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Abstract

Particle-laden flows are ubiquitous in numerous state-of-the-art engineering applications
such as dispersed metallic particle combustion, particle solar collectors, and cold spray
manufacturing. In such thermal applications, ensuring a uniform distribution of particles
within a carrier fluid is critical, yet inertial particles intrinsically cluster in turbulent flows.
In past investigations, particle clustering was treated as a purely kinematic problem, and
typically, the variable temperature effects of both the particles and the gas were neglected.
This is perplexing, as the increase in carrier gas temperature increases viscosity, which
concomitantly enhances the coupling force between the fluid and the particles. Thus, it
is plausible that particle clustering is influenced not only by kinematics but also by local
thermodynamics. This line of thinking has motivated the scientific questions that underpin

the present work.

To understand the role of thermodynamics on particle clustering, Direct Numerical
Simulations (DNS) were carried out to analyze the clustering behavior of heated dispersed
particles in Homogeneous Isotropic Turbulence (HIT) and subsonic jet flows; the study
was then extended to explore particle-laden supersonic jet flows. In these analyses, the
continuum and particulate phases were modeled with the Eulerian and Lagrangian point-
particle approaches, respectively. The fluid-particle energy was coupled with Two-Way
Coupling (TWC), while momentum exchange between the two phases was modeled with
One-Way Coupling (OWC) and TWC. The analysis of the simulations led to the discovery
of a novel particle clustering mechanism called Viscous Capturing (VC), in which preformed
particle clusters create hot spots. The higher temperature of the gas in these hot spots
led to regions with higher local viscosity, termed wviscous clouds. The increased drag on
the particles in the viscous clouds makes it hard for the clustered particles to leave the
clusters, and it also aids in capturing more particles passing through the viscous clouds.
This ultimately enhances particle clustering. An opposite particle clustering behavior was
observed in a carrier phase with liquid-like viscosity (viscosity decreases with temperature

rise), where particle heating resulted in superior particle dispersion.



Furthermore, the VC effect was found to increase with the rise in particle loading
density. This is because, at higher particle loading density, the two prerequisites of VC are
satisfied: (1) particles should be clustered before particle heating is initiated, and (2) these
clusters should be large and unevenly distributed in the flow. In these viscous clouds, the
fluid-particle and particle-particle slip velocities were found to be well-correlated, which
further aids in keeping particles clustered. Apart from these conditions, particles should
be uniformly heated for VC to take effect.

The HIT helps to isolate the effect of turbulence on particle clustering but lacks gener-
alizability or the mean shear of more relevant particle-laden flow configurations, such as a
jet flow. In subsonic jets, even a moderate rise in local gas viscosity can initiate VC, which
results in higher clustering of heated particles as compared to unheated particles. This is
because the introduction of particles within the jet core, which causes particles to be close
to each other, also satisfies the two prerequisites of VC and retains particles within the jet.
Thus, instead of individual viscous clouds compared to the HIT case, the entire central
region of the jet acts as a viscous cloud. Even the particles with a higher radial velocity
component remained within the jet, as they were unable to cross the sharp temperature
gradient at the outer edge of the jet due to their propensity to collect at the location of a

sharp scalar gradient. Thus, heated particles are essentially restrained within the jet.

On the other hand, in supersonic jet flows, it was determined that particles of different
inertia have a distinct axial location where they start dispersing radially (x,). This x,
is marked with a local Stokes number of St* ~ 0.6. A new metric was also introduced
to estimate x, for practical applications. Particle dispersion was also influenced by the
compressibility effects, where larger particles were found to have a higher propensity to

settle in high-density gradient and dilatation regions of the flow.
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Chapter 1
Introduction

Turbulent flows perfectly exemplify harmony within chaos. A deeper look into such flows
reveals a complex realm of length scales in which energy is passed down from the integral
(large), inertial, and Kolmogorov (small) scales [3], akin to a waterfall. The integral scale
is the energy-containing scale, defined by large turbulent eddies. These eddies break down
into smaller eddies and form the inertial scale, which is an intermediate scale that transfers
energy from the integral scale to the Taylor microscale. At the Taylor microscale, the
fluid viscous effects become noticeable; however, they are not dominant at this scale.
The turbulent energy in the flow is then passed down to the Kolmogorov scale, where
it is dissipated into heat due to viscous dissipation. Hence, despite the randomness of

turbulence, there is a statistical organization of turbulence.

A widely studied sub-domain of turbulence is particle-laden turbulent flows, which we
unknowingly witness in our daily lives by mixing sugar in coffee, or in the form of rain and
snowfall. In the literature of particle-laden flows, the word particles inclusively refers to
any particulate phase in a multiphase flow, where particles can be liquid droplets within
a gas or solid matter in a gas or liquid [1]. The seemingly simple presence of particles
substantially complicates the underlying convoluted turbulence due to the phenomena of

turbulence modulation and particle clustering. Having particles in a turbulent flow also



introduces additional length and timescales, along with some other critical parameters such

as fluid-particle slip velocity and particle volume fraction, etc.

Consequently, particle-laden turbulent flows, especially with a focus on inertial particle
clustering, have garnered scientific scrutiny for decades. Here, efforts range from answering
some of the most fundamental questions in nature such as how planets form due to the
clustering of dust particles [5, 6] and clustering and coalescence of water droplets in clouds
leading to precipitation [7, &]. Likewise, numerous advanced engineering applications deal

with particle-laden flows. These include the combustion of dispersed nanothermites for

propulsion [9, 10], cold spray additive manufacturing methods [! 1], precision drug deliv-
ery [12, 13, 11], and metallurgy [15], among others. In some applications, particle clustering
is desired, such as aerosol control in industrial filters [16], food and chemical processing [17].

But, in most thermal applications, a homogeneous distribution of particles is required as
particle clustering can impede combustion [1%], drop inter-particle heat transfer, and re-
sult in uneven gas expansion [19]. Therefore, understanding the fundamental concepts of

particle clustering in such flows is critical.

To predict particle dispersion in such applications, for the past four decades, a dimen-
sionless parameter called Stokes number (St) [20] has been extensively utilized. The St
is the ratio of particle momentum 7, to a turbulent 7, timescale. Although St is used
as a measure to quantify the propensity of particles to cluster, it mainly depends on the
particle and fluid dynamics properties. The subscripts p and f represent particles and fluid
characteristics. Thus, it is a reliable metric to estimate particle dispersion provided that
there are no thermodynamic changes (mainly density and viscosity) in the flow. However,
this is not the case in thermal applications. In past studies, the effect of temperature-
driven fluid density on particle clustering has been well-characterized (see [21, 22]). But
the influence of temperature-dependent fluid viscosity on clustering is greatly overlooked,
as in most studies, fluid viscosity is modeled as a constant for simplicity. Before delving
into this issue, it is critical to understand the fundamentals of fluid-particle interaction and

the particle clustering phenomenon, which are discussed in the following sections.



1.1 Fluid-Particle Interaction

The presence of particles can have various implications on a turbulent flow. The most crit-
ical among these is the turbulent attenuation or enhancement, due to the momentum and
energy exchange between the carrier and particulate phases. These fluid-particle interac-
tions are strongly dependent on particle volume (®,) and mass (®,,,) fractions [23], where
these are the ratios of particle-to-fluid volume and mass, respectively. It has been reported
that particles do not affect local turbulence if the particle diameter is smaller than the
smallest turbulence length scales, and ®,,, and ®, are minimal. To simplify this problem, if
®,, is much smaller than the fluid-particle density ratio (ps/p,) such that ps/p, < 1, then
®,, can be approximated as ®,p,/ps [21]. In incompressible particle-laden flows, p,/ps
is typically constant. Thus, it can be assumed that ®,, oc ®,. As a result, the strength
of particles' influence on the local turbulence is estimated with particle volume fraction.
Moreover, as a whole, the fluid-particle interaction can be characterized with three critical
ratios: particle diameter to a turbulent length scale (d,/ls); particle-to-fluid density ratio
(pp/py); and particle momentum to a turbulence timescales (7,/7f), which is essentially

particle Stokes number, St [21]. The St will be discussed later in this chapter.

In numerical simulations, the effect of particles on turbulence is classified into three
regimes that are momentum One-Way Coupling (OWC), Two-Way Coupling (TWC), and
Four-Way Coupling (FWC). In momentum OWC, ®, < 107% which implies that only
particles are influenced by the fluid and the back-reaction force from the particles on
the fluid is negligible [25]. Between 107% < &, < 1073, the back-reaction drag force
becomes significant enough to influence turbulence structures, which results in turbulence
modulation. This regime is called TWC. It is essential to model particle reaction force on
the fluid in this regime for accurate modeling and this adds another layer of complexity
to the flow physics. For example, in this case, small inertial particles dissipate turbulent
kinetic energy (TKE) as the fluid drags them. Moreover, turbulence modulation is the
result of particles and fluid exchanging energy and momentum, such that particles deplete

the energy of the larger scales [20] and feed it to the smaller scales [27]. This effect is also a



function of particle inertia [28]. In this case, even at moderate mass loading, particles can
deplete the TKE by up to 85% [29]. Thus, turbulence modulation is relevant when @, falls
in TWC, and has attracted a great deal of scientific investigations in this domain. On the
other hand, ®, > 1072 marks the starting limit of FWC in which particle-particle collisions
are also nontrivial. The inter-particle collisions also attenuate fluid energy, and this effect
increases with particle St [30]. It was observed that between TWC and FWC the energy
dissipation drops by up to 7%, as TWC affects particle clustering, which in return alters
the gradient of the local fluid velocity. This ultimately influences fluid particle energy

exchange.

Over the years different numerical schemes have been introduced to model particle-laden
flows: from the Dusty Gas (low cost) approach in which, due to low particle concentration
and uniform particle distribution, both phases are modeled as a single phase [31]; to fully
particle resolved scheme (most expensive) where particle size is equal to or greater than
the smallest turbulent eddies such that boundary layer effects on the particles and all the
turbulent scales created by particle motion also have to be resolved [32, 33]. The two
most common approaches for numerically assessing particle-laden flows are the Fulerian-
Fulerian and Lagrangian-Eulerian schemes. In the Eulerian-Eulerian approach, which
is also known as two-fluid method, the carrier and particulate phases are dealt with as
intermixing fluids [34, 35]. In practice, the velocity field of the particles with higher inertia
deviates from the flow field, and particle spatial distributions can also be non-uniform
as the particle inertia increases. While the Eulerian method assumes a distinct velocity
field for the particles, which limits the inertia of the particles that can be studied with
this approach unless [30], a probabilistic method is employed. The Lagrangian point-
particle method, on the other hand, tracks individual particles without any limitation on
particle inertia and polydispersity (flow containing particles of different sizes). Hence,
in the Eulerian-Lagrangian approach, the fluid equation set is solved with the Fulerian
approach, whereas particle governing equations are solved with a Lagrangian description,
along with interphase coupling. In the Lagrangian point-particle assumption for particles,

it is assumed that the particle size is smaller than the Kolmogorov scale. Thus, although



this approach focuses on scales equal to or greater than particle size, it is computationally

very expensive, due to the tracking of individual particles.

The fluid-particle interaction is modeled with different coupling schemes such as Nearest
Grid Point (NGP), Cloud-in-Cell (CIC), Triangular Shaped Cloud (TSC) methods [37, 38].
The NGP scheme maps the particle properties to the nearest point on the computational
grid. This method is computationally inexpensive; however, it introduces noise as fluid-
particle mapping is discontinuous (not smooth). The CIC method attenuates the noise
experienced in NGP by interpolating the particle's attributes to eight (2 x 2 x 2) nearest
grid points in a 3D mesh. The TSC scheme projects the particle's attributes to twenty-
seven (3 x 3 x 3) neighboring mesh points in a 3D grid. This is the most accurate scheme,
which delivers smooth fluid-particle interaction, but intuitively, it is the most expensive

among these methods.

In the Eulerian-Lagrangian approach, the particle trajectories are computed based on
the fluid velocity field employing the equation of particle motion. In momentum TWC,
the particle reaction drag force is incorporated into the momentum equation of the fluid,
which is the Navier-Stokes equation. In the Eulerian description of the fluid, the continuity
equation is:

Dpy
—_— = 1.1

here D /Dt is the substantial derivative following the fluid motion. The subscript f repre-
sents the fluid parameters. The transport equation for fluid momentum is defined as:

Dpruy 0P

D1 oz, +V-1 (1.2)

where 7, u and Py are the viscous stress tensor, velocity vector, and fluid pressure, respec-
tively. In the present form, Equation (1.2) depicts OWC and in TWC particle reaction
drag force (F,) must be added on the right-hand side of this equation. The term F, is
expressed as:

u, — ()

u
Fp = ZmpCD—f (1.3)
I p

T



here Cp and m are the coefficient of drag force and mass, respectively. The subscripts

p and f depict the particle and fluid parameters. The symbol Z represents the sum

over all the particles at a particular x position. Note that Equag‘éion (1.2) governs the
fluid's momentum transport, and the particle movement establishes a group of boundary
conditions that are arduous to solve. This issue is addressed by taking into account the
drag on the particles. But this is an oversimplification of the problem at hand, as the drag

law can only provide a reasonable estimate of the fluid-particle interaction.
The particle equation of motion can be expressed as [39]:

du
mpd—;’:Fa+FG+FD+FB+Fm (1.4)
In Equation (1.4), F,, Fg, Fp, Fp and F,, are fluid acceleration, gravitational, Stokes
drag force, Basset history and added mass forces, respectively. The F, is given as:

DLIf

T

(1.5)

here my is the mass of the fluid displaced by the spherical particles. The other forces are

mathematically defined as:

Fg=(mp,—m;)G (1.6)
FD = —37T,ufde'D (llp - I,If) (17)
3 ¢4 (u, —uy — Ld2Vuy)
Fp=——nd’ / ar - P 24 P dr 1.8
B o TpH s Tt 1) (1.8)
1 d 1
Fm = —imjca (up — Uy — EdZVZU.f) (19)

where G, d, pu and v are gravitational acceleration, diameter, dynamic, and kinematic
viscosities, respectively. While I is the time instant between 0 and ¢. There are two types
of derivatives used in these equations, where d/dt is the substantial derivative following
the particle motion. The Fp is the drag force due to fluid viscosity and relative fluid-
particle velocity, and it can be defined with different expressions based on the type of flow

(compressible or incompressible). The Fp is essentially the viscous drag force due to fluid
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viscosity and fluid-particle relative acceleration [10]. The Fp is typically neglected when
inter-particle collisions are trivial, such as in dilute suspensions, and the particle-to-fluid
density ratio is very high [11, 42]. As the particle movement displaces the fluid, F,, is
the force necessary to accelerate this displaced fluid. While F, is the force exerted on the
particle by the pressure gradient across the particle, which can be rewritten in terms of fluid
acceleration. These Fg, F,,, and F, forces become relevant if the carrier phase density is
equal to or greater than the particulate phase density (ps > p,) [12]. This is not the case
in gaseous turbulent flows laden with solid, inertial particles. In most numerical analyses,
the gravitational force is neglected for simplicity. Moreover, it is commonly assumed that
if p,/py > 1, which is true for inertial particles, the only force acting on the particles is the
drag force [39]. Apart from these forces, there is also a particle lift force driven by particle
rotation [13]. This lift force is generally much less than the drag force, and therefore, it
can be disregarded in most applications. This helps in simplifying Equation (1.4), which
is expressed as:
du,  3mpyd,

di = m, (up—uf) CD (110)

For spherical particles, substituting m, =1/ 67rd§;pp in Equation (1.10) gives:

_ d?
du, ) (u, —uy(zy)) here = Pply,
, W [

dt ™ 1841

(1.11)

here 7, is the particle momentum timescale and represents the time an inertial particle takes
to adapt to the local changes in the flow. In other words, it is the time a particle released
in a fluid stream from rest takes to achieve 63% of the fluid velocity, which originates from
the equation of particle motion:

du, _ow o,

—tCp/7p
dt o W T (up0 — uy)e 12/ (1.12)

Starting from rest, the initial velocity of particle is u,o = 0, if ¢ = 7,/Cp then Equa-
tion (1.12) can be written as 1 — e~! = 63%.

In momentum TWC, the use of Equation (1.11) adds another challenge as, in this

case, us(x,) is expected to be the undisturbed fluid velocity at the particle's location.
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This velocity is not assessable in TWC as by definition, this coupling scheme establishes
an effect of particles on the local fluid. As a result, most numerical studies utilize the
disturbed local fluid velocity with the justification that if particles are much smaller than
the Kolmogorov length scale, then the effect of disturbed local fluid velocity on other

turbulence statistics is negligible [28].

As mentioned above, the effect of particles is felt by the fluid in the form of an additional
dissipation of the TKE. This requires that the reaction drag of the particle is incorporated
into the fluid momentum equation, which leads to enhanced dissipation in the transport

equation of TKE:

D TKE

1
D = PD+T+P+e+D+ S, where TKE = —uu/ (1.13)

2

' is the fluctuating component computed from Reynolds decomposition and | - |

here | - |
is the mean value. In Equation (1.13), PD, T, P, € and D are terms for TKE diffusion
due to pressure, transport, production, dissipation, and viscous diffusion, respectively. To
account for the TKE modulation because of particle reaction drag force, a source term .S,

is also incorporated in Equation (1.13). These terms are mathematically expressed as:

1 8u;PJ£
PD=—— 5 (1.14)
Pr 0%
1 ou
T = —5# (1.15)
P = —u’Au"aui (1.16)
—3
e = W(g;‘f) (1.17)
j
0? TKE
| o=



The term S, in Equation (1.13) accounts for the additional dissipation of TKE (but may
also be a source of TKE). However, in general, the presence of particles may affect all other
terms in this equation [14]. Hence, particles can have a significant effect on the overall

turbulence.

Note that in compressible flows, the thermodynamic aspects of the flow are modeled
through the equation of energy conservation, which is closed with the state equation. These

details will be covered in more detail in the subsequent chapters.

1.2 Particle Clustering

In particle-laden turbulent flows, particle clustering is a particularly perplexing phenomenon
that has captivated scientists for decades. This is because particle clustering contradicts the
conventional understanding that turbulence enhances mixing. The concept that turbulence
enhances mixing originates from the fact that based on the stochastic nature of turbulence,
the fluid exerts an arbitrary force (direction and magnitude wise) on each particle, which
should disperse particles uniformly. But, particles tend to form densely populated clusters,
in turn creating regions with very small particle concentrations in the flow. This particle

clustering phenomenon is essentially due to the difference in fluid-particle inertia.

In turbulent flows, particles leave the vortices due to the centrifugal force exerted on
the particles by the turbulent eddies and collect in the areas where vorticity is low and
strain-rate is high [15]. These areas are also referred to as convergence zones which are
located between vortices. This process is commonly referred to as particle clustering, and
this mechanism of particle clustering is called Preferential Concentration (PC) [16]. Note
that there are numerous other clustering mechanisms such as clustering of particles at
zero-acceleration points [17], regions with sharp scalar gradient (scalar front) [18], due
to fluid-particle drift velocity [19], particle history effect [50], and turbophoresis [51, 52].
However, the commonly employed mechanism to describe particle clustering is PC due to

1ts intuitive nature.



All of these mechanisms of particle clustering can be understood with the help of the
Stokes number (St), which is mathematically expressed as a ratio of the particle-to-fluid
timescales [20] :

o b 1
Tr 18psvr Ty

For 74, typically Kolmogorov timescale (7,,) is employed, such that St = 7,/7, ~ 1 is

St = (1.20)

associated with maximum particle clustering [10], due to PC. In other words, the partial
responsiveness of St &~ 1 particles to turbulent eddies causes them to fling out of these
eddies [53]. Whereas, St < 1 and St > 1 particles are considered tracer-like [54] and
ballistic [55], respectively. The tracer particles can follow fluid streamlines and therefore
they can stay within vortices, and the ballistic particles are non-responsive to smaller
eddies and primarily react to larger turbulent eddies. Hence, these two types of particles
do not yield notable clustering. On the other hand, turbulent jet flows uniformly distribute
St < 1 particles within the jet. The particles with St ~ 1 fling out of the local eddies due
to the centrifugal force acting on them. Thus, they can be completely expelled from the
jet core [50]. In contrast, due to their ballistic nature, St > 1 particles primarily travel
along the jet centerline with minimal radial dispersion. These three particle dispersion

mechanisms are referred to as vortex, centrifugal, and inertial mechanisms [57].

The choice of the turbulent timescale for defining St is also problematic. Although most

studies use 7,, as stated earlier, particles of different inertia respond to different length scales

in the flow [58]. The choice of turbulent timescale also depends on the type of flow. For
instance, in Homogeneous Isotropic Turbulence (HIT) generally Kolmogorov [59, 60] and
integral (7;) [01] timescales are preferred. These turbulence timescales can be represented
as: ,
TKE?2
T = (1.21)
€ U’Tms
Vi 2
T = (—f> (1.22)
£

here u,,,s is the root-mean-squared of the fluid velocity. While in turbulent jet flows, St is

delineated with 7; computed from jet diameter (d;) and inlet velocity (u;) [62, 63], or with
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jet convective timescale (7.) [04, 65] which is essentially the large eddy timescale. Where,
T. 1s defined as:
_npe

T, = (1.23)

uC
where /5 and u. are jet half-width and centerline velocity, respectively. These differences
in the definition of St further complicate the modeling of particle-laden turbulence flows,
especially in polydispersed flows, where each particle species has a distinct acceleration [(0]

and tends to segregate in unique regions of the flow [(7].

Considering this discussion, an intuitive solution for avoiding particle clustering is to
refrain from particles with St &~ 1. However, particle St evolves in turbulent flows. Firstly,
even under isothermal conditions, 7; drops and 7, escalates as the HIT decays. While in
jet flows 7. increases downstream from the jet inlet. Moreover, with particle heating, the
local fluid parameters such as ps(x,) and ps(x,) also change, which further affects St. It
is unclear, from past research, if particle clustering behavior adapts to this evolution of St.
For the scenario where particles show maximum clustering at St > 1, particle clustering
is elucidated with non-local history mechanism. In this mechanism, particles retain the
memory of interacting with turbulent eddies along their path history [50]. Thus, it is
evident that past studies rely on St for predicting particle clustering even if higher particle

clustering is observed at St % 1.

For quantifying particle clusters, a range of methods has been proposed over the years.
One of the earliest methods is called box-counting in which the domain is divided into
boxes of a certain size and the number of particles in each box is counted [08]. By com-
paring the Probability Density Function (PDF) of these particles with a random process
expressed with a Poisson distribution, the extent of particle clustering is estimated. An-
other well-established method determines particle dispersion via Lyapunov exponents [69].
The Lyapunov exponents estimate the rate of divergence and convergence of particle tra-
jectories to compute particle clustering [70]. One of the most commonly used methods
is Radial Distribution Function (RDF), which performs a scale-based cluster quantifica-

tion [71, 72]. The RDF computes the probability of finding particles within a certain radial
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distance from a reference particle. Thus, a higher number of particles within this radial dis-
tance indicates particle clustering, and a lower number of particles suggests voids. Another
well-known method is Voronoi analysis in which the domain is divided into cells such that
each cell contains only one particle [73]. In this case, the PDF of cell size (volume or area)
compared with a Poisson distribution of a random process depicts the intensity of particle

clustering. A higher probability of smaller cells suggests that particles are clustered.

1.3 Research Motivation

Particle clustering has been an active area of research due to its involvement in some
crucial engineering applications, as stated earlier. In the aerospace sector, particularly,
metallic particles are being extensively studied as a viable propellant, as space exploration
is shifting to small (10-500 kg) and cost-effective satellites. This requires a replacement for
the conventional cryogenic fuels, which are arduous to handle and store [74], and are often
toxic [75]. Additionally, a joint venture of the Canadian Space Agency (CSA) and National
Aeronautics and Space Administration (NASA), Lunar Gateway, and the construction of
a space station on Mars requires frequent transportation of energy resources and other
payloads [76, 77, 78, 79]. Conventional fuels are generally transported in a compressed
(liquid) state, which makes their transportation impractical as this requires large storage
tanks [80], while these particles can be stored in compact containers. Efforts are also
underway to develop methods for preparing propellants from the raw materials available
on the Moon and Mars [$1, 82]. This field is known as In-Situ Resource Utilization (ISRU).
As metals such as aluminum and iron are abundant in both of these extraterrestrial bodies,
they can be processed to prepare these metallic particles [83, 84]. This will drastically
reduce the size of a spacecraft by decreasing the quantity of the propellant it will carry
at the launch, as the propellant for the return trip will be provided at the extraterrestrial
station [35]. Thus, a substantial decrease in the manufacturing and operational costs of

a spacecraft will be observed. Likewise, since the combustion of these particles does not
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produce greenhouse gases, their use is environmentally friendly [36, 87].

Another major inspiration is solar particle receivers, where metallic nanoparticles dis-
persed in a carrier fluid are used as a heating medium [38, 89]. Here, a solar field consisting
of heliostats concentrates sun rays onto a particle receiver. Particles absorb the solar rays
and transfer this heat to a carrier fluid that is transparent to the sunlight. This heat
can be used to produce hydrogen via water-splitting thermo-chemical processes [90], or for
generating electricity with Brayton cycle [91]. The use of particles enables these systems
to achieve temperatures upwards of 1000 °C [92], which is essential for achieving higher ef-
ficiency in these systems [93]. Considering its significant potential for extracting hydrogen,
which is a great energy-carrying source and green power generation, research in this field

is also gaining momentum.

Moreover, in cold spray advanced additive manufacturing techniques, particles with
temperature below their melting point are accelerated to supersonic speed with a carrier
gas, and their kinetic energy is used to form a bond with the substrate material upon
impact [11]. Because cold spray techniques use low temperature, they offer numerous
benefits [941]. Firstly, since the feedstock does not melt, particles retain their material and
microstructure properties and do not undergo oxidation, which helps in avoiding material
defects. This also results in superior coating strength, as it creates a more resilient and
denser coating [95]. The low-temperature nature of this manufacturing technique also aids
its use on substrates that are sensitive to temperature [96]. Thus, this technique is used
in the aeronautical and automotive industries for coating materials to avoid chemical and

mechanical wear [97, 98].

In the discussion above, three critical applications of particle-laden flows are highlighted
as they are the primary motivation behind this research. Like most thermal applications, in
particle combustion in a satellite engine and solar particle receiver, a uniform distribution
of particles is essential for their efficient operation. On the other hand, in cold spray
techniques, the effort is to keep the particles within the jet; albeit based on inertia, particles

can disperse out of the jet [99]. Therefore, to ensure that particles are contained within
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the jet and have high kinetic energy, the standoff distance between the nozzle and the
target surface is kept small. However, past literature does not agree on the exact standoff
distance [100]. In this case, a shorter standoff distance results in high residual stress in
the coating, while a longer standoff distance will cause particle kinetic energy to drop and
enhance particle travel in the radial direction. Both of these phenomenon drops the coating
efficiency. Thus, in these applications, it is critical to predict the dispersion/clustering

behavior of particles for optimum operation.

1.4 Problem Statement

As stated earlier, the St-based prediction of particle clustering is credible in isothermal
conditions as St primarily models particle clustering as a particle and fluid dynamics effect
(recall Equation (1.20)). But, since St is defined with the bulk or instantaneous values
of the fluid parameters, it does not model the changes in the fluid variables in thermal
applications. For example, in gas, the rise in temperature drops the local gas density and
enhances viscosity. The decline in density at the location of particle clusters essentially
creates a divergent flow field that pushes particles away [21], and can disintegrate clusters.

Hence, this effect can lead to more uniform particle dispersion.

Conversely, the effect of change in fluid viscosity has been neglected in past studies.
This is because, in most numerical studies where detailed local three-dimensional fluid data
are available, fluid viscosity is often modeled as a constant for simplicity. This is particu-
larly problematic because a common assumption in such numerical analysis is that if the
particle-to-fluid density ratio is p,/p; > 1 then the only major force acting on the particles
is the viscous drag force [39]. The rise in fluid viscosity with temperature increases the drag
force on the particles. Thus, by keeping viscosity constant, this effect is completely over-
looked. Furthermore, the change in fluid viscosity upon heating also alters the decay rate
of turbulent kinetic energy [101], which changes the turbulent timescales and consequently

the St. If particles are heated at different rates, the changes in turbulence characteristics
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and St will only be observed if temperature-dependent viscosity is modeled. Note that in
the thermal applications that inspired this research, particles rapidly receive and transfer
heat to the local gas. This effect is further exaggerated by the small size of these particles,
which gives them a higher effective surface area (ratio of particle surface area to volume).
Thus, the aggressive heating of the gas at the location of particle clusters can considerably
alter the local kinematic and thermodynamic properties of the fluid as compared to the
fluid where there are little to no particles. This can lead to local mechanisms that can
potentially influence particle clustering. In this case, particle clustering can be severely
under- or overpredicted in sensitive applications such as propulsion applications, which can

substantially modify the thrust profile.

Considering this unexplored aspect of particle clustering, in the present thesis, the clus-
tering of inertial particles in different turbulent flows is investigated using Direct Numerical
Simulations (DNS) to contribute to the understanding of particle behavior in applications

where the thermodynamic changes in the local fluid are non-negligible.

1.5 Objectives

The objectives of this research are segregated based on four scientific questions that led to

four independent studies, that are:

1. In a particle-laden flow consisting of more than one particle size (bidispersed in
the present case), how does the temperature-driven viscosity affect the clustering
of individual particle species? To analyze this, different size-based combinations of
bidispersed particles were modeled in decaying HIT, in fluids with gas-like (viscos-
ity increases with temperature) and liquid-like (viscosity decreases with temperature
rise) viscosity. For modeling fluid viscosity, a power-law viscosity model was em-
ployed. To highlight this viscosity-based clustering, only the effect of fluid on the
particles was modeled using OWC in momentum, while fluid-particle energy was

modeled with TWC.
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2. From the first study, a novel viscosity-driven clustering mechanism called Viscous
Capturing (VC), was discovered. As per this mechanism, particles in a cluster get
entrapped in a viscous cloud of gas upon heating via enhanced drag force. As a
result, the clustering of heated particles increases with the rise in viscosity, and
consequently, heated particles experience higher clustering compared to unheated
particles under similar turbulent conditions. However, at this stage, the prerequi-
sites for viscosity-based clustering to be dominant were unclear. To delineate this,
viscosity-modulated clustering of heated bidispersed particles was investigated with
different particle loading densities in decaying HIT. This is also crucial because, in
the first study, a simplifying assumption was made that only fluid can influence the
particles, while particles cannot exert a reaction drag force on the fluid (OWC). This
back-reaction force of the particles can not only attenuate turbulence [20], but it can
also potentially cancel out VC. This turbulence modulation is a direct function of
particle loading density [27]. For this purpose, fluid-particle momentum and energy
were modeled with TWC.

3. The second study brought forward two critical conditions that cause VC to take hold,
that are: (1) particles should already be clustered before particle heating is initiated;
and (2) these clusters should be large and unevenly distributed in space. Since these
conditions are fulfilled at higher particle loading densities, the VC effect increases
with particle loading density. Once VC takes effect, it is dominant enough that even
the enhanced particle back-reaction force at elevated particle loading density cannot
resist it. But, will it hold in a spatially and temporally evolving flow that is closer to
practical applications such as cold spray advanced manufacturing? To answer this,
particle clustering in a heated subsonic particle-laden jet low was modeled. In this
study, TWC was employed for fluid-particle momentum and energy interactions, and

the dispersion of four different particle sizes was analyzed.

4. In the final investigation of this thesis, the radial dispersion of inertial particles

in supersonic turbulent jet flow was scrutinized. As in supersonic jet flows, local
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viscosity changes are overshadowed by the variation in the density field, therefore
particle heating and local viscosity changes were not studied. Instead, the local
mechanisms that cause particles of different inertia to disperse radially, density, and

dilatation-based clustering of particles were assessed in this study.

