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Abstract 

Antenna problems are traditionally treated as open-region problems and solved by 

formulating one or two integral equations, whose solutions can be found analyti­

cally or numerically. Unlike most previous techniques available in the literature, 

this thesis presents an accurate and versatile technique for many canonical an­

tenna problems. The proposed method treats the models, which a.re very close to 

the actual structures for practical engineering applications, in a very rigorous way. 

After properly introducing a boundary, the open-region antenna problems a.re trans­

formed into "closed-region" guided-wave problems, which are then solved by the 

full-wave, formally exact modal expansion method. The distinguishing advantage 

of this approach to many antenna problems is that it can easily take into account 

all the effects of the feed line, junction discontinuities, and conductor thickness. 

A number of techniques are introduced in this thesis to eLciently implement the 

modal expansion analysis. The "perfectly matched boundary", which is the com­

bination of an electric wall and a magnetic wall, is used to truncate the free-space 

domain. An improved formulation for cascaded waveguide junctions is developed 

to save the computational effort involved in the modal expansion analysis. 

Successful applications of the technique to various monopole and microstrip 

patch antennas are demonstrated. The input impedance and radiation pattern 

of various monopole antennas, including conventional monopole, sleeve monopole, 

dielectric-buried monopole, multilayer insulated monopole, and monopole on a fi­

nite ground plane, are thoroughly investigated by the proposed modal expansion 

method. Single and stacked circular and annular-ring microstrip patch antennas 

are also studied in detail in the thesis. Extensive computed results are presented 

for all the antenna. structures considered. 
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Chapter 1 

Introduction 

Antennas are a fundamental link in the ability to communicate with and sense 

the world around us. They are the windows upon which complex electronic sys­

tems must rely. Every wireless communication system needs two antennas to fulfill 

the task of transmitting and receiving electromagnetic energy which usually con­

tains the information to be exchanged. An antenna acts as the electromagnetic 

transducer which is designed to convert guided waves within a transmission line 

to radiated free-space waves or to convert free-space waves to guided waves. The 

antenna serves a communication system the same purpose that eyes and eyeglasses 

serve a human. 

Since Heinrich Hertz experimentally verified in 1887 the wave phenomena. pre­

dicted by Maxwell's electromagnetic theory, an immense variety of antenna struc­

tures have been built and extensively investigated. Various types of antenna struc­

tures are used in many aspects of our daily lives. The size of antennas can vary 

significantly from a couple of centimeters to hundreds of meters in diameter, while 

their physical shapes can also be quite diverse. The physical shape and size of an 

1 



CHAPTER 1. INTRODUCTION 2 

antenna determine its performance in free space. The performance of an antenna 

plays an important role in the overall performance of a communication system. 

A good design of the antenna can relax system requirements and improve overall 

system performance. 

Numerous books have been published on this old and yet vivid subject­

analysis and design of antennas. Accurate analysis of various antenna structures 

not only provides better physical understanding of the existing antennas, but also is 

the fundamental part of designing these antennas. Furthermore, theoretical analy­

sis is the main means to suggest novel antenna structures. Generally, the theoretical 

analysis of antennas is carried out into two steps: the formulation of a theoretical 

model which corresponds, as closely as possible, to the actual antenna, and the 

analysis of the model using a particular mathematical technique. The theoretical 

model used to characterize the antenna usually involves approximations introduced 

to simplify the analysis. For example, for the cylindrical dipole antenna, the first 

antenna which Hertz used to perform his famous experiments, an idealized source 

is often used-the so-called "delta-function" generator. This source does not corre­

spond to any realizable experimental structure. For planar microstrip antennas, the 

infinitely thin patch and infinitely large ground plane are usually assumed in their 

models. Moreover, the equations involved are often also approximate. For instance, 

for the cylindrical dipole antenna, the thin-wire approximation is often invoked to 

simplify the exact integral equation. Approximations like these mentioned above, 

lead to the discrepancies between theoretical and experimental results, and it is 

often difficult to quantitatively account for the effects of the different approxima­

tions. 

With the advent of high-speed computers, accurate analysis of various antennas 

is becoming a reality, and the discrepancies between theoretical and experimental 
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results are being greatly decreased. The method of moments [1] presented about 

three decades ago dominates the analysis and design of most small antennas. Re­

cently, the finite-difference time-domain (FDTD) method (2] has been attracting 

increased attention due to its distinctive advantages. These methods are very gen­

eral and can handle any arbitrary antenna structures in theory, but both require 

extensive computer resources. Their efficiency is still a problem as far as design is 

concerned at this stage of computer development. 

This thesis is primarily concerned with the accurate analysis of two different 

types of antenna. One is the widely-used cylindrical monopole antenna and the 

other is the microstrip patch antenna of circular shape. There are extensive works 

reported on these two antennas in the past, and they will be individually reviewed 

in the next section. Unlike most previous work, which directly dealt with the 

open-region antenna problems, this thesis presents a new technique: transform the 

open-region antenna problems to "closed-region" guided-wave problems and solve 

the resulting waveguide problems by the modal expansion method. The trans­

formation is realized by simply introducing an appropriate boundary to partially 

enclose the antenna structure. The purpose of employing this transformation is to 

facilitate expressing the electromagnetic fields by discrete modal functions weighted 

by some unknown coefficients. As will be seen later, this modal expansion method 

can rigorously account for the effect of the feed line, which was often approximated 

by a delta voltage or a line current in most previously reported works. Further­

more, finite thicknesses of conductors can also be taken into consideration in this 

technique. Therefore, the models with which this thesis is primarily concerned are 

very close to those used in practical applications. The modal-expansion method 

employed in the thesis as the mathematical treatment is formally exact and can 

provide very accurate results. 
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1.1 Review of Literature 

This section reviews the extensive work devoted to cylindrical monopole antennas 

and microstrip patch antennas with circular geometries. The cylindrical monopole 

antenna, which will be briefly reviewed in the first subsection, has been widely used 

in communication systems, remote sensing, probing, measuring and medical sys­

tems. The microstrip planar antennas has been evolving into one of the most useful 

antenna structures during the past two decades and will be separately reviewed in 

the second subsection. 

I.I.I Monopole Antennas 

The problem of a monopole fed through an infinite conducting ground plane by 

a coaxial line has received extensive attention in the literature. The conventional 

model with which most previous research works dealt is illustrated in Figure 1.1, 

where the monopole is actually the extended inner conductor of the coaxial feed 

line over the ground plane. 

R.W.P. King carried out extensive investigations on this classical antenna prob­

lem; many useful data for practical applications are graphically and tabularly given 

in his books [3], [4]. Chang [5] solved the problem of an electrically thick tubular 

monopole driven by a voltage across a finite gap by formulating an integral equa­

tion for the current distribution on the monopole. Morris [6] presented a rigorous 

mathematical analysis of a tubular monopole based on the model shown in Figure 

1.1 by establishing a coupled pair of singular integral equations whose numerical 

solution is not easily attainable. An accurate computation of the performance of 

this monopole antenna by using the finite difference time domain method was per 

formed by Maloney et al. [7]. Do-Nhat and MacPhie [8] introduced a full-wave 



CHAPTER 1. INTRODUCTION 5 

f 
h 

~ 

Figure 1.1: Geometry of a. conventional monopole antenna.. 

analysis of this monopole problem by the conservation of complex power technique 

(CCPT). 

The sleeve-monopole antenna. is ba.sica.lly an extended structure of the conven­

tional monopole with the outer conductor of the coa.xia.l feed line projected over 

the ground plane. The projected sleeve a.cts a.s another tubular cylindrical antenna. 

which can be used to adjust the performance of the monopole. The sleeve-monopole 

antenna. ha.s been widely used in wireless communication systems and remote sens­

ing due to its broad-band characteristics [9) and horizonta.lly omnidirectional ra.di­

a.tion pattern. 

The sleeve antenna. wa.s thoroughly investigated by Taylor [10) a.bout 45 yea.rs 

ago and some of his important results were summarized in King's classic book [3). 

King [3] and Taylor [10] employed the method of images and the superposition 

theorem to determine the currents on the monopole and on the sleeve, but they did 

not ta.ke into account the effect of the different radii of the monopole and the sleeve. 

Recently, Rispin and Chang [11) introduced a simple thin-wire analysis for sleeve 

antennas a.swell a.s other wire antennas by constructing the standing-wave current 
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on the antenna surface. Wunsch [12] determined the impedance and radiation 

pattern of the sleeve-monopole antenna by using a Fourier series representation of 

its surface current. 

The characteristics of a monopole antenna can be greatly influenced by coating 

the monopole with a dielectric layer. An important experimental investigation was 

carried out by Lamensdorf [13] to examine the effect due to the coating dielec­

tric. Several numerical techniques such as: the integral equation technique [14], 

the moment method [15], and the Wiener-Hopf technique [16] were reported to 

theoretically predict the input impedance of the dielectric-coated monopole. 

A similar problem of a vertical monopole antenna partially or entirely buried 

in a grounded dielectric substrate has attracted some attention [17], [18] because 

the structure has found application such as a monopole submerged partially or 

entirely in soil or water and as the feed structure of a microstrip antenna. Of 

all the numerical techniques developed for this problem, the moment method in 

conjunction with various integral equation formulations [17], [18] appears to be the 

most rigorous one. Nevertheless, this technique involves numerical evaluation of 

the Sommerfeld integral and most of the previous work is limited to the case of 

thin monopoles. 

Insulated antennas have found wide applications in subsurface communication, 

geophysical exploration, and biomedical telemetry. The insulation layer between 

the antenna and the ambient medium not only prevents a direct contact of the 

antenna with its surrounding material and the leakage of electric charges into a 

conducting medium, but also provides :flexibilities in controlling the current distri­

bution on the antenna and the resulting radiation pattern and input impedance 

[19]. An insulated linear antenna consists of a. metal wire enclosed in a cylinder 

that is usually composed of a low-loss dielectric material. When such a two-layered 
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structure is immersed in an extended medium tha.t is often characterized by a wa.ve 

number la.rger in magnitude tha.n the wa.ve number of the insulating material, the 

radiation properties of the antenna. differ significantly from those of the ha.re an­

tenna. Considerable theoretical and experimental investigations of the insulated 

antenna. have been performed by King [20], [21], Wu [22], and Lee (23], (24]. Unfor­

tunately, much of their work is restricted to the ca.se where the complex permittivity 

of the exterior medium is much greater than that of the insulating layer. Lee (23] 

extended the applicable range of the transmission line solution based on a compli­

cated formulation. Furthermore, most attention of the previous work was focused 

on the current and cha.rge distributions along the insulated antenna. 

Monpole antennas, a.s shown in Figure 1.1, are not physically realizable since 

the ground plane, in reality, can not be of infinite extent. It is important and of 

practical value to understand the effect of the finite ground plane on the monopole's 

performance. There are a number of techniques a.va.ilable in the literature for pre­

dicting the effect of diffraction by the finite ground plane on a monopole antenna. 

As ea.rly as in 1930, Bardeen [25] determined the electromagnetic fields generated 

by the current on a ground plane of small radius by using the integral equation 

method. The input impedance of a monopole over a circular disk was experimen­

tally measured by Meier and Summers [26]. Leitner and Spence [27] and Hahn 

a.nd Fikioris (28] employed oblate spheroidal wave functions to study the effect of 

the finite ground plane on the monopole's radiation. A variational formula for the 

impedance of a monopole on a large circular ground pla.ne was derived by Storer 

(29]. A hybrid method, which combines the moment method with the geometrical 

theory of diffraction ( GTD ), was also successfully applied to this practical problem 

(30]. Wait and Surtees (31] obtained a.n approximate expression for the impedance 

of a monopole a.t the center of a circular disk on the :O.a.t ea.rth. A similar problem of 
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a monopole on a thick cylinder over a ground plane was studied by Yung and Butler 

[32] by formulating coupled integral-differential equations for the evaluation of the 

current distribution on the antenna surface and the electric field in the annular 

aperture of the coaxial line feed. Richmond [33] developed the sinusoidal-Galerkin 

moment method for the input impedance of a monopole antenna on a finite ground 

plane. Weiner [34] carried out a thorough study for the input impedance and di­

rective gain of a monopole at the center of a circular ground plane whose radius 

is small or comparable to a wavelength. Most of these works addressed above are 

limited to the case of a monopole over a finite ground plane with zero thickness. 

1. 1.2 Microstrip Antennas 

Microstrip antennas have been one of the most innovative topics in current an­

tenna theory and design, and are increasingly finding application in a wide range of 

modern communication systems. A microstrip antenna consists of a metallic patch 

residing on a grounded dielectric substrate. The patch is fed either by a microstrip 

line or by a coaxial probe through the ground plane, as shown in Figure 1.2 for 

the coaxial line feeding structure. The microstrip patch antenna has many unique 

and desirable features such as compatibility with integrated-circuit technology, thin 

profile, light weight, low-cost, conformability to a shaped surface, and easy fabrica­

tion into linear or planar arrays. Due to these features, microstrip patch antennas 

have been extensively investigated experimentally, analytically, and numerically in 

the past two decades. 

The idea of the microstrip antenna dates back to the 1950's [35], but it was not 

until the 197O's that serious attention was given to this element. Among a variety 

of patch shapes, microstrip antennas with rectangular and circular patches are the 
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Figure 1.2: A microstrip patch antenna fed by a coaxial line. 

most-widely used in engineering applications. In the following, microstrip antennas 

with circular geometries will be reviewed. 

The first important theoretical work on microstrip antennas of regular shapes 

was due to Lo et al. [36), who developed the cavity model to predict the impedance 

and radiation pattern of rectangular and circular patch antennas. The Hankel 

transform was used by Chew and Kong [37] and Araki and Itoh [38] to analyze 

the circular microstrip disk antenna. A Green's function technique was applied 

by Yano and Ishimaru [39] to study the input impedance of a circular patch an­

tenna. Davidovitz and Lo [40] considered the effect of the off-centered feed probe 

on the input impedance of a circular disk antenna. The moment method was also 

employed by Bailey and Deshpande [41] and Kishk and Shafai [42] to study the 

input impedance and radiation characteristics of a circular microstrip antenna. Ac­

curate characterization of microstrip antennas was conducted in [43] by the finite­

difference time-domain (FDTD) method. Radiation and scattering from a probe-fed 

microstrip antenna was investigated by Aberle et al. [44]. The annular-ring mi-
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crostrip antenna has also been investigated; Chew [45] and Ali et al. [46] found 

that annular-ring planar antennas can be excited in TM12 mode for broad-band 

operation. 

It was realized quite early in the development of microstrip antenna technology 

that patch antennas have a major limitation of narrow bandwidth. There are a 

number of ways to circumvent this limitation. One way is use to a thick substrate, 

which may excite a strong surface wave. Another way to broaden the bandwidth is 

to use another passive patch that resonates at a frequency which is very close to that 

of the driven patch. Nie et al. [4 7] carried out a study of the annular-ring-loaded 

circular microstrip antenna. The loading annular-ring can widen the bandwidth 

of a circular disk antenna. Circular microstrip antennas of stacked configurations 

were proposed by Long and Walton [48] and studied by Tulintseff et al. [49] to 

overcome the inherent narrow bandwidth limitation of the single circular patch 

antenna. Stacked annular-ring structure was also experimentally investigated in 

[50] for dual-frequency application. 

Microstrip antennas on uniaxial substrates have been receiving attention in the 

recent years since most substrates used at microwave frequencies exhibit anisotropy. 

Due to its narrow-band nature, it is important to predict the effect of the substrate's 

anisotropy on the microstrip antenna's resonant frequency. Pozar [51] and Nelson et 

al. [52] studied the effect of the substrate's anisotropy on a rectangular microstrip 

antenna's performance. 

In most published works mentioned above, the coaxial feed line is often approxi­

mately modeled by an idealized probe current source; this is inadequate in correctly 

predicting the input impedance when the thickness of the substrate is greater than 

0.02A0 , where Ao is the wavelength in free-space. Moreover, most previous works 

neglected the finite thickness of the patch, which may have a noticeable effect on 
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the antenna's performances at roiJ1iroP.ter-wave bands. 

1.2 Organization of the Thesis 

The rest of the thesis is organized as follows. Chapter 2 presents a unified formu­

lation for modeling a multilayer insulated sleeve monopole antenna. The geometry 

of the monopole considered is quite general and will reduce to many practical an­

tennas under certain circumstances. Chapter 2 begin with an introduction of a 

"perfect matched boundary" (PMB), which is simply a combination of an electric 

wall and a magnetic wall. After that, a detailed formulation for determining the 

input impedance and radiated field pattern of the general insulated sleeve monopole 

antenna is given. 

Chapter 3 is solely devoted to numerical results and discussions for va.nous 

monopole antennas. Considered in this chapter are the conventional monopole 

with emphasis on characterizing the junction effect, the sleeve monopole antenna, 

the dielectric-coated and -buried monopoles, the insulated monopole antenna and 

a monopole over a finite ground plane. Extensive computed results are presented 

and compared with results obtained by others. 

Chapter 4 starts with the introduction of two useful techniques which will be 

employed in the analysis of circular microstrip antennas. The first technique is an 

improved formulation for two cascaded waveguide junctions. The other is a simple 

technique for calculating the reflection coefficient of an open-ended waveguide. The 

detailed formulation for a stacked annular-ring-loaded circular microstrip antenna 

is then presented in this chapter. 

Chapter 5 provides computed results for various microstrip antennas with cir-
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cular geometries. Considered in this category are a single circular disk fed by a 

centered coaxial line, a circular patch antenna fed by an off-centered coaxial cable, 

an annular-ring microstrip antenna, annular-ring-loaded circular patch antenna, 

and a stacked circular microstrip antenna. Comparison of calculated results with 

experimental data available in the literature is made and good agreement is ob­

served. 

Chapter 6 is the last chapter of this thesis; it summarizes the major contributions 

made in the dissertation and recommendations for further research work are given. 



