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Abstract

This thesis explores how dynamical systems, stochastic processes, and deep learning
can be integrated to study critical transitions in socio-climate and other complex systems.
Chapter 1 establishes the conceptual foundation, introducing complex systems, tipping
points, bifurcation theory, stochasticity, early warning signals, and the role of deep learn-
ing. It also highlights ickering as a precursor to collapse and motivates the importance
of coupled socio-climate feedbacks. Chapter 2 develops a hybrid CNN{LSTM framework
to classify bifurcations in noisy time series. Trained on synthetic dynamical models, the
classi er generalises to empirical data and outperforms traditional early warning signals,

0 ering a robust method to identify fold, Hopf, and transcritical bifurcations. Chapter 3
introduces a deep learning approach to detect ickering dynamics, noise-driven switching
between alternative equilibria. The model distinguishes true ickering from noise-induced
variance in ation across diverse systems and demonstrates applicability to empirical data
such as palaeoclimate records and physiological signals, providing an early warning beyond
variance-based methods. Chapter 4 presents a coupled socio-climate model where social be-
haviour feeds back on emissions and climate thresholds. Results show that social dynamics,
such as faster learning rates or stronger norms, can delay or prevent climate tipping, while
delays or weak norms accelerate collapse. This chapter highlights the potential of social
tipping points to stabilize climate trajectories. Chapter 5 evaluates whether binary opinion
models su ce to represent socio-climate interactions compared to richer spectrum models.
Using replicator and Friedkin{Johnsen frameworks coupled to climate-carbon and forest-
grassland systems, the study nds that binary models capture essential coupled dynamics
with surprising accuracy, despite their simplicity. Together, the chapters demonstrate that
combining dynamical systems theory, stochastic analysis, and deep learning yields powerful
tools to anticipate tipping points. The ndings advance both methodological development
and practical insight, showing that human social responses can critically shape whether
climate transitions are mitigated or exacerbated.
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Chapter 1

Introduction

This chapter provides a broad overview of the fundamental concepts that underpin the
rest of the thesis. It is intended for a general audience and introduces the key ideas of
complex systems, tipping points, dynamical systems, stochasticity, early warning signals,
deep learning, and coupled socio-climate dynamics.

1.1 Complex Systems and Tipping Points

Complex systems are systems composed of many interacting components whose col-
lective behaviour cannot be fully explained by examining the parts in isolation. Unlike
simple mechanical systems, the interactions among the components are nonlinear, mean-
ing that small changes in one part of the system can lead to disproportionately large e ects
in the whole [51, 64]. This nonlinearity gives rise to behaviours that are often counter-
intuitive, such as sudden shifts, oscillations, or chaotic dynamics. Complex systems are
therefore best understood not by reduction to their individual parts, but by studying the
patterns and relationships that emerge from their interactions [182, 5]. A de ning fea-
ture of complex systems is the presence of feedback loops. Positive feedback occurs when
changes reinforce themselves, for example, melting ice reduces albedo, which in turn accel-
erates further warming. Negative feedback, by contrast, dampens deviations and promotes
stability, for instance, predator{prey interactions can regulate population sizes. These
feedbacks interact across di erent scales, often producing nonlinear thresholds or tipping
points beyond which the system undergoes a qualitative transformation. The coexistence
of stabilizing and destabilizing forces makes prediction and control especially challenging
[146, ]. Emergence is another hallmark of complex systems: the appearance of new
properties at the system level that are not present in the individual components. Exam-



ples include the ocking of birds [205], market crashes in nancial systems [191], or abrupt
climate transitions [124]. In each case, individual elements follow simple rules, but their
interactions generate collective outcomes that are unexpected and often di cult to reverse.
Understanding emergence is therefore essential for anticipating critical transitions in nat-
ural and social systems, and it forms a central motivation for the approaches developed in
this thesis [90]. Tipping points are thresholds in complex systems where a small change
in external conditions can trigger a sudden and often irreversible shift in the system's
state. Before the threshold is reached, the system may appear stable and resilient, but
once the tipping point is crossed, its dynamics reorganize qualitatively. Such transitions
stand in stark contrast to gradual or linear change: while the forcing variable may increase
smoothly, the system's response is abrupt. The concept of tipping points is particularly
important in disciplines where stability and resilience determine long-term outcomes, in-
cluding climate science, ecology, economics, and public health [180]. Figure 1.1 depicts two
real-world examples of empirical time series undergoing a tipping point.

Figure 1.1: Empirical anoxia dataset (64PE) showing a tipping point, with the vertical
dashed line indicating its approximate location.

Real-world examples highlight the importance of tipping points and critical transitions.
In the climate system, processes such as the potential collapse of the Greenland or West
Antarctic ice sheets [47], the dieback of the Amazon rainforest [86], or the weakening of
the Atlantic Meridional Overturning Circulation [168] illustrate how small increases in
temperature or emissions could provoke abrupt, global-scale consequences. In ecosystems,



shallow lakes can shift suddenly from clear to turbid states due to nutrient enrichment
[179], coral reefs may collapse from coral to algal dominance after bleaching events [95], and
forests can transform into grasslands when thresholds of re frequency or drought stress are
exceeded [36]. Financial markets also exhibit analogous dynamics: local disturbances such
as bank failures or shifts in investor con dence can cascade through a tightly connected
system, triggering sudden market crashes or global recessions. These examples underscore
that tipping points are not abstract constructs but tangible risks that demand careful study

and monitoring across disciplines[191].

1.2 Dynamical Systems and Bifurcation Theory

Dynamical systems provide a mathematical framework for describing how quantities
evolve over time under a set of deterministic or stochastic rules. At their core, these sys-
tems consist of variables representing the state of interest, and equations, often di erential
or di erence equations, that prescribe how the state changes in response to both internal
interactions and external in uences. This generality makes dynamical systems an essential
tool across disciplines, from physics and engineering to biology, economics, and the social
sciences. By formalising change in mathematical terms, they allow us to understand and
predict patterns such as growth, decay, oscillations, and chaotic uctuations[193]. A cen-
tral focus in the study of dynamical systems is the identi cation of equilibrium states, or
xed points, where the system ceases to evolve unless perturbed. The stability of these
equilibria determines whether small disturbances decay, leaving the system unchanged, or
amplify, leading to a qualitative shift in behaviour. In continuous-time systems described
by di erential equations, this stability is often assessed using linearisation and eigenvalue
analysis. In discrete-time systems, analogous criteria are applied to maps and iterated
functions. These mathematical tools provide insight into how local dynamics can shape
the global trajectories of the system [87]. Beyond equilibria, dynamical systems exhibit
a rich variety of behaviours including limit cycles, quasi-periodic oscillations, and chaos.
The study of these behaviours has revealed that even simple nonlinear systems can gen-
erate complex, unpredictable outcomes that nevertheless follow deterministic rules. This
duality, order emerging from simplicity, and complexity arising from determinism, captures
the essence of dynamical systems. It also explains why they are invaluable in exploring
the conditions under which critical transitions occur, as well as in developing methods,
such as those used in this thesis, for anticipating and interpreting tipping points in noisy,
real-world systems[166, ]. Bifurcation theory studies how the qualitative behaviour of
a dynamical system changes as parameters vary. Broadly, bifurcations can be classi ed as
local or global, depending on whether the transition is governed by changes in the stability



of equilibria in the immediate neighbourhood of a xed point, or by large-scale structural
reorganisations of the system's trajectories. Distinguishing between these two classes is
important, because they give rise to di erent types of critical transitions and early warn-
ing signatures[113, ]. Local bifurcations occur when small parameter changes cause an
equilibrium to lose or gain stability, often through the crossing of an eigenvalue across the
imaginary axis. Classic examples include the fold (or saddle-node) bifurcation, where two
equilibria collide and annihilate each other; the transcritical bifurcation, where two equi-
libria exchange stability; and the Hopf bifurcation, where a xed point gives rise to a limit
cycle. These transitions are \local" because they can be analysed through linearisation
and centre manifold reduction near the equilibrium point, making them mathematically
tractable and widely studied in applications[36]. Figure 1.2 depicts three simulated stochas-
tic time series generated from three mathematical models exhibiting transcritical, Hopf,
and fold bifurcations.

Figure 1.2: Bifurcation dynamics in three canonical models: Rosenzweig{MacArthur with
a transcritical bifurcation (left), Rosenzweig{MacArthur with a Hopf bifurcation (middle),
and May's harvesting model with a fold bifurcation (right). Vertical dashed lines indicate
the approximate locations of the transitions.

