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Abstract

Diffusion models describe the spread of particles, energy, or other entities within a
medium. Perturbations of mechanical systems, random walks(discrete case), and Brownian
motion(continuous-time stochastic process) are some classical methods used to model diffu-
sion. Among these, those generated by stochastic processes have been extensively studied
by employing the Fokker-Planck equation—a one-dimensional parabolic partial differential
equation—to examine these systems by analyzing the probability density function. Given
the incomplete theory surrounding degenerate diffusion equations, our objective is to gen-
eralize and expand existing results for degenerate diffusion processes by examining cases
where weak degeneracy occurs at the boundaries, utilizing a Fokker-Planck-like equation.
More precisely, we first address the well-posedness results, which ensure the existence and
uniqueness of a solution and are critical for investigating other qualitative properties such
as controllability, observability, stabilization, and optimal control. Additionally, we explore
the interval of the existence or absence of stationary states, which is fundamental in the
analysis of mechanical or physical systems. To this end, we examine sufficient conditions
for both the non-existence and existence of stationary points. Furthermore, to verify and
illustrate our analytical results, we delve into the Budyko-Sellers model, a climate model,
providing results on its well-posedness and addressing the inverse problem of determining
the insolation function. Throughout this study, we primarily employ semigroup theory, op-
erator and functional analysis, and weighted Sobolev spaces to manage the non-ellipticity
of the diffusion and well-posedness of the parabolic equation, while using the theory of
Lyapunov functions to ensure the existence of stationary states.
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Chapter 1

Introduction

Our world is full of exciting events, some easily detectable while others require careful
observation. The speed, magnitude, and frequency are vital characteristics of these phe-
nomena. To understand and interpret these events deeply, we must focus not only on the
results but also on the study of the building blocks of the evolutionary process. This is
crucial for the development of scientific knowledge.

One way to achieve this in-depth perception is by utilizing simple or advanced mathe-
matical tools. The nature and complexity of a system dictate the systematic method one
must choose to work with. Dynamical systems, which evolve according to specific laws, are
particularly suitable for tackling the challenges inherent in these processes. We can address
a broad spectrum of dynamical systems, including Ordinary Differential Equation (ODE),
neural networks, Partial Differential Equation (PDE), or even coupled systems consisting
of ODEs and PDEs. Each problem has its source of complexity, demanding a different
treatment approach, which is why classification among these problems is essential. A fun-
damental way of classification is the distinction between linear and non-linear equations.
In the first case, there is a very good understanding of these systems, and they are usually
referred to as the classical case in the literature. Non-linear equations, on the other hand,
represent the most complex case and often pose significant challenges.

Moreover, PDE systems are a significant research topic in contemporary science. They
model a wide range of processes across various scientific fields such as physics, engineering,
biology and climatology. Each of these sciences benefits from the use of PDEs in ways
unique to their specific challenges and goals. It is well-known that only a few PDEs can
be solved analytically. Even when an analytic solution is possible, it often does not signif-
icantly contribute to our analysis or research objectives. Therefore, instead of solving the
PDE system directly, it is crucial to study the qualitative characteristics of the equations,
such as well-posedness, stability, controllability, and more. To investigate these qualita-
tive aspects, we employ advanced mathematical tools like functional or operator analysis.
These tools help address the complex questions that arise and enable us to expand our
understanding of a more general class of PDE systems. Through this approach, we can
gain insights that are not only theoretically profound but also practically applicable across
various scientific domains.

A major motivation of this thesis is the study of a special class of second-order par-
tial differential equations known as Reaction-Advection-Diffusion (RAD) equations. These
equations are fundamental in applied sciences due to their multifactorial nature, encom-



passing numerous physical processes. They are particularly useful in modeling phenomena
across various disciplines.

In flow dynamics, reaction-advection-diffusion equations are employed to model col-
lective movements, such as the flow of fluids or the migration patterns of organisms. In
evolutionary biology, these equations describe the evolution of populations, capturing the
effects of natural selection, genetic drift, and spatial distribution. In climatology, they are
used to model the evolution of global temperature, taking into account both external in-
fluences, like solar radiation, and internal factors, such as ocean currents and atmospheric
composition.

These equations often involve different combinations of reaction, advection (also known
as the drift term), and diffusion processes. For example, some models may focus solely on
reaction-diffusion equations, which describe processes where chemical reactions are coupled
with diffusion, such as the spread of pollutants in air or water. Others may use advection-
diffusion equations, which describe the transport of substances under the influence of a
velocity field, like the dispersion of contaminants in a river.

In this thesis, we are particularly interested in the diffusion terms of these equations.
Diffusion processes are a subset of these equations where the primary focus is on the
spreading of particles, heat, or other quantities due to random motion. The mathematical
representation of diffusion processes involves terms that describe how substances spread
over time, driven by concentration gradients.

A critical aspect of diffusion processes is the incorporation of random motion, often
referred to as noise perturbations. These perturbations add an extra layer of complexity
to the system, as they account for the unpredictable and stochastic nature of the particles’
movement. One of the most common models for this randomness is white noise, which
represents random fluctuations that can occur in any direction at any time. Over the
years, significant developments have occurred in tackling different sources of noise, varying
in magnitude and regularity. The stochastic term added to the system can result in a de-
terministic system or a fully stochastic system. Many advanced tools have been developed
to study these systems, which include Stochastic Differential Equation (SDE) that model
how random fluctuations influence diffusion and other processes.

By exploring these diffusion terms and incorporating noise perturbations, we aim to
gain deeper insights into the underlying mechanisms of various physical and biological
systems. Understanding how diffusion interacts with other processes, such as advection
and reaction, and how noise influences these interactions can lead to more accurate models
and predictions, which are crucial for advancements in applied sciences.

The major difficulty with the noise term is its non-differentiability (e.g., Brownian
motion, Markov processes, Weierstrass functions), which prevents the use of classical tools.
However, this has not hindered the development of stochastic mathematics. Many scientists
have developed advanced mathematical tools, redefining integrals adapted to stochastic
processes and ultimately establishing It6 calculus. Another significant contribution to this
process is that a large class of stochastic processes exhibits Holder continuity, which has
proven pioneering in this field. Holder continuity is a condition that provides a weaker
form of continuity compared to differentiability and is significant in the study of stochastic
processes.

Additionally, another way to study diffusion systems containing stochastic terms is by
examining the behavior of certain statistical quantities, such as the probability density



function of the evolutionary state variable. This approach allows us to gain insights into
the overall dynamics of the system under the influence of randomness.

A well-known and extensively studied tool for this purpose is the Fokker-Planck equa-
tion. The Fokker-Planck equation provides a deterministic framework for describing the
time evolution of the probability density function associated with the SDE governing the
system. By connecting the SDE with the probability density function, the Fokker-Planck
equation enables us to understand how random perturbations influence the distribution of
states over time.

The Fokker-Planck equation is particularly powerful because it transforms the problem
into a fully deterministic one, even though the underlying system is stochastic. This allows
for the application of various analytical and numerical methods to study the diffusion
process more systematically and rigorously.

We will delve deeper into the details of the Fokker-Planck equation and its applications
in the following chapters (Chapter 3,4,5).



Chapter 2

Basic Definitions

2.1 Fundamental Definitions and Sobolev Spaces

We will begin by introducing fundamental concepts and terminologies that form the foun-
dation of our analysis. These definitions will provide the essential background needed to
understand and follow the subsequent discussions and results presented in this thesis.

Initially, we will use two notations for the partial derivative: either (-), or e depending
x

on the context and specific needs. Specifically, in Chapters 4, 5, and 6, we will use the
former notation, while in Chapter 3, we will use both notations.

Let X be a general functional space. The definition of positive or semi-positive definite
is given by the following two definitions.

Definition 1. A function a : X — R is called positive definite if for all x € X and any
non-zero vector £ = (§1,&2,...,&,) € R", n € N:

a(x)e = &&a(x) > 0.
ij=1

Definition 2. A function a : X — R is called positive semi-definite if for all v € X
and any vector § = (&1,&s,...,&,) € R", n € N:

la(x)é = Z &&a(x) > 0.
ij=1
Moreover, for the special case X = R, the above definitions take the form:
Definition 3. A function a : R — R is called positive definite if for all x € R,
a(x) > 0.
Definition 4. A function a : R — R is called positive semi-definite if for all x € R,

a(x) > 0.

Let us now define what it means for a matrix to be positive definite in R", wheren €
N.



Definition 5. A matrizc C = (¢; ;)i j=12...n 1S called positive definite if for all non-zero
vectors X = (21,22, ...,2,) € R", the following condition holds:

x'Cx >0

That is,

n n
Z Z Ci jTiTj > 0

i=1 j=1

for all non-zero x € R".

Remark 1. In the case of a positive semi-definite matrix, the condition:
x'Cx>0

must be satisfied for all vectors x € R".

Continuous Function Spaces

Continuous function spaces deal with continuous functions on a subset 0 C R",n € N.
Definition 6. The space C*(Q) for an integer k > 0 is defined as:

CH(Q) == {u: Q — R | 0% exists and is continuous for all multi-indices |a| < k},
where a = (aq, ..., ) and |a| = a; + ... + a,, for n € N.

The norm in C*(Q) is given by:

ol = 3 suplouta

jal<k ®

Definition 7. The space C**(Q) for an integer k > 0 and 0 < o < 1 is defined as:
CH(Q) = {u € C*(Q) | 0°u is Hélder continuous of order a for all |B| =k} .

The norm in C**(Q) is given by:

9u(a) — uly)|

|z —yl|*

[ulleraio) = llullor@) + Z sup
181=k T

Using Definitions 6 and 7, we have the following two special cases.

Definition 8. The space C*°(Q) is the space of functions with continuous first derivatives
and 1s defined as:

CH(Q) ={ueC(Q)|duecCQ) foralli=1,...,n}.

Definition 9. The space C**(Q) is the space of functions with continuous first and second
partial derivatives, defined as:

CH(Q) :={u e CQ) | O, djju e C(Q) foralli,j=1,...,n}.

These function spaces form the foundation for studying various problems in partial
differential equations, functional analysis, and other areas of mathematics.

bt



Hilbert Spaces

Definition 10. A Hilbert space is a linear space H equipped with an inner product (f,g),
f,g € H, which is complete with respect to the norm || f||g = (f, f)%

We know that in Hilbert spaces, the Cauchy-Schwarz inequality holds:
[z, ) < l=llllyll, Va,y € H.
Additionally, another fundamental inequality is the triangle inequality:

e +yll < llzll + llyll,  Vo,y e H.

Lebesgue Spaces

Lebesgue spaces are a class of function spaces that generalize the notion of integrable
functions.

Definition 11. The Lebesgue space LP(S2) for 1 < p < oo is defined as:

LP(Q) == {u QR ( j |u(x)]pdx>l/p < oo}.

The norm in LP(QY) is given by:

ot = [ e ar) "

Definition 12. The space L>(2) is defined as:
L>*(Q) = {u : Q) — R | esssup |u(z)] < oo} ,
e

where the essential supremum ess sup is the smallest number M such that u(x) < M almost
everywhere. The norm in L™ () is given by:

[rsp——clk
e

Sobolev Spaces

Sobolev spaces are a fundamental class of function spaces used to study partial differential
equations and functional analysis. These spaces generalize the concept of differentiability
and integrability.

Definition 13. The Sobolev space WP(Q) for 1 < p < oo is defined as:
WP (Q) :={u € LP(Q) | Ou € LP(Q) fori=1,...,n},

where O;u denotes the weak partial derivative of w. The norm in WP(Q) is given by:

1/p
[wllwe ) r=<|UI| +Z||3U|| ) :

6



Definition 14. The Sobolev space W"?(Q) for an integer k > 1 and 1 < p < oo is defined
as:
WEP(Q) := {u € LP(Q) | 0%u € LP(Q) for all multi-indices |a| < k},

where O*u denotes the weak partial derivative of order |a|. The norm in W*P(Q) is given

by:
1/p

lullweny = | D 10l

|| <k

Spaces W*?(Q) with p = 2 are especially significant in control theory and our analysis.

Definition 15. The Sobolev space H'(Q) is defined as:
H'(Q) =W (Q) = {ue L*(Q) | Qu e L*(Q) fori=1,...,n},

where O;u denotes the weak partial derivative of u. The norm in H'(Q) is given by:

n 1/2
[l ) = (IIUII%z(Q) +> ||0iUII%2(Q)) :
i=1

Definition 16. The Sobolev space H*(Q) is defined as:
H?*(Q) :=W*»*(Q) = {u € L*(Q) | 0% € L*(Q) for all multi-indices |o| < 2},

where 0*u denotes the weak partial derivative of order |a|. The norm in H*(Q) is given
by:
1/2

lullze@) = | D 10%ul72()

o <2

Let’s now introduce the foundational definitions of several key classes of functions that
are pivotal to this work. First, we will define Lipschitz functions in the context of the
Euclidean space R", for n € N. Following that, we will provide definitions for two other
important classes of functions, but these will be framed within the broader and more
abstract setting of a general space X.

Definition 17. Let V : D ¢ R"™ — R", D is a closed set. We assume there ezists
k > 0 such that for every (t,x;), (t,x2) € D, it holds that |V (t,x1) — V (¢, z2)| < k|z1 — x2].
Then we say v satisfies the Lipschitz condition concerning x on D, and k is a Lipschitz
constant for the function V(t,x) over the set D.

Definition 18. [/0, Def 2.2] Assume V' € C(D), is a non-negative function, where D can

be bounded, unbounded, or the entire space X, and the essential upper bound M = sup V (z),
xeD
then the function V is said to be compact if

1. V(x) <M, z€D,and

2. lim V(z)= M.

x—0D



Definition 19. [5/, Def 2.3(3)] Let C' = (¢; ;)i j=12..n be a positive semi-definite n X n
matriz-valued function on the space X. A compact function V. € C'(X) is said to be of
class B*(A) if 3m € (0,M), M >0 and 3G >0, a locally bounded function on [m, M|
such that:

1. VV(x) #0, r €V q) a.e. q€[m,M).
2. ¢;;0V(2)0;V(x) <Glq), x€Vq) ae q€lm,M).

Mo
3. /qo G(s)dS:oo, Vg0 € (m, M).

Operator Analysis

Definition 20. An operator A on a vector space X over R is linear if it satisfies:
Alau + pv) = aA(u) + BA(v),
for all u,v € X and o, 5 € R.

Linear operators form the foundation of mathematical analysis, extensively studied in
both theoretical and applied contexts.

Definition 21. An operator A on a normed vector space X is bounded if there exists a
constant C > 0 such that ||A(u)|| < C||u|| for all uw € X, where || -|| denotes the norm on
X.

Bounded operators ensure stable transformations within normed spaces, foundational
in functional analysis.

Remark 2. The study of bounded operators has led to significant results such as the Hille-
Yosida and Stone’s theorems, which play pivotal roles in later analyses.

Definition 22. An operator A is unbounded if there is no constant C' > 0 such that
|A(w)]| < C||lu|| holds for all uw € X.

Unbounded operators present challenges due to their potential to produce arbitrarily
large outputs for finite inputs in normed spaces.

Definition 23. An operator A on a Banach space X is closed if its graph {(u, A(u)) |
u € D(A)} is closed in the product topology of X x X, where D(A) denotes the domain of
A.

Closed operators ensure continuity and completeness in Banach spaces, crucial for rig-
orous mathematical analysis.

Definition 24. An operator A on a Hilbert space X is self-adjoint if A = A*, where A*
denotes the adjoint (or Hermitian adjoint) of A.

Definition 25. An operator A on a Hilbert space X is symmetric, if (Au,v) = (u, Av)
for all u,v € X.



Definition 26. An operator A on a Hilbert space X is negative if (Au,u) < 0 for all
u € D(A), where D(A) is the domain of A.

Negative operators model dissipative phenomena and stability, crucial in the analysis
of dynamical systems within Hilbert spaces.
Definition 27. A subset D of a topological space X is dense in X if every point in X
either belongs to D or is a limit point of D.

Dense subsets ensure that spaces are rich enough for approximation and convergence

in topological contexts.

Definition 28. The domain D(A) of an operator A on a Hilbert space X is dense if
D(A) = X, where D(A) denotes the closure of D(A) in X.

A dense domain ensures that operators can be continuously extended and fully defined
within Hilbert spaces, essential for completeness and functional analysis.

2.2 Semigroup Theory

A notable feature of infinite-dimensional systems is that the corresponding operator A
is not always bounded. Therefore, we focus on operators whose domains do not cover
the entire space. Generators of semigroups serve as prime examples of such unbounded
operators. This section introduces various concepts of semigroup theory and presents key
existence and uniqueness results.

Considering an abstract Sobolev space X, we start with some essential definitions.

Definition 29 ([75], Def 2.2.1). A strongly continuous semigroup (or Cy-semigroup)
S(t) on a Banach space X is a family of operators {S(t) }s>0 such that:

e S(0) =1 (the identity operator),
o S(t+s)=2S5(t)S(s) for allt,s >0,
o S(t)x is continuous in t for each fived v € X.

Definition 30 ([55], Def 2.2.1). The operator A is called the infinitestimal generator
of the semigroup S(t) if
Az = lim —S<t)$ —7

t—0+ t ’

for all x in the domain D(A), where the limit is taken in the norm of X.

In the study of differential equations, various types of solutions are considered, each
offering different levels of generality and applicability. Classical solutions are the most
restrictive, requiring the solution to be continuously differentiable and to satisfy the dif-
ferential equation in the traditional sense at every point. Mild solutions, on the other
hand, relax these requirements by employing semigroup theory and integral equations,
thus allowing solutions that may not be differentiable but still capture the system’s dy-
namics over time. Weak solutions further generalize the concept by using integral forms



and test functions, making it possible to work with functions that are only integrable and
not necessarily continuous.

While these solutions may seem distinct, under certain conditions they can coincide;
for instance, a classical solution is also a mild and weak solution, but the converse is not
always true. In the following lines, we will present the definitions of these solutions and
explore their differences in detail.

Definition 31 ([55], Def 2.2.1). A continuously differentiable function u : [0,00) — X is
termed a classical solution of the Cauchy homogeneous problem:

ur(t) = Au(t), u(0) = up, (2.2.1)
if u(t) € D(A) for allt > 0 and the equation (2.2.1) holds.

Lemma 1 ([55], Lemma 2.2.2). Consider A as the infinitesimal generator of the strongly
continuous semigroup S(t). For any uy € D(A), the function u(t) = S(t)ug uniquely solves
the problem (2.2.1).

Next, we introduce a more general definition of the solution to the system (2.2.1), where
the condition ug € D(A) is not required.

