






















































































































































































specific buyer (relation-specific or idiosyncratic investment; refer to Levi 1999, for more 

details of such investments). As several authors have pointed out, many small companies 

simply cannot afford improvements owing to the costs involved (Zipkin 199 l; Groenevelt 

1993; Bensaou 1999) and they seek to pass on some of the investment to the buyer 

(Chopra and Meindl 2001 ). This type of recouping of investment costs will happen if and 

only if there is no major disparity in the power between the two parties. 

In recent times, we have seen that buyers are ready to pay for investments made by 

suppliers in lead time reduction since they believe that their "total cost" will still be 

reduced (Anderson et al. 1997; Chopra and Meindl 2001). For example, companies using 

more expensive transport services are finding that savings in inventory costs more than 

compensate for increased transportation costs (Australian National Audit Office Report 

1997-98). 

The focus of this chapter will be to investigate the effectiveness of investment in supply 

lead time reduction when the supplier will make the investment but will pass on the cost 

of the investment, partly or fully, to the buyer. We will develop analytical models that can 

capture the costs and benefits of such lead time reductions from the buyer's view point and 

can assist the buyer in deciding how much of lead time reduction to pursue. 

Though there is a significant literature on investment in lead time reduction within the 

(Q, r) modelling framework, as we indicated in Chapter 2, there are two issues that have 

not yet been properly addressed: 

a) Most research focuses on models that use a backordering cost per unit, 

disregarding the duration of the shortage or assume one order outstanding. 

However, state-of-the-art (Q, r) models provide a more "exact" representation that 

assumes a backordering cost per unit per unit time, allows more than one order 

outstanding and a negative reorder point. Our work deals with investing in lead 

time reduction in the latter framework; 

76 



b) Most research does not differentiate between the frequency and the nature of the 

investment and the effect this has on modelling. This chapter will address the issue 

of different types of investment in lead time reduction in the (Q, r) framework and 

show that it is very important for the buyer to consider such issues in decision 

making. 

4.2 Overview of the Physical System 

We consider a single finn (buyer) who procures a make-to-stock product in batches from 

a supplier according to a continuous review (Q, r) control system. Customer demand 

occurs one unit at a time and is satisfied directly from the warehouse. Since it is a make­

to-stock product, it is reasonable to assume constant customer demand. The procurement 

lead time is stochastic which results in a stochastic lead time demand for the buyer. All 

unmet demands are backordered. The buyer wants the supplier to improve replenishment 

lead time by reducing its mean and/or variability. A schematic representation of the two­

party supply chain is shown in Figure 4.2.1. 

Suppose the supplier, in order to respond to the buyer, must make a substantial investment 

to reduce the supply lead time. The investment might be relation-specific if the 

improvements will not help the supplier vis-a-vis its other customers or it might be for a 

number of customers. We assume that the supplier can pass on at least part of the 

investment cost to the buyer (i.e., there is no major disparity in market power between the 

buyer and the supplier). The buyer will be the ultimate decision maker and has to take 

both the costs and benefits of lead time reduction into consideration before deciding how 

much of a reduction in lead time to request, if any. Hence, we assume that the supplier 

will first inform the buyer of the cost consequences of investment in lead time reduction 

but will make the investment only after the buyer has made a decision. 

Though we assume that the buyer and the supplier are two separate entities, they may also 

be parts of the same organisation. Since the environment we are considering is mak:e-to­

stock, any reduction in the procurement lead time ( either external or internal) has no 
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impact on the delivery time to the ultimate customer. This lead time reduction will only 

affect the buyer's inventory costs (Hill and Khosla 1992). 

Investment 
required for change 
in supply lead time 

Investment passed on 
to the buyer 

I 1

1 
material ::::>-

. SUPPLIER . <:: 1 

BpYER < (MAKEtTO-STOCK __ __. 

orders 

i 
Lead time 
change 

~IRM) 

Figure 4.2.1: Supply Chain System for Chapter 4 

CUSTOMER 

ORDERS 

(constant) 

In the presence of stochastic lead times, to obtain proper analytical results in a (Q, r) 

framework, we must make sure that: (i) deliveries of orders cannot cross in time, and 

(ii) the supply lead time is independent of the number and size of the outstanding orders 

(Porteus 1990). These conditions will hold in the above supply chain under the 

assumptions that the supply system is exogenous and sequential (Zipkin 2000). An 

exogenous system means that while the supplier's overall workload may fluctuate over 

time, the buyer's orders contribute little to these fluctuations. This implicitly assumes a 

reasonably large supplier. An exogenous system ensures that the supply lead times for the 

orders will be independent of the number and size of the outstanding orders. A sequential 

system is one for which the supplier processes the buyer's orders in a FIFO (First-In-First­

Out) manner. This implies that there will be no order crossing even if there is more than 

one order outstanding at any time. For examples demonstrating the generality of these 

assumptions refer to Zipkin (2000). 
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4.3 Notation 

The following notation will be used in this chapter: 

/(t) = inventory on hand at time t (units) 

B(t) = backorders at time t (units) 

IL(t) = inventory level at time t = I(t) - B(t) (units) 

/P(t) = inventory position at time t 

= IL(t) + orders outstanding at time t (units) 

E(l) = expected on hand inventory (units) 

E(B) = expected backorders (units) 

K = fixed set-up cost incurred for each order ($/order) 

c = purchase price/unit for the buyer from the supplier ($/unit) 

i = period interest rate (while our model can handle different interest rates for the 

buyer and the supplier, for notational simplicity we assume it to be equal for both 

parties) ($/$/unit time) 

h = holding cost/unit/time= ic ($/unit/unit time) 

b = backordering penalty cost/unit backordered/time ($/unit/unit time) 

l; = backordering penalty cost/unit backordered ($/unit) 

r = reorder point (units) 

Q = batch size (units) 

A = demand rate (units/unit time) 

C = expected total inventory cost per unit time ($/unit time) 

X will represent the continuous random variable denoting lead time demand (LTD). It will 

have cumulative distribution function (CDF) F, density f and mean µ . 
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4.4 The (Q, r) Model 

For demands occurring one at a time it is known that (Q, r) policy is optimal (Zipkin 

2000). With (Q, r) inventory control, the buyer orders Q units as soon as the IP reaches 

the reorder point, r. Normally, the planning horizon is infinite and the objective is to 

minimise long-nm expected total inventory costs per unit time. The classical inventory 

model of this type was developed by Hadley and Whitin (1963). That model includes 

(average) ordering costs, inventory holding costs and backorder penalty costs. Purchase 

cost is not considered, as for their model it does not depend on the decision variables - Q 

(batch size) and r (reorder point). The most often used expression for expected long-run 

total inventory cost per unit time is (Nahmias 1997): 

KA Q 1 fa:i C(Q, r) = -+h{r+--µ}+-[l;A. (x-r)f(x)dx]. 
Q 2 Q z=r 

(4.4.1) 

The above model is an approximation of the exact cost expression. It is adequate for some 

situations, assuming arrival process is Poisson, backordering is negligible and time 

dependent backordering costs is not present. For details about the conditions when the 

approximation might not work well, refer to Zipkin ( 1986b) and Chapter 2. 

Because of the importance of Zheng's (1992) research on continuous review (Q, r) 

modelling to this thesis, it will be helpful to review his basic model. The author models a 

fully backordered, single-item, continuous review inventory system where demands arrive 

at rate 2. Demand is random and the relevant costs are ordering, holding and backordering 

penalty. The backordering cost is taken to be per unit per unit time, b, and the objective is 

minimisation of long-nm expected inventory costs per unit time. Zheng combined the 

backordering and holding costs together and termed it as inventory costs. If G (y) is the 

rate of accumulation of expected inventory costs at time (t + LT) when the inventory 

position at time t equals y and X is the random variable for lead time demand, i.e., total 

demand during the time interval from t to (t + LT) where Lr is the constant procurement 

lead time, we have: 
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G (y) = E [h(y-.x)+ + b(X-yf], 

where (xt = max(x, 0). 

With the above definition of G(y), the total cost function can be written as: 

K)., 1 fr+Q 
C(Q,r)= -+-[ G(y)dy]. 

Q Q ycr 

(4.4.2) 

(4.4.3) 

The above model holds under the conditions that the inventory position in steady state is 

uniformly distributed on the interval (r, r+Q) and is independent of lead time demand. 

These conditions are met when a non-decreasing stochastic process with stationary 

increments and continuous sample paths can model cumulative demand. Hence, this 

model does not require the assumption of Poisson arrivals like Hadley and Whitin's 

model. Zipkin (1986a, 1986b) shows that these conditions hold even for quite general 

stochastic lead time distributions. The above cost equation assumes inventory position, 

lead time demand and the decision variables, Q and r, are continuous. This assumption is 

reasonable and is quite good as long as the order quantity is not too small (Zipkin l 986a~ 

1986b ). If the demands and inventory positions are assumed to be discrete then the cost 

function is: 

C (Q r) = KA + _!_ [ °""r+Q G( ) ]. 
' Q Q ~ycr+I Y (4.4.4) 

In the above case, the steady state inventory position is uniform in the interval {r+-1, 

r+-2, ... , r+-Q}. Zheng studies the continuous cost function because of ease of comparison to 

EOQ model (with backordering) where Q and r are typically assumed to be continuous. It 

f
r+Q 

can be shown that under a given (Q, r} policy, E(J) = (1/Q) y•r E( y - X ;+ dy and 

E(B) = (1/Q) fr+Q E( X - y ;+ dy, and it can also be verified that E(J) = ( Q + r - Lr A) + 
y•r 2 

E(B). 
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Using this relatio~ (4.4.3) can be written as: 

C (Q, r) = K.l + hE(J) + bE(B) = KA + h( Q +r - Lr .:i) + (h + b)E(B). 
Q Q 2 

(4.4.5) 

Zipkin (1986b) proved the joint convexity of E(B) in Q and r for ( 4.4.5). All other terms 

in ( 4.4.5) are clearly convex; so C(Q, r) is also jointly convex in Q and r. Note that the 

term G(y) of (4.4.3) can also be written as: 

which implies: 

G(y) = (h + b) fY F(t)dt + b(LTA - y), J,-o 

C (Q, r) = K.l +~ J,r+Q [(h +b) f>' F(t)dt +b( Lr .:i- y )jdy, 
Q Q y•r J,.o 

where LT A = µ, is the mean lead time demand. 

(4.4.6) 

(4.4.7) 

The joint convexity in Q and r makes possible the sequential minimisation of the above 

cost function - first with respect to r and then with respect to to Q. The first-order 

condition with respect to r (with Q fixed) for the optimal reorder point, r*, is then, 

r = r*(Q) (for any Q > 0) if and only if, G(r) = G(r+Q) with G(y) defined as in (4.4.6). 

Then the problem becomes that of minimising C(Q, ,..(Q)). Defining H(Q) = G(r*(Q)), it 

can be shown that the cost function becomes: 

Kd J IQ C(Q)= -+- H(y)dy. 
Q Q yaO 

(4.4.8) 

The convexity of the cost function gives the optimality condition for optimal batch size, 

Q., as H(Q*) = C(Q*) and, finally, (Q*, r*) is optimal for C(Q, r) if and only if 

C(Q*, rt') = G(r*) = G(r* + Q*). 
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Even with these simultaneous equations it might be difficult to solve for the optimal 

values. While for a given Q, the optimal r is independent of K, assuming r* is selected 

properly, Q* will depend on both ordering costs and inventory costs. Results comparing 

the stochastic model with an EOQ model with backordering have already been discussed 

in Chapter 2. 

In the above model, the main random variable of interest is the lead time demand (LTD). 

Though Zheng's model assumed that the variability in LTD stems from stochastic demand 

(assuming supply lead time to be deterministic), all the results hold even if the variability 

in the LTD stems from the lead time duration (with demand constant), or even if both lead 

time duration and demand are stochastic (Zipkin 2000). For stochastic lead times, it is 

necessary to assume an exogenous and sequential system, like ours, for the results to hold. 

4.5 The (Q, r) Model with Reduced Lead Time 

Suppose, at the request of the buyer, the supplier decides to reduce the lead time duration. 

In this section, we develop a (Q, r) model with reduced supply lead time. In the next 

section we will incorporate the investment costs required to reduce the supply lead time. 

Any reduction in lead time duration will change the LTD. We assume ato be the decision 

variable that signifies the reduction of LTD due to a change in lead time duration. Let the 

new "reduced" LTD random variable be X. A particular form of transformation that 

allows us to reduce mean and variability simultaneously is simply: 

x=ax. (4.5.1) 

In this case, E( X) = aµ and Var( X ) = d-v ar(X), both decrease when a declines. Note 

that the transformation is not general in the sense that it assumes that the standard 

deviation (std) and mean of the LTD decline by the same fraction, i.e., the CV (co­

efficient of variation) remains constant. This modelling approach is reasonable given the 

literature that indicates that as the absolute mean lead time is reduced, it will also reduce 

the absolute lead time variation and the CV will remain almost constant (Ballou 1998). 
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The transformation in ( 4.5 .1) does not assume any particular lead time demand 

distribution, unlike models in the literature which are generally based on normal LTD 

distribution. Since in our case the investment cost required to reduce a will also be quite 

general, the transformation in (4.5.1) is not as restrictive as it may seem. 

Proposition 4.5.1: For only non-negative values, X of the form of(4.5.l) is stochastically 

non-decreasing in a. 

d - d - d 
Proof: -E[VJ'(X)]= E[-[v,(X)]] = E[-[v,(aX)]] = E[V/a(aX)X]. As long as lf/is 

da da da 

increasing and Xis non-negative, it is clear that X is stochastically non-decreasing in a 

(Ross 1983). For a related proof also refer to Bookbinder and <;akanyildirim (1999).■ 

This transformation was used by Gupta and Gerchak (1995), Bookbinder and 

<;akanyildirim (1999) and Gerchak and He (2000). While ideally the only restriction on a 

should be a~ 0, for an existing system it makes sense to have O .s a .s 1 with a= 1 as the 

status-quo. When a = 0, both the mean and the variance of the lead time duration, and 

hence the L m, are also equal to zero. 

We can now develop the cost model from the buyer's viewpoint. It is known that the 

limiting distributions of the random variables IL, IP and lead time demand (X) are related 

by IL = IP - X. Since, IP and X are independent, and if IP, X, Q and rare taken as 

continuous, then IP is uniformly distributed between r and (r + Q) (Zipkin 1986a). IL is 

related to I and B by IL = I - B. The expected value of the difference of two random 

variables is the difference of their expected values. Thus: 

E (/) = E(B) + E(IP) - E(X). 

ReplacingX by X (from 4.5.1), we have: 

and 

E(l) = E(B) + E(IP) - E( X ), 

hE(l) + bE(B) = h {E(B) + E(IP) - E( X)} + bE(B) 
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= (h + b)E(B) + h{E(IP)-E(X)}. (4.5.4) 

Hence, with the transformation, we can write the expected long-run total inventory cost 

per unit time as: 

Expected total inventory cost / unit time = C (Q, r, a) 

= Set-up/Ordering cost+ Holding Cost+ Backordering Cost+ Purchase Cost 

K:i = Q+hE( l)+bE( B)+c:i 

K:i -= Q + (h + b)E(B) + h{E(IP)-E(X)}+ c:i. (4.5.5) 

As IP is uniformly distributed between r and (r+Q), by conditioning and unconditioning 

on IP we obtain the following expression: 

E(IP) l fr+Q (4.5.6) = - E{IP = s) ds, 
Q s•r 

I f.r+Q and E(B) = - E(BIIP = s)ds. (4.5.7) 
Q s=r 

Note that ( Bl IP = s) represents the backorder level given that the inventory position at 

which the order is placed is s. When IP = s and the lead time demand variable is X, 

(B/ IP= s) is defined as follows: 

(BjIP=s) =O if X<S 

= (x-s) if x~s 

⇒ (B/IP=s) =O if ax< s (from 4.5.1) 

= (ax-s) if ax~s 

⇒ (B/IP=s) =O if x<sla 

= (ax-s) if x ~ s/a. 
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The above is quite straightforward. If the LTD is more than the IP at which the order is 

placed, then there will be backordering; otherwise there will be no backordering. 

Therefore, E{ BIIP = s) = rcr:i (i-s}/{.x)dx 
J(sla) 

= rel> ( ax-s )/{.x)dx 
J(:rla) 

i
<I) s 

= a (x--)/{.x)dx. 
(s/a) a 

From (4.5.7) and E( BIIP = s) we obtain: 

1 J.r+Q I a J.r+Q ioo S E(B)= - E(BIP=s) = - { (x--)j{x)dx}ds. 
Q r Q r (sla) a 

From (4.5.6), E(/P) can be easily seen to be: 

E(IP) = .!_ f+Q E(IP=s)ds= .!_((r+Q)
2 

_C) 
Q r Q 2 2 

= r+ (Q/2). 

From ( 4.5 .5), ( 4.5 .8) and ( 4.5 .9) and recalling that E( X) = aµ, we have: 

C (Q, r, a) 

= K.l +h{r+ Q -aµ}+ (h+b)a ir+Q { r«) (x--=-)f{x)dx}ds + c;t. 
Q 2 Q r Jrs I a) a 

Simplifying, 

= 

i
cD s 

{ (x--)ft..x)dx}ds 
Z•(sla) a 

1:rr I:(sla)F(x)dx}ds 

I:rlaJF(x)dx 1:,ds 
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a r.., (x-!...) F(x)dx, 
Jz-(rla) a 

(4.5.11) 

where F = 1-F. 

Similarly, iao S 
{ (x--)j{x)dx 

z•(sla) a 

f= r+Q -
a (x---)F{x)dx. 

z-tr+Q)la a 
(4.5.12) 

Now (4.5.10) can be written as: 

(4.5. 13) 

where N(yl a) = f"° [ x -( y I a) J F ( x )dx . Note that F still represents the distribution 
Jx-(yla) 

of the original LTD. 

Another way of representing C(Q, r, a) is to simplify the term hE(I) + bE(B). Proceeding 

as in (4.5.8) we can easily show that: 

a f.r+Q i(sla) S E(l) = - { (--x) j{x}dx}ds. 
Q r O a 

(4.5.14) 

Replacing (4.5.8) and (4.5.14) and simplifying we obtain: 

hE(l) + bE(B) 

= _!_ r•Q {(ha( r(sla) (!_-x)j{x)dx)) + (ba( I 110 

(x-!_) j{x)dx))}ds 
Q r Jo a ( s I a) a 

1 rr+Q S S r(sla) = -J
1 

{h a(-)F{-)-ha Jc xft.x)dx 
Q r a a 0 

1(llla) S S 
+ ba[ µ- x ft.x)dx] - ba(-)[I-F{-J])ds 

o a a 
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= 

and 

1 ir+Q i(sla) S - {(h+b)a F(x)dx+ba(µ--)}ds, 
Q r O a 

C(Q, r, a) 

K).. 
= Q+hE{I)+bE(B)+c).. 

= K). + a r•QG(a.y)dy+c)., 
Q Qr 

i
(yla) y 

where G(a.,y) = (h +b) F(x)dx+b( µ--). 
o a 

(4.5.15) 

(4.5.16) 

While both (4.5.13) and (4.5.16) represent the same expected long-run total inventory 

costs per unit time for the buyer, depending on the circumstances use of one might be 

preferable than the other. This cost model is "exact" under the assumptions that 

cumulative demand can be modelled by a non-decreasing stochastic process with 

stationary increments and continuous sample paths and the supply system is exogenous 

and sequential. Under these conditions, it is applicable for stochastic lead time demand 

and more than one order outstanding, regardless of whether the variability arises from 

demand or supply lead time. Remember that in our case demand is constant and variability 

is due to lead time duration. 

4.5.1 Mean Preserving Transformation 

Another transformation that can be used keeps the mean LTD constant, while variability 

decreases with a (hence called a Mean Preserving Transformation). In that case, the 

"reduced" lead time demand random variable X will be given by: 

x = aX" + (I - a)µ. (4.5.17) 
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Note tha~ E(X) = aE(X)+(I-a)µ= aµ+(l-a)µ=µ (for all a) and Var(X) = 

a 2 V ar(X). Not only does the variance of the transformed variable increase in a, the 

transformed random variable become more variable in the general notion of variability 

(for more details refer to Gerchak and He 2000). Since the mean of the transformed 

variable remains the same for all a and X is non-negative for all ~ to prove the assertion 

about variability we have to show that for X of the form of ( 4.5 .1 7), £[ lp( X ) ] is non­

decreasing in a where VJ'is a convex function (Ross 1983). 

Proposition 4.5.2: X of the form of(4.5.17) becomes more variable as a increases. 

d - d - d 
Proof: da E[V/(X)]= E[ da [V/'(X)]] = E[ da [VJ'(aK + (1-a)µ)]] 

= Efrpaf( X - µ)a+µ]( X -µ)]. Replacing the random variable Y for a(X - µ) (note 

1 
that E(Y) = 0) we have, Ef rpa[( X - µ)a+µ]( X - µ)] = -Ef rpa(Y + µ)Y J. 

is convex, it implies that 

f:YV"a{Y+ µ)f{y)dy+ f' YV"a(Y+ µ)f{y )dy 

~ f:YV/a{ µ)f{y)dy+ fom YVl'a{ µ)f{y)dy. 

a 

is increasing and hence, 

Since, f:Ylfl'a{ µ)f{y )dy + fo00 

YVl'a( µ)f{y )dy = 'Pa( µ)E(Y) = 0 and a~ 0, it is clear 

that ..!!._E[l/f{ X )] ~ 0 and hence, E[lp(X)] is non-decreasing in a. Hence proved.■ 
da 

With the transformation of ( 4.5.17), 

and E(IP) = r + (Q/2). 
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So, the long-run expected inventory costs per unit time for the buyer will be given by 

(after some simplification): 

KA Q 
C(Q, r, a)= Q+ h{r + 2 - µ} + 

(h+b)a
2 
[N(r-(1-a)µ )-N((r+Q)-(1-a)µ)] +cl. 

