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Abstract

Engineered systems naturally experience large disturbances which have the potential to
disrupt desired operation because the system may fail to recover to a desired exponentially
stable equilibrium point (SEP). It is valuable to determine the mechanism of instability
when the system is subject to a particular finite-time disturbance, because this information
can be used to improve vulnerability detection, and to design controllers capable of mit-
igating these disturbances to enhance system resilience and ensure reliable performance,
thereby reducing vulnerability.

For a large class of nonlinear systems there exists a particular unstable equilibrium
point (UEP) on the region of attraction (RoA) boundary of the desired SEP such that the
unstable eigenvector of the Jacobian at this UEP represents the mode of instability for
the disturbance. Unfortunately, it is challenging to find this mode of instability, especially
in high dimensional systems, because it is often computationally intractable to compute
this particular UEP for a given disturbance. Consider a particular finite-time disturbance
applied to a nonlinear system which possesses a SEP representing desired behavior. The
system is able to recover from the disturbance if its post-disturbance initial condition (IC)
lies inside the RoA of the desired SEP. In cases where the system fails to recover, the
nonlinear mode of instability for the disturbance represents the subset of system dynamics
most responsible for this failure to recover.

This thesis develops a novel algorithm for numerically computing the mode of instability
for parameter-dependent nonlinear systems without prior knowledge of the particular UEP,
resulting in a computationally efficient method. The key idea is to first consider the
setting where the system recovers, and to average the Jacobian along the system trajectory
from the post-disturbance state up until the Jacobian becomes stable. As the system
approaches inability to recover, the averaged Jacobians converge to the Jacobian at the
particular UEP, and can be used to extract the unstable eigenvector representing the mode
of instability. Convergence guarantees are provided for computing the mode of instability,
both for the theoretical setting in continuous time, and for the proposed algorithm which
relies on numerical integration. Numerical examples illustrate the successful application of
the method to identify the mechanism of instability in power systems subject to temporary
short circuits.

Then a novel approach to control design for reducing disturbance vulnerability of non-
linear systems using knowledge of the mode of instability is developed. The main idea is
to tune controller parameter values so as to drive the post-disturbance IC further inwards
away from the RoA boundary by driving it in the direction opposite to the mode of instabil-
ity. To achieve this, the problem is formulated as a nonconvex optimization problem, and
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an efficient algorithm is developed to solve it. Local convergence guarantees are provided
for this method. Numerical examples illustrate the successful application of the method
to reduce the vulnerability of power systems subject to temporary short circuits.
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Chapter 1

Introduction

1.1 Background

Disturbances naturally occur in engineered systems, and may disrupt desired system be-
havior. For example, temporary short circuits in a power system can lead to blackout
conditions, and other common disturbances in power systems include sudden load changes,
equipment failures, and fluctuations in renewable energy generation, all of which may result
in instability or blackout conditions. When the system is unable to recover from a given
finite-time disturbance to a SEP representing desired behavior, often there is a particular
subset of system states whose coupled dynamics is responsible for this failure to recover.
We refer to these lower order dynamics that result in failure to recover as the mechanism
of instability of the disturbance [20]. In networked or complex systems, the mechanism
of instability typically also reveals the components of the system most responsible for this
inability to recover. Determining the mechanism of instability is valuable because focus-
ing on the most important subset of system dynamics for a given disturbance facilitates
detecting proximity to vulnerability to the disturbance and designing controllers to reduce
this vulnerability [10, 16].

To ensure safe and reliable operation, it is important to assess the system’s vulner-
ability to credible disturbances. If the likelihood of recovery from a particular potential
disturbance is too low, the system is considered to be vulnerable, and preventive measures
should be implemented. Ideally, these measures would keep the system at the same oper-
ating point in order to maintain desired behavior, while tuning controllers so as to more
effectively mitigate the particular nonlinear disturbance, thereby reducing vulnerability.



Fix a particular finite-time disturbance, such as a particular short circuit at a particular
location in the system, and denote the system state immediately after the disturbance as
the post-disturbance IC, or IC for short. Whether or not the system recovers from the
disturbance to the desired SEP depends on whether the IC lies within the RoA of that SEP.
When the system is just marginally unable to recover, its IC lies on the RoA boundary of
the SEP and, for a large class of nonlinear systems, within the stable manifold of some UEP,
which is known as the controlling UEP [8]. Generically, the Jacobian at the controlling
UEP has a unique unstable eigenvalue [10] and, as in [10], we define the nonlinear mode
of instability to be the corresponding eigenvector of that unstable eigenvalue. In the
situations where the system fails to recover, this mode of instability is responsible for
driving the system state away from the RoA after the disturbance [16], and thus represents
the mechanism of instability.

Whether the system can recover from the given disturbance to the desired SEP depends
on the system parameter values, including controller parameters such as controller gains.
For certain parameter values, the IC lies outside the RoA of the SEP, and the system is
not able to recover from the disturbance. For other parameter values, the IC lies inside the
RoA of the SEP, in which case the system should be able to recover from the disturbance.

1.2 Literature Review

1.2.1 Historical Work

There is a long history on identifying the nonlinear mode of instability. In [24] the mode of
instability is computed and then used to identify the coupled oscillators in the system that
are the first to lose synchronization in response to a disturbance. More recent work includes
using the mode of instability to quantify the relative contributions of each state to transient
dynamics using controlling UEP-based participation factor analysis with its corresponding
unstable eigenvector [23]. The main method in the literature for computing the mode of
instability is to first determine the controlling UEP, and then directly find the unstable
eigenvector of its Jacobian [16]. Much of the historical work on disturbance vulnerability
has focused on RoA estimation using sublevel sets of Lyapunov functions [3, 31], and the
solutions of related partial differential equations [35, 33]. Nevertheless, there has been
some work on enlarging the RoA, and on making it more robust to parameter uncertainty,
in order to reduce vulnerability [0, 7, 3]. These methods require the construction of a
Lyapunov function and the maximization of the largest estimate of the RoA it can provide.



1.2.2 Limitations

However, determining the controlling UEP is itself a challenging problem and can often be
intractable in practice [1]. Although several methods exist in the literature for finding the
controlling UEP, including the mode of disturbance method [15], the exit point method
(also known as the BCU method) [9], and the shadowing method [32], these methods
typically lack rigorous convergence guarantees, may converge to an incorrect equilibrium
point or fail to converge at all, and often require many time-consuming simulations, which
can lead to prohibitively large computational cost, especially for high dimensional sys-
tems. Moreover, [3, 31, 35, 33, 6, 7, 3] are often either overly conservative in practice or
computationally inefficient for high dimensional systems with uncertain parameters.

1.3 Motivation

The first goal of this thesis is to develop a computationally efficient method with rigorous
convergence guarantees for computing the nonlinear mode of instability without requiring
knowledge of the controlling UEP. This provides guarantees of reliability for correctly
computing the mode of instability while avoiding the challenge of identifying the controlling
UEP. While much of the historical work focused on finding the mode of instability for a
single vector field, this thesis considers the more general and more challenging case of
finding this mode for a parameter-dependent vector field with parameter-dependent IC.
This more general setting is adopted here because disturbance recovery often depends on
system parameters, which may be uncertain and time-varying. As in [11], we define the
recovery boundary to be the boundary in parameter space between the parameter values
for which the system recovers from the disturbance and the parameter values for which it
fails to recover. In the special case where the parameter is chosen to be the IC, the recovery
boundary becomes equal to the RoA boundary, so it can be interpreted as a generalization
of the RoA boundary to assess vulnerability in parameter space.

In practice, due to uncertainty and modeling errors, in order to improve the likelihood
that the system recovers it is valuable for the IC to lie within the RoA and a significant
distance away from the RoA boundary. Then the goal is to develop a novel and efficient
method for reducing disturbance vulnerability in nonlinear systems by varying parameters
so as to drive the IC further inwards and away from the RoA boundary. This is very
challenging to accomplish because identifying the RoA boundary in high dimensional sys-
tems is generally intractable. Rather than explicitly computing the RoA boundary, the
approach employed here involves first identifying a direction in which to move the IC so



that it moves away from the RoA boundary, and then varying parameter values so as to
drive the IC along this direction.

1.4 Contribution

1.4.1 Computing the Nonlinear Mode of Instability

The method presented in this thesis exploits the properties that as parameter values ap-
proach the recovery boundary in parameter space, the IC approaches the RoA boundary in
state space and the amount of time the system trajectory spends near the controlling UEP
diverges towards infinity [13]. For a parameter value for which the system recovers from
the disturbance, the key idea of the proposed approach is to average the Jacobian along
the system trajectory from the IC until the final time at which the Jacobian transitions
from unstable to stable. The intuition is that as parameter values approach the recovery
boundary, since the system trajectory spends increasing time near the controlling UEP, the
Jacobians along the system trajectory will spend increasing time close to the Jacobian at
the controlling UEP, and their average will approach the Jacobian at the controlling UEP.
However, it is important to only average along the trajectory until the final time at which
the Jacobian transitions to becoming stable, since the remaining portion of the trajectory
converges to the SEP and, thus, averaging over the entire trajectory would result in the
average approaching the Jacobian at the SEP rather than the Jacobian at the controlling
UEP.

The method presented in this thesis relies on prior work [12], [I1] to find parameter
values on the recovery boundary, and numerically computes this average of the Jacobians
as parameter values approach the recovery boundary. We prove that as the parameter
values approach the recovery boundary, this average of the Jacobians converges to the
true Jacobian at the controlling UEP. Furthermore, under the same conditions we prove
that the average of the Jacobians will have a unique unstable eigenvalue whose corre-
sponding eigenvector converges to the mode of instability. The average of the Jacobians
is evaluated in practice using numerical integration of the underlying system trajectory,
which introduces approximation errors. Therefore, for the proposed algorithm which relies
on numerical integration, we further prove that the approximation of the average of the
Jacobians obtained from numerical integration, and its eigenvector corresponding to its
unstable eigenvalue, will converge to the true Jacobian at the controlling UEP and the
mode of instability, respectively, in the limit as the time step of the numerical integration
approaches zero. Ultimately, the proposed approach is computationally efficient, does not
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require knowledge of the controlling UEP, and these convergence guarantees ensure it will
reliably compute the mode of instability accurately.

The method is first validated on the simple example of a nonlinear pendulum subject
to a disturbance. In this case, since the system is low dimensional the controlling UEP
and mode of instability can be easily obtained analytically. It is shown that the proposed
method accurately computes the mode of instability. Then, the method is applied to de-
termine the mode of instability of a power system containing multiple generators subject
to a temporary short circuit at a particular location in the network without attempting to
identify the controlling UEP. The points on the recovery boundary are considered both in
one and higher dimensional parameter spaces. The identified modes of instability provide
non-intuitive insights into the mechanism of instability, including a case where the gener-
ator most responsible for failure to recover is distant from the location of the disturbance,
a situation where one generator plays a minimal role for the inability to recover, and that
the PSS controllers, which are often associated with the failure to recover, do not exhibit
much impact in these cases. This unexpected dynamic behavior is challenging to predict
or identify without applying the proposed algorithm.

1.4.2 Control Design for Reducing Disturbance Vulnerability

Since in the situations where the system fails to recover, this nonlinear mode of instabil-
ity is responsible for driving the system state away from the RoA after the disturbance.
Therefore, the direction in which to move the IC is chosen to be in the opposite direction
to the mode of instability, thereby helping mitigate the impact of the disturbance.

The problem of varying parameter values so as to drive the IC in the opposite direction
to the mode of instability is then formulated as a nonconvex optimization problem, and
an efficient algorithm is developed to solve it. Convergence guarantees are provided that
show that the algorithm will converge to a local minimum if the initial parameter value
is sufficiently close to its local minimizer. The algorithm is validated first on a simple
test case in two dimensions in which the RoA boundary and the mode of instability can
be directly computed and visualized. Then, it is demonstrated in a higher dimensional
setting of a power system subject to a temporary short circuit where it is intractable to
efficiently compute the RoA boundary and the mode of instability directly, but it can still
successfully reduce vulnerability to the disturbance.



1.5 Organization of the Thesis

The remainder of the thesis is organized as follows. Chapter 1 provides background infor-
mation, a literature review, research motivation, and an overview of the contributions of
each chapter. We introduce the algorithm for computing the nonlinear mode of instability
without requiring identification of the controlling UEP, as well as the concept of varying
controller parameter values to reduce disturbance vulnerability using the identified mode
of instability.

