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Abstract

This thesis explores how dynamical systems, stochastic processes, and deep learning
can be integrated to study critical transitions in socio-climate and other complex systems.
Chapter 1 establishes the conceptual foundation, introducing complex systems, tipping
points, bifurcation theory, stochasticity, early warning signals, and the role of deep learn-
ing. It also highlights flickering as a precursor to collapse and motivates the importance
of coupled socio-climate feedbacks. Chapter 2 develops a hybrid CNN-LSTM framework
to classify bifurcations in noisy time series. Trained on synthetic dynamical models, the
classifier generalises to empirical data and outperforms traditional early warning signals,
offering a robust method to identify fold, Hopf, and transcritical bifurcations. Chapter 3
introduces a deep learning approach to detect flickering dynamics, noise-driven switching
between alternative equilibria. The model distinguishes true flickering from noise-induced
variance inflation across diverse systems and demonstrates applicability to empirical data
such as palaeoclimate records and physiological signals, providing an early warning beyond
variance-based methods. Chapter 4 presents a coupled socio-climate model where social be-
haviour feeds back on emissions and climate thresholds. Results show that social dynamics,
such as faster learning rates or stronger norms, can delay or prevent climate tipping, while
delays or weak norms accelerate collapse. This chapter highlights the potential of social
tipping points to stabilize climate trajectories. Chapter 5 evaluates whether binary opinion
models suffice to represent socio-climate interactions compared to richer spectrum models.
Using replicator and Friedkin—Johnsen frameworks coupled to climate-carbon and forest-
grassland systems, the study finds that binary models capture essential coupled dynamics
with surprising accuracy, despite their simplicity. Together, the chapters demonstrate that
combining dynamical systems theory, stochastic analysis, and deep learning yields powerful
tools to anticipate tipping points. The findings advance both methodological development
and practical insight, showing that human social responses can critically shape whether
climate transitions are mitigated or exacerbated.
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Chapter 1

Introduction

This chapter provides a broad overview of the fundamental concepts that underpin the
rest of the thesis. It is intended for a general audience and introduces the key ideas of
complex systems, tipping points, dynamical systems, stochasticity, early warning signals,
deep learning, and coupled socio-climate dynamics.

1.1 Complex Systems and Tipping Points

Complex systems are systems composed of many interacting components whose col-
lective behaviour cannot be fully explained by examining the parts in isolation. Unlike
simple mechanical systems, the interactions among the components are nonlinear, mean-
ing that small changes in one part of the system can lead to disproportionately large effects
in the whole [51, 64]. This nonlinearity gives rise to behaviours that are often counter-
intuitive, such as sudden shifts, oscillations, or chaotic dynamics. Complex systems are
therefore best understood not by reduction to their individual parts, but by studying the
patterns and relationships that emerge from their interactions [182, 5]. A defining fea-
ture of complex systems is the presence of feedback loops. Positive feedback occurs when
changes reinforce themselves, for example, melting ice reduces albedo, which in turn accel-
erates further warming. Negative feedback, by contrast, dampens deviations and promotes
stability, for instance, predator—prey interactions can regulate population sizes. These
feedbacks interact across different scales, often producing nonlinear thresholds or tipping
points beyond which the system undergoes a qualitative transformation. The coexistence
of stabilizing and destabilizing forces makes prediction and control especially challenging
[146, ]. Emergence is another hallmark of complex systems: the appearance of new
properties at the system level that are not present in the individual components. Exam-



ples include the flocking of birds [205], market crashes in financial systems [191], or abrupt
climate transitions [121]. In each case, individual elements follow simple rules, but their
interactions generate collective outcomes that are unexpected and often difficult to reverse.
Understanding emergence is therefore essential for anticipating critical transitions in nat-
ural and social systems, and it forms a central motivation for the approaches developed in
this thesis [90]. Tipping points are thresholds in complex systems where a small change
in external conditions can trigger a sudden and often irreversible shift in the system’s
state. Before the threshold is reached, the system may appear stable and resilient, but
once the tipping point is crossed, its dynamics reorganize qualitatively. Such transitions
stand in stark contrast to gradual or linear change: while the forcing variable may increase
smoothly, the system’s response is abrupt. The concept of tipping points is particularly
important in disciplines where stability and resilience determine long-term outcomes, in-
cluding climate science, ecology, economics, and public health [130]. Figure 1.1 depicts two
real-world examples of empirical time series undergoing a tipping point.

Anoxia Dataset (64PE) Anoxia Dataset (64PE)
40 !
100 A 35 -
30 1
80 1
25
[} ] o}
5 5 20
Iy} in
40 15+
10 -
20
f 5 J
01 0-
Scaled Time Scaled Time

Figure 1.1: Empirical anoxia dataset (64PE) showing a tipping point, with the vertical
dashed line indicating its approximate location.

Real-world examples highlight the importance of tipping points and critical transitions.
In the climate system, processes such as the potential collapse of the Greenland or West
Antarctic ice sheets [17], the dieback of the Amazon rainforest [30], or the weakening of
the Atlantic Meridional Overturning Circulation [168] illustrate how small increases in
temperature or emissions could provoke abrupt, global-scale consequences. In ecosystems,



shallow lakes can shift suddenly from clear to turbid states due to nutrient enrichment
[179], coral reefs may collapse from coral to algal dominance after bleaching events [95], and
forests can transform into grasslands when thresholds of fire frequency or drought stress are
exceeded [80]. Financial markets also exhibit analogous dynamics: local disturbances such
as bank failures or shifts in investor confidence can cascade through a tightly connected
system, triggering sudden market crashes or global recessions. These examples underscore
that tipping points are not abstract constructs but tangible risks that demand careful study
and monitoring across disciplines[191].

1.2 Dynamical Systems and Bifurcation Theory

Dynamical systems provide a mathematical framework for describing how quantities
evolve over time under a set of deterministic or stochastic rules. At their core, these sys-
tems consist of variables representing the state of interest, and equations, often differential
or difference equations, that prescribe how the state changes in response to both internal
interactions and external influences. This generality makes dynamical systems an essential
tool across disciplines, from physics and engineering to biology, economics, and the social
sciences. By formalising change in mathematical terms, they allow us to understand and
predict patterns such as growth, decay, oscillations, and chaotic fluctuations[193]. A cen-
tral focus in the study of dynamical systems is the identification of equilibrium states, or
fixed points, where the system ceases to evolve unless perturbed. The stability of these
equilibria determines whether small disturbances decay, leaving the system unchanged, or
amplify, leading to a qualitative shift in behaviour. In continuous-time systems described
by differential equations, this stability is often assessed using linearisation and eigenvalue
analysis. In discrete-time systems, analogous criteria are applied to maps and iterated
functions. These mathematical tools provide insight into how local dynamics can shape
the global trajectories of the system [37]. Beyond equilibria, dynamical systems exhibit
a rich variety of behaviours including limit cycles, quasi-periodic oscillations, and chaos.
The study of these behaviours has revealed that even simple nonlinear systems can gen-
erate complex, unpredictable outcomes that nevertheless follow deterministic rules. This
duality, order emerging from simplicity, and complexity arising from determinism, captures
the essence of dynamical systems. It also explains why they are invaluable in exploring
the conditions under which critical transitions occur, as well as in developing methods,
such as those used in this thesis, for anticipating and interpreting tipping points in noisy,
real-world systems][160, |. Bifurcation theory studies how the qualitative behaviour of
a dynamical system changes as parameters vary. Broadly, bifurcations can be classified as
local or global, depending on whether the transition is governed by changes in the stability



of equilibria in the immediate neighbourhood of a fixed point, or by large-scale structural
reorganisations of the system’s trajectories. Distinguishing between these two classes is
important, because they give rise to different types of critical transitions and early warn-
ing signatures[1 13, 110]. Local bifurcations occur when small parameter changes cause an
equilibrium to lose or gain stability, often through the crossing of an eigenvalue across the
imaginary axis. Classic examples include the fold (or saddle-node) bifurcation, where two
equilibria collide and annihilate each other; the transcritical bifurcation, where two equi-
libria exchange stability; and the Hopf bifurcation, where a fixed point gives rise to a limit
cycle. These transitions are “local” because they can be analysed through linearisation
and centre manifold reduction near the equilibrium point, making them mathematically
tractable and widely studied in applications[30]. Figure 1.2 depicts three simulated stochas-
tic time series generated from three mathematical models exhibiting transcritical, Hopf,
and fold bifurcations.

Rosenzweig-MacArthur - Transcritical Rosenzweig-MacArthur - Hopf May's harvesting - Fold

1.2

1.0

0.8
o4
]
&

0.6 0.3

0.4

o \»«
0.2

! 0.0
Scaled Time Scaled Time Scaled Time

State

Figure 1.2: Bifurcation dynamics in three canonical models: Rosenzweig—-MacArthur with
a transcritical bifurcation (left), Rosenzweig-MacArthur with a Hopf bifurcation (middle),
and May’s harvesting model with a fold bifurcation (right). Vertical dashed lines indicate
the approximate locations of the transitions.

Global bifurcations, by contrast, involve qualitative changes in the system’s trajectories
that cannot be captured solely by examining equilibria in their immediate neighbourhood.
They often arise when invariant manifolds or attractors interact on a larger scale. Examples
include homoclinic bifurcations, where trajectories loop back to the same saddle point, and
heteroclinic bifurcations, where trajectories connect different saddles. These events can
trigger dramatic changes such as the sudden onset of chaos or large-amplitude oscillations.
Because global bifurcations depend on the structure of the system’s phase space as a
whole, they are harder to predict and often lack simple early warning signals. Nonetheless,
they play a critical role in many natural and social systems, highlighting the need for
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approaches, such as those developed in this thesis, that go beyond local stability analysis
[77, ]. Nonlinear dynamical systems can often appear overwhelmingly complex due to
the large number of terms in their governing equations. However, near a bifurcation point,
much of this complexity is unnecessary for describing the essential behaviour of the system.
Normal form theory provides a systematic way to reduce nonlinear equations to their
simplest equivalent representation while preserving the qualitative dynamics of interest.
Through a series of coordinate transformations, higher-order terms that do not affect the
local behaviour are eliminated, leaving behind a canonical equation, the normal form, that
captures the dynamics near the bifurcation[!13, 8]. The following are the normal form
equations of the Fold, Transcritical, and Hopf bifurcations, which are frequently employed
in this thesis.

Fold: & =y — 2°,

Transcritical: i = uz — 22,

(1.1)
Y =wr+ py —alz® +y*)y,

The power of normal forms lies in their universality. Many different systems, when
approaching the same type of bifurcation, reduce to the same normal form despite having
very different underlying mechanisms. For example, a fold bifurcation in an ecological
population model and in a mechanical oscillator can both be reduced to the same simple
quadratic normal form. This universality allows researchers to study a small set of canonical
equations rather than the infinite diversity of real-world systems, greatly simplifying both
theoretical analysis and computational modelling [113, 8]. In practice, normal forms enable
clearer understanding of early warning signals and the conditions under which tipping
points occur. By stripping a system down to its core dynamical ingredients, they allow
analytical results, such as the scaling of variance, autocorrelation, or recovery rates near
bifurcations, to be derived in a transparent way. In this thesis, normal forms serve not
only as the theoretical foundation for constructing training datasets for deep learning
models, but also as a bridge between mathematical theory and empirical application. They
demonstrate how rigorous simplification can provide both insight and practical tools for
anticipating critical transitions in complex, noisy systems. As a system approaches a
tipping point, its resilience diminishes, and this weakening often leaves detectable statistical
fingerprints in the time series of system variables. One of the most prominent phenomena
is known as critical slowing down: the progressive decline in recovery rate following small
perturbations. When a system is close to a bifurcation, the restoring forces that normally
return it to equilibrium become weaker, so deviations persist longer. This manifests as a



slowdown in the system’s ability to recover, and it can be identified in empirical data even
when the underlying dynamics are not explicitly known [I81, 13]. Figure 1.3 illustrates
how the basin of attraction in a dynamical system changes as it approaches a bifurcation,
leading to an increase in the autocorrelation of the corresponding stochastic time series.
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Figure 1.3: Loss of resilience near a bifurcation: as the system approaches the tipping
point, recovery from perturbations slows and autocorrelation increases. Image taken from

[125]

Critical slowing down is associated with measurable statistical indicators that serve as
early warning signals. Increased variance is one such indicator: as the system becomes less
stable, fluctuations around equilibrium grow larger because perturbations are no longer
quickly dampened. Another widely used signal is elevated lag-1 autocorrelation, which
reflects the persistence of successive deviations over time. In other words, as the system
approaches a critical transition, it becomes increasingly likely to remain high (or low) in
the next time step if it was high (or low) in the previous one. Mathematically, the lag-1
autocorrelation of a time series {x;} is defined as

El(z: — p) (@41 — p)]

P1 =
02 ’

where ;1 and o2 denote the mean and variance of the process, respectively. A rise in
p1 indicates increasing memory and slower recovery in the system’s dynamics. Together,




variance and autocorrelation provide complementary evidence of reduced stability and

approaching critical transitions [35, 215].
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Figure 1.4: Change in variance and lag-1 autocorrelation in fold, transcritical, and Hopf
systems, illustrating their role as early warning signals of bifurcations. Image taken from
34

Although these indicators have been applied successfully in a variety of contexts, includ-



ing ecology, climate science, and epidemiology, they also have limitations. Variance and
autocorrelation can be influenced by external drivers, changes in measurement resolution,
or noise characteristics, sometimes producing false alarms or missing true signals. More-
over, they typically indicate that a transition is near, but not what kind of bifurcation is
approaching. For this reason, researchers have sought to augment traditional early warning
signals with new approaches, such as machine learning and deep learning methods, which
can capture more complex patterns of instability. This thesis builds upon the foundations
of classical EWS while exploring how modern data-driven methods can extend their power
in detecting and classifying critical transitions[32, 34].

1.3 Stochasticity and Noise

White noise refers to a stochastic process with no temporal correlation: each fluctuation
is independent of the previous one, and the power spectrum is flat across all frequencies.
Because of its mathematical simplicity, white noise has been widely used in modelling as a
default representation of random perturbations. It provides a convenient baseline for study-
ing how dynamical systems respond to variability, since its lack of memory ensures that
fluctuations are uncorrelated over time[2]. In contrast, many real-world systems are more
accurately described by coloured noise, which exhibits temporal correlation and frequency-
dependent structure. This arises because environmental and internal fluctuations often
have finite correlation times rather than being independent between successive steps. As
a result, the noise spectrum deviates from the flat case and may exhibit dominance of
low-frequency components or intermediate-frequency structure, thereby influencing the
apparent stability and early-warning indicators of the underlying dynamics. Red noise,
for example, has stronger low-frequency components and is highly persistent, while pink
noise lies between white and red, with power spectral density inversely proportional to
frequency. Other types include blue and violet noise, which emphasize higher frequencies.
These different noise structures can profoundly influence system dynamics by shaping the
persistence and amplitude of perturbations [2, |. The distinction between white and
coloured noise is particularly important in the study of critical transitions. Red noise, in
particular, can mask or mimic the statistical signatures of critical slowing down, compli-
cating efforts to detect approaching tipping points. This occurs because red noise itself
exhibits strong temporal autocorrelation and elevated low-frequency variance features that
are also expected from a system losing stability. Consequently, increases in variance or
lag-1 autocorrelation may arise from the coloured structure of the external forcing rather
than from intrinsic dynamical slowing down. In such cases, the apparent early-warning
signals can be false positives, reflecting persistent stochastic forcing rather than genuine



proximity to a bifurcation. Disentangling these effects therefore requires careful spectral
analysis or the use of models that explicitly account for noise color and system memory.
Recognising the type of noise present is therefore essential for both theoretical modelling
and empirical analysis [12]. Noise is not merely a mathematical abstraction but an inher-
ent feature of natural and social systems. In climate dynamics, random fluctuations arise
from weather variability, volcanic eruptions, or solar forcing [79]. In ecosystems, demo-
graphic stochasticity, migration, and environmental variability introduce randomness into
population dynamics [118]. Financial systems exhibit noise through unpredictable market
shocks, investor sentiment, and sudden changes in liquidity [139]. Across these examples,
noise is inseparable from the underlying deterministic forces. The ubiquity of noise reflects
the fact that no system exists in isolation. Each is embedded within a larger context that
continually perturbs it, often in ways that are challenging to represent or control with
precision. Even highly engineered systems, such as power grids or communication net-
works, face random disturbances due to hardware failure, external shocks, or cyberattacks.
Far from being negligible, these stochastic influences can accumulate over time or interact
with deterministic dynamics to produce large-scale outcomes [51]. For scientists and poli-
cymakers, this ubiquity means that predictive models must account for uncertainty as an
intrinsic property rather than a nuisance. Ignoring stochasticity can lead to overconfident
forecasts or failure to anticipate extreme events. By treating noise as a central feature of
system dynamics, researchers can develop more realistic models and more robust strategies
for managing risk. Noise does not simply obscure system dynamics; it can actively shape
them. In some cases, random fluctuations destabilise equilibria and drive systems across
thresholds earlier than would be expected under deterministic forcing alone. This phe-
nomenon, sometimes called noise-induced tipping, highlights how randomness can trigger
transitions even when control parameters are far from bifurcation values. Such effects are
particularly important in climate and ecological systems, where noise can push the system
into undesirable states [72]. Conversely, noise can also have stabilising or constructive ef-
fects. In stochastic resonance, for instance, a moderate level of noise enhances the system’s
ability to respond to weak periodic signals, effectively amplifying otherwise undetectable
dynamics. Similarly, in some ecological and neuronal systems, noise helps maintain diver-

sity or synchrony [212, ]. These examples demonstrate that randomness is not always
destructive; under certain conditions, it can play a functional role in sustaining complex
behaviour [20, |. The interaction between noise and stability is especially relevant to

the study of early warning signals. Coloured noise can mask indicators such as rising auto-
correlation or variance, or generate spurious patterns that mimic them. At the same time,
understanding the stochastic environment allows researchers to refine detection methods
and design more robust predictive tools. In this thesis, special attention is given to how
different noise structures interact with bifurcations and tipping points, both in theoretical



models and in empirical applications [20].

1.4 Early Warning Signals (EWS)

Traditional early warning signals are based on simple statistical properties of time se-
ries that change systematically as a system approaches a tipping point. Two of the most
widely used indicators are variance and autocorrelation at lag one. As resilience declines,
perturbations are less strongly damped, leading to larger fluctuations in state variables and
greater similarity between successive observations. These patterns reflect the phenomenon
of critical slowing down and have been applied successfully in ecological, climatic, and
epidemiological studies [215, 35]. Additional indicators include skewness and kurtosis,
which capture shifts in the distribution of fluctuations, and spectral properties that mea-
sure changes in the relative importance of low- versus high-frequency variability. In spatial
systems, indicators such as spatial variance and correlation length provide analogous signa-
tures of approaching transitions. Collectively, these methods offer a relatively simple and
interpretable toolkit for detecting reduced stability in both models and empirical data [75].
One of the strengths of traditional indicators is their broad applicability across disciplines.
Because they require only time series data and not a detailed model of the system, they can
be used in settings where mechanisms are poorly understood. This generality explains why
variance and autocorrelation have become benchmarks for studying critical transitions and
why they remain an important reference point for more advanced methods. Despite their
usefulness, traditional statistical indicators face significant limitations. Many of the same
signals that indicate reduced resilience, such as rising variance or autocorrelation, can also
be produced by external drivers, measurement noise, or slow parameter drift unrelated to
an impending tipping point. As a result, these methods can generate false alarms or miss
true warnings, reducing their reliability in practice [31, 32]. Another limitation is that tra-
ditional EWS typically do not reveal the type of bifurcation that the system is approaching.
While they may signal that resilience is declining, they cannot easily distinguish between
fold, transcritical, or Hopf bifurcations, each of which has different implications for system
behaviour. For policymakers or managers who need actionable information, the inability
to classify the nature of the transition restricts the practical utility of these indicators
[32, 34]. Furthermore, many indicators assume stationarity and rely on long, high-quality
time series. In reality, empirical datasets are often short, irregularly sampled, and influ-
enced by confounding processes. These conditions can erode the statistical power of EWS
and make it difficult to establish robust thresholds for detection. These challenges motivate
the exploration of complementary approaches that can handle complexity and noise more
flexibly. Given the limitations of classical indicators, researchers have turned to machine
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learning and deep learning as promising alternatives for detecting early warning signals
[341]. Unlike traditional methods, which rely on a small set of predefined statistics, deep
learning models can learn relevant features directly from the data [119]. Convolutional neu-
ral networks (CNNs) can extract local temporal patterns, while recurrent neural networks
(RNNs) and long short-term memory (LSTM) networks capture long-range dependencies,
making them well-suited for analysing time series that contain complex, nonlinear signa-
tures of instability [120, 88]. Deep learning methods offer the possibility of classifying not
only the presence of an impending tipping point but also the specific type of bifurcation.
By training on synthetic datasets constructed from canonical models, neural networks can
learn to recognise fingerprints of fold, transcritical, and Hopf bifurcations, as well as distin-
guish them from null cases. This capacity goes beyond what variance and autocorrelation
can provide, potentially yielding richer and more actionable predictions [31, 58]. Another
key motivation is robustness. Deep learning models can generalise across diverse systems
and noise conditions, and they are less dependent on long, stationary time series. They
also open the door to integrating empirical datasets with theoretical simulations, building
hybrid frameworks that combine mechanistic insight with data-driven flexibility. These
advantages form the foundation for the deep learning approaches developed in this thesis,
which seek to extend the reach of early warning signals into settings where traditional indi-
cators are insufficient. Nevertheless, deep learning methods also face important limitations.
They typically require large and representative training datasets, and their performance
can be sensitive to biases or imbalances in the training data. Moreover, the internal rep-
resentations learned by such models are often opaque, making it difficult to interpret their
decisions in mechanistic or causal terms. These challenges underscore the importance of
combining deep learning with theory-based approaches, careful validation, and transparent
model interpretation.

1.5 Deep Learning for Dynamical Systems

Artificial intelligence (AI), and in particular deep learning, has emerged as a powerful
framework for analysing data generated by nonlinear, noisy systems. Traditional math-
ematical models often require strong assumptions about system structure, which can be
limiting when dynamics are complex, high-dimensional, or poorly understood. By con-
trast, Deep learning models can extract patterns directly from data, identifying patterns
and dependencies that are difficult to specify analytically. This makes it especially useful
for systems near tipping points, where nonlinear feedbacks and stochastic fluctuations in-
teract in complicated ways. Another advantage of deep learning is its capacity to capture
subtle, multiscale features. Complex systems often exhibit behaviours that unfold across
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different temporal or spatial scales, for example, long-term trends interspersed with sudden
bursts of activity. Conventional statistical methods may overlook such patterns, but neu-
ral networks can automatically detect them through hierarchical representations [34, 53].
This ability to encode both local and global features is particularly relevant when studying
bifurcations, critical slowing down, and flickering [34, 58]. Deep learning has proven par-
ticularly effective in bifurcation detection, where models trained on synthetic simulations
can generalize to empirical datasets. By leveraging trajectories generated from canonical
dynamical systems, such models can learn to recognise universal precursors of instability
patterns that transcend specific equations or parameterisations. These trained models can
then be applied to empirical data, offering a way to anticipate transitions even when the
underlying equations are unknown. Such robustness

Convolutional Neural Networks (CNNs)

Convolutional neural networks (CNNs) are designed to detect and hierarchically rep-
resent local patterns in structured data such as images, signals, or time series. They are
composed of several stages convolution, pooling, and fully connected layers that transform
raw input data into abstract representations useful for classification or regression tasks.
Figure 1.5 illustrates the main components and information flow within a CNN. The core
operation in a CNN is the convolution, in which a small kernel (or filter) slides across
the input data and computes weighted sums over local neighbourhoods. Mathematically,
a one-dimensional convolutional layer computes

yi=0 (Z(wj * 2j); + b) :
J

where z; denotes the input signal or feature map, w; the convolutional kernel, b a bias
term, and o(+) a nonlinear activation function such as ReLU or tanh. Each filter is trained
to respond to a specific type of pattern, for instance, an oscillation, spike, or sudden change
in amplitude. In time-series applications, these filters act as feature detectors that identify
short-term structures associated with dynamical behaviour, such as transient bursts or
fluctuations preceding a bifurcation. Following convolution, the network applies a nonlinear
activation function to introduce flexibility and allow the model to approximate nonlinear
mappings. A pooling layer then down-samples the resulting feature maps by summarising
information within small regions, typically using a maximum or average operation. Pooling
serves two purposes: it reduces the computational complexity of subsequent layers and
provides translational invariance, meaning that small shifts in the input signal do not alter
the extracted features.
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After several rounds of convolution and pooling, the resulting feature maps are flattened
into a single vector and passed through one or more fully connected layers. These layers
integrate information across all detected features, enabling the network to infer global
relationships. In classification tasks, the final layer typically uses a softmax activation
function to produce a probabilistic distribution over output categories. In the context of
dynamical systems, this architecture allows CNNs to capture characteristic motifs such as
oscillatory precursors, abrupt transitions, or shifts in variance that can signal proximity to
bifurcations [120, ]. By learning these features directly from data, CNNs can identify
early-warning patterns even when explicit analytical indicators are unavailable.
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Figure 1.5: Illustration of a convolutional neural network (CNN). Convolutional layers
extract local features through filtering operations, pooling layers reduce dimensionality,
and fully connected layers integrate the learned representations to perform classification
or prediction. The image is taken from [0].

