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Abstract

Financial time series demonstrate complex stochastic dynamics such as volatility clustering,
heavy tails, and sudden jumps that are difficult to capture with traditional parametric
models. Deep generative models offer a flexible alternative for learning unknown data
distributions, but their application to financial data remains limited.

In this thesis, we propose a diffusion-based generative framework for modeling financial
time series. Building on the Elucidated Diffusion Model, originally developed for image
synthesis, we adapt its architecture to multivariate sequential data and integrate the Am-
bient Diffusion framework as a variance correction mechanism. We provide a theoretical
analysis connecting excess variance in standardized outputs with volatility bias and derive
an analytical rule for selecting the ambient noise level.

We evaluate the proposed approach using a comprehensive framework that combines
statistical similarity, parameter recovery, option pricing, and risk metrics. Across synthetic
models (GBM, Heston, Merton) and real-world datasets (SPY, AAPL, NVDA, BTC), our
Ambient Diffusion-based method consistently improves distributional alignment, volatility
recovery, and option pricing over the EDM baseline, highlighting its potential for quanti-
tative modeling, scenario generation, and risk management.
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Chapter 1

Introduction

Quantitative finance is built on the premise that financial markets can be studied and
modeled through mathematical and statistical tools [79]. A central task in this domain is
the modeling of financial time series. A wide range of downstream applications, including
portfolio optimization, forecasting, derivative pricing, and trading, depend on accurate
time series models. Financial time series, typically representing asset prices or returns,
serve as the primary input for these applications and guide decision-making across the
industry.

However, real-world market data exhibits complex stochastic dynamics. It often violates
standard assumptions such as normality and stationarity, and is subject to stylized facts
such as heavy-tailed returns, volatility clustering, leverage effects, and features like sudden
jumps or regime shifts [11]. Capturing these dynamics reliably and flexibly has long been
a challenging modeling task.

A wide range of traditional approaches has been developed for modeling financial time
series. These include statistical models such as ARIMA for trend and seasonality [7], and
GARCH models for volatility [23]. In the continuous time domain, stochastic differential
equation models like Geometric Brownian Motion, the Heston stochastic volatility model,
and jump-diffusion processes are widely used for asset price modeling via Monte Carlo
methods [79].

While these traditional models offer theoretical tractability and are interpretable, they
rely on strong assumptions about distributional form, stationarity, and linearity. Their
performance often depends on manual model selection, careful parameter calibration, and
prior domain knowledge. As the complexity and dimensionality of financial data increase,
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these limitations become more significant. Capturing non-linear high-dimensional depen-
dencies and dynamic behaviors remains difficult using traditional parametric models. This
motivates the search for more flexible and data-driven approaches.

In recent years, deep generative modeling has emerged as a state-of-the-art, non-
parametric approach for learning high-dimensional data distributions directly from data.
Generative models are capable of capturing data structure without explicit distributional
assumptions or manual feature design. For a long time, predominant approaches were Gen-
erative Adversarial Networks (GANs) [14, 28] and Variational Autoencoders (VAEs) [44,
20, 44]. While both have been successful in various domains, GANs are known to suffer from
instability during training and mode collapse [65], and VAEs often produce overly smooth
samples and experience posterior collapse [48]. Since then, generative modeling has evolved
to include a variety of approaches and architectures, including (deep) Autoregressive Mod-
els [73, 9], Normalizing Flows [59], Energy-Based Models [8, 42], and Diffusion Models [83].
Within the broad family of generative models, diffusion-based approaches [66, 32, 68, 71]
are a leading method for tasks such as image, audio, and video generation, outperforming
other models in terms of sample quality and diversity [19, 45, 62, 51].

These models are flexible, scalable, and well-suited to capturing complex patterns and
dependencies in data. Their ability to generate realistic samples and learn directly from
raw observations has made them appealing for a wide range of data-driven modeling tasks
and has motivated the application of generative modeling techniques in fields beyond image
processing, including finance.

Artificial intelligence (AI) is increasingly used across the financial sector, transforming
workflows in trading, risk management, compliance, and customer interaction. In partic-
ular, the banking industry is driving rapid growth in AI adoption, with global spending
on AI and generative AI projected to exceed 80 billion USD by 2028 [35]. Early applica-
tions of AI in finance were dominated by traditional machine learning methods and natural
language processing [47, 54]. Specialized large language models like BloombergGPT [80]
have shown strong performance in tasks such as sentiment analysis, news classification,
and document summarization.

Recent research highlights growing interest in AI-powered decision support, predic-
tive analytics, and explainability in financial models [55, 27, 29]. Studies have explored
applications in forecasting macroeconomic indicators [25], modeling credit risk [85], and
improving transparency in financial decision-making [64]. Commonly used techniques in-
clude ensemble learning, neural networks, fuzzy logic, and hybrid models [55]. Despite
broad adoption of AI in finance, most research and applications have focused on natural
language processing, classification, regression, or predictive tasks.
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By contrast, generative modeling techniques remain relatively underexplored in finance
compared to other AI approaches. In the financial time series domain, most prior work
has focused on applying GANs to time series generation tasks [78, 21]. For general time
series, several diffusion-based models have been proposed, but these primarily address
forecasting and imputation on non-financial datasets with strong periodicity and relatively
low randomness, such as solar activity or electricity usage [50]. This gap motivates further
investigation into the use of generative models for financial data modeling and simulation.
To our knowledge, recent studies [58, 72] have attempted to apply diffusion models to
financial time series, but they transform sequential data into image-like representations.
For example, [58] train directly on price chart images, while [72] use wavelet transforms
to convert time series into images. In this work, we take a different path by adapting
the model architecture to time series input directly, rather than reformatting the data to
match an image-based input format.

Building on this idea, we adapt one of the leading diffusion-based models for image
synthesis, EDM [37], with the NCSN++ neural network architecture [71], to multivariate
temporal input data. We further incorporate the Ambient Diffusion [18] framework into
our work, leading to improved performance. We train the models on synthetic datasets, in-
cluding Geometric Brownian Motion, Heston, and Merton jump-diffusion models, as well as
on real-world financial data. Our evaluation combines statistical similarity measures with
finance-specific criteria such as volatility dynamics and option pricing accuracy, allowing
us to assess both generative quality and practical relevance.

Contributions. This thesis makes the following contributions:

• We adapt a state-of-the-art image synthesis diffusion model to the domain of multi-
variate financial time series, introducing architectural and training modifications for
sequential data.

• We extend the Ambient Diffusion framework into time series modeling, and provide
a theoretical analysis of its role as a variance correction mechanism.

• We propose a two-stage training procedure that calibrates the ambient noise level
using a pilot run approach.

• We design a comprehensive evaluation framework combining statistical, stochastic,
and finance-specific metrics to assess model performance on both synthetic datasets
and real-world market data.
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• We provide empirical evidence that the proposed models capture complex financial
dynamics better than baseline diffusion methods.

The remainder of this thesis is structured as follows. Chapter 2 provides the neces-
sary background on time series modeling, stochastic differential equations, and diffusion
models. Chapter 3 introduces our methodology, including datasets, model architectures,
and training procedures. Chapter 4 describes the evaluation framework that combines
statistical, financial, and risk-based criteria. Chapter 5 presents experimental results on
both synthetic and real-world datasets. Finally, Chapter 6 summarizes our findings and
discusses directions for future research.
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Chapter 2

Background

In this chapter, we present the mathematical foundations necessary for the remainder of
this thesis. We first introduce key concepts in time series modeling, then briefly discuss
stochastic processes, and finally review the principles underlying diffusion models.

2.1 Time Series Modeling

We begin by defining the concepts of discrete time series and the generative modeling
process.

A discrete time series is a sequence of observations recorded at equally spaced time
intervals, formally defined as a collection of random variables fXtgNt=1 where t represents
discrete time points. Each observation Xt can be either univariate (scalar-valued) or mul-
tivariate (vector-valued), depending on whether we observe a single variable or multiple
correlated variables at each time point [7].

Generative time series modeling aims to learn the underlying probability distribution
governing observed sequential data. We formalize this process through three stages that
transform observations into a generative model capable of producing new samples from the
learned distribution.

Definition 2.1.1 (Time Series Model). Let D = fX(1)
1:N ; X

(2)
1:N ; : : : ; X

(M)
1:N g be a dataset of

M observed time series, where each X
(i)
1:N 2 Rd�N represents a d-dimensional time series

of length N . A time series model M� parameterized by � de�nes a probability distribution
p�(X) over the space of possible time series.
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Definition 2.1.2 (Model Learning). Given training data D, model learning is the process
of �nding optimal parameters �� that maximize the likelihood of the observed data:

�� = argmax
�
L(�) = argmax

�

MX
i=1

log p�(X
(i)
1:N)

Once trained, the model M�� defines a generative process over time series, allowing
new samples to be drawn from the learned distribution:

X̃ � p��(X);

where the generated samples X̃ should exhibit the same statistical properties and dynamic
behavior as the original training data.

2.2 Stochastic Processes

Stochastic processes provide the mathematical framework for modeling systems that evolve
randomly over time. In this section, we introduce the key concepts of Brownian motion,
stochastic differential equations, and their numerical solutions. These tools form the foun-
dation for both the continuous-time financial models used to generate synthetic data in
Section 3.2 and for the theoretical basis of diffusion models.

2.2.1 Brownian Motion

Brownian motion is a fundamental stochastic process that serves as a source of randomness
in many continuous-time models. A standard Brownian motion fWtgt�0 is characterized
by the following properties [36]:

Definition 2.2.1 (Brownian Motion). A stochastic process fWtgt�0 is called a standard
Brownian motion if:

1. W0 = 0 almost surely;

2. The process has independent increments: for any 0 � t1 < t2 < � � � < tn, the
increments Wt2 �Wt1 ;Wt3 �Wt2 ; : : : ;Wtn �Wtn�1 are independent;

3. The increments are normally distributed: Wt �Ws � N (0; t� s) for 0 � s < t;

6



4. The paths are continuous: t 7! Wt is continuous almost surely.

The independent increments property ensures that the process has no memory, meaning
that future changes are independent of past behavior given the current state. The Gaus-
sian increment distribution with variance proportional to the time interval reflects the
accumulation of many small, independent random effects. Finally, the continuity of paths
is a property that makes Brownian motion suitable for modeling continuous phenomena,
despite the random nature of the process.

Brownian motion serves as the building block for constructing more complex stochastic
processes through transformations and compositions. In financial modeling, it represents
the unpredictable component of asset price dynamics, while in diffusion models, it drives
the forward corruption process that gradually transforms data into noise.

2.2.2 Stochastic Differential Equations

Stochastic differential equations (SDEs) extend ordinary differential equations by incorpo-
rating random fluctuations, providing a framework for modeling systems subject to both
deterministic trends and random perturbations.

Definition 2.2.2 (Stochastic Differential Equation (SDE)). A stochastic di�erential equa-
tion is an equation of the form:

dXt = �(Xt; t) dt+ �(Xt; t) dWt (2.1)

where Xt is the state variable, �(Xt; t) is the drift function, �(Xt; t) is the di�usion func-
tion, and Wt is a standard Brownian motion.

The drift term �(Xt; t) dt represents the deterministic component of the process, cap-
turing trends or mean-reverting behavior. The diffusion term �(Xt; t) dWt introduces ran-
domness, with the magnitude controlled by the diffusion function �(Xt; t). The solution
Xt to this SDE describes a continuous-time stochastic process.

Since Brownian motion paths are nowhere differentiable, interpreting SDEs requires
a rigorous framework for integration with respect to dWt. The differential notation dXt

and dWt is understood in the sense of Itô calculus, which defines stochastic integrals and
provides the tools for stochastic differentiation. For an in-depth treatment of SDEs and
their analytical solutions, we refer readers to [57].

Itô’s lemma is the stochastic calculus analogue of the chain rule and is essential for
solving SDEs analytically.
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Theorem 2.2.3 (Itô’s Lemma). Let Xt satisfy the SDE dXt = �(Xt; t) dt+ �(Xt; t) dWt,
and let f(x; t) be a twice continuously di�erentiable function. Then Yt = f(Xt; t) satis�es:

dYt =

�
@f

@t
+ �

@f

@x
+

1

2
�2@

2f

@x2

�
dt+ �

@f

@x
dWt (2.2)

Example: Analytical Solution of Geometric Brownian Motion via Itô’s Lemma
Consider the SDE for geometric Brownian motion:

dSt = �St dt+ �St dWt;

where St is the asset price, � is the drift, � is the volatility, and Wt is standard Brownian
motion.

To obtain an explicit solution for St, we first apply Itô’s lemma to the function f(St) =
logSt:

1. Compute the derivatives:

@f

@s
=

1

St
;

@2f

@s2
= � 1

S2
t

;
@f

@t
= 0:

2. Substitute into Itô’s lemma:

d logSt =
@f

@t
dt+ �St

@f

@s
dt+

1

2
�2S2

t

@2f

@s2
dt+ �St

@f

@s
dWt

= 0 + �St �
1

St
dt+

1

2
�2S2

t �
�
� 1

S2
t

�
dt+ �St �

1

St
dWt

=

�
�� 1

2
�2

�
dt+ � dWt:

3. Integrate both sides from 0 to t:

logSt � logS0 =

�
�� 1

2
�2

�
t+ �Wt:

4. Exponentiate to solve for St:

St = S0 exp

��
�� 1

2
�2

�
t+ �Wt

�
:

This explicit solution shows that under GBM dynamics, the asset price at time t is
log-normally distributed.
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2.2.3 Numerical Solutions of SDEs

While some SDEs have closed-form analytical solutions, many practical applications require
numerical methods to approximate solutions. The Euler–Maruyama scheme is the most
common numerical method for solving SDEs and forms the basis for Monte Carlo simulation
of stochastic processes. Consider the SDE:

dXt = �(Xt; t) dt+ �(Xt; t) dWt

with initial condition X0. The Euler–Maruyama approximation with time step ∆t is given
by:

Xt+�t = Xt + �(Xt; t)∆t+ �(Xt; t)
p
∆t Z (2.3)

where Z � N (0; 1) is an independent standard normal random variable at each time step.

The Euler–Maruyama method approximates the continuous-time SDE by discretizing
time into small intervals of size ∆t. At each step, the random increment

p
∆t Z represents

the increment of Brownian motion over ∆t. This method is used for simulating stochastic
processes that do not have analytical solutions, such as the Heston stochastic volatility
model discussed in later chapters.

2.3 Diffusion Models

Diffusion models are a class of generative models that learn to generate data by modeling a
gradual denoising process. The diffusion model framework consists of several components,
which we discuss in this section. We follow the SDE formulation proposed by [71], which
provides a unified theoretical perspective on the continuous-time dynamics underlying the
diffusion process. Earlier discrete-time formulations, such as DDPM [66, 32] and SMLD [68,
69] can be viewed as particular cases of the SDE formulation. Different model variants can
be understood as specific choices of the drift and diffusion functions in the forward SDE
discussed momentarily, along with corresponding discretization schemes.

2.3.1 Forward Diffusion Process

The forward diffusion process defines a stochastic evolution that maps samples from the
original data distribution to a simple, tractable prior distribution (typically a standard
Gaussian) by incrementally injecting noise over time. This gradual corruption process is
formulated as a stochastic differential equation.
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Let fXtgTt=0 be a stochastic process, and let pt(x) denote the probability density of
Xt. At the start of the process, X0 � p0(x) = pdata represents clean data drawn from the
empirical distribution (i.e., the training dataset). As noise is gradually added over time,
the distribution evolves toward a standard Gaussian, reaching XT � pT (x) = N (0; I).
This evolution is described by the following stochastic differential equation:

dXt = f(Xt; t) dt+ g(t) dWt; (2.4)

where f(Xt; t) is the drift coefficient, g(t) is the diffusion coefficient, and Wt is standard
Brownian motion.