It can be observed that the findings and the scientific questions originating from one
study led to the subsequent analysis. Therefore, all four studies are tightly coupled. More-
over, these investigations started with a very fundamental approach and slowly transitioned
to more applied aspects of the particle-laden flows to cater to the engineering applications

that inspired this research.
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Chapter 2

Role of Viscosity in the Preferential
Concentration of Heated, Bidispersed

Particles

Reference: A. Saieed, M. M. Rahman, and J. P. Hickey. Role of viscosity in the prefer-
ential concentration of heated, bidispersed particles. International Journal of Multiphase
Flow, 155:104185, 2022, DOI.

Abstract

We study the effect of temperature-dependent viscosity on the PC of bidispersed, externally-
heated solid particles in decaying isotropic turbulence via DNS. More specifically, we in-
vestigate the role of liquid- and gas-like viscosity—which respectively decrease and increase
with temperature—on the PC of small and large particles due to turbulence. The bidis-
persed particles enhance the overall distribution compared to monodispersed flows as the
voids created by the particles of one size are occupied by the other particles. Particle

clusters emerge irrespective of the Stokes number although the clustering characteristics
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differ based on the functional form of the temperature-dependent viscosity. When particles
are externally heated in a variable viscosity flow, the Kolmogorov-based Stokes number,
St,, is not sufficient to predict PC. Increased clustering is observed, especially for small-
sized particles, as the fluid is heated and turbulence decays. This increased clustering is
explained through a VC mechanism in which the initial clustering, prior to the onset of
heating, is responsible for the creation of local hot spots in the flow as the particles are
heated. In a gas, these higher temperature regions have higher viscosity which causes other
particles to be captured due to the increased drag. The increased drag of the gas results
in a lower fluid-particle drift velocity as compared to the liquid, despite the significantly
lower turbulent kinetic energy of the flow. The relative distribution of the particles as a
function of vorticity and strain rate magnitude reveals a bimodal distribution in which a
higher proportion of the particles aggregate in mid- and high-strain/vorticity regions as

the turbulence decays.

2.1 Introduction

Particle-laden flows arise in many geophysical phenomena, such as water droplets carried
in clouds and dust particles in the air. They are also increasingly prevalent in many
modern engineering applications, such as metallic dust flames [102], and particle-laden solar
receivers [103]. In these applications, the heat transfer between the solid and continuum
phases (either gas or liquid) plays a defining role. Thus, efforts are directed at creating
efficient interphase thermal transfer by promoting a homogeneous particle distribution

within a turbulent flow.

Phenomenologically, the inhomogeneous particle distribution is predominantly the re-
sult of the centrifugal force from the vortices, which expels the particles from high vorticity
to high strain rate regions in a turbulent flow [16, 71, ]-this phenomenon is known as
PC. As turbulence is a multi-scale process, the vortical-based justification remains incom-

plete in explaining clustering in high-Reynolds number flows. To extend this explanation,
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it has been argued that particles gather in regions of zero acceleration [105, ] which
are located in the convergence zones between two or more coherent vortical structures in
the flow [16]. Chen et al. [17] studied this phenomenon numerically and stated that the
inertial particles tend to avoid the streamline curvatures of the flow field and gather at
the points of zero-acceleration and advect with them. As the fluid acceleration is null at
these points, there is no net force acting on the particles to change their position when the
particles are moving at the local fluid velocity. On the other hand, another explanation of
particle clustering was contributed by Chun et al. [19], where clustering at scales smaller
than Kolmogorov length scales occurs due to the fluid-particle relative drift velocity, which
brings them close to each other. Hence, although many proposed mechanisms explain par-
ticle clustering, including for compressible flows [53], there is a general consensus on the

importance of particle clustering in turbulent flows.

PC creates zones of high-particle concentration and, by extension, zones of low-particle
concentration. When the particles are heated, for example, through radiation [107] or
induction [10%], the heat is readily transferred to the continuum phase in the immediate
vicinity of the particles, whereas the gas farther away experiences a delay in the heat
transfer [109]. These two zones of high and low particle concentration are separated by a
region of significant temperature (or any other scalar field) gradient known as front [18,

]. Thus, particle clustering results in irregular heating, regions of unequal temperature
distribution, and consequently uneven expansion of the gas. It was reported that PC
can hinder the particle-to-gas heat transfer by up to 25% [19]. Hence, understanding
the formation of these clusters and their impact on interphase heat transfer is crucial for

state-of-the-art particle-laden flow applications with heat transfer.

The primary variables governing the particle dispersion are particle size and weight, as
well as turbulence characteristics (defined mainly by the integral, Taylor and Kolmogorov
scales) [111]. These parameters directly influence the particle Stokes number (St), which
is considered to be the fundamental quantity regulating the particle distribution in a con-
tinuum phase [112, |. The Stokes number is a measure of the particle inertia as it

relates the particle characteristic timescale (7,) with an appropriate turbulent timescale
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(7f). Mathematically, it is expressed as [20]:
St=12 (2.1)
Tf
here 7, is the time required for the particle to adjust to the changes in the flow field; a par-
ticle with small 7, rapidly adapts to changes in the flow and vice versa. The mathematical
definition of 7, is [L14]:
d2
7y = 2% (2.2)
18pyvy
where p,/f, d, and vy are the particle/fluid density, particle diameter and fluid kinematic

viscosity, respectively.

The turbulent timescale, 7¢, can be defined based on a relevant characteristic timescale
of the turbulence, such as Kolmogorov (7,) or integral (7;) timescales. There exists a
general agreement that the PC is maximum at intermediate Stokes number; for St based
on Kolmogorov scale, this corresponds to unity (St, ~ 1) [L15]. Particles with St, < 1
closely espouse the flow streamlines, whereas St, > 1 possess substantially higher inertia,
which causes them to follow their own trajectory with a reduced influence of the small
scale turbulence [116, 117]. However, it is also observed that clustering occurs at all Stokes
numbers. In the literature, this is explained with two different St,-based regimes. For
particles with St, less than unity, the primary reason for clustering is the centrifugal force
as explained earlier [16]. Whereas, for particles with St > 1, the centrifugal force may not
be the dominant cause of clustering. In this case, clustering is ascribed to a time-based
non-local mechanism, where particles cluster due to the memory effect of them interacting
with the turbulent flow field along their path history [50].

Determining the propensity of particles to cluster is more complex than simply looking
at the Stokes number. As seen in the above discussion, 7, is commonly used for defin-
ing particle distribution and St, since clustering is primarily governed at the dissipation
scale [117, ]. Yet, the choice of an appropriate timescale is more nuanced as the particle
response to turbulence depends on the particle size [58]. This is particularly important in

polydispersed flows, which contain a range of particle sizes. Additional complexities arise
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when the particles are externally heated. As can be observed from Equation (2.2), the
particle relaxation time can change as the local fluid viscosity and density—both a function
of temperature—about the heated particles vary with time and space. The change in the
particle timescale is a function of the state of the fluid: in a gas, the viscosity increases with
temperature, whereas it decreases in a liquid. In both phases, the fluid density (generally)
decreases with the increase in temperature, although the magnitude of the change is much
greater in gas, assuming the liquid does not undergo a phase change. Therefore, these
critical factors govern the value of the St and, concomitantly, impact the distribution of

the particles.

In addition to the temporal change of the particle timescale, the turbulence character-
istics are modified in a temporally evolving flow. In this regard, the Kolmogorov (7,)) and

integral (7;) timescales are given as:

1

T = (K)i (2.3)

€

T = @ (24)

€ Urms
In these equations, TKE is the turbulent kinetic energy and ¢ is the dissipation rate of

TKE. Thus, as turbulence decays, 7, starts to increase as € decreases. While, TKE, ¢
and u,.,s simultaneously drop in such a way that 7; depicts an overall decreasing trend
as per Equation (2.4). Similarly, in accordance with Equation (2.1), as the turbulence
decays, St, decreases, while St; increases. This contradictory response of large and small
timescales towards decaying turbulence can play a significant role in the distribution of
particles that are of different sizes. This is especially critical if the particles are heated,
as it also varies the local density and viscosity. This is crucial in practical applications
where a range of particle sizes exists [119], which correspond to a variety of St at any given
instance [07]. Therefore, ensuring the uniform distribution of polydispersed particles is a

remarkably convoluted task.

Although most of the previous literature is focused on the numerical [120), , ]

and experimental [123, 73] understanding of monodispersed particle-laden flows, a number
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of studies have also been conducted on the behavior of polydispersed cases. Saw et al. [67]
compared the clustering characteristics of a polydispersed and monodispersed flow. By
using DNS, they modeled polydispersed flow comprising 250 discrete St,, between 0.01 and
1.2, and revealed that different species of particles gather in different locations in the flow.
Zhou et al. [112] also reported a similar observation in bidispersed flows. Therefore, a
better overall particle distribution is obtained in polydispersed particles. Likewise, Ayala
et al. [124] studied polydispersed flows and reinforced this observation by reporting that
particles of different sizes respond to different scales of turbulence. Additionally, the en-
hancement in particle distribution in bidispersed flows was also attributed to the difference
in acceleration of the two particle sizes (high particle-particle relative velocity), which re-
sults in superior diffusion [06]. Saw et al. [125] studied the clustering and coalescence of
droplets in a range of St,. Considering that clustering is most pronounced at the dissipa-
tion scale, they used the Kolmogorov scale to characterize the particle distribution. It was
observed that in polydispersed flows at St, < 1, the particle clustering enhances with the
increase in St,, similar to monodispersed flows [19]. Pan et al. [120] further added that
for large particles with St, > 1, the clustering intensity dwindles with the increase in St,,.

The turning point between these two trends is St, ~ 1, where maximum PC occurs [127].

The dispersion characteristics of heated polydispersed particles have not gained much
attention, as most of the research on heated particle-laden flows has focused on monodis-
persed particles [22, |. In this regard, a pioneering study was reported by Rahmani et
al. [129] in which they compared the distribution of radiatively heated mono- and polydis-
persed Nickel particles in a turbulent channel flow. At low St,, they did not notice any
significant difference in the distribution of mono- and polydispersed particles. However, at
intermediate and reasonably high St, ranging from 0.08 to 0.85 and 0.21 to 2.31, polydis-
persed particles showed substantially better particle distribution than their monodispersed
counterparts. In addition, polydispersed particles resulted in a more uniform temperature
of the gaseous phase. They also explained this even particle and temperature distribution
by the difference in centrifugal force acting on the inertial particles of dissimilar sizes, which

causes them to gather in distinct regions around the same vortex. Thus, this size-wise clus-
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tering of polydispersed particle flow results in a better homogeneity in the aggregate.

Based on the discussion above, a fundamental scientific question that deserves closer
scrutiny is the effect of fluid viscosity on the grouping of heated particles, as it has not been
studied hitherto. The importance of temperature-dependent gas viscosity on the particle
distribution was noted by Mouallem and Hickey [101]. By inductively heating particles with
different heating response times in gas, they observed, unsurprisingly, an increased TKE
decay rate when particles were heated rapidly. However, the influence of the viscosity on
clustering was not the main focus of their study. Hence, it is possible that PC is affected by
the temperature-dependent viscosity, since the fluid timescales directly govern the evolution
of St; and St,, in decaying turbulence. If this is true, then our existing knowledge of heated

particle distribution might not be directly applicable to clustering sensitive applications.

Considering the discussion above, in this contribution, we conduct DNS to understand
the distribution of heated bidispersed particles with a liquid- and gas-like temperature-
dependent viscosity in decaying isotropic turbulence. Hence, Section 2.2 expands on the
methodology employed in this research. The obtained results are discussed in Section 2.3,

and Section 2.4 outlines the summary the present work.

2.2 Methodology

In this study, DNS were carried out using a highly parallelized (the code runs on mul-
tiple processors in parallel using Message Passing Interface (MPI) scheme) finite differ-
ence, open-source code, namely the Pencil-Code [130]. This code was extended to in-
clude temperature-dependent viscosity—following a power-law—of a representative liquid-
and gas-like phase. Three cases, with different bidispersed particle sizes, are simulated
with liquid- and gas-like temperature-dependent viscosity; comparative constant viscosity
simulations are also investigated. The fluid and particles were respectively modeled using
Eulerian and Lagrangian point particle tracking schemes. A tri-linear interpolation of the

continuum phase was used to advance the particle position. For the fluid-particle momen-
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tum integration, a collisionless, OWC scheme was employed in order to isolate the effect
of temperature-dependent fluid viscosity on particle dispersion. A similar approach was
adopted by Carbone et al. [110] for investigating the interaction of fluid-particle tempera-
ture fields. On the other hand, for the energy equation, a TWC was selected. A sixth-order
finite difference method is employed for spatial derivatives, and a third-order Runge-Kutta

scheme is used for time marching.

Particle-laden decaying HIT was simulated in a cubic box of characteristic length 27
using 3843 grid cells, and periodic boundary conditions were imposed in all three spatial
directions. A total of 500,000 spherical particles, of two different sizes, were randomly
dispersed in the domain. To investigate various effects of particle St, three initializing
simulations with different bidispersed particle sizes were first simulated, without heating,
and with a solenoidal forcing term in order to sustain the HIT [131] prior to the turbulence
decay. These initializing simulations will be referred to as base cases in the text. The
initializing simulations were run for about 4-5 eddy turnover times, which allowed for the

stabilization of the turbulence characteristics such as the root-mean-square velocity (tms)-

Before discussing the parameters of this article, note that all simulation parameters are
presented in consistent but arbitrary units. Although the variable density Navier-Stokes
equations were solved, both gas- and liquid-like cases were run at a nearly incompressible
limit. The Mach number of the simulations at the start of the turbulent decay was 0.086
based on the maximum local velocity. For the flow field initialization (prior to the particle
heating and turbulence decay), the particle temperature was stabilized to 300; thus, for
the initialization, we assume a constant viscosity. To sustain the turbulence, a forcing was
applied at a low wavenumber to provide energy to the larger eddies; the forcing wavenumber
was k = 1.5, which is almost equal to the minimum wavenumber of the simulation (k =
1.29). The Taylor-based Reynolds number (Rey = tymsA/vs, where A is the Taylor length
scale) of 98 is achieved once the flow is fully developed. Similarly, k,,.,n ~ 10 was obtained
in the present study, which ensures the complete resolution of the small scales [3]. Where
Kmae 1s the maximum wavenumber. The turbulence characteristics, at the end of the

initialization, are listed in Table 2.1. These parameters are identical in the three base
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Table 2.1: The characteristics of the fully developed HIT.

Variable Symbol Liquid Cases Gas Cases
Taylor Reynolds number Re) 94 98
Turbulent Reynolds number Rer 489 510
Average root-mean-square velocity Upims 0.40 0.52
Turbulent kinetic energy TKE 0.10 0.13
Rate of dissipation € 0.0048 0.0050
Turbulence forcing length scale L torce 4.19 4.19
Kolmogorov timescale Tn 0.84 0.84
Kolmogorov length scale n 0.053 0.053
Integral timescale ! 14.58 19.59
Integral length scale l 6.59 9.37

cases due to OWC in the momentum equation, as the only difference between the base
cases is the particle size. As seen in Table 2.1, two slightly different time instances were
selected as initial conditions for the gas- and liquid-like simulations. Since the decaying
viscosity of the liquid imposed a more stringent resolution requirement, a time instant with
a slightly lower turbulence intensity was selected. The gas simulations were initialized at a
later time instant, which had a higher instantaneous turbulent kinetic energy. Despite the
instantaneous difference in the turbulent kinetic energy between the gas and liquid cases,

the overall turbulence statistics remain similar.

After initialization—and once the statistically steady state was achieved—the forcing was
turned off and particle heating was initiated. For each of the three statistically-steady
base cases, two different temperature-dependent viscosity models were used to account for
the viscous effects during the turbulence decay: (1) an increasing viscosity with increasing
temperature model, which corresponds to the typical viscosity behavior of a gas, and (2)
a decreasing viscosity with increasing temperature model, which corresponds to a liquid.

The functional form of these viscosity models is presented in the next subsection. For
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Table 2.2: Combinations of small and large particle radii and the corresponding St; and
St, at t = 0 of the gas and liquid simulations with heating.

Base Case 1 2 3

Particle Species Large Small Large Small Large Small

Particle Radius  0.0047 0.0012 0.0106 0.0028 0.0183 0.0028

Stokes Number St St, St St,, St St

Gas 0.10 0.19 0.46 0.94 1.40 0.95

Liquid 0.21 0.22 1.10 1.11 3.30 1.11

simplicity, we neglect the phase change that could arise in the liquid-like case.

The particle radii along with corresponding integral-scale Stokes number St; (large
particle) and Kolmogorov Stokes number St,, (small particle) values at ¢ = 0 of the three gas
and liquid simulations are listed in Table 2.2. As shown in this table, in the present study,
we refer to the small particles only by St, and the large particles by St;, recognizing that
these Stokes number definitions can be used to define both particle sizes. We selected this
notation to simplify the discussion as we know that the motion of small and large particles
is primarily governed by Kolmogorov and integral timescales, respectively. Considering
Table 2.2, from here onward each of the six simulations (three base cases each with gas
and liquid) will be referred by the phase of the carrier fluid (either liquid or gas) and its
corresponding base case number (either 1, 2 or 3 with differing particle sizes). For instance,
Gas 1 stands for gas phase and base case number 1, while Liquid 1 represents liquid carrier
phase and base case 1 of small and large particle radii. The particle heating, as discussed

later, is the same in all cases.
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2.2.1 Carrier Phase

The governing equations of the fluid mass, momentum and energy conservation are as

follows [132]:
Ipy | Opyusi _
8prin aprfiUfj 8Pf a,uf 8Ufi anj 28Ufk

! . = — ’ 2 — = ’ 52 Fz 2.

ot + Oz, ox; + Ox; \ Oz, * ox; 3 Oz " + (2:6)
9 (pyesnTy) | O(pgerpTyupy) O Ty

’ it kd L 2.

ot o 9z, \" o, ) T (2.7)

where P and T are the thermodynamic pressure and temperature, while u; is the fluid ve-
locity in ¢*® direction. Similarly, k¢, ¢s,, and ¢y, are the fluid thermal conductivity, specific
heat at constant pressure and volume, respectively. We note that the thermal conductiv-
ity is computed based on a constant Prandtl number assumption, whereas the viscosity
was computed using a power-law, as described below. F; is the forcing term, which was
prescribed to develop HIT during the initialization; this term is F; = 0 once the particles
are heated and the turbulence decays. Given the low Mach number, the conservation of
energy only accounts for the internal energy, which is a function of temperature. Note that

the gravitational force was neglected in our study.

As per the above-stated objectives, two temperature-dependent viscosity models were
implemented. The other thermophysical properties of the fluid, such as specific heat, were
not modified. This is obviously a simplification as the viscosity can be defined from a
molecular dynamic perspective and it is dependent on the thermodynamic properties of
the fluid. Also, from a molecular dynamics perspective, it is expected that changes in the
viscosity will be mirrored by changes in thermal conductivity, which are also not modified
between our gas- and liquid-like simulations. Finally, we do not account for phase change
in the liquid-like simulation. These simplifications, albeit slightly reductive of the actual
physics, were consciously made to clearly isolate the temperature-dependent viscous effects

from the other thermophysical aspects of the flow. Based on this, the power-law form of
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the gas viscosity is:
2
g =viops (T/T0)? (2.8)
here iy is the dynamic viscosity, while subscript 0 represent a reference value. To model

the liquid-like viscosity, the mathematical expression is:

g =vyops (To/T): (2.9)

wiN

Comparing Equations (2.8) and (2.9), it is clear that the gas and liquid viscosities are
identical except for the inverted temperature ratio. The initial kinematic viscosity in the
base simulations was 0.0034. For brevity, we will denote the simulations as a gas when
Equation (2.8) is used, and as a liguid when the viscosity is defined with Equation (2.9).
As we are using the ideal gas law to relate the thermodynamics in both cases (albeit
at a very low Mach number), we are formally not simulating a true liquid but, instead,
isolating the effects of change in fluid viscosity with temperature on particle distribution,
as discussed above. It should be noted that 7j in these expressions is 273, which was taken
as the initial temperature of the base simulations. Therefore, once the heated simulations
of the gas and liquid carrier phases were started, their corresponding viscosities underwent
a slight readjustment, which was small enough that it did not affect the consistency of the
results. Also note that in Section 2.3 normalized dynamic viscosity (ux = ps/ps0, where

fif0 is the reference dynamic viscosity just before heating) will be employed for analysis.

In this analysis, the ¢;, = 1 and adiabatic index v = 1.4. Thus, ¢, = 0.714, which
is similar to an ideal gas. To ensure a higher thermal relaxation time 7; (as discussed in
Section 2.2.3), ky = 0.2 is used. Considering that the motivation of this research is the
combustion of metallic particles in an inert gas for propulsion application, this value is

close to the k; of Helium.

2.2.2 Particulate Phase

The Lagrangian equations of motion for the particles are:
d:[;p,i _ up ;
dt ’

(2.10)
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d? = =2 (ug; (2p;) — ) (2.11)

Tp

where u,; and uy;(z,,) are the particle velocity at ™ position and local fluid velocity at
the particle position z,;. The term Cp is the drag coefficient experienced by each particle
dispersed in the carrier phase. It is a function of the local flow Reynolds number (Re) and

is defined based on the Schiller-Naumann correlation [133]:
Cp =1+ 0.15Re) %7 (2.12)

here Re, is the particle Reynolds number:

_ dplui — up,

Re
P v

(2.13)

where |u; — u, ;| represents the local velocity difference between the fluid and particle.

2.2.3 Heating Module

Particles were externally heated using the model proposed by Mouallem and Hickey [101].
The particle heating term (), is mathematically given as:

(Tmax — Tp)

Theat

Qp = MypCyp (2.14)

here T},,, represents the maximum temperature the particles can reach from the external
heat source, and 7. is the timescale of the particle heating which was unity in our
simulations. As per Equation (2.14), heat flux is a function of T},4, — T}, which is realistic
since in most thermal applications, the heat flux drops as the maximum temperature is

approached. Readers are referred to Mouallem and Hickey [101] for more details.

Additionally, particle-fluid heat transfer @),y can be defined as:

Qpr = ——— (1, — Ty(xy)) (2.15)

In Equation (2.15), m,, Nu,, T, and ¢, are the mass, Nusselt number, temperature, and

heat capacity of the particles, respectively. The term Ty(x,) it the temperature of the
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local fluid at the particle location. Similarly, 7; is the thermal relaxation time which was
prescribed as 10 in our study. Based on this, the thermal Stokes number (St;, = 7;/7,) of
the particle heating is 11.9. Note that a smaller value of 7; correlates to a faster transfer of
heat from the particles to the carrier fluid. While, Nu, was computed using Ranz-Marshall

equation [134]:
hpdp
Ky

Nu, = =2+ 0.6R€2'5PT0'3 (2.16)

here Pr is the Prandtl number (Pr = pysc,/ks), and h, is the convective heat transfer

coeflicient.

2.2.4 Radial Distribution Function

Since the primary focus of this study is to analyze clustering in bidispersed flows, the

distribution of the particles was studied by evaluating the RDF. It is a statistical method

that computes the probability of finding particles at a certain distance from a reference
particle. The RDF is mathematically defined as:
dN,

RDF — ()

= 2.17
47ringdr ( )

As per the above equation, the RDF of unity represents the uniform distribution, while
higher values indicate clustering [135]. In Equation (2.17), dN,(r) is the number of particles
that lie within the distance r and r 4 dr from the reference particle and n stands for the
particle concentration per volume. For this analysis, separate RDF curves were evaluated
for large and small particles for a better understanding of their clustering behavior. These
plots will be discussed in Section 2.3. There are other methods of determining particle
clustering, such as Voronoi analysis [136] and box counting [68], yet for this study RDF

was preferred as it is the most widely accepted method for characterizing PC [137].
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Figure 2.1: Comparison between the evolution of the particle and fluid temperatures nor-

malized with temperature at ¢t = 0 of heating.

2.3 Results

To assess the heat transfer characteristic between the dispersed and continuum phases, the
evolution of the particle and fluid temperatures in the decaying HIT for Gas 1 and Liquid 1
are analyzed. Here, the average particle and fluid temperatures normalized with the initial
temperature at t = 0 was computed during the turbulence decay, as shown in Figure 2.1. As
expected, the particle and fluid temperature curves for both test cases perfectly overlap.
This is due to the fast thermal timescale of the heat transfer (r; = 10), which depicts
a rapid adaptation of the fluid temperature to the temperature of the particles. The
obtained curves can be divided into two heating regimes following the study by Pouransari

and Mani [19]. Here, the initial rapidly rising temperature, until about ¢ = 4, is called the
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fast initial particle heating, while the flat section of the curve is called slow mizture heating.
Similar particle heating plots were reported by Bae et al. [135], Mouallem and Hickey [101],
Rahmani et al. [129] and Dai et al. [139]. Hence, a good particle-fluid coupling is obtained

for both liquid and gas simulations.

2.3.1 Evolution of Timescales

As stated earlier, in decaying HIT the evolution of St (the larger of the bidispersed par-
ticles) and St, (the smaller of the bidispersed particles) is primarily governed by the
respective characteristic timescales of the turbulence. In this regard, Figure 2.2 shows the
evolution of the turbulence timescales, namely 7; (integral) and 7, (Kolmogorov), normal-
ized with their respective values at t = 0—at the start of the turbulence decay. Since all the
base cases of gas and liquid perfectly overlapped due to momentum OWC, only Gas 1 and
Liquid 1 are shown in this figure. Note that upon heating, the gas and liquid viscosities
varied from 1.0 to 1.7 and 1.0 to 0.6, respectively. A heated, Constant Viscosity (CV) case
was also simulated—with a bidispersed particle size identical to Gas 2 and fixed viscosity
(%), the value of which is shown in the brackets. This comparative case is plotted as a
reference. Gas 2 is selected as a reference case for this and the following plots as it showed

maximum clustering among all the cases considered, see Section 2.3.3.

In Figure 2.2, the timescales of the liquid and gas cases follow the expected trends: 7;
monotonically decreases, while 7, increases as the TKE decays in the continuum phase.
We note that the slopes of these timescales are substantially different between the gas
and liquid cases. Notably, the 7, curve is steeper in the gas phase in comparison to the
liquid. This can be attributed to the rise in gas viscosity with temperature which results
in greater viscous dissipation giving 7;, and consequently the TKE, a rapid decay rate (see
Figure 2.3).

In terms of 7,), it can be noticed that in liquid, 7, initially increased and then decreased
until ¢ = 4 before rising again. By expanding the definition of 7,, in Equation (2.3), we see

that the Kolmogorov timescale is inversely proportional to the average spatial gradients
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Figure 2.2: Evolution of normalized 7; (left) and 7, (right) with the flow time.

of the velocity fluctuation (the viscosity cancels out). As the liquid initially heats up—and
the viscosity drops—the rapid readjustment causes the average velocity gradients to fall
(resulting in an increase in 7,,). After the initial transience, the lower viscosity of the flow
increases the effective Reynolds number (temporarily reducing 7,)) until around ¢ = 4, when
the bulk viscosity /temperature of the fluid starts to plateau (recall Figure 2.1) and viscous

decay takes hold (increasing 7,)).

Comparing Gas 1 and Liquid 1 plots with CV 2 (ux = 1) also immediately highlights
the significance of temperature-dependent viscosity and its potential impact on particle
distribution. To further test this effect, Gas 2 was also simulated with no heating (not
shown here) and it was found that, except for the initial TKE surge due to aggressive
heating, the heated and non-heated Gas 2 cases nearly overlapped. This clearly suggests
that heating alone (at constant viscosity or for a similar change in viscosity) does not
significantly affect the TKE decay rate. It is the change in viscosity of different cases that
alters the rate of TKE decay. This further supports the motivation of this study.
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due to OWC.

2.3.2 Evolution of Stokes Number

Figure 2.4 (left) shows the change in St; (large particles) over time. In this plot, there are
two critical concepts. Firstly, even though all cases display an increase in St; with time,
the rise in the liquid cases was much greater than their gas counterparts. This can be
attributed to the simultaneous rise in 7, and decrease in 7; (both contributing to a rise in
St;) as the fluid heats up and viscosity drops. Secondly, at the beginning of each simulation,
the St; of the gas curves shows a small dip before monotonically rising from about ¢t = 1.
However, the liquid cases show a sharp increase at the early times. This behavior is also
true for Gas 1 and Liquid 1, although it is not evident from the plot due to the scale of the

other curves. This initial transience is the result of a sudden rise in TKE (see Figure 2.3)
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Figure 2.4: Evolution of St (left), large particles, and St, (right), small particles, with

time.

and rapid adaptation of the flow to the sudden heating. As discussed earlier, the higher
viscosity of gas was able to quickly dissipate this energy spike, resulting in a rapid drop
of St; at the early times. The difference in gas and liquid St, plots is also attributed
to the aforementioned reasons. We note a consistent change in the slope of St, in the
liquid cases at about ¢ = 4. This corresponds to the time at which particle temperature
stops increasing (recall Figure 2.1); thus viscosity stops decreasing and remains constant.
At this point, the liquid cases demonstrate a monotonically decreasing St,. Additionally,
notably different curves of Gas 2 and CV 2 (ux = 1) again highlight that the Stokes number

behavior-especially St,-is a strong function of temperature-dependent viscosity.

2.3.3 Quantification of Particle Clustering

For analyzing the preferential clustering, the RDF was computed at three characteristic

time instances: at ¢t = 1, 10, and the timestep at which TKE has decreased by half between
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t = 0 and 10. These timesteps were selected as they represent the characteristic snapshots
of the flow evolution, where ¢t = 1 depicts the state of particles shortly after the heating was
initiated. The time ¢ = 10 was chosen to delineate the state of the flow after a significant
drop in TKE. The point of half TKE decay represents the mid-point between these two
limit states. Considering the faster TKE decay rate in gas as depicted in Figure 2.3, the
TKE of gas halved at about ¢t = 4, whereas for the liquid this was observed around t = 5.

RDF att=1

It can be seen in Figure 2.5 (A) that except for Gas 1 and Liquid 1 (characterized, at
the start of the turbulence decay, by St, = 0.19 and 0.22, respectively), the smaller par-
ticles had a greater propensity towards clustering than the larger particles. This can be
attributed to the fact that the small particles, in cases 2 and 3, have St,, close to unity. It
can also be observed that both liquid and gas cases (for the same base case number) show
nearly identical RDF curves. This is also because at ¢ = 1, the corresponding base cases of
gas and liquid have St, equally distant from unity (Figures 2.4), and the viscosity change
remains modest after this short time evolution. The reduced clustering of the smaller par-
ticles in Gas 1 and Liquid 1 (compared to the base cases 2 and 3) is due to their much
smaller St, values. At t = 1, St, of Gas 1 was 0.13 and for Liquid 1 it was 0.29. Since
these values are significantly smaller than unity, these smaller diameter particles depicted
substantially less clustering. This behavior of small particles of Gas 1 and Liquid 1 was

observed throughout this study.

In terms of large particles (Figure 2.5 (B)), at t = 1 Gas 1 and Liquid 1 depicted the
maximum clustering. This is because the large particles in this base case have the smallest
diameter compared to the other base cases. Thus, they are most easily affected by the
integral scale eddies. Conversely, the large particles of the other gas and liquid cases are
not as readily influenced by the turbulence, hence they showed less clustering. The large
particles in this study also retained this characteristic clustering pattern at the other two

timesteps.
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RDF at Half TKE

Figure 2.5 (C) shows the RDF plots of small particles at about the midpoint during the
TKE decay. As the TKE has decayed considerably, the gas and liquid RDF curves of
the smaller particles start to show larger discrepancies. This is because particle clustering
lags behind the thermodynamic and kinematic changes in the flow—particle clustering is
a reaction to these changes. Additionally, at this time instant, both gas and liquid cases
have reached their final viscosity (recall temperature evolution in Figure 2.1). Here, Gas
2 and 3 both have St, = 0.47, thus their RDF curves are not only alike but they also
display the highest clustering at this stage. Similarly, the small particles in Liquid 2 and
3 have RDF curves that collapse and show significant clustering as their St,, = 1.67. Note
that despite having St, < 1, Gas 2 and 3 showed higher clustering than Liquid 2 and 3.
This could be because of the higher viscous push on the particles in gas which causes them
to gather in the convergence zones. Another possible reason is the VC of the particles
in different high-viscosity regions in gas which is described in Section 2.3.4. Moreover,
as per Figure 2.5 (C), the small particles of Gas 1 and Liquid 1 show almost equal level
of clustering at half TKE, despite having significantly different viscosities and St,, values.
Here, in Gas 1 the St, = 0.09 is much less than in Liquid 1 (St, = 0.33), yet the lower

viscosity /drag force in the liquid enhanced particle dispersion.

