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Abstract

We present new results on different aspects of quantum interactions, from new phenomena
to new mathematical tools. First, two new phenomena of light-matter interactions are
presented: the stimulated Unruh effect and acceleration induced transparency. We show
how the two combined lead to improved measurability of the Unruh effect in the laboratory.
Building on that, we present a method to modulate the strength of general quantum
interactions, which we call the parametrically induced decoupling. Then, as an answer
to the mathematical challenges of describing quantum interactions, we present Newton’s
cradle spectra as a new tool for understanding nonperturbative physics. This is followed by
a work describing what influences the rate at which a quantum channel arises at the onset
of an interaction between two systems. Finally, we describe a new method to generate
superoscillations of arbitrary shape, and the new idea of quantum prison break, whereby a
quantum object contained in a finite space may escape it and jump to a predefined region,
when triggered by a suitable measurement.
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Chapter 1

Introduction

The beginning of the 20th century marked the dawn of a new era in physics, one of quantum
physics. The mathematical foundations of the theory are well developed by now, and yet,
as we shall see, there are still new phenomena hiding in the theoretical framework, left for
us to discover. There are mathematical challenges waiting to be resolved, as well.

It is not surprising to discover new phenomena at the intersection of two different fields.
When we create a setup where two well-understood physical theories interact with each
other, we often find new puzzles, new paradoxes and new physics, perhaps most famously
the black hole information paradox [75]. In this thesis though, we will find new aspects of
interactions themselves, in the context of quantum theory: nonrelativistic quantum physics
and quantum field theory.

In the past century, new interaction-related discoveries in quantum physics regularly proved
to be fruitful: for example, Rabi oscillations, a simple phenomenon of a qubit interacting
with an external field, eventually led to the nuclear magnetic resonance [145], which is now
used in medicine, chemistry and has many more applications. Einstein’s description of
stimulated emission and absorption [54, 55] later led to the discovery of lasers [151], [119],
which proved to be useful in many contexts, from precision measurements in industry to
medical lasers used in surgery, and others. It is, therefore, compelling to keep exploring and
find new such fundamental physical phenomena that might one day contribute in different
domains of human endeavours.

We are now faced with new challenges. For example, we are aiming to advance into the
era of quantum computing, after a decades-long successful run with silicon-based classical
computing. For this, a great challenge seems to be the elimination of noise due to the
interaction of a quantum computer with its environment, and due to spurious interactions
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between the subsystems of the quantum computer itself. One is faced with the challenge
of needing to at the same time maximize the desired interactions between the subsystems
of the quantum computer, in order to enhance the spread of entanglement, a valuable
resource in quantum computing, while minimizing the spurious interactions contributing
to the noise. In order to do that, we need to understand how interactions contribute to
the spread of entanglement, and how we may sometimes modulate the strength of some
interactions.

Further, we address another challenge in fundamental physics. The weakness of the Unruh
effect has led to a decades-long experimental challenge to directly measure it in the labora-
tory. The effect is small because the interaction terms giving rise to the effect are supressed
under the conditions that we can achieve in the laboratory. We will describe this in more
details in later chapters. Nevertheles, though the Unruh effect is small, it is important,
because it is one of the few acceleration-induced quantum phenomena that we know of.
Furthemore, any acceleration-induced effect is necessarily related, via the equivalence prin-
ciple, to gravitational physics. In this thesis I will present two new acceleration-induced
effects: the stimulated Unruh e�ect and the acceleration-induced transparency. Interest-
ingly, the two combined will lead to a great improvement in the measurability of the Unruh
effect in the laboratory: a modest estimate gives an increase of 16 orders of magnitude
over the theoretical predictions for the standard Unruh effect.

The two new phenomena present an aspect of modulating the strength of interactions,
modelled in the context of light-matter interactions: stimulating the Unruh effect allows
us to greatly enhance that part of the interaction between a quantum field and an Unruh-
DeWitt detector that is responsible for the Unruh effect. On the other hand, acceleration
induced-transparency is a method to suppress the interactions that give rise to the reso-
nant transitions, which may be viewed as the spurious transitions when one is focussed on
observing the clean Unruh effect. In summary, these two methods, as we shall see in Chap-
ter 2, allow us to suppress the dominant, resonant interaction terms, and greatly enhance
the weak, non-resonant terms, thereby bringing the Unruh effect close to experimental
observability.

While gaining control over the strength of an interaction is an important quantitative goal,
to complete the understanding, it is also necessary to study its qualitative nature. We
aim to understand an interaction’s capacity to entangle different subsystems of the total
physical system under consideration. This is especially important in quantum computing.
After all, in a practical sense, a strong interaction is not considered useful, unless it succeeds
in the entangling of some degrees of freedom of interest. For this purpose, in Chapter 5
we study the spread of entanglement at the onset of interactions. More precisely, we
investigate how different parameters in the interaction govern the rate at which a quantum
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channel arises, at the onset of an interaction between two systems.

A famous mathematical challenge, almost as old as the quantum theory itself, is the prob-
lem of understanding how the eigenvalues and eigenvectors of a Hamiltonian change when
another Hamiltonian is added to it. It is the problem of understanding how the eigen-
system changes when an interaction Hamiltonian is added to the free Hamiltonian. If the
matrix elements of the interaction Hamiltonian are small compared to the free Hamilto-
nian, then we may use perturbation theory. However, when they are comparable in size,
and the Hamiltonians do not commute, the problem enters the nonperturbative regime.
In this case there only are few mathematical techniques at our disposal, namely the von
Neumann-Wigner results on level repulsion, Weyl’s inequalities, dualities that relate strong
coupling physics to weak coupling physics in some special cases. In Chapter 4 we will add
to this repertoir the new mathematical results named ’Newton’s Cradle Spectra’. In it,
exact expressions are derived for the eigenvalues and the eigenvectors for the case where
we add a single rank one projector to a Hamiltonian whose eigenvalues and eigenvectors we
know. The expressions are valid irrespective of the size of the coupling, and therefore New-
ton’s cradle spectra presents a new strategy for understanding the nonperturbative regime.
We may spectrally decompose any interaction Hamiltonian into a sum of projectors, and
so by adding them one by one, we can understand the behaviour of the eigensystem under
the addition of Hamiltonians. This will, as I will describe, give us understanding of level
repulsion, it will refine Cauchy’s interlacing theorem, and find a number of applications to
various fields in physics. Since it is a result in linear algebra it may prove to be useful in en-
gineering, as well, and any discipline that applies linear algebra as one of its mathematical
tools.

Superoscillations are a phenomenon in Fourier analysis, first discussed in seminal works
in the 1980s and 1990s by [30, 6, 7, 9, 21, 22, 144, 94]. They occur when a bandlimited
function locally oscillates faster than its largest Fourier component. They are interesting
for various applications, perhaps most notably for superresolution (see, e.g., [82, 148]),
the ability to image at a better resolution than would be possible with the smallest wave-
length of the light available in the spectrum of the light. Though it was plausible that
superoscillatory functions exist, at first it was not clear how to efficiently generate them.
One of the problems of early methods was numerical instabilities related to the problem of
finding inverses of ill-conditioned matrices [102], though that was later resolved by using
a multiplicative method [39] instead. The methods to create superoscillatory functions
analytically developed over the decades. In Chapter 6 we will describe a new method to
analytically construct superoscillatory functions. The advantage of this method over its
predecessors is it allows us to freely choose the shape of the superoscillatory part of the
function, which might prove useful, e.g., in imaging. The method is numerically stable (un-
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like most prior methods), and the error in the analytic construction is under control, which
is achieved by rigorously linking it to the convergence properties to Taylor expansions.

Superoscillations can be understood as a phenomenon of quantum physics, arising from
weak measurements. Postselected for some outcomes of the measurement of the momentum
operator, a special class of quantum states will exhibit superoscillatory behaviour. More
generally, for some quantum observable, analogous superphenomena [91] can arise. The
common feature of superphenomena is that they allow certain quantum states to locally
extract more from a observable than its highest eigenvalue. Analogously, they allow us
to locally extract less than the lowest eigenvalue. This is a valuable aspect of quantum
interactions, precisely because it allows us to extract more from a quantum state than we
would naively expect. Arguably, it has not been extensively explored, and in Chapter 6
we give a new application of the position observable related super-phenomenon: quantum
prison break. It is an effect due to the superoscillatory nature of the wavefunction in the
momentum space, whereby a quantum object initally limited to a finite support in position,
can escape to a predetermined position, conditioned on the postselection of the momentum
measurement.

This thesis will present all the above mentioned aspects of quantum interactions in the
following order: first, in Chapter 2 we describe the stimulation of the Unruh effect and the
acceleration-induced transparency, as new effects in light-matter interactions. They are
followed by Chapter 3 where we describe the generalization of acceleration-induced trans-
parency, applicable to any interacting quantum systems, named parametrically induced
decoupling. This method allows us to modulate the strength of some (or all) transitions
induced by the interaction Hamiltonian, by varying the coupling strength or the interac-
tion Hamiltonian in time. We then describe Newton’s cradle spectra in Chapter 4, a new
mathematical tool for understanding non-perturbative physics. In Chapter 5 we discuss
the spread of entanglement between subsystems at the onset of interactions. Finally, in
Chapter 6 we describe a new, efficient method to generate superoscillatory functions of a
desired shape, the generalizations of superoscillations to super-phenomena, and the new
idea, quantum prison break.
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Chapter 2

Acceleration-Induced Effects in
Stimulated Light-Matter Interactions

This chapter will first introduce a simplified model of light-matter interactions, the model
of an Unruh-DeWitt detector interacting with a scalar quantum field. This is followed by a
review of the conventional, or spontaneous Unruh effect. The two new phenomena follow,
stimulated Unruh effect and acceleration-induced transparency, which combined lead to a
new way to measure the Unruh effect in the laboratory. Finally, we summarize the work
described in the chapter and discuss its outlook.

2.1 Introduction

Gravity and acceleration are locally equivalent, so says the equivalence principle. This
means that acceleration-induced quantum effects are closely related to gravity-induced
quantum effects. For example, the well-known acceleration-induced Unruh effect [164, 166,
43] is closely related to the Hawking effect [76, 27, 162].

In this work, we demonstrate that there are two new basic quantum effects that are caused
by acceleration. These effects bridge the conceptual gap between phenomena well-known
in atomic physics — such as a stimulated emission and absorption — and the Unruh effect,
while simultaneously generalizing all of them. Schematically, the interaction between two
levels of an atom and a quantized field is described by an interaction Hamiltonian of the
form Ĥint / (�̂� + �̂+)(â + ây) where �̂+ = jei hgj raises and �̂� = �̂y+ lowers the atomic
level, while ây and â create and annihilate field quanta respectively. When the atom moves
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inertially in free space, and its coupling with the field is weak, energy conservation leads to
the condition that the energy of an absorbed or emitted photon matches the atomic energy
gap. As a consequence, in the interaction Hamiltonian the so-called counter rotating terms
�̂�â + �̂+â

y can be neglected, resulting in the so-called Jaynes-Cummings model [87] of
the form, ĤJC / �̂�â

y + �̂+â, which is paradigmatic in atomic physics and quantum
optics [12, 41]. If the atom is accelerated by an external agent (which of course has to
invest energy), counter-rotating terms of the form �̂+â

y can contribute and can lead to the
excitation of the accelerated atom while emitting a photon. This is the crux of the Unruh
effect.

Here, we show, first, that acceleration not only activates the counter-rotating terms (the
conventional Unruh effect) but that acceleration can impact the physics of the rotating-
wave terms as well. We show that this effect can be made so strong that it leads to the
new phenomenon of acceleration-induced transparency. Second, we consider stimulated
emission and absorption. Here, we show the new phenomenon that, in the presence of
acceleration, it is possible to stimulate not only the rotating wave terms (conventional
stimulation [52]) but also the counter-rotating terms. This leads to a new phenomenon
that we dub the stimulated Unruh effect. Through the stimulated Unruh effect, the proba-
bility for acceleration-induced counter rotating transitions can be vastly enhanced. This is
remarkable because, in the absence of acceleration, effects of counter-rotating wave terms
are conventionally essentially only accessible in the ultrastrong coupling regime [65].

2.2 Simplified model of the light-matter interaction

The basic mathematical principles underlying the two new phenomena arise as part of all
quantum field theories and can be demonstrated already in the simplified model of the
light matter interaction outlined above: a two-level atom with states fjgi ; jeig separated
in the atom’s rest frame by an energy gap Ω (in units of ~ = 1) interacts with a massless
scalar quantum field ’̂(x; t). The free Hamiltonian reads:

Ĥ0 = Ω�̂z + 1
2

: (@�’̂)2 := Ω�̂z +

∫
(dk)!k â

y
kâk

Here, �̂z = 1
2
(jeihej � jgihgj), !k = ck is the frequency of the field mode whose anni-

hilation/creation operators are âk; â
y
k, (dk) = d3k=[(2�)3=2!

1=2
k ] is the Lorentz invariant

integration measure and : � � � : represents normal order. Note that this simplified model
captures the electromagnetic interaction between an atom and a single polarization of the
electromagnetic field when the radiation of interest is of a wavelength long compared to the
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size of the atom [69, 41, 141, 118]. (Qualitative aspects of the electromagnetic interaction
arising from polarization are neglected in this model.)

The interaction between the two systems, modelled after the minimal coupling between a
charge distribution and the electromagnetic field, is taken to be [166],

Ĥint = G �̂ ’̂ (x(�); t(�)) ; (2.1)

where G is the coupling strength, �̂ = jeihgj+ jgihej, and ’̂[x(�); t(�)] is the field along the
detector’s trajectory (t(�);x(�)) in terms of its proper time � . (The form of the interaction
we consider here matches the dipole approximated form of the electromagnetic interaction
which is valid as long as the wavelength of all radiation involved is longer than the typical
size of the atom [118] — this is true in all that follows.)

We are, in general, interested in the probability that an initial state j ii produces a state
j fi via the interaction. Moving to the interaction picture, the interaction Hamiltonian
becomes time-dependent, Ĥint(�) = G �̂(�)’̂(x(�); t(�)), where,

�(�) = ei
� �̂+ + h:c:

’̂(x; t) =

∫
(dk)

(
e�i!kt+ik�xâk + h:c:

)
:

Restricting attention to the weak-coupling regime, the transition amplitude for the process
j ii ! j fi is (up to a phase),

Ai!f =

∫
h f jĤint(�)j ii d� =

∫
(dk)Ai!f(k);

where,

Ai!f(k) = G

∫
d� h f j

(
ei
� �̂+ + h:c:

)
�
(
e�i!kt+ik�xâk + h:c:

)
j ii ;

(2.2)

is the amplitude for the transition j ii ! j fi mediated by a field quantum of momentum
k in proper time � . Defining the integrals,

I�(Ω;k) =

∫
d� ei
��ik

�x�(�); (2.3)

the transition amplitude can be expressed as:

Ai!f(k) = G
[
I�(Ω;k) h f j �̂+âk j ii+ h:c:

]
7
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Figure 2.1: Comparison between conventional first order processes in light-matter inter-
action that happens in inertial motion (gray, green, blue), and those that happen only in
the presence of non-inertial motion (black, orange, red). Shown here are the pairs of states
fjgi
jnki ; jei
jnkig as the field photon number nk increases, and the transitions between
them due to the various processes together with the terms that describe the processes.

+G
[
I+(Ω;k) h f j �̂+â

y
k j ii+ h:c:

]
:

We note that in general both the rotating-wave terms (first line) and counter-rotating-wave
terms (second line) contribute, weighted by I� and I+ respectively.

2.3 Conventional inertial absorption and emission

Oft-studied phenomena [52] such as spontaneous emission (i.e., je; 0i ! jg; 1ki), stimulated
emission (i.e., je; nki ! jg; (n+ 1)ki), and absorption (i.e., jg; (n+ 1)ki ! je; nki) all arise
from the rotating-wave terms when the atom is in inertial motion (see Fig. 2.1). (Here,
jnki = (n!)�1=2âyk j0i is the Fock state of the field.) Indeed in inertial motion — given by
the trajectory x�(�) = (
�; 
v�) where 
 = (1 � jvj2)�1=2 —the emission and absorption
amplitudes,

Aje;ni!jg;n+1i(k) = G
p
n+ 1 � �[Ω� 
(!k � k � v)]

Ajg;n+1i!je;ni(k) = G
p
n � �[Ω� 
(!k � k � v)]

(2.4)
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are non-zero only on resonance, i.e., when the excitation energy of the atom matches
the (relativistically Doppler-shifted) energy of the photon. This implies that in inertial
motion, emission and absorption processes are strictly due to the rotating-wave terms in
the interaction. Here, the � distribution arises from the integral I�, which quantifies the
contribution of the rotating-wave terms.

For later reference we note that the probabilities for these processes satisfy the Einstein
relations, ∣∣Aje;ni!jg;n+1i

∣∣2 = (n+ 1)�
∣∣Aje;0i!jg;1i∣∣2∣∣Ajg;n+1i!je;ni

∣∣2 = n�
∣∣Aje;0i!jg;1i∣∣2 (2.5)

i.e., stimulated emission and absorption are respectively (n+1) and n times more probable
than spontaneous emission.

2.4 The conventional (i.e. spontaneous) Unruh effect

The conventional Unruh effect [164, 162] is the possibility that an atom in its ground
state which is accelerating through the field vacuum transitions to an excited state while
emitting a photon. Let us denote the atom’s trajectory by x�(�). The amplitude for the
conventional (i.e. spontaneous) Unruh process then reads:

Ajg;0i!je;1i(k) = G

∫
d� ei
�+ik�x�(�) = GI+(Ω;k): (2.6)

For inertial motion, we have that, I+ = �[Ω + ck � k � v], which does not contribute since
c > jvj always; so in inertial motion, the above amplitude is identically zero. For non-
inertial trajectories, for example, for uniform acceleration of magnitude a, e.g., x�(�) =
(sinh(a�)=a; cosh(a�)=a; 0; 0), we have that [166, 162, 19],∣∣Ajg;0i!je;1i∣∣2 = G2 2�=(Ωa)

e
=(kBTU) � 1
; TU =

a

2�kB
; (2.7)

which is a Bose-Einstein distribution at temperature TU. An atom uniformly accelerated
through the vacuum perceives an apparently thermal field.

We note a few key aspects. First, I+ and therefore the probability of the spontaneous
Unruh process can be non-zero because acceleration leads to a time-dependent and there-
fore chirped Doppler shift between the atom and the field modes. Mathematically, this
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phenomenon traces to the peculiar Fourier phenomenon of ‘concomitant’ frequencies [10]:
the Fourier transform of chirped positive frequencies necessarily also contains negative fre-
quencies. Here, I+, see Eq. (2.3), represents negative concomitant frequencies arising in the
Fourier transform of the trajectory-dependent function eik

�x�(�) which represents a chirp of
positive frequencies. As a consequence, even for realistically accelerated trajectories that
do not involve eternal uniform acceleration, the Unruh process has a non-zero probability.

Second, the energy required to simultaneously excite the atom and create a photon comes
from the accelerating agent; indeed in a more complete treatment, the excitation of the
detector is accompanied by a recoil of the atom’s center-of-mass degree of freedom [135,
136, 161]. Third, despite it being a robust quantum feature of accelerated bodies [153],

the Unruh temperature (restoring constants), TU = ~a=(2�kBc) � 10 mK
(

a
1018 m=s2

)
is, so

far, too small to make its experimental study feasible. (It is worth noting that the term
‘Unruh effect’ is sometimes reserved for the class of trajectories which possess horizons
or for which the accelerated system is driven to a thermal or near-thermal state. We
will consider general trajectories and will call any excitation of quantum systems due to
non-inertial motion an Unruh effect.)

2.5 Stimulated Unruh effect

Given the central importance of the conventional Unruh process, we now examine whether
acceleration induces further phenomena in the light matter interaction and to what extent
those may be amenable to experimental observation. Deriving inspiration from the stimu-
lated processes that happen in inertial motion [Eq. (2.4)], we now consider the possibility
of stimulating an Unruh-like process. That is, instead of the initial state jg; 0i, we consider
the state jg; nki. The interaction leads to the transformation:

jg; nki ! G
[
I+

p
n+ 1 je; (n+ 1)ki

+ I�
p
n je; (n� 1)ki

]
;

(2.8)

Here, the transformed state is unnormalized for brevity. The first term (/ I+) corresponds
to a stimulated Unruh process, which arises from counter-rotating terms in the interaction,
is absent in inertial motion, and does not depend on the stimulating photon being resonant
with the atom. The second term (/ I�) corresponds to conventional (resonant) absorption,
which is due to rotating wave terms in the interaction, and therefore relies on atom-photon
resonance. The stimulated Unruh process stands in the same relation to the conventional
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(spontaneous) Unruh process in an accelerating frame, as conventional stimulated emis-
sion is to spontaneous emission in an inertial frame. Importantly, the probability of the
stimulated Unruh processes is enhanced by a factor of n+ 1 compared to the spontaneous
version, ∣∣Ajg;ni!je;n+1i

∣∣2 = (n+ 1)�
∣∣Ajg;0i!je;1i∣∣2; (2.9)

where
∣∣Ajg;0i!je;1i∣∣2 is the probability for the spontaneous Unruh process (which is, e.g.,

for the special case of uniform acceleration, given in Eq. (2.7)). This equation elicits the
well known Einstein relation [Eq. (2.5)] for inertial stimulated emission.

The scaling with photon number immediately suggests that the experimental obstruction
to observing the spontaneous Unruh effect can be alleviated by stimulation. However two
aspects need to be addressed. First, in order to take advantage of the n�scaling, realistic
experiments would need to use a large mean photon number, whereas large-n Fock states
are challenging to prepare. Second, the state transformation in Eq. (2.8) produces an
undesirable resonant absorption component in addition to the stimulated Unruh process.
(Processes higher order in the interaction Hamiltonian are suppressed, since they roughly
scale as some power of the first order process, which, even with stimulation, has a less-
than-unity probability in the weak-coupling regime.) In the following we show that both
issues can be solved.

First we show that stimulation with the desired scaling can also be achieved with readily
available states rather than with Fock states. To see this, we represent general field states
in terms of the (over-)complete coherent state basis [160, 68]. The transition amplitude
for the stimulated Unruh process where the field is in these basis states is (up to a phase
factor),

Ajg;�i!je;�i(k) =
Ge�j���j

2=2

(2�)3=2
p
!k

(�I� + ��I+): (2.10)

Here j�i ; j�i are non-orthogonal field coherent states: jh�i �j2 = e�j���j
2

). The probability
that the atom gets excited, irrespective of the final field state in mode k, is,

P�(k) =

∫
d2�

�

∣∣Ajg;�i!jg;�i(k)
∣∣2

=
G2

(2�)2!k

(
j�j2jI+ + I�j2 + jI+j2

)
:

(2.11)

In the special case � = 0, i.e., if the initial field state is the vacuum, this expression reduces
to P0(k) / jGI+j2, i.e., we recover the conventional, i.e., spontaneous Unruh effect for a
general trajectory.
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For an arbitrary initial field state, �̂i =
∫
P (�)d2�=�, where P (�) is a generalized prob-

ability distribution in the coherent state basis [160, 68], the probability that the atom is
excited on an arbitrary trajectory can be shown to be, P(k) =

∫
P (�)P�(k)d2�=�, or

explicitly,

P(k) =
G2

(2�)3!k

(
hâykâkijI+ + I�j2 + jI+j2

)
: (2.12)

Here we have used the relation between integrals of P and expectations of normal-ordered
operators [68]. The implication is that in general — irrespective of the input field state —
the probability of the stimulated Unruh process grows with the average photon number.

We note that the atom can get excited through three different processes [see Eq. (2.12)]: (1)
The spontaneous Unruh effect (last term / jI+j2) — which is challenging to observe. (2)
The new phenomenon of the stimulated Unruh effect (/ hâyâijI+j2) — whose probability
can be dramatically larger. (3) Conventional (resonant) absorption (/ hâyâijI�j2). In fact,
as Eq. (2.12) shows, stimulation amplifies resonant and non-resonant terms equally: the
actual probability is / hâyâijI+ + I�j2. Excitation due to the new stimulated Unruh effect
appears, therefore, to be ‘contaminated’ by conventional resonant absorption.