Global bifurcations, by contrast, involve qualitative changes in the system's trajectories
that cannot be captured solely by examining equilibria in their immediate neighbourhood.
They often arise when invariant manifolds or attractors interact on a larger scale. Examples
include homoclinic bifurcations, where trajectories loop back to the same saddle point, and
heteroclinic bifurcations, where trajectories connect di erent saddles. These events can
trigger dramatic changes such as the sudden onset of chaos or large-amplitude oscillations.
Because global bifurcations depend on the structure of the system's phase space as a
whole, they are harder to predict and often lack simple early warning signals. Nonetheless,
they play a critical role in many natural and social systems, highlighting the need for
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approaches, such as those developed in this thesis, that go beyond local stability analysis
[77, ]. Nonlinear dynamical systems can often appear overwhelmingly complex due to
the large number of terms in their governing equations. However, near a bifurcation point,
much of this complexity is unnecessary for describing the essential behaviour of the system.
Normal form theory provides a systematic way to reduce nonlinear equations to their
simplest equivalent representation while preserving the qualitative dynamics of interest.
Through a series of coordinate transformations, higher-order terms that do not a ect the
local behaviour are eliminated, leaving behind a canonical equation, the normal form, that
captures the dynamics near the bifurcation[113, 8]. The following are the normal form
equations of the Fold, Transcritical, and Hopf bifurcations, which are frequently employed
in this thesis.

2.

Fold: x= x
=x x 2

( . (1.2)
Hopf: x=xly a(x ty9)X;

y=x+y ax 2+y?)y;

The power of normal forms lies in their universality. Many di erent systems, when
approaching the same type of bifurcation, reduce to the same normal form despite having
very di erent underlying mechanisms. For example, a fold bifurcation in an ecological
population model and in a mechanical oscillator can both be reduced to the same simple
quadratic normal form. This universality allows researchers to study a small set of canonical
equations rather than the in nite diversity of real-world systems, greatly simplifying both
theoretical analysis and computational modelling [113, 8]. In practice, normal forms enable
clearer understanding of early warning signals and the conditions under which tipping
points occur. By stripping a system down to its core dynamical ingredients, they allow
analytical results, such as the scaling of variance, autocorrelation, or recovery rates near
bifurcations, to be derived in a transparent way. In this thesis, normal forms serve not
only as the theoretical foundation for constructing training datasets for deep learning
models, but also as a bridge between mathematical theory and empirical application. They
demonstrate how rigorous simpli cation can provide both insight and practical tools for
anticipating critical transitions in complex, noisy systems. As a system approaches a
tipping point, its resilience diminishes, and this weakening often leaves detectable statistical
ngerprints in the time series of system variables. One of the most prominent phenomena
is known as critical slowing down: the progressive decline in recovery rate following small
perturbations. When a system is close to a bifurcation, the restoring forces that normally
return it to equilibrium become weaker, so deviations persist longer. This manifests as a

Transcritical: X
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slowdown in the system's ability to recover, and it can be identi ed in empirical data even
when the underlying dynamics are not explicitly known [181, 43]. Figure 1.3 illustrates
how the basin of attraction in a dynamical system changes as it approaches a bifurcation,
leading to an increase in the autocorrelation of the corresponding stochastic time series.

Figure 1.3: Loss of resilience near a bifurcation: as the system approaches the tipping
point, recovery from perturbations slows and autocorrelation increases. Image taken from

[125]

Critical slowing down is associated with measurable statistical indicators that serve as
early warning signals. Increased variance is one such indicator: as the system becomes less
stable, uctuations around equilibrium grow larger because perturbations are no longer
quickly dampened. Another widely used signal is elevated lag-1 autocorrelation, which
re ects the persistence of successive deviations over time. In other words, as the system
approaches a critical transition, it becomes increasingly likely to remain high (or low) in
the next time step if it was high (or low) in the previous one. Mathematically, the lag-1
autocorrelation of a time series fxg is de ned as

_ Elxe )x w1 )]
1= 2

where and 2 denote the mean and variance of the process, respectively. A rise in
1 indicates increasing memory and slower recovery in the system's dynamics. Together,
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variance and autocorrelation provide complementary evidence of reduced stability and
approaching critical transitions [35, ]

Figure 1.4: Change in variance and lag-1 autocorrelation in fold, transcritical, and Hopf
systems, illustrating their role as early warning signals of bifurcations. Image taken from

[34]

Although these indicators have been applied successfully in a variety of contexts, includ-



ing ecology, climate science, and epidemiology, they also have limitations. Variance and
autocorrelation can be in uenced by external drivers, changes in measurement resolution,
or noise characteristics, sometimes producing false alarms or missing true signals. More-
over, they typically indicate that a transition is near, but not what kind of bifurcation is
approaching. For this reason, researchers have sought to augment traditional early warning
signals with new approaches, such as machine learning and deep learning methods, which
can capture more complex patterns of instability. This thesis builds upon the foundations
of classical EWS while exploring how modern data-driven methods can extend their power
in detecting and classifying critical transitions[32, 34].

1.3 Stochasticity and Noise

White noise refers to a stochastic process with no temporal correlation: each uctuation
is independent of the previous one, and the power spectrum is at across all frequencies.
Because of its mathematical simplicity, white noise has been widely used in modelling as a
default representation of random perturbations. It provides a convenient baseline for study-
ing how dynamical systems respond to variability, since its lack of memory ensures that
uctuations are uncorrelated over time[2]. In contrast, many real-world systems are more
accurately described by coloured noise, which exhibits temporal correlation and frequency-
dependent structure. This arises because environmental and internal uctuations often
have nite correlation times rather than being independent between successive steps. As
a result, the noise spectrum deviates from the at case and may exhibit dominance of
low-frequency components or intermediate-frequency structure, thereby in uencing the
apparent stability and early-warning indicators of the underlying dynamics. Red noise,
for example, has stronger low-frequency components and is highly persistent, while pink
noise lies between white and red, with power spectral density inversely proportional to
frequency. Other types include blue and violet noise, which emphasize higher frequencies.
These di erent noise structures can profoundly in uence system dynamics by shaping the
persistence and amplitude of perturbations [2, ]. The distinction between white and
coloured noise is particularly important in the study of critical transitions. Red noise, in
particular, can mask or mimic the statistical signatures of critical slowing down, compli-
cating e orts to detect approaching tipping points. This occurs because red noise itself
exhibits strong temporal autocorrelation and elevated low-frequency variance features that
are also expected from a system losing stability. Consequently, increases in variance or
lag-1 autocorrelation may arise from the coloured structure of the external forcing rather
than from intrinsic dynamical slowing down. In such cases, the apparent early-warning
signals can be false positives, re ecting persistent stochastic forcing rather than genuine



proximity to a bifurcation. Disentangling these e ects therefore requires careful spectral
analysis or the use of models that explicitly account for noise color and system memory.
Recognising the type of noise present is therefore essential for both theoretical modelling
and empirical analysis [42]. Noise is not merely a mathematical abstraction but an inher-
ent feature of natural and social systems. In climate dynamics, random uctuations arise
from weather variability, volcanic eruptions, or solar forcing [79]. In ecosystems, demo-
graphic stochasticity, migration, and environmental variability introduce randomness into
population dynamics [118]. Financial systems exhibit noise through unpredictable market
shocks, investor sentiment, and sudden changes in liquidity [139]. Across these examples,
noise is inseparable from the underlying deterministic forces. The ubiquity of noise re ects
the fact that no system exists in isolation. Each is embedded within a larger context that
continually perturbs it, often in ways that are challenging to represent or control with
precision. Even highly engineered systems, such as power grids or communication net-
works, face random disturbances due to hardware failure, external shocks, or cyberattacks.
Far from being negligible, these stochastic in uences can accumulate over time or interact
with deterministic dynamics to produce large-scale outcomes [54]. For scientists and poli-
cymakers, this ubiquity means that predictive models must account for uncertainty as an
intrinsic property rather than a nuisance. Ignoring stochasticity can lead to overcon dent
forecasts or failure to anticipate extreme events. By treating noise as a central feature of
system dynamics, researchers can develop more realistic models and more robust strategies
for managing risk. Noise does not simply obscure system dynamics; it can actively shape
them. In some cases, random uctuations destabilise equilibria and drive systems across
thresholds earlier than would be expected under deterministic forcing alone. This phe-
nomenon, sometimes called noise-induced tipping, highlights how randomness can trigger
transitions even when control parameters are far from bifurcation values. Such e ects are
particularly important in climate and ecological systems, where noise can push the system
into undesirable states [72]. Conversely, noise can also have stabilising or constructive ef-
fects. In stochastic resonance, for instance, a moderate level of noise enhances the system's
ability to respond to weak periodic signals, e ectively amplifying otherwise undetectable
dynamics. Similarly, in some ecological and neuronal systems, noise helps maintain diver-
sity or synchrony [212, ]. These examples demonstrate that randomness is not always
destructive; under certain conditions, it can play a functional role in sustaining complex
behaviour [20, ]. The interaction between noise and stability is especially relevant to
the study of early warning signals. Coloured noise can mask indicators such as rising auto-
correlation or variance, or generate spurious patterns that mimic them. At the same time,
understanding the stochastic environment allows researchers to re ne detection methods
and design more robust predictive tools. In this thesis, special attention is given to how
di erent noise structures interact with bifurcations and tipping points, both in theoretical
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models and in empirical applications [26].

