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Abstract

This thesis presents methodologies for studying the effects of climate change on natural

hazards. The thesis is structured around three key aspects: first, the stochastic modelling

of non-stationary hazards; second, the modelling of concrete degradation in a changing

climate; and third, the economic risk evaluation associated with these non-stationary haz-

ards.

The initial focus of this thesis is on applying a non-stationary stochastic process to

model the increasing frequency and intensity of climate-driven hazards in Canada. The

early chapters provide an overview of the effects of climate change in Canada. To un-

derstand the trends and projections of various climatic variables, such as temperature,

precipitation, and wind speed, recent studies and reports from Environment and Climate

Change Canada, along with other relevant literature, are examined and analyses were

performed on the model outputs of the Couple Model Inter-comparison Project Phase 6

(CMIP6) data. The overview highlights the growing occurrence and severity of climate

hazards, including hurricanes, droughts, wildfires, and heatwaves, as supported by other

independent studies. In the light of such analyses, this study demonstrates the inade-

quacy of traditional stationary models for future predictions and risk assessments, thereby

advocating for a shift to non-stationary frameworks.

The thesis provides a robust theoretical foundation for non-stationary hazard mod-

elling using stochastic process models. Traditional extreme value analysis (EVA) typically

assumes stationarity. However, this assumption is invalidated by gradual changes in the

frequency and intensity of climate-driven hazards. This research proposes methodologies

to model climatic hazards using a non-stationary stochastic shock process, specifically the

non-homogeneous Poisson process (NHPP), to derive the maximum value distributions

over any finite period and not just restricted to annual maxima. These models account for

changes in the underlying processes over time, providing a more accurate representation of

climate-driven hazards by incorporating time-varying parameters that reflect the dynamic

nature of climatic extremes. By integrating stochasticity and temporal variability, these

stochastic process models offer a robust framework for predicting the future occurrence

and intensity of climate-driven hazards. The proposed methods are demonstrated through
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the estimation of maximum value distributions for precipitation events using the Coupled

Model Inter-comparison Project (CMIP) phase-6 multi-model ensemble data, with an anal-

ysis of inter-model variability. Furthermore, the thesis presents a case study on modeling

heatwaves to illustrate the application of these models to climatic data, particularly for

events where the asymptotic assumptions of extreme value theory do not hold.

Climate change will not only influence the loads and hazards on infrastructure, but

it will also exacerbate the degradation processes of structures due to harsher climatic

conditions such as higher temperatures and increased humidity. To model these effects on

the degradation of concrete bridges, simulations were conducted using physico-chemical

concrete degradation processes. Based on the simulation results, non-stationary Markov

transition probabilities were estimated for several key locations in Canada under various

Shared Socioeconomic Pathway (SSP) scenarios.

The final chapter of the thesis addresses the economic aspects of climate-driven hazards.

It includes derivations to estimate various statistics of damage costs, such as the mean,

variance, moments, and distribution, resulting from a non-stationary hazard process. The

analytical results were derived for several cases, such as considering the loss magnitudes to

be identically and non-identically distributed, and whether discounting is applied to the

losses or not to address the effect of time in evaluating the net present losses or not. This

analysis offers valuable information for policy makers, engineers, and scientists involved in

climate adaptation and mitigation efforts.
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Chapter 1

Climate Change in Canada:

Overview

1.1 Introduction

The Earth’s climate has undergone natural fluctuations over geological timescales, but an-

thropogenic activities have significantly accelerated this process, posing a profound threat

to the environment. The consequences of human-induced climate change (CC) are far-

reaching, impacting various meteorological variables worldwide, with significant implica-

tions for ecosystems, human health, and the economy.

The release of massive amounts of greenhouse gases (GHGs) from industrial activities,

transportation sectors, and land-use changes has led to a steady increase in the Earth’s

average temperature. This temperature increase manifests in extreme climate variations

across different geographic locations, depending on local topography and meteorological

conditions, resulting in altered precipitation patterns, sea-level rise, and more frequent and

intense weather events.

In recent decades, the frequency and severity of natural hazards such as hurricanes,

droughts, wildfires, and heatwaves have increased, with devastating impacts on human set-

tlements, infrastructure, and ecosystems. These changes are attributed to CC, highlighting
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the urgent need for effective mitigation and adaptation strategies.

This chapter presents an overview of the latest simulations from global climate models

and a review of recent literature to discuss projections of key environmental variables such

as temperature, wind speed, and precipitation. However, before diving into that, let us

briefly understand the working of the climate models and the different kind of forcing

incorporated to derive the predictions of these climate variables in the future.

1.2 Climate Models

Climate models or the General Circulation Models (GCMs) are computer simulations that

uses a mathematical framework to predict future climate conditions based on different

physical processes [77]. They discritize the Earth’s surface into a three-dimensional grid of

cells, with resolution depending on cell size and time steps ranging from minutes to years.

This discretized domain is subjected all kinds of known physical processes to simulate the

path of all weather variables such as air temperature, precipitation, and humidity.

These models are used to generate ensemble of paths by varying the initial conditions

and the other forcings. Therefore, these future simulated climate variables contain a num-

ber of uncertainties in their predictions, as discussed next.

1.3 Uncertainties in Climate modeling

1.3.1 Sources of uncertainties

The climate model projections are subject to several sources of uncertainties of which some

of them are attributed to the lack of knowledge i.e. the epistemic uncertainties and others

due to the inherent stochasticity of the weather processes i.e. aleatory. Some of the sources

of uncertainty are listed as follows:

• Uncertainty attributed to the lack of complete understanding of governing physical

processes resulting in modelling errors. Some examples include:
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– Formation, distribution and effects of other processes on cloud formations;

– Uncertainties in the Carbon cycle and how it will be effected in the future

climatic scenarios;

– Lack of understanding of ice-sheet models and hence different models would

predict different sea level rise.

• Uncertainty may arise from variations in analysis methods as well, such as

– Selection of numerical propagation methods;

– Variation in the parameterization processes;

– Resolution of small-scale processes compared to larger scales .

• Uncertainties arising from the possible future emission scenarios considered in climate

projections. These scenarios depend on factors such as future population levels, so-

cial and economic development pathways, and government policy decisions. Climate

models can exhibit large differences under various emission scenarios, leading to un-

certainty in projections.

• Uncertainties also stem from the internal variability of the system and is represented

by the natural disturbances in the climate system that occur without external in-

fluences, such as radiative forcing. For example, internal variability arising from

natural climate oscillations includes the El Nio South Oscillation, the North Atlantic

Oscillation, and the Pacific Decadal Oscillation.

Climate models may capture the broad-scale behavior of these oscillations, but predicting

exact timing and magnitude is always a challenge. This internal variability can contribute

to the uncertainty in climate projections, especially in the short term [129]. The climatic

systems have an inherent chaos arising from its highly non-linear behavior that may man-

ifest itself in abrupt changes resulting from small changes in radiative forcing [44, 6].

In addition, other weather processes like the heatwaves or hurricanes have inherent

randomness in their arrival and intensities. In these cases, climate models may be able to

simulate the probability distributions of these events, but will not be able to predict their

occurrence in the long run.
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1.3.2 Tackling the uncertainties

There are several approaches to dealing with the uncertainties described in the last section.

Although it is impossible to fully account for the uncertainties in the prediction, a number

of approaches are often implemented to reduce the uncertainties to a manageable extent,

some of which are listed below.

1. Bias Correction: The validity of these models is tested through something called

”hind-casting” [88, 23], in which the models are used to obtain the path of weather

variables in the historical time-period. Bias correction is applied to the model out-

puts to match the reference datasets and hence have more confidence in the future

projections.

2. Model Weighting: Results of some models are closer to the reference datasets

giving more accurate hind-casting, and hence while model averaging of the results

more weightage is given to those models than the others.

3. Model Evaluation: Sometimes only the models with good accuracy in the hind-

casting are selected for analysis from a given ensemble to reduce the uncertainty.

Once validated, they project future climate scenarios based on Representative Con-

centration Pathways (RCPs) or Shared Socio-economic Pathways (SSP), which describe

possible future conditions based on greenhouse gas levels in 2100.

1.4 Coupled Model Intercomparison Project (CMIP)

The Coupled Model Intercomparison Project (CMIP) is a joint effort by climate researchers

and organizations to understand climate change in the past, present, and future [30]. It

uses multiple models to study how natural changes and human activities affect the climate.

CMIP runs experiments to predict future climate changes and explores how well we can

predict climate changes at different times and places. It also compares the results of

different models to understand their differences.
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CMIP started in 1995 as a way to compare climate models. Initially, it focused on

simple scenarios, such as a steady increase in CO2. Over time, it has evolved to include

more complex scenarios, such as historical and future climate changes. CMIP manages

large amounts of data, with help from organizations like the US Department of Energy,

and collaborates with other groups to improve climate modeling. The project is led by

the CMIP Panel and the Working Group on Coupled Modelling (WGCM) Infrastructure

Panel (WIP), which coordinates model comparisons and develops infrastructure for data

sharing.

CMIP has gone through several phases, each building on the previous one with new

and improved simulations. The latest phases, CMIP5 and CMIP6, are the most recent

developments in this effort.

1.4.1 CMIP(Phase 5)

The CMIP5 project represents a significant advancement in climate research, building on

its predecessors CMIP3 and CMIP4 to provide a comprehensive dataset to study climate

variability and change [113]. In this model intercomparison project, multiple modeling

groups and incorporating feedback from various stakeholders were involved from all over

the globe to enhance the understanding of climate processes and improve model perfor-

mance. In this phase of assessment, the climate projections provided, were based on the

Representative Concentration Pathway (RCP) scenarios [79] which are pathways of differ-

ent extent of radiative forcings defined as follows.

• RCP2.6: Peak in radiative forcing at approximately 3 W/m2 mid-century before

declining to 2.6 W/m2 by 2100.

• RCP4.5: Stabilization in radiative forcing at 4.5 W/m2 post 2100.

• RCP6.0: Stabilization in radiative forcing at 6 W/m2 post 2100.

• RCP8.5: Rise in radiative forcing to 8.5 W/m2 in 2100.
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The extensive dataset generated by CMIP5 allows for the exploration of model dif-

ferences, climate predictability, and the impacts of various climate scenarios. Through

collaboration with the broader climate research community and coordination by the World

Climate Research Programme, CMIP5 serves as a valuable resource for scientists study-

ing climate dynamics, informing key scientific assessments such as the IPCC reports, and

addressing fundamental questions about climate and CC.

