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Abstract

This thesis is concerned with the classification of 7-dimensional nilpotent Lie alge-
bras. Skjelbred and Sund have published in 1977 their method of constructing all
nilpotent Lie algebras of dimension n given those algebras of dimension < n, and
their automorphism groups. By using this method, we construct all nonisomor-
phic 7-dimensional nilpotent Lie algebras in the following two cases: (1) over an
algebraically closed field of arbitrary characteristic except 2; (2) over the real field
R.

We have compared our lists with three of the most recent lists (those of Seeley,
Ancochea-Goze, and Romdhani). While our list in case (1) over C differs greatly
from that of Ancochea-Goze, which contains too many errors to be usable, it agrees
with that of Seeley apart from a few corrections that should be made in his list,
Our list in case (2) over R contains all the algebras on Romdhani’s list, which omits

many algebras.
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Introduction

This thesis is concerned with the classification of 7-dimensional nilpotent Lie algebras.
Skjelbred and Sund have published in 1977 their method of constructing all nilpotent Lie
algebras of dimension n given those algebras of dimension < n, and their automorphism
groups. By using this method, we construct all nonisomorphic 7-dimensional nilpotent
Lie algebras in the following two cases: (1) over an algebraically closed field of arbitrary
characteristic except 2; (2) over the real field R. Our lists are given in Chapter 4.

Many attempts have been made on this topic, and a number of lists have been published.
To mention just a few: The earliest list is given by Umlauf (1891) [37] in dimensions < 6
over complex field. Later on Dixmier (1958) [8] gives a complete list in dimensions < 5 over
a commutative field.

In dimension 6, there are various lists obtained by Morozov (1958, over a field of charac-
teristic 0) [20}, Shedler (1964, over any field) [34],Vergne (1966, over C) [38], Skjelbred and
Sund (1978, over R) [36], Beck and Kolman (1981, over R) [3]. Nielsen (1983) [22] compares
the tables of Morozov, Vergne, Skjelbred and Sund, and Umlauf and gives for the first time
a complete and nonredundant list for nilpotent Lie algebras of dimension 6 over the real
field.

In dimension 7, there are also several lists available: Safiullina (1964, over C) [26], [27],
Romdhani (1985, over R and C) [24] [25], Seeley (1988, over C) [31], Ancochea and Goze
(1989, over C) [2]. The lists above are obtained using different invariants. By introducing
a new invariant — the weight system, Carles (1989) [6] compares the lists of Safiullina,
Romdhani and Seeley, and has identified omissions and some mistakes in all of them. Later
on in 1993, basing on his own thesis, by incorporating all the previous results, Seeley [33]
published his list over C.

There are also other partial classifications concerning some particular properties of nilpotent
Lie algebras. Among them are: Favre (1973) [10] for nilpotent Lie algebras of maximal rank;
Scheuneman (1967) [30], Gauger (1973) [11] and Revoy (1980) [23] for two-step nilpotent
algebras; Ancochea and Goze (1988) [1] for filiform Lie algebras.

Various tactics have been implemented. Morozov’s classification depends heavily on the
property that a nilpotent Lie algebra of dimension n contains a maximal Abelian ideal of



dimension m > 1/2((8n+ 1)!/2 — 1) and a classification of the representations by nilpotent
transformations of a low dimensional Lie algebra. Safiullina’s list is obtained by using this
approach. Magnin (1986) [18] introduces a different approach, to enlarge a smaller algebra
by adjoining a derivation. He uses this method to construct all nilpotent Lie algebras
of dimension < 7 having a fixed Lie algebra of codimension 1, and also obtains among
others results, a new classification of 6-dimensional nilpotent Lie algebras over R (same
as Morozov’s). For algebraically closed fields, Favre [10] and Gauger [11] give another
method by regarding all nilpotent Lie algebras as quotients of some “free nilpotent Lie
algebras”. Later Santharoubane (1979) [28]{29] further generalizes this idea and establishes
a link between nilpotent Lie algebras and Kac-Moody Lie algebras. Skjelbred and Sund
(1978) [36] reduce the classification of nilpotent algebras in a given dimension to the study
of orbits under the action of a group on the space of second degree cohomology of a smaller
Lie algebra with coefficients in a trivial module. Seeley assumes knowledge of algebras in
dimensions less than seven, and considers the upper central series dimensions of a nilpotent
algebra as an invariant, which are usually shared by many non-isomorphic algebras. So he
also identifies some further invariants for each typical upper central series dimensions in
order to sort out various possibilities and resorts to many kinds of techniques trying to get
all the algebras without redundancy. So essentially, we might say, and to put in his own
words, Seeley obtains his list “without machinery, taking the attitude that no reduction in
the amount of hard work would result.” ([31], pp. vi).

One phenomenon worth mentioning is: there are only finitely many isomorphism classes of
nilpotent Lie algebras of dimension less than or equal to 6, whereas in higher dimensions
there are infinite families of pairwise nonisomorphic nilpotent Lie algebras. In dimension
7, each infinite family can be parametrized by a single parameter. Seeley (1992) [32] has
tackled the problem of determining the number F,, of parameters needed to classify the
laws of n-dimensional complex nilpotent Lie algebras, and comes up with the estimate that
Fantz2 > n(n — 1)(n + 4)/6 — 3. In particular, for dimensions 8 and 10, the number of
parameters involved will be respectively > 4 and > 13, which makes it very difficult to give
a complete list (as for dimension < 7). Therefore it becomes all the more desirable to have
a complete and nonredundant list for 7-dimensional nilpotent Lie algebras.

We use the Skjelbred-Sund method to construct all the 7-dimensional algebras. From our
point of view, this is the best method, as it provides a systematic approach to construct
all the algebras, as the readers will see in the following chapters. But before our project
is carried out, it should be noted that many people think otherwise. In talking about this
method, Seeley [31] [33] said “it is difficult to use in practice”. Magnin [18] even claimed that
“le calcul des orbites présentant des difficultés, elle ne semble pas pouvoir étre actuellement
utilisée pour la classification des algébres de dimension 7”.

A detailed illustration of this method will be given in Chapter 2. Unlike many of the previous
7-dimensional lists, where “trial and error and good guesswork came into play” ([31], pp.
vii), we come up with all the necessary mathematical details that everyone can follow and



check — both for completeness and nonredundancy. Naturally we follow Seeley’s labelling
of algebras by using central series dimensions. There are two reasons: firstly because his
list is the most reliable one, and secondly also due to the method we use, which regards all
the algebras as central extensions of smaller dimensional Lie algebras.

We have compared our list with that of Seeley over C. It turns out that, although Seeley’s
list is almost perfect, there are still some errors — some of them Seeley himself has also been
aware of. The following four corrections should be made:

1,3,78: [8,c] = g should be replaced by [b,d] = g, otherwise it is
isomorphic to 1,3,74.

1,3,4,5,7g4: Not a Lie algebra, since Jac(a, b, c) = [a, {3, c]] + [b, [z, a]] +
[¢, [a, 8]] # 0. Should be deleted.

1,4,7g: One should impose a further restriction on the parameter:
£#0,1. If £ =0, or 1, the center has dimension 2, and the
algebra is isomorphic to 2,4,7p.

1,3,5,7s: One should impose a further restriction on the parameter:
€ #1. If £ =1, the center has dimension 2, and the algebra
is isomorphic to 2,3,5,7p.

These corrections are necessary, as people still refer to Seeley’s list without being aware of
some of these errors. In a recent paper by Cairns, Jessup and Pitkethly [5] in 1997, they
give the Betti numbers of nilpotent Lie algebras of dimensions at most 7, where they also
provide the Betti numbers for 1,3,4,5,7g, which, according to above, should not be there at
all.

We have also compared Seeley’s list (as corrected above) with that of Ancochea and Goze’s.
Unfortunately, Ancochea and Goze's list turns out to contain too many errors to be usable,
with a lot omissions, and among those being listed, many of them are not Lie algebras at
all, and others occur more than once.

Before our work, only Romdhani [24] [25] has provided a list for the real case. A comparison
with his list of real algebras reveals that he has also missed many algebras.

Maple v© plays a decisive role in our classification, and especially in our comparisons with
all the other lists. It is totally unimaginable to carry out this project without something
like Maple, and we do hope that the readers, while reading through the proofs, will ap-
preciate the power of this interactive computer algebra system, which has been used in
the computation of (1) the Jacobi identities; (2) the cocycles; (3) the orbits of normalized
cocycles under the automorphism group; (4) the isomorphism between two algebras, and as
a special case, the automorphism groups; (5) the derivation algebras; (6) solving all kinds
of equations, etc., among many other things.



Now we mention briefly the layout of the thesis.

In Chapter 1, we introduce some of the basic definitions of nilpotent Lie algebras which are
used throughout the thesis.

In Chapter 2, we describe the method of Skjelbred and Sund, and include some basic
introduction to cohomology theory of nilpotent Lie algebras.

In Chapter 3, we present the list of all six-dimensional nilpotent Lie algebras over an
arbitrary algebraically closed field, followed by the proof that the list is complete and
nonredundant. Included in the list are the weight system and the generic automorphism for
each algebra, as we need all this information for our construction of 7-dimensional nilpotent
algebras.

In Chapter 4, we present our lists of all indecomposable 7-dimensional nilpotent Lie algebras
over algebraically closed fields of arbitrary characteristic except 2, and also over R.

In Chapter 5, we construct all indecomposable two-step nilpotent Lie algebras ( i.e., central
extensions of Abelian algebras), both for the real field and for algebraically closed fields.

In Chapter 6, we give the proof for the case when the ground field is algebraically closed of
characteristic not 2.

In Chapter 7, we give the proof for the case when the ground field is real.

In Appendix A, we establish the correpondence between our list and Nielsen'’s list for inde-
composable six-dimensional real nilpotent Lie algebras.

In Appendix B, we compare Seeley’s (corrected) list with that of Ancochea-Goze’s for all
the indecomposable 7-dimensional nilpotent Lie algebras over C.

In Appendix C, we compare our list of indecomposable 7-dimensional nilpotent real algebras
with that of Romdhani’s.

In Appendix D, we give a summary of all the 7-dimensional indecomposable nilpotent Lie
algebras as they arise from those of dimensions < 6 in our construction. The readers may
easily identify the central quotients of all the seven-dimensional algebras with this list, and
locate the details of the corresponding proofs if they wish.

In Appendix E, we provide some of the main Maple programs that have been used in our
computation.



Chapter 1

Some Concepts of Lie Algebras

In this chapter we introduce some basic definitions and notations that are used throughout

the thesis. Most of them can be found in any standard books on Lie algebras [15] [19].

1.1 Basic Definitions

Definition 1.1 Let g be a Lie algebra over a field F. Let D% = g, C% = g, Cog = {0},
D**lg = [D%, D'g}, C**'g = [C?g, 4], and Ci11(g) = {z € gl[z,9] C Ci(g)} for any i. We

call
9=D093D193-~3Dk93“-

the derived series of g,

a=C%>Cl4>D---0C*>---

the lower central series of g, and

{0} = Co(s) C Ci(g) C ~~C Crls) C ---

the upper central series of g. We also call respectively

dim C%,dimClg, - --,dimCFg, - - -

and
dimcl(g)r dimCz(Q), Tt ,dimck(g)) M

the lower central series dimensions of g and the upper central series dimensions of g.

will simply denote them by (dim C%, dimCg, ++-) and (dimCy(g), dimCx(g),- - ).

Definition 1.2 A Lie algebra g of dimension n is called filiform if

dimCfg=n-k-1 for k> 1.

We



Definition 1.3 A nilpotent Lie algebra g is called two-step nilpotent (or metabelian) if it
satisfies C?g = {0}.

Definition 1.4 The Heisenbery algebra H, of dimension 2p+1 is defined by the brackets:

[21132] = [z3t 34] == [ZZp—lt zZp] = Z2p+1
and all other brackets [z;,z;] are O, where zy,--- ,Z2p41 is a basis for Hy.
Definition 1.5 Let g be a nilpotent Lie algebra and Der g its derivation algebra. The Lie

algebra g is called characteristically nilpotent if every f € Der g ts a nilpotent endomorphism
of g.

Definition 1.6 Let F be the free Lie algebra on g-generators yy,--- ,y, ([15], p.167). Let
Frn denote the subspace of F generated by all elements of the type [ys,, iy, ==~ Yipn_11 Yin] =
= [wi v - -+ 2 ¥i, )y vi) where i; € {1,2,---,g}. F is graded with F,, as the homoge-
neous componet of degree n, and furthermore F™ = e:’zn Fj. Wecall N(l,g) = F JFiL
a free nilpotent Lie algebra of class | on g generators.




1.2 Weight Systems and Decomposability

Let g be a Lie algebra over an algebraically closed field F of characteristic 0. Denote by
Der g and Aut g its Lie algebra of derivations and the group of automorphisms. Let T' by
a commutative subalgebra of Der g consisting of semi-simple endomorphisms. T is called
torus on g. A torus T on g is called maximal if it is not contained in any other torus of
larger dimension. A torus T on g defines naturally a representation in g, and the elements
of T can be diagonalized simultaneously. Therefore g can be decomposed as a direct sum
of weight spaces, i.e.,
8 = GaeT* Ba

where T is the dual space of T', and

g* = {z € glt(z) = a(t)z,Vt € T}.

Over algebraically closed fields, the conjugacy theorem of Mostow [21] shows that the weight
system associated with a maximal torus is invariant up to a permutation by isomorphim.
We define the rank of g to be the common dimension of maximal tori over g, and denote it
by rank(g).

Let T be a maximal torus on g, and
R(T) = {a € T"|dimg* > 0}.
Let W(T') be the set of all the pairs (a, da), where @ € R(T') and da the multiplicity of «,

that is,
W(T) = {(a,da)|a € R(T), da=dimg“}.

Definition 1.7 The set W(T) is called the weight system associated to g, or we may say
that a weight system is just the set of weights together with their multiplicities.

Definition 1.8 Two weight systems W (T') and W’(T") are said to be equivalent if dimT =
dim T’ and the linear representation of T in g is equivalent to that of T' in g'.

Theorem 1.1 [10] The equivalence class of a weight system of a Lie algebra g is an in-
variant of g.

Let B be the set of all the weights corresponding to g/C3g.

Definition 1.9 A path in R(T) is a sequence fB,,--- , B of points in R(T) such that Bi41 —
Bi or B;—Biy1 arein B foralll < i <l-1. A connected component of R(T) is an arcwise
connected component.




Theorem 1.2 [10, 17] Let g be a nilpotent Lie algebra.
1). If g = g, @ g, (direct ideal sum), then rank(g) = rank(g,) + rank(g,);
2). If g is indecomposable, then R(T) is connected;

3). If Ry,---, Ry are the connected components of R(T) and let g; = ®acr;8*, then each
g; ts an ideal of g, and g is a direct product of g;- g = H15i<lg,'. Furthermore, g; s
indecomposable, t.e. it cannot be decomposed into the product of two nonzero Lie algebras.

Therefore we may use the weight system to determine the decomposability of an algebra
over an algebraically closed field of characteristic 0. Using Carles’s work on weight systems
for nilpotent Lie algebras [6], this has been made quite straightforward.



Chapter 2

The Skjelbred-Sund Method

2.1 Cohomology of Nilpotent Lie Algebras

We will introduce some basic definitions and properties of the cohomology of nilpotent Lie
algebras in this section. Readers may refer to [7] [13] [15] for details.

Let g be a Lie algebra, F a field, and consider F* as a trivial g-module.

Definition 2.1 A mapping f : g X --- X g(i times ) — F* is called an i-linear mapping if
f sends an i-tuple (zy,- -+ ,2:), Z4 € g, into f(z1,---,2;) € F* in such a way that for fized
values of zy,- -+ ,2q-1,Zq41, " - , Zi the mapping z, — f(z1,---,z;) ts a linear mapping of
g into Fk,

Definition 2.2 An i-linear mapping is skew symmetric or alternating if f takes value 0
when any two of the z, are the same.

Definition 2.3 An _i-dimensional F*-cochain (or simply “an i-cochain”) for g is a skew
symmetric i-linear mapping of g X - -- X g (i times) into F*.

The set C'(g, F¥) of all i-cochains is a vector space relative to the usual definitions of
addition and scalar multiplication of functions.

Definition 2.4 If f is an i-cochain, i > 1, f determines an (i + 1)-dimensional cochain
df, called coboundary of f, defined by the formula

(df)(zh et 'zi"l'l) = Z(_l)m+lf(zlr cc lému ey By, Titl, [zm' 21]),
m<l

where the” over an argument means that this argument is omitted. If i = 0, we set df = 0.
d maps C*(g, F*) linearly into C*+'(g, F*) and is called the coboundary operator.

9



Definition 2.5 An i-cochain f is called a cocycle if df = 0 and a coboundary if f = dg for
some (& — 1)-cochain g.

The set Z%(g, F*) of i-cocycles is the kernel of the homomorphism d of C* into C**1, so it
is a subspace of C*. Similarly, the set B*(g, F¥) of i-coboundaries is a subspace of C* since
it is the image under d of C*~!. When i = 0, we define B%(g, F*) = 0. Due to a well-known
result in cohomology theory, i.e., d> = 0, the coboundaries form a subspace of the cocycles.

Definition 2.6 We call the factor space, denoted by H'(g,F¥) = Z'(g, F*)/B'(s, F¥),
the i-dimensional cohomology group of g (with coefficients in F¥).

Now we shall look at some properties of H*(g, F) fori < 2. For i = 0 we have Z° = C° = F
and B = 0 so that
H°(g,F) =F.

For i = 1 we have B! = 0 so that H! = Z1. If f € C(g, F), then (df)(z1, 22) = — f([z1. z2])-
Therefore f is a 1-cocycle if and only if it vanishes on [g, g]. Hence

Lemma 2.1 H(g,F) is isomorphic to the dual space of g/[g, g)-
For i =2, if f € C%(g, F), then

(df)(z1, 22, 23) = — (23, [21, 22]) + f(z2, [21, 23]) ~ f(21, [z2, 23])-

Therefore, df = 0 or f € 22 if and only if the Jacobi identity holds:

Jac(zy, 22, 23) = f([z1, 22), 23) + f([22, 23], 21) + f([z3,z1],22) = 0.

Let B%(g, F) be the set of all 2-coboundaries, i.e. elements f for which there exists g €
Hom(g, F) such that f(z,y) = g({z, y]) for any z, y € g. An immediate consequence follows:

Lemma 2.2 dim B?(g, F) = dim(g, g].

2.2 The Method

In this part, we will explain the method described by Skjelbred and Sund [35] for construct-
ing nilpotent Lie algebras of fixed finite dimension from those of smaller dimensions.

Firstly, we need to introduce some notations and definitions ({28, 29]).
Let g be a Lie algebra over a field F. For each B € C?%(g,F*) and ¢ € Aut g, the auto-
morphism group of g, we define B® € C?(g, F*) by B%(z,y) = B(¢z, ¢y) for any z,y € g.

10



Since Z2(g, F*¥) and B?(g, F*) are invariant under this action, we can define the action of
Aut g on H?(g, F¥) as well. For B € Z2(g, F), we denote B as its s corresponding element in
H?(g, F), then we may write the action of Aut g on B as B% = B9%.

For B € C?(g, F¥), the kernel of B will be defined as gj, with

95 ={z € g: B(z,g) =0}.
Note that
Cz(g, Fk) = Cz(g, F)k, H3(g, Fk) = Hz(g, F)k.
So for any B € C?(g, F*), we may write

B = (Bls"' 1Bk) € CZ(Q:F)kv

and we have g§ = Bé, ﬂ---ﬂsé.-

Define Gi(H?(g, F)) to be the Grassmannian of subspaces of dimension k in H?(g, F). There
is a natural action of Aut g on this Grassmannian. Let B\F @ ---® BiF € Gi(H?(g, F),

then ¢(B,F @ ---® ByF) = B{F @ --- @ BYF. It is well-defined ([28, 29]).
Denote the center of g by Z(g), and if BiF®---® ByF € Gi(H?*(g, F), write B =
(By,--,Bg). Then
Uk(s) = {B:F @ --- @ BiF € Gi(H(s,F)) : 95 () Z(s) = 0}
is well-defined, and is also Aut g stable ([28, 29]).
Let Ur(g)/Aut g be the set of (Aut g)-orbits of U (g).

Theorem 2.1 [35] Let g be a Lie algebra over a field F. The isomorphism classes of Lie
algebras g with center 7 of dimension k, g/3 = g, and without Abelian direct factors, are in
bijective correspondence with the elements in Ur(g)/Aut g.

By this theorem, we may construct all the nilpotent Lie algebras of dimension n, given
those algebras of dimension less than n, by central extension.

We carry out the procedure for constructing 6 and 7-dimensional nilpotent Lie algebras in
the following way:

(1) For a given algebra of smaller dimension, we list at first its center (or the generators of
its center), to help us identify the 2-cocycles satifying g5 N Z(g) = 0.

(2) We also list its derived algebra (or the generators of the derived algebra), which is
needed in computing the coboundaries B3(g, F).

(3) Then we compute all the 2-cocycles Z%(g, F). For each fixed algebra g with given
base {23,232, - ,2,}, We may represent a 2-cocycle B by a skew symmetric matrix B =
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2i<icj<n CiiAij, where A;; is the n x n matrix with (i, j) element being 1, (7, 7) element
being ~1 and all the others 0. When computing the 2-cocycles, we will just list all the
constraints on the elements C;; of the skew symmetric matrix B.

(4) We have Z%(g, F) = B%(g, F)®W, where W is a subspace of Z%(g, F), complementary to
B?(g,F), and B?(g,F) = {df|f € C'(g, F) = g*} (d is the coboundary operator). One easy
way to obtain W is as follows. When a nilpotent Lie algebra g of dimension n =r+ s has a
basis in the form {z1,---,2s, Zr41," ~* , Zr+4}, Where {z;,--~, 2.} are the generators, and
{Zr+1, = -, Zr4,} forms a basis for the derived algebra [g, g], with z,4¢ = [z;,,z;], where
1<ty <je<r+tand1<t<s.

Consider C'(g, F) = g* generated by the dual basis

< fl:"'r.fngh"‘ 1 9s >
of
K2y, Ty Brgly " ey > -

Then
Bz(ng) = {dhlh € 9'} =< dfln e 7dfradglv e 1dgt >.

Since df;(z,y) = — fi([z,y]) = 0, we have B?(g, F) =< dg;, --- ,dg, > . Now we have
ZZ(B' F) =< dgy,---,dg, > @W.

For B € W, we may assume that B(z;,,z;) =0, ¢t =1,---,s, otherwise, if B(z;,z;,) =
%, 7 0, we choose B + u;,;,dg, instead. When we carry out the group action on W, we
do it as if it were done in H?(g, F), and may identify H?(g, F) with W, by calling all the
nonzero elements in W the normalized 2-cocycles.

(5) We also list the dimension of the second cohomology group.

(6) For a fixed basis {z;,z3,---,z,} of g, a basis for W in (4) is given, and we will simply
regard it as a basis for H%(g, F) without causing any confusion.

(7) An arbitrary element in the second cohomology group is given, together with the action
of the generic automorphism on it. Keep in mind that, though the elements are chosen

from W C Z?%(g, F), we regard them as elements from H?3(g, F). The group action on these
elements is carried out as if they were in H?(g, F).

(8) We determine all the representatives of the orbits in the Grassmanian Gi(H?(g, F})
under the action of the automorphism group that satisfy the condition mentioned in (1).

(9) With the representatives obtained in (8), we give the list of nonisomorphic central
extension algebras of g without Abelian factors, i.e., if B is a representative obtained, then
we can define a Lie algebra structure on g(B) = g ® F* by letting

((z,u), (,v)] = ([z, 9], B(z,9))-
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We also have the following theorem describing the automorphism group of the new algebra
g(B) = g @ F* as obtained by the above method through a 2-cocycle B from g:

Theorem 2.2 [35] Let g be a nilpotent Lie algebra, and a9 € Aut g. Let B € H?(g, F¥)
and g5 (1 Z(g) = 0. The the automorphism group Aut g(B) of the eztended algebra g(B)
consists of all linear operators of the matriz form

a= ( O‘;’ 3) ) , where ag € Aut g, vy € Gl,, ¢ € Hom(g,Fk),

and

B(aoX,a0Y) = $B(X,Y) + (X, Y], all X,Y € g.

This is a very useful theorem, which will be used in our computation of the automorphism
groups.

We also like to point out that, from the method we described above, it is possible to get
decomposable Lie algebras (without Abelian factors, but could be the product of two or
more indecomposable nilpotent Lie algebras) by central extensions.

Fortunately, we have the following lemma by Seeley [31] [33]:

Lemma 2.3 In a decomposition of a finite-dimensional Lie algebra as a direct sum of
tndecomposable ideals, the isomorphism classes of the ideals are unique. If L = A;®---D A,
and L =C,®---@®C, are two such decompositions, then r = s; after reordering the indices
the derived parts D1(A;) and D(C;) are equal, A; = C;, and a set of of generators for A;
equals a set of generators for C; modulo adding to each generator a vector in Z(L).

Seeley has also observed that there are 31 decomposable nilpotent Lie algebras in dimension
7. All except one have an Abelian summand. Therefore it becomes a fairly easy job for
us to check the indecomposability — we just need to take care of the exceptional case,
which corresponds to the upper central series dimension (257), and can be done through
the comparison of the orbits.
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2.3 The Examples

We will illustrate the Skjelbred-Sund method through the following 6 examples. For the
labelling of the algebras, and also their automorphism groups, please refer to Chapter 3 or
4. We will explain our notations and conventions along the way. Make sure that you read
this part first before you dig into the proofs in the subsequent chapters. Please be reminded
that whenever we talk about central extensions, we always refer to those extensions that
are without Abelian factors.

Example 1 Find the central eztensions without Abelian factors of dimension 6 over any
algebraically closed field of the algebra g = N5 32 with basis z;, 1 < ¢ < 5, and nonzero
brackets [z), 23] = z4, (21, 24] = [22, 23] = zs.

The center of Ns ;2 is Fz5, we will simply write later on in our proofs that Z(g) : zs.

The derived algebra [g, g] is generated by z4,25. Later on we will just write “Derived
Algebra: z4,z5” or g, 9] : 24, Z5.

Now we need to determine all the 2-cocycles B = ElSKJ'Sﬂ Ci;jA;ij, by using the basis
{z1,--,2s}, as described in (3) of Section 2.2. By checking the Jacobi identity, we can easily
get the following constraints for B to be a 2-cocycle: {Cas = C35 = Cy4s = 0,C34+C15 = 0},
and we will write “Cocycle: Cz5 = C3s = Cys = 0,C34+ Cys = 0" or Z3(g) : C35 = C35 =
Cis =0,C34+ C15=0.

Since {z,, z3] = z4, [%1, Z4] = z5, and the derived algebra has dimension 2, we may normalize
2-cocycles by requiring B(z;, 23) = B(z1,24) = 0, as described in (4} of Section 2.2, which
will give us the following two extra constraints on B: Cj; = Cj4 = 0, and we will write
“Normalization: Ci2 = C14=0" or W(H?):C1, =C14=0.

From the above, it is easy to see that the dimension of H2(g, F) is 4, and we will write
“dim H? : 4”.

Now we can get a basis for W as in (4) of Section 2.2, regarded also as a basis for H(g, F),
and write “Basis: Aj3, Ajs — Azq, Azz, Azq”.

In this case, we are considering the 1-dimensional central extensions of g. We need to find a
set of representatives of the orbits of 1-dimensional subspaces of H?(g, F) under the action
of the automorphism group Aut g. With the chosen basis, we may denote an arbitrary
element in Hz(g, F) by T = [a, b,c,d] = GA13 + b(A]_s had A34) + CA23 + dA24. When a
generic element g in Aut g acts on z, we get g-z = a’A;3+ b'(A1s — Azg) + A2+ d'Agy
mod B?(g, F), We will simply write a —+ a’, b = ¥’, ¢ = ¢ and d = &'. In this example we
have

3 2.
a — aa}, + bay(ass + 6218231 + 611041} + cad an — dayyad;;

b — ba? aq;
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c — cal ajzs + 2bay1az2a3; — 2day;621a20;
d— dauagz - bauazzasz.

As zg is in the center, we must have b # 0 to ensure that the 2-cocycle does not have zg in
its kernel. Since a;; and @33 are not 0, b will remain nonzero thrc_mghout.

By taking a;; = az2 =1, @21 = @41 = 0, azgz = d/b, as3 = —a/b (and ensuring at the same
time that the matrix of g is nonsingular), we make a — 0, d — 0.

With these new values for coefficients, the above formulae take simpler form:
a = 0 — bay;(as3 + az21431 + @11841) + caf,az;

b — bad,az2;

c — ca? az; + 2ba;;azza3;;

d=0— —bajjazqas;.

Now we need to take into consideration the characteristic x of F.

Case 1: x # 2. Set ay; = a3 =1, az2; = a32 = aq1 = as3 =0, aa; = —c/(2b), we obtain the
representative (1) [a, b, ¢,d] = [0,1,0,0].

Case 2: x = 2. We now have ¢ = ca?;az;. If ¢ = 0, then we get the representative (2)
(0,1,0,0]. If c # 0, taking a;; = a3; = a3z = a4; = as3 = 0, we have

[a,b,¢,d] — [0, bad,azz, ca?,az,, 0].
Make baZ az; = ca?az; by taking az; = 1 and a;; = ¢/b to get the representative (3)
[0,1,1,0].

(1) and (2) give us the same algebra, denoted by N2 3 in Chapter 3. (3) gives us another
algebra, denoted by (B), which only exists over the field of x = 2. It can be easily seen that,
when x # 2, it is isomorphic to Ng 2 3. It is obvious that (B) and Ng,2 3 are not isomorphic
when x = 2, as the corresponding orbits are different.

Therefore the central extensions of Nj ;2 of dimension 6 are:

Ng,2,3: [zl, 32] =z4 [z1, 34] = s, [31. 25] = Zg,
(22, 23] = zs, (23, 24) = —26.
(B) (for x =2 only)
[31, 32] =24, [31,24] = Zs, [21, 25] = Zg,
(22, 23] = 25 + 26, [%3,24] = —z6.

Example 2 Find the central ertensions without Abelian factors of dimension 7 over an
algebraically closed field of x # 2 and the real field R of the algebra g = Nj ;2 with basis
z;, 1 <1i<5, and nonzero brackets [z,,z3] = z4,[21, 24] = [22, 23] = zs.
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From Example 1, we have

Z(g) : zs; [8, 8] : T4, 255 Z2(g) : C25s = C35 = C4s =0, C15 + C34 = 0; W(H?) : C12=Ca4 =
0; ClilIlH2 H 4; Basis: A13, A15 - A34, Aza, A24.

According to Theorem 2.1, we need to find the representatives of the orbits of 2-dimensional
subspaces of H?(g, F), i.e., orbits in G2(H?(g, F)). Up to a scalar, we can always identify a
2-dimensional subspace with the wedge product of two vectors 4, B € H3(g, F),i.e. AAB.

Let A = [a,b,c,d] and B = [a;1,b,,¢1,d1] in H?(g,F). As we require that the kernel of
(A, B) does not contain any central elements, we have one of b,b; # 0. Therefore we may
assume A = [a, 1, c, d], which is always doable — if 6 = 0, then b, # 0, switch A and B so
b # 0 in A, then multiply A by 5~! to get the above form for A. Bear in mind that we can
multiply any of our vectors by a scalar, as we are dealing essentially with the subspaces,
instead of the vectors.

From the discussions in Example 1, as x # 2, a representative for A can be chosen as
A=1[0,1,0,0].

Once we get A, we may assume B = [a;,0, 1, d;] because we can replace B by a linear
combination B + AA. Although the original B = [a,, by, ¢1,d,] is different from the new
B = [a;,0, 1, dy], we still use the same notation B to denote it, same thing for a;, ¢; and
dy,. This is the convention throughout the proofs in our Thesis. The readers will be able to
tell the differences, without causing any confusion.

In the following we will mainly discuss the case when the ground field is R. The algebraically
closed case can be easily obtained with minor adjustments.

Now to fix A (up to a scalar), we require ag; = a3z =0 and as3 = —ay;1a4;.

For B, we have a; — a,,af1 +c1a2,a3;1 —drayai,; b, =0 —0;¢; — claflagz —2dia11a21822;
dl — dlauagz.

Case 1: d; # 0. As the first step, we make ¢; = 0 by solving for az;, which can be done

by taking a;; = az2 = 1 and ag; = ¢;/(2d;). With these new values, the formulae above
become ay = alai’l - d1aua§1; bl —0;¢1=0— —2d1¢111021¢122; dl — d]_auagz.

In the second step, to keep ¢; = 0, we require az; = 0, which in turn makes a; — alai’l,
by = ¢; = 0 and d; — dyay,83,, or B = [a;143,,0,0, dya;;83,].

Case 1.1: a; = 0. We obtain our first representative B; = [0,0,0,1], and AA B, corresponds
to the 7-dimensional algebra (2357C).

Case 1.2: a; # 0.

Subcase 1.2.1: a;d; > 0. Make a;83, = d;a;,a, in B by solving for az; and multiply B
by a scalar, which can be done by taking a;; = 1 and a3 = y/a;/d;, and multiply by a;!,
we will obtain our second representative B, = [1,0,0,1], and A A B, corresponds to the
7-dimensional algebra (2357D).
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Subcase 1.2.2: a;d; < 0. Make a;a?;, = —d;6;11a3, in B and multiply it by a scalar, which
can be done by taking a;; = 1 and az2 = \/—a;/d;, and multiply it by a 1 we will have
B3 =(1,0,0, —1], A A B; corresponds to the 7-dimensional algebra (2357D;).

(If the ground field is algebraically closed, then B; and Bj are in the same orbit.)

Case 2: d; = 0. Since b, = d; = 0 in B, we have a; — a;,a3; + claflan; c; — claflazg.
Subcase 2.1: ¢; = 0. We obtain B4 =[1,0,0, 0], and A A By corresponds to (2357B).

Subcase 2.2: ¢; # 0. Taking a;; = 1 and a3; = —a;/c;, we make a@; = 0 to obtain
Bs =[0,0,1,0], and A A Bs corresponds to (2357A).

Now we have obtained 5 algebras:(2357A-D, D,). We need also to show that they are
mutually nonisomorphic, which can be done by comparing their corresponding orbits. As
an example, we will show that (2357D) and (2357D;) are nonisomorphic over R but are
isomorphic over an algebraically closed field of x # 2.

For (2357D), we have A =[0,1,0,0] and B; = [1,0,0,1]. Under the group action,
A = [ay1as3 + ay1a2103; + aflaan. G’;’lazz' 2a,11a32a31, —11a22032]

and
B = [a?l - auagl, 0, —2611021022, 0.11632].
Then
AAB — —a}jan(a, ~ a3;)A13 A (Ars — Asg)

—2a?, a2;5((as3 + 621031 + 611841)821 + a31(a%; — a3,))A13A A3
+a;a22((ass + a21a3; + @11041)a22 + asz(ad;, — a3;))A13 A Ay
~2a3,63,821(A15 — Azq) A Az
+afla§2(A15 — Azg) A Agg
+2a%,a3,(a31822 — G32a21)A23 A Ay

Compare with (2357D;), where A =[0,1,0,0] and B3 = [1, 0,0, —1], in which case
AAB;= (A15 - A34) A (A13 - Az4).

If it is in the same orbit of (2357D), then the coefficients of (A1s — A3q) A Aaz and Az AAgg
are zero, which give a3; = as; = 0. As the coefficients of A;3 A (A5 — Asg) and (A5 —
Agzg) A Agq must be equal, i.e., —a},az2a}; = af,a3, or a}; = —a3,, which has no solution
over the real field R but do have solutions over algebraically closed field. Therefore (2357D)
and (2357D,) are distinct over R and are isomorphic over an algebraically closed field of
x # 2. All the other nonisomorphisms can be proved similarly.

In some cases, we may also use some other invariants, like minimal numbers, as used by
Seeley, to separate the algebras (see Chapter 5 for the definition of minimal numbers and
for examples).

Therefore the corresponding central extensions of N 22 of dimension 7 over R. are:
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(2357A):  [z1,z2] = 24, (z1,24] = 25, [z1, z5] = z7,
(22, 23] = 25 + 26, [Z3,24] = —27;

(2357B):  [z1,22] = z4, (21, 23] = z6, [z1,24] = zs,
[21, 25] = 27, [z2, z3] = 25, (23, 24] = —27;

(2357C):  [z1,22] = 24, [z1,24] = 25, (z1,25] = z7,
(22, 23] = s, (22, 24] = 26, (23, T4 = ~z7;

(2357D):  [21,22] = 24, (21,23) =26, [2z1,24] = 25,
[zl, 35] =27, [zz, 33] = 25, [:I:z, 24] = Zg,
[33, 34] = =-z7

(23571)1)2 [81, 22] = T4, [21, 33] = Zg, [21,24] = Ts,
(z1,25] = 27, (22, 23] = 25, (22, z4] = —2s,
(23, 24] = —27.

When the ground field F is algebraically closed and x # 2, then the central extensions of
N5 22 are (2357A-D), with (2357D)= (2357D,) in this case.

Remarks: (1) Throughout the computation above, although we may assign different values
to the entries of the matrix of ¢ € Aut g, we always ensure that the nonsingularity is
maintained; (2) Quite often, care is required so as not to disturb previous assumptions,
for example, when we assume b # 0, then we preserve it throughout the simplification
procedure, even though we may not point it out explicitly; (3) By abuse of terminology,
we refer to the elements in H?(g,R) as 2-cocycles (causing no confusion); (4) On some
occasions, we may provide an isomorphism between two algebras, and write it as z; —
azy + bzy + -- -, etc. Then the z; before the arrow is an element of the basis for the first
algebra (or the “old one”), and the z;'s after the arrow are the elements of the basis for the
second algebra (or the “new one”).

Example 3 Find the central eztensions of dimension 7 without Abelian factors of Ng32:

[21, z2] = z3,[21, 23) = 26, [24, Z5] = z6-

Z(g): ze; [8,8]: 23, zs; Z%(g): Ci16 = Cae = Caq = Cas = C3g = C4g = Cs6 = 0;

It is obvious that Ng 32 has no central extension of the desired type, as all the 2-cocycles
have zg in their kernels.

Example 4 Find the central extensions of dimension 7 - over an algebraically closed field
of x # 2 and R - without Abelian factors of Ngjy,1: [21,2i] = Zi41, 2 <1 < 5, [22,2i] =
Ziy2, 1=3,4.

Z(g): zs6; [g,8]: 23, 24, 25, 2Z6; Z2(g): C26 = C3s = C3g = Cy4s = Cyg = Cs6 =0, Cas +
Cas = Cig, Cis = Cyq; W(H?): C13 = C13 = C14 = C15 = 0; dim H?: 3; Basis: Ags, A+
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Azs, Are+ Asg;

Group Action: a3 + b(A1e + Azs) + c(Ais + Asq):

a —+ aa3, + c(a1a?; — 2a3,a42);

b— bal;; ¢ cal};

We must have b + c # 0 to ensure that the 2-cocycles do not contain zg in their kernel.
Case 1: b= 0. Then ¢ # 0, and make ¢ = 1, a = 0 (solving for a43) to obtain 4; = [0, 0, 1];

Case 2: b # 0. Assume first that c = 0. When a = 0, we get A; = [0,1,0]. When a # 0,
we get [aa},,bal;,0]. If F is a algebraically closed, we can make it to be 4; = [1,1,0]. If
F = R, depending on the signs of a, b, we get two representatives A4 = (1,1,0]if ab > 0
and As =[1,-1,0] if ab < 0.

Next let ¢ # 0. Then make a = 0 by solving for a4z, and get the representative [0, ba],, cal,].
Because we are dealing with the subspaces of HZ(g, F), we can multiply the representative
by a nonzero scalar as we like, and keep in mind that b+c # 0. So we obtain Ag = [0, A, 1 -]
(with A #0,1).

It is easy to see that if we allow A = 0, 1, we can include A; and A, in Ag as special cases.

Now A3z and A4 correspond to the same algebra, written as (123457H). As corresponds to
(123457H,), which only exists when the ground field is R, and is isomorphic to (123457H)
when the ground field is algebraically closed, and Ag corresponds to (123457I). It is obvious
that (123457H,H,,I) are distinct, the corresponding orbits being different.

Therefore, the central extensions of Ng;,; of dimension 7 over R are:

(123457H):  [21,2)] = 2i41,2< i< 5, [z1,z¢] = 27, (22, 23] = z5 + 27,
[22,24] = zs, (22, 25] = z7;

(123457H,): [z1,2] =2:41,2<:<5, [21,2¢] = —27, [22, 23] = z5 + 27,
(22, z4] = 26, (z2,25] = —z7;

(1234571): One parameter family.
(21,2 = 2it1, 2L 1< 5, [z1,26) = 27, [z2, 2] = 2i42,1= 3,4,
(22, 25] = Az, (23, 24) = (1 = A)z7.

When F is algebraically closed and x # 2, the central extensions of Ng,; are (123457H,I),
with (123457H)=(123457H;).