Recurrent Neural Networks (RNNs) and Long Short-Term Mem-
ory (LSTM) Networks

While CNNs are effective at identifying local patterns, they treat input segments largely
independently. Recurrent neural networks (RNNs) address the complementary challenge
of modelling temporal dependencies. In an RNN, information from previous time steps is
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stored in a hidden state h; that evolves as
ht = CT(Whht_l + le't + b),

where W, and W, are weight matrices and b is a bias vector. This recursive structure
enables the network to retain memory of past dynamics, making it suitable for systems
where the current state depends on prior evolution. However, classical RNNs often suffer
from vanishing or exploding gradients during training, which limits their performance on
long sequences [(2].

To overcome these limitations, long short-term memory (LSTM) networks were devel-
oped [38]. LSTMs extend the RNN architecture by introducing a cell state ¢;, which acts as
an explicit memory pathway through time. The flow of information into, within, and out
of this memory cell is regulated by three multiplicative gates, each controlled by a sigmoid
activation function and one candidate update term. The key operations are as follows:

fi = o(Wylhi—1, 2] + by) (forget gate),
iy = o(Wilhi—1, ] + b;) (input gate),
¢ = tanh(W,[hy—1, 2] + b.)  (candidate cell update),
a=hH0a1+1,08 (cell state update),
or = 0 (Wilhyv,] + by) (output gate),
hy = oy ® tanh(c;) (hidden state update),

where ©® denotes elementwise multiplication, and each W, and b, represent trainable pa-
rameters associated with their respective gates. The mechanism is illustrated in Figure 1.6.
The forget gate f; controls which parts of the previous cell state ¢;_; are retained. The
input gate i; and candidate update ¢; determine which new information is incorporated.
The output gate o; regulates how much of the internal memory ¢; influences the current
hidden state h;. This gating architecture enables LSTMs to preserve relevant information
over long temporal horizons while filtering out noise and transient fluctuations. Panel
(a) of Figure 1.6 depicts the internal structure of an LSTM cell, showing the interaction
between the three gates and the memory cell.
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Figure 1.6: Illustration of a long short-term memory (LSTM) network, highlighting its
memory cells and gating mechanisms for capturing long-range temporal dependencies. The
image is taken from [107].

Example: CNN-LSTM hybrid for bifurcation detection

A CNN-LSTM hybrid model can be trained on synthetic time series generated from
canonical normal-form systems, such as fold, Hopf, and transcritical bifurcations [341]. The
convolutional layers first extract short-term temporal motifs, including oscillatory bursts
or asymmetric fluctuations preceding critical transitions. The LSTM layers then integrate
these local representations across time, learning the long-range dependencies that signal
the system’s approach to instability. This architecture mirrors the analytical process of
identifying early-warning indicators variance, autocorrelation, and skewness but learns
these relationships directly from data rather than through explicit mathematical derivation.

Deep learning architectures originally gained prominence in fields such as image and
speech recognition. In speech recognition, CNNs and LSTMs are used together to extract
acoustic features and model sequential phoneme patterns, enabling robust transcription
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of spoken language. These successes illustrate the power of neural networks to capture
patterns in noisy, nonlinear signals that vary across multiple timescales [109, |. In fi-
nance, deep learning has been applied to forecasting asset prices, modelling volatility, and
managing risk. Market data are notoriously noisy and influenced by nonlinear feedbacks,
yet neural networks can uncover predictive signals that elude traditional econometric mod-
els. For example, LSTM networks have been used to forecast exchange-rate dynamics and
credit risk, while CNNs detect patterns in high-frequency trading data [31, 70]. In cli-
mate science, deep learning has been applied to predict extreme events, downscale climate
projections, and detect early-warning signals of tipping points. Neural networks can in-
tegrate large, heterogeneous datasets—satellite imagery, paleoclimate records, and model
simulations and extract relevant dynamical features directly from them [38, 34].

Taken together, CNNs and RNNs provide a bridge between data-driven pattern recog-
nition and dynamical-systems analysis. Their layered architecture functions analogously to
constructing successive approximations of a system’s vector field, where each layer refines
the representation of the evolving state. This dual capability, capturing both mechanis-
tic and empirical regularities, makes deep learning a powerful framework for bifurcation
detection and early-warning signal analysis.

1.6 Flickering as a Precursor of Collapse

Flickering refers to the phenomenon in which a system, under stochastic forcing, repeat-
edly and intermittently switches between alternative stable states before an irreversible
transition occurs. It reflects noise-induced excursions across potential barriers separating
coexisting attractors, leading to abrupt jumps in state variables rather than smooth relax-
ation near equilibrium. Although the term “flickering” is typically used in this stochas-
tic context, similar intermittent switching can also arise deterministically, for example,
through chaotic or crisis-induced intermittency when the system’s intrinsic dynamics gen-
erate alternating behaviour between distinct regimes [11]. It is therefore important to
distinguish stochastic flickering from deterministic intermittency, while recognising that
both represent forms of transient switching that may precede critical transitions. As such,
flickering is a hallmark of bistable or multistable systems, where multiple attractors coexist
and random perturbations can temporarily push the system from one basin of attraction
into another [15, |. Mathematically, flickering emerges in systems close to a bifurca-
tion when the depth of potential wells becomes shallow. Perturbations that were once too
small to induce a state shift can now cross reduced stability barriers, producing transient
episodes in which the system explores alternative states (Figure 1.7). These excursions are
not yet permanent, but they foreshadow the instability of the current equilibrium [15]. Be-
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cause flickering is inherently noise-driven, it can occur even in the absence of deterministic
parameter changes.

Detecting flickering therefore requires analytical or computational methods capable of
distinguishing noise-induced switching from random fluctuations that mimic flickering-like
variability within a single state [15]. Flickering provides valuable information about the
resilience of a system. When resilience is high, the system remains confined to a single
attractor, and noise-induced shifts are rare. As resilience declines, however, the boundaries
between basins of attraction weaken, allowing flickering to occur more frequently.

Figure 1.7 illustrates three characteristic pathways toward a critical transition. In
panel (a), the system exhibits classical critical slowing down: as the control parame-
ter changes gradually, recovery from perturbations becomes slower, leading to increasing
variance and autocorrelation before the transition. In panels (b) and (c), the system in-
stead displays flickering, characterised by repeated excursions between coexisting states.
Panel (b) shows driver-mediated flickering, where slow changes in the underlying driver
bring the system intermittently across the stability boundary, while panel (c) illustrates
noise-mediated flickering, where stochastic forcing alone triggers transitions between alter-
native attractors even without parameter drift. The corresponding time-series indicators
(rows al-a3, b1-b3, and c1-¢3) show how standard deviation, lag-1 autocorrelation (AR1),
and skewness evolve over time. Both types of flickering lead to strong increases in variance
and skewness, reflecting the system’s intermittent switching, but their dynamical origins
differ. Together, these cases highlight how flickering complements critical slowing down as
a stochastic early-warning signal of diminishing resilience.

Figure 1.7: Comparison of dynamical regimes leading to transitions. (a) Classical critical
slowing down: as the system approaches a bifurcation, recovery from perturbations slows,
increasing variance and autocorrelation. (b) Driver-mediated flickering: slow changes in
external forcing cause repeated transitions between coexisting states. (c) Noise-mediated
flickering: random perturbations alone trigger state switching even without parameter
drift. Corresponding panels (al—c3) show the evolution of variance, lag-1 autocorrelation
(AR1), and skewness computed over sliding windows. Image adapted from [15].
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The detection of flickering is particularly useful in systems where critical slowing down
is difficult to observe or is confounded by external noise. Because flickering arises from
stochastic exploration of the state space, it complements variance and correlation-based
signals by providing a different line of evidence for declining resilience. Integrating these
signals improves confidence in early warning frameworks [15]. Flickering has been docu-
mented in numerous empirical systems, highlighting its broad relevance. In palaeoclimate
records, for example, sediment cores from the African Humid Period and other abrupt
climate transitions show evidence of repeated switches between wet and dry states before
permanent desertification. These fluctuations are interpreted as noise-driven flickering that
preceded large-scale climate regime shifts [199]. Similar dynamics have been reported in
coral reef ecosystems, where temporary shifts between coral and algal dominance anticipate
long-term degradation [207]. Flickering has also been detected in physiological systems,
including body temperature records of hibernating animals. For instance, dormice show
intermittent switching between active and torpid states before entering prolonged hiberna-
tion [156]. These diverse examples demonstrate that flickering is not limited to theoretical
models but is a real and measurable phenomenon across disciplines, reinforcing its role as
a precursor of collapse [156].

Coupled socio—climate dynamics

The relationship between human societies and the climate system is deeply reciprocal.
On the one hand, human activity drives climate change primarily through greenhouse gas
emissions from fossil fuel use, land-use change, and industrial processes. On the other
hand, the impacts of climate change such as rising temperatures, altered precipitation pat-
terns, and increased frequency of extreme events feed back into human systems by shaping
economic activity, migration, political stability, and public health. This bidirectional cou-
pling means that neither the climate system nor social dynamics can be fully understood
in isolation [124, 93].

Figure 1.8 illustrates this two-way coupling between the climate and social systems. The
diagram highlights how human actions influence the climate system through emissions, and
how climate impacts, in turn, shape social responses. Specifically, greenhouse gas emissions
from the social system enter the atmosphere, altering the climate state through changes
in temperature and precipitation. These climatic changes generate regional impacts such
as droughts, floods, or agricultural losses that directly affect societies. Social perception of
these impacts then feeds into behavioral models of decision-making, which determine future
mitigation and adaptation efforts. Through this feedback loop, perceptions and behaviors
within the social system influence emissions trajectories, which subsequently modify the
climate system again.
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Figure 1.8: Schematic diagram of feedbacks between the social and climate systems, medi-
ated by emissions, regional impacts, and behavioral responses. Image adapted from [15].

From a modelling perspective, coupling human behaviour with climate dynamics intro-
duces additional layers of complexity. Decisions about mitigation, adaptation, and resource
allocation are not purely rational but are influenced by cultural norms, economic incen-
tives, and social interactions. These decisions collectively determine emission pathways,
which then influence the trajectory of the climate system. Understanding these feedbacks
requires bridging disciplines and combining tools from dynamical systems, ecological mod-
elling, and social science [157].

Importantly, the socio—climate feedback loop can amplify risks. For example, delayed
mitigation efforts allow greenhouse gas concentrations to rise, pushing the climate system
closer to dangerous tipping points [30]. Conversely, visible climate impacts can accelerate
public demand for action, creating social momentum for decarbonisation. The dynamic

interplay between human choices and climatic responses therefore lies at the heart of pre-
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dicting long-term outcomes and informing effective policy [1].

Just as natural systems can experience tipping points, social systems are also sub-
ject to sudden and nonlinear change. A social tipping point occurs when small shifts
in behaviour, policy, or perception cascade through a population, leading to widespread
adoption of new norms or technologies. Examples include the rapid uptake of renewable
energy, sudden changes in public opinion on climate policy, or the decline of once-dominant
industries [99, 60, 98]. These social transitions often appear abrupt from the outside but
emerge from cumulative interactions among individuals and institutions [183, 37].

The significance of social tipping points lies in their ability to accelerate or delay cli-
mate transitions. Positive tipping points such as the rapid diffusion of clean technologies
can dramatically reduce emissions and help avoid dangerous climate thresholds. Negative
tipping points such as the erosion of public trust in institutions or the spread of misin-
formation can hinder collective action and exacerbate risks. Understanding the conditions
that trigger social tipping dynamics is therefore critical for anticipating pathways toward
either sustainability or collapse [157].

Moreover, social tipping points offer a potential source of hope in the context of climate
change. While physical tipping points are often associated with irreversible losses, social
systems can undergo rapid transformations that create opportunities for mitigation and
resilience. By leveraging social dynamics through policy interventions, communication
strategies, or grassroots movements—it may be possible to steer societies toward more
sustainable futures even when climate risks are severe.

To represent how individuals make choices about climate mitigation, researchers often
use simplified models of social opinion dynamics. Binary models assume that individuals
adopt one of two discrete positions, such as supporting or opposing mitigation. These mod-
els are analytically tractable and can capture broad trends in how opinions spread through
imitation, social learning, or normative pressure. Despite their simplicity, binary formu-
lations often reproduce large-scale patterns of collective behaviour observed in empirical
settings [30)].

Spectrum models, by contrast, allow individuals to hold a range of positions along a
continuum. This richer representation captures the diversity of opinions in real societies,
where attitudes toward mitigation vary from strong opposition to enthusiastic support.
Spectrum models can reveal subtler dynamics, such as gradual opinion shifts, polarisation,
and the coexistence of multiple stable opinion distributions. They also highlight the role
of heterogeneity in shaping collective responses to climate challenges [/, ].

Comparing binary and spectrum models is crucial for understanding socio—climate in-
teractions. While spectrum models offer greater descriptive richness, binary models remain
far more common because they are simpler to analyse, easier to parameterise, and compu-
tationally tractable. A key question addressed in this thesis is whether binary models are
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sufficient to capture the essential features of coupled socio—climate dynamics or whether
spectrum models provide fundamentally different insights. This comparison clarifies the
trade-offs between simplicity and realism in modelling human behaviour within climate
systems.

1.7 Why These Topics Matter

The study of tipping points, bifurcations, and early warning signals is motivated by
the urgent need to anticipate critical transitions before they occur. Once a system crosses
a tipping point, recovery is often slow, costly, or even impossible. By developing meth-
ods to detect warning signals in advance, researchers aim to provide the opportunity for
timely interventions that can prevent catastrophic outcomes. Prediction is not only about
forecasting the exact timing of collapse but also about identifying conditions under which
systems are at risk. Early warning indicators can highlight vulnerable states and reveal
whether resilience is declining, even if the precise moment of transition cannot be deter-
mined. This shift from reactive to proactive management represents a critical change in
how society approaches complex risks. Ultimately, the ability to predict and prevent col-
lapse is about safeguarding the future of human and natural systems. Whether through
stabilising ecosystems, preserving climate equilibrium, or maintaining financial stability,
the tools developed in this field provide a foundation for informed decision-making. By an-
ticipating where and when critical transitions might occur, we can allocate resources more
effectively and design adaptive strategies that minimise the risks of irreversible change.
The topics explored in this thesis are directly relevant to the policy challenges of our time.
Climate policy, for example, must contend with nonlinear risks that are difficult to cap-
ture using traditional linear models. Recognising the possibility of tipping points changes
the cost—benefit calculus of mitigation: the risks of inaction become far greater once the
potential for abrupt and irreversible transitions is considered. Early warning frameworks
could provide input for international agreements and national climate strategies. In the
domain of risk management, the ability to detect declining resilience can improve pre-
paredness across sectors. Financial institutions seek to avoid systemic crises, public health
agencies monitor for epidemic outbreaks, and governments plan for natural disasters. In
each case, understanding the dynamics of critical transitions allows decision-makers to
design more resilient systems and respond more effectively to emerging threats. Societal
resilience more broadly depends on anticipating shocks and adapting before they cause
irreversible harm. By integrating insights from dynamical systems, stochastic processes,
and machine learning, we can better understand how societies interact with their envi-
ronments and how to reduce vulnerabilities. This knowledge helps guide investments in
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infrastructure, communication, and governance that strengthen collective capacity to with-
stand disruptions. This thesis contributes to the field by integrating mathematical theory,
computational simulation, and deep learning methods into a unified framework for study-
ing tipping points. The theoretical component establishes connections between bifurcation
theory, stochastic processes, and resilience indicators. The simulation component generates
synthetic data from canonical models and coupled socio-climate systems, providing a con-
trolled environment in which to test hypotheses. The deep learning component leverages
these datasets to train algorithms capable of detecting and classifying critical transitions in
complex, noisy settings. By bridging these domains, the thesis advances beyond traditional
approaches that rely solely on analytical methods or empirical case studies. The hybrid
strategy demonstrates how modern computational tools can extend classical theory, cap-
turing richer patterns of instability and providing more robust predictions. Importantly,
it also shows how deep learning models trained on simplified simulations can generalise to
real-world data, creating new opportunities for application. The overarching contribution
is to provide both methodological innovation and practical insight. By linking theory to
data-driven techniques, the thesis offers a pathway toward more accurate, interpretable,
and actionable early warning systems. These advances not only deepen scientific under-
standing of complex dynamics but also enhance society’s ability to anticipate and respond
to critical transitions in climate, ecosystems, and human systems.

1.7.1 Aims and Objectives

The overarching aim of this thesis is to develop, test, and apply new methods for un-
derstanding and anticipating critical transitions in complex dynamical systems, with a
particular focus on socio—climate interactions. Traditional approaches to tipping points
have often relied either on highly simplified analytical models or on empirical statistical
indicators that may fail under realistic noise conditions and limited data availability. This
thesis seeks to bridge that gap by combining mathematical theory, computational simula-
tions, and modern deep learning methods into a unified framework.

More specifically, the objectives of this work are as follows:

e To formalise and analyse early warning signals of tipping points using normal form
theory, stochastic processes, and bifurcation analysis, thereby providing a rigorous
theoretical basis for prediction.

e To design deep learning architectures capable of classifying different types of bifur-
cations and detecting flickering phenomena that precede collapse, under both white
and coloured noise.
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e To integrate statistical early warning signals with machine learning predictions, im-
proving robustness when working with noisy, short, or irregular datasets.

e To develop coupled socio—climate models that capture how human mitigation be-
haviours interact with climate tipping elements, including feedback loops that may
accelerate or delay collapse.

e To compare binary versus spectrum opinion models in socio—climate dynamics, clari-
fying the trade-off between simplicity and descriptive richness in representing collec-
tive human behaviour.

e To provide actionable insights that can inform risk management, climate policy, and
resilience strategies by demonstrating how new computational tools can be linked to
pressing societal challenges.

1.7.2 Thesis Outline

This thesis is structured to gradually build from theoretical foundations, through method-
ological development, to applied socio—climate case studies. Each chapter addresses a
distinct research question, but they are unified by the common goal of advancing early
detection of critical transitions.

e Chapter 2 develops a deep learning framework for detecting bifurcations in dynam-
ical systems with coloured noise. The chapter explains model construction, training
dataset generation, and performance benchmarks against classical early warning sig-
nals.

e Chapter 3 extends the deep learning approach to detect flickering, a noise-induced
precursor of collapse. This chapter demonstrates how data-driven tools can dis-
tinguish genuine early warnings from confounding noise, with applications to both
synthetic and empirical datasets.

e Chapter 4 introduces coupled socio—climate models in which human behaviour and
climate tipping elements interact. It shows how social dynamics can either delay or
accelerate climate tipping points, thereby highlighting the critical role of behavioural
feedbacks.

e Chapter 5 investigates whether simplified binary social models are sufficient to cap-
ture socio—climate complexity, or whether spectrum models provide fundamentally
different insights. This comparative analysis clarifies when simplicity is justified and
when richer representations are necessary.

24



e Conclusion synthesizes the key findings across all chapters, highlighting how deep
learning, dynamical systems analysis, and socio—climate modeling jointly advance
our understanding of early warning signals and structural change. It also outlines
limitations and promising directions for future research.

e Appendices provide supplementary material, including detailed derivations, sensi-
tivity analyses, extended model descriptions, and data/code availability statements.
These resources are intended to support replication and further research.

Together, these chapters aim to demonstrate that by combining classical dynamical
systems theory with modern deep learning methods, it is possible to create a more robust
and versatile toolkit for anticipating critical transitions in both natural and socio—climate
systems.
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Chapter 2

Deep Learning for Bifurcation
Detection: Extending Early Warning
Signals to Dynamical Systems with
Coloured Noise!

IThis chapter has been peer reviewed and published as: Babazadeh, Y.; Dylewsky, D.; Anand, M.;
Bauch, C.T. Mathematics 2025, 13(17), Section: Applied Mathematics. Publication date: 29 August
2025.
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2.1 Abstract

Deep learning models have demonstrated remarkable success in recognising tipping
points and providing early warning signals. However, there has been limited exploration
of their application to dynamical systems governed by coloured noise, which characterizes
many real-world systems. In this study, we show that it is possible to leverage the normal
forms of three primary types of bifurcations (Fold, Transcritical, and Hopf) to construct a
training set that enables deep learning architectures to perform effectively. Furthermore,
we showed that this approach could accommodate coloured noise by replacing white noise
with red noise during the training process. To evaluate the classifier trained on red noise
compared to one trained on white noise, we tested their performance on mathematical
models using Receiver Operating Characteristic (ROC) curves and Area Under the Curve
(AUC) scores. Our findings reveal that the deep learning architecture can be effectively
trained on colored noise inputs, as evidenced by high validation accuracy and minimal
sensitivity to redness (ranging from 0.83 to 0.85). However, classifiers trained on white
noise also demonstrate impressive performance in identifying tipping points in colored
time series. This is further supported by high AUC scores (ranging from 0.9 to 1) for both
classifiers across different colored stochastic time series..

2.2 Introduction

Dynamical systems are employed to describe various phenomena across disciplines, from
studying the climate system [30), , 10] to epidemiological studies [208, , 12], rumor
propagation mechanism [178], and coupled behavior-disease dynamics [30]. While dynam-
ical systems exhibit numerous intriguing aspects, one particularly captivating focus has
been the possibility of bifurcation and tipping points [175, 65, 80, 68]. In natural systems,
a local bifurcation can occur as external conditions gradually change, bringing the system
near an equilibrium state and potentially triggering a qualitative shift in behaviour when
a tipping point is reached [130, ].

Bifurcation theory explores how small changes in system parameters can lead to sud-
den qualitative transitions in the behavior of dynamical systems. [10]. One of its most
significant theories, the Centre Manifold Theorem, along with the Normal Form Theorem,
simplifies nonlinear dynamical systems by transforming them into their simplest equiva-
lent form, termed the "normal form”. Through coordinate transformations, it eliminates
unnecessary nonlinear terms while preserving the system’s essential behaviour, making it
easier to examine features like bifurcations [102, 198, 29].

