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Abstract. Models for piezoelectric beams and structures with piezoelectric patches generally
ignore magnetic effects. This is because the magnetic energy has a relatively small effect on the
overall dynamics. Piezoelectric beam models are known to be exactly observable and can be expo-
nentially stabilized in the energy space by using a mechanical feedback controller. In this paper, a
variational approach is used to derive a model for a piezoelectric beam that includes magnetic effects.
It is proved that the partial differential equation model is well-posed. Magnetic effects have a strong
effect on the stabilizability of the control system. For almost all system parameters the piezoelectric
beam can be strongly stabilized, but it is not exponentially stabilizable in the energy space. Strong
stabilization is achieved using only electrical feedback. Furthermore, using the same electrical feed-
back, an exponentially stable closed-loop system can be obtained for a set of system parameters of
zero Lebesgue measure. These results are compared to those of a beam without magnetic effects.
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1. Introduction. Piezoelectric actuators have a unique characteristic of con-
verting mechanical energy to electrical and magnetic energy, and vice versa. There-
fore, they could be used as actuators or sensors. Piezoelectric actuators are generally
scalable, smaller, less expensive, and more efficient than traditional actuators, and
hence a competitive choice for many tasks in industry, particularly those involving
control of structures. Piezoelectric materials have been employed in civil, industrial,
automotive, aeronautic, and space structures.

In modeling piezoelectric systems, three major effects and their interrelations
need to be considered: mechanical, electrical, and magnetic. Mechanical effects are
generally modeled through Kirchhoff, Euler—Bernoulli, or Mindlin—Timoshenko small
displacement assumptions; see, for instance, [3], [12], [28], [39]. To include electrical
and magnetic effects, there are mainly three approaches: electrostatic, quasi-static,
and fully dynamic [29]. Electrostatic and quasi-static approaches are widely used—
see, for instance, [10], [12], [14], [17], [25], [28], [29], [35]. These models completely
exclude magnetic effects and their coupling with electrical and mechanical effects. In
a electrostatic approach, electrical effects are stationary, even though the mechanical
equations are dynamic. In the case of a quasi-static approach, magnetic effects are still
ignored but electric charges have time dependence. The electromechanical coupling
is not dynamic.

A piezoelectric beam is an elastic beam with electrodes at its top and bottom
surfaces, insulated at the edges (to prevent fringing effects) and connected to an
external electric circuit. (See Figure 1). These are the simplest structures on which to
study the interaction between the electrical and mechanical energy in these systems. It
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X3

Piezoelectric beam

X1

Electrodes (covered with aluminum foil)

Fic. 1. For a voltage-actuated beam/plate, when voltage V (t) is supplied to the electrodes, an
electric field is created between the electrodes, and therefore the beam/plate either shrinks or extends.

is experimentally observed that the magnetic effects are minor in the overall dynamics
for polarized ceramics (see the review article [40]), and therefore these effects are
ignored in piezoelectric beam models. A single piezoelectric beam either shrinks or
extends when the electrodes are subjected to a voltage source. For a beam of length L
and thickness h, models derived by electrostatic and quasi-static approaches with the
Euler-Bernoulli small displacement assumptions (no damping) describe the stretching
motion as

(1.1a) PV — Vg = 0, (w,t) € (0,L) x RT,
(1.1b) 0(0,4) = 0, arva(L, ) = —%(t), t € R,
(1.1c) (v,0)(z,0) = (%, 01), z € [0, L],

where p, a1,y denote mass density, elastic stiffness, and piezoelectric coefficients of the
beam, respectively, V(¢) denotes the voltage applied at the electrodes, and v denotes
the longitudinal displacement of the beam. In these models an elliptic-type differential
equation for the electrical component is obtained due to Gauss’ law (see (2.14) below).
Solving this equation and then substituting into the mechanical equations leads to
the wave equation (1.1). (See (2.20) with pp = 0.) The system (1.1) is a well-posed
boundary control problem on an appropriate Sobolev space. As a side note, both
Kirchhoff and Mindlin—-Timoshenko small displacement assumptions yield the same
stretching equations (1.1). From the control theory point of view, it is well known that
a single wave equation (1.1) can be exactly controlled in the energy space. (Therefore,
the uncontrolled system, i.e., V(t) = 0, is exactly observable.) With a mechanical
feedback controller in the form of boundary damping V(t) = v¢(L,t), the solutions
of the closed-loop system are exponentially stable in the energy space (i.e., [15] and
references therein).

Exact observability and exponential stabilizability if magnetic effects are included
in the mathematical models is investigated in this paper. In the fully dynamic ap-
proach, magnetic effects are included, and hence so is the wave behavior of the elec-
tromagnetic fields. We obtain a strongly coupled system of wave equations, one for
stretching and one for magnetic effects. Voltage control comes into play through only
one boundary condition at one end. The problem of exponentially stabilizability is
essentially one of simultaneous stabilizability since a single control needs to stabilize
two coupled wave equations. Simultaneous control problems for wave and beam sys-
tems have been studied by a number of researchers, including [8], [15], [19], [26], [32].
In [32] conditions for simultaneous exact controllability are obtained for decoupled
systems with the same input function. In [15] the controllability of coupled strings of
different lengths connected at one end point is considered. It is shown that controlla-
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bility in finite time, in a smaller space than the natural energy space, is determined
by the ratios of the string lengths. Simultaneous controllability for general networks
is considered in [8].

It is proved here that for almost all choices of system parameters a simple electrical
feedback controller (current flowing through the electrodes) yields strong stability.
However, for almost all system parameters, the uncontrolled system is not exactly
observable in the energy space, and therefore there is no feedback V(t) that makes
the system exponentially stabilizable in the energy space. Finally, it is shown that the
system can be exponentially stabilized only for a set of system parameters of Lebesque
measure zero. This behavior is qualitatively very different from the electrostatic or
quasi-static models.

This paper is organized as follows. In section 2, a variational approach is used
to derive the model; a system of partial differential equations that include magnetic
effects. In section 3, well-posedness of the model is shown as is strong stabilizability for
a class of parameters. Strong stabilizability is achieved with a feedback operator that
is dual to the control operator. This feedback is purely electrical. Finally, in section 4
observability and exponential stabilizability is shown to depend on system parameters.
If the system is exponentially stabilizable, exponential stability is achieved with the
same electrical feedback.

Throughout this paper, dots (w) indicate differentiation with respect to time,
4 — 4 “and 99 indicates the boundary of the beam Q.

dxy )

2. Piezoelectric beam model with magnetic effects. Let x1, z3 be the lon-
gitudinal and transverse directions, respectively. Let the piezoelectric beam occupy
the region Q = [0, L] x [—%, 4] where h < L. A very widely used linear constitutive
relationship [29] for piezoelectric beams is

e (5)-[5 7](2)

where T = (TH, TQQ, ng, T23, T13, Tlg)T is the stress vector, S = (811, SQQ, 533, 523, 513,
S12)T is the strain vector, D = (D1, Dy, D3)", and E = (Ey, Eo, E3)T are the electric
displacement and the electric field vectors, respectively, and moreover, the matrices
[c], [7], [e] are the matrices with elastic, electro-mechanic, and dielectric constant en-
tries. (For more details, the reader can refer to [29].) A list of all notation used for the
piezoelectric beam model is in Table 1. Under the assumption of transverse isotropy
and polarization in x3-direction, these matrices reduce to

C11 Ci12 C13 0 0 0

21 c2 c3 0 0 0

c31 c32 czz3 0 0 0
0 0 0 Cq4 0 0 ’
0 0 0 0 Cs55 0
0 0 0 0 0 Ce6

0 0 0 0 Y15
y=1 0 0 0 -m5 O
Y31 Y31 Y33 0 0

o O O

€11 0 0
g = 0 €99 0
0 0 £33

Since h < L, assume that all forces acting in the x5 direction are zero. Moreover,
T33 is also assumed to be zero. Therefore,