We will now continue our search for new acceleration induced effects in the light matter
interaction. We will thereby find a new effect that happens to provide means to suppress
I� relative to I+, i.e., that will allow one to remove the contamination of the stimulated
Unruh effect by conventional absorption.

Indeed, on one hand, it is clear that it is possible to make I� smaller than I+ simply by
choosing the stimulating field mode to be far detuned from the atomic resonance. This is
because absorption is a resonant process whereas the Unruh process is non-resonant. In
this case, assuming a finite linewidth 
 for the resonant transition, and a detuning ∆ from
resonance, the probability of exciting the resonance decreases as [41], (1 + (∆=
)2)�1 �
(
=∆)�2. On the other hand, we can now demonstrate a new effect that allows not only for
an attenuation of conventional absorption but, in principle, for its complete suppression,
I� = 0.

2.6 Acceleration-induced transparency

As we now show, acceleration impacts not only the counter rotating but also the rotating
wave terms: in fact, by choosing suitably accelerated trajectories, one can, in princi-
ple, completely suppress resonant absorption, I� = 0, while also keeping I+ 6= 0. This
phenomenon may be called “acceleration-induced transparency”. (Acceleration-induced
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transparency is unrelated to the so-called electromagnetically-induced transparency [64]
which is caused by destructive interference of excitation amplitudes in a three-level atom
induced by resonant excitation with coherent field states).

To demonstrate acceleration-induced transparency, let us assume that an atomic gap, Ω,
and the stimulating mode’s wave vector, k, are chosen. Our task is to show that there
are trajectories for which I� = 0 and I+ 6= 0. To this end, we consider for any trajectory
x�(�) its ‘phase function’ �(�) = k�x�(�), so that I�(Ω;k) =

∫
d� ei
��i�(�). The phase

functions of physical trajectories obey: �̇(�) > 0 8� . This is because �̇(�) is scalar and,
in an instantaneous rest frame, it reads �̇(�) = k�ẋ�(�) = k0ẋ0(�) > 0 since k0; ẋ0 > 0.
Conversely, and more importantly, to any phase function �(�) obeying �̇(�) > 0 8 � ,
there exists a corresponding physical trajectory. We prove this by construction: choose a
coordinate system such that k = (k0; 0; 0; k0); then the trajectory,

ẋ�(�) =

(
1

2

(
k0

�̇ (�)
+
�̇ (�)

k0

)
; 0; 0;

1

2

(
k0

�̇ (�)
� �̇ (�)

k0

))
(2.13)

is timelike with � its proper time (i.e., ẋ�ẋ� = 1). It is straightforward to verify that this
trajectory obeys k�ẋ�(�) = �̇(�), i.e., that it produces the desired phase function �(�)
up to an irrelevant integration constant that translates the trajectory. Notice that the
trajectory is inertial if �̇ is constant, and accelerating otherwise.

Our remaining task is to find examples of phase functions �(�) obeying �̇(�) > 0 8� for
which I� = 0 and I+ 6= 0. Through Eq. (2.13) we then obtain corresponding trajectories for
which the Unruh effect can be arbitrarily strongly stimulated while conventional absorption
vanishes. To this end, consider a phase function satisfying,

�̇(�) := k0


s0 � < 0

s0 + s1�s0

T1
� � 2 [0; T1)

s1 + s2�s1

T2�T1
(� � T1) � 2 [T1; T2)

s2 � � T2;

(2.14)

where the constants fsi; Tig can be chosen arbitrarily except that we require �̇ > 0 and
0 < T1 < T2.

The corresponding trajectories are relatively simple. They are initially inertial, then possess
two phases of acceleration, followed by inertial motion. In the non-relativistic regime, the
trajectories further simplify, since then the accelerations are uniform.

The question is whether among these trajectories there are ones which exhibit acceleration-
induced transparency for some arbitrarily fixed gap Ω. To produce explicit examples, we
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Figure 2.2: The two curves display jI�(Ω)j for an example of a trajectory of the form given
in Eq. (2.14). The red curve is the resonant contribution jI�j which shows the strength of
conventional absorption while the green curve is the non-resonant contribution jI+j which
shows the strength of Unruh-type counter-rotating effects. Importantly, we see that the
resonant contribution dips below that of the latter (here jI�=I+j � 10�3), so that at that
frequency, the probability of resonant absorption is� 10�6 of the stimulated Unruh process.
The frequency at which the resonant contribution dips is designed to be the detector gap
frequency. The two peaks in I� correspond to absorption at the Doppler shifted frequencies
!0 = k0s0, !2 = k0s2 that are due to the initial and final inertial velocities of the trajectory.

held the parameters s0; s2 and T1 fixed and varied the parameters s1 and T2. In the (s1; T2)-
plane, we plotted the curves for which Re [I�] = 0 or Im [I�] = 0. These curves intersect
(see Appendix 8), which shows that there are parameter values for which the corresponding
trajectory possesses acceleration-induced transparency at the chosen gap Ω. This means
that it is possible, in principle, to make the stimulated Unruh process dominate arbitrarily
strongly over all conventional, i.e., resonant processes, at this order in perturbation theory
and for a given gap Ω.

In Fig. 2.2, we plot jI�(Ω)j for such a trajectory. The plot shows that the resonant effects
described by I� tend to dominate over the non-resonant effects described by I+, except
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for the arbitrarily strong acceleration-induced suppression of I� at the chosen value of Ω.
Notice that this plot in effect also shows the k0 dependence. Mathematically, we have
here shown a phenomenon of Fourier theory (related to that of concomitant frequencies,
[10]): by suitably chirping positive frequencies, a single positive frequency can always be
suppressed in the overall Fourier spectrum. Physically, this means that the amplitude for
resonant absorption, being a coherent superposition of contributions from all parts of the
trajectory, can be made to vanish for suitable trajectories. The corresponding trajectories
can be experimentally realized, for example, by accelerating a charged UDW detector using
external electromagnetic fields (see also the Appendix 8).

In addition to the effects considered above where the accelerating atom starts in the ground
state, it is possible to consider the case where the atom starts in the excited state. Variants
of the stimulated Unruh effect can then be considered with this initial condition for the
atom’s internal state. Such processes are time-reversed versions of the ones already studied
above. The amplitudes for such processes are obtained by replacing I� ! I�� in the
equations above.

2.7 Summary

We have shown that, beyond the Unruh effect and the dynamical Casimir effect, there are
two new phenomena by which acceleration impacts the light matter interaction: On one
hand, we showed that acceleration not only activates the counter rotating terms (the Unruh
effect) but that it also impacts the rotating wave terms, leading to the new phenomenon of
acceleration-induced transparency. On the other hand, we also showed that, in the presence
of acceleration, stimulation can be used not only on the rotating wave terms (conventional
stimulation) but also on the counter-rotating terms, leading to the new phenomenon of a
stimulated Unruh-like effect.

Further, we showed that by using suitably designed trajectories and by simultaneously
stimulating, these two new phenomena can be combined to highly enhance acceleration-
induced counter rotating transitions while simultaneously arbitrarily strongly suppressing
the conventional rotating wave effects. While the Unruh effect is as yet unobservable, the
new findings could bring acceleration-induced activations of the counter-rotating terms into
the range of observability, even in the weak-coupling regime.

For example, the stimulated Unruh effect can be detected via the recoil of the emit-
ted/absorbed photon on an accelerated low-mass two-level system [161]. A single elec-
tron, whose spin state degeneracy is lifted by a magnetic field, and whose motion can be
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continuously monitored is such a transducer. Although accelerations of � 1020 m=s2 are
possible for a trapped electron, corresponding to an Unruh temperature TU � 1 K, the
challenge so far has been the exceedingly small rate of the spontaneous Unruh process [18]
Γ0 � 10�18=s. We have shown that, in a scalar model of the electromagnetic interaction,
the rate scales to [Eq. (2.9)] Γn = (n + 1)Γ0 when stimulated with n photons on average.
Thus, the accelerated motion of a single electron trapped in a Penning trap (a combination
of a static axial magnetic field and a quadrupolar electric field) [120], which is co-located
inside a microwave cavity loaded with photons can serve as a potential experimental plat-
form for detecting the stimulated Unruh effect. Indeed, state-of-the-art microwave cavities
resonating at ! � 2� � 1 GHz with modest quality factors [134, 146] of Q � 105 can
store on average n = (4Q=!)(P=~!) � 1015(P=1 mW) photons. That is, the stimulated
counter-rotating processes that we have described here can be made 15 orders of magnitude
more likely than the spontaneous Unruh process, and therefore resolvable in a few hours
of observation.

2.8 Outlook

We can explore extending these results to more general contexts. In Chapter 8 we have
given details on how to prove the existence of a trajectory giving rise to acceleration in-
duced transparency. In the Fig. 8.1 one can see the parameter space of trajectories we
searched for, where the crossings of blue and red lines give instances of desired param-
eters. In this figure, one can see that there is more than one crossing, though we later
used only one in our numerical optimizations. For convenience, we limited the parameter
space to only two parameters, and found indications of existence of multiple solutions in
finite intervals. We may then ask what would happen if we increased the parameter space
to a higher-dimensional one. We conjecture that we would find the real and imaginary
zero point surfaces crossing, not only in points, but generically, also in higher dimensional
codimension-2 surfaces, in analogy to our example where points were codimension-2 ‘sur-
faces’ of solutions in 2 dimensions. In other words, we conjecture that the trajectories
giving rise to acceleration-induced transparency are not rare.

This conjecture is relevant for two reasons. One is that we may want to have acceleration-
induced transparency for more than one wavenumber (wavevector) of light. In the example
where we’ve proven its existence, we fixed a value k for the mode of the quantum field.
We might be interested in suppressing other transitions as well, for example, when the
Unruh-DeWitt detector is an N -dimensional quantum system, as opposed to the simplest
2-dimensional, as we used in the work above. In that case, there would be transitions
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between any two energy levels of the detector, every transition generically having a different
energy split. If we want to suppress more than one of those transitions, we would need
to produce trajectories giving rise to acceleration-induced transparency for each of those
transitions.

The second reason the conjecture on ubiquity of acceleration-induced transparency could
prove important is extending the applicability of this phenomenon beyond weak coupling.
We’ve assumed, all throughout this chapter, that the coupling constant G is small, therefore
we worked in first order perturbation theory. We may use the Unruh-DeWitt model of
quantum system coupled to a quantum field in a different context where the model is
still useful, however the coupling G is no longer small. If we still want to suppress the
resonant transitions, while keeping the non-resonant, we have to find trajectories preserving
acceleration-induced transparency beyond the first order of perturbation. We conjecture
that this is also possible.

If this conjecture is proven to be right, we would find a new way to control the interac-
tions of N -dimensional quantum systems interacting with a quantum field. On one hand,
the resonant transitions would be suppressed, meaning we would have control over the
spurious decoherence arising from the presence of field excitations. At the same time,
the non-resonant transitions would still be present, though small. Using their stimulation
(stimulation of the Unruh effect interaction terms), we may turn them on at will.

Gravity and acceleration are related via the equivalence principle. The two new phenom-
ena, stimulated Unruh effect and acceleration-induced transparency, suggest the existence
of their gravity-induced analogs. Work in this direction is in progress, on the phenomena
of gravity-induced translucency or transparency and the stimulation of Hawking radiation.

Finally, in the next chapter we will see that the new phenomenon of acceleration-induced
transparency can be generalized to arbitrary quantum systems.
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Chapter 3

Parametrically Induced Decoupling

3.1 Introduction

In this chapter, I will introduce1 a generalization of the phenomenon of acceleration-induced
transparency, described in Chapter 2. Acceleration-induced transparency can then be un-
derstood as a special case of a more general phenomenon, which will be called parametrically
induced decoupling. We will show how, analogously to acceleration-induced transparency,
we can modulate the strengths of transitions arising from the interaction Hamiltonian. The
strength modulations, and even decoupling, arise due to a suitable choice of time variation
of a parameter in the interaction Hamiltonian.

Let us consider the typical situation of two interacting quantum systems, named A and
B. The total free Hamiltonian H0 acts on the tensor product of their respective Hilbert
spaces, H0 : HA 
 HB ! HA 
 HB. We can in general write the free Hamiltonian as
follows:

H0 = HA 
 1 + 1
HB; (3.1)

where the Hamiltonians HA : HA ! HA and HB : HB ! HB act on the respective Hilbert
spaces of A and B.

We will add an interaction Hamiltonian Hint, which is a rank-one projector onto a vector
jv (t)i 2 HA 
HB, with a coupling constant � (t) 2 R:

Hint = � (t) jv (t)i hv (t)j : (3.2)

1This work has not yet been published.
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The reason the interaction Hamiltonian which is a rank-one projector is the effect we will
later described is visible already with this simple choice. To easily draw the parallel to
acceleration-induced transparency, we will do the computations in the interaction picture
of quantum mechanics. Therefore, we will have to evolve the interaction Hamiltonian in
time, using the free Hamiltonian Hamiltonian, while the states evolve according to the
interaction Hamiltonian.

According to the interaction picture, the time evolution of Hint is the following:

Hint (t) = eiH0tHinte
�iH0t: (3.3)

We find that, due to the interaction Hamiltonian being a rank-one projector, the expres-
sions simplify. In particular, we can make use of the assumption that the eigenvalues and
the eigenvectors of the free Hamiltonian are known, as is typically the case:

H0 =

NANB∑
j=1

sj jsji hsjj : (3.4)

Therefore, we have:

Hint (t) = eiH0t� (t) jv (t)i hv (t)j e�iH0t; (3.5)

Hint (t) = � (t)

[∑
j

eisjthsjjv (t)i jsji
]
:

[∑
k

e�iskthv (t) jski hskj
]
; (3.6)

Hint (t) = � (t)
∑
j;k

ei(sj�sk)thsjjv (t)ihv (t) jski jsji hskj : (3.7)

Finally, the expression we will use is the following:

Hint (t) = � (t)
∑
j;k

ei(sj�sk)tvj (t) v�k (t) jsji hskj ; (3.8)

where vn (t) are the components of jv (t)i, as vn (t) = hsnjv (t)i, n 2 f1; :::; NANBg.
Assuming that the coupling constant � is small, we can expand the time evolution unitary
operator into a Taylor series and keep only the linear approximation in �:
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UI (t) = e
i
∫ t
t0
d�Hint(�) � 1 + i

∫ t

t0

d�Hint (�) + :::; (3.9)

UI (t) � 1 + i

∫ t

t0

d�� (�)
∑
j;k

ei(sj�sk)�vj (�) v�k (�) jsji hskj : (3.10)

Let us take as the initial state the ground state of the free Hamiltonian H0:

jΨ0i = js0i : (3.11)

Then, we evolve it with the first order approximation to the time evolution operator UI (t),
and find the probability pexc. of the excitation to the first excited state js1i:

pexc. = jhs1jUI(t)js0ij2; (3.12)

pexc. =

∣∣∣∣∫ t

t0

d�� (�) ei(s1�s0)�v1 (�) v�0 (�)

∣∣∣∣2: (3.13)

In the case where the interacton Hamiltonian is not simply a rank-one projector, but a sum
of rank-one projectors Hint =

∑
i �i(t) jvi (t)i hvi (t)j, the expression for pexc. is straightfor-

wardly modifed, due to the calculation being done in first order perturbation theory in
�i’s:

pexc. =

∣∣∣∣∣
∫ t

t0

d�ei(s1�s0)�
∑
i

�i (�) vi;1 (�) v�i;0 (�)

∣∣∣∣∣
2

: (3.14)

Here, vi;j (t) for j 2 f0; 1g, are the components of jvi (t)i, e.g., vi;0 (t) = hs0jvi (t)i.
We may now compare the expression in Eq. (3.14) to the total excitation probability of

an Unruh-DeWitt detector, for a fixed wavevector ~k of a field excitation. As introduced in
Chapter 2:

pexc.(k) = G2

∣∣∣∣∫ d� ei
�+ik�x�(�) +

∫
d� ei
��ik

�x�(�)

∣∣∣∣2 (3.15)
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Recall that G is the coupling constant, Ω the energy of the excited state, and x� the
trajectory of the detector. In this expression, ei
� part of the integrand is analogous to
ei(s1�s0)� in Eq. (3.14). Both are phases arising from the energy split between the ground
and the excited state. Furthermore, both expressions feature additional time dependence
inside the time integrals. In the light-matter interactions, it is the phase function e�ik

�x�(�)

induced by the detector’s trajectory, while for the general description in Eq. (3.14), �i (t),
vi;1 (t) , vi;0 (t) all may be time dependent functions.

In the discussion on acceleration-induced transparency, in Section 2.6, we showed that we
may turn off resonant transitions in the UDW model of light-matter interactions, by choos-
ing a suitable trajectory. Mathematically, this translates to the vanishing time integral:

I� =

∫
d�ei
��ik

�x�(�) = 0; (3.16)

for the suitable choice of trajectory x� (�).

In the following sections, we will demonstrate that this is a more general interaction phe-
nomenon, which can occur when the interaction Hamiltonian has some parametric time
dependence. Since the analogue of the acceleration (trajectory)-induced time dependence
in e�ik

�x�(�) is the parametric time dependence of the coupling constants’ �i (t) and the
vectors’ jvi (t)i, we will call the phenomenon parametrically-induced decoupling. Mathe-
matically, it arises from one or more of the time integrals in Eq. (3.14) vanishing:

Ia =

∫ t

t0

d�ei(s1�s0)��a (�) va;1 (�) v�a;0 (�) = 0; (3.17)

for some a 2 f1; 2; :::; NANBg.
Note that the problem of suppressing the probability pexc. is ultimately about the vanishing
of an integral over the product of functions (see Eq. (3.14)). It may be seen as an orthog-
onality condition in the Hilbert space of functions. In the case of acceleration-induced
transparency, finding the orthogonal function was nontrivial, due to the constraint that
the trajectory-dependent function eik

�x�(�) is always of modulus one. The function space
spanned by such transparency-inducing functions has not been widely explored, only its
existence was proved. In this chapter, we used the solution whose existence was proved.
It would be interesting to find solutions which go beyond the modulus one constraint, and
to explore and understand the space of solutions more deeply.
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3.2 Time-varying coupling constant

We will first focus on the simple case of rank-one projector as the interaction Hamiltonian.
Then, the excitation probability from the ground to the excited state is:

pexc. =

∣∣∣∣∫ t

t0

d�� (�) ei(s1�s0)�v1 (�) v�0 (�)

∣∣∣∣2: (3.18)

In this section, we will fix the projector jvi hvj. Therefore, it will not depend on time,
vi(t) = vi = const., for i = 0; 1, while the coupling constant will, � = � (t).

Say that the experiment runs for a long time, where we may set the boundaries of the time
integral to be t0 = �1, t = +1. Then, only a specific sinusoidal dependence on time,
with ! = s1 � s0, will yield a non-zero excitation probability:

�(t) = �0 cos (!t+ ’) ; (3.19)

where �0 2 R is a constant. This is reminiscent of the resonance phenomenon in light-
matter interactions. For frequencies ! 6= s1 � s0, the probability pexc. integrates to zero.

Generically, for � (t) some function of time � (t) = f (t), the probability is non-zero. How-
ever, in chapter Chapter 2 we proved that there are some functions f (t) 2 C for which
pexc. = 0. This is because we can choose it to be the function:

f(t) = eik
�x�(t); (3.20)

where x� (t) is a trajectory that gives rise to acceleration-induced transparency. In the
case where we have only one projector as the interaction Hamiltonian, we can not use
the time-varying coupling constant � (t) 2 R to induce decoupling. This is due to, as we
learned from Chapter 2, f (t) crucially having both real and imaginary parts, in order to
cancel the absolute value of the time integral and induce the transparency:

pexc. =

∣∣∣∣∫ t

t0

d�eik
�x�(t)ei(s1�s0)�

∣∣∣∣2 = 0: (3.21)

Instead, we will add one more projector to obtain the sum of jv(1)i hv(1)j and jv(2)i hv(2)j as
the interaction Hamiltonian, each with its coupling constant, �1 (t) and �2 (t). Then the
excitation probability changes to (see Eq. (3.14)):
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pexc. =

∣∣∣∣∫ t

t0

d��1 (�) ei(s1�s0)�v
(1)
1 v

(1)�
0 + ei(s1�s0)��2 (�) v

(2)
1 v

(2)�
0

∣∣∣∣2: (3.22)

If we choose �1 (t) and �2 (t), and the vectors jv(1)i and jv(2)i, in the following way:

�1 (t) =
Re
[
eik

�x�(t)
]∣∣∣v(1)

1 v
(1)�
0

∣∣∣ ; (3.23)

�2 (t) =
Im
[
eik

�x�(t)
]∣∣∣v(2)

1 v
(2)�
0

∣∣∣ ; (3.24)

with

v
(2)
1 v

(2)�
0∣∣∣v(2)

1 v
(2)�
0

∣∣∣ = i
v

(1)
1 v

(1)�
0∣∣∣v(1)

1 v
(1)�
0

∣∣∣ ; (3.25)

in the expression for pexc. we get precisely the accleration-induced transparency integral in
Eq. (3.21), assuming the integral limit t = +1, t0 = �1. Therefore, with these choice
for the time dependences of �1 (t) and �2 (t), and the constant phase ratio of the projector
components in Eq. (3.25), we get that the transition probability is equal to zero:

pexc. =

∣∣∣∣∫ +1

�1
d��1 (�) ei(s1�s0)�v

(1)
1

(
v

(1)
0

)�
+ ei(s1�s0)��2 (�) v

(2)
1

(
v

(2)
0

)�∣∣∣∣2 = 0: (3.26)

We showed the example of adding a pair of rank-one projectors, with carefully chosen
time dependences. Generically, if we had a sum of m such pairs of projectors, in total 2m
projectors, with analogously chosen parameters to Eq. (3.23) and Eq. (3.25):

Hint =
m∑
i=1

�1;i (t) jv1;ii hv1;ij+ �2;i (t) jv2;ii hv2;ij ; (3.27)

all of the transitions would be suppressed as well. This is because for each pair of projectors
individually, the respective time integral exactly equal to zero, so all of them sum up to
zero in the expression for total probability pexc. (see Eq. (3.14)).
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We call this parametrically-induced decoupling, since choosing the suitable time depen-
dences of the coupling constants leads to the suppression of transitions induced by the
interaction Hamiltonian.

3.3 Time-varying projector

In this section, we will describe parametrically induced decoupling using a time-varying
rank-one projector. We assume that the coupling constant is true to its name, �(t) = � =
const., while the projector varies:

Hint = � jv (t)i hv (t)j : (3.28)

Let us assume that the time-dependence of a component vi (t) of jv (t)i is as follows:

vi (t) =
∑
k

hsijhkihhkjv (t0)ieihk(t�t0): (3.29)

Here, note that the only time dependence is in the phase function eihk(t�t0), while hsijhki,
hhkjv (t0)i are fixed complex numbers.

Now, we take Eq. (3.29) and insert it into the expression in Eq. (3.18) for excitation
probability for the system to go from the ground to the excited state:

pexc. =

∣∣∣∣∣
∫ t

t0

d�� ei(s1�s0)�
∑
j;k

ei(hj�hk)� hs1jhjihhjjv (t0)ihs0jhkihhkjv (t0)i�
∣∣∣∣∣
2

: (3.30)

Here, the time dependence is found only sum over phase functions ei(s1�s0)�ei(hj�hk)� . If we
take, as before the limits of the integral to be t0 = �1, t = +1, generically these time
integrals will be equal to zero, unless for some indices j; k, hj � hk = s1 � s0. If such a
condition is satisfied, it is once again reminiscent of the resonance phenomenon.

However, a more interesting case is when the time dependence of interaction Hamiltonian’s
components vi (t) is not the simple one in Eq. (3.29). Assume this time that the time
dependence of a more general form:

vi (t) = eifi(t)v
(0)
i ; (3.31)
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where fi (t) 2 R are some functions of time. Now, the norm of jv (t)i is still 1, if we assume

that
∑

i

∣∣∣v(0)
i

∣∣∣2 = 1, since
∣∣eifi(t)∣∣2 = 1, for real functions fi (t).

