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Abstract

For many 3D computer vision applications, accurate camera calibration is a necessary
pre-requisite task. Generally, the objective is to �nd a camera's intrinsic parameters such
as focal lengths, or extrinsic parameters such as the camera's pose in 3D space, or both.
Camera calibration using structured calibration targets relies on special patterns which
contain features that are used to localize control points with sub-pixel accuracy. The
most frequently used patterns are checkerboards and circle grids, and in well constrained
environments, these patterns are known to provide accurate feature correspondences for
accurate camera calibration results.

One challenging case for camera calibration is in the instance of calibrating a long focal
length camera. In this case, the focal plane can be too far away in distance, and the only
practical solution is to capture images of the calibration pattern out-of-focus while it is
closer to the camera. Due to the radial distribution of out-of-focus blur, and biases created
by a lack of distance preservation, as well as changes in spatial blur with perspective,
checkerboard patterns have been proven to lose accuracy when they are captured in out-
of-focus images, and with increased blur, can fail to provide feature correspondences all
together.

To address this, phase-shift circular gradient (PCG) patterns had been proposed as a
method to encode control point positions into phase distributions, rather than through
pixel intensities. Our work aims to validate previous authors claims of out-of-focus blur
invariance and accuracy when using PCG patterns. Using PCG, small circle, and concentric
circle grid patterns, we made comparisons using their respective retrieved pixel value focal
lengths, and in-focus vs. out-of-focus percentage di�erences.

Initial comparisons showed that PCGs were largely invariant to blur. However, their
accuracy was marginally worse than comparable small circles when real-world noise was
introduced. In this real case, a 7-DOF robot arm was used for repeatable calibration target
positioning. The recorded set of poses was also used to mirror conditions in a further
synthetic experiment. From this work, PCGs initially showed mixed results, but when
extended beyond real-world conditions, PCGs were the only pattern that worked under
the most severe levels of out-of-focus blur. This validated their improved detectability
under extreme blur, and theoretical e�ectiveness for use with long focal length cameras.

From these results, this study acknowledges the trade-o�s in calibration pattern selec-
tion for respective use cases. It also highlights the importance of ellipse �tting techniques,
as well as acknowledging the role of other learned methods. Finally, this study outlines
the bene�ts that were observed when using robotic target positioning, and our synthetic
validation pipeline for experimentation with calibration patterns under various conditions.
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Chapter 1

Introduction

1.1 Background

A common challenge in various camera-based computer vision applications is to accurately
relate the 2D points in a captured image to the 3D points in a natural scene. This re-
lationship requires accurate knowledge of the camera's internal (intrinsic) parameters. It
also requires knowledge of the camera's extrinsic parameters, which de�ne the camera's
pose, or translation and orientation in 3D space. Fundamentally, camera calibration is a
procedure that is performed to determine these parameters and typically relies on a cali-
bration target with patterns of known shape and size. Although several methods [75, 87]
have been well established, camera calibration continues to be an active area of research
as the requirements of dependant computer vision applications grow.

Generally, a camera requires initial calibration after the physical components such as
the lens, image sensor, and electronics have been manufactured and assembled. However,
they can also require re-calibration in the �eld. One reason is that re-calibration might be
an inherent requirement for a particular computer vision pipeline. Applications such as
structure from motion (SfM), and simultaneous localization and mapping (SLAM), require
frequent translations between 2D and 3D, and continuous re-calibration can be required
to update camera parameters when a camera is re-focused on a new object. Cameras can
also require re-calibration because of other factors such as wear and tear, vibrations that
shift components out of alignment, or other environmental factors such as temperature
that cause a camera's parameters to gradually change over time [47].

Depending on the application, camera calibration methods can follow di�erent ap-
proaches. Vision systems in mobile robots [22], or autonomous vehicles [47], require fre-
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quent camera parameter estimation updates, and cannot rely on structured calibration
targets owing to the dynamic nature of their working environment. These applications
often rely on self or auto-calibration methods that use natural scene features which are
found in streams of images where features like planes and vanishing points can be identi�ed
and used to recover camera parameters [15, 37]. Other attempts have also been made to
recover camera parameters directly from images as a data-driven end-to-end process using
deep learning (DL) techniques [43, 57, 82, 90]. Although several auto-calibration methods
currently exist, they approach calibration in di�erent ways using di�erent numbers of im-
ages, stereo vs. monocular camera rigs, and di�erent training sets that are derived from
real or synthetic images.

In well constrained environments, it is also possible to perform camera calibration using
carefully designed calibration targets. Compared to auto-calibration, calibration using
targets can be a better controlled approach, which is preferable for initial calibration where
higher accuracy is needed. Camera calibration targets can consist of 3D objects [39, 81],
�at planes with 2D patterns [17, 18, 24, 26, 31, 46, 63, 77, 78], and 1D patterns [88]. Owing
to simplicity and low cost, 2D calibration patterns have been the most popular choice of
calibration target, and have been studied the most [17, 18, 24, 46, 77, 78]. 2D Calibration
targets typically use checkerboard or circle grid patterns, but many other patterns have
also been proposed [30, 39]. It is also common to distinguish between passive and active
2D calibration targets. Passive targets rely on a single image which can be printed and
mounted on a rigid surface, and active targets rely on a digital screen which is needed to
display multiple consecutive images of a calibration pattern. Another clear distinction is
that passive targets re�ect light, and active targets emit light.

For both active and passive methods [13], when 2D targets are used, multiple images
need to be captured of the target in di�erent poses. Once the images are acquired, feature
points or control points are detected from the 2D image of the pattern. These control
points provide input to the subsequent calibration process steps along with prior established
metric information about the calibration pattern, such as feature size and distance between
features. Using these inputs, initial estimations of 2D to 3D correspondence are made to
determine the homography between target planes with an approximated camera model
containing intrinsic parameters. Further re�nement is performed using associated points
from all other images by re-projecting them with the initially estimated camera model.
Using the reprojected points, the re�nement step is cast as an optimization problem where
camera parameters are varied to minimize re-projection error. Although many methods [11,
56, 58, 75, 88] exist, a typical example would be to minimize error using linear least-squares
minimization, followed by non-linear re�nement using one of many potential methods such
as Gauss-Newton [70]. Other approaches could be to �nd the fundamental matrix by
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solving a system of equations and matching feature pairs which can be performed using
random sample consensus (RANSAC) [64]. In any case, the accuracy of calibration is
a�ected by the accuracy of control point localization and the degree of optimization process
convergence, which can be signi�cantly in�uenced by the choice of the loss function and
error approximation threshold.

1.2 Problem

High calibration accuracy is essential in 3D computer vision applications where metric
information is considered. In 3D reconstruction and non-contact optical measurement
applications, inaccurate calibration will lead to incorrect 2D to 3D correspondences. It
can cause vision systems to fail or operate outside of acceptable tolerances. Although
several accurate methods [29, 87] have been proposed to date, accurate determination of
camera parameters can be hindered under certain conditions. This is particularly true
when calibrating long focal length cameras in tightly space-constrained environments. In
these situations, it may not be possible to place the calibration target within the camera's
minimum focusing distance, as a result, blurred or out-of-focus images will be captured.
Consequently, with out-of-focus images, traditional calibration methods can return inac-
curate parameters or fail altogether [46].

1.3 Aim, Objective, & Contributions

To address the problem of not being able to calibrate a long focal length camera within
its minimum focusing distance, the aim of this work is to better understand the conditions
that lead to more accurate feature detection for camera calibration, and to �nd the most
accurate method of performing camera calibration from out-of-focus images. To achieve
this objective, an extensive literature review outlines related work and methods, and ex-
perimental work is conducted to validate a recommended approach.

Using synthetic and real-world data, we compare phase-shift circular gradient (PCG)
patterns and circle grids to examine their relative calibration accuracy under out-of-focus
blurred conditions. Since the task of accurate control point localization from blurred
images is an initially ill posed problem, our �rst contribution is to demonstrate a technique
for positioning the calibration target consistently to remove geometric variability, and to
provide comparable results between focus levels. These are considerations that have been
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frequently overlooked in past work, and when left unaddressed, can contribute unwanted
geometric error, and generate results that are di�cult to compare.

To solve this problem, we use a robot arm for repeated calibration target positioning
in our real-world experiments. We also ensured that di�erent focus level images were cap-
tured without modifying the camera's intrinsic parameters, with the goal of minimizing the
di�erences between estimated parameters that are recovered after calibration. Further to
this contribution, we utilize the robot pose data to replicate and extend real-world exper-
imentation in a synthetic rendering environment, while simulating the real-world camera
setup and scene lighting conditions. This allows us to compare real vs. sim di�erences as
well as to obtain further results that would not be possible to observe in the real-world
setup, due to �eld of view boundary limitations vs. the degree of out-of-focus blur. To
our knowledge, this is the �rst work that has attempted to observe results from real-world
coupled synthetic calibration images, with this degree of replication accuracy and detail.
We also calculate calibration accuracy based on the distances between focal lengths for in,
and out-of-focus cases, which we believe is a better standard for comparison overall.
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Chapter 2

Theory

2.1 Pinhole Model Camera Calibration

In this section, we outline the theory of camera calibration as it relates to direct linear
transform (DLT) and the pinhole camera model. We also describe the most common
method that is regarded as a standard method [87]. From here, we establish a basis
for discussing the nuances and general approaches to solving the problem of performing
calibration from blurred images. For ease of understanding, we chose notation that best
relates to the broadest collection of previous works [33, 42, 52, 87].

First, we describe the typical relationship for the projection between 2D and 3D, where
ximg is a set of image point coordinates, or pixel coordinates of a point in the captured
image, K is the intrinsic matrix, T is the extrinsic matrix, and xw are the world point
coordinates or coordinates of a point in the real scene:

ximg = KTxw. (2.1)

To visually represent the relationship of points, as shown in Figure 2.1, we can see
where xw = (x, y, z) are the 3D coordinates of a point in the scene, and ximg = (u, v) are
the corresponding 2D pixel coordinates in an image.

From (2.1), the goal of camera calibration is to determine the camera's intrinsic pa-
rameters which are contained in matrix K (2.2) where (fx, fy) are scale factors [42]. In the
instance of a digital camera, these scale factors can be interpreted as the focal lengths in
the x and y directions in units of pixels. The parameter s represents the pixel skew angle,
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and (cx, cy) are the camera center. Most often, the image sensor pixels are square, making
s = 0 and fx = fy [52]:

K =

fx s cx
0 fy cy
0 0 1

 . (2.2)

Expanding this relationship and building from the notation of Hartley and Zisserman
[42], Forsyth and Ponce [33], and primarily Labussière [52], a pinhole camera (2.1), in
homogeneous coordinates can be represented as (2.3):

ximg = KpinholePTxw ⇔

uv
1

 ∝

fx s cx
0 fy cy
0 0 1

1 0 0 0
0 1 0 0
0 0 1 0

[
Rw tw
01x3 1

]
x
y
z
1

 , (2.3)

where P is the projection matrix and T is the extrinsic matrix that de�nes the camera
pose in world coordinates. Within T , Rw is the rotation matrix, and tw is the translation
vector. When P and T are multiplied, this can also be known as the pose matrix [64].

Using this projection model, K can be computed after �nding an initial estimate of H
where (2.4):

H =
[
h1 h2 h3

]
= λK

[
r1 r2 t

]
=

fx s cx
0 fy cy
0 0 1

r11 r12 t1
r21 r22 t2
r31 r32 t3

 , (2.4)

and λ is a scale factor. Note that the matrix consisting of r1, r2, t is a 3×3 matrix because
z is set to equal 0.

In DLT, we assume that the coordinates of ximg and xw are known. Using a minimum
of 6 sets of these corresponding point coordinates, we can perform singular value decom-
position (SVD) to �nd H. For camera calibration, Zhang's method [87] is often used, and
is widely regarded as a standard calibration method owing largely to its implementation
within OpenCV [5] and MATLAB [1, 70]. In this approach, only 4 corresponding sets of
points are needed to �nd an initial estimate of H, but unlike in DLT, the z coordinates of
xw, are not known. To provide a starting point, metric information about the calibration
target pattern is substituted into xw and z is set to equal 0. The most typical example is
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Figure 2.1. Pinhole camera based point projection from 3D points xw = (x, y, z) to 2D
points ximg = (u, v) adapted from "OpenCV: Camera Calibration and 3D Reconstruction"
[5]. Image licensed under the OpenCV Apache License, Version 2.0 (the "License").

using a checkerboard as the calibration pattern where the size and number of checkers are
known, and a minimum of 4 points can be provided relative to the checkerboard coordinate
system itself which provides starting values to xw.

Finding the initial value of H is then repeated for each image. Once the initial estima-
tions of H are computed based on the corresponding sets of points from multiple sets of
images, K can then be separated from H by exploiting certain constraints knowing that K
remains a �xed component across all images, while Rw and tw vary. Once K is found, the
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extrinsic parameters can be solved from (2.4) and (2.5):
r1 = λK−1h1

r2 = λK−1h2

r3 = λK−1h3

where: λ =
1

||K−1h1||
=

1

||K−1h2||
. (2.5)

Using the recovered intrinsic parameters K, and extrinsic parameters r and t, as per
(2.4) H is known and is used to make an initial projection from xw to points x̂img on the
image plane. The objective is to then minimize the sum of the error between the observed
ximg's and the projected x̂img's based on H (Figure 2.2). In solving this minimization, we
can model a more complex nonlinear function that accounts for radial and other types of
distortion. Conceptually, this nonlinear minimization task is categorized as a maximum
likelihood estimation (MLE) problem and can be solved using a Levenberg-Marquardt
algorithm [87] or any other preferred iterative MLE method.

Finally, the minimization problem can be generally stated as per equation (2.6):

min
H

∑
i

∑
img

dist(xi,img, x̂i,img). (2.6)

Figure 2.2. Initial projection X̂img vs. observed Ximg points, projected to xw world points.
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2.2 Additional Camera Models

Since the pinhole camera model only works for focused images, further models have been
created to account for the secondary light rays that refract through the lens. Labussière
[52] provides some examples of these models, which are shown in Figure 2.3.

As noted by Labussière [52], the thin lens equation, also known as the Gaussian lens
equation, establishes the relationship between object distance a, image distance b, and
focal length f and is de�ned by:

1

f
=

1

a
+

1

b
. (2.7)

Figure 2.3. Additional camera models, reproduced with permission from Labussière [52].

Based on this, Labussière [52] establishes the projection equation (2.8) for the thin-lens
model:

ximg = Kthin−lensTxw ⇔


x
y
z
1

 ∝


1 0 0 0
0 1 0 0
0 0 1 0
0 0 − 1

f
1

[
Rw tw
01x3 1

]
x
y
z
1

 , (2.8)

and Labussière [52] also provides an equation (2.9) for projection using the thick lens
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model:

ximg = Kthin−lensTxw ⇔


x
y
z
1

 ∝

Kthick−lens=


1 0 0 0
0 1 0 0
0 0 1− t

f
0

0 0 − 1
f

1

︷ ︸︸ ︷
1 0 0 0
0 1 0 0
0 0 1 t
0 0 0 1



1 0 0 0
0 1 0 0
0 0 1 0
0 0 − 1

f
1

[
Rw tw
01x3 1

]
x
y
z
1

 . (2.9)

2.3 Theory of Defocus Blur

According to Joshi [48], defocus blur is de�ned as: �a loss of sharpness that occurs due
to integrating light over an aperture with a nonzero area where the light source is o� of
the image focal plane�. From Wang [77], using the thin lens model, we can see that the
projection of a focused point, Figure 2.4 (a) converges at the focal (or sensor) plane.
However, the defocused image, 2.4 (b) converges past the focal plane. As a result, both
Labussière and Tang [52, 72] describe that the resulting projection of a point will create
an image of a disk on the sensor plane.

Figure 2.4. From Wang [77], thin lens model (a) in-focus, and (b) projecting defocus blur.
Adapted with permission from Elsevier.

From Joshi [48], the amount of blur depends on the aperture opening size, image sensor
pixel size, and object and focal depth. Under thick and thin lens model assumptions [72],
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defocus blur can be modeled using a point spread function (PSF) [48]. As the name implies,
a PSF describes explicitly how a point, such as the one in Figure 2.4 is spread across the
image. Conversely, without blur, every scene point would directly correspond with a single
matching image point versus being spread across multiple points in the image [48].

