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Abstract

Multimode superconducting parametric cavity is a flexible platform that has been used to
study a variety of topics in microwave quantum optics ranging from parametric amplifi-
cation, entanglement generation to higher order spontaneous parametric downconversion
(SPDC). Leveraging the extensive toolbox of interactions available in this system, we can
look to explore exciting applications in quantum computation and simulation. In this the-
sis, we study the use of the parametric cavity to realize continuous variable (CV) quantum
computation.

We propose and examine in detail the scheme to compute with the microwave photons in
the orthogonal frequency modes of the cavity via successive application of parametric pump
pulses or cavity drives. The family of all Gaussian transformations can be accomplished
easily with interactions already demonstrated in this system. From recent results and
proposals involving higher order SPDC, there are also clear pathways towards realizing the
non-Gaussian resources necessary for universal computation. Common measurements on
the system are accomplished with standard measurement techniques on the output state
of the cavity and additional useful measurements may be implemented using available
parametric interactions or new device designs involving a qubit as a nonlinear probe.

Using the parametric cavity, we experimentally implemented a hybrid quantum-classical
machine learning algorithm called the Quantum Kitchen Sinks (QKS) as the first step to-
wards developing this platform for quantum computation. The algorithm is studied over
two sets of experiments starting from partial experimental implementation of the quantum
variational circuits to fully experimental implementation using multiple simultaneous con-
tinuous wave (CW) pumps. In both cases, we find that the quantum part of the algorithm
implemented in the parametric cavity improved the classification accuracy on a difficult
synthetic data set up to 90.1% and 99.5% respectively when compared to a classical linear
machine learning algorithm.
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Chapter 1

Introduction

The past few decades have been exciting for the eld of quantum computation with the
discovery of algorithms that promise signi cant speed-up and the development of many
quantum computation platforms based on di erent physical systems. However, in order
to achieve a practical and fault-tolerant quantum computer, many challenges still need to
be addressed. Of the various systems actively studied in quantum computing, supercon-
ducting quantum circuit has become a well-established and leading platform for research in
guantum computation due to its exibility and potential for scaling. Many research groups
and industry partners are tackling the challenges to implement a quantum computer using
superconducting quantum circuits as the main platform.

The rst step in implementing a quantum computation platform involves encoding
quantum information in the properties of a chosen physical system. For example, in op-
tical quantum computing, the information may be encoded in a discrete variable (DV)
fashion using a photon's discrete spatial modes, such as its polarization or optical path
[1]. A value of 1 or 0 may be represented by polarizing the photon in either the horizon-
tal or vertical direction. Alternatively, the information can also be encoded in so-called
continuous variable (CV) states, such as the electric eld amplitude and phase [2]. These
encoding schemes have their advantages and disadvantages, but they can all achieve uni-
versal quantum computation given an appropriate source of nonclassical light [3, 4].

In the realm of superconducting quantum computers, the dominant paradigm for quan-
tum information encoding is to use the discrete energy levels of transmon qubits. Nonethe-
less, there are some e orts to consider CV systems in superconducting systems. For ex-
ample, the \cat code" technique uses interaction between qubits and oscillator to encode
guantum information in a type of CV state, a \cat" state, that can implement hardware-



e cient quantum error correction [5]. More recently with the advancements in quantum
control of an oscillator, many more CV qubit encoding schemes have been realized exper-
imentally, such as, the binomial code [6] and the Gottesman-Kitaev-Preskill code [7].

The majority of investigation in superconducting devices on quantum computation us-
ing CV states involves encoding logical qubits in these systems. Alternatively, instead of
encoding a qubit, one can also consider quantum computation over continuous variables
directly with the so-called qumodes. Traditionally more frequently explored in the optical
domain, such schemes often involve linear optical elements acting on bosonic modes along
with some non-Gaussian resources such as the single photon state or photon number reso-
lution measurement. The superconducting parametric cavity o ers an exciting opportunity
to implement computation over continuous variables in the superconducting domain due
to the rich toolbox of available interactions. Many transformations equivalent to linear op-
tical elements as well as some novel non-Gaussian resources that cannot yet be achieved in
the optical domain can be readily realized in this device. The superconducting parametric
cavity is essentially like a single-chip optical table for microwave photons that comes with
new components which opens up exciting new opportunities.