Q a a 
(4.5.18) 

Though the transformation (4.5.17) was used by Gerchak and Parlar (1991) and Gerchak 

and Mossman (1992), some reflection on (Q, r) models leads to the realisation that, in 

general, changes only in the mean lead time demand confer no cost benefits, do not 

change Q, and change r by the same amount as change in the mean. Thus the 

transformations ( 4.5 .1) and ( 4.5 .17) are essentially equivalent here. This is formally 

proved in Appendix 4.1. In particular, for constant demand, as in our model, reduction 

only in mean lead time duration reduces only the mean lead time demand and hence has 

no effect on Q or C. Since the transformation in (4.5.1) is simpler to work with 

analytically, we will adopt it as our model. This result implies that in the domain of the 

(Q, r) model, MPT as a technique has virtually no added significance. 

4.6 The (Q, r) Model with Investments in Lead Time Reduction 

In Section 4.5 we developed (Q, r) cost models with reduced lead time duration. However, 

both cost equations (4.5.13) and (4.5.16) have ignored the costs needed to achieve a 

reduction in lead time. Using the transformation, the parameter we invest in reducing is a 

(assuming demand is constant). If there was no cost in reducing a, the inventory policy 

we will be following will be the EOQ model with backordering (which is a first-order 

approximation of the stochastic model). Zheng (1992, pgs 94-95) shows that the cost of 

the optimal EOQ model with backordering will always be less than that of the optimal 

stochastic model cost with backordering. If the cost of changing a is nil, the best option 
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for the buyer is obviously a = 0. But, as we have already mentioned, most of the time 

there will be a cost associated with reducing a. 

While the functional form of the investment needed to reduce a will be case specific, it is 

reasonable to assume that such costs will be decreasing convex in a, i.e., successive 

reductions in a will require larger and larger investments per unit reduction. Let the 

investment function to reduce a be denoted by M( a). A reduction of a means a reduction 

in both the mean and variance of the lead time duration, and therefore a reduction in the 

mean and variance of the lead time demand. Though, at this point, we do not specify any 

particular form for M( a), we assume that there is a finite cost to maintain the status-quo 

lead time duration distribution (i.e., M(l) is finite) and that the cost to reduce the mean 

and variance of the lead time to zero {i.e., M(O)} is essentially infinite. From this 

preamble, it is reasonable to assume that M( a) has the following characteristics: 

(4.6.1) 

From an "engineering" perspective, M( a) might be very different from investment to 

investment. 

To get further insights into how companies invest in reducing lead time in practice, we 

contacted several Canadian companies. Their experience seems to suggest that investment 

in reducing a by the supplier can be of two main types: i) Recurring investment, where 

M( a) represents each instalment, and ii) One-time investment, where M( a) represents 

that investment. 

Recurring investments can be incurred: i) Per unit ( e.g., use of more skilled labour that 

reduces processing time but increases per unit variable cost), or ii) Per cycle ( e.g., costlier 
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but faster transportation each cycle), or iii) Per unit time ( e.g., special maintenance checks 

each period by the supplier to decrease machine downtime). 

The one-time investment might also be of three types depending on whether the life of the 

investment depends on: i) Number of units produced by the investment ( e.g., a test 

equipment or machine that can be used for certain number of parts), or ii) Number of 

cycles it can be used ( e.g., an apparatus that can reduce set-up time but can be used only 

certain number of cycles), or iii) Lifetime of its use (e.g., lease of an IT facility valid for 

certain amount of time). 

Let us explain the concept in some more detail. When the buyer requests the supplier to 

reduce the lead time duration, the supplier examines its own facility and notes that the 

greatest opportunity to reduce supply lead time lies in reducing transportation time. 

Suppose at status-quo, the supplier is using rail for transportation. To reduce its lead time, 

it decides to use trucks. While it will reduce both the mean and variability of lead time 

duration (and so the mean and variability of lead time demand), the supplier has to incur 

an extra cost per cycle for transportation (Ballou 1998) which it will pass on to the buyer. 

The supplier can reduce the mean and variability of lead time duration further by using air 

transport which will require even more cost per cycle on the part of the buyer to be paid to 

the supplier. As a is getting reduced from rail to truck to air (i.e., both mean and 

variability of lead time duration and lead time demand), the buyer is incurring an extra 

cost; however, this extra cost is a recurring cost per cycle. 

On the other hand, the most opportunity to reduce the mean and variability of supply lead 

time may be in using more skilled labourers that will reduce the processing time. Such an 

action will increase the direct labour cost for the supplier, which it will pass on to the 

buyer. In this case, the buyer will be paying a price premium every unit for early delivery. 
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Though both types of investment lead to a reduction of a, the "physical" type of 

investment done by the supplier and the effect of the extra cost passed on to the buyer is 

very different. In practice, the opportunities for improvement most likely will be finite and 

hence M( a) will have a finite number of discrete values; but for analytical simplicity, we 

assume M( a) to be continuous. 

By focusing on the different nature of investments and amortisation schemes we have 

been able to make our model general enough to be used in diverse models of lead time 

reduction related to transportation, maintenance and capital expenditure, as is evident 

from the examples given above. Most previous articles seem to focus on recurring 

investments per unit time or one-time investment where the life of the investment depends 

on lifetime of its use. 

Depending on the nature of the relationship, only a fraction, say 0 (0 < 0 ~ I), rather than 

all of the investment might be passed on by the supplier to the buyer. One of the cases 

where 0 = I is for an in-house supplier and then both the buyer and the supplier are parts 

of the same organisation. Though we assumed that the investment would be relation­

specific, in reality, there might be cases where the investment in supply lead time 

reduction can benefit a number of buyers. Then it might be reasonable to allocate some 

part of the investment for the particular buyer and the fraction of the investment to be 

allocated (0) can be decided by negotiation (for some related ideas about this type of 

investment allocation refer to Gerchak and Gupta 1991 ). However, some types of 

investments, e.g., changing the transportation mode that is used solely for one particular 

buyer, will require no investment allocation. In that case, whether 0 should be equal to I 

or less than 1 will be dependent on the nature of the buyer-supplier relationship. 

Thus, the nature of the investment will result in 6 different types of models. While the 

basic inventory model has been already discussed, we will now illustrate how the nature 

93 



of the investment will affect modelling. For analytical simplicity we will assume that the 

one time investment will have a long life, so that as an approximation we can assume 

infinite life (this approximation works well; refer to literature review of Nye 1997). 

We will use the following additional notation to signify the different investment functions 

and amortisation schemes: Ar8
( a) where the first superscript indicates whether the 

investment is one-time (1) or recurring (R). The second superscript signifies whether the 

investment is done per unit ( U), per cycle ( C) or per period ( 1) for recurring investment or 

whether the life of the investment depends on the number of units produced ( U), cycles 

( C) or periods (1) it will be used for one-time investment. For example, Arc( a) represents 

each instalment of a recurring investment done each cycle and M1u(a) represents a one­

time investment where its life depends on the number of units produced. If only a fraction 

fJ of the investment costs is passed on, then Table 4.6.1 shows the effects on C(Q, r, a) in 

( 4.5.13), depending on the nature of the investment. Note that here we are assuming that 

the supplier can reduce the lead time by making any une of the investments, i.e., the 

investments are mutually exclusive. In reality, there may be cases where more than one 

type of investment can be done simultaneously. It will only result in more complex cost 

functions and we leave it for future research. 
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Table 4.6.1: Cost Models with Different Investment Functions 

Type of Investment Incurred Changes in C (Q, r, a) of (4.5.13) 

Investment 

IA) Per unit c replaced by c(a) = c + 0M'lu(a) and 

h by h(a) = ic(a) 

Recurring IB) Per cycle 1 K replaced by K( a) = K + 0~c( a) 

IC) Per unit time Extra term euRT( a) 

2A) Life depends on the 3c replaced by c(a) = c + [0M1u(a)(i/J)] and 

number of units 

produced 
h by h(a) = ic(a) 

2B) Life depends on the Extra term [ {0M1c(a)i}!(.Y Q)](A/Q) = 0M1c(a)i 
One time number of cycles used 

2C) Life depends on the Extra term (}M1r( a)i 

length of use 

2 In this case, we can view the situation as if the cost per set-up has increased from K to 
[K + 0.M'lc(a)] while length of the set-up time (and hence lead time) has decreased. This 
model is a mixture of two cases: i) increased set-up cost, and ii) reduced lead time. 

3 Note that while Gerchak and Parlar (1991) referred to this type of investment, they did 
not take into account the effect on holding costs. For Models I A and 2A, both the 
purchase and the holding cost will be affected. Though less safety stock may be required, 
each unit will cost more to procure and hold. 
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The developments of the recurring investment models are relatively straightforward. 

Model IA: 

If there is a recurring unit investment of Af1iU(a) per unit and a fraction Bofit is decided to 

be passed on to the buyer, then the buyer has to pay a purchase price of 

c(a) = c + 0~u(a) per unit and the holding cost will be h(a) = ic(a) (as a decreases both 

the purchase price and the holding cost goes up). Hence, the purchase cost, c, in (4.5.13) 

or ( 4.5 .16) will be replaced by c( a) and the holding cost per unit per time, h, by h( a). 

Model 1B: 

If there is a recurring per cycle investment of ~c( a) each cycle and a fraction 0 of it is 

passed on, then though there will be no effect on the purchase or the holding cost, the 

effective set-up cost per cycle, K(a) = K + 0~c(a), will change with a. As a decreases, 

the buyer has to pay an increased effective set-up cost. 

Model lC: 

If there is a recurring investment of Af1lT( a) each unit of time and a fraction 0 of it is 

passed on, then there will be an extra cost, 0~r( a), to be paid lumpsum by the buyer 

every unit of time (e.g., a lumpsum annual amount) and this amount will increase as a 

decreases. 
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The development of the one-time investment models particularly those for Models 2A and 

2B, are more involved. 

Model2A: 

Suppose that a one-time investment M1u(a) is made by the supplier and the life of the 

investment depends on the number of units produced. Assuming that the investment lasts 

for a large number of units, i.e., it has an infinitely large life, and a fraction 0 of the 

investment is passed on: 

Amortised investment/ year {assuming the unit of time to be a year)= 0MJU(a)i. 

The price increase per unit (since .--tis the annual demand) = BMw {a) i . 
A, 

After the investment, the unit purchase price will be: c( a ) = c+ BMw (a) i . 
A, 

As a decreases, the buyer has to pay a price premium for early delivery. The holding 

cost/unit/time will now be: h( a) = i(c + BMiu (a) i ). As c, i and .--t are constants, h( a) 
A, 

has the same properties as M 1u(a), i.e., h( a)~ 0, ha( a) S 0, haa( a)~ 0. 

Hence, after the investment, the new long-run average total inventory cost for the buyer 

will be (from (4.5.13)): 

K.--t Q (h(a)+b)a2 r r+Q h(a) 
C(Q,r, a)= Q+h(a){r+2 -aµ}+ Q [N( a)-N(-;;-JJ+-,-A., 

(4.6.2) 

0M1u{a)i 
where h(a) = i(c + ----). 

A, 

Note that for Models IA and 2A, both the purchase cost and the holding cost are functions 

of the decision variable a. Hence, purchase cost must be a part of our "total inventory 
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cost" unlike the traditional (Q, r) models where purchase cost is independent of decision 

variables and hence can be ignored for cost minimisation purpose. 

Model 2B: 

Suppose that the supplier has to make a one-time investment of M 1c( a) that will have a 

lifetime of~ order cycles. Since each time period has (A.IQ) order cycles, the investment 

will have a lifetime of~= rct(JJQ) time periods. If the supplier wishes to pass on a cost 

of 0M1c( a), the equivalent cost per period will be (Fraser et al. 2000): 

0M1c ( a )i{l + i )Ne 

(I+ i)Nc -1 
(4.6.3) 

If there are (JJQ) > 1 cycles per period, then the cost per cycle for the supplier that will be 

passed on to the buyer will be: 

[0M 1c (a)i(l + i)Nc ]/[(I+ itc -1] 

A.IQ 
(4.6.4) 

If ft= is large, then (4.6.4) becomes approximately [BM1c(a)iJl(...VQ) (Fraser et al. 2000). 

However, since there will be (A.IQ) cycles per unit time for the buyer, the "approximate" 

cost expression for the buyer will only have an extra term of 0M1c( a)i. 

If the approximation that ~ is large is not applicable, then the "exact" cost function of the 

buyer will have an extra term [0M 1c (a)i(I + i)Nc ]/((1 + i)N" -1] which itself will contain 

both the decision variables, a and Q. Note that we only show the "approximate" total cost 

expression in Table 4.6.1 and it will be taken as the cost expression for Model 2B unless 

otherwise indicated. 
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Model 2C: 

The development of Model 2C is relatively straightforward. Suppose that a one-time 

investment M 1r( a) is made by the supplier and the life of the investment depends on the 

number of units produced. Assuming the investment has an infinitely large life and a 

fraction 0 of the investment is passed on, the amortised investment I year (assuming unit 

of time to be year) = BMIT( a)i, and so the only effect on the cost function will be in the 

form of an extra term. 

We note that in Models I A and 2~ the additional cost factored into the purchase price 

affects the holding costs. Some might argue that in the remaining models the additional 

costs should also be factored into the purchase price and influence holding costs. 

However, for decision-making purposes it is necessary to emphasise the "engineering" 

aspects of the investment, and it will not be proper to roll the additional cycle or period 

costs into the effective purchase price (or acquisition cost) of the product. 

4.7 Convexity Analysis 

The buyer's objective is to rriinimise the cost function C in Table 4.6. l by proper selection 

of the values of the three decision variables - Q, rand a. The optimal decision variable 

values for the buyer will be different depending on the type of the investment done by the 

supplier and how it is passed on to the buyer. Hence, it is important for the buyer to 

consider that issue before deciding on its optimal strategy. 

In this section, we concentrate on investigating the convexity of the cost function. If 

proven so, first-order conditions (FOCs) will be both necessary and sufficient to determine 

the optimum decision variable values. Let us first analyse the cost equation ( 4.5.5): 

K.l Q 
C(Q, r, a)= - + (h + b)E(B) + h{-+ r-aµ }+ cL 

Q 2 
(4.7.1) 

Proposition 4.7.1: The cost function of(4.7.l) is jointly convex in Q, rand a. 
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Proof: In a (Q, r) policy, an order is placed whenever the IP reaches r. A backorder will 

occur only when the lead time demand exceeds the inventory position at which the order 

was placed and if it is less, then there will be no backorder. Hence, we can write, E(B) = 

Ex.1P(max(X-IP), 0). 

For our case, X = aX and IP is uniformly distributed over (r, r + Q). So we can substitute 

IP= r + QU where U is uniform on (0, 1] and X = ax. To prove the joint convexity of 

E(B) it is sufficient to show that max {(aX - r - QU), O} is jointly convex in Q, rand a for 

fixed values of (X, U) (Zhang 1998). It is obvious that ( aX - r - QU) is jointly convex in 

the three decision variables Q, rand a for fixed values of X and U. As max {g(.), O} is 

convex for any convex function g(.), E(B) is also jointly convex in Q, r and a. As the 

other terms of ( 4. 7. I) are clearly convex, we can say that the cost function of ( 4. 7. l) is 

jointly convex in Q, r and a. ■ 

While the basic inventory cost model with transformed LTD is jointly convex in Q, r and 

a, it is not clear what will happen when the investment cost is also taken into account (i.e., 

models of Table 4.6.1). 

Proposition 4.7.2: Models IC, 2C and 2B of Table 4.6.1 are jointly convex in the three 

decision variables, Q, rand a. 

Proof: For Models 1 C, 2C and 2B, the only difference in the cost function from ( 4. 7 .1) is 

an extra term. Since the investment function is by assumption convex in a, it is clear that 

the extra term, which is independent of Q and r, will be convex in a for all the three 

models. So, the cost equations for these three models are jointly convex in Q, rand a even 

after taking the investment cost into account. ■ 

For the "exact" Model 2B, we can show that the sufficient condition for joint convexity 

will be that (M1c aa)(M1c) ~ (M1c a>2 (Appendix 4.2). This condition is satisfied by 

decreasing convex investment functions like power (Ad0 , A, a > 0) and logarithmic 

(A(l-ln(a)), A> 0) used by Porteus (1985). 
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Proposition 4.7.3: A sufficient condition for joint convexity of Model lB in Table 4.6.1 

is 2(~c aa)(~c) ~ (~c a>2. 

Proof: Refer to Appendix 4.3. • 
Obviously this condition is also satisfied by decreasing convex investment functions like 

power (Ad0
, A, a> 0) and logarithmic (A(l-ln(a)), A> 0). 

Proposition 4.7.4: Models lA and 2A of Table 4.6.1 are jointly convex in Q and r for a 

fixed a and also convex in a for fixed Q and r. 

Proof: For joint convexity of Models IA and 2A with respect to Q and r for a fixed a 

refer to Zheng (1992). For convexity with respect to a for fixed Q and r refer to Appendix 

4.4. • 
Models IA and 2A are not, in general, jointly convex in Q, r and a. While £([) is convex, 

~md so is h( a) = ic( a), the product of two convex functions may not be convex4
. A 

sufficient condition for these mo dels to be convex is the joint convexity in Q, rand a of 

h( a)E(I) (since E(B) is jointly convex in the three variables and c( a) is by assumption 

convex in a), i.e., joint convexity in Q, rand a of: 

h( a) rr+Q [ r( s I a) ( s - ax) f ( X )dx 1 ds . 
Q Jr Jo (4.7.2) 

To obtain more insights into the behaviour of the cost functions, we did extensive 

numerical experiments with different types of LTD distributions, e.g., exponential, 

logistic, and gamma, and different types of investment functions, e.g., power and 

logarithmic (details given in Section 4.9). From our numerical experiments, the cost 

4 Example: f = -log x, g = x2; while f and g are individually convex for all positive values 
of x, (fg) is not convex for all positive values of x. A sufficient condition for product of 
two convex functions to be convex is that both of them are monotone of the same sign. 
We cannot guarantee this in our case. 
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functions, while not necessarily convex, seems to be "univalleyed"5 in the relevant region 

of the decision variables, i.e., 

1 1,..raJ+Q•raJ d h ...t 
- aG a d +-a-=0 Q*(a) ,.eraJ [ da( ( .y))j y i ' (4.7.3) 

where Q*( a) and ,-.( a) denote optimal Q and r for a given a, has a unique solution in the 

relevant region of a, 0 ~ a ~ 1 (Appendix 4.5). If C is "univalleyed", FOCs are both 

necessary and sufficient to determine the optimum values of the decision variables. If 

there is no solution, it implies that ~ = 1 (as a tends towards 0, the cost will tend towards 

oc, but is finite for a= 1 ). 

In the previous sections, the assumption was that the demand is constant and the 

variability in lead time demand is solely due to lead time duration variability. In that case 

ifwe know the demand rate (l), and the mean(µ) and variance (d-) of the status-quo lead 

time demand ( a = l ), then from the optimal value of a, ~, we can deduce the optimal 

mean and variability of lead time duration from the buyer's viewpoint (Appendix 4.6). 

However, all our previous analytical results and the insights in the following sections are 

based on the lead time demand distribution and not on the lead time duration distribution. 

Hence, even if the demand is random, we can proceed as before and determine the optimal 

value of a. When the demand is random, the variability in lead time demand comes from 

both demand and lead time duration and then the mean and the variance of the lead time 

demand is given by (Nahmias 1997): 

µ = J,µL, 

and d- = (O'A.)2µl + A2(0'L)2, 

(4.7.4) 

(4.7.5) 

5 We use the term univalleyed in a cost minimisation in the same sense as unimodality is 
used for profit maximisation. 
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where µ and d are the respective mean and variance of the lead time demand distribution, 

µ and ( ul)2 are the respective mean and variance of the lead time duration distribution and 

2 and ( u.l)2 are the respective mean and variance of the demand distribution. As long as 

the reduction in lead time demand is solely due to lead time duration reduction and the 

mean and variance of the demand remains the same for all lead time, we can still deduce 

the optimal mean and variance of lead time duration (Appendix 4.6). Though the analysis 

in this chapter, including the numerical examples, is based on a constant demand, in fact, 

the model is much more general and can be used even with random demand. The exact 

values in the numerical examples might vary but the insights, we believe, will remain the 

same. However, note that when demand is random a change in only the mean lead time 

duration will change both the variance, as well as the mean, of the LTD. 

4.8 Analytical Comparative Statics of Q* and r* with respect to a 

A careful examination of the 6 models of Table 4.6. l reveals that for constant i and 2, 

Models IA and 2A are structurally similar (with ~u(a) in Model IA replaced by 

Mw ( a Ji in Model 2A), Models 1 C and 2C are structurally similar (with Af1lT( a) in 
A. 

Model 1 C replaced by MIT( a)i in Model 2C) and Models 2B and 2C are structurally 

similar (MJT(a) in Model 2C replaced by M 1c(a) in Model 2B). Hence, we can restrict our 

detailed analysis to 3 basic models: lA, lB and IC, which from now on we will refer to as 

"unit", "cycle" and "time" models respectively. 

In this section we will perform the comparative statics of Q* and ~ with respect to a for 

the unit, cycle and time models. In other words, we examine the effect of decreasing the 

supply lead time duration on the optimal reorder point and batch size. This issue is 

important from the buyer's perspective since any change in Q* and ,.. affects the buyer's 

operations directly, e.g., warehouse size, unloading dock design, manpower planning. 

103 



Proposition 4.8.1: For time and unit models, r* and (r* + Q-) decreases as a decreases. 