T = (T, Ti3)*, S = (S11,513)", D = (D1, D3)", E = (Ey, E3)7,
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TABLE 1
Notation.
A Magnetic potential vector iy | Volume current density
B Magnetic flux density vector n Surface unit outward normal vector
B Impermittivity coefficients os | Surface charge density
¢, a | Elastic stiffness coefficients op | Volume charge density
o' Piezoelectric coefficients S | Strain tensor
D Electric displacement vector T | Stress tensor
E Electric field intensity vector v Longitudinal displacement
€ Permittivity coefficients h | Thickness of the beam
f1 Lateral force resultant in 1 direction H | Magnetic field intensity vector
fl Lateral force in z1 direction V' | Voltage (constant in space)
f3 Transverse force resultant in z3 direction | w | Transverse displacement
fg Transverse force in x3 direction @ | Magnetic permeability of beam
Uy x1 component of the displacement field P Mass density per unit volume
Us x3 component of the displacement field ¢ | Electric potential
is Surface current density

and (2.1) reduces to

T ci1 0 0 —Y31 S11
Tz | 0 e5 -5 O S13
D, B 0 ms5 en 0 Er
D3 731 0O 0 €33 Es

Finally, for an Euler-Bernoulli beam, the shear stress S13 = 0. (See 2.12.) The linear
constitutive equations for an Euler—Bernoulli piezoelectric beam are thus

(2.2a) T = c11S11 — 31 B3,
(2.2b) Tis = —msEn,

(2.2¢) Dy =enkn,

(2.2d) D3 = v31511 + €33 E3.

Lagrangian. Let K, P, E and B denote kinetic, potential, electrical, and magnetic
energies of the beam, respectively, and W is the work done by the external forces.
Moreover, P — E + B is often called electrical enthalpy.

To model charge or current-controlled piezoelectric beams, that is, charge density
or current density are prescribed at the electrodes, the pair (S, E) are taken to be the
independent variables. The Lagrangian [18], [21]

T
(2.3) L/0 K—(P—E+B)+W|dt

with constitutive equations (2.2) is appropriate. For the Lagrangian L, the work done
by the external forces is

W:/Q(flUl—kngg) dX+/mas¢ dr,
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where fl, fg are external lateral and transverse forces, respectively, 7, is the surface
charge prescribed at the electrodes, and (Uy, Us) is the displacement field (see (2.11));
the external forces are as defined in [16]. Therefore,

SW = / (f15U1 n f35U3) dX +/ 5,66 dT.
Q 9
For voltage-driven electrodes, voltage is prescribed at the boundaries, and a dif-
ferent Lagrangian is needed so that the applied voltage appears in the work term.
Applying a Legendre transformation to L yields

T
(2.4) L:/0 K- (P+E)+B+W] di,

where P+E is the total stored energy of the beam. The new Lagrangian L is a function
of independent variables (S, D). The constitutive relationship (2.2) transforms to the
following relationship for (7', E)

(2.5a) T = aS11 —vBDs,
(2.5b) Tvg = =11 D1,
(2.5¢) Ey = p1Dx,
(2.5d) E3 = —vBS11 + BDs3,
where
9 1 1
(2-6) Y=, mM=715 a=a1+783, axr=cu1, B=—, B1=—.
€33 €11

Calling d(-) the variation of the corresponding quantity, L in (2.4) is obtained by
applying the Legendre transformation to L :

T
(2.7) 5L:/0 (6K—6<H+/ﬂDiEi dX)—i—&(W—i—/aQasqde))dt:O,

where ¢ is the electric potential, H is the enthalpy [18], and
0H = / (le(SSZJ — DpoE, + M - 5B) dX
Q

where M = iB is the magnetic flux vector and p is the permeability of the beam.
The new Lagrangian L essentially remains the same since

(2.8) /Q S(DiEs) dX = — [ 5(¢Diny) dU + /Q 5(6V - D) — /Q 5(M - B) dX.

[219]

However, for the Lagrangian L, the work done by the external forces is given by

(2.9) W = /Q (f1U1 +f3U3) dX+/ o5 dT,

o0

where ¢ (namely voltage) is the electric potential prescribed at the electrodes, and
therefore, using (2.15a),

W = /f16U1+f36U3 dX+/

(2.10) /Q (f15U1+f36U3 / (6D;)n; dr .
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Therefore, depending on the prescribed quantity at the electrodes, Lagrangian can be
chosen either L or L. In this paper, the voltage at the electrodes is controlled.

Returning to the linear theory of Euler—Bernoulli beam small-displacement as-
sumptions, the displacement field is

0
(2.11) Ulzv—xga—z, Us = w,

where v = v(z1) and w = w(x1) denote the longitudinal displacement of the center
line and transverse displacement of the beam, respectively. Since

1 8“1 81/3
2.12 S —
( ) St 2 <8x3 8951) 0,

the only strain component is given by

oU; ov 0w
(213) Sll - a—fl - a—wl - Jiga—ﬁ.

Magnetic effects. The magnetic energy is added to the Lagrangian L through
Maxwell’s equations. Let B denote magnetic field vector, and oy, ip, 0,15, V, pt, 1
denote body charge density, body current density, surface charge density, surface
current density, voltage, magnetic permeability, and unit normal vector, respectively.
Maxwell’s equations are

2.14a) V-D= o, in QxR (electric Gauss’s law),
2.14b) V:B=0 in QxR (Gauss’s law of magnetism),

(
(
14c xE= —B in X araday’s law),
2.14 VxE B Qx Rt Farad 1
1 .
(2.14d) “(VxB)= iy +D in QxR (Ampére-Maxwell law)
1

with one of the essential electric boundary conditions prescribed on the electrodes

(2.15a) —-D-n= o, on 00QxR" (charge),

(2.15b) l(B xn)= is on OO xRT (current),
,u

(2.15¢) ¢p=V on 0QxR" (voltage),

and with a chosen mechanical boundary condition at the edges of the beam (the
beam is clamped, hinged, free, etc.). Since the electrodes are voltage-driven, (2.15¢)
is appropriate.

In modeling piezoelectric beams, there are mainly three approaches to include

electric and magnetic effects [29]:

(1) Electrostatic electric field: An electrostatic electric field is the most widely
used approach. It completely ignores magnetic effects: B = D=i,=0,=0.
Maxwell’s equations (2.14) reduce to V- D = 0 and V x E = 0. Therefore,
by Poincaré’s theorem [9] there exists a scalar electric potential such that
E = —V¢ and ¢ is determined up to a constant.

(2) Quasi-static electric field: The approach ignores some of the magnetic effects
(polarizable but nonmagnetizable materials) [29]: it is allowed that D and B
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are nonzero, however, o, = i, = 0. Therefore, (2.14) reduces to
: .1
V.-D=0, V-B=0, B=-VxE, D=~(VxB).
W

The equation V - B = 0 implies that there exists a magnetic potential vector
A such that B =V x A, by Poincéare’s theorem. It follows from substituting
B to B = —V x E that there exists a scalar electric potential ¢ such that
E = —V¢— A. One simplification in this approach is to set A =0 and A =0
since A, A < ¢. Note that D is nonzero.

(3) Fully dynamic electric field: Unlike the quasi-static assumption, A and A are
left in the model. Depending on the type of material, body charge density oy
and body current density i, can also be nonzero. Note that even though the
displacement current D is assumed to be nonzero in both quasi-static and
fully dynamic approaches, the term D is zero in the quasi-static approach
since A = 0.

In this paper, the third, dynamic, approach is used for the modeling of a piezoelec-
tric beam. Assume that there are neither external body charges nor body currents,
ie., op = iy = 0. The magnetic field B is perpendicular to the x; — x5 plane due
to (2.15b), and therefore B has only the y-component Bo, and it is only a function
of 1 = x. This is simply because the surface current is at the electrodes have only
z-component (tangential) and B is perpendicular to both the outward normal vector
(n =1(0,0,1) or n = (0,0, —1)) at the electrodes and is. Also assume that E; = 0,
and thus D1 = 0 by (2.5¢). Therefore, Maxwell’s equations including the effects of B
become

. .1
V-B=0, B=-VxE, D==(VxB).
w

It follows from the last equation that % = —uDs, and so

By = —M/O Ds(€, x3,t) dE.