1.4 Early Warning Signals (EWS)

Traditional early warning signals are based on simple statistical properties of time se-
ries that change systematically as a system approaches a tipping point. Two of the most
widely used indicators are variance and autocorrelation at lag one. As resilience declines,
perturbations are less strongly damped, leading to larger uctuations in state variables and
greater similarity between successive observations. These patterns re ect the phenomenon
of critical slowing down and have been applied successfully in ecological, climatic, and
epidemiological studies [215, 35]. Additional indicators include skewness and kurtosis,
which capture shifts in the distribution of uctuations, and spectral properties that mea-
sure changes in the relative importance of low- versus high-frequency variability. In spatial
systems, indicators such as spatial variance and correlation length provide analogous signa-
tures of approaching transitions. Collectively, these methods o er a relatively simple and
interpretable toolkit for detecting reduced stability in both models and empirical data [78].
One of the strengths of traditional indicators is their broad applicability across disciplines.
Because they require only time series data and not a detailed model of the system, they can
be used in settings where mechanisms are poorly understood. This generality explains why
variance and autocorrelation have become benchmarks for studying critical transitions and
why they remain an important reference point for more advanced methods. Despite their
usefulness, traditional statistical indicators face signi cant limitations. Many of the same
signals that indicate reduced resilience, such as rising variance or autocorrelation, can also
be produced by external drivers, measurement noise, or slow parameter drift unrelated to
an impending tipping point. As a result, these methods can generate false alarms or miss
true warnings, reducing their reliability in practice [34, 32]. Another limitation is that tra-
ditional EWS typically do not reveal the type of bifurcation that the system is approaching.
While they may signal that resilience is declining, they cannot easily distinguish between
fold, transcritical, or Hopf bifurcations, each of which has di erent implications for system
behaviour. For policymakers or managers who need actionable information, the inability
to classify the nature of the transition restricts the practical utility of these indicators
[32, 34]. Furthermore, many indicators assume stationarity and rely on long, high-quality
time series. In reality, empirical datasets are often short, irregularly sampled, and in u-
enced by confounding processes. These conditions can erode the statistical power of EWS
and make it di cult to establish robust thresholds for detection. These challenges motivate
the exploration of complementary approaches that can handle complexity and noise more
exibly. Given the limitations of classical indicators, researchers have turned to machine
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learning and deep learning as promising alternatives for detecting early warning signals
[34]. Unlike traditional methods, which rely on a small set of prede ned statistics, deep
learning models can learn relevant features directly from the data [119]. Convolutional neu-
ral networks (CNNSs) can extract local temporal patterns, while recurrent neural networks
(RNNs) and long short-term memory (LSTM) networks capture long-range dependencies,
making them well-suited for analysing time series that contain complex, nonlinear signa-
tures of instability [120, 88]. Deep learning methods o er the possibility of classifying not
only the presence of an impending tipping point but also the speci c type of bifurcation.
By training on synthetic datasets constructed from canonical models, neural networks can
learn to recognise ngerprints of fold, transcritical, and Hopf bifurcations, as well as distin-
guish them from null cases. This capacity goes beyond what variance and autocorrelation
can provide, potentially yielding richer and more actionable predictions [34, 58]. Another
key motivation is robustness. Deep learning models can generalise across diverse systems
and noise conditions, and they are less dependent on long, stationary time series. They
also open the door to integrating empirical datasets with theoretical simulations, building
hybrid frameworks that combine mechanistic insight with data-driven exibility. These
advantages form the foundation for the deep learning approaches developed in this thesis,
which seek to extend the reach of early warning signals into settings where traditional indi-
cators are insu cient. Nevertheless, deep learning methods also face important limitations.
They typically require large and representative training datasets, and their performance
can be sensitive to biases or imbalances in the training data. Moreover, the internal rep-
resentations learned by such models are often opaque, making it di cult to interpret their
decisions in mechanistic or causal terms. These challenges underscore the importance of
combining deep learning with theory-based approaches, careful validation, and transparent
model interpretation.

1.5 Deep Learning for Dynamical Systems

Arti cial intelligence (Al), and in particular deep learning, has emerged as a powerful
framework for analysing data generated by nonlinear, noisy systems. Traditional math-
ematical models often require strong assumptions about system structure, which can be
limiting when dynamics are complex, high-dimensional, or poorly understood. By con-
trast, Deep learning models can extract patterns directly from data, identifying patterns
and dependencies that are di cult to specify analytically. This makes it especially useful
for systems near tipping points, where nonlinear feedbacks and stochastic uctuations in-
teract in complicated ways. Another advantage of deep learning is its capacity to capture
subtle, multiscale features. Complex systems often exhibit behaviours that unfold across
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di erent temporal or spatial scales, for example, long-term trends interspersed with sudden
bursts of activity. Conventional statistical methods may overlook such patterns, but neu-
ral networks can automatically detect them through hierarchical representations [34, 58].
This ability to encode both local and global features is particularly relevant when studying
bifurcations, critical slowing down, and ickering [34, 58]. Deep learning has proven par-
ticularly e ective in bifurcation detection, where models trained on synthetic simulations
can generalize to empirical datasets. By leveraging trajectories generated from canonical
dynamical systems, such models can learn to recognise universal precursors of instability
patterns that transcend speci ¢ equations or parameterisations. These trained models can
then be applied to empirical data, o ering a way to anticipate transitions even when the
underlying equations are unknown. Such robustness

Convolutional Neural Networks (CNNSs)

Convolutional neural networks (CNNs) are designed to detect and hierarchically rep-
resent local patterns in structured data such as images, signals, or time series. They are
composed of several stages convolution, pooling, and fully connected layers that transform
raw input data into abstract representations useful for classi cation or regression tasks.
Figure 1.5 illustrates the main components and information ow within a CNN. The core
operation in a CNN is the convolution, in which a small kernel (or lIter) slides across
the input data and computes weighted sums over local neighbourhoods. Mathematically,
a one-dimensional convolutional layer computes

|
X !
yi = (wj xj)i+b ;
j

where % denotes the input signal or feature map, wthe convolutional kernel, b a bias
term, and () a nonlinear activation function such as ReLU or tanh. Each lter is trained
to respond to a speci c type of pattern, for instance, an oscillation, spike, or sudden change
in amplitude. In time-series applications, these lters act as feature detectors that identify
short-term structures associated with dynamical behaviour, such as transient bursts or
uctuations preceding a bifurcation. Following convolution, the network applies a nonlinear
activation function to introduce exibility and allow the model to approximate nonlinear
mappings. A pooling layer then down-samples the resulting feature maps by summarising
information within small regions, typically using a maximum or average operation. Pooling
serves two purposes: it reduces the computational complexity of subsequent layers and
provides translational invariance, meaning that small shifts in the input signal do not alter
the extracted features.
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After several rounds of convolution and pooling, the resulting feature maps are attened
into a single vector and passed through one or more fully connected layers. These layers
integrate information across all detected features, enabling the network to infer global
relationships. In classi cation tasks, the nal layer typically uses a softmax activation
function to produce a probabilistic distribution over output categories. In the context of
dynamical systems, this architecture allows CNNs to capture characteristic motifs such as
oscillatory precursors, abrupt transitions, or shifts in variance that can signal proximity to
bifurcations [120, ]. By learning these features directly from data, CNNs can identify
early-warning patterns even when explicit analytical indicators are unavailable.

Figure 1.5: lllustration of a convolutional neural network (CNN). Convolutional layers
extract local features through Itering operations, pooling layers reduce dimensionality,
and fully connected layers integrate the learned representations to perform classi cation
or prediction. The image is taken from [6].

Recurrent Neural Networks (RNNs) and Long Short-Term Mem-
ory (LSTM) Networks

While CNNs are e ective at identifying local patterns, they treat input segments largely
independently. Recurrent neural networks (RNNs) address the complementary challenge
of modelling temporal dependencies. In an RNN, information from previous time steps is

13



stored in a hidden state h that evolves as
he = (W nhyr + WX +b);

where W, and W, are weight matrices and b is a bias vector. This recursive structure
enables the network to retain memory of past dynamics, making it suitable for systems
where the current state depends on prior evolution. However, classical RNNs often su er
from vanishing or exploding gradients during training, which limits their performance on
long sequences [62].