Mathematically, a simpli�ed linear model for blur can be stated as [48]:

iblur = i ∗ k + n, (2.10)

where iblur is the blurred image, and i is the sharp image, which is a convolution of a blur
kernel k with the addition of n noise. Typically, the addition of n is modeled by the input
of additive, zero mean, white Gaussian noise, where the standard deviation controls the
amount of blur:

n ∼ N (0, σ2), (2.11)

and N denotes the normal distribution. In practice, the simpli�ed linear model in (2.10)
does not typically hold to be true. Owing to the dependency on depth, a more accurate
blur model is needed to account for variations of depth at every point in the scene and
across every point in the image. This might not be the case for a specially devised scene,
but most natural scenes exhibit di�erences in depth at di�erent points that will spatially
vary the amount of blur that is captured [48].

Additionally, under the weak assumption that a PSF must be of known parametric
form [48], two common parametric defocus blur models are (2.12) and (2.13):

k(u, v) =

{
0

√
u2 + v2 > r

1
πr2

√
u2 + v2 ≤ r.

(2.12)

The �pillbox� or circular disk kernel [20, 48], equation (2.12) and the 2D Gaussian
kernel, which is circularly symmetric [12, 48] equation (2.13) as follows:

k(u, v) = C

(
−u

2 + v2

2σ2

)
, (2.13)

where r in equation (2.12) and σ in equation (2.13) are the blur parameter, C is a normal-
ization constant, and (u, v) are the image coordinates in the (x, y) directions.
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2.4 Center Point Correction

As mentioned in various literature [17, 25, 40, 41, 83, 84], since the projection of a circle in
perspective becomes an ellipse, it is incorrect to assume that the center of the circle is also
the center of the ellipse. From Figure 2.5, we can see that perspective angle relative to the
observer a�ects the distance between ellipse centers and the true center of the circle. As the
radius increases, so does the error, and conversely, the smaller the circle and respectively
�tted ellipse, the smaller the error.

Figure 2.5. We rendered concentric circles and �tted ellipses to depict the horizontal spread
of center points from the inner (green) and outer (blue) ellipses under varying degrees of
rotation. The computed correct center point is plotted in magenta over a grey cross which
is part of the original pattern and validates the computed corrected center point.

Since it is not possible to detect and �t an in�nitely small ellipse upon an in�nitely
small circle, we referred to Cai et al. [17], and Zhang et al. [84], who outline a center point
correction method from concentric circles.

The general equation of an ellipse can be stated as (2.14) [9]:

Q(x, y) = Ax2 +Bxy + Cy2 +Dx+ Ey + F = 0, (2.14)

where (x, y) are a set of points on the cartesian plane. The quadratic equation can also be
written in the form shown in (2.15) where the vector x is de�ned as (2.16) [9]:

xTAQx = 0, (2.15)
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x =

xy
1

 . (2.16)

In matrix form, this can be stated as (2.17), where matrix AQ is a square matrix and
AQ ∈ Rn×n:

AQ =

 A 1
2
B 1

2
D

1
2
B C 1

2
E

1
2
D 1

2
E F

 . (2.17)

Using two �tted ellipses (one inner A (green in Figure 2.5), and one outer B (blue in
Figure 2.5)), the matrix pair, (A,B) can be decomposed into eigenvectors and eigenvalues
by solving the generalized eigenvalue problem. Kressner [51] describes that the eigenvalues
of (A,B) are the roots (α, β) of the polynomial (2.18):∣∣βA− αB

∣∣ . (2.18)

From Ghojogh et al. [36], (2.19) describes the generalized eigenvalue problem in matrix
form, where ϕ are the eigenvectors, and the diagonal elements of ψ are the eigenvalues.
Note that the order of A and B matter, and (ϕ, ψ) is known as the eigenpair of (A,B):

Aϕ = Bϕψ. (2.19)

Practically, (ϕ, ψ) contains the 3-dimensional direction of perspective transformation
between the original circles in the scene and their respective projection to ellipses that are
captured in the image. To �nd (ϕ, ψ), it is possible to use MATLAB's polyeig() function
[6, 17, 84] or Python's scipy.linalg.eig library function [7].

The MATLAB function polyeig [6] solves the polynomial variant of the generalized
eigenvalue problem, and uses QZ factorization to compute intermediate results for �nding
generalized eigenvalues as well as to ensure that the results are well determined. The
polynomial eigenvalue problem is stated to be a variant of the generalized (also known
as standard or ordinary) eigenvalue problem where polynomials can be solved instead
of linear terms. Python's scipy.linalg.eig function solves only the generalized eigenvalue
problem to �nd eigenvalues as well as the right or left eigenvectors from a general matrix
[7]. The linalg.eig function relies on the Fortran 77 subroutine library known as LAPACK
[2], whenever arrays are in column major order.
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In the case of a pair of ellipses (A,B), three eigenvalues and respective eigenvectors
can be found. From the three eigenvalues, the minimum distance between eigenvalues can
be computed to �nd the closest eigenvalue pair. The repeating pair of eigenvalues can
be removed along with the respective eigenvectors from ϕ to leave only one remaining
eigenvector ξ which represents the 3-dimensional direction of perspective transformation
(2.20):

ξ =

XY
Z

 . (2.20)

Finally, under weak perspective projection [89], from ξ we can recover the corrected
center point from using (2.21) where Zc is the depth from the centroid:

x = X
Zc

y = Y
Zc

. (2.21)
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Chapter 3

Related Work

To solve the problem of performing camera calibration from out-of-focus images, it is
important to consider, which approaches could be taken towards improving calibration
from blur. Speci�cally, there are three potential directions that can be mentioned. In
procedural order, these can be: (1) attempt to initially de-blur out-of-focus images before
performing feature detection and subsequent calibration, (2) improve methods for detection
of features given uncorrected images that still contain defocus blur, and (3) Improve the
calibration method itself so it can more robustly accept loose feature correspondences, or,
work with a di�erent calibration framework altogether. In this section, we explore the
taxonomy of recent camera calibration research as it relates to performing calibration from
out-of-focus images, and primarily outline work that has been done to advance approach
#2, �nding methods to improve feature detection, given that the majority of related past
work has been focused in this area.

Currently, most calibration methods [13, 17, 18, 23, 26, 30, 38, 77, 78] are based on
2D planar calibration patterns. In related work such as the work of Schmalz et al. [68],
these 2D calibration patterns are classi�ed under two main categories: passive and active
calibration targets. ElSheikh et al. [32] use infrared checkerboard patterns, and distinguish
that their passive targets rely on emissivity, while active patterns rely on a combination
of emissivity as well as a heated pattern that emits infrared light. Therefore, one common
distinguishment between active and passive targets is that passive targets re�ect light and
active targets emit light, however, this distinction is often also quali�ed by the ability
to display multiple images (for active targets). This convention does not hold for E-
Ink displays because they rely on re�ecting an external light source and do not typically
emit their own light, however they are capable of displaying multiple consecutive images.
Therefore we can see that some contradictions in terminology are present.
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Taxonomy of Camera Calibration

Using Structured Calibration Objects

Passive Target

(Re�ects Light)

3D Calibration

Object [39, 81]

Passive 2D

Planar Pattern

Passive 1D

Pattern [88]

Active Target (emits light, and

/or displays multiple images)

Active 2D

Planar Target

Active Phase Shifted

Circular Patterns

[17, 18, 24, 77, 78]

Active Square or

Binary Fringe Phase

Shifted Patterns [13,

38, 44, 45, 68, 79]

Checkerboard

/Circle Grid [11,

26, 31, 59, 63]

Passive Circular

Phase Shifted

Patterns [77]

Other Patterns

/Shapes

[19, 39, 73, 74]

Figure 3.1. General taxonomy of camera calibration methods using structured calibration
objects.

With these contradictions in mind, we will qualify the term "active target" by its ability
to either emit light, or display multiple images, or both.

Passive patterns. Include any static pattern such as a checkerboard, circle grid, asym-
metric circle grid, or other shapes that are typically printed on a �at surface and are used
to acquire calibration images in various poses.

Active patterns. Can use digital displays such as TVs, computer monitors, or mobile
device display screens. These digital screens are often used to display consecutive patterns
that are combined to locate control points, which get passed into a subsequent calibration
operation.

For blurred images, most of the recent research has been aimed at improving feature
detection by making patterns with features that are easier to detect or by improving the
feature detection method itself. It is also worth noting that many of the following works
rely on the same method by trying to pass detected feature control points to the calibration
method proposed by Zhang [87]. This method forms the basis for the calibration function
that is written into OpenCV [5], as well as MATLAB [70], and since it was used in the
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majority of reviewed work, we refer to it as the standard calibration method or Zhang's
method.

In the following section we review the previous work. These works are organized into
the following sections:

� 3.1 Checkerboard and Circle Methods [26, 31, 63],

� 3.2 Blur Characteristic and Depth from Defocus Methods [11, 60, 86],

� 3.3 Active Display and Phase Shifting Methods [13, 17, 24, 38, 77, 78],

� 3.4 Deep Learning Methods [16, 23, 30, 46, 53, 64],

� 3.5 Other Methods [19, 39, 54, 56, 73, 74].

Although some work might be presented in one of these �ve categories, it may span more
than one. For instance, some work has been done that uses a phase-shifting method for
calibration and includes another fundamentally di�erent approach, such as deep learning
in part of the implementation.

3.1 Checkerboard and Circle Methods

In e�orts to increase the robustness of checkerboard-based calibration methods, several
researchers have attempted to improve checkerboard corner detection by focusing on im-
proving robustness to blur.

Based on the original OpenCV checkerboard detector, which was based on the work of
Vezhnevets [76], Ru�i et al. [63] focused on improving detection for checkerboard corners
for �sheye, catadioptric, and omnidirectional cameras. Using an improved novel heuristic
for detecting checkerboard corners, Ru�i et al. [63] created an automatic checkerboard
extractor which could be implemented into several MATLAB toolboxes1. From the original
OpenCV method, checkerboard checkers are segmented using adaptive thresholding, and
subsequent erosion passes separate the checkers from each other until a contour �nder
can generate quadrangle polygons. Using a quadrangle linking heuristic, corners of the
quadrangles are linked, and the arithmetic mean of the links is used to represent the
detection of the original corner locations.

1Ru�i et al. [63] also provided freely available C++ code and binaries https://sites.google.com/
site/scarabotix/ocamcalib-omnidirectional-camera-calibration-toolbox-for-matlab
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Since the original method only returns checkerboard corners if a checkerboard with a
complete pattern of checkers is detected, one important improvement that was made is that
the new method could return checkerboard corners even if a full pattern was not detected.
This improvement was possible because the standard calibration method that was used
would not need the entire set of corners to perform calibration. Other improvements
were found by alternating between �cross� and �square� erosion kernels to help preserve
the aspect ratio of smaller checkers, which would help them shrink uniformly. Further, a
modi�ed quadrangle corner linking heuristic was used that only matches corners if they
lie within a certain geometric area. This was found to be necessary for dealing with
matching the correct corners in highly distorted images. Additional improvements were
made to correct some inaccuracies with the distance metric used for corner linking to make
it relative to the erosion state, which would improve linking in lower resolution images.

Figure 3.2. Our testing of available code from Ru�i et al. and Scaramuzza et al. [63, 65,
66] used to observe checkerboard corner detection on blurred image, successfully found all
corners after successive erosion passes.

Further to these improvements, Ru�i, et al. also addressed blur originating from
anisotropy, which is found in omnidirectional cameras where the entire surface of the mirror
cannot be in-focus. The anisotropy in this case was described to occur where the image is
blurred radially towards the edges or the center of the image and would be dependent on
the camera's focal length [63]. To deal with this, they extended the original approach by
combining detected checkers from successive erosion passes. This was necessary, because
depending on the level of blur in di�erent parts of the image, not all quadrangles would
separate during the same pass of the erosion run, and some might even disappear before
others would begin to separate. Therefore, it was necessary to combine all partial sets of
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successfully detected quadrangles from di�erent erosion passes. However, this improvement
was noted as being the smallest contributor to increasing the number of corner detections
but was the method that is of key interest for dealing with images that contain uneven blur.
Overall, using the improved heuristics, this implementation worked well for low resolution,
severely distorted, and blurred images. In the case of images from a hyperbolic setup,
the mean corner inaccuracy was reduced from 1.48 to 0.62px over the OpenCV checker
detection method.

As a new method for increasing checkerboard calibration robustness, Duda et al. [31]
exploited the symmetry of checkerboard corners using a method that resembles a localized
Radon transform [27] with large box �lters to better detect checkerboard corners. Using
this method, improved sub-pixel accuracy could be achieved under a variety of conditions
such as motion and Gaussian blur. Their work was tested on synthetic data that was
perturbed by sub-pixel shifting, rotation, and perspective, as well as Gaussian blur and
noise. The proposed method was robust to low contrast, image noise, and rotation, and also
maintained high subpixel accuracy. However, it resulted in greater error under increased
defocus blur when tested against the standard OpenCV "�ndChessboardCorners" function
(Figure 3.3). It should be noted that the opposite result of Figure 3.3 was later observed
by Choi et al. [26]. It should also be mentioned that Duda et al.'s method was also
implemented as an available function within OpenCV as ��ndChessboardCornersSB� [5].

Figure 3.3. has been removed due to copyright restrictions. See Figure 5 (a) in [31].
Localization error of method proposed by Duda et al. [31] vs. Open CV checkerboard
method.

Choi et al. [26] proposed a calibration method that captured images of a grid of
circles that were projected using a digital screen. The screen would consecutively display
progressively smaller concentric circles to be captured. This method is noteworthy because
it falls under the active calibration method category but does not employ phase shifting.
Using the consecutive images of the circle grid, the circles were captured in a memory bu�er
and then stacked to form 3D cone pro�les. Using these pro�les, from a top-down view, x& y
slices were taken to create 2D pro�les of the cones. Polynomial �tting was then performed
on the 2D pro�les to estimate the vertices, which would localize the control points for
calibration. In comparison to phase-shifting methods, this method was chosen to improve
calibration under severely blurred conditions and also to reduce inaccuracies that could be
attributed to variations in lighting and distortion caused by perspective. Through a series
of three experiments, the active circle grid method was compared against two reference
checkerboard calibration methods. One checkerboard method was the standard OpenCV
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Figure 3.4. Localization error of method proposed by Choi et al. [26] vs. Open CV Circle
and Checker as well as Checker_SB, which is the method proposed by Duda et al. Repro-
duced with permission from Elsevier.

implementation, while the other method, referred to as �Checker_SB� [26] as previously
mentioned, was based on the method presented by Duda et al. [31]. One of the three
experiments was designed to test accuracy against 12 di�erent levels of arti�cially generated
Gaussian blur. From this experiment, it was possible to compare the proposed consecutive
circle method to the standard OpenCV-based checkerboard and circle implementations
and Checker_SB. It was found that the checker methods [5, 31] performed better up to a
certain level of blur. Beyond a blur intensity of 2, Checker_SB greatly outperformed the
OpenCV checker method and performed well up until a mid blur level. However, all checker
methods would fail past a certain point (Figure 3.4). Although the proposed consecutive
circle method was less accurate than the checkerboard methods under low blur conditions,
it performed consistently well even when blur was increased. Although the localization
error for the proposed method was stated to have remained stable at around 0.88px, from
the provided bar chart (Figure 3.4), it appears that the authors may have instead intended
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to state that it was 0.088px on average across all blur conditions.

3.2 Blur Characteristic and Depth from Defocus Meth-

ods

Another approach is to estimate or model the blur characteristic itself and, in doing so,
�nd ways to extract edges or tangible points that can be used to locate control features.
Baba et al. [11] proposed a geometric approach for approximating the width of blur, from
which to �nd the edges of a feature (such as a checkerboard checker or circle) in order to
locate centers or intersection points. This method accounted for lens thickness and added
a blur width parameter to be minimized upon the basis of Tsai's calibration method [75].
Another perspective can be seen in the work of Mannan, and Langer [60] where the ob-
jective is to perform better Depth from Defocus (DFD) detection. Typically, this problem
entails capturing two defocused images with two di�erent camera settings to infer defocus
depth. In this example, calibration of point spread functions (PSFs) is performed to model
how a point light sources appear under di�erent camera settings for accurate blur kernel
approximation. Similarly, prior work from Subbarao et al. [71] discusses two methods of
PSF recovery, one using a simple approximation with only the blur parameter σ as an
input, and the other using a more complex approach that takes a detailed mathemati-
cal model into consideration with several additional input parameters. Although neither
of these DFD methods are directly related to recovering camera calibration parameters,
Zhang et al. [86] proposed an algorithm that takes two arbitrarily defocused images taken
with di�erent camera settings to directly recover calibration parameters. This proposed
method estimates the di�erence in blur between the two defocused images and also takes
a geometric approach to calibration by considering thin lens geometry.

