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Abstract

This thesis explores the detection and analysis of unmodeled physics in Gravitational
Wave (GW) data. To this end, we develop the SCoRe framework, which uses the Correlated
Residual Power Spectrum (CRPS) between pairs of detectors to identify deviations from
our Standard Model (SM) of GW. This model includes General Relativity (GR) as the
theory describing gravity, binary Black Holes (BHs) and Neutron Star (NS) merging as
the sources of GWs, our model of the noise in the detectors, and the template waveform
models used for data analysis.

The thesis starts with a theoretical overview of GW physics, including an overview of
GR, and how it describes the way GWs are generated and how they propagate and interact
with matter. We then discuss the practical aspects of GW detection: the modelling of the
noise in the detectors and the data analysis techniques used to extract and interpret GW
signals.

Next, we describe the SCoRe framework in Chapter 2, which is designed to distinguish
between noise and deviations from the SM, while also shedding light on the underlying
physics of the deviation. We detail its three main components: cross-correlating resid-
ual power between detectors, projecting onto physically motivated or agnostic bases, and
combining information from multiple events by assuming a dependence of the unmodeled
physics on the source parameters.

To illustrate the method, we apply the SCoRe framework to toy models in Chapter 3.
We demonstrate how the method can recover unmodeled signals without prior assumptions
about their form, how to choose the timescale of cross-correlation, and how the method
can be used to perform a null test of the SM.

In Chapter 4, we then forecast the precision with which the SCoRe method can recover
a deviation from the SM from a population of Binary Black Hole (BBH) mergers observed
by a network of third-generation GW detectors. As the method leverages the dependence
of the deviation from the SM on the source parameters, we investigate the effect the
distribution of these parameters has on the method. For a model where the deviation scales
with the chirp mass as a decaying power law, we show that the precision of the constraints
on the deviation decreases as the power law becomes steeper. This has implications for
constraining higher-dimensional operators in Effective Field Theories (EFTs) of gravity:
higher dimensional operators correspond to steeper power laws and are, therefore, harder
to constrain with the method.

Finally, in Chapter 5, we illustrate another approach to testing the SM of GWs, where
the GW signal in an alternative theory of gravity is numerically computed. We give an



overview of the mathematical challenges and describe a method, the “fixing the equations”
method, which aims to reduce pathologies in evolving EFT's of gravity by controlling energy
flow to high frequencies.
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Chapter 1

Introduction

Gravitational Waves (GWs) are a centrepiece of modern astrophysics and their measure-
ment ushered in a second golden age of gravity research. Their importance lies in their
ability to offer information that complements electromagnetic observations. They probe
regions of spacetime that are void of (cleanly visible/interpretable) electromagnetic radia-
tion, and since they interact with matter with a strength orders of magnitude weaker than
electromagnetic waves, they are not distorted by the matter they traverse. In addition,
the most powerful GWs are emitted in the regions of spacetime where gravity is strong,
by phenomena involving acceleration at relativistic regimes. This last feature makes them
a unique probe of strong gravitational phenomena, which are not directly accessible by
electromagnetic observations.

Our most successful theory to describe these phenomena is General Relativity (GR).
It has passed all our tests (see, for example, chapters 7-9 of [231]). However, these tests
were all limited to the regimes of weak gravity and non-relativistic velocities (and of low
relativistic velocities, strong gravity in the case of binary pulsars). Despite its success,
there is consensus that GR is an incomplete description of gravity. This is because it is
a classical theory, and we expect the full theory of gravity to be quantum, just like the
Standard Model of particle physics, which describes the other fundamental forces of nature.
Even classically, GR has limits to its predictive power. Solutions to the Einstein equations
admit singularities—points where physically meaningful quantities, such as the force felt
by a particle, become infinite. A quantum theory of gravity is expected to resolve these
singularities and other issues that arise in the predictions of GR, such as the Black Hole
(BH) information loss [217] and the cosmological constant problems [179]. Theoretical
considerations make the new regime of extreme conditions probed by GWs an exciting
candidate to reveal departures from GR.



Disentangling any departure from noise or inaccuracies in our understanding of known
physics, such as GR or the astrophysics of the sources, is an essential challenge to surmount.
It will become vital in future GW detectors, where higher sensitivity will increase the
importance of systematic errors. In this thesis, I will describe a method to search for
unmodeled physics, including deviations from GR, with this challenge in mind.

In this introduction, I present the ingredients that make up our Standard Model (SM)
of GWs. They include the theory of GR, which describes their origin and behavior, and
the types of sources that emit them. They also include how the noise in the detectors is
modelled and how the signal is extracted from the data, which I summarize in Chapter 2.
In Chapter 2, I also describe the current tests of GR with GWs, and the present and future
GW detectors. This leads to the presentation of the SCoRe framework, which aims to pro-
vide a model-independent search for deviations from the SM using the cross-correlation of
the GW signal in pairs of detectors and the dependence of the deviation on the parameters
of the signal. In Chapter 3, I illustrate how to apply the SCoRe framework to search for
deviations from the SM in GW data. In Chapter 4, I focus on how the technique can be
applied to future GW detectors, and what constraints can be placed on deviations from
the SM. Finally, in Chapter 5, I give an overview of some of the challenges faced when
modelling GWs in an alternative theory to GR. I focus on the part of the work in [57] that
I contributed to.

1.1 Gravitational waves and gravity

GWs were predicted by Einstein soon after the publication of GR [87]. In this section, I
describe how GWs arise in GR, and how they may differ in other theories of gravity.

1.1.1 Gravitational Waves as ripples in spacetime

At the core of GR is the principle of relativity. In Newtonian mechanics, the principle of
relativity takes the form of the equivalence between a family of coordinates, called inertial
coordinates, which are related by Galilean transformations. These transformations include
translations in space and time, and rotations. Stated differently, the laws of physics are
the same for observers with different but constant velocities.

In the 19th century, Maxwell’s equations, describing electromagnetism, seemed to con-
tradict the principle of relativity. They seemed to imply that the speed of light should be



the same in all inertial coordinates, which was not compatible with Galilean transforma-
tions. Efforts to reconcile electromagnetism with the principle of relativity by measuring a
change in the speed of light due to the motion of the observer failed. Einstein resolved the
issue by taking the constancy of the speed of light as a postulate, and derived the transfor-
mations under which Maxwell’s equations are invariant—the Lorentz transformations. He
then proposed that all laws of physics, not just electromagnetism, should be be invariant
under Lorentz rather than Galilean transformations. This is the basis of special relativity.
Lorentz transformations famously mix space and time in conspiring to keep the speed of
light constant, leading to the concept of spacetime.

Motivated by the ideas of Ernst Mach, Einstein attempted to extend the principle that
the laws of physics should be the same in all inertial coordinates to also being the same in
non-inertial coordinates—those that are accelerating with respect to inertial coordinates.
This can be achieved by requiring the laws of physics to be invariant under general co-
ordinate transformations rather than just Lorentz transformations. Geometry provides
a natural framework to handle arbitrary coordinate transformations. Notably, the rules
defining the transformations between coordinates are described by geometric objects, one
of which is the metric field, which quantifies the “shape” of spacetime.

The connection to gravity comes with “the happiest thought” of Einstein’s life—the
realization that gravitational acceleration is indistinguishable from acceleration observed
due to a non-inertial coordinate system. In modern language, this is the weak equivalence
principle, which states that the trajectory of a free-falling particle is independent of its
internal structure and composition. This was later generalised to the Einstein Equivalence
Principle (EEP), which, in addition to the weak equivalence principle, also states that
special relativity is valid locally and that the outcome of non-gravitational experiments
are independent of time and location. The principle points to gravity being an effect of
non-inertial coordinates, and therefore the identification of the gravitational field with the
metric field, which transforms between coordinates.

The concept of spacetime represented by a metric is not unique to GR. A theory that
satisfies the EEP is a metric theory of gravity, where gravity is an inherent property of
spacetime described by a metric field (possibly more than one), and where free-falling
particles follow the geodesics of this metric (see section 2.3 of [231]). In this type of theory,
the metric is the only field describing gravity that interacts with matter, although its
dynamics can be mediated by other gravitational fields. GWs can be understood as ripples
in the metric field. The details of the theory will affect the properties of the GWs, notably
how they are generated, how they propagate, and how they affect the motion of the matter
they traverse.



In this section, I will describe GWs in GR, highlighting the places where other theories
of gravity can lead to different predictions.

1.1.2 The Einstein Field Equations

The EEP states that the motion of particles affected by gravity is the result of the geometry
of spacetime. The formation and behaviour of GWs is a result of the dynamics of this
spacetime, which in GR are described by the Einstein-Hilbert action:

1 4, /= 4, /=
S = —167TG/d T4/ gR+/d v/ — gL matter, (1.1)

where g is the determinant of the metric field g, G is the gravitational constant, and Later
is the Lagrangian describing the matter content. The Ricci scalar R = g% Ry, = g®° R 40 is
a scalar constructed from the Riemann tensor, which describes the curvature of spacetime
and is itself constructed from the metric and its derivatives:

Rade = acrgd - adrlc;c + Fgerzd - F?lergm (12)
1
be = Egad (Ob9cd + OcGba — Oagee) (1.3)

where I'j, are the Christoffel symbols.

The dynamics of the metric field, and therefore of GWs, are obtained by varying the
Einstein-Hilbert action with respect to the metric field to give the Einstein Field Equations
(EFE):

1
Gab = Rab - igabR = 87TGTab, (14)

where T}, is the stress-energy tensor which describes matter and energy distribution and
G is the Einstein tensor. Comparing with the definition of the Ricci tensor, we see that
the EFE are second-order, quasi-linear equations for the metric field. In essence, the EFE
means that “space tells matter how to move; matter tells spacetime how to curve” (in [161],
attributed to Wheeler).

In the modern language of Effective Field Theories (EFTs), (1.1) is the leading order
term in the EFT of gravity. In the EFT formalism, the full theory describing gravity at
all energy scales is not assumed. At higher, non-observable energy scales, the full theory
includes high-mass degrees of freedom that do not appear in the low energy limit. The
effect of those high mass degrees of freedom on the low energy limit is captured by operators
built out of the lower energy degrees of freedom (the metric field and its derivatives). The

4



operators are combined into terms of increasing energy dimension, which are suppressed

by appropriate powers of the cut-off energy scale—the upper limit of energy relevant to

observation. Schematically, the EFT lagrangian will be of the form: Lgpr = R + %,
SAYS

where n is the energy dimension of the operator £,, and Eyy is the cut-off scale. These
new terms modify the dynamics of the metric field, and, therefore, the GWs we see. We
will discuss examples of higher-order terms in the next chapters.

1.1.3 Gravitational Waves: propagation

The EFE are non-linear and famously challenging to solve. However, we can gain insight
into the behaviour of GWs by considering a simplified case: some small deformation in
spacetime away from any matter source. In this weak field limit, we regard the metric as
a perturbation h,, from flat, Minkowski spacetime 7,;:

Gab = Nab + haba (15)

with |hg| < 1. To explore }_10W hay evolves under the EFE, it is convenient to define the
trace-reversed perturbation Ay, = hgy — %nabh. Substituting this into the EFE, ! we obtain
an evolution equation for hgp:

1 - . 1 -
—§8Cachab + 8Ca(ahb)c - §nab806dhcd = 87TTab, (16)

where we retained only terms linear in hg;,, which implies that we are ignoring the backreac-
tion of the GWs on the metric—that the GWs themselves are not changing the spacetime
they propagate through.

To show that this equation leads to waves propagating, we set the gauge condition

&ﬁab = 0. This removes redundancies in the mathematical description of the metric field
which are not physical degrees of freedom. In this gauge, the EFE take the form of a wave

equation for hgy: B
Dhab = —167TGTab. (17)

Here, 00 = 19,0, is the d’Alembertian operator with respect to the flat metric. This
equation implies the propagation of small perturbations in the metric at the speed of

light—GWs.

GWs themselves contain energy, and, therefore, should also affect the evolution of the
metric. We neglected this effect in linearising the EFE. However, a similar argument to

!The derivations in this section are standard; see, for example, chapter 1.1 of [153].



the one that led to (1.7) shows that even when the non-linear terms are included, the EFE
still lead to a wave equation for GWs, this time with respect to the full metric g, and
with a term on the right-hand side that accounts for the energy carried by the GWs. See
chapter 6 of [185], for example.

In theories other than GR, the action (1.1), the EFE, and therefore the wave equa-
tion (1.7) can be modified, and the speed of GWs can differ from the speed of light.
A standard example is massive gravity [68], where an additional term —m?h,;, appears
in (1.7). This results in a non-trivial dispersion relation and GWs propagating slower than
the speed of light.

1.1.4 Effect of passing GWs on particles

In the last section, we described how GWs propagate through spacetime as ripples in the
metric. But what is the effect of a GW? To answer this question, we consider a timelike
geodesic v with tangent vector u®, as would be followed by a detector. Measurements made
with the detector are most naturally described in the Fermi Normal Coordinates (FNC)
built around this worldline. In these coordinates, the Christoffel symbols vanish, and the
metric is flat on the worldline’s tangent space. This is to say, the world appears locally
flat in a small enough region around the detector (in accordance with the EEP). The time
coordinate t is the proper time 7 measured on the worldline, and the spatial coordinates &
correspond to the proper distance, the actual length measured in the detector. The Latin
indices from the middle of the alphabet, ¢, 7, are the spatial indices in the FNC.

Consider a sphere of test particles around the worldline and at rest in the FNC. As the
GW passes, the spacetime around the geodesics is distorted, which causes the geodesics to
deviate from their original paths. Such a change in geodesics due to curvature is described
by the geodesic deviation equation: 2

dab dz°

d cca:Rac_
WV Vel bed” 0r dr

2. (1.8)

In the FNC coordinates, the Christoffel symbols vanish on v, so the left-hand side is simply

the acceleration. In addition, the time coordinate is the proper time, so %= = (1,0,0,0)

dr

and the equation becomes
d*¢;
dt?

2See, for example, 3.3 of [223] for a derivation.

= Rioo; ()€ (), (1.9)




where 0 is the time index in the FNC coordinates. Note that the indices in these coordinates
are raised and lowered with the flat metric, so £ = §Y¢;, for example. The components
Rio; are evaluated along the worldline, and are a measure of the tidal forces acting on the
detector. They are sometimes referred to as the “electric” part of the Riemann tensor by
analogy of Eq (1.9) with the acceleration of a charged particle in an electric field. In (1.9),
we see that the effect of a GW on the test particles can be interpreted as a Newtonian
force, with the observed force given by a suitable projection of the Riemann tensor onto
the tangent vector of the geodesic.

Assume plane waves of the form R, = H;je™'. The condition |hy| < 1 implies
|H;;| < 1. We can solve the equations to zeroth order (;(t) = &;(t =0)) and substitute
the solution to get

&%, .
dtg = Hye™'¢'(0), (1.10)
& (t) =& (0) <1 - éHi'eim) : (1.11)

The GW causes the test particles to oscillate around their initial positions.

The assumption that we have a metric theory of gravity restricts the components of
Rino; and the modes of oscillation of the test particles. From the discussion above, GWs
are null—they travel at the speed of light—and their effect is contained by the Riemann
tensor, which is linearized around the flat metric.?

To carry out the analysis of the Riemann tensor associated with the wave, it is conve-
nient to use a null coordinate system, since the wave itself is null. We first describe the
construction of such a coordinate system, and then apply it to the study of a GW. We
factor the metric into a flat metric n and tetrad vectors e:

0 -1 00
o 1 0 00

gar =Tascays 5= o o o 1| (1.12)
0 0 10

where Roman indices label the original coordinates (we will later use the FNC), and the
Greek indices label the null coordinates. We cannot have a complete basis of independent
real null vectors—it is not possible to find 2 pairs of linearly independent vectors that are

3The derivation that follows can be carried out for a nearly null wave to the same results. See section
11.4.1 of [234].



both null and orthogonal to each other. To build our basis, we must allow two vectors to
be complex. As the metric is real, these two vectors must be complex conjugates of each
other. To satisfy these conditions, we choose a set of null tetrad vectors [*, n®, m®, m®,
where the — denotes complex conjugation. This basis is chosen such that the following
relations hold:

1°l, =nng = m*m, = m%mg, = 0, (1.13)
1“mg = 1"Mg = n*mg = n%m, =0, (1.14)
I“ng = —m%mg = 1, (1.15)

where the first two lines are the conditions that the vectors be null and orthogonal, while
the last condition is a normalization condition. This is the basis system of the Newman-
Penrose (NP) formalism [161].

Applying this basis to the study of a null GW, we choose the vector [ such that it is
tangent to the wavefronts. Defining the retarded time u = t — €3, where £ is the spatial
coordinate in the direction of propagation of the wave. The retarded time defines a line
along which the wave propagates. By definition, we have:

lo = U, (1.16)

)

where the comma denotes a partial derivative.

We can now obtain the electric part of the Riemann tensor in 3 steps. First, we use
the key assumption that the Riemann tensor associated with the GW can only depend on
the retarded time. This means that we can write derivatives of the Riemann tensor with
respect to any coordinate as [79]:

d
Rabcd,e - _le@Rabcd- (117)
Taking the derivative with respect to the other null coordinates, substituting the above
equation and using the relations (1.13), we find that the derivative of the Riemann tensor
with respect to the null coordinates is zero except with respect to n:

Rabcd,m - Rabcd,ﬁ - Rabcd,l = Oa (118)
d

Rac n:_Rac, 1.19

bed, du bed ( )

where we define, for a tensor T, Tinmm = Lupeal*n’mem?.



As a second step, we start with the Bianchi identity, which gives
Ragse) = 0, (1.20)

where the square brackets denote antisymmetrization. The derivatives are partial deriva-
tives rather than covariant derivatives, as we are working with the linearised Riemann
tensor. The Riemann terms vanish when the derivative is not taken with respect to n.
Therefore, we have Rugy,n = 0 for A, u not equal to n. This means that there are only
six non-zero independent components of the Riemann tensor: those of the form R, q.s.
Expressing these components in the notation of the NP scalars, they are

1
‘112 = _6 ninl, (121>
1 _
\113 - _5 nlnm — Rnlnma (122)
\114 - _Rnﬁnm = annma (123)
(I)22 = —annm, (124)

where Uy and @y, are real, and W3 and ¥, are complex scalars. The ¥ terms are three of
the five complex Weyl NP scalars, the independent components of the Weyl tensor—the
part of the Riemann tensor which describes tidal deformations that preserve volume. The
® terms are part of the 10 components of the Ricci tensor, which describes the other part
of the Riemann tensor.

Finally, we go back to the FNC, and explicitly construct the NP tetrads with the
(t, &1, €%, €%) coordinates as:

1 1 1
“=(1,0,0,1), n*=-=(1,0,0,—-1), m*=-—(0,1,7,0), m*=-—1(0,1,—4,0).
( ) 5 ( ) NG ( ) \/5( )
(1.25)
Then, transforming the NP quantities from the null tetrad to the FNC, we have
1
U, = 6R3003’ (1.26)
Uy = L R ! R (1.27)
3= e 1003 13 2003, .
1 1 .
Uy = §R1001 - §R2002 — 1 R1002, (128)
1 1
Oyy = §R1001 + 532002- (1.29)



And, solving for R,n;, we have

$oy + Rely,  —ImVU, 2v/2ReV,
Rioj = | —Im¥y; Py — Rely —22ImV¥; |, (1.30)
2V2Re¥;  —2¢/2Im¥, 60,

where we have arranged the components in a matrix with the z, y, and z directions in the
rows and columns.

The oscillation occurs in multiple directions. This is illustrated in Fig 1.1, where the
effect of the different modes on a sphere of test particles is shown. Each of the figures
shows the effect of one of the possible NP quantities. The solid and dashed lines represent
the particles at two different times. To summarise:

e when only ®9 is present, the particles oscillate in phase in the x and y directions.
This is the “breathing mode”;

e when only ImW, is present, the particles oscillate out of phase at 45 degrees to the x
and y axes. This is the “cross” or x polarisation;

e a non-zero ImW3 is similar, but at 45 degrees between the y and z axes;
e a non-zero ReW; is the same again, in the x and z plane;

e a non-zero ReW¥, is out of phase in the x and y plane. This is the “plus” or +
polarisation; and

e U, describes the squeezing and stretching of the sphere in the z direction only, and
is the “longitudinal” mode.

This description of the effect of GWs is apt when the wavelength of the GW is much
larger than the size of the system, which is the case for the GWs detected by ground-based
interferometers.