1.4.2 CMIP (Phase 6)

This development over CMIP5 in the multimodel ensemble projections was based on Shared

Socio-economic Pathways (SSP) which describes socioeconomic conditions, land use, and

other anthropogenic climate-driven greenhouse gas emissions.

Not only do SSP scenarios provide socioeconomic characteristics in a standardized man-

ner, that is, SSP based scenarios correlate societal changes such as population, education

and governmental policies related to CC mitigation, and hence lead to possible mitigation

measures depending on the pathway [29].

Ultimately, the two main strategies to combat CC have boiled down to mitigation and

adaptation in a broad sense, depending on which the SSP scenarios are classified.

Mitigation refers to taking actions to reduce anthropogenic interactions to CC which

comes through reduction in emissions of GHGs and hence reducing the heat-trapping in

the atmosphere.

Whereas, adaptation refers to the situation to make the best out of the changing

scenario and also to taking precautionary measures to survive the increased adversities

led by climate, for example investing and building flood-proof infrastructures, considering

higher design floods for bridges, etc.

These several SSP scenarios with extent of challenges in mitigation and adaptation are

described as follows [78].

• SSP1: Sustainability – Taking the Green Road (Low challenges to mitigation and

adaptation)
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• SSP2: Middle of the Road (Medium challenges to mitigation and adaptation)

• SSP3: Regional Rivalry – A Rocky Road (High challenges to mitigation and adap-

tation)

• SSP4: Inequality – A Road Divided (Low challenges to mitigation, high challenges

to adaptation)

• SSP5: Fossil-fueled Development – Taking the Highway (High challenges to mitiga-

tion, low challenges to adaptation)

These SSPs are used to decide on the emission scenario i.e. the RCP scenario, depending

on the adaptation or mitigation strategies, which is then used to run the simulations on the

GCMs. However, the relations between SSPs and RCPs are not that simple. For example,

SSP1 can have different emissions scenarios such as RCP 1.9 and 2.6 depending on the

mitigation actions taken; hence, the model outputs are usually denoted in CMIP6 using

both the SSP and RCP scenarios together, i.e. SSP1(1.9) and SSP1(2.6).

Of all the SSP scenarios linked to their RCP scenarios, it is found that the SSP5(RCP8.5)

will result in the highest increase in the global temperatures over the years, which is why

several analyses conducted in this thesis are only performed for this worst case scenario.

1.5 Weather variables

The output of the climate models are given in the form of gridded time series data of various

weather variables. Depending upon the analysis, the spatial and temporal ranges of the

data can be used, or as need may arise the data might require spatial downscaling using

several downscaling methods available. The uncertainty in the results of various weather

variables are different and depending on the extent of uncertainty they are categorized in

several tiers. The various tiers of variables are described as follows [15].

1. Tier-1: The tier 1 variables are those that can be projected into the future with

maximum confidence for given global warming levels, due to the high level of con-

fidence in the underlying physical processes involved in the climate models. This
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also implies that the change factors or the percentage changes projected for these

variables can be directly used for new designs and if there exists other sources of

uncertainties, they can be quantified with high confidence. Some examples of tier-1

variables include the heating degree days, hourly temperatures, daily maximum, and

minimum temperatures.

2. Tier-2: This classification represents a medium level of confidence in the physical

processes that are used to project these variables in the future, and as such these

changes may need to be supplemented by additional evidence. But, even then there

might be inconsistencies in the results resulting in lower confidence in the projections

over the future. In such a situation, these variables are suitable for risk analysis or

studying uncertainty with design. Some examples of tier 2 variables include annual

total precipitation and rainfall, and other extreme values associated to rainfall.

3. Tier-3: This classification indicates lowest confidence in the projections arising from

the poor understanding of the physical processes used in the model. The projected

changes in these variables are suitable for structural reliability studies in different

climate scenarios. Examples of these variables include annual mean humidity, hourly

wind pressures, ice accretion, and snow loads.

In the following sections, the effect of various global warming levels on some key weather

variables are discussed.

1.6 Ambient temperature

The temperature change is the most direct consequence of global warming, and it is ob-

served that there has been an increase in temperature to the extent of 1.6 degrees Celsius

in the mean annual temperature of Canada during the period 1948 to 2016 [15].

For the RCP8.5 emission scenario, there is a possibility of up to 6.3 ◦C in the mean

temperature of Canada by the year 2100.

For the near future, that is, by approximately 2050, the temperature of Canada can

increase by 1.5◦C (low emission, RCP2.6) to the extent of 2.3◦C (high emission, RCP8.5)
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relative to the period 1986-2005, with greater effects expected to be experienced in the

winters of northern Canada [12].

In Fig(1.1) shows the magnification in the increments of annual averages of maximum

temperature and the minimum temperatures with respect to the global temperature in-

crements, putting greater strain on Canada’s policy makers mitigation and adaptation

measures.
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Figure 1.1: Increase in mean temperatures of Canada due to Global rise in temperature[15].

Let us also discuss the effects of CC briefly on the Tier-2 variables, that is, the variables

which are dependent on the Tier-1 variable like temperature but are subjected to higher

levels of uncertainty in their prediction. The following section discusses the effect of CC

on precipitation and rainfall.

1.7 Precipitation and rainfall

From a water infrastructure design point of view, the study of precipitation changes is

crucial when dealing with flood risk, rainfall-induced landslides, bridge designs, snow loads,

and the design of drainage systems in cities and towns.
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Since changes in precipitation and rainfall are secondary effects of global warming, un-

certainties in the prediction of changes can be greater[15]. However, with much confidence,

it is predicted that there will be a substantial increase in mean annual precipitation and

rainfall.

Based on a national average, it was found that, during the period 1948-2012, there has

been an increase in the annual precipitation of Canada of approximately 18.3%, with the

highest effect in northern Canada (∼ 32%). The model simulations have predicted a net

increase in the mean annual precipitation of 7.3% by 2050 and up to the extent of 24.2%

by the end of this century for RCP8.5, which is the scenario of high emissions.

When it comes to extreme precipitation events, the simulations predict a decrease in

the recurrence times for the events corresponding to all return periods. In other words,

the frequency of precipitation events corresponding to any intensity/magnitude is likely to

increase in the coming years.

For example, under the high emission scenario, precipitations with a return period of

50 years at present can decrease to the extent of 10 years by 2100, which is alarming from

the design considerations of most structures that are constructed and intended to be in

service beyond this period of time [12]. The report recommends that, for the purpose

of design, one may consider an increase in the intensity of one-day rainfall events with

a return period of 50 years to increase following the Clausius-Clapeyron condition. The

Clausius-Clapeyron relation suggests that with an increase in local temperature there is

supposed to be an increase in the moisture content of the atmosphere to approximately

7%/◦C.

There are several other studies as well that suggest with conviction that there will be

an increase in intensity and frequency of precipitation and rainfall in the coming years.

In [87], the simulation results suggest that the Intensity-Duration-Frequency curve lower

bounds for the 100-year return period short-duration rainfall events, in around 2050, will

be around 35% higher than the current government IDF curves for the City of London in

Ontario.
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Figure 1.2: Percentage increase in annual rainfall as a function of the global temperature
rise[15]

Figure 1.2), shows that a 3.5◦ rise in global temperature can result in an increase of

25% in annual rainfall in Canada which would also roughly correspond to the Clausius-

Clapeyron condition.

1.8 Wind pressures

Although, this variable has not been analysed in this thesis, but for the sake of completing

the discussion on the effects of key weather variables, a brief discussion on the effect of

global warming on wind is included here. For the design of important infrastructural

systems, such as tall buildings, bridges, and calamity shelters, design against wind loading

is of utmost importance. The design of roofing in large industrial shades also requires

information on wind loading in their design. In addition to that, in regions more prone

to tornadoes or cyclones, wind loading is an important consideration in the design and

reliability analysis of the system.

The wind pressure effects are an indirect consequence of global warming and since

design wind pressures are treated as Tier-3 variables because of their dependence on Tier-1
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and 2 meteorological variables and result in the highest uncertainties in their prediction

[15].
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Figure 1.3: The percentage increase in hourly wind pressures for 50-year and 10-year return
period, as a function of the global temperature rise[15]

Nonetheless, there is a suspected increase in wind pressures in the future years as a

result of CC with significant regional variability, although, the changes in the extreme

wind pressures with an increase in global temperatures are not as significant compared to

changes in the other weather variables as depicted in Figure 1.3.

1.9 Research Objectives

This study has explored various implications of climate change from various perspectives

that includes modelling the non-stationary climate-driven hazards, the impacts of climate

change on concrete degradation, and economic risk estimation due to these kind of hazards.

The research objectives can be summarized as follows.

• To propose a non-stationary stochastic process model to estimate the maximum

value distribution of hazard events that are influenced by climate change and hence
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aid time-dependent reliability calculations in infrastructure design. In that context,

the challenges of using the traditional stationary models and other extreme value

distribution models are also discussed which serves as a motivation for this study.

• To apply and demonstrate the usage of these models by analyzing the projected

weather data from the CMIP6 multi-model ensemble and discuss the critical concepts

like extreme value distribution and return periods in the non-stationary context.

Specifically, the extreme precipitation and the heat wave events were analyzed in the

demonstration.

• Not only will the hazard processes but the degradation processes are expected to

accelerate due to harsher environmental conditions with increased temperatures and

relative humidity. Therefore, the next objective is to study the effect of climate

change on concrete degradation processes, specifically for bridges by simulating the

physico-chemical degradation processes in the changing climatic conditions, and es-

timating the equivalent Markov transition probabilities for bridge condition states.

• Another important aspect of optimal design is the economic risk assessment and

due to the changing load patterns, accompanied with faster degradation, the eco-

nomic risk is going to be affected. Therefore, for a comprehensive overview of the

implications of climate change, the final objective is to derive the various moments

and distribution of non-stationary compound stochastic processes and use them to

estimate the economic risk due to the climate-driven hazards over any given period.

1.10 Thesis organization

The various objectives of this study are organized to maintain the flow of discussion as

suggested in the last section. Chapter 2 begins with the discussion about the basic concepts

of stationary and non-stationary hazard modelling and various methods of obtaining the

extreme value distributions for a given hazard processes. The chapter provides the neces-

sary definitions and formulations of the non-stationary stochastic process hazard models
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and demonstrates the applicability of the stochastic process models over the traditional

extreme value models that come from asymptotic assumptions.

