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ii



Author’s Declaration

This thesis consists of material all of which I authored or co-authored: see Statement
of Contributions included in the thesis. This is a true copy of the thesis, including any
required final revisions, as accepted by my examiners.

I understand that my thesis may be made electronically available to the public.

iii



Statement of Contributions

I am the sole author of Chapters 1 and 2. I co-authored the remaining chapters.

Research presented in Chapter 3: The work is co-authored with Mark Giesbrecht
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Abstract

Algebraic geometry has several real-world applications, including automation and robot
motion planning [2, 8], control theory [38], as well as in the foundations of certain post-
quantum cryptosystems. For example, isogeny-based cryptography is built on the compu-
tational difficulty of finding isogenies between elliptic curves [5]. This thesis investigates
complexity in computational algebraic geometry, particularly bit-complexity questions in
real algebraic geometry, and 2a-isogeny computation on Legendre curves. Analyzing the
bit complexity enables the development of modular extensions that manage the growth of
intermediate expressions, making implementations more efficient in practice for real-world
applications.

The main contributions are as follows.

1. We analyze the bit complexity of an algorithm that computes one point per connected
component in a real algebraic set. The analysis is of an algorithm by Safey El Din and
Schost (Polar varieties and computation of one point in each connected component
of a smooth real algebraic set, ISSAC’03). This algorithm uses random changes of
variables that are proven to generically ensure certain desirable geometric properties
such as weak transversality and Noether position for polar varieties. The cost of the
algorithm was given in an algebraic complexity model. We analyze the bit complexity
and the error probability, and we provide a quantitative analysis of the genericity
statements.

2. The Chinese Remainder Theorem (CRT) is used in developing modular algorithms,
controlling the growth of intemediate expressions by performing computations mod-
ulo a number of small primes, and then reconstructing the output modulo the product
of the primes. Some unlucky primes produce errors by returning incorrect results or
no result. We can bound their number by finding a nonzero U ∈ Z with the property
that all unlucky primes divide U .

Without allowing for errors, the CRT-based modular algorithms requires all primes
to be lucky, which typically results in larger primes. Error-correction techniques
(introduced by Pernet and Böhm et al.) allow a small number of unlucky primes,
therefore reducing the prime size. We provide a quantitative analysis that gives
explicit sufficient conditions on the number and size of the primes to ensure a given
success probability, when given a height bound H on the output and the integer U
bounding the number of unlucky primes. We also demonstrate some applications.

3. We give bit-size estimates for computing roadmaps in smooth bounded real hyper-
surfaces. Roadmaps are used to decide if two points in a real algebraic set are
continuously connected by a path from one point to the other, and therefore have
applications in robot motion planning by deciding if paths exist between points.

To obtain our height estimates, we apply tools from intersection theory that involve
the arithmetic Chow ring, developed by D’Andrea, Krick, and Sombra in [16].
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4. We introduce a method for efficiently computing 2a-isogenies in Legendre form with
applications in post-quantum cryptography. The majority of work on isogeny compu-
tation uses elliptic curves in Montgomery form; this includes the work on Supersin-
gular Isogeny Diffie-Hellman (SIDH) by Jao, De Feo and Plût [29] and Supersingular
Isogeny Key Encapsulation (SIKE) [27]. To the best of our knowledge at the time of
writing, elliptic curves in Legendre form had not yet been explored for isogeny-based
cryptography. Legendre form is an interesting family to study, having a very simple
defining equation, and the simplest possible representation of the 2-torsion subgroup.
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Chapter 1

Introduction

The work in this thesis addresses complexity questions in computational algebraic geom-
etry. The primary focus is on real algebraic geometry for which we make the following
contributions.

1. We analyze the bit complexity of an algorithm that computes one point per connected
component in a real algebraic set.

2. We develop quantitative bounds applying the Chinese remainder theorem in a mod-
ular algorithm, accounting for errors caused by certain unlucky prime moduli.

By allowing for some errors (a prime dividing a denominator of a rational number,
for instance) as opposed to having all prime moduli lucky, we can reduce the size
of the primes by an order of magnitude or more in bit-length. We demonstrate
applications where CRT-based approaches are preferred because lifting techniques
are either computationally more difficult or not possible.

3. We give bit-size estimates for computing roadmaps in smooth bounded real hyper-
surfaces. Roadmaps are used to decide if two points in a real algebraic set are
continuously connected by a path from one point to the other, and therefore have
applications in robot motion planning by deciding if paths exist between points.

The work in the final chapter, while still concerning computational algebraic geometry, is
thematically of a different nature. The work introduces a method for efficiently computing
2a-isogenies in Legendre form with applications in post-quantum cryptography. The ma-
jority of work on isogeny computation uses elliptic curves in Montgomery form, includeing
the original work on Supersingular Isogeny Diffie-Hellman (SIDH) by Jao, De Feo and Plût
[29] and Supersingular Isogeny Key Encapsulation (SIKE) [27]. To the best of our knowl-
edge, at the time of writing, elliptic curves in Legendre form had not yet been explored
for isogeny-based cryptography. Legendre form is an interesting family of curves to study,
having a simple defining equation and the simplest possible representation of the 2-torsion
subgroup.
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1.1 Scientific context

Non-linear algebra and applications. Linear algebra has many practical applications
across science and engineering. Some of these applications include least squares [48], error-
correcting codes [32], and quantum computation [33]. Nevertheless, many real-world prob-
lems involve non-linear objects to which linear algebra cannot be applied. Consequently,
recent efforts have focused on expanding methods from non-linear algebra (i.e. algebraic
geometry) to address theoretical challenges involving non-linear objects, with applications
to real-world problems that include automation and robot motion planning [2, 8], control
theory [38], as well as in the foundations of certain post-quantum cryptosystems. For
example, isogeny-based cryptography is built on the computational difficulty of finding
isogenies between elliptic curves [5].

Cylindrical algebraic decomposition. Tarski and Seidenberg gave the first algorithm
for deciding the truth of a first-order formula over the reals, and in particular, for determin-
ing the emptiness of a semi-algebraic set [43, 46]. Later, Collins [24] introduced Cylindrical
Algebraic Decomposition (CAD), a method docomposing Rn into cilindrical cells, which
improved complexity to polynomial in both the degree and number of polynomials, and
doubly exponential in the number of variables. CAD is a very general algorithm that ob-
tains almost all topological information about the algebraic set, but since complexity is
doubly exponential in the number of variables, CAD becomes infeasible when the number
of variables exceeds two or three.

Critical point methods. Critical point methods are techniques for solving problems in
semi-algebraic and real algebraic geometry, including deciding if a semi-algebraic set has
real solutions (see for instance [3, 4, 21, 39]). The basic idea of these methods is to define
special mappings on an algebraic set, and then to extract topological information about
the algebraic set by studying the critical points of the mapping.

Remark 1.1.1. Critical point methods work with higher dimensional critical point sets
called polar varieties. Chapter 2.2 introduces polar varieties.

Critical point methods have complexity singly exponential in the number of variables,
therefore providing an exponential improvement from CAD.1 The complexity is roughly
(sd)O(nk) for s degree d polynomials in n variables, where k is a constant. Research has
focused on improving the theoretical complexity by reducing the exponent k. However,
these theoretical improvements do not always result in faster actual runtime.

1Critical point methods are not always an alternative to CAD. For instance, quantifier elimination over
the reals cannot be solved with critical point methods but can be solved with CAD.
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Practical algorithms. Real-world applications need algorithms that perform efficiently
in practice, where practical efficiency refers to the actual runtime performance. Algorithms
with theoretical improvements in complexity are not necessarily efficient in practice. For
instance, constants hidden in complexity may be large, or the algorithm may suffer from
intermediate expression swell, meaning uncontrolled coefficient growth in intermediate ex-
pressions when computations are performed over a ground field such as Q.

Bit-complexity. Algebraic algorithms over the rational numbers require an analysis of
their bit complexity to properly assess actual runtime and practical performance. Bit
complexity counts the total number of bit operations. By considering the bit-size of the
objects manipulated throughout the algorithm, we gain far more information about both
time and space resources needed in practice.

Modular algorithms. Intermediate results of an algorithm can grow larger than the
final output, and therefore, even with accurate output bit-size bounds, techniques are
needed to control the growth of intermediate expressions. Modular algorithms achieve this
by performing computations modulo one or more small primes.2 Rational reconstruction
can then be used to recover the output which is typically a set of polynomials or a matrix
of polynomials, given modulo a large integer M . Assuming an upper bound H on the
base-2 representation the output, if M is sufficiently large, satisfying

log2(M) ≥ H + 1,

rational reconstruction can be applied coefficient-wise to recover the output with rational
coefficients.

1.2 Problem statements

Consider a sequence of polynomials f = (f1, . . . , fs) in Q[X1, . . . , Xn] defining an algebraic
set V = V (f) ⊂ Cn.

1.2.1 Feasibility

Problem 1. Compute at least one point in each connected component of V ∩ Rn.

Problem 1 is a fundamental problem in real algebraic geometry. It has applications
for instance in robot motion planning [12]. On its own, it can decide the existence of

2Ideally, primes should fit in a single 64-bit machine word (assuming a 64-bit architecture) to avoid the
need for multi-precision arithmetic; we call these machine primes.
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real solutions (real feasibility) and estimate an upper bound on the number of connected
components of V .

Real feasibility, the problem of determining whether a given system of polynomial
equations has a real solution, is central to creating efficient algorithms for polynomial op-
timization, both constrained and unconstrained [37]. Moreover, computing discriminantal
varieties is a closely related problem [31] and involved in both motion planning and robot
calibration [8, 11].

Remark 1.2.1. Here, a connected component refers to the notion of connectedness in the
Euclidean topology. A subset is connected if and only if it cannot be partitioned into two
disjoint nonempty open subsets.

1.2.2 Connectivity

A roadmap for an algebraic set V ⊂ Cn is an algebraic curve R ⊂ V with non-empty and
connected intersection with each connected components of V ∩Rn. Roadmaps efficiently de-
cide connectivity queries by reducing higher-dimensional computations to one-dimensional
computations. In this way, the roadmap is like a skeleton tracking connectivity.

Problem 2. Compute a roadmap of V ∩ Rn.

Roadmaps are used to decide if two points in a real algebraic set are continuously
connected by a path from one point to the other, and therefore have applications in robot
motion planning by deciding if paths exist between points [8, 9].

1.2.3 2a-isogeny computation

Isogenies are mappings between elliptic curves that are compatible with all of their as-
sociated internal mathematical structures, in particular the geometric structure (isogenies
are rational morphisms) and the algebraic structure (isogenies are group homomorphisms).
Several cryptosystems are built on the hypothesized computational hardness of the super-
singular isogeny path problem: given primes p and l, and two supersingular elliptic curves
E and E ′ over Fp2 , find a path from E to E ′ in the l-isogeny graph.

For additional definitions, see Chapter 6. Introductions can also be found in Silver-
man [45] and Washington [50].

Elliptic curves have historically played a central role in the development of public-key
cryptography. Originally, public-key cryptography was developed using discrete logarithms
over finite fields. Over time, for reasons of performance and security, elliptic curve dis-
crete logarithms replaced finite fields for most cryptographic applications. In the context
of post-quantum cryptography, the study of cryptographic algorithms resistant to quan-
tum computing attacks, discrete logarithms no longer provide any suitable foundation for
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public-key cryptography. Accordingly, researchers have turned their attention to using el-
liptic curve isogenies as a building block for developing quantum-resistant cryptosystems.
My work investigates faster ways to compute these isogenies, which could be useful in a
variety of applications.

Isogeny-based cryptography remains an active research area within post-quantum cryp-
tography. Isogeny-based schemes are generally compact with smaller key sizes than other
available quantum-resistant schemes, although computational time is relatively slower com-
pared to other post-quantum frameworks.

At this time, research in the area of isogeny-based cryptography and its applications is
still active, and the full impact of isgoeny-based cryptosystems and algorithms for isogeny
computation remains to be determined.

1.3 Contributions

The following notions of height are used in summarizing the results.

• The height of a rational number r = u/v in Q \ {0}, denoted ht(r), is the maximum
of log |u| and log v, where u ∈ Z and v ∈ N are coprime.

• The height of a polynomial with rational coefficients f ∈ Q[X1, . . . , Xn], denoted
ht(f), where v ∈ N is the smallest common denominator of its nonzero coefficients,
is the maximum of log v and the logarithms of the absolute values of the integer
coefficients of vf .

1.3.1 Bit complexity for computing one point in each connected
component of a smooth real algebraic set

In Chapter 3, I present our work giving the bit complexity of an algorithm that solves
Problem 1 when V is smooth and (n− s)-equidimensional.

The following is our main theorem.

Theorem. Let f = (f1, . . . , fs) ∈ Z[X1, . . . , Xn]
s be a sequence of polynomials with

deg(fi) ≤ d and ht(fi) ≤ b. Suppose that the ideal generated by f1, . . . , fs is radical
and that V = V (f) ⊂ Cn is smooth and equidimensional of dimension n− s. Also suppose
that 0 < ϵ < 1.

There exists a randomized algorithm that takes f and ϵ as input and produces n− s+1
zero-dimensional parameterizations, the union of whose zeros includes at least one point
in each connected component of V (f) ∩ Rn, with probability at least 1− ϵ. Otherwise, the
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algorithm either returns a proper subset of the points, or FAIL. In any case, the algorithm
uses

O∼(d3n+2s+1 log(1/ϵ)(b+ log(1/ϵ)))

bit operations. The polynomials in the output have degree at most dn+s, and height

O∼(dn+s+1(b+ log(1/ϵ))).

The work extends our analysis of the hypersurface case (On the bit complexity of finding
points in connected components of a smooth real hypersurface, ISSAC’20 ). We extend the
analysis to more general cases where the input variety is defined by the vanishing of a
set of polynomials rather than a single equation. We analyze the bit complexity, the error
probability, and provide a quantitative analysis of the genericity statements. The algorithm
is bassed on the critical point method and uses polar varieties (see Section 2.2), which we
describe using Lagrange systems, simplifying the application of techniques such as weak
transversality and an effective Nullstellensatz.

Future work. Together with Mark Giesbrecht, Edern Gillot, Mohab Safey El Din, and
Éric Schost, we are refining the bit complexity analysis and expecting an exponential speed
up with respect to the number of variables (while the overall complexity still remains
exponential). The improvement is based on tools that exploit the multi-homogeneous
structure of polynomial systems encoding critical sets (i.e. polar varieties — see Chapter
2.2 for more details on polar varieties).

1.3.2 Some applications of Chinese remainder theorem codes
with error-correction

Background and overview. Algorithms using modular techniques based on the Chi-
nese Remainder Theorem (CRT) avoid intermediate expression swell by computing modulo
a sequence of small primes

p1, p2, . . . , pη.

To recover the final result from these modular computations, CRT is applied via an explicit
isomorphism between the ring Z/MZ, where M = p1p2 · · · pη, and the product ring

Z/p1Z× · · · × Z/pηZ.

Each computation modulo pi gives a residue, and CRT guarantees a unique solution modulo
M that is congruent to each of these residues modulo pi. However, some primes may be
unlucky in the sense of resulting in incorrect results or no results at all (e.g. division by
zero). The number of these primes can be bounded by finding a nonzero U ∈ Z with the
property that all unlucky primes divide U .

6



Remark 1.3.1. One can also avoid intermediate expression swell by choosing a single large
prime equal to the total bit-size of the output. However, this approach is more computa-
tionally expensive: multi-precision arithmetic may be required, whereas using small 64-bit
primes (on a 64-bit architecture) avoids multi-precision arithmetic. Moreover, using small
primes improves complexity overall. Indeed, consider η primes of size h and an algorithm
performing T steps. With fast arithmetic a step costs h log(h) [25], giving a total cost of

TNh log(h).

Now, compare with using a single large prime of size Nh. The total cost grows to

TNh log(Nh) = TNh(log(N) + log(h)).

The small prime method also requires computations for the change of representation. How-
ever, this cost can be done in time N log2(N) (see [49]) and is not the bottleneck in most
cases of interest.

Without using error-correction, CRT-based modular algorithms require that all prime
moduli are lucky. To obtain success with high probability, larger primes may be needed,
reducing efficiency. In other words, by allowing errors, we can reduce the prime size and
improve efficiency.

In Chapter 4, using a bound H on the height of the output, and the integer U , bounding
the unlucky primes, we provide a quantitative analysis giving explicit sufficient conditions
on the number and size of the primes needed to achieve a given success probability 1− ε.

We provide two examples illustrating this approach:

1. computing lexicographic Gröbner bases in two variables, and

2. solving zero-dimensional systems of polynomial equations.

Quantitative bounds. The goal is to reconstruct a rational number r = f/g ∈ Q, with
g > 0 and f, g coprime.

• We require an upper bound that we have denoted H on the base-2 representation of
r:

log2(|f |), log2(g) ≤ H.

• For primes p ∈ N,
r(p) ∈ {0, . . . , p− 1} ∪ {∞},

where we let ∞ be a new symbol when no integer value is available. Then we say
that p is lucky if r(p) = r mod p and otherwise we say p is unlucky.

7



• We assume there are finitely many unlucky primes and let U be their product. In
addition to the output size bound H, we assume a bound C with

log2(U) ≤ C.

• Let σ be a positive integer and let

Σ = {σ, . . . , 2σ} ⊂ N.

• Assume η primes p1, . . . , pη in Σ with

η =

⌈
(2 + γ)H

log2(σ)

⌉
, (1.1)

andγ > 0 fixed. Since all chosen primes are in Σ, CRT for rational reconstruction
works error-free when η log2(σ) > 2H. With errors, a factor of 2 is too tight. However,
2+ γ is sufficient, and therefore when γ is small, modular computations are near the
error-free case.

• Define
N =

∑

1≤i≤η

log2(pi) and L =
∑

1≤i≤η
pi unlucky

log2(pi).

Pernet proved in [34, Lemma 2.5.4] that when

L < (N − 2H + 1)/2,

then, given [p1, . . . , pη] and [r(p1), . . . , r(pη)], we are able to reconstruct r. Böhm et
al. also gave similar results.

Remark 1.3.2. For the algorithms we consider, it is reasonable to assume that only finitely
many primes are unlucky. Intuitively, a prime is unlucky if it causes a division by zero or
if it changes whether a quantity is zero modulo the prime. Heuristically, with only finitely
many such quantities, there can be only finitely many unlucky primes.

Remark 1.3.3. Both H and C are problem-dependent, and in the applications we demon-
strate, we explain how we find H and C.

We give two quantitative bounds, the first uses Markov’s inequality and the second uses
Chebyshev’s inequality. They are the following.

Proposition. (Markov) Let r,H,C be as above. For ε > 0 and γ > 0, let σ be an integer
such that

σ ≥ max

(
8(2 + γ)H, 8

(
2 + γ

γ

)
C

ε

)
,

and take η as in (1.1).

Select pairwise distinct primes p1, . . . , pη independently and uniformly at random from
the set Σ = {σ, . . . , 2σ} ⊂ N. Then, with probability at least 1 − ε, given [p1, . . . , pη] and
the vector [r(p1), . . . , r(pη)], one can reconstruct r.
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Proposition. (Chebyshev) Let r,H,C be as above. For ε > 0 and γ > 0, let σ be an
integer such that

σ ≥ max

(
8(2 + γ)H, 16(γ+2)/γ, 8C

(
2 + γ

γ

)
, 2A log2(A)

)
,

with A := 128 (2+γ)
γ2

C
εH

, and take η as in (1.1). Then the conclusion of the proposition above
holds again.

The two propositions use an error-correcting CRT algorithm due to Böhm et al. [7] and
Pernet [34]; the propositions give explicit sufficient conditions on the number of primes
and their size to guarantee an arbitrary probability of success. Our derivations, to our
knowledge, while being relatively straightforward, are new.

Future work. The main application we illustrate is the solution of zero-dimensional
polynomial systems. We extend Theorem 2.1 in [19] to obtain a bound on U (all unlucky
primes divide U), which bounds the number of unlucky primes for the problem of solving
zero-dimensional polynomial systems. We would like to extend the result further by remov-
ing the assumption that the polynomial system has dimension zero. That is, assuming, as
input, we are given polynomials f = (f1, . . . , fs) in Z[X1, . . . , Xn], our goal is to compute
a description of the zero-dimensional component of V (f), the isolated solutions of f . The
open problem is obtaining a bound on U in this more general context.

1.3.3 Bit-size estimates for computing roadmaps in smooth bounded
real hypersurfaces

In Chapter 5, we give bit-size estimates for computing roadmaps of V ∩ Rn, Problem 2,
when V defines a closed and bounded hypersurface.

The algorithm was given by Safey El Din and Schost in [42] (A baby steps/giant steps
probabilistic algorithm for computing roadmaps in smooth bounded real hypersurface). Al-
gebraic complexity was given, and bit complexity was left for future work. The algorithm
also uses random coordinate changes to establish genericity properties. For a degree d,
square-free polynomial f in Q[X1, . . . , Xn] with

1. V (f) ⊂ Cn smooth, and

2. V (f) ∩ Rn bounded,

the main result roughly states: there exists a randomized algorithm that, upon success,
if all genericity properties are satisfied, computes a roadmap of V (f) after performing
(nd)O(n1.5) arithmetic operations. Assuming bounds on:
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1. the height of f , and

2. the height of entries in the changes of coordinates we apply to f ,

we give bit-size estimates showing that the height of the output follows the same order of
complexity.

This algorithm is again based on the critical point method (see Section 2.2). Critical
point sets of projection mappings on the hypersurface are calculated to extract connectivity
information. We represent these critical sets, polar varieties, through Lagrange systems. By
using the Lagrangian formulation, we obtain equations that are a complete intersection. We
are then able to apply techniques from intersection theory that incorporate the arithmetic
Chow ring (see [16]), which we use to obtain our height bounds.

Data structures. The output of the main algorithm is a data structure representing
an algebraic curve called a one-dimensional parameterization. Let C ⊂ Cn be a one-
dimensional algebraic set defined over Q. A one-dimensional parametrization

Q = ((q, v1, . . . , vn), (λ, λ
′)),

is a data structure consisting of

• bi-variate polynomials (q, v1, . . . , vn) ∈ Q[T, U ], q square-free and monic in T and U ,
with GCD(q, v1) = 1 and deg(vi) < deg(q);

• linear forms λ = λ1X1 + . . .+ λnXn, and λ
′ = λ′1X1 + . . .+ λ′nXn with

–

λ(v1, . . . , vn) = T
∂q

∂T
mod q;

–

λ′(v1, . . . , vn) = U
∂q

∂T
mod q.

Then C is the Zariski closure

Z(Q) :=

{(
v1(τ, ρ)

∂q/∂T (τ, ρ)
, . . . ,

vn(τ, ρ)

∂q/∂T (τ, ρ)

)
∈ Qn | q(τ, ρ) = 0,

∂q

∂T
(τ, ρ) ̸= 0

}
.

Main result. The algorithm uses a finite set of control points P included in the input
along with V which are a subset of V . These points are used to test if the points of P are
connected on V ∩ Rn.

Our main result is the following.
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Theorem. Consider a square-free polynomial f in Q[X1, . . . , Xn] of degree d and height
h, such that

1. V (f) ⊂ Cn is smooth, and

2. V (f) ∩ Rn is bounded.

Also let P be a set of control points of degree d and height h. Then, upon success, if all
genericity properties are satisfied, the height of the one-dimensional parameterization of
the roadmap of (V (f),P) in the output of [42, MainRoadmap] is

O∼
(
hd24n

3/2

+ d(h+ hA + hu + hA−1)d30n
3/2+1

)

where

• hA bounds the height of entries in the change of coordinates matrix A;

• hu bounds the height of the coefficients in the linear forms of the Lagrange systems;

• hA−1 bounds the height of entries in the inverse change of coordinates matrix A−1.

Future work. We aim to fully analyze the bit complexity of the algorithm which requires
the following steps.

1. We aim to give quantitative versions of the genericity statements. By quantitative,
this means bounding the degrees of hypersurfaces containing changes of coordinates
we need to avoid in order to establish genericity. We can reuse the analysis from
Chapter 3 in analyzing Noether position and transversality, but now we also need
to take into account singular points. Furthermore, an additional genericity property
needs to be analyzed which is not in Chapter 3. We can revisit the proof in [40,
Appendix D] which shows the property holds in generic coordinates, and extend the
result to obtain a quantitative version.

This analysis would obtain bounds for hA and hu.

2. The subroutines need to be analyzed and given modular extensions. The work in
Chapter 4 can be used for solving zero-dimensional polynomial systems, and the
bit-size estimates from [15, Theorem 1] can be used for bounding the height of data
structures for solving one-dimensional polynomials systems. However, there are a
number of additional subroutines that also need to be analyzed.
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1.3.4 Computing 2a-isogenies in Legendre form

We introduce a method for efficiently computing 2a-isogenies in Legendre form with applica-
tions in post-quantum cryptography (e.g. the Charles-Goren-Lauter (CGL) hash function
[13, 17]).

Legendre form has a simple defining equation, and the simplest possible representation
of the 2-torsion subgroup, making this family of curves particularly interesting to study. As
far as we know, elliptic curves in Legendre form had not yet been explored for isogeny-based
cryptography at the time of writing.

Isogeny computation generally uses elliptic curves in Montgomery form, including the
original work on supersingular isogeny diffie-hellman (SIDH) by Jao, De Feo and Plût [29]
and the most recent implementation of Supersingular Isogeny Key Encapsilation (SIKE)
[27].

Remark 1.3.4. SIDH is a key exchange algorithm proposed by Jao and De Feo 2011 [28].
It was conjectured to be post-quantum secure. However, it was broken in 2022 by Castryck
and Descru [10]. Our isogeny computation builds on the SIDH framework, and we reference
SIDH throughout the paper using the same terminology.

In Chapter 6, we develop a new framework for constructing 2a-isogenies using elliptic
curves in Legendre form. We provide a detailed description of how a degree 2a isogeny can
be constructed between elliptic curves in Legendre form with applications in isogeny-based
cryptography (i.e. the CGL hash function [13, 17]). The work derives several results for
elliptic curves in Legendre form and degree 2 isogenies between curves in Legendre form.

The naive construction of a degree 2 isogeny between Legendre curves requires com-
puting a square root. We avoid the square root computation using an order 4 point above
the kernel generator. We also describe how to convert between Montgomery and Legendre
form giving explicit isomorphisms.

Future work. We compute the isogeny through the SIDH framework. Let φ be the
target 2a-isogeny. The construction proceeds with a sequence of 2-isogenies φi : Ei → Ei+1

with ker(φi) = ⟨Ri⟩. The points Ri are computed through strategy traversal, which is a
costly task and serving only to construct φi.

However, Ri has a simple form: each Ri is a nontrivial 2-torsion point on the curve Ei,
and when Ei is a Legendre curve Lλi

, then

Lλi
[2] = {O, (0, 0), (1, 0), (λ, 0)}

for a parameter λ defining the Legendre curve.

Since the 2-torsion of Legendre curves is known in advance and is identical for all
curves, one may consider an alternative approach for constructing the isogeny φ. If each
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φi is constructed with Ri chosen as (0, 0) or (1, 0) (we explain in Chapter 6 how to avoid
the (λ, 0) case), then the value of each Ri is a bit βi with Ri = (βi, 0). Therefore, one could
use some bitstring (β1, . . . , βe) and choose to use the value of Ri = (βi, 0) for each kernel
generator rather than derive Ri through strategy traversal. This would have the effect of
skipping strategy traversal altogether—improving efficiency by a O(log d) factor where d
is the tree depth in the strategy traversal—since all points Ri are known from the start.

1.4 Overview of thesis

In Chapter 2, we provide preliminaries on algebraic sets and polar varieties. In Chapter
3, we present our work on analyzing the bit complexity for computing one point in each
connected component of a smooth real algebraic set. In Chapter 4, we present our work
on Chinese Remainder Theorem codes with error correction. In Chapter 5, we give bit-
size estimates for computing roadmaps in smooth bound real hypersurfaces. Finally, in
Chapter 6, we present our work on computing 2a-isogenies in Legendre form.
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Chapter 2

Preliminaries

Let Q,R, and C denote the sets of rational, real, and complex numbers, and let Z denote
the integers.

2.1 Algebraic sets

Let f = (f1, . . . , fs) be a sequence of polynomials in C[X1, . . . , Xn]. The algebraic set
V = V (f) associated with f is the set of common zeros:

{(x1, . . . , xn) ∈ Cn | f1(x1, . . . , xn) = · · · = fs(x1, . . . , xn) = 0} .

In this work, we use the terms algebraic set and variety interchangeably.

For an algebraic set V ⊂ Cn, the set of polynomials in C[X1, . . . , Xn] that vanish on
every point of V ,

{f ∈ C[X1, . . . , Xn] | f(x1, . . . , xn) = 0, ∀(x1, . . . , xn) ∈ V } ,

denoted I(V ), is called the ideal of V .

For more preliminaries on algebraic sets see for instance [14, 44].

Irreducibility. An algebraic set V ⊂ Cn is irreducible if it cannot be written as the
union of two proper algebraic subsets. That is, V is irreducible if

V = V1 ∪ V2 implies that either V = V1 or V = V2.

If V ⊂ Cn is an algebraic set then V can be uniquely decomposed into a finite union of
irreducible components:

V = V1 ∪ V2 ∪ · · · ∪ Vr,
where each Vj is irreducible.
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Dimension. We let dim(V ) denote the dimension of an algebraic set V ⊂ Cn; it can be
defined as the unique integer d with

V ∩H1 ∩ · · · ∩Hd

finite but not empty, for a generic choice of hyperplanes H1, . . . , Hd. The codimension of
V is n− dim(V ).

An algebraic set V is equidimensional if each of its irreducible components has the same
dimension; if each component has dimension d, then we say that V is d-equidimensional.

Regular sequences. Consider a sequence of polynomials f = (f1, . . . , fs) in C[X1, . . . , Xn]
and let V = V (f) ⊂ Cn be their corresponding algebraic set. Then, f is a reduced regular
sequence when: for i = 1, . . . , s, the ideal

⟨f1, . . . , fi⟩ ⊂ C[X1, . . . , Xn]

is radical and
V (⟨f1, . . . , fi⟩) ⊂ Cn

has dimension n − i. If the radicality assumption is dropped, then f is simply called a
regular sequence.

An algebraic set V ⊂ Cn is a complete intersection when its defining ideal I ⊂
C[X1, . . . , Xn] is generated by a regular sequence f1, . . . , fs of polynomials with dim(V ) =
n− s.

In Chapters 3 and 5 we use Lagrange systems describing higher-dimensional critical
point sets (see polar varieties next in Section 2.2). We use the Lagrangian formulation
because the resulting polynomial equations define a complete intersection, and our methods
rely on this structure. See [20] for more details on regular sequences.

Degree. Let V be an irreducible algebraic set. The degree of V is the number of inter-
section points with dim(V ) generic hyperplanes, and the degree of a reducible variety is
the sum of the degrees of its irreducible components.

Tangent spaces and singular points. Consider a d-equidimensional algebraic set V ⊂
Cn. The Zariski tangent space to V at a point x ∈ V is the vector space TxV defined by
equations

∇f(x) · v = 0,∀f ∈ I(V ), v ∈ Cn×1,

where ∇f(x) is the gradient of f evaluated at x.

Remark 2.1.1. We also write
∇(X1,...,Xn)f

when we want to explicitly state the variables of differentiation.
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A point x ∈ V is a regular point when

dim(TxV ) = d,

and otherwise a singular point. The set of regular points of V is denoted reg(V ), and the
set of singular points of V is denoted sing(V ). If sing(V ) is empty then we say that V is
smooth.

Proposition 2.1.2. (Jacobian Criterion) If V ⊂ Cn is d-equidimensional and has defining
ideal I(V ) generated by polynomials

g = (g1, . . . , gs) ∈ C[X1, . . . , Xn]
s,

then for x ∈ reg(V ), the Jacobian matrix jacx(g) has full rank n − d, and its kernel is
equal to TxV .

Proof. See [20, Corollary 16.20].

Noether position. Consider a sequence of polynomials f = (f1, . . . , fs) in C[X1, . . . , Xn]
defining a d-equidimensional algebraic set V ⊂ Cn. Also consider the projection

πi : Cn → Ci

(x1, . . . , xn) 7→ (x1, . . . , xi),

for i ∈ {1, . . . , n− s+ 1}. Then, V is in Noether position for πd if the field extension

C[X1, . . . , Xd]→ C[X1, . . . , Xn]/I(V )

is integral. Consequently, for any choice of (β1, . . . , βd) ∈ Cd, the fiber

V ∩ π−1
d (β1, . . . , βd)

is finite and non-empty.

Genericity and changes of coordinates. Denote by GL(n) the set of n×n invertible
matrices. Also denote by GL(n, e) the subset of matrices in GL(n) which leave the first e
coordinates invariant and act only on the last n− e.

Consider an algebraic set V ⊂ Cn, and a matrix A ∈ GL(n,Q). Let V A denote the
image of V under the map

x→ A−1x.

For f ∈ C[X1, . . . , Xn], let f
A denote the polynomial f(AX), whereX is the column vector

[X1 · · ·Xn]
⊥. Considering a sequence of polynomials f = (f1, . . . , fs) in C[X1, . . . , Xn], let

fA denote the subset {fA | f ∈ f}. Notice

V (f)A = V (fA).
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The algorithms we consider in Chapters 3 and 5 require that the input satisfy certain
geometric properties in generic coordinates. We ensure these properties through applying
a randomly chosen change of coordinates to the input polynomial system. Generic means
there exists a non-empty Zariski open subset O ⊂ Cn×n such that if A ∈ O, then V A has
the desired geometric properties.

2.2 Polar varieties

The critical point method uses polar varieties to identify and analyze critical points of pro-
jection mappings. These critical points are then used to extract connectivity information.
Polar varieties are fundamental to the algorithms covered in Chapters 3 and 5.

Background. Polar varieties are higher-dimensional critical loci. They were first in-
troduced in the 1930’s for the purpose of defining characteristic classes (see [35, 47]).
Since then, polar varieties have played an important role in effective real algebraic geom-
etry where they are used as tools for algorithm design and complexity improvements (see
[3, 4, 21, 39]).

Consider a sequence of polynomials f = (f1, . . . , fs) in C[X1, . . . , Xn] defining an alge-
braic set V = V (f) ⊂ Cn. For i ∈ {1, . . . , n− s+1}, let πi denote the canonical projection

Cn → Ci

(x1, . . . , xn) 7→ (x1, . . . , xi).

A point x ∈ V is a critical point if the dimension of πi(TxV ) is less than i, where TxV
denotes the tangent space of V at x. The i-th open polar variety

W o(πi, V ) := {x ∈ reg(V ) | dim(πi(TxV )) < i}
is the set of critical points of πi on the regular points of V . Then, the i-th polar variety is
the Zariski closure ofW ◦(πi, V ) which we denote asW (πi, V ), and K(πi, V ) is the union of
W ◦(πi, V ) and sing(V ). Moreover, K(πi, V ) is an algebraic set that also containsW (πi, V ).
Therefore we have that

W ◦(πi, V ) ⊂ W (πi, V ) ⊂ K(πi, V ).

When V is smooth, these three sets coincide. In what follows assume V is smooth.

Determinantal modeling. Polar varieties arise from Jacobian rank conditions and
therefore can also be described as determinantal varieties. Consider the Jacobian matrix

jac(f) =




∂f1
∂X1

. . . ∂f1
∂Xn

...
...

∂fs
∂X1

. . . ∂fs
∂Xn


 .
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Recall the i-th polar variety, W (πi, V ), is the set of critical points of πi on V. These points
correspond to having the truncated Jacobian matrix

jac(f , i) =




∂f1
∂Xi+1

. . . ∂f1
∂Xn

...
...