Which of the components of R;y; are free to be sourced and to propagate will depend on
the dynamics of the theory. In GR, only ¥, is unconstrained, and only the plus and cross
polarizations are physical. Theories with other dynamics than GR can predict different
polarizations. We will mention the constraints placed on them in 2.2.
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Re ¥, (f) Im W5

Figure 1.1: The effect of the different NP quantities Wy, ®99, U5 and W3 on a sphere of
test particles. The solid and dashed lines represent the particles at different times. The
direction of propagation of the GW is shown by an arrow (two circles indicate the arrow
pointing out of the page). GWs will cause test particles to oscillate in various patterns
depending on the modes or polarizations present. The + and x polarisations corresponding
to Wy, on the top row, are the only physical polarisations in GR. Figure 11.1 in [234].
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1.1.5 GW: sourcing

We have seen how GWs propagate through spacetime and the measurable effect they can
have. We now turn to how they are produced. As the full derivation of the important
expressions of this section is not covered here, the reader is referred to Section 3.3 of [153]
for an example of the details. The right-hand side of the wave equation (1.7) describes
how matter and energy distribution sources the GWs. The equation can be solved using
retarded Green’s functions, giving the general solution:

() = —207C / 42/ G — ') To(2), (1.31)

C

where G(z — 2’) is the retarded Green’s function, which describes how the disturbance due
to the source at x’ propagates to x. The coordinates x are the coordinates of flat spacetime
up to Lorentz transformations. As a simple case, which can be solved analytically, we
consider the regime where the source (Ty;) is changing non-relativistically, and is far from
where the GW is being measured. In that case, the most significant contribution to the
GW is

_ 2G - r

iy =@ (1= 7). (1.32)

c
QY= /d%p(t,x) <xixj - %x%”) : (1.33)

where 7 is the distance to the source, p is the mass density of the source, 7,; are the
spatial indices, and the dot denotes a derivative with respect to the time coordinate. The
quadrupole moment of the source, @);;, is a measure of a particular type of asymmetry in
the mass distribution of the source.

Computing the first-order contributions of the perturbation h,, to the EFE, which we
previously neglected, we can find the energy loss associated with the GW:

. G o o
E = ~t 5 (Qy)" - (1.34)
Equations (1.32) and (1.34) are referred to as the quadrupole formulae.

Higher corrections to the quadrupole formulae are often labelled by the order of the
characteristic speed squared (%)2 of the system (the Post-Newtonian (PN) order). The fact
that the quadrupole moment is the lowest multipole moment sourcing GWs (as opposed to
the monopole or dipole moments) generalizes to the full theory and to relativistic settings
in GR (see, for example, [185]). As we will mention in Sec. 2.2, alternative theories of
gravity can predict changes to the quadrupole formulae, which can be expressed in terms
of the PN order.

12



1.1.6 GW sources

The quadrupole formulae (1.32) and (1.34) hint at the most significant sources of GWs.
They show that the amplitude of GWs is proportional to the second time derivative of
the quadrupole moment of the source. This suggests that the loudest sources of GWs
are asymmetrical systems under acceleration. Using dimensional analysis, if the system
is composed of orbiting objects, the timescale of their orbit, and thus of the change in

the quadrupole moment, scales as ~ %’ where R is the size of the system and M its
total mass. Then, the energy loss in (1.34) scales as ~ f—: (%)5. This means that the

brightest sources of GWs are systems with high compactness (the ratio of mass to size). A
high compactness implies high gravitational fields—the figure of merit for when GR effects
become important is GM/c*R, and we say that gravity is strong when this is of order
unity, as near the surface of a Neutron Star (NS) or the event horizon of a BH. The latter
are solutions to the EFE without matter. Indeed, they are the most compact astrophysical
objects.

These objects can orbit each other, in pairs of two BHs (Binary Black Hole (BBH)), two
NS (Binary Neutron Star (BNS)), or a BH and a NS (Neutron Star-Black Hole (NSBH)),
collectively referred to as Compact Binary Coalescences (CBCs). As they orbit each other,
the objects have a time-varying quadrupole moment, which causes their orbital energy to
be emitted as GWs. After an initial inspiral phase, where the objects spiral towards each
other at low relativistic speeds, the objects undergo merger, in a highly non-linear, strong
gravity regime. The merger is followed by a ringdown phase, where the remnant object
(usually a BH) settles into a stationary state, emitting GWs with characteristic frequencies
and damping times.

Since they are the prime emitters of GWs, it is essential to understand the parameters
that describe these objects. BHs are simple and can be encapsulated by a single class
of solutions—the Kerr metric [124], which describes a rotating BH with no charge. The
Kerr metric has only two parameters: the mass and the angular momentum /spin of the
BH. This simplicity is the result of a succession of theorems. First, the Penrose geodesic
incompleteness theorem [180] states that, in likely physical conditions, found notably in
gravitational collapse, a singularity will form.* Second, the Cosmic Censorship Conjec-
ture [131] states that the singularity must be shielded from the rest of the universe by an
event horizon.® Third, an important series of uniqueness theorems [13, 194] shows that the

4To be precise, assuming the null energy condition, the existence of a trapped surface, and the global
hyperbolicity of the spacetime, at least one null geodesic will be incomplete.
5Given a geodesically complete initial Cauchy surface, the maximal development of this surface is
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Kerr metric is the generic solution to the EFE with an event horizon.® The first theorem
implies that singularities are likely generic endpoints in the collapse of massive objects.
The second means that this singularity will be hidden behind an event horizon. The third
implies that the Kerr metric will describe this event horizon.

Unlike BHs, NS contain matter in the form of layers of atoms, nuclei, and degenerate
neutrons. While their structure is more complex than that of BHs, the effects of this
structure only becomes important in the final stages of the inspiral, when the separation
between the objects is comparable to the size of the NS. The stars are deformed by tidal
forces, inducing a quadrupole moment, which increases the energy loss to GWs [66, 63, 94].

The SM of GWs assumes the CBC emitting the GWs we detect are either BHs or NS.
It is possible that other sources of GWs exist, such as exotic compact objects [155, ,
, 07], which could emit GWs with similar waveforms to BHs.

1.2 Gravitational wave detection

1.2.1 Road to GW detection

In the framework of GR, the idea of GWs appeared soon after Einstein published GR in
1915-18 [87, 88]. Yet, it remained unclear whether these waves were real or just an artifact
of a choice of coordinates that could be transformed away.

It was in the late 1950s, at the start of the first golden age of general relativity, that
it became more widely accepted that GWs were real. Arguments such as the one we
presented in Sec. 1.1 were used by Pirani [183] to show that GWs would produce an
effect akin to Newtonian tidal forces, which was, in theory, measurable. In the Gedanken
experiment, one would put a spring in between the free-falling test masses, and the geodesic
deviation engendered by the passing wave would transfer energy to the spring. This energy
is detectable and, thus, physical. This concept inspired the design of the first GW detectors,
envisioned by Joseph Weber—founder of the field of gravitational wave astronomy—in the
1960s. Weber’s detectors were 2m long, thin cylinders of aluminum tuned to resonate at
a particular frequency that would convert the energy of a passing GW into a detectable

inextendible.

6Specifically, any stationary, axisymmetric, asymptotically flat solution of the EFE, regular on and
outside a connected event horizon, is isometric to the Kerr-Newman metric. This latter metric describes a
rotating BH with an electric charge. However, we expect astrophysical BHs to be electrically neutral, so
we assume that charge is zero.
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electrical signal. The range of frequencies and sensitivity level of the bars were insufficient
to detect gravitational waves. The results Weber obtained [224, , 220] were controversial
at the time and could not be reproduced by other groups.

In parallel, Rainer Weiss thought that the amplitude of GWs could be measured directly.
Likely due to his familiarity with the developing field of laser physics, Weiss conceived
the design [229] for a Michelson interferometer that would use the phase shift of a laser
to measure the length change in the arms of the interferometer during the passage of a
GW. The core design of the current International Gravitational-Wave Network (IGWN)
detectors is still the same.

But where would these waves come from?

Eddington first applied the quadrupole formula to binary stars in 1922 [24], but the
primary source candidate during Weber’s experiments were anisotropies in supernovae.
Starting around the time of Weber’s experiments, NS and BHs became the subject of
serious astrophysical studies. As more compact objects with potentially higher quadrupole
moment acceleration, they became the primary candidates for sources of gravitational
waves. | In 1975, the first binary pulsar, PSR1913+16, was discovered [I11]. This is a
BNS system with one pulsar. By tracking the timing of the pulsar’s pulses, it was possible
to measure the orbital decay of the system, and this was found to be consistent with the
loss of energy due to gravitational waves predicted by GR [209]. This discovery showed
the existence of GWs and that astrophysical objects could emit them. It was crucial
for spurring the development of the field, and to the funding of the Laser Interferometer
Gravitational-Wave Observatory (LIGO) project.

How loud would the signals from these objects be? From energy conservation, the GW
strain falls with distance r as h ~ . From dimensional analysis of (1.32), h should depend
on G, ¢, r, and E (the energy released in the GW). We must have:

GE

Substituting G ~ 1.3 x 10*'m3M_'s™? and the value of ¢, and converting to Mega parsecs,

we find
FE ro\
~19
b~ 10 (M) (Mpc) | (1.36)

"The first mention I can find of BNSs as possible sources of gravitational waves is in Dyson’s [78],
where he mentions them in the peculiar context of being creations and, therefore, signs of extraterrestrial
intelligence. More possible formation channels have been proposed since then—see, for example, [92] for a
review.
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For an extra-galactic source, 7 > 1Mpc. Assuming a fraction of order O (107!) of the
initial total mass of the binary is emitted (from the efficiency limit imposed by the second
law of BH mechanics), and a typical mass of a BBH < 100M,, £ < Myc? and we find
that the strain would not be expected to exceed 10717,

Since Weiss’ paper, the effort has been in the identification of noise sources and the
ways to mitigate them to reach below that level of sensitivity. Early GW interferometer
prototypes were built in the 1970s. The LIGO and Virgo projects were proposed in the
late 1980s, and a decade later, construction of the three detectors began.

The initial LIGO detectors were designed to measure a strain of 1072! over a frequency
ranging from 10Hz to 10kHz [222]. Seismic noise dominates and sets the lower frequency
limit, while photon shot noise dominates at high frequencies. This goal was surpassed by
Enhanced LIGO in 2009 (with a strain sensitivity of 10722 [20]), and by Advanced LIGO
in 2015 (with a strain sensitivity of 10723 [50]).

GW interferometers respond to the amplitude of the wave (as opposed to its energy
density). As a result, the detection horizon grows linearly with the sensitivity (increasing
from 30Mpc to 200Mpc for BNS signals between Enhanced LIGO and Advanced LIGO).
Compare this to energy flux measurements, for which the detection horizon only increases
as the square root of the sensitivity.

1.2.2 The Current state of GW science

The first event was detected a few months after the start of the Advanced LIGO observa-
tion run, in September 2015 [10]. Further improvements to the sensitivity are still being
made to this day. As part of the current Advanced LIGO upgrade, for example, the devel-
opment of frequency-dependent squeezing injections [116] allowed the detectors to surpass
the standard quantum limit. This latter improvement alone increased the sensitivity by a
factor of 1.6. As of the writing of this thesis, the current IGWN network includes not only
the LIGO detectors in Hanford, Washington and Livingston, Louisiana, and the Virgo
detector in Santo Stefano a Macerata, Italy, but also the Kamioaka detector in Japan,
with LIGO-India expected to join the network in the next decade [216]. Such a network
of detectors is essential to increase the precision of the sky localization of the sources, and
to improve the recovery of polarization information [93].

In its first three observing runs, the IGWN has detected on the order of 100 CBC
events. As of the end of the first part of the fourth observation run (O4a), the IGWN has
seen on the order of 100 more candidate signals. Below is a list of some of the key results
extracted from this catalogue of events so far:
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Figure 1.2: Representative amplitude spectral density of the LIGO and Virgo detectors
during the O3a observing run (April 1, 2019 to March 27, 2020). Low frequency noise is
dominated by seismic noise, while high frequency noise is dominated by photon shot noise.
Fig. 6.10 in [22]
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e GWs are real, and can be directly measured;
e objects consistent with BBHs merge within Hubble time;

e NS merge and are progenitors of short gamma-ray bursts and of kilonovae that pro-
duce r-process elements;

e BHs in binaries have masses ranging from several to hundreds of solar masses;

e an estimate for the Hubble constant can be obtained with electromagnetic coun-
terparts, notably with GW170817 and its correlation with the Dark Energy Survey
data [210, , 211]; and

e the detected signals so far are consistent with the SM of GWs, notably GR and BBHs
being sources of GWs. For example, there is no strong evidence of polarization modes
other than the standard 4+ and x modes (the hypothesis of other modes being present
is disfavoured by a factor of at least 2); and the combined measurement of the PN
coeflicients all contain their GR value within the 90% credible interval [24].

We will elaborate on the last item in section 2.2.

1.2.3 Future detectors

With the success of the current generation of detectors, new third-generation (“3G”) de-
tectors are planned for the next few decades. Cosmic Explorer (CE) [91] is a proposed
set of US-based interferometers with the same design as the current LIGO detectors, but
with 10 times the sensitivity. This increase in sensitivity is mainly due to the increase in
the length of the arms of the interferometers (20-40km, compared to the 4km arms of the
current LIGO detectors). The Einstein Telescope (ET) [1] is a proposed European detector
with a triangular configuration of 10km arms with similar sensitivity to CE.

Closer term (2030s) plans for “2.5G” include the “A#” [102] and “Voyager” upgrade
of the current LIGO detectors and the LISA mission, a space-based interferometer. The
Voyager update aims to mitigate all major sources of noise to increase the sensitivity by a
factor of 4-5 compared to the current Advanced LIGO detectors [90]. The LISA mission is
a triangular configuration of three spacecrafts with an arm length of 2.5 x 10% km, which
will be sensitive to lower frequencies [25] (~ 107'Hz compared to the ~ 10*Hz of the
ground-based detectors).
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Figure 1.3: Tlustration of the detectable volume of the current and future GW detec-
tors. The lines represent the sensitivity to BBH and BNS mergers with masses similar to
GW150914 and GW170817 (the lines represent the redshift at which such a merger will
have an optimal SNR above 8). The dots represent a presumed distribution of events. Fig.
3.4 in [91]
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The detectable volume for current and future ground-based detectors is represented by
the lines in Fig. 1.3. This is the distance at which a source can be detected with an SNR
(see Sec. 2.1.2) of 8. The sensitivity is to BBH and BNS mergers with masses similar to
GW150914 and GW170817, respectively. The dots illustrate the presumed distribution of
events, assuming the Madau-Dickinson redshift distribution. This distribution is propor-
tional to observed star formation rates and is characterized by a rise in the star formation
rate from the present day to a peak at redshift z ~ 2, followed by a power law decline at
higher redshifts (see Sec. 4.1.1 for further details).

As a figure of merit, the ET and CE are forecast to detect events with maximum SNR
on the order of O (10*) and at rates in the order of O (10°)yr~*[152]. This is compared
to the typical SNR or order O (10') for the order O (10?) events detected so far. The
prospect of new and more precise science with future detectors with this number of events
and sensitivity is exciting. However, as greater sensitivity reduces statistical errors, it may
reveal not only new unmodeled physics but also systematic errors in our model. With
the increase in SNR given above, the accuracy of current waveform models would have to
increase by 1-3 orders of magnitude for the effect of the systematic errors on parameter
inference to be smaller than that due to statistical errors [186].
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Chapter 2

GW data analysis and SCoRe
framework

2.1 Gravitational waves analysis

In this section, we describe the fundamental tools of data analysis for ground-based GW
detectors. We only cover the essentials needed for the rest of the thesis and refer to
[153, 61, | for textbooks on which this section is based and where derivations can be
found.

2.1.1 Detector noise

GW detectors measure a strain signal d(t), the fractional change in length of the arms of
the interferometer, a therefore dimensionless quantity. This signal is measured as a discrete
time series with sampling rate of 4096 Hz or 16384 Hz. In our analysis, we assume that
the data consists of a linear combination of the signal and noise:

d(t) = s(t) + n(t). (2.1)

In practice, n(t) is a time series—a set of real numbers which are added to the signal s(t)
at each time sample. However, to derive the statistical properties of the data, we consider
n(t) as a realization of some random process, where the value of n at each sampled time
is drawn from a probability distribution. In a frequentist interpretation, this probability
distribution could be reconstructed by an ensemble of identical detectors measuring the
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same signal, each sampling a different realization of the noise. We make four assumptions
about this probability distribution.

First, we assume that the noise is Gaussian-distributed. The dominant noise sources in
GW detectors include shot noise—uncertainty in the number of photons measured by the
photodetectors—and thermal noise due to the motion of the atoms in the mirror coatings.
These sources cause Gaussian fluctuations in the measured strain [189], and so we assume
that the noise n(t) is also Gaussian distributed.

Second, we assume that n has mean zero, so that in the absence of a signal, the expected
value of the data is zero.

Third, we assume the noise is stationary, meaning that its statistical properties do
not change with time. Stationarity is a good assumption when analyzing short coherent
waveburst on the order of seconds to minutes, which is the case for CBC signals detected
in ground-based detectors [15]. Over these timescales, the detector and noise sources are
not expected to change significantly.

Finally, noise sources and thus the time series n(t) are generally specific to each detector.
There are important exceptions, such as Schumann resonances (due to the resonance of
the Earth-ionosphere cavity), and correlated seismic noise [199, , 118].

Besides the slow drift in the noise properties over the scales of minutes to hours, which
makes the noise non-stationary, the data can also contain transient noise artifacts which
are neither Gaussian nor stationary. These are called “glitches”. Some example glitch
sources include mechanical resonances in the mirror suspension apparatus and scattered
light. Their origin and identification is an important focus of study in the analysis and
detection of data [15].

With the assumptions of Gaussianity and stationarity, the noise can be characterized
by its auto-correlation function, which is the expected value of the product of the noise at
two different times:

C(r) = (n(t)n(t + 1)), (2.2)

where we note the lack of dependence on the absolute time t, due to stationarity. The
brackets () denote a mean over an ensemble of noise realizations. Its properties are esti-
mated assuming ergodicity—that taking an average over time is equivalent to taking an
average over an ensemble. The auto-correlation measures the correlation between the noise
at different times, so that C'(0) is the variance of the noise. Stationarity also implies that
C(r) > 0as 17— 0.

That there is correlation between the noise at different times means that the probability
distribution of n(t), although Gaussian, has a covariance matrix that can have important
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non-diagonal elements. Because of this, we find it useful to work in the frequency domain.
There, stationary implies that the frequency components of the noise are uncorrelated,
giving:

GV (F)) = 5Su(1)6(S = 1), (2.3

where 7(f) is the Fourier transform of the noise, and ¢ is the Dirac delta function. S, is
the single-sided Power Spectral Density (PSD) of the noise, twice the variance of the noise
at frequency f. The name “single-sided” is added with the factor of % It is convention
for convenience: because the noise is real-valued, the PSD is symmetric, and we only need
to integrate over positive frequencies to obtain the covariance of the noise: (n (t)?) =
IS S, (f) df. In practice, the PSD can be estimated from the data using the Welch
method [230]. Other techniques, such as fitting it using the BAYESWAVE pipeline [59, (0],
can also account for non-stationarity in the noise. Once the PSD is estimated, the data

can be whitened by re-weighting the data in frequency space with the inverse of the square
root of the PSD.

2.1.2 Match filtering

In the previous section, we described the properties of the noise that is added to physical
signal in GW detectors. How can we establish whether a signal is present in the data? One
solution is to use match filtering. The idea is to correlate the data with templates h(t; )
which model the signal s(¢) underlying the data. Whether the correlation passes a certain
threshold then suggests the presence or absence of a signal. The correlation quantity is
x := (d, h), the match filter. The inner product (-,-) is defined for convenience, and to give
later discussion a geometric interpretation:

(A, B) = 4Re / g 2B

0 Su(f)

It measures the overlap of two time series A and B, with less importance given to the
frequencies where the noise is large.

(2.4)

The match filter depends on the parameters 6 of the template, and it is also a random
variable since it depends on n. To quantify the strength of the correlation for a given 6,
we define the SNR p as the ratio between the match filter and its standard deviation o,
which can be shown to be \/h|h:

p=—=—=—. (2.5)
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When no signal is present, the SNR is a random variable with zero mean and unit variance.
Sometimes, the SNR is defined as the expectation value {p) = \/h|h. The value of 6 that
maximises the SNR also maximises the likelihood ratio, which is the ratio of the probability
that a signal is in the data against the probability that there is only noise in the data. A
threshold on the SNR corresponds to a threshold on that likelihood ratio.

For GW templates, it is not possible to analytically compute the SNR. Instead, the
data is compared to a set of templates arranged on a grid in parameter space. This grid is
called a template bank and is chosen so that the loss in SNR due to not having the exact
template is less than a certain threshold.

With the sensitivity of current detectors and the expected strain amplitude of the GW
signals passing through them, detecting a GW signal is a noise-dominated problem, where
we generally have |n| > |h|. Using a model is a good strategy in this regime, as it allows
us to extract signals that would otherwise be buried in the noise. The assumption of a
model has its downsides, as the actual signal may not be well represented by the template
bank (for example, core-collapse supernovae are not well captured by CBC templates), in
which case the signal will be missed. Some detection pipelines, therefore, do not rely on
match-filtering. For example, the coherent WaveBurst [129, , , , | pipeline
identifies excess power that is coherent across detectors and has been used in LIGO-Virgo-
KAGRA (LVK) analyses. The MLy [202] pipeline uses convolution neural networks to
identify coherent signals between detectors.