Example 5 Find the central extensions of dimension 6 over any algebraically closed fields,
without Abelian factors, of g = Ns2.1: [21,2:] = 21,1 = 2,3,4.

Z(g): =zs; [8,8]: 23, Z4, z5; Z%(g): C2a = C3s = Cqs = 0,Cas + Csq = 0; W(H?):
Cn = C13 = C“ = 0; dimH’: 3: Basis: A15, Azs, Azs — A34;

19



Group Actions: al\y5 + bAz3 + c(Azs — Agy):

a—r aa‘{lazz + ca:l'lauazz;

b — baj1a2, + 2ca11a32a42 — cayyal,;

¢ —+ cad al,;

One of a,c # 0 (due to the reason that we require the kernel of the desired 2-cocycles
does not contain any central elements, this is also a requirement in all the proofs of the

subsequent chapters, and from time to time, we will use this assumption without further
explanation).

When c # 0, make a = 0 by solving for az; and b = 0 by a3, to get [0, 0, 1] (corresponding
to Ns_z,z).

When ¢ = 0, then a # 0. Get two representatives depending on whether b = 0 or not, i.e.,
[1,0, 0] (corresponding to Ng ) or [1,1,0] (corresponding to Ng,1,3);

So the central extensions of N5 ; of dimension 6 over any algebraically closed fields are:

Neia: [21,2] =2i41,2Li<5, [z2,23] = z6;
Ng21: [z1,2i] = 2i+1,2< i< 5;
Ne22: [21,2]=2i41,i=2,3,4, [z2,25] =26, [%3,24) = —Z6.

Example 6 Find the central eztensions of dimension 7 over an algebraically closed field of
X # 2, without Abelian factors, of g = Ns2,: [21,2i] = zi41,i1= 2,3, 4.

Z(g), (8, 8], W(H?), dim H?, Basis and group actions can all be found in Exmaple 5.

As we are considering the 2-dimensional central extensions of Ng 3, we need to find a set
of representatives of orbits of the 2-dimensional subspaces of H2(g, F), or representatives of
the form A A B, where A and B are elements in H3(g, F) .

Let A =[a,b,c] and B = [a;,b1,¢1]. One of a, ¢, a;, c; # 0. According to the discussions of
Example 5, WLOG, we may let A be (1) [1,0,0], (2) [1,1,0] or (3) [0,0,1].

Case 1: A=[1,0,0). Then B = [0, b, c1}. Fix A (up to a scalar, which put no restrictions
on the entries of the automorphism group at all).

Subcase 1.1: ¢; # 0. Make ¢; = 1 (by multiplying a scalar) to get B = [0, b;,1]. Consider
the group action on B:

— .3 2 3 2
B = [auanazz. blallazz + 2a;1@22a42 — 811Q32, auazz].

By fixing A, we can always make a; = 0 by linear combination. Make further b, = 0 by
solving for ag; to get B = [0, 0, 1], with A A B corresponding to (23457C).

Subcase 1.2: ¢; = 0. Then b; # 0, and get B = [0,1,0], with A A B corresponding to
(23457A).
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Case 2: A = [1,1,0]. Then assume B = [0,by,c;]. To fix A (up to a scalar), we require
3
@22 = Gy;.

Subcase 2.1: ¢; # 0. Make ¢; = 1 to get B = [0, b, 1]. From Subcase 1.1, we have
B = [a},821, b1a]; + 2a3,842 — a11832, a1, )-

Can make both a; = b; = 0 by solving for az; and a4, respectively to get B = [0, 0, 1], with
A A B corresponding to (23457D).

Subcase 2.2: ¢; = 0. Then b, # 0 to get B = [0, 1,0]. But A A B will become Subcase 1.2.
So we omit it.

Case 3: 4 =[0,0,1]. Then B = [a;,5,,0]. To fix A (up to a scalar), we may set az; =
@32 = a42 = 0. Consider the group action on B:

B = [alahazz, blauagz, 0]
Subcase 3.1: a, # 0. If b; = 0, then B = [1,0,0}, and A A B is the same as Subcase 1.1,
omit it; If b; # 0, we have B =[1,1,0], and A A B is the same as Subcase 2.1, omit it.
Subcase 3.2: a; = 0. Then b; # 0 to get B = [0, 1, 0], with AA B correponding to (23457B).

To prove that (23457A-D) are distinct, we let V; be the subspace generated by A;s and
Agq3, and V the space generated by A;s, Az; and Ay — Azy. Then V) is a submodule under
Aut g. Now it becomes obvious that (23457A) is different from all the other three algebras
in that only its corresponding 2-cocycles (i.e., A and B) are in V;.

To show that (23457B) is different from (23457C,D), we just need to compare their orbits.
For (23457B), we have A = [0,0,1] and B = (0,1,0]. Under the group action, we have
A = [a},821a22, 2411022843 — ay1a2,, a3,a3,] and B — [0, a1;183,,0]. Then

AANB— aflauangls A Aza + atlagz(Azs - A34) A Azg.
It is obvious that (23457C,D) cannot be in the same orbit. Therefore (23457B) is not
isomorphic to (23457C,D).
Similarly we can prove that (23457C) and (23457D) are distinct.

Therefore the central extensions of Ns; of dimensions 7 over an algebraically closed field
(x # 2) are:

(23457A):  [z1,2] = zi41,1 = 2,3,4, [21,25] = z6, [z2, 23] = z7;

(23457B): [21, z,'] = z,-+1,i = 2, 3, 4, [22, 23] =27, [zg, 25] = Zg,
(23, 24] = ~26;

(23457C):  [z1,23] = zi41,1 = 2,3,4, [z1,25] = z6, [z2,25) = 27,
[331 z{] = —27,

(23457D): [z1, 2] = zig1,1 = 2,3,4, [z1,25] = zg, (22, 23] = =6,
(23, z5] = 27, (23, 24] = —27;
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Chapter 3

Nilpotent Lie Algebras of
Dimension < 6

3.1 Notations

In this chapter, we will give a complete list of all the nilpotent Lie algebras of dimension 6
over an algebraically closed field F of any characteristic x.

We will firstly present the list, including all the algebras of dimension < 5, which was
obtained by Dixmier [8], together with their types, ranks, weight systems and automorphism
groups, and we will follow by providing the details of the proof for the classification of the
6-dimensional nilpotent Lie algebras.

As pointed out by Dixmier, for algebras of dimension less than 6, their structure constants
can be chosen to be independent of the characteristic x of the ground field. For dimension
6, we find that the only exception is when the characteristic equals 2.

Shedler [34] has obtained a list of all the 6-dimensional nilpotent Lie algebras for any field
But his work has never been published, and his proof also contains many errors. Here we
reconstruct all the 6-dimensional nilpotent algebras over algebraically closed fields. Our list
agrees with that of Shedler’s when x # 2. When x = 2, Shedler has missed one algebra,
i.e., (B) of Example 1 in Secticn 2.3.

We will first give the list for all the algebras over algebraically closed field of characteristic
X # 2, and then follow by those of characteristic x = 2.

The algebras have been ordered by the increasing lexicographic order of their types: the
dimension of the algebra, its rank, the sequence of dimensions of its upper and lower central
series.

We now explain our notations:
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- N;jx: The k-th algebra of dimension 7 and rank j, and when there is only one algebra
with the specific dimension and rank, we simply denote it by N; ;.

-(4,7,---/m,n,---,), where ¢,7,--- and m,n,--- are respectively the dimensions of the
upper and lower central series.

- [@,8,7,--]): The weight system of the corresponding Lie algebra L with respect to a

maximal torus of the automorphism group of L. More precisely, the basis vectors z; are
weight vectors, a is the weight of z;, B of z,, etc.

- CQ: The central quotient algebra L/Z where Z is the center of L.

— Aut L: The automorphism group of L. We use our Maple package to compute the generic
element of this automorphism group, except for the case N5 3,;. In general, it is easy to
figure out which maximal torus of Aut L is used when we consider the weight system
mentioned above. When Aut L is not connected, its identity component is denoted by
Auty L and o is a representative of the other component (as all the groups here have at
most two components).

- R, and S: The unipotent radical R, and the Levi factor S of Aut L. By GLT* we denote
the direct product of m copies of GL;.

~ g;: i-dimensional Abelian Lie algebra.

The matrices of the automorphisms are of course nonsingular, which imposes some obvious
restrictions that are not stated explicitly.
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3.2 The List

3.2.1 Algebras of Dimensions <5

INDECOMPOSABLE ALGEBRAS

Dimension 1

Niyi: ap;
— Aut Nl.l N GL1-

Dimension 2
None.

Dimension 3

N3z : [21,22] = z3;

— a Heisenberg Lie algebra, free nilpotent of class 2 with 2 generators;

—(1,3/3,1);
— [, B, + B];
— CQ: Nz
— Aut N3
a11 a1z 0
az az 0 )

asz; asz @€11Q22 — 412821

with dim R, =2 and S = GL,.

Dimension 4
Nyo: [z1,2] =204y, 1=2,3;
- (1) 2)4/4$211)a
- [alﬂla+ﬂ12a+ﬁ];
— CQ: N3 ;
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— Aut Ng.g :

a1 0 0 0
azy a2 0 0
?
a3; azz G131 G22 0
| 441 G42 411832 a11%az; )

with dim R, =5 and S = GL2.

Dimension 5

NS,!. . [zla zi] = Tiely fori= 2) 31 4' [321 83] = Ts5,
—(1,2,3,5/5,3,2,1);

— [, 2a, 3a, 4, 5a];

— CQ: Ny
— Aut N5'1 :
a1 0 0 0 0 T
asz; auz 0 0 0
3 0 0
a31 as2 a1 '
aq1 ag2 aya@z; an® 0
5
| @51 G52 u v an

where u = a;ya42 + a21832 — a},e3;, v = a3,a32 + 6514}, dim R, =7 and § = GL;.

Nsa1: [21,2i] = 2i41, for i =2,3,4;
—(1,2,3,5/5,3,2,1);

— [a,8,a+ B,2a + B,3a + B];

— CQ: Nyg;

— Aut N5,2,1 .
a1 0 0

az Gz 0

asy asz G110G22

»n O o (=]

a41 G4z G1) Q32 G11 G22

w O O © O

2
G571 Gs2 @a11442 G11°G32 G117 @22 |

with dim R, = 7 and S = GLZ.
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Ns22: [z1,23] = z4, [z1,24] = [22, 23] = 25;
- (lv 3v 5/51 21 1);
— [a, 8,20, a+ B,2a + B];

— CQ: Nys;
— Aut N5'z'2 :
(a4 O 0 0 0 ]
a31 G22 0 0 0
asy a32 ayy? 0 0
@ a4z —G21011 G11G72 0
| @51 Gs2 as3 u a1 ’az; i

where u = ap) a4z + az; azz — G2 431, dimR,=8and S = GL%.

Nsa3: [z1,2] = ziqa, for i = 2,3, [23,23] = z5;

— Free nilpotent Lie algebra of class 3 with 2 generators;
— (2,3,5/5,3,2);

— [, 8,a+ B,2a+ B8,a+ 20];

— CQ: N3;;
— Aut N5 23:
[ a1 ay2 0 0
az as2 0 0
a31 asz e 0

Q41 a42 @G11832 —aj12a31 411€

sy Gs2 Qaz1832 —az2431 421 €

=

where e = a;;a;3; — a12a31, dim R, = 6 and S = GL,.
Ns3a: [21,23] = [23,24] = 255

— a Heisenberg Lie algebra;

— (1,5/5,1);

— [,y —a,8,7-87;

— CQ: Nay;
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— Aut N5,3.1 :
[ AA O

u ’\z:l.:\#O,

where A satisfies A*JA = J, with
0 1 0 1
J = @ )
-1 0 -1 0
u is an arbitrary 4-dimensional vector, dim R, = 4, and S = (GL; X Sp4)/2Za.

Ns3z2: [z1,23] = 24, [21, 23] = 755

— (2,5/5,2);

— {8, 7v,a+B,a+17];

— CQ: N3g3;

— Aut N53,: ) ]
a;; O 0 0 0
@21 G2 G23 0 0
@3; dsz Ga3 0 0 '

Q41 Q42 G43 @11G22 C1]0823

| @51 Gs2 as3 G11@32 411 433
with dim R, = 8 and S = GL; x GL,.

DECOMPOSABLE ALGEBRAS

Dimension 2

Ni2: az;

— Aut Nz = GLz;

Dimension 3

N33: ag;
— Aut N3.3 = GL3.
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Ny3: N3z X a; or [z1, 22] = z3;

— Aut N4'3 :

al
Q21

asy

aq1

a2
azz
asz

G42

with dim R, =5, S = GL; x GL;.

Ngg: ag;
— Aut N4,4 = GLg.

Ns3z: Ngz X ay;

— Aut N5_3,3 :

with dim R, =8, S = GL3.

Nsg4: N3z X az;

— Aut N5,4 H

Dimension 4

a3 @22 — 312421 @34

0 0
0 0

0 aq4

Dimension 5

ail 0 0
az az 0
asy asz Gar1a22
41 G42 Qa110832
| 51 Gs2 0
aip G2 0
az @z 0
azy as2
aq G4 0
asy Gasz 0

with dim R,, = 8, S = GL3.

Nsgs: as;

— Aut Nss = GLs.

28

0 0
0 0
0 0
a 2022 @45
0 ass |
0o o
0o 0

a1;G22 —a12G21 G34 435

Q44 Ga45

Gsq G55




3.2.2 Algebras of Dimension 6 over Algebraically Closed Fields of x # 2

INDECOMPOSABLE ALGEBRAS

Neyi: [21,2d) = 2ip1, 2 < i <5, [22, 2] = 2iya, £ =3,4;
—(1,2,3,4,6/6,4,3,2,1);
— [, 2a, 3, 42, 5, 6x];

— CQ: Ns;;
— Aut Ns,l,l M
an 0 0 0 0 0
0 auz 0 0 0 0
aszy asa 0113 0 0 0
1
a4y G42 ay1a3; a6t 0 0
2 5 0
as1 as2 u ayi~aa2 ari
3 6
| 861 G62 v w a11"azz2 Q11 |

where v = ayja42 — ad a3, v = ayias; — adjaq, w = a? a4 — a},a3, dim R, = 8, and
S = GL1

Neyz2: [21,2i] = ziy1, 1 =2,3,4, (22, 23] = 25, [22,25] = 26, [T3,24] = —26.
—(1,2,3,4,6/6,4,3,2,1);

— [@, 2, 3a, 4a, 5a, Ta];

— CQ: Ns1;
— Aut Ng'l‘z :
i a1 0 0 0 0 0 )
0 Gn_z 0 0 0 0
as a3z an® 0 0 0
asq? 4 !
Qa1 3.7 anay an 0 0
2 5
asy asz u a11°as2 a1 0
4 7
| @g1 Gg2 v w —@31 G117 G11

_ 2 2 2 _ 2 . ]
whereu = auaaz/(2au)—ana31, v = 033d41—a§1¢151 —aslagz/(2au), W = aj;a41 —a31211432,
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Ne13: [21,2:i] = 2i41, 2 < i <5, [22,23] = z¢;
—_— (1, 2,3,4,6/6,4,3,2, 1);

— [a, 3, 4, 5, 6cx, Ta];

— CQ: Ns2,1;
— Aut N6'1‘32
a; O 0 0 0 0
az ay® 0 0 0 0
a3y aaz 0114 0 0 0
’
5
@41 @42 @G31G32 a1 0 0
2 ] 0
@s1 Gs2 Ga)1a4z G11°G32 a1
3 7
| G651 ag2 u v 211"G32 G171 |

3 -
where u = aj;as; + az1a3z2 — ay,a31, v = aflau + ana'}l, dim R, =9 and S = GL;.

Ne1a: [21,22) = z3, [21, 23] = 24, [z1,24] = 26, [22, 23] = z6, [22,25] = 26,
—_ (1, 3,4,6/6,3,2, 1);
— [, 2¢¢, 3cx, 4ax, 3, 5x];

— CQ: Ns33= Ny3 X a3;

— Aut NG.1,4 :
a1 0 0 0 0 0
az a1’ 0 0 0 0
azy as2 0113 0 0 0
4 2 !
441 642 anasz 6110 —a2ay; O
as1 Gas2 0 0 a;;? 0
5
| @61  Ge2 u v ass a1r

where u = a11a47 + a21(a32 + as2) — a?,(as + a51), v = af,a32 + ana};, dim R, = 10 and
S =GIL,.

Nezp: [z1,25]=2Zi41, 251 <55

—(1,2,3,4,6/6,4,3,2,1);

— [a,8,a+ B, 2a+ B,3a + B,4a + B);

— CQ: Ns 2,35
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— Aut N6.2.1 :

aii 0 0 0 0 0
@21 4G22 0 0 0 0
azy asz a;1a22 0 0 0
H

@41 G42 G11G32 G11ag; 0 0

2 3 0
@51 Gs2 Q11G42 G117°G32 G117 a22

2 3 4

| Ge1 de2 G11452 a11°G42 OG11 G32 411 @22 |

with dim R, = 9 and S = GL2.

Ne22: [21, 2] = Zig1, § = 2,3,4, [22,25] = 26, [23,Z4] = —Z6;
— (1,2, 3,4,6/6,4,3,2, 1);

- [a,ﬁ,a+ﬂ,2a+ﬁ.3a+ﬁ.3a+2ﬂ];

— CQ: N5 z1;
— Aut Ns'z’z :
[ ay; 0 0 0 0 0 ]
0 a2 0 0 0 0
@31 @3z G318z 0 0 0
axn? 2 0 0 !
241 35, G11432 a4117a22
[:3% 9122 2 3 0
as1 Gas2 2322 a1"asz a1 a22
2 3, .2
L @51 G62 u v —a31 11722 Q11 G227 |

where © = a32a41 — G22a51 — a3183,/(2a22), v = 411822841 — @31811832, dim R, = 7 and
S = GL%;

Ne23: [z1,22]) = 24, [Z1, 2] = 2it1, 1 = 4,5, [z2, 23] = 25, [23,24] = —26;
—(1,2,4,6/6,3,2,1);

— [, 8,2, @+ B, 2a + B,3a + B];

— CQ: Ns2,9;
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— Aut Na,z':) :

| 361

with dim R, = 8 and S = GLZ.

az2
0

@42

Gasz

as2

0
0

2
a11

0
0
0

—az a1 ai1G22

—azi a41

g3

211 Q42

aiy asz

Ngz4: [21,22] = 23, [21, 23] = 24, [21,24] = 26,

- (19 31 49 6/6»312y 1);

— [a, B, a+ B,2a + 8, 3a, 3a + B];

— CQ N5‘3'3 = N4,2 X ai;

— Aut Nga4:

Q22
asz
Q42
as2

as2

0
a11 @G22
Q) @32

0

u

0
0

0

anzazz

0

ap 2632

S O O O O

211" Q322

2
211°642 a3

[z2,25] = z¢;

0
0
0

—az; G11

3
a

ags5

2

a1

O O o ©

Aad

2

where u = aj1a42 + 21452 — azas), dim R, = 10, and § = GL}.

N6,2,5 . [zllzl'] = Ti+1, 1= 21 3951 [22135] = Ti+2 j = 3)4;

- (11 3| 4) 6/6v 47 3: 1);

— [e,B,a+ B,2a+ B, a+ 28, 2a+ 24];

— CQ: Ns2.3;
— Aut Ng25:
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(a1 0 0 0 0 0 ]
0 a3 0 0 0 0
Autg : G31 a3z ay 622 0 0 0 ,
aq aq; anazp  an’er 0 0
asy Gsz —azzas3; 0 a1y az2? 0
[ 61 as2 u v w an’az’ |
01 0 -1
0=[1 0]@[—1169[_1 . ]619[—1],
where u = a;1a52 — G22841, U = —a11@22G31, W = G11G22832, dim R, = 8 and S = GL? x Z,.
Nez26: [21,22] = 24, [21,23] = 25, [21,24] = 26, [23,25] = z6i
—(1,3,6/6,3,1);
— [, —a+28,8,28,a+ B, a + 28];
— CQ: Nsz3.2;
— Aut Ng 6 :
[(a;; O 0 0 0 0 A
ay L& —suen 0 0
ag 0 ass 0 0 0
a51 G4z Q43 aszs® —asjas; 0 ,
as; 0 ass 0 a1 a33 0
| d61 Qg2 ae3 G11 @42 u ay; aas? i

where u = a;;a43 + as1as3 — a33as;, dim R, =10 and S = GL‘{.
Nez,7: [21,2:i] = Zig1, £ =2,3,4, [22, 23] = z6;
—_ (2, 3,4, 6/6, 4,3, 2);

— [, B,a+ B,2a+ B,3a+ B, a + 28);
— CQ: Ny 2;
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— Aut Ns,z,'[ H

a; O 0 0 0 0
G21 422 0 0 0 0
d31 G32 G110Q22 0 0 0
a4 G2 G163z G11’az: 0 0 '
as1 G52 G1]1G42 ayi%as; a1 ®az; 0
| as1  ae2 u a13 @z azz 0 ay az2? |
where u = asya32 — @283, dimR, =9, and S = GLf.
Ne2s: [z1,22] = 23, [21,23] = 25, [21,24] = 6, [22,24] = 255
—(2,4,6/6,3,1);
— [a, 8, a+ B, 2a,2a+ 8, 30);
— CQ: Nygs;
— Aut Ng2s: )
a; 0 0 0 0 0
a1y @G22 0 0 0 0
@31 @32 G11G22 G34 0 0
@41 G4z 0 a;? 0 o |’
Gs1 Gs2 u asq4 an’a;; v
| @s1 Gs2 G11a42 Geq 0 an® |

where U = a;1a32 + az1a42 — Q22841 a.nd V=4a;1q34 + 0%1021, dimRu =12and S = GL%
Ns.z.s : [21,32] =2z3 [81,33] =Zs, [zz, za] = Zg, [22124] = Zg,
— (2,4,6/6,3,2);

- [a,ﬂ,a+ﬁ,a+,3,2a+ﬂ,a+2ﬂ];
— CQ: Ny3= N33 X ap;
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— Aut N6,2,9 :

aiy 0 0
0 a2 0

Auto :
a4 G42 0

Q61 Gs2 u

[ ole]

a3y aszz az)az2

ax; az2

asy asz ap;as2

-1

0

2
asq a11" @22

64

-1

el

0 0
0 0
0 0
0 0
0
0 a1 a2

0o -1
-1 0

with u = ~a3; (a3 + a41), and dim R, = 10, and S = GL% x Z,.

Ns.z.m : [21, zz] = Z3, [21, 23] = 25, [22,23] = ZTg, [22134] = Ts;

— (2,4,6/6,3,2);
— [@, 8, a+ B,2¢,2a+ B, a + 28];
— CQ: Ny3 = N3z X ay;
— Aut Ng210:
a1 a2 0
0 ax 1]
a3y Gz2 G110622
aq1 G42 0

asy1 Gas2 u

g1 Qg2 —G224a31

@54

ae4

o O O O

2
a11°a22

0

0
0
0
0

a1 a22 @12

ay) @22

where u = a1a3s — a12a3; — Gg2841, dim R, =11 and S = GL2.

Nesi: [z1,2i] = zip2, 1 =2,3, [22,25] = [23, 24] = z6;

- (1!316/6, 3, 1)‘,’
- [a1ﬂ|7,a+ﬁ,a+‘y,a+ﬁ+.r];
— CQ: Ns3,;
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— Aut Ns,g‘l :

ay 0 0 0 0 0
0 asz 0 0 0 0
0 0 aza 0 0 0
Autg . s
G41 Q42  G43 @11 G22 0 0
a5y asz B4 0 a3 @33 0
dg1 Qae2 Qg3 —agz @51 —a33G41 G411 322333 |

and

with dim R, = 8 and S = GL} x Z,.

Neayz: [21,22] = 23, [21, 23] = 26, [24,25] = Z6;
— (1,4,6/6,2,1);
—[a,B+71-20,8+7-a,B,7,8+7];

— CQ: N5 4= N32 X az;

— Aut Ns,a,z .

[ a,; O 0 0 0 0]
azy ;ﬁf 0 0 0 0
a3 G32 Iy ;{; Z 0

?

ag 0 0 a4q a4s O
asy 0 0 as54 ass 0

| @61 @52 G132 Qg4 G5 € |

where e = aqqass — G45054, f = Qq4d51 — G41054, § = G45a51 — Gq1855, dim R, = 9 and
S = GL; x GLa.

Ne3a: [z1,22] = z3, [21,24] = 26, [Z2,23] = 25;

— (2,4,6/6,3,1);

— [e,8,a+ B,7,a+ 2B, a+7];

— CQ: Ny3= N33 X a;
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— Aut N5‘3_3 H
a 0 0 0

0 az2 0 1]

azg; a2 anaz O

o o o o

G41 G42 0 G4q

2
Gs1 @Gs2 —a22431 G4s4 Q)11 G22

[ @61 Gg2 G11442 dg4 0
with dim R, = 10 and S = GL3.

Nesa: [21,22] = 23, [22, 23] = 25, [22,24] = 26;
—(2,4,6/6,3,1);
—[a,8,a+B,7,2+2B,8+1];

— CQ: Ny3= N3z X a;

— Aut N5'3'4 :
a1 a2 0 0

0 a2 0 0

a3y Q@32 @11422 Q34

o o O o

G41 Q42 0 Q44

2
asy Gsz —Qa22Q31 G54 G131 G22

g1 Qg2 —G22Q41 Ge4 0

with dimR, =12and S = GL?.

Neas: [z1,Z2) = 25, [21,24] = 26, [22,23] = z6;
- (2' 6/6' 2);

- [a,ﬂ.‘)’“ﬁ-‘r—a,a'i‘ﬂvT];

— CQ: Nyg;
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— Aut N6'3,5 .

a;; a2 0 0 0 o
a1 az2 0 0 0 0
an o Mg -simk o
an o -Sufs cmss 0 g |
asy; das2 as3 G54 e 0
L 361 as2 Qg3 agq u dgg |

where e = aj1a22 — a12a21, ¥ = a11842 + @21832 — G12a41 — @2283;, dim R, = 12 and S =
GL2 x GLl.

Ne3se: [31' 32] = 24, [zl,zs] =s, [32, 22:3] = T¢;

— Free nilpotent Lie algebra of class 2 with 3 generators;

— (3,6/6,3);

— (a8, 7,2+ B, 2+ 7,8+17];

— CQ: Na3;

— Aut Ng3g:
[a17 612 a3 0 0 0]
a1 az2 a3 0 0 O
azg; az2 azz3 0 0 O
aq1 G42 Q43 T S ’
as; Q@52 Gs3 u UV w
| G61 Q62 83 T Y Z |

where

T = @;1@32 — @12d21, $ = G11G33 — G13G21, [ = G12Q23 — G13Q22,

U = 411832 — 212431, U = a11G33 — @13431, W = G12@33 — 13432,

Z = (21832 — 22431, Y = G21G33 — Q23Q31, Z = G22833 — 223432,
with dim R, =9 and S = GL;.

DECOMPOSABLE ALGEBRAS

Ng211: Nsj X a;
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— Aut N6,2,11 :

ai; 0 0 0 0 0
an an® 0 0o o0 o
am asz an’ 0 0 o0
aq 442 apazz et 0 o |
asy Gas2 u v ay’® ass
| a1 as2 0 0 0 aee |

. 2
where u = a;j @42 + @21 @32 — 0112031, v= 2112032 + as; aus, dim R, =10 and S = GLI

Ng37: Nsa1 X ay;

— Aut Ng37:
aj; 0 0 0 0 0
a1 4z 0 0 0 0
asy asz G11822 0 0 0
aq ag anazp an’ar 0 0o |’
3

51 Gas2 G11Q42 ¢112a32 G117a22 Gase

L ag1 G2 0 0 0 ass |
with dim Ry = 10 and § = GLZ.

Ngss: Nsa2Xa;

— Aut Ngag:
[ a;; O 0 0 0 0 ]
az1 azz 0 0 0 0
as; asz an? 0 0 0
aq1 @42 —G21411 611622 0 o |
Gs1 @s2 as3 u ayaze ase
| Ge1 Qg2 ae3 0 0 ags |

with ¥ = a;; aq2 + a2; az2 — @22 431, dimR, =12 and S = GL?

Ng39: Ns323Xay;
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— Aut N6,3.9 :
an a2 0 O 0 0

az1 Q22 0 0 0 0
azy G322 U 0 0 0

41 Qg2 YV G U a12U G4

51 Gs2 W G21U a2U as6

@1 a2 0 O 0 aes

e -

where u = a); a2; — ay2a2;, v = a;; a3z — aj283;, w = az 832 — A2243;, dim R, = 10,

S= GLz X GLI

Ngai: Nszi Xap;

— Aut N6,4,1 :dim Ry = 9,and S = S’ x GL1, with §' = (GL; X SP,‘)/Zz

Ng42: Ns3a xay;

_— Aut N8,4.2 .

[an 0 0 0 0 0 ]
a1 az2 az 0 0 0
@31 @32 433 0 0 0

Q41 Q42 Q43 G11G22 G131 Q23 G48

Gs1 Gs2 as3 G11432 a1) @33 Gs¢

@g1 Gg2 Ge3 0 ¢ ags |

=3

with dim R, = 13, and S = GL? x GL,.

Ngas: Nya X ag;

— Aut N5,4‘3 H
[a;; © 0 0 0 0 ]
az asz 0 0 0 0
a31 Gz2 G1] 622 0 0 0

2
Q41 QG42 @11G32 G11°G22 445 Q46

as, asz 0 0 ass ase

a1 Qe2 0 0 ggs aee |

with dim R, = 11, and S = GL? x GL,.
Nga4a: N3z x Njz; or [21,22] = 25, (23, 24] = z6;
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— Aut N6'4'4 :

[ a1y a2 0 0 0 0 )
az1 a2 0 0 0 0
0 0 azz a3zq 0 0

Allto : '

0 0 a43 aga 0 O
as; asz asz asq u O

| 661 ag2 a3 Ge4 0 v

[0 0 1 0]

0 001 01

g = @ 1

1 000 10

010 0|

where u = a11822 — 62112, V = 33844 — d34043, dim Ry, = 8, and S = GLZ x Z,.

Ns.s : N3'2 X agz,

— Aut Ns.s H _ )
ay a2 0 0 0 0

azy az2 0 0 0 0

G31 G32 Q11422 —G12Q@21 Q34 G35 Qa3

a4 a4z 0 G4s Q45 A46
as) asz 0 Gsq4 Gs5 Gasg
dag1 aga 0 g4 Gss Q66 |

with dim R, =11, and S = GL; x GL3.

Ngg: as;

—Aut N5'5 = GLs

3.2.3 Algebras of Dimension 6 over Algebraically Closed Fields of xy =2

In addition to the algebras over algebraically closed fields of x # 2, we have the following 5
extra indecomposable algebras for x = 2:

(A): [z1,2] = zi41, 2 < <5, [23,23) = 25 + 26, [22,24] = 265

- (11 21 3v4v 6/614) 3!21 1);
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— Characteristically nilpotent Lie algebra;
— CQ: N5 y;

Remarks: (1) This algebra was first observed by Bratzlavsky [4], which turns out to be the
only characteristically nilpotent Lie algebra in dimension 6 when x = 2; (2) When x # 2,
this algebra is isomorphic to Ng ; 1, which is not characteristically nilpotent. In fact, in this
case, the smallest algebra which is characteristically nilpotent is of dimension 7 (see Favre

[9])-

(B): [-":1, z2] = 24, [21, 34] = 2Zs, [21,25] = zg, (22, z3] = z5 + Z6, [z3, z4] = —z;
- (11 21 41 6/61 31 2v 1);

— CQ: Ns2,3;

Remark: When x # 2, this algebra is isomorphic to Ng 2 3.

(C): [=1, 2] = zi41, t = 2,3,5, [22,23] = 25, [22,24] = [z2, Z5] = z¢;
—(1,3,4,6/6,4,3,1);

— CQ: Ns2.3;

Remark: When x # 2, this algebra is isomorphic to Ng 3 5.

(D): [z1,22] = 24, [z1,23] = 25, [22,25] = Z6, [23,24] = 26, [Z3,25] = z6;
—(1,3,6/6,3,1);

— CQ: N5 32

Remark: When x # 2, it is isomorphic to Ng3,1.

(E): [z1,23] = 23, [21, 23] = 25, [21, 24] = 26,[22, 23] = z6, [22,24] = z5;
— (2,4,6/6,3,2);

— CQ: Ny3;

Remark: When x # 2, it is isomorphic to Ng 2 10.



3.3 The Proof for 6-Dimensional Algebras

From the description of Skjelbred and Sund’s method, it is easy to see that, if g’ is a
central extension of g without Abelian factors , then the dimension of Z(g’) cannot ex-
ceed dim H?(g,F). So an indecomposable 6 dimensional nilpotent Lie algebra cannot be
a central extension of any 2-dimensional nilpotent Lie algebra. Furthermore the only 3
dimensional nilpotent Lie algebra that has nontrivial central extensions of dimension 6 is
N33, the Abelian algebra. So we will start from considering its central extensions. The
5-dimensional Abelian algebra Nss has no 6 dimensional central extensions either, as all
the skew symmetric bilinear maps are singular on a 5 dimensional vector space.

Revoy [23] has obtained a complete list for all the 2-step nilpotent Lie algebras of dimension
< 7 with the number of generators < 4. There are 3 such algebras of dimension 6, i.e.,
L¢,1,Lez and Lg 3 in his list, which are the central extenisons of 3 or 4 dimensional Abelian
Lie algebras.

3.3.1 Extensions of 3-Dimensional Algebras

Central extensions of N33 :
Z(g): z1,22,z3; [9, g]: 0; dim H?: 3; Basis: Ay, Ayg, Agg;

There is only one 3-dimensional subspace, therefore the only representative for G3(H?(g, F))
can be chosen to be A; =([1,0,0], A; =[0,1, 0}, A3 = [0, 0, 1], corresponding to Ng 3.

So the central extension of N33 of dimension 6 is:

| Ness: [z1,z2) =24, [21,23] =25 [22,23) = z6. |

Remark: Revoy [23] has also obtained this algebra (Lg,;). We can see that the Skjelbred-
Sund method works quite well in this case.

3.3.2 Extensions of 4-Dimensional Algebras

Central extensions of Ny :
Z(g): z4; [8,8]: z3,24; 2%(g): C24 = C34 = 0; W(H?): Cy2 = C13 = 0; dim H?: 2; Basis:
Aq4, Dazs;

There is only one 2-dimensional subspace in H?(g, F). Then the only representative in
G2(H?*(g, F)) can be chosen to be A = [1,0] and B = [0, 1], corresponding to Ns2.7.

So the central extension of Ny ; of dimension 6 is

| Nez7: [21,2] = 2i41,i=2,3,4, [22,23] = 6. |
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Central extensions of Ny 3:

Z(g): z3,z4; [8,0]: 23; Z%(g): Cas = 0; W(H?): Cy; = 0; dim H?: 4; Basis: A3, Aq, Aag,
Azg;

Group Action: aA13 + bA 4 + cA23 + dAyq, let § := a;1a22 — ar2az;, then

a — aay16 + cazd; b = aajjazg + bajjayg + cazjazg + dazjagy; ¢ = aay28 + cazld; d —
aay2a34 + bayza44 + cazeasq + dazzagy.

Let Vo be the subspace generated by A4 and Ay, it is a submodule under the group action.
Let L be any two-dimensional subspace of H?(g,F). Denote L = A A B, where A4,B ¢
H?(g, F).

Case 1: L)V # 0. Then we assume that in A, both a = c = 0. As one of b,d # 0, we can
always make b = 1 and d = 0 to assume 4 = [0, 1, 0,0]. Fixing A, we require ¢;2 = 0 and
ar1a44 = 1. Now assume B = [a,0, ¢, d] and one of a,c # 0. We have a — aa;,0 + caynd;
b =0 — aa;1a3q + cazass + daz1844; ¢ — cazyd; d — cazzazg + dazsay,.

If ¢ # 0, then make a = d = 0 by solving for a;; and a4 respectively to get (1) B = {0, 0, 1,0],
with A A B corresponding to Ng 3 3-

If ¢ = 0, then a # 0, depending on whether d = 0 or not, we get two representatives for
B: (2) B =1,0,0,0] (which can be easily showed to be in the same orbit as A A B, where
A =1[0,0,0,1) and B = [0,0, 1, 0], corresponding to Ng34) and (3) B = [1,0,0,1] (AA B
corresponding to Ng 2 3).

Case 2: L(Vo = 0. Then at least one of a,c in both 4 and B are nonzero. Assume
A =[1,bc,d). Make b = ¢ =0 in A, and depending on whether d = 0 or not, we get two
representatives for A =[1,0,0,0] and A =(1,0,0,1].

For A =(1,0,0,0}, assume B = [0,b,c,d]. Then ¢ # 0 and one of b,d # 0. Fix A (up to a
scalar), we require a;; = azgq = 0. Now in B, we have

a = 0 — 0 (by subtracting a multiple of A from B); b — bdaj1a44 + dazia44; ¢ = ca224;
d — dagiayy;

If d # 0, make b = 0 and get (4) B =[0,0,1,1] (A A B corresponding to Ng z9).

If d =0, then b # 0 and get (5) B =[0,1,1,0] (A A B corresponding to Ng 2 10).

For A =[1,0,0,1)], assume B = [0, b, ¢, d], with ¢ # 0. To fix A (up to a scalar), we require
a4 = a?,, a2 =0, azg = —az1a;;. Then

a = 0 — caz1011822; b — bayiayy + caziasy + daz agq; ¢ —* cazed; d — cazza11821 + dazzagg;

Subcase 2.1: x # 2. We can make a = d by solving for az; and subtract a multiple of A from
B to make both a = d = 0. Then depending on b = 0 or not, we get two representatives
for B: (4’) B=[0,1,1,0] (A A B corresponding to Ng29) and (5') B =[0,0,1,0] (AA B
corresponding to Ng 2 10)-



We prove at first that the following two pairs are isomorphic: (4) and (4’), (5) and (5').
For (4) and (4'), take 21 = 21 — 3, T2 = 1+ 22, T3 —> 223, 24 — 23+ 24, T3 — 225 — 22g,
g — 2zs5 + 223.

For (5°) and (5), take zy — z3, 22 — 21, 23 = —23, T4 = ~24, 25 — —2¢ and zg — —z5.
To show the nonisomorphism between the algebras, we just need to compare the algebras
among the same group as foliows:

Group 1: (1), (2) and (3);

Group 2: (4) and (5').

In Group 1, take (1) as an example. To show (1) is not isomorphic to (2) and (3), we just
compare their orbits. In (1), A =[0,1,0,0] and B = (0, 0,1, 0]. Under the group action, we
have 4 — [0, G11G44, 0, 012044] and B — [0215, as1834, dzzJ, 022034].

So the wedge product is

AANB = a210a11844814 N A3 + 8844833014 A Agq + 3118448220015 A Ag3
+a120442216024 A D13 + 3128448220825 A Ags

Now compare with (2) and (3), we know the coefficients of Aj4 A Az , Az4 A A3 and
A24 A A23 are zero, i.e., Q311Q22C44 — A12G21044 = 812822044 = 0, as a4q4 # 0, we must have
azz = 0, and aj2a3; = 0, which is impossible, so (1) cannot be isomorphic to (2) or (3).

Similarly we can prove the distinctness between all the other algebras.
Subcase 2.2: x = 2. Now we consider two subcases:

Subcase 2.2.1: d = 0. Then we can make a = d = 0 by taking a;; = 0. And depending on
b = 0 or not, we get two representatives for B: (6) B =[0,1,1,0] (A A B corresponding to
(E)) and (5") B =[0,0,1,0] (AA B corresponding to Ng 310, Which can be seen easily from
the isomorphim given between (5) and (5’)).

Subcase 2.2.2: d # 0. Then depending on b = 0 or not, we get two representatives for B:
(4”): B=1[0,0,1,1) or (7) B=[0,1,1,1] (A A B corresponding to Ng ).

We can prove that (4”) is isomorphic to (4): z; = ~232, 22 =+ 21+22, Z3 — 23, T4 — T3—24,
5 — 5 + T, TT = —T7.

From Subcase 2.1, we know that (6) is isomorphic to (4) when x # 2. Now we compare the
orbits of (4) with both (6} and (7) under the condition that x = 2.

In (4), A = [1,0,0,0] and B = [0,0,1,1}. Then under the automorphism group, 4 —
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(@116, 11834, 6129, a12a34] and B — (621, a21a34 + a21044, a226, 32034 + a22a44). Then

AAB — (0116621044)A13 AAg
+(a118a226 — ay28a30)A13 A Aza
+(a119(a22a34 + a22a44) — 3128340210)A13 A Azg
+(a11834a220 — @120(a21a34 + 321844)) D14 A Az
+(a11a34(a22a34 + a22a44) — A12a34a220) A 14 A Azq
+(a120a22a44)A23 A Azq

Compare with (6), if (6) and (4) are in the same orbit, we would require that the coefficients
of Ay3 A Ayq and Ajg A Ags to be zero, which give us
Qn = —G11@22G44 _ 312321344
u- s -8

and leads to the singularitiy of the automorphism group. Therefore (4) and (6) cannot be
isomorphic when x = 2.