The drift term f(Xt; t) controls the deterministic evolution of the process, while the
diffusion term g(t) dWt introduces the noise that gradually corrupts the data. The specific
choice of f and g determines the noise schedule and the rate at which the original data
distribution transforms into the target noise distribution.

A commonly used parametrization is the Variance Exploding (VE) SDE [71, 66]:

dXt =

r
d[�2(t)]

dt
dWt (2.5)

where �(t) is a monotonically increasing noise schedule. In this formulation, f(Xt; t) = 0

and g(t) =
q

d[�2(t)]
dt

, meaning the process has no drift and the diffusion coefficient is

determined by the derivative of the noise variance schedule.

2.3.2 Reverse Diffusion Process

The reverse diffusion process inverts the forward corruption by gradually removing noise to
recover clean data. If the forward process Xt follows the SDE (2.4), then the reverse-time
process fXT�tgTt=0 evolves according to the following stochastic differential equation [2]:

dXt = [f(Xt; T � t)� g2(T � t)rx log pT�t(Xt)] dt+ g(T � t) dW̄t (2.6)

where W̄t is a reverse-time Brownian motion (a Brownian motion with time flowing from
T to 0) and rx log pt(x) is the score function.

The score function rx log pt(x) represents the gradient of the log-probability density
and corresponds to the direction of steepest increase in probability. The reverse SDE shows
that if we knew the score function at all time points, we could exactly reverse the forward
diffusion process to generate samples from the original data distribution.
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2.3.3 Tweedie’s Formula and Neural Network Training

Since the true score function rx log pt(x) is unknown, one idea is to train a neural network
to approximate it. Learning the score function is a challenging task on its own, and
multiple methods have been proposed. Score matching [34] directly estimates the score
function using integration by parts to avoid computing the intractable true score. Sliced
score matching [70] improves computational efficiency by projecting the estimation onto
random directions. However, both methods still require expensive Hessian computations
and can be unstable in high dimensions.

Denoising score matching [75] takes a different approach by learning to denoise cor-
rupted data rather than directly estimating score functions. While [75] established the
mathematical relationship between denoising and score estimation, the connection to clas-
sical statistical theory was not known until later. It was subsequently discovered by [41, 52]
that denoising score matching is a special case of a statistical result known as Tweedie’s
formula [60, 22], which provides a relationship between score functions and conditional
expectations.

Theorem 2.3.1 (Tweedie’s Formula). Let X0 � pdata and Xt = X0 + �(t)Z where Z �
N (0; I). Then:

rx log pt(x) =
E[X0jXt = x]� x

�2(t)
(2.7)

Tweedie’s formula shows that the score function can be computed directly from the
conditional expectation E[X0 j Xt = x], which is the optimal denoiser in the mean squared
error sense. This means that instead of learning the score function directly, we can train a
neural network D�(x; t) to approximate E[X0 j Xt = x] by solving the denoising objective:

L(�) = Et;X0;Z

�
kD�(X0 + �(t)Z; t)�X0k2

�
: (2.8)

Once trained, the (approximated) score function can be recovered using Tweedie’s formula:

s�(x; t) =
D�(x; t)� x

�2(t)
: (2.9)

This establishes a connection between score-based generative modeling and denoising prob-
lems.

11



2.3.4 Sampling Procedures

Once a diffusion model is trained, samples can be generated by numerically solving differ-
ential equations that reverse the forward diffusion process. The SDE framework provides
two approaches: stochastic sampling via the reverse-time SDE and deterministic sampling
via the probability flow ODE.

Stochastic sampling directly uses the reverse-time SDE (2.6), starting from pure noise
and iteratively applying the learned score function s�(x; t) to guide the reverse dynam-
ics. The SDE can be solved numerically using discretization schemes such as the Euler–
Maruyama method.

An important property of diffusion models is that the same marginal distributions pt(x)
that solve the forward and reverse SDEs also satisfy a deterministic ordinary differential
equation. The probability flow ODE (2.10) produces trajectories whose marginals match
those of the stochastic process and provides a deterministic sampling procedure that gen-
erates samples from the same distribution as the reverse SDE.

Theorem 2.3.2 (Probability Flow ODE). Let fXtgTt=0 be a stochastic process de�ned by
the forward SDE (2.4) with marginals Xt � pt(x). Then, the sample paths of Xt can also
be described by the following deterministic ODE [71]:

dx

dt
= f(x; t)� 1

2
g2(t)rx log pt(x); (2.10)

where rx log pt(x) is the score function of the marginal distribution at time t [71].

Similarly to stochastic sampling, the score function rx log pt(x) is approximated by
s�(x; t). The resulting ODE can be solved using standard numerical solvers, such as Runge–
Kutta methods

Both sampling approaches offer some advantages: stochastic sampling may provide
better sample diversity, while deterministic sampling provides adaptive ODE solvers, exact
likelihood computation, and reproducible generation. In practice, deterministic sampling
is often preferred for its computational efficiency and reproducibility, though the choice
depends on specific application requirements.

12



Chapter 3

Diffusion Models for Financial Time
Series

This chapter formulates the task of synthesizing time-series data as a generative model-
ing task leveraging the diffusion models. First, we discuss the selection, collection, and
processing of the training dataset. We then introduce the design choices of the diffusion
model and the backbone neural network, along with the necessary adaptations to handle
time series data. Finally, we introduce the Ambient Diffusion framework and examine its
effects on the quality and statistical properties of the generated time series.

3.1 Problem Formulation

Let Dtrain = fX(i)gMi=1 denote the training dataset, consisting of M time series samples.
Each sample X(i) 2 Rd�N is a time series with d features and N time steps. The generative
diffusion model, parameterized by �, is trained to learn the underlying data distribution
and is used to produce a set of generated samples Dgen = f eX(i)gMi=1.

3.2 Datasets

In this section, we describe the process of collecting and creating the datasets used for
model training. The data utilized in this thesis can be broadly categorized into two groups:
synthetic and real-world. Synthetic datasets primarily serve as controlled toy examples,
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allowing precise manipulation of underlying dynamics and features. In contrast, real-world
datasets capture the inherent complexity and stochastic nature of financial markets, where
the underlying processes are unknown. Using both types of datasets allows us to assess the
practical applicability and effectiveness of the proposed models under controlled (synthetic)
and realistic (real-world) scenarios.

3.2.1 Synthetic Datasets

Synthetic datasets are generated by solving stochastic differential equations (SDEs) that
describe specific financial processes. When a closed-form solution to the SDE is available,
sample paths are drawn directly from the known distribution. In cases where no analytical
solution exists, the SDE is solved numerically, and sample trajectories are produced via
Monte Carlo simulation [26].

The selection of synthetic datasets in this work is motivated by the desire to cover a
range of typical stochastic models used in financial modeling. Each dataset exhibits distinct
statistical properties and corresponds to a specific class of real-world market behaviors.

We begin with the standard Geometric Brownian Motion, which models asset prices
under the assumption of constant drift and volatility. It serves as a foundational model
in mathematical finance and forms the basis for the Black-Scholes model [5]. The Cor-
related GBM process extends this to the multivariate setting, enabling the modeling of
multiple time series with cross-asset dependencies, such as portfolios of correlated secu-
rities or multi-feature representations. Next, we consider the Heston stochastic volatility
model [30], which relaxes the constant volatility assumption by introducing a separate
stochastic process for variance. This allows the model to capture empirically observed
phenomena such as volatility clustering and leverage effects. Finally, we use the Merton
Jump-Diffusion process [53], which extends GBM by incorporating discontinuous jumps in
the asset price. This enables the modeling of sudden, large market movements and better
reflects risk dynamics associated with rare events like crashes.

Geometric Brownian Motion

Geometric Brownian Motion (GBM) is one of the most widely known stochastic models in
finance and is commonly used to describe the evolution of asset prices. It is governed by
the following SDE:

dSt = �St dt+ �St dWt; (3.1)

where:
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• St denotes the asset price at time t,

• � is the constant drift coefficient, representing the expected return,

• � is the constant volatility coefficient,

• Wt is a standard Brownian motion.

Note. The volatility coefficient is denoted by � rather than the conventional � to avoid
ambiguity in later chapters, where � will be reserved for other components related to
diffusion models.

An analytical solution to the SDE (3.1) can be obtained by applying Itô’s lemma (2.2.3)
to logSt, yielding:

St = S0 exp

��
�� 1

2
�2

�
t+ �Wt

�
: (3.2)

To simulate M asset price paths, each of length N , we directly sample from the closed-
form solution at discrete time intervals using Monte Carlo simulations. The discretized
sampling formula is given by:

S
(m)
t = S

(m)
t�1 � exp

��
�� 1

2
�2

�
∆t+ �

p
∆t � Z

�
; (3.3)

where Z � N (0; 1) is a standard normal random variable, m = 1; : : : ;M , t = 1; : : : ; N ,
and ∆t = T=N is the time increment over horizon T . Algorithm 1 outlines the simulation
procedure, and Figure 3.1 illustrates a set of sample trajectories generated under this
scheme.

Correlated Geometric Brownian Motion

While GBM is effective for modeling the trajectory of a single asset price, many financial
applications require modeling multivariate time series, such as correlated asset returns,
Open-High-Low-Close (OHLC) market data structures, or the joint behavior of a stock
and its derivatives. Correlated Geometric Brownian Motion (CGBM) provides a straight-
forward extension of the GBM framework to capture such multivariate dynamics.

The CGBM model describes a vector of asset prices S
(m)
t = [S

(m;1)
t ; : : : ; S

(m;d)
t ]>, where

d denotes the number of correlated assets and m = 1; : : : ;M indexes independent samples.
Each sample m evolves according to the system of SDEs:

dS
(m;i)
t = �iS

(m;i)
t dt+ �iS

(m;i)
t dW

(m;i)
t ; i = 1; : : : ; d; (3.4)
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Figure 3.1: Sample trajectories of GBM simulated using the closed-form solution. The
parameters used in the simulation are: � = 0:05, � = 0:1, S0 = 100, time horizon T = 1:0,
number of time steps N = 252 and number of paths M = 5 .

16



Algorithm 1 Simulate Geometric Brownian Motion Paths

Require: Number of samples M , time steps N , drift �, volatility �, initial price S0, time
horizon T

1: ∆t T=N . Time increment

2: S
(m)
0  S0 for all m . Initialize prices

3: for m = 1 to M do . Paths loop
4: for t = 1 to N do . Time loop
5: Z � N (0; 1) . Sample noise

6: S
(m)
t  S

(m)
t�1 � exp

h�
�� 1

2
�2
�
∆t+ �

p
∆t � Z

i
. Update

7: end for
8: end for
9: return S 2 RM�N . Simulated dataset

where each W
(m;i)
t is a Brownian motion, and the collection fW (m;i)

t gdi=1 are jointly corre-
lated such that:

E[dW (m;i)
t dW

(m;j)
t ] = �ij dt:

The parameters are defined as follows:

• S
(m;i)
t is the price of the i-th asset at time t in sample m,

• �i is the drift coefficient for asset i,

• �i is the volatility of asset i,

• �ij 2 [�1; 1] is the instantaneous correlation between the Brownian motions of assets
i and j.

In a sample m, each marginal process S
(m;i)
t follows the same analytical solution as in

the univariate GBM case (Eq. 3.2):

S
(m;i)
t = S

(m;i)
0 exp

��
�i �

1

2
�2
i

�
t+ �iW

(m;i)
t

�
: (3.5)

To simulate correlated paths, we first define the correlation matrix Σ = (�ij)
d
i;j=1 2

Rd�d, where each entry �ij specifies the instantaneous correlation between Brownian mo-

tionsW
(m;i)
t andW

(m;j)
t . We then sample a vector of independent standard normal variables
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Z � N (0; Id) and apply a transformation Z̃ = LZ, where L is a lower triangular matrix
such that LL> = Σ. The discretized sampling formula becomes:

S
(m;i)
t = S

(m;i)
t�1 � exp

��
�i �

1

2
�2
i

�
∆t+ �i

p
∆t � Z̃i

�
; (3.6)

where Z̃ = [Z̃1; : : : ; Z̃d]
> � N (0;Σ) and ∆t = T=N .

This formulation allows for the efficient simulation of multivariate asset price trajec-
tories with a specified correlation structure. As described in Algorithm 2, we use MC
simulation to generate the dataset, introducing an additional dimension d representing
the number of correlated features per sample. To capture the correlations between assets,
we apply Cholesky decomposition to the correlation matrix, obtaining a lower triangu-
lar matrix used to transform independent standard normal variables into correlated ones.
Figure 3.2 illustrates an example of two negatively correlated asset price paths simulated
using the CGBM model.

Algorithm 2 Simulate Correlated Geometric Brownian Motion Paths

Require: Number of samples M , time steps N , features d, drift vector � 2 Rd, volatility
vector � 2 Rd, initial price S0 2 Rd, correlation matrix Σ 2 Rd�d, time horizon T

1: Compute L such that Σ = LL> . Cholesky decomposition
2: ∆t T=N . Time increment
3: for m = 1 to M do . Paths loop
4: S

(m)
0  S0 . Initialize prices

5: for t = 1 to N do . Time loop
6: Z � N (0; Id) . Sample noise
7: Z̃  LZ . Correlated noise
8: for i = 1 to d do . Feature loop

9: S
(m;i)
t  S

(m;i)
t�1 � exp

h�
�i � 1

2
�2
i

�
∆t+ �i

p
∆t � Z̃i

i
. Update

10: end for
11: end for
12: end for
13: return S 2 RM�d�N . Simulated dataset
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Figure 3.2: Sample trajectories of two correlated GBM processes simulated using the
closed-form solution. The parameters used in the simulation are: � = 0:05, � = 0:1,
S0 = 100, T = 1:0, N = 252, and correlation � = �0:8.
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Heston Stochastic Volatility Model

The Heston model introduces stochastic volatility into the asset price dynamics. It is
defined by the following system of stochastic differential equations:(

dSt = �St dt+
p
vtSt dW

(1)
t

dvt = �(v̄ � vt) dt+ �
p
vt dW

(2)
t

(3.7)

where St denotes the asset price and vt represents the instantaneous variance at time t.
The asset price evolves similarly to a geometric Brownian motion, but with a time-varying
volatility. The variance vt follows a Cox–Ingersoll–Ross (CIR) process [13], which ensures
that volatility remains non-negative.

The parameters of the model are:

• �: drift of the asset price process,

• �: rate of mean reversion of the variance process,

• v̄: long-term mean level of the variance,

• �: volatility of volatility,

• �: correlation between the Brownian motions W
(1)
t and W

(2)
t , such that:

dW
(1)
t dW

(2)
t = � dt:

To ensure the variance process remains strictly positive, the parameters must satisfy
the Feller condition:

2�v̄ > �2:

The Heston model captures important stylized facts of financial time series, including
volatility clustering and the leverage effect. Volatility clustering refers to the empirical
observation that periods of high volatility are likely to be followed by high volatility, and
periods of low volatility tend to be followed by low volatility. In the Heston model, this
phenomenon arises naturally from the mean-reverting structure of the variance process,
which follows a CIR dynamic. The leverage effect describes the asymmetric relationship
between asset returns and future volatility: negative returns tend to increase volatility
more than positive returns of the same magnitude. In the Heston model, this effect is
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captured by a negative correlation parameter � < 0, which reflects the inverse relationship
between the asset price and its instantaneous volatility.