Chapter 2 presents preliminary material, including the dynamical system model that
forms the foundation of this thesis. It also introduces the notations and definitions nec-
essary for the theoretical development. In addition, key results from previous work that
support the convergence guarantees of the proposed algorithm are reviewed.

Chapter 3 presents the main results for computing the nonlinear mode of instability.
It begins with a formal definition of the mode of instability for parameterized systems.
The chapter then introduces the concept of obtaining the mode of instability through
Jacobian averaging in a continuous-time theoretical setting. Finally, this idea is extended
to a practical algorithm for computing the mode of instability using numerical integration.

Chapter 4 addresses the control design for reducing disturbance vulnerability using the
identified mode of instability. It first establishes a direction in which to shift the IC to
increase its distance from the RoA boundary. This direction is then used to guide the
variation of parameter values, effectively steering the IC along the desired path to enhance
system robustness.

Chapter 5 provides proofs that establish convergence guarantees for computing the
mode of instability, both in the continuous-time theoretical setting, and for the proposed
algorithm based on numerical integration. The chapter also proves the theoretical founda-
tion of the control design for reducing vulnerability, including local convergence results.

Chapter 6 shows illustrative examples demonstrating the application of the proposed
method. It demonstrates the successful application of the algorithm in computing the
mode of instability and reducing disturbance vulnerability for the damped, driven nonlinear
pendulum and IEEE 9-bus power system.

Finally, Chapter 7 presents a comprehensive conclusion of the thesis and outlines future
research directions. These include extending the proposed method to controlling periodic
orbits and other controlling sets beyond equilibrium points, as well as addressing piecewise
smooth vector fields with switching and saturation limits.



Chapter 2

Preliminaries

2.1 Introduction

In this chapter, we first present preliminary material, including the dynamical system model
that forms the foundation of this thesis in Section 2.2. Then we introduce the notations and
definitions necessary for the theoretical development in Section 2.3. In addition, key results
from previous work that support the convergence guarantees of the proposed algorithm are
reviewed in Section 2.4.

2.2 Dynamical System Model

Let J be a connected smooth manifold that is a subset of R™ for some integer m > 0 rep-
resenting the parameter space, where R™ is the m-dimensional Euclidean space. Consider
a family of vector fields f : R" x J — R", parameterized by J, such that fis C' and n > 0
is an integer. Then for any p € J, we have that f, := f (-,p) is a vector field on R". We
use & to denote the time derivative of the dynamic states x € R". We model a particular
finite-time parameter-dependent disturbance as a parameter-dependent post-disturbance
IC, which we simply refer to as the IC z : J — R™ given by z (0) := z( (p). Hence, we
consider the family of ordinary differential equations (ODEs) given for p € J by

j::f(x,p% (2'1)
z (0) =z (p) -



Let ¢ (x,p,t) denote the flow of the vector field f from the IC x € R™ at time t € R for
parameter value p € J. For any subset T' C R, let ¢ (2, p,T) = ;e ¢ (,p,t). For any sub-
sets J' C Jand T C R, let ¢ (x (J'),J', T') denote the disjoint union Lye ¢ (2o (p) ,p,T) =
Uper ¢ (20 (p) .0, T) x {p} CR™ x J.

2.3 Notations and Definitions

Consider a fixed p € J. For any x € R" we say that = is nonwandering under f, if for every
open neighborhood U of  and any T € R, there exists ¢ € R of the same sign as 7" with
|t| > T such that ¢ (U,p,t) NU # ). Let Q(f) denote the set of all nonwandering points
of f,, and note that this includes all equilibria and periodic orbits of f,, as well as chaotic
dynamics and other forms of recurrent behavior. Let a critical element x (p) be either an
equilibrium point or a periodic orbit of f,. An equilibrium point x (p) of f, is hyperbolic
if its linearization % (x (p)) has no purely imaginary eigenvalues. A periodic orbit z (p) of
[, is hyperbolic if there exists z € x (p) and a cross section S containing x such that the
Poincare first return map 7 : S — S is well-defined and its linearization d:l—(;) has no eigen-
values of norm one. Every hyperbolic critical element x (p) of f, possesses a stable manifold
W= (x (p)) and an unstable manifold W* (z (p)) where W* (z (p)) (W*" (x (p))) consists of
all IC that converge to = (p) in forwards (backwards) time, respectively. Furthermore,
there exist local stable and unstable manifolds, denoted by W} (x (p)) and W (z (p)),
which are invariant in forwards and backwards time, respectively. Furthermore, for any
hyperbolic critical element z (p) of f;, for J sufficiently small and any p € J, there ex-
ists a unique hyperbolic critical element x (p) that is equal to z (p) at p = p, and such
that x (p), We_ (z (p)), and W _ (x (p)) all vary C! with p. For any J' C J, define x (J')
= Upes (p) = Upeyz (p) x {p} C R" x J. Define W* (x (J')) and W* (z (J')) analogously.

The notion of a generic O vector field is used to describe typical behavior, similar
to the concept of probability one in a probability space. A property that holds for a
generic class of C'! vector fields is therefore considered to represent typical or expected
behavior. Since there exists many pathological C'* vector fields, it is often beneficial to
restrict analysis to certain classes of generic C! vector fields, which facilitates establishing
the theoretical framework for generic vector fields that often would not hold for arbitrary
vector fields. For any set F in a topological space, let OF denote its topological boundary,
E its topological closure, and int E its topological interior. For any point z € R” in state
space and any r > 0, define B, (z) to be the open ball of radius r centered at x. For any
manifold A and z € A, let T, A denote the tangent space to A at z and N, A denote the
normal space to A at . Two manifolds A, B C R™ are transverse if for every x € AN B,



T.,A+T,B = T,R". Given two differentiable manifolds M and N, a differentiable map
g : M — N is a diffeomorphism if it is a bijection and its inverse g7' : N — M is
differentiable as well. Let V € R™ ¥ be the matrix whose columns are the orthonormal
basis vectors. For any x € R™, the projection of x onto the image of V is proj (x)
= VVTz. For additional background in differential topology, including the strong and
weak C'! topologies, we refer the reader to [17, Chapter 2]. For more information regarding
dc, and € C'-close, we refer the reader to the background section in [13].

Suppose pg € J such that f,, possesses a hyperbolic SEP, denoted by z* (pg). Then for
J sufficiently small and any p € J, there exists a unique hyperbolic SEP z* (p) near x* (py).
For p € J, we define the RoA of z* (p) to be its stable manifold W* (z (p)), and OW* (z* (p))
denotes the RoA boundary. For a parameter value p € J, the system recovers from the
disturbance if and only if z¢ (p) € W* (z (p)). Let the recovery region in parameter space
(recovery region) R be the set of parameter values in J for which the system recovers, and
define the recovery boundary to be its topological boundary OR in J. We define parameter
values that lie on the recovery boundary as boundary parameter values. For an initial
parameter value py € R, its safety margin is defined to be the distance from py to the
closest boundary parameter value, and provides a measure of proximity to vulnerability.
Algorithms were developed in [11] to efficiently compute the closest boundary parameter
value for a given initial value py.

Trajectory sensitivities are defined as partial derivatives of the system state with respect
to ICs and/or parameter values. They measure the sensitivity of the system’s states along
a trajectory to small changes in ICs and/or parameter values. The trajectory sensitivities
of (2.1) are obtained by differentiating both sides of the equation with respect to the
parameter value p:

oi  Of oz of

= =L - - . 2.3
op 9z TP g, )+ 5 (@p) (2:3)
In the special case where the parameter is chosen to be the IC (i.e., p = zo, (2.4) can be
reduced to Y o/ 5
iy x
Sl = _ 24
Oxy Ox (o) Oz (o) (24)

Trajectory sensitivities can be efficiently computed numerically (i.e., integrated) as a
byproduct of numerical integration of the underlying dynamical system (2.1)-(2.2) [18].



2.4 Key Results from Previous Work

Propositions 2.4.1 and 2.4.2 will be useful for establishing rigorous guarantees for our
method to compute the nonlinear mode of instability for a large class of parameterized
nonlinear systems. Proposition 2.4.1 was proved in [13] and [14], and states that under
general assumptions satisfied by a large class of dynamical systems, and for sufficiently
small J, the RoA boundary in state space varies continuously with respect to parameter,
and equals the union of the stable manifolds of the critical elements it contains. Since
each parameter value on the recovery boundary has corresponding IC lying on the RoA
boundary in state space, and therefore in the stable manifold of some critical element,
which we call the controlling critical element, and whose unstable manifold intersects the
RoA. This proposition establishes a direct connection between the recovery boundary in
parameter space and the RoA boundary in state space, which will be used for proving the
theoretical guarantees of the proposed algorithm for computing the mode of instability for
parameterized nonlinear systems.

Proposition 2.4.1. [/, Theorem 4.17, Corollary 4.18, Theorem 4.21, Corollary 4.23]
Assume there exists pg € J such that:

(i) Every critical element in OW*® (z° (po)) is hyperbolic.

(i) The intersections of the stable and unstable manifolds of the critical elements in
OW? (x° (po)) are transverse.

(111) The intersection of OW?® (x® (py)) with Q(f,,) consists of a finite union of criti-
cal elements {x" (po)},c;, where the set I indexes the critical elements that lie on

oW (2* (po))-

(iv) There exists a neighborhood of infinity which contains no nonwandering points of fp,
and no orbits which diverge to infinity in both forwards and backwards time.

v) The vector field famaily is strong C' continuous and xy is C*.
bplpeJ

(vi) Certain lower semicontinuous functions over J are continuous at py, see [1., Theorem
4.17] for more details.

Then for J sufficiently small, OW* (z* (p)) varies continuously with p and OW* (z* (J)) =
Uie; W* (2" (J)). For any p* € OR, x (p*) € OW? (x* (p*)). Then xo (p*) € W* (a7 (p*
for a unique j € I, 27 (p*) is called the controlling critical element for p*, and W* (z* (p*))
W (a? (p*)) # 0.

oz
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Remark 2.4.1. Note that Assumptions (i), (ii), and (vi) are generic, and it is generically
true that Q(f,,) is equal to the closure of the union of the critical elements of f,, [28]
(compare to Assumption (iii)), so (iii) is equivalent to a finite number of critical elements,
along with this generic condition. Thus, the conditions of Proposition 2.4.1 are very general
and hold for a large class of realistic engineering system models.

Assumption 2.4.1. By Proposition 2.4.1, OW?* (z* (J)) = U;; W*® (2 (J)). Assume that
xo (J) is transverse to W (z' (J)) for alli € I [11, Assumption 1].

Remark 2.4.2. Assumption 2.4.1 is generic because J submanifolds are generically trans-
verse [19, Theorem A.3.20).

Proposition 2.4.2. Assume the conditions of Proposition 2.4.1 and Assumption 2.4.1.
Then there exists an open neighborhood N of OR such that for generic py € N, there ezists
a unique boundary parameter value p* € OR that is closest to py, and that p* varies C*
continuously with initial parameter value py [11, Theorem 4].

Remark 2.4.3. Proposition 2.4.2 shows that for generic initial parameter value py suf-
ficiently close to the recovery boundary, py has a unique closest point on the recovery
boundary that varies smoothly with respect to pq.

Recent algorithms have been developed for efficiently computing the closest boundary
parameter value p* € OR to an initial value py € R in high dimensional parameter and
state space [L1]. Throughout this thesis, for p* € OR, let lim,_,,- denote the limit as p
approaches p* from within R, i.e., lim,,« ,cr. For any A € R"*" let ||-|| denote the

Frobenius norm defined as || A|| = \/Z?:l > i |A;;|>. For any y € R", let |-||, denote the

two norm defined as ||y||, = />.i, ¥7. Let N and I,, denote the set of natural numbers
and n X n identity matrix, respectively.

2.5 Conclusion

Therefore, we have presented preliminary material, including the foundational dynamical
system model in Section 2.2, followed by the introduction of key notations and definitions
required for the theoretical development in Section 2.3. Additionally, we have reviewed
essential results from prior work that support the convergence guarantees of the proposed
algorithm in Section 2.4.

11



Chapter 3

Main Results for Computing the
Nonlinear Mode of Instability

3.1 Introduction

In this chapter, we present the main results for computing the nonlinear mode of insta-
bility. Section 3.2 introduces the formal definition of the nonlinear mode of instability for
parameterized systems. In Section 3.3, we propose a method for obtaining the mode of
instability with convergence guarantees using Jacobian averaging. These theoretical re-
sults are then extended in Section 3.4 to a practical setting, where the system trajectory
is approximated through numerical integration.