Compare with (7), if (7) and (4) are in the same orbit, then the coefficients of Aj3 A Ay,
A13NANAqz, A3 ANAgg, A1g A A3, Agg AA4 and Axg A Ay are all equal (nonzero), while the
coefficient of Aj4 A Az3 is 0. A simple computation shows that we can indeed find a set of
solutions while maintaining the nonsingularity of the automorphism group. Therefore (7)
and (4) are isomorphic.

So the central extensions of N4 3 of dimension 6 are:

Neg2gs: [31, zz] =z3 [21, 83] = Zs, [31.24] = Zg,
[32, 34] = 2s5;

Ne29: [z1,23) =23, [21,23] =25, [22,23] =zg,
[32, 34] = Zg,

Ngp210: [21,23) =23, [21,23] =25, [22,23] =z,
(22, 24] = 25;

Ness: [z1,22] =23, [z1,24] =26, [22,23]=2zs5;

Nesas: [z1,23) =23, [22,23] =25, [22,24] =zs;

(E): ( for x = 2 only)

[31, 32] = z3, [31, 23] = Zs, [21, 2‘4] = Zg,
(22, 23] = 26, [232,24] = 5.

Central extensions of Ny 4:
According to Revoy [23], the central extension of Ny 4 of dimension 6 is:

[ Noss: [z1,z2)=zs, [21,24 =26, [22,23] = zs; |
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3.3.3 Extensions of 5-Dimensional Algebras

Central extensions of Ns; :

Z(g): =zs; [8,0]: 3,24, 25; Z%(g): C15 ~Casa =0, C34+ Cas = 0,C35 = Cys = 0; W(H?):
Clz = Cls = C14 = 0; dimsz 3; Basis: A15 + Az4, Agg, Azs - A34;

Group Action: a(A1s + Azq) + 8A23 + ¢(Azs — Azg)

a — aal, + caj,az1; b = —2aa},ax + ba, + ca11(2a?,a42 — a3, — a?,a3,); ¢ = cal};

One of a,c # 0. When ¢ # 0, make a = 0 by solving for a;;, and b = 0 by solving for aj,,
and get the representative {0, 0, 1] (corresponding to Ng 1.2).

When ¢ = 0, then a # 0, get a — aa$, and b — —2aaf},as + da};. If x # 2. make
b = 0 by solving for az; and get [1, 0, 0] (corresponding to Ngi, ); If x = 2, then we have
b — ba},, and get two representatives [1, 0, 0] (corresponding to Ng 1 ) for b = 0 and [1, 1, 0]
(corresponding to (A)) for b # 0.

So the central extensions of N5 ; of dimension 6 are:

(A):  (for x =2 only)
(21,2i]) = ;41,2 <1< 5, [22,23) = z5+ Z6, [z2,24) = z6;
Nei1: [21,2d =2i41,2<1 <5, [22,2] = 2i42,i=3,4;
Ne12: [z1,2] =2i41,1=2,3,4, [z2,23] = z5,
[22, z5] = ze, (23, 24] = —26.

The central extensions of Ns 3 ; can be found in chapter 2, Example 5.

The central extensions of N5 32 can be found in chapter 2, Example 1.
Central extensions of Ns 2 a:

Z(g): z4,25; [8,8]: z3,24,25; Z%(g): C1s ~ C24 = 0, C34 = C35 = Cg5 = 0; W(H?):
Ciz2 = Ci3 = Ca3 = 0; dim H?: 3; Basis: A4, Ags + Azq, Azs;

Group Action: a4 + b(Als + Az.;) + cAgs
Let & := a11a22 — a12a2;.

a— (aafl + 2bajia2; + ca%,)&; b— (aauau “+ 5011022 + bajzaa; + Canazz)(s; c — (aafz +
2ba;zaqz + ca§3)6 ;

Case 1: x # 2.
Subcase 1: b2 — ac # 0. Assume b # 0. Then we can make a = ¢ = 0 by solving for az; and

az2, ie.
-0+ Vb2 - ac —b:l:\/bz—aca
_— 12-
c c

az = 211, G22 =
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Choose appropriately a;; and a2z to ensure that the automorphism is nonsingular, we get
the representative [0, 1, 0], corresponding to Ng 2 5.

Subcase 2: 2 — ac = 0. Assume c # 0. Making a = 0 by solving for a;2, we get az; =
—ba,z/c. Plug in the formula for b, we have b — (aa;;a;2—b%a;1a12/c+bay2az; - bayzas;) =
0, since b2 = ac. So we have the representative [0, 0, 1}, which contains the central element
z4 in its kernel. Therefore we omit it.

Case 2: x = 2. Then we have a — (aa3,+ca3,)d, b — (aai1a12+bay1a22+ba12a2)+caziaz2)d,
c — (aa?, + ca3,)é. If both a,c =0, we get [0,1,0] (corresponding to Ngzs), and if one of
a,c # 0, make c =1 and a = 0, get [0, 1, 1] (corresponding to (C)).

So the central extensions of Nj 23 of dimension 6 are:

(C):  (for x = 2 only)
[21, 2] = 2i41, 1=2,3,5 [22,23] =25 [22,24} = z6,
[32, 35] = Zs;
N6,2.5 . [zl, z,-] = Titl, 1= 2, 3, 5 [32, 23] =25 [22, 24] = Zg.

Central extension of Nj 3 ;:

Z(g): zs; [8,8): zs; Z2%(g): C15 = 0, Ca5 = Cas = C4s = 0; W(H?): C12 = 0; dim H?: 5;
Basis: A3, A4, Aza, Azq, Ay

It is obvious from this basis that all the elements in H?(g, F) have zs in its kernel, so it
does not have any central extension without Abelian factors.

Central extensions of N 3 2:

Z(g): z4,zs; [8,8]: Z4,25; Z2%(g): Cas =0, C25 — C34 = 0; W(H?): C12 = C13=0; dim H?:
6; Basis: Ajq, Ays, Azs, Azg, Azs + Azg, Ass;

Group Action: aAy4 + bA1s + cAzz + dAzq + e(Azs + Azq) + fAss;

a = aa? a;z; + ba? azz + day182182; + €611 (821832 + 622a31) + fai1a32a31;

b — aa?,az; + ba? az3 + day1a21a23 + €a11(621633 + a23a31) + fay1a33a3:;

¢ — c(az2833 — 32833) + d(622a43 — G42a23) + e(az2as3 — as2a23) + e(azza43 — agzass) +
f(aszas3 — asza33);

d — dayja3, + 2ea11a32a32 + fanal,;

e — day1a22a;3 + €a11 (22633 + a23a32) + fai1a32a3s;

f — da;ja2; + 2eayyazza3s + fanals.

We have e # 0 or when e = 0, one of a,d # 0 and one of b, f # 0.

Case 1. x # 2. As one of d, e, f # 0, otherwise the 2-cocyles will contain some nontrivial
elements from the center in their kernel.
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When e? — df # 0, we can always make e = 1. Then we further make d = f = 0 by solving
for az2 and a33 respectively to get

—-e+ /e — df
d

azz = 432, G23 =

—e+ /e? — df
d asgz.

Choose appropriately az; and a,3 to ensure that the automorphism is nonsingular, we will
get the representative [0, 0, 0, 0, 1, 0] (corresponding to Ng3).

When e? = df, we can make d = e = 0 and f = 1 instead. Since e? = df, by solving for a,,
to make d = 0, we get a;; = —ea3z/d. Plug in the expression for e, we have

day1a22a23 + eayy (@22a33 + az23asz) + fajja3zas;
= a11(—easz2as3/d + e(—easzass/d + az3as;) + faazass) = 0.

So we have d = e = 0, and assume f = 1. Now we can further make b = ¢ = 0 by solving for
asz and az;. Now we need a # 0 and get a representative B = [1, 0,0, 0, 0, 1] (corresponding
to Ne,z,6)

Case 2. x = 2. Then d — day a, + fay1a3,; f — dayia2; + fayia,.

When both d, f = 0, then e # 0, we can make a = b = ¢ = 0 and get a representative
(0,0,0,0,1,0] (corresponding to Ng3,). When one of d, f # 0, maked =0 and f = 1. If
e # 0, then make a = b = ¢ = 0 and get the representative [0, 0, 0, 0, 1, 1] (correponding to
(D)), If e = 0, Then make b = ¢ = 0, and require a # 0 to get [1,0,0,0, 0, 1] (corresponding
to Ns'z‘s).

So the central extensions of N 3 2 of dimension 6 are:

(D):  (for x = 2 only)
[21,22] = 24, (21, 23] = 25, [22,25] = z6,
[33, -‘84] = Zg, [=3| 25] = Z¢;
Nezs: [21,22] =24, [z1,23) = 25, [21,24] = 26,
[z3, z5] = z6;
Ngsi1: [z1,23] = 24, [z1, 23] = 25, [22,25] = z6,
[23.24] = Tg-

Central extensions of Ns 3 3:

Z(g): z4,2s; [8,0]: z3,Z4; Z2(g): C24 = C34 = C35 = Cy5 = 0; W(H?): Ci3 = C13 = 0;
dimH2: 4; Ba.sis: A14,A15,A23, Azs;

Group Action: a4 + bA;15 + cAaz + dAss;

@ — aa},az2; b = aa1a45 + bayyass + dagyass; ¢ — cayyad,; d — dazzass;
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Both a,d # 0. Make b = 0, and get two representatives depending on whether ¢ = 0 or not,
i.e., [1,0,0,1] (corresponding to Ng24) or (1,0,1,1] (corresponding to Ng 1 4).

So the central extensions of N5 33 of dimension 6 are:

Neya: [z1,z] =zi41,1=2,3 [z1,24] = z6,
[z2, 23] = zs, [z2, z5] = z6;
Ne24a: [21,%i] =2i41,i=2,3 (21,24 =26, [2Z2,25] = z6;

Central extensions of Ny 4:

Z(g): z3,24,2s; [8,8]: Za; Z%(g): Czq = Css = 0; W(H?): Cy2 = 0; dimH?: 7; Basis:
A3, A4, A5, Azs, Azg, Ags, Ags;

Group Action: a3+ Ayq + bAys + cAzz + dAaq + eA2s + fAys;

Let § := a;1a22 ~ ay2a2;, then

a — (aay; + daz)é;

b — aay1a34 + bayjasq + cajiass + daziaszg + eaz1a44 + faziasg + g(@a1a54 — as1a44);
¢ —+ aay 835 + bayyags + canass + daziass + eaziaqs + faziass + g(aaass — asiags);
d — (aa;z + daz)d;

e — aa12a34 + bajz2a44 + ca12as4 + dazaa34 + €a22a44 + faz2asq + 9(@42a54 — a52a44);
f — aayza3s + bajzags + cayzass + dazzazs + eaz2aqs + fazzass + g(as2as5 — aszaqs);
g —> g(aqsass — assays);

One of a,d # 0. Can always make ¢ =1 and d = 0. Make b = 0 by solving for as5, c =0
for azs. Now fix a, b, ¢, d and we have

a — ap1d = 1; b — ay1a3q+eazaqq+ faz1854+9(a41a54 —as1844) = 0; ¢ = apass+eaz ags+
faziass +9(aq1as5 — asiaqs) = 0; d — @128 = 0; e = a12a34 + €az2a44 + faz2ass +g(aq2as4 —
@52844); f — G12a3s + €G22a45 + fa220as5 + g(a42ass — @52a45); § — g(Qeaa55 — A54045);

So we have a;2 = 0, and we can solve for az4 and ags to keep b = c = 0. If e # 0, we can
solve for a44 (let asz = 0) to make it 0. Then we require g # 0 (to ensure that the kernel of
the cocyles do not contain z4). With g # 0, we can make further f = 0 by solving for a4,.
So we get the representative [1,0,0,0,0,0, 1], corresponding to Ng 3, 2.

So the central extension of N5 4 of dimension 6 is:

We,s,z : [21. 22] = Z3 [21,23] =zg, [z4,Zs] = z¢- ]
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Chapter 4

List of 7-Dimensional Nilpotent Lie
Algebras

In this chapter we list the presentations of all nonisomorphic indecomposable 7-dimensional
nilpotent Lie algebras in the following two cases: (1) over algebraically closed fields of
characteristic # 2 and (2) over the real field. A multiplication table for each algebra is
given, with nonzero brackets only.

Over the algebraically closed fields, there are 6 one parameter continuous families, and 119
isolated algebras in total (when x = 3, there are 120). Over the real field, in addition to
the algebras in the first list, we find 3 one parameter continuous families and 21 isolated
algebras, which makes it a total of 9 one parameter continuous families and 140 isolated
algebras in this case.

We follow Seeley’s labelling of algebras when F is algebraically closed, i.e., each algebra
is labelled by its upper central series dimensions plus an additional letter to distinguish
nonisomorphic algebras. For example, the algebras having a center Z of dimension 3, and
a second center Z2? of dimension 7 are listed as (37A), (37B), (37C),and (37D) — in total
4 algebras. The algebra in our list having the same label as an algebra in Seeley’s list are
always isomorphic. However, our presentations of the Lie algebras may be different from
those of Seeley’s. If this is the case, then an explicit isomorphism can be always found in
the proof where the algebras arise, for example, see (27A) and (27B) in Chapter 5.

When the ground field is R, we may get more algebras. In this case, we will use L; to
denote those algebras that are isomorphic to L over C. For example, if we consider all the
algebras with the upper central series dimension (37) over R, we get two more algebras,
denoted by (37B;) and (37D,), meaning that over C, these two algebras are isomorphic to
(37B) and (37D) respectively.

For the one-parameter continuous families, a variable A is used to denote a structure constant
that may take on arbitrary values (with some exceptions) in F'. An invariant I(A) is given
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for each family in which multiple values of A yield isomorphic algebras, i.e., if I(A;) = I();),
then the two corresponding algebras are isomorphic and conversely.

The 6 one-parameter continuous families over algebraically closed fields ( x # 2) are:

(1234571): X arbitrary.

(12457N): X arbitrary, with invariant I(A) = XA 4+ AL

(1357M): A #0.

(1357N): X arbitrary.

(1357S): A #1.

(147E): A # 0,1, with invariant I(A) = G
Unlike in Seeley’s list over C, we no longer list separately those algebras which are just
special cases of the families of the same upper central series dimensions. To be exact, as
(123457G), (12457M), (1357K) and (147C) in Seeley’s list are respectively the special cases
of (1234571) by taking A = 1, (12457N) by taking A = 0, (1357M) by taking A = 1/2, and
(147E) by taking A = 1/2, instead of listing them separately, we include them in (1234571),
(1357M) and (147E) respectively as special cases. That is why our list has 119 (for x # 3)
isolated algebras while Seeley’s has 124, with the merging of the above 4 algebras and also
the deleting of (13457H), which is not a Lie algebra at all.

We also want to point out that in our list, (147E) becomes (247P) if we let A = 0 or 1,
(1357S) becomes (2357D) if A = 1, (1357M) becomes (2357B) if A = 0. Although it is more
natural to include all these special cases in the corresponding continuous families, we still
list them separately, due to their different upper central series dimensions.

Over R, there are 3 additional one-parameter families:

(12457N;): A > 0.

(1357QRS;): A # 0, with invariant I(A) = A+ A~1.

(147E,): A>L
The reason we use the notation (1357QRS,) is that because over C, if A = 1, this algebra
is isomorphic to (1357Q); if A = —1, it is isomorphic to (1357R), and for all other A # 0, it
is isomorphic to (1357S,A > 0). When X = 0, it becomes (2357D).

Some special features are: (i) Except in the case when x = 3, where we obtain an extra
algebra (147F), the structure constants of all the algebras can be chosen to be integers and
independent of the characteristic of the ground field; (ii) When the ground field is changed
from C to R, we may get more algebras. The only algebra that has three different real
forms is (1357Q). All the other algebras have at most two nonisomorphic real forms.

Carles [6] obtains a table giving the union of the tables of [24], [26] and [31] according to
the weight systems. He considers in particular the limit points of all the one parameter
continuous families. Readers may refer to [6] for more details. We want to mention that
the basis for each algebra in our list has been chosen so that it also diagonalizes a maximal

torus.
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4.1 List of 7-Dimensional Indecomposable Nilpotent Lie Al-

gebras over Algebraically Closed Fields (x # 2)

(37A):
(37B):
(37C):

(37D):

(357A):
(357B):

(357C):

(27A):
(27B):

(257A):
(257B):
(257C):

(257D):

[31; 22] = 25,
[21, -‘Bz] = 2s,
[21, z2] = 2s,
[83, 34] = Zs,
[31, ?-'z] =25,
[23, 24) = zs.

[31,321 =Zz3,
[zz. 341 = Te¢:
[31.32] =Z3,
(22, 23] = z6;
(21,22] = 23,
[z2, 23] = zs,

{21, 32] = Zg,
[21, -‘Bz} = ZTe,
[33, 24] = Tg-

[21, 22] =23,
(22, 24] = z6;
[21.22] = Z3,
[32.-"35] =z7
(z1,22] = z3,
[32135] =27
[z1,22] = z3,
[32,34] = Ze,

Upper Central Series Dimensions (37)

[3-'2, 24] =z
[33, -"34] =2z7
[22, z‘l] =27,

[32, 23] = Tg,
[zz, 23] = Ze¢,
[‘-'32, 23] = Z¢,

(21, 23) = z6, [22,24] = 27,

Upper Central Series Dimensions (357)

[21, z3] = s, [31, 34] =2z,

[31) 33] =25, [zls 24] =2z7,

(z1,z3] = 25, [21,24] = 27,

(22, 24] = 255

Upper Central Series Dimensions (27)

[2:3, 25] =zn
[22123] =27,

[331, -’54] =2z,
[zln 35] =27,

Upper Central Series Dimensions (257)

[21,33] = Zg, [31, zs] =2z,

(21,23] =26, [21,24] =27,
[31, 23] = Zg [32, 34] = Z¢,

[21,2z3) = z6, [21,24] =27,

[22,25) = z7;
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(257E):
(257F):
(257G):

(257H):

(257I):

(257J):

(257K):

(257L):

(247A):
(247B):
(247C):
(247D):

(247E):

(247F):

(247G):

(247H):

(2471):

(2473):

(247K):

(247L):

[21. ='32] =Z3,
[z-‘h 35] = Zg,
(21, 22] = 23,
[z4, 25] = z6;
[31, zz] = Z3,
[32,241 = 27,
[zll 32] = T3,
[34, zs] =27
[zls 22] = I3,
[31, 25] =27,
[31. zz] = Z3,
[zZt 23] =27,
[319 22] = T3,
[za, zs] = z7;
[zx,zz] = T3,
[372: 334] = Zg,

[31,33] = Zg,
[22, 2¥3] = Tg,

[31: 33] = Zg,
[34. 85] = Tg;
[21, -"33] = Zg,

[21:23] = Tg,
(22, 23] = 27
[z1, 23] = zg,
[32. ?-4] = Zg;
[21, z3] = ze,

[31, 33] = Zg,
[’«'4, 35] =Z7

[z2,24] = 27,
(22, 24] = =7,
[z1,25) = z7,
[z2,z4] = zs,
[z1,24] = z,
[z1,25] = z7,
[z2, 23] = =7,

[z2, 23] = 27,

Upper Central Series Dimensions (247)

[21, 2] = 2i42,1=2,3,4,5;
[zl,z,-] = 2Zi2,1=2,3,4
[21,2i] = 2i42,1=2,3,4
[z1,2i] = 2i42,.1=2,3,

[z3,z4] = z7;

[zlszi] = zi+21£= 2,3,4

{233 241 =2Z7,

[zli 2{} = Tie2n i= 2! 3|

[23, 24] =27,

[zly 3;’] =2i42,1=2,3,4

[221 2:.'m] =2z7,

[21, Si} = Tiy2, 1=2,3,4

[23, 34] =7,

[:Bl, z,—] = 242, 1= 2, 3,

[33, 35] =T7,

[21,2{] = 2,‘.;.2,!: = 2,3

[33, 24] =2z,

[zlv zi] = zi+2|i =2,3,4

[23.25] = Tg;

[31,8,’] = Ti+2, i= 2, 3,4,5

(z3,25] = z7;
[zlv 25] =27,
[31, 34] = Zg,

[21.35] = Te,

[22; z4] = zs,
(23, 25] = Z6;
[21,25] = za,
[33, 24] =27,
[22, 24] = Zg,
{23) 25] = Zg;
[-‘Bz; zs] = Tg,

{31, 25] = Zg,
[23, zs] = Zg;

[22, z5] = 27,

(22, 23] = z6;

[za, 25] = Tg.
[22735] =27,

(22, z5] = 27,
[z2,25] = 2z,
[zzv 24] = Zg,
[z3, 25] = z6;
[1'2. zs] = Z7,
[z3, z4] = 26,

[32; 35] =27

[23, 34] =27,



(247M):
(247N):

(2470):
(247P):
(247Q):

(247R):

(2457A):
(2457B):
(2457C):
(2457D):

(2457E):

(2457F):

(2457G):

(2457H):

(24571):

(2457J):

(2457K):

(2457L):

(2457M):

[21, z.-] = Zi4+2, = 2, 3, 4
[31, z,-] = T2, 1= 2, 3,
[22. 24] = Tg;

(21,2i] = i42,1=2,3,4
(23, 5] = z6;

[31, 2,‘] = z,—.,.z,i = 2, 3,
[2'3, 24] =z

[21,2:] = 2i42,§1=2,3,4,
[33, 34] =2z

(21,2 = 2i42,1=2,3,4
(z2,25] = z7,

[-’tz,zs] = Zg,
[zll z5] = Zg,

[zll 25] =2z7,
[32s33] = Z¢,
(22, 23] = 2,

[:11 25] = Zg;,
(23,24] = z7;

[33, 25] =z7;
[32» zS] =z,

[321 33] =27,
[22,25] = 27,
[z2, 25} = z7,

[22, 23] = 2¢,

Upper Central Series Dimensions (2457)

(21,25] = zi+1,1= 2,3,
(21,2 = 2541, 1= 2,3,
(21, 2] = 2i41,1= 2,3,
[21, 2] = zit1,1= 2, 3,
(22, zs] = z6;
[z1,2i] = 2i+1, 1= 2,3,
[z2,25] = z;
[21,2i] = zi41,1= 2,3,
[zl,z,-] =zi41,t = 2,3,
[32. 23] = Zg;
[zl,z.-] =241, = 2,3,
[32,35] =27,
[z1, 2] = zi+1,i= 2,3,
[z2,25] = 27;
(21,28 = 2i4+1,1= 2,3,
[22,35] =z
(z1,2i) = zi+1,1 = 2,3,
[z2, z3] = 26,
[21, ] = 21,1 = 2,83,
[22,23] =zZs,
[zlx 2:‘.] = Ti41, i= 2) 3!
[22, 23] = z5,

[zll zi] = Zi42, i= 41 5;

[zlv 34] =z7,

[211 zi] =Zit2 t=4, 5,
[zll t;‘] = Zi+2,i = 4| 51

[zlv 34] =27,

[21, 2] = Zi+2,i=4,5,

(21, 24] = 27,
(21, 24] = 27,
[31, 7-'4] = Zg,
[21, 34] = Te,
(21, z4] = 27,
(22, z5] = z7;
[zln 24] = Zg,
[22,24] =27,

[z1,24] = 27,
[z2, z4) = z6;
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[32, 35] = Z¢,
[zz, 25] = Zg;
[221 =3] = ZTg,

[22, 23] = Zg,

[321 23] = Zg;
[31135] = Z¢,

[22, -‘Bs] = Zg,

[32. 33] = Zg,

[221 33] =Zg + 7,

[21, zs] = Zg,

[31, 35] =2z,
[221 25] = Zg;
[21, ==5] = Zg,



Upper Central Series Dimensions (2357)

(2357A):  [z1,25] = 24, [21,24] =25, [21,25] = 27,
(z2,23] = 25 + 26, [23,24] = —27;
(2357B): [21,2;] = 24, [z1,23] =26, [z1,24] = 25,
["’1, z5] = 27, [32.23] = Zs, [33, 24] = -z,
(2357C):  [z),z2] = 24, (21, 24] = zs, [z1, z5) = z7,
(22, 23] = 25, [22,z4) =26, [z3,24] = —27;
(2357D):  [z1, 23] = 24, [z1,23) =26, [21,24] = z5,
[z1,25] = 27, [z2, 23] = 2s, [22, 24) = z6,
[33. 24] = -2
Upper Central Series Dimensions (23457)
(23457A) [21, z,-] = 2"+1,i = 2, 3, 4, [21, 25] = Zg, [22, 33] = 27;
(23457B):  [z1,%i] = 2i41,1 = 2,3,4, [22,23] = 27, [z2,25] = zg,
[23' 34] = —2g;
(234570)2 [21, Z"] = Titly i = 2, 3, 4, [21, 25] = 2g, [222, 25] =2z7,
(23, 24] = —27;
(23457D) [21, 2{] = ZTitl, t= 2, 3, 4, [21, 25] = Tg, [32, 23] = Zg,
(22, 25] = 2, [23,24] = —27;
(23457E):  [z1,zi) = 2i41,1 = 2,3,4, [21,25] =z, [22, 23] = z5 + =7,
[22, 24] = Zg;
(23457F): [z1,2i] = 2i41,i=2,3,4, [22,23] =25+ 27, [22,25] = 2,
[23, 24] = —Zs;
(23457G)2 [:Bl, 2;] = 2,‘+1,i = 2, 3, 4, [21, 25] = Zg, [2:2, :!:3] = Zs3,
[22,24] = 26, (22, 25] = 27, [23,24] = —2z7;
Upper Central Series Dimensions (17)
(17): [z1,z3) =27, [23,z4] =27, [25,26] = 27

Upper Central Series Dimensions (157)

[tl, 22] = Z3, [zlv z3] =27, [221 84] =z,

(zs, ze] = 273

(157):
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Upper Central Series Dimensions (147)

(147A):  [21, 22] = z4, [z1, 23] = zs, [z1, ze] = 27,
[zz, ts] = z7, [33, 34] =z7

(147B):  [z1, 23] = z4, [z1, 23] = zs, (z1,24) = 27,
(22, z¢] = 27, (23, 25] = z7;

(147D):  [z1, 23] = 24, (z1,23] = =26, [z1,25] = 27,
[z1,26] = 27, [z2,23] =25, [22,26] = 27,
[z3, 24) = —227.

(147E): One parameter family, with invariant I(A) = §z3E0F A #0,1
[zl. 22] =24, [21, 23] = —Zg, [31, zs] = —-27,
[z2, 23] = zs, [z2,26] = Az7, [23,24] = (1 = A)z.
When A = 0 or 1, it is isomorphic to (247P).

(147F): (for x = 3 only)

[31, zs] =z7,
[22, 34] =27,

[21, z2] =24, [31.33] = —Zg,
(21, 26] = z7, [z2, 23] = zs,
[22, 36] =27, [33. 34] =27

Remark: (147C) in Seeley’s list is a special case of (147E) by taking A = 1.

Upper Central Series Dimensions (1457)

(1457A): [z, 2] = 2i41,1= 2,3, [z1,24) =27, [Z5,26] =2z7;
(1457B):  [z1, 2] = 2i41,1=2,3, [z1,24) = 27, [22,23] =27,
(25, 26] = 27;
Upper Central Series Dimensions (137)

(137A): [z1,22] =25, [z1,25] =27, [z3,24] = 26,

(z3,2¢] = 27;
(137B): [31, zz] = &3, [21, 1:5] =Z7, [zz, :c4] =27,

(23, 24] = 26, [23,26] = 2z7;
(137C): [z1,22] =25, [z1,24] =26, [21,26] = 27,

(22, 23] = z6, [2z3,25] = —z7;
(137D)! [21, 232] = 25, [21,24] = Tg, [21, 36] =27,

[32, 33] = Zg,

(22,24 = 27

[23,25] = —27;
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Upper Central Series Dimensions (1357)

(1357A):  [z1,22] =24,  [z1,24] = 25, (21, 25] = z7,
[22,23] =25, [22,26] = z7, [z3,24] = —z7;

(1357B): [z1,22) =24, [21,24] = =5, (21, 25] = 27,
[22,23) =25, [23,24] = —27, (23, 26) = 273

(1357C):  [z1,22] =24, [21,24] = 25, [21,25] = 27,
(22, 23] = 2s, (z2,24] = 27, (23, 24] = —2z7,
[23,26] = 27

(1357D): ([z1,2z2] =23, [z1,26] = 27, [z2, 2] = Zit2,i=3,4,
(22,25} =27,  [z3,24] = 27;

(1357E): [z1, 23] = =3, (22, 2i] = zit2,i = 3,4, (22, z5] = 27,
(24, 2¢] = z7;

(1357F): [z1,z3] =23, [21,23] =27, [®2, %] = zi42, 1= 3,4,
[22,25] =27, [z4,26] = —27;

(1357G)2 [21, z;] = T3, [zl, :1:4] = Zg, [21, 26] = 27,
[22, z3) = zs, [z2,25] = z7;

(1357H): ([21,22) =23, [21,24] = Ze, (1, z6) = 27,
(22, 23] = s, [z2,25] = z7, (22, z6] = 27,
[z3,24] = —27;

(13571):  [z1,2z2) =23, [z1,24] = Ze, [22, 23] = =5,
[z2,2z5] =27, [z4,2¢] =27

(1357J)! [t],, 22] = 2Z3, [:I:l, 2:3] =T, [2:1, 2:4] = Zg,
(z2,23) =25, [z2,25] =27, (z4, z6) = z7;

(1357L): [z1,2z2] = 23, [Z1,2i] = 2i42, 0= 3,4,5, [z2,Z3] = 27,
[z2,24] = 25, [z2,z¢] = %37, (23,24) = %271’

(1357M): One parameter family, with A # 0
fz1,z2) =23,  [z1,25] = Ziv2,1=3,4,5, [Z2,24] = 25,
(z2,z6] = Az7, [z3,24] = (1= A)z7;
When A = 0, it is isomorphic to (2357B).

(1357N): One parameter family.
(z1,23] =23, [z1,2] = 2i42,=3,4,5, [z2,23] = Az7,
[z2,24] = 25, (23, 24] = z7, (24, 26] = 27;

(13570): [z1,z3) =23, [21,23] = =5, (21, z6] = z7,
(22,23 =26, [22,24] = 25, [z2, 25] = z7;

(1357P): [21, 22] = 23, [21, 2,‘] = Ti4+2, i= 3, 5, [22, 23] = Zg,

[zz, 24] = s, [22, 26] =27, [33, 34] =z7
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(1357Q):

(1357R):

(1357S):

[31,32] = Z3,
(=2, 23] = z6,
[31, 22] = Z3,
[22, z3]) = =z,
(23, 24] = z7;

(21, -‘Bs] = zs,
[332, 24] = Zg,
[21,231 = Zs,
[32, 34] = Tg,

[31. 35] =27,
(22, z6] = z7;
[21,z6] = 27,
[22,2s]) = 27,

One parameter family, with A # 1

[21, 82] = 23,
[zlv zs] =27,
[22, zs] =Zz7,

[31, 23] = Zs,
[32, 33] = Zg,

[z2, z6] = Az,

[zl‘l z5] =27,
[22, 24} = 26,
[23- 34] =7

When A = 1, it is isomorphic to (2357D).
Remark: (1357K) in Seeley’s list is a special case of (1357M) by taking A = 1/2.

Upper Central Series Dimensions (13457)

(13457A): [zy,2i] = zi41, 1= 2,3,4, [21,25] =27, (22, z6] = z7;

(13457B): [21, z,-] = Zi+1 i= 2, 3, 4, [21, zs] =27, [22, 2:3] =Zz7,
(22, z6] = z7;

(13457C):  [21,2i] = 2i41, 1 =2,3,4, [z1,26] =27, [22,25] = 27,
(z3,24] = —27;

(13457D). [21, z.-] = Zi+1, i= 2, 3,4, [21,25] =27, [22, 23] = 25,
(22, 24] = 27, [z2,26] = z7;

(13457E): [21,2:] = Zi41,1= 2,3, 4, [zl, z¢) = 27, (22,23] = zs,
(22, 25] = 27, [z3,24] = —27;

(13457F):  [z1,2:] = zi41, £ =2,3,4, [21,25] = 27, (22, z3] = =6,
[32, 36] = 27,

(13457G): [z1,2:] = ziy1, 1 =2,3,4, [z1,26] =27, [Z2,23] = 26,
[z2,24] = 27, (22, 25] = 27, (23, 24] = —27;

(134571):  [z1,25] = zi41, 1=2,3,4, [zy,25] =27, [22,23] = %,
(z2, z5] = 27, [z2,26] = 27,  [z3,24] = —27.

Remark: (13457H) in Seeley’s list is not a Lie algebra, should be deleted.
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Upper Central Series Dimensions (12457)

(12457A): [21, 2] = zit1, 1= 2,3, [z1, 24] = zs, [z1,z6] = 27,
[22, z5] = 26, (za, zs] = z7;

(12457B): [z1,2:] = zit1, 1= 2,3, (21, 24} = zs, (z1,z6] = 27,
(22, 25] = z6 + z7, [z3, z5] = z7;

(12457C):  [z1, 2] = zi41, 1= 2,3, (21, 24] = zs, (22, 25] = z,
(22, 26] = 27, [23,24] = —27;

(12457D): [z, zi] = zit1, 1= 2,3, [z1, 2] = 2i42,£=4,5, [22,2Z5] = z6,
[zz,zs] =z, [-"13, 34] = —27;

(12457E): [z1,2:i] = zi1,1= 2,3, [z1,z4] = 26, [21,26] = 7,
(22, z3] = 26, (=2, 34] =27 (z2, z5s]) = za,
(23, 25] = z7;

(12457F) [zli zi] = Zitl, 1= 2,3, [zli z‘l] = Zg, [22, 23] =2g
[z2, 2] = zi41,1= 5,6, (23, 24] = —27;

(12457G)Z [271, 2,’] = 2{+1,i = 2, 3, [31, 24] = Pg, [21, zs] =27,
(22, z3] = zs, [22,2i] = 2i41,1=5,6  [z3,24] = —27;

(12457H): [z1,2:] = Zit1, 1 = 2,3,5,6 [22,2j] = 2j42,5 = 3,4, [23,24] =27

(124571): {21, 2] = 2i41, 1 =2,3,5,6 [22,2;] = 2j42,5 = 3,4, [z2,25] =27,
[23, 24) = z7;

(124573):  [z1,2:] = Zig1, 1 =2,3,5,6 [21,24] = 27, (22, 23] = zs,
(22, 24] = 26, [22,25] = 27, [z3,24) = 24;

(12457K):  [z1, 2] = Zis1, 1 =2,3,5,6  [21,24] = 27, [z2, 23] = zs,
(22, 4] = zs, (23, z4]) = z7;

(124571:) [21, z;] = Zi41, 1= 2,3,5, 6 [l:z, z,—] = 2_,’+2,j = 3,4, [zz, 35] =27,
[z3, 24] = 27, [z3, z5] = —27;

(12457N): One parameter family, with invariant I(A) = A + A~1.

[31, 2:‘] = Ti41,
[221 24] = ZTg,
(23, 24] = 27,

1=2,3,5,6

[z1,z4] = 27,
(22, 25] = Azq,
[23,25] = —z7;

(22, 23] = zs,
[22, 36] =27,

Remark: (12457M) in Seeley’s list is just a special case of (12457N) by taking A = 0.

Upper Central Series Dimensions (12357)

(12357A): [31, 22] =24, [zly 3{] =Titl, i= 47 51 6, [221 23] = Zs,
[zs, 24] = —2Zg, [33. 25] = =7

(123573): [21, 22] =24, [31, 2{] = Zi41, t= 4, 5, 6, [22, 23] =25 + z7,
(z3,z4) = —26, [2z3,25] = —27;

(12357C): [z1,22] =24, [21, zi] = zip1, i =4,5,6, [23,23] =25,

[22,24] = 27, [23,24] = —26, [z3,25) = —z7;
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(123457A):
(123457B):
(123457C):
(123457D):
(123457E):
(123457F):

(123457H):

(1234571):

Upper Central Series Dimensions (123457)

[z1,2i] = 2zi41, 2< i< 6.

[21,2i] = 2i41, 25 i< 6, [22,23] = 27
[21,2;] = Zit1s 2 < ) § 6, [22,85] = 7,
[z1,2)] = Zi41, 258 K5, [z1,26] = 27,
[22,24] = 27;

[z1,2i] = 2i41, 2L 1 <5, [21,26] = 27,
[z2,24] = 27

[z1, 2] = zi41, 2< 1 <5, [21,26] = 27,

(22, 24] = [22,25] = 27, [23,24] = —27.
[z1,zi] = 241, 2 < i <5, [21,26] = 27,
(22, 24] = 26, [z, 25] = 2+

One parameter family.
{zlr zi] = Zitls 2 S i S 5, [zll 36} =2z7
(22, 24] = zs, [z2, z5] = Az,

[33. 34] = —27.
[zZ) 231 = Zg,

[z2t 33] =Zg + z7,
[32,23] = T,
[z2, 23] = 25 + 27,

(22, 23] = 25,
[23,24] = (1 — /\)37.

Remark: (123457G) in Seeley’s list is a special case of (123457I) with A = 1.
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4.2 List of 7-Dimensional Indecomposable Nilpotent Lie Al-
gebras over the Real Field

Each of the algebras in the list of Section 4.1 can be interpreted as a Lie algebra over R.
In the case of infinte families, we have to restrict the parameter A to take real values. The
exceptional algebra which occurs in the case x = 3 should be omitted. In addition to these
algebras, we have the following 24 extra indecomposable algebras over the real field R.

Upper Central Series Dimensions (37)

(37B1):  [z1,22] = =5, [21,23) =26,  [2z1,Z4] = 27,
[zz, 24] = Zg, [za. 2:4] = —Zs;

(37D1)' [21, 32] = Ts, [21, 33] = 2Zg, [21, 34] =27,
[22, 23] = —27, [z2,24] =26, [23,24] = —25;

Upper Central Series Dimensions (257)

(25731): [z1,22) =23, [z1,23] =26, [21,2Z4] =z,
[21, 35] =2Z7, [zz. 23] =z7, [32,35] = Tg,

Upper Central Series Dimensions (247)

(247E1):  [z1,2:] = 2i42,8=2,3,4 [z2,24l =27, [Z3,25] = z7;

(247F1):  [z1,%i] = Ti42,1= 2,3, [22,24] =z, (22, 25] = =7,
(23, 24] = 27, (23, 25] = —z6;

(247H,):  [z1,2i] = Tig2,1 = 2,3,4 [22,24] = zg, [z2,z5] = =7,
(23, 24] = 27, (23, 25] = —z6;

(247P1):  [z1,2Zi] = Zit2, 8= 2,3,  [z2,23] = zg,
[22, 24] =z, [23, zs] =2z

(247R1): [21, 3,‘] = Ti+2, t= 2, 3, 4 [33, 23] = Zg,
(22, 24] = 27, (23, 25] = z7;

Upper Central Series Dimensions (2457)

(24571‘1): [zlv z‘i] = 2{.[,.1,2' =2,3, [:1, 34] = Zg; [21, 25] = z7,
(22, 23] = zs, [z2,24] = 27, [22,25] = —z6:
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(2357D1): [21)22] = Z4, [zli 33] = ZTg, [zll 2:4] = Ts,
[’-1,251 =27, [zz, 23] = Zs, [32' 34] = —2%g,
{z3,24] = —z7;
Upper Central Series Dimensions (147)
(147A,):  [zy1,z2] = 24, (z1,2z3] =25, [21,26] = 27,
(22, 24] = 27, (23, 25] = z7;
(147E;): One parameter family, with A > 1
[’-1,32] = Z4, [22, 23] = 25, [31, 23] = —T¢,
[21,26] = —Az7, [23,25] = Az7, (22,26] = 227,
[33, 24] = —22:7.
Upper Central Series Dimensions (137)
(137A,):  [z1,23] = 2s, (21,24] = 26, [21,25] = 27,
[321 33] = —Zg, [221 24] =25, [221 36] =27,
(137B1)Z [21, 23] = Zg3, [21, 24] =2, [31, 25] =27,
[zZv 3:3] = —Z¢, [z2s 34] =2Zs, [zZv z¢] = z7,
[ZSa 24] = 27,
Upper Central Series Dimensions (1357)
(1357F1)' [zll 2:2] = Z3, [211 33] =z, [227 zi] = Zigz,1 = 3,4,
[321 35] =27, [24! 26] =2Z7,
(1357P1)’ [2.'1, 32] = Z3, [21, z,-] = :c,-+2, 1= 3, 5, [22, 83] = Zg,
[221 34] = 25, [221 36] = —27, [z3l 34] =T
(1357Q1) [21, 22] = 2Zz3, [31, 23] = 25, [2:1, 35] =27,
[22, 33] = Zg, [32, 34] = Zg, [22, ze] = —Z7;
(1357QRS;): One parameter family, with invariant 7(A) = A+ A~% and A # 0.