The system of SDEs defining the Heston model does not have a closed-form analytical
solution. Therefore, we simulate its dynamics numerically using a combination of methods.
The variance process vt, is discretized using the Euler–Maruyama method. For the asset
price process St, we use the exact solution assuming piecewise constant variance over
each time interval. Given time step ∆t, and correlated standard normal random variables
Z1; Z2 � N (0; 1), the discretized update equations are:

v
(m)
t = v

(m)
t�1 + �

�
v̄ � v(m)

t�1

�
∆t+ �

q
v

(m)
t�1

p
∆t � Z2;

S
(m)
t = S

(m)
t�1 � exp

��
�� 1

2
v

(m)
t�1

�
∆t+

q
v

(m)
t�1

p
∆t � Z1

�
;

(3.8)

Following the approach in Algorithm 3, we generate a dataset of shape (M;N) where
each sample represents a simulated asset price trajectory over N time steps. In the Hes-
ton model, the stochastic variance process is simulated concurrently with the asset price.
However, the variance trajectories are not included in the final dataset and are not used
during model training. They are only used in the simulation process. Figure 3.3 illustrates
sample asset price paths along with their corresponding variance trajectories.

Merton Jump Diffusion Model

The Merton Jump Diffusion (MJD) model extends the classical GBM framework by in-
corporating discontinuous jumps in asset prices, capturing sudden large movements that
are often observed in real financial markets. The model adds a jump component to the
standard GBM dynamics, resulting in the following SDE:

dSt = �St dt+ �St dWt + St�(J � 1) dPt; (3.9)

where:

• � is the drift of the continuous component,

• � is the volatility of the diffusion term,

• Wt is a standard Brownian motion,
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Figure 3.3: Sample simulations from the Heston stochastic volatility model. The top panel
shows asset price trajectories, while the bottom panel shows the corresponding variance
paths. Parameters used: � = 0:05, � = 1:0, v̄ = 0:05, � = 0:1, v0 = 0:05, � = �0:8,
S0 = 100, time horizon T = 1:0, and number of time steps N = 252.
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Algorithm 3 Simulate Heston Model Paths

Require: Number of samples M , time steps N , drift �, initial price S0, initial variance
v0, mean reversion �, long-term variance v̄, volatility of variance �, correlation �, time
horizon T

1: ∆t T=N . Time increment
2: for m = 1 to M do . Paths loop
3: S

(m)
0  S0, v

(m)
0  v0 . Initialize prices

4: for t = 1 to N do . Time loop
5: Z1; Z2 � N (0; 1) . Sample noise
6: Z̃1  �Z2 +

p
1� �2 Z1 . Correlated noise

7: v
(m)
t  max

�
0; v

(m)
t�1 + �(v̄ � v(m)

t�1)∆t+ �

q
v

(m)
t�1

p
∆t � Z2

�
. Variance update

8: S
(m)
t  S

(m)
t�1 � exp

��
�� 1

2
v

(m)
t�1

�
∆t+

q
v

(m)
t�1

p
∆t � Z̃1

�
. Price update

9: end for
10: end for
11: return S 2 RM�N . Simulated dataset

• Pt is a Poisson process with intensity �, representing the number of jumps up to time
t,

• J is the jump size multiplier, such that log J � N (�J ; �
2
J).

The jump term St�(J � 1) dPt captures the multiplicative jumps occurring at random
times governed by the Poisson process, where St� is the asset price just before the jump.
When a jump occurs, the asset price is instantaneously multiplied by a lognormally dis-
tributed factor J .

To simulate the MJD process numerically, we discretize time into intervals of size ∆t,
and the update rule becomes:

S
(m)
t = S

(m)
t�1 � exp

��
�� 1

2
�2

�
∆t+ �

p
∆t � Z

�
�
PY
i=1

Ji; (3.10)

where Z � N (0; 1), P � Poisson(�∆t) is the number of jumps in the current interval, and
Ji are i.i.d. jump multipliers sampled from logN (�J ; �

2
J). If no jumps occur in a given

interval (P = 0), the product is defined as 1.

Following Algorithm 4, we simulate a dataset of shape (M;N). Figure 3.4 shows ex-
ample trajectories with jumps.
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Algorithm 4 Simulate Merton Jump Diffusion (MJD) Paths

Require: Number of samples M , time steps N , drift �, volatility �, jump intensity �,
jump mean �J , jump standard deviation �J , initial price S0, time horizon T

1: ∆t T=N . Time increment
2: for m = 1 to M do . Paths loop
3: S

(m)
0  S0 . Initialize prices

4: for t = 1 to N do . Time loop
5: Z � N (0; 1) . Sample noise
6: P � Poisson(�∆t) . Sample number of jumps
7: if P > 0 then
8: J1; : : : ; JP � logN (�J ; �

2
J) . Jump sizes

9: J  
QP

i=1 Ji . Total jump
10: else
11: J  1 . No jump
12: end if
13: S

(m)
t  S

(m)
t�1 � exp

h�
�� 1

2
�2
�
∆t+ �

p
∆t � Z

i
� J . Update

14: end for
15: end for
16: return S 2 RM�N . Simulated dataset
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Figure 3.4: Sample simulations from the Merton Jump diffusion model. Parameters used:
� = 0:05, � = 0:1, �J = �0:05, �J = 0:1, � = 0:5, S0 = 100, time horizon T = 1:0, and
number of time steps N = 252. Noticeable negative jumps occur around t � 0:03 and
t � 0:6.
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3.2.2 Real World Market Data

The real-world market data used in this work consists of historical asset prices retrieved
from Yahoo Finance. We construct several types of training datasets, each tailored to
support a different downstream task. Specifically, we consider two variants: a single-asset
dataset for modeling individual asset dynamics and a dataset based on OHLC (open,
high, low, close) prices to incorporate richer market structure and intra-period behavior.
Detailed descriptions of each variant are provided in the following subsections.

Single-Asset Dataset

The single-asset dataset consists of daily adjusted closing prices for a given asset. The
historical prices are initially represented as a one-dimensional array of length L, where L is
the total number of available daily observations. A non-overlapping sliding window of size
N is then applied resulting in a collection ofM = bL=Nc windows. After this segmentation,
the resulting training tensor has shape (M;d;N) with d = 1 for the single-feature channel:

shape = (M; d; N) = (M; 1; N); M =
�
L
N

�
:

With this preprocessing, each m-th subsequence, for m = 1; : : : ;M , is treated as an
independent sample path of length N . This makes the dataset shape conceptually identical
to that of the synthetic datasets described earlier.

Training on a single-stock dataset is beneficial when the objective is to model the
temporal dynamics of a specific asset of interest. That enables the generative model to
capture asset-specific return patterns, volatility behavior, and other characteristics.

Multivariate Market Data: OHLC

Multivariate market data refers to daily Open-High-Low-Close (OHLC) prices of an asset.
Such data can be constructed from the historical price records of either a single asset or
multiple assets. Each sample in this dataset contains d = 4 correlated features correspond-
ing to the OHLC components, observed over N time steps, resulting in a dataset of shape
(M;d;N), where M is the number of samples. OHLC data is typically visualized using
a candlestick chart, where each ”candlestick” represents one time step (e.g., a day). The
rectangular body spans from the open to the close prices, with color indicating whether
the asset closed higher (green) or lower (red) than it opened. Thin vertical lines extend
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Figure 3.5: Candlestick chart of the S&P 500 index showing daily OHLC prices over a
one-year period. Each candlestick captures the open, high, low, and close prices for a
single trading day.

from the body to the high and low prices of the day, capturing intra-period price extremes.
Figure 3.5 displays the daily OHLC price data of the S&P 500 index over a one-year period.

Modeling time series with this structure is particularly useful in trading applications,
where richer market signals are required. OHLC-format data enables more realistic mod-
eling for tasks such as strategy backtesting, trade signal generation, and market behavior
simulation.

Table 3.1 provides an overview of all datasets used in this work, including both synthetic
datasets generated from financial models and real-world datasets collected from market
data. For each dataset type, the table reports the shape of the resulting data tensor.

3.2.3 Data Preprocessing

Raw asset price data, whether empirical or simulated, possesses several characteristics that
make it challenging to model directly. Since prices represent absolute asset values, they are
scale-dependent, exhibit strong autocorrelation (i.e., today’s price depends on yesterday’s),
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Table 3.1: Summary of Synthetic and Real-World Datasets Used

Dataset Type Shape Features

Synthetic

Geometric Brownian Motion (GBM) (M; 1; N) Single asset price
Correlated GBM (CGBM) (M;d;N) d correlated assets
Heston Stochastic Volatility (M; 1; N) Single asset price
Merton Jump Diffusion (MJD) (M; 1; N) Single asset price

Real-World

Single-Stock (M; 1; N) Single asset price
OHLC (Open-High-Low-Close) (M; 4; N) OHLC prices

and often follow persistent trends. These properties contribute to the non-stationarity of
financial time series.

In the context of data modeling, non-stationarity poses a challenge because key statis-
tical properties, such as the mean, variance, and autocorrelation, can change over time. To
address these limitations, it is common practice to apply transformations that make the
time series approximately stationary.

Weak (Second-Order) Stationarity. A stochastic process fXtgt2Z is said to be weakly
stationary (or second-order stationary) if it satisfies the following conditions:

1. E[Xt] = � 8t 2 Z (constant first moment),

2. E[X2
t ] <1 8t 2 Z (finite second moment),

3. Cov(Xr; Xs) := 
X(r; s) = 
X(t+ r; t+ s); 8 t; r; s 2 Z (shift invariant covariance)

In other words, the mean is time-invariant, the variance is finite, and the covariance
depends only on the lag between observations, and not on the specific time indices.

Logarithmic returns

A typical transformation in financial time series analysis is the logarithmic return, defined
as:

rt = ln

�
St
St�1

�
(3.11)
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where St denotes the asset price at time t. We refer to this transformation as log returns
throughout the remainder of this work.

Log returns measure relative (percentage) changes in asset price, making them scale-
independent. They are commonly assumed to be weakly stationary, with constant mean,
finite variance, and autocovariance that depends only on the lag. Figure 3.6 demonstrates
the effect of the log return transformation on a typical financial time series. In many
practical scenarios, it is also reasonable to approximate the distribution of log returns as
Gaussian (e.g., in the Black–Scholes model). This assumption is particularly relevant in
the context of generative diffusion models and will be revisited in later chapters.

We can now expand the notation established in Section 3.1: Dtrain = fX(i)gMi=1 and

Dgen = f eX(i)gMi=1 denote the training and generated datasets, respectively, where each
sample consists of log return sequences. The corresponding price series reconstructed from
these log returns are denoted by Ptrain = fS(i)gMi=1 and Pgen = feS(i)gMi=1. Price series are
recovered by exponentiating cumulative log returns, anchored to a reference initial value
S0:

St = S0 � exp

 
tX

k=1

rk

!
(3.12)

Before training, it is beneficial to normalize the log return series. A standard choice
is z-score normalization (also called standardization), which uses the sample mean and
variance of the training dataset. It ensures that the transformed series has zero mean
and unit variance, which is beneficial for stable and efficient neural network training. The
standardized log return zt is defined as:

zt =
rt � �̂
�̂

(3.13)

where �̂ and �̂ denote the sample mean and standard deviation of the log returns, re-
spectively. These statistics are computed globally across the entire training dataset. This
global normalization is preserved during training and used during the reverse transforma-
tion to recover log return values. The reverse transformation (denormalization) is given
by:

rt = zt � �̂ + �̂ (3.14)
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Figure 3.6: S&P 500 index prices and corresponding log returns from 2015 to 2025. The
top panel shows the raw price series, while the bottom panel displays the log returns.
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3.3 Base model: EDM

In this subsection, we describe the diffusion model architecture that serves as the baseline
and starting point for all subsequent developments presented in this work.

All models in this thesis are built on top of the Elucidated Diffusion Model (EDM)
framework [37]. As introduced in Chapter 2, diffusion models are a class of generative
models that learn data distributions by reversing a noise-adding process through score
function estimation. The EDM formulation extends this general framework by provid-
ing clear design principles for parameterization, training, and sampling. In particular,
EDM differs from standard diffusion models such as DDPM [32] or score-based SDE ap-
proaches [71] in four key ways: (i) it reparameterizes noise levels in a manner that improves
coverage of both low- and high-noise regimes, (ii) it introduces explicit preconditioning that
stabilizes training across a wide range of noise scales, (iii) it unifies commonly used loss
functions under a systematic noise-dependent weighting framework, and (iv) it shows that
different samplers can be interpreted as numerical solvers of the same reverse-time dynam-
ics in the noise parameter �(t). EDM provides a generalized notation and implementation
under which previous approaches, such as DDPM [32], SMLD [68], and DDIM [56], can be
treated as special cases or parameterizations of EDM. This makes EDM a natural choice
as the baseline framework for our work.

Another advantage of EDM is its modularity. It separates the core building blocks of a
diffusion model (backbone neural network, loss function, training procedure, sampler, and
preconditioning) so that individual components can be studied and modified in isolation.
In what follows, we describe each of these components as used in our experiments.

3.3.1 Loss function

EDM uses a weighted denoising score matching loss [37] that balances training across
different noise levels. The loss function is formulated as:

L(�) = Et;X0;Z

h
�(�(t))



D�(X0 + �(t)Z; �(t))�X0



2

2

i
; (3.15)

where D� is the neural network parameterized by weights �, X0 � pdata is a clean training
sample, Z � N (0; I) is standard Gaussian noise, and t is sampled such that �(t) follows
the training noise distribution ptrain(�). The noise-level dependent weighting function is
defined as

�(�(t)) =
�2(t) + �2

data�
�(t) � �data

�2 ;
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where �2
data denotes the variance of the input data distribution.

Here, �(t) controls the amount of corruption applied during training. The weighting
function rescales the loss so that errors are normalized across noise levels, ensuring that
neither low-noise nor high-noise regimes dominate optimization. We refer to [37] for the
exact weighting form derivation. The objective is therefore to train the network D� to
approximate the conditional expectation E[X0 j Xt], which is the optimal denoiser by
Theorem 2.3.1.

3.3.2 Preconditioning

In EDM, the denoiser is not trained directly as an arbitrary network D�(x;�). Instead,
EDM introduces a preconditioning scheme that expresses D� in terms of a raw neural
network F� together with carefully chosen scaling functions. This ensures stable training
dynamics across all noise levels �, which are sampled from a distribution ptrain described
in Section 3.3.3.

Formally, the preconditioned denoiser is defined as

D�(x;�) = cskip(�)x + cout(�)F�(cin(�)x; cnoise(�)) ; (3.16)

where F� is the raw neural network and the scaling coefficients are given by

cin(�) =
1p

�2 + �2
data

; (3.17)

cout(�) =
� � �datap
�2 + �2

data

; (3.18)

cskip(�) =
�2

data

�2
data + �2

; (3.19)

cnoise(�) =
1
4
ln(�): (3.20)

Each coefficient serves a specific role:

• cin(�) rescales the noisy input so that it has approximately unit variance across noise
levels. If X = X0 + �Z with Var(X0) = �2

data, then Var(X) = �2
data + �2.Dividing byp

�2
data + �2 therefore normalizes the variance to 1.

• cout(�) rescales the network output so that the effective training targets also have
unit variance, similarly to cin .
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• cskip(�) controls how much of the noisy input is passed directly to the output through
a skip connection.

• cnoise(�) rescales the noise level before passing it into the network.

We refer to [37] for the derivation details of the preconditioning coefficients.

Taking this reparameterization into account, the training objective Eq. (3.15) can be
equivalently expressed in terms of the raw network F� as

L(�) = E�;X0;Z

�
�(�) cout(�)

2



F��cin(�)(X0 + �Z); cnoise(�)

�
� 1

cout(�)

�
X0 � cskip(�)(X0 + �Z)

�


2

2

�
;

(3.21)

where � is understood as a function of t, with full notation omitted for brevity.

This reformulation clarifies the role of the skip connection. When cskip(�) � 0 (large
noise levels), the effective target reduces to the clean sample X0, so the network is trained
to reconstruct the underlying signal from heavily corrupted inputs. When cskip(�) � 1
(small noise levels), the target is proportional to the noise �Z, so the network is trained
to learn the residual noise in lightly corrupted inputs. For intermediate values, the target
is a mixture of signal and noise.