Chapter 2 

Theoretical Forniulation for 

Monopole Antennas 

This chapter presents a unified formulation for a. general configuration of monopole 

antennas. Considered in the category of the monopole antennas a.re the conventional 

monopole with emphasis on the junction effect, the sleeve monopole, dielectric­

coa.ted and -buried monopole antennas, multilayer insulated monopole antennas, 

and a. monopole over a finite ground plane. The unified formulation presented 

below can handle all the monopole structures mentioned a.hove except the la.st 

one, which is solved by a slightly different treatment in the next chapter. This 

chapter begins with the introduction of a. "perfectly matched boundary" (PMB), 

which is simply the combination of an electric wall and a magnetic wall. While 

the PMB is simple in the form, the theoretical reflection factor of a. plane wa.ve 

striking it is null a.t any frequency, any incidence angle and any pola.riza.tion. After 

employing this PMB, the open-region monopole antenna. problem is transformed 

into a. "closed-region" guided-wave problem, which is then formulated in detail 

13 
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by the modal expansion method. An efficient recursive algorithm based on 2 by 

2 matrix multiplications is introduced to implement the analysis of an arbitrary 

multilayer structure. Expressions for calculating the far-field radiation pattern are 

derived. Chapter 3 will be solely devoted to extensive numerical results for all these 

practical examples. 

2.1 Perfectly Matched Boundary 

The basic idea of the PMB is very similar to the even-odd excitation theory which 

has been widely used for symmetric structures such as branch-line directional cou­

plers. As illustrated in Figure 2.1, the PMB is simply the combination of an electric 

wall and a magnetic wall. The reflectionless properties of a plane-wave incident on 

a PMB will be briefly proved here. 

Consider a plane-wave incident on a perfectly conducting plate (Figure 2.l(a)], 

which coincides with the :z: - y plane at z = 0. The electromagnetic fields of an 

incident plane wave are 

(2.1) 

(2.2) 

where Eio = iEzo + yEy0 + zEz.o and ~ = zkz + yky + zkz.. The electromagnetic 

fields of the reflected wave can be easily found [53] and have the form of 

... 1 - ... .... n: = -k; X E:oexp(-jk; ·r) 
wµ, 

where i:0 = -iEzo - yEy0 + zEz.o and f; = zkz + yky - zkz.. 

(2.3) 

(2.4) 
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Similarly, the reflected electromagnetic fields of the same plane wave (2.1) and 

(2.2) striking a magnetic wall [Figure 2.l(b )] are 

i;:i = i~ exp( -i k::' . r) 

- 1 - - -II;:' = -k;:' X .e;;, exp( - j k;:' . r) 
wµ 

where E;:J = i:Ezo + yEy0 - zEzo = -Et: and k;:1 = i;kz + flky - zkz = k;. 

Plane Wave Incident Plane Wave Incident 

E.W. 

0 z + 
(a) 

Plane Wave Incident 

NO REFLECTION,,' 
, 

, , 

(b) 

PMB 

,' 0 z 

(c) 

M.W. 

0 z 

Figure 2.1: Illustration of perfectly matched boundary. 

(2.5) 

(2.6) 

It is obvious that the reflected wave in (2.5) and (2.6) for a magnetic wall ex­

actly cancels that in (2.3) and (2.4) for an electric wall. Therefore, if we sum up 

these two reflected waves, we have no reflection. That is to say, the PMB, the 
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combination of an electric wall and a magnetic wall, will produce a perfectly refl.ec­

tionless (matched) boundary for plane waves of any frequency, arbitrary incidence, 

and arbitrary polarization. This PMB will be used to transform the open-region 

monopole antenna problem into a "closed-region" guided-wave problem in the next 

section. 

2.2 General Formulation 

2.2.1 Description of the Problem 

The theoretical model that we employ to characterize an N-layer insulated sleeve 

monopole antenna fed by a coaxial transmission line is shown in Figure 2.2, where 

a perfectly matched boundary (PMB) is placed parallel to the ground plane at a 

distance d from the end of the monopole. It is noted that there is a step junction 

between the monopole and the coaxial feed line [21]. An infinite grounded dielectric 

substrate of thickness t is also included in the configuration. Therefore, the struc­

ture of the problem shown in Figure 2.2 is quite general and will reduce to many 

special cases under certain conditions. All these resulting practical structures will 

be thoughly studied in the next chapter. 

As illustrated in Figure 2.2, the inner and outer radii of the coaxial feed line are 

ar and br, respectively, while the radius of the monopole antenna is a0 (a0 :s; a1). 

The inner and outer radii of the sleeve are assumed to be a1 and a 2 , respectively, 

with their difference a2 - a1 being the thickness of the sleeve. The dielectric constant 

in region i (i = 1, 2,- • •, N + 1) is Ei• For simplicity of presenting the formulation 

below, we assume that the thickness of the dielectric substrate is equal to or less 

than the length of the sleeve, i.e., t $ l. 



CHAPTER 2. THEORETICAL FORMULATION 

I 

fl 
h 

t 

o Electrical Wall or Magnetic Wall 

z 

i 
I 
I 

I 
I I 
. I 

! i 

i I 
I 

1 2 N+l 

-i~~Nc EN+l 

f~~t 
~i(_ ,,_:_·r.--:a~N~~~ 

17 

p 

Figure 2.2: General configuration of a multilayer insulated sleeve monopole antenna. 
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As introduced in the previous section, the PMB, which is the combination of 

an electric wall and a magnetic wall, can completely absorb a plane wave of any 

frequency, any incident angle, and any polarization. Moreover, the major radiation 

of the monopole antenna occurs in the radial direction and the radiated power in 

the vertical direction is null. Therefore, it is expected that the introduced PMB 

does not have significant effect on the antenna's radiation. The analysis of the N­

layer insulated sleeve monopole antenna requires the solution of the two problems: 

one with a parallel electric wall and the other with a parallel magnetic wall; they 

are both solved by the modal expansion method. The reflection coefficient at the 

feed point, which is related to the antenna's input impedance, and the current 

distribution, which is used to compute the far-region radiation pattern, are then 

obtained by halving the sum of these two results. For example, the total reflection 

coefficient r in in the feed coaxial waveguide is calculated using 

(2.7) 

where Si1 and S~ are the reflection coefficients of the dominant TEM mode in the 

feed line with an electric wall and a magnetic wall placed at a distance d from the 

top of the antenna, respectively. Since the formulation for the case of the magnetic 

wall is very similar to that of the electric wall, we will only give the formulation for 

the electric wall in the following. 

Referring to Figure 2.2, the whole structure of interest is divided into (N + 3) 

subregions: I, II, 1, 2,- • ·, N and N + 1. Since the structure and the incident domi­

nant TEM mode in the coaxial feed waveguide are axi-symmetric (no </>-variation), 

only three field components (Ez, Ep, and H9 ) are non-zero. The detailed expressions 

for the electromagnetic fields in all these regions are given in the next subsection. 
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2.2.2 Field Component Expressions 

Starting with Maxwell's curl equations 

V xii= jwEE 

- -V x E = -jwµH 

19 

(2.8) 

(2.9) 

and using the relation :,t, = 0, one can derive the following expressions for three 

non-zero field components Ez, Ep, and Ha. 

-1 8 
Ep=-.--H,t, 

JWE8z 

1 1 8 
Ez = -. ---(pH,t,) 

JWEp8p 

8
2 

H,t, !. 8H"' 8
2 
H,t, (k2 - _!._)H = 0 

8 2+ 8 + 8 2+ 2"' • p p p z p 

(2.10) 

(2.11) 

(2.12) 

It is noted that the ex.p(jwt) time dependence is assumed and suppressed for all 

the fields throughout this thesis. Based on these relations, one has no difficulty in 

finding the field expressions for all the subregions in Figure 2.2. 

For the coaxial feed waveguide (Region I), the transverse electromagnetic fields 

with respect to the z-axis can be represented by 

Nr 
E; = L[Arin ex.p('Yrn(z - D)) + Arm ex.p(--yrn(z - D))]ernp (2.13) 

n=l 

Nr 
H! = E[-Arinex.p("Yrn(z - D)) + Ar,.nex.p(--Yrn(z -D))]Yrnernp (2.14) 

n=l 

where Arin = (Ari1, Ari2, • • ·, AriNrf and Arm= (Ar,.1, Ar,.2, • • ·, Ar,-Nrf, with T 

representing the transpose operation, are the incident and reflected modal ampli­

tude column vectors in the coaxial feed waveguide; D = d+h+l+s, "Yrn = if3rn and 

Yrn are, respectively, the propagation constant and modal admittance for the feed 
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line. NI is the number of modes considered in the feed waveguide. The expressions 

for the normalized transverse modal electric field ernp and for the propagation con­

stant "'(In and modal admittance Yrn of coaxial waveguide can be found in Appendix 

A. 

In Region II, we have 

(2.15) 

N11 All J ( II ) 
Ell = "' E,in7r n • n,rz l "Yn p 

p L...., • II n Slil d J ( II ) 
n=l JWfofr a- 1 "Yn ao 

(2.16) 

Nu All J ( II ) 
H II - "' En n n,rz l "Yn p (2.17) 

"'-L...., d cos d J(Il) 
n=O l "'fn ao 

where fn = 1 for n = 0; and fn = 2 for n > 0, (-r!I)2 = k~~I - (n1r/d)2, J0 and 

J1 are the first kind Bessel functions of order O and I, respectively. A~I is the 

expansion coefficient to be determined and Nu+ I is the number of modes retained 

in Region II. 

The expressions for the electromagnetic fields in Region I can be obtained by 

employing the resonator method [54], [55], which expresses the electromagnetic 

fields by superimposing three suitably chosen standing-wave solutions: 

1 _ I (Nu n,rz N
12 cos(anz)) 

Ez - -. - L[U1n(p)A1n + Vin(p)B1n] COS -D + L C1ne1nz(P) ( D) 
JW€1 n=O n=l COS Ckn 

El -1 ~ n,r [U' ( ) , ( )B ] • n,rz 
p = -.- L..J ~D ln P Ain + ½n P ln sm-D 

JW€1 n=O "Yin 

(2.18) 

I N12 an sin( anz) 
+ -. - L C1ne1niP) ( D) (2.19) 

JW€1 n=l COS cm 

1 Nu -1 , , n,rz N 12 cos(cmz) 
Htj, = L -2 [U1n(p)A1n + ½n(p)Bin] COS -D + L C1ne1np(p) ( D) (2.20) 

n=0 "'fln n=l COS cm 
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where -r?n = k~ e,.1 -( mr / D )2, e1nz(P) and e1np(p) a.re the longitudinal and transverse 

electric-field components in a coaxial waveguide whose inner and outer radii are a0 

and a1, respectively; an = j f31n is the propagation constant of this waveguide. 

Moreover, 

(2.21) 

(2.22) 

for i = 1,2,·· • ,N. In (2.19) and (2.20) U{n(P) and V{n(P) indicate the derivative 

of U1n(P) and Vin(P) with respect to p. 

Simila.rly, the electromagnetic fields in Region 2 a.re found as follows: 

(2.23) 

1 N2 

E2 - "' n1r U.' ( )A , ( ) ] • n1rz 
p = -.- L., ~L 2n P 2n + l';n P B2n S1Il -L 

JW€2 n=0 'Y2n 
(2.24) 

N2 1 
2 "' - [ , ( ) , ( ) ] n1rz 

Ht/> = L., - 2- U2n p A2n + l';n p B2n COS £ 
n=0 'Y2n 

(2.25) 

with L = d + h, and 

For Region i (i - 3, 4, • • •, N), we can get the following field component 

expressions: 
. 1 ~ n1rz 

E: = -. - E [Uin(P )Ain + ¼n(P )Bin] COS -
9 JWE;, n=O 

(2.26) 

1 N:s 
Ei - - " n1r [U' ( )A T,, ( )B ] • n1rz p - -. - LJ H 2 in .P in + Yin P in S1Il H 

JWE;, n=O 'Yin 
(2.27) 

N:s 1 
• "' - [ , ( ) , ( ) ] n1rz H;, = L., -2 uin p ~n + ¼n p Bin cos H 

n=0 'Yin 
(2.28) 
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where H = d + h + l, Uin(P) and ¼n(P) are defined in (2.21) and (2.22) with 

'Y[n = kie,.i - (n-rr / H)2 for i = 3, 4, • • ·, N. 

Finally, the electromagnetic field components in Region N + 1 can be found by 

taking the radiation condition at p = oo into account. 

(2.29) 

EN+i _ -1 ~ A W~(z) Hf2>(,(N+1)nP) 
p - • L.., (N+l)n ( ) (2) 

]Wf.N+i n=O f,. Z "Y(N+l)nHo C"Y(N+l)naN) 
(2.30) 

HN+l _~A W, ( ) H12
)(1,(N+l)nP) 

ti, - L.., (N+l)n n Z (2) 
n=O 'Y(N+l)nHo ("Y(N+l)naN) 

(2.31) 

where H~2> and n?> are the outgoing second kind Hankel functions of order O and 

1, respectively, and 

Wn(z) = [ cos(kfnz) cos(kfnt)/ cos(k.1nT), T > z > O] 

cos[k~(H - z)], H > z > T 

T>z>O] 

H>z >T 

and T = H - t. k! and kfn can be found by solving the following transcendental 

equation 

with "Y[N+i)n = kif(N+l)r -(k,!)2 = kit:.(N+l)rf.,.• -(k~)2• After having found all the 

field expressions for subregions I, II, 1,2, • • •, N, and N + 1, boundary conditions 

at conducting surfaces and regional interfaces will be invoked to determine the 

unknown expansion coefficients in the next subsection. 
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2.2.3 Application of Boundary Conditions 

Application of the boundary conditions that the tangential electromagnetic fields 

must be continuous at the interface p = aN results in 

where 

D _ -HVJvn(aN)5nm 
B,mn - 2 

fn1Nn 

(2)( ) 
Yi 

_ H1 "Y(N+l)naN 
(N+l)n - (2) 

1(N+l)nHo (,(N+l)naN) 

N _ _ t_ L cos2(kfnt) k2(l - €,-.) sin(2kfnt) 
•n - 2€,-. + 2 cos2(kfnL) + 4€,-.(k,!)2k~ 

(2.32) 

(2.33) 

and 5nm = 1 for n = m; 5nm = 0 for n =/ m and En = 1 for n = 1; En = 2 for n > 1. 

From (2.32) and (2.33), we get 

(2.34) 

where 

Enforcement of the continuity conditions of tangential electromagnetic fields at 

the interface p = ai (i = 3, 4, • • ·, N - 1) leads to 

A&n = B(i+l)n 

€i €.i+i 
(2.35) 
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U' ( ·) V:' ( ·) U.'. V/ in a, A in ~ B _ (,+l)nA (,+i)n B 
- 2 in - 2 in - - 2 (i+l)n - 2 (i+l)n 

'Yin 'Yin 'Y(i+l)n l(i+l)n 
(2.36) 

or 

(2.37) 

where 

Ti = [ 20 U' ( ) 2€1 Ei+I( ) ] . 
'Yin (i+l)n lli 'Yin (i+l)n lli !iU[8 ('1i} 
'Yfi+l)n ~~(Cli) 'Yfi+i)n ~~(Cli) - !i+i ~~(Cli) 

(2.38) 

Equation (2.37) provides a recursive relation of the electromagnetic fields between 

two adjacent dielectric regions. 

Repeatedly using (2.37), we can obtain the following relation 

(2.39) 

where 

Combining (2.34) and (2.39) yields 

(2.40) 

where 

with 



CHAPTER 2. THEORETICAL FORMULATION 25 

Application of the boundary conditions that the tangential electromagnetic field 

components must be continuous at the interfaces p = a0 , p = a1 , p = a 2 and z = D 

yields 

1 Nu n1rz 
-.-EBinCOS-D = 
JWf1 n=O [ 

'\:"'Nrr ~ .. gr cos ~ ..,!rJo("'f!rao) 0 < z < d ] Lm=O jw~~!Id d Ji("'f{Iao) , 

0, d < z < D 

1 ~ n1rz [ ..,.1- E~o B2nCOS nL,r.:, 0 < Z < L ] 
-. - ~ Ain COS -- = 3"'~2 

JWf1 n=O D O, L < Z < D 

O<z<L ] 

L < z < H 

N, 1 
= L 2 (U~nC a2)A3n + v;nc a2)B3n] cos n;z, 0 < Z < L 

n=O '°Y3n 

~ antan(anD)C ( ) _ [ E~~1(Arin + Ar,-n)erniP), ar < P < br] 
~ . lnel,u; p -
n=l JWf1 O, elsewhere 

(2.41) 

(2.42) 

(2.43) 

(2.44) 

(2.45) 

(2.46) 

(2.47) 
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N12 

+ v;n(p)Bin] + L C1ne1niP), ar < p < br 
n=l 

From the above equations, we can derive the following matrix equations: 

C1 = Pc(Ari + Ar,.) 

where the elements of all the above matrices are elucidated in Appendix C. 

After some manipulations one has no difficulty in arriving at 

where 

Yu= [(MIA+ MrsWMrIA)S + MrsWMuc + Mrc]Pc 

S = PA QV(M2c + M2s WMuc ). 

V = [Yu + Y 1sQ - (M2A + M2s WMrIA)P A QJ-1 

W = Ps(I- MrrsPs)-1 

Q = Y;J[-YaA + (M3Ar3 + Mas)PD) 

26 

(2.48) 

(2.49) 

(2.50) 

(2.51) 

(2.52) 

(2.53) 

(2.54) 

(2.55) 

(2.56) 

(2.57) 
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Equation (2.57) can be used to calculate the reflected modal amplitude vector 

A 1.,. for both the dominar TEM mode and higher order modes in the coaxial­

feed waveguide assuming that the incident modal column vector A1i is known [for 

example, (1, O, ···,Of]. Other expansion coefficients A~1, A 1n, B1n, C1n, ~n and 

Bin, for i = 2, 3, • • •, N, can be calculated from (2.49)-(2.56). 

It should be pointed out that these Bessel and Hankel functions used above 

should be replaced by their corresponding modified Bessel functions when their 

arguments become imaginary; specifically, J0 ( "Y!1 p) is replaced by I0 ( "Y!1 p) when 

("Y!1 )
2 < O; Yo("YinP) will be replaced by Ko( "YinP) when "Yf n < O; and H~

2
)("Y(N +l)nP) 

will be replaced by Ko("Y(N+i)nP) when "Y(N+l)n < 0, and the like. Here, Io and Ko 

are the zeroth-order modified Bessel functions [56] of the first kind and the second 

kind, respectively. 