While bifurcation theory encompasses a broad set of rigorous theorems characterizing
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qualitative changes in dynamical systems, this work specifically focuses on three types of
local bifurcations, as they represent distinct behaviours in dynamical systems: the abrupt
jump from one equilibrium state to another (Fold bifurcation) [l 14], smoothly shifting
stability (Transcritical bifurcation) [151], and the transition to oscillatory behaviour (Hopf
bifurcation) [142]. For these bifurcation types, the dominant eigenvalue of the derivative
matrix crosses the imaginary axis at the bifurcation point. Leading up to the bifurca-
tion, the system can exhibit critical slowing down, corresponding to prolonged recovery
from perturbations and reduced resilience to disturbances, as measured by increased auto-
correlation and variance [200]. Numerous generic indicators of local bifurcations have been
proposed based on these consequences [32, 12, 45, 57]. For instance, the variance and lag-1
auto-correlation of a time series prior to bifurcation shows trends that can serve as early
warning signals (EWS) [11]. While such indicators have been instrumental in identifying
and predicting tipping points and abrupt shifts, they also possess limitations [11], such as
an inability to specify the type of impending bifurcation. With recent advances in artificial
intelligence (Al) and the development of deep learning (DL) models, it was anticipated that
these models could eventually provide EWS with greater accuracy and fewer weaknesses
than generic indicators.

The first study applying Al to the detection of tipping points in dynamical systems is by
Bury et al.[34], who showed that convolutional and recurrent neural networks could identify
EWS in time series drawn from a random library of differential equations. Their approach
demonstrated that DL architectures could outperform traditional statistical indicators.
Deb et al.[16] introduced EWSNet, a hybrid Convolutional Neural Network-Long Short-
Term Memory (CNN-LSTM) network trained on simulated time series from ecological,
biological, and climate models. EWSNet showed high accuracy in classifying catastrophic
and non-catastrophic transitions and proved robust to noise, short time series, and irregu-
lar sampling. These previous works were extended in a follow-up study by Bury et al.[33]
to discrete-time systems, further validating the generalizability of DL models to diverse
bifurcation scenarios. Dylewsky et al.[59] demonstrated that universal EWS could be ex-
tracted from DL models trained on climate system simulations, supporting the broader
applicability of these methods. Dylewsky et al.[57] advanced this work by embedding
bifurcations in high-dimensional systems, showing that DL models remain effective even
when the underlying signals are distributed across many variables. Most recently, Huang et
al.[91] addressed the challenge of rate-induced tipping (R-tipping), where classical indica-
tors like critical slowing down fail. Their interpretable DL framework predicted transition
probabilities in noisy, time-varying systems and extracted higher-order fingerprints of in-
stability. In parallel, Dylewsky et al. [78] tackled spatially patterned phase transitions
using neural architectures tailored for spatiotemporal systems. Together, these studies il-
lustrate a growing body of work that supports the use of deep learning, with CNN-LSTM
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architectures being one of the main and most effective models for robust and generalizable
detection of critical transitions in noisy, nonlinear dynamical systems.

In contrast to previous approaches that generate extensive libraries of stochastic dif-
ferential equations and discard those that do not exhibit bifurcations [33], we propose a
theoretically grounded method by constructing the training dataset directly from the nor-
mal forms of canonical bifurcations. This significantly reduces computational overhead
while ensuring that the training data captures the essential dynamical features associated
with each bifurcation type. The first objective of this study is to demonstrate that such a
targeted construction is not only feasible but also more efficient than relying on random
dynamical systems. Furthermore, we extend the DL-based early warning framework of
[31] to accommodate coloured noise, a feature often overlooked despite its prevalence in
empirical systems. Many ecological and climate systems that undergo critical transitions
are influenced by auto-correlated, coloured noise [158, |, prompting recent interest in
its ecological impacts [70, 75, , 73, , , , , , 204]. By generating training
data with varying levels of redness, we evaluate the robustness of our CNN-LSTM classifier
under both white and coloured noise, enhancing the applicability of EWS frameworks to
real-world, noisy, nonlinear systems.

2.3 Methods

2.3.1 Constructing training data set

The training dataset was created by stochastically simulating the normal forms of three
canonical local bifurcations, fold, transcritical, and Hopf, each with an additive stochastic
term. An additional “Null” category was generated by simulating stochastic noise alone,
serving as a baseline non-bifurcating system. In each case, the system was initialized at an
equilibrium point far from the bifurcation and driven closer to the bifurcation point through
linear parameter variation. The resulting time series were classified into four categories
(fold, transcritical, Hopf, null) and used to train the CNN-LSTM model.

Normal Form Equations

We used the following stochastic differential equations to construct the dataset:

Fold bifurcation: p
d—j:u+x2+a-et, (2.1)

with the bifurcation occurring at p = 0.
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Transcritical bifurcation:

d
d—f:rx—l—xz%—aft, (2.2)
where the bifurcation occurs at r = 0.
Hopf bifurcation:
d
d—j = (p+iw)z — |2|*z + 0 - €, (2.3)
where the bifurcation occurs at p = 0.
Null case: p
x
pri o €. (2.4)

Here, o denotes the noise intensity, and ¢, is a stochastic term that can be either white
noise (€, ~ N(0, 1)) or red noise generated by the AR(1) process:

X1 = (redness - X;) + /1 — redness” - ¢, (2.5)

with Xg ~ N(0,1). The parameter redness controls the autocorrelation: redness = 0
corresponds to white noise, while higher values yield stronger temporal correlations. In
the limiting case, when redness = 0, the process produces a purely uncorrelated time series
of white noise samples, whereas when redness = 1, the process becomes fully persistent,
resulting in a constant time series equal to its initial value Xy, which is drawn from the
normal distribution N(0,1).

Simulation Procedure

For each bifurcation type, we simulated 5000 time series, each consisting of 1000 time
steps. The control parameter (p or r) was linearly varied from an initial value far from the
bifurcation point (e.g., u € [—3, —2] for fold bifurcation, with zy = /—p) toward the criti-
cal point. To ensure diversity and robustness in the training dataset, the initial values of the
bifurcation parameter were randomly selected from their respective ranges, and the noise
amplitude o was sampled uniformly from the interval [0.01, 0.1]. This stochastic sampling
of both system and noise parameters enabled the generation of a heterogeneous set of tra-
jectories, reflecting variability in dynamical regimes and noise intensities across simulations.
The simulation was halted before reaching the bifurcation threshold to ensure that the DL
model was exposed only to the pre-bifurcation regime. The Euler-Maruyama method was
used for numerical integration with a fixed step size of At = 0.01. This procedure was
repeated for six noise colours, corresponding to redness values of 0.0,0.1,0.2,0.3,0.4, and
0.5.
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Pre-processing and Model Training

Before being fed into the CNN-LSTM network, the simulated time series were pre-
processed using a Gaussian kernel to smooth stochastic fluctuations while preserving dy-
namical structure. The kernel width was set to 0.1 x L, where L = 1000 is the length
of each time series. Other pre-processing techniques (moving average, first differencing,
Z-score normalization) were tested, but the Gaussian kernel yielded the best classification
performance.

In total, 20,000 time series were generated. Ninety percent were used for training, and
the remaining ten percent for testing and validation. The model’s performance across
different redness values is summarized in Table 2.1.

We used these mathematical metrics for the evaluation of the deep learning model’s
classification performance across different noise conditions. The redness parameter quan-
tifies the degree of temporal autocorrelation in the input noise and ranges from 0 (white
noise) to 0.5 (correlated red noise). Higher redness values indicate increased memory and
persistence in the noise process, as defined by the AR(1) formulation in Equation 2.5.

The validation accuracy and accuracy score measure the overall proportion of cor-
rectly predicted samples, defined as:

TP +TN
TP+TN + FP 4+ FN’

Accuracy =

where TP, TN, FP, and FN denote the number of true positives, true negatives, false
positives, and false negatives, respectively. This metric captures general correctness across
all classes but can be insensitive to class imbalance.

To capture both the reliability and completeness of positive predictions, we computed
the precision and recall metrics. Precision measures the fraction of correctly predicted
positive samples among all positive predictions:

TP

Precision — — -+
recision TP+ P’

while recall (also known as sensitivity) quantifies the fraction of true positive cases correctly

identified by the model:
TP

TP+ FN’

The F1 score provides a balanced measure that combines precision and recall as their
harmonic mean:

Recall =

Precision x Recall

Fl1=2 )
% Precision + Recall
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A higher F1 score indicates that the model maintains both high precision and high recall,
avoiding bias toward over-prediction or under-detection of any class.

Together, these complementary metrics provide a comprehensive quantitative assess-
ment of model performance, ensuring that both overall accuracy and class-specific sensi-
tivity are robust across varying levels of noise persistence.

Table 2.1: Model Performance Metrics Across Redness Levels

Redness Validation Accuracy Accuracy Score F1 Score Precision Recall

0.0 0.852 0.826 0.825 0.829 0.827
0.1 0.857 0.831 0.829 0.832 0.832
0.2 0.857 0.833 0.834 0.836 0.837
0.3 0.853 0.834 0.836 0.848 0.836
0.4 0.831 0.841 0.838 0.847 0.840
0.5 0.832 0.864 0.864 0.866 0.864

Training process information

The confusion matrix is a fundamental tool for evaluating classification performance
in supervised learning. It provides a detailed breakdown of how many samples from each
true class were correctly or incorrectly classified by the model. For a multi-class problem
with n categories, the confusion matrix is an n x n table where each element Cj; represents
the number of observations belonging to the true class i that were predicted as class j.
The diagonal elements C}; correspond to correctly classified samples (true positives for each
class), while the off-diagonal elements represent misclassifications. In the context of our
study, this matrix allows us to identify which bifurcation types (fold, transcritical, Hopf, or
null) are more prone to being confused with one another across different noise conditions.

From the confusion matrix, we derive several classification metrics, including pre-
cision, recall, F1 score, and overall accuracy, that quantify the model’s predictive perfor-
mance. These metrics summarize the trade-offs between false positives and false nega-
tives, providing complementary perspectives on model robustness and class separability.
In particular, precision measures the reliability of positive predictions, recall quantifies the
model’s sensitivity to true cases, and the F'1 score balances both aspects. Together, the
confusion and classification matrices (Tables 2.2 and 2.3) provide a comprehensive diag-
nostic of the CNN-LSTM model’s ability to distinguish between pre-bifurcation dynamics
associated with different normal forms under varying noise persistence.
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Table 2.2: Confusion matrices for CNN-LSTM classifier performance across redness levels.
Each matrix shows predicted (columns) versus true (rows) class counts.

Redness = 0 Redness = 0.1
249 0 0 3 252 1 0 1
0 205 26 18 0 207 12 18
0 28 191 14 0 34 184 28
2 49 34 181 4 39 32 188
Redness = 0.2 Redness = 0.3
238 1 0 1 228 1 0 1
0 213 15 13 0 245 11 15
0 33 183 29 0 47 176 24
6 40 29 199 5 46 16 185
Redness = 0.4 Redness = 0.5
246 1 1 1 246 0 0 1
0 234 12 6 0 206 15 31
0 39 192 23 0 18 197 32
7 41 28 169 5 10 24 215

Robustness of training process

To evaluate the stability and reproducibility of our model, we trained the same CNN-
LSTM architecture 10 times using the same training dataset containing white noise and
identical hyperparameter settings. Table 2.4 reports the mean and standard deviation of
the key performance metrics, accuracy, F1 score, precision, and recall, across these repeated
runs. The results show strong and consistent performance, with mean values centered
around 0.82 and standard deviations ranging from 0.009 to 0.010. This low variability
across identical training conditions demonstrates that the model’s performance is robust
to random initialization and other sources of stochasticity inherent in the training process,
reinforcing the reliability of our deep learning framework.
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Table 2.3: Classification metrics (precision, recall, and F1-score) for the CNN-LSTM clas-
sifier under different redness values.

Class Redness = 0 Redness = 0.1
Prec. Rec. F1 Prec. Rec. F1

Fold 0.992 0.988 0.990 0.984 0.992 0.988
Transcritical 0.727 0.823 0.772 0.737 0.873 0.799
Hopf 0.761 0.820 0.789 0.807 0.748 0.776
Null 0.838 0.680 0.751 0.800 0.715 0.755
Redness = 0.2 Redness = 0.3
Fold 0.975 0.992 0.983 0979 0.991 0.985
Transcritical 0.742 0.884 0.807 0.723 0.904 0.803
Hopf 0.806 0.747 0.775 0.867 0.713 0.782
Null 0.822 0.726 0.771 0.822 0.734 0.776
Redness = 0.4 Redness = 0.5
Fold 0.972 0.988 0.980 0980 0.996 0.988
Transcritical 0.742 0.929 0.825 0.8%80 0.817 0.848
Hopf 0.824 0.756 0.789 0.835 0.798 0.816
Null 0.849 0.690 0.761 0.771 0.846 0.807

Data Requirements and Sequence Length Sensitivity

In the left panel of Figure 2.1, we evaluate how the amount of training data affects model
performance. Starting with a dataset of 20,000 time series, we incrementally increase
the fraction used for training while keeping the test set fixed, and assess the model’s
performance using the F1 score. We observe a significant improvement in performance as
the training fraction increases from 0.1 to 0.7, with the F'1 score rising sharply in the early
stages. Beyond a training fraction of 0.7, the performance plateaus, indicating that the
model reaches a saturation point in learning. This behaviour suggests that the training
process is robust and that a subset of the full dataset (around 70 percent) is sufficient to
achieve near-optimal performance, highlighting the data efficiency of our DL framework.

In the right panel of Figure 2.1, we examine the impact of time series length on model
precision. Using the full set of 20,000 time series, we simulate the same experimental
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Table 2.4: Model performance metrics with mean and standard deviation over multiple
runs.

Metric Mean Score Standard Deviation

Accuracy 0.819 + 0.009
F, Score 0.819 + 0.010
Precision 0.826 + 0.010
Recall 0.821 + 0.009

setting across various sequence lengths to test the model’s sensitivity to temporal reso-
lution. The results show that for relatively short time series, model precision is notably
lower, likely due to insufficient temporal information to capture the dynamics preceding
a bifurcation. However, as the sequence length increases, performance improves steadily,
eventually plateauing beyond 800 time steps. This indicates a minimum required length
for capturing the relevant precursors to tipping points. While longer sequences beyond
this threshold do not significantly improve performance, they may be advantageous when
training classifiers for use with higher-resolution simulated or empirical datasets.

Model Performance vs Training Data Fraction Precision vs. Length

F1 Score
o
3
N
&

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 09 200 400 800 1000

600
Fraction of Training Data Length of Time Series

Figure 2.1: (Left) Model performance as a function of training data fraction. (Right)
Precision as a function of time series length.

2.3.2 Model Selection Rationale

To construct the deep learning model, we employed a hybrid architecture combining
CNN with LSTM network [177, 3, 88]. Theoretically, the CNN layers serve to extract
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local patterns and short-term features from the time series by applying convolutional fil-
ters, while the LSTM layers are designed to capture long-range temporal dependencies
through their recurrent structure. This layered combination is particularly well-suited for
our task, as it enables both local pattern detection and memory retention, key components
in identifying EWS indicative of critical transitions.

The CNN-LSTM architecture has been widely adopted in the broader literature on time
series forecasting and classification. For instance, [135] demonstrated that CNN-LSTM
achieved the highest forecasting accuracy across multiple benchmarks, outperforming stan-
dalone models such as Multilayer Perceptron (MLP), CNN, Recurrent Neural Network
(RNN), and LSTM. Similarly, [137] evaluated CNN, LSTM, and CNN-LSTM on ice-jam
event classification and reported superior Fl-scores for the CNN-LSTM model. In the
context of missing data imputation, [96] showed that CNN-LSTM achieved better predic-
tive accuracy than either CNN or LSTM alone when forecasting electricity consumption.
More specifically, architectures similar to ours have been increasingly applied to problems
involving bifurcation detection and phase transitions in dynamical systems. Recent studies
such as [58, 57, 33, 59, 31] have demonstrated that CNN-LSTM models are effective at
detecting EWS in stochastic systems and outperforming simpler baselines.

To justify our choice of DL model, we conducted an ablation study comparing the per-
formance of LSTM-only and CNN-LSTM architectures. Both models were trained and
tested on time series generated with white noise, using identical hyperparameter settings
to ensure a fair comparison. To ensure a fair evaluation, we tested both the LSTM-only
and CNN-LSTM models on time series generated using the same process as the train-
ing dataset. The results, presented in Table 2.5, show that while the LSTM-only model
achieves reasonably strong performance, the CNN-LSTM consistently outperforms it in
terms of accuracy, precision, recall, and F1 score. This supports our choice of architecture
and aligns with findings from previous work, such as [34], which also highlighted the su-
periority of CNN-LSTM over LSTM-only models in similar dynamical settings. Both the
CNN-LSTM and LSTM-only models were trained on the same dataset from normal forms
with white noise, using identical settings and preprocessing. The LSTM-only model shares
the recurrent layers of the CNN-LSTM but omits the convolutional block. Hyperparame-
ters were guided by [34] and further tuned through experiments to optimize performance.
More details on the DL architecture are provided in Appendix Al.
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Table 2.5: Comparison of overall performance metrics between CNN-LSTM and LSTM-
only models.

Metric CNN-LSTM LSTM-only
Accuracy Score 0.823 0.773
F1 Score 0.822 0.769
Precision 0.834 0.778
Recall 0.823 0.773
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2.4 Results
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Figure 2.2: DL model providing EWS prior to bifurcation points for Rosen-
zweig—MacArthur and May’s harvesting model. (A—C) Synthetic time se-
ries from three canonical bifurcation models with additive coloured noise: (A) Rosen-
zweig-MacArthur predator-prey system near a transcritical bifurcation; (B) Rosen-
zweig—MacArthur with Hopf bifurcation; (C) May’s harvesting model near a fold bifurca-
tion. (D—F) DL model predictions for the systems in (A-C), showing temporal evolution
of bifurcation class probabilities. Probabilities are represented with distinguishable mark-
ers and line styles for print clarity: triangle (fold), square (transcritical), circle (Hopf), and
x (null). The vertical dashed line indicates the approximate location of the tipping point.

Evaluating the DL Model on Mathematical Systems

In this section, we aim to demonstrate that the trained deep learning (DL) model can
provide early warning signals (EWS) for bifurcations in well-known dynamical systems. For
this purpose, we employed six mathematical models commonly used to study bifurcation
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phenomena: the Neural Activation model and May’s Harvesting model for fold bifurca-
tions; the Rosenzweig—-MacArthur and SIS models for transcritical bifurcations; and the
Rosenzweig-MacArthur and Van der Pol models for Hopf bifurcations.

Each model was simulated with an additive stochastic term, starting from its stable
equilibrium and linearly varying the corresponding bifurcation parameter toward the crit-
ical point throughout the simulation. Because tipping points can occur earlier than the
theoretical bifurcation threshold, we employed the binary segmentation algorithm to iden-
tify the empirical location of the tipping point [106]. The DL model then assigned four
probabilities (Fold, Transcritical, Hopf, and Null) to each time step in the simulated series.
The Null category represents stochastic time series that do not contain a tipping point or
are far from the bifurcation region. Assigning a high probability to the correct bifurcation
type before the actual tipping point is considered an effective early warning signal in this
study.

Mathematical Models

May’s Harvesting Model (Fold Bifurcation):

dx x?

— =rz(l—2) — h——,

dt ( ) 22 + 52
where x represents population size, r is the intrinsic growth rate, and A is the harvesting

2 . . . . .

rate. The term 57— introduces a saturating effect in the harvesting process, with s
controlling the steepness of saturation. A fold bifurcation occurs as h is varied.

Neural Activation Model (Fold Bifurcation):
dx S
P e

where x denotes the activation level, S is the external stimulus, [ is the steepness of the

sigmoid response, and 6 is the threshold. A fold bifurcation arises as S' is increased.

Rosenzweig-MacArthur Consumer—Resource Model (Transcritical Bifurcation):

dx x axy dy axy
— =TT <1 — —> — =c
dt

) bre @ bra W

where x and y denote the resource and consumer populations, respectively. Here, r is the
intrinsic resource growth rate, K is the carrying capacity, a is the maximum predation
rate, b is the half-saturation constant, c is the conversion efficiency, and d is the consumer
death rate. A transcritical bifurcation occurs as d is varied.
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Rosenzweig-MacArthur Consumer—Resource Model (Hopf Bifurcation): The
same system of equations applies here, but a Hopf bifurcation occurs when d crosses a
critical threshold, producing sustained oscillations in both populations.

Van der Pol Oscillator (Hopf Bifurcation):

dx @_

R — — 1_2 _
7 =Y p(l —a2%)y —z,

where x and y are the state variables and p is the bifurcation parameter. A Hopf bifurca-
tion occurs at p = 0, where the system transitions from a stable equilibrium to periodic
oscillations.

SIS Epidemic Model (Transcritical Bifurcation):

as dl

— =—pBSI +~I, — =pSI—~I,

i B W, =8 Y
where S and [ represent the susceptible and infected populations, respectively, £ is the
infection rate, and -y is the recovery rate. A transcritical bifurcation occurs at the critical

threshold Ry = g = 1, where Ry denotes the basic reproduction number.

Simulation and DL Analysis

For each model, we integrated the stochastic differential equations using the Euler—
Maruyama method with At = 0.01. The DL model analyzed each simulated time series
using a sliding window of 100 time steps, assigning probabilities for each segment to belong
to one of the four classes. To smooth short-term fluctuations in the output probabilities,
we applied a moving average with a window size of 100 as a post-processing step.

Figures 2.2 and 2.3 illustrate representative results of the DL analysis for the different
mathematical models. The estimated tipping points, detected via binary segmentation,
are indicated by dashed lines. As shown, the DL model not only provides reliable EWS
but also accurately identifies the correct type of bifurcation. At the beginning of each
simulation, when the system is far from the critical threshold, the DL model assigns the
highest probability to the Null class. As the system approaches the tipping point, the
probability of the correct bifurcation type rises sharply and then returns to Null after
the transition has passed. This consistent behavior across all six models confirms the DL
model’s capacity to detect and classify bifurcation-induced transitions. More details on
the validation on bifurcating and null dynamical systems are provided in Appendix A2.
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Figure 2.3: DL model providing EWS prior to bifurcation points for Van der Pol,
SIS, and Neural activation model. (A—C) Synthetic time series from three canonical
bifurcation models with additive white noise: (A) Van der Pol oscillator approaching a
Hopf bifurcation; (B) SIS model undergoing a transcritical bifurcation; (C) Neural activa-
tion model with a fold bifurcation. The vertical dashed lines indicate the location of the
bifurcation. (D—F) Output of the DL classifier showing predicted bifurcation probabilities
over time for the corresponding systems in (A—C). Distinct line styles and markers denote
bifurcation types: triangle (fold), square (transcritical), circle (Hopf), and x (null).

Application to Empirical Data

In this study, we tested the performance of the trained deep learning (DL) classifier
on two distinct sources of empirical data that exhibit critical transitions. These datasets
represent fundamentally different physical systems, one geochemical and the other ther-
moacoustic, allowing us to assess the generality and robustness of the model in detecting
early warning signals (EWS).
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Sedimentary Archives (Mediterranean Sea). This dataset provides high-resolution
reconstructions of oxygen dynamics from sediment cores in the eastern Mediterranean Sea
[34]. Tt captures transitions between oxic and anoxic states, where early warning signals
have been previously identified [85]. The data consist of molybdenum (Mo) and uranium
(U) concentrations, which act as proxies for anoxic and suboxic conditions, respectively.
Across three sediment cores, eight distinct anoxic events were identified, yielding a total
of 26 time series with temporal resolutions ranging from 10 to 50 years, depending on the
core.

Thermoacoustic Instability (Rijke Tube Experiments). This dataset investigates
transitions to self-sustained oscillations driven by thermoacoustic instability [161]. Exper-
iments were conducted in a horizontal Rijke tube, where a heated wire mesh generated
controlled instabilities through voltage variation, inducing subcritical Hopf bifurcations.
The data include 19 forced trajectories at different voltage ramp rates and 10 steady-
state trajectories at fixed voltages. Each time series, originally sampled at 4-10 kHz, was
downsampled to 2 kHz, retaining approximately 1,500 data points prior to each transition.

DL Model Analysis on Empirical Data

To ensure consistent temporal resolution and facilitate DL-based analysis, all empirical
time series were rescaled to a common length using linear interpolation. This method
estimates intermediate data points by connecting consecutive observations with straight
lines, thereby preserving the overall trend and continuity of the original signal without
introducing artificial oscillations [167]. Each time series was then analyzed using the trained
CNN-LSTM model, which assigns probabilities corresponding to the four possible classes
(Fold, Transcritical, Hopf, and Null) for each time step. The results were smoothed using
a moving average to reduce short-term fluctuations.

