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Abstract

Moving interfaces play vital and crucial roles in a wide variety of different natural, technological, and
industrial processes, including solids dissolution, ¢apil action, sessile droplet spreadingnd
superhydrophobicityn each of these systems, the fundamental process behaviour is entirely dependent on the
interface and on the underlying physics governing its movemasna result, there is significant imést in
studying and developing models to capture the behaviour of these moving interface gysteanside variety
of different applicationstHHowever, the simulation techniques used to model moving interfaces are limited in
their application, as the nmextularlevel models are unable to simulate interface behaviour over large spatial
and temporal scales, whereas the lagale modeling techniqueannot accourfor the nanoscale processes
that govern the interface behaviour or the moleestate fluctudons and deviations in the interface.
Furthermore, methods developed to bridge the gap between the two scales are pronéntiueecbiforce

imbalancest the interfacéhat can result in fictitious behaviour.

In order to overcome these challengbss study developed novel kinetic Monte Carlo (kM&)ased
modelling technique referred to as Moving Front KMC (MFKMC) to adequately and efficiently capture the
molecularscale events and forces governing the moving interface behaviour over large lengtieacales.

This framework was designed to capture the movement of transiamyling interfaces in a kinetiike

manner so that its movement can be described using Monte Carlo sampling. The MFkMC algorithm
accomplishes this task by evaluating the betavof the interfacial molecules and assigning kinetic Monte
Carlo-style rate equations that describe the transition probability that a molecule would advance into the
neighbouring phase, displacing an interfacial molecule from the opposing phase amthahgsg the
interface. The proposed algorithm was subsequently used to capture the moving interface behaviour within
crystal dissolution, capillary rise, and sessile droplet spreading on both smooth and superhydrophobic surfaces.
The individual system mads for each application were useditmlyze the behaviour within each application

and to tackle challenges within each field.

The MFKMC modding methodwas initially used to capture crystal dissolutiéor applications in
pharmaceutical drug deliverfhe developednodelwas designed to predict the dissolution of a wide variety
of crystalline minerals, regardless of their composition and crystal strudtueeMFKMC approach was
compared against a stand&kMC model of the same system to validate the MFKMC approach and highlight
its advantagesnd limitations The proposed framework was used to explore ways of enhancing crystal
dissolution processes by assessing the variability from environmental uméestand by performing robust
optimization to improve the dissolution performan€the approach was used to simulate calcium carbonate
dissolution within the human gastrointestinal syst&uolynomial chaos expansions (PCEs) were used to

propagate the pameetric uncertainty through the kMC model. Robust optimization was subsequently
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performed to determine the crystal design parameters that achieve target dissolution specifications-using low
order PCE coefficient modelsPCMs). The results showcased the kgability of the kMC crystal dissolution

model and the need to account for dissolution uncertainty within key biological applications.

The MFKMC approach was additionally used to capture capillary risvities of different shapes. The
proposednodel was adapted to capture the movement of a-fluid interface, such as the moving interface
present in capillary action studies, using kMC type approaches based on the forces acting locally upon the
interface.The proposed force balanbased MFKMC (FBVIFKMC) expressions were subsequently coupled
with capillary actionforce balanceequations to capture capillary rise within any axisymmetric cavity. The
developed model was validated against known analytical models that capture capillary rise dynamistin perf
cylinders. Furthermore, thresulting multiscalenodel was used to analyze capillary rise within axisymmetric
cavities of irregular shape and in cylinders subject to surface rougfihesg. studies highlighted that tRB-

MFKMC algorithm can capturdi¢ macroscale behaviour of a system subject to molelemalrirregularities
such as surface roughness. Furthermore, they highlighted that phenomena such as roughness can significantly

affect moving interface behaviour and highlight the need to accomenfmtahese phenomena.

MFKMC was furthermore extended to capture sessile droplet spreading on a smooth surface. The
developed approach adapted the capillary ad&®MFkMC model to capture the spreading behaviour of a
droplet based on the force balance acting upon the droplet interface, which was developed using analytical
inertial and capillary expressions from the literature. This study furthermore derived a neengandal
expression to depict the viscous damping force acting on the droplet. The developed viscous force term depends
on a fitted parametep whose value was observed to vary solely depending on the droplet liquid as captured
predominantly by the dpdet Ohnesorge number. The proposed approach was subsequently validated using
data obtained both from conducted experiments and from the literature to support the robustness of the
framework. The predictive capabilities of the developed model were funggected to provide insights on

the sessile droplet system behaviour.

The developed FBAFKMC model was additionally modified to capture sessile droplet spreading on
pillared superhydrophobic surfaces (SHSEhese adjustments included developing the Earibnit (PU)
method of capturing periodic SHS pillar arrays and accommodating for the changes necessary to capture the
droplet spreading behaviour across the gaps between the pillars (i.e., Cassie mode Tetpingposed SHS
based FBMFkMC (SHSMFKMC) model was furthermore adapted to accommodate for spontaneous Cassie
to-Wenzel (C2W) droplet transitions on the solid surface. ddmabilities of thdull SHS-MFKMC modelto
capture both radial sessile droplet spread and spontaneous C2W tramggtiensempared to experimental
resultsfrom within the literatureFurthermore, a sensitivity analysis was conducted to assess the effects of the

various system parameters on the model performance and compare them with the expected system results.
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Chapter 1 - Introduction & Motivation

The interfacial phenomena that occur at the boundary between two or more phases are ariiichd to
variety of differentprocesses throughout engineerinthe interfaces within these systems do not frequently
remain static andre known to move and undergo surface fluctuations in time. Accordingly, these processes
can be referred to as moving interface systems, and they play a crucial role in fields ranging from emulsions
and micelle formation to ice melts and ocean waveConsequentlyit is crucial to accommodate for the
boundarydisplacement and the varioimerfacialphenomena that occur in order to capture these processes.
The fundamental process and challenges affecting a moving interface system differ depending on the
composition of the phases on each side of the interface. For example, the motion of a solid moving interface
can be readily captured based on the physiochemical kinetic evkintg pdace, such as adsorption and
desorption. Conversely, the dynamics of moving fillidd interfaces are better described using the underlying

forces and energy balances acting along the interface.

Moving interface systems play important roles in aetg of different systems as highlighted above, and
as a result there is significant interest in developing models to capture, study, and improve upon these processes.
In general, moving interface systems are often macroscale in natutgpaadly evolve over large spatial
(mm-km) and temporal (mB) scales. However, these interfaces frequently include intricate detaileolgiesol
and morphologies that are highly sensitivenioroscale andnolecularlevel perturbations such as roughness
and surfacestructures® For examplethe dissolution ofa solidis highly dependent on the moleculavel
configuration ofa surface particle with respect to its nearest neighbours. In addition, the inclusion of microscale
and moleculatevel roughness on a solid surface is known to drastically affespiteadindehaviour of fluid
droplets onthe surface, andcan result insuperhydrophobicsurface behaviourTherefore,due to the
discrepancies in the length and time scales within thesarsyst@ving interfacgrocessesan be challenging
to capture using conventional modelling technigles. instance,drgescale modelling techniques such as
computational fluid dynamics (CFD) are incapable of capturing detailed molecular analyses stdhes sy
and thus are only useful for capturing the general (macroscale) behaviour of the’systm®.techniques
additionally require specific methodologies to capture the movement of the interface, suchtaadkorg or
front-capturing*® In comprison to the largecale modelling techniques, microscale techniques such as
Molecular Dynamics (MD) are capable of capturing the movement of the interface at the molecular level and
therefore they are able to achieve unprecedented accuracy in simuitgifaces with complex geometries.
However, those methods are computationally intensive and can only be used to simulate small systems (~nm)
over short timescales (~nsThese challenges can be overcamag mesoscale modelling methods such as
the Lattice-Boltzmann method, whiclaims tobalance te moleculailevel and macroscale evolution of a

systenf However, thidatterapproach is prone to errorduced force imbalances and fictitious behaviour near
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the boundaries of mukphase interfacesThis can be disadvantageous for moving interface systems, where

the key properties of the system are ofterdtly related to the interfade.

Kinetic Monte Carlo (kMC) is an alternative mesoscale modeling technique that uses random sampling
to analyze a systembds dynarmiec kkee/h aevvieonutrs. ckoMQ rd rbluy
evolution, and thus it is capable of simulating larger systems ovepbmags oftime.” Furthermore, a kMC
system is able to directly account for the crucial phenomena present at a multiphase interface. The kMC method
has already been previously implementiedtudy solid moving interface applications ranging from thin film
deposition to crystal growth and dissolutidr?® In these applications, the sofidid interface can be evolved
by adding or removing molecules from the solid surface according to kinetic event rates. Hawevex,
inherently obvious as to how kinetic surface events could be used to capture the interfacial dynamics of more
complex systems inveing fluid-fluid interfaces, such as capillary action or sessile droplet spreading, or
whether kinetic surface events are even applicable to these systems. FurtheianderckMC is typically
only usedo directly model the solid surface at the interface, and consequently the behaviour of the remaining
phases is usually only captured indirectly through the kinetic rate equations governing the surface evolution.
As a result, this technique cannot be diseapplied to simulate a dynamic fluftlid interface.Thereforejn
order to capture moving interface systensing kMC, it is necessary to developw approaches that can
accommodate for both solltased and fluidluid-based moving interface$his PhD studywill particularly
focus ondeveloping a general kMBased moving interface algorithm and applying ikéy applications
including solids and crystal dissolution, as well as fiilidd triple contact interfacéased processes such as
capillary acion, sessile droplet spreading, and superhydrophobic surfaces.

Solids and crystal dissolution is a prominent moving interface field of study where the interface exists at
the boundary between a fluid and a shrinking solid pHaSeOne of the key attributes fahis application
pertains to the rate at which the solid disintegrates within its intended environmettiysitis desirable to
control the dissolution ratsithin a givensystent® Theseratesstrongly depend upon the local microstructure
of the surfaceas well aghe system environmerit andthereforethey arehighly sensitive to environmental
variability and uncertainties:?? As a result, it is necessary to accommodate for the effects of both the local
surface structure and envimental uncertainties when conducting dissolution studies. However, this remains
an emerging fieldvithin the literature Capillary actiondriven transport is another crucial moving interface
system that significantly impacts a variety of different nataral artificial applications. This phenomenon
utilizes the differences in surface energies between fluids and solids to propelfluitlinterface along the
surface of a narrow cavity without requiriegternal energyThis processloes not depend on ygiochemical
kinetics andnust be quantified throughndamentaphysical laws (e.g., the foroe energy balances affecting
the system) and therefore it candballengingio analyzetheinterfadal movement? This process is essential

in many different scientific and engineering discipliresd thughere has been significant interest in studying



capillary action processds order to maximize their applicabili#f.® The observed behaviour within a
capillary action system is dependent on the shape and properties of the solid cavity wirimingthe fluid is

rising or falling and on the local microstructure and roughness of the wiywever, capillary actiois a
macroscale process thean drive fluids over distances that can range from mm té°lks. a result, it is
necessary taccommodat¢he disparity in scales and cavity surface properties when studying and designing

processes where capillary action plays a critical role.

One of the most importamovinginterfaceapplications can be found in the spreading of sessile droplets
on solid surfaces. Sessile droplet systems are triple contact intpriamssesvhere the moving interface
consists of two different fluids, and therefore its behaviour is best quantified badefumlamentaforces
affectingthe systemHowever, theseropletsystems are further limited due to a lack of knowleigthe
underlying forces responsible fahe droplet spreading behavio@essile droplet spreadirig) relevant to a
wide variety of differentengineering designs arrocesse$”3® Superhydrophobicity, in particular, has
emerged as one of the most critical sessile droplet applicaolid.surfaces are prone to contamination from
various pollutants, and there are many instances where these can lead to adverseoresedise@ly, there is
significant motivation to develop surfaces that are-aelining, antfouling, and antiwetting, in order to
minimize or eliminate both solid and liquid surface contamination. These properties can be induced by
designing extremely aterrepellant surfaces, known as superhydrophobic surfaces (SHSs), where any water
contacting the surface will form mobile drops that are readily removed by gravity or other externatfSrces.
This superhydrophobic behaviour can be induced by creatingeth@ngy material surfaces textured with
microscaleroughness structures to minimize the contact between water and the surface. However, SHSs suffer
from a nunber of different problems that limit their wigeale applicability. Most notably, these surfaces are
susceptible to deactivation due to Cagei¥Venzel (C2W) transitions, where the droplets pin and impale on
the surface roughness asperities to the extbete they are nearly impossible to remé&V&his proceshas
the potential to critically sattage SHS antiwetting behavioand consequently, there has been a substantial
amount of research dedicated to preventing C2W from occu¥tifigzurthermore, there are many model
basel studies conducted within the literature with the intention of overcoming €2%WThese works employ
techniques such as MD and LB to depict the dynamic response of fluid droplets to theamticnanescale
roughness structures present within SHBewever, these modelling studies are limited by the same

restrictions outlinegreviousy for each method.e., computationdimitations and force imbalancés.

1.1 Research Objectives & Contributions

Motivated by the challenges highlighted above, this PhD thesis prdébemtsvelopment of a novel
Moving Front kinetic Monte Carlo (MFKMC) algorithm to capture and simuiggieeralmoving interface

systems. This proposed kMéased methodnly considers théehaviour of thénterface and how it moves at



the molecular level. ie MFKMC method defines the interface as the basdparatindgnterface molecules of

different phases, and it uses kindtike rate equations to capture the interface movement based on the

fundamental physics affecting the interface movem@&snta result the MFKMC algorithm possessgsod

generality.The applicability of the MFKMC algorithm is demonstrated through application in four case studies

involving crystal dissolution, capillary rise, sessile droplet spread, and superhydrophobic sUrfeces.

MFKkMC models developed for each case stadg subsequently implemented to tackle key challenges

experienced within each moving interface applicatibhe specific research objectives considered are as

follows:

T

Developa generalized kMéased MFkMC algorithnto capture the dynamic behaviour of any
moving interface systenvalidate the model performance through comparisons to standard kMC,
known system behaviour, and experimental results for different case studies.

Adapt the MFKMC algorithm to capture thessolution of crystalline solids within a solvent fluid.
Use the developed model, in conjunction with uncertainty propagation techniques, to provide
insight on the impact of environmental uncertainties on crystal dissolution with particular focus on
pharmaceutical drug delivery. Determine the optimal conditions to encourage crystal dissolution
while minimizing the impact of uncertainty.

Developa method to capture fluiffuid moving interfaces based on the fundamental physics
affecting the interface behaxirand apply it tacapture capillary riséJtilize the developed method

to evaluate the effects of cavity shape and surface roughness on the capillary action process.
Investigate the balance of forces acting upon the interfaces of sessile droplet Iystgutesthis

force balance with MFKMC to develop a sessile droplet spreading model and staditeessile
droplet spread on flat surfaces.

Expand the sessile droplet fBFkMC model to accommodate for irregular solid surface
geometries antb capture tbplet spread on superhydrophobic surfadéespt the model to predict
whether spontaneous C2W transitions will occur basethersurface geometry. Evaludte
effects of the surface structures on the droplet spreading and C2W behaviour.

The study of mowng interface systems is a diverse multiscale field filled with processes that evolve on

the macroscale but that are sensitive to microscale fluctuations along the interface. Consequently, it is essential

to developmodellingmethodologieghat can accuraty and efficiently capture the complete behaviour of a

moving interface system while still accommodating for critical moledelsl deviations such as surface

roughnessHowever, there are limited options that are able to achieve these conflictintivelsigespite their

relevanceas highlighted abov@& his study aims to fill this gap by developing the novel MFKMC algorithm to

capture thggenerabehaviour obiny moving interface systenmcluding both soliebased and fluidluid-based

interfacesso long as the underlying physiochemical processes that drive the interface movement are known.
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Although this model has its owlimitations and challenges, is not subject to the same shortcomings as
previouslydeveloped moving interface approaches and therehows significant potential to improve model

based studies for these systems.

This study furthermore implemenMFkMC to study and gain new insights in the fields of crystal
dissolution, capillary rise, and sessile droplet spread on both ideallyttsianod superhydrophobic surfaces.
For crystal dissolution, this study explores the significant impact of environmental variability on dissolving
solids, particularly within pharmaceutical drug delivery. This stéulyhermore contributes towards the
develgpment of efficient robust and-bbjective optimization policies farrystal dissolutiorapplications like
drug coating design. Within the field of capillary action, thiwk additionally develops a modelling tool that
can be used to efficiently capture capillary rise for irregular pore geometries and for pores subject to molecular
level surface asperities. Furthermore, it explores and highlights the importance of accongnfmtatin
phenomena such as surface roughness within these systems. Finally, with regards to sessile droplet spreading,
this research develops a seenipirical force balance to describe and capture each of the forces acting on the
droplet interface. In additig it explores the effects of superhydrophobic surface structures on the droplet
spreading and contribiggdowards the designs of SHSs that resist C2W transitions. Overall, this work
contributes towards the development of a nonedelling frameworko capure and study moving interface
systems that accommodates for both their macroscopic behaviour and microscale variations.

1.2 Outline

The remainder of this thesis is organized as follows:

1 Chapter2 providesa review of the literatur@nd presentsan overviewof the key moving
interface systems (i.e., crystal growth and dissolution, capillary action, sessile droplet spreading,
and superhydrophobicitygnd discusses tHeey challenges facing each system. Furthermore,
this section outlinethe various modellinghnethodghat can be used to capture moving interface
systems and discusses their usage within the literature, with particular fodhs &viC
approach that serves as the basiglferproposedIFkMC framework

1 Chapter Jrovides a detailed overview ofalileveloped MFKMC algorithmnd showcases the
fundamental theory behind this method. This section furthermore outlines many of the key
challenges and considerations necesgduign designing an MFkMC model for a given system.
The information presented in this chapter has been adaptedafpaper previously published
in The Journal of Physical Chemistry’B

1 Chapter 4 adapts the proposed MFkM@oaithm to captur¢éhe complete dissolution of crystals
for biological applications. The developed modelcompared to a standard kMC model

previously developed within the literature for the same sy$tdmrthermore, PCE used to
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propagate uncertaintiyn the environmental parameters through the dissolyiimeess and
LPCMs are derived to predict the PCE coefficients for a range of different crystal shapes and
sizes. The LPCMbased framework is used to perform robust anobipéctive optimization on

the crystal dissolution system. Theork presented in this chaptés a combination of
informationpreviously publishedn The Journal of Physical Chemistry#*@nd Computers &
Chemical Engineering?

Chapter 5 describes a variation of the MFKMC algorithm adapted to capture moviriguftlid
interfaces based on the force balances acting upon the interface. This model is subsequently used
to capture capillary rise of a fluid within cavities tlaae perfectly cylindrical, that have an
irregular geometry, and that have a roughened surface. The information presented in this chapter
has been previously publishedTihe Journal of Physical Chemistry*B.

Chapter &lescribes the study of the forces impactmginterface movement of a sessile droplet

on an ideally smooth surface. This information is used to derive aesepiiical force balance

that is coupled with MAKIC to form the FBMFKMC algorithm for sessile droplet spreading.

The FBMFKMC model is validated against experimental datd subsequently used to study
sessile droplet spreading fdifferent fluid droplets on different solid surfaces. This work has
beenpreviously publisheih Physics of Fluid$®

Chapter 7modifies the FBMIFKMC algorithm to capture sessile droplet spread on SHISss.
developed model isadaptedto accommodate for thehanges in surface geometry atheir

effects onthe droplet force balance. In addition, thmdel is modified to simulate C2W
transitions The model is validated against experimental data from the literature and it is used to
subsequentlgtudythe effects of SHS structures on the droplet spreading behaviosimodel

is furthermore used to d@inine thesurface structures that minimize the likelihood of C2W
transitions. The contents of this chapter will be submitted for publicationCtemical
Engineering Science

Chapter 8 presents the conclusions gained throughout this thesis. Furthernoarténes

suggestions for further avenues of research to pursue in the future.



Chapter 21 Background & Literature Review

The objective of this chaptés to give a summary of theoving interfacebackground knowledge
pertinent to tis study This secton particularlyfocuses omoving interface systems such as solids dissolution,
capillary actionsessile droplet spreaahdsuperhydrophobicityAdditionally, it highlights theadvantages and
disadvantagesf thecore modelling techniqugseviously applied to capturing moving interface systérhis
section is organized as follows. Section 2.1 provides an overview of the different modelling methods used to
depict moving interfaces, with particular focus on the fundamental modelling théatiind kMC. Section
2.2 provides the necessary background information for each of the main moving interface systems depicted
within this work.Subsectior2.2.1 discusses thmechanisméehind the solid moving interfadesed crystal
growth and dissolutio processes. Furthermore, Subsection 2.2.2 diesube relevant background
information on the fluidluid-based capillary action, sessile droplet spread, and superhydrophobic surface
applications respectively. Section 2.3 summaribe gaps within theiterature that highlight the overall

objectives of this study.

2.1 Modelling Methods

Moving interface systems comprigsclusivelyof processesthat contain a dynamically propagating
interface between two or more phases. These interface displacemen{geated to occur due to fluid flows,
erosion, and deformations between the different pHa4eSuch moving interface systems can be found in
many critical applicadns, ranging from ice to fluid flows to mathematical finafft®¥. The properties of an
interface differ significantly from those of the bulk and are ciiiocadeveloping an understanding of how a
system behaves and evolves. This interfacial behaviour are especially prominent on the microscale, and
consequently there is a strong need to study moving interface systems as technology trends toward gignificantl
smaller device4>°° Accordingly, there is substantial interesd strong motivatiom developing models to

capture and simulate the behaviour of these dynamic interface processes.

The objective of this section is to discuss the various modelling methods that have been developed for
moving interfaces and discuss how they have been implemented within the literature. This section will
specifically focus on theMC algorithm, which istte basis of th&#1FkMC algorithm developed in this work.

Each modelling methodescribedwithin this sectionare summarized in Table 2.This table additionally
highlights the advantages and disadvantages of each m&tietbllowing subsection will prode a general
overview of some of the most prominent moving interface modelling tools. Subsequently, 3eichomill

provide a brief introduction to theMC algorithm to highlight its potential and discuss its challerayes

limitationsin capturing mowig interface system behaviour.



Table 2.1: Comparison of different moving interface modelling techniques

Method Description Advantages Disadvantages Relevant
References
Continuum Continuum PDE 1 Simple Cannot capture moleculéavel 4,653
) . behaviour
Modelling: based modelling; 1 Computationally Fast
Front Interface captured Large number of nodes required
. to model microscale fluctuations
. directly through
Tracking
computational nodes
Continuum Continuum PDE 1 Computationally Cannot capture moleculéevel 4,654
. efficient behaviour
Modelling: based modelling;
Front Interface modelled 1 Flexible Numerical instabilities at the
L interface
Capturing: implicitly (e.g.,asan ¢ can handle complex
arbitrary surface) geometries
LevelSet
Method
Molecular Movement of each 1 Captures molecular Computationally slow 59,60,7
. lecul d behaviour and
Dynamics | molecule capture fluctuations Only capture ~nm systems over
based on ~ns timeframes
) Detailed
intermolecular forces
Lattice Model movenent of 9 Captures molecular Force imbalances and ficticious 8,9
molecules over behaviour and behaviour at interfaces
Boltzmann fluctuations _
discretized space Computationally slow compared
. 1 Reasonably great to continuum modelling
using Boltzmann -
computational costs ) _ _ _
equations Requires solving entire fluid
space
Kinetic Stochastically models 1 Captures molecular Require duplicate simulations to 7,67,68
statebv-state behaviour and capture average behaviour
Monte Carlo 4 fluctuations
evolution of a system Computationally slow compared
S 1 Reasonable to continuum modelling
based on kinetic -
computational costs
transition rates No clearcut method to capture
fluid-based moving interfaces
2.1.1 Modelling Approaches for Moving Interface Systems

There aremany different modelling methodbat have been developed to capture the behaviour of
moving interface system¥heseproblems frequently entail complex interface topologies and geometries that
are sensitive to slight changes and perturbafidimgse interfaces furthermore frequently depict discontinuities
in the system properties between the materials in plaabe’! As a result, they can be challenging to model

using conventional techniques. Despite this, myr@ddifferent modelling approaches have been proposed
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and implemented to capture the dynamic behaviour of moving interface systems for a variety of different
applications, includinghe applications considered in this work, iaystal growth and dissolon, capillary

action, and droplet spread on flat and textured surfaces. Moving interface problems are frequently tackled using
largescale modelling techniques such as computational fluid dynamics or other continuum modelling
approaches. These processegtiently denote the movement of the interface with a unique partial differential
equation (PDE) designed to capture the underlying physical processes governing the interface movement. The
solution to the interface PDE can be furthermore used as bourmfatitiens of other relevant PDEs (e.g.,

mass, momentum, or energy conservation equations). A common example of these kinds of moving interface
models is the Stefan Problem, which aims to study the change in properties such as heat conduction over an
interface between the two phases, where at least one phase is changing into tHeAtittmrgh Stefan
problems are not exclusively applied to moving interface systems, they are frequently employed in applications
where the interface can change significantly, such as heat exchange during ice melts. Incoatiataim

based analyses of moving interface systems are comparably fast and can efficiently capture the dynamics of
large systems over realisticallgng time periods. However, these techniques require specific methodologies

to capture the movement of tieerface, such as fromtacking or frontcapturing*® In the fronttracking

method, the moving interface is assigned computational nodes to capture the location of the moving interface.
These nodes arevolved discretely based on the underlying interface PDE to capture the interface mé¥ement.
The front tracking method can accurately capture the @woludf an interface, however it requires a
prohibitively-large number of points to sufficiently capture systems with sophisticated surface geometries that
evolve on a molecular level or systems whose interfacial movement is spatially heterogeneous thesed on
local interfacial microstructure. On the other hand, ficayturing methods implicitly model the moving
interface as a high variation region instead of tracking the interface directly. The most common form of front
capturing method is the levsét method, which captures the interface using an arbitrary implicit boundary

surfaces , Wheres Ttdenotes the current location of the interface. In this method, the interface is
evolved in time and space based on its normal velaciégcordingto the level set equatioR—

0Sle s T This approach is versatile and can readily handle complex interface geometries in an accurate
and efficient manne¥.Furthermoe, its implicit interface definition allows for easier interface propagation and
property calculation. However, it suffers from numerical instabilities at the interfaces that limit its applicability
to accurately capture moving interface behavideurthermore, this method requires detailed insightsder

to properly set up the systess highlighted in Table 2.1, bofront-tracking and frontapturing methods are

able to adequately capture the movement of an interface with sufficient implementation. Consequently, they
have been used to capture a evichriety of different moving interface systems, including crystal gréwth,

capillary rise’®®” and sessile droplet sprea®. However, these methods struggle to capture detailed and



discrete microscale information about the interface, such as its reactions to mé&ailperturbations, and

are better reserved for applications where these features are not as crucial to the interface dynamics.

In comparison to the larggcale continuurbased modelling techniques, microscale techniques such as
Molecular Dynamics (MD) 1@ capable of capturing the movement of the interface on the molecular level and
therefore they are able to achieve unprecedented accuracy in simulating interfaces with complex geometries
and spatiallyheterogeneous systemas documented in Table 2.The MD method is one of the most
commonlyimplemented moleculdevel modelling technique. In MD, the positions and momentum of every
mol ecule in the system are appr oxPhvbisalde tomecsratedly on N
capture the dynamics of every particle within a considered systenhexrtbret is able to achieve molecular
level accuracy while simulating the behaviour of moving interfaces. Consequently, MD has found a lot of use
in molecuar-level moving interface studies, such as the dissolution of individual surface features of &'crystal,
studying C2W transitions inside individual SHS featdfé¢sand capillary action within nanoscale pofés.
However, this approach, alongside other moleelaiael modelling methods, is computationally intensive due
to the number of particles considered and can only be used to simulate small systems (~nm) over short

timescales (~ns).

The behaviour of moving interface problems frequently involve complex topologies and geometries that
are sensitive temall perturbation$Furthermore, many moving interface problems involve phenomena that
span multiple length and timescales, and consequently there is a need for modelling techniques that can bridge
the disparate scales. This has previously bemomplished via mesoscale methods such as the Lattice
Boltzmann (LB) approachThese methods still consider the molecidael evolution of the system, however
they apply key assumptions to simplify the problem and tlow them to capture the behaviour of larger
systems over longer time scales. The LB method is one of the most prominent mesoscale methods that can be
used to capture moving interface behaviour in multiphase flows. In LB, the fluid phases of a mizrfage
system are depicted using a distribution of fictitious particles within a discretized space that are restricted by
the degrees of freedom in which they can travel. These particles are subsequently evolved based on modified
versions of the Boltzmamequation. LB is capable of capturing the behaviour of realistitaiiye moving
interface systems while still accommodating for the underlying moletaual behaviouras highlighted in
Table 2.1 As a result, it has been frequently used to captuigfluid interface behaviour, including capillary
rise 83 sessile droplet spredtland superhydrophobicify:**However, LB simulations are still computationally
constrained by their need to solve the entire fluid space of the droplet rather than only considering key
interfacial events that govern the dreipllynamics. Additionally, this approach is prone to eimduced force
imbalances and fictitious behaviour near the boundaries ofphase interfacesThis can be disadvantageous

for moving interface syems, where the key properties of the system are often directly related to the ifferface.
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Each of the aforementioned modelling methods have different advantages and disadvantages that restrict
their general applicabilityas highlighted in Table 2.Continuum methods are computationally cheap, but they
struggle to capture the microscale phenomena and fluctuations that govern many moving interface systems. On
the other hand, molecular methods such as MD are able to achieve excellent accuracy omskealenbut
are too computationally intensive to scale up. The todfleetween these two methods can be addressed using
the LB method, however this method suffers from force imbalances along interfaces that limit its applicability
to moving interface stems. Alternatively, these issues can be overcome through mesoscopic stochastic event
algorithms such as kinetic Monte Carlo (kMC), which only considers the key events contributing to the system
evolution and can be designed to directly account for thdaimental physics affecting a system. Given the
relevance of KMC to this research, this method will be briefly reviewed in detail within the next section.

2.1.2 Kinetic Monte Carlo

Kinetic Monte Carlo (kMC) is an iterative stochastic modelling technifaedan be used to evolve a
system from one state into another based on transition astesmmarized in Table 2Given a system in its
initial state, the KMC approach will identify any currepdlgcessible states and will transition the system into
one of these at random, where the new system state is selected using Monte Carlo sampling based on its kinetic
rate of occurrence. Therefore, KMC can be considered a stochastic realization of the Chemical Master Equation,
a series of ordinary differential egtions (ODESs) that describe the probabilistic stéte system evolutiofT.
The transitions comdered in kMC simulations solely consist of the key events that transpire within the system.
These events typically consist of molectlrel physical chemistry processes such as adsorption, reactions,
and surface/bulk diffusion. During each kMC iteratian event is selected at random based on its kinetic rate

@ according to the following expression:
B o , B w (2.1)

wherew denotes the kinetic rate of tf@event,wy  denotes the total sum of all the kinetic rates, and
, is a random number generated from the standard uniform distribution. Following its selection, the chosen
kinetic event is subsequently executed to propagate the system into a new stateatNlotekinetic rates for
each event can remain fixed for the duration of the kMC simulation, or they can be dynamically updated after
each transition depending on the nature of the processes taking place. The kMC technique keeps track of time

using a stoleastic logarithmic equation that takes the sum of all rates into account, as showffbelow:
10 ag T (2.2)

wherg @enotes the time increment between kML events and is a second randonmiyenerated

number from the standard uniform distribution. kKMC is therefore capable of evolving the system in real time.
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However, it is important to note that since kKMC is a stochastic process, it oftengeyairaging over multiple

independent simulations in order to determine the average properties of the®system.

A key advantage of kMC is that this technique is not focused on keeping track of the exact positions and
properties of each mol ecular object in the system.
states in order to determirtgetaverage system behaviddmis allows it to simulate far larger models over far
longer timescaleshan would be possible using more detailed molecular modelling approaches such as MD.
Furthermore, kKMC can be coupled with lattice meshes such that the locations of each molecule/molecular object
is approximated onto discrete lattice sites. This limitspibstional degrees of freedom and allows for much
longer simulation times to be reactédtHowever one of the greatest strengths of the kMC approach is that it
is only necessary to apply this method to the domains where the key system events are taking place (i.e. in the
sessile droplet system on a flat surface, it is only necessary to apply KME taiptl contact line). The
remainder of the system domains (i.e. the bulk fluid phase) can therefore be disregarded by the kMC algorithm
in order to greatly reduce the overall simulation computationalldostever, despite its advantages, kMC still
suffers from drawbacks that can limit its implementation for a given system. Although KMC is significantly
faster than MD and can be used to capture the dynamic behaviour of realistically large systems, it is still
computationally intensive and can require astee computational resources compared to continuum
modelling or LB! Furthermore, kMC is a stochastic process where each full simulation only depicts a single
possible model outcome. As a result, KMC results must be averaged over multiple independent simulations in
order to capture thgeneral expected behaviour of a system.

The kMC discussions thus far have primarily considered its molelewer modelling capabilities.
However, KMC isnot necessarily constrained to simulating molecules and molszdd djects, as by
definition it merely captures the staig-state evolution of a system. As a restiie KMC approach can be
readily expanded to simulate larger systatn®duced computatial costsThese approaches still capture the
fundamental moleculdevel processes governing the system evolution, while applying them to larger scale
objects. Furthermore, these approaches can help reduce the KMC computational drawbacks discussed
previausly. These approachesn bemplementedhrough spatial clustering methods such as spatial coarse
graining or Object kinetic Monte Carlo. If the kMC system consists of interacting atoms or molecules, the
spatial coarsgraining technique can be appli@which clusters of identical molecules are grouped together
to form a | arger fAmesoparticled. These mesoparticl
to the molecules, although the kinetic rates for each event need to be mauifiedount for the larger
mesoparticle size. Therefore, spatial coanpsening kMC can efficiently simulate the behaviour of larger
systems by considering the actions of these molecular clusters rather than the actions of individual folecules.
Similarly, if the system considered consists of moleelgael items (e.g. single surface defects, vacancies, or

points along an interface), it can &ieulated using Object kinetic Monte Carlo (OKMC), in which a cluster of
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similar items are grouped together to form a larger object (e.g. a cluster of neighbouring vacancies can be
defined as a void). Subsequently, OKMC will evolve each of the objead baghe kinetic rules that govern
them’®" Much like coarsagrained kMC, OkMC events are applied to the objects as a whole rather than the
elements they are composed of. As a result, OKMC algorithms are capable of simulating large systems over

long timescales at reasonable computationdbaislong as the objects are sufficiently large in scale.

The kMC algorithm is highly versatile, and consequently it has been applied to describe a wide variety
of systems. Most notably for the processes discussed within this work, kMC has previoushpleshto
simulate a variety of different moving interface processes, such as crystal gr6Wtthin film depostiont74
8solids dissolutior}> "8 and quantum dot synthe$f€3In addition, kMGbased multisale frameworks have
been used to capture the growth and erosion of-balkgd moving interfaces within a fluid for applications
such aglendrite growth in Lion batterie¥-8and delignification in wood fibet 8 However, these processes
have all been restricted to cajphg the evolution of solid moving interfaces, which are frequently driven by
physical chemistry events such as adsorption and surface reaction and therefore can be readily described using
known kinetic expressiorg®*°1These approaches cannot be readily applied to capturebfisied moving
interfaces, which are driven by physical processes sutttedmlance of forces acting upon the interface, and
therefore lack concise kinetic expressions. Furthermore, solid moving interface systems only use kMC to
directly model the solid surface at the interface, and consequently the behaviour of the rephaisesyis
usually only captured indirectly through the kinetic rate equations governing the surface evolution. As a result,
this technique cannot be directly applied to simulate a dynamic-filudl interface. Consequently, the
approach necessary to motleese systems using kMC would differ significantly.