3.2 Defining Mode of Instability for Parameterized
Systems

We begin by generalizing the definition of the nonlinear mode of instability of a disturbance
to parameter-dependent vector fields. Let N be the neighborhood of R from Proposition
2.4.2, and fix any initial parameter value py € N belonging to the generic set described in
Proposition 2.4.2. Then there exists a unique closest boundary parameter value p* € R
to po. By Proposition 2.4.1, there exists a critical element z* (p*) in the RoA boundary of
x® (p*) such that xy (p*) lies in the stable manifold of z* (p*).

Assumption 3.2.1. W* (z* (p*)) has codimension one.

12



Remark 3.2.1. Assumption 3.2.1 is generic [11, Lemma 3].
Assumption 3.2.2. z* (p*) is an equilibrium point.

Remark 3.2.2. For many practical nonlinear systems including power systems, Assump-
tion 3.2.2 1s ubiquitous and has been observed through numerical experiments on a wide
range of realistic models [77].

Definition 3.2.1. Under Assumptions 3.2.1-3.2.2, z*(p*) is known as the controlling
UEP, and we denote it by x* (p*). Define A (p*) to be the Jacobian at z* (p*):

Ap") = g_i (" (p")). (3.1)

By Assumption 3.2.1 and Proposition 2.4.1(i), A (p*) has a unique unstable eigenvalue
which we denote by A (p*). The mode of instability is defined to be the eigenvector of A (p*)
associated with the eigenvalue X\ (p*), and is denoted v (p*).

3.3 Obtaining Mode of Instability via Jacobian Aver-
aging

In order to avoid the complexity of determining the controlling UEP directly, we propose
a method that can indirectly calculate the mode of instability without requiring prior
knowledge of the controlling UEP. At the closest boundary parameter value p* to pg, the
IC lies in the stable manifold of the controlling UEP z* (p*), and thus the system trajectory
converges to z* (p*). As p approaches p* from within the set of recovery values, the system
trajectory spends a very large amount of time around the controlling UEP z* (p) before
converging to z® (p). Thus, since the Jacobian depends continuously on state and parameter
values, it seems natural to approximate A (p*) (the Jacobian at z* (p*)) by averaging the
Jacobian along the system trajectory for p near p*.

Unfortunately, averaging the Jacobian along the system trajectory for all time does not
approximate A (p*) well since as time approaches infinity, the system converges to z* (p).
This implies that the Jacobian along the trajectory converges to the Jacobian at z* (p),
and the average over time of these Jacobians would also converge to the Jacobian at z* (p)
rather than A (p*). To avoid this, we instead only average the Jacobians along the system
trajectory for a finite length of time ¢ (p) given by the supremum of the times at which

13



these Jacobians are unstable. More precisely, we define

o= b 32
%(ﬁf’(ﬂco(p),p,t)) is unstable

where % (¢ (zo (p),p,t)) is the Jacobian along the system trajectory at time ¢ for parameter

value p.

Note that for any p within the set of recovery values, ¢ (p) is finite since the system
trajectory converges to z® (p), and the Jacobian is stable in a neighborhood of x* (p). The
introduction of this ¢ (p) ensures that the values of the Jacobian near the controlling UEP
dominate the average of the Jacobians along the system trajectory, and that this average
will converge to A (p*) as p approaches p*. To make this precise, define the piecewise
function F': R U OR — R™"™ such that for any p € R, F averages the Jacobians along the
system trajectory from the IC up until ¢ (p), i.e.,

t(p)
P [ G @) d 3.3)

For any p* € R, t (p*) = oo since xg (p*) € W* (z* (p*)). Thus, (3.2) is not defined at p*,
and so for any p* € R we define

F(p*) = A@p"). (3.4)

3.3.1 Theorem 3.3.1

Theorem 3.3.1 justifies the proposed method for computing A (p*) indirectly. It shows
that F'(p) will converge to F' (p*) as p approaches p* from within R, which implies that
the average of the Jacobians along the system trajectory computed in (3.3) converges to

A(p*).

Theorem 3.3.1. Assume that pg satisfies the conditions of Proposition 2.4.1, and that
Assumptions 2.4.1-3.2.1 hold. Then the piecewise function F defined in (3.3)-(3.4) is
continuous at p*:

lim F(p) = F (p*) = A(p*) . (3.5)

p—p*
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3.3.2 Theorem 3.3.2

Theorem 3.3.2 shows that as p approaches p* from within R, F'(p) has a unique unstable
eigenvalue that converges to the unique unstable eigenvalue of A (p*), and its corresponding
unstable eigenvector converges to the mode of instability.

Theorem 3.3.2. Assume the conditions of Theorem 3.3.1. Then for p sufficiently close to
p*in R, there exists a unique unstable eigenvalue X (p) of F' (p), we denote its corresponding
unstable eigenvector as v (p), and

Jim A(p) = A7), (3.6a)
Jim v (p) =v (7). (3.6b)

3.4 Algorithm for Numerically Computing Mode of
Instability

The results of Section 3.3, and in particular the computation of the average of the Jacobians
in (3.5), requires exact evaluation of an integral along the system trajectory. However,
determining the exact system trajectory in continuous time is in general intractable, and
so this section extends the results of Section 3.3 to the practical setting where the system
trajectory is approximated via numerical integration. To do so, we will first require a
discrete time analog to Theorems 3.3.1-3.3.2. Let h > 0 represent a constant time step.
For any integer n, let T" (x¢ (p),p, h) := ¢ (zo (p),p,nh) be the state obtained from the
continuous time system (3.1)-(3.2) after n time steps starting from IC z( (p). Analogously
to the definition of ¢ (p) in continuous time, define j (p) in discrete time as

j(p):= sup n. (3.7)

neN, n>0
%(Tn(xo@) ,0,h)) is unstable

Finally, analogously to the definition of F (p) in continuous time, we define its discrete
approximation F'(p) by

(»)

<.

|
=

1
i (p)

I
o

n

To derive practical guarantees for our approach, fix any autonomous constant step
size numerical integration scheme with the property that for any IC xy and any time
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t > 0, the system state obtained from numerical integration after n time steps (where

n = inf ey n) converges to ¢ (xg, p,t) as the time step h approaches 0. The approximation
nh>t

error resulting from numerical integration can change the recovery boundary and, thereby,
change the value of p*, so let p* (h) denote the unique closest boundary parameter value on
the recovery boundary to py for the chosen integration scheme and the step size h. Define
7 (p) to be the value of j (p) obtained from (3.7) when T™ is approximated using numerical
integration. Similarly, define F (p) to be the value of F (p) obtained from (3.8) when T is
approximated using numerical integration. For h sufficiently small, there exist x} (p) near
x® (p) which is the hyperbolic SEP, and z} (p) near z* (p) which is the hyperbolic UEP,

when 7" is approximated using numerical integration.

3.4.1 Theorem 3.4.1

Theorem 3.4.1 shows that as p approaches p* from within R, F (p) converges to A (p*),
and it has a unique unstable eigenvalue that converges to the unique unstable eigenvalue
of A(p*), and its corresponding unstable eigenvector converges to the mode of instability.

Theorem 3.4.1. Assume the conditions of Theorem 5.3.1, and fix any time step h > 0.
Then for p sufficiently close to p* in R, there exists a unique unstable eigenvalue X (p) of
F (p), let 0 (p) denote its corresponding unstable eigenvector, and

Jim F(p) = A ("), (3.92)
Jim A (p) = A(p"), (3.9b)
Jim 9 (p) = v (p"). (3.9¢)

3.4.2 Theorem 3.4.2

Theorem 3.4.2 shows that as h approaches 0, p* (h) converges to p*. As p approaches p* (h)
from within the set of recovery values, F' (p) converges to the Jacobian at ¥ (p* (h)). As
h approaches zero, F (p* (h)) converges to A (p*), and it has a unique unstable eigenvalue
that converges to the unique unstable eigenvalue of A (p*), and its corresponding unstable
eigenvector converges to the mode of instability.
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Theorem 3.4.2. Assume the conditions of Theorem 3.3.1. Then for h > 0 sufficiently
small,

lim p* (h) = p", (3.10a)
lim F( ) = ﬁ (xy (p* (h))) (3.10b)
p%p*(h) p - am h p ) .
lim lim F(p)=A(p* 3.10
b lim F(p) = A7), (3.10¢)

and there exists a unique unstable eigenvalue X (p) of F (p), with corresponding unstable
eigenvector v (p), and

lim lim A =A(p” 3.11

lim lim A(p)=A("), (3.11a)
lim lim o = ). .11b
i L 1p*(h)v(p) v (p*) (3.11b)

3.5 Conclusion

In this chapter, we presented the main results for computing the mode of instability in
parameterized nonlinear systems. We began by formally defining the mode of instability in
Section 3.2. In Section 3.3, we introduced a method for computing the mode of instability
with convergence guarantees based on Jacobian averaging. Finally, in Section 3.4, we
extended these results to a practical setting by applying the approach to system trajectories
approximated through numerical integration.
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Chapter 4

Algorithm for Reducing Vulnerability

4.1 Introduction

This chapter introduces the algorithm for reducing vulnerability to the disturbance using
the mode of instability, which will require two main steps: (1) finding the desired direction
in which to move the IC in order to go further inwards and away from the RoA boundary,
as introduced in Section 4.2, and (2) varying parameter values so as to drive the IC in this
direction, as introduced in Section 4.3.

4.2 Finding the Desired Direction to Move the IC

For finding the desired direction to move the IC, the goal will be to find a vector v pointing
inwards from the RoA boundary at xy (p*), and a basis U for the tangent space to the RoA
boundary at zo(p*). ' Then, the IC will be moved in a direction along o after first
subtracting the component along the tangent space spanned by U. In this way, distance
will be measured inwards from the RoA boundary and avoid measuring the component
tangent to the RoA boundary.

In order to find the desired ¥ and U, the key idea of the proposed approach is to first
find a point  in the forward orbit of z( (p*) such that the Jacobian at that point % (z,p%)

!In general, the RoA boundary is not a smooth manifold, so it does not have a well-defined tangent space
everywhere. However, as xg (p*) € W* (z¥ (p*)) in the RoA boundary, this tangent space is well-defined

at g (p*).
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is close to A (p*). Such a point  always exists since the forward orbit of xq (p*) converges
to " (p*) where the Jacobian is A (p*), and the Jacobian is continuous. Next, we make
use of the following results. Lemma 4.2.1 relates the eigenspaces of the Jacobian at the
controlling UEP to the tangent and normal spaces of the RoA boundary at the controlling
UEP.

Lemma 4.2.1. Let E* and E" denote the stable and unstable eigenspaces of A (p*), re-
spectively. Then Typu@peyW? (2 (p*)) = E° and Nyu@pemW?* (2" (p*)) = E*. Furthermore, E*
15 the span of the mode of instability.

Theorem 4.2.1 shows that we can use the trajectory sensitivity equation (2.4) to prop-
agate vectors in the tangent and normal spaces of the RoA boundary near the controlling
UEP backwards in time to the tangent and normal spaces of the RoA boundary near the
IC, respectively. This will also send a vector pointing inwards toward the RoA near the
controlling UEP to a vector pointing inwards toward the RoA near the IC.

Theorem 4.2.1. Let & lie on the forward orbit of xy(p*), say & = ¢(9L’0 (p*),p*,f),
with both in W*(z"(p*)). Let U be a basis for TW* (2 (p*)) and let © be a basis for
N;W# (2 (p*)) that points inwards towards the RoA. Let v* be the result of numerically
integrating the trajectory sensitivities in backwards time using (2.4) with IC g—éj(t =0) = 0.
Similarly, let U* be the collection of vectors resulting from numerically integrating the tra-
jectory sensitivities in backwards time using (2.4) with 1C set to each vector of U. Then
U* is a basis for Typ-yW? (2" (p*)), v* is a basis for Nyyu-W?* (2" (p*)), and v* points
inwards towards the RoA.

Corollary 4.2.1 shows that we can perform a similar propagation of vectors backwards
in time using a parameter value p that is sufficiently close to the true closest boundary
parameter value p* to po. In particular, it shows that the resulting vectors o and U will be
arbitrarily close to v* and U* of Theorem 4.2.1. Then, & and U can be used to determine
the desired direction to move the IC in order to move inwards and away from the RoA
boundary.

