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Abstract

Due to the increasing demand for bio-pharmaceuticals, optimization of bio-processes’
productivity and reduction of process variability have become critical goals for manufac-
turers. Mathematical models of the fermentation processes are instrumental in achieving
these goals.

Dynamic flux balance analysis (DFBA), sometimes also referred to as dynamic flux bal-
ance modeling (DFBM), is a type of mechanistic modeling approach that can describe the
dynamic evolution of key metabolites based on the structure of metabolic networks. DFBA
predicts the dynamic evolution of metabolites based on the assumption that resources are
optimally allocated so as to maximize/minimize a biological objective function, e.g. max-
imization of cell growth. Accordingly, DFBA is formulated by a linear programming (LP)
problem to compute the metabolic fluxes at each time interval. Then, the evolution of
concentrations of different metabolites over time is obtained from the integration of mass
balances that are based on the calculated fluxes.

Generally, the LP used to solve a DFBM for a particular microorganism may have
multiple solutions. Mathematically, the multiplicity of solutions arises due to the under-
determinancy of the LP. On the other hand, from the biological point of view, the occur-
rence of multiple solutions may correctly describe the behavior of different strains of the
same microorganism or alternatively the occurrence of metabolism switches under different
operating conditions. The choice of one solution in the presence of multiplicity is further
complicated by the fact that different commercial solvers may lead to different solutions of
identical LPs. However, a good DFBA model should be solver-independent while it should
be able to correctly describe available data for a specific microorganism strain.

Following the above a good LP solver should choose the specific solution based on
the strain instead of choosing the solution ”randomly” as most commercial solvers do.
Hence, the first contribution of this research is to construct a solver that can select a
specific solution among all possible optima that is compatible with experimental data. The
weighted primal-dual method (WPDM) presented in Chapter 3, is a modified version of the
interior point method (IPM) which uses interior weights to solve the LP. By manipulating
these weights, the specific optimal solution can be obtained when multiple optimal solutions
occur. The interior weights can be found by fitting experimental data obtained for a specific
strain of a microorganism.

Although WPDM was able to select optimal solutions to fit the data, it was found to
be computationally expensive and thus less suitable for large networks. To address this, an
alternative fast and low-code algorithm called the ellipsoidal reflection method (ERM) was
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developed as described in Chapter 6. This algorithm is able to select particular solutions
among all possible solutions based on the combination of quadratic programming (QP)
and LP problems. ERM plays the same role in DFBM but it can greatly reduce the
computations thus making it suitable for future real-time applications.

An important application of mechanistic models such as DFBM in bioreactors is for the
purpose of estimation of states that cannot be measured directly from available measure-
ments. The ability of estimate variables such as growth rate, productivity or key nutrients
are crucial for controlling and optimizing the process. State estimation for biochemical
systems is particularly difficult due to the lack of online measurements in industrial bio-
processes. While variables such as dissolved oxygen, temperature and pH are regularly
measured and controlled, most metabolites’ concentrations cannot be measured online.
Thus, lack of observability of unmeasured states from measured ones are a known chal-
lenge in bio-processes.

To address the lack of observability, set membership estimation (SME) is proposed
whereby the upper and lower bounds of each state are estimated based on limited mea-
surements. This approach is motivated by the fact that the cell culture media recipe is
generally fixed and the variations of the initial concentrations with respect to the nominal
recipe are within small ranges. The SME treats the variation of initial concentrations as a
set and propagates the initial bounds of the set onto the bounds of each metabolite at each
time step. In this research, two methods of SME are proposed to estimate the bounds of
metabolites.

The first state estimation method, described in chapter 4, is based on the identification
of active constraints and assumes that the solution is always unique in DFBA. Since the
concentration is varying with time, the LP problem in DFBA can be formulated as an
LP with varying parameters. Then, Multiparametric linear programming (mpLP) can be
used to convert the DFBA system into a variable structure system (VSS). VSS describes
the system as composed of multiple subsystems where each subsystem describes a differ-
ent region of the state space. For each subsystem, an extended Kalman filter (EKF) is
constructed to estimate the key states, and the remaining states are estimated by SME.
Moreover, the states crossing in or out of each region of the state space are monitored by
a special algorithm and switches between different EKFs are determined accordingly. In
the E. coli model, it was assumed that only biomass and culture volume are measured and
are used to estimate the bounds of the other states.

The second state estimation method presented in chapter 5 is an extension of the
first method but it explicitly considers the existence of multiple solutions. In this second
method, WPDM is used to replace the LP solver in DFBA and multiparametric nonlinear
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programming (mpNLP) is employed to solve the WPDM interior point-based algorithm.
To propagate the uncertain sets by nonlinear mapping, the sets are split into smaller sets
and are propagated separately by a linear mapping approximation. This is followed by an
assembly operation of all these mapped sets together into one set for each state. Again, for
the E. coli model, only biomass and culture volume are assumed to be measured and are
used to estimate bounds on the other states. This method is shown to generate bounds of
all states much faster than a Monte Carlo algorithm.

To test these methods proposed a platform of culturing B. pertussis has been set up.
In chapter 7, a batch culture of B. pertussis and modeling by DFBM are presented. The
protocols of shake flask, batch culture, and measurements of concentrations of amino acids
in the culture by HPLC are set up. To solve the multiplicity issue, ERM is used in the
modeling by DFBM. Based on the experimental data, DFBM adapted from the previous
model is used to fit. The DFBM model can roughly capture the dynamics of key amino
acids but not of all of them.
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Chapter 1

Introduction

The increasing demand for bio-pharmaceuticals has motivated pharmaceutical companies
to monitor and optimize their manufacturing processes. Mathematical models are cru-
cial for implementing e�ective monitoring and optimization approaches. A key limitation
for e�ective monitoring of bio-processes is a lack of analytical techniques for measuring
key process variables in real time. Thus, model based estimation of key variables from
available measurements is an attractive option for e�ective process monitoring. Despite
recent breakthroughs in arti�cial intelligence (AI) based data-driven models, mechanistic
modelling approaches are generally preferred due to their superior extrapolation ability as
compared to AI models since the latter are mostly accurate only within a neighborhood
of the training data. In the case of bio-processes, mechanistic modelling approaches use
prior knowledge about the process such as the balance of energy and mass, the occurrence
of particular metabolic reactions, kinetic rates of certain reactions etc.

Modeling approaches for bio-processes can be classi�ed into 4 categories, segregated
and structured models, unsegregated and structured models, segregated and unstructured
models, and unsegregated and unstructured models [94, 61]. A model is segregated if
the cells in the system have di�erent states. For example, computational 
uid mechanics
models are segregated because these models assume cells are in a non-homogeneous envi-
ronment so cells at di�erent locations have di�erent states (metabolites' concentrations)
[75]. A model is structured if it captures the conversion among di�erent metabolites based
on biochemical or genomic information, or among di�erent parts of the cells based on bi-
ological knowledge. For instance, a model describing the conversion of metabolites from
glucose to intermediate metabolites and then to ATP is considered as structured because it
describes known metabolic reactions among species. The most commonly used biochemical
models for bioreactor is unsegregated and unstructured. These models assume all cells are

1



at the same nominal state and approximate the behavior of the bio-system based on the
correlation between biomass and products with the substrates. The applications of these
models for optimization, monitoring, and control of bioreactor operations are limited.

Dynamic 
ux balances models (DFBM) are based on the dynamic extension of 
ux
balance analysis [64]. The resulting DFBM models are unsegregated and structured. From
the knowledge of biochemistry and genome, key metabolic networks are modeled so that
the conversion among metabolites in the models is structured. These models assume that
cells optimally distribute resources of metabolites so as to maximize/minimize a biological
objective such as the growth rate at each time step. Linear programming (LP) is com-
monly used to model the resulting optimization problem. The objective of the LP is the
maximization of a biological objective, such as biomass growth rate, ATP or other [33].
The decision variables are the metabolic reaction rates referred to as metabolic 
uxes.
Since the stoichiometry of the metabolic networks, bounds of each reaction, and resources
available to the cell at each time interval pose restrictions on the 
uxes, they are modeled
as constraints in the LP. By solving the LP at each time interval the 
uxes can be ob-
tained. Then, the metabolites' concentrations can be calculated at each time step based
on mass balances as functions of the calculated 
uxes. In this way, DFBM can capture the
consumption or production of metabolites' concentrations over time.

In metabolic networks, a metabolite can be converted into another metabolite through
one or more pathways, thus providing robustness and ability of cells to adapt and grow
in di�erent environments. Di�erent strains of the same species may distribute resources
di�erently across the metabolic network but still exhibit similar or same growth rate. Cor-
respondingly, the metabolic models describing di�erent strains of the same microorganism
will exhibit multiple optimal solutions of their corresponding LP's. The occurrence of
multiple optima of an LP is referred to as multiplicity which is widely observed in DFBM
[59, 63, 76, 77, 96]. Geometrically, the set of multiple solutions is given by an optimal
hyperplane where any solution on that hyperplane is an optimal solution. The choice of
the solution obtained for the LP depends on the choice of the LP solver. Di�erent versions
of simplex and interior-point solvers can be used. Simplex methods will select solutions at
verteces of the feasible region of decision variables whereas interior-point methods will se-
lect interior points on the optimal hyperplane. Usually, vertex points correspond to sparse
solutions because more decision variables are zero. The trajectories of the metabolites'
concentrations with respect to time depend on the solutions chosen by the solver at each
time interval and thus they will be distinctively di�erent for di�erent solvers. Thus, the
model becomes solver-dependent due to multiplicity.

When multiplicity exists, all optimal solutions are mathematically correct but not nec-
essarily compatible with data. Thus, some of the optimal solutions do not correctly describe
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the biological behaviour of the system. An ideal LP solver should �nd a unique solution
compatible with experimental data and �nd di�erent solutions for di�erent metabolism.
On the other hand, the solution is based on the key assumption that metabolism is e�cient
owing to natural evolution [83]. While this could be a sensible assumption for wild strains
it may not be su�cient for describing engineered strains. A crucial novelty of this research
is to use a novel interior-point based algorithm referred to as weighted primal-dual method
(WPDM) 1 to select optimal solutions that are compatible with experimental data.

The primal-dual method is a type of interior-point method. By introducing interior-
point weights into the primal-dual method, the weighted primal-dual method becomes a
strictly convex form of the original LP. The optimal solution of proposed WPDM is unique
and it leads to the same objective function value as the original LP. The minimum point
of the strictly convex surface of the WPDM can be changed along the optimal hyperplane
by varying the interior-point weights. Therefore, any optimal solution of the original LP
can be obtained by using di�erent interior-point weights. In practice, the interior-point
weights can be found by �tting experimental data. Based on WPDM, the trajectories of
metabolites can be forced to �t experimental data better than commonly used LP solvers.

While WPDM was used for most of the studies conducted in this research, it was
found to be computationally expensive method thus making it unsuitable for very large
metabolic networks or for potential online applications. The computational expense is
related to the fact that the number of interior-point weights is the number of constraints.
In most DFBMs, each 
ux has an upper bound and a lower bound. Besides these bounds,
some extra constraints may be required. In total, the number of constraints is generally
much larger than the number of decision variables (
uxes). For large metabolic problems
with a large number of constraints, many corresponding interior-point weights are required
which makes the computation heavy.

To address the computational expense of WPDM, an alternative method referred to as
the ellipsoidal re
ection method (ERM)2 is proposed. ERM involves the combined solution
of LP and QP problems to �nd the 
uxes that �t experimental data. ERM �rst uses the
LP solver to identify the optimal hyperplane and then it constructs a QP to select the best
solution on that hyperplane. The QP problem de�nes the ellipsoidal contours of the convex
quadratic objective. Then, these ellipsoidal contours are rotated by a re
ection operation
until they point and intersect the optimal hyperplane of multiple solutions at a solution
that best �ts the experimental data. The �tting performance is evaluated by the sum of

1Paper has been published. Shen, X., & Budman, H. (2020). A method for tackling primal multiplicity
of solutions of dynamic 
ux balance models. Computers & Chemical Engineering, 143, 107070.

2A paper has been submitted to Computers & Chemical Engineering, which is currently under review.
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square errors between model predictions and the data. A key advantage of this technique
as compared to WPDM is that the number of decision variables is equal to the number
of 
uxes while WPDM is related to the number of constraints. Thus, the computation of
ERM does not increase with the number of constraints as in WPDM. Also, since both the
QP and LP are solved with commercial solvers, this method is low-code, fast, and accurate.

Bioprocess model-based monitoring is another key focus of the current research. Since
bio-processes are typically lacking in terms of available online measurements, state esti-
mation based on limited measurements is crucial for implementing online monitoring and
optimization algorithms. Although process monitoring using unstructured biochemical
models have been widely investigated in the literature, research on state estimation based
on DFBM is limited. State estimation algorithms are motivated by the premise that if a
feedback control can be designed based on the available measurements, the state estimation
error can be controlled to zero. Therefore, a necessary condition to design a state observer is
that enough measurements are available for observing (estimating) the unmeasured states.
Di�erent observability conditions has been proposed for di�erent type of dynamic systems
[110]. Observability tests for nonlinear systems can be classi�ed as local observability and
global observability tests[15]. Local observability assesses whether a point in state space
can be estimated based on available measurements. Global observability assesses whether
state can be estimated in the entire space. Since in industrial practice bioreactors need
to be operated within a very narrow range of operating conditions, it is su�cient to test
observability within that range.

Due to lack of online measurements it is very di�cult or impossible to satisfy observabil-
ity of all the states predicted by a DFBM model. The variables that are generally monitored
online in bio-processes include optical density for biomass, pH, dissolved oxygen, aeration
rate, agitation rate, and temperature. Most states of DFBM or other biochemical models
are concentrations of metabolites which are very di�cult to be measured online [4]. For
instance, derivatizing agents are required to react with amino acids so that amino acids can
be detected by 
uorescence sensors when using high-performance liquid chromatography.
This requirement generally rules out online monitoring of amino acids concentrations.

To overcome the observability problems, two types of set membership estimation meth-
ods (SME) are proposed in this research to estimate states based on DFBM with limited
measurements. The proposed estimation approaches are based on the premise that an
industrial bioprocess always uses the same media composition but the concentrations of
media components may vary due to inaccuracy in media preparation or unknown variability
in raw materials. On the other hand, based on experience and experiments, the variations
in initial media components' levels can be generally quanti�ed based on experience and
a priori knowledge. Based on this knowledge, the problem can be formulated as a state
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estimation problem in the presence of uncertainty in initial media composition and limited
measurements where the latter can be used as feedback to reduce the uncertainty at each
time step. Thus, these SME methods are designed to propagate the initial uncertainty
over time onto the states such that the upper bounds and lower bounds of each state can
be estimated.

Propagating the initial uncertainty directly by the DFBM model is very di�cult because
of its optimization-based nature. In DFBM the 
uxes are solved at each time interval by
an LP solver or WPDM and then are substituted into the state equations to calculate the
states in the next time step. Multiparametric programming is introduced to address this
problem that arises from the fact that at each time interval, a di�erent set of constraints
may become active [2]. If the varying states are regarded as parameters, the LP problem is
converted into a multiparametric linear programming (mpLP) problem at each time step.
MpLP can be solved o�ine so that explicit equations of optimal 
uxes can be obtained
and then substituted into the state equations.

To apply mpLP, the feasible parameter space is partitioned into di�erent critical regions
and then, explicit equations for calculating the 
uxes can be obtained for each critical re-
gion. The biological interpretation of these critical regions is that cells have di�erent
metabolic behaviors that are represented by di�erent regions of state space. As di�erent
regions have di�erent equations of optimal 
uxes and �nally, a series of di�erent state
equations, the system comprised of sub-systems is referred to as a variable structure sys-
tem (VSS). When the LP solution is unique, the application of mpLP is straightforward.
However, when the LP solution is not unique, a WPDM with varying parameters must be
solved to calculate 
uxes. WPDM is especially modi�ed for nonlinear programming so that
multiparametric nonlinear programming (mpNLP) is used to deal with varying parameters
instead of mpLP that is used for cases with unique solutions. The mpNLP proposed in this
research divides the feasible parameter space into di�erent zones and quadratic program-
ming is then used to approximate the WPDM within the given zone. If the accuracy of
the approximation is not su�cient, the mpNLP �nds the best direction to divide the zones
until the accuracy is satis�ed or the zone is too small to be accounted for. In summary,
by the use of either mpLP or mpNLP, the DFBM can be converted into VSS whether the
solution is unique or not.

The �rst SME method3 proposed in Chapter 4 is only applicable when the LP solution
is unique so that mpLP is used to simplify DFBM into VSS. Once the states determining
the 
uxes can be estimated, the dynamic of DFBM can be properly described. It is shown

3Paper has been published in Shen, X., & Budman, H. (2021). Set Membership Estimation with
Dynamic Flux Balance Models. Processes, 9(10), 1762.
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that despite the existence of many critical regions only few of them are required to be
considered in practical cell culture applications. Then, an approach is presented to �nd
the minimum number of states so that 
uxes for all these related critical regions can be
estimated. Furthermore, by using extended Kalman �lters (EKFs) for each critical region
to estimate the observable states, the total number of states that need to be measured can
be further reduced. Hence, SME is used to estimate unobservable states, and EKF is used
to estimate observable states. As the fermentation continues, the state may enter from
one critical region to another region. Since the observable states are di�erent for di�erent
critical regions, an algorithm is deployed to detect switching states between regions.

The second SME method4 proposed in Chapter 5 is applied when the solution is not
unique. As mentioned above, the mpNLP can be used to solve o�-line the WPDM with
varying parameters so that DFBM can be simpli�ed into a Variable Structure System
(VSS). Inspired by the puzzle concept, the critical regions are disassembled into zones,
bounds on states are propagated within each zone, and then the zones and corresponding
bounds are assembled together and general bounds on states are calculated. The main
di�erences between SME in chapter 5 from chapter 4 are the occurrence of a unique versus
multiple solutions and the use of EKF for estimation of some states. The SME proposed in
chapter 5 is a general method and has fewer requirements compared with SME in chapter
4. It considers the in
uence of multiplicity issue by WPDM with mpNLP. It does not
require some states to be measured to construct the EKF. Therefore, this SME algorithm
has greater applicability.

To test the algorithms proposed in this thesis, an experimental platform was developed.
Since the research focuses on the metabolism ofB. pertussis, a batch culture ofB. pertussis
was chosen for the experiments. The current platform can be also used for other similar
cell lines or strains. The platform includes shake 
asks for the seed, culture in a 2L
bioreactor, and HPLC for measuring the amino acids' concentrations in the culture. The
current protocol for batch culture of B. pertussis in 2L bioreactor is a scale-down model
of Sano�'s fermentation step of the whooping cough vaccine manufacturing process. Thus,
the results are expected to mimic their process for future process optimization and control.
In this research, a successful batch culture ofB. pertussiswas conducted and its purity was
veri�ed by plating. The amino acids' concentrations at di�erent times were measured by
HPLC and used to calibrate a DFBM previously developed. While part of the amino acids
were �tted well to the data, some could not be �tted. The main possible reason for the
lack of �t is that the culture response was signi�cantly di�erent from the earlier Sano�'s
experiments for which the DFBM was originally developed. The calibration of parameters

4Paper has been published. Shen, X., & Budman, H. (2022). Online estimation using dynamic 
ux
balance model and multiparametric programming. Computers & Chemical Engineering, 164, 107872.
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cannot compensate for the possible di�erences in model structure errors.

Following the above, this work presents the following novel contributions:

i. A novel WPDM method is introduced to solve the multiplicity issue of linear pro-
gramming for dynamic 
ux balance analysis. Since WPDM is a data-driven method, it
can be applied for engineered strains with more 
exibility than a typical LP solver. The
uniqueness and continuity of the solution by WPDM are proven.

ii. The mpLP and mpNLP methods are employed to simplify the LP and WPDM
inside the DFBM so that the state equations can be converted into VSS and used with
equations that are solved a priori o�-line. Since each subsystem in VSS corresponds to
di�erent metabolic patterns, the method is useful for the identi�cation of the metabolism
bottleneck.

iii. Two types of SME tailored for DFBM are utilized to tackle the lack of observ-
ability and online measurements. Through the SME for DFBM, estimating the dynamic
of metabolites with limited measurements is available so that model-based process control
and model-based online optimization can be constructed.

iv. To tackle the multiplicity issue for large metabolic networks, the ERM method is
proposed. This method overcomes the expensive computation of WPDM but still preserve
the features of WPDM since it is data-drivenwhile ensuring uniqueness and continuity of
the optimal solution. On the other hand, the WPDM method remains relevant because it
served as the basis of the set-based model estimation method proposed in this thesis for
the case that multiple solutions exist.

v. The development of a platform for culturing B. pertussis and quanti�cation of
amino acid concentrations in the culture is an important step to the application of these
state estimation methods proposed. It can be used for future research and development of
optimization and process control algorithms.

The thesis is organized as follows. Chapter 1 introduces the research and brie
y de-
scribes each topic. Chapter 2 presents the background and a literature review. Chapter 3
presents the WPDM method for tackling the multiplicity issue of LP in DFBM. Chapter
4 introduces the SME with EKF to estimate concentrations based on the assumption of
a unique solution in DFBM. Chapter 5 presents the SME approach for the case that the
DFBM has multiple solutions. Chapter 6 introduces the ERM for model �tting when mul-
tiplicity occurs and the comparison of this method with WPDM. Chapter 7 presents the
development of the experimental platform for the batch culture ofB. pertussis.
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Chapter 2

Theoretical Background and
Literature Review

2.1 Dynamic Flux Balance Model

Dynamic modeling of the metabolism of a microorganism is challenging due to the complex-
ity of biological systems and very limited experimental data. Assumptions regarding model
structure and model segregation are often made based on the level of detail required for
the model and the data available for model calibration. Accordingly, four types of models
have been reported for describing cell cultures: segregated and structural, non-segregated
and structural, segregated and unstructured, and non-segregated and unstructured [94, 61].
Segregation means that cells are treated individually within the cell population and the
metabolic status of each cell is considered based on its environment. Structure means that
the metabolic reaction networks, as determined from genome information, is used to de�ne
the interaction among di�erent metabolites. For instance, the conversion of a speci�c sub-
strate to a particular product is modeled as a series of reactions based on the genome in
a structured model but it is modeled by only one macroscopic reaction in an unstructured
model.

Sets of ordinary di�erential equations are commonly used to model non-segregated and
unstructured models. The Monod equation is the most common type of equation to model
kinetic rates in such models [94]. Non-segregated and unstructured models oversimplify the
relationship between substrates, cells, and products so that these models are not suitable to
explain the metabolism and to optimize the process. DFBM is a type of non-segregated and
structured model that takes the structure of the metabolic network into consideration. It
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assumes that cells can manipulate their metabolic 
uxes to boost growth or other biological
objectives. DFBM is always comprised of two parts: governing equations and optimization.
There are two forms of DFBM [64] based on the use of a static optimization approach or
a dynamic optimization approach. The latter involves a dynamic optimization over the
entire time horizon of interest, e.g. the duration of a cell culture batch. Because of the
higher computation expense of the dynamic optimization approach, the static optimization
approach is more popular. In this approach the time domain of interest is divided into
several time steps and a static optimization is conducted at each step. Hence, the 
uxes
solved by the DFBM are assumed to be piecewise constant along each sampling interval.

The basic DFBM combines a state space model with an LP as follows. The state space
model as the function of metabolic 
uxesvk is de�ned in Eq. (2.1).

 k +1 =  k + � t bio;kSvk (2.1)

where subscriptk indicates time step from 0; 1; 2� � � and � t is the time step size. k is
a state vector ofn state variables at time stepk, including biomass concentration bio;k .
S 2 Rn  � Rn r is a matrix containing stoichiometric coe�cients of all reactions involved
in the metabolic network, wherenr is the number of reactions considered in the metabolic
network.

The metabolic 
ux vector vk 2 Rn r is determined by a linear programming (LP)
problem according to Eq. (2.2). At each time step,vk is solved by the LP solver and
substituted into Eq. (2.1) to obtain the state vector values at the next time step.

min
vk

f T vk (2.2a)

subject to Gv k � g( k ) (2.2b)

F v k = h( k ) (2.2c)

where the constant vectorf 2 Rn r , the constant matrix G 2 RnG � Rn r , the constant
matrix F 2 RnF � Rn r , vector-valued functiong 2 RnG of states k , vector-valued function
h 2 RnG of states  k . nG is the number of inequality constraints andnF is the number
of equality constraints. Eq. (2.2a) denotes the objective function of the LP. The most
commonly used objective is the maximization of biomass growth rate, or equivalently
the minimization of its negative value, as shown in Eq. (2.2a) but other objectives have
been also considered. Eqs. (2.2b) and (2.2c) describe balance equations and metabolic
constraints such as charge balance, reaction rate bounds, and available nutrient bounds.
Eq. (2.2) can be interpreted as the ability of the cells to regulate the metabolic 
uxesvk

to boost growth at each time step.
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2.2 Multiplicity in Dynamic Flux Balance Model

Due to a large number of reactions relative to the number of available constraints, the op-
timal solution to the linear programming problem de�ned in Eq. (2.2) is often not unique
[59, 63, 76, 77, 96]. This phenomenon is referred to as multiplicity (or primal multiplic-
ity). The multiplicity particularly hampers the potential application of DFBA models for
estimation, optimization, and process control for three major reasons: i- the selection of
di�erent optima at each time interval generates di�erent time trajectories for metabolite
concentrations. Although these alternative trajectories satisfy the constraints of DFBA,
only a few of them �t the experiments. ii- commercial LP algorithms generally do not
consider the existence of multiple optima thus converging to an optimal solution according
to chosen initial guesses or the hyper-parameters of the optimizer. The solution selected
may not match the experimental data over long time horizons. iii- optimal solutions found
by commonly used simplex methods are not continuous when the multiplicity exists. Thus,
if the model is used for model-based control, disturbances can cause discontinuous jumps
among solutions thus resulting in non-smooth trajectories.

A key question is whether speci�c 
ux distributions are more plausible than others.
Schuetz and his colleagues found that in di�erent bacterial wild typesE. coli the 
uxes are
distributed in the near-optimal region of the Pareto surface of three objectives (maximum
ATP yield, maximum biomass yield, and minimum sum of absolute 
uxes) so that cells
tend to achieve an optimal trade-o� between metabolism and minimal 
ux adjustment to
di�erent conditions [93]. However, this approach cannot explain why speci�c 
ux distribu-
tions for di�erent conditions occur at a speci�c region of the Pareto surface. More recently,
the idea of minimal 
ux adjustment was further extended to consider a minimal enzyme
cost by [83]. Based on this idea, a solution that satis�es a parsimonious enzyme usage
FBA (pFBA) can be found from a bi-level optimization problem that searches 
uxes with
the lowest overall sum of 
uxes [60, 47]. This method is particularly suitable for describ-
ing wild-type strains' behavior following the assumption that those strains must adapt to
various environments with limited nutrients. On the other hand, engineered strains are
selected or genetically modi�ed for special operating conditions and productivity and thus
they may have an ine�cient metabolism so that the pFBA principle may not correctly
capture the distribution of 
uxes [98]. Hence, trying to �t data by applying the minimiza-
tion of enzyme cost in the presence of primal multiplicity may require the use of additional
kinetic constraints with many kinetic parameters that are di�cult to obtain. Although
other enzyme cost functions based on ideal assumptions that need fewer parameters could
be used, e.g. the minimal total 
ux that assumes that all reactions need the same amount
of enzyme, the prediction accuracy resulting from such approximations may be poor [83].
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2.3 Methods Proposed for the Multiplicity Problem

To solve the primal multiplicity issue of DFBA, di�erent methods were reported that are
based on either auxiliary objectives or auxiliary rules. An e�cient method for tackling
multiplicity should have the following properties: i- the uniqueness of the optimal solution
can be assured, ii- continuity of the optimal solution with respect to di�erent possible
perturbations should be proven, iii- 
exibility to select a unique optimal solution that is
consistent with experimental data, and iv- computational e�ciency for large metabolic
networks.

Auxiliary objectives based methods involve the use of extra objectives for optimization
to reduce the feasible space. For example, minimal total (absolute) 
ux [47, 78, 83] or a
minimal number of active reactions [78] were used as auxiliary objectives to exclude inef-
�cient 
ux distributions, similar to the enzyme cost functions proposed by [83]. However,
these objectives may not be suitable for cells that were engineered towards a particular
purpose, e.g. for maximizing productivity. In the current study, it will be shown that
the application of these auxiliary objectives cannot �t experimental data well in the case
study of Bordetella pertussis. To further reduce the feasible space, hierarchical optimiza-
tion, sometimes referred to as lexicographic optimization, was applied using a series of
auxiliary biological objectives in priority order [36, 2, 46, 93]. To solve hierarchical op-
timization e�ciently, equivalent weight method [2, 100] and Simplex-based method [42]
have been proposed. Hierarchical optimization can theoretically select a speci�c vertex
and non-vertex optimal solutions but �nding a series of auxiliary objectives that assure
the uniqueness of the optimal solution, that are consistent with experimental data, and
that preserved continuity at the optimal solution is complex with this method. Auxiliary
objectives used in hierarchical optimization can be chosen based on the user's prior knowl-
edge about the microorganism. Inverse optimization [115] has been proposed as a more
systematic way to �nd objectives. Given a vector of 
ux, constraints, and initial guesses
of objective coe�cients, inverse optimization can �nd the best objective coe�cients that
make the vector of 
ux optimal. This inverse optimization idea has been extended to
�nd a quadratic form and non-parametric form objectives for 
ux balance analysis [115].
However, inverse optimization has not been studied as yet for dynamic 
ux models.

Auxiliary rules based methods use special rules to select the optimal solution when
multiple optima occur. Smallbone and Simeonidis proposed two geometric methods to
select the center of the solution hull as the true optimal 
ux distribution [102]. Although
the center of the solution hulls is a unique 
ux distribution, there is no biological evidence
to justify that the resulting solution provides a good �tting of available data. The lexi-
cographic perturbation method is a modi�ed simplex-based method [51] that was applied
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to prevent dual degeneracy. However, this method can only �nd unique optimal solutions
located at vertexes.

2.4 Lack of Measurements and Lack of Observability

For most industrial fermentation processes the available online measurements are very
scarce. Commonly available online measurements include pH, dissolved oxygen, tempera-
ture, pressure, o�-gas analysis, glucose, liquid level, foam amount, and weight. However,
online measurements of concentrations of metabolites which are most informative about
the process are very limited or not available altogether. Lack of measurements prevents
the use of DFBMs for model-based monitoring or optimization.

To address the lack of online measurements soft sensors have been proposed. Soft sen-
sors are algorithms that estimate the values of the states based on a few available online
measurements. Data-driven soft sensors are currently very popular driven by the recent
interest in the arti�cial intelligence research area. Reported data-driven soft sensors are
generally based on arti�cial neural networks [97], support vector machines [73], partial
least squares [85], genetic programming [53], principal component analysis [113] and fuzzy
inference [52, 54]. These machine learning and arti�cial intelligence (AI) methods com-
bined with di�erent spectral-based devices have been used for inferring concentrations in
cell cultures. For example, near-infrared spectrometer and Raman spectroscopy, have been
applied to fermentation processes to estimate concentrations online [16]. However, despite
their popularity, the main drawback of data-driven soft sensors is that their accuracy is
limited to the region of data used for model training [24] and their prediction ability dete-
riorates due to the scarce data available for calibration [41]. Also, the lack of mechanistic
information on the black box models based soft-sensors introduces concerns about the
safety and reliability of controllers designed based on these sensors [41].

Another category of soft sensors is state observers based on mechanistic models such
as the Luenberger observer, Kalman �lter, particle �lter, and moving horizon estimation
[106]. These state observers estimate the values of some states based on the convergence
of state prediction errors provided that su�cient measurements are available [4]. A key
prerequisite of for designing these state observers is that observability can be satis�ed
with respect to the estimated states. State observers can only partially solve the lack
of measurements because they still require a minimal number of measurements to satisfy
observability conditions. It will be shown later in the manuscript that unless enough
states of a DFBM model are measured online it is di�cult to satisfy full observability for
all the states. In contrast with state observers, an interval observer is a special type of

12



state observer that can estimate the bounds of states but some type of observability or
convergence condition is still necessary [38] for their application. Some interval observers
exploit the order-preserving properties of cooperative systems to estimate the bounds of
states [28].

In the absence of observability of some states, instead of estimating their speci�c values,
it is possible to estimate intervals (ranges) of values based on a priori known range of
initial conditions, i.e. range of values at time = 0. This type of problem is referred to in
the literature as an initial values problem with parameter uncertainty or set-valued ODE
integration. The parameter here refers to either uncertain initial states or some model
parameter such as a kinetic constant. To bypass the strict observability requirement,
di�erent set theory-based methods for estimation have been proposed, including interval
analysis [49], Taylor models [65] and set membership estimation (SME) [95, 17, 3, 66].
All these methods are based on models that are used to propagate uncertainty in model
parameters or/and in initial conditions to obtain sets of states' values at di�erent times
[9]. The main di�erence between these methods is in their approach to tightening the
resulting bounds, e.g. interval analysis is based on a multidimensional interval. Interval
analysis usually cannot capture the nonlinearity and correlation between di�erent states
which may result in divergence of estimates fast [49]. SME algorithms [95] are based on
the use of convex sets and can capture nonlinearity and correlation between states but at
the expense of less tight bounds as compared to Taylor models. SME has been applied to
linear systems [17]. The propagation of uncertainty over time is performed by a series of
a�ne mapping operations over sets. Di�erent shapes of sets have been used to contain the
uncertainty, including zonotopes [3], parallelotopes [17], and ellipsoids [66]. In contrast,
Taylor models are based on Taylor expansions and bounds on remainders to obtain very
tight nonconvex bounds [65]. However, because Taylor methods use non-convex bounds, it
is di�cult to exploit the available measurements although some computationally expensive
relaxation methods have been proposed to achieve this goal [91]. Considering the limited
measurements' availability and implementation convenience, this research focuses on a
set-membership estimation approach.