∂fs
∂Xi+1

. . . ∂fs
∂Xn


 ,

rank deficient, implying that the maximal, s-minors vanish. Let

Minors(f , s) = (Mi,1, . . . ,Mi,Si
)

be the minors of size s of jac(f , i), where

Si =

(
s

s

)(
n− i
s

)
=

(
n− i
s

)
.

Proposition 2.2.1. Consider f = (f1, . . . , fs) in C[X1, . . . , Xn]. If the ideal defined by f
is radical and V = V (f) is smooth, then the polar variety

W (πi, V ) = {x ∈ V | dimπi(TxV ) < i}

is defined by the vanishing of f and Minors(f , s).

Proof. See [22].

Consequently, when f = (f) and V = V (f) is a hypersurface then it follows from
Proposition 2.2.1 that the equations defining the polar variety conveniently simplify into a
regular sequence. The polar variety W (πi, V (f)) is then defined by the vanishing of f and
its partial derivatives: (

f,
∂f

∂Xi+1

, . . . ,
∂f

∂Xn

)
.

Consider the following example.

Example 2.2.2. Consider a polynomial

f = X2
1 +X2

2 +X2
3 − 1 ∈ C[X1, X2, X3]

and consider the hypersurface

V = V (X2
1 +X2

2 +X2
3 − 1) ⊂ C3.

The second polar variety is the set of critical points of the projection

π2 : C3 → C2

(x1, x2, x3) 7→ (x1, x2)
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on V (f), defined by

V

(
f,

∂f

∂X3

)
.

Therefore, the second polar variety W (π2, V (f)) is defined by those points where

X2
1 +X2

2 +X2
3 − 1 = X3 = 0.

The first polar variety is the set of critical points of the projection

π2 : C3 → C
(x1, x2, x3) 7→ (x1)

on V (f) are defined by

V

(
f,

∂f

∂X2

,
∂f

∂X3

)
.

The first polar variety W (π1, V (f)) is therefore defined by those points where

X2
1 +X2

2 +X2
3 − 1 = X2 = X3 = 0.

Refer to Figure 2.1, which illustrates the real points of the polar varieties W (π1, V (f)) and
W (π2, V (f)) which respectively correspond to the critical points of projections onto a line
and a plane.

(a) W (π1, V (X2
1 +X2

2 +X2
3 − 1)) (b) W (π2, V (X2

1 +X2
2 +X2

3 − 1))

Figure 2.1: The algebraic set V is defined by the points where X2
1 +X2

2 +X2
3 − 1 = 0, the

3-sphere. On the left, the red points correspond to the first polar W (π1, V ). On the right,
the red circle corresponds to the second polar W (π2, V ). Notice W (π1, V ) ⊂ W (π2, V ).

19



Lagrangian modeling. Unfortunately, (except for the hypersurface case) the equations
in the determinantal modeling of polar varieties are not guaranteed to be a regular sequence.
There are too many equations. Indeed, when n − i ∼ 2s, the length of the sequence of
minors, Minors(f , s), is

Si =

(
n− i
s

)
∼ 2n−i+1.

To address this challenge, we adopt an alternative modeling of polar varieties intro-
ducing Lagrange multipliers. Rather than explicitly representing the polar variety W in
Cn, we construct an algebraic set W in a higher-dimensional space Cn × Cs, for s > 0,
which then maps ontoW : the polar varietyW is the Zariski closure of the projection of W
onto Cn, and W is expected to be a complete intersection in generic coordinates. The La-
grange multipliers L1, . . . , Ls, are introduced through a system of homogeneous equations
in L1, . . . , Ls, along with an affine linear form to dehomogenize them.

Definition. Let L = (L1, . . . , Ls) be new indeterminants. Then Lagrange(f , i, (L1, . . . , Ls))
denotes the entries of the vector

[L1 · · ·Ls] · jac(f , i),

where the Jacobian is in the variables (Xi+1, . . . , Xn).

We want to enforce that l = (0, . . . , 0) is not included in any solutions; we add an affine
linear form

s∑

i=1

ui · Li − 1

to dehomogenize them, for a randomly chosen point u = (u1, . . . , us) ⊂ Cs. We let
Wu(πi, V ) denote the variety

V

(
f ,Lagrange(f , i, (L1, . . . , Ls)),

s∑

i=1

ui · Li − 1

)
⊂ Cn+s,

again in indeterminants X = (X1, . . . , Xn) and L = (L1, . . . , Ls). We further let Iu(i,f)
denote the polynomials

(
f ,Lagrange(f , i, (L1, . . . , Ls)),

s∑

i=1

uiLi − 1

)

in C[X1, . . . , Xn, L1, . . . , Ls]
s+n−i+1, for u = (u1, . . . , us) ∈ Cs.

From Proposition 3.1 given in Chapter 3, for polynomials f = (f1, . . . , fs) in C[X1, . . . , Xn]
and u ∈ Cs chosen generically,

πX

(
Wu(πi, V (f))

)
= W (πi, V (f)),

for i ∈ {1, . . . , n− s+ 1}.
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Example 2.2.3. Consider again Example 2.2.2, but this time with the Lagrangian formu-
lation. Consider again the polynomial

f = X2
1 +X2

2 +X2
3 − 1 ∈ C[X1, X2, X3]

and the sphere
V
(
X2

1 +X2
2 +X2

3 − 1
)
⊂ C3.

Since
jac(X2

1 +X2
2 +X2

3 − 1, 2) = 2X3,

the Lagrange system defines the variety

V (X2
1 +X2

2 +X2
3 − 1, LX3, L− 1) = V (X2

1 +X2
2 − 1, X3, L− 1).

The equations on the right hand side are a lexicographically ordered Gröbner basis of the
ideal

⟨X2
1 +X2

2 +X2
3 − 1, LX3, L− 1⟩.

Therefore
πX
(
V
(
X2

1 +X2
2 − 1, X3, L− 1

))

describes the set where
X2

1 +X2
2 +X2

3 − 1 = X3 = 0

and therefore describes the polar variety W (π2, V (f)).
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Chapter 3

Bit complexity for computing one
point in each connected component
of a smooth real algebraic set
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Bit complexity for computing one point in each
connected component of a smooth real algebraic set

Jesse Elliott, Mark Giesbrecht, Éric Schost
David R. Cheriton School of Computer Science, University of Waterloo, On, Canada

Overview

We analyze the bit complexity of an algorithm for the computation of at least
one point in each connected component of a smooth real algebraic set. This work
is a continuation of our analysis of the hypersurface case (On the bit complexity of
finding points in connected components of a smooth real hypersurface, ISSAC’20). In
this paper, we extend the analysis to more general cases.

Let F = (f1, . . . , fp) in Z[X1, . . . , Xn]p be a sequence of polynomials with V =
V (F ) ⊂ Cn a smooth and equidimensional variety and 〈F 〉 ⊂ C[X1, . . . , Xn] a radical
ideal. To compute at least one point in each connected component of V ∩Rn, our start-
ing point is an algorithm by Safey El Din and Schost (Polar varieties and computation
of one point in each connected component of a smooth real algebraic set, ISSAC’03).
This algorithm uses random changes of variables that are proven to generically ensure
certain desirable geometric properties. The cost of the algorithm was given in an alge-
braic complexity model; here, we analyze the bit complexity and the error probability,
and we provide a quantitative analysis of the genericity statements. In particular, we
are led to use Lagrange systems to describe polar varieties, as they make it simpler to
rely on techniques such as weak transversality and an effective Nullstellensatz.

Keywords— Real algebraic geometry; weak transversality; Noether position; com-
plexity

1 Introduction

Background and problem statement. Computing one point in each connected com-
ponent of a real algebraic set S is a basic subroutine in real algebraic and semi-algebraic
geometry; it is also useful in its own right, since it allows one to decide if S is empty or not.

We consider the case where S is given as S = V ∩ Rn, where V = V (F ) ⊂ Cn is a com-
plex algebraic set defined by a sequence of polynomials F = (f1, . . . , fp) in Z[X1, . . . , Xn]p.
Algorithms for this task have been known for decades, and their complexity is to some extent
well understood. Suppose that all fi’s have degree at most d, and coefficients of bit-size at
most b. Without making any assumption on these polynomials, the algorithm given in [8,
Section 13.1] solves our problem using dO(n) operations in Q; in addition, the output of the
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algorithm is represented by polynomials of degree dO(n), with coefficients of bit-size hdO(n).
The key idea behind this algorithm goes back to [22]: sample points are found through the
computation of critical points of well-chosen functions on V .

The number of connected components of V admits the lower bound dΩ(n), so up to
polynomial factors this result is optimal. However, due to the generality of the algorithm,
the constant hidden in the exponent O(n) in its runtime turns out to be rather large: the
algorithm relies on infinitesimal deformations, that affect runtime non-trivially.

In this paper, we will work under the additional assumption that V = V (f1, . . . , fp) is a
smooth complex algebraic set, equidimensional of dimension δ = n − p, and that f1, . . . , fp
generate a radical ideal (we explain these terms in the next section). We place ourselves in
the continuation of the line of work initiated by [5]: that reference deals with cases where
V is a smooth hypersurface and V ∩ Rn is compact, pointing out how polar varieties (that
were introduced in the 1930’s in order to define characteristic classes [32, 41]) can play a
role in effective real geometry. This paper was extended in several directions: to V being a
smooth complete intersection, still with V ∩ Rn compact [6], then without the compactness
assumption [35, 7]; the smoothness assumption was then partly dropped in [2, 4].

Our starting point is the algorithm in [35], whose assumptions are slightly more general
than ours (V is not required to have dimension δ = n− p). In the cases we consider in this
paper, its runtime is

(
n
p

)
2+o(1)d(4+o(1))n operations in Q. As with many results in this vein,

the algorithm is randomized, as we need to assume that we are in generic coordinates; this
is done by applying a random change of coordinates prior to all computations. In addition,
the algorithm relies on procedures for solving systems of polynomial equations that are
themselves randomized. Altogether, we choose nO(1) random vectors, each of them in an
affine space of dimension nO(1); every time a choice is made, there exists a hypersurface of
the parameter space that one has to avoid in order to guarantee success. In this paper, we
revisit this algorithm, modify it in part, and give a complete analysis of its probability of
success and its bit complexity.

This work is a continuation of the analysis of the hypersurface case that we gave in [17]
(that is, the case p = 1). A very useful property in the hypersurface case is that polar
varieties can be described by straightforward equations (the partial derivatives of the input
polynomial) that form a regular sequence, at least in generic coordinates. In higher codi-
mension, this is not the case anymore: the natural description of polar varieties now involves
minors of the Jacobian matrix of the input equations (this is the approach used in [35]).
The resulting equations are in general not a complete intersection anymore, which makes it
impossible to extend directly several arguments we used in [17].

Our solution is to use a description of polar varieties by means of so-called Lagrange
equations. These equations are complete intersections (in generic coordinates), but they
involve more variables. As such, they describe algebraic sets that cover polar varieties; we
will discuss in detail the relationship between these two presentations, using in particular
several results from [3, 37].
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Data structures. The output of the algorithm is a finite set in Qn. To represent it, we
rely on a widely used data structure based on univariate polynomials [28, 29, 18, 21, 1, 19,
20, 33]. For a zero-dimensional algebraic set S ⊂ Cn defined over Q, a zero-dimensional
parameterization Q = ((q, v1, . . . , vn), λ) of S consists in polynomials (q, v1, . . . , vn), such
that q ∈ Q[T ] is monic and squarefree, all vi’s are in Q[T ] and satisfy deg(vi) < deg(q), and
in a Q-linear form λ in variables X1, . . . , Xn, such that

• λ(v1, . . . , vn) = Tq′ mod q;

• we have the equality S =
{(

v1(τ)
q′(τ)

, . . . , vn(τ)
q′(τ)

)
| q(τ) = 0

}
.

The constraint on λ says that the roots of q are the values taken by λ on S. The param-
eterization of the coordinates by rational functions having q′ as a denominator goes back
to [28, 29]: as pointed out in [1], it allows one to control precisely the size of the coefficients
of v1, . . . , vn.

Main result. To state our main result, we need to define the height of a rational number,
and of a polynomial with rational coefficients.

The height of a non-zero a = u/v ∈ Q is the maximum of ln(|u|) and ln(v), where u ∈ Z
and v ∈ N are coprime. For a polynomial f with rational coefficients, if v ∈ N is the minimal
common denominator of all non-zero coefficients of f , then the height ht(f) of f is defined
as the maximum of the logarithms of v and of the absolute values of the coefficients of vf .

Theorem 1.1. Let F = (f1, . . . , fp) ∈ Z[X1, . . . , Xn]p be a sequence of polynomials with
deg(fi) ≤ d and ht(fi) ≤ b. Suppose that the ideal generated by f1, . . . , fp is radical and
that V = V (F ) ⊂ Cn is smooth and equidimensional of dimension n− p. Also suppose that
0 < ε < 1.

There exists a randomized algorithm that takes F and ε as input and produces n− p+ 1
zero-dimensional parameterizations, the union of whose zeros includes at least one point in
each connected component of V (F ) ∩ Rn, with probability at least 1 − ε. Otherwise, the
algorithm either returns a proper subset of the points, or FAIL. In any case, the algorithm
uses

O∼(d3n+2p+1 log(1/ε)(b+ log(1/ε)))

bit operations. The polynomials in the output have degree at most dn+p, and height

O∼(dn+p+1(b+ log(1/ε))).

Remark 1.2. When d = 2, that is, in the quadratic case, we obtain notably better complexity
(see Section 9.2 for details). We thank Mohab Safey El Din for pointing this out to us.

Here we assume that F is given as a sequence of polynomials in dense representation.
Following references such as [21, 19, 20, 5, 35], it would be possible to refine the runtime esti-
mate by assuming that F is given by a straight-line program (that is, a sequence of operations
+,−,× that takes as input X1, . . . , Xn and evaluates F ). Any polynomial of degree d in n
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variables can be computed by a straight-line program that does O(dn) operations: evaluate
all monomials of degree up to d in n variables, multiply them by their respective coefficients
and sum the results. However, some inputs may be given by a shorter straight-line program,
and the algorithm would actually benefit from this.

The algorithm itself is rather simple. To describe it, we need to define polar varieties,
which will play a crucial role in this paper. Let V = V (F ), for F = (f1, . . . , fp) as in the
theorem. For i ∈ {1, . . . , n − 1}, denote by πi : Cn → Ci the projection (x1, . . . , xn) 7→
(x1, . . . , xi). The i-th polar variety

W (i, F ) := {x ∈ V | dim πi(TxV ) < i}

is the set of critical points of πi on V . We will recall below that it is defined by the vanishing
of all p-minors Mi,1, . . . ,Mi,Si

of the last n− i columns of the Jacobian matrix of F , together
with the equations F themselves (here, Si is simply the binomial number

(
n−i
p

)
).

In general, we cannot say much about the geometry of W (i, F ), but if we apply a generic
change of coordinates A to F , then W (i, F ) is known to be equidimensional of dimension
(i− 1) or empty [5, 3, 37], and to be in so-called Noether position [35] (background notions
in algebraic geometry are in [30, 39, 16]; we will recall key definitions). If this is the case,
the algorithm in [35] chooses arbitrary σ1, . . . , σn−1 in Q and solves the systems defined by

X1 − σ1 = · · · = Xi−1 − σi−1 = f1 = · · · = fp = Mi,1 = · · · = Mi,Si
= 0 (1)

for i = 1, . . . , n − p + 1. They all admit finitely many solutions, and Theorem 2 in [35]
proves that the union of their solution sets contains one point on each connected component
of V ∩ Rn.

One of our contributions is to analyze precisely what conditions on the change of coor-
dinates A guarantee success. This is done by revisiting the key ingredients in the proofs
given in [3, 35], and giving quantitative versions of these results, bounding the degrees of
the hypersurfaces we have to avoid.

We actually do not solve the equations (1), since the (large) number of minors Si makes
this analysis difficult. Instead, we replace (1) by equations involving Lagrange multipliers.
Proving correctness requires us to guarantee further genericity properties, but once this is
done, we can rely on the algorithm in [38] to solve these equations, for which a complete bit
complexity analysis is available.

Further work. This paper is an extension of [17], where the analysis was done for the
hypersurface case. In addition, this work should also be seen as a step toward the analy-
sis of further randomized algorithms in real algebraic geometry. In particular, randomized
algorithms for deciding connectivity queries on smooth, compact algebraic sets have been de-
veloped in a series of papers [36, 9], and could be revisited using the techniques introduced
here. The techniques would apply to algorithms in real algebraic geometry where transver-
sality or Noether position are required geometric properties established by a random change
of coordinates.
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Outline. The next section summarizes the main concepts from algebraic geometry needed
in this paper. In Section 3, we compare the descriptions of determinantal varieties by the
vanishing of matrix minors, and through the use of Lagrange multipliers; these results, while
rather simple, are used throughout. A first application is in Section 4, where we give a
quantitative form of Thom’s “weak transversality lemma”.

Section 5 introduces polar varieties and discusses the algorithm sketched above and the
genericity conditions required for it to succeed. These conditions are studied in detail in
Sections 6, 7 and 8; this allows us to complete the analysis of the algorithm in Section 9,
thereby proving Theorem 1.1.

2 Preliminaries

In this section, we gather several basic definitions and properties of algebraic sets and locally
closed sets. General references for this material are [30, 39, 16].

Algebraic sets. An algebraic set V ⊂ Cn is the set of common zeros of an ideal I in
C[X1, . . . , Xn]. Conversely, the ideal of a subset V of Cn, that is, the set of polynomials in
C[X1, . . . , Xn] that vanish at all points of V , is called the ideal of V ; this is a radical ideal,
which we write I(V ).

The smallest algebraic set containing an arbitrary set Y is called the Zariski closure of
Y and written Y .

Irreducible decomposition. An algebraic set V ⊂ Cn is irreducible when V = V1 ∪ V2,
with V1, V2 algebraic sets, implies V = V1 or V = V2; this is the case if and only if I(V )
is prime. An algebraic set V ⊂ Cn can be decomposed into a finite union of irreducible
algebraic sets

V = V1 ∪ V2 ∪ · · · ∪ Vr,
with Vi 6⊂ Vj for all i 6= j. The sets V1, . . . , Vr are called the irreducible components of V ;
they are uniquely defined, up to order. In terms of ideals, I(V ) being radical, it admits
a decomposition as an irredundant intersection of prime ideals I1, . . . , Ir; the irreducible
algebraic sets V (I1), . . . , V (Ir) are the irreducible components of V .

Dimension. The dimension of an algebraic set V ⊂ Cn, denoted dim(V ), can be defined
as the unique integer d such that V ∩ H1 ∩ · · · ∩ Hd is finite, but not empty, for a generic
choice of hyperplanes H1, . . . , Hd. The codimension of V is n− dim(V ).

An algebraic set V is equidimensional if each of its irreducible components has the same
dimension; if each component has dimension d then we say that V is d-equidimensional.

Degree. We use the definition of degree from [24]: the degree deg(V ) of an irreducible
algebraic set V is the number of intersection points between itself and dim(V ) generic hy-
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perplanes, and the degree of an arbitrary algebraic set is defined as the sum of the degrees
of its irreducible components.

The degree of a hypersurface defined by a squarefree polynomial f is deg(f). We par-
ticularly care about algebraic sets of dimension zero; by definition, these sets are finite and
their degree is equal to their cardinality.

We will often apply the Bézout bound from [24, Theorem 1], which says that deg(V ∩V ′) ≤
deg(V ) deg(V ′) holds for all algebraic sets V, V ′. A last useful property is that for any linear
mapping ψ : Cn → Cm, deg(ψ(V )) ≤ deg(V ).

Noether position. Suppose that the ambient dimension n is fixed. For i in {1, . . . , n},
let πi denote the projection

Cn → Ci

(x1, . . . , xn) 7→ (x1, . . . , xi).

A d-equidimensional algebraic set V ⊂ Cn is in Noether position for the projection πd when
the extension

C[X1, . . . , Xd]→ C[X1, . . . , Xn]/I(V )

is injective and integral; here, I(V ) ⊂ C[X1, . . . , Xn] is the defining ideal of V . It is then a
consequence that for any x in Cd, the fiber V ∩ π−1

d (x) has dimension zero and is thus finite
and not empty.

Gradient vectors and Jacobian matrices. The gradient vector of a polynomial f ∈
C[X1, . . . , Xn] is written grad(f) ∈ C[X1, . . . , Xn]1×n (so this is a row vector). Most of the
time, the variables with respect to which we differentiate are clear from the context, but we
may write gradX(f) for clarity, with X = X1, . . . , Xn.

The Jacobian matrix of polynomials F = f1, . . . , fs is the s × n matrix jac(F ), with
∂fi/∂Xj at entry (i, j), for 1 ≤ i ≤ s and 1 ≤ j ≤ n. As we do for gradients, we will write
jacX(F ) if we want to highlight what variables we differentiate with respect to.

Given x in Cn, we then write grad(f,x), resp. jac(F,x), for the evaluation of respectively
grad(f) and jac(F ) at x.

Tangent spaces, regular and singular points. Assume that V ⊂ Cn is a d-equidimen-
sional algebraic set. The Zariski-tangent space to V at x ∈ V is the vector space TxV ⊂ Cn

defined by the equations

grad(g,x) · v = 0 for all g ∈ I(V ), v ∈ Cn×1.

Then, the point x ∈ V is a regular point (or non-singular) if dim(TxV ) = d; otherwise, x
is a singular point. We let reg(V ) and sing(V ) respectively denote the regular and singular
points of V ; when the latter is empty, we say that V is smooth. If I(V ) is generated by
polynomials G = (g1, . . . , gs) ∈ C[X1, . . . , Xn]s, then at any point x of reg(V ), the Jacobian
matrix jac(G,x) has rank n− d and the right kernel of jac(G,x) is TxV.
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Changes of variables. For a matrix A in Cn×n and a polynomial g in C[X1, . . . , Xn], we
write

gA := g(AX) ∈ C[X1, . . . , Xn],

where X is the column vector with entries X1, . . . , Xn. Similarly, for a sequence of poly-
nomials G = (g1, . . . , gs) in C[X1, . . . , Xn]s, we write GA =

(
gA1 , . . . , g

A
s

)
. For an alge-

braic set V ⊂ Cn and a matrix A ∈ GL(n), we define V A as the image of V by the map
φA : x 7→ A−1x. Notice in particular that V (GA) = φA(V (G)) = V (G)A.

Locally closed sets. We will also need to work with locally closed sets: we say that
Y ⊂ Cn is locally closed if we can write it as Y = V − V ′, for some algebraic sets V, V ′.

The notions of dimension and equidimensionality carry over to this context (they are
defined through the Zariski closure of Y ), as does that of tangent space: for x in Y , we
set TxY = TxV (this is independent of the choice of V, V ′ in the definition above). If Y
is equidimensional, as we did for algebraic sets, we can then define the regular points (or
non-singular points) of Y as those points at which the tangent space has dimension d, and
we say that Y is smooth if all its points are regular.

Open sets are locally closed. As another example, for any d-equidimensional algebraic
set V , reg(V ) is a smooth d-equidimensional locally closed set.

3 Describing determinantal varieties

In this section, we work with polynomials in C[Y1, . . . , YN ], for some positive integerN . Given
a matrix A in C[Y1, . . . , YN ]q×r, with q ≤ r, together with some equations B = (b1, . . . , bs)
in C[Y1, . . . , YN ], we consider the locus S defined as

S = {y ∈ CN | b1(y) = · · · = bs(y) = 0 and rank(A(y)) < q}.

One of our goals here is to give a degree bound for S; this will be used twice, in the next
section for our discussion of the weak transversality lemma (in a slightly more general context
where we work in an open subset of CN), then also to control the degrees of the systems of
equations we will solve.

Consider the polynomials

J(A, B) = (b1, . . . , bs,M1, . . . ,MP ),

where M1, . . . ,MP are the q-minors of A, with P =
(
r
q

)
. Since we have V (J(A, B)) = S,

we may derive a degree bound on S using the Bézout inequality. However, even the refined
form given in [25, Proposition 2.3] involves an exponential dependency in either the ambient
dimension N or the number of minors P . This might be acceptable in some contexts (such
as when estimating the degrees of polar varieties), but is way beyond our target bound in
the context of weak transversality, for instance.
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Instead, we use Lagrange systems. We let L1, . . . , Lq be new variables, thought of as
Lagrange multipliers, and consider the “Lagrange polynomials” given as the r entries of
[L1 · · · Lq] ·A. We denote by Z ⊂ CN+q the algebraic set defined by the vanishing of

(b1, . . . , bs, [L1 · · · Lq] ·A)

and by Z ′ the algebraic set

Z ′ := Z − {(y, 0, . . . , 0) ∈ CN+q | (y, 0, . . . , 0) ∈ Z},

where the bar denotes Zariski closure (we have to remove such points, since L1 = · · · = Lq = 0
is always a trivial solution to the Lagrange equations). Finally, consider the projection

µ : CN+q → CN

(y, `) 7→ y.

It is then possible to prove that S is the Zariski closure of µ(Z ′), and derive degree bounds
using the equations defining Z. However, while introducing Z ′ is convenient, computing
defining equations for it is non-trivial, as it involves saturation; besides, in several contexts,
it will be advantageous to work with equations in complete intersection, which the follow-
ing construction will guarantee in certain cases. For u = (u1, . . . , uq) ∈ Cq, consider the
equations

L(A, B,u) = (b1, . . . , bs, [L1 · · · Lq] ·A, u1L1 + · · ·+ uqLq − 1),

and let Zu ⊂ CN+q be its zero-set. Using the linear equation u1L1 + · · ·+ uqLq − 1 allows us
to discard solutions where L1 = · · · = Lq = 0, but unlucky choices of u may discard other
components as well. The following proposition makes this more precise.

Proposition 3.1. For any u in Cq, we have the inclusion µ(Zu) ⊂ S. There exists a non-
empty open set O ⊂ Cq such that for u in O, we have the inclusion S ⊂ µ(Zu), and thus
the equalities S = µ(Zu) and

√
〈L(A, B,u)〉 ∩ C[Y1, . . . , YN ] =

√
〈J(A, B)〉.

The set O is the complement of at most deg(S) hyperplanes.

Proof. If (y, `) cancels all polynomials in L(A, B,u), then ` is non-zero, so that A(y) is
rank-deficient. As a consequence, y is in S. This proves the first assertion.

For the second one, let S1, . . . , SK be the irreducible components of S. For any given k
in {1, . . . , K}, since all q-minors of A vanish on Sk, they vanish in the function field C(Sk),
so A has rank less than q as a matrix over C(Sk). Thus, there exists a non-zero vector of
rational functions

`k = (`k,1, . . . , `k,q) =

(
Nk,1

Dk

, . . . ,
Nk,q

Dk

)
∈ C(Sk)

q,
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such that `k ·A = 0 in C(Sk)
r (here, we see `k in C(Sk)

1×q). For definiteness, assume that
Nk,ιk 6= 0. Then, in particular, S ′k = Sk − V (DkNk,ιk) is dense in Sk; for y in S ′k, `k(y) is
well-defined, non-zero, and still satisfies `k(y) ·A(y) = 0.

Then, pick a point yk in S ′k, so that `k(yk) is a well-defined, non-zero vector in Cq. This
allows us to define a non-empty Zariski open set Ok ⊂ Cq by the condition

Ok := {u ∈ Cq | `k(yk) · u 6= 0} ,
where in the dot product we take `k(yk) in C1×q and u in Cq×1. Finally, we let O :=
∩1≤k≤KOk, which is open, non-empty, and defined as the complement of K ≤ deg(S) hyper-

planes, as claimed. We now prove that for u in O, the inclusion S ⊂ µ(Zu) holds.
For this, we take k as above, and we prove that Sk is contained in µ(Zu). Consider the

rational mapping

S ′k → C

y 7→ `k(y) · u =
u1Nk,1(y) + · · ·+ uqNk,q(y)

Dk(y)
.

Put S ′′k = S ′k−V (u1Nk,1 + · · ·+uqNk,q); this is again an open subset of Sk, and the fact that
`k(yk) · u is non-zero, with yk in S ′k, shows that S ′′k is not empty. In particular, it is dense
in Sk.

Take y in S ′′k . Then, α := `k(y) ·u is non-zero, set we can define `′ := 1/α `k(y). Then,
`′ is still in the left nullspace of A(y), and by construction `′ · u = 1, so that (y, `′) is in
Zu. In other words, S ′′k is contained in µ(Zu). Taking the Zariski closure, we obtain that

Sk is contained in µ(Zu), as claimed. The equality S = µ(Zu) follows, as does the claimed
equality between ideals.

Corollary 3.2. If all polynomials b1, . . . , bs have respective degrees at most d1, . . . , ds, and
all entries of A have degree at most d′, then the degree of S is at most d1 · · · ds(d′ + 1)r.

Proof. Choose u in the set O of the previous lemma. The algebraic set Zu is defined by s
equations of respective degrees at most d1, . . . , ds, r equations of degree at most d′ + 1 and
a linear equation. It follows from Bézout’s Theorem [24] that deg(Zu) ≤ d1 · · · ds(d′ + 1)r.
Degree does not increase through projection, so the conclusion follows from the previous
lemma.

Remark 3.3. In the next section, we will consider the following slight variant of the problem
considered here, where we are interested in the locally closed set

S ′ = {y ∈ Ω | b1(y) = · · · = bs(y) = 0 and rank(A(y)) < q},
for some Zariski open set Ω ⊂ CN . The Zariski closure S ′ is the union of certain irreducible
components of the set S defined above, so the degree bound of Corollary 3.2 still holds for S ′.

We note that in some cases, sharper bounds are known for the degrees of determinantal
varieties: for instance, when X is finite, and defined as the set of critical points on a smooth
algebraic set [34], or when we want to take into account differences in the degrees of the rows
and columns of A [40, 31, 23].
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4 Weak transversality

Several of the generic properties of polar varieties are consequences of weak transversality,
which is an important extension of Sard’s lemma due to Thom (this observation goes back
to work of Giusti, Heintz and collaborators [5, 4]). In this section, we develop a quantita-
tive extension of Thom’s weak transversality theorem, specialized to the particular case of
transversality to a point. In the sequel, we will apply this result to bound the degree of
particular hypersurfaces our algorithm needs to avoid to guarantee success.

4.1 Definitions and statement of the result

In its differential version, Sard’s lemma states that the set of critical values of a smooth
function Rn → Rm has measure zero; extensions exist to smooth mapping between differential
manifolds. In our algebraic context, we will use the following definitions.

Consider a polynomial mapping Φ : Y → Cm from a smooth n-equidimensional locally
closed set Y to Cm, with m ≤ n. A critical point of Φ is a point y ∈ Y for which the image
of the tangent space TyY by the Jacobian matrix jac(Φ,y) has dimension less than m. For
instance, the case that will interest us in this section is when Y is Zariski open in Cn, in
which case we have TyY = Cn for all y in Y , and the condition is equivalent to the Jacobian
of Φ having rank less than m at y. Critical values are the images by Φ of critical points; the
complement of this set are the regular values. Notice then, a regular value is not necessarily
in the image of Φ.

One can then give “algebraic” versions of Sard’s lemma: for instance, [30, (3.7)] shows
that for Y an irreducible algebraic set and Φ dominant, the critical values of Φ are contained
in a strict algebraic subset of Cm; below, we will rely on a straightforward generalization
given in [37]. See also [11, Chapter 9] for the semi-algebraic case.

Thom’s weak transversality lemma, as given for instance in [14], generalizes Sard’s lemma.
In this section, we consider a particular case of this result (transversality to a point), and
establish a quantitative version of it.

Let n, s, and m be positive integers, with m ≤ n as before, let O be a Zariski open
subset of Cn, and denote by Φ : O × Cs → Cm a mapping given by polynomials in n + s
indeterminates X1, . . . , Xn,Θ1, . . . ,Θs (the latter should be thought of as parameters). For
ϑ in Cs, we let Φϑ : O → Cm be the induced mapping x 7→ Φ(x,ϑ). Thom’s weak
transversality lemma tells us that if 0 is a regular value of the mapping Φ, then 0 remains
a regular value of the induced mapping Φϑ for a generic ϑ. (Here, we are dealing with
the particular case of transversality to a point, which can be rephrased entirely in terms of
regular and critical values.) Our quantitative version of this result is the following.

Proposition 4.1 (Weak transversality). Let all notation be as before, and suppose that Φ
is defined by m polynomials of degree at most d. If 0 is a regular value of Φ, there exists
a non-zero polynomial Γ ∈ C[Θ1, . . . ,Θs] of degree at most dm+n such that for ϑ in Cs, if
Γ(ϑ) 6= 0, then 0 is a regular value of Φϑ.
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Example 4.2. Consider a squarefree polynomial f in C[X1, X2], with degree at most d,
defining a smooth curve V (f) in C2, and let the mapping Φ : C2 × C → C2 be defined
by Φ(X1, X2,Θ) = (f(X1, X2), X1 − Θ) (so m = n = 2 and s = 1). One checks that the
Jacobian of Φ with respect to (X1, X2,Θ) has full rank two at any point in Φ−1(0), so that 0
is a regular value of Φ and therefore the assumptions of the proposition apply.

We then deduce that a non-zero polynomial Γ ∈ C[Θ] exists, with degree at most d4 with
the property that, if ϑ in C does not cancel Γ then 0 is a regular value of the induced mapping
Φϑ. In particular, for all ϑ in C except at most d4 values, the ideal (f(X1, X2), X1 − ϑ) is
radical in C[X1, X2]; equivalently, f(ϑ,X2) is squarefree.

In this example, we could of course obtain the same result (with a sharper degree bound)
by considering the discriminant of f with respect to X2, but the construction above will be
useful later on, in a generalized form. (In this example, the bound d4 could be sharpened
by utilizing the fact that only one of the polynomials defining Φ has degree d, whereas the
other one is linear.)

The rest of the section is devoted to the proof of the proposition. The proof of [37,
Theorem B.3] already shows the existence of Γ; it is essentially the classical proof for smooth
mappings [14, Section 3.7], written in an algebraic context. In what follows, we revisit this
proof, establishing a bound on the degree of Γ.

4.2 Proof of the proposition

In what follows, we use the notation of Proposition 4.1, so that we consider m polynomials Φ
that depend on variables X1, . . . , Xn and Θ1, . . . ,Θs, with m ≤ n, and an open set O ⊂ Cn.

In the context of Thom’s weak transversality, the “bad” parameter values show up as
the critical values of a certain projection. Put Y = Φ−1(0) ∩ (O × Cs), and let V be the
Zariski closure of Y. If Y is empty, there is nothing to do, since all values ϑ in Cs satisfy the
conclusion of the proposition. We therefore assume that Y is not empty. Take (x,ϑ) in Y ;
then by assumption, jac(Φ, (x,ϑ)) has full rank m. Since in a neighbourhood of (x,ϑ), V
coincides with Y = Φ−1(0) ∩ (O × Cs), the Jacobian criterion [16, Corollary 16.20] implies
that there is a unique irreducible component V(x,ϑ) of V that contains (x,ϑ), that (x,ϑ) is
regular on this component and that dimV(x,ϑ) = n+s−m. This implies that Y is a smooth,
(n+ s−m)-equidimensional locally closed set. Now, consider the projection

π : Cn+s → Cs

(x,ϑ) 7→ ϑ,

and let Z be the set of critical points of the restriction π|Y of π to Y ; that is,

Z := {(x,ϑ) ∈ Y | dim(π(Tx,ϑY )) < s}.

The projection π(Z) ⊂ Cs is thus the set of critical values of π|Y .

