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Abstract

Permuted-basement Macdonald polynomials E?(x; g, t) are nonsymmetric
generalizations of symmetric Macdonald polynomials indexed by a compo-
sition a and a permutation o. They form a basis for the polynomial ring
Q(q, t)[x] for each fixed permutation o. They can be described combinatori-
ally as generating functions over augmented fillings of composition shape «
with a basement permutation o.

We construct (deterministic) bijections and probabilistic bijections on
fillings that prove identities relating EJ, E5%, E7 ., and EZ%,. These

S
identities correspond to two combinatorial operations on the shape and
basement of the fillings: swapping adjacent parts in the shape, which
expands Ef in terms of EY , and EZ%,; and swapping adjacent entries in

the basement, which gives £ = EJ% when a; = a;4;.
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Chapter 1

Introduction

Macdonald polynomials, in their many versions, form a family of polynomials studied
in symmetric function theory that connect representation theory, algebra, combinatorics,
statistical mechanics, and other areas of mathematics. A particularly fruitful approach to
their study is through combinatorial formulas: many variants of Macdonald polynomials
can be expressed as weight generating functions of tableaux, where the weights depend
on classical tableaux statistics such as the inversion number and the major index. This
perspective suggests that many identities and properties of Macdonald polynomials admit
direct combinatorial proofs via correspondences between sets of tableaux.

We focus on the permuted-basement Macdonald polynomials ES(x;q,t) introduced by
Ferreira [Ferll], a generalization of the nonsymmetric Macdonald polynomials E,(x; g, t)
first studied by Opdam [Opd95], Macdonald [Mac96], and Cherednik [Che95]. These
polynomials depend on a composition o and a permutation o, and they specialize to several
important families of polynomials in symmetric function theory, including nonsymmetric
Macdonald polynomials, ASEP polynomials, key polynomials, Demazure atoms, and Schur
polynomials. For a fixed permutation o, the polynomials E?(x;q,t) form a basis for the
polynomial ring Q(g, t)[x]. These polynomials admit a combinatorial formula as a weighted
generating function over augmented non-attacking fillings with composition shape o and
basement permutation o.

We employ two combinatorial tools for proving identities of such weight generating
functions. The first, and most standard, is the method of weight-preserving bijections. These
maps directly match fillings of one type with fillings of another while exactly preserving the
combinatorial weight, proving the equality of the corresponding generating functions. The
second tool is a generalization known as probabilistic bijections, where the bijection are



replaced by transition probabilities and the weight-preservation condition is replaced by a
suitable balance condition between the weights and the probabilities. The existence of such
a probabilistic bijection also implies the equality of the corresponding generating functions.

In the combinatorial study of Macdonald polynomials, certain descriptions involve
summations over fillings subject to restrictive conditions. These restrictions reduce the
number of terms to consider, which is computationally preferable, but the corresponding
weights tend to be complicated expressions. In such cases, constructing a traditional
weight-preserving bijection is often impossible, making probabilistic bijections a natural
and powerful alternative. Other formulas allow summations over more general (and larger)
sets of fillings, but with simpler weights. In these settings, weight-preserving bijections are
often possible, and can be elegant and insightful.

We prove two identities for permuted-basement Macdonald polynomials using these
two methods. The first is proved via a weight-preserving bijection, and shows that, for a
composition a with a; > @441,

E(x;9,t) = EZ%L(%;q,t) + Ca,0,i(q, t) E7, (%59, 1),

with an explicit coefficient c,4i(q,t) € Q(g,t). The second identity is proved via a
probabilistic bijection, and shows that, for a composition a with a; = a;1,

Eg(x;¢,t) = Eg%(x;¢,1).

Structure of the thesis

The remainder of this thesis is organized into four chapters.

Chapter 2 introduces Macdonald polynomials from an algebraic perspective. We define
several variations of Macdonald polynomials including the modified Macdonald polynomials
H ., the integral form symmetric Macdonald polynomials J,,, the symmetric Macdonald
polynomials P,, and the permuted-basement Macdonald polynomials EY. Readers inter-
ested primarily in the combinatorial aspects may safely skip this chapter, as alternate
combinatorial descriptions of these polynomials are provided in Chapter 3.

Chapter 3 introduces a combinatorial framework for studying Macdonald polynomials.
The central objects are fillings, considered in several variations. Each version of the
Macdonald polynomials defined in Chapter 2 is then realized as a weighted generating
function over an appropriate class of fillings. The weights are expressed in terms of two key
statistics on fillings: the major index (maj) and the inversion number (inv).
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Chapter 4 presents bijective results for Macdonald polynomials. On the first part of
this chapter, following the work of [KL.LO22], we describe the bijection between fillings
F(a) and F(s; - @) that preserves the statistics inv and maj. This bijection implies that
H,(x;q,t) = H,,.(x;q,t), and by repeated application shows that the modified Macdonald
polynomials are invariant under rearrangements of the partition. On the second part of this
chapter, we adapt the bijection to the setting of permuted-basement Macdonald polynomials
EZ(x;q,t), to obtain an identity relating EZ(x;q,t), EY. ,(X;q,t), and EJ% (x;q,1t).

Chapter 5 extends the bijective methods to a probabilistic setting. We introduce
the concept of probabilistic bijections as a generalization of weight-preserving bijections,
which can also be used to prove identities between generating functions. We explore their
applications to Macdonald polynomials by proving that E?(x;q,t) = EJ%(x;q,t) when
O = Oy 1.






Chapter 2

Macdonald polynomials

2.1 Permutations and compositions

The symmetric group 8, is the group of all permutations of the set [n] = {1,2,...,n}.
We write permutations in one-line notation o = [0, 09, . ..,0,]. Given two permutations
o, € 8,, their product is the permutation om € §,, defined by (o7); = o,,. The reverse
rev(o) of a permutation o € 8, is the permutation rev(c) = cwy = [0y, Opn—1, - . ., 01], Where
wo = [n,n —1,---,1]. The symmetric group 8, is generated by the simple transpositions
S1,82,...,8,_1, where s; € §,, is the permutation that swaps the elements ¢ and 7 + 1 and
fixes all other elements. The length £(o) of a permutation o € §,, is the smallest number of
simple transpositions whose product equals 0. A reduced expression of a permutation o is
a SeqUENCE S;;, Siy; - - - ; Siy, of simple transpositions whose product s;,s;, - - - Siy,, €quals o.

A composition of length n is a sequence a = aiQs. .., of nonnegative integers. A
partition is a weakly decreasing composition, and an antipartition is a weakly increasing
composition. Given a composition «, let dec(a) and inc(a) denote the partition and
antipartition obtained by sorting the parts of a in weakly decreasing and weakly increasing
order, respectively. Define rev(a) = a,a,—1 ... to be the composition given by reversing
the parts of a.

The exponent notation for a composition @ = «;...a, is given by a sequence of
nonnegative integers p, ps, ..., pr and positive integers my, mo, ..., m; that sum to n such
that p; # pi41 for ¢ € [k — 1], written as

CM=p1p1---pllpzpz---pg---?kpk---p@szlp?2---p;nk-

mi1 m2 mg



The conjugate of a partition \ is the partition A’ defined by

Xo=WHi A =i}

For two partitions p and A\ of the same integer, write u < X if pg + po + -+ + g <
A+ A2+ -+ X for all £ > 1. This defines a partial order called the dominance order.

Given a permutation 7™ € 8,, and a composition @ = a; ... a,, the left action of T on
is the composition 7 - o = ar-1(1)Qr-1(2) - - - Ar-1(n). In particular, this choice of notation
guarantees that o - (7 - a) = (o7) - a for all o,7m € §, and @« = ;...a,. Note that
rev(a) = wy - .

Example 2.1. For example, o = 310220 is a composition of length 6 with exponent
notation 3'1'0'220'. It rearranges to the partition dec(a) = 322100, the antipartition
inc(a) = 001223, and rev(a) = 021023. The permutation 7 = [3,1,2,4, 6, 5] has reduced
expression s3s185. The result of the left action of 7 on « is the composition 7 - @ = 103202,
with a graphical representation shown in Figure 2.1.

®=310220
I L X
Ta=103202

Figure 2.1: The left action of 7 = [3,1,2,4,6,5] on a = 310220.

Remark 2.2. Given permutations o, 7 € §,, and a composition @ = o . .. ay,, [Alel9] writes
ma to mean 7 - , and writes mo to mean 7 - o, interpreting o as a composition, which we

write as a product mo L.

2.2 Symmetric functions and plethystic notation

We assume basic familiarity with the ring A(F') of symmetric functions in countably infinitely
many variables x = (z1, %o, ...) with coefficients in a field F' of characteristic zero. This
includes important families of symmetric functions, such as the power sum symmetric
functions py, and the Schur functions s. We refer the reader to [Sta24, Chapter 7] for a
comprehensive introduction to this topic. We take the coefficient field to be F' = Q(q, 1),
the field of rational functions in the variables q and ¢ with rational coefficients.



Recall that the power sum symmetric functions py for k > 1 are defined by

Pk ZZ.’Ef

i>1

Any symmetric function can be uniquely expressed as a polynomial in the power sum
symmetric functions. In other words,

A(F) = F[p1,p2,p3, - - .-

We adopt plethystic notation as in [Hai99, Section 2], defined as follows.

Let A be a formal series (not necessarily symmetric, and not necessarily with zq,xs, ...
as indeterminates). We define pi[A] to be the formal series obtained by replacing each
indeterminate a in A by a* (including the indeterminates q and ¢, if they appear in A). For
a symmetric function f € A(F), let

f= Qf(phpz,---,pm)

be the expression of f as a polynomial () in the power sum symmetric functions. Then,
the plethystic substitution of A into f is defined as

fIAl = Qs(pi[Al pa[A], - ., Pm[A))-

If Ais a sum of indeterminates, A = a; + az + -+, then py[A] = a¥ +af + --- =
pr(ai,as,...), and thus f[A] = f(ai,as,...). This explains why we call f[A] a kind of
substitution. Similarly, if A is a sum of monomials, then f[A] is f evaluated on these
monomials. An important example is

fl/ Q=0 =fl+t++E 4] = f(1,t,8,¢,..)).

We let X = z; + 22 + 23 + --- denote the sum of all indeterminates in x. Then,
fIX] = f(x) is the usual evaluation of f at the variables x, and

f[X/(l — t)] = f(xl, T2, T3y... ,t.’El,t.’EQ,t.’Eg, e ,tz.’lﬁl,tzxz, t2$3, .. )

Note that some manipulations are easier in plethystic notation; for example, if g(x) =
fIX/(1 =1)], then f(x) = g[X (1 —1)].



2.3 Algebraic definitions of Macdonald polynomials

In this section, we define multiple variations of Macdonald polynomials:

e P,, the symmetric Macdonald polynomials,

. J , the integral form symmetric Macdonald polynomials,

. H , the modified Macdonald polynomials,

. Eg , the permuted-basement (nonsymmetric) Macdonald polynomials,

o &7, the integral form permuted-basement (nonsymmetric) Macdonald polynomials.

2.3.1 Symmetric Macdonald polynomials P,

We follow [Mac96, Chapter VI] for the definition of symmetric Macdonald polynomials.
Define the scalar product (-, ).+ on A(Q(g,t)) by
() 1 _
(p)\’p,u (g,t) = 5Apz)\ H q

where 2y = [I;>; 9™m;!, with m; being the multiplicity of the part 7 in the partition A.
When ¢ = t, this scalar product reduces to the usual Hall inner product on symmetric
functions.

Theorem 2.3 ([Mac96, Theorem 4.7]). There ezists a unique family of symmetric func-
tions (called symmetric Macdonald polynomials) Py = P\(x;q,t) € A(Q(q,t)) indexed by
partitions \ such that

o Py=my+ X, ur(q, t)m, with coefficients ux,(q,t) € Q(q,t), and;
° (PA7PM>(q,t) =0 Zf)‘7é:u'

For any polynomial f(zi,...,z,) and 1 <14 < n, define the g-shift operator T ,, by

(Toe: ) (@1, oy xn) = f(z1,. .., 44, ..., Tn).
Then, the operator D is defined as

D= T,
i= 1(};[1 mz—x]) B

The operator D has distinct eigenfunctions, and these eigenfunctions are the symmetric
Macdonald polynomials Py(z1,...,Zn;q,t) where X is a partition with at most n parts.

8



2.3.2 Integral form symmetric Macdonald polynomials J,
We define the integral form symmetric Macdonald polynomials following [Mac95, Chapter
VII, Section 8§].
For a partition u, define the normalization factor c,(q,t) by
cu(q, t) — H (1 _ qleg(u)tarm(u)—i-l), (2_1)
u€dg(p)

where the product is over all boxes v in the skyline diagram dg(u) of u, and leg(u) and
arm(u) are the leg and arm lengths of the box u in dg(u), respectively. The notions of
skyline diagrams, leg lengths, and arm lengths are defined in Section 3.2.1.* For now, it
suffices to note c,(g,t) is a polynomial in ¢ and ¢ that admits an explicit formula.

The integral form symmetric Macdonald polynomial J, = J,(x;q,t) is defined by

Ju(x;9,t) = cu(q,t)Pu(x;q,t). (2.2)

The naming “integral form” is due to the fact that the coefficients of J,(x;q,t) are polyno-
mials in ¢ and ¢ with integer coefficients. Several proofs of this integrality result appeared
in the late 1990s; for example, see [Kno97].

2.3.3 Modified Macdonald polynomials H ,,,

We define the modified Macdonald polynomials following [Hai99, Section 2]. The modified
Macdonald polynomial H, = H,(x;q,t) is defined by the plethystic substitution

i X
H,(x;9,t) = t"®J, [m;q’t'l] : (2.3)

where n(p) = i51(0 — 1) s

Proposition 2.4 ([Hai99, Proposition 2.6]). The modified Macdonald polynomials H,
satisfy and are uniquely determined by the following properties: H,[X (1 — q);q,1] is a linear
combination of Schur functions sy with A > p in dominance order; ﬂu[X (1—1t);q,t] isa
linear combination of Schur functions s, with A >y’ in dominance order; and (ﬁ 1w S(n)) = L.

*The exponents of ¢ and ¢ in the formula in [Mac95, Chapter VII, Section 8] are a(u) and I(u) + 1,
where a(u) and I(u) denote the arm and leg lengths of the box u in the Young diagram of . Our formula
measures arm and leg lengths in the skyline diagram, which effectively swaps the roles of arms and legs
compared to the Young diagram. Hence the apparent swap of arms and legs is due to the different diagram
conventions, and our formula is consistent with that in [Mac95].

9



2.3.4 Permuted-basement Macdonald polynomials E¢

We follow the exposition of [Ferll] and the notation of [Ale19] for the definition of non-
symmetric Macdonald polynomials and permuted-basement Macdonald polynomials, which
are polynomials in the ring Q(g, t)[z1, 2, ..., Z,]. Now, we have finitely many variables
x = (x1,%2,...,%,). For more background on this topic, see [GR22], where these polynomi-
als are referred to as the relative Macdonald polynomials.

Given a composition @ = ¢; ... ay,, we write x* to denote the monomial 7" 252 - - - 20",

A permutation o € §,, acts on a polynomial f(x) by permuting the variables. In other
words, o(x*) = x7* for a composition «, and this action extends linearly to all polynomials
in Q(g,t)[x]. For example, the permutation o = [2,3, 1] sends the monomial 22z, = x21° to

the monomial [2,3, 1] (z2x) = [2, 3, 1] (x2'0) = x[231210 — x021 — 227,

The Demazure—Lusztig operators Ti, ..., T,—1 on Q(g,t)[x] are defined by
— s
T(f) = tsi(f) + (1 = t)zip L),
Ti = Tit1

for i € [n — 1], and the operator g on Q(g,t)[x] is defined by

9(f(@1,- -, %n)) = f(@2, %3, ., Tn, ¢ 1)

For a reduced expression o = s;, - - - 5;,, we write 15, to denote the composition T}, o---0T;, .
The Cherednik—Dunkl operators Yy, ..., Y, on Q(q,t)[x| are defined by, for each i € [n],

Y, =t T T T - T

Definition 2.5 ([Ferll, Theorem 4.1.4]). For a composition a = o . .. @, the nonsymmet-
ric Macdonald polynomial E, = E,(x;q,t) is the unique element of Q(q,t)[x]| such that the
coefficient of x* is 1, and for all ¢ € [n],

YiE, = q_aitkiEon
where k; =|{je[i—1 : o>} + {7 €li+1,n] : a5 >}

Remark 2.6. We note that there is a typo in [Fer11]: the corresponding formula for k; has a
minus sign instead of a plus sign. Our formulation aligns with the definition in [Kno97],
although the notation there differs.

10



Example 2.7. Let n = 4 and o = 1011. Then, k; = 2, ky = 3, k3 = 1 and k4 = O.
Therefore, the nonsymmetric Macdonald polynomial Fy¢1;(x; g, t) is the unique element of
Q(q,t)[z1, x2, 3, 4] such that the coefficient of xiz3z4 is 1, and

Y1Eio11 = ¢ 't*Eiou, Y2Ei011 = ¢"t* E1o11,
YaEio11 = ¢ 't' Bion1, YiEi011 = ¢ 't°Eio11.

The unique polynomial satisfying the above is

B ) . 1—t¢ 1-—t¢
1011(301,352, T3, T4; q,t) = $13523331_—qt2 + $1$2$41_—qt2 + T1T3%4.

The following definition is a reformulation based on [Alel19, Corollary 16] and [Ferll,
Remark 4.4.5].

Definition 2.8 (Permuted-basement Macdonald polynomials). For a composition o =
a; ...a, and a permutation o € 8, the permuted-basement Macdonald polynomial ES =
E?(x;q,t) is given by

E; =t t‘I‘Iinv(a’a)Tlrev(a)Erev(oz)a

a

where twinv(a, o) = [{(4,j) : i < j and a; > a; and 0; < 0;}|.

Note that, for 0 = wg = [n,n — 1, ..., 1], the permuted-basement Macdonald polynomial
E%°(x;q,t) is the nonsymmetric Macdonald polynomial Eey(a)(xX;q,1).

Remark 2.9. Our notation for the permuted-basement Macdonald polynomial agrees with
the notation in [Ale19; CMW22], which is different from the notation in [Fer11]. Notably,
rev(o)

the permuted-basement Macdonald polynomial E?(x;q,t) is denoted by E o) (x;¢,t) in
[Ferl1].

Remark 2.10. We note a typo in [Alel9] concerning the definition of twinv(a,o): the
inequality involving o is reversed. This error becomes apparent by considering the special
case E¥. Our formulation aligns with the definition provided in [Ferll], although we use
different notation.

Example 2.11. Let n = 4, « = 1101, and o = [2,4,1,3]. Then, rev(c) = [3,1,4,2] has
reduced expression $3s;53, so the Demazure-Lusztig operator Ti.,(,) is given by T5T11T5.

We compute twinv(a, o) = twinv(1101,[2,4,1,3]) = [{(1,2),(1,4)}| = 2. Therefore, the

permuted-basement Macdonald polynomial Eﬁ’gf"g] (x;¢q,t) is given by

Eﬁ’é‘il’?’] (x;q,t) = t *TyT1 T3 Ero11(x; g, 1),

11



which can be computed from Example 2.7 as

Ehm = $19523531_—qt2 + $1$3$41_—qt2

+ ToXT3X4.

Example 2.12. Let n = 4, o = 1101, and 7 = [4,2,1,3]. Then, rev(7) = [3,1,4,2] has
a reduced expression rev(7T) = 5351, so the Demazure-Lusztig operator Tie,(-) is given by
T>T,. We compute twinv(a, 7) = twinv(1101,[4,2,1,3]) = |[{(1,4)}| = 1. Therefore, the

permuted-basement Macdonald polynomial E{‘iﬁf"‘] (x;¢q,t) is given by

B (x; q,t) =t DT Eyon (%34, t),
which can be computed as

t(1—t 1—¢
Eﬁgil’?)] = $1$2$3u + T1T374

ToT3%4.
1= g2 5 T T2T3T4

1—qt

Note that the computations in Example 2.11 and Example 2.12 yield the same result,
where the permutations o = [2,4,1,3] and 7 = [4,2, 1, 3] differ by an application of the
simple transposition s;. This equality exemplifies a property that will be explored in
Chapter 5.

Theorem 2.13 ([Ferll]). Let o be a permutation in S,. The set of permuted-basement
Macdonald polynomials

{ES(z1,...,%n;q,t) : a is a composition of length n}

is a basis of Q(q,t)[x1, ..., %]

2.3.5 Integral form permuted-basement Macdonald polynomials £

We define the integral form permuted-basement Macdonald polynomials following [Kno97,
Section 5]. While [Kno97] only defined the integral form nonsymmetric Macdonald polyno-
mials (i.e., the case ¢ = wy), the extension to the permuted-basement case is straightforward
by using the same normalization factor.

For a composition a = ¢ . .. a,, define the normalization factor d,(q,t) by

da(qa t) = H (]_ — qleg(u)+1tarm(u)+1), (24)
u€dg(a)

12



where the product is over all boxes u in the skyline diagram dg(a) of «, and leg(u) and
arm(u) are the leg and arm lengths of the box w in dg(a), respectively. The notions of
skyline diagrams, leg lengths, and arm lengths are defined in Section 3.2.1.* The integral
form permuted-basement Macdonald polynomial E = E2(x;q,t) is defined by

Ea(x;9,t) = da(q, ) E5(x; 9, 1) (2.5)

Just like the integral form symmetric Macdonald polynomials, the “integral form” in
the name refers to the fact that the coefficients of £2(x;q,t) are polynomials in ¢ and ¢
with integer coefficients.