RDF at ¢t =10

Figures 2.5 (E) and (F) show the RDF plots of small and large particles at ¢ = 10.
Here, because of the significant decay in the TKE, the difference between small and large
particles is the most prominent. In Figure 2.5 (E), Gas 2 (small) showed the highest level
of clustering with St, = 0.33. While, despite having similar St,, Gas 3 (small) adopted
the second highest peak. A similar trend can be seen in Liquid 2 (small) and Liquid 3
(small) as both cases had St, = 1.48. This pattern is particularly interesting as each
carrier fluid phase has identical viscosity in base cases 2 and 3. However, even though

the smaller particles of base cases 2 and 3 are equal in size, the larger particles of base
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case 2 are smaller than those of base case 3. Therefore, the larger particles of base case 3
generate more heat and, as a result, more aggressively transfer this heat to the surrounding
fluid. This altered the local turbulence field by decreasing the local density and caused the
particles of base case 3 to be pushed away, yielding less clustering in Gas 3 and Liquid 3.

Comparing Figures 2.5 (A), (C) and (E) highlights a critical effect. As the TKE de-
cayed, the St, dropped in Gas 2 and 3 from St,, = 0.65 at t = 1 to St,, = 0.33 at t = 10, yet
these base cases still showed the highest clustering at all three timesteps. This contradicts
the trend in literature that St, ~ 1.0 corresponds to the maximum clustering. Moreover,
higher clustering in Gas 2 and 3 cannot be attributed to the non-local mechanism (recall
Section 2.1), as in the present simulations Gas 2 and 3 did not experience St,, > 1 at the
previous timesteps. On the other hand, Liquid 2 and 3 did not deviate from the classical
particle distribution behavior at any timestep. Hence, it can be stated that with increas-
ing viscosity, the clustering behavior is decoupled from St,. In other words, as the flow
is temporally evolving, maximum clustering will not necessarily be observed at St, ~ 1.0
as seen in classical particle-laden flows. Instead, the VC effect, discussed below, which is
tied to the history of the particle evolution in the flow is more important. This highlights
that St,, alone cannot be used for predicting clustering in externally heated particles. This
explanation is further tested by comparing Gas 2 and CV 2 (ux = 1) plots in Figure 2.5.
As per Figure 2.4, the St, of CV 2 (ux = 1) in general monotonically dropped from 1.1 at
t =110 0.87 at t = 10. Hence, at all three timesteps the St, of CV 2 (ux = 1) was close
to unity. In this regard, if fluid temperature-dependent viscosity (VC) was not dominantly
controlling particle clustering, then the smaller particles of CV 2 (ux = 1) should have
depicted the highest clustering. Yet, it is evaluated to be below Gas 2, even though Gas 2
St,, is less than half of CV 2 (ux = 1), especially at ¢ = 10.

Heating and Decaying TKE Effects

Thus far, we have discussed the aggregate effects of particle heating within decaying turbu-

lence. Since both the heating and decaying turbulence can individually influence particle
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clustering, in this subsection, we seek to delineate the influence of each of these effects.
This is also important because we want to check if higher clustering, for instance at ¢ = 10,
is just the result of clusters taking time to develop, or if their formation is the direct result
of thermodynamic and kinematic changes in the flow. Considering this, we have conducted
additional simulations with sustained turbulence (forced TKE), namely with (both a gas-
and liquid-like viscosity) and without particle heating. To understand the effect of TKE
decay on clustering, we first consider the No Heating cases in Figure 2.6 (A) and (D). It
can be seen in Figure 2.6 (A) that the time-based distribution of smaller particles in gas
is similar in both forced and decaying TKE cases without particle heating. In terms of
larger particles (Figure 2.6 (D), the difference between the two cases becomes apparent
at higher time instances (¢ > 6). However, since smaller particles are mostly responsible
for clustering, this disagreement between the two test cases is not critical in this analysis.
Hence, it is safe to say that the effect of decaying or sustained turbulence alone does not

play a defining role in the clustering of smaller particles.

In terms of the heating cases, Figures 2.6 (B), (C), (E) and (F) suggest that forced and
decaying turbulence simulations show more significant differences in the particle distribu-
tion. This can be attributed to the local density fluctuations at the particle position due
to heating. Additionally, temperature-dependent viscosity also played a significant role
in particle clustering, as liquid cases showed greater disagreement between the forced and
decaying TKE plots. This supports the claim that particle heating and concomitantly the
change in the temperature-dependent viscosity dominate the clustering characteristics of

particles.

2.3.4 Viscous Capturing

In the current simulations, the primary force acting on the particles is due to drag. The
drag force is directly tied to the drift velocity, which is a local measure of the relative
fluid-particle velocity, as shown in Equation (2.11). Additionally, drag force is correlated

with the local viscosity of the flow through the coefficient: €2 = %. Note that the
Tp pap
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coefficient of drag, C'p, is only weakly dependent on viscosity. For the same drift velocity,
a higher viscosity will result in a higher drag force on the particle, which acts to reduce the
drift velocity. Thus, an increase in the gas viscosity with temperature will result in a greater
number of particles that move with the fluid velocity as compared to liquid. This feature
is sketched in Figure 2.7 for gas, while Figure 2.8 shows the PDF of the normalized drift
velocity. In this figure, fluid-particle drift velocity was computed at the locations where the
local temperature was one standard deviation higher than the global mean temperature at
each timestep. Hence, only the drift velocity in the high-temperature zones (with higher
viscosity in gas and lower viscosity in liquid) was considered. For clarity the peak values
of the PDF in Figure 2.8 at |u; — up;|/u, ~ 0 are summarized in Figure 2.9. It can be
seen that the gas cases typically depicted higher peak values at |u; — u,;|/u, ~ 0, which
suggests that in gas, more particles are moving at a velocity closer to that of the fluid as

compared to liquid.

Based on the discussion above, to explain the increased clustering of the small particles
in gas, we propose a VC mechanism. VC arises when the clustering of heated particles
creates a region of higher fluid viscosity (in a gas) which surrounds the zones of higher
particle clustering. The higher viscosity, which means larger drag, causes the particles to
move with the heated fluid (Figure 2.8). As other particles interact with the regions of
higher viscosity, the increased drag effectively captures them. Thus, VC enhances particle
clustering when the viscosity increases with temperature, irrespective of the instantaneous
Stokes number of the flow. Additionally, once captured, these particles are less likely to
leave these viscous regions due to higher viscous dissipation which weakens the vortex and,
especially along the stagnation plane, the particle-and-fluid velocity is very similar in hot
regions as shown in Figures 2.8 and 2.9, thus this limits the drag force. This behavior is
termed viscous restraining. In the liquid cases, we also observe an increased clustering with
time as the turbulence decays, although it is not as prominent as in the gas. In this case,
the reduction of viscosity results in a reduced particle drag, hence particles are less readily
transported by the continuum phase, meaning that the particles will have a tendency to

remain in the cluster, despite showing a slower decay of the TKE (compared to the gas
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Figure 2.7: Effect of heating on discrete particle drag force in a gas. Arrows present fluid-

particle drift velocity: the longer the arrow, the higher the drift velocity.

cases).

2.3.5 Particle Distribution and Heating

Figures 2.10 and 2.11 show the temperature and particle distribution (in a 2D slice) at
the selected timesteps. It can be observed that particle clustering occurs in all the test
cases irrespective of the St, as shown earlier, and these clusters result in hot and cold
temperature zones in the fluid. Similar to the RDF plots, base case 1 resulted in the lowest
particle clustering in both phases, while base case 2 showed the highest overall clustering
at all timesteps. Another important observation is that base case 2 depicts thread-like
particle clusters (a characteristic clustering shape due to vortical forces [53]), which share

the same high-strain location as the hot fluid. This can be attributed to the gathering of
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Figure 2.9: Trend-lines of the peak values of normalized fluid-particle drift velocity PDF

at each timestep.

particles at the thermal fronts (similar to the scalar fronts observed in Bec et al. [18] and
Carbone et al. [110]). These thread-shaped clusters also exist in base case 3, however, their
location at these timesteps is slightly different from the hot fluid. This is because of the
greater inertia of base case 3 particles, which results in a larger fluid-particle drift velocity

and enables the particles to pass through these fluid temperature fronts with ease.

Moreover, by comparing Gas 2 (¢ = 10) contours with Figure 8 (a) of a similar monodis-
persed analysis of Mouallem and Hickey [101], it can be seen that bidispersed particles show
considerably less clustering than the equivalent monodispersed flow. This is primarily due
to the filling of voids created by the particles of one size by the other as small and large
particles gather in different strain rate and vorticity regions (Section 2.3.6). Yet, although
bidispersed particles delivered reasonably enhanced heat and particle distribution, cluster-

ing still existed.
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Figure 2.10: Temperature contours of gas with particle distribution, in a 27 x 27 slide, at
three different time snaps. The temperature is normalized by its maximum value at each

timestep.

2.3.6 Strain Rate and Vorticity

The distribution of the particles as a function of the local magnitude of the strain rate and
vorticity of the continuum phase is analysed in Figures 2.12 and 2.13. In order to assess the
relative distribution of the particles, the PDF of particles is normalized by the probability
of occurrence of these kinematic variables in the flow (at the respective timestep). This is

done to examine if certain strain rates and vorticity regions would affect the grouping of
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Figure 2.11: Temperature contours of liquid with particle distribution, in a 27 x 27 slide,
at three different time snaps. The temperature is normalized by its maximum value at

each timestep.

the particles.

Before analyzing these plots, it is important to shed some light on the relationship
between strain rate, vorticity, ¢ and v. As per definition, strain rate (S) is the rate of
deformation of the flow field which is mathematically expressed as the symmetric part of
the fluid velocity gradient (Vu). While, vorticity (£2) is the measure of local rotation of
the velocity field, numerically computed as the curl of flow velocity (V x u). Hence, as

the isotropic turbulence decays, the maximum velocity gradient and curl are expected to
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Figure 2.12: Distribution of particles in gas and liquid with strain rate at ¢ = 1, half TKE

and ¢t = 10.

decay, albeit more rapidly for the increased viscosity of the gas than for the liquid.
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Strain Rate

Figure 2.12 shows the size-wise particle-to-strain rate frequency curves of the gas and liquid
cases. As we normalize the particle distribution by the occurrence frequency of the strain
rate, we are able to assess the relative clustering of the particles in the strain rate domain.
For both the gas and liquid cases, the initial section of the curves overlap. This suggests
a good correlation between the number of particles and the occurrence frequency of the
strain rate; a similar behavior is also observed for vorticity plots (Figure 2.13). Note that

in this analysis we are only interested in the peak values, especially at high strain rates.

In Figure 2.12, it can be seen that particles tend to settle in medium to high-strain rate
regions. Likewise, starting from t = 1 when TKE is high, larger particles depicted greater
settling in high strain rate regions. This trend decreased with time and at ¢t = 10, smaller
particles took over this trend. This can be explained with filtering effect in which as the
St increases (St; here, see Figure 2.4), particles stop responding to timescales smaller than
the particles response time [110, ]. This renders larger particles less responsive to the
fluid, thus decreasing their concentration in the high-strain rate regions. This behavior
suggests a size-based particle distribution as stated earlier, especially in the context of
particle heating. Additionally, it can also be observed in Figure 2.12 that although liquid
cases show similar trends at t = 1 and half TKE, the trends of large and small particles
are relatively similar at ¢ = 10. Considering Equation (2.4), as TKE decays more slowly in
liquid, 7; in liquid is higher than gas at later timesteps (Figure 2.2). Thus, as per filtering
effect larger particles in liquid respond to more timescales at ¢t = 10 as compared to gas.
Additionally, the particle concentration peaks are much higher in the liquid. This is due

to higher fluid-particle velocity fluctuations in liquid based on lower viscous dissipation.

Vorticity

Figure 2.13 presents the distribution of particles in different vorticity regions. Unexpect-

edly, the particle distribution with vorticity is similar to the strain rate plots. Yet, as
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previously noted in the literature, particles cluster in low vorticity regions, which is espe-

cially evident with smaller particles in the gas. In the gas-like viscosity cases, this trend
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Figure 2.14: The difference between the number of small and large particles (AN) in

different strain rate regions.

can be explained by VC which holds particles in different vorticity regions. In the case of
liquid, however, the higher concentration of particles in such regions is due to the low drag

force and consequently high drift velocity (Figure 2.8) of the particles.

Figures 2.12 and 2.13 provide proof of the concept that particles of different sizes glob-
ally settle in different strain rate and vorticity regions. However, for a better understanding
of this phenomenon, a study of polydispersed flow with momentum TWC is required. This

will be analyzed in a future study.

In Figures 2.12 and 2.13, the normalized particle concentration highlights the impor-
tance of strain rate and vorticity occurrence frequency, as the higher existence of a certain
strain rate or vorticity region enables more particles to either settle or avoid that region.
However, this normalization causes the details of particle distribution in low strain rate
and vorticity regions to be lost. Thus, the non-normalized number difference of smaller
and larger particles (AN) with respect to strain rate and vorticity in Gas 2 is shown in

Figures 2.14 and 2.15. These figures highlight that low strain rate regions are populated
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Figure 2.15: The difference between the number of smaller and larger particles (AN) in

different vorticity regions.

by larger particles, while smaller particles dominate in low vorticity locations. This further
proves that the voids of one particle size are filled by the other size. To further elaborate
this trend Figure 2.16 presents the 3D distribution of particles and vortices in Gas 2. It
can be seen in Figure 2.16 (A) that smaller particles tend to cluster around the vortical
structures, whereas larger particles are not significantly influenced by them (Figure 2.16
(B)). Lastly, Figure 2.3 (C) shows that the voids created by smaller particles are filled by

larger particles. Although not presented here, similar results are observed in Liquid 2.

2.4 Summary

A DNS investigation was conducted to study the clustering of heated bidispersed particles
in variable viscosity carrier fluids. The focus of this work was on understanding the effect
of gas- and liquid-like temperature-dependent viscosity on the PC. Three base cases, each

containing particle species of two different diameters, were simulated in decaying isotropic
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turbulence. For the two carrier fluids, all operating parameters were kept alike except
the viscosity—the gas viscosity increased with temperature following a power-law, while
the viscosity decreased with temperature in the liquid. Based on this, following are the

primary findings of this research:

e In classical decaying isotropic turbulence, St; is expected to increase and St, de-
creases as the flow evolves. Yet, in our study, the external particle heating combined
with the temperature-dependent viscosity caused the St; and St,, evolution to deviate

from the standard trend in decaying isotropic turbulence.

e Overall, the smaller particles showed a much higher PC than the larger particles in
both gas and liquid. Similarly, particles in the liquid phase depicted better dispersion

as compared to gas, due to the lower drag force when heated.

e VC is a proposed mechanism by which the increased fluid viscosity acts to enhance
the particle clustering as the turbulence decays, irrespective of the Stokes number of
the flow.

e At high viscosity and low TKE, PC in gas is decoupled from its characteristic St,
values. Hence, St, ~ 1 based prediction of particle clustering is not accurate in

applications involving particle heating or increasing fluid viscosity.

e It was also discovered that instead of particles settling in high strain rate and low
vorticity regions, bidispersed particles tend to prefer moderate to high strain rate
and medium-low to high vorticity regions. In terms of lower values of these parame-
ters, smaller particles settle in low vorticity and larger particles show an inclination
towards low strain rate regions. Thus, further probing is required to characterize the
global distribution of bi- and polydispersed particles based on vorticity and strain
rate. Correspondingly, it is also important to take into account the occurrence fre-
quency of different strain rate and vorticity regions as particle clustering is highly

dependent on these parameters.

95



e The gathering of particles in a range of vorticity and strain rate regions, dissimilar
dispersion behavior of heated large and small particles, as well as the influence of
one heated particle size on the distribution of the other indicates that at any given
instance, particles of different sizes cluster at distinct turbulent scales and locations.
Hence, polydispersed particles are a superior choice for clustering-sensitive applica-

tions.
From this study, it was found that fluid viscosity plays a critical role in the distribution

of heated particles. Therefore, it should be considered as one of the key parameters when

designing a heated multiphase system.
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Chapter 3

Viscosity-Modulated Clustering of
Heated Bidispersed Particles in a
Turbulent Gas

Reference: A. Saieed, and J. P. Hickey. Viscosity-modulated clustering of heated bidis-
persed particles in a turbulent gas. Journal of Fluid Mechanics, 979:A46, 2024, DOI.

Abstract

The clustering of externally and evenly heated particles is enhanced by the increased vis-
cosity of heated fluid in the vicinity of these clusters—a phenomenon known as VC. Herein
we study, via DNS of decaying turbulence, the effect of temperature-driven viscosity on
clustering with different particle loading densities. We employ momentum and energy
TWC, and gas viscosity is modeled by a power-law to understand the role of the increased
drag and particle back-reaction force on the clustering intensity. For the continuum and
dispersed phases Eulerian and Lagrangian-point-particle schemes have been used, neglect-

ing inter-particle collisions. We found that the enhanced viscosity-driven clustering is a
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strong function of particle loading density, as the increase in particle number density en-
ables the formation of large uneven clusters before heating, which is the main condition for
VC to take effect. Higher number density should result in greater turbulent modulation
and negate local temperature-based viscous effects leading to VC. However, due to higher
local particle number density in the clusters and interphase heat transfer, increased drag
force prevails in such cases and delivers excessive clustering. By conditionally sampling the
particle velocity and temperature inside the clusters, it is found that the thermodynamic
and kinematic properties of the particles in the clusters are highly correlated, and this
correlation increases with the particle loading density. Therefore, based on the particle
number density, temperature-based viscosity can considerably enhance the clustering of

heated particles and alter the effect of particles on the underlying turbulence.

3.1 Introduction

The homogeneous distribution of heated particles in a fluid is one of the most fundamen-
tal operating conditions of numerous advanced engineering applications, such as particle
solar receivers [103] and the combustion of metallic dust for propulsion [142]. The uneven
distribution not only generates temperature gradients in the continuum phase, but also
results in non-uniform expansion of the gas [21]. This happens because a higher concen-
tration of particles in one region creates a dearth of particles in other regions. These areas

of significant concentration can have a local particle number density up to sixty times

higher than the global average [143]. This is undesirable for thermal systems, as it can
reduce the efficiency of particle-fluid heat transfer by up to 25% [19], and creates strong
temperature fluctuations [111, 89]. These fluctuations grow further with the intensity of

clustering [115]. For particle combustion applications, the grouping of particles can par-
tially or even completely impede particle combustion in the center of a cluster [18]. Such
phenomena are evidently unacceptable for any thermal system, and therefore, efforts are

made to have a homogeneous distribution of the particulate phase at all times.
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Inertial particles are known to form clusters in a turbulent flow. This phenomenon is
driven by particle (weight and size), fluid (density and viscosity), and turbulent charac-
teristics [111]. The competing effects of these parameters are accounted for in the particle
Stokes number, St, which is often considered as the primary non-dimensional number gov-
erning particle clustering [112]. Essentially, St is the ratio of particle and fluid timescales

and is used to define particle behavior in a turbulent flow ranging from tracer (very small

particles, closely following the streamlines of the flow) [54] to ballistic particles (very heavy
particles, easily passing through turbulent eddies) [55, |. Mathematically, St is defined
as [20]:
-
St=-2L 3.1
- (3.1)

where 7, is the particle momentum response timescale and is given as [111]:

. /)pd?o

= 3.2
18pyvy 32

Tp

here subscripts p and f denote the particle and fluid phases, while d, p, and v are diameter,
density, and kinematic viscosity, respectively. Moreover, in Equation (3.1), 7; represents
an appropriate timescale of the turbulent flow. This is because particles predominantly

respond to different turbulent timescales based on their size/inertia, and therefore particle

clustering is scale dependent [58]. Additionally, in polydispersed flows, particles of different
sizes collect in distinct regions of the flow [67], and under similar conditions, different
particle species have different acceleration [06]. This suggests that particle clustering can
be driven by any scale of the turbulent flow. However, integral, 7; [117], and Kolmogorov,
7, [08], timescales are most commonly used to characterise particle-laden flows [61]. The
expressions for 7; and 7, are: i

= —ffji) (3.3)

T, = (ﬁf (3.4)

€

where ;s is the root-mean-square of the fluid velocity, TKE is the turbulent kinetic

energy and ¢ is the turbulent kinetic energy dissipation rate.
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The past literature agrees on the fact that particles with St < 1 (tracer particles) and
St > 1 (ballistic particles) do not show much clustering [1 16, 117]. Particles with St ~ 1,
however, depict the maximum clustering [58]. Albeit, there are various explanations for
this phenomenon, the most common among these is the PC or centrifugal effect, where
inertial particles centrifuge out of vortices, local high vorticity regions, and gather in local
high strain rate regions, between vortices [15, 16]. On the other hand, enhanced particle
clustering has been observed at St much different from unity [ 18], an observation that is
difficult to reconcile with conventional clustering mechanisms. Yoshimoto and Goto [11]
argued that since turbulence is a multiscale phenomenon, clustering is inevitable provided
that 7, < 7, < 7, and in this case particles can exhibit considerable clustering at St, # 1.
They observed particle clustering at St, > 1 where particles gathered at larger scales. A
more accurate explanation is that the particles depict higher clustering at any scale with
timescale 7%, provided that their St = 7,/7* ~ 1. Consequently, two St-based regimes
were defined, where at St < 1 clustering is attributed to the centrifugal force [16], while
at St > 1 clustering is due to a non-local temporal (history) effect [50]. In the latter
mechanism, particles carry the memory of having St ~ 1 in the past and then cluster at a

later time when their St is greater than unity.

The above-stated mechanisms hold well for unheated particle-laden flows. However,
when particles are heated, a feedback loop is created between particle clustering, lo-
cal temperature variations, and hydrodynamic forces [145]. Even in this case, ignoring
temperature-driven fluid viscosity maintains the validity of conventional clustering mech-
anisms. For example, Pouransari et al. [21] analyzed turbulence modulation due to heated
particles in decaying HIT with constant viscosity. By focusing on the density-based vari-
ations, they observed maximum particle clustering at St =~ 1, and consequently a higher
uneven expansion of gas, which enhanced turbulence at the cluster (small) length scales.
The gas expansion (decrease in local density) creates a divergent flow field that pushes
the particles away from each other. This dilatation effect increases with particle load-
ing, resulting in a lower propensity for clustering. Pouransari and Mani [22] investigated

the influence of clustering on interphase heat transfer using DNS. They reported that the
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mean particle-to-fluid heat transfer is a function of St, where St =~ 1 delivered the most
inhomogeneous heat transfer. Rahmani et al. [129] studied the influence of polydispersed
particle-size distribution on preferential clustering and particle-fluid heat transfer charac-
teristics in a channel flow with fluid-particle TWC. They attributed maximum clustering
and inhomogeneous heat transfer to St ~ 1, even in polydispersed flow, which other-
wise delivers superior dispersion and heat transfer compared to monodispersed particles.
Pouransar and Mani [19] also investigated the effect of particle clustering on heat transfer
statistics in a channel flow. They reported that at maximum clustering (St ~ 1) the tem-
perature fluctuation is up to 35% of the average temperature rise. In all of these studies,
higher clustering and its corresponding impact on turbulence and temperature statistics
were attributed to St ~ 1. In fact even in momentum TWC where particles can con-
siderably modulate turbulence, the above St based clustering characterization holds (see

Frankel et al. [119] for example), if the temperature-driven change in viscosity is neglected.

Note that under the constant viscosity assumption, the drop in density reduces the
drag force on the particles. In practice, however, particle heating drops the density and
increases the dynamic viscosity (us) of the local gas, where viscous effects are expected
to be much stronger than density effects. In our study, compared to the initial values, py
dropped only by 3.6%, while i increased by roughly 60% with the increase in temperature.
The overall domain volume and density are constant, and this 3.6% drop in py refers to the
local maximum change in py. This small decrease in local py is due, in part, to the increase
in domain pressure because of the triply-periodic boundary condition. If the average do-
main pressure were constant, the density would decrease proportional to the increase in
temperature, while the viscosity would alter with a power-law of temperature. Hence, the
effect of temperature-driven viscosity will remain a considerable factor. Additionally, the
temperature-driven variation in viscosity is critical as it greatly alters the turbulent flow
field and dynamics of the vortical structures [150]. As per Equation (3.2), the rise in v
considerably alters 7, which consequently changes the particles’ St number. In decaying
turbulence—which is representative of turbulence in many engineering flows—7; decreases,

while 7, increases with time, which also affects the values of St. The compounding effects
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of these variations have a unique influence on particle clustering. Therefore, our primary
focus is on the clustering originating from the increase in viscosity and the resulting rise

in particle drag force.

In a recent analysis, we observed higher clustering in a heated bidispered particle-laden
flow when variable viscosity was used in comparison to a constant viscosity case [151]. It
was found that as the gas temperature-driven viscosity increased, the clustering of smaller
particles increased even when their St based on the Kolmogorov scale (St, = 7,/7,) de-
creased from 0.65 to 0.33—a trend opposite to the conventional assumption. This was
surprising because an identical constant viscosity case with the evolution of St, from 1.1
to 0.9 showed lower clustering than in the aforementioned simulation. This counterin-
tuitive behavior cannot be elucidated even with the history effect, as particle clustering
continuously increased, while St, kept declining below unity. We argued that this high
clustering is the result of VC, where a particle cluster prior to heating creates a viscous
cloud around itself upon heating, which retains the already clustered particles and captures

more particles as a result of the higher drag force on them.

Albeit VC is a compelling argument that adequately explained the deviation of particle
clustering from the clustering predicted by St (where maximum clustering is observed
at St ~ 1), we made some simplifying assumptions to isolate the effect of temperature-
dependent viscosity on particle dispersion. The most important among these is the OWC
of fluid-particle momentum, where only the fluid exerted a drag force on the particles, and
consequently, the particles could not resist the VC. Although this assumption has been
used earlier [110], it is crucial to test VC in the regime where particle drag on the carrier

fluid is non-negligible (momentum TWC).

Analyzing the turbulent energy spectrum in TWC suggested that particles attenuate
energy at low wavenumber (k) and augment it at high wavenumbers [20], and this effect
enhances with the rise in particle number density [27]. The increase in small-scale energy
escalates e, which in return increases the rate of energy transfer from the large to small

scales, consequently enhancing [ and dropping n [152]. Boivin et al. [28] found that the
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TKE dissipation increases with the increase in particle loading. By examining the exchange
rate of fluid-particle energy, they reported that larger turbulent eddies drag the inertial
particles, whereas particles drag the smaller eddies with them. Hence, particles act as
sink at larger scales and source at smaller scales, and this effect augments with the rise
in particle loading. In a comprehensive review on particle-laden flows, Balachandar and
Eaton [23] concluded that even in dilute particle-laden flows, turbulence modulation is
prevalent as particles impart their kinetic energy on the fluid. Additionally, turbulence
modification is also known to be maximum at St ~ 1 [153]. In terms of particle size, Gore
and Crowe [151] observed that smaller particles decrease TKE as they are moved by the
local fluid, whereas larger particles increase TKE as they drag the fluid with them. The

strength of this phenomenon also depends on the number of particles in the system.

Considering the discussion above, we are interested in characterizing the effect of
temperature-dependent gas viscosity on clustering at different particle loading densities,
as the particles are rapidly heated to reach a temperature double their initial tempera-
ture. This analysis will bring out the prepotent impact of increasing drag force on the
particle during heating, which has been greatly overlooked due to the constant viscosity
assumption. Here, particle-particle collisions were neglected, and only the drag force was
taken into account. In this case, it is expected that the rise in drag force will correlate the

kinematic and thermodynamic parameters of the particles and fluid inside a cluster.

By decreasing the global number of particles, we decrease the number of particles in
each cluster/viscous cloud, and also reduce the particle clustering capacity [155, |. This
will help to understand whether viscous clouds still form and capture particles when the
local particle loading in each cloud drops and the particle-fluid heat transfer is reduced.
We hypothesize that the rise in localized heating with particle loading density will enhance
VC, despite the increase in particles’ ability to resist local viscous effects due to their
reaction drag on the fluid. Furthermore, particle-back reaction force can also potentially
aid viscosity-driven clustering, as it reduces the local fluid velocity fluctuations, which
in return drops the transfer of heat via turbulent fluid diffusion [I57]. Note that the

parameters in this study are presented in arbitrary but consistent units. Thus, present
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results can be interpreted in any consistent units system. This article is structured such
that Section 3.2 states the computational setup of this study, while simulation results are

discussed in Section 3.3. A summary of the present analysis is provided in Section 3.4.

3.2 Methodology

In this study, DNS were conducted using a slightly modified version of the open-source,
high-order finite difference code known as Pencil-Code [130]. Three particle number den-
sities were tested with two particle sizes (bidispersed particles); the number of large and
small particles had a 50 : 50 ratio in each particle loading scenario. The radii of the two
particle species were 0.0028 and 0.0106, which are identical to the test case Gas 2 of Saieed
et al. [I51]. Hereon, the two particle sizes will be referred to as small and large particles
in the text. We employed bidispersed flow because we wanted to study the clustering
characteristics of particles responding to different turbulence scales, without further com-
plicating our simulations which already involved particle heating, turbulence decay and
heat diffusion. The global number of particles tested is 5 x 10° (similar to our previous
study), 2.5 x 10° and 1.6 x 10°. For conciseness, we will refer to these simulations as Ls,
Lo s and Ly g, respectively. Here, L represents the loading and the subscripts 5, 2.5 and 1.6
are the multiples of 10° in their respective loading numbers. We also simulated particle
number densities 1.2 x 10° (Ly3), 0.5 x 10° (Lgs), 0.1 x 10° (Lg;) and 0.05 x 10° (Lg g5).
However, these simulations were not included in the main analysis (except for comparison
in a few places) as it was found that below Ljg, particle clustering depends on Taylor-
based Reynolds number (Rey = wymspsA/fif, here A is Taylor length scale) of the flow (see
Section 3.3.1). Note that the volume fraction (®,) of Ls, Ly 5, and L; ¢ simulations is in the
O(1073) which is just at the point where particle-particle collisions (®, > 1073) becomes
relevant [1]. For simplification, we employed momentum TWC. The volume fraction of Lg s
is in the O(10™*) which is almost in the OWC regime, but we also modeled it with mo-

mentum TWC for consistency. We used Triangular Shaped Cloud scheme, which employs
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274 order spline interpolation from 27 grid points for modeling fluid-particle interaction.

First of all, three base simulations were run with the same initial parameters but differ-
ent particle number densities (Ls, Lo s and L; ). For the development of HIT, these simu-
lations were carried out in a 273 periodic box, resolved into a 3843 grid with a solenoidal
forcing, F; [131]. We used 3843 grid to accurately interpolate particle motion from the
fluid and keep the temperature gradient across each cell small and accurate. Likewise,
the present forcing scheme is temporally delta-correlated in k£ space, meaning that all
the random forcing points are correlated at a particular time instance but vary between

timesteps.

