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Abstract

This thesis investigates operational signatures of non-classicality in quantum systems, ex-
amining the relationship between Bell inequalities, contextuality tests, and discrete Wigner
negativity across four case studies. The first analyzes multipartite entanglement and gen-
uine multipartite nonlocality in multiqubit systems, deriving analytical expressions for
Svetlichny inequality violations for generalized Greenberger–Horne–Zeilinger (GHZ) and
maximal-slice states; the results indicate that the entanglement–nonlocality relationship
depends on state structure rather than scalar entanglement measures alone. The second
uses an optimized Bell inequality as a contextuality witness for the spin-1 quantum kicked
top, revealing correlations between violation strength and the regular-versus-chaotic struc-
ture of the classical phase space. The third examines two qutrit Unruh–DeWitt detectors
coupled to the Minkowski vacuum, showing that an initially noncontextual product state
can develop contextual correlations through vacuum-mediated interactions, with contex-
tuality onset coinciding with discrete Wigner negativity. The fourth constructs logical
Bell inequalities for odd prime dimensions that connect single-qudit Wigner negativity to
inequality violation. Each of these tests constrains a different class of classical model:
locally causal hidden variables, noncontextual hidden variables, or positive Wigner repre-
sentations. A recurring theme is that a violation of such an inequality certifies a property
of the observed measurement statistics, rather than directly quantifying an underlying
quantum resource.
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Chapter 1

Introduction

What makes quantum mechanics fundamentally different from classical physics? The dis-
tinction between quantum and classical mechanics is a foundational problem in physics.
Historically, this boundary has been explored through interpretational debates concerning
measurement, collapse, and nonlocality, beginning with the EPR paradox [47] and thought
experiments such as Schrödinger’s cat [111]. Complementing these conceptual investiga-
tions is an operational inquiry: given a specific preparation-and-measurement scenario
and observed statistics, can the data be reproduced by a defined class of “classical” mod-
els [125, 110, 138]? This perspective, grounded in the no-go theorems of Bell [22, 21, 38]
and Kochen–Specker [73], is central to quantum information science, providing the basis
for certification tasks and establishing boundaries for efficient classical simulation [92, 87].

The term “non-classicality” does not refer to a single, monolithic property. Different
experimental scenarios impose different constraints on what a classical model may assume,
and a state may exhibit one form of non-classicality without exhibiting another. Bell
scenarios test whether correlations between spacelike-separated measurements can arise
from locally causal hidden variables; Bell nonlocality requires entanglement, but entangled
states need not always violate Bell inequalities [127]. Contextuality tests ask whether out-
comes of compatible measurements on a single system can be assigned values independent
of the measurement context; here the notion of spatial separation is not a necessary condi-
tion. Phase-space representations ask whether a state admits a description as a probability
distribution over phase space; Wigner-function negativity [128, 130] indicates that it can-
not. Since both contextuality and Wigner negativity signal failure of classical probabilistic
descriptions, one might expect them to coincide, but they need not: a state can be Wigner-
negative yet satisfy all contextuality inequalities for a given set of measurements [115]. In
odd prime dimensions, however, a precise equivalence holds: contextuality with respect
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to Heisenberg–Weyl measurements (the generalization of Pauli measurements to higher-
dimensional systems) is equivalent to negativity of the discrete Wigner function [67, 42].
This connection, which plays a central role in Chapters 5 and 6, also underlies efficient
classical simulation: when all states remain Wigner-nonnegative, stabilizer-like subtheories
admit efficient simulation [59, 122, 123].

Non-classicality also depends on the available measurements. Some states exhibit in-
terference yet remain easy to simulate if operations are restricted to specific subtheories,
like stabilizer or Gaussian mechanics [57, 1, 85]. Conversely, systems that appear classical
under coarse-grained observation can reveal non-classical features when probed with finer
witnesses [74, 114, 60].

The investigations presented in Chapters 3–6 explore distinct domains—multipartite
nonlocality, dynamical signatures of chaos, detector–field interactions, and phase-space
representations—using this perspective. The objective is not to propose a universal mea-
sure of “quantumness,” but to compare what distinct witnesses certify against specific clas-
sical models: locally causal hidden-variable models, noncontextual hidden-variable models,
and positive discrete Wigner representations. A recurring theme is that operational wit-
nesses make claims about observed data, not directly about underlying states. Violating
a Bell inequality certifies that no locally causal model can reproduce the correlations, but
does not directly certify how much entanglement is present; the relationship between wit-
ness violations and resource measures is often nonlinear or family-dependent. Part of this
thesis is devoted to understanding such relationships in specific scenarios.

Chapter 3 examines the relationship between multipartite entanglement, quantified
by the n-tangle [129], a measure that generalizes the squared concurrence to N -qubit sys-
tems, and genuine multipartite nonlocality witnessed by optimized Svetlichny-type inequal-
ities [117], which exclude hybrid models in which a strict subset of parties shares nonlocal
resources. Entanglement and nonlocality are not the same resource: Werner showed that
some entangled states admit local hidden-variable models [127], and the multipartite setting
introduces further subtleties. A state may be nonlocal across some bipartition without ex-
hibiting irreducibly N -party correlations; genuine multipartite nonlocality (GMN) requires
ruling out all such “hybrid” explanations in which a subset of parties shares nonlocal re-
sources while remaining locally correlated with the rest [118, 15]. The question addressed
in this chapter is whether, and how, the entanglement content of a state determines its
capacity to exhibit GMN. In some families, GMN is “activated” only above a finite en-
tanglement threshold; in others, any nonzero entanglement suffices. We derive analytical
expressions for the maximal violation of the Svetlichny inequality for two families of states
for arbitrary number of qubits N . For the generalized GHZ family (with even N > 2), a
violation requires the n-tangle to exceed 1/2 regardless of N , with the optimized violation
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exhibiting non-monotonic behavior. The maximal-slice family, a one-parameter subset of
symmetric states that interpolates between the W state and the GHZ state, behaves dif-
ferently: any non-zero n-tangle is sufficient for violation, which increases monotonically.
These results illustrate that the relationship between entanglement and nonlocality de-
pends sensitively on the structure of the state, not just on a scalar entanglement measure,
and shed light on the qualitatively different nonlocal nature of these multiqubit states.

Chapter 4 investigates the spin-1 quantum kicked top [62, 36, 61] utilizing an opti-
mized Bell inequality violation as a state-dependent contextuality witness. Quantum chaos
presents a conceptual challenge: the trajectory-based definition of classical chaos, in which
nearby initial conditions diverge exponentially in phase space, does not translate directly to
quantum mechanics. Unitary evolution preserves state overlaps, and the Heisenberg uncer-
tainty principle prevents arbitrary localization in phase space. Characterizing “quantum
chaos” therefore requires indirect diagnostics that correlate with the regular-versus-chaotic
structure of the classical phase portrait. Established examples include random-matrix
spectral statistics [25] and out-of-time-ordered correlators [79, 84]. Here we ask whether
contextuality can serve as a complementary diagnostic: although contextuality is defined
by the measurement statistics of a state rather than by a dynamical quantity, evolving
an initially non-contextual state under a chaotic Hamiltonian can generate contextuality,
and the degree to which it does so may reflect the underlying classical phase-space struc-
ture. The kicked top is well suited to this question: by tuning a single parameter (the
kick strength κ), the classical dynamics transitions from regular motion organized around
fixed points to a “chaotic sea” where trajectories explore the phase space erratically. In
the quantum model, spin-coherent states provide the natural semiclassical probes, and the
chosen Bell inequality offers a state-dependent contextuality test native to spin-1 systems.
Numerical analysis reveals correlations between these violations and the classical mixed
phase space structure, showing regular and chaotic regions, as the kick strength κ varies,
utilizing a heuristic statistic to mitigate periodic orbit artifacts.

Chapter 5 analyzes two qutrit Unruh–DeWitt detectors coupled to a massless scalar
field in the Minkowski vacuum [120, 44, 121, 105, 102, 82]. The quantum vacuum, though
it contains no particles, is not featureless: correlation functions encode nontrivial struc-
ture across spacetime. This structure can be accessed operationally by coupling localized
“detector” systems to the field for a finite time. Entanglement harvesting is a well-known
example: two detectors that never interact directly can become entangled solely through
their local couplings to the vacuum [105, 102]. This chapter extends the harvesting per-
spective to contextuality. An Unruh–DeWitt detector is a localized quantum system (here,
a qutrit) that couples to the field amplitude along its worldline. Starting from a product
state of two such detectors, we ask whether vacuum-mediated interactions can induce con-
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textual correlations in the joint detector state. The contextual fraction [3], which quantifies
the minimum fraction of the observed measurement statistics that cannot be reproduced
by any noncontextual hidden-variable model, serves as the quantitative diagnostic, evalu-
ated in the Heisenberg–Weyl measurement scenario. The analysis demonstrates that the
reduced two-detector state, initially a noncontextual product, can develop a non-zero con-
textual fraction post-interaction. The onset of contextuality coincides with the emergence
of discrete Wigner negativity in the local detector states.

Chapter 6 examines the relationship between contextuality and Wigner negativity in
odd prime dimensions. Contextuality is tested through inequalities that constrain mea-
surement statistics; Wigner negativity is read off from a phase-space representation. For
systems of two or more qudits, these two notions are known to coincide: contextuality
with respect to generalized Pauli measurements occurs exactly when the discrete Wigner
function is negative somewhere [67, 42]. The single-qudit case is more subtle. A single
qudit can have a negative Wigner function, yet its measurements alone do not provide
enough structure for a contextuality test. We construct a family of logical Bell inequali-
ties [5] that bridge this gap. A second qudit is introduced as an auxiliary system to supply
the necessary measurement structure, but the resulting inequality depends only on single-
qudit statistics. The main result is an exact equivalence: the inequality is violated if and
only if the Wigner function of the single-qudit marginal is negative at the corresponding
phase-space point. This provides a direct operational link between two distinct notions of
non-classicality.

The remainder of the thesis is organized as follows. Chapter 2 introduces the technical
background and fixes notation for Bell and contextuality scenarios, the contextual fraction,
and discrete Wigner representations. Chapters 3–6 present the four case studies described
above. Chapter 7 synthesizes the results and discusses limitations and open directions.
Appendices collect derivations and supplementary material.
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Chapter 2

Background

The chapters that follow use a common set of operational definitions and mathematical
tools. These include models for correlations in multipartite experiments, compatibility
constraints for single-system tests, and phase-space representations of finite-dimensional
quantum states. This chapter collects the required definitions and conventions. Our aim
is to fix notation and introduce the witnesses and quantifiers used throughout the thesis.

The chapter is organized around three ingredients.

• Multipartite correlation models (Section 2.1): Bell scenarios, local and hybrid-
local decompositions, and the inequality formalisms used to witness nonlocality.

• Compatibility and contextuality (Section 2.2): Measurement scenarios and com-
patibility, together with inequality tests used as a contextuality witnesses.

• Phase-space quasiprobabilities (Section 2.4): Discrete Wigner representations in
odd dimension and the role of negativity as an obstruction to a classical probabilistic
model.

2.1 Correlations and Bell nonlocality

Bell’s theorem [22] shows that quantum theory predicts correlations that cannot be repro-
duced by any local hidden-variable model. A Bell scenario involves two or more spatially
separated parties, each capable of choosing among several measurement settings and ob-
taining one of several outcomes [29]. In the bipartite case, Alice chooses a measurement
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setting x from a set X and obtains outcome a from a set A; Bob independently chooses
setting y ∈ Y and obtains outcome b ∈ B. The experiment is characterized by the con-
ditional probability distribution p(a, b | x, y), describing the joint statistics of outcomes
given the measurement choices.

The question at the heart of Bell’s theorem is whether these correlations can be ex-
plained by a local hidden-variable (LHV) model. Such a model posits the existence of a
hidden variable λ, distributed according to some probability distribution p(λ), that deter-
mines the outcomes through local response functions. Formally, p(a, b | x, y) admits an
LHV decomposition if and only if

p(a, b | x, y) =
∑
λ

p(λ) p(a | x, λ) p(b | y, λ), (2.1)

where p(a | x, λ) and p(b | y, λ) are local response functions depending only on the local
measurement choice and the shared hidden variable. The factorization in Eq. (2.1) captures
the physical assumption of locality : once the hidden variable is specified, Alice’s outcome
depends only on her measurement choice, and likewise for Bob.

Correlations that admit such a decomposition are called local or Bell-local. The set of
all local correlations forms a convex polytope, the local polytope, whose vertices correspond
to deterministic local strategies. Correlations lying outside this polytope are nonlocal and
cannot be explained by any LHV model.

2.1.1 Bell inequalities

Bell inequalities are linear constraints satisfied by all local correlations. Geometrically,
they correspond to the facets of the local polytope: any correlation satisfying all Bell
inequalities lies inside the polytope, while any violation certifies nonlocality [29].

A widely studied Bell inequality is the Clauser–Horne–Shimony–Holt (CHSH) inequal-
ity [38], which applies to the scenario with two parties where each party has two binary-
outcome measurements. Let Alice’s observables be A0 and A1, and Bob’s be B0 and B1,
each taking values ±1. The CHSH inequality states

S := ⟨A0B0⟩ + ⟨A0B1⟩ + ⟨A1B0⟩ − ⟨A1B1⟩ ≤ 2, (2.2)

where ⟨AxBy⟩ =
∑

a,b a · b · p(a, b | x, y) denotes the correlation function. Any LHV model
satisfies |S| ≤ 2.
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Quantum theory predicts settings (states and measurement choices) for which the
CHSH expression satisfies |S| > 2, exceeding the LHV bound. For the maximally en-
tangled two-qubit state |Φ+⟩ = (|00⟩ + |11⟩)/

√
2 and appropriately chosen measurement

directions, the CHSH value reaches S = 2
√

2 ≈ 2.83, the Tsirelson bound [37]. This vi-
olation demonstrates that quantum correlations are genuinely nonlocal in Bell’s sense. A
comprehensive review of Bell nonlocality, its operational consequences, and generalizations
to more complex scenarios is given by Brunner et al. [29]. This thesis builds particularly
on multipartite generalizations, discussed in the following subsections.

2.1.2 Genuine multipartite nonlocality and hybrid-local models

In multipartite scenarios, the notion of nonlocality requires refinement. A correlation can
violate a Bell inequality while still admitting a hybrid explanation, in which some subset
of parties shares nonlocal resources internally but remains locally correlated with the rest.
Such correlations are nonlocal across at least one cut, but they do not certify that the
nonlocality is irreducibly shared among all parties.

This motivates genuine N -party nonlocality: correlations that cannot be written as a
convex mixture of models that are local with respect to some bipartition. Operationally,
the corresponding witnesses are Bell inequalities whose classical bound is taken over all
such bipartition-local (hybrid-local) models. The tripartite case admits a clean and widely
used formulation. Svetlichny [118] introduced an inequality whose violation certifies that
the nonlocality is irreducibly three-partite: no hybrid model in which the parties are split
into two groups, with arbitrary shared nonlocal resources permitted within each group,
can reproduce the observed correlations.

Concretely, a tripartite correlation p(a, b, c | x, y, z) is Svetlichny-local (or admits a
hybrid-local model) if it can be written as a convex mixture over bipartitions:

p(a, b, c | x, y, z) =
∑

κ∈{AB|C,AC|B,BC|A}

qκ pκ(a, b, c | x, y, z), (2.3)

where qκ ≥ 0 with
∑

κ qκ = 1, and each pκ factors according to the corresponding biparti-
tion. For example, for the bipartition AB|C:

pAB|C(a, b, c | x, y, z) =
∑
λ

p(λ) pAB(a, b | x, y, λ) pC(c | z, λ), (2.4)

where pAB(a, b | x, y, λ) can be an arbitrary (possibly nonlocal) bipartite correlation shared
between Alice and Bob, but the correlation with Charlie factorizes. This formulation
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imposes locality only across the bipartition; within the two-party group the conditional
distribution pAB may be taken as general (and in particular need not itself admit an LHV
model). Generalizations to N parties exist [40], and we use Svetlichny-type as a generic
label for Bell inequalities that rule out all such bipartition-local models.

2.1.3 Multipartite entanglement and the n-tangle

For a small number of qubits, a useful way to characterize multipartite entanglement mea-
sures is via the monogamy of bipartite entanglement. The concurrence C(ρ), introduced
by Wootters [131], is a measure of bipartite entanglement for two-qubit states that ranges
from 0 (separable) to 1 (maximally entangled). For three qubits A,B,C, Coffman, Kundu,
and Wootters introduced the tangle τ := C2 (the square of the concurrence) and showed
that it obeys a trade-off relation [39]. For a pure state |ψ⟩ABC , let ρA := TrBC(|ψ⟩⟨ψ|).
The entanglement between A and the pair BC is quantified by

τA|BC := 4 det(ρA), (2.5)

while the bipartite tangles τAB and τAC are the squared concurrences of the reduced two-
qubit states, τAB := C(ρAB)2 and τAC := C(ρAC)2. The CKW monogamy inequality states
that

τA|BC ≥ τAB + τAC . (2.6)

The difference
τABC := τA|BC − τAB − τAC (2.7)

is nonnegative and (for pure states) independent of which qubit is singled out; it is called
the residual entanglement or 3-tangle and captures genuinely tripartite entanglement [39].
Wong and Christensen introduced the n-tangle as a natural generalization of this construc-
tion to systems of even n qubits [129]. For a pure state |ψ⟩ of n qubits with n even, define
the spin-flipped state

|ψ̃⟩ := σ⊗n
y |ψ∗⟩, (2.8)

where σy is the Pauli-Y matrix and |ψ∗⟩ denotes the complex conjugate of |ψ⟩ in the
computational basis. The n-tangle is then defined as

τn(ψ) :=
∣∣∣⟨ψ | ψ̃⟩

∣∣∣2 . (2.9)

This quantity is invariant under local unitaries and vanishes for fully separable pure states.
In the multipartite setting the notion of an “entanglement monotone” is more delicate than
in the bipartite case; the n-tangle is often used as a convenient closed-form indicator of
multipartite entanglement for even-n families.
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2.2 Compatible Measurements and Inequality Tests

A second family of operational non-classicality tests concerns compatible measurements
on a single system. Here the notion of classicality is noncontextuality: the assumption
that outcomes are determined by underlying variables and do not depend on which other
compatible measurements are jointly implemented.

2.2.1 The Kochen–Specker theorem and contextuality

The Kochen–Specker theorem [73] establishes that quantum mechanics is incompatible
with noncontextual hidden-variable models; see also Bell’s formulation and discussion
in [21]. Unlike Bell’s theorem, which concerns spacelike-separated measurements, the
Kochen–Specker theorem concerns the impossibility of assigning predetermined, context-
independent values to observables in a way that is consistent across overlapping contexts of
compatible (e.g., commuting projective) measurements. A comprehensive modern review
of Kochen–Specker contextuality, including its various formulations and applications, is
given by Budroni et al. [31].

Kochen–Specker contextuality is easiest to state for sharp (projective) measurements.
In this setting, a context is a set of mutually compatible projectors that can be measured
together, often taken to be a complete projective measurement {Πk} with

∑
k Πk = I. If we

imagine an underlying hidden state that predetermines the outcomes, then each projector
is assigned a value v(Π) ∈ {0, 1}, constrained by the measurement relations within each
context: in a complete projective measurement exactly one outcome occurs, so one demands∑

k v(Πk) = 1. Noncontextuality adds the key requirement that v(Π) depends only on the
projector Π itself, not on which other compatible projectors it is grouped with.

Theorem 2.1 (Kochen–Specker theorem [73, 21]). For every Hilbert space dimension d ≥
3, there exist a finite set of projectors P on Cd and a family of contexts C (each C ∈ C
is a set of mutually orthogonal projectors in P with

∑
Π∈C Π = I) such that there is no

function v : P → {0, 1} satisfying∑
Π∈C

v(Π) = 1 for all C ∈ C. (2.10)

Equivalently, one cannot assign predetermined, context-independent outcomes to all pro-
jectors while respecting the quantum measurement constraints in every context.
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Theorem 2.1 shows that in Hilbert spaces of dimension d ≥ 3 there exist finite sets of
projectors with overlapping contexts for which no such noncontextual value assignment is
possible. Intuitively, the same projector can appear in multiple contexts, and the require-
ment that it carry a single, context-independent value can force mutually incompatible
constraints when one tries to satisfy all contexts at once. The original construction used
117 rays in dimension 3 [73], and many smaller proofs are known; an accessible set of
constructions is due to Peres [98]. One can demonstrate contextuality either in a state-
dependent way (for particular prepared states) or in a state-independent way (for all states
on a given Hilbert space) [31]. The Klyachko-Can-Binicioglu-Shumovsky (KCBS) inequal-
ity (Section 2.2.3) is the canonical state-dependent example. At the opposite extreme, Yu
and Oh gave a state-independent proof for a qutrit using only 13 rays [135], and Cabello,
Kleinmann, and Portillo proved that 13 is minimal for state-independent contextuality [32].

Ideal Kochen–Specker contradictions assume exact compatibility relations and exact
outcome constraints within each context (e.g., exclusivity and completeness for projective
measurements). In realistic experiments these conditions hold only approximately, so con-
textuality is typically tested via noncontextuality inequalities : noise-robust linear bounds
on observable statistics satisfied by all noncontextual models but violated by quantum
predictions. This perspective also supports operational notions of noncontextuality that
do not assume deterministic value assignments a priori [114, 76].

2.2.2 Measurement scenarios, contexts, and empirical models

We adopt the language of measurement scenarios used in modern approaches to contextu-
ality [4, 114]. The point of this formalism is to separate two kinds of information: which
measurements are available, and which subsets of them are compatible (that is, can be
jointly implemented). Concretely, a measurement scenario is a triple (X, C, O):

• X is a finite set of measurements (observables).

• C is a collection of subsets C ⊆ X called contexts, where each context represents
a set of measurements that can be performed together (e.g., mutually commuting
projectors).

• O is the outcome set for each measurement (for example {0, 1} for projectors, or
{±1} for dichotomic observables).