2.2 Moving Interface Systems

An interface is the boundary region between two diffepbiaisesand they define thgpatialboundaries
wherethe properties obne phase stop and give way to theperties of one or more adjacent phases.
Furthermoreinterfaces are seldom static and can evolve in both space and time. The evolution of an interface
3 olD as a function of spadeand timedis most readilyaccomplishedby analyzing theormallocal interface
velocity efd along the length of the interfacEhis velocity issubject tathe underlying laws governing the
system behaviouthese lawsantake the form oforce and energy balances acting over the interédégnetic
representidons of physical events taking place, aofl partial differential equationsPOE9 for the mass,
energy, anagnomentuntonservatioexpressions acting on the syst&.4*Once the velocity is known, it can
be used to evolve the interface in tiared to determine the new system shape. Note that there are a large variety
of different movinginterface processegjoverned by a myriad of differefuindamental principlesand
consequentlythe nature of the moving interfasystemcan vary significantly from problem to problem.

Specifically, there is a fundamental difference inkégunderlyingphysicsbetween different moving interface
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systems depending on the composition of each phase on each side of the ifteefseristinctions are most
apparentbetween interfacewhere one or more of the moving phases is a gelig., crystal growth and
dissolution) and interfaces where the moving phases are all fluids (e.g., capillary action and sessile droplet
spread)Therefore, each of the subsequent sections will pregdeific details about each the moving interface
systems studied in this PhDetfis

22.1 Crystal Growth & Dissolution Behaviour

The growth and dissolution of crystalline materials is an important field of study in numerous different
disciplines with various engineering, geological, and medical applications, ranging froevgiepments of
cements and paint4}°to the stug of erosion and ocean acidit§}’ to the study of bone implant!® The
crystal growth and dissolution processes are of particular importance in a number of biological fields such as
the pharmaceutad, medical, and food industries, and have found usage in a number of different applications
including the formation and disintegration of mineral supplements-apatites for biomedical purposes, and
capsules for food and drug delivéiy? 6 One of the key critical quality attributes for many of these biological
applications pertains to the rate at which the crystal dissolves within its intended environmerdaniie gx
the pharmaceutical industry, it is critical to control the release rate at which @&meaqosulated drug is
administered within the human botfyAs a result, it is desirable to control the crystal dissolution rate for a
given system. This can be achievechimdifying the size and shape distribution of the produced cry$tats]
consequently, there has been significant interest in studyéngrtderlying mechanisms behind the growth and
dissolution of crystals in order to design and manufacture crystals with specific shapes and sizes such that they
can meet explicit bioavailability criteria. This has motivated the development of sevena@rdiffeodelbased
approaches in order to analyze the crystal production and disintegration gfdé&¥hese methodologies
have been furthermore implemented to optimize, control, and enhance these crystaliezstthprocessas
applications such as protein crystallizatié#* 1% Similarly, this has inspired the development of multiscale

crystallization models for use in ndmological processes such as size control in the synthesis of quantum
d01S.82’104107

Crystals can adopt a wide varietydifferentshapesandstructuresiepending offiactorsincludingtheir
composition the temperatureand pressure of the environmegtystal growth conditionsand vapour
absorptiont®® As a result, there ar@e wide range of techniquésat can be useb capture crystal growth and
dissolution processeSrystals are typically clasi&d according to a number of different metrics, including the
structure of their unit cell, the spacing and angles between particles, their symmetry, and the crystal
coordination number, i.e. the number of nearest neighbours surrounding a bulk criistelgraaverage-or
the sake of simplicity, this work will predominantly focus on crystaith a coordination number of sias
depicted in Fig2.1 Crystals with this coordination can be described using a general unit cell of edge lengths
a, &, anda and interaxial anglgs ,7 , and . To distinguish the interaxial angles from their supplementary
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Figure 2.1: Labelling the dimensions and angles, includicgte () and obtuseg() angles for a
crystal with coordination number of six. Note that similar terminology can be derived for cryste
different coordination numbers
counterparts, each of the interaxial angles are further indexed asiagute ¢, and 5 ) and obtuse ( ,
T m,ad] ), wherg pwmd fort v 7 KB A .Crystals with a coordination number of six can
be characterized using the Terrace Ledge Kink (TLK) model, which analyzes the kinetic and thermodynamic
properties of the ion based on the numbebaidst | it shares with its coordinated neighbouring ions.
According to TLK, an ion witk ; = 6 bonds is classified as a bulk ion, whereas ionsavith =5, 4,
3, 2, and 1 are characterized as terrace ions, ledge ion&hinkedge adatoms, and adatoms, respectitely.
Note that similar crystal surface formation models exist for crystals with a different coordination Atfmber.

However, discussions about these modelling methods will not be included here for the sake of brevity.

Crystal growth and dissolution ieanismsare frequently described kinetically basectiom rates that
molecules are added or removed from the crystal. There are three main events that are known to occur on the
crystal surface: depositioalimination(dissolution) and surface diffusigh* eachof theseevensis assumed
to be governed by sets of kinetic equations tvatrall shape the evolution of the crystal surfasecrystal
depositionan atom, ion, or molecule adsorsto the crystal surface from tfflaid phase surrounding iln
contrast, crystaturface particle elimination vidissolution involves the detachment of a crystal particle from
the surface back into thsurrounding fluid phaseCrystal growth and disintegration mechanisms can
additionally undergo surface diffusion, where a crystal sunfactcle detaches and-edtaches at a different
location on the crystal surfacBurface diffusion is typicallggecomposed into a surface dissolution anda re
adsorption event, and therefore the kinetic rate figretient can be derived by combining #ieetic growth
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and dissolutiorrate equationg!! Note that the studies considered in this work comdistrystal dissolution
studieswhereit is assumedthatdeposition and surface migratiwiill not occur, and consequently this section
will specifically focus orthe kineticsof the surface molecule elimination events. However, kinetic equations

for the remaining events can be readily found within the literatdifé®

In order to dissolve, a crystal surface particle must break its bonds with each of its nearest neighbours
and migrate into the surrounding fluid phaSensequently fte energy required for a surface species to dissolve
is proportional to the number of bas it shares with its neighbouring species and the identity of its
neighbouring specie§urthermore, the energy required for dissolving a surface particle is dependent on the
angle and spacing between it and its neighbours, which can be determinedltthgdobse lengths and angles
of the crystal lattice for a perfect cryst@lonsequently, it is necessary to know the local atomic surface
configuration in order to determine the dissolution rate for a given surface sdwedissolution rate for a

crydal surface particlavith a known local surface configuration can be described as follows:

* Tt Y B h o
O fyd. . QQmn sy (2.3)

whereQ is a preexponential factors ym & FfBFE ;B ; isavectorthatstores the number

of bondst ; between a particle and its neighbours intfelirection, whereB= 4= €  isthe number
of nearest neighbour§ denotes the activation energy of dissolution of the bond ifitltirection;Q is the
Boltzmann constant; anty¥is the temperature. Furthermore, the ta'm_*_represents the correction
activation energy necessary to account for the angle orientatjqﬁra,tor a surface species with neighbour
configurations 4= Note that the nearest neighbour veetﬂmand the possible angle orientation valuei.
are dependent on the lattice structure of the considered crystal m&treperfect primitive cell crystal with
a coordination number of six, illtrated in Fig2.2, each ion in the bulk phase is coordinated with two nearest
neighbours along each of the crystal lattice primitive vectors, and consequently the neighbour vector can be
denoted as fm € F,DF}‘: v FE | . Furthermorethe angle orientation vector can take the values of

cym T RN iopflopf bR for g g Tand¢ ¢ (ledge and ledge adatom ions,
respectively) and .,u T #f &l wh7 &1 &7 wh? &7 &7 RAT &7 T & for & 5 o (kink
ions), depending on the location of the nearest neighbours. Note that crystal cleavage face stabilization effects
can be taken into account on terrace ions by assigningectmrrvalues% ym 30 whent¢ v, ifit
is required for the crystal dissolution probl&Also note that the aforementied values of .%.provide a
general overview of all possible number of angle configurations and are most adept at describing triclinic
crystals, wherg i T ; and the values of.%.can be simplified depending on the crystal lattice

strucure (e.g. for cubic/tetragonal/orthorhombic crystals, where 7 i w 11, there is only one
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possible angle configuration of.%. w tfdr all values of .) Fig. 2.2 provides an illustration of the
different acute/obtuse angle orientations tair respective reaction rates.

Crystal growth and dissolution are the two main brantifestudy how a crystal changes size and shape
based on its environment. In battystal size changing modedl threeof the aforementioned crystal surface
eventqdepositionglimination and surface diffusion) are expected to ocelmwever both crystal growth and
dissolutionare expected to occur under different environmental conditions, and theéhefpege botlypically
studied in isolation and for different applicatio@systal growth studies consider ttoemation andexpansion
of crystals withina fluid with a high concentration of precursor crystal species. These studies anak/fe
the crystal growth mechanisms anapiimize and controthe process in order to obtain crystals with desirable
shape and size distributiotls’>739119Dn the other hand, crystal dissolut&tndiesconsider the key processes
responsible for the breakdowiha crystal wihin a systemMany practical dissolution applications (e.qg., timed
release drug delivery) naturally occur undtaw solute conditions, such that crystal dissolution dominates

whereas growth and surface diffusion can be considered negfifjiBea result, the crystal dissolution process

Figure 2.2: Assigninglabelsto theedge lengths, angle orientations, and kinetic rates for a
rhombohedral crystal. Due to tHeombohedral crystal shape, this crystal can be described usi
TLK, such that the kinetic rates correspond to terrece,(ledge (@ 5 ), and kink ( ) crystal

sites; note that similar notation can be derived for crystals of different coordimateers
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is typically studied ira solvent or some other system that encourages the desorption of particles and the overall
disintegration of the crystallhese studieare performed in order to gain insights into the dissolution process
and are frequentlysed to either study how to pest crystal dissolution (e.gdental caries studigs! to

control the ratend duration of the dissolution within a target sysferg., timed release drug delive) or

to study the effects of diskion on the surrounding system (e.germafrost melt studigs’ Crystal
dissolution studiewere initially performed byneasuring the bulk dissolution ratesofstals within solutions,
wherein the crystal surface was assumed to dissolve at a uniform rate regardless of its surface'¢fedtnetry.
Although primitive, these early works helped establish the overall relationship between crystal dissolution and
environmental factorsuch as pH, temperature, and solvent saturat?d# Building upon the works of these
predecessorsubsequentrystal dissolutia works began to analyze théssolution rates of individual crystal
surface particles and study th#ects of the surface microstructure thiese dissolution rate$hese studies

were often performed by analyzirtbe formation and propagation of etchspin a crystalline surfac¢é®1?

These etch pits form at defects in the crystal surtawdrapidly enlarge as the crystal dissolves due to
containing a higher number tdsterdissolving ledge and kinype surface siteS.he rates at which the etch

pit expands can therefore providauseful metric for analyzing the kinetics of the surface particles based on
their numbers of nearest neighbotffs'?® The dissolution ratesf an etch pit are frequdptobserved by
analyzing the speed at whittte etch pit walls recede. These step velocities can be compared for crystals

with anisotropic etching order to observe the effects of the crystal geometry iartrstal particle dissolution
ratel?”128 For examplecrystalssubject to acute and obtuse crystal structure angles are observedto hav
different rates of etching depending on whether the exposed surface particle has more acute or obtuse angles.
This observation can be measured by comparing the step velocities in etch pits along the agutead

obtuse ) ) directionst?’12These studies can further be upscaled to predict the dissolutiticskioiethe

entire crystaland therefore provide detailed integrated analyses on ceystbnoperations that came used

to optimize and control the crystal dissolution process.

These studies overall highlighted the importance of accommodatingforithoscale surface structure
whenstudying crystagrowth anddissolution processes. Furthermore, they highlight how the pexass
sensitive to environmental factors, such as the temperature and pHsofithiending fluid These variables
are oftensubject to uncertainty and environmental variahiltfnich can significantly alter the dissolution
process and its kinetié$2212°These issues are of particular importafarenatural processes such as crystal
dissolution within a biological systemyhere the environmental variability cannot be controlled and can
experience significant fluctuationBurthermore, this natural variability caritically affect processes such as
pharmaceutical drug delivery, whetés necessary to control the rate and time of dissolitionder to prevent
harm?® Consequently, it has been previously suggested within the literature that the event rate constants for

crystal dissolution and growth cannot bepideed with a single value, and instead a possible range of rates
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should be used when predicting dissolution mechd#fi¢s The effects of dissolution on crystal growth
processes have already bemmalyzedand taken into consideration within studies performed within the
literature!®">"*However the effects of uncertainty on crystassiolution are not as frequently studiadhich
canimpose limitation®n pharmaceuticatudies and other critical fields of researchaddition, it is important

to develop process models that can capturectimpletedissolution ofa crystal from the microscale, as
highlighted previouslyHowever, 6 t he aut hor 6 of the modeling mejheds distussee in
Section 2.1 can a&djuately accurately capture the entire molecular crystal dissolution process without requiring
prohibitive computational costs. Modelling approaches such as MD andskVi@quire modelling the entire
crystal structure, which is computationally infeasifar sufficiently large crystals. In addition, the continuum
based approaches are not able to capture the microscale surface processes critical to the crystal dissolution
behaviour. As a result, there is a need to develop modelling methods to addeeshdliesges and efficiently
capture the dissolution of an entire crystal.

22.2 Fluid -Fluid Interface Behaviour

A volume of liquid in a vacuum will create a completely spherical shape in the absence of outside factors.
This phenomenn can bemost ready explained by analyzing the balance of intermolecular forces within the
liquid. In the bulkphase of the fluida molecule isompletelysurrounded by its neighbouring molecubéshe
same fluidand thus the net intermolecular forces experienced by thlecnoie is negligible. However,
molecules at th#luid surfaceare only partially surrounded lngoleculesof the same phasand thereforghey
will experience only a fraction of the intermolecular forces frthmair neighbours, resulting in a force
imbalance®!*2 This imbalance is the basis of surface tengioar the force per unit length exerted by the
surface on the environmetit. This imbalance can also be defined as a surface energy, or the energy per unit
area necessary for the surface to fé#fiNote that surface tension and surface energy are equivalent within a
fluid, and are thus used interchangeably. It is because of surface energy that a liquid will assume a spherical
shape within a vacuum, as a fluid will modify its shape to minimize its overall potential energy. The minimum
surface energy attained by a fluid is only dependent on the intermolecular forces present in the fluid and

therefore it remains constant at fixetnperatures, regardless of the mass or volume of the'ftuid.

The concept of surface tension can be additionally expanded to eéaberiimterface between multiple
different bodies,such as when a fluidontactsa different material In thesecasa, due to the differing
intermolecular forces present at each side of the interface, the surface energy at the interface between the two
phases will deviate from the individual surface energies of each phase, and consequently, the shape of the fluid
will differ. The exact behaviour of these fluid interfaces varies from application to appljcatioin
consequently there has been a substamtialiait of research performed to stutis phenomenon for different
systems. The following sukections will discusthis process as it relates to key fluid interfbesed systems
including capillary actionsessile droplet spread, and superhydrophobfacss.
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22.2.1 Capillary Action Systems

When a narrow cavity is placed into a fluid, the fluid will either rise up or be repelled from the cavity,
depending on the surface energies between the fluid, the solid capillary material, and the surrounding air. If the
surface energy of the liquid onetlsurface is lower than the -@iolid surface energy (i.e., the solid surface is
wetting), then the liquid will rise up in order to minimize the overall energy of the system. Furthermore, if the
cavity material is wetting, the tip of the fluid column wile up the cavity with a concave quhsimispherical
shape that intersects the cavity wall at an acute contact-arateshowcased in Fig.3a. On the other hand,
if the cavity material is nowetting, then the liquid will be pushed down the cavitg &a tip will maintain a
convex quashemispherical cap with an obtuse contact angle, as illustrated i@ &gNote that in both cases,
the point at the edge of the fluid cap, where there is{pinese contact between the fluid, the solid cavity,wall
and the surroundingtmosphergis referred to as the triple contact line. The steady state relationship between
the contact angle and the surface energies at the

which describes thiaterfacid force balance of the contact line along the solid surface as folfows:
e~ 1T (2.4)

wherel [ , andl denote the interfacial tension of tfi@id/atmospheresolidatmosphereand
solidfluid interfaces respectiveland— denotes the contact angle at equilibrium. This surface efleinggn

movement is referred to as the capillary force and it is the basis for capillary rise.

When a fluid rises up a wetting cavity, it will experience a balance of forces, in addition to the capillary

force, that will dictate the dynamic fluid behaviour. The balance of forces can be captured using an equation
a) b)
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Figure 2.3 Liquid column shape in a capillatybe: a) wetting surface{ w m;Jb) nonwetting
surface wmJ
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such as the liccasWashburn equation, which models the fluid rise as a balance between capillary, viscous

damping, and gravity forces in a vertical cylindrical cavity according to the following relationship:

— WéE+ —0— "0 T (2.5)
where’Y denotes the radius of the cavity at the triple contact lirnotes the dynamic viscosity of
the fluid,” denotes the density of the flui® «# pn/sis the gravitational acceleration due to gravity at the

Ear t h 6 sQdenatestharsehgight (i.e. the height of the fluid within the cavity relative to the fluid surface
outside the cavity), and- 0 denote the vertical velocity of theuftl as it risesThis modelcan be further

adapted to accommodate foertial effects as follow$§8134

"— T — — Q¢ —0— "0 T (2.6)

Note thatEgs.(2.5) and(2.6) abowe assumes that the cavity is perfectly cylindrical and therefore has a
constant radiu¥ . In order to consider more complex cavity geometries, it is necessary to mamidy th
equatios to accommodate for changes in the radws as a function of the cavity heigh® This is
accomplished through the inclusion of the local cavity anglevhich describes the local angle of the cavity
wall relative to a horizontal surface and can be calculated based on the local variatiarauityheall radius

over an incremental changen the cavity height (i.e., a change betwéen _ andQ as follows!®®

P HEl ————— HE | ————— 2.7)

Furthermore, it is important to note that a change in the radiuwill also impact the contact angle
of the fluid triple contact line andaase it to deviate from its equilibrium valde The deviation in—for a

tube of varyingY can be described according to the following equétion:
0wE+Q wEd~ —— (2.8)

where" denotes the line tension of the triple contact line. The cavity wall faingled dynamic contact

angle—can be incorporated into the Luesligashburn equation as follows:
—r i Qg — —'0 O 1§ (2.9)

Note that Eq(2.9) becomes Eq2.5) when the cavity wall is completely vertical (i.e., when w1t J
and therefore— —). Theseprocesses illustrate that microscale variability within the cavity can have notable
impacts on the capillary behaviour of the fluid withinAs a result, it is necessary to accommodate for the

molecularlevel deviations when studying capillary actj especially within irregular cavity geometries.
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22.2.2 Sessile Droplet Spreading

When a liquid comes into contact with a solid surface, it will adapt a spherical cap shape and will move
along the surface in order to minimize the interfacial enelgiggeen the liquid, the solid, and the surrounding
atmosphergas illustrated in Fig. 4. If the solid/air interface has a higher surface energy than the sum of the
liquid/air and liquid/solid interface energies, then the liquid will spread along thietediirm a film. On the
other hand, if the solid/air interface has a lower surface energy, then the liquid will form-aemagherical
droplet with a contact angte-as shown in Fig. 2b.?° Note that—is defined between the solid surface and the
drop | etripl@ sontact lineas highlighted within the figur&'he droplet contact angle and its contact radius
are dependent on the surface energies of each interface. On an ideally flat surface, the relationship between the
contact angle and the surfacgeer gi es at steady state carmccrdngtex pr es
Eq.(2.4).2* Since the contact angle of a droplet is dependent ontéréacial surface energies of the system,
it can therefore serve as an i mpor,asaiscussed torcapillarye o f
action within the previous sectiofiypically, the liquid and solid are considered wetting/phytiwetting if the
equilibrium contact angle of the droplet is below 90°; similarly, contact angles above 90° are generally
associated with newetting interactions between the solid and liquid. In the case of water, these wetting
regimes are referred s hydrophilic{~ w 1 &nd hydrophobic{  w m) Jrespectively¥ It is important
to note, however, thdhe switching angle of 90° is generally used for the sake of convenience, as in reality,
the processes involved are quite complicated and there is no clear switch point between hydrophobicity and
hydrophilicity for sessile droplet systemEherefore it is best to analyze this switch point based on the affinity

between the liquid and the surface, that is, how readily water can be removed from thé8urface.

While the previous discussions have considered the sessile droplet at steady state, it is also important to
consider the dr op Wbkenha@dopletis placediorca sdlicksréace;itovill spread and recede
until it minimizes the overall susate energy between the droplet, the surface, and the atmospheric phase
surrounding them as discussed previously. This minimization of the interfacial energies exerts a continuous
restoration force on the drop (i.e. the capillary force) that drives thdetitopspread so long as there is a
surface energy imbalance. These capillary forces are opposed by inertial forces, which resist droplet

a) b) Yw
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Figure 2.4: Liquid droplet shape onsolid surface based on surface energy minimization.

a)l [ [ (complete wetting), ) I [ (partiafnon wetting)
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deceleration and acceleration and can drive the droplet to expand or contract past the capillary equilibrium size.
Forsulfficiently large droplets, gravity has been observed to provide an additional driving force for the’System.
These driving forces, however, are countered largely by viscous damping forces that continuously dissipate
energy from the system. The dynamic behaviour of a sessile droplet is considered to be predominantly driven
by the aforementioned forcést**Therefore, it is necessary to have a detailed understanding of these forces in
order to capture crucial droplet spreading behavidbere have been marsiudiespublished within the
literature that have derived analgicexpressions for many of the key sessile droplet forces, i.e., capillary,
inertial, and gravitational forcé4? 42 However, there has yet to be developed any concretely analytical models

to capture the viscous damping force wittiioplet systems, despite its overall importance to the sessile droplet
spreading behaviour

The capillary force is onef the most important forces governing the behaviour of a fluid droplet, and
therefore its effects on a sessile droplet behaviour are some of the most studied within the lifesature.
described above, this foriethe result of the intermolecular foregehalances between the solid, droplet, and
surrounding atmosphere phasend therefordts analytical expression is dependent uponfliie surface
tensiort  and the droplet contact angleThe complete analytical expression for the capillary fat@given
locatione along the interface and at a givéme pointo can be derived in terms of these variables by
integrating the differential pressure and the energy dissipation equations along tvapgluid interface in
order to yield the following equaticti:4?142

O e ‘Y e hé+ QDéief (2.10)

where'Y and—denote the dynamic droplet contact radius and the dynamic contactfangie
interfaceat positione and attime ¢, respectively. Note that if the droplet maintairsphaerical caghape, the
contact angle can also be determined geometrically based on its wblantethe contact radivg

according to:
— O B¢ wy Y ow  “7Y Y ¢ wy Y ow (2.11)

The expression in E@2.10) highlights how capillary action affects the sessile spreading depending on
the state of the droplet. For example, if the droplet has a smaller contact radius than at equilibriam-te.
according to Eq(2.10), then the capillary force will be posi¢ and will drive the droplet to expand and
increase its surface contact. On the other hand, if the droplet contact radius exceeds its equilibrium radius (i.e.
— —), then the capillary force will be negative and will push the droplet to recede aeaskeds contact

with the surface.
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As a sessile droplet expands or contracts along the solid surface, it additionally experiences inertial forces
that resist droplet deceleration. I n ordertoonddete
second law can be applied to express the inertial force acting upon a differential element within the droplet.
These differential inertia values can be subsequently integrated to derive a general inertial expression for the
entire spherical droplét! The compete inertial force equatiana given time poind can be expressed in terms
of —and’Y as follows:

O e “"Y ef® :ﬁﬁ .F:ﬁ eh ~ o _efd e (2.12)
where

e T e oh oh oh

oD Y oD oh oh oh

This expression highlights how the inertial force is proportional to the local acceleration experienced by
the droplet. Note that this expression wWesved based on inertial force expressions reported previously within
the literature*-*2as described withiAppendix A Furthermore, the contact angle and radius terithénithe
inertial expression produce negative values aver— “ that are greater in magnitude for larger contact
angle values, as highlightedAppendix A These results showcase that the inertial force works in opposition
to the droplet acceleratiom@that it is most significant when the droplet maintains low contact with the surface
(large—. These results further highlight that the inertial force is greatest when the droplet first contacts the

surface, which has been previously observed wittariterature?®143

In addition to the capillary and inertial forces, gravity is also known to affect both the shape and the
spreading behaviour of sufficiently large droplets. Within a small droplet, the capillary forces will dominate
over thegravitational forces and therefore gravity will have a negligible effect on the droplet behaviour.
However, if the droplet is too large, then gravity forces will dominate and will act as an additional driving force
on the droplet spreading. The -@ff at which gravitational forces become negligible is defined according to

the capillary lengthl] , as follows!*4
I 0 (2.13)

For droplets with greater radius thian , the effects of the gravity forces can play a significant role on
the droplet spreading behaviour. Under this scenario, the effects of gravity on the droplet atacgivar®
along the interface and atime pointd can be expressed according to the following analytical formul&tton:

el “ 7" o® - - (2.14)

This equation illustrates that the gravitational force experienced by the droplet is greatest for large

contact angles (i.e., when the droplet has minimal contact with the surface) and is smallest when the droplet
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has maximalcontact with the surface. Note that when the effects of gravity cannot be neglected, the
gravitational force will additionally influence the shape of a sufficiently large droplet, causing it to form a
flattened pancake shape rather than a hemispherjz&¢aConsequently, Eq2.11)cannot be used to relate

the contact angle to the contact radius for droplets largetithan

Viscous damping ignother crucial force thatlays asignificantrole in the spreading behaviour of a
sessile droplet. It is through viscous damping tha
viscous damping force that prevents the droplet from oscillating indefinitely around its equilibrium contact
angle. However, despite its overall importance to the sessile droplet spreading behaviour, there has yet to be
developed any concretely analytical models to capture the viscous damping force within this system. This is
due to the nature of how this force calculated in general. For a given arbitrary system, the force due to
viscosity is calculated based on integrating the viscous stress ﬂ%rmmr the surface of the systemmas

follows:
o . {.o¢ . . 0o o O30Q¢ (2.15)

where¢ is the vector components of the fluid velocity at some point in space within the droplet, and

denotes the normal to the system surfate This equation highlights that in order to derive a complete
analytical expression for viscous dgimg, it is necessary to determine the fluid velocity at all points along the
system surface. Deriving closéarm expressions fa¥ requires solving the Navier Stokes equations for the
given system, which has yet to be accomplished for sessile drépletsermore, fluid droplets are known to
have complex internal flow pattert$;*4¢further complicating the derivation. There have not been any reported
work within the literatue that have attempted to develop a pusxplicit mechanistic viscous force equation
due to the challenges highlighted abolrestead, efforts have been focused on deriving assumiptised
empirical viscous damping expressipssch as the following cyldrically-based viscous damping fort4:

oh oh oh oh

oh oh oh oh oh oh

o) _ _ . S (2.16)

oh oh eh oh
oh oh oh oh

whereO oD is the heift of the droplet above the surface @nd is an empiricallyfit parameter.
This expression was constructed using assumptions to simplify the complex geometry and flow patterns of the
sessile droplet system, such as assuming that the drop is a Gydintihert the axial velocity profiles within the
drop were negligibly small. However, these assumptions are only valid under very special conditions and can
lead to significant errors in the predicted results. Furthermore, these forces rely on a fittéghanacheter
@ and therefore they do not provide a true mechanistic expression for the viscous damping force.

Consequently, furtheesearch is desired in order to overcome this obstacle.
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The dynamic behaviour of the droplet can be assessed by acomgites ratios of each of the forces
mentioned abové hese ratios can be captured through the use of dimensionless numbers suRleasdids
('Y ‘Qinertia vs viscosity), Capillanyd( viscosity vs capillarity), and Ohnesourgé viscosityvsinertia and
capillarity) numberswhich can be depicted for sessile droplet systasifellows:

vy 2P (2.17)
6 ¢ — (2.18)
00— (2.19)

wheren and/klenote a characteristic velocity atlthracteristic length respectivethese valuefor a

sessile droplet system are typicalgpresentedby the average velocity of the droplet contact iffe and
the average droplet contact radiis . These numbers provide estimatesdoopletproperties such as the

number of oscillations{ '@ ¢y the period of oscillation'Y Q3'Q, and the recoil strengtfti’'Q6 Pthat a

droplet would experience before reaching equilibrfdi’ 148

When a sessile droplet is dynamically spreading/receding, it will adapt different contact angle values
than the equilibrium value defined in Eg.4). In particular, it has been observed that a droplet will adapt two
different contact angles depending on whether the droplet edge is advancing or receding. When the contact line
is expanding away from the droplatnter it will have a higher contact anglean at equilibrium, which is
called the advancing contact angle . On the other hand, the contact line will have a lower contact angle
than at equilibrium when it is contracting back into the droplet; this is referred to as the receding cglgact an
— . The difference between- and— is defined as the contact angle hysteresis (CAHhe origins of
advancing/receding contact angles and CAH are not completely understood, and is therefore a field still under
study. CAH is most commonly attributed to surface roughness and heterogeneoessatésials. The effects
of surface heterogeneities on a dropletds behaviou
different materials, and thus the droplet would adapt a different contact angle in order to minimize the overall
potentid energy. On the other hand, there are several different surface roughness effects that are associated
with CAH. Surface roughness allows for pockets of air to be trapped between the droplet and the surface,
resulting in a heterogeneous surface composition. Iniaddthe changes in the solid surface height will
require more energy for the dropletés triple Iline
pinned on surface asperities, and will not become unpinned until sufficient force has Hash'®pp this
case, the contact line will remain in place while the droplet continues to advance/recede, resulting in
largerémaller contact angles approachirg /— . The droplet will dgpin once— or — has been

reached for advancing and receding droplets, respectively.
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In addition to contributing towards CAH, surface roughness has been establiaffedtttihe wettability
of the solid by the liquid droplet. When a liquid is placed on a rough surface, it can either occupy the extra
surface area created by the roughness (Wenzel state), or it can choose to sit on top of the surface asperities,
leaving v@ourphase gaps between the droplet and the lower parts of the surface (Cassie state), as illustrated
in Fig. 25. When the droplet is in the Wenzel state, the contact surface area between the droplet and the surface
will be much larger than it appearsdasonsequently the droplet will appear to adopt different measured contact
angles {) than the true contact angle}( When the droplet is in a Cassie state, it will similarly adopt larger
apparent contact angles—() than the ideal caseX in order to account for the heterogeneous seéidour

surface composition. This increase in the contact angle is due to the hydrophobic nature-ofyair (

p W jt The contact angle modifications observed in both Wenzel and Cassie wettinghardogerized using

the Wenzel and Cassiaxter equations, respectivéfi.Note that the CassiBaxter model can be naturally
adjusted to describe heterogeneous surfaces composed of two or more different solid materials by taking into
account the contact angle and the fraction of the solid surface occupied by each mattr@&inbte, note

that despite the widespread use of the Cad3aiger and Wenzel equations to describe the Cassie and Wenzel
state wetting respectively, there is much debate about their validity within the litéPatdtdhese validity
concerns predominantly arise as it is known that theldralynamics are affected by the movement of the
dropletds advancing |line (i.e. the triple contact
composite surfaces only affect the droplet when they are in contact with thisvéyéeteface!® However,

the general consensus seems to be that while these models might not be completely accurate on a molecular
level, they are highly useful when taken as global surface descriptors that can be applied locally to droplets in
the Cassie and #hzel state®?

The effect of roughness on the wettability of a surface is predominantly determined by the wetting state
of the droplet. If avater droplet is in the Wenzel wetting regime, then the surface asperities will amplify the
liquid behaviour on the surface, and therefore hydrophilic surfaces will appear more hydrephilic,
whereas hydrophobic surfaces will appear more hydrophlebi —. Alternatively, if the water droplet is
undergoing Cassie wetting, then the contact angle will be larger than on an ideal surface and the surface will
behave more hydrophobically, regardless of the affinity between the droplet and the Stitaisedue to the

a) b)
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Figure 2.5: Liquid droplet in the a) Wenzel state, b) Cassie State
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high contact angle between liquids and air (e-g .y p Y Jit¥ Consequently, if a rough solid surface

can be designed such that a contacting droplet of water is always in the Cassie state, then the droplet will have
larger contact angles and can be removed more readily fromutfeces This effect is referred to as

superhydrophobicity, and it is the basis of ®#faning and antivetting surfaces.

2.2.2.3 Superhydrophobicity

In nature, there are many biological surfaces, such as the lotus leaves, cicada wings fathrek
which exhibit extraordinary hydrophobic properties beyond what is achievable via capillary effects on an ideal
surface. Specifically, the lotus leaf has been reported to achieve water contact angles greater than 150°, whereas
the most hydrophobisolid surface materials cannot produce water contact angles higher than 120° on their
own!®* This natural superhydrophobicity has beenilatted to multiscaled textures on the surfaces, where
the surfaces are wategpellant due to roughneasperitieghat keep water droplets in the Cassie wetting state.
Consequently, these surfaces are able to achieve higher contact angles and levesisisan if they were
perfectly flat!®> These surfaces have thus served as an inspiration for the design and fabrication of artificial
superhydrophobic surfaces (SHSs), where roughness is combined with low surface exterigysnm order

to maximize the surfaceds water repellency.

There are numerous different approaches that have been implemented within the literature in order to
produce artificial SHSs. For example, roughened surfaces can be fabricated by damagissimgeflat
surfaces, by depositing nanoparticles, or by creating highigus surface®5'*’ These methods produced
surfaces with contact angles between-126° cepending on the techniques and the surface material used.
However, one of the most promising routes for fabricating SHSs involves creating periodicanicame
scale pillars on a solid surfa&®:1°¢15"For these surfaces, the height, shayidth, and spacing between the
pillars can be adjusted in order to achieve intrinsic contact angles between 125° and 165°. In general, superior
intrinsic contact angles can be achieved for structures that minimize the contact between the solid and the
droplet while still maintaining a Cassie wetting state. Additionally, lower CAH can be obtained by using simple
pillar shapes (i.e. cylinders and rectangular prisms), whereas complicated pillar structures tend to have high
hysteresis due to pinning on the quex geometry> In general, droplet pinning has been observed to cause
large CAH on micrepillared SHSs. This can be overcome by combining rriextured surfaces with
nanoscale features, whidhnhibit contact line pinning, in order to create structures with hierarchical
roughness®® Hierarchical SHSs have additionally been observed to have higher contact angles and sustain
higher dynamic pressures, with contact angles as high as 173° and CAH as-BWwa$%1%"1Consequently,
there has been significant interestdeveloping periodic SHSs with mulicale roughness, and numerous
different surface designs have been produced.