Definition 32 ([05], Def 2.2.4). The continuous function u : [0,00) — X defined by
u(t) := S(t)ug is called the mild solution.

Let’s now extend the concept of solutions to the abstract inhomogeneous Cauchy prob-
lem

u(t) = Au(t) + g(t), u(0) = uy, (2.2.2)
where g : C([0,7); X), T > 0.

Definition 33 ([55], Def 5.5.1). A continuously differentiable function u : [0,00) — X is
termed a classical solution of the Cauchy inhomogeneous problem (2.2.2), if u(t) € D(A)
for allt € (0,T) and the equation (2.2.2) holds for all t € (0,T).

The mild solution in this case is defined in the following lines:

Definition 34 ([55], Def 5.1.4). Let g € LP([0,T]; X),for ap > 1. The continuous function
t

u:[0,00) = X defined by u(t) := S(t)uo—l—/ S(t—7)g(T)dr is called the mild solution.
0

In fact, our concept of a mild solution corresponds to what is commonly referred to as
a weak solution in the realm of PDEs.

Definition 35 ([55], Def 5.1.9). For g € LP([0,T]; X) with p > 1, we define u as a weak
solution of (2.2.2) on the interval [0,T) if it satisfies the following conditions for every
u' € D(A*):

e u(t) is continuous on [0, T) with the initial condition u(0) = uy,

t
e the integral / u(T)u' dr is absolutely continuous on [0,T),
0

10



o for almost every t € [0,7), the following equation holds:
t t t

/ wy(T)ut dr :/ u(7T)A*u! d7'+/ g(T)ut dr,
0 0 0

where A* denotes the adjoint operator of A.

The existence of a strongly continuous semigroup implies the existence of unique clas-
sical solutions. Conversely, if A has a non-empty resolvent set, the existence of unique
classical solutions implies that A generates a strongly continuous semigroup.

Theorem 1 ([55], Theorem 2.2.3). Let A : D(A) — X be a linear operator such that
(M — A) is an invertible bounded operator for some A € C. If, for all ug € D(A), the
differential equation (2.2.1) has a unique classical solution, then A generates a strongly
continuous semigroup S(t).

The concept of semigroups and their generators is pivotal in the study of evolution
equations. This theoretical framework offers powerful tools for analyzing the existence,
uniqueness, and regularity of solutions to differential equations within an abstract set-
ting. One of the cornerstones of this theory is the Hille-Yosida theorem, which provides a
comprehensive understanding of the inhomogeneous case of the problem.

The Hille-Yosida theorem is particularly significant because it characterizes the gener-
ators of strongly continuous semigroups, offering essential insights into the solution prop-
erties of evolution equations. Assume the following evolution system:

2(0) = 1, (2.2.3)

{ut(t) + Au(t) = g(t), T >0,
where A is a linear operator defined on a Banach space X, ¢(t) is a given function and
uy € X is the initial condition. Let’s now state the theorem.

Theorem 2. [/(), Theorem 7.10] Assume that A has a dense domain (D(A) = X ) and for
all A\ > 0, the operator I + \A is bijective from D(A) onto X, with ||(I + AA)"|c@) < 1,
where L(X) is the space of linear bounded operators from X to X. Then for every ug €
D(A) and every g € C'([0,T); X), there exists a unique solution of the problem (2.2.3)
with,

u € CH([0,T]; X) N C([0, T]; D(A)).

Moreover, u is given by the formula:

u(t) == S(t)ug —l—/o S(t—71)g(r)dr.
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Chapter 3

The Fokker-Planck Equation

3.1 Fokker-Planck Equation and the Connection with
Stochastic Differential Equations

Every system encounters intricate external or internal influences known as noise or fluc-
tuations, stemming from countless small disturbances that cause unpredictable yet slight
variations in the system’s variables. Let’s take for example a dynamical system, given by
the equation:

r,=b(x), xelUCR" (3.1.1)

where z is the studying process.

Here, the set & may be: 1) bounded, 2) unbounded, or 3) the entire space R", where
n € N. The function b = b* represents the vector field or drift field. By incorporating a
noise perturbation term o (z)dW;, where o = (6"),,5m, W; is the Wiener process, defined

as £(t) = —, where &(t) is white noise and m € N is a matrix-valued function defined on

U, we derive the following [t6 SDE system:
de =b(x)dt +o(x)dW,, xe€lU CR"™ (3.1.2)

Provided that both b and ¢ are locally Lipschitz-continuous in U, the SDE generates a local
(in time) diffusion process within ¢4. Recalling the basic theory of SDEs([52],[20],[28],[33],[31]),
and employing the Distribution-Based Approach, equation (3.1.2) is connected with a sec-
ond order linear PDE. More precisely, for any bounded, non-negative, measurable function

ug € U satisfying / uo(z) dr = 1 and supposing that the transition probability:
u
p(t,(,x) := Pr(z(t+ h) =lz(t) =z), as h—0,
exists,Probability (Pr) , the function

u(zx,t) ::/up(t,C,x)UO(() d¢, (3.1.3)

12



satisfies a second-order PDE, known as the Fokker-Planck (FP) equation, under the fol-
lowing conditions:

( RS ij (i

wy(t, z) = 5”2_:1 (o™ ())ult, 9‘3)>zz] — ; (0 (x)ult,2)), , €U, t>0,

u(0, ) = up(x), rel, (3.1.4)
u(t,z) >0, xr €U, t >0,
/u(t,x) dr =1,
\Ju

where z = (21, ...,x,) € R". Equation (3.1.4) is a differential equation governing the dis-
tribution function u(z,t) of n-macroscopic variables x. This approach effectively captures
the characteristics of the Ito6 SDE (3.1.2).

In summary, the transition probability density function p(t, ¢, z), if it exists, u(t,x)
serves as a fundamental solution to the FP equation corresponding to (3.1.2). We define

1
the term as a(x) = 50*(35)0(:10) and we will focus on the case where n = 1. Then, equation
(3.1.4) becomes:

w(t,z) = (a(x)u(t, x)),, — (b(x)u(t,z)), - (3.1.5)

Remark 3. Notice that equation (3.1.2) can be written in the following form:

dr = b(x)dt + \/2a(x) dWy, zelU CR. (3.1.6)

Within the FP equation, b(x) is referred to as the drift coefficient, and a(z) is known
as the diffusion coefficient. Essentially, the FP equation can be described as a diffusion
equation augmented by an additional term consisting of a first-order derivative concerning
x. Let’s now define some useful operators, to help us with the analysis in the following
chapters.o The Fokker-Plank operator is defined as:

Au(t, z) .= (a(z)u(t, z)),, — (b(x)u(t, z)), . (3.1.7)

In the following Chapters, the adjoint problem will be under consideration. Therefore we
define the adjoint Fokker-Plank operator as:

A*u(t, x) == a(x)ug(t, ) + b(x)u.(t, x). (3.1.8)
Finally, the family of adjoint FP operators is crucial for our analysis:
Definition 36. [71] We call the operator
Aj oy = ad® + bo. (3.1.9)

the family of adjoint FP operators, where b € B, a € A, and:

e B: is the class of continuous functions U — R",

o A: is the set of n X n valued matrices,

13



o U: 1s the class of everywhere positive definite functions of Wl q > 1 under the

topology W4-convergence of any compact subset of U.

oc ’

The FP equation addresses fluctuations by providing a framework to understand how
such disturbances affect the evolution of system variables over time. Initially introduced
by Fokker [2] and Planck [3] to model the phenomenon of Brownian motion in particles,
the FP equation, also known as the Kolmogorov forward equation, is a parabolic PDE.
It describes the time evolution of the Probability Density Function (PDF) of a Stochastic
Process (SP). Exploring the origins of the FP equation provides valuable insights into the
fundamental nature of these equations and their relevance to the dynamics of complex
systems. The complete solution of a macroscopic system would involve solving all the
microscopic equations governing the system. However, since this is often impractical, we
resort to a stochastic description. In this approach, we characterize the system using
macroscopic variables that exhibit stochastic fluctuations.

FP equation is among the simplest equations governing continuous macroscopic vari-
ables. It commonly arises in systems with small but macroscopic subsystems, such as the
position and velocity of a small particle undergoing Brownian motion, the current in an
electrical circuit, or the electric field in a laser[52]. When the subsystem is larger, fluctu-
ations can often be ignored, leading to deterministic equations. However, in cases where
deterministic equations become unstable, a stochastic description becomes necessary, even
for large systems.

3.2 The Weak Form of the Fokker-Planck Equation

Let’s recast the FP equation in the flux formulation, also known as divergence form. By
introducing the quantity b*(x) = a,(x) — b(z) into the equation (3.1.5), assuming that a €
CH(U), we get:

w = (a(x)ugy(t,x)), + (0" (x)u(t,x)),, €U, t>0. (3.2.1)

In this thesis, we will conduct an in-depth analysis of these parabolic-type equations,
focusing on a specific class known as degenerate parabolic PDEs. These equations require
less regularity of the coefficients, necessitating the consideration of the weak formulation
of the FP equation. Specifically, the function b*(z) implies that a(x) must be differentiable
over the entire domain. However, in the class of degenerate equations that will be presented
in the next chapter, this condition is not satisfied. Consequently, we need to develop a
weak formulation of the FP equation.

To connect the FP equation (3.2.1) with the weak formulation, let’s consider the domain
Q = [0,T] x 0U, T > 0 and an additional source term f : @@ — R. By integrating
(3.1.5) over time and space and multiplying by a test function v € W) with boundary
conditions v(z) = 0,z € OU, we obtain:

// Dun(t 7) + b (2)u (t,a:))m)vd:cdt://Qf(t,a:)vdxdt. (3.2.2)

Then, every u that satisfies the above equation, in combination with Definition 34, is a
weak solution of the system (3.2.1).

14



3.3 Historic Development

Control and dynamic systems involving nonlinearities and subject to stochastic distur-
bances present high complexity in terms of mathematical analysis. The special case of
Gaussian white noise disturbances has been extensively studied by many authors using
various approaches and methodologies. For such systems, constructing the associated FP
equation, which describes the evolution of the distribution in the state space, is meaningful.
Recent results have clarified how to derive the PDE governing the evolution of the PDF
for systems perturbed by white noise.

Many scientists in the late 1800s and early 1900s began to treat random processes in
physics using what is now known as the random walk. The primary goal of this work
was to derive the FP equation. Notable contributions include Rayleigh’s work [15] on the
theory of gases and Bachelier’s [1] studies on the stock exchange and gambling.

Einstein integrated probability theory and Brownian motion into a more rigorous math-
ematical framework. This connection led to numerous generalizations for more complex
systems. Key scientists in this field include Fokker, Planck, Burger, Smoluchowski, Orn-
stein, and Langevin.

Kolmogorov took a more advanced and abstract approach in 1931, studying contin-
uous Markov processes and deriving the FP equation, also known as the Fokker-Planck-
Kolmogorov equation. This work spurred a wave of applications in nonlinear control sys-
tems and electronic engineering, with contributions from Arnold, Stratonovich, Chang,
Kazda, Barrett, and Lyon[5]. For a modern perspective, please refer to the following
references[20],[52],[16],[28],[53].

In this work, we assume the derivation of the FP equation from the SDE is already
known. We focus on solving the steady-state problem, showing that the results follow a
specific pattern, with the PDF of the steady-state conforming to the Maxwell-Boltzmann
distribution.

3.4 Steady-State of the Fokker-Planck Equation

Another focus of this thesis is the analysis of the steady-state of these complex systems. In
many cases, the high complexity of the dynamics or the irregularity of components makes
it difficult or even impossible to derive an exact solution for the steady-state. However,
it is possible to find the exact solution for systems with nonlinearities in either their
deterministic or stochastic components.

By using the FP equation, we will concentrate on these specific cases and aim to find
explicit solutions for the steady-state. More precisely, studying the steady-state of the
equation means finding solutions where:

u =0, (3.4.1)

or, using equation (3.1.5),

(a(x)u),,, — (b(x)u), = 0. (3.4.2)
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In such cases, we are interested in finding the stationary PDF that u approaches as
t becomes large (t — o0). It will be shown that the steady-state solutions are closely
related to the Maxwell-Boltzmann distribution, which is a fundamental concept in classical
statistical mechanics.

In the following subsection, we will provide examples of systems for which an explicit
form can be derived, referencing [5], [21], and [21]. As we progress, the complexity of the
systems presented will gradually increase. For each case, we will present the SDE and
the associated FP equation, and investigate the stationary solutions. The initial examples
focus on Hamiltonian systems perturbed by white noise forces. The latter examples will
explore feedback systems where nonlinearity occurs in the drift term.

Notation for Partial Derivatives

In this section, we will be dealing with multifactorial derivatives involving many variables.

To maintain clarity and efficiency in our expressions, we will use the operator notation Iz
x

instead of the subscript notation wu,.

3.4.1 Hamiltonian Systems

Consider a Hamiltonian system with n-degrees of freedom. The system is described using
generalized coordinates ¢; and conjugate momenta, where ¢ = 1,2,...,n and the state of
the system at any time is given by the 2n-dimensional vector. The equations of motion for
the Hamiltonian system are given by Hamilton’s equations:

oH
qi = B_p’
o éH (3.4.3)
b= dq; '

Definition 37. [2/] If there are n integral of motion Hy, Hs, ..., H,, Hy = H satisfying the
equation:

OH,0H;, OH,0H;
Opk Oqr  Oqi Opr
then the Hamiltonian System (3.4.3) is called integrable.

Y

The Poisson bracket, denoted by [H;, Hj|, is defined as:

<~ (0OH;0H; 0H,;0H,
i Hy) = kzz; (8]% oq,  Oqy 32%)

The concept of integrability for a Hamiltonian system can also be defined in the following
remark.

Remark 4. If we can find a set of Canonical Transformations:

Li = Ll(pa q)a
Vi = i(p, q)
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such that they satisfy the following system.:

where H' is a transformation of the Hamiltonian independent of ¢ then the Hamiltonian
System (3.4.3) is said to be integrable.

Second Order Systems

By using the FP equation, we will try to find the steady-state of mechanical nonlinear,
non-conservative, and stochastic systems that are given in the following form:

o dr | 0G()
" T T T on

=¢(t), (3.4.4)

where z is a vector in R", r represents the damping term, G is the potential energy, and

dz; .
&(t) is the vector white noise. We can substitute z; = md—a;,‘v’@ =1,...,n, then the above
system becomes:
dl’z‘ . Zi
dt  m’
dz; 0G(z) r ve (3.4.5)
o T % i
dt dx; m
52
Taking the Hamiltonian-Total energy as H(x, z) = G(x) + Dy equation (3.4.5) becomes:
m
dt 9z
dz  OH  OH (3.4.6)

—rim— + giv

for © = 1,2,...,n. Suppose that the damping term r; is constant and we assume that the
term o ; that indicates the second moment rate of §; and is defined by:

]E(fxt)gj(t + T)) = 2CYZ'J'5<T), Z,] = 1, 2, ...n,
where [E denotes the mean value and yields:
Qi = 07 Vi 7é j>

or
Oé@j = Q; = C, VZ = j,

where [E represents the mean value of a quantity. The FP equation for the steady-states
becomes:

17



[ 0, oH 0 OH [, 0H . ;0%
"oz L0z Ao (rig— ———1| =0. 4.
; [ ox; (r: 0z u)+ azi(axi“ﬂ — [azi (r 0z u) + 2 022 0 (3.4.7)
We look for a solution of the form:
u=u(H). (3.4.8)

When we apply equation (3.4.8) on (3.4.7) the first summation (which is the conservation
system without noise and damping) cancels out, as we will show in the following lines:

0 0H 0 O0H 0*H
2
OH Ou(H) N 0°H u(H) + OH ou(H)

B 8zi 83:1 81‘2821 8:171 82@
_ OH Ou(H) N OH Ou(H)

It is well known that for conservative systems the PDF would be stationary if u = u(H),
therefore, applying the chain rule to the last result, we have:
OH Ou(H) N OH Ou(H) 0H Ou(H)O0H N OH Ou(H)0H

From the last result and Definition 37, we can deduce that the free-damping (r; =
0),free-noise (a; = 0) system has infinite stationary states. We go back to equation (3.4.7).
The remaining part that we have to deal with is:

0z "0z 2022)

=0

Therefore, we require:
—(ri=—u)+ — =
0z 0%z 2 027

Substituting v = u(H) we have:

0.

OH o; Ou(H) OH

We assume that u — 0 and gu — 0 as z— 0, then M(z;) =0fori=1,...n.
Zj
OH o; Ou OH
O u(H) + L2 =
"oz S 5 o,
H
Assuming that g # 0 we get:
2
a; Ou
a(H) + ——=—— =0.
riu(H) 5 9H 0

27’7;
This is a differential equation that can be solved easily by multiplying the factor: exp{—H}

Q;
thus, we get the solution:
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2r;
w(H) = D; exp{a—r'H}, D; €R. (3.4.10)

If additionally, assume that (3.4.10) is self-consistence we should choose:

2rq B 2r,

— =

(03] (7%

we conclude that the steady-state is given by the form:

u(z,z) = Dexp{\H(x,2)}, D eR. (3.4.11)

The last expression of u is the density of Maxwell-Boltzmann distribution, which occurs
frequently in classical mechanics.

Extension to Generalized Damping systems

To generalize the result of (3.4.11), we consider the following system, which, although more
abstract, is closely related to the previous one:

@ _on

qgr 0z, (3.4.12)
z H o
%——%—R(Lz)ﬂLf,

where the form of the damping term R(z,z) has to be determined. We drop off the
assumption that o, ; is constant, so we have:

a = a(x, z). (3.4.13)

We require solutions of the form p = p(H) and we will try to obtain the conditions that R
has to satisfy, to find an explicit form of the PDF. The Fokker-Plank equation is given by:

o0 OH . 0 0H )}+{a 19(ap)

oot (G| e B+ 550

o — 0. (3.4.14)

We have already shown that the first two terms are canceled, so the remaining terms are:

0 10%(ap)
g(Rp)_Fi 02 =0, (3.4.15)
or
0 1 0% 1 0%u
2: ) T 5t t =0
= R +la—a +1% =0
Y99 290 T
R 1001 110u
a 20za  2udz
R 10 10
S E+§£(lna)——§$(lnu). (3.4.16)



The left-hand side of the above equation must be the derivative of a function Y = Y (H):

R 10 0 OH OH
Solving for R(z, z) we get:
10« OH
R(z,z2) = ~5%, +a(Y(H)—-Y(0)) 5 (3.4.18)
This is the form that R has to satisfy. Applying (3.4.18) into (3.4.16) we have:
10 0
9202 Inp= §Y<H)a
p=Cexp{—2Y(H)},C €R. (3.4.19)

H
If we set: Y(H) —Y(0) := / D(7)dr, Y: is integrable, equation (3.4.19) becomes:
0

p— Aexp{— /0 Dy AcR. (3.4.20)

Ultimately, we establish that the density function (3.4.20) constitutes the steady-state of
the system:

dv  OH

qge 0z, (3.4.21)
z H 10« OH o
%Z_%+§$_QD(H)E+§’

maintaining a similar form to the Maxwell-Boltzmann distribution observed in the previous
system.