In this way, preconditioning ensures that inputs and targets have consistent variance
across all noise levels, prevents error amplification at large �, and provides the network
with the flexibility to learn the most stable prediction target at each noise level.

We emphasize that Eq. (3.15) and Eq. (3.21) are mathematically equivalent formula-
tions of the same objective. Equation (3.15) expresses the loss in terms of the precondi-
tioned denoiserD�, while Eq. (3.21) rewrites it in terms of the raw network F�. Throughout
this thesis, D� should be understood as shorthand for the preconditioned network defined
in Eq. (3.16).

3.3.3 Training

EDM’s training procedure incorporates several key improvements over traditional diffusion
model training approaches. The framework uses a novel noise sampling strategy compared
to earlier methods. Instead of sampling noise levels uniformly, EDM uses a log-normal
distribution:

ln(�) � N (Pmean; P
2
std) (3.22)
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Figure 3.7: Probability density function of noise levels used in training. Most of the values
are centered around � � 0:1.

where Pmean = �1:2 and Pstd = 1:2. We denote the corresponding probability density
function of � by ptrain(�). This distribution concentrates training effort on relevant noise
levels, avoiding excessive focus on extreme noise regimes that contribute little to final
sample quality. Figure 3.7 demonstrates the shape of the distribution and the range of
possible values.

The training algorithm samples clean data from the dataset and corrupts it with ap-
propriately scaled Gaussian noise. For each training iteration, a clean sample X0 � pdata

is drawn from the empirical data distribution defined by the training dataset, a noise level
� � ptrain(�) is sampled from the log-normal distribution defined in (3.22), noisy input is
then created as X0 + �Z, where Z � N (0; I) is standard Gaussian noise. The network is
then trained to denoise this corrupted sample using the weighted loss function described
in previous sections.
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Optimization is performed using the standard Adam [43] optimization with exponen-
tial moving averages of model parameters for improved stability and performance, follow-
ing [37].

Algorithm 5 EDM Training

Require: Dataset D, network F�, parameters �data, Pmean = �1:2, Pstd = 1:2

1: function Precondition(�) . Compute scaling coefficients

2: cskip  
�2

data

�2+�2
data

3: cout  ���datap
�2+�2

data

4: cin  1p
�2+�2

data

5: cnoise  1
4
ln�

6: return cskip; cout; cin; cnoise

7: end function

8: while not converged do . Training loop
9: X0 � D . Sample clean data

10: ln� � N (Pmean; P
2
std) . Sample log noise level

11: �  exp(ln�)
12: Z � N (0; I) . Sample standard noise
13: Xt  X0 + �Z . Corrupt data
14: cskip; cout; cin; cnoise  Precondition(�)

15: X̂0  cskip �Xt + cout � F�(cin �Xt; cnoise) . Denoised prediction

16: �(�) �2+�2
data

(���data)2 . Weighting

17: L  �(�) � kX̂0 �X0k2
2 . Loss

18: Update � using r�L . Gradient step
19: end while
20: return �

3.3.4 Backbone Neural Network

EDM is architecture-agnostic and can work with various U-Net-based neural network ar-
chitectures [63]. In our implementation, we use the SongUNet architecture with NCSN++
configuration [71]. SongUNet uses a standard U-Net structure with encoder-decoder sym-
metry. Through downsampling operations, the encoder progressively reduces spatial res-
olution while expanding the number of feature channels, and the decoder reverses this
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process to reconstruct the output through upsampling. The core building block is the
UNetBlock, which combines group normalization, residual connections, and conditioning
mechanisms.

The architecture processes data at multiple scales through a hierarchical approach.
As the network moves deeper into the encoder, the spatial dimensions decrease while the
number of channels increases according to predefined multipliers. Self-attention blocks [74]
are placed at intermediate scales to capture long-range dependencies, balancing context
with computational efficiency. This multi-scale design enables the network to capture both
fine-grained details and broader structural patterns.

The architecture supports timestep conditioning through positional embeddings, which
inform the network about the current noise level �t during the diffusion process. Ad-
ditionally, it can incorporate class labels for conditional generation and other auxiliary
information when needed.

Since the original SongUNet model was designed for image processing tasks, we propose
our adaptation for time series data in Section 3.4.

3.3.5 Sampling

For our experiments, we use EDM’s deterministic sampling procedure, which is based on
solving the probability flow ODE (2.10) introduced by Song et al. [71]. In the case of the
variance-exploding (VE) formulation (2.5), this ODE takes the form

dx

dt
= ��̇(t)�(t)rx log p(x;�(t)); (3.23)

where �(t) is the same noise parameter introduced during training (Section 3.3.3), now
parameterized continuously as a function of time t. Note that during training, there is no
particular ordering of noise levels �; only their distribution matters. In contrast, during
sampling, we integrate from t = T (large noise, � � �max) to t = 0 (almost clean, � �
�min). Thus, the noise level must be expressed as a time-dependent function �(t). As
discussed by Karras et al. [37], a common choice is simply �(t) = t, which makes �(t) and
t interchangeable and simplifies the ODE (3.23) to

dx

dt
=
x�D�(x;�(t))

t
; (3.24)

where the score function rx log p(x;�(t)) is approximated with a neural network D� via
Tweedie’s formula (Theorem 2.3.1).
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In practice, numerical integration requires discretization. The continuous trajectory
�(t) is represented by a finite sequence of timesteps ftigN�1

i=0 , with �i = �(ti) = ti since we
set �(t) = t. EDM defines these timesteps directly using a polynomial schedule:

�i =

�
�1=�

max +
i

N � 1

�
�

1=�
min � �1=�

max

���
; (3.25)

where � = 7, �max = 80, and �min = 0:002, chosen following [37] to balance truncation
error across noise levels. This schedule places more steps at lower noise levels, where fine
details of the signal are recovered, and fewer steps at high noise levels, where only coarse
structure is determined.

To integrate the ODE (3.24), EDM employs Heun’s second-order method, also known
as the improved Euler scheme. At each step, the method first computes an Euler update to
estimate the next state, then evaluates the derivative at this predicted point and averages it
with the initial derivative for the final update. This two-stage procedure reduces truncation
error compared to the simple Euler scheme and leads to higher sample quality with fewer
steps [37]. The complete sampling procedure is provided in Algorithm 6.

3.4 Adapting EDM from Images to Time Series

The original EDM was designed for image generation tasks, where both inputs and outputs
are typically RGB images with spatial structure. To apply EDM to time series data, several
modifications are necessary to account for the temporal data specifics. These include
adjustments to the model architecture, input representation, and sampling procedure, all
of which represent a part of our contributions and are discussed in the following subsections.

3.4.1 Data Preprocessing

In the original EDM implementation for images, input data is normalized before training
by scaling each RGB channel to a fixed range, typically either [0; 1] or [�1; 1]. To mimic
this preprocessing step, while accounting for the statistical properties of log return data,
we standardize the training data using z-score normalization to have zero mean and unit
variance, as described in Section 3.2.3.
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Algorithm 6 EDM Deterministic Sampling

Require: Network D�, steps N , �min = 0:002, �max = 80, � = 7
Ensure: Generated sample X

1: function NoiseSchedule(N; �min; �max; �)
2: for i = 0 to N � 1 do

3: �i  
�
�

1=�
max + i

N�1

�
�

1=�
min � �

1=�
max

���
4: end for
5: �N  0
6: return f�0; �1; : : : ; �Ng
7: end function

8: f�0; �1; : : : ; �Ng  NoiseSchedule(N; �min; �max; �)
9: Sample Z � N (0; I) . Initial noise

10: X  �0 � Z . Initialize at �max

11: for i = 0 to N � 1 do . Sampling loop
12: d X�D�(X;�i)

�i
. Euler direction

13: Xeuler  X + (�i+1 � �i) d
14: if �i+1 > 0 then . Second-order correction
15: d0  Xeuler�D�(Xeuler;�i+1)

�i+1

16: X  X + (�i+1 � �i) d+d0

2

17: else
18: X  Xeuler . Final Euler step
19: end if
20: end for
21: return X
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3.4.2 Mapping Images to Time Series

For humans, images and time series data are conceptually and visually distinct structures.
From a modeling perspective, however, they share more similarities than it seems at first
glance. Images are typically represented as tensors of shape (c; w; h), where c denotes the
number of color channels (typically 3 for RGB or 1 for grayscale), and w, h correspond to
the image width and height in pixels, respectively. A multivariate time series sample, on
the other hand, is typically represented as a tensor of shape (d;N), where d is the number
of correlated features and N is the number of time steps.

In our implementation, we propose the following mapping from image data to time
series:

1. Image width and height are treated as structurally equivalent in the original EDM
pipeline, meaning they can be switched and that will not affect the training process.
Since time series data require one fewer dimension, we collapse the height dimension
by setting h = 1, flattening the 2D spatial input into a 1D temporal structure.

2. The image width dimension w is mapped directly to the time series length N , repre-
senting the temporal axis. No changes are required in this dimension.

3. The channel dimension c is mapped to the time series feature dimension d, extending
the accepted range of values from c 2 f1; 3g to arbitrary d � 1. This includes both
univariate (d = 1) and multivariate (d > 1) time series. The intuition behind this
choice is that correlated time series features (e.g., correlated asset prices) behave
similarly to correlated image channels (e.g., RGB), as they are processed jointly but
not spatially ordered. In other words, the model is invariant to any internal ordering
of this dimension (i.e., RGB � BGR). Likewise, correlated asset price vectors are
treated equivalently by the model ([S1

t ; S
2
t ] � [S2

t ; S
1
t ]) .

This mapping allows us to reuse the image-based diffusion model architectures for time
series data with minimal modifications by treating a time series as a single-channel or
multi-channel one-dimensional ”image”.

Summary of Mapping:

Image tensor: x 2 Rc�w�h

Time series tensor: x0 2 Rd�N�1

Mapping: c 7! d; w 7! N; h 7! 1
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3.4.3 SongUNet Architectural Adaptation from 2D to 1D

Following the conceptual mapping from images to time series described above, the SongUNet
architecture required modifications to accommodate the dimensional transformation from
(c; w; h) to (d;N; 1).

The primary adaptation involved replacing all 2D convolutional operations with their
1D counterparts to operate along the temporal dimension N rather than spatial dimensions
w; h . This change affected both standard convolutions and the up/downsampling opera-
tions used for multi-scale processing in the UNet architecture. The convolutional kernels
and resampling filters were reduced from 2D to 1D, operating along the temporal sequence
rather than across spatial dimensions. The self-attention mechanism was modified in a
similar fashion to operate on sequential data. Throughout the network, tensor operations
were adjusted to the reduced dimensionality. This included modifications to normalization
layers, skip connections, and the embedding injection mechanism.

These modifications preserved the architectural characteristics that make SongUNet
effective for diffusion modeling, while making the architecture suitable for time series data
as defined by our dimensional mapping.

3.5 Ambient Diffusion

3.5.1 Introduction

Most generative models, including diffusion-based, require a large amount of high-quality
training data [24, 46]. In real-world scenarios, however, clean data can be limited, while
low-quality or corrupted data, such as noisy, blurry, or downsampled samples, are far more
available. Traditional diffusion models have generally disregarded such data, following the
principle of ”garbage in, garbage out”. This effect has been empirically demonstrated:
state-of-the-art diffusion models perform poorly when trained on corrupted data, as they
are unable to distinguish between the intrinsic data characteristics and external corruption.
Instead, they tend to learn both the signal and the corruption [15, 18].

Recent research has addressed this challenge by proposing methods to effectively utilize
corrupted data [76, 38, 6, 17]. One of the most promising of these approaches is Ambient
Di�usion [18], a framework that extends diffusion models to handle imperfect data through
a modified training objective. In particular, Ambient Diffusion introduces an Ambient
Denoising Score Matching (ADSM) loss, which allows corrupted samples to be injected at
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later stages of the diffusion process, where fine-grained detail is less important and the
effects of corruption can be ignored, but the samples still carry useful information about
coarse structure.

Classical diffusion models assume access to clean training samples drawn from the target
distribution p0. Ambient Diffusion relaxes this assumption by enabling training using only
corrupted observations, under the condition that the corruption process is known. With
this condition, Ambient Diffusion can recover the underlying clean distribution even when
no clean samples are available during training. This approach is particularly effective when
combined with even small quantities of clean data. As demonstrated in recent work [15],
training with a mixture of just 10% clean and 90% noisy data achieves nearly the same
performance as training on 100% clean data, while substantially outperforming models
trained on either limited (10%) clean or corrupted samples alone.

3.5.2 Problem Formulation

In the Ambient Diffusion setting, we assume access to a training dataset consisting only
of corrupted observations, rather than clean samples. For simplicity, we focus on additive
Gaussian corruption, although the framework extends to more general linear noise models.

Instead of clean samples X0 � pdata, we observe only corrupted samples during training:

Xtn = X0 + �(tn)Z (3.26)

where Z � N (0; I) and �(tn) > 0 represents the known noise level of our training data.
Following [15, 18], we refer to �(tn) as the ”nature noise level” – the inherent corruption
level in the available dataset.

Similarly to (3.15), the objective is to learn the optimal denoiser E[X0jXt] for all noise
levels, despite only having access to corrupted training data at level �(tn). In other words,
we only have access to training samples with noise levels �(t), such that t 2 [tn; T ].

3.5.3 Ambient Denoising Score Matching

The core contribution of ambient diffusion lies in the Ambient Denoising Score Matching
(ADSM) loss, which enables learning optimal denoisers using only corrupted training data.

The challenge is that the clean conditional expectation E[X0 j Xt] cannot be learned
directly, since clean data is unavailable. Instead, we observe corrupted samples Xtn , and
the question is: can we relate E[X0 j Xt] to E[Xtn j Xt], which can be learned from data?
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To see the idea, recall that we can always construct noisier samples from already cor-
rupted ones:

Xt = Xtn +
p
�(t)2 � �(tn)2 Z; Z � N (0; I); t > tn:

Thus, we can create a supervised learning setup where the input is the more noisy sample
Xt and the target is the less noisy version Xtn . Intuitively, the model learns to “remove
the additional noise” that separates Xt from Xtn .

The key theoretical result formalizing this idea is the following relationship between
conditional expectations:

Lemma 3.5.1 (Connecting Conditional Expectations). Let Xtn = X0 +�(tn)Z1 and Xt =
X0 + �(t)Z2, where Z1; Z2 � N (0; I) are independent. Then, for any t > tn [16]:

E[X0 j Xt] =
�(t)2

�(t)2 � �(tn)2
E[Xtn j Xt]�

�(tn)
2

�(t)2 � �(tn)2
Xt: (3.27)

This lemma shows that if we can estimate E[Xtn j Xt] from corrupted data, then we can
recover the clean conditional expectation E[X0 j Xt] analytically. Based on Lemma 3.5.1,
by rearranging the terms, the Ambient Denoising Score Matching loss is formulated as

JADSM(�) = EXtn ; Xt;t

"



�(t)2 � �(tn)2

�(t)2
D�(Xt; �(t)) +

�(tn)
2

�(t)2
Xt �Xtn





2
#
; (3.28)

where D�(Xt; �(t)) is the denoiser defined in Eq. (3.16).

This formulation transforms the problem of learning E[X0 j Xt], which requires clean
data, into the tractable problem of learning E[Xtn j Xt], which can be learned directly from
corrupted samples. Compared to alternative approaches that rely on consistency losses
or sampling-based training procedures [16], the ADSM loss is computationally efficient
and theoretically justified. In fact, it guarantees exact recovery of the clean conditional
expectation in the limit of an infinite number of corrupted samples [15].