1.1 Overview

The goal of my research detailed in this thesis is to investigate and develop supercon-
ducting parametric cavities as an alternative computation platform based on CV states
of microwave photons in cavities. Building upon recent work on two and three photon
parametric interactions from colleagues in the Engineered Quantum Systems Laboratory
(EQSL), we seek to characterize and harness these interactions along with other interac-
tions to realize a complete framework for CV quantum computation. In parallel with the
development of this computation platform, we also work towards the implementation of
some simple quantum algorithms to demonstrate the capability of this platform for use
in quantum computation. This thesis presents the rst steps in our e orts towards these
goals.

In chapter 2, we start by introducing the superconducting parametric cavity device
explored in this thesis. The basic superconducting circuit building blocks are introduced
along with a discussion of how parametric interactions are realized in this device. Addi-
tionally, important design details that enable us to use this device for computation are
examined as well.

In chatper 3, we propose a scheme to realize CV quantum computation in this device.
We then cover the realization and some initial characterization of various CV gates and
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resource states in this device. We also discuss the requirement for universality as well as
pathways to achieve it. Since measurement is another crucial part of quantum computation,
the focus then moves to the discussion of the measurement channels and measurement
schemes we can implement for this device. In addition, we also introduce some proposals
to improve the measurement schemes using features of the device. Finally, we discuss other
measurements that may be enabled by some design modi cations and brie y introduce a
new device design currently in the works.

In chapter 4, we detail the experimental implementation of the Quantum Kitchen Sinks
(QKS) algorithm in our e ort towards demonstrating the capability of the parametric
cavity as a quantum computation device. We rst discuss various components of the
experiments from the classical part of algorithm to the speci ¢ implementation of the
quantum part as well as the experimental setup. We then carry out two sets of experiments
to demonstrate the algorithm and benchmark its performance.



Chapter 2

Superconducting Parametric Cavity

The device explored in this thesis is a superconducting parametric cavity consisting of an
aluminum thin Im coplanar waveguide (CPW) microwave resonator capacitively coupled
to an open transmission line at one end and terminated by a ux-pumped SQUID at the
other end. This chapter introduces the constituent elements of the device, principles behind
ux-pumped parametric interactions, and nally notable design considerations that enable
us to explore quantum computation with this device.

2.1 Josephson Junctions

Found in many applications from magnetometers to classical computation with single ux
guantum logic and quantum computation with arti cial atoms, Josephson junction is a
simple device that is at the heart of superconducting circuits.



Figure 2.1. Josephson Junction. (a) Schematic symbol of a Josephson junctions. (b) Two
pieces of superconducting Al thin Ims are separated by a thin insulating barrier made
of Aluminum oxide. Cooper pairs can tunnel through the barrier as supercurrent which
relates to the phase di erencé between the two superconductors. (c) An SEM image of a
Josephson junction where the critical current is lithographically de ned by the overlap
area of the Al layers.

Josephson junction consists of two pieces of superconductors coupled by a weak link
such as a thin insulating barrier (see Fig. 2.1). For low temperature superconductors
described by the BCS theory, such as Al, an e ective attractive interaction between elec-
trons of opposite spin mediated by phonons results in the formation of pairs of electrons
called Cooper pairs in the material's superconducting phase [8]. The Cooper pairs form a
condensate which can be described with a macroscopic wavefunction of the form

( £t)= P n(x; t)e Y (2.1)

wheren(+;t) is density of Cooper-pairs and (;t) is phase.

When two pieces of superconducting metal are separated by a thin insulating barrier,
the wavefunctions have decaying but non-zero magnitude across the barrier resulting in
non-zero probability for Cooper pairs to tunnel across the junction. The supercurrent
across the Josephson junction that arises as a result of this is described by the two Joseph-
son relations [9]

lesin( ) (2.2)
@' 0

V = ;

_ @'
e @t 2 Ot (2:3)



wherel . is critical current of the junction and , = h=2eisthe uxquantumand' = ; ,
is the di erence in phase of the two macroscopic wavefunction describing the Cooper-pair
condensates in each piece of superconductor.