3.4.2 Integrable Hamiltonian Systems

Consider the system:

dqz = K(Q) ngt7
Di
OH  oH (3.4.22)

+ Ci,'
0¢; ! (9171'

where H,G; ; € C?, K(q) is a suitable, arbitrary function,c; ; € C'. This general stochastic
system illustrates an extensive class of problems and it does not been restricted to integral
or non integral Hamiltonian systems.

To construct the steady-state probability density, we have to evaluate the FP equation
for the system (3.4.22).

0 oH [\ 0 oH ,  OH )\ 10*aiu’)
_aqi (K<Q) 8])1‘“ > + api <K(Q> aqiu + Ci,j%u ) + QW =0. (3423)
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Applying the derivation and taking into account the property of Poisson brackets:
u*[K (q), H] + Alu*, H] = [K (q)u", H].

We finally get the expression of the FP equation:

% 8 8H % 182(0@7]‘71*) .

In addition, we choose the boundary conditions |p|, |¢| — oo as:

OH

K(g)5u" =0
A o (3.4.25)
K( )a_H_|_C. 8_H *_|_l—a(awu ) =0
g 8(]@» i apj 2 8pj -

In order to solve (3.4.24) with the boundary conditions (3.4.25) we assume a solution:

C
= — —w(Hy, .., H, - , 3.4.26
U(p, Q) K(q) exp{ U}( 1y )}|Hk Hy(p,q) ( )
where w is a functional to be determined. For simplicity we assume K(q) = 1 so we get
the solution:

u(p, q) = Cexp{—w(Hy, .., Hy) } a,—H, (pq)- (3.4.27)
Using equations (3.4.24),(3.4.25)) and (3.4.27) we get the following relation:

oH (9ai7j 0H Ow

“op, oy oy oM,

=0,Vi,j,l=1,...,n.

Setting
0OH

i,ja_pia

= om + ——by .
Yi,j .7 3, ap 2]

Bij =0
(3.4.28)

Consequently, we have to solve the following linear system:

ow

i = ;. 3.4.29
/6 5J 8Hl ’y 5J ( )
To obtain the solution we also assume that the function w satisfies the compatibility

condition:

0? 0?
vo_ 7Y (3.4.30)
OH,0H, O0H,0H,
Thus, function w has to be in the form:
(Hl ----- Hn) aw
= —dH 3.4.31
wews [ San, (3431

and the steady-state PDFin this case(K(q)=1) is given by:

u(p,q) = Cex —/(Hl """ Hn)a—wdH (3.4.32)
b, q P . oH, l(- =3
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Remark 5. In the case of non-integrable systems, we take the PDF as:
u(p,q) = Cexp {—w(H)}Hu=nep.a-

Finally, dropping of the assumption of simplicity, K(q), we get the steady-state PDF,
as:

p.0) = i o ANl L) (3433

where A has been defined for the special case K(q) = 1 and L; are the canonical variables
of the Hamiltonian system.

3.4.3 Nonlinear Feedback Systems Perturbed by Noise

In the last subsection we will deal with 1to6 stochastic systems of the matrix form:
dx = (Dx + bf(c"z))dt + BdW, (3.4.34)

where x,b, ¢ € R", f assumed to be a differentiable (piecewise) function, W is m-dimensional
Wiener process, and D, B are matrices with dimensions adjusted to suit the context or re-
quirements of the system under consideration.

System (3.4.34) corresponds to feedback systems of Lur’e type perturbed by white
noise. These systems belong to a class of nonlinear dynamical systems characterized by
interconnected linear and nonlinear components. The presence of both linear and nonlinear
elements introduces challenges in analysis and control design. However, they also provide
opportunities for modeling and understanding complex physical systems.

System (3.4.34) has no restriction to be in a gradient type, so we can not take advantage
of the previous results that refer to Hamiltonian systems. Equation (3.4.34) is a nonlinear
one, due to the factor bf(c’x), so we split the linear and the nonlinear parts of (3.4.34),
and we get:

dx = Dxdt + BdW + bf(c'x)dt .
—————
Linear Part Non-Linear Part

In addition, we make the following assumptions:

e All eigenvalues of D have negative real parts,

e (D, B) is a controllable pair.

Furthermore, the FP operator is defined by the form:

Au = —(tT’D + Z biCZ‘f/(CTZL‘))’LL - Z Di7jfl‘iumi+
i=1 5

. o (3.4.35)
Z(bif(CTm)uxJ + 5 Z(BBT)j7kuriuﬂfk'
i=0 Jik

Removing the nonlinear part by substituting b = 0 into (3.4.34) we get a linear system:

dx = Dxdt + BdW,
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a classical case that has been studied extensively. More precisely, under the above as-
sumptions for the matrices D, G there is a unique steady-state probability density, given
by:
(2) 1 (22" Q')
u(zr) = exp{(—=)x x},
2n)'del(Q) 2

where (@) is called Steady-State Variance with () > 0 and symmetric, and satisfies the
Lyapunov function:

DQ + QD" = -BB". (3.4.36)

At this point, we introduce the definition of the quantizer ¢, a piecewise constant function,
that will contribute to the work of generalizing our results for the required density function.

Definition 38. [2/] Given K > 0 and A > 0, we define the quantizer, ¢ € R — Z as:

1
1, T > <K+ §)A7
1
q(r) == q —1, r<—(K+ 5)A, (3.4.37)
L‘r + 1J therwi
A 5 s otherwise,

where || is the integer part and A, K are the sensitivity and the saturation value, respec-
tively.

In addition, we introduce one compatibility condition that has to be satisfied to get a
steady-state.

Definition 39. [2/] The system: dxz = Dxdt + BdW + bf(c' x)dt is compatible if the
following condition is satisfied:

b=ADQc, ) € R, (3.4.38)

where Q) refers to the matriz we defined earlier and satisfies equation (5.4.36).

Making the substitution f(x) = ¢(x) into (3.4.34) outcomes the quantize feedback
system:
dx = Dxdt + BdW + bg(c' z)dt. (3.4.39)

Having the main two definitions, quantizers and the compatibility condition, we can now
derive the following Theorem:

Theorem 3. [21, Theorem 2] If the compatibility condition is satisfied, the above process
admits a steady-state probability distribution with a piecewise continuous Gaussian density,
given by:

T

1 cCT T
u(r) = M exp {—§xTQ_1x - /\/ q(v)dv}.
0
Proof. Taking the expression of the FP operator, which is presented at (3.4.35) we have:

Au — —(t’["D —|— Z biciq/(CTx))u — Z Dz,]xzu:gz“—

i=1 ,J
n

- 1
; biQ<CT'qui) + 5 Z(BBT)j,kumuﬂﬂka

gk
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and applying the Lyapunov function (3.4.36) and the compatibility condition (3.4.38) we
get:

n

n n 1
Au=—(trD + — Z D; jxiu,, + Z(ADQciq(cT:c)uxi) + 5 Z(DQ + QD) pty, U,
irj i=1 ik

Thus, if we choose the PDF:

T

u(z) = M exp {—%xTle - )\/OC ’ q(v)dv},

we get Au = 0 thus, u(z) is a steady-state density function.

The research presented here focuses on systems where the terms in the stationary FP
equation mutually neutralize, leading to the simplification of the equation into an ODE
with readily available solutions. However, the systems under study mimic conservative
systems with the inclusion of damping and noise terms, which limits their applicability.
Nonetheless, certain nonlinear stochastic control and vibration systems can be explicitly
analyzed within this framework. Nevertheless, the extension of these findings to more
complex and moderately general systems presents a formidable challenge in deriving closed-
form solutions.
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Chapter 4

Degenerate Parabolic Equations in
Divergence Form

4.1 Introduction to Degeneracy

Equations of the following form:
u — (a(x)ug(z, 1), — (b(x)u(z,t))s + c(z)u(x,t) = f(z,t), (4.1.1)

have been extensively studied under various domains and suitable boundary conditions.
They are well-known as RAD equations. Notice that, if one chooses ¢(x) = 0, then equation
(4.2.1) has the same form as the FP equation (3.2.1) and can be associated with the SDE
(3.1.2).

By establishing different assumptions on the coefficients or the functional setup, a
wide range of results on the existence and uniqueness of various solutions, stability, and
controllability are known for these problems.

We focus on PDEs where the coefficient a(x) is assumed to be a positive definite func-
tion within the domain but becomes zero at the boundaries. This characteristic transforms
the system into a degenerate parabolic problem that standard methods cannot address.
Classical theory typically assumes the coefficient of the highest order to be positive def-
inite throughout the entire domain, satisfying the ellipticity condition a(x) > 0 for all
x. Numerous results exist for such equations, as illustrated by Evans (2010), in [11]. In
contrast, degenerate problems require additional regularity assumptions on the coefficients
to establish the equation’s existence and/or uniqueness.

Many authors have explored numerous approaches to tackle such problems, resulting
in rich literature that provides insights into the behavior and solutions of these degenerate
parabolic equations.

Many authors have dealt with degenerate problems using a semigroup approach, On
[14], the regularity of the solutions to an abstract Cauchy problem associated with the
operator Au = au,, was established. Furthermore, [18] discusses the evolution equation
u; = (a(x)ug), —b(x)u on the unit interval, utilizing Neumann boundary conditions. Addi-
tional insights are provided in [13], [34], and [38]. Recent work on boundary controllability
can be found in [57], while [50] explores applications to climate science. Lastly, [27] offers
a detailed analysis of null controllability in degenerate heat equations.
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One can also deal with the degenerate case utilizing a probabilistic approach. For
instance, Chen and Weih-Wadman [51] discussed the fundamental solution to a 1D de-
generate diffusion equation. Cherny and Engelbert [32] provided an extensive study on
singular stochastic differential equations. Ethier [9] explored a class of degenerate diffusion
processes in population genetics. Krylov [8] presented estimates on the distribution of
stochastic integrals. Kumar [39] investigated degenerate stochastic differential equations
with non-Lipschitz coefficients. Stroock and Varadhan [7] analyzed diffusion processes with
continuous coefficients.

In the context of our study, we delve into the specifics of these equations, applying
advanced techniques to establish new results and further understanding in this area of
mathematical analysis.

4.2 Types of Degeneracy Under Different Boundary
Conditions

An important inspiration for this work stems from the contributions of Cannarsa et al.
[38] and Alabau et al. [34]. In [31], the authors studied the following system in divergence
form:

u — (a(z)ug(t, x)), + c(x)ult, z) = f(t,x), (4.2.1)

where they explored two cases of degeneracy: the Weak Degeneracy (WDeg) and the Strong
Degeneracy (SDeg), localized specifically at the left boundary z = 0 of the interval [0, 1].
For the weakly degenerate case, the conditions imposed on the function a(z) are:

aeC(0,1)NCY(0,1]), a>0 in (0,1] and a(0)=0,
dM €0,1): za,(z) < Ma(z) Vz e (0,1].
A model example of such a degeneracy is the function =%, with the choice: a € (0,1). From

1
a(x)

these conditions, it follows that € L'(0,1), which significantly supports the analysis

in this scenario.

Moreover, the SDeg case has been studied utilizing the following assumptions:

a€ C(]0,1), a>0 in (0,1] and a(0)=0,
M € [1,2):  za.(r) < Ma(z) Vz € (0,1].

We note that additional assumptions have been made for the SDeg case, which we omit
here due to their technical details being irrelevant to this study. In the SDeg case, a model
example would be, % with the choice: a € (1,2). In this scenario, it is evident that

1
the property —— € L'(0,1) does not apply. However, due to the given inequality, it is

a(x)

straightforward to observe that € L'(0,1), a crucial property influencing the choice

1
Va(z)

of functional space.
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Another critical consideration for these problems is the choice of boundary conditions,
as the degeneracy of a(z) can lead to issues of ill-posedness. In [31], the authors ad-
dressed this by employing Dirichlet boundary conditions for the WDeg case, resulting in
the following problem formulation:

(4.2.2)

ur + (a(z)ug(t, x)) — c(z)ul(t, z) = f(t, x), (t,x) € (0,T) x (0,1),
u(t,0) = u(t,1) =0, te (0,7).

Mixed-type boundary conditions are employed on the SDeg case: Dirichlet boundary
conditions are applied in the non-degenerate regions, while Neumann boundary conditions
are chosen specifically at the degeneracy point x = 0. Then, the system in the SDeg case
becomes:

ur + (a(z)ug(t, x)): — c(z)u(t,z) = f(t, x), (t,x) € (0,T) x (0,1),

u(t,1) =0, (4.2.3)
{aux(t,()) o, te(0,7).

This distinction is essential for the analysis of the SDeg case, contrasting with the
implications seen in the WDeg case discussed earlier.

The main observation for the SDeg case is that the domain of the operator automatically
implies the Neumann conditions at the degeneracy point.[31, Proposition 2.4.]

So far, we have discussed the two types of degeneracy and their distinctions. Now, it is
essential to address the nature of the solutions—specifically, the regularity, existence, and
uniqueness of the solutions. To study these types of PDEs, we will employ the semigroup
approach. This approach necessitates defining suitable operators and their domains. To
get more insights into this method, let’s present some advancements that have been made
by the two papers [38] and [34].

In the latter work by [34], they introduce the operator A; defined as:

{Alu = (a(2)ty)s,
D(A)) = H2.

Here, the domain D(A;) varies depending on whether the situation corresponds to WDeg
or SDeg, where H? is defined, using the auxiliary functional spaces H}, as follows:

H, := {u € L*(0,1) | u is locally absolutely continuous in [0, 1],
Vau, € L*(0,1), and u(0) =u(l) =0}, if WDeg,

H, := {u € L*(0,1) | u is locally absolutely continuous in (0, 1],
Vau, € L*(0,1), and wu(l) = 0} , if SDeg,
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and
H?:={u€ H} |au, € H'(0,1)}.

Notice that in the WDeg space, the domain for absolute continuity is closed, in contrast
to the SDeg case, where it is open at the degenerate point. An additional crucial point
is that both spaces consider only Dirichlet boundary conditions, not Neumann boundary
conditions. Choosing different boundary conditions and defining the domain of absolute
continuity differently would lead to different behavior in the problem. As we will see in
the following sections, if one chooses the open set (0, 1) and imposes additional conditions,
the functional space will lead the system to follow Neumann boundary conditions.

The main conclusion of this process is that it has been proven that the operator A; is
an infinitesimal generator. Consequently, using the theory of semigroups, A; generates a
strongly continuous semigroup on L*(0,1). Furthermore, given that A acts as a generator
and the operator B(t), defined as B(t)u = —c(t, -)u, represents a bounded perturbation of
A, within the specified functional spaces, equations (4.2.2) and (4.2.3) are guaranteed to
be well-posed according to semigroup theory.

This result is significant as it implies the well-posedness of the corresponding evolution
equation.

Similar work has been done in [35], where they deal with the problem of non-divergence
form:

up — a(2)uer (t, 7)) — b(2)ue(t, x) = f(t,x),  (t,x) € (0,T) x (0,1),
u(t,0) = u(t,1) =0, t e (0,7), (4.2.4)
U(O,I) ZUQ(x), x € (071)7
where a,b € C°([0,1]) and a(0) = a(1) = 0. As one can see, degeneracy occurs on both
boundary conditions, and a suitable example would be, a(x) = z(1 — z), for z € (0, 1).

Unlike the approach in [31], we cannot treat the advection term as a bounded per-
turbation. So, an alternative strategy would need to be made. Let’s introduce the two

functions:
o) = exof [ % dy}.
k(z) == a(z)n~(z),

and the operator
Asu = a(x) gy + b()uy,

we have the form of the problem:
Uy — AQU(tax> - f(t,l’), (t,l’) S (O,T) X (07 1)7
u(t,0) = u(t, 1) =0, te (0,7), (4.2.5)
u(0,x) = up(x), x € (0,1).

Pointing out that the operator As can be written in a simpler form, using the function

k(z), they get a problem in divergence form with only the diffusion term appearing on the
equation. More precisely, one can prove:

Agu = k(2)(n (@) ug),.
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Therefore, the problem becomes very similar to the case [31], as they achieve a very similar
formation of the evolution equation. Due to the component k(z) occurring, Cannarsa et.
al. [38] introduce some new weighted functional spaces, that we present on the following

lines;
2 Pyl
Ly = {uEL (0,1) |/0 u wds<oo},
Hll/k = L%/k N HS,
Hl/k, ={ue Hl/k,(O 1) | Ayjue L /k}
and the domain of the operator takes the form:

D(As) :={u € Hl/k(07 1) | Asu € L%/k}.

Utilizing the proposed functional spaces alongside the properties of the operator Ay, we
can ultimately establish a well-posedness result.

Our objective is to apply the methodologies previously discussed to handle more com-
plex cases by considering coefficients with lower regularity. Specifically, we will endeavor
to enhance our understanding of functional spaces, drawing inspiration from the methods
outlined in the earlier papers and their associated references.

4.3 The Dirichlet Boundary Conditions

In this section, we will try to study a degenerate parabolic PDE that is closely related to
the FP equation in a weak sense, as it is been presented in Chapter 3, utilizing Dirichlet
boundary conditions.

4.3.1 Functional Framework and Well-Posedness

Consider the problem in the divergence form:

u — (a(z)ug(t, z)), — (b(x)u(t,x))e = f(t,2)1u(z), (t,z)€ (0,T) x (=1,1), (4.3.1)

where w = (a, f) CC (—1,1) and a(z) > 0, and the source term f: [0,7] x (=1,1) = R,
T > 0. In this section, we will focus specifically on the case where:

e a(z):=(1-2%)P, peN,

e b(z) € C'(—1,1).

The classical theory of uniformly parabolic equations does not apply in this situation
because a(—1) = a(1) = 0.