From (2.57) one can extract the reflection coefficient S111 for the dominant TEM 

mode in the coaxial-feed waveguide when an electric wall is at a height of dover 

the end of the monopole. Following the procedure described above, one can obtain 

the reflection coefficient Sn1 with a magnetic wall over the top of the monopole. 

The final reflection coefficient r in for the incident TEM mode in the feed line of 

the monopole antenna is then calculated from (2. 7). The input impedance of the 

monopole antenna is defined as 

(2.58) 

where Z1o is the impedance of the TEM mode in the coaxial waveguide (Region I). 

Once all the expansion coefficients in (2.13)-(2.31) are known, the surface cur­

rents on both the monopole and the sleeve can be found by i:;nrnrnine; the tangential 
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magnetic field series. For the current on the monopole, from {2.20) we have 

N12 cos( anz) 
+ 21rao L C1ne1ni ao) { D) 

n=l COS On 
{2.59) 

where d < z < L. For the current on the sleeve, from (2.28) we obtain 

(2.60) 

where L < z < L + l. 

Radial p-directed currents also flow in the end surfaces of the sleeve at z = L 

and of the monopole at z = d; they have the following forms: 

N2 21r{-l)"+l ' ' 
Jp(p) = L 2 [U2n{p)A2n + lt;n{p)B2n) 

n=O 12n 
(2.61) 

for a2 > p > a1 at z = d + h and 

(2.62) 

for a0 > p > 0 at z = d. 

2.2.4 Far-Field Radiation Pattern 

After the field components and current distributions on the antenna are found, it is 

possible to compute the far-region radiation pattern of the monopole antenna. In 

order to make the derivation simple, this subsection only considers the calculation 

of the far-field radiation pattern of the sleeve monopole antenna, which is shown in 

Figure 2.3. The radiation pattern for the conventional monopole antenna can be 

simply computed by letting the sleeve length be zero in the following formulas. For 
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this sleeve monopole, we have a0 = ar, br = a1 and there are only 4 subregions: I, 

II, 1, and 2. The field components for Regions I, II, and 1 are defined by (2.13) 

to (2.20) with D = h + d = L. The field expressions for Region 2 are given by 

E 
1 ~ €nA2n mrz H~

2
)( "'(2nP) 

2z = -.- f_J COS -- (2) 
JW€2 n=O H H Ho ( "'(2na2) 

(2.63) 

(2.64) 

(2.65) 

0 
E.W.orM.W. 

l 

Figure 2.3: Geometry of a sleeve monopole antenna. 

To calculate the far-region radiated field pattern, the method of images is ini­

tially employed to transform. the sleeve monopole into a sleeve dipole. Then the 

far-zone radiated fields can be evaluated by Green's function integrations [57] over 

the outer surfaces of the sleeve dipole. There are three distinct current contribu­

tions to the radiated fields: 1) physical electric currents on the cylindrical surfaces of 



CHAPTER 2. THEORETICAL FORMULATION 30 

both the monopole (p = a0 = a1, d < z < L) and the sleeve (p = a 2 , L < z < L+l), 

2) physical electric currents on the end surfaces of both the monopole (0 < p < a1, 

z = d) and the sleeve (b1 = a 1 < p < a 2 , z = L), and 3) equivalent electric and 

magnetic currents on the aperture surface of the feed line (a1 < p < b1, z = L). For 

most practical a.pplica.tions, the monopole is thin and the thickness of the sleeve is 

relatively small compared to the wavelength of operation. Therefore, the far-zone 

radiated pattern is mainly determined by the first part. 

The far-zone radiated electric field due to physical electric current can be cal­

culated as follows [57] 

EJ = -1;µ fl f(p', </>') exp( 1,_koR) ds' (2.66) 

where R = r - p' sin 8 cos(</> - </>'), and f(p', </>') = n x H(p', </>') on the conductor 

surface. Similarly the radiated electric field in the far-region due to the equivalent 

magnetic current is computed by 

(2.67) 

where M(p', </>') = E(p', </>') x i,, on the aperture surface. These expressions are 

employed to derive the following components for the far-zone electric field. 

The 8-directed electric field component Es1 in the far-zone due to the physical­

electric current on the cylindrical surface of the monopole is 

(2.68) 

where 
-1 jh+l mr(L + l - z') 

l1n( 8) = - 2- cos L cos( koz' cos B)dz' 
"Y1n l 
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e1 (ar) 1h+l 
I2n(8) = (P D) cos[an(L + l - z')] cos(koz' cos 8)dz' 

COS ctn l 

and z' = L + l - z. It should be mentioned that the relation 

/2,r 
lo exp[ikoar sin 8 cos( 4> - ,p')]d4>' = 21rJ0 (koar sin 8) 

is employed to derive (2.68). 

The radiated electric field E82 due to the physical electric current on the cylin­

drical surface of the sleeve has the form of 

• -j/eor N2 A 9(2)( ) 
E (8) _ ;wµe • 8 T (L • 8)"' fn 2n 1 "Y2na2 I (8) 

82 - a2 sm JO n;oa2 sm L- H (2) an 
r n==O "Y2nHo b2na2) 

(2.69) 

where 
{' n1r(H - z') 

lan(8) = lo cos H cos(koz' cos 8)dz'. 

The far-zone electric field E83 due to the physical electric current in the end 

surface of the monopole can be calculated as follows: 

-jwµe-ikor . Nrr (-l)"enA~I 
E8a( 8) = ----cos 8 sm(ko( h + l) cos 8] L dJ ( II ) Lin( 8) 

r O 1 "Yn ao 
(2.70) 

where 

Similarly, the 8-directed electric field E84 generated by both the physical electric 

current on the end surface of the sleeve and the equivalent electric current on the 

aperture of the coaxial feed line is 

where 
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The far-region electric field component E85 generated by the equivalent magnetic 

current on the aperture is 

jkoe-ilcor Nr lbr 
Ess(B) = --- cos(kol cos 8) L(Arin + Ar.,.n) ernp(p')J1(kop' sin B)p'dp'. 

r ~1 ~ 

(2.72) 

Finally, the total far-zone radiated field pattern lrEs(B)I can be computed by 

summing all the above components 

(2.73) 

Radiated power pattern can be easily calculated by squaring the above expression. 

2.3 Conclusions 

A unified mathematical formulation has been presented in this chapter. The rig­

orous treatment of a general monopole problem has been realized by introducing 

a PMB ( a combination of an electric wall and a magnetic wall) over the monopole 

antenna. The electromagnetic field components in all the regions of the resulting 

structure are expressed as the summation of its modal functions weighted by un­

known coefficients. Expansion coefficients are then determined by enforcing the 

boundary conditions at the conducting surfaces and regional interfaces. This anal­

ysis is valid for both thin and thick monopoles, while most previously reported 

methods are only valid for the case of thin monopoles. The formulation presented 

can also take the feed line and the finite thickness of the sleeve and the insulating 

layer into account. Numerical results for various monopole structures will be given 

in the next chapter. 



Chapter 3 

Numerical Results for Monopole 

Antennas 

This chapter is devoted to numerical results and discussions for various monopole 

antennas. It is comprised of five sections; each of them deals with one monopole 

antenna structure. Considered in this chapter are the conventional monopole an­

tenna, the sleeve monopole, dielectric-coated and -buried monopoles, a multilayer 

insulated monopole, and a monopole over a finite ground plane. The general for­

mulation for all these structures except the last one is described in the previous 

chapter. In the last section, a waveguide junction cascading formulation is briefly 

presented to calculate the input impedance of a monopole over a finite ground 

plane of arbitrary thickness. For all these examples we will consider, our computed 

results shall be compared with available theoretical or experimental data in the lit­

erature. Very good agreement can be observed. Numerical convergence and effect 

of the assumed PMB on the performance parameters of each antenna structure are 

initially examined, but only a few will be given below. Extensive computed results 

33 
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are given to show the junction effect, end effect, and finite thickness influence on 

all these antennas' input impedances and radiation patterns. 

3.1 Conventional Monopole Antennas 

In this section, we will study the conventional monopole antenna with emphasis 

on the junction effect at the feed point of the monopole [58]. The structure of the 

conventional monopole is shown in Figure 3.1, where the monopole is actually the 

extended inner conductor of the coaxial feed line over the ground plane. 

d 

I 
I 

0 

I I 

: II: 

br 1--

E.W.orM.W. 

2 

Figure 3.1: Geometry of a conventional monopole antenna. 

First, the convergence behavior of the impedance with respect to the truncation 

numbers Nr and Nu is checked. Following the well-known convergence criterion 

for the mode-matching method [59], we choose N1 = Nu(l + d/h) for properly 

convergent results. Table 3.1 shows the convergence of the input impedance of a 

monopole with respect to the number of modes Nr considered in the coaxial-feed 
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waveguide. It is seen that the result obtained by taking only the dominant TEM 

mode into account is quite good. This phenomenon is due to the relatively small 

electrical dimensions of the coaxial-feed waveguide. Table 3.2 gives the convergence 

characteristic of the input impedance of the same antenna with respect to Nu. We 

see that Nu= 80 is enough to get a convergent result for the antenna's impedance. 

It should he mentioned here that the value of Nu varies with the distance d, as 

expected. The bigger the distance d, the larger the number Nu would he. The 

results given in Table 3.2 are obtained ford= v'2-\0 , which will he shown later to 

he large enough to get very good results. The choice of Nr = 2 and Nu = 80 is 

adopted in the later computations. 

Table 3.1: Convergence of the admittance (MiUirobos) of a quarter-wavelength 

monopole with respect to Nr (ar = 0.05985-\0 , br = 1.187ar). 

Nr Conductance Susceptance 

1 19.4 6.4 

2 19.4 6.3 

5 19.4 6.3 

The effect of the important parameter don the monopole's admittance is exam­

ined in Figure 3.2, where the height of the monopole is a quarter of a wavelength. 

The assertion that the assumed PMB does not have much influence on the admit­

tance of the monopole antenna is a.:ffirmed. From Figure 3.2, we note that the effect 

of the introduced PMB is negligible when the distance dis more than 1.3-\0 • The 

choice of d = y'2,\0 is used in what follows. 
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Table 3.2: Convergence of the admittance (Millimhns) of a quarter-wavelength 

monopole with respect to Nrr ( ar = 0.05985.Ao, br = 1.187 ar ). 

NII Conductance Susceptance 

5 14.8 26.0 

10 18.9 12.5 

20 19.2 8.4 

40 19.4 6.8 

80 19.4 6.3 

160 19.5 6.2 

20 r------r---...------.------r---...----...---, 

15 

.., 
5 .., 

C: 
s 
-~ .., .. 0 
'5 ... 
..5 

-5 
B ... ·•· -·· .. • - .. 

-10 .___ _ _._ __ _.__ _ __,_ __ __,_ __ __.__ _ ___._ __ _. 
0 0.5 1.5 2 2.5 3 3.5 

Figure 3.2: Variation of the input admittance of a monopole with respect to the 

distanced from the assumed PMB to the end of the monopole (koar = 0.05985). 



CHAPTER 3. NUMERICAL RESULTS FOR MONOPOLE ANTENNAS 37 

3.1.1 Comparison with Others' Data 

Numerical results for the surface current distribution over a monopole antenna and 

the input admittance of the monopole antenna, obtained by our modal-expansion 

method, are shown in Figures 3.3 and 3.4, respectively. Also given in these figures 

are the results obtained by King [4]. It can be seen that the agreement between 

our modal expansion results and King's accurate data is excellent. It should be 

noted that our modal expansion method applies to both thin and thick monopole 

antennas. Moreover, the modal expansion formulation presented in the previous 

chapter can characterize the effect of the junction between the monopole antenna 

and its feed line, which will be studied in the next subsection. 

4 

3 

2 

:g 
0 c 

~ -I ::s u .. 
~ -2 
::s 

Cll -3 

-4 

-5 

-6 
0 0.2 0.4 0.6 

(d+h-z)/b 

Our results -
King's [1971) results o 

0.8 

Figure 3.3: Surface current on a monopole antenna (koa1 = 0.04412, koh = 0.751r). 

Radiated field pattern of a quarter-wavelength monopole antenna is shown in 

Figure 3.5. Also plotted in the figure are the measured results in [4]. Very good 

agreement between our computed results and experimental data is observed. It is 

seen that the main radiation occurs in the horizontal direction, while the radiation 

is null in the vertical direction where the electric and magnetic walls are placed. 
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Figure 3.4: Input admittance of a monopole fed through an infinite ground plane 

by a coaxial line (ar = O.O5O9A0). 

Our results o o o King's results [4] 

Figure 3.5: Radiated field pattern of a quarter-wavelength monopole antenna ( ar = 

0.0509..\0). 
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3.1.2 Junction Effects 

This subsection studies the effect of the junction between the monopole antenna 

and the feed coaxial line. There are three different types for the connection of a 

monopole and its feed line, as illustrated in Figure 3.6; they will be individually 

studied in the following. 

For the first type of junction (Figure 3.6( a)), there is a simple radial step junc­

tion between the monopole and the feed line. Numerical results for the input 

impedance (R + jX) of this type of monopole antenna are given in Figure 3.7, 

where the measured results by Hartig [60] for the sa.me monopole antenna with a 

hemispherical cap are also shown for comparison. A small difference in their reso­

nant lengths is observed. Our resonant length for the monopole with a fl.at end is 

a little shorter than that with a hemispherical cap, which is expected. 

We also wish to examine the effect of the junction between the feed line and the 

monopole on the input admittance of the monopole antenna. Figure 3.8 gives the 

input admittance of a monopole antenna for different radii of the inner conductor 

of the feed line, while the radius of the monopole is fixed. It is seen that the 

junction between the feed line and the monopole has a significant influence on the 

imaginary part (susceptance B) of the admittance, while it has little effect on the 

real part ( conductance G). The step junction provides a parallel capacitance or 

positive susceptance at the base of the monopole, which shifts the curve of input 

susceptance upward when the junction step increases. 

The parallel capacitance generated by a step discontinuity in the inner conductor 

of a coaxial line is given by the following simple formula [61]: 

[ 
a

2 + 1 1 + a 4a _13 l 
C. = 2br fo a In 

1 
_ a - 2eoln 

1 
_ a 2 + 3.487 x 10 (1 - a)(brf ar - l) 

(3.1) 
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Figure 3.6: Three types of junction between the monopole and the feed line. 



CHAPTER 3. NUMERICAL RESULTS FOR MONOPOLE ANTENNAS 41 

600 

400 

j 200 

~ 0 u ... 
~ 
8. -200 
.§ 
s 
Q. .s -400 

-600 

-800 

0 

0 0.5 

R 

Our resullS -
Hanig's (19501 cxperimenlal resullS o 

1.5 21th 2 
lo 

2.5 3 3.5 

Figure 3.7: Input impedance of a monopole antenna shown in Figure 3.6(a) (a0 = 
0.00397~0, ao = l.33a1, b1 = l.61ao)-

where a = (b1 - a0 )/(b1 - a1). After subtracting this parallel capacitance from 

the susceptance of the monopole with a step at its base, the results will agree very 

well with that of the monopole without any step discontinuity. Therefore (3.1) 

provides a good approximation of the parallel capacitance characterizing the step 

discontinuity at the base of a monopole. 

The second type shown in Figure 3.6(b) is usually adopted when the radius of 

the monopole is greater than the inner radius of the outer conductor of the feed 

line. Calculated results for the input admittance of the structure shown in Figure 

3.6(b) are presented in Figure 3.9, where results for the admittance of a monopole 

in Figure 3.1 are also given for comparison. 

It is well known [3] that the thicker the monopole, the shorter is the resonant 

length of the antenna, as seen from Figure 3.9. It can also be seen that the ter­

minal condition at the base of the monopole is very important in determining the 

antenna's admittance. The vertical gap between the monopole's bottom surface 
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Figure 3.8: Effect of the junction between the feed line and the monopole on the 

antenna's admittance ( a0 = 0.0509..Xo, br = 1.187 ar ). 
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Figure 3.9: Admittance of the monopole shown in Figure 3.6(b) (br = 2.301ar ). 
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and the ground plane not only provides a positive susceptance but also increases 

the conductance. 
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Figure 3.10: Effect of the gap length t between the bottom of the monopole and the 

ground plane on the antenna's admittance (ar = 0.0509..\0 , br = 2.301ar, ao = 3br)-

The effect of the gap length t between the bottom of the monopole and the 

ground plane is examined in Figure 3.10. It is seen that the gap length has a 

significant effect on the antenna's admittance: both the conductance G and the 
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susceptance B, especially for B when the gap length is small. It is also found 

that its effect becomes stronger when the monopole is much thicker than the inner 

conductor of the feed line, as is expected. The fact that increasing the gap length 

t decreases the antenna's bandwidth is understandable, since increasing the length 

of the antenna's thin part increases the system's Q value. 

The last type of junction between a monopole antenna and its feed line is shown 

in Figure 3.2( c). Since the step discontinuity in the inner conductor of a coaxial 

waveguide is characterized by a parallel capacitance expressed in (3.1), the input 

admittance ~n of the monopole looking from the feed coaxial line can be calculated 

from the equivalent circuit shown in Figure 3.11, where Y.~ is the admittance of 

the monopole at z = d + h + t, i.e., without the junction effect. 

where Z~ is the characteristic impedance of the coaxial line whose inner and outer 

radii are ar and a 1 , respectively. 

1- t 

Figure 3.11: Equivalent circuit for characterizing the junction effect of the third 

type shown in Figure 2.6 ( c). 