2.1.3 Parameter estimation

Detection of a signal is only the first step in analyzing GW data. We also want to extract
the physical parameters of the source. To do so, we assume again that we have a template
model for the signal h(t; 0), where 6 is a set of parameters we want to estimate. Given the
description of the noise in the previous section, what is the best estimator for 67

The random process in the data is the noise n. The probability that we observe the data
d(t) = h(t;0) + n(t) given that the signal s(t) = h(¢; ) is the probability of observing the
realisation n(t). With the assumptions we made in Sec. 2.1.1—Gaussianity, stationarity,
and zero-mean of the noise—the logarithm of this probability is

log p(n(t)) = —% / h % LN, (2.6)

where N denotes unimportant normalisation constants that do not depend on the variables.
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With the inner product defined in (2.4), (2.6) becomes
1
logp(n(t)) = —5 (n,n) +N. (2.7)

We obtain the probability of observing the data d(t) with an underlying signal h(t;6)
by substituting n(t) = d(t) — h(t; 0):

log p(d(1)]6) = log p(n(1)) = 3 (d — h(6), d — h(®)) + N 2.9
= (A h(6)) ~ 5 (h(6), P(6)) + N, (2.9)

where p(d(t)|6
and the term
depend on 6.

The Maximum Likelihood Estimator (MLE) Oy is the value of # that maximises (2.9).
It is obtained by solving

o) Oh
55 log p(d(t)|0)],_p = (%’ d— h) =0. (2.10)

Note the geometric interpretation of the MLE. The template models h(t; @) define a man-
ifold in the space of possible signals (where each dimension is the value of a time sample).
The parameters 6 are coordinates on this manifold. The MLE is the point on the man-
ifold that is closest to the data point d(t): the value of § that minimizes (d — h,d — h).
The condition (2.10) is the statement that the line between the data and the template is
orthogonal (with respect to the metric induced by the inner product) to the manifold at
the MLE. It can be shown (see Appendix to Chapter 2 in [33]) that the value of 6 that
maximises the SNR is the MLE.

At this point, discussing the meaning of p(d|f) is important. In a frequentist interpre-
tation of probability, p(d|f) has meaning as the distribution many repeated measurements
would produce if h(t;0) is the true signal. To infer physics from the data, however, we
want to make some measurement of # and therefore compute p(f|d). This quantity does
not have a frequentist interpretation—¢ is either the true parameters of the signal or not; it
is not a repeatable measurement. Instead, Bayesian inference is used, where we define the
posterior probability P (0|d) := p(0|d), which measures our belief that the parameter 6 is
true given the data d. In Bayesian nomenclature, £ (d|f) := p(d|f) is called the likelihood.
The posterior is obtained from the likelihood using Bayes’ theorem [25]:

L (d|o) 7 (9)
Z )

s the probability of observing the data d(t) given that the signal is h(t; ),
d,d) has been absorbed into the normalization constant since it does not

)i
3 (

P (0]d) = (2.11)
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where 7 (#) := p(f) is the prior on ¢, which encodes our knowledge of the parameters
before the data is known, and Z := p(d) is the evidence. As the evidence does not depend
explicitly on 0, it is often treated as a normalisation constant.

Computing the posterior is expensive as it requires the evaluation of the waveform model
for ranges of each parameter in 6. As we will discuss in Sec. 2.1.4, these number 15 or
more for CBC signals. A computationally efficient way to obtain the shape of the posterior
as well as statistically meaningful quantities, such as the MLE and the credible intervals
(which give the range of values of 6 within which we expect the true value to lie with a
certain probability), is to produce samples of sets of parameters 6 distributed according
to the posterior. Sampling can be done, for example, by using specialized algorithms like
Nested Sampling or Markov Chain Monte Carlo methods.

2.1.4 GW templates

What do the templates h(t; 0) look like for GW signals? For a BBH signal, the parameters
0 are

e the masses of the binary components;
e the spins of the binary components (6 parameters);
e the luminosity distance dj, to the source;

e the angle between the total angular momentum of the binary and the line of sight
Osn;

e the time of coalescence;
e the phase of the signal at coalescence;

e The position of the binary on the sky, given by the right ascension a and declination
0; and

e the polarisation of the signal 1.

This list of parameters can be categorized into two. Intrinsic parameters are the proper-
ties of the CBC independent of the detector. They determine the dynamical evolution.
They include the masses and spins of the binary components, to which the eccentricity
is sometimes added. The eccentricity of the binary is generally expected to be small in
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the bandwidth of ground-based detectors, as the energy loss circularises the orbit early in
the inspiral. However, some CBC signals may retain a detectable eccentricity at coales-
cence [195]. This small number of parameters needed to describe the signal is a consequence
of the uniquess theorems mentioned in Sec. 1.1.6. Although few, these parameters affect
the signal in a complex way.

The other parameters are called extrinsic parameters and depend on the position of the
source with respect to the detector. Their effect on the signal can be written in an analytic,
closed form and is generally decoupled from the intrinsic parameters. ' This decoupling is
practical when computing the MLE, as the expensive computation need only be performed
over the intrinsic parameters (template banks do not have to cover all possible values of
the coalescence time, for example).

As a representative, GW signal templates are of the form

() = s (R s eeria). @)
() = di (,8,40) cos(0x) A(f: @) exp(B(f; a) + im/2), (2.13)

where A(f; a) is the amplitude of the signal, U(f;a) is the phase of the signal, and a stands
for the intrinsic parameters. Only the + and X polarisation modes, which are the only
polarization modes in GR, are shown above. The form of the amplitude and phase can be
obtained analytically to some PN order; using the Effective-One-Body formalism [37]; or
some other approximation method in the inspiral phase of the CBC. Template banks are
constructed using approximant waveforms, which combine analytical methods giving the
waveform in the inspiral and interpolating merger phase waveforms from numerical rela-
tivity simulations (see [143, 106, 54, 144] for reviews) to obtain a semi-analytical waveform
that covers the entire coalescence.

Besides the dependence on the distance and the line-of-sight angle, the extrinsic param-
eters also affect the signal through the antenna patterns F'; and F. In addition to the sky
localization and polarisation, the antenna patterns also depend on the specific configura-
tion of the detector, including the orientation of the arms. They are functions of time since
the orientation of the detector changes as the Earth rotates (and as the Earth/detector
moves with respect to the source). This effect is negligible for short signals, such as those
from more massive compact binaries, but become consequential as the signal duration
increases.

1As a counter-example, precession due to the spins of the binary components being misaligned with
the orbital angular momentum can cause the inclination angle to change over time, thus coupling it with
the intrinsic parameters.
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2.2 Testing the standard model of GWs

The previous sections gave an overview of the body of assumptions that make up the “Stan-
dard Model (SM)” of GWs. These assumptions include that GR is the theory describing
the generation, propagation, and polarization of GWs; that the astrophysical sources emit-
ting the GWs detected by ground-based detectors are BBHs, BNSs, and NSBHs; and that
the noise in the detector is mostly stationary and Gaussian. These assumptions are used in
the detection (see Sec. 2.1.2) and in the physical interpretation (see Sec. 2.1.3) of the GW
signals. We will refer to any deviation from this combination of assumptions as a “Beyond
Modeled (BM)” signature. These deviations can be due to the presence of new physics,
such as additional terms in the action of gravity as explained in Sec. 1.1.2, or due to the
incompleteness of our model. For a review of possible Beyond Modeled (BM) deviations
that are not due to new physics, see [101].

Current tests for BM signatures examine potential deviations from the SM. Null tests
are arguably the cleanest approach to testing the current SM. They determine whether
signals are consistent with the expectations of the model. However, on their own, they
do not inform us of the physical meaning of a given deviation. To that end, other tests
have been devised that target parameterized deviations in the PN (and Post-Einsteinian)
description of the inspiraling behaviour and quasi-normal modes of the newly formed BH
that might result from a merger (see e.g. [21, 5] and references cited therein). With
these tests, such deviations can, in principle, be closely connected with specific effects
from particular theories—or at least provide physical information on the main impact of

deviations from GR [239]. On the other hand, agnostic tests examine the residual (between
the consistent SM signal and the observed data) and aim to qualify the behaviour of
any departure (see e.g [24, ]). 2 This approach can accommodate yet-to-be-modelled
physics.

To date, available observations obtained with the LVK network have already made
it possible to place constraints on BM phenomenology. For instance, by constraining
beyond-GR gravity and potential effects associated with exotic compact objects. For the
former, some constraints have been derived on deviations with particular physical conse-
quences. For example, constraints have been derived on the coupling parameters of certain
Scalar-Tensor theories in BNSs [119, 166], the graviton mass [24], and the number of pos-
sible space-time dimensions [178]. Others have been derived on deviation coefficients that

2Rather than looking at the difference between the data and the best-fit waveform template, agnostic
tests can also add deviations with general forms directly to the waveform templates, such as in [35], where
splines are used to fit the deviations.
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may arise in many different beyond GR theories; for example on the PN expansion co-
efficients [163, |, on propagation effects [131, , , ], on additional modes of
polarizations and on some potential signatures of black hole mimickers [3, &, , ].2
Constraints for all of the effects mentioned above have been presented by the LVK collab-
oration [13, 24].

Notably, no compelling evidence has so far been found for deviations from the SM.
However, as the sensitivity of GW detectors improves [238, 241, 218], new ground- [218]
and space-based [20] detectors become available, and more events are detected, deeper tests
will be increasingly possible. In addition, it is worthwhile to recall from Sec. 1.2.3 that the
accuracy of current BM templates will have to be increased by several orders of magnitude
for the impact of systematic error to remain below that of statistical errors in 3G detectors.
Thus, devising suitable strategies to analyze residuals will become increasingly important.

2.3 SCoRe framework overview

In the previous sections, we introduced the SM of GWs, which consisted of a set of as-
sumptions that describes GW signals as well as the noise in the detectors. We considered
an overview of current GW science, in particular, the tests for BM signatures that exam-
ine potential deviations from the SM. In the rest of this chapter, we introduce the SCoRe
framework, which provides tools to detect and interpret BM signatures in GW data. The
contents of this chapter are based on the first part of [71].

2.3.1 DMotivation

The search for BM physics using GWs is challenging due to multiple reasons, including
both theoretical and experimental limitations. We are limited by our understanding of the
instrument noise properties when differentiating any BM signature from noise artifacts,
especially in light of current evidence suggesting any deviation is likely to be subtle. Indeed,
even in the scenario where the statistical properties of a detector are well characterized,
and it is difficult to confidently assign the origin of a small BM signature as astrophysical

3Frameworks for obtaining these constraints are developed in [232] for the mass of the graviton, in [29,
, , ] and [159, , | for propagation effects and for exotic compact objects by analysing the
post-merger ringdown [32, 44, 45, 47, , , 77]. Some descriptions of possible exotic compact objects
include [155, , , 67]. The use of detectors to search for non-GR polarization modes was described

as far back as 1973 [30].
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and not from a known (or unknown) instrumental property. This is because the noise
properties of a detector can be far from a Gaussian distribution and can also have non-
stationary behaviour [9, 15, , 55, , 80]. In particular, glitches and other uncontrolled
sources of noise make searching for BM signatures challenging [139].

Distinguishing the BM signature from detector noise is only the first challenge—as then
one would also like to understand the physics of such signature and its dependence on the
GW source properties. We are limited by the number of theoretical waveforms needed to
test for the vast range of potentially BM scenarios (either for missing physics within GR,
or sufficiently generic and complete waveforms beyond it).

Thus, often, one fits the data with available waveform models to infer the best-fit source
parameters and searches for any coherent residual signal [16, 11, 14, 24, 18]. However, the
limitation remains in how well a framework can identify a BM signature and the appropriate
metric to quantify a deviation. An example is the uneven performance of specific tests with
different events (e.g. [122]).

A few salient features expected from any BM signature(s) in GW data are (i) BM
signatures will be common in the data of multiple detectors, but uncorrelated detector
noise will not, (ii) a large class (if not all) of BM signatures can be understood as additional
loss/gain in the orbital energy of a coalescing binary (e.g. [0, 239, 27, 233]) when compared
to the SM (GR, and sources involving black holes and/or neutron stars), (iii) BM signatures
can depend on the GW source properties.

2.3.2 Description

Motivated by the above considerations, we propose a new method called Structured Cor-
related Residual (SCoRe) power spectrum. SCoRe searches for BM signatures by measuring
the Correlated Residual Power Spectrum (CRPS) between multiple pairs of GW detectors.
This method is designed such that it is not susceptible to contributions from uncorrelated
noise between a pair of GW detectors and can search for any (un-)modelled signals. The
method has three key characteristics, each exploiting and targeting the three features of BM
signatures listed previously: (i) the residual GW data obtained after subtracting a modeled
GW signal for a given waveform and source parameters are cross-correlated within pairs
of detectors—to help distinguish signal from noise; (ii) the CRPS obtained is projected
on a physically motivated template. This template is either composed of the derivatives
of the orbital frequency up to order n (for a model-independent search) or derived from a
particular physical model (for a model-dependent search)—to help characterize the signal;
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(iii) the projection is estimated as a function of the GW best-fit source parameters from
the signal after marginalizing its uncertainties.

The first step applies cross-correlation to the residual data obtained after subtracting
a best-fit signal model from the strain data. This best-fit model is constructed using the
values allowed by the posterior on the GW source parameters inferred from the detector
network using the SM. We do this to help mitigate the contribution from uncorrelated noise
to the residual signal by cross-correlating a total of Nget(Nget—1)/2 pairs of detectors, where
Nyet is the number of detectors. Cross-correlation is a useful technique to search for weak
signals from noisy GW data and is often used to search for stochastic GW background
signals [19, 6]. It is a time averaging over the product of the strains in two different
detectors. Because the noise at the two detectors is not correlated, its mean average is
zero, and its standard deviation decreases as the timescale of integration increases. A price
is paid, however, for this noise reduction: features shorter than the averaging timescale
will be lost.

The second step aids in looking for a physics-driven BM signal in either a model-
dependent or a model-independent way. The method searches for a specific type of fre-
quency dependence in the CRPS which can be unmodeled and driven by chirp-like be-
havior, or model-specific. Projecting onto template functions also further reduces noise by
filtering particular, model-motivated structures in the signal. We suggest templates that
are naturally expressible in terms of the orbital frequency.

The cross-correlation technique ensures that uncorrelated noise sources will not con-
tribute to the mean of the CRPS. Meanwhile, projection to a suitably chosen set of func-
tions can help pick features missing from the SM for follow-up analysis on their phys-
ical meaning. This is described in detail in Sec. 2.4.2. It is important to note that
any source of correlated noise, such as the noise that arises due to the Schumann reso-
nance [199, , , ], will contaminate the cross-correlation signal. We do not con-
sider correlated noise in this work. Future studies will investigate the impact of correlated
noise on SCoRe and how it can be mitigated.

The final step takes into account possible dependencies of the BM signal on the GW
source parameters and can also mitigate uncertainties related to the source parameters.

2.3.3 Implementation

In this work, we consider the “best-fit” model of the signal to be the maximum likelihood
GR waveform obtained by parameter estimation of the network strain. In the presence of
a BM signature, this estimator may have a “stealth bias”. This is when a GR waveform
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with different source parameters can—even partially—account for the signature [220, ].
A different set of GR parameters may perfectly reproduce the BM signature in the worst
scenario. Any residual test would then be unable to distinguish such BM signatures from
the SM. In [169], the effect of stealth biases on the measurement of a particular BM model
was studied. The model consisted in Numerical Relativity (NR) waveforms produced
through an “order-by-order” strategy designed to capture, to a certain extent, dynamical
Chern-Simons gravity with source parameters similar to a detected signal, GW150914 [10].
Although GR waveforms could partially reproduce the residual strain, it was found that at
least part of it could not be accounted for by the GR source parameters correcting for the
BM signature, a consequence of deviations lying off the GR waveforms manifold. We note in
passing that it is not guaranteed that all BM models have an orthogonal component to the
SM manifold. There exist beyond GR theories allowing for signals purely degenerate with
GR waveforms for some source parameters and not for others. For example, theories that
predict more significant deviations at higher curvature scales may not lead to measurable
differences with GR for larger compact object masses. Another well-known example is
spin-induced moment [196, , , ], which by definition is an effect proportional to
the spin of the object. We do not explore such degenerate scenarios in this work.

Although the idea of using template functions in frequency space is similar to the frames
used in the BayesWave framework [59, (0] (which can also be used as template functions in
SCoRe), our method does not seek to reproduce the residual signal with a set of functions.
This is unlike current residual tests that use BayesWave [158, 24]. Instead, we measure the
degree to which a pre-determined finite set of functions can explain the residual strain. This
makes SCoRe morphology-dependent, but the morphology of the chosen template functions
is arbitrary and can be non-specific. For example, one could reproduce the deviations
parameters used in parametrized tests |7, , , 18], but choosing an agnostic template
set using SCoRe is also possible as we will explain in Sec 2.4.2.

By using cross-correlation and projection onto a template, we hope to reduce noise
well below that of individual detectors. With this noise reduction, SCoRe may be able
to unearth minute BM signatures, which would otherwise, remain undetected by only
considering the strain of individual detectors. By looking at the structure of the CRPS,
the method can help constrain potential deviations with a vast range of possible forms.
This also means that the search for potential deviations can be made tighter as their form
is guided by theoretical work. Furthermore, the method can probe for correlations between
the BM signature and the GW source parameters. A schematic diagram illustrating the
basic principles of this technique is depicted in Fig. 2.3.3.
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Figure 2.1: (Opposite page) Outline of the SCoRe method. When a BM signature (in
red) is measured by a pair of GW detectors, each detector will add different noise to it.
The resulting residual strains, computed by subtracting the best-fit SM waveform from
the data are plotted in blue. Noise that is uncorrelated between detectors will be reduced
when taking the cross-correlation between the two detectors. Higher power transient noise
and correlated noise may remain but can be mitigated by projecting CRPS onto some
physically motivated template. Most BM signature models have a dependence on the
source parameters. The projection coefficients measured over events of different source
parameters may reveal such correlation.

2.4 SCoRe formalism

We describe in this section the formalism of SCoRe, which consists of four parts, (A) Cross-
correlation, (B) Choice of a residual template, (C) Projection on a template,
and (D) Inference using a Bayesian framework.

As discussed in Sec. 2.1.1, we write a linear model of the GW data d*(t) in a detector
denoted by x as

d(t) = s*(t) + n*(t), (2.14)
(2.15)

where s%(t) = >, F*(t)s;(t) denotes the observed GW signal as seen by a detector, written
in terms of the actual signal s;(¢) for the polarization state “i”, and the corresponding
detector response function F*(t). The noise in detector x is n*(t). Whether a signal is
detected in a particular detector depends on the noise in the detector and the detector
response function F*(t) to the source position. In this work, we consider that a GW signal
detected with a SM template in multiple detectors with a matched filtering SNR p greater
than a minimum threshold network SNR p, is classified as an event.*

We define the BM signature As® as the difference between the model h*(¢;6) at the
true parameters 61 and the physical signal s*, so the data can be written as

d®(t) = h*(t; 01) + As® +n®(1). (2.16)

As discussed in Sec. 2.3.1, the BM signature can be due to new physics or model inaccuracy.
Overlapping signals can also contribute to As®, and will be particularly important for next
generation detectors [110].

4See [12, 17, 23] for a description of the actual pipelines used by the LVK to identify candidates.
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From the data, we can approximate the BM signature by computing the residual strain
for a given model h(t;0):

r*(t;0) = d*(t) — h*(t; 0) (2.17)
= h®(t;01) — h*(t;0) + As® + n"(t). (2.18)

The difference between the true parameters 1 and the estimated parameter 6 is due both
to noise and degeneracies between the BM signature and the model (the “stealth bias”).
We call the difference between the model at the true parameters and the model at the
estimated parameters Ah* := h*(t;601) — h*(t;0). The challenge is correctly modelling
As®.

Performing parameter estimation over the strains in the detector network gives a pos-
terior over #. By definition, the MLE 6y g of the parameters (see Sec. 2.1.3) corresponds
to the minimum residual strain amplitude in comparison to the variance in the detector
noise, as fyg should maximize the likelihood.

We propose performing tests of BM physics on the residual data r*(¢; Oyg) constructed
using the MLE parameters inferred using a network of detectors, fyg. The MLE param-
eters need not be the true parameters of the source parameters—they only resemble the
data best given a waveform model and the assumption of the standard model. Since such
parameters will be generically described with a distribution, we introduce in Sec. 2.4.4 a
Bayesian framework to marginalize their (posterior) distribution.