Despite the promise of textured surfaces in achieving superhydrophobicity, these surfaces are still prone

to issues that deteriorate their liquiepellency. Micreand nanestructured surfaces can be fragile, and thus
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SHSs are prone to deterioration due to wear and tear. Surface degradation not only reduces the SHS
effectiveness, but also results in the formation of sharp edges that are ppbmeirig, resulting in higher
CAH.161.162Thjs can be overcome by fabricating surfaséth higher mechanical durability, or by designing
surfaces with microstructures that shield the man@erable nanostructures. SHSs are also subject to
contamination and corrosion damageAs a result, further research has been performed towards designing
surfaces that resist common formf amrrosion®? However, one of the most significantrins of SHS
deterioration occurs if a droplet becomes embedded on the surface, i.e. undergoesta-Gassiel (C2W)
transition®®

There are several ethods for sessile droplets to enter the imp&lézhzelstate. Wenzel drops form
readily due to fogging and droplet nucleation, when microdroplets condense directly within the gaps between
asperities on an SHS. These microdroplets can coalesce with backodbrm Wenzel state droplets, or they
can coalesce with Cassitate macrodroplets and impale them on the sutfAésien the lotus plant, often
considered the posterboy of superhydrophobicitit,|@ege its watewrepellant tendencies if water is condensed
on its surfacé> Droplets can additionally be transitioned into the Wenzel state directly from the Cassie state
(C2W transition). This can occur during evaporation due to the increasing Laplace pressure within a shrinking
droplet’® Cassie droplets can also transition into the Wenzel state via application of an exterf&férce
Additionally, C2W frequently takes place due to the impact of the deotilemselves on the surfaéélc®
Note that the amount of force needed to undergo a C2Witien depends on the energy barrier between the
Cassie and Wenzel states, which is furthermore dependent on the structure of the SHS. As a result, it is also
possible to design an SHS where the C2W energy barrier is negligible and the C2W transites happ
spontaneously. In this highly undesirable case, the Wenzel state is monostable and the Cassie state will not
occuri®® These spontaneous transitions can occur due to droplet sliding, when the local contact angle between
the droplet and the asperity exceeds the advancing contact angle, thus allowinglétéadasivance into the
gap between asperities. C2W transitions can also occur due to droplet sag. For a droplet in the Cassie state
an SHSthe liquidvapour interface across a gap between roughness asperities will experience a local curvature
due togravity and surface tension forces and will sag downward. If the height of the curvature exceeds the

height of the gap, then the droplet will readily fill the gap and enter a Wenzel®state.

In order to prevent SHS deterioration due to C2W, it is necessary to determine pathways to transition
drops out of the Wenzel state or to prevent the Wenzel drops from ever forming. Due to the presence of an
energy baier for the C2W transition, it can be inferred that the reverse transition from Wenzel to Cassie (W2C)
wetting can also occur as long as the Cassie state is stable and sufficient energy is applied to the system. This
has been observed numerous times exyattally, where a successful W2C transition was induced via external
stimuli such as electrowettirtf, vibration!’® and application of headt! However, many superhydrophobic

apdications such as antvetting and seltleaning surfaces involve systems where external energy cannot be
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so readily applied. As a result, there is keen interest in developing SHSsthdéransition to the Wenzel
state is difficult to achieyeor wherethe inverse/NV2C transition could occur spontaneously, i.e. where the
Cassie state is monostable. This potential state is theorized to occur on any SHS so long as the following

condition is meé#’
— wWE i— (2.20)

whereX denotes the fraction of the surface occupied by the solid for a droplet in the Cassie state and
is a measure of the surface roughness. Similarly, conditiortsghistability Cassie stateurfaceshasbeen
proposed based on the height of the surface asperities and the liquidgaguiahd liquiesolid interaction
properties-"2Additionally, monostable Cassie states have been observed to occur in surfaces wittyareb
roughness scheme (i.e. by depositing hydrophobic nanoparticles over a periodic micropillar sfrt/éamd)
on surfaces etched with pedically-structured nanoconé$However, despite these advances, the transition

mechanism for spontaneous W2C is still not completely understood and is an active area of research.

2.3 Summary

This section has reviewed thertinentheory behindlifferent moving interfaceystemsand the various
phenomenéhat govern teseprocessesThis chaptefurthermorehas summarizetthevarious studies that have
already been performed within thield. This review provided grticular focus on the fields of solids
dissolution, capillary action, droplet spreading, and superhydrophqhiditgh serve as the critical fields of
study analyzed within this work furthermore provided a brief overviesf the kMC modelling method that
serves as the basis for the MFKMC algorithm proposed withirstinaty,

This chapter hadllustratedthe challenges faceéd modelling moving interface systerand highlighted
some of theemaining gaps withieach othemoving interface systems considerkdliscussed howhere is
currently a lack of model studies that are able to both efficiently simulate the molesealagvolution of large
moving interface systemever long timescales, while still accurately capturing the underlpimgsics
governing thanterfacemovement. In addition, while kKMC has the potential to overcome the aforementioned
challenges, there is a current lack of knowledge on how it could bermepted t@imulate systems where the
moving interfacas nota solid Furthermorethis chaptehashighlighted how kMC is computationaflimited
in its abilityto capture large solid moving interface systems, such as the complete dissolution of/tadge cr
This sectiorhasadditionall outlinedsome of the individual challenges experienced by the key studied moving
interface systemsn the field of crystal dissolutigrihe dissolution of theolidsis significantly affected by
uncertainty aneenvironmental variability. Tis uncertainty can cause significant issues in critical fields such
as pharmaceutical drug delivery, whéris crucial tocontrol key parameters suchtage dissolution time and

dissolution rateln the field of capillary actiorthe movement of a fluid in a cavity sggnificantly affected by
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the cavity shape and its microscale structure, which are not often taken into consideistaondnd modelling
approachedn addition sessile droplet systems suffer from a lack of knowledge on the complete balance of
forces acting upon thenfrurthermore SHSs are prone to deactivatidne to fowling mechanismsuch as
spontaneou€2W transitions and therefore there is considerablegstén designing surfaces that prevent this
behaviour from occurringThese gaps providthe keymotivationto perform this PhD study focused on
developng a novel moving interfacalgorithmthat can be applietb study and improve upon each of the
movinginterface processesialyzedwithin this thesis
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Chapter 31 Development of the Moving Front Kinetic
Monte Carlo Method’

Moving interface problemencompass a wide variety of different systemgh as ice melt, emulsion
dynamics, ocean wave propagation, and droplet spreaa sanface*1’* These problems often involve
complicated interfee geometries and topologies that are sensitive to swallh variation$ Consequently,
they can be difficult to capture using traditional modelling methbldsse issues can be addressed through the
use ofthe kinetic Monte Carlo (kMC) methpahichhas the potential to bridge the gap between highly detailed
molecularlevel system descriptions and the larger space and time scales associated with cdetieuum
descriptiond:®” Nevertheless, thapplication of kMC to moving interface systems is fundamentally limited by
a lack of clear direction on how it can be implemented for such sysRFmsouslydeveloped KMC models
can only be applied to solblid interface systems, where the underly$ngface evolution can be captured
kinetically, as discussed in Section 2.1.2. However, these approaches cannot be used to capture moving fluid
fluid interfaces. In addition, existing kMC modéds solid-based moving interfaces such as crystal dissolution
require mapping of the entire solid affected by the kKMC processes (e.g., in crystal dissolution kMC models
need to capture the entire molecular structure of the crystal to simulate the dissolution of the entire crystal),
and consequently it can be comiiataally infeasible to capture the behaviour of large systems using standard
kMC.

Based on th@bove the objective of this chapter is to present a novel general KMC algorithm that can
efficiently capture the movement of any dynamic interface. This kM@ighgn, which shall be referred to as
Moving Front kMC (MFkMC), focuses primarily on the interface and how it advances or recedes on a
molecular levelThe MFKMC algorithm defines the interface as the boundary between the interface molecules,
and it captues the interface movement using kindiie rate equations based on the fundamental physics
responsible for the interface movement. Consequently, MFKMC is widely applicable and can be adjusted to
capture any moving interface system, regardless of thegahysocesses or the composition of each phase.
Section 3.1 providesnaoverview of the backgrountheory andbasic structureof the MFKMC method
Subsequently, the full genetdFkMC algorithmis presented in Section 3Rurthermore, Section 3.3 outlines
some of the general challenges and considerations that must be taken into account when developing a MFkMC
model fora given applicationsuch as timelependent event rateie initialization of new interface sites,
dimensonality challenges, anthe efficient storage of the system informati@ummarizing remarks are

provided at the end in Section 3.4.

" The contents of this chapter were publishethinJournal of Physical Chemistry?B.
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3.1 Moving Front Kinetic Monte Carlo Theory & Overview

This section presents the MFKMC algorithm proposed in this work to capture the behaviour of a moving
interface system. This approach predominantly focuses on the local dynamic movement of an interface and the
prevalent forces that govern its displacement. Taking inspiration from the object characterization approaches
found in Object kinetic Monte Carl8,*the MFkMC approach defines the irfeare based on the positions of
the molecules on every side of this boundary, as illustrated i3 Egy. Consequently, MFKMC only concerns

Phase A Interface Phase Phase B

Figure 3.1: a) The interfaceegion modelled byiIFkMC. The coloured blue/green circles represel

the interfacial moleules of each considered phase, the faded circles represent the bulk pha
molecules that are excluded, and the red line denotes the interface; b) The movement of the ir
can be shdivided into advancing ( ;) and receding ( ) components; c¢) lllustration of how the

MFkMC algorithm can represent a diffusgerface
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itself with tracking the interfacial molecules in each phase and disregards the molecules within the phase bulks.
To further reduce the degrees of freedom within the system, the MFKMC can be optionally combined with a
lattice such that the positions of each interface molecule are restricted to a single latti€eHmimtver, the

MFKMC approach does not necessitate lattices and can be readily implementeéftdattitote that MFKMC

still accouns for the effectsof the bulk ions on the interface through the rate equations used to govern the
interface site movement; specifically, MFKMC rate equations consider the probability that a bulk phase
molecule could advance into the interface and replace a molecule adj#tent phase, as detailed below.
However, MFKMC does not explicitly keep track of the positions or properties of the bulk molecules directly.
As a result, MFKMC has to disregard any former interface sites that move into the bulk phase due to the
interface movement. Similarly, MFKMC has to construct a new interface every time it considers a former bulk
phase site that becomes an interface site due to the movement of the interface. Note that since MFKMC does
not explicitly keep track of the positions of kydhase molecules, each MFKMC model must contain a preblem
specific set of rules to determine when and where to initialize new interface sites based on the bulk system
properties whenever the interface moves. These rules vary depending on the appiidatiemedore special

care must be taken when adapting MFKMC for a new system. However, this initialization process is trivialized
in lattice-based systems, as each empty lattice site adjacent to the interface following the interface movement
can be assumdd contain a new interface molecule. As a result, it is recommended to implement an MFkKMC
lattice whenever the lattideased assumption can be applied, although this is not a stringent requirement for
MFKMC. Also note that the MFKMC algorithm can be adapto accommodate for bulk phase sites if it is
needed by coupling it with a separate bphase KMC model; however, details concerning this method are
beyond the scope of this workinally note that the above framework implies that the interface is sinarp

that the properties of the phase on one side of the intalisoentinuously jump to the property values of the
adjacent phases on the other side of the interface. However, the framework discussed within this work can be
readily extended to includ#ffuse interfacesThis can be accomplished Bgfining the diffuse interface @s

own phase separatérom each of the bulk phasby its own sharp interfasgas illustrated in Fig. 3.1&ach

of the molecules within #interface phaseouldneed to be considergice., they cannot be disregarded unlike

the bul k phase mol ecul e swuldheadsigredviata grademt firectioh de@esding r o p
on their position in space relative to the bulk phasémwvewer, this work is predominantly focused on
developingmoving interface models for sharp interface systeanslthereforethe development diFkMC

algorithms for diffuse interface systemdl need to be the subject of future work.
The MFKMC algorithm defing the movement of the interface [ as a series of probabilistic events
where each eveft | describes how a given interface moleciils replaced by a molecule from the

neighbouring phase. These events are each composed of two interchanggatierdependent stdvents.

The first subevent describes the movement of the selected interface mol@suierecedes intitss ownbulk
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phaseor the bulk of an adjacent phageceding { ‘Q Gubevenf ). On the other hand, the secondbs
event describes the replacement of the previenggtioned molecul&by a molecule within the neighbouring
phase that advances into and occupies molé@&ule i ni t i al p odsQtstibevent) ( g)d vanc i
Therefore, the movement of titerface at molecul&onsists of both a receding event ; and an advancing
event rwhereT 5 T 5 T . Note that the order of these sedent§  andi  is not
relevant (i.e., these stdventsare interchangeable), as the interface will move regardless of whether the
selected molecule recedes and is subsequently replaced by a molecule from the adjacent phase, or whether a
molecule from the adjacent phase advances and displaces the seledtezktintetecule.

Each event | is captured using a kinetlike rate equationv j that describes the transition
probabilityd 1 B f , given the current state of the system at tinthat the interface movement event
takes place attime | dwherg d@enotes a stochasticalfjenerated time interval), as per the rules of kinetic
Monte Carld®® This probability can be decomposed into three aamepts: the probability | oOthat no event
will occur between timéand timed | pthe probability) | B  thatthe receding subvenf will
occur attimed 1 pand the probability | B  thatthe advancing subvenf will occur at time
0 | ONote that the probabilitp | B  for subevenf | does not represent the probability of
movement for a specific molecule but rather it represents the probahdityamy molecule from within the
adjacent neighbouring phase will advance into the site presently occupied by interface ri{ofecaleesult,
in order to calculat® 1 B  , it is necessary to express this probabiligsed ornthe indvidual
probabilitiesd 1 B i that a specific molecuf@within the adjacent phase will advance into the specified
site"tat timed | OlIn order to calculatdé | B ; as a function of the probabilitiés] B ;|
consider the probability that any event i will occur over a vanishinghgmall time intervdl fi.e. the
probability that any eveht j; will occur between timé& | @nd timed |1 0 1 ). Note that the time
intervall s different from the larger, unvanishing, and stochastiggdiyerated time interval ahat is used
to indicate the system time when the interface movement eveptakes place. Therefore, the probability

O 1 B { canbegpressed as follows:

0O 1B 71 T BOT B w1 t &7 T (3.1)

where¢ | tis the probability that more than one event y; will occur ovefi fi.e., the probability
that multiple molecule¥will advance into the site currently or formerly occupied by mole€bktween times
0 1 @ndd 1 01 7TNote thatitis expectedthaf t© masg * m5and therefore by taking this limit,
Eq. B.1) simplifiestod 1 B 5 B O1 B (; . As a result, the complete expression for the

probabilityf)‘] B r thatf will take place attim® 1 @an be expressed as follows:
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01 B 5 O07&®@ 1B z0 1B 5 O071& 1B ;BOTB g (3.2)

This equation can be further simplified by definiag ; 0 1 B B 01 B j; astherate
of occurrence for interface movement event,. Note that this definition ab  highlights that the rate
equation for aigen event ; must simultaneously accommodate for both-eubnt§  and]  j (i.e.,
it must accommodate for both the rate that interface moléawik: recede intoa bulk phase, and that a
molecule from the adjacent phase will take the place of molé&etilas moving the interface.)

The MFkMC algorithm is not restricted to only capturing the movement of the interface and can be
readily adapted to consider additibmaerfacial kinetic events depending on the application, such as interfacial
reactions or evaporation and condensation. If the system considédferent kinds of normoving interface
events in addition to the moving interface events, then each s# thiscellaneousi('Qj) eventsi( )
can be captured using a kinetic rate equation f that describes the probability] b ki that the’@h
evenf i, will take place at interface moleculf@&ndat timed | &8 Note that the subscript "Qiiscised
to differentiate the nemoving interface events from the moving interface events, which are depicted using the
subscriptd "Q The probability equatiod | B i can be similarly decomposed into two (or more)
components: the probability | othat no event will occur between tinteand timed |  and the
probability 0 1D kn thatthe™@h nonmoving event i i Will occur exactly attim@& | @nd at
interface molecul&By combining the probabilities for bdth  and] i . the total probability that event

T will occur can be expressed as folkw

¢

07 & 1B
0 1

T T &
T T &h

h

=

. Boj B

8‘ 0%
<
¢
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According to the kinetic Monte Carlo framewdfithe probability) | Ocan be expressed as follows:
07 06 QwRw | 0O (3.4)
whered Bow fr Bow sy BO 1B BO1 B s BO 1B i defines

the total rate of event taking place ab | oOTherefore, the complete expressionddr B can be written

as follows:
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¢

The objective of the MFKMC algorithm is to stochastically evaluate thelsyattate evolution of the
moving interface system whose events are governed by the probathi$isitution in Eq. 8.5). Therefore, in

order to advance the system from one state to another, it is necessary to @€ Egs{ochastically select
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both the everit taking place and the time increméntbetween the selected event and the preshe
executed event (i.e. E®.D) is used to select both the evienand the tim& | avhen the selected event will
occur). This probability density function spans both discrete and continuous probability spaces (i.e., the event
7 is selected fsm a discrete list ofpossible evenfs [ M h B A , whereas the time increméntds

selected from a continuous distributimn | 6 Hb) and consequently there is a need todivitled | B

into separate discrete and continuous densitgtions. Using conditioning, the probability density function

can be written as follows:
071 B 0 1@ f9 0 (36)

whered 1 odenotes the probability that any event will occubatl pandd | § odenotes
the probability that the next event to occur willfbe given that it will occur ab | ©The continuous

probabilityd | Ocan be calculated using probability addition theorem as folfdws:
O 1060 BOT D
BO 1B BOT B i Q BO 1B 0 (37)

By re-arranging the aforementioned equation and substituting (10}

BO 1B BOT DB s BO 1B {p ,theprobability 1 osimplifies to:
0 170 @ Q (3.8)

On the other hand, the discrete density funalion | § ©Ocan be obtained by +@ranging Eq.3.6)

as follows®8

0 79 0 (3.9)

By substituting Eqs.35) and 8.8) into Eq. 8.9), the MFKMC event probability 7 § Ocan be

expressed as follows:

v 79 o0 . (3.10)

whereo 7 0 1 B BO1 B 4 andoo f; O 1 B ;5 denotethe rates of
occurrence for events  and i k. respectively. Subsequently, the kMC expressions traditionally used
to sdect the time incremeht @nd the eveft can be determined by inverting the corresponding continuous
and discrete probability distribution function® |1 0and™O [ § o for Egs. 8.8) and 8.10),

respectively, afollows:®®
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70 — (3.11)

B B wfp , wp B B wj (3.12)
wherew  is the rate of occurrence for ewgn; N T A An » wherel T &
denotes a moving interface event for interface mole€hledr j T R i denotes one of the
additional noAamoving interface events for interface moleci@and, and, denote random numbers

generated from a uniform distribution used to calctlatnd seledt , respectivelyNote that Egs. (3.11)
(3.12) share the same foras the standard kKMC time and event selection equations(gbjs(2.2)) reported
within the previous chaptefrhese concepts serve as the fundamental mathematical principle for the kinetic
Monte Carlo methodology, which is the falation of the proposed MFKMC framewdfKThis furthermore
illustrates that thIFkMC moving interface expressions derivedabve can be captured uskigC techniques,
and therefore th&IFkMC algorithm can be consideres a branch okMC extended to describgeneral

moving interface systemslote that the relevant events and the exact form of the rate equatiopsand
W jpy varies from application to application. Therefore, the process of event selection and rate determination

is described in more detddr each of the systems considered in Chaptétsvithin this work.

The MFKMC algorithm defines the position and movenwd#rdan interface based on the positions and
movements of the interfacial molecules on each side of the interface. Each time the interface moves, the
algorithm redefines the interface by removing any former interface molecules that move into the bulk phase
and by adding in any former bulk phase molecules that become a part of the interface as a result of the move.
Furthermore, the MFKMC method takes into account the known structural features and spatial heterogeneities
of any solid surfaces involved in sifiluid interfaces on a molecular level. As a result, the MFKMC algorithm
is able to accurately capture the shape of an interface regardless of its complexity and regardless of the intricacy
of any surrounding solid geometries.

The MFKMC algorithm is deried from kinetic Monte Carlo, and therefore it features the same
limitations as standard kMC algorithms. However, the MFKkMC algorithm has an additional limitation based
on the assumptions used to define the moving interface évergsAs indicated ative, the moving interface
events assume that the two @uent§ j and  j occur neassimultaneously attimé | 8Although this
assumption holds for the majority of moving interface systems, it cannot be assumed for diffuitgon
phases that contain very few bulk molecules suchBhat] B sz L 0 1 B 5 .Inthese cases, the
interface molecule¥in one phase recede significantly faster than they can be replaced by molecules in the
opposing phase. In ord® simulate these kind of systems, it would be necessary to separate the advancing and
receding sulevent§ and into their own separate kinetic events; however this process is beyond the

scope of this work.
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3.2

3.3

MFKkMC Algorithm

The proposed general MFKMC algorithm is illustrated in Big.and can be summarized as follows.

Initialize the system by defining the location and other relevant parameters for each of the interfacial
molecules in every phase of each dynamierfiace considered, based on the initial conditions.
Determine the initial rate® 5 0 1 B B 07 B ; for the local movement of each
interface molecul&using their respective rate equations. If there is more thaewvam that can take

place for a given molecule (i.e., if the MFKMC algorithm considers more kinetic events than just

moving the interface), then calculate the rate for any remaining kinetic events {p

0 T B hi » Wherg i i denotes th& non-moving interface event taking place at e
interface molecule).

Generate a random number from a uniform distribution to increment the system tiny the
continuous variable @ccording to Eq.311). Update any event rates that directly depend on the
system timed or the increment tinde 0

Generate a second random number from a uniform distribution to select an evenfi.e. an
interfacial molecule) from discrete space based orettemt rates of occurrence, according to Eq.
(3.12). Note that these events include moving the interface {) or any other interfacial event that

is allowed to take placey ).

Execute theselectedevent and update any affected rates at the neighbouring sites, accordingly.
Update the list of interfacial molecules to add new interface sites and remove new bulk phase sites
created by the change in the interface. If the interface moves, initializntegfacial sites created by

the move (i.e., new interfacial molecules that were in the bulk phase prior to the move), as illustrated
in Fig. 3.3. Similarly, remove interfacial sites that become bulk phase sites.

Repeat steps-8 until a prespecified enadondition has been met (e.g., the system time readives

integration timed ; the system has reached steady state; the interface has completely disappeared, etc.)

Challenges& Considerations

The framework proposed in the previous section piewia general overview of the MFKMC

methodology and its implementatidtiowever, therare still a number differentaspects andhallenges that
must be addressesb that it can be properly implemented for a giegplication.Motivated by this, the
following subsections willoutline fourmainconcerns and considerationgh developing an MFkMC model,
includingtime-dependent event rates, initializing former bulk phase system dimensionality, arefficient

storage of MFKMC information.
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Figure 3.2: Flowchart of the general MFKMC algorithm
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Figure 3.3: The interface region before (left) and after (right) a kMC event is executed using &) |.
free and b) latticdbased kMC. The pale green circles (on the left) represent bulk ptessthai
become interface sites after the event is executed. Similarly, the pale blue circles (on the rig
represent bulk phase sites that were on the interface prior to the event

3.3.1 MFKM C for Systems with TimeDependentProbabilistic Rates

Moving interface systems are dynamic processes whose properties change in time, and consequently, it
is expected that the rate equations governing the interfacial movement in MFKMC will vary as time syste
evolves. However, MFKMC is stochastic in nature, and therefore the system properties and MFKMC rate
equations affected by the stdig-state system evolution vary sporadically in time and cannot be represented
using a closedlorm transient expression. Agesult, these system rate equations dalmatysdepend directly
on the timedor the rate of change in timepi.e., theyoften only depend indirectly onor] dhrough the
stochastic MFKMC fluctuations. When a systenty involves rates thato not directly depend amor| pthe
order in which the random numbers and, are generated is not relevant, and consequently Step 3 in
the algorithm above (calculating the time incremenji can be performed after Steps54seleting and
executing an event). Note that there are numerous kMC algorithms reported within the literature where the

event selection and execution occurs before time is increm&itdd’”

However, MFKMC can also accommodate for systems containing rate equations that depend directly on

the timeoor the change in timMie 0These direetime-dependent rate equations can occur due to controlled
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predictable changes in external varegble.g., subjecting the system to an exterrahtrolled temperature

gradient in a system whose rates are temperature dependent but whose system evolution does not affect the
temperature) or due to time derivative terms within the rate equations thestelt are approximated using

finite differences. The latter case is expected to occur in systems whose rate equations are derived based on
force balances, such as the sessile droplet studies presented in Chapters 6 & 7. In both of these cases, the order
in which the random numbers and, are generated is important. Consider the probaldility B

that the system will undergo a specific evienat timed | 0 This probability density function can be
separated into discregad continuous functions] B O 1 & § g oasilustrated in Eq. (3.6).

In this expression, the discrete probability 7 § o6denotes the probability that the next event to occur will

be event , given that it is meady known when the event will occur (ije.dhas already been determined). As
aresult, it is necessary to calculat@and determine the time at which the event takes placed(i.&., pbefore

selecting the event as long as the rates for an evan¢ directtime-dependent]( 0 ) or time increment
dependeni (1 0. Therefore, in order to provide a general algorithm that can be applied to the largest number

of moving interbce systems possible, the MFKMC algorithm calculates the time incfengarfstep 3 before
determining and executing the evenin Steps 46. Note that this ordering of steps can still be readily applied

to systems whose rate equations that ar@inetttime-dependent, as the order in which the random numbers

are generated does not matter for these systems.

3.3.2 Initializing Interfacial Particles at Former Bulk Sites

Over the course of the MFKMF algorithm, new interfacial sites must be createddasites removed
whenever the interface moves, as highlighted inFg&jandin step 6of the MFKMC algorithmiin Section 3.2
Whenever a new interfacial site is established, special care must be taken to initialize the particle properties
such that the reflect the underlying attributes of the systéma latticebased MFKMC system, each of the
molecules in each phase are assumed to occupy fixed positions according-setgitee’’” and therefore
new interface molecules are readily initialized by identifying the empty lattice sites that sit adjacent to the
interface. On the other hand, intle¢-free MFKMC, the positions of newdfjprmed interface molecules can be
stochastically initialized based on the fluid density using stochastic approaches such as particle swarm
optimizatiort’® or probability distributiorbased initialization schemé®¥.An example that can be used for
lattice-free initialization is pseudtttice as illustrated inFig. 3.4 In this technique, the fluid domain is
discretized into uniformhspaced mathematical points separated by the averag@antete distance, which
can be calculated based on the fluid derisiand particle molar mags  .1¥9Once the interface moves, this
method subsequently identifies the points adjacent to the new interface bainadlay not have an interface
molecule within close proximity, and initializes a new interface particle around this point at a position
stochasticallygenerated from a uniform or a normal distribution. In addition to the position, it is also necessary
to initialize other relevant parameters, such as the molecule velocity, for eacHoendyl interface molecule
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Figure 3.4: lllustration of the pseudtattice initialization scheme, where the spatial domains are s
divided into a grid of evenigpaced pints, and new interface sites are placed at a randpiaded

position around any unoccupied point adjacent to the interface after the interface moves

for both latticebased and lattickee systems. These parameters can be assigned either deterntynistical
stochastically based on either the bulk properties of the system, or the properties of the nearby surrounding
moleculesFor example, the velocityf afreshly-created interface molecule fometer droplet spreading on a
surface can be readily deeid based othe velocity of its nearest neighbouring interface sitt®n the other

hand,in applications such as micelle formation untleid flow,'8 the velocities of new interface sitage

more readily determined based on the overall velaggiglient of the surrounding fluilote that the method

of initializing new interface moleculeshouldbe adapted depending on the application. More specifics are
provided when discussing ttdifferent moving interface systems studied witeach of the subsequent

chapters

3.3.3 Dimensionality of the Moving Interface Sysem

The proposed MFKMC algorithm can be adapted to capture moving interface systems regardless of their
underlying physics or their dimensionality. In general, higherensional problems involve more complicated
nearest neighbour interactions and ofteuirsgadditional applicatiospecific rules that allow the interface to
evolve in a realistic mannedetailed illustration®f this subject matter can be found in the sessile droplet
models presented in Chapters 6 &Hbwever, as a simple example, consittee spreading of droplet on a
smooth solid surfacén this case, thdropletinterfaceis expected to spread unifornmdyound a center point
as illustrated in Fig. 3.5a. Howevam,a fully 3D model, this axisymmetric behaviour is not guarandeelin
the absence of additionalles, the droplet can readily adapt fhysical shapes, as illustrated in Fig. 3A&.

a result, this3D systemmodelwould requireadditional restrictions in place to prevemtpossiblemoving
interface events from occurring so that iterface will spread in a quaakisymmetric manner, as illustrated
in Fig. 3.5c. Further details concerning ttopic are provided in Chapters 6 &Due to the aforementioned
challenges associated withigherdimensional systemsit is generally recommended to minimize the

dimensionality of the considered problem whenever possible to reduce the complexity of the developed
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[ Interface Site for Empty (Surrounding Atmosphere) Phase
[ Bulk Site for Empoty (Surrounding Atmosphere) Phase
(] Droplet Center

Figure 3.5: a) Expected axisymmetric droplet spreading on a solid surface; B)mggical droplet
spreading for a highetimensional model in the absence of model restrictions; c¢) realistic drop

spreading for a highatimensional model under sufficient model restrictions

MFKkMC model. However, the reduction in dimensionality can interfere with the naadatacy for systems
such as those subiject to isotropic molecldael perturbations, and therefore special care must be taken when
deciding on the dimensionality of the proposed MFKMC model to balance both the model

complexity/efficiency and the modeteuracy.

3.34 Information Storage in MFkMC Models

The interfaces in moving interface problems seldom remain the same length and can undergo drastic and
significant changes in size over the course of the system evolution, ssje deoplet spread, emulsification
of two immiscible liquids, etc. As a result, the MFKMC algorithm needs to be adaptable to account for changes
in the sizes of the interfaces and the amount of system information necessary teustbeemore, moving
interface problems often require knowledge adrout ar
other spatial heterogeneitiéor latticebased MFKMC models, the interfacial neighbors can be defined as the
particles located in the lattice esit next to a given particle. On the other hand, for lafite MFKMC models,
the interfacial nearest neighbors are best defined as the particles within a certain distance of a given particle.
These nearest neighbor heterogeneities are particularlyuttitiicidentify and store efficiently, and therefore
it is imperative that the MFKMC information storage system provide an efficient means to determine a
mol ecul eds nearest neighbour i nformation tferenni ni mi
methods that can be used to efficiently store moving interface information, depending on the system and the
applied assumptiongwo key storage methods that can be used to efficiently store the relevant interface and

nearest neighbonformation the list indexing approach and the sparse matrix appraeekjscussed next.
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The first potential method for information storage when implementing the MFKMC algorithm is to

borrow from the list indexing approaches used in porous network modelling, as shown3r6atef. This

approach would involve the creation of two lists: one that stores all the relevant indorfoatach interface

particle, and

one

t hat

maps

t he

nterface

particle

nearest neighbors). However, special care must be taken to efficiently update all relevant information,

especiallythe interfacial nearest neighbor information, after every kMC event. In order to avoid having to

search through all the currentiyored interface sites to identify the nearest neighbors every time a new

interface particle is added, the lists can be ugbsaieh that the particle information is stored based on their

distance relative to a fixed point, so that the nearest neighbor search can be limited to searching through a

handful of particle entries. For example, in R3gaa, the interface molecule infoation inside the primary

table are ordered according to their proximity to the center of interface mafecudssuming that nearest

neighbor molecules are defined as molecules that are 10®muféssapart, in order to determine the nearest

neighborinformation for molecul® (197 units from the origin) for the first time, it is only necessary to

consider the table entries for molecules situated within £100 units (between 97 and 297 units from the origin),

which are all adjacent to molecue in the main table, to see if they are nearest neighbars ¢o not. In this
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Figure 3.6 a) Storing a (latticeree) interface using a list indexing approach, where the interfac

molecule properties and the listrgighboring molecules are stored in separate tables; b) Storir

(lattice-based) interface using a sparse matrix, where the location of a molecule corresponds

location within the matrix. Note that the sparse elements are showrfasthe sake billustration
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example, there are only four molecules that need to be considered (mofeculés, 6 , ando6 ).
Subsequently, the intermolecular distance can be calculated between each considered molecule and molecule
0 to determine which molecules are its nearest neighbors (i.e. within 100 umity 6nly molecule® and

6 are within 100 units ab , and therefore these are the only molecules marked on the connectivity table as
06s nearest neighbors. Note that there are many ot
neighbor search for a new molecule. For example, the neargsiboeisearch procedure can be further
simplified for an Ndimensional system by creating N copies of the main information storage table, where
particle information is stored in each table relative to their distance in a single dimension with respeetito a f

point, and each table organizes their molecules based on a different dimension. However, these approaches are
beyond the scope of this work.

The second information storage method, which works particularly well for Hitised MFKMC
approaches,istos e | arge sparse arrays to store all the da
within the array is correlated to its position in space as illustrated i3 .Big.This approach greatly simplifies
finding information about the moleauld s near est neighbors as the | ocat]
can be readily determined. This is critical for determining whether new interface sites should be created or old
sites removed. However, sparse arrays must be defined withkdaterained size, and therefore it is possible
for systems subject to faskpanding interfaces or other large interfacial displacements to exceed the pre
allocated sparse matrix dimensions. In order to prevent this issue, it is necessary to include a sulthiutine
the MFKMC code to rassign the moving interface system to a sufficiently larger sparse matrix should the

system exceed the current matrix dimensions.

3.4 Summary

This chapter provide@ detailed general overview of the Moving Front kinetic MdDaglo algorithm
a novel kMCGbased modelling technique designed to simulate moving interface systems. The proposed model
defines the location oftime-varying interface based on the positions of the interface molecules on either side
of the boundary andsaigns rates to capture their ability to advance into or recede away from the opposing
phase. The algorithm subsequently stochastically selects an interface molecule to advance/recede based on their
rates and executes it in order to migrate the interfblce.proposed algorithris designed to be compatible
with other kMCGbased techniques so that it could readily account for additional kinetic interfacial phenomena
such as interfacial reactionkhis chapter additionally provided a brief analysis of keylehges that must be
taken into account whesonstructing atMFKMC model to capture the moving interface behaviour of a given
systemFor one, the order in which the MFKMC steps should be executed is dependéetioer the MFkMC
event rates are directly dependentcbanges in time, and therefore special care shoutakiea to design the

algorithm around its events. In additidikMC modelssuffer from the curse of dimensionality and therefore
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additional rulesnay need to be instated to prevent unrealistic system behaviour at higher dimé&tiisalys.

the MFKMC algorithm requires proper care and consideration must be taken into accoudéesigeimg how
new interface sites are implemented and wdesidingthe method of information storage that MFKMC can
both accurately and efficiently capture the general system behaliminformation presented in this chapter
consequently serve as a baseline for the MFKkMC algorithms developed and implemented thritveghout

remainder of this work.
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Chapter 41 MFKMC Crystal Dissolution Model for
Biological Systems with Applications in Uncertainty

Analysis and Robust Optimizatiorf

The dissolution of crystalline minerals is an emerging field of study with wide variepptitationsn
critical fields such as medicingeology, and engineerid§®!8The rate and the way in which the materials
dissolveis of critical importance in many of thesgstemsThese dissolution mechiams are highly dependant
on the microscale surface structiaed consequently, there has been significant interest in studpithg
modelling the underlying mechanisms behind dissoluiioa molecular leveh order to control the dissolution
rate for a given application. It is thus necessary to simulate crystal dissolution processes using a-nolecular
level modelling technique sh asMFKMC to accurately capture the spatiafigterogeneous nature of the
dissolution processHowever, this process is complicated bgpvironmentaluncertainty in the crystal
dissolution system&:2212°Consequently, it is important to implement techniques in order to accommodate for
uncertainty when studyingptimizing, and controlling crystal dissolution processes.

