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Abstract

We formulate a numerical framework, in both 2d and 3d, to model the structural
patterns emerging from viscous tectonic flow by coupling a level set description of
the material interface with a finite element flow solver. Our formulation has the ad-
vantage of straightforward extensibility to encompass complex rheology and versatile
mesh geometry, as well as improved computational efficiency. A distinct novelty of
our formulation is the capability to offer a fully dynamical approach to modelling
structural patterns resulting from an inhomogeneous and non-steady tectonic flow.
The model output, in the form of lithological distribution and deformation patterns,
can be directly compared with the results of based geological mapping and struc-
tural analysis, thus offering the opportunity to ground-truth the abstract numerical
models with concrete field observations.

As examples for the potential applications of our method, we apply our newly de-
veloped method to the modelling of the crustal dynamics of the Neoarchean granitoid-
greenstone terranes in two case studies to shed light on the potential vertical- to
horizontal-style tectonics. In the first case study, a field-based structural study is
conducted in the Swayze greenstone belt in the Superior Craton and four generations
(G1—Gy) of ductile deformations are identified. Among them, Gy structures are as-
sociated with an oblique shearing kinematics with a granitoid-up/greenstone-down
movement in the vertical direction and a dextral sense of shear in the horizontal
direction, as well as an opposing plunge directions of Ly stretching lineation. The
tectonic regime associated with Gs is interpreted to be the operation of vertical-style
tectonism in the form of sagduction/diapirism under the backdrop of horizontal-style
tectonism in the form of regional dextral simple shearing. To test this interpretation,
an isothermal numerical model is constructed for the Swayze greenstone belt. The
model replicates the observed lithological and deformation pattern, confirming the
synchronous vertical and horizontal tectonism model as a viable regime to explain
the observed structural patterns.

To further explore whether the synchronous vertical and horizontal tectonism
is applicable to the Neoarchean crustal dynamics in general, a thermomechanical
model is constructed in the second case study with both thermal and rheological
conditions appropriate for the Neoarchean granitoid-greenstone terranes. As in the
first case study, many aspects of the crustal architecture and structural patterns are
comparable to the observations in Neoarchean terranes worldwide. Due to the high
competency of the cold upper crust, the density-induced sinking of the supracrustal
assemblages into the granitoid domes operates by active diachronous pointwise “drip-
ping” at triple junctions or by sheet-like sagduction with higher rate of horizontal



shearing. Furthermore, the transitional process of the crustal dynamics towards the
modern-day conditions from the hotter Archean Earth is further explored by system-
atically decreasing the Moho heat flux, which results in a delayed initiation and a
slower rate of the vertical tectonic process. The increase in the horizontal strain rate
results in the promotion of sheet-like sagduction pattern, the elongation of granitoid
domes, the preferential alignment of the high strain zones and the reduction of the
rate of greenstone sagduction. It is therefore postulated that through the secular cool-
ing of the crustal thermal condition, the role of density-induced sagduction/diapirism
is suppressed, thereby completing the transition of the Earth’s crustal dynamics from
a dominantly vertical style in the early Earth’s history to a present-day dominantly
horizontal style, with the Neoarchean being the interlude period where both pro-
cesses coexisted. Furthermore, taking into account that the Neoarchean lithospheric
dynamics of the southeastern Superior Craton is interpreted to be terrane accretion
under a plate tectonics-like regime, we conclude that the synchronous horizontal and
vertical crustal dynamics is not contradictory to a framework of plate tectonics on a
lithospheric scale. In fact, the Neoarchean transition in crustal dynamics may mirror
a similar transition in lithospheric dynamics from the early stagnant-lid tectonics to
the modern day plate tectonics.
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Chapter 1

Introduction

Numerical modelling of tectonic flow has provided the geoscience community with
profound insights into the tectonic processes on various length and time scales by
solving a set of partial differential equations describing the thermomechanical evo-
lution of the lithospheric materials (e.g. , : , ;
, ). In the traditional geodynamic modelling methods, the modelling
results are typically compared to the real world lithospheric conditions and evolu-
tions by means of indirect geophysical or petrological data (e.g. , ;
, ). However, comparing and correlating the model results with
direct field observations of mesoscale structures remains elusive. In this thesis, we
propose a modelling methodology by capturing the interface between different ma-
terials (i.e. lithological units) with the level set method ( :

, ). Our method offers the distinct capability to extract not
only the 3d lithological distribution but also the structural patterns from the tectonic
flow in the form of instantaneous and finite deformation fields. The former, which
includes information on e.g. the instantaneous strain axis (ISA), the shearing kine-
matics and the kinematic vorticity, can be directly computed from the tectonic flow
velocity field. The latter, typically visualized by the geometry of the strain ellipsoids,
foliation/lineation patterns and Flinn’s K-value, can be obtained from the strain in-
tegration through time on judiciously-placed tracer particles in areas of interest. In
this way, the material distribution of the model at any given erosion level may be
compared to the lithological pattern on the geological map. The deformation of the
level set contours can be interpreted as the folding pattern of the primary structures
(e.g. bedding) on a regional scale. The simulated deformation field can be compared
to the field analysis of structural patterns, thereby offering multiple pathways to test



the validity of the numerical model against real-world observations.

Our formulation also provides an efficient and extensible means to achieve the
aforementioned goal by applying a discontinuous Galerkin (DG) method to solve
the level set fields, the geometrical evolutions of which are directed by the flow
velocity field obtained from a finite element Stokes flow solver. The unification of
the level set solver and the flow solver under the finite element discretization allows
for straightforward implementation for non-structured mesh geometry as well as non-
linear and potentially anisotropic rheological relations. Moreover, in contrast to the
traditional particle-in-cell (PIC) methods ( , ; , ;

, ), the deformation-tracking particles in our method serve only as
passive “observers” of the finite strain rather than as active tracking mechanisms
of material properties. In this sense, the clouds of particles do not have to achieve
sufficient density to resolve the material distribution, nor is the computationally
intensive two-way particle-mesh interpolation required.

The Archean crustal dynamics leading to the dome-and-keel geometry of the
granitoid-greenstone terranes remains a controversial topic with ideas divided be-
tween a vertical- and horizontal-style tectonics. The former argues, on the ground
of elevated heat flux and the presence of an inverted crustal density profile, that
the dome-and-keel pattern is the result of crustal-scale gravitational overturn (also
known as sagduction/diapirism, Rayleigh- Taylor instability or partial convective over-
turn) (e.g. , : , : , :

, ). On the other hand, several studies explain the dome-and-keel under

a horizontal-style tectonic framework, where the crustal deformation is driven by

the far-field tectonic forcing manifested as an orthogonal (Type 1) fold interference

pattern or a metamorphic core complex (e.g. ) ; ,
: , 1999).

However, such simplistic dichotomy of Archean tectonics is not supported by
field structural studies in multiple granitoid-greenstone terranes in the Neoarchean
Superior Craton, where the coexisting evidence of both a vertical- and horizontal-
style tectonics is observed, leading to the conjecture that both mechanisms may have
operated synchronously during Neoarchean (e.g. , ; , ;

, ). To test this hypothesis and at the same time illustrate
the practical use case of our modelling framework, two case studies are computed
with our formulation:

In the first case study, a field-based structural analysis based on overprinting rela-
tionship is conducted in the Swayze greenstone belt (SGB). Four generations (G1-Gy)
of ductile structures are identified. Among them, the Gy deformation is the regional



deformation responsible for the formation of regional upright anticline-syncline fold-
ing, an oblique granitoid-up/greenstone-down shearing kinematics and an opposite
plunge direction of L, mineral stretching lineation on opposing granitoid-greenstone
belt boundaries. The structural pattern is compatible with a regional deformation
field involving both components of vertical sagduction/diapirism movement and hor-
izontal dextral shearing. This interpreted deformation field is subsequently used as
the boundary condition of an isothermal mechanical model with horizontally layered
granitoid greenstone as the initial configuration. The numerical model replicates the
lithological distribution and the structural pattern (in terms of foliation/lineation
pattern, strain distribution and shearing kinematics) of the Gy deformation, thereby
affirming the synchronous vertical and horizontal tectonism as a possible mechanism
for establishing the crustal architecture in the SGB.

Building upon the SGB model, we proceed to construct a thermomechanical
model with thermal and rheological conditions appropriate for the Neoarchean Earth
to explore the secular development of crustal architecture and structural patterns un-
der gravitational overturn synchronous with horizontal simple shearing. Our results
show that the gravitational overturn process in the granitoid-greenstone terranes
takes the form of diachronous active sagduction of the greenstone supracrustal as-
semblages in a pointwise geometry at triple junctions or in a sheet-like geometry in
synclinal keels that are aligned parallel to the finite stretching axis. We conclude that
a synchronous vertical and horizontal tectonic regime can be a viable explanation for
the 3d crustal architecture, deformation patterns and high strain zone distribution
in not only the SGB but also for multiple other Neoarchean granitoid-greenstone
terranes. Furthermore, we explore the change in crustal behaviour with diminishing
Moho heat flux and high horizontal strain rate, to explore the evolution of crustal
architecture towards modern-day conditions. In both cases, the rate of greenstone
sagduction is suppressed, while the former additionally results in delayed onset of the
gravitational overturn process, supporting the diminishing role of gravitational over-
turn process in crustal deformation through time. In this context, the Neoarchean
may represent a transition period in the Earth’s history when the crustal dynamics
gradually evolve from dominantly vertical re-organization due to density difference to
horizontal interaction between rigid blocks, as is first proposed in (Lin, ). This
shift in crustal dynamics mirrors a similar transition in lithospheric dynamics from
the stagnant-lid like tectonics to the modern-day plate tectonics (e.g. , ;

, ), suggesting the Neoarchean to be a possible global transition
period of the Earth’s tectonic regime on multiple scales (Lin, ).

The outline of this thesis is as follows. In Chapter 2 we describe in detail the the-



oretical background and the computational implementation of our modelling frame-
work, as well as presenting benchmark cases to validate the numerical results. In
Chapter 3, the field structural analysis of the SGB are compared to the results of
a mechanical model to explore the possibility of explaining the crustal dynamics by
synchronous horizontal and vertical tectonics. Building upon the mechanical model
for SGB, we extend the model in Chapter 4 to incorporate both temperature- and
strain rate-dependent viscosity, with thermal and mechanical conditions appropriate
for the Neoarchean Earth and discuss the implications on the Neoarchean crustal
dynamics in general.



Chapter 2

Modelling multi-material
structural patterns in tectonic flow
with a discontinuous (zalerkin level

set method

2.1 Introduction

Thermomechanical modelling of long-term tectonic flows has yielded insights into
complicated geodynamic processes and has served as a virtual laboratory for prob-
ing into the evolution of dominant tectonic regimes at various stages of the Earth’s
history (e.g. , ; , ; , ). The
thermomechanical equations are combined with a rheological model, cast in an effec-
tively viscous formulation, to simulate the slow creeping flow on a tectonic timescale.
The numerical solution is typically obtained on a stationary mesh oblivious to the
movement of different material units in the model (e.g. , :

, : , ) to avoid the costs for remeshing under grid distor-
tion (e.g. , ; , ). Because the mesh retains
no information about the movement of the material, some mechanism is required to
inform the mesh of the material distribution.

In geodynamic modelling, the task of locating the material interface is typ-
ically achieved by some Lagrangian framework separate from the computational
mesh, inevitably incurring additional computational costs. The particle-in-cell (PIC)



method represents the material domain with particles, which can possess nonzero vol-
ume ( : ) or be abstract volumeless tracers ( , ;

, ; , ). Resolving the movement of the material domains
through time is equivalent to tracking the movement of a cloud of particles. The
limitations of the particle approach are high memory consumption due to the large
number of particles required to properly resolve the material field and the poor scal-
ability due to the transfer of particle information from particles to the mesh and
between CPUs in distributed memory computing. The front-tracking method, on
the other hand, represents the material interface using a 2d mesh (in 3d model) or
1d curve (in 2d models) ( , ; : ). The deformation of
interface with the flow is described accurately at the expense of high computational
costs due to the maintenance of the interface mesh, especially in 3d simulations. This
method is also inflexible when it comes to handling complicated geometric changes
in the form of splitting and merging behaviours (e.g. boudinage, melt coalescing,
crustal delamination, etc.) ( : ). The arbitrary Lagrangian Eu-
lerian (ALE) method ( : ; : ) represents a middle
ground between the two aforementioned methods, both in terms of strengths and
weaknesses, by making the connectivity of the Lagrangian nodes optional and the
background computational mesh vertically deformable.

Traditionally numerical geodynamic models enable us to visualize the dynami-
cal evolution of material, strain rate, temperature and pressure distribution through
space and time (e.g. ) ). Although the model results can be cor-
roborated by indirect evidence of geophysical and petrological data, correlating the
simulation to observable field evidence remains elusive. Meanwhile, in the structural
geology modelling community, profound insights into the mechanism of meso- and
microscale fabric development have been extracted from kinematic analysis under the
assumption of a homogeneous strain field ( , ; , ;

, : , ). However, linking the kinematic picture
to a regional-scale tectonic model with complete dynamics remains challenging (

: ; , ). Recent developments in microme-
chanics have demonstrated the power of applying quasi-analytical solution to the
analysis of multiscale tectonic flows through the inhomogeneities-in-inhomogeneities
method ( , , : , : , ).
However, these applications are based on quasi-analytical solutions and are limited
to problems with simple geometry and boundary conditions.

The objectives of our tectonic modelling method are twofold. Firstly, our method
implements an efficient and flexible method for capturing material interfaces on an



Eulerian mesh, in both 2d and 3d, without the necessity to involve additional La-
grangian mesh or particles. Secondly, we build the connection between abstract
numerical models of crustal dynamics and concrete observations of geological map-
ping by formulating methodology to extract field-testable lithological distributions
and deformation patterns from modelling results.

To achieve the first objective, we use the level set formulation, which is a method
that is widely applied to the simulation of multimaterial flows in fluid dynam-
ics (e.g. , ; , ). The level set formulation im-
plicitly “captures” the interface between material domains by attaching a scalar field
to the Eulerian mesh ( , : , :

, ). The solution of the level set formulation is achieved by the discontin-
uous Galerkin (DG) discretization, which is a variant of the finite element method
optimized for the modelling of transport-type problems. Adaptive mesh refinement
localized around the material interface is implemented to improve the accuracy of
interface resolution and minimize the mass loss deficiency inherent to the level set
method. To build the connection between the material distribution and the tectonic
flow, we couple the DG level set solver with a continuous finite element Stokes flow
solver. Additionally, we employ an efficient linear system solver technique to obtain
fast solution on an adaptively refined mesh with viscosity contrasts. The strength of
this combination is the unification of the level set solver and the flow solver under
the finite element framework, which then enables us to fully exploit the advantages
of the finite element method in terms of flexibility of mesh geometry, simplicity of
implementing anisotropic rheology to model mesoscale structures ( , ;

) ) as well as large-scale mantle processes ( : ), and
accurate treatment of material transport due to the highly scalable DG discretiza-
tion (e.g. : ). Our methodology is similar in spirit
with ( ), with the difference that the latter computes the advection

of the composition fields directly without retaining the geometrical information of
the interface.

To achieve our second objective we combine the strengths of the level set de-
scription of the interface geometry, the kinematic analysis techniques in structural
geology and the mesh-based geodynamic models. We seek a numerical solution of
tectonic flow on a discretized mesh, which results in a simulated tectonic flow that
is non-steady in time and inhomogeneous in space. Additionally, the distribution of
the lithological units are recorded by the evolution of the level set field while the
finite deformation field is continuously recorded by the massless tracer particles. A
simulated geological map pattern can be constructed from the level set field at any



arbitrary level of depth. Regional folding of the lithological units can be visualized
by constructing cross-sections perpendicular to the regional structural grain. Analy-
sis of the deformation field on the stationary mesh as well as on the tracer particles
yields structural information (e.g. bedding, foliation and lineation orientations) that
can be compared with structural features observable in the field. We note that this
approach differs from the traditional PIC in that the markers are entirely passive and
therefore not essential to the modelling computations. The modeller has the liberty
to choose a suitable number of particles in areas of the model where deformation
tracking is needed.

Our modelling method is particularly suited for testing numerical models with ob-
servations acquired from field mapping in the form of the distribution of lithological
units, regional folding patterns of stratigraphy, the distribution of strain characteris-
tics and intensity, as well as the foliation/lineation patterns. Our present formulation
is not confined to any particular scale as long as the viscous rheological law is ap-
plicable and the inertial effect of the flow is negligible (the “creeping” flow regime),
thereby making it a versatile tool to explore instantaneous and finite strain patterns
resulting from both regional crustal-scale deformation (e.g. Archean lithospheric-scale
density inversions, Section 2.3.3) and the evolution of meso- to microscale structural
features (e.g. deformation around rheologically distinct inclusions or porphyroclasts,
Section 2.3.1).

In the following sections of the article we begin by briefly introducing the dis-
cretization scheme for both the tectonic flow solver and the level set interface solver
in Section 2.2 as well as their mutual coupling. Also discussed in this section is the
methodology to extract instantaneous and finite deformation patterns (Section 2.2.3)
from the numerical model. We then present numerical experiments in Section 2.3
to showcase the validity of our modelling methods and its capability to produce
simulation data that is relevant to field structures analysis. Finally, we discuss the
correlation between the modelling results with real-world geological observations and
our plan for future developments in Section 2.4.

2.2 Numerical methods

In our method, we couple two solution mechanisms to achieve multi-material simu-
lation of the tectonic flow. The Stokes solver obtains the flow velocity and pressure
while the level set solver captures the evolution of regions occupied by materials of
different properties. The level set method has been widely applied to the modelling



of two-phase flows (e.g. : ), free-surface flows (e.g. ,
) and crystal growth (e.g. , : , ). It has also
been applied to the modelling of tectonic flows under a finite volume (
, : , ) or a traditional finite element discretization

( , 2007).

The level set solver is discretized with a DG discretization. To the best knowl-
edge of the authors, our study represents the first attempt to introduce DG level
set formulation to modelling viscous tectonic flow. As the discontinuous variant of
the finite element method, the DG method relaxes the inter-elemental continuity
requirement in the traditional continuous finite element method and reintroduces
the numerical flux into the finite element formulation. With this property the DG
combines the stability of finite volume discretization for the modelling of hyperbolic
problems and the compactness for high-order approximation of the finite element
method. Because the approximation basis is local to each mesh cell, the DG method
lends itself to massive parallelization and adaptive mesh refinement (

, 2007).

The DG discretization is originally formulated for the neutron transport prob-
lem ( , ) and has since been widely applied to the modelling of
hyperbolic conservation laws ( , ; : ). Besides its
wide application in fluid dynamics (e.g. , ), the DG method
has also been applied in the geophysical community for modelling seismic wave prop-
agation ( , : , ) and fault aseismic slips ( ,

). It has also been utilized to discretize the level set formulation for multiphase
fluid dynamics modelling. (e.g. , ; , ;

, 2019; , 2013; , 2017)

In the following paragraphs of this section we describe the numerical strategies
used to implement both solvers as well as the methodologies to extract informa-
tion regarding finite deformation from the model results. The numerical procedures
herein discussed are implemented in both 2d and 3d based on the finite element
infrastructures provided by the deal.II library ( , ).

2.2.1 The Stokes flow solver

The long-term tectonic flow of the Earth’s crustal material can be approximated by
a highly viscous creeping flow. Furthermore, if the volume change is negligible, the
flow can be further approximated as incompressible, which leads to the following set



of governing equations:

(2.1)

V- (277D('U)) —Vp+pg=0
V-v=0

where D(v) = 12 (Vv + (Vv)T) is the rate-of-deformation tensor and g is the con-
stant downward-pointing gravity vector. p(x) and n(x) are the spatially-variable
material density and the effective viscosity respectively. At the current stage of de-
velopment the effective viscosity 7 is a scalar due to the assumption of isotropic ma-
terial. However, it is possible to model anisotropic material behaviour by extending
viscosity to a tensorial quantity. A mixed finite element method is used to discretize
the equation on an Eulerian quadrilateral mesh with a quadratic approximation for
velocity and a linear approximation for pressure (i.e. the Q2Q; elements) ( ,
). Complemented by the appropriate boundary conditions, the velocity v and
pressure p can be obtained on the mesh by solving the following linear system:

EECR

where A is the discrete viscosity matrix and B is the discrete gradient operator.
v and p are arrays of expansion coefficients for velocity and pressure respectively.
Equation (2.2) can either be solved monolithically with a fully coupled (FC) ap-
proach ( , ) or in a two-step manner by decoupling the
pressure from velocity by Schur complement reduction (SCR) ( ,

: , ). In both cases, solving the linear system effi-
mently hinges upon finding a high-quality preconditioner for A. In this study we
employ a level-based incomplete LU (ILU) preconditioner as well as an algebraic
multigrid (AMG) preconditioner with one V-cycle sweep. An in-depth discussion of
these solver properties, techniques as well as performance comparisons are available
in Appendix A. In summary, we conclude that FC excels relative to SCR regard-
less of the choice of the preconditioner. In terms of the preconditioner for the FC
approach, the ILU with a level-of-fill equal to one is the most cost-effective method
for 2d problems. However, it is no longer as competent as the AMG method for 3d
problems due to the large number of induced fills.

2.2.2 The level set solver

While the Eulerian formulation of the Stokes flow solver provides the dynamics of
the flow, the passive movement of the regions of different material properties cannot
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Figure 2.1: Concept of the level set function for the interface of an elliptical material domain
on a 2d plane. «; is inside the material domain D, x5 is outside the material domain and @3 is
on the material interface. d; is a shorthand of the distance to interface d(x;,dD). In this case

¢(£E1) = —dh ¢($2) = d2 and ¢($3) =0.

be resolved, thus necessitating the formulation of some material tracking mechanism.
In this study, we utilize the level set method as a strategy to capture the material
interface rather than representing the material domains with particles (e.g.

, : , ) or tracking the interface with an independent
mesh structure (e.g. , ).

The level set method (Figure 2.1) captures the interface of a material domain
D by associating it with a scalar level set function ¢p(x,t). The magnitude of ¢p
has a signed distance property that at an arbitrary point @, ¢p(x) is by definition
the distance from the point to the interface of D. Whether the point is “inside” or
“outside” of the domain is reflected by the sign of ¢p. The level set field evaluates
to zero on the interface dD. In this study, we follow the convention that a negative
level set value is prescribed to a point inside D and a positive value if otherwise.
These properties can be encapsulated in the following equation:

d(xz,0D) xeD
¢p(x) =10 x e dD (2.3)
—d(xz,0D) xeQ\D

where d(x, 0D) is the distance function from a point @ to the interface of a domain

D occupied by one single type of material. Due to its property as a signed distance
field, the level set field has a unit gradient (||V¢| = 1).

Modelling the evolution of the material domain with the level set method involves
the solution of an advection problem followed by a reinitialization problem. Since

11



both problems are of hyperbolic nature, we implement the DG method to discretize
the weak form of the equations representing both problems. The temporal integra-
tion is treated explicitly with a high-order explicit Runge-Kutta (RK) total variance
diminishing (TVD) method.

The advection problem

The advection problem describes the passive movement of the level set field ¢ under
the velocity field v provided by the flow solver:

9

it +v-Vo=0 (2.4)

Because the DG discretization does not enforce continuity across cells, the discretized
level set value ¢, is doubly-valued at the cell face. We use the following shorthand
to describe the one-sided value of the interfacial ¢; from the viewpoint of cell €2,:

gbie(m) hrgl on(x + ene) (2.5)
where n,. is the outward-pointing normal at the cell face of the element €2.. From
a geometric standpoint, ¢, . is the value of ¢, at the cell face approximated by the
polynomial basis internal to €., while qu;{,e is that approximated by the basis local
to neighbouring cell sharing the same cell face.

By premultiplying with an arbitrary test function ¢ and integrating over a finite
element cell )., we arrive at the DG discretization of the advection problem:

j nZ2tay - J (0 Vi) énd— | onf(Gr.60)dS  (26)
0

where the subscripts ¢, and v, are the polynomial approximation of the level set
function ¢ and test function . f(-,-) is the numerical flux located at the interface
of the cell €2, and is upwinded with respect to the transport direction of the velocity
field v for stability:

¢he d)he gbhe ¢he

PG i) = (0 m) T | e S (27)
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The reinitialization problem

As the level set field is advected with the velocity of the flow through time, the
magnitude of the level set gradient is not guaranteed to maintain unity. As a result,
the level set field loses the signed distance property. Because the material parameters
in the cells close to the interface are computed as a function of the level set values (see
Section 2.2.2 for details), this deviation affects the numerical integration of material
parameters in these cells. If left untreated, this deviation can then cause large errors
in the simulated results. To correct for this deviation, we reinitialize the level set field
by evolving the following reinitialization equation through pseudo-time 7 to steady

state: 26
0
22+ sgn(on) (IV9] — 1) = 0 (28)
where ¢o(x) = ¢(x,1)| .o 18 the not-yet-reinitialized value of ¢ and sgn is the signum
function. The physical interpretation of this equation is to propagate the information
of the unit divergence away from the interface. This is a Hamilton-Jacobi problem
with the Hamilton-Jacobi operator H in the form of H(V¢) = sgn(¢o) (||V¢[ — 1).

A local discontinuous Galerkin scheme is used to solve the reinitialization equation

directly ( , ; , ). Numerical instabilities that
may develop in this formulation are smoothed by applying a weighted essential non-
oscillatory scheme (WENO) limiter ( , ). Detailed derivations of

both the discretization and the limiting process are documented in sections 1 and 2
of Appendix B.

Flow solver coupling

Figure 2.2 illustrates the coupling between the Stokes flow solver and level set solver
as a two-way process. From time " to ", the discrete velocity field ¥, obtained at
each degree of freedom from the Stokes flow solver, is interpolated onto the quadra-
ture points of each element cells via the finite element basis functions of velocity in
the Stokes solver. The velocity values at the quadrature points are then employed
in the level set update from ¢™ to ¢"*! through volume and surface integration in
Equation (2.6).

To inform the Stokes flow solver of the updated material distribution, the level set
values ¢"*! are first interpolated onto the quadrature points of the Stokes flow solver.
The relationship between the updated level set field and the material parameter 6
(e.g. density p, viscosity 7, etc.) in a two-material system is established by:

0(x) = Oohe(¢(x)) + 01 (1 — he(o())) (2.9)
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Figure 2.2: Flowchart showing the coupling between the finite element flow solver and the level
set solver. The subscript g implies that the quantity is evaluated at the quadrature points.
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where 6; is the material parameter associated with the domain where ¢ < 0 and 6
is the “background” material. h.(¢) is the smoothed Heaviside function:

0 O < —€
he(¢) = %(14—%4— %sin (?)) —e<¢p<e (2.10)
1 ¢ >e€

This method, which is typically used in two-phase flow problems (e.g.

, ), creates a transition zone near the material interface of width 2¢
so as to improve the accuracy of the numerical integration. The material parame-
ters computed from Equation (2.9) will participate in the assembly of the elemental
viscosity matrix in the Stokes flow solver.

In the case where more than two materials are present in the model, we define
a background material which underlies all material domains. The overlying mate-
rials are each associated with a level set solver and ordered by their stratigraphical
relationship. The stratigraphical relationship determines which material takes prece-
dence over others when evaluating the level set functions. For example if the level set
values for material A and B are both negative at point & (meaning in the material
domain for both A and B), A overlies B implies the material definition for point
x is A instead of B. The overlying relationship comes from the geological model.
Geologically, this overlying relationship is equivalent to the stratigraphic order (or
the “younging direction”) of the modelled lithological units. The details of the effi-
cient implementation of the coupling between the level set and the Stokes solver is
discussed in section 3 of Appendix B.

To further reduce the computational cost, we notice that the level set values
only enter the flow solver for cells within a narrow band of prescribed width around
the zero level set. Therefore instead of solving Equation (2.8) to steady state, we

iterate up to Tmax = ynh. Here we assume the transition narrow band is of a
width of 2n cell and v is a constant coefficient to compensate for the non-unity
propagation speed due to the signum function smoothing ( , ).