1
In the following sections, we will deal with the WDeg problem, that is @) c L'(-1,1)
a(x

and implies that: p € (0,1).
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The results we obtain can be extended to more general diffusion coefficients a(z) ex-
hibiting the same type of degeneracy. Hence, in the subsequent discussion, we will prefer
to use the notation a(z) in place of (1 — z%)?. To start the analysis, let’s set the function:

n(z) == a(z) exp} / ' %dy},

s €(—1,1).
k(x) = exp{—/o %dy},

It is natural to choose the following Dirichlet boundary conditions, so we have the system:

w(t, ) — (a(x)ug(t,x)): + (b(z)u(t,x)), = f(t,x), t>0,ze€l=(-1,1),
u(t,z) =0, t>0,z€0l, (4.3.2)
u(z, ty) = up(x), x el

The problem achieves well-posedness by using weighted spaces instead of the traditional
Sobolev spaces.

|
L%/k(—L 1) := {u € L*(—1,1) | /1 MUZ dx < oo} ,
H&a ={ue L%/k | u is absolutely continuous in [—1, 1] and

Val@)u, € L*(~1,1), u(—1) = u(l) = o} ,

associated with the following norms:

1
1
e
-1

1
2. 2 CL(I) b \2
lal? = Jlul2 + / O )

and inner product:

"1
(w,0)1 k= / —uv dz,
L k
La(x) b b
(u,v)1 = (u,v) 15 + /1 %<ux + au) (vx + EU> dzx.
Take the operator:
Au = <a(x)ux + b(a:)u)

and let D(A) refers to the the domain of the operator A, then:

T

D(A) :={u € H&a | a(z)u, + b(x)u € H(—1,1)},

with the associated norm:
ullpay := llull§ + | Aull} ),

and the inner product:
(U, U)D(A) = (U,U)l + (Au7 Av)l/k"
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4.3.2 Embedding Theorem and Existence of Limits

In this section, we will explore various properties that characterize the nature of the spaces
defined in the previous section. These properties will help us understand the structure and
behavior of these spaces in greater detail.

Proposition 1. The following inclusion is satisfied:
Lij — L2,
Moreover, assume u € L%/k, then:

ull 35 < MJullZ, M > 0.

Proof. Let u € Lf/k . Notice that

L:eX " bls) s
R) p/o a(3) ™

b(x)
a(x)

where € L*(—1,1) which implies that there is a constant M > 0 satisfying:

O<exp/ @ds<M,
o a(s)

and then

1 1

1

/ —u2ds§M/ w?ds = |lullli, < Mlul|Z..
_1 k(s) -1

]

Remark 6. This embendding theorem ensures that the operator Au & Lf/k(—l, 1), ifu €
D(A).

Proposition 2. If u € D(A), then Vz € (—1,1) the quantity (1 — 2*)%u for ¢ € (—1,0)
is L'(—1,1) function.

Proof. From the definition of the set D(A) one has that (1 — z%)Pu,, for p € (0,1), is
absolutely continuous on [—1,1]. Thus the following integral has the L' property:

1
\/ (1 — 2*)Pu, dz| < .
-1

Applying one-time integration by parts and the boundary conditions, one gets:
1
|/ 2pr(1 — )P ludz| < oo.
-1

Due to the fact, p € (0,1) the exponential on the previous expression is between (—1,0).
Therefore, one can rewrite it using the following:

1
|/ 2pz(1 — 2°)%udr| < 0o, q € (—1,0).
-1
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Understanding the behavior of solutions at boundary points is pivotal in problem anal-
ysis. Proving the existence or non-existence of certain quantities at boundary points is
crucial for establishing the validity of solutions or theorems. It can help ensure the math-
ematical model’s robustness and accuracy and the choice of a suitable functional setup.
The subsequent proposition is of fundamental importance for proof of the main result.

2

Proposition 3. If u € D(A), then the limit xll>rri11 —(1 — )

exists, and is equal to 0.
Proof. Using the L'Hopital rule and taking advantage of the Boundary Conditions one can
ensure the existence of the limit. More precisely, by taking the limit and noticing that it

0 . . .
belongs to the case 0’ one can derive the following expression:

u? , 2, U

B T i S e T

= lim ———— lim (1 — 2%)Pu, lim w.

r—+1 :E(l — p) r—+1 r—=+1

Since, u € D(A), means that a(z)u, € H'(—1,1), then hnil1(1 — 2*)Pu, exists. Then
z—

applying the boundary conditions to the above limits, one gets:

U2

ey =

4.3.3 Hardy-Poincaré Type Inequality

This section delves into deriving the Hardy-Poincaré type inequality, a key property that
will play a crucial role in proving the fundamental theorem of this chapter. By exploring
this inequality, we will lay the groundwork for a deeper understanding of the concepts to
follow and demonstrate its essential applications in our analysis.

Theorem 4. For p > 0 the following inequality holds Vu € D(A):
3 1 1
2 (1 —p)z/ 231 — 2P 2t dr < / (1 — 2*)Pu? da.
-1 -1

Proof.

1 1 s N2
OS/ ((1—x2)p/2uz—p2 x(l—xQ)Tzu) dr =

1

! 2\p, 2 p—1i2 , sp22 D1 2\p—1
1—z%)Pus + (——) 2°(1 — 2°)P“u* — —2x(1 — 2°)P " u,u| dx.
v 2 2
—1

Using integration by parts, one can evaluate the third term:

1
/ 22(1 — 2P tuudr = (1 — 22)P L ou?|  +
—1

1 1
/ 2(p — 1)2*(1 — 2?)P2u? do — / (1 — 2P 'u? da.

1 -1
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From Proposition 3 we have seen that the boundary terms of the above equation tend to
be 0, therefore we have:

1 1 1
/ $(1_x2)p—1uxudx:/ 2(}9—1)1‘2(1—1‘ )p 2 le,_/ (1—:E )p L2 dr.
Substituting this result to the first inequality, one has:

1 J—
0< / [(1 — oH)Pu? + (pTl)?a:Q(l - x2)p_2u2} dx
-1

1 1 1
_(p_1)2/ P - P de+ P [ (- de =

1 -1

1 1 1
0 S / |:(1 — x2)pui — Z(p — 1)2Q;2<1 — x2)p*2u2i| dSC + pT (1 — 7 )p 1 2d$

1 -1

It is clear now that the following inequality is true since the last term is negative (p—1 < 0):

1 1
g(p—l)Q/ 22 (1 — 2?)P? 2dyc</ (1 — 2P da,

1 -1

and the proof is complete. O

Remark 7. The setup defined in the earlier sections shows that the Hardy-Poincaré in-
equality needs to be determined utilizing weighted products. On the previous inequality

“ Then:
VE(x)

2(1_;;)2/_11%:152(1—3: P2 2dx</_11(1—:1:2)p (u$)2 dz.

By taking the second term, one has:
L 1\’ La(z) [ bz) 2
1 -2 (u— ) dr= — | —= dr =
J o= (“k(x))x SN (2a<m>“+“af) '
)

/11 % (46;(@)“2 i+ %uu) da.

By separating the integrals, one can get:

substitute u with the term:

1 k(2) da(x) 1 k() 1 k()
o (O LN L LR
< /_1@%(:6)” da:+/_1 k(x)a(a:)uxdx—i— » k(x)b(x) (2)z d



Therefore, one can apply integration by parts for the third term:

1o v (x) , b 5 1 1 2
3 [ O+ )t = [ pgetenian =g [ et ar

and we conclude to

/_11(1 e @%)2 iz < /_11 %a(@ug dz — %/_11 %bw(x)zf da.

Returning to the first inequality:

1

%(/11 ﬁ (bx(a:) + % (1—p)a?(1— xQ)P—2> u? dx) < /1 kév)a(x)ui dx.

3
Choosing b,(xz) < 1 (1—p)?22(1 — 22?2 for x € (—1,1), one could get the weighted

Hardy-Poincare inequality:
1y , 1 ,
—b,(x)u d:cg/ ——a(z)u; dx.
| ER

Remark 8. Notice that:

/1 k:(lx) (a(a:)ui - bxu2) dr = /1 % (u:C + 222 u>2 dx.

Therefore, we get directly the inequality:

/_ 11 %x)bx(x)u? iz < /_ 11 ﬁa(w)ui dz.

Proof. By applying integration by parts in the following term one has:

[ staponton= 55 = [0 (i), 2o~

— /1 %x)b(x) <2uu$ + %ﬁ) dr = — /1 %x) <2b($)uux + %U?) dz.
Therefore:

/ 7 (ot =) o = / iy (a0 + s + 22((5)) #)de=
/1 % (ui + 22((?) Ully + Zgg) u2> dx

)
" a(z) b(x) 2
B /1 k(x) <uw + a(:n)u> ’
The last term is positive, so:

/_11 %(@(az)ui - bxu2) dx >0,

and it is easy to conclude the required inequality:.
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4.3.4 Basic Properties of the Operator

In this section, we establish the existence of the semigroup by employing a fundamental
theorem from semigroup theory. Additionally, we introduce an alternative formulation of
the inner product in the space L? /k» Which will be instrumental in our analysis.

Lemma 2. For all (u,v) € D(A) x D(A) we have:

1

(Au, )1, = — /1 k(lw)a(x)ugcvx dx + /1 %bx(x)uv dx. (4.3.3)

Proof. Take the space
H)(-1,1) :={we H'(-1,1)| sup{w} C (-1,1)}.

One can deduce that H}(—1,1) is dense on Hj,(—1,1). By considering the sequence:
(wn)n>s given by: w, = G,w, for w € H&a(—l, 1), where:

( 2 2
0 forze[-1,-1+—)U(1—-—1],
n n
2 4 4 2
1 forze[-1+2, 1+ )u(l—--,1-1],
Cn = R
njz| —1 forze[-1+—,—=)U(=,1——],
n’ n n n
4 4
n(1—|x|)—1 ,fOI‘ZL‘E [__7_]7
\

n n

then one can conclude with the convergence result:
w, = w € Hy,(—1,1).

Set:

U(w) := /_11 ﬁ (Auw — a(z)uzw, + bx(:c)uw) der , Yue Hy,(—1,1).

Then V is a bounded linear function on Hé’a(—l7 1) and ¥ = 0 on H}(—1,1). Indeed, one

has:
/_1 ﬁfluw dr = — /_1 ﬁ (a(x)uxwx — bm<;[;)uw> dz.

Thus, ¥ =0 on Hj,(—1,1) and one gets the equation (4.3.3).

Theorem 5. The operator A : D(A) — Lf/k(—l, 1) is closed, self-adjoint, negative with
dense domain.

From Theorem 5 and the fundamental principles underlying the theory of semigroups,
we can deduce that A acts as the infinitesimal generator of a strongly continuous semi-
group. This semigroup, denoted by e’ resides within the weighted L2-space, specifically
L3 sx(=1,1). For the proof of Theorem 5, we will employ a similar approach to that used
in Cannarsa et al. [27].
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Proof. 1t is obvious that the space D(A) is dense on L%/k(—l, 1)
Closed Consider the following sequences: (u"),en such that u™ € D(A) for every n € N
and U" := Au" such that the following convergence is satisfied:

u" —u € L*(—1,1) and U" —U € L*(—1,1).
We should prove that the limit functions belong to D(A), i.e. u,U € D(A).

1
Since —> € L'(—1,1),Vz € [-1,1], n,m € N and using the boundary conditions of
a(x

the domain D(A): u"(—1) =u"(1) =0,u"(—1) =u™(1) =0.

"x) —u"(x) = xu”s—ums s = z—a<s)k<s)uns—ums S
) —we) = [ s ) s = [ VIR ) i (s) ds

Employing the Holder inequality:

i) - @) < ( [

@) ([ me ez —ur)*as)

€T 1 1
Setting the term: M; = (/ — ds) 2, we write:
1 a(s)k(s)

[u"(z) —u™(z)| < —7\41(/1 a()k(z)((ul)® + (u')? — 2uul) dm)é =

-1
1

, /_ 11 a(2)u k() dx + /_ ale)uk(a)u do -2 /

-1

1 1

a(x)ulk(x)ul dx) ’

Applying integration by parts and using the fact that a(z)u, € H'(—1,1) we have from
the last inequality:

() — u ()] < My (ae)ul () k) (@)L - / (ale)ulk(z)) u" do-+

alw)ul (@) k() (@), - / (awyuzk(@) " de—

2(ale)(oble)a" ]y~ [ (aleyiih(a), o dr))’

-1
and the limit terms are vanished:

1

" (2) — w™ ()] < M1</

-1

—k(x) [((a(w)u”)x — b(z)ul)u" de + ((a(z)u)') —blx)u])u™ de—

or, setting My = M, H[lalxl]{k(x)}:
ze|—1,

1

[u™(x) — u™(x)| < My (/ ((a(x)uy), —blz)up)u" de+ ((a(z)u]')  — blz)u])u™ do—

-1
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Notice that Vn,m € N and «",u™ € D(A):

/ (s - / 1 [(a(@)uy)e — bla)uy]u™ da.

1 -1
Therefore:

1 1 1 1

Aumumdx—2/ (Au™u" dz|” .

-1

(o) — (@) < 0] [

-1

Au™u" dz + /

-1

Taking the limits we get:

1
1

lu™(z) — u™(x)| < My [/ Uu+Uu — 2Uud:1:} 5= 0,

-1

concluding to the result that " converges uniformly to u and the boundary terms become:

u(—1) = u(1) = 0. Furthermore, it is essential to prove that a(z)u, € H'(—1,1).

Consider a test function ¢ € C*°([—1, 1]) such that ¢(—1) = 0. Since, u" € D(A),then:

((aug +0u")p)(=1) =0 and  ((au")@.)(=1) = 0.

In addition, taking the next integral it could be proven that u. converges uniformly on
[0, 1], where n > —1.

/w Ulpds = /I (a(s)uly +b(s)u™) @ds =

alw)ul(@)p(x) + by (2)p(x) — ala)p, (@) (z) - / ((a(s)2)s — b()gs)u" ds.

-1

So, rearranging the terms one has:

a(@hi(a)ele) = [ Unods-ba) @) taleale)nt @)+ [ ((alshene-bohps)” ds
—1 —1

Noticing that U™ converges in L?(—1,1) and u™ converges uniformly on [—1, 1], it implies
that a(x)p(z)ul(z) converges uniformly on [—1,1]. Particularly, one can conclude the
result: u} converges uniformly on [n, 1], Ve > —1. Writing:

[ vmds= [ oo+ sy ds -

-1 -1

a(z)ul + b(x)u"(z) —a(—1)ulr(—1) — b(—=1)u"(—1).

xT

Since U™ converges on L*(—1,1) and u”(x) converges uniformly it implies that a(—1)u”(—1) =
A, that is the limit exists.
Then: .
a(x)ul(x) = / Utds + X — b(x)u"(x).

-1
Concluding to a(z)u, € H'(—1,1).
One now seeks to prove that v/a(z)u, € L*(—1,1). By taking the following integral and
applying that a(x)u” € H'(—1,1), one can see Vu" € D(A):

/1 Auu" dx = /_1 ( —a(z)(u)? + bx(:v)(u")2> dx. (4.3.4)

-1 1
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1
<— a(x)(u)? + bx(x)(u”)2> dx < 0. Notice also that the
1

T

From Remark 8 one has that /
equation (4.3.4) implies that:

1

/_ 11 (a(:c)mg)? - bx(x)(u"f) o / Uudr,

almost everywhere in (—1,1). Therefore Fatou’s Lemma could be applied as follows:

/_1 (a(x)uz; — bx(a:)qﬂ) dr < lim inf /1 (a(x)(uz)Q _ bx(l')(un)Q) dr < oo

1 n—oo -1

Thus, vau, € L*(—1,1). Finally, it still requires validation that the function u is absolutely
1
continuous on the domain [—1,1]. Tt is evident that u, € L'(—1,1), as — € L'(—1,1)

a(x)
and a(z)u, € H'(—1,1) € L'(—1,1). Inlight of the fact that u(—1) = 0 and demonstrating
that:

Ve e [-1,1], wu(z)= /x uy(s)ds,

—1
it is satisfactory for the verification of absolute continuity.
By considering x € (—1, 1], one has:

-1 -1

Vn € N u(z) = /w up(s)ds = /77 uy(s)ds + /; ul(s)ds.

By rearranging the terms and considering absolute values can be obtained:

|u”(:17)—/ ds\<|/ ds|<\//_ —Sds [ (atuyas < _i%S)ds.

As it has been proven in the previous steps, u" converges in C*([n,1]), ¥n > —1, one can
take the limit in the above relation:

u(z) —/juz(s)ds\ < D/:mds

which directly implies the required relation:

Vo e [—1,1], u(z) = / u(s)ds.

-1

Self-Adjoint We define the set of adjoin functions:
D<A*) - {U € Ll/k( 17 1)|E|C > O,VU, € D(A)7 (UJAu)l/k S CHu“l/k}

For some u € D(A) and v € D(A"):

(Au,v)1, = /1 k(lx) (a(x)u, + b(x)u),vde =

v(a(x)u, + b(x)u) 1




By calculating the term: (k—v)z = (v, + , one has:

1
a@) k(@)

(Au, v)1), = — /_11 ﬁ (a(x)uzfux + b(x)uyv + b(z)uv, + [j((xx)) uv> dr =

_ /_1 ﬁ(b(m)uvx + ba((;c)) uv) _ /_1 ﬁ(a(m)vx + b(m)v)uxdx.

Applying integration by parts for the last term we get:

/11 <k(1x)a($)vx + %b(@v);&dl’.

Deleting the boundary terms:

(Au,v)1/p = — /1 L(b(m)uvx + @w)) dx + /_11 <L <a(:v)vx + b(:v)v)ud:ﬁ—

_1 k(x) a(z) k(x)/a
|
/_1 W) (a(:c)vx + b(m)v) xudx
) 1 1 b(x) L ) ) .
Notice that | —— | = ————=, so substituting this term into the equation we see that
k(x) k() a(x)

the first two terms are canceled each other, so:

(Au,v)1 1 = /_1 %(a(m)vx + b(x)v)udr = (u, Av)1 k.

We conclude that: D(A) C D(A").
It remains to be proven: D(A*) C D(A). The inner product of the Hilbert space:
Hj,(—1,1) is given by:

(u, ), = /1 %U@Z) dxr + /1 %(a(x)uw@/)m — by (x)uw) dx.

For every f € Lf/k(—l, 1) there is a unique u € Hy,(—1,1) such that:

1
Vw S H&,a<_17 1) : (%Wl = / fwd%
-1
which implies that:
u—Au = f, u € D(A). (4.3.5)
It is necessary to show that for v € D(A*), v € D(A) is also true.

t1 !
Jy € Lf/k(—L 1) such that V¢ € D(A): / EAwy dx = / Ewy dx.
1 -1

Taking f = v — y from the equation (4.3.5) one has: y = v — u + Au. Therefore it is easy
to conclude the equation:
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1
1
/1 E(Aw —)(v —u)dx =0.
For v being the solution of (4.3.5) for f = w — v such that: Ay —1 = v —u = 0 and then
u = v. That means that v € D(A) which proves: D(A*) C D(A).