Proof: Refer to Appendix 4. 7. ■ 

It is known that any decrease in mean lead time demand only decreases r*, but has no 

effect on Q* and any decrease in variability of lead time demand reduces Q* (De Groote 

and Zheng 1997). Based on these two effects and Proposition 4.8.1, we can conclude that 

for the time and unit models, Q* will also decrease as a decreases. The effect of aon r* 

and Q* is intuitive since if a gets smaller, we would expect that the buyer has to hold less 

safety stock (since lead time demand will be less variable) and order less in each batch 

(since it will not take long for the supplier to deliver, there is no point of ordering more). 

Proposition 4.8.2: For the cycle model, r* decreases as a decreases but (r"" + Q*) may 

increase as a decreases. 

Proof: Refer to Appendix 4. 7. ■ 

For the cycle model, we are able to analytically show that while r* decreases as a 

decreases, (r* + ~) may increase as a decreases. This implies that Q* may increase as a 

decreases. This also makes sense if we think carefully about the cycle model: as a 

decreases, the effective set-up cost, K( a) = K + ~c( a), increases. There are two 

opposite effects produced: a decrease of a will reduce Q* (DeGroote and Zheng 1997) 

while an increase in K( a) will increase Q*. Depending on which effect is stronger, Q* 

may increase as a decreases. The effect of increased effective set-up cost can be so high 

that even (r* + Q*) might increase as a decreases, though r* itself will always decrease as 

a decreases. 

Example 4.8.1: Suppose for the cycle model, the LTD has an exponential (.P) distribution 

and the investment functions is of the power form. The parameters have the following 

values: 8 = 1, K = 100, b = 18.75, c = 0.75, i = 0.05, A = 87, .l = 500, p = 0.001. The 

values of r""(a), Q*(a) and r*(a) + Q*(a) are plotted versus a in Figures 4.8.l(a), 4.8.2(b) 

and 4.8.3( c) respectively. 
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It is clear that while r*(a) decreases with a, both Q*(a) and r*(a) + Q*(a) initially 

decrease and then increase with a. 

6000 I 

,-...., 4000 , 
d .._, 
~ ... 2000 

0 

0 0.2 0.4 0.6 0.8 1 

a. 

Figure 4.8.l(a): r*(a) versus a for the Cycle Model 
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Figure 4.8.l(b): Q*(a} versus a for the Cycle Model 
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Figure 4.8.l(c): r*(a) + Q*(a) versus a for the Cycle Model 

This apparently counter-intuitive result is due to the fact that in our model the trade-off is 

between a reduction in lead time duration and an increase in set-up cost. As lead time (set­

up time) is reduced, we can use that free time (capacity) to increase batch size and partly 

compensate for the increase in set-up cost. As is evident from Appendix 4. 7, the effect of 

a for the cycle model will depend on the value of 0Wc a( a). 

4.9 Numerical Examples 

This section will report numerical examples explaining some of our previous assertions. 

Bagchi et al. ( 1986) suggests that the most common LT distributions are gamma, 

exponential and normal. We use the logistic distribution in place of normal as it 

approximates normal distribution quite accurately while the CDF and right-tail 

distribution can be obtained in closed form (refer to Gerchak and Parlar 1991 and 

references therein for more details). We primarily worked with 3 LTD distributions -

exponential (ft), logistic (µ, /3) and gamma (2, PJ. We used two different investment 

functions for M(a} - Power, Ala, and Logarithmic, A[l - ln(a)] (for more details on the 

investment functions refer to Porteus 1985). 
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• Cost Function of the Unit Model 

We proved the unconditional convexity of cycle and time models, but for the unit model 

we have conditions for the cost function to be convex or univalleyed. One of our first 

goals for the numerical experiments was to assess the shape of the cost function for the 

unit model over a wide variety of parameter settings and all combinations of LTD 

distributions and investment functions. For each value of a we calculated Q*(a), r"'(a) 

and the corresponding C( a). Recall that C is jointly convex in Q and r for a fixed a even 

for the unit model. Then we plotted the cost function C(Q*( a), r*( a), a) versus a. In the 

following example, we plot C(Q*( a), r*( a), a) versus a for two combinations of LTD 

distribution and investment functions. 

Example 4.9.1: In Figure 4.9.l(a) we plot C(Q*(a), r*(a), a) as a function of a for the 

unit model with an exponential (0.00667) LTD distribution, logarithmic investment 

function and the following parameter values: B = 1, K = 15, b = 15, c = 1, i = 0.00085, 

A= 0.1, il.= 7. 

In Figure 4. 9 .1 (b ), the LTD for the unit model has a logistic ( 150, 20. 7) distribution, the 

investment function is of the power form and the parameter values are as follows: 0 = 1, 

K = 15, b = 22, c = I, i = 0.025, A= 0.015, il. = 10. 

In both the above examples, the cost function is clearly univalleyed. Similarly, in all our 

numerical experiments, the cost function was univalleyed implying that there is an unique 

combination of Q, r and a that minimises C even for the unit model. 
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Figure 4.9.l(a): C-(a) versus a for the Unit Model (a) 

(Exponential LTD Distribution, Logarithmic Investment Function) 
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Figure 4.9.l(b): C-(a) versus a for the Unit Model (b) 

(Logistic LTD Distribution, Power Investment Function) 
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• An Illustrative Example 

If the trivariate cost function C(Q, r, a) is convex or univalleye~ then the optimal values 

of the decision variables can be determined from the first order conditions (FOCs). For 

example. for the unit model, the cost function (4.5.16) can be written as: 

K)., a Ir+Q 
C(Q,r, a)=-+- G(a,y)dy+c(a)A, 

Q Qr 
(4.9.1) 

where: 

r(yla} 
G(a, y} = (h(a) + b) Jo F( x)dx + b{µ- (y/a)}, 

h( a} = ic( a), 

and 

c(a) = c + 0Wu(a). 

For the cycle model, ( 4.5 .16) will be: 

O(Q ) = { K +BMRC(a)}A a J.r+QG'( )d ., 
, r, a + a. y y + CA, 

Q Qr 
(4.9.2) 

where: 

r(yla) 
G'(a,y) = (h + b) Jo F(x)dx + b{µ- (yla}}, 

and 

h = ic. 

For the time model, (4.5.16) will be: 

(4.9.3) 
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For the unit model the three FOCs are (by differentiating 4.9.1): 

CQ(Q, r, a) = 0 

C,.(Q, r, a) = 0 

Ca(_Q, r, a) = 0 

K;. a 
1

,+a a 
⇒ -Q2 -Q2 r G(a.y)dy+QG(a.r+Q)=0 

⇒ C(Q, r, a) - c(a)A- = aG(a, r + Q); (4.9.4) 

⇒ G(a, r) = G(a, r + Q); (4.9.5) 

⇒ _!_ r+QG(a,y)dy+~ r•QGa(a,y)dy+ca{a).l=O. 
Q r Q r 

(4.9.6) 

Similarly we can also find the FOCs for cycle and time models by differentiating (4.9.2) 

and (4.9.3) respectively with respect to the decision variables - Q, rand a. 

We used Maple to solve the three FOCs to obtain Q*,,... and a:Y'. We might also use some 

iterative technique by fixing the values of two decision variables at a time and solving for 

the third one until some convergence criterion is achieved (refer to Gerchak and Parlar 

1991 ). As long as C is univalleyed, convergence is guaranteed. 

Example 4. 9.2: Let us take the case of unit model with the following parameter values at 

the status quo: 0= I, K = 11, b = 16.125, c = 1, i = 0.00096, A = 0.075, l = 178. 

Suppose also that at status-quo (i.e., a= I) the LTD is exponentially (/J) distributed with a 

mean of 6250 units (i.e., fl = 0.00016). If we assume the unit of time to be days, then the 

demand per day is 178 units ( assumed constant) and the mean and standard deviation of 

lead time duration is approximately 35 days. The firm is paying $1.075 per unit to the 

supplier, including the cost of maintaining the lead time duration at status quo. The 

optimal strategy for the firm at status quo will be: Q* = 5241 and ~ = 57,916, i.e., 

whenever the inventory position at the firm's warehouse reaches 57,916 units, the firm 

will order 5241 units from the supplier. By following this inventory policy the firm will be 

incurring a cost of C"' = $254.20 per day. However, the firm is not satisfied with the status 

110 



quo. It has to hold almost 10.5 months of inventory as well as order 30 days of inventory 

at a time. Hence, the firm (buyer) wishes to reduce the supply lead time duration. 

At the request of the buyer, the supplier looks at its operation and decides that it can 

reduce the lead time duration only by making some type of recurring per unit investment 

( e.g., extra labour to process each unit faster). Also the investment will be of logarithmic 

type, i.e., it will cost a fixed amount to reduce a by a fixed percentage (Porteus 1985). The 

supplier specifies to the buyer how much extra per unit the buyer has to pay to reduce lead 

time for various values of a. In this case, the buyer has to pay extra 4.83% per unit to 

bring a to 0.5, extra 9.67% per unit to bring a to 0.25 and so on. The buyer's manager 

takes that into account and uses our unit model to make a decision. The optimal decision 

variable values will be as follows: Q* = 3094, r* = 11,412 and~= 0.21. 

The manager of the firm should instruct the supplier to invest in lead time reduction and to 

reduce the mean and standard deviation of the lead time duration from 35 days to 7 .35 

days (more accurately the distribution itself will change; however, from managerial 

viewpoint this is easier to understand). The buyer is ready to pay a price premium of close 

to 11 % per unit for this reduction. The buyer's optimal reorder point will be reduced to 

11,412 units, i.e., approximately 64 days inventory, and the optimal order quantity will be 

approximately 1 7 .5 days demand! Why is the buyer ready to pay the price premium? Even 

after paying the premium the buyer's optimal costs will be c«' = $227.50 per day, almost 

I 0.5% less than its status-quo optimal cost. Note that there is no point of urging the 

supplier to achieve "perfect delivery", at least as far as inventory cost is concerned. For 

example, a mean lead time duration of 3.5 days (with standard deviation of also 3.5 days, 

i.e., a= 0.1) will require a price premium of almost 16%. Though the optimal reorder 

point will then be around 28.5 days stock and the optimal order quantity will be 14 days 

demand, the optimal cost will be almost 1.3% more than the overall optimal. 

In the following table (Table 4.9.1) we show the individual cost elements (purchase, set up 

and holding + backordering), batch size, reorder point and cost for the unit model for this 

example at status-quo and at the optimal solution. 
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Table 4.9.1: Cost Elements for Example 4.9.2 

Status-quo (a= 1) Optimal (a= 0.21) 

Batch size {units) 5241 3094 

Reorder point (units) 57,916 11,412 

Purchase costs {$/day) 191.35 212.06 

Set up costs ($/day) 0.37 0.63 

(Holding + Backordering) costs ($/day) 62.48 14.81 

Total cost ($/day) 254.20 227.50 

At the status-quo, the purchase cost accounted for almost 75% of the total cost and the 

remaining 25% was from holding and backordering costs. In the example, we deliberately 

kept the set-up cost quite small. There are two reasons for this: (i) If set-up cost is high, 

then it is known that EOQ model will work quite well (Zheng 1992), and (ii) In recent 

times in retail environments if the transportation cost is taken to be a part of the purchase 

cost itself (i.e., transportation cost is paid for by the supplier), then the so called ordering 

cost has become very low. In the optimal solution, set-up cost has gone up, though as a 

percentage it is still quite small, and the purchase cost accounts for almost 93% of the total 

cost. Due to reduction in supply lead time duration, the backordering and holding costs 

now account for only about 7% of the total cost. We can easily develop "extreme" 

examples where the advantage from investing in supply lead time reduction can be much 

more significant. 

What would have been the result if the buyer did not take into account that the investment 

done by the supplier is of the unit type and instead assumed that it is as in cycle or time 

models? With the same parameter values the optimal decision variable values for the cycle 

model will be: Q* = 2084, r* = 5 and ~ = 0.0003, and the optimal decision variable 

values for the time model will be: Q* = 2033, ,.- = 64 and~= 0.0022. 
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Note that the optimal values will be very different than those for the unit model. If the 

buyer follows any of these policies, the cost penalty will also be significant. For example, 

following the optimal values of the decision variables from the time model will make the 

cost almost 21 % more than the optimal and following the cycle model will make it almost 

33% more than the optimal. In practice, most probably the investment costs for the unit 

model will be very different than that of cycle or time models and hence chances for such 

mistakes will be rare. However, we want to point out here that it is important to consider 

the type of investment done by the supplier in lead time reduction to arrive at the optimal 

decision. 

We can also develop similar examples for cycle and time models. An example of a 

situation where the cycle model is appropriate is when the buyer pays for the 

transportation cost separately to the supplier and the supplier feels that the only way to 

reduce supply lead time is by reducing the transportation time. Then the buyer might have 

to pay extra transportation cost per cycle, i.e., increased effective set-up cost. Similarly, an 

example of a situation where the time model is appropriate is when the supplier feels that 

it can reduce supply lead time by reducing the downtime of its machines. The buyer might 

pay an extra lumpsum amount per year to the supplier to have a better maintenance 

program but even after paying it, the buyer maybe better off. 

Basically, there are two important insights that come out of the example: 

a) If used properly, there can be substantial cost reduction from investment in supply 

lead time reduction. Even after paying a price premium (for the unit model) or a 

premium on the set-up cost (for the cycle model) or a lumpsum amount (for the 

time model), the buyer firm can decrease its inventory costs. However, the buyer 

must be careful before talcing any decision. Depending on the parameter values, 

the amount of cost reduction might vary. If the cost of reducing the supply lead 

time is high, i.e., if A is high, then it might be that the status-quo is optimal. 

Similarly there might also be other situations where investment in supply lead time 

reduction might not make much sense. However, all these will come out of the 
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analytical model we have built. Our model will help managers in deciding when to 

go for supply lead time reduction and if lead time reduction is necessary then what 

should be the optimal supply lead time, and associated optimal investment and 

inventory levels; 

b) Our models also show that the managers must be very careful about correctly 

modelling the supplier's investments in lead time reduction and which model to 

use (i.e., unit or cycle or time) while deciding on the optimal decision variable 

values. 

Note that these models are very much in tune with the recent phenomenon of focusing on 

"total" inventory cost rather than just purchase cost (Australian National Audit Office 

Report 1997-98; Purchasing Online 1998). Our models are also consistent with the nT 

philosophy since we reduce the non-value added supply lead time (Stevenson 1999). 

• Effect of Investment Functions 

We investigated the effects of the investment functions on the model. We used 

logarithmic (A[l - ln(a)]) and power (Ala) investment functions for all three LID 

distributions. For both time and unit models it is seen that for all values of a, 

C(Q*( a), r"( a), a) is lower for the logarithmic investment than for the power and Q*, ,.. , 

a1' and C* for the power investment are greater than that for the logarithmic investment 

(for the same A). 

Example 4.9.3: In Figure 4.9.2 we plot C(Q*(a), r*(a), a) versus a for the unit model for 

exponential (0.00016) LTD distribution and the following parameter values for both the 

investment functions: {} = I, K = I 5, b = l 5, c = I, i = 0.002, A = 0.1, A. = 250. 

The optimal decision variable values and costs for the two investments are as follows: 

Logarithmic: Q* = 2901, r* = 9773, a-= 0.2, ~ = 344.6. 

Power: Q* = 3843, r* = 24,231, ~ = 0.48, C- = 366.86. 
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Figure 4.9.2: CW( a) versus a for Different Investment Functions 

(Exponential LTD Distribution, Unit Model) 

The above result is quite intuitive since for all values of a the investment for logarithmic 

is less than the investment for power, except at a= 1 when they are equal. This leads to 

lower tr' and hence lower r*, Q* and C*. For the same reason we noted that for the cycle 

model, while r*, tr' and C* follow a similar pattern, Q* for the power investment function 

might be less than Q* for the logarithmic investment function. Recall that lower ~ might 

lead to higher Q* for the cycle model. 

Example 4.9.4: For the cycle model, suppose that the LTD has an exponential (0.00016) 

distribution with the following parameter values: (} = 1, K = 15, b = 15, c = l, i = 0.002, 

A = 10000, ;t = 250. 

The optimal decision variable values and costs for the two investments are then as 

follows: 
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Logarithmic: Q* = 70,839, r'- = 14,988, ~ = 0.43, ~ = 416.34. 

Power: Q* = 66,212, r'- = 24,944, ~ = 0.65, ~ = 424.20. 

In this case while r'-, ~ and Ct- are lower for the logarithmic investment than the power, 

Q* is higher. 

Example 4.9.5: Consider another example for the cycle model where the LTD has a 

gamma distribution (2, 3125) with the following parameter values: 0= 1, K= 15, b = 15, 

c = 1, i = 0.002, A= 500, ;t = 250. 

The optimal decision variable values and costs for the two investments are then as 

follows: 

Logarithmic: Q* = 19,972, r" = 3039, ~ = 0.13, ~ = 294.35. 

Power: Q* = 20,494, r'- = 8787, ~ = 0.34, ~ = 304.32. 

In this case all Q*, r", ~ and ~ are lower for the logarithmic investment than the power. 

• Effect of Neglecting a for the Holding Cost in the Unit Model 

As we noted before, while time and cycle models are convex, the unit model is difficult to 

be proven convex or univalleyed. Convexity does hold for a unit model if we assume that 
.. 

while purchase cost will increase as a decreases, there will be no effect on the holding 

cost (as in Gerchak and Parlar 1991 and Bookbinder and <;akanyildirim 1999). However, 

we feel that it is important to take into consideration the effect on holding cost, as 

otherwise the model would be underestimating the inventory cost and lead to wrong 

operational decisions. Sometimes this underestimation can be quite high. 

Example 4.9.6: Suppose for the unit model the LTD has an exponential (0.00016) 

distribution and the investment is of the logarithmic form with the following parameter 

values: 0= 1, K = IS, b = 15, c = l, i = 0.004, A= 0.75, l = 250. 
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The optimal decision variable values and costs are then as follows: 

Q* = 3033, rt'= 34,866, ~ = 0.77, C- = 771.72. 

However, if we solve the model using the same parameters but ignoring the investment's 

effect on holding cost, the optimal decision variable values and costs will then be as 

follows: 

Q* = 2834, ,-. = 25,557, a"'= 0.56, C- = 736.13. 

For this example the underestimation in cost is almost 4.5% (we can easily construct more 

"extreme" examples). Note that when the effect on holding costs is not taken into account, 

then more investment is done, and both the optimal batch size and reorder point will be 

lower. In this case batch size is almost 6.5% lower and reorder point is almost 26% lower. 

Ignoring the effect on holding cost can also lead to the decision of instructing the supplier 

to invest in lead time reduction, when really the status-quo is optimal. Hence, it is very 

important to talce into consideration the effect on the holding cost along with that on the 

purchase cost for the unit model. 

• Approximations 

Even approximations like (i) E(IL) = E(l) (assuming backordering time to be negligible as 

has been used by Nahmias 1997), or (ii) one order outstanding (like Bookbinder and 

Cakanyildirim 1999) for the unit model might not produce a convex cost function. Note 

that the first approximation will always underestimate the "exact" model's cost while the 

second approximation will always overestimate it. The only way we can prove those 

approximations to be jointly convex in the three variables easily is by assuming the 

holding cost to be independent of a. However, as we have already indicated, under the 

assumption of holding cost being independent of a we can prove the convexity of even 

the "exact" model. Hence, these approximations would not be of much use here. 
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The one possible approximation that can be employed is to use the optimal decision 

variable values from the model assuming that holding cost is independent of a but the 

purchase cost is a function of a, which is provably convex, in unit models. Though we 

noted before that such model by itself underestimates the true cost, using the decision 

variable values from that model in the "true" unit model can act as an approximation. In 

Example 4.9.6 such approximation will result result in a cost of 776.87, only about 0.66% 

higher than the optimal cost. From our numerical experiments, again with all 

combinations of the three LTD distributions and two investment functions, we can say 

that this approximation will work fairly well unless A or i are very high. This is intuitive, 

since when A or i are high the effect of holding costs will be significant. In passing, we 

would also like to mention that the approximation of one order outstanding performs 

poorly for highly variable LTD distributions and low K. This is in line with Zipkin's 

(1986b) assertions for a standard (Q, r) model without a. In that sense, examples with 

exponential LTD with one order outstanding assumption as in Bookbinder and 

<;akanyildirim (1999) are not advisable. We also noted that one-order-outstanding 

approximation performs poorly for low values of b. This is intuitive since high values of b 

will naturally lead to one order being outstanding and so low values of b exposes the 

model to problems. 

4.10 Numerical Comparative Statics 

FOCs for the exact (Q, r) model, even without a, are very involved and it is not possible 

to obtain closed form solutions for the optimal decision variables. But De Groote and 

Zheng (1997) and Zipkin (200) have performed comparative statics of an exact (Q, r) 

model. While it might be possible to do some analytical comparative statics for our 

trivariate cost model, it would be quite complex. Therefore, we report only numerical 

comparative statics for the parameters. 

For our numerical comparative statics, we also used three LTD distributions (logistic, 

gamma and exponential) and two investment functions (power and logarithmic). The 

focus is on the effect on optimum decision variable values rather than cost. Following are 
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our results for the different parameters involved (in the following t denotes increases, 

.J,. denotes decreases and t\.J-. denotes that it might increase or decrease): 

• System Cost Parameters 

• Set-up Cost (K) 

As Kt, for unit and time models 

for the cycle model 

➔ Q* t,,.. t\ J.., ~ t; 

➔ Q* t,r* .J,., a- J... 

As K increases, as expected Q* increases for time and unit models. At the same time we 

reduce our investment in a to partly compensate for possible increase in holding cost (so 

a!" increases). This effect on a is quite intuitive. As Q* increases, the number of orders 

will decrease and so the frequency of the inventory level reaching the reorder point will 

decrease. This will create an incentive for reduced investment in a. In the traditional 

(Q, r) model, it can be shown that as Kt, while Q* t, r* J.. (Zheng 1992). However, in 

our model, under certain circumstances, r* may increase as K increases. 