Since too frequent reinitialization introduces excessive interface movement, we trigger
the reinitialization at a fixed interval N, immediately prior to the adaptive mesh
refinement of the cells close to the interface.
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2.2.3 Deformation analysis

The modelling approach introduced in this study takes into account the complete
dynamics and enables the modeller to analyse both the instantaneous and finite defor-
mation patterns of the simulated flow. This is achieved by applying the methodology
of the kinematic structural analysis to the simulated flow field. This process is dis-
cussed in detail in this section. The interested reader is also referred to ( ,
chapter 5, and references therein) for a more in-depth and pedagogical account of
the flow kinematics analysis.

The instantaneous deformation field is readily available by analysing the velocity
field and the velocity gradient tensor L;; = dv; / ovj. After decomposing the L into
symmetric rate-of-deformation tensor D and anti-symmetric vorticity tensor W,
the following quantities can be evaluated at any arbitrary time and location in the
numerical model:

1. The flow apophyses, or the “fabric attractors” ( , ), can be ob-
tained by taking the eigenvectors of L. The eigenvectors represent the direction
where the flow is attracted to, assuming L is constant in time;

2. The instantaneous strain axis (ISA) can be obtained from the eigendecompo-
sition of the rate-of-deformation tensor D;

3. The vorticity vector w can be computed by V x v. w, which is the local sense
of vorticity measured with respect to a fixed reference frame attached to the
stationary mesh. We caution that this vorticity is not the same as the vorticity
measured with respect to the local instantaneous principal strain rate axes and
is therefore not objective ( , ; : ).

4. The kinematic vorticity number W, can be obtained by [[W||/||D||. W} mea-
sures a nonlinear ratio between the rotation component and the stretching
component of the deformation ( , ). In a plane strain
scenario, Wi, = 0 and Wy = 1 represent two end-member flow types. The
former corresponds to pure shear and the latter to simple shear. Differentiat-
ing flow types based on Wy in 3d deformation is not straightforward, in which

case Wi = 1 can only be treated as a necessary condition for simple shear
flow ( : ).

The above-mentioned quantities represent the instantaneous condition of the flow.
However, the deformation structures observed in the natural geological materials are
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commonly the results of accumulated deformation through a prolonged and com-
plicated tectonic history. This process can be modelled by involving a Lagrangian
tracking mechanism on top of the stationary mesh. In order to integrate finite de-
formation through time, tracer particles are injected into and around the regions of
the model where deformation tracking is required. The particles are then advected
in the modelling domain by the velocity interpolated from the mesh. The particle
advection is computed by a forward Euler scheme as soon as the solution of the level
set advection problem is completed.

To track finite deformation, each particle is associated with a deformation gra-
dient tensor F'(t), which is initialized to identity matrix I upon generation. For
time step At" = t"*! — " the approximated deformation tensor F"*! can be inte-
grated with the 1%°-order forward Euler scheme of the well-known relation F = LF
( , , p-163):

F'+' = (I+At"L(t")) F" (2.11)

The power of the deformation gradient tensor lies in its potential correlation with
the foliation and lineation orientations, thus building a bridge between the abstract
numerical model and the concrete field observations. The foliation and lineation
orientation can be extracted by computing the eigendecomposition of the left Cauchy-
Green tensor C = FFT which in 3d space yields three positive eigenvalues (\; >
Ao = A3) and three corresponding mutually orthogonal eigenvectors (v, v, v3). The
trend and plunge of the eigenvector v is the maximum stretching orientation of the
finite strain and can be interpreted as the orientation of the stretching lineation. In
the same way, the orientation of v3 corresponds to maximum finite shortening and can
be interpreted as the pole to the foliation plane (e.g. , ). Geometrically,
the eigenvectors (v, s, v3) also correspond to the orientations of the three axes of
the strain ellipsoid ( , ). The square root of the eigenvalues (v/A1, v/ and
v/A3) are the length of the maximum, intermediate and minimum principal axes of
the strain ellipsoid. Equipped with this knowledge, we can also compute the slope
of any tracer particle on the Flinn diagram, or the Flinn’s K-value:

B hl(/\l/)\g)
~In(A/N3)

Values of K significantly greater than 1 are dominated by prolate strain or “cigar-
shaped” strain ellipsoids. These particles mark the locations which favours the de-
velopment of L-tectonites. On the contrary, particles with K significantly smaller
than 1 are dominated by oblate strain or “pancake-shaped” strain ellipsoids, which
correspond to the places where the development of S-tectonites is expected. The

(2.12)
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strain intensity /N can also be computed by evaluating the deviation of the strain
ellipsoids from a sphere ( , ):

N = (\/;::—1>2+(\/;:z—1>2 (2.13)

These predictions can be compared with the field observations of the deformation
style and the relative intensity of deformation for validation. In addition to the spa-
tial distribution, the numerical model provides the continuous temporal evolution of
the deformation pattern, e.g. the change of the foliation orientation through time.
This information can also be compared to the results of the analysis of strain his-
tory typically obtained from the field analysis or overprinting relationships between
multiple generations of structures.

2.3 Numerical benchmarks and applications

Three numerical experiments are presented to test the validity (Section 2.3.1 and Sec-
tion 2.3.2) and showcase the real-world application of our technique (Section 2.3.3).
We begin by computing two non-dimensional problems representing flow under sim-
ple shearing as well as density overturn. In 2d they serve as benchmarks with estab-
lished numerical or near-analytical solutions so that we can verify the correctness of
our results, evaluate the convergence of our numerical discretization, and establish
the robustness of our solution technique for the linear system. We then extend the 2d
benchmark cases to 3d to demonstrate the capability of our methods to characterize
finite deformation patterns. Despite the non-dimensional nature of these numerical
models, the results can be generalized to geological structures on multiple scales
and in various tectonic settings as long as the governing equations and the linearly
viscous rheology hold.

The reinterpretation of a non-dimensional variable (denoted with an overline,
e.g. 7, D) to a corresponding variable with a physical unit (e.g. n, v) can be carried out
in the following manner: let [, and t. denote the characteristic length and temporal
scales such that T = 2/, and ¢ = t/.. The non-dimensional viscosity 7 can then
be related to the physical viscosity n by 77 = /... The non-dimensional velocity ©
and pressure p can then be scaled to their real-world counterparts by v = ©l./t.
and p = pl.. We remark that this scaling analysis is only possible due to the
linear nature of our problem and is not generally applicable under more complicated
material models.
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Finally, to demonstrate the geological application of our method to crustal-scale
tectonic processes, we model a density overturn process operating under prescribed
background shearing in Section 2.3.3. This model represents a possible scenario for
the Neoarchean crustal dynamics when vertical tectonism in the form of sagduction
and diapirism as well as horizontal tectonism in the form of modern-day-like plate
tectonics operates simultaneously. In terms of the physical process, this experiment
demonstrates the 3d interplay between a Rayleigh-Taylor instability discussed in
Section 2.3.2 and the simultaneous deformation of the rheologically inhomogeneous
crust under the simple shear flow akin to Section 2.3.1.

Besides the above-mentioned numerical experiments, we have also included our
results for an additional set of benchmark problems in Appendices A and C.

2.3.1 Competent inclusion in simple shear flow

In this set of experiments we simulate the deformation field produced by a relatively
competent spherical inclusion (with viscosity 7,) embedded in a viscous matrix (with
viscosity 7,,) under a simple shear regime in both 2d and 3d. This model can be
viewed as an abstraction for describing the deformation field in and around a compe-
tent lithological inhomogeneity undergoing shear deformation on a larger scale. On
micro- or mesoscale, such matrix-inclusion system emerges naturally from the study

of asymmetric porphyroclasts as shear sense indicators ( , ),
as kinematic vorticity gauges of the bulk flow ( : ) and as a proxy
for modelling fabric development ( , ). On a regional scale, the model

encapsulates, for example, the deformation field of less competent stratigraphy layers
around a mechanically rigid pluton, both undergoing regional tectonic shearing.

Previous modelling of the matrix-inclusion system are typically based on one or
more of the following assumptions:

1. The inclusion is considered as a rigid or deformable ellipsoid immersed in an
infinitely viscous matrix. In the case of a rigid ellipsoid, the motion of the
inclusion can be resolved in both 2d and 3d by applying Jeffery’s theory (

: ) either analytically (e.g. : ) or numeri-
cally (e.g. , : , : , ). If the ellipsoidal
inclusion is considered deformable, the deformation of the inclusion can be
obtained by Eshelby’s theory for both linearly ( , ) and power-law
viscous rheology ( , ).
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2. The flow is assumed to be steady-state. This assumption is made in several
one-step finite element modelling on a bounded domain. The inclusion can
be modelled as a separate phase more viscous than the matrix ( ,

) or as a domain boundary ( : ; ,

).

Attempts to overcome these limitations are made in 2d by combining a front-tracking
algorithm with viscoplastic fast Fourier transform algorithm ( , ) or
by a Lagrangian finite element method with remeshing ( ,

). By computing two sets of numerical experiments with our formulation, we
show that firstly, the results of our approach are comparable to previous studies
in 2d and secondly, our approach provides a method to relax the aforementioned
assumptions in 3d even for large amount of deformation.

2d benchmark

In the first set of numerical experiments we reproduce the model setup by
( ). A steady-state flow field is computed for a circular inclusion with radius of
154 centred at the origin of a [—0.5, 0.5]? square box. The matrix viscosity, denoted
as 7, is set at 1 and the inclusion viscosity, denoted as n),, is set at 100.

The experiment is computed under three different boundary conditions specified
in ( , section 2.1), which we briefly summarize as:

1. On all boundaries, v, = 0 and v, varies linearly from 0.5 on the top boundary
(y = 1) to —0.5 at the bottom boundary (y = 0)

2. v, = 0.5(—0.5) on the top (bottom) boundary and v, = 0.0 on the left and
right boundaries. Normal stresses on all boundaries are set to be equal to the
background pressure.

3. v, = 0.5(—0.5) and v, = 0 on the top (bottom) boundaries. On the left
and right boundaries, v, = 0 and the normal stresses is equal to background
pressure.

The computation is carried out on a base grid of 512 x 512. The grid is refined up
to an equivalent density of 8192 x 8192 at the inclusion-matrix interface for accurate
resolution of interface pressure.
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Figure 2.3: The pressure and the velocity field around a spherical inclusion at the centre of the
modelling domain. Our model reproduces the results of Bons et al. (1997) for linearly viscous flow.
The subfigures (a), (b) and (c) correspond to the boundary conditions 1, 2 and 3 (i.e. the figures
4a, 4d and 4g) in Bons et al. (1997). On the left half of each subfigure, the white contours are
streamlines at v values of 0.0005, 0.001 0.0025, 0.005 and 0.01; the blue line is the flow separatrix
and the colour shading represents the pressure field. The right half of each subfigure is shaded by
the value of y-velocity and the black lines are the contours of y-velocity at —0.015, —0.010, —0.005
and 0.0. See text for discussion

To qualitatively compare the stream function v, y-velocity and pressure distri-
butions of our results with that of Bons et al. (1997), Figure 2.3 is constructed to
repeat the Figures 4a, 4d and 4g of Bons et al. (1997). The stream function values
1 at mesh nodes throughout the model can be obtained with the following equation,
assuming the origin (zo,v0) = (0,0) to be the datum:

U(z,y) =—J

zo

z Y

vy (2,y) dz + f ve(x,9) dy (2.14)
Yo
The integral is computed numerically by a Gauss-Legendre quadrature along the cell
faces outward from the datum. The contour patterns of the stream function v and
y-velocity from the two studies show good agreement. The flow patterns of both
studies are also mutually consistent: For boundary conditions 1 and 3 a bow-tie-
shaped flow pattern is produced, while for boundary condition 2 the flow pattern is
eye-shaped.

A quantitative comparison can be carried out by computing the stream function
1 value of the flow separatrix, the vertical distance D, between the intersections of
separatrix with the left boundary and the distance Dy, between the stagnation point
to the origin. Both D, and Dy, are normalized to the radius of the inclusion. In a
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bow-tie flow pattern (obtained in boundary conditions 1 and 3), the flow separatrix
separates regions of distinct flow patterns. For an eye-shaped flow pattern (obtained
in boundary condition 2), the separatrix is defined as the streamline whose leftmost
intersection point converges onto the left boundary. In this particular case, D, and
Dy, is undefined. The separatrices under various boundary conditions are plotted as
the blue line in the left halves of Figure 2.3. Our results of the separatrix i-value,
D, and Dy are tabulated in Table 2.1. Both the geometry of the separatices and the
numerical values of ¢, Dy, and D, are comparable to the results shown in Figure 4
and Table 1 of ( ).

Finally, the maximum absolute pressure value [p|ynax of our model is obtained
at the inclusion-matrix interface (listed in the last row of Table 2.1) and can be

compared with the analytical solution |p,|max ( : ):
2 m — Ilm . .
’pa’max = nn(nj’_—nn) V '}/2 + 4¢2 (215)
D m

where € and 4 are the boundary pure strain rate and the simple shear strain rate.
For this benchmark, é = 0 and 4 = 1, thus yielding |pg|max = 1.9604. We remark
that the numerical model is computed on a finite domain whereas the analytical
solution assumes that the boundary conditions are imposed at infinity. Despite this
discrepancy, the |p|max for all boundary conditions agrees well with |p,|max because
the diameter of the inclusion is sufficiently small relative to the domain size.

3d experiment

In the second numerical experiment we investigate the evolution of the finite de-
formation through time of an inclusion-matrix system in a 3d box of dimensions
[—2,2] x [-0.5,0.5] x [-0.5,0.5]. The y- and z-components of the velocity are pre-
scribed to be zero on all boundaries as a 3d non-steady extension to the previous 2d
steady-state inclusion problem. The box is subject to dextral shearing by prescribing
the z-velocity to be 1.0 on the top boundary and —1.0 on the bottom boundary. The
x-velocity varies linearly with respect to the z-coordinate for all other boundary faces
analogous to the boundary condition 1 in Section 2.3.1. The matrix viscosity 7,, is
set to 1. T'wo numerical models are computed, with inclusion viscosity 7, is set to a
“more competent” value of 100 for one model and a “less competent” value of 10 for
the other. The setup of the model is summarized in Figure 2.4. Tracking particles
are generated within and around the inclusion for tracking the finite deformation.
Both models are computed up to a shear strain v = 8.
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4.0

Figure 2.4: Model setup of a 3d deformable inclusion under simple shear. Upper: the 3d shear box
setup at ¢t = 0. The deformable inclusion (shown in dark red) is centred at the origin of the shear
box. Blue dots are the tracking particles generated around the inclusion. Lower: A cross-section
across the centre of the shear box which corresponds to the light blue plane in the upper diagram.

The snapshots of our results are shown in Figure 2.5. The modelling results show
contrasting long-term deformation patterns for different inclusion viscosities. The
results show that the behaviour of both inclusion-matrix systems are consistent with
the geological understanding, which we describe as follows.

Figure 2.5 (following page): Snapshots of the deformation for a 3d deformable inclusion in
a shear box up to a shear strain v = 8 for 7/, = 100 (subfigures (a) to (d)) and 7/, = 10
(subfigures (f) to (i)). The tracking particles are coloured by the viscosity value. The ellipsoids
attached to the tracking particles are strain ellipsoids. The streamlines (in white) and pressure
(represented by the colour shading) are plotted on an zz slice plane through the origin. Subfigures
(e) and (j) show the magnified views of the strain ellipsoids on a 2d cross-section through the origin
on the zz-plane for 7»/y,, = 100 and 10 respectively. The strain ellipsoids are coloured by the Flinn’s
K-value. See text for discussion.
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In the case of a “more competent” inclusion (/s = 100), the inclusion rotates
in the flow and shows minimal internal deformation, as shown in the minimal change
of the inclusion geometry and the almost spherical strain ellipsoids within the in-
clusion (Figure 2.5e). At the incipient stage of the shearing, the matrix material
surrounding the inclusion is advected as well as deformed. The combined pattern of
the particle clustering and the strain ellipsoid orientations show o-type asymmetry.
As the shearing progresses and more shear strain has accumulated, the bulk rotation
of the inclusion exerts drag on the matrix material and the asymmetry gradually
evolves into a J-type. Since under a shear-box-like boundary condition (Boundary
Condition 1 in ( )) backflow regions develop around the inclusion, the
O-type tail in our model shows stair-stepping.

In the case of a “less competent” inclusion (»/y, = 10), the inclusion not only
rotates, but at the same time undergoes elongation approximately parallel to the
instantaneous stretching axis of the simple shear velocity field and shortening per-
pendicular to the instantaneous shortening axis. Prolonged deformation accentuates
the ellipticity of inclusion and rotates the inclusion until its long axis is almost aligned
with the shear direction (z-direction) (Figure 2.5j). Eventually the orientation of the
inclusion is stabilized as it continues to undergo deformation by shear flattening. The
matrix material around the inclusion shows a o-type tail at the incipient stage of
the model. However, as the rotation of the inclusion gradually halts towards the
stable configuration, the matrix material around the inclusion experiences mostly
shear-parallel stretching and minimal rotational drag. As a result the tail remains
o-type and does not evolve into a d-type.

2.3.2 Rayleigh-Taylor instability

The Rayleigh-Taylor instability problem is an abstract model describing the gravity-
driven sinking of overlying denser materials in an inverted density profile. Modelling
a Rayleigh-Taylor instability is relevant for a number of geological processes, from the

origin and growth of mantle plumes (e.g. , ), the evolution
of salt diapirs ( , ) to the removal of lithospheric mantle by “dripping”
tectonics ( ) ; : ). The Rayleigh-Taylor

instability is also likely to be the forming mechanism of the dome-and-keel geometry
in Archean granitoid-greenstone terranes (e.g. , ; ,

; : ; , ; : ; ) ).
We first compute the standard 2d benchmark problem in Section 2.3.2 to show
that our results conform with published results with the proper order of convergence
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Figure 2.6: Left: Model setup of the 2d Rayleigh-Taylor instability benchmark. Right: The
evolution of v up to t = 2000 for the isoviscous Rayleigh-Taylor instability on a grid with the finest
mesh density of 64 x 64, 128 x 128 and 256 x 256.

so as to demonstrate our formulation produces correct results for non-steady tectonic
flow with multiple materials. In Section 2.3.2 we compute a 3d Rayleigh-Taylor
instability experiment with tracking particles inserted at the material interface to
showcase the capability of our method to visualize the finite strain distribution at
different stages of the model evolution.

2d benchmark

In this experiment we compute a viscous gravitational instability induced by an
initially inverted density profile. The modelling domain is set up as in a rectangular
box of height 1.0 and width A = 0.9142. The width A is chosen to maximize the
growth rate of an isoviscous diapir ( , ). In the initial setup a
thin layer of buoyant material with density py = 1000 and thickness 0.2 is placed
beneath a layer of denser material with density p; = 1010 and viscosity 7, = 100. A
sinusoidal perturbation in the form of y = 0.02 cos(mc/ )\) is applied to the material
interface. The top and bottom boundaries of the box are considered to be solid
walls (v = 0). A free-slip boundary condition is prescribed for the left and right
boundaries. In two separate experiments, the viscosity of the buoyant layer 7 is
prescribed to be 100 (the isoviscous case) and 10 (the non-isoviscous case). The
initial configuration of the model is shown in Figure 2.6. The models are computed
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Figure 2.7: Snapshots of the mesh configuration and the level set field of the 2d Rayleigh-Taylor
instability benchmark at (A) ¢ = 500, (B) ¢t = 1000 and (C) t = 1500. The solid white line outlines
the material interface (the zero level set).

on a base grid of 8 x 8 and the meshes are successively refined near the interface
up to a mesh density equivalent to Ny X Nmax around the material interface. We
also compute the volume-normalized velocity norm (root-mean-square velocity) to
facilitate comparisons between the published results:

0 = vo | J, O | - (216)

For the isoviscous case, the temporal evolution of the v is plotted in Figure 2.6
and the level set scalar fields at ¢ = 500, ¢t = 1000 and ¢ = 1500 are shown in
Figure 2.7. The velocity-time graph agrees in general trend with previous calcu-
lations (e.g. Hillebrand et al.; 2014; Leng and Zhong, 2011). The results on the
128 x 128 and 256 x 256 mesh is almost identical, while the 64 x 64 mesh substan-
tially deviates from the solution on finer meshes at the second peak. The deviation is
attributed to the poor resolution of the interface geometry by the coarse mesh, which
results in excessive interface smoothing and hinders the time at which the second
gravitational instability event takes place.

To show that our modelling framework produces valid physics, we compare the
value of the first peak root-mean-square velocity vy,.x and the time t,,,, at which the
peak velocity is attained with established numerical results. A synthesis of published
results and our data for both isoviscous and non-isoviscous cases are summarized in
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Method Mesh T max Umax

Tracer-in-cell (Tackley and King, 2003) 64 x 64 209.9 0.003098
Level set (Hillebrand et al., 2014) 60 x 60 213.03 0.003091
Level set (Hillebrand et al.; 2014) 160 x 160  209.21 0.003096
Level set (Hillebrand et al., 2014) 240 x 240 209.19 0.003095
Tracer-in-cell (Samuel and Evonuk, 2010) 60 x 60 213.72  0.003135
Tracer-in-cell (Samuel and Evonuk, 2010) 120 x 120  214.04 0.003129
Level set (Samuel and Evonuk, 2010) 60 x 60 228.88 0.002925
Level set (Samuel and Evonuk, 2010) 120 x 120 215.87 0.003051
Level set (Samuel and Evonuk, 2010) 240 x 240 211.52 0.003093

Particle level set” (Samuel and Evonulk, 2010) 60 x 60 215.57 0.003087
Particle level set® (Samuel and Evonuk, 2010) 120 x 120 212.22  0.003109

DG level set, this study 64 x 64 220.17 0.003200
DG level set, this study 128 x 128 216.40 0.003185
DG level set, this study 256 x 256  214.56 0.003181
DG level set, this study 512 x 512 213.64 0.003175
DG level set, this study 1024 x 1024 213.18 0.003173
DG level set, this study 2048 x 2048 212.87 0.003172

Table 2.2: Benchmark results for the isoviscous case (19 = m1 = 100). The mesh density for this
study is reported as Npax X Nmax. The tracer density is 40 per cell for Tackley and King (2003)
and 25 per cell for Samuel and Evonuk (2010).
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Method Mesh tmax Umax
Tracer-in-cell (Tackley and King, 2003) 64 x 64 73.5  0.009285

Trace-in-cell (Samuel and Evonuk, 2010) 60 x 60 75.86  0.009193
Trace-in-cell (Samuel and Evonuk, 2010) 120 x 120 72.54 0.009185
Level set (Samuel and Evonuk, 2010) 60 x 60 78.48 0.009087
Level set (Samuel and Evonuk, 2010) 120 x 120 75.89 0.009269
Level set (Samuel and Evonuk, 2010) 240 x 240 73.45 0.009480
Particle level set (Samuel and Evonuk, 2010) 60 x 60 71.98 0.009375
Particle level set (Samuel and Evonuk, 2010) 120 x 120 74.07 0.009414

DG level set, this study 64 x 64 76.62  0.009302
DG level set, this study 128 x 128 75.52 0.009518
DG level set, this study 256 x 256  74.97 0.009618
DG level set, this study 512 x 512 74.44 0.009663
DG level set, this study 1024 x 1024 74.19 0.009686
DG level set, this study 2048 x 2048 74.07 0.009698

Table 2.3: Benchmark results for the non-isoviscous case (g = 10, 7, = 100). The mesh density
for this study is reported as Npax X Nmax. The tracer density is 40 per cell for Tackley and King
(2003) and 25 per cell for Samuel and Evonuk (2010).
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Tables 2.2 and 2.3. The results show that for both the isoviscous and the non-
isoviscous case, the DG level set formulation yields comparable results to previous
studies obtained under a different discretization scheme regardless of whether the
particle correction is applied or not. The results are also comparable to that ob-
tained from a PIC method where the material information is entirely tracked by the
Lagrangian particles.

A convergence test is applied to the results by testing the speed at which the
relative difference in Oyay and ¢, under successive mesh density contracts (
, ). The relative difference in Uy and tyay, denoted respectively as d; and
d; can be computed with the following expression:

(tmaxa 77max) - (t v )‘
Nmax=2m—1 maxy Ymax/ | n =2m
= ma m="71,8,...,11

Nmax=2m (tma)n Umax) |Nmax=2m

(5tv 517)

(2.17)
Building upon the relative difference we can then compute the rates of contraction
A of 03 and 9;, as follows:

(tmaX7 T)max) - (t U ) {

N. —_om—2 max»y ¥max N, —9gm—1
= = i = — m = 8,9,10,11
Nmax=2™m (tmaxy Umax) |Ntnax=27n71 - (tmaxu Umax) ‘Nmax:2m

(At’ ATJ)

(2.18)
The convergence rate, shown in Table 2.4, reveals that both d; and d; contracts at the
same rate with respect to mesh density. Hence, our numerical formulation is overall
linearly convergent. This is expected from the fact that we use P! basis for the DG
level set solver. This result is also in agreement with the linear rate of convergence
observed in the Zalesak’s disk benchmark in Appendix C. The result offers assurance
that the application of the limiter does not degrade the overall rate of convergence of
the numerical scheme. In summary, our results confirm that the level set formulation
under DG discretization is numerically convergent and as effective as other methods
for modelling multi-material geodynamic flow.

3d experiment

We compute a 3d Rayleigh-Taylor instability to showcase the capability of our numer-
ical scheme to track finite deformation by extending the previous 2d Rayleigh-Taylor
benchmark to 3d. The model is constructed in a [0, 1]* cube with a sinusoidally
perturbed material interface described as:

z = 0.02 (cos(mr) + 1) + 0.2 (2.19)
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Mo =1 M o = 10
N max 5t At 517 ATJ 5t At 517 AT)

27 1.22x 1072 — 936x10° — 1.93x102 — 222x1072 —
28 4.58 x 1072 2.67 596 x 1073 1.58 1.01 x 1072 1.92 9.98 x 1073 2.20
29 201 x 1073 228 3.15x 1072 1.90 6.99 x 1073 1.46 4.86 x 1073 2.04
210 223x 1072 090 943 x 107" 3.33 3.37x 1073 2.08 2.37x 1073 2.04
211 1.35 x 1073 1.65 4.71 x 1072 2.00 1.68 x 107* 1.97 1.18 x 1073 2.01

Table 2.4: Convergence analysis for the 2d isoviscous and non-isoviscous Rayleigh-Taylor insta-
bility.
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Figure 2.8: The finite strain distribution of a 3d isoviscous Rayleigh-Taylor instability at ¢ = 100
(left), 150 (middle) and 200 (right). The ellipsoidal markers are strain ellipsoids coloured by Flinn
slope K. The red colour range implies constrictional strain, while the blue colour range indicates
flattening strain.

where r(z,y) = 4/(z — 0.5)2 + (y — 0.5)2 is the distance to the centre of the zy-plane.
The boundary conditions are all free slip except for the top and bottom, where they
are considered as solid walls (v = 0). The material distribution closely resembles
that of the isoviscous case of the 2d Rayleigh-Taylor benchmark. A density of 1010 is
prescribed to the material above the material interface given in Equation (2.19) and
1000 to that below the interface. The viscosity is prescribed to be 100 throughout
the domain.

Three snapshots of the model up to t = 200 are shown in Figure 2.8. In these
snapshots, in addition to the geometry of the rising diapir, the strain ellipsoids are
also shown at the material interface coloured by their Flinn’s K-value. A red colour
represents a stretching strain while a blue colour is used for flattening strain. In
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Figure 2.9: The Flinn diagram of the strain ellipsoids at the interface between the denser material
on top and the lighter material below in the 3d isoviscous Rayleigh-Taylor instability test case. The
model snapshots are taken at t = 100 (left), ¢ = 150 (middle) and ¢ = 200 (right). The marker
points are coloured by their z-coordinates: z = 0.0 corresponds to the deepest level (bottom) of
the model, while z = 1.0 corresponds to the top surface of the model. The diagonal line in each
subfigure is the line of plane strain. The area above the line of plane strain represents constrictional
strain while the area below the line has a flattening type of strain.