Example 2.14. Let n =4, a = 1011, and 0 = [2,4, 1, 3], as in Example 2.11. We compute
the normalization factor dio11(q,t) as

dioni(g,t) = (1 - qtg)(l - qt2)(1 —qt).
Multiplying the permuted-basement Macdonald polynomial Eﬁ)’ﬁl’:ﬂ computed in Exam-
ple 2.11 by this normalization factor, we obtain the integral form permuted-basement
Macdonald polynomial

Eigii ™ = mapmst(1 — 1)(1 - ¢t*)(1 - qt) +
+ 212374(1 — ) (1 — qt*)(1 — qt) + z2w324(1 — qt*)(1 — gt?)(1 — qt),

which has coefficients in Z][q, t].

*The exponents of ¢ and ¢ in the formula in [Kno97, Section 5] are a(u) + 1 and I(u) + 1. We call leg(u)
the quantity that [Kno97] denotes by a(u), and arm(u) the quantity that [Kno97] denotes by I(u). Hence
our formula is consistent with that in [Kno97].
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Chapter 3

Combinatorial formulas for
Macdonald polynomials

3.1 Unsigned and signed alphabets

An unsigned alphabet A is a totally ordered set. We write x4, to denote the indicator function
of a > b. Some unsigned alphabets we use are Z-o = {1,2,3,...} and its subalphabet
[n] ={1,2,...,n}.

A signed alphabet A. is a total order on the disjoint union of two copies of a set A, a
positive copy A, and a negative copy A_. We write x4 to denote the indicator function of
a>bora=>be A_. Given an element a € A, we denote its positive copy by a € A, and
its negative copy by a € A_, and we say that a € A is the absolute value of a € A, and of
a € A_, denoted by |a| = |a| = a. Some signed alphabets we use are Z, with the total
order

1<1<2<2<3<3<---,

and its subalphabet [n].

For example, in the signed alphabet Z., we have
Xs3=Xs3=Xs3=X53=1, Xe2e=X23=0, and x3 =xs:=1

We also use the symbol oo to denote an element larger than any element in A, so that
Xaco = 0 and Xooq = 1 for all a € A. Note that co is not an element of A.
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For both unsigned and signed alphabets, define

Xabe = Xab + Xbc — Xac-
We have xqp. € {0, 1}, since it is impossible for x. = Xoe = 1 — Xac by transitivity.

Here’s one way to think about x... For an unsigned alphabet, x4 indicates whether
a, b, c is cyclically weakly decreasing, where the earlier of two equal entries is considered
smaller than the later one. That is, in an unsigned alphabet, x4 = 1 if and only if

a>b>c or b>c>a or c>a>b

Figure 3.1 provides examples of the indicator function xgpc-

O TN (e
C—I,\Db—Q C—QC/b—3 c=2</b=3
~__—
X321=1 X132=1 X232 =
(Y (%) (%)
c=2 b—l c=3 b=2 c=3 b=2
~__— -
X212=1 X123 =0 X223 =0

Figure 3.1: Examples of the indicator function x4 for an unsigned alphabet.
In signed alphabets, x.,. indicates whether a, b, c is cyclically decreasing, where the

earlier of two equal positive entries is considered smaller than the later one, and the earlier
of two equal negative entries is considered larger than the later one.

3.2 Fillings

3.2.1 Non-augmented fillings

The skyline diagram of a composition a = a; ... a, is the set

dg(a) ={(i,r) : i € [n] and r € [w]},
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where the first coordinate indexes the columns and the second coordinate indexes the rows.
In Section 3.2.2, we define the augmented skyline diagram of a composition. The optional
term non-augmented is used when the distinction is necessary. The elements of dg(«) are
called bozes. We draw the box (z,7) as a square in column i and row r. Figure 3.2 provides
an example of a skyline diagram.

: |
1 2 3 45 6

Figure 3.2: The skyline diagram of the composition o = 230120.

A box u = (iy, 1) is after v = (iy,7,) in the reading order of dg(«) if r, > r,, or r,, = 1,
and 4, < i,. This defines a total order on the boxes of dg(a).

A box u = (iy,74) attacks v = (iy,7,) in dg(a) if r, = 1, and 4, < i,, that is, v and v
are in the same row and wu is to the left of v; or r, = r, — 1 and i, < 4, that is, u is in the
row directly above v and w is to the right of v. Figure 3.3 illustrates the two configurations
in which a box u attacks a box v. Let Attackqg()(u) C dg(a) be the set of boxes attacked
by u. When there is no ambiguity, we may simply write Attack(u).

or .

Figure 3.3: Configurations in which a box u attacks a box v: either in the same row (left),
or in consecutive rows (right).

Let u = (i,r) € dg(a). The box south of u = (i,r) is the box d(u) = (i, — 1), that
is, the box directly below w. If r > 1, then d(u) € dg(a); while if 7 = 1, then d(u) is still
defined (in row 0), but it is not in dg(a). The leg set of u is the set Legy,,)(u) C dg(a) of
boxes above u in the same column, that is, Legyyq)(u) = {(i,7') € dg(a) : " > r}. The leg

statistic of u is defined as legyy(y)(u) = )Legdg(a) (u)) = a; — 7. The arm set of u is the set
Armgg(a)(u) C dg(a) of boxes v attacked by u such that legyy(,)(v) < legyy(q)(u), that is,

Armgg(q)(u) = {v € Attackgg(a)(u) : legug(a) (v) < Iegdg(a)(u)}.

The arm statistic of u is defined as armgg(q)(u) = ’Armdg(a) (u)‘ When there is no ambiguity,
we may simply write Leg(u), leg(u), Arm(u), and arm(u). The arm set Arm(u) of a box

17



u = (i,7) can be equivalently described as
{(j,r—1) € dg(@) : j < and oy € [r— 1,0~ 1} U{(j,r) € dg(e) : j > i and ay; € [r, ]}
and consequently, the arm statistic arm(u) can be computed as

am(u) =[{j<i:oyelr—La-1}+[{j>i: a; €ral}.

See Figure 3.4 for an example of the south, leg set, arm set, and attacked set of a box u.

T TTTTT

T [ |
I u

\\\\
\\\\\

|||||||||
lllllllll

lllllll
vvvvvvv

Figure 3.4: The leg set ([/]), the arm set ([[[]), the attacked set (|=]), and the south (}::])
of the box u = (8,3) (JJ]) in the skyline diagram of o = 4335514445324 with leg(u) = 1
and arm(u) = 5.

A (non-augmented) filling of shape @ = a; ..., with labels in an alphabet A is a
function T': dg(a) — A. Let F 4(a) denote the set of (non-augmented) fillings of shape a
with labels in A.

For a signed alphabet A, and a filling T' € F 4, (), the absolute value of T is the filling
|T| € Fa(c) defined by |T|(u) = |T(u)| for all u € dg(a).

For an unsigned alphabet A, a filling T' € F () is non-attacking if T(u) # T(v)
whenever u attacks v in dg(a). For a signed alphabet A., a filling T' € F 4, (a) is non-
attacking if |T| is a non-attacking filling in F 4(a). Let NAF 4(c) C F 4(c) denote the set
of non-attacking fillings of shape a with labels in A. See Figure 3.5 for an example of a
non-attacking filling.

54 o
1]2 4
3[1] |5[4

Figure 3.5: A non-attacking filling of shape o = 33012 with labels in [5].
The content of a filling T' with labels in an alphabet A is the multiset content(7") whose
elements are the labels a € A, with multiplicity equal to the number of boxes u € dg(«)

such that T'(u) = a.

18



When the alphabet is Z~ or [n], the content is identified with the composition § =
content(7") where f; is the multiplicity of ¢ in content(7"). We define

xT — ycontent(T) _ H xzﬁl
%

For example, the filling T’ in Figure 3.5 has content content(T) = 21132 and x¥ =

Xcontent(T) — CL'%CL'%.’L’%QTZ.’E% )

Recall that boxes in row 0, which are not in dg(«a), are obtained as the south d(u) of

boxes u in row 1. By convention, if w is a box in row 0, then we define T'(w) = oo.

Given a filling T' € F(ca), we say that a box u € dg(«) is a descent in T' if X1(wyr@w) = 1.
Note that boxes in row 1 are never descents, since the label of the south of a box in row
1 is always oo, by convention. Let Des(7") C dg(a) denote the set of descents in T'. The
major index of T is

maj(T) = > (leglu)+1)= > Xr@rw) (leg(u)+1).
u€Des(T) u€dg(a)

See Figure 3.6 for an example.

2[4]
12| [4
3[1]2[4

Figure 3.6: The filling 7" above has three descents ([_]). The leg statistics of the descents are
leg(1,3) = leg(2,3) = 0 and leg(2,2) = 1. The major index of T is maj(T) =1+ 1+2 =4.

A triple is an ordered tuple (u,v,w) of boxes such that u € dg(a), v € Arm(u), and
w = d(u). The total number of triples in dg(«) is

> arm(u). (3.1)

u€dg(a)

If v is to the right of u in the same row as u, then the triple is of type A, and if v is to the
left of u in the row directly below u, then the triple is of type B.* The configurations of the
boxes u, v, and w when the tuple (u,v,w) is of type A or type B are shown in Figure 3.7.
Note that if « is a partition, there are no triples of type B.

*This is not related to Cartan types A, and B,,. In [HHLOS] and [Fer11], they are called type II and
type I, respectively.

19



u DR v u

w ’l) DY w
(TyPE A) The column containing u and w is (TyPE B) The column containing « and w is
at least as high as the column containing v. strictly higher than the column containing v.

Figure 3.7: Configurations for triples of type A (left) and type B (right).

Note that the definition of a triple (u, v, w) allows for u to be in row 1, and consequently
for w to be in row 0. A triple that has u in row 1 is called a degenerate triple. A degenerate
triple is always of type A, since v € Arm(u) C dg(a), and therefore cannot be in row 0.

Given a filling T' € F(a), a triple (u, v, w) in dg(«) is an inversion triple if Xr(@w)yr@w)r@w) =
1, and is a coinversion triple otherwise. Let inv(T") and coinv(T") denote the number of
inversion triples and coinversion triples in 7', respectively. We have

inv(T) + coinv(T) = Y arm(u), (3.2)

uedg(a)

the total number of triples in dg(a). See Figure 3.8 for an example.

C[E[E R 2[4
2 4 4 1|2 4 1(2 4
31124 1(2|4 31|24 311(2|4

X241 =0 X123 = 0 X143 = 1 X241 = 0 X421 =1

Figure 3.8: We show all five triples of the filling 7" in Figure 3.5. The first four are of type
A, and the last one is of type B. There are two inversion triples ([ |) and three coinversion
triples ([1]), which gives inv(T") = 2 and coinv(T') = 3.

There is another interpretation of inv(7T") and coinv(T'), in terms of inversion pairs. An
inversion pair in a filling T is a pair (u,v) of boxes in dg(a) such that u attacks v and
X7 rw) = 1. Let IP(T) denote the set of inversion pairs in T'.

Proposition 3.1 ([HHLO5, p. 739]). Let T' € F(a). Then
inv(T) = |IP(T)| — >  arm(u).

u€Des(T)

Proof. Recall that (u,v,w) forms a triple if v € Arm(u) and w = d(u), and such triple is
an inversion triple if and only if X7(w)7(v) + XT()T(w) — XT(w)T(w) = 1. Finally, note that u
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attacking v is equivalent to v attacking d(u). Thus, the total number of inversion triples in
T is

> Y (xrwre + Xre)rEw) — Xrwrdw) =

u€dg(a) veEArm(u)

= Y Xrwrew) t D, XT@Tdw) — D,  XT@)T(dw)

u,vedg(a) u,vedg(a) u,vedg(a)
veEArm(u) vEArm(u) vEArm(u)
= Y XTwrew t D, XT@Tw) — Y XT()T(dw) arm(w)
u,vedg(a) v,wedg(a) uedg(a)
u attacks v v attacks w
leg(v) <leg(u) leg(w)>leg(v)
=[IP(T)| - > arm(u),
u€Des(T')

as desired. There are two subtleties in the computation. First, if  is in row 1, then d(u) is
in row 0 and thus not in dg(a); nevertheless, since T'(d(u)) = oo by convention, we have
XT(v)T(dw) = 0 and X7(w)r@dw)) = 0, so the formula still holds. Second, not all w € dg(w)
are attained as the south of some u € dg(a), so changing the variable from u to w in the
second sum would incorrectly account for such boxes; nevertheless, those boxes w € dg(«)
that are not attained as the south of some u € dg(a) have leg(w) = 0, and therefore are
not included in the sum since leg(w) > leg(v) > 0 cannot hold. O

Proposition 3.1 gives an alternative description of inv(T"). Together with (3.2), we also
obtain an alternative description of coinv(7T) by

coinv(T) = > arm(u) —inv(T) = > arm(u) — |IP(T)|.

u€dg(a) u€dg(a)\Des(T)

3.2.2 Augmented fillings

In the context of augmented fillings, we either take the unsigned alphabet A = [n], or the
signed alphabet Ay = [n]..

The augmented skyline diagram of a composition o = ;... o, is the set

dg(a) = dg(@) U{(;,0) : i € [n]},

which is obtained from dg(a) by adding an extra row of n boxes below row 1, called
the row 0 or the basement. Figure 3.9 provides an example of an augmented skyline
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o = N W

1 2 3 4 5 6

Figure 3.9: The augmented skyline diagram of the composition o = 230120. The basement
(row 0) is shaded in gray ([ ]).

diagram. Augmented skyline diagrams are always drawn with the basement shaded in gray
to distinguish them from non-augmented skyline diagrams.

The attacking relation, leg set, arm set, leg statistic, and arm statistic in c/ié(a) are
defined as in Section 3.2.1, with boxes in row 0 treated like any other boxes. However,
since row 0 is now part of the diagram, there are subtle differences: for u = (i,r) € dg(«),
if 7 > 2, then Attackg, (a)(u) = Attackgg(q) () and armg (u) = armgg(s)(u); but if 7 =1,
Attackg ) (u) and Arm () (u) may include boxes in row 0 not present in the non-augmented
case. Thus, extra attention is needed when computing these sets and statistics for boxes
in row 1, as they may differ depending on whether dg(a) or dg(«) is used. If we need to
distinguish between the two settings, we use the subscripts dg(c) or c/ié(a) to indicate which
diagram is being used.

The definition of the south of a box is slightly different in the augmented setting. Given
a box u = (i,r), if r > 1, the south of u is the box d(u) = (i, — 1), while if »r = 0, then
d(u) is not defined. Note that the south of a box in row 1 of dg() is also a box in dg(a),
unlike in Section 3.2.1 where the south of a box in row 1 is not in dg(a). We also remark

that the south of a box in row 0 is not a box in row —1 outside dg(a), but rather is simply
undefined.

An augmented filling of shape & = o ... v, basement o = [0, . .., 0,], and labels in an
alphabet A is a function T': dg(a) — A such that T'(,0) = o; for all i € [n]. Let F4(c, o)
denote the set of augmented fillings of shape «, basement o, and labels in A. The absolute
value and the non-attacking condition for augmented fillings are defined as in Section 3.2.1.
Let NAF 4(a,0) C F4(a, o) denote the set of non-attacking augmented fillings of shape «,
basement o, and labels in A.

See Figure 3.10 for an example of a non-attacking augmented filling. Augmented fillings
are always drawn with the basement shaded in gray to distinguish them from non-augmented
fillings.

Note that the non-attacking condition implies that, for a non-attacking augmented
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Figure 3.10: A non-attacking augmented filling of shape o = 33012 and basement o =
[2,1,3,5,4], with labels in [5]. The basement is shaded in gray ([ ]).

filling with labels in [n], the entries oy, ..., 0, in the basement are distinct. Therefore, the
basement o is identified with a permutation of [n]. For (possibly attacking) augmented
fillings with labels in [n] or [n]., the definition allows for repeated or negative entries in the
basement. However, the applications in this work only require the case of a permutation
basement, that is, positive and distinct entries in the basement.

The content of an augmented filling 7" with labels in an alphabet A is the multiset
content(7T') whose elements are the labels a € A, with multiplicity equal to the number
of boxes u € dg(a) such that T'(u) = a. Note that boxes in row 0 are not counted in the
content. When the alphabet is Z-( or [n], the content is identified with the composition
B = content(T") where f; is the multiplicity of ¢ in content(7). We define

XT — Xcontent(T) — H xzﬁz
%

For example, the augmented filling 7" in Figure 3.10 has content content(7") = 21132 and

xT = Xcontent(T) — w%x%x%wix%

The definitions of descents, and major index for augmented fillings are as in Section 3.2.1.
Note that a box u in row 1 can be a descent, since the label of its south d(u) is now a
basement entry (rather than oo by convention). However, a box u in row 0 is never a
descent, since its south d(u) is undefined.

A triple (u,v,w) is defined as in Section 3.2.1. Since boxes in row 0 do not have a south,
u cannot be in row 0. There is no concept of a degenerate triple in augmented fillings. The
definitions of inversion triples, coinversion triples, and the statistics inv(T") and coinv(T") for
augmented fillings are as in Section 3.2.1. In the augmented setting, the total number of

triples in dg(a) is
> armg ,» (w) (3.3)
u€dg(a)
Note that this sum does not include boxes v in row 0. We remark that this sum may be
different from -, c4g(a) arMg(a)(u) in (3.1), since the arm statistic for boxes in row 1 may
be different in the two settings.

23



Similarly to Section 3.2.1, there is another interpretation of inv(T") and coinv(T'), in
terms of inversion pairs. An inversion pair in an augmented filling T is a pair (u,v) of
boxes with u € dg(a) and v € dg(a) such that u attacks v and XTwrw) = 1. Let IP(T)
denote the set of inversion pairs in 7.

Proposition 3.2 ([HHLO5, p. 739]). Let T € F(a). Then

inv(T) = |IP(T)| — > arm(u) — [{(,4) : i <j and a; < o and o; > 0;}|.
u€Des(T)

Proof. Recall that (u,v,w) forms a triple if v € dg(a), v € Arm(u) and w = d(u). Such
triple is an inversion triple if and only if X7(u)rw) + XT()T(w) — XT(w)T(w) = 1. Finally, note
that u attacking v is equivalent to v attacking d(u). Thus, the total number of inversion
triples in T is

> Y (Xrwre) + Xre)rEw) — Xrarde)) =

u€dg(a) veArm(u)

= X Xreret ). Xr@re) T DL XT@TEW)
u€edg(a),vedg(a) u€dg(a),vedg(a) u€dg(a),vedg(a)
vEArm(u) veEArm(u) vEArm(u)
- > XTI ¥ D XTWTw) — Y, XT()T(dw)arm(u)
uedg(a),vedg(a) v,wedg(a) uedg(a)
u attacks v v attacks w
leg(v)<leg(u) leg(w)>leg(v)
= |IP(T)| - Z arm(u) — Z XT(v)T(w)
u€Des(T') v,w in row 0

v attacks w
leg(w)>leg(v)

=|IP(T)|— > arm(u)—|{(i,4) : i <jand & < o; and 0; > 0;}|,
u€Des(T')

as desired. O

Proposition 3.2 gives an alternative description of inv(T"). Together with (3.3), we also
obtain an alternative description of coinv(7") by

coinv(T) = > arm(u) — inv(T)

uedg(a)

= > arm(u) — |IP(T)| + [{(4,7) : i < j and o; < ; and 0; > 0;}].
u€dg(a)\Des(T')
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3.2.3 Mistaking augmented fillings for non-augmented fillings

If we didn’t shade the basement in gray, it would be easy to mistake an augmented filling
for a non-augmented filling. This would lead to mistakes in computing the statistics inv and
coinv. However, the mistakes are systematic, and we quantify them below. In Section 4.2,
this difference is relevant when we define a bijection for non-attacking fillings from a
bijection for augmented fillings.

Let T € Fa(a,0) be an augmented filling of shape a@ = «;...a,, basement o =
[01,...,04,], and labels in an alphabet A. Let 7" € F 4(a/) be the non-augmented filling of
shape o/ = (a1 + 1) ... (o, + 1) defined by T"(3,r) = T'(i,r — 1) for all (3,r) € dg(a’). See
Figure 3.11 for an example.

4] 4]
54 4
354

2]
354

3
2
1
0

== DN |

4
3
2
1

DN | Q=] Ot
DN | QO =]t
== N

Figure 3.11: An augmented filling T' of shape o = 33012 and basement ¢ = (2,1, 3,5, 4],
with labels in [5] (left); and the corresponding non-augmented filling 7" of shape o/ = 44123
(with labels in [5]) obtained by ignoring the basement (right).

It’s straightforward to check that maj(T") = maj(T").

However, inv(T") and coinv(7T) may differ from inv(7”) and coinv(7"), respectively. We
define new statistics syminv and symcoinv on augmented fillings by

syminv(T) = inv(T') and symcoinv(T") = coinv(T").