Lemma 4.3. The Zariski closure π(Z) is a strict subset of Cs.
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Proof. The discussion above implies that reg(V ) is a smooth, (n + s −m)-equidimensional
locally closed set containing Y . Let then Z

′
be the critical points of π| reg(V ); by the algebraic

form of Sard’s lemma as given in [30, Theorem 3.7] (for irreducible V ) and [37, Proposi-
tion B.2] (for general V ), the Zariski closure π(Z ′) is a strict closed subset of Cs. Now, at
any point (x,ϑ) of Y , the tangent spaces T(x,ϑ)Y and T(x,ϑ) reg(V ) coincide. As a result, Z
is contained in Z

′
, and the claim follows.

We can now explain how ϑ being a regular value of π|Y relates to 0 being a regular value of
Φϑ. In what follows, we write our indeterminates as blocks of variables, with X = X1, . . . , Xn

and Θ = Θ1, . . . ,Θs. When not explicitly mentioned, Jacobian matrices involve derivatives
with respect to both X and Θ.

Lemma 4.4. For (x,ϑ) in Y , (x,ϑ) is in Z if and only if jacX(Φ, (x,ϑ)) has rank less
than m.

Proof. Let M denote the (s + m) × (s + n) Jacobian matrix of π and Φ with respect to
X1, . . . , Xn and Θ1, . . . ,Θs, that is,

M =

[
jac(π)
jac(Φ)

]
=

[
0s×n Is

jac(Φ)

]
.

Take (x,ϑ) on Y . Then, the rank of M (x,ϑ) can be written as rank(jac(Φ, (x,ϑ))) +
rank([0s×n Is] | ker jac(Φ, (x,ϑ))), where the latter is the rank of the restriction of [0s×n Is]
to the nullspace of jac(Φ, (x,ϑ)).

Since (x,ϑ) is in Y and since 0 is a regular value of Φ, jac(Φ, (x,ϑ)) has full rank m. On
the other hand, the nullspace of that matrix is the tangent space Tx,ϑY , and rank([0s×n Is] |
ker jac(Φ, (x,ϑ))) is the dimension of π(Tx,ϑY ). In other words, the rank of M (x,ϑ) is
equal to m+ dim(π(Tx,ϑY )).

This proves that for (x,ϑ) in Y , (x,ϑ) is in Z if and only if the matrix M has rank less
than s+m at (x,ϑ). Now, notice that

M (x,ϑ) =

[
0s×n Is

jacX(Φ, (x,ϑ)) jacΘ(Φ, (x,ϑ))

]
.

This shows that the rank of M (x,ϑ) equals s + rank(jacX(Φ, (x,ϑ))), and the lemma
follows.

As a result, suppose we take ϑ in Cs−π(Z). Then for all x in Φ−1
ϑ (0)∩O, (x,ϑ) is in Y ,

so it is not in Z; the previous lemma then implies that the Jacobian matrix of Φϑ, which is
jacX(Φ, (X,ϑ)), has full rank m at x. In other words, 0 is a regular value of Φϑ in the open
set O. To prove Proposition 4.1, it is thus enough to establish the existence of a non-zero
polynomial of degree at most dm+n that vanishes on π(Z). We already established that π(Z)
is a strict subset of Cs, so the only missing ingredient is to prove that it has degree at most
dm+n.
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We start by bounding above the degree of Z. The previous lemma shows the equality

Z = {(x,ϑ) ∈ Ω× Cs | Φ(x,ϑ) = 0 and rank(jacX(Φ, (x,ϑ))) < m}.

Since all polynomials in Φ have degree at most d, and all entries of jacX(Φ) at most d− 1,

we can apply Corollary 3.2, so as to deduce that deg(Z) ≤ dm+n. This implies that π(Z)

has degree at most dm+n, and the equality π(Z) = π(Z) allows us to conclude the proof.

5 Overview of the main algorithm

Let F = (f1, . . . , fp) be a sequence of polynomials in C[X1, . . . , Xn]. Suppose that the ideal
〈F 〉 ⊂ C[X1, . . . , Xn] is radical and that V (F ) is smooth and equidimensional of dimension
δ = n− p.

In this section, we give a high-level description of an algorithm from [35] that computes
at least one point in each connected component of V (F )∩Rn. Correctness of this algorithm
was established in [35] provided we are in generic coordinates: the algorithm solves a family
of systems of equations that describe points on the polar varieties of V (F ), and being in
generic coordinates ensures several desirable properties for these polar varieties.

After a brief review of the basic properties of polar varieties, we sketch the main algorithm
and highlight what properties are needed for its correctness (the next sections will give
quantitative statements regarding the genericity of these properties). In that, we mainly
follow [35], but we also introduce requirements related to Lagrange systems, as introduced
in Section 3, as they will be of help in further sections.

5.1 Polar varieties

Let F be as in the preamble and let V = V (F ). Recall that, for i ∈ {1, . . . , n}, we denote
by πi the projection

Cn → Ci

(x1, . . . , xn) 7→ (x1, . . . , xi).

For i ≤ δ, the i-th polar variety W (i, F ) is the set of critical points of the restriction of πi
to V , that is,

W (i, F ) := {x ∈ V | dim πi(TxV ) < i} .
We naturally extend this definition to i = δ + 1, by setting W (δ + 1, F ) = V .

For 1 ≤ i ≤ δ+1, let jac(F ), resp. jac(F, i), denote the Jacobian matrix of F = (f1, . . . , fp)
with respect to (X1, . . . , Xn), resp. to (Xi+1, . . . , Xn) :

jac(F ) =




∂f1
∂X1

. . . ∂f1
∂Xn

...
...

∂fp
∂X1

. . . ∂fp
∂Xn


 , jac(F, i) =




∂f1
∂Xi+1

. . . ∂f1
∂Xn

...
...

∂fp
∂Xi+1

. . . ∂fp
∂Xn


 .
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Since F generates a radical ideal, for any x in V , the tangent space Tx(V ) is the kernel of
jac(F,x); the assumption that V be δ-equidimensional and smooth implies that this kernel
has dimension δ = n − p at all such x. It follows that we can rephrase the definition of
W (i, F ) as

W (i, F ) = {x ∈ Cn | f1(x) = · · · = fp(x) = 0 and rank(jac(F, i,x)) < p} .

Let Pi =
(
n−i
p

)
be the number of p-minors in jac(F, i), and let Mi,1, . . . ,Mi,Pi

be these minors

(for i = δ + 1, Pδ+1 = 0 since jac(F, δ + 1) has size p × (p − 1)). Then, as in Section 3, we
deduce that W (i, F ) is defined by the polynomials

J(i, F ) =
(
f1, . . . , fp,Mi,1, . . . ,Mi,Pi

)
. (2)

The downside to defining polar varieties using minors of the truncated Jacobian matrix is
that these equations are in general not complete intersection, due to the relations between
minors of a matrix (the hypersurface case is an exception, since in this case only partial
derivatives are used to define polar varieties). For both the polynomial system algorithm
we will use below, and an application we will make of an effective Nullstellensatz, it will
be necessary to have equations without such relations. To make this possible, we use an
alternative modeling of polar varieties that uses Lagrange variables, as in Section 3. We may
thus consider the zero-set of the polynomials

(
F, [L1 · · · Lp] · jac(F, i)

)
∈ C[X1, . . . , Xn, L1, . . . , Lp]

p+n−i,

but as before, we will want to discard from the zero-set of these equations in Cn+p those
components where all Li’s vanish identically. We pointed out that the saturation needed
to remove such components is unlikely to yield convenient sets of generators, so we will
again introduce a single additional equation, of the form u1L1 + · · ·+ upLp− 1, for a certain
u = (u1, . . . , up) in Cp. Thus, for such a vector u, we define the following polynomials:

L(i, F,u) =
(
F, [L1 · · · Lp]·jac(F, i), u1L1+· · ·+upLp−1

)
∈ C[X1, . . . , Xn, L1, . . . , Lp]

p+n−i+1.
(3)

Introducing the last equation discards all solutions with L1 = · · · = Lp = 0, but other
components of interest may be removed as well. However, Proposition 3.1 shows that for
a generic vector u, the Zariski closure of the projection of the zero-set of these equations
on the X1, . . . , Xn-space is indeed W (i, F ). In the algorithm, we will use random ui’s; the
former proposition will allow us to quantify bad choices.

5.2 The algorithm

All notation being as before, we can now give the outline of Safey El Din and Schost’s
algorithm for computing at least one point in each connected component of V (F ) ∩ Rn. To
ensure its correctness, we will need certain genericity assumptions, which will be discussed
in detail in the next sections.
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After applying a randomly chosen change of variables A, we further choose random
σ = (σ1, . . . , σδ) in Cδ, with δ = n− p. Then, for i = 1, . . . , δ + 1, we compute (in the new
coordinates) the points x = (x1, . . . , xn) satisfying

x1 = σ1, . . . , xi−1 = σi−1, f1(x) = · · · = fp(x) = 0, rank(jac(F, i,x)) < p. (4)

In geometric terms, this means that we compute the intersection of W (i, F ) with the fiber
π−1
i (σ1, . . . , σi−1). Then, we return the union of all these sets.

Departing from [35], and following the discussion in the previous subsection, we will avoid
solving the system generated by F = (f1, . . . , fp) and the p-minors of jac(F, i): to control
costs, it will be beneficial to use the Lagrange system of (3) instead. Hence, some of our
genericity assumptions will concern these equations. For i = 1, . . . , δ + 1, we define the
following properties:

Hi(1) : W (i, F ) is either empty or (i− 1)-equidimensional;

Hi(2) : 0 is a regular value of the n+ p− i polynomials F, [L1 · · · Lp] · jac(F, i) in the open
set defined by (L1, . . . , Lp) 6= (0, . . . , 0);

Hi(3) : assuming Hi(1) holds, W (i, F ) is either empty or in Noether position for πi−1.

As we will see, these properties hold after applying a generic change of variables. Properties
Hi(1) and Hi(3) ensure that Eq. (4) defines a finite set (as a consequence of the definition
of Noether position), and guarantee that the output of the algorithm contains at least one
point in each connected component of V (F ) ∩ Rn (this is proved in [35, Theorem 2]). The
second one will be used to establish that assumption H

′
i defined below holds generically.

Indeed, assuming (possibly after applying a change of variables) that F satisfies Hi, we
define our second genericity property:

H
′
i : σ is such that 0 is a regular value of the n+ p− 1 polynomials

X1 − σ1, . . . , Xi−1 − σi−1, F, [L1 · · · Lp] · jac(F, i),

in the open set defined by (L1, . . . , Lp) 6= (0, . . . , 0).

Again, we will see that this property holds for a generic choice of σ and that as a consequence,
0 is a regular value of the n+ p polynomials

X1 − σ1, . . . , Xi−1 − σi−1, F, [L1 · · · Lp] · jac(F, i), u1L1 + · · ·+ upLp − 1. (5)

In particular, these equations admit finitely many solutions.
Suppose that for some i in {1, . . . , δ+1}, F satisfiesHi and σ satisfiesH

′
i ; then, we know

that both systems (4) and (5) have finitely many solutions. In order to find the solutions
of (4), we will compute those of (5) and project them on the X1, . . . , Xn-space; we choose
to solve equations (5), since for this input, we can use the algorithm in [38], for which a
complete bit complexity analysis is available. To guarantee success of this approach, we will
rely on our last genericity property:
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H
′′
i : u is such that the projections of the solutions of (5) on the X1, . . . , Xn-space are the

solutions of (1).

Applying Proposition 3.1 to the polynomials in (5) shows that this property holds for a
generic choice of u (notice that since (5) has finitely many solutions, taking the Zariski
closure, as done in the proposition, is not necessary in this case). If this is the case, the
previous discussion shows that solving the systems (5), for i = 1, . . . , δ + 1, and projecting
their solutions on the X1, . . . , Xn-space, solves our problem.

The next three sections prove the claims made above on the genericity of these properties:
Hi(1) andHi(2) in Section 6, as a first application of weak transversality; Hi(3) in Section 7,
as an application of an effective Nullstellensatz; and H ′i in Section 8, as another first of weak
transversality (essentially, Sard’s lemma). In all cases, we gave quantitative form of these
genericity statements. As we pointed out above, Proposition 3.1 is enough to prove that H ′′i
holds for generic u, and already gives a quantitative statement.

6 Genericity of Hi(1) and Hi(2)

Notation in this section is as before: we let F = (f1, . . . , fp) ∈ Z[X1, . . . , Xn]p be a sequence
of polynomials defining a radical ideal, and where the degree of each polynomial is at most d;
we also assume that the zero-set V (F ) ⊂ Cn is smooth and δ-equidimensional, with δ = n−p.

Consider an n×n matrix A with indeterminates with entries (Aj,k)1≤j,k≤n. In this section,
we prove the following proposition.

Proposition 6.1. For i = 1, . . . , δ+1, there exists a non-zero polynomial ∆i,1 in C[(Aj,k)1≤j,k≤n]
of degree at most n(d5n + 1) and with the following property. For A in Cn×n, if A does not
cancel ∆i,1, then FA satisfies Hi(1) and Hi(2).

The rest of this section is devoted to the proof of the proposition; it is based on a
construction introduced by Giusti, Heintz et al. (see for instance [3]). In all that follows, i is
fixed in 1, . . . , δ+ 1; we then let A≤i denote the in indeterminates (Aj,k)1≤j≤i,1≤k≤n. Writing
X = X1, . . . , Xn, we let Ki(X,A≤i) denote the (p+ i)× n matrix

Ki(X,A≤i) =




jac(F )
A1,1 . . . A1,n

...
...

Ai,1 . . . Ai,n


 .

Consider elements a ∈ Cin as vectors of length i of the form a = (a1, . . . ,ai) with ai ∈ Cn;
we say that a has rank i when a is a sequence of linearly independent vectors. Then for
such an a, Ki(X,a) is naturally defined with the indeterminates A≤i evaluated at a.

Let Φ : Cn+p+i × Cin → Cn+p be the polynomial mapping in indeterminates X =
X1, . . . , Xn, L = L1, . . . , Lp, T = T1, . . . , Tp and A≤i defined as

Φ = (F, [L1 · · · Lp T1 · · · Ti] ·Ki),
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and for a in Cni, let Φa : Cn+p+i → Cn+p be the induced mapping Φa = Φ(X,L,T ,a) in
variables X, L and T .

Let further A ⊂ Cn+p+i be the open set defined by the condition (L1, . . . , Lp) 6= (0, . . . , 0).
In [3, Section 3.2], it is shown that, for any (x,λ,ϑ,a) in A×Cin, the Jacobian matrix jac(Φ),
taken with respect to all indeterminates X,L,T ,A≤i, has full rank n + p at (x,λ,ϑ,a).
In particular, this is true for (x,λ,ϑ,a) in Φ−1(0), so that 0 is a regular value of Φ on
A × Cin. It therefore follows by Proposition 4.1 that there exists a non-zero polynomial
Γi ∈ C[A1,1, . . . ,Ai,n] of degree at most

d(n+p+i)+(n+p) ≤ d5n,

such that if a ∈ Cin does not cancel Γi, then 0 is a regular value of Φa on A . That is, for
(x,λ,ϑ) ∈ A ∩ Φ−1

a (0), the Jacobian matrix jac(Φa) has full rank n+ p at (x,λ,ϑ).
Let B = A−1 in C((Aj,k)1≤j,k≤n)n×n and let B1 = [B1,1, . . . ,B1,n], . . . ,Bn = [Bn,1, . . . ,Bn,n]

denote the rows of B. Set

∆i,1 := Γi(B1, . . . ,Bi) · (det(A))deg(Γi)+1.

By multiplying through by (det(A))deg(Γi)+1, we cancel all denominators and make ∆i,1 a
polynomial multiple of det(A).

Lemma 6.2. The degree of ∆i,1 is at most n(d5n + 1).

Proof. Assume that

Bs,t = Ns,t/det(A) with Ns,t, det(A) in C[(Aj,k)1≤j,k≤n],

for 1 ≤ s, t ≤ n. Then, by Cramer’s formulas, we have deg(Ns,t), deg(det(A)) ≤ n, and
since we have cleared all denominators by multiplying through with (det(A))deg(Γi)+1, and
guaranteed the presence of an extra factor det(A), we therefore obtain

deg(∆i,1) ≤ n deg(Γi) + n ≤ n(d5n + 1).

We first prove that ∆i,1 allows us to control when FA satisfies Hi(1). The main ingre-
dients in the proof of the following lemma are taken from [37], with no modification; this
reference itself follows previous work such as [3].

Lemma 6.3. For A in Cn×n, if A does not cancel ∆i,1, then A is invertible and the polar
variety W (i, FA) is either empty or (i− 1)-equidimensional.

Proof. Consider A ∈ Cn×n that does not cancels ∆i,1. Since det(A) divides ∆i,1, A is
invertible, and by construction the first i rows b of A−1 do not cancel Γi. We put

Y := {x ∈ V (F ) | rank(Ki(x, b)) < p+ i} .

Lemma B.5 from [37] shows that all irreducible components of Y have dimension at least
i−1; this is essentially Eagon and Northcott’s result on determinantal varieties [15], and does
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not depend on our choice of b. On the other hand, our assumption on b allows us to apply
Lemma B.11 from [37], which shows that all irreducible components of Y have dimension at
most i− 1. Therefore, Y is either empty or (i− 1)-equidimensional. To conclude the proof,
we use the equality

Y A = W
(
i, FA

)
,

established in the same reference immediately before Lemma B.10.

We conclude this section with the second property, Hi(2).

Lemma 6.4. For A in Cn×n, if A does not cancel ∆i,1, then 0 is a regular value of the n+p−i
polynomials FA, [L1 · · · Lp] · jac(FA, i) in the open set defined by (L1, . . . , Lp) 6= (0, . . . , 0).

Proof. Take A in Cn×n so that ∆i,1(A) 6= 0, and let (x, `) ∈ Cn+p be a zero of the n+ p− i
polynomials FA and [L1 · · · Lp] · jac(FA, i), with ` non-zero. We have to show that the
Jacobian matrix of these polynomials has full rank n+ p− i at (x, `).

We define a vector ϑ = [ϑ1 · · · ϑi] ∈ Ci by writing ` · jac(FA) = [−ϑ1 · · · − ϑi 0 · · · 0]
(the trailing zeros result from our assumption on x and `). It follows that (x, `,ϑ) cancels
the equations

FA, [L1 · · · Lp T1 · · · Ti]
[

jac(FA)
Ii 0i×(n−i)

]
, (6)

where the Jacobian matrix of F is taken with respect to the variables X = X1, . . . , Xn.
We then post-multiply the right-hand matrix by A−1, and use the fact that jac(FA) =
jac(F )AA. This shows that (x, `,ϑ) also cancels the polynomials

FA, [L1 · · · Lp T1 · · · Ti]
[
jac(F )A

b

]
, (7)

where again b denotes the first i rows of A−1. Setting x′ = A−1x, we deduce that the point
(x′, `,ϑ) cancels

F, [L1 · · · Lp T1 · · · Ti]
[
jac(F )
b

]
, (8)

that is, the polynomials Φb defined in the preamble. The assumption on A shows that 0 is
a regular value of this mapping in the open set defined by (L1, . . . , Lp) 6= (0, . . . , 0). Since `
is by definition non-zero, this implies that the Jacobian matrix of the polynomials in Eq. (8)
has full rank n+p at (x′, `,ϑ). Back in the original coordinates, we deduce that the Jacobian
matrix of the polynomials in Eq. (7) has full rank n+ p at (x, `,ϑ). Right multiplication by
A−1 in (8) amounts to performing a linear combination of the equations; hence, the Jacobian
matrix of the polynomials in Eq. (6) has full rank n+ p at (x, `,ϑ) as well.

The Jacobian matrix of these polynomials taken with respect to the variables X1, . . . , Xn,
L1, . . . , Lp and T1, . . . , Ti is equal to



jac(FA) 0p×p 0p×i

jacX,L

(
[L,T ] ·

[
jac(FA)
Ii 0i×n−i

])
Ii

0(n−i)×i


 =




jac(FA) 0p×p 0p×i
∗ ∗ ∗ Ii

jacX,L

(
L · jac(FA, i)

)
0(n−i)×i


 .
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Therefore, after removing i rows and columns, we can see that the submatrix
[

jac(FA) 0p×p
jacX,L

(
L · jac(FA, i)

)
]

(9)

has full rank n+ p− i at (x, `).

7 Genericity of Hi(3)

Notation being as before, we now discuss the last genericity property that depends on our
choice of coordinates. We already showed that in generic coordinates, the polar variety
W (i, F ) is either empty or (i − 1)-equidimensional. It remains to do the same for Hi(3),
that is, to prove that if it is not empty, W (i, F ) is generically in Noether position for πi−1.
We will prove the following, where ∆i,1 is from Proposition 6.1.

Proposition 7.1. For i = 1, . . . , δ+1, there exists a non-zero polynomial ∆i,2 in C[(Ak,m)1≤k,m≤n]
of degree at most 4n2(2d)4n such that if A does not cancel ∆i,1∆i,2, then FA satisfies Hi(1),
Hi(2) and Hi(3).

Some results in a similar vein appear in the literature. For instance, Lemma 5 in [26] and
Proposition 4.5 in [27] are quantitative Noether position statements. However, our results
do not follow from these previous references, as these previous works analyze the probability
that for a fixed algebraic set V , V A be in Noether position. This does not solve our question,
since W (i, FA), which we are interested in, is in general different from W (i, F )A.

Instead, we will rely on the proof given in [35] that W (i, FA) is in Noether position for
a generic A. However, we will not directly analyze the constructions used in that reference,
since they involve e.g. primary decomposition in C((Aj,k)1≤j,k≤n)[X1, . . . , Xn], and the re-
sulting degree bounds would be way beyond our target. We will instead combine results
from [35] with an effective form of the Nullstellensatz given in [13]; as a result, we have
to use Lagrange systems to describe polar varieties, since systems of minors do not satisfy
assumptions needed to apply this effective Nullstellensatz.

The rest of this section is devoted to the proof of this proposition. From now on, we fix
i in 0, . . . , δ + 1.

7.1 Preliminaries

Property Hi(2) states that 0 is a regular value of the n+ p− i polynomials F, [L1 · · · Lp] ·
jac(F, i) in the open set defined by (L1, . . . , Lp) 6= (0, . . . , 0); we saw that it holds in generic
coordinates. We start by establishing some consequences of this fact for the polynomials
L(i, F,u) of Eq. (3).

Lemma 7.2. Suppose that 0 is a regular value of the n+ p− i polynomials F, [L1 · · · Lp] ·
jac(F, i) in the open set defined by (L1, . . . , Lp) 6= (0, . . . , 0). Then, for any u = (u1, . . . , up)
in Cp, the n+ p− i+ 1 polynomials

L(i, F,u) = F, [L1 · · · Lp] · jac(F, i), u1L1 + · · ·+ upLp − 1
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define a radical ideal, either trivial or (i− 1)-equidimensional.

Proof. Take (x, `) in Cn+p that cancels the n+ p− i+ 1 polynomials in (3). We prove that
the Jacobian matrix of these equations has full rank n + p − i + 1 at (x, `); the conclusion
then follows from the Jacobian criterion.

Since ` cannot be zero, our assumption implies that the Jacobian of the polynomials F
and [L1 · · · Lp] · jac(F, i) has full rank n + p − i at (x, `). The conclusion therefore holds
if grad(u1L1 + · · · + upLp − 1) = [01×n u1 · · · up] is not in the row space of this matrix at
(x, `). The Jacobian matrix of F and [L1 · · · Lp] · jac(F, i) is equal to

[
jac(F ) 0p×p
∗ ∗ ∗ jac(F, i)T

]
.

Suppose that [01×n u1 · · · up] is in the row-space of this matrix. Considering the last p
columns gives us an equality [u1 · · · up] = µ jac(F, i)T , for some µ in C1×(n−i). Right-
multiplying by `T ∈ Cp×1, we obtain 1 = 0, a contradiction.

The result carries over to our original polynomials in generic coordinates. In what follows,
just as we defined FA for A in Cn×n, we define FA = (fA

1 , . . . , f
A
p ) as

(f1(AX), . . . , fp(AX)) ∈ C((Ak,m)1≤k,m≤n)[X1, . . . , Xn]p.

Corollary 7.3. For any u = (u1, . . . , up) in Cp, the n+ p− i+ 1 polynomials

L(i, FA,u) = FA, [L1 · · · Lp] · jac(FA, i), u1L1 + · · ·+ upLp − 1 (10)

define a radical ideal in C((Ak,m)1≤k,m≤n)[X1, . . . , Xn, L1, . . . , Lp].

Proof. Proposition 6.1 and the previous lemma show that for A in a Zariski-dense subset of
Cn×n, L(i, FA,u) is radical in C[X1, . . . , Xn, L1, . . . , Lp]; as a result, this must also be the
case for the ideal L(i, FA,u) in C((Ak,m)1≤k,m≤n)[X1, . . . , Xn, L1, . . . , Lp].

7.2 Degree bounds for integral dependence relationships

The results in Section 6 imply that FA satisfies Hi(1), so that W (i, FA) is either empty or
equidimensional of dimension i− 1. We now point out that FA also satisfies Hi(3). In what
follows, as in Eq. (2), we let J(i, FA) be the polynomials consisting of FA and all p-minors
of jac(FA, i) in C((Ak,m)1≤k,m≤n)[X1, . . . , Xn], and we let K be the ideal they generate in

C((Ak,m)1≤k,m≤n)[X1, . . . , Xn]. In particular, the defining ideal of W (i, FA) is
√

K .
Our first lemma simply recalls results from [35]. In the following two lemmas, member-

ships statements are all considered in C((Ak,m)1≤k,m≤n)[X1, . . . , Xn]; however, in the course
of the proof of Lemma 7.5, we will work with the same polynomials, but seen in other
polynomial rings.

Lemma 7.4. For j = i, . . . , n, there exists Qj in C((Ak,m)1≤k,m≤n)[X1, . . . , Xi−1, Xj], monic

in Xj and with Qj in
√

K . Furthermore, for any prime component P of the ideal
√

K in
C((Ak,m)1≤k,m≤n)[X1, . . . , Xn], we have P ∩ C((Ak,m)1≤k,m≤n)[X1, . . . , Xi−1] = {0}.
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Proof. If W (i, FA) is empty, then
√

K is the trivial ideal, so we simply take Qj = 1 for all
j; the second statement is vacuously true.

Otherwise, let (P`)1≤`≤L be the prime components of
√

K . By assumption, L ≥ 1 and
all P` have dimension i− 1. By [35, Proposition 1], for all `,

C((Ak,m)1≤k,m≤n)[X1, . . . , Xi−1]→ C((Ak,m)1≤k,m≤n)[X1, . . . , Xn]/P`

is injective and integral. In particular, this means that P` contains no non-trivial poly-
nomial in C((Ak,m)1≤k,m≤n)[X1, . . . , Xi−1], as claimed. Also, it proves that polynomials
q`,j ∈ C((Ak,m)1≤k,m≤n)[X1, . . . , Xi−1, Xj] exist, all monic in Xj, with q`,j ∈ P` for each
j in {i, . . . , n}. Thence,

Qj :=
∏

1≤`≤L
q`,j

is monic in Xj and satisfies Qj ∈
√

K , for each j ∈ {i, . . . , n}.

The former lemma does not directly give us degree bounds on the polynomials Qj. This
is the objective of the next step, where we control degree with respect to all unknowns
involved, X1, . . . , Xn as well as A1,1, . . . ,An,n. In this respect, if P is any polynomial in
C((Ak,m)1≤k,m≤n)[X1, . . . , Xn], we will let D ∈ C[(Ak,m)1≤k,m≤n] be the minimal common
denominator of all its coefficients (defined up to a non-zero constant in C), and we will write
P := DP , so that P is in C[(Ak,m)1≤k,m≤n, X1, . . . , Xn].

Lemma 7.5. For j = i, . . . , n, there exists Pj in C((Ak,m)1≤k,m≤n)[X1, . . . , Xi−1, Xj], monic

in Xj, with Pj in
√

K and deg(Pj) ≤ (2d)2n.

Proof. Consider the following ideals: they all have for generators the polynomials J(i, FA),
that is, FA and the p-minors of jac(FA, i), but they lie in different polynomial rings.

• J is the ideal generated by J(i, FA) in the polynomial ring C[(Ak,m)1≤k,m≤n, X1, . . . , Xn]
in n2 + n indeterminates;

• K , which we already saw is generated by the polynomials J(i, FA) in the polynomial
ring C((Ak,m)1≤k,m≤n)[X1, . . . , Xn] in n indeterminates (this is the ideal we are mainly
interested in);

• M is the ideal defined by the same polynomials, but this time in the polynomial ring
C((Ak,m)1≤k,m≤n, X1, . . . , Xi−1)[Xi, . . . , Xn] in n− i+ 1 indeterminates.

Step 0: Excluding a trivial case. Suppose that W (i, FA) is empty, or equivalently that K
is the trivial ideal. In this case, we take Pj = 1 for all j, and we are done. Henceforth, we
assume that we are not in this situation.

Step 1: Defining the minimal polynomial Pj. The previous lemma shows that every irre-
ducible component of the zero-set W (i, FA) of K has dimension i − 1, and that its image
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by the projection πi is onto. As a result, the extended ideal M has dimension zero, and the
ring extension

C((Ak,m)1≤k,m≤n, X1, . . . , Xi−1)→ C((Ak,m)1≤k,m≤n, X1, . . . , Xi−1)[Xi, . . . , Xn]/
√

M

is a product of finite field extensions. For j = i, . . . , n, let then Pj be the minimal of Xj in
this extension. Then, Pj is in C((Ak,m)1≤k,m≤n, X1, . . . , Xi−1)[Xj] and is monic in Xj.

Step 2: Pj is polynomial in X1, . . . , Xi−1. For j as above, the polynomial Qj also belongs to√
M , so that Pj divides Qj in C((Ak,m)1≤k,m≤n, X1, . . . , Xi−1)[Xj]. We can therefore write

Qj = PjRj, Pj, Rj ∈ C((Ak,m)1≤k,m≤n, X1, . . . , Xi−1)[Xj].

It then follows by Gauss’s lemma that we can write

Qj = pjrj, pj, rj ∈ C((Ak,m)1≤k,m≤n)[X1, . . . , Xi−1, Xj],

such that µj ∈ C((Ak,m)1≤k,m≤n, X1, . . . , Xi−1) exists with

Pj = µjpj, Rj = µ−1
j rj.

Since Qj is monic in Xj, pj and rj must also be monic in Xj, so µj must be the coefficient
of the highest degree term of Pj in Xj. Since Pj is monic in Xj, µj = 1 and hence

Pj = 1 · pj = pj ∈ C((Ak,m)1≤k,m≤n)[X1, . . . , Xi−1, Xj].

Step 3: Pj is in
√

K . It follows that Pj belongs to
√

M∩C((Ak,m)1≤k,m≤n)[X1, . . . , Xi−1, Xj].
Equivalently, there exists a non-negative exponent s such that P s

j is in the intersection
M ∩C((Ak,m)1≤k,m≤n)[X1, . . . , Xi−1, Xj]. Clearing denominators in the membership equality
in M , this means that there exists D non-zero in C[(Ak,m)1≤k,m≤n, X1, . . . , Xi−1] such that

DP s
j is in K , and thus in

√
K .

By the previous lemma, no prime component of
√

K contains any non-zero polynomial
in C[(Ak,m)1≤k,m≤n, X1, . . . , Xi−1]. As a consequence, P s

j is in
√

K , and thus so is Pj itself.

Step 4: Degree of Pj. For the last step of the proof, the ideal J is used. Let indeed Z be
its zero-set in Cn2+n. Since all polynomials in FA, resp. jac(FA, i), have respective degrees
at most 2d in (Ak,m)1≤k,m≤n, X1, . . . , Xn, resp. 2d−1, Corollary 3.2 shows that Z has degree
at most (2d)2n.

Let further Z ′ be obtained by removing from Z all those irreducible components whose
projection on the space of coordinates (Ak,m)1≤k,m≤n, X1, . . . , Xi−1 is not dense, and let J ′

be its defining ideal. It is a routine verification that the extension of J ′ in the polynomial
ring C((Ak,m)1≤k,m≤n, X1, . . . , Xi−1)[Xi, . . . , Xn] is the radical of M . As a result, Theorem 2
in [12] implies that the total degree of Pj is bounded above by deg(Z); this finishes the
proof.
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7.3 Applying the effective Nullstellensatz

The previous lemma could allow us to give a quantitative proof that Hi(3) holds generically,
if we were able to bound the degree in (Ak,m)1≤k,m≤n of the corresponding membership

equality in
√

K . However, we are not aware of a suitable effective Nullstellensatz. The best
suited one, due to D’Andrea, Krick and Sombra [13], requires that the number of generators
in the ideal we consider be no more than the ambient dimension; this is in general not the
case for the polynomials J(i, FA).

As a result, we will use Lagrange systems instead. For u in Cp, recall the definition
of the Lagrange system L(i, FA,u) given in Eq. (10); let further Lu be the ideal these
polynomials generate in C((Ak,m)1≤k,m≤n)[X1, . . . , Xn, L1, . . . , Lp]. Proposition 3.1 gives the

inclusion
√

K ⊂
√

Lu, and Corollary 7.3 shows that Lu is a radical ideal, so that we have√
K ⊂ Lu. As a consequence, the polynomials Pj, and thus Pj as well, are in Lu for any

u in Cp.
Let then u1, . . . , up be new indeterminates, and consider the ideal Lu generated by the

polynomials L(i, FA, u) in the ring of polynomials in X1, . . . , Xn, L1, . . . , Lp over the field
of coefficients C((Ak,m)1≤k,m≤n, u1, . . . , up); the only difference with the previous setting is
that the linear form involved in these equations is now u1L1 + · · ·+ upLp − 1. The previous
discussion implies that all polynomials Pj belong to Lu; we are now going to apply an
effective Nullstellensatz to these membership equalities.

Let T be a new variable, and let G1, . . . , Gn+p−i+1 be the n + p − i + 1 polynomi-
als in the Lagrange system L(i, FA, u). For j = i, . . . , n applying the Nullstellensatz in
C((Ak,m)1≤k,m≤n, u1, . . . , up)[X1, . . . , Xn, L1, . . . , Lp, T ], and clearing denominators, we ob-
tain the existence of Aj in C[(Ak,m)1≤k,m≤n, u1, . . . , up] − {0} and of polynomial coefficients
Cj,1, . . . , Cj,n+p−i+1, Bj in C[(Ak,m)1≤k,m≤n, u1, . . . , up)[X1, . . . , Xn, L1, . . . , Lp, T ], such that

Aj =

n+p−i+1∑

`=1

Cj,`G` +Bj(1− PjT ). (11)

Let us then see Aj as a polynomial in u1, . . . , up with non-zero coefficients in C[(Ak,m)1≤k,m≤n],
and let αj be one of these coefficients, arbitrarily chosen. We can then define

∆i,2 := αi · · ·αn ∈ C[(Ak,m)1≤k,m≤n]− {0}.

With this definition of ∆i,2, we prove the following lemma. It almost completes the proof of
Proposition 7.1, except for the degree bound.

Lemma 7.6. If A ∈ Cn×n does not cancel ∆i,1∆i,2, then FA satisfies Hi(1), Hi(2) and
Hi(3).

Proof. Let us take such a matrix A. The non-vanishing of ∆i,1(A) already guarantees that
FA satisfies Hi(1) and Hi(2). It remains to establish that Hi(3) holds, that is, that if it
is not empty, W (i, FA) is in Noether position for πi−1. In what follows, we assume that
W (i, FA) is not empty; by Hi(1), it is (i− 1)-equidimensional.
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Fix j in i, . . . , n. Because αj(A) is non-zero, the polynomial aj := Aj(A, u1, . . . , up) is
non-zero in C[u1, . . . , up]. We choose u = (u1, . . . , up) in Cp such that aj(u1, . . . , up) does
not vanish, and such that u lies in the open set O associated by Proposition 3.1 to the set
W (i, FA).