2.4.1 Cross-correlation of the residual signal

One of the critical aspects of a BM signature in the residual data is that it is likely to
be correlated in all the detectors. However, depending on the detector response function,
it will be observed differently in each detector. Noise between multiple GW detectors
from unrelated sources will be random. To identify the origin of the residual as either
astrophysical (a BM signature) or due to detector noise, we propose to do a cross-correlation
of the residual signal between the data from two detectors. Given the output d*(t) and
d” (t) of two detectors z and 2/, the general cross-correlation Y () of the two signals over
a timescale 7 is defined as

1 t+71/2 t+7/2 ,
Y(r) = - / dt, / o (1) (1) O (11, ), (2.19)
t t

T —7/2 —7/2

where Q(t1,%2) is a filter function. The choice of 7 should balance two effects: correlated
noise is better reduced as 7 increases, but averaging washes away signal features with
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timescale shorter than 7. In the limit where 7 spans the length of the signal, the cross-
correlation becomes the total residual power observed. There are natural choices of T,
which rely on maximizing SNR while ensuring the features of the signal are preserved.
They will depend on the source parameters, most notably the chirp mass, which sets the
timescale of the orbital frequency evolution and the choice of template function on which to
project the CRPS. We discuss the methodology behind choosing 7 with a specific example
in Sec. 3.1.2.

The definition (2.19) has been used to search for stochastic GW signal [19, 6]. There,
the strain in multiple detectors is used to search for a common, periodic signal [70]. In
stochastic GW background searches, the phase of the signal is not expected to be resolved.
This makes choosing the optimal filter function non-trivial. By contrast, we can measure
the phase of a well-detected event and measure At, the delay time separating the two
detectors within a timing uncertainty. The optimal filter function, which gives the highest
SNR, will correspond to the signals in the detectors overlapping in time. It is therefore
Q(t1,t2) = 6([t1 — to| — At) (assuming 7 > At). We can then define the cross-correlation
with maximum SNR with angular brackets:

/ 1 [t+7/2 /
<d$(t)d’” (t+At)> == / At de () d" (' + At). (2.20)
T t—7/2

In SCoRe, we consider the cross-correlation of the residual strains. We first expand the

product between the residual strains in the two detectors:

ror? = As®As” (2.21)
+ARTART + As® Ah® + As*ARY (2.22)
+As"n® + As*n® + Ah*n® + Ah®'n® (2.23)
+n"n® . (2.24)

Taking the cross-correlation of the residual strains gives the mean excess power emitted
within time bins of width 7, which we denote as D** (¢). Since the noise in the two detectors
is uncorrelated and the mean of the noise in each detector is zero, the terms on the third
line of Eq. (2.21) are reduced by 72. We do not consider terms involving A here. The
key assumption is that the term As’As” on the first line of Eq. (2.21) is correlated between
detectors and does not average to zero within 7, while the uncorrelated noise in the two
detectors averages to zero. Therefore, when taking the cross-correlation of the residuals,
we obtain:

D™ (t) =(r"(t; QMLE)Tx/ (t + At; Oveg))-

, , (2.25)
(As™(t)As™ (t + At)), + (n"(t)n" (t + At)),.
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The value of At will depend on the source parameters such as the sky position and also on
the position of the two GW detectors x and x’ between which the signal is correlated. This
can be inferred for individual pairs of detectors and need not be assumed in the analysis.
The detection of the correlated signal D** (t) depends on the overlap of the signal As®(t)
between the individual detectors, which depends on the response functions of the detectors
F7(t). We can marginalize over the response functions and extrinsic source parameters, as
explained in Sec. 2.4.4; so that we may account for different residual signatures that will
be induced by the same BM deviation in different detectors. But, if, for a given antenna
pattern, a theory predicts no measurable residual signature in multiple detectors, then the
cross-correlation will not yield anything.

Using the cross-correlation definition given in Eq. (2.20), we can model the measured
cross-correlated signal as

D (t) = S (t) + N= (1), (2.26)

where the first term denotes the correlated signal between the two detectors and the second
term denotes the correlated residual noise between the two detectors. We usually assume
that the noise between detectors is uncorrelated. In reality, some noise, like magnetic noise,
can be correlated. These types of noise can play a role at some level in the mean, and their
impact on the signal should be estimated when this technique is applied to the data.

If the noise is uncorrelated between the two detectors, then the second term in Eq. (2.26)
vanishes, and only the first term is non-zero. As a result, we can write
D™ (t) =(As"()As™ (t + At)),
+ (T ()" (t 4+ At)) 1 0ger. (2.27)

Alternatively, one can work in the time-frequency domain using the short-time Fourier
transforms of the strains s%(¢) and s (t) and substituting in Eq. (2.20). The timescale
used to compute the short-time Fourier transform should not be greater than the timescale
of cross-correlation 7.

In the remaining analysis, we will work in the time domain for concreteness.

2.4.2 Choice of residual Templates
The second “key-physics”-driven aspects that we want to explore in CRPS signals is that

there might be more energy injection/extraction from a binary system in BM scenarios than
in the SM templates. This difference in power released results, in particular, in a change
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in the orbital frequency evolution f(t). Previous residual tests, such as the ones using

BAYESWAVE [59, 60], have proposed decomposing residual signals in terms of frames that
have a natural expression in the frequency domain (Morlet-Gabor sine-Gaussian wavelets
and “chirplets” [59]). Along similar arguments, we propose decomposing the CRPS signal

into a template of n orbital frequency-dependent functions Z;(f(t)), which can capture
any gain/loss in the (radiated) energy of the binary source after taking into account the
dependence on the source parameters

570 = Y wlt, 02 (1), (2:28)

where the (real) coefficients a; may depend on the source parameters and time. These
coefficients vanish when no BM signature is present in the data. Either side of the equation
is valued in strain squared and will depend on the integration timescale 7. The only
requirement on the set of templates Z;(f(¢)) is that its elements should not be parallel to
one another. They need not be either normalized or orthogonal. For example, one could
choose wavelets or chirplets. Notice that one can also model the BM signature in terms
of the residual strain of the GW signal rather than the power. As one still uses the CRPS
to extract posterior information in either approach, they will yield the same information.
We describe the strain modelling in Appendix A.1.

The specific form of the template functions Z;(f(¢)) can be motivated by a particular
type of BM signature if such knowledge is available. As an alternative to choosing a
specific, model-dependent set of template functions, we present a choice of template that
we argue allows for an unmodeled BM search. The unmodeled template is constructed
from the following observation: BM effects modify the rate of energy dissipation. This, in
turn, impacts the rate at which orbital frequency increases. We thus expect the derivatives
of the orbital frequency of the system to be good tracers of a BM signature.

More specifically, to capture the proportional change in time of the orbital frequency,
we use the derivatives of f/f as our template functions

Ziso(t) = <<%f@>2> , (2.29)

T

while Zy(t) is constant, defined to capture any BM signature with constant power. If the
template functions are defined as functions of continuous time, one can take the angular
bracket, as defined in Eq. (2.20), to define the expected CRPS functions.

We note that for inferring the values of «; from data, it is convenient to orthogonalize
and normalize the template functions, e.g. using the Gram-Schmidt process, if possible. If
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the physical interpretation of the coefficients is more straightforward in the original form,
then one can always transform the functions and their coefficients back.

2.4.3 Projection on a template

The projection of the CRPS of the data onto the chosen template encodes how well the
model matches the signal. In this subsection, we define the projection coefficients and the
associated uncertainty. The projection coefficient T';(D) of the CRPS signal D**'(t) onto
the template Z; is:

ro) - | "D 02, (1), (2.30)

(ts, t. are the start /end of the signal in the data). Then, the requirement that the template
functions should not be parallel is

Zi —Ti(Z))Zi £ 0V {j # i} €n, (2.31)

where Z; is normalized, so I';(Z;) = 1. The templates can be made orthonormal, that is
I',(Z;) = 1 and T';(Z;) = 0,5, if required for the inference of the signal. If an orthonormal
set is chosen, then the projection coefficient I';(S) will be equal to a;. This is possible as
long as the template functions are not linearly dependent. In the rest of this work, we will
assume that the Z; used are orthonormal ; hence, the value of «; is measured as the mean
value of the data projection onto the template functions.

When measuring the CRPS and the coefficients, we will need to know the associated
uncertainty. In this work, we compute the standard deviation in the limit of small-signal
(zero mean value). In the limit where the cross-correlation scale goes to zero, 7 — 0, the
noise on the cross-correlation estimator can be obtained as

K2

n

((r*()r® (t + At))?), — D™ (1) (2.32)

Assuming that the noise in each detector is Gaussian, stationary, and uncorrelated, we can
simplify the above expression as °

/

Ky =(n®(t)n* () (n” () (1)),

Y (2.33)

5The angular brackets are defined in Eq. (2.20). From this point, we drop the subscript 7 for brevity.
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where in the second line, we have defined the noise auto-correlation of each detector as
N2 :=C(0) (see Sec. 2.1.1).

If there are no BM signatures present in the data, then the value of the coefficients «;
should be consistent with zero. However, in the case of a non-zero signal, we can write the
estimator &; from the data. Assuming «; does not depend on time, then we can write it in
terms of the CRPS D**'(t), the template functions Z;(f(t)), and the noise on the CRPS,
K, as

te
i = [ awioD= 02710), (234
t
-2
where W;(t) = T KfégZ(zif(t))dt'
ts Tt i

In the above equation, W;(t) are weights which serve two purposes: (i) they ensure that
the equation is normalized, and (ii) they account for any variation in the noise properties
in the detector by inverse noise weighting. This helps reduce uncertainty in the estimator.
For the situation of uncorrelated stationary Gaussian noise considered in this analysis, the
values of W;(t) will be constant and will simply normalize Z;(t). However, if the PSD
across a data segment shows variation with time N2(¢) (non-stationarity), then W;(t) will
not be a constant. If the Z;(f(t)) are not orthogonal, &; will generally be non-zero even
when D (t) = Z;(t), for j # i. When &; = 1, the mean excess power measured for the
template function Z; is equal to the expected power due to noise.

(2.35)

Finally, it is of interest to estimate the SNR for measuring the parameters &. For Ngw
sources with GW similar source parameters and with Ny GW detectors, we can write the

combined SNR, p;, as
Naet  New 1/2
— & X { > Z (K= } , (2.36)

z=1,2'>x
where, @; is the mean value of the inferred 51gnal for all the detectors pairs and sources,
and (K2*)? is the noise on the parameter «;, defined as

(K2 = /}t t dt (W (D) K Zi(1))? (2.37)

From the expression given in Eq. 2.36, we can conclude that the total SNR p to measure
a deviation «; scales as v/ Ngw and \/ Naet(Nget — 1)/2. Finally, it is important to clarify
that the value of o can explicitly depend on the value of the source parameters 6, and in
that case so will the number of GW sources Ngw (6) with the source parameter 6 (for e.g
Oyvie) that needs to be combined to obtain the SNR.
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2.4.4 Inference using the Bayesian framework

The final step of SCoRe is to combine the information from different events, assuming a
dependence of the BM signature on the source parameters. The proper framework to do
this is hierarchical Bayesian inference, where we define multiple stages of parameters, each
given by a probability distribution parametrized by the previous stage. The hierarchy of
the model is defined by the directed relations between the parameters. The intermediate
parameters are marginalized over, allowing the inference of the highest level parameters
called hyperparameters.

In this section, we formulate a hierarchical Bayesian framework to measure the presence
of any BM signature in the observed data by marginalizing over the uncertainties associated
with the GW source parameters. Let us denote A, as a set of parameters which captures
deviations from the SM. They denote parameters that are common to all events, such as
the coefficients of higher dimensional terms in the EFT of gravity. Then, we can write
the posterior distribution P (A |{d”(¢)}) on the parameters Ay, given the observed set of
data {d*(t)} detected at detectors labelled x, 2, ... using Bayes’ theorem [25] as

P (Aul{d*(t)}) oc L{d" (1)} Am) 7 (Anr) (2.38)

where £ ({d*(t)}|Apr) denotes the likelihood on the data set and 7 (Ays) denotes the prior
on the deviation hyperparameters. For a set of N,,s independent events of GW sources
detected (denoted by S) above a matched filtering SNR p,, the likelihood on the data set is
the product of the likelihood on individual events, weighted by the probability of detecting
the event:

Ndet Nobs

camyan) = TT TI£ (e 1is an) (2.39)

z,x'>r=1 1=1

Naet  Nobs p(S|{d, d” Y, Ay L ({dﬂc dx}‘AM))

- 11 11 P(S|A) 240)

r,x' >r=1 i=1

In the second line, the first term denotes the probability of detecting events in the data
given a deviation Ay, and the second term £ ({d*,d" };|Ay) is the likelihood on the data
from the i-th event given the deviation Ajy.

The parameters Ay, do not affect the signal directly. Rather, they control the distribu-
tion of the BM signatures As, which are parametrized, for example, by a. Similarly, the
GW source parameters 6 are distributed according to the population hyperparameters A,
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such as the maximum and minimum possible BH masses (see Sec. 4.1). This hierarchy is
illustrated in Fig. 2.2.

The dependence structure in the figure appears when we marginalize over # and «
to obtain the likelihood conditioned on Aj;. We can write the likelihood on the event
data, including the GW source parameters 6 with a prior I1(#), and the dependence of any
deviation on the GW source parameter, p(Ay/|0), as

£ ({a.dylan) = / dbdar ({0 0) p (0,10, Au) 7 (6). (241)

where « is the set of template coefficients for Aj,;. In the above, we have assumed that
0 does not depend on Ay, (there is no arrow going from Ay to 6 in Fig. 2.2). The key
point in our analysis is that we would like to model the dependence of a on both 6 and
Ay (the red dashed arrow in Fig. 2.2 and the term p(«|6, Ay) in (2.41)). As is generally
done in hierarchical models, we have assumed that the likelihood on the data of individual
events depends on Aj; only through the parameters «, so that £ ({d””, d* Yo, 0, AM) =
L ({d*,d" }i|e, 6).

We do not take into account the impact of BM effects on the source population (which
would represent another term in (2.41) and another arrow between Ay, and A in Fig. 2.2).
In the most comprehensive model, we would also include the effect of cosmological models.
This could, for example, be taken into account by adding the node © in 2.2. In this
example, the cosmological parameters could depend on the BM model for example if the
BM model is an extension to GR which modifies cosmological expansion, and it could, in
turn affect the source population by changing source formation history.

The term in the denominator in Eq. 2.39 is the evidence, which we can write in terms
of all possible events which are detectable above a matched filtering SNR p, as

p(S|Aw) = / d{d* (1)) / d6dop({d(£)}]6, )p(alf, Ay)m (). (2.42)

If the detector noise does not change with time, then the term p({d*(¢)}|0, o) will not vary
with time and only depend on the detectability of an event above p,, which we usually
denote by paet (0, ). If we assume any signal with a matched filtering SNR above p, is
detected, then Eq. (2.39) further simplifies. The term [ p(S|{d®,d" };, a) becomes unity.
Putting all of this together, we can write the posterior on the parameters Ay, as

P(Aul{d*(t)}) = TI(An) %

T T [dodar ({d”,d*'},10,a) p(ald, Ay (6) 2.43
11 Hf (8|AM>) ' o

zx'>r=1 i=1
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Figure 2.2: Schematic representation of the Hierarchical Bayesian model for the inference
of a BM signature in the GW data. An arrow from node A to node B denotes that the prior
on B depends on A. The physics underlying the BM signature is common to all events
and determines the deviation As in individual events according to the parameters Ay,
which should ultimately describe the underlying physics of the BM model (e.g the energy
dimension of the leading EFT operator). Although the morphology of the deviation is not
known (and must be modelled by the template functions), we expect it to vary consistently
with the source parameters 6 (e.g with a power law dependence on the mass of the BH
in our EF T-motivated model). We include this dependence, which corresponds to the red
dashed arrow, in our model. We then attempt to infer the deviation A,; from the data
{d”}; by marginalizing over the uncertainties in the intermediate parameters 6 and . The
source parameters themselves are distributed according to the population hyperparameters
A. For the most complete model, we would also include the effect of cosmological models,
which could depend on the BM model and affect the source population.

This is the most general hierarchical Bayesian framework to search for a BM signature
marginalizing over the source parameters uncertainties.

In this analysis, we perform the Bayesian estimation on the residual signal obtained
around a set of best-fit model parameters Oy g assuming the SM. This allows us to define
the deviation Aj; as a function of Ay so we may check any correlation between BM
signature and source parameters. Searches around the best-fit can also help reduce the
computational cost of performing the Bayesian analysis. However, the analysis pipeline
can be easily modified to include the full Bayesian framework. The above equation around
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a best-fit value can be simplified into

Ndet Nobs

P(Au{dt)}) =1aw) T 11

rz=1,y>x i=1

[ p({a~, d” }ils(Ouee), An)p(An|Oriee)p(Orie ) dOvrs
p(SfAM) 7
(2.44)

where, s(fgr) is the GW signal for the set of best-fit parameters, p(fgr) is the posterior
on the best-fit parameters obtained from the data assuming the SM.

The likelihood p({d*, d* };|0, @) can be written in terms of the CRPS as
p({d®, d¥ |6, a) = p(D*™ (t)|a). (2.45)

If we further assume the likelihood to be Gaussian and there is no correlated noise, then
it becomes

(Dxx/(t> — S(Q, Oé))Q)’ (246)

p({d”, d"'}il0, a) o exp ( - /dt 2K2(t)

where D** (t) can be calculated using Eq. (2.27) and the noise covariance matrix can be
calculated using Eq. (2.32). In the presence of correlated noise N, it can be included in
the noise covariance matrix.

Though this method can detect the presence of any BM signature in the GW data,
model-independent searches may fail to completely capture the structure of the deviation
if the chosen template only partially overlaps with the BM signature. However, using the
Bayesian framework proposed here, one can do a Bayesian model comparison for different
BM scenarios and perform a tuned search for the model with higher Bayesian evidence.
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Chapter 3

Demonstrating the SCoRe method

3.1 Application of SCoRe on a toy example for an
unmodeled search

We now illustrate the SCoRe method by using the unmodeled power template to recover a
toy model injection from simulated data. We describe the toy model and then discuss the
appropriate choice of cross-correlation timescale. Using the SCoRe framework, we recover
the injected value in the simulated data. Then, we perform the Bayesian analysis described
in Sec. 2.4.4.

3.1.1 Generating mock data

As a toy model, we create simulated mock data by adding Gaussian noise realizations n”
over a simulated strain s(t) as

d(t) = s7(t) + n®(2). (3.1)

The strain is s7(t) = s&(t) + Asfy; it includes an SM signal sgy(t) (e.g a currently
available waveform model for a BBH merger in GR) and a BM signal Asgy. The BM signal
is modeled as Aspy(t) = va with b as a free parameter that controls the strength
of the BM signal, while fsy(t) is the orbital frequency computed using the SM waveform
model. The SM signal is the same for all events. It is computed using LALSuite [1417] called
through PyCBC [1] and the IMRPhenomD approximant [1 12, 126] for an equal mass, non-

spinning, circular BBH merger, at a luminosity distance of 100 Mpc and the individual

45



masses are both set to m = 5M,. A sampling rate of 16384Hz is used throughout this
work to allow a more precise exploration of the effect of 7 on the method. Both cross- and
plus-polarizations are used to derive fsy, the orbital frequency. The plus-polarization is
used as the SM signal sgy;. We assume Gaussian, stationary noise and the same sensitivity
for all detectors. Different events in each of the two distinct detectors are then simulated
by drawing realizations n” of the expected O4 noise sensitivity [21].!

We project the CRPS onto the unmodeled template given in (2.29). In the rest of the
work, we implement the angular bracket average of Eq. (2.20) as a binned mean. This
means that the operation (-), returns a single value for each range of time of width T,
so that the CRPS has fewer data points than the strain. 2 Out of the template terms
given in Eq. (2.29), we only use the linear term Z; for simplicity. ® The toy model with
the BM signal Asgy is constructed such that it perfectly overlaps with the template Z;
to show how the recovery can happen for the best-case scenario. We expect that the
template coefficient oy can recover the injected BM signal Asgy completely. Certainly,
in reality, different BM theories will only have a partial projection on the template unless
one performs a model-dependent search. In the future, we will explore different template
choices to illustrate how they can project onto different BM theories. Theoretical efforts
to produce waveforms in some such theories have been presented in e.g. [27, 31], and so
have their impact on data analysis in modelled and unmodeled searches e.g. [198, 85].

We generate Ngw pairs of strain data as in Eq. (3.1) and attribute each strain to one
of the two detectors z or 2’. Examples of each component used to construct these data are
shown in Fig. 3.1. We assume that the best-fit parameters are known exactly and that they
are those used to generate sg\(t). We therefore subtract sgy from each of these strains
to obtain r**. In real data, the error from estimating 6y needs to be accounted for
both in the residual strains and the template, and we need to perform the marginalization
described in Sec. 2.4.4.

Each pair of 7%* is then cross-correlated as in Eq. (2.25) to obtain the CRPS, Df’xl,
where 7 labels events. We obtain Ngw residual time series that, for real data, would each
be associated with a GW event. Examples of the CRPS are shown by orange lines in
Fig. 3.2. An estimator a; is obtained for each time-series by projecting onto the template

'We have used the noise file aLIGOAdVO4T1800545 in PyCBC.

20ne could also use a running mean, where each time sample is given a CRPS value instead of a binned
mean value.