Proposition 3.3. Let T € F4(a,0) be an augmented filling of shape o = o4 ..., and
basement o = [01,...,0,]|. Then,

syminv(T) =inv(T) + {(3,5) : 1<i<j<mnando; > aj ando; >0; =1}  (34)
and

symcoinv(T') = coinv(T) + [{(¢,7) : 1<i<j<nand o; > a; and 0; > 0; =0}|. (3.5)

Note that the correction term in (3.5) is twinv(co, ) as defined in Definition 2.8.
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Proof. Consider a triple (u,v,w) in dg(a). Define v/ = u + (0,1), v/ = v + (0,1), and
w' =w+ (0,1). Then, (v,v’,w’) is a triple in dg(a’). Note that all triples (v',v',w’) such
that «' is not in row 1 are obtained in this way from triples (u,v,w) in dg(a). Moreover,
(u,v,w) is an inversion triple in 7" if and only if («/,v’,w’) is an inversion triple in 7".
Therefore,

|{inversion triples (u’,v',w’) in T" : v’ is not in row 1}| = inv(7T), (3.6)
and similarly,

|{coinversion triples (u',v',w’) in T" : «’ is not in row 1}| = coinv(T). (3.7)

Now, consider triples (v/,v',w’) in dg(’) such that v is in row 1. This is equivalent to
u' = (4,1) for some 4 € [n], and v' = (j, 1) for some j € [n] such that j > i and o] > «;.
This is an inversion triple in 7" if and only if X4,5,00 = 1, Which is equivalent to o; > 0.
Therefore,

|{inversion triples (u/,v',w’) in T" : «' is in row 1}| =
=|{(i,5) : 1<i<j<mnand a; > a; and g; > 0;}|, (3.8)
and similarly,
|{coinversion triples (v',v,w’) in T" : v’ is in row 1}| =
=|{(¢,j) : 1<i<j<nand o; > ¢; and 0; < g;}|. (3.9)
The results follow by adding (3.6) and (3.8), and adding (3.7) and (3.9). O

3.3 Tableaux formulas for Macdonald polynomials

3.3.1 Modified Macdonald polynomials H P

Recall that the Modified Macdonald polynomials H ., are a family of polynomials indexed
by partitions u. Haglund, Haiman, and Loehr [HHLO05, Theorem 2.2] give a combinatorial
formula for H u as*
H,(x;q,t) = > gDV DR T (3.10)
TeFz, (1)

*We remark that (3.10) uses the skyline diagram of p, while [HHLO05, (14)] use the Ferrers diagram of
u that corresponds to the skyline diagram of the conjugate partition u’. Moreover, (3.10) interchanges
the roles of ¢ and t compared to [HHLO05, (14)]. Nevertheless, these choices yield the same polynomial
H,(x;q,t) as in [HHLO5] due to the symmetry H,(x;q,t) = H,(x;t,q) [Mac95, Chapter VI, (8.6)].
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where Fz_, () is the set of fillings of shape p with labels in the positive integers Z,.

In their subsequent paper [HHLO08], Haglund, Haiman, and Loehr show that the set
may be changed to F;_,(c) for any rearrangement « of p, and the formula still holds. In
Section 4.1, we give a bijective proof of this rearrangement property.

3.3.2 Integral form symmetric Macdonald polynomials J,

Recall that the integral form Macdonald polynomials J,, are a family of polynomials indexed
by partitions u. Haglund, Haiman, and Loehr [HHLO05, Section 7] derive a tableaux formula
for the integral form Macdonald polynomials J,, from the combinatorial formula for the
modified Macdonald polynomials H . in (3.10). We briefly recall the main steps.

From the plethystic formula in (2.3), we have
Ju(x;q,t) = "W H, [X(1 —1);q,87"] = "W W, [X (7" - 1);4,87Y], (3.11)

where n(p) = 3;(i— 1) = Xyedg(u) arm(u) and |u| = 3°; p;. Applying a standard technique
called superization, [HHLO5] derive from (3.10) and (3.11) the following combinatorial
formula for J, as a sum over all fillings using the signed alphabet [n]:

JM (X; q, t) — Z X|T|qmaj(T)tcoinv(T)(_t)neg(T), (312)
TeF[n]i (/l')

where neg(T") denotes the number of negative entries in 7. We refer the reader to [HHLO5,
Section 7] for a complete derivation.

Two other combinatorial formulas for J,, in terms of non-attacking fillings are also given
in [HHLO5], below in Propositions 3.4 and 3.5. We reproduce their proofs because their
ideas are useful in Section 3.3.5.

Proposition 3.4. For a partition p with at most n parts, the integral form Macdonald
polynomial J,(x;q,t) can be expressed as a sum over all non-attacking fillings using the
signed alphabet [n].,

JM (X; q, t) — Z x|T|qmaj(T)tcoinv(T) (_t)neg(T) ) (313)
TENAF[TL]:E (,u)

Proof ([HHLO5, p. 744]). We define a sign-reversing involution on the set of attacking
fillings in Fp,), (1) \ NAFp,, (). Recall that, in [n]+, we have

1<1<2<2<---<n<n.
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This ordering has two useful properties:

Xak = Xak for any a € [n| and any k € [n]+, and (3.14)
Xka = Xka for any a € [n| and any k € [n]+ with |k| # a. (3.15)

Given an attacking filling T' € Fp,, (1) \ NAFp,), (1), let a be the smallest label which is
the absolute value of two attacking entries in 7', which exists since T is attacking. Let v be
the earlier box (in reading order) with entry of absolute value a that is attacked by another
box with entry of absolute value a. Let u be the earlier box (in reading order) which attacks
v and has absolute value a. Define T” to be the filling obtained from T by switching the
sign of the entry in box u. Then, T" is also an attacking filling in Fp,), (1) \ NAF,), (1)

Since the definitions of a, v and u only depend on the absolute values of the entries in
T, we have that applying the same procedure to 7" returns 7. Hence, the map T +— T" is
an involution.

Without loss of generality, assume that T'(u) = a and T"(u) = a. It is straightforward
to check that xI”'l = xIT! and neg(T") = neg(T) + 1.

I claim that Des(T") = Des(T'), which implies that maj(7”) = maj(T"). Let w be the box
directly above w, if it exists. For any box b ¢ {w,u}, the fillings T and T” agree on the
entries in boxes b and d(b), so b is a descent in T if and only if it is a descent in 7". For
w, if it exists, we can apply (3.14) to conclude that w is a descent in T if and only if it
is a descent in 7”. For u, note that d(u) is attacked by v and is earlier than v in reading
order. Therefore, by minimality of v, we have |T'(d(u))| # a, so we can apply (3.15) to
conclude that u is a descent in 7' if and only if it is a descent in 7”. Thus, we have shown
that Des(T") = Des(T'), which implies that maj(7") = maj(T).

I claim that inv(T") = inv(T") + 1. Using Proposition 3.1, since Des(T") = Des(T), it
suffices to show that [IP(7")| = |IP(T")| + 1. Any pair of attacking boxes that does not
involve box wu is an inversion pair in 7" if and only if it is an inversion pair in 7. Moreover,
by (3.14), any box b that attacks u forms an inversion pair (b,u) in T if and only if it
forms an inversion pair (b, u) in 7". Consider a box b that is attacked by u. If b = v, then
(u,v) is an inversion pair in 7" but not in 7. If b # v, then by minimality of u, we have
|T(b)| # a, so by (3.15), (u,b) is an inversion pair in 7' if and only if it is an inversion
pair in 7". Therefore, IP(7”) has exactly one more inversion pair than IP(T), namely (u,v),
which proves the claim. Consequently, coinv(7T") = coinv(T') — 1.

Putting this together, we have
X|T’|qmaj(T’)tcoinv(T’) (_t)neg(T’) — x|T|qmaj(T)tcoinv(T)—1(_t)neg(T)—H

— _X|T|qmaj(T)tcoinv(T) (_t)neg(T)7
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which implies that the contributions of fillings in Fp,), (1) \ NAFp,, (¢) to the sum in (3.12)
cancel out, and the result follows. n

Proposition 3.5. For a partition u with at most n parts, the integral form Macdonald
polynomial J,(x;q,t) can be expressed as a sum over all non-attacking fillings using the
unsigned alphabet [n],

J#(X; q, t) — Z qumaj(T)tcoinv(T) H (1 _ q1+|eg(u)t1+arm(u)) H (1 _ t) (316)

TEeNAF [, () uedg(p) uedg(p)
T(w)=T(d(u)) T(w)#T(d(w)) or u in row 1

Proof ([HHL05, p. 750]). Let S € NAFp,, (1) be a non-attacking signed filling, and let
|S| € NAFp,; (1) be the non-attacking unsigned filling obtained from S by taking the
absolute value of each entry.

For any triple (u,v,w), since u attacks v and v attacks w, the non-attacking condition
forces |S(u)| # |S(v)| and |S(v)| # |S(w)|. Define the absolute coinversion number
acoinv(.S) to be the number of coinversion triples (u,v,w) in S for which |S(u) # |S(w)|
(and consequently |S(u)|, |S(v)|, and |S(w)| are all distinct). Define the signed coinversion
number scoinv(S) to be the number of coinversion triples (u,v,w) in S for which |S(u)| =
|S(w)|. Then, we have

coinv(.S) = acoinv(.S) + scoinv(.S).

Note that, since Xapa = Xab+ Xba — Xaa = 1 for all distinct a, b € [n]+, we have scoinv(|S|) =0
and consequently acoinv(S) = acoinv(|S|) = coinv(|S]).

Similarly, define the absolute major index amaj(S) and the signed major index smaj(S)
by

amaj(9) = > (1+leg(u)) and smaj(S) = > (14 leg(u)).
u€Des(S) u€Des(S)
IS (w)|#1S (d(w))] S (w)|=[S(d(w))]

Then, we have
maj(S) = amaj(S) + smaj(.9).

Note that, since x,, = 0 for all a € [n]., we have smaj(|S|) = 0 and consequently
amaj(5) = amaj(|S]) = maj(|S])-

We group the fillings S € NAF,_ (1) by their absolute filling |S| to rewrite (3.13) as

J#(x; q, t) — Z Z x|S|qmaj(S)tcoinv(S)(_t)neg(S)_
TGNAF[n] ([L) SGNAF[n]i (w)
|S|=T
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Fix a non-attacking unsigned filling T' € NAF;(1). Using the decompositions of maj(S5)
and coinv(S) above, the inner sum corresponding to 7' can be rewritten as
Z X|S|qmaj(S)tcoinv(S’)(_t)neg(S’) — qumaj(T)tcoinv(T) Z qsmaj(S)tscoinv(S)(_t)neg(S’).

SGNAF[n]i (™) SeNAF[n]i (™)
|S|=T IS|=T

Let u € dg(u) such that T'(u) # T'(d(u)) or w is in row 1. Then, in any signed filling S
with |S| =T, the box u does not contribute to smaj(S), and any triple (u,v,w) does not
contribute to scoinv(S). The entry in box u contributes to neg(S) if and only if u € [n]_.

Now, let u € dg(u) such that T(u) = T(d(u)), and let S be a signed filling with
|S| =T. The box u contributes to smaj(.S) if and only if xs(u)s(iw)) = 1, which occurs if
and only if S(u) € [n]_. Moreover, any triple (u,v, w) contributes to scoinv(S) if and only if
XS(u)S(w)S(w) = 0, which occurs if and only if S(u) € [n]-. Recall that there are arm(u) such
triples (u,v,w). Finally, the entry in box u contributes to neg(S) if and only if S(u) € [n]_.

Note that all of these contributions only depend on the sign of the entry in box u, and
are independent of the signs of the entries in other boxes. Therefore, we can factor the sum
over all S with |S| =T as a product over all boxes u € dg(u). If T'(u) # T(d(u)) or u is in
row 1, the contribution from box w is

1+ (—t)=1-t,
while if T'(u) = T'(d(u)), the contribution from box wu is
14 girlesl@am) (_gy — 1 _ glHes(wyltam(),
Therefore, the inner sum corresponding to a fixed T' € NAF,; (1) is
> o) gscoinv(S) (_pyneg(S) I a- giies(w)iram(u)) I a-v,
SENAF 1, (k) u€dg(p) uedg(p)

|S|=T T(w)=T(d(w)) T(w)#T(d(u)) or w in row 1

and adding over all T' € NAF,; (1) gives the desired result. O

3.3.3 Symmetric Macdonald polynomials P,

Recall that the symmetric Macdonald polynomials P, are a family of polynomials indexed
by partitions p. The integral form Macdonald polynomials J, is a scalar multiple of P,,
with relationship given by (2.2):

Ju(x;9,t) = cu(q, t)Pu(x; 4, 1),
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where the normalization factor c,(g,t) is given in (2.1).

Therefore, from (3.16), we obtain a tableaux formula for P, as

1-t¢

d (qat) j inv
Pu(xiq,t) =08 30 xlgmi®peem® T — s girarm(u)”

Cu(qat) TeNAF [, (1) (%i:ggﬂz )
T(u)#T(d(u

where the factor d,(g,t) is given in (2.4).

The normalization factors make this formula less appealing. See [CHMMW22, Section 4],
[Man25a, Section 5] and [Man25b] for more details and other tableaux formulas for P,.

3.3.4 Permuted-basement Macdonald polynomials E¢

Recall that the permuted-basement Macdonald polynomials EJ are a family of polynomials
indexed by a composition « and a permutation o. Ferreira [Ferll, Definition 4.4.2] gives a
tableau formula for permuted-basement Macdonald polynomials E? as

1-t¢

O (. _ T maj(T inv(T
Ea (X, a, t) - Z X q AU )tCO @ H 1— q1+|eg(u)t1+arm(u) ’ (317)
TENAF ) (,0) uedg(a)
T(w)#T(d(u))

3.3.5 Integral form permuted-basement Macdonald polynomials £

Recall that the integral form permuted-basement Macdonald polynomials £ are defined in
(2.5) by

E5(%;9,t) = ( II - q”'eg(“)t”a'"‘(“))) EZ(x;4,1).
u€dg(a)
Therefore, from (3.17), we obtain a tableaux formula for £7 as
Sg(X; q, t) — Z XTqmaj(T)tcoinv(T) H (1 _ q1+leg(u)t1+arm(u)) H (1 _ t). (318)

TeNAF [, (a,0) u€dg(a) u€edg(a)
T'(u)=T(d(u)) T'(u)#T (d(uw))

Note the similarity of (3.18) for the integral form permuted-basement Macdonald

polynomials £ with (3.16) for the integral form symmetric Macdonald polynomials J,, the
third of three formulas for J, given in Section 3.3.2.
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We can repeat the arguments used in Propositions 3.5 and 3.4 (in reverse order) to
obtain formulas for £J that are similar to (3.13), the second formula for J,, and (3.12),
the first formula for J,,. The arguments are nearly identical, with some minor adjustments
to account for the basement ¢ and to account for the reverse order of the steps. We
nevertheless fully reproduce them below for self-containment.

Proposition 3.6. For a composition a = o ..., and a permutation o of [n], the integral
form permuted-basement Macdonald polynomial E2(x;q,t) can be expressed as a sum over
all non-attacking augmented fillings using the signed alphabet [n]+,

gg (X; q, t) — Z X|T|qmaj(T)tcoinv(T) (_t)neg(T). (319)
TENAF[H]i (a,0)

Proof. Let S € NAFp,), (i, 0) be a non-attacking signed augmented filling, and let |S| €
NAF, (1, o) be the non-attacking unsigned augmented filling obtained from S by taking
the absolute value of each entry.

For any triple (u,v,w), since u attacks v and v attacks w, the non-attacking condition
forces |S(u)| # |S(v)| and |S(v)| # |S(w)|. Define the absolute coinversion number
acoinv(.S) to be the number of coinversion triples (u,v,w) in S for which |S(u) # |S(w)|
(and consequently |S(u)|, |S(v)|, and |S(w)| are all distinct). Define the signed coinversion
number scoinv(S) to be the number of coinversion triples (u,v,w) in S for which |S(u)| =
|S(w)|. Then, we have

coinv(S) = acoinv(S) + scoinv(.5).

Note that, since Xapa = Xab + Xba — Xaa = 1 for all distinct a, b € [n], we have scoinv(|S|) =0
and consequently acoinv(S) = acoinv(|S|) = coinv(]S]).

Similarly, define the absolute major index amaj(S) and the signed major index smaj(S)
by

amaj(9) = > (1+4leg(u)) and smaj(S) = > (1+leg(u)).
u€Des(S) u€Des(S)
5 (u)|#1S (d(w))] |5 (w)|=IS(d(w))]

Then, we have
maj(S) = amaj(S) + smaj(.5).

Note that, since x,, = 0 for all a € [n]+, we have smaj(|S|) = 0 and consequently

amaj(S) = amaj(|S]) = maj(|.5])-
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We group the augmented fillings S € NAF,, (#,0) by their absolute augmented filling
|S| to rewrite the right-hand side of (3.19) as

Z Z X|S|qmaj(S)tcoinv(S) (—t) neg(S) )
TeNAF[n] (m,0) SENAF[n]i (u,0)
|S|=T

Fix a non-attacking unsigned augmented filling T' € NAF, (1, o). Using the decompositions
of maj(S) and coinv(S) above, the inner sum corresponding to T' can be rewritten as

Z X|S|qmaj(S)tcoinv(S) (_t)neg(S) — qumaj(T)tcoinv(T) Z qsmaj(S)tscoinv(S) (—t) neg(S) .

SENAF,), (1,0) SENAF [, (1,0)
|S|=T |S|=T

Let u € c/lé(,u, o) such that u is in row 0. Then, in any signed augmented filling S with
|S| = T, the box u does not contribute to smaj(.S) since there are no descents in row 0,
neither to neg(S) since the basement entries are entries of o and thus positive. Moreover,
there are no triples (u,v,w) with u in row 0, so there is no contribution to scoinv(S) from
such boxes.

Let u € dg(u) such that T'(u) # T'(d(u)). Then, in any signed augmented filling S
with |S| = T, the box u does not contribute to smaj(S), and any triple (u,v,w) does not
contribute to scoinv(S). The entry in box u contributes to neg(S) if and only if u € [n]_.

Now, let u € dg(u) such that T'(u) = T'(d(u)), and let S be a signed augmented filling
with |S| = T. The box u contributes to smaj(S) if and only if xsw)s(d)) = 1, which occurs
if and only if S(u) € [n]_. Moreover, any triple (u,v,w) contributes to scoinv(S) if and
only if Xsw)sw)sw) = 0, which occurs if and only if S(u) € [n]-. Recall that there are
arm(u) such triples (u,v,w). Finally, the entry in box u contributes to neg(S) if and only
if S(u) € [n]_.

Note that all contributions to smaj(S), scoinv(S), and neg(S) are counted exactly once
in the cases above, and their contributions only depend on the sign of the entry in box
u. Therefore, we can factor the sum over all S with |S| = T as a product over all boxes
u € dg(p) (which excludes row 0, because there is no choice of sign and no contribution
from those boxes). If T'(u) # T'(d(u)), the contribution from box wu is

1+ (—t)=1-t,
while if T'(u) = T'(d(u)), the contribution from box wu is

1+ q1+|eg(u)tarm(u)(_t) =1— ql—i-leg(u)tl-i-arm(u).
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Therefore, the inner sum corresponding to a fixed T' € NAF (i, o) is

Z qsmaj(S)tscoinv(S)(_t)neg(S) — H (1 _ q1+leg(u)t1+arm(u)) H (1 _ t),

SENAF[n]i(.u"G) uedg(,u) uedg(u)
|S|=T T'(u)=T(d(v)) T'(u)#T (d(uw))
and adding over all T € NAF,; (i, o) gives the desired result. O

Proposition 3.7. For a composition @ = o ... a, and a permutation o of [n], the integral
form permuted-basement Macdonald polynomial E2(x;q,t) can be expressed as a sum over
all augmented fillings using the signed alphabet [n].,

gg(x; q, t) — Z X|T|qmaj(T)tcoinv(T)(_t)neg(T). (320)
TGF[n]i (a,a)

Proof. We define a sign-reversing involution on the set of attacking augmented fillings in
Finje (@,0) \ NAF[, . (o,0). Recall that, in [n]y, wehave 1 <1 <2<2< .- <n <,
which has the useful properties given in (3.14) and (3.15).

Given an attacking augmented filling T’ € Fp,, (o, o) \NAF,, (o, 0), let a be the smallest
label which is the absolute value of two attacking entries in 7', which exists since T is
attacking. Let v be the earlier box (in reading order) with entry of absolute value a that
is attacked by another box with entry of absolute value a. Let u be the earlier box (in
reading order) which attacks v and has absolute value a. Since the entries in row 0 are the
basement entries given by o, which are all distinct and positive, we have that u is not in
row 0. Define 7" to be the filling obtained from T' by switching the sign of the entry in box
u. Since u is not in row 0, 7" has basement o. Then, 7" is an attacking augmented filling
in Fp,), (o, 0) \ NAF,), (o, 0).

Since the definitions of a, v and u only depend on the absolute values of the entries in
T, we have that applying the same procedure to 7" returns T'. Hence, the map T +— T" is
an involution.

Without loss of generality, assume that T'(u) = a and T"(u) = a. We have x7'l = x/7!
and neg(T") = neg(T) + 1.