3.3 Active Display and Phase-Shifting Methods

In this section, we explore recent work in chronological order starting from 2015 and onward
to review approaches that use active display calibration methods [13, 17, 24, 38, 46, 77, 78]
that are robust to out-of-focus blur. Active calibration targets use a digital screen to display
consecutive images that are combined to recover control points more accurately. Some
active methods [13, 38] display consecutive shapes or patterns to generate intersections of
lines or directly locate points, while others work with phase shifting methods where special
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patterns and phase recovery methods are used to accurately estimate control points under
blurred conditions [17, 24, 46, 77, 78]. Generally, the phase shifting methods that have
been encountered have used some variation of square or circular patterns. It should also
be noted that some phase shifting methods can be decoupled from following an active
calibration approach. In this case, a single image can be printed and used to construct a
planar calibration pattern. This case is also brie�y discussed in this section.

3.3.1 Square Patterns

Following the assumption that defocus blur could be modeled as a convolution of the fo-
cused image and a Gaussian point spread function (PSF), Ha et al. [38] proposed a method
using defocused unidirectional binary pattern images and the PSF to robustly detect fea-
ture points under defocused conditions. In a series of physical experiments, an iPhone
screen was used to consecutively display square binary patterns in front of a stereo camera
setup. Both cameras were focused at in�nity, and the iPhone display was placed within
a very close distance to capture the severely defocused images. With this image capture
setup, image pre-processing and initial feature detection are �rst performed, followed by
solving a 1D Gaussian deconvolution problem with subsequent sub-pixel re�nement. The
1D Gaussian deconvolution problem involves modeling the blur gradient from a set of
complementary binary patterns and overlaying their gradient pro�les to �nd the intersec-
tion, which represents a line that will de�ne control points. Refraction correction is also
performed considering Snell's law to account for the glass thickness of the iPhone display.
The results were also obtained by testing di�erent approaches using real data and synthetic
data.

The proposed approach was tested against three other known checkerboard approaches,
and one method known as �zero-crossing� [38]. The proposed method demonstrated lower
error than the other tested approaches and was noted as being 0.12 px for single-camera
calibration and 0.34 for stereo, without refraction correction. Another scatter plot was
also presented that showed the accuracy of each feature re�nement method plotted against
increasing standard deviation of Gaussian blur in pixel units. Although speci�c numbers
were not provided, in synthetic experiments, the proposed method can be seen as having
less than 0.025 across all blur levels of the mean distance error in pixels from a ground
truth location of a single known feature.

As in Ha et al.'s work [38], Bell et al. [13] also adopted a calibration approach using a
digital display and square binary patterns. Their choice of square binary patterns, as op-
posed to sinusoidal patterns, was motivated by using the highest possible contrast patterns
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Figure 3.5. From the work of Ha et al. [38] (left) illustration of capture setup and unidi-
rectional binary images to be successively displayed (right) setup with iPhone screen with
stereo camera setup. © [2015] IEEE.

under defocused conditions, and being invariant to the nonlinear gamma of an LCD screen.
This proposed method also uses a slightly di�erent approach as it incorporates grey-coded
vertical and horizontal phase maps to encode the feature or control point locations. Using
a phase-shifting method to recover a wrapped phase, they also distinguished between spa-
tial and temporal phase unwrapping, where temporal phase unwrapping avoids referring
to relative phase information from neighbouring pixels and allows for the unwrapping of
absolute phase values. This distinction led to their choice of the temporal phase shifted
method instead of a spatial phase-shifted pattern. To recover intrinsic parameters from
located control points, this research also used the standard camera calibration method
built into OpenCV. The maximum di�erence between focal lengths of severely blurred and
focused images was stated to be 0.2%. We would also like to note that a similar previous
method from Schmalz et al. [68] was also found, and although this work does not speci�-
cally address out-of-focus blur, it does also address the topic of ray o�setting due to glass
plate refraction. This work also provides publicly available code [3].

3.3.2 Circular Patterns

Another method that is well researched is to use phase-shift circular grating (PCG) pat-
terns. PCGs are another type of pattern that are stated to work well because they are
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mainly invariant to severe blur allowing for accurate control point localization under de-
focus conditions. The methodology behind PCGs is to capture images of radial gradient
patterns that are based on speci�ed shifted phase values. From these shifted phase pat-
terns, a wrapped phase pattern can be calculated, which contains a pronounced edge,
essentially the point or circle in the case of PCGs where maximum intensity meets mini-
mum intensity. A circle or ellipse �tting technique can then be used to �t a circle or ellipse
around the pronounced edge. Ellipse �tting techniques are preferred when the calibration
pattern plane is on an angle and exhibits perspective distortion. Once the circle or ellipse
has been �tted, it then becomes possible to locate the center of the pattern. The following
presented work is based on variations of this approach.

Wang et al. [78] proposed an active calibration method using a laptop screen display-
ing three consecutive grids of PCG pattern arrays. Grids of circular PCG patterns are
organized using speci�c rules for spacing distance, which can aid programmatic implemen-
tation.

Figure 3.6. Proposed method from Wang et al. [78] (left). An image of PCG pattern,
(right "a") and wrapped phase with detected circle and center (right "b"). Adapted with
permission from [78] ©Optical Society of America.

Using a phase shift of 2π/3, the following set of equations is used to describe the pixel
intensities for each of the three phase shifted patterns. Equation (3.1) from Wang et al.
[78] describes the brightness intensities for each pixel of each of the three phase shifted
patterns: 

I1(x, y) = A+B cos[ϕ(x, y)− 2π/3],

I2(x, y) = A+B cos[ϕ(x, y)],

I3(x, y) = A+B cos[ϕ(x, y) + 2π/3],

(3.1)
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where, A and B are constants, and ϕ(x, y) is the unwrapped phase described by equation
(3.2). In the equation for the unwrapped phase (3.2), T is the PCG period, and (x, y) are
the Euclidean distance between any point on the PCG pattern and its center:

ϕ(x, y) =
2πr(x, y)

T
. (3.2)

Once the images of the grids of phase shifted patterns are captured, the following
equation (3.3) from Wang et al. [78] is used to create the wrapped phase where Ji(u, v)(i =
1, 2, 3) and i is each of the three phase patterns:

ψ(u, v) = arctan

(√
3

J1 − J3
2J2 − J1 − J3

)
, (3.3)

Through a series of steps that involve erode and dilate functions, Sobel edge detection,
and least squares ellipse �tting, the wrapped phase of the PCG is used to calculate center
points and perform subsequent sub-pixel optimization.

Table 3.1: Real-world results from Wang et al. [78] where groups 1 to 3 are di�erent focus levels,
fu, fv are focal lengths in u and v directions, u0 and v0 are camera centers. PA and CB are PCG
arrays and checkerboards respectively. Reprinted with permission from [78] ©Optical Society of
America.

Real experiments (Table 3.1), as well as experiments using synthetic data (Figure 3.7),
are conducted. All programmatic work was conducted in MATLAB using the Image Pro-
cessing Toolbox and Camera Calibration toolbox [1, 4] . For real world experiments, indoor
lighting was turned o�. The synthetic data experiments used images with varying standard
deviations of Gaussian blur to create several levels of arti�cial blur, and were tested against
a checkerboard for comparison. Accuracy was captured in mean reprojection error (MRE).
The results of synthetic experiments showed that the PCG array method returned an MRE
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of 0.08px under focused conditions, which was slightly better than the checkerboard, and
stayed at 0.08px as Gaussian blur was introduced. Conversely, the checkerboard error
increased signi�cantly as blur increased (Figure 3.7). Also, it was noted that the chosen
period needs to be suitable for circle detection, and 2π phase-detection leads to the highest
accuracy. Finally, several sizes of PCG array were tested. Overall, it was determined that
a larger array of 8× 8 PCGs was best for returning the lowest MRE.

It should also be noted that in (Table 3.1), the focal lengths for each group are di�erent.
From these results, we see that the objective was to demonstrate minimization of MRE.
The stable MRE is promising in both Table 3.1 and Figure 3.7. However, the di�ering
focal lengths are not overly meaningful since one group cannot be compared as a ground
truth to the others, this re�ects the experimental setup, and therefore these results require
further investigation to determine if repeatable focal lengths (re�ecting overall calibration
accuracy) can be returned under out-of-focus conditions.

Figure 3.7. Mean reprojection error from synthetic experiment using PCG method proposed
by Wang et al. [78]. Proposed method holds at 0.08px MRE under increased blur. Reprinted
with permission from [78] ©Optical Society of America.

Similar to the previous work of Wang et al., using the same PCG method, Cai et al.
[17] presented an improved method for circle center localization using spatial projection
relationships of concentric circles. They also used canny edge detection instead of Sobel
and presented a sorting algorithm for individually characterizing each PCG target in the
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array. Also, they conducted real and synthetic experiments and in the synthetic case, used
images of the PCG arrays from 6 di�erent orientations. Three di�erent types of tests were
conducted to study the in�uence of PCG array size, PCG period, and robustness to noise.
Results were captured as a relative error (%), absolute error (px), and root mean square
reprojection error (RMSE). For real experiments, a mechanical lift and turntable were used
to orient a camera at di�erent angles between the camera's optical axis and a computer
monitor. Tests were conducted using in-focus and varying degrees of blurred images. In
blurred cases, arrays of concentric circle patterns were tested against PCG patterns both
at a number of di�erent angles, and the RMSE and focal lengths were reported (Table 3.2).
Under perspective and blur, the PCG arrays were found to outperform the concentric circle
arrays, and RMSE varied from 0.045 to 0.057 under di�erent blur conditions. In contrast,
the concentric circle array started with an RMSE of 0.054 under low blur and increased
signi�cantly to 0.179.

Table 3.2: Real image calibration results from Cai et al. [17], where Trial 1 is using focused images,
and Trials 2 and 3 have increasing levels of out-of-focus blur. Reproduced under the terms and
conditions of the Creative Commons Attribution (CC-BY) license https://creativecommons.

org/licenses/by/4.0/

Extending their original work [78], Wang et al. used only a single captured image of
a color PCG array from each pose to perform out-of-focus calibration [77]. This work is
motivated to reduce the time required for calibration from multiple images and to reduce
potential variations due to changes in lighting or other disturbances such as vibration over
time. To accomplish this, three color channels of the PCG arrays are �rst calculated.
Unlike in Wang et al.'s earlier work [78], the PCG arrays are not used to make separate
images that will be captured, but instead, each of the three arrays are used for the separate
RGB color channels that are merged into a single-color image array containing all three
phases. An added advantage of having only one merged color array is that there is no
requirement for a digital display like with other active methods. Therefore, the array
could optionally be printed to construct a passive planar calibration target.
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Using the color array, the wrapped phase can be recovered along with its 2π discontinu-
ity. Since the circle of the 2π discontinuity can only be produced with pixel-level accuracy,
sub-pixel optimization using linear least-squares �tting is performed to locate the circle
more accurately. Subsequently, an ellipse is �tted based on the re�ned circle, and the
re�ned center point is located based on the ellipse.

For validation, two experiments were conducted. In the �rst experiment, the color
PCG array was tested against a symmetric circle grid pattern using the standard circle
calibration method from OpenCV. Although not necessary, the arrays of each pattern were
still displayed on a computer monitor, and 20 poses of each were captured for three di�erent
levels of blur. For the �rst set, the images were nearly in focus and the color PCG array
with an RMSE of 0.065 slightly underperformed against the circle method, which returned
an RMSE of 0.062.

Under blurred conditions, the color PCG method signi�cantly outperformed the circle
grid, and under the highest level of defocus, returned an RMSE of 0.081 compared to 0.147
from the circle grid method. For the second experiment, since it had been stated that
the color PCG arrays could achieve better performance at longer distances, three sets of
images were captured at three di�erent distances by moving the monitor and keeping the
camera pose and intrinsics �xed. This also produced three levels of defocus and was found
to return a relatively consistent 0.06 + /− 0.005 RMSE value.

Cai et al. [18] proposed a calibration method, which relied on similar PCGs as in
their previous work [17], and Wang et al.'s work [78], and was deemed to work e�ectively
under blur. This proposed method relies on both detection of PCG target centers as
well as vanishing line estimation. The e�ectiveness of this method was con�rmed through
experiments where the proposed method was compared to Wang et al 's previous results
[78], and the results were found to be similar. It is unclear however if either slightly
improved or worsened results were achieved between the proposed and reference method.
Although new results were published, it is also unclear if there was any di�erence from the
method proposed in Cai et al.'s initial work [17].

In relation to previous PCG based methods, Chen et al. [24] proposed a novel approach
using phase-shift wedge gratings (PWG) and rotation invariant local binary patterns (LBP)
as another calibration pattern method. Like previous methods, this method is also robust
to blur, and works even if part of the image falls outside of the �eld of view (FOV) and is
cut o�. It was also suggested that this proposed method could be used in both monocular
and multi-camera applications. Using a similar set of phase shift pattern equations, circular
PWG patterns are generated that have gradients that vary with angle of rotation around
the center. From these patterns a wrapped phase is calculated allowing for lines to be
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Figure 3.8. From Wang et al. [77] images (a to c) are the RGB PCGs and (d) is the
PCG consisting of the combined RGB channels. Image (e) is showing the wrapped phase
with �tted ellipse, and (f) is depicting the full array of PCGs with separation distances.
Reproduced with permission from Elsevier.

Figure 3.9. From Chen et al. [24] (a) PWG circles with di�erent T period values and (b)
their wrapped phase images with �tted lines. Reproduced with permission from Elsevier.

detected for the number of phase discontinuities that exist in the pattern (Figure 3.9).
The e�ectiveness of three di�erent line �tting techniques was investigated. After testing
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Figure 3.10. From Chen et al. [24] local binary patterns (LBP) encoding scheme based on
Figure 3.9. Reproduced with permission from Elsevier.

RANSAC, least squares �tting, and Hough Transform under di�erent conditions, it was
determined that least squares �tting returned the lowest extraction error and was selected
as the best line �tting method. Using this method, the lines are �rst detected with pixel
level accuracy and then undergo further sub-pixel optimization. Using the average value
of the intersections of the optimized lines, a control point is then estimated.

To encode relative location into the patterns, 3 × 3 arrays of PWGs are created with
(T ) period values of 3, 4 or 5. In each 3 × 3 grid, the T = 5 pattern is always placed in
the center, and coded arrangements of T = 3, and T = 4 patterns are placed around the
center pattern where T = 4 patterns are equal to binary 0, and T = 3 patterns are equal to
binary 1 (Figure 3.10). Using these coded arrangements from the 9 PWG (3× 3) patterns,
a clockwise or counterclockwise search can be performed to compute the lowest decimal
value using the 8 surrounding PWG pattern, or 8-bit binary equivalent bits. This search is
performed 8 times from each possible starting position of the surrounding PWG patterns.
The lowest value of the search then represents a keyword for the (3×3) array. The location
of the 3× 3 array allows for images to be taken of a much larger grid of PWGs, which was
stated to be useful for stereo camera calibration with non-overlapping FOVs.

In an initial experiment, a 9 × 12 PWG grid was displayed on an iPad screen, and a
camera was placed at close proximity to the screen so that only part of the screen was in the
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Figure 3.11. From the work of Chen et al. [24], this illustration shows the experimental
setup using an iPad and image capturing of the LBP encoded PWG grid where partial
images were captured at di�erent rotations about Zw & Xw. Reproduced with permission
from Elsevier.

Table 3.3: Results of camera calibration from real images from Chen et al. [24], where 20 cm is
in-focus and 13cm and 20cm are out-of-focus. Reproduced with permission from Elsevier.