The magnetic energy, which can be regarded as the “electric kinetic energy,” is

L 2 L 2 K c ’
— dX = dX == dg| dX.
B= g [ 1B dx = 5o [ (B2 ax 2/9[/0 Da (€ 23,1) 5] X

The next assumption is that D3 does not vary in the thickness direction
D3({E, xrs3, t) = D3($, t).

This assumption lines up with choice of electrical potential ¢(z, z,t) defined above to
be linear in the thickness direction [25], i.e., o(x, z,t) = ©°(x,t)+2¢* (x,t). Therefore,
the electric field component in the thickness direction satisfies

_ 9o _
By = 52 = BDs(x,t).
Now define
(2.16) p= / Dy(e.1) de
0

to be the total electric charge at point x. Therefore, p, = D3.
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Hamilton’s principle. Using (2.5) (with D; = 0), (2.2), (2.13), and the defini-
tion (2.16) of p, the stored energy (potential + electric) P + E, magnetic energy B,
and kinetic energy K of the beam are

1
P+E= 5/ (T11511 + DsEs) dX
Q

ho[t h?

(2.17) ZE/ [a <vi+ﬁwim) —27ﬁvsz+ﬁpi] dz,
0

1 ph 2.
2.1 B=— BI? dX = &= 2
(218) 5 eIz ax = 5 [T an,

L 2
_ P 2 | 772 _ ph 9 h s

(2.19) K_Z/Q(U1+U3) dX = 2/0 [v +12wr+w} dz.
Defining

h/2 h/2
fi(z,t) :/ fi(x, z,t) dz,  fs(x,t) :/ fa(z, z,t) dz

—h/2 —h/2

to be the external force resultants defined as in [16], and V' (¢) the voltage applied at
the electrodes, the work done by the external forces is

W:A(f1U1+f3U3) ax — mpga)dr

L
- / (fro+ faw —paV (1)) de

= /OL —pV(t) dx

since there is no applied external force f; or lateral force f,.

Application of Hamilton’s principle, setting the variation of admissible displace-
ments {v,w,p} of L to zero, yields two sets of equations, one for stretching and one
for bending with associated boundary conditions:

(2'203) . {pi} — Qzz + YBPaz = 0,

Stretching: .

V

(2200) [0(0) = p(0) = v (L) ~18pa(L) =0, Bpe(E) — 7B (L) = L2,
(2.20d) (v,p,5,p)(x,0) = (°,p°, 0", p");
(2.21a) Bending: {phﬂ'} + pl—h;wm + al_i;?’wmm =0,
(2.21b) w(0) = we(0) = Wep (L) = Wy (L) =0,
(2.21c¢) (w, 1) (z,0) = (w°,w').

Equation (2.212 is the Rayleigh beam equation for bending. Neglecting the moment of
inertia term %wm in (2.21) leads to the familiar Euler-Bernoulli beam equation. Use
of Mindlin—Timoshenko small displacement assumptions instead of Euler—Bernoulli

leads to the same stretching equation (2.20) [24]. However, the equations for the
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bending and rotation of the beam are different:

(2.22a) phto — ch(1) + wy). = 0,
ph?® . ah3 B
(2.22b) T3V g Vet Sh(y +wy) =0,
(2.22¢) ¥(0) = ¥a(L) = w(0) = (¢ + wy)(L) =0,
(2.22d) (w, ¢, 1, ¢)(x,0) = (w’, 0, w', 91,

where 1) and ¢ denote the angle of rotation of the beam and shear stiffness coefficient,
respectively.

Note that the bending equation (2.21) in the Euler-Bernoulli beam case and the
bending and rotation equations (2.22) in the Mindlin—Timoshenko case are completely
decoupled from the stretching equations (2.20). The applied voltage V' (¢) affects only
the stretching motion. Therefore, throughout the rest of the paper only the stretching
equations (2.20) are considered.

Note that in the case of static magnetic effects, up = 0 in (2.20b) and (2.20b)
can be solved for p,,. Elimination of p,, in (2.20a) yields the system (1.1). This is
the stretching equation obtained for a single piezoelectric beam in all of the classical
models, i.e., [3], [28], [29]. This model is known to be exactly observable and stabiliz-
able, i.e., see [15]. Similarly, in the case of no electro-mechanical coupling, v = 0, the
voltage V' only affects p. We will assume throughout this paper that v > 0 and x> 0
so that the stretching equations (2.20) are coupled.

3. Well-posedness. Define
H}(0,L)={ve H'(0,L) :v(0) =0}, X = (L%*Q0,L))?
and the complex linear space
H= (HL(0,L)) x X.

Since we are neglecting the bending terms, the energy associated with (2.20) is, re-
calling from (2.6) that o = a1 + %8,

I :
(3.1) By [ {oloP 4wl + caloal + 81w~ pal?} o
0
This motivates definition of the inner product on H
U1 U1
U9 V2
us ’ U3
Uy V4

H

=) 0 ) O )00 D s

L L
— / {pU3T}3 —+ ILLu4174} dx + / {al(ul)z(ﬁl)z
0 0
+ B (v(u1)z — (u2)a) (V(01)e — (V2)2)} da

L 2 —
59 = [ e (27 ) (1) ()} o

where (-, ). is the inner product on C2.
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Rewriting the last term,

U1 U1

L
v v
< e >:/ {olosl + uloal? + onforal + 8 1yore = onal?} da,
U3 VU3 0
Vg V4

H
and so (, ) does indeed define an inner product with induced norm

2

v
b = ZE.
0
P
Define the operator
_ap2 182
(3.3) A:Dom(4A) c X =X A_<ﬁD2 —§D2>7
" xr " xT

where
(3.4) Dom(A) = {(wy,ws)™ € (H*(0,L) N HL(0,L))*; wix(L) = wae (L) = 0}.

The operator A can be easily shown to be a positive and self-adjoint operator.

For § > 0 define Xy = Dom(A?) with the norm || - [|g = ||A? - ||x. The space X_g
is the dual of Xy pivoted with respect to X. For example, the inner product on X_ /5
is

<z1,z2>x_1/2 = <A_1/221,A_1/222>X

Using the definition of inner product (-, '>(Hi (0,0))2 10 (3.2) yields

(21, 22)

X0 = <Al/22‘1,141/2»2*2>X = (Az1, 22)x = (21, 22) (1 0,12 »

and therefore
(3.5) Xo=X, Xyp=(HL0,L)? X_i5=(H(0,L))")?

where (H}(0,L))* is the dual space of H}(0,L) pivoted with respect to L%(0,L).
Moreover, X; = Dom(A).
Let ¢ = (Y1, 12,13,94)T. Note that H = X; 5 x X and define A : Dom(A) C

H — H by
_ 0 Ipxo
A= (5
DOm(A) = X]_ X Xl/Q

={y e HN ((H?(0,L))* x (HL(0,L))*); t12(L) = t2x(L) = 0},

which is densely defined in H. Also define the control operator B

(3.6)

0
By € L(C,X_1 ), with By = :
e e@Tah v = _age )

(3.7) Be L(C,H_,), with B = ( B ) :
0
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where H_; is the dual of the space Dom(A) = X; x X/, pivoted with respect to
H =X/, xX. By (3.5), we have H_; = Xy x X_; /5. The dual operators of By and B
are

1 : ; ] !
By € L(Xy/2,C), Byy = —Ez/z4(L) with B*t) = (0axo  Bg) T = _Ew4(L)'
Writing ¢ = (v,p,v,p)T and defining the output
1
t)=—p(L,t
y(t) = 78(L,1),

the control system (2.20) with this output can be put into the state-space form

(0 I 0

(3.8a) «p—(_A 0 )9”(30)‘/(”’
—_—— ———
A B
(3.8b) p(z,0) = ¢’
(3.8¢) y(t) = =B p(t).
LEMMA 3.1. The operator A satisfies A* = —A on H, and

(3.9) Re (A, )y = Re (A", ¥)y = 0.