When p = p, in order to find a suitable  will require solving the following optimization
problem to find a point on the forward orbit of o (p) whose Jacobian is close to A (p*):

O (6 0 () 2.1). ) — A7)

Xz

t := arg min
>0

(4.1)

After solving (4.1), we will set # = ¢ (o (p),p,¢). In practice, we efficiently solve (4.1)
after obtaining the system trajectory from numerical integration by evaluating the norm
in (4.1) at each time step and taking the minimum.
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Corollary 4.2.1. Let € > 0. Then, making an additional generic assumption,® there
exists r > 0 such that ||p —p*|| < r with p € R implies that the following holds. Let t
be the solution to (4.1), and let & = ¢ (xo (p), P, f) Then % (Z,p) is hyperbolic with a
one-dimensional unstable eigenspace. Let v be a vector in that unstable eigenspace that
points inwards towards the RoA. Then v is arbitrarily close to the negative of the mode of
instability. Let U be a basis for the stable eigenspace of g—ﬁ (z,p). Let v and U be the results
of numerically integrating the trajectory sensitivities in backwards time using (2.4) with IC
set to each vector in 0 and U, respectively. Then ||t — v*|| < € and for each vector u* € U*
and corresponding vector i € U, || — u*|| < €. Furthermore, © points inwards towards the

RoA.

Therefore, based on Corollary 4.2.1, we start from the initial parameter value py and
follow the steps shown in Algorithm 1 and illustrated in Fig. 4.1. This procedure yields
o and U, where the span of U approximates the tangent space to the RoA boundary near
the IC, and ¢ points inwards towards the RoA near the IC. Thus, after computing U and
0, these will be used to drive the IC to move in a direction along ¢ (towards the RoA) after
first subtracting the component along the span of U (tangent to the RoA boundary).

Algorithm 1 Algorithm for Finding Desired Direction

1) Find the closest boundary parameter value p € R to p, using the algorithm from [11].

2) Find the Jacobian at the controlling UEP A (p*) using the algorithm from [31].

3) Find the point & = ¢ (o (p) ,p, ) by finding the minimum of (4.1).

4) For the Jacobian at (Z,p), find ¢ its unique unstable eigenvector, and find U a basis for
its stable eigenspace.

5) Letting v and U be ICs, use (2.4) to numerically integrate these vectors backwards by
time £, and let & and U denote the results.

6) Choose to move the IC z (p) in a direction that excludes the component tangent to U,
and in the direction of v.

4.3 Driving the IC in the Desired Direction

Once the direction in which to move the IC has been found by computing @ and U, the
next step is to vary parameter values so as to drive the IC in that desired direction. To

2The generic assumption is that the eigenvalues of A (p*) are distinct.
3Since OR is a set of measure zero, in general we cannot numerically compute p* which lies exactly on
OR. Instead, we numerically approximate p* to arbitrary accuracy with a value p that lies just inside R.
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Figure 4.1: The system trajectory (cyan dashed line) for parameter values near the recovery
boundary from the IC z, (p) (green circle) and converges to the SEP x* (p) (dark blue
circle). The stable manifold W# (z* (p)) (blue solid line) and the unstable manifold of
W (" (p)) (red solid line) of the controlling UEP z*(p) (red circle), are shown. The
illustration of mapping © (p) (black arrow) and U (p) (red arrow) backward in time until
the IC, which gives @ (p) (brown arrow) and U (p) (blue arrow), is shown.

achieve this, we first note that the movement of the IC relative to its value at the closest
boundary parameter value is equal to z (p) — 2o (p) =: C(p). Therefore, C' (p) is the
direction of movement of the IC, so we want C' (p) to move in the direction of ¥ after
subtracting the component of C' (p) that lies in the span of U. At the same time, we want
to achieve this with as little change in parameter values as possible, since these typically
represent controller parameter values that have been tuned to provide local stability and
performance. Towards that end, define the function H : J — [0, 00) as

H(p) == \p—poll;

2

— ||projs [In — projg] [xo (p) — z0 (D]} - (4.2)
B )

2

The first term in H penalizes the deviation of parameter values from their initial value,
where A > 0 is a fixed weight controlling the trade-off between the two terms. The second
term first subtracts the component of C (p) = zo (p) — xo (p) that lies in the span of U,
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then projects the result onto v and takes the norm. This serves to measure the movement
of the IC inwards from the RoA boundary without including the motion tangent to the
RoA boundary. The second term is subtracted from the first so that the second term is
minimized when the distance from the RoA boundary is maximized. Thus, the goal is to
solve the following minimization problem:

g}el}rle (p) . (4.3)
Any solution to (4.3) will achieve the desired goal of driving the IC inwards and away from
the RoA boundary with the minimal change in controller parameter values. However,
(4.3) is challenging to solve because H is nonconvex and since z (p) is an implicit function
requiring numerical integration to evaluate. To solve (4.3) we will require the gradient of
H, which is given by:

Ozo (p)T .
VH () = 20— o) — 225 L BB i () — 0 )] (4.4
To solve (4.3), we use gradient descent:
P =" —aVH (pY), (4.5)

where k denotes the iteration and o > 0 is a constant step size. It is an iterative algorithm
where in each iteration we numerically compute the derivative of xy with respect to p. If
xo (p) is defined by a static map, we can solve it using Newton-Raphson and the implicit
function theorem, and if it is defined by a dynamic map, we can find it through numerical
integration including integration of the trajectory sensitivities as a byproduct.

Theorem 4.3.1 shows that the gradient descent algorithm (4.5) can guarantee conver-
gence to a local minimum of (4.3) with probability one if the step size is sufficiently small.

Theorem 4.3.1. There exists r > 0 such that for any o € (0,7), the sequence {pk};il
starting from p' = po and defined by the algorithm (4.5) with VH given by (4.4) converges
to a local minimum of H(p) with probability one.

Thus, we arrive at the final optimization problem given by (4.3), which is solved using
(4.5) with (4.4). Convergence to a local minimum is guaranteed by Theorem 4.3.1, which
moves the IC further from the RoA boundary, thereby reducing the system’s vulnerability
to the disturbance.
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4.4 Conclusion

Overall, we introduced an algorithm for reducing vulnerability to disturbances using the
mode of instability in this chapter. As detailed in Section 4.2, the first step involves
identifying a direction in which to move the IC further inwards and away from the RoA
boundary. The second step, as discussed in Section 4.3, involves varying system parameter
values to steer the IC along this direction, thereby reducing vulnerability.
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Chapter 5

Proofs

5.1 Proof of Theorem 3.3.1

Proof of Theorem 3.3.1. This proof proceeds by splitting the system trajectory for p € R
with p near p* into three segments as illustrated in Fig. 5.1: (i) a segment that starts
from the IC z (p) and enters a ball N around the controlling UEP, (ii) another segment
that travels within NV, and (iii) a final segment that leaves N and enters the local stable
manifold of the SEP. The key idea is that as p approaches p*, the system trajectory spends
only a finite amount of time on segments (i) and (iii), but the amount of time it spends in
segment (ii) diverges towards infinity. Thus, the value of the Jacobian along segment (ii),
which is very close to the Jacobian at the controlling UEP, will dominate in the calculation
of the average F' (p) as p approaches p*.

Let € > 0. To show that lim, ,,« F'(p) = A (p*), it suffices to show that there exists
d > 0 such that ||p — p*|| < 0 with p € R implies that ||F'(p) — A(p*)|| < e. Let p* be the
unique closest boundary parameter value to pg as in Proposition 2.4.1, and let 2" (p*) be the
controlling UEP. Then, by [13, Corollary 4.28], lim;_,, ¢ (zo (p*), p*,t) = z* (p*). Since f
is O its first derivatives are continuous, so this implies that lim; g—i (¢ (zo (p*),p*,t)) =
% (z% (p*)) = A(p*). As fis C! at (z*(p*),p*), there exist > 0 and r > 0 such that
whenever ||p — p*|| < ¢ and ||z — 2" (p*)|| <7,

1% - 20 < 5.1

Let N = B, (z*(p*)) denote the closed ball of radius r centered at x* (p*). Consider
the system trajectory for p = p*. As limy_,o ¢ (2o (p*),p*, t) = 2% (p*) C N, there exists
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Figure 5.1: The system trajectory (cyan dashed line) for parameter values near the recovery
boundary from the IC z, (p) (green circle) and converges to the SEP x* (p) (dark blue
circle). The stable manifold W* (z* (p)) (blue solid line) and the unstable manifold of
W (z* (p)) (red solid line) of the controlling UEP z* (p) (red circle), are shown.

some finite time at which ¢(xo(p*),p*,t) € ON. Shrink r if necessary such that for p = p*
the system trajectory intersects ON transversely at the final time #; > 0 at which it
passes inwards through 0N, and such that 9N is transverse to the local unstable manifold
W, (z* (p*)) with a single point of intersection inside W* (z* (p*)).

Define the C! function

® (p,t) = [¢ (z0 (p),p,t) — 2" (P)]" [¢ (w0 (p) , 0, 1) — 2" (p)] — 1.

As ¢ (3:0 (p*) ,p*,fl) € ON = 0B, (z" (p*)), @ (p*,fl) = 0. Furthermore, %—f (p*,fl) #0
(i.e., is full rank) because of the transversal intersection between the system trajectory at
p = p* and ON. By the implicit function theorem [22, Theorem C.40], there exist open
neighborhoods V; C R™ of p*, Wy C R of {1, and a C* function ¢; : Vj — W, such that
® (p,t) = 0 for (p,t) € Vy x Wy if and only if t = ¢, (p). This gives £, = t, (p*) so that
lim, 1 (p) = t1 (p*) = t;. Shrink § if necessary such that whenever ||p — p*|| < 6,

|t (p) — i1] <e. (5.2)
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For p € R with ||p — p*|| < ¢, define 7 (p) such that ¢; (p) + 7 (p) is the final time at
which the system trajectory passes outwards through dN. Note that this is finite and
well-defined since lim;_,o. ¢ (2o (p) ,p,t) = 2° (p) € N and there exists at least one inward
crossing of ON at t; (p). Let x2 (p) = ¢ (2o (p),p,t1(p) +7(p)). By [13, Theorem 4.32],
lim,_,,- 7 (p) = 0.

Let 5 be the single point of transversal intersection between W)%. (z" (p*)) and ON
in W# (z° (p*)). We next show that lim, ,,- 25 (p) = T2. So, let € > 0. As W, (=" (p*))
and ON are compact and have a single point of transversal intersection in WS( (p*)),
there exists € > 0 such that for any manifold M that satisfies d¢, (M, Wk, (z* (p*))) <
€, M intersects N transversely with a single point of intersection in W* (z* (p*)) and
de, (M NON NW? (28 (p*)), Z2) < €[19, Corollary A.3.18]. Note that MNINNW* (z* (p*))
is this single point of intersection.

Consider By (p*), the open ball of radius § centered at p*. Let ¢ (x¢ (Bs (p*)),p,t) :=
Upens )@ (2o (p) , p,t), and note that g (Bs (p*)) is a C* manifold that is transverse to
We (2™ (p*)) by Proposition 2.4.1(ii). Thus, by the the Inclination Lemma [26], shrinking
 further if necessary, there exists T' > 0 such that whenever p € Bs (p*) and ¢t > T,

de, (¢ (o (Bs (%)), p,t) O N, Wi, (2 (p))) < 3, (5-3)

N ™

where ¢ (zo (Bs (p*)),p,t) N N refers to the connected component of this intersection that
contains ¢ (zo (p*) , p*, t) Since W}k (2" (p)) is continuous in p, lim, - W (2" (p)) =
Wt (z* (p*)). Shrink ¢ if necessary such that whenever ||p — p*|| < 6,

dey (Wiee (2% (p)), Wi (2% (p7))) < (5.4)

Thus, we have

dey (¢ (o (Bs (p7))  p, 1) NN, Wi, (" (p)))

triangle
inequality

dey (¢ (2o (Bs (p7))  p, ) O N, Wage (2% (p)) + doy (Wige (2% (p)), Wige (2% (97)))

(5.3), (54) € €

2 2

m™>

By the above, this implies that for any ||p —p*|| < §d and t > T, ¢ (z¢ (Bs (p*)),p,t) is
transverse to ON with a single point of intersection in W# (z® (p*)), and that

der (¢ (20 (Bs (p7)) ,p:t) NON N W (2 (pT)) , &2) < €.
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Since lim, 1 (p) + 7 (p) = oo, shrink § if necessary such that whenever ||p —p*|| < 0,
ty(p)+7(p) > T. As 23 (p) = ¢ (20 (p),p,t1 (p) + 7 (p)) € ON and ¢ (x (Bs (p7)) , p, 11 (p)

+ 7 (p)) has a single point of intersection with ON in W*# (2 (p*)), it must hold that x5 (p)
is this single point of intersection. Thus, we have

dey (w2 (p) , &2) = dey (¢ (0 (Bs (7)) ,ps t1 (p) + 7 (p)) NON NW? (2° (p7)) , £2) < €.