Again, we can argue that there will be a transition which is suppressed:

pexc. =

∣∣∣∣∫ t

t0

d�� ei(s1�s0)�v1v
�
0

∣∣∣∣2 (3.32)

=

∣∣∣∣∫ t

t0

d�� ei(s1�s0)�eif1(t)�if0(t)v
(0)
1

(
v

(0)
0

)�∣∣∣∣2; (3.33)

if we can produce f1 (t) and f0 (t) such that:

eif1(t)�if0(t) = eik
�x�(t); (3.34)

for k�x� that result in acceleration-induced transparency, for an energy gap Ω = s1 � s0.

The question of how to create the time dependences of the interaction Hamiltonian that
give rise to the desired functions f1 (t) and f0 (t), or the one in Eq. (3.29) in the laboratory
is of interest for applications. Note that throughout this chapter, we simply assumed that
we can prescribe the time dependence of the interaction Hamiltonian, and showed that the
ones which give rise to parametrically induced coupling exist. We leave the study of how
to create the desired time dependence for specific applications to future work.

3.4 Summary and Outlook

In this chapter we described the generalization of the idea of acceleration-induced trans-
parency. The parametrically-induced decoupling was described as a phenomenon arising
from carefully chosen time dependence of either the coupling constants of the interaction
Hamiltonian, or the time dependence of the interaction Hamiltonian itself. It was shown
that some choices of time dependences lead to suppression of transitions which would oth-
erwise be present, if the coupling constants and the interaction Hamiltonian were constant
in time. Though this work is preliminary, it shows a path towards new ways of controlling
transitions between different states of a quantum system, and may be interesting in various
applications, such as in quantum control, or in quantum computing, where it could prove
useful as a tool to suppress decoherence. Especially, since it is a tool to prevent transitions,
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it may prove to be useful in adiabatic quantum computing as a method for preventing the
system from jumping to an excited state. Usually this is achieved by slowing down the
computation in order to remain in the adiabatic regime. We may be able to speed up
adiabatic quantum computation simply by choosing the suitable time dependence of some
parameters, and it should also be interesting to its applicability in Quantum Approximate
Optimization Algorithms [57, 174].
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Chapter 4

Newton’s Cradle Spectra

4.1 Introduction

The behavior of eigenvalues and eigenvectors plays important roles throughout science and
engineering [159, 47, 133]. Of particular interest is, for example, their behavior under
the addition of Hermitian operators, such as Hamiltonians, and under the multiplication
of unitaries, such as time evolution operators. In the literature, this problem is often
investigated perturbatively. Nonperturbative results, such as level repulsion [130, 81, 40]
and Cauchy interlacing [35, 48], are particularly valuable but few in number [51]. Here,
we present new broadly applicable nonperturbative results on the behavior of the spectra
and eigenvectors of Hermitian and unitary operators in finite dimensions.

4.2 The Behaviour of the Eigensystem Under Addi-

tion of a Rank One Projector

4.2.1 Addition of Hermitian operators

Let us consider an arbitrary Hermitian operator S with nondegenerate spectrum, acting
on an N -dimensional Hilbert space H. We ask how the eigenvalues change when adding to
S an arbitrary Hermitian operator R. To this end, by the spectral theorem, we write R as
a weighted sum of rank 1 projectors: R =

∑N
j=1 �

(j)jv(j)ihv(j)j. Since the sum S + R can
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be obtained by successively adding these weighted projectors to S, we can focus on how
the spectrum of S changes under the addition of a single weighted projector:

S(�) := S + �jvihvj (4.1)

Here, jvi is an arbitrary fixed normalized vector and we let the weight � range from
�1 to +1. We denote the eigenvalues and eigenvectors of S by fsng; fjsnig with the
ordering s1 < s2 < : : : < sN . We denote the eigenvalues and eigenvectors of S(�) by
fsn(�)g; fjsn(�)ig and we have sn(0) = sn; jsn(0)i = jsni. The ordering of the sn(�) is
inherited from the ordering of the sn, taking into account possible level crossings. The
phases of the jsn(�)i are left arbitrary for now.

First, the trivial special cases. If jvi is chosen so that hsmjvi = 0 for some m, then
the eigenspaces of S spanned by the jsmi remain unaffected, i.e., their eigenvalues and
eigenvectors do not change with �: sm(�) = sm; jsm(�)i = jsmi 8� 2 R. If we choose
jvi to be an eigenvector, jvi := jsri, then hsmjvi = 0 8m 6= r and all eigenvectors and
eigenvalues are frozen except that sr(�) = sr + �; jsr(�)i = jsri 8� 2 R.

4.2.2 Newton’s cradle for Hermitian operators

We now consider the generic case in which jvi is not orthogonal to any eigenvectors of S.
For this case, we can show that, as � runs from �1 to +1, all sn(�) strictly monotonously
move to the right, akin to Newton’s cradle: s1 arrives from �1, the eigenvalues s2 to sN�1

each move a small distance to the right to take the next eigenvalue’s place and finally sN
escapes to +1. As illustrated in Fig. 2.1, interlaced between the eigenvalues sn, there
exist numbers s�n obeying sn < s�n < sn+1 for n = 1; : : : ; (N � 1) so that, as we let � run
from �1 to +1, each eigenvalue sn(�) runs from s�n�1 to s�n, passing through sn when
� = 0. Here, s�0 := �1 and s�N := +1.

4.2.3 Exact evolution of Hermitian Newton’s cradles

Due to the Newton cradle behavior of the eigenvalues, the full set of eigenvalues fsn(�)g
for all n = 1 : : : N and all � 2 R [ f+1g cover the real line exactly once. For any s 2 R,
there therefore exists a unique pair (n; �) such that jsi := jsn(�)i obeys S(�)jsi = sjsi.
Defining vn := hsnjvi, we can show that for any s 2 R, the corresponding � reads:

�(s) =

(
N∑
n=1

jvnj2
s� sn

)�1

(4.2)
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µ(s)

Figure 4.1: Plot of �(s) using Eq. (4.2) for a random choice of Newton cradle of four
eigenvalues. From bottom to top, the four curves show the evolution of the four eigenvalues
fsn(�)g4

n=1 with increasing �. For � = 0, the eigenvalues are s1, s2, s3, s4. As � ! +1,
the eigenvalues tend to s�1, s�2, s�3 and s�4 = +1 respectively.

Eq. (4.2) can also be viewed as reexpressing the characteristic equation for S(�). Eq. (4.2)
implies that the values s�n for n = 1 : : : (N � 1) are the solutions to:

N∑
m=1

jvmj2
s�n � sm

= 0 (4.3)

Differentiating Eq. (4.2) yields:

d�(s)

ds
=

(
N∑
m=1

jvmj2
s� sm

)�2 N∑
r=1

jvrj2

(s� sr)2 (4.4)

The inverse, ds=d�, is the velocity of the eigenvalues, s, with respect to �. The special
case of the velocity dsn(�)=d� of an eigenvalue sn(�) at � = 0 reads:

dsn (�)

d�

∣∣∣∣
�=0

= jvnj2 (4.5)

These velocities are positive and stay positive for all finite �. This is because if a velocity
dsn=d� vanished for a finite �, we would have hsn(�)jvi = 0, hence this eigenvalue would
be frozen for all �, in contradiction to the assumption that hsnjvi 6= 0. Further, since
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∑N
m=1 jvmj2 = 1, the velocities sum to one. Since dTr(S(�))=d� = Tr(jvihvj) = 1 for

all �, each Newton cradle conserves its total momentum in the sense that for all � 2
R :

∑N
n=1

dsn(�)
d�

= 1.

4.2.4 Newton’s cradles for unitaries

An analogous result holds for unitaries. Let us consider an arbitrary fixed unitary U
acting on H. Instead of adding a 1-parameter family of projectors as we did above, we
now multiplicatively act on U from the left with a U(1) group. The elements of this U(1)
act nontrivially on the dimension spanned by an arbitrary fixed vector, jwi, and act as the
identity on all other dimensions, i.e., we multiply U from the left with the U(1)-family of
unitaries (1 + (ei� � 1) jwi hwj) for � 2 [0; 2�) to obtain a family of unitaries U(�):

U(�) := (1 +
(
ei� � 1

)
jwi hwj) U (4.6)

Let us denote the eigenvalues of U by fung, ordered counterclockwise on the complex
unit circle, starting from 1. We denote the eigenvalues of U(�) by un(�), i.e., we have
un(0) = un. We define wn := hunjwi. Clearly, if jwi is chosen to obey humjwi = 0 for some
m then the corresponding eigenvalues and eigenvectors are frozen, um(�) = um; jum(�)i =
jumi 8�. Excluding these trivial cases, we can show again a Newton cradle behavior: as �
runs from 0 to 2�, each eigenvalue un(�) runs counterclockwise on the complex unit circle,
reaching un+1 as �! 2�. Except, uN(�) runs towards u1(�).

4.2.5 Equivalence of unitary and Hermitian Newton’s cradles

We can show that the left multiplication of a unitary operator by a representation of the
group U(1) is equivalent to the addition of a weighted rank 1 projector to a Hermitian
operator. The equivalence is established by this Cayley transform:

U(�) = (S(�)� i1)(S(�) + i1)�1 (4.7)

S(�) = �i(U(�) + 1)(U(�)� 1)�1 (4.8)

Therefore, U(�) and S(�) possess the same eigenspaces and their eigenvalues are related
by a Möbius transform: un(�) = (sn(�)� i)=(sn(�) + i). We can show that

jvi =
2√∑N

m=1 jwmj
2 (s2

m + 1)
(1� U)�1 jwi (4.9)
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and in coefficients:

vn =
1√∑N

m=1 jwmj
2 (s2

m + 1)

sn + i

i
wn (4.10)

wm =
1√∑
k
jvkj2
s2
k+1

i

sm + i
vm (4.11)

Further, � and � are related by:

�(�) = 2 arccot

[∑
m jwmj

2 (s2
m + 1)

�
+
∑
k

jwkj2sk
]

(4.12)

= 2 arccot

(∑
k

jvkj2
s2
k + 1

)�1(
1

�
+
∑
m

jvmj2sm
s2
m + 1

)
� (�) =

∑N
m=1 jwmj

2 (s2
m + 1)

cot
(
�
2

)
�∑N

k=1 jwkj
2sk

(4.13)

=

(
N∑
m=1

jvmj2
s2
m + 1

cot
(�

2

)
�

N∑
k=1

jvkj2sk
s2
k + 1

)�1

(4.14)

We read off that �(�) = 0 for � = 0 and that as � increases from 0 to the finite value
�� := 2 arccot(

∑
k jwkj2sk) we have that �(�) runs to +1. As � further increases, �(�)

comes back up from �1 and finally �(�)! 0 as �! 2�.

In this context, let us recall that the addition of Hermitians does not turn into the multipli-
cation of unitaries under exponentiation, and that one obtains instead the Baker Campbell
Hausdorff formula [29]. In contrast, we here see that the Cayley transform turns addition
into multiplication in the sense that adding a multiple of a rank-1 projector to a Hermitian
operator does map into left multiplying a unitary by a U(1) unitary, a process that can
also be iterated with successive projectors. Correspondingly, we obtain for any element of
U(N) a decomposition into a product of U(1) elements.

4.2.6 Newton’s cradle eigenvectors

Recall from above that in a Newton cradle every real number occurs exactly once as an
eigenvalue, i.e., we have that for any s 2 R, there exists a pair (n; �) so that jsi := jsn(�)i
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Figure 4.2: Plot of �(�) for the example used in Fig.1.

obeys S(�)jsi = sjsi. The normalized eigenvectors jsi are defined only up to phases and
so is their inner product. But the magnitude of their overlap is unique and we can prove
that for all s 2 R:

jhsjsnij =
jvnj
js� snj

(
N∑
m=1

jvmj2
(s� sm)2

)�1=2

(4.15)

It is possible to choose the phases of the eigenvectors such that the overlap function hsjsni
is real and continuous:

hsjsni =
(�1)njvnj
s� sn

(
N∑
m=1

jvmj2
(s� sm)2

)�1=2 N∏
r=1

(�1)�(s�sr) (4.16)

Here, the singularity at s = sn is trivially removable and � is the Heaviside function with
�(0) := 0. Using Eq. (4.16), the eigenvectors jsn(�)i of the operators S(�) = S + �jvihvj
can be expressed explicitly in terms of the eigenvectors jski of the operator S.

4.2.7 Iteration of Newton’s cradles to obtain S + R

The Newton cradle for jvi := jv(1)i and � := �(1) yields the first step in the evolution of

S to S + R. For the second step, we need the coefficients v
(2)
n of jv(2)i in the eigenbasis

fjs(1)
r (�(1))igNn=1 of the operator S + �(1)jv(1)ihv(1)j. Using Eq. (4.16), we obtain them

exactly:

v(2)
n = hsn(�(1))jv(2)i =

N∑
r=1

hsn(�(1))jsrihsrjv(2)i (4.17)
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Successively turning on all of the projectors that comprise R yields S +R as the result of
N Newton cradles.

4.2.8 Proofs

The key elements of the proofs are described in the Appendices Chapter 9. They are
inspired by [95, 96, 105, 97, 74] and by von Neumann’s theory of the self-adjoint extensions
of simple symmetric operators [129, 11], in particular for the case of deficiency indices
(1; 1). Von Neumann’s theory itself does not apply in finite dimensions since in finite
dimensions there are no symmetric non-self-adjoint operators. However, unitary extensions
of isometries do exist in finite dimensions and, as we prove in the Appendix 9, they map,
via the Cayley transform, into the addition of weighted projectors, rather than into the
so-called abstract boundary conditions of von Neumann’s method.

4.3 Applications

4.3.1 Level repulsion

The important phenomenon of level repulsion, see, e.g., [139, 13], arises as a special case:
Let us consider a jvi which obeys vm = hsmjvi = 0 for one m. Then the corresponding
eigenvalue is frozen, sm(�) = sm 8�. The remaining eigenvalues sn(�) for n 6= m form
a Newton cradle and sm�1(�) will cross sm as � runs from 0 to 1. In general, however,
jvmj 6= 0. In this case, no matter how small jvmj is, the eigenvalue sm(�) does participate
in Newton’s cradle and is, therefore, not being crossed as � runs. For very small jvmj,
the eigenvalue sm�1(�) can at most closely approach sm(�) while sm(�) barely moves until
eventually sm�1(�) must repel sm(�) to send it on its way to s�m as � ! 1. Let us now
consider the generating of the sum of two Hermitian operators, S + R, by successively
continuously turning on one after the other of the weighted projectors that comprise R.
Since each turning on of a weighted projector is a Newton cradle process, we conclude
that the eigenvalues cannot cross during that process, i.e., we must have level repulsion,
except when and only when the projector jv(i)ihv(i)j that is being added is orthogonal to
an eigenvector of the operator that it is being added to.
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4.3.2 Cauchy interlacing

The Cauchy interlacing theorem also arises as a special case. The theorem states that the
N � 1 eigenvalues a1 < a2 < : : : < aN�1 of any Hermitian (N � 1) � (N � 1) matrix A
obtained by deleting the r-th row (r is arbitrary) and r-th column of a Hermitian N �N
matrix S with nondegenerate spectrum are interlaced in the N eigenvalues of S, i.e.,:
sn < an < sn+1 8n = 1 : : : (N � 1). We can show that one obtains this result as the
special case of the Newton cradle of S in which jvi is chosen to be the vector with the
components �r;i in the basis in which the matrix S is given, and letting � ! 1. Using
Eq. (4.2) for �!1, we can conclude more, namely that each of the interlaced eigenvalues
an is a solution of Eq. (4.3), which means that we can identify the interlaced eigenvalues
as an = s�n for n = 1; ::: ; N � 1.

4.3.3 Generalization of Shannon sampling

Shannon sampling theory is central in information theory, where it establishes the equiv-
alence of continuous and discrete representations of information [154, 88, 123, 172, 20].
Applied to physical fields, spacetime could be described as simultaneously discrete and
continuous in the same way that information can, [96, 98, 36]. Shannon sampling also pos-
sesses a close relationship to generalized uncertainty principles [93, 95]. The basic Shannon
sampling theorem [154] concerns Ω-bandlimited functions, i.e., functions f for which there

exists an f̃ so that f(s) =
∫ 


�

ei!sf̃(!)d!. The theorem states that if the amplitudes

ff(sn)g1n=�1 of an Ω-bandlimited function f on the real line are sampled at the so-called
Nyquist spacing �=Ω, e.g., sn := n�=Ω 8n 2 Z, then f can be exactly reconstructed from
these samples for all s 2 R:

f(s) =
1∑

n=�1

f(sn)
sin(sΩ� n�)

sΩ� n� (4.18)

While abundantly useful, this theorem has the drawbacks of assuming a constant band-
width and a correspondingly constant Nyquist rate as well as requiring an infinite number
of samples. In practice, these drawbacks can lead to inefficiencies and truncation errors
respectively. In the literature, Shannon sampling has been generalized to varying Nyquist
sampling rates, corresponding to varying bandwidths, see, e.g., [95, 74, 124]. These results
still required taking infinitely many samples, the obstacle being the use of von Neumann’s
method of self-adjoint extensions which does not apply in finite dimensions.

The present Newton cradle results are derived in finite dimensions and we now show that
they can be applied to generalize Shannon sampling theory to enable both variable Nyquist
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rates and finite numbers of samples. To this end, let us assume given a Newton cradle, i.e.,
a family of Hermitian operators S(�) = S+�jvihvj for fixed S, fixed jvi and for � running
through R. We can then uniquely associate to every vector jfi in the Hilbert space the
function f(s) := hsjfi. These functions obey

f(s) = hsjfi =
N∑
n=1

hsjsnihsnjfi =
N∑
n=1

hsjsni f(sn); (4.19)

and more generally, for any �:

f(s) =
N∑
n=1

hsjsn(�)i f(sn(�)) (4.20)

Here, hsjsn(�)i can be assumed real and continuous as given in Eq. (4.16). On one hand,
Eqs. (4.19) and (4.20) reduce sampling theory to the fact that knowing the coefficients of
a vector, jfi, in the eigenbasis of one S(�) implies knowing its coefficients in all bases,
including the eigenbases of all other S(�0). On the other hand, Eq. (4.20) shows that
knowledge of the discrete set of amplitude samples ff(sn(�))gNn=1 for a fixed � suffices
to reconstruct f(s) for all s 2 R, establishing the equivalence of discrete and continuous
representations of the information contained in jfi. We can show that this result generalizes
the sampling theory of [95, 74, 124] by allowing not only variable Nyquist rates but also
finitely many samples without incurring truncation errors, while recovering the sampling
results of [95, 74, 124] in the limit N ! 1. In turn, [95, 74, 124] yield the Shannon
sampling theorem [154] as the special case of an eternally constant Nyquist rate.

It will be interesting to explore applications of the new sampling result given in Eq. (4.16)
and Eq. (4.19) in circumstances with known varying Nyquist rate, such as in synthetic
aperture experiments. For example, in the planned SKA experiment [167], the effective
bandwidth between a pair of antennas depends on their apparent distance as seen by the
observed object and therefore varies predictably with the earth’s rotation. Since large
communication costs demand maximally efficient data taking, the generalized Shannon
sampling method could be useful by enabling sampling and reconstruction at continuously-
adjusted Nyquist rates, without incurring truncation errors at the beginning and end of
sample taking.

4.3.4 Algorithmic complexity in adiabatic quantum computing

Adiabatic quantum computing [59, 67] is polynomially equivalent [2] to algorithmic quan-
tum computing [132] and is therefore in that sense as powerful. An adiabatic quantum
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computation starts at a time t = 0 by preparing a system with a simple Hamiltonian, HS,
in its ground state. The Hamiltonian is then gradually changed from HS at t = 0 to a
different Hamiltonian HC at a time t = T through H(t) := (1� t

T
)HS + t

T
HC . Here, HC is

a cost function Hamiltonian designed to implement the calculation by energetically penal-
izing errors. The ground state of HC represents the solution. For example, to implement
a combinatorial satisfiability problem, e.g., from the NP-complete set of 3-SAT problems,
[58], HC would be a sum of positive operators, HC =

∑
iHC;i, each of which implements a

logical clause: a state j i fulfils a clause HC;i iff it obeys HC;ij i = 0.

For an adiabatic quantum computation to succeed, the ground state jE1(t = 0)i of HS

has to evolve between t = 0 and t = T into a state that matches the desired ground state
jE1(t = T )i of HC with high fidelity. By the adiabatic theorem, see, e.g., [59], this is
achieved if the process of switching over from HS to HC is slow enough: T � a

g2
min

. Here,

a is the transition matrix element a := max0�t�T jhE2(t)jHC �HSjE1(t)ij and gmin is the
minimum of the spectral gap E2(t) � E1(t) of H(t) over the ground state as t runs from
t = 0 to t = T . The dominant behavior is that the smaller the spectral gap, the more
time, T , is needed for the computation.

The question arises as to what it is that makes an adiabatic quantum computation problem
computationally complex, in the sense that only a slow evolution will let the ground state
of the simpler system HS adiabatically evolve into the desired ground state of HC . In
particular, what properties of the cost function Hamiltonian HC and the low lying states
of the Hamiltonian HS cause the gap to narrow during the computation?

For a preliminary application of the Newton cradle results, we write H(t) = S+ t
T
R where

S := HS and R := HC � HS. Without incurring significant overhead, we can turn on
R by changing only one at a time of the prefactors �(n) of the projectors jv(n)ihv(n)j that
comprise R. Let us now focus on one of these intermediate steps in the adiabatic quantum
computation, say a step in which the prefactor �(n) of the projector jv(n)ihv(n)j is being
increased. (In the example of satisfiability problems, we may intuitively think of this as
adding a new clause.) The ground and first excited states at the beginning of this step
shall be called jgi and jei.
The question now is what property of jgi, jei and the projector jv(n)ihv(n)j determines
whether the gap narrows during the computation, i.e., whether the addition of �(n)jv(n)ihv(n)j
increases the computational complexity in the sense that it slows down the computation.

From the behavior of Newton cradles, we know that as a prefactor �(n) is being increased,
all eigenvalues increase. Therefore, the gap over the ground state narrows iff the ground
state eigenvalue increases faster than the first exited state’s eigenvalue. From Eq. (4.5), we

know that ds1=d�
(n) = jv(n)

1 j2 = jhgjv(n)ij2 and ds2=d�
(n) = jv(n)

2 j = jhejv(n)ij2. Therefore,
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the gap narrows iff:
jhgjv(n)ij2 > jhejv(n)ij2 (4.21)

Defining H(n) := �(n)jv(n)ihv(n)j, Eq. (4.21) becomes:

hgjH(n)jgi > hejH(n)jei (4.22)

Therefore, at any point within an adiabatic quantum computation, the addition of a new
contribution H(n) := �(n)jv(n)ihv(n)j to the Hamiltonian is algorithmically complex in the
sense that a slight increase in �(n) narrows the gap and therefore forces a slowdown of
the computation if and only if H(n) energetically penalizes the current ground state jgi
more than the current first excited state, jei, i.e., iff the current ground state fulfills the
condition posed by H(n) less than the current first excited state does. This indicates that
it is desirable, for example, to choose an HS whose ground state is a better approximation
to the solution than its low lying states.

While Eq. (4.22) could be obtained from first order perturbation, the nonperturbative
Newton cradle results may also enable a nonperturbative analysis for the full time evolution.
First, Eq. (4.4) yields the eigenvalue velocities and accelerations for all s. An analysis that
takes into account the Newton cradles of all projectors comprising R, could, therefore,
yield nonperturbative insights into when, where and why the eigenvalue traffic on the s-
axis decelerates and, therefore, leads to the narrowing of gaps between eigenvalues. Second,
given knowledge of the evolving eigenvalues, Eq. (4.16) yields nonperturbative information
on the evolution of the eigenvectors, including the ground state. In this context, it should
also be very interesting to explore the role of the Newton cradle mechanism in Quantum
Approximate Optimization Algorithms (QAOA), [57, 174].

For completeness, we add that the turning on of the projectors comprising R can generate
not only right-moving but also left-moving Newton cradles. This is because even with HS

and HC positive, R = HC � HS may not be positive and can possess positive as well as
negative eigenvalues �(n). For negative �(n), the gap narrows if the leftward speed of the
ground state is smaller than that of the first excited state, i.e., if jhgjvij2 < jhejvij2. Since
�(n) < 0, this yields again Eq. (4.22).