From the Josephson relations, one can consider the |-V characteristic of this device to
see that it behaves like a nonlinear inductance

v - o @

@I
21 .cos @t bt )@t @4

where the inductancelL ; (' ) depends nonlinearly on the phase di erence across the junc-
tion. The energy stored in this device is
Z

U()= Ivdt= E,cos (2.5)

OIC

where Josephson energl; = U(0) = is a characteristic of the device based on

design and fabrication. The nonlinearity of Josephson junctions coupled with negligible
dissipation makes it a vital component in creating arti cial atoms for quantum information
processing and engineering interactions between microwave photons.

2.2 DC SQUID

A key element in superconducting parametric cavity is the DC superconducting quantum

interference device (SQUID). It is a device formed by two Josephson junctions connected
in a loop. See Fig. 2.2. The device couples the magnetic ux threaded through the loop
to phase di erence across the Josephson junctions. The SQUID acts e ectively as a ux-
tunable nonlinear inductive element which has applications in creating frequency tunable

devices as well as realizing parametric interactions by fast ux modulation.



Figure 2.2: DC SQUID. (a) Circuit diagram of DC SQUID. (b) Optical microscope image
of a SQUID with junctions of dierent Ej.

In the presence of a magnetic eld and where current density = 0, the gradient of
the macroscopic wavefunction phase can be related to the magnetic vector potenfiahs

r = —A [8]. Consider a loop deep within the superconductor such thaf” = 0 along
the patho, we can nd the loop integral of phase gradient to be
I I

2
r d|~= Adr""l |2=2 ext

(0] (0]

+'1 o (2.6)

where' ; and' ;, are the phases across the two Josephson junctions. The loop integral of
vector potential is also related to the magnetic ux threaded through the loop. Similar
to uxoid quantization argument, we require that the loop integral of phase gradient be
integer multiple of 2 for the phase of the macroscopic wavefunction to be single-valued.
As such, we nd that

2 -4y, ',=2n;n 22 (2.7)

[o]

In the regime wheren = 0, this connects the external ux threading the SQUID to the
phase di erence between the two Josephson junctions as

' 5 1 1 - 2 ext (28)

(o]

Now, by charge conservation or Kircho 's current law, the total current passing through
the SQUID |4 can be written in terms of phases of individual junctions as

Isq: 1+ 12=1Tgsin( 1)+ lesin( ») (2.9)



For simplicity, let us rst consider symmetrical SQUID with the same junction on either
side of the loop such thatl ;; = 1 = I, then the SQUID current can be expressed as

1 1 . 1 + 1
2 1 gn 21 =2].cos -
2 0

Lo
2
Comparing Eq. (2.10) to Eqg. (2.2), the SQUID essentially resembles JJ with critical

current that is tunable via externally applied ux where the ux-tunable critical current is

sin(’ sq) (2.10)

lsq = 2l cCOS

where the phase across the SQUID is de ned to Bey = 2

| C;sq( ext) = 2 | C COS ext (2.11)

(o]

The e ective inductance of the SQUID can similarly be derived to be
0 1

o .1 o g ! A (212
| ¢sq( ext)COS' sq 2 21 cos —=-  cos( sq)

qu(l sqp ext) = 2

2.3 Multimode Tunable Cavity

The other main element in this device are microwave resonators which can be tuned and
modulated by external ux. Microwave resonators can be realized in many ways such as
with lumped element inductor and capacitor or as a cavity where a microwave waveguide
is terminated by re ective boundary conditions. Here we consider a 1D microwave cavity

composed of coplanar waveguide (CPW) terminated at one end with a low impedance
element shunting the centre conductor to ground. The other end of the waveguide is
connected to an output transmission line via a capacitor acting as a semi-re ective mirror.

This is commonly known as the=4 transmission line resonator where the length of the

transmission line is a quarter of the fundamental mode wavelength.
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