The proposed methods were demonstrated using a case study involving extreme precip-

itation events in changing climate, using the CMIP6 multi-model ensemble data in Chap-

ter 3. Another case study involving heat waves was considered in Chapter 4 to further

demonstrate the applicability of these models for hazards which are not that frequent and

hence challenge the asymptotic assumptions but can be suitably modelled by the stochastic

process models.

Chapter 5 covers the second aspect of the thesis which is studying the effect of climate

change on concrete degradation, more specifically concrete bridges.

The final aspect of the thesis, that is, the estimation of the economic risk due to hazards

influenced by climate change, is presented in Chapter 6.

1.11 Conclusions

.

The atmosphere of the Earth has heated up by around 1.6◦ Celsius in the period 1948 to

2016 due to natural and anthropogenic causes. This has raised concerns in the engineering

community since the changing climate has resulted in an intensification of several climate-

driven hazards such as flash floods, thunderstorms, tornadoes, and droughts, depending

on the geographical location. This gradual intensification is concerning for the reliability

of the infrastructure systems that are expected to witness frequent calamities within their

design life.

This has led to thorough and ongoing experimentation on climate models or GCMs,

which are mathematical models of the various physical processes that occur around the

globe, developed by several climate agencies. The GCMs are subjected to varying levels of

radiative forcing simulating different levels of global warming, and predictions of several

weather variables are obtained for the past and future. Since the level of global warming

depends on the emission of greenhouse gases (GHGs) by human activities, depending on
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the levels of mitigation and adaptation measures, several pathways of radiative forcing may

be expected, giving rise to different probable scenarios in the future.

The model outputs from different reporting institutes were brought together in a project

for comparison called the Coupled Model Intercomparison Project (CMIP) in 1995 and

since then, there have been different phases in the project, each building up on the earlier

phases. In this context, the 5th and 6th phases of CMIP, which are the two of the most

recent phases and their salient features are discussed in this chapter. In addition, the effect

of global warming and changing climate on temperature, precipitation, and wind speed is

discussed.

The changing climate will manifest itself in an increase in frequency and intensity of

hazards, and hence it is important to consider its expected ramifications on infrastructure

systems in the future. Some of the typical manifestations might be in the form of increased

energy loads to cool buildings due to more frequent heat events, faster degradation of

construction materials due to increased temperature and humidity and hence lowering the

design life of the structures, increased flows in water infrastructure systems due to increased

precipitation, increased wind loads on tall structures.
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Chapter 2

Non-Stationary Probabilistic

Analysis of Extremes

2.1 Introduction

Engineering systems are designed on the basis of extreme loading conditions. Mostly,

annual extreme value distributions are obtained by fitting the annual maxima data of the

concerned hazard process and used to calculate the annual probability of failure.

So, let us begin with the discussion on the extreme value theory. We will discuss the

theory in its widely used stationary context and then the non-stationary generalizations

and the limitations associated with these generalizations. Later, citing several challenges

in the theory, we will introduce the stochastic process model of hazard processes, which can

provide a more comprehensive overview of the changes in the underlying hazard processes

in the non-stationary context.
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2.2 Extreme Value Theory

2.2.1 Stationary Extreme Value Distribution (EVD)

Let us define a random sequence {X1, ..., Xn}, where X ′
is are independent and identically

distributed (IID) with a common distribution FXi
(x). Then the extreme value (here max-

ima) is given by random variable, Xmax =Max{X1, ..., Xn},

P [Xmax(n) ≤ x] = P [X1 ≤ x1, ..., Xn ≤ xn]

⇒FXmax(x) = [FXi
(x)]n

(2.1)

If n → ∞,an asymptotic limit is derived as the generalized extreme value or the GEV

distribution [22].

FXmax(x) = exp

[
−
(
1 + ξ

(
x− µ

σ

))−1/ξ
]
,

(
1 + ξ

(
x− µ

σ

))
> 0 (2.2)

where, ξ, µ and σ are the distribution parameters, called the shape, location and the scale

parameter, respectively.

The parameter, ξ has information regarding the tail characteristics of the distribution

and depending on the value of this parameter, three different classes of EVDs can be

defined,

• ξ → 0 : Leads to Gumbel EVD as a limiting form of the GEV as follows, having

exponential tails

G(x) = exp

[
−exp

(
−x− µ

σ

)]
(2.3)

• ξ > 0 : Frechet EVD having thick tails

• ξ < 0 : Weibull EVD having short tails with finite endpoints.

However, these extreme value distributions have some drawbacks from a statistical

point of view. Since this is a block maxima method i.e. only the maximum value of the
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events in a given year are used, without giving any importance to other events which may

have significantly high impacts, leading to the under-utilization of the data.

To avoid this limitation, some other models were developed such as the Generalized

Pareto distributions discussed briefly as follows.

Generalized Pareto Distribution (GPD) For an arbitrary sequence {X1, ..., Xn},
for which the maximum value distribution follows a GEV as given in Equation (2.2),

for a sufficiently large value of l0, the distribution of X, an element in that sequence

{Xi}, conditioned on the event X > l0, can be approximated by the Generalized Pareto

Distribution [22].

H(x) = P [X < x|X > lo] = 1−
(
1 +

ξ(x− l0)

σ + ξ(l0 − µ)

)−1/ξ

(2.4)

in which, x > l0 and
(
1 + ξ(x−l0)

σ+ξ(l0−µ)

)
> 0.

Similar to GEV, the shape parameter ξ influences the tail characteristics of the distribu-

tion. However, in GPD models, even the selection of the threshold value (l0) is ambiguous

and arbitrary, since, selecting a lower threshold will not satisfy the asymptotic assumption

of the model and choosing a very high threshold will not leave sufficient events crossing the

threshold for the model fitting, and hence again lead to the under-utilization of the data.

2.2.1.1 Return periods

This is related to a geometric stochastic process. If the GEVD parameters are estimated for

the annual extreme values of a hazard process, then we can calculate the annual probability

of exceedance (POE) of the magnitude of the hazard over a given level. Suppose, the POE

is denoted as p and the corresponding level is x0, then, if we define a random variable T

denoting the year when the hazard event first crosses the level x0. The distribution of T

is given by the geometric distribution with the parameter p as follows.

fT (i) = P [T = i] = (1− p)i−1p, i ∈ {1, 2, 3...} (2.5)
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The expected value of this time T is defined as the return period (RP ).

E[T ] =
∞∑
i=1

i(1− p)i−1p =
1

p
(2.6)

These models are not suitable under non-stationary conditions.

2.2.2 Non-stationary EVD

To account for non-stationary effects, the constant parameters of the Gumbel or GEV

distribution are replaced by time-dependent functions[83, 71, 21, 119].

For the non-stationary Gumbel distribution, the location and the scale parameters are

now considered to be functions of time [22].

G(x; t) = exp

[
−exp

(
−x− µ(t)

σ(t)

)]
(2.7)

For example, these parameters can be linear function of time.

µ(t) = µ0 + µ1t (2.8)

σ(t) = σ0 + σ1t (2.9)

Parameter estimation is based on Maximum Likelihood Estimation (MLE). The confi-

dence intervals of these parameters can be obtained using the Bootstrapping methods.

The parameters µ1 and σ1 are coefficients of time in Equation (2.9), and upon esti-

mation if they are found to be statistically significant, it can be concluded that there is

a non-stationarity in the underlying process. However, if these parameters are not found

to be significant, then there could be two possible conclusions, i.e. there is no time de-

pendence and the process is stationary or there could be other kind of nonlinear temporal

relationships in the data, which can be decided upon further investigation of the data.

This method can be easily extended for other kind EVD models, for example, for

Pareto distributions, a time-dependent threshold can be utilized to represent the changing
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conditions, and in the case of a GEV, the shape parameter can be also considered to be

time-dependent [81].

2.2.2.1 Return period

In this case the annual POE of a hazard is also a function of time, which we can denote

as p(i) as the POE of a return level x0 in the year i,

p(i) = P [Xmax(i) > x0] (2.10)

where, Xmax(i) denotes the annual maximum value corresponding to the ith year. There-

fore, following a similar framework for the definition of the return period, we can assign

probabilities to the values attained by the random variable T denoting the time of first

occurrence of the event [97].

fT (i) = P [T = i] = p(i)
i−1∏
t=1

(1− p(t)), i ∈ {1, 2, 3...} (2.11)

Again, using similar argument, the expected value of T can be considered to be the return

period given as follows:

E[T ] =
∞∑
i=1

ip(i)
i−1∏
t=1

(1− p(t)) (2.12)

This sum can be taken for sufficiently large number of terms at which the value of the

return period converges.

In the context of climate change modelling, assessment of changes in the frequency and

intensity of extreme events is a topic of primary interest. In the NS Gumbel model, this

assessment is made in a somewhat indirect manner.

The change in the frequency is estimated by evaluating change in the return period of

an extreme event of interest. For example, total daily rain fall exceeding 40 mm, x = 40,

is an event of interest. The return period in a future year, t, is approximately defined as
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a reciprocal of probability of exceeding this level in the tth year as (REF)

T (t, x) =
1

1− Fmax(x, t)
(2.13)

The change in frequency is thus signified in terms of the difference in the stationary

return period and that given by above equation.

It should be noted that this expression is just an approximation that is based on the

assumption that the probability of exceedance in every year from t onward, i.e., t, t+1, t+

2, . . . ,∞, is constant and equal to (1−Fmax(x, t)). However, this assumption is untenable

in a non-stationary climate.

The change in intensity is signified in terms of change in the probability of exceeding

a threshold with time. For example, change in the probability of exceeding a threshold,

such as x = 40 mm can be estimated over time as, 1 − Fmax(40, t). The change in this

probability as compared to that estimated under the assumption of stationary climate has

been used as a measure of change in intensity.

A general observation is that NS Gumbel model provides indirect measures of changes

in the frequency and intensity of extreme events. This limitation can be overcome by the

use of a non-stationary stochastic model, as discussed in the next Section It must be noted

that in the non-stationary scenario, the return period definition applies only to the first

arrival of the event, and there is no way to obtain the return period as the mean interarrival

time for recurring events.