Let g1, . . . , gn+p−i+1 be the polynomials in L(i, FA,u). Evaluating (Ak,m)1≤k,m≤n at the
entries of A and u1, . . . , up at u1, . . . , up in (11) gives a relation of the form

ãj =

n+p−i+1∑

`=1

cj,`g` + bj(1− pjT ),

with ãj = aj(u1, . . . , up) ∈ C − {0}, polynomials cj,` and bj in C[X1, . . . , Xn, L1, . . . , Lp, T ]
and pj in C[X1, . . . , Xi−1, Xj], monic in Xj.

The next step is routine. Replace T by 1/pj in the previous equality; after clearing
denominators, this gives a membership equality of the form

pkj ∈ 〈L(i, FA,u)〉
for some integer k ≥ 1 (we cannot have k = 0, since we assumed that W (i, FA) is not empty).
Using our assumption on u, Proposition 3.1 then shows that pkj is in the ideal generated by
J(i, FA), that is, by FA and the p-minors of jac(FA, i). In other words, pj is in the defining
ideal of the polar variety W (i, FA). Repeating this for all j = i, . . . , n proves that W (i, FA)
is in Noether position for πi−1.

To estimate the degree of ∆i,2, what remains is to give an upper bound on the degrees of
αi, . . . , αn. This will come as an application of the effective Nullstellensatz given in [13]
over the function field C((Ak,m)1≤k,m≤n, u1, . . . , up). For this, we first need to determine
degree bounds, separately in the actual indeterminates X1, . . . , Xn, L1, . . . , Lp, T and in the
“constants” (Ak,m)1≤k,m≤n, u1, . . . , up, of the polynomials in the membership relationship; we
denote the former by degX,L,T and the latter by degA,u. Then, we have

degX,L,T {G1, . . . , Gn+p−i+1, u1L1 + · · ·+ upLp − 1} ≤ d, degX,L,T (1− TPj) ≤ (2d)2n + 1,

and

degA,u {G1, . . . , Gn+p−i+1, u1L1 + · · ·+ upLp − 1} ≤ d and degA,u(1− TPj) ≤ (2d)2n.

For each j ∈ {i, . . . , n− p+ 1}, since the number of equations in the ideal we consider is less
than or equal to the ambient dimension n+ p+ 1, it follows from [13, Theorem 0.5] that

deg(Aj) ≤ (2n+ 2)d2n+1((2d)2n + 1);

we will use the slightly less precise bound

deg(Aj) ≤ 4n(2d)4n.

In particular, the same bound holds for the degree of αj, and this gives

deg(∆i,2) ≤ 4n2(2d)4n.

This concludes the proof of Proposition 7.1.
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8 Genericity of H
′
i and consequences

We still consider a sequence of polynomials F = (f1, . . . , fp) ∈ C[X1, . . . , Xn]p as before; in
particular, recall we write δ = n−p and that d is an upper bound on the degrees of f1, . . . , fp.
Besides, we now also assume that F satisfies all assumptions Hi (for instance, because we
have already applied a generic change of coordinates), and we prove the following.

Proposition 8.1. For i = 1, . . . , δ+ 1, if F satisfies Hi, there exists a non-zero polynomial
Ξi ∈ C[S1, . . . , Si−1] of degree at most d4n such that if σ = (σ1, . . . , σi−1) ∈ Ci−1 does not
cancel Ξi, then σ satisfies assumption H ′i, that is, 0 is a regular value of the n + p − 1
polynomials

X1 − σ1, . . . , Xi−1 − σi−1, F, [L1 · · · Lp] · jac(F, i)

in the open set defined by (L1, . . . , Lp) 6= (0, . . . , 0).

Proof. Let Ψ : Cn+p ×Ci−1 → Cn+p−1 be the mapping defined by the n+ p− 1 polynomials

X1 − S1, . . . , Xi−1 − Si−1, F, [L1 · · · Lp] · jac(F, i)

in indeterminates X1, . . . , Xn, L1, . . . , Lp, S1, . . . , Si−1. We claim that 0 is a regular value of Ψ
in the open set Ω×Ci−1 ⊂ Cn+p×Ci−1, here Ω ⊂ Cn+p is defined by (L1, . . . , Lp) 6= (0, . . . , 0).

Consider a zero (x, `,σ) of Ψ, with ` non-zero. Indexing columns by

X1, . . . , Xn, L1, . . . , Lp, S1, . . . , Si−1,

the Jacobian matrix of Ψ is equal to

[
Ii−1 0(i−1)×(n+p−i+1) −Ii−1

jacX,L (F, L · jac(F, i)) 0(n+p−i)×(i−1)

]
.

Because ` is non-zero,Hi(2) shows that the Jacobian matrix jac(X,L) (F, [L1 · · · Lp] · jac(F, i))
has full rank n + p − i at (x, `). Hence, the entire matrix must have full rank n + p − 1 at
(x, `,σ), and 0 is a regular value of Ψ.

Since all polynomials defining Ψ have degree at most d, it follows by Proposition 4.1 that
there exists a non-zero polynomial Ξi in C[S1, . . . , Si−1] of degree at most d(n+p)+(n+p−1) ≤
d4n, with the property that, if Ξi(σ) 6= 0 then at any root (x, `) of the induced mapping ψσ
given by

X1 − σ1, . . . , Xi−1 − σi−1, F, [L1 · · · Lp] · jac(F, i), (12)

if ` non-zero, then the Jacobian matrix of these equations has full rank n + p− 1 at (x, `).
The proposition is proved.

We will use this property through the following corollary, which we already mentioned
in Subsection 5.2.
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Corollary 8.2. For i = 1, . . . , δ + 1, if F satisfies Hi and σ satisfies H ′i, then for any
u = (u1, . . . , up) in Cp, 0 is a regular value of the n+ p polynomials

X1 − σ1, . . . , Xi−1 − σi−1, F, [L1 · · · Lp] · jac(F, i), u1L1 + · · ·+ upLp − 1.

Proof. The proof is similar to that of Lemma 7.2. Suppose that Ξi(σ) is non-zero, let
u = (u1, . . . , up) be arbitrary in Cp and take (x, `) in Cn+p that cancels the n+p polynomials

X1 − σ1, . . . , Xi−1 − σi−1, F, [L1 · · · Lp] · jac(F, i), u1L1 + · · ·+ upLp − 1. (13)

Since ` is necessarily non-zero, the previous discussion implies that the Jacobian of the
polynomials in Eq. (12) has full rank n+ p− 1 at (x, `). This Jacobian matrix is equal to



Ii−1 0(i−1)×(n−i+1) 0(i−1)×p

jac(F ) 0p×p
∗ ∗ ∗ jac(F, i)T


 .

As in the proof of Lemma 7.2, if we suppose that [01×n u1 · · · up] is in the row-space of
this matrix, considering the last p columns and multiplying by `T ∈ Cp×1 leads us to a
contradiction. This proves that the Jacobian matrix of the equations in Eq. (13) has full
rank n+ p at (x, `), as claimed.

9 Analysis of the main algorithm

We conclude this paper by revisiting the algorithm sketched in Subsection 5.2. The proba-
bility analysis is based on the quantitative genericity results we established in the previous
sections, using the DeMillo-Lipton-Schwartz-Zippel lemma. In order to simplify some big-O
estimates, we assume that the bound d on the degrees of the input polynomials satisfies d ≥ 2,
since the case of linear polynomials is trivial.

9.1 Description of the pseudocode

The algorithm is randomized and takes as input a parameter ε ∈ (0, 1); the choices made in
the algorithm guarantee that the probability of success is at least 1− ε.

Randomness occurs in part due to the various choices we make (change of variables A,
parameter σ, parameter u). Besides, at Step 4, we use a minor modification of [38, Algorithm
2] to solve the system

X1 − σ1, . . . , Xi−1 − σi−1, F
A, [L1 · · · Lp] · jac(FA, i), u1L1 + · · ·+ upLp − 1.

of n+p equations in n+p unknowns X1, . . . , Xn, L1, . . . , Lp. This subroutine is randomized as
well; in order to guarantee a higher probability of success, we repeat the calculation k times,
for a well-chosen parameter k, and keep the output with the largest cardinality (we discuss
this in our probability analysis below). Upon success, we have obtained a zero-dimensional
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parameterization Qi = ((qi, vi,1, . . . , vi,n+p), λi) of the solutions Zi of these equations, but we
are only interested in the projection Z ′i of these points on the X1, . . . , Xn-space. Recall that
Qi is such that

• λi(vi,1, . . . , vi,n+p) = Tq′i mod qi, with λi a Q-linear form in X1, . . . , Xn, L1, . . . , Lp;

• we have the equality Zi =
{(

vi,1(τ)

q′(τ)
, . . . ,

vi,n+p(τ)

q′(τ)

)
| q(τ) = 0

}
.

The only constraint on λi is that it take pairwise distinct values on the points of Zi. Now,
since the equations defining Zi are linear in L1, . . . , Lp, the projection Zi → Z ′i is one-to-one;
this means that we can take λi depending onX1, . . . , Xn only. This constraint can be enforced
at no extra cost in the algorithm of [38]; if this is the case, then Q′i = ((qi, vi,1, . . . , vi,n), λi)
is a zero-dimensional parameterization of Z ′i.

The algorithm of [38] also requires that the input system be given by a straight-line
program. We build it (at Step 3) in the straightforward manner already suggested in the
introduction: given F = (f1, . . . , fp) in C[X1, . . . , Xn]p, we can build a straight-line program
that evaluates each fi in O(dn) operations, by computing all monomials of degree up to d,
multiplying them by the corresponding coefficients in fi, and adding results. To obtain a
straight-line program for fAi , we add O(n2) steps corresponding to the application of the
change of variables A. The number of operations here is thus

O(ndn + n3) = O∼(dn);

note that here, we use the assumption d ≥ 2. From this, we can compute and evaluate the
required partial derivatives in the Jacobian of FA in

O(ndn) = O∼(dn)

operations [10]. Then, the matrix vector product with the vector of Lagrange multipliers
adds a cost that is polynomial in n and which we can therefore neglect in the soft-O notation.
Finally, we add the linear equations X1 − σ1, . . . , Xi−1 − σi−1; this gives the straight-line
program Γi, whose length is O∼(dn).

Remark 9.1. We can actually obtain a sharper bound for the length of the straight-line
program. By computing all monomials and summing, the length of Γi becomes O∼(p

(
n+d
n

)
).

However, we use the looser bound of O(dn) to simplify the analysis and not obfuscate notation.

As we already pointed out in Subsection 5.2, if FA satisfies Hi, σ satisfies H
′
i and u

satisfies H ′′i , and if Qi is a zero-dimensional parametrization of the solutions of the equa-
tions (14) at Step 3 (for all i ∈ {1, . . . , n − p + 1}), Theorem 2 in [35] establishes that the
output returned in Step 7 will contain one point in each connected component of V ∩ Rn.
(The claim made in Subsection 5.2 relied on an assertion that has since been proved, in
Corollary 8.2.)
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Algorithm 1: Main Algorithm

Input: F = (f1, . . . , fp) ∈ Z[X1, . . . , Xn]p with deg(fi) ≤ d and ht(fi) ≤ b, and
0 < ε < 1. Assume that d ≥ 2.

Output: n− p+ 1 zero-dimensional parameterizations, the union of whose zeros
includes at least one point in each connected component of V (F ) ∩ Rn,
with probability at least 1− ε.

1 Construct
S := {1, 2, . . . , d4ε−15n3(2d)5ne},
T := {1, 2, . . . , d4ε−1nd4ne},
R := {1, 2, . . . , d4ε−1nd2ne},

and choose A ∈ Sn2
, σ ∈ T n−1 and u ∈ Rp uniformly at random;

2 for i← 1 to n− p+ 1 do
3 Build a straight-line program Γi that computes the equations

X1−σ1, . . . , Xi−1−σi−1, F
A, [L1 · · · Lp]·jac(FA, i), u1L1 +· · ·+upLp−1; (14)

4 Run [38, Algorithm 2] k ≥ log2(4n/ε) times with input Γi;
5 Let Qi = ((qi, vi,1, . . . , vi,n+p), λi) be the highest cardinality zero-dimensional

parameterization returned in Step 4;

6 Denote by Q
′
i = ((qi, vi,1, . . . , vi,n), λi) the parameterization of the projection of

Qi onto the X1, . . . , Xn-space;

7 return [Q
′
1, . . . ,Q

′
n−p+1].

9.2 Bit operation cost

The following lists the costs for each step of Algorithm 1, assuming that the input polynomials
have degree d and integer coefficients of height at most b.

(1) We defined S := {1, 2, . . . , d4ε−15n3(2d)5ne} and therefore the height of any ai,j ∈ S is
at most

log(4/ε) + log(5n3(2d)5n) ∈ O∼(log(1/ε) + n log d).

Since |R|, |T | ≤ |S|, we also have that the height of any σk ∈ T and u` ∈ R admits the same
upper bound.

(3) After computing the partial derivatives in the Jacobian matrix, the height grows by at
most another factor of log d. Thus, all polynomials in the system considered at Step 3 have
height

O∼(b+ d(log(1/ε) + n log(d))) = O∼(b+ d log(1/ε) + dn).

All integer coefficients appearing in the straight-line program Γi satisfy the same bound.

(4) As a result, after applying [38, Algorithm 2] k times for each index i, with k = O(log(n)+
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log(1/ε)), the total boolean cost of the algorithm is

O∼(d3n+2p+1 log(1/ε)(b+ log(1/ε)))

where the polynomials in the output have degree at most dn+p, and height at most

O∼(dn+p+1(b+ log(1/ε))).

This proves the runtime estimate, as well as our bounds on the height of the output.

Remark 9.2. We thank Mohab Safey El Din for pointing out to us that when d = 2, in the
quadratic case, we obtain notably better complexity. The previously stated runtime is a slight
simplification of the one found in [38]. Taking into account a more precise estimate given in
that reference, we see that in the quadratic case a single call to that algorithm uses

O∼
(
n5

(
n− 1

p− 1

)(
n

p

)
(b+ log(1/ε) + n)22p

)

bit operations, and the polynomials in the output have degree
(
n−1
p−1

)
2p and height

O∼
(
n

(
n

p

)
(b+ log(1/ε)

)
.

When p is fixed, all these quantities are polynomial in n. Altogether, for our main algorithm
when d = 2, the algorithm uses

O∼
(
n7

(
n− 1

p− 1

)(
n

p

)
log(1/ε)(b+ log(1/ε)2p

)

bit operations, and the polynomials in the output have degree
(
n−1
p−1

)
2p and height

O∼
(
n2

(
n

p

)
(b+ log(1/ε)2p

)
.

Furthermore, when in addition p = 1 the algorithm then uses

O∼
(
n8 log(1/ε)(b+ log(1/ε)

)

bit operations, and the polynomials in the output have degree 2 and height

O∼
(
n3(b+ log(1/ε)

)
.
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9.3 Probability of success

Let ∆i,1 and ∆i,2 ∈ C[(Aj,k)1≤j,k≤n] be the polynomials from Propositions 6.1 and 7.1. Denote
by ∆ :=

∏n−p+1
i=1 ∆i,1∆i,2, and note that

deg(∆) =

n−p+1∑

i=1

deg(∆i,1) + deg(∆i,2) ≤ 5n3(2d)5n. (15)

IfA ∈ Cn×n does not cancel ∆, thenA is invertible and FA satisfiesHi for all i in {1, . . . , n−
p+ 1}. Now, assuming that A is such a matrix, let Ξi ∈ C[S1, . . . , Si−1] be the polynomials
from Proposition 8.1 applied to FA. Denote by Ξ :=

∏n−p+1
i=1 Ξi, and note that

deg(Ξ) =

n−p+1∑

i=1

deg(Ξi) ≤ nd4n. (16)

If σ ∈ Ci−1 does not cancel Ξ, then it satisfies H
′
i for all i ∈ {1, . . . , n− p+ 1}. Assume that

this is the case.
As argued in Subsection 5.2, the last condition on our parameters is that u satisfy H ′′i for

all i. For a given index i, Proposition 3.1 shows the existence of a non-zero polynomial Υi in
C[U1, . . . , Up] such that if Υi(u1, . . . , up) is non-zero, H ′′i holds; in addition, that proposition
and Corollary 3.2 give an upper bound of dn+p for the degree of Υi. We denote by Υ :=∏n−p+1

i=1 Υi, and note that

deg(Υ) =

n−p+1∑

i=1

deg(Υi) ≤ nd2n. (17)

If u ∈ Cp does not cancel Υ, then u satisfies H
′′
i for all i ∈ {1, . . . , n− p+ 1}.

Then, the algorithm is guaranteed to succeed, as long as our calls to Algorithm 2 in [38]
succeed in solving the equations at Step 3. That reference establishes that by repeating the
calculation k times, and keeping the output of highest degree among those k results, we
succeed with probability at least 1− (1/2)k. When Algorithm 2 does not succeed, it either
returns a proper subset of the solutions, or FAIL. Note that Algorithm 2 is shown to succeed
in a single run with probability at least 1− 11/32, and we bound the probability of success
with 1 − 1/2 for simplicity. Now, recall that we choose A in Sn

2
, σ in T n−1 and u in Rp

uniformly at random, with

S = {1, 2, . . . , d4ε−15n3(2d)5ne},
T = {1, 2, . . . , d4ε−1nd4ne},
R = {1, 2, . . . , d4ε−1nd2ne}.

Using the DeMillo-Lipton-Schwartz-Zippel lemma, we obtain

P[∆(A) = 0] ≤ deg ∆

|S| = ε/4.
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If this is the case, then

P[Ξ(σ) = 0] ≤ deg Ξ

|T | = ε/4,

and if this is the case, then

P[Υ(u) = 0] ≤ deg Υ

|R| = ε/4.

When all this holds, for a given index i, Step 4 succeeds with probability at least 1−1/2k, so
the probability that all indices i succeed is at least (1− 1/2k)n; our choice of the parameter
k at Step 4 ensures that this probability is at least ε/4 as well. Therefore, the overall
probability of success is at least

(1− ε/4)4 ≥ 1− ε.
This finishes the proof of Theorem 1.1.

53



References

[1] M. Alonso, E. Becker, M.-F. Roy, and T. Wörmann. Zeroes, multiplicities and idem-
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[12] X. Dahan and É. Schost. Sharp estimates for triangular sets. In ISSAC, pages 103–110.
ACM, 2004.

[13] C. D’Andrea, T. Krick, and M. Sombra. Heights of varieties in muliprojective spaces
and arithmetic nullstellensatz. Annales scientifiques de l’École Normale Supérieure,
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Some Applications of Chinese Remainder Theorem
Codes with Error-Correction

Jesse Elliott∗, Éric Schost†

Overview

Modular algorithms based on the Chinese Remainder Theorem (CRT) control in-
termediate expression growth by performing computations modulo small primes. Some
primes, that we call ”unlucky,” produce incorrect results, or no result; their number
can be bounded by finding a nonzero U ∈ Z with the property that all unlucky primes
divide U .

With no error correction mechanism, CRT-based methods require that all primes
are lucky, resulting in large bounds on the primes we need to guarantee success with
high probability 1− ε. Error-correction techniques introduced by Pernet and Böhm et
al. tolerate a small number of unlucky primes, allowing us to reduce the prime size.

Given height bounds on the output and the integer U above, we perform a quanti-
tative analysis that provides explicit sufficient conditions on the number and size of the
primes to ensure a given success probability. We illustrate the approach with two exam-
ples, lexicographic Gröbner bases in two variables and the solution of zero-dimensional
systems of equations, for which the bounds we need are already in the literature, or
can be derived directly from previous work.
Keywords— Chinese remainder theorem codes; complexity; randomized algorithms;

polynomial system solving
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1 Introduction

When analyzing algebraic algorithms over a ground field such as Q, algebraic complexity,
which counts the number of base field operations, fails in general to predict actual runtime:
even if accurate size bounds are known for the output, this is usually not the case for in-
termediate results (the issue of having large intermediate results is often called intermediate
expression swell).

Modular algorithms avoid this issue by performing computations modulo one or several
small primes, the ideal situation in practice being when we can use primes that fit in a single
machine word, typically 64 bits, so that we can dispense with multi-precision arithmetic. The
objective is to compute the requested output (typically, a matrix, or a set of polynomials)
modulo a certain integer M . When M is sufficiently large, rational reconstruction can then
be applied coefficientwise, recovering an output with rational coefficients.

In all this paper, we will measure the “size” of an integer, or of a rational number, using
its height.

Definition 1. The height ht(r) of a rational number r = u/v ∈ Q \ {0} is the maximum of
ln(|u|) and ln(v), for coprime integers u ∈ Z and v ∈ N.

In many situations, p-adic techniques such as Newton / Hensel iterations are available:
this is the case for polynomial factorization [23, Chapter 15], or computing the non-singular
solutions of polynomial equations (see [22, 12, 20] and references therein). In these cases, we
work modulo a single prime p, solve the problem modulo p and lift the solution to Z/MZ, for
sufficiently large M = pk. The obvious alternative is to compute modulo sufficiently many
“small” primes (pi)1≤i≤η and use the Chinese remainder theorem to obtain a solution modulo
M = p1 · · · pη.

For most problems of interest, there exist primes p where the procedure modulo p is ill-
defined or produces results that do not match the modulo p reduction of the rational output.
We call these primes unlucky, and otherwise lucky. It is in many cases not known how to test
efficiently if a prime is lucky (this is of course problem-dependent). However, we can often
bound the number of unlucky primes by proving the existence of a nonzero U ∈ Z with the
property that all unlucky primes divide U and by bounding the height of U .

Using p-adic lifting techniques, the initial prime p must be lucky. Given an upper bound
on U , we can select p from an appropriate interval to guarantee a success probability of at
least 1 − ε for a given tolerance ε (sometimes a second prime is used, see e.g. [19] for this
kind of idea over k[t] instead of Z). However, for CRT algorithms we use several primes, and
CRT requires that all primes are lucky. Ensuring this condition with high probability 1− ε
typically results in larger primes.

In this paper, we apply error correction techniques (loosely analogous to Reed-Solomon
decoding for rational number reconstruction), which tolerate some unlucky primes. We build
our results on recent independent works by Böhm, Decker, Fieker, and Pfister [5, 4], in the
context of algebraic geometry algorithms, and by Pernet [17], who discusses applications to
linear algebra. The decoding algorithms and the sufficient conditions for success in these
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works are very similar, albeit distinct: both follow an iterative reduction procedure, formu-
lated as a variant of Euclid’s GCD algorithm in Pernet’s work and as a variant of Gaussian
lattice reduction by Böhm et al.

While these techniques are not new, in Section 2, we provide explicit sufficient conditions
on the number and size of the primes to ensure a given success probability. What is needed in
all cases are (i) an upper bound on the size of the coefficients in the output and (ii) an upper
bound on the product of unlucky primes (it would be natural to express these size bounds in
terms of height, but we will use logarithms in base two, as this follows more closely Pernet’s
presentation). We obtain explicit, simple, values for the prime size using both Markov’s and
Chebyshev’s bounds.

A first possible application where for such results comes from [21], where Storjohann gives
a modular algorithm computing Hermite forms for matrices with entries in Q[x], together
with the bounds on the output size and on the unlucky primes that we need. We are not
aware of an alternative method that would rely on Newton iteration for this problem. Based
on Storjohann’s result, St-Pierre and Schost provide similar bounds for the computation of
lexicographic bivariate Gröbner bases in [25]. Our work again applies directly; an alternative
approach based on Newton iteration is in [24, 25], but the lifting procedure is rather intricate.

As a last example, let us mention the solution of polynomial equations (in dimension
zero), by means of a data structure called zero-dimensional parameterization [14, 16, 22, 11,
2, 9, 10, 12, 18]. When complex solutions have multiplicity one, a simple form of Newton
iteration applies, going back to [22]. Without this assumption, however, lifting techniques
still exist but become substantially more complex [15], so considering CRT-based approaches
is of interest. In this context, we can use the arithmetic Bézout theorem to bound the output
size, but describing the unlucky primes is less straightforward. The work in reference [8]
quantifies primes p where the number of solutions of a zero-dimensional polynomial system
changes modulo p; in Section 3, we show how this analysis can also allow us to bound primes
of bad reduction for our target output.

Finally, in Section 4, we illustrate the bounds derived in Section 2 on non-trivial instance
sizes for the last two problems we mentioned, lexicographic Gröbner bases in two variables,
and zero-dimensional systems. We compare the expressions we obtained using Markov’s and
Chebyshev’s bounds to the size of primes that would guarantee all primes to be lucky with
high probability (for situations where we do not want to use error correction). As we will see,
for many instances, word-size primes are sufficient to guarantee a high probability of success.

Remark 1. We focus our discussion on reconstructing a single rational number. However,
in the contexts we consider, algorithms return several numbers (such as coefficients of a
polynomial, or entries in a matrix). In many cases, and in particular in the three applications
we described above, one proves at once the existence of an integer U (and one can bound its
size), such that if p does not divide U , all coefficients we are interested in reduce well modulo
p. Hence, we can choose a unique set of primes and analyze the success probability for all
coefficients at once.

One can go further along this line: typically, the rational numbers we get as output
are known to admit a small common denominator. In error-free contexts, vector rational
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reconstruction [6] allows us to recover all outputs by means of lattice reduction techniques
using less modular information (asymptotically, using a modulus M of up to half the height
we would use in the scalar case). Accounting for errors naturally leads one to error-tolerant
vector rational reconstruction [1]: given models on the distribution of errors, the authors
analyze the probability of there being a unique solution to the reconstruction problem, even
though the number of errors would be too large to guarantee it a priori. We did not consider
this direction in this work.

2 CRT for Rational Reconstruction with Errors

2.1 The setting

Let us first review Chinese remaindering for rational reconstruction in the presence of errors.
Our objective is to reconstruct a rational number r, which admits the expression r = f/g,
with g > 0 and f, g coprime. Here is our setup:

• We assume that we are given an upper bound H on the base-2 representation of r, that
is, log2(|f |), log2(g) ≤ H.

• To each prime p ∈ N, we suppose we can associate a value r(p) ∈ {0, . . . , p− 1}∪{∞},
where ∞ is a new symbol that indicates no integer value is available. We say that p
is lucky when r(p) = r mod p (in particular, p cannot divide g for such primes), and
unlucky otherwise.

• We assume that there are finitely many unlucky primes and we let U be their product.
In addition to the output size bound H, we assume that we are given a bound C such
that log2(U) ≤ C.

Both H and C are problem-dependent.
In this section, we conduct a quantitative analysis of an error-correcting CRT algorithm

due to Böhm et al. [5] and Pernet [17], which results in explicit sufficient conditions on the
number of primes and their size to guarantee an arbitrary probability of success. To our
knowledge, our derivation, while relatively straightforward, is new.

Take positive integers σ, η and set Σ = {σ, . . . , 2σ} ⊂ N. Suppose we are given η primes
p1, . . . , pη in Σ, and define

N =
∑

1≤i≤η

log2(pi) and L =
∑

1≤i≤η
pi unlucky

log2(pi).

Pernet proved in [17, Lemma 2.5.4] that if L < (N − 2H + 1)/2, given [p1, . . . , pη] and the
vector [r(p1), . . . , r(pη)], one can reconstruct r. Böhm et al. proved similar results. Note that
here we will not be concerned with the cost of the reconstruction algorithm, but it is easily
seen to be polynomial, and can be made quasi-linear, in H.
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We will enforce the following relationship between the number η of primes we choose and
the interval Σ = {σ, . . . , 2σ} where we choose them: throughout, we will set

η =

°
(2 + γ)H

log2(σ)

§
, (1)

for a fixed parameter γ > 0. Since all primes we choose are in Σ, in an error-free context,
we would be able to perform CRT for rational reconstruction as soon as η log2(σ) > 2H. In
the presence of errors, the factor 2 is too tight, but a factor 2 + γ is sufficient. Using a small
value for γ means that the amount of modular information we compute is close to what it
would be in error-free situations.

Remark 2. In the context of a modular algorithm, the most important component in the
cost analysis is usually the total time spent solving the problem modulo the primes pi:
CRT / rational reconstruction is essentially linear time, and finding primes is in practice
not a bottleneck. In rough approximation, one can assume that execution mod pi takes T
operations modulo pi, where T is independent of i. It follows that the total boolean cost
is softly-linear in T

∑
1≤i≤η log2(pi) ≃ Tη log(σ). In our construction, we have η log2(σ) ≤

(2 + γ)H + log2(σ). In other words, the boolean cost involves both the output size H, which
is as expected, together with log2(σ) (which will be negligible except for astronomical values
of σ).

2.2 Prime selection

Our first task is to be able to sample η distinct primes in the interval Σ = {σ, . . . , 2σ} ⊂ N.
Our solution is simple: sample a first prime p1 (by repeatedly picking a random element in
Σ until we find a prime), then p2 until we find a prime distinct from p1, etc.

While this is not the main focus of this paper, we should mention the expected runtime
of this procedure: there are Θ(σ/ log(σ)) primes in Σ, so we expect to do Θ(log(σ)) attempts
before finding a prime; each primality test can be done in polynomial time (in a boolean
RAM model). Assuming that there are at least 2η primes in Σ, at any stage it is enough
to pick an expected O(1) primes before finding one that was not previously selected. We
can store our primes in a self-balancing binary tree, with a boolean cost of O(log(η) log(σ))
for search and insert. Altogether, this results in an expected total of O(log(η) log(σ)c) bit
operations, for some constant c.

Since there are at least σ/2 log2(σ) primes in Σ [23, Ex. 18.18], to satisfy the condition
we gave above, it suffices that 2η ≤ σ/2 log2(σ). Since our definition of η implies

η ≤ 2(2 + γ)H

log2(σ)
,

it is sufficient to take σ such that
σ ≥ 8(2 + γ)H.
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2.3 Quantitative bounds

For i = 1, . . . , η, let Xi be the indicator variable defined as

Xi =

®
1 if pi is unlucky

0 otherwise.

Note that for all i, P(pi = p) is independent of the choice of the prime p in Σ. On the
other hand, since we require the primes to be pairwise distinct, the Xi’s are not pairwise
independent. However, we can say the following about their covariance.

Lemma 1. For all i < j, the covariance Cov(Xi, Xj) is negative.

Proof. Let ΣP be the primes in Σ, let M be their number, and let ML, resp. MU , be the
number of lucky, resp. unlucky ones. In particular, P(Xi = 1) = P(Xj = 1) = MU/M . We
now have to estimate P(Xi = 1 and Xj = 1).

There are MU(MU − 1) choices of (pi, pj) that have pi ̸= pj and pi, pj both unlucky, and
M(M − 1) choices of (pi, pj) that satisfy pi ̸= pj, so the probability above is MU(MU −
1)/M(M − 1). It follows that the covariance of Xi, Xj is given by

Cov(Xi, Xj) =
MU(MU − 1)

M(M − 1)
− M2

U

M2
=
MU(MU −M)

M2(M − 1)
< 0.

Define further

X =

η∑

i=1

Xi,

that is, the number of unlucky primes we chose. For any choice of η distinct primes p1, . . . , pη
in Σ, the quantities N and L above satisfy N ≥ η log2(σ) and L ≤ log2(2σ)X. It follows that
if we set

∆ = (η log2(σ)− 2H + 1)/2,

if

X <
∆

log2(2σ)
=
η log2(σ)− 2H + 1

2 log2(2σ),

the inequality L < (N − 2H + 1)/2 holds, and we successfully recover our rational number.
Recall that U is the product of all unlucky primes, and that C is such that log2(U) ≤ C.

Lemma 2. Let r,H,C be as above. For a prime p chosen uniformly at random in Σ =
{σ, . . . , 2σ}, the probability that p be unlucky is at most 2C/σ.

Proof. Let D be the set of primes in Σ that divide U , and notice that the product
∏

p∈D p also
divides U , so that in particular

∏
p∈D p ≤ U . Each prime in Σ is at least equal to σ, so that
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#D ≤ C/log2(σ). On the other hand, the number of primes in Σ is at least σ/(2 log2(σ)), so
that for a prime p chosen at random in Σ, the probability that it divides U is at most

(C/ log2(σ))

(σ/(2 log2(σ)))
=

2C

σ
.

It follows that for all i, E[Xi] = P(Xi = 1) ≤ P := 2C/σ, and thus

E[X] ≤ 2ηC

σ
.

In the following proposition, we use Markov’s inequality to give an estimate on σ to
guarantee an arbitrary small probability of failure.

Proposition 1. Let r,H,C be as above. For ε > 0 and γ > 0, let σ be an integer such that

σ ≥ max

Å
8(2 + γ)H, 8

Å
2 + γ

γ

ã
C

ε

ã
,

and take η as in (1).
Select pairwise distinct primes p1, . . . , pη independently and uniformly at random from

the set Σ = {σ, . . . , 2σ} ⊂ N. Then, with probability at least 1 − ε, given given [p1, . . . , pη]
and the vector [r(p1), . . . , r(pη)], one can reconstruct r.

Proof. First, note that the first condition in the inequality for σ implies that there are indeed
at least 2η primes in the interval Σ = {σ, . . . , 2σ}.

Then, Markov’s inequality states that for a > 0, P(X ≥ a) ≤ E[X]/a. As per our previous
discussion, we take

a =
η log2(σ)− 2H + 1

2 log2(2σ)
.

For our choice of η in (1), we get η ≥ (2 + γ)H/log2(σ), so a is indeed positive. We deduce

P(fail) ≤
Å
2ηC

σ

ãÅ
2 log2(2σ)

η log2(σ)− 2H + 1

ã

≤ 8C

σ

η log2(σ)

η log2(σ)− 2H
=

8C

σ

1

1− 2H
η log2(σ)

.

Our inequality on η also implies that the right-most factor in the inequality above is at most
(2 + γ)/γ, so that

P(fail) ≤
Å
8C

σ

ãÅ
2 + γ

γ

ã
.

This can be made less than ε as soon as σ ≥
(
8C
ε

) Ä
2+γ
γ

ä
.

Next, we derive bounds on σ using Chebyshev’s inequality.
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Proposition 2. Let r,H,C be as above. For ε > 0 and γ > 0, let σ be an integer such that

σ ≥ max

Å
8(2 + γ)H, 16(γ+2)/γ, 8C

Å
2 + γ

γ

ã
, 2A log2(A)

ã
,

with A := 128 (2+γ)
γ2

C
εH

, and take η as in (1). Then, the same conclusion as in Proposition 1
holds.

Proof. As above, our first assumption on σ implies that there are at least 2η primes in the
interval {σ, . . . , 2σ}.

Next, let P0 denote the probability P(Xi = 1), so that P0 ≤ P = 2C/σ. Since we saw
that Cov(Xi, Xj) < 0 for all i < j, it follows that the variance of X is bounded above by the
sum of the variances of the Xi’s, that is, ηP0(1− P0). This is at most ηP (1− P ), since our
assumption σ ≥ 8C(2 + γ)/γ implies P ≥ 1/2.

We want the probability P (X ≥ ∆/log2(2σ)) to be at most ε. Note that using E[X] ≤
2ηC/σ, Chebyshev’s inequality gives, for k > 0,

P
Å
X − 2ηC

σ
≥ k
»
Var(X)

ã

≤ P
(
X − E[X] ≥ k

»
Var(X)

)

≤ P
(
|X − E[X]| ≥ k

»
Var(X)

)
≤ 1

k2
.

Therefore put

k :=

Å
∆

log2(2σ)
− 2ηC

σ

ã
· 1√

Var(X)
,

so that the left-hand term in the previous inequalities is precisely P (X ≥ ∆/log2(2σ)).
Rewrite k as

k =

Å
η log2(σ)− 2H + 1

2 log2(2σ)
− 2ηC

σ

ã
· 1√

Var(X)

=

Å
(η log2(σ)− 2H + 1)σ − 4ηC log2(2σ)

2σ log2(2σ)

ã
· 1√

Var(X)
.