2.5 Theoretical Background

2.5.1 Convex programming

Convex programming involves optimization problems where the objective function and
feasible region are convex [12]. Let assume the objective functionf (�) is a mapping from

13



Rn into R, and � 2 [0; 1]. The objective functionf (�) is convex if for anyx and y in the
domain of the objective function,f (� x + (1 � � )y ) � �f (x )+ (1 � � )f (y )) holds. Similarly,
S is a convex set if for any elementx; y 2 S and � 2 [0; 1], �x + (1 � � )y 2 S. If the
feasible region of the objective function is within the convex set, then the corresponding
optimization problem is referred to as convex programming. A general convex programming
is de�ned as Eq. (2.3).

min
x

f (x ) (2.3a)

subject to gi (x ) � 0 i = 1; :::; m (2.3b)

Ax = b (2.3c)

where the decision variable isx 2 Rn ; the objective function f (�) is a convex function;
the inequality constraints gi (x ) � 0; i = 1; :::; m are also convex functions; the equality
constraints Ax = b are a�ne transformation of x ; A 2 Rp � Rn with rank (A) = p < n .
The inequality and equality constraints de�ne a convex set.

Convex programming has been widely applied in di�erent areas of application such
as machine learning, data science, and control engineering [12]. Many problems can be
expressed or transformed into convex programming problems. In this research, linear
programming and quadratic programming are both convex programming problems that
are considered in the studies. Nonlinear programming and multiparametric programming,
both applied in this work, are also highly related to convex programming and thus convex
programming is a main platform of this research.

Interior-point Method

The interior-point method is a commonly-used general method for solving convex program-
ming problems [12, 29]. The KKT conditions for Eq. (2.3) are given in Eq. (2.4). Although
there are di�erent versions of interior-point methods, the core idea of these methods is to
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solve the KKT conditions by the Newton's iterative method.

Ax = b (2.4a)

gi (x ) � 0 i = 1; :::; m (2.4b)

� � 0 (2.4c)

r x f +
mX

1

� i r x gi (x ) + A T � = 0 (2.4d)

� i gi (x ) = 0 i = 1; :::; m (2.4e)

where� i and � i are the Lagrange multipliers of inequality and equality constraints respec-
tively. Eq. (2.4e) is referred to as the complementary slackness condition.

2.5.2 Linear programming

Linear programming problems is a special type of convex programming problems, where
both constraints and the objective function are linear [29, 68]. A typical example of linear
programming is de�ned in Eq. (2.5). Linear constraints include equality constraints as
in Eq. (2.5c) and inequality constraints as in Eq. (2.5b). The linear constraints de�ne a
high-dimensional polyhedron in the space of the decision variables. The linear objective is
convex function but not strictly convex and thus the optimal solution is not always unique.

min
x

cT x (2.5a)

subject to Ax � b (2.5b)

A ex = be (2.5c)

whereA 2 Rm� n is a matrix with rank m (m < n ); b 2 Rn and c 2 Rn are vector;x 2 Rn

are decision variables including slack variables.

Simplex Method

For brevity, only the geometrical interpretation of the simplex method is presented. The
linear constraints in the LP problem de�ne a feasible region described by a convex poly-
hedron in the space of the decision variables. The direction of the vectorc corresponds to
the gradient of the objective function with respect to the decision variables. The Simplex
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method evaluates the objective function at the vertexes along the edges of the polyhedron
and iteratively seeks for the vertex with the smallest objective function value [6]. This
search procedure is referred to as \pivoting" and it is repeated until all neighboring ver-
texes have a larger objective function as compared to the candidate vertex. The optimal
vertex is referred to as a basic optimum. Although there are di�erent versions of the
simplex methods, the key idea of pivoting through di�erent vertexes remains the same.

2.5.3 Quadratic programming

Quadratic programming (QP) is an optimization problem involving a quadratic objective
function and linear constraints as per Eq. (2.6) [29, 74]. Without loss of generality,Q can
always be converted into a symmetric matrix byQ = 1

2(Q + QT ). SinceQ is the Hessian
matrix of the objective it determines the existence of a unique or multiple solutions. If
Q is positive de�nite or positive semide�nite, the objective is a convex function. IfQ is
positive de�nite, there is at most one solution. IfQ is positive semide�nite, the number
of solutions can be more than one. IfQ is inde�nite, the problem is no longer a convex
problem and thus there could be more than one local minimum. Di�erent algorithms
can be used for solving quadratic programming problems, including the active set and
interior-point methods.

min
x

1
2

x T Qx + cT x (2.6a)

subject to Ax � b (2.6b)

A ex = be (2.6c)

where Q 2 Rn� n is a symmetric matrix; c 2 Rn and x 2 Rn are vectors;A and A e are
matrices at proper dimension;b and be are vectors.

2.5.4 Nonlinear programming

Nonlinear programming is a type of optimization problem involving a nonlinear objective
function f (�) and nonlinear constraintsgi (�) and hj (�), wherei = 1; � � � ; m and j = 1; � � � ; p
[12, 111]. It should be noticed that nonlinear programming can be non-convex. Therefore,
many optima and local optima can exist. If di�erent initial values are used, di�erent
solutions may be obtained. Commonly used algorithms for solving nonlinear programming
problems are based on the solution of KKT conditions, di�erentiability, and constraint
quali�cations. However, since the nonlinear programming problem is not convex, KKT
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conditions are merely necessary but not su�cient conditions for a solution to be optimal.
Typical algorithms for nonlinear programming include interior-point method and sequential
quadratic programming.

min
x

f (x ) (2.7a)

subject to gi (x ) � 0 i = 1; :::; m (2.7b)

hj (x ) = 0 j = 1; :::; p (2.7c)

2.5.5 Multiparametric programming

Multiparametric programming is inspired by the concept of sensitivity analysis of the right
hand side (RHS) of the constraints in an LP[10, 84]. When the RHS of the constraints
involve multiple parameters and these parameters are within some sets, such an optimiza-
tion problem can be tackled by multiparametric programming. In Eq. (2.8),� and � e are
parameters.g and h are vector-valued functions.S1 and S2 are sets containing parameters.

min
x

f (x ) (2.8a)

subject to g(x ) � � (2.8b)

h(x ) = � e (2.8c)

� 2 S1 (2.8d)

� e 2 S2 (2.8e)

When the objective and constraints of multiparametric programming are linear, the
optimization is referred to as multiparametric linear programming (mpLP). QP or NLP
problems can be tackled by multiparametric quadratic programming (mQP) or multipara-
metric nonlinear programming (mpNLP) respectively. In the multiparametric program-
ming approach the parameters' set is partitioned into piece-wise continuous sets and for
each of these sub-sets there are di�erent expressions for calculating the optimal solution as
a function of the parameters' values. Hence, multiparametric programming solves a priori
the optimization problem and provides a look-up table of analytical expressions for calcu-
lating the optima for di�erent sets. After determining the given set and substituting the
parameters into expressions from the loop-up table, the optimal solution can be directly
calculated. Methods of mpLP and mpQP are developed and have been applied to di�erent
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problems. Using mpLP, the DFBM can be simpli�ed from a system containing an inner
optimization problems into a variable structure system. However, most of the reported
algorithms of mpLP ignore important issues such as the existence of multiple solutions. In
contrast with mpLP and mpQP which do not involve any approximation, mpNLP is based
on an approximation which makes it computationally expensive.

2.5.6 Observer and Observability

When a dynamic mechanistic model such as DFBM is available a model-based observer
can be designed to estimate the states. The observer can be constructed to estimate the
concentrations from a limited set of online measurements. Let's assume a general dynamic
system described by Eq. (2.9a) and a measurement function given by Eq. (2.9b).

_x = f (x ) (2.9a)

y = h(x ) (2.9b)

wherex is the states andy is the measurements. An observer is a dynamic system de�ned
according to Eq. (2.10), such that, limt ! + 1 kx � x̂ k = 0. The observer is an adjoint
dynamic system of the system given in Eq. (2.9) to estimatex from a limited set of
measurementsy and the estimated state isx̂ . � is the observer state of the observer. For
very long time, the estimated valuex̂ will converge to the true statesx .

_� = � (� ; y ) (2.10a)

x̂ = h(� ; y ) (2.10b)

The de�nition above is for an asymptotic observer for which the estimated value con-
verges to the true state asymptotically. In contrast with the asymptotic observer, the
parameters of some observers can be tuned to change the convergence speed. These ob-
servers are referred to as tunable observers [5]. If the system contains noise, the observer
may give di�erent estimates of states. Some observers can provide the optimal estimate
and thus they are referred to as optimal observers. For example, the Kalman �lter is an
optimal observer that has been widely used in motion control. It considers prior knowledge
of the process noise and measurement noise and based on this knowledge it calculates the
optimal estimate of states. The nonlinear version of the Kalman �lter is the Extended
Kalman Filter (EKF).

Some measurements are necessary to construct the observer. Observability is a neces-
sary condition to construct a tunable observer [5]. For an dimensional nonlinear system
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de�ned in Eq. (2.9), the local observability condition atx 0 is Eq. (2.11) [88].
2

6
6
6
4

h(x 0)
L f h(x 0)

� � �
Ln� 1

f h(x 0)

3

7
7
7
5

= n (2.11)

whereL f h is �rst order Lie derivative of h with respect to f .

2.5.7 Set Theory

Set Operations

In topology theory, a connected space is a topological space that cannot be represented as
the union of two or more disjoint non-empty open subsets [101]. A subset of a topological
spaceS is a connected set if it is a connected space when viewed as a subspace ofS [101].
The discussions of sets in this research are limited to connected sets.

Vector operations, like summation and multiplication, can be extended from vectors
to sets. Set operations are operations of sets and all elements in the sets are considered.
In contrast with vector operations that focus on individual elements of the vector, set
operations focus on populations. Commonly used set operations, include linear mapping,
projection, translation, Minkowski addition, intersection, union, lifting, and outer approx-
imation.

Set Membership Estimation

If the initial state x 0 of the system in Eq. (2.9a) is a setX , the set propagation describes
how the setX (t) evolves with time. To calculate the set propagation, set operations are
required. By using these set operations, a larger set varying with time can be constructed
to contain the propagated set. Such a larger set can be interpreted as an estimate of
the boundary of the state. Instead of estimating the optimal value of states varying with
time, methods to estimate sets of states are referred to as set membership estimation [9].
By projecting the sets onto each dimension, the bounds of states can be estimated. The
di�culty of set membership estimation is that the set of states of nonlinear systems can
diverge. Di�erent set membership methods and di�erent shapes of sets have been proposed
[9, 17, 3, 66].
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Chapter 3

A Method for Tackling Primal
Multiplicity of Solutions of Dynamic
Flux Balance Models

3.1 Overview

1 A method is presented to tackle primal multiplicity of Dynamic 
ux balance analysis
(DFBA) which is a Linear Programming (LP) based modeling approach that assumes that
the cell distributes 
uxes such as to maximize a speci�c biological objective. When the
LP problem has multiple optima, the LP solvers usually only report the �rst optimum
that it is reached which may not �t well the experimental data. To tackle this primal
multiplicity problem, the weighted primal-dual method with auxiliary parameters is used
to calculate a unique time trajectory for a given set of initial conditions. Through tuning
of these auxiliary parameters, a unique optimal solution can be obtained and calibrated to
�t available experimental data. Beyond its capability to tackle multiplicity, the algorithm
is shown to signi�cantly improve the prediction of some metabolites in a case study of the
fed-batch fermentation ofBordetella pertussis.

1Adapted from Shen, X., & Budman, H. (2020). A method for tackling primal multiplicity of solutions
of dynamic 
ux balance models. Computers & Chemical Engineering, 143, 107070.
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3.2 Introduction

Quantitative methods to analyze metabolic processes occurring in microorganisms are cru-
cial for the improvement and optimization of bio-processes. Flux balance analysis (FBA)
refers to a steady-state modeling approach of genome-based metabolism [108]. FBA is for-
mulated as a linear programming problem involving the maximization of a biological objec-
tive function with respect to the 
ux distribution across the metabolic network. However,
FBA models are often under-determined thus resulting in primal multiplicity. Researchers
have proposed di�erent algorithms to enumerate all vertex optima [59, 63, 76, 77, 96]. To
deal with dynamic bio-processes, researchers have successfully extended FBA to account
for dynamic behavior by using dynamic 
ux balance analysis (DFBA) [64, 86, 109]. DFBA
models describe the dynamic optimal 
ux distributions as a time sequence of LP problems.
Concentration-dependent rate constraints have been proposed to further regulate the dy-
namic behavior [69, 81, 82]. However, the primal multiplicity issue still remains due to the
underdeterminancy of the LP formulations.

The Weighted primal-dual method (WPDM) used in the current study to tackle multi-
plicity is a modi�ed interior-point method based on auxiliary parameters. It was originally
proposed in the late 1980s to speed-up computation [30, 72]. In this research, the WPDM
is applied for the �rst time to address the primal multiplicity problem in DFBA mod-
els. WPDM approximates the LP by a strictly convex optimization problem with a set
of auxiliary parameters to control which optimal solution is selected. In the calibration of
the DFBA model, these auxiliary parameters are obtained by �tting of experimental data.
Pointwise approximation, uniqueness, and continuity are proved mathematically in the pa-
per. We show in the case study ofBordetella pertussisthat the prediction accuracy can be
signi�cantly improved as compared with other methods used in this investigation. WPDM
is data-driven and the auxiliary parameters can be found by �tting experimental data when
prior knowledge of the strain is not readily available. Two potential drawbacks for WPDM
are approximation error and computational expense. Being a type of interior-point method
WPDM �nds a solution that is close to an actual optimum. However, WPDM can have the
same accuracy as a Simplex method if a su�ciently small penalty parameter is used. The
computational expense of WPDM is potentially high since it is based on the solution of a
set of algebraic equations by a Newton's method. However, after the weights are identi�ed
the computation for online implementation is fast as shown in the case study.

The paper is organized as follows. Section 2 presents background on dynamic 
ux
balance analysis, di�erent methods for primal multiplicity and model calibration. Section
3 presents the main properties of of the WPDM method and related mathematical proofs.
Section 4 presents results of the application of WPDM to the modeling of a fed-batch
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culture of B. pertussis and a comparison of WPDM to di�erent methods reviewed above
that were used to address multiplicity. Section 5 presents the conclusions.

3.3 Methods

3.3.1 Dynamic Flux Balance Analysis

Dynamic 
ux balance analysis (DFBA) is a dynamic extension of steady-state 
ux balance
analysis (FBA). In both FBA and DFBA, cells are regarded as agents that optimally dis-
tribute metabolic 
uxes to maximize a speci�c biological objective. There are two types
of DFBA models reported in literature. In the �rst type of models the metabolites are
described in intracellular and extracellular compartments and exchange 
uxes are used to
relate concentrations among compartments [46]. Using the assumption that internal reac-
tions are generally much faster than cell growth, all intracellular metabolite concentrations
are assumed constant. Continuous dynamic mass balances of extracellular concentrations
are used to describe the dynamic evolution of the culture. It has been argued that in-
tracellular metabolite concentrations are not constant and may change over time [34]. To
address this limitation the second type of DFBA models [64], used in the current study,
considers both intracellular and extracellular dynamic changes of concentrations. The con-
centrations are assumed constant only during a single time interval of discretization and
discrete mass balance equations are used to describe the evolution of both intracellular and
extracellular metabolites over time. In this second type of model kinetic rate expressions
are used as upper bound of limiting reactions. Mass balance based constraints are used to
ensure positivity of concentrations.

The DFBA model formulation used in this work is de�ned in Eq. (3.1) in canonical
form. The evolution of metabolite concentrations with time is calculated by solving a
series of LP problems posed in canonical form over consecutive time intervals. It should
be noticed that in this type of DFBA model, for a given time stepk, there are no equality
constraints since Eq. (3.2a) and Eq. (3.2b) are only used outside of the LP problem to
update the states for the solution of next time interval.

max
vk

dT vk (3.1a)

subject to f ( k � 1) � Svk � g( k � 1) (3.1b)

 k � 1 + hk� 1� tSvk � 0 (3.1c)

0 � vk � vmax (3.1d)
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where sampling time instants aret0; � � � ; tn t and t i � t i � 1 = � t for 8i = 1; � � � ; nt ;
k = 0; 1; � � � ; nt is the corresponding index of the sampling time interval;nr is the number
of reactions;nm is the number of metabolites (excluding biomass) considered in the bio-
logical network; d 2 Rn r is the vector of coe�cients describing the relative contributions
of di�erent metabolites to growth rate; vk 2 Rn r is a 
ux vector at time interval k which
upper bound isvmax 2 Rn r and 
uxes corresponding to reversible reactions are treated
as two independent 
uxes; k 2 Rnm is the vector of metabolites' concentrations at time
interval k; function f (vk ) 2 Rnm and function g(vk ) 2 Rnm are upper and lower bounds
given as functions of the corresponding metabolite concentrations and these may represent
kinetic rate or other biological constraints;hk is the biomass concentration at time interval
k; S 2 Rnm � n r is the stoichiometry coe�cients' matrix of the metabolic network. Eq.
(3.1c) are constraints for ensuring that concentrations are positive.

Eqs. (3.2a) and (3.2b) are discrete mass balance based state equations describing
the evolution of metabolite and biomass concentrations over time. After 
uxesvk � 1 are
obtained by solving LP as Eq. (3.1), concentrations of biomass and metabolites at time
step k can be obtained.

 k =  k � 1 + hk� 1� tSvk (3.2a)

hk = hk� 1 + hk� 1� tdT vk (3.2b)

For clarity, both the canonical form and standard form of the LP are given. While the
canonical formulation of DFBA as Eq.(3.1) is suitable for describing the biological meaning
of the model, the standard form is more convenient for describing the optimization solution
and the proofs. The main di�erence between the canonical form and the standard form
is in the inequality constraints. After adding non-negative slack variables to convert the
inequality constraints into equality constraints [6] the standard form is de�ned in Eq. (3.3).

min
x ;z

cT x

subject to Ax + z = b

z � 0 (� Iz � 0)

(3.3)

whereA 2 Rm� n is a matrix with rank m (m < n ); b 2 Rm and c 2 Rn are vector;x 2 Rn

are decision variables;z 2 Rm are slack variables;I is identity matrix at proper dimension.
Using slack variables, the standard form of the DFBA model is in the following Eq. (3.4).
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max
vk ; �

dT vk + 0� (3.4a)

subject to
2
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� f (  k � 1)
g(  k � 1)

 k � 1

vmax

0
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(3.4b)

� � 0 (� I� � 0) (3.4c)

where Eqs. (3.1b)-(3.1d) are converted to equality constraints as Eqs. (3.4b) by adding
slack variables� in proper dimension. Each element of slack variables� corresponds to an
inequality constraint in Eq. (3.1). vk corresponds to decision variablex in Eq. (3.3).

Experimental Data

In this paper, the experimental data and DFBA models of fed-batch fermentation ofB.
pertussisreported in paper [13] were used to calibrate the model and for comparing di�erent
solvers and di�erent methods to address multiplicity. 17 amino acids are required forB.
pertussisbiomass synthesis but the main limiting substrate and carbon source is glutamate.
Most amino acids can be biosythesized except histidine, methionine, phenylalanine, and
tryptophan. As later shown in the results section it was found that the depletion of
phenylalanine led to infeasible solutions. The bioreactor has a working volume of 6L.
The stirring rates were manipulated within 200 rpm to 600 rpm by a PI controller to
maintain a 35% dissolved oxygen (DO) target. The air 
ow was set constant at 6 slpm.
The pH was controlled at 7:1 by phosphoric acid. Feeding of glutamate at 4:3 g/h was
started following the depletion of glutamate that can be inferred from changes of DO.
The fermentation temperature was set at 36� C. Biomass concentration was determined by
optical density measurements at 600nm using a spectrophotometer. HPLC with a high
e�ciency Nova-Pak TM column was used to measure amino acids concentrations in the
supernatant. AccQ Fluor (6-aminoquinolyl-N-hydroxysuccinimidyl carbamate) was used
for precolumn derivatization and the separated derivatives were monitored by 
uorescence
detection resulting in a measurement error of less than 5%. Ammonia, lactate, glucose,
and glutamine were measured in a Bio-pro�le Flex (Nova Biomedical). The experiments
were repeated two times, referred to as experiments 1 and 2 in this paper.
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Table 3.1: Parameters Used in the DFBA Model ofB. pertussis

Parameters Parameters
vmax;ala 2:67� 10� 2 (h � mmol cell)� 1 vmax;phe 8:25� 10� 4 (h � mmol cell)� 1

vmax;arg 1:12� 10� 4 (h � mmol cell)� 1 vmax;pro 9:43� 10� 2 (h � mmol cell)� 1

vmax;asp 5:66� 10� 3 (h � mmol cell)� 1 vmax;ser 6:39� 10� 2 (h � mmol cell)� 1

vmax;gly 8:09� 10� 3 (h � mmol cell)� 1 vmax;thr 2:54� 10� 3 (h � mmol cell)� 1

vmax;his 2:19� 10� 3 (h � mmol cell)� 1 vmax;tyr 2:63� 10� 4 (h � mmol cell)� 1

vmax;ile 9:20� 10� 4 (h � mmol cell)� 1 vmax;val 2:41� 10� 2 (h � mmol cell)� 1

vmax;leu 1:90� 10� 2 (h � mmol cell)� 1 vmax;glu 8:80� 10� 5 (h � mmol cell)� 1

vmax;lys 1:24� 10� 2 (h � mmol cell)� 1 K glu 1.341 mmol=L
vmax;met 1:20� 10� 2 (h � mmol cell)� 1

In paper [13], only one kinetic expression Eq. (3.5) was used as a constraint according
to Eq. (3.1b) corresponding to the conversion of glutamate to tyrosine which was found to
be the limiting reaction. Kinetic parameters and other parameters of DFBA model used in
the paper are listed in Table (3.1). These parametersvmax listed in Table (3.1) are used in
constraints Eq. (3.1d). Additional details about the chosen metabolic network and model
formulation can be found in [13].

Styr vk �
vmax;glu  glu;k � 1

K glu +  glu;k � 1
(3.5)

whereStyr is the row vector in the stoichiometric matrix corresponding to tyrosine; glu;k � 1

is glutamate concentration at the time instantk � 1; vmax and K are the maximum 
ux
and kinetic parameter in the rate expression respectively.

3.3.2 Weighted Primal-Dual Method

The most commonly used interior-point method is the naive primal-dual method (NPDM).
The WPDM is a modi�ed version of NPDM that was originally proposed to speed-up
computation [30, 72]. In this research, the WPDM is applied for the �rst time to address
the multiplicity problem [1, 20, 57]. Typically, in all interior-point methods, the standard
form of the LP problem Eq. (3.3) is augmented by adding a logarithmic barrier function
of constraints. The approximate LP formulation in the WPDM form is de�ned as per Eq.
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(3.6),

inf
x ;z ;� ! 0

cT x � �
mX

j =1

wj ln(zj )

subject to Ax + z = b

z > 0 (� Iz < 0)

(3.6)

where � is a positive parameter controlling the pointwise approximation accuracy;x is
assumed to be bounded. As� tends to zero, the objective function approximates to a
neighborhood of the optimum of the actual objective function Eq. (3.3). The bounded
vector w = [ w1 � � � wn ]T > 0 is a vector of internal point weights that serve as auxiliary
parameters used for choosing a speci�c optimum among all possible optima. Each slack
variable zj corresponds to an interior-point weightwj in Eq. (3.6). When all the weights
are selected to be equal to one, the WPDM is reduced to the NPDM. The decision variables
z cannot be zero due to the presence of the logarithmic function. However,x can be made
in�nitesimally small based on the choice of� so that the accuracy can always satisfy users
requirements. It should be noticed that the objective is de�ned by the in�mum instead of
the minimum since the in�mum is achieved even though casex = 0 is not reached. The
casex = 0 can also be addressed systematically by the idea of �eld extension [22].

The optimization problem de�ned in Eq. (3.6) is a strictly convex optimization problem
so that the solution is unique if the feasible space is not empty. The standard KKT
conditions of Eq. (3.3) is:

c + A T � = 0 (3.7a)

Ax + z = b (3.7b)

� Iz < 0 (3.7c)

� j � 0 8j = 1; � � � ; n (3.7d)

� j zj = 0 8j = 1; � � � ; n (3.7e)

where� i are positive multipliers for inequality constraintsz > 0; Eq. (3.7e) is strong com-
plementary slackness conditions. For WPDM, the standard KKT is adapted by choosing
Lagrange multipliers � j = �w j =zj � 0 and replacing Eq. (3.7e) by weak complementary
slackness conditions� j zj = �w j ; � ! 0. Note that � cannot be zero, otherwise multiplic-
ity issue relapses. Eq. (3.7) can be reformulated as Eq. (3.8) for calculation used in later
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sections.

A T � = � c (3.8a)

Ax + z = b (3.8b)

� Z = � w (3.8c)

� Iz < 0 (3.8d)

� � 0 (3.8e)

where Z and � denote diagonal matrices, namelyZ = diag(z), � = diag(� ); e =
[1� � � 1]T 2 R n is a vector. Eqs. (3.8a)-(3.8c) are solved by the Newton method. A classic
line search algorithm is used to control the step size in the Newton method as done in most
interior-point methods such that Eqs. (3.8d)-(3.8e) are accounted [40].

The direct solution of Eq. (3.8) with a very small value of� is often di�cult to obtain
when calculating the inverse of an ill-conditioned Jacobian matrix of a nonlinear set of
equations. Instead, the WPDM algorithm adopts a path-following method that gradually
decreases the parameter� [29]. The steps of the WPDM algorithm are shown in Algorithm
1 where� is a scaling parameter between 0 and 1 that is controlling the decreasing rate of
� .

The method used to solve Eq.(3.8) is a path-following method for linear programming
as described in [29]. In each iteration of the path following algorithm, Newton's method is
used to search for the decreasing direction� � , � x , and � z. The line search algorithm
is used to calculate the largest allowable step size� � and � z so that � and z are always
positive at each iteration. Then, the point (� i ; x i ; z i )T is the unique optimum for the
current � . In the next iteration, the new optimum is used as an initial guess for the
next iteration. � is progressively reduced from one iteration to the next to ultimately
approximate the true optimum of the original problem. Thus, the optima obtained at each
iteration follow a central path that �nally approximates to the optimal solution. Interior-
point weights w can be used as auxiliary parameters to change the curvature of the strictly
convex surface of the objective function so that any optimal solution from multiple optima
can be placed at the minimum position through tuning ofw . Algorithm 2 presents the
application of WPDM to solve the DFBA model.

3.3.3 Hierarchical Optimization

Hierarchical optimization (HO) has been used for tackling primal multiplicity [35, 42, 46].
Instead of solving a single LP, HO involves the solution of a series of LP problems with
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Algorithm 1 WPDM (Path-following Method)

1: Given A , b, c, w , � , � , � 0, tolerance and feasible initial interior point (� 0; x 0; z0)
2: i = 0
3: repeat
4: Solve the following set of equations by the Newton method for� � i , � x i , and � z i :

2

6
4

A T 0 0
0 A I

Z i 0 � i

3

7
5

2

6
4

� � i

� x i

� z i

3

7
5 =

2

6
4

� c � A T � i

b � z i � Ax i

� w � � i z i

3

7
5 (3.9)

5: Use line search algorithm to �nd the step size� � and � z that satisfy :

� i + � � � � i � 0 (3.10)

z i + � z� z i � 0 (3.11)

6: Calculate � = maxf � 0; 1 � � g, � i
� = min f 1; �� � g and � i

z = min f 1; �� zg
7: Update � i +1 = � i + � i

� � � i , x i +1 = x i + � i
z� x i , and z i +1 = z i + � i

z� z i

8: Update � = �� , i = i + 1
9: until � � tolerance

10: Output � i , x i , z i

Algorithm 2 Apply WPDM to solve DFBA:

1: Given w , d, h0,  0, S, � t, nt , vmax , function f (�) and g(�).
2: k = 0
3: repeat
4: Calculate function f ( k ) and g( k )
5: Convert all inequality constraints Eqs. (3.1b), (3.1c), and (3.1d) into equality

constraints Ax + z = b by adding slack variables
6: Apply WPDM to solve the standard LP problem and getvk from x
7: Calculate Eqs. (3.2a) and (3.2b) to update k and h k

8: k = k + 1
9: until k � nt

10: output f hkg, f  k g
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di�erent auxiliary objectives to reduce the optimal space and to �nd a unique solution.
Each of these LP problems have a speci�c biological objective and they are ranked according
to a user prede�ned priority order. HO is de�ned as per Eq. (3.12) in standard form.

8
>>>>>>>>>>><

>>>>>>>>>>>:

p0 = min
x

cT
0 x

Ax + z = b
8
>>>>><

>>>>>:

p1 = min
x

cT
1 x

Ax + z = b

cT
0 x = p0n

...

(3.12a)

(3.12b)

(3.12c)

where p0 and c0 are the minimum value and the vector of coe�cients that de�ne the
objective of the original DFBA model; Eq. (3.12b) are the constraints of DFBA model in
their standard form. Similarly, pi and ci 8i 2 N+ are the minimum values and vectors of
coe�cients de�ning the di�erent objectives with respect to 
uxes of auxiliary LP problems
in a prescribed order. All auxiliary objectives and their ordering are de�ned by the user
according to the expected importance. It should be noticed that the auxiliary LP problems
at the lower priority levels do not only need to satisfy constraints as Eq. (3.12b), but they
also must satisfy all constraints in the higher priority levels. For instance, the second layer
LP does not only satis�es constraints as in the �rst layer LP, but also it must satisfy an
extra equality constraint cT

0 x = p0 to ensure the optimality of the �rst layer LP. HO cannot
always ensure the uniqueness of solution of DFBA even though all auxiliary objectives have
been used. The following priority order of objectives reported have been used in the case
study: 1-maximum biomass yield, 2-maximum ATP yield, 3-minimum of the total 
ux,
4-maximum carbon dioxide yield, 5-maximum acetate yield, 6-minimum 
uxes 1 tonr

sequentially [93]. The dual-simplex method of CPLEX is used to solve this problem.

3.3.4 Minimization of Enzyme Cost

The idea of minimization of enzyme cost [83] is also close to the idea of minimal 
ux
adjustment. The method is based on the assumption that evolution has ruled out ine�cient
pathways so that cells need to biosynthesize less total enzymes while distributing 
uxes
in an e�cient way. Minimization of enzyme cost or minimal 
ux adjustment are good
auxiliary objectives to maximize the e�ciency of the 
uxes. However, kinetic parameters
of reactions must be known to calculate exact enzyme cost. If these parameters are not
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available, other auxiliary objectives have been used instead such as minimal total (absolute)

ux, minimal number of active reactions, minimal norm of 
ux. To compare this method
with WPDM in the case study, methods based on minimization of the total 
ux and
minimization of the number of active reactions were used. Methods based on minimization
of the total 
ux and minimization of the number of active reactions had been also referred
as to the principle of 
ux minimization [47, 78]. Both these methods can be regarded as
hierarchical optimizations with only two layers each. For the method of minimization of
the total 
ux, the second layer objectives can be expressed as

P n r
i =1 vk;i in canonical form,

wherevk;i is the 
ux of i-th reaction at the time interval k.

The method of minimization of the number of active reactions is outlined in Eq. (3.13)
using the canonical formulation.

8
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

p0 = max
vk

dT vk + 01� n r � k

f ( k � 1) � Svk � g( k � 1)

 k � 1 + hk� 1� tSvk � 0

0 � vk � vmax

� k are binary variables

 k =  k � 1 + hk� 1� tSvk

hk = hk� 1 + hk� 1� tdT vk8
>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>:

p1 = min
� k

01� n r vk + 11� n r � k

� Iv k + � I� k � 0

Iv k � M I� k � 0

dT vk + 01� n r � k = p0

f ( k � 1) � Svk � g( k � 1)

 k � 1 + hk� 1� tSvk � 0

0 � vk � vmax

� k are binary variables

 k =  k � 1 + hk� 1� tSvk

hk = hk� 1 + hk� 1� tdT vk

(3.13a)

(3.13b)

(3.13c)

(3.13d)

(3.13e)

(3.13f)

(3.13g)

(3.13h)

where� k is a vector of binary variables at time intervalk, de�ning on-o� switches for each
reaction; � is a tolerance to determine whether a 
ux can be treated as zero or not;0 and 1
are matrices whose elements are 0 and 1 respectively;M is a very large value, e.g. 100000
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is used in the case study. When� k;i is zero, the i-th reaction is turned o� while if � k;i is
one, the i-th reaction is turned on. In this research, the second layer problem is solved by
a mixed integer linear programming solver of CPLEX.

3.3.5 Model Calibration

To compare among solutions obtained with di�erent solvers and di�erent methods to ad-
dress multiplicity, two groups of replicate experimental data of fed-batch fermentation of
B. pertussis reported in the paper of [13] were used to calibrate the model. These two
groups of replicate experimental data are referred to experiment 1 and 2 in the following
sections. Additional details on the experimental data can be found in [13]. Although all
the parameters of the original DFBA model and auxiliary parametersw of WPDM could
be adjusted to �t the experimental data, this is very impractical because only a small sub-
set of the parameters has a signi�cant impact on the solution [44, 69]. Thus, a sensitivity
analysis is conducted to determine the top 5 model parameters and the top 5 auxiliary pa-
rameters that have the largest e�ect on the solution. The sensitivityS� i is the sensitivity
of parameter� i de�ned as in Eq. (3.14).

S� i =
nmX

m=1

n tX

k=1

�
�
�S� i

 m
(tk)

�
�
� +

n tX

k=1

�
�
�S� i

h (tk)
�
�
� (3.14)

whereS� i
 m

(tk) is the sensitivity of concentrations m of metabolitem to the i-th parameter
� i at sampling time interval k. Similarly, S� i

h (tk) is the sensitivity of biomass to i-th
parameter at sampling time intervalk; and the calculations of sensitivities for biomass and
metabolites follow Eqs. (3.15) and (3.16) respectively.

S� i
 m

(tk) =
@ m (tk)

@�i

� i

 m

(3.15)

where m is the average metabolite concentrations over all sampling time intervals accord-
ing to Eq. (3.16).

 m =
1
nt

n tX

k=1

 m (tk) (3.16)

The sum of squared errors (SSE) of key metabolites and biomass as de�ned in Eq.
(3.17) is used for model calibration and for comparing the �tting accuracy of di�erent LP
solvers and di�erent methods for addressing multiplicity, where m;exp (tk) and hexp(tk) are
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two sets of the experimental data of metabolitesm and biomass at timetk respectively.