2.2.3 Limitations of NS EVD models

Some limitations associated to the GEV models can be specified as

• Although stationary versions of the model can be manipulated to accommodate the

gradual changes, the definitions of the return period cannot be used for recurring

events and are only applicable to the time of first arrival.
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• The GEV models provide no information about the underlying hazard process apart

from the changes in the extreme value distribution. It is impossible to identify if

the changes in the extreme value is due to changes in frequency or intensity of the

individual events, leading to a lack of specificity.

These limitations can be addressed by using a stochastic process model, which can

capture the information regarding the arrival of the events and their magnitude, and hence

provide a complete description of the process. Therefore, several aspects of a stochastic

hazard process have been explored in the following sections.
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2.3 Stochastic process model

An environmental hazard can be modelled as a stochastic shock process model [82]. A

stochastic shock process model is characterized by a stochastic arrival process which is

usually a point process and the shocks associated with each of the arrivals. Figure 2.1

demonstrates a stochastic process, in which the sequence of random variables {Si} denotes

the arrival times of the hazard events and the process {Xi} denotes the respective shock

heights.

Figure 2.1: Stochastic process

The Poisson shock process is widely used in stationary reliability analysis.

2.3.1 Stationary Poisson process

Stationary or homogeneous Poisson process (HPP) is characterized by inter-arrival times,

Ti, expressed as the difference of the arrival times, S ′
is, is distributed as IID Exponential.

Ti = Si − Si−1, i = 1, 2, ... (2.14)
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Therefore, the arrival times S ′
is given as [94],

Sn =
n∑
i=1

Ti (2.15)

follows a Gamma distributed with the following parameters.

Sn ∼ Gamma(n, λ) (2.16)

The joint density of the arrival times conditioned on the number of events until t is

given as:

fS1,...,Sn|N(t)(s1, ..., sn|N(t) = n) = n!
1

tn
(2.17)

In the above equation it can be seen, that in a time constrained situation, the joint density

of arrival times is independent of the variables {s1, ..., sn}, which follows from the order

statistics property followed by the arrival times of the Poisson process.

For further discussion and detailed proofs, the reader is referred to [24, 99].

The distribution of the number of events in a period (0, t) is given as

P [N(0, t) = k] =
eλt(λt)k

k!
(2.18)

The mean value function Λ(0, t) = E[N(0, t)] is given as:

Λ(0, t) = E[N(0, t)] = λt (2.19)

The expected number of events per unit time, i.e., rate λ(t) is given as

λ(t) =
d(Λ(0, t)

dt
= λ (2.20)

The HPP has a constant rate, which signifies the stationary property.

The estimation of the rate parameters in the Poisson process is usually done using
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maximum likelihood estimation (MLE) [27] and the ML estimate of the rate is given as:

λ =
n

t
(2.21)

This expression has been used in several places in the thesis to estimate the rates of

hazard process in the stationary base case scenarios. Next we discuss the second component

of the shock process which is the shock heights.

2.3.1.1 Shock height distribution

Each of the shock arrivals is associated with some magnitude of the shock height, which

of course is uncertain as well, and hence represented as another sequence {Xi}. For the

stationary scenario, this sequence is considered independent of arrival times and IID with

a common distribution FX(x). With the historical data available, this distribution can

be easily estimated using any distribution fitting technique like probability paper plotting

(PPP), and MLE.

Together, with the arrival times, this conjugated sequence (Si, Xi), is called the shock

or marked process.

2.3.1.2 Thinning Property

Consider a parent HPP, N(t) with rate λ and a probability p to accept a point and hence

reject a point with probability (1− p), then we can construct two independent HPPs, one

the accepted process, N1(t) with rate λp and a rejected process, N2(t) with rate λ(1 − p)

[99].

N(t) = N1(t) +N2(t) (2.22)

As a corollary, the HPP can be partitioned into several independent HPPs using some

partitioning criteria.

This probability of acceptance of a given event in the parent HPP denoted as p, can be

associated with marks process, for example, if we want to isolate the events for which the
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shock heights exceeds a value x0, then p becomes (1− FX(x0)) and we will have a process

with rate λ(1−FX(x0)) and its associated marks will be distributed as FX|X>x0(x|x > x0)

2.3.1.3 Maximum value distribution (MVD)

The distribution of the maximum shock height in (0, t) is given by [82] It may be noted

that here, for the stochastic process, we are using the term ”maximum value” instead of

”extreme value” because we want to keep the latter reserved for maximum value concept

stemming from asymptotic extreme value theories.

Fmax(x; t) = exp [−λt (1− FX(x))] (2.23)

Therefore, with a shear increase in the rate of arrivals the distribution of the maximum

shock height in a given interval increases and this is reflected in the maximum value

distribution (MVD) corresponding to an HPP in Figure 2.2.

Figure 2.2: Extreme value distribution for an HPP, Parameters: X ′
is ∼

Exponential( mean = 10 units), t = 20 years
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However, in several cases, for reliability analysis, designers are interested in the annual

MVD, in which case, we can set t = 1 year to have the following.

Fmax(A)(x) = exp [−λ (1− FX(x))] (2.24)

2.3.1.4 Return periods

In case of a stochastic process, E[T1], E[T2], ..., E[Tn] can be considered to the first, second,

and nth mean inter-arrival times or return periods. For an HPP,

E[T1] = E[T2] = ... = E[Tn] = 1/λ (2.25)

Therefore, we have discussed several aspects of the Poisson process in the stationary

scenario, and now we will see how these aspects can be extended and generalized for the

non-stationary case.

2.3.2 Non-Homogeneous Poisson process (NHPP)

2.3.2.1 Definition

In the non-stationary extension of the HPP, the property that the number of events in a

given time-interval is Poisson distributed still holds i.e. for the counting process, (N(t), t ≥
0), increments in time are independent and is Poisson distributed, and the process starts

at zero, i.e. (N(0) = 0). The increment in an NHPP for any interval (t1, t2) is Poisson

distributed (Equation (2.26)).

P (N(t1 + t2)−N(t1) = n) =
[Λ(t1, t2)]

neΛ(t1,t2)

n!
, t2 > t1 (2.26)

in which Λ(t1, t2) is the mean value function.

The modelling of non-stationary environmental loads by NHPP was extensively dis-

cussed in [82] where several useful properties of NHPP were derived and compiled from

the literature.
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NHPP can also be defined using an equivalent definition provided in [94] and given as

follows:

NHPP is a counting process (N(t), t ≥ 0), with a rate function λ(t), if the following

holds .

1. N(0) = 0

2. Increments in N(t) are independent.

3. P [N(t+ h)−N(t) ≥ 2] = O(h)

4. P [N(t+ h)−N(t) = 1] = λ(t)h+O(h)

5. And indentically, P [N(t+ h)−N(t) = 0] = 1− λ(t)h+O(h)

where, O(h) is defined as a function for which limh→0
O(h)
h

= 0, that is O(h) approaches

0 faster than h in the limiting condition. This second definition will deem to be more useful

for deriving the expression of risk in non-stationary climate as discussed in Chapter 6.

The function Λ(0, t) = E[N(0, t)] or simply Λ(t) in Equation (2.27) is called the mean

value function (MVF) for the NHPP, and, the mean number of events in that interval can

be given in terms of the mean value function as:

Λ(t1, t2) = Λ(0, t2)− Λ(0, t1) = Λ(t2)− Λ(t1) (2.27)

The time derivative of the MVF gives the rate function of the NHPP (Equation (2.28).)

as follows:
dΛ(t)

dt
= λ(t) (2.28)

However, if the rate function, λ(t) is supplied, then the MVF can be obtained by taking

the anti-derivative as follows:

Λ(t1, t2) =

∫ t2

t1

λ(s)ds (2.29)

The rate function, λ(t) can take several forms, however one of the most generalized

forms is the exponential-polynomial-trigonometric function (EPTF) proposed in [60] as
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follows, where α′
is, γ, ψ and m are coefficients and parameters of the function.

λ(t) = exp

[
m∑
i=0

αit
i + γsin(ωt+ ψ)

]
(2.30)

2.3.2.2 Thinning property

If N(t) is a Poisson process with rate function λ(t), and a point at an instant of time

s, is retained with a probability p(s), or deleted with a probability (1 − p(s)), then the

retained and deleted processes are independent Poisson processes NR(t1, t2) and ND(t1, t2)

[99]. The rate functions of the processes are λR(t) and λD(t), respectively, with the mean

value functions ΛR(t1, t2) and ΛD(t1, t2) given below.

ΛR(t1, t2) =

∫ t2

t1

λR(s)ds =

∫ t2

t1

p(s)λ(s)ds (2.31)

and

ΛD(t1, t2) =

∫ t2

t1

λD(s)ds =

∫ t2

t1

(1− p(s))λ(s)ds (2.32)

2.3.2.3 Arrival time distribution

The order statistics property for an NHPP, states that the joint density of the arrival

times conditioned on numer of events until t, i.e. N(t) = n, is same the joint density

of the ordered set of n random variables drawn from a common distribution given by

fS(s) = λ(s)/Λ(t), i.e. the joint density of the arrival times is given as follows:

fS1,...,Sn|N(t)=n(s1, ..., sn|N(t) = n) = n!
n∏
i=1

λ(si)/Λ(t) (2.33)

The marginal distribution of the arrival times of an NHPP can be obtained as follows

[82]:

FSn(t) = P [Sn ≤ t] = P [N(t) ≥ n] =
∞∑
k=n

P [N(t) = k] (2.34)
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The marginal density of the arrival times can be deduced by taking the derivative of the

above expression and simplifying it.

fSn(t) =
(Λ(t))n−1

(n− 1)!
λ(t)e−Λ(t) (2.35)

This expression is useful in determining the distribution of the inter-arrival times, which

are equivalent to return periods for a non-stationary process.

2.3.2.4 Shock height distribution

Non-stationary modelling of shock height is proposed as function of the arrival times,

Xi = Xi(Si).

One simple way to represent the time dependence of the shock heights could be as

follows[82]:

Xi(Si) = X0,iϕ1(Si) + ϕ2(Si) (2.36)

where, X ′
0,is are IID with a density function fX(x), and ϕ1(.)(̸= 0) and ϕ2(.) are time-

dependent functions of arrival times that can capture the multiplicative and additive com-

ponents of shock height intensification. We shall denote the distribution of time-dependent

shock height as FX(t)(x; t).