Negative Using the Lemma 2 and the remarks of section: Hardy-Poincare type in-
equality one can directly derive the negativity of the operator A. m

4.3.5 Energy Estimates

Energy estimates are fundamental tools in the analysis of PDEs and functional spaces.
These estimates provide essential insights into the behavior of solutions by bounding their
‘energy,” which is typically represented by norms in appropriate function spaces. The
necessity of energy estimates arises from their ability to ensure the existence and uniqueness
of solutions, demonstrating that solutions do not grow unboundedly and remain stable
under small perturbations of initial conditions. Additionally, energy estimates are crucial
for establishing the regularity of solutions, indicating the smoothness and differentiability
within the functional space.

In numerical analysis, energy estimates play a vital role in controlling the approximation
error, making them indispensable for the accuracy and convergence of numerical schemes
such as the finite element method. Furthermore, for evolutionary PDEs, these estimates
help understand the long-term behavior of solutions, whether they remain bounded, decay,
or exhibit periodic behavior over time.

Now, we will establish energy estimates for the weak degenerate case utilizing Dirichlet
boundary conditions. This approach will allow us to handle the potential irregularities
introduced by the weak degeneracy, ensuring that we can still obtain meaningful bounds
on the solution’s energy. By integrating these conditions, we will demonstrate the stability
and regularity of solutions within the prescribed functional framework.

Theorem 6. Let f € L%/k(—l, 1) and for every ug € L%/k the problem has a unique weak
solution:
u € C([0,T]; Li (=1, 1)) N L3 (0, T Hy),

and
sup [t < Dr (Il + s 151 (436)
S )

t€[0,T

Additionally, if one chooses: uy € D(A), the unique solution of the system (4.3.1) satisfies
the following relations:

w e CO([0,T); Hy(—1,1)) N L2 (0, T; D(A)) N H'(0,T; L2 5, (~1,1)), (4.3.7)

and

T
sup [Jul? + [ () e+ L Aur) ) dr < D

sup £+ uoll?) . (4:3.8)
t€[0,T

te[0,7

for D > 0.
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Proof. For f € L? Jk> begin with the equation
u — (a(x)ug + b(x)u), = f(t, ).

By multiplying the above equation by % and integrating both sides over the interval
x
(—1,1), one has, for all t € (0,7):

/_11 ﬁutu dr — /_11 ﬁ(a(z)w + b(x)u) udr = /_11 ﬁfu dr.

Applying one-time integration by parts and taking into account that a(x)u,u(—1) =
a(x)uzu(l) = 0 since a(x)u, € H', one gets:

1L 1Laaju XU @u Uu xr = 1LUSB
/_lk(m)utudas+/—1k(w>(()x+b( Ju) ( +u,)d _/_ xf d

1d, . Y a(z) b(z) 2 [
= §£’|u|\1/k+/_lm(“r+m“) —/_1 Mf“dx'

Since:

T 1 1
[ e < 510+ el
one can derive:
1
gl [ 80+ M0t < Qi Dl @39)
Thus,
b < NI+ Nl

By multiplying both sides with e™* and relocating the term ||u||f/k to the left-hand side,
one can refine the expression as follows:

d( _
(el ) < @12

Integrate between (0,t), t < T one concludes to the required inequality:

T
sup [u(®)]12 < e (Jluoll? + / LF@I dt)

tel01] (4.3.10)
< Dy (llwoll e+ sup IIF(1)13).
t€[0,T]
where D; > 0. From (4.3.9) one has the additional inequality:
La(x) b(x) 2 1 1
—(uy, + —= < Z|IfI1? —|lul?,. 4.3.11
e (e A L T (1311)
Adding the term ||u||f/k
1
2 a(z) blz) 2 _ 1 2 302
R S St < = Z
lull+ [ e+ 2o < S+ Sl .
— sup Ju()l2 < Da( sup @I+ Julle).
t€[0,T) te[0,T)
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where Dy > 0.
From (4.3.13) and (4.3.12) one can conclude to the following inequality:

sup [[u(®)[} < Ca( sup | IR+ o). (4.3.13)
t€[0,T] t€[0,T]

where C > 0 does not depend on a, f, ug or u. It remains to prove the second inequality.

(a(z)ug + b(x)u),

Going back to the equation (4.3.1) and multiplying by the term: —

has:

) / (ala)u + b))y / ((alw)u, + b)) .

1 k(x) 1 k()
B R (L R GO A
- [ e =
— 1 1 a\x)u riu)\u ( ) X u 2
R+/1k(m)( (@i b)) (s + )+ Aul

1 1
< S+ Sl

where R = (a(z)u, + b(x)u) us(z)|*,. By rearranging the terms and making some simpli-
fications one gets to the following inequality:

1
52 (1l = el ) + Aul g < SR+ 5 el

Taking the integral over time (0,7’), one can conclude to the following inequality:

T
sup [+ [ AU e < Dr( s 15+ o) (43.14)
S )

te(0,T

Finally, return to the equation (4.3.1) and apply the norms of L} Ik

eI = 1 Au®) + FOIR < 2llu@)) + 20LF @I (4.3.15)

By integrating the above inequality over (0, 7T):

T T
| I edr < [ (21 + 20501 dr =
0 . 0 (4.3.16)
| 1R e < D (s 15O+ ).
0 t€[0,T]

Combining the equations: (4.3.13), (4.3.14) and (4.3.16) one has the required inequality:

T
sup [l + [ (IR o+ 1Au(r)]R ) dr < D (_sup A0 + o).
0 e b

te[0,7
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4.4 The Robin Boundary Condition

In this section, we will investigate the degenerate parabolic PDE, presented in the pre-
vious section, with Robin boundary conditions. These conditions are particularly useful
in modeling scenarios involving both heat conduction and convective heat transfer at the
boundary.

4.4.1 Well-Posedness

Consider the problem in the divergence form:

u — (a(2)ug(t, ), — (b(x)u(t,x))s = f(t,x)1u(z), (t,x) € (0,T) x (—1,1), (4.4.1)

where w = (o, 8) CC (—1,1). As we already have seen, equation (4.4.1) is semi-positive
definite with degeneracy on the boundaries, meaning that:

a(z) >0, o
{a(—l) —a(1) =0, on xel=(-11).

The assumptions for the weak degenerate diffusion problem, € L'(—1,1), are slightly

b
a(x)

different from the previous section and are presented below:

e a(x):=(1—-2*)P,Vor € [ = (—1,1) and p € (0, 1),

o b(z) € C(—1,1), with b(—1) > 0 and b(1) < 0.
We transform the above equation:

— [ ) g
u(t,z) =w(t,z)e” 0% t>0,zxel=(-1,1). (4.4.2)
Then one gets the 1-dimensional PDE:
wi(t, @) = (a(@)w,) - b,

Then, substituting (4.4.2) into (4.4.1), we are interested in the following problem:

u(t, ) ( T)u ) ()u, = f(t,z), t>0,x€(—1,1),
a(@)ua(t, ) — b(@)u(t, > 0. 1> 0,0 €0l (14.3)
u(z, tg) = up(x), x el
We introduce the function: -
k(z) = e Joa %,

Given the presence of a degeneracy in the diffusion coefficient at the boundary, it becomes
imperative to introduce a weighted Sobolev space denoted as V to effectively address the
well-posedness of the problem.

Li(—l,l)::{ueL2 -1,1) |/ T)u da:<oo}



V :={w € L} | w is absolutely continuous on [—1,1],
Va(rw, € i},
endowed with the inner product:
(w, v)v = (w,v)r2(r) + (Va(x)w,, \/@%)L@ Vw,v eV,
and the associated norm:
wlly = llwl2s + /ale)w, 2. Vw eV

The norm space (V, || - ||y) is a Hilbert space and V' C H'(—1,1) and V C L;. We have
the following results for the space:

e The space C° is dense in V and thus V is dense in L?.(Lemma 2.6: [15])
e V < L7 is compact (Lemma 1 :[17])

Remark 9. One can observe that equation (4.4.3) can be expressed as:

1
w(t, ) — m(k(x)a(x)ux)x = f(t,x), t>0,2€(—1,1),
a(z)uy(t,z) — b(x)u(t,z) =0, t>0,z €0l
u(zx, tg) = up(x), xel

(4.4.4)

We now define the operator:

D(A) :={u € V|a(x)u, € H'(~1,1) and a(x)u,(t,z) — b(z)u(t,z) =0,t > 0,z € dI,}
1
Au = —— D(A
= oy k@), ),.Vu € D(A),
with the associated norm:
[l peay = [lulli, + | Aullz,

and the inner product:
(u, ) peay := (u,v)y + (Au, Av)y.

Remark 10. Notice that the operator A in our context bears a resemblance to the operator
Ay discussed in the work by Cannarsa et al. (2007) [78]. However, the main distinction
lies in the manner the degenerate diffusion term appears. Specifically, in [75], the operator
Aq is defined as:

Agu = k() (™ (2)us)as

which simplifies the problem by removing the degeneracy from inside the derivative term
(k(x) contains the degeneracy in this case). This structure allows the degeneracy to be han-
dled more easily. In contrast, our operator A retains the degeneracy within the divergence
form, making it more challenging to manage.

Remark 11. Referring to the previous result, Proposition 1, and following a similar method
to prove it, we can confirm that the following inclusion holds:

L} — L%
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The following theorem is the main theorem of this section and is similar to the one we
had on the Dirichlet case.

Theorem 7. The operator A : D(A) — Li(—1,1) is closed, self-adjoined, and negative
with dense domain.

Hence A is the infinitesimal generator of a strongly continuous semigroup e’ € Li(—1,1).
Remark 12. The limits concerning the b(x)u exists since b is sufficient smooth function

and every u € V is absolutely continuous function in [—1,1].

Proof. Tt is obvious that the space D(A) is dense on L;(—1,1).
Closed Consider the following sequences: (u"),en, such that u" € D(A) for every n € N
and U" := Au" such that the following convergence is satisfied:

u" —u € Li(—1,1) and U™ —Ue€ Li(-1,1).

1
We should prove that the limit functions belong to D(A), i.e. u,U € D(A). Since a(@) €
a(x
L'(—1,1),Vz € [~1,1], n,m € N and using the boundary conditions of the domain D(A):
a(FD)u(£1) — b(EDu" (1) = 0, a(F1)u™(£1) — b(E1)u™(£1) = 0.

T R VL7 L0 RN
) (@) = [ (o) —ure) = [ VIR ) i (s) ds

Employing the Holder inequality:

(o) - @) < ( [

T 1

) m d8>;</i a(s)k‘(S)(uZ(x) — u;”(:r;))2ds>§,

x 1 1
_ ds) 2, we write:
1 a(s)k(s)

Setting the term: M; = </

1 1

(o) = (@) < M [ alo)b) (@27 + ()7 - 2uiu) dr)” =

-1
1 1 1 1

M, </ a(x)ulk(z)ul dr + / a(x)uy k(z)ul' de — 2/ a(x)ulk(z)ul dm) :

—-1 -1 -1

Applying integration by parts and using the fact that a(z)u, < oo on 91 and u is absolutely

continuous in [—1, 1] we have from the last inequality:

0" (@) = u™ (@) < My (aleul @)k (@) (@)l - / (aw)uzk(2) " de+
ala ) (@) k(x)u™ (@)L, — / (k@) " e

o=

2(a(x)u2(x)k(x)um];:_l—/_ (a(x)ugk(x))xumdx» .

1

Therefore:

() — W ()] < M, ( /

-1

k(x)Au™u™ dx — 2/

-1



Taking the limits we get:

1

[u™(x) — u™(x)] < M1</ k(x) (Uu—l— Uu — 2Uu) da:‘)% =0,

-1
concluding to the result that 4" converges uniformly to u and the boundary terms become:

a(x)u, —b(xr)u = 0, on z € I. Furthermore, it is essential to prove that a(z)u, € H'(—1,1).
Consider a test function ¢ € C*°([—1, 1]) such that ¢,(—1) = 0. Since, u" € D(A),then:

((kaup)p)(=1) =0 and  ((kau")e,)(=1) = 0.

In addition, taking the next integral it could be proven that u converges uniformly on
[0, 1], where n > —1.

/j k(s)U"pds = /j ((k(s)a(s)u;)x>¢d8 _

k(x)a(x)ul(x)p(z) — k(x)a(x)p.(z)u”(x) — / (k(s)a(s)ps) u" ds.

-1

So, rearranging the terms one has:

xT

a(x)ul(x)p(z) = /x k(s)U"pds + k(x)a(z)p,(z)u"(z) — / (k(s)a(s)gs), )u" ds.

—1 -1

Noticing that U™ converges in Li(—1,1) and u™ converges uniformly on [—1, 1], it implies

that a(x)p(z)ul(z) converges uniformly on [—1,1]. Particularly, one can conclude the

result: u] converges uniformly on [n, 1], Ve > —1. Writing;:

/ " ()" ds — / " (k(s)al(s)um)s ds = k(z)a(@)u? — k(—Da(—1)u"(=1).  (4.45)

Then: .
k(x)a(x)ul(x) = / (U™) dx + A, AeR.

-1

Concluding to a(x)u, € H'(—1,1). One now seeks to prove that \/a(x)u, € L;. By taking
the following integral and applying that a(z)u” € H'(—1,1), one can see Yu" € D(A):

/_1 k(z)Au™u" dz = /1 <k($)a(x)ug>xu” dr = k(x)a(z)ulu™|}__, (4.4.6)

1 -1

- / k(@)a(a) ()2 dz = k()b(a) (" ()2, — / E(@)a(o) @) de.  (447)

1 1

By choosing b(—1) > 0 and b(1) < 0 one has that the above expression (4.4.6) is negative.
Notice also that the equation (4.4.6) implies that:

1

/ (k@)alx)w2)?) - - [ reywuds

1 -1

where R = lim k(2)b(z)(u")® almost everywhere in (—1,1). Therefore Fatou’s Lemma
n—oo
could be applied as follows:

1

/_11 (k(x)a(:r:)ui>xdx < lim inf /_1 <k(93)a($)(UZ)2>xd:r .
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Thus, v/au, € L{(—1,1). Finally, it still requires validation that the function u is absolutely
1
continuous on the domain [—1,1]. It is evident that u, € L'(—1,1), as @) € L'(-1,1)
a(x
aug(—1)

=R d
b(—l) 1 an

and a(r)u, € H'(—1,1) C L*(—1,1). In light of the fact that u(—1) =
demonstrating that:
Vo e [-1,1], u(z) —u(-1) = / uz(s)ds,
-1

it is satisfactory for the verification of absolute continuity.
By considering x € (—1, 1], one has:

Vn eN u"(x)—u”(—l):/Iu;‘(s)ds:/n uﬁ(s)ds—k/juﬁ(s)ds.

-1 -1

By rearranging the terms and considering absolute values can be obtained:

<x>—/ ts)ds =l < | [ o) as

1
\//_ —Sds 3 (a(s)(ug)?)ds < D _I@ds.

As it has been proven in the previous steps, u" converges in C*([n,1]), ¥V > —1, one can
take the limit in the above relation:

lu(z) —/n up(s)ds — Ry| < D/:%S)ds,

-1

which directly implies the required relation:
Vrel-1,1,  u(x)—u(-1) = / wy (5)ds.
-1

Self-Adjoin We define the set of adjoin functions:
D(A*) = {v € Li(—1,1)|Fc > 0,Yu € D(A), (v, Au), < c|julx}.
For some u € D(A) and v € D(A"):

/_ (k:(:l:)a(:v)ux)xv dx = —/_ k(x)a(r)uyv, do + k(x)a(x)uv|le | =

1 1

/_1 (k(z)a(x)vy) wde + k(x)a(z)ull, — k(z)a(e)vgul,e , =

/_ (k(z)a(x)vy) wde — k(z)b(x)uv|,_ | + k(x)b(x)oull__ | = / (k(z)a(z)v,) udz.

1 -1

Thus, we conclude to:

(Au,v) = (u, Av), Vu € D(A),Yv € D(A"), (4.4.8)
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and D(A) C D(A"). It remains to prove: D(A) C D(A*). The inner product of the Hilbert
space: V' is given by:

1

iy = [ s+ [ Ko i

1 -1
For every f € L*(—1,1) there is a unique u € V such that:

1

Vi e Vi (u,¢)y = / k(x)fd.

-1
By considering Ry = k(x)a(x)u,(z)(x)|L__,, then there is a function ro(z) € L2 such

1
that: Ry = / k(x)ryy dx for any ¢ € V. In addition, for any f € L? there is a unique
—1

u € V such that: )

eV, (o= [ ha)fvds

1
Applying one-time integration by parts and utilizing the remark from the previous para-

graph: X X X
/ k;(x)m/)da:—/ k(x)Auwdx—i—Rg:/ k(x)uy de—

1 -1 -1

/1 k(z) Autp da + /1 k() d = /1 k() [ d

1 —1 —1
Set the value: f = f — ry, where f € L2 one can see that:

1 1 _

k(x)Aud)d:}::/ k(z)f dz,

-1

Vip €V, /1 k(z)uy da —/

1 -1
which implies that: .

u— Au=f, u e D(A). (4.4.9)
It is necessary to show that for v € D(A*), v € D(A) is also true.

1 1

k(m)Awydx:/ k(x)yydx.

-1

Jy € Li(—1,1) such that Vi € D(A): /

-1

Taking f = v — y from the equation (4.4.9) one has: y = v — u + Au. Therefore it is easy
to conclude the equation:

1
/ (Av — )(v — u) dz = 0.
-1
For 1 being the solution of (4.4.9) for f = u — v such that: Ay — = v —u = 0 and then
u = v. That means that v € D(A) which proves: D(A*) C D(A).

Negative By choosing b(—1) > 0 and b(1) < 0 and substituting « to «" in the equation
(4.4.6), one can directly derive the negativity of the operator A.

]
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4.4.2 Energy Estimates for the Robin Boundary Conditions

Theorem 7 implies that the operator A is the infinitesimal generator of a strongly continu-
ous semigroup e on L?(—1,1) space. Therefore, if the initial condition specifies uy € Li,
the system (4.4.4) admits a unique solution v € C°([0,T]; L;(—1,1)). If one chooses
the initial condition as ug € D(A), then the unique solution would reside on the space:
u € C°([0,T); Li(—1,1)) N Li(0,T; D(A)) N H' (0, T; Li(—1,1)).

The following result is necessary for the well-posedness of the problem.