Since € > 0 was arbitrary, this proves lim,_,,« z2 (p) = 2.

Next, consider the system trajectory at time ¢ starting from the IC 25, denoted by
¢ (2, p",t). Asdy € W (2° (p*)), there exists £, > 0 such that ¢ (22, p*, £5) € int W, (2° (p*)).
As W (2° (p)) varies continuously with p, lim, - x5 (p) = 22, and the flow is contin-
uous, shrinking ¢ further if necessary implies that for ||p — p*|| < J, ¢ (:c2 (p),p, fg) €
int W (z°(p)). Recall that for all ||p—p*|| < §, W, (2° (p)) is forward invariant and
has 9L (z) stable for all z € Wg_ (2% (p)). Thus, for all |[p—p*|| < & and t > iy,

Ox
% (¢ (22 (p),p,t)) is stable. For p € R, as t(p) is the supremum over time at which

% (¢ (zo (p),p,t)) is unstable, this implies that

~

t(p) <ti(p)+7) +1 (5.5)

for all ||p — p*|| < 9.
For |[p — p*|| < 6 with p € R, define the functions

v = s (96 (),p) - A0 (5:6)
te0,t1(p)] || OF
V)= s (6w ),p1) — A 5.7)

As f and the flow are C', xq (p) and x5 (p) are continuous at p*, the norm is continuous,
SO H% (¢ (xo (p),p,t)) — A(p*)]| and H% (¢ (2 (p),p,t)) — A(p*)|| are both continuous in
(p,t). Thus, as [0, (p)] and [O,tg} are compact, nonempty, and continuous in p (since

t1 (p) is continuous), by the maximum theorem [5, Page 116], ¥ and U are continuous at
p*. Thus,

lim ¥ (p) = lim  sup g (¢ (zo (p),p:t)) — A(p")
p=rp PP e(0,t1(p)] [ OF
= o [ 00 - 4w
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and

Jiy $0) = lip 0w 0 - 407
- O (6 ' 1))~ A

Since t (p) > 7(p) + t1 (p) and lim,_,,+ 7 (p) = oo, lim,_,,+ t (p) = co. Thus, shrink §
further if necessary such that whenever ||p — p*|| <6,

3(ti+e) (W (p*) +e)

t(p) > : : (5.10)
t(p) > i <\P (6 )+€>, (5.11)
W (p) — ( )| <€, (5.12)
‘ (p) — (5.13)

where the final two equations follow from (5.8)-(5.9).

By the deﬁnitions of U and ¥ in (5.6) and (5.7), we also have that for ¢ € [0, (p)],
|4 p.8)) — A Q") < ¥ (), and for ¢ € [0,], | % (& (a2 (0) 5. 8)) — A )] <
\Il( ) Thus for any ||p — p*|| < 6, we have

1 (p) = A(p")l
1 t(p) of i}

it | S @) ) dt = A )

B L t(p) % B .

it [ B ) - a6)]
1 t(p) of i}

<o [ |5 0@ - @
1 t1(p) af i

:@[/o 3 (@ (@ (0),p, 1)) — A ()| dt
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dt

.

(¢ (w0 (p),p,t)) — A(p*)

(¢ (w0 (p),p,t)) — A(p")

/tl (p
/ (p)+7(p
(5 5 1 /tl(p)
t(p)
t1(p)+
o
t1 (P)
+t2
+ /
t1(p)+7(p
/tl(P)
~ t(p)
/ 1(p)+7(p
tl(p

¢ (w0 (p),p,t)) — A(P")

of

e dt

(¢ (z0 (p),p,t)) — A(p")

WQMMJMD—A@ﬂ

(5.2),(5.12),(5.13) (fl +e) (U(p)+e) e ty (‘I’ (p*) + 5)
< +
t(p) 3 t (p)

(5.10)%(5.11) (fi+€) (U (p*) +e) ¢ ty (W (p*) + 6)
(

3(f1+e) U (p*)+e) 5 3f2(‘i’(P*)+€)

€ €

_€+€+€_
373737

so ||F'(p) —A(p*)|| < e for all ||p—p*|| < 0 with p € R, which completes the proof of
Theorem 3.3.1. O
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5.2 Proof of Theorem 3.3.2

Proof of Theorem 3.3.2. Recall that A (p*) is the simple unstable eigenvalue of A (p*) and
v (p*) is its corresponding eigenvector. Furthermore, A (p*) is hyperbolic by Proposition
2.4.1 and its proof, so all eigenvalues of A (p*) other than A (p*) are stable (i.e., no eigen-
values of A (p*) have zero real part). Since the eigenvalues of a matrix are continuous
functions of the elements of that matrix [25, Theorem 3.1.2], and by Theorem 3.3.1
lim,,,« F'(p) = A(p*), this implies that the eigenvalues of F'(p) converge to the eigen-
values of A (p*) in the limit as p — p*. Thus, there exists 6 > 0 sufficiently small such
that ||p — p*|| < ¢ implies that F' (p) is hyperbolic and has exactly one unstable eigenvalue,
call it A (p). Let v (p) denote the eigenvector associated with A (p). As the eigenvalues
of F'(p) converge to those of A (p*) in the limit as p — p*, A (p) is the unique unstable
eigenvalue of F' (p), and A (p*) is the unique unstable eigenvalue of A (p*), this implies that
lim,,« A (p) = A(p*). Since A (p) is a simple (i.e., multiplicity one) eigenvalue of F (p)
and v (p) is its associated eigenvector, and since lim,_,,- F' (p) = A (p*), by [25, Theorem
3.1.3] lim, ,« v (p) = v (p*). This completes the proof of Theorem 3.3.2. O

5.3 Proof of Theorem 3.4.1

Proof of Theorem 3.4.1. The goal of this proof is to follow a similar argument as in the
proof of Theorem 3.3.1, which involves splitting the system trajectory for p € R with p close
to p* into three segments as illustrated in Fig. 5.2. Recall the definition of j (p) from (3.7).
We begin by showing that lim, ,,« j (p) = co. Let K > 0. As lim, oo ™ (2o (p*) , p*, h) =
" (p*), % (" (p*)) = A (p*) is unstable and hyperbolic, and % is continuous, there exists
¢ € N such that ¢h > K and % (T" (xo (p*) , p*, h)) is unstable. Since % (T (xo (p), p, h))
is continuous in p, there exists § > 0 such that whenever ||p — p*|| < 9, % (T (xo (p), p, b))
is unstable. Hence, by the definition of j (p) in (3.7), j (p) > th > K. As K was arbitrary,

this implies that lim,_,,« j (p) = occ.

As in the proof of Theorem 3.3.1, there exist » > 0 and § > 0 such that whenever
lp —p*ll <6 and [z — 2" (p*)|| <,

<< (5.14)

H%(f@p) —AWP)| <3

Shrink r further so that (5.14) holds for some 7’ > r. As in the proof of Theorem 3.3.1,
shrink = further if necessary such that 0B, (z" (p*)) is transverse to the local unstable
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Figure 5.2: The system trajectory in discrete time (cyan dotted line) for parameter values
near the recovery boundary. This figure is similar to Fig. 5.1, except we are considering the
state obtained from the continuous time system (2.1)-(2.2) with new labels and definitions.

manifold W, (z* (p*)) with a single point of intersection Z» inside W* (z®(p*)) and a
single point of intersection Z, outside W* (z° (p*)). Let @, = T~ (Z2,p* h) and & =
T (&, p*, h). Since W (z* (p*)) is one-dimensional, let D be the subset of W* (z* (p*))
from &, to &5, D be the subset of W (z* (p*)) from &, to @, and D = DU D. Then by
[14, Lemma 5.4] (or, similarly, from the proof of [26, Theorem 1.9]), shrinking ¢ further
if necessary implies that there exist open neighborhoods N and N’ such that D C N,
N is disjoint from W* (z* (p*)) and OW* (2° (p*)), N C B (z*(p*)), N is compact, and
for ||p — p*|| < 0, N’ contains z* (p) and ;= T~* (N, p,h) UW?* (2" (p)) contains N’ [13,
Lemma 5.1]. Let N = (N'UN) N B, (z* (p*)), and note that N C N.

Let j; be the final time index at which T" (o (p*) , p*, h) enters the interior of N. Since
T (o (p),p, h) is continuous in p, shrink 0 if necessary such that whenever ||p — p*|| < 9,
T (zo (p) ,p, h) enters the interior of N. For p € R with ||p — p*|| < 8, define i (p) such
that j; + i (p) is the final time index at which 7" (zq (p),p, h) exits N, and let z, (p) =
Tir+ip) (zo (p),p,h). Note that i(p) is well-defined since for p € R with ||p—p*|| <
8, T (zo (p),p,h) € N, so since T7 (zq (p),p, h) is not in W* (z*(p)), it must be in
T~"(N,p,h) for some positive integer 7. This implies that Titn (20 (p) ,p, h) must pass
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through N after a finite number of time steps, before ultimately converging to z° (p). Let
S =NNW’ (z° (p*)), which is compact. Then S C W*(z*(p*)) since N and OW* (z* (p*))
are disjoint. Then as S is compact and T™ is continuous, there exists a time index o
sufficiently large such that 772 (S, p*, h) C int W_ (z° (p*)). As W, (z° (p)) is continuous
in p, S is compact, and 772 is continuous, shrink § further if necessary such that ||p — p*|| <
§ with p € R implies that 792 (S, p, h) C int Wg,_ (z* (p)). As int Wi, (z* (p)) is forward
invariant and the Jacobian is stable for each x € W} _(x° (p)), this implies that for p € R
with [[p —p*|| <6,

J(p) <1 +i(p)+ jo- (5.15)
For p € R with ||p — p*|| < J, define the functions
V)= max | o) o) - 400, (5.16)
ne{0,..n—-1} Ox
b= max |2 ). - A0 (5.17)
nef{0,..52} Ox

Note that ¥ (p) and ¥ (p), as the maximums of a finite number of continuous functions,
are themselves continuous. We have

OF (17 (o (p) 7, 1)) — A (p")

lim ¥(p) =¥ (p*):= max 5

p—p* nef0,..1-1}

pact,
U (p) <sup max
zeN n€{0,....j2 }

O (n op ) = A = ¥ 0) <00 (5.18)

T

Since lim,,_,,+ j (p) = oo, shrink ¢ if necessary such that whenever p € R with ||p — p*|| <

57
j(p) > 351 (\Ij (f*> + 6)’ (5.19>
3(ja+1)W(p*
jp) > (j +€> <p), (5.20)
W (p) =¥ ()l <e (5.21)
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For n € {31

.....

Thus, we have whenever ||p — p*|| < 4,

L atp) o) - 40| < 5
|2 @) - a0
_ ﬂip)ﬁa—i@ (zo (), p, 1)) — A(p")
_ M%)Zi B—i (T" (0 (p) ,p, h)) — A(p )}
< j%(z oL o ) )~ A7)
- 2 o)) = 40|
S 1 ) ) - 46

o0 LS008 ey - A7)

j(p) = ox
Jiti(p)—1
+ Z ‘gi (T (o (p ),p7h))—A(P*>‘

J1+i(p)+72
+ ) ‘gi (T (z0 (p) , p, 1)) — A(p*) ‘]

n=j1+i(p)
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Ji+i(p) — 1} since T™ (zo (p) , p, h) € B, (z* (p*)), by (5.14) we have

(5.22)



ji—1

1
:(_Z%

(T" (o (p) ,p, b)) — A(p")

J1+i(p)—1
+ Z O (T (o () 1) — A ()
n= ]1
J2 of
— (7" h)) — A (p*
(5.16),(5.17),(5.22) 1 nl =1 2
< — ) v+ SRR A
i) | = 3 =
n=ji
(5.18),(5.21) 1 J1—1 . Ji+i(p)—1 ¢ 2 .
< == (W (p*) +€) + 2+t V)
J (p) n=0 3 3 n=0
n=j
W)+ i), <j2+1>q’(p*)
j (p) jp)3 j (p)
(5.19),(5.20) j’l (U (p*) +€) ¢ (.72 + 1> v (p*)
3J1(¥ (p*)+e) 3 3(ja+1)¥(p*)
€LELE ‘
= — —_ — = €
3 3 3 ’

SO Hﬁ(p) - A(p*)H < € for all |[p—p*|| < ¢ with p € R, which completes the proof of

(3.9a). (3.9b) and (3.9¢) can be proved by following analogous reasoning as in the proof of
Theorem (3.3.2). This completes the proof of Theorem (3.4.1). O

5.4 Proof of Theorem 3.4.2

Proof of Theorem 3.4.2. We first prove lim,,_,q p* (h) = p*. Recall that xy (p*) € W* (z* (p*)),
where z* (p*) is the controlling UEP. Thus, there exists 7" > 0 such that

zo (p*) € ¢ (Wi (2" (p7)), 0", =T) C ¢ (Wi (2" (J)), J, =T).