Mixed dataset training

Following prior work [15], the ADSM loss is integrated into the EDM framework by training
on a mixed dataset composed of both clean and noisy samples, with a proportion p of
the dataset consisting of corrupted observations. This approach assumes that we know
which samples are corrupted and which are clean. In practice, for a given dataset D,
each clean sample X0 is corrupted by adding Gaussian noise N (0; �2

tn) with probability
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Table 3.2: Training regimes and loss functions in the Ambient Diffusion framework.

Training Case Loss Used Target Data Required

Clean only (p = 0) EDM loss (LEDM) X0 Clean samples only
Noisy only (p = 1) ADSM loss (JADSM) Xtn Corrupted samples only
Mixed (0 < p < 1) EDM or ADSM X0 or Xtn Both clean and corrupted

samples

p. This results in a split of the dataset into two disjoint subsets: the noisy subset Dnoisy,
containing p percent of the samples, and the clean subset Dclean, containing 1� p percent
of the samples.

The training procedure alternates dynamically between the two types of samples: when
a clean sample is selected, the standard EDM loss (3.15) is applied; when a corrupted
sample is selected, the ADSM loss (3.28) is used instead. The complete training procedure
is outlined in Algorithm 7. In the special case where p = 1, the entire dataset is corrupted
and training is performed exclusively with the ADSM loss. Conversely, when p = 0, all
samples are clean and the training reduces to the standard EDM procedure described in
Algorithm 5.

Table 3.2 summarizes the possible training regimes and corresponding loss functions in
the ambient diffusion framework.

3.6 Ambient Diffusion for time series

3.6.1 Empirical Motivation

In this section, we introduce our proposed variance correction method based on the Am-
bient Diffusion framework and explain the motivation behind it. This method is a central
contribution of the thesis and addresses key limitations of standard training procedures.

Preliminary experiments with the EDM model on Geometric Brownian Motion (GBM)
yielded generally promising results. However, a systematic discrepancy was observed in a
key characteristic of the generated samples – their volatility. As illustrated in Figure 3.8,
the blue region shows the distribution of pathwise volatility estimates for the training data
(as defined in 4.4.1), while the orange region shows the corresponding distribution for data
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Algorithm 7 Mixed Ambient-EDM Training (Clean and Noisy Samples)

Require: Clean dataset Dclean, noisy dataset Dnoisy, network D�, noise scale �data, log-
noise mean Pmean, log-noise std Pstd, ambient noise level �(tn), batch size B

1: while not converged do . Training loop
2: Sample batch B of size B from Dclean [ Dnoisy

3: Lbatch  0 . Initialize batch loss
4: for each sample X in B do
5: Sample ln� � N (Pmean; P

2
std) . Sample noise level

6: �  exp(ln�)
7: if X 2 Dclean then . Clean sample branch
8: X0  X
9: Sample Z � N (0; I) . Sample standard noise

10: Xt  X0 + �Z . Corrupt input
11: X̂0  D�(Xt; �) . Denoised prediction
12: L  �(�) � kX̂0 �X0k2

2 . Compute loss
13: else . Noisy sample branch (Ambient training)
14: Xtn  X . Observed noisy sample
15: Sample Zres � N (0; I) . Residual noise
16: Xt  Xtn +

p
�2 � �(tn)2 Zres . Add residual noise

17: X̂0  D�(Xt; �) . Denoised prediction

18: X̂tn  
�2��(tn)2

�2 X̂0 +
�(tn)2

�2 Xt . Project to noisy target (ADSM loss)

19: L  �(�) � kX̂tn �Xtnk2
2 . Compute loss

20: end if
21: Lbatch  Lbatch + L
22: end for
23: Update � using r� (Lbatch=B) . Gradient descent step
24: end while
25: return �
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generated by the EDM model. The generated series consistently exhibit higher estimated
volatility than the ground truth.

In contrast, when training with Ambient Diffusion, we observed a noticeable improve-
ment. Specifically, we trained three Ambient Diffusion models with increasing levels of
injected dataset noise, denoted by �(tn). Figure 3.9 displays the resulting volatility dis-
tributions. As the ambient noise level increases, the gap between the real and generated
distributions narrows.

In other words, introducing a controlled amount of corruption during training and ap-
plying the Ambient Diffusion procedure (Algorithm 7) improves the alignment of volatility
distributions between training and generated data.

In the following sections, we investigate this effect and propose our solution to find the
optimal ambient noise parameter �(tn) values.

3.6.2 Connecting GBM volatility to variance

We first want to draw a connection between the volatility of GBM and the raw input and
output of the diffusion model – standardized log returns.

Lemma 3.6.1 (Distribution of GBM log returns). Let the asset price follow a geometric
Brownian motion

dSt = �St dt+ �St dWt; (3.29)

with constants � 2 R and � > 0. For a �xed interval ∆t > 0, the log return

rt = log

�
St

St��t

�
(3.30)

is Gaussian with
rt � N

��
�� 1

2
�2
�
∆t; �2∆t

�
: (3.31)

Proof. Define Yt := logSt. By Itô’s lemma (Thm. 2.2.3), we have

dYt =
1

St

�
�St dt+ �St dWt

�
� 1

2

1

S2
t

�
�2S2

t

�
dt (3.32)

=
�
�� 1

2
�2
�
dt+ � dWt: (3.33)

The log return over [t�∆t; t] satisfies

rt = Yt � Yt��t: (3.34)

45



0.200 0.225 0.250 0.275 0.300 0.325 0.350 0.375 0.400
Volatility

0

5

10

15

20

25

30

D
en

si
ty

Distribution of Volatility
Training
Generated

Figure 3.8: Distribution of pathwise volatility estimates for GBM: training data (blue) vs.
EDM-generated data (orange). The EDM model overestimates volatility.
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(a) � (tn) = 0 :005
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(b) � (tn) = 0 :010
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(c) � (tn) = 0 :016

Figure 3.9: Distribution of pathwise volatility estimates under Ambient Diffusion with
increasing ambient noise levels. Larger �(tn) values reduce the gap between training and
generated data.

By integrating dYt over [t�∆t; t], we obtain

rt =

Z t

t��t

�
�� 1

2
�2
�
ds +

Z t

t��t

� dWs (3.35)

=
�
�� 1

2
�2
�
∆t+ �

Z t

t��t

dWs (3.36)

By definition 2.2.1, the Brownian increment satisfiesZ t

t��t

dWs � N (0;∆t): (3.37)

Hence
rt � N

��
�� 1

2
�2
�
∆t; �2∆t

�
: (3.38)

By Lemma 3.6.1, the variance of log returns satisfies Var(rt) = �2∆t. Hence, after
z-score standardization as in Eq. (3.13),

zt =
rt � E[rt]p
Var(rt)

� N (0; 1);

which links the diffusion model’s standardized outputs directly to the GBM volatility
through Var(rt) = �2∆t.

Next, we show that any increase in variance of standardized log returns directly in-
creases the volatility of GBM data.
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Proposition 3.6.2 (Variance inflation scales GBM volatility). Suppose standardized log
returns zt have variance Var(zt) = 1. If instead a model produces standardized returns with
in
ated variance Var(z0t) = 1 + �2, then the corresponding GBM volatility parameter � is
biased upward according to

� 02 = �2(1 + �2):

Proof. By Lemma 3.6.1, the variance of log returns is Var(rt) = �2∆t. Reversing the
z-score normalization (Eq. 3.14) for z0t yields

r0t = �
p
∆t z0t + E[rt];

so

Var(r0t) = �2∆t � Var(z0t) (3.39)

= �2∆t(1 + �2): (3.40)

Dividing both sides by ∆t gives the result.

This shows that any excess variance in standardized outputs translates directly into an
overestimation of GBM volatility. Hence, correcting variance inflation at the standardized
level is equivalent to correcting volatility bias in the generated time series.

3.6.3 Ambient Diffusion as a Variance Correction Mechanism

As discussed in the previous section, when the EDM model is trained on GBM data, the
generated samples often exhibit excess volatility, which is caused by the generated data
variance overshoot, i.e.,

! = VarEDM > 1; (3.41)

where ! denotes the observed variance of the generated samples.

We found that Ambient Diffusion introduces a variance shrinkage effect through the
ADSM loss (3.28). In the ambient setting, the output of the denoiser D� is multiplied by
the following scaling factor:

g(�(t)) =
�(t)2 � �(tn)2

�(t)2
(3.42)

= 1� �(tn)
2

�(t)2
: (3.43)
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We propose to approximate this factor by a constant by taking its expectation E[g(�)].
Since �(tn) is fixed during training, we simplify the notation by writing it as �tn . As
discussed in Section 3.3.3, the timesteps t are sampled such that �(t) follows a log-normal
distribution with parameters Pmean = �1:2 and Pstd = 1:2. From the probability density
function shown in Figure 3.7, we observe that most values of �(t) are centered around 0:1.
In fact, the mode of the log-normal distribution, which corresponds to the peak of the
PDF, is given by:

�mode = exp
�
Pmean � P 2

std

�
: (3.44)

Moreover, since E[��2] = e�2Pmean+2P 2
std = ��2

mode for a log-normal schedule, the average
shrinkage equals

ḡ = E[g(�)] = 1�
�2
tn

�2
mode

;

which justifies the constant approximation used below.

This means that for most training steps, the training happens in �mode noise regime
and the scaling factor g(�(t)) is approximately constant. Therefore, we propose to treat it
as such and denote:


 := ḡ = 1�
�2
tn

�2
mode

: (3.45)

This interpretation suggests that, under the constant approximation with respect to
diffusion time t, the ADSM loss introduces a consistent shrinkage factor 
 < 1 that cancels
the variance overshoot of standard EDM training. As a result, the target total variance of
the generated samples becomes:


2! = 1: (3.46)

Solving for 
 yields the optimal shrinkage factor:


 =
1p
!
: (3.47)

Equating the empirical shrinkage factor derived from the ADSM loss,


 = 1�
�2
tn

�2
mode

; (3.48)

with the optimal correction in (3.46), we obtain:

1�
�2
tn

�2
mode

=
1p
!
: (3.49)
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Solving for �tn gives the optimal ambient parameter:

�2
tn =

�
1� 1p

!

�
�2

mode; (3.50)

where ! is the empirically measured variance of the data generated by the EDM model,
and �mode is the mode of the log-normal noise schedule.

As discussed in Section 3.5.3, it is often useful to train on a mixed dataset where a
fraction p of samples use the ambient loss and a fraction 1� p use the original EDM loss.
In this setting, only a proportion p of training steps apply shrinkage. To achieve the same
overall variance correction, the per-sample shrinkage must be amplified by a factor of 1=p.
This modifies the ambient noise level as follows:

�tn =
�mode

p
�

s
1� 1p

!
: (3.51)

To address the issue of variance amplification, based on Eq. (3.51), we propose a two-
stage training procedure that incorporates an optimally tuned ambient diffusion compo-
nent.

Two-Stage Training Procedure

Our training approach consists of:

1. Pilot Run: Train a standard EDM model using Algorithm 5 (or equivalently Al-
gorithm 7 with p = 0) with reduced computational resources (e.g., fewer epochs) to
estimate the variance of generated samples ! = Var(Dgenerated pilot).

2. Full Training: Using the measured !, compute the optimal ambient noise level with
Eq. (3.51).Train the final model using Algorithm 7 with this computed �tn .

This two-stage approach ensures that the generated samples maintain the same statis-
tical properties as the training data, leveraging the benefits of ambient diffusion training.
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3.7 Summary

In summary, this chapter presented a methodology for generative modeling of financial time
series using diffusion models. We outlined the rationale for dataset selection and described
the collection and preprocessing of both synthetic and real-world market data. Based on
the EDM framework, we introduced models adaptations for time series input data and
proposed a variance correction mechanism based on the Ambient Diffusion framework.
These developments lay the groundwork for the experimental validation and empirical
analysis in the subsequent chapters.
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Chapter 4

Evaluation Methodology

4.1 Introduction

Assessing the performance of a generative model is a non-trivial task. Unlike traditional
supervised machine learning, where models can be evaluated by comparing predictions to
known ground truth on an unseen test set, generative modeling lacks such explicit ground
truth references. Since the true underlying data distribution is unknown, it is difficult to
determine whether the model has successfully learned it and captured its characteristics. As
a result, evaluation in generative modeling typically focuses on comparing the distributions
of the generated and real data, rather than evaluating the accuracy of individual samples.
This comparison relies on statistical metrics and tests designed to measure distributional
similarity between two datasets.

Moreover, the choice of evaluation strategy is not universal. It is dependent on both
the data modality and the specific task. For example, generative models for natural images
are commonly evaluated using perceptual quality metrics such as Fréchet Inception Dis-
tance (FID) [31], Inception Score (IS) [65], or structural similarity indices (SSIM) [77]. In
audio generation, evaluation focuses on signal reconstruction fidelity or perceptual sound
quality [40, 10, 4]. Similarly, the nature of the task, such as conditional or unconditional
generation, or solving inverse problems (e.g., reconstruction or denoising), also shapes the
appropriate evaluation methodology [67, 39].

In the context of this work, where the goal is the unconditional generation of finan-
cial time series, perceptual metrics are not meaningful. Instead, our evaluation framework
focuses on assessing how closely the distribution of the generated data matches the distri-
bution of the training data. To this end, we use a variety of quantitative metrics, statistical
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tests, and visualization techniques that evaluate both general statistical properties of time
series (e.g., moments, correlation) and financial-specific features (e.g., volatility, Value at
Risk).

We follow the notation established in Section 3.1, where Dtrain and Dgen denote the
training and generated datasets, respectively, consisting of log return sequences. The
corresponding reconstructed price series are denoted by Ptrain and Pgen.

4.2 Distributional Similarity

To assess the similarity between the real and generated data distributions, we report two
complementary metrics: the Wasserstein distance [3], which captures global distributional
shifts and the Kolmogorov–Smirnov test [49], which provides a statistical hypothesis test
to assess the significance of distributional differences. Distributional similarity metrics are
computed on the log return datasets Dtrain and Dgen.

Kolmogorov–Smirnov (KS) Test

The Kolmogorov–Smirnov test is a non-parametric statistical test that quantifies the max-
imum distance between the empirical cumulative distribution functions of two samples.
Given two cumulative distributions F (x) and G(x), the KS statistic is defined as:

DKS = sup
x
jF (x)�G(x)j (4.1)

where supx denotes the supremum over all values of x.

In this work, we compute the KS statistic between the real and generated log return
distributions, along with the associated p-value. The KS test is sensitive to both location
and shape differences and provides a hypothesis test for distributional similarity without
assuming any specific distributional form.

Wasserstein Distance

The Wasserstein distance measures the minimal “effort” required to transform one distri-
bution into another. For distributions with cumulative distribution functions F (x) and
G(x), the Wasserstein distance is given by:

W1(F;G) =

Z 1
�1
jF (x)�G(x)j dx (4.2)
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In the context of generative time series modeling, the Wasserstein distance captures
global shifts between real and generated distributions and reflects the alignment of the dis-
tributions. Unlike the KS test, which measures only the maximum deviation, the Wasser-
stein distance reflects the cumulative differences across the entire distribution.

4.3 Pathwise Time Series Statistics

In addition to comparing marginal distributions, we evaluate the distributions of key path-
wise time series statistics, computed for each individual sample in Dtrain and Dgen. Specif-
ically, we compute the mean, variance, skewness, and kurtosis and analyze the resulting
distributions of these statistics for real and generated data.

The mean and variance capture the average return and volatility of an asset, while
skewness and kurtosis describe asymmetry and tail risk of returns. Higher-order moments
are important for a better understanding of extreme events and the non-Gaussian nature
of financial returns. Negative skewness in asset returns is associated with large negative
shocks (e.g., market crashes), while high kurtosis corresponds to fat-tail behavior.