These initializing simulations without particle heating were conducted for approxi-
mately five large eddy turnover times of L5 case. Here, Ls took the longest time to develop
equilibrium between the large scale energy addition and small scale energy dissipation.
The L5 simulation was also extended to ten eddy turnover times to ensure that the mean
turbulent characteristics remain stable after five turnover times (not shown here). The
instantaneous TKE showed non-negligible oscillations about an average value even after
five turnover times, which is a known problem in forced HIT both in spectral [158] and
linear forcing [159, |. These temporal fluctuations, along with the fact that particle
heating also adds energy to the flow which could destabilize the simulations, were the rea-
sons why we did not use forced turbulence when running the particle heating simulations.
Note that the forcing adds energy at the large scale, while particle heating adds energy
at the particle/cluster scale. Here, kpaen) > 12 (kpge is the maximum wavenumber) was

obtained, suggesting that the small scales are fully resolved [3].

These simulations solved the compressible Navier-Stokes equation, but we neglected the
kinetic energy in the energy equation in order to decouple fluid velocity and temperature—
only fluid internal energy is considered in the energy equation. This assumption is only
valid in the low Mach number cases. This was verified in our L;g case, in which the
maximum local Mach number never exceeded 0.08. Given the conservation of mass and the

fixed volume of the triply-periodic DNS domain, the mean gas density remained constant
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at py = 1.08 (prescribed value), but particle heating altered the local gas density in the
vicinity of particles. After fully developed HIT was achieved, the artificial forcing was
removed, allowing turbulence to decay, and particle heating was initiated. Of interest is
the period of turbulence decay and particle heating over the first ten time units. Table 3.1
lists the turbulent characteristics at the beginning of the particle heating simulations. In
Table 3.1, the turbulent Reynolds number is defined as Re = wmspsl/p1y. The simulation
setup of all three base cases was identical, including the forcing function, but the difference
in the number of particles (due to momentum TWC) resulted in the base simulations having

slightly different turbulent characteristics.

The most critical turbulence characteristic in Table 3.1 is the Taylor-based Reynolds
number, Re), as it determines the resolution of small scales and if clustering is governed
by a single or multiple turbulent scales [105]. Treland et al. [161] stated that particle
clustering is independent of Re) for St < 1, which is the case in the present heating
simulations, as discussed in Section 3.3.4. However, for further assurance, we decreased F;
in Loy, Lyg, Lio and Lo s to match the Rey of L5 and compared clustering in the original
and reduced Re) cases. Since Re, does not scale linearly with the forcing function, there
was about 5 — 10% difference in the Re, of the original and Re) matched cases compared
to Rey1,. But, we will see in Section 3.3.1 that only those particle loading densities were
selected in which clustering is insensitive to Rey. Therefore, this difference of 5 — 10% is
considered trivial in these cases. Note that we opted to use identical forcing and overall
simulation setup in our test cases, based on Re), independence analysis. Particle clustering
was quantified with the RDF, which counts the number of particles within a certain radial
distance from a reference particle (see Saieed et al. [151] for details). This analysis is
explained in Section 3.3.1. Note that the /5 ratio of our lowest (L;) and highest (L)
Re) cases is 41.8 and 52.3, respectively. Comparing these ratios with Rey = 88 of [161]
that is [/n = 55.8 suggests that despite the low Re,, our scale separation is adequate. Our

mean energy spectrum, E(k) in Figure 3.5 also shows good resolution of the small scales

and we also obtained —5/3 slope in the E(k), albeit with the shorter inertial range due to
the momentum TWC.
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Parameter Symbol Ls Las Lig

Particle loading N, 5x10° 2.5 x10° 1.6 x 10°
Average root-mean-square velocity Urms 0.19 0.28 0.32
Turbulent kinetic energy TKE 0.018 0.035 0.052
Dissipation rate € 0.0006 0.001 0.0015
Taylor Reynolds Number Re) 53 68 78
Turbulent Reynolds Number Re 200 286 343
Integral timescale a 22.33 15.65 13.04
Integral length scale l 4.18 4.18 4.18
Kolmogorov timescale T 2.65 1.96 1.64
Kolmogorov length scale n 0.10 0.088 0.080

Table 3.1: Characteristics of the fully developed HIT.

We employed point-particle approach for both particle species in this analysis. For small
particles, this is a straightforward choice, as for all the considered cases d,/n = O(1072);
the point-particle method typically assumes d,/n < 1. As per Table 3.1, the ratio d,/n
for Ly to L ¢ larger particles is in the O(1071). According to Balachandar and Eaton [23],
for particles with p, > ps and d, =~ O(n), point-particle assumption can be used. Our
pp/ps =~ 1400 and particle Reynolds number is Re, < 1. Hence, the use of point-particle
approach is justified.

Table 3.2 summarizes the initial St values (prior to heating) of the present simulations.
For this work, the smaller particles are defined by the Kolmogorov scale, as they are about
18 times smaller than the Kolmogorov scale. Due to filtering effect [111, |, larger
particles will correspond to the integral scale, as they are about 5 orders of magnitude
smaller than 7. In momentum TWC, the energy transfer from large to small scale has two
routes: the classical energy cascade and particles taking energy from the large scales and
feeding it to the small scales. This affects the inertial scale (see Figure 3.5) and therefore

it is plausible to assume that larger particles correspond primarily to the integral scale.
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Case Ls Los Lis

Particle radius  0.0106 0.0028 0.0106 0.0028 0.0106 0.0028
Stokes number St St St St, St St,,
0.37 0.51 0.33 0.63 0.33 0.68

Table 3.2: Particle St; and St,, values at the start of heating simulations.

Consequently, St based on the Kolmogorov scale (St, = 7,/7,) is used to characterize
the smaller particles and St calculated from the integral scale (St; = 7,/7) is used for
larger particles, as shown in Table 3.2. In the present case, the initial values of St, are
different, since TKE and e decrease with increasing particle loading [28]. As clustering is
maximum at the scale where St (based on that scale) is unity, an increase in clustering
can be observed at the integral scale. Thus, we use St; for comparing simulations as Ls,

L2,5 and Ll‘ﬁ start with similar Stl

3.2.1 Continuum Phase

The conservation equations of the carrier phase mass, momentum, and energy are:

Opr | Opsusi _
9 oz, =0 (3.5)
aprfi 8prfiUfj (‘9Pf 8,uf (9ufz- anj Qank
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here T, p and u;s,; are the temperature, pressure and gas velocity in the i direction.
While the specific heat of the fluid at constant volume/pressure and thermal conductivity
are expressed as cy,/cp, and kg, respectively. In Equation (3.6), F), represents the local

reaction force that the particles exert on the fluid, and thus accounts for the fluid-particle
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momentum TWC. This force is opposite to the fluid drag on the particle and is given as:

F, = mj, 2t~ i) _;f 1) (3.8)
where m,, and u,; are particle mass and velocity, while uy;(x,) is the (disturbed) fluid
velocity at the particle location, z,. As per the TWC scheme, wuy;(z,) should be the undis-
turbed fluid velocity at the particle location. This can affect the drag force prediction [162],
and may require correction to the disturbed velocity for estimating the drag force. Hor-
witz and Mani [163] proposed a regime diagram that can be used to determine if a model
requires velocity correction. According to their d,/n = O(1072) and St, = O(1071), our
smaller particles lie in the regime where a correction is not needed. While large particles
may require correction considering their d,/n = O(107!) and equivalent St, = O(10°) lies

b

on the bordering line between TWC correction and “other multiphase flow” regimes. How-

ever, since the St, of our larger particles is small and decreases further with time (due to
the increase in 7, as the turbulence decays), velocity correction can be neglected without

a considerable effect on the results.

Similarly, the expression for the temperature-dependent gas dynamic viscosity () is

T\?
= — 3.9
s =ro (72 39

here subscript 0 stands for the initial/reference value. The initial kinematic viscosity was

as follows:

vso = 0.0034 and the temperature of the base simulations was Tj, = 273.

3.2.2 Particulate Phase

The Lagrangian equation set for the particles is given as:

dt" =y, (3.10)
d_? = T—D (ugi(Tp) — upy) (3.11)
p



where Cp is the particle drag coefficient, defined by the Schiller-Naumann equation [133]:

dplupi — uyi
Cp=1+0.15Re%%7,  Re, = pltps = 4pi(2)| (3.12)
Vy

here Re, is the Reynolds number of the particles and |u, —us(z,)| is the local fluid-particle

drift velocity.

3.2.3 Particle Heating Model

We adopted Mouallem and Hickey [101] particle heating model, which externally and
uniformly heats the particles. The gaseous carrier phase is transparent to this heating
and absorbs heat from the particles via conduction (in the immediate vicinity of particles)
and convection (gas far from particles). In this model, particle heating, @),,, and particle-

to-fluid heat transfer, ), s, terms are defined as:

Tmaz - T
Qp = mpcpM (3.13)
Theat
m,c, Nu
Qpr = £ 57'75 £ (Tp - Tf@p)) (3.14)

In Equations (3.13) and (3.14), m,, ¢, and T, are particle mass, heat capacity, and temper-
ature, respectively. Whereas, T¢(x,) is the local gas temperature at the particle position.
Similarly, T},4. is the maximum particle temperature (prescribed as 600) that can be at-
tained via external heating. The particle heating timescale 7., was set to 1.0 for rapid
heating and the particle-to-fluid heat transfer timescale 7; was 10 for fast heat transfer. It is
worth mentioning that the heating is governed by the particle-fluid temperature difference,

and the heat flux drops as the temperature of the fluid increases.

In Equation (3.14), the particle-fluid Nusselt number is computed with the Ranz-
Marshall correlation [134]:
1 1
Nu, =2+0.6 Rej Pr3 (3.15)

here Pr is the Prandtl number. To characterize the increase in particle clustering due to the

rise in local temperature-dependent viscosity at each particle loading density, simulations
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are carried out with Heated (H) and Non-Heated (NH) particles. Although the primary
focus of this analysis is on the effect of particle loading density on VC, however results of
H and NH cases are compared in a few places to highlight some critical aspects of particle

clustering.

3.3 Results

3.3.1 Re) Independence

To verify if particle clustering—characterized by RDF-is independent of Re, for our simula-
tion setup, we compare the cases with actual and Rey, matched to Ly (Rey 1), as shown in
Figure 3.1. This comparison implies that clustering in Ls 5 and L g is independent of Rej,
but we see a non-negligible difference in RDF plots of L; 5 and Lg 5 smaller particles. This
is plausible since higher Re, generates more smaller scales in the flow, while the largest
scale in the domain is restricted by the domain size. There is a slight difference between the
original Rey (solid lines) and Re) = Re, 1, curves of larger particles. However, since this
difference is significantly less than the difference we observe for the smaller particles of L o
and Lg 5, we consider it negligible. This analysis is critical as it narrowed our comparison to
L5, Lo s and L g where particle clustering is independent of Re,, and therefore prevented

the erroneous comparisons of particle clustering with lower loading density cases.

3.3.2 Particle Heating

Considering the point-particle assumption, each particle has a uniform temperature (Biot
number, Bi < 1). Using Equation (3.15), Nu, was found to be less than 2.6, which,
according to the Ranz-Marshall expression, implies that conduction is the primary mode
of heat transfer in the test cases. As heat conduction is a local phenomenon, it can

enable/enhance other local phenomena such as thermal viscosity-driven clustering.
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Figure 3.1: The dependence of particle clustering (RDF) on Re,.
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Figure 3.2: The average difference between particle (7,,) and fluid (7) temperatures (left),
and the variance (0?) of this temperature difference (right), normalized with the temper-

ature at t = 0 of heating (7).

As a consequence of the rapid particle heating, it is expected that the particle and fluid
will reach their maximum prescribed temperature quickly and the particle-fluid tempera-
ture difference will be small. This can be observed in Figure 3.2 (left), as the particle-fluid
temperature difference drops to zero around ¢ = 5, which also implies that the increase in
(¢ stops roughly at this time. Consequently as per Figure 3.2, at ¢ = 1 the particle-fluid
temperature difference in Ly is about 1%, which increased to 30% in Lggs (not shown
here). This suggests that the rate of increase in gas viscosity drops with the decrease in
particle loading, which will hinder the development of the fluid viscosity-based clustering,
as discussed later. The increase in particle-fluid temperature difference with the drop in
loading density is due to the reduction in heat transfer to the carrier fluid at lower load-
ing densities. We also included the normalized variance (02) of particle-fluid temperature
difference in Figure 3.2 (right), which portrays a trend similar to the mean temperature
difference. This suggests the absence of any significant local viscosity fluctuations, and

hence the fluid viscosity varies with the rise in fluid temperature.
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3.3.3 Turbulence Modulation

To quantify the effect of particle reaction drag force, the heating of different particle load-
ings, and the resulting change in viscosity on the underlying turbulence, we plot the evo-
lution of the Taylor length scale in Figure 3.3. Because the Taylor microscale bridges the
energy transfer between the integral and Kolmogorov scales, it indicates the impact of
different test conditions on turbulence. It is apparent that the decay rate of A is similar
in all the test cases; however, particle heating significantly raises A between ¢ = 0 and
2. This can be justified with rapid particle heating, which increases TKE of the flow via
pressure-dilatation at scales comparable to the size of particle clusters [21]. Therefore, the
Taylor length scale augments as A = \/W- The rise in TKE can also be witnessed
in Figure 3.4 in the form of a TKE jump right after the onset of heating. Although this
slight transience is short-lived, it produces strong and long-lasting effects on other param-
eters such as A, as the added energy is then passed down to the smaller scales, imparting a
prolonged influence on the corresponding turbulent parameters. The drop in particle load-
ing reduces fluid-particle energy exchange [152, 28]-the overall TKE increases with the
decrease in particle loading [164, |-, and also delays the increase in fluid temperature
and viscosity, which then slows the rate of TKE decay, as shown in Figure 3.4. A critical
takeaway here is that in comparison to NH cases, the difference in A between heating and
Rey = Rey 1, cases is minimal. This is another proof that the present comparison of Ls,

Lo s and Ly g clustering behavior is valid.

Another important parameter depicting turbulence modulation by particles is the en-
ergy spectrum, as it determines the energy distribution among different turbulent scales.
As discussed in Section 3.1, in momentum TWC, particles add energy to the small scales
of turbulence at the expense of energy at the large scales [20], and this effect increases
with increasing particle loading [27]. Similar trends are observed in the mean energy spec-
trum, m, plots in Figure 3.5. This figure presents the energy spectrum prior to particle
heating (¢ = 0), such that only particle loading influences the energy distribution among

the turbulent scales. Moving from Lj to Lg g5 shows the transition from the region where
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Figure 3.3: The evolution of normalized Taylor micro-length scale (\). Here, H and NH in

the legend represent simulations with heated and non-heated particles.

particle back-reaction is significant to where the particles stop enhancing the energy of the
smaller scales. Note that the inertial range in Figure 3.5 is small (L5 to Ly 5), which is due
to the momentum TWC where fluid energy is also transferred from large to small scales

via particles. Additionally, our low Re) also caused the inertial range to be small.

3.3.4 Timescales and Stokes Number

In decaying HIT, the integral timescale monotonically decreases, while the Kolmogorov
timescale increases. Particle heating can potentially alter this standard behavior, however,
present results are consistent with the classical trends despite the slight logarithmic curves
of timescales, as depicted in Figure 3.6. This is because for 7,, as per Equation (3.4),
the increase in vy is divided by the rise in TKE dissipation rate (¢ = 2v;5;;5;;, where
Siy = 1/2(uj; +uj;) is the strain-rate and « is the fluctuating velocity component).
While, for 7; the increase in vy decreases the velocity fluctuations (TKE), which according

to Equation (3.3) is divided by the increase in €. On the other hand, in an incompressible
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Figure 3.4: The temporal evolution of normalized TKE in H and NH cases.

flow without heating—constant v; and 7,—, St; and St,, monotonically increase and decrease,
respectively, as depicted by the NH curves in Figure 3.7. But, since vy in Equation (3.2)
is not normalized, our heating St; and St, curves depart from the conventional trends—
variable 7,. Here, St,, shows the greatest deviation due to a smaller df), which is overpowered
by the increase in v; in the denominator of Equation (3.2). Hence, in the initial heating
transient when the viscosity rapidly changes with temperature, St, drops abruptly. It is
overall clear that particle heating considerably alters the turbulent characteristics of the

flow, which should affect particle clustering characteristics.

3.3.5 Clustering Quantification

Looking at the St; and St,, the main question is, does particle clustering adapt to the

changes in St and still portray maximum clustering at St ~ 17 As per Figure 3.7, it

76



Figure 3.5: The mean energy spectrum (FE/(k)) of the test cases at t = 0 of H simula-
tions, normalized with its initial value. The Ls owc is identical to present Ls, except with

momentum OWC.

is expected that the larger particles will show higher clustering, especially towards the
end of the simulation, where the St; approaches unity. An opposite trend is expected
for smaller particles considering the evolution of their St,. To test this, we computed
RDF of the three test cases as shown in Figure 3.8. We also repeated these cases without
heating, which shows particle clustering in the absence of thermodynamic changes in the
fluid. Here, the clustering in NH cases can be explained by the history effect for larger
particles and enhanced clustering at dissipative scales for smaller particles. In the absence
of temperature-based viscous effects, the H and NH RDF curves should overlap. We observe
a dissimilar trend in Figure 3.8 for L5 and Ly5. But, before elucidating this, it is worth
highlighting that the clustering pattern of small and large particles inverts from L to L g;
larger particles show more clustering in Lj, and small particles show greater clustering in
Lig. A similar trend was also witnessed in Saieed et al. [151] where in Gas I and Liquid

1 larger particles depicted higher RDF than smaller particles, while an opposite pattern
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Figure 3.6: The evolution of integral (7;) and Kolmogorov (7,,) timescales normalized with

their initial values.
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Figure 3.7: The temporal evolution St; and St, in the heating regime.
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Figure 3.8: The RDF of small and large particles at even timesteps.

was observed in the other cases. This is a turbulence-driven effect (as discussed later), and
thus we are not concerned with whether smaller or larger particles show greater clustering.
Our focus is on the increase in clustering—of either particle species—due to the increase in

viscosity upon heating.

Before analyzing the heating results, we need to grasp the clustering pattern of each
particle species prior to heating. We see that St; and St, values at the start of the heating
simulations are comparable as per Figure 3.7. Thus, both particle species should have
similar clustering at the onset of heating. We observed this trend in Ly 5 and weakly in
L1, but not in Ls. This is potentially due to the forcing scheme used, which adds energy
to the flow at random locations, increasing the local velocity fluctuations and gradient.
Towards the end of base simulations when St; and St, have approached their values at
t = 0 in Figure 3.7, the addition of energy would disperse the particles, potentially breaking
clusters. The particles in test cases Ly 5 and L g have enough empty spaces to stay dispersed
once a cluster breaks, before particles form new clusters. Hence, they also show very low
clustering at the start of heat (Figure 3.8). The lack of large empty spaces in Ls results in

the formation of a new cluster as one cluster breaks, resulting in higher clustering. However,
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Figure 3.9: PDF of normalized particle-particle relative velocity at ¢ = 0 of heating. Here,

n present the n'" particle.

even in this scenario, both particle species of L should depict similar initial RDF curves.
This difference in initial clustering is due to the difference in drag force experienced by
the two particle sizes. The drag force experienced by larger particles is on average about
O(10') higher than that of smaller particles. The random addition of TKE pushes larger
particles more, forcing them to disperse and then form clusters. Hence, we cannot use St

and St, to delineate particle clustering at the onset of heating.

To this end, we evaluated the PDF of particle-particle relative velocity just prior to
heating (¢ = 0), as illustrated in Figure 3.9, to elucidate clustering at ¢ = 0 as particle
clustering is a function of this relative velocity [19, 50]. This PDF indicates the number
of particles of each species possessing similar velocity. Therefore, a tighter PDF shows a
greater clustering capability of a particle species. We see a good agreement between the
PDF peaks and the initial RDF curves. For example, the PDF of Lj larger particles is
higher than its smaller particles, while both species of L; g show similar PDF curves. On

the other hand, relative velocity curves of small and large particles of Ly 5 perfectly overlap.

Now that the initial clustering pattern of each particle species is understood, we can
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Figure 3.10: The temporal evolution of fluid-particle mean drift velocity (|u, — uf(z,)|) in

the hot regions, normalized with the Kolmogorov velocity (u, = n/,).

explain the VC by collating H and NH particles’ RDF plots in Figure 3.8. Comparing these
curves of Ly shows opposite trends in the two simulation sets, while the difference between
these two simulations (H and NH) decreases with particle loading. This highlights a crucial
phenomenon that, only well-formed clusters before heating establish VC upon heating, and
the probability of cluster formation before heating dwindles with the reduction in particle
loading. In the case of finite heating, the fluid reaches its maximum temperature and
viscosity before the VC takes any dominant effect. Hence, the difference between heating

and non-heating simulations decreases with particle loading.

3.3.6 Viscous Capturing

To further elucidate the RDF trends with the VC mechanism, we evaluated the mean
particle-fluid drift velocity in regions with temperature one standard deviation higher than

the average fluid temperature (hot regions or HR)-Tyr > T; + o(T}), where o is the
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(R u/(2,)) in the hot zones.

standard deviation—in the heating simulations, as shown in Figure 3.10. The strength of
VC can be determined by the low local particle-fluid drift velocity in Ty g regions as higher
viscous drag on particles correlates the fluid and particle velocities. In Figure 3.10, we see
that larger particles of Ls not only show the lowest drift velocity, but the drift velocity
increases with the decrease in particle loading. Plausibly, lower particle loading results in
more unoccupied fluid volume, where fluid does not exchange energy with the particles
and consequently possesses higher TKE, see Figure 3.4. This high-energy fluid disperses
viscous clouds, and therefore the local fluid velocity fluctuations at the particle location
increase with the drop in particle loading, raising the drift velocity. Overall, the high RDF

and low drift velocity in heated cases clearly suggest the important role of VC.

A surprising observation in Figure 3.10 is the monotonic decrease in L5 and Lo 5 drift ve-
locities. In a turbulent flow—whether particles are clustered or unclustered—, it is expected
that particles experience finite spatial translation between consecutive time instances due

to local fluid velocity variance, and thus fluctuating drift velocity curves should have been
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observed. To highlight this, the drift velocity of Lg 5 is also plotted in Figure 3.10 which
clearly validates this phenomenon. Minor fluctuations in L; g suggest only marginal VC
at this particle loading. Additionally, on average the drift velocity of both particle species
of Lgs was roughly 2.5 times higher than that of L5 particles, which further highlights the
aforementioned relationship between VC and particle loading. It is worth mentioning that
we do not take inter-particle collisions into account, which is a reasonable and common as-
sumption based on the global particle loading considered. But particle loading in a cluster
can be significantly higher than the global average, and as a result, inter-particle collisions
can have negligible (reduced effect of particle-particle collisions due to increased viscosity)
to detrimental (particles disperse after collisions) impact on VC. However, this requires
further scrutiny of VC mechanism with four-way momentum coupling for a definitive con-

clusion.

Considering the particle-fluid drift velocity in Figure 3.10, it is expected that the inten-
sity of viscous capturing determines the particle-fluid velocity correlation in hot zones. To
test this, we evaluated the distance correlation coefficient (R, u(x,)) between particle and
fluid velocities in the hot zones, as depicted in Figure 3.11. We observe a good agreement
between the drift velocity trends in Figure 3.10 and R, y(x,) values, where cases with low
drift velocity result in higher correlation between particles and fluid velocities. Therefore,
VC correlates the fluid-particle velocity in a cluster and the intensity of VC determines the

strength of this correlation.

3.3.7 Fluid-Particle Acceleration

The effect of fluid viscosity is directly reflected in the acceleration experienced by each
particle species, as the viscous drag is the only force acting on the particles. Conventionally,
smaller particles should adapt to the fluid acceleration, whereas larger particles should show
a higher tendency to follow their own path due to their higher momentum. These trends
can be seen in Figure 3.12, where the negative values depict deceleration, while positive

values represent acceleration. In this figure, acceleration was found by computing the
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Figure 3.12: The temporal evolution of mean small and large particle acceleration magni-
tude. The local fluid acceleration at small (af(x,)) and large (as(z;)) particle location is

also provided for comparison. Note that these curves are non-normalized.
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Figure 3.13: The behavior of mean particle drag coefficient (Cp) with respect to the

normalized dynamic viscosity.
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difference in the mean velocity magnitude of each particle species between two consecutive
timesteps. The same procedure was repeated for the magnitude of the fluid acceleration at
the particle location. As expected, smaller particles rapidly adapt to the fluid deceleration
and re-adjustment to the evolving drag force, which attenuates very slowly, see Figure 3.13.
In contrast, larger particles initially accelerate due to their much higher drag coefficient
(Figure 3.13), which forces them to adapt to the local fluid with a high-velocity variance.
Recall that the fluid is faster than the particles; as in the base simulations, we forced
the fluid to energize the particle motion. On the other hand, as the mean particle drag
coefficient (C'p) dwindles, particles transition from an accelerating to a decelerating regime
after py/po = 1.4 (Figure 3.13). The increase in large particle deceleration is in the order
L5 < Loy < Lyg, exactly opposite to the VC effect in the three test cases. This is because
the difference in the acceleration of large particles and m of L5 is much smaller than in
other cases; in fact, its acceleration curve is almost a plateau at zero. Hence, the Ly larger
particles are well-correlated with the local fluid acceleration and are spatially traveling

with the same fluid at their location.

The continuous adaptation of the acceleration of small particles to the fluid suggests
that they are taking energy from the fluid, while the continuous rise in the deceleration
of Lo s and Ly ¢ larger particles indicates that they are adding energy to the fluid-as per

the classical behavior [154]. To confirm this, the difference in the mean turbulent kinetic

energy (TKE(x,) — TKE(x;)) at the location of small and large particles is computed in
Figure 3.14. According to the convention, the turbulent kinetic energy at the location of
the larger particles should be greater than their smaller counterparts. Here, only L; shows
an unconventional trend. This is only possible if the particles do not add energy to the
fluid and follow the fluid according to Figure 3.10. In other words, apart from altering

particle clustering behavior, VC also impacts the turbulence modulation by particles.
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Figure 3.14: The temporal evolution of normalized difference in mean TKE at the position

of small (x,) and large (z;) particles.

3.3.8 Particle Distribution
Strain Rate and Vorticity

It was found with momentum OWC that particles of different sizes congregate in a range
of strain rate () and vorticity (£2) zones, see Figures 14 and 15 of Saieed et al. [I51]. In
TWC, we expect the local S and €2 fluctuations to be damped by the particles as .S and €2
are the symmetric and skew-symmetric parts of Vu, respectively. Furthermore, the extent
of local increase in viscosity also determines the attenuation in local S and 2. We see
this phenomenon in Figure 3.15, which presents the temporal distribution of particles in
different S and € regions. Similar to the previous plots, L shows opposite trends compared
to Lo s and Ljg, where its larger particles are sampling low S and €2 regions. Enhanced
clustering of Lj larger particles produce a higher attenuation of S and 2. The extent of
VC also causes the particles to temporally reside in the same local fluid (inside a viscous
cloud), resulting in particles’ local S and Q2 values drop with time. If the particles were not

captured and restrained in local high viscosity regions, a particle cluster would disintegrate
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in t = O(7,) [166]. In fact, even if a cluster experiences partial disintegration, the curves in
Figure 3.15 would display much more fluctuations; the separating particles would reside in

different S and (2 regions at adjacent timesteps. This trend can be seen in the Lg 5 plots.

Based on the understanding of PC [16], as St; approaches unity the larger particles
should move into high S and low ) regions. While, as St, drops further below unity,
smaller particles should reside in high €2 regions. We do not see this in Figure 3.15. This
is because the above explanation applies to the local maxima and minima of S and (2,
but we present particle number densities in a global (computed over the entire domain)
context. The main observation here is that the local viscous effects greatly influence
particle behavior in the fluid and cause them to globally sample certain S and () regions
depending upon the strength of VC. Albeit, the local sampling of inertial particles in high
S (low ) regions is a plausible explanation of particle clustering in unheated cases, VC
can cause particles to remain temporally captured in different S and 2 regions of the
domain. Therefore, this global description of particle location can be critical for thermal
applications of particle-laden flows, although it requires further testing in continuous flow

scenarios such as channel flow.

Cluster Identification

To identify individual particle clusters in the flow, we employ a method known as Density
Based Spatial Clustering of Application with Noise (DBSCAN) [167], which is an unsu-
pervised machine-learning algorithm. Similar tools have been successfully applied to a
posteriori analysis in a variety of turbulent flows [168, , ]. We chose DBSCAN for
this analysis because of its ability to spatially localize particle clusters, where it identifies
particles in each cluster and labels them separately. This greatly aids in conducting other
statistical analyses on the clustered particles, as shown later in this section. Furthermore,
DBSCAN method is theoretically similar to RDF which we used earlier in Sections 3.3.1
and 3.3.5, as it also counts the number of particles from a certain distance from a reference

particle, as discussed below.
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Case Ls Los Lig

Particle radius  0.0106 0.0028 0.0106 0.0028 0.0106 0.0028
D 0.055 0.055 0.065 0.060 0.070  0.060

Table 3.3: Particle species specific values of € for cluster identification in 3D snapshots.

The DBSCAN method identifies regions of high particle density by segregating data into
core and noise points based on two parameters; inter-particle distance, DD, and minimum
number of neighbouring particles, Ngmin, required to form a cluster. Here, N, or
more particles at a distance D from a core particle belong to a cluster, while the other
particles are noise points and are considered unclustered. Note that D and Ng i, are
input parameters and require careful estimation, as cluster identification is highly sensitive
to these parameters. Determining Ny .., is straightforward, as it is typically taken as
twice the number of considered data dimensions [171]. For example, Ny i = 6 for a 3D
data set. The estimation of D on the other hand, is slightly complex as it requires a good
understanding of the data and some experience with the DBSCAN method. For finding
D, a k-distance plot is required, which bins the particles based on their minimum distance
from the nearest neighbour. This plot has a characteristic elbow shape, and the prevailing

idea is to take D equal to the inflection point on the curve.

In light of the above discussion, we take N, = 6 for our 3D snapshots. Next,
we computed the species-specific k-distance plots for all test cases that resulted in € as
shown in Table 3.3. Note that our k-distance plots exhibited two inflection points, which
is normal. As per the DBSCAN guideline, we chose the smallest D values.

Returning to Section 3.3.5, there is still an unanswered question; why the clustering of
L5 smaller particles (RDF curves in Figure 3.8) is not temporally evolving, despite sharing
the domain with Lj larger particles showing strong VC? In the other two test cases, this
can be attributed to weaker VC. Furthermore, the reasonably high RDF at ¢t = 2 also

implies that Ls smaller particles are clustered prior to heating, a prerequisite for VC. To
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answer this, we estimate the distribution of clusters using DBSCAN in the 3D domain.
We also extracted 2D slices from the 3D clustering snapshots and mapped them on 2D
temperature contours at the center of the domain. These are illustrated in Figure 3.16.
Visualizing the 3D snapshots shows that, albeit Ls smaller particles are clustered, such
clusters are much smaller and well-distributed in comparison to Ls larger particles. Such
small clusters can be witnessed in all other 3D snapshots. This indicates that in addition
to well-formed clusters, VC also requires large unevenly distributed clusters in the domain.
It can be seen that the clusters are not exactly in the shape of a cloud. In fact, they are
elongated in the shape of tubes/threads similar to caustics of suspended particles [69], as
they are confined by a virtual boundary of a sharp temperature gradient called front [13],

as depicted by the 2D contours of Figure 3.16.

In a fluid domain, particles with vastly different history paths can assemble in a region.
In the absence of any external factor, such as heat, these particles carry their history even
in shared space. This implies that the distribution of particle velocity in a cluster should be
similar to particle velocity distribution in the entire domain. We see this trend in smaller
particles as per Figure 3.17, yet a much tighter PDF is obtained for u, . of larger particles.
These particles inside a cluster have similar and the highest temperature in the domain, see
Figure 3.18, which correlates the particle velocity field via increased drag. In these figures,
the peak velocity and temperature PDF of clustered larger particles are approximately 1.4
and 2 times higher than the PDF of the entire domain. Thus, VC greatly overpowers the
particle history path, forcing the particles to remain in a hot zone. Figures 3.17 and 3.18
also suggest that the difference between the global and clustered particles’ velocity and

temperature PDF's drops as the particles loading decreases.