In order to appreciate the effect of the step junction at the monopole base on 

the antenna's input admittance, we give a comparison between Y;~ and ~n, as 
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illustrated in Figure 3.12. It is found that the step junction has a noticeable effect 

on the antenna's admittance. It is obvious that the infi.uence strength depends on 

the size of the step junction and the length t. It is found that the admittance 

calculated by this expression agrees very well with the full-wave solution obtained 

by our moda.l expansion method presented in the preceding chapter. Since the 

electrical dimensions of the feed line and the step discontinuity are relatively small, 

the low-frequency circuit model ( equations (3.1) and (3.2)) provides a good estimate 

of the junction effect. 
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Figure 3.12: Effect of the step junction between the monopole and the feed line on 

the antenna's admittance ( ar = 0.0509,\0 , br = 2.301ar ). 
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3.2 The Sleeve Monopole 

The structure of a sleeve monopole antenna (62] is shown in Figure 2.3, where 

the electrical dimensions of the feed line are often relatively small. The values of 

koar = 0.02 and kobr = 0.09 are assumed in this section. The sleeve is also assumed 

to be electrically thin (ko(a1 - br) = 0.005.). As in the case of the conventional 

monopole, the convergence behavior of the impedance with respect to the truncation 

numbers Nr and Nu is examined. Tables 3.3 and 3.4 show the convergence of the 

input impedance of a sleeve monopole with respect to Nr and Nu, respectively. It 

is seen that the choice of Nr = 2 and NII= 80 is enough to get convergent results 

for the antenna's impedance. 

Table 3.3: Convergence of the impedance (Ohms) of a quarter-wavelength sleeve 

monopole with respect to Nr (h = 0.25A0 , l = 0.5A0 ). 

Nr Resistance Reactance 

1 61.64 24.98 

2 61.60 25.06 

4 61.59 25.08 

The effect of the distance d on the input impedance of the sleeve monopole is 

shown in Figure 3.13, where the two dotted lines are for electric wall (EW) and 

magnetic wall (MW), while the solid line is for the combination of both, i.e., the 

PMB. It is seen that the assumed EW and MW do not have much effect on the input 

impedance when d > 3A0 • This property is expected since the main radiation of 

the sleeve monopole occurs in the radial direction. We can also see that the results 

obtained with the PMB converge much faster than with either the EW alone or the 
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Table 3.4: Convergence of the impedance (Ohms) of a quarter-wavelength sleeve 

monopole with respect to NII (h = 0.25.Ao, l = 0.5A0). 
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Figure 3.13: Va.ria.tion of a. sleeve monopole's impedance with respect to the distance 

d (l = 0.45A0 , h = 0.25A0 ). 
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MW alone. The result obtained with d = v'2..\0 is seen to be fairly good, which is 

adapted in the later computations. 

To verify the validity of our method, we compute the current distribution and 

the input impedance of a sleeve-monopole antenna for which results are available 

in the literature. Figure 3.14 shows our modal-expansion results for the surface­

current distribution along both the monopole and the sleeve. The results given 

in Figure 3.14 have been fitted to the experimental ones [10) at the driving point, 

z = d + h. It is seen that the agreement between our modal-expansion results and 

Taylor's experimental data is quite good. Figure 3.15 gives the comparison of our 

computed results with Taylor's experimental values [10) and the theoretical results 

in [11) for the input impedance of a sleeve-monopole antenna. \Ve can see that our 

results agree very well with Taylor's measured data, better than those obtained 

by Rispin and Chang [11). This is expected since our modal-expansion analysis is 

formally exact and takes into account all the effects (junction-end effect, effect of 

the finite thickness of the sleeve, and effect of the feed line) which were ignored in 

the previous theoretical work. 

Figure 3.16 shows the input resistance and reactance of a sleeve-monopole an­

tenna for different sleeve lengths. Since the sleeve itself acts as a cylindrical an­

tenna, a significant influence of the sleeve's length on the input impedance of a 

sleeve-monopole antenna is expected. Moreover, the change in the length of the 

sleeve is equivalent to the change of the feed position of an asymmetric linear an­

tenna, which would have a great effect on the antenna's impedance. The far-zone 

radiated field pattern of a sleeve monopole is illustrated in Figure 3.17 for different 

values of the sleeve length l. It can be seen that the sleeve length has a remarkable 

influence on the radiation field pattern. When l = 0, the sleeve monopole reduces 

to the conventional-monopole antenna whose radiation pattern is well understood. 
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Figure 3.14: Surface current on a sleeve monopole antenna (l = O.45..X0, h = 0.25..\0). 
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Figure 3.15: Comparison of our results for the impedance of a sleeve monopole with 

those obtained by others (h = 0.25..\0). 



CHAPTER 3. NUMERICAL RESULTS FOR MONOPOLE ANTENNAS 51 

It is expected that the number of side-lobes is strongly dependent upon the lengths 

of land l + h. 
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Figure 3.16: Input impedance of a sleeve monopole for different sleeve lengths. 

It is found that the relative permittivity of the dielectric in the coaxial feed line 

has little effect on the input impedance of the sleeve antenna while, of course, it can 

change the characteristic impedance of the feed line significantly. The characteristic 

impedance of the coaxial feed line has the form of Z0 = 60/~ln(br/ar)- As seen 
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Figure 3.17: Radiation pattern of a sleeve monopole for different sleeve lengths 

(h = 0.25..\o)-

Table 3.5: Impedance of a sleeve monopole for different values of relative permit­

tivity of the dielectric in the feed line (h = l = 0.25..\0). 

Relative permittivity Characteristic impedance Resistance Reactance 

€.r-I of the feed line (Ohms) (Ohms) (Ohms) 

1.0 90.2 136.9 -335.1 

2.2 60.8 135.8 -334.1 

3.8 46.3 135.1 -333.5 

5.6 38.1 134.9 -333.2 

9.6 29.1 134.6 -332.9 
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from Table 3.3, when the relative permittivity of the dielectric in the feed line 

changes from 1 to 9.6, the characteristic impedance of the feed line decreases from 

90.2 to 29.1 while the input impedance of the sleeve monopole does not change 

much. The reason for this can be explained by the fact that the input impedance 

of a wire antenna is mainly determined by its current distribution. 
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Figure 3.18: Input impedance of a sleeve monopole for different thicknesses of the 

sleeve. 
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The effect of the sleeve's finite thickness is illustrated in Figure 3.18. It is 

seen that increasing the thickness of the sleeve smooths the variations by lowering 

the magnitude of the resistance and reactance at resonant peaks. This lowers the 

Q factor and increases the bandwidth of the sleeve antenna. It is also seen that 

increasing the thickness of the sleeve decreases the antenna's resonant length. 

3.3 Dielectric-Coated and Buried Monopoles 

It is well known that the performance of a monopole antenna is greatly affected 

by the environment in which it resides. This section considers two cases involving 

dielectric: one is the dielectric-coated monopole and the other is the dielectric­

buried monopole. 

3.3.1 Dielectric-Coated Monopole 

II 

d 

z 

2a. 
.I 

br f--

E.W.orM.W. 

2 

Figure 3.19: Geometry of a dielectric-coated monopole antenna. 
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The geometry of a monopole antenna coated by a dielectric sheath is shown in 

Figure 3.19. The monopole of radius ar = 3.175mm is coated with an isotropic 

material of dielectric constant 3.2. A simple check on the effect of the assumed 

PMB on the antenna's input admittance is given in Figure 3.20. It is seen that the 

postulated boundary has negligible influence on the antenna's admittance. 
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Figure 3.20: Variation of the admittance of a dielectric-coated monopole with re­

spect to d (br = 3ar, a1 = 11.43mm, h = 0.25>.0 , f = 600MHz). 

As before, a comparison between our results and experimental ones available in 

[13) is given in Figure 3.21 for the input admittance of a dielectric-coated monopole 

antenna. We can see that the agreement is quite good for both the conductance G 

and the susceptance B. It is obvious that the monopole's resonant conductance in­

creases and its resonant length decreases as the diameter of the cylindrical dielectric 

coating increases. Similarly, increasing the dielectric constant of the coating cylin­

der decreases the antenna's resonant length and bandwidth. It should be pointed 

out here that for a large permittivity of the dielectric coating, our results for the 

input conductance G of a dielectric-coated monopole agree very well with the ex-
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perimental data measured by Lamensdorf [13], while the agreement between our 

modal expansion results and experimental ones deteriorates for the antenna's sus­

ceptance B. A similar disagreement between the moment method solution [15] and 

the measured data in [13] occurred for coating dielectrics with high permittivity or 

large diameter. 
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Figure 3.21: Admittance of a dielectric-coated monopole (b1 = 3ar, f = 0.6GHz). 
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3.3.2 Dielectric-Buried Monopole 
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Figure 3.22: Geometry of a monopole antenna partially buried in a grounded sub­

strate. 

A vertical monopole antenna partially buried in an infinite substrate (63] is ge­

ometrically shown in Figure 3.22. Figure 3.23 shows a. Smith chart comparison 

of our modal expansion results with the experimental values given in (17] for the 

impedance loci of a half-buried monopole. The substrate is t = 6.35mm long and 

its dielectric constant is e,.. = 2.2. The characteristic impedance of the coaxial feed 

line is 50 Ohms. It is seen that the agreement is quite good. 

The power radiated by the monopole antenna can be decomposed into two parts: 

one is associated with the power carried by surface waves ( Psw) and the other is 

related to radiation waves (Paw). It is known that the field of the surface wave 

has exponential decay outside and perpendicular to the dielectric substrate, while 

the field of the radiation wave in the presence of the E.W. or M.W. is a standing 

wave outside the substrate. The variations of these two parts of the radiated power 
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Figure 3.23: Input impedance loci of a monopole partially buried in a grounded 

dielectric substrate ( ar = 6.35mm, br = 3.24ar ). 

with respect to the dielectric's relative permittivity and the substrate thickness 

are, respectively, illustrated in Figures 3.24 and 3.25, where P,. is the total radiated 

power. It should be mentioned here that Figures 3.24 and 3.25 are obtained by 

letting d be several free-space wavelengths to accurately simulate the actual half 

space. When f,.. = 1, which corresponds to the unloaded free-space case, it is 

obvious that no surface wave can be excited. However, when €,.. increases the 

power carried by the surface waves ( only one surface wave mode is excited when 

€,.. < 17) increases dramatically and the power associated with the radiation waves 

decreases accordingly. For the half-buried case (t = 0.5h) when €,.. is about 5.4, 

almost all the power will be radiated in the form of surface waves. From these 

figures we can also see that increasing the substrate thickness may increase the 

excitation efficiency of surface waves. 

The effect of the substrate's permittivity on the resonant length and input 
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Figure 3.24: Normalized radiated power vs. relative dielectric constant ~. for a 

buried quarter-wavelength monopole (koar = 0.05985, br = 2.301ar ). 
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impedance of a buried monopole antenna is examined in Figures 3.26 and 3.27. As 

we expect, the existence of the dielectric substrate has a significant effect on the 

monopole's radiation. Since more energy is coupled into guided waves inside the 

substrate, the antenna's resonant length decreases greatly when the dielectric per­

mittivity increases as illustrated in Figure 3.26 where the curve l,./ Ao = 0.23/ ..,ji;; 

is also given for the resonant length of the monopole antenna immersed in a di­

electric half-space ( t = oo ). It is seen that the thickness of the dielectric substrate 

has a noticeable effect on the antenna's resonant length when t is small; the effect 

becomes very weak when t > h. When fe• = 1, the problem considered here reduces 

to the conventional monopole problem. In Figure 3.27, King's results (4) for this 

simplified case are also shown for comparison; very good agreement is observed. 

Another interesting property of the buried monopole is that the impedance's vari­

ation, with respect to the monopole's length, is significantly smoothed when the 

substrate's permittivity increases. 
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Figure 3.26: Resonant length vs. relative dielectric constant e,.. for the buried 

monopole ( ar = 0.00635A0 , br = 2.301ar ). 
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CHAPTER 3. NUMERICAL RESULTS FOR MONOPOLE ANTENNAS 62 

3.4 Insulated Monopoles 
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Figure 3.28: Geometry of an air-insulated monopole antenna. 

Figure 3.28 illustrates the geometry of an air-insulated monopole antenna (64]. The 

effect of the assumed PMB on the input admittance of an air-insulated quarter­

wavelength monopole in sand ( e,.3 = 3.8) is examined in Figure 3.29. It can be seen 

that the effect is negligible even when the distance d from the PMB to the end of 

the monopole is fairly small. Since more energy is stored in the external medium, 

the effect caused by the assumed PMB becomes weaker. 

Figure 3.30 presents our modal expansion results for the input admittance of an 

air-insulated monopole antenna in lake water ( e,.3 = 80) at / 0 = 380M Hz. Figures 

3.31 and 3.32 illustrate the current distribution and input admittance of the same 

monopole antenna in sand ( e,.3 = 3.8); also given in these figures are the theoretical 

and experimental data obtained by Lee et al. [23], [24]. It is noted that e:cp(jwt) is 

used as the time-harmonic factor in this thesis, rather than e:,;p( -iwt) which was 

employed in the previous work; this explains the reason why -Arg[I(z)] is used in 
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Figure 3.29: Variation of the admittance of an air-insulated quarter-wavelength 

monopole in sand with respect to d (ar = 3.175mm, br = 3ar, a 1 = 4ar, f = 
380MHz). 

Figure 3.31. Our results agree very well with those computed by Lee et al. [23], 

while there is a difference between both our calculated results and the theoretical 

results and experimental ones in (24]. This small disagreement can be attributed 

to the differences between our theoretical model and the actual antenna structure. 

There is a junction between the feed line and the insulated monopole (21], whose 

effect studied in the first section is not taken into account in the theoretical analysis. 

Another difference between the theoretical model and the actual antenna structure 

is that the thickness of the insulating layer can never be zero; its effect will be 

examined later. After taking these differences into account, we may say that the 

agreement between our modal expansion results and experimental ones is fairly 

good. 

Figure 3.33 shows the variation of the input admittance of an air-insulated 

monopole with respect to the radius of the insulating layer whose thickness is still 



CHAPTER 3. NUMERJCAL RESULTS FOR MONOPOLE ANTENNAS 64 

25 

_ .• -------♦------- ~h=l.045 

20 ----- ·--o- .. _ 
A - . -- . -~ -, , 

15 t 

Our results -.. 
10 Mcasumf data (24) -4-_g Calculated results [24]+ + 9 .E ' 

~ 5 
Cl ~· 1.184 

0 
, , 

JT , 
-5 -. . -______ ..o-· 

IJ23 
-10 

0 5 10 15 20 25 30 35 
G (Millim) 

Figure 3.30: Input admittance of an air-insulated monopole in lake water ( ar 

3.175mm, br = 3ar, a= 2 = a1 = 4ar ). 

7 300 

6 250 

s 200 

4 0 
0 

ISO -; 

~ 
~ 
co u 

3 100 3-

~ 
2 so Eli 

~ 

Our~IS-
0 Measured data [23) 0 

0 -SO 
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

(L-z)lb 

Figure 3.31: Current distribution on an air-insulated monopole antenna in sand 

(ar = 3.175mm, br = 3ar, a2 = a1 = 4ar)-
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assumed to be zero. Since for the insulated monopole antenna most of the power is 

radiated in the radial direction, the effect of the permittivity discontinuity between 

the insulating air and its ambient medium is very similar to a step discontinuity 

in characteristic impedance of a lossy transmission line. Meanwhile, the radial line 

is non-uniform; its characteristic impedance decreases very rapidly as the radius 

increases. Therefore, the curve of the input admittance versus a2/a1 , is somewhat 

like a fast-decaying standing wave, as illustrated in Figure 3.33. Furthermore, since 

the admittance of an antenna in an infinite homogeneous medium is proportional 

to ~ (3), its magnitude variation is expected to be bigger for higher permittivity 

of the ambient medium, as seen in Figure 3.33. 
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Figure 3.33: Variation of the admittance of an air-insulated quarter-wavelength 

monopole with respect to aif ar (ar = 3.175mm, br = 2.301ar, Jo= 380MHz). 

Figure 3.34 gives the input admittance with respect to the relative dielectric con­

stant of the external medium. It is expected that when E,-3 increases, the reflection 

coefficient at the interface between the insulating layer and the external medium 

and the antenna's admittance (absolute value) will also increase. Figure 3.34 ver-
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Figure 3.34: Variation of the admittance of an air-insulated quarter-wavelength 

monopole with respect to the dielectric constant E,.3 of the external medium ( ar = 
3.175mm, br = 2.30lar, Jo= 380MHz). 

ifies this prediction except the very small E,.3 for which the reflection coefficient is 

not large enough to dominate the variation. 

Finally, we take an air-insulated monopole antenna with an insulating glass layer 

( E,.3 = 4.82) of finite thickness as an example of a multilayer insulated monopole 

in lake water. Figure 3.35 shows the input admittance of the insulated monopole 

for different thicknesses of the insulting layer. The thickness has a significant ef­

fect on both the conductance and the susceptance. This is expected since a big 

different exists in the relative permittivities of the insulating glass and lake water 

and this difference changes the equivalent radius of the insulating layer which has a 

noticeable effect on the antenna's admittance (see Figure 3.33). The effect becomes 

negligible for the case of an air-insulated monopole immersed in sand since the dif­

ference in the permittivities of glass ( E,.3 = 4.82) and sand ( E,.3 = 3.8) is relatively 

small. 
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admittance (ar = 3.175mm, br = 2.30lar, a1 = 4ar ). 
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3.5 Monopole on a Finite Ground-Plane 

z 

C ---------------------~----

--a1-

J _____ _ B 

t I 
-r-----

________ ,__ ___ _ 
Junction A 

I 

Figure 3.36: Theoretical model for a monopole over a finite ground plane. 

Figure 3.36 shows the theoretical model employed to analyze the problem of a 

monopole antenna fed through a circular ground plane by a coaxial line. After 

properly introducing an outer coaxial cylindrical wall of radius a2 , the structure 

reduces to a cascaded coaxial-to-coaxial waveguide junction problem. The radius 

and length of the monopole antenna are ar and h, respectively. The ground plane is 

of radius a1 and of thickness t. From Figure 3.36, we identify three coaxial waveg­

uides (guide I, guide 1, and guide 2); their inner and outer radii are, respectively, 

(ar, br), (ai, a2), and (ar, a2 ). There are also three waveguide junctions (A, B, 

C) in Fig.3.36. Junction A is actually an infinitely long monopole fed by coaxial 

waveguide 1. The radius of this infinitely long monopole is b2 , as shown in Fig. 