Figure 2.9, the strain ellipsoids are also plotted on the Flinn diagram in with respect
to their depths (i.e. the z-coordinates). At ¢t = 0 the strain ellipsoids are strain-
free and therefore spherical. As the gravitational instability evolves, the areas at
the “neck” and the bottom part of the model experiences constrictional strain in
the vertical and horizontal directions due to the upward drag by the rising of the
buoyant material situated at the lower part of the model. At the same time, the head
of the diapir experiences compression at the material interface as the upper part of
the diapir expands outwards and pushes the surrounding denser material sideways.
In Figure 2.9 the same trend is revealed as the particles at deeper levels in the
model show predominantly stretching strain and therefore favourable for developing
lineation, while the particles at the diapir head preferentially develops strong foliation
parallel to the material interface. Both lineation and foliation patterns are radially
symmetric. The foliation is shallowly dipping in the centre of the diapir and gradually
steepens towards the periphery of the diapir.
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2.3.3 Sheared 3d Rayleigh-Taylor instability

The Rayleigh-Taylor experiments in Section 2.3.2 describe the idealized gravity-
propelled density inversion processes where the material motion is predominantly
vertical. Indeed, the structural pattern is overall consistent with that observed in
the Archean granitoid-greenstone terranes where the partial density overturn is inter-
preted to be the dominant mechanism shaping the crustal architecture (e.g. ,

). However, in a realistic situation the vertical tectonic motion takes place under
the influence of a background tectonic stress with a horizontal component. For exam-
ple, in the Neoarchean terranes, evidence for horizontal and vertical tectonics coexist,
and it is proposed that crustal scale density inversion may have operated simultane-
ously with horizontal tectonic strain (Lin, : , ). The latter
can be the result of far-field tectonic stress transmitted from the oblique convergence
in a modern-day-like plate tectonics processes. In this experiment we construct a
numerical experiment to simulate the simultaneous operation of the Rayleigh-Taylor
instability and a horizontal simple shearing imposed as a boundary condition. Our
primary purpose here is not to test interpretations on Archean tectonics, but to
demonstrate that our modelling method can be applied to tectonic problems on a
prescribed scale and can produce structural predictions readily comparable to field
data, which would otherwise be impossible for 2d numerical models and prohibitively
complicated for analytical solution. The bedding information and the interface ge-
ometry is difficult to obtain straight-forwardly with a particle-in-cell modelling ap-
proach. A description of the model results under different viscosity and boundary
conditions, as well as an in-depth discussion of the implications for Archean tectonics
is beyond the scope of this paper.
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Supracrustal assemblages (2800 kg/m®)

Perturbation (R = 10km)

Granitoid substratum (2700 kg/m®)

Figure 2.10: Model setup for the two-layer 3d Rayleigh-Taylor experiment with a sinistral shearing
boundary conditions. v, is the magnitude of the prescribed boundary shear velocity. The eastern
and western boundary conditions are periodic with a reflection such that points A, B, C and D on
the eastern boundary correspond to A’, B’, ¢’ and D’ on the western boundary respectively.

The model setup is illustrated in Figure 2.10. A box-shaped domain of dimensions
2.40 x 102km x 1.20 x 102 km x 2.40 x 10' km is constructed. The geological model
consists of a dense and competent supracrustal “greenstone” unit overlying a more
buoyant and less viscous granitoid substratum. The upper layer and lower layer
has a constant density of 2.80 x 10%kg/m? and 2.70 x 10° kg/m?, respectively. Both
units are horizontally layered except for a perturbation of radius 1.00 x 10! km and
height 1.00km placed at the centre of the boundary between two units. Due to
positive buoyancy of the granitoid intrusion, a density inversion will be initiated.
The viscosity of the supracrustal assemblages 7; is set to 1.00 x 10?° Pa-s to represent
the typical conditions of the upper crust. The viscosity of the granitoid substratum
(no) is set to be one order of magnitude lower than the supracrustal assemblage
(1.00 x 10 Pa - s) to simulate a relatively “soft” middle to lower crustal material
granitoid rocks of typical tonalite-trondhjemite-granodiorite (TTG) composition.

The boundary conditions of the model are set as follows. The top and bottom
boundaries are both free-slip boundaries. The northern and southern boundaries
have prescribed z-velocity of value +v, and —uv,, respectively. The eastern and
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western boundaries are periodic boundaries with a reflection with respect to xz-
plane model to be consistent with a monoclinic asymmetry due to the simple shear
boundary conditions. In our experiment the magnitude of the shear velocity vy is
set to 5.00 x 107 cm/yr, equivalent to a crustal shear strain rate of 8.30 x 1078/yr
which is on the same order of typical background strain rate of the continental crust
under modern day plate tectonics ( , ).

As the model evolves, the denser supracrustal assemblage sagducts into the deeper
crustal level forming synclinal keels while the granitoid substratum upwells into the
higher crustal levels and expands laterally. At the same time, the geometry of the
granitoid intrusion is affected by sinistral shear and demonstrate an elongated geom-
etry in the NW-SE direction due to the shear-induced elongation in this quadrant.
This is in contrast with the radial symmetric diapir geometry in the 3d Rayleigh-
Taylor instability without the simple shear boundary condition (Figure 2.8). To
analyse the strain distribution, at the time (fyax = 1.18 x 10" Ma) when the peak
root-mean-square velocity (Tpmax = 1.76 x 1078 cm/yr) is attained, we show the dis-
tribution of kinematic vorticity and the magnitude-scaled vorticity vector in Fig-
ure 2.11a, the strain ellipsoids coloured by Flinn’s K-value in Figure 2.11b and the
strain intensity distribution N in Figure 2.11c. The kinematic vorticity shows that
strong non-coaxial rotation is concentrated at the granitoid-supracrustal assemblage
boundary, while in the sagducted keels of the supracrustal rocks the strain is mainly
coaxial compression or stretching. This pattern is also reflected in the finite strain
distribution, where the strain ellipsoids in the greenstone keels mainly show a flat-
tening geometry. The vorticity vectors (Figure 2.11a) clearly demonstrate granitoid-
up/greenstone-down sense of shear at the granitoid-greenstone contact. Because the
density inversion is a quick process, large amount of strain is accumulated at the
granitoid-greenstone boundary (Figure 2.11c) as manifested by the high value of N.

Although the results obtained from the numerical model is in 3d, we acknowledge
that the data collected from the field survey typically resides on a 2d plane represent-
ing the present day ground surface, above which the crustal material is eroded away.

Figure 2.11 (following page): Model results for the sheared 3d Rayleigh-Taylor instability at
peak root-mean-square velocity. In (a), the faint white wireframe delineates the interface between
the greenstone supracrustal assemblages and the granitoid substratum. The colour shading cor-
responds to the value of the kinematic vorticity number W) value. The conical arrows are the
orientations of the vorticity vectors w scaled by their magnitude. The computation procedures of
w and Wy, are discussed in detail in the second paragraph of Section 2.2.3. (b) shows the geometry
of the strain ellipsoid coloured by the Flinn’s K-value computed by Equation (2.12); (c¢) shows the
3d distribution of the strain intensity N computed by Equation (2.13).
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Assuming the erosion level is known from the knowledge of the regional geology, we
can then construct a slice plane of the 3d model at that depth. The lithological
distribution and the structural pattern on that 2d plane is directly comparable to
field survey data. To demonstrate this process, a slice surface is constructed at a
depth of 8.00 km of the 3d model. The depth of the slice plane is so chosen because
most Archean greenstone terranes display a greenschist facies metamorphism. On
top of the lithological pattern, orientation of the primary structures (Sp, also see
Section 2.4.1), the foliation and the lineation are respectively shown in Figure 2.12a,
Figure 2.12b and Figure 2.12¢ along with the lithological pattern. A simulated geo-
logical cross-section approximately perpendicular to the regional NW-SE structural
grain is also constructed in Figure 2.12d. Local lineation and foliation patterns in
a greenstone keel SW of the central granitoid dome are shown in the stereonets in
Figure 2.12e¢ and Figure 2.12f. The primary structures, which can be interpreted as
the bedding in the supracrustal assemblages and pre-tectonic subhorizontal foliation
in the granitoid substratum, show that the greenstone keel corresponds to regional
syncline while the granitoid dome forms the core of the regional anticline.

The finite strain patterns in the keels of the supracrustal rocks west-southwest
of the granitoid dome is analysed in detail (with the approximate location shown
in Figure 2.12a). The stereographic projection of the poles to the foliation (Fig-
ure 2.12¢) shows that the foliation in the keel is mostly steeply-dipping and strike in
a NW-SE direction subparallel to the adjacent granitoid-greenstone boundary. The
lineation orientation (Figure 2.12f) is scattered along the great circle defined by the
local average foliation orientation and shows two point maxima that are moderately
to steeply plunging. The moderate to steep plunge angle of the lineation is likely the
result of the vertical sagduction movement. Meanwhile, the horizontal shearing com-
ponent contributes to the scattering of the lineation pattern along the big circle trace
and grouping of the lineation orientations into two point maxima. This structural

Figure 2.12 (following page): Simulated geological map with structural patterns of the sheared
3d Rayleigh-Taylor instability model on a horizontal slice at 8.00 km depth. The structural patterns
shown in (a), (b) and (c) are respectively the primary structures (subhorizontal planar markers be-
fore deformation, e.g. bedding), the foliation and the lineation. (d) is a geological cross-section along
the line XX’, the location of which is delineated in (a). The shear sense at the granitoid-greenstone
boundary is extrapolated from the vorticity vector in Figure 2.11a. Because the simulated geo-
logical maps in (a), (b) and (c) are constructed at 8.00km depth, the geological material above
z = —8.00km (shown in faint colours) is considered to have been removed due to erosion and no
longer visible in the field. (e) and (f) are stereographic projections of the poles to foliation (LS)
and lineation (L) measurements in the synclinal keel with location shown by the grey rectangle in

(a).
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pattern is comparable to that observed in Neoarchean greenstone belts where both
horizontal and vertical tectonic processes are postulated to operate synchronously
on Earth (Lin, ; , ), detailed discussion of which is beyond the
scope of this contribution.

2.4 Discussion and conclusions

2.4.1 Geological interpretation of the level set field

Besides being an identifier of material domains, the level set field in our modelling
approach contains geometric information that can be helpful for interpreting the
modelled deformation patterns. For example, in a crustal-scale model where the
initial layers of material domains correspond to the pre-deformation stratigraphic
units, the orientation of the level set isosurfaces can be interpreted as the orientation
of the primary structures, or Sy (e.g. sedimentary beddings). The deformation-
induced curving and distorting of the isosurface can be interpreted as the regional
folding of the beddings of the stratigraphy units. The orientation of the bedding
can be extracted by taking the gradient of the level set function (V¢). Assuming
the level of erosion is available from the knowledge of the local geology (e.g. mineral
assemblages and or thermodynamic modelling) a 2d cut surface at that erosional level
can be constructed within the 3d model which shows the lithological distribution and
the bedding orientation on that particular 2d surface. Such data can be compared
with the present-day geological map pattern and field bedding measurement as a
validation for the modelled results. Moreover, the level set field itself represents
the distance to the material interface, therefore making our approach suitable for
exploring the relationship between variations of structural patterns with respect to
distance to the lithological boundaries.

As a side note, one can also extract the curvature of the material interface by
taking the Laplacian of the level set field (V2¢). The boundary curvature is related
to the boundary mobility and therefore controls the rate of grain boundary migration
(GBM) in microstructure simulations ( , , Chapter 5).

2.4.2 Geological interpretation on deformation analysis

We remark that compared to the pure kinematic modelling approaches which fre-
quently utilizes the assumption of a steady-state velocity gradient L, our formulation
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has the ability to incorporate non-steady and inhomogeneous deformation states by
allowing L to vary naturally as the strain state changes with the material low. The
finite deformation field is the direct integration of the instantaneous deformation field
as the tracer particles are advected through the model. In this way by incorporating
the full dynamics, our approach simulates deformation patterns in a more general
sense than the traditional kinematic modelling. In fact, the latter can be considered
as a steady-state approximation in a small enough interval in both space and time
from the viewpoint of a model with complete dynamics.

The foliation and lineation patterns obtained from our modelling formulation
are based upon the assumption that the lineation and the pole to foliation always
follow the principal strain axes of the local strain ellipsoids. However, we acknowl-
edge that this assumption is by itself a simplification because the alignment of the
lineation- or foliation-defining mineral grains does not necessarily track the princi-
pal axes of the local strain ellipsoid in a precise and predictive manner. To probe
into the microstructural evolution of the deformation fabric at each tracer particle,
our modelling method framework can couple with an efficient solver based on mi-
cromechanics to model such processes on a finer scale ( , ).
Furthermore, the information about the strain ellipsoids can not only be compared
to the field-observable alignment of minerals, it can also be extended to strain el-
lipsoid geometry obtained through other techniques e.g. the anisotropy of magnetic
susceptibility (AMS) measurements ( : ).

Because the deformation field that the numerical model takes into account is not
steady-state, the structural patterns recorded on the particles are dependent upon
the interval in time through which the deformation is recorded. Taking the quartz
crystals deformed in a ductile shear zone as an example, in the temperature regime of
subgrain rotation recrystallization, large quartz porphyroclasts are transformed into
ribbon grains and meanwhile newly born recrystallized grains will emerge (

, ). If we spread particles evenly throughout the domain, then the particle
corresponding to the recrystallized grain will have to reset its F' when the recrys-
tallization takes place, while those corresponding with the ribbon porphyroclast will
keep recording F' for a longer period of time ( : ). The same situation
also applies to geological bodies on outcrop or even regional scale (e.g. boudinage of
veins and dykes). Unfortunately, a widely accepted criteria as to the choice of this
time interval is problem dependent and the modeller is cautioned to take this into
consideration when interpreting the modelled structural pattern.

We also caution that the vorticity-related quantities (e.g. kinematic vorticity Wy)
herein obtained are computed on a stationary Eulerian coordinate and therefore not
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objective. Direct usage of such quantities for determining flow classification and
understanding fabric development may be invalid unless corrections are made for
external vorticity caused by the spin of the ISA ( , ; , ).
One algorithm for implementing such corrections using the ISA as a reference is
proposed by ( ).

2.4.3 Summary and future extensions

In this study we have developed a modelling scheme by coupling a level set solver
with DG discretization for capturing material interface and a finite element solver
for resolving flow dynamics. A combination of Eulerian mesh and Lagrangian tracer
particles allows us to model large deformation without sacrificing the capability to
track deformation history. A complete set of kinematic information from the in-
stantaneous flow field as well as the finite deformation field can be extracted from
the numerical model, making it well-suited for analysing spatially and temporally
variant structural responses as a result of the processes on a larger scale and the
partitioning of larger-scale tectonic movement into material domains with contrast-
ing mechanical properties. Our model technique also provides the possibility for
ground-truthing tectonic models by comparing field observations of the geological
map patterns, the strain distribution and the structural patterns with model pre-
dictions of material domain geometries and deformation patterns, thus building the
bridge between abstract numerical models and concrete field evidence.

Our implementation serves as a proof of concept of integrating DG-discretized
level set method into a modelling framework for tectonic flow and is therefore sim-
plified in many aspects. However, this modelling method can be further developed
in many ways, making it possible to simulate real world tectonic problems with ever
more challenging physical complexities. Future improvements and extensions of the
modelling framework will proceed in the following directions:

1. Implementation of more realistic rheological models. This includes, for exam-
ple, a nonlinear (power-law) viscosity model for dislocation creep processes,
evolving anisotropic mechanical properties due to the preferred alignment of
minerals in the flow (e.g. , : , :

, ) and temperature-dependent viscosity model by coupling with a
convection-diffusion solver for heat transport.

2. Communicating the deformation field from our tectonic modelling approach to
an efficient analytical microstructural solver for fabric development and lattice
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preferred orientations (e.g. , ; , ). With this
coupling scheme, a direct correlation of deformations across multiple scales can
be made possible.
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Chapter 3

Neoarchean synchronous vertical
and horizontal tectonism in the
southern Swayze greenstone belt,
Superior Province: Insights from
structural analysis and numerical
modelling

3.1 Introduction

The crustal dynamics of the Neoarchean Earth, especially in granitoid-greenstone
terranes showing a dome-and-keel geometry, has remained a controversial topic. Due
to the elevated heat flow and the softened crustal strength for the early Earth and
a lithological architecture with an inverted density profile, the Neoarchean crust
may experience a “vertical” tectonism in the form of gravitational overturn (also
known as sagduction/diapirism, Rayleigh- Taylor instability or partial convective over-
turn) (e.g. , : , : , :

; ). On the other hand, it
is argued that Neoarchean crust has enough strength not only to inhibit the develop-
ment of gravitational overturn, but also to sustain the long-distance transmission of
far-field regional tectonic stress, and therefore it is not necessary to explain the geom-

9 Y ) I ) Y Y
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etry of the Neoarchean terranes by invoking non-uniformitarian processes (e.g.
, 2006; , 1998; , 1999).

If we recognize the above-mentioned regimes of crustal dynamics as two end
members of an evolving spectrum from the early Earth to the present day due to
the secular dissipation of primordial heat, a transitional style of crustal deformation
pattern is postulated to have existed in between where the crust exhibits coexisting
structural signatures of both tectonic regimes (Lin, ) ). From the stand-
point of structural analysis, how this transition of crustal dynamics is manifested in
the rock record (e.g. the spatial distribution of lithological units and the structural
patterns) is of profound interest to field geologists.

In conjunction with the transition in crustal dynamics, the lithospheric-scale
tectonic processes of the Earth on a larger scale was also undergoing transition from
the possible bottom-up stagnant-lid-type tectonics to a top-down plate tectonics-like
process in Archean or early Proterozoic ( , ; , ;

, ), although the exact temporal bracket of this transition remains
debatable. Understanding how the crustal deformation style fits into the grand
scheme of lithospheric-scale tectonic evolution constitutes a vital stroke in painting
a detailed picture of the secular evolution of our planet’s tectonic style.

In this study, we provide insights into one example of this transitional style of
crustal dynamics by conducting structural investigation in the Neoarchean Swayze
greenstone belt (SGB) located in the southeastern Superior Craton (Section 3.3). To
demonstrate that the structural pattern is likely the result of the simultaneous op-
eration of gravitational instability and the far-field transmission of regional tectonic
stress in the form of dextral shearing, we compare the lithological distribution and
the structural pattern obtained from field mapping to a 3d crustal-scale numerical
model where both “vertical” and “horizontal” tectonism are taken into account in
the model configuration (Section 3.4). We show that various aspects of field mapping
results can be reproduced in the numerical model, thus providing a viable explana-
tion for the general deformation pattern and lithological distribution in the SGB.
We argue, based on the coexistence of both tectonic processes, that the structural
evolution of the SGB and possibly other Neoarchean terranes bear witness to the
transition in crustal dynamics as the Earth dissipates heat and evolves from a verti-
cal tectonism to present-day horizontal tectonism, as is first proposed in ( ).
Under the backdrop of a tectonic shift in the Superior Craton in Neoarchean docu-
mented in multiple studies (e.g. , : , ), our study
presents one example of the deformation pattern when a transition in tectonic regime
takes place both on the crustal and the lithospheric scale (Lin, ).
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3.2 Geological settings

The Archean Superior Craton (Figure 3.1A) consists of multiple subprovinces in-
terpreted to be microcontinents, remnant arcs, oceanic terranes and accretionary

prisms ( , ). It is suggested that the assembly of the Superior Cra-
ton is achieved by the northward subduction-accretion process based on the following
pieces of evidence (e.g. , , and references therein): (1) Consistent

southward-younging ages of regional deformation, syn- to post-tectonic magmatism
and the deposition of the orogenic-related sedimentary assemblages. This age pro-
gression is interpreted to be the result of successive terrane accretion towards the
south. (2) North-dipping hthospherlc reflectors interpreted as remnant subducted
slabs ( : ) ). (3) Terrane boundaries
traceable up to 1.00 x 103 km with possible horizontal movements bordered with
greywacke belts implied to be collisional flysch belts.

The SGB is the western extension of the Abitibi greenstone belt. It is located
in the Abitibi-Wawa terrane in the southern Superior Craton (Figure 3.1A,B). It is
bounded by the Nat River granitoid complex to the north, the Ramsey-Algoma gran-
itoid complex to the south and the Kenogamissi batholith to the east. To the west
the SGB is bounded by the Kapuskasing structural zone, which exposes the lower to
middle crustal sections of the Abitibi-Wawa subprovince due to the southeastward
thrusting on the Ivanhoe Lake fault zone ( , ). In the following

sections, we present a brief summary of the major lithological units and structural
features of the SGB.

Figure 3.1 (following page): A: Simplified subprovince and terrane map of the Superior
Province, modified from ( ) and ( ). Subprovinces belonging
to the same terrane are filled with the same colour. The extent of the Abitibi greenstone belt
and Swayze greenstone belt (SGB) is labelled and shown in detail in B. B: Simplified geological
map of the Abitibi greenstone belt and SGB showing the overall Archean lithological units and
the crustal-scale structures, modified from ( ). CLLDZ: Cadillac-Larder Lake de-
formation zone; ILFZ: Ivanhoe Lake fault zone. KB: Kenogamissi batholith; KSZ: Kapuskasing
structural zone; NRGC: Nat River granitoid complex; PDDZ: Porcupine-Destor deformation zone;
RAGC: Ramsey-Algoma granitoid complex; RDZ: Ridout deformation zone; C: Simplified geolog-
ical map of the southern Swayze greenstone belt. The geology is compiled from ( );

( ); ( ), complemented by the field data obtained in this study.
The extents of the southern domain (see Figure 3.4) and northern domain (see Figure 3.5) are
also labelled. The red stars show the locations where the geochronology samples were taken. The
geochronology data are listed and discussed in Appendices D and E.
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3.2.1 Supracrustal stratigraphy

Regional mapping ( , ) and U-Pb geochronology ( ,
) in the SGB reveals a coherent, upward-facing autochthonous stratigraphy. The
fact that the stratigraphically higher units contain zircons with ages of the underlying
units implies that the stratigraphic sequences in both the Abitibi greenstone belt
and the SGB are coherent rather than the result of amalgamation of allochthonous
terranes (e.g. , : , : , ).

The metavolcanic assemblages in the SGB consist of ultramafic to mafic flows
as well as intermediate to felsic volcaniclastic rocks with intermittent deposition of
chemical sedimentary rocks in the form of the banded iron formation. ( )
identifies five groups of metavolcanic rocks deposited from 2740 Ma to 2696 Ma which
closely resembles the volcanic episodes of the Abitibi greenstone belt ( ,

; , ). The metavolcanic assemblages are overlain by the
clastic metasedimentary rocks of the Opeepeesway Formation of the Ridout Group,
which is the youngest of the supracrustal sequence and consists of siltstone, sand-
stone and conglomerate with intrusive, felsic or mafic metavolcanic and banded iron
formation clasts. Recent geochronology results of the Opeepeesway Formation con-
glomerate yields a maximum depositional age of 2680 + 3 Ma ( , ) and
the porphyry suites cross-cutting the conglomerate were dated at 2684 + 3 Ma and
2680 + 4 Ma, although several individual zircon grains of ages between ca. 2676 Ma
and 2670 Ma were also found ( : ). In addition to the age
data, the proximal source of the clasts and the alluvial-fluvial depositional environ-
ment of the Opeepeesway Formation supports a correlation to the Timiskaming-type
metasedimentary package in the Abitibi greenstone belt. In the following discus-
sions, we use the term Timiskaming-type assemblage to refer to the Opeepeesway
Formation in the SGB due to their comparable age, sedimentary source and relative
position in the local stratigraphy.

3.2.2 Kenogamissi batholith

The Kenogamissi batholith separates the stratigraphy of the SGB to the west and
the Abitibi greenstone belt to the east (Figure 3.1B and C). It consists of multiple
phases of intrusions of tonalitic, granodioritic and granitic compositions with crystal-
lization ages ranging from 2747 Ma to 2660 Ma ( , ; , ;

, ). They are broadly divided into synvolcanic, syntectonic
and post-tectonic phases with minor ca. 2850 Ma xenocrystic zircons, interpreted as
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the possible influence of a rifted continental crust substrate exposed in the Wawa
area ( ) ).

Synvolcanic intrusions are the volumetrically dominant phases in the Kenogamissi
batholith, composed of brecciated gabbro, hornblende/biotite diorite and tonalite-
trondhjemite-granodiorite (TTG). Various phases of the synvolcanic intrusions have
crystallization ages that overlap with the age ranges of the supracrustal metavol-
canic assemblages. In the western part of the Kenogamissi batholith, the synvol-
canic phases are grouped into the Rice Lake pluton consisting of weakly- to well-
foliated diorite, tonalite and granodiorite. A study of the macroscopic and magnetic
structural pattern by ( ) reveals that the foliation near the
batholith-granitoid contact is generally boundary-parallel while assuming a NW-
SE to E-W trend towards the interior of the batholith. In the eastern part of the
Kenogamissi batholith, the ca. 2723 Ma orthogneiss with a composition of hornblende
biotite tonalite is the dominant synvolcanic intrusive phase ( , ).

The most prominent syntectonic phase of the Kenogamissi batholith is the Neville
pluton situated at the southern boundary of the Kenogamissi batholith. It is of
hornblende biotite quartz monzodiorite to granodiorite in composition and yielded
an intrusive age of 2682 + 3 Ma ( ) ).

The post-tectonic phase of the Kenogamissi batholith is the Somme Pluton lo-
cated at the core of the Kenogamissi batholith. Dykes with a composition similar
to that of the Somme pluton cross-cut all other intrusion phases in the Kenogamissi
batholith. Various ages of this pluton are reported at ca. 2660 Ma ( , ),
ca. 2665 Ma ( : ) and 2676 + 4 Ma ( : ). It is composed
of homogeneous undeformed coarse-grained granodiorite or granite.

3.2.3 The Ridout deformation zone

The Ridout deformation zone (RDZ) in the southern SGB is a less than 1.00 km-wide
E-W-trending high strain zone nucleated in the metavolcanic rocks and has recorded
multiple generations of shear deformation ( , ). The RDZ was initially
defined in the narrow greenstone septum at the southern boundary of the Neville
Pluton ( , ). To the west where the greenstone stratigraphy widens and
is better preserved, multiple high strain zones can be traced continuously along strike
within the greenstone belt as well as at the granitoid-greenstone boundaries. In this
study we trace the RDZ to a high strain zone localized at the northern boundary
of the Timiskaming-type basin in contact with the metavolcanic assemblages. The
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lithologies within the RDZ are strongly foliated quartz-feldspathic sericite schist and
chlorite schist. Younging indicators in the weakly deformed sandstone layer of the
Timiskaming-type metasedimentary rocks indicate a consistent northward younging
direction towards the RDZ (e.g. ; ;

, ), suggesting only half of the Tlmlskammg—type basin is preserved

The RDZ has been inferred to be the western extension of the gold-prolific
Cadillac-Larder Lake deformation zone (CLLDZ) in the Abitibi greenstone belt (

). Direct geological evidence of this interpretation is masked by Proterozoic
sedimentary assemblage of the Huronian Supergroup. This interpretation is recently
questioned by ( ) on the ground of the differing kinematics and contrasting
stratigraphic locations of the deformation zones with respect to the Timiskaming-
type sedimentary assemblage.

3.3 Deformation analysis

When presenting the sequence of the deformation events in the SGB, we adopt the
notation of generation (G) because more than one generation of overprinting struc-
tures may develop in one progressive deformation (D) event (e.g. , ). Based
on the overprinting relationships, four generations (G;—Gy) of ductile structures are
identified in the SGB. Gy structures are only preserved in the TTG infrastructure as
folded S; gneissosity and its tectonic significance remain to be determined. Gs is a
thicked-skinned deformation event that affects both the Kenogamissi batholith and
the supracrustal assemblages throughout the SGB. G3 deformation is characterized
by an oblique north-side-up and sinistral shearing in the RDZ. G4 deformation is a
regional strike-slip dextral reactivation of pre-existing high strain zones and litholog-
ical contacts.