Figure 2.4 illustrates representative DL outputs for four example time series (two from
each dataset). The estimated tipping point, detected via binary segmentation, is indicated
by a dashed line in each subplot. As shown, the DL model successfully provides early warn-
ing signals prior to the observed transitions, with a clear shift in classification probabilities
from Null to one of the bifurcation types.

Interestingly, for the sedimentary archive data, the DL model frequently identifies the
transition as Hopf-type, whereas empirical and geochemical evidence suggests that these
events more closely resemble fold-type bifurcations. This discrepancy may reflect the
model’s sensitivity to oscillatory components in the noisy pre-transition data. Neverthe-
less, the DL classifier consistently detects approaching transitions across both datasets,
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demonstrating robust generalization to real-world systems characterized by different noise
structures, time scales, and underlying mechanisms.
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Figure 2.4: DL model providing EWS before bifurcation points. (A-D) Real-

world time series examples: (A-B) Thermoacoustic instability signals from combustor
experiments at ROF 5 and ROF 10; (C-D) Geological anoxia indicators from sediment
cores at two locations. (E-H) Corresponding DL-based bifurcation predictions for (A-D),
with line styles and markers indicating the inferred probability of each class. This illustrates
how the model generalizes from synthetic to empirical data. Distinct line styles and markers
denote bifurcation types: triangle (fold), square (transcritical), circle (Hopf), and x (null).
The vertical dashed lines are the approximate location of the tipping point.
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Figure 2.5: AUC scores of White Noise and Red Noise classifiers across six
mathematical models Classifier performance across six dynamical systems under vary-
ing levels of noise correlation (redness). Each subplot displays the AUC score as a function
of redness for white noise conditions (WNC, blue circles) and red noise conditions (RNC,
orange squares). Top row: Rosenzweig-MacArthur model with transcritical and Hopf bi-
furcations, and May’s harvesting model with a fold bifurcation. Bottom row: SIS model
(transcritical), Van der Pol oscillator (Hopf), and neural activation model (fold). The re-
sults highlight that while most systems retain high classification accuracy across redness
levels, performance in certain fold bifurcations, especially under WNC in the neural activa-
tion model and under RNC in the May model, shows degradation as temporal correlation

mcreases.

Robustness to Coloured Noise and ROC-AUC Evaluation

In this section we aim to illustrate that the DL model demonstrates consistent success
with stochastic time series that include coloured noise. To illustrate this, we repeated the
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same training process using the same DL architecture (CNN-LSTM), but this time incor-
porated red noise as defined by the AR(1) process in Equation 2.5 as an additive stochastic
term while simulating the deterministic normal forms of different types of bifurcation. As a
result, we generated five additional DL classifiers, each trained on normal forms combined
with red noise of differing autocorrelation strengths, corresponding to redness values of
0.1, 0.2, 0.3, 0.4, and 0.5. A larger redness value signifies a stronger dominance of low-
frequency components, greater persistence, and smoother long-term variability in the time
series. The baseline DL model used in previous sections corresponds to the white-noise
case (redness = 0), which can be viewed as a special instance of this family of models.

To assess and compare the discriminative performance of the classifiers, we computed
Receiver Operating Characteristic (ROC) curves across a range of simulated dynamical
systems. Each system was configured to either gradually approach a bifurcation point
(signal present) or remain in a stable regime with fixed parameters (signal absent). This
binary labeling allowed quantitative evaluation of the classifier’s ability to distinguish be-
tween pre-bifurcation and null dynamics. Each time series was then classified using two
CNN-LSTM models: one trained on white noise (r = 0) and one trained on red noise
generated using an AR(1) process with varying autocorrelation levels (r € [0.1,0.5]). The
model outputs softmax probabilities for the four classes: Fold, Transcritical, Hopf, and
Null.

For ROC construction, we treated the mean probability of the correct bifurcation class
as the classifier score. By sweeping over 200 threshold levels 7 € [0, 1], we obtained
binary predictions at each threshold by classifying a window as “signal present” if the
score exceeded 7. The true positive rate (TPR) and false positive rate (FPR) were defined
as:

ly classified signal wi
TPR(r) Correctly classified signa Wlndows7 (2.6)

Total signal windows
_Incorrectly classified null windows

FP = ) 2.
R(7) Total null windows (2.7)

Varying the threshold 7 traces out the ROC curve, revealing the sensitivity—specificity
trade-off. To ensure robustness against stochastic variability in simulation and training,
this procedure was repeated over 50 Monte Carlo runs, and the resulting TPR and FPR
values were averaged. The area under the ROC curve (AUC) provides a scalar sum-
mary of performance, where values close to 1 indicate strong discriminative power, while
values near 0.5 suggest random guessing.

Each mathematical model was simulated 50 times under different redness values (rang-
ing from 0 to 0.5), and ROC-AUC values were calculated for all classifiers. The results,
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summarized in Figure 2.5, compare the performance of the white-noise classifier (blue) and
red-noise classifiers (orange) across six dynamical models. Each subplot corresponds to one
mathematical model, with the y-axis showing the mean AUC score and the x-axis repre-
senting redness values. The figure demonstrates that, for each redness level, the classifier
trained on white noise exhibits comparable performance to the classifier trained on red
noise with the corresponding redness. While the overall performance remains high across
models and noise conditions, a modest decline in AUC is observed for fold-type bifurca-
tions, particularly in the Neural Activation and May’s Harvesting models, as the redness
increases, indicating a slight sensitivity of these systems to stronger temporal correlations
in the noise. This result confirms that the DL model trained on white noise generalizes ef-
fectively to time series containing coloured noise, maintaining high discriminative accuracy
even under strong temporal correlations.

The results presented in this section demonstrate that our approach to developing a DL
model for providing EWS of tipping points can be generalised to coloured noise and applied
to highly coloured simulated or empirical time series. Moreover, these findings indicate that
a classifier trained on white noise can still maintain a high level of performance on coloured
time series.

2.5 Discussion

Conclusion

In this study, we developed a DL framework for detecting EWS of tipping points in com-
plex dynamical systems. Our primary objective was to construct a training methodology
grounded in theory by generating time series exclusively from the normal forms of canon-
ical bifurcations. This approach eliminates the need for large, randomly sampled libraries
of stochastic differential equations and ensures that the training data directly reflects the
core dynamical patterns associated with critical transitions.

We first demonstrated that a CNN-LSTM model trained on these theoretically con-
structed time series is capable of accurately identifying EWS in out-of-sample data. This
included both synthetic time series from unseen mathematical models and real-world empir-
ical datasets, highlighting the model’s ability to generalise beyond the training distribution.

A second objective was to assess the robustness of this framework under realistic noise
conditions. To this end, we replaced white noise in the training simulations with coloured
(red) noise, introducing temporal autocorrelation using AR(1) processes. We found that
the performance of the DL model remains stable across a wide range of redness values.

Finally, we performed a systematic evaluation using ROC curves and their corresponding
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AUC scores. These experiments confirmed that models trained on coloured noise perform
exceptionally well when tested on coloured stochastic time series with bifurcations. Im-
portantly, we also showed that models trained on white noise generalise well to coloured
noise settings, underscoring the flexibility of the training approach. Taken together, our
results demonstrate that deep learning models trained on theoretically grounded simula-
tions can serve as reliable tools for bifurcation detection, even in the presence of realistic
stochasticity and noise correlations.

Limitation and Future Work

Nevertheless, the model and assumptions used in this study limited its scope. For
instance, we focused exclusively on three specific types of local bifurcations. Global bifur-
cations could also be studied by expanding the training set to include these, as DL models
can only recognise patterns they have been trained on. Furthermore, the study of coloured
noise in our work was limited. Coloured noise refers to noise with a power spectral density
(PSD) proportional to 1/f#, where f is frequency and f3 is the spectral exponent. Each
value of [ characterises a different type of noise. While our method creates a continuum
between white and red noise (5 = 0 and = 2), it does not address other types of noise,
such as blue noise ( = —1) and violet noise (§ = —2). Moreover, the development of
the training set relied entirely on normal forms, whereas incorporating higher-order terms
could increase the accuracy of the DL model.

In future work, we aim to address these limitations. Specifically, we intend to expand
the scope of this study to include other types of local and global bifurcations. Although
climate empirical data predominantly rely on red noise, we plan to incorporate other types
of coloured noise to create a more comprehensive classifier.
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Chapter 3

Echoes Before Collapse: Deep
Learning Detection of Flickering in
Complex Systems!

LA preprint of this chapter is available on arXiv as: Babazadeh, Y.; Anand, M.: Bauch, C.T.
arXiv:2509.04683, posted 4 September 2025.
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3.1 Abstract

Deep learning offers powerful tools for anticipating tipping points in complex systems,
yet its potential for detecting flickering (noise-driven switching between coexisting stable
states) remains unexplored. Flickering is a hallmark of reduced resilience in climate sys-
tems, ecosystems, financial markets, and other systems. It can precede critical regime shifts
that are highly impactful but difficult to predict. Here we show that convolutional-long
short-term memory (CNN-LSTM) models, trained on synthetic time series generated from
simple polynomial functions with additive noise, can accurately identify flickering patterns.
Despite being trained on simplified dynamics, our models generalize to diverse stochastic
systems and reliably detect flickering in empirical datasets, including dormouse body tem-
perature records and palaeoclimate proxies from the African Humid Period. These findings
demonstrate that deep learning can extract early warning signals from noisy, nonlinear
time series, providing a flexible framework for identifying instability across a wide range
of dynamical systems.

3.2 Introduction

Sudden and irreversible shifts, tipping points [175, 65, 80, ], can arise in systems
as varied as climate [30, 122], ecosystems [00, 100, 155], financial markets [27, 108], and
public health [209, , 12]. Anticipating such regime shifts is critical for mitigating their

potentially severe consequences. Early warning signals (EWS) have emerged as an im-
portant tool for detecting the loss of resilience that precedes these critical transitions
[ ) ) ) ) ) ) ) ) ) ) ) ) ) ]

One hallmark of reduced resilience is flickering: intermittent, noise-driven switching
between coexisting stable states [15, , 9, 92]. Flickering has been documented in di-
verse systems, including palaeoclimate records [199, , 52, 53], neuroscience [101, 89],
hibernation physiology [156], and lake ecosystem dynamics [207]. Tt often emerges before a
bifurcation, when competing attractors become less stable and noise can drive rapid transi-
tions between them [110, 53]. This makes flickering a valuable EWS that can complement
indicators based on critical slowing down. However, existing approaches to detecting flick-
ering rely mainly on statistical metrics such as variance, autocorrelation, and skewness [15].
These methods can be sensitive to noise characteristics, data resolution, and confounding
processes, limiting their robustness in practice [15, 34].

In parallel, advances in artificial intelligence (Al) and deep learning (DL) have demon-
strated considerable potential for identifying EWS of tipping points, particularly for de-
tecting bifurcations in noisy, nonlinear systems [34, 33, , 94,46, 57, 59]. Yet, despite its
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importance, the problem of detecting flickering using DL has not been addressed. This gap
is significant: if DL models could reliably recognise flickering, they could expand our capac-
ity to detect instability in a wider range of systems, especially when traditional statistical
approaches fail.

Here, we develop a convolutional-long short-term memory (CNN-LSTM) framework
to detect flickering patterns in noisy time series. We train the model on synthetic data
generated from simple polynomial functions with additive noise, and test its generalization
to a suite of more complex stochastic dynamical systems. We further show that the deep
learning model consistently outperforms variance-based generic early warning indicators,
achieving higher discrimination between true flickering and null cases. Finally, we apply the
trained model to empirical datasets, including dormouse body temperature measurements
[156] and palaeoclimate records from the African Humid Period [199]. Our results show
that deep learning can robustly identify flickering across both simulated and real-world
systems, offering a new and broadly applicable tool for anticipating critical transitions.
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Box 1. What is flickering?

Flickering refers to noise-driven, intermittent transitions between coexisting stable states in
a dynamical system. As a tipping point approaches, these switches become more frequent,
indicating reduced resilience. (A—C) Potential landscapes V(x) as the control parameter
p changes, altering the number and stability of equilibria. In (B), two nearby equilibria
coexist, and noise drives rapid switching between them. (D) Corresponding time series x(t)
with dashed lines marking the equilibrium positions from (A-C). The frequent switching
in (B) is characteristic of flickering as an early warning signal.
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3.3 Deep learning model and dataset construction

To detect flickering patterns in noisy time series (Box 1), we implemented a convo-
lutional-long short-term memory (CNN-LSTM) network [177, 3, 88]. The CNN layers
extract localized features across long temporal windows, while the LSTM layers capture
temporal dependencies and preserve relevant sequence information through recurrent con-
nections. The final dense layer outputs a binary classification indicating the presence or ab-
sence of flickering. This architecture was chosen for its proven ability to combine spatial fea-
ture extraction with long-range temporal modeling in time series analysis [78, 57, 33, 59, 34].
A schematic of the architecture is shown in Fig. 3.2, and all layer specifications are provided
in the Appendix.

3.3.1 Details of Training Dataset

Synthetic time series were generated from a one-dimensional stochastic differential equa-
tion consisting of a linear term, a seventh-degree polynomial, and additive Gaussian noise:

dx(t)

y7 = p—a(t) + [ax(t) + b2 (t) + cx®(t) + da* (t) + ex® (t) + fab(t) + gx” ()] + o&(t), (3.1)

where £(t) denotes Gaussian white noise and o is the noise intensity.

The choice of a seventh-degree polynomial was made after systematic experimentation
with polynomial orders ranging from three to seven. Lower-degree polynomials (e.g., cubic
or quintic) were found to generate simpler potential landscapes which limited the diversity
of dynamical behaviors available for training. In contrast, higher-order polynomials such as
the seventh-degree form provide richer nonlinear structures capable of exhibiting multiple
coexisting attractors and sharp transitions between them.

For the purpose of this research, we specifically required the polynomial term to exhibit a
saturational behaviour, flattening for large |z|, to ensure the existence of at least two stable
equilibria separated by one unstable equilibrium. This configuration naturally supports
noise-induced switching, or flickering, between attractors (see Box 1), making it well-
suited for building and testing the deep learning classifier with the desired accuracy and
robustness across a variety of dynamic regimes.

Random Coefficient Generation.

The polynomial coefficients were randomly drawn from the following ranges to ensure
diverse potential landscapes:
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° g€ (0,-2)
o fe(=y9,+9)
e cc (0,-2)
e de(—e,+e)
o cec(0,-2)
e b=0

e ac(1,3)

Initial Conditions and Noise.

We set p = 5, denoted as py, to initialize the system well before the bifurcation point.
This ensures that the dynamics begin in a single, stable attractor corresponding to non-
flickering behaviour. Starting sufficiently far from the transition is essential for exposing
the deep learning model not only to flickering dynamics but also to the gradual progression
from non-flickering to flickering regimes as p approaches its critical value p* (Fig 3.2).

The initial condition xy was chosen as the positive root of the right-hand side of Eq. (4),
corresponding to the stable equilibrium of the potential well at pg. The noise intensity was
set to 0 = 1.2zy. This choice balances the competing requirements of sufficient stochastic
forcing and signal coherence. If the noise amplitude is too small, trajectories remain
trapped within a single potential well and never reach the neighbouring basin of attraction,
thereby preventing flickering. Conversely, if the noise amplitude is too large, the time
series becomes dominated by stochastic fluctuations and loses the characteristic temporal
structure required for classification. The optimal value of ¢ is therefore expected to scale
with the width of the potential well, proportional to xy, and our experiments confirmed
that a value of 1.2z yielded the most realistic flickering dynamics and best downstream
model performance.

Determination of Transition Point.

The critical value p* was determined by finding z* where the slope of the polynomial
term equals that of the linear term, that is, where the derivative of the nonlinear restor-
ing force equals unity (slope = 1). At this point, the two curves, the linear term z(t)
and the nonlinear polynomial term, become tangent to each other, corresponding to the
collision and annihilation of two equilibrium points. This geometric condition defines the
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fold (saddle—node) bifurcation of the system, beyond which the upper stable equilibrium
disappears and the system can only remain in the lower stable branch. In other words,
the intersection of the linear and polynomial components represents the equilibria of the
dynamical system, and the tangency condition marks the loss of bistability and the onset
of a critical transition. The corresponding critical value p* was then computed from:

yt=x" —p". (3.2)

Simulation Procedure.

The stochastic differential equation was numerically integrated using the Euler—-Maruyama
method with a fixed time step of At = 0.01. Time series were generated with total lengths
of 5000, 6000, 7000, 8000, 9000, and 10,000 steps. For flickering series, the control pa-
rameter p was linearly varied from its initial value py to the critical value p*, while for
non-flickering series, p was kept constant at py.

The rationale for generating time series of multiple lengths was to capture the inherent
stochastic variability of flickering dynamics, which can manifest over different temporal
scales. Flickering is not a single, sharply defined event but rather a stochastic process whose
frequency and persistence evolve as the system approaches the bifurcation. Training the
deep learning model on signals of varying durations therefore allows it to learn both short-
term and long-term manifestations of this behaviour. The ensemble of models trained on
different sequence lengths yields a cohesive representation capable of identifying the entire
flickering window with high sensitivity.

We also found through numerical experimentation that, given our model configuration
and parameter choices, the system must be simulated for at least 5000 integration steps to
evolve smoothly from a distant non-flickering state (p = pg) toward the flickering regime
near p*. Shorter runs did not provide sufficient temporal development for the transition
dynamics to emerge clearly.

Dataset Composition.

A total of 2000 time series were generated for each category (flickering and non-flickering).
For each series, we computed its rolling variance using a window size of 1000, and both the
raw time series and the rolling variance (each followed by z-score normalisation) were used
as the two input channels to the CNN-LSTM model. This dual-channel representation al-
lows the network to jointly capture both the raw signal dynamics and the gradual variance
escalation typical of flickering events. More details on the DL architecture are provided in
Appendix B1.
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Each CNN-LSTM model was trained on a specific sequence length from the set {5000,
6000, 7000, 8000, 9000, 10000}, allowing the ensemble to detect flickering patterns
across multiple temporal scales. Shorter sequences capture rapid transitions, while longer
ones resolve extended pre-transition dynamics. All models achieved final training accura-
cies above 95%, and ensemble averaging yielded robust detection across temporal scales.
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Figure 3.2: Deep learning model architecture for flickering pattern detection. The
CNN-LSTM framework detects flickering patterns as early-warning indicators of tipping
points. Simulated time series with and without flickering (parameterized by py and p*) are
preprocessed (see Box 1) and used to train the model, which outputs a binary classification
indicating the presence of flickering.

3.4 Results

Figure 3.3: Deep-learning discrimination of true flickering versus noise-
modulated null dynamics across six models. For each model, the left column depicts
genuine flickering between coexisting equilibria, while the right column shows a null tra-
jectory where the noise amplitude is modulated to mimic flicker. Within each panel, the
top trace is the state time series, the middle trace shows the classifier’s flicker (blue) and
non-flicker (yellow) probabilities, and the bottom trace shows the moving variance. The
red band marks a noise-driven interval used to probe false-alarm behavior in the null case;
axes are aligned to enable direct visual comparison.
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Deep-Learning Analysis of True Flickering vs Noise-Modulated (Null) Dynamics
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3.4.1 Details of Simulated Models

To evaluate the generalization performance of the trained deep learning classifier, we
tested it on six distinct nonlinear stochastic dynamical systems that were unseen during
training. Each model represents a different class of one-dimensional stochastic differential
equations (SDEs) exhibiting bistability and noise-driven switching under specific param-
eter regimes. For each system, the simulation was run for 62,500 time steps using the
Euler-Maruyama method with a fixed time step of At = 0.01. All systems included an
additive stochastic forcing term ¢&(t), where £(t) denotes Gaussian white noise.

Two simulation regimes were implemented for each model: (1) Flickering case: a
control parameter (b) was varied linearly over time from an initial to a final value, grad-
ually reducing the stability of one attractor and inducing noise-driven switching between
alternative states prior to the bifurcation point, while the noise amplitude o was held con-
stant. (2) Non-flickering (null) case: the control parameter b was held constant, but
the noise amplitude o was transiently increased in a triangular profile during the middle
third of the simulation, producing variance inflation without actual state transitions.

This design ensured that both flickering and non-flickering time series exhibited com-
parable temporal variance dynamics, while differing fundamentally in their underlying
attractor-switching behaviour. As a result, the classification task required the model to
distinguish genuine approach-to-bifurcation dynamics from visually similar but mechanis-
tically distinct variance changes which is a critical test of discriminatory power.

The six benchmark models and their corresponding parameter settings were as follows:

1. Cubic Polynomial Model:

d
d—f:b—az+Dx—a:3+a§(t), (3.3)

with D = 1.5, 0 = 0.4, and b linearly ramped from 0.5 to -1 in the flickering case.

2. Exponential Potential Model:
d 2
d—f:b—m+2<1—e_2’” ) +ot), (3.4)

with b decreasing from 0 to —1 in the flickering case and o = 0.45.

3. Hyperbolic Tangent Model:

Cfi_f =b— x + 2tanh(z) + 0&(t), (3.5)

with b decreasing from 0.5 to —1 in the flickering case and o = 0.9.
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4. Sigmoidal Hill Function Model:

dz 20
— =bH— 1.5
dt T 14 26

+ o€(t), (3.6)

with b decreasing from 1 to —0.5 in the flickering case and o = 0.5.

5. Logistic Function Model:
1
O =b—a+ o+ ot (h), (37)

with b decreasing from 0 to —1 in the flickering case and o = 0.3.

6. Arctangent Potential Model:

d
d—f =b— x + arctan(10z) + o&(t), (3.8)

with b decreasing from 0.5 to —1 in the flickering case and o = 0.8.

3.4.2 Generalization Across Dynamical Systems

We next tested whether the classifier could reliably detect flickering and thereby provide
an early-warning signal of an impending transition across this suite of six nonlinear one-
dimensional systems that were structurally more complex than those used for training
(Fig. 3.3; model equations shown above each panel). For each system, two classes of
trajectories were generated: a flickering condition (left column), in which the control
parameter was slowly advanced toward the tipping point to induce noise-driven switching
between basins of attraction prior to the transition, and a null condition (right column), in
which the control parameter was fixed while the noise amplitude was transiently increased
and decreased to mimic variance inflation without genuine basin switching.

This null condition poses an intentionally difficult test: the rolling variance (bottom
row of Fig. 3.3) increases in both scenarios and would ordinarily trigger a false positive for
classical variance-based early-warning indicators. To overcome this, each time series was
processed by an ensemble of CNN-LSTM detectors trained on different temporal contexts
(window lengths equal to 8%, 9.6%, 11%, 13%, 14%, and 16% of the series length), and their
posterior probabilities were averaged to obtain a single cohesive detection signal (middle
row).

Across all six systems, the ensemble produced a sustained elevation of the “flicker”
posterior that consistently anticipated the critical transition in the flickering condition,
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while remaining near baseline in the null condition despite comparable variance inflation
(Fig. 3.3, middle vs. bottom rows). In other words, when noise alone was modulated, the
model correctly withheld an alarm even though conventional early-warning metrics would
have falsely signalled during the shaded interval; by contrast, when genuine basin switching
occurred, the model’s predicted probability rose sharply prior to the bifurcation. These
results demonstrate that the classifier generalises effectively to novel dynamical systems not
encountered during training, capturing higher-order dynamical signatures beyond moment-
based variance growth, and thereby distinguishing true proximity to tipping points from
spurious stochastic variance.