Upper Central Series Dimensions (2357)

(21, 22] = 23
[zl: 25] =z,

[21, 23] = zs,
[32, z3] = —Z¢
[z3,24] = (1 = N)zr.

[21,24) = 26
[221 34] = Ts,

[zz, 25] = Az7
When A =1, (1357QRS; )= (1357Q) over C;

When A = -1, (1357QRS,)=%(1357R) over C.
(1357QRS;, A # 0,+£1) becomes (1357S, A > 1) over C.
When A = 0, it becomes (2357D).
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Upper Central Series Dimensions (12457)

(1245734):  [z1,2:5] = 2i41, 1=2,3,5,6 [z1,24] =27, [22,2;] = 242,57 = 3,4,

[22) z5] = —z7, [23, 24] =2z7;
(12457L1):  [21, 2] = Zi41, 1=2,3, [z1,24] = —2s, (21, z6] = 22,
[22’ 33] = zs, [32: 35] = —2g, [23,35] = —27;
(12457N1)2 [31, z,-] =241, t=2,3, [zh 34] = —zg, [zhzs] =z,
[22,33] = Zs, [221 85] = —z¢+ 27, [331 25] = —-z7

It is isomorphic to (12457N, A = 1) over C.
(12457N2): One parameter family, with A > 0.

[zlr Z{] = Zi41, i= 21 31 [zls 34] = —2¢, [zlv 25] =27,
[21, 26] = 2z7, [22. 33] =Zs, [1!2, 7-'4] =27,
(z2, z5] = ~z6 + Az, (23, z5] = —27;

It is isomorphic to (12457N,\ # 1) over C.

Upper Central Series Dimensions (12357)

(12357B1)’ [21, zz] = Z4, [zlt 2.:] = Tit1, 1= 41 51 61 [321 zS] =I5 — 27,
[23,24] = —2Zg, [23, zs) = —z7;

Upper Central Series Dimensions (123457)

(123457H,): [z1,2i] = 2i41,2< <5, [21,26] = —27, [22,23] = z5 + 27,
(22, 24] = 26, (22, z5] = —z7;
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Chapter 5

Two-Step Nilpotent Lie Algebras

In this chapter, we consider all the central extensions of Abelian algebras — Ng g, Nss and
N4 4 — over both algebraically closed fields of characteristic # 2, and over the real field R.

Central extensions of Ngg = ag:

Basis: A;j, 1<i<j<6.

In this case, we have Aut Ngg = GLg. To make sure that the central extension does not
have any Abelian direct factors, we require that the skew-symmetric matrix corresponding
to the 2-cocycles to be nonsingular, therefore by a classical result on the canonical form for

nonsingular skew-symmetric matrices (see [16] for example), we can immediately obtain a
representation in U;(g)/Aut g as A2 + Aas + Asg, which corresponds to the algebra (17).

Therefore the corresponding central extension of Ngg of dimension 7 over any field is:

R17) [zlr z2] =2z7, [381 34] =27 [351 26] = 37.—I

Central extensions of N5 s = as:
Basis: Ajz, A3, A4, Ass, Aza, Azq, Aas, Azq, Azs, Ags.
Group action: aAj; + bA13 + cA14 + dA1s + eAas + fAz4+ gA2s + hA3y + 1A3s5 + FA4s:

a — aj1(aazz + bagy + caqa + dasa) + az1(—aayz + eas; + faqz + gasy) + azy (—baiz — eazz +
haqz + iasz) + aq1(—car2 — fazs — hagz + jasz) + asi(—day2 — gazz — iasz — jaqz);

b — ay3(aaz3 + bass + caqs + dass) + az21(—aais + eass + faqs + gass) + ea1(—bayz — eazs +
hags + iass) + aq1(—ca13 — fass — hass + jass) + asi1(—days — gazs — iazs — jasa);

¢ = a11(@a24 + baszy + casq + dass) + a21(—aa14 + easq + faqq + gasq) + aar(—barq — eazq +
hasq + tasg) + agy(—ca14 — fazq — haszg + jass) + asi(—dars — gazq — iasq — jaaq);

d = ayy(@aas + bags + cags + dass) + az1 (—aays + eass + faqs + gass) + az1 (—bays — eazs +
hags + iass) + aq1(—cays — fazs — hags + jass) + asy(—days — gazs — iass — jags);
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e — aya2(aaz3 + bass + caqs + dass) + a22(—aay3 + eass + fass + gass) + azz(—bayz — eaxs +
hayz + ias3) + aq2(—cayz — fazs — haaz + jass) + asz2(—dais — gazs — iazs — jags);

[ — a12(aazy + bazq + cagy + dasg) + az22(—aay4 + eazq + fass + gass) + aza(—bayy — eaxq +
hags + tasq) + Ga2(—cairs — fazq — hazq + jasq) + asz2(—da1s — gazq — iasq — jag);

g — aya(aazs + bass + cays + dass) + az2(—aays + eass + fags + gass) + azz(—bays — eazs +
hags + iass) + aqz(—cays — faqzs — hass + jass) + asz2(—da1s — gazs — iazs — jags);

h — ay3(aazq + bazq + casq + dasy) + a23(—aays + easzq + fasq + gass) + aza(—bayq — eazq +
hasq + ia54) + aqa(—ca1q — fazq — hazs + jasqe) + ass(—darq — gazq — iazq — jag4);

i = a13(aazs + bass + caqs + dass) + az23(—aays + eass + fags + gass) + azz(—bays — eazs +
hass + iass) + aas(—cays — fazs — hags + jass) + ass(—days — gazs — iags — jags);

j = aiq(aaqs + bazs + caqs + dass) + az4(—aays + eazs + faqs + gass) + azq(—bays — eazs +
hags + iass) + agq(—cais — fazs — hazs + jass) + asq(—days — gazs — iazs — jags);

Assume a # 0. Choose a2; = a3; = a4; = @53 = 0. Then make b = ¢ = d = 0 by solving for
@23, @z4 and ajs respectively. To fix b, ¢, d, we require that az3 = a4 = azs = 0.

Choose a;2 = a3z = a42 = asz = 0, we can make e = f = g = 0 by solving for a;3,a;4 and
a5 respectively. To fix e, f, g, we require that @13 = a;4 = a;5 = 0.

Now

h — a3z(hasq + iass) + aqa(—hase + jasq) + as3(iasg — jass);

i = azz(hags + iass) + aqa(—hass + jass) + asa(—iaas — jags);
3 = azs(hags + iass) + aga(—hass + jass) + asq¢(—iazs — jass);

If one of k, 1,5 # 0, then make h # 0, and i = j = 0 and get get case 1: a # 0, h # 0, while
b=c=d=e=f=g=i=j=0, i.e. A1=[1,0,0,0,0,0,0,1,0,0].

Ifall h =% =37 = 0, then we get case 2: only a # 0, and all the others are zero, or
A; =[1,0,0,0,0,0,0,0,0,0].

Case 1: Al = [1, 0,0,0,0,0,0, 1, 0, 0] Choose Q13 = Q14 — Q15 = 423 = 024 = Q25 = A3] =
Q32 =A3s =Qq1 = a2 =a4s =0, wewillfixb=c=d=e=f=g=i=35=0.

Assume B = [0,b,¢,d,e, f,g,k,i,j]. One of d,g,%,5 # 0.

a =0 — andas; + az219@s2 + as1(—dayz — gazz);

b — @11 (bass + caqs + dass) + az1(eass + faqs + gass) + asi(—iaas — jags);
¢ = a1y (baszy + casq + dase) + az1(easy + faaq + gasqe) + as1(—iass — jaaq);
d — a;jdass + a2;9ass;

e — ajp(bass + caqs + dass) + azz2(eass + faqs + gass) + asz(—iass — jass);

f = aj2(bazg + casq + dasq) + aza(easq + fagq + gass) + asa(—iazq — jasgs);
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g — ajzdass + az2gass;

h — aza(haeq + tass) + a43(—hasq + jass) + ass(—iasq — jag);
t — aggiass + ag3jass;

J —* aaqiass + aqqjass;

Subcase 1.1: One of d,g # 0. Make d # 0 and ¢ = 0. Fix g = 0, we require that a;; = 0.
Assume a;; = as; = 0. Make b = ¢ = 0 by solving for as3, and as4 respectively. Makea = h
by solving for as;, and further make them to be zero by subtracting a multiple of A from
B.

Subcase 1.1.1: One of ¢,j # 0. Makez# 0 and j =0.

Now by taking @2 = azg4 = as; = as3 =asq =0,a=0-230,0=0—=0;c=0 = 0;
d —» ayidags; e — axeass + faqs); f — G22fa44; 9 =0 = 0; R =0 — 0; ¢ — azjiass;
j=0-—-0.

Now if f # 0, make e = 0 by solving for a43, to get a representative:

B, =[0,0,0,1,0,1,0,0,1,0].

If f =0, depending on e = 0 or not, we would have two representatives
B, =1[0,0,0,1,0,0,0,0,1,0]

and
B; =[0,0,0,1,1,0,0,0,1,0].

Subcase 1.1.2: Both ¢ = j = 0. Taking a;2 = as2 = as3 = asq = 0, we have a = 0 — 0;
b=0—0;¢=0—0;d - ay1dass; e —+ azz(easa+ fags); f — azz(eazs+ fass); 9 =0 —0;
h=0-0;i=0—0;=0—0.

If one of e, f # 0, make e = 1 and f = 0 to get a representative

B4 =1[0,0,0,1,1,0,0,0,0,0].

If both e, f = 0, then get Bs =[0,0,0,1,0,0,0,0,0,0].

Subcase 1.2: Both d = ¢ = 0. Then one of ¢,j # 0. Make i # 0 and 7 = 0. Taking
a3y = 0, we have a = 0 — 0; b — ay;(baas + caqs) + azi(eass + faqs) + asi(—iaas);
¢ = aji(caqq) + a21(faaq); d = 0; e = a12(bass + caqs) + az2(eass + faqs) + asz2(—iaas);
F = ay2(caqq) + a2 faqq; g — 0; b — aas(haeg + tasy); # = aszsiass; j =0 — 0.

Make b = e = h = 0 by solving for as;, asz and as4. If one of ¢, f # 0, then makec =1
and f = 0, we get a representative Bs = [0,0,1,0,0,0,0,0,1,0]. If both ¢ = f = 0, then we
have Bg = [0,0,0,0,0,0,0,0, 1,0].
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Case 2: A; =[1,0,0,0,0,0,0,0,0]. To fix A up to a scalar, we require that a;3 = a;4 =
G15 = @23 = Gz4 = @25 = 0. Let B =[0,b,¢,d,e, f, 9, h,1,j], we have

a = 0 — ay1(basz +caqz + dasz) + az1(easz + fasz + gasz) + asi (—bayz — eazz + haygz + tasz) +
aq1(—caiz — fazz — hagy + jasz) + asy(—dayz — gazs — iasz2 — jasz);

b — a11(bass + caq3 + das3) + a2 (eass + faqs + gasa) + as1(+hags + iasa) + ag1(—hass +
jasa) + as)(—tasz — jass);

¢ = a11(bass+caqq +dasq) +az1(easq + fagqa +gase) + a31(hags +iass) + aq1(—hazs + jase) +
asi(—iasq — jaqa);

d — ayy(bass + caqs + dass) + az1(eass + fass + gass) + asi(hass + iass) + ag1(—hass +
Jass) + asi(—tazs — jass);

e — ay2(bass +caqa+dass) + azz(eass+ faqs + gass) + azz(hass +iass) +as2(—hass + jass) +
as2(—iass — jaqa);

f — ay2(basg + caqq + dasy) + az2(easq + faaq + gass) + azz(hass + iass) + aq2(—hasq +
Jass) + asa(—ia3q — jas);

g — a1z2(bass + caqs + dass) + azz(eass + fass + gass) + asa(hags + iass) + asz2(—hazs +
jass) + asz2(—iass — jags);

h — a33(haqs + iasq) + aga(—hase + jass) + ass(—ia3q4 — jagd);
i — azz(hays + iass) + asa3(—hass + jass) + asa(—tass — jags);
j — aas(haqgs + iass) + aw(—hass + jass) + ass(—iass — jaas);

One of h,%,j # 0. Make ¢ # 0 and h = j = 0. We would have h — aaaiasq +as3(—iazs) = 0;
i — aas(iass) + asa(—iass); 7 — ass(fass) + asqa(—iass) = 0.

We require that azq4 = asq = 0 to have h = j = 0. Now

a = 0 = aj1(dasz + caqs + dasz) + az(easz + fasz + gasz) + as1(—bayz — eazz + iasz) +
aq1(—caiz — fazz) + asi(—~dayz — gazz — iasz);

b — ay;1(bass + cayqs + dass) + az1(eass + faqs + gasa) + azi(iass) + as1(—iass);

¢ — ayi(caqq) + az1(faqq);

d — ayy(bass + cags + dass) + azi(eass + faqs + gass) + asi(hags + iass) + as1(—iass);
e — ayz(baas + cags + dasy) + azz2(eass + faqs + gasa) + asz(iass) + as2(—iass);

f = a12(caqd) + a22(faqs);

g — a12(bass + caqs + dass) + azz(eass + fass + gass) + asz(iass)asz2(—iass);

Make g = 0 by solving for a3z, e = 0 by asz, d = 0 by a3, b = 0 by as;. Now one of ¢, f # 0,
make c =1 and f = 0. We can always make a = 0 by subtracting a multiple of A from B.
So we get the representative for B as B; = [0,0,1,0,0,0,0,0,1, 0]
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Now we are going to prove that

(1) The representatives A; AB;, A;ABj, and A; A By are in the same orbit, and correponding
to (27B).
Consider the corresponding algebras:
(1.1) [z1,22] = 26, [21,25] = 27,23, 24] = 26,
(22, 24) = 27, [23,25] = z7;
(1.2) (z1,z2] = ze, [21,25] = z7,[z3,24] = 26,
(22, 23] = 27, [23,25] = z7;
(1.3) [z1,22] = 26, [21, Z5] = 27, [23, 4] = 26,
[22, 33] = 2Z7.
Then

(1.3) = (1.1): Taking z; — 23, 22 — T3 + 24, T3 = —2Z4, T4 = —Z1 + Z3,
s — —2s5, g — Tg, T7 — —2T7;
(1.3) = (1.2): Taking z; — 23, z2 = —z3 + Z4, T3 = 21, T4 — T2 + Zs,
Ts — T4, Tg —> Tg + Z7, T7 —> Zg.
(2) The representatives A; A B;, A; A Bs, A; A Bg and A; A Bz are all in the same orbit,
corresponding to (27A).

Consider the corresponding algebras:

(2.1) [z1,z2] = 26, [21, 25] = 27, [23, 24] = =6,
[z3, z5] = z7;

(2.2) [zl, 22] = Zg, [21, 35] =27, [Za, 34] = 2Zg,

(23) [31, 22] = Zg, [23, 35] =2z7, [23, 34] = Zg-

(2.4) [z1,22] = z6, [21,24] = 27,23, Z5] = 27.

Then

(2.4) = (2.1): Taking z2; — —2;, £2 — z5, 23 = —2| + Z3, T4 = Z2 + Z4,
s — —24, g = —27, 27 — —Zg,
(2.4) = (2.2): Taking z; = z;, z2 = =5, T3 — 23, 24 — Z2, Ts — T4,
zg — T7, 27 —> Tg;
(2.4) = (2.3): Taking z; — z3, 22 = z5, T3 — T2, T4 — —24, Z5 — 2,
g —*r 27, 27 > —Tg.
Now all we need to prove is that (1.3) and (2.4), which correspond to (27B) and (27A)
respectively, are not isomorphic. We can compare their orbits again, but here instead, we
use the ad hoc argument used by Seeley [31] to compare the so called minimal numbers.

For a given algebra, we consider all the nonzero elements in g/[g, g] and look for an ordered
basis {z; + [g, 8], - - » Z + [8, 8]} with the smallest

(dimIm(z,), - - - ,dimIm(z,))
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(called the minimal number) in lexicographic order, where Im(a) is the image of the adjoint
image of a. This is obviously an invariant for Lie algebra, and it offers us a very effective
way to distinguish two algebras.

In (27A), the basis of g/[g, g] is {z2, 23, 24, 25,2, }. We have
dimIm(z;) = dimIm(z3) = dimIm(z4) = dimIm(zs) = 1,
and dimIm(z,) = 2, and we can prove that
(dimIm(z;), dimIm(z3), dimIm(z4), dimIm(zs), dimIm(=,;)) = (1, 1,1, 1, 2)

is the minimal number. It is easy to see that the first 4 numbers dimIm(z;), dimIm(z3),
dimIm(z,), dimIm(zs) are already the smallest, being 1.

Consider the image of z = z; + az; + bz3 + cz4 + dzs.

Im(z) =< [zy z2]) [3, ‘7'3]1 [2, 24]) [zl 25] >=< zg, d27, z7, 627 >=< zg, 27 >,
therefore any element containing properly z; will have an image of dimension 2. So
(1,1,1,1,2) is the minimal number.

In (27B), the minimal number is going to be (1,1, 1,2,2), with the corresponding ordered
basis as {z3, 24, Z5,Z1, Z2}-
Hence (27A) and (27B) are not isomorphic.

Therefore the central extensions of Nj 5 of dimension 7 over any field (not necessarily alge-
braically closed) are:

(27A): [z1,22] =26, [21,24] =27, [23,25] = 27;
(27B): [z1,23) =26, [z1,25]) =27, [23,24] = 26,
[-132, 23] = z7.

Remark: The correspondence between the above and the algebra in Seeley’s list are: (27A)—
2,7A: 2, — —e, 23 9> b, 23 4+ ¢, 24 + ¢, 25 =& d, zg = g and z7 = f; (27B) — 2,7B:
zy>d+e 2z +3a+b—c, 23> —e,24 22a+2b—-c—-d—-e, 25> —a,26 > -f+g
and z7 = f.

Central extensions of Ny 4:

Basis: Ajz, A3, A14, D23, Azg, Aag;

Group Action: a2 + 8413 + cAyq + dAzs + elAaq + fA3zy;

Let Eg = @i,@j¢ — @it@j,, for 1 < 4,7,5,t < 4. Then

a - oS} + bE{3 + cZif + dT3] + T3l + Fa;

b— aZi} + 5213 + cZid + dx33 + €T3 + F2I;
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c— aXi} + 213 + cBl + a8l + eBld + 21

d — aZ3 + bE3 + cE28 4+ d223 + 52 + 23

e = aX?i + 0223 + cB28 + dX28 + 228 + FEI

f—aZ} + 053 + B3 + dE3 + 23 + 23

Now let A = [a,b,¢,d, e, f]. It is obvious that one of a,b,c,d, e, f is nonzero. Make a = 0
and b=1to get A=[0,1,c,4d,e, f].

Let az; = a4;1 = ag2 = a43 = 0, we can make ¢ = d = f = 0 by solving for aj4, a12, a14
respectively, and get A =[0,1,0,0,¢,0].

Nowa=0—>Z3+eRl2;0=1 3 +e2l3c=0 > Bl + Bl d =0 o £ + 223,
e E+eXll; F=0-2¥ 423

Depending on e = 0 or not, we can obtain the two representatives 4; = [0,1,0,0,0,0] and
A;=[0,1,0,0,1,0]. It is easy to check that A; and A; are indeed in different orbits.

Case 1: A=1{0,1,0,0,0,0]. To fix A, werequire that a=0 2 =0;0=1 - E3 =1;
c=0-23813=0,d=0-5328=0,e=0-322 =0, f=0-}H=0.

We may just choose a;; = a4 = a3z = a33 = azq = 0 and a;3 = —1/a3;.

Now assume that B = [a,0, ¢, d, ¢, f], under the group action,

a — aZ}2 + 212 + d12 + 212 + faz ag;

As one of a,c,d, e, f # 0. We may assume a = 1 in B, hence

A=10,1,0,0,0,0], B=1[1,0,c,d,e, f].

Now in B, we have a — ay1a;2 + cayjass + d(—a22a31) + eE32 + fasjaq; 6 =0 — 0 (by
subtracting a multiple of A from B); ¢ — a11624 + ca11a44 + d(—az4a31) + eZld + fazay;
d — (—a13a22) +c(—a13a42) +€(@22a43—a23042); € = €X2}; f — a13624+Ca13a44+ (2349 —
024043)-

Ife;éO, then makea=c=d=f=0bytakinga24=a42=1, Q22 = Q43 =G44=0, and
solve for a3, a;1, az3 and a43 to get the representative

Case 1.1: A=[0,1,0,0,0,0], B =[0,0,0,0,1,0].

If e = 0, then a — ajja2; + cajjaq2 + d(—azzaa1) + fazaq2; 6 =0—0 (by subtracting
a multiple of A from B); ¢ = ajja24 + ca11a44 + d(—0824831) + fazia4q; d = (—a13az2) +
c(—a13a42); e = 0 — 0; f — a13824 + cay3aqs.

We cannot make both d = f = 0, for otherwise the automorphism group is going to be
singular. Take agq = 0 and az4 = a42 = 1, make d = 0 by solving for a3, make ¢ = 0 by
solving for a;;. Then by taking a;; = azz = @44 = 0, we have a — faajaq; b =0 — 0 (by
subtracting a multiple of A from B); c=0—0;d=0—0;e=0—0; f — a13a24.
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Depending on f = 0 or not, we get two representatives for B: Case 1.2:B = (0,0,0,0,0, 1};
and Case 1.3:B =[1,0,0,0,0,1].

Case 1.1: A = [0,1,0,0,0,0] and B = [0,0,0,0,1,0]. To fix A and B, we require that
@12 = G4 = @21 = Q23 = A3 = Q34 = Gq1 = G43 = d4q = 0, a1 = (ayaas; + 1)/ass, and
a4 = —1/as;.

Now assume C = [a,0, ¢, d, 0, f], under the group action, we have a —+ aajja22 + cayjaq2 +
d(-az2a3;) + fasiaq2; b = 0; ¢ = aayiazq + d(—a31824); d = a(—a13822) + ¢(—aizaq) +
dajzzasz + f(—a42a33); e = 0; f — aaizaq; + d(—azqass).

We may assume d = 0, for otherwise we can solve for a;; to maked = 0. Then a — aa; a2+
cayaqz + fasiasz; b = 0 = 0; ¢ = aayaz4; d = a(—a13a22) + c(—a13aq2) + f(—aazasz);
e = 0; f = aajzazy.

One of a, c # 0, we may assume a = 0, for otherwise we can solve for az2 to make it to be
zero. Soc# 0. Set aj3 =0toget a = cay1a42; 0=0—230;c—>0;d—=0;e—0; f—> 0.

Then we have the representative C' = [1,0,0,0,0,0], with (1) A A B A C corresponding to
(37B).

Case 1.2: A = [0,1,0,0,0,0], and B = [0,0,0,0,0,1]. To fix A and B (up to a nonzero
scalar), we require that aj; = a3; = a3z = @34 = a4;1 = aq2 =0, , a11@22a33a44 F 0.

Now consider C = [a,0,¢,d,e,0]. Under the group action, ¢ — aajjaz; b6 = 0 5= 0
(By subtracting a multiple of A from C); ¢ = a(a11824 — a14a21) + ca11844 + €a31044;
d = a(-aj3a22) + c(—a13aq2) + dazzaass + €622a43; € = a(—a14a22) + €a22044; f =0 =0
(By subtracting a multiple of B from C).

One of a,d,e # 0. If a # 0, taking a3; = a43 = 0 and make ¢ = d = ¢ = 0 by solving
for a4, 213 and a4 respectively to get a representative of C: C, = [1,0,0,0,0, 0], with (2)
A A B A C) corresponding to (37B).

If a =0 and e # 0, then we can make ¢ = d = 0 by solving for a;; and a43, and get the
representative C = [0,0,0,0,1, 0], with (3) AA B A C corresponding to (37B)

If a = e = 0, then d # 0, depending on ¢ = 0 or not, we may obtain two representatives
¢, =[0,0,0,1,0,0] and C; = [0,0,1,1,0,0], with (4) AA B A C; corresponding to (37A)
and (5) A A B A C; corresponding to (37C).

Case 1.3: A =[0,1,0,0,0,0} and B = [1,0,0,0,0,1] . To fix A and B (up to a nonzero

scalar) we require that a;2 = a14 = @34 = a3 = a3z = a3zq = 0, a1y = a33a44)/a22,
a13 = —a33a42/a22.
Now consider C = [a,0,¢,d,e,0]. Under the group action, we have @ — aagzae +

Ca33a42044/a22+e233; b = 0 = 0 (By subtracting a multiple of A from C); ¢ — cagzzal,/az2+
ea51a44; d = aa33a42 + c(a33a3,/a22) + dazaass + e(a22a43 — az3a42); € = (22044 — G24842);

F =0 = c(—a33842a44/622) + €a33a44-
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If e =0, then one of a,c,d # 0. If ¢ # 0. Make a = f by solving for a4z, and further make
them to be zero by subtracting a multiple of B from C. Then taking a42 = 0 and depending
on whether d = 0 or not, we may get two representatives: (6) C =[0,0,1,0,0,0] (AABAC
corresponding to (37C)) and (7) C =[0,0,1,1,0,0] (AA B A C corresponding to (37B,)).

If ¢ = 0, then we may assume @ = 0, for otherwise a # 0, make d = 0 to get C =
[1,0,0,0,0,0], which is in the same orbit as (2). If @ = 0, then d # 0 to get (8) C =
(0,0,0,1,0, 0] (corresponding to (37C)).

If e # 0, make a = f by solving for az3, and further make them to be zero by subtracting
a multiple of B from C. Make ¢ = 0 by solving for a;;, d = 0 by a4a. Then we get the
representative, C = [6,0,0, 0,1, 0], with (9) A A B A C corresponding to (37B).

Case 2: A=[0,1,0,0,1,0]. To fix A (up to a scalar), We may choose a;3 = a3z = a3, =
Gi3 = G44 = @3¢ = 0, @24 = —1/aqz, 13 = —1/a3;, au = a14a3z1a43, a31 = az(a12 +
a14@42a22)/aqz.

Now assume B = [a,0, ¢, d, e, f]. After fixing A, we have

a = aZ}3 + cZii + d(—az2a31) + eZ3: + faa1ae; b =0 = a(a12 + a14042022) /42 + ca14a42;
c = aZl} + e(—alsazaq2) + d/(aa2a31) + e(as1/a42); d = a(azz/as1) + caqz/as; e —
aZi + c(—ayqa42) — €; f = af(as1a42).

One of a,c,d,e, f # 0, we can make ¢ = 1. Taking aj4 = 0, then a4y = 0 and a3 =
ay2a3y. Make c =0 by choosing a1y = 0.Then by ﬁxmg ayl] = a14 = G2 = 0, we have
a=1— 2%% + eayzay2a3; + fa31a42; b=0— 012/042; c=0— 0; d— 0; e — —alz/m;g —€;
f — 1/(as1a42).

Make b = e by sloving for @,2, and further make them to be zero by subtracting a multiple
of A from B. Now taking a3 = aj2 = a14 = a22 =0, and get a =1 — fazja42; 6 =0 — 0;
c=0—-0;d=0—-0;e=0—0; f = 1/(as1642)-

Depending on whether f = 0 or not, we have the following three representatives: (i)
f=0,then a = 0 and make f =1, B = [0,0,0,0,0,1); (ii) f < 0, makea = —f =1,
B =1,0,0,0,0, -1]; (iii) f > 0, makea= f=1, B=[1,0,0,0,0,1].

Subcase (i): It can be easily shown that it is in the same orbit as Subcase 1.3. So we just

omit it.

Subcase (ii): 4 =[0,1,0,0,1,0], B =[1,0,0,0,0, —-1]. To fix A and B (up to a scalar), we
require that a;; = 621 = a3} = @22 = @24 = @33 = a34 = Gqq = 0, @12 = —a43, a13 = a42,
a4 = —1/asz, a23 = —asz, aq1 = 1/as,.

Now consider C = [a,b,¢,d,0,0]. Under the group action, we have a — caq3/aaz; b —
c(—aqz/asz); ¢ = ¢; d = aaszae + b(—aq2a32) + cE3 + dady; e = b + cagz/az2; f —
—-a+ ca43/ a33-

If ¢ # 0, make a = —f by solving for a43, and further make a = f = 0 by subtracting a

73



multiple of B from C. Similarly, make b = e by solving for a42, and further make b =e =10
by subtracting a multiple of A from C. Then taking a43 = a4 = 0, we have a = 0 — (;
b=0—0;c—>c;d—>da2;;e=0—-0; f=0-0.

Then we get the following representatives for C: (10) if d = 0, then C = {0,0,1,0,0, 0],
with A A B A C corresponding to (37B,); (11) if e¢d > 0, then C = [0,0,1,1,0, 0], with
A A BAC corresponding to (37D); (12) if cd < 0, then C =[0,0,1, -1,0,0], with AABAC
corresponding to (37D,).

Ifc=0,thene=-f=b=e=¢c=0, and d # 0. We get the representative C =
(0,0,0,1,0,0], with (13) AA B A C corresponding to (37B,).

Subcase (iii): A =[0,1,0,0,1,0], B =(1,0,0,0,0,1]. To fix A, B (up to a scalar), we may
choose a3; = a3; = @24 = a3q = 0 and @12 = —ay3, a13 = —a42, 814 = @41, G22 = G33 =
auaaz/a-u, Q23 = G32, Q44 = G1]-

Consider C = [a,b,¢,d,0,0]. Then a = aa?,a3z/aq; + bajjass + c(ayja42 + ag1a43); b —
aay1asz+bad, azz/ag+c(a1143+a41842); ¢ — c(ad; —al,); d = a(—a632a43+0a11832@42/041 )+
b(—a11632843/a41+0a32a42)+c(ad,—a3;)+d(a?,a2,/a2, ~a3,); e = 0 = a(—a11632) —basiasz+
C(—aua-m - 0»41042); f=0—= —aaga3; + b(—auasz) + C(—-auau - 0-41443);

If ¢ = 0, then when at least one of a, b # 0, make d = 0 by solving for a42. Now depending
on the values of a, b, we can make either ¢ = f or b = ¢, and further reduce them to be
zero, and by choosing properly the values of a;;, we may obtain the two representatives
C =[0,0,0,0,1,0], which is the same as (9), so omit it; and (14) C =[0,0,0,0,0,1]. When
a=1>b=0, then d # 0, we get C = [0,0,0,1,0,0], which is the same as (13), so omit it. It
can be shown that (14) corresponds to (37D).

If ¢ # 0, make a = f and & = e by solving for aq3 and a42 respectively, and further
reduce them to be zero by linear combination. Then take a4 = a43 = 0, if d = 0, we
get the representative C = [0,0, 1,0, 0, 0], which is the same as (10), so omit it. If d # 0,
depending on whether cd > 0 or cd < 0, we obtain two representatives C = [0,0,1,1,0,0]
and C =[0,0,1,~-1,0,0], which are the same as (11) and (12) respectively, so omit them.

Now we consider all the 14 algebras:
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(1):
(2):
(3):
(4):
(5):
(6):
(7):
(8):
(9):
(10):
(11):
(12):

(13):

(14):

[31. 32] = Zs,
[21, =z] = Zs,
[21, 23] = ZTs,
[31, 33] = Zs,
(z1, 23] = zs,
[23, 34] =27
[21,22] = =5,
[-'83, 34] = 2Zs,
[31. 32] =25,
[22, 23] =z7,
(21, z2] = 25,
[33, 24] = 25,
[z1,22] = =5,
[23, 24] = 2Zs5;
(21, 22] = 2zs,
[z2,24] = z6,
[21, zz] = 25,
[32, -‘53] =27,
[z1,22] = 25,
[22, 23] = =7,
[21, 32] = Zs,
[22, 34] = Zg,
[31, 32] = Zs,

[23, 34] = —z5+ z7;

[21, 33] = Zg,
[31. 33] = Zg,
[32'24] = ZTg,
[22. 23] = Zg,
[Z1, z4] = zs,

(21, 23] = =6,
[21, 33] = Zg,
[23, Zq] =Ts;
[21. 33] = Z¢,

[7—1,33] = Ts,

[21,23] = Zg,

[23. 24] = —Zs;

[1'1,33] = ZTe6,
[32. 24] = Zs,
[31, z3] = Zg,
[22, 24] = z6,
[21, ‘-':3] = Zs,

[33,24] = —Zs;

[21, 33] = Zg,

[32, 34] =Z7,
[33, 24] =Z7
[23,24] = 27;
[23, 24] =27,
[221 z3] = Z¢,
(21, 24] = 27,
[31, 34] =2Zz7,
[zz. 33] =27,
(22, 24] = 27,

[zly 24] =2z7,

[31,24] =2Z7,

[23.34] = —ZTs,;
[21.24] =2z7,
[z3,z4) = —=z5;

[z2, 23] = 27,

[zz, 34] = Zg¢,

A) We will show that (1), (2), (3) are all isomorphic to (37B).

(1) (37B):

T7 > T,

(2) (37B):

and z7 = z7.

(3)= (37B):

and z7 =& —z¢.

B) (4) is isomorphic to (37A).

(4)= (37A):

and z7 — z7.

C) (5), (6) and (8) are isomorphic to (37C).
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2y —> 22, T2 = 23, T3 —+> T}, T4 —> 24, T5 — Tg, Tg — —Ts,

Z; — T2, T2 > Ty, T3 — T3, T4 —* T4, T5 > —Ts5, Tg —* Te,

2] > 2y, T2 S 21,23 > T3, 24 > T3, T5 —F —27, 25 > ZT5

1 — 21, 22 — 23, T3 —> T2, T4 —F> 24, T5 — Ts5, Tg — —Zg,



(5) >~ (370) Z) & 23,29 > 21, T3 —> T2, T4 —* 24, T5 > —Tg, Tg — Ts5,
T7 —> 27,
(6) = (37C): zy = =3, 2 & —2;, T3 — T3, T4 — T4, T5 — Ts, Tg — T,
z7 — 27;
(8) = (370)2 Ty — T3, T3 > T4, T3 > T2, T4 > —21, T5 > 25, Tg ~—> —Zg
and z7 = —27;
D) We will show that (9), (11) and (14) are isomorphic to (37D); (12) is also isomorphic to
(37D) over algebraically closed fields. Let  be a root of the equation 22 + 1 = 0. Then

(9)= (37D):  obvious

(11)= (37D): =z = —z;+ 22, 22 = 2, + 22, T3 — T3+ 24, 24 ~ —T3+ Z4,
Ts — —2z5, g @ —2g + 7, and z7 — ¢ + z7.

(14)5 (37D): T) S Tq, T3 22,23 H> 23,24 > 2Ty, T5 > —2T7, Tg — —2s,
and z7 & —z¢ — Z7;

(12)== (11): z] — azy, 2o — 24, T3 — a3, T4 — T, Ty — g,
Tg — —27, and 7 = —QZTs.

E) We will show that (7), (10)=(37B;) and (13) are isomorphic to (37B) over algebraically
closed fields.
(10) = (7): Ty > 21, 23 > T4, T3 = T2, T4 = —2Z3, Ts —> 7, Tg — Ts
and z7 = zg;
(10)== (37B): =z; & azy—azs, T3 = 21+azy, T3 = azy+z4, ¢ = T +23,
25 — —azs + Z7, Tg — T5 — az7, and z7 = 2az¢.
(13) = (10): =z, — z3, 23 — —24, T3 — 21, T4 —> —Z3, T5 — Ts, Tg —F
—2Zg, and 7 — ZT7q.
To show that (37A), (37B), (37B,), (37C), (37D) and (37D,) are distinct, we compare the
minimal numbers again. We have
(37A):  minimal number (1, 1, 1, 3), corresponding to the ordered ba-
sis {21, 23,24, Z2};
(37B):  minimalnumber (1, 1, 2, 2), corresponding to the ordered ba-
sis {21, z4, 22, Zz3};
(37B1): When the field is R, the minimal number is (2, 2, 3, 3), cor-
responding to the ordered basis {z2,z3,21,z4}; when the
field is algebraically closed, it is the same as (37B);
(37C):  minimalnumber (1, 2, 2, 3), corresponding to the ordered ba-
sis {z,, z3, 24, 22};
(37D): minimal number (2, 2, 2, 2), corresponding to the ordered ba-
sis {21, 23,23, 24}.
(37D;): When the field is R, the minimal number is (3, 3, 3, 3), cor-
responding to the ordered basis {z;,z2, z3,z4}; when the
field is algebraically closed, it is the same as (37D).
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Therefore the central extensions of N4 4 of dimensional 7 are:

(37A):
(37B):
(3731)'
(37C):
(37D):

(37D1):

[=1, zz] = 2zs,
[21, zz] = Zs,
[21, zz] = Zs,
[22,34] =T
[21, a32] = 2s,
[z3,24] = 25;
[31.22] =2Zs,
[23, 24] = 2Zs;
[21, zz] = zs,

[321 23] = -7,

[22, 33] = Zg,
[22, 23] = Zg,
(21, z3] = ze,
[23, 34] = —2s;
[32! 23] = Zg

(21, 23] = ze,

[z1, 3] = z6,
[327 34] = Z¢,

[22, 34] =z7
[2‘3. 34] =z,
[21' 34] =2z7
[221 34] =27,

[z2,24) = 27,

[2:1, 24] =27
[23, 34] = —2Zs,
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Chapter 6

Algebras over Algebraically Closed
Fields

In this chapter we will consider the central extensions over algebraically closed fields of
characteristics # 2. For those algebras whose central extensions give rise to new algebras
over the real field, their proofs can be found in Chapter 7.

Some of the algebras we obtain have different presentations from those of Seeley, in that
case, an isomorphism is provided.

6.1 Extensions of 4-Dimensional Algebras

All the 7-dimensional nilpotent Lie algebras without any Abelian factors have at most a 3-
dimensional center (considering the dimension of H?(g, F')). So we just consider the central
extensions of algebras of dimension at least 4.

Central extensions of Ny :

Nygz:[z1,2i]) = 2541, =2,3;

2(g): z4; [8,8]: z3,24; Z2%(g): C24 = C34 =0; W(H?): C13 = C13 = 0; dim H2: 2;

As the cohomology group is of dimension 2, then G3(H?(g,F)) = 0, hence N4, has no
central extensions without Abelian factors of dimension 7.

Central extensions of Ny 3:

Z(g): z3,24; (9, 8]: z3; Z%(g): Caa = 0; W(H?): Cy2 =0; dim H%: 4; Basis: Ay, Ay, Azs,
Azg;

Group action: GA13 + bA14 + CA23 + dAzq;
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Let § := a;;a32 — @12a71.

a = (aa;; + cazn)d;

b — a11(aass + bags) + az1(casy + day);
c — (aayz + cazz)é;

d — a12(aass + bass) + aza(cass + dags);

One of a,c # 0 and one of b,d # 0in AA B AC, where A, B and C are of the form
a3+ bA14 + cAaz + dAag.

Let A= [ay b) < d]l B= [alibl‘l <, dl]! C= [621 621 C2, dZ]-

As one of a, ¢ # 0, we can assume that a = 1. By subtracting scalar multiples of A from B
and C, we may let a; = a; = 0.

We may assume that at least one of b; and b, is not zero. For otherwise, one of ¢;,¢; is
nonzero, we can make b, or by # 0, as b; = c;az21834 + d;az1044.

Now we may assume b, # 0 (simply by switching B and C if necessary) and make bz = 0
(by subtracting a scalar multiple of B from C).

Case 1: ¢; # 0. By making a = b; = ¢; = 1, we may let, with respect to the wedge product,

A - [1,0. 0, d], B = [0, 1, O,dI], C = [0, 0, 1,d2].

Considering the action of the group on A4, B,C, we have

A= [a1n16, a11a34 + daz1G44, 6120, a12a34 + dazzaqs),
B = [0,811844 + 31321844, 0, 312044 + d1G22a44),
C = [a26, az1a34 + draz1a44, 3228, a22834 + d2a32G44).

We can make a; = b, = 0 by letting a2; = 0 and d; = 0 by solving for az4. Also make
d, = 0 by solving for a;5, and what is left can be changed into

A=[1,0,0,d], B=[0,1,0,0], C =[0,0,1,0].
And depending on whether d = 0 or not, we get two representatives for AABAC: (1) A=

[1,0,0,0]}, B=[0,1,0,0],C = [0,0,1,0] (corresponding to (357B)); and (2) A = [1,0,0,1],
B =1[0,1,0,0],C =[0,0,1,0] (corresponding to (357C)).

Case 2: ¢ = 0. Then d; # 0. And get, WLOG,

A=[1,0,¢c0}, B={0,1,¢,0], C=[0,0,0,1)].

Acting the automorphism group on AA B A C, we have
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A= [e116 + cazd, a11a34 + 621834, 6126 + caz20, 12034 + Cca22a34),
B = [c18216, ay1844 + 1821034, €18228, G12G44 + C1G22a34),
C = [0, az1a44, 0, dagza“].

Let az; = 0, we make b, = 0, Also make ¢ = 0 by solving for a;;, and get,

A=[1,0,0,0], B=[0,1,¢;,0], C =[0,0,0,1].