4.4 Outlook

Dynamics of quantum channels. Quantum channels are established through physical inter-
actions and the question arises as to how the quantum channel capacity, i.e., the channel’s
ability to transmit entanglement or coherent information, depends on the dynamics of
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the interactions involved. The dynamics of the negativities and coherent information are
functions of the dynamics of the spectra of density operators and their partial transpose.
Building on [108], decomposing the dynamics of interactions into Newton cradles may,
therefore, yield new insight into the establishing of quantum channel capacities in interac-
tions.
Casimir-like forces. Newton cradle decompositions should also be interesting to apply to
the analysis of the dynamics of the spectra, and therefore the ground state energies, of
quantum field mode decompositions under the variation of classical parameters, [66, 28],
leading to effective forces. An example is the Casimir force that arises when the param-
eters describe the distances and shapes of conductors, such as parallel conducting plates
[34, 126]. Another example is the inducing of gravitational forces in Sakharov’s approach
[149].
Generalization to in�nite-dimensional Hilbert spaces. The present results apply in finite-
dimensional Hilbert spaces and, for this case, it should be very interesting to apply them
also, for example, to random matrix theory [70] where they could help shed light on the dy-
namics of the BBT transition [16, 138] in quantum chaotic systems. In infinite-dimensional
Hilbert spaces, the Cayley transform of the unitaries U(�) can yield bounded or unbounded
self-adjoint operators. In the unbounded case, von Neumann’s theory of self adjoint ex-
tensions can be applied and it shows that the operators S(�) differ not by a multiple of a
projector but a domain extension, such as boundary conditions in the case of differential
operators [11], though interestingly they can differ by a self-adjoint operator by using an
auxiliary Hilbert space [140]. For the resulting generalization of Shannon sampling see, e.g.,
[95, 74, 93, 124]. It will be interesting to explore the generalization of the present results
in the limit N ! 1 and to families of bounded operators, S(�), in infinite-dimensions,
i.e., for finite-size Newton cradles with infinitely many eigenvalues.
Spectral geometry. Spectral geometry asks to what extent the spectra of Hermitian Lapla-
cian and Dirac operators on Riemannian manifolds determine the metric of the manifold,
see, e.g., [46]. Spectral geometric methods have also been applied to bridge between the
differential geometric language of general relativity and the functional analytic language
of quantum theory [105, 1, 100]. In this context, a Newton cradle analysis could yield new
insights into the dynamics of the spectra of wave operators as a function of parametrized
changes to the metric.
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4.5 An Application of Newton’s Cradle Spectra: Dressed

Vacuum in Light-Matter Interactions

In an earlier chapter, the Unruh-DeWitt model of light-matter interactions was introduced.
In this model a two-level quantum system, called the Unruh-DeWitt detector, interacts
with a scalar quantum field.

In the usual derivation of the Unruh effect, it is assumed that the detector is initially in
its ground state, while the field is also in its lowest energy state, in the vacuum state of its
free Hamiltonian. Though the tensor product of the detector’s ground state and the field’s
vacuum is the lowest energy state of the total free Hamiltonian, it is not the ground state
of the total Hamiltonian including the interactions.

We will use the expressions derived in this chapter to find the dressed vacuum, i.e. the
vacuum of the total Hamiltonian.

As a reminder, let us write down the total free Hamiltonian:

H0 =
Ω

2
(jei hej � jgi hgj) +

∫
(dk) !ka

y
kak: (4.23)

We see that the energy gap Ω separates the ground state jgi from the excited state jei
of the detector, while the vacuum state of the field, which we will denote j0i is its lowest
energy state, and it contains no excitations, ak j0i = 0.

The interaction Hamiltonian, as a reminder, is the following:

Hint = G (jei hgj+ jgi hej)
 ’ (x) ; (4.24)

where G is the coupling strength and ’ (x) is the field along the detector’s trajectory
x = (t (�) ;x (�)) in terms of its proper time � .

In order to use the Newton’s cradle spectra technique, we need to express the interaction
Hamiltonian as a sum of projectors. We first find that the field ’(x) can be expressed in
terms of Fock states:

Hint = G(jvDi hvDj�jei hej�jgi hgj)
(jvF i hvF j�j0i h0j�
∫

(dk1)(dk2)ei(
~k1� ~k2)�~x jk1i hk2j :::);

(4.25)
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where the states jvDi and jvF i are defined as:

jvDi =
1p
2

(jgi+ jei); jvF i = j0i+

∫
(dk)e�i

~k~x jki+ ::: (4.26)

Our aim is to find the dressed vacuum, i.e. the new lowest energy state after adding
the interaction Hamiltonian. The free vacuum state was the state jΨ0i = jgi 
 j0i. Let
us identify how different projectors in the interaction Hamiltonian may affect the ground
state. For this, we may use what we learned from Newton’s cradle spectra.

First of all, if the expected value of a projector Π in the initial ground state jΨ0i is
zero, then the ground state will be unaffected. For example, if we take the projector
Π = jei hej 
 jvF i hvF j, its expected value hΨ0jΠ jΨ0i = 0, since hejgi = 0, and this
projector will affect other states, but not the ground state. This means we can freely drop
a vast number of terms from the interaction Hamiltonian, for the purposes of calculating
the dressed vacuum. Let us write only the leftover terms, and name the resulting operator
the ’relevant’ interaction Hamiltonian:

H
(rel:)
int = G(jvDi hvDj � jgi hgj)
 (jvF i hvF j � j0i h0j): (4.27)

Of these terms, G jgi hgj) 
 j0i h0j affects the ground state trivially, since it is just the
projector on the free ground state jΨ0i, and it only elevates its energy by the coupling
constant G.

The projector G jgi hgj 
 jvF i hvF j affects each of the subsystems separately, i.e. it changes
the vacuum state of the detector trivially by just shifting its energy, as mentioned above,
while it nontrivially affects the vacuum of the field, and all its excited states, due to jvF i
being a superposition over all Fock states. Analogous is true for the projector G jvDi hvDj

j0i h0j.
Therefore, we will focus our attention to the only projector that affects both subsystems
nontrivially, the projector G jvDi hvDj
jvF i hvF j. Then the full Hamiltonian can be written
as the sum of the free Hamiltonian and a projector:

H = H0 +G jvDi hvDj 
 jvF i hvF j : (4.28)

This allows us to directly apply the expressions derived in the chapter on Newton’s cradle
spectra. First of all, let us identify the ground state energy �0 of the free Hamiltonian:
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H0 jΨ0i = �0 jΨ0i ; (4.29)

[
Ω

2
(jei hej � jgi hgj) +

∫
(dk) !ka

y
kak

]
jgi j0i = �Ω

2
jgi j0i : (4.30)

Therefore we find that �0 = �

2
. After the addition of the interaction Hamiltonian, that

we have simplified to a projector, this energy will change to a new value, namely the energy
of the dressed vacuum �00:

�0 = �Ω

2
! �00 = �Ω + ∆E (4.31)

We may find �00 by directly using one of the Newton’s cradle expressions. The following
expression relates the coupling constant G to the new eigenvalue �00:

G(�00) =

(
N∑
n=1

jvnj2
�00 � �n

)�1

: (4.32)

Here, jvnj2 = jhΨ0jvnij2, where jvni is one of the states in the superposition jvDi 
 jvF i =
1p

2
p
N (jgi 
 j0i+ jei 
 j0i+ :::). Note that, when the field and detector are in free space,

the sum over n should be replaced by an integral, corresponding to the real-number val-
ued spectrum k of the momentum operator. In order to use Newton’s cradle expressions
straightforwardly, we put the detector and the field in a box, and set a finite cutoff. This
will ensure that the sum over n is a finite sum.

Instead of finding the root of Eq. (4.32) to find �00 for a fixed coupling G, the numerically
easier strategy is to guess a solution for �00, and find what is the corresponding coupling
G, using the same Eq. (4.32). If the resulting coupling is higher than the real G, we know
that we need to guess a smaller �00. This is due to the monotonicity property of Newton’s
cradle spectra, proved in the Eq. (4.4), and visually clear from Fig. 4.1. Iteratively, one
settles on an approximation of �00, to a desired accuracy.

Perhaps even more interestingly, we can also find the overlap between the dressed vacuum
j0Di and the free states �n of the detector and the field:

jh0Dj�nij =
jvnj

j�00 � �nj

(
N∑
m=1

jvmj2
(�00 � �m)2

)�1=2

(4.33)
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From this equation, we learn that the dressed vacuum is a weighted superposition over all
free states j�ni. This is due to the fact that jvDi is a superposition over detector’s free
states jgi and jei, and similarly jvF i over the Fock states of the field.

4.6 Spectral Dynamics Beyond Newton’s Cradle

Newton’s cradle spectra provided insights into the nonperturbative dynamics of the spectra
and the eigenvectors of a Hamiltonian when a projector is added to it. The expressions
we derived allow us to trace the trajectories of the eigenvalues as we change the coupling
constant �. Interestingly, they seem to behave as though they were point-like Newtonian
particles, interacting with one another via some potential V (s1; s2; :::; sN) that depends on
the “positions” of each of the eigenvalues.

In order to make these statements more precise, we start by demonstrating conservation
of momentum. We first identify the set of eigenvalues si(�), depending on the coupling
constant �, with a set of classical particles, whose trajectories are time-dependent xi(t).
The identification is as follows:

si (�)$ xi (t) ;

�$ t:

We will take the mass of the Newtonian particles xi (t) to be m = 1. Momentum conser-
vation can then be stated as the sum of velocities being a constant function of time:

∑
i

pi =
∑
i

dxi (t)

dt
= const: (4.34)

The analogue of the conservation of momentum in the dynamics of the eigenvalues is the
constant total “trace velocity”:

∑
i

dsi
d�

=
d

d�
Tr [S(�)] = 1: (4.35)

In addition, we can identify the force of interaction between the ’particles’, i.e. the eigenval-
ues in the spectra. First, we write the “eigenvalue velocity”, ds(�)

d�
, derived from Newton’s

cradle spectra expressions:
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ds(�)

d�
=

∑
n
jvnj2
s�sn∑

m
jvmj2

(s�sm)2

: (4.36)

We can then in principle also calculate the “acceleration”, d2s(�)
d�2 , though the expressions

quickly become laborious and long:

d2s(�)

d�2
=

d

d�

(
∑

n
jvnj2
s�sn )2∑

m
jvmj2

(s�sm)2

: (4.37)

Since all the masses are equal to 1, this is the expression for the force. Interestingly, the
force seems to generically always be the result of N -point interactions.

In future work, it will be interesting to study what we may learn about the behaviour of
eigenvalues, given that we know that they can be described with Newtonian mechanics in
the case of adding one rank-one projector.

Interestingly, let us assume we could derive an expression for the addition of multiple
projectors, analogously to the one in Section 4.6. This would imply that we could simulate
the behaviour of eigenvalues of a Hamiltonian using a classical system. If the Hamiltonian
is an N by N matrix, we could simulate the changes of its eigenvalues using N classical
objects, if we are clever enough to engineer the forces as in Section 4.6. Presumably, such
N -point interaction forces would be hard to generate, but possible in principle. It would be
interesting to study if this would imply something of interest for the study of advantages
of quantum over classical computing, since it would be an example of a classical simulation
of something seemingly inherently quantum, the evolution of eigenvalues as the coupling
constants in a Hamiltonian vary.
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Chapter 5

Transmission of Coherent
Information at the Onset of
Interactions

5.1 Introduction

Over the past decade, progress in the field of quantum information has seen rapid accelera-
tion, with the physical realisation of a large number of quantum technologies in disciplines
such as communication, computing, machine learning, and cryptography. Recently, for ex-
ample, successful quantum key distribution over distances of thousands of kilometers has
been achieved using a ground-to-satellite quantum communication network [38]. Other
recent advances include the development of programmable, scalable photonic quantum
chips [14], and the demonstration of computational performance advantages over classical
methods, see, e.g., [109].

A key challenge in the general field of quantum technologies is to control coherence and en-
tanglement during quantum processes. Depending on the application, different behaviours
are desired. Often, it is necessary that entanglement be transferred efficiently from one
system to another, such as in quantum communication within or in between quantum
processors. Conversely, in other applications it can be important to retain pre-existing en-
tanglement for as long as possible, in particular, to minimize its transfer to the environment
[155, 128].

It is therefore important to explore the factors that determine the efficiency with which
quantum information is transmitted between two systems as they start interacting. A
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key tool with which to investigate this is the coherent information [152]. The coherent
information serves as an indicator of the degree of preservation of initial entanglement as
a quantum system undergoes a quantum channel.

Moreover, the coherent information is of particular importance in the determination of the
capacity of a quantum channel. Specifically, the quantum channel capacity is determined
via maximising the coherent information over input states and many parallel uses of the
channel [117, 71, 110, 44]. Via other optimizations, the coherent information also yields
the one-way and two-way distillable entanglements.

In the present work, we analyze the factors that determine the rate at which pre-existing
coherent information is transferred at the onset of an interaction. We adopt a perturbative
framework, in which we Taylor expand the evolution of the coherent information at early
times. Because the coherent information is defined as a difference between von Neumann
entropies, we calculate the changes in these entropies perturbatively to yield the overall
change in coherent information.

We find that, while the von Neumann entropies themselves are well-defined for any given
channel configuration, the leading order expansion coefficient in their time evolution may
diverge, thereby yielding a divergent leading order change in the coherent information. To
overcome this problem, we extend our analysis by considering a generalisation to a class
we refer to as the n�coherent information. Whereas the traditional coherent information
is defined as a difference of von Neumann entropies, the n�coherent information is analo-
gously defined as a difference between the nth Rényi entropies. From this perspective, the
traditional coherent information may be referred to as the ‘1-coherent information’, since
the von Neumann entropy is the limit of the nth Rényi entropy as n! 1.

There are a number of benefits to considering the full family of n�Rényi entropies rather
than only the von Neumann entropy. First, we find that for all integers n > 1, there are no
divergences in the leading order expansion coefficient, and we are therefore able to obtain
finite values for the early time behaviour of the corresponding n�coherent information.
Furthermore, by determining the behavior of the entire family of n�Rényi entropies we
capture a more comprehensive picture of the dynamics. For example, the von Neumann
entropy of a density matrix yields little specific information about that density matrix. By
contrast, knowledge of the full family of integer Rényi entropies for n > 1 of a density matrix
allows one to reconstruct the entire spectrum of the density matrix [116, 63, 32, 169]. Recall
also that the family of Rényi entropies with n > 1 satisfy the additivity and majorisation
criteria of suitable information measures [147].

Using the perturbative method, we find that the leading contribution to the time evolution
of the n-coherent information occurs at second order for all n. Moreover, we show that
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to second order, the evolution of the n�coherent information is independent of the free
Hamiltonians of either subsystem. This markedly simplifies the computations, and implies
that complicated resonance phenomena do not affect the leading order behaviour of the
coherent information, since such phenomena necessarily involve the free Hamiltonians in
their mathematical descriptions [80, 170].

Interestingly, we show that the second order change in the n-coherent information is not a
simple function of the degree of pre-existing entanglement. Instead, it depends upon the
extent to which the initial entanglement in the AÃ system is accessible to the interaction
Hamiltonian Hint of A with B. Specifically, we identify a new quantity, which we term the
n�exposure, to which the leading order change in the n�coherent information is propor-
tional. This is an important point, as it implies that initial preparations of the ÃA system
which possess the same level of entanglement may nevertheless exhibit vastly different be-
haviours at the onset of interaction with system B. Therefore, the notion of n-exposure
could help, for example, to identify regions in a system’s space of states (such as regions in
the Bloch sphere in the simple case of a qubit), that are desirable because they have little
n�exposure and are therefore relatively resistant to transmission of quantum information
to the environment.

To illustrate the utility of the n�coherent information and n�exposure, we apply our
results to simple physical scenarios. We first apply our approach to the Unruh-DeWitt
model (UDW) [125] model of the light-matter interaction. In this simple model, we can
solve for the time evolution of the qubit exactly. This allows us to verify our perturbative
results non-perturbatively. We can then also use the n�exposure to identify which regions
in the state space have greater propensity to transmit pre-existing entanglement at the
onset of interactions. We also apply our results to a simple scenario involving a qutrit
as the input to a quantum channel in order to explore the utility of the n�exposure in
larger systems. We explicitly demonstrate regions of state space which are prone to either
retaining or transmitting pre-existing entanglement at the onset of the the interaction.

The structure of this paper is as follows. In Section 5.2, we prove that free Hamiltonians
do not contribute to second order in our calculations and may therefore be neglected in
the following sections without loss of generality. We then discuss the notion of coherent
information in Section 5.3 and describe the quantum channel setup which we will work
with throughout the remainder of the paper. In Section 5.4, we consider the early time
evolution of the traditional coherent information, and demonstrate the divergences which
can arise in derivatives of the von Neumann entropy. In Section 5.5 we introduce the
generalised n-coherent information, and demonstrate that, unlike the traditional coherent
information, the leading order behaviour is well-defined and finite across state space for
n > 1. In Section 5.6 and Section 5.7 we apply our results to the light-matter interaction
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and to a qutrit scenario. In Section 5.8 we discuss the potential significance of our results
in the context of quantum communication and computing technologies and address the
scope for future work.

5.2 Preliminaries: Free Hamiltonians Do Not Con-

tribute up to Second Order

In this work, we calculate the transfer of coherent information perturbatively in time,
i.e., for the onset of the interaction between two systems. We begin by showing that the
transfer of coherent information sets in at second order and that the presence of the free
Hamiltonians of the two interacting systems does not contribute to the evolution of the
quantities of interest until third order. This means that, in the remainder of this paper, we
will be able to work to leading (i.e., second) order while neglecting the free Hamiltonians.

To see this, let us start by considering a system AB composed of two subsystems A and
B, described by density matrix �(t), which is separable at t = 0 such that: �0 = �A 
 �B.
We allow the total Hamiltonian Ĥ for the time evolution of the combined system AB to
be fully general, i.e., of the form:

Ĥ :=
∑
j

Âj 
 B̂j; (5.1)

where the operators fÂjg act only on subsystem A, and the operators fB̂jg act only on

subsystem B. Note that this general expression for Ĥ encompasses both interaction terms
(with non-trivial action on both subsystems), as well as the free evolution of each subsystem
through terms of the form Âj
 I (for subsystem A) and I
 B̂j (for subsystem B). We now
expand the time-evolved state of the total system in the Schrödinger picture as:

�(t) = eitĤ�oe
�itĤ = �0 + it

[
Ĥ; �0

]
+

(it)2

2!

[
Ĥ;
[
Ĥ; �0

]]
+ ::: (5.2)

A key quantity for which we wish to prove that its time evolution is independent of the free
Hamiltonians to second perturbative order is the n-purity, 
n. The n-purity of subsystem
B is defined as


n;B(t) := TrB
[
�B(t)n

]
= TrB

[
TrA[�(t)]n

]
; (5.3)

and likewise for subsystem A. The first and second time derivatives of the n-purity of B
are as follows:


̇n;B(t) = nTrB

[
TrA[�(t)]n�1 TrA[�̇(t)]

]
; (5.4)
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̈n;B(t) = nTrB

[
TrA[�̇(t)]

n�2∑
j=0

TrA[�(t)]j TrA[�̇(t)] TrA[�(t)]n�2�j

+ TrA[�(t)]n�1 TrA[�̈(t)]

]
: (5.5)

We will first show that, irrespective of the precise form of Ĥ, 
̇n;B(t) and 
̇n;B(t) vanish at

t = 0. To do this, we use that TrA[�(0)] = �B, and Eq. (5.2) to find that �̇(0) = i[Ĥ; �0].
Now, substituting the full expression for Ĥ we have:


̇n;B(0) = inTrB

[
�n�1
B TrA

[∑
j

Âj 
 B̂j; �A 
 �B
]]

= in
∑
j

TrA[Âj�A] TrB
[
�n�1
B [B̂j; �B]

]
= 0 (5.6)

The expression vanishes because the trace over system B vanishes for every j due to the
cyclicity of the trace.

We now consider Eq. (5.5) at t = 0. Again we note that TrA[�(0)] = �B and from Eq. (5.2)
we have �̈(0) = �

[
Ĥ; [Ĥ; �0]

]
. Hence,


̈n;B(0) = �nTrB

[
TrA

[
[Ĥ; �0]

] n�2∑
j=0

�jB TrA
[
[Ĥ; �0]

]
�n�2�j
B +�n�1

B TrA
[
Ĥ; [Ĥ; �0]

]]
: (5.7)

Substituting in the general expression for Ĥ and simplifying we find:


̈n;B(0) = �2n
∑
jk

(
TrA

[
Âj�A

]
TrA

[
Âk�A

]
TrB

[
�n�1
B [B̂j; �B]B̂k

]
+ TrA

[
ÂjÂk�A

]
TrB

[
�n�1
B [�BB̂j; B̂k]

])
: (5.8)

To prove that the free Hamiltonians do not contribute here, we must show that any terms
of the form Â
 I or I
 B̂ do not contribute to the sum. To this end, let us consider the
Hamiltonian Ĥ =

∑
j Âj 
 B̂j where the term with index j = m is of the form ĤA 
 IB.

We can now divide the sum over j; k in Eq. (5.8) as follows:∑
jk

=
∑
j;k 6=m

+
∑

j;(k=m)

+
∑

k;(j=m)

: (5.9)
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There is no contribution from ĤA
 IB in the first term on the right of the above equation.
Hence, we need only consider the two final terms. We have:

�2n
∑

j;(k=m)

(
TrA

[
Âj�A

]
TrA

[
ĤA�A

]
TrB

[
�n�1
B [B̂j; �B]IB

]
+ TrA

[
ÂjĤA�A

]
TrB

[
�n�1
B [�BB̂j; IB]

])
�2n

∑
k;(j=m)

(
TrA

[
ĤA�A

]
TrA

[
Âk�A

]
TrB

[
�n�1
B [IB; �B]B̂k

]
+ TrA

[
ĤAÂk�A

]
TrB

[
�n�1
B [�BIB; B̂k]

])
: (5.10)

We see immediately that there is no contribution from these partial sums because each trace
over B either includes a commutator with the identity, or is of the form TrB

[
�n�1
B B̂j�B �

�nBB̂j

]
, which is zero by the cyclicity of the trace. Hence, we see that terms of the form

ĤA 
 IB do not contribute to Eq. (5.8). Let us now consider terms of the form IA 
 ĤB.
Again, we will assume that the term of this form is indexed by m, and split the double
sum over i; j as shown in Eq. (5.9). Again, the first partial sum, which does not include
j = m or k = m does not contain any instances of the IA 
 ĤB term. Looking at the final
two partial sums, we have:

�2n
∑

j;(k=m)

(
TrA

[
Âj�A

]
TrA

[
IA�A

]
TrB

[
�n�1
B [B̂j; �B]ĤB

]
+ TrA

[
ÂjIA�A

]
TrB

[
�n�1
B [�BB̂j; ĤB]

])
�2n

∑
k;(j=m)

(
TrA

[
IA�A

]
TrA

[
Âk�A

]
TrB

[
�n�1
B [ĤB; �B]B̂k

]
+ TrA

[
IAÂk�A

]
TrB

[
�n�1
B [�BĤB; B̂k]

])
: (5.11)

We now use the fact that TrA[IA�A] = TrA[�A] = 1, and rename the index k ! j in the
second sum to write

�2n
∑
j

TrA[Âj�A] TrB

[
�n�1
B

(
[B̂j; �B]ĤB + [�BB̂j; ĤB]

+ [ĤB; �B]B̂j + [�BĤB; B̂j]
)]

= 0; (5.12)

where again we have made use of the cyclicity of the trace.
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Hence, we have shown that terms of the form Â
 I and I
 B̂ (i.e., free Hamiltonians) do
not contribute to either the first or second time derivatives of the n-purity, and therefore
we can neglect free evolution when working to second perturbative order in the following
sections without loss of generality.

5.3 Quantum Channels and Coherent Information

The controlled isolation or transfer of quantum information among quantum systems is of
great importance in quantum technologies [112, 15]. Of particular interest is the degree
to which pre-existing quantum correlations with an ancilla system as measured, e.g., by
coherent information (or also, e.g., by negativity) are preserved or transmitted under the
action of a quantum channel.