The objective of this chaptes todevelop a general 3MIFKMC framework to predict the dissolution of
nanoscale defedtee crystals regardless of shape and crystal strudthie study particlarly focuses orhe
dissolution ofcrystalline drug delivery capsulesgithin the human body, which is of importance in the
pharmaceutical industrylhe developed MFKMC algorithnis subsequently compareshd contrasted with
standarckMC crystal dissolution models in order to validate its performance and to shawegsaformance
difference between the two kinetic Monte Carlo methddss studyfurthermoreutilizes the developed
MFkMC framework to analyze the impact of various aaysizes and shapes on the dissolution results. This
chapteralso investigates the effects of environmental uncertainties (e.g. the temperature and pH of the system)
on the crystal capsuledissolution process through the use Rdlynomial Chaos Expansion®CES)
Furthermore, low-order PCE coefficientmodels (LPCMs) are constructed and used to perform
computationallyefficient robust optimization on the dissolution model. This combination of methods provides
key tools that can be used to further study amatdve the design of pharmaceutical drugs and other biological
nanocrystal designs to optimize and control their dissolution prope3getond.1 presents the 3MCkMC
and standard kMG@rameworls developedand implementedo simulate complete crystalsgiolution. This
sectionadditionally reviews the PCE and LPCM modelling methods implemented within this S&ckon

4.2 compareand contrasts both the MFKMC and standard kMC methods for the calcium carbonate case study

AThe contents of this chapter were published in the Journal of Physical ChendfsarydBinthe Computers &
Chemical Engineerirfg
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consideredn this work. Section4.3 subsequentlyperforns uncertainty analysis on the crystal dissolution
system andSection4.4 presents the robust optimization on the selected case study. Concluding remarks are

providedin Section 4.5.

4.1 Modelling Methods

This section provides arverview of thevarious modelling methods utilized within treéeapter The
Moving Frontkinetic Monte Carlaand standard kinetic Monte Cadpproacksarepresented here to capture
the stochastic dissolution behaviour for a crystamfgiven compositia, shape, and size. The provided kMC
algorithns providea general framework that can be applied to a wide variety of different crystal materials.
Furthermore, this section briefly overviews the Polynomial Chaos Expansion ammidewPCE coefficient
modek used to efficiently propagate parametric uncertainty and perform efficient robust optimization on crystal
dissolution systems, respectively.

4.1.1 MFkMC & Standard kMC Algorithms for  Pristine Crystal
Dissolution

The objective of this subsection is to provide gergteaddard kMC and MFkM®@ameworlsto simulate
complete crystal dissolution for any desired perfect (ddfee) nanoscale crystal regardless of composition
or crystal structure. Note that the proposdgbrithm can be readily adapted to a wide variety of different
crystals regardless of composition, crystal lattice structure, crystal lattice centerawprdination number
and consequently the algorithm detailed in this section is presented innasabj®f terms as possible
Furthermore, the model can be readily adapteattmmmodate for dissolution for crystals whose structures
and compositiongntail complex multstep dissolution processddowever, for the case of simplicity,eh
algorithm detded below predominantly focuses dissolution in crystals with simple dissolution methods,

such as in ionic crystals.

In the crystal dissolution process, the surface species break their bonds with their surrounding neighbours
and migrate into the bulkdid phase surrounding the crystal. The energy required for a surface species to
dissolve is proportional to the number of bonds it shares with its neighbouring species and the identity of its
neighbouring specieand therefore it is necessary to know libeal atomic surface configuration in order to
determine the dissolution rate for a given surface species. Furthermore, the energy required for dissolving a
surface particle is dependent on the angle and spacing between it and its neighbours, whideteamibed
based on the base lengths and angles of the crystal lattice for a perfect crystal. Consequently, it is additionally
necessary to know distances and angles between each surface species and its neighfighlighted in
Section2.2.1. In orderto capture these surface heterogeneities, the crystal dissolution process is modeled using

lattice-basedapproaches for both thFkMC and standardMC models Theselatticing techniquesepresent

49



the entire crystal using a 3Mesh such that each crystparticle is located within its own individual lattice

site. Note that the lattice is used withimrslemodek as an organizational tool that maps the locations of the
crystal particles relative to their neighbours, and consequently the type of lattice needed to adequately describe
the crystal depends on the type of centering used (i.e., primitivegéamteredbody-centered, etc.). However,

it is possible to capture all the different basic crystal centerings by changing the lattice shape. For example, a
primitive cubic lattice is most easily denoted using a cubic lattice, as illustrated élaigOn the othehand,

a bodycentered cubic (BCC) can be readily captured using an octahedral lattice, where each lattice site is
considered to neighbour four lattice sites above and below it, as illustrated4rilBig\dditionally, since the

lattice is used to stotée locations of each atom, ion, or molecule within the crystal, it is easiest to denote the
lattice information of ionic or other polyatomic crystals based on the basic lattice shape formed by all of the
species together rather than based on the sublatticupied by a single species. For example, it is easiest to
consider a NaCl crystal as a simple cubic lattice of alternatihgmMhCl ions, as illustrated in Fig.1a, rather

than a faceentered cubic Clattice with Nd cations located betweenetlanions. The lattice stores critical
information about each of the crystal particles, and therefore this modelling approach can directly account for
crystal structure information of the surface particles such as their species composition, the number of
neighbours, the distance between neighbours as indicated by the crystal lattice edge lengths, and the interaxial
angles. The angle orientations and crystal edge lengths are determined at each lattice site by assigning labels in
each direction, as depictddr a rhombohedral crystah Fig. 2.2. Note that the angle labels differentiate
between each interaxial angle and their supplement (i.e., the angle labels differentiate between acute and obtuse
angles for each angle). These labels are determined base@ amdgle formed between the two planes
intersecting at a given direction, as depicted in &8 Note that though this figuréepicts a rhombohedral

crystal, the methods mentioned in this section can be generally extended and applied to crystalemf differ

shapes and coordination numbers.

a) b)

Simple Cubic Unit Cell kMC Cubic Lattice BCC Unit Cell kMC Octahedral Lattice

- Edge Atom
] Center Atom

Figure 4.1: Mapping crystal lattices onto kMC lattice: mappi ng a O6si mpl e
a cubic KMC latticep) mapping a BCC crystal onto an octahedral KMC lattice

50



Figure 4.2: Labeling theacute () and obtuse£() directionson the standard kMC/MFkMC lattice

In the present kM@asedalgorithns, each surface crystal site is assigned a kinetic rate of dissolution
based on it¢ocal surface structure, aetailed in Section 2.1 and as illustrated in E¢2.3). These kinetic
rates are locally updated each time that a surface species is removed via disdtdteidhatin addition to
the dissolution ofhe surface moleculethe inverse reaction (i.e., the-adsorption of disolved species back
onto the surface of the crystalyd surface diffusion of existing crystal surface particesalso occur during
the crystal dissolution process, if the concentration of dissolved particles in the fluid adjacent to the crystal is
sufficiently high. Under these circumstances, the kinetic rate-afiserptionand surface diffusiocan be
captured usinginetic models available within the literatuf€®® However, it is predominantly assumed within
the literature that the solved species are rapidly transported away from the surface of the crystals such that
the concentration of dissolved species at the crystal surface is inconsequential, and therefore the-rates of re
adsorptionand surface migtion during crystal dissolian are negligiblé®® As a result, theeneral kMC
model presented within this work assumes that the dissolved particles are transported away from the crystal
surface fast enough such thatadsorption would only insignificantly affect the model results, and therefore

the kinetic rate of radsorption is neglected.

The crystal dissolution process consider@d this study is modeled using both standard kMC and
MFkMC techniques. In both methods, the crysthhpe and structure acaptured using latticbased
approaches due tbhewell-ordered naturef crystals In standard latticased kMC, the crystal is mapped to
a 3D cubic lattice such that each ion within the crystal occupies its own unique lattice site, as illustr&ed (in 2

in Fig. 43a. The crystal is then dissolved according to the standard kMC algorithm listed in Settiom B.
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a) b)

[l Crystal lon Interface Site (Marked on Lattice)
Fluid-Phase Interface Site (Marked on Lattice)
Bulk Sites (Unmarked on Lattice)

Il Crystal lon Site (Marked on Lattice)
Fluid-Phase Site (Unmarked on Lattice)

Figure 4.3 2D representation of initializing a g&m of a kMC lattice for crystal dissolution
applications: a) Lattice initialization according to standard kMC; b) Lattice initialization accordir
MFkMC

contrast, the MFkMC algorithm only maps the locations of the crystal surface ions and their neighbouring fluid
phase sites on the lattice (j.& only maps the locations of the interface sites). As a result, all bulk crystal ions
and all bulk phase fluid sites are marked as empty on the MFKMC lattice, as illustrated (in 2D) iBFig. 4
Since the crystal dissolution model does not consider any crystal growth mechanisms, the MitsIC cr
dissolution model is most readily captured using the sparse {bttamsl approach discussed at the end of
Section3.3.4 Note that in the absence of crystal growth, there is no need to assign a moving interface event
rate to any of the fluigphasemterface sites, since the fluid molecules will not be displaced by the solid crystal.

In addition, the only relevant information to store for the MFKMC algorithm corresponds to the number of

nearest neighbours each direction 4 m the corresponding gte information cpm and the dissolution rate

® {4  for each surface ion. The complete MFKMC algorithm for crystal dissolution is listed in Section
1 -
B.2. Note that since the kinetic rate of dissolution j %.ﬁ_%_(Eq.(Z.S)) does not directly depend on the time

oor the time incremet pit does not matter whetheras calculated before or after the event selection step
within both thestandard kMC and MFKMC algorithms, as discussed in Se@t@2 However, the time
increment d@vas calculated before selecting an event in both of the algorithms presented above in order to

mirror the MFKMC structure presented in Sect®h
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4.1.2 Polynomial Chaos Expansions

The KMC approaches discussed above are unable to explicitly account for the parametric uncertainty that
is expected to occur in the crystal dissolution system. Often, scdramgal KMCGtype simulations would be
required to takeincertainty into account. For example, for crystal dissolution within a gastrointestinal system,
the kinetic rates of dissolution are sensitive to properties of the dissolving fluid that are expected to vary and
cannot be known with complete certainty, Isas the fluid temperature and its pH. Therefore, in ordea for
kMC or MFKMC model to accurately capture the crystal dissolution process within the gastrointestinal tract, it
is necessary for the simulation to account for the uncertainty in these pasaanetéheir effects on the kinetic
rates of dissolutionHowever, this technique is computationally prohibitive since it involves multiple
simulationsof the kMGtype modelunder different operating conditions. The way uncertainty is addressed in
this study is described next.

Parametric uncertainty was propagated through the crystal dissolution model via the use of Polynomial
Chaos Expansions (PCEs). These low order expansions approximate the variability in the model aittputs
specific time points aa function of the uncertain parametersising chaos polynomials functions according
to Eq.(4.1). Note that any spatial or temporal variations in the model outputsd can be taken into account
by discretizing the relevant space and time domairm{lo, respectively) into a set number of distinct points
and measuring the variability due to uncertainty at each point. A unigue PCE model can be subsequently
constructedo capture the effects of uncertainty at each discrete point in space and time. The PCE algorithm
implemented within this work only considers temporal variability within the model outputs, which is discretized
into0 distinct timepoint® , i.e. 0 . Consequently, the PCE notation used throughout the remainder of
this studywill only denote time dependence; examples of PCE models with spatial dependencies can be found

elsewhere within the literatufé*8+185The polynomial chaos expansion models can be expressed as follows:
vo B F o {° ¢ (4.1)

where= 0 represent the PCE coefficients of thidd order at a discretized timepoint whereas
-H- denotes a.th order polynomial basis function orthogonal to the uncertainty distributidtote that
these orthogonal polynomials are functions of , ; B h4; B Rk, , where, y;  denotes a random
value generated based on the uncertainty probability distributions appliedatbitheertain parameter, N
. Furthermore, note that the PCE coefficiehtscan be determined via different methods, such as the

intrusive Galerkin mjection'® nonrintrusive spectral projection (NISP¥ 18or leastsquares methods?184
In this stuy, the leassquares method is used to fit the PCE coefficients to sample data generated by

propagating random realizations in the uncertain parameters through the kMG.riibdetimedependent
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PCE algorithm considered in this study is based off of PGEhods developed previously within the

literature'®¥188 gand is described withi8ectionB.3.

The PCE algorithm provides a computationally efficient means to propagate uncertainty through the
crystal dissolution system. However, the computational speed of shaged PCE is restricted by the rhen

of sampling points used to determine the PCE coeffici#n,tin addition to the number of uncertain parameters

"in and the PCE order. Lower order PCE polynomials and coefficients determined with fewer sampling
points are more computationa#yficient. However, these models are prone to larger computational errors and
are thus more inaccurate. On the other hand, higher order PCE polynomials and coefficients determined with a
larger number of sampling points may be able to achieve greateaegchowever, more intensive offline
calculations are needed to obtain such models. As a result, it is necessary to detgururighe optimal

number of sample points and PCE order to achieve sufficient accuracy while maintaining thetesitde
computational time. In addition, it can be computationally expensive to perform optimization on a system
model using PCE. This is becaute PCE models are only defined for a single realization in the known design
and operational parameters that influence the system performance, and therefore a unique PCE model would
need to be developed for every design parameter combination considiadive optimization process. As

a result, it is necessary to minimize the computational cost of PCE model development for a given system. The
key computational sinkhole within leasuares and other namrusive PCE methods is due to the
determinatiorof the PCE coefficients, which require generating numerous sample points using tHekbtC

modeb. To overcome this computational limitation, l@msder PCE coefficient models (LPCMs) can be
developed to approximate the values of the coefficients forem get of design and operational parameters.

The LPCM method is discussed next.

4.1.3 Low-Order PCE Coefficient Models

The PCE method is only capable of propagating parametric uncertainty under a single set of design
conditions at which the PCE mod&lasestablishedConsequently, it is necessary to develop a method to
determine the PCE coefficients for an arbitrary set of design parameters. In order to accomplish this objective,
a series of datdriven low order models were developed to predict €k coefficient:|= 0 as afunction
of . These low order PCE coefficient models (LPCMs) were determined by discretizing the set of design
parameters into a finite number of realizations and developing a unique PCE model at each design parameter
combination. Low order models were then selected to approximate the relationship between each PCE
coefficient=|= 0 and the design parameters The LPCM coefficients were subsequently determined using
model regression techniqu@se full LPCM algorihm considered in this work was adapted based on previous
works in the literaturé'8and can be found in Secti@&»4. Note that a unique LPCM was constructed for each

PCE coe‘licient=|= 0 considered, i.e., a unique LPCM model was constructed for each coefficient within
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the total dissolution timed() PCE model and for each coefficient within the PCE models constructed for the

number of atoms remaining within the crystal 0 at each timepoind .

The developed LPCMs are computationally efficient and capable of generating a PCE model for a given
within short computational times. However, the LPCMs rely on low order model fittings and therefore
require careful design in order to minimize errors and achieve sufficient accuracy. The LPCMs implemented

in this study were developed using PCE coefficdata determined for each of the key system outpués

at defined set points in the design parameter3he discretization of was selectea priori in order to
determine the minimum number of design parameter points necessary to adequaiedyteapelationship
between the PCE coefficients andwith sufficient accuracy while still minimizing the number of required

PCE models and therefore minimizing the required amount of computational resdineaenrresponding

LPCM models were selecteahd fit to the PCE coefficients using CurveExpert Professional 2.6. Furthermore,

the LPCM methods are only defined over a specific range of design and operational parameters, and therefore
they cannot be used to predict PCE models outside of this regmararheter space. It is thus necessary to

determine in advance the parameter range aver which the LPCM models are to be defined.

4.2 Comparison of MFKMC and Standard kMC Crystal

Dissolution Models

TheMFKMC and standarkMC crystal dissolution scinees proposed in Sectioh L1 wereimplemented
in this work to study the complete dissolution of defeet ionic Calcium Carbonate (Cag)Qrrystals
dissolving within the human gastrointestinal system. This mineral has been previously simulated using a 2D
standarckMC model that captured dissolution along the surface of a single crystal face, and the model kinetics
were validated via comparison to experimental re$ttfS Therefore, this mineral was selected for the case
study as its kinetics have already been previously reported and validated within the literatureh@& @0
rhombohedral crystal structure and therefore each of the buljF@@ions are coordated with six metallic
Ca&* ions; similarly, each of the €acations are coordinated with the oxygens from six different carbonate
ions. Consequently, each ion can be characterized using the Terrace Ledge Kink (TLK) model, as detailed in
Section4.1.1.%0:10°

Due to its rhombohedral crystal structurex ( a a ;T i 7 wTt)] CaCQ will
predominantly cleave along three planes that intersect each otioerraght angles, as highlighted in Fig14.
These planes intersect at an acute angle pf X @ Yar at the supplementary obtuse anglé of
p 1@ ¢, depending on their orientation. Consequently, ledge and ledge adatom ions located as¢lotionmter
of two crystal planes can take on either an acijter(an obtuset() orientation ( . 4m ofe fore i q

ande T in Eq.(2.3)). Similarly, kink ions occur at the intersection of all three crystal planes and thus
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Figure 4.4 The rhombohedral crystal structure of CaCO

can take on two different (acuéeuteacute ( w)cand dtuseobtuseacute € € )Joconfigurations (. ym
WOk ¢ dore oin Eqg.(2.3). In general, surface ions with a larger number of obtuse angles (e.g.,
obtuse ledge sites ér € kink sites) dissolve faster as these sites are more exposed to the surrounding fluid. As
a result, each of the different ledge and kink orientations dissolve at different rates depending on their angles
of intersection with the crystal planes. Note tHa present study assumes that the terrace;(  U)
stabilization effects described in Sect#id.1do not occur; henceiO 1t Furthermore, because the lattice
edge lengths are the same for a rhombohedral crgstaldgd & o A),'?8the activation energy teri@
in Eq.(2.3)is the same in all directiodsandtherefore the activation energy is represented usingytinéol
‘0. The full list of kinetic parameter values are derived from the litef&tanel are listed in Tabkel.

The kMC model considered in this work is constructed to perform dissolution on:Ca@@ls with a
wide variety of different designs. Consequently, this model takes as inputs thi) sind €hapez() of the

Table 4.1.CaCQ dissolution kinetic parameters

Parameter Symbol Value
Temperature Y 310K
Dissolution preexponential constant o) 5.22 x 16°s?
Activation energy of dissolution for a €0; bond (Activation| ‘O 0.164 eV

energy for CaCeionic bond hydrolysis)

Acute ledge/ledge adatom correction activation energy 30 0.0465 eV
Obtuse ledge/ledge adatom correction activation energy 30 OeV
Acute/acute/acute kink correction activation energy 30 0.0465 eV
Obtuse/obtuse/acute kink correction activation energy 30 0.0388 eV
Cleavage facstabilization energy 30 OeVv
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CaCQ crystal to be studied. Note that the crystal shape is not a feature that can be easily quantified, and as a
result there are several ways that can be used to define this design parameter. During crystal growth, the shape
of the crystal can be quantified byethelative growth rates of the key crystal planes, and consequently these
growth rates have been used to define crystal shape within previous works in the litét&ttiewever, a

much wider variety of crystal shapes can be achieved via processes such as physical and chemi¢¥l etching
This work considered four distinct crystal shapes that were applied to the;@a2i@, i.e., rhombohedral

cubic @ 6 §) Spherical i( D 1) @etrahedrald ‘Q ¢),ianal dodecahedra®( ‘R Note that these shapes were
selected to consider a wider diversity in the types of surface sites present on the crystal (e.g., terrace, edge, or
kink sites). Shapes such as the tetrahedral and sghenystals have higher ratios of the ledge § 1)

and kink € 5 0) sites, whereas shapes such as the cubic and dodecahedral crystals have higher ratios of
the terraceq L) sites. Note that most of these shapes cannditaied through normal CaG@rowth

methods, and therefore it is assumed that the calcium carbonate crystals were templated or cut and etched after
growth in order to obtain the desired shapes. These technigues have been previously used within the literatu

to synthesize crystal nanoparticles of various different sHdp¥3Note that the objective of this study is to
guantify the effects of different <crystal shapes
parameters. Consequently, the synthesis of the aforementibapds is beyond the scope of this research. In
contrast to the crystal shape, the sizes of the crystals werdefiekbd for the KMC model and measured by

the total number of calcium and carbonate ions within the crystal, i.e., through the atomicofdlhenaystal.

For a given set of design parameteandz , the kMC algorithre simulate the crystal dissolution
process and subsequently output the total dissolution&tiaad the number of particles remaining in the
crystale 0 atvarious timgointsd0 0 . The number of particles remaining are used to estimate the crystal

dissolution rates in time according to the following backward finite difference expression:
1 0 _ (4.2)

Note that the dissolutiorates were estimated in this manner to simplify the application of the PCE
models described in Section 83as the crystal dissolution rates calculated directly from the kMC model
were extremely noisy and highly sensitive to the inherent KMC stochastic fluctuations. As a result, it was
difficult to observe the effects of uncertainty on the directliculated dissolution rates. Hence, the dissolution
rates were calculated basedtbe rate of change in the number of atoms within the crystal for the sake of
simplicity. The dissolution rates were calculated in this manner as it was observed that this method could
capture the dissolution rate with sufficient accuracy and without éxedigctuations due to stochastic noise

over the intervals of time considered in this work.

The MFKMC and standard KMC crystal dissolution models discussed above were implemented to model

the dissolution of CaCg{xrystals of various sizdsin water. Thecrystals simulated within this study were
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cubic rhombohedrons with equal base lengthwidtha, and heightx (i.e.& & &, where the crystal

sizei aaa ). This study considered the dissolution of crystals of five different sizes

¢ fp yhe Yo Yt @ . Both the standard kMC and the MFKMC crystal dissolution models were used to
calculate the total dissolution tinde necessary for the crystal to completely dissolve, and the number of ions
remaining within the crystal as a fuion of time,& 0 . To minimize the kM@nduced inherent stochastic
variability in the results, each crystal was simulated 10 independent times using both methods; the results were
averaged to showcase the expected model performance for each method.

Table4.2lists the average crystal dissolution titlnefor each crystal size as calculated via standard kMC

and MFKMC. In addition, Figd.5illustrates the variability ie as a function of time for each of the crystal

Table 4.2 Total dissolution times, computational costs, and memory usage requirements of 1
standard kMC and MFKMC CaGdissolution models for crystals of different sizes

Size (ions) Modelling 0 (s) CPU Time (s) Peak Memory
Method (% Error) (% of Standard | Allocation (GB)
kMC speed) (% of Standard
kMC memory)
iy Standard kMC 0.0966574 0.781239 30.7853
MFkMC 0.0965378 7.94446 15.4243
(0.124%) (1017%) (50.10%)
i py Standard kMC 0.375573 69.7685 32.6622
MFkMC 0.371833 108.414 16.7918
(0.996%) (155.3%) (51.41%)
i cuw Standard kMC 0.684406 879.631 37.6286
MFkMC 0.693743 618.339 17.5095
(1.364%) (70.30%) (46.53%)
i ou Standard kMC 1.0223 4112.16 47.3686
MFkMC 1.01848 2005.45 19.925
(0.374%) (48.77%) (42.06%)
[ Standard kMC 1.35121 20005.3 63.4289
MFkMC 1.3383 7036.34 29.0104
(0.956%) (35.17%) (45.74%)
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Figure 4.5: Number of atomsemaining- m <« in the CaCQ@crystal as a functionof time generated
using standard kMC (blu@nd MFKMC (green): a) fdr @ ions; b) fori  p Wions; c) fori

¢ Yions; d) fori o Yions; e)foi Ty ions

sizes using both standard kMC (blue solid lines) and MFKMC (green dashed lines). Note that in this figure, the
fainter lines of each colour showcase the results of each independent standard kMC and MFKMC simulation,
whereas the single darker line depitis averagé value at each point in time, averaged over each of the 10
independent runs for each method. These results illustrate that the MFKMC and standard kMC modelling
approaches exhibit a similar performance and output similar results (percest<®¥6, as shown in Table

4.2). The results in Figd.5also illustrate the natural stochastic variability experienced by both kMC modelling
methods. Note that the effects of the noise are more significant for the smaller crystal sizes, whereas they are
insignificant for the larger crystals. The results furthermore showcase the nonlinear nature of the crystal
dissolution process. This nonlinear behaviour occurs due to the ratio of theissmlving terrace sites

E & L) to the fastedissolvingledge € 1) and kink € o) sites, where the number of
nearest neighbouks ; impacts the kinetic dissolution rates as highlighted in(E&). At the beginning of

the dissolution process, the cubic rhombohedral cryseagmninantly consists of terrace sites, resulting in
slower initial kinetics. As the crystal dissolution process evolves, the crystal surface roughens and contains a
higher ratio of the faaflissolving kink sites, producing faster dissolution rates. Te®Migon rate slows down

as the crystal nears complete dissolution and the number of available surface ions decrease to z&td. Table
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additionally lists the computational costs and memory usage requirements for both the MFKMC and standard
kMC methods foeach of the crystal sizes. Note that the % kMC speed and % kKMC memory values reported

for the MFkMC results were calculated as follows:

prmp (4.3)

prTP (4.4)

Theseresults showcase the superiority of the MFKMC algorithm in terms of memory allocation, as the
MFKMC algorithm at its peak required on average only 50% of the total memory demanded by the standard
kMC algorithm at its peak, regardless of the crystal saghErmore, they highlight that the MFKMC algorithm
is computationally faster for larger systems, whereas it is slower for smaller systems compared to standard
KMC. For the smallest crystal size considered ( ions), the MFKMC algorithm required an ordef
magnitude more computational cost compared to standard kMC. However for the largest crystal sizg (
ions), the MFKMC algorithm required an order of magnitude less computational time to simulate compared to
standard kMC. This computational behavids due to the fundamental differences between the standard kMC
and MFkMC approaches. Over the course of the execution of a single event, the MFKMC algorithm has more
to accomplish as it must create new interface sites and remove new bulk sites Hrougbidhe interface
movement, in addition to executing the same tasks as standard kMC. However, the MFKMC algorithm
disregards any molecules or sites within the bulk phase, and therefore it keeps track of significantly fewer
molecules/sites on averageoared to standard kMC, especially for large systems. Note that even though the
bulk crystal sites have a zero reaction rate, the standard kMC model still needs to accommodate for them when
selecting the molecule/site at which to execute the KMC everat.résult, the event selection process is faster
for MFKMC since there are fewer molecules/sites to choose from compared to standard kMC. Although these
computational savings are insignificant for small systems, they become notable as the crystal assssjriore
the point where they completely overcome the additional MFKMC computational costs during the event
execution. These results highlight the computational superiority of the MFKMC algorithm for modelling

moving interface problems that can be otheevdaptured using standard kMC techniques.

4.3 CaCOs Dissolution Model Validation, Analysis, and
Sensitivity

In order to validate the performance of the kifd&sedrystal dissolutiormodek proposed in this study
the step velocities of the Cag@issolution process were calculated along the simulated crystal surfaces and
compared to those observed experimentally using atomic force micrad$ééfiilote that since the MFKMC

and standard kMC modetsitput similar results, as highlighted in Table 4.2 and£H.it is not necessary to
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validate the performance of both models ngthis studywas performed for just the MFKMC mod€aCQ

crystals are predicted to have two key step velodities; and0  j that capture the rate of etching for

crystal ledges that are obtuse and acute, respectively. Note that these step velocities are often referred to as fast
and slow velocities respectively within the literature. The acute and obtuse step velocitiesshdveeal
calculated within previous kM®ased crystal dissolution studies, and therefore the step velocities reported in

this work were calculated according to measurement schemes used within thos&€°stheid4-kMC model

developed within this work was observed to have step velocities off oc&nm/sand [ p& nm/s.

These are well within the ranges bétstep velocities observed experimentally within the literature §

o8 m@®nm/s andd  p® T& nm/s)l?"128as well as those measured from previoukdyeloped

crystal dissolution model®)( y o®&nm/sand) f Tonm/s) These results validate the proposed

MFkMC model, since it is able to adequately capture the crystal dissolution process.

The crystal dissolution model performance is presented at different combinations of thlestijsé
and size , as outlined in Tabléd.3 The kMC model is specifically analyzed for each of the four considered
crystal shapeg (N w6 & KNI NQ di &0 at two different sizes. Note that the number of ions in a
perfect crgtal etched into a precise shape varies depending on the shape of the crystal itself (i.e. a perfect
rhombohedral CaC{xrystal with a base length of 15 ions would have aisizéh a & ¢ o Xians, whereas
a perfect spherical crystal with a diametéd b ions would have a size @ X ions). In order to provide a
fair comparison between the different crystal shapes, the sizes for each shape are selected such that they exhibit
an equivalemumber of ions, i.d. i  forz v . Furthermore, prelimary results have shown that the
number of atoms remainirly 0 could not be readily captured over a linear timescale. This is because the
effects of uncertainty were observed to introduce a large variation (over five orders of magnitude difference)
in the crystal dissolution times, and consequently a linear timescale cannot provide meaningful analyses as
most of the¢ distributions were dominated by large peakg at 1. Therefore, the number of atoms
remainingge 0 were calculated over a logéhmic timescale at nine independent time points that were
selected from previous simulations, e. o6 1T pntd vt ph EPT pT D
X8 wpnmh wdcpnh ppppnhd pduvpnh pHhd ¢ Bw

The resultsandthe computational times needed to run these simulations are displayed indBable
Furthermore, Figs4.6a and4.6b showcase the evolution in the number of atoms remaiging( ) as a
function of time for the smaller and larger crystal sizes, widy. In order to illustrate the stochastic
variability in the KMC methaogl each of the results in Figl.6 were generated using three independent
realizations of the crystal dissolution model, highlighted using different shades of the same colaah for e
shape. These figures show that shechasticoiseinherent tackMC does not significantly affect the temporal

evolution of the crystal dissolution. On the other hand, the results.id.Biand in Tablet.3demonstrate that
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Table 4.3 Outputs andomputational costs of the Cag@ssolution kMC model for crystals of

different sizes and shapes

Shape | ®o60{ wéw{i fRI (i KDI | 60 Qo1 60Qoi Q& Q¢ Q& QY
Size

) 3375 15625 3071 15408 3098 14958 2880 15296
(ions)

CPU

_ 13.92 227.13 26.93 492.08 60.76 1419.5 34.00 546.30
Time (s)

0 (s) 0.259 0.583 0.180 0.422 0.186 0.410 0.209 0.443
i 0) 2.16 2.16 3.02 2.16 2.16 2.16 3.02 2.16
(ions/s) | x10° x10P x10/ x10° x10° x10° x10' x10°
i 0) 1.77 1.77 7.98 1.77 1.77 1.77 1.03 1.77
(ions/s) | x1cP x10P x10P x10P x10° x10P x10 x1CP
i 0) 1.46 1.46 4.80 1.46 1.46 8.73 3.35 4.37
(ions/s) | x10* x10* x10P x10* x10* x10 x10P x10
i 0) 2.99 4.66 8.00 1.16 1.67
) 1195 3584 1195

(ions/s) x10* x10* x10* x1CP x10
i 0) 2.86 3.53 1.60 7.17 9.28 2.55
_ 686.5 1275

(ions/s) x10* x10* x10 x10* x10* x10*
i 0) 1.32 1.90 1.80 1.76 1.56 6.20 5.74 5.17
(ions/s) | x10* x10* x10* x10* x10* x10* x10* x10¢
i o)

_ 1136 254.4 245.1 342.3 9032 4556 4419 5679
(ions/s)

i 0)

0 0 0 0 0 0 0 0

(ions/s)

the size and shape of the crystals notably affect the simulation results. The larger crystals have longer
dissolution times and higher dissolution rates compared to the smaller crystals of the same shapgerThe
dissolution times can be readily attributed to the larger number of ions in the larges €g&éls. In terms

of the shape, the tetrahedral crystals have the largest dissolution rates and require less time to fully dissolve on

averageHowever, the spherical crystals are able to achieve similarly low dissolution imes#  stand
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Figure 4.6: Number of atomsemaining inthe CaCQ@crystal as a function of time: a) for the smalle

crystal sizesi( o o xiv o R pi o T QY ¢ W y; f) for the larger crystal
sizes { puvedu pLUT,MY PT WU Y p L ¢ )wNpte the differently
shaded lines for each colour correspond to indepetkd#@truns for each shape th@vcase the

amount of stochastic variability present within the model

0.422 s for the smaller and larger crystal sizes, respectively), although their overall dissolution rates are lower
throughout most of the dissolution process. On the other hand, thbohedral cubic crystals have the lowest
dissolution rates overall and take the longest to dissolve compared to the other&ha@e259 s and 0.583

s for the smaller and larger crystal sizes, respectively), as shown idTaflke changes in beliaur between

the different shapes can be explained by the variation in the ratios of the different types of surface sites for each
of the shapes. The fastgissolving tetrahedral and spherical shapes have a higher ratio of thelfssbéring

kink andledge sites. Consequently, these Ca€ltapes have notably higher dissolution rates and therefore
dissolve faster. On the other hand, the dodecahedral and rhombohedral cubic crystals have higher ratios of the
higherstability terrace sites. As a resulteyhdissolve slower and take longer to completely dissolve. In terms

of the computational cost, the smaller crystal sizes require less time to compute than the larger crystal sizes, as
expected. Furthermore, Take3 highlights that the tetrahedral and dodecahedral crystals regGitaries

longer on average to compute compared to the rhombohedral cubic and spherical crystals. This increase in the
computational cost is due to the approach used to initialize thalsrygthin the model, and not due to the
modelprocess itself. The rhombohedral cubic and spherical crystal shapes are relatively simple to implement
and do not require significant computational time to create a crystal of these shapes within the kBIC latti
network. On the other hand, the tetrahedral and dodecahedral shapes are relatively complicated to model and

implement and therefore require more computational resources.