Depending on whether c¢; = 0 or not, we get the following two representatives for AABAC:
(3) A =[1,0,0,0], B =[0,1,0,0] and C = [0,0,0, 1] (corresponding to (357A)), and (4)
A=][1,0,0,0], B=[0,1,1,0] and C = [0,0,0,1]. But we can show that (4) and (2) are in
the same orbit.

By comparing the orbit, all the algebras (357A,B,C) can be easily showed to be distinct.

Therefore the corresponding central extensions of Ny 3 are:

(357A):  [z1,22] =23, [z1,23] =zs,
(21,24 = 27, [z2,24] = z6;

(357B): [z1,z3] = 23, [21,23] = zs5,
[21,z4) = 27, [Z2,23) = z6;

(3570) [Zl, 22] = T3, [21, 23] = Ts, [21, 24] =27,
[z2, 23] = 26, [z2,24] = 255
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6.2 Extensions of 5-Dimensional Algebras

Central extensions of N ;:

Z(g): zs; [8r9): 23, Z4, Z5; Z2%(g): Cas =Cys =0, C15 —C24 =0, Ca5 + C34 = 0; W(H?):
Ci2 = C13 = C14 = 0; dim H?: 3; Basis: A5 + Agq, Ags — Agg, Ass;

Group Action: a{A;5 + Azq) + b(Azs — Aszg) + cAas:

a — aa$; + ba},az;

b — bal ;

¢ = ca}, + 2ba? aq2 — bayyal, — 2aaf a;; — bad;ad;;

Consider the wedge product of 4 = [a,b,c] and B = [a;, by, ¢1)-

One of a, b, a;, b; is nonzero, can always choose a # 0 (for example, if both a = a; = 0, then
b or by # 0. Make a or a; # 0, and switching A and B if necessary). So assume A = [1, b, c],
and by subtracting from B a multiple of A to get B = [0, 3, ¢;]-

Case 1: by # 0. Then take B = [0,1,¢;] and A = [1,0, c]. Observe the group action on B,
we have
B = [a},a21, 6]}, c187) + 24,042 — an103;].

Make both a; = ¢; = 0 by solving for az; and a43 to get B = [0,1,0]. Consider again the
group action on both A and B, we have

A= [a8,0,caf, - 2afaz]

B = [a},a21,4];,20},a42 — 01183, ~ 6}, 43,]
Now we can make ¢ = ¢; = 0 by solving for az; and a43. By subtracting a mulitiple of A
from B, we can also make a; = 0 and get

A=1[1,0,0], B=|[0,1,0],

corresponding to (23457G).

Case 2: b; = 0. Then ¢; # 0 and get B = [0,0,1] and A = [1,5,0]. Consider the group
action on both A and B, we have

A= [a8, + ba}, a2, bal;, 2ba},aq2 — bayyal, — 2af,az; — bad;al)],
B= [0,0,a},],

Now depending b = 0 or not, we can get
A=[1,0,0], B=[0,0,1],

or
A=1[0,1,0), B=10,0,1],
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as when b # 0, we can make a = 0, corresponding respectively to (23457E) and (23457F).

The non-isomorphism between all the algebras can be easily proven by comparing their
orbits.

Therefore the corresponding central extensions of N ; are:

(23457E): [z1,2;] = 2i41,1=2,3,4, [z1,25] = 76,

(22, 23] = 25 + 27, [z2,24] = z6;
(23457F): [z1,2i] = 2i41,1 = 2,3,4, [z2,23] = z5 + 27,

[zz. 25] = Zs, [23, 34] = —T¢;
(23457G):  [z1,2i] = zi41,1 = 2,3,4, [z1,25] = z6,

[3:2. 33] = Zs, [22, 24] = Zg,

[22. 2=5] = 27, [23, 24] = —Z7;

The central extensions of N5 ,; can be found in chapter 2, Example 6.

The central extensions of N5 22 can be found in chapter 2, Example 1. By switching z3
with z4, and zg with z7 in (2357A,B,C), and in (2357D) by taking z, — 22, + 22, 3 — Z3,
z3 = —2z3+ 424, T4 — 223, 5 — 425 + 227, zg = 227, 7 — 8z, We get exactly the same
representation as in Seeley’s paper.

The central extensions of N5 33 can be found in chapter 7.

Central extensions of Nj 3 ;:
Z(a): zs; [8,08]: z5; Z2%(g): C15 = Cas = Cas = Cys = 0; W(H?): C12 = C34 =0;

It is obvious that all the elements in H?(g, F) have z5 in their kernels. So there is no desired
central extension.

The central extensions of Nj 3 ; can be found in chapter 7. By the following transformations,
we can get the exactly the same presentations as in Seeley’s paper. In (247C), switch z¢
and z7; In (247D), take z; - a, 23 + ¢, 23 9 b, 24 v e,25 > d, z¢ > gand z7 — f; In
(247E), switch zg and 27; In (247F), take ) - a, 23 & —b+c, 23 2> b+c, 24 = —d + ¢,
zs +d+e, 26— f+g,and 27— —f+g;In (247G), 2y +a+b,22 2 b+c,z3 =2 b—c,
zq +d+e z5s +d—e zg - f+gand z7; = f—g; In (247H), take z;, -+ a + b + ¢,
zo & 2(b+¢), 23 = —2(b-c), z4 > 2(d+e), zs > ~2(d — e}, z¢ = 4(f + g) and
z7 = —4(f-g); In (247]), take 2, = —a+c, 2, = b, 23 =+ ¢, 24 = —d, T5 = —¢, 2 = —¢g
and z7 = —f; In (247K), switch z¢ and z7; In (247M), 2, — a, 22 = ¢, Z3 = —b, 24 — ¢,
z5 — —d, z¢ = f and z7 — g; In (247N), switch zg and z7; In (2470), take z; — —a,
23— —C, 23 2 b, 24 = ¢, 25 & —d, zg & —g and z7 = f; In (247Q), take z; — a, 22 = ¢,
z3 = —b, z4 > e, 25 + —d, 2¢ = f and z7 =+ —g.

Central extensions of N5 3 3:
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Z(g): T4, Ts; [g’ B]: T3, T4, Zz(g): C45 = 01 024 = 01 C34 = 01 C35 = 0; W(HZ): Cl2 = 013 =
0; dim H?2: 4; Basis: Ay4, Ays, 23, Ags;

Group action: a4 + bA1s + cAgs + dAgs;

a— aa:l’lagg; b — aajyjags + bajiass + dazass; c — cauagz; d — dajsass.

Let A = [a,b,¢,d] and B = [a;,b1,¢1,d;]. WLOG, we assume that a # 0, and let 4 =
(1,8,¢,d] and B = [0, by, 1, dy).

Case 1: d; # 0. Then assume B = [0,b;,¢;,1]. We have a, = 0 — 0; b; — bianass +
dz3Qs55 = 0; (Solve for 021.) ) — clauagz; d1 =1 axzass = 1.

Depending on whether ¢; = 0 or not, we get B; =[0,0,0,1] and B, = [0,0, 1,1}

Subcase 1.1: With B, = [0,0,0,1], we assume A = [1,b,¢,0]. Then a = 1 — a},a;, = 1;
b— ajjass + bajjass =0 (Solve for 045); c— caua-f,z; d— 0.

Depending on whether ¢ = 0 or not, we get 4; = [1,0,0,0] (4, A B, corresponding to
(2457B)) and A; = [1,0,1,0] (A; A B; corresponding to (2457I)).

Subcase 1.2: With B; = [0,0,1,1], assume A = [1,),¢,0]. Similar discussions would lead
to 4, = [1,0,0,0) (A; A B; corresponding to (2457E)) and A; = [1,0,1,0] (42 A B, corre-
sponding to (2457J)).

Case 2: d; = 0. Then B = [0, b, ¢, 0]-

Subcase 2.1: If ¢; # 0, then depending on whether b; = 0 or not, we can get two represen-
tatives Subcase (2.1.1) By = [0, 0, 1,0] and Subcase (2.1.2) B; =[0,1,1,0].

Subcase 2.1.1: With B, = [0,0,1,0], we may let A =[1,5,0,d], and make b = 0, then d # 0
to get a representative 4 = [1,0,0,1]} (A A B; corresponding to (2457H)).

Subcase 2.1.2: With B; = [0, 1, 1, 0], we may assume that A = [1,5,0,d), then make b = 0,
and depending on whether d = 0 or not, we get two representatives for A: A; = [1,0,0, 0]
(A1 A B, corresponding to (2457G)) and A = [1,0, 0, 1] (A3 A B; corresponding to (2457K)).

Subcase 2.2: If ¢; = 0, then b; # 0. Assume B = [0,1,0,0] and A = [1,0,¢,d]. Now
a=1— ai’lan =1; b=0— ayiays + dazlass; c— cauagz; d— dazza55.

We easily get four representatives for A: 4, = [1,0,0, 0] (4; A B corresponding to (2457A)),
Az =[1,0,0,1] (A2 A B corresponding to (2457C)), A3 = [1,0,1,0] (A3 A B corresponding
to (2457F)) and A4 = [1,0,1,1] (A4 A B corresponding to (2457D)).

It is fairly straightforward to show that all the algebras are distinct by comparing their
orbits.

Therefore the corresponding central extensions of Ns 3 3 are:
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(24571):

(2457J):

(2457A):
(2457B):

(2457C):
(2457D):
(2457E):
(2457F):
(2457G):

(2457H):

(2457K):

[zlt zi] = Zi+1, 1= 2v 3)
[zh zi] = Zi+l 1= 27 31
[32, 25] =Zg

[zlazi] = Zi+1, 1= 21 3!
[22,3:5] = 2g

[zly zi] =241y 1= 21 31
[22.23] = Zg,

[zlr 2(] = zi+1:i = 2) 31
[32,23] = Tg,

[zlv 3{] = ZTi+l, i= 2: 31
[zz, 353] = Ze,

[.'!!1, zl'] = Zit1, 1= 2) 3)
[21, 25] = ZTe,

[311 zi] = Zit1, 1= 2| 31
[22. z:z] = Zg,

[z1, 23] = 241, = 2,3,
[zz, z:s] = Tg,

[zlg 2"] = Zi+1, i= 21 3'
(22, 23] = z¢ + 27,

[zls 3,‘] =Zit1, 1=2,3,
[21, 25] = Zg,

[32.25] =2Z7.

[21, zi] = Ti+2, 1= 41 5;
[21, 24] =z7,

[zlr 8._’] = ZTi+2, 1= 41 5,

[21, z.-] = z;+z,i = 4, 5,
(22, 5] = zs;
[21,24] = 27,
[32, 35] = Tg;
[zlx zi] = 2;+2,i = 4' 5v

[31, 24] =Z7,
[1?2, ?-'3] = Ts;
[31, 24] =2z,
[z2,zs] = z7;
[31, 24] = Te,
[32, 25] =27
[21,24] = Zs,
[32, 35] =z
[31, 24] =27,
[22. 23] = ZTe,

Remark: By taking z; -+ a, 22 + b, 23 =+ ¢, 24 & d, 25 =+ —e, z¢ = f+ g and z7 & —g,

we will get the exact presentation of (2457J) as in Seeley’s paper.

The central extensions of N5 4 can be found in Chapter 7.
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6.3 Extensions of 6-Dimensional Algebras

The central extensions of Ng;; can be found in Chapter 2, Example 3. Notice that
(123457G) of Seeley is just a special case of (123457I) by taking A = 1.
Central extensions of Ng; 2:

Z(g): =ze; [8,8]: 23, z4, Z5, z6; Z%(g): Ci1e = C26 = C3s = Cag = Cys = Cyg = Csg =
0, Caq +Cas =0, Ci5 = Caq4; W(Hz]: Cyz = Ci3 = C1q = Cas = 0; dim H?: 2; Basis:
A5 + Azyq, Aag;

It is obvious that all the cocycles have zg in its kernel. So there is no central extension of
Ns' 1,2 at all.
Central extensions of Ng 1 3:

Z(g): z6; [8,8]: 23, T4, 25, 2g; Z%(g): Cz6 = C3s = C36 = Cys = C4g = Cs6 = 0, Ca4q +
Czs = 0, C16 = Czq,,‘ W(Hz): C12 = 013 = Cm = 015 = 0; dimsz 3; Basis: AIG +
Az, A2z, Azs — Azg;

Group action: a(A,g+ A24) + bA23 + c(A2s — Aszy);
a — aa;; b - bal; + c(2a},a42 — an1ad; — ab,a21); ¢ = caly;
We have a # 0.

Case 1: ¢ = 0. Then b goes to bal,, get [aaf,,ba],,0]. So if b = 0, we get [1,0,0],
correspondig to (123457D); And if b # 0, we get [1, 1, 0], corresponding to (123457E);

Case 2: ¢ # 0. Make b = 0 by solving for a4y and get [aa$,, 0, cad,], and make it to 1,0, 1],
corresponding to (123457F).

Therefore the corresponding central extensions of Ng ;3 are:

(123457D): [21,2:] = zit1, 2< i< 5, [z1,26] = 27,
(22, 23] = 26, (22, 24] = z7;

(123457E): [21, %] = Ziy1, 2 < i <5, (21,26 = 27,
(22, 23] = z6 + 27, (22, 24] = 27;

(123457F):  [z1,2i] = @i41, 2K i< 5, [z1,26] = 27,
(22, 23] = z6, (22, 24] = 27,
(22, z5] = 27, [23, 24] = —27.

Central extensions of Ng 4:

Z(g): =ze; [8,8]: 23, z4, 2e; Z%(g): Cis = C24 = C3s, C26 + C34 = 0, C36 = Cys =
Css = Cse = 0; W(H?): C1z = C13 = Cp3 = 0; dim H2: 5; Basis: A4, Ays, A1+ B2g +
Aas, Azs, Agg — Aag;
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Group action: a4+ bA 5 + c¢(A1s + Azq + Azs) + dAzs + e(Aze — Asy):

a — aaj) + c(2az1a}; + asza};) + e(a}1a3; - 2aa2a}; — afj @285z + afas1 + afyan);

b — —aaz a3, + bai; + c(ariaes — a1,03, + af,aa1) + daza}, + e(aziaes + az1ai am);

c — ca$, + ea, az;

d — c(—aziaf, +a},as3) + da3, + e(a? aes — 2a42a3, — @}, az21a52 + az1af, + afas1 + a3,e11);
e — eal;;

One of ¢c,e # 0.

Case 1: e # 0. We can make a = ¢ = d = 0 by solving for as;, a2; and ags respectively. What
is left is b, and it goes to ba}, after we fix a, ¢, d. So we have two different representatives in
this case: [0,0,0,0,1] (b = 0) (corresponding to (12457F)) and [0, 1,0, 0, 1] (corresponding
to (12457G)) (b # 0);

Case 2: e = 0. We should have ¢ # 0. Can make c =1, and a = 6 = d = 0 by solving for
asz, ags and aj; respectively. And we have iii) [0,0, 1,0, 0], corresponding to (12457E).

Therefore the corresponding central extensions of Ng, 4 are:

(12457E): [21,2i] = zi+1,1= 2,3, [21,24] = 26,
(21, z6] = 27, (22, 23] = =,
[-‘L'z, 24] =2z7 [22, 35] = Zg,
[33, 25] =Z7;
(12457F):  [z1,2zi]) = zi41,1= 2,3, [21,24] = 26,
(22, 23] = z¢ [22, 2] = Zi41,i= 5,6,
[23,24] = -Z7
(12457G): [21,2) = 2i41,1=12,3, [21,24] = 26,
[31, 35] =z, [32. 23] = Zg,
(22, 2i] = Zi41,1=5,6 [z3,24] = —27;

Central extensions of N3 ;:

Z(g): ze; [8,0]: z3, Z4, 25, Ze; Z2(g): Cag = Cz6 = C35 = C36 = Cy5 = Cys = Cs6 =
0, Czs + qu = 0; W(HI) Cu = 013 = 014 = 015 = 0; di.msz 3; Basis: AIG, Azg, Azs -
Asg;

Group action: al g + bA23 + c(Azs — Aszg):
a = aa,az;; b — bay1a3, + c(2811622642 — 61103,); ¢ — ca}jal,;
We have a # 0. Makea=1.

Case 1: ¢ = 0. We can get representatives [1,0,0] (when b = 0) ( corresponding to
(123457A)) and [1,1,0] (when b # 0) (corresponding to (123457B)).
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Case 2: ¢ # 0. Make b = 0 by solving for a4 and get {1, 0, 1] (corresponding to (123457C)).

Therefore the corresponding central extensions of Ng,; are:

(123457A): [z1,2i] = 241, 2<$ <6,
(123457B): [z1,2:] = zi41, 2< i< 6, [z2,23] =27
(123457C):  [z1,2i] = 241, 2< i <6, [22,25] =27, [23,24 = —27.

Central extensions of Ng 2 2:

Z(g): zs; [8,0]: 23, 24, 25, z5; Z%(g): C1g = Cas = Cog = C35 = Cag = Cy5 = C46 = Cs6 =
0, Czs + C34 = 0; W(Hz)t Clz = 013 = 014 = Czs = 0; dimHz: 2; Basis: Als, Azg;

It is obvious that there is no central extension.
The central extensions of Ng 23 can be found in Chapter 7. By taking z; — a, z; — b,

z3 +d, z4 + ¢, s + €, 2¢ = f and z¢ — g, we can get the exact presentations of
(12357A), (12357B) and (12357C) as in Seeley’s paper.

Central extensions of Ng 3 4:

Z(g): z6; [8,9]: 3, 24, 26; Z%(g): C24 =C36 =Cys = Cse =Cs6 =0, C26+C34 =0, Cic—
Css; W(H?): C12 = Cy3 = Cy4 = 0; dim H?: 5; Basis: Ays, Ajg+ Ass, Azz, Azs, Ags — Agy;

Group action: al;s + b(A1s + Azs) + cAzz + dAzs + e(Aze — Asy):
4 3 3 2 .
a — aay, + b(an1aes + ai,a31) + da3,az; + e(az1a65 + 671 a21431);
b— ba?lagz + ea:{lanazz;
¢ — cayrai, — bayazzass + e(2 — a2 - 2,)
11337 11822452 + €(2a11G22842 + 321822852 — 3,851 — 311G35);
d — da} a2z + e(azza6s + a?;az2a3);
3.2 .
One of b,e # 0.

Case 1: e = 0. Then b # 0. Make a = ¢ = 0 by solving for ags and asz, get two
representatives [0, 1,0, 0, 0] (when d = 0) (corresponding to(12457A)) and [0, 1,0, 1, 0] (when
d # 0) (corresponding to (12457B)).

Case 2: e # 0. Make b = ¢ = d = 0 by solving for a3, 242 and ags, get two representa-
tives [0,0,0,0,1] (when a = 0) (corresponding to (12457C)) and {1,0,0,0, 1] (when a # 0)
(corresponding to (12457D)).

Therefore the corresponding central extensions of Ng 2 4 are:
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(12457A):  [z1,2i] = Zi41, 1=2,3, [z1,24] = 26,
[21, z6] =7, [22, 25] = zg,
[33, 25] =z7;
(12457B): [z1,z5] = 341, 1 = 2,3, [21,24] = 26,
[z1, 26] = 27, (22, 25] = 26 + 27,
(23, 25] = z7;
(12457C):  [21,2;] = 2i41, 1= 2,3, [z1,24] = z6,

[z2, z5] = z6, (22, 26] = 27,
(z3,24] = —27;
(12457D):  [z1, 23] = Zi41, 1= 2,3, [z1,2] = ziy2,£=4,5,
[zz. 35] = Zg, [?-‘2, zs] =27,
[23, 34] = —27.

The central extensions of Ng 35 can be found in Chapter 7.

Central extensions of Ng 3 g:

Z(g): z6; [9, 8] Z4, =5, Z6; 2%(g): Cr6 = C26 = C36 = Cqs = C4¢ = Cs56 = 0, Ca4—Cas = 0;
W(H?2): C12 = C13 = C14 = 0; dim H?: 5; Basis: A;s, A2z, Ay, O2s + Aszg, Ags;

It is obvious that all the elements in H?(g, F) have z¢ in its kernel. Therefore there is no
central extension of Ng 6.
Central extensions of Ng 3 7:

Z(g): zs,ze; [8,0]: z3, 24, Z5, Z6; Z%(g): Cas = C3s = Cys = Cq6 = Cs6 = 0, Caq +
025 = 0, ClG - 024 = 0; W(HZ)I C12 = C13 = Clq = Czs = 0; dimHz: 4; Basis:
Ays, Agg + Azg, Azs — Azg, Ase;

Gl'Ollp action: GA15 + b(Ale + A24) + C(Azs - A34) + dAzs;
3 . 2 .2 . . 3.
a— aa‘l‘lagz + cay a1 822; b — bai a3, + dauagzazl, c—= ca‘l’lagz, d — dajja3,;

One of {a,c} and one of {b, d} are nonzero. If a = 0 (or b = 0), then b # 0 (or a # 0). If
¢ =0 (or d =0), then d # 0 (or c # 0).

Case 1: d # 0. Make b = 0 by solving for a;;. Then a # 0, and obtain two represen-
tatives [1,0,0,1] (when ¢ = 0) (corresponding to (13457F)) and [1,0,1,1] (when ¢ # 0)
(corresponding to (134571)).

Case 2: d = 0. Then b # 0 and ¢ # 0. Make a = 0 by solving for a3; to get the representative
[0,1,1,0], corresponding to (13457G).

Therefore the corresponding central extensions of Ng 3 7 are:
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(13457F): {z1,2:] = ziy1, 1 =2,3,4, [z1,25] =27,
(22, 23] = zs, [z2,z¢] = 27;

(13457G): [21, z,-] = ZTi41, 1= 2, 3, 4, [21, 33] =27,
[32, =3] = Zg, [zz, 24] =27,
[-’02, 1:5] =27, [33, 24] = —27;

(134571):  [z1,2i) = zig1, 1= 2,3,4, [z1,25] = z7,
[22, 23] = Zg, [22, 25] =2z,
[z2, z¢] = z7, (23, 24) = —27.

Central extensions of Ng 3 s:

Z(8): zs,26; [8,0]: 23, 25, Ze; Z%(g): Ca5 = Cas = C3e = Cys = Cs¢ = 0, Ci5 —
Csq — Cas = 0; W(H?): Cy3 = C13 = C14 = 0; dim H?: 6; Basis: A5 + Aag, Ars +
Aazs, Ass, Aza, Azg, Ags;

Group action: a(A;s + Aag) + b(Ays + Aze) + cAis + dAzz + eAag + fAgs;

a — aa},az; — fa3 aq;

b — bad az; + fad a4;

c — bad,az; + cat, + falaq;

d = —aa11022a43 + bay1a22042 + dagia3, + faiady;

e — (2211822841 — 42034 — 11021442} + b(a22a64 + 611822041 — a},a3; — 2ay3a21042) -
6031042 + d(az2e34 — a11821222) + 80310-22 + f(aszae4 — Gflasz — @11841442);

f = faiy;

Then one of {e, b} and one of {b, ¢, f} are nonzero. And one of {5, f} is also nonzero.

Case 1: f # 0. Then make b = ¢ = e = 0 by solving for a4z, a4;,a62 and a # 0. Make
a = f = 1, we may get the orbit [a},a,5,0,0,da;;1a2,,0,a},]. This will give us a one
parameter representative [1, 0, 0, A, 0, 1], corresponding to (1357N).

Case 2: f = 0. Then b # 0. Make ¢ = e = 0 by solving for a;; and ag4. We may get
the following orbit [aa3,as;, bad,az2,0, —aa11a22a42 + bajya22a42 + dayia2,,0,0]. If a # b,
then make d = 0, and get the orbit [aa},as;, ba? a;;,0,0,0,0] (as now we require that
a+ b # 0), which can be reduced to a one parameter representative [1 — A, A, 0,0,0,0] (with
A # 0), corresponding to (1357M). If @ = b, then depending on whether d = 0 or not, we
get two representatives [1,1,0,0,0,0] and [1,1,0,1,0, 0], corresponding to (1357L). And the
representative [1,1,0,0,0,0] is just a special case of the one parameter representative.

Therefore the corresponding central extensions of Ng 2 g are:
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(1357L):  [z1, 23] = 23, (21, 2:] = Z2i42,i= 3,4, 5,
(22, z3] = 27, [z2, z4] = z5,
[-’Bz,zsl = %z':, [23. 24] = %1‘7;

(1357M): One parameter family, with A # 0
[z1,22] = 23, [z1, 2] = Zi42, 1= 3,4,5,
(22, z4] = 25, [22, 26] = Az7,
[z3,24] = (1 = A)z7;

(1357N): A
[Z1,22] = 23, [21,3,’] = z,-+2,i= 3, 4,5,
[32: -“53] = Az, [32, -’04] = Zs,
[23, 34] =27, [z4, 2:5] = 7.

Remark: (1357K) of Seeley’s is just a special case of (1357M) by taking A = 1/2.

The central extensions of Ng 29 can be found in Chapter 7. Notice that (1) By taking
z; —+a,z3 =+ =b, 23+ ~c—-d,z4 = —¢, 25 > —e, zg = f, z7 — —g, we can get the exact
presentation of (1357Q) as in Seeley’s paper; (2) By taking z; — a, z; — b, 23 = ¢+ d,
z4 — C, T5 — e, 2 — f, T7 — g, we can get the exact presentations of (1357R) and (1357S)
as in Seeley’s paper.

The central extensions of Ng 310 can be found in Chapter 7. By taking z; — 8, 2 — a,
z3 = —¢, 4 — —d, zs + —f, zg + —e, z7 - —g, we can get the exact presentations of
(13570) and (1357P) as in Seeley’s paper.

Central extensions of Ng 2 1::

Z(g): zs.26: [8.8]: T3, T4, 2s; Z%(g): Cas =Cas =Cys =Cye =Cs6 =0, C15 = C24,Cas +
Csq = 0; W(H?): Cy3 = Ci3 = C14 = 0; dim H?: 5; Basis: Ays + Azq, Ays, D23, Ags —
A34) Azs;

Group action: a(As + Azq) + bA1g + cAgs + d(Azs — Agg) + eAgs;

a — aaf, + da},az1;

b — aajiase + baiiaee + dazase + eaz age;

¢ — ca}, + 2dad;aq; — an1a3; — @ af; — 2aaiaz;;

d — dal;;

e — da},ase + eaf, ags;

One of {a, d} and one of {5, e} are nonzero. One of {a,b} and one of {d, e} are nonzero.

Case 1: d # 0. Make a = ¢ = e = 0 by solving for aj;, a4z, ase respectively. Then b # 0,
and get a representative [0, 1, 0, 1, 0], corresponding to (13457E);

Case 2: d =0. So 2 # 0 and e # 0. Make b = ¢ = 0 by solving for asg and ay; respectively
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to get a representative [1,0, 0, 0, 1], corresponding to (13457D).

Therefore the corresponding central extensions of Ng 13 are:

(13457D): [21, z,-] = z;+1,i = 2, 3, 4, [zl, 25] =2z7, [22, 23] = 25,
(22, 24]) = 27, (22, z6] = z7;
(13457E):  [2y,2i] = zi41,1=2,3,4, [z1,26] = z7, (22, 23] = zs,
( (22, z5] = 27, (23, 24] = —2z7;

Central extensions of Ng3;:

Z(8): z6; [8,8]: 24, Zs, z6; Z2%(g): C26 =C36 =Cye =Cs6 =0, C16+Cys =0, C15—Cys =
0; W(Hz): Ci12=C13=C =0;

It is obvious to see that Ng 3, has no central extension.
The central extensions of Ng 32 can be found in Chapter 2, Example 3.

Central extensions of Ng 3 3:

Z(g): zs,zs; [8,0): Z3, T35, Z6; Z2(g): C1s = C3s = C36 = C45s = Cs6 = 0,C34 + Co = 0;
W(H?): C12 = C14 = Cy3 = 0; dim H?: 6; Basis: A3, Ag, Azg, A2s, Azg — Asg, Age;

Group action: a3 + bA 6 + cAag + dAgs + e(Aze — Aaq) + fA4s;
a —+ aa? az + bal aq; + eanrazaq + faaqaag;

b — ba? ays + fai1844a41;

C = Ca32a44 + daz2854 + €(a22a64 — a32a44) + f(a42a64 — a62a44);

d — dajyad,;

e — ea;1az2a44 + f@110440842;

f = fanalg

One of {b, f} is nonzero, and also d # 0. Can always make ¢ = 0.

Case 1: f = 0. Then b # 0. Make a = 0 by solving for a4, to get two representatives
[0,1,0,1,0,0] (when e = 0, corresponding to (1357G)) and [0,1,0,1,1,0] (when e # 0,
corresponding to (1357H));

Case 2: f # 0. Make b = e = 0 by solving for a4; and a4z respectively to get two
representatives [0,0,0,1,0,1] (when @ = 0, corresponding to (1357I)) and [1,0,0,1,0,1]
(when a # 0, corresponding to (13577J)).

Therefore the corresponding central extensions of Ng 3 3 are:
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(1357G): [z1,22] =23, [21,24] =26, [21,26] =27,
[tz. za] =2s, [zz, ts] =2z,

(1357H): [z1,22] =23, [21,24] =26, [21,%6] =27,
[z2, 23] =25, [z2,25] =27, [22,26] = 27,
(23, 24] = —27;

(13571):  [z1, 23] = z3, (21,24 = 26, [z2,Z3] = =5,
[22,25] =27, [z4,26] = 27;

(13573):  [z1,Z2] = z3, (21,23] =27, [z1,24] = 26,
(22, 23] = =5, (=2, z5] = 27, (24, 26] = z7.

Remark: By taking z; — b, z; — a, 23 —+ —¢, 24 = d, zs — —e, zg — f, 27 — g in all the
four algebras above, we can get the exact presentations as in Seeley’s paper.

The central extensions of Ng34 can be found in Chapter 7. By taking z; — b, z2 — @,
z3 = —c, z4 = —d, z5 — —e, z¢ = —f, 7 = —g for all the algebras there, we can get the
exact presentations as in Seeley’s paper.

Central extensions of Ng35:

Z(g): zs,26; [8,8]: 25, z6; Z2%(g): Cae = Cys = Cs6 = 0,C16+ Cas = 0,Co — Css = 0;
W(H?): C12 = C14 = 0; dim H?: 8; Basis:A13, A5, A1g—Aas, Az, Aag, Ass, AgetAgs, Azg;

Group action: a3+ bA 15 + c(A1s — Azs) + dAzs + eAzq + fA2s + 9(Aze + Ays) + hAzg;
Let A := a11G22 — A12a23-

a — {aa?,aes + bajjass A +c(aiiaes — azrasz) A +cayjagsasy + day1az1866 — €a3 ags +
faz1as3 & +g(aza63 A +ag1as3 A +az1as1a66) — h(a21831a66 + G11841866) } A1

2

b — bayy A+c(af; 2424811821032 311812841 — 2811833031 +812821831)+ faz1 A+g(anazanz+
2 .

a3;832 — 2@12@2184) — G21G22G3)1 + A11822841);

¢ — cajidge + gaz14es;

d = {2aaj1a;12a66 + b A (a12as3 — a11854) + ¢ A (ag3612 — a11864) + ¢ A (a31854 — a32853) +
caes(asza11 + a12as1) + dags(@11a22 + a12a21) — 2eaz1a32a66 + f A (53822 — @54a21) + 9 A
(@22a63 — a21064) + g A (@42a53 — a41054) + gass(@21a52 + @22a51) — hags(a21a32 + azza3; +
11642 + G12841)}A 7Y

e = {—aa?,ags + bay2a54 A +ca12884 A —caz2a54 A —cayzas2866 — dayzaziaes + ealyaes +
fazzasq4 & +9agqa22 A +ga42as4 & —ga22a66as2 + hazza3z866 + hay2842a66} AL

2

f — baya A +cayjai2a4; + 2¢a12a21832 — €a7,G41 — €G12G22831 — €A11622832 + fazxlh +2¢
2 .
G311322G42 1+ §a21022032 — §312@2284) — §G3,831 — §Q12321Q42;

g —* caj2ags + gaz2aes;

h — —ags{cay1a54 + caizass + gazaass + gazasq — hage}A71;
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One of {c, g} is nonzero. Can always make c # 0 and ¢ = 0. To fix g = 0, we require that
a12 = 0. Let az; = aa; = a41 = as1 = asz = as3 = ag1 = agz = 0, we have

a — {aa?;age + capaea}A™Y; b — bayy A +ca? aq2; ¢ = canass; d = {b A (—an1as4) +
¢ A (—a11064) + dassai1a22 — hagsai1a42} AL e = {—caszasq A +ead,age + fazass &
+hazzazaee} A~ f — —ca11822a32 + faz2; g — 0; b — —age{caijasq — hage} AL,
Make A = 0 by solving for asq, f = 0 for a3z, a = 0 for ag3, b = 0 for a4z, d = 0 for ag4.
Now take agz = @42 = asq = a3z = 0 also, and get @ = 0; b — 0; ¢ = cajiags; d — 0;
e — eaZags A7 f 5 0; 9= 0; h = 0;

Depending on whether e = 0 or not, we get two representatives [0,0,1,0,0,0,0,0] (when
e = 0), corresponding to (137C), and [0,0,1,0,1,0,0,0] (when e # 0), corresponding to
(137D).

Therefore the corresponding central extensions Ng 3 s are:

(137C):  [z1,22) =25, [z1,24] =26, [21,26] = 27,
[«"32, 33] = Zg, [33. 25] = -z

(137D):  [z1,z2) =25, [z1,24] = 26, [21, z6] = 27,
(z2,z3] = 26, [23,24] = 27, [z3,z5] = —z7;

Remark: (1) By taking z; — a+3d, 22 =+ b+c, z3 = d, 24 = b, z5 = je + f, zs — € and
z7 — g, we may get the exact presentation of (137C) as in Seeley’s paper; (2) By taking
zy & —a, 23+ —c,z3 +d,z4 =+ b, zs = f, zg & —e, 2y = g, We can get the exact
presentation of (137D) as in Seeley’s paper.

The central extensions of Ng 3¢ can be found in Section 6.4.

Central extensions of Ng 3 7:

Z(g): zs,z6; [0, 0]: Z3, 24, 25; Z%(g): C24 = C35 = C3s = Cas = Cyg = Cs6 = 0,C25+Caq =
0; W(H?): C12 = C13 = C14 =0; dim H?: 5; Basis:A;s, Ayg, Azs, Ags — Agg, Ags;

Group action: al;5 + bA g + cAasz + d(Aszs — Azq) + eAzs;

a — aa},azz + daj az az;;

b — aarase + bai1aes + daziase + eaziaes;

¢ — cay1a3, + 2da;yazza47 — dayyal,;

d — dai,af;;

e — dajzase + edz2de6;

In each of the four sets {a,d}, {b, e}, {q,b} and {d, e}, at least one element is nonzero.

Case 1: d # 0. Then make a = ¢ = e = 0 by solving for a3;, a4z and ase respectively. Then
b # 0, we get a representative [0, 1,0, 1, 0], corresponding to (13457C);
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Case 2: d = 0. Then a # 0 and e # 0. Make b = 0 by solving for a,; and get two represen-
tatives depending on whether ¢ = 0 or not, i.e., [1,0,0,0,1] (when ¢ = 0, corresponding to
(13457A)) and [1,0,1,0,1] (when ¢ # 0, corresponding to (13457B)).

Therefore the corresponding central extensions Ng 3 7 are:

(13457A):  [z1,2i] = zi41, 1 =2,3,4, [z1,25] = z7,
(22, z6] = z7;
(13457B): [21, z,—] = Tit+1, 1= 2, 3, 4, [21, 25] =2Zz7,

(2, z3] = =7, [z2, z¢] = z7;
(13457(:): [21, 2{] = Titl, 1= 21 31 4: [zlr 36] =2z,
(22, 25] = 27, [z3, 24] = —27;

Central extensions of Ng 3 s:

Z(g): zs,z6; [8,8]: z4, z5; Z2(g): Cas = C3s = C4s = C46 = Cs6 = 0,C15 + C34 = 0;
W(H?): C12 = C14 = 0; dim H?: 7; Basis: A3, A5 — Aszq, Ay, Azz, Azg, Azg, Age;

Group action: al 3+ b(A1s — Azq) + cAyg + dA2z + eAgg + fA2s + gAss;

a— aa‘;‘l +b(ay1as3+a11e2a3; +a§1a41) +cay1a63 +da§1a31 —eay1 a2, + faz ae3 +ga31a63 —
2 .
9871Qe1,

b— ba‘;’lazz;

¢ — bay1ase + caiiass + faz1a66 + ga3iass;

d — 2bazia11a2; + dad ez, — 2ea11022a2; + fazzae3 + g(G32a63 — a3, a62);
e = —bay;azza32 + eayyal,;

f — fazzaes + gaszacs;

9 — ga}, aes;

One always have b # 0 and one of {f, g} is nonzero. Since b # 0, make a = ¢ = 0 by solving
for as3 and asg respectively.

Case 1: ¢ = 0. Then f # 0. Make e = 0 by solving for a3; and make d = 0 by solving for
ag3 and get a representative [0, 1,0,0,0,1, 0], corresponding to (1357A);

Case 2: g # 0. Make d = f = 0 by solving for aga and aj3; respectively and get represen-
tatives [0,1,0,0,0,0, 1] (when e = 0, corresponding to (1357B)) and [0, 1,0,0,1,0,1] (when
e # 0, corresponding to (1357C)).

Therefore the corresponding central extensions of Ng 3 g are:
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(1357A): [z1,z2) = z4, [21,24] = 25, [z1, zs] = 27,
[zz, z3] = zs, [321 26] =2z, [z3, z4] = —2z7;

(1357B):  [z1,2z2] = 24, [z1,24] = 25, (21, 25] = z7,
[z2,23] = 25, [23,24] = —27, [z3,26] =27

(1357C):  [z1,22) =24, [21,24] =25, [21,25] = 27,
[z2, 23] = 25, [22,24] = 27, [z3,24] = —27,
(23, 26]) = 27;

Remark: By switching z3 and z4 in all the algebras above, we can get the exact presentations
as in Seeley’s paper.
Central extensions of Ng 3 o:

Z(8): Za,2s5,Z6; [0, 8] Z3, T4, 25; Z2(g): Caq = C35 = C3g = Cy5 = Cyg = Cs6 = 0,Cy5 —
C24 = 0; W(H?): C12 = C13 = Ca3 = 0; dim H?: 5; Basis: A4, Ars + Azg, Ars, A2zs, Azg;

A little bit of calculation will show that any element in H? has none trivial kernel in the
center of Ng39. So Ng 3,9 does not have the desired central extension.

Central extensions of Ng4:

Z(g): Zs5, Zg, [g, g]: Ts, Zz(g): Cls = Cgs = 035 = 045 = ng = O; W(Hz)Z Cu = 0;
dim H?: 9; Basis: A3, A4, Asg, A2z, Azg, Aze, Azq, Ags, Ags;

It is obvious that all the elements in H2(g, F) have z5 in the kernel, so Ng 4, has no central
extension.

The central extensions of Ng4 2 can be found in Chapter 7.

Central extensions of Ng43:

Z(9): z4,%s,%6; [8,8]: Z3,24; Z°(g): C2q4 = C3q4 = Cas = Cag = Cys = Cys = 0; W(H?):
C12=Cy3 = 0; dim H?: 7; Basis: A4, Ay, Ase, A2a, Azs, Aze, Ase;

Group action: a4 + bAys + cA1s + dAg3 + elas + fAzs + gAss;

a— aa‘l’lagg;

b — aajyaqs + bajiass + capiaes + eazass + faziass + g(asiass — assas1);

¢ — aayja4e + bayyase + cayraes + eaziase + faznaes + 9(asi1aes — a61s6);

d—r danagz;

e — eazyass + fazzass + g(asza6s — assaez);

f — eazaase + fazzaee + 9(asades — as2ase);

g — g(assass — aesase);

We have 2 # 0 and g # 0. Make b = ¢ = e = f = 0 by solving for a4s, aqs, a2 and as,
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respectively (letting ags = asg = 0), and get two representatives [1,0,0,0,0,0,1] (when
d = 0) (corresponding to (1457A)) and [1,0,0,1,0,0,1] (when d # 0) (corresponding to
(1457B));

Therefore the corresponding central extensions of Ng 43 are:

(1457A): [zlt 2{] = T4, 1= 2, 3, [zlr 24] =27, [351 36] =z7
(1457B): [zlv Z{] =zi4+1,1=2,3, [31, 54] =27,
[z2, 23] = 27, (z5, 2] = Z7-

Central extensions of Ng 4 4:

Z(g): zs,%s; (8, 8] 25, Ze; Z2%(8): C16 = C26 = C3s =Cy5 = Cs6 = 0; W(H?): C12 = Ca4 =
0; dim H?: 8; Basis: A3, Ayq, Ars, Azs, Agg, Azs, Aag, Ags;

Group action: aA;3 + bA14 + cA1s + dAz3 + eAag + fA2s + gAss + hAgs;

The automorphism group of Ng 44 has two components, therefore we have

(1):

a —+ aajjass + bajraqs + cajiass + daziaaz + eaz1a43 + faz as3 — gaazasy ~ hagsaes;
b — aaj1a34 + bajyaeq + cayiasq + dazyazs + €azia44 + faziasq4 — gas1a3g — haqaac;
c—+ C(aflazz - a31412a21) + f(anaznazz — °§1022);

d — aayzagzs + bajzay3 + cajaass + dazzass + eazzaq43 + faz2a53 — gassasz — hagaaes;
e — aay2a34 + baj2a44 + cayzass + daz2azs + €a22a44 + fa2:a54 — gasqaez — haaqac;
f = caya(anazz — ay2az21) + fazz(aniazz — ar2a21);

g — (ga3s + hags)(aazass — a3qaq3);

h = (gaas + hayq)(aszaes — a3qaq3);

(2):a—-a,b—>~dcog,d—-be—s>—e, frh,gabtc,hre+f;

One of {c, f} and one of {g, h} are nonzero. We can always make ¢ # 0, ¢ # 0 and
f = h =0. Make a = b = d = 0 by solving for as3, as4 and ag; respectively. Now by taking
Q12 = Q34 = Gs3 = Gg3 = Gq3 = Asq = a1 = 0, wecanmakea=b=d = f=h =0, and
depending on whether e = 0 or not, we may obtain two representatives [0,0,1,0,0,0,1,0]
(when e = 0) (corresponding to (137A)) and [0,0,1,0,1,0,1,0] (when e # 0), corresponding
to (137B);

Therefore the central extensions of Ng 44 are:
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(137A):  [z1,2z2] =25, [21,25] = 27,
[33, 24] = Zg, [23, 36] =27

(137B): [z1,z2) =25, [z1,25] =27, [22,24] = 27,
[23, 24] = Zg, [zsg 36] =Z7;

Remark: There is an error in Seeley’s paper about (137B), instead of having [z;, z4]) = z7,
he had [z;, 23] = z7, which was not a Lie algebra at all.