FOV. Using a number of rotations that were applied to the iPad screen, images of the PWG
grid were captured to perform calibration. Around the optical axis, the screen was rotated
at large angles of 0◦, 90◦, 180◦ and 270◦. Under these conditions, it was found that if only a
single keyword coded 3× 3 array was visible in the larger array, no matter the orientation,
it was still possible to accurately detect a set of control points. This characteristic was
found to be helpful and added �exibility under varied image capturing distances where
only part of the pattern is visible. To test the e�ectiveness of their method on out-of-
focus images, in their second experiment, the camera was �xed in place and the camera's
internal parameters were not changed. It is important to note that this is one of the few
experiments that follows a similar method to ours where camera parameters were explicitly
�xed between capturing images at di�erent focus distances. In this second experiment, the
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iPad was moved to three di�erent distances 13cm, 20cm and 25cm where 20cm was for
capturing the in-focus set of images. Results of this experiment can be seen in Table 3.3.
Further experiments were performed with comparisons to circle and checkerboard patterns,
and it was reported that the proposed method performed well under blurred conditions
returning an error in the order of 0.04px as a standard deviation of projection error. The
setup for these experiments is shown in Figure 3.11.

3.4 Deep Learning Methods

According to Liao et al. [55], camera calibration research dates back as far as 60 years.
Not surprisingly, an extensive amount of research has been produced that analyzes di�erent
facets of this domain within the �eld of computer vision. Depending on the application,
some broader facets of research include improving conventional camera calibration methods
or models, �nding ways to deal with speci�c kinds of distortion and noise, multi-view and
stereo camera calibration problems, and registration with other sensors such as lidar. These
areas of camera calibration research have been approached using analytical solutions as well
as learned methods based on machine learning (ML), and deep learning (DL) algorithms.

Camera calibration can also be classi�ed into two general categories. The �rst cate-
gory is calibration using targets with patterns, and the second category, is self, or auto-
calibration. Calibration using targets is the most common and well-established camera
calibration method. However, some drawbacks of non-learning target-based calibration
methods such as Zhang's method include di�cult setup, and laborious manual interven-
tion. Also, low accuracy or calibration failure can occur when dealing with out-of-focus
and motion blur if poor feature or control point correspondences are provided as inputs.

With major advances in DL [69], a growing number of researchers have opted to exper-
iment with DL as a complimentary way to enhance Zhang's method, or even bypass it all
together by creating an end-to-end learned approach. Further motivating these e�orts are
potential areas of improvement such as reduced operator error, improved generalizability,
and potential reductions in the number of required calibration images to be captured.

Target based methods are also limited in use, and cannot be used in applications where
camera parameters are dynamically changing [47]. To solve this problem another branch
of camera calibration techniques known as online, self, or auto-calibration methods are
also being actively researched. Self or auto-calibration is a process where calibration is
performed using natural scene features in images such as planes or vanishing points [15, 37],
or by inferring relationships through an end-to-end data driven process such as through
DL [43, 57, 82].
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With these considerations in mind, the following section, aims to explore learned meth-
ods that are either directly related to calibration from out-of-focus images, or follow dif-
ferent approaches such as methods that relate to auto-calibration. Our hope is to provide
details on contrasting learned methods to inspire consideration for how they could be
adapted to perform out-of-focus calibration tasks. In this light, the following example
based on earlier literature illustrates how calibration can be performed using a learned
method while entirely bypassing the often-preconceived necessity to �nd intrinsic and ex-
trinsic parameters.

Zou et al. [90] performed calibration for vision-based robot localization without re-
quiring extrinsic or intrinsic parameters such as K (2.2). Using a mobile robot, markers
are positioned on the �oor with known 2D �oor coordinates in robot space. As the robot
moves, images are collected from the robot's camera. The camera is angled downwards
towards the �oor, and the respective 2D image coordinates of �oor markers are identi�ed.
Using these corresponding sets of points: (2D �oor marker positions in robot space, respec-
tive 2D �oor marker positions in image space), both sets of points are provided to a simple
multilayer perceptron (MLP) for training. The trained MLP is then used to transform new
image space points to points in robot space. The new robot space coordinates can then be
used with an extended Kalman �lter (EKF) to track the robot's position (Figure 3.12).

Figure 3.12. From Zou et al. [90], vision guided robot con�guration using a simple neural
network. Reproduced with permission from Springer Nature.

This method simpli�es the process and entirely bypasses Zhang's method [87], requiring
no calibration targets or time-consuming setup. Although this method cannot be evaluated
against most other modern methods, it provides a simple example of how calibration can
be learned in a fundamentally di�erent way than through conventional analytical based
methods.
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3.4.1 Camera Calibration Using Deep Learning and Checkerboards

To improve checkerboard corner detection, Donné et al. [30] implemented MATE (machine
learning for adaptive template extraction). A large example set of chessboard images was
used to train a three-layer convolutional neural network (CNN) to recognize checkerboard
corners. The training set included images that were perturbed with arti�cial noise and
severe lens distortion.

Figure 3.13. Work of Donné et al. [30] (left) showing checkerboard corner blur and (right)
example of control point detection using CNN trained on hexboard pattern. Reproduced
under the terms and conditions of the Creative Commons Attribution (CC-BY) license
https: // creativecommons. org/ licenses/ by/ 4. 0/ .

Inference of checkerboard corners was noted to have performed well against other known
methods [14, 61]. Across four data sets, MATE returned a range of accuracies from 0.835
to 1.160 px. MATE was also adapted to other calibration pattern shapes. This was
demonstrated separately with the network trained to recognize control points on a CMYK
hexboard calibration pattern (Figure 3.13). MATE was not intentionally trained on heavily
blurred images, however the authors noted that the radius of the convolution �lter kernel
in the �rst layer of the network could be increased to deal with more signi�cant defocus
blur.

Chen et al. [23] proposed checkerboard corner detection network (CCDN) (Figure 3.14)
which was shown to improve robustness over MATE. This improvement was reported when
comparing inference on two data sets (uEye and GoPro) that were also used by MATE.
For CCDN, on the two data sets, the range of accuracies were found to be between 0.576 to
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0.812px. To improve CCDN, a deeper network with more �lters, improved learning rate,
and loss function was chosen. For CCDN, cross entropy was selected to match the binary
ground truth for center point detections. CCDN was also shown to reduce the number
of overlapping and false detections than MATE, due to improvements of thresholds that
were set for clustering as a post processing method. Also, Chen et al. [23] continued the
discussion from Donné et al. [30] to highlight the trade-o� of the �rst layer kernel size
which is used to extract useful features from the input image. It was mentioned that the
spatial support radius of the �lters should be large enough to suppress the e�ect of blur
and noise, but a larger radius could reduce recall of the real corners while a smaller radius
could miscategorise background pixels as checkerboard corners. To solve this problem,
Chen et al. [23] chose a �lter radius that balanced this trade-o�.

Figure 3.14. From Chen et al. [23], the fully convolutional network architecture of CCDN
with six convolutional layers, ReLU activations, and max-pooling after layers 1 and 4.
CCDN outputs a single-channel response map equal to the input size. Reproduced with
permission from Springer Nature.

3.4.2 Camera Calibration Using Deep Learning from Blurred Im-
ages

To improve camera calibration from blurred or noisy images, Zhang et al. [85] proposed a
multi-scale target enhancement network (MS-TENet) to recover sharp target images using
blurred and potentially noisy images as an input. Using a supervised learning approach,
MS-TENet was trained using 68 sharp checkerboard images in a variety of poses with
varied angles and translations. The captured sharp images were synthetically blurred
and re-scaled to generate a larger training set of 8160 images. Using a modi�ed Unet
architecture with fewer feature channels as well as added multi-scale feature extraction
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and multi-scale residual blocks (MSRBs), MS-TENet was able to re-construct the sharp
checkerboard images from defocused ones.

Figure 3.15. From Zhang et al. [85], calibration process using MS-TENet. Reprinted with
permission from [85] ©Optical Society of America.

Camera calibration using MS-TENet was conducted with the following steps: (1) Given
an uncalibrated camera, a checkerboard target was rotated and translated to create a
variety of poses for images to be captured from. These images were also all captured with
the camera being setup so that the camera was capturing images out-of-focus. (2), The
trained MS-TENet used the out-of-focus images as an input and generated re-constructed
focused images as an output. (3) Using Geiger et al.'s feature detection method [35], and
the re-constructed sharp images, control points (which in this case are the intersections
of checkerboard checkers) were detected. (4) Camera calibration was performed using the
widely used method from Zhang [87] (Figure 3.15).

To evaluate the performance of MS-TENet, Zhang et al. [85] performed experiments
using active and passive targets (AT & PT) which consisted of a 1440 × 900 resolution
digital display that displayed an image of a checkerboard for the AT, and a printed checker-
board pattern attached to a carboard backing for the PT. Several tests were performed
comparing the base Unet to MS-TENet for re-construction of sharp images and subsequent
camera calibration using both AT and PT targets under three camera defocus levels where
�Defocusing Degrees = σ2 < σ1 < σ3�. For the lowest level, calibration was performed
without image re-construction / enhancement using only the feature detection and calibra-
tion steps which was labeled as the (None) method. As expected, the (None) method was
not successful using the more severely blurred images. From levels σ1 and σ3, however,
MS-TENet succeeded to deblur the images and obtain calibration results.
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In the context of a tunnel boring machine (TBM) where a vision-based robot would be
required to operate in a space constrained environment (Figure 3.16), Huo et al. [46]
presented an alternative camera calibration method using DL and phase-shift circular
gradient (PCG) patterns to perform calibration from blurred images.

Figure 3.16. From Huo et al.
[46], camera calibration in the
context of a TBM. Reproduced
with permission from Elsevier.

Like in the past work of Cai et al. [17, 18], the proposed
method employs the same PCG patterns with ellipse ec-
centricity correction. With Wang et al. [78], and Cai et al.
[17, 18], three images of a grid of greyscale PCG patterns
are displayed consecutively using a digital display screen.
The three consecutive images (I1, I2, I3) are iterated for
every variation of screen or camera pose. From the cap-
tured images, a sharp wrapped phase image is computed
using the three-step phase shifting arctan function (equa-
tion (3.3)) from the three PCG pattern images. The sharp
image is used for ellipse �tting and center point (or control
point) detection which is then passed to Zhang's method
for calibration.

Unlike these past methods, the proposed method of
Huo et al. [46] only requires one of the PCG pattern images (I1 or I2 or I3) to recover the
sharp wrapped phase image using a phase-recovery network or (Phase-Net) 3.17. Phase-
Net is trained on real, and data-augmented sets of images of grids of PCGs. These sets are
of the three images (I1, I2, I3) of PCGs which are shifted (0, 2π/3, 4π/3) respectively. The
training labels are images of the respective wrapped phase calculated by equation (3.3).
Phase-Net was built on a pre-trained VGG-16-BN backbone and was modi�ed to perform
saliency detection which essentially provides circular masking of the PCG circular targets
under inference (Figure 3.17).

Phase-Net training was performed on a GPU accelerated workstation. The inference
was performed on mid-grade consumer-level hardware in sub 1 second times. Figure 3.18
provides an illustration of Phase-Net vs. a traditional checkerboard-based calibration
method.

Physical experiments were performed to compare Phase-Net with a traditional checker-
board calibration method using Harris corner detection, as well as a standard PCG method.
The experiments were conducted using a tablet display screen so all four patterns could
be projected successively to capture images of each pattern for every pose. The tablet was
�xed in place, and a robot arm mounted to a multi-axis linear motion table, was used for
camera positioning (Figure 3.21). Figure 3.19 shows the target patterns that were used.
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Figure 3.17. From Huo et al. [46], Phase-Net architecture. Reproduced with permission
from Elsevier.

Figure 3.18. Method proposed by Huo et al. [46] vs. traditional checkerboard calibration
method. Reproduced with permission from Elsevier.
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Under focused conditions, both Phase-Net and the PCG method were shown to be infe-
rior to the checkerboard method. However, under blurred conditions, both phase-based
approaches continued to return consistent results, while the checkerboard method MRE
measured in pixels increased signi�cantly (Figure 3.20).

Figure 3.19. Calibration target patterns used by Huo et al. [46] where a, b, and c are
used for PCG calibration, only a is used for the proposed method, and d is used for the
traditional Harris corner based method. Reproduced with permission from Elsevier.

It is important to note, that this experiment was conducted by capturing a set of images
from 13 poses in-focus. The out-of-focus cases were produced by Gaussian blurring the
real-world images with successively increasing blur kernel sizes. This may not produce the
same blur conditions as in real life since blur is a�ected by changes in perspective. The
comparison of camera parameters from the two phase-based methods are shown in (Table
3.4).

It was also observed that the PCG method performed slightly better than Phase-Net in
out-of-focus testing. The maximum relative error between Phase-Net and the PCG method
was reported to be 1.54%, while the observed MRE values in pixels provided on the chart
(Figure 3.20) for the PCG method were roughly 0.04 and for Phase-Net on-average 0.07.
Also, for Phase-Net, a maximum MRE of 0.11 pixels was reported for its performance
under varied blur conditions. Experiments on the proposed Phase-Net method were also
performed to evaluate the in�uence of changes in lighting and spatial resolution. In this
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Figure 3.20. Results from Gaussian blurred real-world captured images from Huo et al. [46]
where both phase-based methods outperform the checkerboard-based Harris corner method
when images are Gaussian blurred. Reproduced with permission from Elsevier.

case, the target distance was varied to three distances, and the camera was re-focused at
each distance. These three cases were repeated under di�erent lighting conditions with the
camera aperture adjusted accordingly. The results showed that this method was highly
insensitive to changes in lighting because the PCG calibration patterns were always being
displayed using a backlit display screen. The maximum variation in MRE due to di�erences
in lighting was recorded to be 0.08 pixels.
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Figure 3.21. From work of Huo et al. [46] defocus calibration test bed. Reproduced with
permission from Elsevier.

3.4.3 Auto / Self, and Other Deep Learning Based Calibration
Methods

Instead of learning a fully end-to-end representation of camera parameters, Butt et al.
[16] proposed a novel camera projection loss (CPL), and camera model neural network
(NN) to estimate proxy variables (relating to multi-view geometry), and reconstruct 3D
points. Using the reconstructed 3D points and a calculated reconstruction loss, the camera
parameters are then estimated. The advantage of this method is that it can jointly estimate
the intrinsic and extrinsic parameters using a multi-task learning (MTL) approach that
considers the underlying analytical equations in its learning (Figure 3.22).

Additionally, Butt et al. provides a CVGL camera calibration dataset using the CARLA
simulation which is speci�cally designed for their work, where 10 camera parameters (in-
cluding intrinsic and extrinsic parameters) are being simultaneously estimated, which is a
greater number than from previous data sets. This dataset was also integral for training
their MTL method. With raw image inputs, an Inception-v3 model, pre-trained on Ima-
geNet, was �rst used as a �rst stage feature extractor, this network was trained to return
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Table 3.4: Results from Gaussian blurred real-world captured images from Huo et al. [46] showing
the recovered camera parameters and relative errors. Reproduced with permission from Elsevier.

13 variables, 10 of which were proxy variables that do not directly relate to visible image
properties but are related to each other and correspond to variables of a multi-view geom-
etry model. The other 3 variables were trained to directly approximate 3D feature point
coordinates. Using the 13 variables as input, the second stage is to run a Camera Projec-
tion Loss network which has an architecture that is designed to predict camera parameters
with di�erent magnitudes. To calculate loss, a single metric is used that compares the
estimated camera model network parameters to known parameters to calculate the error
of the 2D to 3D projections of points. Where ω = (fx, fy, u0, v0, b, d, θp, tx, ty, tz, X, Y, Z)
are known parameters and: ω̂ = (f ′

x, f
′
y, u

′
0, v

′
0, b

′, d′, θ′p, t
′
x, t

′
y, t

′
z, X

′, Y ′, Z ′) are the param-
eters predicted by the NN. Using the parameters, the error function as per equation (3.4)
becomes [16]:

L(ω, ω̂) =
1

n

n∑
i=1

MAE(ω, ω̂). (3.4)
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Figure 3.22. From Butt et al. [16] MTL-CPL architecture with Inception-V3 backbone
feature extractor and camera projection loss network. © [2022] IEEE.

Furthermore, individual parameters are disentangled from the camera projection loss
through individual evaluation to avoid backpropagating errors to other parameters that
have less in�uence on the deviation of a point from its ideal projection. To further nor-
malize the loss function, trained weights are added to the individual parameters to avoid
introducing bias from speci�c error terms. According to Butt et al. these biases can be
attributed to encountering heterogeneous ranges of parameters.