The current results highlighted in Fig.6 provide reasonable comparisons of thiéedences in the

dissolution behaviour between crystals of different shapes. However, they only provide a basic understanding
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of the effects that the crystal size has on the dissolution dynamics. In general, it is expected that smaller crystals
would havehigher dissolution rates on average since they have a higher surfate-ewkame ratio, i.e., a

larger percentage of their ions are on the crystal surfaced4 Figrovides a direct comparison of the number

of atoms remaining in the crystal () asa function of time for crystals of the same shape and different sizes.
Figs 4.7a and4.7e plot the evolution ot for rhombohedral crystals of four different siZes

p cho o Ypuu @Rt g Y Koms, i.e., the rhombohedral crystals listed in €a&bBas well as a larger crystal

and a smaller crystal. Furthermore, Figsib-4.7d and4.7-4.7h depict the evolution af for spherical,
tetrahedral, and dodecahedral crystals with sizes that are equivalent to the cubic crystal sizes, i.e.

p Gl T ppw THT @ T Xig p clp mdpyr who @ x T andi wém Y gpro ¢ P ¢ p The

results in Fig4.7 were generated by simulating three independent simulations for each crystal shape and size
and averaging the results to minimibe stochastic noise. Note that Figs/e-4.7h plot the same results as

Figs 4.7a-4.7d; the only difference is that the results in Fg§3e-4.7h have been normalized to provide better
comparison of the results accordinggto £ 7i andd? 6f0 , whered&andé denote the nodimensional

time and number of ions remaining respectively for each crystal shape and size. The resultg iraHigsl

illustrate that the larger crystals take longer to dissolve than the smaller crystals, vihibk isxpected due

to the larger number of ions that require dissolution. On the other hand, the results4n/&igsh provide a

better comparison on how the rates of dissolution vary between the crystals of each size. These results illustrate
that the behaviour of the three larger crystal sizes are very similar and do not notably deviate from each other
with regards to the shapes of their dissolution curves. However, the smallest crystal (in blue) deviates
significantly from the results of the othdwré¢e crystal sizes and has a drastically different profile shape. Note
that the transient variation in for the smallest size of crystals is much coarser compared to the larger crystals
since they contain fewer atoms overall. However, this appearaas@at observed to significantly alter the
general behaviour as increasing the number of independent kMC simulations did not notably affect the curve
appearances. These results illustrate that the overall dissolution behaviour for the smallest csyistajusiee
different from the larger crystaland therefore they highlight the effects of the surface-taxgalume ratio

for smaller crystals. Smaller crystals have a higher ratio of the highbtive kink § 0) and ledge

E 5 T) sites compared to the slower terrace L) sites and noneactive bulk§ o) sites,
especially in the case of the tetrahedral crystal shapes. As a result, the smaller crystals experience significant
dissolution during the initiaime periods, as illustrated by the sharp neatical decrease i at the onset

of the dissolution process. On the other hand, the larger crystal sizes have slower initial dissolution rates due
to the lower ratio of highlyeactive sites. However, tte crystal dissolution process evolves, the larger crystals
become rougher and rougher creating higher ratios of kink and ledge sites, and therefore the ratio of fast
dissolving sites increases as the crystal dissolves. As a result, the average dasslufon increase at

moderate time periods for the larger crystals, as showcased in the middle. df fTags7h. Towards the end
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of the dissolution process, the rates slow down as théi&silving sites are removedn@he other hand, the
smallest crystal size does not exhibit similar behaviour towards the middle and end of the dissolution process.
This is because the number of fd&solving sites is highest at the onset of the crystal dissolution process, and

it steadily decreases over tinfier the smallest crystals. After these sites dissolve, the rate of dissolution slows
and maintains a neaonstant rate for the remainder of the dissolution process as the ratio of different reactive

sites stagnate.

The CaCQdisolution process is dependent on a number of external environmental factors, such as the
temperature and the pH of the system where the crystal is dissolving. Within the human gastrointestinal system,
these environmental parameters are known to vary depgendi a number of external factors. The average
human body temperature has been documented %5;*3%%however, the exact temperature of the human
body is known to vary between 3838°C depending on a number of factors such as time of day, age, gender,
health, menstrual and biological rhythms, diet, and lifest}i&¥® In addtion, the pH of the human stomach
has been reported to vary between 1.3 and 6.4 depending on a number of factors such as the location within the
stomach and whether or not the person had recently a@wnsequently, it is important to analyze the impact

of the variability of these environmental farg on the CaCgissolution behaviour.

Motivated by this, a brief sensitivity analysis is performed on the kMC calcium carbonate crystal
dissolution model subject to the key model parameters affected by variations in the temperature and pH. Note
that thepH is not directly involved in the CaG@issolution kinetics model; hence, the variability in the pH is
evaluated in the model by modifying the activation energy of desorpt{oa. the parameter within the kMC
model that the pH would affect the most significantly). The objective of this sensitivity analysis is to analyze
the need to perform uncertainty analysis on the crystal dissolution model, and to determine the nmrailinflue
uncertain parameters within the system. Consequently, the sensitivity analysis is performed by directly
propagating realizations @ and the temperatui®&independently through trdissolutionmodel to assess the
model sensitivity to each uncertggarameter individually. In order to accommodate for the stochastic tendency
of KMC methodseach realization b and”Ywere passed through the model four separate times and the results

were averaged.

Based on the above, this study analyzes the tetoperand activation energies at their nominal value
(i.,e.”Y o XCandO 1@ @ &V as shown in Tabld.1). Furthermore, this work also analyzes the crystal
dissolution behaviour subject to a°€2variability in the temperature and a +0.0164 eV variabifitghe
activation energy. Note that the variability in the system temperature was derived based on the expected
temperature fluctuations within the human body as discussed above. Furthermore, a 10% variability was
considered in the activation energy to @mat for the fluctuations in the pH described previously. These

sensitivity analyses are applied to the same crystal design case studies coabinszedl able 4.3.
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Fig. 4.8llustrates the variability in the transient crystal dissolution profiles thrgugffhese results
illustrate that the variation in the pH through the activation energy has a significant effect on the CaCO
dissolution performance, as a 0.0164 eV increase and decré&gesinted in approximately an 85% increase
and a 535% decrease average, respectively, in the dissolution time as shown in£&£gps4.8h. On the other
hand, the variability in the system temperature was observed to have a minimal impact on the crystal dissolution
behaviour. More specifically, @@ change in the tenepature resulted in approximately a 13% change in the

overall dissolution time, as highlighted in Figs8a-4.8d. As a result, the studies presented throughout the
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remainder of this work will only consider uncertainty in the stomach pH (i.e. the remataifigs will only

consider parametric uncertainty in the activation energy). Note that the low variability in the crystal dissolution
behaviour due to fluctuations in the system temperature do not indicate that the crystal dissolution model is
insensitiveto variations in the system temperature. Rather, the low variability is due to the narrow temperature
range considered in this study (i.e., the temperature within the human body is only expected to fluctuate between
35.2-38°C, and therefore the tempenawvas only assigned a variability of #2). On the other hand, the pH

within the human gastrointestinal system is expected to vary significantly. In the sensitivity analysis, this
resulted in large fluctuations in the crystal dissolution behaviour asuaukin Figs4.8e-4.8n. If the sensitivity

analysis had been conducted with a larger variation in the system temperature, then it is expected that the
fluctuations in the crystal dissolution behaviour would be much more sigmifi

4.4 Uncertainty Analysis via PCE and LPCMs

The objective of this section is to propagate parametric uncertainty due to environmental fluctuations
through the CaCgxissolution models using PCE and LPCM. This study considered variability in the stomach
pH, which is captured by adding uncertainty to the crystal activation e@agyescribed in Sectior34The
uncertainty in the activation energy was assumed twhbmally distributed with its nominal value as the mean
(i.,e.O 1 ¢ eV) and a variancg ™ ¢ wp T eV2 Furthermore, the uncertainty was assumed to
remain invariant in time and space. Note that both the PG8elsand LPCMs suffer from the cursd o
dimensionality and therefore increasing the number of uncertain parameters also increases the size and number
of resources needed to generate these models. A larger number of uncertain parameters will increase the number
of terms in the developed PCE nebdnd will require more sampling from the kMi@sednodekto determine
the PCE coefficient values thus requiring additional simulation costs. Similarly, increasing the number of
uncertain parameters will increase the dimensionality of the developed LEXOksequently, the addition of
further uncertain parameters would raise the challenge of determining adequate models that can fit the data and
they would necessitate the simulation of additional data points (and therefore additional computational
resourcs) to achieve an acceptable model fit.

The PCE models considered for the uncertainty analysis were constructedsysitgand 3 order
probabilistic Hermite polynomials as the polynomial basis function.(i.ep cand+|— Q2 in Eqg. (3)).

The Hermite family of polynomials were selected for this study as they are orthogonal to the normal
distribution, and they are therefore ideal for propagating normal uncertainty through the crystal dissolution
model. Furthermore, the order of the PCE modelsewselected independently for each of the kMC model
outputs (ie0 and¢ 0O ). The PCE orders were determinadpriori to be the lowest order of chaos
polynomials needed to capture the uncertainty variability for their respective model outpyisodtalistic

Hermite polynomials are denoted as follows:
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| g p ol —Q” (4.5)

Consequently, the fullSorder polynomial chaos expression for a single uncertain parameter considered
in this work can be denoted fdlows:

v o0 ® 0 ® o ®wo p ® o o) (4.6)

where® , @, &, and® denote the 0 1%, 2%, and 3! order PCE coefficients at each time instant
Note that the corresponding &nd 2¢ order PCE models can be derived by truncating(£6) after the ¥
and 29 order PCE coefficient terms, respectively. The PCE coefficients were determined via least squares
regression using 500 sample points. The sample points were determined bwajmgpamdomlygenerated
realizations in the uncertain parameter through the kMC raaddlrecordingheir outputs at each time instant
(0 ). Note that the number of sample points were deternanibri to be the lowest number of points needed
to captire the variability in the outputs ande o0 , respectivelyFurther mte that both the lowest PCE
order and the minimum number of sample points required were determined by fitting the PCE models to output
uncertainty distributions generated usir@y000 randomhgenerated MC sampling points propagated through
the actual kMC model.

On the other hand, the LPCMs were developed to approximate the values of the coefficients for a given
set of CaC@design parameters (i.,e. O zh2 ). These LPCMsvere generated using coefficient data
generated for each of the selected crystal shapes (@6 & D i Q did &Q)Qsing the PCE
algorithm describedithin Section 4.1.2For the rhombohedral cubi®© §c®ystals, the coefficie data was
generated for crystals with a base length N yip &p § & §o do Patoms (i.e. with a base length within
the rangep « o at intervals spaced five atoms apart.) Note that these correspond to rhombohedral
cubic crystals of sizé N v phy p duxW dpcg phg p who © who X P xatoms. The sizes for the
remaining crystal shapes were selected to be comparable (in tenmsloer of atoms) to the rhombohedral
cubic crystal shapes. In other words, the sizes for the other crystals were selected by finding the crystal with a
perfect shape (e.g. a perfectly spherical, tetrahedral, or dodecahedral crystal with no vacanssisigpr m
segments) that exhibited the closest number of atoms to the selected rhombohedral cubic crystals. The crystal
sizes considered for the spherical, tetrahedral, and dodecahedral crystals i were N

o ohg p o Yup vim e Thpw Y m Y P, L phg p dutT Xpg MR gl P X T

L 0 X wandi 451, 2080, 5144, 11575, 21592, 33920, 53455}, respectively. In order to develop the
LPCMs, the PCE coefficients at each crystal shape were subsequently fit to a varietprafdomodels using

the least squares method, and the model with the best fit was selected for each coefficient. A full list of the

models and their coefficients for each PCE coefficient can be found in SBdiion
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The aforementioned PCE and LPCM algorithmese used to propagate parametric uncertainty in the
pH through the CaCgzrystal dissolution system under five different crystal size and shape combinations listed
in Table4.4. The PCE and LPCM models were validated via comparison to probability wlistnilfunctions
determined for each crystal design by propagating uncertainty directly through the kMG usirl10,000
MC sampling points. Tablé.4 lists the key statistical parameters for each uncertainty distribution generated
via MC sampling, PCEand LPCM. This table furthermore lists the computational times required to determine
the output uncertainty distributions using each method. In addition,4&8@nd4.10illustrate the effects of
uncertainty on the crystal dissolution tideand on he number of atoms remaining in the crystalo at
each timepoinb , respectively, using the uncertainty propagation methods considered in this work, i.e. MC
sampling, PCE, and the LPCMs. Note that the probability distribution curves for tharflQEPCM methods
were developed by generating histograms for their respective output uncertainty variability data and by plotting
the peaks and peak locations for each histogram as a 2D curve. Additionally note that the results showcased in
Figs 4.9%)- 4.9)) showcase a closep view of the PDFs in Figd.9a) 4.9%) over the time interval-00 s. The
results in Figs4.9and4.10and in Tabled.4 illustrate that the PCE model predictions can accurately capture
the output variability, as the majority of theviations between the PCE and MC sampling resitsiin below
1%. Similarly, the results demonstrate that the LRGdherated PCE models are acceptable as the majority of
the errors in the LPCM method compared to both the PCE and MC sampling methadsbelma 5%.In
addition, the PCE method showed an order of magnitude improvement on average in the computational cost
compared to MC sampling, demonstrating the computational efficiency of the series expansion. On the other
hand, the LPCMs have attractisemputational efficiency compared to the PCE and the MC sampling methods.
Table4.4 highlights that the LPCMs require less than 3 seconds to compute the variahiligride 0
regardless of the crystal size and shape. This is in contrast to the PCE and MC sampling methods, where the
computational times vary depending on the crystal design due to the influence of the kM& Moidethat
the computational cost for both the P@id LPCM methods includes the time needed to determine the PCE
coefficients via least squares and the LPCM equations, respectively. For the crystal designs considered in this
study, the LPCM method was approximately 2 and 3 orders of magnitude fastbetR&E and MC sampling
methods (10,000 sample points) respectively for the fastest dissolving crystal design. Furthermore, LPCM was
about 3 orders of magnitude faster than the PCE method and 4 orders of magnitude faster than the MC sampling
method for theslowest dissolving crystal design. These computational savings are expected to be even greater
for larger crystals. However, note that the computational costs for the PCE and MC sampling methods are
dependent on the number of sample points used in eitbéirod, and therefore the computational advantage
of the LPCM method would be lessened if fewer points were used for the other methods. The results in Table
4.4and Figs4.9and4.10furthermore highlight that the variability in the pH (as captured tHrolig activation

energyO) has a notable effect on the crystal dissolution model. These results highlight that the total dissolution
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Table 4.4. Uncertainty variability statistics in the Cag@issolution outputs for different crystal shapes ar

sizes using MC sampling, PCE, and LPCM

Shape D60 06 A0 i DI Q 0001 & Q¢ QQ
Size (ions) 15625 3375 3071 3098 2880
Method Mc | PcE [ LPcm | Mc | PcE | LPcM | Mc | PCE | LPcm | Mc | PCE | LPcM | MC | PCE | LPCM

CPU Time (s) 61260 | 6156 | 2.778 | 3854 | 393.9 | 2.808 | 7626 | 730.2 | 2.736 | 17430 | 1830 | 2.760 | 8556 | 903.6 | 2.832

o 3.146 | 3.373 | 3.554 | 1.447| 1557 | 1.904 | 1.091 | 1.542 | 1.336 J 1.046 | 1.652| 1.184 ] 1.130| 1.352| 1.325

0 (s) 0 T 12.41 | 17.38 | 17.93 5.503 | 8.085| 9.752 | 3.882 | 7.393 | 6.634 | 3.968 | 7.831 | 6.045 | 3.939 | 6.821 | 6.833

0 TOU 0.027 | O 0 0.012| 0 0 0.008 | O 0 0.008 | 0 0 0.009 | O 0

o 156 | 1.56 | 1.56
€ 0 3375 | 3375 | 3375 3065 | 3065 | 3020 3095 3095 | 3093 2880 2880 2887
x10* x10* | x10*

3 . B 156 | 156 | 156
0) £ T 3375 | 3375 | 3375 3066 | 3066 | 3021 3097 3096 | 3093 2880 | 2880 | 2887
(ions) x10* x10* | x10*

1.56 1.56 1.56
£ T ® 3375 | 3375 | 3375 3065 | 3065 | 3020 3090 3090 | 3089 2880 | 2880 | 2887
x10* x10* | x10*

o 156 | 1.56 | 1.56
£ 0 3373 | 3373 | 3373 3063 | 3063 | 3017 3041 3042 | 3048 2878 | 2878 | 2887
x10* x10* | x10

, , 0156 | 156 | 156
0) £ T 3373 | 3373 | 3373 3064 | 3063 | 3019 3084 3085 | 3081 2878 | 2878 | 2891
(ions) x10* x10* | x10*

. . 1.56 1.56 1.56
£ T ® 3373 | 3373 | 3373 3061 | 3060 | 3012 3004 2996 | 3015 2878 | 2877 | 2880
x10* x10¢ x10*

1.56 1.56 1.56

€ 0 3344 | 3353 | 3349 2947 | 2951 | 2908 2865 2873 | 2888 2798 | 2806 | 2821
x10* x10* | x10*
€ ) . 156 | 158 | 1.57
0) £ T 3371 | 3401 | 3395 3062 | 3087 | 3068 3006 3021 | 3042 2876 | 2923 | 2910
(ions) x10* x10* | x10*
. o Q156 | 152 | 152
£ TP 3310 | 3213 | 3215 2518 2451 2330 2370 2321 2429 2514 | 2412 2539
x10* x10* | x10
€ 0 9797 9911 | 9922 1640 1664 1751 973.1 | 1016 1023 928.8 | 961.5| 991.3 976.3 | 1033 1055
é. R . 1.56 1.61 1.63
0) £ TP 3365 | 3414 | 3650 2886 2929 2994 2775 2807 2868 2795 2835 2858
(ions) x10* x10* x10*
£ T ®O 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
€ 0 2614 2722 2884 298.1| 324.7 | 129.1 136 146.4 | 501.3 128.7 137.3 | 123.8 137 153.9 | 1704
¢ ) _ B250 | 153 | 158
0) £ TP 2690 | 2760 | 1353 1199 | 1318 | 3571 1162 1223 | 608.5 1240 | 1376 | 6439
(ions) x10* x10 x10*
£ T ® 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

time follows an exponential distribution where the variation spans over five orders of magnitude. On the other
hand, the variation ia begins as a single peak at the maximum crystal size and trangitmsigle peak at

zero through an intermediary bimodal distribution with peaks at both extremes. Note thatoadiir® CE

model was necessary for the intermediate valués diue to their bimodal nature, as this behaviour could not

be accurately aptured using @ or 1t order PCE models (not shown for brevity). These results indicate that
the variability inE isverylowatd 1@ 1 p 1 S, and that therefore it is expected that the crystal would
have not begun dissolving at this timepoint tikge evolves, the crystal dissolves and the effects of uncertainty

begin to produce a binormal distribution with shallow peaks at i and¢ T, indicating that the
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Figure 4.9: PDFs of the total crystal dissolutitime, 0 , for different crystal designs generated using

MC sampling (blue), 3order PCE (red)and the LPCMs (green): a)/f) rhombohedral cubic crystal,

p L @ ns; b)/g) rhombohedral cubic crystal, o o yians; c)/h) spherical crystdl,

d)/i) tetrahedral crystal,

0 T Xigms;

o Tt waps; e)/j) dodecahedral crystal, ¢ Y Jiams; where ag) showcase

the full PDFs for each crystal design ang) 8howcase aloseup view of each PDF over the time
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significant and sizeable effects on the crystal dissolution behaviour,
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Figure 4.10:PDFs of thenumberof atoms remaining in the CaG@rystale o0 at each of the
timepointsd (whered ¥ Ty denotes the timepoint index) for different crystal designs gestbra
using MC sampling (blue), PCEs (red), and the LPCMs (green): a) rhombohedral cubicicrysta
p L @ ns; b) rhombohedral cubic crystal, o o Jians; c) spherical crystdl, o 1 Xigms; d)

tetrahedral crystal, o 11 uwaps; e) dodecahedral crystal, ¢  Jiams

variability in€ due to uncertainty in the pH is substantial and that therefore it is unknown whether the crystal
remains completely intact, has completely dissolved, or is somewhbetween during thesatermediary
timepoints. Towards the end of the simulati@n ( ¢ Bt ¢8), it is expected that the crystal would have

completely dissolved for most of the considered uncertainty realizations, and therefore the £Dét fois

accommodated fawhen modelling CaCéxdissolution within the human body.
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4.5 Robust Optimization

According to the pharmaceutical standards listed by the US Food and Drug Adminigfratierof the
key critical quality attributes of a pharmaceutical drug is its dissolution performance (i.e. dissolution rate).
Additionally, manypharmaceuticatlrugs requie controlled or sustained releases within the human body in
order to prolong t he 5%Qogségsently,htédsrdespablel to setect drdigfciystal e n ¢
designs that can extend the crystal dissolution time while controlling their dissolution rate. These
aforementioned drug performance markers are additionally subject to environmental uncertaintees due t
variability in the gastrointestinal pH and temperatdf@¥’ Therefore, it is also desirable to minimize the
impact of variability due to uncertainty on the drug dissolution. However, these objectiirediaget conflict
with each other, as the conditions that increase the dissolution time also increase the uncertain variability, as
observed in Figd.8.

The aim of this section is to perform optimization on the studied Ga@Solution system in ord¢o
address the tradeff between minimizing uncertainty and maximizing the drug release time while
simultaneously controlling the dissolution rate. Note that this optimization problem is non convex and therefore
only local optimality can be guaranteed;thar analysis on this issue is beyond the scope of this work. This
study assumes that the Cafdystals are being used as a delivery system for a sustaileade drug, as
CaCQ has been previously proposed for this application within the literffUB®nsequently, it is desirable
to extend the dissolution time of the crystals while limiting the mamwindissolution rate to prevent a
significant peak in the drug release. The Ca@iSsolution behaviour is influenced by the crystal siaad
shapez , which are the key crystal design parameters considered in this study. Note that the crystal shape can
beadjusted through cutting and etching techniques, as described in Setldowlever, the formation process
necessary to develop each of these shapes is beyond the scope of this research. Nevertheless, it is still critical
to gain insight on how certaiorystal shape and sizes impact the Ca@i3solution properties under
uncertainty. The optimization studies presented in this section solved using a 2.1 GHz Intel X620 E5
Processor. The proposed optimization study was performed under multiple tifeesarios, which are

described next.

45.1 Scenario I: Optimization under Nominal Conditions

The objective of this scenario is to study the crystal dissolution process under nominal conditions (i.e. in
the absence of uncertainty). In order to analyrenominal CaC@dissolution behaviour, an optimization
study was performed in order to determine the optimal crystal shape and size that maximizes the dissolution
time while still keeping the dissolution rate below a certain threshold. The proposettaijimformulation

is as follows:
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6 & @ 4.7)

Subject to:
LPCMs (4.8)
289 @O0 HANIANQ TR EQQ (4.9)
q, N T[ﬁn BN o (4.10)
Bs;vof2 P (4.11)
8, p ip iy ipAznoe (4.12)
i HO X P Tions/s (4.13)

wheredHandi Hdenote the nominal time needed for the crystal to completely disSoked the
nominal dissolution rate (i.e. the dissolution observables in the absence of uncertainty), respectively;
denotes the size of a crystal with shdpandi 3 andi ; denote the lower and upper bounds applied to the
crystal size for each shape The upper and lower bounds were sdtgo v phy el ph; v @ndi 3
VT YT Ty g xwo T sz G 6 & HNI QO FD &3Q These bounds were selected based on
the perfect crystal sizes that contain a comparable number of atonesmdh of the considered shapes.
Furthermore, note that the LPCMs are only being used in the present scenario to compute the model output
assuming a nominal value in the activation energyQO.e.1 ¢ &V. As shown in equatior{g¢.7)-(4.13) the
crystal shape £ ) is discrete and cannot be optimized using grashased optimization techniques. To
overcome this limitation and reduce the computational costs, the optimization study was performed four times,
i.e. once for each of the four considered crystalpgs. The optimal crystal shape was subsequently selected
from the optimization resulta posteriori The corresponding optimization problems were solved using the
interior point solver within théminconbuilt-in function, a gradieAbased optimizer aviaible in MATLAB
R2020a, using an initial gues® 3 , where 3 pCpPpMERXPCXP R @ Ymfor 2
A O KO E OB BN AA As shown in Table B, the optimal crystal design corresponds to a rhombohedral
cubic crystal that is 54872 ions in size. Theseltedlustrate that the crystal dissolution time can be maximized
by considering large crystals with a higher ratio of terrace surface ions. In general, the results in5Table 4
highlight that the largest crystal sizes maximize the dissolution time &r @gstal shape. However, the
optimal size determined for each crystal shape was limited by the restriction on the dissolution rate. For the
rhombohedral cubic and dodecahedral crystals, the dissolution rates remained below the specified threshold for
all considered crystal sizes, and therefore the optimal crystal size for these shapes corresponded to the

maximum allowed crystal size. This is due to the higher ratio of the shiig®olving terrace surface sites
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Table 45 Nominal optimization results feach of the considered Caggystal shapes

Optimization Scenaril

Nominal Optimization

Shape WO (i NI { 0Qoi| Q& QY
optimal infeasible
Size 54872 15408 512 53455
H(s) 5.75 2.63 0.26 4.89
) 218.17 | 44.3 0.06 | 180.23
iHXO ) (ions/s) 2.16x106 | 7.00<1CP | 1.13x10 | 5.66x1C°
infeasible
iHW ) (ions/s) | 1.81x10° | 1.86x10 | 3.06x10° | 2.40x10
1H0 ) (ions/s) 6.55x10 | 7.45x106 | 5.91x10C° | 1.06x1CP
1H0 ) (ions/s) 9.84x10 | 6.17x1C° | 7.090x10* | 1.44x10
iHW ) (ions/s) | 4.25x16 | 2.06x16 | 1.51x10* | 6.28x10
1H0 ) (ions/s) 1.70x10 | 5.34x10 | 1427.5 | 1.66x1CP
iHWO) (ions/s) | 1.89x1d | 3277.1 | 59.3 | 1.53x10*
iHW ) (ions/s) 1049.7 0 5.93 0

documented for these crystal shapes, which limited their maximum dissolution rates. On the other hand, the
spherical and tetrahedral crystal sizes contain higher ratios of thedastelving ledge and kink sites and
therefore they were subject to higliéssolution rates. As a result, the optimal sizes for these crystal shapes
were limited due to the restriction applied to the dissolution rate. In particular, the maximum dissolution rate
within the tetrahedral crystal remained above the threshold smkaifiEq.(4.13)for all considered crystal

sizes, and consequently it is an infeasible solution. Note that the infeasible tetrahedral results listed in Table
4.5 were determined by finding the tetrahedral crystal size whose maximum reaction rate Wasettet@

meeting the restriction specified in H4.13) i.e. the smallest tetrahedral crystal size.

45.2 Scenario Il: Robust Optimization

The uncertainty in the gastrointestinal acidity (as captured through the activation energy) is known to
inducesignificant variability in the CaCglissolution results, as highlighted in Figs8e-4.8h and Table 4.

Motivated by this, the objective of this scenario is to assess the impact of the uncertainty on the crystal
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dissolution process. This objective watsimed by implementing a robust optimization study to maximize the
dissolution time under uncertainty in the environmental pH (i.e. thr@,)gls described in Sectior3%. Note
that the uncertainty iDwas assumed to be normally distributed with m@anTé® ¢ €V and variance

T8 @ wp 1 eV2 The robust optimization formulation is as follows:
G & @l (4.14)
Subject to:
Constraints,Eq.(4.8)-(4.12)
07 0O Mo T owpT QW (4.15)
i ] D X P Ttatoms/s (4.16)
Here ol denotes the average total crystal dissolution time subject to uncertainty gndsd
'O p — 1 1 0 denotes the upper bound applied to the dissolution rate under uncertainty at every

timepointd at a confidence interval , where O s | 0 denotes the inverse cumulative

distribution function of a model output 60 at timed evaluatedat a probability . This scenario was
implemented twice at two different confidence intervals. The first robust scenario applies an upper bound on

the dissolution rate at 84.1% confidence (i.e. at one standard deviation above the expectpd valae@ b

so. p — T& 1)pwhereas the second robust scenario analyzes the dissolution rate upper bound at
99.9% confidencey( ¢ bsot. p — T d This problem was solved following the same approach
described in Scenario |, i.e., problem was solvede for each crystal shage)(using thefmincord s dnu i | t

gradientbased optimization function available in MATLAB 2020a. The results from these optimization studies
are displayed in Tabk.6. This table shows that there was a 1% difference on aviralge total dissolution

time between the nominal simulation results and the robust optimization results at 84.1% confidence. Similarly,
it showcases that there is a 7% , 46%, and 94% difference in the total dissolution time between the nominal
optimizatin results and the robust optimization results at a 99.9% confidence fobthé D i, @dQ ¢ QQ
crystal shapes, respectively. The results in TalBdéurther show that under 84.1% confidence, the effects of
uncertainty on the optimizatioperformance is negligible, and consequently the results from the robust
optimization (i.e. the crystal shape and size that maximize the dissolution time while limiting the maximum
dissolution rate under uncertainty) are the same as those predicted &amntlinal optimization study
(Scenario ). On the other hand, the optimization results under 99% confidence show notable deviations from
the nominal optimization results. These results highlight that due to the effects of uncertainty, it is necessary to
consider notably smaller crystal sizes in order to ensure that the maximum dissolution rate remains below the
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Table 4.6. Robust optimization resulfsr & & @ for each of the considered CaC@ystal shapes

Optimization Scenariq RobustOptimization: Robust Optimization:
aod( o@b aoa ¢h
Shape o] i i d oQoi|l Q¢ad wonq i AR { oQoi| Q& QQ
optimal infeasible optimal infeasible| infeasible
Size 54872 15408 512 53455 46656 3544 512 451
o (s) 5.72 2.59 0.25 4.92 5.35 1.41 0.25 0.31
(A 217.36 42.78 0.06 184.34 191.95 14.41 0.06 0.55

i | ) (ions/s) | 2.18x1G | 7.00x16 | 2.22x1G | 6.70x16 | 2.28x16 | 6.92x16 | 4.74x10 | 1.47x1G

infeasible infeasible| infeasible

i | 9)(ions/s) | 1.89x1G | 1.89x16 | 3.96x1G | 3.14x16 | 2.87x10 | 3.73x16 | 4.01x16 | 1.91x10

i | 9)(ions/s) | 8.35x10 | 8.60x10 | 6.74x1G | 1.18x1G | 6.06x1G | 4.88x16 | 5.06x1G | 1.74x16

i | 9)(ions/s) [9.02x1G | 1.01x16 | 1.16x1G | 1.66x1G | 6.99x1G | 2.37x16 | 1.26x1G | 1.25x16

i | 9)(ions/s) | 7.95x1G | 4.31x16 | 3.18x10 | 1.28x16 | 3.30x1G | 2.81x10 | 3.86x1G | 3.79x10

i | 9)(ions/s) | 3.58x10 | 9.23x10 | 2659.3 | 3.24x1G | 3.47x1G | 2.48x1G | 3036.0 3496.3

i | 9)(ions/s) |3.40x10 | 6692.7 | 182.05 | 2.82x10 | 3.06x10 | 1604.4 | 288.09 | 317.22

i | )ons/s) | 3163.9 0 1.08 0 0 0 11357 | 66.91

specified threshold with high confidence. This observation is amstrent in the dodecahedral shaped crystal,
where the maximum dissolution rate is not guaranteed to fall below Ziensls with 99% certainty over the

range of crystal sizes considered in this study. However, both the rhombohedral cubic and spystdtsal ¢

are also noticeably impacted by the effects of uncertainty on the dissolution rate, as the optimal crystal sizes
predicted for both of these shapes are noticeably lower than for the nominal optimization study. Note that in
addition to the dodecahed shaped crystal at 99% certainty, the maximum dissolution rate within the
tetrahedral crystal for both confidence intervals remained above the threshold specifie@ii@dor all
considered crystal sizes, and consequently it is an infeasibl@aols in the previous scenario, the infeasible
results listed in Tabld.6 were determined by finding the crystal sizes for their respective shapes whose

maximum reaction rate was the closest to meeting the restriction specified 4n16(.

4.5.3 Scenario IlI: Bi -objective Optimization

The results above indicate that uncertainty can impact the optimal crystal sizes and shapes under high
confidence and highlights the need to minimize the variability while maximizing the dissolution time. The

presenscenario aims to determine the optimal tratfgpoint between these opposing objectives usingban
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norm biobjective optimization scheme. This optimization approach identifies an infeasible yet desirable
optimal point (the utopia point) thatmultaneously addresses both conflicting objectives, and subsequently

determines the point within the feasible objective search space that is closest to th% point

In order to identify the utopia point and thus perforroljiective optimization, it is necessary to perform
two independent optimization studiagpriori, one with respect to each conflicting objective. In the GaCO
dissolution process considered in this work, the first stadp\{an seeks to minimize the variability in the

dissolution time while keeping the didstion rate below a specific threshold, as follows:

@ 0k (4.17)

Subject to:
Constraints, Eq(4.8)-(4.12); Eq. @.15)-(4.16)

where, denotes the variance of under uncertainty. The second optimization studg(Timeé seels

to maximize the dissolution time while still controlling the dissolution rate, as expressed in the robust
optimization study denoted in Scenario Il; these results are shown in4lélffeaxTimé. The results from
theminVaroptimization study are presented in Tadblé The results in both tables highlight that the uncertain
variability is minimized for smaller crystals and crystals with shorter dissolution times. These results are to be
expected, as the variability in théssblution performance is directly correlated to the magnitude of the
dissolution properties. Furthermore, the optimal conditions that minimize the variability are significantly
different depending on the level of confidence applied to the maximum diesadlate. Under a higher level

of confidence, the dodecahedral crystal is no longer the optimal crystal shape since the maximum dissolution
rate cannot be guaranteed to remain below the specified threshold with 99% confidence. Furthermore, the
tetrahedralcrystal remained above the specified threshold for both confidence intervals, and thus it was
considered an infeasible solution. Note that the infeasible results listed idT/abkre determined following

the approach used to report the infeasible smiatfor Scenarios | and Il.

