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Abstract

Quantum chemistry faces ongoing challenges in developing methods that combine efficiency
with accuracy, especially for large molecular systems. The Cluster-in-Molecule (CiM) tech-
nique, integrated with Coupled Cluster theory (CC) methods, offers a promising solution
by accurately computing correlated ground state energies through division into compu-
tations of small subsystems. These systems utilize a subset of localized natural orbitals
(LNO) defined by localized orbital domains [1, 2, 3, 4, 5, 6]. The advantage of CiM-CC
approach is that all subsystem calculations can trivially be computed in parallel with a
relatively straightforward algorithm. The main challenges are in defining small orbital
domains in accurate and efficient ways, and the required integral transformation from the
global atomic orbitals (AO) basis to the subset of LNO.

In this work, we enhance the efficiency of calculating two electron repulsion integral
(ERI) through advanced computational techniques that incorporate the Resolution of Iden-
tity (RI) metric matrix and a three-index short-range Coulomb potential with Gaussian-
Type Geminal (GTG) correction. This aspect of the research, inspired by the thesis work
of Dr.Michael J. Lecours in the Nooijen group, focuses on improving the efficiency of
calculating the exchange matrices K while maintaining acceptable error margins [7, 8].
Our newly developed algorithms in the Python module for quantum chemistry platform
(PySCF) program, especially for calculating Coulomb J and exchange K matrices through
the JK-Engine, are shown to achieve a linear correlation between performance and the size
of molecular systems. These improvements are not only vital for CiM but also for Hartree-
Fock (HF) and (hybrid) Density Functional Theory (DFT) mean-field calculations, with
accuracy controlled by a single parameter defining the short-range Coulomb potential’s
range.

Utilizing the exchange matrix, we present an efficient orbital domain construction
scheme for occupied localized molecular orbitals (LMO) based on the pivoted Cholesky
decomposition of the exchange matrix. This method improves the efficiency of the parti-
tioning into LMO subspaces, crucial for CiM calculations.

In summary, our advancements in linear-scaling exchange matrix calculations and or-
bital domain construction mark significant progress toward more efficient and accurate
electronic structure calculations for mean-field and CiM approaches, promising enhanced
computational performance for large molecular systems.
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Chapter 1

Introduction

1.1 Motivations

Nowadays, one of the critical concerns in quantum chemistry is to solve electronic prob-
lems, such as electronic energy and molecular properties. With the rapid development
of computers, several approaches, including HF Theory, DFT, and Coupled-Cluster (CC)
Theory, have been implemented to solve electronic systems. To start with, HF Theory is
the most straightforward approach, which only considers a single Slater determinant and
neglects the interactions of correlated motion of electrons, such as Coulomb correlation
and near-degeneracy correlation [24]. Although the HF theory reaches perhaps 99% of
exact energy, the remaining 1% error from approximation is crucial for applications in
quantum chemistry [24], which is primarily concerned with energy di�erences. Hence, the
post-HF methods are mainly based on HF theory and made some improvements to solve
these restrictions.

When performing di�erent wave-function based post-HF approaches, the value of cor-
relation energy is treated as a measurement of accuracy. The correlation energy (Ecorr )
considers the di�erence between the exact non-relativistic energy (� 0) and HF energy (EHF )
with limitation[24, 25]:

Ecorr = � 0 � EHF (1.1)

The value of correlation energy is always negative, asEHF from variational optimization
is an upper limit of exact energy. There are mainly three types of wave-function based
post-HF methods considering electronic correlation: Full Con�guration Interaction (CI),
Many-Body Perturbation Theory (MBPT), and CC Theory [24, 25, 26, 27].

Compared to other methods, the CC theory not only considers the e�ects of electron
correlation in many-electron systems to provide precise solutions of the Schrödinger equa-
tion but also calculates cluster wavefunctions and electronic energies e�ciently by applying
exponential operators [27]. Although the CC theory makes the description of electronic
structure for small- and medium-sized systems feasible and controllable by employing com-
puter techniques, the analysis of electronic correlation in large molecule systems regarding
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high accuracy is still a big challenge nowadays [26]. The most important reason is the high
dependence between computational cost and system size.

The remainder of this chapter consists of four sections that cover the theoretical frame-
work of the local correlation method, a review of previous work on the cluster-in-molecule
(CiM) approach, an overview of computation methods for two-electron repulsion integrals
(ERIs), and a discussion on representation of two-electron integrals developed by the Nooi-
jen group.

1.2 Overview of Local Correlation Methods

In order to make wave function-basedab initio calculations feasible for large molecules,
a variety of local electronic correlation methods have been introduced. Currently, local
correlation methods are available for both ground and also excited states. In applications
to ground state energies, the focus is on the local nature of the correlation energy. A
key feature of local correlation approaches is to approximate the correlation energy by
eliminating distant interactions between localized orbitals [28, 29, 30, 1, 2, 3, 4, 14, 19, 18,
15, 16, 20, 5].

Generally, according to previous studies, the local correlation methods within CC may
be classi�ed into two main groups. On the one hand, the class of �direct� local approaches
allows the application of local approximation to the canonical equations. Typically, this
group incorporates the projected atomic orbital (PAO) method and the pair natural orbital
(PNO) method [28, 29, 30]. On the other hand, the crux of the class of �fragment-based�
local approaches is to partition the overall calculation of a large system into multiple
calculations on smaller subsystems. In these approaches, the overall correlation energy is
the summation of each energy contribution of a fragment. The di�erence between fragment-
based approaches is the criteria for splitting molecules into subsystems, like atoms, bonding
orbitals, electrons, and electron pairs. This category mainly consists of the divide-and-
conquer (DC) method introduced and the CiM approach [2, 3, 4, 5, 1, 14, 15, 16, 18, 19,
20, 6]. Table 1.1 summarizes the critical studies of local electron correlations.

Neese and co-workers developed a PNO approach based on Coupled Cluster Single
Doubles (CCSD) and Coupled Cluster Single Double and Perturbative Triple method
(CCSD(T)) to local correlation [29, 30]. In the PNO approach each pair of localized
occupied orbitals is related to its own small set of virtual orbitals, the so-called PNOs,
and this greatly reduces the number of excitations. However, the �nal calculations involve
all excitations in a global calculation on the full system, and the association of di�erent
virtual orbitals with each pair of occupied orbitals greatly complicates the implementation.
In 2011, Yang and colleagues have introduced a method based on orbital speci�c virtual
orbital (OSV) for local Second-order Møller-Plesset perturbation theory (MP2) and CCSD
calculations [21, 22]. Furthermore, in these local correlation methods, the virtual space
can be described using PNOs or OSVs, as alternatives to PAOs. It has been observed
that although PNOs domain sizes are not smaller than those of PAOs or OSVs by design,
signi�cantly smaller number of PNOs can achieve comparable accuracy [29, 30, 21, 22].
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Since 2002, when Li's group initially introduced the CiM approach to tackling the com-
putational complexity of large systems using a basis of LMOs, there have been signi�cant
advancements in the method [31]. The CiM method has been further re�ned and enhanced
by Piecuch's group [2, 3]. Later in Kállay's group, a highly e�cient implementation uses
LNO based on the CiM approach in which extensive molecular calculation allows partition
into a subset of small calculations of individual electrons, not electron pairs [4, 5]. It is
di�cult and relatively expensive to select occupied orbital domains or LMO in the CiM
approach. The next step is to construct a restricted complementary virtual space, strongly
interacting with selected localized orbital domains. Then, the calculation of all localized
occupied orbital domains would be carried in independent calculations. Thus, the compu-
tational cost for the complete system will be simply the sum of the cost of the more minor
calculations. The bottlenecks in the CiM calculations lie in obtaining the subspaces of
orbitals for each smaller calculation, and the transformation of AO integrals to the smaller
basis of selected molecular orbitals. This cost does not scale linearly with the size of the
complete system in large systems. In general, the CiM approach provides e�cient com-
putational reduction by orders of magnitude to analyze large molecular systems, but the
bottlenecks in the calculation can be improved still. These bottlenecks are the starting
point for this investigation.
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Authors Methods Key Contributions Limitations

Pulay and
Saebo

PAO
method

Construct virtual space
by PAO
onto complementary
occupied space. Apply to
coupled electron pair
approximation.

The computational ability
for molecules did
not allow implementing
during that time.

Werner,
Schutz,
and co-workers

Extend in
CCSD and
CCSD(T)

Computational cost is
linear scaling to
the system size

Approximation of
domain of orbital pairs
limits the accuracy.

Neese,
and co-workers

PNOs

Interacting domains are
de�ned for electron pairs.
It can connect with
large and �exible
basis sets.
�Black-box� format

Complicated implementation.
Most recent DPLNO uses PAO
in e�cient implementation.

Yang,
and co-workers

OSV

Apply tensor factorization.
Save computational time and
have controllable errors
by adding a threshold

Ine�cient with small
thresholds due to large
number of virtual orbitals.

Flocke and
Bartlett

Natural linear
scaling CC
approach

Localized natural bond
orbitals are applied, other than
the localized occupied
HF orbitals.
Treat extended nonperiodic
systems of in�nite basis
set size.

The choice of each
subsystem is mainly
based on chemical intuition,
not mathematics.

Li
and Li

The DC
CC

Separate molecules into
subspaces by their
local environments.

Construct subsystem manually.
The accuracy is based on
choices for separating.

Li and
Piecuch.

CiM
approach

Interacting spaces are
constructed from each
electron contribution with
a parallelism of calculation
and linear scaling.

Application and
calculations in a large
molecular system
are still challengeable.

Kállay
LNO
CiM
approach

Apply local natural orbitals in
the CiM calculations

Calculations in a large
molecular system
are still expensive.

Table 1.1: Summary of critical studies to local correlation methods [1, 3, 2, 4, 14, 15, 16,
17, 18, 19, 20, 5, 6, 21, 22, 23]
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1.3 The CiM Approach in Nooijen Group

Although CC provides the accuracy of correlation interactions for calculation in many-
body systems, it is only suitable for small and medium-sized molecules and will reach its
limits in extensive molecular orbital systems. Several local correlation methods have been
developed based on the CiM approach proposed by Li's group to tackle these defects. The
basic idea underlying the CiM approach is to break up extensive molecular calculations
into many small pieces of each LMO calculations and constructs virtual space under LMO
domains. The energy can be derived as the sum of the contributions of individual LMO
[1, 2, 3]. By contrast, Kállay and co-workers utilized LNOs as a means to split the molecular
system in the CiM framework, then obtained occupied and virtual LMO subspaces from
the density matrix obtained from an MP2 calculation [4, 5, 6]. Figure 1.1 illustrates
two various orbital domains P and Q in a molecule in CiM approach [10]. The black
orbital in P (or Q) represents the central LMOs, and surrounding blue orbitals represent
interacting LMOs domains that need to be calculated in a fragment. Also, the gray part
in the molecule has weak interactions that can be ignored in the CC calculation. Some of
the remaining correlation can be treated using second order perturbation theory MP2

The advantage of the CiM approach reveals that each subsystem can be evaluated by
regular CC calculations. Moreover, the CiM calculations manifest the parallel calculations
of each orbital domain to reduce the computational resources, including Central Processing
Unit (CPU) time and random-access memory (RAM).

Figure 1.1: Illustration of Cluster-in-Molecule Approach [10]

The electronic correlation energy for closed shell molecules based on CiM approach: [23]

Ecorr =
X

i;j;a;b

(iajjb)� ij
ab

=
X

I

X

i 2 I

X

j;a;b

(iajjb)� ij
ab �

X

I

X

i 2 I

E i (1.2)

where the notations ofi; j represent localized occupied orbitals, and the notations ofa; b
represent localized virtual orbitals. The quantity(iajjb) is antisymmetrized two-electron
exchange integral, and only considers spatial coordinates. The sum overi is partitioned
in a number of subsystems centerI . Besides, the excitation amplitudes� ij

ab are di�erent in
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MP2 and CC calculations:

� (CC) ij
ab = tab

ij + t i
at j

b � t j
at i

b (1.3)

� (MP 2)ij
ab = tab

ij (1.4)

There are two challenging di�culties for performing electronic energy of CiM. The �rst
di�culty of the CiM approach is e�ciently partitioning systems into LMO subspaces. The
division criteria will impact the computational timing and accuracy of the exact energy.
Also, another signi�cant issue is to transform from the AO based basis to the orbital
domain.

In the work of Kállay the LMOs are de�ned based on the MP2 one-particle density
matrix. This approach does not scale well with the size of the system. In preliminary work
in the Nooijen group the orbital selection is based on the calculation of the exchange matrix,
using various selected orbitals to de�ne this quantity for di�erent orbital subspaces (to be
discussed in the �nal chapter of this thesis). While this is a fundamental improvement in
scaling compared to MP2 one-particle density matrix, the calculation of exchanges matrices
is expensive even today in Hartree-Fock and Hybrid DFT calculations. For example, in
solid state calculations hybrid functionals are rarely used, because of their great expense.
The exchange matrix plays a central role in this research and in the next section, an
overview is presented of work done in the literature. In the following section the work done
in the Nooijen group is discussed and this provides a point of departure for the work in
this thesis. This introductory chapter will be completed with an outline of the thesis.