3.36. Junction C is basically an open-ended coaxial line with infinite flange. The 

reflection matrices of junctions A and C are computed by using the complexifica-
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tion and extrapolation technique [65), [66), which will be introduced in the next 

chapter. 

Since the structure considered and the incident TEM mode in the feed line 

are axi-symmetric ( ;"' = 0), only the dominant TEM mode and T M0n in these 

waveguides can be excited. The numbers of modes considered in three coaxial 

waveguides are assumed to be N1, N1 , and N2 , respectively. As also illustrated 

in Fig.3.36, At, Ai are incident and reflected modal amplitude column vectors in 

feed waveguide at z = 0. A[, A1 and At, A2 are similarly defined for the modal 

amplitude column vectors in guides 1 and 2 at z = 0, respectively. The following 

two relations are obvious 

(3.3) 

(3.4) 

where SAn and Sen are the reflection matrices of Junctions A and C, which are 

obtained by the complexifi.cation and extrapolation technique (65), (66). L1 and L2 

are the diagonal transmission matrices of guides 1 and 2 with 

as their diagonal elements, respectively. 

(3.5) 

(3.6) 

Application of the conservation of complex power technique (CCPT) (67), [68) 

to Junction B at z = 0 results in 

Y1(A; -A1) = Mf1Y2(At-A2) 

Y1(At -A1) = Mf1Y2(At - A2) 

(3.7) 

(3.8) 

(3.9) 
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where Yi, for i = I, 1, and 2, is the modal admittance matrix for the ith waveguide, 

Mu and M 21 are the E-fi.eld mode-matching matrices between guides 2 and I and 

between guides 2 and 1, respectively; their detailed expressions can be found in 

Appendix B. 

Substituting (3.3) and (3.4) into the above three equations, one can obtain after 

some manipulations 

(3.10) 

where 

(3.11) 

with 

Yp = M;1VM21 (3.12) 

Yq = Mf1VM21 (3.13) 

Y. = M;1VM21 (3.14) 

W = l + L1SA11L1 (3.15) 

and 

V = Y 2(I - L2Sc11L2)(I + L2Sc11L2)-1
• (3.16) 

From (3.10) one can extract the reflection coefficient r10 for the dominant TEM 

mode in the coaxial feed waveguide. Then the input impedance of the monopole 

antenna is calculated from (2.58). 

For most practical applications, the length of a monopole is taken as h = 0.25A0 

or slightly less; this choice of h makes most of the diagonal elements of the trans­

mission matrix L2 decay very rapidly; only the upper-left corner of matrix V con­

tributes significantly to the final results. Thus, Yp, Yq, and Y. in (3.12) and 
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(3.15) can be decomposed into two parts: one is the matrix-product part involving 

matrices of small size; the other can be put into a single summation form to save 

computer time and memory. 
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Figure 3.37: Variation of the impedance of a monopole with respect to aif Ao ( ar = 
1.588mm, br = 5.2mm, a1 = 75mm ). 
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In order to verify the validity of the proposed waveguide modal analysis, a com­

parison between our calculated results and experimental ones measured by Thiele 

and Newhouse [30) is shown in Figure 3.37. It can be seen that the agreement is 

very good for both the input resistance R and the input reactance X. Shown in 

Table 3.6 is another independent comparison of our calculated results with those 

carefully measured by Weiner et al. [34), wherein MM denotes the moment method 

solution available in [33). It is noted that the agreement is also quite good. 

The input impedance of a thin quarter-wave monopole is plotted in Figure 3.38 

as a function of the radius of the circular ground plane for a larger range of the 

ground plane's radius. Also shown in Figure 3.38 is the impedance of the same 

monopole over an infinitely large ground plane [4]. It is obvious that the effect of 

the radius of the finite ground plane becomes weaker and weaker when it increases 

though the convergence rate is slow. 

The effect of the finite thickness of the circular ground plane on the input 

impedance of a quarter-wave monopole antenna is illustrated in Figure 3.39. It is 

expected that a monopole over a thick ground plane will exhibit a lower effective Q 

and is somewhat equivalent to a ground plane of bigger radius. Therefore, increasing 

the thickness of the circular ground plane decreases the magnitude of the variation, 

but maintains the curve shape, as seen from Figure 3.39. 

It should be pointed out that the thickness b2 - b1 of the coaxial feed line has 

a negligible effect on the antenna's input impedance. This is understandable since 

only a very small amount of power can reach the down-side of the ground-plane. 

The value of b2 - b1 = a1 is used in the above computations. 
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Table 3.6: Input impedance of 0.5in diameter monopole elements on an 8ft diameter 

ground plane. 

f h Resistance ( 0 hms) Reactance (Ohms) 

(MHz) (in) Ours MM Measured Ours MM Measured 

30.0 94.26 17.37 17.76 17.62 -38.59 -35.97 -30.92 

36.0 78.55 16.77 18.35 18.57 -26.48 -25.48 -13.59 

43.0 65.46 16.97 18.77 19.05 -18.43 -19.33 -16.38 

54.0 52.07 18.64 19.93 20.15 -7.95 -12.11 -5.92 

62.4 45.00 20.32 20.80 22.82 -2.49 -4.73 -0.48 

75.0 37.36 23.44 22.95 23.23 3.71 -0.43 1.60 

86.0 32.48 26.71 25.35 27.63 7.15 3.34 7.39 

89.7 31.13 28.05 26.59 28.16 8.35 4.99 -1.05 

97.5 28.60 31.13 29.41 31.22 10.09 7.29 11.05 

117.0 23.76 40.36 39.27 40.50 10.34 8.27 15.21 

136.5 20.34 46.54 45.76 46.23 2.83 0.84 7.18 

156.0 17.75 41.79 40.39 38.59 -5.14 -8.16 -1.09 

175.5 15.77 34.97 34.00 30.94 -3.94 -7.45 -1.91 

195.0 14.14 31.88 30.54 25.58 0.21 -4.36 0.51 

214.5 12.82 32.78 30.33 28.28 4.66 -0.18 4.87 

234.0 11.74 36.82 33.69 31.44 7.56 3.64 5.56 

253.5 42.38 42.28 40.25 41.13 7.29 3.91 6.57 
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ized radius a1/ Ao of the ground plane (same parameters as Figure 3.37). 



CHAPTER 3. NUMERICAL RESULTS FOR MONOPOLE ANTENNAS 76 

90 

80 

cii 
~ 70 
::i:: 
Q, 
Ill 

60 u z 
< 
E-
Cll so 
~ 
0:: 
E-

40 ::::; 
C. 

~ 

30 

20 
0 

40 

30 

cii 20 
~ 
::i:: 
Q, 10 
Ill u z 
< 0 
~ 
< 
Ill .(0 
0:: 
E-
::i 

~ -20 

-30 

-40 
0 

0.2 0.4 0.6 0.8 1 
a,n..o 

0.2 0.4 0.6 0.8 

1.2 1.4 

t=O -
t=02lo •• 
t=0.5 l.0 •••• 

1.6 

t=O -
t=0.2A.o ..... 
t=0.5 Ao .... 

1.8 

1.2 1.4 1.6 1.8 

2 

2 

Figure 3.39: Impedance of a monopole as a function of a1/ Ao with its thickness as 

a parameter (same parameters as Figure 3.37). 



Chapter 4 

Theoretical Formulation for 

Circular Microstrip Antennas 

This chapter presents a. general formulation for analyzing single and stacked mi­

crostrip patch antennas with circular geometries. Similar to the basic idea used for 

modeling the monopole antennas in Chapter 2, an outer cylindrical wall is intro­

duced to enclose the pa.tch antenna.. It is expected that the assumed cylindrical 

wall will not ha.ve significant effect on the antenna's impedance computation. After 

assuming this enclosure cylinder, the open-region antenna. problem is a.gain trans­

formed into a. "closed-region" waveguide junction ca.sea.ding problem, which is then 

solved by the modal-expansion method. In order to facilitate the formulation and 

save computation time involved in the waveguide modal expansion analysis, two 

useful techniques are introduced in the first two sections of this chapter. The first 

technique is an improved formulation for waveguide cascaded junctions; while the 

other is for calculating the reflection coefficient of open-ended waveguides. After 

introducing these two techniques, a detailed formulation for the analysis of a. gen-

77 
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eral circular microstrip antenna. is presented in Section 4.3. Considered in this 

category of circular microstrip antennas a.re: single circular pa.tch fed by a. cen­

tered or an off-centered coaxial ca.hie, single annular-ring microstrip antenna, an 

annula.r-ring-loa.ded circular patch antenna, and a. stacked circular disk antenna.. 

Numerical results for all these practical microstrip antenna. structures will be given 

in the next chapter to demonstrate the versatility and accuracy of this waveguide 

modal expansion technique. 

4.1 New Formulation for Cascaded Junctions 

This section introduces an improved modal expansion method for cascaded waveg­

uide junctions. The basic idea. is to consider the two junctions at once by the modal 

expansion method, which directly yields the overa.11 scattering matrix for the whole 

cascaded network. This improved scattering matrix formulation is formly exact 

and completely eliminates the numerical overflow problem [69], [70], from which 

the transmission matrix formulation suffers and ca.n also avoid the inversion of two 

matrices. 

There a.re basically three types of two cascaded waveguide junctions, a.s eluci­

dated in Figure 4.1. The following subsection will give the detailed formulation for 

the first type of connection between two waveguide junctions ( one is enlargement 

and the other is reduction). Derived formulas for this type of connection will be 

employed in the analysis of circular microstrip patch antennas. Sample numerical 

tests will also be provided for this type to show the great reduction in computer 

time and memory gained by this improved formulation. Application of this for­

mulation to the analysis of waveguide cavity filters is demonstrated in [66]. The 

derived expressions for the other two types of cascaded junctions will be given in 
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the second subsection. 

4.1.1 Enlargement-Reduction Cascaded Junctions 

As illustrated in Figure 4.l(a), the length of the sandwiched large waveguide is 

assumed to be l. a+ and a- are the incident and reflected modal amplitude column 

vectors in Guide 1 at Junction A, and similarly c+ and c- are the incident and 

reflected modal amplitude vectors in Guide 3 at Junction B. b+, b-, d+, and d- are 

defined in the same way for Guide 2. Application of the boundary conditions for 

tangential electric and magnetic fields at the interfaces of Junction A yields: 

( 4.1) 

(4.2) 

where Yi, for i = 1, 2, and 3, is the modal admittance matrix for the ith waveguide. 

M 1 is the E-field mode-matching matrix of Junction A [66], whose size is of N2 by 

N1 , where N1 and N2 are the numbers of modes considered in Guides 1 and Guide 

2, respectively. Similar operation for Junction B leads to 

(4.3) 

( 4.4) 

where M2 is the E-field mode-matching matrix of Junction B, whose size is of N2 

by Na, where Na is the number of modes considered in Guide 3. From Fig.4.l(a), 

we know that d+ = Lb+ and b- = Ld-, where L is the diagonal transmission 

matrix of the sandwiched large waveguide with Ln,n = exp(-j/32,nl) as its n-th 

diagonal element. Here /32,n is the propagation constant of then-th mode in Guide 



CHAPTER 4. FORMULATION FOR MICROSTRIP ANTENNAS 81 

2. Substituting these relations into ( 4.1)-( 4.4), and eliminating b+, b-, d+, and d-, 

one can obtain 

where 

(4.5) 

(4.6) 

where D 1 and D 2 are diagonal matrices with imaginary elements for lossless waveg­

uides. Therefore, the right-hand sides of ( 4. 7) may be put into single summation 

form. Matrices Yp and Y. are symmetric. The expressions (4.5) and (4.6) for this 

enlargement-reduction type (Figure 4.1( a)) of cascaded waveguide junctions will be 

used in the formulation for circular micorstrip antennas. From ( 4.5) and ( 4.6) and 

after some manipulation, we can derive the overall scattering matrices of the two 

cascaded junctions as follows 

(4.8) 

( 4.9) 

(4.10) 

(4.11) 

It is noted that only two small matrices of sizes N1 by N1 and Na by Na need to be 

inverted. Compared with the traditional generalized scattering matrix technique 

(59] for the problem considered here, we can see that it not only reduces the number 

of matrix inversions (from inverting four matrices to inverting two matrices), but 

also avoids the inversion of two large matrices of size N2 by N2 • In some cases when 
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the ratios of areas of Guide 2 to that of Guide 1 and Guide 2 to Guide 3 are very 

large (59], (66), we should take N2 to be very large to get a convergent solution. 

Table 4.1: Comparison of computation time of our improved formulation and the 

generalized scattering matrix technique(/= 11GHz, l = 15mm). 

Number of modes Computation time (seconds) 

N1 for iris guide N2 for Guide 2 Our method GSMT 

20 20 0.036 0.060 

20 42 0.042 0.138 

20 72 0.057 0.379 

20 110 0.064 1.006 

20 156 0.079 3.062 

20 210 0.097 9.210 

20 272 0.111 20.34 

20 342 0.141 

20 420 0.164 

20 930 0.382 

20 1640 0.622 

To compare our improved modal-expansion method with the traditional gener­

alized scattering matrix technique, we consider a waveguide filter consisting of only 

one rectangular cavity. It is well known that for a junction between two waveg­

uides, one should take many more modes in the larger waveguide into account when 

the area ratio of the larger waveguide to the smaller one is very large. As for the 

problem of a waveguide cavity filter, the smaller the size of the iris waveguide, the 

larger will be the number of modes in the larger waveguide. We may fix the size 
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of the iris waveguide and compare the computation time for different number of 

modes considered in the larger waveguide. 

Table 4.1 shows the comparison of computation time for a single-cavity rect­

angular waveguide filter by our new formulation and the generalized scattering 

matrices technique (59]. The waveguide is standard WR90 (X-band, a= 22.86mm, 

b = 10.16mm) and the central rectangular iris waveguide (a1 = 3.86mm, b1 = 
1.66mm, t = 0.1mm) has 2. 76 percent of its cross-section area. When the number 

N2 of modes considered in the larger waveguide increases, the computation time 

of the traditional GSMT increases dramatically since the number of multiplication 

operations involved in LU factorization of a matrix is proportional to the cube of 

its size. For our improved formulation, however, the computation time increase is 

less than linear with respect to N2 • Moreover, there is a great reduction in com­

puter memory requirements in our new method. For the traditional GSMT it was 

impossible to carry out the calculations when N2 was more than 300 due to huge 

consumption of computer memory while our improved method easily treated more 

than 1000 modes. 

4.1.2 Derived Expressions for the Other Two Types 

Following the same procedures as introduced in the previous subsection for the 

enlargement-reduction type (Figure 4.l(a)) of cascaded junctions, one can derive 

the following expressions for the other two types of cascaded waveguide junctions. 

For the second type (Figure 4.l(b )), we get: 

Su = 2M1 Y;Y L2 Y 2
1L-1(I - L 2)MfY1 - I 

S 12 = 4M1 Y;'M;Ya 

( 4.12) 

(4.13) 
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where 

Yp = [Y Ll Y;-1L-1(I - L2)Y L2 - 4Y2L(I - L2)-1]-l 

y Ll = MfY1M1 + Y2(I + L2 )(I - L2)-1 

Y L2 = M;YaM2 + Y 2(1 + L2)(I - L2t 1. 
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( 4.14) 

( 4.15) 

( 4.16) 

( 4.17) 

( 4.18) 

It should be noted that only one matrix Y Ll Y 21L-1(I- L2)Y L2 - 4Y2L(I- L2)-1 

needs to be inverted to obtain the overall scattering matrices of two cascaded junc­

tions of this type. A waveguide with a thin or thick diaphragm belongs to this type 

of connection, which has been widely used in waveguide cavity filters. 

For the third type (Figure 4.l(c)), we derive the following scattering submatri­

ces for these cascaded junctions: 

where 

S11 = 2 [1 + Y11Y Ll - 2Y11MfY2LYp]-
1 

- I 

S21 = M2 [LM1 + (I - L2)Yp] (I+ S11) 

S12 =(I+ S11)Y11MfY2LYq 

S22 = [S21 Y 1
1MfY2L + M2(I- L2)]Yq - I 

Yp = [(Y2(I + L2) + y L2)(I- L2)]-
1 

(Y2 - Y L2)LM1 

Yq = 2 [(Y2(I + L2) + Y L2)(I - L2)]-
1 

MfYa 

YL1 = MfY2M1, YL2 = MfYaM2. 

( 4.19) 

( 4.20) 

( 4.21) 

( 4.22) 

( 4.23) 

( 4.24) 

( 4.25) 

It is seen that only two matrices need to be inverted to obtain the overall scattering 

matrices of two cascaded junctions of this type. 
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4.2 Simple Analysis of Open-Ended Waveguides 

This section introduces a simple technique for calculation of the reflection coeffi­

cient of open-ended waveguides. The method is called the "complexification and 

extrapolation" (65] technique. Open-ended waveguides themselves have found wide 

applications in aeronautics, large phased array systems, thermography, diathermy 

and hyperthermia, and the measurement of material properties, etc. Theoretical 

and experimental studies of open-ended waveguides have occupied the attention of 

numerous researchers for several decades [71]. Variational method [72] and mode­

matching techniques such as the correlation matrix method [73], Green's function 

method (74], the transverse operator method [75], and the method of moments [76] 

were employed to compute the aperture admittance of open-ended coaxial line and 

rectangular waveguide with infinite flange. 

This section presents a conceptually simple, numerically efficient and accurate 

method for calculating the reflection coefficient of open-ended waveguides. The idea 

of this method is as follows. Firstly, a large waveguide is introduced to approximate 

the half-space. As pointed out in [77] the size of this assumed waveguide should be 

very large when the medium in the half space is low-loss or lossless, which results in 

expensive computational effort since we must take a very large number of modes in 

the large waveguide into account to ensure convergent results. In order to overcome 

this drawback and to reduce the size of the introduced waveguide to save computer 

time, it is assumed to be filled with a homogeneous moderately lossy medium. The 

numerical results for lossy dielectric are then employed to calculate the solution 

to the actual lossless or low-loss half-space problem by an extrapolation technique 

(65]. 