By Assumption 2.4.1, W?* (2" (J)) and z,(J) are transverse, which implies that zq (J)
and ¢ (W, (z*(J)),J,—T) are transverse, and that o (p*) is a point of their transver-
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sal intersection. Then for any ¢ > 0, by [19, Proposition A.3.16] (i.e., the stability of
transversal intersections), there exists a 6 > 0 such that for any manifold M that sat-
isfies den (M, ¢ (W (2% (J)),J,—=T)) < 6, there exists a point (z,p) € M N xq (J) with
|(z,p) — (zo (p*),p*)|| <€ As ¢ (-,-,—T) is C', there exists § > 0 such that for any man-
ifold M that satisfies de1 (M, W (2% (J))) < 9, der (0 (M, —=T), ¢ (W, (2" (J)),-T)) <
5,50 ¢ (M, —=T) intersects x (.J) at a point within an e distance of (o (p*), p*).

Recall that T" (z,p, h) = ¢ (z,p,nh) for any state z, parameter value p, and time step
n. We refer to T as the exact discrete time map with time step h. Let T, denote the
approximation of 7' that is obtained using numerical integration. Fix some time ¢ > 0.
For any h > 0, let A (h) be the minimum integer n such that nh > #. Over any com-
pact set K x J C R" x J, define the maps T and Ty by T(q:,p, h) = T"" (z,p, h) and
T, (x,p,h) = T"(h) (x,p, h), respectively, for all (z,p) € K x J" and h > 0. Then, since the
approximation error of the numerical integration approaches zero as h — 0, we have that
limy,_,o den (Td («,-,h) T (-, h)) = 0. Furthermore, as limy,_,o k7 (h) = £, and since T rep-

resents the exact discrete time map, we also have that limy,_.q dc1 <T ;o h) ( , ,ﬂ) =0,

where ¢ (~, . ﬂ is the time-f map for the flow ¢, and is itself a discrete time map. Thus,
combining these implies that

lim des (Td(-,-,h),qs(-,-,a) ~0. (5.23)

Note that " (p) is a hyperbolic fixed point of ¢ (-, -, ¢) for all p € J, and that W, (z* (J))
is its local stable manifold under gb( , ,f) since gb( , ,f) is the exact time-f map for the

flow ¢. Thus, there exists > 0 such that for any map T with de (T, 0] (-, ,f)) <o, T
possesses a hyperbolic fixed point Z* near z* and der (Wi, (2% (J)), W, (¥ (J))) < d. By
(5.23), this implies that there exists h > 0 such that for any h € <0, iL), 1, (+,-, h) possesses
a hyperbolic fixed point z}' near z* and der (WS, (a3 (J)), Wi (¥ (J))) < 6. Thus, by the
above there exists a point (xp, pn) € W, (a2} (J)) N (J) with || (zn, pr) — (2o (p*),p")|| <
€. As € > 0 was arbitrary, this implies that the points (xp, ps) can be selected such that
limy, o pr = p*. Furthermore, as o (pr) = (zn,pn) € Wi (x (J)) for the map 7y (-, -, h),
zo (pr) € Wi (2, (J)) for this map, where zj, represents the SEP of Tj; (-, -, h) near z°, so
pr € R for this map. Also, z¥ is a hyperbolic fixed point for both T} (-, -, k) and Ty (-, -, h),

and W _ (z} (J)) is its local stable manifold under both maps, so p, ¢ R for the map
Ta(-, -, h) as well.

Assume towards a contradiction that limy,_,o p* (h) # p*. Then there must exist a mono-
tonically decreasing sequence {h, } _, with lim,,_,o h,, = 0 such that lim,_,o, p* (h,) # p*.
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Since p* (h,,) is the unique closest parameter value in R to py for the map Ty (-, -, hy,), and
since pp,, ¢ R for the map Ty (-, -, hy), for each integer n we have

[p* (hn) — poll < llph, — poll < sup [|pn, — poll =: 7 < oo,
>1
n>

where the supremum is finite since lim,,_,o, ps, = p*. Therefore, the sequence {p* (hn)}. -,

is contained in the closed ball B, (py), which is compact. Thus, {p* (h,)}o—, must have
a convergent subsequence. If every convergent subsequence of {p* (h,)} ~, converges to

p*, then (since the sequence is contained in a compact set) lim, o, p* (h,) = p* [29], and
we obtain a contradiction, so suppose there exists a convergent subsequence {p* (h,,,)} ~_,

with lim,, 00 p* (hp,,) = p # p*. Since ||p* (hn,,) — poll < ||phnm — pol| for all m, taking
the limit as m — oo implies that ||p — po|| < |[p* — pol|- By Proposition 2.4.2, p* is the
unique closest parameter value in R to py under the map ¢ (-, : ﬂ Therefore, since p # p*
and is at least as close to py as p*, we must have p € R under the map ¢ (', ~,ﬂ. Thus,

2o (P) € W* (25 (p)), so there exists T' > 0 such that z (p) € int ¢ (ngc (x* (D)), D, —T).

As ¢ and g are O, and by (5.23), there exist h' > 0 and &' > 0 such that h € (0, 1)
and ||p — p|| < ¢’ implies that W$_(z5 (p)) under Ty (-, p, h) is sufficiently C' close to
W, (2° (p)) under ¢ (-,p,t) such that zo(p) € ¢ (VVIOC (xh( )),p > Thus, for m
sufficiently large, zo (p* (hy,,)) € ¢ <W/1‘ZC (xznm (p* (hnm))> , D (hnm) : —T). Thus, for m
sufficiently large, p* (hy, ) € R under Ty (-, hy,, ), which contradicts the definition of

p* (h) as the closest point in OR to py under Tj(-,-, h). Therefore, we must have that
limy,_,o p* (h) = p*, which proves (3.10a).

Then, (3.10b) can be proved by following analogous reasoning as in the proof of Theorem
3.4.1, with the following changes:

e All instances of T" should be replaced with Tj (+,+, h), including in the definition of
j (p) from (3.7) and the definition of F'(p) from (3.8).

e All instances of p* should be replaced with p* (h).

e For h > 0 sufficiently small, there exists zj (p) near x*® (p) stable, and x} (p) near
z" (p) unstable, which are hyperbolic fixed points of T (-, -, h) such that

Tim T3 (o (p" (), 0" (h) , h) = i (p" (R)) -
e Since W (z¥ (p* (h))) is one-dimensional, define D and D to be the subsets of
W (xi (p* (h))) from Z; to Ty (Z1,p* (h),h), and from &, to Ty (&1, p* (h),h), re-

spectively.
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By continuity of % and . (p), and by (3.10a) and (3.10b) limy_o lim,_p«n) F(p) =
limpo 9L (2 (p* (h))) = 9L (2% (p*)) = A (p*), and this proves (3.10c). (3.11a) and (3.11b)
can be proved by following analogous reasoning as in the proof of Theorem 3.3.2. This
completes the proof of Theorem 3.4.2. [

5.5 Proof of Lemma 4.2.1

Proof of Lemma 4.2.1. Since z* (p*) is a hyperbolic equilibrium point, by [27, Theorem
2.7.1] it follows that Typu(«)W* (2% (p*)) = E® and NyupmyW?* (2 (p*)) = E*. As the mode
of instability is the single unstable eigenvector of the Jacobian at z* (p*), this implies that
E" is its span. [

5.6 Proof of Theorem 4.2.1

Proof of Theorem 4.2.1. We have xy (p*) = ¢ (m D ,—f). So, flowing backwards in time

from z, we have %(xa;jt) = g—z"i) (—

t with IC 22(0) =  is 22(—1)é. Thus, v* = %u and U* = ZEPL07 0 Ag ¢ s
a diffeomorphism, its derivative is full rank. As U consists of linearly independent vec-
tors, this implies that U* consists of linearly independent vectors. Since & € W* (2" (p*))
and W* (z* (p*)) is invariant under the flow, the derivative % maps T W* (z* (p*))
to TpoeyW* (2 (p*)). As U is a basis for T,W* (z* (p*)), and since the tangent space
has constant dimension over W*(z" (p*)), U* is a basis for Ty ,)W? (2" (p*)). Note

t). The solution to (2.4) integrated backwards for time

that %(zﬂ must map N;W?* (z* (p*)) to Nxo(p S (z* (p*)). Otherwise, if there ex-

ists w € N;W* (2% (p*)) which maps to v € Typ)W?* (2" (p*)), then this would contra-
-1 L

dict that (W) = ‘r"d’(g;;’t) must map Ty, ey W* (2% (p*)) to ToW* (z* (p*)). As

v € N;W# (z*(p*)), this implies that v* € Nxo(p*)Ws (" (p*)). As NgopoyW?* (2" (p¥))
has constant dimension over W# (z* (p*)), v* is a basis for it. Finally, assume towards a
contradiction that v* points outwards. For ¢ € [0,%], let v*(¢) be the solution to (2.4)
integrated backwards for time ¢ with IC ¢. As v* (0) = ¢ points inwards and v* (f) = v*
points outwards, there must exist ¢ € [0,¢] such that v* (£) € Ty - —pW* (z* (p*)), which
contradicts that v* (t) € Ny p+—pW* (2% (p*)). Thus, v* must point inwards. O
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5.7 Proof of Corollary 4.2.1

Proof of Corollary 4.2.1. As A (p*) = % (z* (p*),p*) has distinct eigenvalues (so that each
eigenspace is one dimensional) and g—i(m,p) is continuous, by [25, Theorem 3.1.3] there
exists a ball B around (z* (p*), p*) over which the eigenvectors of % (x,p) are continuous.
Thus, shrinking B if necessary implies that all eigenvectors of % (x,p) are arbitrarily close
to the eigenvectors at A (p*). As distance from the orbit of zq (p) to z* (p*) converges to
zero as p — p*, there exists r > 0 such that ||p — p*|| < r implies that the solution & (p) to
(4.1) (with time £ (p)) lies in B. Let ¢ (p) and U (p) be the unstable and stable eigenspaces
of % (2 (), p). Let 7 (p) be the closest point in W* (2% (p)) to & (p), and let v (p) and U (p)
be the unstable and stable eigenspaces of % (z (p),p). Thus, we may shrink r and B if

R o 06(#(p),p,—E(p 06(2(p)p,—L(p
necessary so that ||p — p*|| < r implies that a (giegi) i) nd ¢( (g;);ﬁ) =

close in norm that they map 9 (p) and v (p) to within € norm of each other, and similar for
U (p) and U (p). The result then follows by Theorem 4.2.1. O

are sufficiently

5.8 Proof of Theorem 4.3.1

Proof of Theorem 4.3.1. The result follows from [21, Theorem 4]. O
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Chapter 6

Application to Power Systems

6.1 Damped, Driven Nonlinear Pendulum

6.1.1 Introduction

To illustrate the algorithm of Section 3.4 and the results of Theorem 3.4.2, we first consider
the simple example of a damped, driven nonlinear pendulum with constant driving force.
For this simple example, it is straightforward to compute the mode of instability analyti-
cally by directly finding the controlling UEP, so this example can be used as a benchmark
to validate the proposed algorithm. The dynamics are given by

.I.'l = T2, , (61)

T = —cpsin (11) — caxe + 3, (6.2)

where ¢y, ¢, c3 > 0 are real parameters and x = (x,75) C R Physically, z; represents
the angle of the pendulum, x4 its angular velocity, ¢; the square of the natural frequency of
the pendulum (under the small angle approximation), ¢, a damping coefficient due to air
drag, and c3 the constant driving torque. Using the simple power system model of a single
machine infinite bus [30], (6.1)-(6.2) can also be interpreted as an electrical generator,
with (z1,x2) the angle and angular velocity of the turbine, ¢; a constant determining the
electrical torque supplied by the generator, ¢, a damping coefficient, and c3 the constant
driving mechanical torque.