The results in Table$.6 and4.7 additionally highlight that the optimal crystal proportions necessary to
minimize the variation due to uncertainty are in direct contrast with the optimal crystal designs necessary to
maximizethe crystal dissolution time. However, these optimization results can be used to define the infeasible
optimal utopia point according to the coordinate pal;( h, ), wheredl;  denotes the mean
dissolution time under uncertaintigtermined from thenaxTimeoptimization study, wheregas denotes
the variance im due to uncertainty under tineinVar optimization study. After determining the utopia point,
the optimal tradeff point can be determined using thie-nom bi-objective optimization expression. This
work implemented #@b-norm biobjective optimization scheme as shown below in @dLl8) This study
considered @b-norm optimization scheme as the relationship between the two objectives was determined to
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Table 4.7. Robust optimization resulfer & "Q¢ for each of the considered Cag€ystal shapes

Optimization Scenari Robust Optimization: Robust Optimization:
aQg c@b aQE (U ¢h
Shape WO i BRI Y 0Qoi| QeQq wdownd i KRI( 6Qoi| Q& QQ
infeasible| optimal optimal | infeasible| infeasible
Size 512 360 512 576 512 672 512 451
d (s) 0.77 0.54 0.25 0.36 0.77 0.69 0.25 0.31
. (D 5.64 2.48 0.06 0.84 5.57 3.99 0.06 0.56

i | 9)(ons/s) |2.16x16 | 3.72x16 | 2.22x10 | 6.99x16 | 2.17x16 | 6.92x16 | 4.73x10 | 1.47x10

infeasible infeasible| infeasible

i | 9)(ons/s) | 1.78x10 | 8.13 x16 | 3.96x16 | 1.80x10 | 1.88 x16 | 4.37x16 | 4.01x10 | 1.91x10

i | 9)(ions/s) | 3.02x103 | 6.00x1G | 6.74x1G | 2.03x10 | 1.32x10 | 4.27x16 | 5.04x10¢ | 1.74x10

i 1 9)(ons/s) |2.41x10 | 1.20x16 | 1.16x1G | 7.86x10 | 2.00 x16 | 5.59x1G | 1.26x1G | 1.26x16

i1 | 9)(ons/s) | 3.81x1¢ | 2.86x10 | 3.18x10 | 4.04x10 | 4.83x10 | 5.73x10 | 3.86x1@¢ | 3.79x10

i | 9)(ons/s) | 40468 | 2346.8 | 2660.9 | 3511.0 | 4333.6 | 4806.9 | 3035.7 | 3496.6

i | o)(ons/s) | 13562 | 33568 | 182.11 0 221.73 | 578.85 | 288.1 | 317.49

i 1 ) (onsls) 0 614.11 1.11 84.01 0 707.79 | 115.07 | 66.91

be neaiflinear, and therefore it required a nonlinear (ikenorm or higher) optimization scheme in order to

compute the tradeff.

r s T h ~
aﬁQs p - - - - h (4.18)

Subject to:
Constraints, Eq(4.8)-(4.12); Eq. (4.5)-(4.16)

In the above formulatioml; and,  denote the mean and variance of the dissolution time under
theminVarscenario, wherea%; and, y denote the mean and variance of the dissolution time under

maxTimg(i.e. scenario Il). The multbbjective optimization study was implemted for each crystal shag@e) (
and under the two different uncertainty confidence conditions scenarios, i.e. foroc @ Pand, ¢ b

(84.1% and 99% confidence, respectively). The optimal todideesults for both confidence scenarios are

listed in Table 4.8 These results illustrate that the most optimal crystal shape under both scenarios is the
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Table 4.8 Jb-normmulti-objective optimization results for each of the considered GaGGtal

shapes
Optimization Scenarig Jb-Norm Multi-Objective Optimization: Jb-Norm Multi-Objective Optimization:
1 omp 1 ¢h

Shape OO i i g oQoi| Qe oo iR o0Qoi| Q&QQ
optimal infeasible optimal infeasible| infeasible

Size 13824 15408 512 19961 13824 3544 512 451

a (s) 3.47 2.58 0.25 3.28 3.35 1.42 0.25 0.31

. (D 84.55 42.44 0.06 80.72 78.92 14.54 0.06 0.56

i 4 9)(ons/s) | 2.17x10° | 7.00x10° | 2.22x1G | 3.85¢10F | 2.21x10° | 6.9710F | 4.73x1G | 1.47x1G

infeasible infeasible| infeasible

i | ©)(ions/s) | 1.83x10° | 1.89x10P | 3.96x16 | 1.70<1C° | 2.41x10F | 3.74x10° | 4.01x16 | 1.91x16

i 4 ©)(ons/s) | 4.62x10" | 8.5K10° | 6.74x1G | 3.44x10P | 4.06x10F | 4.88x10F | 5.04x16 | 1.74x16

i 1 ) (ions/s) | 3.33x10° | 1.01x10° | 1.16x1G | 1.04x10° | 1.8%x10° | 2.38x10° | 1.26x1G | 1.26x16

i 4 ©)(ons/s) | 3.40x10° | 4.29x10P | 3.18x10 | 6.18x10P | 1.1710P | 2.83x10F | 3.86x10 | 3.79x10

i | 9)(ons/s) | 1.0210° [ 9.23x10* | 2660.9 | 1.25<10° | 1.03x1(P | 2.50x10* [ 3035.7 3496.6

i | o)(ons/s) | 91964 | 6688.0 | 18211 | 1.09 | 8971.8 | 16115 | 2881 | 317.49

i 1 ) (onsls) 0 0 1.11 0 0 79.03 | 11507 | 66.91

Lnorm* 0.57 0.62 ---- 0.59 0.59 0.85 - e

*Normalized Distance from the Utopia Poifib(Norm)
rhombohedral cubic shape. However, the dodecahedral crystal is able to achieve similarly optimal results under
lower confidence, i.e. so long as its maximum dissolution rate could be guaranteed to fall below the desired
threshold. Furthermore,dtcrystal size that best addresses the todickre mediurssized crystals, which have

moderately high dissolution times and moderately low variability.

Fig. 4.11showcases the results from each of the optimization studies compared to the utopia point for
the two confidence intervals. For the sake of illustration, &l also displays the optimal results determined
for all of the eligible crystal shapes in addition to the optimal shiape @ 6 & Eig. 4.11also highlights the
Pareto frontier, i.e. the edge of the feasible search space between the optimal result points from both competing
objectives. The Pareto frontier points were generated by solving the folldkAamgrm based optimization

problem:
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Subject to:
Constraints, Eq(4.8)-(4.12); Eq. (4.5)-(4.16)

wherev TME B mddp is a weightederm that is adjusted between 0 and 1 to determine
each of the Pareto points displayed in the figure. Note that the pareto front was generated only for the crystal
shape that corresponds to the optimal solutionzi.e.co 6 &\@ditionally note that thipareto front addresses

the tradeoff between thenaxTimeoptimization study i( I;A &) and theminVar optimization study( FiE )

and therefore the optimal trad€f points indicate the best traddf for each valid crystal shape that

simultaneously maximizé and minimize, . As in the previous scenarios, probléhil9)was solved using

fmincord s 4ndunction availakd in MATLAB 2020a. Fig4.11showcases that tHe-norm tradeoff results

for the rhombohedral cubic crystal represent the closest point within the feasible search space to the targeted
utopia point. Furthermore, the figure showcases that the optimalatetiral crystal design is able to achieve
results within the same proximity to the utopia point. This highlights that the sthigsaiving crystals are

essential for achieving optimal dissolution behaviour for slel@ase applications.

4.6 Summary

The crystal dissolution proceds a vital processhat plays a critical rolén numerousbiological
applications such asutrient and pharmaceuticadtug delivery As a result, it is important tdevelop process
models to capturand study the crystal dissolution procesd furthermoreinderstan@dnd controtheimpact
of environmental uncertainty ahe dissolutionbehaviour In this chapter3D MFKMC and standard kMC
models were created tmpture the dissolution of an entirg/stial systemThese models were subsequently
compared to showcase the computational strengths of MFKMC. The proposed frameworkddienaally
used to analyze thdissolution process on crystals of different sizes and shapdgostudy the impact of
fluctuations inthe system temperature and pH (i.e., the key environmeataimeters) on the crystal
dissolution.These results highlighted thhe expected fluctuations in the pH are substantial and must be taken
into account, whereas tegpected variaility in the temperature hadinimal effect on the systel/RCEmodels
and LPCMs weredditionally constructed to efficiently propagate parametric uncertamtyne activation
energy (i.e. the key parameter considered to be affected by thbrpHjh thecrystal dissolution modéor a
crystal of given size and shapehe LPCMs were subsequently used to perform optimization on the crystal
dissolution systenthrough a trio of different case studid$ese case studies soughtntaximize the time

required for the crystal to dissolve and minimize the variability due to uncertainty on the dissolution time while
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Figure 4.11:Location ofthe optimal tradeoff points for the rhombohedral cubic crysfgteenx),
spherical crystal (blug), and dodecahedral crystal (reg as well as the utopia point (greer), along

the mean dissolution timeél(/dissolution time variancg () Par et o front (bl
confidence o @ B, b)99% confidencey( ¢ B. Note that this pareto front addresses the

tradeoff between thenaxTimeoptimization studyd é” @) and theminVaroptimization studyd hQ,s )

and therefore the optimal tradéf points indicate the best traaéf for each valid crystal shape that

simultaneously maximizé and minimize,
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simultaneouslhimiting the maximum dissolution rate experienced by the system. These studies highlighted
that moderate crystal sizes and simpler crystal structureshigtiier concentration®f low-reaction terrace

sites are needed azhieve the desirable objectiv@bese findings overall demonstrate the importari¢aking
environmental variability into consideration when designing crystals for biological and pleatioak

purposes.
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Chapter 57 MFKMC Model for Capillary Rise Systems’

Capillary actiordriven transport through small cavities plays a crucial role in numerous applications,
ranging from oil extractio®}2°?to capillary pumps in applications such as immunoas8&f&p low-gravity
fluid flow applications?® to fluid manipulation in heating syster##€° Consequently, there has been
significant interest in developing models to capture the behaviour of capillary action. Capillary action typically
occurs inrough, nonaiform microscale capillaries that are often a few micrometers to millimeters in diameter
andthatfrequently contain nanoscale asperities. However, capillary action can extend over distances that can
theoretically range from a few micrometers to overradned kilometer$® Hence it is desirable to implement
modelling approaches sli as KMC that can capture the nanoscale evolution of capillary action and extend it
to the macroscale system over which it evolves. Howesatitional kMC models are incapable of capturing
the movement of the fluifluid based capillary action interfaee highlighted in Section 2.1.2. Furthermore,
although the MFkMC algorithm discussed in Chapter 3 has the potential to accurately captar!idry
action behaviour, this method is still limited by a lack of rate expression to capture thgguftlishterface

movement based on its underlying physics.

Motivated by this, the objective of this section igipand the MFKMC algorithm to capture fltfidid
based moving interface systems basetherflundamental force balances affecting the interface. The developed
force balancéasedMIFkMC (FB-MFKMC) model will be subsequenthppiedto simulate capillary rise (i.e.,
vertical capillary action) of water in stainless steel tubes of different shaipeEB-MFKMC model will be
initially used to simulate capillary rise in cylindrical tubes of different radii, and the results of these simulations
will be compared against known analytical solutions. Subsequentl{BiMFkKMC modelwill be used to
simulate a pair of models that cannot be described analytically. In the first re8IEFkMC will be used to
simulate capillary rise in a capillary with irregular geometry. On the other hand, the secondithadelsider
capillary rise in a cylindrical tub@ith nanoscale roughness asperities applied to its suSaction 5.1 will
describe thalevelopment of th&B-MFkMC algorithm to capture fluidluid based moving interfaces based
on their force balances. This section will additionally discusintiplementation and development of ti-
MFKkMC model for capillary riseSubsequently, Section 5.2 will outline the three case stadi@gresent the

capillary rise model resultsr each scenaridd summary of this chapter will be provided in Section 5.3

5.1 MFKMC Algorithm for Capillary Rise

The objective of this subsection is to provalgeneral MFkM&basedramework to simulateapillary

riseof a fluid within a solid cavityin order to implement MFkMC to capture capillary rise, it is first necessary

¥ The contents of this chapter were published in the Journal of Physical Chendistry B
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to determingatesthat can describe the movement of the fluid interface as it rises up the wetting cavity. The
key properties of the capillagriven systems such as capillaryeiare dictated by the movement of the triple
contact line, and consequently it is only necessar
movement when modelling capillary action applicati®halthough kMGbased approaches have yet to be
implemented for capillary action, there have been previous attempts at deriving kinetic rate equations that
govern the movement of a triple contact line within a capithiyen systemMost prominently, Blake and

Haynes proposed the molecukanetic model, which predicts the local contact angle of the triple contact line

on a flat surface based on energy dissipation from kinetic surface &fentishin this model, the local
advancement or recession of the triple contact line is associated with dissgiaghergy at the triple contact

line due to molecular movements of the fluid molecules over a distatitis can be expressed as follows:
0 o QQO—, (5.1)
© 5 QQO/R— (5.2)

wherew andw j denote the local rate of advancing and receding respectively §f ifterface
site at the triple contact line over the incremental distapaad’Qdenotes the force per unit length experienced
locally by the contact line at an interface & addition,Q is a rate constant that was originally defined to
include the Arrhenius rate of liquid adsorption/desorption on the surface as per te¢iBjades model. The
kinetic rate equations in Egs. (5(B.2) can be combined to define the local velocity of the triple line as
follows:20®

0 _®w 5 © i ¢ Qi m— (5.3)

The force per unit lengti2is associated with the capillary force exerted on the contact line, and it was
originally defined within the Blakélaynes model a2 1 r ¢ Al & (.e,redefining Youn
Equation for a dynamic contact ange However, this approach is rudimentary as it fails to account for the
remainder of the forces affecting theid rise, it relies on fitted model parameters, and it has been observed to
deviate from experimental results. Their equations, however, do provide general kinetic rate expressions that
can be readily coupled with an MFkMased algorithnio form the FBMFKMC approachAs a result, Egs.
(5.1)(5.2) were used as a general basis to couple the balance of the known forces acting on the triple contact

line, i.e., the modified Lucag@/ashburn equation in Eq. (2.9).

In order to couple Eq. (2.9) with Egs. (5(5)2), it is necessary to determine the relationship between
the kinetic rateso  j andw j, and the force experienced by each molecular site along the contact line. In

order to accomplish this task, Eq. (5.3) can barranged as a functiorf the force per unit lengthQ
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Subsequently, this expression can be substituted into Eqs(§321)o obtain the kinetic rates in the following

form:
® 5 QQof W — (5.4)
® 5 QQoni WM — (5.5)

Note that the value of) was observed to have negligible effect on the system behaviour, and
consequently its value was sef@ p stwithin this work? These kinetic rate equations can now be coupled
with the force balance in E(R.9) via the local velocity of the triple line, i.e. by setting 0 , which is the
only parameter in common between the equations. Byremging Eq(2.9) for 0 and substituting it into

Eqgs.(5.4)(5.5), the kinetic rates for the triple contact line to advance and recede can be defined as follows:

G 5 QQoR W AN b (5.6)

G 5 QQoni W L h (5.7)

whereY {1 j,— and’Qdenote the cavity radiusavity wall angle,local contact angleand triple
contact interface heigtat the'® interface site along the triple contact lindote thatY j,f y, and—are
functions of the fluid height in the capillary tuli2 Furthermore, ate that te FB-MFkMC rate equations
proposed above are used to determine the probability that a localized section of the interface will displace by a
distance_based on the lotaelocity of the interface at that point. Therefore, this capildiyenFB-MFkMC
model discretizes thmovement of the interfac that it can only move over distancat any given point in
time. As a result, the parametercan be adjusted to firtene or coarsgrain theFB-MFkMC capillary action
system and contrdhe tradeoff between model accuracy and computational efficieticyis small(e.g., if_
is defined as the local intermolecular spacing between interfacial mole¢bs}hesystem will have very
high accuracy and will be able to accommodate for extremely spalial and tempordieterogeneities
however it will require high CPU times to reach completion. On the other laagd,values of (e.g.,if _is
5% of the totabystem size), then the system il highly efficient and will have extremely small CPU times,
however they willbe noisy and will miss out on any fiseale behaviour taking placonsequently, must
be chosera priori in order to address the trad# between the model accuracy and model efficiency.
Additionally note thatthe proposed capillary actidiB-MFKMC method shares several similarities with the
level set method of interface movement, as it evolves the interface in space and time badedalnritezface
velocity profile. However, unlike the level set method, BEBRMFKMC approach to simulating fluitluid
interfaces defines the interface explicitly based on the positions of the interfacial molgpak@ically,when

the FB-MFKMC interfece is discretized on a molecular levelses the velocities of the interfacial molecules
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themselves to advance the interface. TherefeBEMFKMC is capable of handling complicated interface

geometries in a similar fashion to the implicit level set méth

The capillary rise case study considered within this work consists of a body of water interacting with
vertical radiallysymmetric stainless steel tubes of varying dimensions. This system was implemented using
lattice-free FB-MFKMC to predict the height of water in the steel tubes over time. The system was considered
to be axisymmetric for the sake of simplicity, and consequently the capillary rise system was modeled using a
1D FB-MFKMC maodel. In this system, the interface (i.the triple contact line) can be captured udtiy
MFKMC through the use of a single fluid interface site and a single vapour interface site, which predicts the
location and system properties at the fluid and vapour sides of the triple contact lieetivesp Note that in
this case study, the location of the solid interface reetHired in time; thus, itvasnot necessary to consider
a solid interface site in theB-MFKMC algorithm. Due to the 1D and lattifee nature of th&B-MFkMC
model consided in this study, the fluid and vapepinase sites were captured using the list indexing approach
discussedn Section3.3.4 where the fluid and vapour site informatiwasstored in an array that keeps track
of their vertical locatioriQ, as well as th cavity radiusY p, local cavity wall anglg j, velocityv j, and

contact angle—at the triple contact line. Note that thesas no need to keep track of the interface site

ficonnectivityo (i.e., k e dghhours). THhisrisabedauseotlie 1B madél onyyi t e 6
considers a single interface site for each phase

definition of an interface. ThEB-MFKMC algorithm assumes that fluthase molecules can advance and
disgace the vapour interface site according to the advancingratg; in Eq.(5.6). Similarly, theFB-MFKkMC

algorithm assumes that vapepiase molecules can advance and displace the fluid interface site according to
the inverse receding rate equation in Eqg. (5.7). Note that the force balance accommodates for the
behaviour of the solid, fluid, and vapour phases and therefore the derived rate equations account for both the
advancing and receding events j andi j required to mee the interface as discussedGhapter3.
Furthermore, note that since the kinetic rates of advancing i&6%and(5.7) do not directly depend on the
time o or the time incremeit pit does not matter where @s calculated within th&B-MFkMC algorithm.
However, the time increment dvas calculated before selecting a site in the algorithm above in order to mirror
the general MFKMC structure presented in Se@@i@nThe completd-B-MFKMC algorithm for capillary rise

implemented within thistudy is summarized as follows:
1. Initialize the cavity by defining the variability in the cavity radidsy as a function of the vertical
position within the cavityQ.
2. Define the initial positions of the fluid and vapor interface sites as well as the initial veiogigyof
the triple contact line. Calculate and store the cavity radiys the cavity wall anglg j, and the

contact angle—
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3. Calculat and store the rates of advancement for the fluid and vapor interface>sitgsandw
according to Egs. (5.6) and (5.7).

4. Calculate the kMC time increment,paccording to Eq. (3.11) to determine the tiine] @t which
the next eent will occur.

5. Apply MC sampling to select either the fluid or the vapor interface site according to Eq. (3.12). If the
fluid interface site is selected, then the fluid will advance and displace the vapor interface site and the
vertical location of bothites will be incremented by. On the other hand, if the vapor interface site is
selected, then the vapor will advance and displace the fluid interface site and the vertical location of
both sites will be decremented by

6. Calculate the new cavity radil j, cavity wall anglé , contact angle— and velocityy of the
triple contact line.

7. Calculate the new rates of advancing for the fluid and vapor interface @ites, andw
according to Egs. (5.6b.7).

8. Repeat Step4-7 until a final timed has been reached.

5.2 Capillary Rise Model Results, Validation, and Analysis

The objective of this section was to apply E&MFkMC algorithm discusseth the previous section
to model the capillargriven rise of water in radialtlgymmetric vertical stainless steel tubes of varying shapes.
The proposed-B-MFKMC algorithm wasused to simulate capillary rise under three different scenarios:
capillary risein perfectlysmoothcylindrical tubes of uniform radii, capillary rise in an axisymmetric twiib
complex geometry, andapillary rise inroughened cylindrical tube$or eabt of these case studiefiet

capillary action FB-MFKMC algorithms were executed until a final tinte 1@ ms was achieved.

Furthermore,he fluid properties and relevant parametersfmh of theseystens are listed in Tabl®.1

Table 5.1 Capillary rise parameters for water rising up a stainless steel tube

Parameter Symbol | Value
Equilibrium contact angle, water @tainless steel — 71°
Waterair surface tension a¥ ¢ vCJ r 72.28 mN/m
Dynamic viscosity of water &¥ ¢ vC] ‘ 0.89 mPa/s
Density of water atY ¢ uvCJ ” 997 kg/nt
Line tension of water “ 20 pN(®)
Rate constant, movement of the triple contact lin Qe |1t

Step change considered by the MFKMC model _ 7.07x10° m
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5.2.1 Case Study 1: @Gpillary Rise in Perfectly Cylindrical Cavities

The firstcase study consideredpillary rise in three perfectly cylindrical vertical tubes of constant radii
Y g YhY oftlv mmin order to validate thEB-MFKMC model performanceThe resits of this
analysis were compared against the known analytical solution to the-Wasttburn equation in a perfect

cylinder, which predicts the height of the capillary as a function of difie
Q - p N0 Q (5.8)

where' , i , and) denotes the Lambert W function. Furthermore, Fiise

MFKkMC algorthm was used to simulate the results for each cylinder radii over five independent simulations

to showcase the effects of stochastic variability inherent to KMC methods on the capillary rise results.

The results of this study are illustrated in FdL where the solid lines denote the solution predicted by
Eq.(5.8)and the dotted lines denote the solution taRBeMFKkMC equation. Note that the similargoloured
dotted lines showcase the results from each of the indepeRBadviFkMC simulations. Furthermore, the
computational cost for this study as well as pleeent relative root measquared errorPRMSE)between
the capillary rise height predicted BB-MFKMC and the height predicted using K§.8) are listed in Table
5.2. These results illustrate that tR8-MFKMC equations are in complete agreement with ahalytical
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Figure 5.1 Capillary rise height profiles as a fttion of time for water in perfectly cylindrical tubes

of varying radii
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Table 5.2 FB-MFKMC computational costs and PRMSEs between the analyticéBuhFkMC-

predicted capillary rise heights for each of the three cylindrical tube studies

Size (mm) | FB-MFkMC CPU time (s) PRMSE (%)
Iteration
Y v 1 3.363 4.296x10°
2 3.611 3.004x103
3 3.343 2.221x10t
4 3.464 5.29%103
5 3.504 4.251x10°
Y ooo1 1 3.472 1.13%10?
2 3.526 6.288¢<10°
3 3.347 6.747%103
4 3.627 3.336x10°
5 2.925 9.545¢103
Y o© 1 3.052 4.867%10!
2 3.018 7.951x103
3 2.909 8.623103
4 3.229 2.415¢10?
5 2.988 1.100<10?

solutions listed in E(5.8), as the PRMSE results remaielow 0.3% and the majority of the errors are below

0.01%. Furthermore, they showcase that the kM@uced stochastic fluctuations do not significantly affect

the predicted capillary rise behaviour. Tabi2 also demonstrates the efficiency of B2MFkMC algorithm,

as the system only required 95 s on averamgsimulate capillary rise for a nanoscalg note that the
computational time can be reduced even further by considering a larger step®ieeresults in Fig5.1
additionally demonstrate the different dynamics of capillary rise for cylinderdefatit diameters. In all three

cases, the water begins to rapidly rise into the cylinder tubes before gradually decelerating until the water
column height reaches steady state. This steady state level is established as the point where the capillary forces
driving the water upward are completely balanced by the gravity forces pulling the column of water downwards.
The results further highlight that the water rises higher in tubes with a narrower radius. This behaviour is due

to the relationship between thapillary force and the tube radius, shown in the first term of the Lucas
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Washburnequation (i.e., Eq42.5)and Eq(2.9)in Chapter 2, which showcases that the capillary force term

is inversely proportional to the radius of the capillary tube.

5.2.2 Case Study 2:Capillary Rise in Irregular Axisymmetric Cavities

The proposedB-MFkMC model is not just restricted to considering relatively simple geometries but
can also be applied to simulate capillary rise in any cavity irrespective of its shape. As-af{p@ufept to
demonstrate the general applicability of the propdsBeMFkMC algorithm, the framework outlined in
Section5.1was applied to capture capillary rise in a radi@{ymmetric stainless steel tube with an irregular
geometry, which is illustrated in Fi§.2 Note that-B-MFkMC is not just limited to simulating axisymmetric
cavities and can be applied to capture capillése in noasymmetric cavities with any potential geometry.
However, these nesymmetric systems would require use of aRkEBMFKMC model and therefore cannot be
captured using the 1BB-MFKMC algorithm proposeith this chapterFurther specifics aboublw to develop
a triple contact interface system into 2D are provided in the aefiter Therefore, nofsymmetric cavities
have not been considered in this study for brevity. The proposed tube geometrpigfemures a tube whose
radius varies vertially; it initially consists of a spherical segment of radius T@® mm that has a lower
crosssectional radiugy 4 & ymm and an upper crosectional radius’ A T8t umm, and
it subsequently turns into a conethvia wall of slopé p mdr 1. Note that the total height of the
spherical segment, before it changes into a con§ is @ o jum. The cone rises for a height of

O 1 mm before tapering off to a cylinder of constant radius ¢ yum. TheFB-MFkMC algorithm

Rtyl =25 pm
H

L
Hpne = 0.1 mm

Hephere = 0.637 mm

Rsphere,low = 0.48 mm

Figure 5.2 The irregularlyshaped stainless steel tube used to generate the results in Fig. 5
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was used to simulate the results over five independent simulations in order to showcase the effects ef the kKMC
induced stochastic variability. The results of the capillary rise study are depicted mFiyote thatthe
differently-shaded lines in this figure showcase the results from indepeRBaFkMC runs. The results
presented within the figure illustrate that the transient behaviour of the water inside the irregular tube is
significantly different compared the behaviour within a cylindrical tube. Most notably, the water rises rapidly
through the spherical segment of the tube due to the raghédiseasing radius, as highlighted inside inlet A of
the Fig.5.3. Once the water reaches the transition point betweesphere and the cone (i.e’tat O
T o mm), it continues to increase but at a notably slower rate until it reaches the top of the cone, as illustrated
by inlet B in Fig.5.3. Once the droplet reaches the cylinder part of the tube™@.e.© O
T © mm), the capillary force is not enough to overcome both the change in the tube angle and the gravitational
force at this height. As a result, the triple contact line pins at the transition between the cone anditire cylin
parts of the tube and the water column ceases to advance. The result§id€ditionally demonstrate that

the inherentkMC variability has negligible effect on the capillary rise performance for tubes of irregular

geometries, as each of the indepen&BiMFKMC simulations produced similar results.
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Figure 5.3: Capillary rise height profile inside the axisymmetric tube of irregular geometry in Fig
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5.2.3 Case Study 3:Capillary Rise in Roughened Cylindrical Cavities

The poposedFB-MFkMC model is also capable of capturing molecidael roughness on the solid
surface andjaugingits effects on the overall macroscopic capillary rise behaviour. In order to evaluate this
effect, theFB-MFKMC algorithm was used to simulate digwy rise on a cylindrical tube with nanoscale
roughness added to its surface. In this procedure, the roughness was geometrically incorporated into the
capillary tube profile bya molecularlevel deviation$ ™o the droplet radius at stochasticadlgtermined
locations along the height of the cylinder. These geometric deviations in the droplet radius consequently
affected the capillary rise behaviour based on the droplet radius variation conditions encoded in the rate
equations (i.e., Eq¢5.6)}(5.7)) according to Eqs(2.7)(2.8). The surface roughndssYvas stochastically

added using a normalized distribution” h- with mean andvariance,- :

TYR T M T (5.9)

where the notatiofQ0is used to denote roundititgeparameteiQto the nearest integer value, and where
1 denotes the size of a single atom defect. Since the solid material considered in this case study (stainless steel)
is an alloy, this simulation estimated the valug bfised on the lattice lerigof AISI 316L stainless stee (
™ L W) The results from the normal distribution were rounded so that the simulation would only
consder roughness asperities whose heights were multiplggi@. roughness asperities consisting of an
integer number of atoms.) The roughneasance(,,- ) was selected so that the cylinder surface would have
an asperity density of roughly one aspeper 22.3 nm (i.e., roughly one asperity every 62 surface aioms)
an attempt to capture the roughness metrics exhibited on practical AlISI 316L stainless steel itk teast
asperities of positive height represent roughness peaks, whereas easpegative height correspond to
roughness valleys (i.e., vacancies along the surface of the cylindrical tube). Furthermore, note that due to the
radial symmetry assumption applied when deriving the 1D capillary rise model, each roughness asperity in this
study is assumed to form a uniform ring around the cavity. This axisymmetric roughness profile is not expected
to occur in reality, and therefore the 1D axisymmetric capillary rise model would have very limited predictive
capabilities. As a result, thisr$ace roughness case study represents a-pfecdncept case study that is only
intended to showcase that thB-MFKMC capillary rise model can accommodate for surface roughness. To
this extent, the asperity density used in this case study was not ¢hasdlect the real roughness profiles
expected in stainless steel; rather, it was chosen to showcase that the capifByMBEeVIC model captures
the expected behaviour of roughness under the roughness profile considered in this work. Not&Bat the
MFkMC model can be adapted to accommodate for realistic roughness profiles through expansion to a 2D
model where the azimuthal axis cannot be disregarded; however, 2D models have not been considered in this
work for the sake of brevity. Further details abbow to model a triple contact interface system in 2D can be

found in thenext chapterFB-MFKMC was used to simulate capillary rise on rough cylinders of radius
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oftlv mm and the results are compared against the capillary rise behaviour insideatlysmooth
cylindrical tube using the analytical solution presented in(&E®). The FB-MFKMC algorithm was used to
simulate the results for each cylinder radii over five independent simulations. The results of this analysis are
presented in Figh.4. Note that in this figure, the solid lines indicate the expected behaviour inside an-ideally
smooth cylindrical tube, whereas the dashed lines indicate the solutions predicteeBisMRgMC for the

rough cylindrical tubes. In addition, note that theikinty-coloured dashed lines denote the results from each

of the independeB-MFKMC simulations that were executed for each pore radius. These results indicate that
there is substantial deviation between élpected results in a smooth cylinder and the predicted results in a

rough cylinder. In particular, the results showcase that the column of water within the tube eventually becomes
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Figure 5.4: Capillary rise height insideoughened cylindrical tubes eérying radii: aJy v mm;
b)Y 1 mm;c)Y o mm. Note that the dashed lines indicateRBeMFKMC results whereas tht

solid lines denote the results from the analytical solution to thad\WWashburn equation
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pinned on roughness asperities, preventingthewaterdhn r i si ng any further. Note
line is expected to pin each time it encounters a roughness aspeldtyever, the column of water does not
remain trapped on the lower asperities within the tube because the capillary force is sufficient to overcome both
the asperity pinning and the downward gravitational force. On the aher the water contact line remained
pinned on asperities that are sufficiently high up within the tube, where the capillary force of the water column
is too weak to overcome both the asperity and the increased gravitational force at that cavityHeerghtlts
in Fig. 5.4 additionally showcase the effects of stochastic variability ofrBx#1FkMC results. Note that the
variability in these results originate from the stochastic generation of the surface roughness asperities; they are
not induced by thetochastic MFKMC algorithm behaviour. These results indicate that the stochastic variability
has a noticeable effect on the capillary rise results and that it induces pinning at different heights depending on
the surface roughness profiles. These resudte wxpected since the surface roughness profiles were randomly
generated and therefore the location of the pinning asperities were expected tBuvdmgrmore, these
randomized roughness profiles were intentionally included in the simulations to shawagdifferent
roughness profiles result in different system behavidote that the increase in surface area induced by the
roughened surface is expected to affect the capillary force in addition to inducing pinning effects, as captured
in the capillary action force balance modifications highlighted in Eq. (2.9). However, these capillary effects
were not observed to have a significant effect in theMAKMC-predicted model results. This is due the
assumptions made in the attempt to replicateaatigal roughened surface profile. Due to the axisymmetric
assumptions applied to the fBFKMC capillary action model, the generated roughness profiles feature very
few abrupt changes in the cavity radius and predominantly consist of large plateauthe/nadéus remains
constant. Consequently, the overall surface area of the roughened capillary tubes does not significantly increase,
resulting in minimal changes in the gumning capillary rise dynamics within the cavity as showcased in Fig.
5.4. Howeve, the sparse distribution of the sporadic changes in the cavity radius aid in emphasizing the role
of roughnessnduced pinning in capillary action. The pinning results mirror those predicted within the
literature, where the fluid triple contact line irdetion with individual roughness asperities was directly
studied?’ These results directly observetht the triple contact line will locally pin on asperities and cease to
move until the local configuration of the neighbouring triple interface sites adopt a configuration suitable for
inducing further capillandriven advancement. The aforementioneork furthermore postulates that the
strength of the pinning is proportional to how much of the triple line is affected by the roughness asperity, to
the degree that should the asperity span the entire circumference of a cylindrical pore, that the fliing triple
would remain pinned indefinitely. The results in the aforementioned work furthermore validated this hypothesis
through the use of another 1D capillary rise motleése results additionally can be used to showcase how the
changes in capillary force @aminimal for low surface asperity concentratio@serall the results from this
study further validate the performance of the MBKMC capillary rise model and showcases its potential to
capture realvorld systems.
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5.3 Summary

Capillaryaction is a craial moving interface phenometiaat plays an important role in the study and
design of numerous fluid transport applicationeese phenomenzan span large spatial domaimst their
behaviouris sensitive to fluctuations on the molecular levatd consguentlyit is necessary to develop
modelling algorithms that can capture their behaviour on all the relevant scales. This dénagitgrech 1D
FB-MFKMC model to captureapillary rise within axisymmetriwzertical cavities.In particular, the FB
MFKMC algorithm was developed in order to capture the movement offflucd moving interfaces based
solely on the balance of forces acting locally across the inteffheedeveloped capillary rise FRFKMC
model was highlighted tbe able to accurately capture the expected sessile droplet behaviour in ideal
cylindrical pores of different radii. However, the model also proved versatile in captuapildpry action
behaviour in systems without a known analytical solution, such aavities with irregular axisymmetric
geometry and in pores subject to moleclgael roughnessThese studies showcased that RieMFkMC
model was able to accommodate for this behavioarphysicallyreasonable manner afutther highlighted

the potentl for MFKMC to capture moving interface systems in an accurate yet efficient manner.
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Chapter 617 MFKMC Model for Sessile Droplet

Spreadng on a Smooth Surface

The impact and spreading of fluid droplets on a solid surface is an impprt@ggss that occurs
frequently in a wide variety of different natural, technological, and industrial oper&tféfwithin these
applications, it is important to understand the behaviour of how aatirgppteadsand thusthere has been
substantial interest and research devoted to studying sessile droplet behaviour on different surfaces, both
experimental and theoretical, as highlighted in Chaptét®Sessile droplets are frequently large (>1mm) and
evolve overrelatively lengthy (>1s) time periodeoweverthe surfaces in contact with the droplet are often
roughand contain moleculdevel asperitiesAs a result there is a need for modelling techreguthat can
bridge the scales ath capture the macroscale evolution of the droplet while still accounting for the molecular
level phenomena taking place, suchFiBMFKMC. This kMC-based modelling approadh reliant upon
having a weHldefinedclosed formexpressions for the force or energy balances acting updnténgacefor
liquid-liquid interfaces However, as highlighted in Section 2.2.2.2nalytical expressions have not been
derived for all the forces affecting droplet spread on a solid surfagdecasequently a complete description
of this force balance is presently lacking within the literature. In order to resolve thigiastsessile droplet
models assumed that the force balance affecting the droplet movement could be described ugiregl a dam
harmonic oscillator equatioi.However, this approach oversimplifies the balance of forces acting upon the
interface and cannot provide a detailed description ofutiderlying physicsConsequentlyFB-MFKMC
models presently lack the ability to provide detailed analyses on the effects of key droplet parameters on its

overall spreading behaviour.

Motivated by the findings discussed above, the objective of this wddkdsvelop a comprehensive
semiempirical force balance that can adequately describe the spreading behaviour of a-capilargroplet
on a solid surface, while accommodating for the key capillary, inertial, and viscous damping forces. Due to the
absee of pure analytical viscous damping models in the literature, this work developed a fittedrgerival
expression for the viscous term that is not reliant upon any conditiespalific assumptions and therefore
can be applied to a droplet spreadiygtem for most given fluids. The proposed force balance is coupled with
the FB-MFkMC algorithmin orderto model sessile droplet spread for a variety of different fluids and surface
materials. The proposed framework was validated using droplet spreatindedived both from experiments

and from previous studies within the literature. TheNFBKMC model was additionally used to analyze the

§ The contents of this chapter have besproduced from D. Chaffagt al.,i A  sesnpiiical force balanebased
model to capture sessile droplet spread on smooth surfaces: A moving front kinetic Montt @ st udy, 0 Phy s
35(3), 032109 (2023)® with the permission of AIP Publishing
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effects of each force over the different regimes of droplet spreadiagtion 6.1 will describe the
implementation ad development of thd-B-MFKMC model for sessile droplets on smooth surfaces.
Subsequently, Section 6.2 wililscusshe proposed force balance and will provide particular attention to the
derivation of the viscous damping forcgection 6.3 will then validatthe full FB-MFKMC model against
experimental results and provide further analysis on the effects of the forces on the droplet behaviour.

summary of this chapter will be provided in Sectiof

6.1 MFKMC Algorithm for Se ssile Droplet Spreal

The behaviour of sessile droplet spread is similar to the behaviour governing capillary rise, and
consequently there are many similar aspects between the devERMIEKMC sessile droplet model and the
FB-MFkMC capillary rise model awsidered in the previous chapt€he sessile droplet system considered in
this work consistd of a fluid droplet spreading on an ideaflgt two dimensional surface. Under these
conditions, the droplet expaadand contra&d radially with respect to thdroplet center, i.e., where the
droplet first conta@d the surfaceThis system was captured using a &fuarelattice-basedFB-MFkMC
algorithmthat modelled the spreading of the droplet triple contact kheh like the capillary rise model
consideredpreviously, the triple lineconsists of a fluiefluid interface and consequently the contact line
dynamics can be captured using the kinliie rate equationlisted in Egs(5.4)(5.5). However, unlike the
capillary rise case study, there do erist a series of closed form expressions that describe the force balance

acting upon the sessile droplet triple line within the literatiinie will be further discussed within Section 6.2.