Central extensions of Nggs:

Z(g): z3,%4,25,%T¢; [8,8): z3; Z2%(g): Caq4 = Cas = C36 = 0; W(H?): C13 = 0; dim H?: 11;
Basis: A3, A4, Ars, As, D23, B2g, Azs, Agg, Ags, Ags, Ase;

Group action: aA13+bA14+cA1s+dA1g+eAars+ fA24+9Ars+hAe+1A4s+7Ays+kAss;
a— (0011 =+ 8021)(611022 —_ 612021);

b — aajjazs+bayjae+cay asq+da;1aes + €az1 834 + faz1844 +gazia54+haryacs +1241a54 +
J 841864 — t@44as5; + kas1364 — JGa4a61 — kag1as4;

¢ — aa1a3s+bayy a5+ cay1ass +dayyags + eaz; ass + faz1a45 + gaz ass + hazy ags + tagiass +
Jaq18es — taqs5as) + kasyags — jassas) — kassae;

d = aay1a36+ bay1a46 + cayyase + day1ags + a2 a3 + f 21846 + 9321856 + haz) Ggs + 1041056 +
Ja41a66 — ta46as1 + kasiags — Ja46a61 — kaseae:;

e — (aayz + eazz)(ay1a22 — a12a21);

f = aa12a34+bay12a44 + ca12854 + da12a64 + €a22834 + [ 22844 + a22054 + haz2864 +1a42a54 +
J Q42064 — taq4as3 + kasz2a¢4 — jagqae2 — kagzasy;

g — aayaass +bajza4s + cayzass + day2ags + eazaass + faz2a45 + gaazass + hazaags +iag2ass +
Jas2ae5 — ta4sas2 + kaszaes — jaqsasz — kassagz;

h — aaj2a36 + baizase + cay2ase +dayzaes + ea22838 + fa22846 + ga22856 + hazaage + iag2a56 +
Ja42ae6 — iaqeasz + kasaase — jaqeaez — kaseasz;

t — t(a44055 — G45a54) + J(a44Ges — Aeaa4s) + k(aseaes — asaass);

7 — (644856 — a4gas4) + J(a44066 — G64a46) + k(G54Ges — Ge4856);

k — i(a4s5a56 — a46as5) + J(@45368 — Gesa46) + k(355868 — agsas6);

One of {a, e} is nonzero. We can make a # 0 and e = 0, then by taking a;; = a4; = as; =
ag1 = asq = agg = 0, we can make b = ¢ = d = 0 by solving for az4, aszs and a3e respectively.
One of {4, 3, k} is nonzero. We can always make k # 0 and i = j = 0, as the coefficients
of 1,7, k are just the the second compound matrix of a nonsingular matrix. And we need

f#0.

Now take @12 = az1 = @34 = @35 = agg = Gq = G51 = Gg1 = G54 = Qg4 = G56 = G2 =
ags = as2 = 0, wecanfix b =c=d=e =%t =3 =0 and g = fazass + gaszass;
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h — fazzase + hazzass;
Make g = h = 0 by solving for a45 and a4g and get representative (1,0,0,0,0,1,0,0,0,0,1].
Therefore the central extensions of Ng s are:

(157): [zll z2] = Z3, [zll 33] =27,
[22,z4] = 27, [zs,2%6] = 27;
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6.4 Extensions of Ng3g

Although we can use the same procedure as we do to all the other algebras to get the
desired central extensions, we find it very difficult to manipulate the parameters involved.
So instead we use an ad hoc method to deal with this case, which will give us a slightly
different invariant than the one used by Seeley.

Let V' be a vector space of dimension 3 with a basis {a,b,c}. Because Ng3¢ is a free
nilpotent Lie algebra, by some standard arguments [11] [23], we have Ng36 = V @ A%V.
And isomorphically, Ng 36 can be written as:

Nssg: [e,0)=d=aAb,[bc]=e=bAc,[c,a]=f=cAa.
Center: d, e, f;
(9,9]: d,e, f;

To find 2-cocycles, we need to find all ¢ : V @ A2V x V @ A2V — F such that they satisfy
the Jacobi identity

Jac(zr Y, z) = ¢([z: y]: z) + qS([y, z]r z) + ¢([zr :l:], y) =0, Vz,y,z.

As Z(g) = A%V, it is obvious that for ¢ to be a cocycle, ¢ must vanish on A2V x A%V.

By normalizing the cocycles, we require that ¢(a,b) = ¢(b,c) = ¢(c,a) = 0, which means
that ¢(V,V) = 0.

Sofor ¢ : VAV x V@AV — F to be a cocycle, we only need to check that the restriction
é: V x A2V — F satisfies the Jacobi identity.

For z,y,z € V, we define det(z,y,z) € F by
zAyAz=det(z,y,2)-anbAc.

Explicitly, if

z= aja+pPib+1ic

y= aa+ b+ rc

z= asa+ P3b+ vsc
then

a b mn
det(z,y,z) =det | az B2 72

as B3 73

By direct computation, we have

(2, ¥ A 2) + (3,2 A 2) + (2,2 A )
= det(2,9,2) - ($(a, b A c) + $(b, cA @) + $(c,a AB)) = 0.
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Therefore ¢ is a normalized cocycle if and only if for ¢ : V x A2V — F,

¢(a,bAc)+ ¢(b,cAa)+ ¢(c,anbd)=0.
The Levi factor of the automorphism group of Ng36 is G = GL(V), and its unipotent
radical R, acts trivially on H?(g, F), i.e., ¢(c(z), o(y) A (2)) = ¢(z,y A 2).

Because the set of all the bilinear maps from V' x A%V to F is isomorphic to the dual space
(V ® A?V)" of V @ A%V, we can show that, taking into account the previous statement,
H?(g, F) is isomorphic as a G—module to a submodule of (V x A2V)*, which will be denoted
by (V ® A%V);, and where G = GL(V).

Denote by (E, «) the G-module E = Endg(V) with the action

g+ T =det(g)goTog™t.

We define a map € := V ® A’V — (E, +) by
e(z ® (y A 2))(v) = det(v,y, 2)z
is an isomorphism of G-modules, as we have for any g € G,

det(g)ge(z ® (y A 2)) (g7 (v))
det(g) det(g~*(v), v, 2)9(z)
det(v, g(y), 9(2))9(=)

£(g9(z) ® (9(y) A 9(2))) (v)

= e(9(z®@(yAz2)))(v)

g9-€(z® (yA2))(v)

9-€(z®(yAz)=¢(9(z® (y A 2))).

It follows easily that € acts on the basis of V @ A2V as
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1

a®(bAac)— | 0
0

[ 0
a®(anbd)— | 0
0

"0
b®(cAa)— | 0
0

K
c®BAc)—> ] 0
1

[ 0
c®(anbd)—= | 0
0

00 01
0 0, a®(cAa)— | 0 0
00 00
01 00
0 0|, b@(BAc)—> |1 0
0 0 )
0 0] 0 0
10|, b@(aAb)—|0 0
00 0 0
0 0] [0 0
0 0, c®(cAa)—>| 0 O
00 (01
0 0

00

01

A L

OO0 O0OHO OO0 o0 0

[

The dual G-module of (E, #) is isomorphic to the G-module (E,O) where

90T =det(g)'goTog™".

Indeed the map

defined by

is an isomorphism, since

&:(E,0) — (E,*)"

&(T)(S) := tr(TS)

(9-2(T)(S)= &(T)(g7'*S)

Hence

Let v=aa+ Bb+yce V. Then

tr(T o (g7 * S))

tr(T odet(g)"lg~ 0 Sog)
tr(det(g)"'goT og™109)
tr((¢aT) o S)

= &(gaT)(S)

9 -&(T) = #(¢00T).

e(a® (b A c))(v) =det(v,b,c)a= aa.

Hence €(a ® (b A c)) = projector on Fa with kernel Fb + Fe.
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The operators (b ® (c A a)) and e(c @ (a A b)) have similar descriptions.

In particular,
e(@®@(BAc)+e(d®(cAa))+e(c® (anbd))=idy.

It follows that the transpose map
e : (B, *)"— (V@ A?V)"

induces an isomorphism of the G-module of linear functions that vanish on idy with the
G-modules (V @ A?V);.

We have
®(T)(idv) = tr(T o idy) = tr(T)

and so &€t o ® induces an isomorphism of G-modules
(Eo,0) — (V ® A?V);

where

Eg=ker(tr) = {T € E: t¢(T) =0}.
So we have proved the following
Theorem 6.1 The G-module H?(g, F) ts isomorphic to (Eg,0).

It is an easy fact that any element in {Ep,O) is in the same orbit as one of the following
three elements:

(i)
E 0 0
0 g 0 ;
0 0 -€£-1
(ii)
E10
0 & 1]|;
0 0 ¢
i)
1 O
0 £ 0
0 0 -2

Now we try to find the corresponding elements in H?(g, F) for (i), (ii) and (iii).
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For an arbitrary element T in (E,O), we have the G-module isomorphism et o @ : (E,O) =
(V ® A?V)* with

& 0 B(T)(v) = B(T)(e(v)) = tr(Te(v). (6.2)
where v € V @ A2V.
In (i), we have
§ 0 0
T=|0 g 0
0 0 -{-n

Therefore from (6.2), if the diagonal elements of £(v) are o, 8, v, we have

& 0 B(T)(v) = B(T)(e(v)) = tr(Te(v)) = Ea+nB + (. (6.3)

Let ¥ = (bAc)®a+n(cha)@b+((aAbd)®c € V"Q (A*V)". Then

¥(v) =€a+nB8+(y. (6.4)
Combining (6.3) and (6.4), we have
' 0 &(T)(v) = ¥(v),

or

Eo®(T)=(BAc)@a+n(cAha)®b+((and)®c.
It is easy to check that
¥(a,bAc) =€, ¥(b,cAa)=1,%(c,aAd)=(=-€ -1,
and all the other combinations are zero, which in turn will give us the algebra

(147E) :
[a,8]=d, [bc]=e¢,
[c,al=f, [a, €] =&y,
[b:f]'—'ﬂg: [c!d]=(_£—7’)g~

We may assume that none of £, 7, { = —§ —n equals 0, otherwise ¥ would have some nonzero
element of Z(g) in its kernel.

By taking § = -1, = Aand { = - — 5 =1 — A, we get exactly the same family as in
Seeley’s paper, i.e.,
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(147E) :

[a,8]=d, [b,c]=e,

[a’c]=_f' [a,e]:—g,

&, f1=Ag, [e,d]=(1-A)g.
Let { = ~£ — 7, and

eir= E+n+(=0,

e2 = &n+&C+nC,

es= &n¢.

In (i), for two elements diag(§, n, ¢) and diag(£’, n’, {’) to be in the same subspace, we should
have ¢’ = 7,7’ = ,{’ = 7(, where (' = —§' — 77/. Let

and it is obvious that I is an invariant.

Write t = -%, then n = —t§,{ = - —n = (t — 1)§. Then

e2 = En+&¢+ ¢,
= E(-t—-tt-1)+t—1)
= &(-t*+t-1)

es= &n¢=¢&(-t)(t-1)

el 1—t4t3)3
I= _Eg' - e’Ze—lj; -

Therefore I(A) = ~% = G540 is an invariant for (147E), with X # 0,1. It is obvious
3
that (147C) is just a special case of (147E), by letting A = 1/2.

It is interesting to observe that, up to a constant factor, this invariant has the same ex-
pression as the so called j-invariant of the elliptic curve y? = z(z — 1)(z,) (see {14], pp.83).
Seeley uses a somewhat different expression for his invariant in this case.

In (ii), when x # 3, as 3§ = 0, we have £ = 0, then it is easy to see that the corresponding
cocycle will contain a nonzero element of Z(g) in its kernel. So we just consider the case
when x = 3 and £ # 0. Then we have

E10 110
0¢1|~f011
00 ¢ 001

And its corresponding cocycle is

¥=(0bAc)®(a+b)+(cAa)®@(b+c)+(and)®ec.
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It is easy to check that

¥(a,aAbd)=0, ¥(a,bAc)=1, ¥(a,cAa)=1,

V(b,anbd)=1, ¥(b,bAc)=0, ¥(b,cAa)=1,

¥(c,aAb)=1, ¥(c,bAc)=0, ¥(c,cAa)=0.
The corresponding algebra is for x = 3 only:

(147F) : (for x = 3 only)

[a,8] =4, [b,c]=e,
[a,c]= -1, [a.e]=g,
(e, fl=g, (b, d] =g,
(6, f]=g, [c,d]=g.

In (iii), when £ = 0, the corresponding cocycle will contain a nonzero element of Z(g) in its
kernel. And when £ # 0, we have

E1 0 11 0
0¢ o0 |~]o1 o
0 0 -2¢ 00 -2

Its corresponding cocycle is

¥=(bAc)@(a+b)+(cha)@b—-2(and)®c.

It is easy to check that

¥(a,anbd)=0, ¥(a,bAc)=1, ¥(a,cAa)=1,
¥(b,anb)=0, ¥((b,bAc)=0, ¥(bcAa)=1,
¥(c,anb)=-2, ¥(c,bAc)=0, ¥(c,cAa)=0.

Its corresponding algebra is

[a,8] = d, [b,c]=e, [a,c]=-f,
(1): {a,e]:g, [atf]=gv [b,f]=g,
[Cid] = —2g.

which is isomorphic to (147D) of Seeley’s paper, an isomorphism from (1) to (147D) can be
given as: a + 1/2¢, b+ b, c—>a,d— —-1/2¢e,e =+ —d, f = —1/2f and g = —1/4g.

Therefore the central extensions of Ng 3¢ of dimension 7 are:
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(147D):

(a,b] = d, [a,c]= - f,
[a,e]:g, [arf]=9r
[b'c]=ev [b,f]:g,
[e,d] = —2g. .
(147E):  I(6) = Y&, € #£0,1 (€ =1/2 gives (147C))
(a,0] =4, ([a,c) = ~Ff,
[a' e] =-9, ib! c] =6,
[b,f]:fg, [c,d]= (1-¢9)g.
(147F): (for x = 3 only)
[a,b] = d, [a,c] = - f,
[a,e]:g, (a,fl=g,
[b'C]':er [bl‘ﬂ:gr
[b!f]:'gr [C,d]:g.

Remark: (147C) is a special case of (147E) by taking £ = 1/2.
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Chapter 7

Algebras over the Real Field

In this chapter, we will consider the central extensions of the algebras of dimensions < 6
over the real field. We only provide the proofs for those cases where some new algebras
arised due to the change of the ground field. Our proofs also apply to the case when the
fields are algebraically closed with x # 2, with some minor modifications.

As we have discussed in Chapter 5, two new algebras arise from the central extensions of
the 3-dimensional Abelian Lie algebras. No new algebra arises from the central extensions
of 4-dimensional algebras. Therefore we start by considering the central extensions of 5-
dimensional nilpotent Lie algebras.

7.1 Extensions of 5-Dimensional Algebras

The central extensions of N5 22 over R can be found in chapter 2, Example 2.

Central extensions of Ns 3 3:

Z(g): z4,zs; [8,8]: 3, 24, z5; Z%(g): Caq = Cas = Cy5 = 0,C15 — Cag = 0; W(H?):
Clz = 013 = Cza = 0; dim H?: 3; Basis: AM: Ays + A24: Ass.

Group action: aAj4 + b(Ays + Agq) + cAas:

Let A := a;;a32 — a12a21. Then a = (aa?; + 2baj1a2; + ca? ) ; b = (aay1a12 + b(a1a22 +
a12a21) + caziaz)d; c = (aaf2 + 2bayza22 + cagz)A.

Let A = [a,b,c] and B = [ay, b1, c;]. It is obvious that in A one of a,b,c# 0. May assume
a =1 and have A = [1,b,c] and B = [0, b, ¢;]. By taking az; = 0 will ensure that a =1 in
A.

Now in B one of by,c; # 0 and (as az; = 0) a; =0 — 0; b; — biayyazz; 1 = (2b1ar2a22 +
clagz)A.
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If b; # 0, make c; = 0 by solving for a;, and obtain the representative for B: B; = [0, 1, 0].
If b, = 0, then ¢; # 0 and obtain another representative for B: B, = [0,0, 1].

Case 1: B; =[0,1,0]. Then A =1, 0, ¢]. To fix B; (up to ascalar), we require a;; = a; = 0.
Consider the group actionon A: a=1—a?,A;6=0 — 0; c = ca, A.

Subcase 1.1: ¢ = 0. we obtain the representative for A: 4; = [1,0,0], with A; A B;
corresponding to (2457M).

Subcase 1.2: ¢ # 0. Then A — [a2,,0, ca2,]. If c > 0, then we obtain the representative 4, =
[1,0,1], with A; A B, corresponding to (2457L); If ¢ < 0, then we obtain the representative
Az = (1,0, —1], with A3 A B, corresponding to (2457L,).

Case 2: By = (0,0,1]. Then A = [1,5,0]. To fix B, (up to a scalar), we require a3; = 0.
With B2 being fixed, we can always make ¢ = 0 in A by linear combination.

Consider the group action on A: a = a3, A; b — (aj1812 + bayaz2)A.

We can obviously make b = 0 by solving for a,2 and obtain the representative A = [1, 0, 0],
with A A B; also corresponding to (2457L).

At first we show that (1) A2 A By and (2) A A B; are in the same orbit, as both of them are
corresponding to (2457L). Compare the corresponding algebras: (1) [z;, z;] = z;41,1= 2,3,
[21,24] = 27, [21, 25] = [22, 24] = 26, [22, 23] = 25, [22, 25] = 27; and (2) [21, 2i] = zig1, i =
2,3, {z1,24] = 26, [22, 23] = 25, [22, 25] = 27

By taking 2, — z; + 22, 2 =& —2; + z2, 23 = 223, 254 = 224 + 225, 25 = —224 + 225,
zg = —2z¢ + 227, z7 = 2z¢ + 227, We map (1) to (2).

To prove the non-isomorphism among (2457L, 2457L;, 2457M), we show that they are in
different orbits.

Consider (2457L), i.e., A A B,, under the group action, A = [1,0,0] =& Ala?,, a1ya12, a3,],
and B, = [0,0,1] = A[a3,, az21a22,a3,]. Then

ANB; — {(a{lanan - auaua%l)Au A (A],s + Az4)
+(a} a3; — 03,83,)A1c A Ags
+(a1181202,; — @2,a21a22)(A1s + Azg) A Ags}A?

Compare (2457L) and (2457M), then the coefficients of A4 A Ags and (Ajs+ Aaq) AA2s are
zero. Then we have aj;a;; = 0 and a;3a32 + aj2a2; = 0, which will lead to the singularity
of A.

Compare (2457L) and (2457L,;), we would have
311821 A% = @12a2,A° #0,

and (11822 + a12021) A% = 0.
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Simplification would lead to a3; + a2, = 0, which has a solution over algebraically closed
fields (and at the same time maintain the nonsingularity of the automorphism group}), but
not over the real field.

Therefore, as real Lie algebras, (2457L) and (2457L;) are not isomorphic.
Similarly we can prove that (2457L;) and (2457M) are not isomorphic.

Therefore the corresponding central extensions of Ns 2 3 are:

(2457L):  [z1,25] = 2i41,1 = 2,3, [21,24] = 26,
[21.25] =z7, [32, zs] = s,
[22,24] = 27, [22, 25] = Zg;,

(2457L,):  [z1,2:) = 241,1= 2,3, [z1,24] = z6,
(21, 25] = z7, (z2, 23] = zs,
(22, 24) = z7, [22,2z5] = —zs;

(2457TM):  (z1,z:] = 2541,1 = 2,3, [z1,24] = z7,
(21, 25] = =6, (22, 23] = zs,
(23, 24] = z;

Central extensions of Ns 32:

Z(g): z4,2s; [8,8]: z4, z5; Z2(g): Cas = 0,C25 — C34 = 0; W(H?): C12 =C13=0; dim HZ:
6; Basis: A4, Ays, Az, Azq, Azs + Azy, Ass;

Group action: a4+ bAjs + cApz + dAgg + e(A2s + Aag) + fAss:

2 )
a — aa?,az; + ba? a3z + dajjaznaz; + eary(azasz + az2a31) + fayias asz;
b — aa?, az3 + ba? asz + dayya31623 + eay;(@21a33 + @31823) + fa11a3;1833;

¢ — c(az2a33 — @32823) + d(@22043 — @z3a42) + e(a22a53 — @52a23) + €(a3za43 — ag2a33) +
f(aszass — aszaas);

2 )

d — day1a3, + 2eay1832a32 + fayyal,;

e — day1a22823 + €ay1(a22833 + G23a32) + fa11a32833;
2 )

- danaza + 2eajjagzzazs + fauags,

Let V; be the subspace generated by A4, A;s, A2s, V2 the subspace generated by A4, Ass,
Azq, A2s+Aag, Aszs, and Vs = V) [ Va. [t is easy to see that all V}, V2 and V; are submodaules
under the group action.
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H?(g,F)

N
NS

Va=ViNV:

Let L be any two-dimensional subspace of H?(g, F). Assume L = AA B, with A and B of
the form aAj4 + bAys + cAzz + dAgy + C(Azs + A34) + fA3s.

Among A and B, we have the following restrictions: (1) e # 0; or (2) one of a,d # 0; or (3)
oneof b, f # 0.

Casel. L ¢ V}, or at least one of d,e, f #0 in A. When ¢> —df > 0, we can make e = 1
and b= f = 0, and also a = b = ¢ = 0 to get subcase (a) A = [0,0,0,0,1,0]. When
e2 —~df =0, maked = e = 0 and f = 1. We can make further b = ¢ = 0 by solving for
a3 and asz respectively. Depending on whether a = 0 or not, we get two subcases: (b)
A=1[0,0,0,0,0,1] and (c) A = [1,0,0,0,0,1]. When e? — df < 0, we can make e = 0 and
d = f =1. We can further make @ = = ¢ = 0 by solving for az;, a3; and a43 respectively
to get (d) A = [0,0,0,1,0,1].

Subcase 1.1: L C V3. Or ¢ =0 in both A and B.

Subcase 1.1.1: L[] V3 =0, or we have at least one of d, ¢, f # 0 in B, consider the following
cases:

Subcase 1.1.1.1: A = [0,0,0,0,1,0]. To fix A, we require @33 = a3 = 0, a4, = as3,
az2a32 = 0, azzass = 0, and a;;(az2aa3 + @23a32) = 1.

Assume B = [a,b,¢,d,0, f]. Then if a3 = a3z = 0, then ¢ — aa?|az2; b — ba?,a3s3;
¢ — ca22a33 + d022043 + f(—aszas;;); d— dau,a%z; e=0—>0; f — faua:z,a.

If instead a3 = az3 = 0, we have a — bahaaz; b — aal,az3; ¢ = c(—as2a23) + dazzaqs +
fazzass; d — fa1la§z; e=0—-0; f— daua§3-

As one of f,d # 0, we can always assume f # 0 by the group action above. And if both
f,d # 0, we can always make a = 1 when one of a,b # 0. Make ¢ = 0. Depending on the
values of a, b, d, we get all the following representatives for B: (1) B = [0,0,0,0,0, 1] (when
a=0b=d =0, AA B corresponds to (2471)); (2) B = [0,0,0,1,0,1] (when a = b = 0,
df > 0, A A B corresponds to (247F)); (3) B = [0,0,0,1,0,—1] (when a = b =0, df < 0,
A A B corresponds to (247F,)); (4) B =[0,1,0,0,0,1] (a =d = 0, b # 0, AA B corresponds
to (247J)); () B = [1,0,0,0,0,1] (3 =d =0, a # 0, A A B corresponds to (247K)); (5')
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B =[1,1,0,0,0,1] (ab # 0, d = 0, A A B corresponds to (247K)); (6) B = [1,0,0,1,0,1]
(one of a,b # 0, df > 0, A A B corresponds to (247H)); (7) B = [1,0,0,1,0, -1] (one of
a,b # 0, df < 0, AA B corresponds to (247H;)); (8) B = (1,1,0,1,0,1] (abdf #0, f =1,
A A B corresponds to (247G)); (9) B = [1,1,0,1,0, f] (abdf # 0,f # 0,1). We will show
that when f < 0, it will become (247H,) and when f > 0 and f # 1, it will becomes (247H).

It is obvious that each pair of (247F) and (247F), (247H) and (247H,) are isomorphic over
the algebraically closed field. We will prove later that they are different over the real field.

The isomorphism between (5) and (5') will be shown later on.

Subcase 1.1.1.2: A =[0,0,0,0,0,1]. Fix 4, we require az; = a3z = asz = 0 and a;;a3, = 1.

Assume B = [a, b, ¢, d, ¢,0]. We must have e = 0, for otherwise we can change it into Subcase
1.1.1.1, as e? — df = e? > 0. Now with e = 0 and d # 0, make d = —1 by multiplying B
by —1/d, then A+ B = [, %, *, —1,0, 1], which can be changed into Subcase 1.1.1.1 as well.
So we omit this case.

Subcase 1.1.1.3: A =[1,0,0,0,0,1]. To fix A, we require a3z = asz = 0, a3z} = —a;a23/aas,
a{lau = aua§3 = 1.

Assume B = [a,b,c,d, e,0]. We will also omit this case, as by exactly the same argument
as in Subcase 1.1.1.2, it can be changed into Subcase 1.1.1.1.

Subcase 1.1.1.4: A = [0,0,0,1,0,1]. To fix A, we may let a»; = a3; = 0, az2 = az3, and
@) = a2 = a3z = 1, aq2 = a43 = asz = asz = 0. Now consider B = [a, b, ¢, d, e,0]. We must
have e = 0, for otherwise we can change it into Subcase 1.1.1.1, as e —~ df = €2 > 0. Now
with e = 0 and d # 0, make d = 2 by multiplying B by 2/d, then subtracting from A by B,
A — B = [#,%,%,—1,0,1], which can be changed into Subcase 1.1.1.1 as well. So we omit
this case.

Subcase 1.1.2: Now consider the case when L[| V3 # 0, which means B € V3.

Subcase 1.1.2.1: A = [0,0,0,0,1,0]. To fix A, we require az; = a3 = 0, @42 = as3,
az2a32 = 0, az3ass = 0, and a;y(azza33 + az3aaz) = 1.

Assume B = [q,},0,0,0,0]. Then if a3 = asz = 0, then a — aa?,az2; b — ba? as3.
If instead a;; = a33 = 0, we have a — ba? asz; b — aa?;azs.

As one of a,b # 0, we can always assume a # 0 and get two representatives for B: (10)
B = [1,0,0,0,0,0] (A A B corresponds to (247D)) and (11) B = (1,1,0,0,0,0] (AA B
corresponds to (247E)).

Subcase 1.1.2.2: A =[0,0,0,0,0,1]. Fix A, we require a3; = a32 = as2 = 0 and ajjal; = 1.
Assume B = [a,},0,0,0,0].

a — aa?,az;;
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b — aa?,az; + ba?,aas;

As a # 0, make b = 0 to get a representative for B: (12) B = [1,0,0,0,0, 0], corresponding
to (247B).

Subcase 1.1.2.3: A =[1,0,0,0,0,1]. To fix 4, we require a3z = asz = 0, az; = —a;1a23/as3,
a},az; = a11a3; = 1. Assume B = [a,},0,0,0,0]. Then a — aa?,az;; b — aa} a3 +ba? as;.
If a # 0, make b = 0, and we will get exactly the same algebra as (12). Therefore we assume
a =0 and b # 0 to get (13) B = [0,1,0,0,0,0], corresponding to (247C).

Subcase 1.1.2.4: A = [0,0,0,1,0,1]. To fix A, we may choose a;; = a33, a3 = —ass,
az1 = az1 = 0, aszas3 = (a33aq3 — az3aq2 + aszasa)-

Then for B = [q,b,0,0,0,0], we have a — aa?,a;; + ba? asz; b = —aa? a3z + ba?;aas.

One of a,b # 0, we can make a = 1 and b = 0 to get (14) B = [1,0,0,0,0,0], with AA B
corresponding to (247E;).

Subcase 1.2: L ¢ V5, which means ¢ # 0 in B.

Subcase 1.2.1: A =10,0,0,0,1,0]. Let B = [e,b,¢,d,0, f]. Compare with the computation
as in Subcase 1.1.1.1, may assume d = f = 0. If one of a,b # 0, we can similarly assume
a # 0. Depending on the values of b, we get the following representatives for B: (15)
B =1,0,1,0,0,0], corresponding to (247Q). and (16) B = [1,1,1,0,0, 0], corresponding to
(247R).

If both a = b = 0, then get the representative: (17) B = [0,0, 1,0,0, 0], corresponding to
(247P).

Subcase 1.2.2: A =[0,0,0,0,0,1]. Assume B = [a,b, ¢, d,¢,0] with ¢ # 0. Compare with
the computation as in Subcase 1.1.1.2, may assume d = e = 0 and get a — aa? az;
b — aa? az3 + ba? a33; ¢ = cazaas.

As a # 0, make b = 0 to get a representative for B (18) B = [1,0, 1,0, 0, 0], corresponding
to (247TM).

Subcase 1.2.3: A = [1,0,0,0,0,1]. Assume B = [q,b,c,d,e,0]. Compare with the com-
putation as in Subcase 1.1.1.3, we may assume that d = e = f = 0. Then a — aa?,az;;
b — aa? az3 + ba?;as3; ¢ — cazqass.

If a # 0, make b = 0 to get a representative for B: (18’) B =[1,0, 1,0, 0, 0], corresponding
to (247TM).

If @ = 0, then depending on the values of b, we get subcase (19) B =[0,0,1,0,0, 0] (corre-
sponding to (247N)) and (20) B = [0, 1,1, 0, 0, 0] (corresponding to (2470)).

Subcase 1.2.4: A =[0,0,0,1,0,1). Let B = [a, ), ¢,d, e,0]. Compare with Subcase 1.1.1.4,
we may assume that d = e = 0 to get B = [a,b,¢,0,0,0]. Compare with 1.1.2.4, we have
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a — aa? az; + ba? asz; b — —aad a3, + bal ass; c = c(a3; + a2,).

If one of a,b # 0, make a = 1 and b = 0 to get (21) B = [1,0,1,0,0, 0], corresponding to
(247R;). and if both a = b = 0, then we have (22) B = [0,0,1,0,0, 0], corresponding to
(247P,).

Case 2. LC Vj,ord=e = f =0in both A,B. Then one of ¢, # 0. Makea =1
and b = 0 in A. Depending on whether ¢ = 0 or not, we get two cases: Subcase (2.1)
A=1[1,0,0,0,0,0] and Subcase (2.2) A=[1,0,1,0,0,0].

Subcase 2.1: L C V3, or both A, B € V5. For 4 =([1,0,0,0,0,0}, we require b # 0 in B and
get (23) B =[0,1,0,0,0,0], corresponding to (247A).

Subcase 2.2: L ¢ V3. For A = [1,0,1,0,0,0], to fix it, we require a3 = 0, a?;a;; = 1,
and az;a33 = 1. Assume B = [q,),0,0,0,0], with b # 0. Now a — aa? az; + ba? a3;

Make ¢ = 0 and get (21) B = [0,1,0,0,0,0], corresponding to (247L). If we consider
A =[1,0,0,0,0,0], we get a representative which is in the same orbit as (24). So we omit
this case.

At first we will show that the following pairs are isomorphic: (5) and (5'), (18) and (18’).
We will prove this by providing an isomorphism between the two algebras:

To show that (5) and (5’) are in the same orbit, we may take a;; = @32 = a3z = a42 = as3 =
1, a23 = a3; =1/2, and az; = 1/4, and this will map A A B of (5) to that of (5°).

For the isomorphism between (18) and (18’), we can actually establish an isomorphim
between the two algebras: z; — z,, 22 = —z2 + z5, T3 — 23, T4 = —2Z4, T5 — Zs,
zg — —2g — z7 and z7 — z7.

For (9), when f > 0 and f # 1, an isomorphism between (9) and (247H) is (let a be a

2
. . 3 2 4
solution to the equation f = (:’;—f—;) ): 2y — Zx_;lﬁzl + ;j“_i_—lzz + ﬁzs, z2 = azy + T3,

a(a’+1) a3+l al al al a? al
03_1 32 h a3_1331 24 — ;+124 + a3+1z5I z5 - a5_124 - a§_1351 z6 — a3+136 +

ﬁz-, and z7; — —;‘—_i,":—lzs-i- ;j‘:—lz-;; when f < 0, an isomorphim between (9) and (247H;)
2 2
is (let a be a solution to the equation f = —z? (-;;%'_—i) ): z1 — ﬁg(:;it;%?zl -4z +

21 a(a3-3 a?(a?-3 al41)2 a?+1)3?
2957523, T2 = azy + 23, T3 = Jy{-T2 — —3&;:1:3, z4 > r3-%4 + ST es

3 —

(x3+41)3 a(al+1)? a?—1)(a?+1)3 al+41)3 a(a?+1)?
T L Ty —

(a3+3];32-(a12_1227.
We can also show that over the the algebraically closed field, (247E) and (247E;), (247P)
and (247P,), (247R) and (247R,) are isomorphic. (As the isomorphism between (247F, F,,
H, H,) can be read off easily from the proof.) Let « be a root of 22 + 1 and 8 be the root
of z* 4- 1. Then
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(247E, )= (247E): z; — 21, 3 — Z; + 23, T3 — —QZT3 + a3, T4 — T4 + Ts,
Ts — —az4 + azs, zg — 2zg, 27 > 227;
(247P,)= (247P): =z, — 23, 23 = a(zz — z3), 23 = 22 + T3, 24 = az4 — z5),
zs — 24 + 25, Tg — 2azg, and 7 — 2z7;
(247R1)§ (247R). ) — ﬁzl, Z3 = T2 + T3, T3 — ﬁz(-—zz + 23), T4 — ﬂ(34 +
zs5), 25 = B3 (—z4 + z5), T — 28%26, and z7 — 2fz7.
To show that all the algebras (247A-R), (247E,), (247F), (247H,), (247P,), and (247R,)
are distinct, we just need to compare the algebras among the same groups as follows:

Group 1: (247A); Group 2: (247L); Group 3: (247B, C, D, E, E;); Group 4: (247F,F,, G,
H,H,, L,J, K); Group 5: (247M, N,O,P,Q,R, P,, R,).

Take (247F) as an example. We will prove that it is distinct from all the other algebras in
Group 4. We have in this case A = [0,0,0,0,1,0] and B = [0,0,0, 1,0, 1]. Then under the
group action,

A — [a11(az1a32 + a22a31), @11 (a21833 +a31623), @22a53 — @52a23 + 632843 — G42033, 2a11G22a33,
a11(az22a3s + az23a3z), 2a11a23a33]

and

B — [a11(a21@22 + asza31), a11(a21823 + @31833), 22043 — 42823 + a32a53 — G52a33, a11(a3, +
a,), a11(a22823 + @azasz), a1 (a2; + a3;)].

Consider the wedge product AA B, and the corresponding coefficients are: (let § = a23a33 —
azaaaz)

ASTRAYASER: —a} (a3, - a},)é

AjgNAyy: —a},(a3z — a32)(a218a32 — azz2a31)
Arg A (Azs + Asq) : —ai (a3, — a3,)(a21a33 — a23a3)
Ais A (Azs + Asg) : afy(a3; — a35)(az1aaz — azzaa;)
Aps A Ass : a3, (a3 — a35)(a21a33 ~ a23831)
Az A (Azs+ Asq) : —af (a3, — a3,)é

AzgAAszs: —2a?,(a22a3 — a33a32)d

(Azs + Agq) A Bas : a?j(a3; — adg)d

Compare the coefficients of A A B with that of (247F,). If they are isomorphic, then the
coefficients of Agq A (A2s + Ajy) and (Azs + Aszq) A Ags are equal (nonzero), while all the
others are zero. Then az;as3 — aasasz = 0 and a3, — a3, = a2, — a3;. It is easy to see that
when it is over R, then it has no solution (otherwise the automorphism group is singular,
or, § = 0). (Notice that if it is over an algebraically closed field of x # 2, then it has a
solution.)

Compare with (247I). Then the only coefficients that is nonzero is a?,(a2; — a2;)é # 0, and
all the others are zero, which include that a3, — a3, = a:2a23 — a3zsas; = 0, and leads to
a3 = a3, contradiction. Therefore (247I) and (247F) are not isomorphic.
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All the other algebras can be proved similarly.

Therefore the corresponding central extensions of Ns 32 are:

(247A):
(247B):
(247C):
(247D):
(247E):

(247E,):
(247F):

(247F,):
(247G):
(247H):
(247H,):
(2471):
(2473):
(247K):
(247L):
(247M):
(247N):

(2470):

[21,2,'] = Zi42, t= 2, 3, 4, 5;
[21,2{] = zi42,1=2,3,4
(z1,2:] = 2i42,1=2,3,4
[21, z,-] = Ti4+2, 1= 2, 3,
[22,25] =27,

[21,2{] = Ti4+2, 1= 2, 3, 4
[32,25] =2z7,

[1,2;] = 2i42,1=2,3,4
[zl,::;] =242, = 2,3,
(23, z4] = 27,

[21, 2,‘] = Ti4+2, i= 2, 3,
[z3,24] = 2z,

[21, z,‘] =2i42,1=2,3,4
[22,35] =2z7,

21,25 = 2i42,1=2,3,4
(23,24] = 27,

[21,2]] = 2:42,1=2,3,4
[23,24] =z7,

[21,2:]) = 2i42,1= 2,3,
[23, 85] =z7

[z1,2:] = 2i42,1=2,3
(z3,24] = 2,

[21,2]) = 2i42,1=2,3,4
[33,24] =27,

[21, z,-] = Zi42 1= 2, 3, 4, 5
[21, 3,’] = Ti42, 1= 2, 3,4
[tl, z,-] =2Ti42, i = 2. 3,
[22'33] =27,

[2:1, z;] =2i42,t=2,3,4
[z2, z3] = =7,

[zs, zs] =Zz7
(21, 25] = z7,
[21, 24] = Zg,
[-’53, 24] = Z7;
[21, 85] = Zs,
[23, 34] =27
(22, 24] = 27,
[22' 34] = Zg,
[z3, z5] = z6;
[xz, 34] = Zg,

[23, zs] = —ze;

[21,235] = zs,
[3:31 2:4] =27,
[zﬁv 14] = Zg,
[33, =l=5] = Zg;
[22, 24] = Zg,

[23, 35] = —Zg;

(22, z5] = Zs,

[zll 2:5] = T,
[z3, z5] = z6;
[-’Bza 35] =7,
[33, 25] = Ts;
[22, 23] = z6;
[22, 23] = 2¢,
[21, 25] = Zsg,
[z2, z4] = z6;
[311 35] =2z,
[23, 25) = Z6;

[23, 35] = Zg.