An empirical model for such a scenario is then a family of probability distributions
{pC}C∈C, one for each context C. Each pC is a joint distribution over the outcomes of
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the measurements in C; operationally, it is the table of observed frequencies obtained by
repeatedly implementing the compatible joint measurement specified by C. Since a given
measurement can appear in more than one context, these context-by-context distributions
are required to agree on overlaps. The standard consistency condition is no-disturbance
(or marginal compatibility): for any two contexts C,C ′ ∈ C, the marginals of pC and pC′ on
C ∩ C ′ must coincide. In plain terms, if a measurement A can be jointly performed with
B and also jointly performed with C, then the statistics of A alone should not depend on
whether it was paired with B or with C.

Noncontextuality is the hypothesis that there exists an underlying description in which
every measurement in X has a preassigned outcome, and this assigned outcome does not
depend on which other compatible measurements happen to be implemented alongside it.
Such a preassignment is a global assignment, i.e. a function s : X → O. Writing OX for
the set of all global assignments and s|C for the restriction of s to a context C, an empirical
model is noncontextual if it can be obtained by first sampling a global assignment s from
a probability distribution µ over OX , and then reporting the outcomes prescribed by s on
the chosen context. Equivalently, there exists a distribution µ over OX such that, for every
context C and every joint outcome oC ∈ OC ,

pC(oC) =
∑
s∈OX

µ(s)1[s|C = oC ], (2.11)

where s|C denotes the restriction of assignment s to the measurements in context C, and
1[·] is the indicator function. This is directly analogous to an LHV decomposition: the
hidden variable is the global assignment s, and the observed joint outcome statistics are the
corresponding marginals. The set of empirical models admitting such a decomposition is
convex; its extreme points are the deterministic assignments s : X → O, and their convex
hull is the noncontextual polytope. Empirical models inside this polytope are noncontextual,
while models outside it are contextual. Moreover, the facet-defining inequalities of the
polytope are precisely the noncontextuality inequalities used as noise-robust witnesses in
experiments and applications [4, 26].

2.2.3 The KCBS inequality

The Klyachko–Can–Binicioglu–Shumovsky (KCBS) inequality [72] is a paradigmatic ex-
ample of a state-dependent noncontextuality inequality for a three-dimensional quantum
system (qutrit or spin-1). It involves five measurements arranged in a cycle of pairwise
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compatibility, forming the simplest non-trivial contextuality scenario beyond Bell-type se-
tups. This pentagon structure is naturally expressed in graph-theoretic formulations of
contextuality and exclusivity [33].

The scenario consists of five rank-1 projectors {Πi}5i=1 constructed such that adjacent
projectors (in the cyclic ordering) are orthogonal:

ΠiΠi+1 = 0 for i = 1, 2, . . . , 5 (indices mod 5). (2.12)

Orthogonality ensures that adjacent projectors commute and can be measured jointly,
defining five two-element contexts: {(Π1,Π2), (Π2,Π3), (Π3,Π4), (Π4,Π5), (Π5,Π1)}. Non-
adjacent projectors, however, are not orthogonal and cannot be measured together.

In any noncontextual hidden-variable model, each projector must be assigned a definite
value in {0, 1} (corresponding to “true” or “false”). The exclusivity constraints from
orthogonality imply that in each context, at most one projector can be assigned value 1.
One way to see the resulting global constraint is to represent the orthogonality relations
as a pentagon graph. The vertices represent the projectors Π1, . . . ,Π5 and two vertices
are connected when the corresponding projectors are orthogonal. Now a deterministic
assignment v(Πi) ∈ {0, 1} can mark a vertex with “1” only if none of its neighbours
are marked (because adjacent projectors are exclusive). On a 5-cycle this immediately
limits how many 1’s one can place: once one chooses one vertex, its two neighbours must
be 0, and among the remaining two vertices at most one more can be 1. Hence any
noncontextual model can have at most two projectors simultaneously assigned value 1.
Figure 2.1 visualizes the maximal pattern. Averaging over the hidden-variable distribution
yields the KCBS inequality:

5∑
i=1

⟨Πi⟩ ≤ 2. (2.13)

Quantum mechanics predicts violations of this bound. In quantum theory the expec-
tations ⟨Πi⟩ = Tr(ρΠi) come from a single state ρ and projectors obeying Eq. (2.12),
rather than from convex mixtures of deterministic 0/1 assignments. For the standard sym-
metric KCBS choice in d = 3 (five vectors equally spaced on a cone, with adjacent ones
orthogonal), one can take ρ to be the pure state aligned with the cone axis. In that case

K :=
5∑
i=1

Πi. (2.14)

and
∑

i⟨Πi⟩ = Tr(ρK) =
√

5. Equivalently,
√

5 is the largest eigenvalue of K for this

12



Π1

Π2

Π3Π4

Π5

Figure 2.1: KCBS exclusivity graph: vertices are projectors and edges connect orthogonal
(hence mutually exclusive) pairs. Any deterministic noncontextual assignment may label a
vertex with 1 only if its neighbours are labelled 0. The highlighted vertices show a largest
allowed choice (two non-adjacent 1’s), which yields the noncontextual bound

∑
i⟨Πi⟩ ≤ 2.

construction. Hence, with these particular measurements and this state,

5∑
i=1

⟨Πi⟩max =
√

5 ≈ 2.236, (2.15)

thereby demonstrating contextuality. This violation is state-dependent: not all qutrit
states violate the inequality.

2.3 Contextual Fraction

While inequality violations and Kochen–Specker-type contradictions witness contextuality,
they are not ideal for quantifying the amount of contextuality in a scenario. They do not
by themselves answer a more basic “how much?” question. The contextual fraction (CF)
of Abramsky, Barbosa, and Mansfield [3] addresses this by turning a table of observable
statistics into a single number in [0, 1]. Intuitively, CF asks: what is the largest fraction of
the observed behavior that can still be explained by a noncontextual model? The remainder
is the irreducibly contextual part.

An empirical model e for a scenario (X, C, O) is the collection of context-wise dis-
tributions {pC}C∈C satisfying no-disturbance (Section 2.2.2). Such an e is noncontextual
precisely when it arises from mixing global value assignments (Eq. (2.11)). Geometrically,
the noncontextual empirical models form a convex polytope inside the set of compatible
models.

13



The contextual fraction is defined by the best convex decomposition of e into a non-
contextual part plus “whatever is left.” Concretely, consider decompositions

e = λ eNC + (1 − λ) e′, (2.16)

where eNC is noncontextual, e′ is any valid empirical model, and λ ∈ [0, 1] is the weight of
the noncontextual component. The noncontextual fraction is the largest such weight,

NCF(e) := max{λ : e = λ eNC + (1 − λ) e′ for some eNC, e′}. (2.17)

The contextual fraction is the complementary weight,

CF(e) := 1 − NCF(e). (2.18)

In this form, CF has an immediate meaning. If CF(e) = 0, the data admit a fully noncon-
textual explanation. If CF(e) = ε, then at most a fraction 1 − ε of the observed statistics
can be accounted for by any noncontextual model; the remaining fraction is unavoidable
if one insists on reproducing e. At the extreme CF(e) = 1, no noncontextual part can
be “peeled off.” This idea mirrors the “local fraction” (or “local content”) used in Bell
nonlocality, where one asks how much of a correlation can be written as a convex mixture
of local and arbitrary nonsignalling components [48]. The contextual fraction is the con-
textuality analogue: the noncontextual polytope plays the role of the local polytope, and
the no-disturbance set plays the role of the nonsignalling set.

2.3.1 Computation via linear programming

The definition of NCF(e) is an optimization over a convex polytope, so it can be computed
by linear programming. The LP formulation is also conceptually useful: it makes explicit
that CF is a best fit of the observed data by mixing deterministic global assignments.

Let S := OX denote the set of all global value assignments (functions assigning an out-
come to each measurement). Each assignment s ∈ S defines a deterministic noncontextual
model. Introduce nonnegative weights {ws}s∈S for each global assignment. One searches
for the largest total weight that can be assigned to these deterministic behaviors while
staying componentwise below the observed probabilities:

maximize
∑
s∈S

ws

subject to
∑

s∈S:s|C=oC

ws ≤ pC(oC) for all C ∈ C, oC ∈ OC ,

ws ≥ 0 for all s ∈ S.

(2.19)
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The optimal value is NCF(e), and hence CF(e) = 1 − NCF(e). From an operational
standpoint, the constraints say that the candidate noncontextual explanation must fit
inside the observed table of probabilities: for each context and outcome event, it cannot
assign more weight to that event than the experiment actually exhibits. The dual of this
LP yields an optimal noncontextuality inequality witness for the empirical model [3].

The number of variables in the LP is |S| = |O||X|, which grows exponentially in the
number of measurements. In general there is no avoiding this worst-case scaling, but in
scenarios with additional algebraic structure one can often reduce the effective number of
deterministic assignments that must be considered.

2.4 Phase-Space Representations and the Discrete

Wigner Function

Phase-space representations provide a useful classical-analogue language for finite-
dimensional quantum systems. Instead of describing a state by a density operator ρ, one
represents it by a real-valued function on a discrete phase space, in close analogy with
classical statistical mechanics. The price for this analogy is that one cannot, in general,
retain the full classical probability calculus for all quantum states and measurements. In
Wigner-type representations this departure is often visible directly as negativity of the
state function; by contrast, in other phase-space representations the state function can be
everywhere nonnegative (for example, the Husimi Q function), but the classical analogy
still fails in how measurement probabilities are computed: the corresponding measurement
kernels (or response functions) are not those of an ordinary classical coarse-graining [34, 49].
In the following subsections we review quasiprobability representations with a focus on the
discrete Wigner function and the interpretation of Wigner negativity.

2.4.1 Quasiprobabilities and the meaning of negativity

A quasiprobability representation associates to each quantum state ρ a real-valued function
Wρ on a phase space Ω. Typically one requires (i) affinity and informational completeness,
so that ρ can be reconstructed from Wρ, and (ii) that the probabilities of a specified family
of measurements are obtained from Wρ by linear functionals, in analogy with classical
coarse-graining [49, 50, 51]. The original Wigner function was introduced in the continuous-
variable setting [128], and many finite-dimensional analogues have since been developed.
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Two general points carry over to the discrete setting. First, phase-space representa-
tions are not unique: different choices correspond to different operator frames (and hence
different “phase-point” conventions) [49, 50, 51]. Second, one should not expect Wρ to
define a genuine probability distribution for all quantum states. Under mild and physi-
cally natural assumptions on how states and measurements are represented, one cannot
obtain a quasiprobability representation that is nonnegative for all quantum states; some
states must exhibit negativity (or, equivalently, the representation must depart from the
standard rules of classical probability) [115, 50, 51, 49].

Wigner negativity indicates that Wρ cannot be interpreted as a classical hidden-variable
distribution over phase-space points that reproduces the relevant measurement statistics
by ordinary marginalization [115, 49]. Conversely, if Wρ(α) ≥ 0 for all α, then Wρ can serve
as a genuine probability distribution, and one may hope to build a classical simulation by
sampling phase-space points according to Wρ. This idea becomes powerful when applied
to a restricted subtheory (a subset of states and operations) for which Wigner positivity is
preserved throughout the computation; in odd-dimensional stabilizer quantum mechanics,
exactly this situation arises and underlies several efficient classical simulation results [59,
85, 122].

2.4.2 Gross discrete Wigner function (odd dimension)

We now specialize to the discrete Wigner representation used throughout the thesis. Among
the various finite-dimensional constructions, the formulation of Gross [59] is particularly
convenient in odd local dimension because it is covariant under Heisenberg–Weyl transla-
tions and it admits a sharp characterization of Wigner-positive pure states (the discrete
Hudson theorem [59]). Wootters’ construction [130] provides an earlier formulation in prime
dimension, and related finite-field approaches emphasize the underlying affine-geometry
structure [55, 132].

Fix an odd dimension d and write Zd for integers modulo d. The single-qudit discrete
phase space is

Ω := Zd × Zd, (2.20)

whose elements α ∈ Ω label phase-space points.

Gross’ construction assigns to each point α ∈ Ω a Hermitian phase-point operator Aα.

We will not need an explicit formula for Aα here. The key property is covariance
under Clifford operations. If U is a Clifford unitary, it acts on phase space by an affine
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symplectic transformation SU , and the phase-point operators transform covariantly in the
same convention [59]:

UAαU
† = ASU (α). (2.21)

We give an explicit construction in Chapter 6 (Eq. (6.28)).

The family {Aα}α∈Ω forms an orthogonal operator basis, normalized so that each Aα
has unit trace. For later use it is helpful to record the standard identities [59, 130]:

Tr(Aα) = 1, Tr(AαAβ) = d δαβ,
∑
α∈Ω

Aα = d I. (2.22)

Different phase conventions for the Heisenberg–Weyl group lead to notationally different
but equivalent Wigner functions; the positivity/negativity questions considered below do
not depend on these choices.

Given a density operator ρ, its (Gross) discrete Wigner function is the real function
Wρ : Ω → R defined by

Wρ(α) :=
1

d
Tr(ρAα). (2.23)

The normalization is immediate from Eq. (2.22):∑
α∈Ω

Wρ(α) = 1. (2.24)

Since {Aα} is a basis, the map ρ 7→ Wρ is informationally complete and one has the
reconstruction formula

ρ =
∑
α∈Ω

Wρ(α)Aα. (2.25)

In odd prime (and more generally prime-power) dimensions, the finite geometry of Ω
can be organized into families of parallel affine lines (“striations”). In the standard discrete
Wigner constructions, each striation corresponds to a rank-1 projective measurement in a
stabilizer (Pauli) basis, and each outcome corresponds to one line in that striation. The
Born probability of that outcome is obtained by summing Wρ(α) over the points α on
the associated line [132, 130, 59]. This is the discrete analogue of recovering position or
momentum marginals from the continuous-variable Wigner function.

The same geometry also yields an explicit link between phase-point operators and
stabilizer projectors, which we use directly in Chapter 6.

For the purposes of this thesis, the central qualitative feature is:

∃α ∈ Ω with Wρ(α) < 0 =⇒ ρ is Wigner-negative. (2.26)
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Wigner negativity obstructs interpreting Wρ as an ordinary probability distribution on
phase space.

For odd local dimension, Wigner positivity has a simple characterization on pure states.
Gross’ discrete Hudson theorem [59] states that a pure state has a nonnegative discrete
Wigner function if and only if it is a stabilizer state. For mixed states, the picture is more
nuanced. The convex hull of pure stabilizer states (the stabilizer polytope) is contained
in the set of Wigner-positive states, but the inclusion is strict for d ≥ 3 [59]. Thus
Wigner negativity is a simple sufficient certificate of non-stabilizer character, while Wigner
positivity alone does not imply that a state is a stabilizer mixture.

The discrete Wigner representation is often discussed alongside the stabilizer formalism.
In odd prime (and more generally odd prime-power) dimensions, Clifford unitaries act as
affine symplectic transformations on phase space and preserve Wigner positivity in the
Gross representation [59]. As a result, stabilizer computations that remain Wigner-positive
throughout admit efficient classical simulation by sampling from Wρ and updating phase-
space points under the corresponding affine maps [122]. More generally, quasiprobability
simulation algorithms incur overheads controlled by suitable measures of negativity (such
as ℓ1-type norms), which motivates treating Wigner negativity as a resource in stabilizer-
based models [95, 123].

Contextuality provides a complementary and, in some settings, equivalent perspective.
Spekkens showed that negativity in quasiprobability representations and contextuality can
be viewed as two sides of the same non-classicality obstruction [115]. For multi-qudit
systems of odd local dimension and Pauli measurement scenarios, Delfosse et al. proved an
explicit equivalence between noncontextuality and Wigner positivity [42]; the single-qudit
marginal version developed in Chapter 6 is one application of this correspondence.
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Chapter 3

Multipartite Entanglement versus
Genuine Multipartite Nonlocality

Multipartite entanglement is a useful experimental resource across platforms, but its op-
erational meaning becomes increasingly subtle as the number of parties grows. A key
motivation is device-independent: if one wants to certify that an experiment truly ex-
hibits non-classical correlations without trusting a detailed model of the devices, a Bell
test provides an operational benchmark. However, even in the bipartite setting, Bell non-
locality and entanglement do not coincide. Not every entangled mixed state violates a Bell
inequality [29], and the strength of Bell violation is not a monotone of standard entangle-
ment measures. In particular, there are entangled states admitting local hidden-variable
models for all projective measurements [127]. For multiqubit pure states the relation is
even more subtle, and entanglement and nonlocality can be inequivalent for any number
of parties [137, 13].

In multipartite systems this mismatch is more pronounced, because the key question is
not just whether the correlations are nonlocal, but whether they are irreducibly N -partite.
Since Svetlichny’s original proposal [118], the standard picture is that a correlation can
be nonlocal while still admitting a hybrid decomposition, in which a subset of parties
shares nonlocal resources and the remainder is only locally correlated. Ruling out all such
hybrid models is what is meant by genuine multipartite nonlocality (GMN). For the 2-
settings/2-outcomes scenario considered here, GMN is typically witnessed via violations
of Svetlichny-type inequalities and their N -party generalizations (see Section 2.1.2 and
Refs. [40, 15]).

Understanding when GMN is present matters both conceptually and pragmatically.
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Conceptually, it distinguishes “global” non-classicality from correlations that could be re-
produced by wiring together smaller nonlocal subsystems. Operationally, it sets a device-
independent standard for tasks that aim to harness irreducible multipartite resources. Ex-
amples include device-independent cryptography and multiuser key agreement [7, 106, 65],
device-independent randomness certification [100], and scalable probes of many-body cor-
relations [52]. They also underpin network primitives such as quantum communication
between many parties and device-independent secret sharing [109, 89], and connect closely
to self-testing and device-independent entanglement certification and quantification [23,
91, 30, 90, 16]. Related multipartite notions appear in steering [63] and in approaches to
indefinite causal order and multipartite noncausality [41, 2, 20].

A central quantitative question is therefore how entanglement in a given state family
translates into Svetlichny-type violations. For three qubits, this question has a relatively
complete answer for important families. For the three-qubit generalized GHZ family, states
of the form cosα |000⟩ + sinα |111⟩, the Svetlichny inequality is violated only when the
three-tangle exceeds 1/2 [54]. For larger N , however, it has been unclear whether such
threshold behavior persists and how it scales with N .

Multipartite entanglement has many inequivalent structures. Even restricting to pure
states, different SLOCC classes (such as GHZ and W) exhibit distinct correlation geome-
tries and can behave differently under the same set of Bell tests [46, 6]. Thus, beyond
scalar comparisons of “amount of entanglement,” one must ask to what extent GMN is
controlled by the distribution of coherence and entanglement across parties.

This chapter provides an analytical characterization of this relationship within a clean
and widely studied Bell scenario [117]. We quantify genuine multipartite entanglement
using the n-tangle [129] and GMN using Svetlichny-type inequalities. We compare two
paradigmatic GHZ-class families: generalized GHZ (GGHZ) states and maximal slice
states. Both are analytically tractable while still capturing qualitatively different entangle-
ment structures. We find a clear contrast: for GGHZ states, a Svetlichny violation appears
only above a finite, N -independent threshold. For maximal slice states, any nonzero n-
tangle can be witnessed as GMN, and the optimized violation grows monotonically with
entanglement. Overall, these results show that in multipartite settings, non-classical cor-
relations depend strongly on the state structure: entanglement measures capture insepara-
bility, but irreducible N -party nonlocality depends on how coherence is distributed across
the Hilbert space, not just on a single scalar monotone.
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3.1 State Families and Parametrization

We study two families of pure N -qubit states, each parameterized by a single continuous
angle allowing interpolation between product states and maximally entangled states. Both
state families are well-defined for arbitrary N > 2.

3.1.1 Generalized GHZ (GGHZ) states

The generalized GHZ family is defined as

|ψg(α)⟩ = cosα|0⟩⊗N + sinα|1⟩⊗N , (3.1)

where α ∈ [0, π/2]. This family interpolates between the product state |0⟩⊗N (at α = 0)
and the symmetric Greenberger–Horne–Zeilinger state |GHZ⟩ = (|0⟩⊗N + |1⟩⊗N)/

√
2 (at

α = π/4), then continues to the opposite product state |1⟩⊗N (at α = π/2).

The n-tangle for this family has the closed-form expression

τn(ψg) = sin2(2α). (3.2)

The tangle vanishes at the product-state limits α = 0, π/2 and reaches its maximum value
τn = 1 at the symmetric superposition α = π/4. For even N , the functional form is
symmetric around α = π/4.

3.1.2 Maximal slice states

The maximal slice family is defined as

|ψs(α)⟩ =
1√
2

[
|0⟩⊗N + |1⟩⊗(N−1) (cosα|0⟩ + sinα|1⟩)

]
, (3.3)

with α ∈ [0, π/2].

The maximal slice family differs from GGHZ in the entanglement distribution: the
last qubit interpolates from |0⟩ to |1⟩ while maintaining a coherent superposition with
the all-zeros string. The terminology “maximal slice” originates from the geometric struc-
ture of three-qubit entanglement [35]. For three qubits, the space of genuinely entangled
pure states (modulo local unitaries) can be parametrized by five real parameters [6]. The
“maximal slice” is a two-dimensional submanifold of this space that interpolates between
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product states and the GHZ state, while maintaining a specific asymmetric entanglement
structure. For general N , we use the natural extension of this construction, preserving the
defining feature: one qubit carries a variable superposition while the others remain in a
fixed configuration.

For this family the n-tangle evaluates to

τn(ψs) = sin2(α). (3.4)

This matches the three-qubit maximal-slice family, for which the three-tangle takes the
same form [54, 8]. Like the GGHZ family in Eq. (3.2), this expression depends only on the
interpolation parameter α (for the even-N case).

3.2 Svetlichny Inequality for N-Qubit Systems

To quantify genuine multipartite nonlocality, we use Svetlichny-type inequalities for N
qubits. The conceptual framework was reviewed in Section 2.1.2; here we specify the
concrete form used in the numerical and analytical analysis.