The IID variables X ′
0,is can be used to denote some shock heights in a base scenario

which is being amplified. The common distribution can be fitted from the historical data of

some base period, for example, the pre-industrial period, based on which the comparisons

can be made for the future scenarios.

Following the thinning property which is also preserved for the NHPP, the thinned mean

value function denoting the mean number of events over a specified interval following a

certain criteria can be isolated, for example if we are interested in the events crossing a

certain design value x0, then the thinned NHPP will have a rate as follows:

λ(x0, t) = λ(t)(1− FX(t)(x0; t)) (2.37)
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and the corresponding MVF of the thinned process can be given as

Λ(x0, t1, t2) =

∫ t2

t1

λ(s)(1− FX(s)(x0; s))ds (2.38)

The above equation can be used to predict the mean number of failure events corresponding

to a design value x0 in any interval of time.

2.3.2.5 Maximum value distribution

The maximum value distribution for the NHPP, FMax(x, t1, t2), in any given interval of

time (t1, t2] can be derived as [82]:

FMax(x, t1, t2) = e−Λ(x,t1,t2) (2.39)

Where, Λ(x, t1, t2) is the thinned MVF defined in Equation (2.38) and hence can be

expanded as follows:

Fmax(x, t1, t2) = exp

[
−
∫ t2

t1

λ(t)
(
1− FX(t)(x; t)

)
dt

]
(2.40)

By setting the values of t1 and t2 as follows, we can obtain the annual EVD for the

NHPP as follows.

Fmax(x, t, t+ 1) = exp

[
−
∫ t+1

t

λ(t)
(
1− FX(t)(x; t)

)
dt

]
(2.41)

It can be clearly seen that now, the annual EVD is time-dependent. It may be noted that

in general the integrand in Equations (2.40) and (2.42) can often attain non-integrable

forms and hence requires numerical integration. However, for the case of annual EVD,

since the time-interval is low and the change in the underlying process is slow, we can

apply an approximation as follows:

Fmax(x, t, t+ 1) ≈ exp
[
−λ(t)

(
1− FX(t)(x; t)

)]
(2.42)

31



(a) EVD-CDF (b) Percentage difference

Figure 2.3: Difference in the NHPP annual extreme value CDF for precipitation obtained
using direct integration and approx method for the year 2100 for SSP5(8.5) scenario(
detailed discussion in Chapter 3).

The error in this approximation is quite low since, for natural processes, the changes due

to climate change is slow and gradual, for example, when the formulations were used for

precipitation data (discussed in Chapter 3), it was found that the difference in EVD due

to this approximation was less than 1% (see Figure 2.3).

Similar to other attributes of the non-stationary processes, the return periods for a

non-stationary process no longer remains constant over time. In the following subsections

two prominent definitions of return periods in this context are presented.

2.3.2.6 Return periods

The inter-arrival times, Ti = Si − Si−1, as defined in Equation (2.14), in this case will not

be IID due to the non-stationary nature of the process. The distribution of the inter-arrival

times can be obtained as shown in [82] :

P [Tn > t] = 1− FTn(t) =

∫ ∞

0

fT1(s+ t)
(Λ(s))n−1

(n− 1)!
ds (2.43)

In the above expression, the fact that F̄T1(s+ t) and Λ(s) vanishes at s→ ∞ and s→ 0
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, respectively, has been used.

One formal way of defining the return period can be taken as the mean inter-arrival

times E[Ti]. It can be understood from the above discussion that the return period is

no longer constant. This expected value of the inter-arrival times can be given as Equa-

tion (2.44).

E[Tn] =

∫ ∞

0

e−Λ(s) [Λ(s)]
n−1

(n− 1)!
ds (2.44)

When we want to obtain the return periods corresponding to a certain return level x0,

we can simply use the MVF of the thinned process defined in Equation (2.38), in the above

expression, i.e.

E[Tn(x0)] =

∫ ∞

0

e−Λ(x0,0,s)
[Λ(x0, 0, s)]

n−1

(n− 1)!
ds (2.45)

Although, we have formally defined the concept of return period in one way, but in the

following section we use a simpler definition of return period which might be more useful

in the non-stationary scenario.

2.3.2.7 Mean Waiting Times

For any given time t, the time W (t) till the occurrence of the next event is a quantity of

interest and the mean value of this quantity can be considered as another representative

definition of the return period. The complementary CDF of the waiting time is given

(using the independence of the number of events in disjoint intervals of time) as follows

[82].

¯FW (t)(s) = 1− P [W (t) ≤ s] = P [W (t) > s] = P [N(t, t+ s) = 0] = e−Λ(t,t+s) (2.46)
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Again, for a given return level (or a specified design value) x0, the mean waiting time can

be obtained using the MVF of the thinned process.

E[W (x0; t)] =

∫ ∞

0

e−Λ(x0,t,t+s)ds (2.47)

2.4 Statistical estimation

The CMIP6 dataset contains the output of weather variables from several climate agencies

from different countries. To analyze the extreme values and fit the distributions to the

data, two different approaches were used in Chapters 3 and 4.

1. Fit a distribution for each of the climate models, creating an ensemble of outputs.

2. Pooling data from all models assuming that the different climate model data are

independent thus resulting in a single parameter estimate for each of the parameters.

2.4.1 Gumbel model

The Non-stationary Gumbel distribution and density functions are denoted as G(x; t) and

g(x; t), respectively with time-dependent location and scale parameters, µ(t) and σ(t),

respectively. Let, the annual maximum shock height in a given year ti is given as xi, then

the likelihood of the parameters of the NS Gumbel for that climate model will be given as

follows:

L(x1, ..., xn; t1, ...tn|µ0, µ1, σ0, σ1) =
n∏
i=1

g(xi; ti, µ(µ0, µ1, ti), σ(σ0, σ1, ti)) (2.48)

Therefore, for each model, we will obtain a set of parameter values using which the various

EVD percentiles can be calculated for each member of the ensemble and then take the

median of those values.

However, if we want to pool all the model outputs from the multi-model ensemble,

assuming statistical independence of the various models, then, we can obtain the likeli-
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hood as follows. Let {xij} denote the set of annual maxima, in which each element xij

represents the annual maxima in the ′i′th year for the ′j′th model. Consequently, the year

corresponding to {xij} is denoted as {tij}. Let there be nj years of data from the jth

model, then

L[{xij, tij}; {nj}|µ0, µ1, σ0, σ1] =
m∏
j=1

nj∏
i=1

g(xij;µ(µ0, µ1, tij), σ(σ0, σ1, tij)) (2.49)

In this case, we will obtain only one estimate for the parameters for the NS Gumbel

model. For the estimation of the stationary cases, the time-dependent parameters can be

eliminated in Equation (2.48) to obtain,

L(x1, ..., xn|µ, σ) =
n∏
i=1

g(xi, µ, σ) (2.50)

2.4.2 NHPP model

The maximum likelihood estimation procedures for the estimation of the rates and inten-

sities are presented below.

2.4.2.1 Rate function

Using the joint density function of the arrival times and the number of events until a given

time t for an NHPP, the likelihood of events until a given time t can be given as follows

[92]:

LS1,...,Sn;N(t)(s1, ..., sn;n) = exp[−Λ(t)]
n∏
i=1

λ(si) (2.51)

For a log-linear rate function, the likelihood function for the estimation of the param-

eters in the rate function is given as follows.
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L((s1, ..., sn;n|λ0, λ1) = exp

[
− 1

λ1

(
e(λ0+λ1t) − e(λ0)

)] n∏
i=1

[e(λ0+λ1si)] (2.52)

The ML estimates can be obtained by minimizing the logarithm of the likelihood function

with respect to the parameters λ0 and λ1.

The ML estimate for the rate of stationary Poisson process is given by the rather simple

expression as follows, in which N denotes the total number of shock incidences, i.e., the

number of threshold crossings in this case in the duration of T years.

λ̂ =
N

T
(2.53)

Considering the second approach for the estimation where all the climate model data

were pooled under the assumption that the climate models are independent, the likelihood

functions can be modified as follows. Suppose sij denotes the
′j′th arrival time for the ′i′th

model. Let nj denote the number of events in the ′j′th model path, and let the number of

models be m. T denotes the end time (in this case 80 years, i.e. 2020-2100).

L[{sij}; {nj}|λ0, λ1] =
m∏
j=1

exp

[
− 1

λ1

(
e(λ0+λ1T ) − e(λ0)

)] nj∏
i=1

[e(λ0+λ1sij)] (2.54)

Taking the logarithm and optimizing with respect to the rate parameters will yield the

maximum-likelihood estimates.

2.4.2.2 Shock height distribution

The parameters of the shock height distribution are estimated using the shock heights

corresponding to their arrival times as defined in . For a Weibull shock height distribution,

with a linear scale parameter and a constant shape parameter, the likelihood function for

the estimation of the parameters for each of the model paths can be constructed as follows:
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L(x1, ..., xn; s1, ...sn;n|α, x0, β0, β1) =
n∏
i=1

fX(xi;x0, α, β(t) = β0 + β1si) (2.55)

Taking the logarithms of the above expression and maximizing this function with re-

spect to the parameters, with the constraint that the overall scale parameter β(t) is positive,

will yield the estimates.

When all models are pooled, similarly to the likelihood of the rate parameters, the

likelihood of the time-dependent shock height parameters can be obtained as follows, where

{xij} denotes the set of shock heights, in which each element xij represents the shock height

of the ′i′th event that occurs at sij in the ′j′th model.

L[{xij, sij}; {nj}|α0, α1, β0, β1] =
m∏
j=1

nj∏
i=1

fX(t)(xij;α(α0, α1, sij), β(β0, β1, sij)) (2.56)

The above likelihood was used to estimate the parameters of the time-dependent shape

and scale parameters.

2.5 Conclusion

In this chapter, the contrast was drawn between the traditionally used Random variable

method for extreme value analysis i.e. the Generalized Extreme Value (GEV) theories

and with that of the proposed stochastic process models, in particular the Poisson process

models. The changing climate demands that the gradual non-stationarity in the climate

process be reflected in the extreme value analysis (EVA) of the climate-driven hazard

processes. In that context, initially, both the stationary and non-stationary versions of the

GEV were discussed in detail along with their implementation in the literature.

Thereafter, the several challenges with the usage of the GEV models were discussed.