Also, A has a compact resolvent.
Proof. Choose any u = [u1, u2, us, u4]™, v = [v1,v2,v3,v4]T € Dom(A). A simple
calculation using integration by parts and the boundary conditions (3.6) shows

L
<AU, U>H = /O {(_a(al)ff + 76(@2)rr)u3 + (ﬁ(TJQ)zz - Fyﬁ(ﬁl)zz)lu

- a(T)B)w(ul)w + 75(@4)1(U1)$ + 75(“2)30(173):5 - B(UZ)w(®4)$} dx
(310) = (u, —Av)y.

This shows that A is skew-symmetric. To prove that A is skew-adjoint on H, i.e.,
A* = —A on H, with the same domains it is required to show that for any v € H
there is u € Dom(A) so that Au = v. This is equivalent to solving the system of
equations for u € Dom(.A). Using (2.6) to simplify the equations leads to

uz = vi,
Ug = V2
p wy
—(U1)ge = a—UB + a—U4
1 1

(a+a1)p ap
T — ——y.
a1y Bo

Since the Greens function corresponding to the operator —dd—; with the boundary
conditions (-)(0) = %(L) =01is K(z,r) ={} ;2 the solution of (3.11) is

(3.11) —(u2)gz = —

L
u = — [ K(@.r) (puslr) + pyva(r)) dr,
(651 0
L
ug = —ail ; K(x,r) <(a—;%)pv3(r) + %m(r)) dr,
(312) Uz = V1, Ug = V2.
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Using v € H, i.e, vi,v2 € HL(0,L) and vs,vq4 € L?(0,L), implies that us,us €
H}(0,L) and uy,uz € H*(0,L) N H (0, L) with (u1),(L) = (u2)(L) = 0. Therefore,
u € Dom(.A) is uniquely defined. Using Proposition 3.7.3 in [33] leads to the conclusion
that A* = —A on H. Thus for u € Dom(A) = Dom(.A*), (3.9) follows.

Moreover, Dom(.A) is densely defined and compact in H by Sobolev’s embedding
theorem. Therefore, for any A € p(A), (A\I —.A)~! is a compact operator. O

The transfer function corresponding to the control system (3.8) is (see [37] for the
calculation for a similar system)

(3.13) G(s) = sBy(s*I + A)"'By

for s, Res > 0.
LEMMA 3.2. Define the set Cs, ={s € C : s =351 +1isa, $1>0}. We have

(3.14) sup [|G(s)|zc) < oo.

s€Csy

Proof. See Appendix A. O
DEFINITION 3.3. The operator B € L(C,H_1) is an admissible control operator
for {eAt}y>¢ if there exists a positive constant ¢(T) such that for all u € H'(0,T),

T
/ AT D Bu(t)dt| < o(T)||ullLz(o,r)-
0

H

DEFINITION 3.4. The operator B* € L(Dom(A),C) is an admissible observation
operator for {e t}i>o if there exists a positive constant ¢(T) such that for all ¢° €

Dom(.A)

T
/0 1B A O dt < ofT) |02

The operator B* is an admissible observation operator for {e““*t}tzo if and only
if B is an admissible control operator for {e*'};>0 [33, p. 127]).
Consider the uncontrolled system

¢(t) = Ap(t),
(3.15) p(2,0) = ¢°,
y(t) = —B"¢.

The following theorem on well-posedness of (3.8) and (3.15) is now immediate. It
proves that for any 7' > 0, the map from the input V() € L?(0,7) to the solution
1 € H and the map from the input V(¢) to the output y(¢) of (3.8) are bounded.

THEOREM 3.5. Let T > 0, and V(t) € L*(0,T). For any ¢° € H, there exists
positive constants ¢1(T), co(T') such that

(3.16) le ()% < () {16l + 1V 122010
(3.17) 220,y < o) {I6°E + 1V IEx0.m) } -

Proof. The operator B* defined above is an admissible observation operator for
the system (3.15) by Lemma 3.2 (see Propositions 3.2 and 3.3 in [1]). Therefore, B
is an admissible control operator for the semigroup {eAt}tZO corresponding to (3.8).
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Lemma 3.2 and the Paley—Wiener theorem imply that the map from the input V' to
the output y is bounded from L?(0,7) to L2(0,7T) [7, Thm. 5.1]. The conclusions
(3.16) and (3.17) follow. O

Alternatively, the state could be defined as

(\/ﬁ’l}t, \/Oé_l’l}m, \//_szt; \/B(pw - 7”1))'

With this choice of state, the control system is well-posed on [L2(0, L)]* and is a
port-Hamiltonian system [20].

Damped system. Setting the control signal in (3.8) to be V(t) = —3B*z+u(t),
where u(t) is a new controlled input, and modifying the output slightly leads to the
system

(3.184) z@:AMm+an:(j4_§$%)2+(%f>mm

(3.18b) z(x,0
(3.18¢) y(t) = —B*z(t) + u(t),

~—
I
N

where Ag : Dom(A;) C H— H and Dom(Ay) is defined by

Dom(Ay) = { € (H(0,1))® x (HA(0, L)) : 21(0) = 22(0) = 0,

(3.19) Wu@%ﬁ&h@ﬁwv&hw%w&ﬁm:_%gq.

This system can also be written in second-order form as

(3.20a) (z>+A<;>+%m%<Z)_me,
(3.20b) (2)wo=(1) (5)eo=(20).
(3.20¢) ym:—%<;)+mw

This system is a member of the class studied in [37].

Let H? | is the dual of the space Dom(Aq) pivoted with respect to H = X /5 x X.

THEOREM 3.6. Let T' > 0. The system (3.18) defines a well-posed and conser-
vative linear system with the input u(t) € L2(0,T), the output y(t) € L2(0,T), the
state space H, the semigroup {eAdt}tZO, and the transfer function G4. Then Ay is the
generator of a contraction semigroup on H, B € L(C,H? ) and B* € L(Dom(A4),C)
are admissible control and observation operators, respectively, and [|Gg4(s)|| < 1 for
allseCs={seC : s=s1+isy, s3>0}

Proof. Since E(t) = 3|z(t)[|} by (3.1), a direct calculation by using (3.18) reads

T
E(T)- E0) = /0 <—% (B*2,B*2) 2 + % (u(t), B*2)c2 + % <B*z,u(t)>c2) dx

T T
= ( / fu()[? df — / ly(0)]? dt) ,
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and therefore
T

T
(3.21) =) + / (B2 = (12013 + / ().

By Proposition 4.5 in [37], the conclusion of the theorem follows. O

We now show that the semigroup {e*},> is strongly stable for almost all choices
of system parameters.

THEOREM 3.7. The spectrum o(Ag) of Agq has all isolated eigenvalues, and
0€o(Ag).

Proof. First show that 0 € p(A4). Let G = (g91,92,93,94) € H and find U =
(u1,u2,us,uy) such that U € Dom(Ay) and AqU = G. Similar to (3.12), the solution
of AdU =Gis

u3 = g1,
Ug = g2,
1 [E
w= o [ o)+ s (r) K o) dr = = ()
L (" ((ata)p pa 1 (9% 1
- \er m)p pa K(,r)dr— — (4 2 ) go(L
= [ (0 + ) ) K ) dr = i (L4 5 )l
where K(z,r) = {f ;”;: Since G € H, g1,92 € H}(0,L) and g3,94 € L?(0, L),

and by the trace theorem go(L) € L?(0, L). Note that u; and us satisfy the boundary
conditions in (3.19). Therefore, U € Dom(Aq). Also, there is a unique solution U.
Thus 0 € p(Aqg).