Theorem 8. Let f € Li(—1,1) x (0,T) and for ug € L;(—1,1), problem (4.4.4) admits a
unique solution:
ue C°[0,T); Li(—1,1)) N Ly(0, T V), (4.4.10)

and

T
sup [Ju(t)| 21,1 +/0 ||\/5Ux(t)||%§(f1,1)dt < C’T(HUoHLi(—u) + ts[léli;] ”f”%k) (4.4.11)
€0,

te(0,7

Additionally, if one chooses: uy € D(A), the unique solution of the system (4.4.4) satisfies
the following relations:

u € C°[0,T); V)N LE(0,T; D(A)) N H*(0,T; Li(—1,1)), (4.4.12)

and

T

T
wpmwm+/ WMﬂMHMMﬂMMTsm(/HWM+mmuﬂm@.u4B>
te[0,7 0 0 te[0,7

Proof. By taking the equation (4.4.4) and multiplying by the factor: k(z)u one get:

1

k(@)u(t, z)u(t, z) — k(x)m

(k‘(as)a(m)ux> u= f(t,x)u(t,x).

T

By integrating over (—1,1) and employing the notation R = k(x)a(x)u,u|',, one arrives
at:

1
thHu e + IV a@)ua O < Sl + 1F 1+ R (4.4.14)
Equation (4.4.14) can be reformulated as:

sl + Va0l < (O +1FOR), ¢G>0 (4415)

One can get the following two inequalities:

Sl < (@ + 1712,

2dt X ; (4.4.16)
IVa@u )l < (@I} + 17 O1R).
Thus, by solving the first case, one can easily conclude:
T
sup [u(o) < Cr(ulfi + [ 1) ds) (4.4.17)
t€[0,T) 0
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From (4.4.16) and (4.4.17) it also follows that:

T
a(@)ua(8)]2 < C1 (Jluol + / 1£)Fds + 1FOIF) < Co(IluollZ + 11 o ).

and so one concludes to the inequality:

sup [[u(®)|F + IVa@ue O < C(lluollf + 111 0n ), € >0. (4.4.18)

t€[0,T

Therefore, (4.5.4) follows from the inequality (4.4.18) if the initial condition satisfies: uy €
L;(—1,1). The next step is to prove the second inequality for uy € D(A). Recall that
D(A) represents the domain of the operator A, which contains functions of the space V,
so one expects to get information about the behavior of the solution, concerning the initial
condition. By taking the equation (4.4.4), multiplying by —(k(x)a(z)u,), and integrating
over (—1,1) can has:

/_1 u(k(x)a(x)uy), de + /_1 %(l@(m)a(m)ulﬁ)i de = /_l(k(x)a(:n)ux)xf(t, x)dz.

By rearranging the terms and applying one-time integration by parts on the first term:

1 1 1
—R+/ k(x)a(ar)uzumdrc+||Aul|i < —IIAulli+§||in =
-1

LS IValDul + lAul} < JIAIE+ R =
Enx/a(as)uxnk + vl < 711 + 2R

Integrate over (0,t), for 0 <t <T"
¢ T
Va0 - IVa@u (Ol + [ 1aun)ar< [ (10l +2R)ar —
sup Va0l + [ Au)l dr <

t€[0,7)

Dr( sup [0+ 1Va@ua O + [u0)IE) = Dr( sup 170 + o)
S El

te[0,T]

where Dy > 0. Thus,

sup [[va(@us ()] < Dr(_ sup IF@)IE+ ol ).
e k]

tGOT]

(4.4.19)
/ | Au(7)|? dr < DT( sup || f(t)[[; + HuUH2v>-
0 t€[0,7]

Return to the equation (4.4.4) and take the norm of the space L} f for both sides:
lucll = [[Au(t) + fOIFE = lullz < 2[Au@)E + 21 f]17-

Integrate both sides over (0,7") and using the inequalities (4.4.19), then:
T T
| Iutriar < Dp( [ uall + sup 1 @)1E). (4.4.20)
0 0 t€[0,T]

20



where D/ > 0. By combining the inequalities: (4.4.17),(4.4.19) and (4.4.20) one gets:

T T
sup [u(® + [ (lnl + |4uIE) dr < Dy ([ ol + sup £
0 0 te[0,7]

te[0,7)

Utilizing a density argument, given the density of D(A) within L{(—1, 1), it follows that if
ug € L7 (—1,1), then inequality (4.5.7) remains valid, and consequently, u € L2 (—1,T;V).
This substantiates the validity of inequality (4.5.6). O]

4.5 The Neumann Boundary Condition

Now, it’s opportune to employ the Neumann Boundary Condition for the degenerate prob-
lem presented in (4.3.1). These conditions also referred to as reflecting boundary con-
ditions, are essential in physical systems where controlling the flux or rate of change of
the system’s state at the boundaries is crucial, such as in problems involving insulated
boundaries in heat conduction or conservation laws.

4.5.1 Well-posedness

Let’s reformulate the problem akin to our approach in the section where we applied the
Robin boundary condition.

w(t, ) — L(k(x)a(x)u» = f(t,x), t>0,zel=(-1,1),

a(r)u,(t, v) =0, t>0,z€dl, (4.5.1)
u(z, to) = uo(z), xel.

Continuing with the same framework as in the previous section would prove advantageous
for examining the problem’s well-posedness. However, transitioning to Neumann boundary
conditions introduces a notable difference: the loss of absolute continuity of the solution
at the boundaries 9 = {—1,1}. Consequently, it becomes imperative to establish certain
limits’ existence to compensate for this discrepancy. The assumptions for the weak degen-

1
erate diffusion problem, ﬂ € L'(—1,1), are the same as the previous section and are
a(x

presented below:
e a(r):=(1—-2?)P,Vor € [ = (—1,1) and p € (0, 1),
e b(z) € C°(—1,1), with b(—1) > 0 and b(1) < 0.
At this point, we will introduce the new spaces for the problem (4.5.1).

7 :={w € L | w is absolutely continuous function on (—1,1),
Va(z)w, € L3},

endowed with the inner product:
(w,v)z7 = <w7U)Li(I) + (Vaw,, \/va)Lz, Yw,v € Z,
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and the associated norm:
lollz o= el + | Vaws |2, Ve 7.

The norm space (Z, || - ||y/) is a Hilbert space and Z C H'(—1,1) and Z C Li. We now
define the operator:

D(A) :=={u € Zla(z)u, € H'(—1,1) },

1
Au = W) (k(x)a(z)uy),, Yue D(A),

with the associated norm:
lullpeay = [lullz + | AullZ,
and the inner product:
(w,v)pay == (u,v)z + (Au, Av)y.
As previously noted, the findings regarding well-posedness in this section closely parallel

those of Robin’s Boundary Conditions. Consequently, our objective will be to formulate
supplementary theorems aimed at ensuring well-posedness in this scenario as well.

Lemma 3. For every function u,v € D(A) one has that for every x € [—1,1] the following
inequality is satisfied:
|k(z)a(x)u, ()] < |z — 1| Aullx. (4.5.2)

Proof. This proof is just an application of the fundamental integration theorem and Hélder
inequality. By taking the left hand side of (4.5.2) one has:

)a(e)uno)] = [ (kats)u), ds
< ( / wlds)é ( [ ttspatspu? ds)é < Ve = 1)l Aul,

where, (4.5.3) agrees with (4.5.2) and the proof is completed.

(4.5.3)

Proposition 4. Let u,v € D(A) then the limit:
lim a(z)u,(z)v(x),
z—+1

exists and it is equal to 0.

Proof. Notice that for every z; € (0,1):

/xl (k(z)a(x)us),v de = k(x)a(x)u.(x)v(x)|;L_,, — /m1 k(x)a(x)uzv, de.

—Z1 —Z1

Since the functions u,v € D(A), the quantities satisfy the properties: Au € L'(—1,1) and
k(z)a(z)uzv, € L'(—1,1). Then, k(x)a(z)u,(z)v(r) — R € R as 2 — 41. Suppose that
the limit satisfies: R # 0. Utilizing Lemma 3 one gets:

D < ] < || = |v| =
VI —1 = [2k(z)a(z)us] '
Therefore, one can conclude to v € L?. Thus, R = 0. O
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Applying a similar procedure as outlined in Chapter 4.4.1, one can readily arrive at
relevant theorems analogous to Theorem 7 and Theorem 10.

Theorem 9. The operator A : D(A) — Li(—1,1) is closed, self-adjoined, and negative
with dense domain.

In addition, the associated energy estimate result is as follows:

Theorem 10. Let f € Li(—1,1) x (0,T) and for ug € L{(—1,1), problem (4.5.1) admits
a unique solution:

we CU[0,T); Li(—1,1)) N L2(0,T; Z), (4.5.4)

and

T
sup ez + | IVl ot < Cr(uallian + sup 1713, ). (4.55)
te[0,T] 0 t€[0,T]

Additionally, if one chooses: ug € D(A), the unique solution of the system (4.5.1) satisfies
the following relations:

u € C°[0,T); Z) N LE(0,T; D(A)) N H*(0,T; Li(—1,1)), (4.5.6)

and

t€[0,T]

T T
sup. ()7 + / (eI + L Au(r)|12) dr < Dy ( / Juolls + sup IF@)IR)- (45.7)
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Chapter 5

Invariant Measures

5.1 Preliminaries

When studying dynamical systems, we are interested in stability results and the steady-
states of the system. Much work has been devoted to investigating these states, including
their nature, such as asymptotic stability, exponential stability, or instability. A more
general approach involves the development of the theory of invariant measures and the
existence of these states. These states are deeply connected with the notion of stationary
solutions and their domains.

In more technical terms, let’s briefly define an invariant set. The set K C L? is said
to be invariant if, for every initial condition zy € L* such that zy € K almost surely, the
solution x of the SDE:

dr = b(x) dt + o(z) dWs,

satisfies z(t) € K for all ¢t > 0.

Invariant applications are mainly applicable to flows, such as traffic flow. The traffic
flow can be formulated as a control problem:

i = Ar + Bu,

where z is the state variable (position and velocity), u is the control function, and A and
B are matrices with suitable dimensions.

Suppose we have the problem of maximizing the car capacity of a highway. To achieve
this, grouping vehicles into a synchronized stream of vehicles or platoons has been suggested
as a possible method. This involves keeping constant distances and velocities between cars
that have entered the highway. This is analogous to finding an invariant measure for the
state variable .

Returning to the problem under consideration, we focus on studying the steady-states
of the FP equation with degenerate diffusion terms. Our primary goal is to investigate the
existence and uniqueness of invariant measures.

The series of research papers of Huang W. et al. ”Steady-States of Fokker—Planck
Equations”,[19],[50], and [51] explores the dynamics of steady-states within the context
of FP equations situated in general domains in R",n € N. The focus is on equations
incorporating P  drift terms and W, diffusion terms for p > n.

loc
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The research introduces novel existence results for steady-states, utilizing the level set
method and an integral identity from prior literature. These results encompass stationary
solutions and measures under Lyapunov-like conditions. Additionally, illustrative examples
highlight phenomena such as noise stabilization of unstable equilibria and the establishment
of steady-states amidst boundary degeneracy of diffusion within bounded domains.

Further analysis presents non-existence results for stationary measures under conditions
involving anti-Lyapunov functions associated with the stationary Fokker-Planck equation.
This work establishes necessary and sufficient conditions for the presence of stationary
measures, providing insights into noise perturbations in systems of ODEs, particularly
concerning stochastic bifurcations.

Finally, the investigation delves into scenarios featuring degenerate diffusion, extending
findings to provide existence results for stationary measures under Lyapunov conditions
accommodating diffusion degeneracy. This underscores the significance of these conditions
in addressing intricate scenarios where diffusion may exhibit degeneracy.

In this thesis, we aim to explore and reproduce key aspects of the work conducted by
Huang W. et al., with a particular focus on scenarios involving diffusion degeneracy, partic-
ularly in the context of one-dimensional problems. Specifically, we will delve into a detailed
examination of the solution to the stationary FP equation and establish connections with
the adjoint FP equation, or the Kolmogorov backward equation.

Moreover, we will endeavor to present and elucidate existence and uniqueness results
pertinent to these types of equations. By thoroughly analyzing these equations, we aim to
shed light on the fundamental properties and characteristics of systems subject to diffusion
degeneracy.

Towards the culmination of our analysis, we will provide two illustrative examples of
strong and weak degeneracy, respectively. Through these examples, we aim to demonstrate
the practical implications and subtle distinctions associated with diffusion degeneracy in
real-world systems.

5.2 Invariant Measures

In this chapter, we extend our analysis by delving into an It6 SDE system:
dx = b(z)dt + \/2a(x) dW;,, x €U CR", (5.2.1)

where U could be: 1) a bounded region, 2) an unbounded region, or 3) the entire space R,
with n € N. As it is already mentioned, the equation:

ultia) = [ plt.Cauo(¢)de,
u
satisfies the FP equation under the following conditions:

ut(t,x) Au( z), x€U,t>0,

(7
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and A denotes the FP operator as defined on (3.1.7). In this chapter, following the approach
of [19], [50], and [51], we will extend our assumptions regarding the nature of the drift and
diffusion coefficients. We will make the following hypothesis:

a € WolU), be Ll (U),whereq>n . (5.2.3)

loc

The associated stationary problem with the system (5.2.2) is:

Au(x) =0,
uz0, (5.2.4)

/u(t,x) dr =1,
u

for x € U. Since we have employed less stringent regularity conditions, or, in other words,
weak regular conditions, in Hypothesis (5.2.3), we aim to find weak stationary solutions of
the FP equation. This entails identifying continuous functions that fulfill weak solutions
of the stationary FP equation.:

/UA*uo(x)u(x) dx =0,
u >0, (5.2.5)

/u(t,x) dr =1,
u

for up € C3°(U). Let’s state some definitions that will be useful for the discussion on the
Invariant measures.

Definition 40. /57, Def 2] Let u be a Borel probability measure defined on the set U. The
measure (1 is called a stationary measure of the FP equation (5.2.2) or a measure
solution of the FP equation (5.2.5) if it fulfills the following conditions:

1. The drift coefficients b € L, (U, ).

loc

2. For any uy €C5°(U), the integral condition

/MA*uo(x) du(x) =0, (5.2.6)
holds.

To link the weak form of the stationary FP equation (5.2.5) with the definition provided
above, we will introduce the concept of a regular stationary measure in the following lines.

Definition 41. [71] A stationary measure pu of the FP equation is called regular if it
admits a continuous density function w, such that u is the weak stationary solution of
(5.2.2), i.e., pu(z) = u(x)d.

Let’s define the different forms of Lyapunov and anti-Lyapunov functions that will be
used as dissipation properties in the following sections.

Definition 42. [01, Def 2.2] Let V €C? be a compact function with essential upper bound
M.
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1. V is called Lyapunov function in the domain U with respect to (5.2.2) or (5.2.5)
if 3m € (0, M), such that 3l > 0, Lyapunov constant:

AxV(z) < —=l, xzelU\ Qn, (5.2.7)
where Q, :=={z €U : V(x) <m}.
2. Vs called strong Lyapunov function in U with respect to (5.2.2) or (5.2.5) if
lim A"V (x) = —o0. (5.2.8)

x—0U
3. V' is called anti-Lyapunov function in the domain U with respect to (5.2.2) or
(5.2.5) if 3m € (0, M), such that 3l > 0, Lyapunov constant:

AxV(z)>—=l, zelU\ Qn. (5.2.9)

The relationship between stationary measures of the FP equation (5.2.2) and invariant
measures of the diffusion process generated by the SDE (5.2.1) can be summarized as
follows:

If a measure p is invariant for the diffusion process X; generated by the SDE (5.2.1),
then the corresponding PDF p(x) satisfies the stationary FP equation (5.2.2). Conversely, if
p(z) is a stationary solution to the FP equation, the measure with density p(x) is invariant
for the diffusion process. This equivalence highlights the close connection between the
long-term behavior of the diffusion process and the stationary solutions of the associated
FP equation.

In situations where &/ = R", and both b and a exhibit local Lipschitz continuity, the
SDE (5.2.1) gives rise to a generalized (in time) diffusion process across R". It’s widely ac-
knowledged that any invariant measure characterizing this diffusion process is a stationary
measure for the associated FP equation (5.2.2), and conversely, under specific conditions.

In cases where (5.2.1) fails to generate a diffusion process, possibly due to the inade-
quate regularity of b and a, a stationary measure originating from (5.2.2) can still act as
an invariant measure for a separate generalized diffusion process associated with (5.2.1),
provided certain conditions are met.

Below, we outline some classical findings where assuming sufficiently regular conditions
on the coefficients leads to the existence of solutions:

o All stationary measures of (5.2.2), under the assumption (5.2.3) and with a being

positive definite, demonstrate regularity with a density function u EI/VI})’(? U).[22]

o Ifa eC>’(U) and b €CL7(U), where 5 € (0,1), then u emerges as a classical solution.

e A FP equation on a compact manifold without boundary has unique smooth station-

ary solutions when (a;;) is a C*-smooth, everywhere positive definite matrix and the
drift field is smooth.[l 1]

In the above examples, the coefficients of the system not only are sufficiently smooth,
but the diffusion term is positive definite. In the case under consideration, degeneracy
on diffusion on the boundary, this condition is being violated and cannot be used for our
analysis. Therefore, one requires additional conditions to study this peculiar case. In
the work [19],[50] and [51] they extend the theory on the degenerate case introducing a
dissipation property, as they use the notion of Lyapunov functions, that the coefficients of
the system have to follow.
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5.3 Existence and Non-Existence of the Stationary
Measure

In this section, we will present some foundational results from the works [19, 50, 51]. First,
we will establish results for the general case without degeneracy, and then we will provide
a theorem focusing on the degenerate case, highlighting the differences between the two
scenarios. Finally, we will present a brief overview of the proof for the degenerate case,
noting that detailed non-existence results for the degeneracy case are not yet available.

5.3.1 General Case Results

We begin with results that apply to the general, non-degenerate case. These results provide
important insights into the existence and uniqueness of stationary measures under various
conditions.

Theorem 11. [/9, Theorem A] Assume that a € W2 (U) and b € L2 (U) hold in U and
the diffusion is positive definite everywhere. If there exists a Lyapunov function concerning
the system (5.2.4), then the system (5.2.2), u € U fort > 0, possesses a stationary measure
in U which is regular and has a positive density in Wé’f(bl). Moreover, if the Lyapunov
function is unbounded, the stationary measure is unique on U.

The following theorem is devoted to the concept of the nonexistence of stationary
measures in .