Among the four generations of structures, the Gy deformation is interpreted to
have established the regional crustal architecture of the SGB. The tectonic mech-
anism leading to the formation of the dome-and-keel map pattern and structural
trends will be explored in the numerical study in Section 3.4. Subsequent deforma-
tion episodes (G3 and Gy4) only modifies Go structures by localized shear reactivations
and therefore does not significantly alter the regional-scale map pattern. Therefore,
in this section we only present the Go structures in detail due to its importance in
the tectonic evolution of the SGB. The detailed description of G, G3 and G4 struc-
tures, the timing of the deformation events as well as the timing and the regional
significance in the context of the greater Abitibi greenstone belt of all generations of
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deformations are discussed in Appendix D.
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Figure 3.2: Structural data related to the Gy deformation. A: Simplified geological map of the
southern SGB with G; and Gg structural patterns. The colouring of the lithological units follows
that in Figure 3.1. The magnetic foliation and lineation data are compiled from (Becker and Benn,
2003). B: stereographic projection of the S; gneissosity in the orthogneiss. The red star is the
best-fit Fy fold axis calculated from the S; foliation data. C-F: Stereographic projections of the
poles to Sy fabric in corresponding areas of the greenstone belt delineated in A. The average strike
and dip of Sy in each area are also shown as the big circle trace. G: Stereographic projection of the
F5 fold hinge measurements.

The Gy structures are associated with regional thick-skinned Fy folding, the as-
sociated Sy regional foliation and L, mineral or stretching lineation. The first order
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Fy folding is inferred from the repetition and younging direction reversals of the
supracrustal stratigraphy (Figure 3.1). On the outcrop scale, the Fy folds are tight
to isoclinal with shallowly to moderately plunging fold axes (Figure 3.2G), consistent
with the interpretation that the Fy corresponds to regional upright non-cylindrical
folding of the SGB stratigraphy. The existence of the Fy can also be inferred from the
tilting of sedimentary bedding (Sp) in the Timiskaming-type sandstones to its current
subvertical attitude, establishing the timing of G, deformation to be synchronous or
postdate the deposition of the Timiskaming-type sedimentary rocks, consistent with
the age relationship between deposition and deformation in the northwestern Supe-
rior Craton ( : ).

Associated with the Gs folding is the Sy axial planar foliation. In the green-
stone supracrustal assemblages, S, is defined by a differentiated cleavage consisting
of aligned chlorite in the mafic metavolcanic rocks and aligned sericite or muscovite
in the felsic metavolcanic or metasedimentary rocks. The S, foliation is also defined
by flattened pillow structures in the basaltic layers, flattened lapillis in the pyro-
clastic rocks as well as flattened (and isoclinally-folded) clasts (Figure 3.3A,B) in
the Timiskaming-type conglomerates, attesting to a flattening type of strain (Flinn’s
K-value < 1) associated with the Gy deformation. The S, foliation in the greenstone
belt is steeply-dipping, while the strike is spatially variable and subparallel to the
orientation of granitoid-greenstone contact (Figure 3.2C-F).

In the Kenogamissi batholith, the Sy foliation is best exemplified as aligned horn-
blende crystals and quartz aggregates in the Neville pluton. The Neville pluton
is increasingly strongly foliated closer to the granitoid-greenstone boundary with a
boundary-parallel steeply-dipping foliation defined by aligned amphibole. In the Rice
Lake pluton of the Kenogamissi batholith, the macroscopic and magnetic foliation
shows boundary-parallel trend close to the granitoid-greenstone contact, while the
foliation orientation in the interior of the batholith is generally SE-NW-trending.
The exact generation of the dominant foliation is unclear due to the lack of over-
printing relationship with respect to known deformation generations. However, even
if the observed foliation is associated with earlier deformation events, they are likely

Figure 3.3 (following page): Field photos showing the strain patterns of the Go deformation.
A: Timiskaming-type conglomerate with clasts flattened parallel to S;. B: A fragmental unit in
the Timiskaming-type assemblage where the flattened clasts are folded by isoclinal Fy folds. C:
Overprinting relationship between Sy foliation and Sz spaced cleavage in the Timiskaming-type
sandstone. D: G isoclinal fold of a syn-Go granodioritic dyke. E: Amphibolite at the northern
granitoid-greenstone contact of the northern domain affected by Go deformation and show an L-
tectonized fabric.
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to have been transposed under the strain field of the Gy deformation.

The G2 deformation is most strongly developed in the corridors of high strain close
to the granitoid-greenstone boundary. To characterize the shear kinematics of Go
and the Ly stretching lineation patterns therein, the study area is subdivided into a
southern domain encompassing the greenstone assemblages south of the Kenogamissi
batholith transected by the RDZ, and a northern domain where the greenstone as-
semblages extends as a narrow arm in an WNW-ESE direction into the Kenogamissi
batholith. The spatial extents of the two subdomains are shown in Figure 3.1C. The
structural patterns in each domain are described in detail as follows.

3.3.1 The southern domain

In the southern domain, the boundary between the Neville pluton in the north and
the SGB is an intrusive contact. Dykes with the composition of the Neville granodi-
orite cross-cut Sy in the mafic metavolcanic wall rock and is isoclinally folded with
a Sp-parallel axial plane (Figure 3.3D), consistent with the interpretation that the
emplacement of Neville pluton was syn-Gy with intense flattening strain. The shear
sense indicators at this contact show a granitoid-(i.e. north-)side-up sense of shear
(Figure 3.4C). The same granitoid-(i.e. east-)side-up shear sense is also observed
along Rice Lake pluton-greenstone contact further west (Figure 3.4F). Close to the
boundary between the SGB and the Ramsey-Algoma granitoid complex in the south,
the shear sense recorded in the felsic lapilli tuff is south-side-up (Figure 3.4D).

The Ly patterns along both the northern and southern contacts of the SGB
are moderately- to steeply-plunging, whereas the plunge directions are opposite
from contact to contact: At the Kenogamissi batholith-greenstone contact the Lo
plunges westward (Figure 3.4B,D), while at the Ramsey-Algoma granitoid complex-

Figure 3.4 (following page): Field photos and stereographic projections of Gy structures. A:
structural map of the southern domain of the SGB. B: stereographic projection of the Lo lineation
at the northern (left) and southern (right) granitoid-greenstone contact. C: S-C fabric on a vertical
surface at the northern granitoid-greenstone contact showing a north-side-up sense of shear. D:
moderately west-plunging Ly mineral stretching lineation defined by aligned hornblende crystals in
metavolcanic rocks. E: mylonitized volcanic rocks at the northern granitoid-greenstone contact with
intense So shear fabric. The C’ shear band shows a dextral sense of shear. F: o-type porphyroclast
indicating a west-side-up sense of shear at the western granitoid-greenstone boundary. G: S-C fabric
in the felsic tuff at the southern granitoid-greenstone contact indicating a south-side-up sense of
shear. H: subvertical Ly mineral stretching lineation in amphibolite at the contact between the
greenstone and Ramsey-Algoma granitoid complex. The locations of C-H are labelled in A.
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greenstone contact, the dominant Ly plunge direction is eastward (Figure 3.4B,H).
The horizontal shearing component associated with Gs granitoid-up/greenstone-
down movement at the north granitoid-greenstone contact is observed to be dextral
(Figure 3.4E), although direct field evidence of horizontal shearing component is
otherwise rare due to the dominantly vertical kinematics associated with Gy. The
shear sense indicators, combined with the orientation of the Ly mineral stretching
lineation, implies that kinematics in the southern domain is characterized by dom-
inantly granitoid-up/greenstone-down shearing with a minor component of dextral
shearing.

3.3.2 The northern domain

In the northern domain (Figure 3.5A), an eastward increase in the deformation in-
tensity is observed in the greenstone arm as it narrows into the granitoid intrusion.
The shear sense indicators at the granitoid-greenstone boundaries both north and
south are best preserved in microstructures due to strong mylonitization and shows a
consistent granitoid-up/greenstone-down kinematics (Figure 3.5B,D). Lineation data
were collected in two separate subdomains in the western (Figure 3.5F) and eastern
parts (Figure 3.5G) of the greenstone arm. In both subdomains, the Ly stretching
lineations are moderately- to steeply-plunging and are defined by aligned hornblende
needles in the supracrustal volcanic rocks and locally garnet-bearing amphibolite.
The latter is interpreted to be the metamorphosed equivalence of the supracrustal
metavolcanic rocks. In the western part, the amphibolite units are locally deformed
into L-tectonite, bearing only weak foliation but strong alignment of dark miner-
als (Figure 3.5C, E). The lineation is down-dip and subvertical (Figure 3.5G). In
the eastern part, the Ly lineation shows a moderate westward plunge (Figure 3.5F).
In contrast to the southern domain, Ly lineation does not display an asymmetrical
pattern with respect to the north and south granitoid-greenstone boundaries. There-
fore, any regional horizontal shearing component for the G, deformation is probably

Figure 3.5 (following page): A: structural map of the northern domain of the SGB. B: S-C
fabric in the mylonitized felsic volcanic rocks at the northern granitoid-greenstone contact showing a
north-side-up sense of shear. C: steeply-plunging Ly mineral stretching lineation in the metavolcanic
rocks defined by aligned amphibole crystals. D: S-C fabric in the mylonitized quartzo-feldspathic
porphyry at the southern granitoid-greenstone contact, showing a south-side-up sense of shear. E:
steeply-plunging mineral stretching lineation in the felsic metavolcanic rocks defined by aligned
amphibole aggregates. The locations of the photos B-E are all labelled in A. F-G: stereographic
projections of Ly lineation in various areas of the northern domain delineated in A.
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Figure 3.6: Summary of major generations of structures in the SGB and their timing. See text
for further discussions.

minor in the northern domain.

3.3.3 Summary of deformation and timing

In this section we summarize the main structural patterns and the timing of the
deformation generations discussed in the previous section as well as in Appendix D.
A graphical summary of the deformation generations is shown in Figure 3.6.

G deformation is only preserved in the synvolcanic granitoid intrusion at amphi-
bolite facies conditions, consistent with the interpretation of ( ).
( ) identifies foliation-bearing intrusive clasts in the Timiskaming-type assem-
blage. Assuming this foliation corresponds to S; in this study, we can bracket the
timing of G; deformation to between the emplacement age of the orthogneiss at
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2722.5 £ 0.8 Ma ( , ) and the depositional age of the Timiskaming-
type assemblage at ca. 2680 Ma.

Gy deformation (Figure 3.6B) is associated with regional thick-skinned folding
and therefore is identified as the major phase of deformation that establishes the
crustal architecture of the SGB. G is associated with Sy subparallel to granitoid-
greenstone contact and upright Fy regional folding that affects both the supracrustal
assemblages and the granitoid infrastructure. The shear kinematics associated with
the Gs high strain zones at the granitoid-greenstone contacts are invariably granitoid-
up/greenstone-down. The steeply-plunging L, lineation pattern and the granitoid-
up/greenstone-down kinematics and the boundary parallel S pattern may be ex-
plained by the gravity-induced sagduction of the dense supracrustal assemblage and
the complementary diapiric movement of granitoid intrusion (see , , and dis-
cussions therein). At the same time, the consistent dextral shearing component in
the linear greenstone belt in the southern domain shows that the Gy deformation
also possesses a component of horizontally-directed simple shearing. The timing of
the Gy deformation is constrained at around 2680 Ma.

The G3 deformation is localized within the RDZ and is characterized by an oblique
sinistral and north-side-up shearing. The exact timing of G deformation remains
poorly constrained. The G4 deformation represents a regional dextral strike-slip
reactivation of pre-existing weak planes such as high strain zones and lithological
boundaries and probably took place later than ca. 2678 Ma. Gy and Ggs structures
are local and do not change the overall patterns of Go structures.

3.4 Numerical modelling

As is discussed in the previous section, the crustal architecture of SGB is probably
a result of combined operation of the vertically-directed gravitational overturn and
far-field horizontally-directed tectonic stress. Due to the coherent dextral component
of shearing in the southern domain for the Gy deformation, we deduce that the
gravitational overturn is likely to have happened simultaneously with the dextral
shearing event. To test this hypothesis, a crustal-scale numerical model of gravity-
induced crustal overturn is constructed with dextral shearing applied simultaneously
as the boundary condition. The results of the model computation will be compared
to field observations to test the validity of our assumed tectonic model.
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3.4.1 Modelling methods

The long term crustal flow in the SGB is approximated by a creeping flow model
with linear viscosity. The flow is assumed to be incompressible because no significant
density-altering metamorphic reactions are observed in the study area. We solve the
following set of partial differential equations within a given crustal block:

V. (2nD(v)) — Vp+ pg =0
(2 b

where n = n(x,t) and p = p(x,t) are respectively the material viscosity and den-
sity, which vary in both space and time due to material movement and deformation
following the tectonic flow field. D = % (L + LT) is the rate-of-deformation tensor
and L = Vv is the velocity gradient tensor. The geological boundary between the
granitoid infrastructure and the greenstone supracrustal assemblages is tracked by
a level set function. Upon solving Equation (3.1), the obtained flow velocity allows
us to extract information related to both the instantaneous and finite deformation
field. The right-hand screw of the vorticity vector can be computed from the veloc-
ity gradient tensor and retrieves the local sense of rotation with respect to a fixed
reference frame ( ) ; , ).

The three principal axes of the strain ellipsoids (with lengths A\; = Ay = A3) in
the model can be obtained by the eigendecomposition of the Cauchy-Green tensor
C = FF", where the deformation gradient tensor F' can be obtained by integrating
the well-known relationship F' = LF" ( , ) through time with a suitable
integration scheme. The Flinn’s K-value can be obtained by

In (M
= —n( pe) (3.2)
In(*2/xs)
where K > 1 and K < 1 implies the constrictional strain and the flattening strain,

respectively. The intensity of the strain can be measured by the amount of deviation
of the strain ellipsoid from a sphere ( , ).

N = (\/i:;—1>2+(\/i:§—1>2 (3.3)

For a detailed exposition of the technique for capturing geological contacts by
the level set method and structural analysis of the flow field, the reader is referred

to ( ) and ( )
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3.4.2 Model setup

We set up a numerical model to investigate the strain distribution in a tectonic regime
where horizontal shearing operates synchronously as the crust undergoes deformation
related to density inversion. Several studies have conducted numerical modelling
on Archean crustal dynamics. The pioneer study by ( )
constructed a two-layer model and concluded that crustal density overturn is feasible
in Archean under suitable thermal and viscosity conditions. The study by
( ), using a similar model setup, concludes that the crustal density
inversion can be the unifying mechanism behind the generation of voluminous TTG
intrusions, buoyant subcratonic lithospheric mantle (SCLM) and the dome-and-keel
map pattern in the granitoid-greenstone terranes. The evolution of crustal thermal
conditions and p-T-t paths during the vertical tectonism processes have also been
investigated in several studies (e.g. , ; , ;
: ). The major limitation of the previous studies is the absence of a
3d picture of the deformation. As a result, the 3d strain ellipsoids collapse into 2d
ellipses, making the differentiation between the foliation patterns (finite flattening)
from the lineation patterns (finite stretching) impossible. The horizontally-directed
shearing boundary conditions, which are to be applied synchronously with crustal
gravitational overturn, is also infeasible to be implemented in 2d models.

Our model setup complements the previous studies by extending the numerical
model into 3d so that far-field tectonic stress can be incorporated and the 3d analysis
of both instantaneous and finite deformation patterns becomes possible (Figure 3.7).
A modelling domain of 2.40 x 102km in the east-west direction, 1.60 x 10?km in
the north-south direction and 2.50 x 10'km in depth is chosen so that the rising
granitoid domes in the middle of the model and the surrounding greenstone belts
can fully develop without being strongly affected by the boundary flow. We set up
one 1.50 x 10" km layer of granitoid of density 2.70 x 103kg/m? at the bottom of
the domain, which is overlain by 1.00 x 10'km of mafic volcanic rocks of density
2.90 x 10°kg/m?, to simulate the granitoid-greenstone crustal architecture. The
density setup and thickness follows ( ) and

( ) except that the lower metabasite layer is omitted from our model
because it has limited influence on both the development of the gravitational overturn
and the structural patterns of upper to middle crustal levels. Our material profile
also conforms with the first-order estimates of crustal section in the Neoarchean
terranes in general (e.g. , ; , )

and the paleopressure measurement of up to 7.00 kbar at the core of the Kenogamissi
batholith ( : ).
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Figure 3.7: The configuration of the numerical model for the synchronous vertical and horizontal
tectonism for the SGB. Randomized perturbations (with radius R and amplitude H) on the contact

between the supracrustal unit and the granitoid unit are shown schematically and hence do not
represent the actual size and location of the perturbations.
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At the granitoid-greenstone interface, a set of sinusoidal perturbations of random-
ized radius (R) and amplitude (H) are generated to simulate an uneven granitoid-
greenstone interface and to initiate gravitational overturn. Various randomizations
of the interface perturbation cause changes in the spatial distribution of the grani-
toid domes. However, the structural pattern and the strain distribution within each
dome and the surrounding greenstone belt remains consistent in each individual ran-
domizations.

The boundary conditions of the model are configured in a way that far-field
tectonic stress in the form of simple shearing is evenly distributed in the crustal
block by applying a constant horizontal shear velocity (+w; for the northern boundary
and —uv; for the southern boundary). For the eastern and western boundaries, we
prescribe horizontal velocity vectors which change linearly from +wv, at y = 1.60 x
102km and —v, at y = 0km. Free slip boundary conditions are prescribed to both
the top and bottom boundaries.

For a qualitative understanding of the general model behaviour, a set of numerical
models are tested with a fixed viscosity for the middle crustal granitoid complex 7y,
whereas the viscosity of the supracrustal assemblage 7; as well as the horizontal shear
speed v, are varied in numerous experiments. We remark that due to the linear nature
of our viscosity model, an inversely proportional relationship exists between the flow
velocity (both the velocity solution v and the boundary shear velocity vs) and the
prescribed material viscosity (1o and 7;). The experiments show that a relatively
more rigid (therefore probably “cold”) supracrustal assemblage impede the onset and
rate of gravitational overturn. The magnitude of v, has minor impact on the growth
of gravitational overturn and the resultant structural pattern, but will induce more
shear strain localization in the model and contribute to an elongated granitoid dome
geometry.

Despite these discrepancies, the general process of the dome-and-keel formation
and the structural patterns are similar across various crustal strain rates and upper
crustal viscosities. Therefore, we refrain from providing a detailed comparison of the
model behaviours across parameter sets, which will be covered in Chapter 4. Instead,
we describe in detail one type model to distill the recurring structural features under
the synchronous horizontal and vertical tectonic framework.

In the type model, we choose a viscosity of 79 = 1.00 x 10! Pa - s for the gran-
itoid infrastructure by taking a slightly lower value than the average viscosity of
the ( ) to take into consideration the possible weakening effect
by syntectonic magmatism. The viscosity of the supracrustal assemblages is set at
n = 2.00 x 10 Pa - s to take into account that the upper crust is likely relatively
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more rigid due to its lower temperature. The horizontal shear speed v, is prescribed
at 1.50 cm/yr, which corresponds to a crustal strain rate of 6.00 x 1071°/yr. With
the lack of a definitive estimate for the average crustal strain rate in Neoarchean,
this strain rate is chosen to be consistent with the present-day average strain rate of
the crust ( , ). In fact, it is argued that due to the elevated crustal
geotherm, Archean crust may sustain higher crustal strain rate than present day (

, 2022).

3.4.3 Modelling results and comparison with field data

We begin by qualitatively describing the temporal evolution of the model. As the
model starts, both horizontal shearing and gravitational overturn operate simulta-
neously. The perturbations at the granitoid-greenstone contacts are amplified and
coalesced into granitoid domes. However, the vertical velocity caused by gravita-
tional overturn is smaller in magnitude than the horizontal velocity and therefore
the bulk deformation is dominated by the latter. As time progresses a fast increase
in the vertical velocity is observed as the dome-and-keel crustal architecture is es-
tablished. The simultaneous bulk simple shearing contributes to the geometry of the
elongated granitoid domes and the preferred alignment of the greenstone belts. The
magnitude of vertical velocity will reach a peak and then decline after a considerable
volume of greenstone has sagducted. Under the viscosity condition and boundary
velocity of the type model, the peak velocity will be attained within 6 Ma.

The lithological distribution and the deformation pattern at the instant when
the peak velocity is attained are analysed in detail. This point in time is chosen
because it is representative of the crustal structure when both horizontal shearing and
vertical gravitational overturn are well-developed. Due to the operation of vertical
gravitational overturn, the vorticity vectors at the granitoid-greenstone contact show
uniform granitoid-up/greenstone-down kinematics (Figure 3.8A). This is consistent
with the Gy shearing kinematics observed at granitoid-greenstone boundary in the
SGB (Figure 3.4C, F, G and Figure 3.5B, D). As a result of the vertical tectonic
movement, the sinking supracrustal rocks between the granitoid domes are folded
into synclinal keels (Figure 3.8A), which corresponds to the Fy regional synclinal
folding of the greenstone stratigraphy.

The distribution of the strain ellipsoids are shown in Figure 3.8B. The colouring
of the ellipsoids differentiates two types of strain: Blue colour corresponds to the
flattening strain (Flinn’s K < 1, “pancake” shape) while red colour represents the
constrictional strain (Flinn’s K > 1, “cigar” shape). The strain distribution shows
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Figure 3.8: 3d results of the numerical model for the SGB. A: Vorticity and strain distribution of
the modelled crust. The arrows are the local vorticity vector coloured by the z-component of the
vorticity vector. The contour surfaces are isosurfaces of the level set function, i.e. simulated bedding
surfaces. Deeper shades of the bedding surfaces represents higher amount of the accumulated strain.
B: The geometry of the strain ellipsoids coloured by the Flinn’s K-value. See text for further
discussions.

65



predominantly flattening strain in the greenstone keels between granitoid plutons,
which agrees with the flattening strain marker in the greenstone supracrustal rocks
(Figure 3.3A, B). The flattening intensity is greater (i.e. smaller Flinn’s K-value)
at the granitoid-greenstone contact, as exemplified by the upright isoclinal folding
of syntectonic dykes and the preferential development of high strain zones at the
granitoid-greenstone contact (Figure 3.3D). Constrictional strain, or L-tectonites, is
predicted to develop preferentially at the core of the granitoid domes and at the
triple junctions in the sinking supracrustal rocks between granitoid domes. The L-
tectonite in the amphibolite unit of greenstone arm in the northern domain of the
SGB (Figure 3.3E and Figure 3.5C) is interpreted to have developed possibly due to
its closeness to a possible triple junction to the west.

The structural pattern and the lithological distribution of the numerical model
are shown in Figure 3.9. The foliation traces and lineation patterns are extracted
from the orientation of the principal axes of the modelled strain ellipsoids. The data
is presented on a horizontal slice surface at a depth of ca. 8.00 km, corresponding to
the regional greenschist facies metamorphism in the SGB. The foliation traces are
coloured by the dip angle and scaled proportionally to the logarithm of the strain
intensity computed by Equation (3.3). The strain is strongly concentrated within
the greenstone belt and at the granitoid-greenstone contact, while in comparison the
granitoid domes are less deformed. This is consistent with the observation that the
high strain zones are more commonly distributed within the supracrustal assemblages
and near the granitoid-greenstone boundaries.

The foliation is steeply-dipping within the greenstone belt and in most areas
track the granitoid-greenstone boundary. However, in areas where the greenstone
belt shows an “interfingering” relationship with the granitoid domes (area 1, area 2
and part of area 3 in Figure 3.9), the strike of the foliation is parallel to the elongation
direction of the greenstone belt and may be at an angle to the granitoid-greenstone
contact because of the localized strain within a narrow arm of the greenstone belt.

Within granitoid domes, separate lobes of granitoid subdomes are delineated by
shallowly-dipping concentric foliation patterns. This is in agreement with the obser-
vation of both the macroscopic and magnetic foliation in the Kenogamissi batholith

Figure 3.9 (following page): Modelled lithological distribution and structural pattern on a slice
plane at ca. 8.00 km depth. A: modelled foliation trend coloured by dip angle. The length of the lines
representing foliation strike is proportional to deformation intensity. B: modelled lineation pattern
coloured by plunge angle. Rectangles 1, 2, 3 and 4 delineate areas of the numerical model that can
be compared with specific domains within the SGB field areas. See text for further discussions.
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Figure 3.10: Simulated lineation and foliation patterns in the southern (A) and northern (B)
domains of the numerical model. The location of both domains are shown in Figure 3.9. In
the southern domain, the lineation patterns at the northern and southern granitoid-greenstone
contacts are shown in C and D, respectively. In the northern domain, the lineation patterns at
three subdomains (locations delineated in B) are shown in E, F and G.

where foliation near with the Rice Lake pluton shows strike directions almost con-
centric to the boundary. The lineation patterns in the interior of the granitoid domes
are highly variable both in the numerical model and the field structural data. How-
ever, the lineation patterns of the modelled area 4 of Figure 3.9B and the Rice Lake
pluton (see Figure 3.2A), both situated at southwestern part of a granitoid dome, are
comparable in both overall E-W plunge direction and moderate to shallow plunge
angles.

To facilitate comparisons of lineation patterns between the numerical models
for the southern and northern domains of the SGB, we choose the areas 2 and 3
respectively from the modelled geological map for detailed analysis (Figure 3.9A).
Area 2 is chosen due to its location on the southern margin on a modelled granitoid
complex and its E-W-trending direction analogous to the southern domain. Areas
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1 and 2 in Figure 3.9 have a similar geometry of a greenstone arm extending into
the granitoid complex as the northern domain. However, area 2 is chosen because
the presence of a granitoid dome northwest of area 1, causing interference to the
structural pattern. From our field mapping, the granitoid dome is non-existent in
reality.

The structural pattern of area 3 is shown in detail in Figure 3.10A. The lineation
and average foliation data of the northern and southern granitoid-greenstone bound-
aries are plotted in Figure 3.10C and Figure 3.10D, respectively. The computed
lineation patterns show an opposing lineation pattern from west-plunging at the
northern boundary to east-plunging at the southern boundary. The lineation plunge
direction and the asymmetry thereof agree with the measured data in Figure 3.4B.

A similar comparison is made between the northern domain of the SGB and area
2 of the numerical model (Figure 3.9 and Figure 3.5B). Three regions (Figure 3.10E,
F and G) are selected from the westernmost tip of the greenstone arm progressively
towards the east. The lineation patterns in each area are plotted and compared to
the lineation patterns in subdomains G and F of Figure 3.5, respectively. Due to the
reversed narrowing direction of the greenstone arm in the numerical model (west-
ward) from the field observation (eastward), the modelled lineation plunge direction
is a mirror image of the field observation in the SGB. Both modelled and observed
lineation patterns show a similar trend: The lineation at the narrowed tip of the
greenstone arm plunges towards wider main body of the greenstone belt, i.e. west-
ward in the SGB (Figure 3.5H) and eastward in the numerical model (Figure 3.10H).
As we approach the main body of the greenstone belt, the lineation pattern gradually
changes to a vertical down-dip plunge (Figure 3.10E to G versus Figure 3.5F to G).

3.5 Discussion

3.5.1 Model assumptions and limitations

Our model is purposefully simple in design so that we may isolate a minimum set
of geological conditions to reproduce the lithological and structural patterns in the
SGB and potentially in other Neoarchean granitoid-greenstone terranes in general.
Therefore, certain assumptions are made in this model and some geological processes
are not taken into consideration in this study. The justifications for these simplifica-
tions as well as their potential influence on the operation of the Neoarchean crustal
dynamics are discussed in this section.
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Both the governing equations and the rheological laws are considered to be tem-
perature independent. Hence, the temperature variable does not appear in the gov-
erning equations or the constitutive model. With this assumption the thermal weak-
ening of the material as well as the weakening by the generation of partial melt at
super-solidus temperature (possibly by orders of magnitude) (e.g.

, ) is not considered in this model. Therefore, it is predicted that the con-
stant viscosity in the numerical model is likely an underestimation of the variations
of the real-life crustal strength. However, once the gravitational overturn begins, the
emerging structural pattern predicted in our model will likely remain unchanged.
In Chapter 4, we consider a more sophisticated model with a temperature-related
stress-strain relationship.