3Since we only use one template function, our template is orthogonal by construction.
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Figure 3.1: Example toy model data. We use the PyCBC software package to generate
ssm, the waveform for a circular, non-spinning, equal mass BBH, with individual masses
both equal to 5M,. This is plotted in green. We add onto it a BM signature, Asgy
(blue line), that is proportional to the change in the orbital frequency logarithm (&3 =
0.05). It is normalized so that, for &; = 1, the maximum amplitude reaches to the noise
auto-correlation, N, (purple line). Realizations of Gaussian stationary noise are added to
ssm + Asgy to obtain different events. Some examples of noise realizations are plotted in

orange.
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according to Eq. (2.34). It is convenient to define the dimensionless quantities

te B
Zy=P'Z,, such that/ Zidt =1,
ts

e 3 (3.2)

g = a =
1 1 dlnf)2’

—,
Q7 max ( i

where a! is defined so that, when the maximum amplitude of Asgyy is N,, the projection of
its cross-correlation onto Z; is &; = 1. The normalization constant, P, measures the mean
power per bin in the template function. The timescale 7 over which the residual strains
are cross-correlated is a free parameter during this procedure. We discuss the choice of 7
in the next subsection.

3.1.2 Choice of 7

The definition of the CRPS signal in (2.27) depends on the choice of parameter 7. The
choice of 7 is a trade-off between the SNR and the the information content of the cross-
correlation: larger 7 values reduce the noise in the cross-correlation, but useful features of
the signal may be lost in the averaging. Here we discuss what one should consider when
choosing 7.

When 7 is finite, the noise on the cross-correlation estimator in the limit of a small
signal is

1
Kj, = K, (3.3)

Nwindow

where Nyindow 18 the number of data points measured in the timescale 7. The advantage of
taking the mean over a timescale 7 is that Kp o< 1/7, so, in the limit of large 7, the cross-
correlation tends to be the residual signal (and correlated noise). On the other hand, as
mentioned, some information is lost in the averaging over the timescale 7. This is illustrated
in Fig. 3.3. The cross-correlation template Z; is computed from sgy with different values
of 7. As 7 increases, the shape of Z; is qualitatively changed. By integrating over 7, we
lose the ability to differentiate between BM models that give different template predictions
below this timescale.

For a specific template, two choices of 7 have equivalent signal content if no new physical
behaviour arises at an intermediate timescale. The average power per bin, P, will be the
same if they are equivalent. This quantity is plotted in Fig. 3.4 as a function of 7. For
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Figure 3.2: Residual data and injected BM signature cross-correlated over 7 = 1.28 x 10~ 3s.
The blue line is the mean of the CRPS over 500 events, plotted in orange. It corresponds
to the MLE value of &; when projected onto the template. The dashed green line is the
cross-correlation of Asgy.

49



%103

81 —— 6.10 x 10~ %s
— 1.28 x 1035
—— 3.11 x 10~ 3s

Strain power

—06 —5 —4 -3 —2 —1 0
Time [s] x1073

Figure 3.3: Cross-correlation template Z; for different cross-correlation timescales 7. The
smallest timescale allowed by the sampling rate, 7 = 6.10 x 107° s, has features that are
washed away as the timescale increases. With 7 € [0.8,1.6] x 1073s, no new physical
features appear and information remains the same as 7 is increased. For timescales longer
than 2.1 x 1073 s, all the power is effectively concentrated in a single bin.
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this example, at timescales shorter than 0.8 x 1072 s, the mean power decreases as the
“pulse” feature of the template seen in Fig. 3.3 is integrated out. For 7 € [0.8,1.6] x 10735,
the mean power remains constant as the template functions resemble power laws, and a
smaller 7 does not add information. An example of a template with a timescale in this
range is shown by the green line in Fig. 3.3 (obtained by averaging over 7 = 1.28 x 1073 s).
When averaging over timescales larger than 7 ~ 2.1 x 1072 s, the BM signature’s power

concentrates in a single bin. Past this point, the mean power per bin, P, scales as (7')_1/ 2,
1.00 - I
|
0.95 [
. |
2 0.90 - I
Ry |
a | |
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_— . -3
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Figure 3.4: Template normalization factor (mean power per bin P) as 7 is increased. The
template with 7 = 6.10 x 107° s contains a pulse. As the pulse is washed away by the
averaging, the mean power per bin decreases. Between 0.8 x 1073s < 7 < 1.6 x 10735,
averaging over a greater 7 does not change the shape of the template, and the mean power
remains constant. At scales greater than 2.1 x 1073 s a single bin contains the majority of
the power, and the mean power scales as 7 1/2.

This exact evolution sequence of the mean power per bin P as a function of 7 is specific
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to our chosen template (2.29) and the SM waveform used for the computation. However,
the criteria for choosing 7 will be the same in all cases.

The first natural choice of 7 corresponds to the maximum SNR, achieved when most of
the power is concentrated in as small a bin as possible. This is determined by the 7 where
the mean power per bin, P, starts scaling as 7~ /2. This may not, however, correspond to
the highest Bayes factor in favour of a BM signature.

If information about the structure of the BM signal is preferred over a higher SNR,
then 7 should be accordingly chosen. In our toy model, for our specific choice of template
and SM waveform, to conserve information about the “chirp” part of the template, the
7 value needs to be set to the rightmost point on the horizontal section of the P shown
in Fig. 34, 7 = 1.8 x 1073 s.  In this case, it is not possible to preserve information
about the pulse shape while still taking the cross-correlation, as one would need to set 7
to the sampling interval. It may yet be possible to keep some benefits of taking the cross-
correlation while not averaging over the pulse shape by letting the averaging timescale vary
with time. For example, we may set 7 to 1 over the sampling rate from ¢t = —1073 s to
t =0, and set 7 € (0.8,1,6) x 1073 s for t € (=5, —1) x 10~* s to maximise noise reduction
over the “chirp”. Finally, we could average the rest of the time domain, where the CRPS
is dominated by noise, into one bin ( t = (t;, —5) x 1073 s).

In this section, we consider only a time-constant 7, which we set to the SNR-maximising
value, 7 = 1.8 x 1072 s. The cross-correlations plotted in Fig. 3.2 are computed over this
timescale. This choice of 7 is specific to this template function and best-fit source
parameters, as the variation of the mean power P with 7 will change for other choices of
template and source parameters. Since the templates depend on the orbital frequency, we
expect the choice of 7 to vary (scale) with chirp mass for all choices of templates.

3.1.3 Bayesian inference of the injected signal

In this section, we use the Bayesian framework presented in Sec. 2.4.4 to combine events into
one measurement of &;. We assume the source parameters are perfectly known to be Opp.
Therefore, p(éBF) = 0(OuLE —éBF), where §(x) is the Dirac delta function. This assumption
is made to show how this new method will work in the best-case scenarios. In reality,
each estimated parameter will have an error, and one can marginalize the uncertainty as
presented in Sec. 2.4.4. Furthermore, since we assume «; is unique for the given source
parameters, p(al\éBF) = 1. The posterior on ¢&; is then

P (a1]{d(t)}) o< II(ay) exp (—2[1%2 (G — 541,MLE)2> : (3.4)
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Figure 3.5: Posterior on &y for Ngw = 500, when the template function Z; is injected in
Gaussian, stationary noise. We used a flat prior from 0 to 1, giving a Bayes factor of 773.
The error on & is Kg, the SNR for this measurement is 4.5.

where dl,MLE = 1/(N(;Wa(1)) Z;NGW L: ZlDldt, and

3 K2
K3 = —5"—. (3.5)
(a9)” Naw

The likelihood is thus a Gaussian distribution with Maximum Likelihood Estimator
(MLE) &y mie and variance K 2 .- With our assumption, the MLE is the mean over events
of the estimator &;. Since the projection is linear, it corresponds to the projection of the
mean CRPS, shown in blue in Fig. 3.2.

If a signal is correlated between detectors, its cross-correlation S**' (t) must be positive.
Our template function is positive, therefore so must be a; and a;. We choose a flat prior
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Figure 3.6: Bayes factor BEM in favor of a BM hypothesis over the SM hypothesis left for
different values of &1 n; (New = 500), right for different Ngw (G1m; = 5 x 107%). The
solid green line indicates the case of perfect accuracy as a guide. The blue region covers
one f(a deviations in the measured value of a; me. The SM waveform used is that of an
equal mass BBH with individual mass 5M.

on &; ranging from 0 to &q ey, S0 that II(&y) = (o?l,max)*l. The posterior obtained from
the events in Fig. 3.2, which have injection &; = 0.05, is shown in Fig. 3.5. The prior used
is set with & ;40 = 1.

With this posterior, we can compare the SM hypothesis with the hypothesis of a BM
signature by computing BEy, the Bayes factor in favour of a BM signature being present
instead of just the SM. Since the SM is recovered when the coefficient «; is zero, we compute
BEY as the Savage-Dickey density, which is the ratio of the prior to the posterior at a; = 0:

M P(an = 0{d(t)})
The Savage-Dickey density can be computed directly in our toy model since the analytical

form of the posterior in terms of & prE, K?%, and Ngw is known. In fact, the expression
for BEY can be written explicitly in terms of error functions

T Ks 1 (e )
Bat = -5 = X
O[1 ,max 2 Kdl
<erf ( 1,MLE ) . erf <&MLE - dl,max))
V2K;, V2K, ’

where ¢ = (1/2)K2, and erf(z) = (2/+/7) [ exp (—y?) dy. This can be computed numeri-
cally. We plot the dependence on Ngw and on the 1nJected value of & in green on Fig. 3.6,

(3.6)

(3.7)
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assuming a perfectly accurate measurement (& arzr = @14nj). In the left plot, the number
of events is kept fixed at Ngw = 500 as the injected value of &; is varied, while on the
right plot, Ngw is varied as & j is kept fixed. We also plot values of &y arp measured
from realizations of the toy model data with crosses.

The value of II(0) can significantly change the recovered value of the Bayes factor.
This is a manifestation of Occam’s penalty [114]: a wider prior compared to the likelihood
indicates a more constraining underlying hypothesis. The prior we choose has &1 pas = 1.
This maximum prior is quite large (1 > a3 + idl), and reducing it can increase the Bayes
factor obtained without truncating most of the area under the likelihood. However, we
choose it on the grounds that any yet undetected BM signature has to be smaller than the
noise variance.

3.2 Application of SCoRe on a beyond GR model

3.2.1 Toy model EFT and numerical set-up

To explore our method in a realistic scenario—including inspiral, merger and ringdown—we
construct a waveform model that captures key effects expected from an EFT extension of
General Relativity under the assumption that the coupling scale is of the order (or below)
that of the lightest BH scale.? The model accounts for (i) higher curvature corrections
in the inspiraling regime can be captured at leading order by tidal effects, (ii) the merger
transitions to a post-merger regime described by quasinormal modes for the BH described
by such a theory and, importantly, that corrections scale with the mass of the system
appropriately. To fix ideas and choose a convenient scaling so its dependence is sufficiently
marked, we envision our system described by a Lagrangian £ = R + [*Lg), where L
indicates the higher order corrections to the curvature, scaling in this example as M~ (see
e.g. [09, 16, 143, 52]). For modelling the merger, we follow [156] and construct an inter-
polating signal between inspiral and ringdown guided by the behaviour of null geodesics
corresponding to the final BH. The main characteristics (mass and spin) of such a final BH
can be estimated using a strategy similar to that given in [39, ] as long as the general
solution for a rotating BH in a given theory is known. For the inspiral regime, we use
a simple effective one-body EOB model [38] with tidal interactions as in [109] (see also
[65]) transitioning to the final BH at the innermost stable circular orbit (ISCO) frequency

4If such a scale is larger, as considered in [200], O(1) corrections to the GR gravitational Lagrangian
are induced, rendering unclear what describes the regime with smaller scales (thus including merger and
ringdown), as they would lie outside the EFT regime.
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of the final BH. For concreteness, we focus on the equal mass, non-rotating, BBHs with
no eccentricity. > Importantly, we note that for the theories described by the above La-
grangian, closed-form solutions are only known for slowly (or non) rotating scenarios, while
the merger outcome should yield a BH with spin a/M = 0.67—with a small correction that
also scales as M ~*. Without such a solution, the specific value of such correction can not
be computed yet. However, we note that this correction is quite smaller than the correc-
tion to the horizon area (e.g. [16]) and so BH compaction is more affected than associated
quasinormal modes. Last, gravitational radiation from this theory can be captured to
leading order by the correction to the Quadrupole of the system; its the associated effect,
in turn, can be accounted for in the stationary phase approximation to the waveform as
discussed in [200]. Combining the above information, we “phenomenologically” account
for dynamical departures in the theory by extrapolating from the slowly rotating case with
the following assignments:

1 5 1008

C:§—E€7kT: o5 €, (38)
5“6NM /GRW(ENM =1+ 0.45¢, (3.9)

with C' the compaction of each BH, k” the tidal Love number, dw the correction to QNMs
and where € = (M, /Mr)* and M, a base scale which we take to be = M, = 1.5 km. That
is, the EF'T is such that it assumes corrections to General Relativity, become O(1) at such
length, thereby affecting the inspiral only at a subtle level.

3.2.2 Choice of template

We perform the same analysis as in Sec. 3.1 on the NR waveforms motivated by the EFT.
The strain signal s(t) is the full numerical waveform obtained with the source at d; = 100
Mpc. We assume that the standard waveform corresponding to the best-fit parameters,
ssm(t), is the NR waveform obtained with the same source parameters in GR. These

correspond to equal mass, non-spinning, quasi-circular BBHs with individual masses given
by m/Ms =1,2 and 5.

In Sec. 3.1, the BM signature introduced was directly proportional to the template
function, Z;. As described in Sec. 2.4, more realistic residual signals such as the one

®As noted in [35] eccentricity can introduce a systematic bias in the identification of departures from
GR—a potential issue that should be contemplated carefully in the analysis.
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Figure 3.7: Residual power and template functions. The residual signals are obtained from
subtracting the GR waveforms from the EFT waveforms with the same source parameters.
They are plotted with blue, solid lines (left axis). The template functions Z; are computed
from the GR signal using a value of 7 equal to the sampling interval. They are plotted
with dotted green lines (right axis). The template in Eq. (2.29) is unmodeled, and is not
expected to match the actual signal at finite order, but it does capture the time interval
over which the most power is present.
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obtained from the EFT-inspired waveform will require a possibly infinite number of higher-
order terms to be accurately described. The first order (normalized) template function Zi
obtained from the GR waveforms using 7 equal to the sampling interval is plotted for
different m with dotted lines in Fig. 3.7. The power of the residual strains is plotted with
full blue lines. Although the template functions do not track the short-scale time evolution,
they capture the time interval over which residual power is present.

To choose the timescale over which to cross-correlate, we note that the power templates
have two peaks. Ideally, one would integrate over the smaller feature seen in the template—
in this case, the narrower of the peaks in power. This would be the feature seen around —0.2
to 0 milliseconds for m = 1M, —0.4 to 0 milliseconds for m = 2M), and from —0.6 to 0.2
milliseconds for M = 5M. However, for m = 1M and 2M, at the maximum currently
available sampling rate (16384Hz), the residual power signals only span 2-5 sample points.
We, therefore, choose to lose precision in favour of a higher SNR: averaging over both peaks
(up to the value of 7 at which the mean power per bin P scales as 7-'/2), which gives the
highest SNR. This corresponds to integrating from around —0.25 to 0.25 milliseconds and
from —0.5 to 0.5 milliseconds for m = 1M, and 2M, respectively. The larger peak is
smoother for m = 5M. As a result, integrating over both peaks (for example, from —1
to 1 milliseconds) does not give a larger SNR. For all masses, lower values of 7 lead to a
decrease in SNR.

The values of 7 chosen for each mass are shown in Table 3.1. The coefficients obtained
by projecting the residual power onto the template with the aforementioned values of 7
are also shown in the table.

3.2.3 Recovery of injected signal

The values of &; corresponding to the injected residual power are plotted with green crosses
in Fig. 3.8. The values recovered from toy data with Ngw = 500 are plotted with blue
discs and error bars. For m = 2 and 5 Mg, the recovered values are consistent with zero in
comparison to the standard deviation f(dl, as indicated by a downward arrow on the error
bars.

In this particular BM model, the power of the residual signal decreases with mass as
m~8. Regardless of the template chosen, the projection of the residual power onto it will
also scale as m~8. This is the case for the injected values of &;. The dotted orange
line corresponds to a fit though these points with gradient m~3—the template functions
correctly capture the scaling of the NR waveform residuals. The fact that the template

functions correctly capture the timescale and the power scaling of the BM signature is not
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Mﬂ(g T (S) d]_7jnj &l,MLE SNR 81531\% FAR

1 427x107* 720x1072 1.02x 10" 3.05 869 1.6x 1073
2 1.22x107% 222x107* 1.66x 1072 0.60 0.06 2.7x 107!
5 1.22x103 1.78x 1077 547x107% 0.46 0.02 3.2x 107!

Table 3.1:  Projection coefficients of the injected BM signal and the recovered maximum
likelihood estimation (MLE) of the NR EFT waveforms for 500 events. The values of 7
are chosen so that the SNR is maximized and the smallest scale feature captured. They
depend on the best-fit waveform. The drop in Bayes factor from m = 1My tom = 2,5M
is due to the mean recovered value of &; moving within error range of &; = 0. The FAR
is computed as the probability of obtaining a value equal or larger than the &; measured
when there is no signal in the data (see Appendix A.2) for a Gaussian stationary noise.

trivial, as they are agnostic to the model and were not informed about the nature of the
EFT used to simulate the NR waveforms. This is one of the salient aspects of the method
SCoRe. For m = 2 and 5 Mg, a1 < f(&. The Bayes factor for both these masses is
inconsequential, and we cannot recover the scaling with mass.

We have assumed that the only term scaling with the source parameter we are inves-
tigating, which is mass in this example, is due to the BM signature so that the residual
strain scales with a power k, where k captures the dependence of the BM signal, on the
source parameters 6 as Ad oc %. For the EFT model considered here, & = —4 and @ is the
source mass. In reality, the residual strain may contain contributions from unaccounted
BM physics, waveform systematics, or a stealth bias, for example. These contributions
may scale with the same source parameter as the BM signature but with a different de-
pendence, such as #¥. Then, depending on the value of k' relative to k and the range
over which the value of 6 is observed, one may still fail to recover the scaling with k£ even
with large network SNR and K& < @qpj. In the case of a stealth bias, we would naively
assume k' = —4. This is because, as the magnitude of the BM signature changes, so will
the magnitude of its projection onto the SM manifold. More complicated dependence on
the source parameters of the BM signature may arise, as noted in [169].
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3.3 Discussion

In this chapter, we have illustrated the SCoRe method by applying it to a toy model and
also to waveforms motivated by an EFT of gravity [09, 46, 43, 52]. In both cases, the
injected residual power was mainly concentrated in the last few milliseconds (before the
peak of the waveform) of a signal and the noise was Gaussian, stationary, and coloured
according to the expected O4 PSD.

For the toy model, we showed how well different signal strengths could be recovered,
as measured by the Bayes factor in favour of the presence of a BM signature, for varying
levels of power injected and number of events combined.

The illustration of the method on the EFT-motivated NR waveforms constrained the
BM signatures around zero and could not detect the injected signatures for the masses giv-
ing the smallest residual power (m = 2,5M). However, the model-independent template
we suggest for agnostic searches was successful in capturing the time range over which most
of the residual power was emitted. It could also correctly infer the minute BM signal for
m = M. As the search we performed used a model-independent template, it could not re-
produce the exact structure of the residual signal, as expected. In this scenario, we suggest
that once one has identified a promising result using the model-independent search, the
templates should be refined. This can either be done by using a model-dependent template
or by adding higher-order derivatives to the model-independent template functions.

The events used for the toy model all had the same source parameters, while for the
EFT-motivated NR waveforms, we only varied the mass of the binary. In reality, sources
are expected to be distributed over a large range in the space of source parameters. In
addition, since the properties of the source and their astrophysical population will critically
impact inference of BM signatures, as we generally expect BM signatures to vary across
the source parameter space. In the next chapter, we will take into account astrophysical
populations to obtain more realistic estimates of how well the method can infer the presence
and structure of BM signatures.
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than the injected values for m = 2 and 5 Mg. The measurements for these masses are
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m cannot be recovered.
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Chapter 4

SCoRe forecast for 3G

BM signatures need not be identical for all events. However, if they originate from the
same underlying BM effect (e.g beyond-GR effects, or a lower accuracy of the waveform
model in certain regions of the parameter space), they should consistently vary with the
source parameters. The last step of the SCoRe method is to combine the information from
different events, assuming a dependence of the BM signature on the source parameters. In
doing so, we model the dependence of the BM signature on the source parameters based on
the BM scenario—for example, the power law scaling of the BM signature with the mass
of the chirp studied in Sec. 3.2.

Two challenges arise when inferring the BM dependence on source parameters. First,
degeneracies at the waveform level may exist between the source parameters and the BM
signature. Second, observed GW events follow a distribution over source parameters. The
most informative regions of parameter space for BM inference may not be covered enough
by the observed events for the inference to give meaningful bounds.