1.4 Overview of Computational Methods for Two-Electron
Repulsion Integrals

In electronic structure calculations, the calculation of two-electron repulsion integrals
(ERIs), especially during the computation of exchange (K ) and Coulomb (J ) matrices,
is a fundamental yet computationally demanding task. The accurate two-electron inte-
grals can be expressed by:

(�� j
� ) =
Z

d3r1d3r2� � (r 1)� � (r 1)
1

r12
� 
 (r 2)� � (r 2); (1.5)

where(�� j
� ) denotes the integral of the product of four atomic orbital functions� . The
implementation of these integrals is expensive, scaling withO(N 4), where N represents
the number of atomic orbital nao . This leads to the computational burden, especially in
HF, DFT and post-HF.

To mitigate this, several approaches have been introduced. Among them, the the
density �tting (DF) technique, also called resolution of identity (RI) is prevalent for its
e�ciency in approximating electron density via an auxiliary basis set, thereby streamlining
the manipulation of the ERIs tensor [18, 32, 33]. The approximation is formulated as
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follows:

� � (r )� � (r ) �
X

x
C ��

x � x (r ) (1.6)

(�� j
� ) �
X

xy
(�� jx)(xjy)� 1(yj
� ) (1.7)

where C ��
� are the expansion coe�cients for the auxiliary basis functions� x that ap-

proximate the product of the atomic orbitals � and � . Consequently, four-center ERIs
are approximated by three-center integrals and the two-center Coulomb integral, reduc-
ing computational complexity from O(n4) to O(n3) for molecules. Similarly, the Cholesky
Decomposition of two-electron integrals, proposed by Beebe and Linderberg, o�ers a com-
parable level of e�ciency and compactness to RI factorization [34]. The construction of
exchange based on RI:

K RI
�� = �

1
2

X

ixy

(�i jx)(xjy)� 1(yji� ) (1.8)

where the RI-K algorithm grows in quartic proportionn2
aonoccnaux to the size of the system.

Adopting an alternative approach, Friesner utilized a pseudospectral (PS) method to
approximate ERIs tensor [35, 36, 37]. The PS approach involves constructing a secondary
basis set de�ned by points in three-dimensional space,

(�� j
� ) �
X

g

 (rg)! � (rg)! � (rg)V
� (rg) (1.9)

V
� (rg) =
Z

dr
! 
 (r )! � (r )

jr � rgj
(1.10)

wheref rgg is a set of grid points in three-dimensional space and
 (rg) is associated weight
of grids. The advantage of PS is its circumvention of the Coulomb singularity, ensuring
numerical stability in the algorithm. This straightforward PS strategy is e�ectively im-
plemented in HF theory, resulting in a cubic scaling algorithm. This represents a lower
scaling compared to the traditional quartic scaling of RI-based HF theory. However, a
signi�cant limitation of PS methods is their limited applicability. To solve this limitation,
Neese and co-workers combined semi-numerical integration techniques and DF techniques
for HF exchange part, including Friesner's PS method and linear-scaling chain-of-spheres
exchange (COSX), both of which demonstrate excellent scalability with the basis set's
highest angular momentum [38].

Another innovative approach is tensor hypercontraction (THC), which decomposes the
four-index tensor into a series of matrix multiplications, enhancing �exibility and lowering
storage demands from the cubic level in conventional RI method to quadratic level [39, 40,
41, 42].

(�� j
� ) �
X

KL

! � (rK )! � (rK )MKL ! 
 (rL )! � (rL ) (1.11)

where f rK g denotes a chosen set of grid points. Head-Gordon's group combined an ad-
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Figure 1.2: Visual Representation of the Density Tensor: (a) its exact representation, (b)
its representation via RI, and (c) its representation through THC. Solid blue lines denote
contractions over common indices between two tensors, whereas dotted blue lines signify an
element-wise multiplication across linked indices. The bold red bar illustrates a contraction
with the Coulomb operator 1

r 2 � r 1
. [11]

vanced tensor hypercontraction (THC) factorization approach with interpolative separable
DF for selecting grid points [11, 41]. Here,f rK g are used to approximate the function via
an interpolation vector, � K (r ) [43]. The number of interpolation vectors(n ip ) in�uences
the accuracy and e�ciency � large n ip enhances accuracy, while smalln ip improves ef-
�ciency. Furthermore, Figure 1.2 visualizes the representation of exact ERIs, RI ERIs,
and THC-RI ERIs respectively.

The exchange matrix based on THC-RI method can be given as:

K T HC
�� = �

1
2

X

iKL

! K
� � K

i MKL � L
i ! L

� (1.12)

whereMKL is Coulomb integral involving interpolation vectors. The THC-RI-K algorithm
grows in cubic proportionnaon2

ip to the size of the system.

Inspired by previous work on exchange matrix, our group has employed range-separated
Coulomb potential to represent DF two-electron integrals. Next, we will review previous
accurate two-electron integral representations by our group.
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1.5 Overview of Accurate Representations of Two-
Electron Integrals Developed Previously in the
Nooijen Group

The calculation of the so-called two-electron integrals

(�� j
� ) =
Z

d3r1d3r2� � (r 1)� � (r 1)
1

r12
� 
 (r 2)� � (r 2); (1.13)

in which � � represent atomic orbitals AO's is a crucial ingredient of electronic structure
calculations. The key to e�cient computations in quantum chemistry is to avoid calculat-
ing the two-electron integrals directly, but �nd other representations of this interaction.
Dr.Michael J. Lecours wrote a PhD thesis on this subject while Dr.Ondrej Demel in collab-
oration with Dr.Lecours developed a Laplace MP2 approach based on this representation
of integrals [8, 7]. We will �rst represent this representation of integrals to put the present
work in perspective.

The Coulomb interaction is partitioned into short- and long-range parts based on a
modi�ed Ewald partitioning. The two-body Coulomb operator 1

r 12
, is written as

1
r12

= Vsr (r12) + Vlr (r12): (1.14)

Here, the short-range partVsr itself consists of two components: the complementary error
function erfc (r12), which is commonly used for this purpose, and a Gaussian-like term

Vsr (r12) =
erfc (�r 12)

r12
+

2�
p

�
e� � 2

3 r 2
12 : (1.15)

The long-range part is then

Vlr (r12) =
1

r12
� Vsr (r12): (1.16)

The exponent and prefactor in the Gaussian term in Equation 1.15 is chosen in such a way
that Vsr (r ) and its second derivative have a zero limit forr ! 0. We note that Vsr (r ) is
fully parameterized by the choice of� .

Figure 1.3 illustrates the Coulomb integral is divided into two components, short-
range and long-range. In detail, the short-range component decays rapidly with distance
and is close to the full Coulomb potential at short range, whereas the long-range component
retains the 1=r12 decay at larger12.

The short-range part of the Hamiltonian is treated using density �tting techniques in
standard ways. The respective components of 4-index integrals can be evaluated as

(�� j
� )sr =
X

x
(�� jx)sr (
� jx)sr �

X

x
(�� jx)sr (xj
� )sr : (1.17)
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Figure 1.3: The Range-Partitioned Coulomb Potential [7]

Here we have introduced an (orthonormalized) auxiliary basis setx. The key feature is
that the number of such short-range 3-center two-electron integrals grows linearly with the
size of the system.

The long-range contribution is evaluated numerically using a Fourier transformation
(FT) in k-space

Vlr (r12) =
Z

d3g Vlr (g) exp(ig � (r 2 � r 1)) : (1.18)

This FT is known analytically. The corresponding long-range component to the 4-center
integrals is then evaluated as

(�� j
� )LR =
X

g
(�� jg)� g(gj
� ); (1.19)

where g represents a plane wave index. The� g parameter is a sign factor corresponding
to the sign of the Vlr (g) contribution. In this formulation the 3-index quantities (�� jg)
are calculated e�ciently using analytical formulas at a set of grid pointsg, which are
de�ned using a numerical integration in spherical coordinates. This Jacobian of spherical
coordinates cancels theg� 2 singularity, and accurate results are obtained for small Fourier
grids of about 3000 points. It is surprising that the spherical integration grid has not been
used before in the literature. It is (mostly) accurate and can be used even for compact
core orbitals, which are treated di�erently in the usual plane wave codes [8].

Unfortunately, the resulting long-range 4-center integrals lose accuracy when the AO
pairs �� and 
� are separated by a long distance (e.g. 15 a.u.). Individual contributions are
small but they are responsible for long-range forces. Even more, it is deemed important to
correct for the error, as the FT approach may not yield small values due to rapid oscillations
of the integrant.
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For this reason, a third layer of approximation was introduced, which involves a multi-
pole expansion in Cartesian coordinates. LetV be a general radial potential. The position
vector r is expressed asr = A + R. The Taylor expansion ofV(r 2 � r 1) around the point
A = B = 0 is made using the substitution

r 1 = A + R 1 (1.20)

r 2 = B + R 2 (1.21)

R = R 2 � R 1; (1.22)

and takes the general form

V(B � A + R) =
X

K;L

mK
B f K;L (R)mL

A ; (1.23)

wheremK
B and mL

A are polynomials in components of vectorsA and B, f K;L (R) consists
of (analytically known) derivatives of potential and components ofR vector, and indices
K , L correspond to multipole expansion. For example, the Taylor expansion up to third
order following

K = 0 corresponds zeroth-order term of the expansion

K = 1; 2; 3 corresponds to �rst-order term

K = 4; : : : ; 12 correspond to second order term (nine combinations)

K = 13; : : : ; 39 correspond to third order term (twenty seven combinations)

In both HF and Laplace MP2 calculations all three contributions to the Coulomb
potential are judiciously implemented in various steps of the calculation. In previous
publications, it was shown that this overall scheme is indeed accurate [8, 7, 44]. There are
very signi�cant drawbacks, however. First of all a careful selection has to be made when
to switch between Fourier and multipole expansions. More importantly, implementations
become very complicated, even when they exhibit linear scaling as a result. Finally, due
to the complexity, it is hard to write fully optimized code, and the current versions are not
very e�cient compared to other approaches in the literature.

In this thesis, we take another look at the representation of integrals using RI. We will
use the same short-range component (using even shorter-range integrals) as in our previous
work, but we introduce a di�erent metric matrix that will allow us to represent the full
two-electron integrals (i.e. not just the short-range component), using a metric matrix as

(�� j
� )f r =
X

x;y
(�� jx)sr M xy (
� jy)sr �

X

x;y
(�� jx)sr M xy (yj
� )sr : (1.24)

.

At this point, we are ready to discuss the �nal section in this introductory chapter.
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1.6 Outlook of the Thesis

This thesis provides a detailed investigation into the e�ciency and scalability of the founda-
tion layer of the CiM approach, with a particular focus on the implementation of Coulomb
and exchange matrices. Here is an outlook summarizing the key contributions of each
chapter:

The following Chapter 2 introduces novel computational strategies for the e�cient
computation of two-electron repulsion integrals (ERIs), as implemented in the Int-Class
package. By combining density �tting with approximations for short-range potentials,
this new representation of ERIs provides a solid groundwork for JK-Engine, achieving a
reduction in computational time without compromising accuracy. Additionally, it contains
adjustments of several parameters to preserve the accuracy of HF calculations.

Chapter 3 delves into the core development of the algorithm (JK-Engine) for calculat-
ing the Coulomb and exchange matrices, a crucial input component in the CiM approach.
Utilizing the sparsity of short-range integrals, this algorithm shows linear scaling e�ciency.
Building on this, Chapter 4 demonstrates a comprehensive analysis of the linear-scaling
calculation for the exchange matrix within both timing and memory consumption, com-
pared with PySCF. It underlines the applicability and scalability of our JK-Engine in large
systems.

Chapter 5 addresses the challenge of partitioning molecular systems into localized
molecular orbital (LMO) subspaces. An algorithm based on pivoted Cholesky decomposi-
tion of exchange matrices is introduced, enabling the e�cient and accurate construction of
orbital domains. This development is crucial for the practical implementation of the CiM
approach in extensive simulations.
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Chapter 2

E�cient Three-index Two-electron
Integrals

The starting point for electronic structure calculations is the speci�cation of an initial
molecular structure and the de�nition of a basis set. In this work we use real atomic
orbitals (AO) centered on the nuclei (or other meaningful centers) that consist of Gaussian
type orbitals Gaussian-Type Orbitals (GTO). The AO basis functions will always be labeled
by Greek indices�; �; 
; � . Users may specify a particular AO basis set upon input, such
as 6-31G(d,p) or cc-PVTZ, which are commonly used basis sets.