For the demonstration below, we set ¢ = (¢y, ¢o, ¢3) = (2,0.5,1.5). This system possesses
one SEP at (0.848,0) and one UEP at (2.294,0). As we vary the parameter values ¢, ¢,
and/or ¢z, the SEP and UEP will also vary.
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We establish an IC to (6.1)-(6.2) as the output of the following related system which
models a finite-time disturbance:

21 = %2,

Z9 = —C2 + C3,

starting from the SEP and integrating for time ¢ = 0.8 seconds, which is the length of time
the disturbance is active. This yields the post-disturbance IC for (6.1)-(6.2). If (6.1)-(6.2)
are interpreted as an electrical generator, then (6.3)-(6.4) represent a temporary short
circuit across the terminals of the generator, which is modeled by setting the electrical
torque term in (6.1)-(6.2) to zero temporarily, resulting in (6.3)-(6.4).

6.1.2 Numerical Experiments

For simplicity, consider the one-dimensional parameter space consisting of just the single
parameter p = c3 which we will subsequently treat as a free parameter, with all other
parameters constant, and let pg = 1.5. We set the time step A = 0.02 seconds, use
trapezoidal integration for the numerical integration, and solve each trapezoidal integration
step using the Newton-Raphson method with a tolerance of 107!, Then the numerical
integration of (6.3)-(6.4) yields the IC, and the numerical integration of (6.1)-(6.2) provides
the full system trajectory, which is used to calculate F' (p) using (3.8).

Since the parameter space is one-dimensional in this case, the closest boundary param-
eter value p* (h) to py can be found using a backtracking line search performed by bisection.
Due to finite numerical precision, and since JR is a set of measure zero, in general we cannot
numerically compute p* (h) which lies exactly on OR. Instead, we numerically approximate
p* (h) to arbitrary accuracy with a value that lies just inside R. For the remainder of this
chapter, we therefore abuse notation and let p* (h) denote this numerical approximation,
which lies slightly inside R, rather than the exact theoretical boundary value. Using the
bisection method, we determine that p* (0.02) = 1.5686. In this case, the system with
p = p*(0.02) has two equilibrium points (where the angle is restricted to a single interval
of length 27 since the angle is defined modulo 27), one of which is the SEP where the
system begins prior to the disturbance, while the other is a UEP that can be shown to be
the controlling UEP for this disturbance (see Fig. 6.1), consistent with Assumption 3.2.2.
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6.1.3 Results

Fig. 6.2 shows the value of p* (h) for h € {0.02,0.04,0.08,0.1,0.2,0.4,0.8}. The graph
of p* (h) versus h becomes a flat line as h gets sufficiently small, which shows that p* (h)
converges to the constant p* as h approaches zero, consistent with (3.10a). Let p* (0.02) be
the approximation of the exact theoretical boundary parameter value. For the same values

of h, ‘F(p* (h)) — & (a2 (p* (h)))H < 6.7%, which is consistent with (3.10b). Fig. 6.3
shows the value of HF (p* (h)) — A(p* (0.02))H for the same values of h, which shows that

F (p* (h)) converges to the true Jacobian as h approaches zero, consistent with (3.10c). Fig.
6.4 and Fig. 6.5 show (X(p* (h)) — A (p* (o.oz))\ and |5 (5" (b)) — v (p* (0.02))]l, for the

same values of h, which shows that the unstable eigenvalue and its associated eigenvector
of F (p* (h)) converge to the unstable eigenvalue of the true Jacobian and the mode of
instability, respectively, as h approaches zero, consistent with (3.11a) and (3.11b). As the
controlling UEP z{ , (p* (0.02)) is known and available analytically, the Jacobian at the
controlling UEP, A (p* (0.02)), can therefore be computed directly and exactly. Consistent
with Assumption 3.2.1, it has a single unstable eigenvalue, and its corresponding unstable
0.7464

0.6655 "
p € R and is very close to the exact theoretical boundary value. Numerically computing
F (p) from the system trajectory, consistent with Theorem 3.4.2, it is shown to have a

single unstable eigenvalue with associated unstable eigenvector o(p) = 82222 . Thus,
|10 (p) — v (p* (0.02))|l, < 0.016, so ¥ (p) and v (p* (0.02)) have less than 1.6% difference
since both are normalized to unit length. Fig. 6.1 also shows the RoA boundary and the

mode of instability at p.

eigenvector is v (p* (0.02)) = { Let p = p*(0.02) in this case, and note that

. . . [ o 1
We follow the steps shown in Algorithm 1, and find that A (p* (0.02)) = {1.2407 L
. [22004] . [-0.7464] 5 _ [-05836] __ [<0.9509] 5 _ [<0.7556] o
©10.0547|7 7 [=0.6655]" | 0.8121 |7 ©  [—=0.3094|" ~ | 0.6550 | W

formulate the optimization problem (4.3) and solve it using the gradient descent algorithm
given by (4.5) with the starting parameter value p® = 1.5, the step size a = 0.01, solution
tolerance set to e = 107°, and A = 0.4. The method converges to p = 1.2083, which is
consistent with Theorem 4.3.1. Note that the safety margin increases by over five times
from its initial value of 0.0686 at p® to 0.3603 at P, indicating that the method successfully
reduced vulnerability to the disturbance.

Since this example is two-dimensional, we can visualize the IC and the RoA boundary of
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T

Figure 6.1: The RoA boundary OW* (z§ o, (p)) (solid black line) of the SEP xf ,, (p) (blue
star) of equations (6.3)-(6.4) is shown. It is equal to W* (zf o, (p)) where z{ , (p) (red
triangle) is the UEP that can be shown to be the controlling UEP for the given disturbance.
The IC z (p) (green circle) is shown. The unstable eigenvector v (p) of % (02 (D)) (solid
magenta line with an arrow), which is the mode of instability for the disturbance, is shown.

the SEP at py and p. As illustrated in Fig. 6.6, we can see that the IC at p is substantially
further from the RoA boundary than the IC at py.

6.1.4 Conclusion
Therefore, this illustrates that the nonlinear mode of instability of this low dimensional

system can be accurately computed and the vulnerability of this system subject to the
given disturbance can be reduced by the proposed algorithm.

42



04 05 06 07
h

01 02 03 0.8
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Figure 6.6: The RoA boundaries OW?* (z° (p)) of the SEPs x* (p) (stars) for parameter
values p = p (red dashed) and p = py (solid blue), are shown. Each boundary is equal
to W# (z* (p)) where z* (p) (triangles) is the controlling UEP. The IC zy(p) (circles) are
shown for each parameter value.

6.2 IEEE 9-Bus Power System

6.2.1 Introduction

Next, the algorithm described in Section 3.4 and 4 is applied to the more complex example
of the IEEE 9-bus power system [2], where the mode of instability is not so straightforward
to obtain analytically. As shown in Fig. 6.7, this is a network consisting of nine nodes
that contains three synchronous generators, three loads, six transmission lines, and three
transformers. Each generator is modeled using a 4th order synchronous machine model,
along with an AVR and PSS for control, which are modeled according to the IEEE standard
ST1C and PSS1A models [1], respectively. The loads are modeled as constant power loads.
The dimension of the dynamic states for this system is 60. The disturbance considered is a
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temporary short circuit, known as a fault, at the terminals of generator three. The system
is initially at a SEP, then the fault occurs at 0.02 seconds. It lasts for 0.2 seconds and is
cleared at 0.22 seconds. For this nonlinear power system model with higher dimensions,
the mode of instability is determined without direct identification of the controlling UEP
using the algorithm from Section 3.4.

2

@}F@L Lihv J@F@)

SG?2 SG3

()]
| |
|
(o))

SG1

Figure 6.7: IEEE 9-Bus Power System (SG = synchronous generator).

Many model parameters of the system are of interest for recovery considerations. The
moment of inertia scaling factor multiplies the moment of inertia of all three synchronous
generators simultaneously. The gains of the AVR controllers can help to capture the
impact of controller turning on system stability, the gains of the PSS controllers are crucial
for enhancing system stability by improving the damping of low-frequency oscillations in
power systems, and the gains of the governor controllers are critical in frequency control
for enhancing system stability. The active and reactive power loads are modeled using the
standard exponential form of a voltage-dependent load model. The voltage exponents are
set uniformly for all active power loads and similarly for all reactive power loads. As load
is often uncertain, given the complexity of modeling load dynamics, these parameters can
help to capture the impact of uncertain load behavior on system recoverability.
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6.2.2 Numerical Experiments

To demonstrate the effectiveness of the proposed algorithm, we first consider the one-
dimensional parameter space with the parameter of interest being the moment of inertia
scaling factor. We use trapezoidal integration with the Newton-Raphson method for the
numerical integration with a fixed time step of h = % seconds and a tolerance of 10719,
This choice of h represents a single cycle of the 60 Hz AC voltage and, thus, is faster than all
other dynamics explicitly included in the system model, so it represents a choice of h that is
close to zero for this application. Using the backtracking line search performed by bisection,
or using the method from [I1], which finds the closest point on the recovery boundary in
one-dimensional parameter space, we compute the boundary value of the moment of inertia
scaling factor to be p* (%) = 0.8724, which is very close to the exact theoretical boundary
value. For this example, we do not know the location of the controlling UEP, so we are
unable to compute v (p* (6—10)) directly from A (p* (%)) Instead, we set p = p* (%), and

numerically compute F' (p).

Consistent with Theorem 3.4.2, F (p) has exactly one unstable eigenvalue X (p). As
the choice of h is close to zero for this application, by Theorem 3.4.2 its corresponding
eigenvector 0 (p) is a close approximation to the true mode of instability. Table 6.1 shows
the components of ¥ (p) other than those which are close to zero. The components of wy,
wo, and ws of ¥ (p) correspond to the frequency components of generator one, generator
two, and generator three, respectively. The components of 0y, 65, and 03 of ¥ (p) corre-
spond to the angle of generator one, generator two, and generator three, respectively. The
components of x1, x9, and x3 correspond to the internal state of the AVR of generator one,
generator two, and generator three, respectively.

w1 W9 W3
—0.0112 | 0.7594 | 0.4227

01 ) 05
—0.0026 | 0.1754 | 0.0977

T T T3
0.0863 | 0.3473 | 0.2673

Table 6.1: Components of ¥ (p) representing the frequencies w, angles 6, and the internal
state of the AVR x for the three synchronous generators in the case of one-dimensional
parameter space.

For the multi-dimensional parameter space, we consider the parameter set consisting of
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the moment of inertia of each of the three generators, the real and reactive load voltage ex-
ponents for each of the three loads, the AVR and PSS controller gains for each of the three
generators (15 parameters). This set captures both the uncertainty in load dynamic charac-
teristics and the influence of controller response on system recoverability. Let Hy, Ho, and
H; be the moment of inertia of generator one, generator two, and generator three, respec-
tively. Let e1, eo, and e3 be the real load voltage exponents for each of the three loads. Let
ey, €5, and eg be the reactive load voltage exponents for each of the three loads. Let K, Ko,
and K3 be the AVR controller gains of generator one, generator two, and generator three,
respectively. Let Ly, Lo, and L3 be the PSS controller gains of generator one, generator two,
and generator three, respectively. Let H = [Hl H, Hg}, e = [61 ey €3 €4 €5 66} ,
K =[K, K; Ks],and L = [Ly Ly Ls]. Let p=[H e K L] be the vector of
chosen parameters. Let py be the initial parameter values, as given in Table 6.2. We apply
the optimization approach [11] to find the closest point on the recovery boundary to the

nominal value of this 15-dimensional parameter space, with the solution tolerance set to
e=107".

H, H, Hs €1 €2

23.64 6.4 3.01
60m 60 60 2 2
€3 €4 €5 (& K1

2 [ 2] 2] 2 ]2
Ky | Ks | Ly | Ly | Ls

0.5 0.5 0.5
20 20 1207 1207 1207

Table 6.2: Test case parameter values.

The parameter value on the recovery boundary p* (%) = [H et K¥ L*]T for this
15-dimensional parameter space is shown in Table 6.3, which closely approximates the exact
theoretical boundary value, and is arbitrarily close to the initial parameter value. Since the

location of the controlling UEP is unknown, we are unable to determine A (p* (6—10)) and,
1

consequently, v (p* (&)) directly. Instead, we set p = p* (=) once again and numerically
60 60
compute F (p).