To evaluate their approach, Butt et al. used a real-world Cyclist Detection dataset
containing 2914 images. Results were provided as mean absolute errors (MAE) for the 10
parameters on both the synthetic CVGL training dataset (with 23,796 images) and the
Cyclist Detection dataset, with comparison to two other state-of-the-art (SOTA) methods.
Three versions of the proposed MTL method were tested as an ablation study, one version,
MTL-Baseline, demonstrates the inferior performance of end-to-end learning based only on
MAE for loss. Two other variants MTL-CPL-U and MTL-CPL-A were tested with uniform
and adaptive parameter weighting in the camera projection network respectively. MTL-
CPL-U performed better than all other variants as well as the compared SOTA methods,
and reported lower MAEs for 8 out of the 10 computed calibration parameters.

Lee et al. [53] addresses calibration using single shot natural scene images with the
objective of �nding zenith, horizon line, and �eld of view (FOV) parameters. Using a
proposed camera calibration transformer with line-classi�cation, (CTRL-C), directly esti-
mates camera parameters from a single image as an end-to-end learned approach. Unlike
previous CNN based methods, the authors proposed that CTRL-C is better at captur-
ing long-term dependencies within an image. By using a transformer with an attention
mechanism, CTRL-C is said to be more e�ectively able to learn the global characteristics
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Figure 3.23. From Lee et al. [53] CTRL-C transformer encoder-decoder architecture with
ResNet feature input, LSD algorithm line input, positional encoding, multi-headed attention
mechanisms, and Feed Forward networks to estimate camera parameters and classify line
embeddings into vertical and horizontal convergence lines. © [2021] IEEE.

of an image using multi-modal geometric and semantic cues. Semantic cues are provided
using a ResNet backbone feature detection network, and geometric cues are provided by
an LSD algorithm for providing lines, all while using a single image as an input. CTRL-C
was tested against other SOTA methods and claimed to outperform these methods on the
Google Street View (GSV) and SUN360 datasets (Figure 3.23).

Although Lee et al. [53] claims to outperform SOTA methods, qualitatively it can be
seen that recovery of parameters from a single image is inherently degenerate since it is
not always possible to extract 3 perpendicular planes reliably under the Manhattan world
assumption. To compensate for this, Samaha et al. [64] proposed an end-to-end fully con-
nected multilayer-perceptron (MLP) using fundamental matrices based on the underlying
epipolar geometry and principles from Kruppa's equation. Using three sequential camera
images, two fundamental matrices are computed as an input to the MLP to directly esti-
mate focal length and camera center intrinsic parameters. For training, Samaha et al. [64]
used over 80,000 images from their newly created Unity dataset, with ground truth camera
parameters as a supervisory signal. The 5-layer MLP can take 2 or more fundamental
matrices as a hyperparameter that can be tuned. 10% dropout was applied to the �rst
4 layers with early stopping, Huber loss, an Adam solver, and a learning rate of 0.0001.
The resulting work claimed to outperform other SOTA methods while using many fewer
network parameters (17K vs 26M) [64], however, the MAE of 10% across all parameters is
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Figure 3.24. From Samaha et al. [64] MLP architecture for Learned Intrinsic Auto-
Calibration from fundamental matrices using a minimum of two fundamental matrices
as inputs to recover focal length (fx, fy) and principal point (cx, cy). © [2022] IEEE.

relatively high. In the limitations section Samaha et al. [64] discusses the issue with de-
generacy in absolute-conic-based algorithms (relating to Kruppa's equation), and that the
degeneracy stems from the computation of fundamental matrices that could have multiple
solutions due to certain camera motions. References are provided for future work towards
addressing these issues.

3.5 Other Methods

In the previous sections of this literature review, we have presented work that relates to
camera calibration under blurred conditions, which mostly focuses on �nding more accu-
rate ways of detecting control points on calibration targets. Relaxing some constraints
from our search, it is possible to present broader coverage of work that indirectly relates to
the problem of camera calibration from blurred images. This section discusses the accurate
detection of other patterns that may not have been directly discussed in the context of
camera calibration, but relate to detection under defocused conditions. Conversely, ad-
ditional work is presented on another pattern related to camera calibration but has not
been tested under blurred conditions. We also brie�y discuss other calibration frameworks,
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toolboxes, and �nally, an altogether di�erent approach that is well researched, which would
be to deblur the image prior to performing any feature detection or calibration. It is also
worth mentioning that many of these other works include links to publicly available code
or data sets, which could be an asset for further assessment and testing.

3.5.1 Fiducial Markers and Other Patterns

Relating to markers for augmented reality (AR), Toyoura et al. [73, 74] discusses the is-
sue with using traditional markers such as ARTags, QR codes, and random dot markers
that have sharp, high-frequency, binary edges or corners that become attenuated under
blurred conditions. Treating this issue as a signal processing problem, they also demon-
strate how the frequency spectrum of an image changes and loses higher frequency com-
ponents once the image becomes blurred. To address this issue, they propose using a grid
of low-frequency color gradient circles, which they refer to as a mono-spectrum marker.
Speci�cally, this grid consists of 9 (3× 3) di�erent color sinusoidal gradient circles, which
are designed to represent speci�c values for the hue, saturation, and value components of
the HSV color space (Figure 3.25). For instance, yellow is reserved for each of the four
corners of the mono-spectrum marker. The centers of the four corners are used to provide
the homography for the position and orientation of the marker.

Figure 3.25. From work of Toyoura et al. [73, 74], mono spectrum marker with cross
section of HSV pro�le for determination of orientation. Reproduced with permission from
Springer Nature.

Speci�c marker identi�cation is made possible by alignment of the surrounded colors.
In this context, the problem of blur is treated as a low pass �lter in the image frequency
spectrum. Adjustment of an α value, which controls the circle brightness o�set will alter
detectability under varying degrees of blur. A series of steps, including removal of zero-
frequency components of the image, band-pass �ltering of remaining regions, and corner
dot registration through color segmentation and alignment, are then performed to detect
the markers. Since the proposed method becomes computationally expensive for real-time
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detection, the steps were summarized in two separate algorithms, (1. for removal of zero
frequency regions, & 2. detection of candidate marker regions) and were implemented
using Nvidia's CUDA language and GPU2 acceleration. It was also noted that multiple
markers could be detected in the same image.

Along with the proposed mono-spectrum marker implementation, ARToolKit was also
used for marker localization. Since the 3 × 3 grid was surrounded by a black border,
when subjected to blur, localization using the border presents a similar issue to using
checkerboards, ARToolKit was said to be able to more accurately localize the markers
under conditions where the images were not blurred. To take advantage of this, Toyoura et
al. implemented a con�dence interval that allowed for switching between the use of their
mono-spectrum marker corners vs. ARToolKit for accurate marker localization depending
on the degree of blur. This consideration seems valuable because it could provide hints
towards implementation of hybrid phase / checkerboard-based methods.

Calvet et al. [19] proposed a �ducial marker composed of concentric rings to preserve
temporal continuity through multiple video frames where severe blur is present. Compared
to some prior �ducials such as ARTKPlus, RuneTag, and PRASAD, the proposed method
was stated to allow for accurate center point detection under blur. To achieve this, this pro-
posed method relies on a conservation property of gradient magnitudes. Circular gradients
are �rst created using a gradient map and �eld lines that are based on the concentric rings.
In the detection phase, after pixel regions have been selected based on voting criteria, the
conservation property enforces matching by ensuring that the ingoing gradient magnitudes
passing through the outer ellipse equal the outgoing gradient magnitudes passing through
the arc of the innermost ellipse. To allow for identi�cation of individual targets, the pro-
posed method also uses variable concentric ring thicknesses and spacing. The downside
of this encoding approach is that there are a limited number of unique ID's that can be
generated, but certain re-use schemes can be employed to create further patterns that can
allow for the unique encoding of a greater number of markers. In practice, this method was
found to return sub-pixel accuracies of 0.4px, to ∼ 0.75 px in cases where blur magnitudes
were as high as 10 to 15 pixels. Respectively, the detection rate under these conditions was
between 57% and 22%. Frame rates were also noted to fall between 4 to 11fps on CPU3

vs. GPU hardware, respectively. Code is publicly available for this work4.

Finally, Ha et al. [39] proposed a new ecosystem for high accuracy camera calibration
using triangular deltille grid patterns. This ecosystem consists of a corner detection al-
gorithm, indexing for partially occluded grids, and DelTags, a coded AR-tag version of a

2Nvidia GeForce GTX295 896MB, CUDA 4.0
3Intel (i5-4590, 3Ghz), Nvidia GTX 980 Ti, CUDA 7.0
4Code is available via re-direct from: http://github.com/lcalvet/CCTag
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deltille grid. Although not accounting for real-world blur, this method was proposed as a
new higher accuracy replacement for checkerboards. It used a novel localization method
by �nding an intensity distribution characterized as a monkey saddle surface instead of a
plain saddle surface that can be derived from checkerboards. Fundamentally, this method
is claimed to be more accurate, because, unlike the intersection of checkerboards with
two intersecting edges, the deltille patterns provide intersections with three edges, which
provide an additional set of constraints. Calibration testing was performed using a 3D
multifaceted calibration object with deltille grid patterns against a similar 3D calibration
object using checkerboards. A robot was used to �lm a video sequence that was used
for calibration5, and the proposed deltille method returned an RMSE of 0.0995 px. A
study of detection rates and times on other datasets against other well-known methods
[1, 5, 34, 35, 61, 66] was also performed.

3.5.2 Calibration Projection Method and Toolbox

For wide FOV cameras, Lochman et al. [56] proposed BableCalib, as a calibration frame-
work that is more robust to outlying detections. Using back projection as an intermediate
model followed by regression, the proposed method provides a solver that recovers pa-
rameters using many supported forward and backward projection camera models such as
Brown-Conrady, Kannala-Brandt, and Uni�ed Camera, to name a few. Although Babel-
Calib, was not tested with blurred images, its code is publicly available6 and may be worth
considering as an alternate solver.

Hao et al. [41] also proposed a conic tangent geometric method for increased control
point localization accuracy based on concentric circles for intrinsic parameter recovery.
Compared with Zhang's method, this proposed method was stated to reduce reprojection
errors between 17.66% to 21.58% for a stereo camera setup.

Finally, Rameau et al. [62] proposes a calibration toolbox that is designed to work
with multiple cameras and markers. The toolbox is designed to require minimal user
interaction but is hierarchical in nature to allow for the calibration of complex camera
systems. Their work builds on previous calibration toolboxes, and in relating previous
work, they have provided a convenient table of previous calibration toolboxes. MC-Calib is
also publicly available7. We do not recommend using MC-Calib because it su�ers from the
usual detection problems when dealing with blur. However, its review of other calibration

5Code, datasets and extended version of paper are available at: https://github.com/deltille.
6Code available at: https://github.com/ylochman/babelcalib.

48

https://github.com/deltille
https://github.com/ylochman/babelcalib


toolboxes might be a useful starting point for �nding other publicly available codes.

3.5.3 Deblurring Images Prior to Calibration

Another approach that could bypass the problem of dealing with calibration from defocused
images would be to �rst deblur the image. In recent work, [54] Lee et al. proposes an end-
to-end deep learning method that is based on recent �lter adaptive networks (FANs). The
proposed approach, iterative �lter adaptive network (IFAN), is speci�cally designed to
handle defocus blur. For improved image deblurring quality, IFAN considers the spatially
varied nature of defocus blur and in doing so, generates deblurring �lters for each pixel.
For added e�ciency, IFAN uses a separable �lter architecture and employs a novel iterative
adaptive convolution (IAC) layer to iteratively apply separable �lters to di�erent features.
To supplement training data, the proposed method uses the DPDD dataset from Abuolaim
et al. [10], and utilizes the dual-pixel (DP) stereo images to increase the accuracy of blur
magnitude predictions. Further to this, a new dataset was created using a dual camera
setup capturing stereo sets of defocused images8. Evaluations were also conducted on a
number of other datasets, and both qualitatively and quantitatively, this method was shown
to achieve state of the art results. Further to this, there are a number of related works that
have code availability and could also be explored to solve this problem [21, 28, 49, 50].

3.6 Related Work Summary

In this chapter we primarily outlined methods for improved control point localization under
out-of-focus blur conditions and mainly focused on methods that are based on 2D planar
calibration target patterns which rely on Zhang's method.

We reviewed methods that have attempted to use improved checkerboard or circle-based
patterns for improved calibration from out-of-focus images. We also reviewed work that
was presented on phase shifted methods, and in particular circular phase-based patterns
such as PCGs. In the last sections we reviewed other calibration related Deep Learning
methods, as well as other methods that are not directly related to out-of-focus blur but
might provide some underlying useful techniques and insights.

From the presented checkerboard and circle-based methods, we did not �nd results that
would validate increased accuracy for out-of-focus images. Also, the one non-phase-based

7Code available at: https://github.com/rameau-fr/MCCalib
8Code and dataset available at: https://github.com/codeslake/IFAN
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circle method from Choi et al. [26] required 15 images per pose which was less practical
than the three images that were required in PCG based methods.

Overall, the reviewed methods were di�cult to compare because of a lack of standard-
ization in how the authors chose to present their results. For instance, in many cases,
calibration results from di�erent blur levels were presented with di�erent focal lengths.
Also, synthetic results were often derived from Gaussian blurring which lacks spatially de-
pendant blur and often produces near perfect results. These two practices were common
throughout many of the reviewed papers and make it di�cult to clearly understand if the
methods are improving accuracy or not.

We also reviewed Deep Learning based methods, and even reviewed one study that
incorporates Deep Learning with PCGs to remove the requirement for multiple images
to be displayed per-pose. Our take on Deep Learning methods is that they have not
been proven to increase accuracy, but can be helpful towards encoding certain parts of
calibration or control point localization methods, and can therefor improve their ease of
implementation and use.

Finally, we would like to acknowledge that some square phase-based patterns such as
Bell et al. presented promising results, however, these results were presented with less
decimal point accuracy (see Bell et al. [13]) and were di�cult to validate without fully
re-implementing and testing the method.

Further work could be performed to con�rm and compare the accuracy of square phase-
based methods since this exceeded the scope of our study and our focus was on the branch of
work relating to PCGs. This was owing to the PCG method being well-de�ned in literature,
and the somewhat promising results that we chose to investigate further. Although only a
limited amount of publicly available code was found overall, it might be worth testing the
implementation from Schmalz et al. [68]9 due to its similarities to the work from Bell et
al. [13] and the favorable results that were presented in their work.

9Code and dataset available at: http://www5.informatik.uni-erlangen.de/research/software/

index.html
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Chapter 4

Methods

Our camera calibration work is based on the standard calibration method of Zhang [87]
using substituted calibration target patterns to improve control point localization when
capturing out-of-focus images. Section 4.1 provides a review of the standard calibration
method. Section 4.2 discusses the control point detection pipeline that we implemented
based on the work of several authors [17, 24, 46, 77, 78], as well as our overall pipeline.
Section 4.3 discusses camera calibration from real-world images, and section 4.4 discusses
camera calibration from synthetic images.

4.1 Standard Camera Calibration Method

In this section, we review the camera calibration method proposed by, Zhang [87] which
is well regarded as the standard method for camera calibration, and is known to be the
method that is employed in OpenCV and MATLAB's camera calibration functions [5, 70].

To help visualize this camera calibration procedure, Figure 4.1 provides a simpli�ed
overview of the main steps involved in the calibration process, and depicts the typically used
checkerboard calibration target outlined by Zhang [87] vs. PCGs which will be discussed
in section 4.2.

For step 1 in Figure 4.1, the checkerboard calibration target is moved within the FOV
of the camera and images of multiple poses are captured. Checkerboard intersections are
detected and used as control points for step 2. In step 2, camera parameter recovery is
performed using Zhang's method which works by decomposing sets of homographies based
on the projection equation (2.1), that are collected based on point correspondences between
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detected feature control points in the checkerboard images and known coordinates of the
checker spacing. Since K and T relate the 2D points to the 3D points, K and T can
be separated with the knowledge that K remains the �xed component across all images,
and T changes with each pose. After an initial estimate of K is made through algebraic
means, Zhang's method uses an iterative maximum-likelihood optimization step to reduce
reprojection error and re�ne the estimation of K and T [87].