I claim that Des(T") = Des(T'), which implies that maj(7") = maj(T"). Let w be the box
directly above wu, if it exists. For any box b ¢ {w,u}, the fillings T" and 7" agree on the
entries in boxes b and d(b), so b is a descent in T if and only if it is a descent in 7". For
w, if it exists, we can apply (3.14) to conclude that w is a descent in T if and only if it
is a descent in 7”. For u, note that d(u) is attacked by v and is earlier than v in reading
order. Therefore, by minimality of v, we have |T'(d(u))| # a, so we can apply (3.15) to
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conclude that u is a descent in T if and only if it is a descent in 7”. Thus, we have shown
that Des(T”) = Des(T"), which implies that maj(7”) = maj(T).

I claim that inv(7T") = inv(T") + 1. Using Proposition 3.2, since Des(T") = Des(T), it
suffices to show that |IP(7")| = |IP(T)| + 1. Any pair of attacking boxes that does not
involve box wu is an inversion pair in 7 if and only if it is an inversion pair in 7. Moreover,
by (3.14), any box b that attacks u forms an inversion pair (b,u) in T if and only if it
forms an inversion pair (b,u) in 7". Consider a box b that is attacked by w. If b = v, then
(u,v) is an inversion pair in 7" but not in 7. If b # v, then by minimality of u, we have
|T'(b)| # a, so by (3.15), (u,b) is an inversion pair in 7' if and only if it is an inversion
pair in 7”. Therefore, IP(7”) has exactly one more inversion pair than IP(T"), namely (u,v),
which proves the claim. Consequently, coinv(T”) = coinv(T") — 1.

Putting this together, we have
x|T1|qmaj(T/)tcoinv(T')(_t)neg(T') _ X|T|qmaj(T)tc°inv(T)_1(—t)neg(T)+1

— _X|T|qmaj(T)tcoinv(T) (_t)neg(T),

which implies that

Z x|T|qmaj(T)tcoinv(T)(_t)neg(T) =0.
TGF[n]i (OL,O')\NAF[TL]:E (a,a’)

and consequently

Z x|T|qmaj(T)tcoinv(T) (_t)neg(T) — Z X|T|qmaj(T)tcoinv(T) (_t)neg(T) )
TEF[n]i(a7o) TENAF[n]i(OL,O')
The right-hand side equals £J(x; q,t) by Proposition 3.6, so the result follows. O]
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Chapter 4

Bijective combinatorics for
Macdonald polynomials

This chapter is split into two sections. Section 4.1 provides bijections on non-augmented
fillings to obtain formulas for the modified Macdonald polynomials H (X5 ¢,t). Section 4.2
provides bijections on augmented fillings to obtain formulas for the permuted-basement
Macdonald polynomials E?(x;q,t).

_ InSection 4.1, we study a rearrangement property of the modified Macdonald polynomials
H,(x;q,t), Theorem 4.14, which states that, for any partition y and any rearrangement o
of p,

Z qmaj(T)tinv(T)xT — Z qmaj(T)tinv(T)XT. (41)
TeFz, o (1) T€Fz0(0)

The left-hand sum over F;_, (1) is the celebrated combinatorial expression for H,(x; g, )
from [HHLO5] (see Section 3.3.1), where they show that the sum satisfies the conditions
of Proposition 2.4. In [HHLO08|, the rearrangement property was established by proving
that the right-hand sum over F;_, () is also equal to H,(x;q,t), by showing that it also
satisfies the conditions of Proposition 2.4.

We present a bijective proof of (4.1), without going through the algebraic characterization
of H .(%;¢,t) from Proposition 2.4. The key step is Theorem 4.12, which guarantees the
existence of a bijection ¢: F(a) — F(s;-«) that preserves the content, the inversion number,
and the major index. An auxiliary bijection ¥: F4(a) — FA(s; - @) is also defined, that
preserves content but changes inv and maj in a controlled way, as specified in Theorem 4.13.

In Section 4.2, we prove Theorem 4.15, which gives an identity for permuted-basement
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Macdonald polynomials of the form
E(x;0,t) = EJ%(%54, 1) + Cao,i(a, 1) EY o (%5 6, 2), (4.2)

whenever a; > a;41, where ¢, 4i(g,t) is an explicit rational function in ¢ and t.

We present a bijective proof of (4.2). We use the bijection ¢ on non-augmented fillings
from Section 4.1 and an auxiliary bijection 1 as a building blocks for a bijection on
augmented fillings that implies (4.2).

4.1 Bijections on non-augmented fillings and the rear-
rangement property of H,

In this section, we define the bijection ¢: F(a) — F(s; - a) that preserves the statistics
inv and maj. We assume «; # a;;1 throughout this section, since the case a; = a;,1 has
a = s; - o and the identity map serves as a suitable choice for ¢.

There are two equivalent constructions of such bijections ¢. The first construction
partitions the filling into blocks and decides how to transform each block based on local
conditions. The second construction is a reinterpretation of an iterative row-by-row
algorithm defined by Kim, Lee, and Oh [KLO22|. Each construction has its advantages, and
we include both for completeness. We prove that both algorithms coincide in Section 4.1.3,
and then prove that ¢ satisfies the desired properties in Section 4.1.4 using the first
construction.

As an auxiliary construction, we also define another bijection 9: F(a) — F(s; - @) that
changes the statistics inv and maj in a controlled way, as specified in Theorem 4.13. This
secondary map % is a crucial contribution of [KLO22|, since ¥ will play a central role in
Section 4.2.

Both of ¢ and % follow a very rigid structure. For a non-augmented filling T € F(«)
mapped to a filling U € F(s; - &) by one of these maps, then: all columns except ¢ and ¢ + 1
are identical in 7" and U, that is,

T(j,r) =U(j,r) forall je[n]\{ii+1}and all r € [o;]; (4.3)

and the entries in each row 7 € [max(a;, @;1)] of columns 7 and i+ 1 in T and U are the
same, that is,

{T@,r), TG+ 1,r)}={UG,r), UG+ 1,7)} forall re [max(ay, ait1)] (4.4)
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We refer to these as the local restrictions.

When r > min(a;, a;41) in (4.4), exactly one of the two entries involved is undefined in
each filling, so the condition should be interpreted as stating that the defined entry in T is
copied to the corresponding defined position in U.

By requiring that ¢ and v satisfy these local restrictions, the only remaining freedom in
determining ¢ and 1 is to decide, for each r € [min(a;, a;+1)], whether to set

(UG, n),UG+1,7)) = (TG,r),T(i+1,7)) or
(UG, UG+1,m)) = (TG +1,7),T(,7)).

In the first case, we say the entries of 7' and U in row r of columns 7 and 7 4+ 1 are not
swapped; in the second case, we say they are swapped. Below, we present two different
algorithms to decide, for each r € [min(a;, a;+1)], whether the entries in row 7 of columns
1 and ¢ 4+ 1 are swapped or not swapped. See Figure 4.1 for an illustration of the local
restrictions.

$ory

//////

{1
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Figure 4.1: Illustration of the local restrictions for ¢ and 1. The blue region (}/7]) indicates
the fixed columns j ¢ {i,7 + 1} from (4.3). The magenta region (|

shows the rows
r > min(a, @;+1) where the unique defined entry is copied. The green region ([ ]) marks
the rows r < min(a;, a;+1) where the entries may be kept or swapped according to (4.4).

~—

4.1.1 Block structure algorithm
Let h = min(ay, a;41). For the block structure algorithm, we split the rows [h] into intervals,

called blocks, and then decide, for each block, whether to swap all its rows or not swap all
its rows.
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To define the blocks, we define a criterion for when two consecutive rows are grouped
together. Since our goal is to construct bijections that preserve the inversion statistic inv
and inversion triples occur between two consecutive rows, the condition we use is based on
the behavior of x on four elements. Before proceeding, we prove some properties of x when
applied to four elements a,b,c,d € A.

Proposition 4.1. Let a,b,c,d € A be four elements of an alphabet A. Then,
Xad + Xbe — Xac — Xbd € {—1, 0, 1}

Proof. Since xy € {0,1} for all z,y € A, it’s immediate that the expression only take values
in {—2,—-1,0,1,2}. For its absolute value to be 2, we need Xaq = Xoc = 1 — Xac = 1 — Xpa-
This impliesthat a > d>b>c>aora < d < b < ¢ < a; either way, we get a = b =c = d,
for which the expression evaluates to 0, a contradiction. Thus, the expression only take
values in {—1,0,1}. O

For distinct elements a, b, c,d € A, the value of X.q + Xte — Xac — Xpa €quals 0 if and only
if, when placing the four elements on a line in increasing order and drawing arcs between a
and b, and between ¢ and d, the arcs do not cross. See Figure 4.2 for two examples. We
have Propositions 4.2 and 4.3 that give some other equivalent characterizations of whether
the expression is 0 or +1, which work even when the elements are not distinct.

~ 7S

w w w w 1 1 1 1
a=1 ¢c=2 d=3 b=14 a=1 ¢c=2 b=3 d=14

(@) X134+ Xx42 — x12 — X43 =0 (b) x14 + x32 — X12 — X34 =1

Figure 4.2: Interpretation of X.q + Xsc — Xac — Xoa for distinct a, b, ¢, d as crossing or non-
crossing arcs.

Proposition 4.2. Let a,b,c,d € A. The following statements are equivalent:

(I) Xad + Xbec — Xac — Xbd = 0;'
(II) Xabc = Xabds
(III) Xacd = Xbed-

Proof. Expanding the definition of x,., Item (II) is equivalent to Xa» + Xoc — Xac =
Xab + Xbd — Xad, Which rearranges to Item (I). The equivalence between Item (III) and
Item (I) is analogous. O
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Proposition 4.3. Let a,b,c,d € A. The following statements are equivalent to the negation
of those in Proposition 4.2:

(IV) Xad + Xbe — Xac — Xbd — :l:].,
(V) Xad + Xbe + Xac + X 15 0dd;
(VI) Xabe = Xbed = Xade 0N @ 7é b and c 7é d;

Proof. The equivalence between Item (IV) and the negation of Item (I) is immediate from
Proposition 4.1, as well as the equivalence between Item (IV) and Item (V) using modulo 2.
Computational verification shows that Item (IV) and Item (VI) are satisfied for exactly the
same relative configurations of a, b, ¢, d, namely one of the following 40 configurations:
atce>bEd, a=c>b=d, bEfd>atec b=d>a=c,
ate>b>d, a=c>d>b b>a=c>d, b>d>ax
d>aXc>b d>b>a=c¢, aZd>bZc, a=d>b=c,
bfc>atd b=c>a=d, a>b=c>d, a>d>b=Zc,
bfc>a>d, b=c>d>a, d>a>b=c, d>bZc>a,
afd>b>c, a=d>c>b b>a=d>c, b>c>axd,

c>aXd>b c¢>b>a=d, a>b=d>c, a>c>bxd,

bfd>a>c, b=d>c>a, c>a>b=d, c>bid>a,
a>c>b>d, a>d>b>c, b>c>a>d, b>d>a>c,

c>a>d>b, c>b>d>a, d>a>c>b, d>b>c>a,

where z £y meansz =y € A, andz = ymeansz =y € A_. O

Let re[h—1]. Let a=T(i,r+1),0=T@GE+1,7+1),c=T(,r),and d=T(i + 1,7).
We say that rows r and r + 1 of T' are not intertwined if a,b, c,d satisfy the equivalent
conditions of Proposition 4.2, and intertwined if they satisfy the equivalent conditions of
Proposition 4.3. Note that the condition is invariant under swapping a with b, as well as
invariant under swapping c with d.

The interval of rows [h] is uniquely partitioned into intervals, called blocks, such that two
consecutive rows in the same block are intertwined, and two consecutive rows in different
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Figure 4.3: Columns ¢ and ¢ + 1 of a filling T with three blocks.

blocks are not intertwined. The partition of [h] into blocks is called the block structure (of
columns i and i + 1) of the filling T'. Figure 4.3 shows a filling and its blocks.

Note that, if the two entries of row r of columns ¢ and ¢ + 1 in T are equal, then rows
r — 1 and r are not intertwined, and rows r and r + 1 are not intertwined (if these rows
exist). Therefore, such row 7 forms a block of size 1 by itself, and swapping or not swapping
it has the same effect.

Let’s interpret the intertwining condition via Item (VI) of Proposition 4.3. The number
Xabe 18 the indicator of whether the triple (¢, +1), (i + 1,7+ 1), (¢,7) is a Type A inversion
triple in 7. The number x4 is the indicator of whether the triple (i+1,7+1), (¢,7), (i+1,7)
is a Type B inversion triple in U if rows r and r 4+ 1 are not swapped. The number 4. is
the indicator of whether the triple (¢, + 1), (¢ + 1,7), (i,7) is a Type B inversion triple in
U if rows r and r + 1 are swapped.

Therefore, if we require that rows in the same block are either all swapped or all not
swapped in U, then we guarantee that the number of inversion triples within each block is
the same in T and U, regardless of whether the block is swapped or not swapped.

The remaining freedom is to decide, for each block, whether to swap it or not swap it.
We use this freedom to guarantee that the number of inversion triples between different
blocks is also the same in 7" and U.

Consider a block [ry, 9] of T'. Let

€1 :T(iar2+1)’ €2 :T(7’+17T2+1)7

a = T(’L, T'Q), b= T(l + 1,7"2), (45)
C:T(’l,’f‘l), d:T(z+1,r1),
fi=T(,m1 —1), and fo=TG+1,m —1).
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Edge cases are when the block is the bottommost one, i.e. r; = 1, in which case f; = fo = c©
by convention; and when the block is the topmost one, i.e. ro = h, in which case one of ey, es
is undefined. For any well-defined e € {e1,ex} and f € {f1, fo}, we say that (a,b,c,d, e, f)
are signature entries of the block. We remark that a block may have multiple choices of
signature entries. See Figure 4.4 for an illustration of the entries a, b, c,d, e1, €3, f1, fo.

€1(€2
alb

c|d
filf2

Figure 4.4: A block of a filling T, with the entries a, b, ¢, d, ey, €2, f1, f> indicated. Any of
the four tuples (a,b,c,d, e, f1), (a,b,c,d, e1, f2), (a,b,c,d, es, f1), and (a,b,c,d, eq, f>) are
signature entries of the block, as long as the entries are well-defined.

If the block is not the bottommost one, then rows r; — 1 and r; are not intertwined.
Therefore, c,d, f1, fo satisfy the equivalent conditions of Proposition 4.2, in particular,
Xcdfi = Xecdf,- 1f the block is the bottommost one, then we have X4, = Xcif, = Xca DY
convention (as expected from f; = fo = 00). Therefore, in all cases, the value x.q4 doesn’t
depend on the choice of f € {fi, fo}.

If the block is not the topmost one, then rows r, and ro+1 are not intertwined. Therefore,
a,b, ey, es satisfy the equivalent conditions of Proposition 4.2, in particular, Xe,qsb = Xeqab-
If the block is the topmost one, then exactly one of e; and e, is defined, so there is no
ambiguity in choosing e and in computing X..,- Therefore, in all cases, the value Yeq
doesn’t depend on the choice of e € {e1,es} (as long as e is defined).

In all cases, the values x.4r and x.q, are uniquely defined for a block, independently of
the choice of signature entries (a, b, c, d, e, f).

Definition 4.4 (The bijection ¢ via blocks). Let T' € F(a). We define U = ¢(T') € F(s; - o)
by requiring the local restrictions (i.e., (4.3) and (4.4)) and requiring that, for each block
of T' with signature entries (a, b, c,d, e, f), the rows of the block are swapped in U if and
only if

Xcdf 7é Xeab-

Definition 4.5 (The bijection 1 via blocks). Let T' € F(«). We define U = ¢(T') € F(s;- )
by requiring the local restrictions (i.e., (4.3) and (4.4)) and requiring that, for each block
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of T' with signature entries (a, b, c,d, e, f), the rows of the block are swapped in U if and
only if
Xcdf 7 Xeab X¥Or  (the block is the bottommost block),

where xor denotes the exclusive or operation, whose result is true if and only if an odd
number of its operands are true.

To make things explicitly, both ¢ and 1 swap a non-bottommost block if and only
if Xcaf # Xear- The difference is in the bottommost block, which ¢ swaps if and only if
Xcd # Xeab, While ¥ swaps it if and only if X.qg = Xeap-

Figure 4.5 shows the image of the filling in Figure 4.3 under the map ¢, following this
definition.

7 [3]

: i ? } not swapped, since x415 = 1 = X325

1815

s |6|1| ; swapped, since x258 = 0 # 1 = X374

2|73

114 (6| > not swapped, since Y4600 = 0 = X746
i i+1

Figure 4.5: Columns ¢ and ¢ 4 1 of the filling U derived from the filling T" in Figure 4.3.

In Propositions 4.8 and 4.9 and Theorem 4.12, we prove that ¢ is a bijection that
preserves content, inv, and maj. Let’s highlight the parts that are straightforward from the
definition via blocks.

We verify that both ¢ and 1 are bijections by noticing that ¢(¢(T")) = T and ¥ ((T)) =
T. The local restrictions guarantee that content(7') = content(U).

Moreover, it is straightforward to verify that the number of inversion triples within
columns 7 and ¢ + 1 is the same in 7" and ¢(7"), since the number of inversion triples within
each block is preserved, and the choice of swapping or not swapping each block is made
precisely to ensure that the number of inversion triples between different blocks is also
preserved. It is not hard to see that this implies that inv(T") = inv(¢(T)).

The fact that maj(T") = maj(¢(T)) is less straightforward, since we haven’t made
any direct attempt to control the major index in our definition of ¢. We prove this in
Theorem 4.12.
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4.1.2 Row-by-row algorithm

It turns out that the bijections ¢ and 1) are the same as the bijections defined in [KLO22]. In
this subsection, we present a reinterpretation of the algorithm from [KLO22]. Instead of the
twelve cases in [KLO22], we compactify the algorithm into four cases that are characterized
by the relationships among the indicators Xus, Xacs Xad, Xbes Xbds Xed-

Let h = min(a;, a;41). Let T € F(a). We describe the algorithm to compute U = ¢(T')
or U = ¢(T). The algorithm uses a coin with two sides, and @, as a bookkeeping
device. Each row from 1 to h is, at some point of the algorithm, assigned a coin value in

{. @} Initially, assign the coin value of row 1 to be if computing U = ¢(T'), or @
if computing U = ¢(T"). We denote by coin, the coin value assigned to row 7.

In addition to the coin value, each row from 1 to h is labeled from {N,S,C}. A label of
N means the entries in row 7 of columns ¢ and ¢+ 1 in 7" and U are not swapped; a label of
S means they are swapped; and a label of C indicates that the behavior for row r should
copy the behavior for the row above it. We denote by label, the label assigned to row r.

We process the rows iteratively from row 1 up to row h. For each r € {1,2,...,h — 1},
we assume that the coin value coin, has already been assigned. Let a = T'(i,r + 1),
b=T(+1,r+1),c=T(,r),and d = T(i + 1,7). Note that Xea = Xbec # Xac = Xpd 1S
impossible by transitivity, thus X.q + Xse — Xac — Xpa € {1,0,—1}.

Case I. If xuq + Xoe — Xac — Xoa = E1, (cases 3, 4, 9, 10 in [KLO22]), then set label, = C.
Moreover, set coin,,1 = coin, if Xa = Xca (cases 3, 9 in [KLO22]), and set coin,.; #
coin, if Xap # Xea (cases 4, 10 in [KLO22)).

Case IL. If X4c = Xad = Xpe = Xba (cases 1, 2, 11, 12 in [KL.O22]), then set label, = N if
coin, = (¢), and set label, = S if coin, = @ Moreover set coin,11 =

Case III. If Xac = Xbe & Xad = Xba (cases 7, 8 in [KLO22]), then set Iabel = s if
coin, = (¢), and set label, = N if coin, = @ Moreover, set coin, 1 =

Case IV. If Xac = Xad 7 Xoe = Xba (cases 5, 6 in [KL022]) then set IabeI = N if
coin, = (¢), and set label, = S if coin, = @ Moreover, set coin, 1 =

Finally, we process row r = h, assuming that the coin value coin;, has already been
assigned. Let a =T(i,h+1)if h=0a;41 <a;ora=T(i+1,h+1)if h = a; < a1, i€, a
is the only entry in row h + 1 and in one of the two columns i or ¢ + 1. Let ¢ = T'(i, h), and
let d=T©G+1,h).

Base I. If x4 # Xad, then set label, = S if coin, = , and set label, = N if coin, = @
Base II. If x,. = Xa4, then set label, = N if coin, = , and set label, = S if coin, = @
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Definition 4.6 (The bijections ¢ and v via the row-by-row algorithm). Let T' € F(«). The
row-by-row algorithm described above, with initial coin value (resp. @), produces a
label for each row r € [h]. We define U = ¢(T) € F(s; - a) (resp. U = %(T) € F(s; - @))
by requiring the local restrictions (i.e., (4.3) and (4.4)) and requiring that, for each row
r € [h],

o if row r is labeled N, then row r is not swapped in U;

o if row r is labeled S, then row r is swapped in U,

o if row r is labeled C, then row r copies the behavior of the nearest row above r labeled
NorS.*

Refer to Figure 4.6 for an example of the row-by-row algorithm, with the same input
filling as in Figure 4.3. Note that the output filling in Figure 4.6 is the same as the output
filling in Figure 4.5, confirming that the definitions of ¢ in Definitions 4.4 and 4.6 agree on
this example.