The fundamental building blocks that de�ne the Hamiltonian operator consist of one-
and two-electron integrals over AOs , utilizing atomic orbitals,� � (r ). These basis functions
are non-orthogonal and this is re�ected in the overlap integrals

S�� =
Z

dr � � (r )� � (r ) (2.1)

The one-electron Hamiltonian integrals in the AO basis are de�ned as:

h�� = h� jĥj� i =
Z

dr � � (r )ĥ(r )� � (r ) (2.2)

ĥ = �
1
2

r 2 �
X

A

ZA

jr � R A j
(2.3)

whereZA and R A label the charges and positions of the nuclei, respectively. We will use
atomic units throughout, as is common in quantum chemistry. The one-electron integral
includes the sum of the kinetic energy operator for electrons and the nuclear-electron
attraction potential. These integrals are computationally inexpensive, withO(n2) for a
sizenao basis set. For large molecules there is additional sparsity and the integrals decay
in a linear fashion in the limit, as does the overlap matrix.

The most cumbersome building block in electronic structure calculations are the two-
electron repulsion integrals ERIs over spatial atomic orbitals, which in so-called chemist's
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notation, are de�ned as,

(�� j
� ) =
Z

d3r1d3r2� � (r 1)� � (r 1)
1

r12
� 
 (r 2)� � (r 2) (2.4)

For small molecules, there areO(n4) of these ERIs wheren= nao . For large molecules the
centers of AOs (�; � ) have to be relatively close, for the integral to be non-zero, as do
the centers of AOs
; � . The number of non-zero ERIs then scales asO(n2), with a large
prefactor.

In Hartree-Fock (HF) theory, the wave function is approximated as a single determinant
of molecular orbitals (MO)s that are linear combinations of AOs:

 i (r ) =
X

�
� � (r )C�;i ; (2.5)

The MO coe�cients C�;i are to be determined such that the energy of the single determi-
nant is minimized. The MO coe�cients de�ne the one-particle reduced density matrix in
the AO basis

D �� =
X

i 2 occ

C�;i C�;i ; (2.6)

which characterizes the single determinant HF state completely. In the self-consistent
�eld procedure (SCF) to solve for the optimal MOs, the Fock matrixF is constructed
that includes the e�ective potential felt by an electron due to both nuclei and the other
electrons' average repulsion. For a closed shell system the elements of the Fock matrix in
the AO basis are given by:

F�� = h�� +
X


�

D 
�

�

(�� j�
 ) �
1
2

(�
 j�� )
�

; (2.7)

The contributions to the Fock matrix present di�erent levels of di�culty in actual e�cient
HF calculations. We distinguish the (direct) Coulomb matrix

J�� =
X


�

(�� j�
 )D 
� (2.8)

and the so-called exchange matrix

K �� =
X


�

(�
 j�� )D 
� ; (2.9)

and we obtain
F = h + J �

1
2

K (2.10)

The Coulomb matrix quanti�es the average repulsion between electrons, representing the
electrostatic interaction among all pairs. In contrast, the exchange matrix is a purely
quantum concept that follows from the antisymmetry requirement of the wave function.
A primary focus of this thesis is the e�cient calculation of the Coulomb and in particular
exchange matrices.
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To mitigate the computational burden of calculating two-electron repulsion integrals
(ERIs), especially in methods like HF, DFT and post-Hartree-Fock, the DF technique,
also called RI, is introduced as a strategic solution. The core conceptual idea behind DF
is to approximate the product of two orbitals� � (r )� � (r ) using an auxiliary basis setx � (r )
[45]. This approximation signi�cantly reduces the computational cost associated with ERIs
without substantially sacri�cing accuracy. The approximation can be written as:

� � (r )� � (r ) �
X

x
C ��

x � x (r ) (2.11)

whereC ��
� are the expansion coe�cients for the auxiliary basis functions� x that approx-

imate the product of the atomic orbitals � and � . By applying DF, the four-center ERIs
can be approximated as:

(�� j
� ) �
X

xy
(�� jx)(xjy)� 1(yj
� ) (2.12)

where(�� jx) and (yj
� ) are three-center integrals,

(�� jx) �
Z

d3r1d3r2� � (r 1)� � (r 1)
1

r12
� x (r 2) (2.13)

and (xjy) is the two-center Coulomb integral between auxiliary basis functions.

(xjy) �
Z

d3r1d3r2� x (r 1)
1

r12
� y(r 2) (2.14)

The inverse of(xjy) is referred to as the Coulomb metric matrix. The DF strategy reduces
the complexity of the ERIs calculations fromO(n4) to O(n3) for small molecules. For larger
systems the number of 3-center integrals still scales asO(n2), although with a much smaller
pre-factor as the four-center ERI. With DF, larger molecular systems can be studied with a
modest loss of accuracy. The key to using the RI approximation is to never construct the 4-
index quantities themselves, but rather optimize the computational steps when calculating
quantities of interest. We will see many examples of this strategy in the remainder of this
thesis.

This thesis will explore variations of the use of DF with the purpose to reduce the cost
of the calculation of the Coulomb and exchange matrices at the HF stage of calculations.
Similar e�ciencies can be exploited at the post HF level. The key ingredient is the use of
short-range three-index two-electron integrals in HF computations, which will be discussed
next.

2.1 Short-range Two-electron Integrals

As previously discussed inSection 1.5 , the Coulomb potential can be segmented into
short-range and long-range components. In our project, we utilize the Ewald partitioning
approach to address this [46, 47]. The focus here is on the short-range three-index integrals,
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derived by approximating the short-range component of the Coulomb potential. These
short-range integrals can be optimized due to the sparsity that arises from the property of
exponential decay, resulting in linear scaling with respect to molecular system size. The
short-range potentialVsr (r12) can be represented as:

Vsr (r12) =
erfc(� jr12j)

jr12j
(2.15)

Vlr (r12) =
1

r12
� Vsr (r12) (2.16)

where erfc(� jr12j) denotes the complementary error function of the product of a decay
constant, � , and the inter-electronic distance,jr12j, providing an e�ective means to separate
the potential into short-range component and long-range component for computational
purposes. Additionally, the tuning parameter� plays an important role in balancing the
precision and e�ciency of the algorithm. Selecting an appropriate value for� , is critical.
A lower � value enhances precision, ensuring the short-range potential near to full-range
potential, an accurate representation of interactions. Conversely, a higher� value reduces
signi�cant interactions, potentially diminishing computational load. The most optimal
value is to be determined.

Next, by computing integrals of atomic basis functions over the range-separated Coulomb
potential, we can also divide two-electron integrals into segments on short-range and long-
range interactions.

(�� j
� ) = ( �� j
� )sr + ( �� j
� ) lr (2.17)

The three-center two-electron integral with resolution of identity (RI) can likewise be ex-
pressed by:

(�� jx) = ( �� jx)sr + ( �� jx) lr (2.18)

In our previous work [44] we used DF to represent short-range integrals, while a Fourier
transform and/or multipole expansion was used to represent the long-range integrals.

Our goal here is to obtain the full Coulomb ERIs, but using a representation in terms
of three-index integrals that have a short-range nature. In the usual Ewald partitioning
the long-range potential at short-range approaches a constant, but is not zero. The value
of the 3-center short-range integrals therefore deviates appreciably from the full Coulomb
integrals, even when all orbitals are close together. To accurately simulate the full short-
range electron-electron repulsion integrals, we introduce the GTG correction for three-
centered integrals. The GTG correction is added to the usual short-range integrals to
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correct for their de�ciency at short-range term[8].

Vsr _ gtg(r12) = Vsr (r12) + Vgtg(r12)

=
erfc(� jr12j)

jr12j
+ X 0e� 
 jr 12 j2 (2.19)

Vlr _ gtg(r12) =
1

r12
� Vsr (r12) � Vgtg(r12)

=
1

r12
� Vsr (r12) � X 0e� 
 jr 12 j2 (2.20)

The parameter X 0 and 
 are chosen such that the value ofVlr (0) is zero, as well as the
derivative dVlr

dr jr =0 . Through these condition, the� parameter in range-separated Coulomb
determines the value ofX 0 and 
 :

X 0 = lim
r ! 0

erfc(� jr12j)
jr12j

=
2�
p

�
(2.21)

d2

dr2
Vlr (r = 0) = 2 X 0(�

� 2

3
+ 
 )


 opt =
� 2

3
(2.22)

Hence, the potential is controlled by a single parameter,� , with the characteristic that a
smaller � value extends the short-range region's reach. In the next section we discuss the
construction of variations of DF, in particular using short-range 3-center integrals.

2.2 Construction of DF approximations using short-
range 3-centered integrals.

Despite the widespread and accurate application of the standard RI approximation pre-
viously discussed, it should be noted that the implementation of three-index integrals
(�� jx) scales quadratically (proportional tonaux � nao � L , where L is a constant factor)
with the size of the molecular systems [32, 48, 49, 50]. This scaling property still leads
to escalated computational demands as system size increases, resulting in the standard RI
being resource-intensive. In this section we will �rst discuss a derivation of the usual RI
approximation, and then generalize the derivation to use short-range 3-center integrals.

The auxiliary basis set is non-orthogonal. The overlap matrix is de�ned as

Sxy =
Z

d3r� x (r )� y(r ) (2.23)

The resolution of the identity takes the formI =
P

x;y jx)(S� 1)xy (yj. Let us �rst derive
the usual formula for the RI approximation. We will write the real space multiplicative
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potential explicitly in a short-hand notation as V. The integrals can then be represented
as

(�� j
� ) = ( �� jVj
� )

= ( �� jVV� 1Vj
� ) � (�� jVI V� 1I Vj
� )

=
X

x;y
(�� jVjx)

hX

t;u

S� 1
xt (tjV � 1ju)S� 1

uy

i
(yjVj
� ) (2.24)

We can then show that the quantity between square brackets is the inverse of the matrix
V with matrix elements (xjVjy):

X

t;u

S� 1
xt (tjV � 1ju)S� 1

uy = ( xjVjy)� 1 � (V � 1)xy (2.25)

The proof essentially follows from a matrix multiply by(wjVjx), and recognizing the res-
olution of the identity

X

x;t;u

(wjVjx)
h
S� 1

xt (tjV � 1ju)S� 1
uy

i
=

X

u
(wjVI V� 1ju)S� 1

uy

�
X

u
(wj1ju)S� 1

uy = � wy (2.26)

The representation of two-electron integrals using an RI expansion usingshort-range
Coulomb potentials is obtained from

(�� jVj
� ) = ( �� j(Vsr V� 1
sr VV� 1

sr Vsr )j
� )

� (�� j(Vsr I V� 1
sr I VI V� 1

sr I Vsr )j
� ) (2.27)

Note that Vsr V� 1
sr VV� 1

sr Vsr = V in Equation 2.27 and we proceed by including addi-
tional resolutions of the identity between each operator. If we combine the inverse overlap
matrices inside theI operators with the inverses of the potential and simplify, we �nd

(�� jVj
� ) �
X

x;t;u;y

(�� jVsr jx)(xjVsr jt)� 1(tjVju)(ujVsr jy)� 1(yjVsr j
� ) (2.28)

where the inverse of an operator can be expressed as(Vsr )� 1 ! (xjVsr jt)� 1 � (V� 1
sr )xy in

matrix representations.

Using a more compact notation we write

(�� j
� ) �
X

x;t;u;y

(�� jx)sr (xjt)� 1
sr (tju)f r (ujy)� 1

sr (yj
� )sr

�
X

x;y
(�� jx)sr M xy (yj
� )sr ; (2.29)

where
M xy =

X

t;u

(xjt)� 1
sr (tju)f r (ujy)� 1

sr = ( V� 1
sr Vf r V� 1

sr )xy (2.30)
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Some observations are in order. In principal the operatorVsr can be arbitrary. In practice
we use a local multiplicative operator, for which the inverse exists. It is important that
intgrals over GTO's can be obtained e�ciently. The calculation of the metric matrix
over the auxiliary basis and the required inverses are not considered to be a bottleneck in
calculations of our current interest, as they are 2-index quantities. To obtain the 2-index
quantities, and the metric matrix M xy the indices run over the full size of the molecule,
and these steps scale asO(n2) and the matrices are dense. The prefactor is small because
they are 2-index quantities.

The key simpli�cation arises for the 3-center integrals. By using a short-range potential
the 3-center integrals decay, and the integrals are non-zero only if all three Gaussians
� � ; � � ; � x are relatively close together. In detail, this scalability arises because the orbital
� needs to be in proximity to � , showing the decay characteristics of the AO overlap
matrix. Additionally, the auxiliary index x is required to be spatially close to the(�; � )
pair due to the inherently short-range nature of these integrals. Hence, the complexity
for evaluating the short-range two-electron three-centered integral will be reduced toO(n),
wheren represents thenao . The prefactor of the scaling depends on the range parameter�
that is used. The accuracy of the approximation needs to be tested for actual calculations.