For N qubits, the Svetlichny operator generalizes the two-qubit CHSH operator to
witnessing genuine N -partite nonlocality. Each party i measures one of two dichotomic
observables A0

i or A1
i . The joint measurement outcomes are combined into correlation

functions of the form
⟨Ax11 ⊗ Ax22 ⊗ · · · ⊗ AxNN ⟩, (3.5)

where xi ∈ {0, 1} selects which observable party i measures.

Following the standard construction (see, e.g., [40]; we use the same conventions as [117]),
the N -qubit Svetlichny operator is

S±
N :=

∑
x∈{0,1}N

ν±(x) (Ax11 ⊗ · · · ⊗ AxNN ) , (3.6)

with coefficients defined by the Hamming weight w(x) as

ν±(x) := (−1)w(x)(w(x)±1)/2. (3.7)

In any Svetlichny-local (hybrid) model,∣∣⟨S±
N⟩
∣∣ ≤ SSL

N := 2N−1. (3.8)
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See also Ref. [112] for related Bell-type inequalities capturing partial separability.

For the analytical results in Sections 3.3.2 and 3.3.3, we consider the largest Svetlichny
value attainable from a given state when each party is free to choose their two local
observables {A0

i , A
1
i }. Equivalently, we compare the Svetlichny-local bound to

S±
N,max(ψ) := max

{A0
i ,A

1
i }

∣∣⟨S±
N⟩ψ

∣∣, (3.9)

the maximum of
∣∣⟨S±

N⟩
∣∣ over all local projective measurement directions. This optimization

is nontrivial because Eq. (3.6) contains 2N correlators whose contributions can cancel or
add, depending on how the local measurement phases are chosen. For the GHZ-class
families considered here the maximum can be obtained in closed form, and there exist
explicit measurement settings that attain it. For instance, for GHZ-class states the optimal
measurements can be chosen in the equatorial (XY ) plane [86, 40], where suitable relative
azimuthal angles align the interference contributions across the Svetlichny sum.

The maximum quantum value of
∣∣⟨S±

N⟩
∣∣ equals

√
2 2N−1 for the maximally entangled N -

qubit GHZ state (both even and odd N). For other state families, the maximum depends on
both the state structure and the measurement choices, and determining it is challenging in
general [19, 134]: one must optimize over 4N continuous measurement angles (two Bloch-
sphere angles for each of the two settings at each party), while each evaluation of ⟨S±

N⟩
combines 2N correlators, so the raw cost of evaluating the objective scales as O(2N).

For the remainder of this chapter, we work directly with the unnormalized expectation
value ⟨S±

N⟩. In particular, genuine multipartite nonlocality is certified whenever∣∣⟨S±
N⟩
∣∣ > 2N−1. (3.10)

3.3 Main Results: Thresholds and Monotonicity

We now present the central analytical results for the measurement-optimized Svetlichny
values of the two state families. For each family we obtain a closed-form expression for the
optimum S±

N,max as a function of the state parameter α, valid for any number of qubits N >
2. These formulas provide direct, device-independent benchmarks for genuine multipartite
nonlocality in the standard two-settings/two-outcomes Bell scenario. For even N we can
additionally express the optima in terms of the n-tangle, which allows a comparison between
multipartite entanglement and Svetlichny-type violations within each family.
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3.3.1 Maximum Svetlichny values for arbitrary N

We begin by stating S±
N,max(α) for arbitrary N > 2. The measurement optimizations are

derived in Appendix A (see in particular Sections A.1 and A.2). Here we only quote the
final closed-form results.

GGHZ family (all N > 2)

For generalized GHZ states |ψg(α)⟩ in Eq. (3.1), the maximum Svetlichny value over all
local projective measurements can be obtained analytically. We present the resulting piece-
wise expressions here; the full maximization is given in Section A.1 of Appendix A.

For odd N > 2 one obtains

S±
N,max(ψg) =

{
2

N+1
2

∣∣cos(2α)
∣∣, ∣∣tan(2α)

∣∣ ≤ 21−N
2 ,√

2 2N−1
∣∣sin(2α)

∣∣, ∣∣tan(2α)
∣∣ ≥ 21−N

2 .
(3.11)

For even N > 2 one obtains

S±
N,max(ψg) =

{
2

N
2 ,

∣∣sin(2α)
∣∣ ≤ 2

1−N
2 ,√

2 2N−1
∣∣sin(2α)

∣∣, ∣∣sin(2α)
∣∣ ≥ 2

1−N
2 .

(3.12)

Equation (3.12) is the starting point for the entanglement-threshold discussion below;
rewriting it in terms of τn yields Eq. (3.14).

Maximal slice family (all N > 2)

For maximal slice states |ψs(α)⟩ in Eq. (3.3), the measurement optimization can also be
carried out in closed form. We quote the final expression here and defer the derivation to
Section A.2 of Appendix A. For both even and odd N > 2 one finds [117]:

S±
N,max(ψs) = 2N−1

√
1 + sin2 α. (3.13)

This immediately implies Svetlichny violation for any α ̸= 0.
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3.3.2 GGHZ states: Threshold independent of N

We now connect the general nonlocality result for GGHZ states to entanglement for even
N . For even N > 2, Eq. (3.12) gives a closed-form expression for the maximum expectation
value of the Svetlichny operator over all local projective measurements. Writing the result
in terms of the n-tangle τ ≡ τn(ψg) = sin2(2α), one obtains

S±
N,max(ψg) =

{
2

N
2 , τ ≤ 21−N ,

2N−1
√

2 τ , τ ≥ 21−N .
(3.14)

In the second branch the maximal value grows as
√
τ , while in the first branch it is constant

and equals the best value attainable by a product state. The critical threshold corresponds
to the point at which the maximal value in Eq. (3.14) crosses the Svetlichny-local bound
2N−1.

Because the violation condition is 2N−1
√

2τ > 2N−1, the Svetlichny inequality is vio-
lated iff τ > 1/2.

Theorem 3.1 (GGHZ entanglement threshold). For the generalized GHZ family |ψg(α)⟩
with even N > 2, the Svetlichny inequality is not violated whenever the n-tangle satisfies

τn(ψg) ≤
1

2
. (3.15)

This threshold is independent of N .

This result has immediate operational consequences:

• Universality: The critical threshold τ critn = 1/2 holds for any even number of qubits
(even N > 2).

• Robustness: States with τn < 1/2 cannot be certified as genuinely multipartite non-
local by Svetlichny violations, even though they are genuinely multipartite entangled
for τn > 0.

• Piecewise response: For fixed even N , S±
N,max is flat at small τn (product-like

branch) and then grows as
√
τn; as a function of α it increases up to α = π/4 and

decreases symmetrically.
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3.3.3 Maximal slice states: Monotonic violation for any nonzero
entanglement

The maximal slice family exhibits qualitatively different behavior. Unlike GGHZ states,
maximal slice states do not exhibit a threshold: any nonzero entanglement suffices for
Svetlichny violation, provided the measurement settings are appropriately optimized.

The measurement settings that maximize the Svetlichny value for maximal slice states
differ from those that maximize the value for GGHZ states. In particular, the last party
requires a different choice of measurement angles to attain the optimum.

Optimizing over all local measurement angles yields the maximum Svetlichny value for
maximal slice states. For arbitrary N > 2 this is Eq. (3.13); for even N > 2, rewriting
sin2 α as τn(ψs) gives:

S±
N,max(ψs) = 2N−1

√
1 + τn(ψs). (3.16)

Comparing with the Svetlichny-local bound 2N−1, violation occurs iff τn(ψs) > 0.

Theorem 3.2 (Maximal slice monotonic violation). For the maximal slice family |ψs(α)⟩
with even N > 2, there exists a choice of local measurement settings such that:

1. The Svetlichny inequality is violated whenever τn(ψs) > 0.

2. The violation S±
N,max(ψs) − 2N−1 increases monotonically with τn(ψs).

3. The functional form of S±
N,max(ψs) in terms of τn(ψs) is identical to the three-qubit

case previously derived in Refs. [54, 8], and is independent of N .

This contrasts with the GGHZ case:

• No threshold: Any nonzero entanglement can be converted into genuine multipar-
tite nonlocality for maximal slice states.

• Monotonicity: More entanglement always implies stronger Svetlichny violation.

• Dimension-independence: The violation does not “dilute” as N increases; the
relationship between τn and violation remains constant.

The absence of a forbidden region below a critical threshold is a qualitative difference
from the GGHZ family.
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3.3.4 Comparative summary

The table below summarizes the contrasting behavior of the two families.

Table 3.1: Comparison of GGHZ and maximal slice families: entanglement versus nonlo-
cality

Property GGHZ Maximal slice

General-N optimum S±
N,max(α) Eqs. (3.11), (3.12) Eq. (3.13)

Critical τn threshold (even N > 2) 1/2 0

Monotonicity of S±
N,max vs τn Non-monotonic

(piecewise)
Monotonic

N -dependence of S±
N,max at fixed τn Scales with N Scales with N

Entanglement distribution Symmetric Asymmetric

Coherence structure Global interference Localized interfer-
ence

3.4 Discussion

In this chapter, we have shown a closed-form characterization of the measurement-optimized
Svetlichny violation attainable from two paradigmatic extensions of GHZ-class families, for
arbitrary qubit number N > 2. These general-N maxima provide a device-independent
benchmark for genuine multipartite nonlocality that is valid for both even and odd N . For
even N , we additionally express the optima in terms of the n-tangle, yielding an explicit
link between entanglement and Svetlichny-type violations for these families of states. Taken
together they show that the two families exhibit genuinely different nonlocality behavior
under the same Bell test, despite having simple one-parameter entanglement descriptions.

For the GGHZ family, the optimized Svetlichny value is piecewise (Eq. (3.14)). At small
τn, the global maximum is attained by the same measurement strategy that is optimal for
product states, giving a constant value 2N/2. Only once the “GHZ-interference” branch
dominates does the optimum scale as 2N−1

√
2τn. As a consequence, GMN can be certified

only when the tangle exceeds a universal activation threshold,

τn(ψg) >
1

2
, (3.17)
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independent of the even qubit number N > 2 (Theorem 3.1). Operationally, this identifies
a broad region of genuinely multipartite entangled GGHZ states that remain Svetlichny-
local. In other words, within this family the Svetlichny test is a “threshold” witness: it
does not respond continuously to small increases of τn starting from zero.

For the maximal slice family, by contrast, the measurement optimization yields a single
closed form (Eq. (3.16)),

S±
N,max(ψs) = 2N−1

√
1 + τn(ψs). (3.18)

Here the Svetlichny-local bound is exceeded for any nonzero tangle, and the violation in-
creases monotonically with τn (Theorem 3.2). Thus, for maximal slice states the Svetlichny
inequality functions as a sensitive probe of genuine multipartite entanglement: once the
state departs from biseparability, the same departure can immediately be converted into a
GMN certificate by suitable local measurement choices.

The contrast between the families can be traced to the coherence structure that the
Svetlichny operator is able to amplify. In GGHZ states, the only coherent components are
|0⟩⊗N and |1⟩⊗N . Svetlichny violation relies on interference between these two macroscop-
ically distinct strings under equatorial measurements. When τn is small, this interference
term is too weak to dominate the product-like branch of the optimization, leaving the cor-
relations compatible with a hybrid (Svetlichny-local) model even though the state is not
biseparable. Maximal slice states, on the other hand, approach the GHZ point through
an asymmetric region of state space in which one qubit carries the variable superposition.
This asymmetry enlarges the set of measurement phases that can be chosen to align the
contributing correlators in the Svetlichny sum. As a result, even a small but nonzero τn
can be made to contribute constructively across the 2N terms, producing a violation im-
mediately. This provides an intuitive explanation for why the maximal slice relationship
mirrors the familiar two-qubit pure-state behavior (entanglement ⇒ CHSH violation) while
the GGHZ family does not.

These analytic benchmarks are useful in two complementary ways. They quantify the
minimum entanglement cost for device-independent tasks that require GMN when one is
constrained to GHZ-class resources: within the GGHZ family, no amount of optimization
over local projective measurements can bypass the universal threshold τn = 1/2. They also
identify maximal-slice-type states as favorable candidates in noise-limited settings, since
any departure from biseparability can in principle be turned into a Svetlichny violation.
More broadly, related measures of multipartite nonlocality can be used to formalize stronger
nonlocal resources beyond Svetlichny-type violations [14].
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Chapter 4

Non-Classicality as a Dynamical
Signature of Chaos: The Quantum
Kicked Top

Chaos arises in deterministic dynamical systems when nonlinear evolution produces ef-
fectively unpredictable behavior. In classical mechanics it is associated with nonlinear
stretching-and-folding of phase space. Quantum mechanics complicates this picture, mo-
tivating the search for quantum observables whose behavior tracks the regular-versus-
chaotic structure of an underlying classical limit [61]. Well-established examples include
random-matrix spectral statistics [25], stability diagnostics based on fidelity/Loschmidt
echoes [97, 69, 56], entanglement growth (in composite or encoded descriptions) [17, 88],
and operator scrambling diagnosed by out-of-time-ordered correlators [79, 84, 107].

Classical chaos is diagnosed by sensitivity to initial conditions. Infinitesimally close
trajectories separate exponentially,

δx(t) ∼ δx(0) eλt, (4.1)

with rate set by the largest Lyapunov exponent λ > 0. This trajectory-based view does
not transfer directly to quantum dynamics [61]. Unitary evolution preserves state overlaps,

|⟨ψ1(t)|ψ2(t)⟩| = |⟨ψ1(0)|ψ2(0)⟩|, (4.2)

so proximity of pure states is not amplified in time. In addition, the uncertainty principle
prevents arbitrarily sharp phase-space localization, so the notion of a trajectory is only
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approximate. These obstructions motivate the search for intrinsically quantum signatures
that correlate with regular-versus-chaotic motion in the classical limit. Our focus is on test-
ing a specific, experimentally interpretable witness of non-classicality as a chaos-correlated
marker.

Our model system is the quantum kicked top (Section 4.1). It is a standard testbed
because a single parameter, the kick strength κ, tunes the associated classical map (on
the unit sphere) from mostly regular motion to predominantly chaotic motion [62, 61]. To
compare quantum behavior to the classical phase portrait we initialize the dynamics in spin
coherent states, the minimum-uncertainty states most naturally associated with classical
phase-space points [103, 12, 96, 61].

The contextuality witness used here is the KCBS inequality (reviewed in Section 2.2.3)
introduced by Klyachko et al. [72]. KCBS is state-dependent and native to spin-1 (qutrit)
systems. It is well matched to the kicked-top setting because spin-1 coherent states satisfy
the KCBS bound, while sufficiently delocalized superpositions can violate it. This aligns
the contextuality notion of “classical” (noncontextual) with the semiclassical notion of
“classical” (coherent and localized). As κ increases, the nonlinear twist tends to drive the
evolving state away from the coherent-state manifold, so we test whether stronger classical
chaoticity correlates with an increased tendency to generate KCBS violations.

4.1 The Kicked Top Model

The kicked top is a paradigmatic model of quantum chaos, introduced by Haake, Kuś, and
Scharf [62] (see also the textbook treatment in Ref. [61]). It describes a spin-j angular mo-
mentum vector subject to periodic “kicks” that twist the spin about one axis, interspersed
with free precession about another axis. The model has a well-defined classical limit as
j → ∞ and exhibits a transition from regular to chaotic dynamics controlled by a single
parameter.

4.1.1 Hamiltonian, Floquet step, and classical limit

The kicked top Hamiltonian is

H =
ℏp
τ
Jy +

ℏκ
2j
J2
z

∞∑
n=−∞

δ(t− nτ), (4.3)
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where J2 = j(j+1)ℏ2 and the parameters have clear dynamical roles. The precession angle
per period is set by p, while κ controls the strength of the nonlinear “twist” and serves as
the chaoticity parameter. Over one period the evolution factorises into a rotation and a
kick,

U = UkickUprec = exp

(
−iκJ

2
z

2j

)
exp (ipJy) , (4.4)

which defines the stroboscopic dynamics.

In the classical limit j → ∞, the rescaled angular-momentum components (X,Y, Z) :=
(Jx/j, Jy/j, Jz/j) define a classical point on the unit sphere, X2+Y 2+Z2 = 1. Writing the
stroboscopic dynamics as a map (Xn, Yn, Zn) 7→ (Xn+1, Yn+1, Zn+1), the classical kicked-top
map for the commonly used choice p = 0.5 is

Xn+1 = Zn cos(κXn) + Yn sin(κXn),

Yn+1 = Yn cos(κXn) − Zn sin(κXn),

Zn+1 = −Xn. (4.5)

The corresponding classical map exhibits the familiar progression from regular to chaotic
dynamics as κ is increased. For small κ the motion is organised around fixed points and
invariant curves. For intermediate κ a mixed phase space appears with regular islands
embedded in a chaotic sea. For sufficiently large κ the chaotic sea covers most of the
sphere. At p = 0.5, this progression is structured by a sequence of bifurcations, including
destabilization of a primary fixed point at κ = 2 and a prominent period-4 orbit at κ =
π [75]. The classical portrait (see Figs. 4.2 and 4.3, left panels) also contains specific
organising structures that will reappear in the quantum signatures, notably the fixed points
at (X,Y, Z) = (0,±1, 0) and a prominent period-4 orbit [62, 61].

For finite j, the kicked top evolves in the (2j + 1)-dimensional Hilbert space. To make
contact with the classical map we initialise the system in spin coherent states, which are
minimum-uncertainty states localised around a point (θ, ϕ) on the sphere,

|θ, ϕ⟩ = R(θ, ϕ)|j, j⟩, (4.6)

with R(θ, ϕ) = e−iϕJz/ℏe−iθJy/ℏ. For background on spin coherent states and their phase-
space interpretation, see Refs. [103, 12, 96]. Starting from |ψ0⟩ = |θ0, ϕ0⟩, we evolve
stroboscopically,

|ψn⟩ = Un|ψ0⟩, (4.7)

and at each step quantify contextuality by the optimised KCBS value S∗(ρn) and the
associated normalised violation β′(n) defined in Eq. (4.10).
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4.2 The KCBS Inequality as a Contextuality Witness

4.2.1 KCBS inequality for spin-1 systems

The KCBS scenario is a 5-cycle of pairwise compatible rank-1 projectors, with the non-
contextual bound and quantum maximum given in Eqs. (2.13) and (2.15). In this chapter
we implement KCBS on a spin-1 Hilbert space using projectors onto the spin-0 eigenstates
along five directions {ni}5i=1 whose adjacent pairs are orthogonal (equivalently, whose pro-
jectors satisfy the cyclic exclusivity constraint of Eq. (2.12)).

For a spin-1 system, we define the relevant rank-1 projectors as

Π0
n = |n, 0⟩⟨n, 0|, (4.8)

where |n, 0⟩ is the eigenstate of n · J with eigenvalue 0.

For numerical evaluation, we treat the KCBS value as an optimized contextuality wit-
ness. Specifically, for each state ρ we maximize the KCBS expression (Eq. (2.13)) over all
rank-1 projector sets satisfying the KCBS 5-cycle exclusivity constraints (see Ref. [72]):

S∗(ρ) := max
{Π0

i }5i=1

5∑
i=1

Tr[Π0
i ρ], (4.9)

subject to the cyclic orthogonality constraints of Eq. (2.12). Importantly, the noncontex-
tual bound and quantum maximum depend only on this compatibility/exclusivity graph,
not on the particular coordinate realization [33].

To facilitate comparison across different states and parameters, we define the normalized
optimized KCBS violation

β′(ρ) := max

(
0,
S∗(ρ) − 2√

5 − 2

)
, (4.10)

so that β′(ρ) ∈ [0, 1]. Here β′(ρ) = 0 indicates no KCBS violation, while β′(ρ) = 1
corresponds to the quantum maximum. Along a trajectory we write β′(t) := β′(ρt) for the
KCBS time series.
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4.3 Numerical Results: Global and Local Contextu-

ality Signatures

4.3.1 Global signature: KCBS-violation fraction versus κ

To test whether stronger kicks, which produce more classical chaos, also produce more
contextuality when averaged over initial conditions, we sample 1000 initial spin coherent
states from the Haar-uniform measure on the sphere and evolve each for T = 100 Flo-
quet steps. At each step we compute the optimized, normalized KCBS violation β′(ρt)
(Eq. (4.10)). An initial condition is declared contextual if β′(ρt) > 0 for at least one time
step; the KCBS-violation fraction is the proportion of sampled initial conditions satisfying
this criterion. Because the measure accumulates over many kicks, it is insensitive to where
on the sphere any single trajectory begins.

Figure 4.1 plots this violation fraction against κ. The curve rises monotonically from
near zero in the integrable regime (κ ≲ 1) to a plateau in the predominantly chaotic
regime (κ ≳ 4). The plateau reflects finite-size saturation: in the three-dimensional j = 1
Hilbert space with a finite observation window, eventually most initial conditions pass
through at least one contextual state. The monotonic increase confirms that, in aggregate,
stronger nonlinear kicks drive a larger fraction of initially classical coherent states into
KCBS-violating regimes.

Notably, the curve exhibits two localized dips near κ ≈ 2.1 and κ ≈ π. These dips
coincide with bifurcation points of the classical map at p = 0.5: at κ = 2.1 the fixed point
(X, Y, Z) = (0, 1, 0) loses stability, and at κ = π a prominent period-4 orbit destabilizes [75,
62, 61]. That classical bifurcations leave visible imprints in the quantum contextuality
curve is noteworthy. A plausible explanation is that bifurcations mark transitions in the
dominant dynamical behavior [77, 94]. Near these parameter values, a significant fraction
of initial conditions shifts from confinement near a stable orbit to escape into the chaotic
sea. During this transitional regime, the typical trajectory may spend less time in strongly
contextual states, temporarily reducing the violation fraction before chaos fully takes hold.
More broadly, the sensitivity of quantum statistics to classical periodic-orbit structure is
consistent with scarring and related phenomena [64, 75, 10].