3 3
(¥)| 2|5 |N byBasel 215
4(1|C by Casel 41
@ 5|8|S by Casell 815
)| 1|6|C by Casel 61
)| 3|7|C by Casel 713
46 |N by CaseIV 46

i itl i itl

Figure 4.6: On the left, columns ¢ and ¢ + 1 of a filling 7', with the coin values and labels
assigned by the row-by-row algorithm when computing U = ¢(T'). On the right, columns &
and i 4 1 of the resulting filling U = ¢(T'), following the labels.

The row-by-row algorithm may be described recursively instead of iteratively.

Let T € F(a) with A = min(a;,@;41). Assign the coin value of row 1 to be if
computing U = ¢(T), or @ if computing U = ¢(T). If h = 1, then assign the label of this
row according to Base I or II. Otherwise, assign the label of row 1 and the coin value of
row 2 according one of Cases [-IV. Remove the first row to obtain the sub-filling 7”7, and
apply the algorithm recursively to 7" with this new coin value, obtaining the labels for rows

*Note that since row h is always labeled N or S, there is always a row above r labeled N or S.
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2,...,h. Once all labels are determined, construct U in a final pass by applying the rules
for N, S, C as before.

It is straightforward to verify that both the iterative and recursive descriptions of the
algorithm are equivalent. This recursive interpretation is particularly useful for proving
properties about the bijections ¢ and v, as it allows us to use induction on the number of
rows in the filling.

4.1.3 Equivalence of the two definitions

In this subsection, we show that the block structure algorthm and the row-by-row algorithm
define the same bijections ¢ and . We achieve this goal by applying the row-by-row
algorithm and analyzing its behavior on each block.

Proposition 4.7. The definitions of ¢ and v wvia blocks (Definitions 4.4 and 4.5) are
equivalent to the definitions of ¢ and i via the row-by-row algorithm (Definition 4.6),
respectively.

Proof. Let ¢ be defined as in Definition 4.6. We show that ¢ satisfies the conditions
in Definition 4.4. Let T' € F(a). Consider a block [r1,rs] of T" with signature entries
(a7b’c7d’ e?f)'

First, if r; > 1, consider the row-by-row algorithm at row r; — 1, and let’s compute the
coin value for row r;. Since r; — 1 and r; are not intertwined, we are in Case II, III, or IV.
Therefore, we have

coin,, = if and only if x.r — xar = 0. (4.6)
If r; = 1, then by definition, coin,, = , and by convention, x.r — x4 = 0 since f = oo.
Thus, (4.6) holds independently of whether 7, =1 or r; > 1.

Second, for each r € {ry,r; +1,...,75 — 1}, since rows r and r + 1 are intertwined, the
row-by-row algorithm falls into Case I, label, = C. Thus, the rows in the block all copy the
behavior of row 75 and the label of row 5 determines whether the block is swapped or not
swapped, that is, the entire block is swapped if and only if label,, = S.

Moreover, coin,;; = coin, if and only if X7(r+1)7(i+1,r41) = XT(,r)TG+1,r)- Stringing
these together, we have

coin,, = coin,, if and only if xa — Xea = 0. (4.7)
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Third, consider the row-by-row algorithm at row r5, and let’s compute the label for row
ro. If 7o = h, then we are in Base I or II, otherwise, rows 7 and ry + 1 are not intertwined,
and thus we are in Case II, III, or IV. In all of these cases, we have

label,, =S if and only if (Xes — Xe» = 0) xor (coin,, = @), (4.8)

where xor denotes the exclusive or operation, whose result is true if and only if an odd
number of its operands are true.

Finally, using that coin,, = (¢) if and only if (coin,, = coin,, ) xor (coin,, = (¢)), we have

label,, =S <= (Xea — Xe» = 0) xor (coin,, = coin,, ) xor (coin,, = (§))
<= (Xea — Xeb = 0) x0T (Xab — Xca = 0) x0r (Xcf — Xar = 0)
<> Xea — Xeb + Xab — Xed + Xef —Xag =1 (mod 2)
< Xeab 7 Xedf-

which is the same swapping condition as in Definition 4.4. Therefore, the two definitions of
¢ are equivalent.

The analysis for v is analogous. For 1, (4.6) becomes
coin,, = if and only if (X, — Xar, = 0) xor (r; = 1),
while (4.7) and (4.8) remain unchanged. Therefore, the conclusion becomes
label,, =S <= (Xeyab # Xcaf,) X0r (11 = 1),

which is the same swapping condition as in Definition 4.5. Therefore, the two definitions of
1) are equivalent. O

4.1.4 Properties of ¢ and v via the block structure algorithm
As an abuse of notation, let ¢ denote both the function ¢: F(a) — F(s;-«) and the function
¢: F(si-a) = F(a). The intended use of ¢ is always clear from the shape of the input
filling.

Proposition 4.8. The maps ¢: F(a) — F(s; - a) and ¢: F(s; - o) = F(a) are inverses of
each other. Moreover, ¢ is a bijection.
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Proof. Let T € F(a). Let U = ¢(T') and T" = ¢(U). Since the condition of two rows being
intertwined only depends on the set of entries in two rows, not the order of the entries,
the block structure of T', U, and T” are the same. Let [ry, 73] be a block of T' € F(a) with
signature entries (a, b, c, d, e, f).

If a = b or ¢ = d, then the block consists of a single row, since a row of equal entries
cannot be intertwined with any other row. Therefore, the columns ¢ and ¢ + 1 of this row
are identical in T, U, and T". Thus, we may assume that a # b and ¢ # d.

By Definition 4.4, the rows in [ri,r;] are swapped between T and U if and only if
Xedf 7é Xeab-

If this condition is false, then the rows in [ry, 73] are not swapped between T' and U.
Therefore, [r1,79] is a block of U with signature entries (a, b, ¢, d, e, f), regardless of whether
the blocks immediately above or below are swapped or not. Now, again by Definition 4.4,
the rows in [ry, 72 are swapped between U and T if and only if Xc4 # Xeas, Which is false.
Therefore, the rows in [r1, rs] are not swapped between U and T”, and consequently, 7" and
T’ are identical in this block.

If this condition is true, then the rows in [ry, ro] are swapped between T" and U. Therefore,
[r1,72] is a block of U with signature entries (b, a,d, ¢, e, f), regardless of whether the blocks
immediately above or below are swapped or not. Now, by Definition 4.4, the rows in [ry, 73]
are swapped between U and T if and only if X4c; # Xeba- Because a # b and c # d, we have
Xdef = 1- Xecdf and Xeba = 1- Xeab- Therefore, Xdcf 7é Xeba is eqUivalent to Xecdf 7é Xeabs
which is true. Thus, the rows in [ry, ro] are swapped between U and T”. Since the rows in
[r1,72] are also swapped between T and U, then T" and 7" are identical in this block.

Therefore, for each block of T, the corresponding block of 7" is identical. All other
entries of T' and T” outside of blocks are equal by the local restrictions. Thus, "= T", and
consequently ¢: F(a) — F(s; - @) is the inverse of ¢: F(s; - ) — F(a). Since ¢ has an
inverse, it is a bijection. m

Proposition 4.9. The maps ¥: F(a) = F(s; - @) and ¢: F(s; - @) = F(a) are inverses of
each other. Moreover, ¥ is a bijection.

The proof of Proposition 4.9 is analogous to the proof of Proposition 4.8, with a minor
modification to account for the different swapping condition of the bottommost block.

In Theorems 4.12 and 4.13, we describe how the bijections ¢ and v interact with the
statistics inv and maj. Before then, we need Lemmas 4.10 and 4.11 that describe certain
cancelation properties of the leg and arm statistics.
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Given a box u = (j,r), let s; - u = (s;(j),r) be the box obtained by applying the
transposition s; to the column index of u.

Lemma 4.10. Let a be a composition. Let u,v € dg(a) be bozes in columns i and i+ 1,
respectively, such that u,v € dg(s; - ). Then,

leg, (u) + leg,(v) = leg,, o(u) + leg,,.q(v).

Proof. Let u = (i,r) and v = (i + 1,7"). Recall that leg,(¢,7) = a; — r. Therefore, both
quantities are equal to a; + a1 — 7 — 7. O

Lemma 4.11. Let a be a composition. Let u,v € dg(a) be bozes in columns i and i+ 1,
respectively, such that u,v € dg(s; - ). Then,

arm,(u) + arm, (v) = armg,.o(u) + armg,.(v).
Proof. Let u = (i,7) and v = (i + 1,7"). Recall that
army(i,r)={j<i:ao;€fr—1La; — 1|} + {7 >i: 5 € [r,a]}]

Let xs(x) be the indicator function that is 1 if x € S and 0 otherwise. Therefore, for all
both quantities, the contribution from j < ¢ is

Xir—1,0-1 () + X ai01-11 (%) = Xir-1,0051-11(¢%) + X as—11(5),
the contribution from j > ¢4 1 is
X[r,ou)] (aj) + X[T’—l,ai+1](aj) = X[ ,] (aj) + X[’f'—l,aiJrl](aj)’

and the combined contribution from 7 =4 and j = ¢ + 1 is one. Hence, all three quantities
are equal. O

Theorem 4.12 ([KLO22, Proposition 4.3]). The bijection ¢ preserves the statistics maj
and inv; that is, for all T € F(a), if U = ¢(T), then

maj(T") = maj(U) (4.9)

and
inv(T) = inv(U). (4.10)

Kim, Lee, and Oh [KLO22] prove Theorem 4.12 using the row-by-row algorithm. We
provide an alternative proof using the block structure algorithm, which is split into two
parts: (4.9) and (4.10).
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Proof of (4.9). Without loss of generality, assume that o; > ;1. Let T € F(a) and
U = ¢(T). We first study how Des(T") and Des(U) relate to each other.

Clearly, for all boxes u not in columns ¢ or ¢ + 1, we have u € Des(T') if and only if
u € Des(U), by (4.3). Since leg,(u) = leg,,.,(u) for such boxes u, these descents contribute
equally to maj(T") and maj(U). Moreover, for all boxes u = (i,r) with 7 > a;41 + 2, we have
u € Des(T) if and only if s;-u € Des(U), by (4.4). Note that leg,(u) = a; —r = leg,_ ,(s;-u)
for such boxes u, so these descents contribute equally to maj(7") and maj(U). Therefore, it
suffices to show that the contribution to maj from the boxes in columns ¢ and 7 + 1 at rows
2 through a;; + 1 are the same in both 7" and U.

We say that a row 7 € [2, a;11] is balanced in T if both or neither of the boxes (4,7) and
(i + 1,7) are descents of T’ is left-unbalanced in T if (i,7) is a descent of T but (i + 1,7) is
not; is right-unbalanced in T if (i + 1,7) is a descent of T but (,7) is not.

Let r € [2, a;11] be a balanced row in T. Let a = T'(4,7), b=T(i+1,7), c=T(i,7 — 1),
and d =T(i+ 1,7 — 1). The number of descents at row r in 7" is X4 + Xpa € {0,2}. On the
one hand, if rows r and r — 1 have the same swapping behavior in 7" and U, then number
of descents at row r in U is also X4 + X»d, the same as in T'. On the other hand, if rows r
and r — 1 have different swapping behavior between T" and U, then r and r — 1 are not
intertwined in T, SO Xac + Xbd = Xad + Xpe- In this case, the number of descents at row r in
U is given by Xaa + Xbe, Which is equal to x,c + Xpa, the same as in T'. Therefore, for any
balanced row r, the number of descents at row r is the same in 7" and U (either 0 or 2).
Moreover, by Lemma 4.10, these descents contribute equally to maj(7") and maj(U).

Therefore, it suffices to show that the contribution to maj from unbalanced rows in T is
the same as the contribution from unbalanced rows in U. Each of the unbalanced rows in
[2, @41 + 1] will be assigned to a unique block of T', which is not necessarily the block that
contains that row. We describe how the assignment is done.

As an edge case, row «;11 + 1 is assigned to the topmost block. Let r € [2, a;11]. Let
a=T(©G,r),b=TGE+1,7),c=T(,r—1),and d =T (i + 1,7 — 1). See Figure 4.7.

rla|b
r—lcd
i i+l

Figure 4.7: Entries involved in determining the assignment of row r.
First, assume rows r — 1 and r are not intertwined in 7', that is Xac + Xbd = Xad + Xbe-

Note that row r is balanced in T if and only if Xsc = Xad = Xbd = Xpe- ASsume row 7 is
unbalanced in T', so that x..+ xsa = 1. Hence, we also have 44+ Xpc = 1, so independently
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of whether each of the blocks is swapped or not, exactly one of (i,7) and (i + 1,7) is a
descent of U as well. If Xuc = Xad # Xod = Xbe, then the unique descent in 7" and the unique
descent in U are in the column that contains the largest of a and b. In other words, r is
unbalanced on the same side in both 7" and U if r is not swapped between T and U, and r
is unbalanced on opposite sides in T and U if r is swapped between T and U. In this case,
we assign row 7 to the block Bj, which is the block that determines the swapping behavior
of row . Otherwise, if Xac = Xboec # Xad = Xbd, then the unique descent in 7" and the unique
descent in U are in the column that contains the smallest of ¢ and d. In other words, r is
unbalanced on the same side in both 7" and U if » — 1 is not swapped between T and U,
and r is unbalanced on opposite sides in 7" and U if r — 1 is swapped between T" and U. In
this case, we assign row r to the block By, which is the block that determines the swapping
behavior of row r — 1.

Second, assume rows r — 1 and r are intertwined in 7', meaning that both rows belong
to the same block B, and that Xac + Xbd + Xad + Xpe 1S 0dd. we have X,c = Xpq- Using the
fact that x.c + Xod + Xad + Xpe is 0dd, we can conclude that x., = Xxcq in this case, that is,
Xr = Xr—1. If row r is left-unbalanced with respect to 7', meaning that only (i, 7) is a descent
of T (equivalently x,. = 1 and xpq = 0), then we have x, = xs =1 and x,—1 = Xea = 0. If
row r is right-unbalanced with respect to 7', meaning that only (i + 1,7) is a descent of T’
(equivalently x,. = 0 and xpq = 1), then we have x, = xqs = 0 and x,_1 = Xeqg = 1. Note
that we can determine whether such row r is balanced, left-unbalanced, or right-unbalanced
by looking only at x,_; and x,: if x,_1 = X, then row r is balanced; if x,_; = 0 and x, = 1,
then row r is left-unbalanced; and if x,—; =1 and x, = 0, then row r is right-unbalanced.

Let Des(B;T) be the set of descents of T in rows assigned to the block B. We define
the major index contributions of a block B with respect to the fillings 7" and U as

maj(B;T) = > (legy(u)+1),

u€Des(B;T)

maj(B;U) = 3 (leg,.q(u) +1).
u€Des(B;U)

We claim that for every block B, we have maj(B;T) = maj(B;U). Let B = [ry,72] be a
block of T'.

Assume that B is swapped between T and U. Then, if u is a descent assigned to B in
T, then s; - u is a descent assigned to B in U, and vice versa, regardless of whether the
descent is in row 71, row 72 + 1, or any row in between. Since leg,(u) = leg, ,(s; - u) for
all boxes u in columns 7 or ¢ + 1, we have maj(B;T) = maj(B;U) for all blocks B that are
swapped between T and U.
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Now, assume that B = [ry, 73] is not swapped between T" and U, and that it is not the
topmost block. Let (a,b,c,d, e, f) be signature entries of B. This means that Xciq = Xeab
that is,

Xed + Xdf — Xef = Xea + Xab — Xeb-

We know that unbalanced rows r; +1 through ry are assigned to B. Let’s apply the assigning
rules to rows r; and ro + 1. The only possibility for row r; to be unbalanced and assigned
to B is when x.f # Xdf, in which case row r; is unbalanced to the side that contains the
largest of ¢ and d. Similarly, the only possibility for row ro + 1 to be unbalanced and
assigned to B is when Y., # Xeb, in Which case row r5 + 1 is unbalanced to the side that
contains the smallest of a and b.

First, assume X, = Xed, that is, x,, = xr,. In the sequence (Xr,, Xri+1,- -, Xrs), €ach
time the indicator does not change, the corresponding row is balanced, and each time the
indicator changes from 0 to 1 (resp. from 1 to 0), the corresponding row is left-unbalanced
(resp. right-unbalanced). Since X, = Xr,, the number of left-unbalanced rows is equal to
the number of right-unbalanced rows among rows r; 4+ 1 through r;. Moreover, we have
Xdf — Xcf = Xea — Xeb- Lhis means that x4 = X7 if, and only if, Xea = Xe». If both are
true, then rows r; and r, + 1 are not assigned to B, and consequently, the numbers of
left-unbalanced and right-unbalanced rows assigned to B are equal. If both are false, then
rows r; and 75 + 1 are unbalanced and assigned to B, with row r; unbalanced to the side of
the largest of ¢ and d, and row 7, + 1 unbalanced to the side of the smallest of a and b.
Since Xap = Xed, the largest of ¢ and d is in the opposite column as the smallest of a and b,
and consequently, row r; is left-unbalanced while row 75 + 1 is right-unbalanced, or vice
versa. Therefore, in this case, the number of left-unbalanced rows assigned to B is equal to
the number of right-unbalanced rows assigned to B as well.

Second, assume Xgap 7# Xed, that is, Xr, # Xr,- Moreover, assume X, = 1 and x.g = 0. In
the sequence (X, , Xr1+15 - - - s Xrz ), €ach time the indicator does not change, the corresponding
row is balanced, and each time the indicator changes from 0 to 1 (resp. from 1 to 0), the
corresponding row is left-unbalanced (resp. right-unbalanced). Since this sequence starts
with 0 and ends with 1, there is exactly one more left-unbalanced row than right-unbalanced
rows among rows 7y + 1 through 7. Moreover, we have X4 — Xcf # Xea — Xeb- This
means that exactly one of x4 7# Xcf and Xes 7# Xeb is true. If xg # Xcr and Xea = Xebs
then row r; is unbalanced to the side of the largest of ¢ and d, which is d since x.q = 0,
that is, row r; is right-unbalanced; while row 75 + 1 is not assigned to B. Therefore,
with this extra right-unbalanced row assigned to B, the numbers of left-unbalanced and
right-unbalanced rows assigned to B are equal. If x4 = Xcr and Xeq 7 Xeb, then row 75 +1
is unbalanced to the side of the smallest of a and b, which is a since x,, = 1, that is, row
ro + 1 is left-unbalanced; while row r; is not assigned to B. Therefore, with this extra
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left-unbalanced row assigned to B, the numbers of left-unbalanced and right-unbalanced
rows assigned to B are equal as well. The argument for the case xq, = 0 and xq = 1 is
analogous, by swapping the roles of left and right throughout.

Therefore, in all cases, the number of left-unbalanced rows assigned to B is equal to
the number of right-unbalanced rows assigned to B. This means that we can pair each
left-unbalanced row assigned to B with a unique right-unbalanced row assigned to B.
By Lemma 4.10, the contributions to maj(B;T') and maj(B;U) from each such pair are
equal, and consequently, maj(B;T) = maj(B;U) for all non-topmost blocks B that are not
swapped between T and U.

Finally, assume that B = [r1, @;41] is the topmost block of 7', and that it is not swapped
between T' and U. Let (a,b,c,d, e, f) be signature entries of B, as in (4.5). This means
that Xcd + Xdaf — Xcf = Xea + Xab — Xeb- We know that unbalanced rows r; + 1 through r, are
assigned to B. We also know that row a1 + 1 is assigned to B, as an edge case. The box
(4, 0441+ 1) is a descent of T if and only if x., = 1, in which case its contribution to maj(T’)
is a; — a;11. Similarly, the box (i + 1, ;41 + 1) is a descent of U if and only if x., = 1, in
which case its contribution to maj(U) is a; — ;1. Finally, just as in the non-topmost case,
the only possibility for row r; to be unbalanced and assigned to B is when x.; # Xa4f, in
which case row r; is unbalanced to the side that contains the largest of ¢ and d.