Consistent with Theorem 3.4.2, F'(p) possesses a unique unstable eigenvalue and, by
Theorem 3.4.2, its associated unstable eigenvector is a close approximation to the mode
of instability. Table 6.4 presents the components of v (p* (%)) apart from those that are
close to zero. The components of wy, ws, ws, 0, 02, 05, x1, T2, x3 of 0 (p) carry the same

interpretation as those in the one-dimensional parameter space.

For the algorithm described in Chapter 4, we consider the parameter set consisting of
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HY H3 H3 el €5

0.1254 | 0.0340 | 0.0160 2 2

s €1 ex g K7

2 2 2 2 20

K3 K3 Ly L; L;
20 20 0.0013 | 0.0013 | 0.0013

Table 6.3: Closest boundary parameter value for moment of inertia, real and reactive load
voltage exponents, AVR and PSS controller gains.

w1 (09)) W3
0.1106 | 0.4388 | 0.6850

61 02 03
0.0300 | 0.1192 | 0.1861

x T2 T3
0.1150 | 0.2648 | 0.4267

Table 6.4: Components of ¥ (p) representing the frequencies w, angles #, and the internal
state of the AVR z for the three synchronous generators in the case of 15-dimensional
parameter space.

the AVR, PSS, and governor controller gains for each of the three generators (9 parameters).
These parameters are tunable, allowing them to be varied when applying the algorithm
of Chapter 4 to reduce vulnerability. Let K, K5, and K3 be the AVR controller gains
of generator one, generator two, and generator three, respectively. Let L, Lo, and L3 be
the PSS controller gains of generator one, generator two, and generator three, respectively.
Let My, My, and Mj3 be the governor controller gains of generator one, generator two,
and generator three, respectively. Let K = [Kl K, Kg}, L= [Ll Lo Lg}, and M =
[Ml My M3:|. Let p = [K L M]T be the vector of chosen parameters, and note that
this results in a 9-dimensional parameter space. Let py be the initial parameter values,
as given in Table 6.5. We apply the algorithm from prior work [11] to find the closest
boundary parameter value p = [K L M *]T to po, which is shown in Table 6.6.! The
safety margin at pg is 0.6338.

1 As before, p lies slightly inside R, rather than the exact theoretical boundary value.
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K K, K3
2.6909 | 2.6837 | 2.6650
L1 L2 L3
0.0013 | 0.0013 | 0.0013
M1 M2 M3
0.0502 | 0.0497 | 0.0497

Table 6.5: Test case parameter values.

Ki | K | Ki
2.3233 | 2.3173 | 2.3011
L L3 L
0.0013 | 0.0013 | 0.0013
My | Mp | M;
0.0503 | 0.0496 | 0.0496

Table 6.6: Closest boundary parameter value for the AVR, PSS, and governor controller
gains.

6.2.3 Results

For the one-dimensional parameter space, the mode of instability, as shown in Table 6.1,
reveals the subset of dynamics responsible for failure to recover from the fault. In particu-
lar, among the three generators, the frequency component, angle component, and the AVR
internal state component of generator two are the largest in magnitude. This leads to the
non-intuitive information that generator two is most responsible for the failure to recover
from the disturbance, even though the disturbance originates at a distant location from
generator two (near generator three). To further validate this observation, we plot the fre-
quency dynamics of all three generators before they achieve synchronism, as shown in Fig.
6.8. The figure shows that the frequency of generator two has larger amplitude oscillations
after the disturbance has occurred than the frequencies of the other two generators. Fig.
6.9 shows the angle of generator three relative to generator one and the angle of generator
two relative to generator one as a function of time. We observe that the relative angle of
generator two has larger amplitude oscillations after the disturbance has occurred than the
relative angle of generator three, indicative of generator two’s role as the generator most
important to the mechanism of instability for the disturbance. Fig. 6.10 shows the dy-
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namics for the internal state of the AVR of all three generators. It shows that the internal
state of the AVR of generator two has a larger initial transient than the internal state of
the AVR of generator one and generator three, which indicates that generator two is most
important for determining whether the system will fail to recover from the disturbance. In
addition, Table 6.1 shows that the frequency component, angle component, and the AVR
internal state component of generator one are very small, indicating that generator one
plays a more minimal role in the onset of failure to recover than generators two and three.
Furthermore, the components of the internal states of the PSS are close to zero, indicating
the nontrivial fact that, unlike for many other faults, for this particular disturbance the
PSS controllers do not have a significant contribution to the mechanism of instability.
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——generator 2|
generator 3
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Figure 6.8: The frequency dynamics of all three generators before reaching synchronism
in the one-dimensional parameter space, where the moment of inertia scaling factor is the
parameter of interest, at p = p* (6—10).

Unlike the one-dimensional case with the moment of inertia scaling factor, for the given
higher dimensional (15-dimensional) parameter space, generator three has the largest fre-
quency, angle, and the AVR internal state components in magnitude, followed by generator
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Figure 6.9: The angle of generator two and generator three relative to generator one in
the one-dimensional parameter space, where the moment of inertia scaling factor is the

parameter of interest, at p = p* (6—10).

two and then generator one. This provides a clear indication that generator three plays
the most significant role in the failure to recover from the disturbance, which is intuitive
since the disturbance originates near generator three, followed by generator two and then
generator one. To further validate this observation, the frequency dynamics of all three
generators before they reach synchronism, and the angle of generator three and generator
two relative to generator one as a function of time, are shown in Fig. 6.11 and Fig. 6.12,
respectively. We observe that after the fault is cleared, the frequency of generator three
exhibits a long transient, with large oscillations starting earlier and ending later than for
the other generators, with generator two having the second largest initial frequency tran-
sient, and finally generator one having the smallest. Furthermore, the relative angle of
generator three has greater amplitude oscillations than those of generator two. Fig. 6.13
illustrates the AVR internal state dynamics for all three generators. We can see that the
internal state of the AVR of generator three has a larger initial transient than the internal
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Figure 6.10: The internal state dynamics of the AVR of all three synchronous generators
in the one-dimensional parameter space, where the moment of inertia scaling factor is the
parameter of interest, at p = p* (6—10).

state of the AVR of generator two, and generator one has the smallest initial transient in
its AVR internal state. All of these observations highlight that the frequency and angle
dynamics of generator three, along with the operation of its AVR, are the primary fac-
tors influencing whether the system can recover from the disturbance, followed by those of
generator two, and then of generator one. Notably and non-intuitively, although both the
frequency and voltage dynamics play a major role in the mechanism of instability in this
case, the dynamics of the PSS, which are designed to limit the coupling between frequency
and voltage dynamics, do not play a significant role in the failure to recover.

Next, we apply the algorithm described in Chapter 4 to solve the optimization problem
(4.3) with initial parameter value p° = py, step size a = 0.01, solution tolerance of € = 1072,
and A = 0.6. The method converges to a local minimum p = [7 L M} T consistent with
Theorem 4.3.1, which is shown in Table 6.7. To assess whether the method was successful
at reducing vulnerability, we again apply the algorithm from prior work [I1] to find the
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Figure 6.11: The frequency dynamics of all three generators before reaching synchronism
in the 15-dimensional parameter space, where the parameters of interest are the moment
of inertia, real and reactive load voltage exponents, AVR and PSS controller gains, at

p=7"(g)-

closest boundary parameter value to p, which is shown in Table 6.8 2. From this value,
the safety margin can be found to be 1.5398, which is more than 2.4 times larger than
the safety margin was for py. This illustrates that the proposed method successfully tuned
controller parameter values so as to significantly reduce the vulnerability of the system to
the given disturbance. To further validate this observation, we plot the frequency dynamics
of generator one, generator two, and generator three for the parameter value py and p, as
shown in Fig. 6.14, Fig. 6.15, and Fig. 6.16, respectively. The figures show that at py,
the frequencies of generator one, generator two, and generator three have larger amplitude
oscillations after the disturbance than those at p, which indicates that the system is less
vulnerable to the disturbance for parameter value p than for py.

2p* lies slightly inside R, rather than the exact theoretical boundary value.
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Figure 6.12: The angle of generator two and generator three relative to generator one
in the 15-dimensional parameter space, where the parameters of interest are the moment
of inertia, real and reactive load voltage exponents, AVR and PSS controller gains, at

p="7"(g)-
6.2.4 Conclusion

Overall, the proposed algorithm was successfully applied to the IEEE 9-bus benchmark
power system to compute the nonlinear mode of instability for both one-dimensional and
higher dimensional parameter spaces, and revealed unexpected dynamic behavior respon-
sible for the mechanism of instability that would not have been straightforward to identify
otherwise. The control design was successfully applied to the IEEE 9-bus power system to
reduce vulnerability to a temporary short circuit.
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Figure 6.13: The internal state dynamics of the AVR of all three synchronous generators
in the 15-dimensional parameter space, where the parameters of interest are the moment
of inertia, real and reactive load voltage exponents, AVR and PSS controller gains, at

p=1"(g)-

Table 6.7: Local minimum of the control design optimization problem.
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Kl KQ K3
2.6652 | 4.2275 | 3.7534

L, L, L,
0.0013 | 0.0013 | 0.0013

—% X =%

Ml M2 M3
0.0503 | 0.0496 | 0.0397

Table 6.8: Closest boundary parameter value for the parameter value in Table 6.7.
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Figure 6.14: Frequency dynamics of generator one for the parameter value pg and p in the
9-dimensional parameter space, where the parameters of interest are the AVR, PSS, and
governor controller gains.
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Figure 6.15: Frequency dynamics of generator two for the parameter value py and p in the

9-dimensional parameter space, where the parameters of interest are the AVR, PSS, and
governor controller gains.
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Figure 6.16: Frequency dynamics of generator three for the parameter value py, and p in

the 9-dimensional parameter space, where the parameters of interest are the AVR, PSS,
and governor controller gains.
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Chapter 7

Conclusion and Future Work

This thesis develops a computationally efficient method with rigorous convergence guaran-
tees for numerically computing the mode of instability for parameterized nonlinear systems
while avoiding the challenge of identifying the controlling UEP. For parameter values where
the system recovers, it averages the Jacobian along the system trajectory from the IC until
the final time at which the Jacobian transitions from unstable to stable. It is shown that as
boundary parameter values are approached from within the recovery region, this average of
the Jacobians converges to the true Jacobian at the controlling UEP, and it has a unique
unstable eigenvalue whose corresponding eigenvector converges to the mode of instability.
Under the same conditions, the approximation of the average of the Jacobians obtained
from numerical integration, and its eigenvector corresponding to its unique unstable eigen-
value, are shown to converge to the true Jacobian at the controlling UEP and the mode of
instability, respectively, as the step size approaches zero.

A novel method to reduce vulnerability of nonlinear systems to large disturbances
using the mode of instability was developed. Since the mode of instability is responsible
for driving the system out of the RoA after the disturbance, the key idea of the method was
to vary controller parameters so as to drive the IC in the opposite direction to the mode of
instability, thereby driving it further inwards and away from the RoA boundary. This was
accomplished by formulating and solving a nonconvex optimization problem to directly
drive the IC in the desired direction. When the initial parameter value was sufficiently
close to a local minimum of the optimization problem, and the step size was sufficiently
small, it was shown that the solution method would converge to this local minimum.

The method was first validated on the damped, driven, nonlinear pendulum example
subject to a disturbance. By directly finding the controlling UEP and analytically comput-
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ing the mode of instability for this low dimensional system, it was shown that the mode of
instability could be accurately computed using the proposed algorithm in this case, thereby
validating the proposed approach. Then the algorithm was applied to compute the mode of
instability for the IEEE 9-bus power system subject to a temporary short circuit. For this
higher dimensional power system model, it was no longer straightforward to identify the
controlling UEP and the mode of instability analytically. The method was used to identify
the mode of instability in high dimensional parameter space for this system. The identified
modes of instability revealed non-intuitive information about the mechanism of instabil-
ity, and would have been difficult to predict or identify without the use of the proposed
method. The proposed method was successfully validated on power system models subject
to temporary short circuits with high dimensional state and parameter spaces, where it
was shown to increase the safety margins and, thus, reduce disturbance vulnerability.

Future work will involve extending the method to controlling periodic orbits and other
controlling sets beyond equilibrium points, and considering piecewise smooth vector fields
with switching and saturation limits.
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