To overcome these limitations, long short-term memory (LSTM) networks were devel-
oped [88]. LSTMs extend the RNN architecture by introducing a cell statg cwhich acts as
an explicit memory pathway through time. The ow of information into, within, and out
of this memory cell is regulated by three multiplicative gates, each controlled by a sigmoid
activation function and one candidate update term. The key operations are as follows:

fe= (W ¢[hea ;x¢] +br) (forget gate);
it = (W i[heg ;%] +bi) (input gate);
§ = tanh(W c[hy1 ;X¢] +b¢) (candidate cell update);
c=fy cy1 +ip €, (cell state update);
o = (W of[he1 ;x¢] +bo) (output gate);
h; =0, tanh(c ;) (hidden state update);

where denotes elementwise multiplication, and each Wand b represent trainable pa-
rameters associated with their respective gates. The mechanism is illustrated in Figure 1.6.
The forget gate f, controls which parts of the previous cell state,¢ are retained. The
input gate i; and candidate update gdetermine which new information is incorporated.
The output gate q regulates how much of the internal memorycin uences the current
hidden state h. This gating architecture enables LSTMs to preserve relevant information
over long temporal horizons while Itering out noise and transient uctuations. Panel
(a) of Figure 1.6 depicts the internal structure of an LSTM cell, showing the interaction
between the three gates and the memory cell.

14



Figure 1.6: lllustration of a long short-term memory (LSTM) network, highlighting its
memory cells and gating mechanisms for capturing long-range temporal dependencies. The
image is taken from [107].

Example: CNN{LSTM hybrid for bifurcation detection

A CNN{LSTM hybrid model can be trained on synthetic time series generated from
canonical normal-form systems, such as fold, Hopf, and transcritical bifurcations [34]. The
convolutional layers rst extract short-term temporal motifs, including oscillatory bursts
or asymmetric uctuations preceding critical transitions. The LSTM layers then integrate
these local representations across time, learning the long-range dependencies that signal
the system's approach to instability. This architecture mirrors the analytical process of
identifying early-warning indicators variance, autocorrelation, and skewness but learns
these relationships directly from data rather than through explicit mathematical derivation.

Deep learning architectures originally gained prominence in elds such as image and
speech recognition. In speech recognition, CNNs and LSTMs are used together to extract
acoustic features and model sequential phoneme patterns, enabling robust transcription
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of spoken language. These successes illustrate the power of neural networks to capture
patterns in noisy, nonlinear signals that vary across multiple timescales [109, ]. In -
nance, deep learning has been applied to forecasting asset prices, modelling volatility, and
managing risk. Market data are notoriously noisy and in uenced by nonlinear feedbacks,
yet neural networks can uncover predictive signals that elude traditional econometric mod-
els. For example, LSTM networks have been used to forecast exchange-rate dynamics and
credit risk, while CNNs detect patterns in high-frequency trading data [81, 70]. In cli-
mate science, deep learning has been applied to predict extreme events, downscale climate
projections, and detect early-warning signals of tipping points. Neural networks can in-
tegrate large, heterogeneous datasets|satellite imagery, paleoclimate records, and model
simulations and extract relevant dynamical features directly from them [38, 34].

Taken together, CNNs and RNNs provide a bridge between data-driven pattern recog-
nition and dynamical-systems analysis. Their layered architecture functions analogously to
constructing successive approximations of a system's vector eld, where each layer re nes
the representation of the evolving state. This dual capability, capturing both mechanis-
tic and empirical regularities, makes deep learning a powerful framework for bifurcation
detection and early-warning signal analysis.

1.6 Flickering as a Precursor of Collapse

Flickering refers to the phenomenon in which a system, under stochastic forcing, repeat-
edly and intermittently switches between alternative stable states before an irreversible
transition occurs. It re ects noise-induced excursions across potential barriers separating
coexisting attractors, leading to abrupt jumps in state variables rather than smooth relax-
ation near equilibrium. Although the term \ickering" is typically used in this stochas-
tic context, similar intermittent switching can also arise deterministically, for example,
through chaotic or crisis-induced intermittency when the system's intrinsic dynamics gen-
erate alternating behaviour between distinct regimes [44]. It is therefore important to
distinguish stochastic ickering from deterministic intermittency, while recognising that
both represent forms of transient switching that may precede critical transitions. As such,
ickering is a hallmark of bistable or multistable systems, where multiple attractors coexist
and random perturbations can temporarily push the system from one basin of attraction
into another [45, ]. Mathematically, ickering emerges in systems close to a bifurca-
tion when the depth of potential wells becomes shallow. Perturbations that were once too
small to induce a state shift can now cross reduced stability barriers, producing transient
episodes in which the system explores alternative states (Figure 1.7). These excursions are
not yet permanent, but they foreshadow the instability of the current equilibrium [45]. Be-
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cause ickering is inherently noise-driven, it can occur even in the absence of deterministic
parameter changes.

Detecting ickering therefore requires analytical or computational methods capable of
distinguishing noise-induced switching from random uctuations that mimic ickering-like
variability within a single state [45]. Flickering provides valuable information about the
resilience of a system. When resilience is high, the system remains con ned to a single
attractor, and noise-induced shifts are rare. As resilience declines, however, the boundaries
between basins of attraction weaken, allowing ickering to occur more frequently.

Figure 1.7 illustrates three characteristic pathways toward a critical transition. In
panel (a), the system exhibits classical critical slowing down: as the control parame-
ter changes gradually, recovery from perturbations becomes slower, leading to increasing
variance and autocorrelation before the transition. In panels (b) and (c), the system in-
stead displays ickering, characterised by repeated excursions between coexisting states.
Panel (b) shows driver-mediated ickering, where slow changes in the underlying driver
bring the system intermittently across the stability boundary, while panel (c) illustrates
noise-mediated ickering, where stochastic forcing alone triggers transitions between alter-
native attractors even without parameter drift. The corresponding time-series indicators
(rows al{a3, b1{b3, and c1{c3) show how standard deviation, lag-1 autocorrelation (AR1),
and skewness evolve over time. Both types of ickering lead to strong increases in variance
and skewness, re ecting the system's intermittent switching, but their dynamical origins
di er. Together, these cases highlight how ickering complements critical slowing down as
a stochastic early-warning signal of diminishing resilience.

Figure 1.7: Comparison of dynamical regimes leading to transitions. (a) Classical critical
slowing down: as the system approaches a bifurcation, recovery from perturbations slows,
increasing variance and autocorrelation. (b) Driver-mediated ickering: slow changes in
external forcing cause repeated transitions between coexisting states. (c) Noise-mediated
ickering: random perturbations alone trigger state switching even without parameter
drift. Corresponding panels (al{c3) show the evolution of variance, lag-1 autocorrelation
(AR1), and skewness computed over sliding windows. Image adapted from [45].
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The detection of ickering is particularly useful in systems where critical slowing down
is di cult to observe or is confounded by external noise. Because ickering arises from
stochastic exploration of the state space, it complements variance and correlation-based
signals by providing a di erent line of evidence for declining resilience. Integrating these
signals improves con dence in early warning frameworks [45]. Flickering has been docu-
mented in numerous empirical systems, highlighting its broad relevance. In palaeoclimate
records, for example, sediment cores from the African Humid Period and other abrupt
climate transitions show evidence of repeated switches between wet and dry states before
permanent deserti cation. These uctuations are interpreted as noise-driven ickering that
preceded large-scale climate regime shifts [199]. Similar dynamics have been reported in
coral reef ecosystems, where temporary shifts between coral and algal dominance anticipate
long-term degradation [207]. Flickering has also been detected in physiological systems,
including body temperature records of hibernating animals. For instance, dormice show
intermittent switching between active and torpid states before entering prolonged hiberna-
tion [156]. These diverse examples demonstrate that ickering is not limited to theoretical
models but is a real and measurable phenomenon across disciplines, reinforcing its role as
a precursor of collapse [156].

Coupled socio{climate dynamics

The relationship between human societies and the climate system is deeply reciprocal.
On the one hand, human activity drives climate change primarily through greenhouse gas
emissions from fossil fuel use, land-use change, and industrial processes. On the other
hand, the impacts of climate change such as rising temperatures, altered precipitation pat-
terns, and increased frequency of extreme events feed back into human systems by shaping
economic activity, migration, political stability, and public health. This bidirectional cou-
pling means that neither the climate system nor social dynamics can be fully understood
in isolation [124, 93].

Figure 1.8 illustrates this two-way coupling between the climate and social systems. The
diagram highlights how human actions in uence the climate system through emissions, and
how climate impacts, in turn, shape social responses. Speci cally, greenhouse gas emissions
from the social system enter the atmosphere, altering the climate state through changes
in temperature and precipitation. These climatic changes generate regional impacts such
as droughts, oods, or agricultural losses that directly a ect societies. Social perception of
these impacts then feeds into behavioral models of decision-making, which determine future
mitigation and adaptation e orts. Through this feedback loop, perceptions and behaviors
within the social system in uence emissions trajectories, which subsequently modify the
climate system again.
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Figure 1.8: Schematic diagram of feedbacks between the social and climate systems, medi-
ated by emissions, regional impacts, and behavioral responses. Image adapted from [18].