Set

Γ :=
(η log2(σ)− 2H + 1)σ − 4ηC log2(2σ)

ησ log2(2σ)
.

We now give a lower bound on Γ, which will prove in particular that Γ > 0, and thus k > 0.
Indeed, we have

Γ >
log2(σ)

1 + log2(σ)
− 2H

η log2(2σ)
− 4C

σ

=

Å
1− 2H

η log2(2σ)

ã
− 4C

σ
+

Å
log2(σ)

1 + log2(σ)
− 1

ã
.
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Recall from the prior analysis with Markov’s inequality that

1− 2H

η log2(2σ)
≥ γ

2 + γ
.

Besides, for σ ≥ 8C(2 + γ)/γ, we get

4C

σ
≤ 1

2

γ

2 + γ

Finally, for σ > 16(γ+2)/γ, we get

1− log2(σ)

1 + log2(σ)
=

1

1 + log2(σ)
≤ 1

4

γ

2 + γ

and thus

Γ >
1

4

γ

2 + γ
> 0.

Then, we can bound the probability of error by

1

k2
<

4

Γ2

ηp(1− p)
η2

≤ 128
(2 + γ)2

γ2
C

ησ
.

Since η ≥ (2 + γ)H/ log2(σ), this is less than

128
(2 + γ)

γ2
C

H

log2(σ)

σ

We make this less than ε by taking σ such that

σ

log2(σ)
≥ A(γ, C,H, ε) := 128

(2 + γ)

γ2
C

εH
,

which is satisfied for σ ≥ 2A log2(A).

3 Example: Solutions of Polynomial Systems in Di-

mension Zero

In this section, we are interested in the solutions of polynomial equations with integer coeffi-
cients. As input, we are given polynomials f = (f1, . . . , fs) in Z[X1, . . . , Xn]

s, and we make
the assumption that V (f) is finite; we recall height bounds on the description of V (f), and
give bounds on the number of “unlucky primes”, in a sense that will be made precise. In
all the following discussion, the height ht(f) of a polynomial f with rational coefficients is
defined as the maximum of the heights of the minimal common denominator v ∈ N of all
non-zero coefficients of f , and of the absolute values of the nonzero coefficients of vf .

Starting from f , our output should be defined without ambiguity, but few quantitative
results are known on, say, the height of coefficients in a Gröbner basis. Instead, we will
target zero-dimensional parameterizations as our output, with the caveat that such objects
are uniquely defined only after we choose a linear form.
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Definition 2. Let K be a field, let V ⊂ Kn
be a finite set, and let λ be a linear form in the

variables X1, . . . , Xn. We say that λ separates V if it takes pairwise distinct values on the
points in V .

Suppose further that V is algebraic and defined over K. If λ separates V , the zero-
dimensional parameterization of V associated to λ is the unique family Q = ((q, v1, . . . , vn), λ),
with q monic and squarefree in K[T ] and vi of degree less than deg(q) in K[T ] for all i, such
that:

1. λ(v1, . . . , vn) = Tq′ mod q,

2. V =
¶Ä

v1(τ)
q′(τ) , . . . ,

vn(τ)
q′(τ)

ä
| q(τ) = 0

©
.

The first condition expresses the fact that the roots of q are the values that λ takes on
V . We use rational functions to parameterize the points of V , with q′ as a denominator,
since when K = Q, this is known to result in vi of height similar to that of q (we discuss this
below).

In all that follows, we will assume that such a λ is part of the input. If one wanted to
find λ, it is possible to explicitly build a set of size at most n deg(V )2/2 that is known to
contain a separating λ [18, Lemma 2.1], with λ of height O(n log(d)). One can also choose
λ at random and guarantee that it separates V with arbitrarily high probability, by picking
its entries in a set of sufficient cardinality [20, Lemma 11].

Definition 3. Let f be polynomials in Z[X1, . . . , Xn] with V = V (f) ⊂ Cn of dimension
zero, and let λ be a separating linear form for V . We say a prime p is lucky for (f , λ) if:

1. p does not divide any denominator in the polynomials of Q,

2. Vp := V (f mod p) ⊂ Fn

p has dimension zero,

3. λp := λ mod p is a separating element for Vp,

4. Q mod p is the zero-dimensional parameterization of Vp associated to λp.

Theorem 1. Let f = (f1, . . . , fs) be in Z[X1, . . . , Xn]
s, with deg(fi) ≤ d and ht(fi) ≤

h for all i, and let V = V (f) ⊂ Cn. Let further λ be a linear form that separates V ,
with integer coefficients of height at most ℓ. Then, all polynomials in the zero-dimensional
parameterization Q of V associated to λ have height at most

H = dn(3nh+ ℓ+ ln(n+ 1) + 1),

and the product of unlucky primes is an integer of height at most

C = (11n+ 4)d3n+1h+ (55n+ 99) log((2n+ 5)s)d3n+2 + 8d2n(nh+ ℓ)

All ingredients in the proof are in the literature. We start with the definition of Chow
forms of zero-dimensional algebraic sets.
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Definition 4. Let K be a field let V ⊂ Kn
be a zero dimensional algebraic set. A Chow

form of V is a homogeneous polynomial of the form

CV,c = c
∏

α∈V
(T0 + y1T1 + · · ·+ ynTn) ,

with c ∈ K− {0}. We call c the leading coefficient of CV,c.

If V is defined over K, it admits Chow forms with coefficients in K. In particular, if
K = Q, V then admits two Chow forms with integer coefficients and contents 1; they differ
by sign. The unique one with positive leading coefficient is called the primitive Chow form
CV of V . We denote by cV ∈ N the corresponding leading coefficient.

When V is given as V = V (f) as in the theorem, the bound on unlucky primes will be
obtained as an immediate consequence of results due to D’Andrea, Ostafe, Shparlinski and
Sombra [8], which will relate the primitive Chow form of V = V (f) and the Chow forms of
Vp = V (f mod p).

Indeed, D’Andrea et al. prove the existence of a positive integer A (notation of the proof
of their Theorem 2.1) such that if p does not divide A,

• the leading coefficient cV does not vanish modulo p

• CV remains squarefree modulo p

• CV mod p is a Chow form for a zero-dimensional algebraic set called Vp ⊂ Fn

p , with
Vp ⊂ Vp (we do not need to give the definition of this set, see loc. cit.)

• Vp has dimension zero and cardinality deg(V ).

While this is not explicitly stated in that reference, it then follows directly that in this
case, Vp = Vp and thus CV mod p is a Chow form of Vp (since Vp ⊂ Vp and both sets have
cardinality deg(V )).

Given any Chow form CV,c of V , it is well known (see [16], or [3] in the computer algebra lit-
erature) that a linear form λ = λ1X1+· · ·+λnXn separates V if and only if CV,c(T, λ1, . . . , λn)
is squarefree (for any c), and if it is the case, we can form the zero-dimensional parameteri-
zation Q = ((q, v1, . . . , vn), λ) by taking

q(T ) =
1

c
CV,c(T, λ1, . . . , λn)

vi = −
1

c

∂CV,c

∂Ti
(T, λ1, . . . , λn), i = 1, . . . , n.

It follows that if p does not divide A and if the discriminant of CV (T, λ1, . . . , λn) mod p is
nonzero, CV mod p remains squarefree upon evaluation at λ1, . . . , λn, so λ mod p remains a
separating element for Vp, and the corresponding zero-dimensional parameterization of Vp
is obtained by reducing the rational zero-dimensional parameterization modulo p. In other
words, p is a lucky prime for (f , λ).
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In order to complete the proof of the theorem, we first we find the height of the primitive
Chow form CV of V : from [8, Lemma 2.10] (which is based on an arithmetic Bézout theorem
of [13, 7]) it follows that ht(CV ) ≤ 3ndnh. If we assume that λ is separating for V and has
height at most ℓ, then by [13, Lemma 1.2(1)(c)], the height of Q = CV (T, λ1, . . . , λn) must
be at most

ht(CV ) + dn(ℓ+ ln(n+ 1)) ≤ dn(3nh+ ℓ+ ln(n+ 1)).

The height of Q′ is at most

ht(Q) + n ln(d) ≤ dn(3nh+ ℓ+ ln(n+ 1) + 1),

and the same holds for ∂CV /∂Ti(T, λ1, . . . , λn). In particular, since dividing by c will not
increase their height, this gives the claimed bound on the height of Q.

Besides, we deduce from [13, end of section 1.1.1] that the discriminant of Q is a nonzero
integer of height at most

2dn(ht(Q) + 3n ln(d)) ≤ 2d2n(3nh+ ℓ+ ln(n+ 1) + 3).

Theorem 2.1 in [8] gives an upper bound on the height of A; taking this into account, we
obtain the result claimed in the theorem, after a straightforward manipulation.

4 Comparative Analysis

Finally, we illustrate the bounds from Section 2 on the prime size needed to achieve a given
probability of success for some sample problem sizes from either the polynomial system
solving question in the previous section, or the computation of lexicographic Gröbner bases
in two variables mentioned in the introduction.

We also include a comparison of the prime size when we do not allow for errors. Without
error correction, in order to be able to reconstruct r, we need all primes to be lucky. The
probability that a single prime is unlucky is at most 2C/σ, so when choosing η primes, the
probability that at least one of them is unlucky is at most

1−
Å
1−
Å
2C

σ

ããη
≤ 2ηC

σ
.

Choosing η as above, let us derive an estimate on σ that ensures 2ηC/σ < ε. We proceed
informally and take

η ≈ 2H

log2(σ)
,

so our inequality is satisfied when σ log2(σ) > 4CH/ε. In particular, this is the case if
σ ≥ 2B/ log(2, B), with B(γ, C,H, ε) := 4CH/ε.

For a fixed γ, the bounds in Proposition 1 and 2 are asymptotically stronger: a rough
estimate shows that the primes we select with error correction are smaller by a factor of
about H/ log2(C).
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4.1 Solutions of polynomials systems in dimension zero

Reducing prime size with error-correction. Consider the following example where
we solve a zero-dimensional polynomial system. Consider a system of 10 equations in 10
unknowns, where the polynomials have degree d = 2 and height h = 50, defining a zero-
dimensional algebraic set. Our goal is to compute a zero-dimensional parameterization of
the solutions. Assume the parameterization is defined with a separating linear form of height
at most 50. Taking ε = 0.0001 and γ = 0.25, Proposition 1 provides estimates of

• H ≤ 1, 590, 680, and

• C ≤ 34, 449, 366, 690, 000.

For a success probability of 1−ε = 0.9999, using the conventional approach (without allowing
for errors) requires a prime size of at least 76 bits. When applying Proposition 1, the required
prime size is reduced to 65 bits. In addition, Proposition 2 (Chebyshev) reduces the prime
size even further to 57 bits. This last reduction is particularly significant, as a 57-bit prime
falls within the range of machine primes. These results are summarized in the middle row of
Table 2.

Next, consider the probability of success when using the reduced prime sizes estimated
by Propositions 1 and 2, while maintaining the standard CRT approach without errors (that
is, when we require all primes to be lucky). Using the prime size derived from Proposition
1, we compute:

• P = 2C
σ

= 2.778× 10−6

• η =
†

2H
log2(σ)

£
= 49, 380

• (1− P )η = 0.872.

A success probability of 0.872 is insufficient for many practical applications.
Similarly, using the prime size estimated from Proposition 2 (Chebyshev), we obtain:

• P = 2C
σ

= 6.928× 10−4

• η =
†

2H
log2(σ)

£
= 56, 343

• (1− P )η = 1.100× 10−17.

The success probability of 1.100× 10−17 is effectively zero. These results are summarized in
Table 1.
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Method ⌈log2(σ)⌉ P η (1− P )η

Big prime 76 1.569e−9 42296 9.999e−1
Markov 65 2.778e−6 49380 8.720e−1
Chebyshev 57 6.928e−4 56343 1.100e−17

Table 1: Success probabilities (1−P )η for different prime sizes in solving a zero-dimensional
polynomial system, where P = 2C

σ
represents the probability that a chosen prime is unlucky,

and η =
†

2H
log2(σ)

£
is the number of selected primes. The table demonstrates how the proba-

bility of success in CRT without errors diminishes when using the same prime size as in the
error-allowed cases.

Impact of probability of failure on prime size. Table 2 compares the prime sizes
required for different methods when the probability of failure is set to ε = 0.5 versus ε = 2−80,
and also ε = 0.0001. When applying Propositions 1 (Markov) and 2 (Chebyshev), the results
clearly show that reducing the probability of failure significantly increases the required prime
size. Specifically, when ε decreases from 0.5 to 2−80, the bit length of the prime more than
doubles.

For instance, not allowing for errors, the required prime size increases from approximately
1019 (64 bits) to 1042 (142 bits). Similarly, the Markov and Chebyshev methods show similar
growth, with their required prime sizes increasing from 53 to 132 bits and from 52 to 125
bits, respectively.

ε Method ⌈log2(σ)⌉

0.5
CRT without errors 64
Markov 53
Chebyshev 52

0.0001
CRT without errors 76
Markov 65
Chebyshev 57

2−80

CRT without errors 142
Markov 132
Chebyshev 125

Table 2: Comparison of required prime sizes ⌈log2(σ)⌉ for different values of ε in solving a
zero-dimensional polynomial system, using CRT without errors and Propositions 1 and 2.
As ϵ decreases, the required prime size increases, with Markov and Chebyshev consistently
estimating smaller primes than CRT without errors.

Remark 3. Let us briefly justify why one would consider such a large value as 0.5 for ε. If
one is able to quickly verify whether the output is correct, ε = 0.5 is a suitable choice, since
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it suffices to run the whole procedure an expected O(1) time. Verifying that, for instance,
we have all the solutions to a polynomial system is of course not straightforward, but one
can perform a random verification as follows.

Suppose, in a general setting, that we have obtained a candidate r0 for the rational number
r (or for the polynomials, or matrix, . . . ) we want to reconstruct. Pick a single new prime
p, large enough that p is lucky with overwhelming probability, say at least 1 − 2−80. As in
Section 2, if we choose p at random in an interval σ, . . . , 2σ, we should take σ ≥ 281C: this
is large, but we only deal with a single prime of this size. Then, compare the residues r(p)
(which is equal to r mod p if p is lucky) and r0 mod p. If r0 = r, this test always returns true.
If r0 ̸= r, the test mistakenly returns true only if p divides the nonzero integer uv0 − u0v, if
we write r = u/v and r0 = u0/v0. The base-2 logarithm of this integer is at most 2H + 1, so
if we also make sure that σ ≥ 281(2H + 1), this happens with probability at most 2−80.

Impact of γ. Table 3 presents the prime sizes ⌈log2(σ)⌉ for different values of γ, comparing
estimates obtained from Proposition 1 (Markov) and 2 (Chebyshev). As γ decreases, the
prime size increases for both methods. For moderate size γ, Chebyshev predicts smaller
primes by just under an order of magnitude (8-9 bits). However, for sufficiently small γ,
Markov predicts much smaller primes compared to Chebyshev. Indeed, as γ becomes very
small, the Chebyshev estimate grows significantly, predicting much larger prime sizes than
Markov.

γ Method ⌈log2(σ)⌉

1
Markov 62
Chebyshev 53

0.25
Markov 65
Chebyshev 57

0.1
Markov 66
Chebyshev 84

0.05
Markov 67
Chebyshev 164

Table 3: Required prime sizes ⌈log2(σ)⌉ for different values of γ in solving a zero-dimensional
polynomial system, varying γ while using Proposition 1 (Markov) and Proposition 2 (Cheby-
shev) to estimate the prime size.

4.2 Bivariate Gröbner bases

In [25], St-Pierre and Schost provide similar bounds H and C for the computation of bivariate
Gröbner bases. In this case, an alternative approach based on Newton iteration exists, but
with high complexity. Our work applies directly.
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Consider the following example of computing a Gröbner basis for a bivariate polynomial
system. Let the system consist of 10 equations in 2 unknowns, where the polynomials have
degree d = 10 and height h = 50. Taking ε = 0.0001 and γ = 0.25, [25, Proposition 3.3]
shows that we can take

H = C ≤ 5725.

Table 4 presents the required prime sizes ⌈log2(σ)⌉ for computing a bivariate Gröbner
basis, comparing estimates obtained using the standard Chinese Remainder Theorem (CRT)
approach without errors and those based on our bounds from Section 2, proposition 1 and
2. The Markov bound consistently reduces the required prime size compared to the CRT
approach without errors. However, the Chebyshev bound is less effective with this example.

As with solving zero-dimensional polynomial systems, the results show as the probability
of failure ε decreases, the required prime size increases significantly.

ε Method ⌈log2(σ)⌉

0.5
CRT without errors 24
Markov 20
Chebyshev 36

0.0001
CRT without errors 36
Markov 32
Chebyshev 36

2−80

CRT without errors 101
Markov 99
Chebyshev 100

Table 4: Comparison of required prime sizes ⌈log2(σ)⌉ for different values of ε in the compu-
tation of a bivariate Gröbner basis. The table compares estimates from the standard Chinese
Remainder Theorem (CRT) approach without errors and those obtained using Propositions 1
(Markov) and 2 (Chebyshev). As ε decreases, the required prime size increases, with Markov
consistently estimating smaller primes than CRT without errors.
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Chapter 5

Bit-size estimates for computing
roadmaps in smooth bounded real
hypersurfaces

5.1 Introduction

5.1.1 Problem statement and motivation

A roadmap for an algebraic set X ⊂ Cn is an algebraic curve R ⊂ X with non-empty and
connected intersection with each connected components ofX∩Rn. Roadmaps efficiently de-
cide connectivity queries by reducing higher dimensional computations to one-dimensional
computations. In this way, a roadmap is like a skeleton which tracks connectivity. Decid-
ing connectivity in real algebraic sets has applications that include robot motion planning
(by deciding if paths exist between points) [9]. In fact, John Canny introduced the roam-
dap in his PhD thesis “On the Complexity of Robot Motion Planning” [8]. Roadmap
computation is also used in more general algorithms in semi-algebraic geometry, including
the decomposition of a semi-algebraic set into its semi-algebraically connected components
[22].

Our starting point is the algorithm introduced by Safey El Din and Schost in [42] (A
baby steps/giant steps probabilistic algorithm for computing roadmaps in smooth bounded
real hypersurface). Computational costs were given in an algebraic complexity model, and
bit complexity questions were left for future work. The algorithm also applies random
changes of coordinates to establish certain required genericity properties. The main result
roughly states that, for a degree d, square-free polynomial f in Q[X1, . . . , Xn] where

1. V (f) ⊂ Cn is smooth, and

2. V (f) ∩ Rn is bounded,
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there exists a randomized algorithm that, upon success, if all genericity properties are
satisfied, computes a roadmap of V (f) after performing (nd)O(n1.5) arithmetic operations.
In this Chapter, assuming bounds on:

1. the height of f , and

2. the height of entries in the changes of coordinates we apply to f ,

we give bit-size estimates showing that the height of the output follows the same order of
complexity.

Remark 5.1.1. In [6], bit complexity is stated for another algorithm for roadmap compu-
tation. The algorithm that we analyze here is one we expect to run efficiently in practice.

5.1.2 Roadmaps and control points

In [42], the following definition of a roadmap of higher dimension is used. Roadmaps of
higher dimension are defined to account for the recursive nature of the algorithm.

Definition. An algebraic set R ⊂ Cn is a roadmap of a variety V if:

RM1 Each semi-algebraically connected component of V ∩Rn has non-empty and con-
nected intersection with R ∩ Rn.

RM2 R is contained in V .

In addition, R is said to be an i-roadmap of V when the following also holds:

RM3 The set R is either i-equidimensional or empty.

The algorithm uses a finite set of control points P included in the input along with V .
These points are used to test if the points of P are connected on V ∩ Rn.

Definition. R is a roadmap (resp. i-roadmap) of (V,P) if in addition:

RM4 The set R contains P ∩ V ∩ Rn.

5.1.3 Overview of the algorithm

Let f be a degree d square-free polynomial in Q[X1, . . . , Xn], and let V denote the hyper-
surface V (f). Assume

1. V ⊂ Cn is smooth, and

2. V ∩ Rn is bounded.
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The algorithm uses a baby steps / giant steps design paradigm with the following two
subroutines:

• CannyRoadmap for performing baby steps, based on the original roadmap algorithm
from John Canny [8],

• MainRoadmap for performing giant steps.

The algorithm is based on the critical point method and the computation of polar varieties.
See Chapter 2.2 for definitions and notation on polar varieties. In particular, the algorithm
computes polar curves of polar points.

Canny roadmap. The original algorithm from John Canny [8] computes the polar curve
W (π2, V ). From the assumption that V ∩ Rn is bounded, it follows that W (π2, V ) inter-
sects each connected component of V ∩Rn. However, the intersections are not necessarily
connected. The algorithm repairs connectivity by computing additional points. Consider

• C = K(π1,W (π2, V )),

• C ′ = π1(C ), and

• C ′′ = V ∩ π−1
1 (C ′).

Then, Canny proved
W (π2, V ) ∪ C ′′

is a (n− 2)-roadmap of V (f) of degree dO(n).

The algorithm is recursive where an additional variable is fixed at each recursive step
until the output roadmap has dimension one. The recursive calls are geometrically equiv-
alent to performing a recursive call with the input

f(xi, X2, . . . , Xn), ∀xi ∈ C ′.

At each recursive call the number of control points computed is multiplied by dO(n) while
the dimension of the input decreases by one. The depth of the recursion is n, and therefore
the roadmap obtained from Canny’s algorithm has degree dO(n2).

Main roadmap. To obtain the improved complexity of (nd)O(n1.5), Safey El Din and
Schost show how to reduce the number of recursive calls from n to

√
n.

Now let

• C = K(π1,W (πi, V )),
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• C ′ = πi−1, (C ), and

• C ′′ = V ∩ π−1
i−1(C

′).

Safey El Din and Schost show that, for i ≈ √n, under some genericity assumptions,

W (πi, V ) ∪ C ′′

is a roadmap of V of dimension max(i−1, n−i). Since the depth of the recursion decreases
from n to

√
n, the degree of the output decreases to

(dO(n))
√
n = dO(n1.5).

5.1.4 Data structures

Zero-dimensional parameterizations. The algorithm processes zero- and one-dimensional
algebraic sets represented through parameterizations.

Consider a zero-dimensional algebraic set S ⊂ Cn defined over Q. A zero-dimensional
parametrization

Q = ((q, v1, . . . , vn), λ),

of S is a data structure with

• univariate polynomials q ∈ Q[T ], monic and squarefree, and vi ∈ Q[T ] with deg(vi) <
deg(q);

• a Q-linear form λ in the variables X1, . . . , Xn,

such that:

1. λ(v1, . . . , vn) = Tq′ mod q,

2. S =
{(

v1(τ)
q′(τ) , . . . ,

vn(τ)
q′(τ)

)
| q(τ) = 0

}
.

The constraint on λ ensures that the roots of q are the values taken by λ on S; we call
these λ separating.

Given a zero-dimensional parameterization Q, the defining algebraic set V is written
Z(Q).
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One-dimensional parameterizations. The output of the main algorithm is a data
structure representing an algebraic curve called a one-dimensional parameterization.

Let C ⊂ Cn be a one-dimensional algebraic set defined over Q (a curve). A one-
dimensional parametrization is a pair

Q = ((q, v1, . . . , vn), (λ, λ
′)),

with

• bi-variate polynomials (q, v1, . . . , vn) ∈ Q[T, U ], q square-free and monic in T and U ,
with GCD(q, v1) = 1 and deg(vi) < deg(q);

• λ = λ1X1 + . . .+ λnXn, λ
′ = λ′1X1 + . . .+ λ′nXn linear forms in X1, . . . , Xn, with

–

λ(v1, . . . , vn) = T
∂q

∂T
mod q;

–

λ′(v1, . . . , vn) = U
∂q

∂T
mod q.

Then C is the Zariski closure

Z(Q) :=

{(
v1(τ, ρ)

∂q/∂T (τ, ρ)
, . . . ,

vn(τ, ρ)

∂q/∂T (τ, ρ)

)
∈ Qn | q(τ, ρ) = 0,

∂q

∂T
(τ, ρ) ̸= 0

}
.

Remark 5.1.2. The proof of the main result is based on geometric analysis without actually
referring to data structures (until bounding the height of the data structure in the output).
The proof could be written without reference to zero-dimensional parameterizations.

5.1.5 Main result

The following are definitions of height for rational numbers and polynomials with rational
coefficients.

• The height of a rational number r = u/v in Q \ {0}, denoted ht(r), is the maximum
of log |u| and log v, where u ∈ Z and v ∈ N are coprime.

• The height of a polynomial with rational coefficients f ∈ Q[X1, . . . , Xn], denoted
ht(f), where v ∈ N is the smallest common denominator of its nonzero coefficients,
is the maximum of log v and the logarithms of the absolute values of the integer
coefficients of vf .
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By using the Lagrangian modeling of polar varieties we obtain equations that are a
regular sequence, and we are then able to apply techniques using intersection theory and
the arithmetic Chow ring from [16] to obtain our height bounds. For a polynomial system
f = (f1, . . . , fs) in Q[X1, . . . , Xn], the Lagrangian formulation involves a generically chosen
vector of integers u in Zs, which defines the linear form

s∑

i=1

uiLi − 1

where (L1, . . . , Ls) are the corresponding Lagrange multipliers. We let hu bound the height
of coefficients in this linear form.

Our main result is the following.

Theorem 5.1.3. (Main result) Consider a square-free polynomial f in Q[X1, . . . , Xn] of
degree d and height h, such that

1. V (f) ⊂ Cn is smooth, and

2. V (f) ∩ Rn is bounded.

Also let P be a set of control points of degree d and height h. Then, upon success, if all
genericity properties are satisfied, the height of the one-dimensional parameterization of
the 1-roadmap of (V (f),P) in the output of [42, MainRoadmap] is

O∼
(
hd24n

3/2

+ d(h+ hA + hu + hA−1)d30n
3/2+1

)

where

• hA bounds the height of entries in the change of coordinates matrix A;

• hu bounds the height of the coefficients in the linear forms of the Lagrange systems;

• hA−1 bounds the height of entries in the inverse change of coordinates matrix A−1.

Remark 5.1.4. The asymptotic notation in the main result uses soft-O notation, O∼(·),
which ignores polylogarithmic factors.

Remark 5.1.5. The height is as expected with exponent O(n1.5).

5.2 Preliminaries

5.2.1 Projective geometry

The following preliminaries on projective geometry are based on [45, Chapter 1].
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Projective space. Let k be a field. Projective n-space over k, denoted Pn or Pn(k̄) when
the field needs to be specified, is defined as the sets of all lines in affine space through the
origin. Consider the set of all (n+ 1)-tuples

(x0, . . . , xn) ∈ An+1(k)

with the requirement that not all coordinates are zero. Consider these tuples modulo an
equivalence relation defined as

(x0, . . . , xn) ∼ (y0, . . . , yn)

when there exists λ ∈ k̄∗ and

(x0, . . . , xn) = λ(y0, . . . , yn).

Let [x0, . . . , xn] be the equivalence class

{(λx0, . . . , λxn) : λ ∈ k̄∗}.

The variables X = (X0, . . . , Xn) are called homogeneous coordinates.

Projective varieties. Consider a degree d polynomials

f ∈ k̄[X] = k̄[X0, . . . , Xn]

with the property that, for all λ ∈ k̄,

f(λX0, . . . , λXn) = λdf(X0, . . . , Xn).

We call these polynomial homogeneous, and we call an ideal generated by homogeneous
polynomials a homogeneous ideal.

Given a non-homogeneous degree d polynomial

f =
∑

α

cαX
α1
1 Xα2

2 . . . Xαn
n ∈ k[X1, . . . , Xn],

the homogenization of f , denoted fh ∈ k[X0, . . . , Xn], is a homogeneous polynomial where
each monomial of f :

cαX
α1
1 Xα2

2 . . . Xαn
n ,

is replaced with
cαX

d−|α|
0 Xα1

1 Xα2
2 . . . xαn

n ,

where

|α| =
n∑

i=1

αi
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is the total degree of the monomial.

Now let f be a homogeneous polynomial and let P be a point in Pn. A projective
algebraic set is an algebraic set of the form

{P ∈ Pn : f(P ) = 0 for all homogeneous f ∈ I}

for a homogeneous ideal I.

Consider an affine algebraic set V ⊂ An(k) with ideal I(V ), and consider V as a subset
of Pn. Then, the projective closure of V , denoted by V̄ , is the projective algebraic set with
homogeneous ideal I(V̄ ) generated by

{fh(X) : f ∈ I(V )}.

Ruled joins. For i ∈ {1, 2}, consider irreducible algebraic sets Ai ⊂ Pni
C for integers ni,

and let I(Ai) ⊂ C[Xi] denote the ideal of Ai. Then, the ruled join A1#A2 is the irreducible
subvariety of Pn1+n2+1

C defined by the homogeneous ideal which is generated by

I(A1) ∪ I(A2) ⊂ C[X1, X2].

5.2.2 The arithmetic Chow ring

We use the arithmetic Chow ring to provide our bit-size estimates, introduced by D’Andrea,
Krick, and Sombra in [16]. Consider the ring of truncated power series

Z[θ]/⟨θn+1⟩;

this is the Chow ring of the projective space Pn(k), a tool developed for the study of
intersection theory. Our height bounds are based on an extended, arithmetic version, the
arithmetic Chow ring of Q:

R[η, θ]/⟨η2, θn+1⟩.

5.2.3 Canonical height

Consider a 0-dimensional algebraic set V ⊂ Pn defined over Q. The class of V :

[V ]Z ∈ R[η, θ]/⟨η2, θn+1⟩

is associated to a homogeneous polynomial of degree n :

[V ]Z = ĥ(V )ηθn−1 + deg(V )θn.

The degree, deg(V ), is its degree as an algebraic set. The definition of canonical height,
ĥ(V ), is given in [16]. For simplicity, we do not define canonical height explicitly. Instead
we only state the properties we use, which are the following.
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1. ĥ(V ) ≥ 0; and thus [V ]Z ≥ 0, where inequalities in arithmetic Chow rings should be
interpreted coefficientwise.

2. For a square-free and primitive polynomial

f ∈ Z[X1, . . . , Xn],

it follows from [16, Proposition 2.53] that

[V (f)]Z = m(f)η + deg(f)θ

where

m(f) =

∫

Sn+1
1

log(|f |)dµn+1

is the Mahler measure of f with respect to the Haar measure µ of mass 1 on the
complex unit circle S1.

3. Consider a polynomial
f ∈ Z[X1, . . . , Xn].

From Corollary 2.61 and Lemma 2.30 in [16],

[V ∩ V (fh)]Z ≤ [V ]Z ·
(
(ht(fh) + log(n+ 1) deg(fh))η + deg(fh)θ

)
.

5.3 The algorithm

5.3.1 Genericity assumptions

The algorithm applies randomly chosen changes of coordinates A ∈ Zn×n to the input
polynomials which generically ensure certain desirable geometric properties.

Let f = (f1, . . . , fs) in Q[X1, . . . , Xn]
s be a sequence of degree d polynomials and

V = V (f) ⊂ Cn their corresponding algebraic set. Consider the following genericity
properties originally defined in [42].

H(1) : The ideal ⟨f⟩ is squarefree;

H(2) : V = V (f) is equidimensional of positive dimension n− s;

H(3) : sing(V ) is finite;

H(4) : V ∩ Rn is bounded.

For i ∈ {2, . . . , n− s}:
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H ′
i(1) : V is in Noether position for πn−s;

H ′
i(2) : either W (πi, V ) is empty or (i − 1)-equidimensional and in Noether position for

πi−1;

H ′
i(3) : K(π1, V ) is finite;

H ′
i(4) : K(π1,W (πi, V )) is finite;

H ′
i(5) : for x ∈ W (πi, V )− sing(V ), jacx([f ,∆], [X1, . . . , Xn]) has rank n− (i− 1),

∆ = [∂f/∂Xi | i ∈ [e+ i+ 1, . . . , n]],

where e ∈ N is the depth of the recursion.

Safey El Din and Schost also prove the following Lemmas specifying the genericity
assumptions of the algorithm.

• [42, Lemma 31:] Suppose that n − s − e > 1 and that [f,Q] satisfies H . After a
generic change of variables in GL(n, e), the system [f,Q] satisfies H ′

2 as well.

• [42, Lemma 34.] Suppose that n− e > i and that [f,Q] satisfies H . After a generic
change of variables in GL(n, e),

(a) [f,Q] satisfies H and H ′
i;

(b) [f,Q] satisfies H .

5.3.2 Fibers of projections

Let f = (f1, . . . , fs) ∈ Q[X1, . . . , Xn]
s be a sequence of polynomials andQ = Q(X1, . . . , Xe)

a zero-dimensional parameterization. The algorithms are recursive, processing pairs of the
form [f , Q] where

V ([f , Q]) = V ∩ π−1
e (Z(Q)),

which restricts X1, . . . , Xe to a finite number of values described by Q. Also let P =
P (X1, . . . , Xn) be a zero-dimensional parameterization for the set of control points P.

To analyze fibers of projections throughout the recursion, following the original work
in [42], we introduce the following notation. For x = (x1, . . . , xe) ∈ Ce and 1 ≤ j ≤ s,
define

fj,x = fj(x1, . . . , xe, Xe+1, . . . , Xn)

and
fx = (f1,x, . . . , fs,x).
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The pair [f , Q] is said to satisfy H if, for all x ∈ Z(Q), the system fx satisfies H in
C[Xe+1, . . . , Xn]. In particular, the variety V ([f , Q]) is equidimensional of dimension n−
e− s > 0. Assuming n− s ≥ 2 and fixing an integer i ∈ {2, . . . , n− s}, [f , Q] satisfies H ′

i

if, for all x ∈ Z(Q), the system fx satisfies H ′
i in C[Xe+1, . . . , Xn].

Recall that we use the Lagrangian modeling of polar varieties when obtaining our height
estimates.

Let πe,i denote the projection

Cn → Ci

(x1, . . . , xn) 7→ (xe, . . . , xi).

Remark 5.3.1. Notice πi = π0,i.

Based on the approach from [42] (and using notation introduced in Chapter 2), we
define

• wi,Q := w(πe,i, V [f , Q]),

• Wi,Q := wi,Q, and

• Wu,i,Q := Wu(πe,i, V ([f , Q]))

and define

• CQ = K(πe,1, V ([f , Q])),

• C ′
Q = πe+i−1(CQ)

• C ′′
Q = V ∩ π−1

e+i−1(C
′
Q′).

5.3.3 Subroutines

Based directly on the notation and definitions from [42], we define the following subroutines.

Unions of parameterizations. Consider zero-dimensional (resp. one-dimensional) pa-
rameterizations Q and Q′ of zero-dimensional (resp. one-dimensional) algebraic sets. Then,
Union(Q,Q′) computes a parameterization of Z(Q) ∪ Z(Q′).

Polynomial system solving. Let Solve(f , Q, j) be the subroutine that return a parametriza-
tion of the j-dimensional component of V ([f , Q]), with j ∈ {0, 1}.
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Projections. For 1 ≤ r < k ≤ n, let Projection(Q, [Xr, . . . , Xk]) denote the subroutine
that computes a parameterization R(Xr, . . . , Xk) with Z(R) = πr,k(Z(Q)).

Changes of variables. Consider polynomials f = (f1, . . . , fs) ∈ C[X1, . . . , Xn]
s and a

matrix A ∈ Zn×n. We let ChangeVariables(A,f) denote the subroutine that computes fA.

Fibers. Consider zero-dimensional parameterizationsQ = Q(X1, . . . , Xe) and P = P (X1, . . . , Xn).
The subroutine Lift(P,Q) returns a zero-dimensional parameterization of the set

Z(P ) ∩ π−1
e (Z(Q)).