In this chapter, we forecast the constraints that can be placed with SCoRe on the
presence of a BM signature from a population of BBH mergers expected to be observed
by a network of CE-like detectors. We first describe how the source parameters for the
population are sampled. Then, we define a model for the BM waveform and its dependence
on the source parameters. Finally, we use a Fisher forecast to estimate the constraint that
can be placed on the BM deviation from with such a population of events.
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4.1 GW source population

The goal in this section is to obtain a set of samples for the source parameters listed in
Sec. 2.1.4. We sample from the probability distribution of BBH mergers in GR parameter
space, which is proportional to the expected merger rate. The distribution of the intrinsic
parameters (the masses and the spins) is both critical for the morphology of the waveform
and rich in information about the formation of the binary system. The redshift /luminosity
distance distribution is also important as it controls the sensitivity of the detectors to
the sources while being tied to the astrophysics of star evolution. The other parameters
(sky location, inclination, polarization, inclination, time and phase) are also important in
determining the SNR of the event, and set the projection of the waveform on the different
detectors via the antenna pattern functions. However, they are not as dependent on the
underlying physics of the source.

We select our models for the merger rates with respect to each parameter following the
analysis done in the LVK population papers [2]. Briefly, the redshift rate is assumed to track
the Madau-Dickinson Star formation rate [151] at the same redshift; the mass merger rate
is the Power-Law + Gaussian Peak from [208] with the best-fit parameters from [2]; and the
spins are aligned, with effective spin sampled from a Gaussian distribution. The extrinsic
parameters are sampled from uniform and isotropic (for sky localization) distributions. We
assume a flat ACDM cosmology, with

Hy = 70kms 'Mpc™!, Qp=0.7, and Q,, =0.3. (4.1)
As mentioned in Sec. 2.4.4, modifications to GR can also affect the source population. We

did not account for this in this study.

Our samples were drawn from the distribution:
P(far) = P (ma,ma) P (xer) P(2)P (0t ) (4.2)

where 01“ includes the sky location, the angle between the total angular momentum and
the line of sight, the polarisation angle, geocentric time and the GW phase at merger.
Table 4.1 summarises the models and parameters used in equation (4.2).

Note that we assume that the component masses and the effective spin are independent
of each other. This may not be the case in reality, especially for dynamical formation
channels. Indeed, evidence of a correlation between the mass ratio and the effective spin
has been observed in the data [12]. Such an effect would be important to study when
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recovering mass and/or spin dependent BM signatures. We sample from each independent
distribution using inverse transform sampling.

Planned GW detectors, such as Cosmic Explorer (CE) [62] and the Einstein Tele-
scope [150], are expected to detect events at rates in the order of O (10°)yr~! [152]. We
thus sample 10° events from the population model, and make the simple assumption that
events with a signal-to-noise ratio p > 8 are detected.

In the next section, we describe the particular models for the redshift and masses.

’ Parameter \ Model \ Parameters ‘
v=27
Redshift (2) Madau-Dickinson SFR k=29
2z =1.9
a=34
Mmin = 5
Mmax = 100
Primary mass (m;) | Power-Law + Gaussian Peak | i, =35
Om = 3.9
A=0.04
Om = 4.8
Secondary mass (ms) Conditional Power-Law B =038
Effective spin (xefr) Gaussian Z ;‘ ; ggg

Table 4.1: Models and population parameters for the source parameters.

4.1.1 Redshift evolution

We assume that the GW source merger rate, measured per unit time and co-volume in the
source frame, is proportional to the star formation rate at the same redshift:

dNaw ~ dNsrr
dt, dV., — dt,dV.

(4.3)

This notably ignores two effects. The first is the dependence of the merger rate on metal-
licity. Specifically, BHs form more easily in low metallicity environments, and metallicity
varies with redshift. In addition, there is a delay between BH formation and merger. This
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delay can be accounted for by convolving the star formation rate with a delay time dis-
tribution, as is done, for example, in [123]. Although these effects are important for GW
population analysis, the focus of this study is the effect of a realistic population on the
recovery of BM, and we do not consider further precision in the population model to be
necessary.

The right-hand side, the star formation rate, is a well-studied quantity. The Madau-

Dickinson Star formation rate (modified from Equation 15 in [151]) is a fit to observations
given by
dN; 1+ (1 +2,)"0*
dNsrr(2) =Ry(1+2z2)" 1tz ——Meayr'Mpc ™, (4.4)
d‘/cdts 1 < 1+2 >’Y "
+ T4z,

where Ry is the rate at z = 0. This phenomenological model accounts for a peak in the
star formation rate, followed by a decline at high redshifts. The power indices v and
control the low redshift growth and large redshift decay, respectively. The pivot redshift,
2p, controls the peak of the star formation rate.

The rate is given per time in the source frame and per comoving volume. Converting
to the relevant time at the detector and redshift rate, we get

dNgw 1 (dV.\ " dNgw
dzdty 1+ 2z \ dz dV.dt,’

(4.5)

When we convert from comoving volume to redshift rate, we make assumptions about
the rate of cosmological acceleration. For a set of the cosmological parameters

o (F) 1+9 53 </ Ed<>> 4.6)

E(2) = v/Qu(1+ 2)3 4+ Q, (4.7)

see [108] for a review of cosmological measures, and (4.1) for the values used in this study.

The samples drawn for our study are shown in Figure 4.1, along with the model for the
parameters in Table 4.1.

4.1.2 Mass spectrum

Here, we describe the phenomenology and the expression of the Power Law + Gaussian
Peak model, introduced in [208]. This model assumes the primary mass of the BBH follows
a power law with a maximum and minimum mass and a Gaussian-shaped peak in between.
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Figure 4.1: Samples drawn from the redshift model. The redshift distribution of BBH
sources is assumed to track the star formation rate at the same redshift given by the
Madau-Dickinson Star formation rate. This model increases as a power law with redshift,

peaks around z ~ 2, and then decreases as a power law. The parameters used are listed in
Table 4.1.

Just as when fitting the redshift dependence, we assume, as in [137], that the mass of
the BHs tracks that of the stars that form them—the mass of stars is empirically known
to follow a power law distribution (see [197], for example). Observations of galactic X-ray
binaries [171] suggest a dearth of BHs under 5 M.

At the other end of the spectrum, there is theoretical motivation for a maximum mass of
BHs formed from stellar collapse: the Pulsational Pair-Instability Supernova (PPSN) and
the Pair-Instability Supernova (PISN) mechanisms [95, 96, 188, 235]. These instabilities
happen when photons in the core of the star become energetic enough to produce electron-
positron pairs, which reduces photon pressure and leads to shedding of mass through
pulsating. The mass loss increases with the mass of the star until a stable point is formed
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and leaves a remnant of around 40 M. All stars of masses 100-150 M, are expected to
follow this channel, so we expect an accumulation (“graveyard”) of BHs around this mass—
hence a peak in the mass distribution. Past a certain mass, no remnant is expected. As
a result, there is a maximum expected size of BHs formed from stellar collapse, which is
around 70 M, although estimates vary.

The Power Law + Gaussian Peak model, introduced in [208], takes into account this
phenomenology and uses the following model for the distribution of the primary mass m:

P(my |, Mumin, Mumax, ms Tmy Ay Om) oc[(l — A) Poow(ma|a, Munin, Mumax) (4.8)

+ )\ppeak (ml ’,Uma Jm) } S(mla Mmin, (Sm)a

where P,y is a power law with index o and cutoffs muy,in and mpyax. The other component,
Pyeak, is a Gaussian with mean at p,, and standard deviation o, representing the PPSN
graveyard. The mixture parameter A determines the fraction of BHs formed through the

PPSN channel.

A smoothing function S is applied at the lower end of the mass spectrum:

S(x, Mumin, Om) (4.10)
0, m < Mumin,

= (eXp (x_‘fjl"min + x—miﬁ—ém) + 1) - , Muymin < M < Muyin + O,y (4.11)
1, Mumin + Om < M.

The smaller component mass is drawn from a conditional power law, with equal mass
ratios preferred:

P(m2|m1,mmin,5m) (412)

B
o< (%) S(m%mmin; 5m), me < My,

(4.13)
0, otherwise,

where the index f is dependent on the binary formation channel [137].

The samples drawn for our study are shown in Figure 4.2, along with the model for the
parameters in Table 4.1.
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4.1.3 Spin distribution

The effective spin is sampled over the range xex € [—1, 1] from a Gaussian with mean p,
and standard deviation o, :

2

Xeft —

P(Xeft|q; fty, 0y) X €XP [—(Q—QX)] , (4.14)
UX

and we use the MLE values found in [2]: p, = 0.06, o,, = 0.12. This is simply a fit of the
currently available data, with evidence for preferentially aligned spins.

BM signatures can depend on mass and spin (see, for example, the Spin Quadrupole
term in [138]). Following [12], one could model a correlation between mass ratio and
effective spin by letting j,, and o, depend on the mass ratio:

fix(fx .0, @ @) = fiy0 + (g — 0.5), (4.15)
logo 0y (0y.0, B, q) = logyyoy0 + B(g — 0.5), (4.16)

and use the MLE values found in the data using this model: p, ¢ = 0.19, log,, 0y 0 = —1.06
a = —0.46, f = —0.83. We did not include this effect in our study for brevity, but the
impact of a correlation between mass ratio and effective spin on recovering a BM model
that is mass and/or spin dependent is an interesting avenue for future work.

4.2 CRPS model

4.2.1 BM waveform model

In this section, we define the waveform model we use as our true signal s(¢) and the
dependence of the BM signature on the source parameters. We write the true signal s(t),
including BM signature, as a deformation of the SM polarizations in amplitude and phase:

hBM,X,+ = hSM,X,—i— (1 + 514) €xp (Zé(b) ) (4'17>

where both the phase deviation d¢ and the amplitude deviation dA can depend on the
source parameters. We assume that the deviation is the same in both polarizations.
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The IMRPhenomPv2_NRTidalv2 model gives us the polarizations hgy « 4. The signal
measured at the detectors is given by

dx = F;hBM,Jr + FxXhBM,X + Ny, (418)

where F>* are the antenna patterns for the detector x. To compute F»*, we use two
fiducial CE-like detector locations from [30]. One is situated in New South Wales, Australia,
and the other in Idaho, USA. Since we focus on ground-based detection, the time variation
in the antenna pattern due to the Earth’s rotation is negligible. The details of the antenna
pattern computations can be found in [I21]. The PSD giving the noise n, is taken to be
that of the 40km CE design from [207].

4.2.2 BM source dependence model

Motivated by EFTs of gravity where the BM signature can be captured to leading order
by the tidal effects, we set hgy to be the waveform from a BBH merger in GR, while hgy
is the waveform with the same source parameters but a non-zero tidal deformability. To
compute hgy, we use the IMRPhenomPv2 NRTidalv2 model [72, 73]. Schematically, the
phase deviation is given by
M2
0p=—0 F(t), (4.19)

mims

where M is the total mass, m; and my are the component masses, and F'(¢) is a function of
time, fitted to NR simulations. The parameter 3, which in the IMRPhenomPv2 NRTidalv2
model is the mass weighted dimensionless tidal deformability parametrizes the BM signa-
ture.

We model source parameters dependence of 3 based on the EFT model of gravity [41,

, 74, 75, 89, |. As discussed in Sec. 1.1.2, general relativity can be seen as the leading

order term in an EFT expansion, with higher order terms suppressed by a cutoff scale Eyy.
The effective action which gives Einstein-Hilbert gravity (1.1) at low energies is

(4.20)

M L L L
EEFT:TPI\/__Q(R+ : : - +"'),

+ +
E%V E%V E%V

where Mp is the Planck mass, R is the Ricci scalar, and Eyy is the cutoff scale of the EFT.
The terms Lp represent all possible dimension D operators constructed with Riemann
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tensors and their covariant derivatives (so that the theory is diffeomorphism invariant).
The effects from terms of dimension D grow as (E/Eyy)”, where E is the energy scale of
the process—the scale set by the curvature scale of the merging binary.

Motivated by this observation, we model the BM signature as decaying as a power law
of the chirp mass (as a measure of curvature) of the source. We let

B =By (Mc/M)™", (4.21)

where My = 5M, M. is the chirp mass of the source, and [ is the size of the deviation
at Mpy. In this model model, Ay, = (5o, D) (the model parameters, see Sec. 2.4.4), and the
residual is given by

As™ = WY (exp (i6¢) + 6 A exp (idp) — 1) . (4.22)
The terms in the brackets will contribute a factor of M_P to first order. Since the
time-domain strain in GR scales as h /\/li/4, the hgy term will scale as M2/4, and the

residual will scale as Mi’/ =D

4.2.3 CRPS computation

As discussed in Sec. 2.4.4, the SCoRe framework can be agnostic to the form of the BM
signature—for example, the “chirp-like” template (2.29) can be used to search for a general
BM signature that causes a change in the rate of orbital energy dissipated.

To perform a forecast, however, we only compute the CRPS projection coefficient (2.34)
computed with the template Z(t) given by the exact waveform model (4.17); in essence,
we consider the best-case scenario for the choice of template. Eq. (2.34) then gives

o= ( dtKL%Z(tV) 71/2, (4.23)
Z(t) = <Asms”~“> , (4.24)

T

where As” is defined in Eq. (4.22), Kp is computed as in Eq. (2.37) using the PSD in [207],
and we use a constant 7 = 6ms for the cross-correlation window.

Assuming that there is a dependence of the BM signature on the source parameters
does not depend on time, o (which is a measure of mean cross-correlated power) will scale
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as a o< 32, to leading order in 3. For the model (4.21), we expect, when f3 is small:

a o M7, (4.25)
)
y=5—-2D. (4.26)

The waveform, and therefore «, also depend on the other source parameters. For a pop-
ulation of events, the variation in these parameters will lead to a random spread in the
residuals and, therefore, in the value of a. We examine the effects of this variation in
Sec. 4.3.1.

4.2.4 Fisher Matrix Estimation

The Bayesian inference for the BM signature A, as described in Sec. 2.4.4 requires the
computation of the likelihood on each event, as well as the prior on the source parameters.
For 15 parameters, this is computationally expensive to evaluate, and the problem scales
for a population of events. Since, in this study, we only aim to forecast the precision of the
framework, we can use a Fisher matrix forecast as a cheap approximation for the results
valid in the limit of large SNR. We will introduce the Fisher matrix formalism in this
section, but refer the reader to [98, | for examples and discussion about its use in GW
parameter estimation.

Here, we briefly review the Fisher matrix estimation. Given a likelihood L (d|6, «),
where d is the data, 6 are parameters to be estimated, we can expand the log likelihood
around the MLE and find

1 i :
In ﬁ(d’(g) =1In ﬁ(d’QMLE) + 5 ((9 - HMLE) (9 - 9MLE>J (

+ 00, (4.27)
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where the linear, first derivative term vanishes at the MLE. When taking the expectation
value over possible realizations of the data, the expectation of the MLE is the true value of
the parameters. The difference A = 0 — Oy E—True 1S then the error on the measurement.

The first term in the expansion is a constant and contributes to the normalization of
the likelihood. Then, we see that to second order in Af, the likelihood is a Gaussian with

covariance given by
PInL
00007
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which is the Fisher matrix.

In the case of parameter estimation for a GW signal, the likelihood is as defined in (2.9)
for Gaussian noise. Taking the second derivative of the log-likelihood, we find the Fisher
matrix:

1
np(df) = —3 (d — h(0)|d ~ h(9)) (4.29)
_ Inp(d)f) [ Oh|on 02h
o=~ = (o |ow) ~ (awaw ) (430

and, in the limit of large SNR, the second term is negligible compared to the first.

We, therefore, approximate the likelihood £ (d|6, o) as a Gaussian with covariance given
by the Fisher matrix on the fiducial source parameters 6, sampled as described in Sec. 4.1,
and on «, whose variance variance is 1 by definition.

As a note, the error caused by either a specific noise realization or a stealth bias can be
estimated to first order in Af. Starting with the definition of the MLE and substituting
the expression for the data containing a noise realisation n and a BM signature As:

(2 ()

h (Oniie) — d) =0, (4.31)

—— (2 (s

Aejajh (HMLE) + As + n) 5 (432)

RWAVA (&'h (OniLe)

ajthLE)) - (aih (i)

As+ n) (4.33)

A = (Ffl)ij (@'h (Onre)

As + n) . (4.34)

Including this term did not change our results. This is mostly due to the small error

on the chirp mass in CE detectors (%) ~ 1073 [113]. Since we are not including any

scatter due to noise or degeneracy between the BM parameters and the model, we assume
that the MLE is the true value and do not take the expectation value over the data.

4.3 Forecast results

With the catalogue of events generated, we check the effect of two factors on the recovery of
the mean cross-correlated power «. First, from (4.23), the dependence of the BM signature
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parameter $ on the chirp mass is only reproduced by a to leading order. How does this
affect the scaling in a that can be measured? Second, there will be a spread in the values
of a due to the variation in the other source parameters. What is the precision with which
the BM signature can be detected, given this spread (and the error due to the noise in the
detectors)?

4.3.1 Cross-correlated power scaling

In this section, we show how the injected dependence of 5 on the chirp mass can be
recovered with the cross-correlated power .

Consider first the case where 3 is small for all events. Sy, = 5, D = 3, and assign a
value of (3 to each event in the catalog according to (4.21) and then compute a according to
(4.23). In the figure, we plot the We show the o computed as a function of the chirp mass
in the top panel of Fig. 4.3.1. The spread is due to the variation in the source parameters
other than the chirp mass, and not to the noise in the detectors. The waveform, and
hence the residuals, is a function of the products of the various source parameters. By the
central limit theorem, the distribution in « for a given chirp mass is therefore a log-normal
distribution.

We therefore fit the « values in log space with a linear model, which we show as a solid
line in the Figure. Besides the « for each event, we also plot the linear fit in log space, as
well as a dashed line showing the scaling with the same intercept as the fit, but with the

5_
expected scaling o oc Mg L Fitting the a values in Fig. 4.3.1 with a linear Gaussian
model in log space, the expected v from Eq. (4.25) is recovered to within 0.1. For larger
values of 3y, the scaling breaks down. This is illustrated in Fig. 4.3.1 for gy = 660, D = 6.

4.3.2 BM signature detection

In this section, we use Fisher estimation as described in Sec. 4.2.4 to compute the likelihood
on the source parameters and BM signature. We then show how ~ and o can be recovered
in a Bayesian framework where the source parameters are marginalised, and the precision
with which a BM signature can be constrained with SCoRe for this chirp mass dependent
model.

With assume the likelihood £ ({d%,d* };]0, ) in (2.43) is Gaussian with mean at the
true value of the source parameters and zero for o. The covariance matrix is given by the
Fisher matrix (4.28), with the parameters other than a and the chirp mass marginalised
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over. For each value of oy and v, We marginalise over @ and v over a grid by estting
p(a]y,0) =6 (a — agMY?). The prior on @ for each event is set to be uniform in an interval
of 10 standard deviations around the true value (this is to reduce computational cost, as
ideally).

The results are shown in Fig. 4.4. The curves on the left-hand plot show the upper limit

of the 68 % credible interval on «y, as representation of the constraint the method can put
on the model. The right-hand plot shows the corresponding posteriors marginalised over
.
The constraint scale as N~'/2, as expected from SNR arguments. The more negative
values of v, corresponding to higher dimensional operators, the weaker the bound that can
be found. This is also expected, since the higher the dimension of the operator, the steeper
the fall with chirp mass in measurable power associated with the BM signature.

4.4 Discussion

This chapter aimed to forecast the recovery of a BM signature from a population of BBH
mergers observed by a network of 3G detectors using the SCoRe method. We described
the population of events that we used for the forecast as well as the model for the BM
signature. Crucially, we assumed a dependence of the BM signature on the chirp mass of
the source, motivated by the EFT of gravity considerations. We then showed the precision
of the constraints that can be placed on the presence of a BM signature from the population
of events, assuming this dependence.

We illustrated, notably, how the CRPS fails to reproduce the scaling with chirp mass
beyond the regime of small BM signatures. This result is expected, as the framework
assumes small residual. We also showed that the precision of the constraints on the BM
signature scales as N~='/2 as expected from SNR arguments, and that higher dimensional
operators are harder to constrain due to the steep power law fall resulting in fewer events
that contribute to measurable power.

A key idea of this chapter is that assumptions on the dependence of BM signatures on
source parameters, particularly EF'T motivates mass dependence can be folded in tests of
the SM. We started to explore how this dependence can be recovered with a population of
events, but left several avenues open for future work. These include correlations between
mass and spin, which could play a role in recovering BM signatures that are dependent on
either parameter. Which parts of the parameter space (e.g which mass ranges) are most
informative in the recovery of the BM signature would also be valuable insight. Finally,
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a significant aspect of the SCoRe method is the ability to adopt degrees of agnosticism in
choosing templates used on the CRPS. It would be interesting to explore how the choice
of templates affects the recovery of the BM signature.
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ma [Me)]

Figure 4.2: Samples drawn from the mass model (Power Law + Gaussian Peak) for the
primary (top) and secondary (bottom) masses. The mass model is a power law (similar
to the observed initial mass function of stars), with maximum mass set by the PISN scale,
a Gaussian peak at the PPSN graveyard, and a tapering off at low masses to reproduce
the observed dearth of low mass BHs. The parameters used are listed in Table 4.1.