Some of the prominent challenges are summarised as follows:
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• GEV methods lack specificity about the underlying hazard process towards the re-

flected changes in EVD over time.

• Increments in the frequency and that of intensity of events have the same effect on

the random variable method and hence the effect cannot be separately assessed based

on the changes in the EVD.

• Although the concept of return period is applicable for stationary processes, but in

a non-stationary scenario, the return periods cannot be defined for recurring events.

To tackle these challenges and gain deeper insights about the underlying process in

the EVA, the stochastic process-based EVA was proposed. Therefore, a stochastic shock

process, more specifically, the non-homogeneous Poisson process (NHPP) model, was pro-

posed for the EVA. The two main components of the marked NHPP hazard process, which

are the rate function and the time-dependent intensity functions are discussed in detail.

The several concepts and theories such as the distribution of arrival times, return periods,

and Extreme value distribution for this process were presented with supporting deriva-

tions. In this proposed approach, the non-stationarity can be conveniently modelled using

time-dependent rate and intensity functions and hence their effect of the changes in the

MVDs can be easily distinguished.
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Chapter 3

Non-Stationary Model of

Precipitation Events

3.1 Introduction

3.1.1 Background

Simulations carried out by various agencies using simulated climate data indicate that

there will likely be an increase in the intensity and frequency of hazards, such as floods

[58], landslides [52], droughts [32], and wind activities [11] in several regions of the world,

posing a greater risk in those areas.

Although in most of the available literature, the models are fitted to historical data, the

simulated data from the general circulation models is not utilized to predict the changes

in climate variables. In this chapter, we model the precipitation variable using a marked

NHPP process, show the applicability of the process in modelling weather variables, and

estimate the weather extremes over the remainder of the current century. Several other key

results of the NHPP analysis conducted on the precipitation variable have been presented

in this chapter.
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Figure 3.1: CMIP6 Multi-model ensemble for the projected annual 24-hour precipitation
values for SSP5-8.5 scenario

3.1.2 Data

For this study, the multi-model ensemble corresponding to the Coupled Model Inter-

comparison Project Phase 6 (CMIP6) was considered. CMIP6 is based on Shared Socio-

Economic Pathways (SSP) scenarios. These SSP scenarios describe the social and economic

factors that influence radiative forcing and, hence, indicate different levels of global warm-

ing. For the precipitation variable, 26 different model outputs were available for the period

1950–2100, as listed in Table 3.1. For our demonstration, we extracted simulated daily pre-

cipitation data in mm/day for the grid point with coordinates Lat: 43.625, Lon: -79.375

(in the region of Toronto, Ontario). This data corresponds to SSP5-8.5, the ’Fossil-fueled

Development’ pathway, which is a scenario with high challenges to mitigation and low chal-

lenges to adaptation, with a radiative forcing of RCP8.5 (the Representative Concentration

Pathway).
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Table 3.1: Multi-model ensemble and their reporting institutes in CMIP6 for precipitation

Model Reporting institute
ACCESS.CM2 Commonwealth Scientific and Industrial Research Organisation (CSIRO)
ACCESS.ESM1.5 Commonwealth Scientific and Industrial Research Organisation (CSIRO)
BCC.CSM2.MR Beijing Climate Center

CanESM5
Canadian Centre for Climate Modelling and Analysis,
Environment and Climate Change Canada, Victoria, Canada

CMCC.ESM2 Fondazione Centro Euro-Mediterraneo sui Cambiamenti Climatici (CMCC), Lecce, Italy

CNRM.CM6.1
Centre National de Recherches Meteorologiques,
Centre Europeen de Recherche et de Formation Avancee en Calcul Scientifique, Toulouse, France

CNRM.ESM2.1
Centre National de Recherches Meteorologiques,
Centre Europeen de Recherche et de Formation Avancee en Calcul Scientifique, Toulouse, France

EC.Earth3
EC-Earth consortium, Rossby Center,
Swedish Meteorological and Hydrological Institute/SMHI, Norrkoping, Sweden

EC.Earth3.Veg
EC-Earth consortium, Rossby Center,
Swedish Meteorological and Hydrological Institute/SMHI, Norrkoping, Sweden

FGOALS.g3 Chinese Academy of Sciences, Beijing, China

GFDL.ESM4
National Oceanic and Atmospheric Administration,
Geophysical Fluid Dynamics Laboratory, Princeton, NJ, USA

HadGEM3.GC31.LL Met Office Hadley Centre, Exeter, Devon, UK
INM.CM4.8 Institute for Numerical Mathematics (INM), Russian Academy of Science, Moscow, Russia
INM.CM5.0 Institute for Numerical Mathematics (INM), Russian Academy of Science, Moscow, Russia
IPSL.CM6A.LR Institut Pierre Simon Laplace (IPSL), Paris, France
KACE.1.0.G National Institute of Meteorological Sciences; Korea Meteorological Administration
KIOST.ESM Korea Institute of Ocean Science and Technology (KIOST), Busan, Republic of Korea

MIROC.ES2L

Japan Agency for Marine-Earth Science and Technology (JAMSTEC), Kanagawa, Japan
Atmosphere and Ocean Research Institute (AORI), The University of Tokyo, Chiba, Japan
National Institute for Environmental Studies (NIES), Ibaraki, Japan
RIKEN Center for Computational Science, Hyogo, Japan (MIROC)

MIROC6

Japan Agency for Marine-Earth Science and Technology (JAMSTEC),Kanagawa, Japan
Atmosphere and Ocean Research Institute (AORI), The University of Tokyo, Chiba, Japan
National Institute for Environmental Studies (NIES), Ibaraki, Japan
RIKEN Center for Computational Science, Hyogo, Japan

MPI.ESM1.2.HR Max Planck Institute for Meteorology (MPI-M), Hamburg, Germany
MPI.ESM1.2.LR Max Planck Institute for Meteorology (MPI-M), Hamburg, Germany
MRI.ESM2.0 Meteorological Research Institute (MRI), Tsukuba, Ibaraki, Japan
NorESM2.LM NorESM Climate modelling Consortium, Oslo, Norway
NorESM2.MM NorESM Climate modelling Consortium, Oslo, Norway
TaiESM1 Research Center for Environmental Changes, Academia Sinica, Nankang, Taipei, Taiwan
UKESM1.0.LL Met Office Hadley Centre, Exeter, UK
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Table 3.2: Gumbel parameters and percentile values for the base period 1951-1990.

Multi-model median Range
mm/day mm/day

Gumbel location µ 35.071 [33.428, 37.012]
Gumbel scale σ 9.097 [6.893, 10.916]
50th percentile 38.405 [36.488, 40.795]
80th percentile 48.716 [44.797, 53.08]
90th percentile 55.543 [49.97, 61.271]
95th percentile 62.091 [54.931, 69.129]

3.2 Base Period -Stationary climate

A base model is necessary to compare the predicted percentiles of extreme values in the

future, for which the simulated precipitation data in the preindustrial period of 1951-1990

are considered. The base case scenario in this period is assumed to be stationary and the

extreme value distributions (EVDs) was estimated.

Since it is intended to compare the estimated extreme values with that of the estimates

for the future period (2020-2100), the analysis was conducted for both the Gumbel Model

and Stochastic process model for the base case.

3.2.1 Gumbel Extreme Value Analysis

The median of the estimated parameters of the Gumbel EVs and some typical percentiles

of the distributions for each of the 26 GCMs, along with their ranges, are tabulated in Ta-

ble 3.2. The inter-model variability is shown through the ensemble plots of the cumulative

distributions in Figure 3.2.

The maximum likelihood estimates of the parameters obtained for the several models

used in this study shows inter-model variability. To represent this variability, the his-

tograms of some of the typical parameters are provided for reference in this section.

Figures 3.3 and 3.5 shows the variability of the parameters of the stationary Gumbel dis-

tributions and HPP model for the analysis of the base period as discussed in Sections 2.2.1
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Figure 3.2: Fitted Gumbel probability plots for annual maximum precipitation for the base
period 1951-1990
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and 2.3.1.1.

3.2.2 Stochastic process model

The heavy precipitation events can be modelled using a stationary Poisson process whose

rate and depth are estimated as follows.

3.2.2.1 HPP rate

Since during the base period 1950–1990, the number of events that cross any given threshold

values does not vary much from model to model, precipitation events that cross 25 mm /

day were extracted, giving around 3–4 events per year for each of the models.

3.2.2.2 Precipitation depth distribution

For the second component of the stochastic process model, that is, the shock height dis-

tribution (FX(x) (precipitation), the Weibull distribution was found to be the best fit in

terms of the log-likelihood values. The probability paper plot of the precipitation depths

as shown in Figure 3.4 indicates that the Weibull distribution is a good fit for the data.

Another reason for selecting the Weibull distribution is that if the shape parameter

approaches unity, it results in an exponential distribution, which is also frequently encoun-

tered in this kind of climatic data.

The annual maximum value distribution (MVD) for this HPP is calculated following

Section 2.3.1.3 and the ensemble of the MVDs for each of the climate models is plotted in

Figure 3.6, and some of the important percentiles are listed in Table 3.3.
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(a) Location parameter

(b) Scale parameter

Figure 3.3: Histograms of the Gumbel parameters estimated for the base period showing
the inter-model variability.
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Figure 3.4: Weibull Probability Paper Plot with a Location Parameter of 25mm/day
(Threshold Value)

Table 3.3: Ranges of HPP parameter estimates and percentile values of the EVD for the
multi-model ensemble in the base period.

Median Range
HPP rate, λ 3.182 [2.9, 3.55]
Weibull shape, α 0.959 [0.799, 1.079]
Weibull scale, β, (mm/day) 8.604 [7.432, 10.375]
50th percentile, (mm/day) 38.348 [36.594, 40.098]
80th percentile, (mm/day) 48.917 [45.491, 52.114]
90th percentile, (mm/day) 56.058 [51.374, 60.551]
95th percentile, (mm/day) 62.990 [57.038, 70.001]
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(a) Shape parameter

(b) Scale parameter

Figure 3.5: Histograms of the fitted Weibull distribution parameters estimated for the base
period showing the inter-model variability.
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Figure 3.6: Annual probability of exceedance from the fitted HPP model for the base
period 1951-1990.

Now that we have conducted the EV analysis for the base case using both methods

that is the Gumbel EVA and the stochastic process method, we can proceed with the EVA

for the future period 2020-2100.