The rheological model of the upper crust in our model is approximated by a
linearly viscous rheology, whereas in reality the crustal deformation shallower than
the brittle-ductile transition is controlled by brittle or a mixture of brittle-ductile
processes. Furthermore, the dependency of viscosity with respect to strain rate
(“strain-weakening”) is not considered in our current model. Therefore, future in-
corporation of a power-law viscoplastic rheological model for the crustal material
will yield a more realistic estimate of the crustal strength as well as the initiation,
the evolution and the spatial distribution of high strain zones as they develop nat-
urally under the modelled tectonic framework. An extended crustal model with the
viscoplastic rheological model is discussed in Chapter 4.

Considering all the above-mentioned assumptions and simplifications, we point
out that the deformation mechanisms of the geological material in nature, which
involves various weakening mechanisms of the granitoid substrate as well as the
supracrustal assemblages, can probably facilitate or impede the gravitational over-
turn in many ways. In this light, the timing estimate of the dome-and-keel devel-
opment of our model should not be considered as reliable but rather more likely to
represent an upper limit. Despite this, the dynamics of the sagduction/diapirism is
similar and structural patterns of our numerical model will likely remain valid.

3.5.2 Implications for the Neoarchean tectonics

Several recurrent structural trends in our model are also observed in Archean ter-
ranes where gravitational overturn is postulated to be the underlying physical process
for controlling the tectonic evolution. These features are also observed in the SGB
and are reproducible with our current 3d model: (1) a dominant foliation trajectory
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mostly parallel to the granitoid-greenstone boundary (e.g. , ;

: ); (2) the granitoid-up/greenstone-down shearing kinematics recorded
at the granitoid-greenstone boundary (e.g. , ); (3) the strong lo-
calized deformation in the form of high strain zones close the granitoid-greenstone
contact (e.g. : ); (4) the strong flattening strain within the lin-
ear greenstone belt and (5) the development of local constrictional strain and radial
lineation traces within the greenstone (e.g. ,

: , ), e.g. at the triple junctions (Flgure 3. 5F and G). A ra-
dially outward-plunging lineation pattern can also be observed at the core of the
granitoid domes (e.g. , ) The agreement between the modelled
structural pattern and field observations implies that the gravitational overturn is
a viable process to explain the Archean dynamics. Our field investigation and nu-
merical model of the Gy deformation reveals the coexistence of two modes of de-
formation in the SGB around ca. 2680 Ma: (1) a vertical component characterized
by greenstone-down/granitoid-up kinematics and moderately- to steeply-plunging Ly
lineation, and (2) a horizontal component of dextral shearing, characterized by the
opposite plunge of the Ly lineation at opposing granitoid-greenstone boundaries and
local preservation of dextral kinematics on the horizontal plane. Our numerical mod-
elling confirms that the gravitational overturn (“vertical tectonism”) which develops
under the backdrop of synchronous far-field dextral shearing (imposed as boundary
conditions) is a viable explanation for the lithological distribution, strain distribution
and foliation/lineation trends. The map pattern and structural trends reported in
this study of granitoid-up/greenstone-down kinematics and asymmetrical lineation
pattern is a recurring pattern in various parts of the Superior Craton, although the
horizontal shear sense may differ for each field area (lLin, ; ,

). The coexisting evidence of both horizontal and vertical regional strain is also
documented in multiple Neoarchean terranes. In the Dharwar Craton, the vertical
sagduction of the greenstone belt was accompanied by the intracratonic coaxial E-W
shortening and N-S stretching due to regional contraction following terrane accretion
at ca. 2500 Ma ( : ). In the Yilgarn Craton, there existed a secu-
lar change from gravity-driven tectonics in the form of polydiapirism at ca. 2750 Ma
to regional E-W shortening due to the onset of Yilgarn Orogeny ca. 2730 Ma (

, : , ). From this synthesis we may infer that the density,
thermal and rheological conditions of the Neoarchean crust in multiple cratons are
both “weak” enough for the development crustal-scale gravitational tectonism and at
the same time “strong” to support far-field transmission of regional tectonic stress.

Multiple lines of evidence point towards the operation of a subduction-accretion
process for the Abitibi-Wawa terrane tectonics around 2680 Ma. Based on the geo-
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chemical characteristics of mantle signatures of the ca. 2680 Ma syn-deformation

pluton phases, ( ) and ( ) suggest that
they are the result of slab breakoff and orogenic collapse following subduction ter-
mination. ( ), based on isotopic and trace element geochemical data

as well as zircon U-Pb geochronology, suggests a tectonic evolution of subduction
initiation between 2704 Ma and 2695 Ma leading up to continental collision and cra-
tonization (2685-2670 Ma) in the southeast Superior Craton. Under this framework,
the gravitational overturn, interpreted as the cause of the vertical component of the
G, deformation, is inferred to have taken place under the backdrop of horizontally-
directed subduction-accretion-like processes following a geodynamic shift towards
collisional tectonics in Neoarchean ( : ). This implies that the lo-
cal development of vertical tectonism involving individual greenstone belts and the
adjacent granitoid domes is not in contradiction with the simultaneous operation
of horizontal plate tectonic-like processes on a subprovince and lithospheric scale,
as initially proposed by ( ). Furthermore, we speculate that in the context
of southern Abitibi-Wawa terrane, the dextral component of the Gy sagduction/di-
apirism in the SGB may be explained by oblique partitioning of the D; N-S shortening
identified across CLLDZ onto the NW-SE-trending greenstone geometry analogous
to the scenario proposed by ( ) for the CLLDZ (e.g.

, 2001).

3.6 Conclusion

Our field structural analysis in the southern SGB identifies four generations of re-
gional deformation (G; to Gy): from G; high-temperature subhorizontal flow in
the granitoid infrastructure, followed by (Gs) granitoid-up/greenstone-down vertical
movement synchronous with dextral horizontal shearing which establishes the crustal
architecture of the SGB, G3 oblique north-side-up sinistral shearing on the RDZ and
finally to the G4 regional dextral shear reactivation. Zircon U-Pb geochronology re-
sults of the deformation generations constrains the age of Gy to around 2680 Ma and
dextral strike-slip movement to be no earlier than 2678 Ma. Our deformation analysis
reveals a comparable G, strain field and an analogous structural history between the
RDZ and CLLDZ. Therefore, both deformation zones likely developed and evolved
under the same tectonic setting. However, the discrepancy in Gz kinematics and
stratigraphical relationship with respect to Timiskaming-type sedimentary package
likely precludes the possibility that they belong to a single coherent crustal-scale
high strain zone.
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A numerical model is constructed to test whether a synchronous horizontal and
vertical tectonic regime, governed by the simultaneous operation of gravitational
overturn and horizontal shearing probably due to far-field tectonic stress, can ex-
plain the Go structural pattern. The results show agreement with field mapping in
terms of lithological pattern, the strain distribution and the shear kinematics. The
reversal in the lineation plunge directions on opposing granitoid-greenstone bound-
aries in the southern domain and the convergent lineation pattern in the greenstone
arm in the northern domain are also reproduced in the 3d numerical model. There-
fore, we conclude that the synchronous vertical and horizontal tectonism is a viable
first-order explanation for the structural pattern of the SGB. Therefore, the lithologi-
cal and structural pattern of the SGB is compatible with the simultaneous operation
of vertical movement due to gravity-induced density inversion and the horizontal
shearing. Assuming the latter is possibly related to the far-field stress due to terrane
accretion, we propose that the Gy strain pattern serves as a natural example of the
coexistence of the vertical crustal-scale diapirism/sagduction process and horizon-
tal plate interactions as the Earth transitions towards a mature modern-day plate
tectonics in the Neoarchean.
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Chapter 4

Neoarchean crustal architecture
and structural patterns under
synchronous horizontal and
vertical tectonism: Insights from
numerical modelling

4.1 Introduction

As the Earth dissipates heat through its geological history and evolves from its early
lithospheric dynamics of the stagnant lid tectonics to the present-day plate tecton-
ics, the crustal dynamics may have mirrored this trend. With the increase of the
crustal strength due to the gradually lowered planet-wide heat budget, crustal-scale
tectonic processes may have transitioned from the vertically-directed gravitational
instability (i.e. sagduction/diapirism) in response to an inverted density profile to
a horizontally-directed folding and faulting in response to far-field tectonic forcing
between rigid crustal blocks or plates. Furthermore, it is conceivable that this tran-
sition happens in a gradual manner and therefore at some time in the geological his-
tory, both vertical and horizontal tectonic processes coexist to various extents (Lin,

). Two outstanding questions remain regarding this transition in crustal dy-
namics: (a) If vertical and horizontal tectonic processes operate synchronously, what
are the structural patterns and crustal architecture resultant from such a tectonic
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Figure 4.1: Simplified geological maps (A and B) of various parts of the Superior Craton (locations
shown in the inset) representative of the Neoarchean granitoid-greenstone terranes. The major gold
deposits and crustal-scale deformation zones are also shown. A: The northwestern Superior Craton
including the areas of Oxford-Stull terrane, the Island Lake terrane, North Caribou terrane and
Uchi terrane. B: Abitibi-Wawa terrane in the southern Superior Craton. CLLDZ: Cadillac-Larder
Lake deformation zone; IVFZ: Ivanhoe Lake fault zone; KSZ: Kapuskasing structural zone; PDDZ:
Porcupine-Destor deformation zone; RDZ: Ridout deformation zone.

process? (b) What are the possible conditions that drives this transition from the
vertical to horizontal tectonism?

The Archean granitoid-greenstone terranes are type localities for studying this
transition in crustal dynamics. The Paleo- to Mesoarchean granitoid-greenstone ter-
ranes are characterized by a “dome-and-keel” geometry where mostly circular gran-
itoid domes are surrounded by narrow greenstone belts and are generally regarded
as the type localities for crustal-scale gravitational instability (e.g. Van Kranendonk
et al., 2004; Wiemer et al.; 2018). The Neoarchean granitoid-greenstone terrane, on
the other hand, show evidence of horizontal shearing or flattening deformation in the
form of linearly aligned greenstone belts surrounding elliptical granitoid complexes
(Figure 4.1A), with the structural trend of the former coinciding with the long axis
of the latter. Crustal-scale deformation zones develop sub-parallel to the structural
trend in the greenstone belts and are often the preferred localities for gold mineral-
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ization (Figure 4.1B). This pattern has led to the interpretation that the strength of
Neoarchean crust is sufficiently strong to support the horizontal transmission of tec-
tonic stress. In either case, the field observations imply that the transition of crustal
dynamics from a vertical style to horizontal style may be an ongoing process during
the Neoarchean era. Elucidating the structural signature of this transition under
the Neoarchean conditions has profound implications for both the Earth’s tectonic
evolution and gold mineralization.

Field studies of the Neoarchean granitoid-greenstone belts in the Superior Cra-
ton, the Dharwar Craton and the Yilgarn Craton have yielded ample information
concerning the crustal architecture, the structural pattern and the deformation his-
tory (e.g. , : , ). Possible interplay between
horizontal and vertical tectonic processes has also been discussed in these studies
by comparing the structural pattern from the field observations with that obtained
from the analogue modelling (e.g. , ; , ;

, ). The latter has the limitation of neither accounting for the thermal
effects on rheology, nor the possible synchronous operation of far-field simple or pure
shear deformation field. Numerical thermomechanical modelling of the crustal-scale
gravitational instability has been conducted in order to shed light on the geometry of
gravitational instability ( , ;

)

), intra-crustal differentiation process ( , ), hydrothermal
fluid circulation ( , ) or the pressure-temperature-time (p-T -
t) evolution ( , ; : ) as a result of the vertical tectonic

processes. However, these models are limited by are the 2d plane-strain formula-
tion and therefore lack information on the 3d crustal architecture as well as the full
picture of strain patterns of the modelled crustal section. 3d numerical studies of
the diapiric process under the interference of a regional strain field have also been
investigated ( , , ). However, these models are subject to a pre-
scribed strain field and hence do not incorporate the dynamical picture of the crustal
deformation.

To overcome the aforementioned limitations, we construct 3d thermomechanical
model of the crustal dynamics assuming a synchronous operation between both the
horizontal and vertical tectonic processes under a lithological framework and thermal
conditions appropriate for the Neoarchean granitoid-greenstone belt. The vertical
tectonic process initiated spontaneously under the synchronous operation of imposed
simple shearing. The latter represent a regional deformation caused by some far-field
tectonic stress. One possible cause for this far-field deformation may be related to the
oblique convergence between geological bodies. Reduction in thermal input and the
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strain rate of the imposed horizontal movement are systematically varied to explore
their effects on the evolution of crustal architecture and deformation patterns.

Our current model serves as a generalization to the numerical model constructed
in Chapter 3 by: (a) considering the heat conduction and advection in the model by
solving the additional conservation of energy (Equation (4.1c)), (b) applying a more
sophisticated non-linear and temperature-dependent rheology for long term flow of
the crustal materials and (c) adding the Drucker-Prager plasticity to simulate the
spontaneous development of crustal high deformation zones. With the application
of thermal and rheological parameters as well as a crustal structure appropriate to
Neoarchean conditions, these improvements result in a numerical model which can
be of general implications to the Neoarchean crustal dynamics.

Our model results are consistent with those from previous analogue and numer-
ical models. Furthermore, our simulated crustal architecture and structural pat-
tern compare favourably with those in the Neoarchean granitoid-greenstone terranes
worldwide in terms of the foliation/lineation patterns, the strain distribution and
the shear kinematics. The low total pressure area in the greenstone belt are co-
incident with the areas of greenstone sagduction and are enveloped by the crustal
deformation zones, thus making the latter preferred localities for fluid transfer and
gold mineralization. The reduced thermal input produces unfavourable conditions
for the gravitational overturn, possibly explaining the transition to a present-day
dominantly horizontal style of crustal-scale tectonics due to planet heat dissipation.

In this study we first introduce the governing physics and configuration of the
numerical model in Section 4.2. The model results are then presented in Section 4.3.
Finally, the comparison of our results to previous analogue and numerical models and
the relevance to field observations and Archean tectonic evolution are both discussed
in Section 4.4.

4.2 Methodology and model setup

4.2.1 Governing physics
We model the flow of the Earth’s lithosphere on a tectonic timescale by solving the

following set of equations which respectively describe the conservation of incompress-
ible rock mass, the highly viscous dissipation of momentum as well as heat convection
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and conduction (e.g.

V.v=0 (4.1a)

V- (2nes D)~ Vp+pg =0 (4.1b)
T

pC, (a('}_t +o- VT) =V - (kVT)+ pH(x) + 2neg D : D (4.1c)

where the unknowns v, p and 7" are the flow velocity, the pressure and the tempera-
ture. The material parameters p, C), and k are respectively the density, the specific
heat and heat conductivity. D = % (Vv + (VU)T) is the rate-of-deformation ten-
sor. The g is the constant gravity vector pointing in the negative z-direction. The
total pressure p thus obtained from solution should be interpreted as the sum of the
lithostatic pressure and the tectonic overpressure and is fixed to be zero at the top
surface of the model. The mechanical part of the governing equations, i.e. Equa-
tions (4.1a) and (4.1b), are completed by appropriate velocity boundary conditions
described in detail in Section 4.2.2. The thermal part (Equation (4.1c)) requires the
prescription of an initial temperature field and temperature boundary conditions.
Both are described in Section 4.2.2.

A visco-plastic model is used to model the crustal rheology by taking into account
both the viscous creep and brittle failure ( , ). The viscous part
of the model is described by the combined operation of the dislocation creep and
diffusion creep. The effective viscosity formulation of the dislocation creep is

1—n Q —l—pV)

1 _1
M disl = §Ad£1 D exp ( RT (4.2)

where A 4 is the constant viscosity prefactor, Dy = 4/ %(D : D) is the square root
of the second invariant of the rate-of-deformation tensor D. The diffusion creep
mechanism is dominant under low differential stress (10-100 MPa, : )
and therefore is taken into consideration in our numerical model. The flow law of
the diffusion creep assumes the following form:

(4.3)

1 Q+pV
o= Lo (227

RT

where A gg stands for the prefactor for the diffusion creep. Due to the lack of
experimental data for the diffusion creep, we adopt the approximation in (
, : , ) and assume that the creep mechanisms produce the
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same strain rate at an equilibrium stress level and back-calculate the prefactor for
the diffusion creep A gig. The activation energy is assumed to be the same for both
dislocation and diffusion creep. The final effective viscosity is computed by taking
the harmonic mean of the dislocation creep viscosity as well as the diffusion creep
viscosity:

2

1/77 aig T 1/7Idisl

visc __

Neg = (4.4)

The brittle failure of the lithosphere is described by the Drucker-Prager plasticity
criterion, which defines a yield stress oyieq as a function of pressure:

6acC cos (ag) + 6psin (aye)
V3(3 — sin (aye))

If the stress computed by the viscosity formulation in Equation (4.4) exceeds o yield,
the effective viscosity is rescaled so that the stress remains bounded by the yield
surface:

(4.5)

Oyield =

plas 0 yield

Mot = 3p - (4.6)
The amount of plasticity-induced strain is integrated throughout the modelled dura-
tion to show corridors (i.e. deformation zones) where strain is preferentially localized.
Weakening of the cohesion C' and the internal angle of friction ¢ is prescribed when
the plastic strain reaches €2, . To simulate the effect of strain weakening, a weak-
ening coefficient is prescribed to the cohesion (a¢) and the internal angle of friction
(avy) respectively, both decreasing linearly from 1.0 (no weakening) to ac or oy as
the accumulated plastic strain increase from €, to €5 . The final effective viscosity

is taken as the smaller value among both the creep-related viscosity and plasticity-
related viscosity:

e = min (0355, 154 (4.7)

To analyse the finite strain accumulated through time in the numerical model,
tracer particles are generated in the numerical model. The position of each particle
is advected with the predicted velocity field and the temporal evolution of defor-
mation is visualized by the local reconstruction of a strain ellipsoid per particle. A
wealth of information concerning the finite deformation field can be extracted from
the strain ellipsoids e.g. the strain intensity, strain type distribution (i.e. stretching
versus flattening) and foliation/lineation trajectories (e.g. : ). For a
more comprehensive exposition of extracting this information, the reader is referred
to ( ) and ( ). The tools applied for implementation of finite
deformation analysis on tracer particles are described in Appendix F.
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4.2.2 Model setup
Geometry and material parameters

We construct a numerical model consisting of three layers of geological materials to
represent the crustal architecture of a generalized crustal structure of the Neoarchean
terranes (e.g. , : , ). A geomet-
rical representation of the numerical model is shown in Figure 4.2. All rheological
parameters used in the model are listed in Table 4.1. The topmost layer of the nu-
merical model consists of a mixture of a minor component (10%) of serpentinite and
a major component (90%) of fresh diabase to simulate an upper crustal greenstone
assemblage composed of predominantly of mafic or ultramafic volcanic rocks, fol-
lowing the upper crustal lithology in ( ). We improve upon the material
definition of the middle crust of ( ) by also considering granite (10%) in
addition to quartz diorite (90%) to represent the middle crust made up of a tonalite-
trondhjemite-granodiorite (TTG) composition. The effective viscosity for each layer
is computed as a result of the mixture of n materials. Assuming the i-th material
in this mixture has an effective viscosity n.g,;, the effective viscosity of the mixed
material can be computed by a weighted harmonic average:

Z?:l wj
Z?:l(wi/neﬁ,i )

Therefore if large viscosity contrasts exist within the material mixture, the resul-
tant effective viscosity is controlled by the material with the smallest magnitude in
viscosity. On the interface between the upper and middle crust, circular random
perturbations of heights between 1.00 km and 5.00 km and radius between 5.00 km
and 2.00 x 10! km are distributed to simulate the initiation of diapirism/sagduction
process on a probably uneven upper/middle crust interface, similar to the setup for
Chapter 3.

Nexr = (48)
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free slip

perturbations

free slip

Figure 4.2: Model setup and boundary conditions of the Neoarchean synchronous crustal-scale
gravitational overturn and horizontal shearing in 3d view (left) and cross-sectional view (right). In
the 3d view, the ellipses on the interface between the supracrustal rocks of the upper crust and
the middle crustal granitoid represent the perturbations schematically. v, stands for the prescribed
boundary speed of horizontal shearing.
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Above the geological units, a less viscous top layer of sticky air is prescribed
to model the effect of a free surface ( : ). In our simulation we
prescribe a constant viscosity of 5.00 x 10'® Pa - s for the sticky air layer, which is
two orders of magnitude lower than the viscosity at the ground surface. The heat
conductivity (k) of the sticky air is prescribed to be two orders of magnitude higher
than that of the underlying lithological units so that temperature within the sticky
air layer will not deviate for more than 5.00 °C throughout the duration of the model.

Velocity boundary conditions

The top and bottom boundaries of the model are treated as free slip boundaries to
ensure the well-posedness of the governing equations. The north (south) boundaries
are prescribed a fixed velocity vs (—vs) in the z (—z) direction. The east and west
boundaries of the model are prescribed a horizontal velocity that varies linearly from
vs to —v, from north to south. In this configuration, the velocity boundary conditions
prescribe a background horizontal shearing to the model. The induced shear strain
rate of the model can be computed by 1.25 x 1077 x v, (1/yr), assuming v, is in the
unit of cm/yr. The effects of various vs on the crustal deformation are explored in
Section 4.3.2.

Thermal conditions

The top boundary is prescribed a constant temperature of 0°C (e.g.

, ; , ), which is approximately equivalent to the ground surface
temperature. The base of the crust is prescribed a steady state heat flux ¢,,. The
values of ¢, are varied, resulting in a corresponding change in basal temperature (in
this case, equivalent to the Moho temperature) to explore the change of deformation
behaviour on a variety of crustal thermal conditions (see Section 4.3.3). The other
boundaries in the model are treated as insulating (i.e. zero heat flow) boundaries.
The radioactive heating of the modelled crust is prescribed according to the mea-
sured values of the concentration of radioactive elements in a crustal transect of the
Kapuskasing Structural Zone ( , ), where a section of the Archean
upper to lower crust is exposed due to later faulting.

The initial thermal condition of the crust can be calculated by assuming that
the temperature field has been fully equilibrated prior to the beginning of the model
under the given basal flux ¢, and heat conductivities of each lithological unit. We
remark that with this assumption, the initiation of the gravitational overturn in
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this study is faster than the studies assuming an instantaneous emplacement of the
supracrustal greenstone rocks at surface temperature conditions (e.g.
, : , ) and similar in spirit with ( ).

4.3 Modelling results

In this section the 3d lithological architecture and structural patterns predicted by
the synchronous horizontal /vertical tectonism model are presented. Firstly, a model
without background horizontal shearing (vs = 0) is computed in Section 4.3.1. Build-
ing upon the baseline model, we systematically vary the boundary shear speed (vs) in
Section 4.3.2 to assess the effect of higher contribution of horizontal shearing on the
crustal dynamics and the structural pattern. We then proceed to test a various range
of geotherms in Section 4.3.3 to show the effect of thermal profile on the sagduction
process. For both sets of experiments, vy, i.€. the peak value of maximum velocity
magnitude within the entire modelled time span, along with the time points (fmax)
at which v, values are attained, are tabulated for increasing horizontal strain rates
(Table 4.2) and basal heat fluxes (Figure 4.9). Finally, we explore the geometry of
crustal deformation zones and pressure distribution in Section 4.3.4.

4.3.1 Baseline model without horizontal shearing

We first compute a baseline model with the sole operation of gravitational overturn
(pure “vertical tectonism”). A basal heat flux of g, = 4.20 x 1072 W/m? is imposed,
resulting in a Moho temperature of approximately 7.50 x 10?2 °C which is in range for
the Neoarchean lower crustal temperature estimated by ( ) assuming
the prescribed thermal parameters and a steady-state geotherm. Under this thermal

vs (cm/yr) Horizontal strain rate (1/yr) Peak vpax (cm/yr)  tpax (Myr)

0 0 7.40 1.63
1 1.25 x 1077 7.03 1.62
2 2.50 x 1077 6.58 1.66
4 5.00 x 1077 5.66 1.65

Table 4.2: Maximum velocity magnitude (vmax) and the time at which the gravitational overturn
reaches peak velocity (tmax) under increasing boundary shear velocity (vs). The background crustal
horizontal strain rates as a result of the imposed v, are also listed.
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Figure 4.3: 3d geometry of the granitoid-greenstone interface and the strain ellipsoid distribution
of the base model. The strain ellipsoids are coloured by the Flinn’s K-value. The arrows represent
orientation of the local velocity field. A: The view from the top; B: the view from underneath.
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Structures are measured at ~8km depth.
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Figure 4.4: Structural patterns of the baseline model at ca. 8.00km depth. In (A) the lines are
parallel to the strike direction of the foliation and are coloured by the dip angle. In (B) the arrows
point to the plunge direction of the lineation and are coloured by the plunge angle. The lineation

arrows are scaled by the logarithm of the Flinn’s K-value.
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Basal heat flux ¢,, (W/m?) Moho T (°C) vmax (cm/yr)  tmax (Myt)

0.031 606.14 3.40 5.69
0.0375 697.40 5.11 2.33
0.042 760.58 6.58 1.66
0.045 802.70 7.61 1.44
0.052 900.98 9.59 1.10

Table 4.3: Maximum velocity magnitude (vmax) and the time at which the gravitational overturn
reaches peak velocity (tmax) under increasing basal heat flux g, (i.e. basal temperature). The
corresponding temperatures at Moho depth (Moho T), which corresponds to the basal plane of our
model, are also given.

and rheological conditions, the maximum velocity of crustal flow as a result of the
sagduction of the supracrustal assemblages reaches a peak value of (7.40cm/yr) at
ca. 1.63Myr (Table 4.2). The granitoid-greenstone interface and the geometry of
strain ellipsoids are shown in Figure 4.3. The foliation and lineation patterns on a
horizontal slice plane placed at ca. 8.00km depth are shown in Figure 4.4, where
the foliation lines (Figure 4.4A) are scaled by the strain intensity and the lineation
arrows (Figure 4.4B) are scaled by the logarithm of the Flinn’s K-value.

In the supracrustal assemblages, the crustal structure is characterized by the
“dripping” of the greenstone assemblages at preferential locations, most notably at
the triple junction in the greenstone belt between multiple granitoid domes (Fig-
ure 4.3). Elsewhere, the supracrustal assemblages coalesce into linear greenstone
belts by connecting adjacent sinking centres, forming a “saddle”-like geometry be-
tween sinking centres. The lineations close to the triple junctions show a moderately-
to steeply-plunging radial pattern and correspond to a strong constrictional strain,
which is favourable for the development of L-tectonites. In the saddle area be-
tween the sinking centres, the strain is characterized by flattening and the lineation
is shallowly-plunging towards the closest sinking centre. The foliations in general
are parallel to the granitoid-greenstone contact and steepen from the granitoid-
greenstone contact towards the centre of the greenstone belt. Near the sinking
centres, the foliations are characterized by a triangular or concentric pattern.

The strain is strongly localized in the supracrustal assemblages compared to the
granitoid domes. The foliation in the interior of the granitoid domes are shallowly-
dipping and may be further subdivided into subdomes, each characterized by a con-
centric group of foliation. The strain type is generally flattening strain probably
due to the impedance of the diapiric rise of the pluton by the low-temperature high-
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Figure 4.5: A: Profile of effective viscosity with respect to depth. B: Evolution of maximum
velocity magnitude with respect to time. The line colours shown in the legends of B also apply to

A.

viscosity shallow crust (Figure 4.5A). The lineations in the granitoid dome are gener-
ally shallowly-plunging towards the nearby sinking centres located in the supracrustal
rocks.

4.3.2 Models with horizontal shearing of varying strain rates

In this set of experiments, building upon the rheological and thermal structures of the
vertical baseline model (Section 4.3.1), we impose various magnitude of horizontal
shearing (vs). The increase in the horizontal strain rate generally has a reducing
effects on the rheology in the upper part of the upper and middle crust where the
deformation mechanism is dominated by the Drucker-Prager plasticity, or in the lower
crust where dislocation creep is the main deformation mechanism (Figure 4.5A). The
evolution of maximum velocity (vmax) is shown in Figure 4.5B. The highly similar
values of t,,.x for various v, values implies that the reduction in viscosity due to
higher horizontal strain rate is not significant enough to result in a faster onset of
gravitational overturn. Faster horizontal strain rate, on the contrary, leads to a
decreasing trend in the peak v,., and eventually results in no visible sagduction of
the greenstone supracrustal.