First, assume Xu = Xcd, that is, X, = Xr,. As in the non-topmost case, the number
of left-unbalanced rows assigned to B is equal to the number of right-unbalanced rows
assigned to B among rows 7; + 1 through o;,;. As before, these can be paired up so
that the contribution to maj(B;T) and maj(B;U) from each such pair are equal. The
remaining contributions to maj(B;T") and maj(B;U) come from rows r; and a;1 + 1. We
have X4f — Xcf = Xea — Xeb, Which means that x4 = Xy if, and only if, Xeq = Xeb. If both are
true, then r; is not assigned to B, and the box (i, a;41+1) is a descent of T if and only if the
box (i+1, ;11 +1) is a descent of U, so their contributions to maj(B;T") and maj(B;U) are
equal (both zero or both a; — a;41). Assume both are false. If x4 = Xca = 0, the we have
Xea = 1 and e = 0, so the box (i, ;41 + 1) is a descent of T" while the box (i + 1, ;41 + 1)
is not a descent of U, contributing o; — a;+1 to maj(B;T") and 0 to maj(B;U). Moreover,
since X.s 7# Xdf, oW 1 is assigned to B and is unbalanced to the side of the largest of c
and d, which is d since x.q = 0, so row r; is right-unbalanced. Thus, row r; contributes
leg,(i +1,71) +1 = as41 — 71 + 1 to maj(B;T) and leg, (i +1,71)+1=0a; —r1+1to
maj(B; U). Therefore, since

(Ozi — Ozi+1) + (Oéi+1 —r+ 1) = (ai —Tr+ 1)7

the contributions to maj(B;T) and maj(B;U) from rows m and ;11 + 1 are equal as well.
If Xab = Xea = 1, then we have x., = 0 and xe = 1, so the box (i, ;11 + 1) is not a
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descent of T" while the box (i + 1, a;+1 + 1) is a descent of U, contributing 0 to maj(B;T')
and a; — a;41 to maj(B;U). Moreover, since X.r 7# Xaf, row 71 is assigned to B and is
unbalanced to the side of the largest of ¢ and d, which is ¢ since x.q = 1, so row r; is
left-unbalanced. Thus, row 7, contributes leg,(i,71) + 1 = a; — 1 + 1 to maj(B;T) and
leg,..o(4,71) + 1 = ajy1 — 1 + 1 to maj(B; U). Therefore, since

(Oli —-ry+ 1) = (aiﬂ — Oli) + (OZZ'_H —-ry+ 1),

the contributions to maj(B;T") and maj(B;U) from rows r; and a;41 + 1 are equal as well.
Therefore, we have maj(B;T) = maj(B;U) in this case.

Second, assume X, = 1 and x4 = 0, that is, x,, = 0 and x,, = 1. There is exactly
one more left-unbalanced row than right-unbalanced rows among rows r; 4+ 1 through o ;.
We have that exactly one of x4 7# Xcf and Xeq 7 Xeb is true. If Xar # Xef and Xea = Xeb,
then row r; is unbalanced to the side of the largest of ¢ and d, which is d since x4 = 0, so
row r; is right-unbalanced; while the box (i, ;41 + 1) is a descent of T' if and only if the
box (i + 1, ;41 + 1) is a descent of U, so their contributions to maj(B;T) and maj(B;U)
are equal (both zero or both a; — a;11). Therefore, with the extra right-unbalanced row r;
assigned to B, the numbers of left-unbalanced and right-unbalanced rows assigned to B are
equal, and consequently maj(B;T) = maj(B;U). If x4 = Xcr and Xea # Xeb, then row 7
is not assigned to B; since xq = 1, we have x., = 0 and X, = 1, so the box (%, ;41 + 1)
is not a descent of 7" while the box (i + 1, ;41 + 1) is a descent of U, contributing 0 to
maj(B;T) and a; — a;41 to maj(B;U). We pair each right-unbalanced row assigned to B
with a unique left-unbalanced row assigned to B, except for one extra left-unbalanced row.
This extra left-unbalanced row r contributes leg,,(i,7) + 1 = a; — r + 1 to maj(B;T) and
leg,,.o(3,7) + 1 = ;11 —r + 1 to maj(B; U). Therefore, since

(i —r+1) = (ip1 — i) + (g1 — 7+ 1),

the contributions to maj(B;T) and maj(B;U) from the pair of the extra left-unbalanced
row and row a;41 + 1 are equal as well. Therefore, we have maj(B;T) = maj(B;U) in this
case as well.

Third, assume x4, = 0 and x4 = 1, that is, x,, = 1 and x,, = 0. There is exactly
one more right-unbalanced row than left-unbalanced rows among rows r; 4+ 1 through o;;.
We have that exactly one of x4 7# Xcf and Xeq 7 Xeb is true. If Xar # Xef and Xea = Xeb,
then row r; is unbalanced to the side of the largest of ¢ and d, which is ¢ since x4 = 1,
so row 7 is left-unbalanced; while the box (i, ;11 + 1) is a descent of T' if and only if the
box (i + 1, ;41 + 1) is a descent of U, so their contributions to maj(B;T) and maj(B;U)
are equal (both zero or both a; — @;;1). Therefore, with the extra left-unbalanced row r;
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assigned to B, the numbers of left-unbalanced and right-unbalanced rows assigned to B are
equal, and consequently maj(B;T) = maj(B; U). If xar = Xcr and Xeq # Xeb, then row rq is
not assigned to B; since Xq» = 0, we have Xeq = 1 and xe = 0, so the box (7, ;41 + 1) is a
descent of T" while the box (i + 1, ;1 + 1) is not a descent of U, contributing o; — a1
to maj(B;T) and 0 to maj(B;U). We pair each left-unbalanced row assigned to B with
a unique right-unbalanced row assigned to B, except for one extra right-unbalanced row.
This extra right-unbalanced row r contributes leg, (i +1,7) +1 = a;41 — 7+ 1 to maj(B;T)
and leg, (i +1,7) +1=a; — 4+ 1 to maj(B;U). Therefore, since

(@i —r+ 1)+ (0 — oip1) = (s — 7 + 1),

the contributions to maj(B;T') and maj(B;U) from the pair of the extra right-unbalanced
row and row a;41 + 1 are equal as well. Therefore, we have maj(B;T) = maj(B;U) in this
case as well.

Finally, we have shown that for every block B, we have maj(B;T) = maj(B;U). Since
each unbalanced row is assigned to exactly one block, we conclude that maj(T") = maj(U),
completing the proof. m

Proof of (4.10). Without loss of generality, assume that o; > a;1;. Let T' € F(a) and
U=¢(T). Let 8 =0...0a;410;410...0. Let T} € F(8) and U; € F(s; - B) be the fillings
obtained from 7" and U by restricting to columns ¢ and 7 + 1.

Using Proposition 3.1, we decompose the inversion statistic as

inv(T) — inv(U) = (|IP(T)| — |IP(U)]) — ( > armg(u) — Y armsi.a(u)) :

u€Des(T) u€Des(U)

Note that a pair of boxes both not in columns 7 or ¢ + 1 is an inversion pair in 7' if
and only if it is an inversion pair in U. Note that a box (¢, ") with ¢’ ¢ {i,7 + 1} attacks
(resp. is attacked by) neither or both of (i,7) and (i + 1,7). Moreover, by (4.4), for each
row r, we have

{T@E,r), TG+ 1,r}={U@Er),U@E+1,7)}.

Therefore, the number of inversion pairs in 7" involving a box not in columns % or ¢ + 1
and a box in column ¢ or ¢ + 1 is equal to the number of inversion pairs in U involving a

box not in columns ¢ or ¢ + 1 and a box in column ¢ or ¢ + 1. Consequently, the difference
IP(T)| = IPU)| = [IP(T1)| — [IP(UL)].
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Next, we analyze the difference

doarma(u) — D armg.a(u).

u€Des(T) u€Des(U)

Note that a box u not in columns 7 or ¢ + 1 has the same arm length in a and in s; - a.
Moreover, by (4.3), such a box u is a descent of T if and only if it is a descent of U.
Therefore, the contributions to the above difference from boxes not in columns ¢ or 7 + 1
cancel out. Consequently, changing the summations to only consider descents in dg(8) and
dg(s; - B), respectively, does not change the value of the difference. Define

army(u) = army(u) — armg(u), and arm| ,(u) = armg o(u) — arm,,.s(u),

which are the contributions to the arm lengths from boxes not in columns ¢ or ¢ + 1. This
implies that armo/(u) = arm s; - &/(s; - u) for all boxes u € dg(3). We prove that

> arm’, (u) — > arm,,_(u) =0. (4.11)

u€Des(T)Ndg(B) u€Des(U)Ndg(s;-B)

Consider the definitions of balanced rows, left-unbalanced rows, right-unbalanced,
assignment of rows to blocks in the proof of (4.9). Consider a block B = [ry, 73] in T', and
let’s analyse the contributions to each side of (4.11) from descents assigned to B.

If B is swapped between T and U, then for each descent w in T assigned to B, the box
s; - u is a descent in U assigned to B, and vice versa. Since arm;,(u) = arm{_,(s; - u), the
contributions to each side of (4.11) from descents assigned to B are equal.

If B is not swapped between T and U and it is not the topmost block, then in the proof
of (4.9), we showed that the number of left-unbalanced rows assigned to B is equal to the
number of right-unbalanced rows assigned to B. Therefore, we can pair each left-unbalanced
row assigned to B with a unique right-unbalanced row assigned to B. By Lemma 4.11, the
contributions to each side of (4.11) from each such pair are equal.

Finally, if B is the topmost block and it is not swapped between T and U, then in the
proof of (4.9), we showed that one of the following three cases holds:

e The number of left-unbalanced rows assigned to B equals the number of right-
unbalanced rows assigned to B. In this case, we can then pair each left-unbalanced
row with a unique right-unbalanced row, and by Lemma 4.11, the contributions to
each side of (4.11) from each such pair are equal.
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o There is one extra right-unbalanced row r assigned to B, the box (¢, ;11 + 1) is a
descent of T, and the box (i + 1, ;41 + 1) is not a descent of U. In this case, we
check that

arm (i +1,7) +arm) (i, ;41 + 1) =
={i<izaj+lefnanlll+{i>i+1:q €lran]}
+H{j<i:oj+l€fom+ Lo+ H{j>i+1:0a; €[+ 1, a5}
=li<itey+lelnanll[+{i>i+1:q €ranl}
=arm;, ,(i+1,7),

so the contributions to each side of (4.11) from the extra left-unbalanced row r and
the row a;;1 + 1 are equal.

o There is one extra left-unbalanced row r assigned to B, the box (i, ;11 + 1) is not a
descent of T, and the box (i + 1, ;11 + 1) is a descent of U. In this case, we check
that

arm,(i,r)=|{j <i:aj+1€[ra}|+1{j>i+1:q; €[ral}
=l{i<itoj+lefnaml[+{i>i+1:0;€ramnl}
+H{i<i:aj+le€fam+La)}+{i>i+1:0; €[ +1 ]}
=arm; ,(i,7) +arm} (i + 1,41 + 1),
so the contributions to each side of (4.11) from the extra left-unbalanced row r and
the row a1 + 1 are equal.

In all cases, the contributions to each side of (4.11) from descents assigned to B are equal.
Therefore, we have

inv(T) — inv(U) = (|IP(T)| — |IP(D)]) — ( > armg(u) — ) armsi.a(u))

u€Des(T) u€Des(U)

= ([IP(Ty)[ = [IP(T)]) — ( > amg(u)— 3 armsi-ﬁ(u))
u€Des(T71) u€Des(U1)
= inv(Tl) - inv(Ul).
Finally, we check that inv(77) = inv(U;). For each block [ry,rs], we consider the set of
type A triples
{ar = ((z’,r), (t+1,r),(,r— 1)) T E [7"1,1"2]}
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associated to the block in 7', and the set of type B triples
{bT = ((z +1,7r+1),(,r), 0@+ 1,7")) ‘T € [1"1,7“2]}.

Note that this associates each triple in 77 to exactly one block, and similarly for U;. For
each r € [r; + 1,73, since rows 7 and 7 — 1 are intertwined, the triple a, in T has the same
inversion type as the triple b,,; in U. Finally, for the remaining unmatched triples a,, in
T and b,, in U, the condition determining whether the block is swapped ensures that the
triples a,, in T" and b,, in U also have the same inversion type. Therefore, the contributions
to inv(T1) and inv(U;) from each block are equal, and consequently, inv(7}) = inv(U;). O

Theorem 4.13 ([KLO22, p. 14]). Assume that o; > ;1. Let T € F(a) and U = ¢(T'). Let
L =leg(u) = as—a;41—1 and A = arm(u) for u = (i, ;41 +1) € dg(a). If Xre17r6+1,1) =1
and Xu@1ui+,) = 1, then

maj(T) = maj(U) — (L + 1), and inv(T) =inv(U) + (A+1).
If xr@nre+1) = 1 and Xu@)ui+1,1) = 0, then

maj(T) = maj(U), and inv(T) = inv(U) + 1.
If XxT6,)76+1,0) = 0 and xv@ves) = 1, then

maj(T) = maj(U), and inv(T) =inv(U) — 1.
If xr@ T, =0 and xueyves,) =0, then

maj(T) = maj(U) + (L + 1), and inv(T) =inv(U) — (A+1).

Again, [KLLO22| proves Theorem 4.13 using the row-by-row algorithm. We provide an
alternative proof using the block-by-block algorithm.

Proof of Theorem 4.18. We assume the notation in the proof of Theorem 4.12. Let T' € F(«)
and U = ¢(T). Most of the analysis is unchanged, except for the contributions to maj(T’)
and inv(U) from the bottommost block B = [1,79].

For the major index statistic, if the bottommost block B is swapped between T and U,
then the contributions to maj(7") and maj(U) from descents assigned to B are equal. This
establishes the second and third cases of the theorem.

Assume that the bottommost block B = [1, 73] is not swapped between T and U, and
that B is not the topmost block. Let (a,b,c,d, e, f) be signature entries of B. Since B is
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bottommost, f = oo, and thus Xcq = Xca = X7(,1)T(i+1,1) = XU@,1)U(i+1,1)- Since T' and U
are not swapped under 1, we have Xeqp # Xed-

First, assume xq = Xcd, and consequently e, # Xep- As in the proof of Theorem 4.12,
the number of left-unbalanced rows assigned to B is equal to the number of right-unbalanced
rows assigned to B among rows 2 through 5, so we can pair each left-unbalanced row
assigned to B with a unique right-unbalanced row assigned to B. By Lemma 4.10, the
contributions to maj(7") and maj(U) from each such pair are equal. Moreover, we have
Xea 7 Xebs SO TOW T3 + 1 is assigned to B and unbalanced to the side of the smallest of
a and b. If x.g = 0, then the smallest of a and b is a, so row 75 + 1 is left-unbalanced,
contributing leg,, (4,72 + 1) + 1 = o — 75 to maj(T’) and leg, (3,72 +1) +1 = ;11 — 73 to
maj(U). Therefore,

maj(T) — maj(U) = (e —r2) — (41 —12) = s — i1 = L+ 1,

which agrees with the fourth case of the theorem. If x.; = 1, then the smallest of a and b
is b, so row rs + 1 is right-unbalanced, contributing leg, (i + 1,70 + 1) + 1 = ;41 — 72 to
maj(T) and leg,, (i + 1,72 +1) +1 = a; — ry to maj(U). Therefore,

maj(T) — maj(U) = (ai—i-l — 7”2) — (O{i — 7'2) = Q41 — O = —(L + 1),
which agrees with the first case of the theorem.

Second, assume g # Xcd, and consequently X., = Xeb- As in the proof of Theorem 4.12,
Xea = Xeb implies that row ry + 1 is not assigned to B. If x.s = 0 and x4 = 1, as in the
proof of Theorem 4.12, there is exaclty one more left-unbalanced row than right-unbalanced
rows among rows 2 through 7, so we can pair each right-unbalanced row assigned to B with
a unique left-unbalanced row assigned to B. By Lemma 4.10, the contributions to maj(T’)
and maj(U) from each such pair are equal. The extra left-unbalanced row r contributes
leg,(3,7) +1 = a; —r+1 to maj(T’) and leg,, ,(i,7) +1 = ;41 — 7+ 1 to maj(U). Therefore,

maj(T) —maj(U) = (s —r+1) = (tip1 —7+1) = —aip1 = L+ 11,

which agrees with the fourth case of the theorem. The analysis for x.; = 1 and x,, = 0 is
analogous, changing the roles of left-unbalanced and right-unbalanced rows, the computation
for maj(T") — maj(U) gives —(L + 1), which agrees with the first case of the theorem.

Lastly, it might be that the bottommost block B = [1,rs] is also the topmost block. We
omit the details, whose change from the details in the proof of Theorem 4.12 are analogous
to the changes above: if xc,d = 1, then there is one extra left-unbalanced row contributing
L + 1 to maj(T) — maj(U); and if xc,d = 0, then there is one extra right-unbalanced row
contributing —(L + 1) to maj(T") — maj(U).

60



Now, we analyze the inversion statistic. As in the proof of Theorem 4.12, |IP(T)| —
[IP(U)| = |IP(T1)| — [IP(U1)|. We decompose the difference inv(T") — inv(U) as

(IP(Ty)| — |IP(TL)|) — (Z armg(u) — Zarmsi.g(u)) - (Z arm’, (u) — Zarm’si.a(u)) =

u€Des(T1) u€Des(Uy) u€Des(T1) u€Des(Uy)

= (inv(T1) — inv(Uy)) — ( > arml(u)— > arm'si,a(u)) :

u€Des(T1) u€Des(U1)

On the one hand, as in the proof of Theorem 4.12, the number of inversion pairs in
T; assigned to each non-bottommost block is equal to the number of inversion pairs in U;
assigned to the same block. For the bottommost block B = [1, 73], the unmatched triples,
a; in T and b,, in U, have different inversion types. If x.s = 1, corresponding to the first
and second cases of the theorem, then a; is an inversion triple while b,, is not, which makes
[IP(T1)| — |IP(Uy)| = 1. If xea = 0, corresponding to the third and fourth cases of the
theorem, then a; is not an inversion triple while b,, is, which makes |IP(T})| —|IP(U1)| = —1.
In summary, we have

IP(Ty)| — [IP(Uy)| = {7 XT@ITERLD (4.12)
=1, if xrunris,n = 0.

On the other hand, for each non-bottommost block, the sum of arm/,(u) over descents u
assigned to the block in T is equal to the sum of arm]_(u) over descents u assigned to the
block in U, by the same analysis as in the proof of Theorem 4.12. Therefore, it remains to
analyze the contributions to the difference

d>ooarml(u)— > arm) ,(u)

u€Des(T1) u€Des(U1)

from descents assigned to the bottommost block B = [1, 7).

For the bottommost block B = [1,75], if it is swapped between T and U, which
corresponds to the second and third cases of the theorem, then the sum of arm/ (u) over

descents u assigned to B in T is equal to the sum of arm]_,(u) over descents u assigned to
BinU.

Assume that the bottommost block B = [1,r9] is not swapped between T' and U.
If x.g = 1, which corresponds to the first case of the theorem, then there is one extra
left-unbalanced row r assigned to B as established above. This extra left-unbalanced
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row r contributes arm/ (i,7) to the sum over descents assigned to B in T and contributes
arm’,_(i,7) to the sum over descents assigned to B in U. Therefore, the difference in
contributions from the extra left-unbalanced row is

army,(¢,7) —arm;_(i,7) =
=li<i:ai+lenal}+{j>i+1:05€rall
—Hi<i:aj+le[ram)}—{j>i+1: a5 € [r, a1}

={i<itoj+lefaipn+lal}+{i>i+1:0; €0 +1,ail}
= A.

If xc.q = 0, which corresponds to the fourth case of the theorem, then there is one extra

right-unbalanced row r assigned to B as established above. This extra right-unbalanced row

r contributes arm/ (i + 1,7) to the sum over descents assigned to B in T" and contributes

arm{_, (i +1,7) to the sum over descents assigned to B in U. Therefore, the difference in
contributions from the extra right-unbalanced row is

army(i +1,7) —arm, (i +1,7) =
=N{j<i:oj+leram|}+{i>i+1:a; €[r, o]}
-H{i<i:aj+leral}—{7>i+1:0; €[r,al}|
=—{j<i:aj+l€fapm+Lal}—|{7>i+1:0; €[ai1+1, )}
—_A

In summary, we have

0, if X7(,1)T6+1,1) F XUG,1)U+1,1)
Yoo oamg(u) = Y arm ,(u) =4 -4, if xreyrey = Xveyuey = 1, (4.13)

u€Des(T) u€Des(U) A, if XT61)T(4+1,1) = XU UG+1,1) = 0.

Adding (4.12) and (4.13) gives the desired result. O

One important corollary of Theorem 4.12 is the identity (4.1), which shows that the
combinatorial formula for H,(x;g,t) can be taken over F;_(c) for any rearrangement o of
the partition .

Theorem 4.14 ([HHLO08]). Let p be a partition and o be a rearrangement of u. Then

Z qmaj(T)tinv(T)xT: Z qmaj(T)tinv(T)XT, (4.1)
TGFZ>0(I‘) TGFZ>0(a)

where Fz_,(u) (resp. Fz.,(a)) is the set of fillings of shape p (resp. «) with labels in the
positive integers L.
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4.2 Bijections on augmented fillings and a three-term
identity for E?

In this section, we present bijections on augmented signed fillings to prove a three-term
identity for permuted-basement Macdonald polynomials E?(x;gq,t), in Theorem 4.15. We
adapt the bijections ¢ and 9 from Section 4.1 defined on non-augmented fillings to create
bijections on augmented fillings to obtain the desired identity.

Theorem 4.15. Let o be a composition with a; > a1 for some i € [n — 1]. Then,

o 0S5 1o 4p(0,0y0 (1 — t) o
EZ(x;q,t) = EZ% (x;9,t) + <(qL+1tA+1)X%+1oth( , ’)(1 — ATy E{ (x;54,1).
where L = leg(u) = a; — a;41 — 1 and A = arm(u) for u = (3,0441 + 1) € dg(a), and
pla, 0,1) = twinv(s; - a,0) — twinv(a, o).

Alexandersson [Alel9, Proposition 17] proves Theorem 4.15 for the case where o; =
oi+1 + 1. The specialization for ¢ = 0 is proved by Alexandersson and Sawhney [AS19,
Proposition 5.5].