3.3 Future period - Non-stationary Climate

For the predictions of the changes in the precipitation extremes, the period from 2020–2100

is chosen for the SSP-5 (8.5) scenario to analyze the worst-case scenario. Prevalent lit-

erature and preliminary trend analysis suggest that significant non-stationarity will be

observed for the precipitation process during the mentioned period. Therefore, to model

the time-dependence of the shock arrival process and the precipitation extremes, the non-

stationary analysis was carried out. Using the climate model predictions from the CMIP6

multi-model ensemble, the EVA was conducted using the non-stationary Gumbel model

and the stochastic process model, i.e., the non-homogeneous Poisson process model.
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3.3.1 Non-stationary Gumbel EVA

The non-stationary Gumbel distribution is given in Equation (2.7), in which the location

and scale parameters are now considered to be functions of time [22].

3.3.1.1 Parameter estimation

The scale parameter of the Gumbel distribution is impacted solely by the gradual changes

in shock heights over time, whereas the location parameter is influenced by both changes

in shock heights and the frequency of such events. This can be understood in a somewhat

indirect manner by drawing the equivalence between the expression of the annual MVD

for an HPP and the Gumbel EVD (not shown here).

Some common forms of time dependence of the location parameter are the linear form

or the generalized polynomial form [51]. In this study we have considered a linear form for

both the location and the scale parameters as follows:

µ(t) = µ0 + µ1t (3.1)

σ(t) = σ0 + σ1t (3.2)

In the above expressions, the parameters µ1 and σ1 represents the linear rate of change

of the the location and scale parameters with time, and, time variable t is considered to

start from the year 2020, i.e. t = 0 for 2020. These parameters were estimated for each of

the model paths in the duration 2020-2100. The estimated values of these parameters are

listed in Table 3.4, and as can be seen, the parameters µ2 and σ2 are all greater than zero,

indicating a positive time-dependent trend over the period.
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Table 3.4: Non-stationary Gumbel parameters

Mean
(mm/day)

Range
(mm/day)

µ1 37.08 [32.03 42.29]
µ2 0.098 [0.076, 0.122]
σ1 9.319 [6.31 11.00]
σ2 0.039 [0.029 0.050]

3.3.1.2 Annual maxima

With the estimated parameters the EVDs can be evaluated for each of the models using

Equation (2.7). It can be seen in Figure 3.7, that ensemble median value of the 50th

percentile (median) of the EVD rises from around 40mm/day to 49mm/day and the 95th

percentile rises from 65mm/day to 82mm/day over the period 2020-2100, showing that the

higher percentiles of the annual extremes are more affected due to the non-stationarity,

although the change factors are roughly the same for both the percentiles.
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(a) Median

(b) 95th percentile

Figure 3.7: The median and the 95th percentile values of the Gumbel annual EVD in the
future period.
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3.3.2 Stochastic process model

For the NHPP model, we require complete information on its two components, the rate

function and the shock height distribution. Here as well, the same threshold value of

25mm/day is chosen to maintain coherency.

3.3.2.1 Rate estimation

A log-linear rate function has been chosen for this study as follows:

λ(t) = e(λ0+λ1t) (3.3)

which yields, a mean value function, given by the expected number of events over a given

time as defined in terms of the rate function as follows:

Λ(t) =

∫ t

0

λ(t)dt =
1

λ1

[
e(λ0+λ1t) − e(λ0)

]
(3.4)

The prime reasons of using a log-linear function is that

• Values of the parameters of the process are not bounded and any value of the pa-

rameters will result in a positive value of the rate function which is a necessity [117].

• The rate function does not start from zero which is the case for some other well

known rate functions like the power-law rate function and this is more consistent

with the process we are investigating since, a non-zero intercept at t = 0 is expected.

For reference, the number of events vs time and the fitted mean value function is plotted

for IPSL.CM6A.LR model output in Figure 3.8 showing a good fit for the log-linear model.

Since in the stochastic process model the rate and the intensity of the events are split,

it is easy to monitor the changes in the rate of events and that of the changes in the

precipitation depths separately giving us more insights about the process. Figures 3.9

and 3.10 shows the ensemble and the median value of the rate functions and the mean

value functions for the different models where it can be seen that the median value of
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Figure 3.8: Fit of the mean value function with event times for IPSL.CM6A.LR model
output in future period (2020-2100)

53



Figure 3.9: Fitted NHPP log-linear rate functions to the models in the future period (2020-
2100)

the number of events can be expected to grow from 2.5 to 4 events/year (almost a 60%

increase) in the period 2020-2100.
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Figure 3.10: Fitted NHPP log-linear mean value functions to the models in the future
period (2020-2100)

Having the estimates of the rate function for all models, let us proceed to the estimation

of the shock height distribution and check the changes in severity of the precipitation events

over time, which is the second vital component of the stochastic process.

3.3.2.2 NS precipitation depth

To show the time-dependence of the precipitation depth distribution, we have chosen a

Weibull distribution with time-dependent scale parameter, keeping the shape parameter

constant. The Weibull distribution was found suitable for this scenario for two primary

reasons, it was the best fitted distribution for the historical precipitation depths and this

distribution allows for sufficient flexibility to accommodate the changing shape of the dis-

tribution over time. The time dependent three-parameter Weibull distribution can be given

as:

FX(t)(x; t) = 1− exp

(
−
(
x− x0
β(t)

)α)
(3.5)
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in which α, β and x0 represents the shape, scale and location parameters of the distribution.

The time-dependence of the scale parameter β(t) is considered to be linear with pa-

rameters β0 and β1 as follows.

β(t) = β0 + β1t (3.6)

Similar to the rate function, a statistically significant value of β1 would indicate a significant

time-dependence for the shock height distribution. The ensemble median of the mean shock

heights increases from 38 to 41 mm/day over the remaining century as seen in Figure 3.11,

which may not seem much but has significant impact on the extreme value distribution as

discussed in the next subsection.

Figure 3.11: Changes in mean value of individual precipitation events in the future period

Therefore, in summary we have obtained the rate function and the time-dependent

precipitation depth distribution for all the 26 GCM projections, as shown in tabular form

in Table 3.5 and we can proceed to the calculation of their respective extreme value dis-

tributions. The full list of parameters estimates is provided in Appendix A.
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Table 3.5: Estimated NHPP Rate and shock height (precipitation) distribution parameters

Model
Location
parameter, (x0)
(mm/day)

Rate parameters

λ(t) = e(λ0+λ1t)

Shock height distribution
parameters (Weibull)

FX(t)(x; t) = 1− exp
(
−
(

x−x0
β0+β1t

)α)
λ0 λ1 α

β0
(mm/day)

β1
(mm/day/year)

KACE.1.0.G 30 1.031 0.003 0.950 10.543 0.016
HadGEM3.GC31.LL 26 1.310 0.002 1.000 8.259 0.073
UKESM1.0.LL 28 0.986 0.008 1.052 9.994 0.005
...

...
...

...
...

...
...

Similarly, the histograms of the parameter estimates of the non-stationary models are

given in Figure 3.12.

3.3.2.3 Annual maxima

The distribution of annual maxima for an NHPP can be obtained for any given time

segment (t1, t2) without much of any computational hurdle [82], and the percentile values

can be obtained by inverting the following EVD in Equations (2.39) and (2.40) numerically.

However, to compare our results with the Gumbel EVA, the annual extreme values of

precipitation are computed using Equation (2.42)

The ensemble and the ensemble median plots of the annual maxima percentiles over

the period 2020-2100 in Figure 3.13 shows that in terms of absolute values the higher

percentiles changes more impacted similar to the results of non-stationary Gumbel EVA.

Therefore, it can be concluded that upon using the stochastic process model the re-

sults of EVA is preserved and comparable to the prevalent Gumbel models, however, the

stochastic process models provide greater insights about the hazard process by decoupling

the arrival process and the marks process in which the former gives information about

the frequency changes and the later about the intensity changes. The following section

highlights several other aspects of the stochastic process model that refines the concepts

of return period which is more compatible in this gradually changing scenario.
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(a) Rate parameter, λ0 (b) Rate parameter (λ1), per year

(c) Shock height parameter (α) (d) Shock height parameter (β0), mm/day

(e) Shock height parameter (β1), mm/day/year (f) Shock height parameter (x0), mm/day

Figure 3.12: Histograms of the NHPP parameters estimated for the future period showing
the inter-model variability.
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(a) Median

(b) 95th percentile

Figure 3.13: The median and the 95th percentile values of the NHPP annual maximas in
the future period.
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3.3.2.4 Return periods and waiting times

The subsequent return periods are calculated for all the models for the NHPP model using

Equation (2.45) for a design precipitation depth (x0) equal to 65 mm/day and 80 mm /

day which roughly correspond to 95th and 98th percentile of the precipitation depths, and

plotted in Figure 3.14. The plot shows that there is a drastic decrease in return periods of

high intensity precipitation events, for example the 10th return period for the precipitation

event exceeding 80 mm/day can be expected to decrease by more than 60%.

Another important observation in Figure 3.14 would be to note that even the first

return period for the two values of x0 is much lower than 20 and 50 years, as one would

expect for the 95th and 98th percentile values of the annual EVD in the stationary case.

In Figure 3.15, which depicts the gradual decrease in the mean wait times, it can be seen

that the initial waiting times i.e. in t = 2020, the waiting time and the values of the first

return period depicted in Figure 3.14 are equal, which is consistent with the definitions.

It should be noted that equivalent definitions of non-stationary return periods are not

applicable for the Gumbel EVA, and the heuristic way to define the return period of NS

Gumbel as discussed in Section 2.2.2.1 is compared in Figure 3.16, which serves as one of

the prerogatives of using the stochastic process model. It can be observed, that for higher

return levels, the estimated return periods by NS Gumbel could be way higher than that

estimated by the stochastic process model, which implies that for a given design life, the

design load estimated using the NS Gumbel return period would be much less and hence

lead to lower reliability.

However, in the later years when the frequency of those high intensity events become

higher, the return periods obtained using the heuristic definition of the NS-Gumbel gets

close to the wait times calculations for the NHPP model.