We have a number of considerations to be tested. The value of� is of interest, as well
as the decision to include the GTO correction to the short-range potential. The results of
the tests may be di�erent for the Coulomb and exchange contributions to the Fock matrix,
and the total energy.

2.2.1 Delta Correction in Metric Matrix

It should be noted that our approach introduces our RI error four times, as detailed in
Equation 2.27 . As a result, the metric matrix M may have lost some accuracy. To deal
with this, we suggest here to incorporate a� -correction within our metric matrix M xy .
This correction is predicated on revisiting our approximation strategy. We would like our
new approximation to be as accurate as the original DF approximation. We can adjust
the de�nition of the 2-center metric matrix as follows.

(�� jx)f r (xjy)� 1
f r (
� jy)f r � (�� jx)sr

�
M xy + � xy

�
(
� jx)sr (2.31)

If we multiply with the transpose of the short-range three-index integrals on both sides:

(�� jx)T
sr (�� jx)f r (xjy)� 1

f r (
� jy)f r (
� jx)T
sr � (�� jx)T

sr (�� jx)sr

�
M xy + � xy

�
(
� jx)sr (
� jx)T

sr

(2.32)

OT
xy (xjy)� 1

f r Oxy � PT
xy

�
M xy + � xy

�
Pxy (2.33)

To enhance the e�ciency and conciseness of integral calculations, least square �tting
has been introduced to the metric matrix to �nd the best-�tting curve to the two-electron
integrals [41, 11]. These improvements involve the de�nition of two new matrices,Pxy and
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Oxy , as follows:

Pxy =
X

��

(�� jx)sr (�� jy)sr (2.34)

Oxy =
X

��

(�� jx)f r (�� jy)sr (2.35)

The matrix P is positive de�nite and symmetric, but in practice it can have very small
eigenvalues. The equation for� can be expressed in terms of a residual matrix

R1 = OT
xy (xjy)� 1

f r Oxy � PT
xy M xy Pxy (2.36)

We can then solve for the correction�

� = ( P � 1
xy )R1P � 1

xy (2.37)

Because of the presence of small eigenvalues in thePxy matrix, this Algorithm A.1.8
employs the pseudo-inverse of thePxy matrix. When the eigenvalues (� ) are smaller than
the thresholdP of 10� 6, these eigenvalues are adjusted to zero, and the inverse ofPxy is
computed asP � 1 =

P
� 2 nonzero v� � � 1vT

� . The corrected metric matrix (Qxy ) should be
implemented with correction term,� , which is de�ne by:

Qxy = M xy + � xy (2.38)

R2 = OT
xy (xjy)� 1

f r Oxy � PT
xy Qxy Pxy (2.39)

This represents the new residualR2 after the correction has been applied. Ideally,R2

should be smaller thanR1, showing that the correction term � has e�ectively reduced
the inaccuracies in the metric matrix, thereby enhancing the overall precision of the two-
electron integral calculations.

This re�ned approach, which integrates the matricesPxy ; Oxy , and the corrected metric
matrix Qxy , should improve the precision of calculated two-electron integrals. Through
careful correction of inaccuracies with the term� and the utilization of sparse matrix
storage, this method strikes an optimal balance between computational e�ciency and the
accuracy essential for quantum chemistry simulation.

A disadvantage of inclusion of the correction is that it requires the calculation of the
full-range 3-center integrals. The key is that this has to be only once, and the integrals
can easily be processed in small batches (as discussed in a next chapter). The fact that
one should use a threshold because the matrixP is ill-conditioned is another drawback. In
the later result section, we will explore the e�ect of including this correction, to see if the
advantages are larger than the drawbacks.
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2.3 Implementation in PySCF

This section introduces the Int-Class, a key component of our algorithm, serving as a bridge
to both the PySCF package and the LibCint integral library, where it interfaces with C
and Fortran Application Programming Interface (API)s for computing one-electron and
two-electron integrals over Cartesian, real-spherical, and spinor Gaussian-type functions
[51, 52]. Especially, a lower-level function called `getints' which accepts `intor_name'
to specify the type of integrals (e.g., `int2e2c', `int2e3c' and `int2e4c'), is identi�ed as
particularly time-intensive in calculations.

Moreover, this section delves into benchmarking Hartree-Fock calculations against the
PySCF DF object. Speci�cally, we examine variations in� values and the incorporation of
GTO corrections to improve two-electron integral approximations. Furthermore, it explores
the de�nition of metric matrices, labeled asM xy and Qxy , aimed at re�ning the accuracy of
electron repulsion integral computations. The strategic use of these adjustable parameters,
metric matrices, and thresholds in harmony with the DF approach signi�cantly lowers
the computational demand and enhances the accuracy of ERIs estimations for extensive
molecular systems. The most important insight is there are no universally optimal values
for these parameters, hence the choices made during implementation are tailored to the
speci�c requirements of the computational task at hand. With this understanding, let us
now explore the impact of varying these parameters:

2.3.1 E�ciency

To optimize the computational e�ciency, these matrices are computed by block-sparse
format as outlined in Algorithm A.1.7 , and �nally will be stored in hard disk drives.
The approach to the molecular division will be further discussed in chapter 3. In this
scenario, our goal is to partition three-index integrals across both the� and � layers,
based on the number of atoms in each group, denoted byngatm .

Pxy =
nsliceX

s=1

ngatmX

k=1

ngatmX

j =1

(A j Bk jx)sr (A j Bk jy)sr (2.40)

Oxy =
nsliceX

s=1

ngatmX

k=1

ngatmX

j =1

(A j Bk jx)f r (A j Bk jy)sr (2.41)

The storage method for matrices,Pxy and Oxy , on hard drives utilizes a sparse matrix
format. This method speci�cally manipulates in the npz �le format, which is supported
by the SciPy package, to maximize storage e�ciency and optimize space utilization.

2.3.2 Accuracy

To analyze the accuracy under various parameters, we evaluate Exchange and Coulomb
integrals using our JK-Engine for Hartree-Fock (HF) calculations, comparing these results
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with the accuracy achieved using the PySCF density �tting (DF) method. More detailed
procedures of JK-Engine will be illustrated in the next chapter, with a current focus on
accuracy across di�erent settings. Below are the con�gurations set up for evaluation:

Basis set: cc-pVTZ or cc-pVDZ, with a particular focus on the cc-pVTZ basis set for
its importance in accurately modeling these molecular systems.

Auxiliary basis set: cc-pvtz-jk�t

Initial tests on small systems for: Our initial tests are carried out for small systems,
notably, H2O; C2H4; C2H6. These systems are large enough to test some critical aspects.
In addition, selected simulation systems are included (a non-interacting water dimer and a
long alkane chain with 20 carbon atoms) that are large enough that some of the short-range
integrals of(�� jx)sr with the long distance between(�; � ) pairs approach zero. Using these
initial test systems we investigate the following aspects:

Important Aspects for Benchmarking:

ˆ Calculation of the K-matrix (Exchange matrix, K �� ).

ˆ Calculation of the J-matrix (Coulomb matrix, J�� ).

ˆ Determination of the total electronic energyE and exchange energyEex through the
following equations:

E =
1
2

Tr (ĥ�� + F�� ) � D �� (2.42)

Eex = �
1
2

Tr (K �� � D �� ) (2.43)

where the term Tr stands for the trace of a matrix, which is the sum of the elements
on the matrix's main diagonal.

ˆ Reference benchmarking is conducted using Pyscf with the density �tting (DF) ap-
proach, a method chosen for its e�ective error cancellation capabilities inherent in
the resolution of identity (RI) approach. This involves the instantiation of a density
�tting object ( 0dfobj = df:DF (Mol ):build()0).

We explore several variations in our JK-Engine approach, which include:

a) The choice of a decay constant (� ) in the complementary error function for range-
separated Coulomb potential:0:1; 0:2; 0:3; � � � 2:0; 5:0; 10:0; 15:0; 20:0; 100.

b) The choice of inclusion of Gaussian correction term (Vgtg(r12)).

c) The choice of the threshold for pseudo inversion (ThreshP).

d) The choice to include a least squares �tting correction term (� -correction term),
which involves selecting either the metric matrixM xy or Qxy .
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f) Validation on additional molecules , including A. Glycine(C2H5NO2), B. Toluene(C6H5CH3),
C. (3Z,5Z,7Z,9Z,11Z)-12-aminododeca-3,5,7,9,11-pentaen-2-one(C12H15NO), and D.
Benzophenone((C6H5)2C= O)).

Optimal Settings: We �nd that lower values of � present more challenges in compu-
tational cost but lead to greater accuracy. It is recommended to evaluate options b), c),
and d) to determine the optimal value of� for speci�c tasks. These di�erent values of�
should then be used in subsequent calculations for improved accuracy and performance.

a) Variations of the Parameter �

Figure 2.1 through Figure 2.8 present the logarithm of di�erences in calculated values
for exchange integrals (K M � K pyscf), Coulomb integrals (JM � Jpyscf), exchange energies
(Eex, M � Eex, pyscf), and electronic energies (Eelec, M � Eelec, pyscf), between our JK-Engine
with metric matrix M xy and JK from PySCF DF method, utilizing di�erent � parame-
ters with the range from 0:1 to 100. Furthermore, Appendix B, containing Tables B.1,
B.2, B.3, B.4 , presents speci�c values of these discrepancies. The maximum absolute
discrepancies between the JK-Engine and the DF approach from PySCF are computed to
lie within the 10� 5 to 10� 2 range for exchange integrals, denoted asK �� . These discrep-
ancies were observed across several� values, from 0.1 to 20, for small molecular systems
including the water monomer, water dimer, ethane, and ethylene. Additionally, the dark
blue curve inFigure 2.9 illustrates the decrease in the number of non-zero (NNZ) entries
of short-range integral slice(�B jx)sr as the value of� parameter increases in a relatively
large molecular systemC20H42. Consequently, this reduction in minor entries may lead to
a decrease in the precision of our algorithm, shown inTable 2.1 .

It is noted that a lower value of� leads to increased accuracy and computational cost for
both exchange and Coulomb integrals. Conversely, larger� values signi�cantly reduce the
e�ective range of the short-range potential, thus increasing the sparsity of the short-range
integrals (�� jx)sr and o�ering computational e�ciency advantages.
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Figure 2.1: Comparative Analysis of Er-
ror Metrics Between JK-Engine Algorithm
with the metric matrix M xy and Density Fit-
ting Object from PySCF for Water Monomer
H2O under various� values in cc-pVTZ ba-
sis set and cc-pvtz-jk�t auxiliary basis set.

Figure 2.2: Comparative Analysis of Er-
ror Metrics Between JK-Engine Algorithm
with the metric matrix M xy and Density Fit-
ting Object from PySCF for Water Monomer
H2O under various� values in cc-pVTZ ba-
sis set and cc-pvtz-jk�t auxiliary basis set

Figure 2.3: Comparative Analysis of Er-
ror Metrics Between JK-Engine Algorithm
with the metric matrix M xy and Density Fit-
ting Object from PySCF for Water Dimer
(H2O)2 under various � values in cc-pVTZ
basis set and cc-pvtz-jk�t auxiliary basis set.

Figure 2.4: Comparative Analysis of Er-
ror Metrics Between JK-Engine Algorithm
with the metric matrix M xy and Density Fit-
ting Object from PySCF for Water Dimer
(H2O)2 under various � values in cc-pVTZ
basis set and cc-pvtz-jk�t auxiliary basis set
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Figure 2.5: Comparative Analysis of Error
Metrics Between JK-Engine Algorithm with
the metric matrix M xy and Density Fitting
Object from PySCF for C2H4 under various
� values in cc-pVTZ basis set and cc-pvtz-
jk�t auxiliary basis set.

Figure 2.6: Comparative Analysis of Error
Metrics Between JK-Engine Algorithm with
the metric matrix M xy and Density Fitting
Object from PySCF for C2H4 under various
� values in cc-pVTZ basis set and cc-pvtz-
jk�t auxiliary basis set

Figure 2.7: Comparative Analysis of Error
Metrics Between JK-Engine Algorithm with
the metric matrix M xy and Density Fitting
Object from PySCF for C2H6 under various
� values in cc-pVTZ basis set and cc-pvtz-
jk�t auxiliary basis set.

Figure 2.8: Comparative Analysis of Error
Metrics Between JK-Engine Algorithm with
the metric matrix M xy and Density Fitting
Object from PySCF for C2H6 under various
� values in cc-pVTZ basis set and cc-pvtz-
jk�t auxiliary basis set
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� K M � K pyscf K Q � K pyscf JM � Jpyscf JQ � Jpyscf

0.6 1:08� 10� 4 1:08� 10� 4 3:52� 10� 2 9:31� 10� 3

1 8:95� 10� 4 8:79� 10� 4 5:96� 10� 2 1:36� 10� 2

5 4:82� 10� 3 4:60� 10� 3 2:20� 10� 1 9:04� 10� 2

10 2:78� 10� 2 2:74� 10� 2 2:73� 10� 1 1:45� 10� 1

15 9:94� 10� 2 9:93� 10� 2 3:83� 10� 1 3:26� 10� 1

20 2:68� 10� 1 2:67� 10� 1 5:84� 10� 1 5:83� 10� 1

50 5:93 5:93 3:23 3:23
100 5:03� 10 5:03� 10 8:30� 10 8:30� 10

Table 2.1: Discrepancies between JK-Engine and PySCF DF method forC20H42 under
various � values in cc-pVDZ basis set and cc-pvtz-jk�t auxiliary basis set.