[z3, 25] = z7;
[221 25] =2Zz7,

[22, 35] = z7,
[32, 34] = Zg,
[3—'3, 35] = Zg,
[22, zs] =Z7,
[z2, z5) = =7,

[23, 24] = Zg,

[32, 25] = z7,

[23, 35] = Z7,

115




(247?): [21, z,-] = Ziy+2, 1=2,3, [zz,za] = Zg,

[zz, 25] =2z, [=3r34] =2z
(247P1): [zlv z{] =Tit2, 1= 21 3: [zZr 23] = ZT¢,
[22, 24] = 27, [z3,25] = 27;

(247Q): [zl, z;] = Zi42, 1=2,3,4, [22, 23] = 2, [zz, 2:5] = 27,
[23, 34] =z

(247R):  [z1,%i) = 2i42,1=2,3,4 [z1,25] = 26, [2Z2,23] = zZ6,
[32, 25] =z, [ta, 24] =27,

(247R;): [z1,2i] = 2i42,§=2,3,4 [23,23] =26, [22,24] =27,
[23, 2:5] =2Z7.

Central extensions of Nj 4:

Z(g): z3,z4,2s; [8,8): z3; Z%(g): C34 = 0,C35 = 0; W(H?): Cy2 = 0; dim H?: 7; Basis:
A3, Ay, Ays, Ags, Agg, Ass, Ays;

Group action: al;3 + bA14 + cAys + dAg3 + eAgg + fAzs + glys;

Let 6 := aj 432 — aj2a3;.

a — aa; 0 + das;d;

b — a11(aass + bagy + casq) + az1(dasq + eaqq + fase) + g(@a1a54 — a51244);
¢ — ay1(aass + bags + cass) + az1(dass + eass + fass) + g(aa18ss — as104s);
d — aay20 + daj,é;

e — a12(a634 + bags + casq) + az2(dass + easq + fasq) + g(aszasq — aszaqq);
f — a12(aass + bags + cass) + azz2(dass + eaqs + fass) + g(aszass — aszaqs);
g — 9(asqa55 — as4a4s);

Let Vi be the subspace of H?(g,F) generated by A3, Ay, Ays, A2z, Azq, Azs, Vo the
subspace generated by Aj4, A;s, Aag, Ags, Ags, and V3 the intersection of V; and V5. By
the group action above, we know that all V}, V; and V; are submodules of H2(g, F).
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Let L be any two-dimensional subspace of H2(g, F') with the desired property. Then it is
obvious that L[\ V; # 0 and L ¢ V3. Denote L = A A B, where A, B € H%(g, F).

Case 1: L ¢ Vj,or g # 0in A. We may assume A = [a,b,¢,d,e,f,1] and B =
{ay,b1,¢1,d1,€1, f1,0]. To fix A, we require that ¢ = 1 — ay4ass — as4G45 7 0, which is
always true, as aqqass — a@sqaqs is a factor of the determinant of the automorphism group
A.llf.Ns‘;.

Subcase 1.1: L V3 = 0, or at least one of a;,d; # 0. Make a; = 1 and d; = 0. Then
for B = [1,b,,¢,0,¢€1, f1,0], we have a; = 1 — a;18; by — ai1(ass + b1aeq + c1854) +
as(e1aaq + fiasq); a1 = anf(ass + brags + crass) + az(erass + frass); di — a126; ey —
a12(a34+b1a44+crasq) +azz(e1asq+ frasq); fi = a12(azs+brags+crass)+azz(eraas+ frass);
g1=0-—-0.

Choose a;; = 0. We can make b; = ¢; = 0 by solving for az4 and a3s respectively. Assume
that a3, = 0, we now have a; = 1 — ;30 = 1; b; = 0 — aj1a34 + az1(€1a44 + fias4) = 0
(solve for a34); ¢4 = 0 — aj1a35 + az1(e1aqs + frass) = 0 (solve for ags); dy = 0 — 0;
e1 — azz(e1a4q + fias54); f = az2(e1a4s + frass); 1 =0 0.

If at least one of e,, fi # 0, then make ¢e; = 1 and f; = 0 to get B, =[1,0,0,0,1,0,0}. If
both e; = f; = 0, then get B, =[1,0,0,0,0,0, 0].

Subcase 1.1.1: L(\V> # 0, or A € V. For B; = [1,0,0,0,1,0,0], we may assume A =
[0,5,¢,0,e, f,1]. To fix B;, we require aj; = aas = ags = 0 , @z4 = —az1844/011, a116 =1
and aj,a34 + a22a44 = 1. Now consider A. By taking also as4 =0, we havea=0—0;b6 —
a11bagq +az1€a44 — as1844; ¢ — a11Cas5 +a2) fass +ag1as5; d =0 — 0; e — azzeaqq — asza44;
f — ax2fass + aq2as5; g = 1 — agqass.

We makea = b=c=e = f =0 by taking az; = as; = a4 = @s2 = a42 = 0 and get a
representative for A: (1.1.1a) A =[0,0,0,0,0,0,1] (A A B corresponds to (257H)).

For B; = [1,0,0,0,0,0,0], we assume 4 = [0,b,¢,0,¢, f,1]. To fix Bz, we require a;; =
asq = azs = 0 and a?,a2; = 1. Now consider 4, a = 0 — 0; b — a3 (bags+casq)+az; (eass+
fass) + (@aq1as54 — asy1a4q); ¢ = a11(bags + cass) + az(eass + fass) + (aq1as5 — asiags);
d = 0; e = azz(eaqq + fasq) + (a42a54 — a52a44); f — a22(eaqs + fass) + (@42as5 — as52045);
g — (@44a55 — as54a4s).

By taking a4s = as; = 0, we can make b = ¢ = ¢ = f = 0 by solving for as;, 641, as2 and a4,
respectively to get A =[0,0,0,0,0,0,1]. But this gives us a decomposable algebra (1.1.1b})
Ny2 X N3 [z1, 23] = 23, [21, 23] = 26, [24,25] = 7.

Subcase 1.1.2: LV>2=0,0r A & V5, i.e., one of a,d # 0.

For B, = [1,0,0,0,1,0,0], we may assume A = [0,d,¢,d, e, f,1]. To fix B;, we require
Q12 = G3s = Q45 = 0 , @34 = —azla“/au, 6116 =1 and G22844 = 1. Now consider A. By
takmg also asq = 0, we havea =0 — dané; b— (1116(144 + an(da;u + ea“) — a51Q44; C —
ayicass +az1 fass +aq1ass; d — dazad; e — agz(dass+eaqq) —asza44); f — a22 fass +aqs2ass;
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g= 1— G44G55.

We make a = b = c = e = f = 0 by taking az; = as; = a4 = as2 = aq2 = 0. Because
d # 0, we get a representative for A: (1.1.2a) A = [0,0,0,1,0,0,1] (A A B, corresponds to
(257L)).

For B, ={1,0,0,0,0,0,0], we assume A = [0,d,c,d,e, f,1].

To fix B, we require a;; = a34 = azs = 0 and aflazz = 1. Now consider 4, e =0 — 0 (By
subtracting a multiple of B; from A, we can always make a = 0); b — ay;({basq + casy) +
az1(eaqq+ fasq) +(aq1a54—a51844); ¢ = a11(bags+cass)+az;(eass+ fass)+(as1as5 —as1a4s);
d — daz;d; e = azz(eaqs+ fase)+(a42a54 — as2044); f — az2z(eaqs+ fass)+(aszass —aszaqs);
g — (aqaass — asqays).

By taking a4s = as4 = 0, we can make b = ¢ = e = f = 0 by solving for as;, a41, as2 and
a4z respectively. As d # 0, we get (1.1.2b) A = [0,0,0,1,0,0,1] (A A B; corresponds to
(257K)).

Subcase 1.2: L[ V3 # 0, or a; = d; = 0 in B. In this case, it is obvious that we also have
LgVa,or AgVaoroneofa,d#0in A.

Then B = [0, by, ¢1,0, €1, f1,0] and one of by, ¢1, €1, fi # 0. May assume e; = 1. a; =0 — 0;
by = a1(bra4s + c1854) + a21(84s + frasq); c1 = ani(brags + cras5) + an(ass + frass);
d; = 0= 0; ey = 1 = ayz(braqq + c1as4) + a22(asq + fi1as4) = 1; f1 = ar2(brags + crass) +
azz2(ass + frass); g1 =0—0.

Make b, = f; = 0 by solving for az; and a45. Now we get a; = 0 — 0; b, = 0 —
@11€1854 + a21844 = 0; (@21 = —c1811854/a44) €1 = an1C1855+anaqs; dy =00, =1 —
@12€1a54 + 22844 = 1; fi = 0 = a1261855 + @22a45 = 0; (aqs = —c1a12855/a22) g1 =0 = 0.
Substitute az;, a4s into ¢;, combining with the fact that a;zc1a54 + a22a44 = 1, we get

c2a11a54012085

S

€ —* ca1168s55 + a33004

— €1G854G

= cianass (1+ 2gien)

— €1 354 ﬂlzidzz - 77

= €1G11855 212344

- c a11a5s

lazzac

Depending on whether ¢; = 0 or not, we get two representatives for B: B, = [0,0,0,0,1,0, 0]
and B, =[0,0,1,0,1,0,0].

Subcase 1.2.1: For B, = [0,0,0,0,1,0,0], we assume A = [a,b,¢,d,0, f,1]. To fix B,, we
require az; = a4s = 0 and a32a44 = 1. Now consider A. a — aay1d; b — a11(aasq + bagq +
casq) + (aq1a54 — as1aqq); ¢ — ayy(aass + cass) + aq1ass; d — aa126 + daxzd; e = 0 —
ayz2(aasq + bagq + casy) + a22(dass + fass) + (342854 — @s2644) = 0 (By subtracting a multiple
of B1); f ~ aiz2(aass + cass) + az2(dass + fass) + agzass; g =1 — agqass = 1.

Make d = ¢ = f = 0 by solving for as;, a4; and a4, respectively. Now if a # 0, makea =1
and d = 0 by solving for a;; to get (1.2.1a) 4, =[1,0,0,0,0,0,1] (A; A B, corresponds to
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(257E)). If a = 0, then d # 0, and get (1.2.1b) 4, =[0,0,0,1,0,0,1] (A2 A B; corresponds
to (257F)).

Subcase 1.2.2: For B, = [0,0,1,0,1,0,0], we may assume A = [a,),¢,d,0, f,1]. To fix B,
we require that

@21844 + 611054 =0, ayjass + aznaqs =1,

@12G54 + 22844 =1, @j28s5 + @22a45 = 0,
Or a44 = ay1/4, ass = az2/d, ags = —a12/6 and asqy = —az1 /4.

Now consider A. @ — aa;10 + daz1d; b — aj1(aass + bagy + casq) + az1(dazs + fass) +
(a41854 — a51844); ¢ — ani(aaszs + bags + cass) + azi(dass + fass) + (aa1as55 — asiaqs);
d — aaj36 + dazd; e = a12(aasq + bagy + casq) + a22(dasq + fasq) + (@q2as54 — as2a44);
f — ayz2(aazs +bags + cass) + az2(dass + fass) + (G42a55 — @52045); § = 1 — (aqqass — asqaqs).

Taking a2 = a2; = a4s = asq = 0, we make b = c = e = f = 0 by solving for as;, aq1, asz
and a4 respectively. Now for 4, we have

a— aa 8+ dazd
= (aay; + d(—a11a54/a44))d
= au(aa.“ - 4054)6/&“
d— a0.126 + dazgts
= (a(—azza45/ass) + dazz)é
= az2(—aays + dass)d/ass

As oneof a,d # 0, we can make e =1 and d = 0 to get (1.2.2) A =[1,0,0,0,0,0,1] (AA B2
corresponds to (257G)).

Case 2: L C Vi, or g = 01in A, B. One of a,d # 0. Make a = 1 and assume that
A=|[1,b,c,d, e, f,0] and B = [0, b, c1, d}, e1, f1,0].

Bearing in mind that to fix A4, we require a;; + daz; # 0.

Subcase 2.1: L(V3 = 0. Since 4 € V;, this case is the same as B ¢ V3, or d; # 0
in B. Assume d; = 1, B = [0,b1,¢1,1,¢;, f1,0]. Now consider B, by taking a;; = 0,
a; =0 0; by = ay1(brasq + c1a54); €1 = ani(brags + crass); dr =1 = apd =1, ¢ —
a12(b1844+c1a54) +a22(a34 +€1844+ fras4); /i = a12(br1845+c1a55) +az2(ass +e1aqas + frass);
g1 — 0.

Make a; = ¢; = f; = 0 by solving for ag;, as4 and azs. Now B = [0, b,, ¢1, 1,0, 0,0]. Taking
az1 = @12 = azq = azs = 0, @y = 0 = 0; by — ay1(braas + c1as54); 1 = an(biags + c1ass);
dy=1—a28=1,¢,=0—-0; f1=0-0; g, 0.

If one of b;,c; # 0, then make ¢; = 1 and b; = 0 to get B; = [0,0,1,1,0,0,0]. If both
by = ¢; = 0, then get B, =[0,0,0,1,0,0,0].

Subcase 2.1.1: For B; = [0,0,1,1,0,0,0], we assume A = [1,b,¢,0,¢, f,0]. To fix By, we
require a;; = azq = asq = 0, azs = —aj2ass/azz, a11a55 = a;1a3, = 1. Consider A, we have
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a=1—a;;0; b = ay1basy; c = ay1(ass+bags+cass); d = a12d; e = ay2bass+azzeaqy; f —
a12(a3s +bays + cass) +azz(eass + fass) = @12(—a12a55/a22 + bags + cass) + azz(eaqss + fass);
g—0.

One of b,e # 0. If b # 0, then assume b = 1 and make e = 0 by solving for a;2, make c =d
by solving for a4s and further make both ¢ = d =0 by subtracting a multiple of B; from
A. Now taking aja =ags=ags =0,a=1 a1 =1;b=1—>apae4=1;c—0; d > 0;
e=0—)0;f—}f622055;g—}0.

Now if f = 0, we obtain the representative: Subcase (2.1.1a) 4, =[1,1,0,0,0,0,0] (A; A B,
corresponds to (257I)); If f # 0, and f > 0, we have Subcase (2.1.1b) 4, =[1,1,0,0,0,1,0]
(A2 A By corresponds to (257J,)); if f < 0, A3 =[1,1,0,0,0,—-1,0] (we will omit this case,
as we can show that it is in the same orbit as (2.1.1c) below, which has a simpler form).

If b = 0, then assume e = 1. Now, taking a;; = 0, we have a =1 — a;16; 6 =0 — 0;
c = aji(—aizass/azz + cass); d = a128; € = azzaqq = 1; f — aj2(aszs + bags + cass) +
az2(aqs + fass) = a12(—a12as5/a22 + cass) + a22(aas + fass) = 0 (Solve for a4s); g — 0.

We can make ¢ = d and subtracting a multiple of B from A to make ¢ = d = 0 and get
(2.1.1c) 44 =[1,0,0,0,1,0,0] (A4 A B; corresponds to (257J)). As it turns out to be in the
same orbit as (2.1.1b), and because (2.1.1¢) has a simpler form, so we omit (2.1.1b} instead.

Subcase 2.1.2: For B; = [0,0,0,1,0,0,0], we assume 4 = [1,b,¢,0,¢, f,0]. To fix B, we
need aj; = @34 = a35 = 0 and a@;;83, = 1. Now consider 4, a = a;16; b — a;1(basq + casq);
¢ = a1(bags + cass); d = a120; € — a12(basq + casq) + az2(easq + fasq); f — arz(bass +
cass) + azz2(eaqs + fass); g — 0.

One of b, ¢ # 0, for otherwise the 2-cocycles will contain some none trivial elements of the
center in the kernel. Make b = 1 and ¢ = 0. Make e = 0 by solving for ay2. Then f # 0,
and get 4 = [1,1,0,0,0,1,0] (A A B, corresponds to (257I)). And it can be easily shown
that A A B; is in the same orbit as (2.1.1a), so we omit it.

Subcase 2.2: L(N\Va3 # 0. Or B € V3,0or d; =0 in B. Then B = (0,5, ¢1,0, €3, f1,0]. One
of b1,c1,e1, fi #0, assume f; = 1 to get B = [0,0;,¢1,0,¢;,1,0) and A = [1,5,¢,d,¢,0,0].
Consider B, a; = 0; by — a11(b1844 + c1as4) + a21(e1a44 + asq); ¢ = an1(braqs + crass) +
az(e1ass + ass); di — 0; e3 — ay12(bragq + c1as4) + az2(€1844 + a54) = 0; f1 = 1 o
ay2(b1a4s + c1as55) + azz(eraqs + ass) = 1; g1 — 0.

Let az; = 0. When both b; = ¢; = 0, we can easily get a representative for B: Subcase

(2.2.1)
B, =[0,0,0,0,0,1,0].

When one of b;,c; # 0, then if b; # e;c;, we can always make b; = 1, ¢c; =0, e = 0
and keep fi = 1 to get Subcase (2.2.2) B, = [0,1,0,0,0,1,0]. If b, = eje;, then b; —
c1811(€1844 + as54); €1 = c1a11(e1845 + ass); €1 —> c1a12(€1844 + a54) + a22(€1044 + a54) = O
fi =1 crarz(e184s + ass) + azz(e1a45 + ass) = 1.
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Make ¢; =1 and b; = e; = 0. Then make f; =1 to get Subcase (2.2.3)

B3 =1[0,0,1,0,0,1,0].

Subcase 2.2.1: With B; = [0,0,0,0,0,1,0], we assume A = [1,),¢,d,¢,0,0]. To fix B,,
we need 21 = G54 — 0 and G224355 = 1. Consider A, a=1-—> 8116; b— 011(634 -+ ba“);
¢ = api(ass + bags + cass); d = a128 + dazed; e = ajz{asq + bags) + azz(daag + eayy);
f =0 — ajz(ass + bays + cass) + az2(dass + eaqs) (By subtracting a multiple of B, we can
always make f =0); g=0—0.

We can make b = ¢ = d = 0 by solving for aa4, a3s and a;; respectively. Now e # 0. So we
make e = 1 and get subcase (2.2.1) A =[1,0,0,0,1,0,0] (A A B; corresponds to (257C)).

Subcase 2.2.2: With B; = [0,1,0,0,0,1,0], we assume A = [1,5,¢,d,e,0,0]. To fix B,, we
require

611844 + G21854 = 1, @11845 + az1055 =0,

G12G44 + G22854 = 0, @12a45 + a22855 =1

OF Q44 = @22/4, a4s = —a21/8, @54 = —a12/4, ass = a1, /4.

We havea=1— a116+da215; b— 011(034+ba44 +C(154) +a21(da34+ea44); c— 011(035 +
bays+cass)+az;(dass +eaqs); d — a120+dazzd; e = a12(@as+basq+cass)+azz(dazs+eass);
f — a12(ass + bags + cass) + az2(daas + eaqs); g — 0.

By taking az; = a45 = 0, we can make ¢ = d = 0 and b = f by solving for a3s, a1, and
az4 respectively. Then by subtracting a multiple of B from A, we can make 6 = f = 0.
Now depending on e = 0 or not, we may obtain the following two representatives for A:
Subcase (2.2.2a) 4, =[1,0,0,0,0,0, 0] (A, AB; corresponds to (257B)) and Subcase (2.2.2b)
A, =1[1,0,0,0,1,0,0] (A2 A B; corresponds to (257D)).

Subcase 2.2.3: With B; = [0,0,1,0,0,1,0], we assume A = [1,b,¢,d,e,0,0]. To fix Bj,
we require ass = 0 and (a1; + az1)ass = 1 and (@312 + azz)ass = 1. Then for A, we have
a =1 ay;0 + dey;8; b — a;1(a34 + bass) + az1(dazs + easq); ¢ = ay1(ass + bays + cass) +
az1(daas + eays); d — @126 + dazad = (a12 + dazz)d; e — a12(aszq + bagq) + az2(dass + eaqq);
f — ay2(a3ss + bags + cass) + az2(dass + eaqs); g — 0.

If d = 1, then make a = d = 1. Taking az; = 0, we can make ¢ = f, by subtracting
a multiple of B3 from A, we have ¢ = f = 0. Then we need e # 0 to get the desired
representative: 4; =[1,0,0,1,1,0,0], A; A B; correponding to (257A).

If d # 1, we can make b = d = 0 and ¢ = f by solving for as4, a;2 and azs. Then we need
e # 0 to get A; ={1,0,0,0,1,0,0], with A, A B3 corresponding to (257C), hence it is in the
same orbit as (2.2.1), we omit it.

Now we get all the possible representatives for the desired orbits, with the correponding
algebras:

(1.1.1a) Ags A (A3 + Azq) = (257H);
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(1.1.2a) (A4s + Azs) A (Ars + Azq) — (257L);

(1.1.2b) (A4s + A23) A A3 — (257K);

(1.2.1a) (Ays + A13) A Azq — (257E);

(1.2.1b) (A4s + A23) A Agg — (257F);

(1.2.2) (A4s + A13) A (Ass + Azq) — (257G);

(2.1.1a) (A3 + A1a) A (Ays + Agg) — (257I);

(2.1.1b) (A3 + A1e + A2s) A (Ars + Agz) = (25731);

(2.1.1c) (Ar3 + Azq) A (Ars + Ags) — (257J);

(2.2.1) (A1s + Azq) A Ags — (257C);

(2.2.2a) A3 A (Arg + Azs) — (257B);

(2.2.2b) (A13 + Azq) A (A1s + Azs) — (257D);

(2.2.33) (A3 + Azz + Agg) A (Ays + Azs) = (25TA);

To prove that all the algebras are dintinct, we consider the following four groups of algebras:
Group 1: (257A-D): L C V; and L V3 # 0;

Group 2: (2571, J;): LC Vi and L V3 =0;

Group 3: (257TE,F,G): L ¢ V3, L(\Va#0and L ¢ V5;

Group 4: (257K,L): L ¢ Vi, L((Va=0and LN V2= 0.

Group 5: (267H): L ¢ V;, LN Va3 =0and L V> # 0.

We just need to prove that all the algebras among the same group are distinct.

In Group 1, (257B) corresponds to A3 A (A4 + Azs), under the group action, it will be
mapped to (a;16A13+a11834A14+ 811835015+ 8120 D23+ 312034 D24 +a12a35A25) A ((a11a044+
a21854)A14 + (311845 + 321a55)A15 + (G12844 + G22a54) Azg + (@12a45 + azza55)Azs), or

a118(311844 + a21a54) Ba3 A Ay
+a116(a11045 + az1as5)A13 A Ags
+a116(a12844 + @22a54) D13 A Agy
+a118(a12a45 + az2a55)A13 A Ags
+(a11834(a11a45 + G21055) — (311044 + @21854)a11835) D14 A Ay
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+(a11834(a12a44 + @22854) — (@11044 + 321054)@12a34) A 34 A Agy
+(a11a34(a12a45 + a22as5) — (a11844 + a21a54)A12a35)A14 A Azs
+(a11835(a12844 + @22a54) — a12a34(a11045 + az1a55)A15 A Aoy
+(a11a35(a12a4s + az2ass) — a12a35(a11a45 + G21855)A15 A Ags
+a120(ay1844 + a21a54)A23 A Ay

+a120(a11845 + az1855)A23 A Ay

+a128(a12a44 + G22a54)A23 A Agy

+a120(a12845 + a22855)A23 A Ags

+(a12834(a12a45 + 322855) — (@12G44 + 222054)@12a35) Aag A Azs.

If (257B) could me mapped to (257A), then the coefficients of Aj3AA14, A13AA24, AzzAA g,
Aaz A Ag4 are zero, i.e.,

a116(ai1aq4q4 + az1asq4) =0 a116(a12644 + G22854) = 0
0125(3110« + 021054) =0 0125(012644 + 022054) =0.

It is easy to see that there is no solution to the above system of equations, for otherwise the
automorphism group is going to be singular. Hence (257A) and (257B) are not isomorphic.

Compare (257B) with (257C), exactly the same thing will happen. So they are not isomor-
phic.

Compare (257B) with (257D), the coefficients of A3 A Ayq, D23 AAgs, AaaADag, AzzAAgs
will be zero, while that of Aj4 A A4 is not. It is obvious that a;; must be zero. As the
coefficients of A;3 A A4 and Aj3 A Azs are not zero, we have aja44 + a21a54 # 0 and
@12a45 + a22as5 # 0. As the coefficient of A4 A Azs equals 0, we will have azq = 0 since
a12 = 0 and a;; # 0. Similarly we can prove that azgs = 0 by considering the coefficient of
Ays A Ag4. The fact that both azq = azs = 0 will make the coefficient of A4 A Ag4 to be
zero, a contradiction. Therefore (257B) and (257D) are not isomorphic.

Now we need to check whether (257B) is decomposable or not. Take (1.1.1b), then 4 =
(0,0,0,0,0,0,1] and B =[1,0,0,0,0,0,0]. By simply looking at the coefficients of AA B, it
is obvious that (257B) and (1.1.1b) are not isomorphic, i.e., (257B) is indecomposable.

Similarly, we can prove that all the other algebras are distinct and indecomposable.

In order that the basis for (257A) will also diagonalize a maximal torus, we make the
following basis transformation: z; — 2y, 23 = z; + 22, 23 — Z3, 24 — 24, Z5 — Zs,
z¢ — zg and z7 — 27.

Therefore the corresponding central extensions of Nj 4 are:
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(257F):

(2571):

(2573):

(257L):

(257A):
(257B):
(257C):
(257D):

(257E):

(257G):

(257H):

(257J,):

(257K):

(21, 22] = 23,
[32. 34] = Zg;
[z1,22] = 23,
(21, 24] = 27,
(21, 22] = 23,
[32, 24] = Z¢,
[z1,22] = 23,
[32, 34] = Z¢,
(21,232] = z3,
[z2,24) = 27,
[-"!1, 3—'2] =2z3,
(22, 24] = 27,
(21, 22] = 23,
(22, 24] = 27,
(21, 22]) = 23,
(22, 24] = z6,
(21, 22] = 23,
[31. =Bs] =27,
[21,22]) = 23,
(22, 23] = 27,
[31, z2] =z3,
[31, 35] =2z,
(1, 22] = 23,
[221 z3] =27,
(21, z2] = 23,
[22, 24] = Zg,

[zlv 23] = Zg,

[31, z3] = zs,
(22, 2s] = z7;
[31, 23] = Zg,
(22, z5] = z7;
[31. -‘33] = Zs,
(22, 25]) = z7;
[21’ z3] = Zg,
[24, z5] = Ts;
[32. zs] = Zg,
[24, 25] = Zg;
[21, 23] = Zg,
[24, zs] = Zg¢;,
[211 23] = Ts,
(24, 25] = z7;
[21, 33] = Zg,
(22, 23] = z7;
[21, 23] = Zg,
(22, 24] = Z6;
(21, 23] = zs,
[22, 33] =2z,
(=1, 23] = =6,
[z4, 25] = z7;
[21, -’63] = Zg,
(24, Z5] = z7;

[zly 25] =z,

[81,24] =2z,

[31,25] = Z7,

[31,34] = Ze,
[zli 25] =2z,
[211 24] = Zg,

[zz, z5] = Zg;

[32133] =27,

Remark: To get Seeley’s presentations, (1) In (257B), by switching z4 and zs; (2) In (257F),
by taking 2; — —b, z; = a+b; (3) In (257L), by taking z; — b, z; = @, 23 = —¢, z4 = —d,

z5 — e, zg —+ —g and z7 =& — f.
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7.2 Extensions of 6-Dimensional Algebras

The central extensions of Ng,;,; can be found in chapter 2, Example 4.

Central extensions of Ng 3 3:

Z(8): z6; [8,8): 24, 25, 26; Z%(g): C2s = Ca6 = C36 =Cys =Cy =Cs56 =0, Cy5+ Caq =
0, Cls + Cas;W(Hz): Clz = C14 = Cls = 0; dimHz: 4; Ba.sis: A13, Am bt A35, Aza. Azq;

Group action: a3 + (A1 ~ Azs) + cAzs + dAag:
a —+ aa};, + b(a1a63 + a?;as;) + ca? az; — dayyad;
b — ba},az;

¢ — ca?,az2 — 2day1a;1a22;

d — dayia3,;

Then we have b # 0. Make a = 0 by solving for ag3.

Case 1: d = 0. Then we obtain the representatives [0, 1,0,0] (when ¢ = 0, corresponding
to (12357A)), [0,1,1,0] (when ¢ # 0 and bc > 0,corresponding to (12357B)) and [0, 1, -1, 0]
(when ¢ # 0 and bc < 0, corresponding to (12357B;)).

Case 2: d # 0. Then make ¢ = 0 by solving for a;; and get a representative [0, 1,0, 1]
(corresponding to (12357C));

Therefore the corresponding central extensions of Ng 2 3 are:

(12357A):  [zy,z3) = z4, [21,25) = 2541, 1=4,5,6, [z3,23] = zs5,
[z3,24] = —26, [23,25] = —z7;

(12357B):  [z1, 23] = 24, [21,2:] = 2i41, 1=4,5,6, [z2,23] = 25 + 27,
[33,24] = —2g, [33,35] = —Z7;

(12357B;1): [z1, 22} = 24, [21,2]) = Zig1, 1 =4,5,6, [z2,23] = 25 — 27,
[-‘Bs, 24] = —2g, [23, 35] =-—z7

(12357C):  [z1,22] = z4, [21, 2] = 2i41, 1=4,5,6, [z2,23] = zs,
[22,24) =27, [23,24] = —zs, [23,25] = —=7;

Central extensions of Ng 2 5:

Z(g): ze; [8,8): z3, z4, 25, z6; Z%(g): Cag = Cys = Cyg = Cs6 = 0, C1s — Ca4
0, Cig6 — Caq, Ca26+ Cas = 0; W(H?): C12 = Ci3 = Cy15 = Ca3 = 0; dim H?: 4; Basis:

Ayg, Ay + Asg, Azs, Azg — Ass;
Group action: a4 + b(A16 + Asg) + cAgs + d(Aze — Aas);

Notice that the automorphism group of Ng 3 5 has two components, we have respectively

(1): @ = aad azz; b = bad,ad,; ¢ = cayad,; d = da?, ad,;
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and
(2): @ & —c and b +— —d simultaneously.
One of b,d # 0. Because of (2), we may always assume that b # 0.

Case 1: d = 0. We can get five representatives [0, 1,0,0] (when a = ¢ = 0) (corresponding
to (12457H)), [0,1,1,0] when (@ = 0,c # 0) (corresponding to (12457I)), [1,1,0,0] (when
a # 0,c = 0) (corresponding to (12457K)), (1,1,1,0] (when ac > 0) (corresponding to
(12457J)) and [1,1, —1,0] (when ac < 0) (corresponding to (12457J,));

Case 2: d # 0. We can get representatives [0,1,0,1] (when a = ¢ = 0) (corresponding to
(12457L)), (1, 1,0, 1] (when one of a, c # 0, we may assume a # 0 using (2)) (corresponding
to (12457M)); And when both a # 0,c # 0, we can get a one parameter representative
f1,1, A, 1] (corresponding to (12457N)) for any A # 0. Combining (1) and (2), we can show
that [1,1,A7},1] is in the same orbit. So we may introduce the invariant I(A) ;== A + A™!
for this representative.

Therefore the corresponding central extensions of Ng s are:

(12457H):  [21,2i] = 2i41, 1=2,3,5,6 [22,2;] =zj42,7 = 3,4, [z3,z4) =z7;

(124571):  [z1, 2] = Zi41, £ =2,3,5,6 [z2,2;5] = 2j42,7 = 3.4, [z2,25] =21,
(23, 24] = 27;

(12457J)2 [31, 2,‘] = Zi41, i= 2, 3, 5, 6 [21, -“:4] =27, [:Bz, 23] = Zj,
[22. 24] = Zg, [22, ts] =27, [33. 34] =27

(124573,):  [z1, 2] = zig1, 1 =2,3,5,6 [21,24] = z7, (22, z3] = zs,
[32, 24] = Zg, [22, 25] = —z7, [-‘Cs, 2‘4] =2z

(12457K): [21, z,-] = Ti+1, 1= 2,3, 5, 6 [21, 24] =27, [2:2, 23] = 25,
[z2) 24} = 26, (23,24) = 27;

(12457L):  [z1, 2] = Zi41, 1 =2,3,5,6 [22,2;] = zj42,7 = 3,4, [z2,2z6) = 27,
(23, z4] = z7, [33, zs] = -z

(12457N):  One parameter family, with invariant I(A) = A + A1
[:81, z,-] =Zi41, 1= 2, 3, 5, 6 [31, 24] =27, [82, 23] = Ts,
(22, z4] = z6, [z2, z5] = Az7, (22, z6] = 27,
[33, 24] = z7, [23, zs] =-—-2z7
(12457M) in Seeley’s list is a special case of (12457N) with A = 0.

Central extensions of Ng 2 o:

Z(g): zs,z6; (8, 0]: 23, 5, Te; Z2%(g): Cas = Cas = C4s = C46 = Cs6 =0, Cy6 = C35 = Caq4;
W(H?): C13 = Ci3 = Ca3 = 0; dim H?: 5; Basis: Aj4, A1s, A1 + Azs + Azg, Aag, Aszs;

Group action: aA14 + bA15 + C(Als + Azs + A34) + dAzq + eAza;

As the automorphism group of Ng 29 has two components, we have
(1):
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e— bauazzafz + 2ca11¢1120§2 + eaud%::
One of {5, c} and one of {c, e} are nonzero.

Case 1: b # 0. Make ¢ = ¢ = d = 0 by solving for a3;, a;2, and aq4; to get the representatives
[0,1,0,0,1] (when be > 0), corresponding to (1357P) and [0,1,0,0,—1] (when be < 0),
corrsponding to (1357P;).

Case 2: b = 0. Then ¢ # 0. Make a = d = e = 0 by solving for agq, asq, 312 to get the
representative [0, 0, 1, 0, 0], corresponding to (13570).

Therefore the corresponding central extensions of Ng 2 0 are:

(13570): [z1,22] = 23, [Z1,%3] = 25, [z1,z6] = 27,
(22, 23] = 26, [22,24] = 25, (22, 25) = z;
(1357P):  [z1,z2] =23, [2z1,Zi] = Zi42,1=3,5, [2z2,23] = ze,
(22, 34] = Zs, [22, 26] =27, [33, z4] = z7;
(1357P;): [z1,22) =23, [Z1,2i] = 2i42,1= 3,5, [22,23] = zs,
[22,24] = 25, [22,26] = —27, (23, z4] = z7;

Central extensions of Ng 3 4:

Z(g): zs,%s; [9,8]: 23, =5, z6; Z2%(g): C15 = Cas = C36 = C4s = Cs56 = 0,C16 — Caq = 0;
W (H?): C12 = Ca3 = Ca4 = 0; dim H?: 6; Basis:A13, A14, A1g + Asg, Azs, Azs, Age;

Group action: al13 + bA14 + c(A1e + Azq) + dAss + eAzg + fAss;

a — aa?;az; — 2cay1az2a41 — fazal,;

b — aayiasq + bajjags + c(a11064 + 831844 — a34a41) + f(@41064 — G44a61);
¢ — ca11022044 + fa22a41044;

d— daua';‘z;

€ — €B12G22844 + da2,a34 + 2a2,a44 + fa22a42a44;

f—oFf azzai;;

One of {c, f} is nonzero, and also d # 0. Can always make e = 0.

Case 1: f =0. So c # 0 and make a = b = 0 to get a representative [0,0,1,1,0,0],
corresponding to (1357D).

Case 2: f # 0. Make b = ¢ = 0 and get the representatives [0,0,0,1,0,1] (when a = 0,
corresponding to (1357E)), [1,0,0,1,0,1] (when a # 0, and af > 0, corresponding to
(1357F,)) and [1,0,0,1,0,—1] (when a # 0, and af < 0, corresponding to (1357F)).

Therefore the corresponding central extensions of Ng 34 are:
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(1357D):  [z1,2z2) =23, [z1,2¢) = 27, (22, 2] = zit2, 1= 3,4,
[32, 35] =2z, [za, 34] =27

(1357E) [:1, 82] =Zz3, [zz, 2,'] = 2342, 1= 3, 4,
[22. zs] =z7, [24. 26] =z7

(1357F):  [z1,22) =23, [z1,23] =27, (22, 2] = 2i42,i= 3,4,
[22,25] = 27, [z4,26] = —27;
(1357F,): [z1,22] =23, [21,23] =z, (22, 2i] = 2i42,1=3,4,

[22,25] = 27, [24,26] = 27;

Central extensions of Ng 4 2:

Z(g): z4,zs,2z6; [8,8]: za,2z5; W(H?): C12 = Ci13 = 0; Z2%(g): Cys = Cys = Cs¢ =
0,C2s — C34 = 0; dim H2: 9; Basis: A4, Ars, Agg, A2a, A2y, Azs + Asq, Azs, Ass, Asg;

Group action: a4 + bA 15 + cA1e + dAz3 + eAzs + f(Azs + Aag) + gA2e + hA3s + 1A5g;
a — aa},az; + bal a3z + eay1az;az; + fa11021832 + fai1a22a3; + hayiasiass;
b— Gaflaza + baflass + eajjaziaz3 + fayiazass + fajiasiazs + hajaziass;
¢ = aayja46+bay1 ase + ca11ag6 + eaz1aq6 + f(az1a56 + a31a46) + 9a21a66 + haz1 ass + iaz1 aes;

d — d(a22a33 — @32823) + €(a22843 — ag2a23) + f(a22a53 + G32a43 + G32a43 — a42a33 — as2823) +
g(a22a63 — as2a23) + h(aszass — as2ass) + i(as2aes — as2a3s);

e — eay a2, + 2fayyazzas; + hayyal,;

f = eajiaz2az3 + f(a11822a33 + a11a32a23) + hayia3zas3;

g —* eazzaqs + f(az2as6 + a32a46) + gazzase + haszase + taszaes;

h — eayyal; + 2faj1a23a33 + hayialy;

i — eaz3aqs + f(azaase + aasaqs) + gazaaes + hassase + iaszass;

In each of the sets {a, e, f}, {b, f, h}, {c,g,i}, at least one element must be nonzero.

One of e, f, h # 0, for otherwise any element in the orbit will have none trivial kernel in the
center of Ng4,2.

Case 1: f2 —eh #0.

Subcase 1.1: f2 — eh > 0. We may assume that f # 0, for otherwise ek # 0, then we can
make f # 0 by using the group action. If eh = 0, then it is easy to make e = h = 0 by
solving for az3 and as;. And if eh # 0, then make h = e = 0 by solving for a3, a3z, say

~f+ V2 -eh ~f+ VI -eh
e 3 )

we can ensure that az2a33 — a23as2 # 0, i.e., the nonsingularity of the automorphism group.

and a3z = az;

a23 = Q33

Let az3 = azgz = 0, then make a = b = d = g = ¢ = 0 by solving for a3, a3, as3, ass, 246
respectively. So ¢ # 0. Now we have a = 0 — fa;ja21832+ fa11822a31; b = 0 — fay1a21833+
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fa11831a23; ¢ = cayiaes + f(az1a56 +asraq6); d = 0 — f(azzas3 +a3z2a43+a32a43 — G42033 —
aszaz3); e = 0 = 2fajjazzasz; f = f(a11822633 + a11a32a23); g = 0 = f(az2as6 + azza46);
h =0 — 2faj1az3a3s; i = 0 = f(az3as6 + aszaqs)-

Take az3 = az; = az; = @31 = a4¢ = @53 = asg = 0 and solve for a;; and agg, we can get the
representative [0,0,1,0,0,1,0,0, 0], corresponding to (147A). '

Subcase 1.2: f2 — eh < 0. Then ek > 0, and we cannot make either e or A = 0. We may
assume f = 0, for example, let a;3 = 0 and solve for a3, will make f = 0.

Then take a3 = a3; = 0, we may further make ¢ = d = d = g = ¢ = by solving for
az1, @31, @53, G46 and asg respectively. Then we are left with ¢ — cajjaes; ¢ — ea;ja3,;
h— ha11a§3.

Then since eh > 0, we can get the representative [0,0,1,0,1,0,0,1,0], corresponding to
(147A,).

Case 2: f2—eh = 0. Then one of e,k # 0. Assume that A # 0, then make e = 0, which
will automatically result in f = 0. Now a # 0. Make b = ¢ = d = i = 0 by solving for a.3,
a4e, asz and asg respectively. Then g # 0, and get a representative [1,0,0,0,0,0,1,1,0],
corresponding to (147B).

Therefore the central extensions of Ng 4 are:

(147A):  [z1,22) =24, [z1,23) =25, [21,2Z6) =27,
[zz,zs] =zz, [za. 24] =z7;

(147A1)' [21,22] =24, [21, 23] =25, [21, 36] =27,
[z2,24) = 27, [z3,25] = 27;

(147B):  [zy1,22) = 24, [21,23] =25, [21,24] = 27,
[22,26) = 27, [z3,25] = z7;
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7.3 Extensions of Ng3g

The discussion is the same as that of complex case. And we also have Theorem 6.1 as in
Chapter 6. The difference arises only when we consider the number of orbits in (Eo, ). In
the real case we will have 4 orbits instead, as follows:

When all the three eigenvalues are real, we have
(i)

(if)

(i)
€1 0
0 ¢ O
0 0 -2¢

When there are nonreal eigenvalues, assume they are £ and £, then it must be in the same

orbit as
0 —[|¢* 0
1 2Ref 0 ;
0 0 —2Ref

which can be replaced by (because Ref # 0)

(iv)
0 —€ 0
§ 2 0|,
0 0 -2
with £ > 1.