Consider polynomials f = (f1, . . . , fs) ∈ Q[X1, . . . , Xn]
s and a zero-dimensional pa-

rameterization Q = Q(X1, . . . , Xe) satisfying H and H ′
i. Also consider a zero-dimensional

parameterization Q′(X1, . . . , Xe+i−1) of C ′
Q. The subroutine LiftW(f , Q′) returns a zero-

dimensional parameterization R with

Wi,Q ∩ π−1
e+i−1(Z(Q

′)) ⊂ Z(R).

Critical set computations. The roadmap subroutines compute a variety of critical
sets. Again let f = (f1, . . . , fs) ∈ Q[X1, . . . , Xn]

s be a sequence of polynomials and Q =
Q(X1, . . . , Xe) be a zero-dimensional parameterization. The subroutine CriticalCurve(f , Q)
returns a one-dimensional parameterization of W2,Q, assuming f and Q satisfy H and H ′

2.
The subroutine requiredCriticalPoints(f , Q, i) computes a zero-dimensional parameteriza-
tion of the set

K(πe,1,Wi,Q)

Remark 5.3.2. In the baby steps / giant steps paper by Safey El Din and Schost [42],
requiredCriticalPoints(f , Q) returns a parameterization of the set

K(πe,1, V ([f , Q])) ∪K(πe,1,Wi,Q).

However, it was shown in [36] that computing K(πe,1,Wi,Q) alone is sufficient.

Roadmap subroutines. Algorithm 1 presents pseudocode of Canny’s algorithm as given
in [42], and Algorithm 2 presents pseudocode of the main roadmap subroutine in [42]. While
letting the pseudocode be a guide, we analyze both subroutines, bounding the height of
the output.
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Algorithm 1: Canny Roadmap

Input: a sequence of polynomials f = (f1, . . . , fs) ∈ Q[X1, . . . , Xn]
s, and

zero-dimensional parameterizations Q = Q(X1, . . . , Xe) and
P = P (X1, . . . , Xn)

Output: a one-dimensional parameterization of a roadmap R of (V ([f , Q]),Z(P ))

1 if n− s− e = 1 then
2 return Solve(f , Q, 1)

3 Let A be a random matrix in GL(n, e)
4 Let f ←ChangeVariables(A,f)
5 Let P ←ChangeVariables(A, P )
6 P ←Lift(P,Q)
7 C ←Union(requiredCriticalPoints(f , Q, 2), P )
8 Q′ ←Projection(C, [X1, . . . , Xe+1])
9 P ′ ←Union(LiftW(f , Q′), P )

10 if C ̸= −1 then
11 R ← CannyRoadmap(f , Q′, P ′)
12 else
13 R ← (−1)
14 R ′ ←CriticalCurve(f , Q)
15 R ′′ ←Union(R,R ′)
16 return ChangeVariables(A−1,R ′′)

5.4 Proof of Theorem 5.1.3

To bound the height of the output of the roadmap subroutines, a straightforward appli-
cation of the arithmetic Bézout theorem (see [30]) is insufficient. The problem arises from
solving polynomial equations with a special shape. The variables are divided into two
separate blocks, each subject to different constraints:

• X1, . . . , Xe with high degree and bit-size, and

• Xe+1, . . . , Xn with low degree and bit-size,

where e ∈ N is the depth of the recursion. We instead use techniques introduced by
D’Andrea, Krick and Sombra [16] that involve the arithmetic Chow ring and which precisely
allow the two blocks to be handled separately. To apply these techniques, we use the
Lagrangian modeling of polar varieties, as their equations form a regular sequence.

Remark 5.4.1. In what follows, log refers to the natural logarithm.
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Algorithm 2: Main Roadmap

Input: a square-free polynomial f ∈ Q[X1, . . . , Xn], zero-dimensional
parameterizations Q = Q(X1, . . . , Xe) and P = P (X1, . . . , Xn)

Output: a one-dimensional parameterization of a roadmap R of (V ([f,Q]),Z(P ))

1 if n− e ≤ ⌈√n⌉ then
2 Return CannyRoadmap(f,Q)
3 Let A be a random matrix in GL(n, e)
4 Let f ←ChangeVariables(A, f)
5 Let P ←ChangeVariables(A, P )
6 P ←Lift(P,Q)
7 C ←Union(requiredCriticalPoints(f,Q, ⌈√n⌉), P )
8 Q′ ←Projection(Q, [X1, . . . , Xe+1])
9 P ′ ←Union(LiftW(f,Q′), P )

10 if C ̸= −1 then
11 R← MainRoadmap(f,Q′, P ′, ⌈√n⌉)
12 else
13 R← (−1)
14 ∆←

[
∂f
∂xi
| i ∈ [e+ ⌈√n⌉+ 1, . . . , n]

]
,f ← (f,∆)

15 R′ ←CannyRoadmap(f , Q, P ′)
16 R ′′ ←Union(R,R ′)
17 Return ChangeVariables(A−1,R ′′)

5.4.1 Nested Lagrange systems

Recall from Chapter 2, for u ∈ Zs and i ∈ {1, . . . , n − s + 1}, we let Iu(i,f) denote the
polynomials

(
f ,Lagrange(f , i, (L1, . . . , Ls)),

s∑

i=1

uiLi − 1

)
∈ C[X1, . . . , Xn, L1, . . . , Ls]

s+n−i+1,

and we let Wu(πi, V (f)) denote the Lagrange polar variety

Wu(πi, V (f)) = V (Iu(i,f)) ⊂ Cn+s.

Recall again, from Proposition 3.1 in Chapter 3, and the discussion above the statement
of Proposition 3.1, for a generic choice of u ∈ Zs, the Zariski closure of the projection of
the zero-set of Wu(πi, V (f)) on the X1, . . . , Xn-space is the polar variety W (πi, V (f)).

Remark 5.4.2. Note that Iu(i,f) is a polynomial system with

• s+ n− i+ 1 equations, and
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• s+ n unknowns.

Now, for v ∈ Zs+n−i+1, consider the polar variety

Wv(π1,Wu(πi, V (f))) ⊂ C2s+2n−i+1,

defied by polynomials

Iv(1,Iu(i,f)) =

(
Iu(i,f),Lagrange(Iu(i,f), 1, [L

′
1 · · ·L′

s+n−i+1]),
s+n−i+1∑

i=1

viL
′
i − 1

)

in C[X1, . . . , Xn, L1, . . . , Ls, L1, . . . , Ls+n−i+1]. By the discussion given previously regard-
ing the Lagrangian modelling of polar varieties, but where this time we apply Proposi-
tion 3.1 from Chapter 3 twice, for generic choices of both u and v, the polar variety
W (π1,W (πi, V (f))) is equal to the Zariski closure of the projection on the X1, . . . , Xn

variables of the algebraic set defined by the vanishing of equations Iv(1,Iu(i,f)).

Remark 5.4.3. Note that Iv(1,Iu(i,f)) is a polynomial system with

• 2(s+ n)− i+ 1 equations, and

• 2(s+ n)− i+ 1 unknowns.

After fixing e variables. Once e variables are fixed,

Lagrange(f , i, (L1, . . . , Ls)) = [L1, . . . , Ls] ·




∂f1
∂Xi+1

. . . ∂f1
∂Xn

...
...

∂fs
∂Xi+1

. . . ∂fs
∂Xn




is further truncated to

Lagrange([f , Q], i, (L1, . . . , Ls)) := [L1, . . . , Ls] ·




∂f1
∂Xe+i+1

. . . ∂f1
∂Xn

...
...

∂fs
∂Xe+i+1

. . . ∂fs
∂Xn




so that Wu,i,Q is defined by the equations

Iu(i, [f , Q]) :=

(
f ,Lagrange([f , Q], i, (L1, . . . , Ls)),

s∑

i=1

uiLi − 1

)
,

in
C[Xe+1, . . . , Xn, L1, . . . , Ls]

s+n−e−i+1.

Remark 5.4.4. Note that Iu(i, [f , Q]) is a polynomial system with
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• s+ n− e− i+ 1 equations, and

• s+ n− e unknowns.

Now, for v ∈ Qs+n−e−i+1, consider the polar variety

Wv(πe,1,Wu,i,Q) ⊂ C2s+2n−i+1,

defied by polynomials

Iv(1,Iu(i, [f , Q]))

=

(
Iu(i, [f , Q]),Lagrange(Iu(i, [f , Q]), 1, [L

′
1 · · ·L′

s+n−e−i+1]),
s+n−e−i+1∑

i=1

viL
′
i − 1

)

in C[Xe+1, . . . , Xn, L1, . . . , Ls, L1, . . . , Ls+n−e−i+1].

Again, by the discussion given previously regarding the Lagrangian modelling of polar
varieties, but where this time we apply Proposition 3.1 from Chapter 3 twice, if u and
v are chosen generically, W (πe,1,W (πe,i, V ([f , Q]))) is equal to the Zariski closure of the
projection on the Xe+1, . . . , Xn variables of the algebraic set defined by the vanishing of
equations Iv(1,Iu(i, [f , Q])).

Remark 5.4.5. Note that Iv(1,Iu(i, [f , Q])) is a polynomial system with

• 2(s+ n− e)− i+ 1 equations, and

• 2(s+ n− e)− i+ 1 unknowns.

5.4.2 Canny roadmap: degree and canonical height

Please refer to Algorithm 1 throughout this section.

Let f = (f1, . . . , fs) ∈ Q[X1, . . . , Xn]
s be a sequence of polynomials, with deg fi ≤

d, ht(fi) ≤ h, and let Q = Q(X1, . . . , Xe) and P = P (X1, . . . , Xn) be zero-dimensional
parameterizations where

• dQ,i, hQ,i, ĥQ,i, and

• dP,i, hP,i, ĥP,i

are the degrees, heights, and canonical heights, respectively, of Z(Q) and Z(P ), and where
i is the current level of recursion, running from 0 to n− e− s.

Here we give degree and canonical height bounds for the roadmap computed in the
subroutine CannyRoadmap(f , Q). In what follows we go through the steps of Algorithm 1,
bounding degree and canonical height at each step.
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Canny analysis.

• Let A ∈ GL(n, e) be a random matrix with entries of height at most hA, and assume
the inverse of A has entries with height at most hA−1 .

• Apply the change of coordinates f = ChangeVariables(A,f), and let

H = h+ nhA.

There are at most n levels of recursion, and therefore multiplying by n gives a bound
on the accumulative cost of applying the change of coordinates at each level.

• Apply the change of coordinates P = ChangeVariables(A, P ). The degree will not
change, but canonical height will increase.

Proposition 5.4.6. Canonical height increases by:

ĥP,i ← ĥP,i + n(12 log(2n+ 1) + hA)dP,i.

Proof. First, given at most n levels of recursion, multiplying by n is sufficient for
the accumulated cost of applying the change of coordinates. Second, consider the
following three steps.

1. By [16, Proposition 2.39(5)],

ht(P ) ≤ ĥ(P ) +
7

2
log(n+ 1)dP,i.

2. By [30, Proposition 2.4],

ht(PA) ≤ hP,i + (hA + 8 log(2n+ 1))dP,i.

3. Therefore, by [16, Proposition 2.39(5)],

ĥ(PA) ≤ 7

2
log(n+ 1)dP,i + ht(PA)

≤ 7

2
log(n+ 1)dP,i + (hP,i + (hA + 8 log(2n+ 1))dP,i)

≤ ĥP,i + (12 log(2n+ 1) + hA)dP,i.

• Now, P = Lift(P,Q). Both degree and height will not change:

– dP,i ← dP,i

– ĥP,i ← ĥP,i.
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Degree will not increase; intersection can only reduce a finite set. From [16, Propo-
sition 2.64] we see canonical height will also not increase.

• Next, C = Union(requiredCriticalPoints(f , Q(X1, . . . , Xe), 2), P ).

1. Let C first be the zero-dimensional parameterization returned by

C = requiredCriticalPoints(f , Q(X1, . . . , Xe), 2).

C is a zero-dimensional parameterization of

W (πe,1,W2,Q) ∪ sing(W2,Q).

We therefore bound the degree and height of both

– W (πe,1,W2,Q) and

– sing(W2,Q);

then, the sum of their respective degrees and heights gives the degree and height
of C.

(a) First we bound the degree and height of W (πe,1,W2,Q); we use the La-
grangian formulation of Polar varieties. Consider the Lagrangian polar
variety

Wv(πe,1,Wu,2,Q) ⊂ C2(s+n−e)−1. (5.1)

(Recall the Lagrangian modeling was introduced in Section 2, and reviewed
in Section 5.4.1.) After computing the partial derivatives in the Jacobian
matrix, the height grows by at most another factor of log(d). In addition,
we make generic choices for u and v and assume their heights are both
bound by hu. Put

H := h+ n(hA + hu + log(d)).

The degree of equations defining (5.1) are at most d and height at most H.
Recall from Section 5.4.1 that Wv(πe,1,Wu,2,Q) is defined by a polynomial
system with

– 2(s+ n− e)− 1 equations, and

– 2(s+ n− e)− 1 unknowns.

Let
N := 2n+ 2s− 2e− 1 ≤ 4n− 2e− 1 ≤ 4n.

Remark 5.4.7. We assume n ≥ 2.
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By Property (2) from Section 5.2.3, in System (5.1), each equation defines
a hypersurface whose class is, entrywise, at most

(log(N + 1)d+H)η + dθ.

Let S ⊂ Pe
C denote the projective closure of Q(X1, . . . , Xe) so that |S| ≤ dQ,i

and canonical height of S is at most ĥQ,i. We obtain a cylinder containing
the points Q(X1, . . . , Xe) by taking the ruled join of S and PN−e−1

C , intro-
ducing additional variables to describe the cylinder. The ruled join in the
bigger projective space is defined by the same equations defining S but for
a larger polynomial ring; it consists in the same equations defining S in
addition to new variables defining a cylinder. Consider the class of S :

[S]Z = ĥQ,iηθ
e−1 + dQ,iθ

e ∈ R[η, θ]/(η2, θe+1).

The ruled join of S and PN−e−1 is the projectivve algebraic set

S#PN−e−1
C ⊂ Pe+(N−e−1)+1

C = PN
C ,

which has degree

deg(S#PN−e−1
C ) = deg(S) · deg(PN−e−1

C ) = dQ,i · 1 = dQ,i.

Note that [PN−e−1
C ]Z = 1 (see [16, Proposition 1.10 (2)]). Therefore, the

polynomial representing
[S#PN−e−1

C ]Z

is equal to the polynomial representing [S]Z, and our cylinder containing
Q(X1, . . . , Xe) is represented by [S]Z.

Remark 5.4.8. To apply the intersection theory tools from 5.2.3, we need to
homogenize the equations first. Doing so will not increase degree or height.

Now by Property (3) from Section 5.2.3, the intersection of Q with the
equations defining (5.1) give entriwise degree and canonical height bounds
as follows:

[S]Z · ((log(N + 1)d+H)η + dθ)N

≡ (ĥQ,iηθ
e−1 + dQ,iθ

e) ·
(
NdN−1((log(N + 1)d+H))ηθN−1 + dNθN

)

mod (η2, θN+1))

≡
(
ĥQ,id

N + dQ,iNd
N−1((log(N + 1)d+H))

)
ηθ(N+e)−1 + dQ,id

Nθ(N+e)

mod (η2, θ(N+e)+1),

so that

– dC,i ≤ dQ,id
N
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– ĥC,i ≤ (ĥQ,id
N + dQ,iNd

N((log(N + 1)d+H)).

(b) We also bound the height of the singular points sing(W2,Q). First note

sing(W2,Q) ⊂ sing(V ([f , Q])),

and therefore we need only compute sing(V ([f , Q])); they have the following
Lagrangian modeling:

f , [L1, . . . ,Ls] · jac(f , e),
s∑

i=1

uiLi − 1 (5.2)

for a randomly chosen vector of integers u ∈ Zs and new Lagrangian mul-
tipliers [L1, . . . ,Ls]. This is an overdetermined system with

– n− e+ s− 1 equations

– n− e+ s unknowns.

To obtain the degree bound, we can apply [26, Proposition 2.3] where E1 is
taken to be the cylinder above Q obtained by

Q× AN−e ⊂ AN

and E2, . . . , EN+1 correspond to the equations defining (5.2); the degree is
bounded by

dQ,id
N .

Next, to obtain a bound on the height of the singular points, we apply [30,
Corollary 2.10]. To set up the application of this Corollary, let

– Let V ⊂ An be the affine part of

S#Pn−e−1 ⊂ Pn,

with degree equal to the degree of S#Pn−e−1 which is dQ,i, and height
(by Proposition 2.39(5) [16]):

hQ,i ≤ ĥQ,i +
7

2
log(n+ 1)dQ,i.

– Set V ′ = V ×As ⊂ An+s. The degree and height of V ′ remain the same
as the degree and height of V .

It then follows by [30, Corollary 2.10] that

ht(V ′ ∩ V (f , [L1, . . . ,Ls] · jac(f),
s∑

i=1

uiLi − 1)

≤dN
(
(ĥQ,i +

7

2
log(n+ 1)dQ,i) +NHdQ,i +N log(N + 1)dQ,i

)

≤(ĥQ,id
N + dQ,iNd

N((log(N + 1)d+H)).

Therefore after adding both respective degrees and heights we obtain:
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– dC,i ≤ 2dQ,id
N

– ĥC,i ≤ 2(ĥQ,id
N + dQ,iNd

N−1((log(N + 1)d+H)).

2. Now we take the union C = Union(C,P ):

– dC,i ≤ 2dQ,id
N + dP,i

– ĥC,i ≤ 2
(
ĥQ,id

N + dQ,iNd
N−1(log(N + 1)d+H)

)

+ (ĥP,i + n(12 log(2n+ 1) + hA)dP,i).

• We obtain Q′ = Projection(C, [X1, . . . , Xe+1]):

– dQ′,i ≤ dC,i ≤ 2dQ,id
N + dP,i

– ĥQ′,i ≤ ĥC,i.

• We next obtain P ′ = Union(LiftW(f , Q′), P ) where

1. First, L = LiftW(f , Q′) is a parameterization containing

W2,Q ∩ π−1
e+2−1(Z(Q

′)) ⊂ Z(R).

Again, we use the Lagrangian modeling to obtain degree and height bounds.
Consider the Lagrangian polar variety

Wu,2,Q ⊂ Cn−e+s. (5.3)

Recall there are
M := n+ s− e+ 1 ≤ 2n

equations defining the Lagrange polar variety (5.3).

Let S ′ denote the projective closure of Q′. We obtain a cylinder containing the
points Q′ by taking the ruled join of S ′ and PM−e−1

C . Consider the class of S ′ :

[S ′]Z = ĥQ′,iηθ
e−1 + dQ′,iθ

e ∈ R[η, θ]/(η2, θe+1).

The ruled join of S ′ and PM−e−1 is the projective variety

S ′#PM−e−1
C ⊂ Pe+(M−e−1)+1

C = PM
C ,

which has degree

deg(S ′#PM−e−1
C ) = deg(S ′) · deg(PM−e−1

C ) = dQ′,i · 1 = dQ′,i.

By Property (2) from 5.2.3, in System (5.3), each equation defines a hypersurface
whose class is, entrywise, at most

(log(M + 1)d+H)η + dθ.
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By Property (3) from 5.2.3, the intersection of Q′ with the equations defining
(5.3) obtains entriwise height bounds as follows.

[S ′]Z · ((log(M + 1)d+H)η + dθ)M

≡ (ĥQ′,iηθ
e−1 + dQ′,iθ

e) ·
(
MdM−1((log(M + 1)d+H))ηθM−1 + dMθM

)

mod (η2, θM+1))

≡
(
ĥQ′,id

M + dQ′,iMdM−1(log(M + 1)d+H)
)
ηθ(M+e)−1 + dQ′,id

Mθ(M+e)

mod (η2, θ(M+e)+1),

and therefore

– dL,i ≤ dQ′,id
M

– ĥL,i ≤
(
ĥQ′,id

M + dQ′,iMdM−1(log(M + 1)d+H)
)
.

2. Now P ′ = Union(LiftW(fA, Q′), P ):

– dP ′,i ≤ dL,i + dP,i ≤ dQ′,id
M + dP,i

– ĥP ′,i ≤ ĥL,i + (ĥP,i + (12 log(2n+ 1) + hA)dP,i) ≤
(
ĥQ′,id

M + dQ′,iMdM−1(log(M + 1)d+H)
)
+(ĥP,i+n(12 log(2n+1)+hA)dP,i).

• We now enter the recursive step with R = CannyRoadmap(f , Q′, P ′) and obtain the
following recurrences:

– dQ,i+1 = dQ′,i ≤ 2dQ,id
4n + dP,i

– ĥQ,i+1 = ĥQ′,i ≤ ĥC,i ≤

2(ĥQ,id
4n+dQ,i(4n)d

4n−1(log(4n+1)d)+H))+(ĥP,i+n(12 log(2n+1)+hA)dP,i)

– dP,i+1 = dP ′,i ≤ dQ′,id
2n + dP,i ≤ (2dQ,id

4n + dP,i)d
2n + dP,i

≤ 2dQ,id
4n+2n + dP,id

2n + dP,i

– ĥP,i+1 = ĥP ′,i ≤ ĥL,i + (ĥP,i + n(12 log(2n+ 1) + hA)dP,i)

≤
(
ĥQ′,id

2n + dQ′,i(2n)d
2n−1(log(2n+ 1)d+H)

)
+(ĥP,i+n(12 log(2n+1)+hA)dP,i).

To solve the recurrence for the degree, assume di ≥ max{dQ,i, dP,i}, and then notice

dQ,i+1 ≤ dP,i+1

≤ 2dQ,id
6n + dP,id

2n + dP,i

≤ di(2d
6n + d2n + 1)

= diK
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where we define K = (2d6n + d2n + 1). Now, setting

d0 = max{dQ,0, dP,0}
and

di+1 = diK,

it follows that

– dQ,i+1 ≤ di+1

– dP,i+1 ≤ di+1,

and therefore
di = d0K

i.

Now, to solve the recurrence for the height, assume ĥi ≥ max{ĥQ,i, ĥP,i}, define
– K1 = (log(4n+ 1)d+H)(4n)

– K2 = n(12 log(2n+ 1) + hA)

– K3 = 2(2K1 +K2),

and notice

– ĥQ,i+1 = ĥQ′,i ≤ ĥC,i ≤
2(ĥQ,id

4n + dQ,i(4n)d
4n−1(log(4n+ 1)d+H)) + (ĥP,i + n(12 log(2n+ 1) + hA)dP,i)

≤2ĥQ,id
4n + d0K

i(2K1 +K2)d
4n + ĥP,i

– ĥP,i+1 = ĥP ′,i ≤ ĥL,i + (ĥP,i + (12 log(2n+ 1) + hA)dP,i)

≤
(
ĥQ′,id

2n + dQ′,i(2n)d
2n(log(2n+ 1)d+H)

)
+ (ĥP,i + n(12 log(2n+ 1) + hA)dP,i)

≤ĥQ′,id
2n + dQ′,id

2nK1 + ĥP,i +K2dP,i

≤(2ĥQ,id
4n + d0K

i(2K1 +K2)d
4n + ĥP,i)d

2n + (d0K
i+1)d2nK1 + ĥP,i +K2dP,i

≤2ĥQ,id
6n + d0K

i(2K1 +K2)d
6n + ĥP,id

2n + (d0K
i+1)d2nK1 + ĥP,i +K2(d0K

i)

≤(2ĥQ,id
6n + ĥP,id

2n + ĥP,i)

+ d0K
i(2K1 +K2)d

6n + (d0K
i+1)d2nK1 +K2(d0K

i)

≤(2ĥQ,id
6n + ĥP,id

2n + ĥP,i)

+ d6n(d0K
i(2K1 +K2) + (d0K

i+1)K1 +K2(d0K
i))

≤(2ĥQ,id
6n + ĥP,id

2n + ĥP,i)

+ d6n(d0K
i+1(2K1 +K2) + (d0K

i+1)K1 +K2(d0K
i+1))

≤ĥiK + d6n(d0K
i+1)(4K1 + 2K2)

≤ĥiK + (d0K
i+2)(4K1 + 2K2)

=ĥiK + (d0K
i+2)K3.
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Setting
ĥ0 = max{ĥQ,0, ĥP,0}

and

ĥi+1 :=ĥiK + d0K
i+2K3 = K(ĥi + d0K

i+1K3),

it follows that

– ĥQ,i+1 ≤ ĥi+1

– ĥP,i+1 ≤ ĥi+1

and
ĥi = Ki+1d0K3i+ h0K

i.

• Now we compute R′ = CriticalCurve(f , Q). Then, by Property (3) in Section 5.2.3,
the intersection of Q with the equations defining (5.3) obtain entriwise degree and
canonical height bounds as follows.

[S]Z · ((log(M + 1)d+H)η + dθ)M

≡
(
ĥQ,id

M + dQ,iMdM−1(log(M + 1)d+H)
)
ηθ(M+e)−1 + dQ,id

Mθ(M+i)

mod (η2, θ(M+e)+1),

and therefore

– dR′,i ≤ dQ,id
M ≤ did

2n = d0K
id2n ≤ d0K

i+1

– ĥR′,i ≤

ĥQ,id
M + dQ,iMdM−1(log(M + 1)d+H)

≤ĥidM + did
M−1K1

≤(Ki+1d0K3i+ ĥ0K
i)d2n + (d0K

i)K1d
2n

≤Ki+2d0K3i+ ĥ0K
i+1 + d0K

i+1K1d
2n

=Ki+2d0K3i+Ki+1(ĥ0 + d0K1d
2n).

• Now R′′ = Union(R,R′), and the degree and height of R′′ increase by at most a factor
of the depth i:

– dR′′,i ≤ idR′,i ≤
id0K

i+1

– ĥR′′,i ≤ iĥR′,i ≤
i
(
Ki+2d0K3i+Ki+1(ĥ0 + d0K1d

2n)
)
.
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• In the last step we invert the change of coordinates: ChangeVariables(A−1, R′′).
Degree does not change; height increases:

– dR′′,i ≤ dR′′,i

– ĥR′′,i ← ĥR′′,i + (15 log(2n+ 1) + hA−1)dR′′,i.

The proof for the bound on the height follows the same logic as Proposition 5.4.6.
We define

K4 = (15 log(2n+ 1) + hA−1).

Noting that at step 1 of CannyRoadmap (Algorithm 1), the algorithm halts when n −
s− e = 1, we have proven the following proposition.

Proposition 5.4.9. Given a sequence of polynomials f = (f1, . . . , fs) ∈ Q[X1, . . . , Xn]
s

of degree d and height h, and zero-dimensional parameterizations Q = Q(X1, . . . , Xe) and
P = P (X1, . . . , Xn) with degree and canonical height at most d0 and ĥ0, the output of
CannyRoadmap on input (f , Q, P ) is a roadmap R with degree and canonical height at
most

• dR ≤ nd0K
(n−s−e)+1

• ĥR ≤ n(Kn−s−e+2d0K3n+Kn−s−e+1(ĥ0 + d0K1d
2n) +K4d0K

n−s−e+1)

where

• K = 2d6n + d2n + 1

• K1 = (log(4n+ 1)d+H)(4n)

• K2 = n(12 log(2n+ 1) + hA)

• K3 = 2(2K1 +K2)

• K4 = (15 log(2n+ 1) + hA−1)

• H = h+ n(hA + hv + log(d)).

Remark 5.4.10. When CannyRoadmap is called by MainRoadmap then the depth is equal
to

n− s− e = n− (n− e−√n)− e = √n.
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5.4.3 Main roadmap: degree and canonical height

Please refer to Algorithm 2 throughout this section.

Let f ∈ Q[X1, . . . , Xn] be a squarefree polynomial with deg f ≤ d, ht(f) ≤ h, and let
Q = Q(X1, . . . , Xe) and P = P (X1, . . . , Xn) be zero-dimensional parameterizations where

• dQ,j, hQ,j, ĥQ,j, and

• dP,j, hP,j, ĥP,j

are the degrees, heights, and canonical heights, respectively, of Z(Q) and Z(P ), and where
j is the current level of recursion, running from 0 to

√
n. As j increases by 1 the number

of steps increases by ⌈√n⌉. Therefore after roughly
√
n steps,

√
n · √n = n is achieved.

Here we give degree and canonical height bounds for the roadmap computed in the
subroutine MainRoadmap(f,Q). In what follows we go through the steps of Algorithm 2,
bounding degree and canonical height at each step.

The analysis is very similar to the one for Canny. To avoid unnecessary repetition,
some of the claims will be stated without justification.

Main analysis.

• Let A ∈ GL(n, e) be a random matrix with the same height bounds hA, and hA−1 .

• f = ChangeVariables(A, f), H = h+ nhA.

• P = ChangeVariables(A, P ):

– dP,j ← dP,j

– ĥP,j ← ĥP,j + (12 log(2n+ 1) + hA)dP,j.

• P = Lift(P,Q):

– dP,j ← dP,j

– ĥP,j ← ĥP,j.

• C = Union(requiredCriticalPoints(f,Q(X1, . . . , Xe), ⌈
√
n⌉), P ).

1. First, C = requiredCriticalPoints(f,Q(X1, . . . , Xe), ⌈
√
n⌉), where C is a zero-

dimensional parameterization of

W (πe,1,W⌈√n⌉,Q) ∪ sing(W⌈√n⌉,Q).

We therefore bound the degree and height of both
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– W (πe,1,W⌈√n⌉,Q) and

– sing(W⌈√n⌉,Q);

then, the sum of their respective degrees and heights gives the degree and height
of C.

(a) First we bound the degree and height of W (πe,1,W⌈√n⌉,Q). We again use
the Lagrangian formulation.

Wv(πe,1,Wu,⌈√n⌉,Q) ⊂ C2(1+n−e)−⌈√n⌉+1. (5.4)

As with Canny, take

H = h+ n(hA + hu + log(d)).

– The degree of equations defining (5.4) are at most d; and

– the height of equations defining (5.4) are at most H.

Recall from Section 5.4.1 that Wv(πe,1,Wu,⌈√n⌉,Q) is defined by a polynomial
system with

– 2(1 + n− e)− ⌈√n⌉+ 1 equations, and

– 2(1 + n− e)− ⌈√n⌉+ 1 unknowns.

Let
N := 2n+ 2− 2e− ⌈√n⌉+ 1 ≤ 2n+ 2− 2e ≤ 4n

In System (5.4), by Property (2) in Section 5.2.3, each equation defines a
hypersurface whose class is, entrywise, at most

(log(N + 1)d+H)η + dθ.

As with Canny, we obtain a cylinder containing the points Q(X1, . . . , Xe) by
taking the ruled join of S and PN −e−1

C , introducing additional variables to
describe the cylinder. The ruled join of [S]Z and [PN −e−1]Z is the projective
variety

S#PN −e−1
C ⊂ Pe+(N −e−1)+1

C = PN
C ,

which has degree

deg(S#PN −e−1
C ) = deg(S) · deg(Pn−e−1

C ) = dQ,j · 1 = dQ,j.

Consider the class of S :

[S]Z = ĥQ,jηθ
e−1 + dQ,jθ

e ∈ R[η, θ]/(η2, θe+1).

The polynomial representing

[S#PN −e−1
C ]Z
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is equal to the polynomial representing [S]Z, so that our cylinder containing
Q(X1, . . . , Xe) is represented by [S]Z.
Now by Property (3) from Section 5.2.3, the intersection of Q with the
equations defining (5.4) obtain

[S]Z · ((log(N + 1)d+H)η + dθ)N

≡ (ĥQ,jηθ
e−1 + dQ,jθ

e) ·
(
N dN −1((log(N + 1)d+H))ηθN −1 + dN θN

)

mod (η2, θN +1))

≡
(
ĥQ,jd

N + dQ,jN dN −1((log(N + 1)d+H))
)
ηθ(N +e)−1 + dQ,jd

N θ(N +e)

mod (η2, θ(N +e)+1).

(b) The singular points have the following Lagrangian formulation:

f,L · ∇(Xe+1,...,Xn)f, uL− 1 (5.5)

with L a Lagrange variable and u a non-zero integer.
The degree and canonical height of the singular points are obtained in the
same way as was done in the Canny analysis. After adding with the degree
and canonical height of the critical points we obtain:

– dC,j ≤ 2dQ,jd
N

– ĥC,j ≤ 2(ĥQ,jd
N + dQ,jN dN −1((log(N + 1)d+H)).

2. Now, C = Union(C,P ) :

– dC,j ≤ 2dQ,jd
N + dP,j

– ĥC,j ≤ 2
(
ĥQ,jd

N + dQ,jN dN −1(log(N + 1)d+H)
)

+ (ĥP,j + n(12 log(2n+ 1) + hA)dP,j)

• Q′ = Projection(C, [X1, . . . , Xe+⌈√n⌉+1]):

– dQ′,j ≤ dC,j ≤ 2dQ,jd
N + dP,j

– ĥQ′,j ≤ ĥC,j.

• P ′ = Union(LiftW(fA, Q′), P ):

1. First, L = LiftW(fA, Q′) is a parameterization containing

W⌈√n⌉,Q ∩ π−1
e+⌈√n⌉−1

(Z(Q′)) ⊂ Z(R).

Recall that there are
M := n+ 1− e+ 1 ≤ 2n

equations defining
Wu,⌈√n⌉,Q ⊂ Cn−e+1. (5.6)
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Let S ′ denote the projective closure of Q′. We obtain a cylinder containing the
points Q′ by taking the ruled join of S ′ and PM−e−1

C . Consider the class of S ′ :

[S ′]Z = ĥQ′,eηθ
e−1 + dQ′,eθ

e ∈ R[η, θ]/(η2, θe+1).

The ruled join of [S ′]Z and [PM−e−1]Z is the projective variety

S ′#PM−e−1
C ⊂ Pe+(M−e−1)+1

C = PM
C ,

which has degree

deg(S ′#PM−e−1
C ) = deg(S ′) · deg(PM−e−1

C ) = dQ′,e · 1 = dQ′,e.

By Property (2), Section 5.2.3, the equations in System (5.6) each define a
hypersurface whose class is, entrywise, at most

((log(M + 1)d+H)η + dθ.

By Property (3), Section 5.2.3, the intersection of Q′ with the equations in (5.6)
obtains

[S ′]Z · ((log(M + 1)d+H)η + dθ)M

≡ (ĥQ′,jηθ
e−1 + dQ′,jθ

e) ·
(
M dM−1((log(M + 1)d+H))ηθM−1 + dM θM

)

mod (η2, θM+1))

≡
(
ĥQ′,jd

M + dQ′,jM dM−1(log(M + 1)d+H)
)
ηθ(M+e)−1 + dQ′,jd

M θ(M+e)

mod (η2, θ(M+e)+1).

– dL,j ≤ dQ′,jd
M

– ĥL,j ≤
(
ĥQ′,jd

M + dQ′,jM dM−1(log(M + 1)d+H)
)

2. Now P ′ = Union(L, P ):

– dP ′,j ≤ dQ′,jd
M + dP,j

– ĥP ′,j ≤
(
ĥQ′,jd

M + dQ′,jM dM−1(log(M + 1)d+H)
)
+(ĥP,j+n(12 log(2n+

1) + hA)dP,j).

• We obtain the same recurrences as we did with the Canny analysis.

R = MainRoadmap(f,Q′, P ′, ⌈√n⌉) :

– dQ,j+1 = dQ′,j ≤ 2dQ,jd
4n + dP,j

– ĥQ,j+1 = ĥQ′,j ≤ ĥC,j

2(ĥQ,jd
4n+ dQ,j(4n)d

4n−1(log(4n+1)d+H))+ (ĥP,j +(12 log(2n+1)+hA)dP,j)

104



– dP,j+1 = dP ′,j ≤ dQ′,jd
2n + dP,j ≤ (2dQ,jd

4n + dP,j)d
2n + dP,j

≤ 2dQ,jd
4n+2n + dP,jd

2n + dP,j.