4.2 Control Point Detection Methods

Typically, checkerboards are the most used calibration target pattern, but require focused
images to avoid poor localization accuracy that result in high MREs [24, 46, 74, 78] and low
calibration accuracy. To overcome this issue, we replace checkerboards with PCG patterns
(see Figure 4.1), (sub-section 4.2.1), circle grids, and concentric circle grids (sub-section
4.2.3). We also test di�erent cases for control point localization and explain our overall
calibration pipeline in (sub-section 4.2.2).

4.2.1 PCG Patterns

As introduced in Chapter 3, Wang et al. [78] initially proposed using phase-shift circular
grating (PCG) arrays as a pattern that could be displayed on a digital screen and used
for camera calibration from out-of-focus images. Mathematically, the steps in Table 4.1
outline this basic method.

Since the goal of our work was to gain more insight into the overall feasibility of PCGs
and to determine if it could be the most accurate calibration method when using out-of-
focus images, we �rst re-implemented the work of Wang et al. [78], and built upon it with
the improvements proposed by Cai et al. [17]. Since no publicly available code was found
for either of their work [17, 78], new code was written based on Table 4.1 using Python
to generate PCG calibration pattern images, handle blob segmentation, recover wrapped
phase images, and perform subsequent camera calibration.

In step 1 of Table 4.1, PCG circles I1 to I3 were always generated with an odd number
diameter of pixels. This was done to ensure that the center pixel would always display
a unique pixel intensity. In all subsequent work, we chose PCG circles with a radius of
131px.

After step 2 in Table 4.1 is completed, and sets of three PCG array pattern images are
captured from multiple poses, the images can be processed using equation (4.4). To run
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Figure 4.1. From our previous work [67], we illustrate the control point localization methods
of Zhang [87] using checkerboards, vs. Wang et al. [78] using PCGs.
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Figure 4.2. From our previous work [67], we illustrate that for each captured or rendered
set of three PCG array / grid images, blobs are generated from images I1 to I3 for η number
of poses. The three blobs per pose are combined to create a combined blob image for each
pose. The combined blob images are used as binary masks to determine which pixels to
operate the arctan function on, in order to compute sharp wrapped phase images.

equation (4.4), we mask the captured PCG array pattern images separately and combine
the masks into blobs that segment the pattern from the background (Figure 4.2). This step
is essential to ensure that the arctan function will run without encountering division by
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Phase-Shift Circular Grating (PCG) Method Steps [78]

Step1 : Three grayscale circular gradient
patterns are created using equation (4.1),
where A and B are constants, ϕ(x, y) is the
unwrapped phase based on (4.2), and I1 to
I3, are the grayscale pixel intensities at co-
ordinates x, y for each image respectively.
Each gradient is shifted by 2π/3 increments.
As an input to the unwrapped phase, r(x, y)
is the Euclidean distance from the center of
the circle based on (4.3), These circular pat-
terns can be referred to as PCGs.


I1(x, y) = A+B cos[ϕ(x, y)− 2π/3],

I2(x, y) = A+B cos[ϕ(x, y)],

I3(x, y) = A+B cos[ϕ(x, y) + 2π/3],

(4.1)

ϕ(x, y) =
2πr(x, y)

T
, (4.2)

r(x, y) =
√
(x− x0)2 + (y − y0)2, (4.3)

Step2 : Each PCG image, (I1, I2, and I3)
are tiled into a symmetric grid or array, and
displayed using a digital display. Images of
the (I1, I2, and I3) arrays are captured con-
secutively in multiple poses with various ro-
tations and translations within the FOV of
the camera and can be captured regardless
of the level of focus.

Step3 : For every pose, wrapped phase
images are generated using equation (4.4)
where J1 − J3 are respective pixel intensi-
ties from I1 − I3. The phase points lying
on the 2π discontinuity (circular transition
from light to dark pixels) are used for ellipse
�tting and respective center point estima-
tion as inputs for camera calibration.

ψ(u, v) = arctan

(√
3

J1 − J3
2J2 − J1 − J3

)
, (4.4)

Table 4.1: Phase-Shift Circular Grating (PCG) Method Steps
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zero errors. The computed wrapped phase images are essentially a sharp re-construction
of the originally captured sharp or blurred sets of PCG images. These computed images
are stored and used in a subsequent camera calibration process.

Following Cai et al.'s method [17], we modi�ed the period T of equation (4.2) to create
PCGs that will generate two wrapped phase discontinuities. Figure 4.3 shows the modi�ed
wrapped phase image with two discontinuities which are the pronounced rings where pixels
transition from high intensity white to low intensity black shading.

Figure 4.3. shows wrapped phase images of single PCG circles with sharp discontinuities
(rings where there are sudden changes of pixel intensities from light to dark) that are used
for ellipse �tting. Notice that the below images (similar to Cai et al. [17, 18]), have an
outer ring that remains part of the pattern and is not segmented from the background,
whereas the above set (similar to Wang et al. [78]) would be segmented at the point of
highest intensity, leaving only one discontinuity that can be �tted.

With multiple wrapped phase discontinuities, we applied the theory in section 2.4, to
compute corrected center points from the centers of inner and outer ellipses. Figure 4.4
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illustrates how the corrected center point typically looks from an enlarged view of the
plotted points of a wrapped phase PCG circle grid image generated from synthetic data.

Figure 4.4. shows 3000× magni�cation of localized center points. Where red is the center of
the inner ellipses, green is the center of the outer ellipses, and blue is the corrected center,
note that these images were generated from synthetically rendered PCGs for an in-focus
case. Also, as demonstrated in Cai et al.'s work [17], the amount of perspective angle of
the calibration target has been observed to a�ect the spread of points respectively.
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4.2.2 Control Point Localization and Calibration Pipeline

Similar processes were followed to perform camera calibration using PCG, circle, and con-
centric circle grid patterns. Figure 4.5 outlines the general process where two alternate
methods were followed for extracting control points depending on which pattern is used.

Figure 4.5. General process for center point localization and camera calibration.

The general process for PCGs and concentric circles is to �rst follow steps that lead
to �tting ellipses. This starts by �rst gaussian blurring the image followed by Canny edge
detection, where a blur kernel size, and standard deviation are provided to the gaussian
blurring function, and upper and lower hysteresis thresholds are speci�ed for edge detection.
Fitting ellipses to concentric circles proved to be more di�cult than for PCGs because the
re-constructed wrapped phase images of PCGs provide consistent pixel intensities, whereas
the concentric circles are sensitive to lighting and resulting contrast.

To improve concentric circle ellipse �tting, additional Canny edge detector parameters
were added. These parameters were aperture size, which broaden the range of hysteresis
limit functionality, and L2 gradient, which speci�es an equation for �nding gradient mag-
nitude which increases the accuracy of edge detection. All parameters were hand tuned
for respective image data sets, and in the cases of concentric circles, across all images,
since lighting conditions could vary across images and di�erent patterns provide di�erent
responses for edge detection and subsequent ellipse �tting.

With computed edge thresholds, we then detect contours followed by subsequent ellipse
�tting, where a minimum of �ve contour points are needed to �t an ellipse. Using synthetic
data, ellipses can be �t from contours with relative ease and consistency. However, with
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the added noise from real-world images, erroneous ellipses often appear linking the wrong
contour points, and often need to be �ltered. Three methods were devised to �lter ellipses,
including �ltering by major / minor axis ratio, �ltering by angle, and pre-�ltering by
proximity of center points to known coordinates detected using the OpenCV �nd-circle-
grid function. In the latter method, ellipses are thrown out if their x, y center point exceeds
speci�ed geometric thresholds of known center points found by the �nd-circle-grid function,
which detects the broader outlining circles of the patterns.

Of these three �ltering methods, �ltering by major / minor axis ratio proved to be
the most e�ective. Using a user speci�ed ratio cuto�, erroneous ellipses with a ratio
of their major to minor axis exceeding the cuto� could be eliminated. This is possible
because the majority of erroneous ellipse detections are elongated beyond the amount of
elongation caused by calibration pattern perspective shift alone. Although �ltering by angle
was implemented, it did not end up being used. This was due to the principal angle of
ellipses often appearing to be random with no common principal angle being determined
for comparison against erroneous ellipses. Pre-�ltering by proximity was used in some
cases, but only removed a small number of invalid ellipse detections in addition to major
/ minor axis ratio �ltering.

As there are numerous implementation details, Figure 4.5 provides a generalized high-
level outline of these processes. All PCG and concentric circle grid patterns use corre-
sponding neighbour matching based on the OpenCV �nd-circle-grid function to determine
the order of points from locations on the grid. In these cases, the OpenCV �nd-circle-grid
function would detect circles on a PCG wrapped phase image. The x, y coordinates of cen-
ter points from detected ellipses were then compared within speci�ed boundaries (usually
within 5 pixels for x, y respectively), if ellipse centers were within the same neighbourhood
as the OpenCV points, they would then be assigned to that position on the grid. Since
the OpenCV �nd-circle-grid function relies on an OpenCV based blob detector, in some
cases, limitations were found with the detectors ability to �nd obvious blobs. In these
instances, separate masked images were supplemented using images processed using SciKit
Image morphology.

Since numerous ellipses are generated per circle, we used various combinations of ellipses
to test camera calibration results for di�erent cases. For PCGs and concentric circles, there
were two distinct sizes of ellipses, one larger set for the outer circle, and one smaller set
for the inner circle. To distinguish between these two, size thresholds were used and could
easily segment between the inner and outer ellipse (see green inner ellipses and blue outer
ellipses in Figure 4.2.2). It is important to note that for all inner and outer ellipses, often
multiple overlapping ellipse detections are found. In all cases, we average the centers of
the inner ellipses, and separately averaged the centers of the outer ellipses. From this data,
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we were able to experiment with the following cases (Table 4.2):

Table 4.2: Calibration cases.

4.2.3 Circular Patterns

Two circle grid patterns were generated and used for comparison in experiments. One
pattern was using small circles with a radius of 13 px and the other used a grid of large
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circles with a radius of 131 px (Figure 4.6). Both patterns were used for comparison
with PCGs and used the standard o� the shelf OpenCV �nd-circle-grid, and blob detector
functions to detect points for subsequent camera calibration using OpenCV's standard
calibration function. Hand tuned parameters were provided for the blob detectors, and a
single blob detector pro�le was used for each set of images. Note that in our last experiment
we also gathered data from synthetic sets of concentric circles (Figure 4.7), using a modi�ed
branch of our ellipse �tting and center point correction pipeline.

Figure 4.6. Small circle (Left) and large circle (Right) calibration patterns.

Figure 4.7. Concentric circle pattern, detected using a modi�ed branch of our ellipse �tting
pipeline.
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4.3 Camera Calibration from Real Images

4.3.1 Initial Trials and Foundational Knowledge

Many lab experiments were conducted to learn about the calibration process and to �nd
a standardized procedure that would allow for valid comparisons between methods. Early
experiments were conducted using real world passive checkerboard patterns as well as
synthetic checkerboard patterns which con�rmed the inability to detect control points
beyond certain levels of out-of-focus blur. Further experiments were conducted using LCD
display screens, but revealed issues with camera refresh rate synchronization between the
LCD screen and the camera, which would cause variations in image brightness depending
on exactly when the frame was captured. Although the 1920 x 1080, 144 Hz, 15.6�, 141
ppi, anti-glare, IPS display that was later used had less of a synchronization issue due
to a relatively fast refresh rate (Figure 4.8), we later decided to try an E-Ink display to
eliminate the possibility of synchronization issues all together.

After several experiments, we also realized the subtle di�erence between �nding the
intrinsic parameters of the camera's lens element, and the camera system as a whole, which
needs to account for the lens's con�gured settings determining how light is projected onto
the camera's image sensor. This underscored the importance of performing calibration
with �xed camera intrinsics where it is necessary to leave the camera focus, and aperture
(Figure 4.9) unchanged, regardless of capturing in-focus or out-of-focus images.

Essentially, in real world experiments, since there is no way of measuring the focus ring
and aperture settings and translating the e�ect of their set-points on the lens's inherent
focal length, to a ground truth focal length, the only way to compare the accuracy of
a particular method is to change the distance between the camera and the target, and
compare the recovered intrinsic parameters. It is also important to note that other work in
literature provided results that did not leave the lens intrinsics �xed, and therefor provided
results that were di�cult to compare and determine real world accuracy from.

4.3.2 Robot Guided Real-World Experiment Method

All of our real-world experiments were performed using a Basler acA1920-150uc camera
with 150 FPS frame rate at 1920x1200 resolution with a 4.8 µm × 4.8 µm sensor (10.9 mm
e�ective diagonal). This was coupled with a Computar C23-5028-5M, 50mm focal length
lens (Figure 4.9). Our main experiment was performed in the University of Waterloo's
RoboHub lab using a Franka Emika Panda collaborative robot arm, controlled with the
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Figure 4.8. Early lab experiments using an IPS LCD laptop display as the calibration
target, displaying PCGs and other patterns for comparison in a dark room.

Franka Emika Robot Operating System (ROS) API. A 3200 x 1800 resolution color E-Ink
display was attached as the end-e�ector and camera calibration target. All images were
captured at the camera's full resolution of 1920x1200.

With foundational knowledge in place, our established experimental procedure as de-
picted in 4.10 was as follows:

1. Train the robot using its collaborative functionality to record a sequence of 20 poses
with rotations (≲ 45◦) and translations from side to side within the robot's motion
envelope with minimal changes in distance from the camera.
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Figure 4.9. Computar C23-5028-5M 50mm camera lens with focus and aperture ring ad-
justment controls.

2. Set up the camera in-focus 4m from the E-Ink display target with extra room to
translate the target within the FOV of the camera. The amount of extra room
depends on step 4. With our 50mm lens, this worked out to a 4m camera to target
distance.

3. Capture the 20 poses of focused images.

4. Leaving the camera intrinsics �xed, move the camera within its macro focus to a
maximum distance that allows the pose sequence to translate within the FOV of the
camera without cutting o� any of the calibration target pattern. In our case a round
number distance that worked well was 3m.

5. Capture the same 20 pose sequence from the 3m out-of-focus position.

In our lab setup (Figure 4.10), an E-Ink display was used since it displays a static image
with no refresh rate characteristics. The other advantage of this display is that it does
not contain a glass plate which could add refraction and require refraction correction using
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Figure 4.10. As shown in our previous work [67], the above �gure depicts the lab setup for
our robot guided camera calibration experiment.

Snell's law to eliminate ray o�setting bias [38, 68]. The trade-o�s with using this display are
that it cannot natively display grayscale pixels. It only achieves a grayscale approximation
through dithering, which could potentially introduce an o�setting bias between di�erent
patterns. Also, since the E-Ink display does not have a highly mat coating, and is not
actively backlit, the environment lighting needs to be carefully set to balance illuminating
the E-Ink display but reduce re�ections that cause glare. For all 20 poses in the robot's
motion sequence, we adjusted individual spotlights and area lights around the ceiling to
achieve this balance as much as possible. A minimum 1.5 second delay is built into the
motion sequence between poses to allow the robot arm to settle from oscillations before an
image is captured.

The fundamental di�erence between a camera centric and target centric setup is that
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in a target centric setup, the camera would need to translate much farther to achieve the
same perspective angle towards the target. Unlike with Huo et al. [46], where a linear
motion table was available in conjunction with a robot arm, since our robotic setup has
a more limited range of lateral motion, we chose to use a camera centric setup. In all of
our real-world experiments, a 4× 6 grid of circles was used. Although higher accuracy can
be achieved with more circles, we found that this setup �ts the aspect ratio and margins
of the screen well, and a sparser control point grid was easier to closely examine. Also,
our experiments were mainly aimed at observing the relative accuracy between in and
out-of-focus patterns where no other ground truth is present, therefor making an increased
number of control points partially redundant.

4.4 Camera Calibration from Synthetic Images

4.4.1 Initial Synthetic Experiment Method

Initial synthetic experiments were conducted to validate the implementation of PCG con-
trol point localization and calibration parameter recovery. These initial experiments were
also discussed in our previous work [67]. Using the Open-Sourced Blender 3D animation
software application, synthetic scene rendering was con�gured to model real world camera
calibration setups. For the initial synthetic experiments, the Blender scenes were con�g-
ured to render 4 × 5 PCG grid image sequences from a perspective camera model. The
PCG grid pattern was rendered on a �at plane which was animated to rotate and translate
through a speci�ed pose sequence. Each image sequence was produced by three copies of
a Blender scene containing the three PCG images (I1 to I3) for 10 poses each, and a total
of 30 images from all three scenes (see Figure 4.11 above portion).