Next, we want to test if VC retains particles over time. The particle history inherently
should vastly alter the number of particles per cluster in the absence of VC. To assess this
notion, we computed the average number of particles in a cluster per cluster length as
demonstrated in Figure 3.19. Similar to Figure 3.10, the temporal fluctuation increases as
the VC effect loses its strength from L5 to L. We also note that the number of particles

per cluster increases significantly due to VC. Hence, it is clear from the discussion in this
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Figure 3.16: Clusters identification using DBSCAN method at ¢ = 2 of heating. These 3D
snapshots represent the overall distribution of clusters in the domain, whereas the 2D slices
show the normalized temperature (Tf = Tt/ Tt maz|t=2, where T a0]i=2 is the maximum
fluid temperature at ¢ = 2) and clusters distribution in 2D slice of depth= 57 computed
at the center (x = 0) of the box domain. Here, each particle cluster is identified with a

different color, and unclustered particles are removed.

section that the control of temperature-driven viscosity on particle clustering is a strong

function of particle loading density.
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Figure 3.17: PDF of normalized particle velocity (u,) and clustered particle velocity (uy,).
3.3.9 Mathematical Interpretation of Viscous Capturing

Considering the significance of thermoviscous effects on the turbulence and particle disper-
sion, another scientific question is why St and particle clustering do not evolve together,
since St already accounts for ;1?7 This is because 7,, and consequently St, accounts for

the instantaneous fif, but it does not consider the spatial and temporal change in py. As
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Figure 3.18: The PDF of normalized particle temperature in the entire domain (7,) and
in clusters (7,.) at t = 2 of heating. Where, T,,,,, is 600. Only one timestep is shown as a

similar distribution is obtained at other timesteps.

established in this study, the changes in ;1 and the corresponding effects on the particles
and fluid turbulence play a critical role in governing particle clustering. Thus, we propose

a mathematical explanation to account for VC in heated systems. Recall that VC is tied to
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Figure 3.19: The average number of particles in a cluster per cluster characteristic length
(L.). Here, N, . and N, are the number of clustered particles and the number of clusters

in the domain, respectively.

the ability of higher viscosity gas to capture and retain particles passing through it. This
ability is tied to the drag force which is enhanced within the viscous region, and is directly
linked to the particle acceleration. Therefore, if we substitute particle relaxation timescale
(Equation (3.2)) into the equation of Lagrangian particle motion (Equation (3.11)), we
get:

du,;  Cpl8uy

here Cp has a weak dependence on fluid viscosity (and thus temperature) and can, for

mathematical tractability, be assumed constant in the present analysis.

Noting that power-law form of the viscosity (Equation (3.9)), we can write:

du,; Cpl8 T3
4 Aupio | — 3.17
dt ppd; e (TO) ( )

where Au = wuyg; (x,) — u,,;. We can now separate purely hydrodynamic components,
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denoted as:

thdro = 7AUILL0 (318)

This component is related to the particle drag force without a variable viscosity effect.
This term is modified by the coefficient of VC (¢):

o= (%) (3.19)

here T is the fluid temperature in the vicinity of a particle. Therefore, the equation of

Lagrangian particle motion can be expressed as:

du,

E - (thydro (320>

As shown earlier, viscosity-driven clustering is tied to a higher ¢. To verify this, we
compute the coefficient, ¢, for the fluid at the location of the clustered (¢.) and unclustered
(puc) particles. We plot the PDF of their difference at ¢t = 2 in Figure 3.20. Since
the number of clustered and unclustered particles can vary at each timestep and we are

primarily concerned with ., we subtracted the mean coefficient of unclustered particles
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(Pue) from that of clustered particles. The peak and spread of the PDF(p. — @,.) matches
our previous plots, where Ly larger particles show more VC than their smaller counterparts,
and this trend slowly inverts in lower particle loading numbers. Note that this difference
in . and ¢, accounts for the spatial change in temperature-based viscous effects, while

T in the numerator of Equation (3.19) increases with time due to particle heating.

We acknowledge that this formulation of ¢ is very simplistic and assumes Cp as con-
stant, which is not true in practice. However, it adequately demonstrates the VC trends
in agreement with the RDF of the present particle loading densities. A comprehensive
mathematical model of ¢ warrants a more thorough testing of thermoviscous effects on
particle dispersion, especially with higher Reynolds number simulations. We leave this for

future analysis.

3.4 Summary

A DNS study of particle-laden decaying HIT modeled with TWC in momentum and energy
is conducted to test the effect of particle number density on the temperature-dependent
viscosity-based particle clustering. For this, a power-law model was used for specifying
temperature-dependent gas viscosity, and two particle species were used for three cases
with different particle loading numbers. The particle-fluid momentum and energy inter-
actions were modeled with TWC. It is observed that the particle loading determines the
strength of VC. Since higher loading density enhances the change of cluster formation be-
fore heating and also the local particle number density inside a cluster, it governs the fluid
viscosity-based clustering. Depending on the strength of the VC, a particle species can
considerably deviate from its conventional clustering behavior. Similarly, particle loading
has a significant influence on the energy distribution between the turbulent scales. Higher
particle loading density substantially alters the energy spectrum by transferring energy
from the integral scales to the dissipative scales via particles, which shrinks the Taylor

microscale. Higher particle loading also decreases local fluid velocity fluctuations, which
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aids in the retention of VC.

The global sampling of particles in distinct .S and €2 regions is also a strong function of
particle loading and consequently the extent of VC. The particles viscously captured reside
in the same local fluid within a viscous cloud over time, and therefore, the S and €2 at
particle location dwindle temporally. Hence, the increasing fluid viscosity can considerably
stabilize the global distribution of particles in distinct S and €2 regions, and in this case,
the particles appeared to be temporally stuck in these regions. This global S and €2-based
distribution of particles is critical as it outlines the high and low particle concentration
regions during turbulence decay. Lastly, we visualized individual particle clusters in the
3D domain with the DBSCAN method, which further expanded the requirement of pre-
formed clusters prior to heating for VC to be noticeable. We found that the preformed
clusters must be large in size and unevenly distributed. Small clusters might themselves
be somewhat evenly distributed in the domain, albeit particles are inhomogeneously dis-
tributed. Thus, they do not produce the same high local viscosity effect and cannot be
captured or retained as particles in large unevenly distributed clusters. We also applied
temperature and velocity-based conditional sampling on the clusters and found that the
thermodynamic and kinematic parameters of the particles are greatly correlated inside

clusters. This phenomenon also increased with the rise in particle loading density.

Phenomenologically, VC will only take effect if particles receive an even amount of
heat regardless of their location (inside or outside the cluster), which is the case here.
But, if particles experience a shadowing effect, which is a considerable factor in radiative
heating [172, ], the temperature inside a particle cluster would be lower than the tem-
perature at the periphery of the cluster. In such a case, a particle cluster will not be able
to create a strong viscous cloud. Hence, VC is not expected to be a dominant factor—even
if observed at all-in controlling particle distribution in radiative heating. Also, note that
there was no heat conduction between particles due to uniform particle heating and fast
particle heating timescale (based on the heating model of Mouallem and Hickey [101]), and

the inter-particle collisions were neglected. The presence of these effects might considerably

affect VC.

97



In systems where the aforementioned conditions of higher particle number density and
uniform particle heating are met, particles will show notably higher clustering and un-
conventionally modulate turbulence. This can be substantially detrimental for applica-
tions such as particle solar receivers, combustion of nanothermites in satellite engines and
thermal spray coatings, etc. Furthermore, since viscous clouds can restrain particles, in
extreme cases, particles might be spatially restricted in certain flow regions. However, this

hypothesis requires further scrutiny in a continuous flow scenario.
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Chapter 4

Viscosity-Driven Clustering of
Heated Polydispersed Particles in

Subsonic Jet Flows

Reference: A. Saieed, and J. P. Hickey. Viscosity-driven clustering of heated polydis-
persed particles in subsonic jet flows. [International Journal of Heat and Fluid Flow,
112:109754, 2025, DOL.

Abstract

The clustering of heated particles is known to increase with the rise in local gas viscosity,
even at particle Stokes number St < 1. Despite being a dominant effect that holds in
TWC, this rise in clustering has been only probed in a triply periodic box via DNS; in
which the flow evolves temporally and the total volume (and mean fluid density) is fixed.
We conduct DNS to study the dispersion of heated polydispersed particles in a spatially
developing subsonic confined jet flow, where energy and momentum are modeled with

TWC. Although there is only a 16% increase in gas viscosity in the heated particle-laden
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simulation, it is sufficient to limit the particles within the central hot region of the jet. The
particles traveling laterally start clustering at a thermal front created at the outer periphery
of the jet. Thus, their lateral dispersion is also limited. Despite starting with the same St
values as their unheated counterparts, the concentration of heated particles sharply declines
in the lateral direction, yielding more concentrated clusters. This is a compounding effect,
where the presence of particles within the jet can produce more significant thermal changes
inside the jet, which can further restrict the lateral movement of the particles. Experiencing
identical eddies inside the jet causes particles of all sizes in the heating case to cluster at
similar locations in the domain. These findings can considerably aid applications such as

targeted drug delivery and cold spray coating techniques.

4.1 Introduction

Heated particle-laden jets are frequently observed in nature as volcanic plumes that contain
hot ash and molten rock [174] as well as geothermal geysers consisting of steam, water
droplets, and rocks [175]. Similarly, these jet flows are also common in advanced engineering
applications such as thermal spray coating techniques [176], powder metallurgy [177], and
metallic particle combustion in satellite engines for thrust generation [10]. In particle-laden
thermal systems, the operational efficiency inherently relies on the uniform distribution of
particles. This is particularly important as it leads to a uniform heat distribution, which is
crucial for these applications. However, particles intrinsically tend to cluster due to their

inertia [45].

Over the years numerous explanations have been put forward to elucidate particles’
affinity towards clustering and the most widely regarded among these is the PC. In PC,
turbulent eddies exert centrifugal force on the particles, thus pushing them out of higher
vorticity regions into high-strain regions, which are between these eddies [16]. It is reported
that PC can generate particle clusters with a particle number density up to sixty times

greater compared to the domain average [1413]. This consequently also produces voids in
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the flow field with little to no particles. This uneven distribution of particles causes the
particle-to-fluid heat transfer to drop by up to 25% [19] and, in combustion applications,
it can entirely impede combustion within a cluster [18]. Therefore, inertia-based clustering
of particles is particularly problematic, and consequently, a fundamental focus in thermal

applications is to avoid clustering.

Particle clustering is primarily governed by the response of inertial particles to the
local turbulence in the flow field. This is characterized by a dimensionless parameter
called the Stokes number (St), which is the ratio of the particle momentum (7,) to the
turbulence timescale (7) [20]. Particle dispersion is a multi-scale phenomenon where
particles react to turbulent eddies of different sizes based on their inertia [58, 122]. However,
in a round jet, the particle dynamics is typically governed by the large-scale coherent
turbulent structures [56]. This inspired the use of the jet convective timescale (7.) in the
definition of the St [178], which is similar to the large eddy timescale of the jet. The
convective timescale is the ratio of jet half-width (ry/2) and centerline velocity (u.). Thus,

St is given as:
d*u

St = =
Te 18prf7“1/2

(4.1)

In Equation (4.1), the subscripts f, p and j are used to define the fluid, particle and
jet parameters, respectively. Additionally, d, v and p are for diameter, fluid kinematic
viscosity and density. Past research suggests that typically in unheated particle-laden jet
flows, particles with St < 1 spread and cluster within the jet [I79]. At the lower end of
this range with St < 1, particles are tracer-like and their dispersion is similar to the jet
flow [180]. However, particles with St — 1 but St < 1 show inertial characteristics and
start collecting at the outer periphery of the jet [6]. These particles do not cross the outer
shear layer of the jet because their inertia is not large enough to pass through this layer.
The St > 1 particles travel and cluster at the centerline of the jet core since they are
primarily ballistic and therefore they are not affected by the local eddies [179]. Generally,
St < 1 and St > 1 particles deliver acceptable dispersion as they mainly stay within the

jet. On the other hand, the St ~ 1 particles, which are known for depicting maximum
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clustering in isotropic turbulence [58], can be completely pushed out of the jet by the
large eddies due to their higher dispersion rate than the local fluid [56]. Understandably,
this class of St particles is deemed the most troublesome for thermal as well as jet flow

applications.

The above St-based description of particle dispersion is reliable if we only consider
the dynamic changes in the fluid flow under isothermal conditions [I81]. However, the
involvement of particle heating causes the fluid thermodynamic parameters to alter along
with the dynamic variables of the flow. This is concerning as the two fundamental effects,
namely the decrease in local gas density and increase in viscosity due to particle heating, can
substantially modulate turbulence [182]. Moreover, variation in the density and viscosity
directly influences particle clustering. The decrease in density in the vicinity of a cluster
pushes particles away (enhancing dispersion by creating a local diverging flow field) [21].
The rise in gas viscosity raises clustering according to a phenomenon called VC [151]. As
per the VC effect, a large cluster rapidly increases the local gas temperature and viscosity.
This high viscosity gas, termed as a viscous cloud, then offers higher drag to the particles
it envelops, compared to the relatively cold surrounding fluid, promoting these particles to
remain clustered. Such viscous clouds also capture more particles in the domain. Hence,
the overall particle clustering increases. In the flows where VC is present, maximum particle

clustering can be observed at St < 1 instead of St ~ 1.

The temperature-driven rise in fluid viscosity attenuates turbulence due to enhanced
dissipation in gas. The presence of particles reduces turbulence via momentum and energy
exchange between the two phases [183], since particle motion is typically governed by the
local flow. This effect is enhanced with the rise in particle loading density and St [131].
Turbulence attenuation also increases with particle clustering, as it creates regions of high
particle concentration [185]. Generally in jet flows, as particle axial momentum is higher,
particles make a jet narrower while increasing its centerline velocity [183] and reduce tur-
bulence fluctuation by as much as 50% [1306]. To incorporate the effect of particles on
the local flow field in numerical studies, TWC is employed, which we also used in this
study. In TWC, turbulence kinetic energy (TKE) is attenuated by the particles [1]. This
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can cause the St to drop considerably such that according to the conventional predictions
particles start depicting tracer-like behavior with respect to the large-scale eddies. Thus,
theoretically, turbulence attenuation in this case should diminish VC and result in higher

particle dispersion.

In HIT with momentum and energy TWC, VC was found to be stronger at higher
particle loading density [187]. This is because, at higher particle loading density, the two
primary conditions required for the VC to take effect are fulfilled. Firstly, the rise in par-
ticle loading density increases the ability of particles to form clusters before heating [155].
Secondly, it also raises the concentration of particles in these clusters. Thus, in our previ-
ous studies of particle clustering in a HIT box, particles appear restricted within clusters
based on the intensity of the VC. Although we do not vary particle loading density in
the present study, this effect is important because in a jet, aside from clustering, particles
are mainly concentrated along the centerline [99]. Thus, it is possible that in a spatially
and temporally evolving flow, particles can be spatially restricted in the domain in such
a manner that even particle reaction drag force cannot diminish VC. This is particularly
important to test in spatially evolving flows because in a triply periodic box, even when
the local fluid and particles appear to be going away, their separation distance can still
decrease as they are reinjected into the domain from the opposite boundary due to pe-
riodicity. Additionally, because the domain volume was fixed in the HIT box, the drop
in density upon heating was attenuated by the increase in domain pressure. This kept
the overall density constant, producing a more significant rise of 60% in the gas viscosity.

Hence, it is possible that this higher rise in local viscosity favored VC.

To probe the preceding hypothesis and the overall validity of VC in a spatially evolv-
ing flow, we investigate the effect of temperature-dependent viscosity on heated particle
clustering dynamics in a subsonic turbulent jet flow. Our choice of a heated particle-laden
jet was inspired by its importance in engineering applications. We restrict this study to
particle-laden circular jets with two-way fluid-particle momentum and energy coupling;
for simplicity, the gravitational force and inter-particle collisions are neglected. Note that

the rise in gas viscosity is expected to be considerably smaller in the subsonic jet flow
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compared to the HIT case, as particles only occupy a small portion of the domain. Also,
cold fluid continuously enters the domain at the inlet and heated fluid leaves the domain
at the outlet, further limiting the rise in fluid viscosity. To this end, we scrutinized the
dispersion characteristics of heated polydispersed particles consisting of four different sizes,
using DNS. The particle diameters are kept small enough (d, < 7, where 7 is the Kol-
mogorov length scale) to be modeled as point-particles [23], while simultaneously providing

a sizeable range of St.

This article is organized as follows: the methodology is provided in Section 4.2, results

are discussed in Section 4.3 and a research summary is presented in Section 4.4.

4.2 Methodology

In this analysis, we conducted DNS using an in-house version of an open-source finite
difference code called Pencil-Code [130]. Here, the point-particles and fluid are modeled
with the Lagrangian and Eulerian schemes, respectively. For computing spatial deriva-
tives a sixth-order compact finite-difference method is employed, whereas for time inte-
gration third-order Runge-Kutta method is used. In the present Lagrangian point-particle
scheme, the particle trajectories are resolved with a tri-linear interpolation scheme. These
particle-laden jet flow simulations are composed of three sub-simulations (see Figure 4.1),

as explained below:

4.2.1 Simulation Methodology
Forced Homogeneous Isotropic Turbulence

As a first step, a DNS of a triply periodic box with characteristics length of 9d; (where
d; = 1 is the jet diameter) is carried out to generate HIT (without particles) with the

help of a solenoidal forcing function [I31], as shown in Figure 4.1. This DNS box is
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Figure 4.1: Schematic of the present simulation setup.
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resolved into a mesh of 2562 cells. The employed forcing function is a delta-correlation in
wavenumber space, such that the random forcing points are correlated at a given time, but
differ between two time instances. We sustained this forcing until the mean turbulence
statistics stabilized, indicating the statistical equilibrium state between the injection of
energy at the large scales and dissipation at the small scales. The development of this state
can be determined with the fluid velocity root-mean-square (u,,s) which starts fluctuating
about a constant average. This simulation is carried out for 2007;, where the large eddy
timescale, 73, is computed at the inlet of the jet simulation. The Taylor Reynolds number
of the simulation is Rey = u.msA/vy = 77. Here, the jet inlet large eddy timescale 7, =
r;/u; = 0.5, r; is the jet radius and u; is the mean jet inlet velocity, and A is Taylor length

scale.

Developing Subsonic Jet

After establishing stable HIT, snapshots of the 3D instantaneous velocity fields are peri-
odically projected onto the inlet of a rectangular domain (see Figure 4.1) with a dimension
of 14d; x 9d; x 9d; in the streamwise (x) and two lateral (y and z) directions. All the
dimensions (x, y and z) in this article are presented in terms of d;. For conciseness, we will
not mention d; with dimensions from here onward, unless a different variable is used for
the normalization. This domain is prescribed with periodic boundary conditions in y and
z directions, while inflow and outflow boundary conditions are set at its inlet and outlet, as
shown in Figure 4.1. Spurious boundary reflections at the inlet [1858] and outlet [139] are
minimized via Navier-Stokes Characteristics Boundary Condition (NSCBC). At the inlet,
fluid is allowed to enter the domain only through a circular jet inlet of d; with u; = 1
(inlet Mach number is Ma = 0.24 computed from the jet centerline velocity), and the rest
of the inlet plane is a wall. Since our Mach number is small, we are essentially in an in-
compressible regime, albeit we still solve compressible Navier-Stokes equations as discussed
in Section 4.2.2. The y and z boundaries should also have outflow boundary conditions,

however, we used periodic boundary conditions at these boundaries due to a limitation of

106



our code where a discontinuity arises at the corners where boundaries meet. Moreover, by
prescribing periodic boundary conditions in the lateral directions, we eliminate wall effects

which are not the focus of this study.

We discretize this rectangular domain into a grid of 384 x 256 x 256 cells in the z, y and
z directions. This simulation is carried out without particles to develop a stable jet. This
jet is allowed to evolve for about 3 Flows Through Time (FTT), such that the normalized
axial velocity (u,) and axial turbulent intensity (U’ = (u2)"/?, where v’ is the fluctuating
component of velocity) profiles become self-similar as shown in Figure 4.2. In this figure,
the normalized u, overlaps with the Gaussian curve, while U’ reasonably collapses onto
the experimental data of Hussein et al. [1]. Hence, the present simulation model is suitable
for further analysis. Note that despite modeling a domain length of x = 14, we restrict our
analysis to = 10 in this study to eliminate any imperfection arising from the boundary
reflections at the outlet, in the form of pressure and velocity fluctuation, which can distort
the eddy structures. We do see a minor effect of periodic boundary condition at = = 10
where, for example, the u,/u. curve of & = 10 lifts up beyond y/ry; ~ 1.25 instead of

collapsing on the other curves. However, this effect is negligibly small.

Heated Particle-Laden Jet

Once the jet is statistically fully developed, 150,000 particles are introduced at a constant
injection rate (1000 particles/7;) into the jet over the entire duration of the simulation (5
FTT), as depicted in Figure 4.1. These 150,000 particles are evenly divided between the
four particle species. This simulation is run for 2 FTT to stabilize the transience created
by the introduction of particles. After the initial transience is dampened, simulations with
H particles and NH particles are carried out for another 3 FTT each. Data are recorded
in this phase, which is discussed in the rest of this article. Note that separate H and
NH simulations are conducted to highlight the rise in particle clustering based on the
temperature-driven gas viscosity. After particle entrainment into the jet stream, particle

heating is initiated after x = 1 for numerical stability. This is because, to rapidly heat
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Figure 4.2: Jet axial velocity, u, (left) and axial turbulent intensity, U’ = (u2)'/? (right),
at five downstream locations, shown as a multiple of d;. Here u, and U’ are normalized
with the centerline velocity (u.) and jet mean velocity (@), respectively. The present radial
profiles of U’ are compared with the experimental data of Hussein et al. [I], shown as a

dotted line.

the particles and transfer this heat to the local gas (required for the local viscous effects
to be noticeable), we prescribed fast particle heating (7j,..¢ = 1) and particle-to-fluid heat
transfer (1, = 4) timescales, as discussed later in this section. Thus, the local changes
caused by the sharp rise in particles and gas temperatures close to the inlet destabilized

the simulations.

The considered particle loading density leads to a volume fraction of O(107%), which
divides the one- and two-way momentum coupling regimes [1]. However, these particles
are introduced within the jet diameter of d; = 1, and a majority of these particles are
concentrated along the axis of the jet. Consequently, the local volume fraction at the center
of the jet is found to be as high as O(107%), which falls in the TWC regime. Therefore,
TWC is employed in this study. The entrained particles consist of four particle diameters
that are d, = 0.001, 0.003, 0.004 and 0.006 at the jet inlet. For brevity, we will denote
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Figure 4.3: Temporally averaged evolution of the H and NH particles’ St along the jet

centerline.

these particle sizes with P1, P2, P3 and P4. The particles are introduced into the flow
with a random z-velocity at the inlet. The resulting particle Stokes numbers at the inlet,
Sty (subscript 0 represents initial/reference value), are stated in Table 4.1. The St, is
computed from Equation (4.1) such that at the jet inlet 71/5 = r; and u, = u;. Note that
both H and NH particle-laden simulations start with identical St,.

We purposely opted for the St < 10 regime for the largest particle species, as studies

on this regime are scarce [190]. Moreover, St ~ 1 is often encountered in industrial
Particle species P1 P2 P3 P4
Particle diameter, d; 0.001 0.003 0.004 0.006

Initial Stokes number, St, 0.6 2 5.1 104

Table 4.1: Particle diameter and initial Stokes number (Sty) in the present simulations.
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Particle species P1 P2 P3 P4
Sty—10 of H 0.02 0.15 0.31 0.60
St,—10 of NH 0.02 0.13 0.34 0.64

Table 4.2: Stokes number (St,—10) of H and NH particles at = 10

applications, such as in pulverized coal burners [191]. In isothermal conditions, the particle
clustering pattern also changes around St =~ 1, where particles start showing maximum
clustering in HIT as established in Section 4.1. With the spatial evolution of a decaying
jet, the 7. dwindles (u. drops and r; /2 increases). This causes the St of all the particles of
both H and NH cases to drop to g 0.6 as shown in Figure 4.3, where St is computed from
Equation (4.1). Table 4.2 is depicting the particle Stokes number at x = 10 denoted by
St,—10. Hence, all particle sizes are expected to approach tracer-like behavior by = = 10,
especially the P1 to P3 particles. The sharp decline in the H curves in Figure 4.3 is due

to the rise in temperature-dependent dynamic viscosity (), expressed as:
2

py = pugoT} (4.2)
here 150 = pyovyo is the initial value of dynamic viscosity that is pz9 = 0.001. On the
other hand, the initial fluid density is pso = 1, and since p,/pso = 1500/1 > 1, the only
force experienced by the particles is the viscous drag force [39]. Based on this, the flow
Reynolds number is Re = u;r;/vso = 500. Additionally, we assume that all the particles
are spherical and since these particles are modeled as point-particles, each particle has a

uniform density and temperature.
4.2.2 Governing Equations

Particulate Phase

The dimensionless Lagrangian equations for the point-particles are given as:

diL’pi
) — u i
dt D,
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dt7 = T_p (upi(zp) — up) (4.4)

here w,; is the instantaneous particle velocity and uy;(z,) is the velocity of the gas at the
particle position. The subscript i represents the it" component. While, Cp stands for the

particle drag coefficient [192], which is defined as:

Chps <1 4 6(0.427/Ma;§'63)—(3/Reg'88))

24
Cp = 45
Y Re, 14 (€)(3.82 + 1.28¢e(-1:25/9)) (4.5)
where ¢ is the ratio of particle Mach number (Ma, = |u,; — uys;(z,)|/c, ¢ is the local

speed of sound) and Reynolds number (Re, = dp|u,; — uys;(x,)|/vs). The term Cp; =1+
0.15Re) %" is the drag coefficient defined with Schillar-Naumann equation [133]. Although
Equation (4.5) is better suited for high M flows, however, its simple implementation and

excellent validation even at low M flows [193] inspired its use in the present study.

Particle Heating Model

We employed the particle heating model of Mouallem and Hickey [101], to escalate particle
temperature from an initial value of T}, o = 1 to the final maximum temperature of 7}, 0z =
2. As per this model, the equation set for particle heating (@),) and particle-fluid heat

transfer (Q,r) is:
_ myCp (Typmaz — 1)

Qp = (4.6)
Theat
pr — mpcpNup (ip — Tf(xp)) (47)

In the above equations, ¢, is particle heat capacity, m,, is particle mass, T}, is instantaneous
particle temperature, T),(z,) is the gas temperature at the location of a particle, and Nu,
is the particle Nusselt number. As depicted by Equation (4.6), the present heat flux is a
function of the temperature difference and decreases as T), approaches T, ;,42. Once T} pax
is reached, particle heating ceases and particles maintain their final temperature. The heat

transfer term @),5 between the particles and fluid is modeled with a Triangular Shaped
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Cloud scheme which computes second-order spline interpolation on the surrounding 27

mesh points.

Gaseous Phase

The non-dimensional equations of mass, momentum and energy for the continuum phase

are:

8pf 8pfuf7;
it Tl B KU § 4.8
ot o (4:8)
aprfi aprfﬂbfj an /Lfa aufi 8Ufj 28ufk
) ) ) — ) ) _ ) . F 4‘
a | o e " om, \On; " ow 30w v) T (49
Ds 9 oT g\’
Pl o = an <"0f a;) + 2588 =S+ (py ( a;’ ) + Qs (4.10)

here s, ¢, k¢, Py, Ty, 0;; and S are entropy, fluid bulk viscosity, thermal conductivity,
pressure, temperature, Kronecker delta and shear-rate tensor, respectively. The term £}, in
the momentum Equation (4.9) is the particle reaction drag force on the fluid and is defined

as:

Fp — mpOD (up,i _:f,l(xp)) (411)
p

4.3 Results

According to Figure 4.3, because the St of the corresponding particles in H and NH cases
start decaying from the same values, a similar clustering pattern should be obtained even at
later time instances, as per the history effect [50]. Note that St evolution is similar between
some of the H and NH cases; for example the evolution of P1 is nearly identical for both
cases, similarly the NH P2 and P3 follow closely the H P3 and P4, respectively, after
x = 2. If the history effect is suppressed by the local instantaneous kinematic variations
in the flow, at least the particles with overlapping curves should demonstrate comparable

clustering. This is expected because the thermodynamic difference in H and NH case is
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Figure 4.4: PDF of normalized Voronoi cell volume (V') compared with the random Poisson
distribution (dotted line). Here V is the mean volume of all the cells, while V' is computed

by temporally averaging Voronoi cell volume over 3 FTT.

fairly modest. For example, the maximum rise in viscosity in H simulation is about 16%,
while it was 60% in the HIT case [187] as stated earlier. Thus, even marginally higher
clustering in the H case will suggest a strong influence of the local rise in gas viscosity on

particle clustering.

We first check if we get higher clustering in the H case compared to the NH simulation.
For this purpose, we divided the domain into Voronoi cells and computed the PDF of
the Voronoi cell volume (V'), as shown in Figure 4.4. In this figure, the present curves
intersect the random Poisson distribution at two points, which mark the boundaries of the
regions depicting particle clustering (low V') and voids (high V). It is apparent that in
the jet flow case, the probability of smaller V' is higher in H particles than the random
Poisson curve and the NH particles. Hence, they are depicting higher clustering, similar

to the HIT studies. Note that our plot is different from the regular PDFs of Voronoi cell

113



Figure 4.5: 2D Voronoi tessellation diagram of the H and NH particles at the center of the
domain. The thickness of each slice is 5dn,, where dn, is the cell size in the z-direction.
The length () and height (y) of these plots are 10d; and 9d; respectively.
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volume [137]. This is because, in the jet flow case, there is a significant variation between
the cell sizes since only the center region of the domain has particles, as shown in the 2D
Voronoi tessellation diagram in Figure 4.5. This figure presents particle clustering in a slice
of thickness 5dn., at the center of the domain, where dn, is the cell size in the z-direction.
Here we see that the NH particles depict the conventional trends in which smaller particles
disperse more and larger particles travel along the centerline. In contrast, the H particles
are considerably more clustered. The observed rise in the clustering of H particles and
their overall clustering pattern is surprising considering that the rise in fluid temperature,
with a decrease in density, causes the jet to spread more than an unheated jet; TWC
enables particles to resist viscous effects via turbulence attenuation; and the local thermal
effects are minimal, as stated earlier. All of these aspects should nullify the effect of local

viscosity-driven clustering.

As shown in the 2D Voronoi diagram (Figure 4.5), the H particles are not spreading
laterally according to the conventional trends. If this is true for the entire domain, then the
H particles should show steeper decay in particle concentration (#) in the lateral direction.
This can be seen in Figure 4.6. Notably, the larger particles of the H case show less
dispersion than their NH counterparts, even though they are anticipated to disperse only
slightly. The lower radial dispersion of the H particles further restricts the thermal changes
within the center of the domain, which can cause more particles to remain within this

region.

A compelling observation in Figure 4.5 is that the NH particles depict the classical
trends (larger particles are clustering in the jet core [179], and smaller particles are clus-
tering/spreading in the lateral direction [180]). In contrast, all four particle species of
H case are clustered in a thread-like pattern at identical radial locations irrespective of
size. This is against the St-based conventional dispersion behavior of the particles. The
two larger particle species of the H case (P3 and P4) initially depict reasonably higher
concentrations at the jet center, but this trend rapidly changes downstream. A plausible
explanation is that the rise in vorticity (due to entrainment) as the jet travels downstream,

which reorganizes the particles.
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Figure 4.6: Temporally and azimuthally averaged radial concentration of H and NH par-

ticles (6) normalized with the mean centerline particle concentration (6,).