Example 4.10.1: Suppose for the unit model the LTD is exponentially distributed 

(0.00016), the investment function is logarithmic and the parameter values are as follows: 

8= 1, b = 15, c = I, i = 0.002, A= 0.I, 2 = 250. 

For K = 15, the optimal decision variable values are: Q* = 2901, r* = 9773, ~ = 0.20. 

For K = 40, the optimal decision variable values are: Q* = 4149, r* = 9651, a-= 0.21. 

Example 4.10.2: Suppose for the unit model the LTD has a logistic (1000, 150) 

distribution, the investment function is logarithmic and the parameter values are as 

follows: 8= l, b = 50, c = 5, i = 0.00125, A= 1, A.= 5. 

For K= 15, the optimal decision variable values are: Q* = 207, r* = 1053, ~ = 0.49. 

For K = 40, the optimal decision variable values are: Q* = 300, r* = 1068, a1" = 0.51. 
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While for Example 4.10.1, r* decreases with increase in K, for Example 4.10.2, ~ 

increases with increase in K. 

The reason for this apparently counter-intuitive behaviour of r* is that in some cases, the 

increase in Q* alone is not enough to counterbalance the increase in ~ and so r* also 

needs to increase to have more safety stock. This is contrary to what Bookbinder and 

<;akanyilclirim (1999) reported on the effect of K on r*, i.e., they reported that even in the 

presence of a, as K increases, r* will always decrease. 

The effect for the cycle model is also intuitive; increasing K leads to an increase in Q* and 

if Q* is increasing due to K, we would expect a"" to decrease. The decrease of a"" will just 

have an added impact on Q* and we can use the reduced ~ to decrease r*. 

Note that as K increases, ~ increases for the time and unit models. This implies that there 

will be some threshold value of K which will make a"" = I and for any K larger than the 

threshold value, the status-quo will be optimal. We think that this result is important since 

it shows that when K is sufficiently large then there is no point in reducing supply lead 

time; rather the focus should be on set-up time (cost) reduction (refer to Chapter 5). As 

both Zheng (1992) and Zipkin (2000) pointed out, when the ordering cost is large and 

variability is low (i.e., EOQ type models) the more important trade-off is between the set­

up cost and the holding cost. In that case, the focus should be on reducing the set-up cost. 

• Backordering cost/unit/unit time (b) 

As b t, for unit and time models 

for the cycle model 

➔ Q* .J,, r* t1.J.., ~.J,; 

➔ Q* t, r*t/.J.., ~ .J... 

It can be shown that for a traditional (Q, r) model as b increases, r* and (r* + Q*) must 

increase (De Groote and Zheng 1997), while the effect on Q* alone is not obvious. 
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However, if we think carefully, the apparently counter-intuitive effect of b on r* we report 

is not so strange. If b increases, there are three ways of compensating - reduce ~, 

increase r', or both. While in most cases both occur, if the investment cost is very small 

and/or holding cost is high, it is better to reduce 0:- only than to increase,.-_ Our model 

will first try to see whether the cost of changing a is small or not. If it is inexpensive then 

it will try to lower ~ as much as possible which can lead to reduced ,.- and Q* and hence 

savings in holding costs. Obviously, sometimes it may be necessary to reduce ~ and 

increaser' simultaneously. In all cases, ~ will decrease and the model will compensate 

by reducing Q* to save on holding costs. 

That this apparently counter-intuitive result mcikes sense can also be seen from the 

following argument: Let us assume that at status-quo the backordering cost is significant. 

Tnis wiii impiy that ,-Jtc will be greater than the mean lead time demand, i.e, there will be 

some safety stock. Now suppose the backordering cost increases, but is finite and the cost 

of changing a is zero. In that case, the optimal strategy will be the EOQ model with 

backordering. For the EOQ model with backordering, it is well known that r' is always 

less than the mean lead time demand as long as the backordering cost is finite (Zipkin 

2000). Hence, it is clear that if the cost of changing a is zero, then even as b increases, 

,-Jtc will decrease. Only when the cost of changing a is greater than some threshold value 

will ,-Jtc start increasing with b. 

Example 4.10.3: Suppose the LTD distribution is gamma (2, 3125) and the investment 

function is of the power form for the unit model and the parameter values are as follows: 

0= 1, K= 15, c = l, i = 0.001, A= 0.1, l = 250. 

For b = 5, the optimal decision variable values are: Q* = 5058,,.. = 28,317, at" = 0.90. 

For b = 40, the optimal decision variable values are: Q* = 4862, r' = 31,188, ~ = 0.81. 
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Example 4.10.4: Suppose the LTD distribution is exponential (0.00016) and the 

investment function is logarithmic for the unit model and the parameter values are as 

follows: B= 1, K= 15, c = 1, i = 0.002, A= 0.I, ;t = 250. 

For b = 15, the optimal decision variable values are: Q* = 2901, r* = 9773, a1' = 0.20. 

For b = 50, the optimal decision variable values are: Q* = 2775, r* = 9743, a1' = 0.17. 

While for Example 4.10.3, ,.. increases with increase in b, for Example 4.10.4, r* 

decreases with increase in b! 

For the cycle model, as b increases, aT- decreases. Decreased a"' increases the effective 

set-up cost for this model and so Q* increases. Since Q* is increasing, so there might not 

be any further need to raiser* too! Only if the increase of Q* is not enough to compensate 

for the increased b, it will be required to increase r"' also. Hence, in this case also, as b 

increase, r* can either increase or decrease. 

Example 4.10.5: Suppose the LTD distribution is gamma (2, 3125) and the investment 

function is of the power form for the cycle model and the parameter values are as follows: 

8= 1, K= 15, c = 1, i = 0.002, A= 500, 2 = 250. 

For b = 5, the optimal decision variable values are: Q* = 19,835, r* = 8295, ~ = 0.37. 

For b = 40, the optimal decision variable values are: Q* = 21,057, r* = 9185, at'= 0.32. 

Example 4.10.6: Suppose the LTD distribution is exponential (0.00016) and the 

investment function is of the logarithmic form for the cycle model and the parameter 

values are as follows: 0= I, K= 15, c = 1, i = 0.002, A= 10000, .l = 250. 

For b = 5, the optimal decision variable values are: Q* = 67,961, r* = 15,203, ~ = 0.51. 

For b = 40, the optimal decision variable values are: Q* = 73,084, r* = 14,806, ~ = 0.37. 
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While for Example 4.10.5, r* increases with increase m b, for Example 4.10.6, r* 

decreases with increase in b ! 

• Holding cost/unit/unit time (h) 

As we have already defined h = ic, the effect of h can be decomposed into two 

parts: i) effect of i, and ii) effect of c. 

As if Ct, for unit, cycle and time models 

The effect of i and c on the models is intuitive. If i or c is higher, holding cost per unit will 

increase. Hence we would want Q* and r* to be lower, to save on the holding costs. This 

would require the model to reduce ~. 

However, in the case of Models 2A and 2C, the effect of i and c can be quite different. 

This is clear from the expression of the cost functions for those two models. In those 

models, if i increases, we would want the investment to be lower (implying «- will be 

higher) and also we would want to hold less stock to reduce inventory holding costs. This 

would lead to reduced Q* and also have a downward effect on r*. However note that 

increased ~ itself will try to increase r*. Hence, depending on which effect is stronger, r* 

will either increase or decrease. On the contrary, when c increases there is no need to 

reduce investment and so then ~ will reduce to lower Q* and r* so that ho I ding costs can 

be reduced. 

• Investment Cost Parameters 

• Investment Cost (A) 

As At, for unit and time models 

for the cycle model 

➔ Q* t/.J,.,,.. t, ~t; 

➔ Q* t, r*t, ~ t. 

Increase of A implies that more investment will be needed to change a. Hence, we would 

not want to decrease a much and so ~ increases for unit and time models. This increase 
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in a* will cause an increase in,.. also in these models. For time and unit models, while in 

most cases Q* will increase with A to take care of the higher ~, there are instances ( e.g., 

exponential LTD distribution and logarithmic investment function) when Q* decreases as 

A increases. This happens since the increase in ,.. itself is enough to "handle" the excess 

supply lead time and it makes further increase in Q* superfluous. 

For the cycle model, an increase in A will also lead to an-increase in a* to reduce the 

amount of investment. Increased a"'- will lead to increase in ,.. , as in the unit and time 

models. For the cycle model, any increase in a* will decrease the effective set-up cost that 

will try to decrease Q*. On the other hand, increased~ will try to increase Q*. From our 

numerical experiments it seems that the latter effect will always dominate the former and 

so for the cycle model as A increases, Q* will tend to increase. 

" Fraction of Investment cost passed on (B) 

As et, for unit and time models 

for the cycle model 

➔ Q* tr..i.,,.. t, a* t; 
➔ Q* t, ,-,..t, er' t. 

As 0 increases, the supplier passes on more of the investment to the buyer. Hence, as 

expected, the effect of an increase in 0 on the optimal decision variable values is similar to 

that of increase in A for all the models. 

• Demand Rate (;t) 

As l t, for unit, cycle and time models ➔ Q* t,,.. t, a*.J... 

This effect is more complex to explain than the other parameters. As 2 increases, both µ 

and a-for LTD also increases (i.e., the distribution of the LTD itself changes). The relation 

is given by:µ= lµL and er= ;t2u/ as shown in (4.7.4) and (4.7.5) respectively. In this 

case, Q* and ~ increases to take care of the increased demand while er' decreases to at 

least partly "control" the increase of {r and,... In our case we are also trying to reduce a. 
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So there are two opposite effects acting on the LTD distribution simultaneously - an 

increase of .l and decrease of a. Though from our numerical experiments we noticed the 

above effects on Q* and ,.. , we would expect that the ultimate effect on Q* and ,.. will 

depend on the overall effect of increasing A. and decreasing a on the LTD. A detailed 

investigation of the effect of .l on the decision variables for a traditional (Q, r) model can 

also be found in Zipkin (2000) and De Groote and Zheng (1997). 

The decrease of a- with ,,t implies that there is a threshold value of ,,t below which the 

staus-quo will be optimal for any demand rate (i.e., ~ = 1). This is intuitive, since if there 

is not enough demand, then there is no point in investment in supply lead time reduction. 

Such investments make sense only above a certain demand level. This result is also in line 

with the assertion of Porteus (1985) regarding investment in set-up cost reduction where 

he shows that such investments make sense only above a certain critical demand rate. 

Example 4.10. 7: Suppose the LTD distribution is exponential and the investment function 

is logarithmic for the unit model and the parameter values are as follows (remember in 

this case as ,,twill change, the LTD distribution will also change): 0 = l, K = 15, b = 5, 

c = l, i = 0.001, A= 0.2, µL = 25 and O"L = 25. 

In this case for ,,t ~ 7.25 (approximately), ~ =l, i.e., the demand rate must be more than 

7 .25 units per unit time for any investment in supply lead time reduction to make sense. 

Example 4.10.8: Suppose the LTD distribution is exponential and the investment function 

is logarithmic for the cycle model and the parameter values are as follows: 0 = l, K = 15, 

b = 10, c = 1, i = 0.001, A= 10000, µL = 25 and al= 25. 

In this case for .l ~ 130 (approximately), ~ =I, i.e., the demand rate must be more than 

130 units per unit time for any investment to make sense. 
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While the effect of A. on the decision variables is important, we feel that a more interesting 

issue to investigate is how the optimal cost per unit (C*/.l) changes with A. It is not 

surprising that a bigger company (i.e., higher demand) has higher total cost or total profit. 

Though total cost or profit can be a measure of the size of the company, it cannot be a 

measure of efficiency (cost per unit) or profitability (profit per unit). While this has been 

recognised in ex-post financial analysis of firm's performance (e.g., Return on Investment, 

Earnings per share), we have not been able to locate any significant research on this in ex­

ante stochastic operations management models. Most of the models have total cost/profit 

as objective rather than cost/profit per unit. However, recently Gerchak et al. (2000) have 

shown that in a newsvendor framework the optimal decision variable values for a ratio 

objective can be very different from absolute objectives and using one for the other can 

result in significant losses. 

We plotted (C*/.l) versus .l for our different models. In all cases, we found that there is a 

decreasing convex relation between (C*/.,t) and A. We have plotted two examples in 

Figures 4.10.1 and 4.10.2 - one for an exponential LTD distribution and logarithmic 

investment function for the unit model (Figure 4.10.1) and another for exponential LTD 

distribution and logarithmic investment function for the cycle model (Figure 4.10.2). The 

decreasing convex relation is clear in both cases. This type of relation is present for all 

models for all LTD distribution and investment function combinations signifying that 

there are decreasing economies to scale in inventory costs. Zipkin (2000) notes that for a 

traditional (Q, r) model, CC is increasing in u, becoming nearly linear for large u(i.e., for 

large A, since in our model .l is proportional to o). But for us a is a decision variable and 

we are investing in reducing it and reduction of a will also reduce a: Hence, we would 

expect that it will require a larger .l than that in traditional (Q, r) model for QI' to be 

linear. In Figure 4.10.2 we plot (C*/.l) at a= 1 for exponential LTD distribution and 

logarithmic investment function for the cycle model and compare it to the overall optimal 

model. It is clear that when we invest in reducing a, the economies of scale are "more" 

than from traditional (Q, r) model alone. But the decreasing "convex" optimal cost per 

unit signifies that even here economies of scale will disappear for "high"(er) A.. 
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Figure 4.10.2: C*l.l versus .?i. for the Cycle Model at Optimal a and at a= l 

(Exponential LTD Distribution, Logarithmic Investment Function) 
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Even with its inherent limitations regarding the number and range of experiments, the 

above numerical comparative statics make one thing clear - our intuitive reasoning and 

even some results pertaining to traditional (Q, r) models might fail when the additional 

variable a is introduced. As is evident, the cost of changing a, the type of the model and 

the LTD distribution plays a big role. Since, in our trivariate model, all the three decision 

variables are inter-related, depending on the cost of changing a, the model will adjust the 

optimal decision variable values and this adjustment for Q* and ~ can be very different 

from traditional models. But this interaction of three decision variables will also render 

analytical comparative statics even more difficult than for existing (Q, r) models. 

4.11 Conclusions and Future Research Opportunities 

In this part of the research, we showed analytically a,.~d numerically the effects of 

investments in supply lead time reduction in a two-party make-to-stock supply chain. We 

used a continuous review (Q, r) model and incorporated the effects of reduction in lead 

time duration on the model through a single variable, a. We also took into account the 

cost (in the form of some investment) associated with this lead time reduction. In practice, 

investments can be one-time or recurring. It might also vary depending on the nature of 

the reduction needed ( e.g., per unit or per cycle or per unit time). Our overall trivariate 

model captured both the costs and benefits of lead time reduction for the different types of 

possible investment. 

The cost models were analysed in detail as to their convexity. Numerical experiments with 

different LTD distributions and investment functions were performed to obtain a better 

feel of the behaviour of the model. The numerical experiments clearly show not only the 

benefits of investment in supply lead time reduction but also the importance of taking into 

consideration the type of the investment done by the supplier and how costs are passed on 

to the buyer before deciding on the optimal strategy. The complexity of the cost models 

render analytical comparative statics difficult. We performed extensive numerical 

comparative statics, which showed that the three decision variables are very much 

interdependent. Some of the results are quite counter-intuitive. 
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These new models have both technical and managerial contributions. From a technical 

standpoint, we incorporated a new variable which represents the supply lead time in the 

traditional (Q, r) model. There is a cost of reducing the supply lead time that depends on 

the type of the investment done by the supplier. This created six analytical models and we 

were able to perform the convexity and sensitivity analysis of those models. From our 

analysis we were able to show that not only investments in supply lead time reduction can 

result in significant savings but also that these models are "different" from traditional 

(Q, r) models. Our analysis showed results that are seemingly counter-intuitive but makes 

perfect sense in the new model. We were able to explain the reasons behind such counter­

intuitive results. 

From a managerial perspective, we were able to show that it makes sense to invest in 

supply lead time reduction. Even when the buyer is "paying" for supply lead time 

reduction it can give substantial benefits. However, managers should not blindly go for 

supply lead time reduction. Our models will help them in deciding when investment in 

supply lead time reduction makes sense and when not to invest in such reductions. Our 

models will also help decide their "optimal strategy" both in terms of inventory (reorder 

point and batch size) and time (supply lead time) that will minimise their inventory costs. 

In this age of large-scale outsourcing, we feel that our models can help supply chain 

managers reduce inventory costs and give them a competitive advantage in the 

marketplace. 

In terms of scope for future research, it would be nice to prove analytically that the unit 

model is univalleyed. Similarly, analytical comparative statics will be better than 

numerical results. But a trivariate model without closed form solutions for any of the 

decision variables (as ours is) can make such analysis extremely difficult. 

One of the comparative statics that we think is particularly interesting is the consequence 

of varying A. We noted that (C"-/)..) is decreasing convex with respect to A.. This opens up 

an interesting avenue of research regarding the effect of inventory costs on market 

demand. Higher demand leads to reduced unit costs. In case of make-to-stock products, 

the unit cost is often related to unit price by mark-up pricing. If investment in supply lead 
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time reduction brings down the unit cost, it will also lead to reduced unit price. If the 

buyer is willing to pass on the reduction in cost due to lead time reduction to the final 

customer (refer to Figure 4.2.1 ), then demand for make-to-stock products will increase 

(since price-sensitive). So we can expect that a chance for increased demand will provide 

more incentive for investment. We feel that an inventory model with demand being a 

function of cost by its effect on price can be very interesting and give a much better 

picture of the entire supply chain. One of the main goals of any cost reduction initiative is 

to achieve a larger market share by increasing demand. Hence, there is a need to couple 

the inventory models and the relevant marketing models to establish market effectiveness 

of increased speed. In the next chapter we will address this issue. 
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CHAPTERS 

LEAD TIME MANAGEMENT FOR MAKE-TO-STOCK FIRMS 

5.1 Introduction 

In this chapter we will develop an integrated production-marketing framework which will 

allow profit-maximising make-to-stock firms to determine their optimal lead time taking 

into account the costs and benefits associated with lead time reduction (Model C of 

Chapter 1 ). In the first part of the chapter, we will focus on a general modelling 

framework that forms the basis of the latter part of the chapter where we develop specific 

models. 

Recent studies in such diverse fields as health care (Connor et al. 1998) and grocery 

industries (McGoldrick 1993) have shown that cost reduction initiatives by firms have led 

to price reductions and, in tum, increased market share due to customers' price-sensitivity. 

Growth in the Japanese share of the US market in the automobile industry (Nanto, Cooper 

and Bass, 1995), and in electronic goods, long thought to be the domain of US 

manufacturers (Zipkin 1991 ), can be partly attributed to the lower Japanese prices. The 

price advantage stemmed largely from lower production costs (Rao 2000a). For example, 

in the early 1980s, production costs of Japanese firms were about 25% lower than their 

US counterparts. This allowed the Japanese firms to charge a lower selling price and 

capture a larger market share (National Research Council Report 1983). 

Fisher (1997) contends that for any "functional" product, one that has a reasonable life 

cycle and fairly stable demand, competition is typically very high, i.e., the profit margin is 

low and customer's price sensitivity is high. As we indicated in Chapter 1, these types of 

market characteristics are normally seen in make-to-stock products. For such products, 

customers are primarily price-sensitive; hence, the firms aim for cost leadership focusing 
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on maximising efficiency and minimising costs in the supply chain ( also refer to Chopra 

and Meindl 2001). 

Encouraged by the Japanese experience, many make-to-stock companies have invested in 

process improvements to reduce costs, the most successful improvement strategies 

involving capital investments (Zipkin 1991). Cachon and Fisher (1999) find that the 

benefits from cost-reducing process improvements can be significantly more valuable than 

those derived from information sharing. 

Since inventory costs comprise a large portion of the total operating costs of many make­

to-stock firms, they have focussed specifically on inventory cost reduction as a primary 

means of reducing operating costs. It is well known that reduction of either internal or 

supply lead time can result in reduced inventory costs (Kannarkar 1993; Zipkin 2000; 

Chapter 4 of this thesis). There are several anecdotal examples in recent literature that 

show that one of the most popular process improvement techniques used by firms to 

reduce their inventory cost is lead time reduction (Suri 1998; Simchi-Levi et al. 2000). 

Note that while lead time reduction can yield many benefits, here we are focusing mainly 

on the effects of lead time reduction on inventory costs. 

Mark-up pricing is a strategy used for make-to-stock products in the manufacturing sector 

(Bloch and Oliver 1997), internet pricing (Wilson 2000), apparel industry (San Francisco 

Fashion Industry Report 2000) and retail industry (Wang and Zhao 2000). In mark-up 

pricing, price is based on the unit operating cost plus a constant percentage mark-up (or a 

constant amount) which depends on factors such as the industry and the product type (US 

Department of Defense Contract Pricing Reference Guides 2000). 

Traditional economists contend that mark-up pricing is not consistent with market-based 

profit-maximisation pricing, i.e., marginal analysis approach. However, the simplicity of 

cost-based pricing makes it a very appealing alternative for many firms. Empirical studies 

have revealed that very seldom do managers use the concept of equating marginal cost to 

that of marginal revenue in setting prices. Rather, most managers work in terms of mark-
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ups or profit margins as their basis for pricing (see number of references in Hay and 

Morris 1991). 