4.3.2 Local signature: phase-space-resolved contextuality

The global signature established that chaotic dynamics generates more contextuality when
averaged over many initial conditions, but it does not reveal where on the sphere chaos
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Figure 4.1: Global contextuality signature for the kicked top. For each κ, we sample 1000
Haar-uniform initial coherent states and evolve each for T = 100 Floquet steps. The plotted
quantity is the fraction of initial conditions exhibiting at least one KCBS violation during
evolution. Two localized dips near κ ≈ 2 and κ ≈ π coincide with classical bifurcations
where a fixed point and a period-4 orbit lose stability [75].
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resides. A local diagnostic should assign each initial coherent state a scalar score that is
large in chaotic regions and small in regular islands, thereby recovering the phase-space
structure from quantum data alone.

A natural starting point is to use a contextuality-based statistic for each trajectory,
mirroring the global approach. However, the time-averaged KCBS violation ⟨β′(t)⟩t fails
as a local chaos diagnostic. The problem is that the nonlinear kick can generate contex-
tuality even when the classical orbit does not explore phase space. In particular, coherent
states initialized near unstable fixed points remain classically stationary, yet the kick’s
state-dependent phases rapidly deform them away from the coherent manifold, producing
large time-averaged contextuality without any classical chaos. (Section 4.4 discusses this
instability-versus-chaos distinction in detail.)

We use the standard deviation of the KCBS violation over time

σK := stdt
(
β′(t)

)
. (4.11)

This quantity is large when the state repeatedly enters and exits KCBS-violating regimes: a
signature of dynamics that samples diverse regions of state space. The standard deviation
is preferable to the mean because fixed-point trajectories tend to saturate at a roughly
constant value and thus exhibit lower fluctuations. Using σK therefore partially mitigates
fixed-point artifacts while retaining sensitivity to contextuality.

Two additional corrections are needed to obtain a reliable local diagnostic. The first
addresses fixed points directly by weighting the contextuality fluctuations by an indepen-
dent measure of exploration. A well-established probe is the survival probability R(t) :=
|⟨ψ0|ψt⟩|2, which quantifies the overlap between the initial and evolved states [97, 56]. For
a state initialized at a fixed point, R(t) ≈ 1 at all times; for a state in a chaotic region,
the evolved state spreads across many basis states and R(t) decays to fluctuate around a
small value. We define

Rdecay := 1 − ⟨R(t)⟩t, (4.12)

which is near zero at fixed points and near unity under chaotic exploration. This quantity
is closely related to the fidelity and Loschmidt echo diagnostics used in quantum chaos
studies [69, 56, 68, 53].

The second correction addresses a subtlety in small Hilbert spaces. In the j = 1 system,
even regular (periodic) classical orbits can produce contextuality fluctuations if the quan-
tum state traverses both contextual and noncontextual regions along the orbit. However,
such fluctuations typically follow a simple repeating pattern matching the classical period.
To distinguish these from the irregular fluctuations of chaotic dynamics, we introduce a
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temporal regularity score regtemp ∈ [0, 1] that detects short-period repetitions in the se-
quence of contextuality changes dt := |β′(t+ 1)− β′(t)|. The factor (1− regtemp) penalizes
trajectories with obvious periodic structure.

Combining these three factors yields the hybrid measure

K
(σ)
hybrid := Rdecay σK

(
1 − regtemp

)
. (4.13)

The product is large only when all three conditions are satisfied: the state explores phase
space (large Rdecay), exhibits substantial contextuality fluctuations (large σK), and does
so without obvious periodicity (small regtemp). Because each factor lies between zero and

one, so does K
(σ)
hybrid; values near unity indicate strong chaotic signatures, while values near

zero indicate regular or fixed-point behavior.

To generate phase-space maps, we sample 10,000 approximately uniformly distributed
initial coherent states (θ, ϕ) on the sphere, evolve each for T = 100 Floquet steps, and

evaluate K
(σ)
hybrid(θ, ϕ). For this measure to be a useful signature of chaos, its contour plot

should be low and uniform in the integrable regime and should reproduce the regular-island
versus chaotic-sea partition when the classical portrait is mixed.
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Figure 4.2: Phase-space comparison at κ = 0.1 (mostly regular). Left: classical strobo-

scopic portrait. Right: K
(σ)
hybrid contour.

Figures 4.2 and 4.3 show the contour plots ofK
(σ)
hybrid at two representative kick strengths.

At κ = 0.1 (Fig. 4.2), where classical motion is mostly regular, K
(σ)
hybrid is uniformly low

across the sphere, consistent with confined trajectories that neither explore nor generate
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Figure 4.3: Phase-space comparison at κ = 2.5 (mixed regime). Left: classical portrait

with regular islands embedded in a chaotic sea. Right: K
(σ)
hybrid contour, suppressing fixed-

point artifacts and highlighting the chaotic sea.

sustained contextuality fluctuations. At κ = 2.5 (Fig. 4.3), the classical portrait shows

regular islands embedded in a chaotic sea, and the K
(σ)
hybrid contour mirrors this division:

elevated values track the chaotic sea while low values coincide with regular islands.

Since the temporal regularity score already encodes fluctuation structure explicitly, the
role originally played by σK—distinguishing fixed-point saturation from genuine exploration—
is largely absorbed by the (1− regtemp) factor. The contextuality component of the metric
can therefore be replaced by the time-averaged KCBS violation,

µK := ⟨β′(t)⟩t, (4.14)

which directly quantifies the typical magnitude of contextuality along a trajectory. The
resulting mean-based hybrid measure is

K
(µ)
hybrid := Rdecay µK

(
1 − regtemp

)
. (4.15)

This formulation cleanly separates the three physical ingredients: exploration (Rdecay), con-
textuality strength (µK), and temporal irregularity (1−regtemp), with each factor encoding
a distinct aspect of the dynamics.
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Figure 4.4: Phase-space comparison at κ = 0.1 (mostly regular). Left: classical strobo-

scopic portrait. Right: K
(µ)
hybrid contour.
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Figure 4.5: Phase-space comparison at κ = 2.5 (mixed regime). Left: classical portrait

with regular islands embedded in a chaotic sea. Right: K
(µ)
hybrid contour, suppressing fixed-

point artifacts and highlighting the chaotic sea.
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Figures 4.4 and 4.5 show the corresponding contour plots for K
(µ)
hybrid. The spatial

structure closely tracks that of K
(σ)
hybrid, with comparable value ranges in both the regular

and mixed regimes. The regular-island versus chaotic-sea partition is reproduced with
equal fidelity, confirming that the temporal regularity factor is the primary mechanism
suppressing fixed-point artifacts.

4.4 Discussion: Interpretation and Limitations

The numerical results establish an empirical correlation between KCBS violations and the
chaotic-versus-regular structure of the kicked-top classical limit.

Classically regular dynamics confines trajectories to invariant curves or low-period or-
bits, while chaotic dynamics explores extended regions of the sphere. When the quantum
dynamics is initialized in a spin coherent state, regular classical motion tends to preserve
approximate phase-space localization (as seen, e.g., in Husimi representations), whereas
chaotic motion rapidly produces a delocalized superposition with interference between
distinct phase-space components [61, 103, 12, 96]. It is therefore natural that a state-
dependent contextuality witness such as KCBS becomes easier to violate once the state
departs significantly from the coherent-state manifold and develops strong interference
structure.

This mechanism, however, is not identical to classical chaos, and the distinction is
important for interpreting local signatures. A large time-averaged KCBS value answers the
question “how nonclassical does the unitary make this state?”—not the classical question
“does the corresponding point explore a chaotic region?” Classically, a fixed point does not
move under the stroboscopic map; the only distinction is whether it is stable or unstable
under linearized perturbations. Quantum mechanically, “no classical motion” does not
imply “no state change”: even at a fixed point the nonlinear kick applies state-dependent
phases that can rapidly deform a coherent state and generate sizeable KCBS violations.
Plotting raw time-averaged contextuality as a phase-space portrait would therefore show
artificial hotspots at unstable periodic points—false positives for chaos. Local instability
refers to sensitivity diagnosed by the linearized map (a Lyapunov-type notion), which can
be present at unstable periodic orbits even without extended exploration. Chaos in the
sense relevant for phase portraits refers to mixing and exploration through large regions
of phase space. To obtain a state-resolved measure that aligns with the latter notion,
the hybrid statistic Khybrid (in either variant) retains contextuality as the non-classicality
ingredient but weights it by an independent exploration proxy (return-probability decay,
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closely related to fidelity/Loschmidt-echo measures [97, 69, 56, 68, 53]) and penalizes simple
low-period temporal structure.

The local signature Khybrid combines a KCBS-derived statistic with return-probability
decay and temporal regularity; in principle, replacing the contextuality component with
another state-resolved non-classicality measure that vanishes for coherent states would yield
similarly structured phase-space contours. What motivates the choice of KCBS specifically?

First, entanglement-based measures, widely used in composite systems, require impos-
ing an artificial bipartite structure on the spin-1 Hilbert space—for instance, encoding the
qutrit into two qubits with a discarded subspace. The KCBS inequality, by contrast, is
native to a single three-level system: no embedding, partial trace, or auxiliary subsystem
is required.

Second, there is a conceptual alignment between KCBS and the measurement con-
straints that distinguish quantum from classical descriptions of the kicked top. Diagnosing
classical chaos requires tracking stroboscopic trajectories on the unit sphere, which means
recording the rescaled spin components (X,Y, Z) = (Jx/j, Jy/j, Jz/j) simultaneously at
each time step. Quantum mechanics forbids this: the angular-momentum components do
not commute ([Jx, Jy] = iℏJz and cyclic permutations) so no joint measurement of all three
exists. The KCBS inequality is constructed precisely around this constraint. It involves
only pairwise compatible observables—projectors onto spin-0 eigenstates along directions
whose adjacent pairs are orthogonal—and asks whether the resulting statistics admit a non-
contextual (and hence classical) explanation in which each observable possesses a definite
value independent of which compatible partner is measured alongside it. A KCBS violation
therefore certifies that no such simultaneous-value assignment exists, directly probing the
incompatibility structure that makes classical phase-space trajectories inaccessible. In this
sense, KCBS is not merely a convenient witness but one whose logical structure mirrors
the measurement obstruction separating quantum dynamics from its classical limit.

Spectral statistics probe the Floquet spectrum globally (Poisson versus Wigner–Dyson
level spacings) [25, 61], while Loschmidt echoes and related fidelity measures quantify sen-
sitivity to perturbations and typically exhibit distinct decay regimes that can be analyzed
in the kicked-top model itself [97, 56, 53]. Operator scrambling diagnostics, such as out-
of-time-ordered correlators, probe the growth of noncommutativity under Heisenberg evo-
lution and can exhibit exponential growth even at small effective system size in kicked-top
realizations [84, 99, 9]. By contrast, the KCBS-based approach is explicitly state-resolved
and measurement-statistical: it asks whether the evolving state admits a noncontextual
explanation for a specific family of compatible measurements. That state-resolved char-
acter is what makes the contextuality contours naturally suited to comparisons against
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classical phase portraits.

The Kicked-top dynamics and KCBS-style measurements are accessible in platforms
that support collective spin control. The kicked top has been realized in cold-atom ensem-
bles (notably cesium) where coherent states can be prepared and phase-space structure
reconstructed [36]. KCBS violations have been demonstrated in several platforms, includ-
ing photonic and solid-state settings [72, 78, 70, 45]. For small effective spins, the same
Floquet step can be compiled and implemented digitally, where contextuality statistics can
be estimated from repeated preparations and measurements [11, 113].

The present results are obtained in the minimal j = 1 setting. This choice makes the
KCBS inequality operationally transparent, but it also compresses the available timescales
and phase-space resolution: the Hilbert space is only three-dimensional, recurrences are
fast, and fine classical structures are not resolvable by coherent-state localization. More-
over, at special parameter values the kicked top’s Floquet unitary becomes exactly periodic,
returning every state to itself after finitely many kicks regardless of dimension; such exact
recurrences obscure quantum–classical correspondence [10].

Finally, the hybrid measure Khybrid is a heuristic construction. It does not constitute
a theorem-level correspondence with classical indicators such as Lyapunov exponents. Es-
tablishing robustness across parameter space and clarifying which classical invariants (if
any) control the resulting contextuality statistics remain open directions.
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Chapter 5

Contextuality from the Quantum
Vacuum

In quantum field theory the vacuum is the lowest-energy state of the field, but it is not
featureless. Even without particles, vacuum correlation functions encode nontrivial struc-
ture across spacetime. This structure can be accessed operationally by coupling a local-
ized quantum system to the field for a finite time and then measuring the system. The
Unruh–DeWitt detector model [120, 44] provides a standard framework for studying which
properties of a quantum field can be imprinted onto localized degrees of freedom. Because
any realistic coupling must be switched on and off and spatially localized, the details of
switching and smearing have qualitative consequences [116, 108].

Entanglement harvesting illustrates this concretely. Two detectors that never interact
directly can become entangled solely through local couplings to a field in its vacuum state.
When the interactions are effectively spacelike separated, the resulting correlations cannot
be attributed to signalling [121, 105, 102, 119]. This observation has motivated a broader
“harvesting” perspective in relativistic quantum information: the field acts as a mediator
that can imprint vacuum correlations onto the operational degrees of freedom of localized
systems. Other resources studied in this operational approach include mutual informa-
tion [102], discord [28, 83], nonlocal coherence [126], and steering [133]. Recent work has
extended this program to quasiprobability negativity and “magic” [93].

In this chapter we study contextuality as a resource that can be induced in probe sys-
tems through vacuum interactions. We test whether purely local detector–field interactions
can drive an initially noncontextual pair of detectors into a regime where their accessible
measurement statistics become contextual. Contextuality is quantified using the contextual
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fraction [3] in a two-qutrit Heisenberg–Weyl measurement scenario. For Heisenberg–Weyl
measurements on odd-dimensional systems, contextuality coincides with discrete Wigner-
function negativity [59, 67, 122, 42, 115]; see Chapter 6 (Theorem 6.2) for a detailed
derivation of this equivalence. This provides a direct conceptual bridge: in the qutrit set-
ting, a contextuality test in the Heisenberg–Weyl scenario simultaneously witnesses the
same non-stabilizer (Wigner-negative) resource quantified as “magic” in Ref. [93].

We present numerical evidence that localized interactions with the Minkowski vac-
uum can produce detector outputs whose Heisenberg–Weyl measurement statistics are
contextual. Concretely, we model two initially uncorrelated qutrit Unruh–DeWitt detec-
tors coupled locally to a massless scalar field with Gaussian switching and finite spatial
smearing. After tracing out the field, we compute the contextual fraction of the induced
two-detector empirical model and track the reduced single-detector state in the discrete
Wigner representation. In the parameter regimes explored, contextuality in the bipartite
Heisenberg–Weyl statistics turns on precisely when the single-detector Wigner function
becomes negative. This provides a dynamical illustration of the contextuality–Wigner cor-
respondence. The use of two qutrits ensures that any violation is genuinely state-dependent
in this scenario: for two-qubit systems, the Heisenberg–Weyl measurement scenario yields
state-independent contextuality and thus cannot distinguish between states [87, 104]. Any
observed contextuality in the qutrit case is therefore created by the interaction rather than
built in kinematically. Related analyses of vacuum-induced contextuality have appeared
recently; see Ref. [80].

5.1 Physical Setup

The Unruh–DeWitt (UDW) detector model provides a framework for studying the inter-
action of localized systems with quantum fields [120, 44]. Originally introduced to analyze
the Unruh effect, the model has become a standard tool in relativistic quantum information
for studying entanglement harvesting, communication through quantum fields, and related
phenomena.

We consider a massless real scalar quantum field ϕ̂(x) in (1 + 3)-dimensional flat space-
time.1 The field admits a plane-wave mode expansion

ϕ̂(x) =

∫
d3k√

2(2π)3|k|
(
âke

−i|k|t+ik·x + h.c.
)
, (5.1)

1The generalization to (1 + n)-dimensional globally hyperbolic curved spacetimes is standard.
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where x = (t,x) is a spacetime event and the ladder operators satisfy the canonical com-
mutation relations [âk, â

†
k′ ] = δ(3)(k − k′). The vacuum state |0⟩ is defined by âk|0⟩ = 0

for all k. Throughout this chapter we adopt the mostly-plus signature convention and use
units where c = ℏ = 1.

The two-point correlation function of the field in the vacuum state is the Wightman
function [24]:

W (x, x′) = ⟨0|ϕ̂(x)ϕ̂(x′)|0⟩ =

∫
d3k

2(2π)3|k|
e−i|k|(t−t

′)+ik·(x−x′). (5.2)

This function encodes the vacuum correlations that are operationally accessible to localized
detectors.

5.1.1 Qutrit detectors

We model each detector as a qutrit—a three-level quantum system with Hilbert space
spanned by {|0⟩, |1⟩, |2⟩}. The free Hamiltonian for detector i ∈ {a, b} is

HD,i = Ωi,0|0⟩⟨0|i + Ωi,1|1⟩⟨1|i + Ωi,2|2⟩⟨2|i, (5.3)

where Ωi,j are the energy levels. For simplicity, we take the detectors to be identical and
comoving with respect to the quantization frame.

Unlike qubits, whose internal dynamics are fixed, qutrits admit richer internal dynamics
(for instance, with or without superselection rules). In this work, we consider two choices
of internal dynamics, as prescribed in Ref. [81]:

SU(2) qutrit. The energy levels are equally spaced: Ω0 = 0, Ω1 = Ω, Ω2 = 2Ω, where
Ω > 0 is the energy gap. The observable coupling to the field is

OSU(2) = |0⟩⟨1| + |1⟩⟨2| + h.c. (5.4)

This corresponds to the spin-1 representation of SU(2), with a superselection rule forbid-
ding direct transitions between |0⟩ and |2⟩.

Heisenberg–Weyl qutrit. The excited states are degenerate: Ω0 = 0, Ω1 = Ω2 = Ω.
The coupling observable is

OHW = |0⟩⟨1| + |0⟩⟨2| + |1⟩⟨2| + h.c. (5.5)
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This model has no superselection rules and permits transitions between all pairs of levels.
In contrast to the SU(2) case, the absence of the superselection rule allows direct |0⟩ ↔ |2⟩
transitions, and the degeneracy of the excited states ensures that |1⟩ and |2⟩ have equal
transition probabilities. As discussed in Section 5.4, these features typically yield a larger
contextual fraction for HW dynamics.

The main results presented in this chapter focus on SU(2) internal dynamics. A com-
parison with Heisenberg–Weyl (HW) internal dynamics is included in Section 5.4 and
Appendix B (Section B.1).

5.1.2 Detector-field interaction

In the Dirac picture, the Hamiltonian density capturing the interaction of the two detectors
with the quantum field is

hI(x) =
∑
i∈{a,b}

λiΛi(x)Oi(t) ⊗ ϕ̂(x), (5.6)

where λi is the coupling constant between detector i and the field, Λi(x) is a spacetime
smearing function controlling where detector i interacts locally with the field, and Oi(t) =
eiHD,itOie

−iHD,it is the detector observable in the interaction picture.

We take the detectors to be identical with λa = λb =: λ and to be comoving with
respect to the field quantization frame. Detector a is centered at the spatial origin, and
detector b is separated by distance d along one spatial axis.

The spacetime smearing factorizes as Λi(x) = χi(t)Fi(x), where:

• The switching function χi(t) = exp(−t2/T 2) controls the temporal profile of the
interaction, with T setting the effective interaction duration.

• The spatial smearing Fi(x) = 3
4πR3 Θ(R− |x− xi|) represents a spherical detector of

radius R centered at position xi, where Θ is the Heaviside step function.

Initializing the detectors in an uncorrelated state and the field in its vacuum state |0⟩
at t→ −∞, the final state is evaluated at t→ +∞. The time evolution operator is

U = Tt exp

[
−i
∫
d4xhI(x)

]
, (5.7)
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where Tt denotes time ordering with respect to t. For small coupling λ, we expand in a
Dyson series:

U = ⊮ + U (1) + U (2) +O(λ3), (5.8)

where U (j) is the j-th order correction in λ.

We initialize the detectors in the product ground state ρ
(0)
d = |0⟩⟨0|a ⊗ |0⟩⟨0|b and

the field in the Minkowski vacuum. Since the vacuum is a Gaussian state, all odd-point
correlation functions vanish, and the final detector state (after tracing out the field) is

ρd = trϕ
(
Uρ(0)U †) = ρ

(0)
d + ρ

(2)
d +O(λ4). (5.9)

To write the final state of the detectors, we define the following integrals:

Lij = λ2
∫
d4x d4x′ Λi(x)Λj(x

′)e−iΩ(t−t′)W (x, x′), (5.10)

Qi = −λ
2

2

∫
d4x d4x′ Λi(x)Λi(x

′)eiΩ(t+t′)GF (x, x′), (5.11)

Mab = −λ2
∫
d4x d4x′ Λa(x)Λb(x

′)eiΩ(t+t′)GF (x, x′), (5.12)

where

W (x, x′) = ⟨0|ϕ̂(x)ϕ̂(x′)|0⟩, (5.13)

GF (x, x′) = Θ(t− t′)W (x, x′) + Θ(t′ − t)W (x′, x), (5.14)

are the Wightman function and the Feynman propagator, respectively. Given that we
consider identical detectors, we write L := Laa = Lbb and Q := Qa = Qb.

For Heisenberg–Weyl (HW) internal dynamics, an additional integral appears:

V = −λ2
∫
d4x d4x′ Λi(x)Λi(x

′)eiΩt
′
Θ(t− t′)W (x, x′). (5.15)

This term arises because HW dynamics permits direct |0⟩ ↔ |1⟩ and |0⟩ ↔ |2⟩ transitions
(unlike SU(2), where only nearest-neighbor transitions occur). For identical detectors,
V := Va = Vb.

For SU(2) detectors, the final two-detector state at order O(λ2) only populates the
ground sector and the sectors where at most one detector is excited, together with vacuum-
induced coherences between |00⟩ and states in which one detector has undergone the two-
step transition to |2⟩. In the ordered product basis {|00⟩, |01⟩, |02⟩, |10⟩, |11⟩, |12⟩, |20⟩, |21⟩, |22⟩},
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we write

ρd =



1 − 2L 0 Q∗ 0 M∗
ab 0 Q∗ 0 0

0 L 0 Lab 0 0 0 0 0
Q 0 0 0 0 0 0 0 0
0 Lab 0 L 0 0 0 0 0
Mab 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0
Q 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0


+O(λ4), (5.16)

where Lab is real. We emphasize that this explicit matrix form depends on the chosen basis
ordering; the physically relevant content is the identification of the leading-order nonzero
matrix elements (L, Lab, Q, and Mab). The physical interpretation of these matrix elements
is as follows:

• L is a local noise/excitation term: it controls the probability that a single detector
is promoted out of |0⟩.