– ĥP,j+1 = ĥP ′,j ≤ ĥL,j + (ĥP,j + (12 log(2n+ 1) + hA)dP,j)

≤ 2
(
ĥQ′,jd

2n + dQ′,j(2n)d
2n−1(log(2n+ 1)d+H)

)
+(ĥP,j+(12 log(2n+1)+hA)dP,j).

Let

– K = (2d6n + d2n + 1)

– K1 = (log(4n+ 1)d+H)(4n)

– K2 = n(12 log(2n+ 1) + hA)

– K3 = 2(2K1 + K2).

Remark 5.4.11. The values of K,K1,K2,K3 are the same as K,K1, K2, K3 from the
Canny analysis. However, to separate the two analyses, we choose to use separate
notation.

Then, with

– d0 = max{dQ,0, dP,0, 1}
– ĥ0 = max{ĥQ,0, ĥP,0, 1},

we obtain

– dj = d0K
j

– ĥj = Kj+1d0K3j + h0K
j.

• Next, R′ = CannyRoadmap(f , Q, P ′), where

1. f = [f,∆]

2. ∆ = [∂f/∂Xi | i ∈ [e+ i+ 1, . . . , n]].

Entries in f have

– degree at most d

– height at most H.

We call Proposition 5.4.9 with

– s = n− e− ⌈√n⌉
– d0 = max{dQ,jdP ′,j, 1} ≤ d0K

j+1
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– ĥ0 = max{ĥQ,j ĥP ′,j, 1} ≤ Kj+2K4(j + 1) + ĥ0K
j+1.

We obtain

1. dR′ ∈
O(nd0d

24n3/2

)

2. ĥR′ ∈
O
(
(d0K4 + ĥ0)nd

24n3/2

+ (K4

√
n+ d0(K1 + nK3))nd

30n3/2
)

– K = 2d6n + d2n + 1

– K1 = (log(4n+ 1)d+H)(4n)

– K2 = n(12 log(2n+ 1) + hA)

– K3 = 2(2K1 + K2)

– K4 = (15 log(2n+ 1) + hA−1).

– H = h+ n(hA + hu + hv + log(d)).

Proof. 1. Immediately from Proposition 5.4.9 we obtain

dR′ ≤ nd0K
j+1Kn−s−e+1.

Now our index j is at most
√
n:

dR′ ≤ nd0K
√
n+1Kn−s−e+1.

Substitute K = (2d6n + d2n + 1) ≤ 4d6n gives

dR′ ≤ nd0(4d
6n)

√
n+1(4d6n)n−s−e+1.

Given that s = n− e−√n:

dR′ ∈ O(nd0(d6n)
√
n+1(d6n)

√
n+1).

Therefore
dR′ ∈ O(nd0d12n

3/2+12n) ∈ O(nd0d24n
3/2

).

2. Immediately from Proposition 5.4.9, using

n− s− e = n− (n− e−√n)− e = √n,

we obtain

n(K
√
n+2d0K3n+ K

√
n+1(ĥ0 + d0K1d

2n) + K4d0K
√
n+1)

Substitute d0 ≤ d0K
j+1:

n(K
√
n+2(d0K

j+1)K3n+ K
√
n+1(ĥ0 + d0K

j+1K1d
2n) + K4d0K

j+1K
√
n+1)
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substitute ĥ0 ≤ Kj+2K4(j + 1) + ĥ0K
j+1:

n(K
√
n+2(d0K

j+1)K3n+K
√
n+1((Kj+2K4(j+1)+ĥ0K

j+1)+d0K
j+1K1d

2n)+K4d0K
j+1K

√
n+1)

Substitute j ≤ √n:

n(K
√
n+2(d0K

j+1)K3n+ K
√
n+1((K

√
n+2K4(

√
n+ 1) + ĥ0K

√
n+1)

+d0K
√
n+1K1d

2n) + K4d0K
√
n+1K

√
n+1)

Now finally substitute K ≤ 4d6n and consider the asymptotic behavior to obtain
the conclusion.

• R′′ = Union(R,R′), and the degree and height increase by at most a factor of
√
n :

– dR′′ ≤ √ndR′ ∈ O(n3/2d0d
24n3/2

)

– ĥR′′ ≤ √nĥR′ ∈

O
(
(d0K4 + h0)n

3/2d24n
3/2

+ (K4

√
n+ d0(K1 + nK3))n

3/2d30n
3/2
)

• ChangeVariables(A−1, R′′):

– dR′′ ≤ dR′′

– ĥR′′ ≤ ĥR′′,j + K4dR′′,j ∈

O
(
(d0K4 + h0)n

3/2d24n
3/2

+ (K4

√
n+ d0(K1 + nK3))n

3/2d30n
3/2
)
.

Remark 5.4.12. We make a great deal of effort to obtain inequalities on degree and
height. We do this because in future work we intend to develop a modular algorithm where
inequalities on the output size are necessary to properly estimate prime size. Clearly, from
the proof we can derive an inequality. However, the expression is complex and we therefore
decided to use asymptotic notation for simplification in the main result.

5.4.4 Height of data structures

The output of Algorithm 2, main roadmap, is a one-dimensional parameterization of the
roadmap. However, the degree and canonical height bounds just derived apply to the
underlying algebraic set that is the roadmap itself. Let R denote this roadmap, and let

• dR be the degree of R,

• ĥR the canonical height of R, and
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• hR the height of R.

In what follows we bound the hight of the output of MainRoadmap in [42], a one-
dimensional parameterization of R.

From the previous analysis:

• The degree of R is at most

O(n3/2d0d
24n3/2

).

• The canonical height of R is at most

O
(
(d0K4 + ĥ0)n

3/2d24n
3/2

+ (K4

√
n+ d0(K1 + nK3))n

3/2d30n
3/2
)
.

From [16, Proposition 2.39(5)],

• h0 ∈ O(log(n)d0 + ĥ0)

• hR ∈ O(log(n)dR + ĥR).

Therefore the height of R is at most

O
(
(d0K4 + h0)n

3/2d24n
3/2

+ (K4

√
n+ d0(K1 + nK3))n

3/2d30n
3/2
)
.

To bound the height of a one-dimensional parameterization of R, we can apply [15,
Theorem 1]. However, first we need to apply a certain generic change of coordinates to
R. Recall from the introduction of this Chapter (Chapter 5.1) the definition of a one-
dimensional parameterization: a pair

Q = ((q, v1, . . . , vn), (λ, λ
′)),

with

• bi-variate polynomials (q, v1, . . . , vn) ∈ Q[T, U ], q square-free and monic in T and U ,
with GCD(q, v1) = 1 and deg(vi) < deg(q);

• λ = λ1X1 + . . .+ λnXn, λ
′ = λ′1X1 + . . .+ λ′nXn linear forms in X1, . . . , Xn, with

–

λ(v1, . . . , vn) = T
∂q

∂T
mod q;

–

λ′(v1, . . . , vn) = U
∂q

∂T
mod q.
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Then R is the Zariski closure

Z(Q) :=

{(
v1(τ, ρ)

∂q/∂T (τ, ρ)
, . . . ,

vn(τ, ρ)

∂q/∂T (τ, ρ)

)
∈ Qn | q(τ, ρ) = 0,

∂q

∂T
(τ, ρ) ̸= 0

}
.

We require R to be in generic coordinates that allow a one-dimensional parameterization
with the linear forms taken simply as:

• λ = X1;

• λ′ = X2.

We achieve this by choosing the entries of a change of coordinate matrix




b1,1 b2,1 | 0 · · · 0
b1,2 b2,2 | 0 · · · 0
b1,3 b2,3 | 1 · · · 0
...

... | ...
. . .

...
b1,n b2,n | 0 · · · 1



∈ Zn×n

in the following way, respectively for columns one and two.

1. Proposition 4.5 in [30] shows the existence of a polynomial of degree at most 2(dR)
2

with the property that when not canceled by integers b1,1, . . . , b1,n, then R is in
Noether position for π1. Consequently, λ = X1 can be chosen.

2. From [18, Corollary 3.5], there exists another polynomial, with the same degree
bound, with the property that when not canceled by integers b2,1, . . . , b2,n then X2 is
separating in a sense that allows for λ′ = X2 to be the second linear form.

Proposition 5.4.13. Let f ∈ Q[X1, . . . , Xn] be a polynomial with degree d. Put S :=
{0, 1, 2, . . . , d} ⊂ N. Then there exists b1, . . . , bn ∈ S, ht(bi) ≤ log(d), with

f(b1, . . . , bn) ̸= 0.

Proof. Consider Sn = {0, 1, . . . , d}n with cardinality (d+1)n. By the DeMillo–Lipton–Schwartz–Zippel
lemma,

|V (f) ∩ Sn| ≤ d|S|n−1 = d(d+ 1)n−1 < (d+ 1)n.

Therefore Sn must contain a non-root (b1, . . . , bn) with b1, . . . , bn ∈ S and

ht(bi) ≤ log(d).

109



Therefore bi,j have height at most

log(4(dR)
2) ∈ O(log(n) + log(d0) + n3/2 log(d)),

which when added to the height of R does not change its asymptotic upper bound.

Now we can apply [15, Theorem 1], which increases the height slightly. The heights of
polynomials in a one-dimensional parameter of R are bounded by

O
(
(d0K

′
4 + h0)n

3/2d24n
3/2

+ (K′
4

√
n+ d0(log(d0)n

1/2 log(d)K′
1 + nK′

3))n
3/2d30n

3/2
)

with

• K′
1 = n(d log(n) +H)

• K′
2 = n(log(n) + hA)

• K′
3 = K′

1 + K′
2

• K′
4 = log(n) + hA−1

• H = h+ n(hA + hu + log(d)).

After further simplification, particularly with soft-O notation which ignores polylogarith-
mic terms, the height of the data structure is bounded by

O∼
(
h0d

24n3/2

+ d0(h+ hA + hu + hA−1)d30n
3/2+1

)
.

This completes the proof of Theorem 5.1.3.
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Chapter 6

Computing 2a-isogenies in Legendre
form
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Computing 2a-isogenies in Legendre Form

Jesse Elliott∗, Aaron Hutchinson†, David Jao‡

Overview

We introduce a method for efficiently computing 2a-isogenies in Legendre form with
applications in post-quantum cryptography. An example of a secure application is the
Charles-Goren-Lauter (CGL) hash function [3], which recently saw significant improve-
ment in complexity by Doliskani et al. 2022 [4].

The majority of work on isogeny computation uses elliptic curves in Montgomery
form; this includes the original work on SIDH by Jao, De Feo and Plût [8] and the sate
of the art implementation of SIKE [6]. Elliptic curves in twisted Edwards form have
also been used due to their efficient elliptic curve arithmetic, and complete Edwards
curves have been used for their benefit of providing added security against side channel
attacks (see Azarderakhsh et al. 2018 [1]). As far as we know, elliptic curves in Legendre
form have not yet been explored for isogeny-based cryptography. Legendre form has
the benefit of a very simple defining equation, and the simplest possible representation
of the 2-torsion subgroup. In this work, we develop a new framework for constructing
2a-isogenies using elliptic curves in Legendre form, and in doing so optimize Legendre
curve arithmetic and 2-isogeny computations on Legendre curves by avoiding any square
root computations.
Keywords— Post-quantum cryptography, supersingular elliptic curves, cryptographic

hash functions
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1 Introduction

Isogeny-based cryptography is an active area of research in post-quantum cryptography.
Isogeny-based schemes are generally compact with small key sizes, while computational time
is relatively slower compared to other post-quantum frameworks. Several cryptosystems are
built on the hypothesized computational hardness of the supersingular isogeny path problem:
given a prime p, and two supersingular elliptic curves E and E ′ over Fp2 , find a path from
E to E ′ in the l-isogeny graph. An l-isogeny graph, for a prime l, is an (l + 1)-regular
graph with supersingular elliptic curves as vertices and l-isogenies as edges. l-isogeny graphs
are Ramanujan, expander graphs with non-trivial eigenvalues having absolute value at most
2
√
l − 1; the bound is an optimal eigenvalue gap. Consequently the graph is highly connected

and random walks on the graph have rapid mixing: by starting at a vertex and randomly
moving from one vertex to another, a state is quickly reached where the probability of being
at any given vertex is almost the same, regardless of the starting point. Therefore random
paths in the graph approach a uniform distribution and recovering the path is thought to be
computationally hard. In particular, the pre-image resistance of the CGL hash function [3]
is based on the hardness of the l-isogeny path problem.

We introduce a method for efficiently computing 2a-isogenies in Legendre form. An
example of a secure application in post-quantum cryptography is the Charles-Goren-Lauter
(CGL) hash function [3], which recently underwent a significant improvement in complexity
by Doliskani et al. 2022 [4]. As far as we know, elliptic curves in Legendre form have not
yet been explored for isogeny-based cryptography. Legendre form has the benefit of a very
simple defining equation, and the simplest possible representation of the 2-torsion subgroup.
We develop a new framework for constructing 2a-isogenies using elliptic curves in Legendre
form, and in doing so optimize Legendre curve arithmetic and 2-isogeny computations on
Legendre curves by avoiding any square root computations.

1.1 Background

Elliptic Curves and Isogenies. Let Fq be a finite field with q elements, where q = pk

for some prime p. Let E1 and E2 be elliptic curves over Fq. An isogeny φ : E1 → E2 is a
non-constant rational map preserving the identity element, and also a group homomorphism
from E1(Fq) to E2(Fq). The degree of an isogeny φ, denoted degφ, is its degree as a rational
map. When an isogeny is separable and non-constant, then its degree is finite and equal to
the size of its kernel. An isogeny of degree ℓ is called an ℓ-isogeny. Moreover, non-constant
separable isogenies are determined by their kernel, up to isomorphism, in the following sense.

Theorem 1. ([9, Proposition 4.12]) Let E be an elliptic curve and let G be a finite subgroup
of E. There exists a unique (up to isomorphism) elliptic curve E ′ and a separable isogeny
φ : E → E ′ with ker(φ) = G.

The curve E ′ in the theorem above is often labeled E/G and is called the quotient of E by G.
Vélu’s formulas (see Vélu 1971 [10]) provide the equations for the codomain curve E/G and
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for the isogeny φ : E → E/G. For a point P in E, Vélu’s formulas give explicit equations
φ(P ) = (φ1(P ), φ2(P )) where

φ1(P ) = x(P ) +
∑

Q∈G\{O}
[x(P +Q)− x(Q)]

φ2(P ) = y(P ) +
∑

Q∈G\{O}
[y(P +Q)− y(Q)].

Furthermore, non-constant separable isogenies can be factored into a composition of isogenies
of prime degree over Fq. In particular, if φ is a non-constant and separable isogeny with
degree ℓe for some prime ℓ, then φ can be factored into a composition φ = φeφe−1 · · ·φ1

where degφi = ℓ for all 1 ≤ i ≤ e.
For an elliptic curve E defined over Fq and an integer n, the multiplication by n map

[n] : E → E is an isogeny. The kernel of [n] is the n-torsion subgroup E[n] of E, given by
E[n] = {P ∈ E : [n]P = O}. If n does not divide p, then E[n] is isomorphic to Z/nZ⊕Z/nZ
as an abelian group.

We say that E1 and E2 are isogenous if there exists a non-constant isogeny φ : E1 → E2.
For any such φ, there always exists a dual isogeny φ̂ : E2 → E1 satisfying degφ = deg φ̂ and
φφ̂ = φ̂φ = [degφ], making the property of being isogenous an equivalence relation.

An endomorphism of an elliptic curve E defined over Fq is an isogeny φ : E → E.
The set of all endomorphisms, together with point-wise addition and function composition,
forms the structure of a ring called the endomorphism ring, which is denoted by End(E). We
say that E is supersingular when dimZ(End(E)) = 4 and we say that E is ordinary when
dimZ(End(E)) = 2. Isogenous elliptic curves are either both supersingular or both ordinary.
Every supersingular elliptic curve is isomorphic to an elliptic curve that is defined over a
finite field of order p2. The work in this paper focuses exclusively on supersingular elliptic
curves, and therefore we assume in the remainder that q = p2.

E EA

EB EBA
∼= EAB

φA

φB φ
′
B

φ
′
A

Figure 1: A high-level depiction of Supersingular Isogeny Diffie-Hellman. The initial curve
E is given as a public parameter. In round 1, Alice (resp. Bob) constructs the secret isogeny
φA (resp. φB). In round 2, Alice (resp. Bob) constructs another secret isogeny φ′

A (resp.
φ′
B). The shared secret is the j-invariant of the final curve EAB

∼= EBA.

Supersingular Isogeny Diffie-Hellman. SIDH is a key exchange algorithm proposed by
Jao and De Feo 2011 [7] that was conjectured to be post-quantum secure before the attack by
Castryck and Descru in 2022 [2]. Our isogeny computation builds upon the SIDH framework.
We reference SIDH throughout the paper and employ the same terminology.
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The security of SIDH is not based on the supersingular isogeny path problem but rather
the computational supersingular isogeny problem: let φ : E → ER be an isogeny whose kernel
is ⟨PR + γQR⟩, where γ is chosen at random from Z/leRZ with lR ∈ {2, 3} and {PR, QR}
generators of E[leR]. Given ER and the values φ(PS), φ(QS), for generators {PS, QS} of E[lfS]
with lS ∈ {2, 3} and lS ̸= lR, find a generator R of ⟨PR + γQR⟩. The additional torsion data
are exploited in the attack by Castryck and Descru 2022 [2].

We now describe SIDH at a high level. Let p = 2a3bf ± 1 be a prime number, where f is
a small co-factor and 2a ≈ 3b. Let E be a supersingular elliptic curve defined over Fp2 .

The key exchange provided by SIDH is a variation of Diffie-Hellman. The public param-
eters consist of a supersingular elliptic curve E and points PA, QA, PB, QB ∈ E such that
E[2a] = ⟨PA, QA⟩ and E[3b] = ⟨PB, QB⟩. In the first round of SIDH, Alice chooses integers
mA, nA ∈ Z/2aZ as her secret key and computes an isogeny φA : E → EA with

EA := E/⟨mAPA + nAQA⟩, ker(φA) = ⟨mAPA + nAQA⟩.

Similarly, Bob chooses integers mB, nB ∈ Z/3bZ as his secret key and computes an isogeny
φB : E → EB with

EB := E/⟨mBPB + nBQB⟩, ker(φB) = ⟨mBPB + nBQB⟩.

Now, akin to Diffie-Hellman, Alice and Bob exchange some information: Alice sends (EA, φA(PB), φA(QB))
to Bob, and Bob sends (EB, φB(PA), φB(QA)) to Alice. The second round then begins, where
Alice computes an isogeny φ′

A : EB → EBA and Bob computes an isogeny φ′
B : EA → EAB

such that:

EBA := EB/⟨mAφB(PA) + nAφB(QA)⟩, EAB := EA/⟨mBφA(PB) + nBφA(QB)⟩,
ker(φ′

A) = ⟨mAφB(PA) + nAφB(QA)⟩, ker(φ′
B) = ⟨mBφA(PB) + nBφA(QB)⟩.

The two curves EAB and EBA are isomorphic since they are both isomorphic to the curve

E/⟨mBPB + nBQB,mAPA + nAQA⟩.

The shared key is then the j invariant of EBA
∼= EAB.

Supersingular Isogeny Key Encapsulation. The most current and optimized version
of SIDH is Supersingular Isogeny Key Encapsulation (SIKE) [6]. In 2016, Galbraith, Petit,
Shani and Ti showed that if a static public key is used in SIDH then the protocol becomes
vulnerable to an active attack, where an advisary can fully recover the corresponding secret
key in a number of iterations equalling the bit-length of the secret [5]. In SIKE, one applies a
variant of the Fujisaki-Okamoto transform to force Bob to reveal his encryption key to Alice,
which Alice then uses to re-encrypt Bob’s ciphertext and verify its validity, thus preventing
the active attack.
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Figure 2: A visual representation of the computational structure of computing φ = φe . . . φ1.

Computing Isogenies in SIDH: Strategies. In both rounds of SIDH, both Alice and
Bob are tasked with computing (and possibly evaluating) an isogeny φ : E → E/⟨R⟩ for some
curve E and some point R ∈ E of order ℓe for ℓ ∈ {2, 3} and e ∈ {a, b}, such that ker(φ) =
⟨R⟩. Applying Vélu’s formulas directly to ⟨R⟩ to construct φ is not efficient; the computation
requires O(degφ) = O(ℓe) = O(

√
p) field operations. For better efficiency, the isogeny

construction is instead broken up into a decomposition of prime degree isogenies φi, 1 ≤ i ≤ e,
with φ = φeφe−1 · · ·φ1. Using this method, φ can be computed with e× O(degφi) = O(eℓ)
field operations. We now describe in detail how the construction of φe, . . . , φ1 is made
efficient.

As in Jao and De Feo. 2011 [8], we let E1 = E and R1 = R, and for 1 ≤ i ≤ e define

Ei+1 = Ei/⟨ℓe−iRi⟩, φi : Ei → Ei+1, Ri+1 = φi(Ri).

Then E/⟨R⟩ = Ee and φ = φe . . . φ1 has kernel ⟨R⟩. Each curve Ei+1 and isogeny φi (which
has degree ℓ) can be computed using Vélu’s formulas once the subgroup ⟨ℓe−iRi⟩ of Ei is
known.

Figure 2 provides a visual representation of the computational structure of the problem.
Vertices represent elliptic curve points, with points on the same positive diagonal having the
same order, and points on the same vertical belonging to the same curve. Downward edges
represent point multiplications by ℓ, and right edges represent ℓ-isogeny evaluations. The
goal is to compute all the order ℓ points along the bottom diagonal, from which we can apply
Vélu’s formulas to compute the corresponding φi. Figure 2 motivates the idea of a strategy,
originally defined in Jao De Feo and J. Plût 2014 [8].

Definition 1. For positive integers n, let Tn = (V,E) be the graph defined as follows:

1. The set of vertices V consists of all points in the plane with integer coordinates which
lie inside or on the boundary of the region bounded by the lines x = 0, y = 0, and
y = −x− n+ 1.

2. The edge set E consists of all line segments of unit length which connect two vertices
in V .
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It follows from Definition 1 that every edge of Tn is either horizontal or vertical. We turn
Tn into a directed graph by orienting all horizontal edges to the right and all vertical edges
downward. We say that a vertex is a leaf if it has no outgoing edges (consequently, the leaves
of Tn are exactly the integral points on the line y = −x− n+ 1).

Definition 2. A strategy S is a subgraph of Tn such that:

1. The vertex (0, 0) and all vertices on the line y = −x− n+ 1 are in S.

2. For each vertex v on the line y = −x− n+ 1, there is a path from (0, 0) to v in S.

3. No two edges of S share the same target.

4. There are no leaves in S distinct from the leaves of Tn.

We write |S| = n when S is a strategy in Tn. Any strategy yields a valid algorithm to
compute the isogeny φ = φe . . . φ1 by decorating Te as in Figure 2 (a consequence of Lemma
4.2 from Jao et al. 2014 [8]).

We now give a method for combining two strategies together to form a larger strategy.
For strategies S1 and S2 with |S1| = n1 and |S2| = n2, define a strategy S1#S2 in Tn1+n2 by:

1. S1#S2 contains the (unique) path connecting (0, 0) to (n2, 0).

2. S1#S2 contains the (unique) path connecting (0, 0) to (0,−n1).

3. S1#S2 contains S1 as a subgraph, shifted to the right n2 units.

4. S1#S2 contains S2 as a subgraph, shifted down n1 units.

We refer to the binary operation # as join; note that it is nonassociative and noncommuta-
tive.

Definition 3. A strategy S in Tn is canonical if S can be expressed as n − 1 many ap-
plications of the join operator on the strategy T1. That is, S is some parenthesization of
T1#T1# . . .#T1︸ ︷︷ ︸

n

.

Two naive canonical strategies immediately come to mind. We define the nthmultiplication-
based strategy An and isogeny-based strategy Bn recursively as A1 = B1 = T1 and An+1 =
T1#An and Bn+1 = Bn#T1. Figure 3 shows 3 strategies in T5: the multiplication-based
strategy, the isogeny-based strategy, and a canonical strategy.

When a strategy is used in SIDH, horizontal edges correspond to isogeny evaluations and
vertical edges correspond to point multiplications. Furthermore, all vertical edges have a
common computational cost and all horizontal edges have a common computational cost. To
get a sense of the computational effort required to construct an isogeny of degree ℓe with a
given strategy, we assign weights to each edge in a strategy. We define a measure as a pair
(p, q) of positive real numbers, and turn a strategy S into a weighted strategy as follows.
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Definition 4. A weighted strategy with the measure (p, q) is a strategy turned into a
weighted graph, where vertical edges have weight p and horizontal edges have weight q. The
cost of the weighted strategy is the sum of the weights of all the edges in the strategy. An
optimal strategy is one of minimal cost.

In Jao et al. 2014 [8], Proposition 4.6 shows that every optimal strategy must be canonical.
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Figure 3: The multiplication-based strategy (left), the isogeny-based strategy (middle), and
a canonical strategy (right) in T5.

Montgomery Curves. A Montgomery curve Mb,a is given by an equation of the form
by2 = x3+ax2+x, where a, b ∈ Fq are the curve coefficients. In isogeny-based cryptography,
most formulas do not require the value of b and it is often left unspecified. To avoid field
inversions, it is often useful to projectivize the variable a as [a : 1] ∈ P1, so that [A : C] =
[a : 1] if and only if Ca = A. Furthermore, the most efficient implementations involving
Montgomery curves, such as [6], use the quantity [A+

24 : C24] in place of [A : C], where
[A+

24 : C24] = [A+ 2C : 4C].

The Choice of Curve Model. The majority of work based on an SIDH framework uses
Elliptic curves in Montgomery form; this includes the original work by Jao, De Feo and Plût
[7, 8] and the sate of the art, SIKE [6]. Elliptic curves in twisted Edwards form have also
been used because of their efficient elliptic curve arithmetic, and complete Edwards curves
have been used for their benefit of providing added security against side channel attacks (see
Azarderakhsh et al. 2018 [1]).

As far as we know, elliptic curves in Legendre form have not yet been explored for isogeny-
based cryptography. Legendre form has the benefit of a very simple defining equation, and
the simplest possible representation of the 2-torsion subgroup. We therefore find motivation
in using Legendre form for constructing 2a-isogenies. Our algorithms are founded on the
SIDH framework and find applications for instance in isogeny computation for the Charles-
Goren-Lauter (CGL) hash function [3, 4].
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1.2 Contributions

The main contributions of this work are as follows.

1. We describe in detail how a degree 2a isogeny can be constructed between elliptic curves
in Legendre form for use in isogeny-based cryptographic protocols such as the CGL hash
function [3, 4]. To achieve this, we derive many results for elliptic curves in Legendre
form and degree 2 isogenies between curves in Legendre form in Section 2. Naively
constructing a degree 2 isogeny between Legendre curves requires the computation of a
square root. Our formula for 2-isogenies shows that the computation of this square root
can be avoided when an order 4 point above the kernel generator is known. Furthermore,
we also describe how to convert between Montgomery form and Legendre form and give
explicit isomorphisms for this task.

2. We detail algorithms which implement the theoretic results on Legendre curves from
Section 2. In particular, we describe Algorithm 7, which can be viewed as an analogue
of Algorithm 19 of SIKE [6] adapted to the setting of Legendre curves. Algorithm 7
takes as input the projectivized coefficients [κ1 : µ1] of a Legendre curve L[κ1:µ1] and
the coordinates (XR : ZR) of a point on L[κ1:µ1] of order exactly 2a. The algorithm con-
structs a degree 2a isogeny φ : L[κ1:µ1] → L[κa+1:µa+1] to some Legendre curve L[κa+1:µa+1]

such that ker(φ) = ⟨R⟩; this is performed by constructing a sequence of 2-isogenies
φ1, . . . , φa, such that φi : L[κi:µi] → L[κi+1:µi+1] is a degree 2 isogeny between Legendre
curves L[κi:µi] and L[κi+1:µi+1], for 1 ≤ i ≤ a, with φ = φa · · ·φ1. Algorithm 7 relies on
Algorithms 1, 2, 3, and 4 which efficiently implement the results from Section 2.

3. In Section 4 we further describe an open problem—the original motivation for this
work—which if solved would skip the strategy traversal performed in SIDH altogether,
using the fact that the 2-torsion of Legendre curves has a simple representation and is
known in advance for all intermediate curves.

1.3 Paper Organization

In Section 2, we discuss elliptic curves in Legendre form. We give many results regarding their
arithmetic, torsion structure, and construction of 2-isogenies between them. We also describe
how to convert between Montgomery form and Legendre form and give explicit isomorphisms
for this task. In Section 3, we provide a collection of algorithms which implement the results
from Section 2; these are designed for 2a-isogeny computation with applications for instance
to the CGL hash function [3, 4]. We discuss these algorithms in detail and explain how they
relate to the results from Section 2. In Section 4, we give concluding remarks and discuss
some future work.
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2 Formulas for Legendre Form

This section provides formulas for various operations on elliptic curves in Legendre form.
Throughout we use F to denote an arbitrary field.

2.1 Legendre Form

For λ ∈ F with λ ̸= 0, 1, the Legendre curve Lλ with coefficient λ is the elliptic curve in
P2(F) given by the affine equation

Lλ : y2 = x(x− 1)(x− λ), (1)

where λ is called the Legendre coefficient. The j-invariant of Lλ is the value

j(λ) = 28
(λ2 − λ+ 1)3

λ2(λ− 1)2
∈ F,

and two curves are isomorphic if and only if they have the same j-invariant. The mapping
j : F \ {0, 1} → F given by λ 7→ j(λ) is exactly six-to-one, except above j(λ) = 0 and
j(λ) = 1728; the six values mapping to j(λ) ̸= 0, 1728 under j are

ß
λ,

1

λ
, 1− λ, 1

1− λ,
λ

λ− 1
,
λ− 1

λ

™
,

and therefore these six values define the same Legendre curve up to isomorphism.

2.2 Projective Coordinates and Coefficients

We embed affine F space into projective space P(F) using the usual mapping. Specifically,
λ ∈ F is represented in projective form as [λ : 1]. Projective form has the property that for
any κ, µ ∈ F not both zero and c ∈ F nonzero, we have that [κ : µ] = [cκ : cµ]. We will
sometimes abuse notation by writing λ = [λ : 1], and so [κ : µ] = κ/µ when µ is nonzero.

For efficiency reasons, it will be useful to use projective coordinates for the coefficient of
our elliptic curves. We therefore give an alternative definition of a Legendre curve which uses
a curve coefficient in projective form.

Definition 5. Let [κ : µ] ∈ P(F) with (κ − µ)κµ ̸= 0. The Legendre curve L[κ:µ] with

coefficient [κ : µ] is the elliptic curve in P2(F) defined by the homogeneous polynomial

L[κ:µ] : µY 2Z = X(X − Z)(µX − κZ). (2)

Using the projective form of the curve coefficient will help reduce the computational cost
of constructing isogenies later in this section. Going forward, we work entirely with projective
coefficients.
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2.3 Legendre Arithmetic

Points on the Legendre curve L[κ:µ] are elements of P2(F) which satisfy the defining homo-
geneous polynomial given in Equation 2. These points form an abelian group through the
group law, with the single point at infinity O = [0 : 1 : 0] playing the role of the group
identity. The following theorem describes part of the group law for Legendre form.

Theorem 2. Let L[κ:µ] be a Legendre curve. The points of L[κ:µ] form an abelian group with
identity O = [0 : 1 : 0], and the doubling of [X : Y : Z] ∈ L[κ:µ] is given by 2[X : Y : Z] =
[X ′ : Y ′ : Z ′], where

X ′ = (µX2 − κZ2)2,

Y ′ =
(µX2 − 2κXZ + κZ2)(µX2 − 2µXZ + κZ2)(µX2 − κZ2)

2µY Z
,

Z ′ = 4µXZ(µX2 − (κ+ µ)XZ + κZ2)

when Y Z ̸= 0.

Proof. Legendre form is a special case of generalized Weierstrass form, and so the theorem
follows immediately from well-known results. See Silverman 2008 [9] for details.

Notice that X ′ and Z ′ above depend only on X,Z, κ, and µ, and so even if the value of Y
is not known repeated doubling may be partially computed by ignoring Y ′. If the X and Z
coordinates of some point are known, the value of Y can be determined up to sign through
Equation 2.

2.4 The 2-Torsion of a Legendre Curve

One of the most appealing features of a Legendre curve is the simplicity of their 2-torsion
points. Recall for n ∈ N that the n-torsion of a curve L[κ:µ] is the subgroup L[κ:µ][n] = {P ∈
L[κ:µ] : nP = O}.

Theorem 3. The 2-torsion subgroup of L[κ:µ] is isomorphic to Z/2Z × Z/2Z and has the
form

L[κ:µ][2] = {O, [0 : 0 : 1], [1 : 0 : 1], [κ : 0 : µ]} .

Given [X : Y : Z] ∈ L[κ:µ][2], at first glance the nonuniqueness of projective represen-
tations of points may give the impression that determining which of the four above points
[X : Y : Z] corresponds to may require at least a field multiplication. Upon closer inspection
we see the following algorithm, requiring at most three field equality checks:

[X : Y : Z] =





O if Z = 0,
[0 : 0 : 1] if X = 0,
[1 : 0 : 1] if X = Z,
[κ : 0 : µ] otherwise.
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2.5 The 4-Torsion of a Legendre Curve

Here we give a description of L[κ:µ][4]. The 4-torsion consists of 16 points, 4 of which are the
2-torsion subgroup L[κ:µ][2] given previously. Aside from these, there are 12 points of order
4, which can be partitioned into 3 subsets based upon which 2-torsion point they double to.
That is, if T ∈ L[κ:µ][2] has order 2, then each of the subsets ST = {P ∈ L[κ:µ] : 2P = T}
has size 4 and do not intersect each other. For such a fixed T , the points within ST can be
written to have a very similar expression, which only differs by at most two minus signs. The
computation to determine each ST is tedious, and the end result is given in Figure 4. The
three points in the Order 4 row of Figure 4 each represent one of the sets ST , where the value
of T is the point in the Order 2 row directly below.

[±√κ : ± :
√
µ] [

√
µ±√µ− κ : ± :

√
µ][κ±

√
κ(κ− µ) : ± : µ]

[0 : 0 : 1] [1 : 0 : 1] [κ : 0 : µ]

[0 : 1 : 0]

Order 4:

Order 2:

Order 1:

Figure 4: The 4-torsion of L[κ:µ]. Each point in the Order 4 row above actually represents
four distinct points of order 4 on L[κ:µ], found by taking all possible choices of sign; for brevity
the Y -coordinates have been omitted. All arrows represent the doubling map, with double
arrows indicating that all four points at the tail are mapped to the same point at the tip.

2.6 2-Isogenies: Legendre to Legendre

We will be primarily interested in 2-isogenies between Legendre curves. Such isogenies will
have a kernel generated by some 2-torsion point, which were fully described in Section 2.4.
This subsection gives constructions for 2-isogenies between Legendre curves, restricting to
the cases in which the kernel is generated by either of the 2-torsion points T0 := [0 : 0 : 1] or
T1 := [1 : 0 : 1].

One may attempt to apply Velu’s formulas directly to T ∈ {[0 : 0 : 1], [1 : 0 : 1]} to
obtain a degree 2 isogeny ψ : L[κ:µ] → E, and then post compose with an isomorphism which
puts E into Legendre form. This approach works, except that the resulting expressions for
the codomain curve coefficients and point image coordinates involve square roots of κ and
µ. Since in most instances these square roots are not efficiently computable, we avoid this
problem by using the coordinates of an order 4 point P4 such that 2P4 = T . Theorems 4 and
5 below give formulas for a degree 2 isogeny between Legendre curves using the coordinates
of P4.