Despite this apparent inconsistency, it is not very difficult to relate the concept of mark-up 

pricing and profit-maximising pricing (Hay and Morris 1991 ). In profit-maximising 

pricing, we equate marginal revenue (MR) to marginal cost (MC). MR is given by: 

MR = price(l + l ). 
demand elasticity 

(5.1.1) 

IfMC is taken to be equal to a constant average cost, then the profit-maximising equality, 

MR = MC can be simplified to show that the optimal mark-up should be inversely 

proportional to the demand elasticity. This also makes intuitive sense. If there are close 

substitutes existing in the market, then firms cannot charge a high mark-up. However, for 

price-inelastic products the firm can extract a large price premium from customers. There 

is ample evidence that firms vary the mark-up inversely with the price elasticity for the 

product's demand (Bliss 1988; Hay and Morris 1991). Hence, the firms that use mark-up 

pricing implicitly strive for profit maximisation pricing. However, this implicit profit 

maximisation is done based on empirical evidence of the product's price elasticity and not 

explicitly through a marginal analysis approach. 

In environments where some make-to-stock firm has a cost advantage and knows that 

customers are price-sensitive, it might use mark-up pricing. Furthermore, the popularity of 

mark-up pricing is likely to be sustained because of the recent trend of cost transparency. 

The cost of products is becoming more "transparent" nowadays due to widely available 

information on the internet. This implies that firms now have less opportunity to extract a 

price premium. Sinha (2000) postulates that, under such circumstances, customers will 

pay the seller's actual costs and a "reasonable" premium, i.e., that the price should be 

based on the cost and a "reasonable" mark-up. 
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Keeping in mind its widespread use as a simple and effective approximation to profit­

maximising behaviour, we will assume in our research that a percentage mark-up is the 

pricing technique used by make-to-stock firms. For a particular product, the mark-up 

percentage will be fixed. However, the manager will decide on the constant percentage 

based on her/his experience pertaining to the product's price-elasticity. 

Hay and Morris (1991) highlighted the need to link profit margins to demand conditions 

facing the firm. According to their work, firms which employ mark-up pricing estimate a 

unit cost based on normal ranges of production, independent of actual output (i.e., for 

pricing purposes they think of their average total cost curve to be horizontal). Ignoring the 

demand curve might generate substantial overestimation or underestimation of sales, 

which then might make the calculated average cost incorrect. But still this approximation 

is done largely to avoid the circularity that would otherwise develop of having to estimate 

demand (in order to determine output and associated unit costs) before the price derived 

from mark-up pricing is known. In our research, we show that even while using mark-up 

pricing it is possible to tackle the issue of "circularity". We develop models that, rather 

than assuming the operating cost to be constant, explicitly take into account how the 

demand affects average costs. 

If some make-to-stock finn uses mark-up pricing, it may try to reduce operating costs 

through some process-improving investments. The firm then has a choice of either to 

reduce price to gain a greater market share or to keep the price constant and let the 

increased profits flow right to the bottom line. We feel that this is a question of firm's 

strategy. For many make-to-stock firms, the focus of pricing is to improve market share 

rather than to maximise short-run profit. If a firm has a cost advantage and its customers 

are price-sensitive, it makes sense for the firm to cut price to gain market share (Rao et al. 

2000; Hay and Morris 1991) even if such cost advantage is short-lived (since the 

competition will eventually catch up). The temporary advantage can be sustained within 

an overall strategy of "continuous improvement". 
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As Likiennan (1981) points out, in competitive markets, increasing market share is 

imperative for both cost competitiveness as well as market power. For example, in the 

1980's Japanese firms used their lower costs to under-price North American 

manufacturers. This created a perception among the customers that "Detroit" had been 

overcharging them and this perception of price unfairness is hurting North American 

manufacturers even to this day (Sinha 2000). Our setting is a profit-maximising firm that 

deals in a make-to-stock product and has price-sensitive customers. The firm's strategy is 

to attain a cost advantage in the market through process-improving investments. Our 

assumption that the firm passes on its savings from process improvements to the 

customers as a price reduction in order to improve its market share is thus reasonable. 

5.2 General Model 

Let us consider a price-setting retailer/manufacturer (henceforth termed firm) selling a 

single make-to-stock product for which customers are price-sensitive. The demand rate 

for the product, .l (units/unit time), depends on the unit selling price of the product, p 

($/unit): 

A.= f,(p). (5.2.1) 

The firm may be a monopolist, or may be one of several competing firms that offer similar 

products. However, we do not explicitly model the competition between firms except to 

asswne that demand is decreasing in price (Deng and Y ano, 2000). 

The firm sets its price based on its total unit operating cost, m ($/unit): 

p = Ji(m), (5.2.2) 

so that: 

A= J,(fi(m)). (5.2.3) 
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Note that mark-up pricing is a special case of (5.2.2) where fi(m) = rpn (T/ > 1) and 

( 17 - 1)*100 percent is the desired per unit contribution margin. Recall that for make-to­

stock firms operating costs consist mainly of relevant inventory costs (Chapter I). Hence 

for us, the operating costs per unit will include set-up costs, purchase and/or production 

costs and inventory costs (holding and backordering). The firm can invest in projects that 

will reduce operating costs, and so we also include an investment cost per unit time in the 

total operating cost per unit: 

m = [(set-up cost + production and/or purchase cost + inventory holding cost + 

backordering cost+ investment cost) per unit time] I [demand per unit time]. (5.2.4) 

We note that demand depends on price, which depends on unit operating costs, which in 

turn depends on demand. The firm's objective is to maximise its profit per unit time, ,r: 

(PS.l) Maximise tr= (p- m)A., 

subject to: 

p ~ m ~ 0 and A. ~ 0, 

where mis given by (5.2.4),p by (5.2.2) and A. by (5.2.1). 

Theoretically, the following general procedure can be used to solve the optimisation 

problem: 

Step I: Determine the relationship between J and m (as in (5.2.3)). 

Step 2: Substitute (5.2.3) into (5.2.4) and obtain an explicit expression for m in terms of 

the relevant decision variables, i.e., 

m =jj (DV). (5.2.5) 

Note that m may, at least initially, appear in both the numerator and denominator 

of the right-hand-side of the expression in (5.2.4), and thus writing (5.2.5) 

explicitly may or may not be possible. 
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Step 3: Substitute (5.2.5) into (5.2.3) to express A. in terms of the decision variables: 

l = Ji(h(h(DV))). 

Step 4: Solve the following maximisation problem for the firm: 

(P5.2) Maximise"= (p - m)A.., 

subject to: 

p ~ m ~ 0 and ....t ~ 0, 

where p, m and ....tare given by (5.2.2), (5.2.5) and (5.2.6) respectively. 

(5.2.6) 

In general, the above model can be used in situations where operating costs are reduced by 

investments in changing some operating parameters, demand depends solely on price and 

price is a known, deterministic function of the operating costs. Obviously the complexity 

of the problem will vary from case to case. In our research we will be concerned with 

using this model to guide decisions on investments in lead time reduction. Several 

examples where our model can be used to help firms in making such decisions are: 

(a) A deterministic customer demand setting where an Economic Order Quantity (EOQ) 

policy is used. The firm can then invest in reducing set-up time. If we assume the set­

up time to be proportional to set-up cost, this is equivalent to investment in set-up cost 

reduction (Porteus 1985). As indicated in Chapter 2, Porteus ( 1985) showed that 

investments in reducing set-up costs can lead to decrease in relevant inventory costs 

per unit time. If the firm is using mark-up pricing, then reduction in inventory cost can 

reduce price and the reduced price will lead to increased demand from price-sensitive 

customers. However, the demand rate is also a parameter for the original cost 

minimisation problem. This implies that operating costs will be a function of the 

operating variables, batch size (Q) and set-up cost (K), as will be both price and 

demand. Now the firm's profit maximisation problem will have an objective function 

with only batch size and set-up cost as decision variables. In Section 5.3 we develop 

models to show how to determine the optimal set-up cost (time) for such investments; 
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(b) A stochastic lead time demand setting where a (Q, r) policy is applied. The firm may 

decide to invest in reducing the mean and/or variability of the lead time demand by 

reducing the procurement lead time duration. In Chapter 4, we showed that such 

investments could also lead to a decrease in expected long-term inventory cost per unit 

time for the buyer, which in turn would affect the price and demand rate. In Section 

5.4 we formulate models to help firms in making optimal supply lead time decisions 

where the operating costs are a function of the operating variables, reorder point (r), 

batch size (Q) and lead time duration variability ( a). Both price and demand, and 

hence the profit, will depend on the decision variables - batch size, reorder point and 

lead time duration (or demand) variability. 

Our literature review shows that integrated inventory-marketing models like the ones we 

develop in this chapter have not been addressed thoroughly in the traditional operations 

management literature. Based on our review of previous research, we also observe that: 

a) Models that consider price as an independent decision variable do not explicitly 

account for the effect of operating costs on price and demand though price and 

demand are related by a demand function; 

b) Models that consider mark-up pricing, employ a mark-up over the production cost 

only and not the entire operating cost. In addition, these models do not take into 

account the investment required to affect process improvements. 

Our models in this chapter will address the above two issues and show that they will have 

considerable effect on the optimal decision of firms. 

Since we are dealing with make-to-stock products, we assume that customer demand is 

deterministic but price-sensitive (refer to Chapter 1). Also note that in the tradition of 

previous researchers ( e.g., Porteus 1985; Hariga 2000 and references therein) we will use 

set-up cost as a surrogate for set-up time. 
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5.3 Investments in Set-up Cost Reduction 

In Section 5.3.1 we develop models where no invesnnent in reducing set-up cost is 

possible. These models will set the stage for Section 5.3.2 where we will deal with models 

in which investments can be done in reducing the set-up cost. 

5.3.1 EOQ Model with Price-Sensitive Demand and Mark-up Pricing 

The basic model setting in this section is similar to that of Section 5 .2, i.e., a firm 

buying/producing a single make-to-stock item and selling it directly to price-sensitive 

customers. We make the usual EOQ assumptions (refer to Lee and Nahmias, 1993, pg 9) 

except that the demand rate, .,t, is a decreasing function of retail price per unit, p. We 

assume that the firm uses a constant percentage mark-up over th~ total operating cost per 

unit, m, to determine the price. Operating costs include a set-up cost of K per order, a 

holding cost of h per unit per unit time and a purchase/production cost per unit, c. The 

holding cost is assumed to consist primarily of the cost of capital invested in the 

inventory. Each order is for a batch of Q units, and c is a decreasing function of Q, i.e., the 

purchase/production cost exhibits economies of scale based on the batch size. The scale 

economies might be due to a supplier quantity discount or economies of scale in 

transportation (Lee and Rosenblatt 1986; Chopra and Meindl 2001 ). Since the holding 

cost per unit, h, equals ic,, where i is the carrying cost per unit per unit time, it too will be a 

function of Q. The firm's ordering or set-up cost per unit time is (Kil. I Q); the holding cost 

per unit time is (icQ I 2) and the purchase/production cost per unit time is (c.it). From 

(5.2.4), the firm's total operating cost per unit, m, will be given by: 

where c is a function of Q and h = ic. 

K.,t hQ 
-+-+cit 

m = _Q=-__ 2 __ _ 
A. 
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Since price depends on the operating costs and demand is a function of price, demand is 

also a function of the operating costs. Note that demand itself affects the unit operating 

costs. The objective of the firm is to maximise its profit per unit time, as in problem P5.2 

in Section 5.2, where the only decision variable is the batch size, Q. The operating cost 

per unit, m, will be obtained by solving (5.3.1) in terms of Q. A schematic representation 

of the proposed system is shown in Figure 5.3.1. 

MAKE-TO-STOCK 
FIRM 

Mark-up pricing 
(p = rpn) 

<-----
m = Operating cost/unit= (set-up cost+ 

inventory holding cost 

+ purchase/production cost)/ demand per unit time 

t 

1 
CUSTOMER DEMAND 

( deterministic, but 

price-sensitive) 

I 
Figure 5.3.1: Supply Chain System for Section 5.3.1 

5.3.1.l Log-linear demand function, mark-up pricing and general non­

increasing unit purchase cost 

Before analysing a general form of demand function, in this section we will assume a 

particular log-linear demand function so that we are able to get better insights. We initially 

choose a demand function of the form: 

(5.3.2) 

where a higher value of a represents higher overall potential for demand. This function 

while having the desirable properties of constant demand elasticity is also analytically 

tractable. Since the price is a fixed mark-up over the total operating cost per unit, m, we 

have: 
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p = rpn. (5.3.3) 

We can now express A. in terms of m as: 

(5.3.4) 

The per unit purchase cost function, c(Q), is assumed to be a general, non-increasing 

function of Q. The profit function for the firm will then be: 

(5.3.5) 

Let 

i 
u = c(Q)Q _1 , 2a17 

(5.3.6) 

and 

K 
v= -+c(Q). 

Q 
(5.3.7) 

Substituting (5.3.4) into (5.3.1) and solving form we obtain: 

I±.JI-4uv 
m=-----

2u 
(5.3.8) 

As long as the discriminant of (5.3.8) is positive, both roots will be real and positive. 

However, ifwe substitute the two roots of min the profit function in (5.3.5), we can show 

that the root corresponding to the minus sign will always give a higher profit than the root 

corresponding to the plus sign (Appendix 5.1). Hence, we can ignore the root 

corresponding to the plus sign for further analysis. 
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For each value of Q there will thus be a single relevant m (and hence 1Z) and we want to 

find out the Q for which ,r will be maximised. Substituting the root corresponding to the 

minus sign of (5.3.8) into (S.3.5) we have: 

2a17-2(17- l)u 
,r= --'---;:::::=====-

1 - .Jl - 4uv • 
(5.3.9) 

The firm's problem can be written as: 

(PS 3) M 
. . _ 2a17-2(17-l)u 

. axim1se 1t - .J , 
Q 1- 1-4uv 

subject to: 

0 < 4uv::; 1. 

We can show that under certain conditions the profit function will be semi-strictly 

quasiconcave in Q for feasible Q (Appendix 5.2). When ,ris semi-strictly quasiconcave, a 

local maximum will be the global maximum (Schaible 1981) and the optimum Q* will be 

given by the solution to the equation 1l"Q = 0, and the optimal profit ( ,tt') will be given by 

substituting Q* into (5.3.9). 

5.3.1.2 Log-linear demand function, mark-up pricing and constant unit 

purchase cost 

In this section, we will analyse the case when unit purchase cost is constant, i.e., c(Q) = c 

'v Q, and all other conditions remain the same as before. With this assumption, the 

condition O < 4uv S 1 implies that O <KS [(a17<-2Jt2ic) - Qc] and we can prove an even 

stronger result about the profit function than just semi-strict quasiconcavity. 

Proposition 5.3.1: For constant unit purchase/production cost, the profit function (JQ is 

concave in Q for feasible Q. 

Proof: Refer to Appendix 5.3. ■ 
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The equation for 1lQ = 0 will be a quadratic equation in Q - one solution will be negative 

and the other positive. Since batch size should be positive, the optimum Q will be given 

by: 

Q*(K)= ![ rK~,,-2 -2K]. 
C lC 

(5.3.10) 

Note that (5.3.10) requires only that K S (a1,C-1J/2ic) which is less restrictive than the 

condition for 1 - 4uv ~ 0 and so will be satisfied by all feasible K. The explicit expression 

for Q* in (5.3.10) also allows us to investigate analytically the nature of the optimal batch 

size. 

Proposition 5.3.2: Q* is concave in Kand reaches its maximum at K= a,,C-1J/8ic. 

Proof: Differentiating Q*(.K) of (5.3.10) twice with respect to K we can easily show that 

Q* is concave in Kand by solving oQ*(K)/8K = 0 for K, we can show that Q*(K) reaches 

its maximum at K = a r,C-2) /8ic. ■ 

The implication of Proposition 5.3.2 is interesting. In almost all types of cost minimisation 

inventory models, including stochastic ones, the optimal batch size is always monotone 

increasing concave in K. Our model produces different results. Though Q* is still concave 

in K, it is not monotone increasing. This implies that for the type of firms we are 

modelling, managers must be careful about reducing batch size when set-up cost is 

decreased. The explanation lies in the inter-relationship between demand and the 

operating variable, batch size, itself (we will come back to this issue later). 

There might be a tendency on the part of many firms to set price as a mark-up over only 

the production/purchase cost. Ladany and Sternlieb (1974) analysed the profit-maximising 

batch size of such a firm where price is taken to be a mark-up over purchase cost only 

(i.e., p = 1Jc(Q)). In that case, the effects of set-up cost and holding cost on the price are 

not accounted for explicitly. When c(Q) = c (> 0) 'V Q, then Ladany and Stemlieb's model 

will be equivalent to the traditional EOQ model where 2 is the demand corresponding to 
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the price, T/C (note that all other conditions remain the same as in our model). With this 

demand rate the profit maximising batch size in their model is given by: 

(5.3.11) 

Comparing (5.3.10) and (5.3.11), it is clear that omitting set-up and holding cost from 

operating costs when determining price will lead to a different optimal batch size. 

Proposition 5.3.3: Q*LS > Q* for positive K and the difference will increase as K 

increases and/or c decreases. 

Proof: Q*LS - Q* = 2
K . Hence, Q*LS will always be greater than Q* for any K > 0. The 
C 

difference is linear increasing in Kand convex decreasing in c. ■ 

Since, in our model, demand and price are both functions of batch size, we would expect 

that there would be such a difference. However, from a managerial standpoint, it is 

important to note that if K is large and/or c is small, the difference in the optimal batch 

sizes might be substantial. As K increases we would expect the set-up cost to have a larger 

effect compared to purchase/production cost on the total operating cost and hence in our 

model the price and demand will be affected more, resulting in larger difference in 

optimal batch sizes. On the other hand, as c increases the effect of purchase/production 

cost on the total unit operating cost will increase and hence the difference in the value of 

optimal batch sizes will decrease. Also note that Q * LS, as expected, is monotone 

increasing concave in K. 

It is important to investigate the effect on the firm's profit if Q*LS is used in our model 

instead of Q*. Since in our model demand itself is a function of the decision variable, Q, 

any type of comparison should be based on a profit function including the purchase cost 

(this is unlike in the traditional EOQ model where purchase cost is independent of Q and 

hence should be ignored). Comparing the profit functions we obtain: 
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,r(Q-) = ( u(Q*) )•(l-.Jt-4u(Q*r.s}v(Q*r.s)J. 
1r( Q *LS) u{ Q *LS) l - .Jt - 4u( Q*)v{ Q*) 

(5.3.12) 

By definition, 1Z(Q*)l1Z(Q*LS) ~ l. In fact, this ratio can be quite large. If we plot 

11.(Q*}ln( Q*LS) versus K, it appears to be increasing convex in K (refer to Figure 5.3.2 in 

page 147 for a plot of this ratio for Example S.3.1.1) with the ratio ➔ 1 as K ➔ 0. This 

reason behind this intuitive result is same as we indicated before regarding the difference 

between Q*LS and Q*. As K increases, the effect of set-up costs on the total operating cost 

will increase and hence it will be more harmful to use Q* LS as the optimal batch size. 

However, as K ➔ 0, purchase/production cost will be the defining element in the 

operating costs and hence it will be natural to base the price just on that cost. In the 

following numerical example we will show the detailed effect of using Q*LS instead of 

Q*. 

Example 5.3.1.1: The parameter values are as follows: K = 1100, i = 0.3, T/ = 1.2, 

a = 6000, and c = 1 'r;/ Q. With our model Q* = 3327. 71. In the Ladany and Sternlieb 

model, p = 1.2 (1.2*1}, so .iL = 4166.67 and thus Q*r.s = 5527.71. Table 5.3.1 shows the 

detailed cost and revenue elements with Q* and Q*r.s in our model. 
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Table 5.3.1: Cost and Revenue Elements with Q* and Q*LS for Example 5.3.1.1 

Q*= 3327.71 Q*rs= 5527.71 

A) Set-up cost I time 499.16 212.36 

B) Holding cost/ time 499.16 829.16 

C) Purchase cost / time 1510.04 1067.13 

D) Total Operating Cost / time ( = A + B + C) 2508.35 2108.65 

E) Demand rate ( il = ap-2
) 1510.04 1067.13 

F) Operating Cost per unit (m = DIE) 1.66 1.98 

G) Price/ unit (p = rpn) 1.99 2.37 

H) Revenue(= p..1-) 3010.03 2530.37 

I) Profit (K= [p - m]A.) 501.67 421.73 

For this numerical experiment, Q*LS is approximately 40% greater than Q* and the 

optimal operating cost per unit is larger if Q*LS is used in our model. The total operating 

costs are lower with Q*LS; however, ,tis also smaller with Q*LS resulting in higher unit 

operating cost, m. The net result is that the profits are about 19% lower using Q*LS in our 

model instead of Q*. With K = 1250, the difference in profit can be as large as 30%. 

In our model, the inventory costs (set-up+ holding) depend on A which itself depends on 

the inventory costs (through m). This explicit circular dependence makes this model much 

more complex and realistic than the normal EOQ model. The optimal batch size attempts 

to minimise the unit operating cost rather than the absolute operating cost which is one of 

the reasons for the "apparently counter-intuitive" behaviour of Q* (for a somewhat related 

idea refer to Gerchak, Hassini and Ray 2000). 
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Figure S.3.2: Plot of 1Z(Q*)/1Z(Q*LS) versus Kfor c(Q) = c VQ 
(i = 0.3, tJ = 1.2, C = 1, a= 6000) 

Ifwe vary K, then Q* is increasing up to K = 1736.11 (- a7J-2l8ic) and then decreasing. If 

due to some reason K decreases from 1800 to 1750, the firm should not blindly decrease 

the batch size. Note that the Q* in our model can be thought of as the "modified" optimal 

EOQ (= 
2K~(Q*) ), but A.(Q*) itself will be a complex function of Q*. In the following 

IC 

sub-section we will extend the model of this section by assuming a more general form of 

decreasing unit purchase cost function. 