Let us now consider the direct channel described in the introduction, i.e., the channel from
the density matrix of system A at the initial time to the density matrix of system A at a
later time, namely after A interacted with a system B. In this interaction, A may transmit
some of its pre-existing quantum correlations with an ancilla, Ã, to system B. Therefore,
we also consider the complementary channel from the density matrix of system A at the
initial time to the density matrix of system B after the onset of the interaction.

We assume that among the three systems, A, Ã and B, systems A and Ã are initially
entangled, such that Ã purifies A. B is assumed initially unentangled with both A and Ã,
and for now we will assume that system B is initially pure. Therefore, the total tripartite
system AÃB is also pure. We then consider an interaction which takes place between
systems A and B only. This arrangement is illustrated in Fig. 5.1.

Figure 5.1: A tripartite system in which, initialy, A is purified by Ã, and B is initially
pure. An interaction then proceeds between Systems A and B only.

We consider the direct quantum channel A! A0 and the complementary channel A! B0.
Here, primes represent the time evolved systems. We will study the coherent information
of these channels since they are the building blocks for the channel capacity. Moreover, as
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mentioned before, maximising over all possible input states and parallel executions of the
channel gives rise to the overall quantum channel capacity [117, 113, 114]. The coherent
information for our two channels is defined as

Id = S(A0)� S((AÃ)0); (5.13)

Ic = S(B0)� S((BÃ)0); (5.14)

where the superscripts d and c stand for ‘direct’ and ‘complementary’, respectively, and S
represents the von Neumann entropy.

Though the coherent information is not an entanglement monotone, by definition, the
coherent information quantifies the degree to which the entropy of a subsystem exceeds that
of its supersystem. Since, classically, this quantity can never be positive, a positive coherent
information indicates the presence of quantum correlations between the subsystems [171].

Since system B starts out pure and system BÃ starts out mixed, the coherent information,
Ic, of the complementary channel starts out negative and therefore requires at least a finite
amount of time to turn positive. Since Ic = �Id, this means that Id, which starts out
positive, needs to decrease. Our aim here is to find out what determines the speed with
which the two channel’s coherent informations change at the onset of interactions.

5.4 Perturbative Expansion of the Coherent Informa-

tion

We now study the evolution of the coherent information perturbatively, calculating the
leading order derivatives of the von Neumann entropies in Eq. (5.13). We will find that
there can be divergences in the leading derivatives, which will motivate the introduction
of a generalisation of the coherent information in Section 5.5.

Let us begin by revisiting the definition of the coherent information, Eq. (5.13), which can
be re-expressed as follows:

Id = S(A0)� S(B0); (5.15)

Ic = S(B0)� S(A0): (5.16)

Here we have made use of the fact that the entire tripartite system AÃB is pure, and
therefore any bipartition of the whole must result in a symmetric configuration of entropies.
Since the coherent information of the complementary channel is the negative of that of the
direct channel, it is sufficient to study the latter.
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To compute the leading order change in Id at the onset of the quantum channel, we note
that the von Neumann entropies in Eq. (5.15) can be expressed as the limit of the n-Rényi
entropy, Hn, as n! 1. That is

S(A) = lim
n!1

Hn(A) = lim
n!1

1

1� n log
(

n;A

)
; (5.17)

where 
n;A = TrA[�nA]. To obtain the time evolution of the von Neumann entropy, we can
therefore compute the evolution of Hn in the limit n ! 1. Thereby we will find that it
is not possible to obtain an analytic expression for the leading time derivative of the von
Neumann entropy which is valid across the entire state space.

To see this, let us now consider the case where the interaction Hamiltonian between systems
A and B is of the form Hint = Â 
 B̂, generating the unitary time evolution operator
U = exp

(
itÂ 
 B̂

)
. As illustrated in Fig. 5.1, systems A and B are assumed initially

unentangled with a combined density matrix of the form �A 
 �B. In previous work, see
([107]), we already showed that for this situation, the first derivative of the n-Rényi entropy
vanishes for either subsystem, and that the leading (second) order is given by

Ḧn(A)jt=0 =

̈n;A

(1� n)
n;A

∣∣∣∣
t=0

=
�2n(∆B)2 TrA

[
�n�1
A

[
Â; �A

]
Â
]

(n� 1) TrA
[
�nA
] ; (5.18)

and likewise for system B.1 In ([107]) we assumed the absence of free Hamiltonians of
either subsystem. In fact, as we now showed in Section 5.2, these results hold even with
free Hamiltonians as they do not contribute to second order in the evolution of 
.

In order to obtain the leading derivative of the von Neumann entropy, we must now evaluate
Eq. (5.18) in the limit n! 1. We will first attempt to find an analytic expression for the
second time derivative as n ! 1. This limit exists, except for states possessing one or
more vanishing eigenvalues. To see this, let us first set n = 1 + ", and re-express Eq. (5.18)
accordingly. We have

Ḧ1+"(A)jt=0 =
�2(1 + ")(∆B)2 TrA

[
�"A
[
Â; �A

]
Â
]

"TrA
[
�1+"
A

] ; (5.19)

which we may re-express as:

Ḧ1+"(A)jt=0 =
�2(1 + ")(∆B)2 TrA

[
exp

(
" log �A

)[
Â; �A

]
Â
]

"TrA
[
�1+"
A

] : (5.20)

1The simplicity of Eq. (5.18) highlights the advantage of this perturbative approach. By contrast, in
Appendix 10.1 we demonstrate the complexity arising in an exact calculation, from which expressions of
this kind cannot be straight-forwardly derived.
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Let us now consider the trace term in the numerator. It can be expanded as a power series
in ":

TrA

[
exp

(
" log �A

)[
Â; �A

]
Â
]

= TrA

[
(1 + " log �A + :::)

[
Â; �A

]
Â
]
: (5.21)

Note that, due to the cyclicity of the trace, the first term in this expansion vanishes since

TrA

[[
Â; �A

]
Â
]

= TrA

[
Â�AÂ

]
� TrA

[
�AÂÂ

]
= 0: (5.22)

Hence, prior to taking any limits, Eq. (5.19) can be written as:

Ḧ1+"(A)jt=0 =
�2(1 + ")(∆B)2 TrA

[(
" log �A +O("2)

)[
Â; �A

]
Â
]

"TrA
[
�1+"
A

] ;

=
�2(1 + ")(∆B)2 TrA

[(
log �A +O(")

)[
Â; �A

]
Â
]

TrA
[
�1+"
A

] : (5.23)

For density matrices �A whose eigenvalues are all nonzero, we obtain an analytic expression
for the limit "! 0:

Ḧ1(A)jt=0 = �2(∆B)2 TrA

[
log �A

[
Â; �A

]
Â
]
; (5.24)

It can be re-expressed in terms of the eigenvalues (�i) of �A:

Ḧ1(A)jt=0 = �2(∆B)2
∑
i;j

log(�j)(�i � �j)jaijj2: (5.25)

Taking the limit n ! 1 (or equivalently " ! 0) is non-trivial for states �A possessing a
vanishing eigenvalue. In fact, if �A possesses a vanishing eigenvalue then we cannot neglect
higher order terms in the above expansion, as this would require that the matrix elements
of " log(�A) are << 1. The problem for states with a vanishing eigenvalue, say �, arises
from the noncommutativity of the two limits "! 0 and �! 0. To see this, let us consider
the trace term in the numerator of Eq. (5.19), expressed in the eigenbasis of �A:

TrA

[
�"A
[
Â; �A

]
Â
]

=
∑
i;j

�"j(�i � �j)jaijj2 =
∑
i;j

(�"j�i � �1+"
j )jaijj2: (5.26)

The right hand side of the above equation illustrates the issue at hand. Namely, we must
consider the term �", as both quantities tend to zero. However,

�" =

{
0; for � = 0; " > 0

1; for � > 0; " = 0
(5.27)
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In Appendix 10.3, we numerically illustrate the small " and � behavior of the trace term.
The noncommutativity of the two limits " ! 0 and � ! 0 is a kind of instability in the
sense that dimensions in the Hilbert space which initially have zero probability tend to
immediately become populated. An initial divergence does not imply that their corre-
sponding probability increases to a large value, but merely that the rise possesses a large
acceleration initially. We discuss this further in Appendix 10.5.

To summarize our findings so far: when System A (of Fig. 5.1) possesses only finite eigen-
values f�ig, we obtain a well defined limit of Ḧ1+"(A)jt=0 as " ! 0, i.e., for the von
Neumann entropy. Conversely, as one or more �i ! 0, Ḧ1+"(A) diverges. This includes
the case where all eigenvalues but one approach zero, i.e., a pure state. Hence, while the
von Neumann entropy itself always approaches a finite limit when one or more eigenvalues
tend to zero, its second time derivative does not necessarily do so, see Appendix 10.2.

This fact is important also because, in the setup illustrated in Fig. 5.1, system B is initially
pure by design, i.e., �B initially possesses some vanishing eigenvalues. Consequently, the
leading order change in the coherent information diverges irrespective of the state of System
A, due to the presence of S̈(B) in the expression. Indeed, there are a number of further
subtleties associated with the perturbative expansion, which we discuss in Appendix 10.5.

In the next section, we therefore introduce a generalisation of the coherent information
which is stable as it does not require the taking of the limit �! 0.

5.5 Generalisation: n-Coherent Information, n-Durability

and n-Exposure

In the previous section we demonstrated that the leading order change in the coherent
information suffers a divergence (see Fig. 5.1) tracing back to the fact that the coherent
information is conventionally defined as the difference of von Neumann entropies with the
von Neumann entropy being the potentially divergent limit as n! 1 of the class of n-Rényi
entropies. In this section, we therefore generalise the notion of coherent information to the
entire class of n-Rényi entropies. In the literature, studies of the wider class of n-Rényi
entropies are greatly increasing in significance due to the usefulness of these entropies in
extracting information about the entanglement spectrum of a quantum system, providing
richer information than the von Neumann entropy alone [86, 116]. We note also that work
is ongoing in developing novel entanglement measures from the Rényi entropies [158, 150,
168].
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5.5.1 The n-Coherent Information

We now define the class of n-coherent informations, In, based on the n-Rényi entropy,
through

Idn = Hn(A0)�Hn((AÃ)0) = Hn(A0)�Hn(B0); (5.28)

Icn = Hn(B0)�Hn((BÃ)0) = Hn(B0)�Hn(A0); (5.29)

where the superscripts d and c refer to the direct and complementary channels, respectively.
In particular, we have:

Idn = �Icn (5.30)

To see this, recall that the two reduced density matrices of two subsystems making up
a pure system possess the same nonzero eigenvalues including their multiplicities. The
1-coherent information is the traditional coherent information based on the von Neumann
entropy.

As we now show, for integer n > 1 the leading order change of the n-coherent information
remains well-defined across the whole state space of System A, in contrast to the 1-coherent
information. Furthermore, as we will discuss, the n-Rényi entropies may themselves serve
as measures of quantum correlations.

5.5.2 The n-Durability

To evaluate the leading order time evolution of the n-coherent information, let us recast
Eq. (5.18) in the form

Ḧn(A)jt=0 =
2n(∆B)2Dn;A

(n� 1)
; (5.31)

where we defined Dn;A as:

Dn;A := �
TrA

[
�n�1
A

[
Â; �A

]
Â
]


n;A
: (5.32)

We will refer to the quantity Dn;A as the ‘n-durability’, for reasons which will become clear
as we progress. First, we restrict our attention to integer n � 1 and we notice that the
n-durability is a strictly positive quantity. To see this, consider the trace term as expressed
in terms of the eigenvalues of the �A:

TrA

[
�n�1
A

[
Â; �A

]
Â
]

=
∑
i;j

�n�1
j (�i � �j)jaijj2: (5.33)
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Noting that 0 � �i � 1, let us consider two eigenvalues, �x and �y with �x < �y. We will
therefore have a positive contribution to the sum of the form �n�1

x (�y��x)jaxyj2. However,
we then also have a negative contribution to the sum of the form ��n�1

y (�y � �x)jaxyj2.
This negative contribution always outweighs the positive contribution as �n�1

y > �n�1
x .

Hence, the n-durability defined with the negative sign as in Eq. (5.32) obeys Dn;A � 0.

Not only is the n-durability a positive quantity, it also has the useful property that it
reduces to the variance in the case of pure states. To see this, we note that if �A is pure
then �2

A = �A, and

Dn;A = �
TrA

[
�n�1
A

[
Â; �A

]
Â
]

TrA[�nA]
= �

TrA

[
�A
[
Â; �A

]
Â
]

TrA[�A]

= �TrA

[
�AÂ�AÂ

]
+ TrA

[
�AÂ

2
]

= �
∑
i

(
hij j i h j Â j i h j Â jii � hij j i h j Â2 jii

)
= h j Â2 j i � h j Â j i2

= (∆A)2; (5.34)

where we defined �A = j i h j and fjiig is a set of orthonormal basis vectors, one of which
can be chosen equal to j i. Hence:

Dn;A
purity���! (∆A)2: (5.35)

We note here already that the variance does not constitute a bound on the n-durability,
as we will explicitly see later.

Let us now consider the role that the n-durability plays in the early time evolution of the
n-coherent information. The leading order change in the n-coherent information of the
direct channel (�Idn) is given by

�Idn =
t2

2

(
Ḧn(A)

∣∣
t=0
� Ḧn(B)

∣∣
t=0

)
=

nt2

n� 1

(
(∆B)2Dn;A � (∆A)2Dn;B

)
= �nt

2(∆B)2

n� 1

(
(∆A)2 �Dn;A

)
; (5.36)
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Here, we used the fact that System B is pure at t = 0 such that, through Eq. (5.35),
Dn;B = (∆B)2. By the same reasoning, we see that if system A is pure, then Dn;A = (∆A)2

and �Idn = 0, as expected.2

5.5.3 The n-Exposure

Eq. (5.36) demonstrates that it is not merely the overall amount of quantum correlations
that system A initially possesses with the ancilla Ã which determines the rate at which
the n-coherent information changes at the onset of interaction. Rather, the n-coherent
information is sensitive to the amount of system A’s entanglement which is ‘exposed’ to
the action of interaction Hamiltonian, as determined by the difference between the variance
and the n-durability. We will therefore refer to this difference as the ‘n-exposure’, En;A:

En;A :=
(

(∆A)2 �Dn;A

)
(5.37)

We see from Eq. (5.35) that in the case that system A is pure, En;A is zero. This is of
course to be expected because if system A does not possess quantum correlations with Ã
to begin with, then no quantum correlations can be transferred during the interaction and
the n-coherent information should not change. Conversely, if system A possesses quantum
correlations with Ã, the exposure is, in general, non-zero.

However, as we anticipated, the value of the n-exposure depends not only on the absolute
extent to which System A is entangled or quantum correlated with Ã, but also on the
extent to which these quantum correlations are ‘accessible’ or ‘exposed’ to the operator Â
in the interaction Hamiltonian. For illustration, consider the following scenario:

Let system A be comprised of two subsystems, A1 and A2, with a bipartite density matrix
of the form �A1 
 �A2 . Assume that operator Â acts only on system A1, such that we may
represent the operator on the Hilbert space of A1 and A2 as Â1 
 Î2. Let us now evaluate
the numerator and denominator of Dn;A. The numerator is given by:

TrA1 TrA2

[
�n�1
A1

 �n�1

A2

[
Â1 
 Î2; �A1 
 �A2

]
Â1 
 Î2

]
= TrA1 TrA2

[
�n�1
A1

[
Â1; �A1

]
Â1 
 �nA2

]
= TrA1

[
�n�1
A1

[
Â1; �A1

]
Â1

]
TrA2

[
�nA2

]
; (5.38)

2See Appendix 10.5 for a discussion of the non-trivial limit of Eq. (5.36) as n! 1.

57



while the denominator (n-purity) is given by:


n;A = TrA1 TrA2

[
�nA1

 �nA2

]
= TrA1

[
�nA1

]
TrA2

[
�nA2

]
: (5.39)

Hence, the TrA2

[
�nA2

]
terms cancel in the numerator and denominator, and we find that

En;A = (∆A)2 �Dn;A1 ; (5.40)

where, as it should be, the only contribution to the variance comes from system A1. Hence,
there even exist extreme cases in which system A overall is highly entangled with system
Ã (from Fig. 5.1), but where this entanglement can be entirely accounted for by subsystem
A2 while subsystem A1 may not be entangled with Ã at all. In this case, while system A
as a whole is highly entangled with the ancilla Ã, the degree to which that entanglement
is ‘exposed’ to the action of the operator Â is vanishing, since operator Â has non-trivial
action only on subsystem A1. Notice that, due to our results in Section 5.2, remarkably, this
conclusion holds true, to second order in time, even in the presence of free Hamiltonians
on system A, which generically includes an interaction between A1 and A2.

5.5.4 Properties of the n-Exposure

The n-exposure determines the leading order change of the n-coherent information of the
direct and complementary channels that arise at the onset of the interaction of systems A
and B. Intuitively, the n-exposure is the extent to which pre-existing entanglement between
A and Ã is ‘exposed’ to the interaction Hamiltonian of A and B. The higher the exposure,
the faster the coherent informations of the direct and complementary channels change at
the onset of the interaction. We found that, in the case of interaction Hamiltonians of the
form Â 
 B̂, the n-exposure is the difference between two terms: En;A = (∆A)2 � Dn;A,

where (∆A)2 is the variance in the observable Â and where Dn;A is the n-durability of
system A. Both are properties of system A only: to calculate the n-exposure of system A
merely requires knowledge of the operator Â of the interaction Hamiltonian and the initial
reduced density matrix, �A.

For initially pure states of A, the n-durability equals the variance, i.e., the n-exposure
vanishes for pure states. For initial states of A that are mixed, the n-durability can be
smaller than the variance. In this case, the n-exposure is positive, implying that the n-
coherent information of the complementary channel rises while, due to Eq. (5.30), that of
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the direct quantum channel drops at the onset of the interaction. Conversely, there also
exist initial mixed states of A for which the n-durability exceeds the variance. In such
cases, the n-exposure is negative, and the n-coherent information of the complementary
channel drops while that of the direct channel rises at the onset of the interaction.

To further illustrate the significance of negative and positive changes in the n-coherent
information, let us consider the example of n = 2. For n = 2, the n-Rényi entropy is a
simple function of the purity, Tr[�2],

H2(A) = � log(
2;A); (5.41)

where 
2 is the purity. The purity is useful in that even for mixed bipartite states it is
possible to prove that entanglement exists between the subsystems if the purity of one
subsystem is lower than the purity of the bipartite system as a whole [79, 86]. In our case,
if


2(A) < 
2(ÃA); (5.42)

or equivalently,
H2(A) > H2(ÃA); (5.43)

then entanglement must exist between subsystems A and Ã. In fact, the same inequality
applies for any n-Rényi entropy [78]. This inequality is known to be a valuable tool to infer
the presence of entanglement under non-ideal experimental conditions [127]. Furthermore,
we note that the 2-Rényi entropy provides a direct lower bound on the von Neumann
entropy, while stricter bounds can be obtained using higher order Rényi entropies [45]:

H1(A) � H2(A); (5.44)

H1(A) � 2H2(A)�H3(A): (5.45)

Hence, the n-coherent information behaves similarly to the traditional 1-coherent infor-
mation in the sense that positivity indicates the presence of quantum correlations. In
order, for example, to prevent loss of quantum correlations to an environment system B,
it is advisable to avoid input states for which the n-coherent information decreases to
leading order. This is to prevent the n-coherent information from becoming negative, at
which point we would no longer fulfill inequality Eq. (5.43) that guarantees bipartite en-
tanglement between A and Ã. Meanwhile, input states which lead to an increase in the
n-coherent information are desirable, as they provide a ‘safe zone’ in which the inequality
is increasingly fulfilled.

Therefore, while the n-coherent information does not constitute a direct measure of bi-
partite entanglement, its behavior does provide an indication of which input states of A
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are more or less vulnerable to losing quantum correlations with Ã to an environment, B.
Indeed, in order to obtain the quantum channel capacity from the coherent information,
one maximises over all possible input states of the ÃA system and over multiple parallel
uses of the channel. In this optimisation, some states will induce a positive change in the
coherent information, while others will lead to a negative change. The preferred input state
depends on whether the desired outcome is the transmission or retention of pre-existing
quantum correlations between A and Ã.

In the next section, we will apply the notion of n-coherent information to the light-matter
interaction. We will explore how the leading order behaviour of the n-coherent information,
as determined by the n-exposure, varies with the input state. We will focus on the n = 2
case for simplicity, but note that a similar analysis can be performed straightforwardly for
other n.

5.6 Application to the Light-Matter Interaction

In practice, much of quantum communication relies upon the interaction between light
and matter. In this section, we apply our results to a simplified model of the light-matter
interaction, namely the Unruh-De Witt model. At its core, this model describes a quan-
tum system coupled to a massless scalar field. Many variations of this model exist, and
are applied across a broad range of applications [125, 165, 77]. In the present context, we
consider a particularly simple variation of this model in which a stationary qubit interacts
with a single mode of a quantum field. The qubit and the field are chosen initially unen-
tangled and in a product state �f 
 �q. We assume the initial state of the field, �f , to be
the vacuum state �f = j0i h0j. We allow the initial state, �q, of the qubit to be arbitrary.
Expressed in terms of the eigenstates of the �z Pauli operator it reads

�q = � jz+i hz+j+ � jz+i hz�j+ �� jz�i hz+j+ (1� �) jz�i hz�j ; (5.46)

where �z jz+i = jz+i and �z jz�i = � jz�i. We then consider the interaction of a single
field mode with the qubit, governed by an interaction Hamiltonian Hint of the form

Hint = ��z 
 (a+ ay) (5.47)

where a and ay are the annihilation and creation operators of the mode considered and
where � is the effective coupling constant. Since we will neglect the free Hamiltonians, we
can set � = 1 and instead absorb the �-dependence in the t-dependence. We will now solve
the problem non-perturbatively in order to then obtain an exact expression for the time
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evolution of the n-Rényi entropy, and compare its second time derivative to our Eq. (5.18).
Note that while the particularly simple form of the interaction Hamiltonian invoked here
allows for a non-perturbative calculation to be performed, this is not always the case. See
Appendix 10.1 for details.

We first express the time-evolved system as:

�(t) = eit�z
(a+ay)(�q 
 �f )e�it�z
(a+ay): (5.48)

For the density matrix of the qubit this gives, see [107] for details:

�q(t) = � jz+i hz+j+ �e�2t2 jz+i hz�j+ ��e�2t2 jz�i hz+j+ (1� �) jz�i hz�j : (5.49)

Working in the eigenbasis of the qubit, we have:

Hn(�q(t)) =
1

1� n log

(∑
i

�ni

)
; (5.50)

Ḣn(�q(t)) =

∑
i

n�n�1
i �̇i∑

i

�ni
; (5.51)

Ḧn(�q(t)) =
1

1� n


∑
i

(
n(n� 1)�n�2

i �̇2
i + n�n�1

i �̈i
)

∑
i

�ni
�

(∑
i

n�n�1
i �̇i

)2

(∑
i

�ni

)2

 : (5.52)

Let us therefore consider the eigenvalues of �q(t). Diagonalising Eq. (5.49), we obtain:

��(t) =
1�

√
1� 4(� � �2 � j�j2e�4t2)

2
; (5.53)

such that

�̇�(t) = � 8j�j2te�4t2√
1� 4(� � �2 � j�j2e�4t2)

; (5.54)

and

�̈�(t) = �
(

8j�j2e�4t2
(
1� 8t2

)√
1� 4(� � �2 � j�j2e�4t2)

+
128j�j4t2e�8t2(

1� 4(� � �2 � j�j2e�4t2)
)3=2

)
: (5.55)

61



From here, we readily see that �̇�jt=0 = 0, such that

Ḧn(�q(t = 0)) =

n
∑
i

�n�1
i �̈i

(1� n)
∑
i

�ni

∣∣∣∣∣
t=0

; (5.56)

where

�̈�
∣∣
t=0

= � 8j�j2√
1� 4(� � �2 � j�j2)

(5.57)

Denoting the t = 0 eigenvalues as ��, we finally obtain:

Ḧn(�q(t = 0)) =
�8nj�j2

(
��

n�1 � �+n�1)(
n� 1

)(
�+ � ��

)(
��n + �+n

) (5.58)

Let us now compare this result to Eq. (5.18). In Eq. (5.18), all quantities are evaluated at
t = 0. Therefore, we simply work with the initial qubit state �q. In order to then evaluate
Eq. (5.18), we re-express the system in the eigenbasis of �q. We have:

�� =
1�

√
1� 4(� � �2 � j�j2)

2
; (5.59)

j�+i =
1√

1 + jxj2
(
jz+i+ x jz�i

)
; j��i =

1√
1 + jyj2

(
jz+i+ y jz�i

)
; (5.60)

where

x :=
�(� � �+)

�
; y :=

1� (� + �+)

�
: (5.61)

We may now re-express �z = jz+i hz+j � jz�i hz�j in terms of the eigenbasis of �q. We
have:

�z =
1

jx� yj2
(

(1 + jxj2)(jyj2 � 1) j�+i h�+j

+
√

(1 + jxj2)(1 + jyj2)(1� yx�) j�+i h��j
+
√

(1 + jxj2)(1 + jyj2)(1� xy�) j��i h�+j

+ (1 + jyj2)(jxj2 � 1)) j��i h��j
)
: (5.62)

Working in this eigenbasis, we have:

Trq

[
�n�1
q [�z; �q]�z

]
=
∑
i;j

�n�1
j (�i � �j)j�zijj2

62



=
(
��

n�1 � �+n�1)(
�+ � ��

)
j�z+�j2

=
4j�j2

(
��

n�1 � �+n�1)(
�+ � ��

) ; (5.63)

where the characteristic equation, �+2 � �+ + � � �2 � j�j2 = 0, is used to convert the �z
components into expressions in terms of ��. Taking into account that the field variance in
this case is 1, and substituting the above result into Eq. (5.18), we again arrive at Eq. (5.58)
for Ḧn(�q(t = 0)), which indeed confirms the validity of the perturbative approach we have
employed in the previous sections.