On an ideally smooth surfacihe triple contact interfacef a sessile droplet wiladvance and recede
radially with respect to the point in which the droplet first contacted the suMfaeeresult, the droplet contact
line can beconsideredo be composed of an infinite number of independentimi@nactive dampedarmonic
oscillators advancing and receding relative to the center of the droplet/surface interface, as illustrated in Fig.
6.1a. Note thathe behaviour of these theorized droplet oscillators are based on the balance of forces acting on
the droplet which will be discussed in Section 6.2. Consequettig, terminology has no affiliation with the
empirical damped harmonic oscillator equations typically used to describe the dynartieseobystems.
Furthermore note thatue to the nature of a lattiteaed FB-MFKMC algorithm, the triple contact line is
discretely defined as the boundary between the interfatiaspherghase andluid dropletphase lattice
sites as depicted in Fi§.1b and6.1c. Consequently, eaaropletphase interfacial lattice sitean be viewed
as an independent oscillator moving in a single direction relative to the droplet center. Additionally, each of
the atmospherghase interfacial lattice sites can be viewed as a sitddisathe potential tbe immediately
occupied by a dyget oscillator on the other side of the triple interface. Note that much likeafhikary rise
FB-MFkMC mode| the location of the solid interface does not move and therefore it is not necessary to

consider any solid interface sites in #8-MFkMC algaithm.
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b) B Triple Contact Line
B Bulk Droplet-Phase Site
I Interface Droplet-Phsse Site
Interface Atmosphere-Phase Site
Bulk Atmosphere-Phase Site

Figure 6.1 a) The droplet triple contact line can be considered as a series of infinite, indepen
damped harmonic oscillators; b) Triple contact line definition on a 2D lattice, note that both b
phase sites are unmarked on EBMFKMC lattice; c) side view athe droplet represented by the 2

lattice in part b)

Based on these considerations, the propédMFKMC algorithm defines the events governing the
interface movement based on the phase of the interfacial sites, as illustrated 62 Higpr each of th
atmospherghase interfacial sites, thB-MFKMC approach assumes that there is an oscillator located one
lattice unit away in the direction of the droplet center that can advance into tfaaiterding to the advancing

ratew  in Eq.(5.4), as depicted in Fig.2a. Similarly, theFB-MFKMC approach assumes that each of the
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AN

Bulk Liguid-Phase Site
Interface Liquid-Phase Site
Interface Vapour-Phase Site
Bulk Vapour-Phase Site

Figure 6.2 In the sessile droplet MFkM@Igorithm, the event taking place is defined based on t
type of interfacial site. a) interface atmosphphase sites keep track of the advancing rate of ¢
droplet oscillator (local triple contact line site) located 1 lattice unit away; therefore {hteyecthe
receding rate of the atmosphgriease site as it is displaced by the dreplwse; b) interface droplet
phase sites keep track of the receding rate of a droplet oscillator located at that site; therefor

capture the receding rate of the plakphase site as it is displaced by the atmosppkase

"™ dropletphase interfacial sites amccupied by droplebscillators and it calculates the rates that these
oscillators will recede toward the droplet center according toy in Eq. (5.5), as depicted in Figs.2b.
Therefore, theatmospherg@hase interface sites are assigned rates calculatingrtimbility that the
atmospherghase will recede away from these sites as they become occupied drppletphase (triple

contact line will advance away from the droplet center), whereatrdpdetphase interface sites are assigned

rates determininghe probability that thelropletphase will recede away from these sites as they become
occupied by thatmospherghase (triple line will recede towards the droplet center). Note that although the
dropletoscillators depicted by thdropletphase interfeial sites can also advance into gtenospherghase,

this behaviour is disregarded as it is already accounted for by the rates of droplet advancing assigned to the

atmospherghase interfacial sites.

The latticebased=B-MFkMC algorithm considered in thiwork restricts the positions of the droplet
phase and atmosphepbase interface sites to a square lattice grid in order to significantly reduce

computational costs. Consequently, it is necessary to implement additional rules in order to prevent any
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unrealistic droplet behaviour that might occur due to approximating the radial spread of the spherical cap
shaped droplet using a cartesian drid., unrealistically large asymmetric deviations in the droplet radius,

impossible droplet spreading in rcadial directions, and the formation of satellite droplets under unrealistic
conditions)?® as follows:

m QQO—— @ " R- GQ
P v (6.1)
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where @ N g oM O Ry DD R and ® jp I ® Fi denote the

advancing/receding rates respectively for an interfacéiteommodating only for the unrealistic droplet
radius deviations; @ pr N oL O i o g and @ 5 [/ o F;  denote the
advancing/receding rates respectively for'thimterface site that additionalgccommodate for the impossible
droplet spreading in neradial directions and for the formation of unrealistic satellite drop¥éts; ; denotes

the current local radius of the triple contact line at¢hsite;'Y denotes the averagertact radius of the
entire dropletpy  ; denotes the total sum of all rates without accommodating for the unphysical droplet
radius deviationgpandware the Cartesian coordinates of a given lattice®@dad the subscript¥ and%.
denote the radial and azimuthal polar coordinates of the €rwmtice site. Further details about these
challenges and the derivations of Eqgs. (§61L3) above can be found in Sect©i. Furthermorethe complete

stepby-stepFB-MFKMC algorithm forthe sessile droplet model implemented within this work is listed in
SectionC.2.

Note that the presentéeB-MFKMC algorithm is dependent on the local velocity of the triple contact
line 0, as highlighted in the rate expressions in @ql). This parameter cannot be determined fieBs
MFkMC itself and therefore requires an additional means to determine its value at any point in time. This can
be accomplished by analyzing the balance afdsracting upon the local droplet interface and recasting them

to solve for the contact | ineds | ocal velocity. Fu
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6.2 Sessile Droplet Force Balance Model Development

When a droplet is ptaed on a solid surface, it will spread and recede until it minimizes the overall surface
energy between the droplet, the surface, and the atmospheric phase surrounding them. This minimization of the
interfacial energies exerts a continuous restoratioreforcthe drop (i.e. the capillary force) that drives the
droplet to spread so long as there is a surface energy imbalance. These capillary forces are opposed by inertial
forces, which resist droplet deceleration and acceleration and can drive the dreg@nd or contract past
the capillary equilibrium size. These driving forces, however, are countered largely by viscous damping forces

that continuously dissipate energy from the system.

The dynamic behaviour of a sessile droplet is considered to lworpreantly driven by the
aforementioned forces (capillary, inertial, and viscous dampiféff Therefore, it is necessary to have a
detailed understanding of these forces in order to capture crucial droplet spreading behaviour and to simulate
them using modelling approaches such aF=B&1FkMC algorithm described in the prieus section. Note
that for sufficiently large droplets (i.e., droplets larger than the capillary length of thedluidpicted in Eq.

(2.13)), the droplet behaviour is known to be additionally affected by gravity forces. However, the droplets
considerd in thisstudyare all smaller than their capillary lengths and therefore gravity will not be included
within the force balanc¥? This section aims to devel@md assemble complete analytical and sempirical
expressions for each of the key fundamental forces affecting sessile droplet spread. These force balances are
derived through a combination of analytical equations proposed within the litefiaturére capillary and

inertial forces listed in Eq$2.10)and(2.12)respectively) andoupled with a seraempirical expression for

the viscous damping force derived within this work. The following-setiions provides a more detailed
description intahe deivation of the semempirical viscous damping force and will provide further analysis

on the force balance assembly and its incorporation into tRABC algorithm.

6.2.1 Derivation of the Viscous Damping Force

The dynamidehaviour of a spreadirgpsile droplet greatlylepend®n viscous damping. However,
despite its overall significance, no concnetechanistianodels have yet been devidedepresent the viscous
damping force in thesgystems. This is a result of the nature of this forcehamdit is computedAccording
to Eq.(2.15) it is necessary to determine the fluid velocity at all points along the system sarfaer to
calculate the viscous damping for¢¢owever,this information necessitates determining the solution to the
NavierStokes equations withia sessile droplet shape&hich has yet to be achieved within the literature.
Consequentlythere have not been studies within the literature that have atteropteddiop a purebgxplicit
mechanistic viscous force equation due to the challenges highlighted @h@rehe course of this studs
few attempts were made to derive analytical expressions for the viscous damping force. These approaches

included deriung analytical expressions for the fluid velocity profiles under Stokesdbmitions andolving
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for the velocity profiles numerically using CHiased techniques. These expressions were subsequently
incorporated into the viscous stress tensor and intxtjta yield the viscous damping force. Despite these
efforts, the tested approaches failed to provide a realistic viscous damping force expression. Further details
about these attempts are describefippendix C In addition, there have been a handfuhttémpts within the
literature to derive a sereimpirical expression for the viscous damping force, such as the cylindbieaihd

viscous force expression in £g.16)*°However these methods thus far have failed to capture the full viscous
damping behaviour within a general sessile droplet system.

In order to overcome these issues, this work proposed the development ofeangeriaial force model

to capture iscous damping within a droplet on a solid surface. The proposed model takes the following form:

"0 ofd ¢t 0 o ® (6.4)
wherel v — " denotes the vel ocity of t hlecatomr opl et
e andtime pointg;, @ —is a term added to the expression to accommodate for the effects of the droplet

volume on the viscous forgand®is an empiricallydeived dimensionless parameter. Note that the equation

has a form resembling viscous damping formulations found in similar systems, such as the viscous force
equations in capillary rise syste®sConsequently, Eg(6.4) was given a linear dependence on both the
viscosity' and the velocity of the dropletterfaced . In addition, the“ term was added to account for

the axisymmetric nature of the droplet. The empirical paraniaters added to account for discrepancies
observed in the droplet behaviour between the force balzawsxd model resultand those observed
experimentally. Note that in order f@to have the appropriate force units (i.e., N), the parameterst be
unitless. The value @bcan be determined by applying modiging using data obtained both experimentally

and from the literature. These fittéalues can be subsequently analyzed to determine their relationship with
respect to the physical parameters governing sessilietlsppead such as the droplet Ohnesourge nuiiber
defined in Eq.(2.19) In this work, the value abwas fit using a wide variety of different functions using
nonlinear regression to approximate the relationship betweed(Q and it was observeédh at t he sy st
behaviour was best represented according to a modified Hoerl relatfdhdhipe.,

o wg T §a (6.5)

whereWw, ¥, andl are empirically fitted via model fitting techniques based on a select set of
experimental data. Furthermore note that @) is an empirical expression and that othmxdels could be
similarly derived to correlaté&with 5'Qor other sessile droplet metrics. Further details concerning this
equationds derivation and t he &®ByedmbihingEds6.4-@5pr oces

the final form forthe semiempirical viscous damping force was determined to be:
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"O i ¢ WY s W’ 5Q (6.6)

6.2.2 Force Balance Assembly and MFkKMC Coupling

The semiempirical force equation highlighted in the previous sectias assembledalongside the
analytical capillary and inertial forcexgressions listed in Sectich22.2 of the second chapter in order
describe the balance of forces acting upon the droplet interface. The complete force balance is derived by
adding thendividual force terms shown in Eq2.10), (2.12) and(6.6)together as follows:

oy Y [ fE4 QEE ¢ wd wwT 5 (6.7)

Note that the above force balance expression seems to imply axisymmetry in the droplet spreading
behaviour, as the force balance equation does not showcase any dependence on the @jymarisal (
However, droplet spreading is not completely axisymmetric evera amooth surface and frequently
experiences stochastic microscale fluctuations in the radius along the length of the iftetféibiis can be
captured in the force balance by modifying E8}7) to accommodate for differences in the radius and the

contact angle for different azimuthal positions along the droplet interface, as follows:

~ h h h h
[T ) [v)
Y %60 - - -

Y %Dl Wé+ QEéE4%D ¢ WY oo wWT 03  (6.8)
This equation can be further written in a discretized form as follows:

“ HY i h

Y DE DEA Wb oW T GQ (6.9)

where’Y ;1 Y %, — —%ld , andd g U % denote the droplet contact
radius, contact angle, and velocity for tfedroplet interface site located at a positioh %) in polar
coordinates. Note that due to the stochastic nature of the microscale fluctuations in the contact line, it is difficult
to solve the force balance on its own to determine the droplet contact radius or velocity. This expression
presently has noafined closedorm stochastic differential equation representation. Furthermore, any derived
closedform equations would be highly nonlinear with respect to the stochastwealing parameters
Y %D and—%D , and consequently it would béghly difficult to solve in an accurate and efficient
manner. Consequently, this force balance benefits immensely from coupling with the sessileF@roplet
MFkMC model proposed in Secti@l Due to the inherently stochastic nature of the algoritBaVIFkKMC

can deal with the stochastic variability of the system in an accurate and efficient manner. Furtii&more,
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MFKMC can provide microscale information to the force balance that it cannot otherwise accommodate for,
such as surface roughness, howeverithiseyond the scope of this work. The sessile drdgieMFKMC

model developed in this work has the capability of capturing the general stochastic spreading behaviour of
droplets on solid surfaces. However, the rate equations governing the movemedtaplgtanterface require
knowledge of the local velocity  j along the length of the droplet triple contact interface, as highlighted in

Eq. (6.1) of Section6.1 This information can be readily determined by analyzing the balance of forres act
along the length of the interface and using them to predict the droplet velocity at any point in time. Therefore,
in order to accurately capture sessile droplet spreading behaviour on a surfeBeyiiRkMC algorithm must

be coupled with the force lzaice presented above. In order to couple these two approaches together, it is

necessary to rearrange K6.9)in terms of the triple contact line velocity, . However, doing so requires

knowledge of the triple contact line acceleratier—", in order to analyze the inertia term. This can be

accomplished by using the accelerationbés definit.i

using backwards finite difference over a finite time inteyvali.e. h h e i h F‘,

whereb 5 U 0 1 odenotes the velocity of tHé triple contact line site at the previous time
point. By substituting this approximation intg K6.9), the force balance can be rearranged in terms of

as follows:

b 5 —-oF _ (6.10)

where_ is the discretized form of and is a function of botty | and—. Eg. (6.10) can be
subsequently substituted into E.1) to determine the rate expressions necessary to propagate the droplet
movement according to FBIFKMC. Note that the finite difference time interyalon Eq. (6.10) is the same
as the MFKMC sample time @resented in Eq. (3.11). This intergkypically miniscule as compared to the
overall simulation time, and therefore the truncation error associated with finite difference approximations is
negligible. The proposed FBFkMC method combines the features of the MFKMC algorithm with the
fundametal physical principles captured by the force balance, and therefore it has the potential to yield
accuracy in its predictions while efficiently capturing sessile droplet systems over realidtiogltimescales.
Furthermore, the framework can be repékpanded to include microscale features such as surface roughness
and etched surface structures, and therefore improving its capabilities of capturing a physical droplet system.
However, the proposed framework is still dependent on an empitfitsly parametety and therefore it is
still missing additional information in order to provide a purely physical approach to capturing sessile droplet
spread. Consequently, further studies are required in the future to determine a purely mechanistic expression

for the viscous damping force and thus improve the physical prediction capabilities ofMiEKMEC model.

106



6.3 Model Validation and Analysis

The previous sections have discussed the developmeRBMEKMC model to capture sessile droplet
spread on @ ideally flat surface. This model is based upon the senpirical force balance shown in Eg.
(6.10), which contains empirical paramete¥s ¥/, andl ) derived from modefitting. The objective of this
section is to showcase the fitting of the modeldta derived both experimentally and from within the literature.
This section additionally validates the model using experimental data not previously used in the model fitting,
and further investigates the model results to highlight its ability to uiNyempture sessile droplet spreading
on an ideally flat surface under any droplet spreading regime.

6.3.1 Experimental Setup & Model Fitting

The semiempirical FB-MFKMC sessile droplealgorithm implemented within this work was fit and
subsequently valated using data obtained experimentally and from the literature. The experiments were
performed by releasing deionized water droplets from syringes onto various smooth
perfluorodecyltrichlorosilane (FDTS), polytetrafluoroethylene (PTFE), and pure diigpsurfacesising the
experimental setup showcased in Fig. 6.3a. Note that the FDTS and PTFE surfaces were prepared by depositing
the respective coatings onto pure Si wafers via molecular vapour deposition. The volume of the water droplets
considered ihis study were controlled using a syringe pump and were allowed to vary betwe&n.086 ¢ L .
Furthermore, as shown in Fig. 6.3, the initial impact velodities  and spreading velocities  of the
droplets were controlled by varying the droplet release h&idghe., the distance between the syringe tip and
the solid surface) using a custom homemade stage@Bg. The impact and subsequent spreading of the
droplets on the solid surfas®ere recorded using a FASTCAM Mini UX 100 higfreed CCD camera at 2,000
frames per second (fps) (0.5 ms per frame). The recorded video files were subsequently analydgd frame
frame using ImageJ to extract the relevant droplet information (i.e., titactaadiusY y 0) as a
function of timeo (Fig. 6.3c). The experimental setup was utilized to record the spreading behaviour of nine
different droplets of various sizes and impact velocities impacting solid surfaces of different matéeal
details for each experiment are listedlamble 6.1 In addition to the experiments performed in this study, this
work additionally analyzed and validated the developessile dropleEB-MFKMC model using droplet
spreading data reported within therature?42® The selected literature data was chosen to represent the
spreading behaviour of different fluids over different solid surfaces that were not tested in the aforementioned

experiments, and the information for eadmsidered dataset is listedTiable 6.1

Following the accumulation of the experimental and literature results, this data was used to determine
the empirical parametésfor each sample via model fitting. This process was accomplished by coupling the
force balance with the MFkMC algorithm to form the-MBEKMC approach, as highlighted in Secti6r2.2

to provide measurable metrics so that the parametithin the viscous damping term could be compared to
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'ﬁ'release

Figure 6.3 Dynamic process of drop spdBag: a)Experimental setup; b) Schematic of the
experimental setup (not drawn to scale); c) Two snapshots showing before (upper panel) anc
(lower panel) the drop contacts the sample surface (Si surface). The contact diametayiat tim

labeled ag’Y | 0. The scaldaris 1 mm

the available data. The FBFKMC sessile droplemodel results were subsequently fit to the obtained droplet
results using least squares nonlinear regression. For each iteration of the krast fitjng, the FBMFKMC

sessile droplemodel results were interpolated to determine the sessile droplet spreading information at the
same timepoints available from the experimental data. Furthermore, the optimal soldiigasofietermined

by minimizing the percent relative root mean squared error between the interpolatedpneslittted and
experimental results as follows:

T oy N ew gt ._B-
0°YD YO nnd 2

(6.11)
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Table 6.1: Propertis and parameters for the sessile droplet experimental (Exp) and litetatived

(refs) sample data considered in this work

Sample Name | Liquid Material Solid Surface (el U(m/s;] (kg”/m3) (P;i-s) (lil/m) 5 (lrlnm)
Sample A (Exp)| Water PTFE 0.46 0.27 997 8.90x10* 7.28x1¢* 107  2.727
Sample B (Exp)| Water FDTS 6.2 0.29 997 8.90x10* 7.28x1(* 103.1 2.727
Sample C (Exp)| Water FDTS 6.2 0.259 997 8.90x10* 7.28x10* 103.1 2.727
Sample D (Exp)| Water FDTS 6.2 0.22 997 8.90x10* 7.28x1(* 103.1 2.727
Sample E (Exp)| Water FDTS 9.8 0.359 997 8.90x10* 7.28x1(* 103.1 2.727
Sample F (Exp)| Water FDTS 9.8 0.259 997 8.90x10* 7.28x1(* 103.1 2.727
Sample G (Exp) Water FDTS 9.8 019 997 8.90x10* 7.28x1®* 103.1 2.727
Sample H (Exp)| Water PTFE 257 0.14 997 8.90x10* 7.28x1C* 107  2.727
Sample | (Exp) | Water Si 35 0245 997 8.90x10" 7.28x1% 64 2.727
Sample J3#) Water Wax 27 1.3 997 8.90x10* 7.28x1* 76 2.727
Sample K$5) | 10% Glycerol  Stainless Stee 8.38 1.7 1025.9 1.22x10° 7.0x10> 4.0 2.637
Sample L) | 30% Glycerol Stainless Stee 7.99 2.55 1083.9 2.57x16° 6.7x10? 7.1 2,51

Sample M{®) | 70% Glycerol  Stainless Stee 9.49 2.62 11904 2.68x1(* 5.8x10> 26.1 2.229
Sample N36) | 100% Glycerol Wax 77 27 1220  0.116 6.3x10? 53.4 2.294

where0, denotes thath time point from the experimental resulté; ¢ andyY {5

denote the droplet contact radius from the experimental results and from the interpolsE®NB-predicted

results at time,, respectivelyandl denotes theotal number of measurements for a given droplet experiment.

6.3.2 Model Validation

The model fitting approach discussed above was used to determine the valferseaih experimental
study considered in this work. The fitted valaesre listed inTable 6.2for each of the experimental studies
considered in this work, along with their reported normalized root mean squarediabbess.2additionally
lists thecomputational time required to simulate each result usingabsile dropleFB-MFkMC algorithm.

Note that all thé-B-MFKMC results simulated in this work were operated using the lattice spacing parameters
_listed in Table6.2 These spacing parametersre chosen based on the size of the droplet being simulated
via FB-MFKMC and their values were determinadriori to be the largest spacing parameter that did not
significantly affect the accuracy of the results, i.e., all smaller valueswafuld ouput similar results.

Furthermore, thé&B-MFkMC results were generated using a-exponential constant value @ ps'tin
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Table 6.2: FB-MFkMC sessile dropleinodelandafitting results

Sample Name 0Q _(m) Fitted®values PRMSE Computation Time (S|

Sample A (Exp)| 2.001x1¢® 5x10° 196.2656 0.729673 13.67

Sample B (Exp)| 2.001x1¢ 5x10° 207.3654 0.586961 103.96

Sample C (Exp) 2.001x1®® 5x10° 182.6875 0.586318 130.25

Sample D (Exp) 2.001x1¢* 5x10° 202.8232 0.786432 164.77

Sample E (Exp)| 2.001x1¢* 5x10° 219.3137 0.434094 72.59

Sample F (Exp)| 2.001x1¢® 5x10° 191.3227 0.429289 83.58

Sample G (Exp) 2.001x1¢* 5x10° 186.3903 0.558511 88.59

Sample H (Exp) 2.001x10° 5x10° 177.78 0.813364 33.19

Sample Exp) | 2.001x16° 5x10° 208.1464 0.888258 103.43

Sample J3) | 2.001x16° 1x10* 204.9014 4.170475 1064.53
Sample K¢5) | 2.801x16* 1x10* 250.0 2.563906 264.92
Sample L¥5) | 6.018x16° 1x10* 182.479 1.646412 175.26
Sample M$5) | 6.844x1® 1x10* 44.04654 0.918891 84.70
Sample N9 | 0.2762  1x10* 11.39 0.957991 50.21

Eq.(6.1). Notethat a sensitivity analysis (not shown for brevity) was performeg ém observe its effects on

the MFKMC predictions. This analysis revealed that this parameter has a negligible effect systdma
behaviour, and consequently its value was s&l to p s*within this work?® The results iable 6.2highlight

that theFB-MFkMC sessile dropletodel requires only 170 s of CPU time on average to simulate the sessile
droplet behaviour, thus demonstrating its computational efficiency over other moliesg@lamodelling
technique<® Note that the observed computational times variedruitipg on simulation parameters such as

the spacing constant the maximum achieved droplet radius, and the simulation time; consequently, the
computational cost was much larger for simulations such as Sample J that experienced significant droplet
spreadng over larger timescales, whereas it was orders of magnitude smaller for Sample A due to its small
size. Furthermore, these results highlight that theVFFHBRMC sessile droplenodel can adequately capture the
sessile droplet spread once the empiricalotisqparametabis known, due to the fact that the reported errors

are below 5%, and most of the errors are below 1%. Furthermore, the largest error was observed for Sample J,
whose surface was reported to be rough, and therefore more significant deviations are dupdotsdrface
norn-idealitiesz« This highlights that the MFKMC model is capable of both accurately and efficiently capturing

the sessile droplet spread. In addition to thevabanalysisFig. 6.4compares the sessile droplet spreading
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Figure 6.4 Comparison of the experimental sessile droplet spreading behaviour observed for £
D (red A to the FBMFKMC results generated using the full seenipirical force balance fgenx)
and the FBMFKMC results generated using the cylindricailgsed viscous damping force propose
in the literaturé® (blueq )

behaviour of Sample enerated using FBAFKMC (green xs) to the experimentatipserved data (red dot)

and to results generated using a modifiedNHBKMC sessile droplealgorithm where the viscous damping

force is calculated using the cylindricalhased simplified viscousathping force proposed within the literature

and showcased in E(@.16)(blue squaresY°This semiempirical simplified viscous model relies on numerous
assumptios as highlighted in Sectioh.22.2, and is therefore only able to adequately capture the viscous
damping behaviour of a sessile droplet under special circumstaiteesesults ifFig. 6.4highlight that for

the sessile water droplet system considere&thimpleD, the cylindrical viscous model is unable to adequately
reflect the droplet spreading behaviour. The observed behaviour highlights that the predicted viscous force
using this method is negligibly small compared to the ineatidl capillary forcesand therefore the predicted
droplet behaviour behaves notably more underdamped than the observed droplet behaviour. This is in contrast
to the semiempirical viscous damping model proposed in this work, which was observed to sufficiently capture
the eneggy dissipation within the sessile droplet system and therefore it was able to accurately replicate the
sessile droplet behaviour observed experimentally. These results further highlight the capacity of-the semi
empirical viscous damping fordeased FBMFKMC model proposed in this work to capture sessile droplet

spreadingdbehaviour.
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The results in Table8.1and6.2 can be additionally used to determine the relationship betwerd
the sessile droplet system parametEig. 6.5 provides a plot of the relationship betwegnd the intrinsic
contact angle— the droplet volumey, and the impact velocity for the results gathered from experiments,
i.e., for the water diglet results. Note that ifig. 6.5 the values ofoare illustrated through the colours of the
points; furthermore, the size of the points are used to convey their depth in the 3D plot space. The results from
the figure and tables highlight that the \&f Gremains constant at arouad p wd for a droplet of water,
regardless of the physical droplet parameters or the surface materials. These results can be seen from the
minimal variance in the point coloursHig. 6.5, as well in the low deviations the reportedovalues within
Table6.2 FurthermoreFig. 6.% illustrates the relationship for droplets of different fluids betweand the
fluid density” , the fluid viscosity , and the liquidvapour surface tensi¢n . Note that the infanation within
Fig. 6.% is communicated in the same manner as wit8a, i.e., the values @bare communicated through
the sample point colours, and the point sizes are used to simulate depth perception. The results from this figure
highlight thatthe value oftis highly sensitive to the droplet liquid, as there are significant deviations in the
observed point colours, andtidh as a nonl i near relationship with th
tension. Based on these observations, theevaf was proposed to depend on the dimensionless Ohnesorge
number, which depicts the ratio between the viscous force and the inertial and capillary foe@stad in
Eqg. (2.19) Note that unlike other commonlysed dimensionlesguantities (i.e. the Reynold€apillary, and
WebernumbersY 0 ¢andw 'Q, 0 'Qdoes not depend on a characteristic velocity. As a result, it is ideal for
fitting the paramete®owhose value was observed to be veloaityependent as highlighted Fig. 6.5.
Furthermore, the results in Tablésl-6.2 and Fig. 6.5 highlight that the value @bwas observed to be
independent of the droplet size and its physical dimensions. As a result, the characteristitireBgt(i2.19)
was selected to bedHluid capillary lengtdl , asdepicted in Eq(2.13) The capillary length has units of
length but its value depends on the fluid properties [{i.eand”) rather than the droplet dimensions, and
therefore it is the perfect characteristic lengihapproximate the value af The Ohnesorge numbers and
capillary lengths for each of the experimental samples are lisfeabie 6.2 FurthermoreFig. 6.6illustrates
the relationship betweetiQand the fittedwvalues, which highlights that the affiliation between these
parameters, for the most part, collapse onto a single curve. Based on these results, an empirical expression for
the observed curve was determined by fitting the available data to a wide vériliffierent curve models
using CurveExpert Professional 2.7.3. Note that the model fitting was only performed using the water, pure
glycerol, and 70% glycerol data so that the remain
and déavtailoin dat a 6Tabler6e}.sApcerdirg iovhes lanalysis,ithe variationdiis most readily
captured using the Hoerl model (i.e., E§5)), with fitted model coefficient®/ 8t x ¢wt T80 w X and

] T@) o p such that the full expressidor dcan be denoted as follows:

® UBT X COmowxu UQ 8 (6.12)
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Figure 6.6 Variation in the empiricabarametemas a function of the Ohnesorge numté

Table 6.3 Dimensionles metrics of the sessile droplet samplrdmodel results fopredictingoas

a function of0"Q

Sample Name Fitting o.r Vflidati?n PRMSED . 6 i
to determingo  "Q0Q "QOQ

Sample A (Exp) Fitting 0.877935 144.84 3.303x1C
Sample B(Exp) Validation 0.655293 24256 2.324x10
Sample C (Exp) Fitting 0.590828 330.65 3.169x1C
Sample D (Exp) Validation 0.845269 458.32 4.392x10°
Sample E (Exp) Validation 0.439924 327.17 2.691x1C
Sample F (Exp) Fitting 0.519011 385.17 3.169x1C
Sample G (Exp) Validation 0.582917 431.27 3.548x10
Sample H (Exp) Validation 0.81984 133.26 1.713x16
Sample | (Exp) Validation 0.89692 258.50 2.997x106°
Sample J44) Validation 4.741425 2710.2 1.590x1@
Sample K %) Validation 4.443706 1802.8 2.960x1¢
Sample L %) Fitting 1.76496 1333.9 9.779x17
Sample M %) Validation 2.62018 152.59 1.212699
Sample N#9) Fitting 1.02 34.79 4.971429
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Note that the Hoerl equation was selected for its ability to fit the fitting datatéotheir corresponding’Q

values. The full semeémpirical force balance can be expressed as follows:

13 ”Y F\ F‘
Y i QéE+ wEH+ pHTED O MowXL Q8 (6.13)

In order to validate the equation f(i.e., Eq.(6.12), the full FBMFkMC sessile droplet model was
usedto capture the droplet spread for each of the experimental conditions outlifeolén6.1 The results of
this study are depicted Kig. 6.7, where thalottedgreen lines denote the average contact radius of the droplets
as predicted by thEB-MFkMC simulations and the red depict the droplet data recorded from experiments
and from the literaturaéNote that the FBUFKMC simulations were performed three tingsch in order to
analyze the effects of the kMC stochasticity on the model results. However, the results for -@4EkNFB
simulation were observed to be identical, as showcased in the figure. This is because the droplet radii reported
in the figure are daulated by averaging the radius of each droplet as they vary azimuthally, and therefore the
3D FB-MFKMC sessile dropletmodel innately accommodates for the average system behaviour without
requiring additional simulationtn addition,Fig. 6.8illustrates a topdown view of Sample C at different time
intervalsfor a single FBMFkMC simulation FurthermoreTable 6.3highlights the percent relative root mean
squared error between th&-MFKMC and experimental results calculated uslty (6.11) Note thatin
addition to the validation data, the PRMSE valaes also listed for the fitting data in order to provide a
benchmark of comparison for the validation data. These results highlight that thengeinical force balance
is able tosufficiently predict he observed sessile droplet spreading, as the percent relative root mean squared
errors predominantly remain below 5%. Furthermore, the predicted PRMSE values predominantly do not
deviate significantly from the predicted PRMSE errors generated for thly fiti@values denoted iflable
6.2 Fig. 6.7also illustrates that theB-MFkMC sessile dropletnodel results do not deviate significantly from
the experimental data and therefore they are able to accurately predict the sessile droplet behavibat. Note t
although there are some deviations between the model and experiments particularhgird-igei6.7j, these
results can be attributed to surface roughness and othédenutities on the experimental surface that are not
accounted for by the presesgssile dropldeB-MFKMC model, e.g., the rough wax surface in Sample J. These
norridealities can be redy integrated into theFB-MFKMC sessile droplemodel through a series of
modifications, however this is beyond the scope of this work. The results in&ig88 additionally
demonstrate that the droplet advanced and receded uniformly, as the aagal@mvin the contact radius was

observed to remain small.

The sessile droplet behaviour showcased above exhibited large variability in the ratio between the viscous,

inertial, and capillary forces, as highlighted by the diverse values obseny&dlimorder to provide a deeper
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Figure 6.7: Comparison between the experimental/literature dataxjradd MFkMGpredicted results
(green/) for sessile droplet spread: a) Sample A, water droplet on PTFE; b) Sample B, water droy
FDTS; c) Sample Gyater droplet on FDTS; d) Sample D, water droplet on FDTS; €) Sample E, w
droplet on FDTS; f) Sample F, water droplet on FDTS; g) Sample G, water droplet on FDTS; h) S
H, water droplet on PTFE; i) Sample |, water droplet on Si; j) Sample J, dvafdet on wax; k) Sample
K, 10% glycerol solution droplet on stainless steel; ) Sample L, 30% glycerol solution droplet
stainless steel; m) Sample M, 70% glycerol solution droplet on stainless steel; n) Sample N, pure

droplet on wax
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Figure 6.8 Top-down view of the-adial variation in the spreading of a sessile water droplet (&)
e Ly r T8 qn/s,l C& ¢,0'Q ¢8tmpp 1) at differentpoints in time along the
droplet evolution. Note that the horizontal and vertical afesach plot denote the distance to the

droplet center in mm

analysis of the different droplet performancéable 6.3additionally lists the Reynolds and Capillary numbers
calculated for each of the experimental data aetording to Eqs(2.17) and (2.18) respectively These
dimensionless quantities denote the ratios of inertial to viscous damping (¥r§sd of viscous damping

to capillary force0 drat any point in time for each droplétor each of thér ‘@ndd dvalues calculatechi

this study, the characteristic lendtivas selected to i@ (which can be defined dke radius of the droplet

as a perfect spher@r each samplewherea®l was selected to be thwrizontalcomponent of thémpact
velocity0 . Note that unlike the Ohnesorge number, the characteristic |Amgib selected to he

rather than the capillary length . This decision was implemented to accommodate for both the droplet

volume and its impact velocity when calcutatiy ‘@ndo ¢as these parameters are known to affect the sessile
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droplet behaviour. Overall, the values listed able 6.3ndicate that the data used to fit and validate the-semi
empirical viscous damping force expression span a wide range ofdsgéhdnd smal¥ ‘andd dvalues,

therefore showcasing that the predicted model expression can adequately capture droplet behaviour under each
of the possible force balance regimes (under inedtiaken, capillarydriven, and viscoudriven regimes).
Additionally, the droplet data spans fluids of both low viscosity (water) and high viscosity (pure glycerol),
which further illustrates that the semtinpirical viscous damping force expression can capture this force for

both viscid and inviscid droplets,ut showcasing its overall generality.