76



102

10—4

106

108

10—10

101

101

103

10—7

109

10—11

1013

== = [inear Fit

= Expected

101

M. [MQ]

== = [inear Fit
= Expected

7




Figure 4.3: (Opposite page) The cross-correlated power « as a function of the chirp mass
M., (top) for a model with small BM signature 8y = 5, D = 3, and (bottom) for a model
with large BM signature Sy = 660, D = 6. The spread in the values of « is due to the
variation in the other source parameters. The dashed line shows the linear fit in log space.

5_
The solid line shows the expected scaling o oc M2 *P " For small BM signatures, the
expected scaling is recovered. For large BM signatures, higher than linear terms become
relevant and the scaling breaks down.
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Figure 4.4: The upper limit of the 68 % credible interval on «q for different number of
events, when the BM signature is set to zero. The right-hand plot shows the corresponding
posteriors marginalised over 7. The constraint scale as N~2, as expected from SNR
arguments. The more negative values of 7, corresponding to higher dimensional operators,
the weaker the bound that can be found.



Chapter 5

Challenges in solving Effective Fields
of Gravity

The previous chapters were concerned with looking for BM signatures in a “bottom-up”
approach, where the focus was on combing GW data for deviations from the SM without as-
suming a specific theory. This approach is motivated by the major technical and theoretical
challenges in making accurate predictions for the BM signature in specific alternative the-
ories of gravity in the strong field regime [107, , , , 49, 53, 81, 82, , 33]. There
are downsides: BM signatures may appear in complex, subtle forms to which the search
is not sensitive. Moreover, mapping between the agnostic and physically interpretable pa-
rameters may be difficult, if possible. In this chapter, we illustrate some aspects of solving
the equations of motion for BBHs in a specific alternative theory of gravity. We focus
on shift symmetric Einstein-scalar-Gauss-Bonnet theory, which is a well-motivated EFT
alternative to GR, and the implementation of the “fixing-the-equations” approach to solve
its equations in a regime where the problem is not obviously well-posed.

This chapter is mainly based on the work in [57]. T contributed to formulating the fixed
equations and checking that they preserve the gauge constraints. The implementation of
the scheme and the rest of the analysis described in the paper were performed by the other
authors.
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5.1 Einstein-scalar-Gauss-Bonnet theory as an EFT
of gravity

As mentioned in Sec. 1.1.2, one way to introduce a deviation in the SM of GWs is to
modify GR by adding higher dimensional operators to the action describing the dynamics
of gravity. This is the framework of EFTs of gravity, where we assume that there exists
a complete theory of gravity valid at all energy scales, which reduces to an EFT at low
energies, with GR as the leading order term. A key point is that, when studying the EFT,
we only consider a finite number of terms (up to a certain order of derivatives) in the
action. This truncated theory correctly describes the dynamics of gravity up to a cut-off
scale and loses its predictive power when higher-order derivatives become relevant.

The EFT is built by adding terms to the action chosen to satisfy certain assumptions.
In this work, we make the assumptions that there is only one metric field, and that the
theory is diffeomorphism invariant. In addition, it is common to require the action to lead
to second-order field equations. We will expand on this last assumption shortly.

The Lovelock theorem [118] states that the most general equations of motion that
satisfies the above assumptions are derived from the following Lagrangian density:

- o (R —2 Z kp(sgll.l.-..;zzpprlb%mz S Rb2p_1b2pa2p—1azp> ’ (5'1)

p>2

where ¢§ is the totally antisymmetric tensor. Importantly, the terms obtained from vary-
ing (5.1) with respect to the metric are conserved. This is important since they generalize
the left-hand-side of (1.4), which must be conserved for the stress-energy tensor to be con-
served as well (V,T% = 0). For future relevance, we note that the term with p = 2 is the
Gauss-Bonnet term, and can be written as

G = (R* — 4R R" + Rapea ™) . (5.2)

Theories of this form are Lovelock theories and consist of the Einstein-Hilbert term to
which are added antisymmetrized products of the Riemann tensor. Immediately, we see
that in d dimensions, only the terms with p < d/2 do not vanish since antisymmetrizing
over d or more indices gives zero. In 4 dimensions, the only non-vanishing term is the
Einstein-Hilbert term. Therefore, Lovelock’s theorem suggests that it is impossible to
modify GR in 4 dimensions by adding higher curvature terms to the action while keeping
the field equations second-order.
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However, it is arguable that we have been too restrictive with this last assumption.
Keeping second-order field equations is motivated by the Ostrogradsky theorem [173]:
higher-order field equations generally lead to instabilities and unphysical solutions. There
are arguments that this assumption may be too strong in the context of EFTs of grav-
ity [40, , |. For example, it can be shown that the higher dimension operators
leading to higher-order equations of motion can be refactored into lower-order operators.
Furthermore, the theory we are constructing should be considered a truncation of a more
fundamental theory of gravity, and the instability coming from higher-order derivatives
may not be physical, but a removable artifact of the truncation. Finally, the higher-order
derivative terms may simply remain small in the regime of validity of the EFT.

If we drop the requirements for the field equations to be second-order, we can consider
theories other than Lovelock theories and modify GR in 4 dimensions. Notably, we can
add terms to construct an EFT of gravity by adding terms made out of the Riemann tensor
(and thus not introduce any other degrees of freedom). Such theories are actively studied
in the literature [29, 53, 51, 50].

In this chapter, we take another approach. We keep the assumption that the theory
should lead to second-order field equations, but instead, relax the assumption that the
only gravitational field is the metric and add a non-minimally coupled scalar field—the
most straightforward addition—to the theory. Horndeski’s theorem is the equivalent of
Lovelock’s theorem with the addition of such a scalar field: it gives Horndeski theories as
the most general diffeomorphism invariant theories of gravity with a single scalar field, a
metric, and second order field equations. In the context of EFTs of gravity, the subset of
Horndeski theories we will study is the most general containing up to dimension-4 operators
that is parity invariant:

1 1
It is commonly referred to as 40ST (4 derivative scalar-tensor) theory [227, |. Besides

the potential term V' (¢) and the kinetic term X = —% ¢V 0V, the two new terms in the
action are the X? term and the Gauss-Bonnet term. They are both of energy dimension
four and must be suppressed by the square of some energy scale expressed in the functions
« and S. This can be seen, equivalently, as the terms modifying GR being suppressed by a
curvature scale, so we expect the strongest constraints on the theory to come from systems
with large curvature. In the case of CBCs, this would be small mass BHs. Note that (5.3)
is not in the canonical form of a Horndeski theory, but can be re-written in that form [133].
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We focus, in particular, on the shift-symmetric 40ST theory with the action

S= [ d'ey=g (R~ ¢"V.0Vs0 + 2266) (5.4)

- 167
where we have set 3 (¢) = A, giving shift-symmetry up to total derivative (the integral
of the Gauss-Bonnet term is a total derivative). This can also be seen as the linear term
in the expansion of f(¢) in the small coupling approximation around ¢ = 0 (the zeroth
order term gives a total derivative). We also set « (¢) = 0, which corresponds to Einstein-
dilaton-Gauss-Bonnet theory. The constraints on this theory can be given as the maximum

value of v\ (the square root is taken to give a length) allowed by observations. The most
stringent to date is VA < 2.5km from [182, 149].

Besides being a representative of 40ST theories, shift-symmetric Einstein-scalar-Gauss-
Bonnet theory (which we will refer to as Einstein Scalar-Gauss-Bonnet (ESGB) for brevity)
is particularly interesting for observational reasons [31, , , , , |. The scalar
field equation of motion shown below in (5.5) means that even if the scalar field and its
derivatives are initially zero, if the Gauss-Bonnet term is non-zero (which is the case for
BHs), the scalar field will be sourced and grow. BH solutions in this theory are thus
expected to have “hair”—to have a non-zero scalar charge. The scalar field dynamics also
affect GW radiation. Dipole radiation has an effect at -1PN order and thus dominates
the GW signal in the early inspiral regime. This effect has led to constraints on v/A from
GW observations [119, ]. Overall, coalescing BHs in ESGB theory are expected to lose
energy to scalar radiation, which will cause the coalescence to be faster than in GR. We
thus expect a dephasing in the GW signal, which can also be observed in the late inspiral
and merger [58].

The equations of motion for the theory (5.4) are
EY =0¢ + G =0, (5.5)
1 1 efc 77
Y = Ry — 5908 = Vad Vit + 5(V0) g0 + 2750904 R VIV = 0. (5.6)

ijg(a

As mentioned above, these equations were found to give well-posed initial value prob-
lems for sufficiently small values of A [135, | in the Modified Generalized Harmonic
(MGH) gauge. We point the reader to the above references for a review of this gauge. For
this thesis, the gauge means that the equations we consider for numerical evolution are

E(Ez) = Qab7
E@) — 0,
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where the MGH constraint is satisfied when )., = 0 so that the equations reduce to the
ones in egs. (5.5) and (5.6). Due to the Bianchi identity, this constraint is conserved.

These equations can be written in the form:

Aabef Bab Gef\ Sc(lg)
( Cef D ) ag ( ¢ - S(g) ) (59)

where the values of A%, By, C¢/, and D are given in Appendix A of [32]. These equations
are evolved using the method of lines.

5.2 Well posedness and the fixing-the-equations pro-
cedure

In order to evolve a system (BBHs for example) given equations of motion, the initial
conditions, boundary conditions, and the equations must define an well-posed initial value
problem. This allows us to make predictions about the system given a set of initial data.
A well-posed problem is one for which a solution (i) exists, (ii) is unique, and (iii) depends
continuously on the initial data. The last condition can be stated as follows: given an
initial solution ¢(¢ = 0, x), the solution at time ¢ must be bounded as

(¢, 2)|| < Aexp (Bt) ||¢(0,2)]], (5.10)

where A and B are constants independent of the initial data, and || - || is a Sobolev norm,
for example the L2 norm: ||¢|| = (f ¢2da:)1/2 [105].

Horndeski theories, and EFTs of gravity, contain higher-order derivatives terms which
are non-trivial and important in the non-linear regime of BBH mergers. Even for an initially
well-posed problem, these terms can lead to pathologies that break well-posedness when
higher energy modes are excited. Even when no mathematical pathology arises, a cascade
of energy from low to high frequencies can drive the problem outside the domain of validity
of the EFT as higher-order derivative terms become dominant. A common pathology is
the appearance of naked elliptical regions, which are regions where the equations of motion
change character from hyperbolic to elliptic and are not shielded by an event horizon. This
has been shown to happen in certain setups for ESGB [21].
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To illustrate character transitions, consider the prototypical Tricomi and Keldysh equa-
tions

Ou(w,y) + ydiu(z,y) =0, (5.11)

1
u(x,y) + gaiu(x, y) =0. (5.12)

Both equations are hyperbolic for y < 0 and transition character to elliptic for y > 0
(and are parabolic at y = 0). However, the behaviour of the characteristic speeds is dif-
ferent around the character transition: for the Tricomi equation, the characteristic speeds
are ++/u—the speeds go to zero at the transition—while for the Keldysh equation, the
characteristic speeds are +4/1/u—the speeds diverge at the transition.

Importantly, ESGB theories are known to have a well-posed initial value problems when
the coupling is small compared to other length scales in the problem (e.g. the size of the
black holes) [135, 130] in a specific gauge. In the context of constraining EFTs of gravity
with GW observations, the important question is whether the evolution of CBCs is well-
posed in the theory. Numerical simulations have successfully been performed [32, 58] for
mergers in ESGB. However, some parts of the parameter space of the theory could not be
evolved, potentially due to a breakdown in hyperbolicity.

As mentioned before, it is possible that this breakdown is due to the excitation of
high-frequency modes with truncation errors. It is also possible that the problem is indeed
ill-posed in the truncated theory, but that higher-order terms appearing at a larger energy
scale from the full theory would regularize the problem.

The fizing-the-equations approach [19] (also [7, 53]), is inspired by EFT arguments
we discussed. It is related to strategies developed to fix issues in dissipative relativistic
hydrodynamics [116, |. The key strategy is to adopt a prescription to dynamically
control the high frequency behaviour of the truncated theory, motivated by respecting the
separation of scales already assumed in obtaining the original equations in the first place.
This is achieved by modifying, in a somewhat ad hoc way, the higher-order contributions to
the equations of motion at short wavelengths through the introduction of auxiliary massive
fields. The auxiliary fields are evolved according to driver equations that force them to
approach the long wavelength behaviour dictated by the original theory, while effectively
dissipating shorter wavelength components.

As a consequence, modes with wavelengths above a certain scale fully backreact dy-
namically respecting the original system of equations. If the system’s dynamics do not
display a significant UV cascade, the solution is largely insensitive to the details of the
driver prescription (e.g. Ref. [99]). Otherwise, it does, therefore providing a powerful way
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to discern whether the scenario studied satisfies the assumptions taken to design the be-
yond GR theory under study. This strategy has been successfully implemented in different
models and spacetimes of physical interest [34, 33, 97, , O]

To illustrate the procedure, we consider a toy model scalar field equation of motion in
flat spacetime:

Vab (¢,aba G as O, lﬂ) Gap =0 ((b,a? b, xa> . (5'13>

The effective metric v**, which determines the characteristic behaviour of the system, can
be a function of the field ¢ and its derivatives, hence the non-linearity and the potential for
pathologies like character transitions. Repeated derivatives (e.g. (¢.4)°) cause ambiguities
in defining v**. Horndeski theories, however, do not generally have such terms [176, 177].

For simplicity and as a simple illustration of the features of the theory relevant to the
fixing procedure we will shortly present, consider a 141 dimensional problem in a coordi-
nate system (t,7). The equation can be re-arranged so that the second-order derivatives
in time are isolated:

’Ytt (¢,a7 Qb, Ia) ¢,tt - _27757’ (¢,aa ¢7 xa) ¢,t7‘ - ’YTT (¢,a7 ¢a "L‘a) QSJ’T +o (gb,m ¢7 xa) (514)
= S <¢,tr7 (b,rm ¢,a> (bv xa) ) (515>

where we have defined S as all the terms that do not contain second-order time derivatives.
When considering an EFT, whose leading-order term is known to give a well-posed problem,
we can write 7" and S as the sum of the leading order terms and higher-order EFT
contributions:

7" =o + VR (5.16)
S = SLQ -+ SEFT~ (517)
Then, we can write the equation
Mo (Pa %) G (5.18)
- SLO (¢,tra ¢,r7’7 gb,a; ¢7 xa) - ’ngT (gb,a» Gb, xa) Qb,tt - SEFT (¢,t7‘a ¢,rr7 gb,a; QS) xa) . (519)
S

We obtain an expression similar to that of the well-posed problem, plus a source term S
that contains all the effects of the higher-order terms. There is a crucial difference, as S
depends on the second-order time derivatives of the field, which prevents us from evolving
(e.g numerically) the equation in the same way as the well-posed problem. This can be
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Figure 5.1: Parameter space of possible theories, initial conditions and boundary
conditions. Through observations or analysis, some regions are known to lead to ill-
posed problems (I.P) with shocks, character transitions, and other pathologies, and some
are known to be well-posed (W.P), leading to physical solutions. A particular problem
(black circle) of a given theory in a region of unknown well-posedness may appear ill-posed
(dashed trajectory). By controlling the higher frequency behaviour of the theory, one can
regularize the problem into the full arrows. By studying at the dependence of the solution
on the control parameter (moving between the full trajectories) one can infer whether one
is cutting off a flow to the UV.
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bypassed by using order reduction, where we solve for ¢4 to leading order (without the
EFT contributions), and substitute the result on the right-hand side of the equation.

As an interesting note, the characteristic speeds V. for a system of the form (5.15) are
given by

tr ab

1ﬁi —%%%l (5.20)
A character transition occurs when the determinant of the effective metric changes sign.
Whether the transition is of Tricomi or Keldysh type depends on whether det (y%°) — 0 or
~" — 0 faster. In the order reduced system, the v term is the same as in the well-posed
problem, so (7“)2 is positive definite and the system can only undergo a Tricomi-type
transition. Order reduction can therefore control some of the pathologies that may arise
in the truncated theory.

With the fixing-the-equations approach, we can further modify the equations of motion
so that the entire principle part is that of the well-posed problem. Let G be the leading
order terms (7}, — SLo) and M and N be a splitting of the EFT terms. Then, the equation
of motion can be written as

G+M+ N =0. (5.21)
In the fixing procedure, the equation is modified to

G+11+ N =0, (5.22)
cAM]=1,+xr(Il — M), (5.23)

where A is a differential operator (for example, we will use the curved space d’Alembertian
in the next section). The prescription replaces the M terms with the auxiliary field II.
The right-hand side drives II to the solution of the original equation within a timescale set
by xk and o. The parameters x and o, the form of A, and the splitting between M and
N are chosen to control the high-frequency behaviour of the theory while reproducing the
low-frequency behaviour of the original theory.
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5.3 Fixing scheme for EsGB gravity

To implement the fixing scheme, we replace the equations of motion egs. (5.5) and (5.6)
with the following fixed system of equations:

Og + 1) = 0, (5.24)
1 1
Ry = 590 R=V a0V + 5 (V6)" gup + ' (5.25)
= Qu, (5.26)
0g*0,0,P = P + k(P —8S), (5.27)

where, as mentioned in the previous section, @), is some function of the MGH constraint

that vanishes when the constraint is satisfied, P = (H(¢), H((ﬁ)) encompasses the metric

and scalar auxiliary fields, and x and o are constants that determine the timescale over
which the auxiliary fields are driven to their corresponding desired values S. These param-
eters also determine the length scale below which short wavelength features are effectively
damped away.

Associated with these parameters we define two timescales

L=20, ty=4/2, (5.28)
K

which combine to give the slowest! timescale for the variable P to decay to its target
solution S, given by 7' = —#;' + \/—t;% +;>. We stress here that there are many
ways one could drive the fixing variables P to their true solution S. From an EFT point
of view, sub-leading terms to the equations of ESGB would come with one higher power
of curvature, thus two additional derivatives of the gravitational field. Thus, we find a
wave operator prescription to be natural in light of this observation and the nature of the
Einstein equations. Nevertheless, this is just a matter of choice if a strong UV cascade
does not take place.

We note that a non-trivial departure from a stationary solution satisfying P = S can be
obtained for a non-vanishing value of o (due to contributions from c¢**0,,0,P). However,
by making this parameter sufficiently small, one can minimize the difference? between P
and S.

IThere is also a faster timescale that can be relevant for numerical applications, as it has to be suitably
resolved when employing an explicit time integrator.

2 Alternative choices can be made so that this is not an issue, e.g., by adding to the source a suitable
contribution of 9,,0,S, considering a different type of driver equation, etc. We do not concern ourselves
with such options in this work.
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Naturally, the solution to this system of equations will depend on the value of the ad
hoc timescales, though if these are made sufficiently small compared to the other physical
scales, and there is no significant cascade towards the UV, we expect this dependency to
be subleading. We will thus check how our solutions depend on the fixing parameters and
their impact on physical observables and contrast it with the full solution obtained though
the MGH formulation of shift-symmetric ESGB gravity. We note that the equations of
motion for ESGB gravity can only be stably evolved in time for weakly-coupled solutions
[191, , , 82, ]. That is, when the Gauss-Bonnet corrections to the spacetime
geometry remain sufficiently small compared to the smallest curvature length scale in the
solution. We will also use the fixing-the-equations approach to briefly explore regimes of
the parameter space where the MGH formulation breaks down.

Rewrite the fixed system of equations eqgs. (5.24), (5.25) and (5.27) in the same form as
(5.9). To do so, we move all the ESGB contribution to the right-hand side of (5.9) where
the source terms are,

.Aab(GR)ef 0 52 Ger\ S(SER)(Q) + S(EEB)(Q) B Bab3§¢ B Aab(GB)efaggef (5 29)
0 D)\ ¢ )T SER)@) 4 SEBD) _ cef 2y, . .