5.3.J.3 Log-linear demand function, mark-up pricing and non-increasing unit 

purchase costf unction of power form 

Let us assume a more general form of unit purchase cost: c(Q) = c + (d/Q) (c, d > 0), but 

the form of log-linear demand function remains the same as before. This type of unit 

purchase cost function has been used in the literature (Ladany and Sternlieb 1974; Lee and 

Rosenblatt 1986). With these assumptions, the profit function will be of the same form as 

(5.3.9), but with: 
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and 

d i 
u=Q(c+-)-­

Q 2arF1 • 

K+d 
v=--+c. 

Q 

The optimisation problem for the firm will be similar to P5.3. 

We can now have the following proposition: 

(5.3.13) 

(5.3.14) 

Proposition 5.3.4: The profit function (.n, is semi-strictly quasiconcave in Q for feasible 

Q. 

Proof: From (5.3.13) and (5.3.14) it is clear that u is linear increasing in Q while v is 

decreasing convex in Q. Also uv is convex in Q. The rest of the proof is similar to 

Appendix 5.2. ■ 

Note that Ladany and Sternlieb (1974) did not prove the u.nimodality of their profit 

function even for this particular functional form of c(Q). Though we prove that 1Z(Q) is 

unimodal, it is not possible to obtain an explicit solution for Q* from RQ = 0 assuming 

c(Q) = c + (d!Q); however 1rQ = 0 can easily be solved using any standard mathematical 

package. The solution to 1 - 4uv = 0 (a quadratic, concave function in Q) will give the 

limits of feasible Q. At the smaller root, the discriminant will be increasing and at the 

larger root it will be decreasing. Since at both limits the profit function will be positive, 

then for feasible Q the profit will be positive. This is intuitive since our price is a mark-up 

over the total operating cost. We will again use a numerical example to show the effect on 

tr if Q*LS (i.e., the optimal batch size when the price is a mark-up over only c(Q)) is used 

in place of Q* for this model. 

Example 5.3.1.2: Let the parameters be: K = 1400, i = 0.1, 1/ = 1.2, a= 6000, c = 2 and 

d = 100. The optimal batch size in our model, Q* = 2437.46 and ~ = 256.93. For the 

Ladany and Stemlieb model, Q*LS = 3745.72. In Table 5.3.2 we show the detailed effect 

of using Q*LS in our model. 
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Table S.3.2: Cost and Revenue Elements with Q* and Q*LS in Example 5.3.1.2 

C m p A. ,r 

Q*= 2437.46 2.04 3.24 3.89 396.08 256.93 

Q*LS = 3745.72 2.03 3.55 4.25 331.41 235.02 

Note that when price is a mark-up over just the purchase costs, unless the mark-up is 

"large" enough, profits may actually become negative. As in the last section, Q*LS is much 

greater than Q* (about 35%) and profit is much lower (about 9.5%). The reasoning for the 

low profit will be similar to Example 5.3.1.1. However, when c is a function of Q, Q* 

might not be 
2K).,( ~) . . S . 5 3 1 2 , ____ as 1t was m ection . . . . 

ic(Q*) 

From our numerical experiments we observe that Q*LS > Q*. However, the generality of 

the observation is difficult to prove analytically because of the complex nature of the first 

order condition: 

JZ"Q= (uQ} ✓l-4uv+ 2uv(uQ)- UQ+ 2u2(vQ) = 0, 

where u and v are given by (5.3.13) and (5.3.14) respectively. 

(5.3.15) 

Even for the specific demand and unit purchase cost function, equation (5.3.15) will be 

quite complex. This should not be surprising since it is also difficult to prove the 

unimodality of Ladany-Stemlieb model. From our numerical experiments it also appears 

that Q*LS - Q* -:t: (2Klc(Q*)), in general. 

For this section, there is no explicit solution for Q*(K), though we can determine an 

explicit expression for the lower bound on its value. This lower bound will help to reduce 

the search space for Q*. Let us define Q1 as the solution to T Q = 0 where T = 1 - ✓I - 4uv . 
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Proposition S.3.S: Q1 is a lower bound on Q*. 

Proof: Q* is derived from the solution to 1ZQ = UQT - T QU = 0. Since UQ is non-negative, so 

Q* requires that T Q :2: 0. We can show that T is convex in Q. Therefore, the lower bound 

on Q* will be given by Q1. ■ 

For this section, the expression for Qi is: 

(5.3.16) 

To determine the behaviour of Q* we have to resort to total differentiation. Total 

differentiation of 1ZQ = 0 with respect to K gives us the following expression for 

aQ*(K)loK (refer to Appendix 5.4): 

aQ * ( K) = U12,cT + uQTK - uTQK - U ICTQ 

oK T00u-uQQT 
(5.3.17) 

We have, UQK = 0, u 00 = 0 and UK= 0. The expression in (5.3.17) simplifies to: 

8Q*(K) = u 12T,c -uTQK 

8K T00u 
(5.3.18) 

It can be easily shown that, TK :2: 0 and UQ ~ 0 and the expression for TQKwill be: 

1-4uv 
(5.3.19) 

Since (uv)QK S 0, (uv)Q :2: 0 and (uv)K :2: 0, the sign of TQK and (5.3.18) can be either 

positive or negative. Our numerical experiments confirm that Q* will not be necessarily 

monotone in K; as in Section 5.3.1.2, it will be concave in K. In Table 5.3.3, we show the 

values of Q*(.K) for different values of d. In all cases, Q* is concave in K. To prove the 
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concavity of Q* with respect to K we will have to determine the sign of EtQ*(K)laK2. This 

expression is quite complex (refer to Appendix 5.4). We leave the analysis for future 

research. 

From Table 5.3.3 we also note that while Q* might be monotone ind, the direction is not 

clear. It is increasing for smaller K while decreasing for larger K. The behaviour of Q* 

with respect to d is intuitive. For smaller values of K, Q* increases with d to take 

advantage of lower production/purchase cost. But as K increases and the effect of d 

becomes less significant, Q* reduces to decrease the holding cost. Managers must thus be 

very careful when deciding about the optimal batch size even when the economies of scale 

vary. For a profit-maximisation model like ours, the explicit relation between the demand 

and the operating variables can give results that run counter to most traditional cost 

minimisation models. 

We can also have the following proposition for the model of this section. 

Proposition 5.3.6: The condition .Ji -4uv s; (1/3) is sufficient for the profit function (.aj 

to be concave in Q for feasible Q. 

Proof: Refer to Appendix 5 .5. • 
The expression .JI - 4uv is positive concave in Q and at the feasible limits of Q it will be 

equal to O (increasing at lower limit while decreasing at upper limit). So, we are sure that 

for Q sufficiently close to the feasible limits, 1ris concave in Q. Also for any Q1 s; Q s; Q*, 

tr is also concave in Q. However, it is difficult to analytically prove concavity of tr for all 

feasible Q. 
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Table 5.3.3: Q*(K) for Different Values of Kand d (i = 0.3, 17 = 1.2, c = 1, a = 6000) 

K 

900 

1100 

1300 

1500 

1700 

1900 

5.3.1.4 

d=0 d= 10 d=20 d=30 d=40 d=S0 

3200.00 3204.86 3209.52 3213.97 3218.22 3222.27 

3327.71 3329.44 3331.01 3332.41 3333.64 3334.7 

3409.25 3408.48 3407.55 3406.48 3405.26 3403.89 

3454.97 3452.08 3449.05 3445.88 3442.58 3439.14 

3471.84 3467.09 3462.21 3457.2 3452.06 3446.78 

3464.83 3458.4 3451.84 3445.15 3438.34 3431.39 

General price-sensitive, decreasing demand function, mark-up pricing 

and general non-increasing unit purchase cost 

In Sections 5.3.1.1 - 5.3.1.3 we showed that it is possible to determine the profit­

maximising batch size when demand is price sensitive and price is assumed to be a 

percentage mark-up over the operating costs. However, in all the three previous sub­

sections we assumed specific fonn of the demand and/or the unit production/purchase cost 

to obtain closed form solutions. In this section we will analyse the make-to-stock firm's 

maximisation problem assuming a more general demand function. 

Suppose we assume a general log-linear demand function of the form: 

A.= a(p"j, (5.3.20) 

where a higher value of a represents higher overall potential for demand and <p (< 0) 

represents the constant price elasticity (So and Song 1998; Ladany and Stemlieb 1974; 

Lee and Rosenblatt 1986) while p is equal to ,,,,,_ 
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Substituting .::t into (5.3.1) and solving to obtain m = g(Q) (all others parameters are 

assumed constant), the firm's profit can be written as: 

(5.3.21) 

Differentiating (5.3.21) with respect to Q it is possible to arrive at the following 

conclusions: 

Observation 1: 

(i) For <p > -1, concavity of g in Q is sufficient (not necessary) for concavity of n: in Q 

while convexity of g in Q is necessary (not sufficient) for convexity of Kin Q and 

11':Q will have the same sign as KQ· 

(ii) For <p < -l, convexity of gin Q is necessary (not sufficient) for concavity of n:in Q 

while concavity of gin Q is sufficient (not necessary) for convexity of Kin Q and 

.1lQ will have the opposite sign to KQ· 

For rp> -1, the profit will be increasing in Q if the operating cost is increasing in Q, i.e., as 

rp tends towards zero, we can increase m which will increase p, but the relative inelasticity 

of demand will result in demand being almost fixed and hence n:will increase with m. For 

the special case of constant demand (i.e., rp = 0) and c(Q) = c V Q't n:will be convex in Q 

implying that the optimal Q from our model is at either of the feasible limits. For <p = -1, 

the profit function will be constant (=a1i1[17-l]) for any Q. This behaviour is not 

unexpected. As is well known in microeconomics, when demand is inelastic in price (i.e.'t 

0 > <p ~ -1 ), a price increase will lead to non-decrease in the firm's revenue (So and Song 

1998; Pappas and Brigham 1979). Since our basic setting is an environment where 

demand is price-sensitive, assuming <p = -2 (Sections 5.3.1.1 - 5.3.1.3), i.e., the demand is 

"sufficiently price-sensitive", is justified. However, with this general log-linear form of 

the demand function we do not obtain many managerial insights into the firm's optimal 

action. 
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In Sections 5.3.1.1 to 5.3.l.4, we were able to develop a profit maximising model for a 

make-to-stock firm that determines its price as a constant percentage mark-up over the 

unit operating cost and sells its products to price-sensitive customers. We were able to 

prove the unimodality of the profit function and determine easily-computable explicit 

expressions for optimal batch size or its bounds for practising managers. In these types of 

firms it is important for managers to note that one of the most basic tenets of inventory 

models which specifies that the optimal batch size will always increase with set-up cost, 

does not hold. When operating cost, price and demand are explicitly related, then for 

profit-maximisation models, the optimal batch size can behave quite differently. Also we 

show that using an EOQ batch size, or optimal batch size assuming price to be a mark-up 

over just the production cost, can result in substantial profit loss. Managers should be 

especially careful in choosing the batch size when the set-up cost is a major portion of the 

operating cost. 

5.3.2 EOQ Model with Price-Sensitive Demand, Mark-up Pricing and Investments 

in Set-up Cost Reduction 

Though the models in Section 5 .3 .1 had no investment in lead time reduction, they are 

important since they provide us valuable insights and form the basis of the models of this 

section where we incorporate investments in set-up cost reduction. We consider a firm in 

the same setting as in Section 5.3.1 except that now the firm has the option of investing in 

reducing its set-up cost, K. As indicated in the literature review, both practical experience 

and academic research (Porteus 1985; Cachon and Fisher 1999) has clearly proven the 

effectiveness of investment in set-up cost reduction. Following Porteus (1985, Section 2) 

and other research in this are~ we assume that the investment function a(K) denotes the 

cost of fixing the set-up cost at level K. We peg the cost for fixing the set-up cost at a 

particular level rather than to a change in it. An opportunity cost of ia(.K) is charged per 

unit time as part of the operating cost for the investment. Like in Porteus (I 985), the 

investment cost can be thought of as either one-time irreversible investment cost or as a 

revocable lease that specifies a fee to be paid per unit time to maintain that set-up cost 
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level. A schematic representation of the proposed physical and conceptual system will 

now look like as shown in Figure 5 .3 .3. 

Investment in set•Up cost reduction 
Mark-up pricing 

(p = ,pn) 

------MAKE--~-T_o_-s_T_o_cK ___ I <--___. 

m = Operating cost per unit = (set-up cost 

+ inventory holding cost + purchase/production cost 

+ investment cost) / demand per unit time 

t 

CUSTOMER DEMAND 

( deterministic, but 

price-sensitive) 

Figure S.3.3: Supply Chain System for Section 5.3.2 

With the investment cost as a part of the operating cost, expression (5.3.1) take the form: 

KA+ hQ +cA+ia(K) 
Q 2 m = ----------

,t 
(5.3.22) 

where, as in Section 5.3.1, the unit production cost, c, can be a constant or a function of Q, 

and h = ic. 

Now the profit maximisation model will have two explicit decision variables, Kand Q. 

The basic model structure and the solution method of this section will be the same as in 

Section 5 .3. l. However the investment cost will affect the operating cost and hence 

demand, which in turn will influence the operating cost and investment decision. 
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The profit maximisation problem for the firm will now be: 

(P5.4) Maximise 1Z; 
Q,K 

subject to: 

0<4wzS l, 

where: 

2a7]-2W 
tr= ----;:::===-

I - .JI - 4 wz' 

w= ~{Qc(
2
QJ +a(K)}, 

QT] 

and 

K 
z= -+c(Q). 

Q 

Note that in this section 7Z; w and z are all functions of Q and K. 

5.3.2.1 Profit maximisation with respect to Q 

(5.3.23) 

(5.3.24) 

(5.3.25) 

In this section we investigate the maximisation problem P5.4 with respect to the decision 

variable, Q, assuming K to be constant. 

We will concentrate on two cases: i) c(Q) = c V Q, and ii) c(Q) == c + (d/Q). 

• For both cases, T = 1 - .J1-wz will be convex in Q and the profit function will be 

semi-strictly quasiconcave in Q implying that the solution to 1Z"Q = 0 will give the 

optimal Q, Q*. However, we cannot obtain closed form results solving for Q in 

JZ"Q =O even forc(Q) =c V Q. 

• For both cases we can use the concept of Proposition 5.3.6 to prove that 

..JI - 4wz S (1/3) is sufficient for concavity of tr. 

• The sign of aQ*(K)/aK is not obvious. However, from numerical examples we can 

deduce that Q*(K) is not monotone in K but concave. In Table 5.3.4 we show Q*(.K) 

as a function of K for different types of investment functions, a(K): i) Power (a(K) = 
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b!K where bis a positive constant), and ii) Logarithmic (a(K) = j - bln(K) where both} 

and bare positive constants) and for both c(Q) = c 'v Q and c(Q) = c + (d!Q). Note that 

since we would expect that successive reductions in K will require larger and larger 

investments per unit reduction it is plausible that a(K) should be decreasing convex in 

K. Both the forms of a(K) satisfy the condition and are the most frequently used types 

of invesnnent functions for this type of analysis (Porteus 1985; Nye 1997). In all cases 

Q*(K) is not monotone, but concave in K. 

Table S.3.4: Q*(.K) versus K for Different a(K) (i = 0.1, 77 = 1.5, c = 2, a= 6000) 

Power Investment Power Investment Logarithmic Investment 

a(K) = b/K, a(K) =h!K, a(K) = j - bln(K), 

b = 100, d= 0 b = 100, d= 10 j = I 00, b = 10, d = 0 

K Q*(K) K Q*(K) K Q*(K) 

1000 2227.46 1000 2232.43 1000 2220.52 

1500 2452.83 1500 2454.44 1500 2444.61 

2000 2564.34 2000 2563.77 2000 2554.96 

2500 2603.08 2500 2600.87 2500 2592.61 

3000 2590.15 3000 2586.55 3000 2578.57 

3500 2538.05 3500 2533.21 3500 2525.33 

5.3.2.2 Profit maximisation with respect to K 

In this section, we investigate the maximisation problem PS.4 with respect to the set-up 

cost, K, assuming the batch size to be a given parameter. Note that this investigation might 

be worthwhile in itself, if for some reason the firm has to fix the batch size at some 

157 



particular value (e.g., a material handling constraint) and hence the only option available 

to the firm is to invest in reducing the set-up cost. 

In this section, we will again focus on power (a(K) = b!K, b > 0) and logarithmic (a(K) = j 

- bln(K), j, b > 0) investment functions. Before going into the details of the decreasing 

convex investment functions, we would like to examine what will happen for a linear 

investment function (say, b -JK, b,j > 0). 

For linear investment of the form b - JK (KS blf) we can show that wz is concave in K. 

Therefore, the range of feasible K might be continuous or discontinuous. Assuming that 

the range is continuous (i.e., the maximum value of 4wj is S 1 ), it can be shown that for 

c(Q) = c + (d/Q) or c(Q) = c 'v Q, the solution to the first order condition (wKT- TKw = 0 

with T = 1 - ✓1 - wz) will give us ~ = (Qc(Q)/2/) + (blj) ~ (blj). Hence, there is no 

optimal solution within the feasible range of K. The first differentiation of the profit 

function is either positive or negative within the feasible range. The profit function is thus 

monotone and can be either increasing or decreasing. This implies that either of the limits 

will be the optimum value. 

For the power investment function, a(K) > 0 is always satisfied. For the logarithmic 

investment a(K) > 0 requires that K < e'Pb>. For both investment functions and cost 

functions of the form c(Q) = c 'v Q and c(Q) = c + (d/Q), wz will be convex in K. For 

logarithmic investment function, convexity of (wz) requires that KS Qc(Q) and we will 

assume it to be true in the rest of the section. So we can tell that Twill also be convex in 

K. However, w is not concave in K; rather it is decreasing convex in K, and hence it is not 

necessary that awill be semi-strictly quasiconcave in K. 

For both types of investment functions, as K ➔ 0, wz ➔ oc:. So, the lower limit for feasible 

K, KL, must be strictly positive. If we assume that the minimum of 4wz does not exceed 1 

and for the logarithmic investment function at the upper feasible limit of K (Ku), 4wz > 1 

and (wz)K > 0, then there must be some feasible range of Kand wz and T cannot be 
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monotone within it. It is easy to show examples where ,rwill not be concave in K for both 

power and logarithmic investment functions (Figure 5.3.4). So, we have to try to prove the 

unimodality of ,rwith respect to K. 

~=:~ (~ 
1[SJ 

\ 
1046 '" 

HID '\ 

" 1045.8 ~ 900 ' ~::: I \ ~ 9:11 
1! 1045.2 

1045 
""' 1044.B ' 1044.6 ID) ~ 104.U 

10441 7&1 

~ 1044 
1043.B 700 

0 2 K 3 4 5 100 lll K DJ 400 !ill 

Figure 5.3.4(a): Plot of ,ras a Function of K for a(K) = j - hln(K) and c(Q) = c VQ 
(i = 0.2, TJ = 1.5, c = 1, a= 5000,j = 100, b = 10, Q = 1000) 
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Figure 5.3.4(b): Plot of ,ras a Function of K for a(K) = b!K and c(Q) = c + (d/Q) 
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The first order condition (FOC) for ,r with respect to K ( 1l'K) will be of the form WK T = 

T KW- Differentiating both sides of the FOC with respect to K we have: 

8(LHS) 82 (LHS) 
--- = wKXT + wKTK .• 2 = 2wuTK + wKT KX + wKKXT. 

aK aK 

a(RHS) 82 (RHS) 
--- = wTKK + wKTK; i = wTKKK +2wKTKK + wKKTK. 

aK aK 

Differentiation of T yields: 

T - 2(wz)K . 
K - .,J}-wz , 

2(wz)KX ✓l-wz +4 [{wz)KJ
2 

✓1-wz 
TKX = ------------

1-wz 

Proposition 5.3. 7: ,rK = 0 will have either one or three solutions. 

(5.3.26) 

(5.3.27) 

(5.3.28) 

Proof: For both types of investment functions, as K ➔ KL, TK ➔ -ex:. Since wKis negative 

and Tis positive, the LHS of the FOC will always be negative. Though TK is unrestricted 

in sign (recall that Tis convex in K), we are only interested in TK < 0 (for TK ~ 0, trK will 

be negative). Since w ~ 0, WK ~ 0, WKK ~ 0, WKKK ~ 0 and T KK ~ 0 (for both investment 

functions), so for TK < 0 we can show that the LHS will always be negative (finite 

negative as K ➔ KL), increasing and concave. For TK < 0 it is possible to prove that 

TKKK ~ 0 (Appendix 5.6). Then the RHS will also be increasing and concave. However, as 

K tends to its lower feasible limit, the RHS will tend to - oc, increase in a concave manner 

up to TK = 0 and then become positive. If Tis not monotone, then for this type ofRHS and 

LHS, it follows that 1rK = 0 will have either one or three solutions. ■ 

As K ➔ KL, ,rwill be increasing at infinite rate and for TK > 0, ,rwill be decreasing in K. 

If trK = 0 has only one solution then ,r must be increasing up to that point and then 

decreasing, and so the unique solution to FOC will give us the profit-maximising K*. If 

trx = 0 has three solutions, then the profit function will be increasing from KL up to the 

first solution, then decreasing up to the second solution, again increasing up to the third 
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solution and then finally decreasing up to Ku. It is obvious that the maximum value of tr 

will be given by either the first or the third solution to the FOC and so K* can be 

determined easily by simple comparison of the value of tr at the first and the third 

solution. 

Though Proposition 5.3. 7 shows that KK = 0 can have three solutions, in all our numerical 

experiments with both types of investments, the profit function was always unimodal in K. 

A sufficient condition that lrK = 0 will have an unique solution is to prove that the slope of 

the RHS of the FOC is greater than the slope of the LHS of the FOC for TK :S 0, i.e., 

(RHS)K > (LHS)K for TK s; 0. However, we can show by numerical examples that it is not, 

in general, true. 