The initial 4m distance sequence was rendered in-focus followed by an out-of-focus
sequence where the camera focus distance was set to 10m. After 10m, the focus distance
was incremented by 5m up to 30m, followed by a �nal set with a focus distance of 100m
where the images were severely out-of-focus. Figure 4.12 illustrates the scene setup and
Table 5.1 in section 5.2 outlines results for each of these cases.

The perspective camera was con�gured to have a 50mm focal length, and an F-Stop
of 1 from 4 to 30m followed by an F-Stop of 0.5 for 100m to allow the increased focus
distance to render additional blur. In all cases, the synthetic camera model was set to have
a horizontal sensor �t with a 36mm width sensor.

It is important to note that in each focus distance set, although the camera focus
distance was changed, the actual camera distance in the scene remained the same. This
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Figure 4.11. Visualization of the �rst 8 out of 10 rendered poses for (I1 to I3) (Above)
and respective computed wrapped phase images (Below).

Figure 4.12. Con�guration of Blender scene for rendering PCG images.

is a special characteristic that is possible when using Blender for synthetic rendering and
allows blur to be decoupled from the spatial resolution of the image. In other words, the
calibration target pattern can be the same size in the image, but rendered as if it were a
di�erent distance from the camera with a respective change in out-of-focus blur. Unlike in
past works [18, 78] where gaussian blurring alone is used, our method of synthetic rendering
with Blender is a much closer approximation of real world conditions primarily because
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Figure 4.13. For illustration, Blender scene rendered with exaggerated spatially dependent
blur of tilted plane rendered with perspective camera model.

spatially dependant blur is being modeled. Figure 4.13 depicts an exaggerated rendering
that we created to illustrate this point.

From all of the images that were rendered (7 focus levels × 3 PCG images (I1 to I3),× 10
poses), equation (4.4) from Table 4.1 was used to generate wrapped phase images (Figure
4.11). Subsequent camera parameter recovery was performed using standard OpenCV
�nd-circle-grid and calibration functions.
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Figure 4.14. Process of recovering ground truth intrinsic parameters (K matrix) from
Blender camera model, and comparison with K matrix recovered from calibration.

4.4.2 Calibration Validation and Focal Length Ground Truth Re-
covery Method

To validate our method and �nd ground truth focal lengths, Python scripts were devised
[8] to query the Blender scenes internal camera model (Figure 4.14). These ground truth
calculations are further described in Appendix A.

In all cases of the initial experiments, the focal lengths for the Blender scenes were
veri�ed to be exactly 1500px for both the fx and fy focal lengths.

69



4.4.3 Advantages of Synthetic Camera Calibration

From our work using Blender, we can summarize the following advantages that can be
attributed to synthetic rendering using these methods:

1. Synthetic rendering is repeatable, target poses, camera positions, lighting, and other
variations in background environmental conditions can be eliminated or numerically
constrained.

2. Noise can be controlled, either added or removed.

3. The ground truth can be recovered based on the con�gured camera model.

4. Physical objects like a glass screen plate requiring refraction correction can be added
or eliminated.

5. Spatial resolution can be preserved, the focus distance and blur can be varied without
changing the image size.

6. Programmability. Synthetic rendering methods can be controlled programmatically
to iterate through more experimental conditions faster.

4.4.4 Method for Synthetic Experiment Aligned with Robot Guided
Real-World Experiment

After gathering results from our robot guided real-world lab experiment (section 4.3.2 for
method, and section 5.3 for results), we devised a synthetic experiment using the recorded
poses of the robot to validate our synthetic rendering method against the real-world image
dataset. The purpose of this work was also to observe if there are noticeable di�erences in
results with real world factors like dithering and noise removed.

To do this, we recovered the recorded poses from the robot motion sequence and veri�ed
them in the ROS based Gazebo simulator. Using the Gazebo simulation, we recorded the
quaternion angles of the simulated robot's left end-e�ector gripper (Figure 4.16), which
was found to have the same orientation and similar o�set to the real world origin of the
E-Ink display.

The quaternion angles were converted to roll-pitch-yaw (RPY) and XYZ distances in
meters and inserted into a Blender scene containing a plane with a shader material (similar
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Figure 4.15. Sample of real images captured in di�erent poses (left column), and respective
pose-aligned synthetic images (right column). Note that the �nal 2 out of 20 poses (bottom
row shown as sample) had a slight lighting mismatch where the downward facing synthetic
images turned out darker due to a lack of full room modeling, where light was re�ected from
the �oor and glass walls in the real world.
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Figure 4.16. Franka Emika Panda robot shown in Gazebo simulation with left gripper �nger
queried for end-e�ector pose.

to the procedure in 4.4.1), only with the same 4×6 grid and using the same patterns found
in section 4.3.2.

Special consideration was also taken to approximate the positioning and intensity of
lights from the lab within the simulated Blender scene. Figure 4.15 illustrates the similarity
between images captured in the lab vs. the pose aligned renderings.
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4.5 Methods Summary

In chapter 4, we provided a recap of the workings of Zhang's method which we also re-
fer to as the standard calibration method. We also explain the detailed steps of our
re-implementation of a PCG method, and outline the detailed steps of pattern image gen-
eration, as well as wrapped phase image re-construction and our control point localization
pipeline based on ellipse �tting.

We also highlighted the subtleties of control point detection and localization as well
as the magnitude of sub pixel localization, control points that can be used for di�erent
calibration cases, and detection of control points from small circles as well as concentric
circles.

We also discussed the provisions that were made for real-world experiments, including
details about our experimental setups, and also explain the details about our synthetic
experiment methods, synthetic ground truth focal length recovery method, and a summary
of the overall advantages that our synthetic experimentation pipeline was found to provide.

Finally, we discussed how our last experiment was performed which involved using
real-world robot guided calibration target poses to re-create similar conditions for a syn-
thetic experiment. This closely approximated real world conditions, but eliminated certain
aspects of real-world noise, to provide further insight into the underlying methods.
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Chapter 5

Results and Discussion

Our results are shown in the following sections. Section 5.1 discusses how we chose to make
relative comparisons between recovered focal lengths. Section 5.2 shows our initial valida-
tion of the PCG method based on a 4× 5 PCG array in a simpli�ed Blender environment
without lighting or extensive scene modi�cations. Section 5.3 discusses the results of our
robot guided real-world experiment, and section 5.4 discusses the results of the �nal exper-
iment where the real-world experiment robot poses were synchronized with synthetically
rendered images.

5.1 Comparison of Focal Lengths

In the following sections, we compare focal lengths estimated from camera calibration to
either, known ground truth focal lengths in the case of synthetic data 5.2, or, in-focus to
out-of-focus focal lengths in the case of real-world data 5.3, or both, in the case of our
�nal results 5.4. In all cases, we provide the comparisons for both fx and fy, and represent
the relative di�erences using the percent di�erence formula found in equation (5.1) [80].
Note that this di�ers from other methods of measuring relative change, such as percent
error [80], and percent change. Since we cannot assume a ground truth in real cases, for
consistency, we use percent di�erence for comparison across all cases:

Percent Difference =
|E1 − E2|
1
2
(E1 + E2)

· 100. (5.1)
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5.2 Initial Synthetic Experiment Results

Table 5.1 which was discussed in our previous work [67], shows the results of our initial
synthetic experimental work where we con�rmed that our PCG rendering and calibration
pipeline was working as intended. Figure 5.1 shows that the initially recovered in-focus
focal lengths at 4m distance are within 1.7 pixels of the ground truth, which is an average
of 0.1092% di�erence from the ground truth. As out-of-focus blur increases, between 15m
and 20m focus distances, the estimated focal length crosses the ground truth, and at 30m
focus distance is only 0.0023% di�erent from the ground truth. To avoid exhaustive dataset
iteration, we tested an extremely blurred 100m focus distance case following 30m, and the
resulting recovered focal lengths are just over 2 pixels away from the ground truth. An
average percent di�erence of only 0.1440%.

We believe that these results validate the approach of Wang et al. [78], with respect
to 3.7 demonstrating strong blur invariance. We also believe that this work shows a more
realistic result, since Wang et al. only used Gaussian blurring as their synthetic blurring
method, and we used a fully featured rendering environment that accounts for spatially
dependant blur as shown in section 4.4.1 Figure 4.13. Although MRE and recovered focal
lengths are closely related, we also believe that our results shown in focal lengths and
percent di�erences are a better indicator of real-world e�ectiveness, because focal lengths
incorporate the e�ects of MRE di�erences as well as the directionality of point spread
biases, and are a �nal output for subsequent computer vision tasks.

75



Figure 5.1. shows a plot of the focal lengths recovered from calibration using synthetically
rendered PCGs, with increasing focus distance and respective blur. Each focus distance
represents a set of 3 PCG images rendered in 10 di�erent poses.
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Table 5.1: Results for initial synthetic image experiment.

Initial Synthetic Image Experiment Results

Focus
Dis-
tance
(m)

F-
Stop

Ground
Truth
Focal
Length
(fx & fy)

Recovered

Focal

Length

fx

Recovered

Focal

Length

fy

Distance
from
Ground
Truth fx
(px)

Distance
from
Ground
Truth fy
(px)

Percent
Di�er-
ence fx
(%)

Percent
Di�er-
ence fy
(%)

4 1 1500 1498.39 1498.34 1.615 1.65819 0.108% 0.111%
10 1 1500 1499.41 1499.55 0.5927 0.4499 0.040% 0.030%
15 1 1500 1498.74 1498.89 1.25676 1.11229 0.084% 0.074%
20 1 1500 1500.56 1500.69 -0.55769 -0.69376 0.037% 0.046%
25 1 1500 1500.78 1500.84 -0.77567 -0.84371 0.052% 0.056%
30 1 1500 1500.00 1500.07 -0.00126 -0.06827 0.000% 0.005%

100 0.5 1500 1502.18 1502.15 -2.18149 -2.14609 0.145% 0.143%

5.3 Robot Guided Real-World Experiment Results

Table 5.2, which was also presented in our previous work [67], shows the results of our
lab experiment where a robot was used to consistently position an E-Ink display for 20
poses. Three patterns were compared in this experiment which included small circles, large
circles, and PCGs. Since an exact ground truth is not known, as a base case, we collected
calibration focal length estimates from in-focus images for each pattern, for comparison to
the out-of-focus estimates. Our goal is to �nd the most accurate out-of-focus calibration
method. As it is presumed that the case with the smallest di�erence is the most likely to
be estimating the focal lengths accurately, due to the estimates being closely in agreement,
we consider the methods with the smallest di�erence between in, and out-of-focus images
to be the best cases.

From PCG wrapped phase images, estimated focal lengths are provided using di�erent
combinations of the �tted inner and outer ellipses. In Table 5.2, we can see the four PCG
cases where focal lengths were recovered using only inner ellipses, only outer ellipses, an
average of the center points from both inner and outer ellipses, and center points that have
been corrected using the method discussed in 2.4. Figure 5.2 is based on Table 5.2 and
shows a plot of the di�erences between the in-focus cases, and out-of-focus cases. Here, we
can see that small circles have the smallest di�erence between in, and out-of-focus images,
which is the best case. The second-best case is using the corrected center points from PCG
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images. Using averages of fx,& fy focal lengths, the di�erence between these two methods
is very small, only 0.059%.

Large circles performed worse than small circles, but surprisingly the case using PCG
outer ellipses was the worst overall. This result is counter intuitive because the large
circles have a radius of 131 pixels, whereas the PCG outer ellipses (based on the PCG
wrapped phase discontinuity circles) fall somewhere within this radius and are therefore
smaller. Based on this result, we believe that the PCG ellipses are not being �tted as
accurately as they are with OpenCV's internal circle grid detection function for the small
and large circles. This could be due to fundamental di�erences with the PCG patterns
response to noise, E-Ink display dithering, lighting, and pattern intensity, or it could also
suggest that there is room for improvement with the ellipse �tting method that we used for
PCGs. Although previous attempts had been made to use OpenCV's circle grid detection
on the PCG wrapped phase images, we found that the OpenCV function had limitations
stemming from blob detection consistency, and more direct control over parameters was
required to improve detection. Therefore, it was necessary to follow the method in section
4.2.2 to obtain results.

Table 5.2: Results for robot guided real-world experiment.

In-Focus Out-of-Focus

fx fy fx fy
∆

fx(px)
∆

fy(px)
∆

fx(%)
∆

fy(%)

Small Circles 9903.623 9903.631 9926.619 9926.94 22.996 23.309 0.232% 0.235%

Large Circles 9888.723 9887.93 9929.184 9929.735 40.461 41.804 0.408% 0.422%

PCG Inner

Ellipses 9886.005 9886.428 9923.071 9923.057 37.066 36.629 0.374% 0.370%

PCG Outer

Ellipses 9849.408 9850.551 9908.761 9909.463 59.353 58.912 0.601% 0.596%

PCG Averaging

All Ellipses 9867.738 9868.61 9916.957 9917.389 49.219 48.779 0.498% 0.493%

PCG Center

Point Correction 9898.482 9898.689 9927.695 9927.448 29.213 28.759 0.295% 0.290%
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Figure 5.2. shows a plot of the percent di�erences between real-world in-focus, and out-
of-focus focal lengths on several patterns and control point localization methods. (smaller
percent di�erences are better).
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5.4 Results for Final Synthetic Experiment Aligned with

Robot Guided Real-World Experiment

The goal of our �nal experiment was to gain further insight about the capabilities and
limitations of small circles, concentric circles, and PCGs by building on the previous ex-
perimental work. To do this, we followed the method described in section 4.4.4 which is
based on replicating the results of the previous robot guided lab experiment. We did this
by copying the pose sequence of the robot's end-e�ector into the synthetic rendering envi-
ronment. Figure 5.3 shows samples of the top leftmost circle from the 4×6 synthetic image
grids of the small circles, PCGs, or concentric circle patterns that were tested. Note, that
all of the circles that are shown in Figure 5.3 are only for the �rst pose out of 20 poses.
From the robotic experiment that this is based on, we deliberately made the �rst pose
calibration pattern plane orthogonal to the camera axis, with no perspective angle applied.
In the lab, this helped with positioning and centering the target in the FOV. Since this is
the case, all of the circles that are shown for this initial pose are not tilted, but later poses
in the sequence are tilted in various directions that do not exceed 45° of rotation.

Table 5.3: Results for �nal synthetic experiment with lab experiment pose alignment and lighting
condition replication. NOTE: All values shown are an average of fx and fy.

In-focus
4m camera
dist, 4m
focus dist

Out-of-
focus 3m
camera
dist, 4m
focus dist

Out-of-
focus 5m
focus dist

Out-of-
focus 10m
focus dist

Out-of-
focus 15m
focus dist

Out-of-
focus 20m
focus dist

Small Circles
(fx, fy AVG)

8803.5456 8799.4637 8796.8263 8805.5990 � �

Corrected
PCGs (fx, fy

AVG)

8790.9843 8794.1393 8807.8803 8803.4895 8793.6621 8798.6678

Concentric
Circles (fx, fy

AVG)

8783.8289 8796.4632 � � � �

In Figure 5.3, we can also see that the samples from the synthetic images were rendered
with increasing levels of out-of-focus blur. The �rst two columns mirror the in and out-
of-focus conditions of the robotic lab experiment. In the �rst column, the camera is set
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Figure 5.3. shows the synthetically rendered patterns that were used in the �nal experiment.
All of the sample images are from the top left circle of the 4 × 6 grid of each type of
calibration pattern. Also, all of the circles that are shown are for pose 1 out of 20 (where
no perspective angle has been applied yet). The left column is in-focus, and moving to the
right is increasingly out-of-focus. The grids of these circles, and their respective image
sequences were used to generate the results in Table 5.3.

to focus 4m into the distance, and is 4m away from the target, so it is in-focus. In the
second column, the camera is still set to focus 4m into the distance, but it is moved closer
to the target by 1m (and is 3m from the target), therefor, the images appear larger, and
are out-of-focus.

The next four columns to the right, however, extend the out-of-focus conditions in
a way that is only possible with synthetic rendering. This is due to real world FOV
limitations. Speci�cally, all focus distances ≥ 5m were rendered using the same 3m camera
distance from the calibration target as the previous out-of-focus case, but with �xed camera
intrinsics and the camera focus distance extended further past the target, into the distance
(from 5m up to 20m, in 5m increments).