From a modelling perspective, coupling human behaviour with climate dynamics intro-
duces additional layers of complexity. Decisions about mitigation, adaptation, and resource
allocation are not purely rational but are in uenced by cultural norms, economic incen-
tives, and social interactions. These decisions collectively determine emission pathways,
which then in uence the trajectory of the climate system. Understanding these feedbacks
requires bridging disciplines and combining tools from dynamical systems, ecological mod-
elling, and social science [157].

Importantly, the socio{climate feedback loop can amplify risks. For example, delayed
mitigation e orts allow greenhouse gas concentrations to rise, pushing the climate system
closer to dangerous tipping points [30]. Conversely, visible climate impacts can accelerate
public demand for action, creating social momentum for decarbonisation. The dynamic
interplay between human choices and climatic responses therefore lies at the heart of pre-
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dicting long-term outcomes and informing e ective policy [14].

Just as natural systems can experience tipping points, social systems are also sub-
ject to sudden and nonlinear change. A social tipping point occurs when small shifts
in behaviour, policy, or perception cascade through a population, leading to widespread
adoption of new norms or technologies. Examples include the rapid uptake of renewable
energy, sudden changes in public opinion on climate policy, or the decline of once-dominant
industries [99, 60, 98]. These social transitions often appear abrupt from the outside but
emerge from cumulative interactions among individuals and institutions [183, 37].

The signi cance of social tipping points lies in their ability to accelerate or delay cli-
mate transitions. Positive tipping points such as the rapid di usion of clean technologies
can dramatically reduce emissions and help avoid dangerous climate thresholds. Negative
tipping points such as the erosion of public trust in institutions or the spread of misin-
formation can hinder collective action and exacerbate risks. Understanding the conditions
that trigger social tipping dynamics is therefore critical for anticipating pathways toward
either sustainability or collapse [157].

Moreover, social tipping points o er a potential source of hope in the context of climate
change. While physical tipping points are often associated with irreversible losses, social
systems can undergo rapid transformations that create opportunities for mitigation and
resilience. By leveraging social dynamics through policy interventions, communication
strategies, or grassroots movements|it may be possible to steer societies toward more
sustainable futures even when climate risks are severe.

To represent how individuals make choices about climate mitigation, researchers often
use simpli ed models of social opinion dynamics. Binary models assume that individuals
adopt one of two discrete positions, such as supporting or opposing mitigation. These mod-
els are analytically tractable and can capture broad trends in how opinions spread through
imitation, social learning, or normative pressure. Despite their simplicity, binary formu-
lations often reproduce large-scale patterns of collective behaviour observed in empirical
settings [30].

Spectrum models, by contrast, allow individuals to hold a range of positions along a
continuum. This richer representation captures the diversity of opinions in real societies,
where attitudes toward mitigation vary from strong opposition to enthusiastic support.
Spectrum models can reveal subtler dynamics, such as gradual opinion shifts, polarisation,
and the coexistence of multiple stable opinion distributions. They also highlight the role
of heterogeneity in shaping collective responses to climate challenges [48, ].

Comparing binary and spectrum models is crucial for understanding socio{climate in-
teractions. While spectrum models o er greater descriptive richness, binary models remain
far more common because they are simpler to analyse, easier to parameterise, and compu-
tationally tractable. A key question addressed in this thesis is whether binary models are
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su cient to capture the essential features of coupled socio{climate dynamics or whether
spectrum models provide fundamentally di erent insights. This comparison clari es the

trade-o s between simplicity and realism in modelling human behaviour within climate

systems.

1.7 Why These Topics Matter

The study of tipping points, bifurcations, and early warning signals is motivated by
the urgent need to anticipate critical transitions before they occur. Once a system crosses
a tipping point, recovery is often slow, costly, or even impossible. By developing meth-
ods to detect warning signals in advance, researchers aim to provide the opportunity for
timely interventions that can prevent catastrophic outcomes. Prediction is not only about
forecasting the exact timing of collapse but also about identifying conditions under which
systems are at risk. Early warning indicators can highlight vulnerable states and reveal
whether resilience is declining, even if the precise moment of transition cannot be deter-
mined. This shift from reactive to proactive management represents a critical change in
how society approaches complex risks. Ultimately, the ability to predict and prevent col-
lapse is about safeguarding the future of human and natural systems. Whether through
stabilising ecosystems, preserving climate equilibrium, or maintaining nancial stability,
the tools developed in this eld provide a foundation for informed decision-making. By an-
ticipating where and when critical transitions might occur, we can allocate resources more
e ectively and design adaptive strategies that minimise the risks of irreversible change.
The topics explored in this thesis are directly relevant to the policy challenges of our time.
Climate policy, for example, must contend with nonlinear risks that are di cult to cap-
ture using traditional linear models. Recognising the possibility of tipping points changes
the cost{bene t calculus of mitigation: the risks of inaction become far greater once the
potential for abrupt and irreversible transitions is considered. Early warning frameworks
could provide input for international agreements and national climate strategies. In the
domain of risk management, the ability to detect declining resilience can improve pre-
paredness across sectors. Financial institutions seek to avoid systemic crises, public health
agencies monitor for epidemic outbreaks, and governments plan for natural disasters. In
each case, understanding the dynamics of critical transitions allows decision-makers to
design more resilient systems and respond more e ectively to emerging threats. Societal
resilience more broadly depends on anticipating shocks and adapting before they cause
irreversible harm. By integrating insights from dynamical systems, stochastic processes,
and machine learning, we can better understand how societies interact with their envi-
ronments and how to reduce vulnerabilities. This knowledge helps guide investments in
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infrastructure, communication, and governance that strengthen collective capacity to with-
stand disruptions. This thesis contributes to the eld by integrating mathematical theory,
computational simulation, and deep learning methods into a uni ed framework for study-
ing tipping points. The theoretical component establishes connections between bifurcation
theory, stochastic processes, and resilience indicators. The simulation component generates
synthetic data from canonical models and coupled socio-climate systems, providing a con-
trolled environment in which to test hypotheses. The deep learning component leverages
these datasets to train algorithms capable of detecting and classifying critical transitions in
complex, noisy settings. By bridging these domains, the thesis advances beyond traditional
approaches that rely solely on analytical methods or empirical case studies. The hybrid
strategy demonstrates how modern computational tools can extend classical theory, cap-
turing richer patterns of instability and providing more robust predictions. Importantly,

it also shows how deep learning models trained on simpli ed simulations can generalise to
real-world data, creating new opportunities for application. The overarching contribution

is to provide both methodological innovation and practical insight. By linking theory to
data-driven techniques, the thesis o ers a pathway toward more accurate, interpretable,
and actionable early warning systems. These advances not only deepen scienti ¢ under-
standing of complex dynamics but also enhance society's ability to anticipate and respond
to critical transitions in climate, ecosystems, and human systems.

1.7.1 Aims and Objectives

The overarching aim of this thesis is to develop, test, and apply new methods for un-
derstanding and anticipating critical transitions in complex dynamical systems, with a
particular focus on socio{climate interactions. Traditional approaches to tipping points
have often relied either on highly simpli ed analytical models or on empirical statistical
indicators that may fail under realistic noise conditions and limited data availability. This
thesis seeks to bridge that gap by combining mathematical theory, computational simula-
tions, and modern deep learning methods into a uni ed framework.

More speci cally, the objectives of this work are as follows:

" To formalise and analyse early warning signals of tipping points using normal form
theory, stochastic processes, and bifurcation analysis, thereby providing a rigorous
theoretical basis for prediction.

" To design deep learning architectures capable of classifying di erent types of bifur-
cations and detecting ickering phenomena that precede collapse, under both white
and coloured noise.
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~ To integrate statistical early warning signals with machine learning predictions, im-
proving robustness when working with noisy, short, or irregular datasets.

" To develop coupled socio{climate models that capture how human mitigation be-
haviours interact with climate tipping elements, including feedback loops that may
accelerate or delay collapse.

To compare binary versus spectrum opinion models in socio{climate dynamics, clari-
fying the trade-o between simplicity and descriptive richness in representing collec-
tive human behaviour.

" To provide actionable insights that can inform risk management, climate policy, and
resilience strategies by demonstrating how new computational tools can be linked to
pressing societal challenges.

1.7.2 Thesis Outline

This thesis is structured to gradually build from theoretical foundations, through method-
ological development, to applied socio{climate case studies. Each chapter addresses a
distinct research question, but they are uni ed by the common goal of advancing early
detection of critical transitions.