4.4 Time Series Metrics

In addition to the general statistical metrics described in the previous section, we introduce
a set of evaluation metrics that specifically target properties of financial time series de-
scribed in Section 3.2. These metrics assess whether the generative models can reproduce
temporal and structural characteristics such as drift, constant and time-varying volatility,
jump behavior, and cross-asset correlations.

Drift & Volatility Estimation

We compute pathwise estimations of the annualized drift and volatility for each generated
and real sample trajectory. The distribution of estimates is then compared across real and
generated datasets to assess whether the generative model captures the typical average
return and realized volatility observed in the training data.

For each time series sample, we estimate the annualized drift and volatility under the
assumption of a continuous-time GBM process. The volatility is estimated as the square
root of the average squared log returns, scaled by the time horizon. The drift is estimated
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from the total log return over the trajectory, adjusted by the variance correction term
associated with the GBM solution. These estimators are used for datasets where the GBM
assumption is reasonable, in particular GBM, CGBM, and real-world datasets.

Definition 4.4.1 (Pathwise Estimators of Drift and Volatility). Let frtgNt=1 denote the
sequence of log returns over a time horizon T . The annualized volatility �̂ is estimated as:

�̂ =

vuut 1

T

NX
t=1

r2
t (4.3)

The annualized drift �̂ is estimated as:

�̂ =
1

T

NX
t=1

rt +
1

2
�̂2 (4.4)

Realized Volatility Estimation for Heston Model

To evaluate whether the models accurately capture the temporal evolution of volatility,
we compute the instantaneous realized volatility over time for both real and generated
datasets. Realized volatility at each time step is estimated similarly to the annualized
volatility and scaled by the number of time steps per year to express the result in annualized
terms. This metric is used to assess whether the model is able to capture non-constant
volatility patterns, such as in the Heston stochastic volatility model.

Definition 4.4.2 (Realized Volatility). Let fr(i)
t gMi=1 denote the log returns across M sam-

ple paths at time step t, and let N denote the number of time steps. The realized volatility
at time step t is estimated as:

b�t =
vuutN � 1

M

MX
i=1

�
r

(i)
t

�2

(4.5)

Maximum Likelihood Estimation for Merton Jump Diffusion

For the Merton Jump Diffusion model, we are interested in assessing the behavior of jumps,
which is defined by three parameters: the jump intensity �, the average jump size �J , and
the standard deviation of jump sizes �J . Combined with the drift � and diffusion volatility
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�, this yields a five-parameter model. Simple estimators, such as those presented in previous
sections, are not sufficient to accurately estimate all five parameters simultaneously. To
address this, we resort to Maximum Likelihood Estimation (MLE) to jointly estimate the
full set of MJD model parameters. The MLE procedure allows us to infer the parameters
that maximize the likelihood of observing the given data under the MJD model.

Definition 4.4.3 (Maximum Likelihood Estimation). Let D = fx1; x2; : : : ; xng be a dataset
consisting of n i.i.d. samples, and let p(x j  ) be the probability density function of the model
parameterized by  .

The likelihood function is de�ned as:

L( ) = p(x1; x2; : : : ; xn j  ) =
nY
i=1

p(xi j  )

The maximum likelihood estimate of  , denoted  ̂MLE, is the value that maximizes the
log-likelihood:

 ̂MLE = argmax
 

logL( ) = argmax
 

nX
i=1

log p(xi j  )

Definition 4.4.4 (Merton Jump Diffusion Probability Density Function). The Merton
Jump Di�usion model assumes that log returns at time T follow the density [12]:

pT (x) = e��T
1X
k=0

(�T )k

k!

1p
2� (�2T + k�2

J)
exp

�
�(x� �T � k�J)2

2 (�2T + k�2
J)

�
(4.6)

where x denotes the observed log return over horizon T .

In practice, we follow the MLE definition 4.4.3 and numerically minimize the negative
log-likelihood associated with Eq. 4.6 to obtain the optimal parameter estimates for both
the real and generated datasets. The estimated parameters are then compared to the
known ground truth parameters of the MJD process.

Correlation Estimation for Correlated Geometric Brownian Motion (CGBM)

For multivariate time series, we assess whether the models can accurately reproduce the
dependency structure between different time series components. Specifically, we estimate
the empirical correlation matrices of asset returns for both real and generated datasets.
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Definition 4.4.5 (Pathwise Correlation Estimation). Given a dataset D 2 RM�d�N con-
taining log returns r(i) 2 Rd�N , i = 1; : : : ;M , we compute the empirical correlation matrixbΣ(i) 2 Rd�d for each path: bΣ(i) = Corr(r(i)) (4.7)

where Corr(�) denotes the correlation matrix computed across the d assets.

The dataset-wide average correlation matrix bΣ 2 Rd�d is then computed as the elemen-
twise mean: bΣ =

1

M

MX
i=1

bΣ(i) (4.8)

We compare the resulting average correlation matrices between the real and generated
datasets to assess the model’s ability to capture cross-asset dependency structure.

4.5 Financial Risk Metrics

We compute Value at Risk (VaR) and Conditional Value at Risk (CVaR) [61] for each
sample path in the training and generated datasets and compare the resulting distributions
of these risk measures.

Definition 4.5.1 (VaR and CVaR for Returns). Let R be the random variable representing
returns, and let � 2 (0; 1) denote the con�dence level (e.g., � = 0:95).

• VaR:
VaR�(R) = inf fr 2 R : P (R � r) � 1� �g

VaR is the return threshold such that the probability of returns falling below this value
is at least 1� �.

• CVaR:
CVaR�(R) = E [R jR � VaR�(R)]

CVaR is the expected return conditional on returns being below the corresponding
VaR threshold.

These risk measures are widely used in finance to quantify potential losses and assess
the tail behavior of asset returns. We apply VaR and CVaR primarily to the real-world
datasets to evaluate the models’ ability to capture the risks associated with significant
asset losses.
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4.6 Option Pricing Benchmark

Finally, we use an option pricing task as a practical benchmark for assessing model per-
formance through a quantitative, application-driven evaluation.

An option is a financial derivative that gives the holder the right, but not the obligation,
to buy (call) or sell (put) an underlying asset at a pre-agreed strike price on a predefined
expiration date. In this work, we focus on European style options, which can only be
exercised at maturity. At the expiry time T , the payoff of a European call option is defined
as:

VT = max(ST �K; 0);
where ST is the underlying asset price at time T , and K is the strike price. Similarly, for
a put option, the payoff is:

VT = max(K � ST ; 0)

For multivariate time series (d > 1), we evaluate the generative model using basket-
style derivatives that depend jointly on multiple asset prices. In particular, we consider
three option types: Max, Basket, and Spread [84].

Max Options

In the multivariate setting, a max option is written on the maximum value among several
assets. The payoff for a European max call option is:

VT = max

�
max
j
S

(j)
T �K; 0

�
and for a max put:

VT = max

�
K �max

j
S

(j)
T ; 0

�
where S

(j)
T is the terminal value of the j-th asset.

Basket Options

A basket option is written on the average price of a portfolio of assets. Assuming an equally
weighted basket, the average price at maturity is:

S̄T =
1

d

dX
j=1

S
(j)
T
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The corresponding call and put payoffs are:

V call
T = max(S̄T �K; 0); V put

T = max(K � S̄T ; 0)

Spread Options

Spread options are written on the difference between two asset prices. For a call option
based on the spread between asset i and asset j, the payoff is:

VT = max(S
(i)
T � S

(j)
T �K; 0)

and the corresponding put option has the payoff:

VT = max(K � (S
(i)
T � S

(j)
T ); 0)

Option pricing problem

The option pricing problem consists of determining the fair value of an option today, given
the dynamics of the underlying asset, the option contract parameters, and market condi-
tions. The fair value is defined as the discounted expected payoff at maturity, expressed
in present value terms under the risk-neutral probability measure Q [33]:

V0 = e�rT EQ[VT ] (4.9)

The price of a European option depends on several factors, including the current price
of the underlying asset S0, the strike price K, the time to maturity T , the volatility of the
underlying asset �, and the risk-free interest rate r. Option prices are also sensitive to the
statistical properties and dynamics of the underlying time series, such as the presence of
jumps or stochastic volatility.

This sensitivity makes option pricing a useful benchmark for assessing the quality of
generated time series, as option values aggregate information about both the distributional
features and temporal dynamics of the underlying process. To assess model performance,
we compare option prices computed using generated data to a closed-form solution (such as
Black-Scholes), when available. Otherwise, we use Monte Carlo estimates on the training
data as the ground truth.
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4.7 Summary

In this chapter, we have presented a comprehensive evaluation framework for generative
models of financial time series, which constitutes an additional contribution of our work. By
combining distributional similarity metrics, pathwise statistics, time series–specific proper-
ties, risk-based measures, and option pricing results, we assess both the statistical fidelity
and the practical utility of generated data. In the next chapter, we apply this evaluation
methodology to assess and compare the generative models developed in this work.
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Chapter 5

Experiments & Results

5.1 Introduction

In this chapter, we describe the experimental setup and present the computational results
of our work. We begin by outlining the training procedures and hyperparameters used
across all models, followed by a detailed analysis of the results for each dataset using
the evaluation methodology introduced in the previous chapter. Results are grouped by
dataset type: synthetic and real-world.

5.2 Experimental Setup

For each dataset, we present two sets of training results corresponding to the algorithms
described in Alg. 5 and Alg. 7. We refer to the models yielded by these algorithms as EDM
and Ambient, respectively. The Ambient variant incorporates our proposed variance
correction method described in Section 3.6. After training, we generate samples using the
sampling procedure described in Algorithm 6. The resulting generated dataset Dgen is
evaluated according to the framework introduced in Chapter 4.

Throughout this work, we use a fixed random number generator seed to ensure re-
producibility. Training and generation were performed on NVIDIA RTX 6000 Ada and
NVIDIA L40S GPUs.
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Table 5.1: Training hyperparameters and grid search ranges. Bold indicates the selected
configuration for both models.

Hyperparameter Values

Batch size 32, 64, 128
Learning rate 0.001, 0.0001
Epochs 10, 25, 50, 100

Training Hyperparameters

All models were trained and evaluated using a shared set of hyperparameters, selected
via grid search. The grid search results are shown in Table 5.1, with bold values indicat-
ing the chosen configuration. All other settings were kept unchanged from the original
implementations [37, 15].

Ambient Diffusion Parameters

For Ambient training, the proportion of corrupted data p was selected via grid search over
the range [0:1; 1:0] in increments of 0.1. The optimal value was typically at 0:4 or 0:5,
depending on the dataset. This balance ensures there are sufficient corrupted samples for
the variance correction mechanism to be effective, while retaining enough clean samples
for the model to learn the uncorrupted distribution. The ambient corruption level �tn was
chosen using Eq. 3.51, based on variance estimates obtained from a pilot run as described
in Section 3.6.

5.3 Experiments on Synthetic Datasets

In this section, we present training and evaluation results on four synthetic datasets:
Geometric Brownian Motion (GBM), Correlated GBM (CGBM), the Heston Stochastic
Volatility Model, and the Merton Jump-Diffusion Model. These datasets were introduced
in Section 3.2 and serve as controlled benchmarks for assessing the model’s ability to cap-
ture key properties of financial time series.
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Table 5.2: Simulation Setup for Geometric Brownian Motion

Parameter Value

Drift (�) 0.05
Volatility (�) 0.3
Initial Price (S0) 100
Number of Time Steps (N) 256
Number of Paths (M) 100,000
Time Horizon (T ) 1.0

5.3.1 Geometric Brownian Motion

Setup

We begin with the GBM dataset, introduced in Section 3.2.1, which serves as a baseline
for evaluating the ability of diffusion models to replicate basic stochastic dynamics with
constant drift and volatility.

The dataset was generated via a Monte Carlo simulation using the closed-form dis-
cretization of the GBM SDE. The simulation parameters are summarized in Table 5.2.

Generated Samples

After training, we generate 100,000 samples using both EDM and Ambient models for direct
comparison with the training dataset. Both approaches produce visually similar samples to
the reference GBM process. Figure 5.1 shows 100 sample paths from the training dataset
and generated by each model.

Distributional Similarity

To quantify model performance beyond visual results, we analyze distributional similar-
ity between the generated dataset Dgen and the training dataset Dtrain. Specifically, we
compute two metrics introduced in Chapter 4: the Kolmogorov–Smirnov (K–S) statis-
tic and the Wasserstein distance. These metrics quantify the divergence between the log
return distributions of real and generated data, with lower values indicating closer align-
ment. These results are reported in Table 5.3. While both models achieve low values, the
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Figure 5.1: Comparison of sample paths from the reference GBM process (left), and those
generated by EDM (middle) and Ambient (right) models.

Table 5.3: Distributional similarity metrics between generated and training log return
distributions (lower is better).

Metric EDM Ambient

K-S Statistic 0.01287 0.00084
Wasserstein Distance 0.00081 0.00003

Ambient model significantly outperforms EDM across both metrics, indicating a better
distributional match.

To support these findings visually, Figure 5.2 shows the estimated log return densities
for both models and the training data. The Ambient model achieves a near-perfect overlap,
while EDM slightly overestimates the variance, resulting in a wider distribution. This
confirms the numerical observation that Ambient provides a closer approximation to the
training data distribution.

Drift and Volatility Estimation

We evaluate the models’ ability to reproduce the underlying GBM parameters by analyzing
pathwise drift and volatility estimates. Using the estimators from Definition 4.4.1, we
compute annualized drift and volatility for each sample path in both the training and
generated datasets.

Figure 5.3 shows the distributions of estimated parameters. Both models success-
fully center their drift estimates around the true value of � = 0:05, with the Ambient
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Figure 5.2: Log return distributions of training and generated data for the GBM dataset.
The blue region represents the training distribution, while the orange region shows the
generated distribution for the EDM model in (a) and the Ambient model in (b).

model achieving slightly better overlap. For volatility estimation, the difference is more
pronounced: EDM exhibits significant overestimation with a distribution shifted toward
higher values, while the Ambient model closely matches the training data distribution cen-
tered around the true volatility of � = 0:3. This confirms that the Ambient approach
effectively addresses the variance amplification issue observed in standard EDM training,
resulting in more accurate parameter recovery.

Option Pricing Results

Next, we present option pricing results for European call and put options in Table 5.4.
To evaluate model performance across a range of market scenarios, we consider multiple
strike pricesK, covering out-of-the-money (OTM), at-the-money (ATM), and in-the-money
(ITM) settings for both option types. The table reports theoretical prices computed using
the Black–Scholes formula, alongside prices derived from data generated by the EDM and
Ambient models, with relative errors shown for each.

Across nearly all strike prices and option types, the Ambient model consistently achieves
lower pricing errors than EDM. This is particularly noticeable in the OTM region, where
the relative errors for EDM increase significantly, exceeding 11% for deep OTM puts. In
contrast, Ambient keeps its errors under 3% consistently. For ATM and ITM scenarios,
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Figure 5.3: Distributions of estimated drift (top) and volatility (bottom) for the GBM
dataset. Blue regions represent training data estimates, while orange regions correspond
to generated samples from the EDM (left) and Ambient (right) models.
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Table 5.4: European option prices and relative error compared to theoretical prices. Mon-
eyness is defined relative to S0 = 100.

Strike
Price K

Theoretical
Price

EDM
Price

Ambient
Price

Error
(EDM)

Error
(Ambient)

Moneyness

Call Options

70 34.395 34.740 34.076 -1.00% 0.93%
ITM80 26.462 26.889 26.162 -1.61% 1.14%

90 19.697 20.200 19.435 -2.55% 1.33%

100 14.231 14.767 14.006 -3.76% 1.58% ATM

110 10.020 10.545 9.831 -5.24% 1.89%
OTM120 6.904 7.379 6.743 -6.88% 2.34%

130 4.673 5.073 4.535 -8.55% 2.96%

Put Options

70 0.981 1.091 0.989 -11.12% -0.79%
OTM80 2.560 2.752 2.587 -7.48% -1.05%

90 5.308 5.575 5.373 -5.03% -1.22%

100 9.354 9.654 9.456 -3.21% -1.09% ATM

110 14.655 14.945 14.793 -1.98% -0.94%
ITM120 21.052 21.291 21.217 -1.14% -0.79%

130 28.333 28.498 28.522 -0.58% -0.67%

both models show stronger alignment with the theoretical values, but Ambient still per-
forms slightly better in most cases.