• Lab is the corresponding nonlocal excitation term generated by vacuum correlations
across the two detector worldtubes.

• Q is a local coherence term that, in the reduced single-detector state, couples |0⟩ and
|2⟩ at O(λ2) (a two-step process under SU(2) selection rules). It is this coherence
that drives the Wigner-negativity conditions in Eqs. (5.26)–(5.28).

• Mab is a nonlocal coherence term, responsible for the leading-order off-diagonal cor-
relations between the detectors.

Although the Gaussian switching function is not compactly supported (the detectors
are never strictly off), we can define an intuitive criterion for effective spacelike separation.
The criterion relies on the observation that, for a Gaussian switching function centered at
t = 0, most of its weight is concentrated in the interval [−NT/(2

√
2), NT/(2

√
2)], where

T/
√

2 is the standard deviation of the Gaussian switching and N ≥ 2.

This observation allows us to treat the interaction of each detector as having an effective
finite duration of NT/

√
2, resulting in the criterion:

d ≥ 2R +
NT√

2
. (5.17)
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For near-pointlike detectors, this criterion reduces to d ≥ NT/
√

2, as more frequently seen
in the literature. However, since we also explore large detector regimes where the radius
is comparable to the interaction time, R must be taken into account.

The least stringent case used corresponds to N = 5, for which over 98% of the switch-
ing’s weight lies within ±5T/(2

√
2) from its peak. Our numerical results also use N = 7

(as frequently used in the literature [102]), as well as N = 10 and N = 14 to explore
increasingly stringent spacelike separation.

5.2 Contextuality and Wigner-Negativity Diagnostics

We evaluate the detector output in a fixed two-qutrit Heisenberg–Weyl measurement sce-
nario and quantify contextuality using the contextual fraction (Chapter 2, Sections 2.2.2–
2.3.1). In parallel, we track single-detector non-stabilizerness via the Gross discrete Wigner
sum-negativity (Chapter 2, Section 2.4). The structural link between these diagnostics in
odd local dimension is detailed in Chapter 6 (Theorem 6.2). Accordingly, we keep the
present section purely as a record of the conventions and the concrete formulas used in the
numerical pipeline.

5.2.1 Two-qutrit Heisenberg–Weyl measurement scenario

We use the two-qutrit Heisenberg–Weyl (Pauli) measurement scenario developed in Chap-
ter 6 (Sections 6.2–6.3); the reader may refer there for the full construction. For convenience
we summarize the notation used in this chapter.

For a single qutrit the clock and shift operators are [57]

Z =
2∑
j=0

ωj|j⟩⟨j|, X =
2∑
j=0

|j + 1 mod 3⟩⟨j|, (5.18)

where ω = e2πi/3. We label Heisenberg–Weyl operators by phase-space vectors v = [p, q] ∈
Z2

3 and use the Gross/Wootters phase convention

W (v) = W ([p, q]) = ω2−1pqXpZq. (5.19)

For two qutrits we write v = [p1, q1, p2, q2] ∈ Z4
3 and define

W (v) = W ([p1, q1]) ⊗W ([p2, q2]). (5.20)
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Although the Heisenberg–Weyl operators are non-Hermitian, we treat them as observ-
ables in the standard spectral sense: each unitary W (v) is measured via its projection-
valued measure (its eigenprojectors), with outcomes labelled by k ∈ Z3 corresponding to
eigenvalues ωk. Two operators commute iff their symplectic product vanishes (mod 3) [66]:

[v, v′] := p1q
′
1 − q1p

′
1 + p2q

′
2 − q2p

′
2 ≡ 0 (mod 3). (5.21)

A context is a maximal commuting set (equivalently, a Lagrangian subspace of Z4
3);

see Chapter 6 for details. In the two-qutrit case there are 40 contexts, each containing 9
commuting operators (including the identity).

We quantify contextuality using the contextual fraction (CF) from Chapter 2 (Sec-
tion 2.3), computed via the linear program in Eq. (2.19). In the present Heisenberg–Weyl
scenario, the deterministic noncontextual assignments are restricted by the Weyl algebra:
by Lemma 6.4 (see Chapter 6), any such assignment is linear,

λ(W (v)) = λ · v (mod 3) (5.22)

for some λ ∈ Z4
3. Hence there are only 34 = 81 deterministic assignments, keeping the LP

tractable.

Given a detector state ρd, we form the empirical model by computing the joint out-
come distributions for each context. For a context C and a joint outcome label r, the
corresponding stabilizer projector can be written as

Πr
C =

1

9

∑
W∈C

ω−r(W )W, (5.23)

where r ∈ Z9
3 records the eigenvalue labels for the operators in C. The outcome probabili-

ties are then
pC(r) = Tr[Πr

Cρd]. (5.24)

The contextual fraction CF(ρd) is obtained by solving Eq. (2.19) with these probabilities
as input; in practice we use scipy.optimize.linprog [124].

In addition to CF(ρd), we compute the Wigner sum-negativity N (ρa) of the reduced
single-detector state as a compact diagnostic of whether the interaction has produced a
non-stabilizer output state. For the SU(2) detector dynamics considered in the main text,
ρa depends only on the coefficients L and Q, so Wigner negativity reduces to a small set
of explicit inequalities.
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For the SU(2) detector model, tracing out detector b gives ρa = Trb[ρd]. From Eq. (5.16)
the reduced state is

ρa =

1 − L 0 Q∗

0 L 0
Q 0 0

 . (5.25)

We quantify single-detector “magic” by the Wigner sum-negativity N (ρa) [122]. For
odd prime local dimension (including the qutrit case d = 3), Wigner negativity is equivalent
to lying outside the stabilizer polytope [59, 122]; accordingly, sum-negativity—which is
monotonically related to the mana of Ref. [123]—serves as a magic monotone for odd-
dimensional systems. For the Gross discrete Wigner function in d = 3, only three phase-
space values can become negative for states of the form (5.25). Up to a factor of 1/3, the
potentially negative expressions are

L+ 2Re[Q], (5.26)

L− Re[Q] +
√

3 Im[Q], (5.27)

L− Re[Q] −
√

3 Im[Q]. (5.28)

In the parameter regimes explored in Section 5.3, only (5.26) and (5.28) become negative.

5.3 Results: Contextuality Induced by Vacuum In-

teractions

We now present the main numerical results demonstrating contextuality in the detector
outputs induced by local vacuum interactions. Unless otherwise stated, simulations use
SU(2) qutrit dynamics with coupling constant λ = 10−3, safely within the perturbative
regime where CF(ρd)/λ

2 is constant. Results for Heisenberg–Weyl (HW) internal dynamics
are summarized in Section 5.4 and presented in detail in Appendix B (Section B.1).

We report contextuality via the contextual fraction CF(ρd) in the two-qutrit Heisenberg–
Weyl measurement scenario, and in parallel track single-detector non-stabilizerness via the
Wigner sum-negativity N (ρa). In the qutrit setting these diagnostics are expected to
switch on in the same parameter regimes (Theorem 6.2), and we use their agreement as a
consistency check.
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5.3.1 Energy-gap dependence

We first fix the switching duration T and study the dependence on the dimensionless
detector gap ΩT . To separate genuinely bipartite effects from single-detector magic, we
compare three families of states:

• The full two-detector state ρab for separations satisfying the effective spacelike crite-
rion (5.17), using N ∈ {5, 7, 10, 14}.

• The product of reduced single-detector states ρa ⊗ ρb, which is the asymptotic limit
at large separation.

• The single-detector baseline ρa ⊗ |0⟩⟨0|, where only one detector interacts with the
field.

Contextual fraction. Figures 5.1 and 5.2 show CF(ρd)/λ
2 as a function of ΩT for two

detector sizes: R/T = 1 (large detectors) and R/T = 0.1 (near the pointlike limit).

Across both detector sizes, we observe four robust trends:

(i) CF(ρd) is non-monotonic in ΩT , peaking at intermediate gap.

(ii) Smaller detectors yield substantially larger CF.

(iii) The two-detector protocol outperforms the single-detector baseline ρa ⊗ |0⟩⟨0|.

(iv) Increasing separation reduces CF(ρd) toward the product-state value, with a more
pronounced decay for large detectors.

Wigner negativity. Figures 5.3 and 5.4 show the reduced single-detector sum-negativity
N (ρa)/λ

2 for the same parameter choices.

The onset and decay of N (ρa) across ΩT closely matches the behavior of CF(ρd) in
Figures 5.1–5.2, consistent with the contextuality–Wigner correspondence for Heisenberg–
Weyl measurements in odd local dimension.
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Figure 5.1: Contextual fraction normalized by λ2 for large detectors (R/T = 1) as a
function of ΩT . Different curves correspond to different detector separations satisfying the
spacelike criterion.
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Figure 5.2: Contextual fraction normalized by λ2 for small detectors (R/T = 0.1) ap-
proaching the pointlike limit.
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Figure 5.3: Wigner negativity (sum-negativity) normalized by λ2 for large detectors
(R/T = 1).
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Figure 5.4: Wigner negativity (sum-negativity) normalized by λ2 for small detectors
(R/T = 0.1).
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Figure 5.5: Contextual fraction normalized by λ2 for small detectors (R/T = 0.1) as a
function of ΩT obtained by varying the switching duration T (with other parameters fixed
as in the corresponding numerical setup).
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Figure 5.6: Wigner sum-negativity normalized by λ2 for the reduced single-detector state
for the same small-detector switching-variation setup as Figure 5.5.
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5.3.2 Switching-duration dependence

The same tradeoff can be displayed by fixing the detector gap Ω and varying the switching
duration T . Figures 5.5 and 5.6 show, for small detectors, CF(ρd)/λ

2 and N (ρa)/λ
2 as

functions of ΩT obtained by varying T .

As in the gap scan, the contextual fraction and Wigner negativity switch on and off
together across ΩT .

5.3.3 Scaling with coupling strength

The perturbative expansion predicts that all leading-order contributions to the detector
state scale as λ2, and thus that CF(ρd) and N (ρa) should be proportional to λ2 through-
out the regime where the truncation at O(λ2) is valid. Numerically, we checked this by
evaluating CF(ρd)/λ

2 for λ ∈ [10−4, 10−2] and found no resolvable dependence on λ. For
λ ≳ 10−2, higher-order corrections become visible. For λ ≲ 10−4, floating-point precision
limits dominate. Accordingly, we fix λ = 10−3 in all plots.

5.4 Discussion: Mechanism and Parameter Depen-

dence

Section 5.3 showed that local detector–field interactions can move the detectors across a
noncontextuality boundary. In the two-qutrit Heisenberg–Weyl scenario, this transition
has two equivalent signatures: contextuality in the bipartite measurement statistics and
Wigner-function negativity in the single-detector marginals. This section distills the phys-
ical interpretation and recasts the observed parameter trends as consequences of how the
vacuum imprints local excitation noise and coherence onto the detectors.

The quantum vacuum is not a featureless background: it is a structured state with
correlations that can be accessed by localized probes. Entanglement-harvesting protocols
make this operationally concrete for entanglement [105, 102], and recent “magic harvesting”
protocols extend the same perspective to Wigner negativity [93]. The present results add
contextuality to this picture. Because contextuality is defined relative to a measurement
scenario, vacuum-induced contextuality is not merely “entanglement from the vacuum”
under a different name; rather, it marks a transition in the classical simulability of the
detectors’ Heisenberg–Weyl measurement statistics. In practice this matters because a
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single experimental measurement framework—joint Heisenberg–Weyl measurements on the
two detectors—diagnoses both the appearance of contextuality in the bipartite statistics
and, in the regimes studied here, the onset of Wigner negativity in the single-detector
marginals.

The observed coincidence of these diagnostics is exactly what one expects from the
structural results of Chapter 6: for odd local dimension, noncontextuality in the Heisenberg–
Weyl scenario is equivalent to positivity of the Gross discrete Wigner function. The present
chapter provides a dynamical illustration of that equivalence. Starting from an initially
noncontextual product state (CF = 0 and N = 0), the vacuum interaction generates coher-
ences (notably the Q-type terms in Eq. (5.16)) that can drive the reduced single-detector
Wigner function negative, and the contextual fraction of the induced two-detector empirical
model switches on in the same parameter regions.

This behavior can be read directly from the perturbative structure of the reduced detec-
tor state. For SU(2) dynamics, each single-detector marginal is controlled (to leading order)
by a local excitation/noise scale L and a single local coherence parameter Q (Eq. (5.25)).
Wigner negativity appears precisely when coherence is sufficiently large compared to exci-
tation/noise, i.e., when one of the inequalities in Eqs. (5.26)–(5.28) becomes negative. On
the bipartite side, the nonlocal coefficients Lab and Mab encode how vacuum correlations
link the two detector worldtubes and control deviations from the product limit ρa ⊗ ρb.
Accordingly, the numerical “sweet spots” in Section 5.3 are regimes in which the vac-
uum efficiently generates coherence (driving negativity and hence contextuality) without
overwhelming it by local excitation noise.

The non-monotonic dependence on the dimensionless gap ΩT in Figures 5.1–5.4 is a
direct expression of this coherence–noise balance. The behavior can be traced to the un-
certainty principle. The integrals in Eqs. (5.10)–(5.12) involve Fourier transforms of the
Gaussian switching functions with respect to time differences. A Gaussian of variance
∝ T in time becomes a Gaussian of variance ∝ 1/T in frequency. Consequently, very
long interactions (ΩT → ∞) correspond to a narrow frequency window and suppress all
O(λ2) transition amplitudes exponentially [24, 116, 108]. Very short interactions open a
broad frequency window that increases excitation noise alongside coherence. The peak at
intermediate ΩT occurs where the coherence-to-noise ratio is most favorable for violat-
ing the Wigner-positivity inequalities. Varying the switching duration T at fixed gap Ω
(Figures 5.5 and 5.6) displays the same tradeoff from the complementary perspective of
changing the effective spectral width of the interaction.

Detector size and separation affect the same balance through the field’s short-distance
structure. Decreasing R/T strengthens both CF and N because spatial smearing averages
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over short-wavelength fluctuations and suppresses the high-frequency contributions that
most efficiently generate the coherences responsible for Wigner negativity. Increasing the
detector separation reduces the nonlocal coefficients Lab and Mab, pushing the output
toward ρa ⊗ ρb and lowering the contextual fraction; the numerics show this decay with
separation is more pronounced for large detectors, consistent with additional suppression
from spatial averaging.

The scaling test in Section 5.3.3 supports the perturbative expectation that both diag-
nostics scale as λ2 throughout the range where truncation at O(λ2) is valid. This justifies
presenting results normalized by λ2 and interpreting the remaining variation as genuine
dependence on ΩT , R/T , and separation.

A potentially counterintuitive feature is that contextuality can persist in the gapless
limit Ω = 0, most prominently for small detectors. In this chapter we keep R/T fixed,
so ΩT → 0 corresponds to sending Ω → 0 at finite interaction time. The coefficients
controlling coherence and excitation (L, Q) approach nontrivial R/T -dependent limits,
and the Wigner-positivity inequalities (5.26)–(5.28) can still be violated. By contrast,
conventions that fix RΩ (so that ΩT → 0 implies T → 0) correspond to switching the
interaction off: all O(λ2) contributions vanish, and hence both CF and N vanish at ΩT =
0. This difference in which ratios are held fixed accounts for apparent contrasts with
other vacuum-harvesting settings, e.g., the absence of spacelike entanglement harvesting
for inertial Gaussian-switched gapless detectors [101]. Entanglement and contextuality
arise from different mechanisms: negativity (entanglement) depends on the competition
between L and |Mab|, whereas contextuality follows the Wigner inequalities in Eqs. (5.26)–
(5.28).

The detector’s internal dynamics determines which transition pathways couple to the
field and, consequently, which coherences arise at leading order. For SU(2) dynamics,
the selection rule forbidding direct |0⟩ ↔ |2⟩ transitions forces the relevant coherence to
arise through a two-step process, yielding the sparse reduced state in Eq. (5.25). For
Heisenberg–Weyl (HW) dynamics, the coupling permits all pairwise transitions and the
excited states are degenerate, so additional coherences appear already at O(λ2) and the
reduced state takes the richer form in Eq. (B.3). Figure 5.7 compares the single-detector
Wigner sum-negativity (normalized by λ2) produced by SU(2) and HW qutrit detectors in
a representative small-detector regime; HW dynamics typically produces larger negativity
across the same range of ΩT , consistent with the fact that removing the SU(2) superselec-
tion rule and introducing degeneracy in the excited manifold increases the relative weight
of coherence compared to local excitation noise.

Finally, to make the SU(2)–HW contrast explicit at the level of the reduced state, HW
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Figure 5.7: Comparison of Wigner sum-negativity (normalized by λ2) produced by SU(2)
and Heisenberg–Weyl internal detector dynamics, illustrating the enhanced coherence gen-
eration in the HW model.
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dynamics yields

ρa =

1 − 2L V ∗ V ∗

V L L
V L L

 , (5.29)

with V defined in Eq. (B.1). The larger set of coherences present already at leading
order provides a compact explanation for the higher Wigner negativity (and hence higher
contextuality) typically observed for HW detectors.

A natural foundational question, paralleling entanglement harvesting, is whether the
contextuality observed in the detector outputs should be regarded as genuinely extracted
from the field. For entanglement, effective spacelike separation rules out communication
and supports attributing detector entanglement to the field state [119]: the detectors do not
interact directly with each other and couple only locally to the field, so any entanglement
shared between them must be field-mediated. For contextuality, an analogous implication
about the field state is not currently available. Determining how strongly CF(ρd) depends
on the field state, and whether field-independent local processing can increase contextuality
in the scenarios considered here, would clarify the interpretation; we leave these questions
for future work.
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Chapter 6

Logical Bell Inequalities for
Witnessing Marginal Wigner
Negativity

6.1 Introduction and Motivation

This chapter links contextuality with the discrete Wigner representation. We build a family
of multi-qudit inequalities that can be evaluated from single-qudit measurement statistics,
but whose violation certifies that the reduced state of that qudit has a negative discrete
Wigner value at a chosen phase-space point. Contextuality is the failure of any determinis-
tic noncontextual value assignment: one cannot preassign an outcome to every observable
so that (i) each observable has a value that is independent of the commuting observables
measured alongside it, and (ii) whenever observables commute, the assigned values satisfy
the same algebraic (functional) relations as the operators [73, 21]. See Section 2.2.1 and
Section 2.2.2 for the general framework. The discrete Wigner function [130, 55] maps a
qudit state to a real-valued quasiprobability distribution on a finite phase space; negativ-
ity shows that this function cannot be treated as an ordinary probability distribution. See
Section 2.4 and Section 2.4.2 for definitions and conventions.

We work with qudits (d-level generalization of qubits) in odd prime local dimension d.
This choice is made because odd-dimensional systems admit a particularly well-behaved
version of the discrete Wigner formalism: stabilizer states have nonnegative Wigner func-
tions, Clifford unitaries act as affine symplectic transformations of phase space, and for pure
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states Wigner-nonnegativity exactly characterizes the stabilizer states [59]. In even dimen-
sions one can still define quasiprobability representations, but the fully Clifford-covariant,
stabilizer-positive picture is obstructed and the story is necessarily more subtle [136].

The relevance of Wigner nonnegativity is that it enables efficient classical simulation of
stabilizer circuits [57, 1, 122]. If every intermediate state in a computation admits a non-
negative Wigner representation, the Wigner function behaves like an ordinary probability
distribution over phase space: Clifford gates act by permutations (affine symplectic maps)
and Weyl measurements correspond to coarse-grainings (line sums), yielding an efficient
sampling-based simulation protocol [59, 122, 95]. Universal quantum computation requires
resources beyond this simulable regime. In the magic-state model, one supplements Clif-
ford operations with suitably chosen non-stabilizer ancillas to implement non-Clifford gates
and achieve universality [27]; Wigner negativity is a quantitative measure for this extra
resource, and simulation overheads can be bounded in terms of negativity measures such
as the Wigner ℓ1-norm (mana) [123, 95].

Contextuality provides a complementary, constraint-based way to certify the same
boundary. Howard et al. identified contextuality as the key obstruction to simulating
magic-state computation in odd dimensions [67]. For multi-qudit systems (n ≥ 2) con-
textuality with respect to Weyl (generalized Pauli) measurements occurs exactly when the
full n-qudit discrete Wigner function is negative somewhere [42]. We construct a family of
logical Bell inequalities for two qudits in odd prime local dimension, following the frame-
work of Abramsky and Hardy [5]. We show that the inequality is violated if and only
if the reduced state of the first qudit has a negative discrete Wigner value at the chosen
phase-space point.

The chapter proceeds as follows. Section 6.2 sets notation for the Heisenberg–Weyl
(generalized Pauli) group. Section 6.3 characterises the two-qudit measurement contexts.
Section 6.4 constructs the marginal logical Bell witness and states the equivalence with
marginal Wigner negativity. Section 6.5 proves the main theorem. Section 6.6 connects the
witness to the contextual fraction. Sections 6.7 and 6.8 discuss extensions and implications.

6.2 Heisenberg–Weyl Group

We establish notation for Weyl operators, following Refs. [130, 55, 59, 66].

In odd prime dimension d, the operator set generated by the shift and phase operators
X and Z is also known as the Heisenberg–Weyl group or the generalized Pauli group.
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When discussing measurement observables we always ignore physically irrelevant global
phases, i.e., we work with the corresponding projective (phase-free) Weyl/Pauli operators.

Conventions: Let d be an odd prime. Arithmetic on indices and phase-space coordinates
is performed modulo d unless otherwise noted. Measurement outcomes for Weyl observables
are labeled by the exponent a ∈ Zd of the eigenvalue ωa, where ω = e2πi/d.