Theorem 4. Let L[κ:µ] be a Legendre curve. Assume that P4 = [XP4 : YP4 : ZP4 ] is a point
of order 4 on the curve with 2P4 = [0 : 0 : 1]. The 2-isogeny whose kernel is ⟨[0 : 0 : 1]⟩
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can be written in the form φ : L[κ:µ] → L[κ′:µ′] with φ([X : Y : Z]) = [X ′ : Y ′ : Z ′] for any
[X : Y : Z] ∈ L[κ:µ], where

κ′ = κZP4 + 2µXP4 + µZP4 , X ′ = µZP4X
2 + 2µXP4XZ + κZP4Z

2,

µ′ = 4µXP4 , Y ′ =
µX2 − κZ2

2(κ/µ)1/4X
ZP4Y,

Z ′ = µ′XZ.

Proof. The theorem can be verified as follows. Write L[κ:µ] in affine form Lλ and apply Velu’s
formulas for generalized Weierstrass form on Lλ with kernel ⟨(0, 0)⟩. This results in a 2-
isogeny ψ : Lλ → E for some curve E. One can then construct an isomorphism θ : E → Lλ′

to a Legendre curve Lλ′ using well-known results (Proposition 2.16 of [11]). Projectivizing Lλ,
Lλ′ and the composition θψ yields a 2-isogeny between Legendre curves with kernel [0 : 0 : 1],
but many of the expressions involve square roots. The expressions stated in the theorem can
be obtained using the fact that XP4

√
µ = ZP4

√
κ, where P4 = [XP4 : YP4 : ZP4 ] ∈ L[κ:µ]

satisfies 2P4 = [0 : 0 : 1].

For φ as above, notice that φ([1 : 0 : 1]) = [κ′ : 0 : µ′] = φ([κ : 0 : µ]). Consequently,
it follows from the theory of dual isogenies that the isogeny having kernel ⟨[κ′ : 0 : µ′]⟩
corresponds to the dual of φ.

Theorem 5. Let L[κ:µ] be a Legendre curve. Assume that P4 = [XP4 : YP4 : ZP4 ] is a point
of order 4 on the curve with 2P4 = [1 : 0 : 1]. The 2-isogeny whose kernel is ⟨[1 : 0 : 1]⟩
can be written in the form φ : L[κ:µ] → L[κ′:µ′] with φ([X : Y : Z]) = [X ′ : Y ′ : Z ′] for any
[X : Y : Z] ∈ L[κ:µ], where

κ′ = κZP4 + 2µXP4 − 4µZP4 , X ′ = µZP4X
2 + (κ′ − κZP4)XZ − κ′Z2,

µ′ = 4µXP4 − 4µZP4 , Y ′ =
µX2 − 2µXZ + κZ2

2(1− κ
µ
)1/4(X − Z) ZP4Y,

Z ′ = µ′(XZ − Z2).

The proof for Theorem 5 is very similar to that of Theorem 4. As before, for φ as in
Theorem 5 we have that φ([0 : 0 : 1]) = [κ′ : 0 : µ′] = φ([κ : 0 : µ]), and so ⟨[κ′ : 0 : µ′]⟩ is the
subgroup corresponding to the dual of φ.

Because [κ′ : 0 : µ′] ∈ L[κ:µ] always corresponds to the dual of φ when ker(φ) = ⟨T ⟩ for
T ∈ {[0 : 0 : 1], [1 : 0 : 1]}, isogenies with kernel ⟨[κ : 0 : µ]⟩ never need to be considered when
constructing a degree 2a isogeny with kernel ⟨R⟩ such that 2a−1R ̸= [κ : 0 : µ]. This fact will
be used implicitly when formulating algorithms for 2a-isogeny computation (see Algorithm 7
to come).

2.7 2-Isogenies: Legendre to Montgomery

The following theorem describes how to construct a 2-isogeny from a Legendre curve to a
Montgomery curve, and also how to obtain the j-invariant of the codomain curve.
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Theorem 6. Let L[κ:µ] be a Legendre curve. Define the curves M0 and M1 and maps
φ0 : L[κ:µ] →M0 and φ1 : L[κ:µ] →M1 by:

M0 :
µ

κ− µY
2Z = X3 +

2(κ+ µ)

κ− µ X2Z +XZ2

M1 :
µ

κ
Y 2Z = X3 +

2(κ− 2µ)

κ
X2Z +XZ2

φ0([X : Y : Z]) = [(X − Z)(µX − κZ) : µX
2 − κZ2

X
Y : (κ− µ)XZ]

φ1([X : Y : Z]) = [X(µX − κZ) : µ(X − Z +
(κ− µ)Z2

(X − Z)µ )Y : κ(X − Z)Z]

ThenM0 andM1 are Montgomery curves and φ0 and φ1 are degree 2 isogenies with ker(φ0) =
⟨[0 : 0 : 1]⟩ and ker(φ1) = ⟨[1 : 0 : 1]⟩. The j-invariants of M0 and M1 are

j(M0) =
(κ2 + 14κµ+ µ2)3

(κµ(κ− µ))2 , j(M1) =
(κ2 − 16κµ+ 16µ2)3

(κµ(κ− µ))2 .

Proof. Everything in the theorem can be verified as follows. We work in affine coordinates
so that κ = λ and µ = 1. Apply the standard Velu’s formulas for Weierstrauss form to Lλ in
each case to arrive at the (affinized) curves

E0 : y
2 = x3 − (λ+ 1)x2 − 4λx+ 4λ(λ+ 1),

E1 : y
2 = x3 − (λ+ 1)x2 + (6λ− 5)x− (λ− 1)(4λ− 3).

The curves E0 and E1 contain the 2-torsion points P0 := (λ + 1, 0) and P1 := (λ − 1, 0),
respectively. The other 2-torsion points on each curve can then be found by factoring the
cubic defining the curve. The curves M0 and M1 (respectively isomorphic to E0 and E1)
can be derived by using an affine change of coordinates to some curve By2 = x3 + Ax2 + x
such that Pi is sent to (0, 0) and the x-coordinates of the other 2-torsion points are sent to
the zeros of x2 + Ax + 1. Composing the Velu maps with these change of coordinates and
projectivizing the result yields φ0 and φ1.

Note of course the j-invariant is unaffected by what form the curve is in – Montgomery
or Legendre. Therefore Theorem 6 can be used to compute the j-invariant in the last step
of Algorithm 4.

2.8 Isomorphisms: Montgomery and Legendre

Here we state formulas for converting between Legendre and Montgomery forms of elliptic
curves.
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Lemma 1. Let MA,B be a Montgomery curve. Define κ = A2 − A
√
A2 − 4 − 2 and µ = 2.

Then

φM,L :MA,B → L[κ:µ], φM,L([X : Y : Z]) =

ñ
2X :

 
8B

−A−
√
A2 − 4

Y : −(A+
√
A2 − 4)Z

ô

φL,M : L[κ:µ] →MA,B, φL,M([X : Y : Z]) =

ñ
−(A+

√
A2 − 4)X :

(−A−
√
A2 − 4)3/2√
8B

Y : 2Z

ô

are inverse isomorphisms.

Proof. The Lemma follows from well-known results. See Silverman 2008 [9] and Washington
[11] 2008 for details.

If one instead starts with a Legendre curve L[κ:µ] and defines A = (κ+µ)/
√
κµ and B = 1,

the same maps above allow one to convert from Legendre to Montgomery form.

3 Algorithms

Here we discuss our algorithms that implement the results given in previous sections.

3.1 The Main Algorithm

Algorithm 7 is the top-level algorithm that computes the 2a-isogeny φ : L[κ:µ] → L[κ′:µ′] with
ker(φ) = ⟨R⟩ for a point R of exact order 2a with 2a−1R ̸= [κ : 0 : µ]. Algorithm 7 can be
seen as the analog of Algorithm 19 from SIKE [6] adapted to our setting. However, note that
Algorithm 7 uses 2-isogenies whereas Algorithm 19 of SIKE [6] uses 4-isogenies. Furthermore,
since points of order 4 are used as a means of constructing 2-isogenies, we use a strategy S
in Ta−1. The strategy S is computed ahead of time using a dynamic programming algorithm
(see D. Jao et al. [8, Section 4.2.2] for details), and is given as a parameter to Algorithm
7 in linearized form. The input of Algorithm 7 consists of the Legendre curve coefficients
[κ : µ] ∈ P1 and the coordinates [XR : ZR] of the point R ∈ L[κ:µ] with the Y coordinate
omitted. The j-invariant of the final curve L[κ′:µ′] is given as output.

3.2 Subroutines

By traversing the strategy S, Algorithm 7 constructs a many 2-isogenies of the form φi :
L[κi:µi] → L[κi+1:µi+1] for 1 ≤ i ≤ a. The composition φa . . . φ1 is the desired isogeny φ
from Section 3.1. To ease the presentation, Algorithm 7 uses Algorithms 1, 2, 3 and 4 as
subroutines, which we give an overview of now. Throughout all algorithms, the Y coordinate
of every point is omitted.

Algorithm 1 computes the codomain curve coefficients [κi+1 : µi+1] for an isogeny of the
form φi : L[κi:µi] → L[κi+1:µi+1], as well as coefficients c0, c1, c2 used to evaluate φi at a point.
Algorithm 1 takes the coefficients [κi : µi] and a point P4 ∈ L[κi:µi] of order (exactly) 4 as
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input, where it is assumed that 2P4 ∈ {[0 : 0 : 1], [1 : 0 : 1]}. First, the algorithm checks
whether 2P4 = [0 : 0 : 1] is true by checking the value of µX2

P4
−κZ2

P4
, the partial doubling of

P4 (see Theorem 2); a bit b is set as 0 if µX2
P4

= κZ2
P4

and 1 otherwise, where b = 0 indicates
that 2P4 = [0 : 0 : 1]. Depending on the value of b, the values of [κi+1 : µi+1] and c0, c1, c2 are
computed according to Theorem 4 or Theorem 5. Note that b = 1 if and only if b = 0. The
quantities c0, c1, c2 are the coefficients of X2, XZ,Z2, respectively, in the expression for X ′

of Theorem 4 or Theorem 5. Algorithm 1 uses conditional swaps to avoid branching based
on the value of 2P4.

∗

Algorithm 2 evaluates the 2-isogenies φi : L[κi:µi] → L[κi+1:µi+1] at a given point. It receives
the codomain curve coefficient µi+1 (κi+1 is not needed), the evaluation coefficients c0, c1, c2
and the bit variable b computed in Algorithm 1, and a point Q ∈ L[κi:µi] to evaluate under
φi. The output of Algorithm 2 is the coordinates of the point φ(Q) ∈ L[κi+1:µi+1], computed
using the formulas given in Theorems 4 and 5. Again, conditional swaps are used with the
value of b to avoid branching.

Algorithm 3 performs coordinate doubling for Legendre curves. The input consists of
curve coefficients [κ : µ] for a Legendre curve L[κ:µ] and the coordinates (XP : ZP ) for a
point P ∈ L[κ:µ]. The output consists of the coordinates (X[2]P : Z[2]P ) corresponding to [2]P ,
computed using Theorem 2.

Algorithm 4 computes the j-invariant of the final Legendre curve L[κa+1:µa+1] from the
isogeny φa−1 and the point P4 ∈ L[κa−1:µa−1] used to generate φa−1. The input to Algorithm
4 is the same as that of Algorithm 1. Similar to Algorithm 1, Algorithm 4 performs a partial
evaluation of the input point P4 to determine if the image is [0 : 0 : 1] on L[κa:µa]. Depending
on the result, the proper formula from Theorem 6 is used to compute the j-invariant of a
Montogmery curve Mb,a using conditional swaps; this curve is isomorphic to the Legendre
curve L[κa+1:µa+1] therefore having the same j-invariant. In this way, the curve coefficients of
L[κa+1:µa+1] and the isogeny φa coefficients are not computed.

3.3 Montgomery algorithms

Algorithm 5 computes the quantities [A+
24 : C24] of the codomain Montgomery curve Mb,a

of an isogeny φ′ : L[κ′:µ′] → Mb,a, as well as an isogeny evaluation coefficient C. The input
to Algorithm 5 consists of the curve coefficients [κ′ : µ′], a point (XP4 : ZP4) ∈ L[κ:µ] of
exact order 4 on the curve L[κ:µ], and the evaluation coefficients c0, c1, c2 for the isogeny
φ : L[κ:µ] → L[κ′:µ′] with ker(φ) = ⟨2P4⟩. The point P4 here can be seen as lying in the
upper right corner of the strategy S (see Section 1). Since ker(φ) = ⟨2P4⟩, we have that
φ(P4) ∈ {[0 : 0 : 1], [1 : 0 : 1]}. Algorithm 5 partially evaluates P4 under φ and checks
whether Xφ(P4) is zero. A bit variable b′ is assigned 0 if Xφ(P4) is zero and 1 otherwise. The
values of [A+

24 : C24] are then computed according to Theorem 6, where b = 0 indicates using
the formula for M0 and b = 1 indicates using that of M1. The evaluation coefficient C is also
computed, whose value is either κ′ − µ′ when b = 0 or κ′ when b = 1. Again, conditional
swaps are used based on b.

∗Note that we use the command cswap(α, β, b), which swaps the values of α and β conditioned on b = 1.
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Algorithm 6 evaluates φ′ : L[κ′:µ′] → Mb,a at a given point. It receives as input the
coordinates (XQ : ZQ) of a point Q ∈ L[κ′:µ′], the quantity C from Algorithm 5 for evaluating
φ′, and the bit variable b′ for which ker(φ′) = ⟨[b′ : 0 : 1]⟩. The output is the point
(Xφ′(Q) : Zφ′(Q)), computed according to Theorem 6.

3.4 Algorithm Costs

Table 1 summarizes the computational costs of the subroutines Algorithms 1–6. The costs
are given in terms of m, s, and i, which denote the costs of multiplication, squaring, and
inversion in Fp2 . We assume the costs of addition, negation, flipping bits, and the cswap
function are negligible.

Alg. Function Cost
1 2IsoLegCurve 5m
2 2IsoLegEval 4m+ 3s
3 coordinateDBL 5m+ 4s
4 jInv 8m+ 6s+ i
5 2IsoMontCurve 4m+ 2s
6 2IsogMontEval 5m

Table 1: Computational costs of each algorithm in terms of field arithmetic costs. Here, m,
s, and i denote the costs of multiplication, squaring, and inversion in Fp2 , respectively. The
costs of addition and negation are considered to be negligible and are not reported in the
cost values.

4 Conclusion

Future Work. Here we expand on our initial motivation for using Legendre curves for
isogeny-based cryptography. As explained in Section 1, at a low level the SIDH framework
constructs an ℓe-isogeny φ as a sequence of ℓ-isogenies φi : Ei → Ei+1 with ker(φi) = ⟨Ri⟩.
The points Ri are obtained through the laborious task of strategy traversal and are only
needed in order to construct φi. When ℓ = 2, each Ri is a nontrivial 2-torsion point on the
curve Ei. If Ei is a Legendre curve Lλi

, then Lλi
[2] = {O, (0, 0), (1, 0), (λ, 0)} and so Ri has

a particularly simple form.
The appeal for using Legendre curves is that since the 2-torsion is known in advance and is

identical for all curves, one may consider an alternative approach for constructing the isogeny
φ. If each φi is constructed so that Ri is chosen as (0, 0) or (1, 0), Section 2 showed that (λ, 0)
will correspond to the dual isogeny; in other words, the value of each Ri corresponds to some
bit βi, where Ri = (βi, 0). In this way, one could use some bitstring (β1, . . . , βe) and choose to
use the value of Ri = (βi, 0) for each kernel generator rather than derive Ri through strategy
traversal. This would have the effect of skipping strategy traversal altogether—improving
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efficiency by a O(log d) factor where d is the tree depth—since all points Ri are known from
the start.

The drawback to this approach (as shown in Section 2) is that while applying Velu’s
formulas to Lλi

and (βi, 0) is easy and results in an efficiently computable isogeny φi : Lλi
→

Ei+1, it is rarely the case that Ei+1 is also in Legendre form and so this efficiency is lost when
attempting to make the approach iterable. In particular, the isomorphism which puts Ei+1

in Legendre form requires computing a square root, which is relatively costly. It is true that
for sufficient tree depth d, avoiding the strategy traversal would provide improvements in
efficiency even after accounting for the square root computation. The main difficulty is that,
for isogenies of Vélu type, the order of the kernel generator (that is, the degree of the isogeny)
is always less than the group order, which is typically not much greater than p, and under
these conditions the tree depth will never be large enough that trading off strategy traversal
for square root computations saves time. Consequently, Legendre form would outperform the
strategy traversal approach only if we can find a way to avoid the square root computation.

Concluding Remarks. In this work, we detailed many results regarding Legendre curves,
including point doubling formulas, the 4-torsion structure, and formulas for 2-isogenies be-
tween Legendre curves. Furthermore, we used these theoretical results to devise algorithms
that construct 2a-isogenies between Legendre curves. The work has applications in isogeny-
based cryptography where 2a-isogeny computation is required, in particular the CGL hash
function [3, 4].
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[23] Jesse Elliott, Mark Giesbrecht, and Éric Schost. Bit complexity for computing one
point in each connected component of a smooth real algebraic set. Journal of Symbolic
Computation, 116:72–97, 2023.

[24] M. England and J. H. Davenport. The complexity of cylindrical algebraic decomposi-
tion with respect to polynomial degree. In Proceedings of the 18th International Work-
shop on Computer Algebra in Scientific Computing (CASC), pages 172–192, 2016.

[25] David Harvey and Joris van der Hoeven. Integer multiplication in time o(n log n).
Annals of Mathematics, 193(2):563–617, 2021. https://doi.org/10.4007/annals.

2021.193.2.4.

[26] J. Heintz and C.P. Schnorr. Testing polynomials which are easy to compute. STOC
’80: Proceedings of the twelfth annual ACM symposium on Theory of computing, 1980.

[27] D. Jao, R. Azarderakhsh, M. Campagna, C. Costello, L. De Feo, B. Hess, A. Hutchin-
son, A. Jalali, K. Karabina, B. Koziel, B. LaMacchia, P. Longa, M. Naehrig,
G. Pereira, J. Renes, V. Soukharev, and D. Urbanik. Supersingular isogeny key en-
capsulation. https://sike.org/files/SIDH-spec.pdf, 2020.

[28] D. Jao and L. De Feo. Towards quantum-resistant cryptosystems from supersingular
elliptic curve isogenies. In Bo-Yin Yang, editor, Post-Quantum Cryptography, pages
19–34, Berlin, Heidelberg, 2011. Springer Berlin Heidelberg.
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Joseph Fourier, Grenoble 1, November 2014.

132

http://hdl.handle.net/10012/16236
https://doi.org/10.4007/annals.2021.193.2.4
https://doi.org/10.4007/annals.2021.193.2.4
https://sike.org/files/SIDH-spec.pdf


[35] R. Piene. Polar classes of singular varieties. Annales Scientifiques de l’École Normale
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Algorithm 1: Computing a 2-isogenous Legendre curve

Function: 2IsoLegCurve
Input: Curve coefficients (κ : µ) defining a curve L[κ:µ];a point (XP4 : ZP4) ∈ L[κ:µ]

with exact order 4.
Output: Curve coefficients (κ′ : µ′) defining a curve L[κ′:µ′]; evaluation coefficients
c0, c1, c2 for an isogeny φ : L[κ:µ] → L[κ′:µ′]; a bit variable b satisfying
ker(φ) = ⟨[b : 0 : 1]⟩.

1 t0 ← µ ·XP4

2 t1 ← κ · ZP4

3 t2 ← µ · ZP4

4 s0 ← t0 ·XP4 // s0 = µX2
P4

5 s1 ← t1 · ZP4 // s1 = κZ2
P4

6 b← s0
?

̸= s1 // b = 0 (Theorem 4); b = 1 (Theorem 5)

// κ′

7 r0 ← −t2 // r0 = −µZP4

8 r0 ← r0 + r0 // r0 = −2µZP4

9 r0 ← r0 + r0 // r0 = −4µZP4

10 cswap(r0, t2, b) // b = 0: r0 = µZP4; b = 1: r0 = −4µZP4

11 κ′ ← r0 // b = 0: κ′ = µZP4; b = 1: κ′ = −4µZP4

12 κ′ ← κ′ + t1 // b = 0: κ′ = κZP4 + µZP4; b = 1: κ′ = κZP4 − 4µZP4

13 r1 ← t0 + t0 // r1 = 2µXP4

14 κ′ ← κ′ + r1 // b = 0: κ′ = κZP4 + 2µXP4 + µZP4; b = 1:
κ′ = κZP4 + 2µXP4 − 4µZP4

// µ′

15 r2 ← t0 // r2 = µXP4

16 r2 ← t0 + t0 // r2 = 2µXP4

17 r2 ← t0 + t0 // r2 = 4µXP4

18 cswap(r0, 0, b) // b = 0: r0 = 0; b = 1: r0 = −4µZP4

19 r3 ← r2 + r0 // b = 0: r3 = 4µXP4; b = 1: r3 = 4µXP4 − 4µZP4

20 µ′ ← r3 // b = 0: µ′ = 4µXP4; b = 1: µ′ = 4µXP4 − 4µZP4

// c0, c1, c2 (coefficients for X ′)
21 c0 ← t2 // c0 = µZP4

22 r4 ← −t1 // r4 = −κZP4

23 r4 ← r4 + κ′ // r4 = κ′ − κZP4

24 r2 ← t0 // r2 = µXP4

25 r2 ← r2 + t0 // r2 = 2µXP4

26 cswap(r4, r2, b) // b = 0: r4 = 2µXP4; b = 1: r4 = κ′ − κZP4

27 c1 ← r4 // b = 0: c1 = 2µXP4; b = 1: c1 = κ′ − κZP4

28 r5 ← −κ′ // r5 = −κ′
29 cswap(r5, t1, b) // b = 0: r5 = κZP4; b = 1: r5 = −κ′
30 c2 ← r5 // b = 0: c2 = κZP4; b = 1: c2 = −κ′
31 Return (κ′ : µ′), c0, c1, c2, b
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Algorithm 2: Evaluating a 2-isogenous Legendre curve at a point

Function: 2IsoLegEval
Input: A point (XQ : ZQ) on some curve L[κ:µ]; evaluation coefficients c0, c1, c2 for
an isogeny φ : L[κ:µ] → L[κ′:µ′]; the codomain curve coefficient µ′; a bit variable b
satisfying ker(φ) = ⟨[b : 0 : 1]⟩.
Output: A point (XQ′ : ZQ′ ), where φ(Q) = Q′.

1 t0 ← X2
Q

2 t1 ← (XQ + ZQ)
2 // t1 = X2

Q + 2XQZQ + Z2
Q

3 t2 ← Z2
Q

4 t1 ← t1 − t0 // t1 = 2XQZQ + Z2
Q

5 t1 ← t1 − t2 // t1 = 2XQZQ

6 t1 ← t1/2 // t1 = XQZQ

// XQ′

7 XQ′ ← c0 · t0 // XQ′ = c0X
2
Q

8 s0 ← c1 · t1 // s0 = c1XQZQ

9 XQ′ ← XQ′ + s0 // X ′ = c0X
2
Q + c1XQZQ

10 s1 ← c2 · t2 // s1 = c2Z
2
Q

11 XQ′ ← XQ′ + s1 // XQ′ = c0X
2
Q + c1XQZQ + c2Z

2
Q

// ZQ′

12 r0 ← t1 // r0 = XQZQ

13 r0 ← r0 − t2 // r0 = XQZQ − Z2
Q

14 cswap(r0, t1, b) // b = 0: r0 = XQZQ; b = 1: r0 = XQZQ − Z2
Q

15 ZQ′ ← µ′ · r0 // b = 0: ZQ′ = µ′XQZQ; b = 1: ZQ′ = µ′(XQZQ − Z2
Q)

16 Return (XQ′ : ZQ′)
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Algorithm 3: Coordinate doubling

Function: coordinateDBL
Input: Curve coefficients (κ : µ) defining a curve L[κ:µ]; a point (XP : ZP ) ∈ L[κ:µ].
Output: A point (X[2]P : Z[2]P ), the doubling of P .

1 t0 ← X2
P

2 t1 ← µ · t0 // t1 = µX2
P

3 t2 ← Z2
P

4 t3 ← κ · t2 // t3 = κZ2
P

// X[2]P

5 X[2]P ← t1 − t3 // X[2]P = µX2
P − κZ2

P

6 X[2]P ← X2
[2]P // X[2]P = (µX2

P − κZ2
P )

2

// Z[2]P

7 r0 ← XP + ZP

8 r0 ← r20 // r0 = (XP + ZP )
2 = X2

P + Z2
P + 2XPZP

9 r0 ← r0 − t0 // r0 = Z2
P + 2XPZP

10 r0 ← r0 − t2 // r0 = 2XPZP

11 r0 ← r0/2 // r0 = XPZP

12 r1 ← κ+ µ
13 r1 ← r0 · r1 // r1 = (κ+ µ)XPZP

14 Z[2]P ← t1 − r1 // Z[2]P = µX2
P − (κ+ µ)XPZP

15 Z[2]P ← Z[2]P + t3 // Z[2]P = µX2
P − (κ+ µ)XPZP + κZ2

P

16 Z[2]P ← r0 · Z[2]P // Z[2]P = XPZP (µX
2
P − (κ+ µ)XPZP + κZ2

P )
17 Z[2]P ← µ · Z[2]P // Z[2]P = µXPZP (µX

2
P − (κ+ µ)XPZP + κZ2

P )
18 Z[2]P ← Z[2]P + Z[2]P // Z[2]P = 2µXPZP (µX

2
P − (κ+ µ)XPZP + κZ2

P )
19 Z[2]P ← Z[2]P + Z[2]P // Z[2]P = 4µXPZP (µX

2
P − (κ+ µ)XPZP + κZ2

P )
20 Return (X[2]P : Z[2]P )
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Algorithm 4: j-invariant computation

Function: jInv
Input: Curve coefficients (κ′ : µ′) ∈ P1; a point (XP4 : ZP4) ∈ L[κ:µ] where P4 has
exact order 4 on some curve L[κ:µ]; evaluation coefficients c0, c1, c2 for an isogeny
φ : L[κ:µ] → L[κ′ :µ′ ] with ker(φ) = ⟨2P4⟩.
Output: The j-invariant j(L[κ′′:µ′′]) where L[κ′′:µ′′] is the codomain of the isogeny
φ′ : L[κ′:µ′] → L[κ′′:µ′′] whose kernel is generated by P4 with ker(φ′) = ⟨φ(P4)⟩.

1 t0 ← X2
P4

2 t1 ← XP4 · ZP4

3 t2 ← Z2
P4

// X
′
P4

4 XP4
′ ← c0 · t0 // XP4

′ = c0X
2
P4

5 s0 ← c1 · t1 // s0 = c1XP4ZP4

6 XP4
′ ← XP4

′ + s0 // X ′ = c0X
2
P4

+ c1XP4ZP4

7 s1 ← c2 · t2 // s1 = c2Z
2
P4

8 XP4
′ ← XP4

′ + s1 // XP
′
4
= c0X

2
P4

+ c1XP4ZP4 + c2Z
2
P4

9 b′ ← XP
′
4

?

̸= 0 // b′ = 0 if XP
′
4
= 0; b′ = 1 otherwise

// j-invariant numerator

10 t0 ← κ′

11 t1 ← t20 // t1 = κ′2

12 t2 ← µ′

13 t3 ← t22 // t3 = µ′2

14 s0 ← t3 // s0 = µ′2

15 s0 ← s0 + s0 // s0 = 2µ′2

16 s0 ← s0 + s0 // s0 = 4µ′2

17 s0 ← s0 + s0 // s0 = 8µ′2

18 s0 ← s0 + s0 // s0 = 16µ′2

19 cswap(t3, s0, b
′) // b′ = 0: t3 = µ′2; b′ = 1: t3 = 16µ′2

20 r0 ← κ · µ′

21 r1 ← r0 + r0 // r1 = 2κ′µ′

22 r1 ← r1 + r1 // r1 = 4κ′µ′

23 r1 ← r1 + r1 // r1 = 8κ′µ′

24 r1 ← r1 + r1 // r1 = 16κ′µ′

25 r2 ← −r1 // r2 = −16κ′µ′

26 r3 ← r1 − r0 // r3 = 15κ′µ′

27 r3 ← r3 − r0 // r3 = 14κ′µ′

28 cswap(r3, r2, b
′) // b′ = 0: r3 = 14κ′µ′; b′ = 1: r3 = −16κ′µ′

29 N ← t1 // N = κ2

30 N ← N + r3 // b′ = 0: N = κ′2 + 14κ′µ′; b′ = 1: N = κ′2 − 16κ′µ′

31 N ← N + t3 // b′ = 0: N = κ′2 +14κ′µ′ + µ′2; b′ = 1: N = κ′2− 16κ′µ′ +16µ′2

// j-invariant denominator

32 D0 ← r0 // D0 = κ′µ′

33 D1 ← κ′ − µ′ D0 ← D0 ·D1 // D0 = κ′µ′(κ′ − µ′)
34 D0 ← D2

0 // D0 = (κ′µ′(κ′ − µ′))2

35 j ← 1/D0 // j = 1
(κ′µ′(κ′−µ′))2

36 j ← j ·N // b′ = 0: j = (κ′2+14κ′µ′+µ′2)3

(κ′µ′(κ′−µ′))2 ; b′ = 1: j = (κ′2−16κ′µ′+16µ′2)3

(κ′µ′(κ′−µ′))2

37 Return j
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Algorithm 5: Computing a 2-isogenous Montgomery curve from a Legendre curve

Function: 2IsoMontCurve
Input: Curve coefficients (κ′ : µ′) ∈ P1; a point (XP4 : ZP4) ∈ L[κ:µ] where P4 has
exact order 4 on some curve L[κ:µ]; evaluation coefficients c0, c1, c2 for an isogeny
φ : L[κ:µ] → L[κ′ :µ′ ] with ker(φ) = ⟨2P4⟩.
Output: Curve coefficients [A+

24 : C24] for a Montgomery curve Mb,a satisfying
4A+

24 = C24(A+ 2); an isogeny evaluation coefficient C for an isogeny
φ

′
: L[κ′:µ′] →Mb,a with ker(φ′) = ⟨φ(P4)⟩; a bit variable b′ satisfying

ker(φ′) = ⟨[b′ : 0 : 1]⟩.
1 t0 ← X2

P4

2 t1 ← XP4 · ZP4

3 t2 ← Z2
P4

// X
′
P4

4 XP4
′ ← c0 · t0 // XP4

′ = c0X
2
P4

5 s0 ← c1 · t1 // s0 = c1XP4ZP4

6 XP4
′ ← XP4

′ + s0 // X ′ = c0X
2
P4

+ c1XP4ZP4

7 s1 ← c2 · t2 // s1 = c2Z
2
P4

8 XP4
′ ← XP4

′ + s1 // XP
′
4
= c0X

2
P4

+ c1XP4ZP4 + c2Z
2
P4

9 b′ ← XP
′
4

?

̸= 0 // b′ = 0 if XP
′
4
= 0; b′ = 1 otherwise

// C
10 t0 ← κ′

11 C ← t0 − µ′ // C = κ′ − µ′

12 cswap(C, t0, b
′) // b′ = 0: C = κ′ − µ′; b′ = 1: C = κ′

// A
13 s0 ← κ′

14 s1 ← µ′

15 s2 ← −µ′

16 s2 ← s2 + s2 // s2 = −2µ′

17 cswap(s1, s2, b
′) // b′ = 0: s1 = µ′; b′ = 1: s1 = −2µ′

18 A′ ← s1 // b′ = 0: A′ = µ′; b′ = 1: A′ = −2µ′

19 A′ ← A′ + κ′ // b′ = 0: A′ = κ′ + µ′; b′ = 1: A′ = κ′ − 2µ′

20 A′ ← A′ + A′ // b′ = 0: A′ = 2(κ′ + µ′); b′ = 1: A′ = 2(κ′ − 2µ′)
// A+

24

21 A+
24 ← C // A+

24 = C
22 A+

24 ← A+
24 + C // A+

24 = 2C
23 A+

24 ← A+
24 + A // A+

24 = A+ 2C
// C24

24 C24 ← C // C24 = C
25 C24 ← C24 + C24 // C24 = 2C
26 C24 ← C24 + C24 // C24 = 4C
27 Return A+

24, C24, C, b
′
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Algorithm 6: Evaluating φ
′
: L[κ′:µ′] →Mb,a at a point

Function: 2IsogMontEval
Input: Curve coefficients (κ′ : µ′); an evaluation coefficient C for an isogeny
φ

′
: L[κ′:µ′] →Mb,a; a point Q = (XQ : ZQ) ∈ L[κ′:µ′] to be evaluated; a bit variable b′

satisfying ker(φ′) = ⟨[b′ : 0 : 1]⟩.
Output: (XQ′ : ZQ′ ), where Q′ = φ′(Q).

// XQ′

1 t0 ← XQ

2 t1 ← t0 − ZQ // t1 = XQ − ZQ

3 cswap(t1, t0, b
′) // b′ = 0: t1 = XQ − ZQ; b′ = 1: t1 = XQ

4 s0 ← µ′ ·XQ

5 s1 ← κ′ · ZQ

6 s2 ← s0 − s1 // s2 = µ′XQ − κ′ZQ

7 XQ′ ← t1 · s2 // b′ = 0: XQ′ = (XQ − ZQ)(µ
′XQ − κ′ZQ); b′ = 1:

XQ′ = XQ(µ
′XQ − κ′ZQ)

// ZQ′

8 r0 ← XQ

9 t1 ← r0 − ZQ // r1 = XQ − ZQ

10 cswap(r0, r1, b
′) // b′ = 0: r0 = XQ; b′ = 1: r0 = XQ − ZQ

11 ZQ′ ← r0 // b′ = 0: ZQ′ = XQ; b′ = 1: ZQ′ = XQ − ZQ

12 ZQ′ ← r0 · ZQ // b′ = 0: ZQ′ = XQZQ; b′ = 1: ZQ′ = (XQ − ZQ)ZQ

13 ZQ′ ← C · ZQ // b′ = 0: ZQ′ = CXQZQ; b′ = 1: ZQ′ = C(XQ − ZQ)ZQ

14 Return (XQ′ : ZQ′)
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Algorithm 7: Computing and evaluating a 2a-isogeny

Function: 2aIso
Parameters: Integer a ∈ N, Strategy (s1, . . . , sa−2) ∈ (N+)a−2

Input: Legendre curve coefficients (κ : µ) ∈ P1; a point (XR : ZR) ∈ L[κ:µ] of exact
order 2a with 2a−1R ̸= (κ : 0 : µ).
Output: The j-invariant of L[κ′:µ′] such that φ : L[κ:µ] → L[κ′:µ′] is an isogeny with
ker(φ) = ⟨R⟩.

1 Initialize empty deque S
2 push(S, (a− 1, (XR : ZR)))
3 i← 1
4 while S is not empty do
5 (h, (X : Z))← pop(S)
6 if h = 1 then
7 ([κ : µ], (c0, c1, c2), b)← 2IsoLegCurve((κ : µ), (X : Z)) // Alg. 1

8 Initialize empty deque S′

9 while S is not empty do
10 (h, (X : Z))← pull(S)
11 (X : Z)← 2IsoLegEval((X : Z), (c0, c1, c2), µ, b) // Alg. 2

12 push(S′, (h− 1, (X : Z)))

13 S← S′

14 else if 0 < si < h then
15 push(S, (h, (X : Z)))
16 for j = 1 to si do
17 (X : Z)← coordinateDBL((κ : µ), (X : Z)) // Alg. 3

18 push(S, (h− si, (X : Z)))
19 i← i+ 1

20 else
21 Error: invalid strategy

22 jInv ← jInv((κ : µ), (X : Z), (c0, c1, c2)) // Alg. 4

23 Return jInv;
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