Figure 2.9: Comparative Analysis of Non-Zero Entries in JK-Engine Algorithm with the
metric matrix M �� for C20H42 under various� values in cc-pVDZ basis set and cc-pvtz-jk�t
auxiliary basis set.
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b) Variations in Gaussian Corrections Vgtg (r12)

Molecules K M � K pyscf JM � Jpyscf Eex, M � Eex, pyscf Eelec, M � Eelec, pyscf

(H2O)1 2:04� 10� 3 3:55� 10� 2 5:51� 10� 4 4:05� 10� 3

(H2O)2 2:04� 10� 3 4:05� 10� 2 1:10� 10� 3 9:14� 10� 3

C2H4 3:29� 10� 3 7:36� 10� 2 8:18� 10� 4 8:95� 10� 3

C2H6 1:92� 10� 3 4:48� 10� 2 7:13� 10� 4 8:19� 10� 3

Table 2.2: Discrepancy Evaluation Between JK-Engine without Gaussian Germinal Cor-
rections (Vgtg(r )) and Density Fitting in PySCF for Various Molecules: This table shows
the di�erences in computed values for exchange and Coulomb integrals, exchange energies,
and electronic energies between the JK-Engine algorithm, employing the metric matrix
M �� , and the Density Fitting approach in PySCF. These calculations were performed un-
der the setting of � = 0:6 with the cc-pVTZ basis set and the cc-pvtz-jk�t auxiliary basis
set for molecules including water clusters, ethane, and ethylene.

Molecules K M,gtg � K pyscf JM,gtg � Jpyscf Eex, gtg � Eex, pyscf Eelec, gtg � Eelec, pyscf

(H2O)1 6:47� 10� 4 1:34� 10� 2 1:37� 10� 4 1:43� 10� 3

(H2O)2 6:47� 10� 4 1:56� 10� 2 2:75� 10� 4 3:30� 10� 3

C2H4 1:01� 10� 3 2:21� 10� 2 3:25� 10� 4 3:40� 10� 3

C2H6 5:27� 10� 4 1:41� 10� 2 2:69� 10� 4 2:70� 10� 3

Table 2.3: Discrepancy Evaluation Between JK-Engine with Gaussian Germinal Correc-
tions (Vgtg(r )) and Density Fitting in PySCF for Various Molecules: This table shows the
di�erences in computed values for exchange and Coulomb integrals, exchange energies, and
electronic energies between the JK-Engine algorithm, employing the metric matrixM �� ,
and the Density Fitting approach in PySCF. These calculations were performed under the
setting of � = 0:6 with the cc-pVTZ basis set and the cc-pvtz-jk�t auxiliary basis set for
molecules including water clusters, ethane, and ethylene.

In the context of evaluating the impact of Gaussian-Type Germinal (GTG) correc-
tions on computational accuracy, the JK-Engine algorithm includes a Boolean parameter,
JKEngine:gtg , which can be set to True or False. This parameter dictates whether the
short-range three-centered integrals are adjusted for GTG corrections.Table 2.2 illus-
trates the discrepancy analysis in the absence of GTG corrections, contrasting the JK-
Engine algorithm calculated values with those from PySCF DF method. On the other
hand, Table 2.3 represents the results where GTG corrections are applied to the short-
range DF integrals. The discrepancies in calculated values for exchange and Coulomb
integrals, exchange energies, and electronic energies between the two methods are docu-
mented under the same computational conditions, speci�cally an� value of 0.6, and using
both the cc-pVTZ basis set and the cc-pvtz-jk�t auxiliary basis set for a set of molecules.

Vsr _ gtg(r12) = Vsr (r12) + Vgtg(r12)

=
erfc(� jr12j)

jr12j
+ X 0e� 
 jr 12 j2 (2.44)
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When comparing the two tables, the calculations with GTG corrections (Table 2.3 )
consistently yield more accurate results for exchange and Coulomb integrals, exchange en-
ergies, and electronic energies. To improve the accuracy of future computational analyses,
the parameterJKEngine:gtg will be set to True as default.

c) Variations in the Value of ThreshP

As detailed in the previous discussion, a novel approach for representing e�ective range
integrals (ERIs) through the use of short-range three-centered integrals and the metric
matrix M xy addresses the resolution of identity (RI) errors, denoted asR1:

OT
xy (xjy)f r � 1Oxy � PT

xy (M xy + �) Pxy (2.45)

R1 = OT
xy (xjy)� 1

f r Oxy � PT
xy M xy Pxy (2.46)

To mitigate RI errors, we introduce a� -correction, aiming to enhance the alignment with
full-range two-electron integrals. The calculation of� -corrections involves the pseudo-
inverse of thePxy matrix. Signi�cantly, the selection threshold for non-zero eigenvalues
within the pseudo-inverse algorithm plays an important role in determining the accuracy
of exchange and Coulomb integrals.

� = ( P � 1
xy )T R1P � 1

xy (2.47)

R2 = OT
xy (xjy)� 1

f r Oxy � PT
xy (M xy + �) Pxy (2.48)

Figures 2.10, 2.11, 2.12, 2.13 depict the logarithm of di�erences in computed values for
exchange (K Q � K pyscf) and Coulomb integrals (JQ � Jpyscf), exchange energies (Eex, Q �
Eex), and electronic energies (Eelec, Q � Eelec) between the JK-Engine algorithm and the
Density Fitting approach in PySCF, across di�erent pseudo-inverse thresholds denoted
as threshP . These computations were conducted using the settings� = 0:6, the cc-
pVTZ basis set, and the cc-pvtz-jk�t auxiliary basis set for various molecular systems
including water clusters, H2O, (H2O)2, ethane C2H4, and ethyleneC2H6. Speci�cally,
Tables B.5, B.6, B.7, B.8 in Appendix B illustrate the impact of varying the pseudo-
inverse threshold (threshP ) on the RI errors, particularly the least squares �tting errorR2,
within water clusters, ethane, and ethylene molecular systems. In principle, the optimal
choice ofthreshP minimizes R2, thereby enhancing the accuracy of the JK-Engine using
metric matrix Qxy in simulating electronic interactions within these molecules. Although
some ofthreshP values signi�cantly reduce the least squares �tting errorR2, they do
not signi�cantly alter the overall accuracy of the calculations for exchange and Coulomb
integrals. Ultimately, the optimal threshP values for minimizing RI errors, which are
depicted as the minimum points inFigures 2.10 to 2.13 , fall within the range of 10� 4

to 10� 6. The metric matrix Qxy employs a default value of10� 4 for ThreshP.
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Figure 2.10: Error Analysis Between JK-
Engine with the metric matrix Qxy and Den-
sity Fitting Object in PySCF for Various
Threshold in the inversion of Pxy Matrix,
threshP for Water Monomer (H2O).

Figure 2.11: Error Analysis Between JK-
Engine with the metric matrix Qxy and Den-
sity Fitting Object in PySCF for Various
Threshold in the inversion of Pxy Matrix
threshP for Water Dimer (H2O)2.

Figure 2.12: Error Analysis Between JK-
Engine with the metric matrix Qxy and Den-
sity Fitting Object in PySCF for Various
Threshold in the inversion of Pxy Matrix
threshP for Ethylene (C2H4).

Figure 2.13: Error Analysis Between JK-
Engine with the metric matrix Qxy and Den-
sity Fitting Object in PySCF for Various
Threshold in the inversion of Pxy Matrix
threshP for Ethane (C2H6).
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d) Variations in the Metric Matrices M xy and Qxy

Molecules K M � K pyscf JM � Jpyscf Eex, M � Eex, pyscf Eelec, M � Eelec, pyscf

(H2O)1 6:47� 10� 4 1:34� 10� 2 1:37� 10� 4 1:43� 10� 3

(H2O)2 6:47� 10� 4 1:56� 10� 2 2:75� 10� 4 3:30� 10� 3

C2H4 1:01� 10� 3 2:21� 10� 2 3:25� 10� 4 3:40� 10� 3

C2H6 5:27� 10� 4 1:41� 10� 2 2:69� 10� 4 2:70� 10� 3

Mols K Q � K pyscf JQ � Jpyscf Eex, Q � Eex Eelec, Q � Eelec

(H2O)1 3:22� 10� 4 6:57� 10� 3 1:82� 10� 4 1:30� 10� 3

(H2O)2 1:11� 10� 3 1:02� 10� 2 5:41� 10� 4 1:90� 10� 2

C2H4 8:13� 10� 4 2:08� 10� 2 5:42� 10� 4 7:37� 10� 3

C2H6 6:50� 10� 4 1:77� 10� 2 5:21� 10� 4 3:30� 10� 3

Table 2.4: Error Analysis Between JK-Engine with the metric matrixM xy and Density
Fitting Object in PySCF for Various Molecules: This table shows the di�erences in com-
puted values for exchange and Coulomb integrals, exchange energies, and electronic energies
between the JK-Engine algorithm, and the Density Fitting approach in PySCF. These cal-
culations were performed under the setting of� = 0:6 with the cc-pVTZ basis set and the
cc-pvtz-jk�t auxiliary basis set for molecules including water clusters, ethane, and ethylene.
The default threshP = 10� 4 is used.

Molecuels (R1)max (R2)max

(H2O)1 43.8 0.012
(H2O)2 43.8 3.067
C2H4 65.4 0.412
C2H6 147.3 0.291

Table 2.5: Error Analysis Between JK-Engine with the metric matrixQxy and Density
Fitting Object in PySCF for Various Molecules: This table indicates the di�erences in
computed values for exchange and Coulomb integrals, exchange energies, and electronic
energies between the JK-Engine algorithm, and the Density Fitting approach in PySCF.
These calculations were performed under the setting of� = 0:6 with the cc-pVTZ basis
set and the cc-pvtz-jk�t auxiliary basis set for molecules including water clusters, ethane,
and ethylene. The defaultthreshP = 10� 4 is used

Table 2.4 provides comparative error analysis for di�erent molecules using metric ma-
trix Qxy and M xy respectively, in contrast to the standard PySCF density �tting object.
The observed di�erences are due to the cumulative approximations within the RI errors,
particularly regarding the transformed two-electron two-centered integrals. The di�erences
between these transformed integrals, denoted byOT

xy (xjy)� 1
f r Oxy , and the transformed met-

ric matrices PT
xy M xy Pxy and PT

xy Qxy Pxy , are represented as residualsR1 and R2. These
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residuals are de�ned as:

R1 = OT
xy (xjy)� 1

f r Oxy � PT
xy M xy Pxy (2.49)

R2 = OT
xy (xjy)� 1

f r Oxy � PT
xy Qxy Pxy (2.50)

As shown in Table 2.5 , applying the � -correction substantially reduces the maxi-
mum residuals fromR1 and R2 in the �tting process. However, the Hartree-Fock analysis
demonstrates only slight adjustments, containing exchange integrals, Coulomb integrals,
exchange energy, and electronic energy. This is a surprising result. It indicates that certain
two-electron integrals can be improved, but apparently these integrals are not very impor-
tant in actual calculations. The necessary use ofthreshP is inconvenient and somewhat
suspect, while additionally, the application of� corrections introduces extra computational
burdens. In particular the calculation of full-range two-electron three-centered integrals
(�� jx)f r during the computation and storage ofPxy and Oxy matrices is computation-
ally expensive. Therefore, we recommend against incorporating� corrections into our
JK-Engine algorithm for future calculations, while continuing to utilize the metric matrix
M xy .

We can phrase this conclusion in a more positive fashion. Apparently, it is very hard
to systematically improve on the metric matrixM that we derived by inserting an approx-
imate resolution of the identity four times. This is not the result we anticipated, but it is
a nice bolstering of the mathematical robustness of the applied RI technique.

f) Validation on Additional Molecular Systems

Figure 2.14: Further validation of the JK-Engine Algorithm is demonstrated through its
application to four distinct molecules: A. Glycine(C2H5NO2), B. Toluene(C6H5CH3),
C. (3Z,5Z,7Z,9Z,11Z)-12-aminododeca-3,5,7,9,11-pentaen-2-one(C12H15NO), and D.
Benzophenone((C6H5)2C= O) [8].
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The general applicability of the JK-Engine algorithm is demonstrated through its test-
ing on additional molecular systems, including glycine (C2H5NO2), toluene (C6H5CH3),
12-aminododeca-3,5,7,9,11-pentaen-2-one(C12H15NO), and Benzophenone((C6H5)2C= O)
shown inFigure 2.14 . This broadening to various molecules, as illustrated inTable 2.6 ,
highlights the algorithm's consistent accuracy, with di�erences between the JK-Engine and
the Density Fitting approach in PySCF. Such results showcase the algorithm's adaptability
and its potential for dependably precise applications across extensive molecular systems.