SSE =
nmX

m=1

n tX

k=1

( m (tk) �  m;exp (tk))2 +
n tX

k=1

(h(tk) � hexp(tk))2 (3.17)

The selected top 5 sensitive parameters are then adjusted to �t the experimental data
with di�erent solvers, including the interior-point method (IPM) of CPLEX, the interior-
point method of MATLAB R2018a, and the NPDM; the aforementioned methods for ad-
dressing multiplicity, including minimization of the total 
ux, minimization of the number
of active reactions, and hierarchical optimization. For the WPDM, both the top 5 pa-
rameters of the DFBA model and the top 5 auxiliary parameters interior-point weights
that were obtained from the sensitivity analysis are tuned to �t the data. In principle, all
weights (over 200) can be tuned . But for simplicity, as comparison, only top 5 weights
. It should be emphasized that while the interior-point weights can be adjusted to obtain
di�erent optima, the weights to be chosen for a particular DFBA problem are the ones
that result in a better �t of the experimental data. Thus, these auxiliary parameters do
not change the de�nition of the original DFBA problem, but only provide a means to
choose one particular 
ux distribution among all possible distributions. The selected top 5
sensitive parameters are then adjusted to �t the experimental data with di�erent solvers,
including the interior-point method (IPM) of CPLEX, the interior-point method of MAT-
LAB R2018a, and the NPDM; the aforementioned methods for addressing multiplicity,
including minimization of the total 
ux, minimization of the number of active reactions,
and hierarchical optimization. For the WPDM, both the top 5 parameters of the DFBA
model and the top 5 auxiliary parameters interior-point weights that were obtained from
the sensitivity analysis are tuned to �t the data. In principle, all weights (over 200) can
be tuned . But for simplicity, as comparison, only top 5 weights . It should be empha-
sized that while the interior-point weights can be adjusted to obtain di�erent optima, the
weights to be chosen for a particular DFBA problem are the ones that result in a better �t
of the experimental data. Thus, these auxiliary parameters do not change the de�nition
of the original DFBA problem, but only provide a means to choose one particular 
ux
distribution among all possible distributions. The selected top 5 sensitive parameters are
then adjusted to �t the experimental data with di�erent solvers, including the interior-point
method (IPM) of CPLEX, the interior-point method of MATLAB R2018a, and the NPDM;
the aforementioned methods for addressing multiplicity, including minimization of the total

ux, minimization of the number of active reactions, and hierarchical optimization. For the
WPDM, both the top 5 parameters of the DFBA model and the top 5 auxiliary parameters
interior-point weights that were obtained from the sensitivity analysis are tuned to �t the
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data. In principle, all weights (over 200) can be tuned . But for simplicity, as comparison,
only top 5 weights . It should be emphasized that while the interior-point weights can
be adjusted to obtain di�erent optima, the weights to be chosen for a particular DFBA
problem are the ones that result in a better �t of the experimental data. Thus, these
auxiliary parameters do not change the de�nition of the original DFBA problem, but only
provide a means to choose one particular 
ux distribution among all possible distributions.
The selected top 5 sensitive parameters are then adjusted to �t the experimental data with
di�erent solvers, including the interior-point method (IPM) of CPLEX, the interior-point
method of MATLAB R2018a, and the NPDM; the aforementioned methods for addressing
multiplicity, including minimization of the total 
ux, minimization of the number of active
reactions, and hierarchical optimization. For the WPDM, both the top 5 parameters of the
DFBA model and the top 5 auxiliary parameters interior-point weights that were obtained
from the sensitivity analysis are tuned to �t the data. In principle, all weights (over 220
weights in this example) can be tuned. But for simplicity, only top 5 weights were selected
as a comparison. It should be emphasized that while the interior-point weights can be
adjusted to obtain di�erent optima, the weights to be chosen for a particular DFBA prob-
lem are the ones that result in a better �t of the experimental data. Thus, these auxiliary
parameters do not change the de�nition of the original DFBA problem, but only provide
a means to choose one particular 
ux distribution among all possible distributions.

3.4 Theoretical Properties of WPDM

As mentioned in the literature review, some desirable properties for a method that ad-
dresses the primal multiplicity issue in DFBA are: uniqueness and continuity of the optimal
solution, availability of tuning parameters to select a speci�c optimum among the multiple
optima so as to permit consistency with experimental data and computational e�ciency.
In this section, WPDM is shown to have properties of uniqueness, continuity and tunability
to apprimate to a speci�c optimum. One drawback of WPDM as compared to other meth-
ods is the computational expense required due to the use of a Newton's method to solve
a set of nonlinear equations. However, it should be noticed that the main computational
e�ort is required for o�-line calibration of the weights of WPDM with experimental data
which, as shown later in the case study, it is not a factor for online applications where the
weights values are kept constant with time.

Lemma 1 For a convex optimization problem, if the objective is strictly convex, then
the optimal set contains at most one point [12].
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Theorem 1 Uniqueness For given positivew and � , the optimization problem in the
weighted logarithmic form de�ned in Eq. (3.6) has at most one optimal solution.

Proof The logarithmic function is a strictly concave function. Because� > 0 andw > 0,
�

P n
j =1 wj ln(zj ) is strictly concave function. The negative sign of the logarithmic term in

the objective function Eq. (3.6) makes the function strictly convex.cT x and Ax + z
are a�ne functions, which are convex but not strictly convex. The objective function is
still strictly convex because it is the summation of a strictly convex function and a convex
function.

Because the constraints are convex and the objective is strictly convex, the weighted
logarithmic form de�ned in Eq. (3.6) is a strictly convex optimization problem. According
to Lemma 1, this type of optimization problem with the weighted logarithmic formulation
de�ned in Eq. (3.6) has at most one optimal solution.

Remark 1 Theorem 1 proves that for a given� , every w corresponds to at most one
optimal solution. Uniqueness is a key property of WPDM.

Theorem 2 Convergence to an approximate solution Assume the feasible space of
problems Eq. (3.3) and Eq. (3.6) is not empty,w , z, and x are bounded.9�� > 0, so that
solution of Eq. (3.6) is also an approximate solution of Eq. (3.3) if� 2 [0; �� ].

Proof Because
P n

j =1 wj ln(zj ) in the objective of Eq. (3.6) is a strictly convex function as
proven in Theorem 1, Theorem 2 can be regarded as a special case of the proof of Theorem
1 in [67].

Remark 2 Theorem 2 establishes the approximation property of WPDM. When multi-
ple optima exist, w can be tuned to obtain di�erent bounded optimax . A bounded w
only in
uences which solution is selected among the multiple solutions but it cannot a�ect
the optimality of x . Thus, if the original LP problem has a unique solution, the solution
of Eq. (3.6) is still the solution of Eq. (3.3) for any boundedw. Following the approxi-
mation property proven in Theorem 2, once� and w are speci�ed, the resulting solution
of LP problem by the WPDM is unique. Thus a speci�c time trajectory for each metabo-
lite, among the many possible feasible trajectories, can be obtained by applying WPDM.
Additional proofs of approximation and other properties of WPDM are in [1, 20, 57].
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Ideally the optimal solution is obtained when� is in�nitesimal. In practice, a very small
value (� = 1e� 8 in the case studies) is used. From Eq. (3.8c), the duality gap� T z = �

P
wj

of WPDM is a measure of the objective function error [20]. Thus the approximation error
is controllable by the value of� selected by the user.

Theorem 3 Assume the solution set of Eq.(3.6) is not empty, the optimal solution is
locally continuous with respect tob; c; w . The proof of local continuity is given in Appendix
A and it is based on [90].

Remark 3 The optimal solutions found by Simplex methods are not continuous when
primal multiplicity occurs. If the DFBA model is to be used for control, small pertur-
bations due to disturbances or noise can cause discontinuity in solutions and non-smooth
trajectories. In the application of DFBA models in process control, it is necessary that the
WPDM will be robust to these perturbations, i.e. the resulting optimal solution is con-
tinuous in the presence of perturbations. Theorem 3 proves the continuity at the optimal
solution with respect to perturbations ofb; c; w .

3.5 Results and Discussion

3.5.1 Primal Multiplicity of the DFBA of B. pertussis

First the same DFBA model of B. pertussis [13] is solved by di�erent solvers to show
that di�erent optima are arbitrarily chosen by these solvers. The tested LP solvers are the
dual-simplex method, the interior-point method of MATLAB R2018a and the dual-simplex
method and the interior-point method of CPLEX 12.8 (IBM). Commercial software such as
CPLEX uses an additional post-processing algorithm referred to as a crossover algorithm
that can �nd an optimum at a vertex starting from an optimum not located at a vertex
[48] Corporation, 2016). In this paper, all computations are conducted without crossover.

The DFBA model of B. pertussisreported in [13] was originally �tted using the interior-
point method of MATLAB version R2018a. To show the existence of multiple optima in the
original DFBA model, di�erent LP solvers were used to calculate the optimal 
ux distribu-
tion at the �rst time interval. Fig. 3.1 displays the radar chart of the calculation results.
As shown in Fig. 3.1, even though the initial conditions and growth rates (objective) are
the same, signi�cantly di�erent 
ux distributions can be obtained in the �rst time interval
and thereafter. Moreover, the optimal 
ux distribution obtained is arbitrarily determined
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by the particular algorithm while the user has limited ability to choose a di�erent solution
from the one provided by the solver.

The variability in 
ux distributions obtained for the �rst time interval with the di�erent
solvers is critical since it results in drastically di�erent trajectories of metabolite concen-
trations over time in the fed-batch operation. For example, Fig. 3.2 and Fig. 3.3 show the
evolution of metabolites and biomass concentrations obtained with the di�erent LP solvers
for the original DFBA model. For con�dentiality reasons, all concentrations are divided by
the initial glutamate concentration so that concentrations are dimensionless. It can be seen
from these �gures that the trajectories obtained with the two interior-point methods are
somewhat similar to each other and �t better to the experimental data as compared to the
trajectories calculated with the two dual-simplex methods. Furthermore, the dual-simplex
method of MATLAB R2018a was not able to �nd any feasible solution from 50 hours and
on due to the early depletion of phenylalanine which cannot be biosythesized while it is
essential for biomass synthesis. Hence, the choice of a commercial solver is critical not only
in terms of the accuracy of the optimal solutions but also in terms of the feasibility of the
optimization problem over time.

3.5.2 Application of WPDM

As established in the previous section, the WPDM can �nd a unique optimum once the
interior-point weights w and � are chosen. First, a toy example reported in the literature
is used to illustrate the performance of the WPDM. Later, di�erent solvers and di�erent
methods for primal multiplicity are used to calibrate a DFBA model ofB. pertussis. In
this paper, � = 0:1 , tolerance=1e� 8 , initial � = 10, � 0 = 0:995 are used for WPDM.

Example of Simple LP Problem with Multiple Optima

A linear programming problem with multiple optima from Motamedian's paper is used as
a preliminary case study (Motamedian and Naeimpoor, 2018). The LP problem is de�ned
in Eq. (3.18). There are 4 vertex optima, [4 0 2]T , [0 4 4]T , [0 4 0]T , [4 0 0]T .

min
x

� 2x1 � 2x2

subject to x1 + x2 � 4

x1 + 2x3 � 8

x � 0

(3.18)
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Figure 3.1: Radar charts of optimal 
ux distribution in the �rst time interval obtained by
di�erent solvers, including interior-point method and dual-simplex method of MATLAB
and CPLEX. There are 49 reactions in the metabolic networks, but only reaction 1, 12, 25
and 37 are labeled in the radar plots. To facilitate the comparison, all 
uxes were normal-
ized within the interval [0; 1] by dividing each 
ux by the maximum 
ux obtained for each
reaction. Even though the initial conditions are the same, the optimal 
ux distributions
arbitrarily selected by the solver are signi�cantly di�erent.
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Figure 3.2: Evolution of key metabolites concentrations with time obtained by four di�erent
LP solvers. Di�erent LP solvers were used to solve the original DFBA model for fed-
batch fermentation of B. pertussis. Experiment 1 and 2 are two replicate experiments
used in building the original DFBA model. The trajectories obtained by the dual-simple
of MATLAB are discontinuous due to infeasibility around 50h. All concentrations are
divided by the initial glutamate concentration so that concentrations are dimensionless.
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Figure 3.3: Evolution of biomass concentration with time obtained by four di�erent LP
solvers. Di�erent LP solvers were used to solve the original DFBA model for fed-batch
fermentation of B. pertussis. Experiment 1 and 2 are two replicate experiments used in
building the original DFBA model. The trajectories obtained by dual-simple of MATLAB
are discontinuous due to infeasibility around 50h. All concentrations are divided by the
initial glutamate concentration so that concentrations are dimensionless.
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First, the original problem is converted into the standard form according to Eq. (3.19),
wherez are slack variables. These �ve variables correspond to �ve interior-point weights
w1; � � � ; w5.

min
x

� 2x1 � 2x2

subject to x1 + x2 + z1 = 4

x1 + 2x3 + z2 = 8

� x1 + z3 = 0

� x2 + z4 = 0

� x3 + z5 = 0

z � 0

(3.19)

In Fig. 3.4, the polyhedron shows the feasible space of this LP problem as per Eq.
(3.18); the shaded hyperplane is the active optimal hyperplane de�ned by the constraint
x1 + x2 � 4. The other boundaries of this polyhedron are de�ned by other inactive con-
straints. Four vertexes of this optimal hyperplane are basic optima while the remaining
part of the optimal hyperplane corresponds to optima not located at vertexes. Six pos-
sible paths denoted by di�erent symbols are shown in Fig. 3.4. Every point of the path
corresponds to di�erent optima obtained by using di�erent interior-point weights. The
intersection of the six paths shown in the �gure corresponds to the analytic center of the
optimal hyperplane when all the elements ofw are set to 1. By increasing an interior-point
weight from 1 to 1000 while keeping the other weights constant, the obtained optimum can
be directed towards a speci�c optimum. From Fig. 3.4, it can be seen that increasing the
values of the weights lead to an increase of the corresponding values of the slack variables.
For example, asw2 increases, the corresponding slack variablez2 increases which means
that the optimum point stays away from the boundary ofx1+2x3 � 8. It is also found that
the ratio between di�erent interior-points can be adjusted to determine which optimum is
obtained rather than adjusting the weights individually.

Model Calibration by Di�erent Solvers

As shown in the previous example, di�erent optima can be achieved by changing the
interior-point weights of the WPDM when multiple optima exist. This property can be
used to tackle the multiplicity of solutions occurring in the DFBA model ofB. pertussisby
selecting a set of weights that result in solutions that best �t the experimental data. In this
case study, six solvers are compared in terms of their ability to �t the experimental data
reported in [13]. It is found that the dual-simplex method of CPLEX and the dual-simplex
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Figure 3.4: Control of interior-point weightsw to approximate to di�erent optima. The
polyhedron is a feasible space formed by three decision variablesx1; x2 and x3. Increasing
a particular interior-point weight leads to an increase in the corresponding slack variables
z at the optimal solution so that any optimum can be obtained by tuningw .
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method of MATLAB cannot �t the experimental data and deviate signi�cantly from the
experiments. Thus, for brevity, only the remaining four solvers have been presented here:
the interior-point method of CPLEX, the interior-point method (IPM) of MATLAB, the
NPDM, and the WPDM.

Table 3.2 lists the SSE values for all metabolites and biomass as calculated for the
di�erent LP solvers. As shown in Table 3.2, the SSE obtained with WPDM is the smallest
among the four solvers. In particular, the prediction of biomass is signi�cantly more
accurate by NPDM and WPDM than the values predicted with IPM of MATLAB and
CPLEX. In general, for most metabolites, NPDM and WPDM resulted in signi�cantly
better �t. Although as shown in Fig. 3.5 and Fig. 3.6, there are no discernible di�erences
for biomass predictions by NPDM and WPDM, the SSE of some metabolites by NPDM
are much higher than for WPDM. For example, the SSE of isoleucine, leucine, threonine,
and valine by NPDM are much higher than WPDM, as much as 224% larger as compared
to WPDM. The �t is illustrated in Fig. 3.5 showing the pro�les of these amino acids as
compared to the experimental data. This corroborates that WPDM can �nd a unique set of
trajectories among all possible optimal trajectories that best approximates the data. The
tuning of the interior-point weights can be viewed as a way to compensate for insu�cient
information about the assumed DFBA model structure.

3.5.3 Model Calibration with alternative methods used to ad-
dress Primal Multiplicity

A comparison is conducted between models calibrated by di�erent methods for tackling
primal multiplicity. These methods include WPDM, minimization of the total 
ux (MTF),
minimization of the number of active reactions (MNAR) as de�ned in Eq. (3.13), and
hierarchical optimization (HO) as de�ned in Eq. (3.12). For all methods the top 5 sensitive
model parameters for each model were adjusted to �t the data.

As shown in Tab. (3.3) and Figs. (3.7) and (3.8), models calibrated by MTF and MNAR
cannot �t well the metabolites and biomass concentrations. For example, for glutamate,
the main limiting substrate, the deviation from experimental data is signi�cant. It can
be seen from Fig. (3.8), that the logarithmic phase of biomass occurs earlier than the
actual growth and the growth remains too fast even after 20h. From Figs. (3.7) and (3.8),
the model calibrated by HO can better describe the dynamics of metabolites and biomass

1IPM, interior-point method
2WPDM, weighted primal-dual method
3NPDM, naive primal-dual method
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Table 3.2: Summation of Squared Errors (SSE) of Fitting by Di�erent LP Solvers

SSE of
IPM 2,

CPLEX

Compared
with

WPDM 3

SSE of
IPM,

MATLAB

Compared
with

WPDM

SSE of
NPDM 4

Compared
with

WPDM

SSE of
WPDM

Biomass 7419 123% 15446 363% 3345 0% 3333
Ala 0.181 1% 0.174 -3% 0.180 0% 0.180
Arg 0.484 -36% 0.970 29% 0.756 0% 0.754
Asp 3.401 95% 1.778 2% 1.670 -4% 1.746
Glu 2482 509% 457.4 12% 401.6 -1% 407.6
Gly 15.13 6% 13.98 -2% 14.30 0% 14.30
His 1.869 9% 1.519 -11% 1.713 0% 1.712
Ile 2.483 303% 1.333 116% 1.819 195% 0.616
Leu 8.112 355% 2.844 60% 5.778 224% 1.782
Lys 34.34 10% 28.79 -8% 31.16 0% 31.14
Met 7.094 4% 6.275 -8% 6.832 0% 6.831
Phe 8.599 4% 7.596 -8% 8.286 0% 8.284
Pro 1.139 -15% 0.821 -39% 1.394 4% 1.344
Ser 31.74 16245% 0.310 60% 0.193 0% 0.194
Thr 2.490 5% 6.979 193% 5.575 134% 2.381
Tyr 0.057 -24% 0.145 93% 0.075 0% 0.075
Val 13.17 137% 6.954 25% 9.776 76% 5.550

Total 10031 - 15983 - 3837 - 3818
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Figure 3.5: Evolution of metabolite concentrations with time as obtained by NPDM and
WPDM. The DFBA models are calibrated based on the tuning of the top 5 most sensitive
parameters by NPDM and WPDM respectively. For con�dentiality, all concentrations are
divided by the initial glutamate concentration so that concentrations are dimensionless.

44



Figure 3.6: Evolution of biomass concentration with time as obtained by NPDM and
WPDM based on tuning of the top 5 sensitive parameters. The biomass trajectory with
time for NPDM and WPDM are overlapping. For con�dentiality, all metabolites' con-
centrations are divided by the initial glutamate concentration so that concentrations are
dimensionless.
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as compared to the MTF and MNAR methods. However, from Tab. (3.3), the �tting
accuracy of HO is worse than WPDM, especially with respect to biomass. The SSE of
biomass predicted by the WPDM is 350% lower than the one obtained for HO. The model
based on HO �t well some amino acids' concentrations with SSE values slightly lower as
compared to WPDM. However, for some amino acids the SSE obtained with HO is much
higher as compared to the corresponding SSE obtained with WPDM.

In general, it was found that the 
ux distributions obtained by these methods are sig-
ni�cantly di�erent from each other. From Fig. (3.9), yield of CO 2 and NH3 from 30h
and on are much higher when calculated with HO and WPDM as compared to the levels
calculated with MTF and MNAR. It was also observed that after the transition from rapid
growth to the stationary phase, the 
ux distributions selected by MTF and MNAR are
still dominated by anabolic reactions whereas for HO and WPDM they are dominated
by catabolic reactions. Because methods based on MTF and MNAR give preference to
e�cient pathways, slow consumption of glutamate results in relatively abundant biomass
and accumulation of glutamate during feeding in fed-batch operation. Methods based on
HO and WPDM seem to better capture the transition from anabolism to catabolism and
glutamate is found to be e�ectively depleted as an energy source after 30h. Transcript
abundance regulation found between growth phase and nutrient-limited phase in experi-
ments of B. pertussis also supports the observed downregulated anabolism [79]. For the
HO method, the catabolism-dominated 
ux distribution is selected because of the objec-
tive considered in the fourth layer involving maximization of carbon dioxide yield. For
WPDM, the catabolism-dominated 
ux distribution is enforced by tuning of the interior-
point weights w . It should also be noticed that the �tting of the HO method could be
potentially improved by changing the auxiliary objectives and their ordering by either
trial-and-error or based on prior knowledge. However, the selection of auxiliary objectives
and their ordering for �tting is a relatively di�cult combinatorial problem. In contrast,
the optimal interior-point weights w are found by �tting experimental data without any
prior-knowledge about the system. This data-driven feature makes WPDM attractive when
prior biological knowledge is not readily available.

On the other hand, WPDM is more computationally expensive as compared to the
other methods since it requires the solution of a set of nonlinear equations by a Newton's
method. For example, 18.4h CPU time is needed for calibrating the weights by MATLAB as
compared to 12.3min for MTF by CPLEX, 14.4min for MNAR by CPLEX, and 10.9min
for HO by CPLEX. However, it should be remembered that the higher computational
e�ort is only a factor while calibrating the weights which may not be critical for not too
large networks since this step is performed o�-line. After the weights are obtained, the
execution of the algorithm is relatively fast. For example, for a simulation of 60h fed-batch
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fermentation, 45.1s CPU time is needed for execution of WPDM with Matlab, 2.3s CPU
time for MTF by CPLEX, 9.8s CPU time for MNAR by CPLEX and 8.4s CPU time
for HO by CPLEX. Thus the computational expense is not a major limitation for online
implementation of the WPDM algorithm, e.g. for online estimation or control. Also, it
should be remembered that WPDM was coded in MATLAB which may result in generally
slower code as compared to the other algorithms that were implemented with CPLEX.

Table 3.3: Summation of Squared Errors (SSE) of Fitting by Di�erent Methods for Primal
Multiplicity

SSE of
MTF 4

Compared
with

WPDM 5

SSE of
MNAR

Compared
with

WPDM

SSE of
HO 6

Compared
with

WPDM

SSE of
WPDM

Biomass 34287 929% 27683 730% 15010 350% 3333
Ala 0.376 109% 0.376 109% 0.123 -32% 0.180
Arg 3.731 395% 1.778 136% 2.043 171% 0.754
Asp 14.43 726% 13.72 686% 4.711 170% 1.746
Glu 277621 68013% 287331 70395% 4174 924% 407.6
Gly 13.89 -3% 13.90 -3% 13.84 -3% 14.30
His 1.275 -26% 1.362 -20% 1.765 3% 1.712
Ile 6.268 918% 6.907 1022% 1.743 183% 0.616
Leu 5.696 220% 6.931 289% 1.106 -38% 1.782
Lys 12.07 -61% 12.69 -59% 15.97 -49% 31.14
Met 5.919 -13% 6.064 -11% 6.645 -3% 6.831
Phe 7.529 -9% 7.557 -9% 7.786 -6% 8.284
Pro 597.7 44372% 603.2 44784% 0.153 -89% 1.344
Ser 0.144 -26% 0.144 -26% 0.232 20% 0.194
Thr 79.78 3251% 34.38 1344% 63.65 2573% 2.381
Tyr 0.243 223% 0.243 223% 0.182 142% 0.075
Val 19.56 253% 21.66 290% 5.365 -3% 5.550

Total 312678 - 315745 - 19309 - 3818

4MTF, minimization of the total 
ux
5MNAR, minimization of the number of active reactions
6HO, hierarchical optimization
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Figure 3.7: Comparison of the time evolution of metabolite concentrations with time ob-
tained by di�erent methods for primal multiplicity, including minimization of the total 
ux
(MTF), minimization of the number of active reactions (MNAR), hierarchical optimiza-
tion (HO) and WPDM. The top 5 most sensitive parameters are tuned for the calibration
of the DFBA models used with these methods. The ordering of the objectives used for
HO are: maximum biomass yield, maximum ATP yield, minimum of the total 
ux, max-
imum carbon dioxide yield, maximum acetate yield, minimum 
uxes 1 tonr sequentially
to assure the unique solution. The �rst �ve objectives are reported as good �tting with
experimental data in [93]. For con�dentiality, all concentrations are divided by the initial
glutamate concentration so that concentrations are dimensionless.
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Figure 3.8: Comparison of the time evolution of biomass concentration by di�erent methods
for primal multiplicity : minimization of the total 
ux (MTF), minimization of the number
of active reactions (MNAR), hierarchical optimization (HO) and WPDM.
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Figure 3.9: Comparison of time evolution of NH3 and CO2 obtained by di�erent methods
for primal multiplicity, including minimization of the total 
ux (MTF), minimization of
the number of active reactions (MNAR), hierarchical optimization (HO) and WPDM. For
con�dentiality, all concentrations are divided by the initial glutamate concentration so that
concentrations are dimensionless.
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3.6 Conclusions

The multiplicity of optimal solutions is common for dynamic 
ux balance analysis models
since the problems are often under-determined. The existence of multiple solutions results
in in�nite possible time trajectories of metabolites' concentrations. Thus, multiplicity poses
a challenge for the application of DFBA in model-based control, estimation, monitoring,
and optimization.

This paper proposes the use of a variant of the interior-point algorithm referred to as
the WPDM where approximation to a particular optimum among all possible optima can
be controlled by a proper choice of interior-point weights. The uniqueness, approximation,
and continuity of WPDM are proven mathematically. The algorithm is computationally
more expensive as compared to other methods since it requires the solution of a set of
nonlinear equations by Newton's method. However, while the computations will extend
o�ine calibration of the model they are not a major limiting factor for online applications
with a �xed set of weights.

The methodology is illustrated for a DFBA model ofB. pertussis. It is shown that the
choice of interior-point weights in the proposed method can be e�ectively used to improve
the �tting of the model predictions to data as compared to other solvers and other methods
used for tackling primal multiplicity.
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Chapter 4

A Type of Set Membership
Estimation Designed for Dynamic
Flux Balance Models

4.1 Overview

1Dynamic 
ux balance models (DFBM) are used in this study to infer metabolite concen-
trations that are di�cult to measure online. The concentrations are estimated based on a
few available measurements. To account for uncertainty in initial conditions the DFBM is
converted into a variable structure system based on multiparametric linear programming
(mpLP) where di�erent regions of the state space are described by correspondingly di�erent
state space models. Using this variable structure system a special set membership based
estimation approach is proposed to estimate unmeasured concentrations from few available
measurements. For unobservable concentrations upper and lower bounds are estimated.
The proposed set membership estimation has been applied to batch fermentation ofE.coli
based on DFBM.

1Adapted from Shen, X., & Budman, H. (2021). Set Membership Estimation with Dynamic Flux
Balance Models. Processes, 9(10), 1762.
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4.2 Introduction

The increasing demand for bio-pharmaceutical products requires continuous improvement
in monitoring and control strategies for fermentation processes. Model-based control and
optimization strategies are crucial to boost productivity. Unlike traditional unstructured
biochemical models, dynamic 
ux balance models (DFBM) have gained increasing atten-
tion since they contain more detailed information about the distribution of metabolic 
uxes
[86, 46]. The strength of DFBM relies on its use of stoichiometric information about the
cell metabolic network. The use of this information often results in models that require a
smaller number of parameters as compared to other types of modeling approaches and thus
are less prone to over-�tting. However, regardless of the choice of model, monitoring, and
control of industrial fermentation processes remains challenging because feedback control
strategies require many states to be measured online. In reality, most states cannot be
measured online either due to the expense of measuring equipment and its maintenance
or the lack of online measurement devices [105, 52, 25]. Some states, including the con-
centration of amino acids, metals, vitamins, ATP, and precursors have great e�ect on the
fermentation process but are either di�cult or impossible to be measured online.

In this research, a set membership estimation approach is proposed for nonlinear sys-
tems described by DFBM models. The DFBM is converted into a variable structure system
composed of several continuous systems in di�erent regions of state space by multipara-
metric linear programming. To address the lack of measurements an Extended Kalman
Filter (EKF) is used to estimate nominal values of some states which are important for
determining metabolic 
uxes. Then, a set membership estimation algorithm is applied for
DFBM to estimate the bounds of all states. A detector is proposed to detect the switch
between di�erent subsystems.

The paper is organized as follows. Section 2.1 introduces the background of DFBM.
Section 2.2 describes the use of multiparametric linear programming to convert the DFBM
into a variable structure system composed of subsystems. Section 2.3 describes the EKF
used to estimate some states which are important for determining metabolic 
uxes. Section
2.4 presents the main ideas of set propagation and error compensation for the calculation
of states' bounds. Section 2.5 presents the algorithm for detecting the switch between
di�erent subsystems. Section 3 provides the application of the proposed techniques to the
batch fermentation of E. coli. Section 4 presents a Discussion of the results followed by
Conclusions.
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4.3 Materials and Methods

4.3.1 Dynamic Flux Balance Models

Dynamic 
ux balance models (DFBM) are structured genome-based metabolic models
developed from 
ux balance models. The key assumption of DFBM is that the cells act
as agents distributing resources through metabolic reaction networks to boost a biological
objective, e.g. growth rate [86]. Accordingly, the DFBM is formulated as an optimization
problem. In the literature [64], both dynamic and static optimization approaches are
reported. In the dynamic approach, the nonlinear programming problem is solved over a
relatively large time period which is computationally expensive and thus less convenient for
uncertainty propagation. In this investigation, a static optimization approach is adopted
for its simplicity. DFBM is interpreted as a local linear programming problem to maximize
a biological objective. In terms of the dynamics of intracellular metabolites, there are two
types of DFBM models in the literature. One type of DFBM di�erentiates intracellular
and extracellular environments and assumes that the intracellular metabolic reactions are
fast enough such as it can be assumed at a quasi-steady state [46, 45]. Accordingly, only
the extracellular metabolites and the biomass are described by dynamic state equations. It
has been argued that the intracellular metabolite concentrations are not constant and may
change over time [34]. Accordingly, there is a second type of DFBM, used in the current
study, which does not di�erentiate between intracellular and extracellular compartments
and the dynamics of all the metabolites are considered [64, 13]. The governing equations
of DFBM are based on discretized mass balances for all metabolites and these are de�ned
by Eq. (4.1).

x k +1 = Bx k + � tx bio;kAv k + h (4.1a)

yk = Cx k + r k (4.1b)

x 0 2 P 0 (4.1c)

r k � TN(0; � ; l ; u ) k = 0; 1; 2� � � (4.1d)

Where x k is a vector of nx state variables at time stepk. The state vector x includes
concentrations of metabolites and biomassxbio. y is a vector of ny measured variables.
B 2 Rnx � Rnx is a constant diagonal matrix with diagonal elementsbj , j = 1; � � � ; nx .
� t is constant discrete time step size.A 2 Rnx � Rn rct is stoichiometry coe�cient matrix,
wherenrct is the number of reactions considered in the metabolic network.v 2 Rn rct is the
metabolic 
ux vector and its calculation is discussed below.h 2 Rnx is a constant vector.
The initial state x 0 is assumed to be bounded by a �nite polyhedronP0 as Eq. (4.1c).
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The underlying assumption is that in practice the initial concentrations of the culture
medium components are known to be within speci�c ranges of valuesP0. This assumption
is based on the fact that some variation in media formulation occurs due to human factors
and variability in raw materials. Hence, this research focuses on the initial uncertainty
and we assume all parameters in the state equations to be known accurately. In other
words, the method proposed in this research cannot deal with model structure uncertainty
like uncertainty in matrix A. But the method can be extended to deal indirectly with
uncertainty in parameter � de�ned in the following paragraphs.

r k 2 Rny are measurement noise vectors which elements follow the truncated multivari-
ate normal distribution (TN) [112, 11]. The probability density functionp for TN(� ; � ; l ; u )
are de�ned as per Eq. (4.2).

p(x ; � ; � ; l ; u ) =
expf� 1

2(x � � )T � � 1(x � � )g
Ru

l expf� 1
2(x � � )T � � 1(x � � )g

(4.2)

For r k , the mean vector of TN is0 2 Rny ; the covariance is� 2 Rny � Rny ; corresponding
variance vector is� 2 2 Rny ; lower bound and upper bound arel 2 Rny and u 2 Rny

respectively. j � j indicates the absolute value of a vector. It is assumed thatjl j � 3� and
ju j � 3� , which indicate that the absolute values of the lower bound and upper bound
respectively are within the range of 3� . For simplicity, the current study assumes the
process noise to be zero. Process noise could be included as an additional state but this is
beyond the scope of the current work.

Following the assumption that the cell allocates resources optimally, the metabolic 
ux
v vector at each time step is obtained by solving a linear programming (LP) problem,
de�ned by Eq. (4.3).

max
vk

cT vk (4.3a)

subject to Gv k � F � k (x k ) + z (4.3b)

where c 2 Rn rct , F 2 RnG � Rn � , z 2 RnG , G 2 RnG � Rn rct , � 2 � � Rn � . nG is the
number of linear constraints. The parameter vector� is a nonlinear vector-valued function
of states x . n� denotes the number of elements in the parameter vector� . Usually,
each element� is only a function of two states at most and one of these two states is
biomass concentration.� denotes the parameter space where the optimal solution of the
LP resides. Eq.(4.3a) denotes the objective of the LP that cells are optimizing where the
most commonly used objective is the biomass production rate, i.e. growth rate. Thus, cells
try to maximize growth rate by allocating limited resources. The LHS (left-hand-side) in
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Eq.(4.3b) describes either the rate of change of metabolite concentrations or the change
of metabolite concentrations over a discretization time step �t. Matrices G are constant
matrices containing information on the stoichiometry of reactions. RHS in Eq.(4.3b) is
a function of x k , denoting the metabolic reaction bounds for each step. The matrixF
is a matrix in which elements are part of the right-hand side of the constraints that are
functions of states at the previous time interval.z is a vector containing constant values
such as constant uptake rate limits. Therefore, linear constraints of 
uxv in Eq.(4.3b) are
reaction rate limits or bounds on available resources (nutrients). Numerical examples of
these matrices and vectors are shown for theE.coli model in the results section.