The lower radial dispersion of the H particles can be further analyzed with vorticity
magnitude ||Q|| as depicted in Figure 4.7, where || - || represents magnitude. The ||| is
higher in the NH case (justifying the large radial dispersion of NH particles) because of the
dissipation caused by the rise in viscosity in the H case. But this low ||€2|| is accompanied
by higher drag force which pulls the particles out of the jet centerline. Downstream, the
[|©2]| at the centerline decreases which reduces the radial push on the particles, enhancing
the probability of particles resisting radial dispersion. Thus, the initial ||€2|| pushes the
P3 and P4 away from the centerline. However, if this is true then why are H particles not

spreading out of the jet similar to the NH particles?

To address this question, we probe the radial fluid-particle slip velocity, that is:
Upy = [ty — ugp(@y)] (4.12)
Note that the intrinsic expansion of the jet exerts a radial drag force on the particles.
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Figure 4.7: Temporally and azimuthally averaged radial evaluation of the magnitude of

vorticity (||€2]]) at five downstream locations.

Hence, if particles are following the fluid in the radial direction, u, will fall and vice versa.
In Figure 4.8, as expected the temporally and azimuthally averaged radial fluid-particle slip
velocity, W, s, of the H particles is higher than its NH counterparts, and the slip velocity in
the NH case decays after reaching its peak around x = 4. Whereas in the H case it remains
consistently higher than the NH case. This indicates that in the NH case, particles start
moving in the direction of the radial drag force, but the H particles resist this radial push.
This peak around x = 4 is the result of particles being introduced at the inlet with random
x-velocity and zero radial velocity components. Thus, particles take some time to adapt
to the drag in the radial direction from the fluid. The increase in w,; based on particle size
is due to the rise in particle inertia, which enables larger particles to be unresponsive to
a higher radial drag force. These observations imply that the drag in the radial direction
is trying to push the particles laterally in the H case. However, these particles are able to

retain their axial momentum and instead collect in certain regions of the flow. Therefore,
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Figure 4.8: Average radial particle-fluid slip velocity (w,s) in the streamwise direction,

normalized with its initial value (u,;,).

particle clustering is certainly not being controlled by the local kinematic changes, at least

not entirely.

Reverting to Figure 4.3, in the NH case, the higher clustering of P3 and P4 can be
attributed to their St approaching unity downstream, while their St declines slowly. But,
we cannot blame St = 1 for higher clustering in H as its St rapidly drops below unity, while
all four particle species show higher clustering. Since the only difference between these two
simulations is the local thermodynamic changes, this disagreement between their particle
clustering should be linked to the local gas viscosity, similar to our HIT study. If this is
correct, then how is the rise in local viscosity augmenting particle clustering in a spatially
evolving flow? To answer this, we present the contours of the high viscosity regions of H
simulation, overlaid with the scatter plot of particle position, in Figure 4.9. Here, all four

particle sizes are present within the jet central region. The main reason behind this is since
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Figure 4.9: Contours of the high viscosity region of the jet overlaid with particles, in a
thin slice of thickness 5dn, at the center of the domain of the H case. The fluid viscosity is
normalized with the maximum dynamic viscosity of the fluid, ptfmqe,. The length (z) and

height (y) of these plots are 10d; and 9d; respectively.

particles are introduced within the jet diameter at the inlet, upon heating they cause the
temperature/viscosity of the entire central region of the jet to increase. This restricts the

radial movement of the particles via increased drag force.

The above explanation is plausible, but, surprisingly, none of the H particles are spread-
ing out of this high-viscosity region, as stated earlier. In fact, particles seem to be clustering
at the outer edge of the high viscosity region in Figure 4.9. This can be explained by the
ability of particles to cluster at a thermal front [18, 110], which is a location where a
sharp temperature (and viscosity in the present case) gradient exists. This is shown in
Figure 4.10 which bins the number of particles based on the magnitude of the radial com-

ponent of the temperature gradient (||V,T'||) at the location of the particles. In this figure,
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Figure 4.10: Normalized number of particles (N,(||V,T'(x,)||)*) binned based on the mag-
nitude of the radial component of the temperature gradient (||V,T||) at the location of the

particles.

N,(||V,.T'(z,)|])* is the normalized number of particles in these locations, and is defined

as: Ny (|| V. T (zp)]])

Npo([IVe T (p)])
here N,o(||V,T(x,)||) is the number of particles in the first bin. As per Figure 4.10, the

Np([IVe T (ap)])* = (4.13)

number of particles peaks in the regions with high ||V, T||, suggesting that particles are
collecting in the regions where ||V, T'|| is high (at the outer edge of the jet). Although in
the current simulations, the temperature field is not strictly a passive scalar as per the
description of Bec et al. [18]. However, our results align with the observation of Bec et
al. [18] in that the particles tend to collect near the thermal front of the jet. Hence, the
particles experiencing higher lateral dispersion, encounter this thermal front as they travel
laterally and start clustering there. Since these particles cluster at the thermal front, they

do not travel outside the jet, as shown in Figure 4.9. Based on this, unlike the HIT case
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Figure 4.11: Contours of the normalized vorticity overlaid with particles, in a thin slice of
thickness 56n. at the center of the domain of the H case. Here, 2 is the spatially averaged

vorticity. The length () and height (y) of these plots are 10d; and 9d; respectively.

where particles developed individual viscous clouds, in a heated particle-laden jet flow,
the entire central region of the jet acts as one large viscous cloud, restraining all of the

particles.

Hitherto, we have established that enhanced gas viscosity confines particles within the
hot region of the jet. Now an even more intricate issue is why H particles are clustering at
similar locations regardless of their size? This clustering pattern is surprising as particles
with different inertia naturally cluster at unique length scales/locations [67]. We take a
phenomenological approach to elucidate this trend. As particles are confined within the
narrow hot region of the jet, they are subjected to identical large-scale eddies. Unable
to centrifuge these particles out of the jet, these eddies correlate these particles spatially

and cause them to cluster at similar locations within the jet. This can be observed in
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Figure 4.12: The PDF of vorticity (2) and strain-rate (S) at the particle location, normal-

ized with their mean values, respectively.

Figure 4.11, where particles are mapped on a 5dn, thin slice of vorticity contour at the
center of the domain. Here, particles are clustered between the high-vorticity zones, based

on the centrifugal force on the particles exerted by these large-scale eddies.

This trend is quantified in Figure 4.12, where the PDF's of vorticity (2) and strain-rate
(S) of the H particles depict sharp peaks at similar {2 and S values. This suggests a high
probability of finding all four particle species of H case at similar locations. The PDFs
of NH particles are more spread out with shorter peaks, implying that these particles are

present in more diverse {2 and S regions.

We can further statistically assess this trend of particle clustering at similar locations

with the second-order structure function of the local fluid velocity at the particle position
(S%,(z,)); which is defined as:

Sif(zp) = |ug(2p + D) — uf(xp)|2 (4.14)

here D is the inter-particle distance. The clustering of heated articles at similar locations
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Figure 4.13: Normalized second order structure function (Sﬁf(xp)) of fluid velocity at the

location of H and NH particles. Here, S?

s (@p),0 is the value of the first bin of ng ()"

implies that particles of all species should face identical local fluid velocity. Thus, the
Sif () of all four heated particle species should overlap. We see this trend in Figure 4.13.
Moreover, it can also be observed in this figure that ng (@

NH counterparts. This infers that the local fluid velocity at the location of H particles is

) of H particles is lower than their

well-correlated. This reinforces our hypothesis that as particles are restrained within the

jet, they face the same eddies and therefore cluster at similar locations.

Considering the explanation above, although the local fluid velocity at the particle
position is well-correlated, particles concentrated between vortices by large-scale eddies
come from different flow regions and should carry a non-trivial particle-particle relative

velocity (uyy,). This phenomenon is known as caustics [161]. The u,, is expressed as:
Upp = Up;n — Upn+1 (4.15)
where n is representing the n'" particle. These particles can only stay clustered if the
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Figure 4.14: The PDF of temporally averaged inter-particle slip velocity (u,,) of the con-

sidered four particle species, normalized with the jet inlet velocity (u;).

velocity difference between them is small. In other words, for particles to be spatially
restricted and clustered at similar locations in the domain, their inter-particle velocity
should be correlated. In the present study, this effect can only transpire if the local rise in
drag via enhanced viscosity dominates particle dynamics. We see this trend in Figure 4.14,
where the H particles show a tighter PDF at a u,, = 0. Note that particles traveling with
similar velocity have a higher probability of forming and staying clustered as clustering is a
function of the particle-particle slip velocity [19, 50]. The NH case once again demonstrates

a wider distribution of w,,, indicating higher particle dispersion.

As discussed earlier, there are two conditions for VC to be dominant [187]. The first
condition is automatically satisfied by introducing particles within the jet d;, which results
in higher particle loading density within the jet (recall Section 4.2.1). Hence, at 2 = 1 when

particle heating is initiated, particles are close to each other which leads to the heating of
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Figure 4.15: Number of clustered particles (Ny) versus the inter-particle distance (D),

normalized with the total number of particles of each species (V).

the entire central region of the jet and particles getting locked in this hot region. The second
condition for VC to take effect is that we need clusters with high particle concentrations.
This is because, upon particle heating these clusters will create a more significant rise in the
local gas viscosity. Up till now, the fulfillment of this condition is unclear in the present
scenario. To assess this, we employ the DBSCAN [167], which segregates the clustered
and noise particles based on two parameters; inter-particle distance (D) and the minimum
number of particles required to form a cluster (Nemin). Here, Ngmin is taken as twice
the number of dimensions of the data [171]. In our case, particle location data are three
dimensional, therefore Ny i, = 6. With the increase in D, the Ny should increase, and
considering that the H particles are restricted inside the jet, the number of H particles
should increase much more rapidly than the NH particles, as demonstrated in Figure 4.15.
According to this figure, H particles are more densely packed in the clusters. This suggests

that the observations in this study are the result of VC effect, which elevates the clustering
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of heated particles even if the rise in viscosity is modest. Hence, our hypothesis that VC

can spatially restrain particles in a spatially evolving flow holds.

It is evident in the present analysis that the rise in local gas viscosity can enhance par-
ticle clustering even when St < 1. Similar observations were reported by Saieed et 1. [151]
and Saieed and Hickey [187] in decaying HIT. Thus, a new metric is required to predict

particle clustering in heated particle-laden flows. We leave this for future investigation.

4.4 Summary

We investigate the viscosity-driven enhanced clustering of heated inertial particles in a
subsonic, turbulent jet flow using DNS in a rectangular domain. Four different particle
sizes are modeled with the Lagrangian point-particle-tracking method, while the carrier gas
is modeled with the Fulerian approach. The inter-phase momentum and energy exchange
are simulated with gas-particle TWC. To emphasize the viscosity-based rise in particle
clustering, particle-laden jet flow simulations with and without particle heating are carried
out, such that each simulation is composed of three sub-simulations: development of HIT,
stabilization of a subsonic jet flow, and particle-laden jet flow. With this setup, it is
determined that if the two prerequisites of the VC effect are met, VC will take effect
even in a spatially evolving flow with only a 16% rise in gas viscosity. In this case, the
presence of particles inside the jet at the inlet causes the viscosity of the entire jet center
to increase as one large viscous cloud. Within this viscous cloud, particles experience a
higher drag force, which correlates the inter-particle velocity. At the outer edge of this
viscous cloud, thermal fronts are created. Having an affinity towards clustering at these
fronts, particles do not cross these thermal fronts. As particles are locked within this hot
region, they face the same large eddies that organize these particles via centrifugal force
at similar locations between eddies. Hence, VC will take effect and particles are spatially
correlated irrespective of particle inertia/size. Therefore, in a thermal application, VC

effect should be accounted for, even if the local rise in viscosity is anticipated to be minor.
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In particular, this effect can be beneficial for applications where the lateral dispersion of
particles requires articulation, such as cold spray advanced manufacturing techniques and

targeted drug delivery.

Note that there are a few constraints in the present study. Firstly, because of heating,
the TKE of the H and NH simulations decays at a different rate. The flow Re and M are
also low. These parameters do affect the turbulence statistics, but they do not influence the
VC effect as it is driven by viscosity rise, which is a thermodynamic property. Moreover,
particles are introduced at the jet inlet with random velocity in the z-direction, which

results in an adaptation time between the particles and the fluid.

Likewise, the lateral boundaries of the domain are prescribed with periodic boundary
conditions instead of outflow, which has a minor effect on our jet. However, since we only
consider the near-field region (z = 10), our results are not affected by the fluctuations orig-
inating from the opposite boundaries. Despite using NSCBC, we observed some spurious
boundary reflections at the outlet. However, analyzing results up to x = 10 also aided in

avoiding spurious fluctuation from the outlet boundary.
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Chapter 5

Particle Dispersion in Supersonic

Particle-Laden Jets

Reference: A. Saieed, and J. P. Hickey. Particle Dispersion in Supersonic Particle-Laden

Jets. Journal of Fluid Mechanics. [Under Revision]

Abstract

Particle-laden supersonic jets are often encountered in advanced engineering applications
where a comprehensive control of particle dispersion is crucial. Although particle disper-
sion has been extensively studied in the past, the local mechanisms that cause the radial
transport of particles, such that particles leave the jet core, remain unclear in supersonic
jet flows. To this end, we conduct a DNS of a confined low Reynolds number perfectly
expanded supersonic jet carrying four different-sized particles. Here, particles and gas
are simulated with Lagrangian and Eulerian approaches, and the fluid-particle energy and
momentum exchange is modeled with TWC. The initial Stokes number of these particles
ranges between 1.5 and 6.0. We found that each particle size has a specific axial location,

x,, where they start traveling radially. This location is defined by a local Stokes number
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of about St* ~ 0.6; the delay in particles’ response to the local eddies in a supersonic flow
causes their St* to drop below unity. The local turbulent structures formed by the jet pro-
mote a radial transport of the particles that have similar characteristic time scales. Despite
momentum TWC, particles and gas influence each other via different mechanisms. For the
considered range of St, particles dominantly influence the fluctuating velocity component
of the gas, while gas mainly affects the mean velocity component of the particles. More-
over, particles’ reaction to the compressibility effects is a direct function of particle inertia,
where the probability of finding larger particles in a high-density gradient and dilatation

region is higher.

5.1 Introduction

Particle-laden jets often arise in nature in the form of volcanic plumes [194, 195] and hy-
drothermal eruptions [196]. Likewise, particle-laden jet flows can be found in numerous ad-
vanced engineering applications such as cold spray manufacturing [1 1, 176]; metallurgy [15];
nanothermite combustion for propulsion applications [9]; targeted drug delivery [13, l;
transmission of diseases through sneezing and coughing [198, 199]; and particle entrainment
in jets used in the final approach of the lander modules to the surface of extraterrestrial
bodies [200, |. Regardless of the nature of these jets, particle distribution in such
flows has been a source of long-standing questions that have motivated numerous research
campaigns in this field. To fully grasp particle dispersion in a jet, three main aspects
of particle-fluid interaction require understanding. These are discussed in the following

subsections.

5.1.1 Particle Clustering

Generally, in turbulent flows, particles are known to eject from vortices based on their

inertia and cluster where vorticity is low [16], or in locations where their net acceleration is
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zero [106]. The mechanism of particle clustering in low vorticity (high strain-rate) regions
due to the centrifugal force exerted on the particles by coherent turbulent structures is
called PC, and it is the most widely accepted explanation for turbulence-induced particle
clustering. Furthermore, it has been reported that in jet flows, particles preferentially
gather in the regions with a local streamwise velocity higher than the mean velocity [202].
Moreover, in general, compressibility and shear play a significant role in particle dynamics,
where apart from PC (which is still blamed for clustering [203]), particle clustering intensi-
fies with the increase in compressibility [204]. This is particularly important for high-speed

jet flows, which involve significant compressibility and shear.

Regardless of the particle clustering mechanism, clustering is driven by turbulent eddies
and particles’ response to these eddies based on their inertia. In HIT, tracer particles with
virtually no inertia can closely follow the coherent turbulent structures [51]. Therefore,
tracer-like particles are often used in experimental techniques such as particle image ve-
locimetry for measuring flow parameters [205]. On the contrary, heavy particles tend to be
ballistic, and thus their motion is weakly influenced by the local eddies [23]. A dimension-
less parameter called Stokes number (St) is typically used to characterize the inertia-based

correlation between the particles and turbulence, as discussed later in this section.

5.1.2 Particle Transport

In the context of jets, apart from clustering, particle inertia also determines particle tra-
jectories as the jet develops [63]; whether particles travel within the jet or are dispersed
away from the jet centerline. Predicting particle trajectories is critical for numerous appli-
cations. For example, in cold spray advanced manufacturing techniques, the goal is to keep
the particle inside the high-speed jet, as particle dispersion drops coating efficiency [200].
Favorably, the presence of particles narrows the spreading of the jet and enhances the
centerline velocity as particle motion is governed by the kinetic energy of the gas [183].
This effect is desirable for cold sprays. On the other hand, in combustion applications,

efficient combustion relies on higher radial dispersion of the fuel droplets [207], considering
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that these droplets can coalesce, which can greatly limit their dispersion by increasing the
droplet size [208]. Hence, to manage the radial dispersion of particles based on the appli-

cation, there is a pressing need to delineate the mechanisms that lead to this dispersion.

For estimating the dispersion of particles inside a jet, the Stokes number (St) [20] has
been extensively used, which is the ratio of particle momentum response time (7,) to a char-

acteristic turbulent timescale (7). In jet flows, it is reported that the integral/convective

timescale (7.) of the jet governs particle dispersion [0, 65]. Hence, St can be written as:
de;%
_ T _ 18pyyy
St==—m; (5.1)
Ue

In Equation (5.1), p, v, u, d, and 7y, represent density, kinematic viscosity, flow velocity,
diameter and jet half-width, respectively. The subscripts ¢, g and p denote jet convec-
tive/centerline, gas, and particle parameters. The 7. increases with the axial distance from
the jet inlet due to the concurrent effect of increasing r;/, and decreasing u.. Hence, the
local particle St decreases quadratically along the jet centerline [178]. Note that 7. is anal-
ogous to integral timescale (7;) and at the inlet it is given as 7, = r;/u;, where r; and u;

are the jet radius and inlet velocity, respectively. Thus, the initial integral length scale is
L= rj.

The dispersion rate of particles with St < 1 is similar to the turbulence dispersion,
which causes particles to spread evenly within the jet; particles with St > 1 travel along
the jet centerline with minimum radial dispersion; particles with St ~ 1 depict higher
dispersion than the turbulent eddies due to the local vortex based centrifugal force exerted
on them, and they can be completely ejected out of the jet [56]. These three dispersion
mechanisms are termed vortex, inertial and centrifugal mechanisms [57]. Furthermore,
since St decreases axially, a higher local concentration is observed in the jet where local
St ~ 1 [178]. But eventually in the far-field, particles start behaving as tracers with
respect to the large-scale structures, whereas they are ballistic for small-scale velocity

fluctuations [63]. Hence, as stated earlier, overall in freeshear flows the dispersion of
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particles is driven by large-scale vortex structures generated in these flows [209]. Even
in compressible particle-laden flows, which typically involve a larger number of turbulent
scales than incompressible flows [210], particle clustering is characterized by the large scales

and the corresponding St.

5.1.3 Particle-Turbulence Interaction

Although particle transport is governed by the local mean and fluctuating fluid velocity,
the presence of particles modulates the local turbulent flow field. The overarching mech-
anism is that particles act as a medium of augmenting the transport of energy [211] and
momentum [212] between different regions of the flow. Consequently, as compared to a
single-phase jet, particles reduce turbulent intensity by up to 50% [186]. This jet modula-
tion is a function of particle loading density [213, |, St [184], particle-to-fluid density
ratio, particle diameter to turbulent eddy diameter ratio, and Reynolds number of the par-
ticles (Re,) [215]. Such interaction between the two phases creates a feedback loop, making
this a compounding problem. Thus, to complete the scope of this issue, it is essential to

comprehend the particle-based modulation of a jet flow.

In the case of supersonic jet flows, smaller particles have been reported to produce a
more pronounced modulation of the jet structure similar to the subsonic case [216]. This
is due to the higher specific surface area (ratio of particle surface area to volume) of the
smaller particles, which results in stronger fluid-particle momentum exchange at constant
particle loading density [177]. Moreover, even at minimal particle loading, particles have
been found to move the Mach disk upstream in supersonic jet flows [217]. This effect
further enhances with the increase in particle loading [21%, |. Additionally, phenomena
such as attenuation of dilatation, turbulent Mach number, turbulent kinetic energy and
dissipation increase with the density of the particles [220], further making the fluid-particle
interaction in compressible flows perplexing. As mentioned earlier, the transfer of gas
kinetic energy to particles restricts the gas expansion, which decreases the gas density

and dynamic pressure in the direction of the flow [221]. In supersonic jets, particles also
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weaken the pressure functions radiated by a supersonic jet, by substantially altering the
development of turbulent structures [222]. Consequently, the root-mean-square of jet axial
(radial) velocity drops by 10% (30%), as compared to an unladen jet [223]. This effect
is also a function of particle mass loading, such that these pressure fluctuations decrease

with the increase in mass loading [224].

As stated in the discussion above, particle dispersion is primarily credited to the cen-
trifugal force acting on the particles based on particle inertia, even in supersonic flows [99].
Here, PC in the axial direction is attributed to the particle-gas momentum transfer, while
radial dispersion is credited to the radial inter-phase velocity difference. Note that in a
supersonic jet flow in which the particle velocity is less than the fluid velocity at the inlet,
particles keep accelerating after leaving the nozzle, consuming the kinetic energy of the
supersonic gas. Since the major component of particle inertia is in the streamwise direc-
tion, a question arises: why do particles start traveling in the radial direction in the first
place? It is understood that a jet inherently spreads, creating a radial velocity difference
between the inertial particle and the local gas. But the particle-gas axial velocity difference
is higher in the streamwise direction (up to four times in the present study), and hence
particles should keep traveling within the jet center. We hypothesize that there must be
an organized turbulent motion that pushes particles out of the central region of the jet. It
has been reported that local kinematic and thermodynamic aspects, especially fluid viscos-
ity, can considerably alter particle distribution in HIT [187, , , |. In supersonic
jet flows, although the local thermodynamic properties of the fluid will change as the jet
evolves, these local thermodynamic properties particularly the fluid viscosity are assumed
to have a minor effect on particle dispersion. In a supersonic jet flow, the variation in
density and fluid compressibility governs the fluid-particle interaction as discussed earlier
in this section. Thus, in this contribution, we probe the dispersion of four particle sizes in a
supersonic jet flow using DNS. We aim to investigate the local turbulent eddy-based effects
that govern the transition of particles’ motion from axial to radial downstream from the
inlet. In the rest of this article, we discuss the methodology of our numerical experiments

along with the model validation in Section 5.2, the obtained results in Section 5.3, and the
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drawn conclusions are reported in Section 5.5.

5.2 Methodology

We carried out DNS to simulate a spatially developing, polydispersed particle-laden per-
fectly expanded supersonic jet flow using an in-house version of an effectively parallelized,
open-source, high-order finite difference code, known as Pencil-Code [130]. A sixth-order
scheme is used for spatial derivatives and a third-order Runge-Kutta scheme is employed
for time integration. To stabilize our sixth-order spatial scheme, which is inherently un-
stable with finite difference, a hyperdiffusion term was used. The domain pressure was
matched with the inlet pressure of the jet to avoid the formation of large-scale shocks.
In other words, the ratio of jet exit to domain pressure is maintained at unity (nozzle
pressure ratio, NPR = 1). These simulations are carried out in a rectangular domain with
periodic boundary condition in the lateral direction to eliminate wall effects, which are not
of interest in the present study. Four particle sizes are considered with TWC using the La-
grangian point-particle tracking scheme, where a tri-linear interpolation method is used for
resolving particle trajectories. In this case, the undisturbed local fluid velocity is required
to compute the drag force on the particles. However, it is intrinsically unavailable in mo-
mentum TWC as particles influence the local flow field [162, |. As a result, the Stokes
drag on the particles can be underestimated. Thus, the use of the tri-linear interpolation
method can be problematic, especially in supersonic flows and may require a correction to
capture the particle trajectories accurately. A metric for estimating the error due to this

scheme is the ratio of particle diameter to grid cell length d,/l.;. Since our cell length

along x is less than y and z directions (Az < Ay = Az), we define . = Vcle{lg , where
Veen = Az x Ay x Az is the cell volume. Yang et al. [220] found the tri-linear interpolation
method to be invalid if d,/l..; is large (O(10°)). Moreover, Patel et al. [217] suggested

the use of an optimized momentum TWC approach for larger d,/l..; and shock-particle

interaction. However, in our case the highest d,/l.;; = 0.18, which is fairly small, and our
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Particle P1 P2 P3 P4
dy, 0.003 0.004 0.005 0.006
St 1.5 2.7 4.2 6.0

Table 5.1: Diameters (d,) and Stokes number (St) at the jet inlet, of the four particle
species (denoted P1 to P4).

jet is shock-free. Hence, we expect the impact of local disturbed fluid velocity on Stokes

drag to be minimal.

On the other hand, the diameters and initial St of these particles are presented in
Table 5.1. As seen in Table 5.1, we will refer to these particles with increasing diameter
as P1, P2, P3 and P4, for brevity. The constant density of these particles is p, = 1500.
In light of our hypothesis, the use of different particle sizes will enable us to probe the
local mechanisms that cause particles to start traveling laterally at different downstream
locations. For the continuum phase, the gas with a density of p, = 1 is simulated with
an Eulerian specification. Our DNS consists of three sub-simulations, as discussed in the

following subsections.

5.2.1 Simulation Setup
Development of HIT

The simulation setup is depicted in Figure 5.1. Firstly, HIT is generated in a triply periodic
box of 9d; characteristics length discretized into a 256° mesh, where d; is the jet diameter.
This simulation is conducted without particles and resulted in a Taylor Reynolds number of
Rep = pytyms\/pg = 77, where A, 4,5 and p, are the Taylor microscale, fluid root-mean-
square velocity and dynamic viscosity, respectively. For HIT development, a solenoidal
forcing function is used [131]. This forcing scheme is such that, at any given instance,

the random points of energy addition are correlated, but these points vary in time. This
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Figure 5.1: Simulation setup depicting three sub-simulations.

simulation is carried out until an equilibrium is established between energy addition and
energy dissipation at high wavenumbers (k). This is determined by the fact that the
temporal evolution of turbulence statistics such as turbulent kinetic energy (TKE) starts
fluctuating about a steady mean value. Note that regardless of the forcing scheme used
(linear [159, 160] or spectral [158]) turbulence statistics, especially TKE, depict noticeable
fluctuations about a mean value even after the aforementioned equilibrium is established.
Since these fluctuations eventually oscillate about a constant mean value, we consider the
HIT to be fully developed. This simulation is conducted for about 200 integral timescales
(1 = r;/u;) computed at the inlet of the jet.

Jet Development

Once the HIT is fully developed, 3D snapshots of the mean velocity field from the HIT
simulation are cyclically introduced at the inlet of a rectangular domain with dimensions
14d; x 9d; x 9d;. This domain is meshed into 512 x 256 x 256 cells in the z, y and z
directions. This resulted in grid cells that are longer in the lateral direction, however, all
cells in the domain have the same dimensions. The streamwise mesh has more grid points
compared to the lateral directions, as our domain is longer in the axial direction. At the
inlet of the jet, a top-hat mean flow profile is assumed. This mean flow is superimposed by
the turbulence fluctuations generated by the HIT simulation. The 3D HIT snapshots of the
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turbulence fluctuations are convected into the domain, which assures realistic turbulence
characteristics within the compressible jet. The pressure at the inlet is set equal to the
domain pressure to get a perfectly expanded jet, thus minimizing any shocks or large
expansion waves. This was done to avoid shock formation, as the interaction of particles
with a shock wave will further complicate our model, and it is not in the scope of this

analysis.

At the inlet and outlet of this domain, inflow and outflow boundary conditions are
imposed, respectively. The fluid is allowed to enter the domain only through the jet inlet
with diameter d; = 1, and the rest of the inlet is modeled as a wall. The inlet and outlet
boundaries suffered from spurious reflections, however these reflections at the inlet [185]
and outlet [139] are attenuated with NSCBC.

A periodic boundary condition is prescribed in the two lateral directions (y and z).
This is done to deal with a limitation of Pencil-Code, where if outflow boundary condition
is imposed on y and z boundaries, the reflections from the edges between these boundaries
result in discontinuities. This simulation is run for roughly 7 FTT, such that the initial
transience caused by the jet development diminishes and a stable jet flow is established.
For assessing this state of the jet, self-similarly of the classical flow statistics is analyzed

in Section 5.2.4.

Particle-Laden Jet

From the last state of the jet development simulation, a third simulation is initiated,
which is run for an additional 5 FTT. In total, 200,000 adiabatic particles equally divided
into four particle species are released within the jet diameter at the inlet with a steady
rate of approximately 1300 particles/7;. These particles are introduced with a random
velocity in the z-direction such that at the inlet, the particle velocity (u,) is less than the
local gas velocity (u4(x,)). To avoid shock formation at the particle surface, the particle
velocity at the inlet is never below half of the local fluid velocity. Consequently, particles

are accelerated by the gas via drag force, as viscous drag is the only force acting on the
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particles considering p,/p, > 1 [39]. Moreover, the gravitational force is also neglected for

simplicity.

In this simulation, the first 3 FTT are to stabilize the particle-laden jet flow, as the
introduction of particles modulates the jet flow due to momentum TWC. The following 2
FTT are used for collecting the results presented in this paper. Note that all the statistics
discussed in this paper are temporally averaged unless stated otherwise. Considering the
particle loading density, the maximum instantaneous volume fraction in the overall domain
is @, ~ O(107°), which is within the OWC regime [1]. But, because particles are released
within the narrow region of d; = 1 and of the supersonic flow, particles travel within the
central region of the jet for a considerable distance. This causes the local ®, within the
core of the jet to be as high as O(107%), which is within the TWC regime. Moreover, PC
in the jet can also result in higher local ®,, even though the global &, is in the dilute

regime [99]. Hence, momentum TWC is employed in the present study.

5.2.2 Continuum Phase

The non-dimensional equation set for the gaseous phase is given as:

Opy n Opgtig,i

ot om (5.2)
8pgug’i a’ogug’iugvj — an 9 6“9,1’ aug,j 28%9,19
o T on, 0w P \Bx, 0w 30 8ij | + F, (5.3)
Ds, = 0 01 . Oug,; ?
Poto Ty = ot (liga—xi) +2pgvgS S + (py < o1, > (5.4)

here the variables T', P, k, s, S and ( depict temperature, pressure, thermal conductivity,
entropy, shear-rate tensor and bulk viscosity (¢ = 0.0006), respectively. Here, k was kept
constant. In Equation (5.4), typically a particle-based work term (F, - u,) is included on
the right-hand side. In our study, this term is ignored as it is found to be much smaller (not
shown here) than the dissipation term in Equation (5.4). Furthermore, this term becomes

significant at high particle loading density, which is not the case in the present simulation.
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Therefore, neglecting its contribution to the entropy equation has a negligible effect on the

results.

The gas viscosity is modeled with a power law:

Hg = Hg,0 ng/g (5.5)

where subscript 0 represents the initial /reference state and p, 0 = 0.001 is the initial /reference

gas dynamic viscosity. The initial temperature of both particles and gas is Ty = 1.