To find the corresponding elements in H?(g, R) for (i}-(iv), we may use the same argument
as in the algebraically closed case.

For (i),let ¥ = (bAc)®a+n(cAa)@b+((aAb)@ce V*® (A?V)". Then
&0 $(T)(v) = ¥(v),

or
Eod(T)=(bAc)®a+n(cAa)@b+((aAd)®c,
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and
‘F(d,b/\C) =£|‘I(vaAa) =q,‘P(c,al\b)=(= -f—fla

with all the other combinations are zero, which in turn will give us the algebra

(147E) :
[a,0]=d, [b,c]=e,
[c,a]=f, [a,e]=¢&g,
(6, fl=mng, [c,d]=(-€-n)g.
Or
(147E) :

[a,b]=d, [b,c]=e,

([a,c]=-f, [a,e]=—g,

[b,f]=Ag, [c)d]=(1_’\)gr
with the invariant I(\) = —Ei- = ﬁi—}(-\’\t—‘;%i and A # 0,1 as in the complex case.
It is obvious that (147C) is just a special case of (147E), by letting A = 1/2.

In (ii), it is easy to see that the corresponding cocycle will contain a nonzero element of
Z(g) in its kernel. So we just omit it.

In (iii), when £ = 0, the corresponding cocycle will contain a nonzero element of Z(g) in its
kernel. And when £ # 0, we have

€1 0 11 0
06 0 |[~]l01 0
0 0 —2¢ 0 0 -2

Its corresponding cocycle is

¥=(0bAc)®(a+b)+(cha)®@b~2(anbd)®c.

And it is trivial to check that

¥(a,anbd)=0, ¥(e,bAc)=1, ¥(a,cAa)=1,
¥(b,anbd)=0, ¥(bbAc)=0, ¥(bcAa)=1,
¥(e,anb)=-2, ¥(c,bAc)=0, ¥(c,cAa)=0.

And its corresponding algebra is
[a,8] =d, [b,c]=¢e, [a,¢]=-F,

(1): [a,e]:g, [a,f]:g, [b-f]=y.
[e,d] = —2g.
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which is isomorphic to (147D) of Seeley’s paper, an isomorphism from (1) to (147D) can be
given as: ¢ +1/2¢, b > b,c—+a,d— -1/2e,e =5 —d, f —» —1/2f and g = -1/4g.

In (iv), its corresponding cocyle is

¥=(bAc)®(—€a)+ (cAa)® (Ea+ 2b)+ (aAbd)® (—2c).

And it is easy to check that

¥(a,anb)=0, ¥(a,bAc)=0, ¥(a,cAa)=-E
¥(b,anb)=0, ¥bbAc)=¢ ¥(bcAa)=2,
¥(c,aNb)= -2, ¥(c,bAc)=0, ¥(c,cAa)=0.

And its corresponding algebra is

(a,8] = d, (b,c]=e, {a,c]=-f,
[a, f1=—€g, [b,e]=&g [b, f]1=2g,
[c, d] = —2g.

with £ > 1, and corresponds to (147E,).

Therefore the central extensions of Ng3¢ of dimension 7 are:

(147D):
[a,b] =d, [a,c] = - f,
[a,e]:g, [a,f]:g,
[bvc}:er [b,f]:g,
[cr d] = —-2¢.
(47E):  I(0) = G5 A #£0,1 (A =1/2 gives (147C))
[a,b] = d, fa,c] = - f,
[a,e] = —g, [b,c]=e,
[b,f]:Ag, [c,d]:(l—A)g
(147E;): (A > 1)
[a,8] =4, [a,c] = ~f,
[a, f1=—Ag, (b,c] =,
(b, €] = Ag, (b, f] = 2g,
[c,d] = —2g.
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7.4 Four More Real Algebras and Their Extensions

7.4.1 The Four Algebras

In the real field R, apart from all the algebras already listed over C, we have 4 more algebras,
which we will list in the following, with their corresponding automorphism groups. The
notation L, means that, as a Lie algebras over R, L, and L are nonisomorphic algebras,
but are isomorphic over the complex field C.

Our real 6-dimensional list is based on Nielson's list, and the correpondence between these
two lists can be found in Appendix A.

Neasa: (21,2 = ziy1, § = 2,3, [21,24] = —26, [22,23] = 25, [22, 25] = —z6.
—(1,3,4,6/6,4,3,1);
— CQ: Ns23;
— Aut N6,2,Sa :
(a1, —aj;2 0 O 0 0 ]
a;z a; 0 O 0 0
azy; azx 7t 0 0 0
Autg : ,
Q41 aq2 T 4T -—ai2T 0
asy as2 y a2t aprt 0
| @1 ae2 u v w 1l J
0 0o -
g= ®[-1]a ® [-1],
1 -
where 7 = a§1 + sz, z = aj1832 + aj2@31, ¥ = @12a@32 — 411231, ¥ = —a11842 — G12d52 —
aizag4) + ajias1, v = —Gflaaz - aigaaz. w= afxa:u + afza:u-
Ne29a: [21,22] = 23, [21,2:]) = 2iy2, 1= 3,4, [22, 23] = —26, [22,24] = z5;

- (2v 4v 6/6: 31 2);
— CQ: Ng3= N33z X ay;
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-_ Aut Ns'g‘ga .

o
o

211 —a12

asy a32 T 0

0
a2 an 0 O 0
0

Autot
0

0
0
0
aqg; ag2 0 T 0

asy as2 T a4 anT Q12T

Qg1 Qg2 U agq4 —0G12T an1T

e -

01 01
10 10

witht = af1+0f2, z = a1ja32+a12a42+912G31 — 11841, U = G11342 —G12832+81204} +a11G3)-

Ne3ia: (21, 2] = Zig2, 1 =2,3, [z2,24] = {23, 25] = z6;

—(1,3,6/6,3, 1);

— CQ: Ns 3.2
— Aut Ng3,14:
(a; 0O 0 O 0 0 ]
0 a -5 0 0 0
0 b a 0 0 0
Autg : )
aq1 @42 a43 ana —apb 0
as; z y apbdb ana 0
| @61 Ge2 Q63 U v ay; a;;? J
with a = a3z cos8, b = a3;8in 8, 2 = ag3+as3sind, y = —aq2+as3cosf, u = —azzaq; cosd—

Q22051 sin 9, a1y, v =4as2 sinf — G3220a51 COS 6.

Ng g4 : (21, 23] = [22, 24] = 25, [21,24] = —[22, 23] = z6.
— Aut N6,4,4a :
[ ag2 a12 0 0 0 0 W
—aj2 az; az; -—-a3 0 0
a3 a32 0 —aq3 0 O
Autg : ,
as; —asz Q43 0 0 0

as1 Q52 as3 Gsq uU v

| 61 @2 ag3 Gea T Y |
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01 0 -1
U:[ ]e[l]e[—l]e[ ]
10 -1 0

where u = —aj2a43 — a13a3; — a23a32, ¥V = —a22a43 + @13G32 — A23@3), T = G22G43 + A2303) —
a13a32, and y = —a;2a43 — 41383) — G33G33.

7.4.2 The Extensions

Central extensions of N2 sqa:

Z(g): ze; [8,8]: %3, z4, Zs5, Ze; 22(g): C3s = Css = C4g = Cs6 = 0, C16 + C35 =
0, C34 = Czq, C15 = Caq; W(H?): Cy2 = C13 = C14 = Co3 = 0; dimH?2: 4; Basis:
Ays + Aazq, A1s — Aszs, Azs, Azs+ Azg.

Group action: a(Ays + Azq) + b(A1e — Azs) + cAzs + d(Aze + Asy):
(1):

a — a(a}, — a};) + cannaiz(a}; +ay);

b — baii(a}, + a},)? + daz(a}, + a2,)?;

¢ = —4aanaiz(ai, + a};) +c(a}; - aty);

d - —bayz(a}; + a},)? + dan(a}; + af,)?;

(2):a—= —-a,b—= -d,c—c,d— -b;

One of b,d # 0. Make b =1 and d = 0 to get A = [a,1,c,0]. Set a;2 = 0, then we have
a—aa};b=1—a};c—cal;d=0-0.

Case 1: ¢ # 0. When a = 0, we get a representative for A: A = [0, 1, 1, 0], corresponding to
(12457N,) (the reason we use this notation is because it is isomorphic to (12457N,A = 1)
over C). When a # 0, then we get A = [aa},, a3,, ca},, 0]. Now it is easy to see that we get
a parameter A in A: [1,1,A,0] for A # 0, corresponding to (12457N;). By the group action
(2), we may change A to [-1,0,A, 1], and by (1) again and letting a;; = 0, we would
get [a2;, —ad,, —a2,), 0], which is in the same orbit as [1,1, -, 0] if we take a;; = —1.
Therefore an invariant for this parameter could be chosen as K(A) = |}|.

Case 2: ¢ = 0. Now depending on whether a = 0 or not, we get two representatives for A:
A = [0,1,0,0], corresponding to (12457L,), and A4 = [1,1,0,0], which can be included in
(12457N3) as a special case by choosing A = 0.

Therefore the central extensions of Ng 3 5, are:
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(12457Ly):  [z1,2:i] = Zi41, 1=2,3, [z1,24] = —z6,
[z1,26] = 27 (z2,z3] = zs,
(22, z5] = —ze, [z3,25] = —z7;

(12457Ny):  [zy,2;] = 2i41, 1 =2,3, [21,24] = —z6,
[zlsz] = 27, [2:2, 23] = z3,
(22, 25] = —2z¢ + 27, (23, 25] = —27;

(12457N;): One parameter family, with invariant K(\) = ||
[Z1,25] = 2ig1, i=2,3, [z1,24) = —zs,
(21, 25] = 27, (z1, z6] = 27,
(z2, 23] = zs, [22,24] = 27,
(22, 25] = —z6 + Az7, (23, 25) = —27;

Central extensions of Ng 2 94:

Z(g): zs,ze; [8,0]: 23, =5, 26; Z%(g): Cas = Cae = Cys = C46 = Cs5 = 0, Ci5 +
Cys = 0, C15 — Cag — Cyg = 0; W(H?): Cy;3 = Ci3 = C14 = 0; dimH?: 5; Basis:
Ays + Azg, Ays + Aagq, Ars — Azs, Azs, Agg;

Group action: a(A;s + Azg) + b(Ars + Azs) + c(A1s — Azs) + dAgz + eAgg:

(1):

a — a(a}, — a},) — bai,(a}, + ai,) — 2canarz(af; + aiy);

b b(af, +ad,)%

¢ = 2aana12(a?, + af,) + baniaiz(ad, + ad;) + c(af, — at,);

d — a(—2a11812832 —a3,a42—a2;031 +2a11 812841 +03 042 +02) 031 ) +b(—a11812832— 262,84,
a?,az1 +a11812a41 — @2, ag2) +¢(~2a11812a42 + a3,832 — a3 a4 — 221181203 — 6,032 + 0% a4);
e — a(—a12a54+a11864) +b(—a12054+ a3, Gs2+a13a32) +c(—a12d64 — a11a54) +eay (af, +a,);
(2):a—a+bd b= -bc——c,d—reande—d.

One of a,c# 0, and when ¢ = 0, then a # 0 and a + b # 0. Make a # 0 and ¢ = 0,which is

always possible over R. Fix ¢ = 0 and let a;2 = 0, we get a — aa},; b — ba};; c =0 > 0;
d - a(a? a4z + a2 a31) + b(—a?,a42); € = aayyagq + ba? aaz + ead;.

Make d = e = 0 by solving for a3; and ag4, depending on whether b = 0 or not, we get two
representatives for A: 4 =[1,0,0,0,0],and A =[\,1-,0,0,0], with A # 0,1. Combining
these two, we may just assume A to be any nonzero real numbers. Using (2), we know that
A is in the same orbit as [1,A - 1,0,0,0]. Since A # 0 in A, we can multiply A by 1/ and
get [1,} —1,0,0,0], now it is easy to see that K(A) = A + 1/ can be used as an invariant
for A. This new algebra will be denoted by (1357QRS; ), since over C, when A =1, it is
isomorphic to (1357Q); when A = -1, it is isomorphic to (1357R); and for all the other
A #0, it becomes (13575, A > 0, A # 1).

137






a23063) + d(—a23a43) + e(a13a43) + faZ; + g(—aa3tes + a53843) + h(a43254 + ag3ae3);

2 2
9 — b(—ay2a13a43 — aj3a31 — 2813823832 + 322023043 + 633831) + ¢(a13822a43 + 2a13G33a3; —
2 2
a33a32 + @12823843 + a33837) + g(—a22a3; — a43@23a31 + 643813a32) + h(—ay203; — agza 3a3; —
043023032);

2 2 2

h — b(—a13az2a43 — af;a32 — 2a13a23a3; — 412823043 — a33a32) + c(—a12a13843 — aj3a3; —
2a,3a3832 + 822823043+ a3163;5) +g(a12a3;+a43a13a31 +a43a23832) + h(—a22a2; +a43a13a32 —
4430236131);
(2):a—> —-a,b> -bc—>c,d+~d,e—e, f>—f, g——h h—= —g.
One of b,c,g,h# 0. Make b # 0 and ¢ = g = h = 0. Take a3; = a32 = 0, as; = as; and
aj2 = ajz, then we have

2 )
a — a(a3, + afg) + b(azzas; — ajz2a2 — ajzas; — azzae:);

2 )

c=0-—0;
d — a(—ay3a22 + a12a23 — 612613 — G22823) + b(2a22a63 + a12853 — G62G23 — @13a52 — G22a53 +
G13as5) + G23861) + e(@22a43 + ay2a43);
e — a(a13a22 — @12a23 — @12813 — G22823) + b(2a22a64 + a12a54 + a13862 — G22a54 — a13a6;) +
d(—a22a43 — a12043);
f = a(—a?; — a2;) + b(a13a54 + a33a84 — 623853 + @13863) + d(—a33a43) + e(@13a43) + fals;
g = 0 = b(—aj2813a43 + az2a23a43);
h = 0 — b(—a13822a43 — a12@23a43);

Now make a = d = e = g = h = 0 by solving for as;, as3, ass4, a13 and a,3 respectively.
Then choose further @j13 = a3 = as; = as3 = agz = ag4 = ag; = agy = agz = agq = 0, to
get a=0— 0; b — b(—2a2,a43); c=0—-0;d=0—20;e=0—0; f = fal;; g =0— 0;
h=0-—0.

Depending on whether f = 0 or not, we get two representatives [0,1,0,0,0, 0,0, 0], corre-
ponding to (137A,), and [0, 1,0,0,0,1, 0, 0], corresponding to (137B,).

Therefore the central extensions of Ng 4.4, are:

(137A;): [z1,2s] =25, [21,24] =26, [21,25] = 27,
[zz,z:;] = —zg, [zz, 24] = 25, [22, '-'36] =2z

(13731)1 [21, 2:3] = Ts, [31, 34] = Zg, [zh 35] =27,
[z2,23] = —z6, [22,24] = 25, [%2,26] = 27,
(23, 24) = 27;
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Appendix A

Comparison with Nielsen’s List

For 6-dimensional nilpotent Lie algebras, Nielson [22] presents a list of 24 indecomposable
non-isomorphic algebras over the real field R and calculates a corresponding connected and
simply-connected Lie group and its coadjoint orbits, and related data for each algebra. He
also compares his list with those of Morozov [20], Skjelbred and Sund [35], Umlauf [37] and
Vergne [38].

In this part, we indicate the correspondence between our list and Nielsen’s list:

Ng,11 = Ge,13; Ne 1,2 = Ge14;
Ne 1,3 = Gea1; Ne,1,4 = Ge 3;
Ng 21 = Ge,10; Ng2,2 = Ge,12;
Ne.23 = Ge,7; Ng,2.4 & Ge 2;
Ne 25 = Ge,9; Ng,2,5¢ = Ge s;
Ns 26 = Gs s; Ng,2,7 = Gg,24;
Ng 28 = Ge,205 Ng,2,9 = Gg,22;
Ng,2,90 = Ge,23; Neg 2,10 = Gg,21;
Nga1 = Geai Ng 3,10 = Ge 6;
Neg 32 = Ge,i1; Ng 33 = Gg,19;

Ne,3.4 = Gg,18;
Ne 36 = Gg,15;

Ng3s = Ge,1s6;
Ne 4,40 = Gg,17-



Appendix B

Comments on Ancochea-Goze List

In this appendix, we discuss the list of indecomposable complex nilpotent Lie algebras
of dimension 7 obtained by Ancochea-Bermudez and Goze [2] . The list was originally
published in Arch. Math. in 1989, which missed a lot of algebras and also contained many
errors. Later on the list was incorporated as part of the book “Nilpotent Lie Algebras” by
Goze and Khakimdjanov [12], with some adjustments and more algebras. This book was
published in 1996, three years after Seeley’s paper [33] appeared in Trans. AMS. We have
compared all the indecomposable algebras in Seeley’s list with this one, and as it turns out,
Ancochea-Goze's list still misses many algebras, while some are not Lie algebras at all, and
others are included more than once.

Below we will present the results of our comparison concerning Ancochea-Goze's list: (1)
At first we will point out those that are not Lie algebras at all, by providing 3 elements
which fail the Jacobi identity. We make no efforts in correcting the mistakes; (2) Secondly,
we will list all the algebras which have been included more than once, together with an
isomorphism between them; (3) Thirdly, we point out the correspondences between the two
lists by using the upper central series dimensions as our invariant, also mentioned are the
algebras that are missing from Ancochea-Goze list.

B.1 Decomposable or non-Lie Algebras

In this section, we will point out those algebras which are decomposable or not a Lie
algebra at all. In total, we found two decomposable algebras, and ten classes which are not
Lie algebras, including an infinite family.

141



Decomposable, ni'"=< z;,z3,24 > X < z; — 23,23 +

Z7,25,26 >.

ni8:  Decomposable, F(z2 — z3) is an Abelian direct factor.

n$: Not a Lie algebra, with Jac(z;, zs, z7) # 0.

n3: Not a Lie algebra, it has obviously a typo, with [zg,z7] =
1 1
323 + 523

ni’: Not a Lie algebra, with Jac(z;, zs5, 27) # 0.

:  Not a Lie algebra, with Jac(z,, zs,z7) # 0.

n3!: Not a Lie algebra, with Jac(z;, zs5,27) # 0.
n2”:  Not a Lie aigebra, with Jac(z,,z4,27) # 0.
n2®:  Not a Lie algebra, with Jac(z,,z4, 2z7) # 0.
nl%: Not a Lie algebra, with Jac(z,,z4,z7) # 0.
ni?0: Not a Lie algebra, with Jac(z;,z2,z4) # 0.
ni?2: Not a Lie algebra, with Jac(z;,z4,27) # 0.

B.2 Algebras That Occur More Than Once

In this section, we list all the algebras that have appeared more than once. For those
algebras with different presentations, we also provide an isomorphism between them. When
we write A = B, it means that A and B are isomorphic but of different presentations, then
the isomorphism given is from A to B. If the algebras are of exactly the same presentation,

we simply write A = B.

n3=n3s.

n}o=nls.

n2P=n$?.

ndlzndt:

106__,, 124
nif=nlt
n}P8xxnlll

ny

118~,,126,
=n;"":

3 1 1 1 1 1 1
Taking z; — 521+ 3T7, T2 = T2 — 7 + $T4y T3 > — 32Ty,

1 i

1 1 1 1 1
T4 = 323 — 524, Ts —F T2 — T3 + T4 — 325, Tg —F — 3%,
Ty —F —27.

. 1
By taking z; — z; + 327, 22 = %2 + 3%s5, T3 — T3 + T,
24— 2y + 24 + 327, T5s — T2, Tg — 23 and T7 — 24.

By taking 1 — 2y — L2+ T4, T3 — T4, T3 —> —T3, T4 — T2,
Ty — T, Tg — Ts + Zg, TT — T7.

By taking zy D2y~ 22+ T4, T2 —+ 24 + 27, 23 — —23 — Tg,
T4 — T, T5 —> Ty, Tg —* Tg, T7 —F 2.

142



B.3 Comparison of Ancochea-Goze’s and Seeley’s Lists

In this section, we establish the correspondence between these two lists. We compare, of
course, the corrected Seeley’s, which in the case F = C is identical to our list in Chapter
4 (also see the Introduction for comments) with the modified and updated version of the
Ancochea-Goze list as presented in the book [12]. Also mentioned are the algebras that
are missing from Ancochea-Goze list. We use the upper central series dimensions as the
invariant.

(37):
ni¥x (374); ni= (37B); nittx (37C);ni%= (37D).
Missing: none.
(357):
nif%2¢ (357A); ni® = (357B); ni® = (357C).
Missing: none.
(27):
nit? = (27A); nif = (27B).
Missing: none.
(257):
nj!! = (257A);ni07 = (257B); n}!? 2 (257C);n3? = (257D);
n}!? = (257E); n}l0 = (257F);ni% = (257G); ni%® =~ (257H);
nll® = (2571); n}!? = (257K);
Missing: (2577), (257L).

(247):
n$7 = (247A); nio = (247B);nd® == (247C); n3® = (247E);
nd® = (247F); n' = (247G); n§® = (247H); n3® = (2471);
nd? = (247]); n® = (247L); ni% = (247N); n3® = (2470);
ndS = (247Q);n3? = (247R).
Missing: (247D), (247K), (247M), (247P).

(2457):
n$t = (2457A); n]7 = (2457B); n$® = (2457C); n$t =
(2457E); n§? = (2457F); n§" = (2457G); n3® = (2457H); n1®
= (24571);nS8 = (2457]); n$® = (2457K); n$® = (2457L); n$
= (2457M).
Missing: (2457D).

(2357):
nl = (2357A); n§® = (2357B); n$® = (2357D).
Missing: (2357C).
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(23457):
n3t = (23457A);n3% = (23457B); n}? = (23457C);n}! =
(23457D); n2° = (23457E); n2? = (23457F); ni® == (23457G).
Missing: none.

(17):
nl%? = (17).
Missing: none.

(157):
ni3" = (157).
Missing: none.
(147):
ni4 = (147B);
nl0 = (147E) by taking A to be a root of z2 — z + 1;
n3*"* = (147E)¢ (Compare the invariant for £ in (147E)).
Missing: (147A), (147D). (Notice that (147C) in Seeley is a
special case of (147E))

(1457):
n3? 2 (1457A);n3! = (1457B).
Missing: none.

(137):
nlil® = (137A); nl?® = (137B); n}!% = (137C).
Missing: (137D).

(1357):
ni® = (1357A); ni® = (1357B); n” = (1357C);
nl? =~ (1357E); nI' = (1357F); nl® = (1357G); n]® =
(1357H);nS® 2 (13571); n$8 = (13571); n?® = (1357L); n,>"
> (1357M),; ny>* = (1357N)y;
n$?* = (13578), in the original A-G list, n5>* is not a Lie
algebra, but after [z5, zg] = z; is replaced by [zs, zg] = —az3,
we have the above isomorphism.
Missing: (1357D), (13570), (1357P), (1357Q), (1357R). No-
tice that (1357K) in Seeley is a special case of (1357M).

(13457):
nil = (13457A);ni® = (13457B);n2° = (13457C);
n3® = (13457D); n3' = (13457E);n3° = (13457F); ni! =
(13457G); ni® 22 (134571).
Missing: none. Notice that (13457H) in Seeley is not a Lie
algebra.
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(12457):

(12357):

(123457):

ni’® = (12457A); n3” = (12457B); n3® = (12457C); n2® =
(12457D); n3° = (12457E); n27 = (12457G); ni® == (12457K);
n2? 2 (12457L);

n,l.s‘“ = (12457N),. In A-G list, there is no restriction on «
at all, compare A in (12457N).

nl* = (12457N,\ = -1).

Missing: (12457F), (12457H), (124571),(12457J). Notice that
(12457M) in Seeley is just a special case of (12457N) by taking
A=0.

n3® = (12357A); n3* = (12357B); nj® = (12357C).
Missing: none.

nd = (123457A);n] = (123457B); nj = (123457E);

n# = (123457F); nd = (123457H); ny™ = (123457I)); n2 a
special case of (123457I), with A = 1;

Missing: (123457C), (123457D). Notice that (123457G) in
Seeley is a special case of (123457I).
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Appendix C

Comments on Romdhani’s List

In this appendix, we discuss the list of indecomposable real nilpotent Lie algebras of dimen-
sion 7 obtained by Romdhani [24][25]. Carles [6] has compared Seeley’s list with Romdhani’s
over the complex field. Readers who are interested in more details should refer to [6]. Car-
les has a very nice discussion especially about the behaviour of the six continuous families
there.

Here we compare our list of 7-dimensional indecomposable real nilpotent Lie algebras with
that of Romdhani [24][25]. Also mentioned are the algebras that are missing from his list,
which are many in numbers. We use the upper central series dimensions as our invariant.
Our purpose is more on the correspondence between the two lists, hence we make no effort
in making corrections or providing the details of the isomorphism.

(37):
g7,127= (37A); g7.126587,128 = (37B); g7,124= (37D); g7,125 =
(37D,).
Missing: (37C), (37B,).

(357):

g7,08= (357A) .
Missing: (357B),(357C).
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(27):
g7.131 = (27A); g7,130 = (27B).

Missing: None.
(257):
gra21 = (257A); g7,119 = (257B); g7,123 = (257C); gr,122,.=
(257E);
g7120 = (257F); g7,118 = (257G); g7,117 = (257H); g7,106 =
(2571);
g7.105 = (257K); £7,104 = (257L).
Missing: (257D), (2573), (257J1).
(247):
g792 = (247E); gro1 = (247E;); gres = (247F); grs2 =
(247G); g7,81 = (247H); gr,86 = (2471); g7,85 = (247J); 87,84 =
(247K); g7,90 =g7,96 =g7.97 = (247P); g7,80 = (247P,); 8787
= (247R;); gr.88 = (247R).
Missing: (247A-D),(247Fy, Hy), (247L-0,Q).
(2457):
gr.7s = (2457A); grs0 = (2457B); gr,77 = (2457C); grs8 =
(2457E);
g7,76 = (2457F); gr.e1 = (2457G); gre0 = (2457H); gr,79 =
(24571);
g7,57 = (2457]); gr.s0 = (2457K); gr,a3 = (2457L); gr32 =
(2457M).
Missing: (2457D),(2457L,).
(2357):
g7,73 &~ (2357A), £7,75 = (2357B); g7,56 = (23570), g€7.54 =~
(2357D), g7,55 &= (2357D1).
Missing: None.
(23457):
g7,31 = (23457A); g7,28 = (23457B); g7,13 = (23457C); gr.12
& (23457D);
g730 & (23457E); gr.27 & (23457F); gr11 = (23457G).
Missing: None.
(17):

g7.132 = (17).
Missing: None.
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(157):

(147):

(1457):

(137):

(1357):

(13457):

g7.129 = (157).
Missing: None.

g7.113 Sgra1s = (147A41)i87,114 =gra16 = (147A); gra12 =
(147B);gr.es = (147D); g7%5s = (147E); 8754 = (147E1).
Missing: None. (Notice that (147C) in Seeley is a special case
of (147E))

g7'103 = (1457A); g7'102 &~ (1457B)
Missing: None.

gr108 = (137A); g7,100 = g7.110 = (137A4); g7,107 = (137B);
g7.111 = (1370).
Missing: (137B,), (137D).

gr.101 = (1357A); g, 100 = = (1357B); gz,99 = (1357C); gr,60
(1357D), g7.67 _g753 = (1357E), g7.65 = (1357F1), g7.66
(1357F) g7,74 = (1357G); gr,72 = (1357H);

grm = (13571) gr70 = (1357J); gres = (1357L); g75; =
(1357M); g6, = (1357N); g233 = (1357P)ig}38 = (1357Py);
§73; = (1357Q); g755 = (1357R); 7;;‘ = (1357QRS;,
A = -1); g3 = (13578, A > 1); gras = (1357S, A< 1);
852 %! = (1357QRSy, X < 0, A # —1);

Missing: (13570), (1357Q;), (1357QRS;,A = 1). Notice that
(1357K) in Seeley’s is a special case of (1357M).

R IR

gr,51 = (13457A); gr,50 = (13457B); g7,30 = (13457C); g7,49
= (13457D);
87,38 = (13457E); 87,20 = (13457F); g7,26 = (13457G); gr,25 =
(134571).
Missing: None. Notice that (13457H) in Seeley is not a Lie
algebra.

148



(12457):
g7.48 = (12457A); g7,47 = (12457B); g7.37 = (12457C);
g7.35 = (12457D); gr.ue = (12457E); gr,36 = (12457F); g7,34
= (12457G); gr2¢ = (12457H); gra2 = (124571); gra20 =
(124573); 87,21 = (12457.]1); g7.23 = (12457K), g7.19 =
(12457L); gr,1s = (12457L1);8716 = (12457N, A = 1); g7
= (12457Ny); g7.45 = (12457N); g3, = (12457N;).
Missing: None. Notice that (12457M) in Seeley is special case
of (12457N) by choosing A = 0.

(12357):
87,45 = (12357A); g7,43 = (12357B); g7,4¢ = (12357B;); g7.40
gr.41 Sgr42 = (12357C).
Missing: None.

(123457):

g710 = (123457A); gre = (123457B); gr3 = (123457C);
grs = (123457D); g7,7 = (123457E);g7,2 = (123457F);g7,4 =
(123457H); g7,s = (123457H,); g76 = (1234571, A = 1); g7 =
(1234571,A # 1).

Missing: None.
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Appendix D

An Overview of the Construction
of the 7-Dimensional Algebras

Here we give the summary of all the 7-dimensional indecomposable nilpotent Lie algebras as
they arise from those of dimensions < 6 in our construction over algebraically closed fields
of x # 2. The readers may easily identify the central quotients of all the 7-dimensional
algebras with this list.

With regard to the number of algebras: Over the algebraically closed fields, there are 6
one parameter continuous families, together with 119 isolated algebras when x # 3 or 120
isolated algebras when x = 3 (the extra algebra is (147F)),

Over the real field, there are, in addition, 3 one parameter continuous families and 21
isolated algebras.

D.1 Algebras over Algebraically Closed Fields

Abelian Algebras and Their Extensions

N, 6,6+ ( 1 7) .
Ns,st (27A,B).
N4,4I (3?A—D).
Four-Dimensional Algebras and Their Extensions
N432: None.

N4.3: (357A—C)
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Ns 210!
Ns,z,ui

Five-Dimensional Algebras and Their Extensions

(23457E-G).
(23457A-D).
(2357A-D).
(2457L, M).
None.
(247A-R).
(2457A-K).
(257A-L).

Six-Dimensional Algebras and Their Extensions

(123457H, I). (123457G) in Seeley’s list is just a special case
of (123457I) by taking A = 1.

None.

(123457D-F).

(12457E-G).

(123457A-C).

None.

(12357A-C).

(12457A-D).

(12457H-L, N). (12457M) is just a special case of (12457N)
by taking A = 0.

None.

(13457F, G,I). (13457H) in Seeley’s list is not a Lie algebra
and should be deleted.

(1357L-N). (1357K) in Seeley’s list is just a special case of
(1357M) by taking A = 1/2.

(1357Q-S).
(13570, P).
(13457D,E).

None.
None.

(1357G-J).
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N6.3,4: (1357D-F).
N6'3'52 (137C,D).

Ng3g: (147D,E) (and also(147F) if x = 3). (147C) in Seeley’s list is
a special case of (147E) by taking A = 1/2.

Ng3a 7 (13457A-C).
N6,3,8: (1357A—C)
Ng39: None.

Ng.4,1: None.

Nga2: (147A, B).

Nsas: (1457A,B).
N5‘4,41 (137A,B).
Ns,si (157).
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D.2 Algebras over the Real Field

In addition to the above algebras over algebraically closed fields of x # 2, we have the
following indecomposable algebras over R.

Abelian Algebras and Their Extensions

N4_42 (37B1, Dl)

Five-Dimensional Algebras and Their Extensions

N5'2 2+ (2357D1).

N5'2'31 (2457L1). )

Nsaz2: (247E,, Fy, Hy, Py, Ry).
N5'4Z (257.]1).

Six-Dimensional Algebras and Their Extensions

NG']_ 1 (123457H1)

Ns,z‘gt (12357B1).

N6.2,5: (12457J1).

Ns'2‘5¢Z (12457[:1, Nl, Nz)

Ns'z‘gi (1357Q1)

Ne29s: (1357QRS,;). The reason we use this notation is because over
C, if A =1, (1357QRS;)= (1357Q); if A = —1, (1357QRS,)=
(1357R); and for other A, it corresponds to (1357S).

Ns 2,10+ (1357P1).

Ng31a: None.

Ns 3.4: (1357F1).
Ns 36- (147E1)
N6‘4'2: (147A1).
N3'4_4a: (137A1, Bl).
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Appendix E |

Maple Programs

In this part we provide the main Maple V programs that we have used in our computation.

E.1 Introduction

A Lie algebra is uniquely determined by its structural constants, which can be naturally
regarded as a 3-dimensional matrix in Maple V. Therefore we may expect that the compu-
tational systems such as Maple V are going to play a more and more important role in the
research of Lie algbras and related topics.

All of our routines are to be used together with the Linear Algebra Package provided by
Maple V, through the command with(linalg).

For example, the Heisenberg Lie algebra
Nsai: [z1,22] = [z3,24] = 25
can be denoted in Maple V as

Ns 31=:array(sparse,1..5,1..5,1..5,[(1,2,5)=1, (2,1,5)=-1, (3,4,5)=1,
(4,3,5)=-1]):

The procedures available are for the computation of:
- the Lie algebra conditions (including the Jacobi identity and the anticommutativity);
- the cocycles;
- the group actions;
- the isomorphism between two algebras (including automorphism groups);

~ derivation algebras.
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E.2 The Programs

E.2.1 Lie Algebra Conditions

Calling Sequence:
check_lie(Algebra, Dimension)

Parameters:
Algebra — An algebra in the form of a 3-dimensional matrix
Dimension - The dimension of the given algebra

Synopsis:

- To check whether an algebra is a Lie algebra or not by checking the Jacobi identity and
the anticommutativity.

- Input is an algebra and its dimension.

— If the algebra is NOT a Lie algebra, then the output will specify the vectors where the
anticommutativity or the Jacobi identity fails; If the algebra is a Lie algebra, the output
will give a confirmation.

Procedure:
check_lie:=proc(4,n)
local i,j,k, 1, m;

for i from 1 by 1 to n do
for j from 1 by 1 to n do
for k from 1 by 1 to n do

if A[i, i, k]<>0 then
RETURN(‘Input is NOT a Lie algebra (‘,i,i,k,‘)=*,
Afi,i,k], ¢ is not zero‘);
elif Ali,j,kl1+ALj,i,k]<>0 then
RETURN(‘Input is NOT a Lie algebra, (‘,i,j,k ,)+
(*.j,i,k,*)=°, A[i,j,k1+A[j,i,k],“is not zero‘);

else
for 1 from 1 by 1 to n do
if
simplify(sum(A[i,j,m]*A[m,1,k]+A(j,1, m]*A[m,i, k]
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+A[1,i,m]#A[m,j, k], m=1..n))<>0
then
RETURN( ‘Input is NOT a Lie algebra---the Jac(‘,
i,j,1, ‘) is not zero‘);

fi;
od;
£i;
od;
od;
od;
print(‘Yes, input IS a Lie algebra‘);
end:

E.2.2 Cocycles

Calling Sequence:
cocycle(Lie_Algebra, Dimension)
Parameters:
Lie_Algebra — An Lie algebra in the form of a 3-dimensional matrix
Dimension — The dimension of the given algebra
Synopsis:
— To compute the cocycles of a given Lie algebra.
— Input is the given Lie algebra and its dimension.

— Output is the set of constraints on the entries of the cocycles expressed as antisymmetric
matrices.

Procedure:

cocycle:=proc(L,n)

local i,j,k,h, v,u,w,C,eqns,e,f,g;
v:=vector(n);

eqns:= { };

u:=vector(n);
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w:=vector(n);
C:=array(antisymmetric,1..n,1..n,[);

for i to n do
for j from i+1 to n do
for k from j+1 to n do
for h to n do
v[h]:=L[i,j,h];
ulh):=L[j,k,h];
wlh]:=L[k,i,h];
od:
e:=array(sparse, 1..n, [k=1]);
f:=array(sparse,i..n, [i=1]);
g:=array(sparse,i..n,[j=1]);

eqns:=eqns union multiply(transpose(e) ,multiply(C,v))+
multiply(transpose(f) ,multiply(C,u))+
multiply(transpose(g) ,multiply(C,w));
od:
od:

od:

print(‘The cocycles are‘, eqnms);

end:

Comments: The output will give us some constraints on the entries of the antisymmetric
matrix regarded as cocycles.

E.2.3 Isomorphisms

Calling Sequence:
isom(Lie_Algebra_1, Lie_Algebra_2, Dimension)
Parameters:
Lie_Algebra_1, Lie_Algebra_2 — Two given Lie algebras
Dimension - The common dimension of the two given algebras
Synopsis: '

- To compute the isomorphism between two algebras (automorphism group can be obtained
when the two algebras are identical).

~ Input are two given algebras and their common dimension.
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- Output is the isomorphism between the two given Lie algebras (or the automorphism
group when the two algebras are identical).

Procedure:
isom:=proc(A,B,n)
local i, j,k,s,r,eqns,t,TEST, Andre,sols,l,S51,52,C;

C:=matrix(n,n);
Andre:=matrix(n,n);
TEST:=0;

eqns:={ };

for i to n-1 do
for j from i+1 to n do
for 1 to n do

Si:=sum(’A[i,j,k]*C[1,k]’,’k’=1..n);

S2:=sum(C[r,i]*sum(C[s, j]*B[r,s,1],s=r+i..n),r=1..n-1)-
sum(C[r, jl*sum(C(s,i]*B{r,s,1] ,s=r+1i..n),r=1..n-1);

eqns:=eqns union S1-52=0;

od:
od:
od:

sols:=[solve(eqns)];
t:=nops(sols);
for i to t do

for j to n do

for k to n do
Andre[j,k] :=subs(sols[i],C[j,k]);
od:
od:

if simplify(det(Andre))<>0 then

print(Andre);
print(‘The det is ¢, simplify(det(Andre)));
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TEST:=1;
fi:
od:
if TEST=0 then
print(‘These two algebras are not isomorphic‘);
fi:
end:

Comments: In some cases Maple V may give some error info, and not be able to find the
automorphism. Then we need to use the automorphism group theorem given by Skjelbred
and Sund to compute it.

E.2.4 Group Actions

Calling Sequence:
orbit (Automorphism_Group, Dimension, Element from H?(g, F))
Parameters:

Automorphism_Group — The generic automorphism for the given algebra in the form of
a 2-dimensional matrix

Dimension - The dimension of the given algebra

Element from H%(g,F) - An element of H?(g, F), written as a linear combination of the
basis vectors

Synopsis:
- To compute the group actions on an arbitrary element in H?(g, F).

— Input is the automorphism group of the given Lie algebra, the dimension of the algebra
and an element from H2(g, F).

- Output are the corresponding entries under the group action.

Procedure:

orbit:=proc(aut,n,a,i,j,b,p,q,c,r,s,d,u,v,e,w,z)
local x,B,y;

B:=array(sparse,1..n,1..n,[(i,j)=a,(j,i)=-a,(p,q)=b,(q,p)=-b,
(r,s)=c,(s,r)==c,(u,v)=d, (v,u)=-d, (v,z)=e,(z,w)=-e]);
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x:=transpose(aut) ;
y:=multiply(x,multiply(B,aut));
print(y);

end:

Comments: This program applies to the case when dim H?(g, F) = 5, and the antisym-
metric element from H?(g, F) has nonzero values a, b, ¢, d, e at (3, 5), (p, ), (7, 5), (¢, v) and
(w, z). The above program can be adjusted according to the different dimensions of the

H?(g, F). Refer to Chapter 2 for the computation of normalized cocycles.

E.2.5 Derivation Algebras

Calling Sequence:

derivation(Lie_Algebra, Dimension)
Parameters:

Lie_Algebra — A given Lie algebras

Dimension - The dimension of the given algebra
Synopsis:

— To compute the derivation of a given Lie algebra.

- Input is a given algebra and its dimension.

- Output is the derivation algebra.
Procedure:
derivation:=proc(A,n)

local i,j,k, t, s1,s2,1,D, sols,egns, Andre;
equns:={ };

D:=matrix(n,n);

Andre:=matrix{(n,n);

for i to n-1 do
for j from i+1 to n do
for 1 to n do
si:=sum(A[i,j,k]*D[k,1],k=1..n);

s2:=sum(A[k,j,1]*D[i,k]+A[i,k,11#D[j,k],k=1.

eqns:=eqns union s1=g2;
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od:
od:
od:

sols:=[solve(eqns)];
t:=nops(sols);
for i to t do
for j to n do
for k to n do
Andre{j,k] :=subs(sols[i],D[j,k]);
od:
od:
print(Andre) ;
od:
end:
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