Note that, by doing so, we have recovered the same principal part as in GR. Note that we
also split the purely GR and additional ESGB contributions in the source terms. Intro-

ducing the source terms S = (S (gi), S (¢)), which include all contributions from ESGB, one

has
A V0N o (ger _ (SGVON (S (5.30)
0 D)%\ s )~ (sre 3@ ) '
Introducing eleven massive fields P = <H(¢), H((l%)), we write the system as,
A (GRS o2 ger\ SC(LSR)(Q) B Hl(ﬁ)) (5.31)
0 D) O\ ¢ ) \SERO) @ ) '

When II = S, the equations are ‘unfixed.” To fix the equations, we choose the driver
equation (5.27). Note that the source terms depend on second derivatives in time of
the metric and scalar field S = S|[...09%g,03¢...]. We compute those by applying order
reduction, i.e. we substitute the zeroth order solutions to the second time derivatives,
obtained by solving for (5.30) with S = 0. This implies that the solutions to the fixed
system egs. (5.24), (5.25) and (5.27) are valid to first order in the coupling of the theory.
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Finally, in order to justify and guide our choices for the fixing parameters {o, k}, we
analytically solve for a simpler fixing equation (where we set any spatial dependence to
zero), albeit with most of the features of the true fixed equation,

d*P dP
o—+—+r(FP —-1)=0. 32
72 7 K( )=0 (5.32)

The general solution to this equation, subject to P(0) = dP/dt(0) = 0, is

ot (—V—4ko + 14 4ko — 1)
—e

P(t) = .
®) 2(4ko — 1) (5:33)
ot (V—=4ro + 1+ 4ko — 1)
—e +1,
2(4ko — 1)
where
—1++/1—4dko 141 —4dko
a; = 5 e (5.34)
o o

The solutions to this system will decay, but depending on the values chosen for the fixing
parameters, the solutions might undergo an oscillatory decay. Large oscillations will lead
to stages where the system overshoots the original one, a feature that we consider it best
to avoid. To keep both solutions decaying at roughly the same rate, and the frequency of
oscillations small, one could choose 4ko ~ 1. In that case, the decay rate is T ~ 20, though
care should be exercised to avoid singular behavior indicated by the solution, Eq. (5.33).
The timescale should also be taken to be smaller than the smallest relevant scales in the
problem being studied, in order to approach the original system; however, if the timescale
T is made too short, it may lead to stiff behavior in the numerical evolution, requiring
higher resolution. Finally we note that, depending on the driver equation adopted, a small
o is desirable to avoid spurious spatial dependence.

5.4 Applying the fixing scheme to BHS

The goal of [57] was to compare ESGB solutions obtained from the fixing scheme to the solu-
tions obtained from the original equations in the strong regime—BHs and their mergers—in
a region of parameter space where the original equations have a well-posedness problem.
The paper also compared the solutions obtained by another method of approximation, the
order-by-order method, which we will not discuss here, but which has been studied for
EFT-motivated theories in the strong regime [170, , ].
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Three different spacetimes were considered: a single BH undergoing scalarization, a
head-on collision of two BHs, and a binary system of two BHs in a quasi-circular orbit.

Single BH scalarization: the solution obtained with the fixed equations agrees to an
error of order one percent with the reference solution obtained from the original equations.
This holds true as the dimensionless coupling % increases (up to the tested A = 0.15M?).
This is shown in Figure 5.2, where the charge of the scalar field () computed at r = 100M
is plotted against look-back time. ? In all cases, the initially hairless BH acquires a scalar
charge that saturates to a stationary value/state. For larger couplings, this happens fast
enough to overshoot the final charge value [192]. As mentioned in Sec. 5.2, the time scale
at which the fixed solution decays to the original solution should be shorter than any other
time scale in the system. In the limit 7' — 0, the fixed equations should recover the
original equations. On the right panel of Figure 5.2, we see that longer decay timescales
lead to a larger error compared to the reference solution, but that the original equations are
recovered as T — 0. The solution at T' = 0 is interpolated from the non-zero T' solutions.
The fixed solutions on the left panel of Figure 5.2 are the interpolated solutions at 1" = 0.
To probe the use of the fixing scheme as a tool to explore EFT theories, jkit is interesting
to see whether the fixed equations can evolve a solution in a regime where the hyperbolicity
of the original ESGB equations breaks down. For a non-spinning BH, the hyperbolicity of
the original ESGB will fail for A > 0.23M? [205, ]. However, with the fixed equations,
solutions can be obtained for a coupling A = 0.25M?, at least until a certain time.

Head-on collision of two BHs: Two initially un-scalarized BHs of equal masses are
initialised with enough separation to form scalar hair before merger—the ESGB coupling
is gradually turned on between ¢ = 0 and ¢ = 100M, while the merger occurs around
t = 315M. As in the single BH case, the fixed solutions become closer to the reference as
the decay time T is decreased, both in terms of peak amplitude and dephasing. This is
seen in Figure 5.3, where the ¥, Penrose-Newman quantity (I = 2,m = 0 mode) is plotted
as a function of look-back time.

Quasi-circular inspiral of two BHs: The final case considered is a GW150914-like
binary system, where the BHs have a mass ratio of 1.22 and inital separation of 9.8M
(about 6 orbits before merger in GR). The coupling is again turned on gradually, between
t =0 and t = 200M. Unlike the head-on collision, the fixed solutions merge earlier than
the reference solutions. In fact, the shorter the decay timescale the earlier the merger and
the larger error compared to the reference solution. This is shown in Figure 5.4, where the
waveform is plotted against look-back time for the GR waveform, the reference solution,
and two fixed solutions with different decay timescales. On the right panel, the dephasing

3The charge Q is computed from the asymptotic behaviour of the scalar field: ¢ = Q/r + O(1/r?).
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Figure 5.2: Charge of the scalar field @) as a function of look-back time for a single BH
undergoing scalarization. The BH, initially hairless, acquires a scalar charge that saturates
to a stationary state. Left: The fixed solutions (dashed lines) for 7' — 0 agree with the
reference solution (full lines) obtained for increasing values of the coupling. The lines
labelled “ORA” are order-by-order solutions, which we do not discuss here. Right: The

fixed solutions approach the reference solution as 7" — 0.

A® compared to GR is plotted, showing that it is larger for shorter decay timescales. One
possible explanation for this is a lack of numerical resolution to resolve the timescales in

the fixed system.

5.5 Fixing equations and constraints

Here we argue that constraints are preserved by the fixed equations. First, recall that
constraint damping in the generalized harmonic formulation is achieved by ensuring the
). Such a

effective evolution of the coordinate conditions is damped away (see Ref. |
behaviour is enforced by adding a suitable contribution to Einstein equations that: (i)
is proportional to the constraints, and (ii) is such that, upon taking the divergence and

using the Bianchi identity, the constraints are seen to obey a homogeneous damped wave
equation. As a result, violations of the constraints are driven towards zero.

In the case of beyond GR theories, extra contributions appear in the equations of
motion in addition to the Einstein tensor. An analogous constraint damping strategy can
be adopted in such cases (for an explicit discussion in the case of ESGB, see Ref. [32]),
where one uses explicitly that the extra contributions should have zero divergence.
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Figure 5.3: ¥, as a function of look-back time for a head-on collision of two BHs. The
fixed solutions (dashed lines) approach the reference solution (full line) as 7" — 0.
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The fixed solutions merge earlier than the reference solution and than in GR. Right: The
dephasing A® compared to GR is larger for shorter decay timescales T'.

When fixing the equations, such an identity is not explicitly enforced. The resulting
induced evolution equations for the constraint violation contain an additional source from
the divergence of such tensor which must be shown to suitably approach zero in the adopted
fixing-the-equations approach. We next argue this is the case.

The modified gravity theory in a suitable formulation is governed by
Gab + Sab + Mab — 62(1127 (535)

where the beyond GR contributions are split into S®—containing contributions with sec-
ond order derivatives—and M —which contains the remaining terms, and Q% is the
constraint function that vanishes when the constraints are satisfied (for example, F? in
Eq. (5.25)). Furthermore, the divergence of Q gives rise to a damped evolution equation
for the constraints, to converge to the left hand side, which is zero as V5% = —V, M.
That is

Vo (G + 5%+ M™) =0 =V.Q", (5.36)

4

so the constraints are conserved. The fixed equations replace S by 119 ,* and provide

an equation of motion for this tensor to approach S%:

G+ 1% + M® = Q. (5.37)

4In the main text, we label such an object as I1(9) ;. Here, we will drop the label (9) for convenience.
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Notice that V,M® = T1V,¢ by definition and, due to the fixed equation introduced for
its dynamics, it approaches —2AGV,¢ . We next argue that the fixing equation enforces
that V,I1% approaches V,5% in a controlled manner.

Starting with the equation of motion for Il;:

1
V VI = ZneV % 4 = (11 — §°°) | (5.38)
g

g

where, for simplicity, we adopted a slightly different form of the equation than the one used
explicitly in this work to aid in the presentation. Next, we take the covariant derivative

V.V VI* — %va (n°V.11%)

_ g (V. II% - V,5%) = 0. (5.39)

Using the fact that Ry, ~ O ()\), the first term, to order O (\?), gives

Vavcvcnab — chavcnab o Racebvcnae
= 0O (VoII?) — Ruee’VII* — V (Ree"T1*) . (5.40)

Proceeding analogously, to the same order, the second term gives

Vo (V%) = (V,n®) V% + nV,V 1%
= (Van®) VI + nV V% — n°Ry. 1. (5.41)

Combining it all together we have
1
0 =0 (V.II%) — =V, (V1)
o
1
_E <val—[ab . vaS(zb o _ncRacebHae)
o K
_Racebvcl—[ae B v (RacebHae)

1
- (Van®) V1. (5.42)

The first two lines drive V,II? to V,5% + (1/k) n°RY, 11%. The first term is precisely
what cancels the contribution from V,M?, and the second one is not only subleading with

respect to curvature, but also can be made smaller by a judicious choice of k. To examine
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the role of the other contributions, we can use the cyclic symmetries of the Riemann tensor
and 1% = 1%, The third line simplifies, because

[1%V°Ryee” = =11V (Reed” + Real’) (5.43)
- _Haechceab (544)
= _HaegdecRcead (545)
=T1%¢"" (VR cie + ViR eca) ~ O (X?) . (5.46)
So we then have

Raee’ V™ = V° (Ryee 1) + O (A?). (5.47)

The third line and the last term from the second line give

crb 1 cr b
2VF.” — —n°F.’, (5.48)
o

F) := R, 1. (5.49)

This contribution is not only proportional to curvature terms, but also has an extra order
of derivatives, which should be subleading in the valid EFT regime. Thus, V,II% con-
verges to ~ V5% + (1/k)n°RC_ 11%. The last term can be reduced by the choice of &.
As a consequence, the divergence of Eq. (5.37) gives rise to controlled dynamics for the

constraints, approximating the behavior from the original system, as expected.

In our studies, we have confirmed this behavior and, unless the timescale T" employed
is much larger than the scale of the black holes considered, the constraints remain under
control and the solutions show a convergent behavior throughout the evolutions. We show
the behavior of the constraint violation with increasing numerical resolution in Fig. 5.5,
and when increasing « in Fig. 5.6. The constraint violation is found to decrease with one
or the other, depending on which contribution dominates at a given time.

5.6 Discussion

In this chapter, we gave an overview of particular challenges and solutions in numeri-
cally evolving alternative theories of gravity. Numerical solutions to such theories are the
foundations of theory-specific tests of the SM of GWs, which are complementary to the
null-tests discussed in the rest of this thesis.
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Figure 5.5: Integrated norm of the constraint violation C, as a function of coordinate
time (in units of the total mass) for the scalarization of a single black hole spacetime
with a coupling value of A = 0.04M? (left) and for an equal-mass head-on collision with

= 0.04m? (right) at three resolutions when solving the fixed system of equations. The
damping parameters for the single black hole are {o,x} = {0.2M,0.5/M} so that T =
1.8M, and similarly for the head-on collision, where M is now mass of each individual
black hole. The medium and high resolutions have 1.5 and 2x the resolution of the low
resolution simulation.
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We particular focused on the EFT formulation of alternatives to GR, which is a pow-
erful phenomenological framework where deviations from GR are introduced by higher-
dimensional terms in the action for gravity in an expansion valid up to a certain cut-off
energy scale. ESGB theory is a specific example of an EFT of gravity, which has strong
theoretical motivations from string theory and as a representative of theories with a scalar
field in the gravitational sector. It is also interesting phenomenologically, as it predicts
scalar hair around BHs, which may be observable with GWs.

By construction, EFTs introduce higher order derivatives in the equations of motion.
These derivatives make it unclear whether the theory admits well-posed initial value prob-
lems. We illustrated such pathologies with a toy model, and introduced the “fixing the
equations” approach. This approach is motivated by the fact that an EFT is a low-energy
approximation to a more complete theory and is only valid up to a certain energy scale.
The equations of motion are modified in an “ad hoc” way to control the flow of energy to
high frequencies so that the theory remains in its regime of validity.

We presented the results of [57], as part of which shift-symmetric ESGB theory was
evolved numerically using the “fixing the equations” approach. Among other results, we
showed how the equations of the theory can be modified with auxiliary fields, and how
these new equations of motion conserve the constraints of the gauge used to numerically
evolve the problem. ® The results of the study showed that the approach is successful
in reproducing the results when solving the original equations (which in this particular
case can be solved without approximation thanks to the choice of gauge). In addition,
solutions were obtained outside of the regime where the original equations could be solved.
This is an example of how the “fixing the equations” approach can be used to explore
phenomenologically interesting regimes of EFTs of gravity.

5These are the part of the study I contributed to.
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Conclusion and future outlook

The objective of this thesis was to develop and study data analysis methods to test BM
physics in GW data. This is motivated by the expected increase in the number of GW
detections and sensitivity of GW detectors in the coming years and the next generation
of detectors. All these factors will reduce the statistical uncertainty in physical inference
and bring systematic uncertainties to the forefront. Developing methods to detect and
understand these systematic uncertainties is, therefore, a pressing aspect of GW astronomy.

With this goal in mind, we developed the SCoRe framework, a method to detect and
provide interpretability both to known but unprecise modelled physics and to unknown
physics. In Chapter 2, we explained the formalism of the method and showed its application
to toy models in Chapter 3. The method has three main components, each aimed at a
different challenge in tests of the SM of GWs. First, we leverage the observation that noise
in GW detectors is for the majority uncorrelated between detectors by cross-correlating
the residual power in pairs of detectors. Second, we filter the cross-correlated power for
physically motivated behaviour by projecting onto physically motivated or agnostic bases.
This can further reduce the effect of noise, particularly transient, in the detection of BM
signatures. Finally, we combine information from different events to inform on the origin of
the BM signature by assuming a dependence of the BM signature on the source parameters.
BM signatures generally do not affect all parts of the parameter space identically. As
an example we used throughout the thesis, the effect of higher-order terms in an EFT of
gravity may preferentially affect BBHs of smaller masses. We can use this dependence when
hierarchically combining information from events to obtain a more physically informative
measure of the BM signature—in our example, the energy dimension of the leading order
term in the EFT of gravity.

We demonstrated the last step on a population of BBH mergers as expected to be
observed by a network of 3G detectors in Chapter 4. We notably showed the possible
constraints that can be placed on the BM signature with up to 10° events. A result that
may not be surprising is that the precision of the constraint drops as the energy dimension
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of the EFT terms increases. This is due to the power law fall-off of the BM signature with
the mass, which is steeper for higher dimensional operators, causing fewer events to have
information on the BM signature.

The next step in showcasing the capabilities of the method would be to apply it to the
data from the current and past observing runs. Obtaining constraints on BM signature from
the current catalogues using the SCoRe method is an essential step in checking the method’s
applicability. The currently available catalogues (GWTC-1-3 [12, 17, 23]), contain ~ 100,
while the currently O4a observation has on the order of ~ candidate events on the public
event database (GraceDB). With several hundreds of events, the method can be tested for
its ability to combine information from different events.

An important assumption in the method is that noise is uncorrelated between detectors.
This is not expected to hold in 3G detectors—magnetic coupling, which is expected to
cause cross-correlated noise above 3G (ET and CE) sensitivity curves for < 100 Hz [119].
Investigating the effect of correlated noise on the SCoRe method would be a valuable next
step, although we note that correlated noise itself can be considered a source of unmodeled
physics, and the SCoRe method could be used to detect and quantify this effect. Along
similar lines, probing the effect of glitches on the identification of BM signatures with the
SCoRe method is another possible extension of this work.

A pivotal design concept of SCoRe is flexibility in the choice of templates used to
model the CRPS. In this thesis, we have limited ourselves to agnostic templates, capturing
“chirp-like” behaviour, and physically motivated templates capturing leading order phase
deviations in an EFT of gravity. A survey of the recoverability of different physical models,
such as the effect of micro-lensing, environmental effects, or parametrized deviations such
as PN deviations would be a valuable measure of the range of the method.

Although adding the assumption of dependence on source parameters can be a valuable
tool in the inference of BM signatures, the success of the method relies on understanding
the effect of the distribution of source parameters. For example, correlation in the spin and
mass of the compact objects may affect the inference of the BM signature. Such population
effects and their impact on the hierarchical inference we perform in SCoRe warrant further
investigation.

Another simple extension of the work in Chapter 4 would be to quantify the information
different sectors of the parameter space (i.e different mass ranges) provide on the inference
of the BM model (the power law coefficients defining the dependence on chirp mass).
Generally, two effects can come into play: BM effects may be more prominent in certain
regions of parameters space, while the distribution of detected events covers regions better
than others. In the case of the power law scaling of the BM signature with the chirp mass,
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the BM effect is strongest for low mass BBH mergers. While the source mass distribution
is also a decaying power law, it is currently understood to have a paucity at low masses,
so it is not clear which regions of the mass spectrum provide the most information for the
inference.

Each of the three main components of the SCoRe method is applicable independently.
A straightforward investigation would be to include the assumption of source parameter
dependence of the BM signature to current tests included in the LVK testing GR papers.
For example, re-running the hierarchical inference on the previous catalogues but assuming
a power law dependence of the PN deviation coefficients on the chirp mass of the source.

The SCoRe method is designed as a data-driven method, which aims to make mini-
mal assumptions about the origin of the BM signature. In chapter 5, we gave a brief
introduction to challenges faced in computing GW signals for theory-specific tests of the
SM. In particular, we discussed the difficulty in defining a well-posed initial value problem
for ESGB theory. We describe the “fixing the equations” method of making a problem
well-posed so that numerical simulations can be performed to compute GW signals in the
theory, and discussed its application to ESGB theory.

The field of GW astronomy is rapidly evolving. With the prospect of ever-increasing
detections and sensitivity, GW science is poised to become increasingly data-driven. The
ideas developed in this thesis will hopefully be helpful in the coming years as the need to
better understand what our models may be missing in the data becomes more pressing.
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Appendix A

Appendix for Chapter 3

A.1 Modeling residual strain

In the previous section, we discussed the template constructed to recover signal from the
cross-correlation power spectrum. In this section, we will briefly describe the template that
can be used to model any deviation on the strain. Instead of modeling the residual power,
Sy(t), we can model the residual strain Asy. The decomposition of the signal in terms of
template functions (Eq. (2.28)) becomes

Astne(t) = 3 BlOue)G/ 1), (A1)

where the coefficients i and bases (; give «; and Z; when cross-correlated using Eq. (2.20).
In this case, both sides of the equation still depend on the timescale 7, but they take values
in strain rather than strain power.

In analogy to Eq. (2.34), we can write the estimator for § as

te
B (Bir) = / AW, (1) D (1), (A2)
ts
with W;(t) )/ [, K t - (t)%dt. The corresponding SNR is
Naet  Now
-y z( G g)?) a9
r=lx'>x J K$$) j
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1071

Figure A.1: FAR on the measurement of o for Gaussian, stationary noise. We define the
FAR for a value of the projection coefficient « as the probability of obtaining a measurement
equal or greater to « from data without a signal. Since our noise is Gaussian and stationary,
this is given by the survival function of a Gaussian distribution. Here, we plot the survival
function for the normal distribution, which gives the FAR as a function of the ratio of «
to the error on a.

where, (K gf’)Q is the noise on the parameter J is defined as

’ te 1 2
5y = [ (wioriaw) (A4)
ts
where there is now a square root on K,.

Again for a Gaussian, stationary, uncorrelated noise, we will get a v/ Ngw enhancement
in the SNR by combining Ngw events and number of detector pairs \/ Naet (Nt — 1) /2.

A.2 False Alarm Rate

False Alarm Rate (FAR) measures the probability of detecting a signal when it is absent
from the data. In the LVK catalogs [12, 17, 23], the FARs reported are computed using real
data and using different methods depending on the pipeline used. In this work, we define
the FAR for a given value of « as the probability of obtaining a value of o equal or greater
when there is no signal in the data. As we are considering Gaussian, stationary noise, the
(frequentist) distribution of o measurements from noise is a Gaussian distribution centred
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Figure A.2: FAR, or the probability of measuring a projection coefficient equal or greater
to &y . The y-axis scale has been inverted to show that the FAR scales in the same way as
BEY the Bayes factor in favour of a BM hypothesis, shown in Fig. 3.6. The dashed line is
a visual aid indicating a FAR of 0.5.

around zero, with variance given by Eq. (2.37). The FAR is then the survival function of
this Gaussian evaluated at o:

eavio =1 - [ ot e (4 ()

The FAR for any pair of measured o and K, can be obtained by substituting o/ K, in the
survival function for the normal distribution, plotted in Fig. A.1. The same can be done
with Gy /K,.

The FAR scales with the injected projected coefficient and the number of events in the
same way as the Bayes factor, as shown in Fig. A.2. In future work, we will compute the
FAR by considering available GW data and how often an event that is not believed to
contain any BM signal can lead to a non-zero measurement of the projection coefficients.
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