5.2.3 Particulate Phase

The non-dimensional Lagrangian equations for particle transport are:

dry;
oL, (5.6)
du )i OD
d:f) = T_p (ug,i (Tp) — ups) (5.7)

In Equation (5.7), the particle drag coefficient Cp is adopted from Carlson and Hoglund [192]:

oo (14 0.15Re27) (1 4 exp (0.427/Ma2%) — (3/Red®®)) (5:)
b Re, 14 (1/a) (3.82 + 1.28 exp (—1.25)) '

where « is the ratio of Reynolds and Mach numbers (o = Re,/Map) of the particles. The

Ma, and Re, are expressed as:

Ma, = lu, — ug(mp)|7 Re, = Pg 1, —uy(7,)| d, (5.9)

c fg

here c is the speed of sound. We chose this expression for Cp as it incorporates inertial,
compressibility and rarefaction effects. Also, it is valid for particle Mach number of Ma, <
2 and particle Reynolds number O(107!) < Re, < O(10?). In our case, the average Ma,
in the first 0.5d; of the domain is Ma, ~ 0.45, and the corresponding particle Reynolds

number is Re, ~ 0.64. Note that particles are introduced with random velocity in the
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Variable Symbol Value

Mach number Ma = uj/c 1.5
Turbulent Mach number of HIT Mayp = u'/u; 0.04
Turbulent Mach number of jet ~ Mayp = u'/u; 0.13
Inlet Reynolds number Re = pyu;r;/ g 500
Turbulent Reynolds number Rer = pgtpmstj/ity 125
Integral length scale L=, 0.5
Kolmogorov length scale n=1~L/ ReST/ ! 0.013

Table 5.2: Turbulence characteristics of the supersonic jet flow.

x-direction, and the gas velocity is the highest close to the inlet. Thus, our Ma, and Re,
are maximum at the start of the domain. Beyond this, gas decelerates and the particles’

velocity approaches the gas velocity, causing the Ma, and Re, to drop.

Considering the discussion above, the turbulence parameters of the particle-laden jet
flow simulation are given in Table 5.2. For all four particle species p,/p, > 1, Re, < 1
and d; < 7, here n represent the Kolmogorov length scale. Based on this criteria, the use

of the point-particle scheme is justified [23].

The drag force on the particles (Fp) is given as:
Fp = 3mppdy (up; — ugi(xy)) (5.10)

here w, is the particle velocity and uy(x,) is the gas velocity at the particle’s position.
Similarly, in Equation (5.3) the term F), accounts for the back-reaction force on the local

gas by the particles due to momentum TWC. This force is defined as:

NP
Fy=> W, (z—xp,) Fp (5.11)

where N, is the total number of particles in a given cell. The term W, (z — z,;) is the

weighing function for the TSC approach, which is employed for modeling the two-way
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fluid-particle interaction [37]. In TSC, a second-order spline interpolation is carried out on
27 neighboring points on the Cartesian grid. In this approach, a weight function is used
to project particle properties onto a grid point, such that this weight function depends on
the proximity of a grid point from the particle. The grid point closer to a particle gets
a higher weight and vice versa. Thus, in a 3D grid, fluid-particle interaction is projected
on 3 X 3 x 3 grid points. In this case, even if two particles are present within the same
cell, their proximity to the nearest 27 points will be different. This results in a smooth

interaction between the two phases.

5.2.4 Validation

To validate the present simulation setup, we run the jet simulation at the same conditions
but without particles, for about 7 FTT. First, we assess whether our 512 x 256 x 256
mesh is grid converged. For this purpose, we run another simulation with 768 x 384 x 384
mesh without particles for 3 FT'T. The resulting radial profiles of the axial component of
the jet centerline velocity (u.,) and azimuthally average TKE at the downstream location
of x = 8 of these two cases are presented in Figure 5.2. Note that in Figure 5.2 and in
the rest of the article, all the dimensions such as x and y are normalized with d;, unless
stated otherwise. Reynolds averaged results are presented, instead of Favre averaging, as
the density fluctuations are modest in the flow. It can be seen in Figure 5.2 that both
curves of the centerline velocity and TKE overlap reasonably well, justifying our mesh
selection. The 768 x 384 x 384 results are not as smooth because they were averaged
over fewer time frames as compared to the baseline mesh. It should be noted that despite
modeling a domain length of 14d;, we only showed results up to z = 10 as the latter
portion of the domain is influenced, to some extent, by the outflow boundary condition.
Since the simulations are conducted in Cartesian coordinates, the results are averaged in

the azimuthal direction and in time.

To assess that the present TWC scheme is grid-converged, we rerun the particle-laden

jet flow simulation with 768 x 384 x 384 mesh. This simulation is carried out for about
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Figure 5.2: Normalized axial component of the jet centerline velocity (., ), and azimuthally
average TKE at x = 8 of the 512 x 256 x 256 and 768 x 384 x 384 meshes.

4 FTT, where the first 3 FTT are used to stabilize the transience due to the introduction
of particles within the jet, and 1 FTT is used to compute the present results. Here,
we calculate the axial fluid-particle slip velocity (u,,) with Equation (5.24), from the
512 x 256 x 256 and 768 x 384 x 384 mesh simulations, as shown in Figure 5.3. It can be
seen in this figure that the u,, curves of the two grids reasonably overlap, which suggests

that our TWC at 512 x 256 x 256 mesh is not sensitive to grid refinement.

Since the simulations are conducted in Cartesian coordinates, the results are averaged
in the azimuthal direction. For the validation of our simulation, we first compare our axial
velocity profile in the radial direction with that of Troutt and McLaughlin [2] (TM), which

is defined as:

u, = exp (—2.773 (€ + 0.5)2) ; for £ > —0.5 (5.12)
In Equation (5.12), ¢ is given as:
Y—T12
=2 /7 5.13
R (5.13)

here y is the value along the y-axis. Based on this normalization, the mean axial velocity in
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Figure 5.3: Axial fluid-particle slip velocity (u,,) of the 512 x 256 x 256 and 768 x 384 x 384

grids, normalized with the initial value at © = 0 (upg0).

the radial direction collapses reasonably well on the curve obtained from Equation (5.12)
from z = 6 onward, see Figure 5.4. This suggests that our first-order statistics become
approximately self-similar around x = 6 which is relatively short. This axial distance
is a function of flow Re, and for lower Re, self-similarity is achieved at a shorter axial
distance [227]; a short time evolution to reach first-order self-similarity was also shown
in other free shear flows [228]. Note that Bogey and Bailly [227] analyzed transitional
jets; the present jet flow lies between transitional and fully developed jets as we impose a
turbulent plug flow at the inlet (from a separate HIT simulation). However, the similar
effect of Re on self-similarity evolution is expected to hold in the present case. According to
Figure 5.4, the outer edge of the jet slightly departs from the self-similar curves defined in
Equation (5.12). This is due to the periodic boundary condition on the lateral boundaries
and the spatially evolving jet which results in non-zero freestream velocity; as this velocity

remains small, it does not affect the analysis.

It should be noted that higher-order statistics take longer to achieve self-similarity [225,

143



0.250
0.225 ~
0.200
0.175 1
0.150 -
0.125 1
0.100 -
0.075 1

~

urms/u
N A O 00—

~0.50 =0.25 0.00 025 050 0.75 ~0.50 =0.25 0.00 025 050 0.75

& 3

Figure 5.4: Radial evolution of temporal and azimuthal mean axial velocity, u, (left),
and root-mean-square gas velocity, ., (right), of the single-phase jet flow at five axial
locations. In the left plot, TM represent Troutt and McLaughlin [2], particularly the
solution of Equation (5.12).

]. This is because high-order self-similarity requires an equilibrium state to be reached
within the turbulence. We can see this in the lateral evolution of the normalized root-
mean-square velocity (u,s) of the jet, as shown in Figure 5.4. To determine s, we
first temporally averaged the 3D fluid velocity field. Then we estimated the fluid velocity
fluctuations at each time instance by carrying out a Reynolds decomposition using the
instantaneous and temporally averaged velocity fields. By averaging and computing the
square root of this 3D array of velocity fluctuations, ;s was determined. Figure 5.4
presents the characteristic u,,,s curves, with lower u,.,,s at the jet center and higher values
near the jet edge. To be precise, the curves of x = 8 and 10 do not overlap close to the center
of the jet, which is not truly self-similar. A similar lack of self-similarity of higher-order
statistics was also observed in the high-speed wake, despite a much longer flow evolution
[230], which is tied to the strong memory effects in the freeshear flow evolution. Since

our first-order statistics are self-similar and the second-order statistics show the expected
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behavior for the considered domain length, our simulation model is acceptable for analyzing

the dispersion of inertial particles in a supersonic jet.

5.3 Results

In a supersonic jet, the highest velocity component is located along the jet centerline (recall
Figure 5.4), as observed in Figure 5.5 in which vortices are depicted with Q-criterion [231]
and particles are colored with the local gas velocity (u,). The Q-criterion is mathematically
defined as:

=1 (llP - |IsIP) (514

where € and S are the rotational and strain-rate tensors, respectively. In Equation (5.14),
|| - || is representing magnitude. Mathematically, £ and S are the anti-symmetric and

symmetric components of the instantaneous velocity gradient tensor, such that:

Q- % ((Vug) — (Vuy)") (5.15)

1
=3 ((Vug) + (Vug)T) (5.16)
In Equations (5.15) and (5.16), the superscript T represents the matrix transpose.

As uy is the highest along the jet centerline (see Figure 5.5), it follows that particles
should travel along this center axis due to the higher particle-fluid slip velocity, which
governs the direction of the drag force experienced by the particles. However, Figure 5.5
reveals that particles are dispersed away from the jet centerline at different streamwise
locations based on their size. In this case, smaller particles are ejected radially from the
central region of the jet at a shorter downstream distance as compared to their larger
counterparts. As the characteristic size of the largest eddies grows with the streamwise
evolution of the jet, it is plausible that the particles of different sizes are preferentially

dispersed at distinct axial locations as the turbulent structures grow.
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Figure 5.5: Fluid vortices shown with Q-criterion (top), overlaid with particles (bottom)
of the considered four species as titled. The vortices in the top image and particles in the

bottom four images are colored with the local gas velocity (u,). Recall that the particle

size increases from P1 to P4.
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Figure 5.6: Logarithmic correlation integral, log(C;) (left), with respect to the inter-particle
distance, [, normalized with the initial inter-particle distance, . The correlation dimension
(Dy) of each curve is shown in the legend. The variation in Dy with normalized cluster
volume (V) is shown in the plot on the right. The gray-shaded area highlights the region

containing inflection points.

5.3.1 Fractal Dimension Analysis

To scrutinize the aforementioned hypothesis, we adopt the fractal dimension analysis, as
particle dispersion is multi-fractal in nature [122]. Here, particle clustering shows distinct
fractal features at different turbulent scales, or, in other words, particles with different
inertia primarily respond to eddies of different sizes [53]. Thus, we perform the fractal
dimension analysis on the global particle dispersion, as well as on the individual particle

clusters. First, we compute the correlation dimension (D;) of each particle species, which

characterizes the dispersion pattern (chaotic or organized) of the particles [232]. The D,
is expressed as:
_ 1
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here C; = Y p? is the correlation integral and p; is the probability of finding a particle pair
at an inter-particle distance less than [. By plotting the logarithmic correlation integral
(log(C})) against the log of the normalized separation distance, Dy can be approximated as
the slope of the obtained curve. This is shown in Figure 5.6 (left) and the corresponding
Dy value of each particle species is shown in the legend, marked with the particle species
number as a subscript. The fundamental benefit of using D, to characterize the dispersion
is that it is not dependent on the choice of the length scale. On the other hand, methods
such as boz-counting depend on the box size [233] and pair-correlation function is influenced

by the radius [137] in which the number of particle pairs is counted.

For D,, a lower value depicts a more organized (clustered) dispersion of the particles;
a higher value shows chaotic dispersion. Furthermore, Dy indicates the dispersion dimen-
sionality, where values of Dy ~ 3, 2 or 1 imply globular, planar or tubular clustering of
particles, respectively [1 18]. As Dy decreases with the increase in particle size in Figure 5.6,
it validates the qualitative observations of Figure 5.5, where smaller particles are more dis-
persed as they start spreading laterally after a short axial distance from the inlet, while
larger particles primarily travel along the jet axis. This gives P1 and P4 dominantly planar
and tubular clusters, respectively. Since P4 particles travel in a narrow region within the

jet, they show organized (clustered) dispersion.

By analyzing D, of the individual particle cluster, we can probe if the fractal dimension
changes based on the cluster size. If it does, it would indicate that the cluster size varies
based on the turbulent scale (since particle clustering is governed by particles” dominant
correspondence to a turbulent scale), which would hint at the mechanism that causes parti-
cles to spread laterally at different downstream distances. Note that D, indicates the scale
of clustering, where a lower Dy depicts clustering due to the larger scales, while a higher
D relates clustering to the small scale features [209]. Considering the visual observation in
Figure 5.5, the scale at which clustering occurs should increase with the increase in particle
size. We witness this trend in Figure 5.6 (right), where D is plotted against the cluster
volume (V.). The dispersion dimensionality of these curves also verifies the qualitative

observation of Figure 5.5. Here, V. is determined by using DBSCAN method [167], which
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segregates clustered particles from noise/unclustered particles. By computing the convex
hull using the z, y and z separation between particles in each cluster, V, is evaluated.
The details of the DBSCAN method in the present context can be found in Saieed and
Hickey [187].

The downward curves in Figure 5.6 (right) portray a critical observation: the Dy rises
quasi-linearly until it reaches an inflection point. This inflection point marks the boundary
between chaotic (rising Dy with respect to V.) and organized (declining Dy with respect to
V.) dispersion regimes; these inflection points are approximately highlighted with a gray
color region. This trend, however, seems counterintuitive because the eddy size increases
with the axial distance. But the rise in Dy with V. on the left side of the gray region
containing inflection points means that particle clustering is governed by turbulence at
smaller scales. This can be understood with the fact that in the present 10d; domain length
which is essentially the near-field region of the jet, the turbulent fluctuations and thus
averaged turbulent kinetic energy (TKE) augments as the local eddy length scale (Lcqqy)
increases downstream, see Figure 5.7. The rise in downstream turbulent fluctuations at the
jet centerline can be witnessed in Figure 5.4 (right). Additionally, the TKE in Figure 5.7 is
the bulk TKE of the flow, which is computed by averaging TKE in the radial direction for
each grid point along the x-axis. Therefore, because we are in the near-field region where
shear is high at the inlet (shear layer is significant) and the jet is spreading, the bulk TKE

increases as the velocity fluctuations are high in this region (z = 10).

In Figure 5.7, the L.qq, is computed by identifying vortices with the Q-criterion and
labeling dominant vortices on the y-z plane at each x position by applying an approximate
threshold (Q > @) Each detected vortex has a peak value of Q. By identifying the location
of this peak Q, and determining the average Euclidean distance between the locations of
these peak O values of vortex pairs on each y-z plane, the local separation of vortices is
estimated. This local separation is temporally averaged for each particle pair at a given -
position, which resulted in L.qq,. This provides a more accurate estimate of the local eddy
length scale as compared to the ry /5, which is often used. However, note that although our

later results converge based on this definition of L.gqy, the values of L.qq, are sensitive to
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the applied threshold and the assessment of this sensitivity is left for future consideration.
Also, note that L.qq, is qualitatively similar to r/, of the jet, the change in threshold is
expected to yield similar trends. This is because selecting a different threshold will alter

the magnitude of Legqy, but Leqq, will still increase axially, akin to the trend in Figure 5.7.

The discussion above infers that because particles are accelerated in the axial direction
by the supersonic gas in the jet core, the natural reaction of the particles is to stay within
the central region of the jet, as drag (governed by fluid-particle slip velocity) is higher
within this region. This limits V, at any axial location. Since the jet spreads downstream,
particles get more space to form clusters, which raises V.. However, the rise in V. is limited
by the jet boundary/shear layer. Further rise in V. can only occur if particles experience a
significant radial dispersion and leave the central region of the jet. At the inflection point
(inside the gray region in Figure 5.6), the particles’ direction of travel develops a radial
component. Beyond this, V, increases, but particles are now facing larger eddies with lower
turbulent fluctuations (see Figure 5.4). Additionally, now that the particles are out of the
higher velocity central region of the jet that houses smaller eddies (recall Figure 5.5), they
lose their axial momentum, which causes particles to react and cluster at larger eddies.
This is reflected by the drop in Dy. Evidently, from P1 to P4 the D, of the inflection
point drops and therefore the scales at which their corresponding clusters form increase.
This shows that each particle species leaves the dominantly longitudinal travel in the jet
until it meets an eddy corresponding to its inertia (depicted by the inflection point), which
pushes it out in the lateral direction. Therefore, this inflection point is a clear indication
that particles start spreading radially based on the eddy they dominantly respond to as

they travel downstream.

5.3.2 Finite-Time Lyapunov Exponent

To quantify the local eddies that trigger the lateral particle dispersion, an approximation of
the axial location (x,.) where particles first leave the jet core is required. For this purpose,

the rate of convergence and divergence of particle trajectories along the jet centerline is
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Figure 5.7: Evolution of temporally and spatially averaged turbulent kinetic energy (TKE)
and eddy-length scale (Leday). Here Legqy, is normalized with jet diameter d;. The dotted
vertical lines mark the location of respective particle initial radial dispersion, where St* is

the local Stokes number of the particles at that location (discussed in Section 5.3.3).

probed via the Finite-Time Lyapunov Exponent (FTLE) [70]. The FTLE determines the
local attractor points by estimating the temporal evolution of the separation between parti-
cle pairs. In other words, FTLE characterizes the evolution of particle separation distance
over time. If particles only travel within the jet core, their radial velocity component will
be substantially smaller than their axial velocity. This will result in small inter-particle
separation in the radial direction. By examining the spike in the particle separation dis-
tance determined with FTLE, we can estimate the location where particles dominantly
start traveling radially. Note that a major rise in FTLE will only occur if particles start
dispersing radially because the axial fluid-particle slip velocity is very high; the particles
injected in the jet at the inlet reach the outlet at approximately the same time if they stay

within the central region of the jet.

We defined FTLE (A(z)) with the following mathematical expression:

1 or(z)

Az) = Elog 57 (o) (5.18)
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Figure 5.8: FTLE (A(z)) computed along the streamwise direction, where A(x) is averaged
over all pairs of a particle species on the given y-z plane along x-axis to obtain a single

curve. The red dotted line shows the axial location (x,) of peak particle dispersion.

where dr(z) is the separation between the trajectories of a particle pair at a given time,
while dr(xg) depicts the initial separation between neighboring particles. The or(z) is
computed from the flow map, ¢(x,u,t), which is a function of particle position, velocity
and time instance [231]. The ¢(x,u,t) maps a particle’s travel from the initial condition
to the final destination after integration along the particle trajectory for a given time
duration. Thus, to find A(x) in the streamwise direction, we compute 0r(z) at each z-
location using the separation distance between two particle trajectories in the y-z plane at
each z-location. To better understand the evolution of the particle pair separation, in this
case, 0r(xg) is taken as the separation of the particles at the previous y-z plane. Thus, A(x)
provides a local estimation of the particle separation at each x-location. For this analysis,

we temporally averaged A(z) of all the pairs of each particle species on a given y-z plane.
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The values of A(z) > 0 and A(z) < 0 exhibit divergence and convergence of inertial
particle trajectories, respectively. From this, it can be inferred that the axial location of a
positive peak corresponds to the maximum divergence of the particle trajectories, and it
depicts the position of the first dominant radial dispersion (x,) of the particles. This trend
can be observed in Figure 5.8, where the peak \(x) is farther downstream with increasing
particle size, such that the location of the initial radial dispersion for P1, P2, P3 and P4
are z, = 3.3, 5.5, 6.8 and 7.5, respectively. Here, the \(x) drops after x,.. This is because
although particles are spreading, there are still particle pairs that are coming close to each
other as they spread radially. Therefore, we see significant fluctuations in the present A(x)

curves in Figure 5.8.

Also note that similar to Dy in Section 5.3.1, A(z) values of these peaks drop from P1
to P4, showing an overall drop in the chaotic dispersion (rise in clustering) of the particles.
A similar trend can be seen in the 2D contour of A(x) computed within a thin slice at the
center of the domain, as depicted in Figure 5.9. We only show the positive values of FTLE
in Figure 5.9 to reduce the noise that manifests from the fact that particles are mainly
present at the center of the domain, resulting in fewer particle trajectories, while most of the
domain is empty. Moreover, we are only concerned with A\(x) > 0, which quantifies radial
dispersion. The depiction of A(x) > 0 can also imply that in a particle pair, one particle
is dispersing radially, while the other stays close to the jet center. However, in the present
discussion, we use A(x) > 0 to represent dispersion because even in this case, at least one
particle (of the particle pair) is still dispersing. Albeit the contours in Figure 5.9 only show
the central region of the domain, the location of the peak FTLE agrees reasonably well
with Figure 5.8.

5.3.3 Local Particle Characteristics

Now that the z, has been determined, we can characterize the turbulent eddies that exist
at these locations. But first, we have to characterize particle parameters at x, that cause

particles to react to the local eddies. The most important of these parameters is the particle
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Figure 5.9: Contour of FTLE (A(z)) in a thin slice at the center of the domain. Here, only
positive (dispersion) values of FTLE are shown. The dotted red color line depicts the x,

of the corresponding particle species.

local Stokes number (St*). The St* is computed from the fluid variables at the particle

position (z,) and is defined as:

degzn
G — 7p(Tp) _ 18 py(xp) vg() (5.19)
Teddy Leddy ‘
Urms(Tp)

here 7,(x,) is the local inertial timescale of the particles, computed from the local fluid
parameters (not the bulk fluid properties), as shown in Equation (5.19). Whereas, Teqqy is

the characteristic timescale of the representative eddies at x,,. Note that Leqq, is computed
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at each grid point along the x-axis using the two-dimensional y-z slice; the details of the
computation have been previously discussed in Section 5.3.1. While, wms(z,) is the root-
mean-square of the local fluid velocity at the particle position (z, y, z). Since St* is defined
with the local fluid parameters, the value of St* will be different for each particle. To deal
with this, we compute the average value of St* at each y-z plane along the z-direction for

each particle species, and then we also temporally averaged St*.

Starting from the initial local Stokes numbers of 1.5, 2.7, 4.2 and 6.0 for P1 to P4
at the inlet (see Table 5.1), the averaged St* of each particle species drops to St* ~
0.6 at z,, as depicted in Figure 5.7. The decline in St* is expected as Legq, and the
corresponding eddy timescale (7.qq,) increase with the downstream distance. According
to Section 5.3.1, Le4q, depends on the threshold applied on Q-criterion to determine the
dominant vortices. As a result, our St* is also sensitive to this threshold. This value of
St* ~ 0.6 is unexpected because, if St* ~ 1.0 was determined at z,., particle lateral diffusion
could be attributed solely to PC since in this case particle dispersion is characterized by the
centrifugal mechanism [57]. This begs the question: is it possible that because particles are
in a supersonic flow facing a high drag force in the axial direction, they might experience a
delay in responding to the local eddies even when their St* ~ 1.0, and this causes them to
disperse at St* < 1.0. This explanation is plausible considering that the particle momentum
is mainly in the axial direction as particles are injected at the inlet with random velocity in
the z-direction. But then why does their St* converge to 0.6 at x, of each particle species,

in comparison to any value less than unity?

The above-stated lag in particles’ response to the local eddies can be characterized by
the evolution of particle axial acceleration (a, ). When particles start traveling radially,
their a, , should drop because their radial velocity starts to grow as the jet spreads, which
exerts a radial drag force on the particles. If the downstream location of this peak occurs
slightly before x, then it proves that, based on particle momentum, particles take some
time to correlate to the local eddies, and during this time their St* drops to around 0.6.
We can see this in Figure 5.10, where we have marked these downstream peak acceleration

values with circular markers. For each particle species, the circular marker is observed
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Figure 5.10: Particle axial acceleration (a,, ) normalized with the initial value (a, ;o). The

dotted lines represent the x, of the corresponding particle species.

before z,, and the distance between the downstream a,, peak and z, increases with the

particle size.

Apart from the above discussion, the acceleration trends in Figure 5.10 also agree with
the past literature, where smaller particles initially accelerate rapidly and then experience a
sharp drop in acceleration [221]. While larger particles accelerate at a slower rate [216, 235],
and their large inertia [230] causes their acceleration to be prolonged. These effects also
cause a gradual drop in the acceleration of larger particles as they travel downstream.
This is a credible quantitative check, suggesting that our hypothesis regarding the lag

experienced by the particles is reasonable.

5.3.4 Local Eddy Characteristics

Due to momentum diffusion, jets spread laterally as they evolve downstream; thus, particles
located within the jet will experience a non-zero radial velocity. This results in a radial

drag force on the particles, as it impacts the particle-fluid relative velocity (u, — uy(z,)).

156



x1073

1.0 1 P1
2, P2
“ 0.8 -
— P3
~
L 0.6 P4
=
= 0.4 1
So
=
S 0.2
OO T T T T T

Figure 5.11: Magnitude of the local gas velocity gradient at the particle position in the ra-
dial direction, |[Oug.(x,)/0r]| = \/(Oug.(xp)/0y)? + (Ouy (1) /02)?, non-dimensionlized

with the respective particle aerodynamic timescale (7,). Here, || - || represents the mag-

nitude, and 1 in the legend shows the exponential decay constant of the corresponding

particle species.

Additionally, since the maximum jet velocity at any axial location is at the centre of the jet
and decreases radially, there exists an axial velocity gradient in the radial direction. In this
case, particles tend to migrate towards low shear regions, to sample the zero-acceleration
points where the net force on them is zero [17]. By examining the exponential decay
constant (1) of this temporally and azimuthally averaged local streamwise gas velocity
gradient in the radial direction (||0u,.(z,)/0r|]), we can estimate how slowly particles
respond to this radial push. This is shown in Figure 5.11, where ¢/ decreases from P1 to
P4. In this case, ¥ is computed by curve fitting the local gas velocity gradient in the radial
direction to an exponential decay function. For an arbitrary variable II, the exponential

decay function is II(x) = IIy e~ 7.

The higher inertia of P4 particles makes them less responsive to this local velocity
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Figure 5.12: Contour of temporally averaged Q(y,z) on a 2D thin slice in y-z plane at
x, = 3.3, 5.5, 6.8 and 7.5 for P1, P2, P3 and P4 particles, respectively. Where, Q,,..(y, 2)

is the maximum value of Q(y, z) at each x, plane.

gradient, causing the local velocity gradient to be high and 1 to be low. Another interesting
observation is that each particle curve plateaus roughly around z, of the corresponding
particle. Apart from supporting the z, determined in Section 5.3.2, 9 and the location of
the plateau of these curves can help predict the transition between the streamwise travel
and radial particle dispersion in jet flows. This is because, unlike FTLE, which requires the
computation of particle trajectories over time, ||dugy(z,)/0r|| and ¥ are rather inexpensive
and straightforward to compute. Thus, xz, = = such that d/dx||0u,(z,)/0r|| approaches

Z€ero.
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Figure 5.13: Mean 1D energy spectrum computed at the y-z planes at x, = 3.3, 5.5, 6.8
and 7.5 of the P1, P2, P3 and P4 particles, respectively.

To further understand the local eddy characteristics at x, of each particle species, we
plot the 2D contours of Q(y, z)-criterion at x, of the considered particle sizes as shown
in Figure 5.12. As expected, a noticeable expansion of the jet can be witnessed in this
figure from P1 to P4. Due to the shear layer at the outer edge of the jet, the vorticity of
the larger eddies away from the jet center is higher, creating a higher radial push on the
particles. Hence, it is plausible that the decline in particle St* and the expansion of Q(y, z)
depicting higher energy eddies at the periphery of the jet creates a correlation between the

local eddies and the particles at their corresponding x,..

We can quantify this rise in the energy of larger eddies with the 1D energy spectrum
computed from the two lateral fluctuation velocity components of the fluid at x, of each
particle species on the y-z plane, as depicted in Figure 5.13. It can be observed in this
figure that at z, = 3.3 smaller eddies contain higher energy, while at x,, = 7.5 larger eddies
on the y-z plane possess higher energy. These local eddies at x, essentially expel particles

from the jet via centrifugal force.

Since larger eddies grow downstream, there is a steeper energy change between scales,
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Figure 5.14: Second-order structure function of the local gas velocity (Sﬁg () (Ar)) at the
particle position, evaluated at the y-z planes at x, = 3.3, 5.5, 6.8 and 7.5 of the P1, P2,
P3 and P4 particles, respectively. The second-order structure function is normalized with

its first non-zero value S? .\ (Ar).
ug(zp)

which is crucial for radial particle dispersion. This energy distribution across scales can
be assessed with the second-order structure function of local gas velocity (Sig(xp)(Ar)),
which is the mean square of the velocity difference between two points with a separation
distance r. We evaluate Sﬁg(xp)(Ar) at the y-z plane at z, of each particle species, thus

the 57 . (Ar) is mathematically given as:

Sﬁg(mp)(Ar) = (ug(xp, 7+ Ar) — uy(z,,7))?%, where r=+/y?+ 22 (5.20)

In the above equation, the overline depicts the temporal average. Hence, if Sig(xp)(Ar)
is higher, then at the given y-z plane the velocity gradient across particle positions is
higher. This will create a higher drag force on the particles in the radial direction. We can
witness in Figure 5.14 where the Sﬁg (xp)(Ar) curves increase with particle size, proving that
particles are pulled out of the axial motion once they encounter eddies of higher energy.

Note that Sﬁg(xp)(Ar) = 0 at r = 0. Therefore in Figure 5.14, Sgg(xp)(Ar) is normalized
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with its first non-zero value denoted as Sig (2) (AT )o.

5.3.5 Particle-Jet Interaction

Thus far, we have scrutinized the effect of gas on the particles as it directly governs particle
dispersion. Now we focus our attention on the modulation of the jet by the inertial particles
in the near field. This is crucial as the gas and particles are mutually coupled. Therefore,
the local turbulence not only promotes particle dispersion, but the presence of particles

also modulates the local eddy structures of the jet.

The local gas velocity experiences the immediate impact of particles, as particles lag
behind the gas in the near field due to their inertia. On the one hand, a larger particle
momentum means that the particles are less impacted by the smaller-scale turbulence
fluctuations. On the other hand, the larger size of the particles promotes the correlation
between particle and fluid motion via the increase in drag force on the particles. Note
that we increase particle inertia by increasing d, instead of p,. Of course, the balance of
these two effects will govern the particle acceleration as we witnessed in Figure 5.10. In
either case, particles will considerably decelerate the local gas. To analyze this, we start
by assessing the joint PDF of u, and u,(z,) magnitude over the entire domain, as shown in
Figure 5.15. The correlation between u, and uy(x,) is anticipated to drop with the rise in
particle size. However, we witness a bimodal distribution in this figure. From P1 to P4, the
PDF transition from almost linear growth to where the u,(z,) is high while u, is low. This
highlights a significant lag between particle and gas velocities, which is proportional to the
drag force on the particle. This enhanced drag force on the larger particles significantly

impacts the local gas (recall Equation (5.11)).

To probe the particle-based local modulation of the turbulence, we compute the tur-
bulent kinetic energy (TKE(x,)) and dissipation rate (e(x,)) of the gas at the particle

position, defined as:

TKE(r,) = 57(7) ty:(5,) (5.21)

)
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e(wp) = 2vy(xy)

fluid velocity in the i*" direction. The averaging, u,;(z,r), is done over time and in the

azimuthal direction.