4.3.2 Multiparametric Linear Programming for DFBM

Multiparametric Linear Programming [2, 10, 84]

While set-based methods are available for uncertainty propagation for linear state space
equations, these methods are not directly applicable to DFBM. The reason is that the

uxes used in the state equations are obtained from an LP and thus the problem is non-
linear due to the nonlinear function� (x ) and the occurrence of di�erent sets of active
constraints. To tackle the dependency of the state equations on the LP, the concept of
multiparametric linear programming (mpLP) is used to convert the DFBM into a variable
structure system that is composed of subsystems. Multiparametric linear programming
divides the parameter space (� ) into di�erent regions corresponding to di�erent sets of
active constraints and generates explicit expressions for calculating optimal solutions (v)
for each region [2, 10, 84].

Let's assume a given optimal solutionv of the LP (Eq. (4.3)) where subscriptA and
I denote indices of active and inactive constraints respectively. Using this notation Eq.
(4.3b) is decomposed into two parts, equalitiesGA vk = FA � k (x k ) + zA and inequalities
G I vk � F I � k (x k ) + zI . Without loss of generality, let's assume thatGA is linearly
independent (linear redundant rows can always be removed by Gaussian elimination). Let
H = G � 1

A FA and g = G � 1
A zA , then the optimal solution can be obtained by Eq. (4.4).

Following the literature and our previous studies, for a given� , multiple optimal solutions
can coexist [78, 98]. In other words, multiple Eq. (4.4) can coexist which results in di�erent
ways to divide the parameter space� . When such a multiplicity issue occurs it results in
di�erent time trajectories. For simplicity, multiplicity is not addressed in the current study
and it is addressed in a separate work by di�erent methods from the one presented here.
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The inverse ofGA exists because here we assume that the solution to the LP is unique.

vk = H� k (x k ) + g (4.4)

Substituting Eq. (4.4) into the inequality constraints results in Eq. (4.5).

(G I H � F I )� k (x k ) < zI � G I g (4.5)

Eq. (4.5) de�nes a polyhedral region of� where the existence of the optimal solution is
ensured by Eq. (4.4). The region de�ned by Eq. (4.5) is referred to as a critical region in the
multiparametric programming literature. Di�erent critical regions are de�ned by di�erent
combinations ofA and I . Then, the entire parameter space� can be decomposed into
connected critical regions denoted byf � i g; i = 1; � � � ; n� . n� denotes the total number
of critical regions in � . In practice, critical regions that are very small are ignored and
assumed to be covered by the adjacent critical region. Correspondingly, superscripti is
used to denote thei -th critical region. Assume for a speci�c� 2 � i , the optimal 
ux
v vector can be calculated analytically byv i

k = H i � k + gi thus bypassing the need for
solving the LP.

By substituting the optimizer equation v i
k = H i � k + gi into Eq. (4.1a), we obtained

a set of governing state equations as per Eq. (4.6). Since di�erent� k are within di�erent
critical regions as Eq. (4.6b), each critical region corresponds to di�erent state equations
Eq. (4.6a). Thus the setf � i g de�nes a family of state space models and this family
is referred to as a variable structure system. A variable structure system is a piecewise
continuous system composed of subsystems where each subsystem corresponds to a di�erent
region of the state space. And the region of the state space corresponding to a speci�c
subsystem is referred to as a critical region. Each subsystem is described by a di�erent
set of state equations. Accordingly, the state equations need to be changed as soon as
the states enter a new critical region. Here, the superscripti denotes thei-th subsystem
corresponding to critical region� i . Eqs. (4.6c)-(4.6e) remain the same form as Eqs.
(4.1b)-(4.1d).

x k +1 = Bx k + � tx bio;kA (H i � k (x k ) + gi ) + h (4.6a)

� k (x k ) 2 � i i = 1; � � � ; n� (4.6b)

yk = Cx k + r k (4.6c)

x 0 2 P 0 (4.6d)

r k � TN(0; � ; l ; u ) k = 0; 1; 2� � � (4.6e)
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Reaction Rate Estimability

To further simplify the system described by Eq. (4.6) it is possible to exploit the sparseness
(Columns are zeros) of theH matrix. For instance, to take advantage of zero columns of
H , Eq. (4.4) can be re-written as shown in Eq. (4.7). For conciseness, the subscriptk is
omitted here because Eq. (4.7) applies for all time steps.

v i = H i � (x ) + gi =
h
H i

N H i
Z

i
"

� i
N (x i

N )
� i

Z (x )

#

+ gi = H i
N � i

N (x i
N ) + gi (4.7)

In Eq. (4.7) N and Z denote the indices of the nonzero and zero columns of theH matrix
respectively. BecauseH Z is a submatrix containing the zero columns ofH , the 
ux v
is only a function of parameters� N (x N ) according to Eq. (4.7). Moreover, while the
parameters � are a function of statesx (see Eq. (4.1) and (4.3)), only some elements
of x actually determine the entire 
ux vector v. The vector x N contains, according to
Eq. (4.7), the states that determine the 
ux vector. Notice that for di�erent critical
regions 
ux-determining vectorx N contains di�erent states. Therefore, Eq. (4.6a) can be
simpli�ed into Eq. (4.8).

x k +1 = Bx k + � tx bio;kA (H i
N � i

N (x i
N;k ) + gi ) + h (4.8)

The biological interpretation of the 
ux-determining state vector x N is that only some
resources are limiting the growth of cells, either because they are limited or because the
activity of enzymes in the related reactions (
uxes) is limiting. As the fermentation pro-
gresses, the states transit into new critical regions from old critical regions. Di�erent
critical regions can be interpreted as di�erent metabolic stages wherex N are di�erent.
Similar interpretations have been reported in [2] in the context of steady-state 
ux balance
analysis.

In Eq. (4.8), the term � tx bio;kA (H i
N � i

N (x i
N;k ) + gi ) denotes the change of metabolite

concentrations contributed by metabolic reactions. Therefore, the reaction rates are
xbio;kA (H i

N � i
N (x i

N;k ) + gi ). It is noted that this nonlinear reaction rate term is not only
a function of the 
ux-determining states vectorx N but also of biomass concentrationxbio,
because the 
uxes are de�ned per unit biomass, i.e. more biomass demands more nutrients
to satisfy the requirement of the growth. Once the states that determine the reaction
rates, i.e. the statesx N together with the value ofxbio, can be estimated, the estimation
problem can be simpli�ed greatly. Since in some casesx N containsxbio but in some cases
it does not, we de�ne a reaction-rate-determining state vectorx M in Eq. (4.9). Hence,

58



the reaction-rate-determining state vectorx M always contains the 
ux-determining states
x N and the biomass statexbio without any redundancy.

x M =

8
>><

>>:

x N ; if x N contains the biomass statexbio :"
x N

xbio

#

; otherwise:
(4.9)

The vector x M for critical region � i is denoted byx i
M . We de�ne reaction rate es-

timability as the ability to determine the reaction ratesxbio;kA (H i
N � i

N (x i
N;k ) + gi ) in the

metabolic networks which are needed for the calculation of Eq. (4.8). Following the above,
once reaction-rate-determining state vectorx M at time step k can be estimated, the dy-
namic evolution of the culture at stepk+1 as per Eq. (4.8) can be predicted. Also, it should
be noticed that it is not necessary to measure all the reaction-rate-determining states for
reaction rate estimability and instead some states can be estimated by an observer from
available measurements. However, if an observer is used to estimatex i

M , some particular
combination of measurements is necessary for the observability ofx i

M . Considering dif-
ferent measurement combinations 
i1; 
 i

2::: for critical region � i , only some combinations
provide full observability of x i

M . Let de�ne 
 i
O as a family of sets of measurements, which

contains all measurement combinations that ful�ll the observability ofx i
M .

Although many di�erent critical regions and corresponding combinations of measure-
ments could be considered, in practice, the possibilities will be limited because industrial
fermentations usually operate in a narrow range of operating conditions. Thus, the dy-
namic trajectories of states only pass through a limited set of critical regions. Assume
for 8x 0 2 P 0, the set of critical regions that the trajectories traverse are �. Then, the
minimum set of measurements required for reaction rate estimability of the critical region
set � is 
 � as per Eq. (4.10).


 � = min
j

j
[

i


 i
j j (4.10a)

subject to i 2 � (4.10b)


 i
j 2 
 i

O (4.10c)

where j � j is the cardinality of a �nite countable set, i.e. the number of elements of a
set. In Eq. (4.10c), 
 i

j 2 
 i
O indicates that the measurement combination 
ij can ful�ll

the observability of reaction-rate-determining statesx i
M of critical region � i . If all states

in set 
 � are measured, the reaction rate term of any trajectory starting fromP0 can be
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estimated by an observer. In other words, althoughx i
M in di�erent critical regions may

be di�erent requiring di�erent measurements for observability,x i
M is always observable if

the chosen set of measurements satis�es Eq. (4.10c).

4.3.3 Extended Kalman Filter (EKF)

Using the minimum required set of measurements 
� de�ned in Eq. (4.10c), x M can be
estimated by an observer.x M corresponds to the observable subspace of the governing
equation (Eq. (4.1)) for each critical region. The state equation of the observable subspace
for critical region � i is given by Eq. (4.11).

x i
M;k +1 = f i (x i

M;k ) = Bx i
M;k + � tx bio;kA M (H i

N � i
N (x i

N;k ) + gi ) + hM (4.11a)

yk = C i
M x i

M;k + r k (4.11b)

r k � TN(0; � ; l ; u ) k = 0; 1; 2� � � (4.11c)

Wherex i
N;k andx i

M;k are the 
ux-determining state vector and the reaction-rate-determining
state vector for critical region� i respectively;A M is the stoichiometry submatrix corre-
sponding to x M ; similarly hM is sub-vector ofh corresponding tox M . It should be
noticed that for di�erent critical regions, x M involves di�erent states. Accordingly, each
critical region requires the use of a di�erent EKF. Also, it should be noticed that theC i

M
matrices are di�erent for each critical region but the measured variables 
� are the same
since the same sensors are used for the entire fermentation.

To estimatex i
M , a standard EKF is used due to its e�ective and simple structure [103].

The estimate x̂ i
M;k and covarianceP i

k of x i
M for critical region � i are described by Eq.

(4.12a) and Eq. (4.12b) respectively.

x̂ i
M;k = f i (x̂ i

M;k � 1) + K k (yk � C i
M x̂ i

M;k ) (4.12a)

P i
k

� 1
= � i

k � 1P i
k � 1 � i

k � 1
T

+ C i
M

T
(�� T )� 1C i

M (4.12b)

Where

K k = � i
k � 1P i

k � 1 � i
k � 1

T
C i

M
T
(C i

M � i
k � 1Pk � 1 � i

k � 1
T
C i

M
T

+ �� T )� 1 (4.13a)

� i
k =

@f i

@x i
M

(x̂ i
M;k ) (4.13b)

The measurement noise is assumed to be a truncated multivariate normal distribution
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as Eq. (4.11c). This assumption is needed for estimating �nite bounds as explained in
the following section. Recall in Eq. (4.2) thatjl j � 3� and ju j � 3� , the lower and
upper bounds are located within the range of 3� . The covariance matrix Pk is always
overestimated to ensure boundedness. Although the EKF resulting from this assumption
is sub-optimal it is still su�cient to estimate x i

M .

4.3.4 Set Propagation and Error Compensation

Since the minimum set of measurements de�ned by Eq. (4.10) can only ensure the ob-
servability of x M , the estimation of other states needs di�erent estimation strategies.
The idea is to exploit the a priori knowledge of the initial ranges of initial conditions to
estimate all states. Instead of predicting speci�c values of states, the set membership
estimation (SME) approach is used to predict sets containing all possible states by a se-
ries of set operations. These set operations usually include linear mapping, projection,
translation, Minkowski addition, intersection, union, and outer approximation. In this re-
search, all sets and multiparametric linear programming operations are performed with the
Multi-Parametric Toolbox 3.0 (https://www.mpt3.org/) [43] and MATLAB R2018a. The
E.coli example can be found online (https://github.com/SetMembershipEstimationDFBM
� /E.coliExample). For DFBM, SME propagates the initial set P0 by a�ne mapping as
Eq. (4.14). A�ne mapping involves two operations: linear mapping of the previous set
and translation.

X̂k+1 � B X̂k| {z }
linear mapping

+ � tx̂bio;kA (H i
N � i

N ( x̂ i
N;k ) + gi ) + h

| {z }
translation

(4.14)

Where X̂k represents the set of states at time stepk and X̂0 = P0, i.e. the set of initial
conditions assumed to be known. In Eq. (4.14), the translation term is approximated by
using the estimatex̂ i

M;k obtained by the EKF. In the application of EKF, the estimatex̂ i
M;k

needs several time steps to converge to the true 
ux-determining statesx i
M;k . Thus the

SME described by Eq. (4.14) may underestimate bounds while the EKF is converging. To
mitigate this problem a correction is implemented to compensate for the estimate error as
described below. Since no extra information is available, the compensation of the estimate
error is based on the worst-case scenario.

The error in the estimate incurred by the observer for critical region� i is ei
M =

x i
M;k � x̂ i

M;k . Since x i
M;k always contains biomassx i

bio;k and x i
N;k , the corresponding

estimate errors are de�ned asei
N;k = x i

N;k � x̂ i
N;k and ei

bio = x i
bio;k � x̂ i

bio;k . Let's assume
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that the function � is �rst-order di�erentiable and de�ne Jacobian matrix  i
k .

 i
k =

@� i
N

@x i
N

(x̂ i
N;k ) (4.15)

Substituting the estimate errorei
k , ei

bio and Jacobian matrix i
k into Eq. (4.8), a corrected

state equation that accounts for the estimate error is obtained as Eq. (4.16). Eq. (4.16)
uses a �rst-order approximation to account for the state deviation� i

k caused by the estimate
error ei

M;k while the EKF is converging. The error compensation based on linearization
provides satisfactory bounds because the error between the estimate and measured is small
and decreases quickly due to the convergence of EKF.

x k +1 = Bx k + � tx̂bio;kA (H i
N  i

k x̂ i
N;k + gi ) + h + � i

k (4.16a)

� i
k = D k ei

N;k + ebio;kM k ei
N;k + L k ebio;k (4.16b)

Where

D k = x̂bio;k � tAH i
N  i

k + h (4.17a)

M k = � tAH i
N  i

k (4.17b)

L k = � tA (H i
N � i

N;k ( x̂ i
N;k ) + gi ) (4.17c)

Figure 4.1: Illustration of the interval set containing the distribution of states.

To formulate an error compensation operation scheme several set operations are intro-
duced �rst as follows. Then-dimensional interval set isS(p; q) with lower bound p and
upper boundq as S(p; q) = f x 2 Rn : p � x � qg. The outer approximation operation

62



Q(�) of a bounded setW is denoted by Q(W), which involves the mapping of the set
W to a new interval set. If the in�mum and supremum are denoted by inf(�) and sup(�)
respectively, the outer approximation of the setW is Q(W) = S(inf( W); sup(W)). The
operator � is the Minkowski addition of two sets. For example, for two sets� and � ,
� � � = f a + b : a 2 �; b 2 � g.

Notice that the diagonal elements ofP i
k are the variances of each state. Then, if the

standard deviation ofei
N;k is � i

N;k and of ei
bio;k is � i

bio;k , two interval setsEN;k and Ebio;k can
be de�ned to bound � i

N;k and � i
bio;k respectively based on choice of 3 standard deviation

range, asei
N;k 2 EN;k = S(� 3� i

N;k ; 3� i
N;k ) and ei

bio;k 2 Ebio;k = S(� 3� i
bio;k ; 3� i

bio;k ). In Eq.
(4.16b), sincejei

bio;k j < 3� i
bio;k , we haveebio;kM k ei

N;k 2 3� i
bio;kM k EN;k . Similarly, the other

two terms in Eq. (4.16b) can be bounded asD k ei
N;k 2 D k EN;k and L k ebio;k 2 L k Ebio;k

respectively. Therefore, the state deviation� i
k term can be contained within the interval

set E�;k according to Eq. (4.18).

� i
k 2 E�;k = Q((D k + 3� i

bio;kM k )EN;k ) � Q (L k Ebio;k ) (4.18)

where the setsD k EN;k and 3� i
bio;kM k EN;k occurring in Eq. (4.18) are combined together.

On the other hand L k Ebio;k originates from a di�erent set Ebio;k and thus Minkowski ad-
dition must be used to add the di�erent sets. However, linear mapping of interval sets
can lead to irregular convex sets. In computational geometry, traditional algorithms that
perform Minkowski addition for two convex irregular high-dimensional polytopes are com-
putationally expensive [23]. On the other hand, Minkowski addition of two interval sets is
computationally e�cient because intervals are axis-aligned. Thus, the operatorQ(�) that
converts the irregular set to an axis-aligned set is applied to speed up the computation of
the Minkowski addition.

Following the above, the set of statesX̂k+1 is bounded by the prior estimate setP �
k+1

according to Eq. (4.19).

P �
k+1 = Qf B P+

k| {z }
linear mapping

+ � tx̂bio;kA (H i
N � i

N ( x̂ i
N;k ) + gi ) + h

| {z }
translation

g � E �;k (4.19a)

X̂k+1 � P �
k+1 (4.19b)

Where the set of the posterior estimate isP+
k . B P+

k denotes the scaling of the setP+
k by

the diagonal matrix B . Then the set B P+
k is translated by the vector in the big curly

brackets. To compensate for the deviation during the convergence of EKF, the interval set
E�;k is added by Minkowski addition.
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Considering the truncated measurement noiser k = yk � Cx k is bounded by lowerl
and upper boundsu , let de�ne a set M k = f x k 2 Rnx : l < yk � Cx k < ug. Then, the
posterior estimate setP+

k+1 is given by Eq. (4.20). In this study, it is assumed thatP+
k

and P �
k+1 are much smaller than the volumes of the critical regions.

P+
k+1 = P �

k+1

\
M k+1 (4.20a)

X̂k+1 � P +
k+1 (4.20b)

P+
0 = P0 (4.20c)

Fig. (4.2) illustrates the set propagation using intervals for an example involving two
states, e.g. glucose and biomass concentrations. The initial setP0 contains all possible
initial values of glucose and biomass. ThenP+

1 is generated through set operations by
computational geometry algorithms. Since an interval set is used, it is computationally
e�cient to project the set P+

1 onto the biomass and glucose axes to obtain the corresponding
lower boundslglc, lbio and upper boundsuglc, ubio as shown in the �gure for the setP+

1 .

Figure 4.2: Illustration of set propagation of SME by set operations.
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4.3.5 Detecting the transition between critical regions

The proposed use of multiparametric programming converts the DFBM into a variable
structure system composed of subsystems where each critical region corresponds to a sub-
system. Along a given time trajectory the states may transit from one critical region to
another. When the states estimated by the EKF leave a critical region� i to enter into
another critical region � j , the estimatex̂ M;k and the covariancePk must be reinitialized
becausex M for di�erent critical regions may be di�erent, even though the measured states
are the same. Moreover, a criterion is required to detect whether the states are entering
into a new critical region.

When the system is traversing from one critical region to another, it needs to cross
a boundary between the critical regions. Over time the states may cross over several
boundaries along their trajectories and these crossings must be detected. Two neighboring
critical regions share a boundary where an active constraint will become inactive or vice
versa. The activation of a constraint may require the change of constraints related to
x̂ N;k . For a given constraint, � is usually the only function of two states at most because
of commonly used Michaelis{Menten kinetics [71] or constraints to prevent the depletion
of nutrients [13] and one of these two states is biomass. So two special cases should be
considered as follows when the system switches from one critical region to the next:

Case i-x i
N of the old critical region � i have one more state observable than thex j

N of
the new critical region� j . For this case, the switch between critical regions is determined
by Eq. (4.21). Eq. (4.21) calculates the norm of the di�erence between the 
ux estimates
obtained with Eq. (4.7) in the two neighboring regions. Notice that the 
ux estimate
of � j is based on estimatêx i

N;k of the old critical region. The value of
 (i; j; k ) is used
to detect the occurrence of a switch. If the system is exactly at the boundary of these
two critical regions, the 
ux equation Eq. (4.7) for these two critical regions should result
in the same 
ux value, and 
 (i; j; k ) will be zero. A schematic example is shown in Fig.
(4.3). Polygons in di�erent colors represent di�erent critical regions in the parameter
space� . As the state evolves with time, the corresponding� changes along the dashed
line in parameter space� . As the � approaches the boundary of between the critical
region � 1 and � 2, 
 (i; j; k ) approaches zero. Correspondingly, a value of
 (i; j; k ) smaller
than a user-speci�ed tolerance indicates a switch between critical regions thus requiring
reinitialization of the EKF as follows: x̂ j

N;k is set equal tox̂ i
N;k and P j

k is set equalP i
k .


 (i; j; k ) =





 v̂ i

k � v̂ j
k






 =






 H i

N � i
N ( x̂ i

N;k ) + gi � (H j
N � j

N ( x̂ i
N;k ) � gj )






 (4.21)
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Figure 4.3: Illustration of detecting critical region switch.

Case ii-x j
N of the new critical region� i have one more state observable than thex j

N of
the old critical region � i . To reinitialize the EKF, x̂ j

N;k and P j
k can be set to the old values

except for the new observable state that is not observable in the old critical region and
thus it needs to be estimated for calculating
 (i; j; k ). By projecting the set P+

k , the lower
lun;k and upper boundsuun;k can be calculated. Since no extra information is available,
the mean value of the upper bound and the lower bound is used as the nominal value of
the unobservable state as per Eq. (4.22).

x̂ i
un;k =

1
2

(uun;k + lun;k ) (4.22)

Eq. (4.23) is used to calculate
 (i; j; k ). The 
ux estimate for the new critical region � j

is based on the nominal values of the unobservable state ^x i
un;k combined with x̂ i

N;k of the
old critical region.


 (i; j; k ) =





 v̂ i

k � v̂ j
k






 =






 H i

N � i
N ( x̂ i

N;k ) + gi � (H j
N � j

N ( x̂ i
un;k ; x̂ i

N;k ) � gj )





 (4.23)

To reinitialize the EKF the estimate and covariance are used together with the estimate
of the new state that is added in the new critical region. Assuming the states are close
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enough to the boundary between the critical regions, then equation (4.24) holds.





 H i

N � i
N ( x̂ i

N;k ) + gi � (H j
N � j

N (x̂ j
N;k ; x̂ i

un; 0) � gj )





 = 0 (4.24)

The initial estimate of the new observable state ^x j
un; 0 in the new region can be calculated

by solving the equation (4.24). Since the new state is between the upper bound and lower
bound by SME, the half-length betweenuun;k and lun;k is the worst possible deviation.
Then, using a 3 standard deviation range, the initial variance� 2

un;k can be estimated
according to Eq. (4.25) and all other covariance terms related to the new state are assumed
to be zero.

� un;k =
1
3

�
1
2

(uun;k � lun;k ) (4.25)

Bounds of states estimated by the SME are rigorously guaranteed in each critical region
separately but subject to the accurate tuning of the tolerance that is used to switch between
the subsystems. The tolerance of
 (i; j; k ) is the only user-speci�ed parameter in this
research. If the tolerance is too large or small, the EKF may switch the subsystem too early
or too late. Accordingly, if the wrong state equations are used in estimation, the bounds
on the states may be violated. To avoid such a situation, exhaustive simulations that
are initialized with P0 are conducted to �nd the tolerance used to switch between critical
regions. As an alternative, an overestimated covariance can also be used to reinitialize the
EKF when a state enters a new critical region to avoid bound violations.

4.4 Results

4.4.1 DFBM Model of E.coli

A DFBM model of E. coli reported in [64] is used to illustrate the proposed methodology.
The DFBM in batch operation includes four states glucose concentrationxglc, oxygen con-
centration xoxy , acetate concentrationxace, and biomass concentrationxbio as Eq. (4.26).

Thus the state vector isx =
h
xglc xoxy xace xbio

i T
. The substrates are glucose, oxygen,
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and acetate.

xglc;k+1 = xglc;k + � tx bio;kA glc vk (4.26a)

xoxy;k +1 = (1 � kL a� t)xoxy;k + � tx bio;kA oxy vk + 0:21kL a� t (4.26b)

xace;k+1 = xace;k + � tx bio;kA ace vk (4.26c)

xbio;k+1 = xbio;k + � tx bio;kA bio vk (4.26d)

x 0 2 P 0 = S(
h
0:38 0:1995 0:19 0:00095

i T
;
h
0:42 0:2205 0:21 0:00105

i T
)

(4.26e)

Where kL a = 4 h� 1 is the oxygen mass transfer coe�cient. The initial state vector
x 0 is de�ned by the interval set P0 according to Eq. (4.26d). The matrix A contains
the stoichiometric coe�cients corresponding to four reactions according to Eq. (4.27).
Each column of this matrix corresponds to one reaction and each row corresponds to one
component.

A =

2

6
6
6
4

A glc

A oxy

A ace

A bio

3

7
7
7
5

=

2

6
6
6
4

0 � 9:46 � 9:84 � 19:23
� 35 � 12:92 � 12:73 0

� 39:43 0 1:24 12:12
1 1 1 1

3

7
7
7
5

(4.27)

The 
ux vector vk is obtained by solving the following linear programming problem as Eq.
(4.28):

max
vk

A bio vk (4.28a)

subject to � A oxy vk � OURmax (4.28b)

A ace vk � 100 (4.28c)

� � tA glc vk �
xglc;k

xbio;k
= � 1;k (4.28d)

� � tA oxy vk �
(1 � kL a� t)xoxy;k + 0:21kL a� t

xbio;k
= � 2;k (4.28e)

� � tA ace vk �
xace;k

xbio;k
= � 3;k (4.28f)

� A glc vk �
GURmax xglc;k

K m + xglc;k
= � 4;k (4.28g)
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Where OURmax = 12mM/(g-dw ·h) is the maximum oxygen uptake rate and g-dw is
grams of the dry weight of biomass; GURmax = 6:5mM/(g-dw ·h) denotes the maximum
glucose uptake rate. Eq. (4.28a) describes that the objective of the cells is to maximize the
biomass growth rate. Eq. (4.28b) indicates that the oxygen consumption rate is limited
by a maximum uptake limit. Eq. (4.28c) indicates that the acetate generation rate is
bounded by 100mM/(g-dw·h). Eq. (4.28g) indicates that the glucose consumption rate is
bounded by an upper limit. All the other constraints are positivity constraints to prevent
the depletion of metabolites. To express these constraints in Eq. (4.28) compactly the
constraints in (4.28) can be expressed in the form of Eq. (4.3):

Gv k � F � k (x k ) + z (4.29a)

G =

2

6
6
6
6
6
6
6
4

� A oxy

A ace

� � tA glc

� � tA oxy

� � tA ace

� A glc

3

7
7
7
7
7
7
7
5

(4.29b)

F =

2

6
6
6
6
6
6
6
4

0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

3

7
7
7
7
7
7
7
5

(4.29c)

z =

2

6
6
6
6
6
6
6
4

OURmax

100
0
0
0
0

3

7
7
7
7
7
7
7
5

(4.29d)

4.4.2 Determination of Minimum Measurements

Due to the assumption that the initial state is contained in an interval, the problem in Eq.
(4.28) can be formulated as a multiparametric linear programming (mpLP) problem. The
vector � is composed of four parameters which are nonlinear functions of states. Using
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the Multi-Parametric Toolbox 3.0 it is found that the entire parameter space� can be
decomposed into a maximum of 24 critical regions. For each critical region, the mpLP
solver calculates the constraints that form the boundaries of the region and the equations
that generate the optimal solutions. In order to reduce the computational e�ort, extensive
simulations are conducted with randomly chosen initial values in setP0 to identify which
critical regions are relevant for the problem. It is found from these simulations that for the
chosen range of initial conditions the states only traverse through two neighboring critical
regions� 1 and � 2 assuming small critical regions are ignored. According to the results of
the mpLP solver, the two critical regions can be de�ned as Eq. (4.30a) and Eq. (4.30b).
Critical regions � 1 and � 2 share a boundary de�ned in Eq. (4.30c). Since� is a function
of x , the critical regions are next to each other in the state space.

� 1 :

2

6
6
6
6
6
6
6
4

� 0:9988 0 0 0:0499 0
0 � 1 0 0 0
0 0 � 0:9971 � 0:0767 0
0 0 0 � 0:0033 � 1
0 0 0 1 0
0 0 0 � 1 0

3

7
7
7
7
7
7
7
5

� (x ) �

2

6
6
6
6
6
6
6
4

0
� 0:6

� 0:6740
0:0171
8:7864

0

3

7
7
7
7
7
7
7
5

(4.30a)

� 2 :

2

6
6
6
6
6
6
6
4

� 0:9988 0 0 0:0499 0
0 � 0:7469 0:6630 0:0510 0
0 0 � 0:0254 � 0:0053 � 0:9997
0 0 � 1 0 0
0 0 0:9971 0:0767 0
0 0 0 � 1 0

3

7
7
7
7
7
7
7
5

� (x ) �

2

6
6
6
6
6
6
6
4

0
0
0
0

0:6740
0

3

7
7
7
7
7
7
7
5

(4.30b)

� 1
\

� 2 :
h
0 0 0:9971 0:0767 0

i
� (x ) = 0:6740 (4.30c)

Accordingly, the mpLP solver also calculates the matrixH and g used in the 
ux equation
Eq. (4.7) for these two critical regions. By taking advantage of the sparseness ofH for
these two critical regions,� N can be determined. The equations to calculate 
uxes for
these two critical regions can be expressed as Eq. (4.31).

v1
k =

h
� 0:039 0:1057 0 0

i T
� 4(xglc;k ) +

h
0:3429 0 0 0

i T
(4.31a)

v2
k =

h
0:5072 0 0 0

i T
� 3(xace;k; xbio;k ) +

h
0 0:1057 0 0

i T
� 4(xglc;k ) (4.31b)
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Where � N for critical region � 1 is � 4 and � N for critical region � 2 is � 3 and � 4. By
substituting the 
ux equation Eq. (4.31) into the Eq. (4.26), the simpli�ed state equations
of E.coli model can be rewritten compactly as in Eq. (4.32).

x k +1 = Bx k + � tx bio;kAv 1
k (xglc;k ) + h � (x k ) 2 � 1 (4.32a)

x k +1 = Bx k + � tx bio;kAv 2
k (xace;k; xbio;k ; xglc;k ) + h � (x k ) 2 � 2 (4.32b)

Following the calculations above the originalE. coli model is simpli�ed into an equiva-
lent system comprised of two subsystems of interest. Eq.(4.32a) and Eq.(4.32b) describe
subsystem 1 and subsystem 2 respectively. These two subsystems are continuous in the
state space and they share the same boundary as per Eq. (4.30c). Once the state crosses
the boundary between the two subsystems, the governing equation is switched from Eq.
(4.32a) to Eq. (4.32b). Because the initial state is randomly initialized in setP0, P0

corresponds to a set in� 1. Thus, the state evolves within the region of subsystem 1 and
gradually approximates the region of subsystem 2 governed by Eq. (4.32b) until �nally
crosses the boundary given by Eq. (4.30c). As only part of� is known, a detector is used
to detect the crossing of the boundary thus ensuring that the switch between the regions
is done accurately.

Based on the 
ux equation Eq. (4.31), the reaction-rate-determining states vector
x i

M for � 1 are biomass and glucose and for� 2 are biomass, acetate, and glucose. Ac-
cordingly, the possible combinations of measurements needed for observingx 1

M of � 1

include 
 1
1 = f Biog, 
 1

2 = f Glcg and 
 1
3 = f Bio; Glcg. Similarly, there are 7 possible

combinations of measurements for observing the vectorx 2
M in � 2, namely 
 2

1 = f Aceg,

 2

2 = f Biog, 
 2
3 = f Glcg, 
 2

4 = f Ace; Biog, 
 2
5 = f Bio; Glcg, 
 2

6 = f Ace; Glcg, and

 2

7 = f Ace; Bio; Glcg. To �nd a combination of measurements 
� that will be suitable
for both critical regions, it is necessary to perform an analysis of observability for these
combinations. The Symbolic Toolbox calculation of MATLAB R2018a is used to develop
an analytical equation observability rank condition and rank of� i

k of the nonlinear system
according to the criterion presented in [103]. Since the symbolic expressions of the rank for
each critical region for Eq. (4.11) are very complex it is very di�cult to infer an analytical
condition of observability for all possible values of the states. Instead, the rank values are
calculated for di�erent measurement combinations and rank of� i

k using a Monte Carlo
algorithm based on 5 million samples of� 1 and � 2 respectively. According to these Monte
Carlo simulations, the only measurement required for observability of the vectorsx 1

M in
� 1 and x 2

M in � 2 is the biomass concentration, namely 
� = f Biog.
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4.4.3 EKF for the Two Subsystems and Detection of Transition
between Subsystems

Based on the aforementioned observability analysis the biomass concentration is the only
state that needs to be measured online as per Eq. (4.33a) for implementation of the EKF.
Measurement noise is assumed as a truncated normal distribution as described by Eq.
(4.33b). Since the initialP0 is assumed to be known, the EKF is initialized at the center
of P0 with a variance based on 3 standard deviations and zero covariance terms. The state
of the plant is initialized randomly by sampling a point within the region de�ned byP0.

yk =
h
0 0 0 1

i
x k + r k (4.33a)

r k � TN(0; 0:0042; � 0:0004; 0:0004) k = 0; 1; 2� � � (4.33b)

Based on the assumedP0, in the batch process the EKF starts in the critical region� 1

and later it transitions into critical region � 2. Thus, two EKFs are required in this case
study to estimate thex M as summarized in Table. 4.1. Based on the biomass measurement
yk , the glucose and biomass concentrations are estimated by the EKF for� 1 as x̂N;bio;k

and x̂N;glc;k . With the same biomass measurement, the second critical region� 2 has one
more observable state which is the acetate concentration ^xN;ace;k .