Summary

The GBM experiments demonstrate the effectiveness of the Ambient Diffusion approach for
simple financial time series generation. While both EDM and Ambient models successfully
capture the basic dynamics of the GBM process, Ambient consistently outperforms EDM
across all evaluation metrics. The key advantage lies in Ambient’s ability to correct the
variance amplification issue present in the standard EDM model. That results in better
distributional alignment, more accurate parameter recovery, and improved performance in
practical applications such as option pricing.
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Table 5.5: Simulation setup for Correlated Geometric Brownian Motion (CGBM) datasets.

Parameter Dataset 1 (2 assets) Dataset 2 (3 assets)

Drift (�) [0.05, 0.05] [0.05, 0.03, 0.07]
Volatility (�) [0.2, 0.2] [0.2, 0.15, 0.25]
Initial Price (S0) [100, 100] [100, 100, 100]
Number of Time Steps (N) 256 256
Number of Paths (M) 100,000 100,000
Time Horizon (T ) 1.0 1.0

Correlation Coefficients (�ij) �12 = 0:3

�12 = 0:8

�13 = 0:4

�23 = 0:2

5.3.2 Correlated GBM

Setup

We increase the complexity by introducing multivariate dependencies via Correlated Ge-
ometric Brownian Motion. This tests the models’ ability to capture correlations between
multiple assets with varying underlying dynamics.

We evaluate two scenarios of increasing complexity. In the first case, we use two corre-
lated assets with identical parameters (drift and volatility) to isolate the models’ ability to
capture correlation structure. The second scenario uses three assets with different pairwise
correlations and distinct underlying parameters, corresponding to more realistic market
conditions. Parameters for both datasets are presented in Table 5.5.

Generated Samples

Figure 5.4 shows representative sample paths for both datasets. Visual inspection confirms
that both models successfully generate realistic trajectories, though quantitative analysis
is needed to assess the accuracy of correlation recovery.
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Figure 5.4: Sample path comparison for CGBM datasets. Top row: 2-asset case; bottom
row: 3-asset case. Columns show reference simulation, EDM-generated, and Ambient-
generated trajectories.
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Table 5.6: Distributional similarity metrics for the 2-asset and 3-asset CGBM datasets.
Lower values indicate better alignment between generated and training log return distri-
butions.

Dataset Model K-S Statistic Wasserstein Distance

2-Asset
EDM 0.01234 0.00051
Ambient 0.00421 0.00017

3-Asset
EDM 0.01116 0.00048
Ambient 0.00292 0.00013

Distributional Similarity

We first assess distributional alignment using the K-S statistic and Wasserstein distance
computed on the log return distributions across all assets. Table 5.6 shows that Ambient
consistently outperforms EDM for both datasets. This demonstrates the robustness of the
variance correction mechanism in multivariate settings.

Correlation Analysis

We next perform correlation analysis through pathwise estimation of pairwise correlation
coefficients and report the resulting distributions of estimates. Using Definition 4.4.5, we
compute empirical correlations for each sample path and compare the distributions between
training and generated data.

Figures 5.5 and 5.6 show the distributions of estimated correlation coefficients. Both
models successfully capture the cross-asset correlations for both datasets with similar per-
formance. For the 2-asset case (Figure 5.5), both EDM and Ambient accurately recover
the target correlation of �12 = 0:3, with distributions closely matching the training data.
Similarly, for the 3-asset case (Figure 5.6), both models effectively reproduce all three pair-
wise correlations (�12 = 0:8, �13 = 0:4, �23 = 0:2), demonstrating their ability to capture
complex multivariate dependency structures.

Drift and Volatility Estimation

Both models successfully capture drift dynamics for both datasets. We provide complete
drift estimation results in Appendix A and focus here on volatility estimation, where the
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Figure 5.5: Estimated pairwise correlation distribution �12 for the 2-asset CGBM dataset.

variance correction benefits of Ambient model are most apparent. We present results for
the more complex 3-asset case with different volatility parameters (� = [0:2; 0:15; 0:25]), as
the 2-asset case shows similar patterns (also provided in Appendix A).

Figure 5.7 shows the volatility estimation distributions for each asset. Consistent with
the univariate GBM results, EDM exhibits systematic overestimation of volatility across
all three assets, with distributions shifted toward higher values than the true parameters.
In contrast, Ambient maintains close alignment with the training data distributions, ac-
curately recovering the distinct volatility levels for each asset. This demonstrates that
the variance correction mechanism remains effective in multivariate settings with different
volatility parameters across assets.

Option Pricing Results

We evaluate the practical utility of the generated samples through exotic option pricing
on the 2-asset CGBM dataset. We consider basket options (written on the average of the
asset prices), max options (on the maximum of the asset prices), and spread options (on
the difference between two asset prices) across different moneyness levels. Monte Carlo
pricing using the training data serves as the benchmark, with relative errors reported for
both models.

The results are shown in Table 5.7. Both EDM and Ambient models produce prices
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Figure 5.6: Estimated pairwise correlation distributions for the 3-asset CGBM dataset.
Each subplot shows the empirical distribution of the sample Pearson correlation �ij between
asset pairs for both EDM (top row) and Ambient (bottom row) models.
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Figure 5.7: Volatility estimation distributions for the 3-asset CGBM dataset.

73



that are generally close to the Monte Carlo reference, but Ambient achieves consistently
lower relative errors across most strikes and payoffs. In particular, the spread of pricing
errors is significantly wider for EDM, reaching up to 12.45% for deep out-of-the-money
spread options, whereas Ambient errors remain within a narrow band of ±3% throughout.
This highlights Ambient’s improved stability. For call options, Ambient maintains sub-1%
error even at OTM strikes, while EDM shows a clear upward bias. EDM tends to overprice
the options, especially as moneyness decreases, while Ambient remains better aligned with
the ground truth. Overall, the Ambient model demonstrates better robustness across both
option structures and strike levels.

Summary

The CGBM experiments demonstrate the models’ ability to handle multivariate financial
time series with various complexity levels. While both EDM and Ambient successfully
capture correlation structures across different asset combinations, Ambient consistently
outperforms EDM in distributional similarity and volatility estimation, maintaining the
variance correction benefits observed in the univariate case. Furthermore, option pricing
results confirm the practical relevance of these improvements: Ambient produces signif-
icantly more accurate prices across a range of exotic derivatives, including basket, max,
and spread options.

5.3.3 Heston Model

Setup

We evaluate model performance on data generated from the Heston stochastic volatility
model, introduced in Section 3.2.1. This model presents a more complex structure com-
pared to GBM, featuring a latent volatility process with mean-reverting dynamics. The
setup used for generating the dataset is summarized in Table 5.8. The parameters cor-
respond to a market environment with mean-reverting volatility that increases over time
due to the initial variance (v0 = 0:1) being below the long-run level (v̄ = 0:4). The neg-
ative correlation (� = �0:3) captures the empirically observed leverage effect where price
declines tend to increase volatility.

The Heston model presents unique challenges due to its latent stochastic volatility
process. We evaluate three approaches: standard EDM training, Ambient training with
formula-based corruption level (using Equation 3.51), and Ambient training with manually
tuned corruption level (�tn = 0:015).
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Table 5.7: Exotic option prices and relative errors for the 2-asset Correlated GBM dataset.
Relative errors are computed with respect to Monte Carlo prices. Moneyness is defined
relative to the average asset price (S0 = 100).

Strike
Price K

Monte Carlo
Price

EDM
Price

Ambient
Price

Error
(EDM)

Error
(Ambient)

Moneyness

Basket Call

90 15.715 15.936 15.785 1.41% 0.45% ITM
100 9.003 9.211 9.045 2.31% 0.46% ATM
110 4.512 4.681 4.533 3.73% 0.45% OTM
120 1.989 2.108 2.002 5.96% 0.66% OTM

Basket Put

90 1.328 1.352 1.307 1.82% -1.59% OTM
100 4.129 4.140 4.080 0.27% -1.20% ATM
110 9.150 9.122 9.080 -0.31% -0.77% ITM
120 16.140 16.061 16.062 -0.49% -0.48% ITM

Max Call

90 24.388 24.840 24.489 1.85% 0.42% ITM
100 16.417 16.859 16.503 2.69% 0.52% ATM
110 10.115 10.507 10.174 3.88% 0.58% OTM
120 5.723 6.034 5.758 5.42% 0.60% OTM

Max Put

90 0.602 0.613 0.593 1.76% -1.57% OTM
100 2.143 2.145 2.118 0.06% -1.16% ATM
110 5.353 5.305 5.302 -0.91% -0.97% ITM
120 10.474 10.344 10.398 -1.25% -0.73% ITM

Spread Call

5 7.188 7.513 7.004 4.51% -2.56% OTM
15 3.954 4.217 3.849 6.67% -2.64% OTM
25 1.991 2.180 1.941 9.47% -2.51% OTM
35 0.927 1.042 0.904 12.45% -2.40% OTM
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Table 5.8: Simulation Setup for the Heston Stochastic Volatility Model

Parameter Value

Mean Reversion Rate (�) 1.0
Long-Run Variance (v̄) 0.4
Volatility of Volatility (�) 0.1
Correlation (�) between Brownian motions -0.3
Initial Variance (v0) 0.1
Initial Price (S0) 100
Number of Time Steps (N) 256
Number of Paths (M) 100,000
Time Horizon (T ) 1.0

Table 5.9: Distributional similarity metrics and absolute errors for the Heston dataset.
Mean and standard deviation are computed from log returns; absolute errors measure
deviation from the training dataset statistics.

Model K-S Statistic
Wasserstein
Distance

Mean Error
(Absolute)

Std Error
(Absolute)

EDM 0.01256 0.00122 0.00001 0.00153
Ambient (tuned) 0.00613 0.00057 0.00004 0.00072
Ambient (formula) 0.00405 0.00028 0.00011 0.00034

Figure 5.8 shows representative sample paths generated by each approach compared to
the reference Monte Carlo simulation. Visual inspection reveals that all models successfully
generate realistic price trajectories with varying volatility patterns characteristic of the
Heston process.

Distributional and Statistical Analysis

Table 5.9 shows the trade-offs between different approaches. The formula-based Ambient
model achieves the best distributional similarity (lowest K-S statistic and Wasserstein
distance) but introduces drift distortion. The tuned Ambient model provides a balanced
compromise, outperforming EDM in distributional metrics while maintaining better drift
accuracy than the formula-based approach.

76



0.0 0.2 0.4 0.6 0.8 1.0
Time

0

100

200

300

400

500

Pr
ic

e

Sample Paths

(a) Monte Carlo

0.0 0.2 0.4 0.6 0.8 1.0
Time

0

100

200

300

400

500

Pr
ic

e

Generated Paths

(b) EDM

0.0 0.2 0.4 0.6 0.8 1.0
Time

0

100

200

300

400

500

Pr
ic

e

Generated Paths

(c) Ambient (tuned)

0.0 0.2 0.4 0.6 0.8 1.0
Time

0

100

200

300

400

500

Pr
ic

e

Generated Paths

(d) Ambient (formula)

Figure 5.8: Sample paths generated by different models for the Heston dataset. The top-
left plot shows reference Monte Carlo simulations from the Heston SDE. All generative
models were initialized with the same starting conditions.
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Figure 5.9: Realized volatility estimation across generated paths for the Heston dataset.
The Ambient model with formula-based �tn better captures the heavy-tailed volatility
dynamics.

Volatility Process Recovery

Figure 5.9 demonstrates the models’ ability to capture the time-varying volatility struc-
ture of the Heston process. The plots show the evolution of realized volatility over time,
computed as the cross-sectional volatility estimate at each time step across all generated
paths (Definition 4.4.2). The blue line represents the training data, while the orange line
shows the generated samples.

The formula-based Ambient model (c) most accurately reproduces both the increasing
volatility trajectory and the magnitude of volatility levels, closely tracking the training
data throughout the time horizon. The tuned Ambient model (b) shows some deviation
from the training data pattern. EDM (a) shows even more significant overestimation of
volatility compared to the true Heston process, failing to match the expected volatility
behavior.

Option Pricing Performance

Table 5.10 highlights the practical implications of these trade-offs. While the formula-
based Ambient model excels in distributional metrics, its drift distortion leads to signifi-
cantly worse option pricing accuracy. In contrast, the tuned Ambient model delivers much
more accurate prices, outperforming EDM across most strikes. The only exception is for
deep in-the-money put options, where EDM achieves slightly better results. However, the
error difference is less than 1%, which can likely be attributed to sampling variance or
discretization artifacts.
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Table 5.10: Relative error in European option pricing compared to theoretical prices on
the Heston dataset. Moneyness is defined relative to S0 = 100.

Strike
Price K

Error
(EDM)

Error
Ambient (tuned)

Error
Ambient (formula)

Moneyness

Call Options

70 -3.05% -2.84% -5.92%
ITM80 -3.91% -3.33% -6.54%

90 -4.91% -3.85% -7.14%

100 -6.07% -4.41% -7.72% ATM

110 -7.35% -4.99% -8.28%
OTM120 -8.68% -5.54% -8.77%

130 -10.05% -6.04% -9.16%

Put Options

70 -5.97% 1.23% 11.05%
OTM80 -4.32% 1.29% 9.32%

90 -3.04% 1.37% 8.04%

100 -2.09% 1.41% 7.00% ATM

110 -1.38% 1.41% 6.17%
ITM120 -0.83% 1.42% 5.49%

130 -0.41% 1.41% 4.94%
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Table 5.11: Simulation Setup for the Merton Jump Diffusion Model

Parameter Value

Drift (�) 0.05
Volatility (�) 0.3
Mean Jump Size (�J) -0.3
Jump Volatility (�J) 0.3
Jump Intensity (�) 1.0
Initial Price (S0) 100
Number of Time Steps (N) 256
Number of Paths (M) 100,000
Time Horizon (T ) 1.0

Summary

The Heston experiments highlight the complexity of modeling stochastic volatility pro-
cesses and demonstrate important trade-offs between different performance metrics. While
the formula-based Ambient approach achieves better distributional similarity and volatility
process recovery, it suffers from drift distortion that severely impacts option pricing accu-
racy. In contrast, the manually tuned Ambient model provides a practical compromise,
maintaining better statistical fidelity than EDM while delivering more accurate option
prices across most strikes.

5.3.4 Merton Jump Diffusion Model

Setup

We conclude the synthetic experiments with the Merton Jump Diffusion (MJD) model,
which incorporates discontinuous jumps into the standard GBM framework. This model
tests the ability of diffusion models to capture sudden, large market changes that are typical
of financial crises and extreme market events.

The simulation parameters are presented in Table 5.11. The configuration features
negative mean jumps (�J = �0:3) with moderate volatility (�J = 0:3) and relatively high
jump intensity (� = 1:0), corresponding to frequent downward market shocks.

Figure 5.10 shows representative sample paths for the MJD dataset. The reference
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Figure 5.10: Sample paths generated for the Merton Jump Diffusion (MJD) dataset. The
reference paths (left) are simulated using the true MJD SDE with jumps. The EDM
(middle) and Ambient (right) models are trained to replicate these dynamics.

Table 5.12: Distributional similarity metrics for the MJD dataset. Lower values indicate
better alignment between the generated and training log return distributions.