Molecules K M � K pyscf JM � Jpyscf Eex, M � Eex Eelec, M � Eelec

C2H5NO2 5:48� 10� 4 2:63� 10� 2 2:16� 10� 4 5:17� 10� 3

C6H5CH3 4:47� 10� 4 5:61� 10� 2 2:45� 10� 4 8:30� 10� 3

C12H15NO 7:64� 10� 4 6:95� 10� 2 4:77� 10� 3 1:77� 10� 2

(C6H5)2C= O 4:20� 10� 3 3:21� 10� 2 7:27� 10� 4 5:04� 10� 3

Molecules K Q � K pyscf JQ � Jpyscf Eex, Q � Eex Eelec, Q � Eelec

C2H5NO2 4:01� 10� 4 2:68� 10� 2 1:10� 10� 4 1:58� 10� 3

C6H5CH3 6:47� 10� 4 1:56� 10� 2 2:75� 10� 4 3:30� 10� 3

C12H15NO 6:71� 10� 4 6:49� 10� 2 4:77� 10� 4 1:66� 10� 2

(C6H5)2C= O 3:01� 10� 3 3:02� 10� 2 3:25� 10� 4 3:40� 10� 3

Table 2.6: Validation Analysis Between JK-Engine and Density Fitting Object in PySCF
for Various Molecules on Additional Molecular System: This table shows the di�erences
in computed values for exchange and Coulomb integrals, exchange energies, and electronic
energies between the JK-Engine algorithm, and the Density Fitting approach in PySCF.
These calculations were performed under the setting of� = 0:6 with the cc-pVTZ basis
set and the cc-pvtz-jk�t auxiliary basis set for molecules including glycine, toluene, 12-
aminododeca-3,5,7,9,11-pentaen-2-one, and benzophenone.

In conclusion, this chapter emphasizes the critical role of parameter selection in opti-
mizing Hartree-Fock calculations within the PySCF framework, particularly through the
JK-Engine algorithm. The �ndings highlight several key insights for future analysis:

ˆ � Parameter: Adjusting � impacts accuracy and e�ciency. Lower� improves accu-
racy but increases the computational load, ideal for precise simulations. Higher�
boosts e�ciency, suitable for simulations with approximations.

ˆ � Corrections: These corrections provide minimal accuracy improvements at a high
computational cost of full-range three-index integrals(�� jx)f r . Therefore, we rec-
ommend excluding� corrections in metric matrix to reduce computational e�orts.

ˆ GTG Corrections: They can enhance accuracy for two-electron integrals and should
be considered as default selection based on computational goals and molecule speci�cs.

The single parameter� plays the key role in the approximation and provides a trade-o�
between accuracy and e�ciency. An interesting observation is that no single� parameter
value is universally optimal; therefore, the selection of� parameters during implementation
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might be customized to meet the unique demands of the computational task. Let us analyze
the selection of the� value for speci�c tasks:

Initially, for the starting geometry optimization of the molecule, precision is less critical
as it's a rough approximation. Therefore, to expedite the optimization process, we can opt
for a larger � value, prioritizing speed over accuracy. Secondly, when calculating the
total energy at optimized geometry or conducting single-point energy calculations, a high
degree of accuracy is required, so we should employ a smaller� value to ensure precise
results. Thirdly, the cluster-in-molecule (CiM) developed by the Nooijen group employs
the exchange matrix K �� to establish the orbital domain. Since the orbital selection
scheme does not require highly accurate results, a larger� value can be selected to enhance
computational e�ciency.

In conclusion, no single� value is universally optimal; the appropriate choice varies
based on the speci�c computational context. Our Int-Class package, which employs Object-
Oriented Programming (OOP), makes adjusting� straightforward for diverse applications.
To �nd an equilibrium between accuracy and computational e�ciency, we will explore�
values of1:0, 5:0, and 10:0 in Chapter 4, focusing on their impact on timing and memory
consumption.
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Chapter 3

Calculation of Exchange Matrix
using Short-range Integrals

Hartree-Fock (HF) theory approximates the system's wave function as a single determinant
by determining the occupied molecular orbitals that minimize the total energy of the
system. This leads to the formulation of the Self-Consistent Field (SCF) method, which
iteratively solves the HF equations to �nd these occupied orbitals. The core of the SCF
method involves computing the Fock matrixF�� in the AO basis set, which is derived from
a set of occupied orbitals [53]. The Fock matrix involves three terms: bare hh�� , Coulomb
matrix J�� , and exchange matrixK �� . For closed-shell molecules the equations are given
as:

F�� = h�� + 2J�� � K �� (3.1)

K �� =
X


;�

(�
 j�� )D 
;� (3.2)

J�� =
X


;�

(�� j�
 )D 
;� (3.3)

Here we used that the density matrix is formed from the� -spin orbitals only, as it is
a closed-shell system. As we mentioned in the previous chapter, the two-electron four-
index repulsion integrals are simpli�ed by representing the term of short-range three-index
integral with DF approximation:

(�� j
� ) �
X

x;y
(�� jx)sr Qxy (
� jy)sr (3.4)

Here (�
 jx)sr are the short-range three-center integrals, andQxy (usually just M xy ) is the
metric matrix with the RI approximation as discussed in the previous chapter.

When the matrix-RI approximation with short-range integrals is used for the exchange
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calculations, one obtains:

K �� =
X


;�

X

x;y
(�
 jx)sr Qxy (�� jy)sr D 
;� (3.5)

To achieve additional e�ciencies in the calculation of the exchange matrix the density ma-
trix D 
;� is decomposed asD 
;� =

P
� L 
� LT

�� , whereL 
� are occupied localized molecular
orbitals (LMO). There are various methods available for obtaining these LMOs, including
the Foster-Boys localization technique, the Cholesky decomposition of the density matrix,
and the Pipek-Mezey (PM) algorithm.

K �� =
X


;�

X

x;y

X

�
(�
 jx)sr Qxy (�� jy)sr L 
� L �� (3.6)

Next, we introduce the intermediate integrals, denoted asI (�x j� ), to streamline the
calculation of the exchange contribution. These intermediates are de�ned as follows:

I (�x j� ) =
X



(�
 jx)sr L 
� ; (3.7)

To calculate this intermediate in practice, it is convenient to resort the primitive localized
3-index integrals, which will be reused many times in the process of SCF iterations, or in
the process of a CiM calculation. We will indicate this through a permutation of indices,
e.g.

I (�x j� ) =
X



(�x j
 )sr L 
� ; (3.8)

The purpose of these intermediate integrals is to simplify the exchange contribution, which
can now be expressed as:

K �� =
X

x;y

X

�
I (�x j� )Qxy I (�y j� ) (3.9)

At this point, it is of interest to analyse what has been achieved in the reformulation.
If the LMO are well localized and e�cient short-range integrals are used, the intermediate
I (�x j� ) has a localized nature, where all of the contributing AO's� and auxiliary basis
functions x are in the vicinity of the localized orbital � . The intermediate elementsI (�x j� )
can be calculated a few LMOs� at a time (localized in a similar fashion), and the contri-
butions to the exchange matrix can be obtained. Sincex is localized only a subset ofQxy

are needed in the assembly ofK . We will use sparse matrix techniques to only sum over
entries that fall above a threshold. The main challenge is to formulate a precise algorithm
that is both memory- and time-e�cient. This will be discussed in the remainder of this
chapter.

Although the exchange algorithm has been improved through the application of short-
range three-index integrals using RI approximations, challenges related to memory issues
persist. The main cause of the "out-of-memory", Out-of-Memory (OOM) problem is the

35



computation of three-index integrals, speci�cally(�x j� ) and I (�x j� ), which require a
large amount of memory. These integrals lead to a space complexity on the order ofO(n3),
resulting in a rapid increase in memory demand as the system size grows.

To address this memory issue, this chapter will dive into another main class in my
algorithm, JK-Engine, by using short-range integrals. This class represents a cornerstone
of our computational framework, which is designed to e�ciently process two-electron in-
tegrals for quantum chemistry calculations. Previous e�orts by our group, inspired by
Mike Lecours' exploration of block-sparse structures in molecules, partitioned three-index
integrals using a �xed set of atoms across a single layer. Our new approach expands on
this by employing �exible grouping algorithms that partition large molecules into segments
based on heavy atoms across all three layers,(A j B i jX k), encompassing� , � , and x. Addi-
tionally, we transform dense three-leg tensors into block-sparse two-leg matrices within our
JK-Engine, which enhances both computational speed and memory e�ciency. Through a
detailed exploration of new data types and JK algorithms, this chapter outlines the chal-
lenges of handling a large amount of data and the strategies employed to manage memory
usage e�ectively, ensuring the algorithm's applicability to large molecular systems.

3.1 New Data Type in Two-electron Integrals

In this section, we explore a novel approach to managing and calculating two-electron
short-range integrals, a preparation stage of JK-Engine. At the heart of this method
is the transition from traditional dense tensor representations of short-range integral to
a more e�cient and scalable sparse matrix format. This transformation is essential in
addressing the intensive computational and memory challenges posed by the increasing
size of molecular systems. There are a number of techniques we employed in our JK-
Engine. We �rstly investigated the grouping algorithm to organize the computational
workload around the concept of heavy atoms and adjacent hydrogen atom clusters. The
conversion process from three-dimensional tensors to two-dimensional sparse matrices is
detailed, highlighting the clever use of index transformation and aggregation techniques to
maintain the accuracy and block manipulation of the integral data. This methodology not
only optimizes storage and computational resources but also sets the preliminary stage for
advanced operations in the calculation of exchange and Coulomb matrices.

3.1.1 Dynamic Grouping Algorithm

The critical step in the preparation procedure is to convert the three-index two-electron
short-range integral with the Gaussian correction, three-dimensional tensor, to a sparse
matrix with COO. The three-dimensional tensor (or rank 3 tensor) can be considered
as a cuboid with edgesa; b; cand containsabc elements, shown inFigure 3.1 . In this
case, the short-range integral(�� jx) has nao � nao � nnaux elements, wherenao represents
the number of AO andnnaux represents the number of auxiliary orbitals. As the size of
the input molecules increases, the memory requirements for calculating these short-range
integrals exceed the available memory, leading to out-of-memory errors.
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Figure 3.1: Tensors with di�erent ranks [12]

To mitigate the issue of high RAM usage during calculations, the integrals will be sliced
based on heavy atoms (non-hydrogen elements such as carbon, nitrogen, and oxygen) and
their related adjacent hydrogen atoms. This method initially categorizes integral groups
by the speci�c number of heavy atoms to determine the index range of AOs associated
with the atoms within these segments. Each segment's integral will be centered around
either a single heavy atom up to a few heavy atoms, depending on our preference for ease
of handling.

To group the heavy atoms with adjacent hydrogen atoms, the preparation procedure is
to compute the distance matrix for a set of points (atoms in this case) in a 3D space. The
distance d between any two atomsPi : (x i ; yi ; zi ) and Pj : (x j ; yj ; zj ) in a 3D Euclidean
space is calculated by the Euclidean distance formula:

d(Pi ; Pj ) =
q

(x i � x j )2 + ( yi � yj )2 + ( zi � zj )2 (3.10)

The Algorithm A.1.1 computes a distance matrixd, where the elementdij represents
the pairwise distance between two atomsPi and Pj , thus:

d =

2

6
6
6
6
4

d(P1; P1) d(P1; P2) � � � d(P1; Pn )
d(P2; P1) d(P2; P2) � � � d(P2; Pn )

...
...

. . .
...

d(Pn ; P1) d(Pn ; P2) � � � d(Pn ; Pn )

3

7
7
7
7
5

(3.11)

Figure 3.2: Segmentation of Alkane Chains: An Algorithmic ApproachA.1.2 to Identifying
Groups within Nonane(C9H20) and Octane(C8H18) with nheavy =2

For each group of heavy atoms, theAlgorithm A.1.2 aims to identify chunks within
nheavy in the whole molecule, speci�cally looking for hydrogen atoms within a threshold
distance dij from any atom in the heavy atom group. Upon identifying these segments,
the algorithm consolidates each group, containing both the heavy atom or atoms and
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their proximate hydrogen atoms, sorts them, and then incorporates these sorted groups
into the overall list of atom groups. TheFigure 3.2 shows a grouping algorithm that
categorizes the carbon atoms into slices, with each slice containing two carbon atoms, as
indicated by the rectangles drawn around pairs of carbon atoms. The molecule nonane
(C9H20) comprises a total of5 slices, denoted asnslice , while the molecule octane (C8H18)
comprises a total of4 slices.