Using these non-perturbatively verified results, we can assess how the n-exposure depends
upon the precise configuration of the qubit. We have:

En;q = (∆�z)
2 �Dn;q = 4(� � �2) +

4j�j2
(
��

n�1 � �+n�1
)

(�+ � ��) (��n + �+n)
: (5.64)

From this expression, we see that the n-exposure does not depend on the phase of �.
Indeed, the n-exposure can be expressed in terms of � and j�j2 alone.

As discussed in Section 5.4, the leading order behaviour of the n! 1 coherent information
is non-trivial. This is due to the divergence in the second time derivative of the von
Neumann entropy of the environment system.3 Hence, we will restrict our attention to
n > 1 and choose the simplest case (n = 2) to illustrate the features of the n-exposure. In
Fig. 5.2, we present a contour plot of the 2-exposure as a function of these two variables.4

We also include isocurves of the 2-Rényi entropy. Crucially, we see that the isocurves
of the exposure follow different trajectories to the isocurves of the entropy through the
(�; j�j2) plane. This illustrates that the leading order change in the 2-coherent information
is not simply a function of the total amount of entanglement present, but depends upon
the precise configuration of the qubit. The right hand side of Fig. 5.2 highlights this
phenomenon by plotting the variation in the 2-exposure along isocurves of constant 2-
Rényi entropy.

One may also consider the n-exposure of the qubit in the Bloch sphere representation. We
first set:

�q =
1

2
(I + ax�x + ay�y + az�z); (5.65)

3Note that the divergent second derivative does not imply a divergence in the von Neumann entropy
itself - see Appendix 10.2.

4Note that the positivity of the eigenvalues requires jαj2 � δ � δ2.
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Figure 5.2: Left: contour plot of the 2-exposure of the qubit across the (�; j�j2) plane
(green). Also included are contours of the 2-Rényi entropy, which do not align with the
2-exposure contours. Right: variation in the 2-exposure as a function of � for constant
values of 2-Rényi entropy.

where the Bloch vector is ~a = (ax; ay; az). This then leads to the following transformation:

� =
1 + az

2
; j�j2 =

jaxj2 + jayj2
4

: (5.66)

We may use these expressions to convert Fig. 5.2 into the Bloch sphere representation. We
note that in this representation, the exposure is independent of the phase in the (ax; ay)
plane, so that it is sufficient to plot only a cross section in the (ax; az) plane. We illustrate
the 2-exposure in the Bloch sphere representation in Fig. 5.3. Again, we also plot isocurves
of the 2-Rényi entropy to illustrate that the exposure is a non-trivial function of the
distribution of the entanglement in the state space of the qubit.

In particular, we note that in order to minimise exposure at the onset of an interaction,
we should tune the distribution of the entanglement in the initial system. In this example
we see from Fig. 5.3 that for the same initial 2-Rényi entropy, the 2-exposure is minimised
along the ax axis, while it is maximised along the az axis. This indicates the optimal state of
the qubit in the Bloch sphere representation in order to minimise the leading order change
in the second Rényi entropy. The same analysis can be applied to more complex systems
in order to identify the ideal initial configuration for the minimisation or maximisation of
the exposure.
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Figure 5.3: 2-exposure of the qubit in the Bloch sphere representation. Again we see that
the isocurves of the 2-Rényi entropy are disaligned with those of the exposure, indicating
that it is not simply the amount of entanglement, but the way in which it is distributed
that determines the exposure. In this case, if avoidance of transmission is desired then the
equatorial direction is ‘safer’ than the polar direction.

Fig. 5.2 and Fig. 5.3 illustrate that in the qubit case, the 2-exposure is always positive.
This is due to the simplicity of the qubit state space. In the next section, however, we
will consider a qutrit system, for which the higher dimensionality leads to more complex
results.
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5.7 Application to Qutrit Systems

In this section, we provide a visualisation of the 2-exposure for a simple qutrit system. As
we augment the qutrit density matrix, we will see how the exposure can vary in non-trivial
ways, and in particular, that it can change sign. To this end, let us first consider the
general form of the qutrit density matrix:

� =

 !x
�iaz�qz

2

�iay�qy
2

iaz�qz
2

!y
�iax�qx

2
iay�qy

2
iax�qx

2
!z

 : (5.67)

While this generic qutrit state possesses eight degrees of freedom, we may restrict our
attention to the case where all off-diagonal matrices are purely imaginary (qj = 0). We
then have:

� =

!x �iaz
2

�iay
2

iaz
2

!y
�iax

2
iay
2

iax
2

!z

 ; (5.68)

where 0 � aj � 1, 0 � !j � 1, and
∑

j !j = 1. The non-negativity of this simplified
density matrix is ensured through the following conditions [111]:

4!j!k � a2
l ; (5.69)

4!j!k!l � !ja
2
j + !ka

2
k + !la

2
l : (5.70)

From here, we can simplify further by enforcing !j = !k = !l = 1=3. In this case,
conditions Eq. (5.69) and Eq. (5.70) can be re-written as a single condition, namely

4

9
� a2

x + a2
y + a2

z; (5.71)

which describes a space of ax; ay, and az values enclosed by an octant of a sphere of radius
2=3. Given a choice of an operator acting on the qutrit system, we may then examine the
variation of the exposure as we move through this space of states.

The unitary dynamics of a qutrit can be described through a set of three different types
of transformations [111]. Namely, rotations, single-axis twisting, and dual-axes counter-
twisting. We can build the full space of Hamiltonians from the following three matrices:
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Sx =

0 0 0
0 0 �i
0 i 0

 ; Sy =

 0 0 i
0 0 0
�i 0 0

 ; Sz =

0 �i 0
i 0 0
0 0 0

 : (5.72)

We may now calculate the 2-exposure for different qutrit configurations and different Hamil-
tonians according to Eq. (5.37). Since our space of possible states is a three-dimensional
octant of a sphere, we represent the results as cross-sections in the (ax; ay) plane. In Sec-
tion 5.7 we illustrate the exposure at the az = 0:5 plane for two arbitrary Hamiltonians.
We also include isocurves of constant 2-Rényi entropy, demonstrating that the n-exposure
is not simply dependent upon the total amount of entanglement present, but rather on
the precise distribution of this entanglement. For each example Hamiltonian we also see
that, depending upon the precise configuration of the input state, the 2-exposure can be
either positive or negative, indicating, e.g., in the case where B is an environment, ‘safe’
and ‘unsafe’ configurations, respectively.

Figure 5.4: Left: 2-exposure across the ax; ay plane at az = 0:5 for the Hamiltonian S2
x.

Right: 2-exposure for the Hamiltonian SySz + SzSy across the ax; ay plane at az = 0:0.
In this case we see regions of negative exposure. Also plotted are the 2-Rényi entropy
isocurves.
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5.8 Summary and Outlook

In this work, we have considered a setup where a system A is initially entangled with
and purified by an ancilla Ã. System A then starts to interact with a system B and
may, therefore, become entangled with B. Through the interaction, A may lose some of
its quantum correlations with Ã and B may acquire quantum correlations with Ã. We
identified the maps of reduced density matrices, from A to A0 and from A to B0 (primes
denoting a later time) the direct and the complementary channel respectively.

Because the quantum capacity of a quantum channel is defined by optimization of the
coherent information over input states and parallel channel uses, we have calculated the
leading order change in coherent information of each channel. This, in turn, poses a lower
bound on the quantum channel capacity.

In quantum technologies, depending on the application, it can be desirable to maximize
the direct channel, in order to protect existing quantum correlations from leakage to an
environment B. Conversely, it may be desirable to maximize the complementary channel
for purposes of quantum communication fromA toB. It is therefore of interest to determine
the factors which govern the leading order change in coherent information at the onset of
a quantum channel, so that quantum systems may be initialised in a configuration most
favourable to the application.

To calculate the leading order behaviour of the coherent information, we first showed that
the free Hamiltonians do not contribute to leading (second) order. This dramatically sim-
plifies the calculations, as the interaction Hamiltonian may be considered alone. Moreover,
this has the important implication that resonance phenomena, which require free Hamil-
tonians, do not contribute to leading order. This is of particular significance in systems
which make use of the light-matter interaction, in which resonance phenomena are com-
monly encountered. The significance of this finding will be investigated further in future
work.

We then found that the leading order term in the perturbative expansion of the coherent
information diverges when system B is initially pure. We therefore generalized the notion
of coherent information to the family of n-coherent information, via the n-Rényi entropies.
The n-coherent information is always regular for n > 1. Calculation of the dynamics of
the n-coherent information, and therefore of the n-Rényi entropies, is desirable because it
implicitly also determines the dynamics of the entire spectrum of the underlying density
matrix. This is because the family of n-Rényi entropies (unlike the von Neumann entropy
alone) is sufficient to reconstruct the spectrum of the density matrix.

A further, useful property of the n-coherent information arises from the fact that the
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n-Rényi entropies of two subsystems that together constitute a pure supersystem are iden-
tical, as is the case also for the von Neumann entropy. Therefore, and because Hn(Ã)

00
= 0,

calculating the leading order n-Rényi entropies and n-coherent informations of the direct
and complementary channels implies also knowledge of the leading order of all other coher-
ent informations that can be formed among the three subsystems A; Ã; B. For example,
when (Hn(A) � Hn(AB)) becomes positive, this indicates that quantum correlations be-
tween A and B are becoming established, and we have (Hn(A) � Hn(AB))

00
= Hn(A)

00

since Hn(AB)
00

= Hn(Ã)
00

= 0.

We then explicitly calculated the leading order time evolution of the n�coherent informa-
tion of the direct and complementary channels, for the case of interaction Hamiltonians of
the form Â
 B̂ and showed that the leading order is determined by a quantity that we call
the n-exposure. Intuitively, the n-exposure quantifies how much of the pre-existing quan-
tum correlations in system AÃ are exposed to the interaction Hamiltonian between systems
A and B. The larger the exposure, the faster does the coherent information of the direct
and complementary channel change. Importantly, we have shown that the n�exposure
is not proportional to the amount of pre-existing entanglement (as measured by the von
Neumann entropy), nor is it proportional to the n�Rényi entropy. Instead, it depends
non-trivially on the initial state of A, such that two initial configurations with the same
initial entanglement may exhibit entirely different behaviours at the onset of the quantum
channel. We illustrated how the n-exposure dependends on the initial state of A, and on
the interaction Hamiltonian, in a simple model of the light-matter interaction and in qutrit
systems.

In future work, it will be very interesting to calculate the analog of the n-exposure for
interaction Hamiltonians of the more general form

∑
r Âr 
 B̂r. Interestingly, in this case

the contributions to the leading order change in the n-coherent information of the direct and
complementary channels do not simply factorize into separate contributions from systems
A and B. It will then also be interesting to revisit the limit n ! 1 (see also Appendix
10.5).

In practice, for example in the running of quantum processors, it may be possible to
use the notion of exposure to optimize their performance, for example, by extremizing
the exposure to maximize a desired transfer of quantum correlations, or conversely, to
minimize exposure in order to reduce leakage of quantum correlations to an environment.
We also anticipate that the notion of n�exposure may prove useful in the implementation
of quantum algorithms when certain qubits are idle. In particular, one may rotate a qubit
in its Bloch sphere along an isocurve of n-Rényi entropy, thus preserving its n-coherent
information with the rest of the qubits, but to a location in the Bloch sphere that decreases
its exposure to decohering. This principle should also be extendable to multiple qubits at
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a time, possibly utilizing supervised machine learning with a cost function that contains
the exposure. Work in this direction is in progress.

In this work we have focused on the dynamics of the coherent information, which we
note is not itself an entanglement monotone. Indeed, given that our study involves a
tripartite system, traditional measures of entanglement such as the von Neumann entropy
are insufficient to describe true tripartite entanglement. Hence, work is ongoing to extend
our results using the logarithmic negativity as an entanglement monotone of tripartite
systems. Nevertheless, coherent information remains a critical tool in the assessment of
quantum channel capacity since any finite coherent information value provides a lower
bound on the quantum channel capacity. This is because quantum channel capacity is
obtained as the supremum over multiple parallel uses of the channel and arbitrary encoding
on inputs.
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Chapter 6

Superoscillations and
Super-Phenomena

In this chapter we first describe a new method to generate superoscillatory functions in
Sections 6.1 - 6.5. We then briefly review the generalization of superoscillations to super-
phenomena in Section 6.6, and finally in Section 6.7 describe a position observable super-
phenomenon, which we called the “quantum prison break”.

6.1 Introduction

Superoscillatory functions are functions that locally oscillate faster than the fastest Fourier
component that they contain. Superoscillations were first named and made the subject of
investigation in work that includes, in particular [30, 6, 7, 9, 21, 22, 144, 94]. In hindsight,
examples of superoscillatory behavior had previously been seen experimentally, e.g., in
optics, and also in theory, where, for example, certain so-called prolate spheroidal functions
are superoscillatory.

In the meantime, both the theory, see, e.g., [60, 102, 62, 61, 33, 163, 39, 142, 106, 115, 73, 25,
4, 24, 3], and applications, see, e.g., [50, 8, 82, 148, 121, 23, 92, 53, 84, 83, 157, 17, 56, 173, 5],
of superoscillations have been actively explored.

Functions with superoscillatory behavior are the subject of intense investigation for mul-
tiple reasons. One reason is that they offer an opportunity for superresolution, i.e., for
resolution beyond the diffraction limit. Superresolution is of particular interest in the
presence of natural bandwidth limitations, such as the ultraviolet cutoff expected to arise
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at the Planck scale, see, e.g., [95, 96, 72, 97, 98, 143, 1], in the presence of practical band-
width limitations, for example, arising from absorption bands in media, e.g., in the case
of radar [101, 26, 99], or in the presence of imposed bandwidth limitations, e.g., to avoid
deleterious ionization in biological tissue, e.g., in optogenetics [137, 49, 131, 90, 37], see
[26, 99].

In certain media, the use of superoscillatory waves for superresolution is obstructed because
of the existence of dissipative processes that are faster than the superoscillations. Even
in these circumstances, the use of superoscillatory waves can be useful, for example, to
explore these fast dissipative processes, [26, 99].

Also in information theory, see, e.g., [42], the rôle of superoscillatory behavior in communi-
cation signals is of interest. There, the study of superoscillatory signals has the potential,
for example, for a noise-model independent generalization of the Shannon Hartley theorem
[26, 99].

In quantum theory, superoscillatory behavior has been described early on in the context
of weak measurement theory. The further exploration of the quantum mechanics as well
as the quantum thermodynamics of superoscillatory behavior is of high interest, see, e.g.,
[33, 163, 39, 142, 106, 3, 99].

Superoscillatory behavior is known to come with a cost, however, which is that the super-
oscillatory part of a function necessarily possesses relatively small amplitudes compared to
the amplitudes in the rest of the function. In particular, it was proven in [60, 102, 62] that
the superoscillatory behavior obeys two scaling laws: for fixed L2-norm, the amplitudes
in the superoscillating region necessarily diminish polynomially with the frequency of the
imposed superoscillations and they necessarily diminish exponentially with the number of
imposed superoscillations.

6.2 Motivation

The focus of the first part of this chapter is the question of how superoscillatory functions
can be constructed. At first, it had appeared that superoscillatory functions with numerous
fast superoscillations are hard to construct, in the sense that the calculation is numerically
unstable. For example, in [94], a method was presented that allows one, for any fixed Ω > 0,
to construct Ω-bandlimited and square integrable functions that pass through any finite
number of prescribed points. These points can be chosen arbitrarily. If they are chosen
such as to force the constructed function to possess superoscillations then the calculation
involves the need to invert a matrix that is ill-conditioned. The matrix becomes the more
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ill-conditioned and, therefore, the harder to invert numerically, the more superoscillations
are being prescribed and the smaller their wavelength.

Fortunately, however, numerical instabilities in the construction of superoscillatory func-
tions can be avoided, as was first shown in [39]. In prior approaches, such as [94], the
superoscillatory function was constructed by adding a number of non-superoscillatory Ω-
bandlimited functions with coefficients that had to be extremely fine-tuned in order to
achieve superoscillatory behavior for the resulting sum of these functions, hence the nu-
merical instability. Instead, the method in [39] constructs a superoscillatory function as
the product of non-superoscillatory functions whose bandwidth adds up to Ω (recall that
as functions are multiplied, their bandwidths add). The multiplicative method of [39] al-
lows one to construct superoscillatory functions with any number of arbitrarily close-by
zero crossings because the function function inherits the zeros of each of its factors - and
these factors can be chosen arbitrarily close to another. The method is numerically stable
because no fine tuning is needed to obtain the product function. This method was then
used in the later paper [122] to approximate sinusoidal superoscillations.

Here, we also build on [39]. We obtain a numerically stable method for constructing
superoscillatory functions whose superoscillatory stretch exhibits any desired behavior to
any desired accuracy, in any number of dimensions.

6.3 New method to Efficiently and Numerically Sta-

bly Generate Superoscillatory Functions with Ar-

bitrary Target Behavior in any Number of Dimen-

sions

Let us consider the problem of finding a square integrable function g : IRd ! IR of a given
bandlimit Ω which, in some given region B � IRd, is approximating some arbitrary given
smooth target function f : IRd ! IR while meeting an arbitrarily given accuracy goal � > 0:

jg(x)� f(x)j < � 8x 2 B (6.1)

Since there is no assumption of bandlimitation for f , the behavior of f in B can be chosen
arbitrarily highly oscillatory, i.e., the to-be-constructed Ω�bandlimited function g may
have to be arbitrarily highly superoscillatory.

We now show how such a function g, that approximates the behavior of f in B to arbitrary
given accuracy, can be generated efficiently and numerically stably.
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The idea is to construct g as the product of two functions, one of bandlimit zero that
ensures accuracy, namely a Taylor polynomial of the target function f , and one func-
tion of bandlimit Ω that ensures square integrability without spoiling the accuracy of the
approximation.

Concretely, the method consists of first Taylor expanding the target function f around
some point p 2 B to a finite order n. By Taylor’s theorem, we can always choose n large
enough so that the Taylor polynomial fn approximates f in B to meet any given accuracy
goal �1 > 0:

jfn(x)� f(x)j < �1 8 x 2 B (6.2)

We note that fn possesses vanishing bandwidth because the Fourier transform of a poly-
nomial is a linear combination of Dirac deltas and their derivatives. We also note that fn
diverges polynomially and that it is therefore not square integrable.

Second, we therefore also construct an Ω-bandlimited function c : IRd ! IR which obeys
two conditions:

1. In the region B, we require the function c to stay close to 1 up to some accuracy goal
�2 > 0:

jc(x)� 1j < �2 8x 2 B (6.3)

2. We require the function c to decay to zero for jxj ! 1 sufficiently fast so that
g(x) := fn(x)c(x) is square integrable in IRd.

For any �2, such a function c can be obtained as the product c(x) =
∏m

i=1 ci(x) of a
sufficiently large number, m, of Ω=m-bandlimited functions, ci, that each take a local
maximum of value 1 at the Taylor expansion point, p. Condition (1) is obeyed by choos-
ing m sufficiently large because c(x) becomes increasingly flat around p. To see this,
we notice that since c takes a local maximum value of 1 at p, its first derivative van-
ishes, and its second derivative decays with increasing m. For example, in one dimension,
(r(x=m)m)00jp = r00(x=m)jp=m since r0(x=m) = 0jp. In addition, condition 2 is obeyed by
choosing m > n.

Clearly, g := cfn is Ω-bandlimited and square integrable. We now show that also any
accuracy goal � can be met. To this end, we can choose �1 := �=2. This determines n
such that fn differs from f at most by �1 in B. In B, jfnj takes on a maximum, say M
at xM 2 B. We then meet the overall accuracy goal by choosing any �2 > 0 obeying
M �M(1� �2) < �1, i.e., by choosing any �2 obeying 0 < �2 < �1=M = �=2M . Finally, the
choice of �2 determines m.
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The complexification of the method is straightforward. Also, instead of the Taylor expan-
sion, other polynomial expansions may be used. The function c may be called a canvas
function because it is designed to provide the blank backdrop on which the pattern of the
target function is to be drawn.

6.4 Example: a One-Dimensional Implementation

Here, we will demonstrate the new method for Ω-bandlimited functions IR ! IR. We
require the to-be-constructed superoscillatory function, g, to approximate the behavior of
a target function, f , in the interval B := [�1; 1]. To this end, we take the MacLaurin series
approximation of f

fn(x) :=
n�1∑
k=0

f (k)(0)

k!
xk � f(x): (6.4)

to order n. By Taylor’s theorem, we can always find an n large enough to meet any
accuracy goal �1 in [�1; 1]. We then obtain the desired superoscillatory function

g(x) := fn(x)c(x) (6.5)

if we can also construct a suitable Ω-bandlimted canvas function c that stays close to 1 in
[�1; 1] and that counteracts the xn�1 divergence of fn for x ! �1. To construct such a
function that decays at least as fast as 1

xn
, we can make, for example, the ansatz:

c(x) = sinc

(
Ωx

m

)m
(6.6)

Using the method of integration by differentiation [103, 104, 89], we quickly find the Fourier
transform of this function:

c̃(k) =
1p
2�

∫ 1
�1

sinc

(
Ωx

m

)m
eikxdx (6.7)

=

p
2�

Ω

(
m
2

)m
(m� 1)!

m∑
j=0

(
m

j

)
(�)jTm�2j

1
m

�

(
k

Ω

)(
k

Ω

)m�1

Here, Ta is the translation operator Ta = ea
@=@k .

The work [122] which followed up on [39] also studied the properties of powers of sinc
functions. For our purposes here, we will find it useful to further investigate the peculiar
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property that, near 0, the sequence of powers of sinc functions approaches a Gaussian in the
limit of large m. To show this, we could consider the behavior of the binomial coefficients
in the Fourier transform in Eq. (6.7) to investigate how the Fourier transform approaches
a Gaussian. Instead, let us work directly in the x domain. We use a defining property of
Gaussians, G(x) := e�x

2=(2�2), namely that they obey:

G 0(x)

G(x)
= � x

�2
; (6.8)

In comparison, the canvas function, c(x) = sinc(
x
m

)m obeys for large m:

c0(x)

c(x)
= �Ω2

3

x

m
� Ω4

45

( x
m

)3

+O

((
Ωx

m

)5
)
: (6.9)

Therefore, as long as x � m, the function c(x) is a good approximation to a Gaussian

with variance
p

3m



. As desired, for increasing m, the function c(x) approximates a wider
and wider Gaussian so that its amplitude stays closer and closer to 1 up to jxj of order m.
Only from about x = 1



�n, where c(x) first drops to zero, c(x) no longer approximates a

Gaussian.