We can show that the optimal set-up cost, K*, must bes; K1 (the solution to TK = 0) and so 

Ki can be an upper bound on K*. For the power investment function we can even show 

that the upper bound is independent of Q (for logarithmic investment, K 1 will be a 

function of Q). The upper bound will help us reduce the search region for K*, especially 

for the power investment case when the upper bound is very easily computable. 

Proposition 5.3.8: In general K* s; Ki and, for a power investment function, a(K) = b!K, 

K*S .fib. 

Proof: The solution of the FOC requires that TK< 0. As we have already said, Tis convex 

in K, implying that K* must bes; K 1. From (5.3.28), the solution to TK = 0 will be given by 

the solution to (wz)K = 0. For the power investment function the solution to (wz)K = 0 will 

simplify to (1/2) - (b!K/) = 0, implying that K* s; ✓'lb. ■ 

It is somewhat interesting that for the power investment function, the upper bound of K* 

is independent of Q of all parameters except b. We would normally expect it to be 

dependent on parameters other than b as well. 
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5.3.2.3 Joint Profit maximisation with respect to Q and K 

In this sectio~ we will investigate the maximisation of PS.4 jointly with respect to the 

decision variables, Q and K. We have already shown in Figure 5.3.4 that ,r is not 

necessarily concave in K. However, the profit function can still be unimodal with respect 

to the two decision variables. One of the ways to prove unimodality in this case is to find 

Q*(K) and then try to prove the unimodality of l((r(K), K) with respect to K. Since we 

have already proved that Kwill be semi-strictly quasiconcave in Q, the solution to WQT­

wTQ = 0 will give us the unique Q*(K). lfwe replace Qin (5.3.23) by this Q*(K) we will 

obtain K (Q*(K), K). Now we have to prove the unimodality of 1Z(_Q*(K), K) with respect 

to K, i.e., that 

( W, oQ*(K) +w )T-(T, aQ*(K) +T. )w=O 
Q aK K O aK K 

(5.3.29) 

has a unique solution within the feasible range of K (in (5.3.29) T represents 

I - ,Jt-w(Q*( K),K)z(Q*(K),K) ). Since we are concerned with Q*(K) and we know 

that WQT - TQw = 0, thus we have to prove that wKT - TKw has a unique solution for 

feasible K. Before going further we state the following proposition. 

Proposition S.3.9: For the model of Section 5.3.1.2, ,z<.Q*(K), K) will be decreasing in K. 

Proof: For the model of Section 5.3.1.2, we can show that TKwill be positive for feasible 

Kand WK= 0 implying that KK(Q*(K), K) SO for feasible K. Hence, ,ris decreasing in K. 

■ 

The above proposition is rather intuitive since if there were no cost to reduce K, we would 

want it to be as low as possible. However, from our previous results, we know that T is 

convex in Kand TK can be both positive and negative. Since wKis always negative, we are 

only concerned with TKS. 0 (for TK;;?: 0, ,rwill be decreasing). Also as K ➔ KL, TK ➔ - cc 

but WK will be finite negative. So, as K ➔ KL» we can say that ,r will be increasing at 

infinite rate. But analytically it is difficult to prove that there will be unique solution to 
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wKT - TKw = 0 for feasible K. However, our extensive numerical experiments with power 

and logarithmic investment functions always resulted in a unique solution. Based on the 

fact that we know that JZ(Q*(K), K) will be increasing near the lower feasible limit and 

will be decreasing for any K for which T K ~ 0 and from our numerical experiments we are 

confident that, in general, n(Q*(K), K) will be unimodal in K. 

We performed numerical experiments to compare the optimal values of the decision 

variables and the profit from our model with two possible alternatives that a firm might 

employ: 

a) Alternative I: If the firm does not explicitly take into account that lower operating 

costs from investments in set-up cost reduction can be passed on to the customers 

so as to increase demand. That is, it selects its price as a mark-up over a constant 

production/purchase cost, estimate demand based on that price and then 

determines the optimal batch size and set-up cost based on the estimated demand. 

b) Alternative II: If the firm decides not to explicitly take into account the effect of 

lower operating costs on demand and chooses to use the decision variables 

resulting from solving a model assuming p and K to be independent decision 

variables. 

Our numerical experiments show that, as expected, the optimal batch size and set-up cost 

resulting from our model can be very different from those of either of the above 

alternatives. However, if the firm uses values of decision variables derived from the 

alternatives within our model, the "loss in profit" can be significant. 

Example 5.3.2.1: Let us assume that a(K) = b/K. With the parameters: i = 0.35, 'I= 1.2, 

a = 350, b = 2600 and c = 0.5 \:/ Q, the optimal decision variable values in our model are 

as follows: Q* = 386 and K* = 26.97. The optimal profit, JZ(Q*, K*) = 68.48. For 

Alternative I, p = 0.6 and .l = 972.22. The optimal decision variable values in this case 

will be K1* = 21.35 and Q1* = 487 (refer to Sections 4 and 5 of Porteus 1985). For 

Alternative II, the optimal decision variable values are: K2 * = 34.41 and p* = 1.23. The 
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induced optimal batch size in this case will be Qi*= 302 (refer to Sections 6 and 7 of 

Porteus 1985). In Table 5.3.5 we show the effect on profit, demand, price and operating 

cost if we use either of the alternative optimal decision variable values in our model in place 

ofQ* andK*. 

Table 5.3.5: Cost and Revenue Elements with K*IQ*, K1*! Qi* and Ki*! Qi* 

for Example 5.3.2.1 

m p A. " 
K* = 26.97, Q* = 386 0.710 0.852 482.38 68.48 

Ki*= 21.35, Qi*= 487 0.732 0.878 454.24 66.46 

K2* = 34.41, Qi*= 302 0.730 0.876 456.41 66.61 

From the representative numerical experiment it is clear that the optimal batch size and 

set-up cost of our model are very different from those of Porteus' model. Our optimal set­

up cost is about 26% higher than Alternative I and about 22% lower than Alternative II 

while optimal batch size is about 21 % lower than Alternative I and 28% higher than 

Alternative II. If the optimal decision variable values from either alternative are used in 

our model, the "loss in profit" can be significant. In our example it is almost 3%, which is 

quite high for companies in competitive situations. Using the optimal decision variable 

values from "wrong models" leads to larger operating costs per unit. Larger operating cost 

leads to higher price and hence lowers demand with the net result being that the profits are 

lower. If, in addition, there were economies of scale from batch size (e.g., c(Q) = c + 

[d!Q]) and if it is not taken into account (i.e., assuming c(Q) = c 'if Q), it can have an even 

stronger effect on the optimal decision variable values and hence on profit. Obviously as 

the economies of scale become more prominent, the detrimental effect on profit of 

ignoring them becomes more severe. 
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5.4 Investments in Supply Time Reduction 

In Section 5 .3 we developed models based on the idea that operating costs can be reduced 

by investments in set-up time ( cost) reduction. In Chapter 4 we showed that investment in 

supply lead time reduction could also decrease inventory costs. In this section we develop 

models similar to those of Section 5.3 with the focus now on investment in supplier lead 

time reduction. 

5.4.1 Basic Model 

Assume a firm buying a single make-to-stock item from a supplier (internal or external) 

and selling it directly to price-sensitive customers. However, unlike in Section 5.3, there is 

a supply lead time from the supplier to the buyer that is random. Though the final 

customer demand is deterministic, because of the stochastic procurement lead time the 

lead time customer demand for the buyer will also be stochastic. The buyer is following a 

(Q, r) policy for its procurement control. 

The customer demand rate, A., is a decreasing function of price per unit charged to the 

customers, p. The firm sets its price, p, as a constant percentage mark-up over the 

operating cost per unit, m. Since the lead time demand is random, the firm might loose 

customers if it does not have sufficient safety stock. Hence, in addition to set-up cost, 

holding cost and purchase cost, the firm also incurs a backordering penalty cost per unit 

per unit time of b. The holding cost is assumed to consist primarily of cost of capital 

invested in inventory. Since the buyer is using a (Q, r) policy, whenever the inventory 

position of the buyer reaches r, it orders Q units from the supplier. As in Section 5.3, c is a 

non-increasing function of Q. 

The firm's total inventory cost is composed of ordering costs, holding costs, backordering 

costs and purchase costs per unit time and from Chapter 4 will be given by, 
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C(Q, r) = K)., + hE( I)+ bE( B) + c).,, where E(I) and E(B) have been defined in Chapter 
Q 

4. The firm's total operating cost per unit, m, will be given by: 

K.il. 
- + hE( I)+ bE( B) + c.il. 

m = _Q-"---------
.l 

(5.4.1) 

where c is a function of Q and h = ic. 

Since customers are price-sensitive, the demand, 2, will be a function of the price, p, and 

because the firm employs mark-up pricing, p = rpn where m is given by (5.4.1). The 

objective of the firm is to maximise its profit per unit time, similar to problem P5.2, where 

the decision variables are now both the batch size, Q and the reorder point, r. A schematic 

representation of the proposed system is shown in Figure 5.4.1. 

SUPPLIER 
...___> 

<------

m = Operating cost per unit = (set-up cost 

+ inventory holding cost + backordering cost 

+ purchase cost)/ demand per unit time 

t 

Mark-up pricing 
(p = rpn) l 

CUSTOMER 
DEMAND 

( deterministic, but 

price-sensitive) 

Figure 5.4.1: Supply Chain System for Section 5.4.1 
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S.4.2 Model with Investments in Supply Lead Time Reduction 

In this section we extend the general model developed in Section 5 .4.1 assuming that the 

firm invests in reducing supply lead time. Hence, the system is now similar to those 

considered in Chapter 4 except that customer demand, A., is deterministic with a price­

sensitive rate. The price will be determined by the firm's operating cost and so both p and 

..i will be functions of the operating decision variables. 

In Chapter 4, we developed six different models based on the nature and frequency of the 

investment type. For the present model, let us assume that the investment in supply lead 

time reduction is one-time with the life of the investment depending on the time it is being 

used. The total cost will be given by: 

KA a f.r r+Q J 
C(Q, r, a)=-+- G'(a.y)dy+c..i+0iM 17(a), 

Q Qr 
(5.4.2) 

(( yla) 
where G'(a,y) = (h + b) Jo F(x)dx + b(µ- {yla}) and h = ic. 

Note that now there are three operational decision variables - Q (batch size), r (reorder 

point) and a (refer to Chapter 4). The operating cost will now be given by: 

KA a f.r r+Q J -+- G'(a,y)dy+c..i+BiMir(a) 
Q Qr m=~-~-------------

A. 
(5.4.3) 

where c is a function of Q and h = ic. 

The price charged by the firm will be p = rpn and the demand rate ..i will be given by the 

relation in (5.2.1). However, the demand rate A itself will affect m and even the 

investment decision will be affected by the integration of the cost minimisation model 

with market demand. The problem for the firm can now be written as: 
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(P5.5) Maximise ,r= (p - m).l, 
Q.r,a 

subject to: 

p ';?:_ m ~ 0 and A ~ 0, 

where mis given by (5.4.3),p = rpn and A.= fi(p) (A. is some decreasing function of p). 

While the general procedure to solve this problem will be the same as shown in Section 

5.2, the analysis will be much more complex than in Section 5.3. The operating cost 

affects the price as well as the demand. The demand rate in tum will affect the lead time 

demand distribution. Hence, the operating variables - Q, r and a - will affect the lead time 

demand distribution, i.e., F(x). In this case obtaining a closed form solution form in terms 

of the decision variables will be difficult. Though we formulate the problem here, we 

leave the analysis for future research. 

5.5 Conclusions and Future Research Opportunities 

In this chapter, we set about to model a profit-maximising firm selling a single make-to­

stock product to price-sensitive customers. The firm sets its price as a fixed percentage 

mark-up over its operating costs per unit, and is considering investing in reducing its 

operating costs by optimal management of its lead time so that it can lower the price to 

gain a greater market share. For the case of deterministic (but price-sensitive) demand and 

investment in set-up time ( cost) reduction, we were able to formulate a model where price 

and demand, and hence profit, are functions of the operating variables - batch size and set­

up cost - of the firm. We show that when there is explicit dependence of the demand on 

the operating variables in a profit maximisation model, some well known solution 

properties from classical inventory management do not hold true anymore. In that case, 

managers have to be extra careful about choosing optimal operating variables. We were 

also able to show that investments in increasing efficiency (i.e., decreasing operating cost 

by some investment in set-up cost reduction) can be passed on as a price decrease to the 

customers which will increase the demand and the profit for the firm. If the firm does not 
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take this effect into account, and determines the optimal decision variables assuming that 

the demand is constant or price is an independent decision variable, it will lead to sub­

optimal results and the firm would be loosing substantial profit in a competitive market. 

We were also able to formulate the problem for the case when the firm is buying the stock 

from some supplier before selling it and the supply lead time is stochastic. In this case, the 

lead time demand for the firm will be random and the firm can invest in reducing the 

variability of the supply lead time either by making the investment itself or by paying the 

supplier for lead time reduction investments. Again the price and demand { and hence 

profit) will be functions of the operating variables of the firm. In this case the variables 

will be - batch size, reorder point and variability of supply lead time. However, the 

complexity of this problem makes further analysis cumbersome and difficult. We leave 

this for future research. 

We feel that our model adequately captures the main features of make-to-stock firms in a 

competitive environment and how such firms can use a time-based strategy to reduce costs 

and increase market share. The main contribution of this research lies in the fact that for 

the first time in the literature we develop a model where the profit-maximising operational 

variables for a firm are determined by taking into account how efficiency improvements 

can explicitly impact the profitability of the firm. We were able to couple the cost 

reducing operations research based models with relevant microeconomic models to 

demonstrate how not taldng such interactions into account can lead to sub-optimal results. 

In terms of scope for future research, further analysis of the model formulated in Section 5.4 

with investments in supply lead time reduction would be worthwhile. As we indicated, most 

of the process-improvement models in operations management ( discussed in Sections 2.5 and 

2.6) assumed demand to be constant or stochastic with the mean demand rate being constant. 

It might be useful to use the general framework developed in Section 5.2 to analyse some of 

those models with price-sensitive demand. Such integrated production-marketing modelling 

will help in establishing the overall contribution of investments in increasing efficiency. 
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CHAPTER6 

CONCLUSIONS AND FUTURE RESEARCH 

6.1 Summary and Conclusions 

In this thesis, we investigated the issue of lead time management in supply chains in 

different competitive environments. We took into account both the costs and benefits 

associated with lead time reduction in three analytical models. One model studied delivery 

lead time management for make-to-order firms, and the other two models analysed supply 

lead time and set-up time management for make-to-stock firms. 

The motivation for this research and some relevant background were presented in Chapter 

1. It showed the importance of effective lead time management in modem supply chains 

and discussed the various costs and benefits that firms need to consider before deciding on 

the optimal lead time. We also discussed why it is necessary to have a different supply 

chain design and lead time reduction focus for make-to-order and make-to-stock supply 

chains. 

In Chapter 2 we identified several gaps in the current literature on lead time management 

in supply chains. 

• Models investigating delivery lead time management for make-to-order supply chains 

did not analytically account for the possibility of a price premium from shorter 

delivery times or economies of scale from increased demand. 

• Previous literature on investments in supply lead time reduction did not employ the 

state-of-the-art (Q, r) model or capture the different types of possible investments 

while determining the optimal supply lead time. 

• Models investigating set-up time/supply lead time management for make-to-stock 

supply chains either totally ignored or did not explicitly account for the effect of 

reduction of operating costs on final customer demand. 
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In our research, we addressed the above gaps so as to develop more comprehensive 

models. This has led to many new insights into lead time management in supply chains. 

In Chapter 3, we dealt with delivery lead time management issues for make-to-order 

firms. We modelled a make-to-order supply chain consisting of a firm and its customers 

where the mean demand rate is a function of price and guaranteed delivery lead time and 

the market price is determined by the length of the guaranteed delivery lead time. We then 

extended our model by incorporating economies of scale where the unit operating cost is a 

decreasing convex function of the mean demand rate. The firm can invest in increasing 

capacity to guarantee a shorter delivery lead time but must be able to satisfy the customers 

according to a specified reliability level. Our models explicitly accounted for "price­

sensitive" and "lead-time-sensitive" customers. We showed how the firm could select the 

optimal length of the guaranteed delivery lead time and processing rate to maximise its 

profits by a relatively simple procedure. Our numerical examples clearly indicated that 

ignoring the dependence of market price on the lead time offered and economies of scale, 

when they in fact exis~ could lead to potentially large profit losses for the firm. It is also 

important for firms to take note of the inherent preference of customers for price or lead 

time when making decisions. We also extended our model by explicitly accounting for 

WIP holding costs and penalty costs for the firm. In that case we were only able to 

formulate the problem without providing any analytical solutions. Some of the possible 

extensions to this model might include: 

a) Allowing the mean demand rate to be a function of the service level in addition to 

price and guaranteed delivery time; 

b) Extending our model to a non-linear demand function; 

c) Analytical solution of the model developed in Section 3.6 taking holding costs and 

backordering costs into account. 

In Chapter 4, we developed models for investigating investments in supply lead time 

reduction for make-to-stock products. We used a continuous review "exact" (Q, r) model 

and captured the effects of investment in lead time duration reduction through investment 
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in changing a single variable, a. In practice, investments can be one-time or recurring. It 

might also vary depending on the nature of investment ( e.g., per unit or per cycle or per 

unit time). Our six new tiivariate models captured both the costs and benefits of lead time 

reduction for the different types of possible investment. Our analysis of the cost model 

illustrated the benefits of investments in supply lead time reduction in terms of inventory 

cost. It also highlighted the importance of talcing into consideration the type of the 

investment made by the supplier and how it is being passed on to the buyer before 

deciding on the optimal strategy. Our extensive numerical comparative statics showed that 

the interdependency of the three decision variables could result in some seemingly 

counter-intuitive results. From this chapter, we can conclude that investments in supply 

lead time reduction can result in substantial reduction of inventory costs after accounting 

for all the associated costs and benefits. However, it is important to consider the frequency 

and nature of the investment while developing models for supply lead time management. 

Some of the possible extensions to this model might include: 

a) Analytical proof that the cost function of the unit model is univalleyed; 

b) Analytical comparative statics. 

In Chapter 5, we developed models for determining the optimal lead time for make-to­

stock firms. In this chapter we considered a profit-maximising firm selling a single make­

to-stock product to price-sensitive customers. The firm sets its price as a fixed percentage 

mark-up over its operating costs per unit and is considering investing in reducing its 

operating costs by proper management of its lead time. Lower operating costs will allow 

the firm to reduce price and gain a greater market share. For the case of deterministic 

demand and investment in set-up time ( cost) reduction, we were able to formulate a model 

where price and demand, and hence profit, are functions of the operating variables - batch 

size and set-up cost - of the firm. We showed that when there is explicit dependence of the 

demand on the operating variables in a profit maximisation model, some of the best 

known solution properties from classical inventory management do not hold true 

anymore. In that case, managers have to be extra careful about choosing the optimal 

values of the operating variables. We were also able to show that in this case, if the firm 
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ignores the explicit dependence by either assuming demand to be constant or price to be 

an independent decision variable, it will lead to sub-optimal results and the firm would be 

loosing substantial pro.fit. For the case of stochastic lead time demand and investment in 

supply lead time reduction, we were also able to formulate the problem in terms of the 

operating variables of the firm - batch size, reorder point and variability of supply lead 

time. However, the complexity of the problem makes further analysis cumbersome and 

difficult. Some possible extensions to this model will include: 

a) Analysis of the model developed in Section 5.4 where investment is made in 

supply lead time reduction in a stochastic lead time demand environment; 

b) Utilising the general framework developed in Chapter 5 to extend a whole 

generation of process-improving-investment models that were developed ignoring 

the price-sensitivity of the customers (refer to Sections 2.5 and 2.6). 

From a technical standpoint, the main contribution of this research lies in the fact that we 

develop new models incorporating issues that were not accounted for in previous models 

both for make-to-stock as well as make-to-order firms. Our models are able to provide 

new insights into lead time management issues in supply chains. Specifically, we showed 

the importance of integrated operations-marketing modelling in making supply chain 

decisions. From a managerial standpoint, this research can help managers to determine the 

key issues they must focus upon, depending on their competitive environment, when 

making their lead time decisions. Our research shows that both make-to-order and make­

to-stock firms can gain competitive advantage through lead time management. As e­

commerce and outsourcing grows in popularity and customers becomes more demanding, 

the importance of price and speed as competitive priorities will only increase. 

Simultaneously, competition will make resources scarcer, necessitating their optimal use. 

We feel that the integrative nature of our research is a significant addition to the 

operations management literature on time-based competition. 

We would like to add here that as in most analytical research, the ability to use the models 

developed in this thesis is limited by the number of simplifying assumptions made. 
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However, we believe that the qualitative insights drawn such as the risks of decision error 

and importance of integrated production-marketing modelling are applicable for a wide 

variety of real-life manufacturing and service systems. 

6.2 Recommendations for Future Research 

The summary and the conclusions presented in the previous section show our current 

understanding of the lead time management issues for supply chains. However, the 

models developed in this research have significant potential for being extended and 

further evolved. We have discussed some of the possible extensions to the models already 

developed. In this section we will present some ideas for new models. 

• Assemble-to-Order Environment 

In recent years assemble-to-order production has become very popular. This approach 

combines the effectiveness of make-to-stock and make-to-order environments by 

producing components to stock and then assembling them as required by customer orders. 

Normally the result is faster response than the traditional make-to-order approach, with 

fewer inventories than a make-to-stock approach (Hopp and Spearman 2000). This is the 

technique used, for example, by Dell for manufacturing its computers. The models 

developed in Chapters 3, 4 and 5 can be integrated to develop models for an assemble-to­

order environment where demand is random with the mean demand rate being sensitive to 

both price and delivery time. 