Theorem 12. [50, Theorem A] Assume that a € WE*(U) and b € L2, (U) hold in U
and the diffusion is positive definite everywhere. If there exists an anti-Lyapunov function
concerning the system (5.2.4) that is of the class B*(a), then the system possesses no

stationary measure i U.

5.3.2 Degenerate Case Results

Next, we focus on the case where degeneracy is present. The following theorem addresses
the existence of stationary measures under such conditions.

Theorem 13. [0/, Theorem 4.1] Assume that there exists a Lyapunov function V' con-
cerning the family of adjoint FPoperator A} . where a € WU and b € C(U,R™), and
one of the following properties is satisfied:

r -or

o V is a strongly Lyapunov function with respect to Aj _;

o V€ B*(a).

Then, the Fokker-Planck equation corresponding to A = A, admits a stationary measure
mU.
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In comparing Theorems 11 and 13, we note that the conditions for the existence of
stationary measures differ significantly between the general and degenerate cases. The
presence of degeneracy requires more refined conditions on the coefficients and the Lya-
punov function.

It is also important to note that, currently, we do not have non-existence results for
the degenerate case analogous to those presented in Theorem 12 for the general case.

In conclusion, we have established a framework for understanding the existence of
stationary measures under different conditions. While the results for the general case
are well-understood, the degenerate case presents unique challenges and requires further
investigation.

In the following lines, we will delve deeper into the challenges of degeneracy cases, pro-
viding a brief overview of the proof techniques and outlining directions for future research
Next, we outline the fundamental idea behind the proof of Theorem 13, as presented in [51].
The approach involves perturbing a using a family of positive definite matrices, followed
by taking the weak®-limit of the associated stationary measures as these perturbations
approach zero.

Proof. Assume V is a Lyapunov function, and the coefficients a € VVli)f and b e C (U,R")
are positive definite matrices in &. We introduce the function G*(I) defined by:

G*(l) = max adV(x)oV(x), €0, M].
zeV—1(l)

Notice that, if V' € B*(a), then there exists G € [0, M] satisfying the following properties:

e For all I € [0, M],
min {G1(y) — G*(y)} > 0,

y€[0,]]

Mo
ds = oo.
/0 G1(s)

min{dy, G1(V(z)) — G*(V(x))}
DV ()| + [V2V (2)]? + 1

where D is the Hessian matrix of V', and

¢ Additionally,

Consider

d(z) = , TeU,

1, for V ¢ B*(a),
50 = 0 .
3 for V € B*(a).
From the earlier discussion, one can deduce that §(z) > 0 on any compact subset of U.
Continuing with the proof, let a, such that a € V[/licq ,

max |a(@) — a(@)] < o). v EU
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then for each a € A we have:
(45, - 43,) viw)| < b,

and

(a(x) —a(x)) OV (2)0V (z)] < G1(V(x)) — G (V (2)).

It follows that V' is a uniform Lyapunov function with respect to the family {A7 :a € A}.

Additionally, in [51] they prove that A contains a as a limit point, by constructing a family
as with the properties: as € A and as — a, as 0 — 0. Therefore, by an application of
Theorem 11, we have the existence of the FP equation in i/ corresponding to A.

]

5.3.3 Examples

In this section, we present two primary examples to illustrate the cases of degeneracy
discussed in Chapter 4. We will specifically examine the degenerate diffusion defined by
a(z) = (1 — 2*)? where p € [0,00). By applying the theoretical framework introduced
earlier, we aim to establish the existence and uniqueness of invariant measures for the
corresponding SPs.

Example 1(The strongly degenerate diffusion)[50]
Consider the following SDE:

dz = b(z)dt + V2(1 — 2%)dW,. (5.3.1)
Then, the SDE (5.3.1) is related to the following FP equation:
Au = ((1 — 2%)%u) g — (b(z)),,

and the adjoint problem is given by:

A*u = (1 — 2%)*Uyy + b(2)1uy.

Let the function V = —In(1 — 2%) for the space domain x € (—1,1). Then, one can easily
verify that this function has the following properties:

1. Vis C?in (—1,1),
2. V(z) —» o0 as |z| — 1,

and o
AV (0) =2+ 20" + (z)z

for x € (—1,1).

— 12

Choosing the function b(x) to satisfy:

e for z > 0: b(x) <0,

e for z <0: b(x) > 0,
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one can readily verify that: A*V(x) — —oo indicating that V' is indeed an unbounded

Lyapunov function concerning the stationary FP equation associated with (5.3.1). Con-

sequently, by applying Theorem 11, we conclude that the FP equation associated with

(5.3.1) has a unique stationary measure in the interval (—1,1). The analytic form of the

stationary distribution, choosing b(x) = —~x, as has been presented on [12], is given by:
1 __a

u(q;) = = 3;26 17127

where v > 0 and the above expression is integrable.

Example 2(The weak degenerate diffusion)
Consider the SDE system:

dr = b(z)dt +V2(1 — z2)P2dW,, (5.3.2)

where we have assumed that p € (0,1). Then the SDE is related to the following FP
equation:
Au= ((1 — 2%)Pu) pp — (b(2)).,

and the adjoint problem is given by:
A*u = (1 — 2*)Pugyy + b()u,.

Let the function V = —In(1 — 2?)? for the space domain x# € (—1,1). It can be readily
shown that this function possesses the following properties:

1. Vis C? in (—1,1),

2. V(z) —» o0 as |z| — 1,

and 2p(1 2 2pb
AV (x) = p(1+ ) + P (@)z for x € (—1,1).

(1 —x2)2-»p 1 — 22

In addition,

1. A*V — o0,

2. V ¢ B.(a).

Then, we cannot apply Theorem 13 and we are not able to conclude if the system u; = Au
admits or not a stationary measure.

In our previous discussion, we examined how the existence of an invariant measure for an
SDE is influenced by the degree of degeneracy of the diffusion coefficient. We particularly
focused on the example where a(x) = (1 — z®)?, which falls under the SDeg category. By
applying Theorem 11, we concluded that the system admits a unique stationary measure
on the interval (—1,1).

However, if we slightly modify the exponent in the diffusion coefficient, choosing a(z) =
(1—2*)"% instead of (1—2?)?, the situation changes significantly. In this case, the condition
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required by Theorem 11 for the existence of a unique stationary measure no longer holds,
which prevents us from drawing a definitive conclusion about the invariant measure.

This highlights the sensitivity of the existence and uniqueness of the stationary measure
to the specific form of the diffusion coefficient and at the same time the necessity for
further development in the theory to handle cases with exponents slightly less than 2.
Specifically, additional results or refined techniques are required to determine whether a
unique stationary measure exists for diffusion coefficients of the form a(z) = (1— %) when
1 < p < 2. This remains an open problem and a potential area for future research in the
study of stochastic differential equations and their invariant measures.
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Chapter 6

Applications of the Degenerate
Diffusion

6.1 Climatology

Dynamical systems described by degenerate PDEs have significant applications in the phys-
ical sciences. For instance, the Lighthill-Whitham-Richards (LWR) model for traffic flows
incorporates degenerate PDEs to handle discontinuities and maintain stability in vehicle
density predictions. Similarly, the inclusion of diffusion terms in these models helps to
smooth out abrupt changes, enhancing their applicability to real-world phenomena. An-
other example is the study of heat conduction in materials with varying properties, where
degenerate PDEs are used to model the changes in thermal conductivity. In population
dynamics, degenerate PDEs are employed to describe species dispersion in heterogeneous
environments, accounting for varying diffusion rates across different regions.

Building on these concepts, we turn our attention to climate modeling. Climate models
have distinct characteristics compared to weather prediction models, primarily due to the
vastly different time scales they operate on—centuries for climate models versus days or
weeks for weather prediction models. Additionally, their main objectives are complemen-
tary: weather prediction models are prognostic, focusing on forecasting future weather
conditions, while climate models are diagnostic, aiming to understand the mechanisms
driving past and future climate changes and their sensitivity to various parameters. Cli-
mate models were developed to gain insights into the historical and future climate states
and to analyze their dependence on a few critical features, which quantitative analysis
reduces to specific parameters.

In this work, we will focus on the mathematical treatment of some horizontal energy
balance models, generalizing the models independently introduced by Budyko (1969) and
Sellers (1969). These Energy Balance Model (EBM) are essential for understanding the
distribution of energy within the Earth’s climate system and play a pivotal role in climate
studies. Specifically, we will examine the 1D Budyko-Sellers model, where degeneracy oc-
curs due to the transformation to spherical coordinates of the system. This transformation
adds complexity to the equations, necessitating a thorough mathematical analysis to fully
understand the model’s behavior and implications.
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6.1.1 Climatic Modeling-Energy Balance Models

EBMs are one-dimensional models predicting surface temperature variation with latitude
or longitude. Simplified relationships are used to calculate the terms contributing to the
energy balance in each latitude or longitude zone.

At the core of an EBM is the energy equation that balances incoming solar radiation
with outgoing terrestrial radiation and other energy losses. The equation typically takes
the form:

Internal Energy _ Absorbed Energy —
Flux Variation Reflected Energy +Diffusion

This formula is a straightforward representation of the energy fluxes entering and leav-
ing the Earth system.

Budyko and Sellers published descriptions of models that attempted to simulate the es-
sentials of the climate system simply.([1],[0]). These EBMs drew upon observational data
derived from descriptive climatology; for example, the reasons why the major climatic
zones are roughly latitudinal. In particular, EBMs are computationally much faster than
Global Climate Models (GCM) because instead of calculating the dynamical movement of
the atmosphere, using the Navier—Stokes equations, they employ much simpler parameter-
izations, and typically, much coarser grids. As a consequence of the intrinsically simpler
parameterization schemes employed in EBMs, they could be applied to longer time-scale
changes than the atmospheric GCM of the time. Although the desire for longer simulation
times is still an important driver for the development of simple climate model types, other
demands, particularly associated with climate policy needs, are becoming increasingly im-
portant.

Diaz [17] meticulously explored and formulated the concept of Earth as a compact two-
dimensional manifold without boundary, denoted as M. In this elegant abstraction, let
u(t, x) symbolize the annually or seasonally averaged surface temperature. The behavior
of this temperature distribution is described through the mathematical framework of a
reaction-diffusion (RD) equation:

c(t,x) 0ugt, z) _ div(k(t,z)Vu(t,x)) = Ru(t, z,u(t,x)) — Re(t, z, u(t, z)), (6.1.1)

e c(t,x): is a positive function that is frequently influenced to a significant extent by
the presence of oceans. It’s noteworthy that approximately 70% of Earth’s surface
is covered by oceans, making them a major factor in determining the overall heat
capacity of the planet. Averaging ¢ ~ 1.05 x 10% Jm ?K™!

e the diffusion operator has a double justification:
div(kVu) = div(F, + F,),
with:

— F, = k.divu: the conduction heat flux.

— F,: the advection heat flux.
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e 1R, The solar energy absorbed by the Earth and it of the form:

R, = 5Q(t,x)B(u),
where

— S: The Solar constant, defined as the annual average amount of radiation energy
per unit time passing through a unit area perpendicular to the Sun’s rays at the
Earth’s orbit, remains consistent in our context. Averaging S~ 1.370W/m?.

— Q(t,x): The distribution of solar radiation across the Earth’s surface.

— B(u): The planetary albedo, denoted by 3, represents the fraction of solar radi-
ation absorbed by the Earth’s surface, taking into account the average temper-
ature. Typically, is assumed to be a non-decreasing function ofu, the surface
temperature, and it maintains constant values (positive and less than 1) for any
given value ofu. In subsequent sections, we will outline the distinctions in the
selection of the S function between the Budyko and Sellers models.

e R.(t,z,u): The mean emitted energy flux, denoted by R., represents the average
energy emitted by the Earth’s surface. It is empirically determined and influenced
by factors such as greenhouse gases, clouds, and water vapour present in the atmo-
sphere. Budyko’s model posits a distinct value for R, compared to Sellers’ model, a
discrepancy that will be elaborated upon in the ensuing discussion.

The differential operators, divergence (div) and gradient (grad) must be appropriately
interpreted in light of the Riemannian metric.

If we assume that M is the unit sphere of R* the Laplace-Beltrami operator (div(kV))
becomes:

] 1 0 . Ou 0 . Ou
div(kVu) = S0 (8_¢(k sin ¢a—¢) + 5(1&’5)) : (6.1.2)

where ¢ is the colatitude and A is the longitude. If we take the average of the temperature

ou
at x = sin ¢, assuming that o 0, which seems like a reasonable assumption (Figure 6.2),

the level mean zonally averaged temperature u(¢,x) on the Earth, satisfies a quasi-linear
EBM strongly degenerate problem, in the bounded domain (—1, 1), of the following type:

Ug — (a(x)|uz|q_2ux)x = Ra(xvt7u) - Re($,t,U), VIS Iat > 07
a(z)u, =0, redlt>0, (6.1.3)
U(I‘,O) = UO<I’), WS I7

where [ = (—1,1) and 1 < ¢ < oc.

65



Air Temperature Jan

S 40 B -0 B W -1 - S5 05 WOW A B W BCO

Figure 6.1: The figure shows an example of atmospheric temperature at the Earth’s
surface in January. Temperatures are averaged over the 1959-1997 period. Red
areas correspond to a warm climate and blue areas to a cold climate. (Copy-
rights:https: //polarpedia.eu/en/climate/)

In this work, we will make the following structural assumptions:
o ¢ :=2,

e a(z) :=k(1—27%), k>0,

e R, :=Q(t,x)p(u),where:

- Q € C([_la 1] X R-ﬁ-)a and Q(t,l’) > 07

— B(u) is a non-decreasing and bounded function function, |5(u)| < M,Vu € R,
M > 0.

Remark 13. The occurrence of the degenerate diffusion term (1 — x*) comes from the
transformation x = sin ¢ and the equation (6.1.1)

According to the above assumption, one has the following RD equation with reflecting
Boundary Conditions:

uy — (1 — 2%)uy), = Q(t, 2)B(u) — Re(z,t, 1), zel,t>0,
(1= 2*)u, =0, xedlt>0, (6.1.4)
U(.’E,O) = Uo(x), T € I.

We have not yet made any assumptions about the function R., which represents the energy
emitted by the Earth. The value of R, might be influenced by various factors such as the
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concentration of greenhouse gases, the presence of clouds and water vapour in the atmo-
sphere, and changes caused by human activities. Next, we will explore the key differences
between the Budyko and Seller models. While both models incorporate similar elements
like the diffusion term and the Incoming Solar function, there are distinct assumptions in
each model that we’ll outline. For the Incoming Solar Flux we assume Q(t, z) = q(x)r(t)
where ¢ is the insolation function and:

qe L>(1),
r€ CYRy) and r,7’ € L®(Ry).

The Budyko type coalbedo function is given by the form:

a;, u < —10°C,
5(U> = [ai7 a’f]? u= _10007
ar, u > —10°C.

In contrast, the Seller’s type coalbedo is taken as:
B e C*R) and 8,8, 8" € L(R).

Additionally, both models define the function R., which represents the energy emitted
by the Earth. In Budyko’s model, this radiation function, R., is assumed to be a linear
function of temperature:

R.(u):=a+bu, se€R and b>0. (6.1.5)

In contrast, in Seller’s work, the radiation function emitted by the Earth follows a Stephan-
Boltzmann-type law:

Re(u) := e(u)|ul*u, (6.1.6)
meaning that the Earth radiates as a black body. In the formula (6.1.6), €(u) denotes the
emissivity and is a positive bounded function taken as:

1948
)

e(u) := (1 — mtanh (

where o > 0 represents the emissivity coefficient and m > 0 indicates the atmospheric
opacity.

Remark 14. Notice that equation (6.1.5) corresponds to a linear approzimation of (6.1.6)
near the actual mean temperature of 15°C.

Remark 15. A drawback of the model occurs in this step and is related to the direct linkage
between albedo and temperature, which completely neglects the long response times of the
continental ice sheets.

We are now able to write the most general form of the two models, in Budyko’s and
Seller’s case.

Budyko’s Model

uy — (1 — 2*)uy), = r(t)q(z)B(u) — a + bu, relt>0,
(1 —2*)u, =0, x €l t>0, (6.1.7)
u(z,0) = up(x), rel.
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Seller’s Model

wy — (1 — 2®)ug)e = r(t)q(z)B(u) — e(u)|ulu, xelt>0,
(1 —a%)u, =0, z el t>0, (6.1.8)
u(z,0) = up(x), xel.

6.1.2 Numerical Simulation in Budyko’s Climate Model
In this section, we will present numerical results for the Budyko-type model. To ensure

that our model is both reasonable and realistic, we will carefully adjust the parameters to
reflect current behaviors. Below, we describe the model configuration that we will simulate.

CUt — —
Sin

¢(singz§u¢)¢: (1—a)Q — (a+ bu), (6.1.9)

or equivalently:
cuy — D ((1 —:172)ux)x =(1—-a)Q — (a+bu), (6.1.10)

where we have chosen:
e o =210 Wm™2, is the emission at 0°C,

e b=2Wm2°C™!, rise in emissions per degree, associated with the net long-wave
climate feedback,

e D =0.55 Wm2°C™!, constant diffusivity of the system,
e () = Q(¢), annual mean insolation,
Ps(si > —10°C '
e a(9) = alb.u(g)) — {0 FRENO), ulo)2 RI0C oe)) g,
a;, u(¢) < —10°C (ice covered)
albedo function and we made the additional adjustment:
— Gp = 03,
— ap = 0.078,
- O; = 062,

1
— Py(¢) = 5(3¢2 — 1) is the Legander Polynomial.

Here, we operate under the assumption that in areas where temperatures exceed —10°C,
ice cover cannot form. Consequently, if the temperature satisfies u(¢) > —10°C' for all
¢ € [-90,90], it implies a scenario where the Earth is completely devoid of ice-covered
regions. Conversely, if u(¢) < —10°C for all ¢ € [—90,90], it indicates a Snowball Earth
scenario, where the planet is entirely encased in ice.

The selection of the diffusion coefficient D carefully considers the pole-to-equator tem-
perature gradient and peak poleward heat transport and is sophisticatedly chosen to study
the behavior of temperature under varying solar radiation conditions.

For our analysis, we will use a Python package called ”Climlab”. I give the credits in
the following lines:
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Credits The Python package is part of The Climate Laboratory, an open-source text-
book developed and maintained by Brian E. J. Rose, University at Albany.

It is licensed for free and open consumption under the Creative Commons Attribution
4.0 International (CC BY 4.0) license.

Running the model for the assumed (default) values we get the following figures
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Figure 6.2: The figures show the energy balance of the Earth. Specifically, they display
the annual distribution of global temperatures across different latitudinal belts, illustrating
the system’s energy balance and heat transport across various latitudes.