Notation Description in the pseudo algorithm
�; � atomic orbital functions
x; y auxiliary basis functions
�; � localized molecular occupied orbitals
A; B atomic orbital functions within a speci�c segment
X; Y auxiliary basis functions within a speci�c segment
V localized molecular occupied orbitals within a speci�c segment

Table 3.1: List of symbols used in JK-Engine calculations

After slicing the molecule, the next step involves computing the short-range three-
centered integrals for these segments, denoted as(AB jX )sr , whereA; B , and X represent
the speci�c atomic orbitals and auxiliary orbitals within the slice, shown inTable 3.1 . For
the exchange algorithm, it is necessary to preliminary compute the short-range integrals
(�B jx)sr slicing along the� dimension. These three-dimensional integrals are aggregated
by (AB jX )sr along the � and x dimension, then transformed into two-dimensional sparse
matrices, denoted as(�x jB )sr . These matrices are eventually stored on a hard disk.

(�B jx)sr = [ nslice
j =1 [ nslice

k=1 (A j BjX k)sr (3.12)

The Algorithm A.1.4 details the process of aggregating all segmented integrals(AB jX )sr
into larger segmented integrals,(�B jx)sr, through the union of segments.

3.1.2 Conversion from Tensor to Sparse Matrix

Currently, the Python packages SciPy and NumPy do not o�er a robust solution for the
multiplication of three-dimensional and higher-dimensional sparse matrices. Although the
0einsum0 function in NumPy allows for summation across dimensions in dense matrices,
this method is not e�cient enough for our speci�c needs. To address this challenge, Haobo
Liu introduced a Tile structure by iterating over each auxiliary orbital x with three-index
tensors [54]. In our innovative algorithm, we suggest using a new data structure to en-
capsulate these higher-dimensional tensors as sparse 2D matrices, with iteration over each
block of heavy atoms.

The novel method for managing these higher-rank tensors entails converting them into
2D dense matrices through index reorganization. After the computation of(AB jX )sr ,
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Figure 3.3: The three-centered block-sparse tensor quantity(�� jx) in preliminary stage[8].

these segment-speci�c three-dimensional tensors are �rst converted into sparse matrices via
index transformation. Speci�cally, the indices� and � are amalgamated to act as a row
index, while the index ofx is designated as a column index. To represent the transformed
compounded matrix(AB ; X )sr , we will introduce a new notation by employing a semicolon
for its representation.

idx row = idx � � nao+ idx � (3.13)

idx coln = idx x (3.14)

3.1.3 Sparse Matrix Format and Storage

During implementation, some valuable contributions in our algorithms, such as short-range
three-index integrals(�� ; x) and some intermediate integrals, are always conducted in a
large block-sparse matrix format, making computations expensive during operations. The
sparse-block matrix has high sparsity, even up to 95%, and only 5% of elements have non-
zero values in dense blocks. Speci�cally, an appropriate data structure for a block-sparse
matrix, which includes element organization, conduction, and storage format, allows the
algorithms of matrix operations like multiplication to be precise and economical.

Considering the importance of operational e�ciency and memory utilization, the sparse
matrix format is an important feature of the implementation. There are three basic data
structures to store sparse matrix, COO, CSR, and CSC. The COO format is the most
straightforward method where it only stores the information of non-zero elements. This
includes the value of these elements along with their respective row and column indices,
shown in Figure 3.4 .

Although the COO format is user-friendly and easy to understand due to its straight-
forward storage of non-zero elements, it is not as e�cient for matrix operations like multi-
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plication or inversion. In contrast, the CSR format is much more economical for arithmetic
operations and row slicing, whereas CSC format is optimized for column-wise operations.
The CSR contains three arrays, shown inFigure 3.5, 3.6 , an array of non-zero values, an
array of column indices corresponding with non-zero elements, and an array of row index
pointers. These row index pointers indicate the start index within the value array for each
row, enhancing its e�ciency for row-oriented operations. The CSC format utilizes a similar
strategy, shown inFigure 3.7, 3.8 .

Figure 3.4: The COO format is utilized to represent non-zero elements within a sparse
matrix. For instance, for a non-zero element valued at 2, it records the row index as 1 and
the column index as 2 [13].

Figure 3.5: The CSR format is utilized to
represent non-zero elements within a sparse
matrix. For instance, for a non-zero element
valued at 2, it records the row index as 1 and
the index pointer as 2 [13].

Figure 3.6: Another representation of non-
zero elements in a sparse matrix using the
CSR format [13].

40



Figure 3.7: The CSC format is utilized to
represent non-zero elements within a sparse
matrix. For instance, for a non-zero element
valued at 8, it records the column index as
0 and the index pointer as 1 [13].

Figure 3.8: Another representation of non-
zero elements in a sparse matrix using the
CSC format [13].

In our algorithm, the intermediate short-range integrals(�B ; x) will be stored on a hard
disk in the COO format. This format is selected for its convenience in updating indices
during the aggregation process. Additionally, as part of our preprocessing steps after
converting from a dense to a sparse matrix, we implement a strategy to eliminate zero
elements that fall below a certain threshold. This step is crucial for addressing numerical
precision issues for tiny values (which are smaller than1 � 10� 5) and optimizing storage
e�ciency. This elimination process is executed within our algorithm after every conversion
of a dense matrix to a sparse matrix.Algorithm A.1.3 details the speci�c steps involved
in removing zero entities.

According to Equation 3.12 , it is necessary to transform the row and column index
of non-zero elements of each sparse matrix slice(AB ; X )sr , during the aggregation of these
sparse matrices into a larger sparse matrix representing the entire(aB; x)sr integral set.
The row indices for each slice's sparse matrix (ABX:row ) are adjusted by adding an o�set,
equal to the cumulative sum of the number of atomic orbitals along� dimension (nA )
in previous slices multiplied by the number of atomic orbitals along� dimension (nB )
in the slice, e�ectively mapping the local slice-based row indices to the global integral
matrix ( idx global_ row ). In contrast, the column indices (ABX:col ) are adjusted by adding
an o�set equal to the cumulative sum of the number of auxiliary basis functions (nX ) in
previous slices, mapping the local slice-based column indices to the global column indices
(idx global_ coln ) in the combined sparse matrix.

idx global_ row = ABX:row + (
k� 1X

i =0

nA i ) � nB k (3.15)

idx global_ coln = ABX:coln + (
k� 1X

i =0

nX i ) (3.16)

This indices adjustment ensures that the local, slice-based indices are accurately mapped
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to their global counterparts within the overarching sparse matrix. The object of this process
is the construction of(aB; x)sr , a COO format sparse matrix that embodies the aggregated
integrals, ensuring that the structure and relationships inherent in the local matrix slices
are preserved and represented on a global sparse matrix framework. This index trans-
formation and aggregation strategy are pivotal features for the e�cient computation and
storage of the(aB; x)sr integrals, illustrated in Algorithm A.1.4 .

In the exchange algorithm, preparation of the short-range integral slice, denoted as
(�x ; B )sr , is also required. Here, the indices� and x are combined to form a single row
index, while the indexB is extracted as a column index. TheAlgorithm A.1.5 explains
how the index re-compounds from(�B ; x) to (�x ; B ).

Firstly, it generates a two-dimensional grid of indices for dimensions0� 0 and 0B 0, map-
ping each(�; B ) pair to a unique linear index. This step usesnp:meshgrid to create a
coordinate matrix for these dimensions within the given sizes0nao0 and 0n0

B . Secondly, for
each non-zero element in the input matrix(�B ; x), denoted asZcoo in the algorithm, it
identi�es the corresponding0� 0 and 0B 0 values using the linear indices derived from the
matrix's row indices. The np:divmod function is then applied to these selected linear in-
dices, with nB (the size of dimension0B 0) as the divisor. This operation performs integer
division and modulus simultaneously. The quotient (idx a) represents the0� 0 index, and
the remainder (idx B ) represents the0B 0 index for each non-zero element.

Thirdly, the new row indices are re-compounded by combining these0� 0 values with the
column indices of(�B ; x), scaled by a factornaux. This operation e�ectively reorganizes
the data, converting from an(�B ; x) to (�x ; B ) con�guration. Finally, a new COO matrix
is constructed using these recalculated row indices and the original0B 0 column indices,
with the same non-zero data elements as the input matrix but with an updated shape to
re�ect the new arrangement. This function allows for the reorganization of sparse matrix
representations, accelerating operations and analyses that bene�t from the alternative
structure.

At this stage, the necessary preparatory steps for computing the exchange matrixK ��

and Coulomb matrix J�� are complete. The slice integrals, speci�cally in the COO format
for (�B ; x) and (�x ; B ), have been e�ciently stored on the Hard Disk Drive (HDD).

3.2 JK-Engine: Exchange Matrix Algorithm

The exchange matrixK �� plays a pivotal role in quantum chemistry, particularly in the HF
method and post-HF calculations, where it contributes to the electron-electron repulsion
and exchange phenomena. The exchange matrixK �� :

F�� = H core
�� + 2J�� � K �� (3.17)

K �� =
X


;�

(�
 j�� )D 
;� (3.18)

whereD 
� is the electron density matrix. To reduce computational complexity, the matrix-
RI approximation with short-range integrals is used for the exchange calculations, given
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by:

K �� =
X


;�

X

x;y
(�
 jx)sr Qxy (�� jx)sr D 
;� (3.19)

where (�
 jx)sr are the short-range three-center integrals, andQxy is the metric matrix
with the RI approximation.

The JK-Engine class is designed to o�er a complete framework for calculating the ex-
change contribution, ensuring users select the most suitable approach for their speci�c
requirements. It includes four distinct algorithmic approaches for exchange calculations,
each designed to accommodate di�erent requirements for memory usage and timing costs.
To cater to various computational demands, the class o�ers four distinct algorithmic ap-
proaches for exchange calculations. Here is an overview of these approaches:

1. Exchange Slice Method: This technique involves slicing atomic orbitals according to
a group of heavy atoms, identi�ed by the parameternheavy , and having a �exible
number of grouping atoms (ngatm ). It utilizes sparse matrix operations to perform
the targeted exchange calculations. This method is the most e�ective for optimizing
computations in large-scale systems with a number of heavy atoms, allowing for a
more e�cient calculation process.

2. Grouped Atom Exchange Slice Method: Similar to the Exchange Slice Method, this
approach slices atomic orbitals by a speci�c group of atoms. However, it distinguishes
itself by using a �xed number of atoms in each group (ngatm ), combined with sparse
matrix operations.

3. Sparse Exchange Method: This method adopts a general sparse matrix framework of
the whole molecular system, balancing between e�ciency and computational demand.

4. Dense Exchange Method: Applies a dense matrix methodology, this method is best
suited for systems where the advantages of sparse matrix representations are minimal,
such as in smaller molecular systems. This method ensures that calculations are
straightforward, highly accurate, but they are also computationally expensive.

This �exibility ensures that users can select an approach that matches their computational
resources, whether speed, accuracy, or memory usage, thereby enhancing the e�ciency of
their HF calculations. Algorithms 2-4 were developed in the course of this work, but the
ultimate exchange slice method stands out as the most e�cient strategy, combining the
use of sparse matrix formats with �exible memory-e�cient operations. Hence, this method
will be employed to compute exchange matrices throughout our research project. We will
explain in more detail how to calculate exchange contributions.

Initially, it is essential to segment the LMOsC�;� along both the AO, � dimension and
the LMO � dimension. The way to segment the LMOs inAlgorithm A.2.1 prepares
for the exchange algorithm, which iterates through all the slice blocks(�x ; B ) spanning
the � dimension, focusing on a selected subset of LMOs for the entire molecular ensemble.
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Figure 3.9: Sketch of Localized Molecular Orbital Grouping Strategy. This �gure displays
the method of segregating LMOs according to the� index of the most signi�cant value in
each LMO column.

Speci�cally, we construct two dictionaries, where they have the same key as the block index
(BlockIdx ), and the di�erent values. One value, denoted asBlockB, holds the boundaries
for AO along the � direction for each block, while the other value,BlockV, records the
corresponding LMOs indices associated with each block. For each group of slice block
(�x ; B ), it calculates the starting (b0) and ending (b1) AO's indices for the molecular slice
associated with the �rst and last atom in the group, respectively. These AO indices are
used to de�ne the boundaries of a block (BlockB) and to associate LMOs' indices with the
block (BlockV), shown in Figure 3.9 . The association is based on whether the row (AO)
index of the maximum value for a LMO falls within the AO boundary of the block. This
Algorithm A.2.1 , by identifying block boundaries and corresponding LMOs indices, plays
the groundwork for focused computational analysis on speci�c target molecular regions.
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Figure 3.10: Pseudo Algorithm of Exchange MatrixK �� by slicing heavy atoms (same as
Algorithm A.2.2 ).
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The primary algorithm for exchange, as illustrated inFigure 3.10 , involves several
steps. It begins by identifying the LMO through the application of a pivoted Cholesky de-
composition to the density matrix (DM), represented by the equationD �� =

P
� L �� L �� .