Table 4.1: Observable and Unobservable Subspace of Two Subsystems of DFBM Model of
E.coli .

Subsystem of � 1 Subsystem of � 2

Observable Subspace (x M ) Glc, Bio Glc, Ace, Bio
Unobservable Subspace Ace, Oxy Oxy

Measurement Bio Bio

Since acetate and oxygen are unobservable in� 1 they need to be estimated by bounds.
To �nd these bounds, SME propagates the initial setP0 by set operations to obtain a prior
estimate setP �

k as Eq. (4.19). After obtaining the measurement of biomass, a posterior
estimate setP+

k as in Eq. (4.20) is calculated by set operations. The error due to the lack
of convergence of the EKF is compensated by using Eq. (4.18). By projectingP+

k onto
the axis of acetate and oxygen respectively, the upper boundu un;k and lower boundl un;k

of these two states are obtained.
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Since� 2 has one more 
ux-determining state acetate that is not observable from the
measurement of biomass, it must be estimated as explained in Eq. (4.22). Using the
mean value ofuun;ace;k and lun;ace;k the nominal values of the unobservable state ^xun;ace;k

is obtained. Using the EKF estimates of the observable 
ux-determining stateŝx N;k

together with the nominal value of acetate ^xun;ace;k , the detection scheme explained in
subsection (4.3.5) can be implemented. Accordingly,
 (i; j; k ) is calculated from Eq. (4.23)
to determine the switch from critical region� 1 to critical region � 2. The tolerance of

 (i; j; k ) to determine the switch between the critical regions is assumed as 0.08. This
tolerance is the only tuning parameter of the proposed method and it is determined by
trial and error. After the switch occurs the acetate concentration is initialized by the
solution of Eq. (4.24) and the variance of acetate is initialized based on Eq. (4.25). After
the switch to critical region � 2 the EKF continues to generate estimates of glucose, acetate,
and biomass concentrations in� 2, and the SME approach is used to propagate the setP+

k
as done in critical region 1. Fig. (4.4) presents the posterior estimate setsP+ and true plant
state x at di�erent times. Since the model is 4 dimensional, the posterior estimate sets
P+ are projected for visualization onto two-dimensional spaces: glucose-oxygen subspace
and acetate-biomass subspace. The 8 boxes denote the projected posterior estimate sets
between 0h to 7h and each box represents an hour. The arrows in Fig. (4.4) indicate the
direction of time evolution. The black dots denote the true plant state. Since biomass
is measured, the length of the boxes along the biomass dimension is relatively smaller
as compared to the other dimensions. The switch between the critical regions occurs at
around 5h.
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Figure 4.4: Posterior estimate sets projected onto glucose-oxygen subspace and acetate-
biomass subspace at di�erent times.

4.4.4 Set Membership Estimation

To verify the estimate and bounds generated by the proposed algorithm, we use a special
Monte Carlo Algorithm (MCA) that takes biomass measurements into account. MCA ran-
domly samples 100000 di�erent points fromP0 and uses them as initial states' values, and
then calculates the corresponding trajectories with respect to time. Since for the measure-
ment of biomass a truncated normal distribution measurement noise was assumed, some
trajectories are not within the con�dence interval of measurements. Once a trajectory is
found out of the measurement range, the evolution of the trajectory is stopped and the
corresponding trajectory is removed while trajectories that are still within the con�dence
interval of measurements are kept. Accordingly, only a part (2581) out of the trajectories
starting from P0 are used for comparison to the bounds calculated by the proposed method.
It should be noticed that the fraction of trajectories kept for comparison is small because
only a very narrow set of solutions are within the measurement range from the beginning
to the end. In other words, only a small part of the samples considered in the simulation
is compatible with the biomass-measured trajectory that is assumed for the calculation of
bounds by the set-based approach. Using parallel computation, 4 hours and 4 minutes of
CPU time were required to complete all simulations. For comparison, the method proposed
in this work can generate bounds with only 41 sec of CPU time without parallel compu-
tation. It should be remembered that the MCA was conducted for a speci�c trajectory of
biomass measurements so as to enable a fair comparison with the method proposed in the
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current study. While it could be argued that MCA could be used to calculate bounds for all
possible biomass trajectories this will be computationally prohibitive. Thus the proposed
technique is a practical and analytical approach to the online estimation problem.

In Fig. (4.5) the grey area denotes the trajectories randomly sampled and the two black
lines represent the upper and lower bounds by SME. It is clear that the SME contains all
the solutions generated by MCA, especially for the unobservable states. It can be observed
that the switch from one critical region to the other occurs at approximately 5h as shown
in Fig. (4.2) shows. Before 5h, the reactor has enough resources for cell growth and the
limiting step is glucose uptake as Eq. (4.31a) shows. Thus, critical region� 1, corresponds
to the logarithmic phase of growth where the latter is driven by glucose consumption. At
about 5 h, the simultaneous depletion of acetate and glucose leads to a metabolic switch
from the logarithmic phase to the stationary phase. Following this metabolic switch, the
culture is also acetate limited, and thus acetate becomes a new 
ux-determining state.
Since the oxygen feed rate is maintained constant in the model, the fact that the growth
signi�cantly decreases after the switch explains why the oxygen concentration bounces
back up.

Figure 4.5: Comparison between MCA with bounds of 4 components estimated by SME
in batch fermentation of E.coli.
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To further verify the proposed scheme, similar MCA simulations were conducted with a
larger initial uncertainty and measurement noise. In Fig. (4.6), the bounds of 4 component
concentrations estimated by SME are shown. It is clear that the simulated trajectories
contained in the grey color band generated by MCA are within the bounds calculated by
the proposed methodology. From the comparison of Fig. (4.5) and Fig. (4.6), it is found
that the SME approach copes with the larger noise and initial uncertainty by generating
larger bounds.

Figure 4.6: Comparison between MCA with bounds of 4 components estimated by SME
with a loud noise.

4.5 Discussion

DFBM models are advantageous since they contain signi�cant detail about cell metabolism
as compared to classical unstructured models. However, due to this level of detail, DFBM
contains many states thus resulting in a more di�cult state estimation problem. The
challenge of dealing with a large number of states is further exacerbated by the fact that
online measurements of metabolites are generally di�cult to obtain or not available. With
limited online measurements, it is often impossible to have observability for all the states.
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Noticing that the diagonal matrix B in Eq. (4.19) is a linear mapping of states, if the
nonlinear term � tx bio;kAv k can be estimated then it is possible to estimate the other states
of the DFBM.

Multiparametric LP is introduced to convert the original system into a series of piece-
wise continuous subsystems based on the partitioning of the parameter space into critical
regions. The availability of an explicit expression for the calculation of the LP optima for
each critical region signi�cantly simpli�es the solution of the problem. Although many
critical regions may be mathematically possible, industrial fermentation is operated in a
narrow range of initial operating conditions such as only a few critical regions need to be
considered.

Beyond their computational convenience, the critical regions identi�ed by the Multi-
parametric LP approach can be interpreted as corresponding changes in cell metabolism.
The relative abundance of substrates i.e. glucose, acetate, and oxygen inE.coli model and
their consumption of biomass lead to the occurrence of di�erent resources limitations at
any given time. Within some range of concentration, the limiting substrate remains the
same corresponding to a speci�c metabolism strategy.

In the E. coli example, four reactions can synthesize the biomass from glucose, acetate,
and oxygen. However, since the objective is to maximize growth subject to constraints, the
cell prioritizes these reactions di�erently at any given time due to their di�erent e�ciency
for biomass synthesis. The ratio of the stoichiometry coe�cients in each column of matrix
A indicates the biomass yield of each substrate for each reaction. Reaction 1 is the only
reaction that consumes acetate to synthesize biomass. The yield of acetate to biomass
is 1

39:43 for reaction 1, which is very low compared with reaction 2 and reaction 3. The
biomass yield of reaction 2 and reaction 3 by glucose is19:46 and 1

9:84 respectively. Reaction
4 is the only reaction that does not consume oxygen to generate biomass but it is very
ine�cient. Because the biomass yield of these reactions is di�erent, reaction 2 is preferred
over reaction 1 and reaction 3 when glucose and oxygen are abundant. When oxygen is
very low, the cells switch their metabolism from aerobic to anaerobic to generate biomass
through reaction 4.

To maximize the biomass growth rate, cells take advantage of reactions 1 and 2 to
consume as much acetate and glucose as possible when oxygen is su�cient. However, the
glucose amounts that can be consumed by the cells are limited by the glucose uptake rate,
which is � 4. Similarly, oxygen consumption is limited by a constant oxygen uptake rate as
Eq. (4.28b). The oxygen is consumed �rst with glucose in reaction 2 to synthesize biomass
and the remaining oxygen is consumed for reaction 1. Multiparametric LP captures the
relative priority of di�erent reactions towards maximization of growth and identi�es the
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key limited resources. In critical region� 1, glucose is the key resource that determines the

ux vector according to Eq. (4.31a). As glucose and acetate are consumed by reactions
1 and 2, biomass increases exponentially and the oxygen concentration drops fast due to
oxygen demands as in Figs. (4.5) and (4.6). At some point, the concentration of acetate
becomes very low but acetate is necessary for reaction 2 to synthesize biomass. Acetate
becomes the key limited resource and the system enters into a new critical region� 2.
Then in � 2, the metabolism is limited by the available acetate and glucose, and as they
deplete the growth of cells decreases and ultimately stops. Accordingly,� 1 corresponds
to the logarithmic phase and� 2 to the stationary phase of growth.

The use of EKF for each subsystem is used to estimate the reaction-rate-determining
states thus reducing the need for online measurements. Since biomass is highly correlated
with the reaction-rate-determining states, EKF can take advantage of biomass measure-
ment to estimate these states. Because some of these reaction-rate-determining states are
common to di�erent critical regions, only a fewer states are required to be measured or
estimated, which greatly reduces the demand for online measurements of concentration.
In the E.coli example, only biomass need to be measured. Once the biomass is measured,
glucose can be estimated by the EKF in the critical region� 1, and glucose and acetate
can be estimated in� 2.

By using the SME upper and lower bounds for all states can be generated including
the unobservable ones such as acetate and oxygen in� 1. Using the bounds of acetate and
biomass estimate it was possible to determine the switch from one critical region to another
and to re-initialize the estimates and covariance matrix for the EKF after the switch.

This research is helpful in DFBM-based control in bio-processes when many components
cannot be measured online. Using the upper and lower bounds calculated by SME of
unobservable states and estimated by EKF of observable states, robust control methods
can be applied to achieve optimal operation in the presence of uncertainty. The method
developed can also be extended to monitor the bio-processes and di�erentiate normal and
abnormal operations.

4.6 Conclusions

This research proposed a comprehensive DFBM-based approach to estimate the metabolite
concentrations with a minimal number of online measurements. The main idea is to convert
the DFBM model with uncertainty in initial conditions to an explicit variable structure
system that can be analyzed by multiparametric linear programming. A key �nding of the
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proposed work is that only a subset of the states referred to as reaction-rate-determining
states, is needed to calculate the 
ux vector. Identi�cation of the reaction-rate-determining
states for each critical region permitted the determination of the minimum set of measure-
ments required for full-state estimation. EKFs were used to estimate the observable states
and set propagation by SME was used to identify the bounds of both the observable states
and unobservable states.
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Chapter 5

Online Estimation Using Dynamic
Flux Balance Model and
Multiparametric Programming

5.1 Overview

1An approach is proposed for online estimation of bounds on metabolite's concentrations
based on limited measurements and Dynamic Flux Balance Models (DFBM) which use
linear programming (LP) to model the evolution of metabolites with time. A Weighted
primal-dual method to address the multiplicity of solutions of DFBMs is combined with
multiparametric nonlinear programming (mpNLP) for set membership estimation. The
set membership estimation (SME) approach is used to propagate the uncertainty onto
metabolites' concentrations over time. By only measuring biomass concentration and cul-
ture volume, the bounds of metabolites' concentrations can be estimated online by SME
during the fermentation. The proposed algorithm is applied to batch and fed-batch fer-
mentation of E. coli.

1Adapted from Shen, X., & Budman, H. (2022). Online estimation using dynamic 
ux balance model
and multiparametric programming. Computers & Chemical Engineering, 164, 107872.
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5.2 Introduction

Nowadays the production of bio-pharmaceuticals highly relies on process monitoring and
control. While model-based control is widespread in many process industries, its appli-
cation is more challenging in the pharmaceutical industry because of the lack of online
measurements [4, 52]. Online measurements of crucial variables in biochemical processes,
including concentrations of amino acids, vitamins, metals, and precursors, are often di�-
cult to obtain.

Dynamic 
ux balance models (DFBMs) are genome-based models that have gained in-
creasing attention for modeling biochemical processes. A DFBM is formulated as a linear
programming (LP) problem based on the assumption that cells allocate available nutrients
to boost a biological objective such as growth or other. A key challenge for the solution of
the resulting LP is that the optimal solution is often not unique. Three main methods have
been proposed to solve the multiplicity of solutions, including the lowest overall 
ux parsi-
monious enzyme usage FBA (pFBA) [60, 47, 78], hierarchical optimization (lexicographic
optimization) [36, 2] and weighted primal-dual method (WPDM) [98]. WPDM converts
the LP into interior-point form nonlinear programming (NLP) and uses parameters interior
weights to determine which unique solution is obtained. Parameters interior weights can
be obtained by �tting experimental data which makes the method data-driven and widely
applicable. Because of the ability to adjust weights based on data, WPDM was also shown
to provide good �tting as compared to other approaches.

In this research, we combine WPDM to address multiplicity with the set membership
estimation (SME) approach to perform online estimation of the bounds of metabolites'
concentrations. Since WPDM converts the LP within the DFBMs into a nonlinear pro-
gramming problem, it is not possible to combine directly the SME approach with the
WPDM-based solution. Instead, multiparametric nonlinear programming (mpNLP) is ap-
plied to the resulting NLP which transforms the original DFBM into a variable structure
system. Then, set membership estimation is used to propagate the initial uncertainty
through the variable structure system to obtain the bounds of the states over time. The
proposed method has been applied toE. coli fermentation of batch and fed-batch pro-
cess. Section 2 presents the methods. Section 3 presents the experimental results and
discussions.
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5.3 Methods

5.3.1 Dynamic Flux Balance Models

The DFBM is generally de�ned by a combination of a state space model with a static
optimization problem as follows. The state space model as a function of metabolic 
uxes
is de�ned in Eq. (5.1).

x k +1 = B (xv;k ; qk)x k + � tx bio;kSvk + h(xv;k ; qk) (5.1a)

yk = Cx k + r k (5.1b)

r k � TN(0; � ; l ; u ) k = 0; 1; 2� � � (5.1c)

x 0 2 X 0 (5.1d)

where subscriptk indicates time step from 0; 1; 2� � � and � t is the time step size. x k

is a vector of nx state variables at time stepk, containing metabolites' concentrations,
biomass concentrationxbio;k and culture volumexv;k . S 2 Rnx � Rn r is a matrix containing
stoichiometric coe�cients of all reactions involved in the metabolic network, wherenr is
the number of reactions considered in the metabolic network.qk is the feed 
ow rate (for
a batch process,qk = 0). vk 2 Rn r denotes a metabolic 
ux vector de�ned below. The
matrix B 2 Rnx � Rnx and vector h 2 Rnx are functions of feed 
ow rate and culture
volume. yk is the vector ofny measured variables andC is the output state matrix. The
initial state x 0 is assumed to be uncertain but within a known setX0. While in industrial
practice the initial media formulation and seed are kept the same, human factors and
raw material variability result in batch-to-batch 
uctuations in the values of the initial
concentrations.

r k 2 Rny denote a measurement noise vector which follows a truncated multivariate
normal distribution (TN) [112, 11]. The probability density function p for TN(� ; � ; l ; u )
are de�ned according to Eq. (5.2).

p(x ; � ; � ; l ; u ) =
expf� 1

2(x � � )T � � 1(x � � )g
Ru

l expf� 1
2(x � � )T � � 1(x � � )g

(5.2)

For r k , the mean vector of TN is0 2 Rny ; the covariance is� 2 Rny � Rny ; the lower and
upper bounds arel 2 Rny and u 2 Rny respectively.

The 
ux vector vk is determined by a local linear programming (LP) problem according
to Eq. (5.3). At each time step,vk is solved by the LP solver and substituted into Eqs.
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(5.1) to obtain the state vector at the next time step.

min
vk

cT vk (5.3a)

P subject to Gv k � F � k (x k ; qk) + b (5.3b)

where the constant vectorc 2 Rn r , the constant matrix F 2 RnG � Rn � , the constant vector
b 2 RnG , the constant matrix G 2 RnG � Rn r , � (x ; qk) 2 � � Rn � . For simplicity, the
subscript k will be omitted later because the same mathematical expressions apply for all
time steps. nG is the number of linear constraints. The parameter vector� is a nonlinear
vector-valued function of statex and feed 
ow rate qk . n� denotes the number of elements
in the parameter vector� . � denotes the parameter space where the optimal solution of
the LP resides. Eq. (5.3a) denotes the objective function of the LP and maximization
of biomass growth rate, or equivalently minimization of its negative value, is used in the
current study. Eq. (5.3b) describes metabolic constraints such as reaction rates' limits and
available nutrients' limits. Here Eq. (5.3) is denoted as theP formulation of the LP. A
detailed E. coli example is presented in the results section.

5.3.2 Weighted Primal-Dual Method

Because of the insu�cient number of constraints or possible correlations between con-
straints and the objective function, the optimal solution of Eq. (5.3) is often not unique.
Commonly used LP solvers are dual-simplex algorithms and naive interior-point algorithms.
These solvers can only obtain a particular solution from all possible solutions at each time
step and there is often no evidence that the solution chosen by the solvers is preferable over
other solutions. When these di�erent solvers are used, only speci�c state trajectories over
time are obtained even though multiple trajectories can satisfy the DFBMs. To tackle the
multiplicity of solutions, we used a data-driven solver referred to as the weighted primal-
dual method (WPDM) in a previous study. This method calculates a particular optimal
solution based on the choice of interior-point weights that determine the search direction
of the interior-point algorithm toward the optimal solution. WPDM is de�ned in Eq. (5.4)
and it is denoted as thePw form of the LP in Eq. (5.3). For each time stepk, the 
ux
vk can be found from the WPDM and then the solution is substituted into Eqs. (5.1) to
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obtain the states at the next time interval.

inf
� ! 0;vk ;zk

cT vk � �
nGX

i =1

wi ln(zk;i ) (5.4a)

Pw subject to Gv k + zk = F � k (x k ; qk) + b (5.4b)

zk > 0 (5.4c)

where � is an in�nitesimal constant, w is an interior-point weight vector and wi is the
i-th interior-point weight. z is a vector of slack variables that are added to convert the
inequality (5.3b) to equality. The i-th interior-point weight wi corresponds to a slack
variable zi and i-th constraint.

The suitability of WPDM for addressing the multiplicity of DFBMs is due to three
main properties as follows: i- WPDM in Eq. (5.4) can approximate the original LP in Eq.
(5.3) as� tends to zero [98]. At the limit of � equal to zero, the logarithmic barrier function
� �

P nG
i =1 wi ln(zk;i ) vanishes, and the objective in Eq. (5.4a) tends to Eq. (5.3a) because

� is controlled to decrease quicker than the increase of the logarithmic function. Since the
slack variables are only auxiliary variables, the constraints de�ned by Eq. (5.4b)-(5.4c) and
(5.3b) are equivalent. Therefore, when the optimal solution of theP form is unique, the
WPDM will tend to this solution and corresponding objective value once� is su�ciently
small.

ii- WPDM provides a unique optimal solution [98]. WPDM is a variant of the interior-
point method where the objective of the original LP is augmented with a weighted logarith-
mic barrier function � �

P nG
i =1 wi ln(zk;i ) of slack variables. Since the resulting augmented

objective of WPDM is strictly convex, the optimal solution is unique even though multiple
optima are possible for theP form.

iii- By manipulating the interior-point weights, the obtained optimum can be directed
towards a speci�c optimum when multiple optima coexist in theP form [98]. Even though
all these optima may have the same objective function value, there is generally one par-
ticular optimal solution that will best �t the available experimental data. Therefore, the
interior weights can be found by �tting experimental data. To the knowledge of the au-
thors, WPDM is the only method that can be easily tuned to favor a solution that results
in the best �tting of data. Most other methods for tackling multiplicity assume that the

ux should be e�cient and parsimonious [60, 47, 78]. While this assumption may be suit-
able for wild-type strains it may not be accurate for engineered strains that are used in
pharmaceutical manufacturing processes [98].

The optimal solution v and z of the WPDM algorithm [98] can be obtained from the
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K.K.T. condition according to Eq.(5.5) where for simplicity the subscriptk is omitted.

GT � = � c (5.5a)

Gv + z = F � + b (5.5b)

� i zi = �w i 8i = 1; � � � ; nG (5.5c)

z > 0 � > 0 (5.5d)

where � i are positive multipliers for i-th constraint. Eq. (5.5c) is a weak complementary
slackness condition. The right-hand side� is in�nitesimal but not zero. To satisfy the
weak complementary slackness condition, eitherzi or � i should be in�nitesimal for any
constraint but they cannot be in�nitesimal at the same time.

5.3.3 Multiparametric Programming of DFBMs

Although WPDM can be used to calculate individual solutions of DFBMs for a particular
set of initial conditions, it is not e�ective for propagating uncertainty in initial condi-
tions since this will require solving many WPDM problems which will be computationally
prohibitive. To address this computational challenge a multiparametric programming ap-
proach is introduced [2].

In the current study, a special combination of multiparametric linear programming
(mpLP) and multiparametric nonlinear programming (mpNLP) is used to propagate un-
certainty in initial conditions onto the states. mpNLP is required since the WPDM method
converts the original LP into an NLP. The application of the parametric programming ap-
proach is motivated by the fact that � is a vector-valued function of statex and, as the
state evolves,� also varies. Then,� is regarded as a varying parameter of the optimization
problem. Multiparametric programming algorithms divide the parameter space� into
di�erent critical regions and �nd the optimal solution expression for each critical region.
If � is within a critical region for which the solution to the corresponding LP is unique
then mpLP is used to pre-solve the corresponding LP problem. On the other hand, if�
is within a critical region for which the solution to the LP is not unique then mpNLP is
used to pre-solve the corresponding WPDM problem. The detailed de�nition of a critical
region is given in a later section.
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Criterion of Uniqueness and Multiplicity

For any feasible parameter value� it is necessary to determine whether the corresponding
parameter space region of� has a unique solution or not. To determine uniqueness some
concepts about active constraints and inactive constraints are introduced. For any optimal
solution v to LP in Eq. (5.3b), i-th constraint is active if G i v = F i � + bi holds. On the
other hand, for the optimal solution v of the WPDM in Eq. (5.4), it is not possible to
determine if i-th constraint is active based on the value of the corresponding slack variable
zi since this variable will only become in�nitesimal but not exactly zero. Instead, to decide
whether the constraint is active when using WPDM, the weak complementary slackness
condition can be used where multiplier� i >> 0 if the constraint is active and� i ! 0 if the
constraint is inactive. In practice, if the slack variable is smaller than a small value, the
i-th constraint is regarded as an active constraint. Otherwise, the constraint is inactive.

Let's de�ne A(� ) and I (� ) as the set of indices corresponding to active constraints and
inactive constraints respectively. Since a constraint being active or inactive is determined
by the parameter � , sets A(� ) and I (� ) are functions of � . Without loss of generality,
let assumeGA (� ) are linearly independent active constraints (linear redundant rows can
always be removed by Gaussian elimination). Let de�nej � j as the cardinality of a �nite
countable set, i.e. the number of elements of a set. IfjA (� )j = nr for WPDM, the optimal
solution to the original LP is unique. If jA (� )j < n r for WPDM, multiple solutions to the
original LP exist. Further use and explanation of this criterion is shown in the following
section.

Multiparametic Linear Programming (mpLP)

For a given � in LP Eq. (5.3), let de�ne the set of indices of active constraints asA .
Without loss of generality, assumeGA are linear independent active constraints (linear
redundant rows are removed by Gaussian elimination). IfjAj = nr , namely GA is full
rank, the inverse ofGA exists. For these active constraints,GA v = FA � + bA holds.
Hence, for the given� , the optimal solution v can be obtained through Eq. (5.6), which
de�nes an a�ne mapping with respect to � [10].

vLP = F � + � (5.6a)

F = G � 1
A FA (5.6b)

� = G � 1
A bA (5.6c)

Then, by substituting Eq. (5.6) into the inactive constraints G I x � F I � + bI , a
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polyhedral region � A described by Eq. (5.7) in the parameter space� can be obtained.

� A =
�

� 2 � j � F I � < bI � G I (G � 1
A FA � + G � 1

A bA )
	

(5.7)

The resulting polyhedral region �A de�ned by Eq. (5.7) is referred to as a critical region.
For 8� 2 � A (except the boundary of � A ), the set of indices of the active constraintsA is
same and Eq. (5.6) also applies for8� 2 � A (including the boundary of � A ). For a given
� , Eq. (5.7) can be used to verify whether� is inside or outside. If it is within the � A , the
optimal solution can be calculated directly from Eq. (5.6). Therefore, the optimization
problem can be solved a priori as a function of� . The mpLP algorithm consists in �nding
all these critical regions and calculating their corresponding optimal solution expressions
as functions of� for further use in control or prediction problems.

A particular challenge arises for the casejAj < n r where the rank ofGA is de�cient.
For this case, the critical region is de�ned by Eq. (5.8), which combines active and inactive
constraints to de�ne a corresponding polyhedron.

� A =
�

� 2 � j � FA � = bA � GA v; � F I � < bI � G I v
	

(5.8)

Within this critical region, the active constraints GA v = FA � + bA will have at least one
degree of freedom because of the rank de�ciency and the optimal solution ofv is not unique.
Typical mpLP algorithms are based on simplex solvers which cannot �nd such solutions
and critical regions. For these cases, the optimal solutions can be at interior points and
not only at the vertices of the feasible decision space. However, interior-point algorithms
seek an optimal solution within the feasible space and never reach the boundary exactly
so that WPDM can �nd the optimal solution in the interior that simplex solvers cannot.

When WPDM is used for a given� , if the original solution of LP is unique, the solution
of WPDM will be within an in�nitesimal neighborhood of the solution of LP at the vertex.
If exact zero tolerance is used for convergence, the number of active constraints isnr .
When the original solution of the LP is not unique, WPDM converges to an interior-point
optimum that is determined by the choice of the interior-point weights. Since the optimal
WPDM solution may be an interior point far from the vertices, the number of active
constraints is less thannr . Accordingly, a critical region for which the solution of the LP
is not unique can be identi�ed according to Eq. (5.8). This property is used in the later
algorithm to determine whether a critical region has a unique solution or not.
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Multiparametric Nonlinear Programming

If jAj = nr , mpLP can be used to obtain a critical region and the corresponding optimal
solution from Eq. (5.6) and Eq. (5.7). However, ifjAj < n r , the critical region has multiple
solutions. In this case, WPDM is required to obtain a particular solution for such a critical
region with multiplicity. Since WPDM transforms the original LP into an NLP due to
the presence of the logarithmic term in the objective function, mpNLP is used instead of
mpLP to obtain the optimal solution expression. While di�erent mpNLP methods have
been proposed [26], multiparametric quadratic programming (mpQP) is used in this study
to approximate the solution of the mpNLP in the critical region with multiplicity [50, 26].
The approximation involves dividing the critical region with multiplicity into zones and
solving local mpQPs for each zone. A typical nonlinear parametric programming with
linear constraints for a given polyhedral regionQ is de�ned as Eq.(5.9). In this study, the
region Q refers to a critical region with multiplicity or a subset of the critical region with
multiplicity.

min
v

f (v ; � ) (5.9a)

PNLP subject to Av < K� + d (5.9b)

A ev = K e� + de (5.9c)

� 2 Q (5.9d)

where objective function isf : Rn � � Rn r 7! R; A , A e, K and K e are matrices at proper
dimension. Here, parameter� denotes a point within the given regionQ.

Let v � denotes the optimal solution of problemPNLP for given parameter� � . In this
study, the geometric center of a zone or critical region is used as the� � to perform the
approximation of the original mpNLP because the geometric center is easy to calculate. A
local quadratic programming problemPQP de�ned as Eq.(5.10) is employed to approximate
Eq.(5.9) at � � and v � . Speci�cally, a quadratic convex surface is used to approximate the
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nonlinear convex surface in the neighborhood of the parameter� � and optimal point v � .

min
v

1
2

(v � v � )T H (v � v � ) + ( L T + ( � � � � )T N )(v � v � )

+ g(v � ; � � ) (5.10a)

PQP subject to

Av < K� + d (5.10b)

A ev = K e� + de (5.10c)

� 2 Q (5.10d)

where H = r 2
vv f (v ;� � ) , L = r v f (v � ; � � ), N = r 2

�v f (v � ; � � ), g(v � ; � � ) = f (v � ; � � ) +
r T

� f (v � ; � � )(v � v � ) + 1
2(� � � � )r 2

�� f (v � ; � � )( � � � � ).

Without loss generality, let's assumeA and A e are linearly independent. Let assume

H is nonsingular and the active set of Eq.(5.10b) isA . De�ne A C =

"
A A

A e

#

, K C =

"
K A

K e

#

,

dC =

"
dA

de

#

. Then, the explicit solution vQP for a given optimal active setA is given by

Eq.(5.11), which is also an a�ne mapping of� [7].

vQP = F � + � (5.11a)

F = H � 1A T
C (A C H � 1A T

C )� 1(K C + A C H � 1N T ) � H � 1N T (5.11b)

� = H � 1A T
C (A C H � 1A T

C )� 1(dC + A C H � 1P T ) � H � 1P T (5.11c)

whereP = L � Hv � � N T � � .

In contrast with the optimal solution expression in Eq. (5.6), Eq.(5.11) only applies in
the neighborhood of� � and v � because it is a local approximation. To improve accuracy,
Q needs to be divided into smaller zones until convergence. In the neighborhood of� � ,
the error due to the approximation of the mpNLP is bounded byvQP (� ) � vNLP (� ) =
O(k� � � � k2

2) [50]. Once a zone is small enough, the QP approximation at the geometric
center of the zone can reach high accuracy. To divide theQ e�ciently so that fewer divisions
are required and high accuracy can be reached a k-d tree partition method is utilized in this
investigation which has been used for mpNLP [50]. Here, the original k-d tree partition
algorithm [39] has been modi�ed for use with our WPDM. As shown schematically in
Fig.(5.1) the partition strategy is simple and e�cient to implement. In this investigation,
critical regions and zones can be expressed as polyhedrons since all constraints are linear.
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To partition a polyhedron of Q with n� dimensions through its middle point, there aren�

options for partition of Q into two polyhedronsQ1 and Q2.

For a given division, the larger the distance from the geometric center� � , the larger
the approximation error is because both the quadratic surface and the WPDM surface are
strictly convex surfaces with respect tov and � . Therefore, the deviations at the vertices
between the approximated and actual values are good measures of the approximation
accuracy of a particular division. Assuming that the set of vertexes of polyhedronQ are
V(Q), the geometric center of polyhedronQ is C(Q), the division error � r through the r -th
dimension is de�ned as Eq.(5.12).jV(Q)j denotes the cardinality of setV(Q), namely the
number of vertices ofQ. Because di�erent polyhedrons have di�erent numbers of vertices,
the division error needs to consider the number of vertices.

Figure 5.1: K-d tree partition of a critical region

� r =
1

jV(Q1)j

X

� 2 V (Q1 )
� � = C(Q1 )

kvQP (� ) � vNLP (� )k +
1

jV(Q2)j

X

� 2 V (Q2 )
� � = C(Q2 )

kvQP (� ) � vNLP (� )k

(5.12)
After calculating the partition-related error for all dimensions, the dimension with the
smallest error is the best dimension to divide a given polyhedron. Similarly, the approxi-
mation error of a given polyhedronQ is de�ned by Eq.(5.13).

� Q =
1

jV(Q)j

X

� 2 V (Q)
� � = C(Q)

kvQP (� ) � vNLP (� )k
(5.13)

If the approximation error � Q is higher than the tolerance requirements speci�ed by users
for polyhedron Q, the k-d tree partition method will continue dividing the polyhedronQ
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into smaller zones until either the requirements are satis�ed or a minimal volume tolerance
Vmin is achieved.

When using the k-d tree partition algorithm, most zones are rectangular because the
division of zones into sub-zones is axis-aligned and through the middle point of each di-
mension. Zones at the boundaries can be rectangular or general polyhedrons. There are
several reasons that rectangular zones are used in this research instead of general shape
polyhedrons. First, using general polyhedrons may not reduce the computation. For exam-
ple, heuristic splitting proposed by Johansen et al. for mpNLP needs extra computation to
de�ne the boundaries of these general polyhedrons [39]. Second, online estimation requires
fast computation, and set operations with rectangles are faster than with general shape
polyhedrons. Third, when zones are not rectangular, the number of constraints de�ning
the set of states in the later sections increases dramatically with time to over 500, which
makes the calculation of set operations prohibitive and slow, such as vertexes. Many of the
constraints of sets that are being increasingly added are similar and redundant but cannot
be e�ectively removed by the algorithm because this requires precise control of numerical
tolerances. In contrast, set operations with rectangular zones add much fewer constraints
to the sets with small or no addition of redundant constraints.