In the upper figure, we present the annual distribution of global temperatures across
different latitudinal belts. This distribution effectively captures a realistic view of the
Earth’s current climate, showcasing satisfactory model performance.

Additionally, the model accurately identifies the current location of the ice edges within
the latitudinal zones of [—90, —70] and [70,90], providing a robust approximation. It is
crucial to note the symmetric behavior of the system, particularly the mild delineation at
the Earth’s equator, which further enhances our understanding of global climatic patterns.

The other two figures illustrate the behavior of the model concerning energy dynamics.
Specifically, the middle figure demonstrates that the multifactorial system maintains a total
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Energy Budget of zero, affirming the appropriateness of using the term Energy Balance
Model (EBM).

The final figure displays the Heat Transport across different latitudes. Notably, the
minimum points occur at the poles and the Equator, indicating a lack of energy transport
at these locations. Conversely, the maximum values are observed around +40 degrees
latitude, suggesting that these regions are pivotal in driving the heating process.

Budyko’s model, especially in its one-dimensional form, demonstrates remarkable power
and elegance as an EBM. With even a straightforward selection of insolation and emission
functions, it performs impressively, aligning closely with the current global temperature
scenario. This model’s simplicity belies its potential for deeper exploration into Earth’s
climatic history. By fine-tuning its parameters, one can delve into various historical epochs,
predicting phenomena such as the ice edge epoch, the Snowball Earth period, or even
envisioning a world with no ice-covered regions. This adaptability highlights Budyko’s
model as a valuable tool for understanding and forecasting Earth’s climatic changes.

6.1.3 Well-Posedness for Seller’s Model

In this section, we’ll establish the functional framework guiding our analysis. This func-
tional framework, introduced by Tort and Vancostenoble [15], is pivotal due to the degener-
acy of the diffusion term. We’ll employ weighted Sobolev spaces, following their approach,
offering an effective treatment for this particular scenario.

Set:
Y= {y € LA(D) s s € LD},
where I denotes the interval (—1,1).

The associated inner product and the corresponding norm are as follows:

(U, y)Y = (uay)LQ(I) + (\/au:ca \/ayx)L2(I)a

and
ully = v/ (u, y)y-

We aim to recast our system (6.1.4) into the evolution equation:

{ut(t) + Au(t) = P(t,u(t)), te0,T]
u(0) = up.

To do so, we introduce the following degenerate diffusion operator:

1
D(A) ={ueY|y— auyy, dr is L*(I) continuous},

-1 . (6.1.11)
Vue D(A),VyeY, (Auy)= / Az Yy dx.

1

Then one has the following characterization of the operator A:

Theorem 14. [/8, Theorem 3.1] Operator (A, D(A)) is the infinitesimal generator of an
analytic semigroup S(t).
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Proof. Notice that 3y > 0 and 6 € R such that for every u:

1
/ a(u)? dz + a2 > Ollul2
—1

By directly applying Theorem 2.12,p.115 [12], we obtain the required result, thereby com-
pleting the proof.

[
Lemma 4. [/5, Lemma 3.1] The couple (A, D(A)) satisfies:
D(A) = Y HY (I
Yu € D(A), Au = —(auy).,.

Remark 16. Notice that we haven’t included a boundary condition on (6.1.12). That is
because of the structure of the space D(A), where the condition (pu,). € L*(I) implies that
u satisfies (pug)(x) =0 on 0. This outcome will be discussed on Lemma’s proof.

Proof. [18] In order to prove Lemma 4 we will introduce the set
D = {u € Y|au, € H'(I)}.

We will start by proving that D(A) C D:

The L*(I)-valued function P is defined as follows: By applying the operator A onto the
clement y € D(A) one gets that Ay € L*(I). In addition, let w € D and take the following
inner product:

1 1 1
(Ay, w) 2 :/ (ay,w,) dr = ay,w —/ (ay,),wdr =
-1 1 1

1

—= (Ay,w)2 = —/ (ay,),w dx.

-1

Therefore, one has:
Ay = —(ay,),, on D*.

Thus, from the above result and Ay € L*(I) one can conclude to (ay,)., € L*(I) and
therefore y € D, that proves that if

ye D(A) = yeD,

then D(A) C D. Let’s now prove that D C D(A): Given that pu, belongs to H'(I),
it implies that au, is in C°([—1,1]). Let’s assume that as = approaches —1, |au,| tends
to L, where L > 0. Then, there exists a region close to x = —1 where |au,| > L/2. By

L
rearranging the inequality, we get |v/au,| > ——~=. This contradicts the fact that \/au, is in

2\/a
1
L*(I), since — ¢ L'(I). Hence, we conclude that L = 0. By following the same procedure,
a
it can be demonstrated that au,(1) = 0.
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Moving forward, we derive the following inequality:

|(ays) ()] = \/:(ayx)xw) do| < </zl(ayx)i(a) da)>é</: daf —

= layz)ell L2y V1 — .
Then, we get the following useful inequality:
[(ay2)(@)] < (aye)ell 2y V1 — 2. (6.1.13)

Consider two points: x1, 25 € (0,1). Since y € D:

x2 T €2
/ Yy, W, dr = ay,w ’ —/ (ayy ), w dz.

—x1 —T1 —x1

Notice that the following limits:

2 x2

lim ay,w, dr and lim (ay,),w dz,

To—1 —z T2—1 —z1

are finite.
Therefore lim1 ay,w = L exists. We want to prove that L = 0 using a contradiction
ro—r

statement:

LetL # 0, then
|L

|(ayw)(x2)| > 7|, for x5 sufficiently close to 1.
Utilizing the inequality (6.1.13):
[(aysw)(22)] < |(ays) (@2)[w(z2)| < [(aye)ollZv1 — z2lw(zs)].

C
Thus, one can find a constant C' > 0 such that: |w(xy)| > ———= which is a con-
tradiction since w € L?*(I). Therefore, L = 0. One can follow the same process using the
limit for ;1 — 1. Then, D C D(A) and one can finally conclude to D = D(A).

By following the same procedure, it can be demonstrated that au, (1) = 0. O

We define the map:

. {Vt €0, T),u €Y,
() = r()gB(u) — e(u)|ulPu.

Given that the function P is well-defined, we can rewrite the problem (6.1.4) as the fol-
lowing evolution equation:

(6.1.14)

{ut(t) + Au(t) = P(t,u(t)), tel0,T],
u(0) = up.

and now we can apply the basic theory for the evolutionary equations in L*(I). Having
established the evolutionary equation, we can now derive our initial result concerning the
local existence of a solution.
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Theorem 15. [/8, Theorem 3.2] For each ug € D(A), there exists a time T% (ug) € (0, o]
such that for any 0 < T < T%(ug), the problem (6.1.14) admits a unique solution u €
C([0,T), D(A)) n CY([0,T], L*(I)). Furthermore, if T# (uo) < oo, then ||u(t)|ly — oo as

Having established the existing result, it is now logical to derive a maximum principle
to guarantee the boundedness of the solution. Specifically, we aim to obtain a result that
ensures the solution remains bounded and does not blow up at the time 7™ (uy).

Theorem 16. [/5, Theorem 3.3] Consider the initial state ug € D(A) N L>*(I) and 0 <
T < T#(ug). Then

||QHL<><>(1)||7“||L°°(R)HﬁHLw(R))1/4}

K = maxc{ [uol| <, ( -

where € < €(u)
Then the solution of (6.1.14) satisfies:

1wl oo 0.1yx1) < K.

We note that to investigate the existence of regular solutions, the initial state ug must
be further restricted to the following set:

U = {up € D(A) N L¥(I) : Aug € L=(I)}.

In the work by Tort and Vancostenoble [15], a thorough analysis of this problem is provided,
leading to the following conclusion:

Theorem 17. [/8, Theorem 3.5] If ug € U, then the solution to the system (6.1.14) exists
for all time [0, 00), meaning that T# = co.

In the primary reference for this work [18], complete proofs for these theorems are
provided. We do not present them analytically here for two reasons: Firstly, the technical
aspects of these proofs are not central to the objectives of our study and may detract from
the main themes we wish to highlight. Secondly, these detailed proofs are not of primary
interest for this work, as our focus lies more on the application and implications of the
theorems rather than their derivations.

6.2 Inverse Problem

Inverse problems hold significant importance in climatology. In this section, we will explore
these problems and, leveraging the previous well-posedness results, aim to solve a class of
inverse problems related to degenerate diffusion. To begin, let’s clarify the distinction
between direct and inverse problems.

Direct or Forward Problems

Direct or forward problems involve determining the effect given a specific cause. Many
practical problems in science and engineering are usually formulated this way. For example,
given the temperature, one can determine the conductivity or predict climate behavior.
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Inverse Problems

Inverse problems, on the other hand, involve finding the cause given an observed effect.
These problems are generally much more challenging than direct problems. Consider a
projection problem: the direct problem would involve projecting a three-dimensional object
onto a two-dimensional plane. The inverse problem would involve trying to determine the
original three-dimensional object from its two-dimensional projection. This problem is not
well-defined because multiple objects can produce the same projection.

Therefore, one can understand that it is natural to have multiple causes for a given
effect, meaning that we have ill-posed problems. Consequently, it is necessary to determine
the appropriate constraints to address these ill-posed issues. The inverse method refers to
the process of calculating the causal factors from a set of observations.

There are many references dealing with uniqueness results for parabolic inverse prob-
lems, for instance:

e The pioneering work of Bukhgeim and Klibanov [10],
e The books of Isakov [20],
e Klibanov [29],

e Klibanov and Timonov [30], and the references therein.

Let us focus here on a specific result by Imanuvilov and Yamamoto [19] obtained for
some standard inverse source problem for the linear heat equation. Their purpose is to
retrieve the source term of the equation using some partial measurements of the solution.
Their method is based on the global Carleman estimates for the heat equation that Fursikov
and Imanuvilov [15] developed and used to solve null controllability issues. The novelty
of their work is that they not only solve the uniqueness question but also provide some
strong stability results concerning the reconstruction of the source term (more precisely
they prove unconditional Lipschitz stability).

In this section, we outline the construction of an inverse problem following the frame-
work provided in [19]. Consider the parabolic PDE on a domain €2 with boundary condi-
tions, where € is of class C?:

w(t,z) = — (a(x)uy(t, x)), + b(z)u,(t, x) + c(x)u(t,z) + h(t,z), (t,z) € [0,T] xQ,
a1 (x)u, + Fr(x)u =0, (t,x) € [0,T] x 09,
u(f, x) = up(x), x €9,

Here, a(x) is a uniformly elliptic operator, and the coefficients of the PDE are assumed
to be sufficiently regular over the domain (¢, z) € [0, 7] x Q. The functions o, () and 3 (z)
satisfy |aq1(x)|+|51(x)] > 0 for all x € 092. For convenience, define the differential operator
A as follows:

Au = — (a(z)ug(t, x)), + b(x)us(t, x) + c(x)u(t, z).

We introduce the source term h(t,z) as h(t,z) := r(t,z)q(x), where r(¢, x) is a known
function that satisfies:
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|r(8,x)| >0, Ve eQ, recQ),

with 6 € [0, 7] fixed. The goal is to determine the unknown function ¢(z) from overdeter-
mined data collected in a subset of the spatial domain w C €.

There are two primary types of inverse problems to consider:

e Determine ¢(z) from overdetermined data ujo 11« within the equation:

u(t,x) = —Au+r(t,z)q(x), (t,xz) € [0,T] x Q,
a1 ()uy + Si(z)u =0, (t,xz) € [0, T] x 09,
u(f,x) = up(x), x €,

e Determine ¢(z) from overdetermined data ujy rjxx, and Vuy rxs,, where ¥y C 052,
in the equation:

u(t,x) = —Au+r(t,z)q(x), (t,z) €[0,T] x Q,
ay(z)ug + Pr(x)u = 0, (t,x) € [0,T] x O\ X,
u(f,x) = ug(x), x € .

The objective is to identify the function ¢(z), which is known as the ”Inverse source
problem for a parabolic equation”.

In the referenced work, it is demonstrated that observations can be limited to a small
sub-domain w or a small sub-boundary ¥, over any time interval (0,7"). These minimal
observations are crucial for unique determination and can be interpreted as the limit of
observation data when the number of observation points increases.

Here are some notable applications and improvements of the presented theory: Bau-
douin and Puel [25] on an inverse problem for the Schrédinger equation; Benabdallah,
Gaitan, and Le Rousseau [30] on the stability of discontinuous diffusion coefficients and
initial conditions; Benabdallah, Dermenjian, and Le Rousseau [37] on Carleman estimates
for the one-dimensional heat equation; Cannarsa, Tort, and Yamamoto [12] on determining
a source term in a degenerate parabolic equation; Tort [13] on determining source terms
from a locally distributed observation; Vancostenoble [16] on improved Hardy—Poincaré in-
equalities and sharp Carleman estimates; Vancostenoble [11] on sharp Carleman estimates
for singular parabolic equations; Vancostenoble [17] on Lipschitz stability in inverse source
problems for singular parabolic equations; and Yamamoto and Zou [23] on the simultaneous
reconstruction of the initial temperature and heat radiative coefficient.

6.2.1 Lipschitz Stability

The work of Tort and Vancostenoble [18] provides a general method of dealing with a
wide class of inverse problems of non-linear parabolic PDEs. In our case, they try to
find the unknown coefficient in a non-linear term in the 1D Sellers climate model, by
establishing an unconditional global Lipschitz stability. By doing this, we get in addition
a unique result, meaning that every solution u of the PDE system corresponds to a unique
insolation function q.

5



To deal with the Lipschitz stability we define the set of admissible coefficients:
Gk ={q € L) : [lqllL=@) < K}

The Inverse Problem refers to the question:

e Is it possible to recover the insolation function q from some measurements of the
temperature u?

This question can be expressed in mathematical terms as:

e Suppose we have two functions: u and % and the associated insolation functions of
its temperature are ¢ and ¢q. Then if these quantities satisfy the following systems:

;

we = (1= #)uy), = r(Dq(0)Bu) — c@ul®u, © €1t >0,
(1 —2%)u, =0, x €0l t>0,
L u(z,0) = uo(x), x € 0l.

(

iy — (1 — 2*)ty), = r(t)g(z)B(a) — e(@)|af*a, =€ I,t>0,
(1 —2%)a, =0, x€0l,t>0,
L u(z,0) = to(x), x € 0I.

can one deduce the following expression:

u =1 in a small set = ¢ = ¢ in a small set?

The following theorem states the Lipschitz stability.
Theorem 18. [/8, Theorem 4.1] Let tg € (0,T) be given and consider the time:

e Tt
: 5
Let ¢ € (Ly, Ly) where Ly, Ly € (—1,1) and Ly < Ly. If u € U, then for all K > 03D >0

such that, for all q1,q2 € G, the associated solutions uy,us of problem (6.1.4) satisfy:

lar = aallzzy < D (M = w2) (T, by + e = ey )

Theorem 18 not only gives a stability result, but simultaneously, it answers to the
inverse problem. Specifically, it states that with some measurements of the temperature u,
one can uniquely recover the insolation function. This result has been proven, by utilizing
a global Carleman estimate for degenerate PDEs with locally distributed observations.
This is a really powerful tool that has been used extensively for inverse problems. One can
find references on the derivation of these types of estimates on [35],[31] and the references
therein.
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Chapter 7

Conclusion

In this work, we explored a broad spectrum of topics, beginning with stochastic systems
and the FP equation. We established a connection between SDEs and the ?7equation,
which describes the time evolution of the PDF of a SP. By introducing the steady-state
problem, we examined specific cases of mechanical systems where the FP equation can be
solved, leading to solutions closely related to the Maxwell-Boltzmann distribution.

We then transitioned to the study of degenerate PDEs, a class of equations where the
diffusion term may vanish at the boundaries. Through this lens, we analyzed a particular
degenerate PDE system given by:

u — (a(x)ug(t, ). — (b(x)u(t, x)), = f(t,2)1,(x), (t,z) € (0,T)x (—1,1),

under various boundary conditions. Here, the diffusion coefficient was chosen as a(z) =
(1 — 2*)?, with p € (0,1) and the drift term b(z) was concerned either as a C'(—1,1)
or a C°(—1,1) function. We addressed the significant challenges of degenerate diffusion
equations, including the appropriate selection of boundary conditions. For each scenario,
we followed a similar approach in [27], establishing a suitable functional framework to
ensure well-posedness and provide energy estimates.

In Chapter 5, the dynamics of steady-states within the context of FP equations in
general domains of R" n € N, were examined by presenting the work of Huang W. et
al. in [19], [50], and [51]. Theorems from these references were presented, addressing the
existence and non-existence of stationary measures in the non-degenerate case and the
existence results for the degenerate case. Specifically, for the choice of the diffusion term
a(z) = (1 —2*)?, when the diffusion coefficient is strongly degenerate, with p € [2, 00), the
existence of a stationary measure can be established. However, for the weak degeneracy
case, with p € (0,1), or the less strong degeneracy p € [1,2), the existence or absence of a
stationary measure remains inconclusive.

Finally, to assess the effectiveness of the degenerate PDEs, the Budyko-Sellers model,
an application from climate science, was presented. Since the diffusion term of this model

is not in a weakly degenerate case, with —— ¢ L'(—1,1), a well-posedness result was
a(x

established using a slightly different approach than that in Chapter 4. By tuning the
parameters of Budyko’s model, the results obtained were realistic and consistent with the
data. Subsequently, using the results from [18], an invariant problem was investigated,
demonstrating that the insolation function can be uniquely recovered using only some
temperature measurements u.
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In future research, the results of this thesis can serve as a foundation for several ad-
vanced studies. One promising direction is the exploration of controllability, observability,
and optimal control problems in systems governed by degenerate PDEs. The well-posedness
results and functional frameworks established in this work provide a critical starting point
for analyzing how control strategies can be effectively applied in such systems, particularly
when dealing with weakly degenerate cases.

Additionally, further investigation into more general classes of degenerate PDEs could
significantly expand the scope of current findings. By broadening the range of equations
studied, new insights into the behavior and solutions of these systems can be uncovered.
The methodologies developed here will be instrumental in addressing the challenges posed
by more complex degenerate systems.

Finally, this thesis lays the groundwork for developing tools to study inverse problems
and invariant measures in weakly degenerate systems. The unique recovery of insolation
functions demonstrated in the Budyko-Sellers model suggests that similar approaches can
be extended to other applications, providing valuable techniques for identifying and char-
acterizing hidden variables in various scientific and engineering contexts.
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