Moreover, Dom(A,) is densely defined and compact in H by Sobolev’s embedding
theorem. This together with 0 € p(A4) implies that (A —.A4) ! is compact at A = 0,
and thus compact for all A € p(Ag). Hence the spectrum of Ag contains all isolated
eigenvalues. O

THEOREM 3.8. {eAdt}tZO is strongly stable in H if and only if g—; 22:;11 for
some n,m € N, where

1 | 2u  p, p <72u poop )2 dpp
3.22 =—7\|l—FtZ+t—+|—+Z+—)
( ) G \/5 (&5} B oy (€3] B (€3] Bo

1 (2 p, p <72u poop )2 dpp
3-23 = — - + — + - _ R + - + L _ .
( ) G2 \/5 (€51 B aq (€3] B (€3] Bo

Proof. By Theorems 3.6 and 3.7, the spectrum consists of only eigenvalues, and
ReA < 0. The eigenvalue problem

Agz = Az
with z = (v,p, 0,p) can be written
(324&) AUy — ’Yﬁpm = p)\2v7
(3.24¢) v = v,
(3.24d) pP=Ap
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with the boundary conditions

v(0) =p(0) =0,
(325) O[’Um(L) - Vﬁpw(l’) =0,
5]?1(1/) - 'Yﬂvw(L) = —#/\p(L)

Since 0 € p(Ayg), if we can show that there are no eigenvalues on the imaginary
axis, or in other words, the set

(3.26) {Y €H | Re(AY,Y) = —2ihg|]5(/:)|2 = o}

has only the trivial Y = 0 solution, then by Arendt—Batty’s stability theorem [2],
eA4(t) is a strongly stable semigroup. Since p = Ap, where X\ # 0, by Theorem 3.7,
(3.26) implies that p(L) = 0.
Let A = i7, where 7 € R\{0}. The eigenvalue problem (3.24)—(3.25) can be written
2

(3.27a) Vaw = —— (pv + vup),
aq
2
(3.27h) Doy = —T2 <Ev + <M i ﬁ) p)
ay ar  p
with the over-determined boundary conditions
(3.28) v(0) = p(0) = px(L) = v, (L) =p(L) = 0.

Proving strong stability reduces to showing that (3.27), (3.28) has only the trivial
solution. Let Z = [v, vy, p, py]. We write the system (3.27) in the form

0 1 0 0

(3.29) fl—i —DZ = ? 8 % (1) Z.
SR C=E ) E(

The solution to (3.29) is

(3.30) 7 =ePK,

where K = [ky, ko, k31 k4] is the vector with arbitrary coefficients. The characteristic
equation, Det(DZ — \Z) =0, is

5\4+5\2<72_U+ﬁ+ﬁ)T2+ PR 4 _
ar B o Baq
i i ' A2, Si ek p 2 Ao
Tlils can be regaurded2 as a quadratic equation of)i . Sln~ce (f"l —1: 5T O‘1) gk =
(LE+5- L)+ 4”07—2“ > 0, there are four roots {\]", —=A{", A5, =5 }, where defining
1

(331) ap = 7'<1, ag = TCQ, )\i,— = ial, )\2_ = iaz.

The solution of (3.29) is written Z = Pe/* P~1K where

1 1 1 1
_ z'al —ial iag —iag
(3.32) P = by by by by

ialbl —ialbl iagbg —iagbg
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and eJr — diag(em””, e—zalr’ em2z7 e—zagz)’

1 1
3.33 by = —(a1C? — p), by = —(a1(2 — p),
(3.33) 1 W(alﬁ p), b2 W(%Cz p)

or explicitly,

DO |

1 g
n 7+ﬂ_£+¢(~y+ﬂ_i) L)
Y8 vk Y8 ym I

2
4
+ﬂ_£_\/<,y+ﬂ_i) LA
VB VB w 2
Note that by,b2 # 0, by # by, and b1by = —ﬁ. The solution of (3.29) can be
written Z = Pe/* P~1K, where

(3.34) by =

N =

by cosasxz—bs cosaix a1by sinasx—asbs sinayx
) bl—bg . a1a2(b1—b2)
—asby sinasz+aibssinax by cosasxz—bs cosarx
P JrP—l o b1 —b2 ) (b17b2.)
- — COSa1x+CcOosSaxx )by 02 a1 sSinazr—a2s81mMa1x)opog
€ + bib bib
. bl—bg a1a2(b1—b2)
(a1 sinajx—as sin asxz)by ba (— cosaiz+cosazx)biba
b1—b2 (b1—b2)
COS 41 L—COS AT —aj sinasx+as sinaijx
. blfbg . alaz(blfbg)
—ai sinaijx+as sin asx — cosagxr+Ccosai1x
b1 —bo - (bi=b2)
by cosajxz—bo cosasx asby sinaixz—a1bs sinasx )
o bi—b2 ] araz(bi—b2)
—a1 by sinajxz+ashs sinasx by cosajxz—bs cosasz
b1 —b2 (b1 —b2)

and K is the vector of arbitrary coefficients defined in (3.30). Note that Det(Pe’/*P~1)
= 4ayaz(by — ba)? # 0 since ay,as # 0 and by # by. Using the boundary conditions,
v(0) = p(0) implies by # by and so k; = k3 = 0. Thus the solution of the eigenvalue
problem (3.27) is

(@) = k a1by sinasx — asba sina;x ! sin agw + az sina
2 alag(bl — bQ) 4 alaz(bl — bz) ’
(a1 sinasx — ag sinayx)by by ashysinajx — aiby sinasx
3.35 r)==F + k
(3.85) () ° araz(by — b2) * araz(by — ba)

Using the other two boundary conditions, v, (L) = p,(L) = 0 leads to

by cosas L—by cosai L — cosas L+cosay L
(3.36) K R ) - (b1 —b2) (b1 —b2) ko \ _
' k-4 - (—cosayL+cosazL)biby by cosay L—bs cosas L k4 -
(b1 —b2) (b1—b2)

Observe that Det K = cosaj L cosasL = 0 if and only if cosa; L =0 or cosas L = 0. If
for some integers n,m, a1 = (2n +1) 57 and ag = (2m + 1) 5, then v, (L) = p(L) =
0 for all choices of ks, k4. We can choose k4 so that p(L) = 0. Hence the controlled
system has an imaginary eigenvalue and is not strongly stable. On the other hand, if
a1 # (2n+ 1) g7 and az # (2m + 1) 5%, then there is only the trivial solution Z = 0.
It follows from the Arendt—Batty’s theorem that the controlled system is strongly

stable. Suppose now that a; = (2n+ 1) g7 and az # (2m + 1) 57. Then DetK = 0
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and k4 = b1ks. The solution with a parameter ks is

sinax

v(x) = ko » (@) = ko

ai a1

bisinaix

However, since p(L) = 0, the only way to obtain p(L) = 0 is to choose k2 = 0 and so
Z = 0. The argument is identical if a; # (2n 4 1) 57 and az = (2m + 1) 5. Thus,
if ay # (2n+1) 55 or az # (2m + 1) 5, the system is strongly stable. Thus, the
system is strongly stable if and only if there are not integers n, m so that Z—; = 227’;1111
This proves the theorem. d
The following theorem about the original control system (3.8) is immediate.
THEOREM 3.9. For any k > 0, the control system (3.8) with feedback control

V(t) = kp(L,t) is strongly stable if and only if % 227’:;11 for some n,m € N.

The feedback signal V' (t) = kp(L) = k fOL D3 (€,t) dé is physical since p(L) denotes
the current flowing through the electrodes of the beam (2.16). The limiting case of
static magnetic effects corresponds to u = 0. In this case the boundary value problem
(3.27) with overdetermined boundary conditions has only the trivial solution and
the controlled system is strongly stable, as is well known. However, in this case
B*(x,t) = $0(L), where v(L) represents the velocity of the beam at x = L.

Note that strong stability is achieved with the feedback V(¢) = kp(L,t) except
for a set of coefficients 2—; with Lebesgue measure zero.

4. Exact observability and exponential stabilizability. The stabilizability
of the controlled piezoelectric beam will be shown to be determined by the observ-
ability of the same system. We start with standard definitions of exact observability,
exponential stability and stabilizability, and optimizability.