" Chapter 2 develops a deep learning framework for detecting bifurcations in dynam-
ical systems with coloured noise. The chapter explains model construction, training
dataset generation, and performance benchmarks against classical early warning sig-
nals.

N

Chapter 3 extends the deep learning approach to detect ickering, a noise-induced
precursor of collapse. This chapter demonstrates how data-driven tools can dis-
tinguish genuine early warnings from confounding noise, with applications to both
synthetic and empirical datasets.

A

Chapter 4 introduces coupled socio{climate models in which human behaviour and
climate tipping elements interact. It shows how social dynamics can either delay or
accelerate climate tipping points, thereby highlighting the critical role of behavioural
feedbacks.

PN

Chapter 5 investigates whether simpli ed binary social models are su cient to cap-
ture socio{climate complexity, or whether spectrum models provide fundamentally
di erent insights. This comparative analysis clari es when simplicity is justi ed and
when richer representations are necessary.
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~ Conclusion synthesizes the key ndings across all chapters, highlighting how deep
learning, dynamical systems analysis, and socio{climate modeling jointly advance

our understanding of early warning signals and structural change. It also outlines
limitations and promising directions for future research.

" Appendices provide supplementary material, including detailed derivations, sensi-
tivity analyses, extended model descriptions, and data/code availability statements.
These resources are intended to support replication and further research.

Together, these chapters aim to demonstrate that by combining classical dynamical
systems theory with modern deep learning methods, it is possible to create a more robust

and versatile toolkit for anticipating critical transitions in both natural and socio{climate
systems.

25



Chapter 2

Deep Learning for Bifurcation
Detection: Extending Early Warning
Signals to Dynamical Systems with
Coloured Noise 1

1This chapter has been peer reviewed and published as: Babazadeh, Y.; Dylewsky, D.; Anand, M.;
Bauch, C.T. Mathematics 2025, 13(17), Section: Applied Mathematics. Publication date: 29 August
2025.
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2.1 Abstract

Deep learning models have demonstrated remarkable success in recognising tipping
points and providing early warning signals. However, there has been limited exploration
of their application to dynamical systems governed by coloured noise, which characterizes
many real-world systems. In this study, we show that it is possible to leverage the normal
forms of three primary types of bifurcations (Fold, Transcritical, and Hopf) to construct a
training set that enables deep learning architectures to perform e ectively. Furthermore,
we showed that this approach could accommodate coloured noise by replacing white noise
with red noise during the training process. To evaluate the classi er trained on red noise
compared to one trained on white noise, we tested their performance on mathematical
models using Receiver Operating Characteristic (ROC) curves and Area Under the Curve
(AUC) scores. Our ndings reveal that the deep learning architecture can be e ectively
trained on colored noise inputs, as evidenced by high validation accuracy and minimal
sensitivity to redness (ranging from 0.83 to 0.85). However, classi ers trained on white
noise also demonstrate impressive performance in identifying tipping points in colored
time series. This is further supported by high AUC scores (ranging from 0.9 to 1) for both
classi ers across di erent colored stochastic time series..

2.2 Introduction

Dynamical systems are employed to describe various phenomena across disciplines, from
studying the climate system [30, , 10] to epidemiological studies [208, , 12], rumor
propagation mechanism [178], and coupled behavior-disease dynamics [80]. While dynam-
ical systems exhibit numerous intriguing aspects, one particularly captivating focus has
been the possibility of bifurcation and tipping points [175, 65, 80, 68]. In natural systems,

a local bifurcation can occur as external conditions gradually change, bringing the system
near an equilibrium state and potentially triggering a qualitative shift in behaviour when
a tipping point is reached [136, ].

Bifurcation theory explores how small changes in system parameters can lead to sud-
den qualitative transitions in the behavior of dynamical systems. [40]. One of its most
signi cant theories, the Centre Manifold Theorem, along with the Normal Form Theorem,
simpli es nonlinear dynamical systems by transforming them into their simplest equiva-
lent form, termed the "normal form". Through coordinate transformations, it eliminates
unnecessary nonlinear terms while preserving the system's essential behaviour, making it
easier to examine features like bifurcations [102, ]

While bifurcation theory encompasses a broad set of rigorous theorems characterizing
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qualitative changes in dynamical systems, this work speci cally focuses on three types of
local bifurcations, as they represent distinct behaviours in dynamical systems: the abrupt
jump from one equilibrium state to another (Fold bifurcation) [114], smoothly shifting
stability (Transcritical bifurcation) [151], and the transition to oscillatory behaviour (Hopf
bifurcation) [142]. For these bifurcation types, the dominant eigenvalue of the derivative
matrix crosses the imaginary axis at the bifurcation point. Leading up to the bifurca-
tion, the system can exhibit critical slowing down, corresponding to prolonged recovery
from perturbations and reduced resilience to disturbances, as measured by increased auto-
correlation and variance [200]. Numerous generic indicators of local bifurcations have been
proposed based on these consequences [32, 42, 45, 57]. For instance, the variance and lag-1
auto-correlation of a time series prior to bifurcation shows trends that can serve as early
warning signals (EWS) [41]. While such indicators have been instrumental in identifying
and predicting tipping points and abrupt shifts, they also possess limitations [44], such as
an inability to specify the type of impending bifurcation. With recent advances in arti cial
intelligence (Al) and the development of deep learning (DL) models, it was anticipated that
these models could eventually provide EWS with greater accuracy and fewer weaknesses
than generic indicators.

The rst study applying Al to the detection of tipping points in dynamical systems is by
Bury et al.[34], who showed that convolutional and recurrent neural networks could identify
EWS in time series drawn from a random library of di erential equations. Their approach
demonstrated that DL architectures could outperform traditional statistical indicators.
Deb et al.[46] introduced EWSNet, a hybrid Convolutional Neural Network{Long Short-
Term Memory (CNN-LSTM) network trained on simulated time series from ecological,
biological, and climate models. EWSNet showed high accuracy in classifying catastrophic
and non-catastrophic transitions and proved robust to noise, short time series, and irregu-
lar sampling. These previous works were extended in a follow-up study by Bury et al.[33]
to discrete-time systems, further validating the generalizability of DL models to diverse
bifurcation scenarios. Dylewsky et al.[59] demonstrated that universal EWS could be ex-
tracted from DL models trained on climate system simulations, supporting the broader
applicability of these methods. Dylewsky et al.[57] advanced this work by embedding
bifurcations in high-dimensional systems, showing that DL models remain e ective even
when the underlying signals are distributed across many variables. Most recently, Huang et
al.[94] addressed the challenge of rate-induced tipping (R-tipping), where classical indica-
tors like critical slowing down fail. Their interpretable DL framework predicted transition
probabilities in noisy, time-varying systems and extracted higher-order ngerprints of in-
stability. In parallel, Dylewsky et al. [58] tackled spatially patterned phase transitions
using neural architectures tailored for spatiotemporal systems. Together, these studies il-
lustrate a growing body of work that supports the use of deep learning, with CNN{LSTM
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architectures being one of the main and most e ective models for robust and generalizable
detection of critical transitions in noisy, nonlinear dynamical systems.

In contrast to previous approaches that generate extensive libraries of stochastic dif-
ferential equations and discard those that do not exhibit bifurcations [33], we propose a
theoretically grounded method by constructing the training dataset directly from the nor-
mal forms of canonical bifurcations. This signi cantly reduces computational overhead
while ensuring that the training data captures the essential dynamical features associated
with each bifurcation type. The rst objective of this study is to demonstrate that such a
targeted construction is not only feasible but also more e cient than relying on random
dynamical systems. Furthermore, we extend the DL-based early warning framework of
[34] to accommodate coloured noise, a feature often overlooked despite its prevalence in
empirical systems. Many ecological and climate systems that undergo critical transitions
are in uenced by auto-correlated, coloured noise [158, ], prompting recent interest in
its ecological impacts [76, 75, , 73, : , , ]. By generating training
data with varying levels of redness, we evaluate the robustness of our CNN-LSTM classi er
under both white and coloured noise, enhancing the applicability of EWS frameworks to
real-world, noisy, nonlinear systems.

2.3 Methods

2.3.1 Constructing training data set

The training dataset was created by stochastically simulating the normal forms of three
canonical local bifurcations, fold, transcritical, and Hopf, each with an additive stochastic
term. An additional \Null" category was generated by simulating stochastic noise alone,
serving as a baseline non-bifurcating system. In each case, the system was initialized at an
equilibrium point far from the bifurcation and driven closer to the bifurcation point through
linear parameter variation. The resulting time series were classi ed into four categories
(fold, transcritical, Hopf, null) and used to train the CNN{LSTM model.