Variance-Based vs DL-Based ROC Curves per Model

(A) Model 1 (B) Model 2 © Model 3

L Variance AUC = 0.429 Variance AUC = 0.575 Variance AUC = 0.551
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Model 4 (E) Model 5 (F) Model 6

P Variance AUC = 0.504 Variance AUC = 0.355 Variance AUC = 0.571
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Figure 3.4: ROC performance on unseen dynamical systems. Receiver operating
characteristic (ROC) curves comparing a variance-based indicator (orange) and the deep
learning (DL) classifier (blue) for six nonlinear systems (A-F). Curves are based on 300
simulations per system under flickering and null conditions. Variance-based AUCs hover
near 0.5, indicating poor discrimination when variance inflates in both cases, while DL-
based curves are consistently bowed toward the upper-left, yielding markedly higher AUCs
and capturing flickering-specific dynamics beyond variance growth.
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3.4.3 Quantitative Evaluation via ROC Analysis

To quantitatively assess how well each method distinguishes genuine flickering from
the challenging null condition described above, we computed receiver operating charac-
teristic (ROC) curves for both the variance-based indicator and the deep learning (DL)
classifier using the same ensemble of synthetic time series generated from the six unseen
dynamical systems (Fig. 3.4A-F). In total, 300 independent stochastic simulations were
performed under both flickering and null conditions, following the labelling protocol de-
scribed in the preceding section. The ROC framework provides a threshold-independent
measure of discriminative ability by comparing true- and false-positive rates across all pos-
sible classification thresholds. A classifier that performs no better than random yields a
curve oscillating around the diagonal line (AUC = 0.5), whereas a perfect discriminator
approaches the upper-left corner (AUC = 1).

ROC Curve Construction

For the DL detector, we generated 50 trajectories per dynamical model for each class.
The DL detector consisted of an ensemble of CNN-LSTM networks trained on window
lengths of 5,000, 6,000, 7,000, 8,000, 9,000, and 10,000 samples. For each trajectory, we
computed the scalar score

Spr, = mgxpf(w) — mean,, [pr(w)],

where p¢(w) is the per-window flicker probability output by the DL model. To obtain
a conservative estimate, the weakest score among the six DL models (i.e., the minimum
spr, across lengths) was retained for both flickering and null cases. The subtraction of the
mean accounts for the normalization of p¢ to [0, 1].

For the variance-based baseline, we generated 100 trajectories per model for each class.
We computed the rolling variance V (t) with a window of 1,000 samples and defined the

scalar score as
max; V(t)

Svar = mean, [V (¢)] + std, [V (¢)]

The denominator normalizes the maximum variance surge by the baseline mean and
variability, ensuring comparability despite the unscaled nature of V().

In both cases, ROC curves were obtained by sweeping a classification threshold 7 over
the sorted set of scores {s;} and computing true- and false-positive rates at each 7. The
area under the curve (AUC) was calculated using trapezoidal integration, and all analyses
were performed separately for each dynamical model.
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Results and Interpretation

Across all six systems, the variance-based indicator produced ROC curves that fluc-
tuated near the diagonal (AUC ~ 0.5), confirming its inability to reliably distinguish
flickering from null conditions when both exhibit similar variance inflation. In contrast,
the DL classifier consistently yielded ROC curves that bowed sharply toward the upper-
left corner, with substantially higher AUC values in every model tested (Fig. 3.4). This
consistent improvement demonstrates that the deep learning detector identifies dynamical
signatures characteristic of genuine flickering beyond simple variance growth and gener-
alises effectively to structurally distinct systems unseen during training.

3.4.4 Application to Empirical Data

We further demonstrate that our deep learning approach can be extended to empiri-
cal records, enabling early detection of real-world tipping points through identification of
flickering patterns.

Details of Empirical Data

The first dataset comprises high-resolution body temperature measurements from male
and female edible dormice, recorded under Mediterranean outdoor conditions over the
course of nearly one year. Temperature loggers were implanted to continuously measure
hourly body temperature alongside ambient air temperature. The data exhibit two distinct
regimes corresponding to active and hibernation phases, separated by abrupt transitions.
During hibernation, both individuals displayed frequent and irregular alternations between
torpid and euthermic states, indicative of flickering dynamics, that intensified prior to the
transition back to activity. In contrast, body temperature remained relatively stable during
active periods. Notably, the female entered hibernation approximately three weeks earlier
than the male, although both resumed activity on the same day, suggesting both individ-
ual variation and synchronised physiological cues. These observations provide empirical
support for interpreting flickering as an early warning of a critical physiological transition.

The second dataset is a high-resolution palaeoclimate record from the Chew Bahir
basin in southern Ethiopia, spanning the termination of the African Humid Period (AHP)
between 9 and 3 thousand years before present (kyr BP). This record is based on potassium
concentrations in lake sediments, a well-established proxy for regional aridity [199]. The
series reveals a sequence of approximately fourteen drought events, each lasting 20-80 years
and recurring at intervals of roughly 160 years. These droughts precede and accompany a
~1000-year transition from a stable wet to a stable dry climate state. The recurrence and
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Figure 3.5: Application of the deep learning classifier to empirical datasets. (A,B)
Body temperature records from male and female edible dormice during the transition
from active to hibernation states. (C) Standardised potassium concentrations from the
Chew Bahir palaeoclimate record in southern Ethiopia, a proxy for aridity, spanning 9-3
kyr BP and capturing the termination of the African Humid Period. In each panel, the
upper subfigure shows the original time series (Grey); the lower subfigure shows the deep
learning ensemble probabilities for flickering (blue) and non-flickering (orange). Clear
pre-transition flickering signals are detected in (A-C). (D,E) Two additional dormouse
temperature records containing flickering that the classifier failed to detect, highlighting
cases of missed detection. Probabilities are obtained by averaging outputs from models
trained with sliding windows spanning 8%, 9.6%, 11%, 13%, 14%, and 16% of the total
time series length.
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clustering of short drought and wet events generate a distinct pattern of climate flickering,
rapid alternations between opposing climate states, that becomes increasingly pronounced
as the system approaches the critical transition.

Model Application and Results

To ensure compatibility with the model input dimensions, all empirical time series were
linearly interpolated to a uniform length of 100,000 time steps. Ensemble predictions were
then obtained by averaging the outputs of CNN-LSTM models trained on sliding windows
spanning 8%, 9.6%, 11%, 13%, 14%, and 16% of the total series length, consistent with
the training configuration described earlier.

Across both datasets, the ensemble reliably identified flickering intervals preceding the
observed transition points (Fig. 3.5A—C). In the dormouse data, clear flickering episodes
were detected shortly before entry into hibernation, consistent with previous physiological
analyses [150]. In the Chew Bahir palaeoclimate record, the classifier produced an elevated
flicker probability during the centuries preceding the abrupt termination of the African
Humid Period, capturing the dynamical signatures of pre-transition instability.

In contrast, two additional time series from the same dormouse dataset, where pre-
transition fluctuations were less pronounced, did not elicit an elevated flicker probability
(Fig. 3.5D-E). We speculate that the algorithm’s training set may need to include addi-
tional temporal features, such as the spacing and duration of intermediate temperature
spikes, for it to detect subtler precursors in such cases.

Overall, these results illustrate both the applicability and the specificity of the approach:
the model generalises successfully to biological and palaeoclimate data, generating early
warning signals consistent with known transitions, while avoiding false positives when clear
dynamical signatures of flickering are absent.

3.5 Discussion

We have demonstrated that deep learning models can provide reliable EWS of tip-
ping points by detecting flickering patterns that often precede critical transitions. Our
evaluation spanned three stages: (i) training on controlled synthetic datasets to capture
essential flickering dynamics; (ii) testing on more complex stochastic models to assess gen-
eralisation; and (iii) applying the trained models to empirical datasets from biology and
palaeoclimate. This pipeline demonstrates that deep learning can be trained on simplified
representations yet retain predictive skill in diverse and realistic settings. Notably, the
classifier maintained high performance even in challenging null scenarios where variance
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inflation alone could mislead classical EWS, highlighting its ability to extract dynamical
features beyond low-order statistical moments.

The framework has several limitations. First, not all critical transitions are preceded
by flickering, and the method will not issue warnings in such cases. Second, the training
set relied on relatively simple functional forms, polynomials up to the seventh degree,
limiting exposure to more intricate or high-dimensional behaviours. Third, the analysis
focused on univariate time series, whereas many real-world systems are multivariate and
feature interacting subsystems. Addressing these limitations will broaden the scope and
applicability of the method.

Future work will expand the diversity of the training set to include a broader range of
functional forms, noise structures, and dynamical regimes. Integrating the deep learning
framework with complementary EWS approaches, such as indicators of critical slowing
down, may improve detection in cases where flickering is absent or weak. Extending the
approach to multivariate signals will enable application to complex systems where multi-
ple interacting variables influence stability, such as coupled climate—biosphere systems or
physiological networks.

Overall, our results establish a generalisable framework for machine-learning-based
detection of flickering that moves beyond traditional variance-based EWS. By bridging
simple synthetic training data with complex, unseen, and empirical systems, this approach
offers a scalable and adaptable pathway for anticipating critical transitions in domains
ranging from climate risk assessment and ecosystem management to biomedical monitoring
and financial stability analysis.
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Chapter 4

Social dynamics can delay or prevent
climate tipping points by speeding
the adoption of climate change
mitigation!

IThis chapter has been peer reviewed and published as: Babazadeh, Y.; Anand, M.; Bauch, C.T.
Proceedings of the Royal Society A 2025, 481(2322), 20250376. Publisher: The Royal Society. Publication
date: 17 September 2025.
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4.1 Abstract

Social dynamics are increasingly integrated into climate change models, yet tipping
points in coupled social-climate systems remain understudied. This is concerning given
that processes like permafrost thaw and forest dieback can trigger positive feedback loops
that accelerate carbon release and global warming. We developed a coupled model com-
bining an Earth system component with a social behavior model, each including tipping
mechanisms. The climate model includes an additional carbon release term representing
tipping reservoirs. The social model captures opinion dynamics shaped by social learning
rates, mitigation costs, and the strength of social norms. Our results show that weak so-
cial norms have little effect on tipping dynamics. However, faster social learning can delay
or even prevent climate tipping by accelerating mitigation responses. Simulations reveal
nonlinear, regime-dependent dynamics, with bifurcation-like behavior separating tipping
and no-tipping pathways. In some scenarios, a climate tipping point can trigger secondary
tipping in social behavior. Crucially, the model enables estimation of the time to tipping,
offering a forward-looking risk measure. These findings underscore the importance of in-
corporating social feedbacks in climate models to better anticipate, and potentially avoid,
catastrophic tipping events.

4.2 Introduction

Using various measurement techniques, we know with confidence that the Earth’s av-
erage global temperature has increased by 1.1°C since 1800 due to anthropogenic activities
[218]. For billions of years, Earth has developed intricate feedback mechanisms among var-
ious carbon reservoirs, balancing carbon emissions and absorption to achieve equilibrium.
Examples of these feedback mechanisms include the ocean’s capacity to absorb excess at-
mospheric carbon and forests on land capturing carbon from the atmosphere [213] [32].
Since the beginning of industrialisation, excess human-caused carbon emissions have inter-
fered with the function of these mechanisms [135]. In addition to direct carbon emissions,
human activities can have indirect effects that can exacerbate the situation. Recent studies
have revealed a reduced capacity of oceans and land to absorb atmospheric carbon due to
ocean acidification and forest fires [190] [55]. This is among the causes of the rise in the
global average temperature as more carbon is released into the atmosphere. Consequently,
the ability of oceans and land to absorb carbon decreases, leaving more carbon in the at-
mosphere and forming a positive feedback loop. This positive feedback loop can increase
the probability of irreversible events and a tipping point due to temperature rise [111], [61].

Multiple recent studies highlight the possible emergence of climate tipping points be-
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yond a global temperature anomaly of 1.5°C [7, |. Several large carbon reservoirs may
be triggered or accelerated by warming, including permafrost thaw, boreal forest dieback,
Amazon rainforest dieback, and tropical peatland drying [145]. For example, rising tem-
peratures cause permafrost in polar regions to thaw, releasing significant amounts of stored
carbon as CO5 and CH,. Under the high-emissions RCP8.5 scenario, gradual thawing could
release 23-174 GtC by 2100. This permafrost carbon feedback is projected to increase
global temperatures by approximately 0.3-0.8°C by 2100 [200, , |. Additionally,
rising global temperatures can irreversibly increase the frequency and severity of extreme
events [121, 28]. For instance, between March 2023 and February 2024, forest fires released
approximately 8.6 billion metric tons of COy globally, a 16 percent increase compared
to the two-decade average [103, 39]. Another example is Amazon deforestation, where
crossing critical thresholds (e.g., 20-25 percent forest loss or 3-4°C warming) can trigger
a shift to a degraded state, releasing large amounts of carbon and contributing 0.1°C to
global warming over the next century [144]. These examples highlight additional positive
feedback loops that can drive climate tipping points as temperatures rise, underscoring the
need to incorporate them into Earth System Models (ESMs).

The primary way to combat global warming currently is mitigation through emissions
reductions [160], [09], and based on the fraction of mitigators in a population, total carbon
emissions can be controlled. In this view, Earth and people are seen as a coupled system,
with people acting as elements of this generalised system [130], [I10]. This underscores the
importance of behaviour models in understanding the mitigation process. Many behaviour
models have been developed to provide a better understanding of how a population forms
and exchanges opinions [162] [1] [129] [220] [24].

In addition, in the past decades, there have been numerous efforts to develop a numerical
structure for simulating climate models [170]. These models differ in the features and
aspects that they include or exclude. Many of these models include behavioural models
as well to offer a broad perspective of the future [216] [31] [117]. Additionally, studying
the possibility and existence of tipping points in the climate system has received high
attention in previous years and many papers have explored different facets [123] [124] [43]
[34], including for climate tipping points [217].

Building on previous work [19, 30, , , , 16, , , ], we aim to couple an
Earth system model with a behavioural model that has room for feedback mechanisms that
can lead to tipping points. We aim to develop a model to understand the effects of events
able to create positive feedback loops and the impact of different mitigation strategies on
controlling the damage of these events by simulating the coupled model. This model is
not intended to serve as a highly realistic forecast of future climate conditions. Instead,
it is designed as a simplified tool to explore hypotheses, test assumptions, and investigate
potential dynamic patterns. While it offers valuable insights, it does not aim to replace
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more comprehensive climate models.

We use the ESM and behavioural dynamics that were previously used to provide insight
into the interaction between the climate system and social opinion formation [122] [31].
We introduce an additional carbon feedback term to represent the effect of runaway carbon
emissions driven by positive feedback mechanisms. This term captures the potential for
large-scale carbon release from vulnerable natural reservoirs, such as permafrost thaw,
Boreal forest dieback, Amazon rainforest dieback, and tropical peatland drying [115]. As
these processes are expected to intensify with rising global temperatures, we formulate
this term to activate beyond a critical temperature threshold, simulating the onset of an
irreversible (or difficult to reverse) climate tipping point. The formulation reflects both
the non-linear escalation of carbon release and the heightened likelihood of tipping events
under high-temperature scenarios. We also study the effect of social processes on the
likelihood, strength, and timing of the climate tipping point. We show that the tipping
point is preventable using specific mitigation strategies.

4.3 Model Description

4.3.1 Behaviour Dynamics

In this work, we use a behavioural dynamics model previously applied to social-climate
systems [31][147]. Here, the population is assumed to be divided into two groups, mitiga-
tors and non-mitigators. Individuals in these two groups, decide whether to mitigate or not,
based on the utility of each option. Although the utility of each option is affected by various
factors such as political decisions, advertisements, social structures, economic indicators
like inequality and GDP per capita, the severity of the climate state, corporate regula-
tions, government policies, technological advancements, etc., recent studies have shown
that public perceptions of climate change, the future cost and effectiveness of mitigation
technologies, and the responsiveness of political institutions are important in explaining
variation in emissions pathways and therefore the constraints on warming over the twenty-
first century [150]. To simplify the complexity of social models without losing accuracy,
many previous studies have used parameters that represent the same social factors [31]
[147] [112]. Following the same approach in this work, we assume the utility of each option
includes its associated cost, the costs associated with climate change, and the tendency to
remain in the already chosen group.

The utility of being a mitigator is given by

ey = —a+cf(T) + oz (4.1)
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Here, « is the cost of adopting mitigative strategies, The parameter ¢ is a propor-
tionality constant that determines the relative perceived cost of mitigation compared to
non-mitigation. In the final form of the dynamics, ¢ effectively scales how individuals inter-
pret the cost of climate change impacts. Values ¢ > 1 amplify the perceived cost, making
mitigation appear more attractive relative to non-mitigation, whereas values ¢ < 1 reduce
the perceived cost, dampening the incentive to mitigate. Thus, ¢ governs the strength of
perceived climate-related costs within the social decision-making process and modulates
how strongly individuals respond to environmental risk. f (T') is the cost of temperature
anomaly of T degrees Celsius. ¢ is the strength of social norms and x is the fraction of
mitigators of the population. The utility of a non-mitigator is given by:

ex = —7— J(T) +5(1 - 2) (4.2)

where 7 is the cost of non-mitigative behaviour, and its absolute value does not affect
the dynamics since only the relative cost between mitigators and non-mitigators matters.
For simplicity in our analysis, we assumed that both groups share the same value of §. If
we show the rate of change between these two groups (social learning rate) with x then
the total rate at which non-mitigators switch to being mitigators is:

vy = kx(l — z) max(ey — ey, 0) (4.3)

Also, the total rate at which the mitigators switch to being non-mitigators is:

vy = kx(l — x) max(ey — epr, 0) (4.4)
As a result, the net rate of change is:

dx
dt

Using the terms we provided for e;; and ey we will have:

:’T‘N_>M—TM_>N:kl'(l—l')(GM—GN) (45)

- =ke(l—2)(y —a+ (c+ DAT) +6(2r — 1)) (4.6)

which can be rewritten as:

d
d—f = k(1 —2) (=B + f(T) + 8(2z — 1)) (4.7)
Here 3 = ov —  which defines as net cost of mitigation and f(T') = (¢ + 1)f(T).
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We assume a sigmoidal form for f(7'), since the perceived cost of global warming
escalates rapidly beyond a critical temperature threshold [30].

~
¢ fma:r;

f(T> = 1 + e—UJ(T_TCrit)

(4.8)

Here f,,q42 is the maximum cost, w is the degree of nonlinearity of the sigmoid function
with units of K~! and T, is the crAitical temperature about which costs are most sensitive
to change. we can combine ¢ and f,,q;:

fmax - (C + 1)fmax (49)

and rewrite the f(7') as:

= e (4.10)

where the f,,4. is the maximum cost, w is the degree of non-linearity of the sigmoid
function, and T, is the critical temperature at which costs are most sensitive to change.
The term §(2x — 1) is a mechanistic representation of injunctive social norms [13] and has

been derived from assumptions about majority-enforcing behaviour elsewhere [196].

4.4 Earth system model

To study the effect of social dynamics on climate change, we couple the social learn-
ing model with a reduced-form Earth system model (ESM) [122], combined with sim-
plified ocean dynamics following [152]. Variants of this ESM have been widely used in
climate—carbon studies or served as components of more complex models [30, . It
reliably reproduces historical temperature anomalies from pre-industrial levels [30].

4.4.1 Atmospheric carbon dynamics

The dynamics of atmospheric CO, are modified to include an anthropogenic emission
term that depends on the proportion of non-mitigators:

dCyy
dt
where Cy; is the deviation of atmospheric CO, from pre-industrial levels and €(t) is the

baseline emission rate in the absence of mitigation. P is photosynthetic carbon uptake,
R, and R, are plant and soil respiration fluxes, and F,. is net ocean uptake.

Rmax
1 + GR()(T—TC)’

:€<t>(1_'r)_P+Rveg+Rso_Foc+ (411)
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The final term introduces a temperature-driven positive feedback representing the pos-
sibility of a carbon-cycle tipping point (see Section 4.2). We assume this term follows a
sigmoidal form: Ry, is the maximum additional carbon flux (GtCyr=!), Ry is the degree
of nonlinearity of the response and has units of K !, and T, is the critical temperature at
which this term is triggered. Varying R.. allows us to represent a wide range of potential
large-scale carbon releases, including permafrost thaw, boreal forest dieback, Amazon rain-
forest dieback, and tropical peatland drying. We refer to Eq. 4.11 as the modified model
when this tipping term is included and as the baseline model when it is omitted.

4.4.2 Full Earth system model equations

The full coupled carbon—climate system consists of the following equations:

Tt = ()1~ ) = Pt Ry 4 Roo = Foo b s, (4.12)
ddct“ _F,, (4.13)
ﬁgﬁzfxim@—L, (4.14)
diozL—Rw (4.15)
c%%izz(ﬁb——aiﬂ)aE. (4.16)

Here Cy, Cyeq, and C, are the ocean, vegetation, and soil carbon pools. Temperature
T is the deviation in global surface temperature from pre-industrial values, c is the effective
heat capacity of the climate system, o is the Stefan-Boltzmann constant, and ap is Earth’s
emitting surface area.

4.4.3 Biogeochemical fluxes

Photosynthesis. Photosynthetic uptake follows:

(4.17)

COqq — ke 154+T)2(25 =T
P(cat,n:kpcvegkw( pC0: )(< i >>7

Ky +pCOg0 — ke 2625

valid for pCOy, > k. and —15 < T < 25. Atmospheric CO5 concentration (in moles) is
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fgtm(cat + OatO)

pC Oy, = ? , (4.18)
where fy,, = 8.3259 x 10'3 is the conversion factor from GtC to moles.
Plant respiration.
Rueg(T, Cuey) = kypClreghae™Bo/IRITHT0)] (4.19)
Soil respiration.
RSO(T’ OSO) = kST’OSOkBe_SOS56/(T+T0_22713)- (4.20)
Turnover of vegetation.
L(Cheg) = ktCley- (4.21)
Ocean carbon flux.
Fie(Caty Coe) = Fox [ Car — ¢ Clato (4.22)
oc\VYaty “Yoc 0X at Coco Coc ) .

where y is the characteristic solubility of CO5 in water and ( is the evasion factor.

4.4.4 Radiative forcing and temperature
Net absorbed surface radiation is given by

Fy= % (1 + %) , (4.23)

where A is surface albedo, S is solar flux, and 7 is the greenhouse opacity, which is the
term that introduces the carbon—climate coupling.

7(COy) = 1.73(pCO,)*2% (4.24)
7(Hy0) = 0.0126 (H Pye™ /(7)™ (4.25)
7(CH,) = 0.0231. (4.26)

Here H is relative humidity, P, the water vapour saturation constant, L is latent heat
per mole of water, and R is the molar gas constant. All parameter values and functional
forms are taken from [122].
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4.4.5 Simulation

In this work, we simulate our model from year 1800 to 2200. We kept the behavioural
dynamics inactive from 1800 to 2017, since any influence of social behaviour on carbon
emissions during this historical period would already be reflected in the empirical data used
to calibrate the model and for € in this period, we used the values of the historical record
[71]. For years after 2017, we projected the value of ¢(t) using the following functional

form:
(t —2017) €max

(t—2017+s)

This formulation reflects that, due to limitations in resources and population growth,
carbon emissions are expected to exhibit a saturational behaviour in the future rather than
increase indefinitely [30].

Where ¢,,,, is the saturation value and s is the half-saturation constant. The initial
values of all climate variables are zero since they represent the deviation from pre-industrial
values. Social dynamics started in 2017 with a value of 5 percent for the initial fraction of
mitigators (xy). The values of climate parameters are drawn from the original Earth system

e(t) = €(2017) + (4.27)

model [122]. Social factors are more uncertain and have broader upper and lower limits.
We applied the social parameter values reported in the original study to the behavioural
model [31]. Based on the explanation in section 4.3.2, for the tipping term, we varied

R across a broad range (0 to 5 GtC/year) to capture a wide spectrum of emission
scenarios. For T, we used two values of 2 and 3 degrees Celsius to define high- and low-
risk cases. These thresholds were selected to represent realistic worst-case scenarios that
may occur over the coming decades, corresponding to temperature levels at which several
major carbon-cycle feedbacks (such as permafrost thaw or large-scale ecosystem dieback)
are projected to become increasingly likely. For Ry we used 5 K~ ! to ensure a sharp
transition to the tipping point. The values of all the used parameters are provided in the
Appendix C3.