Our proof uses the integral form permuted-basement Macdonald polynomials £J defined
in Section 3.3.5. Recall that the integral forms have a combinatorial formula in terms of
augmented fillings using the signed alphabet [n]., as given in (3.20):

gg (X; q, t) — Z Xcontent(T) qmaj(T) tcoinv(T) (_t)neg(T) )
TEF[n]i (a,0)

For the purposes of this section, let wt(T) = x/Tlgmai(T)¢eoinv(T)(_¢)nee(T)  for an augmented
signed filling T'.
Recall from Section 3.2.3 that any augmented filling 7' € F(a, o) may be identified with

a non-augmented filling 7" € F(a + 1) by moving each box one unit up. This identification
preserves maj, but changes coinv. We have symcoinv(T") = coinv(7") = coinv(T")+twinv(a, o).

We can apply ¢ to T” to obtain U’ = ¢(T") € F(s; - @ + 1), and then identify U’ with
an augmented filling U of shape a. Note that ¢ might or might not change the entries in
positions (¢,1) and (¢ + 1,1) of 7", so the basement of U might be o or os;.

Define the injection ¢: F(a,0) = F(s; - o, 0) UF(s; - a, 0s;) by applying the bijection ¢
to the non-augmented filling 7" corresponding to T', and then identifying the result with an
augmented filling U. Similarly, define the injection ¢: F(a,0) — F(s; - a,0) UF(s; - a, 0s;)
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by applying the bijection 1 to the non-augmented filling 7" corresponding to 7', and then
identifying the result with an augmented filling U.

We have immediate coloraries of Theorem 4.12 and Theorem 4.13.

Corollary 4.16. For any T € F(a,0) and U = ¢(T), we have
symcoinv(T) = symcoinv(U) and maj(T) = maj(U).

Corollary 4.17. Assume that a; > a;1. Let T € F(a,0) and U = ¢(T'). Let L = leg(u) =
a; —ajr1 — 1 and A = arm(u) for u = (4,541 + 1) € dg(@). If 0; > 0441 and m; > mipy,
then

maj(T) = maj(U) — (L + 1), and  symcoinv(T) = symcoinv(U) — (A +1).
If o; > 0411 and m; < w41, then

maj(T) = maj(U), and symcoinv(7") = symcoinv(U) — 1.
If 0, < 0441 and w; > w1, then

maj(T") = maj(U), and  symcoinv(T") = symcoinv(U) + 1.
If o, < 0441 and T; < W;y1, then

maj(T) = maj(U) + (L + 1), and  symcoinv(T) = symcoinv(U) + (A + 1).
Definition 4.18. Define f: F(a,0) = F(s; - a,0s;) and ¢g: F(a,0) — F(s; - a,0) by

_Jo(T), if ¢(T) € F(s;i-a,0s),
F(T) = {¢(T), if (T) € F(s; - a,08;),

o(T), if ¢(T) € F(s;-a,0),
»(T), if(T) € F(s;-a,0).

Proposition 4.19. The maps f and g are well-defined and are bijections.

and g¢(T) = {

Proof. Let T € F(a,0). Recall that the swapping conditions for ¢ and ¢ differ only in the
bottommost block. Since the first row is always part of the bottommost block, exactly one
of ¢(T) and 9(T") has basement o, and the other has basement os;. Therefore, f and g are
well-defined. The bijectivity of f and g follows from Propositions 4.8 and 4.9. O

We split Theorem 4.15 into two cases, depending on the relative order of o; and ;1.
The case o; > ;1 is established in Theorem 4.22, while the case ¢; < 0,1, is established

in Theorem 4.25.
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4.2.1 Case o0; > Oi+1

In this subsection, we prove Theorem 4.15 in the case where o; > 0;,1. Together with
o; > o411, we compute that in this case

twinv(a, o) = twinv(s; - a, 0s;).

Lemma 4.20. Assume that o; > a1 and 0; > 0;41. Let L =leg(u) = o; — ;41 — 1 and
A = arm(u) for u = (i,a;41 + 1) € dg(a). Let T be an augmented filling in F(a,0). Let
U=f(T) and V =g(T). Then

(1= ") wi(T) = (1= ¢ ) wt(U) + 770 (1 — twe(V).  (4.14)

Proof. First, assume U = ¢(T) and V = ¢(T). On the one hand, by Corollary 4.16,
symcoinv(T) = symcoinv(U) and maj(7T") = maj(U). Since twinv(a, o) = twinv(s; - o, 0s;),
we have

coinv(T") = symcoinv(T') — twinv(a, ) = symcoinv(U) — twinv(s; - o, 0s;) = coinv(U).

Thus, wt(U) = wt(T'). On the other hand, by Corollary 4.17, we have maj(T") = maj(V) —
(L + 1) and symcoinv(T") = symcoinv(V) — (A + 1). Thus,

coinv(T) = symcoinv(T') — twinv(a, o)
= symcoinv(V) — (A + 1) — twinv(a, o) = coinv(V) — (A + 1) + p(a, 0, 1),

and consequently wt(V) = t~#(*o9)gl+14A+1wt(T). Therefore,
(1= ") wi(U) + 7@ (1 - t)we(V) =
— (1 _ qL+1tA+1) Wt(T) + tp(a,a,'i)(l _ t)t—p(a,a,i)qL+1tA+1wt(T)
_ (1 _ qL+1tA+1 +(1- t)qL+1tA+2) wt(T)
= (1= g" 42 wi(T).
Second, assume U = 9%(T') and V = ¢(T'). On the one hand, by Corollary 4.17,

maj(T") = maj(U) and symcoinv(T’) = symcoinv(U) — 1. Since twinv(a, o) = twinv(s; - o, 0s;),
Thus, wt(U) = twt(T"). On the other hand, by Corollary 4.16, symcoinv(7") = symcoinv(V)
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and maj(7") = maj(V'). Thus, coinv(T') = coinv(V') + p(e, 0,1), and consequently wt(V) =
t=Peodwt(T). Therefore,
(1= ") wi(U) + @7 (1 — t)we(V) =
= (1= gAY twt(T) + 170070 (1 — )P Dwi(T)
= (t— "™ 1 —t) wi(T)
_ (1 _ qL+1tA+2> wt(T).
Therefore, in either case, (4.14) holds. O

Corollary 4.21. Let a be a composition such that a; > a1 and o € S, such that o; > 0;11.
Then,

(1—g"442) €7 = (1 — M PHMHh) 75 4 7@ (1 - 1)€Y, (4.15)
where L = leg(u) = a; — a;41 — 1 and A = arm(u) for u = (i, 0541 + 1) € dg(a).
Proof. The result follows by summing (4.14) in Lemma 4.20 over all T € F(a, o). O

Theorem 4.22. Let a be a composition such that a; > ;11 and o € S, such that o; > 0;41.

Then,
1—1¢

EL(X;q5t) = ESL(X 5t) + tp(a’a’i)mEi-a(X; g;t) (4.16)

where L = leg(u) = a; — a;11 — 1 and A = arm(u) for u = (3, ;41 + 1) € dg(a).

Proof. The result follows from Lemma 4.20 by dividing both sides of (4.15) by the appro-
priate factor to convert the integral forms to non-integral forms. m

4.2.2 Case 0; < 011

In this subsection, we prove Theorem 4.15 in the case where o; < 0;,;. Together with
o; > o171, we compute that in this case

twinv(a, o) = twinv(s; - a, 0s;) + 1.

Lemma 4.23. Assume that o; > a1 and 0; < 0;41. Let L =leg(u) = a; — a;41 — 1 and
A = arm(u) for u = (i,a;41 + 1) € dg(a). Let T be an augmented filling in F(a,0). Let
U=f(T) and V =g(T). Then

(1= ") wi(T) = (1 — ¢ ) wt(U) + (") (1 — @ 7Dwe(V).  (4.17)
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Proof. First, assume U = ¢(T) and V = ¢(T). On the one hand, by Corollary 4.16,
maj(7") = maj(U) and symcoinv(T") = symcoinv(U). Since twinv(a, o) = twinv(s; - a, 0s;) +1,
we have

coinv(T") = symcoinv(T) — twinv(a, o)
= symcoinv(U) — twinv(s; - @, 0s;) — 1 = coinv(U) — 1.

Thus, wt(U) = twt(T"). On the other hand, by Corollary 4.17, we have maj(T") = maj(V) +
(L + 1) and symcoinv(T") = symcoinv(V') + (A + 1). Thus,

coinv(T") = symcoinv(T') — twinv(a, o)
= symcoinv(V) + (A + 1) — twinv(a, o) = coinv(V) + (A + 1) + p(e, 0, 1),
and consequently wt(V) = ¢t=P(®o8)g=(L+1=(A+Dwi(T). Therefore,
(1 - qL+1tA+1) wt(U) + (¢ET 1AM (1 — )t eodwi(V) =
(1 qL+1tA+1> tWt(T) + (qL+1tA+1)(]. i t)tp(a,a,i)t—p(a,a,i)q—(L+1)t—(A+1)Wt(T)
(t qL+1tA+2 + qL+1tA+1 _ qL+1tA+2) wt(T)
_ (1 _ qL+1tA+2) wt(T).
Second, assume U = ¢ (T") and V = ¢(T'). On the one hand, by Corollary 4.17, maj(T) =
maj(U) and symcoinv(T") = symcoinv(U) + 1. Since twinv(a, o) = twinv(s; - a, 0s;) + 1,

coinv(T') = symcoinv(T") — twinv(a, o)
= symcoinv(U) + 1 — twinv(s; - a,0s;) — 1 = coinv(U).

Thus, wt(U) = wt(T). On the other hand, by Corollary 4.16, maj(T") = maj(V) and
symcoinv(T") = symcoinv(V)). Thus, coinv(T) = coinv(V') + p(e,0,%), and consequently
wt(V) = t=P(@2)wt(T). Therefore,

(1 N qL+1tA+1) Wt(U) + (qL+1tA-|—1)(1 )tp(a,a,i)wt(v) _
(1 L+1tA+1) Wt(T) + (qL+1tA+1)(1 _ t)t—p(a,a,i)tp(oz,a,i)wt(T)
(1 L+1tA+1 +(1- t)qL+1tA+1) wt(T)
(1 _ qL+1tA+2> wt(T).

Therefore, in either case, (4.17) holds. O
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Corollary 4.24. Leti € [n — 1], « = a3 ...q, be a composition with a; > a;1, and
o= |o1,...,0,] €8, be a permutation with o; < 6;11. Then, we have

(1 _ qL-I—ltA-i-Z) gg — (1 _ qLHtAH) E;S& + (qL-l-ltA-H)(l _ t)tp(a,a,i)ggi.a, (418)
where L = leg(u) = a; — a;41 — 1 and A = arm(u) for u = (i, ;11 + 1) € dg(a).

Proof. The result follows by summing (4.17) in Lemma 4.23 over all T € F(a, o). O

Theorem 4.25. Let a be a composition such that a; > ;11 and o € S,, such that o; < 041
Then,

o 0S; ,0,i 1-—1 o
E5(X;q;t) = EZ%.(X; g5 t) + (g7 )erleod) 1= g PeaXigit) - (419)

where L = leg(u) = a; — a;41 — 1 and A = arm(u) for u = (i, a1 + 1) € dg(a).

Proof. The result follows from Lemma 4.23 by dividing both sides of (4.18) by the appro-
priate factor to convert the integral forms to non-integral forms. ]
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Chapter 5

Probabilistic bijective combinatorics
for Macdonald polynomials

Alexandersson [Ale19, Theorem 22| established a partial symmetry result for permuted-
basement Macdonald polynomials under certain conditions. Using [Ale19, Lemma 20 and
Proposition 15|, we reformulate the result as follows.

Theorem 5.1 (equivalent to [Alel9, Theorem 22]). Let o = @ ... o, be a composition with
a; = a;yq for some i € [n—1]. Let o € 8,,, such that 0,11 = 0; = 1. Then,

Eg(x;9,t) = EZ*(x;9,).

The main result of this chapter is stated in the following theorem, which extends
Theorem 5.1 by removing the assumption that o; and o;,; are consecutive.

Theorem 5.2. Let o = o ...y, be a composition with o; = a1 for some i € [n — 1], and
let 0 € 8,. Then,
Eq(x;9,t) = Eg*(x;9,1).

The combinatorial interpretation of Theorem 5.2 is that swapping the basement entries
in two adjacent columns of the same height does not change the generating function for
non-attacking fillings. Our approach for proving this builds upon a (classical) bijection
introduced in [CHMMW22] for unrestricted fillings of partition shape, in which two adjacent
entries of the filling in the bottom row of columns of the same height are swapped while
preserving the overall weight of the filling. [Man25b] extended this technique to partition-
shaped non-attacking fillings by introducing a probabilistic bijection. In this chapter, we
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generalize this probabilistic bijection to composition-shaped non-attacking fillings, thereby
giving a combinatorial proof of Theorem 5.2.

As implications of Theorem 5.2, certain assumptions can be removed from theorems in
[Ale19] and [CMW22], which we summarize in Section 5.3.

5.1 Probabilistic bijections

Probabilistic bijections, also referred to as bijectivization or coupling by [BP19], generalize
weight-preserving bijections. We follow the exposition given in [F'S22].

Definition 5.3 (Probability map). Let A be an algebra. Let T and U be finite sets. A
probability map from T to U is a function prob: T x U — A such that

> prob(T,U) =1
Ueu

for every T € T.

Note that these do not formally correspond to probability maps in the sense of probability
theory because the values of prob are not required to be in the interval [0, 1] or even real
numbers.

Definition 5.4 (Probabilistic bijection [F'S22]). Let A be an algebra. Let T and U be
finite sets equipped with weight functions wtr: T — A and wty: U — A. A probabilistic
bijection between (T,wtt) and (U, wty) is a pair of probability maps probp: T x U — A
and proby;: U x T — A such that

wtr(T) prob (T, U) = wty(U) proby (U, T')
for every T € T and U € U.

A weight-preserving bijection f: T — U canonically induces a probabilistic bijection
between (T, wtr) and (U, wty) by setting
1 if f(T)=1,

probr. (T, U) = proby (U, T) = .
0 otherwise,

explaining the choice of terminology. Moreover, as shown in Proposition 5.5, this general-
ization retains a key property of weight-preserving bijections: the sum of the weights of T
and of U are equal.
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Proposition 5.5. Let probp: T x U — A and proby: U x T — A form a probabilistic
bijection between (T,wtt) and (U,wty). Then,

dowit(T) = > wt(U).

TeT UeU

Proof. We compute

> wtr(T) = > > wtr(T) proby (T, U)

TeT TeT UeU
= > > wty(U)proby(U,T) = Y wty(U). O
UEU TeT Ueu

A Markov-theoretical interpretation of a probabilistic bijection is that it defines a
bipartite Markov chain on the state space T U U with transition probabilities given by
the function prob under a specific balance condition. In the case of Definition 5.4, this
condition is detailed balance, but a probabilistic bijection can also be defined using a more
general balance condition.

5.2 A probabilistic bijection for non-attacking fillings

In this section, we define a map on non-attacking fillings that allows us to construct a
probabilistic bijection between NAF(«, o) and NAF(a, os;) in order to prove Theorem 5.2
in Section 5.2.1.

In [CHMMW22], a weight-preserving bijection was established between fillings in F()\)
with statistics maj and inv, corresponding to swapping two adjacent entries in the bottom
row within columns of the same height. This was done using an operator 7;, originally
introduced in [LN12], on fillings in F(A). The bijection established the equality of generating
functions over weighted fillings for the sets {T' € F(\) : bottom row of T" is w} and
{T € F(\) : bottom row of T is ws;} for an index 4 such that A\; = A;y1. The result was
used to obtain a compact formula for the modified Macdonald polynomials.

In our case, proving that E7 = EJ% combinatorially requires showing that the weight
generating functions over NAF(«, o) and NAF(a, os;) are equal, which also amounts to
finding a bijection on tableaux that swaps basement entries in columns ¢ and 7+ 1. However,
the operator 7; used in [CHMMW22] does not preserve the non-attacking property of
tableaux, so the same strategy could not be applied. This issue was resolved in [Man25b]
by introducing a probabilistic operator 7; for non-attacking tableaux with partition shape,
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in order to obtain a compact formula for Py. The latter operator is the map we use to
define our probabilistic bijection.

There are two key differences between our setting and the one in [Man25b]. First,
our map applies to tableaux with composition shapes, whereas [Man25b] considers only
partition shapes. This distinction allows [Man25b] to restrict attention to type A triples,
while we consider both types. Second, our fillings include basements, eliminating the need
for the so-called degenerate triples in [Man25b]. Hence, the probability map in Definition 5.8
and the surrounding lemmas are adapted from the original to fit our setting.

Throughout this section, let @« = o . .. @, be a composition, let o € §,, be a permutation,
and let ¢ € [n — 1] such that o; = a;41.

Definition 5.6 (£ and ™). Given a filling T of shape o and r € [0, o], let £ (T") denote
the filling obtained by swapping the entries in boxes (¢,7) and (¢ + 1,7) in 7. Moreover,

let th’T] = th) 0---0 tgl) o tl(.o) , which represents a sequence of swaps in the first » + 1 rows
within the columns ¢ and ¢ + 1.

Note that if T € F(«, o), then tEO’T] (T) € F(a,0s;) for any r > 0. Also, the fillings T’
and t*")(T") have the same content. However, t” and > do not in general preserve the
property of a filling being non-attacking.

Definition 5.7 (pET)). Let T € NAF(«, o) be a non-attacking filling. Let r € [0,a; —1]. We
define p{"(T) € Q(g,t). Let a = T(i,r), b= T(i+1,7), c = T(i,r+1), and d = T(i+1,7+1).

Let A=arm(i+ 1,7+ 1) and £ =leg(¢ + 1,7+ 1).
If |{a,b,c,d}| = 4, then we split into two cases.

(I) If Xcda = Xcdbs then p’fr) (T) =0.
(I1)  If Xecda = Xdeb, then pgr)(T) =1.

If |{a,b,c,d}| = 3, the non-attacking condition implies that a # b, a # d and ¢ # d, so
we have three cases.

(III) If b=, then p{"(T) = 0.
(IV) Ifb=d, then p\"(T) = 1.
(V) If a =c, then
0+1pA+1
()  alexda 1-— q t
pi (T) =t T ryare
If |{a,b,c,d}| = 2, then we have one case.

(VI) Ifa=candb=d, then p\"”(T) = 1.
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T p(T) 1 - pI(T)

1) 1 |cld 0 1
T alb
Xeda = Xcdb
) r+ |c %i 1 0
T a
Xcda = Xdcb
(Irr)  r+1 [bld 0 1
T alb
IV) r+1 |c g 1 0
T a
(V) r+1 Z Z $1=Xda b% (qZHtAH)Xd“”l_q}JF%
(VI) r+1 |alb 1 0
r alb
i i+l

Table 5.1: The values of p{"”(T) and 1 — p{”(T) for T € NAF(, o) and r € [0,; — 1], on
each case of Definition 5.7.

Table 5.1 summarizes the values of p§’) (T) for T € NAF(a,0) and r € [0, a; — 1].
For ease of computation, we note that, in case (V), we have

1-t¢

L= p (1) = (¢ e

which is straightforward to verify by splitting into cases of X 44 being 0 or 1 (compare to
[Man25b, Lemma 3.3]).

As a convention, we set p(QZ)(T) = 0.

Definition 5.8 (prob,). The map
prob,: NAF(a, o) x F(a,0s;) = Q(g,t)
is defined for T' € NAF(a, 0) and U € F(a, 0s;) by letting

prob; (T, U) = (H pfﬂ(T) (1-p"(1)) (5.1)
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if there exists h € [0, o;] such that U = tgo’h] (T), and prob,(T',U) = 0 otherwise.

Proposition 5.9. The map prob,: NAF(a,0) x F(a,0s;) = Q(q,t) is a probability map,
that is, for all T € NAF(a,0),

>~ prob,(T,U) = 1.

UeF(a,0s;)

Proof. Using that pgai) (T') = 0, it is straightforward to compute
a; h—1
E:OIé%ﬂ)O—é“@»=L
h=0 \r=0
as required. n

Example 5.10. Let T' € NAF (34400, [5,1, 3,4, 2]) be the non-attacking filling

3|2
4112
3|41
31412
5[1[3[4]2]
The values of p0(T) and 1 — p{(T) are
pNT) =1, 1-p(T) =0,
341 341 342
) 1—-q¢’t ) ¢t —q°t
P2 (T) 1_q3t27 ) (T) 1_q3t2 ’
P (T) =0, 1-p(T) =1,
P (T) =1, 1-p(T) =0,
ps(T) =0, 1—p5(T) =1.

Hence, the values of prob, T, t*"(T) for h € [0,4] are

341 342
: gt —q't
b (1, (1) =
0,2 1- ¢t
o (7, 7(1)) = =2
prob, (T, /(1)) =0,
prob, (T, t[20’4] (T)) = 0.



The two nonzero values of proby(T,U) are obtained for U = {>(T) and U = {*¥(T),
which are, respectively,

32 32
412 412
3141 and 3|14
31214 3124
5[3[1]4]2] 5(3[1[4]2]

By construction, the prob, is nonzero only for pairs of non-attacking fillings.