We plot the 3d crustal structure and the strain ellipsoids for two v, values of
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Figure 4.6: The geometry of the strain ellipsoids at ca. 8.00 km depth (A and C) and the granitoid-
greenstone interface (shown as white surface in B and D) for the boundary shear velocities (vs)
of 2.00cm/yr (A and B) and 4.00 cm/yr (C and D). The snapshots are taken at the ¢pax time of
ca. 1.62Myr for both vs values. The strain ellipsoids are coloured by the Flinn’s K-value as in
Figure 3.8 with the same colour scale.
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Figure 4.7: Foliation patterns (A and B) at ca. 8.00km depth shown by lines parallel to strike
direction coloured by dip angle for boundary shear velocity at 2.00 cm/yr (A) and 4.00 cm/yr (B).
Lineation patterns (C and D) at ca. 8.00km depth shown by arrows pointing towards the plunge
direction and coloured by plunge angle for the same boundary shear speed (vs = 4.00 cm/yr) but
at different depth (8.00km for C and 5.00 km for D). Various areas are labelled with numbers and
are further discussed in the text.
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2.00cm/yr and 4.00 cm/yr at ca. 8.00km depth in Figure 4.6. The foliation pat-
terns on an 8.00 km-deep slice of the 3d model are shown in Figure 4.7A and Fig-
ure 4.7B. All data are plotted at .., time of ca. 1.62Myr. A comparison between
Figure 4.6A and Figure 4.6C shows that the model with a higher v; accumulates
greater amount of horizontal shearing strain evident by the elongated geometry of
the granitoid dome. During the incipient stage of the sagduction, elevated rate of
horizontal shearing also results in more prominent elongation of the supracrustal as-
semblages into a trough-like geometry, which later serve as the preferential location
when the sagduction process fully develops. The sagduction behaviour also changes
from localized dripping (see baseline model and Figure 4.6B) to sheet-like sagduction
(Figure 4.6D), due to the combined effects of the folded geometry of the supracrustal
rocks when the density instability is initiated and the syn-sagduction shear flatten-
ing of the down-going supracrustal assemblages attributed to the horizontal shearing
(Figure 4.6B and Figure 4.6D). In accordance with the changes of the sagduction
behaviour, sheet-like sagduction results in dominantly flattening strain, with minor
area of constrictional strain only at either end of the sheet. With the increase of the
horizontal shear strain rate, the sheet-like sagduction becomes more pervasive, due to
the along-strike lengthening of the sinking sheet, the strain type in the supracrustal
assemblage evolves from dominantly constrictional strain (Figure 4.3A) and radial
lineation pattern (Figure 4.4B) to wide-spread flattening strain and steeply-plunging
down-dip lineation (Figure 4.6C).

The moderately- to steeply-dipping foliation in the supracrustal rocks are in gen-
eral almost parallel to the granitoid-greenstone contacts. A slight deviation from the
contact orientation is attributed to the presence of background shearing. In areas
where the granitoid-greenstone contacts are of E-W orientation (e.g. in areas 1 and
2 labelled in Figure 4.7A and Figure 4.7B), the foliation assumes a small clockwise
angle with respect to the contact, reminiscent of the relationship between the S- and
the C-fabric in a mesoscale ductile shear zone.

The lineation patterns can vary depending on both the orientation of the green-
stone belt and the crustal level. In Figure 4.7C and Figure 4.7D we plot the lineation
patterns for vs = 4.00 cm/yr at two depth levels of 8.00 km and 5.00 km respectively.
The lineations in the NE-SW-oriented greenstone belts for both depth levels are
moderately- to steeply-plunging and converge towards the centre of the sinking sheet
(see area 3 in Figure 4.7C and Figure 4.7D). In the E-W trending greenstone belts,
the lineation pattern at the shallow level shows opposing plunge direction from one
granitoid-greenstone contact to the other: at the northern granitoid-greenstone con-
tact the lineation is generally west-plunging while the plunge direction reversed to
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east-plunging at the southern contact (see areas 1 and 2 in Figure 4.7D). Knowing
that the greenstone is displaced downwards with respect to the granitoid intrusion,
the stretching lineation is consistent with the regional dextral sense of shearing. How-
ever, at a deeper crustal level this opposing plunge direction is no longer obvious and
the lineation converges towards the centre of the sinking greenstone assemblages (see
areas 1 and 2 in Figure 4.7C). This discrepancy in the lineation pattern is inferred to
be the results of the difference in rheological structure of the upper crustal layer (Fig-
ure 4.5): at the shallow depth, due to the low temperature and the high viscosity of
the crust, the gravitational sinking of the crust does not operate as actively compared
to low viscosity crust at deeper levels. However, the shallow crust still records the
distributed strain caused by the horizontal shearing and therefore display a lineation
pattern affected by regional distributed shearing. At the base of upper crust where
the thermal weakening plays a more prominent role, the deformation is dominated
by the active sagduction of the greenstone and therefore shows a lineation pattern
strongly attracted to the sinking centres.

4.3.3 Models with horizontal shearing at various basal heat
fluxes

In this section we explore the response of the crust under a range of geothermal
gradients by systematically decreasing the basal heat flux ¢, from 5.20 x 1072 W /m?
to 3.10 x 1072 W/m? while maintaining the boundary shear speed at v,=2.00 cm/yr.
This corresponds to a decrease of the Moho temperature (i.e. in this case, the basal
temperature of the model, shown in Table 4.3) and results in a range of crustal
geotherms shown in Figure 4.8A. This lowering of the basal heat flux results in an
overall increase in the crustal viscosity (Figure 4.8B), especially where the crustal
deformation is dominated by ductile creep. The increase in the viscosity at lower ¢,
translates to overall less active sagduction behaviour of the greenstone supracrustal
rocks, manifested by (a) the delayed onset of the sagduction process and (b) the
smaller magnitude of the sagduction velocity.

When g, is low enough (e.g. q,, = 2.40 x 1072 W /m?) the overall high crustal
viscosity prevents the development of the gravitational overturn and the crustal
deformation is characterized by the continual horizontal shearing. Both the delayed
onset and the slow sagduction result in greater amount of localized shear strain and
the coalescing of sagducted greenstone into sheet at the onset of the gravitational
overturn (Figure 4.9). The behaviour of the numerical model with reducing gy, is
analogous to increasing vy discussed in Section 4.3.2.
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We also remark that with reducing ¢, the sagduction of the greenstone assem-
blages evolves towards a time-transgressive process: the sagduction event in each
individual greenstone belt may be activated at different times, producing extended
period of crustal deformation with multiple pulses of greenstone vy, in Figure 4.8C.
The interval between these events can be several million years apart. Therefore, the
numerical model supports the possibility of a diachronous process of deformation in
granitoid-greenstone terranes under a uniform crustal dynamic framework.

4.3.4 Distribution of total pressure and deformation zones

In the numerical experiments in Section 4.3.2 and Section 4.3.3 we compute the in-
tensity of accumulated plastic strain at a given depth in Figure 4.7C and Figure 4.7D
as well as in Figure 4.9A, Figure 4.9C and Figure 4.9E. The higher accumulated plas-
tic strain is interpreted as the high strain zones where relatively higher amount of
deformation is localized. If compared with the corresponding 3d crustal structures,
we may find that the geometry of the deformation zones approximately delineates
the boundary of the sinking greenstone “drip” and “sheet” deeper in the crust. The
geometry of the high strain zones is preferentially aligned in the NE-SW orienta-
tion parallel to the finite stretching axis of dextral shearing and are situated close
to, but not necessarily strictly coincide with the granitoid-greenstone contact. With
the continual sagduction and shearing of the greenstone assemblages, an additional
deformation zone may develop in the middle of the greenstone belt at the shallow
crustal level.

In Figure 4.9B, Figure 4.9D and Figure 4.9F we explore the total pressure p on
the 8.00 km-deep slice plane under various temperature conditions and their rela-
tionship with the deeper 3d crustal structures. In all cases, the areas above the
sinking greenstone “drips” or “sheets” correspond to an area of low total pressure.
The pressure difference APigta at 8.00km depth is ca. 2.00 x 10~ kbar. We note
that the lithostatic pressure at a given depth within the greenstone belt is higher due
to the greater density of the supracrustal assemblages. Therefore, the difference in
the dynamic pressure, or the “tectonic over-/underpressure”, due to the synchronous
vertical and horizontal tectonic process, is likely to be underestimated. An upper
bound of this difference in the dynamic pressure may be found by adding the maxi-
mum possible pressure difference caused by the density difference (Ap,), which can
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be computed as

Ap, = Apgh
= (2.90 x 10°kg/m® — 2.70 x 10* kg/m?) x 9.80m/s* x 8.00 x 10°m
= 1.57 x 10~ ' kbar

Therefore the maximum dynamic pressure difference at 8.00 km depth Apy = Ap, +
Apiotar Will not exceed 5.00 x 107! kbar. In this sense, the sinking centre of the
greenstone assemblage, the high strain zones and the areas of low total pressure are
found to be closely related spatially.

4.4 Discussions

4.4.1 Model assumptions and limitations

The initial temperature condition in our model is assumed to have attained a steady-
state geotherm profile prior to the start of the model. This treatment is also adopted
by ( ) but is different from the starting temperature assumption of

( ) and ( ) where the supracrustal as-
semblages are considered to have been emplaced instantaneously at the temperature
of the ground surface. The latter results in a longer time of tectonic quiescence
prior to the initiation of the sagduction/diapirism during which the geotherm is
equilibrated until adequate thermal weakening of the crust is achieved. However,
we refrain from adopting the latter geotherm because doing so results in excessive
accumulation of horizontal shearing strain to the extent that the strain caused by
vertical tectonism is obliterated. Therefore, in this study, the onset time of sagduc-
tion/diapirism should be interpreted as the delay from the thermal weakening of the
crust rather than the duration since the deposition of the supracrustal assemblage.
A more geologically realistic treatment of the numerical model for a given granitoid-
greenstone terrane would be to start the model at the deposition of the first volcanic
package of the supracrustal assemblage and impose the horizontal shearing according
to timing constraints provided from regional tectonic analysis.

The rheological model is simplified by not considering the melt-induced weakening
of the crust with a prescribed solidus and liquidus formulation. The interstitial melt
present between the grains may reduce the viscosity by orders of magnitude (

, ). However, incorporating melt weakening will probably have
limited effect on the crustal response because the rigid upper crust will unlikely be
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strongly affected by melt weakening. The granitoid dome, on the other hand, may
produce higher volume of melt and therefore the modelled viscosity is likely to be
an overestimation of the real-world viscosity conditions, implying that the estimate
of tmax (Umax) Of greenstone sagduction in our model may be an overestimation (un-
derestimation) in our model.

4.4.2 Comparison with previous modelling studies

The crustal-scale gravitational overturn has been the focus of multiple modelling
studies, both analogue and numerical, addressing various aspects of this vertical
tectonic regime. We hereby compare our modelling results with these previous studies
to show broad compatibility and new insights into the Archean crustal dynamics.

Our 3d model agrees with previous models in terms of the crustal architec-
ture, shear kinematics and strain pattern. In all cases the models produces a
dome-and-keel architecture as a result of the granitoid-up/greenstone-down kine-
matics (e.g. : ). ( ) modelled the 2d sagduc-
tion/diapirism process with a temperature-dependent linear rheology and concluded
that the process can be initiated if the effective viscosity of the greenstone belts falls
below 1.00 x 10! Pa - s, which is consistent with the viscosity range in our model.
This model configuration is extended by ( ) to a power-law vis-
coelastic rheology and concludes that the density overturn (as fast as 1.00 x 10! Myr)
is an efficient and viable mechanism for forming TTG and a dunitic restite from the
sunken greenstone volcanics, subsequently contributing to the vertical growth of the
subcratonic lithospheric mantle. The fast timescale of the overturn agrees with our
model.

The base case (vs = 0) of our model is characterized by the point-wise “dripping”
of supracrustal greenstone at triple junctions of the granitoid domes, connected by
greenstone belts in the “saddle” area (Figure 4.3). Our pattern is identical with the

analogue results by ( ) and ( ), which describes a “finger”-
type diapiric pattern connected by “spokes” coincident with the greenstone belts in
our model. Furthermore, ( ) predicts that the sheet-like (or “wall”-

like in their terminology) diapiric pattern does not develop without being affected by
boundary or external forces. This is supported by our observation that the sheet-like
sinking only develops with the presence of horizontal shearing.

With the horizontal shearing incorporated, the active sheet-like sagduction of the
greenstone belt results in a strain pattern identical to ( )
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where materials in the saddle areas of the sagducted trough flow towards the sinking
center. The strain is mainly of a flattening type in the trough area and is of strongly
constrictional type in the sinking centers. In this sense, higher horizontal far-field
strain rate (Section 4.3.2) may promote the formation of laterally coherent synclinal
keel geometry of the greenstone assemblages. We thereby postulate that linear green-
stone belts with regionally aligned structural grain and a tight synclinal geometry
are likely formed under the synchronous operation of horizontal and vertical tectonic
processes.

Nevertheless, aspects of our model deviates from vertical tectonic models fea-
turing an active role of diapirism (e.g. , ; , ;
, : , : , ). This family of
“active diapirism” models show upward vertical constrictional strain at the core of
the rising diapir, which corresponds to radial flattening at the top. This pattern is
also reproduced in our linear viscous model (Figures 3.8 and 3.9). In our current
thermomechanical model, however, the upward rising of the diapir appears passive
and does not evolve into a funnel-shaped diapir. In contrast, the “active sagduction”
of the greenstone assemblages is the major manifestation of the gravitational over-
turn and localizes the dominant part of the strain in the model. This discrepancy is
likely caused by the combination of following crustal thermomechanical conditions:

1. The shallow crust, being cold and rheologically rigid, impedes the upward
movement and the lateral expansion of the buoyant granitoid dome. This is
consistent with the hypothesis that the crustal brittle-ductile transition may
serve as the upper limit of the diapir emplacement ( , ).

2. The shear-softening power-law rheology of the greenstone assemblages pro-
motes and sustains the sagduction of the greenstone once a sinking center is
localized.

3. When the sagducted greenstone assemblages penetrates to the middle to lower
crustal level, the higher temperatures at these levels will likely make sagduction
self-sustainable.

At the current stage of modelling it remains premature to unequivocally conclude
which mechanism (active diapirism or active sagduction) is the dominant behavior
governing the Neoarchean crustal dynamics. Indeed, several potentially viscosity-
altering mechanisms of the crustal material, especially the weakening of the gran-
itoid materials, has not yet been taken into account in our model either due to

98



simplification or lack of consensus on parameterization (see Section 4.4.1). How-
ever, the thermal and melt weakening is unlikely to alter the high competence of the
supracrustal assemblages at shallower level. Therefore, we may postulate that the
crustal dynamics in the Neoarchean granitoid-greenstone terranes is likely a com-
bination of both end-member processes of active diapirism and active sagduction
depending upon the local crustal conditions.

4.4.3 Comparison with field structural observations

In individual Archean granitoid and gneiss domes, the foliation patterns may outline
several circular or elliptical subdomes (e.g. , ; ,
), while the lineations are generally shallowly-plunging ( , ;

, ). In terranes where the evidence for a far-field tectonic strain is
present, the lineation is aligned in the direction of the regional strain (e.g.
, ; , : , ). This is consistent with the
modelled structural pattern where the lineation is subparallel to the finite stretching
axis of the horizontal shearing.

On the other hand, field studies in the Youanmi Terrane in the Yilgarn Craton re-
port a feeder zone at the core of the granitoid domes characterized by vertical sheath
folds, an upward movement of the migmatitic material and a strongly constrictional
strain pattern (e.g. , ; , ). Outside this feeder zone,
the lineations show a radial pattern ( , ). This lineation pattern is
consistent with the regional deformation pattern modelled with a uniform viscosity
within the granitoid dome and a weak viscosity contrast between the dome and the
supracrustal assemblages (e.g. , , figures 10 and 11). The structural
patterns presented in these studies is likely indicative of a more active role of active
granitoid diapirism due to the possible low viscosity contributed possibly in part by
the presence of melt. In this sense, the deformation pattern in a granitoid-greenstone
terrane may be a combination of active sagduction and active diapirism.

In the greenstone belts, the lineations mostly plunge down-dip. The trend direc-
tion of the lineation may be dictated by the regional tectonic strain field. In particu-
lar, the strain is of constrictional type at the triple junctions of granitoid domes and
changes into a flattening type in the synclinal keel (figure 10d, page 35 of

, ). Furthermore, structural studies in multiple Neoarchean greenstone
belts in the Superior Craton reveal a granitoid-up/greenstone-down kinematics in the
high strain zones close to the granitoid-greenstone boundary. Meanwhile, the plunge
direction of the stretching lineations in the greenstone belts are reversed on opposing
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granitoid-greenstone boundaries (e.g. , : , ) with
a granitoid-up/greenstone-down kinematics. This kinematics and lineation pattern
leads to the interpretation that the deformation of these high strain zones is composed
of a vertical component due to the gravitational overturn and a uniform horizontal
shearing attributed to the regional far-field tectonic stress. On the other hand, in
the lower amphibolite facies Kolar greenstone belt of Dharwar craton,

( ) reports that the lineation converges towards the interior of the greenstone belt.
In both cases, the field structures record a greenstone-down/granitoid-up kinematics.
The vertical kinematics are consistently reproduced by our numerical model, while
the lineation asymmetry, interpreted to be the results of horizontal tectonism, is best
developed at shallow crustal levels (Figure 4.7C). At deeper crustal levels (e.g. Fig-
ure 4.7D), the lowered crustal viscosity leads to a lineation pattern which is strongly
attracted by the downward sagducted greenstone “sheet” or “drips”. Therefore, we
infer that the lineation patterns observed in the granitoid-greenstone terranes may
vary as a result of the crustal level, which is in turn a function of the temperature
condition: the cold shallow crust showing an intimate mechanical coupling to the
distributed far-field tectonic strain, while the crust at deeper level records a more
dominant component of vertical sinking.

Our numerical model shows that sagduction/diapirism process within the granitoid-
greenstone terrane, once initiated, can be a diachronous process lasting for several
million years, With a warmer crust, a major initial sagduction event of the greenstone
assemblages begins early as “drips” and develop almost synchronously throughout
the entire terrane. Minor sagduction event may follow at later stage. For colder
crustal conditions, the sagduction event in each individual greenstone belt of the
terrane develop in a temporally staggered manner and with variations in structural
patterns, in accordance with the local strain and viscosity conditions. This varia-
tion in timing and the deformation patterns agrees with the observation by

( ) in the Yilgarn Craton that the multiphase deformation in the granitoid-
greenstone terranes may be unique to the pluton and its adjacent greenstone belts. In
the southern Abitibi province of the Superior Craton, the first phase of regional fold-
ing differs by several million years along the Cadillac-Larder Lake deformation zone
(CLLDZ) (2674 Ma — 2670 Ma; , ) and along the Ridout deformation
zone (RDZ) (2679 Ma—2683 Ma,Appendix D.2). This gap in timing can likely be ex-
plained by the time-transgressive natural of the synchronous vertical and horizontal
model.
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4.4.4 Transition mechanism of crustal dynamics

The increase in the imposed boundary shear velocity in our model results in the
alignment of the greenstone belts prior to the onset of sagduction, the promotion
of sheet-like sagduction of the supracrustal assemblages as well as a more stretched
geometry of the granitoid domes. The rate of horizontal shearing has negligible effect
on the initiation time of the gravitational overturn. On the other hand, higher shear
strain rate exerts a suppressing trend on the rate of greenstone sagduction.

It is widely inferred that a major difference between the Archean Earth and the
present day is the high mantle potential temperature (e.g. , ),
which in turn translates to a higher Moho heat flux. In this light, the systematic
reduction of the basal heat flux in the numerical model may be interpreted as the
gradual shift in crustal behavior from the hotter Archean geotherm to the modern-
day cooler geotherm. Our results show that the reduction of the crustal heat budget
results in an increase in crustal strength, thus delaying the onset and suppressing the
rate at which the gravitational overturn operates. Therefore, we speculate that on a
broader scale, lithospheric tectonic processes with a positive heat input to the crust
leads to a more active role of vertical tectonism ( ) ). Such
process may take the forms of e.g. the mantle heat influx from sub-lithospheric mantle
under crustal extension due to slab break-off (e.g. , ) or
mantle plume events (e.g. , ). On the other hand, the secular
reduction of heat flux through the geological history, which leads to the increase of the
crustal strength, may explain the reason why the gravitational overturn no longer
significantly contributes to crustal architecture in modern day crustal dynamics.
Furthermore, the secular increase of the crustal viscosity promotes the transmission of
far-field tectonic stress, leading to possible higher strain rate in the weak supracrustal
rocks, which in turn leads to slower rate of sagduction and therefore suppresses the
operation of vertical tectonic processes.

4.4.5 Crustal-scale deformation zones

The geometry of deformation zones in our model is strongly controlled by the sink-
ing of the greenstone assemblages and shows a more complicated relationship with
respect to the granitoid-greenstone boundary than previous models. ( )
concludes that high strain zones of the granitoid-greenstone terranes coincides sim-
ply with the granitoid-greenstone interface. In our model, however, the deformation
zones outline the sinking greenstone “drips” or “sheet” at deeper crustal levels and
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may develop in the greenstone belt with a distance from the granitoid-greenstone
boundary, leaving a gap of weak deformation between the deformation zone and the
granitoid-greenstone boundary. At deeper crustal levels, this gap may become ob-
scured as the synclinal keel tightens due to continued sagduction and the non-coaxial
deformation due to horizontal shearing. The greenstone belt-bounding deformation
zones become tangential to the granitoid-greenstone boundary and can be traced for
long distance in the direction of the regional finite extension axis. This geometry
of the deformation zones at various crustal levels can be interpreted as the result of
combined horizontal and vertical tectonic strain. The deformation zones are initi-
ated by sagduction at deeper crustal level. The upward extension of the deformation
zones to the brittle shallow crust, on the other hand, is controlled by the internal
angle of friction of the Drucker-Prager plasticity law.

The geometry of the deformation zones outlines areas of active sagduction in the
greenstone belt and roughly follows the granitoid-greenstone contact. With the in-
fluence of the horizontal shearing, the deformation zones are aligned into regionally
continuous deformation corridors analogous to the crustal breaks in the Neoarchean
terranes. These deformation corridors can be traced coherently for long distance
and record multiple phases of ductile deformation (e.g. , ;

, ). Our model evolution shows that the strain partition and lo-
calization due to active greenstone sagduction, which happens under the backdrop
horizontally-directed tectonic stress, is a viable mechanism to initiate the laterally
coherent geometry of crustal-scale deformation zones. Our results are also consistent
with the observations that the late Archean crustal-scale deformation zones record
little evidence of large displacements ( , , ; ,

).

Horizontal sections through the numerical model at a middle crustal depth show
that the sinking centers in the greenstone assemblage yield a lower total pressure
than elsewhere in the greenstone belt as well as that of the surrounding granitoid
domes. If the deformation mechanism at this crustal depth is governed by viscous
deformation (without the presence of pervasive brittle fracture), the pore fluid pres-
sure is controlled by the total pressure ( , ), which shows a negative
pressure gradient towards the sinking center. As a result, hydrothermal fluids, which
may be magmatic or metamorphic origin, may be directed by the pressure gradient
towards the sinking center in the greenstone belt. The total pressure gradient, as
well as the presence of the high strain zones around the sinking centers to serve as
possible fluid pathways, provides a possible transport mechanism for mineralization
fluids towards the deformation zones, which then serves as the preferred locality for

102



gold mineralization in Neoarchean terranes ( , :

).

4.5 Conclusions

In this study we construct a 3d thermomechanical model to explore the crustal
architecture and deformation pattern resultant from the synchronous operation of
horizontal tectonism in the form of far-field simple shearing and vertical tectonism in
the form of gravitational overturn with the thermal, rheological and boundary con-
ditions appropriate for the Neoarchean Earth. In particular, we assess the role that
the basal heating and the horizontal strain rate play in the crustal deformation by
systematically varying the Moho heat flux and the boundary strain rate of horizontal
shearing.

The main conclusions of the numerical model are summarized as follows:

1.

Due to the high strength of the brittle upper crust, the foundering of the green-
stone assemblages may play a more active role in driving the vertical tectonic
component, a pattern in contrast to previous models of vertical tectonism where
a more active role of granitoid diapirism is proposed.

. Imposed horizontal shearing facilitates a sheet-like sagduction of the green-

stone supracrustal assemblages. Otherwise, the sagduction takes the form of
pointwise dripping at the triple junctions in the greenstone belt.

. In the granitoid domes, intrusions show low strain intensity and the foliation

pattern outlines elliptical subdomes. The lineations are in most cases shallowly-
plunging.

. In the greenstone belt the foliations are steeply dipping and subparallel to the

granitoid-greenstone contact. The lineations are generally steeply plunging.
At the shallow crustal level, the lineation shows opposite plunge directions on
opposing granitoid-greenstone boundaries conformable with the kinematics of
the regional oblique far-field shearing as well as the sagduction kinematics. At
the deep crustal level, the lineation converges towards the sinking centres.

. The crustal deformation in a synchronous horizontal and vertical tectonic

regime can be a diachronous process. The timing of the major phase of de-
formation may progress from one greenstone belt to the other in a staggered
manner through an extended period.
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6. Lowered Moho heat flux results in a delayed initiation of the gravitational
overturn and a reduced rate of sagduction, while higher horizontal strain rate
results in a reduction in the rate of sagduction without affecting the time of
sagduction initiation. The evolution of the crustal deformation pattern under
decreasing Moho heat flux are likely representative of the secular evolution of
crustal condition as the Earth cools down from the Neoarchean time towards
modern-day thermal and rheological conditions.

7. The sagduction of the supracrustal assemblages leads to low-pressure zones
above the sinking centres in the greenstone belts and also the initiation of the
crustal scale deformation zones near the granitoid-greenstone contact, possi-
bly creating an environment conducive for the transport of mineralizing fluids
towards the deformation zones.
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Chapter 5

Summary of conclusions and
future directions

5.1 Summary of conclusions

This thesis proposes a modelling framework to simulate the structural patterns emer-
gent from ductile tectonic flow in an extensible computationally efficient manner.
Our modelling framework produces simulation results of lithological distributions
and structural patterns that can be directly compared to results of geological map-
ping and field-based structural analysis. The framework is subsequently applied to
the simulation of crustal architecture and structural patterns of the Neoarchean ter-
ranes. Our modelling results reveal that the synchronous operation of two styles of
tectonic processes, i.e. the vertical tectonism in the form of gravitational instability
and the horizontal tectonism in response to the far-field boundary forces, can explain
various aspects of the crustal architecture and deformation observed in Neoarchean
granitoid-greenstone terranes, thereby establishing the Neoarchean era as a possi-
ble transition period in crustal dynamics. The main conclusions of this thesis are
summarized in the following sections.

5.1.1 The discontinuous Galerkin level set method for mod-
elling structural patterns

1. A numerical modelling framework is constructed to capture both the lithologi-
cal distribution and structural pattern of tectonic flows by coupling a level set
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solver of the material interface with a Stokes flow solver.

2. The interface solver and the flow solver use different variations of the finite
element method (the discontinuous Galerkin (DG) method and the continuous
Galerkin method, respectively) to maintain accuracy and flexibility.

3. Passive tracer particles can be generated in the model where deformation track-
ing is needed. However, they are not essential to model computations and
therefore can be placed sparingly for improved computational efficiency.

4. The modelling framework can potentially be extended to encompass more com-
plicated rheological models and to couple with additional solvers for multi-
physics modelling.

5.1.2 The deformation pattern and crustal dynamics of the
Swayze greenstone belt

1. Four generations of regional ductile structures (G;—Gy4) are identified in the
Swayze greenstone belt (SGB).

2. Limited evidence of G; structures are preserved in the granitoid infrastructure
characterized by subhorizontal flow.

3. The ca. 2680 Ma thick-skinned Gs structures established the dome-and-keel
crustal architecture of the SGB. G, structures are characterized by an oblique
shearing with both a granitoid-up/greenstone-down vertical component and
dextral horizontal component.