Normal Form Equations

We used the following stochastic di erential equations to construct the dataset:
Fold bifurcation: q
X

PR Rt (2.1)

with the bifurcation occurring at = 0.
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Transcritical bifurcation:

d
d—)t(:rx+x 2+ (2.2)

where the bifurcation occurs atr = 0.
Hopf bifurcation:

?j_f =(+iz jzj *z+ t (2.3)
where the bifurcation occurs at = 0.
Null case: d
X
i = o (2.4)

Here, denotes the noise intensity, and; is a stochastic term that can be either white
noise (¢ N(O;1)) or red noise generated by the AR(1) process:

p
Xw1 = (redness X)+ 1 redness® : (2.5)

with X N(O;1). The parameter redness controls the autocorrelation: redness = 0
corresponds to white noise, while higher values yield stronger temporal correlations. In
the limiting case, when redness = 0, the process produces a purely uncorrelated time series
of white noise samples, whereas when redness = 1, the process becomes fully persistent,
resulting in a constant time series equal to its initial value X, which is drawn from the
normal distribution N(O; 1).

Simulation Procedure

For each bifurcation type, we simulated 5000 time series, each consisting of 1000 time
steps. The control parameter ( or r) was linearly varied from an iBitiaI value far from the
bifurcation point (e.g., 2 [3; 2] for fold bifurcation, with x o= " ") toward the criti-
cal point. To ensure diversity and robustness in the training dataset, the initial values of the
bifurcation parameter were randomly selected from their respective ranges, and the noise
amplitude was sampled uniformly from the interval [0:01; 0:1]. This stochastic sampling
of both system and noise parameters enabled the generation of a heterogeneous set of tra-
jectories, re ecting variability in dynamical regimes and noise intensities across simulations.
The simulation was halted before reaching the bifurcation threshold to ensure that the DL
model was exposed only to the pre-bifurcation regime. The Euler{Maruyama method was
used for numerical integration with a xed step size of t = 0:01. This procedure was
repeated for six noise colours, corresponding to redness values of 0:0;0:1;0:2;0:3;0:4; and
0:5.
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Pre-processing and Model Training

Before being fed into the CNN{LSTM network, the simulated time series were pre-
processed using a Gaussian kernel to smooth stochastic uctuations while preserving dy-
namical structure. The kernel width was set to 0:1 L, where L = 1000 is the length
of each time series. Other pre-processing techniques (moving average, rst di erencing,
Z-score normalization) were tested, but the Gaussian kernel yielded the best classi cation
performance.

In total, 20,000 time series were generated. Ninety percent were used for training, and
the remaining ten percent for testing and validation. The model's performance across
di erent redness values is summarized in Table 2.1.

We used these mathematical metrics for the evaluation of the deep learning model's
classi cation performance across di erent noise conditions. The redness parameter quan-
ti es the degree of temporal autocorrelation in the input noise and ranges from 0 (white
noise) to 0.5 (correlated red noise). Higher redness values indicate increased memory and
persistence in the noise process, as de ned by the AR(1) formulation in Equation 2.5.

The validation accuracy and accuracy score measure the overall proportion of cor-
rectly predicted samples, de ned as:

TP +TN .
TP+TN+FP +FN '

Accuracy =

where TP, TN, FP, and FN denote the number of true positives, true negatives, false
positives, and false negatives, respectively. This metric captures general correctness across
all classes but can be insensitive to class imbalance.

To capture both the reliability and completeness of positive predictions, we computed
the precision and recall metrics. Precision measures the fraction of correctly predicted
positive samples among all positive predictions:

TP

Precision = W;

while recall (also known as sensitivity) quanti es the fraction of true positive cases correctly

identi ed by the model:
TP

TP +FN

The F1 score provides a balanced measure that combines precision and recall as their
harmonic mean:

Recall =

Precision Recall

F1=2 — :
Precision + Recall
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A higher F1 score indicates that the model maintains both high precision and high recall,
avoiding bias toward over-prediction or under-detection of any class.

Together, these complementary metrics provide a comprehensive quantitative assess-
ment of model performance, ensuring that both overall accuracy and class-speci c sensi-
tivity are robust across varying levels of noise persistence.

Table 2.1: Model Performance Metrics Across Redness Levels

Redness Validation Accuracy Accuracy Score F1 Score Precision Recall

0.0 0.852 0.826 0.825 0.829 0.827
0.1 0.857 0.831 0.829 0.832 0.832
0.2 0.857 0.833 0.834 0.836 0.837
0.3 0.853 0.834 0.836 0.848 0.836
0.4 0.831 0.841 0.838 0.847 0.840
0.5 0.832 0.864 0.864 0.866 0.864

Training process information

The confusion matrix is a fundamental tool for evaluating classi cation performance
in supervised learning. It provides a detailed breakdown of how many samples from each
true class were correctly or incorrectly classi ed by the model. For a multi-class problem
with n categories, the confusion matrix is an n n table where each element Crepresents
the number of observations belonging to the true class i that were predicted as class j.
The diagonal elements ¢ correspond to correctly classi ed samples (true positives for each
class), while the o -diagonal elements represent misclassi cations. In the context of our
study, this matrix allows us to identify which bifurcation types (fold, transcritical, Hopf, or
null) are more prone to being confused with one another across di erent noise conditions.

From the confusion matrix, we derive several classi cation metrics, including pre-
cision, recall, F1 score, and overall accuracy, that quantify the model's predictive perfor-
mance. These metrics summarize the trade-o s between false positives and false nega-
tives, providing complementary perspectives on model robustness and class separability.
In particular, precision measures the reliability of positive predictions, recall quanti es the
model's sensitivity to true cases, and the F1 score balances both aspects. Together, the
confusion and classi cation matrices (Tables 2.2 and 2.3) provide a comprehensive diag-
nostic of the CNN{LSTM model's ability to distinguish between pre-bifurcation dynamics
associated with di erent normal forms under varying noise persistence.
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Table 2.2: Confusion matrices for CNN{LSTM classi er performance across redness levels.
Each matrix shows predicted (columns) versus true (rows) class counts.

Redness = 0

3
249 O 0 3

go 205 26 1%
28 191 1

Redness = 0.1

3
252 1 0 1
g 0 207 12 1

34 184 2
49 34 181 39 32 188
Redness = 0.2 Redness = 0.3

3
238 1 0 1
§ 0 213 15 1

3
228 1 0 1
g 0 245 11 1

33 183 2 47 176 2

40 29 199 46 16 185

Redness = 0.4 Redness = 0.5

3 3
246 1 1 1 246 0 0 1
§ 0 234 12 iﬁ § 0 206 15 3
39 192 2 18 197 3

41 28 169 10 24 215

Robustness of training process

To evaluate the stability and reproducibility of our model, we trained the same CNN-
LSTM architecture 10 times using the same training dataset containing white noise and
identical hyperparameter settings. Table 2.4 reports the mean and standard deviation of
the key performance metrics, accuracy, F1 score, precision, and recall, across these repeated
runs. The results show strong and consistent performance, with mean values centered
around 0.82 and standard deviations ranging from 0.009 to 0.010. This low variability
across identical training conditions demonstrates that the model's performance is robust
to random initialization and other sources of stochasticity inherent in the training process,
reinforcing the reliability of our deep learning framework.
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Table 2.3: Classi cation metrics (precision, recall, and F1-score) for the CNN{LSTM clas-
si er under di erent redness values.

Class Redness = 0 Redness = 0.1

Prec. Rec. F1 Prec. Rec. F1

Fold 0.992 0.988 0.990 0.984 0.992 0.988
Transcritical 0.727 0.823 0.772 0.737 0.873 0.799
Hopf 0.761 0.820 0.789 0.807 0.748 0.776
Null 0.838 0.680 0.751 0.800 0.715 0.755
Redness = 0.2 Redness = 0.3
Fold 0.975 0.992 0.983 0.979 0.991 0.985
Transcritical 0.742 0.884 0.807 0.723 0.904 0.803
Hopf 0.806 0.747 0.775 0.867 0.713 0.782
Null 0.822 0.726 0.771 0.822 0.734 0.776
Redness = 0.4 Redness = 0.5
Fold 0.972 0.988 0.980 0.980 0.996 0.988
Transcritical 0.742 0.929 0.825 0.880 0.817 0.848
Hopf 0.824 0.756 0.789 0.835 0.798 0.816
Null 0.849 0.690 0.761 0.771 0.846 0.807

Data Requirements and Sequence Length Sensitivity

In the left panel of Figure 2.1, we evaluate how the amount of training data a ects model
performance. Starting with a dataset of 20,000 time series, we incrementally increase
the fraction used for training while keeping the test set xed, and assess the model's
performance using the F1 score. We observe a signi cant improvement in performance as
the training fraction increases from 0.1 to 0.7, with the F1 score rising sharply in the early
stages. Beyond a training fraction of 0.7, the performance plateaus, indicating that the
model reaches a saturation point in learning. This behaviour suggests that the training
process is robust and that a subset of the full dataset (around 70 percent) is su cient to
achieve near-optimal performance, highlighting the data e ciency of our DL framework.