If this had been a real-world case, it would not have been possible to bring the camera
closer to the target, because the circles near the edge of the 4 × 6 grid would exceed the
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image FOV and become partially occluded or no longer visible. With Blender on the other
hand, this is possible because although we render images based on a perspective pinhole
camera model, using Blender's EEVEE render engine, depth of �eld (DoF), is handled as
a post-processing operation, so it does not in�uence the camera model, and is therefor
decoupled from the focal length. Table 5.3 shows the averaged (fx, fy) focal lengths for
all the cases that are respective to Figure 5.3. Note that all PCG and concentric circle
pattern cases use the concentric circle correction method from section 2.4, since the previous
experiment in section 5.3 validated that this method works the best.

Figure 5.4 is a plot representing the focal lengths from Table 5.3, which includes
the ground truth focal length for all of the synthetic pattern image sequences, which is
8807.339px. From this plot, we can see that for the initial in-focus case, the small circles
are closest to the ground truth, whereas PCGs are next, and concentric circles are the
worst. For the next out-of-focus (3m camera distance, 4m focus distance) setting, both
concentric circles and small circles are closest to the ground truth, and PCGs improve as
well, but are the worst out of the three.

For the next 5m focus distance setting, in Figure 5.4, we can see that the focal lengths
recovered using PCGs slightly crosses, and almost matches the ground truth. From Table
5.3, we can see that this recovered focal length value is 8807.880, which is only 0.541px
away from the ground truth of 8807.339px. In Figure 5.5, we can see that this equates
to a percent di�erence of only 0.006%. At this point, the concentric circles are no longer
detectable. The most di�cult images to detect concentric circles from appeared to be from
the last two poses at the end of the pose sequence. These two images were noticeably darker
due to calibration target angle and simulated overhead lighting. This lighting di�erence
was the same across all three of the patterns (PCG, small circles, concentric circles), but
only concentric circles were adversely a�ected.

The small circle method uses �xed blob detection parameters across all poses and relies
on OpenCV's �nd-circle-grid function, whereas the PCG detection method and concentric
circles rely on our ellipse �tting pipeline from section 4.2.2. Using this pipeline, concentric
circles were only detectable when we added individual morphology parameters that were
hand tuned for each pose. This contrasts with PCGs where this level of �ne tuning was
not needed. This is because the PCG wrapped phase images are always a reconstruction of
the original images (I1 to I3), with consistent pixel intensity, meaning that only the initial
process of generating wrapped phase images is sensitive to lighting. Since there are three
images to work with that cover the intensity spectrum throughout the area of the circles,
there is more pixel information to work with, and therefor greater robustness to lighting
than the concentric circle method.
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Figure 5.4. shows the average of fx and fy for the recovered focal lengths for each of the
in and out-of-focus cases, for small circles, PCGs, and concentric circles. These patterns
and focus cases are plotted against the ground truth focal length of 8807.339px which was
common to all of the synthetic Blender scenes that generated the image sequences from
which the focal lengths were recovered.

At 10m out-of-focus, we obtain close to ground truth results for both PCGs and small
circles, and from Figure 5.5, we can see that PCGs are 0.044% di�erence from the ground
truth, and small circles are even better at only 0.020%. At 15m small circles are no
longer detectable, even after numerous attempts to tune blob detection parameters. There
appears to be limitations in the range of operation of OpenCV's blob detector when dealing
with varying pixel intensities across a grid pattern, and for small circles to continue to be
detectable, individual parameters would need to be hand tuned, or set adaptively, for every
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Figure 5.5. shows a plot of the percent di�erences between the recovered average (of fx,
and fy), focal lengths and the ground truth focal length.

image. Using our ellipse �tting pipeline, and continuing to use only one set of canny edge
detection parameters across all images in each sequence, PCGs continue to be detectable
all the way up until 20m, where the percent di�erences vary from 0.155% for 15m, to
0.099% at 20m.

In addition to rendering increasingly blurred images within the FOV, synthetic ren-
dering has shown the added advantage of maintaining image spatial resolution. This is
achieved by progressively blurring the calibration patterns without changing their size. In
contrast, real-world scenarios don't allow for this, as images of the same pattern end up be-
ing captured with circles of di�erent radii due to changes in distance. Although a camera's
focus ring could be adjusted to increase blur, this would change the e�ective focal length
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of the camera-lens system, and calibration would recover a respectively di�erent result.

This distinctive feature of synthetic rendering not only enhances the amount of data
that can be collected for a given test setup, but also allows for comparison of blur cases
based on the same pattern area, and relative number of pixels (other than the spread of
pixels from blurring). This is something that helps to remove variability when comparing
patterns, and isn't possible in real-world experiments.

Later, it was also discovered that the camera sensor width of 10.9mm that had been
entered into the Blender scenes was inadvertently based on the e�ective sensor diagonal
based on the real Basler acA1920-150uc camera. Based on this value, the e�ective ground
truth focal length of the virtual pinhole camera model for fx and fy is 8807.339px, which
correctly coincides with the calibration recovery results, and again validates our synthetic
rendering and focal length recovery methods. If the correct sensor width of 9.22mm (cal-
culated based on aspect ratio and the e�ective diagonal of 10.9mm) was used, then the
ground truth focal length would be 10412.147px (see Appendix A for calculations). This
likely explains why the focal lengths from the real-world experiment were higher, and in
the range of 9800 - 9900 px. Also, the di�erence between 10412px and the real world
recovered range ∼ 9850px is likely explained by the fact that it is not possible to know the
real-world e�ective camera system focal length due to the analog setting of the focus ring.

Since the synthetic images were scaled to match the real images, there may have been
a small distance o�set that was not known or accounted for from the real world, between
the robot base and camera. This would allow the images to look very similar without
the possibility of their being a humanly perceptible di�erence in the camera's perspective
depth that would relate to the di�erences in focal lengths. However, since the images were
scaled similarly, and it is not possible to know the real-world e�ective camera system focal
length, this experiment proved to be no less valuable, because it shows a close relative
comparison between the real world and what could happen if blur conditions could be
tested further for each calibration test pattern. This could in essence shed light on how
longer focal length cameras would work with di�erent calibration patterns without having
to physically iterate through them in real life.

As a �nal comparison, we can look at the percent di�erences calculated in the real-
world experiment 5.3 and our approximated synthetic re-creation. For comparison, Table
5.4 shows the real-world results vs. the synthetic re-creation, showing percent di�erences
between in and out-of-focus cases, for both small circles and PCGs. Note that the real-
world focal lengths are averages of (fx, and fy) from 5.2. On average (between small
circles and PCGs), the percent di�erences of focused to out-of-focus focal lengths from the
real-world are over 6× higher than the average percent di�erences from the synthetic re-
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Table 5.4: Comparison of real-world results vs. synthetic re-creation of real-world experiment
showing percent di�erences between in and out-of-focus cases for PCGs and small circles. Lower
percent di�erences are better. Here, we can see that PCGs are a�ected by real world noise, but
can theoretically perform better than small circles when subjected to out-of-focus blur.

In-focus 4m
camera dist,
4m focus dist

Out-of-Focus
3m

Percent
Di�erence

Real World:
Small Circles
(AVG fx, fy)

9903.627174 9926.779806 0.2335%

Corrected PCGs
(AVG fx, fy)

9898.585495 9927.571513 0.2924%

Synthetic
(Based on
Real World):

Small Circles
(AVG fx, fy)

8803.545608 8799.463668 0.0464%

Corrected PCGs
(AVG fx, fy)

8790.98432 8794.139312 0.0359%

creation. Also, PCGs perform better than small circles in the synthetic case than in the real
world. Although the di�erences are small, this underscores that it is important to account
for the e�ects of noise as well as the accuracy of ellipse �tting techniques. This is evident
because the main visible image di�erences between the real and synthetic images (shown
in Figure 4.15 from section 4.4.4), are that there is noticeable camera exposure noise, as
well as a pattern pixelation e�ect due to the dithering process of the E-Ink display.
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5.5 Results Summary

In this chapter we outlined the results of three experiments, which iterated between syn-
thetic and real-world experimental setups. The �rst experiment con�rmed the e�cacy of
our overall synthetic rendering pipeline, and PCG calibration method. The second and
third experiments were directly related, as they were con�gured the same way, and high-
lighted the di�erences between real world and synthetic results.

Using percent di�erence as our main comparison metric, we highlighted the trade-o�s,
advantages, and disadvantages between di�erent ellipse �tting cases, as well as comparisons
between small circles, PCGs, and concentric circle patterns.

In our last experiment, we directly compared our real-world results to the synthetic
re-construction to better understand the magnitude of di�erences between the results.

Our overall conclusions from these results are that the PCG method performed ex-
tremely well under ideal conditions but su�ered from reduced accuracy when subjected
to real world noise, which we hypothesize is owing to their increased complexity and the
e�cacy of chosen ellipse �tting methods. However, the main advantage that was observed
is that PCGs continue to be detectable after small circles, and long after concentric circles.
This appears to be due to their increased pixel area from combined images, which adds
robustness to extreme blur and variations in lighting conditions.
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Chapter 6

Conclusions and Recommendations

This work aims to �nd the most accurate methods of control point localization for out-of-
focus camera calibration. Towards this search, we reviewed a large volume of literature,
and attempted to validate previous work from literature on PCG calibration target pat-
terns, by comparing them to small circle grid patterns, and later concentric circles. Initial
comparisons showed that PCGs were largely invariant to blur. However, lab experiments
with real world noise showed that their accuracy was marginally worse than comparable
small circles. Further experiments were conducted using synthetically generated images
that closely mirrored real world images taken in the lab. Unlike from most related work,
this was possible because of our e�orts to preserve target pose consistency by using a
robotic manipulator. The goal of this synthetic work was to preserve some real-world vari-
ability such as pose alignment and lighting, while also removing other real-world noise such
as camera noise and grayscale display dithering. The results showed that when synthet-
ically approximating real-world conditions, PCGs returned smaller di�erences in in-focus
vs. out-of-focus focal lengths than small circles. However, when the out-of-focus intensity
was extended beyond real world conditions, PCGs had more variability, than for small
circles, but in one out-of-focus case, also returned the closest estimate to the ground truth.
PCGs also continued to be detectable under the most blurred conditions.

We conclude that PCGs are the most robust pattern to variations in lighting and
high intensity out-of-focus blur, as they proved to be easier to detect as out-of-focus blur
increased, and when particular poses re�ected di�cult lighting conditions. This is believed
to be due to their larger combined image pixel area, and consistently re-produced wrapped
phase images. PCGs are therefor validated to be favorable for calibration of longer focal
length cameras, and for calibration requirements in space constrained environments where
lens distortion is minimal.
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After further experimentation using synthetic images of concentric circles, it is clear that
ellipse �tting methods play a vital role in the accuracy of control point localization for both
concentric circles and for PCGs. In this work the Canny edge detector is used as the basis
for ellipse �tting and center point localization, but detectability of ellipses and quality of
detections prove to be sensitive, and are contingent on the Canny edge detector parameters
that are chosen. From here, further work can be undertaken to determine if adaptive
thresholding techniques could improve robustness, and if better ellipse �tting techniques,
such as structured forests edge detection can enhance any of the phase-based circular
pattern, or circle-based methods that were tested. Fundamentally di�erent localization
methods such as the technique based on conservations of gradient �ows (from Calvet et al.
[19] mentioned in section 3.5.1) could also be examined to determine if more accurate and
robust control point localization is possible.

We also therefor conclude that there are trade-o�s in calibration pattern selection that
are necessary to consider when pairing with a respective use case. PCGs are generally
more complicated to implement, require more images to be captured, and require more
processing steps. This greater number of steps can lead to the heightened probability of
numerical stack-up errors, which in tern can lead to less consistent results. Small circles
on the other hand work well with existing circle detectors and should be used in more
general cases. Although our work does not consider the e�ect of distortion, as per Mallon
and Whelan [59], circles with a radius of 10px are stated to be su�cient for reducing
the bias of lens distortion, whereas PCG patterns with their larger radiuses can only be
worse when distortion is considered. This is another reason for using small circles in most
general cases, however, Mallon and Whelan [59] do not speci�cally address high levels of
out-of-focus blur in their work. This is why PCGs should be considered for very high focal
length applications, where little distortion is present and when special attention is placed
on parameter tuning, ellipse �tting methods, step validation, and numerical accuracy.

Since square phase-based methods were outside of the scope of our work, but did show
some initially promising results, we also recommend testing the code from Schmalz et al.
[3, 68] as a starting point, to determine if square phase-based methods are worth further
consideration.

We also believe that our synthetic validation pipeline and experimentation method
has the potential to closely approximate real-world conditions and is valuable for testing
long focal length calibration patterns under various conditions. The ability to recover
ground truth intrinsic parameters is invaluable for observing extremely small variations
between calibration patterns, relative to a ground truth when recovering intrinsics with
high accuracy. We have also demonstrated some special capabilities of synthetic rendering
that extends results beyond real-world testing, and can isolate variables such as real-world
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changes in pattern spatial resolution, and removal or control of noise to allow for closer
comparisons between di�erent patterns. With some re�nement, these testing methods
could be extended further to test a larger number of variables more rapidly, and with even
closer to real-world results.

We also found that comparisons using percent di�erences are valuable since experiments
from di�erent scenes may return di�erent magnitudes of pixel focal lengths, but it is the
relative di�erence between recovered in and out-of-focus focal lengths that provides an
indication of overall accuracy.

Finally, although our work focused on deterministic non-learning-based algorithms, we
would like to acknowledge the role of learned methods such as deep neural networks and
other machine learning methods in camera calibration. Although there are only a few
learned methods that relate directly to camera calibration from out-of-focus images, our
general takeaway is that learned methods can be valuable for encoding certain parts of
the calibration, or control point detection process. Although it is possible to implement
learned methods deterministically, larger and more advanced models rely on elements of
stochasticity to perform well. Also, end-to-end learned calibration methods can be more
di�cult to control and implement e�ectively.

Although learned methods have not yet been proven to increase accuracy when relating
to our work, we believe that they have the potential to improve the extensibility, and ease
of use for aspects of out-of-focus calibration. Therefor, we recommend further exploration
of learned methods (such as structured forests edge detection) for tasks such as ellipse
�tting, or even to replace the entire control point detection and localization process. This
however would only be e�ective provided that a given learned method is trained correctly
on adequate variations of ground truths for desired conditions. We also believe that some
extension of our synthetic rendering and ground truth recovery pipeline could be valuable
in this regard, since it could be adapted to perform training dataset synthesis and data
augmentation.
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Appendix A

Blender Focal Length Recovery and

Lighting

A.1 Example Calculation of Focal Lengths from Blender

Perspective Camera Model

The following steps outline a basic example of the calculations for recovering the ground
truth focal lengths for synthetically rendered images from Blender scenes. Figure A.1 shows
the perspective camera model and depth of �eld (DoF) settings.

To �nd fx, fy from K:

K =

fx 0 cx
0 fy cy
0 0 1

 (A.1)

we can follow:

fx = fmmsx
fy = fmmsy

(A.2)
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where sx, sy are the number of pixels per mm of the sensor. Given an image horizontal
resolution of 1920px and a sensor width of 10.9mm:

∴ sx = 1920/10.9 = 176.146px/mm

In this case, sx = sy

With a camera focal length in Blender speci�ed as 50mm, based on (A.2) we can then
multiply sx & sy by 50mm.

∴ fx = 176.146× 50 = 8807.339px

NOTE: fx = fy
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Figure A.1. shows the camera settings panel in Blender where the focal length is speci�ed
in mm, and the focus distance can be set with depth of �eld turned on. Note that a 10.9mm
sensor width was speci�ed but the height of 24mm has no e�ect on the camera. With
sensor �t set to "Horizontal", the actual sensor height is calculated independently based
on the render aspect ratio and speci�ed sensor width. More information about Blender's
Depth of Field can be found here.

.
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A.2 Synthetic Approximation of Lighting Conditions

Below are images of the lighting conditions in the real A.2 and synthetic experiment A.3
using Blender version 3.4.

Figure A.2. shows the lighting setup in the RoboHub lab from the real-world experimental
setup where six spotlights were illuminated along with area lighting above the robot guided
calibration target.
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Figure A.3. shows the Blender scene for the �nal synthetic experiment with spotlights and
area lighting approximating the real-world lab setup. Note that the orange object is the
camera bounding box with camera FOV.
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