DEFINITION 4.1. The pair (A, B*) is exactly observable in time T > 0 if there
exists a positive constant C(T) such that for all ¢° € H

T
/0 1B A2 dt > O(T) )12

DEFINITION 4.2. The semigroup {eAt}tZO with the generator A is exponentially
stable on H if there exists constants M,p > 0 such that ||et|lg < Me™"t for all
t>0.

DEFINITION 4.3. We say that the scalar k is an admissible feedback for transfer
function G(s) = C(sI — A)B if I — G(s)k has an inverse that is uniformly bounded
on some right-half-plane.

DEFINITION 4.4. The pair (A, B) is exponentially stabilizable on H if there ex-
ists F € L(Dom(A),C) such that (A, B,F) is a regular triple (the transfer func-
tion Fx(sI — A)~'B is well-defined), 1 is an admissible feedback for the transfer
function Fa(sI — A)™'B, and A + BF, with the domain Dom(A + BFy) = {z €
Dom(Fr) : Az + BFxz € H} generates an exponentially stable semigroup
{e(A+BFA)t}t20 on H. In the above, the operator Fy is the A-extension of F :

Frz = lim FAN — A) "'z
A—00
for all z € H for which the limit makes sense.
DEFINITION 4.5. The pair (A, B) is optimizable if for any z° € H there exists a
control u(t) € L2(0,T) such that z(t) € L?(0,T;H), where

t
(4.1) 2(t) = eAt20 —|—/ A=) Bu(r) dr.
0
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It is clear from the definitions that if (A, B) is stabilizable, then it is optimizable.
The converse of this statement is in general false for unbounded B [36].

A result in [1] implies that exact observability of the pair (A, B*) in finite time
on H is equivalent to exponential stability of the semigroup {eAdt}tzo on H.

THEOREM 4.6. The semigroup {eAdt}tZO 1s exponentially stable on H if and only
if the pair (A, B*) (defined in (3.15)) is exactly observable in finite time on H.

Proof. Recall that the operator A (3.3) is self-adjoint and positive definite and
also By € L(C,X_3), where X; is DomA with the norm [|A - || and the state-space

H =X, xX. (3.5). Furthermore, the transfer function G(s) is uniformly bounded in
any right-hand plane with Res > s; > 0. Thus, the assumptions of [1, Thm. 2.2] are
satisfied and the conclusion follows. O

THEOREM 4.7. The semigroup {eAdt}tZO 1s exponentially stable on H if and only
if the pair (Aq, B) is optimizable, i.c., for any 2 € H there erists u(t) € 1L2(0,T)
such that z(t) € L?(0,T; H), where z(t) is defined by (4.1).

Proof. Since (3.18) defines a well-posed and conservative system by Theorem 3.6
and it is of the class studied in [34], the conclusion of the theorem follows from [34,
Thm. 1.3]. O

The following result is an immediate consequence of the two preceding results.

THEOREM 4.8. The control system (A, B) is optimizable if and only if (A, B) is
ezactly observable.

Proof. Theorems 4.6 and 4.7 imply that (A4, B) is optimizable if and only if
(A, B) is exactly observable. Optimizability of a well-posed system is invariant under
an admissible feedback [36, Thm. 6.3]. Since (A, B, B*) is well-posed (Thm. 3.5), the
pair (A, B) is optimizable if and only if (A, B) is exactly observable. O

Since stabilizability implies optimizability, if (A, B) is not exactly observable,
there is no feedback controller V (t) € L2(0,T') that makes the system (3.8) exponen-
tially stable on H. We now turn our attention to the observability in the energy space
H of the pair (A, B*). The following result on the eigenvalues and eigenvectors of A
will be needed.

THEOREM 4.9. Let 0j = (Qj;Ll)ﬂ, j € N. The operator A has eigenvalues
Fio; Fio; .
(4.2) M, =—2, A, =—-, jeN
VoG % G

The corresponding eigenfunctions are, using Aj; = —Ay;, Ay; = —Ag;,
1 1
" 3
21 21

\Iflj = )\Tj sino;z, \Ifflj = )\Tj sino;x,

1 -1
b1 _bl
1 1
Az, A
22 22

(43) \Ifgj = )\;rj sino;z, \IJ,QJ' = )\;rj sinojxr, j€ N,
1 -1
bQ _b2

where C1,C2,b1,be are defined by (3.22), (3.23), and (3.33), respectively.
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The eigenfunctions form an orthogonal basis for H, and so every ¢ € H can be
written, for some choice of constants {cyj,dr; € C, k=1,2, je&N},

W= ler Wi+ diy Vo + e Uo; + doy U]

jeN
%(Cla + dij) + %(Czj + daj)
b J
(4.4) = Z E(Clj )+ 5% >\ ) L (e2) + daj) sinojx.
jEN (c15 — dig) + (co5 — d2; )
bi(c1j — dij) + ba(ca; — doj)

Also, there are positive constants Cy,Cy independent of the choice of ¥° ¢ H so
that

(4.5) Crlle°l15 < (leas P + [dug | + lea | + 1des?) < Co [1€°1:
jeN

The function

(46) Y = Z [Cqu}ljekfjt + dlj\I/_lje_AEt + Czj\IJQjEA;rft + de‘IJ_Qje_A;rft}
jeN

solves (3.15) for the initial data (4.4).

Proof. See Appendix A. O

We now prove that the pair (A, B*) corresponding to (3.15) is not exactly observ-
able for almost all choices of parameters. The following lemma from [27] is needed to
prove this result.

LEMMA 4.10. For every irrational number ¢ there exists increasing sequences
of coprime odd integers {pm},{Gm} and a constant C: > 1 satisfying the asymptotic
relation

ﬁm OC
47 —_ S =, m — o0
1) } " G

THEOREM 4.11. Assume that g—j € R— Q. Then the pair (A, B*) corresponding
0 (3.15) is not exactly observable on H.
Proof. Let the sequences {p,,} and {g,} be chosen as in Lemma 4.10 with ¢ = Cz

and

N’m. C
(4.8) & _Pm) e

Cl dm qm
Define
(4.9)

-1 if G +1=0 (mod 4), _J -1 if p,, +1=0 (mod 4),
Fim = 1 otherwise, Fam = 1 otherwise
so that ki, bln(qg”) = Kom s1n(”m”) =1 and
A GmT | DmT

4.10 Mm =1 [ =—— ), Ao = .
(4.10) ! Z<2L§1) 2 Z<2ng)
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Defining
1 1
Am A2m
Kim o . qmTT 0 Kom 22 . P TE
4.11) @Y = N PO — Mmoo
(10 @ =) 1 Sm( 2L>’ 2m = 1 Sm( 2L>’
bl b2

where by and by are defined by (3.33),

Aénl -
Rim 1 . qmTT Nyt
D1y = — Alm S —_— A
1 ™ | bm( 5T )e
b1
1
Aom B
2
(4.12) ds,, = % Azlm sin (%) et
ba

are the solutions of (3.15) with the initial conditions ®1,,,(z,0) = ®?, and ®a,,(x,0) =
®9,,, respectively. (This follows easily from (4.4) with the choices of cy; = do; =
dij =0 forall j €N, ¢y =0 for j # m, and cip, = '“bllm for the first solution, and
c1j =dij =dgj =0 forall j € N, cg; =0 for j # m, and cop, = "‘lf;" for the second
solution.) By linearity, ®,, = ®1,, — ®a,, is the solution of (3.15) corresponding to
the initial condition ®,,(z,0) = ®1,,(z,0) — Poy,(x,0) = &9, — @I, . Using (3.2) and
(4.11)

1@ (2, 0) Iy = [|RY, I3 + 1|25, s

L|p p s far B 2 2 (1 g 2
2 [b% b% Hw Cl < b% b% (7 bl) CQ b% b% (7 b2)

(4.13) = constant.
Recalling the definition of the operator B (3.7), (4.8), and (4.9) leads to

Oy TT i dm Tt D, T i Pt
K1m sin (qu> el( 2LG ) — Kom sin (%) el( 2LC2 ) ‘

i(‘jmﬂ't) i(ﬁmﬂ't)
e \2L¢1 ) — "\ 2L¢2

1
B*®,,| = —
| =7

1
h

< i q~_m _ ZN)_m
2hL | G G
7TtC<
N 2Lh<2§m7
where the mean value theorem was used to obtain the third line from the second line.

e
Therefore, defining M = T2L7R2¢E

T
M
/ |B*®|? dt < —-.
0 Am

Now ||®,,(x,0)||% is constant while fOT |B*®,,|? dt = O(g,,2). Therefore, the pair
(A, B*) is not exactly observable on H if % eR-Q. O

COROLLARY 4.12. If g—f € R—Q, then (A, B) is not exponentially stabilizable
on H.