Since the number of zones resulting from the k-tree approach may be very large, the
computational expense required for further propagation of uncertainty is prohibitive. Thus,
to reduce computations, regions in the parameter space that are not relevant can be
trimmed as shown schematically in Fig (5.2). Such trimming is also justi�ed because
industrial fermentations are usually operated within a particular region of the parameter
space. To perform trimming, Monte Carlo simulations with di�erent initial states in setX0

are conducted to identify possible� at di�erent times and di�erent feeding policies. In Fig
(5.2) the dots denote di�erent � simulated by the Monte Carlo algorithm and rectangles
denote di�erent critical regions and zones occurring in time. Critical regions and zones
that do not contain any assumed� are discarded to reduce the computational expense. To
avoid leaving out possible� and to clearly identify the boundaries of critical regions, two
actions are adopted in this research. First, 100000 batches simulated by Monte Carlo cor-
responding to about 40,100,000� points, are used to identify the boundaries. Second, we
check the connectivity between di�erent CRs since� should be contiguous to each other.

Approximation of WPDM

While local quadratic programming can be used to approximate WPDM, this approxi-
mation has severe numerical problems in the case that the Hessian matrixH is almost
singular. For this case, the quadratic programming solver cannot properly converge to
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Figure 5.2: Trimming of unnecessary critical regions and zones

the optimal point v. Interior-point methods are ill-de�ned around the optimal solution
because the barrier function sharply increases to in�nity towards the optimum. While the
objective function increases mildly in some directions of the decision variables, the objec-
tive increases by a large amount in speci�c directions. Accordingly, the Hessian matrix
has a large condition number and may become rank de�cient thus resulting in a lack of
convergence of the QP solution. A simple example is presented in Appendix A to help
understand the numerical problems related to the Hessian matrix obtained from the QP
approximation of the WPDM formulation.

To address the Hessian singularity an alternative formulation of the optimizationP0
w is

proposed. Let's assume for a given� � , the active and inactive constraint sets of the WPDM
are A and I respectively, the optimal solution ofP0

w is an approximation of problemPw .
Eq. (5.14) de�nes theP0

w form that is equivalent to problemPw as shown below. Since the
active and inactive constraints are known, the key idea for approximating problemPw is
that strong complementary slackness is used to replace the weak complementary slackness
in WPDM, and active barrier functions are regarded as 0.

inf
v ;z

�
X

i 2I

wi ln(zi ) (5.14a)

P0
w subject to Gv + z = F � + b (5.14b)

zi = 0 8i 2 A (5.14c)

zi > 0 8i 2 I (5.14d)

Proof:
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Based on knowledge ofA and I , Eq.(5.4) can be rearranged as follows:

inf
� ! 0;v ;z

cT v � �
X

i 2A

wi ln(zi ) � �
X

i 2I

wi ln(zi ) (5.15a)

subject to Gv + z = F � + b (5.15b)

z > 0 (5.15c)

As shown above, the objective can be separated into the active and inactive constraints-
related terms as shown in Eq. (5.15a). Theoretically, for the active constraint, the term
�

P m
i 2A wi ln(zi ) become in�nity as zA ! 0. However, in practice, the� is controlled

to decrease steadily in each iteration and faster than the increase of�
P m

i 2A wi ln(zi ) so
that � �

P m
i 2A wi ln(zi ) in Eq. (5.15a) become in�nitesimal and can be ignored from the

objective [98].

Then, the KKT condition Eq.(5.5a) can be rearranged as in Eq.(5.16).

h
GT

A GT
I

i
"

� A

� I

#

= � c (5.16)

Using the weak complementary slackness condition in Eq. (5.5c), at the solution,zA ! 0
(� A > 0) for the active constraints and� I ! 0 (zI > 0) for the inactive constraints.
Assuming at the solution � I = 0 , Eq.(5.16) can be simpli�ed to GT

A � A = � c. Also,
GA v = FA � + bA is assumed to hold for the active constraints. Combining equations
GT

A � A = � c and GA v = FA � + bA gives cT v = � � T
A (FA � + bA ) is obtained. This

means that the term cT v is invariant with respect to the decision variables and thus it
can be eliminated from the objective function (5.15a). Hence� �

P
i 2I wi ln(zi ) is the only

term remaining in the objective Eq. (5.15a). Since the strong complementary condition
is assumed, constraints Eq. (5.15b) become constraints of Eqs. (5.14b)-(5.14d). Thus,P0

w
form is an approximation ofPw .

Fig. (5.3) summarizes the relationship between di�erent forms of the P problem and the
reason to construct di�erent forms. NLP problemPw is an approximation of LP problem
P to tackle a multiplicity of solutions. The QP problem PQP is used to approximate
the NLP problem Pw for multiparametric nonlinear programming. However, the use of a
logarithmic barrier function in Pw causes the Hessian matrix in QP problemPQP to be
almost singular resulting in convergence issues. To address the Hessian singularity a new
QP problem P0

QP that approximates a new NLP P0
w is used instead in multiparametric

nonlinear programming.
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Figure 5.3: Relationship between di�erent forms of P problem

The mpNLP algorithm itself cannot ensure the uniqueness of the optimal solution. On
the other hand, the approximation of the problem byP0

QP and P0
w has a unique optimal

solution. P0
w is strictly convex because its objective function involves a summation of

logarithmic functions. The mpNLP algorithm uses local quadratic programmingP0
QP to

approximate P0
w in the neighborhood of the unique optimal solutionv � and correspond-

ing parameter � � . Therefore, since the local quadratic programming cost is also strictly
convex in the neighborhood ofv � and � � it tends to the same unique solutionv � as the
approximation is re�ned.

Multiparametric Programming Algorithm for DFBMs

This section summarizes the multiparametric programming based algorithms needed to
�nd optimal solutions for di�erent critical regions arising in the solutions of DFBMs. Set
operations on polyhedrons are performed with the Multi-Parametric Toolbox 3.0
(https://www.mpt3.org/ accessed on Nov 8, 2021), including calculation of vertexes, faces,
geometric center, and simplifying constraints of a polyhedron. Algorithm 1 is used to iden-
tify all critical regions occurring along the trajectories resulting from the DFBM solutions.
After �nding the �rst feasible � , algorithm 1 solves the WPDM to determine active con-
straints and the �rst critical region. Then for each boundary of the found critical region,
it �nds a point outside of the current boundary corresponding to a new� value. WPDM
is then used to �nd the optimum at the new� and the algorithm proceeds until all critical
regions are found. If a replicate of a critical region is found, it is discarded and only new
critical regions are kept.

Fig. (5.4) is presented to illustrate the idea of algorithm 1. In Fig. (5.4a), the square
represents the space of� . Based on the initial � assumed, the �rst critical region in the
� space is obtained by solving problemPw . In Fig. (5.4b), the blue triangle denotes the
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�rst critical region that was found with three boundaries. For each boundary, we can �nd
an outside point � as explained in algorithm 1 line 7. For example, in Fig. (5.4c), the
red dot denotes an outsider point� of a boundary of the blue triangle. Solving problem
Pw at this red dot � a new critical region is found denoted by the green triangle in Fig.
(5.4d). Similarly, other outsider points are investigated for the other boundaries of the
blue triangle, and the same procedure is repeated to obtain the other two critical regions
denoted by the yellow and orange polyhedrons in Fig. (5.4e). Subsequently, For each
boundary of the newly obtained critical regions, additional outsider points are explored to
�nd new adjacent critical regions such as the one denoted by the purple triangle in Fig.
(5.4f). This procedure is repeated until all critical regions within the� space are found.
For all the critical regions that were obtained, algorithm 2 is used to check whether a
given critical region has a unique solution expression or not. If the critical region under
investigation has a unique solution, mpLP is used to �nd a solution. On the other hand,
if the given critical region has multiplicity, the k-d tree partition algorithm is used to �nd
the best direction to divide the critical regions into smaller zones. Then, for each of these
smaller regions, QP approximations are made.

Algorithm 1 Multiparametric Programming for DFBMs

1: Initialize set S and M as ?
2: Find a point � where problemP is feasible and use it as an initial point
3: Solve problemPw at � and determine active constraint setA
4: Call critical region algorithm
5: Let ii = 1, number of critical region being explorednCR = 1
6: while ii � nCR do
7: for each boundary of ii-th critical region do
8: Find an outside point � in the neighbor of the current boundary
9: Solve problemPw at � and determine active constraint setA

10: Call critical region algorithm
11: end for
12: if new critical region is foundthen
13: ii = ii + 1
14: end if
15: end while

Algorithm 2 is used to determine for a given set of active constraints whether the
corresponding solution is unique or not. If the solution is unique (jAj = nr ), mpLP is used
to de�ne the critical region and its optimizer. If multiple solutions exist (jAj < n r ), the k-d
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Figure 5.4: Illustration of algorithm 1

tree algorithm is applied to divide the current critical region into zones and mpNLP is used
to obtain optimizing expressions for each zone. For the special case with a unique solution
of jAj > n r , nr constraints are used to de�ne a new critical region and corresponding
optimizer. If a duplicate critical region is found, the duplicate region is discarded.

Algorithm 3 is used to divide the critical region with multiplicity by using the k-d
tree partition algorithm. If the critical region found in algorithm 1 has multiplicity, k-d
tree partition algorithm is used to split the criterion region into many zones to construct
the QP approximation until the accuracy is su�cient. The polyhedron that needs to be
split is de�ned as Q. Divide Q into two polyhedrons Q1 and Q2 through the middle
point of each dimension. Select geometric centers ofQ1 and Q2 as � respectively. Solve
problem Pw to determine active constraintsA . Based on active constraintsA , determine
the corresponding optimizers forQ1 and Q2. PolyhedronsQ1 and Q2 need to be split until
a user's de�ned convergence is satis�ed or a minimum volume limit is achieved. Monte
Carlo simulations are conducted to simulate di�erent initial values and feeding policies
with di�erent � . If the identi�ed polyhedrons do not contain any simulated� , they can be
trimmed to improve computational e�ciency.
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Algorithm 2 Critical Region Algorithm

1: if jAj = nr then
2: if A =2 S then
3: Add A in set S
4: Determine the new critical region as Eq. (5.7)
5: Determine the optimal solution expression as Eq. (5.6) based on problemP
6: end if
7: else if jAj > n r then
8: Select thenr indices of active constraints fromA as newA.
9: The new setA must satisfy the following conditions:

10: A =2 S
11: 8 ~A 2 M , ~A * A
12: if A 6= ? then
13: Add A in set S
14: Determine the new critical region according to Eq. (5.7)
15: Determine the optimal solution expression as per Eq. (5.6) based on problem

P
16: end if
17: else
18: if A =2 M then
19: Add A in set M
20: Determine the new critical region as Eq. (5.8)
21: Apply the k-d tree Algorithm to divide the newly found critical region into

smaller regions for QP approximations
22: end if
23: end if
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Algorithm 3 k-d tree partition algorithm

1: Initialize set B as? Identify the current critical region that needs to be split and add
it to set B

2: while if any polyhedron in setB need to be splitdo
3: Select the �rst polyhedron that needs to be split asQ
4: for each dimension of polyhedronQ do
5: Divide into Q1 and Q2 through its middle point along the current dimension
6: Calculate C(Q1) and C(Q2) respectively
7: Let � � be C(Q1) and C(Q2) and solve problemPw at � � respectively to obtain

v �

8: Construct problem P0
w based on the active constraintsA , � � and v � for Q1 and

Q2 respectively as Eq. (5.14)
9: Use problemP0

w to approximate the solution of problemPNLP and determine
the corresponding optimizervQP for Q1 and Q2 respectively as Eq.(5.11)

10: Calculate � r for the current dimension according to Eq. (5.12)
11: Calculate � Q for Q1 and Q2 as Eq. (5.13)
12: if � Q is larger than convergence tolerance and volume is largerVmin then Mark

the corresponding polyhedron that needs to be split
13: end if
14: end for
15: Select the dimension with smallest� r to divide Q into Q1 and Q2

16: RemoveQ from from set B
17: Add the corresponding polyhedronsQ1 and Q2 in set B
18: Trim the irrelevant polyhedrons that do not contain any point simulated by Monte

Carlo Simulation for di�erent initial values and feeding policies
19: end while

Conversion of DFBM into Variable Structure System

Using the multiparametric programming approach proposed above, the feasible parameter
space is ultimately divided into di�erent critical regions. Each critical region with a unique
solution has one optimal solution expression asvLP = F � + � . Each zone in critical regions
with multiplicity also has one optimal solution expressionvQP = F � + � . Both critical
regions with unique solutions and zones in critical regions with multiplicity have the same
type of expressionv = F � + � , which is an a�ne mapping with respect to � . Since
the critical regions with unique solutions and zones in critical regions with multiplicity do
not overlap, they can be individually denoted as regionsf � i g. Accordingly, the feasible

98



parameter space is divided into a series of regionsf � i g with an optimal solution expression
for the i-th region given by Eq. (5.17).

v i = F i � + � i � 2 � i (5.17)

The state equation Eq. (5.1a) can be expressed as a function of the uncertain parameters
by substituting Eq. (5.17) into v to obtain Eq. (5.18).

x k +1 = B (xv;k ; qk)x k + � tx bio;kS(F i � k (x k ; qk) + � i ) + h(xv;k ; qk) � k (x k ; qk) 2 � i

(5.18)
Such substitution simpli�es the original problem by eliminating the inner optimization
problem and permitting the propagation of the uncertainty over time. It should be noticed
that � is a function of both the statesx and the feed 
ow rate qk where the latter is
assumed to be known at all times. The statesx are described by di�erent state equations
because� resides within di�erent regions at di�erent time intervals. Thus, following the
substitution of the optimizers obtained with the multi-parametric approach, the original
state equations are converted into a family of state equations given by Eq. (5.18). The
latter state description is referred to in the literature as a variable structure system where
each state equation corresponds to a subsystem. Di�erent regions of state space belong to
di�erent subsystems.

5.3.4 Set Membership Estimation

Unlike classical observers, set membership estimation (SME) estimates the bounds of state
set under the uncertainty of initial states and parameters. In general, SME uses di�erent
shapes of sets to contain all possible states and to propagate in time the state set by set
operations. Commonly used set operations include scaling, a�ne mapping, projection,
Cartesian product, translation, Minkowski addition, intersection, union, minimum, max,
and outer approximation. In this research, these set operations are performed with the
Multi-Parametric Toolbox 3.0 mainly (https://www.mpt3.org/ accessed on Nov 8, 2021)
[43] and Bensolve (http://bensolve.org/ accessed on Oct 28, 2021) [62]for some operations.
The state equation can be interpreted as combinations of di�erent set operations and using
larger sets to overestimate the states is always a safe choice.

For the application of SME to DFMB, several notations of set operations are introduced
�rst. The Cartesian product of sets N and P is denoted by N � P = f (n; p) : n 2
N and p 2 Pg. The Cartesian product can be interpreted as connecting sets along di�erent
dimensions to generate a new set. The interval set is de�ned asR(l ; u ) = f x 2 Rn : l �

99



x � ug. An Interval set is a multi-dimensional axis-aligned interval, which is easy to use
for set propagation because of its simple shape. The outer approximation of the setP
is Out(P) = R(min(P); max(P)). An Outer approximation involves the use of a large
interval set for containing an irregularly shaped set. The operatorP roj i P projects the set
P onto the i-th dimension. The Projection operator is the inverse of the Cartesian product
and it is used to simplify the geometry of a set. Similarly, ifN is a set of dimensions,
P roj N P projects the setP onto the dimensionsN . C(P) denotes the geometric center of
a setP. While for a given convex set di�erent types of centers can be used, the geometric
center is used for simplicity.

Update States with Measurements

SME is used in this study to estimate bounds on metabolites' concentrations at di�erent
time intervals based on limited measurements. We assume that the initial state can be
bounded by a polyhedral setX0 as Eq. (5.1d). The measurements contain noiser bounded
by interval set R(l ; u ) as Eq. (5.1c).

x k +1 = B (xv;k ; qk)x k + � tx bio;kS(F i � k (x k ; qk) + � i ) + h(xv;k ; qk) � k (x k ; qk) 2 � i

(5.19)

Eq. (5.19) are the state equations describing the variable structure system obtained
in the previous section. The statesx in DFBMs includes metabolites' concentrations
x met , biomass concentrationxbio, and volume of culturexv. The matrix B and vector
h are functions ofxv and 
ow rate qk . For fed-batch operation,xv is in
uenced by qk

while for batch operation, xv is constant. Biomass concentration scales the 
ux term
S(F i � k (x k ; qk)+ � i ) in Eq. (5.19). If the volume of culturexv and biomass concentrations
xbio can be measured, the propagation of the state set can be simpli�ed. Therefore, the SME
proposed in this research assumes that volume of culturexv and biomass concentrations
xbio are measured values denoted byy = [ ybio yv]T . This is a reasonable assumption
since biomass concentration and volume of culture are easier to measure than metabolites'
concentrationsx met . the measured values with noise areYk = R(yk + l ; yk + u).

Let X �
k denote the prior-estimate set containing all possible states at time stepk, which

is also a polyhedral set. To take advantage of measurements, the post-estimate setX +
k

that contain all possible state can be expressed as in Eq. (5.20).

X +
k = Proj met X �

k � Y k (5.20)

where subscript \met" is used to denote dimensions of metabolites. The resulting setX +
k
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is the post-estimate set.

Propagation of Post-estimate Set to Parameter Set

After X +
k is obtained, the set containing all possible� k needs to be calculated. Since� is

a nonlinear function of statex and feed 
ow rate qk , a linearization of � with respect to
the center of X +

k is performed. Let's assume that� k is �rst-order di�erentiable and the
Jacobian matrix  k is given by Eq. (5.21).

 k =
@� k

@x k

�
�
�
�
x k = C(X +

k )
(5.21)

If the linearization point is the center of X +
k , the � k can be expressed as Eq. (5.22).

Correspondingly, the polyhedral set~� k containing possible� k can be de�ned as Eq. (5.23).

� k =  k(x k � C (X +
k )) + � k (C(X +

k ); qk) (5.22)

~� k =  k(X +
k � C (X +

k )) + � k (C(X +
k ); qk) (5.23)

After the linearized � is substituted into the state equation of variable structure system
Eq. (5.19), the new state equation is obtained as follows:

x k +1 = B (xv;k ; qk)x k + � tx bio;kS(F i ( k(x k � C (X +
k )) + � k (C(X +

k ); qk)) + � i ) + h(xv;k ; qk)

� k (x k ; qk) 2 � i (5.24a)

= ( B (xv;k ; qk) + � tx bio;kSF i  k)x k

+ � tx bio;kS(� F i  kC(X +
k ) + F i � k (C(X +

k ); qk) + � i ) + h(xv;k ; qk)

� k (x k ; qk) 2 � i (5.24b)

It can be shown that Eq. (5.24b) generates tight sets since it combines terms containing
x k together.

Disassembly of X +
k into di�erent regions

The SME procedure described below can be viewed as the disassembly/assembly of a
puzzle. For a given set of states, the set is initially broken into pieces for each region. For
each piece, set operations are employed to estimate a corresponding new set for the next
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time step. Finally, the new sets obtained from the di�erent set operations are assembled
again into a new set, and so forth.

Following the linearization in Eq. (5.23), the polyhedral set~� k is generated that con-
tains all possible� k . Since ~� k can encompass many regionsf � i g, it needs to be divided
into pieces and propagated separately because di�erent� , with their correspondingly dif-
ferent state equations, must be used to propagate the uncertainty over time using set
operations. Let de�ne ~� i

k as the intersection of~� k with each region as per Eq. (5.25).

(5.25).
~� i

k = ~� k \ � i ; (5.25)

Then, two cases must be considered in terms of the feed 
ow rate:qk 6= 0 (fed-batch)
or qk = 0 (batch operation). When the feed 
ow rate qk 6= 0,  k is full rank. The
corresponding polyhedral set of states for each region i can then be expressed as in Eq.
(5.26).

X i +
k =  � 1

k ( ~� i
k � � k (C(X +

k ); qk)) + C(X +
k ); (5.26)

When the feed 
ow rate qk = 0,  k is rank de�cient. Let's assume ~ k is obtained by
eliminating the linearly dependent row and column from k . Then, the corresponding set
for each region i can be expressed as in Eq. (5.27).

X i +
k = ( ~ � 1

k ( ~� i
k � � k (C(X +

k ); qk)) + P roj (Met;bio )C(X +
k )) � P roj vYk ; (5.27)

Eq. (5.27) indicates that the set of metabolites' concentrations and biomass can be recov-
ered from Eq. (5.22) and using the measurement of culture volume.

Eq. (5.25) separates~� k into pieces for each regioni. Eq. (5.26) and Eq. (5.27) are
used to relate the parameter regioni to the corresponding state space set of equations.
Now, the state equation Eq. (5.24b) can be expressed as Eq. (5.28) and� i 2 � i can be
replaced byx k 2 X i +

k .

x k +1 = ( B (xv;k ; qk) + � tx bio;kSF i  k)x k

+ � tx bio;kS(� F i  kC(X +
k ) + F i � k (C(X +

k ); qk) + � i ) + h(xv;k ; qk)

x k 2 X i +
k

(5.28)

Assembly of the sets of states from di�erent regions into one set of states

Eq. (5.28) cannot be used for set propagation directly becausex k +1 is a nonlinear function
of x k since (B (xv;k ; qk) + � tx bio;kSF i  k)x k is a nonlinear mapping of intervals of values
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of x k , xv;k and xbio;k . Similarly, � tx bio;kS(� F i  kC(X +
k ) + F i � k (C(X +

k ); qk) + � i ) and
h(xv;k ; qk) are also de�ned as functions of intervals.

Assuming that the intervals of values covered byX i +
k are small in comparison to in-

tervals covered byX +
k , it is assumed thatB (xv;k ; qk) and h(xv;k ; qk) can be approximated

by substituting x̂ i
v;k = C(Proj vX i +

k ), i.e. for each region i,B (xv;k ; qk) = B (x̂ i
v;k ; qk) and

h(xv;k ; qk) = h(x̂ i
v;k ; qk).

The uncertainty in xbio;k requires di�erent treatment than the other states because
xbio;k scales the vectors �tSF i  kx k and � S(� F i  kC(X +

k )+ F i � k (C(X +
k ); qk)+ � i ) in Eq.

(5.28). This is general for all DFBM models where all the 
uxes are de�ned per unit biomass
so that multiplying biomass is required to calculate metabolites' concentrations. Following
this observation and for computational e�ciency, a bounding set is obtained from an outer
approximation operation with respect to biomass values. Although such an operation may
be conservative it bypasses the need for nonlinear mapping scaling operations that are
time-consuming.

Using the minimum and maximum ofx i
bio;k given byx i

bio;k and x i
bio;k , the set propagation

can be approximated by a�ne mapping and outer approximation according to Eq. (5.29).

X i
k+1 = Out(X i

k+1 [ X
i
k+1 ) (5.29a)

X i
k+1 = ( B (x̂ i

v;k ; qk) + � tx i
bio;kSF i  k)X i +

k

+ � tx i
bio;kS(� F i  kC(X +

k ) + F i � k (C(X +
k ); qk) + � i ) + h(x̂ i

v;k ; qk) (5.29b)

X
i
k+1 = ( B (x̂ i

v;k ; qk) + � tx i
bio;kSF i  k)X i +

k

+ � tx i
bio;kS(� F i  kC(X +

k ) + F i � k (C(X +
k ); qk) + � i ) + h(x̂ i

v;k ; qk) (5.29c)

Using Eq. (5.29), the set of states for each region at the next time step can be estimated.
Then, an outer approximation is used to combineX i

k+1 for all regions to generate the prior-
estimate setX �

k+1 . Because of the outer approximation operation, the setX �
k+1 is an interval

set.
X �

k+1 = Out(
[

i

X i
k+1 ); (5.30)

Starting from X �
0 = X0, the initial set of states can be propagated using the procedure

outlined above. Then, at any time stepk, the bounds of states can be estimated by taking
the maximum and minimum values ofX �

k .
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5.4 Results and Discussion

5.4.1 DFBM of E.coli

The proposed estimation approach is applied to a modi�ed version of the DFBM model
of E. coli reported in [64] for illustration. The DFBM includes �ve states glucose concen-
tration xglc in mM, oxygen concentrationxoxy in mM, acetate concentrationxace in mM,
biomass concentrationxbio in g-dw/L, and volume of culture xv in L as Eq. (5.31) (g-dw
refers to grams of the dry weight of biomass.). Hence, the state vector is

x =
h
xglc xoxy xace xbio xv

i T
. The substrates are glucose, oxygen, and acetate. Glu-

cose is the only supplement nutrient used in fed-batch operations.

xglc;k+1 = (1 �
qk � t
xv;k

)xglc;k + � tx bio;kSglc vk +
qk � t
xv;k

xglc;in (5.31a)

xoxy;k +1 = (1 �
qk � t
xv;k

� kL a� t)xoxy;k + � tx bio;kSoxy vk + 0:21kL a� t (5.31b)

xace;k+1 = (1 �
qk � t
xv;k

)xace;k + � tx bio;kSace vk (5.31c)

xbio;k+1 = (1 �
qk � t
xv;k

)xbio;k + � tx bio;kSbio vk (5.31d)

xv;k+1 = xv;k + qk � t (5.31e)

x 0 2 X 0 = R(
h
0:38 0:1995 0:19 0:00095 0:285

i T
;
h
0:42 0:2205 0:21 0:00105 0:315

i T
)

(5.31f)

yk =

"
0 0 0 1 0
0 0 0 0 1

#T

x k + r k (5.31g)

r k � TN(

"
0
0

#

;

"
5 � 10� 6 0
0 3� 10� 8

#

;

"
� 1 � 10� 3

� 0:0150

#

;

"
1 � 10� 3

0:0150

#

) k = 0; 1; 2� � � (5.31h)

Where kL a = 4 h� 1 is the oxygen mass transfer coe�cient and �t = 0:025 h. The
initial state vector x 0 is assumed to be bounded by the interval setX0 as Eq. (5.31f). The
matrix S contains the stoichiometric coe�cients corresponding to four reactions according
to Eq. (5.32). The last row of the stoichiometric matrix is made of zeros because the
culture volume, corresponding to that row in the stoichiometric matrix, is not in
uenced
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by reactions. Each column corresponds to one reaction and each row corresponds to one
state. qk is the feed 
ow rate at time stepk. For batch operation, qk = 0. For fed-batch
operation, before the feeding is startedqk = 0 and qk = 0:02 L=h of glucose from time 7:3h
and on.

S =

2

6
6
6
6
6
4

Sglc

Soxy

Sace

Sbio

Sv

3

7
7
7
7
7
5

=

2

6
6
6
6
6
4

0 � 9:46 � 9:84 � 19:23
� 35 � 12:92 � 12:73 0

� 39:43 0 1:24 12:12
1 1 1 1
0 0 0 0

3

7
7
7
7
7
5

(5.32)

The 
ux vector vk is obtained by solving the linear programming problem in Eq. (5.33):

max
vk

Sbio vk (5.33a)

subject to � Soxy vk � OURmax (5.33b)

Sace vk � 100 (5.33c)

� � tSglc vk � (
1

xbio;k
�

qk � t
xv;k xbio;k

)xglc;k +
qk � tx glc;in

xv;k xbio;k
= � 1;k (5.33d)

� � tSoxy vk � (
1

xbio;k
�

kL a� t
xbio;k

�
qk � t

xv;k xbio;k
)xoxy;k +

0:21kL a� t
xbio;k

= � 2;k (5.33e)

� � tSace vk � (
1

xbio;k
�

qk � t
xv;k xbio;k

)xace;k = � 3;k (5.33f)

� Sglc vk �
GURmax xglc;k

K m + xglc;k
= � 4;k (5.33g)

� � tSbio vk � 1 �
qk � t
xv;k

= � 5;k (5.33h)

� v1;k � 0 (5.33i)

� v2;k � 0 (5.33j)

� v3;k � 0 (5.33k)

� v4;k � 0 (5.33l)
h
1 1 1 1

i
vk � 0:5 (5.33m)

Where OURmax = 12mM/(g-dw ·h) is the maximum oxygen uptake rate;GURmax = 6:5
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mM/(g-dw ·h) denotes the maximum glucose uptake rate. Eq. (5.33a) describes that the
optimization objective of the cells is the maximization of the biomass growth rate. Eq.
(5.33b) and Eq. (5.33c) indicate that the oxygen consumption rate and acetate generation
rate are limited by maximal uptake limits respectively. Constraints Eqs. (5.33d), (5.33e),
(5.33f), and (5.33h) force the concentrations to be positive. Eq. (5.33g) indicates that the
glucose consumption rate is bounded by an upper limit that depends on glucose concen-
tration. Since the RHS of these constraints are functions of the states the RHS terms are
treated as time-varying parameters composing the vector� . It should be noticed that � 5;k

is a function of the feed-rateqk . As explained in the previous section, before the feeding
starts or batch operationqk = 0 resulting in the Jacobian matrix  k to be rank de�cient
because� 5;k = 1 is a constant. Therefore, the volume cannot be estimated from� 5;k during
batch operation. Constraints Eq. (5.33i)-Eq. (5.33l) force the assumed directions of the
reactions (
uxes).

The constraint Eq. (5.33m) was added to the originalE. coli model. Since the coe�-
cients of the 
uxes in the growth rate (5.32) and Eq. (5.33m) are the same (all ones) this
additional constraint imposes an upper bound on growth rate. The biochemical rationale
for this additional constraint is that during certain periods of the culture, the growth rate
may not be limited by the metabolites considered in the model, e.g. growth limitations
due to depletion of growth factors that cannot be modeled or measured. While in the orig-
inally reported E.coli model the solution is unique, the addition of Eq. (5.33m) introduces
multiplicity since the LHS coe�cients of 
uxes in Eq. (5.33m) are same as forSbio . The

interior-point weights used in WPDM arew =
h
5 1 1 1 1 1 1 1 1 1 1 1

i T
. The constraints
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in Eq. (5.33) can be expressed in the form of Eq. (5.34):

Gv k � F � k (x k ) + z (5.34a)

G =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

� Soxy

Sace

� � tSglc

� � tSoxy

� � tSace

� Sglc

� � tSbio

� 1 0 0 0
0 � 1 0 0
0 0 � 1 0
0 0 0 � 1
1 1 1 1

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

F =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

0 0 0 0 0
0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

(5.34b)

z =
h
OURmax 100 0 0 0 0 0 0 0 0 0 0:5

i T
(5.34c)

5.4.2 Multiparametric Programming for E.coli Model

Monte Carlo simulations are conducted for di�erent feeding policies and initial state from
set X0 to determine the bounds of the parameter space� that should be considered for
multiparametric programming. The parameter space� corresponding to this DFBM is

� = R(
h
0 0 0 0 0:9

i T
;
h
500 250 250 6:5 1:005

i T
).

By treating both � and v as decision variables of Eq. (5.3), an initial feasible� in �

is obtained as� =
h
491:24 241:24 241:24 6:41 0:919

i T
. This � is used as a starting point

for the exploration of all critical regions. Then, ProblemPw is solved for the� found to
determine active constraints. Using 10� 6 as tolerance, if thei-th slack variablezi � 10� 6 in
Pw problem, the constraint is treated as active. Only the constraint given by Eq. (5.33m)
is found active. For this DFBM, nr = 4 and thus at least 4 constraints need to be active
to result in a unique solution. If fewer than 4 constraints are active, the corresponding
critical region will involve multiple solutions. If the only active constraint is Eq. (5.33m),
the corresponding critical region is described by Eq.(5.35) and it is denoted by �12 based
on the index of the active constraint in Eq. (5.33).
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� 12 :

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

0 � 1 0 � 0:0331 0
� 0:7976 � 0:6032 0 0 0

0 0 � 1 � 0:1042 0
0 � 1 0 � 0:0584 0
0 0 0 � 100 0

� 0:9724 0 � 0:2333 0 0
� 0:9192 � 0:3938 0 0 0

� 1 0 0 0 0
0 0 0 0 100
0 0 0 100 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0
0 0 0 0 � 100
0 0 � 1 0 0

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

� (x ) �

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

� 0:3179
� 0:1917
� 0:4929
� 0:4375
� 235:6
� 0:1150
� 0:1723
� 0:0589

100:5
650
250
250
500
� 90

0

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

(5.35)

The critical region � 12 involves 15 constraints. Some of these constraints are from Eq.
(5.8) and the rest are related to the boundaries of the parameter space� de�ned above.
The redundant constraints are eliminated by using the MPT3 toolbox. For the polyhedron
described by � 12, each constraint de�nes the face of this polyhedron. Using the MPT3 tool-
box, the Chebyshev center of each face can be easily calculated and a point in the outward
direction from this face can always be found. For example, the Chebyshev center point

for face de�ned by the �rst constraint of � 12 is
h
494:75 0:1047 244:75 6:4467 0:9525

i T
. By

introducing a small perturbation (10� 5) in the normal outward direction, a point can be
found as new� .

Then a Pw problem is solved at the new� to determine the active constraints of the
new critical region. The corresponding active constraints are found to bef 4; 6; 8; 10g.
Since the number of active constraints is 4, these constraints de�ne a critical region with
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a unique solution and the region denoted as �f 4; 6; 8; 10g is given by Eq. (5.36).

� f 4; 6; 8; 10g :

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

� 1:6962 0 0 0:0424 0
0 1:5230 0 � 0:052 0
0 0:7865 0 0:026 0
0 � 1 0 0 0
0 0 � 1 0 0
0 0 0 0 � 100
1 0 0 0 0
0 0 1 0 0
0 0 0 100 0
0 0 0 0 100

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

� (x ) �

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

0
0

0:25
0
0

� 90
500
250
650

100:5

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

(5.36)

Within critical region � f 4; 6; 8; 10g, the optimal solution can be expressed as per Eq. (5.37),
which is an a�ne mapping of � .

v =

2

6
6
6
4

0 0 0 0 0
0 3:096 0 0 0
0 0 0 0 0
0 � 1:523 0 0:052 0

3

7
7
7
5

� (x ) +

2

6
6
6
4

0
0
0
0

3

7
7
7
5

(5.37)

Following the steps given above, a new� can be found for each constraint of the crit-
ical region � f 4; 6; 8; 10g. After repeating the process many times and removing duplicated
critical regions, all critical regions within the feasible space can be de�ned and the corre-
sponding optimal solution expressions for each critical region with a unique solution are
obtained.