The Heisenberg–Weyl group is the odd-prime-dimensional generalization of the usual
(qubit) Pauli group. We define the single-qudit generalized Pauli generators by their action
on the computational basis {|j⟩}j∈Zd

:

X|j⟩ = |j + 1⟩ and Z|j⟩ = ωj|j⟩, (6.1)

where ω = e2πi/d is the primitive d-th root of unity. X acts as a cyclic shift, and Z applies
a phase ramp. They satisfy the fundamental commutation relation ZX = ωXZ [58, 66].

A symplectic vector v = [p, q] ∈ Z2
d specifies an element of the single-qudit Heisenberg–

Weyl group (up to global phase):

W (v) = W ([p, q]) = ϕ(v)XpZq, (6.2)

where ϕ(v) is a phase factor chosen to ensure good algebraic properties. We choose
ϕ([p, q]) = ω−2−1pq, where 2−1 denotes the multiplicative inverse of 2 in Zd. With this
convention, the composition law becomes:

W (v)W (v′) = ω[v,v′]/2W (v + v′), (6.3)

where [v, v′] = pq′ − p′q is the symplectic inner product.

The symplectic inner product determines commutativity: W (v) and W (v′) commute if
and only if [v, v′] = 0. When two operators commute, the product simplifies to:

W (v)W (v′) = W (v + v′). (6.4)

This additivity for commuting elements imposes consistency constraints on value assign-
ments. If a noncontextual value assignment λ assigns an outcome λ(W (v)) to observable
W (v), then the product relation requires λ(W (v)) + λ(W (v′)) = λ(W (v + v′)) whenever
W (v) and W (v′) commute.

For a system of n qudits, an n-qudit Heisenberg–Weyl operator is specified by a sym-
plectic vector v = [p1, q1, p2, q2, . . . , pn, qn] ∈ Z2n

d . The operator is a tensor product of
single-qudit operators:

W (v) = ϕ(v)Xp1Zq1 ⊗ · · · ⊗XpnZqn . (6.5)
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Two operators W (v) and W (v′) commute if and only if their symplectic vectors are or-
thogonal under the symplectic form:

[v, v′] =
n∑
i=1

(piq
′
i − p′iqi) = 0. (6.6)

This condition defines the compatibility structure of the observables: two Weyl operators
can be measured jointly (in the same context) if and only if they commute.

6.3 Measurement Contexts for Two Qudits

We specify which observables can be measured together. A context is a set of mutually
commuting observables. Measuring a context entails choosing a common eigenbasis for all
observables in the context and recording the joint eigenvalue tuple. A context is maximal
if no additional commuting observable can be included.

We work with maximal commuting subsets of the two-qudit Heisenberg–Weyl group
(ignoring overall phases). Let C denote the set of all such maximal contexts. The structure
of C is determined by symplectic geometry: Weyl operators are labeled by vectors in Z4

d,
and two operators commute exactly when their labels are orthogonal under the symplectic
form (6.6). Maximal contexts correspond to maximal isotropic (Lagrangian) subspaces [55,
66].

Product contexts are formed by choosing one single-qudit setting on each qudit. Let
A,B ∈ M (the measurement settings defined below). The operators A ⊗ I and I ⊗ B
commute because they act on different tensor factors, and together they generate the
context

CAB := ⟨A⊗ I, I ⊗B⟩. (6.7)

Measuring CAB implies measuring A on qudit 1 and B on qudit 2 in the same shot. The
outcome is a pair (a, b) ∈ Zd × Zd. Product contexts have product-state joint eigenbases
and play a central role in our construction: the witness inequality is built from contexts
CAB with A ranging over M and B fixed.

Each maximal context for n = 2 qudits is generated by two independent commuting
operators W (v1) and W (v2):

C = ⟨W (v1),W (v2)⟩ = {W (pv1 + qv2) | p, q ∈ Zd}, (6.8)
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where [v1, v2] = 0 (commutativity) and v1, v2 are linearly independent. Each context
contains d2 operators (including the identity) and forms an abelian subgroup isomorphic
to Zd × Zd. The joint eigenbasis defines a stabilizer state basis [57, 66].

The symplectic geometry of Z4
d determines the total count:

|C| = d3 + d2 + d+ 1. (6.9)

Of these, (d + 1)2 are separable product contexts of the form CAB, while the remaining
d3 − d are entangled contexts whose joint eigenbases are maximally entangled stabilizer
states. For the logical Bell construction, we use only the existence of this maximal-context
cover and the fact that it enforces Weyl product relations globally. Explicit enumeration
is recorded in Appendix C.

6.3.1 Single-Qudit Measurement Settings M

Throughout this chapter we work with a distinguished family of d + 1 single-qudit mea-
surement settings drawn from the Weyl (generalized Pauli) observables. This choice is
convenient because it is both operationally standard (it provides a complete set of stabi-
lizer eigenbases) and geometrically structured (each setting corresponds to a direction in
the discrete phase space Z2

d). We will repeatedly exploit these properties when translating
between measurement-outcome statements and phase-space structure.

We therefore take the following d + 1 single-qudit Weyl (generalized Pauli)/stabilizer
measurement settings:

M = {Z,X,XZ,XZ2, . . . , XZd−1}. (6.10)

Each element of M is a single-qudit Weyl observable (up to phase). Their eigenbases form
a complete set of d+1 mutually unbiased bases (MUBs) for Cd [132, 18]. Geometrically, M
corresponds to the d+1 directions (lines through the origin) in the single-qudit phase space
Z2
d. For d = 3, this set is M = {Z,X,XZ,XZ2}—four measurement settings, each with

three possible outcomes in Z3 = {0, 1, 2}. For each A ∈M , we specify a forbidden outcome
and ask whether a noncontextual model can avoid all forbidden outcomes simultaneously.
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6.4 Logical Bell Inequalities and the Marginal Wit-

ness

6.4.1 Framework and Construction

Logical Bell inequalities [5] turn logical inconsistency into experimentally testable proba-
bility bounds. The framework applies to any measurement scenario specified by a family
of contexts (jointly measurable sets of observables).

Fix a set C of contexts. For each context C ∈ C, choose a clause ϕC , i.e., a proposition
about the outcomes observed when measuring C. Write Φ :=

∧
C∈C ϕC for the conjunction

of all clauses. We say the clauses are jointly unsatisfiable if there is no deterministic
noncontextual value assignment that makes all ϕC true at once.

In any noncontextual model, the observed statistics arise from a distribution over de-
terministic noncontextual value assignments. For each deterministic assignment, joint un-
satisfiability means Φ is false, so in any such probabilistic mixture we still have

P (Φ) = 0. (6.11)

Therefore P (¬Φ) = 1. Using ¬Φ ≡
∨
C∈C ¬ϕC and the union bound,

1 = P (¬Φ) = P

(∨
C∈C

¬ϕC

)
≤
∑
C∈C

P (¬ϕC) =
∑
C∈C

(
1 − P (ϕC)

)
. (6.12)

Rearranging gives the logical Bell inequality∑
C∈C

P (ϕC) ≤ |C| − 1, (6.13)

where |C| is the number of contexts. Because this is a linear inequality in the probabilities,
it suffices to prove joint unsatisfiability for deterministic noncontextual assignments; the
bound then holds automatically for all noncontextual models obtained by mixing them.
Conversely, if an empirical model violates (6.13), then it cannot be explained by any
noncontextual model, so the violation witnesses contextuality.

We apply this framework to the two-qudit Heisenberg–Weyl measurement scenario.
We choose clauses that are jointly inconsistent but arranged so that, after simplification,
the resulting inequality depends only on probabilities for outcomes on the first qudit. The
witness therefore certifies contextuality of the full two-qudit scenario while being evaluated
from single-qudit statistics.
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6.4.2 The Marginal Witness

We treat qudit 1 as the target system whose Wigner negativity we wish to detect. Fix an
odd prime d and recall the single-qudit measurement settings M = {Z,X,XZ, . . . , XZd−1}
from Eq. (6.10). Each setting A ∈M has d possible outcomes, labeled 0, 1, . . . , d− 1.

The witness is indexed by a phase-space point u = (p, q) ∈ Z2
d. This point determines

a forbidden outcome rA(u) ∈ Zd for each measurement setting A ∈ M . If A = W ([a, b])
(so A = XaZb up to phase), the forbidden outcome is

rA(u) := ap+ bq (mod d). (6.14)

For the ordered list M = (Z,X,XZ, . . . , XZd−1), this gives the outcome vector

r(p,q) = [q, p, p+ q, p+ 2q, . . . , p+ (d− 1)q]. (6.15)

Example 6.1 (Qutrit forbidden outcomes). For d = 3, the measurement settings are M =
{Z,X,XZ,XZ2}. Consider the phase-space point u = (1, 0). The forbidden outcomes are:

rZ(u) = 0 · 1 + 1 · 0 = 0,

rX(u) = 1 · 1 + 0 · 0 = 1,

rXZ(u) = 1 · 1 + 1 · 0 = 1,

rXZ2(u) = 1 · 1 + 2 · 0 = 1.

In words: we forbid outcome 0 for Z, outcome 1 for X, outcome 1 for XZ, and outcome
1 for XZ2.

The forbidden outcome rA(u) has a geometric meaning. Each measurement setting
A ∈ M corresponds to a direction in the discrete phase space Z2

d. The eigenbasis of A
partitions phase space into d parallel lines (called a striation), and the outcome value
labels which line contains the point. The forbidden outcome rA(u) is the label of the line
through u in the direction corresponding to A.

Measurement protocol: The witness is evaluated as follows.

1. Fix a probe setting B ∈M on qudit 2. (The choice does not affect the final witness
value.)

2. For each A ∈M , measure the product context ⟨A⊗I, I⊗B⟩. This means measuring
A on qudit 1 and B on qudit 2 in the same shot.
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3. Record only the first-qudit outcome, and repeat to estimate Pr(A = rA(u)) for each
A ∈M .

4. Compute the witness sum: ∑
A∈M

Pr
(
A = rA(u)

)
. (6.16)

6.4.3 Main Theorem

We now state the main result precisely. The theorem has two parts: an inequality that
any noncontextual model must satisfy, and an identification of the witness operator with
a phase-point operator.

Marginal logical Bell inequality. For any two-qudit state ρ and any phase-
space point u ∈ Z2

d, every noncontextual model consistent with the Weyl product
relations satisfies ∑

A∈M

Pr
(
A = rA(u)

)
≥ 1. (6.17)

In terms of the reduced state ρ1 = Tr2(ρ) of qudit 1:∑
A∈M

Tr
[
Π
rA(u)
A ρ1

]
≥ 1, (6.18)

where Πr
A is the projector onto the eigenspace of A with eigenvalue ωr.

Theorem 6.2 (Logical Bell violation ⇔ marginal Wigner negativity). Let d be an odd
prime and let u ∈ Z2

d. Define the witness operator

Ar(u) :=

(∑
A∈M

Π
rA(u)
A

)
− I. (6.19)

Then:

1. (Inequality) Any noncontextual model satisfies Tr[Ar(u) ρ1] ≥ 0.

2. (Identification) Ar(u) = Au, where Au is the phase-point operator of the discrete
Wigner representation (Section 2.4.2).

3. (Equivalence) Violation of the inequality occurs if and only if Wρ1(u) < 0.
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Proof roadmap. The proof proceeds in four steps. We describe the strategy here; the
details follow in Section 6.5.

1. Construct a logical formula for each context. For each context, we write
down a formula describing which measurement outcomes are “allowed.” The general
form of such a formula is a disjunction (logical OR) of events, where each event is a
conjunction (logical AND) specifying a definite outcome for every observable in the
context. Requiring all context formulae to be simultaneously satisfiable amounts to
finding a global value assignment : a consistent choice of outcome for every observable.
(Section 6.5.1.)

2. Characterize global value assignments. For Weyl observables, any global value
assignment must respect the algebraic relations among commuting operators. This
forces the assignment to be linear: for each qudit, the predicted outcomes correspond
to a single phase-space point. (Section 6.5.2, Lemma 6.4.)

3. Prove the formulae are jointly unsatisfiable. The geometric structure of the
discrete phase space ensures that every linear assignment predicts at least one for-
bidden outcome. This is because any two distinct points in Z2

d lie on exactly one
common line. (Section 6.5.3, Lemma 6.6.)

4. Derive the inequality and identify the witness operator. Since no assign-
ment satisfies all formulae, the union bound gives a probability inequality. After
simplification, this becomes the marginal inequality (6.17). The witness operator
Ar(u) equals the phase-point operator Au by the finite-geometry structure of MUBs.
(Section 6.5.4.)

6.5 Proof of the Main Result

We now prove Theorem 6.2. The proof has four parts, following the roadmap in Sec-
tion 6.4.3.

6.5.1 Step 1: Constructing Logical Formulae for Contexts

We begin by explaining the general structure of logical formulae in the logical Bell frame-
work. This structure is what connects “simultaneous satisfiability” to the existence of a
global value assignment.
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Events and propositions. We assign elementary logical propositions to measurement
outcomes. The proposition [A = a] asserts that “the measurement of observable A yields
outcome a.” These propositions combine using standard logical connectives:

• Conjunction: [A = a] ∧ [B = b] means A yields a AND B yields b. This is
meaningful only if A and B are jointly measurable (i.e., belong to the same context).

• Disjunction: [A = a] ∨ [A = a′] means the outcome of A is either a or a′.

• Exclusivity: For a ̸= a′, the proposition [A = a] ∧ [A = a′] is always false (a
measurement yields a unique outcome).

An event on a context C is a complete specification of outcomes: a function e : C → Zd
assigning an outcome to each observable in C. The proposition stating that event e occurs
is the conjunction

ϕe =
∧
A∈C

[A = e(A)]. (6.20)

Formula for a context. For each context C, we choose a subset EC of “allowed” events.
The logical formula for context C is the disjunction over these allowed events:

ϕC =
∨
e∈EC

ϕe. (6.21)

This formula says: “When we measure context C, the outcome is one of the allowed events
in EC .”

Connection to global value assignments: A global value assignment is a function λ
that assigns an outcome λ(A) ∈ Zd to every observable A in our measurement scenario.
Suppose we require all context formulae ϕC to be true simultaneously. For each context C,
the formula ϕC being true means the outcomes must match some allowed event e ∈ EC . If
an observable A appears in two different contexts C1 and C2, the assigned outcome must
be consistent: λ(A) must be the same in both.

Therefore: the formulae {ϕC}C∈C are simultaneously satisfiable if and only if there exists
a global value assignment λ such that, for every context C, the restriction of λ to C is an
allowed event in EC.
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We now restrict to the two-qudit Weyl measurement scenario. Fix a probe setting
B ∈M on qudit 2. Consider the d+ 1 product contexts

CB = {CA = ⟨A⊗ I, I ⊗B⟩ | A ∈M}. (6.22)

For each context CA ∈ CB, we define the allowed events to be those where the first-qudit
outcome is not the forbidden value rA(u). That is:

ECA
= {e : CA → Zd | e(A⊗ I) ̸= rA(u)}. (6.23)

The corresponding formula simplifies to:

ϕCA
≡ [A⊗ I ̸= rA(u)]. (6.24)

For all other contexts C ′ ∈ C \ CB, we allow all possible events: EC′ = E(C ′). The
formula becomes a tautology: ϕC′ ≡ True. These tautological formulae impose no con-
straint on their own, but they play a crucial role: they force any satisfying assignment to
be globally consistent across the entire measurement scenario.

Example 6.3 (Qutrit formulae). For d = 3 with target point u = (1, 0), the forbidden
outcomes are (rZ , rX , rXZ , rXZ2) = (0, 1, 1, 1). The four nontrivial formulae are:

ϕCZ
≡ [Z ̸= 0],

ϕCX
≡ [X ̸= 1],

ϕCXZ
≡ [XZ ̸= 1],

ϕCXZ2 ≡ [XZ2 ̸= 1].

All other contexts have tautological formulae. The question is: can we find a global value
assignment that makes all formulae true?

6.5.2 Step 2: Characterizing Global Value Assignments

We now show that global value assignments for Weyl observables have a special structure.
A global value assignment λ must satisfy:

• Contextual consistency: If A belongs to two different contexts, λ(A) is the same
in both.
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• Product rule: For commuting Weyl operators, λ(W (v))+λ(W (v′)) = λ(W (v+v′))
mod d. This respects the algebraic relation (6.4).

These requirements force λ to be linear.

Lemma 6.4 (Structure of global assignments [42]). A global value assignment λ for two-
qudit Weyl observables, consistent with the product relations, must be linear:

λ
(
W (v)

)
= λ · v (6.25)

for some vector λ ∈ Z4
d, where the dot denotes the standard inner product modulo d.

This lemma says that a global assignment is determined by four numbers (λ1, λ2, λ3, λ4) ∈
Z4
d. The first two coordinates (λ1, λ2) specify a phase-space point x = (λ1, λ2) ∈ Z2

d for
qudit 1. The last two coordinates specify a phase-space point for qudit 2.

The reduction is significant: instead of d2d
2

arbitrary outcome tables, there are only d4

possible global assignments. Our task is to show that none of these d4 assignments satisfies
all our formulae.

Example 6.5. For d = 3, suppose a global assignment gives λ(X⊗I) = 2 and λ(Z⊗I) = 1.
Linearity forces

λ(XZi ⊗ I) = λ(X ⊗ I) + i · λ(Z ⊗ I) = 2 + i (mod 3).

So the assignment predicts: Z 7→ 1, X 7→ 2, XZ 7→ 0, XZ2 7→ 1. This is exactly the
outcome pattern for phase-space point x = (2, 1).

6.5.3 Step 3: Proving Joint Unsatisfiability

We now show that no global assignment can satisfy all formulae. The argument uses the
geometry of the discrete phase space. The phase space Z2

d is a finite plane with d2 points.
It has exactly d+ 1 directions (corresponding to our d+ 1 measurement settings). The key
property is: any two distinct points lie on exactly one common line.

This means: if x ̸= u, there is exactly one direction in which x and u lie on the same
line. For that direction, both points predict the same outcome.

Lemma 6.6 (Unique matching setting). Fix u = (p, q) ∈ Z2
d and let rA(u) be defined by

Eq. (6.15). For any x = (p′, q′) ̸= u, exactly one setting A ∈M satisfies rA(x) = rA(u).
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Proof. We consider two cases.

Case 1: q′ = q. Then rZ(x) = q′ = q = rZ(u), so Z matches. For any XZi, we have
rXZi(x) − rXZi(u) = (p′ − p) ̸= 0 (since x ̸= u and q′ = q implies p′ ̸= p). So no XZi

matches. The unique match is Z.

Case 2: q′ ̸= q. Then rZ(x) = q′ ̸= q = rZ(u), so Z does not match. For XZi, the
condition rXZi(x) = rXZi(u) requires (p′ − p) + i(q′ − q) = 0, giving i = (p− p′)(q′ − q)−1.
Since d is prime and q′ − q ̸= 0, the inverse exists and there is exactly one such i ∈ Zd.

Example 6.7 (Unique matching in the qutrit). For d = 3 with target point u = (1, 0) and
forbidden outcomes (0, 1, 1, 1):

Consider x = (0, 0) (same row as u). The predicted outcomes are (rZ , rX , rXZ , rXZ2) =
(0, 0, 0, 0). This matches the forbidden outcomes only for Z.

Consider x = (2, 1) (different row from u). The predicted outcomes are (1, 2, 0, 1). This
matches the forbidden outcomes only for XZ2.

Consider x = (1, 1) (different row from u). The predicted outcomes are (1, 1, 2, 0). This
matches the forbidden outcomes only for X.

Every point x ̸= u matches exactly one forbidden outcome.

Claim 6.8 (Joint unsatisfiability). For any u ∈ Z2
d, no global value assignment satisfies

all formulae {ϕC}C∈C.

Proof. Suppose a global assignment λ satisfies all formulae. By Lemma 6.4, λ is linear, so
its restriction to qudit 1 corresponds to some phase-space point x = (λ1, λ2). Satisfying
ϕCA

requires λ(A⊗ I) = rA(x) ̸= rA(u) for all A ∈M .

If x = u, then rA(x) = rA(u) for all A—contradicting every ϕCA
.

If x ̸= u, Lemma 6.6 gives a unique A∗ with rA∗(x) = rA∗(u)—contradicting ϕCA∗ .

Either way, at least one formula is false.

6.5.4 Step 4: Deriving the Inequality and Identifying the Wit-
ness

Since the formulae are jointly unsatisfiable (Claim 6.8), the logical Bell framework gives a
probability inequality.

75



Let Φ :=
∧
C∈C ϕC be the conjunction of all formulae. By Claim 6.8, Φ is unsatisfiable.

In any noncontextual model, the probability of Φ is therefore zero: P (Φ) = 0.

The negation ¬Φ =
∨
C ¬ϕC has probability one. By the union bound:

1 = P (¬Φ) ≤
∑
C∈C

P (¬ϕC) =
∑
C∈C

(
1 − P (ϕC)

)
.

Rearranging: ∑
C∈C

P (ϕC) ≤ |C| − 1. (6.26)

The tautological formulae ϕC′ for C ′ ∈ C \CB satisfy P (ϕC′) = 1. There are |C|−(d+1)
such formulae, contributing |C| − (d+ 1) to the left-hand side of (6.26). After cancellation
with the right-hand side: ∑

A∈M

P (ϕCA
) ≤ d.

Since ϕCA
≡ [A⊗ I ̸= rA(u)], we have P (ϕCA

) = 1 − P (A = rA(u)). Substituting:∑
A∈M

P (A = rA(u)) ≥ 1. (6.27)

Since P (A⊗ I = rA(u)) = Tr[Π
rA(u)
A ρ1] depends only on the reduced state ρ1 = Tr2(ρ),

we obtain Eq. (6.18).

Example 6.9 (Qutrit inequality). For d = 3 with target point u = (1, 0):

Pr(Z = 0) + Pr(X = 1) + Pr(XZ = 1) + Pr(XZ2 = 1) ≥ 1.