Assemble-to-order firms have two options to increase demand through investment. One is 

to reduce the operating cost by investing in supply lead time reduction for suppliers of 

components (like in Chapters 4 and 5) so that price can be reduced. The other way is to 

improve the length and accuracy of the delivery time by investing in increasing its own 

assembly capacity (like in Chapter 3). If there is limited budget available for investment, 

then the firm has to optimally allocate it to reduce supply lead time and/or delivery time. 

Though intuitively it appears that the allocation will depend on the sensitivity of demand 
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rate to price and delivery time, the optimal allocation decision is not clear. Development 

of models to analytically investigate the issue of optimal allocation of constrained 

resources to improve efficiency and/or responsiveness for an assemble-to-order 

environment can be a worthwhile endeavour. 

• Lead Time and Price Based on Customer Sensitivity 

In Chapter 3 we assumed that customers are homogeneous - either price-sensitive or lead­

time sensitive. However, recent technology has made it possible to collect customer 

characteristics in more detail (Smith, Bailey and Brynjolfsson 2000). If some firm has 

such data then it is imperative to use it to make intelligent decisions. The firm then might 

quote lower prices and higher delivery times to customers who are more price-sensitive 

than time-sensitive and vice versa. We feel that priority queueing techniques can be used 

to model the case where, rather than giving "uniform" delivery time guarantee to all 

customers, the profit-maximising firm can provide different delivery time (and so charge 

different price) to different customer niches depending on their price and lead time 

sensitivity. 

• "Active" Supplier 

In our research, the issue of supply lead time reduction has been investigated assuming 

that the supplier has no information about the final customer demand and so it passes on 

part or whole of the investment cost to the buyer (i.e., the supplier is relatively passive). 

However, if the supplier is aware of the demand sensitivity of the final customers, then it 

might keep its price and delivery times low by its own choice. Such an action will reduce 

the inventory cost for the buyer and probably result in increased demand. In case of sole 

supplier (like ours), this means increased order for the supplier also. Development of an 

integrated supply chain model with a more "active" supplier that takes into account its 

pricing and lead time decisions' effect on the whole supply chain is an interesting future 

direction. 
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Appendix 3.1 

Proof of Proposition 3.5.3 

From (3.4.9) and (3.5.9), we can say that the RHS of (3.5.6) is always increasing in L, 

negative up to L = ~ and then positive. From (3.4.16), vr=,;; 

(A3.1.1) 

From (3 .4. 9) and assuming M,,,,,. <!: 0, we have (A3. l. 1) is negative for L S ✓ (-:') and so 

the RHS of(3.5.6) is concave for LS ~. vr=,;; (A3.1.2) 

Differentiating (A3 .1.1} with respect to L we have: 

8 1 R a a aJ R a" R 

3Mµµ (J.l (L))( ~ )2 + 4Mµµ (J.l (L))( ..J:!_ )( ---1!,) + Mµ (J.l (L))( ~ ). 
BL aL BL aL 

(A3.l.3) 

From (3.4.9) and assuming that Mµµµ ~ 0 and Mµµµµ ~ 0, we see that only the third term of 

(A3. l .3) is negative while all others are positive. A sufficient condition for 
81 

( RJfS) to 
aL· 

be increasing is: 
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(A3.l.4) 

We can show that condition (A3.1.4) implies that for any L ~ ~, a
1 

( RHS) is 
1j(-W} aL1 

increasing. 

(A3.l.5) 

If (A3. l.1) is positive for higher L (otherwise RHS will be throughout concave), from 

(A3.1.2) and (A3.1.5) it is clear that there is a unique solution of 
01 

( R.IfS) O (say Ls) 
8L 

and ai ( fU;S) is negative for L ~ Ls and positive for L > Ls. Also, Ls> ~, implying 
aL- V~ 

that RHS will be concave till Ls and then it will be convex and at Ls, the RHS will be 

positive. 
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Appendix 4.1 

Proof of Equivalence of Inventory Cost Function with the Transformations X = aX 

and X=aX+(I-a)µ 

With X =aX, 

C(Q,r,a) = Kd + h(r + Q -aµ)+ (h +b)a [ Jl(r )-Jl(r + Q)] +pd, (A4.1.l) 
Q 2 Q 

where Jl(r) = 1ao [j"° F(x)dx] ds. 
s•r z=(sla) 

With X=aX+(l-a}µ, 

C(Q,r,a) = Kd +h(r+ Q - µ)+ (h +b)a [ J2(r )-J2(r+Q)] +pd, (A4.l.2) 
Q 2 Q 

where J2(r) = r<I) rJCO F(x)dx]ds. 
Js=r x•fs-(1-a)µj la 

Let us define Z(x) = fF(x) (for this Appendix only). 

Then, JI( r mv J = r<I) f Jee Fr x )dx J ds < rmv is the reorder point for .x = aX) 
Js•r- x.-(sla) 

ICIO S 
= [Z(oo)-Z{-)]ds. 

s=r- a 

Withs= t-(I-a)µ t 

(A4.l.3)= 1m [Z(oo)-Z(t-(1-a)µ)]dt 
l•r- ♦(l-a )p a 

ice JGCI -c \..1-= ( F XJU-A,) dt 
t•r. x.•{1-{l-a)pj la 

=J2(rv) (rv is the reorder point for X = aX +(I-a)µ) 

where rv = r 111v +(I-a)µ. 
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Therefore, from (A4.1.1) and (A4.1.2) we can say that Q and C are same for X = aX as 

for X = aX +{l-a)µ, and rv = rmv + (I-a)µ \:/ a. This proof is applicable for any 

distribution~ as it does not use any particular property of F{x). 
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Appendix 4.2 

Proof of Convexity for Model 2B ( exact) 

To prove the convexity of "exact" Model 2B we must prove that the extra term {in this 

Appendix M will represent M 1c( a)), 

[0M(a)i(I+i)Nc J /[(l+i)Nc -l] =A (for this Appendix only), 

is jointly convex in Q, r and a {all the other terms are jointly convex). Since the extra term 

is independent of r, we need to prove the joint convexity of A in Q and a. 

Let Bi = Cl, (I + i) = x, and 'ft A = C2 ( for this Appendix only). Then we have: 

xrci;Q(C2)/n(x) (x'ciJQ /(C2)/n(x) 
AQ = (Cl)(M) xrc21Q -1 - ( xrc21Q -1/ 

X(C2JQ 

AQa= -(CJ)(Ma)(C2)[ln(x)] [ rci;Q 2]. 
(x -1) 

It is not difficult to show that Aaa ~ 0, AQQ ~ 0 and AQa ~ 0. 
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The principal determinant of the hessian matrix (AaaAQQ -AQa2
) on simplification is, 

Since (x(Cl)Q + 1) ~ 1, (Maa)(M) - (Ma)1 ~ 0 is sufficient for the hessian to be positive and 

hence for A to be jointly convex in Q and a. 

181 



Appendix 4.3 

Proof of Convexity for Model 1B 

To prove joint convexity of Model 1 B we have to prove the joint convexity of the term, 

E = [ K + BM l A , in Q and a (for this Appendix M will represent kflC( a)). 
Q 

EQ=_[K+OM]A 
Q ' 

E _ 2{K+8M].:i 
QQ- Q3 , 

It is easy to see that EQQ ~ 0, Eaa ~ 0 and EQa ~ 0. 

The principal determinant of the hessian matrix (Eaa EQQ - EQa
2

) on simplification is, 

2K{}{MaaJA. 28 2 A2 {M)(MaaJ --------+-----~-Q4 Q4 

It is then easy to show that 2(Maa)(M) ~(Ma/is a sufficient condition for the determinant 

to be positive and hence for the term E to be jointly convex in Q and a. 
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Appendix 4.4 

Proof of Convexity for Models lA and 2A with respect to a for Fixed Q and r 

The cost function for Models IA and 2A (for fixed Q and r) is given by: 

K)., a lr+Q 
C(a)= -+- G(a.y)dy+c(a)).,, 

Q Q r 
(A4.4.l) 

((yla) 
where G(a,y) = (h(a) + b) Jo F{x)dx + b(µ- (yla)), h(a) = ic(a). 

The only difference in the two models is that for Model IA, c(a) is given by 

[c + 0~u(a)], while for Model 2A, c(a) is given by c + [0MJU(a)(i/).,)]. However, this 

difference will not matter since our aim here is to prove the convexity of the cost function 

with respect to a for fixed Q and r and both i and .l are constant parameters. 

On simplification C( a) can be written as: 

C(a)= 

K).. + a(h(a)+b) rr+Q [ f/'aJ F(x)dx]dy+abµ--1-[(r+Q}2-r2 ] +c(a)l. 
Q Q Jr O 2Q 

(A4.4.2) 

Since we have assumed that Q and rare constants and c(a) is by assumption convex in a, 

to prove the convexity of C( a) in a we need to prove that, 

a(h(a) +b) Ir+Q [ r(yla) F(x)dx]dy = T(for this Appendix only), 
Q r Jo 

is convex in a, i.e., Taa ~ 0. 
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Then (h represents h(a)), 

Ta= - {h +b) Ir+Q [ r(yla) xf{x)dx]dy+ aha rr+Q [ r<yla) F(x)dxjdy, 
Q r Jo Q J, Jo 

and 

Taa= (h+b) r•Q [(yla3 )f(yla)]dy+ ahaa r•Q [ ryla) F{x)dxjdy 
Q r Q r 0 

- 2ha [r+QJ r1(yla) xf(x)dx]dy. 
Q r 0 

If r is positive, it is easy to see that Taa ~ 0 (since ha SO and haa ~ 0). 
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Appendix 4.5 

Condition under which Cost Functions of Models lA and 2A will be "Univalleyed" 

The cost function for Model lA is, 

KA 1 fr+Q h(a) 
C{Q,r,a)=-+- [aG(a,y)]dy+-.-A., 

Q Q r l 

f(yla) 
where G(a,y)={h(a)+b) Jo F(x)dx+b[µ-(yla)], 

/z( a) = ic( a) and c( a) = c + B~u( a). 

We know that C is convex in Q and r for fixed a. Let Q * (a) and r • (a) be the optimal 

Q and r for a fixed a. This implies: 

KA a f,r•raJ+Q•raJ h( a) 
C(Q*(a),r*(a),a)=---+-- G(a,y)dy+-.-l. 

Q * (a) Q * (a) r•ra J l 

(A4.5.l) 

In the sequel, we suppress the argument of Q • (a) and r * (a) . 

From (A4.5. l ), 

BQ* ac ar• ac 1 r•+Q· = --·--+-·-+- r G(a,y)dy 
aa 8Q* aa ar• Q* Jr• 

By design ac and BC are both equal to zero, implying that, 
8Q* ar• 
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To prove that C is univalleyed, it is enough to show that (A4.5.2) = 0 has a unique (or no) 

solution for O S a S 1. The condition will be similar for Model 2A with the only 

difference being that h( a) = i( c + BMiu ( a Ji). 
A. 
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Appendix 4.6 

Optimal Lead Time Duration with Random Demand 

It is well known that when demand and lead time duration are both random, the mean and 

variance of the lead time demand are given by: 

µ=J,,µL 

and d = (O",t)2µl + A.2((TL)2, 

(A4.6.I) 

(A4.6.2) 

where µ and d are the respective mean and variance of the lead time demand distribution, 

µ and ( uL)2 are the respective mean and variance of the lead time duration distribution and 

2 and ( u;..)2 are the respective mean and variance of the demand distribution. 

When the demand is constant (i.e., ( u 1 J2 = 0 and .l is just the demand rate) and µ and 

a 2 at status-quo are known, we can easily find µ L and ( a L) 
2 at a = l . The optimal a , 

rztc, gives us the optimal mean ( µL *)and variance ( aL *)2 of the lead time duration: 

(A4.6.3) 

and 

(A4.6.4) 

Suppose the demand is random but the reduction in lead time demand comes solely from 

the reduction in lead time duration. The mean and variance of the demand is presumed to 

be the same for any lead time duration. Let the reduced lead time demand random variable 

be X = aX and there is 3-1"1 investment in reducing a . Like in the constant demand case, 

we can determine the optimal ~ that minimizes the buyer's cost. Since all our analytical 
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and numerical results are based on LTD distribution and cost associated with changing 

X (i.e., a is our decision variable), all of them will still hold. 

If the mean and variance of the lead time demand distribution and demand distribution at 

status-quo are known, we can determine the mean and variance of the lead time duration 

at status-quo. For random demand, the optimal mean and variance of the lead time 

duration then will be given by: 

µL * = ( a*)( µL at a = 1) , (A4.6.5) 

and ( • 12 _ {( a*/( u 2 at a= I)}-{( uA.f at a= l)( µL *)} 
~/- p . {A4.6.6) 

From (A4.6.5) and (A4.6.6) it is clear that we can determine the optimal mean and 

variance of lead time duration for random demand case also. 
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Appendix 4. 7 

Analytical Comparative Statics of r * (a) and { r * (a) + Q * (a) } with respect to a 

for Unit, Time and Cycle Models 

The FOCs for the time model (recalling that all three models are jointly convex in Q and r 

for fixed a) can be written as: 

C{Q,r )-fJMRr -c.l = aG(a,r) =aG(a,r+Q) , (A4.7.l) 

KA a f.r+Q RT • where C(Q, r) =-+ - G( a, y )dy + cA + BM , with a as parameter. 
Q Qr 

In the following analysis, r and Q represent r • (a) and Q * (a) respectively. 

We know from Zheng (1992) that b ~ (b + h)F{r I a). Total differentiation with respect 

to a of aG(a,r) = C(Q,r )-BMRT -CA at r and Q gives (recall that rac I oQ)and 

( oC I or) are by design equal to zero): 

aaG(a,r) aaG(a,r) or ----+----
aa or aa 

Simplifying (A4.7.2) we have: 

or 
oa 

where Z(y) = aGa (a,y) + G(a,y) and Gr (a,r) = (b + h)F(r I a)-b. 

189 

(A4.7.2) 

(A4.7.3) 



Z(y) is a decreasing function of y. We can also show that Z(r + Q) '?. 0 if and only if 

r(r+Q)la r"° 
bl(b+h) '?. [( Jo xf(x)dx)/( Jo xf(x)dx)]. This condition will most probably hold 

for b >> h, unless a= 0, but then (r + Q) will also be = 0 and so (r + Q)I a will probably 

still be finite. If we assume that Z(r + Q) '?. 0, then both Z(r) and Z(r + Q) are positive and 

1 ir+Q 1 f.r+Q we can show that - Z(y)dy-Z(r)~Oand - Z(y)dy-Z(r+Q)'?.0. So, from 
Q r Q r 

(A4. 7 .3), ( ar I aa) '?. 0 since both the numerator and the denominator are negative. 

Using total differentiation with respect to a of aG( a,r + Q) = C(Q,r )-BMRT - cit and 

recalling that G ,+Q ( a, r + Q) = ( b + h )F( r : Q )- b ~ 0 (Zheng 1992), we can similarly 

show that [(8r/8a)+(8Q/8a)]'?.0. But we cannot analytically determine the sign of 

(8QI 8a). 

For the unit model, the procedure will remain exactly the same as before with MRr 

replaced by MRu and h replaced by h( a)= if c + BM Ru J. In this case, though Z(y) is still 

a decreasing function, the condition for Z(r + Q) '?. 0 will be different. From our numerical 

experiments we can tell that Z(r + Q) will still be positive in almost all cases. Assuming 

that Z(r + Q) ~ 0 and following the same method as for time model, we can prove that 

(8r 18a) '?. O and [(8r I 8a) + (8QI aa)] ~ O. 

For the cycle model, C Q = 0 will be: 

(K +BMRC )it+ 1 ,,•(a)+Q•(a) [aG(a.y)]dy =aG(a,r*(a)+Q*(a)). 
Q* (a) Q*(a) J,•ra; 

(A4.7.4) 

Following the procedure as before (r and Q representing r * (a) and Q * (a) respectively) 

we will have: 
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3:..oMRC _!__ rr+QZ(y)dy-Z(r) 
or Q a Q Jr 

-= +----------, (A4.7.5) 
aa aGJa.r) aG,(a,r) 

where Z(y) and G( a, y) are as in the time model. 

As _!_ rr•<JZ(y)dy-Z(r), aG,(a,r)and 0M:care all negative, we can say that 
Q J, 

(or 18a)?:. 0. But now, 

While the second part of RHS is positive, the first part is negative (since the numerator is 

negative while the denominator is positive). So, for the cycle model 

[(or! aa) +(f:JQI f:Ja)]can be positive or negative depending on the value of 0M:c. 
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Appendix 5.1 

Proof that Profit with the Root with Minus Sign is Higher 

The profit function is given by: 

and the two solutions to m are given by: 

1±.Jl-4uv 
m=----

2u 

where: 

i 
u = c(Q)Q _,, 

2a11 • 

and 

K 
v= -+c(Q). 

Q 

Substituting the two roots in (AS.1.2) in (AS.LI) we have: 

,z(negative root ofm) - JZ(positive root of m) 

= (art2J(TJ-l}) .JI- 4uv. 
V 

(AS.LI) 

(AS.1.2) 

(AS.1.3) 

(AS.1.4) 

(AS.1.5) 

If ✓1 -4uv > 0, then (AS.1.5) is strictly positive implying that the profit function with the 

negative root of m will always be greater than the profit function with the positive root of 

m. 
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Appendix 5.2 

Proof of Semi-Strict Quasiconcavity of ,r 

Remembt:ring that c is a function of Q, we can easily show that: 

i) K(CQQ) + Qc(CQQ) + 2Q(cQ)2 + 4c(cQ) ~ 0 is sufficient for convexity of uv, 

and 

ii) 2cQ + Q(cQQ) :s; 0 is sufficient for concavity of u. 

Hence, (1 - 4uv) is concave in Q and since (1 - 4uv) is positive for feasible Q, this implies 

that ✓I-4uv is also positive concave. Since the denominator of (5.3.9) is convex in Q 

and the numerator is concave (both positive), we can conclude that ,r is semi-strictly 

quasiconcave in Q (Schaible, 1981). 

Both conditions will be satisfied when the unit purchase/production cost is constant, i.e., 

c(Q) = c (> 0) 'ff Q. The condition 2cQ + Q(cQQ) :s; 0 is also satisfied by most of the 

common non-increasing convex unit cost functions we expect to see in the literature -

linear, power and logarithmic. These types of functions, but under some additional 

constraints, will also satisfy the condition K(CQQ) + Qc(CQQ) + 2Q(cQ)2 + 4c(cQ) ~ 0. 
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Appendix 5.3 

Proof of Proposition S.3.1 

With 1 - .J1 -4uv = T, tr"in (5.3.9) can be written as: 

{AS.3.1) 

Differentiating (AS.3.1) twice with respect to Q, we get the following expression for "QQ 

which is a cubic equation in Q: 

(AS.3.2) 

For constant unit purchase/production cost, UQQ = 0 and TQQ ~ 0. Of the three solutions to 

(AS.3.2), two will be complex and one will be negative. So, for any positive Q, (AS.3.2) 

has the same sign. Note that Tis increasing linear in Q, Le., TQ ~ 0 "d Q. It is now easy to 

prove that (AS.3.2) is negative for any feasible Q SQ* (solution to UQT- TQu = 0). Since 

we know that (AS.3.2) will have the same sign for any positive Q, it must be negative for 

all feasible Q. Therefore, tr"is concave for all feasible Q. 
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Appendix 5.4 

Derivation of BQ*(K)I BK and if Q*(K)I 8K2 

For Section 5.3.1.3, 

(AS.4.1) 

Differentiating (AS.4.1) with respect to Kwe have: 

aQ*(KJ aQ*(KJ aQ*(KJ 
(UQQ oK + UQK)T+ uQ(TQ aK + TK) - (TQQ aK + TQK)U 

-(UQ aQ*{K) +uK)TQ=O. 
aK 

(AS.4.2) 

Rearranging we have the expression in (5.3.17). 

Differentiating (5.3.17) with respect to Kwe have: 

(A5.4.3) 
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Appendix S.5 

Proof of Proposition 5.3.6 

The condition for concavity of ,ris given in (A5.3.2) of Appendix 5.3. The condition can 

be written as (recalling that T = l - .Ji - 4uv ): 

_ u[(uv )Q]
2 

{ 4 

1-4uv .Jt-4uv 

1 
12}+(2u(uv)QQ +4uQ(uv)Q )(1- .Jt-

4

uv} SO. 

(A5.5.l) 

Note that (1 - (1/ .J1 - 4uv )] and -(u[(uv)Q]2)/(l - 4uv) are negative since O < 4uv S l for 

feasible Q. Then the sufficient conditions for concavity of ,rare: i) .J1 -4uv s (1/3), and 

ii) 2u(uv)QQ + 4uQ(uv)g ~ 0. It is possible to show that 

2Q(uv)QQ + 4(uv)Q ~ 0. (A5.5.2) 

From (AS.5.2) it is possible to show that the condition 2u(uv)gg + 4uQ(uv)g ~ 0 will 

always be satisfied for feasible Q. So, .JI-4uv S (l/3) is sufficient for concavity of ,r. 
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Appendix 5.6 

Proof of TKKKS O for TKS 0 

Differentiation of TKKin (5.3.28) with respect to K after some simplification yields: 

-(-)4(wz)K(Z))}, (AS.6.1) 

where X = .Jt -( wz) and Z is the numerator of T KK in (5.3.28) (for this Appendix only). 

Noting that feasible K requires (1 - wz) ~ 0, i.e., X~ O> and we are interested in TK s 0, 

from the expression of (S.3.28) we can tell that (wz)K S 0. For both investment functions 

we can show that (wz)K S 0, (wz)KK ~ 0, (wz)KKK SO and Z ~ 0. Then from (AS.6.1) we can 

prove that T KKK S 0. 
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