4.5 Results

Simulating different scenarios, we found that it is possible to diffuse or delay the climate
tipping point through social actions. In this model, R, (maximum value of the tipping
term) represents the strength of the tipping term in the modified model, and k (social
learning rate), 8 (net cost of mitigation), and ¢ (strength of social norms) are parameters
of the social behaviour model. Figure 4.1 illustrates simulations of modified and baseline
models for two examples of k and R,,... Comparing the two plots, we observe that the
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Figure 4.1: Possibility of avoiding climate tipping point through social actions.
In this figure, The Baseline model is illustrated in blue and the modified model with an
additional tipping term is illustrated in orange. The dynamic of x (fraction of mitigators)
versus time is also depicted in both plots in a smaller box. Two plots differ in the values
of k and R4 (GtC/year) that were used: (0.01, 5) for plot A, where it shows tipping
behaviour, and (0.1, 1) for plot B, where it does not.

tipping term can lead to a significant difference between the modified and baseline models
for certain choices of k and R,,,., but not for others. This observation suggests that some
social strategies can avoid the tipping point by deactivating the tipping term. To investigate
and quantify the influence of the tipping term, we examine the area under the curve (AUC)
of the global temperature anomaly time series, integrated from 1800 to 2200. Specifically,
we compute the AUC for both the modified model (which includes the tipping term) and
the baseline model (without the tipping term), and analyze the difference between them.

This AUC difference provides a compact and interpretable measure of the cumulative
climatic impact introduced by the tipping mechanism. A larger difference suggests that
the tipping feedback had a more pronounced effect, while a smaller difference may imply
that social feedbacks effectively mitigated the influence of the tipping term. This metric
serves as a diagnostic tool to systematically explore the sensitivity of climate outcomes
to key social parameters, particularly the social learning rate, and helps reveal transitions
between tipping and no-tipping regimes, consistent with bifurcation-like behavior in the
coupled socio-climate system. Additionally, due to uncertainty about the value of critical
temperature, we define two scenarios: 1) high risk, in which the critical temperature is set
at 2°C, and 2) low risk, in which the critical temperature is set at 3°C.
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Studying the difference in AUC versus social variables provides a more comprehensive
insight into the potential to diffuse the tipping point. Figure 4.2 illustrates this analysis,
revealing that the difference in AUC does not rely heavily on 5 (net cost of mitigation)
and ¢ (strength of social norms). This outcome is expected, since both § (the net cost of
mitigation) and § (the strength of social norms) enter the baseline and modified dynamics
in the same linear form. As a result, their contributions cancel out when computing the
AUC difference between the two models, leading to minimal observable impact in our
comparative sensitivity analysis.

However, our analysis depicts more complex behaviour when it comes to k (social
learning rate). As shown in panels A and D, isoclines fit into V-shaped regions, meaning
that for each value of R,,,., there exist two values for x that result in the same difference
in AUC, and there is one value of k between them that maximises it. The tipping term
is engaged inside these V-shaped regions, suggesting the possibility of a tipping point.
A detailed sensitivity analysis of the impact of x on climate outcomes is provided in the
Appendix C2. We can also compare the results in two predefined scenarios of high (7. = 2)
and low risk (7. = 3) in Figure 4.2. As shown, panels A, B, and C represent the high-risk
scenario, depicting more concerning results and a higher possibility of tipping points due
to more elevated differences in AUC in panels B and C, as well as larger V-shaped regions.
On the other hand, panels D, E, and F show that in low-risk scenarios, the V-shaped
regions are smaller, and the difference in AUC is less pronounced. Since k has the greatest
influence on the tipping term, we’ll now focus primarily on results as a function of x.

Social actions can also affect the time to the tipping point. In addition to analysing
the evolution of temperature over time for the modified and baseline models, we are also
interested in understanding the timing and how it is affected in the modified model under
different mitigation strategies. First, we need to define the time to the tipping point. In this
work, we measure the time when the temperature anomaly in the modified model becomes
d times larger than the temperature in the baseline model at the same time, and refer to
this specific instant as the time to the tipping point. We can now study the evolution of this
time as a function of R,,,, and k, which cover different scenarios of carbon emissions and
mitigation strategies. Figure 4.3 illustrates this analysis. White regions represent cases
where the tipping point did not occur. Coloured regions, representing cases with a tipping
point, again fit into V-shaped areas similar to the results in 4.2. Results are provided for
two predefined scenarios: high risk (plots A, B, and C) and low risk (plots D, E, and F).
By comparing the worst cases of both scenarios, we can see that the tipping point occurs
around the year 2120 in the low-risk scenario and around the year 2060 in the high-risk
scenario. This suggests that the tipping point can happen 60 years sooner in the high-
risk scenario. Additionally, in the low-risk scenario with a higher critical temperature, we
observe that the V-shaped regions become smaller, meaning that fewer choices of R,,q.
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Figure 4.2: The difference in AUC versus social behaviour variables. In this
figure, the difference in AUC is depicted against social behaviour parameters and R,,q.
(GtC/year). The top plots represent the high-risk scenario (7. = 2), and the bottom ones
correspond to the low-risk scenario (7. = 3). The plots illustrate the difference in AUC
versus Social Learning Rate on the left, Net Cost of Mitigation in the middle, and Strength
of Social Norm on the right.

and ~ lead to a tipping point. We also observe that by selecting different sets of values for
R0 and k, the tipping point can be delayed by around 60 years in the low-risk scenario
and 120 years in the high-risk scenario.

We have also shown that social interventions and the level of carbon emissions can
influence the peak temperature deviation. Studying peak temperature deviation is essential
as it provides valuable insights into the severity of each scenario and mitigation strategies.
The analysis is depicted in Figure 4.4, where peak temperature anomaly is illustrated
against R, and k for two predefined scenarios: high-risk (left) and low-risk (right).
Both plots confirm that by increasing x and decreasing R,,.., peak temperature anomaly
decreases. Additionally, comparing these two plots reveals that more severe cases tend
to occur in high-risk scenarios due to their elevated values for peak temperature anomaly
and bent isoclines, suggesting a slower decrease in peak temperature anomaly. This is an
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Figure 4.3: Time to the tipping point for different emission and mitigation sce-
narios. Time to the tipping point is plotted against R,... (GtC/year) and k for six
different cases. The top plots represent the results of the high-risk scenario (7, = 2), and
the bottom ones show the results of the low-risk scenario (7. = 3). The plots on the left,
middle, and right depict the results for different values of the threshold (d = 1.1, 1.25, and
1.5).

expected outcome based on the formulation of our model. In high-risk scenarios, where
Ryax is large, increases in k can partially offset the resulting rise in peak temperature. In
fact, due to the structure of the coupled socio—climate dynamics, the peak temperature
anomaly can be approximately held constant by increasing x and R, simultaneously at
an appropriate rate, which explains the pattern observed in the high-risk regime.

In addition, we have shown that critical temperature plays a pivotal role in determining
the severity of our results and distinguishing between scenarios. So far, we have used two
values of critical temperature to define high-risk and low-risk scenarios. Returning to the
idea of the difference in AUC between the modified and baseline models, we examine the
effect of critical temperature, varying it from 1.5 to 5 degrees while R, is set to the
constant value of 5 GtC/year. Figure 4.5 illustrates the outcome of this analysis. The
difference in AUC against critical temperature and x is depicted (left), and as shown, it
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Figure 4.4: Peak Temperature Anomaly for Different Emission and Mitigation
Scenarios Peak temperature anomaly (Celsius) is depicted against R,,.. (GtC/year) and
k for the high-risk scenario (left) and the low-risk scenario (right). Isoclines show that as
K increases, for the high-risk scenario, the decline in the peak of temperature is lower than
low-risk scenario.

is split into two regions (yellow/green and blue). The yellow/green part represents the
cases in which the difference in AUC is high and the tipping term is activated, causing
the system to go through a tipping point, while the blue region represents cases where the
system does not go through a tipping point. This clearly shows the bifurcated nature of
our model. To provide deeper insights, two time series of temperature anomaly versus time
are depicted for two examples. The orange circle represents the no-tipping case (R0, = 3
GtC/year, k = 0.05), and the blue star represents the tipping case (R = 1.6 GtC/year,
k = 0.09). Another conclusion is that for each value of critical temperature, there is a
threshold value for x, beyond which the modified model does not go through a tipping
point. For example, for T, = 3, the tipping point only occurs if x is greater than 0.03.

In addition to the analysis performed so far, the social model also exhibits a tipping
point, and we have shown that the climate tipping point can trigger it. For high delta
values, the social model can have up to three equilibrium points (at 0, 1, and one in (0,1)).
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Figure 4.5: The difference in AUC versus critical temperature and social learning
rate The Difference in Area under the curve (AUC) is depicted versus critical temperature
and x (left). Two examples representing two different choices of T, and x are chosen and
illustrated on RHS. The plot at the top (orange circle) represents a case in which the
modified model does not go through a tipping point, and the one at the bottom (blue star)
represents a case of tipping point

To simplify the analysis, we define —5 + f(T') as ¢». The number and stability of these
equilibrium points vary based on the value of .

The social model has stable equilibrium points at 0 and 1, with an unstable point
in between for high 1, as shown in Figure 4.6. As 1) decreases, 0 becomes destabilised,
leaving the system with a single stable equilibrium point at 1, as depicted in Figure 6(B).
Since at the start of the simulations, z is very small and close to zero (xy = 0.05 in our
study), in cases with high 1, the social model converges to the stable equilibrium point
at 0 (no mitigation). Conversely, when 9 is low, the social model converges to the only
stable equilibrium point at 1 (full mitigation) (full stability analysis of the social model is
provided in the Appendix C1).

As a result, for specific choices of climate parameters and for high delta (6 = 3), when
the climate model undergoes a tipping point and a sudden increase in temperature, f(T')
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Figure 4.6: The Coupled Tipping Dynamics Between Climate and Social Models
As shown in panels A and B, for high values of delta, decreasing beta destabilises 0 and
triggers the social model to tip to x=1. A more detailed illustration of this effect in panel
C shows that beyond a specific threshold value of beta, the tipping term does not lead
to a significant difference between the modified and baseline model, whereas below that
threshold, the tipping element activates.

increases, which raises ¥ and destabilises 0, triggering the social model to tip to x = 1. The
combination of the tipping points in the climate and social models results in an interesting
dynamic, as shown in panel C. For high beta (net cost of mitigation), an increase in f(7")
during the climate tipping point does not cause v to increase sufficiently, and the social
model converges to the stable equilibrium point at 0. Consequently, no dynamic interaction
is observed. However, for smaller beta, 1) increases sufficiently due to the tipping point in
the climate model, causing the social model to shift to the stable equilibrium point at 1,
thereby generating diverse dynamics and interactions between the two models.
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4.6 Discussion

If the Earth and its human populations qualify as a coupled social-climate system, then
the concept of climate tipping points can be subsumed into the concept of social-climate
tipping points. Our coupled social-climate model illustrates this change of framing and its
impact on system predictions. For example, the model demonstrates how social dynamics
can delay a climate tipping point indefinitely. Our analysis of social parameters revealed
that the tipping point can be most effectively averted by accelerating the social learning
rate. While other factors, such as the net cost of mitigation and the strength of social
norms, influence the climate state, they were found to be largely ineffective in preventing
tipping points, but we have also shown that for high values of social norms (9), the tipping
point in the climate model can trigger one in the social model. Additionally, the social
learning rate was shown to significantly affect the time to tipping point. For each value of
R,qz, Tepresenting the strength of the tipping term, we identified a range of social learning
rates that can avoid the tipping point and delay its onset. We also illustrated the effect of
social learning on the peak of temperature anomalies.

To ensure a thorough analysis, we defined two scenarios based on the critical temper-
ature that triggers the tipping term. It was shown that in high-risk scenarios, the climate
state is more severely impacted, and a tipping point is more likely than in low-risk sce-
narios. Furthermore, we examined the effect of the critical temperature on the likelihood
of a tipping point, finding that it plays a crucial role in distinguishing between tipping
and no-tipping cases. Our results also reveal several non-obvious insights that go beyond
the general intuition that mitigation helps avoid tipping points. We show that the cou-
pled system exhibits bifurcation-like transitions between tipping and no-tipping regimes,
highly sensitive to the social learning rate. Additionally, the inclusion of climate tipping
can, in some cases, induce secondary tipping in social behavior. A sensitivity analysis
further highlights the dominant role of social learning under tipping dynamics, reinforcing
its importance as a key leverage point for policy interventions.

The model and assumptions we used limited the scope of our study. In the social
behaviour model, we assumed a homogeneously mixed population, with decisions made
individually by comparing the utility of mitigation versus non-mitigation. However, in
reality, decisions occur at various societal levels—families, cities, and countries—and peo-
ple’s choices are not binary but exist on a spectrum. Moreover, the logistic structure in
our model assumes well-mixed interactions, which excludes important social features such
as clustering, influence hierarchies, and local resistance. While this simplification supports
analytical tractability, it may overlook dynamics that emerge in more realistic networked
populations. Future extensions could address these limitations by incorporating spatial
or network-based social structures. Additionally, the utility in our model is based on the
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net cost of mitigation, the strength of social norms, and the cost of temperature anoma-
lies. However, other factors, such as advertising and government policies, could also be
relevant. Furthermore, human decision-making is not as straightforward as utility com-
parison; many psychological, social, and cultural factors play crucial roles, and these could
be incorporated into future models to enhance realism. Moreover, we aimed to create a
simplified model to generate hypotheses and explore new dynamic regimes. Consequently,
the Earth system model and the additional tipping term we employed could be refined in
future studies to produce more comprehensive insights and understanding.

In future work, we will focus on addressing the limitations of this study. Specifically, we
are interested in exploring the similarities and differences in results by using modified and
more complex social behaviour models. Additionally, the climate system can experience
various types of bifurcations and tipping points such as: Fold bifurcation [127], Hopf
bifurcation [165], Transcritical bifurcation [63], Fold-Hopf Codimension-2 Bifurcations [50].
Therefore, we aim to expand our study to include a broader range of bifurcations and
examine their occurrence within an ESM model coupled with a social behaviour model.
In addition, we plan to extend the current framework by incorporating stochastic tipping
thresholds and multistable dynamics, to better capture the uncertainty and complexity of
real-world tipping processes.

The findings of this study not only enhance our understanding of climate dynamics
coupled with social behaviour but also highlight the need to accelerate mitigation efforts
and the social learning rate to prevent tipping points. This research demonstrates the
crucial role of mitigation in averting climate tipping points. Ultimately, we conclude it
is vital to study social behaviour dynamics in the context of climate change and tipping
points.
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Chapter 5

When Simple is Enough: Binary
Models Capture Social Complexity in
Coupled Human—Environment
Systems
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5.1 Abstract

Models of coupled human—environment systems often face a tradeoff between realism
and tractability. Spectrum opinion models, where social preferences vary continuously,
offer descriptive richness but are computationally demanding and parameter-heavy. Bi-
nary formulations, in contrast, are analytically simpler but raise concerns about whether
they can capture key socio—ecological feedbacks. Here we systematically compare binary
and spectrum social models across four benchmark settings: (i) replicator dynamics cou-
pled to a climate—carbon system, (ii) F.J opinion dynamics coupled to the climate—carbon
system, (iii) replicator dynamics coupled to a forest—grassland ecological system, and (iv)
FJ opinion dynamics coupled to a forest—grassland ecological system. We employ the rel-
ative integrated absolute error (RIAE) to quantify deviations between binary (N = 2)
and spectrum (N = 100) formulations of social opinion dynamics in their feedback with
ecological subsystems. Across systematic parameter sweeps of learning rates, reluctance,
conformity, susceptibility, runaway amplitudes, and ecological turnover, the binary for-
mulation typically tracks its spectrum counterpart to within < 15% for most parameter
combinations. Deviations beyond this threshold arise primarily under very high social
susceptibility or near-vanishing ecological turnover, where additional opinion modes and
nonlinear feedbacks become consequential. We therefore present the binary formulation as
a practical surrogate, not a universal replacement. As a rule of thumb, it is adequate when
susceptibility is moderate, ecological turnover is appreciable, and runaway amplitudes are
not extreme; in high-susceptibility or low-turnover regimes (especially near critical transi-
tions), the full-spectrum model is preferable. This framing is intended to guide readers on
when a binary reduction is sufficient versus when full-spectrum detail is warranted.

5.2 Introduction

Human societies and ecosystems are tightly intertwined, with feedbacks between social
behavior and ecological processes shaping the trajectory of global environmental change
[124, , 71, , , 22, ]. Collective decisions about land use, resource exploitation,
and climate mitigation can accelerate or prevent ecological tipping points, while ecological
changes in turn reshape social preferences and behaviors [97, 83, 10, , 67]. In recent
years, studies of coupled socio-ecological models have grown rapidly, reflecting a recognition
that integrating human behavior into ecological modeling is essential for understanding
resilience, forecasting critical transitions, and designing effective policy responses[(6, 3,

Y Y ) ) Y ) ) ] *
A central challenge in socio-ecological modeling lies in how to represent social behavior.

84



Some models treat opinions or strategies as continuous variables, allowing individuals to
occupy positions along a spectrum that captures nuanced attitudes and gradual shifts
in preference [153, 19, , , 21, 4, , 23]. Others reduce social states to binary
categories, such as cooperation versus defection, mitigation versus non-mitigation, or forest
versus grassland preference [30, 10, 97, , 68, 15, , ]. While spectrum models
offer greater descriptive richness, binary models remain far more common because they
are simpler to analyze, easier to parameterize, and computationally tractable [68]. Yet it
remains unclear whether this simplification meaningfully alters system-level outcomes, or
whether binary representations can faithfully approximate the dynamics of more complex
spectrum models.

In this study, we address this gap by testing the robustness of binary social models
against their spectrum counterparts in coupled socio-ecological systems. Specifically, we
ask: Do binary models capture the essential dynamics of more complex spectrum social
models? To answer this, we combine two ecological models with two distinct representa-
tions of social behavior, yielding four scenarios that allow systematic comparison across
binary and spectrum formulations [10, 112, 97, 30]. This design enables us to assess whether
the choice of social model meaningfully influences ecological outcomes, or whether binary
models are sufficient approximations for capturing the critical feedbacks between human
behavior and ecological dynamics.

Our results across four scenarios indicate that binary social models often approximate
spectrum-model outcomes closely enough that the resulting system-level predictions re-
main effectively unchanged for modelling purposes, with relative errors typically below
15%. Our aim here is not to argue that binary models are universally best; rather, we
provide guidance on when a binary reduction is sufficient. In many parameter regimes,
such as moderate social susceptibility, appreciable ecological turnover, and away from run-
away conditions, the binary formulation delivers substantial computational efficiency with
little loss of explanatory power. Here, “runaway conditions” refer to parameter regimes
in which strong positive environmental feedbacks drive rapid, self-amplifying ecological
change. By contrast, under high susceptibility or very slow turnover, the full spectrum
model is preferable.

These findings carry important implications for socio-ecological modeling. By validating
the use of binary social models, our work supports the adoption of simpler formulations in
large-scale or policy-oriented contexts where computational efficiency and interpretability
are paramount. Binary models are easier to parameterize, more transparent in their as-
sumptions, and more tractable for integration into complex ecological frameworks. Demon-
strating that Binary Models approximate spectrum models well also helps unify ecological
and social modeling approaches, offering a common foundation for exploring resilience, tip-
ping points, and intervention strategies across a wide range of coupled human—environment
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systems.

5.3 Methods

5.3.1 Forest—grassland mosaic model

As our first ecological model, we adopt the forest—grassland mosaic system developed
by Innes et al [97]. In this framework, the ecosystem is composed of the proportion of land
covered by forest F'(t) and grassland G(t), where F'+ G = 1. The dynamics of forest cover
are governed by recruitment of new trees into grassland and loss of forest through natural
disturbances. This leads to the differential equation

dF

dt

where v is the rate at which forest reverts to grassland due to natural disturbances,

and w(F') is a recruitment function that depends on forest cover. The recruitment term

w(F)F(1 — F) captures the density-dependent establishment of new forest: recruitment

requires both existing forest (seed sources) and available grassland (space for colonization).

The function w(F) accounts for the mediating role of fire, which strongly suppresses

recruitment when forest cover is sparse, but has weaker effects once dense stands of trees
are established. This is represented by a sigmoidal function,

— w(F)F(1 - F) - oF, (5.1)

c

’LU(F) - 1 _i_e—k%—&-b’ (52)

where ¢ controls the maximum recruitment rate, b sets the baseline recruitment at

low forest cover, and k controls the abruptness of the transition between low and high

recruitment regimes. This model yields multiple stable states: a grassland-dominated

equilibrium (F* = 0) and an interior equilibrium (F* > 0) where both forest and grassland
coexist, depending on parameter values and initial conditions.

The forest—grassland mosaic dynamics can be extended to include human influence
through a harvesting function J(x), where z represents the indicator of social opinion,
capturing the fraction of individuals supporting land-use conversion. This function reflects
the net effect of collective social preferences on the rate of forest harvesting or grassland
expansion. . The coupled ecological equation becomes

dF
dt
where J(x) captures the contribution of social opinion to deforestation or reforestation.

w(F)F(1—F)—vF + J(x), (5.3)
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5.3.2 Climate—carbon model

For our second ecological model, we consider a reduced Earth system model with four
carbon pools and an energy balance for global-mean temperature anomaly [122, , 10, 30].
Let Cu(t), Coe(t), Cyp(t), and Cy,(t) denote, respectively, atmospheric, oceanic, vegetation,
and soil carbon anomalies relative to baseline stocks (Cyo, Coco, Cro, Cson)- Let T'(t) be the
temperature anomaly (in °C) relative to a baseline Tj, the dynamics are

dC,
Cit :ﬁ(t) _P+Ryeg+Rso_FOC (54)
dCoc
=F, 5.9
o (5.5)
ACleq
— 9 =P —Ryes— L 5.6
dt g ( )
aC
* — L —R,, 5.7
o (5.7)
dT’
o = (Fy—oTYag (5.8)

where (1) is anthropogenic emissions, ag is Earth’s emitting area, c is the effective heat
capacity of the climate system, and o is the Stefan-Boltzmann constant. This is the same
ESM model used in chapter 4. Full details of this model, including the definitions of all
functions and parameters, are provided in the Appendix D1. Exogenous gross emissions
E(t) are reduced by mitigation behavior according to a time-varying mean effort m(t)
defined in the social layer. In general, m(t) can be defined over different ranges depending
on the formulation of the social model. For example, if m(t) € [—1,1], then effective

emissions are given by

(1) = B(t) 5(1-m(), (5.9)

so that m(t) = —1 corresponds to no mitigation (¢ = F) and m(t) = 1 corresponds to full
mitigation (e = 0).

5.3.3 Replicator social model

As our first social model, we employ a replicator dynamics formulation in which the

population is partitioned into N belief categories [10, 30]. Let x;(t) denote the fraction of
the population in category ¢ =0, ..., N —1, with Zﬁgl xr; = 1. Each category is associated
with a belief value )y

1

’L:_]' )
m N1
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so that opinions range continuously from —1, indicating a strong grassland preference or low
climate mitigation, to +1, indicating a strong forest preference or high climate mitigation.

Each category has an associated utility U; and the mean utility in the population is
U =3, z;U(F). Social imitation dynamics are then given by the replicator equation,

dzx i
dt

where k is the social learning rate, categories with above-average utility grow in prevalence,
while those with below-average utility decline. The replicator social model is coupled to
the ecological dynamics by including the mean belief

N-1
(m) = Zmixi,
=0

This framework naturally interpolates between binary and continuous opinion models
by varying N.

e For N = 2, the opinion space collapses to two categories, my = —1 and m; =
+1. This corresponds to a binary social model, in which individuals can only prefer
either grassland (equivalently, climate mitigation) or forest (equivalently, climate
non-mitigation). The replicator equation then reduces to a two-state competition
between these discrete preferences.

e For large N (In this work N = 100), the categories m; densely cover the inter-
val [—1,1], yielding a continuous spectrum of opinions. In this case the replicator
dynamics approximate an opinion distribution evolving smoothly in response to eco-
logical feedback.