Model K-S Statistic Wasserstein Distance

EDM 0.01301 0.00093
Ambient 0.00488 0.00044

simulation (a) exhibits characteristic sudden downward jumps, while both EDM (b) and
Ambient (c) models successfully generate paths with similar jump-diffusion behavior.

Distributional Similarity

Table 5.12 shows that Ambient significantly outperforms EDM in distributional alignment
for the MJD dataset. The superior performance across both K-S statistic and Wasserstein
distance demonstrates that Ambient maintains its variance correction advantages even in
the presence of jump discontinuities, effectively capturing the heavy-tailed distribution of
jump-diffusion processes.

Parameter Estimation

We assess the models’ ability to recover the underlying MJD parameters through maximum
likelihood estimation (Definition 4.4.3). Figure 5.11 shows the distributions of estimated
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drift and volatility parameters. Both models successfully recover the drift parameter (� =
0:05). For volatility estimation, Ambient again demonstrates better performance, closely
matching the training data distribution around the true value (� = 0:3), while EDM
exhibits the overestimation observed in previous experiments.

Figure 5.12 presents the more challenging task of jump parameter recovery. Both models
show very close alignment with training data estimates for both jump mean and jump
volatility parameters. This demonstrates that both approaches can successfully capture
the discontinuous jump dynamics.

Option Pricing Results

Table 5.13 demonstrates Ambient’s superior performance in option pricing for the MJD
dataset. Ambient achieves remarkably accurate pricing across all strikes and option types,
with errors typically below 1% for calls and under 4% for puts. In contrast, EDM shows
systematic overpricing with errors exceeding 10% for deep OTM calls and puts, reflecting
its inability to capture the dynamics that significantly impact option valuations.

Summary

The MJD experiments demonstrate successful modeling of jump-diffusion processes, with
Ambient consistently outperforming EDM across all metrics. Ambient achieves better
distributional similarity, better parameter recovery, and remarkably accurate option pric-
ing, highlighting the effectiveness of variance correction even for complex discontinuous
dynamics.

5.4 Experiments on Real-World Market Data

In this section, we evaluate model performance on real-world market data obtained through
the Yahoo Finance API and processed as described in Section 3.2. We first present re-
sults for single-asset datasets consisting of adjusted closing prices, followed by multivariate
OHLC (Open-High-Low-Close) data.

Our experiments use four assets representing diverse market dynamics: S&P 500 ETF
(SPY) as a low-risk investment vehicle; Apple (AAPL) and Nvidia (NVDA) stocks rep-
resenting medium and high volatility equities; and Bitcoin (BTC-USD) as a high-risk
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Figure 5.11: Estimated drift and volatility distributions for the MJD dataset. Left column:
EDM model; right column: Ambient model.
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Figure 5.12: Estimated distributions of MJD jump parameters for EDM (left) and Ambient
(right). Includes jump mean and jump volatility.
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Table 5.13: European option prices and relative error compared to Monte Carlo prices on
the MJD dataset. Moneyness is defined relative to S0 = 100.

Strike
Price K

MC
Price

EDM
Price

Ambient
Price

Error
(EDM)

Error
Ambient

Moneyness

Call Options

70 41.278 42.069 41.156 1.92% -0.30%
ITM80 34.372 35.350 34.307 2.85% -0.19%

90 28.209 29.322 28.172 3.95% -0.13%

100 22.816 24.008 22.791 5.23% -0.11% ATM

110 18.201 19.421 18.182 6.70% -0.11%
OTM120 14.344 15.541 14.312 8.34% -0.23%

130 11.182 12.308 11.133 10.07% -0.44%

Put Options

70 4.610 5.153 4.779 11.77% 3.66%
OTM80 7.216 7.946 7.443 10.11% 3.14%

90 10.566 11.431 10.820 8.18% 2.41%

100 14.686 15.629 14.951 6.42% 1.81% ATM

110 19.583 20.554 19.854 4.96% 1.39%
ITM120 25.238 26.186 25.496 3.76% 1.02%

130 31.588 32.465 31.830 2.78% 0.77%

85



Table 5.14: Summary of real asset datasets used for training and evaluation. Each path
corresponds to a non-overlapping year of daily data (252 steps).

Asset Date Range Number of Paths Steps per Path

AAPL 1980-12-12 to 2025-07-30 44 252
SPY 1993-01-29 to 2025-07-30 32 252
NVDA 1999-01-22 to 2025-07-30 26 252
BTC-USD 2014-09-17 to 2025-07-30 15 252

Table 5.15: Distributional similarity metrics for real asset datasets. Lower values indicate
better alignment between generated and training log return distributions.

Asset Model K-S Statistic Wasserstein Distance

SPY
EDM 0.04067 0.00090
Ambient 0.01153 0.00051

AAPL
EDM 0.01723 0.00080
Ambient 0.02002 0.00059

NVDA
EDM 0.05800 0.00720
Ambient 0.02411 0.00316

BTC
EDM 0.01905 0.00147
Ambient 0.01799 0.00102

cryptocurrency with atypical dynamics. Models are trained on historical price data seg-
mented into non-overlapping sequences of 252 timesteps (approximately one trading year).
Dataset details are summarized in Table 5.14.

5.4.1 Single-Asset Data

Univariate single-asset data consists of daily adjusted closing prices for each asset. Ta-
ble 5.15 presents distributional similarity metrics comparing EDM and Ambient models
across all four assets.

Ambient outperforms EDM for most assets, with particularly strong improvements for
SPY and NVDA. AAPL shows mixed results with EDM achieving better K-S statistic
but Ambient providing superior Wasserstein distance. Based on these results, we present
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detailed analysis for SPY and BTC in this chapter, with additional results for AAPL and
NVDA provided in Appendix A.

S&P 500 and Bitcoin datasets results

We begin with visual assessment of generated sample paths in Figure 5.13. All paths are
normalized to start at an initial price of 100 for comparison purposes. The generated data
successfully captures the distinct dynamics and volatility regimes of both SPY and BTC
datasets. SPY exhibits relatively stable growth patterns with occasional downturns, while
BTC demonstrates the high volatility and dramatic price swings typical for cryptocurrency
markets.

To better assess the dynamics of the generated data, we estimate annualized drift and
volatility parameter distributions and compare them to the training dataset, following
the approach used for synthetic experiments. Figure 5.14 presents the results for both
assets. The model successfully captures volatility distributions for both datasets, with
generated samples closely matching the training data. For drift estimation, SPY shows
good alignment between generated and training distributions. BTC exhibits a different
distributional shape for drift estimates, though the mean and spread are well captured.
This effect is likely due to the limited number of training samples in the BTC dataset (15
paths versus 32 for SPY).

Finally, we evaluate tail behavior using Value at Risk (VaR) and Conditional Value at
Risk (CVaR) metrics (Definition 4.5.1). Figure 5.15 shows that the model captures risk
characteristics reasonably well for both assets. SPY demonstrates close alignment between
generated and training distributions for both risk measures. BTC shows slightly more
deviation, which is likely due to both the smaller training set size and the greater volatility
and randomness of cryptocurrency returns.

5.4.2 Open-High-Low-Close Structures Data

For multivariate OHLC analysis, we follow a similar setup to the univariate case but use all
four daily price components (open, high, low, close) instead of only adjusted closing prices.
This increases the complexity by capturing intraday price relationships and correlations
between the different price levels.

Table 5.16 presents distributional similarity metrics for OHLC log return distributions.
The results show mixed performance between EDM and Ambient models across different
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Figure 5.13: Sample paths of prices for SPY (top row) and BTC (bottom row). Left:
original dataset. Right: paths generated by the Ambient model.
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(a) Drift Estimate (SPY) (b) Volatility Estimate (SPY)

(c) Drift Estimate (BTC) (d) Volatility Estimate (BTC)

Figure 5.14: Estimated drift and volatility distributions using the Ambient model. Top
row: SPY. Bottom row: BTC.
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(a) SPY: VaR Estimate (b) SPY: CVaR Estimate

(c) BTC: VaR Estimate (d) BTC: CVaR Estimate

Figure 5.15: Estimated Value at Risk (VaR) and Conditional Value at Risk (CVaR) dis-
tributions using the Ambient model. Top: SPY. Bottom: BTC.
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Table 5.16: Distributional similarity metrics for OHLC log return distributions across real
assets. Lower values indicate better alignment between generated and training data.

Asset Model K-S Statistic Wasserstein Distance

SPY
EDM 0.01039 0.00027

Ambient 0.01150 0.00034

AAPL
EDM 0.03100 0.00084

Ambient 0.01986 0.00090

NVDA
EDM 0.03659 0.00505

Ambient 0.00950 0.00118

BTC
EDM 0.02738 0.00294

Ambient 0.02136 0.00126

assets. SPY favors EDM slightly, while AAPL, NVDA, and BTC show better performance
with Ambient. Notably, NVDA demonstrates the largest improvement with Ambient,
consistent with the univariate results where this high-volatility stock bene�ted most from
the variance correction mechanism.

Figure 5.16 demonstrates the model's ability to generate realistic OHLC data through
candlestick chart visualization. Each candlestick represents one trading day, with the body
showing the opening and closing prices (green for positive days, red for negative days) and
the wicks indicating the daily high and low prices.

The generated candlestick chart (b) successfully reproduces key characteristics of real
Bitcoin trading patterns (a), including realistic intraday price ranges, appropriate propor-
tions of positive and negative trading days, and believable volatility clustering. This visual
assessment con�rms that the Ambient model can generate coherent OHLC sequences that
maintain the internal consistency required for realistic market data.

To assess the model's ability to capture the dependencies between OHLC components,
we analyze pairwise correlation distributions and mean correlation matrices. Figure 5.17
shows the distributions of pathwise correlation coe�cients for all six OHLC pairs. The
model successfully reproduces the correlation structure across most pairs, with particu-
larly strong alignment for Open-High, Open-Low, and High-Close correlations. Some devi-
ations are observed for Open-Close, High-Low, and Low-Close pairs, where the generated
distributions show slightly di�erent shapes while maintaining similar means.

Figure 5.18 presents the mean correlation matrices, providing a summary view of the
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(a) Real candlestick chart

(b) Generated candlestick chart (Ambient)

Figure 5.16: Comparison of real and generated OHLC data using candlestick plots for
BTC.
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(a) Corr(Open, High) (b) Corr(Open, Low) (c) Corr(Open, Close)

(d) Corr(High, Low) (e) Corr(High, Close) (f) Corr(Low, Close)

Figure 5.17: Pairwise pathwise correlation coe�cient distributions for BTC OHLC data
(training vs generated).
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(a) Mean correlation matrix (Training) (b) Mean correlation matrix (Generated)

Figure 5.18: Mean correlation matrices of OHLC data for BTC: training vs generated data.

overall correlation structure. The generated data closely matches the training data correla-
tion pattern. This demonstrates that the model captures the essential feature that opening
and closing prices within the same day are largely independent, while intraday extremes
(high and low) maintain strong correlations with the opening price.

5.5 Summary

In this chapter, we systematically evaluated EDM and Ambient di�usion models on both
synthetic and real-world �nancial time series. Ambient di�usion consistently improved
distributional similarity, parameter estimation, and option pricing accuracy, especially for
challenging settings like high-volatility assets and processes with jumps. On real-world
market data, both models captured key statistical and risk features, with Ambient generally
showing stronger performance.

These results highlight the strengths of di�usion-based generative modeling in �nance,
and provide a basis for the discussion and future work in the following sections.
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Chapter 6

Conclusion

In this thesis, we proposed a data-driven approach for generating �nancial time series that,
in contrast to traditional models, does not rely on explicit model selection or parameter
calibration. We adapted a leading di�usion architecture [37, 71] originally developed for
image synthesis to multivariate temporal data and introduced a variance correction mecha-
nism through the Ambient Denoising Score Matching loss [18]. Building on this framework,
we derived an analytical solution for selecting the ambient noise level. Furthermore, we
developed a comprehensive evaluation methodology for generated time series, combining
distributional similarity metrics with �nance-speci�c measures and risk-based criteria.

We validated the proposed approach through extensive experiments on both synthetic
and real-world datasets. Synthetic experiments covered well-established �nancial models,
including Geometric Brownian Motion, the Heston stochastic volatility process, and the
Merton jump-di�usion model. Real-world experiments included datasets such as the S&P
500 ETF (SPY), volatile equities (NVDA), and cryptocurrency markets (BTC-USD). The
results consistently demonstrated that the Ambient Di�usion model with variance cor-
rection improves distributional alignment, volatility recovery, and option pricing accuracy
compared to the EDM baseline. The model was able to reproduce key features of synthetic
processes, such as jumps and stochastic volatility, while also capturing the distributional
properties and dynamics of real-world market data. Our approach is sensitive to the choice
of ambient noise level: while the proposed rule is e�ective in many settings, manual tuning
may be required to balance drift accuracy and variance correction. In addition, limited
sample sizes (e.g., BTC) remain a challenge, a di�culty common to many deep learning
applications.

This work has focused on unconditional generation of �nancial time series. However,
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the broader application of di�usion models to �nancial modeling remains largely unex-
plored. Two natural extensions are conditional tasks such as time series forecasting and
imputation. Beyond these, di�usion models have shown promise in other domains for
anomaly detection [82, 81], suggesting a potential direction for detecting rare events in
�nancial markets.

Finally, our variance correction mechanism was inspired by the Ambient Di�usion
framework [18], part of a growing research e�ort on signal recovery and training with noisy
data [17]. These methods are increasingly applied to inverse problems such as denoising [1],
and further extending them to the �nancial domain represents an exciting opportunity for
future research.

In summary, this thesis has demonstrated that di�usion-based generative models pro-
vide a 
exible and powerful framework for modeling �nancial time series, with clear ad-
vantages over traditional approaches. Our approach opens new directions for the use of
di�usion models in �nance, where their ability to learn directly from data and capture
complex stochastic dynamics can contribute to improvements in quantitative modeling.
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Additional Results

A.1 Additional Results for the CGBM Dataset

A.2 Additional Results for Single-Asset Datasets
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(a) EDM { Asset 1 (b) EDM { Asset 2

(c) Ambient { Asset 1 (d) Ambient { Asset 2

Figure A.1: Drift estimation distributions for the 2-asset CGBM dataset.
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(a) EDM { Asset 1 (b) EDM { Asset 2 (c) EDM { Asset 3

(d) Ambient { Asset 1 (e) Ambient { Asset 2 (f) Ambient { Asset 3

Figure A.2: Drift estimation distributions for the 3-asset CGBM dataset.
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(a) EDM { Asset 1 (b) EDM { Asset 2

(c) Ambient { Asset 1 (d) Ambient { Asset 2

Figure A.3: Volatility estimation distributions for the 2-asset CGBM dataset.
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(a) Training Paths (AAPL) (b) Generated Paths (Ambient)

Figure A.4: Sample paths of prices for AAPL. Left: original dataset. Right: paths gener-
ated by Ambient model.

(a) Drift Estimate (b) Volatility Estimate

Figure A.5: Estimated drift and volatility distributions for AAPL using the Ambient model.
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Figure A.6: Estimated realized volatility for AAPL: generated vs. training data.

(a) Value at Risk (VaR) (b) Conditional Value at Risk (CVaR)

Figure A.7: Risk estimates for AAPL: VaR and CVaR distributions under the Ambient
model.
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(a) Training Paths (NVDA) (b) Generated Paths (Ambient)

Figure A.8: Sample paths of prices for NVDA. Left: original dataset. Right: paths gener-
ated by Ambient model.

(a) Drift Estimate (b) Volatility Estimate

Figure A.9: Estimated drift and volatility distributions for NVDA using the Ambient
model.
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Figure A.10: Estimated realized volatility for NVDA: generated vs. training data.

(a) Value at Risk (VaR) (b) Conditional Value at Risk (CVaR)

Figure A.11: Risk estimates for NVDA: VaR and CVaR distributions under the Ambient
model.
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