Figure 4.2( a) shows the side view of an open-ended waveguide with an infinite 
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Figure 4.2: Side-view of an open-ended waveguide and its simplified waveguide 

junction model. 

conducting flange, where the cross-section of the waveguide can be arbitrary. At 

first, we introduce a large waveguide to approximate the half space. Then the 

problem considered reduces to that of a waveguide junction as illustr3,ted in Figure 

4.2(b ). The cross-section of the postulated large waveguide should be the same 

as or similar to that of the input waveguide (guide 1 in Figure 4.2) to simplify 

the analysis of the related waveguide junction. Meanwhile, symmetry may also be 

taken into account to reduce the computational complexity. 

After obtaining the reflection coefficient or aperture admittance data for the 

waveguide junction for several different values of dielectric loss tangent, say three 

different values ofloss tangent, an extrapolation technique (parabolic extrapolation) 

is employed to calculate the solution to the lossless or low-loss half-space problem in 

the following way. Suppose the imaginary parts of three complexified ~ 2 values are 

e;
21

, e;
22

, and e;
23 

and the corresponding reflection coefficients are r
1

, r
2

, and r
3

, 

respectively. We compute the quadratic Lagrange interpolation polynomial through 



CHAPTER 4. FORMULATION FOR MIGROSTRIP ANTENNAS 87 

( 4.26) 

where 

and then set E;2 equal to zero, or to the actual small loss tangent, to yield the 

desired reflection coefficient of a waveguide terminated by an infinite flange. 

Figure 4.3 shows the variation of the reflection coefficient of an open-ended 

coaxial line with infinite flange with respect to the radius b2 of the large waveguide 

for different values of loss tangent. The inner and outer radii of the coaxial line are 

a1 = 1.4364mm and b1 = 4. 725mm. It is seen that the lower the loss tangent of the 

medium retained in the large waveguide the larger is its size to obtain convergent 

results. For the very lossy medium, for example, E,,2 = 2.05 - j, the result obtained 

with b2/b1 = 7 is quite satisfactory, The number of modes assumed in the large 

waveguide depends on the size of the waveguide according to the relation N2 = 
N1 b2 /(b1 - a1 ), where N 1 and N2 are the numbers of modes considered in the input 

coaxial and large circular waveguides. Results presented in Figure 4.3 are obtained 

by fixing N1 = 10 ( the dominant TEM mode plus 9 TMon modes). 

Figure 4.4 shows the comparison of results obtained by our proposed method and 

data given in (74] for the reflection coefficients of an open-ended coaxial line. It is 

seen that the agreement is excellent. The results shown in Figure 4.4 are obtained 

by extrapolating three values of the reflection coefficient for E,-2 = 2.05 - j0.2, 

E,-2 = 2.05 - j0.4, and E,-2 = 2.05 - j0.6 back to the real axis of the relative 

permittivity E,-2• 
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Figure 4.3: Variation of the reflection coefficient of a.n open-ended coaxial line with 

respect to the radius of the large circular waveguide for different values of loss 

tangent(/= 6GHz). 
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Figure 4.4: Magnitude and phase of the reflection coefficient of a coaxial line ter­

minated by an infinite flange (a1 = 1.4364mm, b1 = 4.725mm, e,-1 = e,-2 = 2.05). 

The effect of different reference data used for extrapolation on the resultant 

reflection coefficient is examined in Table 4.2, where the results, obtained by ex­

trapolating three groups of data, are compared. We can see that the maximum 

error between the results for Case 1 and Case 2 is less than 0.1 %, and the max­

imum difference of the absolute values of the reflection coefficients between Case 

1 and Case 3 is less than 1 %. The loss tangents assumed in Case 3 are quite big, 

which makes the size of the large circular waveguide only about ten times that of 

the coaxial line, while the accuracy of the resultant reflection coefficient is still quite 

satisfactory. This shows that the method described in this section is computation­

ally efficient, very easy to implement and also very accurate for the open-ended 

waveguide problems. 

Before concluding this section, we present some results for the aperture ad­

mittance of an open-ended rectangular waveguide with infinite flange. For this 
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Table 4.2: Magnitude and phase of the reflection coefficient of an open-ended coaxial 

line with infinite flange. Case 1: using 1:2 = -0.1, -0.2, -0.3 three points for 

extrapolation; Case 2: using ~ 2 = -0.2, -0.4, -0.6 three points; Case 3: usmg 

1:2 = -0.5, -1.0, -1.5 three points 

Frequency Magnitude Phase (degrees) 

GHz Case 1 Case 2 Case 3 Case 1 Case 2 Case 3 

1.0 0.99997 0.99998 1.00003 -4.8692 -4.8689 -4.8663 

2.0 0.99976 0.99972 0.99972 -9.8005 -9.7978 -9.7921 

3.0 0.99874 0.99860 0.99840 -14.812 -14.834 -14.827 

4.0 0.99570 0.99568 0.99508 -20.000 -20.012 -20.004 

5.0 0.98984 0.98997 0.98868 -25.344 -25.344 -25.331 

5.5 0.98604 0.98576 0.98402 -28.057 -28.064 -28.048 

6.0 0.98062 0.98049 0.97824 -30.829 -30.817 -30. 796 

6.5 0.97420 0.97408 0.97128 -33.590 -33.597 -33.570 

7.0 0.96685 0.96646 0.96308 -36.405 -36.400 -36.365 

7.5 0.95779 0.95760 0.95362 -39.226 -39.219 -39.175 

8.0 0.94786 0.94747 0.94292 -42.048 -42.048 -41.994 

8.5 0.93651 0.93609 0.93098 -44.892 -44.881 -44.815 

9.0 0.92387 0.92350 0.91787 -47.716 -47.710 -47.633 

9.5 0.91025 0.90973 0.90365 -50.538 -50.530 -50.440 

10.0 0.89534 0.89487 0.88841 -53.346 -53.333 -53.233 
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problem the introduced large waveguide is assumed to be of rectangular shape 

and collinear with the input waveguide. The aperture admittance is defined as 

Y = G + jB = Yo,1o(l - r 10)/(l + r 10), here Yo,10 and r10 are the characteristic 

admittance and the reflection coefficient of the dominant TE10 mode. In Figure 

4.5 our results are compared with available data. obtained by the correlation ma.­

true method [73]. Our results shown in Figure 4.5 are obtained by extrapolating 

three values of the aperture admittance for E,-2 = 1 - j0.1, €,-2 = 1 - j0.2, and 

E,-2 = 1 - j0.3 to that for real E,-2• It is noted that the agreement between them is 

very good, which also verifies the validity of the method presented here. 
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Figure 4.5: Aperture admittance of an open-ended rectangular waveguide with 

infinite flange (a= 2.25b). 

The simple and yet efficient technique presented in this section for open-ended 

waveguides will be used in the analysis of circular microstrip antennas in the next 

section. In Section 3.5, we already employed this technique to predict the input 

impedance of a monopole over a finite ground plane. 
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4.3 General Formulation for Circular Microstrip 

Antennas 

Figure 4.6 shows the side-view of an annular-ring-loaded stacked circular microstrip 

antenna fed by an off-centered coaxial line [78]. The radius of the driven circular 

patch is c1 ; the inner and outer radii of the loading annular-ring are, respectively, 

d1 and a1 . As illustrated in Figure 4.6, the loading annular-ring is located in the 

same plane as the driven circular patch; their thickness is assumed to be t 1 . The 

parasitic circular patch is of radius a2 and of thickness t 2 • The distance between 

the position of the feeding probe and the circular patch's center is d. The inner 

and outer radii of the coaxial feed line are a0 and b0 , respectively. The uniaxial 

substrate and superstrate are of thickness h and 8 2 , respectively, and are described 

by the following permittivity and permeability 

fil 0 0 µil 0 0 

Ei = fo 0 Eil 0 ' fii = µo 0 µil 0 ( 4.27) 

0 0 Ei2 0 0 µi2 

where i = b, p represents substrate and superstrate, respectively. The sandwiched 

dielectric is of thickness 8 1 and of permittivity e,..e0 . 

The problem shown in Figure 4.6 is quite general and will reduce to many 

special cases under certain circumstances. With the loading annular-ring removed 

(d1 = c1 ), the structure reduces to a stacked circular microstrip antenna. When 

81 = t2 = 0 and a2 = c1 , the parasitic patch will disappear, and the problem 

will reduce to an annular-ring-loaded circular microstrip antenna. Similarly, when 

8 1 = t2 = a2 = c1 = 0, the structure will be simplified to an annular-ring microstrip 

antenna. With both the loading annular-ring and parasitic circular patch removed, 
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Figure 4.6: Analysis model of an annular-ring-loaded stacked circular microstrip 

patch antenna. 
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the structure is simply a circular microstrip antenna on a uniaxial substrate and 

covered by a uniaxial superstrate. Therefore, all these problems: single and stacked 

circular patchs, annular-ring microstrip, annular-ring-loaded circular microstrip, are 

included in the present model. 

As illustrated in Figure 4.6, the whole antenna structure is enclosed by an 

assumed outer cylindrical wall, which facilitates the use of the waveguide modal­

expansion method. The radius of the assumed outer wall is b2 = b1 + d for the 

substrate waveguide section and b1 elsewhere. Referring to Figure 4.6, we identify 

four coaxial waveguides (guides 1,2,3, and 5) and two circular waveguides (guides 4 

and 6). The third waveguide is, in fact, a compound waveguide which is comprised 

of two coaxial waveguides; their inner and outer radii are, respectively, a 1 and 

b
1

, and c
1 

and d
1

. There are six waveguide junctions involved in the problem, as 

indicated in Figure 4.6. The first junction is the one between two coaxial waveguides 

which have the same inner conductor. The second one is the junction between two 

coaxial waveguides with their axes having a shift d. Junctions 3, 4, and 5 are 

simply the coaxial-to-circular abrupt discontinuity. The last junction is actually 

an open-ended circular waveguide with infinite flange and radiating into the half 

space. The following subsection details the application of CCPT to the resultant 

waveguide junction cascading problem. 

Unlike the symmetrical case of a circular patch antenna fed by a centered coaxial 

line [79], all the possibly existing modes, including the dominant TEM mode, TE 

modes and TM modes, can be excited for the problem of a circular or annular-ring 

patch antenna fed by an off-centered coaxial line. It is well known that the modal 

functions for a cylindrical waveguide homogeneously filled with uniaxial dielectric 

are exactly the same as those for the corresponding empty waveguide, while their 

modal admittances and propagation constants may change. The modal functions 
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for the transverse electric and magnetic fields in coaxial and circular waveguides are 

elucidated in Appendix A. For a coaxial waveguide filled with the uniaxial medium 

characterized by ( 4.27), the modal admittance is as follows: 

YT= ]:_✓€ii/µi1 for TEM mode 
110 

YHn = ✓ µi1k~n! µi2 - k~filµil 

JWµoµil 

y; JWfoEil 

En = ✓ Ei1k!i/ fi2 - k~filµil 

far TE modes 

Jar TM modes 

(4.28a) 

(4.28b) 

(4.28c) 

where 170 = J µ0 / fo, k~ = w 2µofo, khn and ken are the cutoff wavenumbers of then-th 

TE and TM modes in the corresponding empty waveguide, respectively. Similarly, 

the propagation constants of the modes considered in the coaxial waveguide are 

/3T = ko✓µi1Ei1 for T EM mode 

f3Hn = Jk~€i1µi1 - µi1k~nf µi2 Jar TE modes 

f3En = Jk~€i1µi1 - Ei1k!._/€i2 far TM modes. 

(4.29a) 

( 4.29b) 

(4.29c) 

Let At and A1 be the incident and reflected modal amplitude vectors in the 

first feed waveguide at z = 0. The forward- and backward-wave modal amplitude 

vectors in the sixth circular waveguide at z = h + t1 + t 2 + s1 are assumed to be 

At and A6, respectively. The reflection coefficient matrix r 6 at the last open­

ended circular waveguide junction is obtained by using the complexification and 

extrapolation technique [65], [66], which has been introduced in the previous section. 

Then we have: 

(4.30) 

where L6 is the diagonal transmission matrix of guide 6 with 

(4.31) 
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as its n-th diagonal element and /36 ,n is the propagation constant of then-th mode 

in guide 6. 

Let At and A3 be the forward- and backward-wave modal amplitude vectors 

in the third compound waveguide at z = h, and At and A5 be the forward­

and backward-wave modal amplitude vectors in the fifth coaxial waveguide at z = 

h + t1 + s1 . Application of the CCPT [67] and the improved modal expansion 

formulation for cascaded junctions [66] to junctions 1, 2, 3, and 4 yields 

where 

Y3(At - A3 ) = -Y;(At + A1) + Yq(At + A3 ) 

Y3(LaAt - L3
1A3-) = -Y,.(LaAf + L3

1A3) + Y.(At + A5) 

Ys(At -A5) = -Y;(LaAf + L31A3) + Ye(At + A5) 

Yo= Mf1R1M21, Yp = Mf1R2M23, Yq = Mf3R1M2a 

~=~~~,~=~~~,~=~L~ 

R1 = Y2(L~ + I)(L~ - I)-1, R2 = 2Y2L2 (L~ - I)-1 

R3 = Y4(L! + I)(L! - I)-1, ~ = 2Y4L4{L! - I)-1 

( 4.32) 

( 4.33) 

( 4.34) 

( 4.35) 

( 4.36) 

( 4.37) 

( 4.38) 

( 4.39) 

and Yi for i = 1, 2, 3, 4, 5, and 6, is the modal admittance matrix for the i-th 

waveguide. Li for i = 2, 3, 4, 5, is the diagonal transmission matrix of the i-th 

waveguide and is defined in a similar way as ( 4.31). The superscript T denotes the 

transpose operation. Mi; for i = 2, 4 and j = 1, 3, 5, is the E-field mode-matching 

matrix [67), (80) for the junction between guide i and guide j. M21 , M43 , and M 45 

can be easily derived, while M 23 for the second junction is obtained with an aid 

of a coordinate transformation. The addition theorem for cylindrical functions (56] 
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is employed to realize the transformation and to get the closed-form expression of 

M23 . Appendix B elucidates all the needed E-field mode-matching matrices. 

Application of the CCPT [67] to Junction 5 leads to 

( 4.40) 

(41) 

where Mss is the E-field mode-matching matrix [67], [80] for a coaxial-to-circular 

waveguide junction ( refer to A pp end.ix B for derived expressions). Use of ( 4.30), 

(4.32)-(4.35), (4.40), and (4.41) results in the following results after some manipu­

lations. 

where 

A1 = SuAi 

At= Ts1Ai 

YL1 = -Yo-Yp(I+ra)Yc 

y C = [Ya(I- ra) - Yq(I + ra)J-1Y; 

y E =(I+ Y;1Y La)-1, r3 = La[2Y E - I]La 

y L3 = - yr - y .(I + rs)Y B 

y B = [Ys(I- rs) - Yt(I + rs)J-1Y; 

y D = (I+ Yi1 Y Lsr1 

rs= Ls[2Y D - I)Ls 

y A= (I+ LsrsLs)-1Mss 

( 4.42) 

( 4.43) 

( 4.44) 

( 4.45) 

( 4.46) 

( 4.47) 

( 4.48) 

( 4.49) 

( 4.50) 

( 4.51) 

(4.52) 

( 4.53) 
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( 4.54). 

From ( 4.42), ( 4.43) and ( 4.30) one can calculate the reflected modal amplitude 

vector A1 in the feed waveguide and the forward and backward modal amplitude 

vectors At and A6 in the last circular waveguide when the incident modal am­

plitude At is given (for example, (1, 0, ·, ·,·,Of). From ( 4.39) one can extract the 

reflection coefficient S 110 for the dominant TEM mode in the coaxial feed waveguide. 

Then the input impedance of the microstrip antenna is 

z. _ Z 1 + S110 
•n - 10 1 S 

- 110 

where Z10 is the incident TEM mode's impedance. 

( 4.55) 

To calculate the far-region radiated field pattern of the circular patch antenna, 

the electric field components on the aperture at z = h + t1 + t2 + 8 1 + 8 2 , which 

are related to the equivalent magnetic surface currents, need to be found. From 

(4.43) and (4.30), we can calculate the amplitude of each mode excited in the last 

waveguide. Based on this, one is able to determine the surface electric field or 

magnetic current on the aperture, and then find the far-zone radiated field. The 

equivalent magnetic current on the circular aperture of radius bi is: 

Ne 

M = Eap X z = L Cmea,m X z ( 4.56) 
m=l 

where Cm = L6,mAt,m + Ls,!'nAs,m, and Ns is the number of modes considered in 

guide 6. 

The far-zone radiated field due to the surface magnetic current M [57] is 

- jkoexp(-jkor) l - -E = _ __;;_.;._ _ _.;.. [r x M(r')]ezp[jkop' sin 8 cos( <f, - <f,1 )]d81 

21rr s .. 
( 4.57) 

where ko = w~, and r >> p1
• Substituting (4.56) into (4.57) and using the 

modal functions for the last circular waveguide [81], one can derive (see Appendix 
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D for detailed derivation) 

j" cos 8 sin(n</> )kob1N:,ni exp( -jkor) , , . • 
+ r(l-(kob1sin8/z~,ni)2] Jn(z6,ni)Jn(kob1sm0)</> ( 4.58a) 

due to the ni-th TE modes in the sixth waveguide; 

- -j" sin 0 cos(n</>)N6,ni exp(-ikor) , . • 
EE,ni = r[(z6,ni/kobi)2 _ sin2 BJ Z6,niJn(zs,ni)Jn(kob1 sm0)0 (4.58b) 

due to the ni-th TM modes in the last circular waveguide. In ( 4.58a) and ( 4.58b ), 

( z~,nd b1) and ( Z6,nd b1) are the cutoff wavenumbers of the ni-th TE and TM modes 

in guide 6, respectively. N:,ni and N6,ni are their normalization coefficients of TE 

and TM modes in the circular waveguide and are given in Appendix A. The total 

radiated electric field can be calculated by summing the contributions due to all 

the modes in guide 6 according to ( 4.56). 