In this way, the replicator formulation provides a unifying framework that can generate
either binary or continuous social dynamics depending on the choice of .

5.3.4 FJ social model

We model opinion dynamics with a Friedkin—Johnsen—type process on a bounded,
scalar opinion X;(t) € [—1,1] for each agent i = 1,...,n. Let z¥ denote the agent’s private
anchor, and let \; € [0, 1] be the agent’s susceptibility to social influence (heterogeneous,
with values sampled from a distribution centered at Ay and bounded within [0, 1]) [112, 153].

dX;
—L = oA (G - X0+ R) + (=M@ -X) |, Xe L], (5.10)
N I , anchoring tc:;rivate belief

Vv
social influence + climate forcing
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The pairwise weights are distance—decaying in opinion space,

W = exp< — M), wy; = 0, (5.11)
A
where A is the sensitivity of interaction strength to the opinion distance between individ-
uals, and R represents an exogenous runaway driver that shifts opinions in response to
changes in the system and V¥ is an overall social adjustment rate.
This dynamical system (5.10) produces a spectrum model when we use the raw opinions
X; € [-1,1] and average them,

_ 1 <&
XSpeC(t) = ﬁZXi(t)’
i=1

To obtain a binary version that retains only group polarity, we map each opinion to
its sign and then average. Values equal to zero are assigned to +1 or —1 with equal
probability:

Xi(t) =4 -1, Xit) <0, K(t) =~ Xi(t)
randomly +1, X;(¢) =0, =1

5.3.5 Comparison Metric

To evaluate whether binary and continuous social models produce comparable outcomes
when coupled to the same ecological dynamics, we require a metric that captures the
difference between two time series in a way that is both interpretable and scale-free. We
employ the relative integrated absolute error (RIAE), which is an L' absolute relative gap
measure [171].

Formally, given two trajectories fi(t) and fy(t) defined on a time interval [to, T, the
RIAE is

110 — fa(0)) dt
j;gf |fref<t)| dt

where fior is a chosen reference trajectory (typically one of the two models). The
numerator measures the integrated L' distance between the two trajectories, while the
denominator normalizes by the total magnitude of the reference series. This normalization
makes the RIAE unitless and directly interpretable as a percentage difference.

RIAE(f1, f2)

(5.12)
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In all simulations, the social model is initially inactive to allow the ecological variables
to evolve without social feedback. We then activate the social dynamics at time ¢y, and
only from this point do we compute the RIAE. The integration therefore spans the interval
from social onset until either (i) the system approaches its new equilibrium state or (ii) a
specified maximum evaluation time is reached, depending on the scenario. This ensures
that the comparison focuses exclusively on the time window when binary versus continuous
opinion dynamics can exert influence on the ecological model 5.1.

This metric has several desirable properties for our setting. First, it is sensitive to
cumulative differences across time, rather than to isolated pointwise deviations, thereby
accounting for the entire ecological trajectory over the chosen evaluation window. Second,
because it is normalized, it allows comparison across different ecological variables (e.g.
temperature, forest cover, or mean opinion) that may have different scales and units. Third,
expressing the RIAE as a percentage facilitates interpretation: for example, RIAE = 0.10
indicates that the binary model deviates from the spectrum model by an average of 10%
of the reference magnitude over the evaluation period.

lllustration of RIAE (L1 Absolute Relative Gap)
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Figure 5.1: Illustration of the relative integrated absolute error (RIAE) metric. (A) Cli-
mate dynamics: comparison between spectrum and binary social models, with the shaded
region indicating the integrated absolute difference after the onset of social dynamics ()
until the end of the evaluation window. (B) Social dynamics: comparison of mean opinion
trajectories under spectrum and binary formulations, with shaded areas likewise represent-
ing the integrated L' gap.
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5.4 Results

5.4.1 Coupling Between the Replicator Social Model and the
Climate—Carbon Model

The coupling between the replicator social dynamics and the climate-carbon model
operates through two feedback channels, linking temperature anomaly to social utilities
and mean social opinion to emissions.

The temperature anomaly 7'(t) enters the replicator dynamics by shaping the utility of
each opinion category. Specifically, the utility assigned to category i is

where «; is a baseline reluctance parameter. The values of «; are assigned along a
linear grid from 0 up to auay, with the number of steps equal to the number of opinion
categories N. [; is the mitigation effort associated with category 7 that goes from 0 to
Bumax similar to «;, and 0 is a conformity term. For simplicity of analysis, we assume that
0 is the same for all groups, consistent with the modelling assumptions used in chapter 4

and [30]. The parameter [y, controls the amplitude or strength of the perceived climate
cost, scaling how strongly f(7') influences the utility of each category.
_ fmax
f(T) = (5.14)

L+ exp[—w (T — T.)]

increases with temperature anomaly and represents the perceived benefit of mitigation
under ecological stress. In this way, rising 7' increases the utility of higher-mitigation
categories, biasing imitation dynamics toward stronger mitigation.

Conversely, the social state influences the climate system by reducing anthropogenic
emissions. The population distribution z(t) determines the mean mitigation effort

m(t) = Z mzi(t), (5.15)

which rescales gross exogenous emissions E(t) to yield effective emissions,

e(t) = E(ﬂw'

. (5.16)

These effective emissions £(t) drive the atmospheric carbon equation in the climate—carbon
model.
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For E(t) we used empirical emissions data up to the year 2017 [7]. Beyond this point,
future emissions were modeled with a saturating function of time [30]:

(t — 2017) Emax

E(t) = E(201
Q (2017) + t—2017T+s ’

t > 2017, (5.17)

where €.« 18 the maximum additional emissions rate and s is a saturation constant. This
functional form produces a gradual increase that asymptotically approaches a finite level,
preventing unrealistic divergence of future emissions.

To systematically compare the binary and spectrum replicator social models in the
coupled climate—carbon system, we performed parameter sweeps across four key social
parameters (k, a, (£,0). In each case, we varied one parameter across a prescribed range
in 10 steps, while keeping the others fixed at baseline values that corresponds a moderate
social learning rate (k = 0.05), a moderate maximum reluctance parameter (max = 1), unit
social conformity strength (6 = 1), and unit maximum mitigation effort (my., = 1). For
each sweep, we considered two values of the critical temperature threshold, 7. € {2.0, 3.0},
representing low and high climate sensitivity scenarios.

The parameter ranges explored were:

e x: 0.01 to 0.10,
® .y 0.0 to 2.0
® [hax: 0.0 to 2.0
e §: 0.0 to 2.0

For each parameter setting, we simulated both the binary (N = 2) and spectrum
(N = 100) replicator models under otherwise identical ecological conditions. The coupled
model was run from the year 1800 to 2200, with the social model kept inactive until 2017.
From 2017 onward, the social dynamics were activated and the simulation continued un-
til 2200. We then computed the relative integrated absolute error (RIAE) between the
two social model formulations for both the climate temperature anomaly T'(t) and the
mean mitigation trajectory (m(t)), restricting the integral to the active period of social
dynamics (2017-2200). Figure 5.2 shows the outcome of these sweeps, highlighting how
the approximation error between binary and spectrum models depends on the underlying
social parameters and the assumed critical temperature threshold. Overall, the results in
Figure 5.2 demonstrate that the deviations between binary and spectrum replicator models
remain small across a wide range of parameter values. For nearly all sweeps away from the
baseline settings, the relative integrated absolute error (RIAE) of both the climate trajec-
tory T'(t) and the mean mitigation trajectory (m(t)) stays below 15%. This indicates that
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the binary formulation closely tracks the spectrum model even under substantial variation
of social learning rate, reluctance, conformity, and maximum mitigation effort, confirming
the robustness of the binary approximation in the coupled climate—social system. Full
information on the simulation details, including the complete table of all parameter values
used, is provided in Appendix D2.

Coupled Climate-Replicator Social Model: Relative Integrated Absolute Error (RIAE) across parameter sweeps and critical temperature scenarios
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Figure 5.2: Illustration of binary (N = 2) and spectrum (N = 100) replicator models
coupled to the climate—carbon system. Panels show RIAE of temperature anomaly T'(t)
(A, C, E, and G) and mean mitigation (m(t)) (B, D, F, and H)

across parameter sweeps for K, Qmayx, 0, and Spax.

5.4.2 Coupling Between the FJ Social Model and the Climate—
Carbon Model

The coupling between the FJ social dynamics and the climate-carbon model is mediated
by two feedbacks: temperature anomaly influences opinion change through a runaway
forcing term, and the mean social opinion feeds back to alter effective emissions. In the FJ
framework, the coupling to the climate system occurs through the runaway forcing term
R(T), defined as

Rmax
1+ exp[—a(T = T)]’
where Ry is a baseline offset, R.x is the saturation amplitude, « is the steepness, and T is
a threshold temperature. As T" increases beyond T, the logistic function grows, increasing

R(T) = — Ry + (5.18)
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the pressure for opinions to shift toward pro-mitigation stances.
The collective outcome of the FJ dynamics is summarized by the average opinion. In
the spectrum formulation this is:

Koult) = 23,00 (5,19

whereas in the binary version only the sign of each opinion is retained,
_ 1 <&
Xpin(t) = = X;(t)). 5.20
nlt) = 3 sen(Xi(0) (520)

To systematically compare the binary (N = 2) and spectrum (N = 100) FJ social
models when coupled to the same climate—carbon system, we carried out a set of controlled
parameter sweeps with stochastic susceptibility and repeated runs per configuration. For
each parameter setting, we generated paired trajectories under the continuous and binary
formulations and compared the climate temperature anomaly 7'(t) and the mean social
signal (m(t)) and report the RIAE. We varied one parameter at a time over 10 evenly
spaced values while holding the others fixed at baselines. The parameter ranges explored
were:

e Mean susceptibility Ag: 0.2 to 0.8,

e Runaway amplitude R,.: 1.0 to 2.0,
e Adjustment rate ¥: 0.01 to 0.10,

e Interaction sensitivity A: 0.2 to 1.0.

Baseline values when not swept were fixed at Ry = 0.778, Ry = 1.37, ¥ =0.07, A =
0.35, a« = 5.7, A9 = 0.5. Two scenarios were considered, with 7, € {2.0, 3.0} representing
low and high collapse thresholds. These baseline values were inspired by the work in [112],
which fitted the model parameters to empirical observations and identified the values that
most accurately reproduce the recorded social-opinion dynamics. Individual susceptibili-
ties \; are drawn at the start of each run from a normal distribution centered at the sweep
mean Ao with variance 0.1, and values falling outside the interval [0, 1] are clipped to the
nearest boundary. The resulting heterogeneous \; values are then held fixed throughout
the simulation. For each parameter value and each 7, scenario, we executed Nyeps = 10
independent realizations (new draws of \) for both the spectrum and binary formulations.
We averaged the resulting RIAE values across the 10 runs and report the mean with error
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bars equal to the standard error of the mean. Overall, the results depicted in Figure 5.3
shows the deviations between the binary and spectrum formulations remain small across
the vast majority of sweep values; in nearly all cases the RIAE for both T'(¢) and (m(t))
stays below 15%), indicating that the binary model closely tracks the spectrum model un-
der wide variation of susceptibility, runaway amplitude, adjustment rate, and interaction
sensitivity. An exception occurs at the high extreme of Ay, where the binary approximation
begins to deviate more substantially from the spectrum formulation. Full information on
simulation settings and the complete parameter table is provided in the Appendix D3.
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Coupled Climate-F]J Social Model: Relative Integrated Absolute Error (RIAE) across parameter sweeps and 7. scenarios
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Figure 5.3: Illustration of binary and spectrum FJ social models coupled to the cli-

mate—carbon system. Panels show RIAE of T'(t) (A, C, E, and G) and (m(t)) (B, D,
F, and H) across sweeps of mean susceptibility A\, runaway amplitude Ry.., adjustment

rate U, and interaction sensitivity A.

5.4.3 Coupling of the Forest Model and the Replicator Social
Model

In this section we combine the forest dynamics with the replicator social dynamics to
form a coupled socio—ecological system. The coupling enters in two ways. First, individual
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utilities in the social model depend on the ecological state:

21
UF) = ro (2F — 1) (N—l —1),
so that the payoffs associated with mitigation categories vary with the fraction of forest
cover F'. This formulation of utility, and its dependence on F', follows the approach intro-
duced in [97]. Second, the replicator dynamics feed back into the ecological system through
the mean social opinion (m) = . m;x;, where m; € [—1,1] are fixed category opinions
and x; are their frequencies. This coupling enters the forest growth equation via a social
feedback term
J(z) = h{m),

which shifts the balance of forest regeneration and loss depending on whether mitigation-
or exploitation-oriented opinions dominate. To isolate the effect of social feedback, the
simulations are run in two distinct phases. During the initial phase, the social model is
switched off, allowing the forest fraction F' to evolve autonomously until it reaches a quasi-
equilibrium. At this point, the social dynamics are switched on, and the replicator system
begins to co-evolve with the forest state. From this switching point onward, we measure
RIAE between the binary (N = 2) and spectrum (N = 100) replicator formulations for
both the forest fraction F' and the mean opinion (m), continuing the simulation until
the coupled system converges to a new equilibrium. Systematic parameter sweeps were
performed across four key ecological and social parameters, while holding all others fixed
at baseline values (s = 0.1, 7o = 1.0, v = 0.01, ¢ = 0.3, k = 5.0, b = 0.0). For the baseline
configuration, we adopted parameter values reported in [97]. Specifically, we varied:

e the forest loss rate v from 0.0 to 0.12,

e the social learning rate « from 0.01 to 0.10,

e the ecological feedback strength ry from 0.1 to 2.0,
e the forest regeneration parameter ¢ from 0.1 to 0.5.

For each of these sweeps, we considered two values of the social-ecological coupling
h € {0.01,0.1}, representing weak versus strong influence of mean opinion on forest growth.
Figure 5.4 reports the results of these sweeps. Across most parameter ranges, the RIAE
for both forest cover F' and mean opinion (m) remains low, generally below 10%, demon-
strating that the binary approximation captures the spectrum dynamics with high fidelity.
Slightly higher deviations can occur under extreme parameter values (e.g. low rq or high
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h), but overall the binary model tracks the spectrum formulation closely, even when forest
and social dynamics are strongly coupled.

Coupled Forest-Replicator Social Model: Relative Integrated Absolute Error (RIAE) across parameter sweeps and / scenarios
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Figure 5.4: Ilustration of binary and spectrum replicator models coupled to the for-
est—grassland system. RIAE of forest fraction F' (A, C, E, and G) and mean opinion
(m) (B, D, F, and H) are shown for sweeps of v, k, rg, and ¢, under weak (h = 0.01) and
strong (h = 0.1) coupling.

5.4.4 Coupling of the Forest Model and the FJ Social Model

The coupling between the forest dynamics and the FJ social dynamics is bidirectional
and occurs through two feedback channels. First, the forest state F' influences social
dynamics through the runaway feedback term,

Rmax
1+ exp[—a(F — F)]’

(5.21)

which enters additively into the FJ opinion update. This term biases individuals toward

more pro-ecological stances as the forest fraction approaches or falls below the critical
threshold F.,.
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Second, the mean social opinion feeds back into the forest through

1 =N )
S - N 2im1 Xi(t), continuous case
Jx) = hX(®), X)) = NzN—l (t) (5.22)
~ iy sign(X;(t)), binary case

which modifies the forest growth equation by adding or subtracting from the net regenera-
tion rate depending on whether the average opinion supports or resists conservation. From
this switching point onward, we compute the relative integrated absolute error (RIAE)
between the binary (N = 2) and spectrum (N = 100) FJ formulations for both the forest
fraction F' and the mean opinion (m), continuing the simulation until the coupled system
converges to a new equilibrium.

Unless being swept, parameters are fixed at

Ry=1,a=5 k=5 h=0.01, Ryar = 1.5, ¥ =0.05, A =0.35, \g = 0.5, ¢ = 0.3, v =0.01,
We examine two ecological threshold scenarios

F.€{0.2, 0.8},
representing a resilient versus fragile forest regime. We then vary, one at a time:

o Ruax: 1.0 to 2.0,

e U: (.01 to 0.10,

A: 0.2 to 1.0,

)\02 0.2 to 08,

c: 0.1 to 0.5,
e v: 0.0 to 0.12.

For each grid point we run 10 repeated realizations and report the mean RIAE with
standard-error bars. Figure 5.5 shows the outcomes of the parameter sweeps for the cou-
pled Forest—FJ system. In nearly all cases, the deviation between the binary and spectrum
models for the forest fraction F' remains minimal when the parameters lie within interme-
diate ranges. For the social layer, the relative differences in mean opinion (X) are generally
higher than for the forest dynamics, yet still remain within a range that provides a reli-
able approximation. Overall, these results demonstrate that the binary FJ formulation
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can capture the essential coupled dynamics with good fidelity across a wide spectrum of

parameter regimes.

Coupled Forest-F) Social Model: Relative Integrated Absolute Error (RIAE) across parameter sweeps and F. scenarios
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Figure 5.5: Illustration of binary and spectrum FJ models coupled to the forest—grassland
system. Panels report RIAE of forest fraction F' (A, C, E, G, I, and K) and mean opinion
(X) (B, D, F, H, J, and L) across sweeps of Ryax, ¥, A, Ao, ¢, and v, under two ecological

thresholds F, € {0.2,0.8}.
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5.5 Discussion

In this work, our aim is not to claim that binary social models replicate the full
behaviour of continuous formulations. Instead, we quantify how well the binary model
approximates the behaviour of the full spectrum model across parameter regimes. Across
the four couplings we examined, replicator vs. Friedkin—Johnsen dynamics paired with
either the climate—carbon system or the forest—grassland mosaic, we identify broad regions
where the binary model tracks its spectrum counterpart with errors typically within ~ 15%
RIAE, and often lower.

This result should be read as qualified robustness, not equivalence. Continuous models
retain descriptive richness and can deviate from binary behaviour outside the identified
ranges or near sensitive thresholds. Nevertheless, by quantifying where the approximation
holds, and its typical magnitude (RIAE < 15% in most cases), we provide a practical
guide for when the computational simplicity and interpretability of binary models can be
leveraged without materially distorting system-level conclusions.

Despite these encouraging results, several limitations should be noted. First, our mod-
els necessarily involve simplifications of both ecological and social processes. For instance,
social dynamics are assumed to be homogeneous within categories and to follow fixed in-
teraction rules, whereas in reality, social influence can be heterogeneous, adaptive, and
context-dependent. Likewise, ecological models are stylized representations of climate and
forest systems, omitting spatial heterogeneity, stochastic disturbances, and multi-species
interactions. Second, our evaluation focuses on long-term equilibrium behavior and rel-
ative trajectory agreement. More transient phenomena, such as short-term oscillations,
abrupt cascades, or early-warning signals, may reveal subtler differences between binary
and spectrum formulations. Finally, the RIAE metric, though well-suited to capturing in-
tegrated deviations, does not directly assess potential differences in variance, distributional
properties, or extreme outcomes.

Future work can address these limitations by incorporating richer forms of hetero-
geneity and complexity into both the social and ecological layers. For example, integrat-
ing network-based social structures, adaptive susceptibility, or multi-dimensional opinions
could reveal conditions under which spectrum models diverge more strongly from binary
approximations. On the ecological side, extending to spatially explicit landscapes or Earth
system models of higher complexity would test whether binary models remain robust at
larger scales. In addition, future studies could examine the performance of binary models
in capturing leading indicators of critical transitions, such as flickering or rising variance,
which are not the focus of the present work. Finally, empirical validation through compar-
ison with observed social and ecological time series would help assess the practical utility
of binary models for forecasting and policy design.
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Chapter 6

Conclusion

This thesis developed a unified framework for detecting, characterising, and modelling
critical transitions in socio—climate and complex systems by integrating dynamical sys-
tems theory, stochastic analysis, and deep learning. Across four chapters, we combined
mathematical models, computational methods, and empirical validation to advance the
understanding of how tipping points emerge, how early-warning signals may be detected,
and how human social behaviour interacts with climate thresholds.

In Chapter 2, we introduced a deep learning approach for bifurcation detection using
a hybrid CNN-LSTM architecture trained on synthetic time series derived from canon-
ical normal-form systems. The model successfully learned universal dynamical features
of transcritical, fold, and Hopf bifurcations, achieving high accuracy and outperforming
traditional early-warning indicators. Importantly, it generalised to empirical data includ-
ing palaeoclimate and laboratory datasets, demonstrating that data-driven methods can
reliably classify approaching transitions even under coloured noise.

Chapter 3 extended these ideas to the detection of flickering, a stochastic early-warning
signal arising from noise-induced switching between coexisting states. We constructed a
large-scale simulation dataset spanning multiple bistable dynamical systems and trained
a deep learning ensemble that distinguished true flickering from noise-modulated null dy-
namics. The classifier consistently outperformed variance-based indicators across both
simulated and empirical datasets, including hibernating-animal temperature series and
palaeoclimate records. These results show that deep learning can uncover subtle, multi-
scale patterns of declining resilience that conventional statistics often miss.

In Chapter 4, we developed a coupled socio—climate model that links behavioural dy-
namics, emissions, carbon-cycle feedbacks, and global temperature. We showed that social
processes, such as learning rate, perceived mitigation cost, and normative reinforcement,
can delay, accelerate, or prevent climate tipping points. Faster social learning and stronger
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norms promoted stabilising “social tipping,” whereas sluggish behavioural adjustment in-
creased vulnerability to climate thresholds. Across scenarios, the interaction between social
responsiveness and climatic feedbacks produced a rich landscape of possible futures, high-
lighting that social processes can be as influential as physical ones in determining whether
climate transitions occur.

Chapter 5 evaluated whether binary opinion models can adequately approximate spec-
trum models in coupled human—environment systems. Using replicator and Friedkin—Johnsen
frameworks connected to climate—carbon and forest—grassland models, we quantified the
discrepancy between binary and spectrum formulations through the Relative Integrated
Absolute Error (RIAE). Results showed that binary models typically reproduce system-
level behaviour with errors below 15% in most parameter regimes, particularly under
moderate susceptibility, intermediate ecological turnover, and away from runaway forc-
ing. Despite their reduced dimensionality, binary models captured key feedbacks, tipping
behaviour, and collective dynamics with high fidelity, suggesting that they are often suffi-
cient for large-scale socio—ecological modelling.

Taken together, the results of this thesis demonstrate that combining deep learning
with dynamical-systems models provides a powerful methodology for anticipating and un-
derstanding critical transitions. Methodologically, we showed that machine learning can
detect early-warning signals—including bifurcations and flickering, with robustness to noise
structure, limited data, and model uncertainty. Conceptually, we established that social
dynamics play a decisive role in determining whether climate tipping points are reached
or avoided, and that simplified behavioural models can often approximate more complex
opinion distributions without losing critical predictive power.

Future work may extend these approaches by incorporating higher-dimensional climate
models, heterogeneous social networks, adaptive policy interventions, and real-time data
assimilation. Deep learning frameworks may also be expanded to perform sequence-to-
sequence prediction of tipping events or uncertainty quantification. Ultimately, the integra-
tion of theory-driven and data-driven tools offers a promising path toward improved mon-
itoring, prediction, and mitigation of critical transitions in coupled human—environment
systems.
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Appendix A

Supporting Information for chapter 2

A.1 Deep Learning Model Architecture

The deep learning architecture used in this study was implemented as a Sequential
model using the Keras API, designed for multi-class sequence classification. Initial experi-
ments revealed that a single one-dimensional convolutional (Conv1D) layer was insufficient
for the model to learn the necessary temporal features and bifurcation-specific patterns.
To address this limitation, we added a second convolutional layer, which significantly im-
proved feature extraction and overall classification performance. The final architecture
begins with two Conv1D layers: the first comprising 50 filters and the second 100 filters,
both using a kernel size of 10, ReLLU activation, and ‘same’ padding to preserve the tem-
poral dimension of the input. These convolutional layers are followed by a Dropout layer
with a rate of 0.05 to mitigate overfitting. A MaxPooling1D layer with a pool size of 2 and
stride of 2 is then applied to downsample the feature maps.