Finally, we also need c to meet the accuracy goal �2. To this end, we notice that while c(0) =
1, at the ends of the interval [�1; 1], the function c falls to approximately sinc(�


n
)n =

1 � 
2

6n
, where we can again bound the error, and therefore meet any accuray goal �2 by

using Taylor’s theorem.

6.5 Summary and Outlook

The new method presented here allows one to construct, efficiently and numerically stably,
a superoscillatory function that possesses any desired smooth behavior in the superoscil-
lating region. The new method should, therefore, be useful for applications ranging from
superresolution and the study of fast dissipative processes in media to applications of super-
oscillations in communication channels or measurement devices, in particular, in scenarios
where the channel capacity is limited chiefly by the bandwidth and not by the availability
of a large dynamic range.

In practice, the new method for constructing custom superoscillatory wave forms is straight-
forward to apply in any circumstances where the desired superoscillatory waveform can be
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calculated and then produced by a wave form generator, e.g., in acoustics. However, wave
form generators can only generate frequencies up to a certain range and at higher frequen-
cies, such as in the optical range, methods other than wave form generators need to be
employed to create superoscillatory waves, see e.g., [82, 148]. In this case, the presented
method may, however, be applicable directly, namely if the experimental setup allows the
physical multiplication of wave forms. In electronics, the multiplication of signals for the
purpose of obtaining a superoscillating signal is relatively straightforward through the use
of transistors for multiplication. It would be very interesting to explore, for example, the
use of photo transistors for the purpose of creating custom superoscillatory electromagnetic
waves in optics.

Finally, in the next sections, we will describe the generalization of the notion of superoscil-
lations, and new related ideas.

6.6 Super-Phenomena: A Generalized Notion of Su-

peroscillations

In this section we will review super-phenomena. In [91] superoscillations are described
as an aspect of weak measurements. Namely, the key property of superoscillations, local
oscillations faster than the fastest Fourier component of the field, is described as follows.
The local wavenumber k(x) of a function  (x) is defined by the natural choice:

k(x) = Im

[
d

dx
ln (x)

]
; (6.10)

i.e., it is the imaginary part of the derivative of the logarithm. If, e.g., the function  (x) is
a plane wave eikx, then k(x) = k is a constant function, corresponding to the wavenumber
of the plane wave. On the other hand, if we construct a superoscillatory wavefunction,
using, e.g., the method described in the previous chapter, we may find that, though the
function is bandlimited to a range of wavenumbers [kmin; kmax], the local wavenumber can
be outside that range.

If  (x) is a wavefunction, then k(x) may also be understood as a weak value of the mo-
mentum operator p̂ = �i d

dx
. Namely, we can rewrite the Eq. (6.10):

k(x) = Im

[
d

dx
ln (x)

]
= Im

[
1

 (x)

d

dx
 (x)

]
; (6.11)
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to yield the desired expression of a weak value:

~k(x) = Re
hxj p̂ j i
hxj i : (6.12)

It is easy to see what the candidate regions of superoscillatory behaviour are, i.e., the
regions where k(x) is outside of the bandlimitation: whenever hxj i =  (x) approaches a
number close to zero, local wavenumber k(x) becomes a large value, and can be larger than
the largest k in the momentum spectrum. This is in accordance with a known property of
superoscillatory functions: the amplitudes in the superoscillatory part of the function are
suppressed compared to the rest of the function: exponentially in the local wavenumber,
and polynomially in the number of superoscillations.

The notion of superoscillations, understood via weak values of the momentum operator,
can be generalized to any observable. A super-phenomenon is defined [91] via the weak
value of some quantum observable Ô. The analogue of a superoscillatory function’s local
wavenumber is the local super-observable s(x):

s(x) =
hxj Ô j i
hxj i : (6.13)

6.7 Super-Phenomenon of the Position Observable:

Quantum Prison Break

We will now present a new idea, an interesting application of super-phenomena of the
position observable X̂. We will take a superoscillatory function  (k) to be a function in
the momentum space, rather than the position space. The support in the position space
will be in some finite interval I = [0; L] 2 R. Because the function  (k) is superoscillatory
in the variable k the position observable can yield results outside of the interval I:

x(k) =
hkj X̂ j i
hkj i ; (6.14)

where x(k) 62 I for some finite interval of momentum values k. Thus we may say that
the quantum state described by the wavefunction  (k) can locally in momentum space
yield position measurements outside the support of the wavefunction  (x) in the position
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representation. We will call this quantum prison break 1 since it can be viewed as a way for
a quantum state to escape the interval x 2 I on which it has support.

As a model of the aforementioned concept, suppose we are considering a quantum system
of finite size, for example a particle trapped in a well in one dimension, whose Schrödinger
equation is:

i~
@ (x)

@t
=

(�~2

2m

@2

@x2
+ V (x)

)
 (x) ; (6.15)

with the potential: V (x) = V0 = const. for x 2 O = [0; L], and V (x) = +1 for finite
intervals x 2 [��; o] [ [L;L+ �]. Otherwise the potential is equal to zero, therefore the
infinite walls are of finite size. In this case tunnelling is not possible.

Let us take some superoscillatory function  (k), which we may generate, e.g., by the
method described in Chapter 6. We will generate this function with the property of its
Fourier transform  (x) having a compact support in I. Now, we define the position (local
in momentum space) x(k):

x(k) = �Im

[
d

dk
ln (k)

]
: (6.16)

Due to the superoscillatory property of  (k) in some range of momenta k 2 [k1; k2], x(k)
will be outside the interval I. Moreover, it can be exactly prescribed, since we can choose
to generate such a superoscillatory function  (k), so that x (k) = x0, for any x0 2 R.

Operationally, we may first project the wavefunction onto the superoscillatory interval
k 2 [k1; k2], perhaps using the combination of a low-pass and high-pass frequency filter. If
the projection is successful, i.e., the quantum object passes the filter, then its position will
be outside of the original “prison”2.

In summary, in order to escape, the quantum prisoner first needs to be in a superoscillatory
quantum state  (k). Then, in order to escape, it needs to pass through a momentum filter,
which leaves behind only the superoscillatory interval [k1; k2]. If successful, the prisoner has
escaped. It is typically, though, more likely that it will be unsuccessful, since generically
the wavefunction’s amplitude in the superoscillatory interval is much smaller than the
amplitudes outside.

1Name suggestion thanks to Achim Kempf.
2This is analogous to a superoscillatory wavefunction in position space passing through a slit in the

wall. If the slit is positioned so that it matches the superoscillatory interval, and the quantum object goes
through, its momentum will be larger than the wavefunction’s bandwidth.
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Note, if the description of a quantum object includes the wavefunction  (k) and an, e.g.,
spin state j’i = � j"zi+ � j#zi, j�j2 + j�j2 = 1, the complete quantum state j�i is:

j�i = j i 
 j’i ; (6.17)

i.e., it is a tensor product of  (x) and its spin degree of freedom. In this case, the quantum
prison break might seem to be an alternative method for teleportation.

However, it has a significant downside. The need for postselection necessarily implies that
some attempts will not be successful, i.e., a potentially significant number of outcomes
need to be discarded. It is interesting to see if there is an inherent trade-off between
the probability of loss and the distance of “teleportation”. We leave the details to future
work, though we note that we can roughly estimate such a tradeoff: the bigger the x0, the
smaller is the amplitude of the superoscillatory interval in momentum space k 2 [k1; k2]. It
is known from previous studies [102, 62] in superoscillations, that the amplitude becomes
polynomially smaller in the interval [k1; k2], compared to the rest of the wavefunction,
as x0 increases (this is because x0 measures the local frequency of the superoscillatory
function). Therefore, the probability of a successful “teleportation” falls polynomially with
the distance of teleportation. It is an interesting effect, since the standard teleportation
has in principle constant success probability as a function of distance, while the probability
of quantum tunnelling, roughly speaking, falls exponentially with the distance, therefore
the quantum prison break is in between these two phenomena.

In summary, as an alternative method for teleportation, it has the disadvantage of some-
times failing, due to postselection, and the failure rate increases with the distance of
teleportation. However, it has the advantage that it does not use entangled pairs as a
resource for teleportation.
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Chapter 7

Conclusion

In this thesis we studied several aspects of quantum interactions. We began by describ-
ing the Unruh-DeWitt detector model of light-matter interactions. It is a simple, useful
model of a 2-level quantum system interacting with a quantum field, and the most conve-
nient framework for deriving the famous Unruh effect. Using this model we found two new
acceleration-induced effects in light-matter interactions. First, we showed that the presence
of photons stimulates the Unruh effect. The stimulation of resonant transitions, arising
from the rotating wave interaction terms, was known. We showed that the non-resonant
transitions, responsible for the Unruh effect, can be stimulated as well. The stimulation
increases the probability for the Unruh effect type of transitions by many orders of mag-
nitude, bringing it closer to experimental observability. Given that we only wanted to
measure the Unruh effect, we needed to suppress the resonant transitions. This lead to the
idea of acceleration-induced transparency, the phenomenon where a suitably chosen trajec-
tory of the Unruh-DeWitt detector leads to the suppression of the resonant excitations of
the detector. The suppression can be either partial, or as was also proven in the thesis and
[85], the resonant transitions can be fully suppressed. Combined, the two effects lead to a
new way to measure the Unruh effect in the laboratory, with an anticipated experimental
enhancement of about 15 orders of magnitude which may finally bring the effect into the
range of experimental detection.

Both of these effects are methods to modulate the probability of transitions in light-matter
interactions: stimulating the Unruh effect can greatly increase the probability of the non-
resonant transitions, while the acceleration-induced transparency is a method to decrease,
even down to zero, the probability of measuring resonant transitions.

Additionally, since gravity and acceleration are related via the equivalence principle, the
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new acceleration-induced effects suggest studying their gravity-induced analogs. The work
on gravity-induced transparency and the stimulated Hawking effect is in progress.

We then conjectured that the trajectories which produce the acceleration induced trans-
parency are not rare. We first argued that it is likely that the trajectories are ubiquitous
enough to extend the acceleration-induced transparency beyond the first order in pertur-
bation theory. Therefore the transparency phenomenon may occur for interactions with
a strong coupling constants. We also conjectured that it is possible to find transparency
inducing trajectories for more than one mode of the quantum field. Therefore an Unruh-
DeWitt detector would become transparent for multiple energy level transitions, if the
detector is an N > 2-level quantum system. Proving these conjectures, will require finding
the trajectories which give rise to acceleration-induced transparency for multiple wave-
lengths of light, or, the transparency for a transition at higher orders of perturbation
theory. Proving them would be interesting since it would allow greater control over the
strength of interactions in light-matter interactions, with possible applications to, e.g.,
photon-based quantum computing.

We then generalized the notion of acceleration-induced transparency. Its analog was de-
scribed in a general scenario of interactions, where we have control over some parameters
in the interaction Hamiltonian. Therefore the idea of acceleration-induced transparency is
no longer limited to light-matter interactions. We showed that it is possible to suppress
some transitions at will by varying the coupling constants or the interaction Hamiltonian
in time. Because we are varying the parameters of the interaction to switch off transi-
tions, we named it parametrically induced decoupling. While the mathematical framework
and the ideas were introduced, more work is in progress. It would be interesting to find
applications of the framework to, e.g., problems in quantum control. Perhaps the most
straightforward application would be to adiabatic quantum computing, since paramet-
rically induced decoupling is a method to switch off transitions. In adiabatic quantum
computing the interaction terms responsible for excitations from the ground state are di-
rectly responsible for the slow-down of computation, and it would be desirable to apply
the previously mentioned method to switch off those transitions, and consequently speed
up computations. This possibility may be related to the QAOA algorithm which mimics
adiabatic quantum computing in finite, and not necessarily adiabatic, steps.

Moreover, the outcome of the conjecture on the ubiquity of acceleration-induced trans-
parency will significantly influence the applicability of parametrically induced decoupling.
This is because we used the proof of its existence to show the existence of the decoupling.
Therefore, more results on acceleration-induced transparency will lead to more ways to
parametrically induce decoupling, in general interaction scenarios.
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We also introduced a new mathematical tool to describe quantum interactions called New-
ton’s cradle spectra. It is a result in linear algebra, and therefore widely applicable. We
presented exact expressions that relate the eigensystems of a self-adjoint operator before
and after adding to it a rank-one projector. Most notably, the expressions are valid for any
coupling constant multiplying the rank-one projector. Since, via the spectral theorem, any
self-adjoint operator can be decomposed into a sum over such projectors, this gives a new
method to understand non-perturbative physics. We can use the Newton’s cradle spectra
results iteratively, by adding the projectors one by one, the total sum equaling the interac-
tion Hamiltonian. As a consequence of the Newton’s cradle spectra results, we refined the
understanding of Cauchy’s interlacing theorem. We derived the expression for finding the
eigenvalues of the matrix obtained by deleting a row and a column of a matrix (represented
in some Hilbert space basis), with known eigenvalues and eigenvectors. We also found that
level repulsion can be explained by the new results. Since the eigenvalue related to an
eigenvector orthogonal to the projector does not change as we vary the coupling constant,
and it does otherwise, level repulsion is generic. This is because the probability of an inner
product of two random vectors to be zero occurs with zero probability (it happens only
for a set of lower dimension). The Newton’s cradle spectra results are widely applicable to
essentially any field which uses linear algebra as mathematical framework, including engi-
neering. We especially discussed the application to adiabatic quantum computing, where
this work provides insight on how algorithmic complexity translates to the narrowing of
the gap and therefore also the slowdown of computation. Using Newton’s cradle spectra
we also succeeded in formulating the finite Shannon sampling theory. And, as an example,
a calculation of a dressed vacuum in light-matter interactions was presented.

The results we derived for the addition of a rank-one projector suggest investigations into
the behaviour of eigenvalues and eigenvectors under the full addition of self-adjoint opera-
tors. We observed that the eigenvalues in Newton’s cradle spectra for self adjoint operators
behave like Newtonian particles, with “momentum conservation”, and well defined “forces”
between the eigenvalues. It would be interesting to understand what can be understood
about the full addition of Hamiltonians, given this observation, since we may use analytical
results from classical mechanics to derive some properties of spectral dynamics, i.e., the
behaviour of eigenvalues under the full addition of Hamiltonians.

Further, in order to better understand and control the ability of interactions to transmit
quantum information, we investigated parameters which influence the rate at which a
quantum channel arises at the onset of interactions between two systems. We found it
useful in the calculations to extend the conventional coherent information to n-coherent
information defined via the n-Rényi entropy. We found that the rate of change of n-coherent
information at the onset of the interaction is determined by n-exposure. The quantity n-
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exposure measures how much of the initial coherent information between a system A and
its ancilla Ã is available to another system B, given the interaction Hamiltonian between
A and B. Examples in qubits and light-matter interactions are presented.

Finally, we studied superoscillations, as aspects of weak measurements. They occur when
a function locally oscillates faster than its fastest Fourier component. We first presented
a new method to generate superoscillatory function. This method was based on the ob-
servation that polynomials have zero bandwidth, which we used in order to prescribe the
shape of the superoscillatory part of the function. The shape is given by some function
on an interval, it is then approximated by its Taylor polynomial to the desired accuracy.
The non-zero finite badnwidth, and the convergence of the function at infinity is achieved
by multiplying the Taylor polynomial by a power of the sinc function. The multiplication
results in a finite-bandwidth superoscillatory function of arbitrary shape.

Building on this work, we then briefly reviewed the generalization of superoscillations, the
super-phenomena. Super-phenomena allow more to be locally extracted from an observable
than its highest eigenvalue, given that the system is in a specially prepared quantum states.
Analogously, they also allow that locally a smaller value of an observable is found than its
lowest eigenvalue. This is a valuable aspect of quantum interactions, precisely because it
allows us to extract more (or less) from a quantum state than we would naively expect.
Finally, inspired by this, we described a new application of the position observable super-
phenomenon: quantum prison break. It arises when the wavefunction is superoscillatory
in the momentum space, and it allows a quantum object, initally contained in some finite
space, the “prison”, to escape to a predetermined position outside the “prison”, conditioned
on the postselection of the momentum measurement. It is likely that there are more
phenomena, like the quantum prison break, ready to be discovered.
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P. Tan, V. D. Vaidya, Z. Vernon, Z. Zabaneh, and Y. Zhang. Quantum circuits with
many photons on a programmable nanophotonic chip. Nature, 591(7848):54–60, Mar
2021.

[15] M. Aspelmeyer, C. Brukner, and A. Zeilinger. Course 9 - entangled photons and
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Chapter 8

Appendix - Acceleration Induced
Effects in Stimulated Light-Matter
Interaction

8.1 Exact acceleration-induced transparency for a class

of trajectories

The class of trajectories for which we give the proof is the one defined in Chapter 2:

�̇(�) := k0


s0 � < 0

s0 + s1�s0

T1
� � 2 [0; T1)

s1 + s2�s1

T2�T1
(� � T1) � 2 [T1; T2)

s2 � � T2;

(8.1)

where the constants fsi; Tig can be chosen arbitrarily except that we require �̇ > 0 and
0 < T1 < T2.

Note that these trajectories are simple, especially in the non-relativistic regime, where
they correspond to the Unruh-DeWitt detector first moving inertially at some velocity
v0 = 1� s0, then uniformly decelerating for a period of T1 to a velocity v1 = 1� s1, then
uniformly accelerating to a final velocity v2 = 1 � s2, after which it stays in that inertial
motion. This can be easily seen from the definition of the phase function � (�) = k�x�,
which, for a massless scalar field simplifies to � (�) = k0 (x0 (�)�∑i x

i (�)).
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In the relativistic case the only difference is that the acceleration is not uniform, but the
pattern of inertial motion, followed by deceleration and then acceleration, finally ending
in inertial motion, is preserved.

We want to show that there are some parameter values fsi; Tig for which jI� (Ω; k)j = 0,
where we recall that Ω is the detector gap, and k is the wavevector of the stimulated field
mode. We will show that both the real and imaginary part of the integral I� (Ω; k) go to
zero by using numerical simulations in a particular way:

• First we choose a positive real number �� 1, a detector gap Ω�, and the wavelength
of the stimulating field k.

• To find the right trajectory, we sweep through a two-dimensional parameter subspace
(of the full space of parameters fsi; Tig, subject to the aforementioned constraints),
plotting the points for which the Re [I� (Ω�; k)] < � and Im [I� (Ω�; k)] < �.

• We find regions where the (thick) lines Re [I� (Ω�; k)] < � and Im [I� (Ω�; k)] < �
cross. The lines are thick because sampling the curves at a precision below � locally
gives more then one value for which they are smaller than �. (See Fig. 8.1.)

• Since I� is a continuous function of these parameters, we can then be sure that there
is a point where the (exact) lines Re [I� (Ω�; k)] = 0 and Im [I� (Ω�; k)] = 0 cross,
which is the point where jI� (Ω�; k)j = 0. This concludes the proof of existence of
acceleration-induced transparency.

In our proof, the two-dimensional parameter subspace we chose to vary were s1 and T2,
and the crossing of the real and imaginary parts of the integral I� can be seen in Fig.1.

More specifically, the parameters we vary are s1 and �t, defined as the variation of T2: T2 =
T

(0)
2 + �t, where we fixed the value T

(0)
2 for numerical convenience. The other parameters

s0, s2 and the ratio T1=T2 were held fixed.

8.1.1 Determining the parameters s1 and T2 to a desired numer-
ical accuracy

In Chapter 2, we showed an example where the parameters we found were such that the I�
integral was suppressed with respect to the I+ integral by a factor of about 10�3. We did
this by choosing a small � parameter, and then sampling the real and the imaginary parts
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Figure 8.1: In this figure we can see a crossing of the (thick) lines Re [I�(Ω�)] < � and
Im [I�(Ω�)] < �. The existence of a crossing, together with the assumption that both
Re [I�(Ω�)] and Im [I�(Ω�)] are continuous functions of the parameters s1 and �t, prove
that there is a point where I�(Ω�) = 0, proving the existence of a trajectory exhibiting the
phenomenon of acceleration-induced transparency.

of I� (as functions of the parameters s1 and T2) densely enough around the region where
the lines cross, in order to find the crossing point to a desired accuracy. In this case, we set
the accuracy goal to be such that the above mentioned suppression of I�

I+
was about 10�3.

Because, in principle, this ratio could be exactly zero (as we proved above), we could set
this ratio as low as desired, limited only by the available computational power.

8.2 Catalysis

At high intensity stimulation, the effect is catalysed. The ideas described above — the
stimulated Unruh effect and acceleration-induced transparency — make it possible to am-
plify the Unruh effect by stimulating it with large photon numbers, while suppressing
resonant absorption. When used in tandem, and when the stimulation is done by a field
coherent state, it turns out that the resulting physical effect proceeds with little change to
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the field state. To see this, note that,

Ajg;�i!je;�i(k) / G (��I+ + �I�) 6= 0: (8.2)

That is, the field coherent state catalyses the excitation of the atom, without itself changing
from the initial state j�i. The ratio of the probability for the catalysis of the stimulated
Unruh process and the total probability for the stimulated Unruh process (when the field
starts in a coherent state) is,

j��I+ + �I�j2

j�j2jI+ + I�j2 + jI+j2
: (8.3)

Further, when the trajectory is chosen to be one that suppresses absorption (i.e. jI�j �
jI+j), the fraction of the catalysed process dominates the stimulated Unruh process:

j�j2

j�j2 + 1

[
1 +O

(∣∣∣ I�I+

∣∣∣)] j�j�1���! 1 +O
(∣∣∣ I�I+

∣∣∣) : (8.4)

Catalysis in the sense of the outgoing field state being the same as the ingoing field state also
necessarily occurs in the stimulation of rotating wave terms of the Jaynes Cummings model
(conventional stimulation). Here, we notice the new phenomenon that in the presence
of acceleration, catalysis becomes optional. In fact, in the presence of acceleration, as
Eq. (8.4) shows, we can choose � such that the numerator vanishes, implying that instead
of catalysis, the process switches the ingoing field state to an orthogonal outgoing state.

8.3 Engineering of trajectories

Regarding the possible engineering of the trajectory of an Unruh-DeWitt (UDW) detector
to suppress resonant transitions via the acceleration-induced transparency, let us consider
the example of an UDW detector in the form of an electron whose spin provides the
internal qubit with energy gap Ω when in an external magnetic field. Our aim is to
demonstrate that, in principle, external electromagnetic fields can be engineered that a)
enforce a prescribed trajectory x� (�) on the electron, and b) are such that the magnetic
field in the electron’s frame of reference is constant, meaning that it keeps the energy split
Ω, induced by spin-magnetic field interaction, constant.

The trajectory, as measured by an observer in the laboratory frame, is x� = (t (�) ; 0; 0; z (�)) :
It can be imposed by the presence of an external electromagnetic field that satisfies the
Lorentz force equation:

me
d2x�

d� 2
= qeF

�� dx�
d�

: (8.5)
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The solution to this is an electric field in the z-direction, such that

me
d2z

d� 2
= qeEz

dt

d�
; (8.6)

plus an arbitrary magnetic field in the z-direction, since it does not affect the motion. The
electric field in Eq. (8.6) is given as a function of � , but can be expressed as a function
of z as well due to both t (�) and z (�) being invertible functions, for the trajectories we
considered in Chapter 2. Hence, the electric field E can be chosen constant in time and
z-dependent. It may be produced by a suitable experimental setup, for example, where
the electron travels along the z-axis inside a charged, axially symmetric microwave cavity,
of varying radius. Alternatively, the electron could be accelerated by a series of identical
isolated rings forming a cylinder along the z-axis, with each ring’s voltage chosen suitably.

We note that Lorentz transformations that are boosts along the z-axis do not alter the
electric and magnetic fields parallel to the boost. As a consequence, to have a constant
magnetic field in the electron’s reference frame it suffices to produce a constant B field in
the z direction in the lab frame. By choosing it to be in the z-direction, it does not affect
the trajectory.