The final step is to show that Ar(u) = Au. In the discrete Wigner representation
(Section 2.4.2), the Wigner function of a state σ at point u is Wσ(u) = 1

d
Tr(σAu). The

phase-point operator Au is constructed as follows: each phase-space point lies on exactly
one line in each of the d+1 directions, and the projector onto the corresponding eigenspace
of the associated measurement is Π

rA(u)
A . Summing over all directions and subtracting the

identity gives:

Au =

(∑
A∈M

Π
rA(u)
A

)
− I = Ar(u). (6.28)

For a detailed derivation, see Wootters [130] or Gross [59].
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From Ar(u) = Au and the definition Wρ1(u) = 1
d

Tr(ρ1Au):

Tr(Ar(u)ρ1) = d ·Wρ1(u).

The inequality
∑

A Tr[Π
rA(u)
A ρ1] ≥ 1 is equivalent to Tr(Ar(u)ρ1) ≥ 0, which is equivalent to

Wρ1(u) ≥ 0. Violation means Wρ1(u) < 0. This completes the proof of Theorem 6.2.

Example 6.10 (Qutrit phase-point operator). For d = 3 and u = (1, 0):

Au = Ar(u) = Π0
Z + Π1

X + Π1
XZ + Π1

XZ2 − I.

6.6 Quantitative Bound: Contextual Fraction

Theorem 6.2 provides a qualitative witness: violation certifies Wigner negativity. We turn
to a quantitative question: given a violation, how much contextuality is present?

The contextual fraction (Section 2.3) provides an answer. It is a normalized measure
CF(E) ∈ [0, 1] associated with an empirical model E [3], defined as the minimum weight
of contextuality needed to reproduce the observed statistics. Howard et al. [67] identify
contextuality as the key obstruction to classical simulation of stabilizer computation with
magic states, so contextual fraction quantifies this obstruction. Given noncontextual bound
b and algebraic maximum m for any noncontextuality inequality, the normalized violation
(I(E) − b)/(m− b) lower-bounds CF(E). For logical Bell inequalities, this bound takes a
simple form.

Fix a probe setting B ∈M on the second qudit and a phase-space point u = (p, q) on the
first. For each A ∈M , define the satisfaction probability sA := P (ϕCA

) = 1 − Pr(A⊗ I =
rA(u)) and the clause sum S :=

∑
A∈M sA. The logical Bell inequality (6.17) is exactly

the noncontextual bound S ≤ d, while the algebraic bound is S ≤ d + 1. By the general
relationship between contextual fraction and normalized violations [3], we obtain

CF(E) ≥ max{0, S − d}
(d+ 1) − d

= max{0, S − d}. (6.29)

This bound is straightforward to evaluate: S depends only on (d+ 1) first-qudit probabil-
ities.

For a quantum realization by a two-qudit state ρ with marginal σ = Tr2(ρ), the violation
can be rewritten in phase-space terms. Using the definition of Ar(u) from Eq. (6.19):

S = (d+ 1) −
∑
A∈M

Tr(Π
rA(u)
A σ) = d− Tr(Ar(u) σ). (6.30)
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With the identification Ar(u) = Au from Eq. (6.28), Eq. (6.29) becomes:

CF(E) ≥ max{0,−Tr(Ar(u) σ)} = max{0,−dWσ(u)}. (6.31)

Theorem 6.11 (Wigner negativity lower-bounds contextual fraction). For a two-qudit
state ρ with marginal σ = Tr2(ρ), marginal Wigner negativity lower-bounds the contextual
fraction of the associated empirical model:

CF(E) ≥ d · max
u∈Z2

d

|Wσ(u)|−, (6.32)

where |x|− := max{0,−x} denotes the negative part.

Marginal Wigner negativity therefore certifies contextuality and provides a state-dependent
lower bound on its magnitude.

6.7 Generalizations

The two-qudit construction is the simplest instance of a more general pattern. The method
extends to systems with more qudits and, in principle, witnesses Wigner negativity of
multi-qudit marginals.

6.7.1 Witnessing Single-Qudit Wigner Negativity with n Qudits

The two-qudit logical Bell inequality generalizes to n-qudit systems while still witnessing
a single-qudit marginal. The auxiliary qudits play two logically distinct roles:

1. They enforce that any deterministic noncontextual model extends to a global linear
value assignment on Weyl observables (Lemma 6.4).

2. They supply enough context structure for this global assignment to be the relevant
notion of noncontextuality.

Neither role requires a single auxiliary qudit; any number of auxiliary qudits n − 1 ≥ 1
suffices.
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Construction recipe: Fix n ≥ 2 qudits in odd prime local dimension d, with qudit 1
as the target and qudits 2, . . . , n as auxiliary.

1. Choose probe settings: For each auxiliary qudit j = 2, . . . , n, choose an arbitrary
probe observable Bj ∈M . The choice does not affect the final witness value.

2. Define the product contexts: For each A ∈ M , define the n-qudit product con-
text:

CA := ⟨A⊗ I⊗(n−1), I ⊗B2 ⊗ I⊗(n−2), . . . , I⊗(n−1) ⊗Bn⟩. (6.33)

3. Fix the target phase-space point: Choose a phase-space point u ∈ Z2
d on qudit 1.

This determines forbidden outcomes rA(u) for each A ∈M via Eq. (6.15).

4. Assign logical clauses: For each context CA, define the nontrivial clause:

ϕCA
≡ [A⊗ I⊗(n−1) ̸= rA(u)]. (6.34)

All other maximal contexts in the n-qudit Weyl measurement scenario are assigned
tautological clauses.

The inconsistency proof reduces to the same single-qudit geometric argument as in
Section 6.5.3:

• The tautological contexts enforce global linear value assignments on all n-qudit Weyl
observables [42].

• Restricting to first-qudit observables, any such assignment corresponds to a phase-
space point x ∈ Z2

d.

• By Lemma 6.6: if x = u, all clauses fail; if x ̸= u, exactly one clause fails.

Either way, the clauses are jointly unsatisfiable.

Applying the union bound yields the marginal inequality:∑
A∈M

Tr
(
Π
rA(u)
A ρ1

)
≥ 1, (6.35)

where ρ1 = Tr2...n(ρ) is the reduced state of qudit 1. This is identical to the two-qudit
inequality (6.18). Violation occurs if and only if Wρ1(u) < 0.
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6.7.2 Witnessing k-Qudit Marginal Wigner Negativity

Witnessing Wigner negativity of a k-qudit marginal (with k ≥ 2), requires a generalization
of the single-qudit measurement settings (from set M) to their k-qudit analogues.

The single-qudit construction relies on three geometric facts about Z2
d:

1. There are d + 1 directions (lines through the origin), corresponding to the d + 1
measurement settings in M .

2. Each point lies on exactly one line in each direction.

3. Any two distinct points share exactly one line.

For k qudits, the phase space is Z2k
d , and these facts generalize as follows:

1. The d+1 directions are replaced by dk+1 maximal isotropic (Lagrangian) subspaces
forming a symplectic spread [71, 43]. Each subspace corresponds to a maximal com-
muting stabilizer measurement on the k-qudit subsystem.

2. Each phase-space point u ∈ Z2k
d lies in exactly one subspace from each “direction” in

the spread, determining a forbidden outcome for each measurement.

3. The displacement argument generalizes: any two distinct points x ̸= u differ in all
but one spread element.

Construction recipe: Fix n ≥ k+1 qudits, with qudits 1, . . . , k as the target subsystem
and qudits k + 1, . . . , n as auxiliary.

1. Choose k-qudit measurement settings. Let Mk be a complete set of dk + 1
maximal commuting stabilizer measurements on the k-qudit target subsystem, cor-
responding to a symplectic spread of Z2k

d .

2. Choose probe settings on auxiliary qudits. For each auxiliary qudit j = k +
1, . . . , n, choose an arbitrary probe observable Bj ∈M .

3. Define the product contexts. For each A ∈ Mk, define the n-qudit product
context generated by A on the target subsystem and the probe observables on the
auxiliary qudits.
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4. Fix the target phase-space point. Choose u ∈ Z2k
d . For each A ∈ Mk, this

determines a forbidden outcome rA(u).

5. Assign logical clauses. For each context CA, define the clause ϕCA
≡ [A ̸= rA(u)].

All other maximal contexts are assigned tautological clauses.

The global linear assignment structure and the symplectic geometry of spreads would
ensure that no deterministic noncontextual assignment can avoid all forbidden outcomes.
The union bound would then yield an inequality involving only the k-qudit marginal statis-
tics.

With this general construction, the logical Bell inequality is of the form:∑
A∈Mk

Tr
(
Π
rA(u)
A ρk

)
≥ 1, (6.36)

where ρk = Trk+1...n(ρ) is the reduced state of the k-qudit target subsystem. Violation is
equivalent to Wρk(u) < 0, i.e., Wigner negativity of the k-qudit marginal at the chosen
phase-space point.

The detailed verification that symplectic spreads provide the required geometric struc-
ture, and the explicit construction of the corresponding phase-point operators, is left for
future work.

6.8 Discussion

This chapter constructs a family of noncontextuality inequalities that can be evaluated
from target-qudit Weyl measurement statistics and that witness marginal discrete Wigner
negativity in odd prime dimension. For each phase-space point u ∈ Z2

d, the witness has
a particularly simple form: it depends only on the d + 1 probabilities Pr(A = rA(u)) for
A ∈ M . We identify the corresponding witness operator with the Wigner phase-point
operator (Theorem 6.2), and hence obtain an exact criterion: the inequality is violated
if and only if the reduced state ρ1 satisfies Wρ1(u) < 0. In addition, the same marginal
data provide a state-dependent lower bound on the contextual fraction of the underlying
two-qudit empirical model (Theorem 6.11).

Methodologically, the crucial step is to enlarge the compatibility structure without
enlarging the required data. For a single qudit, the Weyl (generalized Pauli) settings do
not furnish enough overlapping contexts to witness contextuality. By introducing a second
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(auxiliary) qudit and working with product contexts, one enforces the global Weyl product
constraints needed for the logical contradiction, while the resulting inequality collapses to
a statement about the target marginal.

The “one designated outcome per setting” form is a reflection of the geometry under-
lying the discrete Wigner representation. Each setting A ∈ M determines a striation of
phase space, and the label rA(u) picks out the unique line in that striation containing the
point u. Summing the corresponding projectors over all d + 1 striations and subtracting
the identity yields the phase-point operator. Theorem 6.2 therefore shows that the logical
Bell witness is not merely correlated with Wigner negativity; it is the Wigner test at the
operator level.

The marginal inequalities themselves were first presented by Howard et al. [67]. The
present chapter recasts them in the logical Bell framework of Abramsky and Hardy [5],
which is useful for two reasons. First, it makes the structure of the argument transparent:
global consistency (linearity) is forced by the Weyl product relations, and the obstruction
reduces to a finite-geometry incidence statement (Lemma 6.6). Second, it provides a general
template for extensions. Once the proof is organized into “consistency from contexts” plus
“geometric obstruction,” one can vary the context structure (e.g., add spectator systems) or
the geometry (e.g., replace single-qudit striations by symplectic-spread structure to target
k-qudit marginals) while preserving the same logical-to-probabilistic derivation.

The contextual-fraction bound derived in Section 6.6 complements the qualitative “neg-
ativity or not” statement. For a given u, the quantity −dWρ1(u) is directly lower-bounded
by the normalized logical Bell violation, and hence provides an operational certificate of
a minimum amount of contextuality required to reproduce the observed statistics. This
connects the phase-space picture to a convex-geometric measure on empirical models with-
out requiring full tomography of the two-qudit distribution. In resource-theoretic terms,
the witness simultaneously identifies a specific location of quasiprobability negativity and
guarantees a nonzero contextual component in any noncontextual decomposition.
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Chapter 7

Conclusion and Outlook

This thesis brings together several studies of operational witnesses of non-classicality, devel-
oped in different physical settings and motivated by distinct questions. A common method-
ological stance nevertheless runs through them: claims of “classical” versus “non-classical”
are only meaningful relative to an explicitly specified preparation-and-measurement sce-
nario. Accordingly, rather than proposing a single scalar measure of “quantumness,” each
study asks what can be certified against a clearly stated class of classical models (local
hidden-variable models, noncontextual models for compatibility tests, or positivity in a
discrete phase-space representation), and how that certification depends on both the state
and the available measurements.

In the multipartite setting, it was shown that closed-form, measurement-optimized
Svetlichny-type values can be obtained for two N -qubit state families, enabling an analytic
comparison between a genuine multipartite entanglement indicator (the n-tangle, for even
N) and a standard device-independent witness of genuine multipartite nonlocality [118,
40, 109, 129, 39, 117]. Within the generalized GHZ family (even N > 2), for any nonzero
n-tangle, a Svetlichny violation is only possible once the n-tangle exceeds 1/2, and this
threshold is independent of N . For the maximal-slice family, the optimized Svetlichny
value violates the hybrid-local bound for any nonzero n-tangle and the violation grows
monotonically with it. The conversion of coherence into a Svetlichny-type violation depends
on structural features of the state and on the measurement constraints built into the
witness.

The spin-1 quantum kicked top was analyzed to assess whether contextuality in the
evolving state can serve as a practical indicator of the regular-versus-chaotic structure of the
associated classical map [62, 61, 36]. Contextuality was quantified via the measurement-

83



optimized KCBS violation as a state-dependent witness [72], and the numerical results
show a clear global trend: as the kick strength increases, a larger fraction of randomly
sampled spin-coherent initial states exhibit contextuality within the finite time window
tested, with localized features near classical bifurcation points. At the same time, the
analysis identified that unstable fixed points can generate large KCBS values even though
the corresponding classical orbit is trivial. A heuristic hybrid diagnostic was introduced
to address the unstable-fixed-point artefacts; within the tested (j = 1) window it yields
phase-space contours that qualitatively match the regular-island/chaotic-sea structure. In
this minimal (j = 1) setting, contextuality can function as a useful operational marker of
state-space delocalization and exploration mechanisms that correlate with classical chaos.

The operational viewpoint was extended to a relativistic field setting by analyzing two
qutrit Unruh–DeWitt detectors coupled locally to a massless scalar field in the Minkowski
vacuum [120, 44, 105, 102]. Working perturbatively in the weak-coupling regime, the in-
duced two-detector state was evaluated to leading nontrivial order (O(λ2)) and used to
construct a two-qutrit Heisenberg–Weyl empirical model. Across the parameter ranges
explored (detector gap, interaction duration, smearing scale, and separation), numerical
evidence shows regimes in which the contextual fraction becomes nonzero even for effec-
tively spacelike-separated interactions, and suggests that this onset is correlated with the
emergence of discrete Wigner-function negativity in the reduced single-detector state. The
same data also exhibits a consistent tradeoff: contextuality/negativity is non-monotonic
in the dimensionless gap parameter and is strongly suppressed by spatial smearing and by
large separation, consistent with a balance between vacuum-induced coherence and local
excitation noise at leading order.

Finally, in the contextuality and phase-space setting, it was shown that an explicit
marginal witness of discrete Wigner-function negativity can be constructed using the frame-
work of logical Bell inequalities [5, 130, 59]. For two qudits in odd prime local dimension
and Heisenberg–Weyl measurement contexts, a family of inequalities indexed by a phase-
space point was constructed and shown to be violated if and only if the reduced state of
one qudit has a negative Gross discrete Wigner value at that point. Here the second qudit
plays an enabling role by supplying a compatibility structure rich enough to force global
(algebraically consistent) value assignments, while the resulting inequality can be evaluated
using only first-qudit outcome statistics. In addition, the same normalized violation yields
a state-dependent lower bound on the contextual fraction [3] of the corresponding em-
pirical model. In the odd-prime Heisenberg–Weyl setting studied here, pointwise Wigner
negativity of a single-qudit marginal is exactly equivalent to violating a noncontextuality
inequality that can be evaluated from that qudit’s statistics, complementing the established
contextuality–negativity correspondences for multi-qudit Pauli measurements [67, 42].
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Across all four settings, the main results are established under specific modeling choices
(state families, measurement sets, perturbative truncation, and finite observation win-
dows). A natural next step is therefore to quantify how the conclusions change when these
assumptions are relaxed: include explicit noise and miscalibration models, restrict the
allowed measurement families to those that are experimentally realistic, and treat the in-
equalities as finite-sample statistical tests with well-defined uncertainties. Such robustness
questions are standard in device-independent and related certification approaches, and they
would make the present benchmarks easier to compare against experimental data [29, 90].

For the multipartite study, the availability of analytic, measurement-optimized Svetlichny
benchmarks makes it feasible to use these values as calibration targets and as inputs to
robustness analyses, including comparisons across alternative GMN witnesses and across
explicit noise models. It also invites a broader search for additional state families (and
mixed-state models) for which similar optimizations can be obtained, so that analytic
benchmarks can guide experimental design rather than only after-the-fact interpretation.
For the phase-space study, the marginal logical-Bell inequalities suggest a lightweight alter-
native to full discrete-Wigner reconstruction: the immediate goal is to develop finite-sample
versions of the tests, with explicit confidence guarantees and clear resource requirements,
and to extend the construction beyond single-qudit marginals while keeping the evaluation
based only on marginal statistics [122, 95, 3].

For the kicked-top study, extending beyond the minimal spin-1 model is essential to
separate short recurrences from semiclassical trends and to compare contextuality-based
signatures against standard quantum-chaos probes such as spectral statistics and fidelity
decay [61, 25, 68, 10]. It is equally important to quantify robustness under realistic im-
perfections (dephasing, control noise, and limited measurement resolution), since these
effects can wash out the fine structure that a state-dependent witness detects. For the
detector–field study, the natural outlook is to move beyond leading-order weak coupling
and to vary both field state and geometry in a controlled way, building on the wider lit-
erature on correlation and entanglement harvesting [105, 102, 28, 119]. This would clarify
which features of the witnessed contextuality are driven by field correlations and which
are artifacts of approximations or measurement assumptions, and it would help identify
parameter regimes where contextuality provides a useful diagnostic alongside more familiar
correlation measures.
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Appendix A

Supplementary Material: Derivations
for Chapter 3

This appendix provides self-contained derivations of the measurement-optimized Svetlichny
values quoted in Eqs. (3.14) and (3.16). The material closely follows our published analy-
sis [117], but is reproduced here so the thesis is self-contained.

Throughout, each local projective observable is written as

A = v · σ = sin θ cosϕσx + sin θ sinϕσy + cos θ σz, (A.1)

with a unit Bloch vector v and Pauli vector σ = (σx, σy, σz). We will repeatedly use the
computational-basis matrix elements

⟨0|A|0⟩ = cos θ, ⟨1|A|1⟩ = − cos θ, (A.2)

⟨0|A|1⟩ = sin θ e−iϕ, ⟨1|A|0⟩ = sin θ e+iϕ. (A.3)

For N parties and a bit string x = (x1, . . . , xN), we use the shorthand

A(x) := Ax11 ⊗ · · · ⊗ AxNN , w(x) :=
N∑
i=1

xi, (A.4)

and the Svetlichny coefficients ν±(x) as defined in Eq. (3.7).

A.1 Derivation for GGHZ states

We now reproduce the derivation of the measurement-optimized Svetlichny value for the
generalized GHZ (GGHZ) family.
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A.1.1 Bloch parametrization and the F/G decomposition

Each local observable is written as Axii = vxii · σ with Bloch-sphere angles

vxii = (sin θxii cosϕxii , sin θ
xi
i sinϕxii , cos θxii ). (A.5)

For the GGHZ state

|ψg(α)⟩ = cosα |0⟩⊗N + sinα |1⟩⊗N , (A.6)

we first evaluate the N -body correlator ⟨A(x)⟩ψg . Using Eqs. (A.2)–(A.3) and the product
structure of A(x), we obtain

⟨0⊗N |A(x)|0⊗N⟩ =
N∏
i=1

cos θxii , (A.7)

⟨1⊗N |A(x)|1⊗N⟩ =
N∏
i=1

(− cos θxii ) = (−1)N
N∏
i=1

cos θxii , (A.8)

⟨0⊗N |A(x)|1⊗N⟩ =
N∏
i=1

sin θxii e
−iϕxii = e−i

∑
i ϕ

xi
i

N∏
i=1

sin θxii , (A.9)

⟨1⊗N |A(x)|0⊗N⟩ = e+i
∑

i ϕ
xi
i

N∏
i=1

sin θxii . (A.10)

Therefore,

⟨A(x)⟩ψg = cos2 α ⟨0⊗N |A(x)|0⊗N⟩ + sin2 α ⟨1⊗N |A(x)|1⊗N⟩
+ sinα cosα

(
⟨0⊗N |A(x)|1⊗N⟩ + ⟨1⊗N |A(x)|0⊗N⟩

)
=
(

cos2 α + (−1)N sin2 α
) N∏
i=1

cos θxii + sin(2α) cos
( N∑
i=1

ϕxii

) N∏
i=1

sin θxii . (A.11)

Plugging Eq. (A.11) into the Svetlichny sum in Eq. (3.6) yields∣∣⟨S±
N⟩
∣∣ =

∣∣c1F±
N + c2G

±
N

∣∣ , (A.12)

where

c1 = cos2 α + (−1)N sin2 α, (A.13)

c2 = sin(2α), (A.14)
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and

F±
N =

∑
x∈{0,1}N

ν±(x)
N∏
i=1

cos θxii , (A.15)

G±
N =

∑
x∈{0,1}N

ν±(x) cos
( N∑
i=1

ϕxii

) N∏
i=1

sin θxii . (A.16)

A.1.2 Maximizing the “classical” branch |F±
N |

When α ∈ {0, π/2}, one has c2 = 0 and the state becomes a product state. Then
∣∣⟨S±

N⟩
∣∣ =

|F±
N |. Choosing all measurements along the Z axis (all θxii ∈ {0, π}) implies sin θxii = 0

and hence G±
N = 0. Moreover, by choosing θxii = 0 for all i, xi we have cos θxii = 1 so that

F±
N =

∑
x

ν±(x) =
N∑
k=0

(
N

k

)
(−1)k(k±1)/2. (A.17)

To evaluate the sum, use the trigonometric representation (valid because ν±(x) ∈ {±1})

ν±(x) =
√

2 cos
(
±π

4
+ w(x)

π

2

)
. (A.18)

Inserting Eq. (A.18) and grouping by weight k = w(x) gives∑
x

ν±(x) =
√

2
N∑
k=0

(
N

k

)
cos
(
±π

4
+ k

π

2

)
=

√
2ℜ

[
e±iπ/4

N∑
k=0

(
N

k

)
eikπ/2

]
=

√
2ℜ
[
e±iπ/4(1 + i)N

]
. (A.19)

Since (1 + i)N = 2N/2eiNπ/4, Eq. (A.19) becomes∑
x

ν±(x) =
√

2 2N/2 cos

(
(N ± 1)π

4

)
, (A.20)

whose magnitude is 2(N+1)/2 for odd N and 2N/2 for even N . Hence

|F±
N |max =

∣∣∣∣∣
N∑
k=0

(−1)k(k±1)/2

(
N

k

)∣∣∣∣∣ =

{
2

N+1
2 , N odd,

2
N
2 , N even.

(A.21)

This value is achieved by Z-axis measurements (and is also the best value attainable by
local-hidden-variable models).
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A.1.3 Maximizing the “GHZ interference” branch |G±
N |

When α = π/4, the state is the maximally entangled GHZ state. In this case the optimum
can be achieved with equatorial measurements (all θxii = π/2) so that cos θxii = 0 and hence
F±
N = 0, while sin θxii = 1. Then

G±
N =

∑
x

ν±(x) cos
(∑

i

ϕxii

)
. (A.22)

Using Eq. (A.18), we choose azimuthal angles so that for every bit string x,

N∑
i=1

ϕxii = ±π
4

+ w(x)
π

2
(mod 2π). (A.23)

One explicit choice is

ϕ0
1 = ϕ1

1 = ±π
4
, ϕ0

i = 0, ϕ1
i =

π

2
for i = 2, . . . , N. (A.24)

With this assignment,
∑

i ϕ
xi
i = ±π/4 + w(x)π/2 and hence

cos
(∑

i

ϕxii

)
=
ν±(x)√

2
. (A.25)

Therefore each summand equals ν±(x) · ν±(x)/
√

2 = 1/
√

2, and summing over 2N strings
gives

|G±
N |max =

√
2 2N−1. (A.26)

A.1.4 Global maximum over all measurements for general α

For general α, the goal is to maximize |c1F±
N + c2G

±
N | over all local angles. The two

measurement strategies from the previous subsections provide two candidate extrema:

1. Z-axis strategies maximize |F±
N | and set G±

N = 0.