The convolutional block is followed by two standard, stacked unidirectional Long Short-
Term Memory (LSTM) layers. The first LSTM layer includes 50 memory cells and returns
sequences to preserve temporal structure for the next LSTM layer, which contains 10
units. Each LSTM layer is followed by an additional Dropout layer with a rate of 0.05. The
network concludes with a fully connected Dense output layer with 4 units, corresponding to
the number of classes, and uses a softmax activation function to output class probabilities.
All layers utilize the LeCun kernel initializer for weight initialization.

For training, the model uses the Adam optimizer with a learning rate of 0.01. Training
is conducted for up to 200 epochs with a batch size of 128. An Early Stopping callback is
employed to halt training if the validation accuracy does not improve for 10 consecutive
epochs, and a Model Checkpoint is configured to save the best-performing model based on
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validation accuracy. The loss function used is ’sparse categorical crossentropy’, suitable for
multi-class classification tasks with integer labels. Model performance is monitored using
both ’accuracy’ and ’sparse categorical accuracy’ metrics during training.

After experimenting with CNN layers, LSTM layers, and Inception layers, we found that
the combination of CNN and LSTM layers produced the best results. We also implemented
a simplified LSTM-only model to perform an ablation study. The LSTM-only architecture
consisted of two stacked LSTM layers (50 and 10 units) with the same dropout, dense
output, and training procedure as the CNN-LSTM model. All models were trained using
the same dataset and evaluated under consistent conditions. Our choice of architecture and
hyperparameters was informed by prior work by [34], and we further refined these settings
using a grid search algorithm around the values suggested in that study to ensure optimal
performance. We used the pre-processed time series for each redness value, allocating 90%
of the time series for the training process and 10% for validation. Figure A.1 provides a
detailed overview of the deep learning (DL) architecture used in this study. The learning
rate was set to 0.0005, and training was done in 200 epochs, and early stopping was
employed to prevent overfitting. The code is written in python using TensorFlow 2.12.1.

2 CNN Layers Dropout MaxPooling Iias-l;'\:' Dropout ITaS-I:\rA Dropout E:nzf
50 Filters |—>» Layer —> 1D —> Y —>» | layer | —>» Y —>» | layer [ —>» Y
. . 50 mem 50 mem 4
10 Kernel size 5% Pool size = 2 5% 5%
cells cells Softmax

Figure A.1: Deep learning architecture

A.2 Validation on Bifurcating and Null Dynamical
Systems

To evaluate the model’s ability to avoid false positives and correctly assign low confi-
dence to bifurcation classes when no critical transition is present, we simulate time series
from six nonlinear dynamical systems. In each case, control parameters are held fixed
such that the system remains outside any bifurcation regime throughout the simulation.
These represent purely null dynamics, meaning no tipping point occurs. This setup allows
us to assess whether the classifier can reliably withhold predictions of bifurcations when
presented with stable, non-transitioning systems, an essential capability for reducing false
alarms in real-world applications.

Bifurcating Systems:
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Rosenzweig—-MacArthur Predator—Prey Model (Hopf or Transcritical):

dx ( x) axy dy eaxy
=rx =

dt k) 1+aha’ dt "

k dt ~ 1+ahx

with fixed parameters r =4, k = 1.7, e = 0.5, h = 0.15, m = 2. For the transcritical
bifurcation, the predation rate a is held constant at 6, and for hopf is held constant
at 12.

Fold Bifurcation Model (Harvesting):

dx x?

azx(l—x)—h-m
where the harvesting rate h is held constant at 0.1 over the course of the simulation.
Van der Pol Oscillator (Hopf):

dz @ B

==y =pl-2)y—a
with p = —7.0.
SIS Epidemic Model (Transcritical):
%:6[(1—1)—71
where f =4, v =5.
Neural Activation Model (Fold):
du r

@ T TF ep(<5u—1)

with r = 6.

Null Dynamics: The null simulations are derived by fixing the control parameters in each
system, preventing any bifurcation. For example, in the Rosenzweig—MacArthur model,
a = 6 is held constant to avoid crossing a bifurcation threshold. Similarly, in the fold
and transcritical systems, the control parameters are set below the bifurcation point and
remain unchanged throughout the simulation. The results are presented in Figures A.2
and A.3.
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Figure A.2: (A—C) Synthetic null time series from three canonical bifurcation models
with additive white noise all far from the bifurcation point: (A) Rosenzweig-MacArthur
predator-prey system (B) Rosenzweig-MacArthur, (C) May’s harvesting model (D—F)
Deep learning model predictions for the systems in (A-C), showing temporal evolution of
bifurcation class probabilities. Probabilities are represented with distinguishable markers
and line styles for print clarity: triangle (fold), square (transcritical), circle (Hopf), and x
(null). In all subplots, the null class consistently exhibits the highest predicted probability
compared to the other bifurcation types.

As shown, the DL model predominantly assigns high probabilities to the Null class
across all null simulations, correctly identifying the absence of bifurcation dynamics. Mi-
nor decreases in Null probability observed in some cases can be interpreted either as small
classification errors, reflecting the imperfect nature of any learned model, or as the model re-
sponding to residual structure in the time series that deviates slightly from purely stochastic
noise.
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Figure A.3: (A—C) Synthetic null time series from three canonical bifurcation models
with additive white noise all far from the bifurcation point: (A) Van der pol system,
(B) SIS model, (C) Neural Activation model (D—F) Deep learning model predictions
for the systems in (A-C), showing temporal evolution of bifurcation class probabilities.
Probabilities are represented with distinguishable markers and line styles for print clarity:
triangle (fold), square (transcritical), circle (Hopf), and x (null). The null class consistently
exhibits the highest predicted probability in all subplots compared to the other bifurcation

types.
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Appendix B

Supporting Information for chapter 3

B.1 Deep Learning Architecture

The deep learning model used in this study comprises three main components: con-
volutional feature extraction, temporal sequence modelling, and classification. The model
was implemented in Keras using the TensorFlow backend, and designed to capture both
spatial patterns in the input time series and their temporal evolution.

Feature Extraction: To extract localized patterns across long temporal windows, the
model starts with two 1D convolutional layers using large kernels. Specifically:

e ConvlD layer 1: 50 filters, kernel size = 300, activation = ReLLU, padding = ’same’

ConvlD layer 2: 100 filters, kernel size = 300, activation = ReLU, padding =
‘'same’

Dropout: dropout rate = 0.05

MaxPooling1D: pool size = 2, stride = 2, padding = "valid’

Temporal Modelling: The temporally encoded features are passed through two stacked
LSTM layers:

e LSTM layer 1: 50 memory cells, return_sequences = True
e Dropout: dropout rate = 0.05

e LSTM layer 2: 10 memory cells
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e Dropout: dropout rate = 0.05

Classification: The final hidden representation is passed to a fully connected output
layer:

e Dense layer: 2 units, activation = softmax

This outputs the class probabilities for binary classification.

Training Configuration: The model was compiled with the Adam optimizer with a
learning rate of 0.01 and trained using the sparse categorical cross-entropy loss. A batch
size of 32 was used. To prevent overfitting, early stopping with a patience of 2 epochs and
model checkpointing based on validation accuracy were applied. The model was trained for
up to 5 epochs, and the best-performing model (based on validation accuracy) was saved.
The input shape for each sample was (5000, 2), corresponding to 5000 time steps with 2
features per time step.

This configuration enabled the model to achieve more than 95% training accuracy within
5 epochs on the given training data.

B.2 Data Availability

All the codes and empirical data used in this research can be found in the following
repository:
https://github.com/Yazdan-Babazadeh/Echoes-Before-Collapse
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Appendix C

Supporting Information for chapter 4

C.1 Stability Analysis of the social model

The social model is given by:

Z—f =ka(l —z)(=B+ f(T)+6(2z — 1)) (C.1)

To simplify the analysis, we define —f5 + f(7T') as ¥. This model has two equilibrium
points at 0 and 1 and also another equilibrium point exists if:

v+02x—1)=0 (C.2)
This equilibrium point happens in the range of (0,1) if
—6 <P <o (C.3)

To evaluate the stability of the equilibrium points, we take the second derivative of x
with respect to time:

kv + ké(4x — 1) — 2kypx — ké(62* — 21) (C.4)

For x = 0, this becomes:

k(¢ —9) (C.5)

So if ¢» > ¢ it destabilises x=0.
For x = 1, this becomes:
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—k() + 6) (C.6)

if v < —9, x = 1 will be unstable.

As a result of a positive and high value of 9, if 1) < d, then three equilibrium points exist
at x =0, z = 1, and one more in [0, 1]. In this case, z = 0 and & = 1 are stable, and the
third equilibrium point is unstable. If the climate system goes through a tipping point and
a sudden increase in temperature, f(7") will increase, leading to an increase in 1. Due to
this increase, if ¢ > ¢, the third equilibrium point collides with = 0 and gets annihilated.
Additionally, x = 0 becomes unstable while z = 1 remains a stable equilibrium point. As
a result, the social model converges to x = 1 for ¢» > § and to x = 0 for ¢» < 4, as the
initial value of = at the beginning of the simulation is very close to zero.

C.2 Sensitivity of Climate Impact to Social Learning
Rate

To better understand the observed non-monotonic relationship between social learning
rate k and climate tipping dynamics, we performed a local sensitivity analysis focused
on the cumulative climate impact, measured by the area under the temperature anomaly
curve (AUC). Specifically, we computed the derivative of the AUC difference (between
the modified and baseline models) with respect to x across a range of tipping intensities
R.x. Both the signed and absolute sensitivities were examined to capture the direction
and magnitude of the response.

Figure C.1 presents the results of this analysis. The left panel shows 0AUC/0k as a
function of k, revealing strong positive sensitivity at low values of x, which then decays
and oscillates around zero. The right panel displays the absolute sensitivity |[0AUC/dk],
highlighting a peak in sensitivity at intermediate x values for all examined Ry,., levels.

These results suggest that the system is most sensitive to changes in social learning
when « falls in extreme ranges. At very low k, social behavior adjusts too slowly to
influence emissions before the tipping point is triggered. At very high x, the system rapidly
locks into mitigation behavior, thereby reducing variability. In the intermediate regime,
the alignment between social transition timing and the climate tipping window amplifies
system response, making outcomes highly sensitive to small changes in k.

This analysis reveals a critical vulnerability in the social-climate system: moderate so-
cial responsiveness may maximize tipping risk due to the delayed coordination of collective
action. These findings underscore the importance of understanding not only the presence
of tipping dynamics but also their interaction with the timescales of social processes.
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Figure C.1: Sensitivity of climate impact to the social learning rate s across differ-
ent tipping strengths Rp.c. Left: Signed derivative JAUC/Jk. Right: Absolute value
|OAUC/0k|. Peak sensitivity occurs in an intermediate regime of s, particularly when

Ryax is high.
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C.3 Table. Labels for state variables and dynamic
processes in the socio-climate model.

Parameter Definition Baseline Values / Intervals Unit
K Social Learning Rate (0, 0.2) yrt
o Strength of Social Norm (0,2) 1
B Net Cost of Mitigation (0,2) 1
Jmaz Maximum of warming cost function f(7") (5) 1
w Nonlinearity of f(T) (3) K™!
Torit Critical temperature of f(T") (1.5) K
Ras Maximum of function R(T) (0,5) GtC/year
Ry Nonlinearity of R(T') (5) K!
T. Critical temperature R(T) (2,3) K
Zo Initial proportion of mitigators (0.05) 1
Tr Temperature of freezing point for water 273.15 K
o Stefan—Boltzmann constant 5.67 x 1078 Wm2K™*
Caro Initial CO4 in atmosphere 596 GtC
Claoo Initial CO4 in ocean reservoir 1.5 x 10° GtC
Chego Initial CO4 in vegetation reservoir 550 GtC
Clso0 Initial CO, in soil reservoir 1500 GtC
k, Photosynthesis rate constant 0.184 yr!
karm Photosynthesis normalising constant 1.478 1
ke Photosynthesis compensation point 29 x 107 1
kv Half-saturation point for photosynthesis 120 x 107° 1
k, Mole volume of atmosphere 1.773 x 10%° moles
. Plant respiration constant 0.092 yr!
ka Plant respiration normalising constant 8.7039 x 10° 1
FE, Plant respiration activation energy 54.83 Jmol ™!
ke Soil respiration rate constant 0.034 yr!
kg Soil respiration normalising constant 157.072 1
ki Turnover rate constant 0.092 yr!
c Specific heat capacity of Earth’s surface 4.69 x 10 JK!
ag Earth’s surface area 5.101 x 10 m?
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Parameter Definition Baseline Values / Intervals Unit
L Latent heat per mole of water 43655 Jmol~!
R Molar gas constant 8.314 Jmol 1 K1
H Relative humidity 0.5915 1
A Surface albedo 0.225 1
S Solar flux 1368 Wm—?
7(CHy) Methane opacity 0.0231 1
1) Water vapor saturation constant 1.4 x 101! Pa
Iy Ocean flux rate constant 2.5 x 1072 yrt
X Characteristic COq solubility 0.3 1
¢ Evasion factor 50 1
s Half-saturation time for €(¢) from 2014 50 yr
Emaz Maximum change in €(¢) from 2014 7 GtCyr!

C.4 Sensitivity Analysis

We have performed a sensitivity analysis to understand the influence of each parameter
on the results provided in the previous figures. Figure C.2 shows the sensitivity analysis
result in a tornado plot for the difference in area under the curve and the peak of tem-
perature anomaly. We have varied all the parameters by 5 percent of their baseline values
to generate these plots. By observing both of the plots we can see that Solar flux, initial
temperature, Albedo, and Humidity level have the highest influence on the value of the
results we have reported. This analysis, also reveals the non-monotonic relation between
the Difference in AUC and the peak of temperature against the parameters. For instance,
an increase in solar flux will increase the difference in AUC while the same result can be
achieved by decreasing the Albedo. Additionally, we observe that the sensitivity values
are not symmetric, meaning that the constant variation of parameters results in different
amounts of change in the difference in AUC and the peak of the temperature anomaly.
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Tornado Plot for Sensitivity Analysis - Difference in AUC Tornado Plot for Sensitivity Analysis - Peak of Temperature

N Max E Max
s{ £33 Min . —— S A [ . Min
A [ A7 [ -
] m | P I
Poq L H ]
Ko ] Ka |
foom- a fyom
Rmd}(‘ I f]ﬂd)( T
Cao I K 4
Teritica ] X A
Fo | Fo -
X | Rmax
c | Te 4
K | Can
fmax | B A
Kr | Emax - |
Ka | R l
K | Teritical [
Kel | l
7 | Coco l
Coco l Km l
Teq l W A l
&4 | Cren A |
B | Kp 4 |
Ro | Kmm 4 |
Kp | Ke A |
Cren | 5 |
Kimm-| | c |
Emax-| { Ro :
o Ka -
54 | Kr 4 |
Ksr | Kt | |
K } Ksr |l
Ki Kp o
Cso | Cso |
—5’00 —4b0 —2’00 (’) 260 460 6(’)0 —i 5 —:’l(J —‘5 6 é lb 15
Sensitivity Values Sensitivity Values

Figure C.2: Tornado plot showing the sensitivity analysis for the Difference in the area
under the curve (left) and the peak of temperature (right). The yellow (green) bar shows
the sensitivity values when the specified parameter has its upper (lower) bound value. The
definitions of all parameters and variables are provided in a table in 5.2.

138



C.5 Historical record of C'O, emission

Global CO2 Emissions
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Figure C.3: Historical record for Emission rate Vs Time is plotted. This data has been
gathered from 1800 to 2017.

C.6 Data and Code Availability

All data and code supporting this study are available at: GitHub Repository.
https://github.com/Yazdan-Babazadeh/Socio-Climate-model.git
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Appendix D

Supporting Information for chapter 5

D.1 Formulation of Climate—Carbon Model

We have used the Earth System Model [122] combined with reduced ocean dynamics
[152]. The full earth system model is as follows:

dOat

dt - E(t) - P+ Rveg + Reo — Foe (Dl)
dCoc

=F, D.2

o (D.2)
dCleq

— Y = P — Ry — L D.

dCy,

=1L — D4

dt Hso (D-4)
T

Cccll_t = (Fy—oTYag (D.5)

P represents photosynthesis which takes the following form:

pC Oz — ke (15+T)%(25—T)
Ky —i—pC’OQa—kc)( 5625

for pC' Oy, >= k. and —15 <= T <= 25, and zero otherwise. PCO, is defined as the
ratio of moles of C'O; in the atmosphere to the total number of moles of molecules in the
atmosphere k,:

P(Cu, T) = kyCookarar( (D.6)

pCOy, = Lo Cor t Cov) (D.7)
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where fg,, = 8.3259 x 10'3 is the conversion factor from GtC to moles of carbon and
Coato is the initial level of CO, in the atmosphere.
Plant respiration takes the form:

RU@Q (T7 Oveg) - krcvegkAeR&iaTO) (D8)

Soil respiration takes the form :

—308.56

Ro(T,Cyp) = kg CsokpeTHTo-22713) (D.9)
Turnover (constant fraction of plants dying in a given unit of time) takes the form:
L(Cheg) = ktCleq (D.10)
flux of C'O, from the atmosphere to the ocean takes the form

C1(1150
COCOCOC
where Y is the characteristic solubility of C'Oy in water and ( is the evasion factor.
The net downward flux of absorbed radiation at the surface is :

Foc(Cat; C’oc> = FOx(Cat - C

) (D.11)

(1-A)S 37

Fp=—"—(1+—

d 1 (1+ 1

where A is the surface albedo, S is the incoming solar flux and 7 is the vertical opacity

of the greenhouse atmosphere. The opacity of each greenhouse is given by:

) (D.12)

7(COy) = 1.73(pC04)°25 (D.13)
7(H>0) = 0.0126( H Pye 7t )093 (D.14)
7(CHy) = 0.0231 (D.15)

H is the relative humidity, F, is the water vapor saturation constant, L is the latent
heat per mole of water, and R is the molar gas constant.

D.2 Full details of the replicator—climate—carbon model
coupling

The coupled system is solved numerically using the stiff solver BDF within solve_ivp.
The initial condition sets carbon pools to zero perturbation, and social shares are initialized
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such that on average only 5% of the population is mitigating at the start of the simulation.
Parameter sweeps are performed over four key social parameters:

K? amaxa 57 mmax7

with both low and high critical temperature thresholds (7. = 2 and T, = 3).

Table D.1 lists all constants and baseline values used in the simulation, divided into
carbon—climate subsystem and social subsystem. Where parameters are varied in sweeps,
the range is reported alongside the baseline.

D.3 Full details of the FJ social model-forest cover
coupling

We first allow the forest subsystem to evolve in isolation. From F(0) = 0.2, we switch
off social interactions and evolve only the forest equation up to t,, = 400. This pre-
activation phase allows the ecological state to relax toward its intrinsic trajectory without
social pressure. At t,, we switch on the FJ social layer and let opinions push back on the
forest. To keep opinions physical, we confine X;(t) to [—1,1] by clipping states at every
right-hand-side evaluation and zeroing any outward-pointing velocities at the bounds.

We explore two social initializations that mirror our binary vs. continuous comparison:
a continuous mode (all X;(0) = 0) and a binary-proxy mode (half X;(0) = —1, half
+1, shuffled). After activation, we let the coupled system run until the forest response
stabilizes; concretely, we declare convergence once |F(t)| < tolF = 107% holds after a
short buffer (¢t > t,, 4+ 50) so that transient switching effects are excluded. Integration uses
the stiff BDF solver with a uniform evaluation grid of ~ 50 points per time unit, up to
max time=>5000.

For each parameter setting we simulate both modes, and quantify how much the two
behaviors differ only in the post-activation window. We do so via phase-2 relative integrated
absolute error (RIAE) metrics for forest cover F' and the population mean (X). We repeat
this procedure across two runaway-threshold scenarios F. € {0.2,0.8} and perform one-
dimensional sweeps over Ru.., ¥, A, Ao, ¢, and v, keeping all other parameters at their
baselines (Table D.3). Each point aggregates 20 stochastic replicates (independent A;
draws with fixed seeds), and we report means with standard errors.
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Table D.1: Parameters of the replicator—climate—carbon coupled model (carbon and climate
subsystem).

Parameter Value / Range Description
Initial carbon pools

Cso 1500 Soil carbon initial (GtC)
Cheo 550 Vegetation carbon initial (GtC)
Cao 596 Atmospheric carbon initial (GtC)
Choeo 1.5 x 10° Ocean carbon initial (GtC)
Carbon—climate parameters
fatm 8.3259 x 10'? Gas transfer constant
K, 1.773 x 10% Carbonate equilibrium constant
K, 0.184 Photosynthesis prefactor
Ky 8.7039 x 10° Vegetation growth factor
Kom 1.478 Michaelis—Menten coefficient
K. 29 x 106 Compensation concentration
m 120 x 1076 Michaelis constant
Ty 288.15 Reference absolute temperature (K)
K, 0.092 Vegetation respiration constant
E, 54.83 Activation energy (kJ mol™!)
8.314 Universal gas constant (J mol™* K1)
Ky, 0.034 Soil respiration constant
K, 157.072 Soil carbon feedback factor
K, 0.092 Vegetation litterfall rate
Fy 2.5 x 1072 Ocean flux baseline
13 0.3 Ocean exchange coefficient
¢ 50 Ocean buffer factor
H 0.5915 Humidity factor
P, 1.4 x 101 Reference pressure constant
Latent 43655 Latent heat constant
A 0.225 Planetary albedo
S 1368 Solar constant (W m~2)
capacity 4.69 x 10% Heat capacity of climate system (J K1)
o 5.67 x 1078 Stefan-Boltzmann constant
ag 5.101 x 10 Effective emitting area (m?)
To 5 Radiative forcing baseline factor
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Table D.2: Parameters of the replicator—climate—carbon coupled model (social subsystem).

Parameter Value / Range Description
Social subsystem parameters
Jrnax 2.0 Maximum risk perception response
w 5.0 Steepness of logistic damage response
T. 2.0, 3.0 Critical temperature thresholds (varied)
Ncategories 2 (binary), 100 (spectrum) Opinion categories
K Baseline 0.05, range [0.01,0.10] Social learning rate
Omax Baseline 1.0, range [0.0, 2.0] Climate damage sensitivity
0 Baseline 1.0, range [0.0, 2.0] Social reinforcement strength
Mmax Baseline 1.0, range [0.0, 2.0] Maximum mitigation utility
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Table D.3: Parameters and numerical settings for the FJ—forest coupled model. Baselines
are used unless a sweep over the stated range is performed.

Symbol / Baseline / Role / Description
Name Range
Forest-cover dynamics
F(0) 0.2 Initial forest cover
c Baseline 0.3, Growth gain coeflicient in w(F')
sweep [0.1, 0.5]
k 5 Steepness inside w(F')
v Baseline 0.01, Linear loss rate
sweep [0.0, 0.12]
h 0.01 (fixed) Social push on F' via mean opinion
Runaway / environmental drive
R, 1 Baseline offset in rp
Riax Baseline 1.5, Maximum runaway pressure amplitude
sweep [1.0, 2.0]
! 5 Runaway steepness
F, {0.2, 0.8} Threshold scenarios (blue/orange in plots)
FJ social dynamics and heterogeneity
v Baseline 0.05, Social timescale (interaction strength)
sweep [0.01, 0.10]
A Baseline 0.35, Interaction length in W;;
sweep [0.2, 1.0]
Ao Baseline 0.5, Mean susceptibility; individual A; are
sweep (0.2, 0.8] drawn heterogeneously around this value
Xz.(o) Mode 1: 0; Mode Initial opinions (shuffled in mode 2)
2: half —1, half
+1
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D.4 Data Availability

All data and code supporting this study are available at:
https://github.com/Yazdan-Babazadeh /Binary-Continuous-Social-Models
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