In summary, a suitable external electromagnetic field can be found that satisfies the two
desired properties: a) it produces the desired trajectory x�(�) by means of an E field that
is constant in time and suitably spatially varying, and b) it induces an energy split Ω that
is constant in time through a magnetic field in the z-direction that is constant in space
and time.
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Chapter 9

Appendix - Newton’s Cradle Spectra

We describe here the key elements of the proofs. To this end, we map self-adjoint to
unitary operators, and vice versa, using the Cayley transform. An advantage of the Cay-
ley transform is that, unlike exponentiation, the Cayley transform is bijective and hence
uniquely invertible. Also, since we work here in finite-dimensional Hilbert spaces, the terms
Hermitian and self-adjoint can be used interchangeably.

9.1 Relation between Hermitian and unitary Newton

cradles

We claim that the left action of a representation of the unitary group U(1) on a unitary
operator U is mapped, via the Cayley transform, into the addition of multiples of a rank
1 projector to a Hermitian operator S. Concretely, assume U is an arbitrary fixed unitary
acting on a finite-dimensional Hilbert space H. Then its Cayley transform is defined to be
the Hermitian operator S:

S := �i (U + 1) (U � 1)�1 (9.1)

We multiply U from the left with an element of the U(1)-family (1 + (ei� � 1) jwi hwj) of
unitaries where jwi is an arbitrary fixed normalized vector. Running through all � 2 [0; 2�),
we obtain a family of unitaries U(�):

U(�) := U +
(
ei� � 1

)
jwi hwjU (9.2)

By Cayley transforming each of the U(�), we obtain a family of self-adjoint operators S(�)

S(�) := �i (U(�) + 1) (U(�)� 1)�1 (9.3)
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with S(0) = S. We claim that, for any fixed choice of U and jwi, the Hermitian operators
S(�) for varying � differ by a multiple of a rank 1 projector, i.e., that there exists a
normalized vector jvi so that for every � 2 [0; 2�) there exists a �(�) 2 R obeying:

S(�(�)) = S + �jvihvj (9.4)

For the proof, we start with:

S(�) = �i
(
1 + U +

(
ei� � 1

)
jwi hwjU

)
(9.5)

�
(
U +

(
ei� � 1

)
jwi hwjU � 1

)�1
(9.6)

Acting from the right with the operator (U + (ei� � 1) jwi hwjU � 1) yields:

S(�)
(
U +

(
ei� � 1

)
jwi hwjU � 1

)
= �i (1 + U)� i

(
ei� � 1

)
jwi hwjU (9.7)

Rearranging the terms:

S(�) (U � 1) + S(�)
(
ei� � 1

)
jwi hwjU

= �i (1 + U)� i
(
ei� � 1

)
jwi hwjU (9.8)

After acting with the operator (U � 1)�1 from the right we recognize the expression for
the Cayley transform S of U and obtain:

S(�)� S = � (S(�) + i)
(
ei� � 1

)
jwi hwjU (U � 1)�1 : (9.9)

Since both S(�) and S are self-adjoint operators, their difference, S(�) � S, is also self-
adjoint. This means that the following equation must hold for some �0 (�) 2 R:

� (S(�) + i)
(
ei� � 1

)
jwi = �0 (�)

[
(U � 1)�1]y U y jwi : (9.10)

The left U(1) action on the unitary U which results in U(�) therefore corresponds to the
addition of a multiple of a projector � (�) jvi hvj to S, resulting in

S(�) = S + � (�) jvi hvj ; (9.11)

where:

jvi =
1

Nv
(
U y � 1

)�1
U y jwi (9.12)
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Calculating the norm of Eq. (9.12) while inserting a resolution of the identity, the normal-
ization constant Nv follows:

Nv =

√√√√∑
m

jwmj2

jum � 1j2
=

√∑
m jwmj

2 (s2
m + 1)

2
: (9.13)

Recall that we use the notation wn := hsnjwi; vn := hsnjvi and U(�)jun(�)i = un(�)jun(�)i,
S(�)jsn(�)i = sn(�)jsn(�)i.

9.2 Relating the eigenbases of U(�) and S(�) to those

of U and S

Our aim is to construct the eigenvectors of U(�) (and therefore of S(�)) in terms of the
eigenbasis of U (and S). We have

un(�) hun(�)ium = hun(�)jU(�) jumi
= hun(�)j (U + (ei� � 1) jwi hwjU) jumi
= hun(�)iumum

+ (ei� � 1) hun(�)iw hwiumum;

(9.14)

and therefore:

hun(�)ium = (ei� � 1) hun(�)iw hwiumum
un(�)� um

(9.15)

Using

1 = hun(�)iun(�) =
∑
m

hun(�)ium humiun(�); (9.16)

we obtain:

1 = je�i� � 1j2j hun(�)iwj2
∑
m

jumj2jhwiumj2

jun(�)� umj2
(9.17)

This means that, in Eq. (9.15), we can express j(ei� � 1) hun(�)iwj in terms of known
quantities to obtain:

jhun(�)iumj =
∣∣∣∣ hwiumun(�)� um

∣∣∣∣
(∑

k

jhwiukj2

jun(�)� ukj2

)�1=2

: (9.18)
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Via the Cayley transform, this yields:

jhsi snj =
jvnj
js� snj

(∑
k

jvkj2
(s� sk)2

)�1=2

(9.19)

Further, the overlap function hsjsni can be chosen real for all s; sn by suitably choosing
the phases of the eigenvectors jsi. To see this, we calculate:

sr(�)� i
sr(�) + i

hsnjsr(�)i = hsnjU(�)jsr(�)i (9.20)

= hsnj
(
1 + (ei� � 1)jwihwj

)
U jsr(�)i

=
sn � i
sn + i

hsnjsr(�)i+ (ei� � 1)hsnjwihwjU jsr(�)i

This equation can be rewritten as

hsnjsr(�)i =
gnM(sr(�))

sr(�)� sn
(9.21)

where we separated the n-dependent from the s-dependent terms by defining:

gn := (sn + i)hsnjwi (9.22)

M(sr(�)) :=
(sr(�) + i)

2i
(ei� � 1)hwjU jsr(�)i (9.23)

We use the choice of phases of the eigenvectors jsni = jsn(� = 0)i so that gn 2 R for all n.
Further, we choose the phases of the eigenvectors jsr(�)i for � 6= 0 such that M(tr(�)) 2 R
for all � 6= 0. Notice that M(tr(�)) = 0 for � = 0. While these choices ensure that
hsnjsr(�)i 2 R, the overlap function can also be made continuous through a suitable choice
of signs, as described in the main text.

9.3 Velocity of the complex eigenvalues

Differentiating Eq. (9.14) at � = 0 for n = m, yields:

dun(�)

d�

∣∣∣∣
�=0

= i jhunjwij2un (9.24)
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Since, for any �, we could choose U(�) to be the starting unitary U of a new Newton
cradle with jvi, the velocity of the complex eigenvalues for all � reads:

dun (�)

d�
= ijhun (�)iwj2un (�) : (9.25)

From Eq. (9.17), we have:

jhun (�)iwj2 =
1

jei� � 1j2

(∑
m

jwmj2

jun(�)� umj2

)�1

: (9.26)

Therefore, Eq. (9.25) becomes this differential equation:

dun(�)

d�
= iun(�)

1

jei� � 1j2

(∑
m

jwmj2

jun(�)� umj2

)�1

(9.27)

9.4 Velocity of the real eigenvalues

The Möbius transform uk = (sk � i)=(sk + i) yields for the real eigenvalues of S(�):

dsn
d�

=
(sn + i)2

2i

dun
d�

: (9.28)

The inverse Möbius transform sk = i(1 + uk)=(1 � uk), applied to Eq. (9.18), then yields
for the real eigenvalues fsngn21;:::;N :

dsn
d�

=
1

2

1

jei� � 1j2

(∑
m

jwmj2
s2
m + 1

4(sn � sm)2

)�1

=
1

2

1

sin2(�
2
)

(∑
m

jwmj2
s2
m + 1

(sn � sm)2

)�1

(9.29)

9.5 Integrating the differential equation for the veloc-

ities

After separating the variables sn and �,

dsn
∑
m

jwmj2
s2
m + 1

(sn � sm)2
=

d�

2 sin2(�
2
)
; (9.30)
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integrating with the initial conditions sn (� = 0) = sn yields:∑
m

jwmj2
s2
m + 1

sn(�)� sm
+
∑
m

jwmj2sm = cot
(�

2

)
(9.31)

As expected, since this yields a polynomial of order n in sn(�), there are N solutions
fsn(�)gn=1;:::;N .

In order to express Eq. (9.31) using the components of jvi rather than jwi, we express jwi
in terms of jvi and the operator U :

jwi = Nv U
(
U y � 1

)
jvi = Nv (1� U) jvi (9.32)

To obtain the components of jwi and jvi, we act with hukj from the left:

wk = hukiw = Nv hukj (1� U) jvi ; (9.33)

wk = Nv (1� uk) vk (9.34)

Since only the absolute values of wk appear in Eq. (9.31), we calculate jwkj2 and then inverse
Cayley transform uk in order to get an expression that depends on the real eigenvalues
fsigi=1;:::;N :

jwkj2 = jNvj2j1� ukj2jvkj2 (9.35)

= jNvj2
4

s2
k + 1

jvkj2: (9.36)

This yields Eq. (9.31) in terms of the vk:

cot
(�

2

)
=

∑
m

4jNvj2
jvmj2

sn(�)� sm (0)

+
∑
m

jvmj24jNvj2
sm

s2
m + 1

sm (9.37)

9.6 The relationship between � and �

We claim that � (�) is given by:

� (�) =
∑
m

jwmj2
(
s2
m + 1

)(
cot
(�

2

)
�
∑
m

jwmj2sm
)�1

(9.38)

111



We start the proof with the observation that S(�)� S = �jvihvj yields:

(sn(�)� sm) hsmi sn (�) = � (�) hsmi v hvi sn (�) (9.39)

We solve this equation for (sn(�)� sm) and substitute it into Eq. (9.31) to obtain:

1

�

∑
m

jwmj2
(
s2
m + 1

) hsmi sn (�)

hsmi v hvi sn (�)
(9.40)

= cot
(�

2

)
�
∑
m

jwmj2sm (9.41)

From Eq. (9.12), a Möbius transform yields

hsmi v =
1

Nv
sm + i

2i
hsmiw; (9.42)

i.e.,
(sm + i)wm = 2i Nv vm: (9.43)

Substituting this expression into Section 9.6, we obtain:

1

�

∑
m

2i Nv (sm � i)w�m
hsmi sn (�)

hvi sn (�)

= cot
(�

2

)
�
∑
m

jwmj2sm: (9.44)

We now insert a resolution of the identity 1 =
∑

m jsmi hsmj into the inner product hsn(�)i v
and use Eq. (9.12) to obtain:

hsn (�)i v =
1

Nv
∑
m

hsn (�)i sm hsmiw
u�m

u�m � 1
(9.45)

We then divide by hsn(�)i v and complex conjugate the entire expression:

1 =
1

Nv
∑
m

w�m
sm � i
�2i

hsmi sn (�)

hvi sn (�)
(9.46)

Now we recognize the same sum as in Section 9.6, up to constants, so we can finally express
� as a function of �:

� = 4N 2
v

(
cot
(�

2

)
�
∑
m

jwmj2sm
)�1

(9.47)

With Nv given in Eq. (9.13), this yields Eq. (9.38) as claimed.
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9.7 Reformulation of the characteristic equation of

S(�)

We now derive the equation: ∑
m

jvmj2
sn(�)� sm

=
1

�
: (9.48)

To this end, we use jwkj2 = jNvj2 4
s2
k+1
jvkj2to express wm in terms of vm in Eq. (9.31):

4jNvj2
∑
m

jvmj2
sn(�)� sm

= cot
(�

2

)
�
∑
m

jwmj2sm; (9.49)

Using Eq. (9.47), we express the right-hand side in Eq. (9.49) in terms of �(�):

4jNvj2
∑
m

jvmj2
sn(�)� sm

= 4jNvj2
1

�(�)
: (9.50)

Finally, dividing by 4jNvj2, and expressing the dependence on � as a dependence on �, we
obtain Eq. (9.48). We remark that an equation equivalent to Eq. (9.48), which is equivalent
to the characteristic equation det(S(�)� s1) = 0 of S(�), was used in [31] to derive a nu-
merical algorithm for the eigenvalue problem, along with a perturbative stability analysis.

9.8 Cauchy interlacing

The Cauchy interlacing theorem arises as a special case. The theorem states that the
N � 1 eigenvalues a1 < a2 < : : : < aN�1 of any Hermitian (N � 1) � (N � 1) matrix A
obtained by deleting the r-th row (r is arbitrary) and r-th column of a Hermitian N �N
matrix S with nondegenerate spectrum are interlaced in the N eigenvalues of S, i.e.,:
sn < an < sn+1 8n = 1 : : : (N � 1). It is straightforward to show that one obtains this
result as the special case of the Newton cradle of S in which jvi is chosen to be the vector
with the components �r;i in the basis in which the matrix S is given, and letting � ! 1.
Using Eq. (4.2) in Chapter 4 for � ! 1, we can conclude more, namely that each of the
interlaced eigenvalues an is a solution of Eq. (4.3) of the main text, which means that we
can identify the interlaced eigenvalues as an = s�n for n = 1; ::: ; N � 1.
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Chapter 10

Appendices - Transmission of
Coherent Information at the Onset of
Interactions

10.1 A non-perturbative calculation

While we have taken a perturbative approach throughout Chapter 5, we illustrate here the
exact calculation of the time-evolved state of System A. We find that the exact form of
�A is not easily raised to the nth power in general, as is required for the calculation of the
n-Rényi entropies. While there are particularly simple interaction Hamiltonians such as
that invoked in Section 5.6 which enable exact calculations to be performed, this is not
often the case. This highlights the utility of our perturbative method. Let us first express
the time-evolved state of system A as:

�A(t) = TrB

[
eitÂ
B̂�A 
 �Be�itÂ
B̂

]
=
∑
r

hbrj eitÂ
B̂�A 
 �Be�itÂ
B̂ jbri

=
∑
r

eitÂbr�Ae
�itÂbr�Brr; (10.1)

where, working in the eigenbasis of B̂:

�Bij = hbij �B jbji : (10.2)
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Representing �A in the eigenbasis of Â:

�A =
∑
ij

�Aij jaii hajj ; (10.3)

we have:
�A(t) =

∑
ijk

�Aij�Bkke
itbk(ai�aj) jaii hajj ; (10.4)

Such that

A;n(t) = TrA[�A(t)n]; (10.5)

where �A(t) is a matrix whose matrix element �A(t)ij is given by

�A(t)ij = �Aij
∑
k

eitbk(ai�aj)�Bkk: (10.6)

10.2 Qubit von Neumann entropy in UDW example

In Fig. 10.1. we plot the exact time evolution of the von Neumann entropy of a qubit
system undergoing the UDW interaction as described in Section 5.6. We illustrate that,
while the second time derivative diverges for a pure input state, the von Neumann entropy
itself remains finite. Nevertheless, the divergence of the second time derivative renders the
second order perturbative analysis of the (1-)coherent information unsuitable as a measure
of entropy transfer.

10.3 Numerical illustration of the noncommutativity

of the limits �! 0 and �! 0.

We expect that for finite eigenvalues in the small " limit the trace term in Eq. (5.26)
reduces to:

lim
"!0

∑
i;j

(�"j�i � �1+"
j )jaijj2 =

∑
i;j

(�i � �j)jaijj2 = 0; (10.7)

however, numerical analysis is required to determine the range of eigenvalues for which this
vanishing trace term is small enough to overcome the " in the denominator of Eq. (5.19).
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Figure 10.1: Left: the exact time evolution of the von Neumann entropy of the qubit under
the UDW interaction. The j�j2 = 0:25 case corresponds to a pure input state. Right: the
second time derivative of the von Neumann entropy of the qubit for the UDW interaction.
While the second derivative is infinite at t = 0 for a pure state, this quickly falls off to a
finite (indeed negative) value.

.

Because the values of aij are operator-dependent, let us illustrate the principle by simply
setting jaijj = 1 for all i; j and computing the following:∑

i;j

�"j(�i � �j); (10.8)

which we refer to as the trace term. We also compute the regularised version, incorporating
the " in the denominator:

(1 + ")
∑
i;j

�"j(�i � �j)

"
: (10.9)

We illustrate the results of these computations for a qutrit system in Figure 10.2.1 We
set �0 = 0:5, such that 0 � �1 � 0:5 and �2 = 1 � �0 � �1. We first plot the trace term,
Eq. (10.8), on its own to illustrate that this tends to zero as "! 0, and then plot Eq. (10.9)

1We choose a qutrit rather than a qubit because in the latter case a single vanishing eigenvalue represents
a pure state. Conversely, a qutrit system may have one vanishing eigenvalue without being pure. Hence,
the qutrit system is the more general case.
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to illustrate the range of eigenvalues for which the " in the denominator out-competes the
vanishing trace term.

Figure 10.2: Left: plot of the sum in Eq. (10.8), where we see that this tends to zero for
small " except where an eigenvalue approaches zero, at which point an abrupt jump is
observed. Right: plot of Eq. (10.9). Here we see that the jump in the left-hand plot is
smoothed, but as one eigenvalue approaches zero the expression approaches a divergence.

.

On the left of Fig. 10.2, we indeed see that when " is small, Eq. (10.8) � 0 for most
values of �. However, in small � limit this trace term demonstrates an abrupt change
in value. This abrupt change, however, is not representative of a physical change in the
second time derivative. Rather, the physical behaviour is represented on the right hand
side, where crucially we include the " in the denominator. The right hand side of Fig. 10.2
thus illustrates that for relatively large eigenvalues, the magnitude of the leading order
change in the von Neumann entropy is small, while in the case of one or more vanishing
eigenvalues, the leading order change diverges. A further example of this behaviour is given
in Section 10.4, where a more general form of the interaction Hamiltonian Â is used.
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10.4 Supplementary example: leading order change

in von Neumann entropy

While our second order calculations may not provide clarity in terms of the (n! 1) coher-
ent information, we have demonstrated numerically that they are useful in quantifying the
leading order rate of change in the von Neumann entropy of a single subsystem at the onset
of an interaction. We have illustrated this numerically in Fig. 10.2, and provide in Fig. 10.3
a further numerical example. In this latter case, we choose an interaction Hamiltonian for
which jaijj 6= 1 for all i; j. Instead, we choose an arbitrary Hermitian operator as the

interaction Hamiltonian, Âtest, which acts on a qutrit system with eigenvalues �0 = 0:5,
0 � �1 � 0:5, and �2 = 1� �0 � �1. The interaction Hamiltonian Âtest is:

Âtest =

0:2 0:1 0:5
0:1 0:3 0:5
0:5 0:5 0:5

 ; (10.10)

and the corresponding plots of

TrA

[
�"A
[
Âtest; �A

]
Âtest

]
; (10.11)

and
1 + "

"
TrA

[
�"A
[
Âtest; �A

]
Âtest

]
; (10.12)

are illustrated on the left and right sides of Fig. 10.3, respectively. These quantities are
related to Ḧ1+"(A)jt=0 according to Eq. (5.19) in Section 5.4. Importantly, we see here
that non-trivial asymmetry can exist in the distribution of Eq. (10.12) across the space of
possible states of System A, illustrating the way in which the leading order change in the
von Neumann entropy of this system at the onset of interaction is sensitive to the precise
configuration of the initial input state.

10.5 Further discussion of the n! 1 ("! 0) case

In Section 5.4, we attempted to quantify the leading (second) order change in the coherent
information at the onset of a quantum channel, as illustrated in Fig. 5.1. We found,
however, that the second order change in the von Neumann entropy diverges in the case
of pure states. As a consequence, the leading order change in the coherent information,
given by S̈(A)� S̈(B), will itself always diverge, since system B is pure by definition.
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Figure 10.3: Left: Plot of Eq. (10.11) for a qutrit system with eigenvalue �0 = 0:5 and
varying �1; �2. Right: Plot of Eq. (10.12) for the same system. The interaction Hamiltonian
is Âtest, resulting in an asymmetric distribution.

.

One may naturally ask whether it is possible to quantify how the speed of the divergence
depends upon the state of System A. However, we demonstrate here that a number of
issues arise when we attempt to answer this question.

Let us revisit the expression for the leading order change in the n-coherent information as
n! 1 (or "! 0 where n = 1+"). This of course corresponds to the conventional definition
of the coherent information, which utilises the von Neumann entropy. Representing the
nth Rényi entropy as Hn, we have:

�Id1+" =
t2

2

(
Ḧ1+"(A)

∣∣
t=0
� Ḧ1+"(B)

∣∣
t=0

)
; (10.13)

=
(1 + ")t2

�"
(

(∆B)2D1+";A � (∆A)2D1+";B

)
: (10.14)

Because System B is pure by design, D1+";B = (∆B)2. Hence, we may factor out the
(∆B)2 to obtain:

�Id1+" =
(1 + ")t2(∆B)2

"

(
(∆A)2 �D1+";A

)
; (10.15)
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From here, we may attempt to characterise the speed of the divergence by neglecting the
prefactor of t2(∆B)2(1 + ")=", which is independent of System A, and simply consider
the magnitude of the term (∆A)2 �D1+";A. However, we know from Section 5.4 that for
" ! 0, D1+";A is approximately zero across the whole state space of System A, except
where one or more eigenvalues vanish. Consequently, we expect (∆A)2 �D1+";A � (∆A)2

except at the positions in state space corresponding to vanishing eigenvalues. Much like
the left side of Fig. 10.2, the distribution of this factor would therefore exhibit a sharp
jump, approaching a discontinuity as "! 0. Such behaviour cannot be representative of a
physical quantity, as this would suggest that states which were arbitrarily close to purity
would exhibit vastly different behaviour to states which were exactly pure. Indeed, we
showed in Section 5.4 that the 1=" prefactor cannot be neglected if we want to obtain a
smooth distribution across state space. However, if we are to incorporate this prefactor
into the difference term (∆A)2 �D1+";A, we simply obtain a divergence as "! 0 because
of the finite value of the (∆A)2 term. Hence, we conclude that this approach is unsuitable
for characterising the speed of the divergence in �Id1+".

One might also consider the possibility that System B is not completely pure. In such
a case, we could not factor out (∆B)2, and we must instead consider the difference
(∆B)2D1+";A � (∆A)2D1+";B. If we were to assume that system B was not completely
pure, both D1+";A and D1+";B approach zero, and there appears to be a competition be-
tween the two terms which could be regularised by the factor of 1=", similar to the right
hand of Fig. 10.2. However, it is important to note that in the derivation of Eq. (10.14) we
required that the tripartite system AÃB be pure. Furthermore, we required that systems
A and B are initially unentangled such that �AB = �A 
 �B. Hence, we cannot simply
assume that system B is impure while ensuring the validity of Eq. (10.14).

One approach, however, may be to decompose system B into two subsystems B1 and
B2, such that B as a whole is pure, but the individual subsystems are not. One may
then restrict the interaction Hamiltonian such that it acts trivially on one subsystem, i.e.
B̂ = B̂1
 I2. However, this constitutes a different and more complicated physical scenario
to that which we have been considering in this work. Indeed, if B1 and B2 are entangled,
we have:

�B =
∑
i;j;k;l

aijkl jii hjj1 
 jki hlj2 :=
∑
i;j;k;l

aijkl�1ij 
 �2kl: (10.16)

Because this is not a product state, we cannot simply exchange B for B1 in the durability
expression.

Instead, we have:
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TrB
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�n�1
B

[
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]
B̂
]

= Tr1;2

[(∑
pqrs

apqrs�1pq 
 �2rs

)n�1(∑
ijkl

aijkl

[
B̂1; �1ij

]
B̂1 
 �2kl

)]
:

(10.17)

This represents an interesting problem, as it may be more plausible to consider that System
B is not initially completely pure. However, quantifying this slight impurity for the purpose
of computing the difference term is non-trivial, and we leave further exploration of this to
future work.

We anticipate that incorporating higher perturbative orders would be useful in regularising
the divergences of the n! 1 case. In particlar, it is likely that vanishing higher derivatives
may suppress the magnitude of the entanglement transferred to the environment, even as
the second derivative appears to diverge. However, we note that while the free Hamiltonians
can be neglected to second perturbative order, they would need to be incorporated at higher
orders. This would then significantly increase the complexity of the computations. Hence,
we relegate such an approach to future work.
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