Proposition 5.11. Let T € NAF(a, o) be a non-attacking filling. Let U € F(a,0s;) be a
filling. If prob,(T,U) # 0, then U is non-attacking.

Proof. Note that attacking pairs not involving columns ¢ and 7 + 1 remain unchanged
between 7" and U, and attacking pairs involving one box in columns ¢ or ¢ + 1 in T
correspond to attacking pairs with a box in the same columns in U, though their positions
may be swapped between the two columns. Hence, the only distinction in attacking pairs
between T and U comes from the attacking boxes in both columns ¢ and 7 + 1.

If prob,(T',U) # 0, there exists h € [0, ;] such that U = tgo’h] (T), and thus by (5.1),
p(T) # 0 for all r € [0,h — 1] and p{(T) # 1. Therefore, it suffices to show that if T is
non-attacking, then U(i,r) # U(i + 1,7 + 1) for all r € [0, h]. For r € [0, h — 1], we have
p?) (T') # 0, so the configuration of Item (III) does not occur; thus, U(i,r) =T(i+1,7) #
T(i,r+1)=U(i+1,r +1). For r = h, we have pgh) (T') # 1, so configurations of Item (IV)
or Item (VI) does not occur; thus, U(i,h) =T (i + 1,h) #T(i+1,h+1)=U(i+ 1,h + 1).
Therefore, U is indeed non-attacking. m

Corollary 5.12. The restriction
prob,: NAF(«, o) x NAF(«,0s;) — Q(g,t)

is a probability map.

As an abuse of notation, we write prob, for both the function on NAF(a, o) x F(a, 0s;)
and the function on NAF(a, 0s;) X NAF(«, o). Moreover, we also write prob; for both the
function on NAF(«, o) x NAF(a, 0s;) and the function on NAF(a, os;) x NAF(a, o).

The main result of this section is Theorem 5.13, which generalizes [Man25b, Lemma
4.4] to our setting,.
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Theorem 5.13 (adapted from [Man25b, Lemma 4.4]). The pair of maps defines a prob-
abilistic bijection between NAF(a, o) and NAF(a, os;) with respect to the weight function
wt, ;. In other words, for all T € NAF(a,0) and U € NAF(o, 0s;),

wt, +(U) prob,; (U, T') = wty+(T) prob;(T, U).

For organization purposes, we split the proof of Theorem 5.13 into several lemmas.

Lemma 5.14. Let a,b,c,d, f € [n]. Then,
Xefa T Xdfo — Xefb — Xdfa = Xeb T Xda — Xea — Xdb-
Proof. We directly compute

Xefa + Xdfs — Xefo — Xdfa = (Xef + Xfa — Xea) + (Xar + X6 — Xab)
—(Xes + X6 — Xeb) — (Xar + Xfa — Xda)
= Xcb + Xda — Xca — Xdb- O

The g, t-weight of a filling can be decomposed as the product of the weights contributed
by the descents within each row and the inversions between every pair of rows. Let
L = max; ; be the total number of rows. For 0 < r < L — 1, define dg(T) (a) as the set of
boxes in the r*® row of dg(c). Then, define

maj"t(T) = Y leg(u) +1,

u€Des(" 1) (T)

where Des"™(T) = Des(T) N dg" "V (a). Also, define coinv™"*Y)(T) as the number of
inversion triples in T within the pair of rows 7 and r + 1. Then, the r** component of the
g, t-weight of a non-attacking filling T' € NAF(a, o) is defined as

1-1¢
1— q1+leg(u)t1+arm(u) ’

thfz (T) = qmaj(r+1)(T)tcoinv(r,r+1) (T) H

uedg(™t) (a)
T (w)#T (d(w))

(5.2)

yielding the decomposition

L-1
wty (T) = T wil) (7).
r=0
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Lemma 5.15. Let T € NAF(a, 0) be a non-attacking filling. Let U = tEO’h] (T') for some
h € [0,¢a;]. Then, for allT € [0,h — 1],

wt) (U)o (U) = wtid (1) ol (T). (5.3)
Proof. Let r € [0,h — 1]. Let

c=T(,r+1)=U(i+1,r +1), d=T(@+1,r+1)=U(,r+1),
a=T@G,r)=U(G+1,r), and b=T@GE+1,7r)=U(i,r).

Since U is non-attacking, we have b # c. We note that maj™(T) = maj+V(U). Moreover,
triples not involving columns ¢ and 7 + 1 are preserved between 7" and U, triples involving
column ¢ in 7T correspond to triples involving column ¢ + 1 in U, and triples involving
column ¢+ 1 in T correspond to triples involving column ¢ in U. Hence, the only distinction
in the coinversion and inversion statistics between 7" and U comes from the triples involving
both columns ¢ and ¢ + 1. Therefore,

coinv™™ (T — coinv®™™ (U = inv™™ D (U) — inv™ ™ (T) = X gep — Xeda-

We show that (5.3) holds for all cases of (a, b, c,d) with b # c.

First, suppose |{a,b,c,d}| = 4. Then, the sets {u € Arm(i+1,7+1) : T(u) # T(d(u))}
and {u € Arm(i+ 1,7+ 1) : U(u) # U(d(u))} are equal.

e On the one hand, if Xc4o = Xca», then p§’) (T') = 0 by Item (I). Then, it also holds that
Xdeb = Xdea, @nd hence pgr)(U ) = 0 by Item (I).

e On the other hand, if Xc4o = 1 — Xcab = Xdeb, then p§’“) (T) =1 by Item (II). Then, it
also holds that X4 = Xcda, and hence pl(.r)(U ) =1 by Item (II). For the (co)inversion
number, we have coinv(""t1) (T) — coinv(’"”’H)(U ) = Xdeb — Xeda = 0.

Thus, in both cases for Xcqq, (5.3) holds for |{a,b,c,d}| = 4.

Next, suppose |{a, b, c,d}| = 3. Since b # ¢, we either have b = d or a = ¢. Without loss
of generality, assume b = d, since swapping 7" and U gives the other case. By Item (IV), we

have p{" (T) = 0. Moreover,

(3

1 _ qf—l—ltA-l-l)

(") (17— l=xena
P; (U)—t Xeb 1 — gitigAt2
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where A = arm(i + 1,7 + 1), by Ttem (V). coinv®™ (T — coinv™™*(U) = xpep — Xeba =
1 — Xepe- Finally, the ratio

11 11—t 1l 1—t
wedg™a 1— qleg(u)-i-ltarm(u)-i-l / wedga 1— qleg(u)+1tarm(u)+1
T (u)#T(d(w)) U(u)#U (d(u))

only differs in the boxes (¢,7 + 1) and (i + 1,7 + 1), and thus equals
1—t 1—t 1 gttt
1 — gt+1tA+2 / 1 — gt+1tA+t T 1— gititA+2’

where A = arm(i + 1,7 4+ 1). Therefore, we compute

(r)
Wtq,t (T) B tl—xcba 1— qf+1tA+1 e (T U)
) = 1 — gttigarz P YD
wt,;/(U) q

confirming (5.3).
Finally, if |[{a,b,c,d}| = 2, then @ = c and b = d. Hence, p{"(T) = p\"(U) = 1,

by Item (VI). For the (co)inversion number, we have coinv®™ 1 (T) — coinv("™+)(U7) =
Xbab — Xaba = 1 — 1 = 0. Moreover, the sets {u € Arm(i + 1,7+ 1) : T'(u) # T(d(u))} and
{ue Am(+ 1,74+ 1) : U(u) # U(d(u))} are equal. Thus, (5.3) holds in this final case, as
well. O

Lemma 5.16. Let T € NAF(a, 0) be a non-attacking filling. Let U = tz[-o’h] (T') for some
h € [0,a;]. Then,

wti (U) (1= o () = w$)(T) (1 - (1)) . (5.4)

Proof. If h = ;, then wtflf’f)(T) = wtﬁ”(U) =1land 1—p)(T)=1-p*(U) =1, so
(5.4) holds trivially. Assume that h < o;. Then

c=T@G,h+1)=U(i,h+1), d=T@E+1L,h+1)=U(i+1,h+1),
a=T(©G,h)=U(+1,h), and b=T(+1,h) =U(i,h).

Since U is non-attacking, we have b # d. We note that
maj " D(T) — maj"* D (U) = Xea + Xdb — Xeb — Xda-
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Moreover, we have

coinv®(T) — coinv 1 (U7) = inv®* () — inv®"+(T)
= Xecdb — Xeda + Z (Xck:b + Xdka — Xcka — Xdkb) ,

u€Arm(i+1,h+1)
k=U(u)

which simplifies to (A + 1) (Xea + Xdb — Xcb — Xda) Using Lemma 5.14, where A = arm(i +
1,h+1).
We show that (5.4) holds for all possible cases for (a, b, c,d) with b # d.

First, suppose |{a, b, c,d}| = 4. Then, the sets {u € Arm(i+1,h+1) : T'(u) # T(d(u))}
and {u € Arm(i+1,h+ 1) : U(u) # U(d(u))} are equal.

e On the one hand, if Xc4qs = Xeap, then 1 — pgh) (T) = 1 by Item (I). Then, it also holds
that X4y = Xdeca, and hence 1 — pgh)(U ) = 1 by Item (I). It also holds that

Xea T Xdb — Xecb — Xda = 07

therefore, maj**1(T) = maj**(U) and coinv?®**1(T) = coinv®**+1(1)).

e On the other hand, if Xcq0o =1 — Xedv = Xde, then 1 — pgh)(T) = 0 by Item (II). Then,
it also holds that X4, = Xeda, and hence 1 — pl(-h)(U ) = 0 by Item (II).

Thus, in both cases for Xcqs, (5.4) holds for |{a, b, c,d}| = 4.

Now suppose that |{a,b,c,d}| = 3. Since b # d, without loss of generality we may
assume b = c. By Item (III), we have 1 — pgh) (T') = 1. Moreover,

1-¢

h — —
1-— p( )(U) = (qL htA+1)1 Xdba T qL—htA+2’

(3

where A = arm(i + 1,h + 1), by Item (V). It also holds that

Xba + Xdb — Xbb — Xda = Xdba-

For the major index, we have maj™+(T") —maj" 1 (U) equals (£+1)xgpe. For the coinversion
number, we have coinv("™+1(T) — coinv™*+1)(U) equals (A + 1)xapa. Finally, we have

11 1-¢ /T 1t )
wedg™a 1— qleg(u)+1tarm(u)+l wedg o 1— qleg(u)+1tarm(u)+1 1— qe+1tA+17
T (u)#T (d(u)) U (w)#£U (d(w))
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since u = (4,7 + 1) is the only relevant box. Therefore, we compute

(r)
Wty (T) — q(f+1)deat(A+1)dea (1-1) _ ) (T, U),
A0 = g

and thus (5.4) holds for this case as well.

Finally, the case |{a, b, ¢, d}| = 2 does not happen as b # d by the non-attacking property
of U. Therefore, (5.4) holds in all cases. O

We are now ready to prove the main result of this section, Theorem 5.13.

Proof of Theorem 5.13. Assume that U = tEO’h] (T) for some h € [0, ;]. If such h doesn’t
exist, then prob,(T,U) = prob,(U,T) = 0, and the lemma holds trivially. For all r €
[h+1,; — 1], since the r*® and (r + 1)** rows of T and U are equal, we have

wtl)(T) = wtl)(U) (5.5)
By Lemma 5.15, for all r € [0, h — 1], we have
wtg (U)o} (U) = weg) (T)pi" (T), (5.6)
and by Lemma 5.16, we have

wtl) (U) (1= p"(U)) = wt$ (1) (1= p{M(T)) . (5.7)

aq,

Multiplying (5.5) for each r € [h+ 1, ; — 1], (5.6) for all r € [0, h— 1], and (5.7), we obtain

(H wt®)(U ) <H U ) (U (H wt)(T ) (H 20T ) (T,

By (5.2), and Definition 5.8, we obtain
wt, (U) prob,; (U, T') = wty+(T) prob;(T, U). ]
Recall that NAF(a, o, §) denotes the set of non-attacking fillings of shape a with content

. Since prob,(T,U) = 0 whenever x* # xV, we may restrict the map in Theorem 5.13 to
obtain a probabilistic bijection between NAF(«, o, 8) and NAF(a, os;, §).

Corollary 5.17. The pair of maps defines a probabilistic bijection between NAF(a, o, )
and NAF(a, os;, B) with respect to the weight function wt,;.
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Example 5.18. Let n = 4, a = 2201, 0 = [3,1,2,4], 8 = 1202. Let ¢ = 1 and note that
a; = ay = 2. Moreover, note that os; = [1,3,2,4]. Corollary 5.17 implies that the maps
prob, : NAF(a, o, ) xNAF(«, 0s1,8) = Q(q,t) and prob, : NAF(«, os1, 8) xNAF(a, 0, ) —
Q(g,t) form a probabilistic bijection.

The set NAF(«, 0, 8) = NAF(2201, [3,1,2,4],1202) consists of three fillings, T}, T5, and
T3, and the set NAF(a, 0s;, 5) = NAF(2201, [1, 3,2, 4], 1202) consists of two fillings, U; and

U,, shown in the left and right sides of Figure 5.1, respectively. Figure 5.1 shows the values
of prob, (T',U) and prob, (U, T) for each pair of fillings.

oTd]
T, =12 [4 I
3124~ 20 \
g
Wty o(T1)= stu-n T2

(1—¢%t3)(1—¢2t2)(1—qt?)(1—qt)

4
t(lfﬂ > [1]2] [4]=U
sl 1{3(2(4
2[4 / = qzztta — 2(1-t)3¢
T, =121 (4] — 1 g, (U1)= (1—q2¢2)(1—qt2)(1—qt)
3124 . &L
—qt2

__aa-9? T 1-g2p2 T 412
(1-¢23)(1—qt) 1\q2t3 — [

1/' 1132
412 / A‘”(Uﬂ:%

T, =(1]2] [4 FRAC

-~

3124 et

Pt2(1-1)3
(1—q2t3)(1—q2t2)(1—qt2)

wig,t (T2)=

4]=U,
4

wiq,t(T3)=

Figure 5.1: For each T € NAF(2201,[3,1,2,4],1202) (right, in red), and each U €
NAF(2201,[1,3,2,4],1202) (left, in blue), the label of the red arrow from T to U is the
value of prob, (T, U), and the label of the blue arrow from U to T is the value of prob, (U, T)).
The lack of an arrow indicates that the value is zero. Below each filling, we show the value
of wtg .

The fact that the maps form a probabilistic bijection can be checked by computing that,
for each T' € {T1,T,,T3} and each U € {U;, Us}, we have

prob, (T, U)wt, +(T") = prob, (U, T)wt,+(U).

Moreover, using the fact that there exists a probabilistic bijection between {7}, T5, T3} and
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{U1, U}, Theorem 5.13 implies that their ¢, t-weight generating functions are equal, that is,
Wt (T1) + Wt e(T2) + Wt (T3) = wtg(Ur) + wig (Us).

This equality can be checked from the known values of wt,; in Figure 5.1. Note that

the left-hand side is the coefficient [x!2?]E5-?(x;q,t) and the right-hand side is the

coefficient [x1202]E212312 4]( ;q,t).

5.2.1 Bijective proof of Theorem 5.2

We now have the tools to give a bijective proof for the main result of this chapter, Theo-
rem 5.2, a symmetry theorem for the permuted-basement Macdonald polynomials. Let’s
recall the statement.

Theorem 5.2. Let o = o ...y, be a composition with o; = a1 for some i € [n — 1], and
let 0 € 8,. Then,
Eg(x;9,t) = EZ*(x;9,1).

Proof. We write
El(x;q,t)= > wt(T) = > 2P ( > wtq,t(T)) .
TeNAF(a,0) compositions 8 TeNAF(a,0,8)

For each composition 8 = f...08,, Corollary 5.17 implies that there exists a proba-
bilistic bijection between NAF(«, o, ) and NAF(«,os;, ) with respect to wt,;. Hence,
Proposition 5.5 implies that

1Bl (x;9,0) = D wig(T)= Y wig(U) = [2°] B (x;4,1),
TeNAF(a,0,8) UeNAF(a,05;,8)

and the result follows. O]

Given a composition @ = ;. .. ay,, let C, be the subgroup of 8, () generated by the
transpositions {s; : a; = a;41}. Writing a = p{"p3™? - - - p.**, we have that

ea = S[l,ml] X S[T)fL1—|—1,77L1+m2] X X S[m1+m2+---+mk_1+1,n] C Sn(a)-

For example, if a = 112213 = 12221131 then €, is the subgroup of Ss(c) generated by
the transpositions s; and ss:

eoz = {[1a 2, 3747 5’ 6] ) [27 1) 3a 4a 5’ 6] ) [17 2a47 3’ 5, 6] ) [4’ 1’4’ 3’ 5’ 6]}
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The group S¢() is generated by {si, s3, S25}, where so5 = $253545352. For instance,
[5,2,3,4,1,6] € Sp() \ Ca.

Corollary 5.19. Let o = a;...a, be a composition. Then, if o,7 € 8, are such that
o1t € C,, then
EZ(x54,t) = EQ(x;4, ).

Proof. By induction, it suffices to prove the statement for 0~!7 = s; for some 7 such that
a; = a;11. Then, the result follows from Theorem 5.2. O

If @ =p"py?---pp*, then C, = 8, () if and only if p1,ps, ..., px are pairwise distinct.
In particular, this is the case when « is a partition or an antipartition.

Corollary 5.20. Let o = a; ...y, be a partition or an antipartition. If o,7 € 8,, are such
that o - =7 - «, then
EZ(x;59,t) = EL(x;4,1).

Proof. Since o717 € 8,(a), when « is a partition or an antipartition, c7'7 € €,, and
Corollary 5.19 applies. m

5.3 Applications

Immediate applications of Theorem 5.2 include the removal of certain assumptions from
theorems in [Ale19] and [CMW22].

5.3.1 t-atom polynomials and #-key polynomials

Fix a composition a = a3 ... a, and a permutation o € §,,. The permuted basement t-atom
polynomial of a with basement o, first introduced in [HLMW11] and further studied in
[AS19], is defined as

Al (x;t) = E2(x;0,1).

Similarly, the t-atom polynomial A, (x;t) and the t-key polynomial IC,(x;t) are defined as
Ao(x;t) = A4x;t)  and  Ku(x;t) = AY°(x;t).
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Proposition 5.21 (inferred from [Ale19, Proposition 27]). Let o = a; ... a, be a composi-
tion. Let o € 8,, be the shortest permutation such that o - inc(a) = a, and let m € 8,, be the
shortest permutation such that 7 - dec(a) = a.

Aa (X; t) = %c(a) (X; t) and K:Ol (X; t) = 1due0c7Ea) (X; t)

Using Corollary 5.20, we can remove the length restriction on ¢ and 7w above.

Corollary 5.22. Let o = o ..., be a composition. Let T € §,, be any permutation such
that 7 - inc(a) = «, and let m € 8,, be any permutation such that 7 - dec(a) = a. Then,

Ao(X5t) = Al (o) (X3 1) and  Ko(x;1) = A0, (%)

Proof. Let o € §,, be the shortest permutation such that o-inc(a)) = a. By Proposition 5.21,
we have A,(x;t) = A7\ (x;t) = EZ__\(x;0,t). Since 7-inc(a) = o -inc(a), Corollary 5.20

inc(c) inc(c)
implies E ,y(X;0,t) = Ej ) (x;0,2) = A] ) (x;¢).
The proof for K, is analogous, and is omitted. n

5.3.2 ASEP polynomials

In [CMW22], the authors introduce the ASEP polynomial F,(x;q,t), which are weight-
generating functions for multiline queues with bottom row a. A key result from their work
is the following proposition.

Proposition 5.23 ([CMW22, Proposition 3.1]). Let & = a; ..., be a composition. Let
o € 8, be the longest permutation such that o~ - a = inc(a). Then,

Fa(x; q, t) = Ei?lc(a) (X, q, t)

By Corollary 5.20, we can remove the length requirement on o.

Corollary 5.24. Let o = a ... oy, be a composition, and let T € 8,, such that 77! -a =
inc(a). Then,
Fa(x; g, t) = EiTnc(a) (X; q, t)

This allows us to realize t-atom polynomials as specializations of ASEP polynomials.

Corollary 5.25. Let a = a1 ..., be a composition. Then,

Fo(x;0,1) = Aqa(x; ).
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Proof. Let T € 8, such that 77! - @ = inc(a). From Corollary 5.24 and Corollary 5.22, we
have Fo(x;0,1) = Ef ) (%;0,8) = AL, (%) = Aa(x; 1) O

Inc

Finally, for a partition A = Ay ... \,, it was observed in [CMW22] that

P)\(X; q) t) = Z E.?é()\) (X; q’ t)) (58)
BESn-A
where S, - X is the set of rearrangements of A, inc(A) = (A, ..., A1), and o, is the longest

permutation that rearranges inc(\) into p.
Corollary 5.20 allows us to rewrite (5.8) without the length restriction on o,,.

Corollary 5.26. Let A = Ay ...\, be a partition. Then the symmetric Macdonald polyno-
mial satisfies

P)\(X; q, t) = Z E.?:;()\) (X; q, t)a
BESn-A

where 0, € S,, is any permutation such that o, - inc(A) = p.
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