4. The G5 and G4 structures are regional reactivation events. Gg is characterized
by oblique sinistral and north-side-up shearing on the Ridout deformation zone
(RDZ). Gy is characterized by regional dextral transcurrent shearing on pre-
existing high strain zones and lithological boundaries. G4 happened no earlier
than 2678 Ma.

5. Simulated crustal deformation patterns with the Neoarchean thermal and rhe-
ological conditions under synchronous operation of gravitational overturn and
horizontal shearing agree with the observed lithological distribution, the struc-
tural pattern and the shearing kinematics in Neoarchean granitoid-greenstone
terranes. Our model supports the coexistence of both horizontal and vertical
tectonic processes in Neoarchean terranes.
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5.1.3 Implications for Neoarchean tectonics in general

1.

The vertical tectonism in the granitoid-greenstone belt is characterized by the
active diachronous sagduction of the supracrustal assemblage, either in the
form of pointwise “dripping” at the triple junctions, or in the form sheet-like
sagduction in the greenstone keels. The latter is favoured under the presence
of horizontal shearing.

. The foliations in the granitoid domes are shallowly-dipping and outlines the

subdomes in the granitoid dome complex. The foliation in the greenstone belt,
on the other hand, is moderately- to steeply-dipping and is largely parallel to
the granitoid-greenstone belt contact but may be slightly oblique to the contact
due to the non-coaxial shearing.

. The lineations in the granitoid domes are generally shallowly plunging while

being moderately to steeply plunging in the greenstone belt. Furthermore,
the lineations in the greenstone belt may show opposite plunge directions on
the two opposing sides of the greenstone belt in the shallow crustal level in
accordance with the far-field regional shearing.

. The reduction of the basal heat flux results in the delayed onset of and the

decreased rate of the sagduction. As the Earth dissipates heat and transitions
towards a modern-day tectonic style characterized by the horizontal interaction
between rigid plates, the component of crustal-scale vertical tectonism is likely
diminished through time.

. The increase in horizontal shear rate results in higher accumulation of horizon-

tal shear strain, possibly generating regionally aligned linear structural pattern
of the greenstone belts. The rate of sagduction is also slightly decreased, but
the overall timing of sagduction onset is not affected.

. The crustal-scale high strain zones are nucleated during the sagduction process

around the sinking centres and are characterized by low total pressure, possibly
producing a favourable condition for the transport of mineralizing fluids in the
crust towards the deformation zones.
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5.2 Future directions

The DG level set modelling methodology can be extended and improved in many
ways. As of its current state the discontinuous Galerkin discretization for the level
set reinitialization can present numerical instability when the degree of polynomial
basis p = 2. A few possible routes to tame numerical oscillation is by using a different
discretization for the Hamilton-Jacobi (HJ) formulation (e.g. : ;

, ; ) ) or experiment with artificial viscosity methods
for oscillation suppression (e.g. , ; , ). In this way, the level
set method can be extended to high-order accuracy in a straightforward manner.
The rheological model in our model at the current stage of development, which can
be linear or non-linear with respect to the strain rate, is assumed to be isotropic.
This assumption may be valid if the rheological properties of the lithological units
are averaged through large areas. However, this assumption falls short on mesoscale
structures when strong alignment of minerals is present in localized high strain zones
due to deformation, which in turn will serve as the preferential location for future
strain partitioning parallel to the shear plane.

Moreover, the elements defining the foliation and lineation patterns are assumed
to be passive to the flow in the current formulation. This is asymptotically true
when the lithological unit has been subject to the deformation for sufficiently long
period. However, this assumption is invalid if the transposition of a foliation defined
by mechanically active elements needs to be modelled. One possible solution to
this problem is to couple the tectonic flow solver to an efficient micromechanics
solver, where the latter takes the strain field from the tectonic solver to compute
the geometry and orientation of shape elements ( , ). The homogenized
material property of the latter can then be used as the material property for modelling
tectonic flow (chapters 13 and 17 of , , and references therein). In this way,
models taking into account of both shape preferred orientation and lattice preferred
orientation under a large-scale tectonic flow on multiple scales can be achieved.

The application of the numerical model to the Neoarchean tectonics can also be
further explored in numerous directions by taking into consideration more sophis-
ticated physical processes. For example, the generation and the transport of melt
within the granitoid-greenstone terrane are not taken into account in our current
model, which may affect the behaviour of the numerical model thermally and me-
chanically: The presence of melt in the crystal framework of the lithological unit has
the effect of decreasing the viscosity possibly by several orders of magnitude (

, ). Furthermore, the preferential enrichment of incompatible
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radioactive elements in the melt and the transportation of the latter contributes to
the redistribution of heat-producing elements and may eventually contribute to the
stabilization of the cratonic crust ( , ). Taking the above-
mentioned factors into account will result in a more realistic estimation of crustal
thermomechanical structure and leads to deeper insights into the thermal-mechanical
process of the cratonization process. The combination of low pressure distribution
and the high strain zones in the synchronous vertical and horizontal tectonism model
is also worth exploring in terms of its role in the transport of the mineralizing fluids.
To achieve this, the total pressure field provided by our tectonic flow model can be
coupled to a fluid flow solver based on Darcy’s law to identify preferable locations of
mineralization (e.g. , ).
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Appendix A

Linear system solver details

In this document we tabulate the solver iteration counts and timing results for the
experiments carried out in Section 2.3. Each problem is solved first with Schur
complement reduction (SCR) method, conjugate gradient (CG) iterative solver and
the level based incomplete LU (ILU) preconditioner. The problem is then solved
again with fully coupled (FC) method, generalized minimal residue (GMRES) iter-
ative solver and the ILU as well as algebraic multigrid (AMG) preconditioners. The
number of orthogonalization basis vector is chosen at 100 for the GMRES iterative
solver.

In the Rayleigh-Taylor experiment, the simulation is run up to ¢ = 50. In the
inclusion experiment, the simulation is run up to ¢t = 0.5. The “CPU time” column
reports the average execution of the linear solver per each time step. The CPU time
is reported in seconds as well as in normalized time in the parenthesis with respect
to the SCR method with and the ILU preconditioner at level of fill £ = 0. The mesh
density is reported in Npax X Npax in 2d and Nyax X Njax X Nmax in 3d where Ny
represents the mesh density for the most refined mesh.

A.1 The Rayleigh-Taylor instability
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32 x 32 771/770 =100 771/7]0 =10

Method Niter CPU time Niter CPU time
FC

GMRES w. ILU(O) 244 0.1468 (0.28) 119 0.0726 (0.14)
GMRES w. ILU(l) 70 0.0665 (0.12) 48 0.0441 (0.08)
GMRES w. ILU(2) 61 0.0794 (0.15) 40 0.0531 (0.10)
GMRES w. AMG 63 0.3068 (0.58) 29 0.2164 (0.41)
SCR Inner Outer Inner Outer

CG w. ILU(O) 87 27 0.5328 (1.00) 79 14 0.2751 (0.52)
CG w. ILU(l) 39 27 0.4311 (0.81) 36 14 0.2219 (0.42)
CG w. ILU(Z) 29 27 0.4526 (0.85) 28 14 0.2379 (0.45)

Table A.1: Number of iterations and CPU time of the 2d Rayleigh-Taylor instability test case on
an adaptively refined mesh up to 32 x 32. The CPU time is measured in seconds. The maximum

mass error is 0.22% for 71 /p, = 100 test cases and 0.034% for 71 /n, = 10 test cases.

64 x 64 ’71/770 = 100 771/7;0 =10

Niter CPU time Niter CPU time
FC
GMRES w. ILU(O) 2041 2.8012 (1.32) 351 0.4464 (0.21)
GMRES w. ILU(1) 118 0.2516 (0.12) 66 0.1319 (0.06)
GMRES w. ILU(Q) 82 0.2624 (0.12) 52 0.1592 (0.07)
GMRES w. AMG 76 1.1251 (0.53) 31 0.7103 (0.33)
SCR Inner Outer Inner Outer
CG w. ILU(0) 140 28  2.1260 (1.00) 126 14  0.9250 (0.44)
CG w. ILU(1) 62 28 17407 (0.82) 55 14 0.7631 (0.36)
CG w. ILU(2) 45 28 20316 (0.96) 42 14  0.8770 (0.41)

Table A.2: Number of iterations and CPU time of the 2d Rayleigh-Taylor instability test case on
an adaptively refined mesh up to 64 x 64. The maximum mass error is 0.62% for 7 /p, = 100 test
cases and 0.0056% for 71 /n, = 10 test cases.
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16 x 16 x 16 771/170 =100 771/770 =10

Method Niter CPU time Niter CPU time
rc

GMRES w. ILU(0) 898 33.3836 (0.58) 319 13.0696 (0.23)
GMRES w. ILU(1) 170 45.4202 (0.79) 75 35.4928 (0.61)
GMRES w. AMG 56 2.6603 (0.05) 33 1.8031 (0.03)
SCR Inner Outer Inner Outer

CG w. ILU(0) 08 20  57.7545 (1.00) 94 10  32.8875 (0.57)
CG w. ILU(l) 43 20 104.6918 (1.81) 42 10 70.6880 (1.22)

Table A.3: Number of iterations and CPU time of the 3d Rayleigh-Taylor instability test case
on an adaptively refined mesh up to 16 x 16 x 16. The CPU time is measured in seconds. The
maximum mass error is 0.36% for 71/p, = 100 test cases and 0.013% for 71 /p, = 10 test cases.

32 x 32 x 32 771/770 =100 771/770 =10

Method Niter CPU time Niter CPU time
FC

GMRES w. ILU(O) N/A 3260 641.2159 (1.10)
GMRES w. AMG 57 16.7669 (0.03) 34 10.2218 (0.02)
SCR Inner Outer Inner Outer

CG w. ILU(O) 180 18 582.9235 (1.00) 167 8 279.1082 (0.48)

Table A.4: Number of iterations and CPU time of the 3d Rayleigh-Taylor instability test case on
an adaptively refined mesh up to 32 x 32 x 32. The maximum mass error is 0.42% for m/m, = 100
test cases and 0.066% for m/p, = 10 test cases.
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A.2 Competent inclusion in simple shear flow

16 x 16 x 16 ’71/7;0 = 100 ’71/770 =10

Method Niter CPU time Niter CPU time
FC

GMRES w. ILU(O) 210 17.6472 (0.38) 136 11.2886 (0.24)
GMRES w. ILU(l) 73 64.9483 (1.39) 53 55.0291 (1.18)
GMRES w. AMG 45 10.8627 (0.23) 39 9.4438 (0.20)
SCR Inner Outer Inner Outer

CG w. ILU(O) 99 47 46.8049 (1.00) 85 40 131.6576 (2.81)
CG w. ILU(l) 47 47 347.2301 (7.42) 40 40 229.2119 (4.90)

Table A.5: Number of iterations and CPU time of the 3d inclusion test case on an adaptively
refined mesh up to 16 x 16 x 16. The maximum mass error is 0.32% for m /n, = 100 test cases and
0.1% for m/n, = 10 test cases.

32 x 32 x 32 771/77() = 100 nl/no =10

Method Niter CPU time Niter CPU time
FC

GMRES w. ILU(O) 368 98.3485 (0.08) 497 123.6282 (0.10)
GMRES w. ILU(l) 98 339.7347 (0.27) 80 325.4592 (0.26)
GMRES w. AMG 41 36.9965 (0.03) 36 32.9449 (0.03)
SCR Inner Outer Inner Outer

CG w. ILU(O) 175 49 1261.1562 (1.00) 146 41 811.9788 (0.65)
CG w. ILU(I) N/A 68 41 1627.2463 (1.29)

Table A.6: Number of iterations and CPU time of the 3d inclusion test case on an adaptively
refined mesh up to 32 x 32 x 32. The maximum mass error is 0.12% for m/p, = 100 test cases and
0.1% for m/n, = 10 test cases.
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A.3 Discussions

We have tested our SCR (CG) and FC (GMRES) solver in 2d/3d numerical exper-
iments under different viscosity contrasts, grid densities and levels of fill k. In the
Rayleigh-Taylor instability experiments, solver comparisons are carried out for both
2d and 3d for multiple time steps up to t = 50, while the solvers are tested up to
t = 0.5 for the 3d inclusion experiments. The zero level set contours are plotted
in Figures A.1 to A.3. The results show that the solutions obtained from differ-
ent preconditioner and linear solver combinations agree within the solver tolerance.
We hereby summarize our observations and make recommendations for the optimal
choice.

In all test cases, with the same ILU preconditioner and convergence criteria, the
SCR method requires significantly more computation time to achieve convergence
than the FC GMRES solver due to substantial number of inner iterations needed to
be performed.

For both iterative solvers and preconditioning techniques, the total iteration
counts of FC method and outer iteration counts of the SCR method increase slightly
for denser mesh configuration, while the increase is more significant under the higher
viscosity contrast. The inner iteration counts of the SCR methods, however, are
sensitive to the grid configuration while being relatively independent of viscosity
contrast. Increasing the level of fill k£ in the A preconditioner reduces the total it-
eration counts in the GMRES solver and the inner iteration counts for SCR at the
expense of larger memory consumption and slow per-cycle computation time.

Our numerical experiments on the linear solver underscores the importance of a
high-quality preconditioner for the velocity block of the steady-state Stokes system
to achieve reasonably fast convergence with the FC approach. The level-based ILU
preconditioner can be viewed as an approximate “inverse” of the velocity block A.
A higher level-of-fill corresponds to an “inverse” that more closely approximates
A~ Although ILU has been successful in preconditioning elliptical problems on
a uniform grid for weakly non-homogeneous and strongly anisotropic media, the
combined effect of a non-uniform mesh structure and the viscosity contrast in our
problem results in a highly stiff system that requires a higher ILU level-of-fill (k > 1)
to smooth out the error effectively. On the other hand, the choice of k is limited by
the additional memory and computation time in the forward /backward substitution
phase due to the induced fill-ins. In 2d a balanced choice is £ = 1. In 3d the
quality of the ILU preconditioner is more difficult to maintain as the wide grid
support of the Taylor-Hood element induces too many fill-ins to be practical for the
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Figure A.1: The zero level set contour of the 2d Rayleigh-Taylor benchmark.
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Figure A.3: The zero level set contour of the 3d inclusion on a yz slice plane through the origin.

ILU preconditioning even for £ = 1. The AMG preconditioner, on the other hand,
operates by interpolating the velocity block A on a hierarchy of grid structures
defined by the influences between grid points ( , ). In this
way AMG is effective in smoothing out errors on a wide range of length scales and
achieves convergence independent of the mesh configuration, making AMG a very
efficient high-quality preconditioner in 3d, although the overhead for setting up the
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AMG preconditioner makes it less attractive in 2d.

We also remark that better preconditioner results in a reduction of the orthog-
onalization vectors for GMRES. In 2d test cases the GMRES requires at least 100
temporary basis vectors to orthogonalize against for ILU(0) preconditioner. This
number drop to 50 for ILU(1) and can be as low as 10 for AMG preconditioner.
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Appendix B

Level set details

B.1 Level set reinitialization

The discretization of level set reinitialization as a Hamilton-Jacobi (HJ) problem
share similarities with the discretization of hyperbolic conservation law and is tradi-
tionally done with high order essential non-oscillatory scheme (ENO) and weighted
essential non-oscillatory scheme (WENO) scheme under finite difference and finite

volume methods ( , ). Under discontinuous Galerkin (DG) dis-
cretization, ( ) proposes a reinitialization scheme using a weighted
local projection in the interface cells and the HJ formulation of ( )

with a modified Lax-Friedrichs flux elsewhere. In this study, we apply the local dis-
continuous Galerkin (LDG) method for a direct solution to the HJ reinitialization
problem ( , : , ), the procedure of which we
shall summarize below.

The DG discretization seek approximation to the level set field in the “broken”
space V¥ of polynomials of degree no more than k, which is the space where the
polynomial approximations of the level set function ¢, and the test function vy,
reside in.

We begin by seeking a component-wise DG approximation of the level set gradient
u = V¢. Let wy, and up,; (¢ = 1,...,d) respectively be the test function and the i-th
component of the level set gradient, both residing in V}* space. Through integration
by parts we obtain a one-sided upwind gradient approximation for each component
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of wy,:

Wi SondQ Vi e Vi

J Wy, Uy, dS) = wy, nidy, , dS — J
Qe 29

3
thumdQ LQ w;nid);edS—J (au;h- ondQ VYw, e VrF

where ¢; - and ¢;’, are the left and right upwind values at the faces of cell e. They
are defined as:

(B.1)

- Ppe ni<O . of. ni<0
(bh,e = { }_:_’ ) (bh,e = }1’ (Bz)

Ppe mi>0 Gne i >0

Here ¢, _ and ¢ _ are the internal and external values of ¢, at the cell face of element
e.

With the one-sided gradients obtained at each degree of freedom, we are ready
to discretize the reinitialization problem by replacing the reinitialization operator
H(V$) by a monotone and consistent numerical HJ operator H (uj s, up) With a
suitable numerical flux. In this study we use the numerically non-dissipative Go-
dunov flux, which resolves the flow and shock propagation by considering the velocity

component in each spatial dimension ( , : , ):
( 1/2
—2  ~—2 )
Smax { (@), @)’} | 1 i sen(60) = 0
. =1
H<u;7uf7) = Sgnh(¢0) 9 1/2
d
Smax { (@), @)} — 1 else
i=1
\
(B.3)
where Uy, ; == max {uh,i , O} and u,; = —min {uh,i , O}. Finally, the nodal level set

values can be updated by testing the reinitialization equation against a test function

wh € thi
ZJ wha“bh Q) = ZJ UpH(u, uy”) d) (B.4)

the temporal aspect of the equation is treated with an explicit Runge-Kutta (RK)
total variance diminishing (TVD) scheme.
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B.2 Slope Limiting

Our solution scheme for the level set method is in most cases stable. However, when
cells close to the interface are highly refined or a degree of polynomial £ > 1 approx-
imation is used, the discontinuities in the first derivative of the discretized level set
(appearing geometrically as “kinks” or “cusps”) may evolve into numerical oscilla~
tions. If not contained, the spurious oscillations may grow and eventually affect the
physical behaviour of the modelled problem. In the studies by ( ) and
( ), the numerical oscillation is damped by judiciously applying
artificial viscosity to shock-affected cells. In ( ) a minmod-type
limiter is applied to the gradient of the level set values in cells with a high curvature.
Our implementation adopts the WENO limiter proposed in ( ) and
( ). Here we briefly discuss summarize the idea of the WENO

limiter algorithm.

We denote the target cell under consideration as €}y with a local polynomial ap-
proximation ¢y o(x). Its neighbouring cells are denoted as €2,, where m = 1,2, ...
up to Ny, the total number of neighbouring cells. The local polynomial approxi-
mations of the neighbouring cells are similarly denoted as ¢ (). In 2d, Ny, = 4
if no neighbouring cells are more refined than 2y and Ny, can reach up to 8 if all
neighbouring cells are on a higher refinement level than 2y. The limiter operates by
first constructing shifted approximations &hz(m) on all cells €; (1 =0,1,2,..., Ny),
target cell and neighbouring cells included:

~ 1 1

¢h7,(m) = thﬂ(iﬂ) VOI(QO) J;)O ¢h7,($) dx + VOI(QO) J;ZO ¢h70($) dx (Z = 0, 1, 2, .. )
(B.5)

where Vol(§2;) gives the volume of the cell ;. The shifting is needed so that the

modified approximations of the neighbouring cells have the same cell average of the

target cell. The next step is to replace the target cell approximation ¢, with a

limited gbl,%l, which is a linear combination of the modified approximations p;:

wo(®) = 2 jwioni(@) (B.6)

where w; is a weighting coefficient associated with the smoothness of the local solu-
tion. To obtain w;, we begin by evaluating the smoothness indicator for each local
polynomial approximation ¢y, ;:

k . . 2
o 201|—1 81“.8d~ .
v 2 (VOI(QO)) Lo (é‘xlf aTild (bhﬂ(w)) e (B.7)

lf=1
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Figure B.1: The minmod shock detector acting on the vertex v; and vs of the target cell g
with the barycentre at ¢g. N, S, W and E respectively marks the northern, southern, western and
eastern facet of the cell £2y. See text for detailed explanation.

where [ = (ly,13) if the spatial dimension d = 2 and [ = (ly,ls,13) for d = 3 and
1] =>4 A high value of 5; signifies the possibility of non-smooth behaviour in the
local solution gbh ; and therefore th ; 1s assigned a smaller weight. w; is related to the
smoothness indicators 3; by the following relations:

w; = _Yi where w; = N B.8

S O Ty .
where € = 107% is a small number to avoid division by zero. 7; are a set of linear
weights assigned to the cells under the constraint that Z?:o v; = 1. The modified
local approximation will not alter the cell average of the target cell because all local
approximations p; preserve target cell average. In our computation we use a uniform
value of v; = 0.001 (i = 1,2,..., Ny,) for all the neighbouring cells as recommended
in ( ). The hnear weight for the target cell g is then vy = 1 — Z et Vi
We remark that the + values for the neighbouring cells should be chosen to be
the smallest possible value to suppress oscillations. Although the choice in theory
does not affect the accuracy of the overall scheme, values greater than necessary
introduce excessive numerical diffusion and spurious interface movements especially
in long term simulations.

To avoid introducing excessive numerical diffusion due to indiscriminate limit-
ing on all cells, the limiter is only applied when the cell is identified as being af-
fected by spurious oscillations (i.e. “troubled” cell). Numerous effective shock cell
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indicators have been proposed for hyperbolic conservation laws based on minmod

function ( : ), modal expansion ( : ) and
superconvergence on the outflow cell boundary ( , ). The
reader is referred to ( ) for a detailed review. In this work we use a
vertex-based minmod shock detector similar in spirit to ( ) and

the process is illustrated in Figure B.1. We consider the process for two vertices v,
and vy of the target cell )y with the barycentre ¢y. The process is similar for all
other vertices. If any of the vertices of a cell has an activated shock detector, the
cell will be marked as a “troubled” cell and its local solution will be modified by the
WENO limiter.

In the case of vertex vy, we consider the neighbouring cells on the southern and
western facet of {0y with cell centres at ¢, and ¢, respectively. Let g?)h,o, qgh,w and
gzNSh,S be the cell average of ¢, in the target cell, neighbouring cell at western facet
and neighbouring cell at southern facet. The difference between the vertex ¢, value
and the cell average is:

Agv1 = $(v) — d(co) (B.9)

This difference can also be approximated with an interpolation based on neighbouring
cell averages, which we denote as Ayv,. Using the fact that

v = ¢y + ay(es — ¢p) + as(e, — o) (B.10)

We approximate the difference between the vertex value and cell average by combin-
ing the difference in cell average in each coordinate direction:

Aqﬁ"’l = Ofl(égh,s - Qz;h,O) + @2(§Z~5h7w - Cgh,o) (B.11)

The vertex-cell average differences, A,v; and A¢v1 are then passed as arguments
into the minmod function. The minmod function is defined as:

smin(|al,[b]) if s=sgn(a) = sgn(b)

0 else (B.12)

minmod(a, b) = {

If Agvy = minmod(A¢v1,VA¢v1), with the scaling coefficient 1 < v < 2, i.e. the
minmod function does not change the value of Ay, the shock detector is activated.

In the case of vertex vy, the situation is complicated by the fact that the neigh-
bouring cells are on different refinement levels. On the northern facet, the neighbour-
ing cells are finer than the target cell . In this case we compute the cell average
of the parent cell of the four refined cells with the barycentre located at x,. On the
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eastern facet, the neighbouring cell is coarser than €y. In this case, the cell average
is computed on the top-left subcell with barycentre at .. Then the same procedure
is for vertex vy can be applied for shock detection with cell averages computed on
the parent cell centred at x,, and the subcell centred at ..

B.3 Efficient coupling scheme

To improve the efficiency in coupling the material description (facilitated by the
level set solver for each material) and the flow solver, we design a multithreaded
parallelization scheme to assemble the Stokes matrix so that the shared-memory
multicore WorkStream scheme in the deal.II library can be fully exploited (

) ). We illustrate our parallelization strategy in Figure B.2 assuming two
threads (1 and 2), working on two different cells with different sets of quadrature
points. For each thread as it iterates through cells to assemble the Stokes system,
a StokesIterator, which is a cell iterator associated with Stokes flow solver, and
a MaterialAccessor object, with a pointer to the MaterialStack object, are both
constructed. The MaterialAccessor shares the same set of quadrature points as
the StokesIterator. At the quadrature points, the former queries the flow solver
for the velocity v and the velocity gradient L. Meanwhile the MaterialAccessor
queries the level set solvers in the MaterialStack for level set values. If (1 — he(gﬁi))
for material ¢ is non-zero, (i.e. the quadrature point is in the material domain or
in the transition zone), the material parameters associated with the level set will
be retrieved from the MaterialStack and the effective viscosity will be computed
according to the rheological model. The resultant effective viscosity will be into the
local viscosity matrix. Eventually, the local viscosity matrix is assembled into the
global viscosity matrix A.

In this way it is not necessary for each thread to retain a copy of all material pa-
rameters. The material parameters will be read on-the-fly into the MaterialAccessor
to reduce the memory footprint. Because the cells that are worked on by different
threads likely has different states (in this case, the level set values and the kine-
matic quantities), a race condition will occur if one instance of the MaterialStack
is solely responsible for computing material parameters. Our implementation cir-
cumvents this difficulty by distribute the task of compositing material parameters to
the thread-local MaterialAccessor. In this way we avoid the explicitly locking the
threads and offers better scalability on multithreaded matrix assembly processes.
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Thread 1 Thread 2 A
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p(xy) p(x2) L
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Figure B.2: Illustration of a multithreaded level set-flow solver coupling scheme. Thread 1 and
Thread 2 have their thread-local copies of StokesIterator and MaterialAccessor. Both threads
are working on different cells with different materials distribution. Each thread will retrieve level
set values at quadrature points (We illustrate with single quadrature point per cell, but the concept
is the same for multiple quadrature points.) Depending on the level set values, the threads will
retrieve the corresponding material parameters from the MaterialStack, compute the correct local
viscosity matrix and assemble into the global matrix A. See text for detailed explanation.
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Appendix C

Additional benchmark problems

C.1 The lid-driven cavity flow

In this numerical experiment we compute the classical flow benchmark for mono-
phase fluid flow to verify that the flow solver by itself is stable and accurate for a
wide range of flow conditions. The configuration of the model is shown in Figure C.1,
where a square 2d box, whose length and height are both 1.00 m, is configured. The
box is filled with a Newtonian fluid with viscosity 1 and density p. The left, right and
bottom boundaries of the box are considered to be solid walls (i.e. v, = v, = 0), while
the top boundary is an infinite lid moving strictly horizontally in the +x direction
at a speed of 1.00m/s.

Instead of solving the Stokes problem, we do not omit the non-steady and inertial
effects in the momentum equation and effectively solve the Navier-Stokes equations:

Do 1 1

— = —V%Ww--V

Dt Re Y p P (C.1)
V-v=0

where D/pt is the material derivative and Re = #/y is the Reynold’s number. In an
Eulerian formulation the material derivative of the velocity Dv/Dt = dv/dt +v-Vv
expands to a non-steady term and non-linear convective term, the solution of which
requires iterations. However, in a Lagrangian description the material derivative is
simply a first-order derivative of time. This prompts us to use a dual representation:
a stationary mesh for modelling the viscous dissipation of velocity and a set of La-
grangian particles for modelling the convective transport. The coupling between the
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Figure C.1: Left: model setup for the lid-driven cavity flow. The dashed lines are profile lines
for v, (vertical) and v, (horizontal) to be compared with the standard solution. Right: the steady-
state velocity magnitude of the lid-driven cavity computed at Re = 400. The white lines are the
streamlines of velocity field.

moving particles and the background mesh is realized by the particle-in-cell (PIC)
method. We hereby briefly review the mechanism of PIC method for one incremen-
tal time step [t", ""!]. A schematic diagram of weighted least square (WLS)-PIC
workflow is shown in Figure C.2.