As the joint PDF's indicated (see Figure 5.15), the TKE(z,) increases with the particle
size as shown in Figure 5.16. Note that unlike the overall TKE of the gas in Figure 5.7,
TKE(z,) dwindles downstream. This is reasonable as the slip velocity drops axially, and

the back reaction force (producing fluctuations in the local gas velocity) is the only force

au;,i(xp) awg,i@p)

833k a{lfk

where U;,i = Ug; — Uy, in the above equations represent the fluctuating component of the
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Figure 5.16: Turbulent kinetic energy (TKE(z,)) and dissipation rate (¢(x,)) at the loca-

tion of particles.

particles exert on the local gas, which depends on the particle-gas slip velocity (recall
Equation (5.11)). Thus, this drop in fluid-particle slip velocity downstream reduces the
fluctuations particles induce in the local fluid velocity field, which results in TKE(z,) de-
cline in the z-direction. A more plausible explanation for this trend is that as the particles
disperse radially downstream, they enter regions with low TKE(z,). For example, accord-
ing to Figure 5.4, the flow u,,,s increases downstream at the centerline, and eventually
reaches a maximum value at « > 6. On the other hand, the TKE(z,) reaches its maxi-
mum value around z ~ 4 and then decreases. Since most particles have started dispersing
radially around x ~ 6, they are not present in the higher TKE (central) region of the jet.
Thus, TKE(z,) drops downstream. The increase in TKE(z,) until x = 4 can be ascribed
to the higher slip velocity and acceleration of particles close to the jet inlet, as they are
introduced with a random velocity in the z-direction at the inlet. We see a steeper e(z,)
decay after © = 4 similar to the TKE(z,). These trends do not resonate with the classical
trends where smaller particles dissipate more energy, while larger particles enhance energy
and consequently drop the decay rate of the jet [55]. This is because we are analyzing

the local near-field effects on the gas. In the far-field, where gas velocity will experience a
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Figure 5.17: Relative kinetic energy of the particles, AKE (left), and axial component of
particle-gas slip velocity, u,, (right).

significant drop, smaller particles will decelerate with the gas, further taking energy from
the flow. But, the larger particles will retain their axial momentum. Therefore, beyond a
certain axial position, their velocity will exceed the local gas velocity. In this case, they
will start dragging the gas, imparting their kinetic energy onto the gas. Thus, it is clear
that close to the inlet, the local turbulence rapidly enhances with particle size in the regime

where particles experience higher acceleration via the drag force.

Naturally, we expect that the rise in local turbulent fluctuations in the gas caused by
the particles should also influence the particle dynamics. In this case, smaller particles
should adapt to these fluctuations more rapidly than their larger counterparts. This can
be scrutinized with the particle-gas relative kinetic energy (AKE) and slip velocity in the

z-direction (u,,), which are defined as:

1
AKE = 2 (U;” - U;,i(mp)) (Uzlm - u;,i(xp)) (5.23)
upg = up,x — ug’x(l‘p) (524)

These computations are shown in Figure 5.17. The negative sign of wu,, suggests that
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particles take energy from the local gas in the z-direction and never drag the gas in the
considered near-field region, as discussed earlier. We are only showing the axial component
of u,, to preserve its sign, while its radial components are negligibly small as compared
to the axial component. Note that P1 particles depict the highest slip velocity at x < 2.
This is because particles are introduced at the jet inlet with a random velocity in the
x-direction. This effect rapidly disappears as P1 particles promptly adapt to the local gas
velocity, which causes their slip velocity to drop.

/
Y20

AKE, while the difference between their mean components drops. Moreover, this increase

Interestingly, the difference in u,; and u ;(z,) increases downstream as indicated by
reaches its peak at x,.. This suggests that, regardless of particle size (in the realm of
finite particle inertia), particle velocity fluctuations do not adjust to the local fluctuations
and therefore particles are quasi-ballistic to turbulent fluctuations. It is the particle mean
velocity component that adapts to the local turbulent fluctuations. Despite the TWC,
comparing TKE(z,) and AKE in Figures 5.16 and 5.17, respectively, implies that the
effect of the particles on the gas and that of gas on the particles is rather dissimilar. For
the present St range, particles mainly alter the fluctuating component of the gas velocity,
whereas the gas influences the mean velocity component of the particles. Since the fluid-
particle interaction is a function of St [237], this effect should be tested on a broader
range of St. It should be noted that we are referring to the dominant effect here. Of
course, in a holistic view, both velocity components experience changes. The peak AKE
at x, is due to the rise in energy of the local eddies which pushes particles out of the jet’s
central region. Once outside this region, AKE drops because the local velocity fluctuations

dwindle rapidly.

The smaller particles are more responsive to the local eddies [16], which promotes the
gas-particle momentum exchange. The overall slip velocity in Figure 5.17 demonstrates
this trend. Furthermore, since the average particle velocity in the domain is inherently slow
in responding to the local changes, we see that the inflection point of u,, occurs after the x,

plane, unlike AKE. These two tendencies affirm the validity of our previous observations.
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Figure 5.18: Second-order neighboring particle slip velocity function (x? ,()). The dotted

Up,

lines on the plot show the slope.

The fluid-particle slip velocity can further validate the z, of each particle species. For
this purpose, we define a second-order neighboring particle slip velocity function (Xipg (x)),

which is given as:

szg (@) = (upg(z + <) — upg($))2 (5.25)

here ¢ represents the streamwise separation between two neighboring particles. Note that
the streamwise separation distance varies between particle pairs, as inter-particle distance
can differ at each instance and based on particle location. By averaging the slip velocity
difference between neighboring particles at each streamwise location, the relative change in
slip velocity at each streamwise location in the jet is determined. The resulting Xipg(x) is
shown in Figure 5.18, which depicts that the correlation of u,, increases with the particle
size. This is expected because larger particles retain their inertia for longer and in the
near-field region, gas velocity is still very high. The interesting aspect is that starting from
x = 0, each curve starts with a shallower slope, and then, at a certain x, its slope becomes
steeper. This shallower slope is also longer for larger particles. The change in slope of

these curves occurs close to the z, of the corresponding particles. This analysis reinforces
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Figure 5.19: Comparison of the averaged product of particle fluctuating velocity compo-
nents and mean Reynolds stresses (M) local gas velocity fluctuations (u;,(,)). Note that
due to the symmetry of the jet, wju; ~ u,u), and uju; =~ uju,. Therefore, we have only
shown w, u;, (top-right) and w/,u (bottom-left) curves in this plot.

the credibility of x,.

The pressing question at this point is, how do turbulent fluctuations of the local gas
and particle velocity fluctuations in the axial and radial directions correlate? The cor-
relation between particle and gas velocity fluctuations can be probed with the local gas
mean Reynolds stress (W) and the averaged product of particle velocity fluctuations. We
acknowledge that for particles, Tu; represents the correlation between particle fluctuating

velocity components and cannot be called Reynolds stress. Here, u;u; explains the momen-
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tum transport of the gas and particles due to the local eddies. The normal stresses (u/u)})
for both gas and particles should be positively correlated as the main thrust of the flow is in
the x-direction. Additionally, the jet is spreading laterally downstream, and particles are
shadowing the gas with respect to their inertia. The top two plots of Figure 5.19 illustrate
this trend in the normal stress components. Here, particle fluctuations do not increase to
the same level as the gas fluctuations, similar to the trend observed in Figure 5.17, but they

do show a tendency to escalate akin to the gas fluctuations. We also see this trend in wju/,
(lateral components), where particle velocity fluctuations try to match the fluctuations in
the gas velocity, albeit much more slowly as particle axial inertia does not prefer the radial

momentum transfer. It should be noted that the axial location of peak values of particle

uyw, and uwlu’, correlates well with x,, which implies higher transport of particles in the
radial direction around x,.. This validates the robustness of x, for predicting particle radial

dispersion in a jet.

In terms of the momentum transfer between the axial and lateral components (m and
ulu’), the downstream radial expansion of gas implies negative Reynolds stress, suggesting
the growth in lateral fluctuations, as depicted in Figure 5.19. However, particle axial to
radial momentum transfer via velocity fluctuations should be minimal compared to the gas
because of particle inertia in the axial direction. This momentum transfer should further
drop with the increase in particle size, as shown in Figure 5.19. These two phenomena are
intuitive, but the compelling observation is that particles are almost entirely ballistic to
the axial to lateral velocity fluctuations of the local gas. This disconnect between the gas
Reynolds stresses and particle velocity fluctuations signifies that particle radial momentum
is exclusively generated by the lateral combination of the gas velocity fluctuations. Thus,
a turbulent eddy must align in a specific manner to exert centrifugal force dominantly in

the radial direction for particles to be pulled out of the central region of the jet.
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Figure 5.20: PDF of the magnitude of gas density gradient (left) and dilatation (right)
computed at the position of particles. We preserved the sign of each component before
taking the magnitude and multiplied these signs to the final magnitude value, which gave

us a negative sign for the magnitude. The dotted red line presents the Gaussian curve.

5.3.6 Effect of Compressibility on Dispersion

In a supersonic flow, the compressibility effects also govern the dispersion of particles [204].
To assess the effect of compressibility on particle transport, we evaluate the magnitude of
local density gradient and divergence of the gas velocity (u4(z,)) at the location of particles
(dilatation of the local fluid). Due to their higher inertia, larger particles are unaffected
by small variations in density. We see this trend in Figure 5.20, where smaller particles
prefer regions with the probability of minimal density change, while larger particles favor
regions with high spatial change in fluid density. Note that we also have negative values for
our magnitude. This is because we preserved the sign of each component by multiplying
it with the magnitude value. In this figure, the regions with negative density gradients

also have significant dilatation. Hence, large particles accumulate in areas with a higher
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Figure 5.21: Number of particles (ns) normalized with the total number of particles of a
given species (n,) in the entire domain, sampled in the regions where py(x,) > ||pg+0(py)||*
(1eft), V- pyl,) > 1V -y + (V- p)lI* (middle), ¥ -y () > [V 1ty + (¥ -11y) || (right).
Here, o is the standard deviation and the superscript % represents that the curves are

normalized with their maximum value.

probability of dilatation as shown in Figure 5.20. This is potentially because the regions
with strong dilatation have low vorticity, where particles tend to cluster due to PC. In
other words, strong dilatation corresponds to stagnation points in the flow, where particles

form clusters as the net force on them at these locations is zero [17].

Next, we quantify the number of particles of each species (n,) present in regions with
density (py(z,) > ||pg+0(py)||*, here the superscript * depicts that the curve is normalised
with its maximum value), density gradient (V-py(x,) > ||V - pg+0(V-p,)||*) and dilatation

(V-ug(z,) > ||V - uy+0(V-uy)||*) greater than spatial mean plus one standard deviation
(). The resulting number of particles in the regions that fulfill these conditions is presented
in Figure 5.21. Firstly, following the trends in literature, qualitatively larger particles reside
in regions with elevated gas density [203, ]. The surprising aspect here is that n of larger
particles rises steeply as ||p, + 0(p,y)||* increases, compared to the smaller particles. This

is tied to the affinity of larger particles towards a higher density gradient (see Figure 5.21).
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Particles should naturally move to the location of the lower gradient. However, larger
particles are slow in responding to the changes in the flow due to their higher inertia. On
the other hand, smaller particles rapidly adapt to the variations in the flow and move to
the low-density gradient and dilatation areas. Thus, larger particles reside in high-density
gradient and dilatation regions. Note that regions with higher dilatation also exhibit low

vorticity. Thus, larger particles inherently settle in the regions with high dilatation.

5.4 Discussion

In the present study, we introduced a new parameter x, which defines the axial position
where particles of a certain size/inertia first transition from dominantly axial to radial
travel. This is a critical concept for advanced engineering applications. For example, in
cold spray advanced manufacturing methods, particles are coated on a surface using their
kinetic energy [11]. In this application, typically, an overexpanded jet is employed as it
results in higher particle impact velocity as compared to the underexpanded jets [239]. In
both over- and underexpanded jets, particles encounter a shock that can considerably slow
down particles. In the present case, we simulated a shock-free supersonic jet flow. This
will affect particle kinematic properties in the cold spray applications, however, the overall
particle dynamics reported in this study are directly applicable to the cold spray techniques.
For example, in cold spray manufacturing, larger particles (d, > 20pum according to Li et
al. [239]) are guaranteed to impact the substrate due to their ability to travel along the
jet centerline. While smaller particles have a higher impact velocity as they can be more
readily accelerated by the gas, the trajectories of these particles are prone to deflect from
the centerline. Thus, a fine balance is required such that particles carry a higher impact
velocity and stay within the jet. Here, x, can considerably aid in selecting the right particle

parameters for the cold spray application.

Moreover, in cold spray methods, it has been reported that the coating efficiency in-

creases as the stand-off distance between the nozzle and substrate is raised from the nozzle
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exit until an optimal point is reached, after which it starts decreasing [210]. But there is
no consensus on what the exact stand-off distance should be, due to the lack of sufficient
studies [100]. If the stand-off is greater than z,, particles will start spreading radially.
This will drastically drop their axial kinetic energy, and consequently, the overall coating
efficiency. With x, we contribute another critical parameter that can considerably aid in
deciding this distance for efficiently coating particles of different materials. By keeping the
stand-off distance smaller than x,., we can ensure that the particles stay within the jet,

resulting in a superior particle coating.

Contrarily, there is an effort to use nanothermite particles as propellant [211]. In this
case, the exhaust from satellite thrusters can have solid particles, which can be detrimental
to the launch facility at the time of lift-off. Since particles retain their inertia, the energetic
particles can impinge on the ground structures, which will result in frequent maintenance.
This problem can be partially alleviated if we diminish the kinetic energy of the particles.
Hence, the distance between the thruster’s exhaust and the launch pad can be kept greater
than x,, which will spread out the particles and considerably reduce the impinging velocity
of the particles. We have reported an inexpensive method for determining x, using particle

and local fluid parameters, which can profoundly benefit such applications.

5.5 Summary

We conducted DNS to analyze the dispersion characteristics of four particle sizes in a per-
fectly expanded supersonic jet flow (Ma = 1.5). For this purpose, particles were modeled
with the Lagrangian point-particle scheme, and gas was modeled with the Eulerian method.
The gas-particle interaction was simulated with two-way momentum and energy coupling,
with only the drag force acting on the particles (inter-particle collisions and gravitational
force were excluded). Our simulation consisted of three sub-simulations: HIT develop-
ment, jet stabilization, and particle-laden jet simulations. We found that based on particle

inertia and the local fluid parameters, there is a clear axial location where particles start
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dispersing radially. The St* defined with the local turbulent length scale for all particle
species converged to 0.6 at z,. This is because, due to axial momentum, particles expe-
rience a delay in responding to the local turbulent eddies, exerting a radial push on the
particles. Therefore, dropping from a higher St*, by the time particles start reacting to
the local eddies to travel radially, their St* ~ 0.6.

Scrutinizing the eddy structures at x,, it was found that particle velocity fluctuations
do not adapt to the local fluid velocity fluctuations. The fluid velocity fluctuations mainly
affect the mean velocity component of the particles. This effect, however, is opposite to
the influence of particles on the fluid. Additionally, particles shadow the normal Reynolds
stresses of the flow. However, they do not follow the axial to radial stress components of
the fluid. This suggests that for particles to be centrifuged out of the jet, turbulent eddies

must align in such a way that they primarily exert a force in the radial direction.

Characterizing particles with the local gas density gradient and dilatation implied that
in a supersonic jet, smaller particles collect in low-density regions while large particles reside
in higher-density zones. The slower response of larger particles to the local changes in the
flow causes them to stay in the high-density gradient and dilatation regions. Moreover,
since high dilatation regions also possess low vorticity, larger particles naturally tend to

collect in these regions.

In this analysis, particle radial dispersion is scrutinized at only one Mach number (Ma =
1.5), Reynolds number (Re = 500), and a specific range of particle inlet Stokes number
(St = 1.5 to 6.0). For these parameters, the reported particle dispersion mechanism holds
well. However, the present results and the underlying local particle dispersion mechanism
should be tested on a broader range of Ma, Re, St, and operating conditions to test its

general validity.
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Chapter 6
Conclusions

In this research, the dispersion characteristics of inertial particles were studied in HIT,
sub- and supersonic jet flows, using DNS. In the HIT and subsonic jet flow, the role of
the rise in temperature-driven local gas viscosity on particle clustering was investigated
(Chapters 2-4). While in supersonic jet flow, the mechanism of particle radial dispersion

based on the local large eddy structures was studied (Chapter 5).

In past literature, particle clustering has been predominantly treated as a particle and
fluid dynamics problem, even in thermal applications. Consequently, since the introduction
of particle Stokes number (St) in 1985, higher particle clustering is understood to arise
at St ~ 1. In many engineering applications considering a dispersed phase in a gaseous
fluid, it is assumed that if the particle-to-fluid density ratio is much greater than unity,
only the drag force acts on the particles. However, temperature-based variation in the
local fluid viscosity is often neglected, despite its direct effect on the drag force. Therefore,
in the first analysis of this thesis, the local viscosity-driven clustering of heated inertial
particles was studied in decaying HIT, using a triply periodic DNS box (Chapter 2). Here,
a novel particle clustering mechanism was discovered, called VC. In VC, a preformed
particle cluster rapidly heats the gas in its immediate vicinity upon particle heating, thus

enveloping itself in a viscous cloud as gas viscosity increases with temperature. By offering
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a higher drag force to these clustered particles, this viscous cloud keeps particles clustered
and captures more particles in the flow. As a result, heated particles not only depict higher

clustering, but this enhanced clustering is observed at St < 1.

After proving that particle clustering can be enhanced through temperature-dependent
viscous effects, efforts were made to understand the specific conditions that enhance VC.
To this end, some simplifying assumptions made in Chapter 2, such as the reaction drag
force of particles on the fluid, were removed. This is because the momentum TWC is
known to considerably attenuate turbulence, which can concomitantly diminish VC. Thus,
in this analysis, three different particle-loading densities were analyzed, which outlined two

fundamental prerequisites for VC to take effect:

e Prior to particle heating, particles should already be in a clustered formation.

e These particle clusters should be large in size and unevenly distributed in space.

These two conditions can be fulfilled by having a higher loading density of the inertial
particles in the flow. It was determined that regardless of turbulence attenuation by
particles and particles' ability to diminish VC via their reaction drag force, if these two
conditions are satisfied, VC will take effect and heated particles will depict higher clustering
even at St < 1. Note that VC is valid if particles are uniformly heated, such that particles
at the outer periphery of a cluster and particles within a cluster receive an equal amount

of heat.

Until now, VC has been tested in two independent studies using decaying HIT (Chap-
ters 2-3). However, in a triply periodic DNS box, particles and fluid exiting from one
boundary are reinjected into the domain from the opposite boundary. Consequently, parti-
cles that appear to be going away are essentially coming close to each other after reinjection.
Similarly, the triple-periodicity imposes a constant mass in the domain, thus increasing the
average pressure with particle heating. This is not a realistic depiction of spatially evolving
particle-laden flows. To this end, the clustering of heated particles in a subsonic jet flow

was modeled (Chapter 4). Despite only a 16% rise in the local gas viscosity compared to
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the 60% rise in decaying HIT simulations, particle heating increased the viscosity of the
entire central region of the jet. This caused particles to stay within this region of the jet.
The particles that attempted to disperse radially started clustering at the outer edge of the
jet, where sharp temperature/viscosity gradients (thermal front) exist. Unable to leave the
jet, these particles faced identical turbulent eddies, which caused them to cluster at similar
locations. Hence, the introduction of particles within the jet core at the inlet satisfied
the prerequisites of the VC, and therefore even a moderate rise in gas viscosity spatially
restrained particles due to VC. These findings can pave the way for modulating particle
dispersion in advanced engineering applications such as target drug delivery, particle-based
erosion and deposition in pipes, volcanic eruption and ash dispersion, aggregation of wa-
ter droplets in clouds leading to precipitation, dispersion of pollutants, transmission of

airborne diseases, and advanced ventilation systems, among others.

In supersonic particle-laden flows employed in cold spray advanced manufacturing tech-
niques and metallurgy, it is the local fluid dilatation and compressibility that governs par-
ticle dispersion instead of the local fluid viscosity. This is discussed in Chapter 5, where
larger particles were found to collect in high-density gradient and dilatation regions. The
local mechanisms that cause particles to disperse radially in a Mach Ma = 1.5 jet were
also investigated. It is determined that the axial location (z,) where particles first develop
a dominant radial velocity component is characterized by a local Stokes number St* ~ 0.6.
The slow response of inertial particles to the supersonic flow resulted in their local Stokes
number (St*) dropping below unity before they started dispersing radially. A new metric
has been proposed to estimate x, for particles of different sizes/inertia. Estimating z, can
greatly benefit cold spray technologies, where the effort is to keep the particles within the
jet. This can be ensured by keeping the standoff distance between the nozzle exit and

substrate less than z, for a given particle species.
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6.1 Future Recommendations

For future research in the domain of heated particle dispersion in turbulent flows, the

following research trajectories are proposed:

e In the case of VC, particles were found to depict significant clustering at St < 1. This
is against the conventional observation where particles depict maximum clustering
at St &~ 1. Therefore, a robust prediction model is required to estimate particle

clustering in turbulence for thermal applications.

e Inter-particle collisions were neglected in this thesis with the assumption that the
particle loading density is low enough that particle-particle interactions are trivial.
However, VC should be tested with momentum FWC where particles can interact,
further aiding its applicability in real scenarios. Moreover, particle clustering brings
particles closer and can considerably raise local particle concentration, which enables

inter-particle collisions.

e In jet flow simulations, particle dispersion has been tested in the near-field region
of the jet. But VC for enhanced clustering and local particle dispersion mechanism
should be scrutinized in the far-field of the jet. Likewise, these mechanisms should

also be probed in higher Reynolds and Mach number unconfined jets.

e The validity of z, and St* should be assessed for a broader range of particle sizes,
densities, Reynolds numbers, and St. Moreover, these particle dispersion mechanisms

should also be experimentally assessed for practical applications.

e In this study, the local mechanism of particle dispersion was scrutinized in a shock-
free jet. Thus, x, and the particle dispersion mechanisms should be tested in the
presence of a shock, in a non-perfectly expanded jet. Additionally, if the fluid-particle
slip velocity is high enough, a shock can also form at the particle surface; particle
dispersion mechanisms should also be studied in the presence of such shocks, using

particle-resolved DNS.
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Appendix A

Non-Dimensional Governing

Equations

A.1 Units

The governing equations in Pencil-Code can be solved with any consistent unit system as
they are dimensionally homogeneous. However, for coherence, by default, Pencil-Code uses
Centrimetre-Gram-Second or CGS unit system. As the name suggests, in this system the
units of length, mass and time are centimeter (cm), gram (g) and second (s), respectively.
While the unit of temperature is Kelvin (K) [132]. Therefore, this unit system can be used
for expressing the present simulations and non-dimensionalizing the variables. Thus, to
represent each parameter in a non-dimensional form, a dimensional value is divided by a

reference value of similar dimensions.
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A.2 Non-Dimensionalization

When non-dimensionalizing the governing equations, the characteristic variables used to
non-dimensionalize must have consistent units. Furthermore, it is also required that the
physical consistency of the resulting non-dimensional equations be conserved. This is
ensured by the consistent definition of the dimensionless parameters used in the non-
dimensional equations, namely: Reynolds (Re), Prandtl (Pr) and Mach (Ma) in the prob-
lem. On the other hand, the thermodynamic consistency of the governing equations is
confirmed by the caloric and thermal state equations, which ensure the closure of these
equations. In the present case, these two state equations are the ideal-gas law and the
thermal energy (Ey) equation:
Py = psRTj (A.1)
Ey=cp, Ty = LRTf, where v = e (A.2)
71 Cfo
here R ideal gas constant. Note that R, cy, and ¢y, are defined per unit mass. Con-
sidering these equations, characteristic reference states are required to non-dimensionalize
the governing equations. The dimensions of these state variables are defined with mass
(M), length (L), time (7) and temperature (6). The typical reference variables that are
used to non-dimensionalize are: temperature (7)), pressure (P,), length (L,), time (t,),
density (p.), velocity (u,), ideal-gas constant (R,) and dynamic viscosity (u,.). These ref-
erence states can be the initial values of the concerned variables in the simulation, free
stream values or values from any other reference process. Here, the subscript r represents

7

the reference state. Note that in this section any parameter expressed with “ 7 is non-
dimensional, whereas parameters without this superscript are dimensional except for the
universal dimensionless numbers (Re, Pr and Ma). For non-dimensionalizing, we have to
select three reference states from which all the other reference states can be computed.
However, it is crucial to use reference states that have the required dimensions and do not
affect the consistency of Equations (A.1) and (A.2). Therefore, such reference variables are

chosen that are prescribed in the simulation and are thermodynamically consistent. Thus,
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Reference Variable Symbol Description Units

Density Or Or g cm™
Temperature T, T. K
Velocity Uy c cm st
Pressure P, pru? g cmt s72
Length L, u/t, cm
Time t, L./u, s
Viscosity 7. pru.L,/Re g cmt gt

Table A.1: The selected reference variables.

Equations (A.1) and (A.2) can be non-dimensionalized as:
~ P RT
P, _ PPty

PR T, (4-3)
. E; 1 RT;
Ef_ET_y—lRTTT (A-4)
Based on unit consistency, Equations (A.3) and (A.4) can be expressed as:
(7] = [pi][R,][T7] (A.5)
[Er] = [R][T] (A.6)

here [-] brackets are representing units. Moreover, since the speed of sound (¢ = yRT) is
used to non-dimensionalize velocity, P, can be expressed as [132]:

g
Considering the discussion above, Table A.1 enlists the 1D equations (as their extension

P, = [P]=[p]u}] where c=u, (A7)

to 3D is trivial) of the reference states selected for this analysis.

A.2.1 Continuity Equation

The equation of continuity in the present analysis is:

Ips | Opyuy
_ A
ot " or 0 (A.8)
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Equation (A.8) can be non-dimensionalized by multiplying it with ¢,/p,:

t, 8,0f t, apfujc
it ' T it ' ? A A.
pr O p. Oz ! (4.9)

where uy is fluid velocity. As per Table A.1, the second term in Equation (A.9) can be

stated as: 5 Lo
12 Pf r OpfUy
o =0 A.10
pr Ot up, O (A.10)
Thus, we get: 95 955
Pr pPruy
— 4+ ——=0 A1l
of i (A.11)
A.2.2 Momentum Equation
Similarly, the equation of momentum conservation is:
Opguy  Opguguy 0Py Oy (duy
= — A.12
ot + ox ox * Or \ Or ( )

Equation (A.12) can be non-dimensionalized with ¢, /p,u, and Table A.1. The left-hand

side (LHS) of the above equation can be expressed as:

t, Opru L, Opruru Jdpru Jdprusa
pfer pfff:> pff+/0fff

- Al
prtty. Ot Prtptl, 0T ot 0T (A-13)

Likewise, the right-hand side (RHS) of Equation (A.12) is given as:

_ Lr an 4 Lr 8uf <811f) (A14)

Prtptly 0T ppupu, Ox \ OT

Using Table A.1, the above expression can be restated in the following form:

L, 0Py L. puL, O py (Ouy oP; 1 Oy (0uy
—— —— [ == — —F+ —— | == Al
P. Ox * oy,  Re  Ox p,. \ Ox = 0x + Re 0z \ 0% (A-15)
Hence, the non-dimensional form of Equation (A.12) is given as:
Opsuy | Opgugiy 0Py 1 Ojiy (9
- =4+ —— | == Al
o7 oz o " Re oz \ 0z (4.16)
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In the base simulations, a forcing term (F;) is added on the RHS of the momentum
equation [2412]:
Fo = R{N £ expliv(t)z +io(0)]} (A17)

here R represents the real part, w(t) is the wave vector, ¢ is the random phase between —m

and 7, and f,q) is the eigenfunction of curl operator. While, A/ is the normalizing factor:

N = fe (%)2 (A.18)

where f is the non-dimensional forcing factor and dt is the timestep size. Thus, the
dimensions of the forcing function are £ 7 2. This can be non-dimensionalized with the
mean fluid acceleration before incorporating it into the momentum equation.

A.2.3 Energy Equation

The expression for the conservation of energy is:

ot Ox prerp 0T " o

Equation (A.19) can be non-dimensionalized with ¢,/T,.. Using Table A.1, the LHS of the

above equation is expressed as:

tT an Lr 8Tf11f N an i anﬁf

K A.20
T. ot w71, Ox ot oz ( )
Likewise, multiplying the RHS of Equation (A.19) with ¢, /7, and p,./p,:
t, 1 T
LI S 9 <ﬁ> (A.21)
T, prcrp ity Or \ Ox
LT 11 prurLr 0 an Cfpllr
- e 2 (22 h Pr = PT A.22
T.u. py Pr Re Oz ( oz ) e Ky (A.22)
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In this form, the above equation has all the required reference variables, and therefore, the

complete energy equation can be expressed as:

ot 01 PrReox\ 0z
For energy TWC, the particle-to-fluid heat transfer (or energy source) term, Q,f, is

added to the RHS of the above equation. This is a dimensional term and can be non-

dimensionalized with the particle heating term, (),. These two terms are given as:

MyCpp Ny

Qpr = (Tp — Ty(zp)) (A.24)

27'15

(Tnaz — T)
Theat
It should be noted that the term @), heats the particles, and then particles transfer this

(A.25)

Qp = MypCpp
heat in the form of @),; to the continuum phase.

A.2.4 Entropy Equation

To non-dimensionalize the entropy equation solved in the particle-laden supersonic jet
analysis of this thesis, a few thermodynamic parameters must be defined. Here, the speed

of sound is given as:
= (7 - Deg, Ty (A.26)

This equation must be satisfied by the non-dimensional values, and therefore:
1

- A.27
Ctp (’7 — 1)Ma2 ( )
The Reynolds number in the case is defined as:
™ TLT'
Re =" (A.28)
My
where p¢, uy and L, are set to unity for the jet. Thus, the viscosity is:
_ (A.29)
Mf - Re .
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The value of the k is set assuming Pr is constant, and therefore:

Ky Ctp 1
= = A.30
" Pr PrRe(y — 1)Ma? ( )

Now, the entropy equation is defined as:

an 1
— = —u;- ——RHS A.31
(915 U.f VSf + prf ( )

where entropy is expressed as sy = InTy. Thus, Equation (A.31) can be expressed as:

Oln Tf 1
=—-u;-VInTy+ —RHS—-(»—-1) V- A.32
5 uy-Vin I (=1 V-u (A.32)
here the RHS corresponds to:
RHS =V - (k;VTy) + 2p;vS ®@ S + £pp(V - uy)? (A.33)

Starting from Equation (A.32), both sides of this equation are multiplied with 5—: It is
noted that since 0In(7y)/0x = 1/T; 0Tt/0x, the term In(7y), when inside the derivative,
is effectively unitless. In other words, In(T}) = In(T}). As a result:

L.OlnT L, L 1 L

W o " _u_ruf -VInTy+ u_:prf’va RHS — u—: (y—=1)V-uy (A.34)
Thus: ~
821; = —ﬁf-mn:f’ﬁi’—:pfcfﬂ RHS — (y — 1) V - ii (A.35)
Now considering the term — RS :
Uy prCroly
i—prcivaV (kVTy) + 5—:pr;va 208 ® S + i_jpfciva Epp(V - u)? (A.36)

By multiplying the first term with Ty /Ty, the temperature can be non-dimensionalized as:

1 1 -
—V - vT A.37
Lo pres T, (’ff f> (A.37)
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Recall that:

dlnp 10p
oxr  pox
Since K is constant, it can be expressed as:
1 1 ~
iV - (V1)
Lrur prfﬂ,T

Therefore, Equation (A.39) can be written as:

pe 1y ( ~)
——=V- (VT
Leurp, Pr j, Ty !

Then:

ReIPr %V . <@Tf>

Now, considering the second term of Equation (A.36):

L,
Uy prcso Ty

prl/fs & S

(A.38)

(A.39)

(A.40)

(A.41)

(A.42)

The units of S and v; are 1/s and m?/s, respectively. To non-dimensionalize vy the above

equation is multiplied with L,./L,:
1

L2
" Cf’va

20,8 ® S

(A.43)

Since Ma > 1, u, is a multiple of the speed of sound c. For simplicity, it is assumed that

Uy ~ Cpt

2,2 ~
t 2U0;S ® S
(o rcf,UTf v ®

Substituting Equation (A.26) in the above equation:

20,S® S

(v — 1)Cf7pr
Cfodf

Consequently:
290;(y —1)S® S

While in the third term of Equation (A.36), by default in Pencil-Code & = 0.
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A.2.5 Lagrangian Equations

The Lagrangian equations of particle motion are:

d

% = u, (A.47)
du C
d_tp = T_pD (uf(xp) - up) (A.48)

Multiplying Equation (A.47) with ¢,/L, and Equation (A.48) with ¢, /u,:

tr dxy t,
e I A4
L. dt L. (A.49)
t, d t,
LR YO, (A.50)

% = i, (A.51)
du Cp . .
d_fp = 7~__pD (g (xp) — tp) (A.52)
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