A crucial element of the current work is to address critical regions with multiple so-
lutions. As described in the previous section it is required to divide the critical region
with multiplicity into zones and to obtain an approximate solution for each zone. For
example, for the critical region � 12 with multiplicity, the region is divided into two poly-
hedrons Q1 and Q2 through the middle point of � 1 dimension. For � 12, the minimum
and maximum � 1 are 0:0589 and 500 respectively and thus the middle point of �12 in the
� 1 dimension is 250:03. Accordingly, constraint � 1 � 250:03 and � 1 � 250:03 are added
to the original constraints in Eq. (5.35) to divide the � 12 into two polyhedrons respec-
tively. Using the MPT3 toolbox, the geometric center ofQ1 and Q2 are found asC(Q1) =h
101:92 101:97 111:17 4:8789 0:9525

i T
andC(Q2) =

h
375:01 113:74 113:68 4:5105 0:9525

i T
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respectively. Let denoteC(Q1) as � � 1 and C(Q2) be � � 2. Then, problemPw is solved at� � 1

and � � 2 to obtain v � 1 =
h
0:1073 0:1699 0:1517 0:0711

i T
andv � 2 =

h
0:1243 0:1699 0:1477 0:0581

i T

respectively. Since� � and v � are known forQ1 and Q2 respectively then, problemP0
w given

by Eq. (5.14) can be formulated. Instead of solving the resulting NLP, problemP0
QP is

used to approximateP0
w at � � and v � for Q1 and Q2 respectively. The optimal solution

expressions forQ1 and Q2 are given in Eq. (5.38), which is also a�ne mapping of� .
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(5.38a)

vQP 2 =
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(5.38b)

Comparing the solutions of WPDM at vertices ofQ1 and Q2 with the solutions given
by Eq. (5.38) at vertices, the accuracy� r can be calculated for the case that division is
done through the middle point of the �rst dimension. After repeating the same procedures
above,� r for the division at middle points along other dimensions can also be calculated.
Then, the preferable way to divide the polyhedron is the one resulting in the smallest� r . � Q

is also calculated to determine whether the current polyhedron needs to be further divided
to increase accuracy up to certain tolerance.

In this investigation, 9 critical regions have been found relevant along the culture from
Monte Carlo simulations. Only one critical region exhibits multiplicity, which is the critical
region � 12 de�ned in Eq. (5.35). Using the k-d tree partition algorithm, � 12 has been
further divided into 127 polyhedrons (zones). Combining 8 critical regions with unique
solutions and 127 zones in critical regions with multiplicity, the parameter space is reduced
into 135 non-overlapped regionsf � i g. Each optimal expression fori-th region � i is in a�ne
form given asv i = F i � + � i , for each� i 2 � i . Following trimming of the parameter space
by the use of Monte Carlo simulations, the entire multiparametric programming approach
can be completed within 1.5 hours of CPU time.

To avoid the trimming of the parameter space will leave out some possible� , a large
number of batches (up to 100,000 batches corresponding to 40,100,000� values) were
simulated by a Monte Carlo algorithm. Fig. (5.5) plots� identi�ed from an increasing
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number of batches onto the� 1 and � 2 parameter subspace for theE. coli model. The
colored rectangles are critical regions and zones used by mpNLP. As the �gure shows,
data of 1000 batches is enough to clearly de�ne the boundaries of possible� values, and
since conservative rectangular sets are used by mpNLP, all� are expected to be contained
within the identi�ed boundaries. Also, since the changes in the uncertain parameters are
contiguous, the corresponding critical regions and zones should be also contiguous to each
other. Hence, the connectivity among these rectangles is checked so that all related critical
regions and zones are contiguous.

Figure 5.5: Di�erent Number of Batches Simulated by Monte Carlo Algorithm with Pa-
rameter Space Projected to� 1 and � 2 for the E.coli model

5.4.3 Set Membership Estimation

Following the application of multiparametric programming algorithms above, the entire
feasible parameter space has been reduced into 135 regions and the optimal solution for
each region is an a�ne mapping of� . Accordingly, the original DFBM can be converted
into a variable structure system. This section shows the propagation of uncertainty from
the initial state X0 into a set of statesX �

k at di�erent time step k based on limited mea-
surements of biomass and culture volume. Since the state equation is nonlinear, di�erent
set operations are applied to �nd bounds for the states at each time interval. Fig. (5.6)
presents the estimate set of state by the method proposed for fed-batch operation. Be-
cause the proposed method is based on assumptions that biomass and volume of culture
can be measured with bounded noises, only the estimates for the remaining three states,
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i.e. glucose (Glc), oxygen (Oxy), and acetate (Ace) concentrations are shown in the �gure.
The 9 colored boxes in Fig. (5.6) denotes the estimated set of state projected onto glucose-
oxygen-acetate subspace at 1:67h time interval between 0h to 15h. The black dots denote
the true state of the plant at the corresponding time. The estimates clearly contain the
true state of the plant well. The length of boxes in di�erent dimensions is a measure of the
corresponding uncertainty. The uncertainty of acetate increases sharply during the culture
as indicated by the elongation of the boxes in the acetate direction but the uncertainty
shrinks towards the end of fermentation.

Figure 5.6: Set of state projected onto glucose-oxygen-acetate subspace for fed-batch op-
eration

To verify the calculations by the proposed approach, Monte Carlo Simulation is con-
ducted for comparison. For a fair comparison, a specially designed Monte Carlo Simulation
must be used. In a traditional Monte Carlo Simulation of a system with uncertainty in the
initial state, di�erent initial states are sampled and propagated separately to obtain the
bounds of states at di�erent times. However, since measurements of biomass concentration
and volume of culture at di�erent times are considered, many of the trajectories simulated
by the traditional Monte Carlo Simulation are outside of the con�dence intervals of the
biomass and volume measurements and thus they must be removed. In fact, only a small
part of the simulated trajectories are compatible with the measurement data. For exam-
ple, from more than 200000 simulated trajectories only 1000 trajectories were compatible
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with the measurements. Of course, the number of acceptable trajectories can be further
increased by simulating a larger number of initial states. However, the number of accept-
able trajectories (1000) was deemed su�cient to test the method because the results did
not change signi�cantly as the number of overall simulations was further increased. The
results of fed-batch operation and batch operation have been plotted in Fig. (5.7) and Fig.
(5.8) respectively. The grey color areas correspond to the 1000 trajectories sampled from
the initial set X0 compatible with the measurementy at all time steps. The sets of states
are projected onto each dimension, i.e. each metabolite's concentrations, to obtain upper
and lower bounds. Clearly, the bounds obtained with the proposed method contain all the
trajectories compatible with the measurements without any bound violation for both cases.
It can be noticed that the simulations result in a narrower grey area for batch operation
(Fig. (5.8)) as compared to fed-batch (Fig. (5.7)). The di�erence in the Monte Carlo-
based bound between batch and fed-batch is that the uncertainty at the end of the batch
operation is narrower than for the end of the fed-batch operation. Thus, more trajectories
must be removed in batch as compared to fed-batch because they are incompatible with
the measurements. While Monte Carlo provides tighter bounds it is very time-consuming
requiring one day for the required 100,000 runs as compared to 8 min with the proposed
SME approach.

Figure 5.7: Comparison bounds estimated by SME with Monte Carlo Simulation for fed-
batch operation
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Figure 5.8: Comparison bounds estimated by SME with Monte Carlo Simulation for batch
operation

5.4.4 Discussion

Applying an SME-based approach to DFBMs is challenging because of the need to solve an
inner optimization. While the inner optimization is an LP problem, multiple solutions are
prevalent in DFBM models. To apply SME, the multiplicity problem must be addressed.
WPDM is a type of interior-point method with extra parameter interior-point weights
introduced to solve the multiplicity issue. If the optimal solution of LP is unique, both
WPDM and LP solvers can be used to obtain the unique solution. However, if the optimal
solution of LP is not unique, WPDM can be implemented to obtain di�erent optimal
solutions. Interior-point weights can be found by �tting experimental data, which makes
the method data-driven and especially suitable for addressing di�erent engineered strains.

To bypass the need of solving the inner optimization, multiparametric programming
is introduced. For a critical region with a unique solution, there is no need to apply
WPDM and mpLP can be used to obtain the corresponding optimizer expression. For
critical regions with multiple solutions, WPDM and mpNLP need to be combined since
the former converts the problem into an NLP. To tackle the NLP problem, the critical
regions with multiplicity are divided into di�erent zones by mpNLP. For each zone, local
quadratic programming is used to approximate a specialP0

w optimization formulation of
WPDM that addresses the singularity of the Hessian matrix.
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Di�erent metabolic reactions within a metabolic network exhibit di�erent yields with
respect to biomass growth. The constraints of the DFBM model describe limitations in
terms of their availability and kinetic rate limitations. During di�erent cell culture periods
some constraints are activated indicating the cell's ability to take advantage of reactions
with higher yields. Once some resources are consumed, the cell will switch to the consump-
tion of other resources that have not been depleted. Di�erent critical regions correspond to
di�erent abundance of resources and di�erent abundance of resources determine di�erent
metabolism patterns.

The critical region with multiplicity corresponds to situations where cells have di�erent
ways to distribute their resources or due to constraints that are needed because of insuf-
�cient knowledge about the metabolism, i.e. unknown limited substrates. The WPDM
method can be used to address multiplicity.

Once multiparametric programming is applied to the DFBMs, the explicit optimal
solution expression for each region can be used to simplify the inner optimization within
the state equation by converting the original problem into a variable structure system.
The set of states is broken into pieces for each region. Since the new state equations are
nonlinear, set propagation cannot be applied directly. Di�erent methods are used to deal
with the nonlinearity. For x to � , �rst order approximation is used. For scaling of the sets,
the outer approximation is used. ForB (xv;k ; qk) and h(xv;k ; qk), the nominal value of each
set for each region is used. By applying these set operations and approximations, the set
of states at the new time interval can be estimated.

The bounds found by SME proposed are not strictly guaranteed. Di�erent approxi-
mations are used in this research, including the �rst order approximation fromx to � ,
approximation of Pw by P0

w in multiparametric nonlinear programming, and approxima-
tion B (xv;k ; qk) and h(xv;k ; qk) by B (x̂ i

v;k ; qk) and h(x̂ i
v;k ; qk) respectively. However, despite

these approximations, exhaustive Monte Carlo simulations for di�erent noise and feeding
policies have shown that the estimated bounds are not violated. A key reason for the lack
of violations is that the outer SME approximation overestimates the size of the set thus
compensating for the approximations.

5.5 Conclusions

The lack of measurements poses a challenge for the design of online estimators based on
DFBM models. An online estimator of bounds on states based on limited measurements is
proposed. Since multiplicity is a common occurrence in DFBM models, an interior point
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method (WPDM) is used to calculate a unique solution. However, the resulting opti-
mization becomes an NLP instead of the original LP formulation. This NLP formulation
requires the use of both linear and nonlinear multiparametric programming to convert the
DFBM into a variable parameter system. This system is described by state equations
for each critical region de�ned in the uncertain parameter space. Then, a set member-
ship estimation is applied to the variable parameter system to propagate uncertainty in
initial conditions and to obtain bounds of unmeasured states. The bounds provided by
the method are compared and veri�ed with extensive Monte Carlo simulations for batch
and fed-batch fermentation ofE.coli. The proposed method is several orders of magnitude
faster than the Monte Carlo-based calculations of the bounds.
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Chapter 6

A Method for Tackling Multiplicity
in Dynamic Flux Balance Models by
an Ellipsoidal Re
ection Operation

6.1 Overview

1Dynamic Flux Balance Models (DFBM) can describe the evolution of metabolites' con-
centrations with time by solving a linear programming (LP) problem at each time interval.
However, since multiple solutions of the LP commonly exist, di�erent trajectories can be
obtained. An interior-point-based method (weighted primal-dual method), proposed in a
previous study that picks a speci�c solution from multiple solutions of LP is computation-
ally expensive for a large metabolic network. In this research, we propose an alternative
computationally e�cient method based on an ellipsoidal re
ection mathematical operation.
The method is applied to a test example and then to modelB. pertussisfermentation result-
ing in excellent computational performance and accurate �tting of experimental dynamic
data.

1Adapted from a paper submitted to Computers & Chemical Engineering, which is currently under
review.
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6.2 Introduction

The need to optimize bioprocesses has motivated the development of accurate models for
process investigation and model-based optimization. Classic biochemical models used in
earlier biotechnological research are generally macroscopic unstructured models of biomass,
product, and substrates. These unstructured models ignore the speci�c interconnections
of the metabolic network of the microorganisms. Instead, these unstructured models over-
simplify the structure of metabolic networks thus preventing useful interpretation of the
biochemical system [94].

Genome-based dynamic 
ux balance models (DFBMs) have gained increasing atten-
tion for modeling biochemical processes [64, 60, 36] since they formally consider key
metabolic interconnections and can capture the detailed correlations existent between dif-
ferent metabolites. A DFBM is formulated as a linear programming (LP) problem based on
the assumption that cells allocate available nutrients in metabolic networks to maximize a
biological objective such as growth rate or others. From the solution of the LP the 
uxes,
i.e. the metabolic reaction rates, can be calculated and substituted into mass balances
to evolve the concentrations with time. However, being the LP problem generally under-
determined due to a lack of su�cient constraints, the solution may not be unique. This
results in a drastically di�erent dynamic evolution of metabolites' concentrations based on
the optimal solutions that are selected [98, 99]. This multiplicity of solutions is a critical
problem especially for DFBMs because metabolites' concentrations evolve according to the
time integration of the vector of 
uxes multiplied by the biomass. If the solution of the

uxes chosen at di�erent time steps is in error with respect to the data, these errors will
accumulate over time thus potentially resulting in concentration pro�les that will diverge
signi�cantly from the data.

Shen and Budman [98], have recently proposed the weighted primal-dual method (WPDM)
[98] to address multiplicity that was found more accurate than previous techniques speci�-
cally for matching experimental data for engineered strains. WPDM is an extension of the
interior-point method of LP that is based on the use of adjustable parameters (interior-
point weights) in the barrier terms of the objective function. This method converts the
LP into a nonlinear programming problem (NLP) to determine which solution is selected
based on the chosen weights. Because the objective function of WPDM is strictly convex,
the solution is unique. When multiple solutions of the LP are possible, WPDM can obtain
all these solutions by varying the weights. In DFBMs, parameters interior-point weights
can be obtained by �tting experimental data which makes the method data-driven and
widely applicable. Because of the ability to adjust the weights based on data, WPDM was
also shown to provide good �tting as compared to other approaches mentioned above [98].
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On the other hand, WPDM has several limitations that hinder its application to large
metabolic networks with many constraints and metabolites as follows: i-the computation
expense is very high because the number of weights increases with the number of constraints
thus increasing computations for �tting with experimental data, ii- commercial solvers are
not available thus requiring the development of in-house software that is very slow and iii-
since the logarithmic barrier function in the objective is almost in�nity at the boundary,
a matrix of large condition number results and the need to invert this matrix leads to
numerical issues.

To overcome these drawbacks of WPDM, we propose a novel method, the ellipsoidal re-

ection method (ERM), since it relies on an ellipsoidal re
ection operation. As in WPDM,
ERM can select a speci�c unique solution from multiple solutions by tuning of certain
parameters. On the other hand, the proposed method has several new advantages as com-
pared to WPDM as follows: i-ERM can take advantage of fast and accurate commercial
LP and QP solvers, ii-it needs fewer parameters to tune compared with WPDM because
the number of parameters is not correlated to the number of constraints in the problem,
iii- ERM involves a very simple 100-line code thus resulting in e�cient computation, iv-
the algorithmic structure and geometric meaning of ERM are far easier to understand than
WPDM, and v- it is simple to initialize �tting parameters of ERM when ERM is used in
the �tting with experimental data. The method is applied in the current work to a toy
example and then to the DFBM ofB. pertussis resulting in an impressive performance as
compared to the previously reported WPDM.

The paper is organized as follows. Section 2 presents the background on the DFBM.
Section 3 explains the multiplicity problem in DFBM models and brie
y describes WPDM
which is compared later to the new ERM method. Section 4 introduces the ERM and its
properties. Section 5 shows the comparison between WPDM and ERM for the toy example
and the B. pertussis dynamic 
ux model. Section 6 presents a summary and conclusions
of this research.

6.3 Dynamic Flux Balance Model

DFBM combines discrete mass balance equations for relevant metabolites with a static
optimization problem that solves 
uxes among metabolites. The discrete mass balances as
a function of the metabolic 
uxesvk are de�ned in Eq. (6.1).

 k +1 =  k + � t bio;kSvk (6.1)
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where subscriptk indicates time step from 0; 1; 2� � � , � t is the time step size and k is
a state vector ofn state variables at time stepk that includes the biomass concentration
 bio;k . Also, S 2 Rn  � Rn r is a matrix containing stoichiometric coe�cients of all reactions
involved in the metabolic network, wherenr is the number of reactions considered in the
metabolic network.

The metabolic 
ux vector vk 2 Rn r is determined by a linear programming (LP)
problem according to Eq. (6.2). At each time step,vk is solved by the LP solver and
substituted into Eq. (6.1) to obtain the state vector at the next time step by Euler-based
integration as per Eq. (6.1).

min
vk

f T vk (6.2a)

subject to Gv k � g( k ; � ) (6.2b)

F v k = h( k ; � ) (6.2c)

where the constant vectorf 2 Rn r , the constant matrix G 2 RnG � Rn r , the constant
matrix F 2 RnF � Rn r , vector-valued functiong 2 RnG of states k , vector-valued function
h 2 RnF of states  k , parameters � controlling the constaints. nG is the number of
inequality constraints and nF is the number of equality constraints. Eq. (6.2a) denotes
the objective function of the LP. The most commonly used objective is the maximization
of biomass growth rate or equivalently minimization of its negative value. Eqs. (6.2b)
and (6.2c) describe balance equations and metabolic constraints such as charge balance,
reaction rate bounds, and available nutrient bounds. The problem in Eq. (6.2) is based on
the assumption that the cells are able to regulate the metabolic 
uxesvk to boost growth
at each time step.

6.4 Linear Programming and Multiplicity of solutions

6.4.1 Linear Programming

Eq. (6.2) describes a typical LP problem and the general form of the LP problem is de�ned
as Eq. (6.3). For comparison and simplicity, Eq. (6.3) is referred to asP problem in this
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paper.

min
x

cT x (6.3a)

P subject to Ax � b (6.3b)

A ex = be (6.3c)

6.4.2 Multiplicity Issue

Since the paper focuses on the multiplicity problem, we assume without loss of generality
that the LP problems discussed in this paper are feasible and bounded problems. The
constraints of Eqs. (6.3b) and (6.3c) de�ne a convex polyhedron where the gradient of
objective Eq. (6.3a) is in thec direction. Along the negative gradient direction� c, the
objective is decreasing until it reaches the boundary of the polyhedron. Thus, the solution
of LP is unique at a vertex point, or all points onto an entire face of the polyhedron
are solutions. When the solution is not unique, the solutions on the entire face of the
polyhedron are either at vertexes or at interior points, also referred to as basic and non-
basic optima respectively. However, our goal is to identify from all the possible solutions
(including all basic or non-basic optima) which solution results in the best �t to the dynamic
experimental data. In our previous research [98], we found that if the optimal solutions
are arbitrarily picked at di�erent time intervals out of all possible solutions, the resulting
trajectories of states may largely diverge from the data. Hence, if the multiplicity
problem is not addressed, the model loses predictability.

Although di�erent solvers have been proposed to solve LP problems, they are commonly
all variants of the Simplex method and interior-point method. For a minimization problem,
the simplex method starts from a vertex of the polyhedron and pivots along the edges of
the polyhedron to another vertex in the direction which has the smallest angle with the
� c direction. After a �nite number of iterations, the algorithm reaches a vertex where all
edges have angles that are smaller or equal to 90� with respect to the c direction. This
vertex corresponds to the optimal solution to the LP problem since it has the smallest
objective value. Because the Simplex method only searches vertexes, it can only obtain
basic solutions even though other solutions may exist as shown in Fig. (6.1). The dash
lines are contours of the objective function. The red line sections are the optimal face of the
polyhedron, where any point is an optimal solution to the LP. The star represents di�erent
solutions obtained by either the Simplex or interior point algorithms. The blue polyhedron
represents the feasible space, the boundaries of which are de�ned by constraints.

The interior-point method (IPM) starts the search for an optimal solution from an
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interior point within the polyhedron. At each iteration, the shape of the convex surface
gradually becomes an hyperplane because of the linearity of the objective. Then, the
minimum point of this surface gradually approaches the optimal solution along the search
path. Since the IPM performs a search within the polyhedron, the resulting solution is
usually an interior point of the optimal face (non-basic solutions) even though the solutions
of the LP are not unique as Fig. (6.1) shows. CPLEX even includes a post-processing step
to convert the interior point solution to a vertex solution when solutions are not unique
[48]. It should be noticed that IPM can still provide solutions at the vertexes when multiple
solutions exist, even for solvers that do not apply any post-processing step. The speci�c
challenge tackled in the current study is to select a speci�c solution among all possible
solutions that will satisfy an additional objective such as �tting a given set of experimental
dynamic data. However, neither Simplex nor IPM is tailored to explicitly address this
multiplicity-related challenge.

Figure 6.1: Schematic of Simplex and Interior-point methods for problems with multiple
solutions

6.4.3 Weighted Primal-Dual Method

To deal with the multiplicity issue, a data-driven solver referred to in a previous study
as the weighted primal-dual method (WPDM) was utilized. For completeness, a brief
description of WPDM is provided here. WPDM is de�ned in Eq. (6.4) and it is denoted
as thePw form of the LP in Eq. (6.3). WPDM is a variant of the interior-point method,
which selects a particular optimal solution based on the choice of interior-point weights
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(w ). When all weights are 1, WPDM becomes the traditional interior-point method. The
weights determine the curvature and the location of the desired optimum on the face that
contains the multiple optima. If the solution is unique, WPDM still can obtain the same
solution as the one obtained from theP optimization problem. The numerical method for
WPDM is based on a path-following approach, details of which are reported in a previous
study [98].

inf
� ! 0;x ;z

cT x � �
n ~AX

i =1

wi ln(zi ) (6.4a)

Pw subject to ~Ax + z = ~b (6.4b)

z > 0 (6.4c)

where � is an in�nitesimal constant, w is an interior-point weight vector and wi is the
i-th interior-point weight. z is a vector of slack variables that are added to convert the
inequality Eq. (6.3b) to equality. The i-th interior-point weight wi corresponds to the slack
variable zi and i-th constraint. In particular, each equality constraint in Eq. (6.3c) needs
to be split into two inequality constraints and two additional slack variables. For instance,
2x1 + x3 = 2 needs to be split into 2x1 + x3 � 2 and � 2x1 � x3 � � 2 �rst and compensated
with slack variables according to 2x1 + x3 + z1 = 2 and � 2x1 � x3 + z2 = � 2. Therefore,
the new constraints become~Ax + z = ~b and the total number of constraints isn ~A .

The suitability of WPDM for addressing the multiplicity of DFBMs is based on the
three following properties: i- WPDM in Eq. (6.4) can approximate the original LP in
Eq. (6.3) as� tends to zero [98]. ii- WPDM provides a unique optimal solution for given
weights [98]. iii- By manipulating the interior-point weights, a speci�c optimum can be
selected if multiple optima coexist according to theP problem [98]. Fitting experimental
data is possible by tuning the set of weights' values. To the knowledge of the authors,
WPDM is the only data-driven method to select a solution for the LP.

However, WPDM has drawbacks preventing its application in large metabolic networks
as follows: i- the computation expense is proportional to the number of constraints. For
example, for a metabolic network with 200 reactions and 2000 constraints, while the num-
ber of decision variables is only 200, the vector of weightsw has 2000 elements. Hence,
for �tting with experimental data, the number of tuning weights is 2000 which is compu-
tationally expensive. ii- commercial solvers cannot be applied directly to such problems
requiring the use of an in-house code that is not optimized for computational e�ciency.
iii- WPDM inherits the property of the original interior-point method that the logarithmic
barrier function in the objective tends to in�nity at the boundary thus leading to numerical
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problems in the inversion of the resulting almost singular matrix when searching for the
optimal direction. iv- the trial and error for initialization of tuning weights are necessary
and time-consuming.

6.5 Ellipsoidal Re
ection Method

The ellipsoidal re
ection method (ERM) maintains the advantages of WPDM as compared
to other methods but it improves over WPDM in several aspects as follows: i- fast and
accurate commercial solvers are used with ERM, namely commercial LP and QP solvers,
ii- as fewer tuning parameters are required as compared with WPDM, the computation
e�ciency is signi�cantly better than the latter, iii- ERM is based on a much simpler code
as compared to WPDM leading to easier geometric interpretation of the result, and iv-
initial tuning parameters of ERM are simple to �nd.

The ellipsoidal re
ection method is inspired by the \rotating compass" concept. The
core idea of the algorithm is to change a \pointer" vector direction to point towards di�erent
solutions. By changing the direction of a quadratic objective surface corresponding to the
\pointer" vector direction, a unique solution on the optimal face that best �ts the data
is selected. The algorithm involves three main steps: i- identi�cation of the optimal face,
ii- translation of the optimal face, and iii- selection of the solution that points to a given
direction.

6.5.1 Identi�cation of the Optimal Face

To describe the method, some de�nitions are provided which are needed to describe the
multiplicity issue and the method. A constraint is referred to as \binding" if equality
holds. For a given solution, a binding constraint is active if the corresponding dual variable
(\shadow price") is greater than 0, namely the complementary slackness condition. It
should be noticed that the inference cannot be made in the reverse direction [74], i.e. the
dual variable of a binding constraint can be 0 and the dual variable of an equality constraint
can also be 0. The geometric explanation is presented in Fig. (6.2). For a minimization
problem, the objective of the LP decreases along the inverse direction ofc where the red
line represents the optimal face where all points along this line are optimal solutions. As the
�gure shows, the relaxation of constraint 1 or constraint 3 cannot minimize the objective
because it is not in the� c direction. On the other hand, the relaxation of constraint 2,
which is parallel to the optimal face, can reduce the value of the objective.
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Dual variables measure the marginal e�ect or sensitivity of the optimal value of the
primal objective function with respect to an in�nitesimal change on the right-hand side of
the primal constraints. For example, if the optimal objective isp� and the dual variable
of i-th constraint is � i then � i = @p�

@bi
. Since the relaxation of constraint 1 or constraint 3

cannot minimize the objective according to Fig. (6.2), the corresponding dual variables
are zero. On the other hand, the dual variable of constraint 2 is greater than zero.

When the Simplex method is used for the problem described in Fig. (6.2), it may
calculate either the left corner vertex de�ned by constraints 1 and 2, or the right corner
vertex de�ned by constraints 2 and 3. For example, for the left corner vertex, constraint 1
is binding but the corresponding dual variable is zero. If IPM is applied and a non-vertex
optimum is obtained, the only binding constraint is 2. If IPM is applied and the left corner
vertex is obtained, the binding constraints are 1 and 2. The dual variable of constraint 2
is greater than zero but the dual variable of constraint 1 is a very small positive number
(weakly-activated constraint) because most commercial solvers use a non-zero tolerance
and IPM can only approximate the optimal solution from the interior domain but it never
reaches the boundary exactly.

Figure 6.2: Relaxation of di�erent constraints when the solution of the LP is not unique

Without loss of generality, we assume the solution of LP discussed in this paper is
non-empty and bounded; and binding constraints are linearly independent. The main
application of the property of active constraints discussed above is to determine whether a
given LP has a unique solution or not. For an LP problem that hasn decision variables, if
the number of active constraints is less thann, the solution is not unique and the dimension
of the optimal face containing the multiple solutions is equal to the number of degrees of
freedom, i.e. number of decision variables minus the number of active constraints. Let's
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de�ne the set of indices of active constraints of inequality constraints asA , the inactive
inequality constraints areN and the optimal face � as per Eq. (6.5). The �rst step of
ERM is to solve the LP and determine whether it has a unique solution. If the solutions
are not unique, ERM calculates the optimal face �. It should be noticed that ERM is only
applicable when the dimensionality of � is less thann.

� =
n

x j A A x = bA ; A N x � bN ; A ex = be; cT x = p�

o
(6.5)

For simplicity, � can be simpli�ed as Eq. (6.6).

� =
n

x j Âx = b̂; A N x � bN

o
(6.6a)

Â =

2

6
4

A A

A e

cT

3

7
5 (6.6b)

b̂ =

2

6
4

bA

be

p�

3

7
5 (6.6c)

6.5.2 Selecting a particular solution

Selecting a particular solution of a QP problem

For clarity, the third step of the algorithm is described before the second step. The third
step of ERM consists of selecting a particular solution from the optimal face �.

Inspired by the \rotating compass" concept, a pointer is used to select the solution.
In ERM, the pointer is along the major axes of concentric hyper-ellipsoids, which are
the contour lines of a quadratic function. By \rotating" these concentric hyper-ellipsoids
together, the major axes can point towards di�erent solutions on the optimal face �. The
idea is shown schematically in Fig. (6.3). The optimal face � containing all the possible
solutions is a convex polyhedron, denoted by the red line in Fig. (6.3). The green dash
lines are \rotating" concentric ellipsoids corresponding to the contour lines of a quadratic
function to de�ned below. The semi-major axes of the concentric ellipsoids are in ther 1

direction. The direction r 1 determines the solution, represented by the stars in Fig. (6.3),
chosen among all possible solutions on �. Directionr 1 are parameters to be tuned based
on experimental data.
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Figure 6.3: Selecting the unique solution by a given direction

The procedure described above is formulated as a QP problem by Eq. (6.7).

min
x

1
2

x T Q(r 1)x (6.7a)

PQP subject to x 2 � (6.7b)

where Q is a positive de�nite matrix which is a function of the \rotation" direction r 1.
Di�erent matrix Q will result in di�erent \rotation" directions of the objective. Additional
details about the construction of matrixQ are given in the following section.

An alternative to the QP for choosing a solution could be to elongate ther 1 to intersect
� to obtain di�erent solutions. However, if r 1 is in the wrong direction (see Fig. (6.4)),
the elongation of r 1 may not intersect � and no solution is obtained. It is numerically
di�cult to de�ne the range of r 1 so that the intersection of the elongationr 1 with � is not
empty. The use of the QP serves to avoid this problem. As shown in Fig. (6.4), although
the semi-major axes do not point towards the optimal face � (denoted by the red line
section), a solution (denoted by the star) can still be found. Mathematically, the existence
of the unique solution is assured by the strict convex objective constructed in Eq. (6.7a),
once the � is feasible and bounded. When the semi-major axes do not point towards the
optimal face �, the semi-major axes are no longer the pointer, and the solution obtained is
determined by the tangent point on the elliptical contours. Once the \rotation" direction
r 1 varies, the tangent point also changes and a di�erent solution is obtained. In other
words, ERM still works well in this special case and can provide di�erent solutions by
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varying the direction of r 1. Ideally, it is preferable to haver 1 in the direction of the semi-
major axes because of the resulting higher sensitivity to changes in the selected direction
as compared to the other axes.

Figure 6.4: A special case for ERM that the semi-major axes do not point towards the
optimal face �

Householder Transformation and Re
ection Matrix

This section provides details about the construction of the matrixQ and the \rotation"
direction r 1. Without loss of generality, assume initially the longest semi-major axes
of concentric hyper-ellipsoids are along the �rst coordinate and the other shorter semi-
minor axes are along the remaining coordinates. Thus, the initial pointer direction is
r 0 2 Rn = [1 0 � � � 0]T . Let's assume that the ideal solution is in the direction ofr 1 and
the semi-major axes of these concentric hyper-ellipsoids are \rotated" fromr 0 to r 1 as
shown in Fig. (6.5a) to select a particular solution.

The construction of concentric hyper-ellipsoids with the longest semi-major axes aligned
along the �rst coordinate with the remaining semi-axes aligned along the remaining coor-
dinates, Q0 2 Rn� n is done according to Eq. (6.8).

Q0 =

2

6
6
6
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1e� 6
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. . .

1

3

7
7
7
5

(6.8)

The matrix Q0 is used to construct a QP as de�ned in Eq. (6.7). The objective of
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the QP is 1
2x T Q0x . The contours of 1

2x T Q0x are concentric hyper-ellipsoids at the origin
with the longest semi-major axes aligned along the �rst coordinate. Hence,Q0 represents
the initial positions of the concentric hyper-ellipsoids before \rotation" and the semi-major
axes point initially towards the r 0 direction.

(a) Re
ecting elliptical contours (b) Householder transformation

Figure 6.5: Re
ecting elliptic contours by Householder transformation

Notice Q0 is a positive de�nite matrix because all diagonal elements are positive.
Positive-de�nite matrix assures the strict convexity of the QP and thus the solution of
the QP is unique if the problem is feasible. Since all elements are on the main diago-
nal, these elements are also the eigenvalues of the matrix. The eigenvalues determine the
lengths of the semi-axes of concentric hyper-ellipsoids and the eigenvectors determine the
corresponding directions of semi-axes. The �rst element, e.g. 1e� 6, in the matrix, deter-
mines that the �rst semi-axes of concentric hyper-ellipsoids are the longest ones because
the lengths of semi-axes are inversely proportional to the squared root of the eigenvalues.
A small value, e.g. 1e� 6 in the case studies, is selected so as to force that the longest semi-
axes is much larger than the length of the other semi-axes resulting in higher sensitivity
with respect to rotations.

A re
ection matrix R is introduced to express the \rotation" operation of these con-
centric hyper-ellipsoids.R is based on the Housholder transformation [32], which is used
to rotates the initial vector direction r 0 to another direction r 1 so that r 1 = Rr 0 as shown
in Fig. (6.5b). Notice that although the operation is described as a \rotation", mathe-
matically the Householder transformation is a re
ection with respect tor 3 in Fig. (6.5b).
Thus, the contours are re
ected from directionr 0 to r 1 about the hyperplaner 3. The
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direction r 2 is de�ned as the normal vector tor 3. Given direction r 0 and direction r 1, the
re
ection matrix R is de�ned by Eq. (6.9), which is the key matrix of the Householder
transformation [32]. Since the initial direction is always �xed atr 0, the re
ection matrix
R is only a function of r 1, denoted asR (r 1).

r 2 = r 0 � r 1 (6.9a)

R = I � 2
r 2r T

2

r T
2 r 2

(6.9b)

Before \rotation" the matrix Q is Q0, the matrix Q of the QP problem after \rotation"
in Eq. (6.7a) can be de�ned as per Eq. (6.10).