(4.14)
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Proof. Since the pair (A, B*) is not exactly observable on H by Theorem 4.11,
Theorem 4.8 implies that (A, B) is not optimizable. Finally, since stabilizability
implies optimizability, there is no admissible feedback operator that makes the system
exponentially stable on H. O )

COROLLARY 4.13. Let g—f € Q such that g—f = %, where ged(p,q) = 1 and p,q
are both odd integers. Then the pair (A, B*) corresponding to (3.15) is not exactly
observable on H. Therefore, the system is not exponentially stabilizable on H.

Proof. We can choose m € N such that ¢,, = ¢ and p,, = p. For this particular
choice of Py, and ¢,

T
2L

iq  ip

G G =0.

(4.15) Atm — Aam| =

This implies that some eigenvalues coincide, and therefore there is no gap between the
eigenvalues. With the identical choice of ® (4.11) with §,, = ¢ and p,,, = p , as in
the proof of Theorem 4.11, |B*®,,| = 0 by (4.14) and (4.15) while ||® ||z = constant
by (4.13). Thus (A, B*) is not exactly observable on H. The conclusion then follows
from Theorem 4.8. a

Note that if g—f can be written as a ratio of odd integers, the system is not even
approximately observable.

The only remaining case to consider is when g—j can be written as a ratio of
coprime integers where one is odd and one is even. In this case eigenvalues (4.2)
have a uniform gap and the system is exactly observable. We will use the following
theorem.

THEOREM 4.14 (Ingham’s theorem [38, p. 162]). If the strictly increasing se-
quence {sp tnen of real numbers satisfies the gap condition

(4.16) Snal — Sn >

for all n € N, for some v > 0, then there exists positive constants és(T) and ¢4(T')
such that for all T > 27”

2

dt <ea(T) |gnl®

neN

E gneisnt

neN

T
(4.17) &(1) 3 lgul? < /

neN

for all functions Y, o gn€™ ™"+ >0 oy gnl? < oo
THEOREM 4.15. Let g—j € Q such that % = %, where ged(p,q) = 1 and p,q are
even and odd integers, respectively, or the other way around. Choose

T > 2L min (C1, (2, 24C2).

Then the pair (A, B*) is exactly observable on H, i.e., there exists a constant C(T) > 0
such that solutions ¢ of the system (3.15) satisfy the following observability estimate:

T
(4.18) / Bl dt > C(T)| .
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Proof. Let s1; = & = 27=D7 and S9j = = =D for j € N. The set of

G1 2L¢ G2 2L¢
eigenvalues (4.2) can be rewritten as
(4.19) N =Fisiy, k=12, jeN.

Letting ¢ be any solution to (3.15), with the initial condition expanded as in (3.7),
by (4.2)—(4.5)

|B*Q0| _ %Z [bl (Cljeisut o dljefisut) + bg (czjeiSth o dgjefiswt)} (_1)] )
JEN

Showing (4.18) is equivalent to finding a constant C'(T), independent of the initial
condition, so that

2
T
%/ Z [bl (cljeisut o dlje—is1jt) 4 b2 (ngeiszjt o dgje_iSth)} (_1)] dt
0 ljeN

(4200 > (D)Ll

We first show that the gap condition (4.16) in Theorem 4.14 holds. If k = n,

I k=n=1
(4.21) skj — Snm| > ¢ TS j,meN
L_<27 k =N =z

by (4.19). Now let k # n. Without loss of generality, assume that p is even and ¢ is
odd. By (4.19)

| |l 2wt
515 — Som| = =— -
T AN G
T 1
= @i -1 — @2m—1)§
2L§2q|(1 )P — ( )dl
T 1
4.22 i
(4.22) 2L G2q
using |(25 — 1)p — (2m — 1)g| > 1 since (2§ — 1)p is an even number and (2m — 1)q is
an odd number. Similarly, |so; — S| > %&

Let’s rearrange the set {Fsy; : k = 1,2, j € N} into an increasing sequence of
{sn, n € N} and denote the coefficients {(—1)7byck;, (=1)7 T bpdy; = k=1,2, j € N}
by {gn, n € N}. Then (4.21) and (4.22) yield

S T . 1 1 1
Spt1 — Sp >y i= —min | —, —, —— |,
i 7T (1 G2 2¢2q

and therefore the gap condition (4.16) holds. By Theorem 4.14, for 7' > 27” =

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

STABILIZABILITY OF PIEZOELECTRIC BEAMS 2393

2L min ({1, (2, 2¢24)

T ) 1 T
Bl dt = [
/ ),

> b (enje’™ it — dyjemiout)

JEN
2
+ by (62j6i52jt — dgje_is2jt)] (—1)j dt
2
1 ’ 18pt
= ﬁ/ Zgne " dt
0 | jen
> 3(T) Y lgnl®
neN
=é(T)) (bf (|01j|2 + |d1jl2) + b3 (|C2j|2 + |d2j|2))
JjEN
> 3(T) min(b3,03) Y (ley[* + |du|* + leg]* + |do; )
JEN
(4.23) > C(T)|1¢° I3,

where C(T') = %W. The constants C; and é3(T) are due to (4.5) and (4.17),
respectively. Hence (4.20) holds and the system is exactly observable. O
COROLLARY 4.16. Let % € Q such that % = %, where ged(p, q) =1 and p,q are
even and odd integers, respectively, or the other way around. The semigroup {eAdt}tZO
is exponentially stable on H, and so (A, B) is exponentially stabilizable on H.
Proof. The pair (A, B*) is exactly observable on H by Theorem 4.15. Therefore,

the semigroup {eAdt}tZO is exponentially stable on H by Theorem 4.6. d

5. Conclusions. The main result of this paper is to show that magnetic effects
in piezoelectric beams, even though small, have a dramatic effect on observability
and stabilizability. The piezoelectric beam model without magnetic effects is exactly
observable and exponentially stabilizable, by —B*. However, when magnetic effects
are included, the beam is only observable and stabilizable when the parameter C—j
is coprime ratio of odd and even integers. In this case, the beam can be stabilized
by the feedback —B*. If this parameter is an irrational number, the beam can be
strongly stabilized by the —B* feedback, but not exponentially stabilized (see Table 2).
Explicit polynomial estimates for this situation have been obtained [23] .

Another difference between the model with magnetic effects and without is the
physical nature of the —B* feedback. In models without magnetic effects (1.1) this
observation corresponds to the measurement of velocity of the beam at the end. How-
ever, in the model with magnetic effects (2.20) B* corresponds to the total current
at the electrodes. It is typically easy to measure the current at the electrodes, much
easier than to measure velocity.

However, voltage-controlled systems exhibit hysteresis when they are actuated at
high-frequencies; see. e.g., [5, 11]. Experimental evidence shows that current and
charge actuation leads to much less hysteresis than voltage actuation; for instance,
see [6, 22]. A model for piezoelectric beams with magnetic effects and current control
has been derived [21]. The model for current control is quite different, and the control
operator is bounded.
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TABLE 2
Summary of results. In the first column, (p,q) are coprime integers, except for the first line
where % is irrational.