2. Equatorial strategies maximize |G±
N | and set F±

N = 0.

We now show (following the constructive argument in [117]) that for N > 2 no other choice
of measurements can exceed the larger of these two extrema.
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Isolating the last two parties

Without loss of generality, isolate parties N−1 and N and group the Svetlichny sum so that
the remaining N − 2 parties appear only through FN−2-type and GN−2-type expressions.
One can write ∣∣〈S±

N

〉∣∣ =
∣∣f±

1 cos θ0N−1 cos θ0N + g±1 sin θ0N−1 sin θ0N
+ f±

2 cos θ0N−1 cos θ1N + g±2 sin θ0N−1 sin θ1N
+ f±

3 cos θ1N−1 cos θ0N + g±3 sin θ1N−1 sin θ0N

+ f±
4 cos θ1N−1 cos θ1N + g±4 sin θ1N−1 sin θ1N

∣∣, (A.27)

where the coefficients depend only on the first N − 2 parties and on azimuthal phases.
Concretely, defining c1, c2 as in Eqs. (A.13)–(A.14), one can take

f±
1 = c1F

±
N−2, g±1 = c2 G̃

±
00,N−2,

f±
2 = ±c1F∓

N−2, g±2 = ±c2 G̃∓
01,N−2,

f±
3 = ±c1F∓

N−2, g±3 = ±c2 G̃∓
10,N−2,

f±
4 = −c1F±

N−2, g±4 = −c2 G̃±
11,N−2. (A.28)

Here G̃±
ij,N−2 has the same form as G±

N−2 in Eq. (A.16), but with ϕiN−1 + ϕjN added to the
cosine argument. (Equivalently, it is the G-type expression for N −2 parties with a shifted
global phase.)

Bounding the dependence on θ0N , θ
1
N

Apply the elementary inequality

x cosϑ+ y sinϑ ≤
√
x2 + y2 (A.29)

to the pairs of terms involving θ0N and θ1N in Eq. (A.27). This yields

|⟨S±
N⟩| ≤

√
(f±

1 )2 cos2 θ0N−1 + (g±1 )2 sin2 θ0N−1 +
√

(f±
2 )2 cos2 θ0N−1 + (g±2 )2 sin2 θ0N−1

+
√

(f±
3 )2 cos2 θ1N−1 + (g±3 )2 sin2 θ1N−1 +

√
(f±

4 )2 cos2 θ1N−1 + (g±4 )2 sin2 θ1N−1.

(A.30)
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The bound is tight: Eq. (A.29) is an equality when tanϑ = y/x. Enforcing equality
simultaneously for the four applications of Eq. (A.29) imposes the (paper’s) consistency
equations

tan θ0N = tan θ0N−1

g±1
f±
1

, tan θ0N = tan θ1N−1

g±2
f±
2

,

tan θ1N = tan θ0N−1

g±3
f±
3

, tan θ1N = tan θ1N−1

g±4
f±
4

.
(A.31)

We will choose angles so that Eq. (A.31) is satisfied, ensuring that the inequality steps do
not introduce looseness.

Maximizing over θ0N−1 and θ1N−1

Define the partial sums

H±
N(θ0N−1) :=

√
(f±

1 )2 cos2 θ0N−1 + (g±1 )2 sin2 θ0N−1 +
√

(f±
2 )2 cos2 θ0N−1 + (g±2 )2 sin2 θ0N−1,

(A.32)

K±
N(θ1N−1) :=

√
(f±

3 )2 cos2 θ1N−1 + (g±3 )2 sin2 θ1N−1 +
√

(f±
4 )2 cos2 θ1N−1 + (g±4 )2 sin2 θ1N−1.

(A.33)

Then Eq. (A.30) becomes

|⟨S±
N⟩| ≤ H±

N(θ0N−1) +K±
N(θ1N−1). (A.34)

By direct differentiation, H±
N(θ) attains its maxima at θ ∈ {0, π/2}, yielding

max
θ0N−1

H±
N = max

{
|f±

1 | + |f±
2 |, |g±1 | + |g±2 |

}
. (A.35)

The same holds for K±
N . Moreover, by symmetry of the Svetlichny coefficients under

exchanging the last two parties, the two maxima coincide:

maxH±
N = maxK±

N . (A.36)

Consequently,
|⟨S±

N⟩| ≤ 2 maxH±
N . (A.37)

It remains to evaluate maxH±
N .
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Evaluating the two competing branches

Using Eq. (A.28), the “f -branch” in Eq. (A.35) can be bounded as

|f±
1 | + |f±

2 | = |c1|
(
|F±
N−2| + |F∓

N−2|
)
≤ 2|c1| |F±

N−2|max. (A.38)

One can in fact choose measurements on the first N − 2 parties so that this reaches
|c1| |F±

N |max, reproducing Eq. (A.21) with N parties. Thus the best achievable f -branch
contribution is

fmax := max(|f±
1 | + |f±

2 |) = |c1| |F±
N |max. (A.39)

Similarly, by choosing azimuthal phases so that the shifted expressions G̃±
00,N−2 and G̃∓

01,N−2

are maximized with the same sign, one obtains

gmax := max(|g±1 | + |g±2 |) = |c2| |G±
N |max. (A.40)

Therefore

maxH±
N = max{fmax, gmax} = max

{
|c1| |F±

N |max, |c2| |G±
N |max

}
. (A.41)

Substituting this into Eq. (A.37) shows that∣∣⟨S±
N⟩
∣∣
max

= max
{
|c1| |F±

N |max, |c2| |G±
N |max

}
. (A.42)

Finally, inserting Eqs. (A.21) and (A.26) and simplifying gives the closed forms quoted
in the chapter. For completeness, we record them here.

For odd N > 2 (where |c1| = | cos(2α)|),

S±
N,max(ψg) =

{
2

N+1
2 | cos(2α)|, | tan(2α)| ≤ 21−N

2 ,√
2 2N−1 | sin(2α)|, | tan(2α)| ≥ 21−N

2 .
(A.43)

For even N > 2 (where |c1| = 1),

S±
N,max(ψg) =

{
2

N
2 , | sin(2α)| ≤ 2

1−N
2 ,√

2 2N−1 | sin(2α)|, | sin(2α)| ≥ 2
1−N

2 .
(A.44)

Using τn(ψg) = sin2(2α) for even N yields Eq. (3.14) in the main text.

For even N , |c1| = 1 and |c2| = | sin(2α)|. Substituting Eqs. (A.21) and (A.26) yields

S±
N,max(ψg) =

{
2

N
2 , | sin(2α)| ≤ 2

1−N
2 ,√

2 2N−1| sin(2α)|, | sin(2α)| ≥ 2
1−N

2 .
(A.45)

Finally, using τn(ψg) = sin2(2α) gives Eq. (3.14).
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A.2 Derivation for maximal slice states

We now reproduce the derivation of the maximum Svetlichny value for maximal slice states.
The goal is to show that the measurement optimization can be carried out analytically and
yields the closed form in Eq. (3.16).

A.2.1 Rewriting S±
N by isolating the last two parties

Let x̃ ∈ {0, 1}N−2 denote a bit string for the first N − 2 parties. Define

A(x̃) :=
N−2⊗
i=1

Ax̃ii . (A.46)

Then S±
N can be rearranged into two sums (the same algebraic grouping as in our paper):

S±
N =

∑
x̃

ν±(x̃)A(x̃)
(
A0
N−1 + (−1)w(x̃)A1

N−1

)
A0
N

+
∑
x̃

ν±(x̃)A(x̃)
(

(−1)w(x̃)A0
N−1 − A1

N−1

)
A1
N . (A.47)

A.2.2 Orthogonal directions for party N − 1

Write AxN−1 = vxN−1 · σ. Introduce two unit vectors b0,b1 and an angle θ such that

v0
N−1 + v1

N−1 = 2 cos θ b0, v0
N−1 − v1

N−1 = 2 sin θ b1, (A.48)

which implies the orthogonality constraint b0 · b1 = 0. Define the associated observables
Bk := bk · σ for k ∈ {0, 1}.

A.2.3 Reducing to a sum of square roots

Using Eq. (A.47) and Eq. (A.48), the expectation value can be bounded by repeated
application of

x cos θ + y sin θ ≤
√
x2 + y2. (A.49)
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A convenient way to write the result is to split x̃ by parity of the Hamming weight. Let
x̃e range over even weight and x̃o over odd weight. Then one obtains

⟨S±
N⟩ ≤ 2

∑
x̃e

√
⟨A(x̃e)B0A0

N⟩2 + ⟨A(x̃e)B1A1
N⟩2 +2

∑
x̃o

√
⟨A(x̃o)B1A0

N⟩2 + ⟨A(x̃o)B0A1
N⟩2,

(A.50)
where all expectation values are taken with respect to |ψs(α)⟩.

A.2.4 Bounding the correlators on the maximal slice state

Write the maximal slice state as

|ψs(α)⟩ =
1√
2

(
|0⟩⊗N + |1⟩⊗(N−1)(cosα |0⟩ + sinα |1⟩)

)
. (A.51)

For the correlators in Eq. (A.50), define the accumulated azimuthal phase from the first
N − 2 parties

Φ(x̃) :=
N−2∑
i=1

ϕx̃ii . (A.52)

Using the basis-element identities in Eqs. (A.2)–(A.3), one can evaluate

⟨ψs|A(x̃)BkA
l
N |ψs⟩ (A.53)

as a sum of diagonal terms (from |0⊗N⟩ and |1⊗N⟩ components) and interference terms.
Carrying out this expansion and then applying Eq. (A.49) twice (once to eliminate the
dependence on the polar angle of Bk and once for the polar angle of AlN) yields the bound
(as in [117])

⟨ψs|A(x̃)BkA
l
N |ψs⟩ ≤

(
cos2 α cos2

(
Φ(x̃)+ϕb,k

)
+sin2 α cos2

(
Φ(x̃)+ϕb,k+ϕN,l

))1/2
, (A.54)

where ϕb,k is the azimuthal angle of bk and ϕN,l is the azimuthal angle of the lth measure-
ment setting on party N . The right-hand side of Eq. (A.54) is maximized by taking all
measurements of parties 1, . . . , N − 2 in the equatorial plane, i.e.

θx̃ii =
π

2
(i = 1, . . . , N − 2), (A.55)

so that all factors sin θx̃ii = 1 that appear in the interference contributions are maximal.
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A.2.5 Phase choices, saturation, and the final maximum

The bound in Eq. (A.50) is tight. Choose azimuthal angles so that cos2
(
Φ(x̃)+ϕb,k+ϕN,l

)
=

1 for all x̃, k, and l, while maintaining b0 · b1 = 0 (equivalently, an azimuthal separation
of π/2 between b0 and b1). Concretely, one may choose ϕb,1 = ϕb,0 + π/2 and then pick
the phases {ϕxii } and {ϕN,l} so that

Φ(x̃) + ϕb,k + ϕN,l ≡ 0 (mod π) (A.56)

for each of the four combinations (k, l) ∈ {0, 1} × {0, 1} appearing in Eq. (A.50). With
these phase choices, Eq. (A.54) implies that each correlator entering the square roots takes
the same extremal value, and each square root in Eq. (A.50) becomes the same constant,√

cos2 α + sin2 α · 2 =
√

1 + sin2 α, (A.57)

and there are 2N−2 bit strings x̃. Hence

S±
N,max(ψs) = 2N−1

√
1 + sin2 α. (A.58)

The derivation above does not depend on the parity of N , so the same closed form holds
for both even and odd N > 2. Finally, for even N we rewrite the result in terms of the
n-tangle τn(ψs) = sin2 α to obtain

S±
N,max(ψs) = 2N−1

√
1 + τn(ψs), (A.59)

which is Eq. (3.16).
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Appendix B

Supplementary Material for
Chapter 5

B.1 Heisenberg–Weyl internal dynamics

This appendix collects the perturbative density-matrix expressions specific to Heisenberg–
Weyl (HW) internal detector dynamics, following Ref. [82] (Appendix A). Unlike the SU(2)
qutrit, the HW detector has a degenerate excited manifold and no superselection rules, so
additional coherences appear already at O(λ2).

B.1.1 Additional local coherence integral

In addition to the integrals L, Lab, Q, and Mab defined in Eqs. (5.10)–(5.12), HW dynamics
introduces an additional local coherence coefficient V . Following Ref. [82] (Appendix A),
it can be written as

V = −λ2
∫
d4x d4x′ Λa(x)Λa(x

′) eiΩt
′
Θ(t− t′)W (x, x′), (B.1)

where W (x, x′) is the Wightman function. For the Gaussian switching and spherical smear-
ing used in this chapter, V reduces to the one-dimensional integral in Eq. (B.10).
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B.1.2 Two-detector state for HW dynamics

At O(λ2), the final two-detector state (in the ordered product basis of Eq. (5.16)) has
the same nonlocal single-excitation structure controlled by L and Lab as in Eq. (5.16),
but a richer set of local coherences. For completeness, we record the explicit matrix form
(Ref. [82], Appendix A),

ρd =



1 − 4L V ∗ V ∗ V ∗ M∗
ab M∗

ab V ∗ M∗
ab M∗

ab

V L L Lab 0 0 Lab 0 0
V L L Lab 0 0 Lab 0 0
V Lab Lab L 0 0 L 0 0
Mab 0 0 0 0 0 0 0 0
Mab 0 0 0 0 0 0 0 0
V Lab Lab L 0 0 L 0 0
Mab 0 0 0 0 0 0 0 0
Mab 0 0 0 0 0 0 0 0


+O(λ4), (B.2)

The key qualitative change relative to SU(2) is that V generates coherence between the
ground and both excited levels already at leading order, due to the absence of superselection
rules and the degenerate excited manifold.

B.1.3 Reduced single-detector state for HW dynamics

Tracing out detector b yields the reduced state

ρa =

1 − 2L V ∗ V ∗

V L L
V L L

 , (B.3)

which should be compared with the SU(2) reduced state in Eq. (5.25). In HW dynamics,
both excited states are populated equally at this order (diagonal entries L) and are mutually
coherent (entry L), reflecting the degenerate excited manifold.

B.1.4 Wigner-negativity conditions

In the d = 3 discrete Wigner representation, Wigner negativity is again controlled by
the balance of excitation scale and coherence. For HW dynamics one obtains inequalities
analogous to Eqs. (5.26)–(5.28), with the SU(2) coherence parameter Q replaced by its
HW analogue V . This replacement rule is the practical reason V is the key additional
coefficient for comparing contextuality-generation efficiency across internal dynamics.
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B.2 Closed-form integrals for the detector state

This appendix records the closed-form one-dimensional integral expressions used to evalu-
ate the perturbative matrix elements defining the final detector state (following Ref. [82],
Appendix B). For compactness we introduce the dimensionless parameters

R̃ =
R

T
, d̃ =

d

T
, ω = ΩT, α =

9λ2

4πR̃2
. (B.4)

Let jℓ(z) denote the spherical Bessel functions (j0(z) = sin z/z and j1(z) = sin z/z2 −
cos z/z). Let w(z) denote the Faddeeva function, which can be defined by

w(z) = e−z
2

erfc(−iz). (B.5)

With these conventions, the integral expressions used in the numerical evaluation are
(matching the matrix elements L, Lab, Q, Mab, and V used throughout the main text via
L = L, Lab = Lab, Q = Q, Mab = Mab, and V = V).

L = α

∫ ∞

0

dk

k
j21(kR̃) e−

1
2
(k+ω)2 , (B.6)

Lab = α

∫ ∞

0

dk

k
j21(kR̃) e−

1
2
(k+ω)2 j0(kd̃), (B.7)

Q = −α
2
e−

1
2
ω2

∫ ∞

0

dk

k
j21(kR̃) w

(
− k√

2

)
, (B.8)

Mab = −αe−
1
2
ω2

∫ ∞

0

dk

k
j21(kR̃) w

(
− k√

2

)
j0(kd̃), (B.9)

V =
α

2
e−

1
8
ω2

∫ ∞

0

dk

k
j21(kR̃) w

[
1√
2

(ω
2
− k
)]

. (B.10)
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Appendix C

Supplementary Material for
Chapter 6

This appendix records geometric statements associated with the logical Bell inequalities of
Chapter 6. These results support the main narrative but are not needed for the marginal
LBI–Wigner-negativity equivalence.

C.1 Two-Qudit Contexts: Explicit Enumeration (Op-

tional)

Chapter 6 uses the standard measurement cover by all maximal commuting subsets (max-
imal contexts) of the phase-free two-qudit Heisenberg–Weyl group. This section records
an explicit way to enumerate these contexts and to count them. It is included mainly for
completeness; the main chapter only needs that such a cover exists, and that it supports
the usual “product rule” constraints for commuting Weyl operators.

Throughout, d is an odd prime. For a single qudit, recall the d + 1 distinguished
stabilizer settings

M = {Z,X,XZ,XZ2, . . . , XZd−1}, (C.1)

whose eigenbases form a complete set of mutually unbiased bases.
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C.1.1 Separable (product) contexts

For A,B ∈M , the two commuting operators A⊗ I and I ⊗B generate a maximal abelian
subgroup. We write

CAB := ⟨A⊗ I, I ⊗B⟩. (C.2)

These are the separable contexts. There are (d + 1)2 such contexts, one for each ordered
pair (A,B).

C.1.2 Entangled contexts

The remaining maximal contexts stabilize entangled two-qudit stabilizer bases. One con-
venient parametrization is the following. Consider observables of the form

A⊗Xp and B ⊗ Zq, (C.3)

where A,B ∈ M and p, q ∈ Z∗
d are nonzero. These operators commute exactly when

the phase acquired on qudit 1 cancels the phase acquired on qudit 2. Equivalently, in
symplectic-label language, their symplectic inner product vanishes. Because Xp and Zq

do not commute for p, q ̸= 0, the first-qudit observables must fail to commute (so A ̸= B)
and the commutation condition fixes the ratio q/p. Counting choices gives

(d+ 1) · (d− 1) · d = d3 − d (C.4)

entangled contexts.

C.1.3 Total number of maximal contexts

Adding both classes gives

(d+ 1)2 + (d3 − d) = d3 + d2 + d+ 1, (C.5)

which matches the standard symplectic-Grassmannian count of Lagrangian subspaces in
Z4
d.
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C.2 Coordinate Form of the Inconsistency Argument

Chapter 6 proves the contradiction in Claim 6.8 conceptually using the phase-space state-
ment in Lemma 6.6. This section records the equivalent coordinate calculation (the original
“bijection in i” argument).

Assume that a deterministic noncontextual assignment λ satisfies all clauses. By
Lemma 6.4, its restriction to the first qudit is determined by λ1 := λ(X ⊗ I) and λ2 :=
λ(Z ⊗ I). Satisfying the d+ 1 nontrivial clauses ϕCA

≡ [A⊗ I ̸= rA] means

λ(Z ⊗ I) ̸= rZ and λ(XZi ⊗ I) ̸= rXZi ∀i ∈ Zd. (C.6)

By linearity, these constraints are

λ2 ̸= rZ and λ1 + iλ2 ̸= rXZi ∀i ∈ Zd. (C.7)

Under the hypothesis of Claim 6.8, the target vector r comes from a phase-space line,
so writing rX and rZ for its X and Z components one has

rXZi = rX + irZ . (C.8)

Substituting Eq. (C.8) into Eq. (C.7) and rearranging gives

λ1 ̸= rX + i(rZ − λ2) ∀i ∈ Zd. (C.9)

But Eq. (C.7) implies rZ − λ2 ̸= 0. Since d is prime, the map i 7→ rX + i(rZ − λ2) is a
bijection of Zd, so the right-hand side of Eq. (C.9) ranges over all values in Zd. No choice
of λ1 can avoid all of them, so Eq. (C.9) is impossible. This contradiction is precisely the
coordinate form of Lemma 6.6.
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