Q(r 1) = R T (r 1)Q0R (r 1) (6.10)

If di�erent r 1 are used, the resulting optimal solution is di�erent. Accordingly, when
ERM is used for �tting experimental data for a DFBM problem, the elements ofr 1 are
the �tting parameters that determine which optimal solution is chosen among all possible
solutions. For simplicity, the vector r 1 is assumed as a unit vector askr 1k = 1. In other
words, vectorr 1 is the direction vector of the optimal solution.

The geometric description given above can explain a key advantage of the proposed
ERM method is superior to the WPDM that requires trial and error for the initial guess
of the �tting parameters. To �nd the optimal solution that �ts the data, the direction of
r 1 must be initialized. For this purpose, any unit vector de�ned by Eq. (6.11) wherex o is
one possible solution of the LP can be used to initialize the vectorr 1.

r o
1 =

x o

kx ok
(6.11)

The re
ection matrix instead of a rotation matrix is used in ERM because the generation
of an n-dimensional re
ection matrix is computationally simpler than the corresponding
rotation matrix. A rotation matrix can be decomposed into the multiplication of two
re
ection matrices [116].

6.5.3 Translation

The second step of ERM involves a translation of the optimal face of �. While in most cases
this translation is not needed, in a few special cases it is necessary or at least helpful in the
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selection of di�erent solutions. As shown in Fig. (6.6), for the special case that the optimal
face is on a hyperplane passing through the origin then the optimal solution obtained is
always the same regardless of the \rotation" directionr 1. Mathematically, if the b̂ = 0 or
some elements of̂b are zeros, the optimal face is either on the hyperplane passing through
the origin or very close to it. In these special situations, a small translation of � can
increase the sensitivity of the of solutions with respect to changes in model parameters.
The direction of translation that will most increase sensitivity is logically along the normal
to the original direction, i.e. in the c or � c directions as shown in Fig. (6.7). If the �
is translated by d = � c and � 6= 0, the translated � is denoted by � 0 and given by Eq.
(6.12). In Fig. (6.7), the red dash and red lines denote the � and �0 respectively. The
hollow and �lled stars represent the solutions obtained before and after the translation
respectively.

Figure 6.6: When the optimal hyperplane passes through the origin

y = x + d (6.12a)

� 0 =
n

y j Ây = Âd + b̂; A N y � A N d + bN

o
(6.12b)

The QP problem corresponding to the translated optimal face � is de�ned by Eq.
(6.13). After obtaining the optimal solution y � to the translated QP problem in Eq.
(6.13), the optimal solutionx � to the original LP can be recovered back fromx � = y � � d.
This translation operation preserves all the geometric features of the original optimal face.
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Figure 6.7: Translation of the optimal face

min
y

1
2

y T Q(r 1)y (6.13a)

PQP
0 subject to y 2 � 0 (6.13b)

6.5.4 Properties of ERM

ERM has some advantageous properties as compared with the interior-point-based WPDM
method. A key property is that the number of �tting parameters does not change with
the number of constraints as in WPDM. When ERM is used to �t experimental data,
the only �tting parameters are the components of the vectorr 1. Thus, the maximum
number of tuning parameters is equal ton which is the dimension ofr 1 while the number
of constraints does not in
uence the number of �tting parameters. WPDM is based on
the constraints and the �tting parameter is w . Since each constraint corresponds to an
element ofw , the number of tuning parameters in WPDM increases with the number of
constraints thus increasing the computations. Therefore, ERM is computationally more
e�cient than WPDM in the �tting of experimental data.

Moreover, ERM needs to solve an LP to identify the optimal face � and a QP to
select the solution in the given direction. Since commercial solvers are available for solving
LP and QP problems, the implementation of ERM is very straightforward and robust.
WPDM cannot take advantage of commercial solvers and the in-house solver developed for
this purpose was found to be ine�cient and inaccurate for large metabolic models. Also,
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ERM preserves the uniqueness and continuity properties of WPDM as described by the
following theorems and remarks.

Theorem 4 (Uniqueness) : A feasible QP problem de�ned in Eq. (6.13) has a unique
solution.

Proof : According to the properties of Householder transformation, the matrixR (r 1) is
invertible [32]. By de�nition, Q0 is positive de�nite. SinceQ(r 1) = R T (r 1)Q0R (r 1) and
matrix R (r 1) is invertible, the matrix Q(r 1) is positive de�nite [107]. For a QP problem,
if the Hessian matrixQ(r 1) is a positive de�nite matrix, the objective function of the QP
problem is strictly convex [8]. For a feasible strictly convex optimization problem, the
optimal solution is unique [12].

Remark 4 : The contour lines of the objective are initialized as concentric hyper-
ellipsoids, which are strictly convex. The Householder transformation of the ellipsoid
contour lines preserves convexity. Geometrically, the re
ection operation on the ellipsoidal
contour lines and the translation of the feasible set cannot change the shape of the contour
lines. Since the strict convexity of the objective function is preserved, the feasible QP
problem only has one solution. This property ensures the choice of one solution out of the
multiple possible solutions of the original LP problem. A solution can be found provided
that the feasible space is not empty.

Theorem 5 (Continuity) : If the linear independence constraint quali�cation (LICQ)
condition is satis�ed, the optimal solution of the feasible QP problem de�ned in Eq. (6.13)
is locally continuous with respect tôb and bN .

Proof : See appendix.

Remark 5 : Under the assumption of LICQ, the optimal solution is a bounded mapping
of b̂ and bN . The boundedness of the mapping ensures that in�nitesimal changes inb̂ and
bN result in bounded changes in the optimal solution. Therefore, local continuity is assured.

6.6 Results and Discussions

6.6.1 Example of Simple LP Problem with Multiple Optima

A linear programming problem with multiple optima reported in the literature is used
as a preliminary case study [77] to illustrate the ERM. The LP problem is de�ned in
Eq. (6.14). The optimal face is the one with 4 vertex optima, [4 0 2]T , [0 4 4]T ,
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[0 4 0]T , [4 0 0]T . Any point on that face is an optimal solution.

min
x

� 2x1 � 2x2 (6.14a)

subject to x1 + x2 � 4 (6.14b)

x1 + 2x3 � 8 (6.14c)

x1 � 0 (6.14d)

x2 � 0 (6.14e)

x3 � 0 (6.14f)

As a �rst step, the LP in Eq. (6.14) is solved with IBM CPLEX. The solution obtained
is [0 4 0]T and the optimal objective is� 8. The dual variables (Lagrange multipliers)
for constraints of Eqs. (6.14b)-(6.14f) are 2, 0, 0, 0, 0 respectively. Since the number of
decision variables is 3 and only the �rst constraint Eq. (6.14b) is active, this LP has two
degrees of freedom multiplicity. In other words, the optimal face is a two-dimensional face.
According to Eq. (6.5), the optimal face � is de�ned by Eq. (6.15).

� =
�

x 2 R3 j x1 + x2 = 4; x1 + 2x3 � 8; x � 0; � 2x1 � 2x2 = � 8
	

(6.15)

Then we proceed to construct a QP to select di�erent solutions from �. Since the
right-hand side of two equality constraints are 4 and� 8 respectively in Eq. (6.15), the
second step of translation can be skipped because � does not pass close to the origin.

The third step involves the \rotation" operation. For initialization, the major axes of
concentric hyper-ellipsoids are aligned along the �rst coordinate, namelyr 0 = [1 0 0]T .
Given an arbitrary \rotation" direction r 1 = [0:626 0:657 0:421]T , r 2 can be calculated
as per Eq. (6.9a) to obtainr 2 = [0:374 � 0:657 � 0:421]T . Then, the re
ection
matrix R can be calculated according to Eq. (6.9b). The resultingR is given in Eq.
(6.16). Notice that the re
ection matrix R is orthogonal with a � 1 determinant indicating
that the Householder re
ection 
ips the contour lines from one side to the opposite side.
However, since the hyper-ellipsoids are symmetric, such 
ipping is equivalent to a 180
degrees rotation and it does not in
uence the results.

R =

2

6
4

0:626 0:657 0:421
0:657 � 0:153 � 0:739
0:421 � 0:739 0:527

3

7
5 (6.16)
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Before the \rotation" is implemented, a matrix Q0 is de�ned according to Eq. (6.17).

Q0 =

2

6
4

1e� 6

1
1

3

7
5 (6.17)

Based on the re
ection matrix R calculated, the matrix Q can be obtained as Eq. (6.18)
from Q = R T Q0R . The eigenvalues value ofQ are 1e� 6, 1 and 1, which are the diagonal
elements of the matrixQ0. In other words, the re
ection operation preserves the convexity
of the objective.

Q =

2

6
4

0:608 � 0:411 � 0:263
� 0:411 0:569 � 0:276
� 0:263 � 0:276 0:823

3

7
5 (6.18)

After the matrix Q and � are obtained, the QP in Eq. (6.13) can be solved by a
QP solver. Since no translation is applied,d = 0. The solution selected from the QP
is x � = [1:952 2:048 1:312]T and the optimal objective value is� 8. It can be veri�ed
that r 1 = x �

kx � k holds indicating that the semi-major axes of concentric ellipsoids in ther 1

direction point towards the optimal solution x � on the optimal face �.

In the example presented above, the directionr 1 is arbitrarily selected. If di�erent r 1

are used to construct the QP, di�erent solutions will be obtained. Here, Tab. (6.1) shows
that by increasing the �rst element of ther 1 an optimal solution with a larger �rst element
is obtained.

Table 6.1: Di�erent r 1 can select di�erent optimal solutions from �

r 1 Optimal Solution Optimal Objective
[0:626 0:657 0:421]T [1:952 2:048 1:312]T -8
[0:749 0:558 0:357]T [2:293 1:707 1:093]T -8
[0:952 0:258 0:165]T [3:147 0:853 0:547]T -8
[0:985 0:145 0:093]T [3:488 0:512 0:328]T -8
[1:000 0:020 0:013]T [3:922 0:078 0:050]T -8

The example in Eq. (6.14) is also geometrically illustrated in Fig. (6.8). The poly-
hedron shown in Fig. (6.8) describes the feasible space de�ned by the constraints in Eq.
(6.14) with respect to the three decision variablesx1; x2 and x3. The blue surface denotes
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Figure 6.8: Control of elements ofr 1 to select di�erent optima

the optimal face � in Eq. (6.15). On the blue surface, any point is a solution and the
objective is � 8.

For ERM, since the kr 1k = 1, increasing one element ofr 1 means decreasing other
elements to keepkr 1k = 1. Increasing a particular element ofr 1 of ERM leads to an
increase in the corresponding element of a solutionx until the selected optimal solution
reaches the boundary of the optimal face. In Fig. (6.8), symbols in the �gure denote
di�erent trajectories of solutions selected by manipulating elements ofr 1. For instance,
the square denotes the trajectory of the solutions by increasing the �rst and second elements
and decreasing the third elements ofr 1 in ERM. As the �rst and second elements ofr 1

increase, the �rst and second elements of the selected solution also rise.

6.6.2 Comparison of Computational Expense

A comparative simulation study is conducted to illustrate the in
uence of the number
of constraints on the computational expense of ERM versus the interior point WPDM
method. An LP example referred to as \lpagg2" from a repository of models[21] was
used. The original example \lpagg2" contains 516 constraints and 758 decision variables.
Test examples were created by randomly selecting a di�erent number of constraints and
keeping the same objective as the original example. In this research, test examples with
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50, 100, 200, 300, 400, and 500 constraints were created from the original example. To
ensure that these test examples have multiple solutions, one inequality constraint with the
same coe�cients as the objective of the original example is added. Then, these examples
were classi�ed according to the number of constraints, and the average computation time
was calculated for each case.

Fig. (6.9) presents the average computation time of these created test examples. Since
many of the reported DFBMs have large constraints the e�ect of the number of constraints
on computations is critical. For both, ERM and WPDM, the average computation time
correlates with the number of constraints. However, the computation time of WPDM in-
creases faster than the ERM as the number of constraints increases. For WPDM, the �tting
parameter isw and the number of elements ofw increases as the number of constraints
increases. For ERM, regardless of the number of constraints, the number of elements of
the vector r 1 used to select an optimal solution remains the same. Thus, ERM provides a
signi�cant advantage of computational time when the number of constraints is large. Fur-
thermore, this computational advantage is expected to be critical for problems involving
online estimation or adaptation based on metabolic 
ux models.

Figure 6.9: Comparison of average computation time of WPDM and ERM for di�erent
numbers of constraints
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6.6.3 Example of B. Pertussis Model

Model Calibration

The objective in this example is to compare the performance of our newly proposed method,
i.e. ERM, to our previously proposed approach, i.e. WPDM, for the problem of calibrat-
ing a DFBA model. To fairly compare ERM with WPDM when multiplicity occurs, this
research follows a bi-level optimization strategy as done with WPDM and it applies both
methods with the same experimental data used in [98]. Two groups of replicates' experi-
mental data ofB. pertussisreported in the paper of [13] were used to calibrate the dynamic

ux balance model, referred to experiments 1 and 2 in the following sections.

When ERM is used to solve the LP in Eq. (6.2), the 
uxvk can be express as a function
of � ,  k , r 1. In DFBM, � are the parameters of the LP, e.g. parameters in kinetic rate
constraints expressions, and k is the state at each time step, i.e. the concentration of a
metabolite or biomass. The parametersr 1 determine which solution is selected from the
multiple optima. Therefore, the 
ux will be a function vk = ERM (r 1; � ;  k ). During the
�tting with experimental data, r 1 and � serve as tuning parameters for �tting the model
predictions to data.

Hence, the evolution of the state is determined by parameters� and r 1 together. Model
calibration consists of tuning these parameters by optimization to �t the experimental
data. The problem of �tting the model to experimental data can be expressed as a bi-level
optimization problem as follows:

min
� ;r 1

X

k

X

m

( m;k �  exp
m;k )2 (6.19a)

subject to  k +1 =  k + � t bio;kSvk (6.19b)

vk = ERM (r 1; � ;  k ) (6.19c)

 0 is initial states of DFBM (6.19d)

k = 0 � � � (6.19e)

where  m;k is the value of them-th state of  k calculated by the model and exp
m;k is the

value of the state interpolated from cubic splines �tted to the experimental data. Then,
the �tting procedure is based on the minimization of the summation of squared errors of
measured metabolites with respect to the tuning parameters� , r 1.

The problem formulated in Eq. (6.19) is a bi-level optimization. The outer level
involves the minimization of the sum of square errors between model predictions. This
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outer optimization is done with respect to model parameters� and the \rotation" vector
r 1 as shown in the previous example where changes ofr 1 will serve to select a particular
solution that results in best �t of experimental data. The inner optimization assumes the
� and r 1 are given so that the LP problem is solved by ERM over the duration of the
entire batch culture. On the other hand, for �tting the DFBM with the WPDM method,
the tuning parameters are� and the interior points weightsw .

Although all the parameters of� and parametersw of WPDM or r 1 of ERM could
be manipulated to �t the experimental data, this is very impractical because only a small
subset of the parameters has a signi�cant impact on the solution [44, 69]. Thus, sensitivity
analysis is used to determine the top 5 elements of� and the top 5 elements ofw of WPDM
that have the largest e�ect on the solution. For ERM we also conduct a sensitivity analysis
and select the same 5 elements of� that were chosen for WPDM together with the top 5
elements ofr 1 of ERM that have the most impact on the 
uxes.

To simplify the notation, � is used to represent all parameters (� for DFBM, r 1 for
ERM, w for WDPM) that can be tuned to �t experimental data. The sensitivity S� i is
the sensitivity of parameter� i de�ned as Eq. (6.20).

S� i =
X

m

X

k

�
�
�S� i

 m;k

�
�
� (6.20)

whereS� i
 m;k

is the sensitivity of m-th state  m to the i -th parameter � i at sampling time
interval k. The biomass and the volume of culture are treated as states. The calculations of
sensitivity of the states with respect to tuning parameters are calculated with Eq. (6.21).

S� i
 m;k

=
@ m;k

@�i

� i

 m
(6.21)

where m is the average of them-th state over all sampling time intervals.

Comparison of ERM with WPDM

The �tting parameters of WPDM and ERM are elements of weightsw and \rotation"
direction r 1 respectively. After sensitivity analysis, 5 elements ofw and 5 elements ofr 1

together with 5 elements of model parameters� are used to �t two groups of experimental
data for WPDM and ERM respectively. In the previous research [98], WPDM has shown
that 5 elements of model parameters� and 5 elements ofw can �t the same experimental
data much better than other solvers, such as the dual-simplex methods and the naive
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interior point method of IBM CPLEX and MATLAB. For the same experimental data,
WPDM was also shown to be superior to other methods that were speci�cally proposed
to address multiplicity, including the minimization of total 
ux, the minimization of the
number of active reactions, and hierarchical optimization (lexicographic optimization).

Table. (6.2) is the �tting result of the sum of squared errors for di�erent methods. Figs.
(6.10) and (6.11) shows plots of the model predictions and data for di�erent amino acids and
biomass evolutions with time respectively. For con�dentiality reasons, all concentrations
are normalized so that concentrations are dimensionless. As shown in these �gures, the
results of ERM and WPDM are very similar. Both methods can �t some amino acids well
but slightly worse in other amino acids. WPDM �ts well the threonine and ERM �ts well
with lysine. As SSE in shows Table. (6.2), the total SSEs for ERM and WPDM are very
close as well but ERM has relatively smaller errors than WPDM.

While ERM and WPDM show similar �tting performances for the multiplicity issue, the
two methods are signi�cantly di�erent in terms of computation time. For a fair comparison,
tests are conducted on the same computer and the same version of MATLAB and repeated
100 times to calculate the average computation time. On average, an LP with 50 decision
variables and 220 constraints requires 0:0676s by WDPM and 0:0116s by ERM. Thus,
ERM is 5:8 times faster than WPDM. One main reason for this computational e�ciency is
that ERM can take advantage of commercial solvers to reach fast speed and high accuracy.
If more constraints are used in the DFBM, ERM still has the same number of parameters
but WPDM will have more parameters to �t, which greatly increases the computation. The
e�ciency of ERM makes it possible to apply in the future to larger metabolic networks.

6.7 Conclusions

A novel ERM method is developed to address the multiplicity of LP problems. The method
is successfully applied to a toy example and for calibrating the DFBM ofB. pertussis
during fermentation. The method scales well with the dimensions of the metabolic net-
work because the number of calibrating parameters does not increase with the number
of constraints. Since ERM is low-code and based on commercial LP and QP solvers, it
is computationally e�cient and suitable for metabolic 
ux modeling of large metabolic
networks for which multiple solutions exist. The computational advantages are expected
to be particularly important for online DFBA-based estimation or optimization problems.
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Table 6.2: Summation of Squared Errors (SSE) of Fitting by ERM and WPDM

SSE of ERM SSE of WPDM
Biomass 3073 3333

Ala 0.126 0.180
Arg 1.030 0.754
Asp 3.522 1.746
Glu 395.6 407.6
Gly 14.36 14.30
His 1.638 1.712
Ile 0.559 0.616
Leu 2.322 1.782
Lys 15.56 31.14
Met 6.708 6.831
Phe 8.274 8.284
Pro 0.210 1.344
Ser 1.428 0.194
Thr 18.80 2.381
Tyr 0.078 0.075
Val 5.96 5.55

Total 3549 3818
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Figure 6.10: Evolution of key metabolite concentrations with time by WPDM and ERM
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Figure 6.11: Evolution of biomass concentrations with time by WPDM and ERM
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Chapter 7

Setting up an Experimental Platform
for Online Estimation Based on
Dynamic Flux Balance Models

7.1 Overview

In the previous chapters, the weighted primal-dual method (WPDM) and the ellipsoidal
re
ection method (ERM) have been proposed to solve the multiplicity issue of dynamic

ux balance models (DFBM). Based on the improved DFBM, di�erent methods of set
membership estimation were designed to estimate the state of metabolism in the bioreactor
with limited measurements. To test these proposed ideas, an experimental platform was
required for future applications. Using available equipment in our laboratory, a batch
culture of B. pertusis was conducted, analyzed, and modeled with DFBM.

7.2 Introduction

This thesis focuses on the use of DFBM for process modeling and monitoring. However,
applying DFBM has two major problems. DFBM contains a linear programming (LP)
problem at each time step and the LP needs to be solved to proceed to the next time step.
The multiplicity of solutions of the LP poses a challenge for predicting the time evolution
of metabolites along a batch. In previous research, two data-driven methods WPDM and
ERM have been proposed to select the optimal solution that best �ts experimental data.
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Compared to methods that assume the metabolism of cells is e�cient, these two methods
�t experimental data better because they can select speci�c solutions.

A second challenge for the use of DFBM for process monitoring is the lack of online
measurements. DFBM considers more metabolites than the classical unstructured models
traditionally used in bioprocess monitoring. Online measurements of most metabolites are
impossible to measure in real-time since they require time-consuming techniques such as
HPLC. The lack of online measurements hinders the ability to design an observer to esti-
mate unmeasured metabolites because their observability is not satis�ed. To overcome this
scarcity of measurements, di�erent set membership estimations for DFBM are constructed
in previous chapters.

While set membership estimation works well in simulations, it was important to further
prove its applicability in an experimental setting. In view that part of this research was
funded by a two-term MITACS scholarship, I developed a bench scale platform for batch
culturing of B. pertussis which is currently used by Sano� for the manufacturing of the
whooping cough vaccine. The platform is a scale-down model (2L) of the industrial 20L
-2000 L reactors used by Sano�.

This chapter includes three sections: materials and methods, calibration of dynamic

ux balance modeling, and results and discussion.

7.3 Materials and Methods

7.3.1 Setting up of Equipment

The entire platform can be classi�ed into di�erent parts, bioreactor, control console, probes,
pump, and camera as shown in Fig. (7.1). The bioreactor (Applikon, Netherlands) is
operated in a batch fermentation mode. The control console is composed of two parts, a
controller (ADI 1030; Applikon, Netherlands) and a console (ADI 1025; Applikon, Delft,
Netherlands). The controller receives the signals from probes, displays process variables
on the screen, and controls the key process parameters. The console has two mounted
peristaltic pumps controlled by the controller and one rotary knob to tune the speed of
agitation. Probes measure the dissolved oxygen (DO), pH, and temperature and send these
signals to the controller. The camera (C920S; Logitech, Switzerland) is used to capture the
experimental data on the screen of the controller by a program in Python, and the photos
captured are stored on the laptop (Dell, USA). The pump (MasterFlex® , Germany) is
used for inoculation and sampling.
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Figure 7.1: Setting up of Equipment

7.3.2 Culture Conditions and Operations

The culture conditions ofB. pertussisare adapted from a scaled-down model developed by
Sano�. This scaled-down model is used to analyze industrial fermentation. This research
adapted similar conditions to the scaled-down model for simulating the industrial setting. A
B. pertussisstrain from Sano� was used in all experiments. The batch media is a modi�ed
version of Stainer-Scholte media supplemented by casamino acids (BactoTM Casamino
Acids; Thermo Fisher Scienti�c, USA). The media was prepared, then sterilized in an
autoclave for 40 mins, and stored at 5� C for the culture in the shake 
ask. Growth
factors include vitamins and salts combined together with media to promote better growth.
Growth factors were prepared, then sterilized through a �lter and stored at 5� C for culture
in the shake 
ask and bioreactor.

A cryovial containing 1 mL seed stored at� 80� C melt was inoculated in a sterile 500 mL

ask containing 60 mL media, 57:8 mL sterile ultrapure water, and 1:2 mL growth factors.
The shake 
ask is controlled at 200 rpm and 36� C in an incubator (NU-5510/E; NuAire,
USA). The culture of the shake 
ask was conducted for 38 h until the OD600 (optical
density measurements at 600 nm) was within 4 to 6 for inoculation to the bioreactor. The
initial OD600 in the bioreactor was controlled at 0:3 by the amount of inoculation. Finally,
the culture volume after inoculation was approximately 1:6 L.

DO probe (InPro® 6800; Mettler Toledo, OH, USA) was calibrated at its zero value
by nitrogen and at 100% value by air after the readings of DO were stable. A pH probe
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(Applikon, Netherlands) was calibrated by standard bu�ers (Thermo Fisher Scienti�c,
USA) at pH values of 4:01 and 7 respectively. The temperature was controlled in a closed-
loop by a PI controller at a target of 36� C by a heating jacket. The pH was controlled
in a closed-loop by a PID controller at a target of 7:2 by adding 2:5 M sterile phosphoric
acid. 1:5% sterile antifoam (Antifoam 1520; Dow Corning, USA) was added manually to
minimize the generation of foam. The dissolved oxygen was controlled in a closed loop by a
PID controller at a target of 35% by manipulating the aeration rate. The agitation rate was
manually controlled and increased from 200 rpm initially to 625 rpm at 29:5 hours. Once
the agitation could not satisfy the DO target, the agitation rate was manually increased.
During the �rst half of fermentation, the agitation rate increased roughly by 50 rpm every
two hours. During the second half of the fermentation, the agitation rate was increased
slower than for the �rst half. Sampling was conducted at 0 h, 4 h, 8 h, 16 h, 24 h, and at
the end of the fermentation. Each time a 2 mL sample of culture was collected and stored
in two 1:5 mL centrifuge tubes separately. The fermentation was stopped at about 29:5 h
when a peak of DO was observed corresponding to the complete depletion of glutamate.

7.3.3 Analysis of Culture

Determination of Contamination

To prevent contamination, tryptic soy agar (Millipore Sigma, USA) and Bordet-Gengou
agar (Thermo Fisher Scienti�c, USA) plates are used to con�rm the absence of contami-
nation. B. pertussiscan grow on Bordet-Gengou agar but cannot grow on tryptic soy agar
[31].

Determination of Biomass

Samples from the shake 
ask or from the bioreactor were diluted by 0:9% saline water
(Intermountain Life Sciences, USA) and mixed well. The biomass concentration was de-
termined by optical density measurements at 600 nm using a spectrophotometer [13].

Determination of Metabolites

AccQ.TagTM method with a pre-column is used to quantify the concentrations of amino
acids in the culture. AccQ.TagTM method uses overdosed AQC
(6-aminoquinolyl-N-hydroxysuccinimidyl carbomate) to derivatize the amino acids. The
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is procedure generates highly stable 
uorescent derivatives which can be measured by

uorescence detectors to quantify the concentrations. The pre-column is used to separate
these amino acid derivatives.

Samples collected from the bioreactor were centrifuged 3 mins at 10000g to remove the
cells and then �ltered by 0.2� m MCE �lter (Thermo Fisher Scienti�c, USA) to collect the
supernatant. The samples of supernatant were stored at� 20� C for later analysis. Frozen
samples of supernatant were thawed at room temperature and then diluted with ultrapure
water for HPLC. Further details of this analysis are provided below.

Following the Waters AccQ.FluorTM Reagent Kit instructions sheet, Waters
AccQ.FluorTM Reagent Kit was used to derivatize the supernatant. 1 ml of reagent diluent
was transferred to a reagent powder container and vortexed for 10 seconds to reconstitute
the AccQ.Fluor reagent. The container of AccQ.Fluor reagent was closed, sealed, put in a
55� C water bath, and vortexed until the reagent powder was fully dissolved. 10� L of the
sample and 70� L of AccQ.Fluor Borate Bu�er was vortexed in a centrifuge tube. Then,
20 � L reconstituted AccQ.Fluor reagent was added into the centrifuge tube, vortexed, and
incubated for 1 min at room temperature. The derivatized sample was transferred to a
clean autosampler vial with a 250� L limited volume insert and closed with a silicone-lined
septum cap. This autosampler vial was then placed in the water bath at 55� C for 10
minutes.

The Waters 1525 chromatography system (Waters Corporation, MA, USA) with a

uorescence detector (W2475; Waters Corporation, MA, USA) was used to analyze amino
acids. The AQC pre-column (Waters AccQ.TagTM Amino Acid Analysis Column C18,
dimensions 4� m, 3.9 mm Ö 150 mm) was preheated to 38� C. For each analysis, 5� L of
derivatized sample in the autosampler vial was injected into the column. The 
uorescence
detector was set to an excitation wavelength of 248 nm and an emission wavelength of 395
nm.

The eluent A was an acetate-phosphate bu�er solution prepared by mixing 100 mL
AccQ.TagTM Eluent A concentrate (Waters, MA.USA) with 1 L of ultrapure water. The
eluent B was HPLC-grade acetonitrile. The 
ow rate of each eluent at di�erent times
for the HPLC run was adapted from the work of Cohen [19] and are presented in Tab.
(7.1). The HPLC analysis for each sample runs for 45 min. Before each run starts and in
between samples run, the column was equilibrated for 15 min using 99% of eluent A and
1% of eluent B for 15 minutes at 1 mL/min.
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Table 7.1: Gradient table of eluents for HPLC analysis

Time
(min)

Flow rate
(mL/min)

Eluent A
Bu�er
(%)

Eluent B
ACN
(%)

Gradient
Curve

0 1 99 1 -
0.5 1 98 2 6
18 1 95 5 6
19 1 91 9 6
30 1 80 20 6

7.4 Dynamic Flux Balance Model

Dynamic Flux Balance Model with the Ellipsoidal Re
ection Method

A DFBM model was used for model �tting with the data generated in the experiments.
The DFBM is presented in detail in Eq. (6.2) and Eq. (6.1) of Chapter 6.

Model Calibration

The DFBM model previously developed [13] was used to calibrate for new experimental
data. The DFBM model was calibrated using the ERM method presented in Chapter 6
of this thesis. Given the DFBM with ERM, the evolution of the state is determined by
parametersS, � , and r 1 together. Model calibration involves tuning these parameters
to optimize the �t to the experimental data. The �tting of experimental data can be
expressed as an optimization problem.

min
Sbio ;r 1 ;�

X

k

X

m

( m;k �  exp
m;k )2 (7.1a)

subject to  k +1 =  k + � t bio;kSvk (7.1b)

vk = ERM (r 1; � ;  k ) (7.1c)

 0 is initial states of DFBM (7.1d)

k = 0 � � � (7.1e)

where  m;k and  exp
m;k are m-th state of  k calculated by the model and from cubic spline

interpolation of experimental data respectively.Sbio is the column of matrix S related to
the biomass synthesis. The goal is to minimize the sum of squared errors between predicted
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and measured metabolites' concentrations at all time steps by tuning parameters� , r 1, and
Sbio . Notice that in this research and in most DFBM studies in general, the stoichiometry
coe�cient matrix S is not considered a tuning parameter and instead is determined from
biochemical information sources. However, in our caseSbio is tuned because the biomass
composition can change due to the di�erences in the culture conditions. In Chapter 6, the
�tting parameters only include � and r 1. Since the culture conditions of new experimental
data are not the same as the old experiments when the model was developed, it was
hypothesized that the composition of biomass can also change so it is added as a �tting
parameter. Once the biomass composition changes, the yields of substrates with respect
to biomass may vary so thatSbio may also change.

Since the total number of possible tuning parameters is very large, sensitivity analysis
was done to select the most sensitive parameters to reduce the computational expense.
For simplicity, � is used to represent the tuning parameters vector (Sbio , � , and r 1) that
can be varied to �t the experimental data. The sensitivity L � i is the sensitivity of i -th
parameter of� de�ned as in Eq. (7.2).

L � i =
X

m

X

k

�
�
�L � i

 m;k

�
�
� (7.2)

where L � i
 m;k

is the sensitivity of m-th state  m with respect to the i -th parameter � i at
sampling time interval k. The calculations of sensitivity of the states are done according
to Eq. (7.3).

L � i
 m;k

=
@ m;k

@�i

� i

 m
(7.3)

where m is the average of them-th state over all sampling time intervals. According to the
sensitivity analysis, parameters with the largestL values are selected to �t experimental
data.

7.5 Results and Discussion

7.5.1 Determination of Contamination

The experimental data presented in this chapter is referred to as batch F06. To assure that
no contamination occurred during batch F06, sterile centrifuge tubes and sterile syringes
were used to extract samples from the bioreactor. When the DO peak (over DO setting
point 35 % for 5 mins) was observed at about 29:5 h, an event that was used as an indication
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of complete depletion of glutamate, the last sample was collected. The sample at 29:5 h
was inoculated on a tryptic soy agar plate and a Bordet-Gengou agar respectively. Two
plates were cultivated at 35� C for 3 days in the incubator. Fig. (7.2a) and (7.2a) show that
the bacteria could not grow on the tryptic soy agar but could grow on the Bordet-Gengou
agar and formed the colony in brown color. The colony formed on the Bordet-Gengou agar
was picked and further inoculated on a new tryptic soy agar, and incubated at 35� C for 3
days in the incubator. Fig. (7.2c) shows that no colony was formed on the tryptic soy agar
(the marks are the scratches made by the inoculating loop). These experiments con�rmed
that batch F06 succeeded and no contamination occurred.

7.5.2 Determination of Biomass

OD 600 was used in this research to quantify biomass concentration. F06 refers to a batch
of experiment conducted as per the description above. FER 1120 refers to typical experi-
mental data from a 2 L benchtop bioreactor. The data was extracted from �gures shown in
a Sano� report [92], which was used for comparison with F06. For con�dential reasons, OD
600 data from F06 and FER 1120 were normalized with initial OD 600 respectively. The
initial OD 600 of FER 1120 and F06 were di�erent. F06 was conducted with a working
volume of 1.6 L whereas FER 1120 was conducted with a working volume of 2L. As shown
in Fig. (7.3), it was evident that the biomass observed in F06 was much higher than the
FER 1120 after 24 h.

7.5.3 Determination of Metabolites

The calibration of the model relies on extracellular concentrations of amino acids. Most
amino acids in the media were from casaaminoacids, which are obtained from the hydrolysis
of milk and are a key part of the growth media used by Sano�. The main carbon source
for B. pertussis is glutamate, which is consumed in the TCA cycle to generate ATP and
maintain cell growth and functions. In fact, it has been reported thatB. pertussis can
grow with a basic media containing glutamate and proline. Other amino acids are used
for the synthesis of biomass and antigens. Di�erent dilution factors were used to measure
the amino acids by HPLC and replicate measurements were conducted to verify accuracy.
For con�dential reasons, the measured concentrations were normalized by the initial value
of glutamate concentration. The concentrations measured of batch F06 are presented in
Tab. (7.2).
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