Parameter % Strongly Stabzble | Exactly Obs. | Exp. Stabzble
irrational 3 X X
g 5, odd X X X
% podd , G even 3 3 3
% podd , G even 3 3 3

No damping was considered in this paper. Including damping would, of course,
make the system stable. However, the electrical, as opposed to mechanical nature, of
B* would still remain, as would the basic conclusions of the restricted effectiveness of
control. As noted at the end of section 2, modifying the Euler—Bernoulli beam to a
Mindlin—Timoshenko beam makes no fundamental difference to the model since the
bending and rotation parts of the model are decoupled from the stretching.

The extension to including magnetic effects in structures with piezoelectric patches
is studied in [24] for both Euler-Bernoulli and Mindlin—Timoshenko beam models.
For patches, bending and rotation equations are coupled to the stretching equation.
Previous research on control of structures with piezoelectric patches without mag-
netic effects [13, 30, 31] showed that the location of the patch(es) on the beam/plate
strongly determines the controllability /stabilizability. The recent research discussed
in [24] and [13, 30, 31] suggests that controllability /stabilizability depends on not only
the location of the patches but also on the system parameters. This is currently being
studied.

Appendix A. Proof of Lemma 3.2. Our goal is to prove that for any real
§ > 0, there is a constant M > 0 such that for all Res > s,

(A.1) IG(s)| = |sBg(s*I + A)"*Bo| < M.

The transfer function G(s) can be found as the solution to the elliptic problem
corresponding to the boundary control problem (2.20); see, for instance, [4]. Define
for any scalar V'

( 52/ ) = (s’I + A)"'ByV,

where Y and Z satisfy

(A.2a) Ypo — VB Z0e = psY,
(A.2Db) BZuw — VYaw = us’Z

with the boundary conditions

(A3)  Y(0) = 2(0) = aYa(L) ~ B2 (L) = 6Z4(L) ~7BYo(E) + 3 =0,

The system (A.2)—(A.3) is similar to the system (3.24)—(3.25) with a slight change in
the boundary conditions (3.25). We follow the same approach used in the proof of
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Theorem 3.8 to solve the system (A.2). By (3.35), the first two boundary conditions
in (A.3) yield the general solution

¢1b1 sinh ((osx) — (obs sinh (¢ sx) Lk —(; sinh (¢as) + (o sinh ({1 sx)
C1Ga(by — b2) : C1Ga(by — b2) ’

(C1 sinh ((287) — (2 sinh ((157))b1bo hy Coby sinh (¢182) — (1bg sinh ((257)
C1Ga(b1 — b2) Ci1Ga(b1 — b2)

with two arbitrary constants k; and ko. In the above, (1, (2, b1, and by are the same

nonzero constants defined by (3.22), (3.23), and (3.33), respectively. ki and ko are
determined by applying the last two boundary conditions in (A.3)

Y=FK

Z =k

B - 7 (b2 cosh((2L) — by cosh(G1 L)) + § (cosh(¢i L) — cosh(¢2L))
~ cosh ¢ Lcosh (oL by — by ’
B - 5 (b2 cosh(Ci L) — by cosh(¢2L)) + 7 (cosh(C2 L) — cosh(¢i L))
~ cosh ¢ Lcosh (oL by — by '
After simplifications,
22 - 1% b2(§ — b17) sinh (Cos2) N b1(b2y — 3) sinh (¢;sL)
= arh(by — bg)s Co cosh (CasL) (1 cosh (¢1sz) |’
and therefore
8 *
G(s) = B2
s
= - 2(L)
1 ba(b1y — 3) b1(b2y — 3)
(Ad) = YT l 2 tanh ((osL) — — tanh ((3sL)| .

Now bounds for the functions |tanh s¢; L| and |tanh s(2 L| are calculated. Writing
§ = 81 + 183, where s; > § for some real § > 0,

esClL _ GSCIL

65C1L + 65C1L

- emar 2 2

[tanh(GisL)| = T 1t e2sGL| ST oGl ST o mak

.. . . b2 (b17—3) b1 (b2y—5)
A similar bound holds for |[tanh({2sL)|. Finally, since OlthCz(blébz) and a1h2C1(b15b2)

in (A.4) are all nonzero constants, there exists a positive constant M ($) < oo such
that (A.1) holds.

Multiplying both numerator and denominator in G(s) by v and noting that in
the case of v = 0, i.e., the system (A.2)—(A.3) is completely decoupled, ¢; = ,/O%,

(o = %, b1y =0, byy = % — ﬁ, where a; = a. Then the transfer function (A.4) of

the decoupled system is G(s) = #@ tanh (\/%Ls), the same transfer function as

obtained from (A.2)—(A.3) with v = 0. a
Proof of Theorem 4.9. Let W = [ 21,22, 23,24 |*. Solving the eigenvalue problem
AU = AU corresponding to (3.15) is equivalent to solving

(2)=2(2) (2)-(2)->(2)
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By using a = aj + 728, (2.6), and (3.4), the eigenvalue problem can be rewritten

(A.5a) 23 = Az1, 24 = A\23,
)\2

(A.5Db) o = - (pz1 + yuza),

2
(A5C) 22xx = )\2 (E21 + (M + ﬁ) 22>

aq a; B

with the boundary conditions
(AG) Z1 (0) = 2’2(0) = le(L) = ZQI(L) =0.

First, find the eigenvalues. Since the solution of (A.5) with A =01is 21 = 20 = 23 =
z4 =0, A =0 is not an eigenvalue.
Define

(2 = m

(A7) 215 = fj Sint{,U, 225 = 9j sin o;T, 05 = oL 5

jeN.
Solutions of this form satisfy all the homogeneous boundary conditions (A.6). We
seek fj,g;, and A; so that the system (A.5) is satisfied. Upon substitution of (A.7)
into (A.5) we obtain

2
_Uij -2
(A8) T

2
—03g; =N (l—ffj + (% + %) gj) :

(fi +195) 5

2
Letting y; = %, this linear system has nontrivial solutions if and only if the following

characteristic equation is satisfied:

2
o (VB P piL
- _ — B — »—:0.
ijr(O“+6+O[1>yj+ﬁoz1

. 2 2 2
Since (%+%+£}2—% = (%4—%—0‘%)24—4’2—%“ > 0, the roots are y;; =
—(?, yo; = —(3, where (1,(> € R are defined by (3.22) and (3.23), respectively.
Therefore, Af; = :F% and \J; = :F% for j € N, and (4.2) follows. Observe that

(A.9) AL =M A =23, jeN

Setting f; = % yields g; = %. By (A.ba) and (A.9), the first two sets of
J J

eigenvectors Wy, W_y; are, using the fact that /\fj = —)\fj,

L sinojz <L sinog;

AL J AL J
J J

bl H b1 :

ZLsino;x “Lsino;x .

_ + _ ¥
\I’lj = AL . J s \If_lj = AL ] J , Je N.
sinoj;x —sinoj;x
bysinojx —bysinojx
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Similarly, setting f; = /\% yields g; = ;\’—3; By (A.5a) and (A.9), the last two eigen-
235 2j

vectors Woj;, ¥_o; in (4.3) are

1 oo 1o
v sinojx 3 sinojx
J J
bz H b2 :
22 sino;w 22 sino;w .
_ + — +
\IJZj = Azj / s \1172‘7’ = A2j / , J€EN.
sino,x —sino;x
J J
bysinojx —bysinoj;x

The fact that the eigenfunctions {\If,lj, Uy, U_g;, Uy }jeN are mutually orthog-
onal and form a basis of H follows from the fact that A is skew-symmetric and has a
compact resolvent (Lemma 3.1).

Finally, prove (4.5). Since

(A10)  p+bip=CF (o +B(y=07)). p+bipu=CF (a1 +B(y—13)),
by (3.2) and (3.34), a direct calculation leads to

L
19015 = 5 { Do+ biu+ on G + By = b1)*C?) (leas | + i)
JEN

+(p+ b3+ 13 + B(y — b2)%¢3) (leas* + |doj|?)

=L | > (p+bim) (le” + [di[*) + (o + b3p) (leas|* + [dos )
JEN

Setting Cy = Lmin (p + b2, p + bgu), Cy = Lmax (p + 022, p+ bgu) results in
(4.5). d
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