4.4 Conclusions 

Two numerically efficient techniques have been presented in the first two sections 

of this chapter. Mathematical expressions for the overall scattering matrices of two 

cascaded waveguide junctions have been derived and their great saving in com­

putational effort has been demonstrated. A simple technique based on the idea 

of complexification and extrapolation has been introduced in the second section. 

Numerical tests have revealed that this technique is conceptually simple, compu­

tationally efficient, and numerically accurate. A detailed formulation for a stacked 

annular-ring-loaded circular microstrip antenna fed by an off-centered coaxial line 

has been presented in Section 3. Many practical antenna structures can result from 
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this general model. The proposed waveguide modal analysis rigorously takes the 

effect of the feed line and the finite thickness of patches into account. Moreover, the 

analysis is valid for uniaxial substrate and superstrate: The next chapter will show 

the calculated results for various microstrip antennas with circular geometries. 



Chapter 5 

N urnerical Results for Circular 

Microstrip Antennas 

To validate the proposed waveguide modal-expansion analysis presented in the pre­

vious chapter and to show the versatility of this technique, five typical complex mi­

crostrip antennas with circular geometries are analyzed in this chapter. These are: 

the single circular patch antenna with a centered or off-centered coaxial feed line, 

the annular-ring microstrip antenna, the annular-ring-loaded circular microstrip an­

tenna, and the stacked circular disk antenna. For most cases the calculated results 

are presented with measured data taken from the literature. Convergence behavior 

with respect to the numbers of modes considered in the resulting waveguides and 

effect of the assumed outer cylindrical wall are examined for all these structures, 

but only some typical results for a single circular m.icrostrip antenna fed by a coax­

ial line will be provided in the following. Computed results for the input impedance 

of all these microstrip antennas are given to show the effect of various structural 

and material para.meters on the antennas' performances. 

101 
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5.1 Circular Patch Fed by a Centered Coaxial 

Line 

The first example we considered is a single circular microstrip patch antenna fed 

by a coaxial cable, as shown in Figure 5.1. This is the simplest example because 

its structure is azimuthally symmetrical [79]. As in the case of monopole antennas, 

the convergence behavior with respect to the numbers of modes considered in the 

resulting waveguides is examined initially. Superstrate is removed for simplicity at 

the stage of checking convergence behavior; its effect will be studied later. Table 5.1 

and Table 5.2 provides the convergence characteristics of the truncation numbers 

N1 and Na. N2 is chosen as N2 = Na(b2 -a0 )/(b2 -a) to ensure proper convergence, 

where b2 is the radius of the outer cylinder. It is found that the choice of N1 = 1 

and Na= 60 is good enough to get convergent results. 

-1 
t 

t h 

2b0 

Figure 5.1: Geometry of a circular patch antenna fed by a centered coaxial line and 

covered by a superstrate. 

The effect of the radius of the assumed outer circular waveguide on the antenna's 

input impedance is examined in Figure 5.2. It is seen that the size of the introduced 
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Table 5.1: Convergence of the impedance (Ohms) of a circular disk antenna with 

respect to N1 (a0 = 0.6mm, a= 30mm, koa = 3.5, e,. = 1, h = 1.5mm, t = 0.1mm). 

N1 Resistance Reactance 

1 70.1 132.7 

4 69.9 132.5 

Table 5.2: Convergence of the impedance (Ohms) of a disk antenna with respect 

to Na (a0 = 0.6mm, a= 30mm, koa = 3.5, e,. = 1, h = 1.5mm, t = 0.1mm). 

Na Resistance Reactance 

5 167.8 -85.9 

10 145.3 141.7 

30 78.1 136.0 

60 69.9 132.5 

120 68.7 131.6 
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cylindrical wall has a negligible influence on the input impedance when b2 is larger 

than two wavelengths. This is expected since the main radiation occurs in the 

vertical direction and the introduced thin wall would not have significant effect on 

the antenna's radiation. 
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Figure 5.2: Variation of the input impedance of a circular patch with respect to 

the radius of the assumed boundary (a0 = 0.6mm, a= 30mm, f = 6GHz, €,. = 1, 

h = 1.5mm, t = 0.1mm). 

Figure 5.3 shows the comparison of our waveguide modal-expansion results with 

those obtained by the moment method [82] for the input impedance of a circular 

disk antenna. Both substrate and superstrate are assumed to be air in this case. 

It is seen that the agreement is excellent. In Table 5.3, a comparison between 

our computed results and the measured data in (82] is presented for the frequency 

where the reflection coefficient 10log10 jS110 j2 attains its minirnn.m value in the first 

resonance. We see that they agree very well. 

Figure 5.4 illustrates the effect of a superstrate residing above a circular patch 
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Figure 5.3: Input impedance of a circular patch antenna fed by a centered coaxial 

line (a0 = 0.6mm, a= 30mm, e.,. = 1, h = 1.5mm, t = 0.1mm). 

Table 5.3: Comparison between our results and theoretical and experimental ones 

in [82] for the frequency (GHz) at minimum 10log10 IS110 l2 (a0 = 0.6mm, a= 30mm, 

€.,. = 1, t = 0.1mm ). 

h(mm) Our results Theoretical results in [82] Experimental data in [82] 

1.6 6.02 6.01 6.17 

2.0 6.04 6.04 6.14 

4.0 6.04 6.05 6.02 

5.0 5~98 5.97 5.93 

7.5 5.77 5.77 5.63 
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on the antenna's input impedance, where l and ~ are, respectively, the thickness 

and dielectric constant of the superstrate. It is expected that both the thickness and 

the dielectric constant have a significant effect on the antenna's performance. The 

fact that the superstrate reduces the resonant frequency is not surprising. It might 

be possible to widen the antenna's impedance bandwidth by properly choosing the 

parameters of the superstrate. 
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Figure 5.4: Effect of the superstrate on the circular patch antenna's impedance 

(a0 = 0.5mm, a= 30mm, a= 15mm, h = 1.6mm, t = 0.1mm, €~ = e~)-
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The effect of the finite thickness of the circular patch on the antenna's input 

impedance is illustrated in Figure 5.5. It is seen that a thicker patch exhibits a lower 

effective Q and that increasing the thickness of the microstrip patch smooths the 

impedance versus frequency variation by lowering the magnitude of the resistance 

and reactance peaks near resonance. It is also observed that increasing the patch's 

thickness decreases the resonant frequency of the antenna since a thicker microstrip 

disk is equivalent to a patch of larger radius, which results in a smaller resonant 

frequency. 

The effect of the anisotropy of the substrate and superstrate on the impedance 

of a center-fed microstrip disk antenna is examined in Figure 5.6, where results 

are given for a disk of radius a = 15mm on a substrate of thickness h = 1.6mm 

and covered by a superstrate of the same parameters as the substrate. It is noted 

that the material's anisotropy decreases the antenna's resonant frequency because 

a negative uniaxial substrate/superstrate equivalently produces a large effective 

dielectric constant. 
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Figure 5.5: Effect of the futite thickness of the circular patch on the antenna's 

impedance (a0 = 0.5mm, a= 15mm, h = 1.6mm, t = 0.1mm, ~ = 1). 
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5.2 Circular Patch Fed by an Off-Centered Cable 

1.- a.id 

2a 0 

2bo 

t 

Figure 5.7: Geometry of a circular patch antenna fed by an off-centered coaxial 

line. 

The second example is a more practical antenna-a single circular patch antenna 

fed by an off-centered coaxial line, which is illustrated in Figure 5.7. For this 

example, we set s1 = t2 = a2 = s2 = 0 and c1 = d1 in Figure 4.6 and are left with 

only three coaxial waveguides. Let the numbers of modes considered in these three 

waveguides be N1 , N2, Na, respectively. The convergence behavior of the input 

impedance of a circular microstrip antenna with respect to the truncation numbers 

N1 , N2 , and Na is also checked initially. The circular patch considered in this section 

is of radius 30mm and of thickness 0.1mm. The substrate is of thickness 2.1844mm 

and its relative permittivity is 2.33. The patch is fed at d = 1mm by a coaxial 

line with inner and outer conductors' radii being 0.45mm and 1.5mm. Table 5.4 

shows the convergence of the input impedance with respect to the number N1 of 

modes considered in the coaxial-feed waveguide. It is seen that the results obtained 

by taking only the dominant TEM mode into account is quite good. Table 5.5 

gives the convergence characteristic of a circular patch antenna's impedance with 

respect to Na. It is seen that Na = 211 (1 TEM mode, 70 TM0n modes, 70 TE1n 
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and 70 TM1n) is sufficient to get convergent results. Table 5.6 presents the relevant 

information on convergence behavior of impedance versus N2 ; 2501 modes (1 TEM 

mode, 1200 TE modes and 1300 TM modes are needed to give an accurate result 

for the input impedance. The requirement that large number of modes should be 

retained in the second coaxial waveguide does not pose any serious computational 

problem since the size of the matrices to be inverted has nothing to do with the 

number N2 [66]. 

Table 5.4: Convergence of a circular microstrip antenna's impedance (Ohms) with 

respect to N1 (/ = 2.65GHz). 

N1 Resistance Reactance 

1 51.4 68.6 

2 51.3 68.5 

5 51.2 68.4 

Table 5.5: Convergence of a circular microstrip antenna's impedance (Ohms) with 

respect to N3 (/ = 2.65GHz). 

N3 Resistance Reactance 

61 75.5 -14.8 

121 72.8 61.0 

211 51.3 68.4 

301 49.2 68.5 

An important parameter in this waveguide modal analysis is the size b1 of the 
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Table 5.6: Convergence of a circular microstrip antenna's impedance (Ohms) with 

respect to N2 (f = 2.65GHz). 

N2 Resistance Reactance 

211 5.2 43.1 

351 15.4 55.7 

631 26.6 63.4 

1361 35.8 66.8 

2501 49.2 68.5 

3721 51.3 68.4 

assumed cylindrical wall. It is apparent that the larger b1 is, the weaker is the 

effect of the wall on the performance of a microstrip antenna. For the dominant 

TM11 mode operation of circular microstrip antennas, the major radiation occurs in 

the normal z direction. Then the assumed outer cylindrical wall has no significant 

effect on the estimation of the antenna's impedance, as shown in Figure 5.8. When 

b1 changes from 1.3A0 to 2.5A0 , the impedance loci of a circular microstrip antenna 

has no noticeable change. For the results that follow, we choose b1 = l.5A0 . 

Figure 5.9 compares our waveguide modal results with the experimental ones of 

[44] for the impedance loci of a circular microstrip antenna fed by an off-centered 

coaxial probe. It can be seen that the agreement is excellent. Radiation patterns 

for a circular disk antenna at resonance (2.7GHz) and off-resonance (2.6GHz) are 

shown in Figure 5.10. 

Figure 5.11 examines the variation of a circular microstrip antenna's impedance 

loci with respect to the radius of the feeding probe. It is seen that varying the radius 

of the probe mainly changes the input reactance, but antenna's input resistance is 
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Figure 5.8: Impedance loci of a circular microstrip antenna for different values of 

b1 , the size of the outer cylindrical wall (a0 = 0.45mm). 
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Figure 5.9: Impedance loci of a circular microstrip antenna fed by an off-centered 

coaxial line. 
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Figure 5.10: Radiated E-field patterns of a circular microstrip antenna at resonance 

and at off-resonance. 

insensitive to the probe size since it is mainly determined by the magnetic surface 

current along the patch edge [36]. 

The position of the feeding probe has a significant effect on the impedance of a 

circular microstrip antenna, as shown in Figure 5.12. The eccentricity d determines 

the radius of the impedance loci in the Smith chart. It is seen that by properly 

selecting the eccentricity done can adjust the impedance loci and a good matching 

point may then be achieved in the coaxial feed line for a circular microstrip antenna. 

Figure 5.13 illustrates the effect of the substrate's thickness on the microstrip 

antenna's input impedance. We see that using a thicker substrate results in a 

significant increase in the antenna's bandwidth, as expected. Therefore, one way 

to widen the bandwidth of a microstrip antenna is to use a thick substrate. It is 

also observed that increasing the thickness of the substrate decreases the antenna's 

resonant frequency. 
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Figure 5.13: Input impedance of a circular microstrip antenna for different substrate 
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Figure 5.14: Effect of the finite thickness of the patch on the input impedance of a 

circular microstrip antenna ( a0 = 0.32mm, b0 = 2.301a0 , a1 = 5mm, h = 1.2mm, 

d = 2mm, f,. = 2.6). 
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The effect of the finite thickness of the circular patch on the antenna's input 

impedance is illustrated in Figure 5.14. As we know from the previous section, in­

creasing the thickness of the microstrip patch smooths the impedance vs. frequency 

variation and using a thick patch can broaden the antenna's bandwidth. As before, 

increasing the patch's thickness slightly decreases the microstrip antenna's resonant 

frequency. 

The effect of the substrate's anisotropy on a circular microstrip antenna's input 

impedance is examined in Figure 5.15. It is noted that dielectric anisotropy of 

the substrate has a noticeable influence on the antenna's resonant frequency. A 

bigger €bl results in a larger effective permittivity, which decreases the resonant 

frequency. A small decrease in µb1 exhibits a significant increase in the antenna's 

resonant frequency. It is important to account for the effect of the substrate's 

anisotropy for the evaluation of a microstrip antenna's resonant frequency due to 

its narrow-bandwidth nature. 

5.3 Annular-Ring Microstrip Antenna 

The third example is an annular-ring microstrip antenna fed by a coaxial line, as 

shown in Figure 5.16. Computed results for the input impedance of an annular­

ring microstrip antenna fed by an off-centered coaxial line and excited in the TM11 

are shown in Figure 5.17, where the inner and outer radii of the ring patch are 

d1 = 7.5mm and a1 = 15mm, respectively. The isotropic substrate is of relative 

permittivity 2.58 and of thickness h = 1.6mm. The coaxial feed line is connected 

to the annular-ring at d = 9mm. There is no superstrate assumed in this example. 

It is noted that the resonant frequency of a ring patch is much lower that a 
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Figure 5.15: Effect of the substrate's anisotropy on the input impedance of a circular 

microstrip antenna (a0 = 0.8mm, b0 = 2.301a0 , a1 = 20mm). 
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Figure 5.16: Geometry of an annular-ring patch antenna fed by a coaxial line. 
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Figure 5.17: Input impedance of an annular-ring microstrip antenna fed by an 

off-centered coaxial line. 
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circula.r patch of approximately the same size. This property of the annular-ring 

patch antenna is attractive for applications in mobile communications, where small 

antennas opera.ting a.t 0.9GHz and 1.8GHz a.re desired. It is also seen that the 

bandwidth of an a.nnula.r-ring microstrip antenna for TM11 mode excitation is very 

narrow and the resonant resistance is very high compared to those of a. circular 

patch antenna.; this very high Q nature suggests that a. ring patch is best used a.s a. 

resonator, not a.s an antenna.. However, studies ([45] and [46]) have revealed that an 

annular-ring microstrip patch excited in the TM12 can give superior performance 

as an antenna compared to the circular patch antenna.. 

5.4 Annular-Ring-Loaded Circular Disk Antenna 

t t 
h 

2ao 

Figure 5.18: Geometry of a.n annular-ring-loaded circular microstrip antenna fed 

by a coaxial line. 

To show the applicability of the waveguide modal-expansion method to more com­

plicated microstrip antennas of circula.r shape, the annular-ring-loaded circular mi-
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crostrip antenna shown in Figure 5.18 is investigated. The structural and electrical 

parameters of the considered example are as follows: ao = 0.32mm, bo = 2.301ao, 

a = 12mm, b = 15mm, c = 30mm, t1 = 0.1mm, h = 2.8mm, and d = 8.2mm. It 

is assumed that the substrate is an isotropic material of relative permittivity 2.65 

and no superstrate is involved. Figure 5.19 gives the comparison of our computed 

results and the experimental results measured in [47] for the input impedance of the 

annular-ring-loaded circular microstrip antenna. Very good agreement is observed. 

By properly choosing the size of the loading annular-ring, it is possible to have two 

resonances within the operating frequency range [47]. The additional resonance 

provided by the annular-ring widens the bandwidth of the microstrip antenna. 
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Figure 5.19: Input impedance of an annular-ring-loaded circular microstrip antenna 

fed by an off-centered coaxial line. 
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5.5 Stacked Circular Patch Antennas 

h 

Figure 5.20: Geometry of a stacked circular microstrip antenna fed by an off­

centered coaxial line. 

The last example we considered in the category of microstrip antennas is a stacked 

circular microstrip antenna, as illustrated in Figure 5.20. The structure results from 

by setting c1 = d1 in Figure 4.6. It is well known that the parasitic circular patch 

provides additional resonance and increases the bandwidth. Figure 5.21 shows a 

comparison of our calculated results and measured data in (49] for the impedance 

loci of a stacked circular microstrip antenna fed by an off-centered coaxial line. 

The feed coaxial line of inner radius a0 = 0.635mm has a standard characteristic 

impedance of 50 Ohms. The driven circular patch is of radius a1 = 13.233mm 

and of thickness t1 = 0.1mm. The parasitic patch is of radius a2 = 1.0la1 and 

of thickness t2 = 0.1mm, and the distance between two patches is s1 = 0.36a1 . 

The sandwiched dielectric is made of foam of relative permittivity e,.. = 1.22. The 
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substrate of thickness h = 1.52mm and the superstrate s2 = 0. 76mm a.re both 

made of an isotropic material of dielectric constant 2.45. The feed point is shifted 

from the center of the driven patch by d = 0.6a1 . It is seen that the agreement is 

fairly good. There are two resonances within the frequency range 3.2 - 5GHz and 

the bandwidth of a stacked antenna is much larger than that of a single circular 

antenna. Therefore, using the stacked configuration provides another way to widen 

microstrip antenna's bandwidth. 
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Figure 5.21: Impedance loci of a stacked circular microstrip antenna fed by an 

off-centered coaxial line. 
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5.6 Concluding Remarks 

The waveguide modal-expansion method described in Chapter 4 ha.s been applied to 

the analysis of five circular microstrip antenna structures in this cha.pt er. Numerical 

results ha.ve been presented for probe-fed single and stacked, circular and a.nnula.r­

ring microstrip antennas. For these examples considered, it ha.s been observed 

tha.t the agreement between computed results by the waveguide modal-expansion 

method and measured da.ta. available in the literature is fairly good. Therefore, it 

can be concluded that the accuracy of the presented waveguide modal-expansion 

method is quite good. 