As the intermediate integral I (�x ; � ) is too large to �t in RAM, the algorithm segments
the computation into block processing. According to the previous setup described inAl-
gorithm A.2.1 , we can get two dictionaries: one outlining the AO boundaries, denoted
as BlockB, and another associated LMO indices with every block, denoted asBlockV.

The corresponding intermediate integralsI (�x ; V) can be evaluated by:

I (�x ; V) =
X

B

(�x ; B )sr LBV (3.20)

It can be seen that for each blockV, one needs to read in all relevant 3-index integrals.
For this reason we want to minimize the number of blocks. However, the intermediate
I (�x ; V) needs to �t completely in RAM, and this sets a limit on the block size of each
V. By grouping the LMOs in groups that are localized on particular atom blocksB, we
can skip certain blockB and this increases computational e�ciency. Below we discuss the
process in more detail.

For each block V, the algorithm computes the subset of the LMO. Then, it aims
to load the converted sliced three-centered integrals from HDD, represented as(�x ; B )sr

and compute intermediate integrals using the corresponding LMO slice. To optimize the
CPU time, the algorithm incorporates a selection mechanism for loading these short-range
integrals. This process involves slicing the LMO along the AO� dimension, denoted as
LBV , and evaluating the largest absolute value within the LMO segment. If this maximum
absolute value is larger than a prede�ned threshold,threshZ , the algorithm proceeds with
loading the respective short-range integrals for further computation. Conversely, if the
value falls below the threshold, it skips the calculation for that particular block, only
focusing on signi�cant contributions.

The �nal computation of K �� uses the intermediate integralsI (�x ; V) for each LMO
column, represented asI (�x ; ). This array is then transformed into a two-dimensional
sparse matrix,I (� ; x), which is convenient for further matrix operations.

K �� + =
X

xy
I (�x )Qxy I (�y )T

+ =
X

xy
I (�x ) ~Qxy I (�y )T (3.21)

~Qxy = Z � Qxy � Z T (3.22)

To optimize the computation of matrix K �� , we employ a strategy of calculating sparsity
mask inAlgorithm A.2.3 . This contains the construction of an arrayZ that will facilitate
the conversion of a dense matrixQxy into a sparse matrix ~Qxy . This array Z is composed
solely of elements1 and 0, where the value1 in the array indicates the presence of non-
zero columns in an intermediate matrixI (� ; x). This approach is particularly bene�cial
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because it allows for the selective processing of only those elements that contribute to the
�nal matrix, thereby reducing computational overhead.

All thresholds used in JK-Engine Default Value
Short-range Integral Setting (� ) 0:6
Identify Atom Groups (threshG) 3:0
Zero Elimination (threshZ ) 1 � 10� 5

pivoted Cholesky (threshZ ) 1 � 10� 5

sparsity Mask (threshZ ) 1 � 10� 5

Matrix Inversion Threshold (threshP ) 1 � 10� 6

Table 3.2: List of all thresholds in JK-Engine. These thresholds are integral to the op-
eration of the JK-Engine, ensuring the balance between computational e�ciency and the
accuracy of Coulomb and Exchange matrix calculations.

3.3 JK-Engine: Coulomb Matrix Algorithm

The Coulomb matrix in the context of the HF method is another important component of
the Fock matrix.

J�� =
X


;�

(�� j�
 )D 
;� (3.23)

Similarly to RI-exchange K �� , the RI-Coulomb calculations can be encapsulated by
short-range integrals(�� jx)sr :

J�� =
X


;�

X

x;y
(�� jx)sr Qxy (yj
� )sr D 
;� (3.24)

Our algorithm for J�� e�ciently operates by utilizing short-range integrals (�� jx)sr

and focuses on partitioning the computation into manageable slices corresponding to the
number of heavy atoms.

The Coulomb Algorithm A.3 �rstly prepares by obtaining segments of the input
molecular system and initializing an empty array for the total Coulomb matrix. It then
iterates over all slices and determines the AO boundaries in every molecular slice. Also, the
density matrix D �� reshapes to the appropriate vector format for each DM slice, denoted as
D �B ;. Next, sparse matrices of three-centered integrals(�B jx)sr are loaded from a speci�ed
folder in the HDD. These preliminary steps are crucial for the intermediate matrixI 2(x; )
through matrix manipulations, transforming the loaded integrals into a format that can
be directly used in the Coulomb matrix

I 1(y; )+ =
X

x

hX

�B

(�B jy)T D �B ;

i
(3.25)
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Figure 3.11: Pseudo Algorithm of Coulomb MatrixJ�� by slicing heavy atoms (same as
Algorithm A.3 ).

Next, multiply with metric matrix Qxy outside of the iterations:

I 2(x) =
X

y
Qxy � I 1(y; ) (3.26)

Then, we start the second loop for each slice of molecular segments, computingJ��

by multiplying the corresponding sliced integral(�B ; x) with the previously calculated
intermediate integralsI (x; ). This operation is performed for each atomic slice to generate
a portion of the Coulomb matrix.

J�B ; = ( �B ; x)sr I (x; ) (3.27)

Finally, all computed slicesJ�B ; are converted to matrix format and concatenated along the
� axis to form the complete Coulomb matrixJ�� . This procedure aggregates the partial
Coulomb matrix into the �nal matrix, which is a key output of the computation.

J�� = [ nslice
j =1 J�B j (3.28)

In the next chapter, we will investigate the computational e�ciency and memory re-
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quirements of JK-Engine.
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Chapter 4

Linear-Scaling Exchange Matrix

To evaluate the computational performance of our algorithm, we will focus on three main
features: accuracy, CPU process time, and memory consumption. Given that high-rank
integral calculations are conducted by fragments across all dimensions, our `int-class' and
`JK-Engine' classes are designed to be free from memory leaks. Thus, these algorithms
are universally applicable to any molecular system of any size. In this chapter, we will
concentrate on evaluating the performance of these algorithms using examples of weakly
interacting polywater models, alkane chains, and cis-transoid polyacetylene chains, empha-
sizing how they scale with increasing molecular sizes.

The evaluation process begins with the completion of SCF procedures using conven-
tional algorithms in PySCF, followed by obtaining the converged density matrix. Next, we
perform a single calculation of the Coulomb and exchange matrices, as well as the energies,
utilizing the JK-Engine. These results are then benchmarked against those obtained from
PySCF.

4.1 Molecular System Setup

This section outlines the key components involved in Hartree-Fock (HF) calculations used
for benchmarking, involving basis set, input molecular system, and important contributions
for evaluating:

Basis set: cc-pVTZ or cc-pVDZ, with a particular focus on the cc-pVTZ basis set for
its importance in accurately modeling these molecular systems.

Auxiliary basis set: cc-pvtz-jk�t

Systems for Benchmarking: To ensure e�ciency, selected simulation systems must
be large enough that some of the short-range integrals of(�� jx)sr with a long distance
between the center of an(�; � ) pair and the center of the auxiliary basis functionx approach
zero. The following systems have been identi�ed for benchmark analysis:

ˆ (Weakly Interacting) Polywater Systems: This system provides a benchmark for un-
derstanding behavior in ideal molecular con�gurations, focusing on polywater models
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where there is minimal or no interaction between the water molecules. In particu-
lar, the exchange matrix and exchange energy could be calculated in principle one
monomer at a time. The critical test is to see if this scaling behaviour is re�ected in
the current general algorithm. The water dimer system acts as an exemplary model
for testing our algorithm, by increasing the distance between the two oxygen atoms,
dO1 � O2 = 20Å. This method allows the short-range part of the potential to be ef-
fectively reduced to zero (below our threshold), making these extended molecular
systems ideal for highlighting the capabilities and limitations of the algorithm.

ˆ Alkane Chain (saturated carbon chain): Alkane chain examples (CnH2n+2 ) are hydro-
carbons containing only single bonds between carbon atoms and are saturated with
hydrogen atoms. Alkane chains in our tests are linear sequences of carbon atoms,
connected without any branches and exclusively by single bonds, making them fully
saturated. These models vary from a simple ethane (C2H6) structure to more com-
plex chains extending up toC30H62, allowing for a comprehensive exploration of
alkanes. The LMO's in linear alkanes are anticipated to be quite localized, which is
important for the e�ciency of the exchange algorithm.

ˆ Cis-transoid Polyacetylene (unsaturated carbon chain): Cis-transoid polyacetylene
examples (CnHn+2 ) represent a series of linear unsaturated hydrocarbons of increas-
ing length, each featuring a special arrangement of carbon atoms linked by both
single and double bonds. These models, ranging from a simple ethene (C2H4) struc-
ture to more complex chains extending up toC30H32, are designed for algorithmic
testing to elucidate the impact of chain length in the conjugated system and algo-
rithm computational expense. The LMO's in linear polyacetylenes are expected to
be less localized than in alkanes, and we wish to see the e�ect on the e�ciency of
the exchange algorithm.

Figure 4.1: One example of water systems: water dimer molecular system and the distance
between two oxygen atoms is20Å
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Figure 4.2: One example of alkane chains:C6H14

Figure 4.3: One example of cis-transoid polyacetylene chains:C6H8

52



Important Contributions for Benchmarking:

ˆ Calculation of the K-matrix (Exchange matrix, K �� ).

ˆ Calculation of the J-matrix (Coulomb matrix, J�� ).

ˆ Reference benchmarking is conducted using PySCf with the density �tting (DF)
approach, a method chosen for its e�ective error cancellation capabilities inherent in
the resolution of identity (RI) approach. This involves the instantiation of a density-
�tting object ( 0dfobj = df:DF (Mol ):build()0).

ˆ There are three critical stages in the computation of Exchange matrix using the
JK-Engine. Each stage involves a series of detailed steps, which are disccussed in
Algorithm A.2.2 . To highlight the linear scaling property e�ectively, it is essential
to analyze computational resources step by step. In the subsequent sections, we will
discuss speci�c contributions in detail, shown inTable 4.1 .

Initial Stage

Descriptions Equation

Short-Range Integral Slice (�B ; x)sr

Recompound Procedure (�x ; B )sr  (�B ; x)sr

Total Initial Stage (�� ; x)sr &( �x ; � )sr

Intermediate Stage

Sparse Dot Multiplication for I 1 Slice I (�x ; V) + =
P

B (�x ; B )sr LBV

Excluding Zeros ofI 1 Slice EliminateZeros(I (�x ; V); threshZ )

Total Intermediate Integral (I 1) I (�x ; � )

Build-K Stage

Sparsity Mask Calculations forI 1 per LMO Z = CalculateSparsityMaskI (� ; x)

Transformed ~Qxy per LMO ~Qxy = Z � Qxy � Z T

Excluding Zeros of ~Qxy per LMO EliminateZeros( ~Qxy ; threshZ )

Exchange (K � (�� )) per LMO K �� + = I (� ; x) ~Qxy I (� ; y)T

Total Exchange Slice Stage (K �� ) K ��

Table 4.1: Summary of Contributions to the Analysis of Timing and Memory Usage in the
JK-Engine
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Illustrative example for benchmarking of parameter �

The optimal value of the � parameter for setting the reach of short-range regions
depends on the task at hand, as detailed in Chapter 2. The timing for using the density
�tting object from PySCF remains consistent across di�erent � values. However, the
time taken by the exchange and Coulomb operations in the JK-Engine decreases as the
� parameter increases, as illustrated inFigure 4.4 for the C20H42 molecular system. As
seen the JK-engine can outperform The current DF algorithm implemented in PySCF.
Conversely, the error in the exchange and Coulomb matrices between the JK-Engine and
the DF Object within PySCF grows with an increase in the� parameter, as shown in
Figure 4.5 . The choice of� parameter for the short-range, three-centered integral is
dictated by the speci�c type of simulations being conducted. Particularly, simulations
that demand high accuracy bene�t from a smaller� value, while simulations that can
tolerate approximation tend to use larger� values to enhance e�ciency. This chapter will
explore various� parameters, such as� = 1:0, � = 5:0, and � = 10:0, as examples to
clarify their impact on accuracy, timing and memory usage.

Figure 4.4: Comparative Analysis of CPU
Time Usage Between JK-Engine Algorithm
with the metric matrix M �� and Density Fit-
ting Object from PySCF for C20H42 under
various � values in cc-pVDZ basis set and
cc-pvtz-jk�t auxiliary basis set.

Figure 4.5: Comparative Analysis of Error
Metrics Between JK-Engine Algorithm with
the metric matrix M �� and Density Fitting
Object from PySCF for C20H42 under var-
ious � values in cc-pVDZ basis set and cc-
pvtz-jk�t auxiliary basis set.

4.2 Linear-Scaling Property in Hartree-Fock Calcula-
tions

The performance of the JK-Engine algorithm is evaluated in terms of both time e�ciency
and memory consumption. Our analysis encompasses three molecular models: (weakly
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