At time ¢", the particle velocities v, are projected component-wise onto the
nodes of the Cartesian computational mesh by a WLS regression (Wallstedt and
Guilkey, 2011) to obtain nodal velocity v}. The WLS regression secks to minimize
the Welghted squared Lo-norm E; around the node I for an arbitrary scalar field

f(@):
. 2
Ei(@) = Y\ Wil&on) (£, — filx)) (C2)
p
where f, is the value of f on the particle p and f; (x) is the least square function at
grid point I. &,; = (@, — @;)/Ax is the normalized relative position of the particle

with respect to the grid point located at x; and grid spacing Az. We assume the
latter is a linear function f(x) = ¢y + c1z + coy + c3z. The coefficient vector ¢ can
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Figure C.2: General procedure of the WLS-PIC method. (a): At time t", the particle momentum
is projected onto the computational grid by a WLS method. The grey area is the support domain
of the weight function centred at grid point A™. (b): the velocities are obtained on mesh points
A"B"C™D"™ by solving Equation (C.1) on the computational mesh. The grid velocities are inter-
polated onto the in-cell particle p™ and it is advected to location p™*'. The cell is also deformed to
the configuration A?*!B"+1Cn+1 D+l However, this configuration is never used and a new mesh
in the same configuration as t" is generated. (c): At time t"™1, the cycle restarts by each newly
generated mesh point, e.g. A", accepting information from particles within its weight function
support domain.

be obtained by solving a 4 x 4 linear system at each grid point for 3d:

Zp Wiy Zp Wipxy Zp Wipyp Zp Wipzp Co Zp Wipfp

Zp Wiy Zp ijxf, Zp Wipzpyp Zp Wipzp2p c1| _ Zp Wipfpxp
Zp Wipyp Zp WipTpyp Zp Wfpyi Zp Wiy | Zp Wip foYp
Zp Wipzp Zp Wipzpy Zp Wipzpyp Zp WIPZ;% 3 Zp Wipfpzp

(C.3)
where we have used the shorthand W;, = W;(€,;). Many choices of the weight
functions are available among literatures and they typically span the several grids
so that sufficient information about the particle field can be represented by the grid
points. In this benchmark we choose the cubic spline function, which in 1d is defined
as:

1 2
SIEP — JeP + 2 (1l < 1)

WiO) = —ZieP+leP -2l + 5 (<l <2) (€4
0 (1l > 2

The weight function in higher spatial dimensions is the tensor product of the 1d
weight function.
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After particle velocities are projected onto the mesh, Equation (C.1) is solved
with the finite element discretization to obtain the nodal velocities @', The im-
plicit Euler scheme is used for temporal integration. The updated nodal velocity
differences @} — v will be interpolated back onto the particles through the finite
element basis of the velocity approximation space. The technique of updating par-
ticle velocity by difference instead by velocity itself, also known as the fluid implicit
particle (FLIP) method, significant reduces numerical diffusion by treating velocity
as a Lagrangian quantity ( , ). However, the nodal velocity ©"!
is directly interpolated onto the particle when updating particle locations by the ex-
plicit Euler scheme to avoid particle collision and multistreaming. At this stage the
update for both the mesh nodes and the particle velocities are completed, and we
are ready to begin the computation for the next time step with the particle-to-grid
velocity transfer.

On a side note, the background mesh, which is constructed under an updated La-
grangian formulation, is also deformed at ¢"!. However, this deformed configuration
does not participate in further updates and is never explicitly constructed ( ,

). At time step t"*1, a new stationary mesh, with exactly the same configuration
as t", is regenerated to accept particle-to-grid information transfer.

The benchmark is computed on a 25 x 25 uniform Cartesian mesh with 25 particles
per cell. Particles will be reseeded if insufficient particles are present in the support
of the weight function, whose velocities v, are directly interpolated from the mesh
nodes. Two benchmarks are computed at Re = 100 and Re = 1000. In Figure C.3,
the x-velocity along a vertical line and the y-velocity along a horizontal line, both
drawn through the origin, are compared with the standard results obtained by

( ) using a streamline-vorticity formulation.

Our results in general show good agreement with the standard results. At low
Reynold’s number, the match between our results and standard results is almost
exact. At high Reynold’s number, our numerical formulation shows more pronounced
numerical diffusion from the standard solution. The added diffusion is likely to be
originated from the fact that (a) the linear least square function discards higher
order information and (b) the direct interpolation of the grid velocity. However,
the numerical dissipation is in most applications acceptable because the long-term
geological flow almost never reaches a high Reynold’s number.
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Figure C.3: The results of lid-driven cavity flow benchmark for Re = 100 (A and B) and Re = 1000
(C and D).
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C.2 Zalesak’s disk

In this numerical experiment we compute the passive rigid-body rotation of a slotted

disk in a constant velocity field ( , ). This benchmark is computed in many
studies related to the level set method to test mass conservation and convergence
properties (e.g. , : , ).
s
Up = —U
314
g (C.5)
’Uy = ﬂl’

The modelling domain is a square 2d box of dimensions [—50, 50]2. The diameter
of the disk is 30 and is initially positioned at (x,y) = (0,30). A rectangular slot of
dimension 5 x 25 is cut vertically through the centre of the disk. The coarsest compu-
tational mesh is 8 x 8 and is recursively refined near the interface up to an equivalent
grid density Npax X Nmax for better resolution while saving computational expenses
away from the interface. In our benchmark N, ranges from 64 to 1024. Both the
model setup and the grid configuration of Ny, = 256 are shown in Figure C.4. The
benchmark is computed for one full revolution (up to ¢ = 628). Legendre polyno-
mials of degree no more than one is used as the element basis function. In order
to quantify the mass conservation property of our level set solver, we compute the
mass error £, by rewriting the volume integration into a sum over the smoothed
Heaviside function values at quadrature points:

Bo = o X[, -0 do ~ 555w, (1= n(olen) H&)  (CO

where V4 is the initial volume of the disk, (§,, w,) are the pair of location vector
and weight for the ¢-th quadrature point in the reference elements and J. is the
Jacobian from the reference element to the element e. We also compute the Li-error
to quantify the error due to solving the transport of the interface on the Eulerian
mesh, X )
0
g = Y et — ol (©7)
I max
where ¢9 = qﬁl(t)‘ .- In order to remove the possible mismatch of mesh configu-
ration caused by the adaptive mesh refinement, the F; errors are computed on an
Nax X Npax uniform mesh. The geometry of the disk interface before and after one
revolution is shown in Figure C.5.
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Figure C.4: Left: model setup for the Zalesak’s disk benchmark. Right: The computational mesh
of the Zalesak’s disk benchmark. The mesh is selectively refined at the disk interface. The finest
mesh density has an equivalent mesh density Nyax = 256.

Figure C.5: The interface trace of the Zalesak’s disk before (dashed line) and after (solid line)
one revolution. From left to right, Ny = 64,128,256 and 512.
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This study Particle level set
Nmax Ncell El Em Mesh El Em

64 2604 8.15x1072 —6.90 x 1072 50 x 50  5.90 x 10~! 1.49 x 107!
128 6438 3.06 x 1072 870 x 1073 100 x 100 7.00 x 10~ 3.10 x 1073
256 14799 1.38 x 1072 —1.50 x 1073 200 x 200 2.00 x 1072 2.00 x 1073
512 30711 7.54x 1073 —1.20 x 1073 N/A

Table C.1: Errors of the Zalesak’s disk benchmark with increasing grid densities. F; is the L
error norm. F,, is the mass error. In our study, F; is computed on a uniform mesh of Ny ax X Npax
while F,, is computed on an adaptively refined mesh where the finest refinement level has a density
of Nmax X Nmax- Neen is the number of finite element cells of the adaptively refined mesh. The
particle level set results are obtained from ( , ).

The L; and mass errors are listed in Table C.1. The results demonstrate that our
formulation converges almost linearly as we refine the grid density. The mass error
E,, is also significantly reduced as finer level of adaptive mesh refinement (AMR) is
used near the interface, albeit the rate of reduction does not follow a linear trend due
to the competition of mass correction at areas of negative curvature versus positive
curvatures.
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Appendix D

Details of deformation analysis of
the Swayze greenstone belt and
regional implications

In this section we present systematic description of observational data for all four
generations of structures (G;—Gy) as observed in the central and southern Swayze
greenstone belt (SGB), with an emphasis on deformation generations Gy, G and
G4 as the Gy deformation has been discussed in detail in Section 3.3. We also re-
port our zircon U-Pb geochronology results, which provide constraints on the ages
of deformation generations. Finally, we discuss the regional implications of our de-
formation analysis for the Ridout deformation zone (RDZ) in the SGB, as well as its
relationship with the Cadillac-Larder Lake deformation zone (CLLDZ) in the Abitibi
greenstone belt to the east of our study area.

D.1 Details of deformation analysis

D.1.1 Deformation G,

Gy structures are recognized in the tonalite-trondhjemite-granodiorite (TTG) infras-
tructure. Overprinting relationship between G; and Gy structures can be identified
in the orthogneiss unit of the Kenogamissi batholith, where the S; foliation is defined
by the gneissosity of alternating dioritic and tonalitic compositions. The orientations
of the foliation are NE-SW with a highly variable dip angle (Figure 3.2B), suggesting
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overprinting by a regional folding event. The regional folding of S; is also mirrored
on the outcrop scale as tight to isoclinal upright folds with subhorizontal NE-SW-
trending fold axis. The NE-SW orientation of the steeply-dipping axial plane in
the orthogneiss is correlated to the Sy foliation in the supracrustal volcanic rocks to
the south, supporting the interpretation that the folding affecting the orthogneiss
is a Go event. Upon unfolding, the pre-folding orientation of the S; is likely to be
subhorizontal.

D.1.2 Deformation G»

The geometrical and structural patterns of the Gy deformation as well as its signifi-
cance for the tectonic evolution of the SGB has been discussed in detail in Chapter 3.
The reader is referred to Section 3.3 for an in-depth description of the structural pat-
tern of G,. For the sake of completeness, we hereby provide a brief summary for the
main features of the Go deformation.

The Gy deformation is characterized by the Sy foliation, L, mineral lineation
or stretching lineation, as well as Fy regional folding. The moderately- to steeply-
dipping S, is the pervasive regional foliation in the SGB whose orientation is sub-
parallel to the granitoid-greenstone boundary. The L, lineation is defined by the
alignment of acicular minerals in meta-igneous rocks or stretched clasts in volcani-
clastic or sedimentary rocks. The orientation of L, is moderately- to steeply-plunging
(Figures 3.4 and 3.5). The Fy folds are upright tight to isoclinal folds, which af-
fect both the granitoid infrastructure and supracrustal units on both outcrop- and
regional-scale.

The Gy deformation is strongly localized in discrete high strain zones at the
granitoid-greenstone contacts as well as within the greenstone belts with a strong
flattening type of strain. The kinematics associated with these high strain zones have
a predominantly vertical granitoid-up/greenstone-down component. In the southern
domain of the study area, the Ly shows a reversal in plunge direction from the north-
ern contact (i.e. the contact between the Kenogamissi batholith and the SGB) to the
southern contact (i.e. the contact between the Ramsey-Algoma granitoid complex
and the SGB) (Figure 3.4B), consistent with a regional dextral shearing associated
with the granitoid-up/greenstone-down kinematics. In the northern domain, Ly gen-
erally plunges to the west and shows a westward steepening trend (Figure 3.5F,G).
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Figure D.1: Field photos and measurements of the Gz deformations. A: A clast in the
Timiskaming-type conglomerate shows a north-side-up sense of shear. B: East-plunging Lj lin-
eation in the Timiskaming-type conglomerate. C: S-C fabric in a quartz feldspar porphyry in the
RDZ display sinistral sense of shear on the horizontal surface. D: A felsic dyke in the mafic vol-
canic rocks folded by a tight Fy fold which is in turn overprinted by F3 s-fold on both limbs. E:
Stereographic projections of the poles to Sz foliation (LS3), the L3 lineations and the F3 fold axes.
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D.1.3 Deformation Gj

G3 deformation is associated with the subvertical S; foliation, the L3 mineral stretch-
ing lineation and the F3 shear-related folding. Gj is strongly localized in the RDZ
as well as in several minor high strain zones in the southern SGB area which may
constitute splay high strain zones of the RDZ. Therefore, G3 is postulated to be a
shear reactivation event affecting the southern SGB.

The E-W-trending steeply-dipping S3 foliation is characterized by intense shear
fabric parallel to the RDZ as well as other Gs-overprinted high strain zones. The
Go-Ggs overprinting relationship is best preserved in the Timiskaming-type sandstone
where the S3 spaced cleavage overprints the bedding-parallel Sy foliation defined by
the alignment of quartz aggregates, with S3 showing a clockwise relationship with
respect to So (Figure 3.3C). With higher shear strain, the differentiation between S,
and S3 is difficult and therefore the foliation in the Gs-affected high strain zones is
likely a composite So/S3 fabric.

The kinematics of the Gz deformation is characterized by an oblique sinistral
(Figure D.1A) and north-side-up shearing (Figure D.1C), The Lj lineation is de-
fined by the preferred orientation of chlorite and sericite in the highly deformed
Timiskaming-type sandstones and conglomerates (Figure D.1B). Lj plunges steeply
to east (Figure D.1E), which is consistent with the oblique sinistral and north-side-
up kinematics. The F3 folds possess an s-asymmetry on the subhorizontal surface.
Measurements of the F3 fold hinges on one outcrop unaffected by later folding events
shows a predominantly southwesterly plunge direction (Figure D.1E). This supports
the interpretation that F3 are shear-related drag folds caused by the Gjs oblique
shearing.

D.1.4 Deformation Gy

The G4 deformation is characterized by a dextral strike-slip shearing demonstrated
by multiple shear sense indicators, e.g. back-rotated boudins of quartz veins (Fig-
ure D.2C), sigmoidal clasts in conglomerates and S-C fabric, consistently showing a
dextral sense of shear. Also associated with G, deformation are the F, asymmetric
folds with z-asymmetry (Figure D.2B), commonly associated with the dextral kine-
matic indicators, and are therefore interpreted as dextral drag folds. The F, fold
axes are subvertical (Figure D.2D), implying that the G4 shearing is predominantly
strike-slip. The S; is a NE-SW-striking crenulation cleavage defined by microscopic
F,4 folding of the platy minerals previously aligned as So or S3 composite cleavage
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Figure D.2: Field photos and measurements of the G4 structures. A: Sy NE-striking Sy crenu-
lation cleavage in the felsic crystal tuff overprinting the S3. B: Fy z-fold in Timiskaming-type
metasandstone. C: Back-rotated quartz vein boudin and the S3/S4 overprinting relationship in the
felsic metavolcanic rocks, both consistent with a dextral sense of shear. D: Stereographic projec-
tions of Fy fold axes (B4) and poles to Sy (LS4).
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(Figure D.2A, Figure D.2D). The G4 deformation overprints all previous ductile
structures and is only localized in pre-existing weak planes such as high strain zones
and lithological boundaries.

D.2 Timing of deformation

To constrain the timing of the deformation phases, samples demonstrating rela-
tive timing relationships with respect to deformation generations were collected and
dated by zircon U-Pb geochronology. The zircons are analysed with isotope dilution-
thermal ionization mass spectrometry (ID-TIMS) or laser ablation-inductively cou-
pled plasma-mass spectrometry (LA-ICP-MS) at the Jack Satterly Geochronology
Lab at the University of Toronto. The analytical datasets for all samples are pre-
sented in Appendix E. The sampling locations are shown in Figure 3.1C.

Sample 16QW332A: a syn-G, felsic dyke

To constrain the timing of the Gy deformation at the southern contact between the
SGB and the Ramsey-Algoma granitoid complex, a felsic dyke is sampled for zircon
U-Pb geochronology. The felsic dyke cross-cuts the S, foliation and itself bears a
weak Sy foliation (Figure D.3A), indicating the intrusion age of the dyke is syn-Gs.
A total of 36 analyses were conducted on 36 grains with LA-ICP-MS. The youngest
population of 22 grains yields an average 2°"Pb/2%Pb age of 2679.6 + 3.8 Ma, inter-
preted as the emplacement age of the dyke and hence represents the approximate
age of the Gy deformation at the southern SGB contact with the Ramsey-Algoma
granitoid complex.

Sample 237D: a pre-G, or early syn-G, felsic dyke

Sample 237D was taken at the northern contact of the SGB with the Kenogamissi
batholith. The felsic dyke is subparallel to the local Sy foliation and itself bears
a Sy foliation. The local Sy foliation is folded by the F3 s-folds (Figure D.3B). A

Figure D.3 (following page): Concordia diagrams of the samples for zircon U-Pb geochronology.
For sample 16QW332A the Pb-Pb age distribution for all analysed zircon grains is also shown at
the bottom right. The photo in each concordia diagram shows the relationship of each sample with
respect to the deformation generations. The sampling locations are labelled in Figure 3.1.
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crenulation cleavage S3 axial planar to Fj3 is also present. This field relationship
suggests that the intrusion of the felsic dyke is either pre-Gs or early syn-Go. Three
zircons were analysed by ID-TIMS. The data points form a discordia line with the
lower intercept at 539 + 500 Ma and the upper intercept at 2682.3 +2.7Ma. The
latter is interpreted as the intrusion age. This age constrains the age of the Gy and
G35 deformations at the contact between the SGB and the Neville pluton to be no
earlier than ca. 2680 Ma.

Sample 230C: a pre-G4 felsic dyke

The 230C is a quartz feldspar porphyry dyke intruding into mafic metavolcanic rocks
in the northern domain of the study area. The dyke intrudes subparallel to the
local S, foliation and records a dextral S-C fabric (Figure D.3C), interpreted to the
result of G4 dextral shearing. Therefore, the intrusion of the dyke is likely pre-Gy.
Three grains were analysed with ID-TIMS and yielded an average 2"Pb/2%Pb age of
2677.8 + 1.3 Ma, which is interpreted as the maximum age of G4 dextral movement.

D.3 Regional considerations

Our sequence of deformation events is compatible with previous structural studies in
the SGB in general. ( ) identifies an analogous sequence of deformation
beginning with the D; deformation, characterized by a S; gneissosity or a composi-
tional layering in the synvolcanic intrusion. The D is overprinted by the D, regional
deformation characterized by thick-skinned regional folding Fy and a moderately- to
steeply-plunging stretching Lo lineation. The D-Ds structural pattern of

( ) is in agreement with our G; and Gy deformation. ( ) also rec-
ognizes RDZ as a high strain zone initiated during Dy with first sinistral and then
dextral shearing. ( ) identifies an initial oblique north-side-up and sinistral
shearing followed by dextral transcurrent movement in the RDZ. In both cases, the
deformation history agrees with the oblique sinistral G3 and strike-slip dextral G,
deformation identified in this study.

Our understanding of the deformation history of the RDZ and their timing allows
us to compare with the structural studies of the CLLDZ to discuss the possible cor-
relation between the two deformation zones. Results of numerous structural studies
at various segments of the CLLDZ can be summarized into the following sequence
of events (e.g. , : , : , :

, 2015):
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D; N-S shortening and regional upright folding of the supracrustal stratigraphy;,
D., NE-SW shortening leading to s-folds, and finally

D3 regional dextral strike-slip shearing.

Our analysis shows that our Gg4 deformations in the southern SGB have an al-
most one-to-one correlation in terms of structural pattern and kinematics with those
of the Dy_3 deformations in the Abitibi greenstone belt around the CLLDZ. In terms
of timing, our G, deformation in the SGB is also broadly contemporaneous with
the ages reported for the post-Timiskaming D; in multiple segments of the CLLDZ.
In the Matachewan area, the first phase of post-Timiskaming ductile deformation
represented by regional shortening and folding is contemporaneous with the syenite
intrusion dated at 2676.3 £ 1.4 Ma ( : ). In the Cheminis gold de-
posit area west of the town of Kirkland Lake, ( ) constrains the age
of Dy regional folding to postdate the 2674 Ma—2670 Ma Timiskaming-type assem-
blage and predate the onset of ca. 2672 Ma—ca. 2665 Ma Dy deformation. The SGB
equivalence of this regional folding event, i.e. the Gy deformation, is constrained at
around 2680 Ma and is therefore slightly older but broadly synchronous with D; in
the CLLDZ.

On the other hand, there is discrepancy in kinematics concerning the Gs sinistral
shearing in the RDZ and the comparable Dy s-folding event in the CLLDZ. In the
Larder Lake area, the Dy deformation overprinting the regional folding is character-
ized by a south-side-up kinematics and a southward younging of the Timiskaming

Group turbiditic sandstone ( , ). Furthermore, in the Matachewan seg-
ment of the CLLDZ, D; and Dy are respectively characterized by top-to-NE and
top-to-NW thrusting ( , ). This is incompatible with the north-side-

up shearing associated with Gz deformation and a northward younging direction of
the Timiskaming-type assemblage in the RDZ.

From the above discussion we may conclude, based on the comparable defor-
mation style and the timing of deformation events, that the RDZ and the CLLDZ
probably developed a similar terrane-scale tectonic framework. However, the dis-
crepancy between them concerning the G3(RDZ)/Dy(CLLDZ) kinematics and their
relative position in the regional stratigraphy with respect to the Timiskaming-type
metasedimentary assemblage suggest that they may have evolved, at least in their
early history, as independent entities rather than as one continuous and coherent de-
formation corridor. With the insights from the numerical model, both deformation
zones may have initially developed close to the opposing boundaries of Timiskaming-
type basin (Figure 3.8) with opposite vertical kinematics under the same generation
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of regional deformation. Later deformation may have been preferentially localized
in one of the deformation zones and hence only preserve a one-sided younging di-
rection of the Timiskaming-type basin. A relationship similar to that between the
RDZ and CLLDZ is also reported in the Neoarchean Yilgarn Craton ( ,

), indicating that it may be a common pattern for the Neoarchean terranes that
even in adjacent greenstone belts, one regional deformation event may partition into
different deformation styles in different greenstone belts and evolve in a temporally
transgressional manner.
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Appendix E

Geochronology dataset for the
Swayze Greenstone Belt
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Appendix F

stgeotk: A Python package for
strain analysis

After the simulation run the deformation gradient tensor F' of each tracer particle will
be exported to a vtk file. This F' tensor incorporates all the information one needs
to analyze the finite strain. However, in its matrix form a straightforward graphical
visualization of F' is almost impossible. stgeotk (structural geology toolkit)! is a
lightweight library written in Python for reducing F' so that it can be visualized in
methods that are familiar to the geological community.

F.1 Reading data from export files

The algorithms in the stgeotk can be called from a post-processing program if it
has a Python scripting environment which allows the user to access the vtk dataset.
For example, in Paraview, this is achieved by applying ProgrammableFilter to the
particle dataset. Note that the tensor data for each particle in vtk is flattened into
a 1d array in a row-major (C-type) format. Therefore, a numpy.reshape(dim, dim)
call with the default order argument will properly transform the flattened F into
its dim x dim matrix representation. The Python implementation is outlined as
follows:

Listing F.1: Obtain F on particle data

\‘ import numpy as np

!The source code is available at: https://github.com/mengtongugh/stgeotk.git.
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input_data = inputs[0].GetPointData()
F_tag =
npt = inputs [0].GetNumberOfPoints ()

for ipt in range (0, npt):

F_tuple = input_data.GetArray(F_tag).GetTuple (ipt)
F = np.array(F_tuple).reshape(3, 3)
# user—-defined data manipulation code on F

F.2 Finite deformation analysis implementations

As is discussed in Section 3.3, the deformation gradient tensor F' contains enough
information for us to predict a wealth of the local structural elements. All such pre-
dictions are in fact dependent upon obtaining the left stretch tensor C = FFT and
its eigendecomposition to obtain the three principal stretching axes. Programmati-
cally this is shown in the following code snippet:

Listing F.2: Strain ellipsoid kernel

import scipy.linalg as LA
import math

def strain_ellipsoid_kernel(F):

# The eigenvalues are in ascending order
FFt = F.dot(F.T)
eigval, eigvec = LA.eigh(FFt)

# Rescale the unit eigenvectors with
# their corresponding etrgenvalues.
for i in range(0, 3):

eigvec[:, i] *= math.sqrt(eigvallil)

# Eigenvectors are returned as Tow vectors

# the row from top to bottom are

# foliation normal, intermediate axis and lineation
return eigvec.T

The maximum stretching and maximum compression axes are interpreted to be the
lineation and the foliation normal (or pole to foliation). They can then be visualized
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by stereographic projection discussed in Appendix F.3 or directly as vector data to
show its spatial distribution.

It is also worth mentioning that in Paraview a straightforward visualization
method is provided by TensorGlyph filter, which implements an ellipsoidal repre-
sentation of symmetric tensors. This allows us to draw the strain ellipsoids directly
onto the tracer particles. In this way the spatial distribution of strain type (flatten-
ing vs. constrictional, which respectively favours the formation of L-tectonite and
S-tectonite) can be easily recognized. In order to visualize the strain ellipsoid, the
TensorGlyph can be applied to the left-stretch tensor V', where F' = V R is the left
polar decomposition of F', or it can be applied to a 3 x 3 matrix whose columns
consist of the eigenvectors (i.e. the results of the Listing F.2 need to be transposed).

Listing F.3: Eigenvectors of the strain ellipsoids within a given range

def strain_ellipsoid_range(F, range_begin, range_end):
eigvecs = np.zeros((range_end-range_begin, 3, 3))
counter = 0

N

5 # Compute the eigenvectors for

6 # the entries within the given Trange

7 for i in range(range_begin, range_end):

8 eigvecs[counter, :] = strain_ellipsoid_kernel(F[i, :])
9 counter += 1

10 return eigvecs

Due to the large number of data points that needs to be processed, the Python
concurrent package is utilized to devise an embarrassingly parallel solution to the
extraction of the principal axes of the strain ellipsoids. This is done by first defining
a function to looping through only a partial range of all the given deformation gra-
dient tensors (F'). Eigenvectors of each element in the range is are computed with
Listing F.2. This function will be operated by different processes, each operating on
different ranges for higher efficiency.

Listing F.4: Eigenvectors of all strain ellipsoids

I |import multiprocessing
import concurrent.futures

N

def strain_ellipsoid(F):
# use multi-processing

6 n_procs = multiprocessing.cpu_count ()
7 idx = (F.shape[0] + np.arange(0, n_procs))//n_procs
8 idx = np.concatenate (([0], np.cumsum(idx)))
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0 eigvecs = np.empty((0, 3, 3))

1

11

12 with concurrent.futures.ProcessPoolExecutor () as executor:
13 eigvecs_chunks = [ \

14 executor.submit (strain_ellipsoid_range, \

1 F, didx[iproc], idx[iproc+1]) \

16 for iproc in range(0, n_procs) \

17 ]

19 # retrieve the results in the future object

20 for chunk in eigvecs_chunks:

21 eigvecs = np.concatenate((eigvecs, chunk.result()), axis=0)

23 return eigvecs

The highest-level strain ellipsoid function divides up the tasks by the number of
available processes and handle them to each process with Listing F.3. Eventually,
the results of all processes are merged into one array, in which each entry is a 3 x 3
matrix of eigenvectors. This is shown in Listing F.4.

F.3 Stereographic projection

By the structural geology convention 3d linear structural elements are visualized by
casting them into data points on a 2d stereonet via lower-hemisphere stereographic
projection. Let ¢ be plunge angle of a linear structural element and R be the radius
of the 2d stereonet. Two commonly used stereographic projections are implemented
in stgeotk: the equal-angle projection and the equal-area projection. Our imple-
mentation follows the algorithms discussed in ( ).

The equal-angle projection, or the Wulff net, preserves the angular relationship
between the line elements. On the 2d stereonet, the distance from the projected data
point to the origin can be calculated by:

r = Rtan (45° — %)

The major disadvantage of the equal-angle projection is that the area can be
significantly distorted, which renders it unsuitable for density-based statistics and
contouring. The equal-area projection, or the Schmidt net, is derived to overcome
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this by ensuring the small circles with equal area will still occupy equal area on
the stereonet after projection. This comes at the expense of sacrificing the angle-
preserving property. The distance from the data point to the origin is:

r =+/2Rsin (450 — %)

Both projection methods are available as functions in the stgeotk.stereonet

module. These functions take the trend azimuth ¢ and the plunge angle ¢ of a linear

structural element as input arguments. The return values are the trend azimuth (= 6

in this case) and distance to stereonet origin . The (6, r) pair can be subsequently
graphed on a polar plot. This completes stereographic projection procedure.
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