Since all the E-field mode-matching ma.trices for all the waveguide junctions 

involved in the waveguide modal-expansion method a.re in closed form, no series 

summation or numerical integrations a.re needed in obtaining all the matrix el­

ements. Thus, this waveguide modal-expansion method is also computationally 

efficient, though the size of the ma.trices involved is quite large. Comparatively, the 

method of moments [44], [37] deals with a. relatively small matrix equation, while 

the computation of ea.ch element is time-consuming since numerical evaluation of 

Sommerfeld integral is often invoked. 



Chapter 6 

Conclusions 

6.1 Summary of Contributions 

Although antenna engineering has a history of over 80 years, it remains a vibrant 

field which is bursting with activities. Nowadays, many communication systems 

are becoming more and more complicated and the frequency range of interest is 

progressing upward. Designing novel antennas to catch up with this trend and 

to meet the tight system specifications is a challenge. Development of accurate 

and efficient modeling aud simulation tools, prediction of radiation and impedance 

performance, and suggestion of novel structures become increasing important and 

highly desirable. 

In this thesis, a rigorous full-wave modal-expansion method has been developed 

to model cylindrical monopole and microstrip patch antennas. This method initially 

introduces an appropriate boundary to transform the open-region antenna problems 

into "closed-region" guided-wave problems. The resulting waveguide structures are 

then solved by the formally exact modal-expansion method. Application of this 

125 
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introduced technique to many practical antenna configurations has been demon­

strated. 

In the following, a summary of the major contributions made in this thesis is 

given. 

1. A unified formulation for cylindrical monopole antennas has been developed. 

The presented formulation is very general and applies to many practical 

monopole structures such as: the conventional monopole, the sleeve monopole, 

dielectric-coated and -buried monopoles, and a multilayer insulated monopole 

antenna. Based on the idea of a "perfectly matched boundary", the radia­

tion antenna problem is initially transformed into a guided-wave transmission 

problem. Modal-expansion method is then employed to formulate the gen­

eral problem. The developed formulation is valid for both thin and thick 

monopoles. The coaxial feed line and conductors' finite thicknesses are rigor­

ously taken into account. Analysis of a multilayered structure is implemented 

by an efficient recursive algorithm. 

2. Extensive computed results for various monopole antennas have been pre­

sented. The effect of the junction between the monopole and the coaxial feed 

line, which was usually ignored in most previously published methods, has 

been examined in detail. Three types of junction are clarified and studied 

individually. It is found that the junction effect is sometimes significant and 

has to be taken into consideration in antenna matching. The effect of the 

sleeve's finite thickness on the sleeve monopole's input impedance has been 

examined. It is observed that using a thick sleeve can widen the monopole's 

bandwidth. Impedance characteristics of a monopole coated by dielectric or 

buried in a dielectric substrate have been investigated. Variation of the in-
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put impedance of an insulted monopole with various parameters has been 

numerically studied. 

3. A monopole over a finite ground plane of finite thickness was analyzed by the 

waveguide modal-expansion method. Numerical results were presented and 

compared with experimental data available in the literature. 

4. An improved formulation has been introduced for two cascaded waveguide 

junctions. Overall scattering matrices for three different types of cascading 

connection have been derived. The remarkable saving in computation effort 

gained from this improved formulation has been demonstrated and its appli­

cation to the analysis of circular microstrip antennas is emphasized. 

5. A simple technique for calculating the reflection coefficients of open-ended 

waveguides is proposed in this thesis. Based on the idea of complexi:fication 

and extrapolation, the problem of an open-ended waveguide was transformed 

into a waveguide junction problem, which can be easily solved by the modal­

expansion method. Numerical tests show that this technique is conceptually 

simple, computationally efficient, and numerically accurate. 

6. A full-wave waveguide modal-expansion analysis has been presented for ana­

lyzing single and stacked probe-fed microstrip antennas with circular geome­

tries. The coaxial feed line, which was often treated as a line current excitation 

in most previous works, is rigorously considered in this analysis. The effect 

of patch's finite thickness on the microstrip antenna's input impedance is ex­

amined. It is found that this effect is negligible in microwave bands, while it 

becomes noticeable in roi1Jiroeter-wave bands. A superstrate residing on the 

patch has been shown to have a pronounced influence on the antenna's perfor­

mance. The effect of the substrate's anisotropy on the microstrip antenna's 
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resonant frequency is also studied. 

6.2 Recommendations for Future Research 

In this thesis, there are a number of research topics which are worthy of further 

investigation. 

1. Structurally similar to the dielectric-coated monopole antenna considered in 

Section 3.3.1, dielectric resonator antenna (83] fed by a centered or off-centered 

coaxial line is now receiving increasing attention due to its advantages such 

as small size and broad bandwidth. The modal-expansion method presented 

in this thesis can be employed to accurately study the input impedance and 

far-zone radiation pattern of the cylindrical dielectric resonator antenna. The 

coaxial feed line can also be rigorously taken into consideration in the modal­

expansion analysis. 

2. It is well-known that using a thick substrate can widen the bandwidth of 

a microstrip antenna. However, a thick substrate can excite strong surface 

waves which could degrade the antenna's radiation performance. In order 

to use a thick substrate and also to suppress the surface-wave excitation, 

cavity-backed microstrip antennas are then preferred (84]. The waveguide 

modal-expansion method presented in Chapter 4 can be extended with minor 

changes to analyze cavity-backed single and stacked probe-fed circular and 

annular-ring microstrip antennas. 

3. Another type of antenna-the slot antenna has found wide application in 

communication systems. With a slight modification, the presented modal­

expansion method can be generalized to analyze the impedance characteristics 



CHAPTER 6. CONCLUSIONS 129 

of various slot antennas backed by a cavity of circular or rectangular shape 

[85]. 

4. Based on the same basic idea of the waveguide modal-expansion method in­

troduced in Chapter 4, one can explore other feeding structures for circular 

microstrip antennas. Circular or rectangular waveguide end-feed through a 

circular or rectangular aperture can be easily characterized using this modal­

expansion method. Feeding structures using apertures on the broad-wall of 

a rectangular waveguide can also be modeled; this type of feeding structure 

could be used for array applications. 



Appendix A 

Waveguide Modal Functions 

A.1 Parallel-Plate Waveguide 

A parallel-plate waveguide consists of two infinitely large parallel-plates separated 

by a distanced, as illustrated in Figure A.1. 

y 

d 

d 

0 X 

Figure A.1: Parallel-plate waveguide. 
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E: = - ;: ~ sin n;y e-i/JT..z, E11 = ~ cos n;y e-i~z (A.1) 

H=z = v:z x (E11y) (A.2) 

and 

where 
v-e - )Wf. 
,I_ - ' 

n "Yn 

2 2 n1r 2 2 
"Yn = -/3n = ( d) - k , n = 0, 1, .... 

It should be pointed out here that T Mo mode is actually the T EM mode. 

TE Modes 

and 

where 

2 2 (n1r)2 2 "Yn = -/3n = d - k , n = 1, 2, .... 

A.2 Rectangular Waveguide 

(A.3) 

(A.4) 

(A.5) 

(A.6) 

(A.7) 

(A.8) 

The length and width of a rectangular waveguide are assumed to be a and b, re­

spectively, as shown in Figure A.2 along with the coordinate system. 

TM Modes 

,1,.e N. . m7rz . n1ry 
Y'mn = mn sm -a- sm -b-, m,n = 1, 2, ... (A.9) 
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Figure A.2: Rectangular waveguide. 
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A.3 Circular Waveguide 
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(A.10) 

(A.11) 

(A.12) 

(A.13) 

(A.14) 

(A.15) 

The radius of a circular waveguide is assumed to be a. The cylindrical coordinates 

(p, <P) with its origin at the center of the waveguide are adopted here. 

TM modes 

(A.16) 
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where 

ve = JW€ 
imn • 

1'mn 

TE modes 

where 

A.4 Coaxial Waveguide 
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(A.17) 

(A.18) 

(A.19) 

(A.20) 

(A.21) 

(A.22) 

(A.23) 

The radii of inner and outer conductors of a coaxial waveguide are, respectively, a 

and b. 

TEM Mode 

(A.24) 

where 

(A.25) 

TM Modes 

(A.26) 
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where 

z(l)( bxmn) = o, 2 /32 ( / )2 k2 m a "Ymn = - mn = Zmn a - , 
ye = JW€ 

mn 
"Ymn 

TE Modes 

- ... h - h • _. 
Et= Z X '1t<Pmn, Ht= Ymnz X Et 

where 

z(2)( XmnP) = J, ( XmnP )Y' ( ) _ Y. ( ZmnP )J' ( ) m m m :Z:mn m m Zmn , 
a a a 
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(A.27) 

(A.29) 

(A.30) 

(A.31) 

(A.32) 

z'(2)( bx~n) = 0 ...,.2 = -/32 = (:z:' /a)2 - k2 yh = "Ymn (A.34) m , rmn mn mn , mn • • a 3wµ 



Appendix B 

E-Field Mode-Matching Matrices 

B.1 Parallel-Plate Waveguide Junction 

A junction between two parallel-plate waveguides is illustrated in Figure B.1, where 

a displacement b exists. 

y Guide 2 

Guide l 

a, 

t l .. 
z 

Figure B.1: Parallel-plate to parallel-plate waveguide junction. 

[MT,[] [OJ [OJ 
M= [OJ [M~mJ [OJ (B.1) 

[MeTJ 
n,1 [OJ [Mee J n,m 
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where 

with 

B.2 Rectangular Waveguide Junction 

A rectangular-to-rectangular waveguide junction is shown in Figure B.2. 

where 

M::!,/ci = K;,1/ciN1,/ciN2,nmCC(n, k, a1, a2, c)CC(m, i, b1, b2, d) 

M~~.!ci = N1,1ciN2,nm[:: ~: CC(n, k, a1, a2, c)SS(m, i, b1, b2, d) 

m~k~ . 
- -b -SS(n,k,a1,a2,c)CC(m,i,b1,b2,d)J 

2 a1 

M:~,!ci = K;,2nmN1,1ciN2,nmSS(n, k, ai, a2, c)SS(m, i, b1, b2, d). 
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(B.2) 

(B.3) 

{B.4) 

(B.5) 

(B.8) 

(B.9) 

(B.10) 

(B.11) 
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T 
1 

Figure B.2: Rectangular-to-rectangular waveguide junction. 

B.3 Circular-to-Circular Waveguide Junction 

A junction between two collinear circular waveguides is shown in Figure B.3. 

t 

t 0 
• 
z 

Guide 1 

Guide 2 

Figure B.3: Circular-to-circular waveguide junction. 

(B.12) 

where 

(B.13) 
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(B.14) 

(B.15) 

B.4 Coaxial-to-Circular Waveguide Junction 

A junction between a coaxial waveguide and a circular waveguide is illustrated in 

Figure B.4. 

i 

0 z 

Guide 1 

Guide 2 

Figure B.4: Coaxial-to-circular waveguide junction. 

(B.16) 

where 

(B.18) 
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B.5 Coaxial-to-Coaxial Waveguide Junction 

A junction between two coaxial waveguides with a. shift d between their axes is 

shown in Figure B.5. 

where 

f 

Guide l 

Guide 2 

Figure B.5: Junction between two noncollinear coaxial waveguides. 

M= 

[M[f] [M[t] 

[O] [ M~,lci] 

M TT_ 
1,1 -

ln(b1 /ai) 
ln(b2/a2) 

[O] 

[O] (B.21) 

(B.22) 

(B.23) 
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with 

Q = Jn-lc(dZnrn) + (-l)"Jn+lc(dZnrn) 
a2 a2 

Q' = Jn-lc( dx~rn) - ( -1 )" Jn+lc( dx~rn ). 
a2 a2 
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(B.28) 

(B.29) 
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Expressions of Matrix Elenients in 

(2.49)-(2.56) 

The elements of the matrices occurring in equations (2.49)-(2.56) are as follows: 

p _ F. (D d) E,.1€.mfn.1!
1 
Jo('Y!1ao) 

Bmn - mn , lld D J ( II ) €,. 1 "Yn ao 
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YiBmn = 

YaBmn = 

v;n(a1)5nni 
2 

12n 

v;n( a2)5nni 
2 

12n 

€,.3€.m ) 
PDnm = -HFnm(H,L 

€,.2 

(C.1) 

(C.2) 

(C.3) 

(C.4) 

(C.5) 

(C.6) 

(C.7) 

(C.8) 
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M - ( 1)(n+1) 21r 1br U' ( ) ( ) d IAmn - - 2 in P eimp P P P 
"Yin 4 1 

- )(n+l) 271" fbr I ( ) ( ) 
MrBmn - (-1 2 1,. Vin P eimp P P dp 

"Yin 4 1 

where 
fl m1rz n1rz 

Fmn(d,l) = lo cos-d- cos-l- dz 

fl m1rz cos( a.iz) 
Smn(l,d) = lo cos-l- cos(a.id) dz 

(C.9) 

(C.10) 

(C.11) 

(C.12) 

and 5nm = 1 for n = m; 5nm = 0 for n =/:- m. All of the integrals given above can be 

evaluated in closed form (Abramowitz and Stegun (56], Ch.11). 



Appendix D 

Derivation of (4.58) 

The procedures for calculating the radiation pattern of a stacked circular microstrip 

antenna (shown in Figure 4.6) were outlined in Section 4.3. This appendix details 

the derivation of equation ( 4.58). 

From equations(A.20) and (A.21) in Appendix A, one has 

I 

'C"ll. ( , ,I,.') _ Nh. [ n T ( :z:6,ni ') ( ,I,.') A, 

esni P ,'Y - sni --Jn -
6
-p cos n.,,, P 

• • p' 1 

I I 

+ ~tni J~ ( :z:::ni p') sin( nt/>')¢'] (D.1) 

for ni-th TE mode in the last circular waveguide. Combining the following relations 

p' = z cos </>' + fl sin </>' 

¢' = -z sin </>' + ii cos </>' 

z = r sin fJ cos 4> + o cos 8 cos</> - ¢sin</> 

ii = r sin () sin 4> + {J cos () sin </> + ¢ cos </> 
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yields 

p' = r sin fJ cos( q, - </>') + 8 cos fJ cos( q, - </>') - if> sin( q, - </>') (D.2) 

¢' = r sin fJ sin( q, - </>') + 8 sin fJ cos(</>-</>')+ if> cos(</> - </>') (D.3) 

Substituting (D.1) into ( 4.56) and using the above relations, one gets 

I I 

r x ( e:,ni x z) = Ntnl z::ni J~( :z:::ni p') sin( nq,')[8 sin( <I> - </>') + ¢> cos B cos( <t> - </>')] 

I 
n :z:6 • • • + -Jn( b,ns p') cos(nq,')[-8 cos(</>-</>')+ <{>cos 8 sin(</,-</>')]). (D.4) 
p' 1 

Substituting the expression (D.4) for the equivalent magnetic current into ( 4.57) 

and expanding sin( n<f>') and cos( nq,') into 

sin( n<f>') = - sin( n</> - n<f>' - nq,) = - sin( nq, - n<f>') cos( nq,) + cos( nq, - n<f>') sin( n</>) 

cos( n<f>') = cos( n</> - n<f>' - nq,) = cos( nq, - n<f>') cos( n<f>) + sin( nq, - n<f>') sin( nq,) 

and using 

one can derive 

{2r 
lo exp(jz cos</>) cos( n</> )dq, = 21rj" Jn( z) 

fo 2

r exp(j z cos </>) sin( nq, )dq, = 0 

Jn+i(z) - Jn-1(z) = 2J~(z) 

Jn+i(z) + Jn-1(z) = 
2
n J~(z) 
z 

E . = i"koexp(-ikor)(- )N.h . ( ,l,.)elabt[:Z:~,niJ'(z~.ni ')Jn(kop'sin8) 
H,n, n 6 na cos no/ b n 1.. p z. . (J 

r ' 0 1 vi n.o Slil 

+Jn( :z:b~,ni p')J~(kop' sin fJ))dp' + jnko exp(-jkor) N; ni cos fJ sin( nq,)ef> 
1 r ' 

rbi [:z:~,ni J' ( :z:~,ni ')J' ( L / • fJ) + n
2 

J. ( :z:tni ')J. ( L_ / • fJ)l d I (D.5) 
lo bi n b1 p n n;ap sm kop' sin (J n bi p n n.oP sm p 
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The integral in (D.5) can be worked out and the final expression is given in ( 4.58a.). 

Simila.rly, from equation (A.16) a.nd (A.17), one gets 

-,e ( , ,I..') N.e [ Zs,ni J' ( Za,ni ') ( ,,1..t)] •, 
e6,ni P , 'I" = a,ni ~ " T P cos n'I" P 

_ n J, ( za,ni p') sin( n<fl)p' 
p' " b1 

for ni-th TM mode in the sixth circular waveguide. 

Following the same procedures one ca.n obtain 

E- . = j"koexp(-jkor)N.e . ( ,1..)()4 161
[ 2 T (z~,ni ')Jn(kop'sin8) 

E m 6 n, cos n,p n ., n b p z. . Ll 
' r ' o 1 n.oP' sin u 

(D.6) 

+:z:~,niJ'(z~,ni ')J'(Z. 1 • f))]d ,_j"koexp(-jkor)N.e. (). ( ,1..)J.. 
b 

n b p n n;op Slil p 6,ni n cos sin no/ 'I" 
1 1 r 

1
61 [J, ( :z:~,ni ')J' ( z. 1 • f)) + :Z:~,ni J' ( :Z:~,ni ') Jn( kop' sin 8)] d , 

n b p n n;op sm b n b P 1.. • () p o 1 1 t n.osm 
(D.7) 

The integral in (D.7) can be easily worked out and the derived expression is given 

in (4.58b). 
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