In the right panel of Figure 2.1, we examine the impact of time series length on model
precision. Using the full set of 20,000 time series, we simulate the same experimental
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Table 2.4. Model performance metrics with mean and standard deviation over multiple
runs.

Metric Mean Score Standard Deviation

Accuracy 0.819 + 0.009
F, Score 0.819 + 0.010
Precision 0.826 + 0.010
Recall 0.821 + 0.009

setting across various sequence lengths to test the model's sensitivity to temporal reso-
lution. The results show that for relatively short time series, model precision is notably
lower, likely due to insu cient temporal information to capture the dynamics preceding

a bifurcation. However, as the sequence length increases, performance improves steadily,
eventually plateauing beyond 800 time steps. This indicates a minimum required length
for capturing the relevant precursors to tipping points. While longer sequences beyond
this threshold do not signi cantly improve performance, they may be advantageous when
training classi ers for use with higher-resolution simulated or empirical datasets.

Figure 2.1: (Left) Model performance as a function of training data fraction. (Right)
Precision as a function of time series length.

2.3.2 Model Selection Rationale

To construct the deep learning model, we employed a hybrid architecture combining
CNN with LSTM network [177, 3, 88]. Theoretically, the CNN layers serve to extract
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local patterns and short-term features from the time series by applying convolutional |-
ters, while the LSTM layers are designed to capture long-range temporal dependencies
through their recurrent structure. This layered combination is particularly well-suited for
our task, as it enables both local pattern detection and memory retention, key components
in identifying EWS indicative of critical transitions.

The CNN-LSTM architecture has been widely adopted in the broader literature on time
series forecasting and classi cation. For instance, [135] demonstrated that CNN{LSTM
achieved the highest forecasting accuracy across multiple benchmarks, outperforming stan-
dalone models such as Multilayer Perceptron (MLP), CNN, Recurrent Neural Network
(RNN), and LSTM. Similarly, [137] evaluated CNN, LSTM, and CNN{LSTM on ice-jam
event classi cation and reported superior F1-scores for the CNN{LSTM model. In the
context of missing data imputation, [96] showed that CNN{LSTM achieved better predic-
tive accuracy than either CNN or LSTM alone when forecasting electricity consumption.
More speci cally, architectures similar to ours have been increasingly applied to problems
involving bifurcation detection and phase transitions in dynamical systems. Recent studies
such as [58, 57, 33, 59, 34] have demonstrated that CNN{LSTM models are e ective at
detecting EWS in stochastic systems and outperforming simpler baselines.

To justify our choice of DL model, we conducted an ablation study comparing the per-
formance of LSTM-only and CNN-LSTM architectures. Both models were trained and
tested on time series generated with white noise, using identical hyperparameter settings
to ensure a fair comparison. To ensure a fair evaluation, we tested both the LSTM-only
and CNN-LSTM models on time series generated using the same process as the train-
ing dataset. The results, presented in Table 2.5, show that while the LSTM-only model
achieves reasonably strong performance, the CNN-LSTM consistently outperforms it in
terms of accuracy, precision, recall, and F1 score. This supports our choice of architecture
and aligns with ndings from previous work, such as [34], which also highlighted the su-
periority of CNN-LSTM over LSTM-only models in similar dynamical settings. Both the
CNN{LSTM and LSTM-only models were trained on the same dataset from normal forms
with white noise, using identical settings and preprocessing. The LSTM-only model shares
the recurrent layers of the CNN{LSTM but omits the convolutional block. Hyperparame-
ters were guided by [34] and further tuned through experiments to optimize performance.
More details on the DL architecture are provided in Appendix Al.
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Table 2.5: Comparison of overall performance metrics between CNN-LSTM and LSTM-
only models.

Metric CNN-LSTM LSTM-only

Accuracy Score 0.823 0.773
F1 Score 0.822 0.769
Precision 0.834 0.778
Recall 0.823 0.773
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2.4 Results

Figure 2.2: DL model providing EWS prior to bifurcation points for Rosen-
zweig{MacArthur and May's harvesting model. (A{C) Synthetic time se-

ries from three canonical bifurcation models with additive coloured noise: (A) Rosen-
zweig{MacArthur predator-prey system near a transcritical bifurcation; (B) Rosen-
zweig{MacArthur with Hopf bifurcation; (C) May's harvesting model near a fold bifurca-
tion. (D{F) DL model predictions for the systems in (A{C), showing temporal evolution

of bifurcation class probabilities. Probabilities are represented with distinguishable mark-
ers and line styles for print clarity: triangle (fold), square (transcritical), circle (Hopf), and

x (null). The vertical dashed line indicates the approximate location of the tipping point.

Evaluating the DL Model on Mathematical Systems

In this section, we aim to demonstrate that the trained deep learning (DL) model can
provide early warning signals (EWS) for bifurcations in well-known dynamical systems. For
this purpose, we employed six mathematical models commonly used to study bifurcation
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phenomena: the Neural Activation model and May's Harvesting model for fold bifurca-
tions; the Rosenzweig{MacArthur and SIS models for transcritical bifurcations; and the
Rosenzweig{MacArthur and Van der Pol models for Hopf bifurcations.

Each model was simulated with an additive stochastic term, starting from its stable
equilibrium and linearly varying the corresponding bifurcation parameter toward the crit-
ical point throughout the simulation. Because tipping points can occur earlier than the
theoretical bifurcation threshold, we employed the binary segmentation algorithm to iden-
tify the empirical location of the tipping point [L06]. The DL model then assigned four
probabilities (Fold, Transcritical, Hopf, and Null) to each time step in the simulated series.
The Null category represents stochastic time series that do not contain a tipping point or
are far from the bifurcation region. Assigning a high probability to the correct bifurcation
type before the actual tipping point is considered an e ective early warning signal in this
study.

Mathematical Models

May's Harvesting Model (Fold Bifurcation):
dx X2
i rx(1 x) h Zrs?

where X represents population size, r is the intrinsic growth rate, and h is the harvesting
2 . . . . .

rate. The term 7 introduces a saturating e ect in the harvesting process, with s

controlling the steepness of saturation. A fold bifurcation occurs as h is varied.

Neural Activation Model (Fold Bifurcation):

dx _ 4 S _

dt 1+e )
where x denotes the activation level, S is the external stimulus, is the steepness of the
sigmoid response, and is the threshold. A fold bifurcation arises as S is increased.

Rosenzweig{MacArthur Consumer{Resource Model (Transcritical Bifurcation):

%:rx 1 i aXy; d_y:CaXy

dt K b+x" dt b+ x
where x and y denote the resource and consumer populations, respectively. Here, r is the
intrinsic resource growth rate, K is the carrying capacity, a is the maximum predation
rate, b is the half-saturation constant, c is the conversion e ciency, and d is the consumer

death rate. A transcritical bifurcation occurs as d is varied.

dy;
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Rosenzweig{MacArthur Consumer{Resource Model (Hopf Bifurcation): The
same system of equations applies here, but a Hopf bifurcation occurs when d crosses a
critical threshold, producing sustained oscillations in both populations.

Van der Pol Oscillator (Hopf Bifurcation):
dx _ . dy_
dat Y dt

where x and y are the state variables and is the bifurcation parameter. A Hopf bifurca-

tion occurs at = 0, where the system transitions from a stable equilibrium to periodic
oscillations.

(1 x 2y x;

SIS Epidemic Model (Transcritical Bifurcation):

ds dl

— = SI+ 1, — = Sl 1

dt dt
where S and | represent the susceptible and infected populations, respectively, is the
infection rate, and is the recovery rate. A transcritical bifurcation occurs at the critical

threshold Ry = - = 1, where R, denotes the basic reproduction number.

Simulation and DL Analysis

For each model, we integrated the stochastic di erential equations using the Euler{
Maruyama method with t = 0:01. The DL model analyzed each simulated time series
using a sliding window of 100 time steps, assigning probabilities for each segment to belong
to one of the four classes. To smooth short-term uctuations in the output probabilities,
we applied a moving average with a window size of 100 as a post-processing step.

Figures 2.2 and 2.3 illustrate representative results of the DL analysis for the di erent
mathematical models. The estimated tipping points, detected via binary segmentation,
are indicated by dashed lines. As shown, the DL model not only provides reliable EWS
but also accurately identi es the correct type of bifurcation. At the beginning of each
simulation, when the system is far from the critical threshold, the DL model assigns the
highest probability to the Null class. As the system approaches the tipping point, the
probability of the correct bifurcation type rises sharply and then returns to Null after
the transition has passed. This consistent behavior across all six models con rms the DL
model's capacity to detect and classify bifurcation-induced transitions. More details on
the validation on bifurcating and null dynamical systems are provided in Appendix A2.
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