In addition to showcasing the widespread applicability of the proposed sessile droplet model, the
dimensionless quantiti€s ¢cand'Y ‘(@an also be used to provide analysis on the sessile droplet properties as it
varies from system to system. As illustrated by the resulf&abie 6.3 all of the water droplet samples and
many of the glycerol mixture samples have a large Reynolds nhumber and a small Capillary number, indicating
that the viscous damping force experienbgdhese samples is small compared to the inertial and capillary
forces. Consequently, if the droplet is underdamped, it is expected these droplets would experience a large
number of oscillations and a small oscillation period due to the low viscosityhanigigh inertial forces,
respectively:*+?This is in alignment with the observed results in Fig&-g, which showcase that the sessile
water droplets experience3 oscillations with periods smaller than 10 ms. Furthermore, if the droplet is
overdamped, the small Capillary and large Reynolds numbers indicate that the drop will approach its
equilibrium at a faster rate compared to droplets with a higher viscosity contribution. In order to illustrate this
behaviour, the Reynolds and Capillary nembs f or t he 0 .(i.4.65ample Ajesetargficiallyl r op | e
increased and decreased, respectively, by decreasing the impact \elocity decreasing the density
decreasing the surface tension, and increasing the viscosity using the FBMFKMC sessile dropletnodel
as showcased iRig. 6.9 The results from these analyses are illustrated alongside the unmodified droplet
behaviour determined from the experimental data. These results highlight that the weaker the viscces force, t
more rapidly the droplet will approach its equilibrium state when overdamped.

On the other hand, the viscid glycerol samples have significantly srvaend larged ¢as compared
to the water samples, indicating that the viscous force dominatabe®e droplets. Consequently, these
droplets are unlikely to experience oscillations and any that do occur are expected to have a large period. These
results can be observed in the plots showcased in@itgsn, which highlight the overdamped naturetiod
viscid glycerotbased drops. In order to further highlight this behaviourséissile dropleEB-MFKMC model
was used to simulate the pure glycerol droplet on a PTFE surfacep( p %?% as shown irFig. 6.10 Note
that the presence or absenof oscillations within a droplet is influenced by the intrinsic contact angle in
addition to the parameters withih@nd6 @and consequently a fluid droplet of fixed volume and impact
velocity can experience both overdamped and underdamped heat@dsp@nding on the solid surface material.

The results irfFig. 6.10showcases that when oscillating, the period of oscillation remains large (~100 ms) and
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Figure 6.9 Variation in the spreading behaviour of wateder Sample A conditions, according to:
variations inb  j; b) variations iff'; ¢) variations ir ; d) variations irf
there is only a single oscillation before the droplet attains steady asgpredicted based on the dimensionless
numbers. In order to further analyze the behaviour of high viscosity drdpigt$.11depicts the behaviour
of the glycerol droplet wheh, ", , 0 , and the volumeb are artificially modified. Theseesults, which are
generated using the HBFKMC sessile droplenodel, further illustrate the trends mentioned above, i.e., larger
'Y '@nd smalled dead to larger oscillations with smaller periods, whereas snmdlf@nd larged dvesult in

increased droplet damping.

6.4 Summary

Thespreading of sessile droplets plays a crucial roleviida range of different applicatioms surface
science and engineeringnd consequently there is significant demanaadel and study droplet spredde
droplet spreading proceds sufficiently small dropletss governed by the inertiatapillary, and viscous
damping forces acting upon the droplet triple contact limevéver the completeexpressions for these forces
were not completely known within the literatufdis chapter developed a comprehensive sampirical force
balance to capture the fundamental physics governing sessile droplet spread on an ideattgcéat The
proposed balance was derived based on analytical expressions previously derived to calculate the inertial and

capillary forces, coupled with a seminpirical expression to accommodate for the viscous damping force. The
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viscous damping behaviour was subject to a fitted empirical parameter whose value was determined to be
dependent on the liquid material and its properties.-boer expressions were proposed to predict the values

of the parameter as a function of the draqpt | i qui d6s Ohnesorge number . Th
with the FBMFKMC algorithm to form thesessile dropleFB-MFKMC model, which was subsequently used

to simulate the spread of sessile droplets on smooth surfaces. This modelling approeaaldatasl using

droplet data derived from experiments and from results reported previously within the literature. The proposed
model was observed to provide acceptable predictions of sessile droplet spreading regardless of the droplet size,
shape, compatsbn, and the solid surface material. Furthermore, the model results were observed to reflect the
expected droplet behaviour under a variety of different Reynolds and Capillary number values.
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Chapter 71 MFKMC Model for Sessile Droplet
Spreading on Supehydrophobic Surfaces

Solid surfaces are prone to contaminatéod foulingthat have been demonstrated to cause adverse
effects in applications such as hospital sanitation, window fogging, and biocontami@atigequently, there
is a crucial neetb developantiwettingsuperhydrophobisurfacegSHSs)in order to minimizeand eliminate
surface contaminatiott:>>21® The superhydrophobic behaviouwf these surfacesan be attributed to
hierarchical or nanoscakurfaceasperitiesand roughness stetures, as highlighted in Section 2.2.2:420
The study of SHSs is fairly mature,cathere have been many proposed surfaces that have demonstrated
excellent water repellend§®??* However, there still remain a number of challenges that inhibit the
performance andide-scale application of SHSs. Most notably, SHSs are prone to deactivation due te Cassie
to-Wenzel (C2W) transitionsyhich has resulted in a significant amount of research into preventing and
reversing C2W deactivatioif.*®* Another key challenge is the difficulty in developing models to capture
superhydrophobic surface behavioMrany of these challenges canlid@wise overcome through the use of
the aforementioned FBAFKMC algorithm discussed within the previous chaptblevertheless, there still
remain key issues on haw implement FBMFKMC to capture droplet spread on an SHS. Unlike ideally flat
surfaces, the textured surface of an $H8nges as a function of space and therdéfisaecessary tmap the
solid surface structure itsaffithin the MFkKMC model rather thassume it to remain spatially homogeneous.
Furthermore, the droplet spreading behavinodlranges bet ween t he gapsandf an
therefore it is necessary to accommodate for the additional playglanodel consideratiotisat occurdue to

the surface heterogeneity. addition,the model must be adapted to accommodat€2W transitions

To address the challenges outlined abtweaim of this chapter is texpand the FBMFKMC model to
capturesessile droplet spread on SH3&e proposedsHSbased MFKMC (SH31FkMC) modelwill be
modifiedusinga Periodic Unit (PUgrid mechanism developed to accommodate for the spatial hetertgenei
in the SHS. Furthermore, it will analyze the conditions and underlying physics necessary to Casisiee
mode droplet spreadirand to predict the C2W transition. These results will be subsequently validmiedt
experimental results from thediature anéssessed via sensitivity analysiection 7.1 willdescribehe PU
method used to model an SHS and it will furthermore destitdenodifications made to the MFkMC model
to captureboth superhydrophobic droplet spreadiagd C2W transitionsSection 7.2 will subsequently
validate the modelvith regards to both Cassie regime spreading and .Ci2W¢ section will additionally
provide further analysis on the effects of 8t¢Sstructure on the droplet behaviaurd whether iindergoes

C2W. Concluding remarks will be provided 8ection 73.

122



7.1 MFKkMC Algorithm for Superhydrophobic Droplet Spread

In order to capture sessile droplet spreacan SH31singSHSMFKMC, it is necessary to modify this
modelling approach in order to accommodate for the different solid surface structure and new physics that take
place as a result of theolid surface spatial heterogeneitighis section will therefore outline each of the
modificationsthat weremadeto captureghe superhydrophobic behaviolihis section wilinitially provide an
oveniew of the Periodic Unit (PU) technique developed to efficiently model the structure of the
superhydrophobic surface. Subsequently, it priisent the modificatiomaade to the triple contact line force
balance equatiorand to th&sSHSMFKMC algorithmto accommodate faCassie droplet spreading on an SHS
In addition this sectiorwill alsoprovide an overview of the different methods thateniacorporated tpredict
C2W occurrencesNote thatthis chapter is predominantly focused on capturing the Capstadingegime

of a droplet on an SHS and determining whether it would undergo C2W transitions.

7.1.1 Superhydrophobic Surface Represenation using the Periodic Unit
Method

One of the most defining physical features of SH® the roughness asperitthat are responsible for
t h e s usupkrhydrephobiproperties. In an artificial SHS, these asperities frequently take the form of
periodially-spacednearidentical pillars separated bgaps, as illustrated in Fig. A1These pillarscan be
manufactured in a variety of different shapasd each different pillar design affects the superhydrophobic
properties of thesurface Note tha although there are a wide variety of different pillar structures available to
study, this workonly considers SHSs that hatrapezoidal pillar desigin where thetops of the pillars are
square®f length® j;, the bottoms of the pillars halengths of @ j, , and the pillar heights ai® , as illustrated
in Figs. 7.1kc. Furthermore, thpillar walls intersect the surface below it at an angle gfas highlighted in
Fig 7.1b. Note thatr is measured with respect to the surface normal vector (i.e., the vector orthogonal to the
bottom surface of the SHS), such that Twhen®; & and®y . Consequently, the angle
showcased in Fig. 7.1b corresponds to w 1tfdr the sake of viewability Finally, the pillars are separated
by a gap ofo; and® ;; between the tops and bases of the pillars, respectivetg. tNat the majority of SHS
pillar designs considered in this work will have a rectangular prism ghape O, Of, Of

@), as illustrated in Fig. 7.1.

The SHSMFKMC modelpresentedn Chapter Bvas designed to capture sessile droplet spread on an
ideally flat, spatially homogeneows®lid surface As a result, the model had no need to accommodate for any
spatial variationsn the surface height and therefore the surface could be represented b@ flaneto
minimize computational costslowever, in the case of a pillared SHS, these assumptan®t be applied

and therefordt is necessary tmap out the surface height at every point in spilomethelessmapping the
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Figure 7.1:a) Superhydrophobic surface structure consisting of periodic pillars; b) side view of tr
trapezoidal (rectangular) pillars considered in this studigpiiown view of the trapezoidal (rectangula

pillars considered in this studiote that the angle shovaea in this figure correspondseto  w TIsInce

* is measured with respect to the surface normal vector

geometry of the entire solid surfag@uld be computationally and memory intensive, and it would eliminate
one of the key computational advantages of using MFKMC that sites not directlpn a moving interface

can be ignored). As a resultjstnecessary to develop an alternative method to efficiently capture the shape of
an SHSso that it is not necessary to stone entire solid surface structurhis goal can be accomplished
through theuse of the Periodic Unihethod which decomposes the solid surface into simmdodic units

(PUs) thateach consisting of a single solid pillar as illustrated in Fig.Thse PUs are defined such that on

a periodicallyrepeating pillared surfaceach PU is identical and therefotieey can be tiled together to
represent the entirety of the solid surfdéerthermore, because each PU is assumed to be identical, it is only
necessary to have a detailed mddeh single PUand therefore this methoarm represent theompletesolid

surface in a memorgfficient manner.
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Figure 7.2: Top-down view of the decomposition of a periodicallyaced pillared SHS into PUs

The PU method can be readily coupled together 8#i$MFkMC to efficiently determine thieight
of the solid surface at any point in space alongitioplet triple contadnterface.ln this manner, whenever a
new interface site is created within the MFkNMt@mework(i.e., according to Stepd the MFKMC algorithm
as presented iBection3.2), the SHSMFKMC model will determine the location of the new interface aite
share this information with the PU methlghon receiving the interface location, the PU methididdetermine

where within its respective PU that the site is located, asifsilo
O 5 6¢&yp —m oy — (7.1)
O 5 GE gy —bb oy —0 (7.2)

wherew  j andw i denote thecartesian xand yaxis coordinates respectively of timerfaceQ
location within its own PUelative to the PU centety, ; andwy;  denote lhe cartesian xand yaxis
coordinates respectivedf theinterface’Qocation on the complete droplet surfaektive to the droplet center;
0 j anda { denote thdength(along the xaxis)and width(along the yaxis) respectively of the Rldndthe

i T Aunctionoutputs the remainder of division between two numBemsndQ (i.e., the remainder & 7Q )

as follows:

aé¢ Mo Q q&rad (7.3)

Figg7. 2 additionally provides a visual representa
coordinates according to the PU meth@nce t he interface siteds coordi

determined, thd?U method willcheck thesolid surface heighbeneath the interface sitnd return this

information to the FBMCKMC algorithm This information willbe subsequentlyisad to determine whether
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the newly-formed interface site is on top afpillar or ovetop of a pillar gapNote that when using the PU
method, it is ideal to select the MFKMC spatial discretization paramstgh thatt ; anda 5, as well as

the pillar widthc ;, and interpillar gao i, are integer multiples of.

The proposed PU methatiscused aboves ideal for capturingsmoothSHSsconsisting ofidentical
repeating pillar structures in the absence of surface roughness. Howe&venethod can benodified to
pseuderandomlyaccommodate fgootential surface roughnegsdividual irregularities in the pillar structure
or other differencebetween various PU%his can be accomplished usingseuderandom number generator
to assign moleculdevel roughnesstructuresand other surfacaberrations to an individual Plaked on the
PUds c o ¢r i hadohgehe PU gridWhen a solid surface is decomposed into individual PUs using
the PU methodthe surface is interpreted as a grid of repeating REs resulteach individual PU can be
assigned its own intger index value that denotés location on the solid surface, as illustrated in Figa.7.3
This index can be subsequentled to generate a unique seed for a pseartitom number generator that can
then be used to describe where surface irregularities would occur for that givas iRustratd in Fig. 7.3b.
Since the surface aberrations girmeuderandomly generated in a manner thatuigquely linked to the
coordinates of an individual PU along the PU gitidyill guarantee that the same features will be generated
every timefor the same PWvithout having tostore the entire solid surface. Note that when this surface

roughness variant of the PU method is combined with a stochastic modelling approachstvikMC,

a) b)
O 0 080 0O O
-2,1) -1,1) ©0,1) (1) 2,7
O 0 O L]
(-2,0) (-1,0) (0,0) (1,0) (2,0)
I 0 O O O w — o
Seed 130 Seed 157

-1-1) (0,-1) (1,-1)

L]
s 5@ Ew L

Seed = 25(5+ x,, ) + 5+ ¥py

HE
L]
L]
g

Figure 7.3:a) When mapping an SHS using the PU method, the surface dévsddéd into a grid of
individual PUs, which each have their own uniqueger coordinates on the PU grid; b) theorized
roughness profiles for different PU pillars generated pseaddomly lased on their PU grid coordinate
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it is necessary to use a secanddom number generator for the PU surfgeaeration that isompletely
independentrom the generator used for the stochastic methaodder to prevent biasing of the MFKMC event

selection

7.1.2 Force Balanceand MFKMC Algorithm Modifications

Whena dropletundergoes Cassie spreadiogertop ofan SHS, it willshowcasdlifferent behaviour
depending on whethdéne dropletriple interface is advancing on top of a pillar or overtop of the gap between
pillars, as illustrated in FigZ.4. While crossing theintep i | | ar g a psdocal adviareingdronbiprioe t 0
longer defined by the local solid/liquid/vapour contact line but by the local droggbetur interfacelue to the
absence of a solid surface. However, upon reachmgext pillar, the dropletill subsequently create a new
local triple contact linesdepicted ithe figure In order to account for iklateral interpillar droplet spreading
the SHSMFkMC algorithmdefinesa second type of interface thsitised to advance/recede the droplet across
the gapswhich is referred to as the vapour/liquidpour (VLV) interface Accordingly, theVLV is used to
advancé&ecedehe droplet until it reaches the next pillar surface, where it will create a new triple contact line
(TCL) that will continue to advancer recede Consequently, the VLV can be seenaasextension of the
dropletds | ine of advancement ( jalom.withdhe dreplettTELNOR i 0 n

thesurface pillar topsspecifically defined for crossing gaimsthe absence @ triple interface.

When a droplet is mowmg across the gap between two pillars, it will experience different forces compared
to when it is advancing on top of a pillar surface (i.e., VLV and TCL droplet interface sites will have a different
force balance acting upon them). As a result, it is $sar® to modify the balance of forces for VLV and TCL

a) b) c)

— e —>

m==  Triple Contact Line

= mmmme= ] ower Liquid/Vapour Interface
Figure 7.4:a) The advancing front of the sessile droplet is defined using the triple cont4ciCine
when in contact with the solid surface. b) When the advancing front is located over the gap betwe
SHS pillars, it cannot be described using the triple contact line; it must be instead described usi
vapourliquid/vapour interfac€VLV) between the pillars. c) Once the advancing front reaches ano

pillar, it can once again be described usingTiGé&
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sites in order to accommodate for these differences. In additiorSHISEMFKkMC algorithm method is
observed to induce phantom pinning of the droplet interface along the edges of pillars when thentnoiveme
the droplet interface changes direction (SHSMFKMC falsely predicts that the droplet will pin on the edges

of pillars when the droplet stops advancing and starts to recede). This phantom isihiego the method

used bySHSMFKMC to define the interface, and consequently it is necessary to implement additional rules to
prevent this unrealistic behaviour. TB#ISMFKMC force balance equations can be modified in order to
accommodate for both the differences in physics between VAV @i sites, and to prevent phantom pinning,

as follows:
0 — (7.4)
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where0  denotes the ratio of the underside of the droplet in contact with the solid surface pillar tops;
0 denotes the surface area on the bottom of the droplet (i.e., the part of the droplet that would be contacting
the solid surface on an ideaiynooth surface) denotes the surface area of the droplet in direct contact
with the pillar topsp  p; andb  { denotes the velocity of théh interface site before and after it is
modified to accommodate for the phantom pinning, respectively; ; is the predicted velocity of tHE
interface site if it had the ppsite surface designation (i.e., if siiwas a VLV site{— “ instead ofa TCL
site  — , andvice versa); j denotes the energy barrier angle for a receding interfac@siperiencing
genuine pinning along the pillar edgesiday  ; — denotes the velocity for sit€alculated using an

equilibrium contact angle; — In these equationghe termu in Egs. (7.4) and (7.5) is used to
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accommodatlow the soliair ratio beneath the droplet affects bothwiseous damping and capillary forces.
Furthermore, Eg. (7.5) accommodates for the differing physics experienced by the VLV sites as well as the
effects of droplet pinning on the pillar edges while receding. In addition, Eqs(777®)are implemented to

prevent unrealistic phantom pinning that was observed to occur on the SHS due to the underlying assumptions
behind MFKMC.In particular, Eq. (7.6) calculates the velocity of a TCL interface site as if it was a VLV
interface site, and vice versa. Subsedyeliqg. (7.7) assesses whether or not the interface site is on a pillar
edge. If the interface is on an edge, then this equation averages the expected interface velocity calculated using
Eq. (7.5) with the modified velocity calculated using Eq. (7.6)efitlterface is on a pillar edge. However, if

the interface is not on a pillar edge, this equation sets the velocity to be the expected velocity predicted using
Eq. (7.5) Further information abowach of the aforementioned complicatiansl the derivation of Egs. (7-4)

(7.7) can be found in Appendix

7.13 Cassieto-Wenzel Transitions

One of the most cruciahallenges affecting SHS design is that the surfaces are prone to deactivation
due to stface fowling via Cassio-Wenzel transitionswhere sessile droplets become pinned via Wenzel
wetting mechanisms within the roughness asperities as discussed in Qe2RaB. Consequently, it is
important to accommodate for these phenomena when nmgd8HSs using a method suchSt$SMFkMC.

This section will predominantly focus on the fundamental processes necessaBHIMFKMC to
accommodatspontaneous C2W transitions on an SHS. Note thahithi®ss can be modifieddoccommodate
for induced CRV transitionge.g.,throughthe application of external pressumevibrationto a sessile drogr
C2W via evaporationhoweverthese transitiongvere not considered within this work for the saketiofie.
C2W transitions are known to spontaneously occur on anvi&Hi®/o different mechanisms, i.e., via droplet
sagand via spontaneous-génning In order to accommodate farese transition mechanisms, it is important
to understand thieehaviour of theropletas it crosses intggillar gapsWhen a sessile droplet advances across
a gap between twmughness asperitigs will experience curvature and sag downwards due to capill#rity.
the height of the pillars does not exceed the height of the droplehsaghe droplet will contact the bottom
surface of the gap and spread, transitioning the droplet intéVhezel stateas illustrated inFig. 7.5
Consequently, it is necessanjiioorporate the droplet sag height into 8#¢SMFkMC model to predictvhen
C2W transitions will begin to occur. Note thaetMFKMC algorithm itself does not direc8imulatethe entire
curvature of the droplet sag as it crossemp, but rather it captures the horizontal droplet advancement using
the VLV approach discussed in the previsestionin order to reduce the computational coblswever, the
VLV approach can still be modified to accommodate for sag hdiggeneral, the height of droplet sdg
at a given pointalong the droplet@vancing interface depends on the distance froniit¢he nearegillar
that the droplet is in contact wifR2 ;) and the intrinsic contact angle, and can be depicted according to
the following equatiori??
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N 5 Q j

In orderto accommodate for C2W via droplet sdgg SHSMFKMC model was modifiedo calcuate
thesag heightor everyVLV interface site Each time that the droplet would advance over the gagHg

MFKkMC algorithmwould calculate the distand@

pillar edgesand use it to calculate the local sag height according t¥B8j.as illustrated ifrig. 7.6 However,
calculatingQ j can be computationally difficufior a stochasticalladvancing droplet whoseaterface is
continuously evolvinggn a molecular leveln order to overcome this issuhis workapproximated theadial

spread of the droplet as a perfect circle when calculétimglistancé

i between the new sit@nd the nearestropletcontacted

(7.8)

i. Note that this assumption is only

applied for the sake of calculating the drop sag, and that it is not used when simulating the radial droplet spread

across the SHS usir@HSMFKMC. In addition,the droplet sag implementation in this watddivides the
gapspacewithin a PUinto tworegimestheprevious Pltontactregime Regimel) and the current Ptontact

regime Regime2), as depicted iffrig. 7.7 According to this method, Regime 1 is used when the droplet is

not considered to hi@ contact with the pillar within its own Blih this method, the distances are calculated

between the selected droplet site and the pillars in each adjacent PU, armitdst distance is selected to be

‘Q  j. On the other handRe g i me
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b)

a)

.
ﬁ’“:
re

ewall i

I
[

M{;db; vd |

mec, vd

M!L; vd

Figure 7.5: Mechanisms of C2W transitions via: a) Sag impalement; b) Sidewall depinning
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Figure 7.6: Calculation of droplet sag height based on its distance from the nearest pillar

own PU and therefore this distance is used to calcllatg,. The method implemented in this work further
subdivided eactof these regimes into two different stdgimesthat describe wheth& j for a given site
“Gshould be calculated based loow the minimum distance to the closest pillar should be calculBibedsag

of a droplet at an interface sitfeélepends o the distanc&® j between the site and the neangsint on the
pillar edge that is also in contact with the droplet, the nearest point on the pillar edge that is wetted by the
droplet When the droplet first advances into a new PU (Reginee first contacts a new pillar within its own
PU (Regime 2), theninimum closest point of contacin the nearest pillar will ndie wetted by the droplet
(according to the circular droplet approximation), and consequéntly, will need to be calulated by
following the outer circumference of the droplet interface until it contacts the nearest pillar, as illustrated by
Regimes l1a and 2a Fig. 7.7. However, as the droplet advances, the clgskast edgesite tothe ‘®interface

site will eventually wet (i.e., it will eventually be in contact with the droplet). Once this occurmitiimum
distanceQ  will be equal to the minimum distance between thsite and the closest pillar edge site, as
illustrated by Regimes 1b and 2bHigy. 7.7. Each sukregime determines th&osest wetteghoint along the
edge of the nearest droplaintacted pillato the chosen sit®and thercalculates the difference betwethie

two points (i.e., the distan& ). The SHSMFKMC algorithm then calculates the sag height and compares
it to thesurface pillar height to determine whether or not the droplet will undergo C2\dfaftet sagas
highlighted within theSHSMFkMC algorithmin Section 7.1.4
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Figure 7.7: Calculation é the distance from the interface to the nearest pillar: a) The method in wt

‘Q  is calculated depends on whether the droplet (via the circular droplet approximation) is no
contact with the pillar within its own PU (Regime 1) or whethepé#glcontact the pillar within its own
PU (Regime 2); b) Each regime can be furtherdiuliled into two sulregimes depending on whether
the closest point of contact on the nearest pillar should be determined by following the circumfere
the assumedasfect circle from thé& droplet site to the nearest pillar (Regimes 1a, 2a) or whether f

distance can be calculated directly betweeri®site and the point on the pillar (Regimes 1b, 2b)
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When a Cassie regime sessile droplet begispread across an intpillar gap on an SH3he droplesagwill
form a triple contact interface with the vertical pillar walls at the pillar edge, which ceatdagorized by the
contact angle— , as illustrated irFig. 7.5. This triple contacinterface willtypically remain pinned along
the pillar edge for SHSs not prone to spontaneous.G&ever this interface caalsodepin andadvance or
recede vertically along the pillar wallthe vertical forces acting upon the interface (ethye gravity force
vertical inertia, etd.aresufficientlylarge enough to overcome the capilkainjven pinning.This behaviour can
furthermore result in spontaneous C2Wthé interface advances far enouglong the pillar walls that it
contacts the bottom solid surface, as showFign7.%.When t he dropl et ds vert
it will advance or recede along the pillar wadicording to vertical advancing and receding rates ; and
® [ , whichare captured according to the moving interface rates presented ifb Bj$5.5). These rates
are influenced by the vertical balance of capillamgrtial, viscous damping, angravity forcesacting on the
interface and can b describedising thefollowing force balance

TQp—E 0 g — oy —he (7.9)

where’Q i denotes the distance ti&droplet sagitehastravelled verticallyalongthe pillar wall 0

denotes the vertical velocity of the droplet;sagd— j denoteghe contact angle between the droplet sag

and the pillar wall at a TCL sit@Note thatvhen the dro@t has finished advancing over the gap between two

pillars,’Q j can be replaced byalf of the interpillar gapdistanceat the top of the pillai'—ﬁ. Furthermore

note that Eq(7.9)is the same equation as the force balance for capitdign between two parallel platés.
order toaccommodate fospontaneou€2W via depinning, th6&HSMFKMC algorithm was modified to
incorporate the advancing and recedingvement of thevertical droplet sag TCL This vertical droplet
movement was integrated bgrarranging Eq. (7.9)ith respect to the velocity, as follows:

b —F h _ h PO B SR C—ﬁd)é‘i‘ 5 (7.10)

Subsequently, this equation is substituted Bgs.(5.4)>(5.5) to derive the rate equations for ved
droplet movemend j pandw f jinthe same manner discussed in Chapters 5 afttk6vertical rates

of movement were incorporated into the pool of possible events withBHE&MFkMC model such that they

cal

would be randomly selectéd occur. If the droplet interface began to advance, the algorithm would keep track

of its position and wuld double check to see if the sag height wandohe in contact with thbottom solid

surface. If this contact were to occur, then the droplet would be considered to have transitioned into the Wenzel

state.Note that in order to reduce the overall compateal cost and memory requirements, it was assumed

that once the droplet VLV had completely advanced over the gap between two pillars, the vertical TCL would
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not experience any significant depinning or movement if it had not already done so, as thetdhved |,

and therefore theag contact angle- j would remain constant. As a result, this model only considered the
droplet sag TCLs adjacent to gaps along the edge of the doofitetse that were still experiencing movement
so that # TCLs towards the center of the droplet bottom could be disregarded.

7.1.4 SHSMFKMC Algorithm for Sessile Droplet Spread on an SHS

Cassie wetting sessile droplet spreading on an SHS is an intricate and complicated process that features
significantly atered physics compared to droplet spreading on a smooth surface. Consequently, in order to
capture this behaviour usigiHSMFKMC, the FBMFKMC algorithmhas been substantialiyodified in order
to accommodate for the new physics and additional challehggtdighted in Sections 7.171.1.3.
Accordingly, the completSsHSMFKMC algorithm to capture sessile droplet spread on an iSHBstrated

in Fig. 7.8andcan be described as follows:

1. Initialize the SHS using the PU method according tdPait sub-algorithmshownin Table 7.1
2. Settheinitial time t®@ TS
3. Initialize the system to depict the droplet on the surface
3.1. Initialize the MFKMC lattice to depict when the droplet contacts thiase by marking the droplet
and atmosphere interface sites accordingigo 7.9
3.2. Calculate the initial properties of each interface "Sitsingthe Sitelnit sulralgorithmpresented in
Table 7.2.
3.3. Setv f U j foreach interface sit€@
Determine the timé 1 dvhen the droplet interface will move according to Eq. (3.11)
Update thdéime-dependengvent rates
5.1. Updateb j according to Eqgs. (7.5).7) and (7.10)
5.2. Updatew § andalculatew jandw f according to Egs. (6.1§6.3) and5.4)(5.5)
6. Apply MC sampling to select a random interface event at &aiteording to Eq. (3.12)
6.1. If the selected event is a vertical droplet spreading event:
6.1.1. Execute the event at sif@&ccording to th&/ertEventsubalgorithmin Table 7.4
6.1.2. If site Qs now a droplet site an@ ; O, then the droplet has undergone C2W via
spontaneous depinning
6.2. If the selected event is a horizontal droplet spreading event:
6.2.1. Execute the event at sit&ccording to thélorizEventsubalgorithmin Table 7.5
6.2.2. If site (s now a droplet site ardl  j;  "O, the droplet has undergone C2W via droplet sag

7. Repeat Steps-@ until either the droplet has undergone C2W or the final imed has been reached
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Initialize the SHS using the PU
method as outlined in Table 7.1

|
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Initialize the droplet surface
according to Fig, 7.9

|

Calculate initial parameter values using Table
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interface site i

|

Calculate initial parameter rates according to
Egs. (6.1)-(6.3)

}

Increment time by &t L
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Figure 7.8: Flowchart of the SHS1FkMC algorithm
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Interface Air Site . Interface Water Site

Bulk Air Site Pillar Top Site

Figure 7.9: d) Initial configuration on the MFKMC lattice for the moment when the dropletifinsacts

the solid surfaceb) Side view of the droplet when it first impacts the solid surtd@n SHS

The above algorithm highlights how the PU method, vertical droplet movement along the pillar walls, C2W
detection, and pillar edge detection are accoohaied into the FBAFKMC algorithm tobuilt the SHS
MFKMC processThrough the inclusion of theggocesseghe algorithm is able to accommodtie specific
featuresassociated with sessile droplet spread on an Sid@&ever, the SHS3IFKMC algorithm is baed on

the MFKMC algorithm outlined in Section 3.2, and therefore it is subject to the same MéHdl€nges and
limitations outlined in Chapter 3. Furthermore, the additional physics and features incorporated into the SHS
MFKMC model impacts the computational efficiency of the model and consequently, the model is
computationally slow compared to the #8-kMC model usedo capture sessile droplet spread on a smooth
surface. In particular, the formation of vertical triple contact interface sites along the edges of each pillar

significantly increasgthe total number of interface sites considered within the model, theasiiag its overall

Table 7.1 ThePUinit sub-algorithm

1. Initializeaa ; & p rectangular space to represent a single PU
2. Discretize the PU interior space according to

3. Determine and storne surface heightO at each discretized point based on pilar physical

structure(i.e. 5, M 5, O, and® ), as illustrated in Fig. 70
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Figure 7.10:Determining the heighiO of the SHS relative to the pillar top while initializing the PU

methodfor a sample pillar geometrg) top view; b) Side view
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Table 7.2 TheSitelnitsub-algorithm

SetY | T based on the polar coordinates o for site'Q

Determine the surface height below site’Q

2.1. Determined jandw  {accordingtocy j fuy i using Egs. (7.17.2)

2.2. Determine and outpU® at the point @ i o r within the PU

2.3. If 'O T (i.e., ontop of the pillar), mark sit&s a TCL site

2.4. If'O T calculatéQ  using Regime 2b and calculate { according to Eq. (7.8)
24.1. If X 5 'O, maksite@s a TCL site

24.2. If XN { 'O, markthe site as a VLV site

Record how many nearest neighbour sites@at 1 oy, 7 and o, f hy [ are
droplet sites
Record how many nearest neighbour sites@at 1 oy, f and & { hy, y are

droplet sites

Determine if sitér one of its nearest neighbour si@border a pillar edge according to t

EdgePillarsub-algorithmin Tade 73.
Calculate—using Eq. (2.11)
UpdateY ,w ¢ ,0 ando

Calculated ,w pfandw j according tcEq. (7.4) andEgs. (6.1)(6.3)

computational cost. However, this challenge can be overcome by excluding the vertical TCL sites around a

pillar once the droplet had completely crossed the gap to the adjacent pillars in order to minimize the considered

number of interface sites, as higffited at the end of Section 7.1.3.

7.2

available from the literaturdhese studieg al i dat e t he moapteré sessile drapletispraadingt o
on an SHS, and its ability to predict C2W transitiolkis sectionadditionally investigates the model
predictionsand highlights its general ability to capture sessile droplet spread on anrBése. resultare

furthernore usedo analyze the behaviour of sessile droptgeadingon SHSsandto determine theurface

Model Validation and Analysis

The objective of this sectiofis to validate the proposed SHBHSMFKMC algorithm against data

structure criteria necessary to prevent spontaneous C2W.
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Table 7.3 The EdgePillarsub-algorithm

1. Analyze the state of sit@nd each its nearest neighbo@s
1.1. If site ‘(s both a droplet interface site and a TCL site:
1.1.1. If any nearest neighbot@is both an atmosphere interface site and a VLV site:
1.1.1.1. Mark site’as a pillar edge droplet site
1.1.1.2. Calculatg ¢ according to Eq. (2.7)
1.1.1.3. Initializev U andsetQ 1
1.1.1.4. Calculatew  pandw f j by couplingd  with Egs. (5.4)5.5)
1.1.2. Else:
1.1.2.1. Mark site’(as not a plar edge droplet site
1.1.2.2. Setf ; -radians
1.2. If site ‘(s both an atmosphere interface site and a VLYV site:
1.2.1. Mark site"@as not a pillar edge droplet site

1.2.2. Set ; -radians

1.2.3. If any nearest neighbour sitis both a droplet interface site, a TCL site, and is

currently a pillar edge site:
1.2.3.1. Mark siteQas a pillar edge droplet site
1.2.3.2. Calculatg ; according to Eq. (2.7)
1.2.3.3. Initializev 5 © andsefQ
1.2.3.4. Calculatew [  andw { { by couplingd j with Egs. (5.4)5.5)
1.3. Else:
1.3.1. Mark site"as not a pillar edge droplet site

1.3.2. Set j; -radians

The SHSSHSMFKMC algorithm implemented within this work was validatesing experimentatata
obtained from the literaturm order to assess its capabilities of capturing both Gassie sessile droplet
spreading and spontaneous C2W transititmsrder to conduct these validation studies, SHSMFkMC
model was used to captutes spreadin@pehaviourof droplets of water dropped onto various Sk8ssisting
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