3.4 Future period : 2070-2100

It was intended to check how the NHPP analysis compares with the Gumbel analysis for

short-term trends in the data, for which here the last few decades of the century were
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(a) 65 mm/day

(b) 80 mm/day

Figure 3.14: NHPP return periods for given return levels.
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(a) 65 mm/day

(b) 80 mm/day

Figure 3.15: NHPP mean waiting time till next event for given return levels.
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(a) 65 mm/day

(b) 80 mm/day

Figure 3.16: NHPP mean waiting times compared with the NS Gumbel return period.
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chosen for the analysis, that is from 2070-2100 (30 years) using the same CMIP6 data used

in the previous section.

For convenience, only the median estimates of the various percentiles of the annual

maxima were plotted to compare the different analyzes, while refraining from plotting the

full ensemble for each case.

3.4.1 Non-stationary Gumbel EVA

When the NS Gumbel analysis is performed, it is found that the re-analyzed results of

the EVD compared well especially in the median measures, with slightly lower estimates

of the 95th percentile as shown in Figure 3.17. This difference has resulted because the

trends in this reanalysis is done without the influence of the trends in the period 2020-2070.

However, for practical purposes and convenience in the design of infrastructure systems, a

slightly conservative estimate would be more reliable.

3.4.2 Stochastic process model

The observations for the NHPP analysis comparing the trends in the several percentiles

of the annual maximas are similar to that of the observations in the NS Gumbel analysis.

For example, here as well the 95th percentile estimates are slightly conservative for the

case when the analysis is performed for the whole period as compared to the analysis of

the last three decades.

3.5 Model Pooling

A second approach was to assume statistical independence among the difference climate

models and pool all the models in ML estimation to obtain a single estimate from all the

models. The details of the statistical estimation is discussed in Section 2.4. The median

and the 95th percentile of the annual maximum precipitation obtained for the NHPP model
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(a) Median

(b) 95th percentile

Figure 3.17: Comparison of the ensemble medians of different percentiles of annual maxi-
mas for the non-stationary Gumbel method
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(a) Median

(b) 95th percentile

Figure 3.18: Comparison of the ensemble medians of different percentiles of annual maxi-
mas for the NHPP analysis
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are tallied with the ensemble median estimates of the same percentiles estimated from the

first approach.

The difference between the estimated percentiles using the two methods was found to

be less than 2. 2% considering the Euclidean norms. Therefore, because of the simplicity

of the second approach, it is used for modelling heatwaves in Chapter 4. However, the

trade-off is that we cannot obtain the parametric uncertainties using this method and

would require other methods such as bootstrapping or some Bayesian framework.

3.6 Discussion

Upon simultaneously comparing the ensemble medians of the different percentiles of the

EVDs obtained from non-stationary Gumbel EVA and the NHPP annual maximum value

distribution in Figure 3.20, it can be said that for both the analysis, the resulting changes in

the percentile values are comparable with the NHPP maximas giving slightly conservative

estimates. This is true for the second case also where only the last three decades before

2100 was considered for analysis.

Figure 3.20 also showcases the necessity of conducting a non-stationary analysis to ob-

tain the necessary percentiles since the base case scenario which is obtained from stationary

analysis for the period 1950-1990 grossly underestimates the gradual changes and increases

in these percentiles owing to climate change. As it can be seen that the median of EVD

increases by around 30% while the 95th percentile value increases by 33% over the base

case, which is a significant increase and needs to be taken into account while deciding on

the design precipitation depth.
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(a) Median

(b) 95th percentile

Figure 3.19: Comparison of the percentiles of annual maximum precipitation obtained as
ensemble median and model pooling
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(a) Median

(b) 95th percentile

Figure 3.20: Comparison of the ensemble medians of different percentiles of annual maxima
for the non-stationary Gumbel method and the NHPP for 2020-2100 period
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(a) Median

(b) 95th percentile

Figure 3.21: Comparison of the ensemble medians of different percentiles of annual maxima
for the non-stationary Gumbel method and the NHPP reanalyzed for 2070-2100 period
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3.7 Limitations

The limitations of the analysis presented in this chapter are as stated as follows:

• The extrapolation of the model results far in the future may not be reliable due to

limitations of the climate models.

• The proposed models captures the variability as described by the 26 climate models in

the CMIP6 ensemble. However, the actual extent of the variability could be different

from that described by the models.

• This analysis has been performed based on the predefined pathways for emissions

scenarios, whereas in reality, the future conditions can be expected to be different

than the scenarios suggested by CMIP6.

• Specifically, for the NHPP model, it is based on the assumption, that the events

in disjoint intervals of time are independent, which may not be true for several

climatic processes. However, its effect in this analysis will be limited since, the

heavy precipitation events are well distanced to be influenced by these correlations.

However, it may be noted that there are several other stochastic process models such

as the Yule processes, that do account for these kind of correlations and can be used

suitably.

3.8 Conclusions

In the context of climate change, where most natural hazard processes are expected to

demonstrate non-stationarity in terms of frequency and intensity, it is imperative for the

maximum value distributions to account for this dynamic trend. The Gumbel EVA allows

for obtaining the annual extreme value distribution by adjusting time-dependent parame-

ters, but it has certain limitations. Firstly, the escalation in annual extreme values cannot

be specifically attributed to changes in event frequency or intensity. Additionally, in non-

stationary scenarios, the definition of return period applies only to the initial return period,

neglecting recurrent inter-arrival times.

71



To address these challenges, employing a stochastic process model, as proposed here,

can prove to be beneficial. Such a model can effectively capture and monitor changes in

both event frequency and intensity. In this study, simulated 24-hour precipitation data from

the CMIP6 multi-model ensemble for SSP-5(8.5) scenario was utilized to illustrate gradual

changes in frequency and intensity trends. Analysis was performed using both Gumbel

methods and the stochastic process model, specifically the non-homogeneous Poisson pro-

cess (NHPP) model.

Results indicate that annual extreme value distributions obtained from either method

are comparable, and the results from the non-stationary analysis suggest that if using the

stationary analyses results from the base period can underestimate the different percentile

values of the EVD by more than 30% towards the end of the century. Concurrently, the

return periods are also expected to plummet with every subsequent event occurrence, for

example, the 10th return period can drop from 22 years to around 9 years for 80 mm/day

precipitation events. Therefore, the stochastic process model offers deeper insights into the

hazard process and facilitates the estimation of recurrent return periods by considering the

mean of inter-arrival times.
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Chapter 4

Non-Stationary Model of Heatwave

Events

4.1 Introduction

4.1.1 Background

In the recent past, a heatwave event in British Columbia occurred during 25 June-2 July,

2021, where temperatures reached 49.5◦C killing more than 619 people [128] and similar

extreme heatwave incidents took place in British Columbia in 2009 [59] and Quebec in

2010 [13]. Several more devastating heatwave related incidents were witnessed in the USA

in 2003, 2021, and 1988 resulting in the over 35000 deaths and 10 billion USD losses [54].

This chapter will focus on another application of stochastic shock process models to model

extreme heatwaves, utilizing CMIP6 data.

A heatwave is characterized by at least two parameters: temperature and duration.

Typically, a temperature threshold is established for a specific region based on the typical

summer temperatures observed therein. When this threshold is exceeded and sustained for

a predefined duration, a heatwave is considered to have occurred. This threshold may be

specified as a fixed temperature or as a higher percentile of the temperatures observed on

that particular day of the year over a historical reference period [95].

73



Heatwaves have both direct and indirect impacts on society and the environment, such

as loss of lives and economic damage. These events are also closely connected to other

natural hazards like droughts[131], wildfires[69], and health-related issues[110]. The defi-

nition of a heatwave event is determined by the specific goals of the analysis. For example,

from a health perspective, even a short period of 2-3 days with temperatures exceeding a

high percentile value, accompanied by high humidity, is considered a heatwave, since even

a short duration of exposure to unusually high temperatures and humidity can result in

adverse health effects such as heat strokes or mortality associated with it [110]. In contrast,

when analyzing from the point of view of drought or water resources, a longer duration

of 5-6 days with temperatures exceeding a lower threshold is considered a heatwave [47].

Therefore, in addition to the highest temperature reached in the heatwave the duration

plays a significant role in determining the losses due to the heatwave.

Therefore, studying the frequency of heatwave patterns is essential to assess the as-

sociated risks comprehensively. With the onset of global warming, it is apparent that

heatwaves will become more frequent and severe in the coming future, as suggested by

multiple studies[7, 43, 34, 90, 128, 89].

The availability of CMIP6 multimodel ensemble data for future years under different

SSP scenarios has enabled the study of future trends in heatwaves. However, it should be

noted that performance of these models may vary in different aspects, for example, some

model outputs in the ensemble may be more representative of the spatial correlations in a

given region, while others may be more accurate when the temporal trends are compared

with the historical data. When the CMIP6 data was analysed for India, it was found that

the models have a warmer bias in the June-July-August (JJA) months, i.e the predicted

temperature means were found to be significantly more than that observed in the histor-

ically observed temperatures [76], and a similar warmer bias to the extent of around 8◦C

for both CMIP5 and CMIP6 was observed for the region of Northern Canada [48].

The analysis of the CMIP6 data suggests that if the climate change is considered, the

return period of the so called ’rare’ events such as the the British Columbia heatwave in

2021 are much lower than expected indicating increasing frequency of such events over time

[68]. Other phenomenon like atmospheric blocking, defined as strong vortices that affect

the the westerly flow lasting for several days have shown to be correlated with heatwave
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events and hence may trigger drought like conditions. Analysis on the CMIP datasets and

CanESM large ensembles have shown increased frequency of such events during 2070-2100

as compared to the baseline period of 1981-2010 [54].

This analysis is distinct from the extreme temperature modelling [63, 114], since here

we do not intend to model the annual maximum temperature but model the duration of

the heat waves as the shock heights.

Since a large number of heatwave events are not encountered each year for a given

region, usage of a Gumbel model to obtain the distribution of the maximum duration

of a heatwaves in a given year may not be appropriate, since it would not maintain the

asymptotic assumption underlying the extreme value theory. In this case, the stochastic

process model can prove to be robust in identifying the trends in the rate and duration of

these heat wave events. However, for the sake of comparison and completion, the typical

NS Gumbel analysis was conducted simultaneously with the NHPP analysis.

4.1.2 Data

For the analysis, the CMIP6 multi-model ensemble for the daily maximum and mini-

mum temperatures are considered for the three SSP scenarios, SSP1(2.6), SSP2(4.5) and

SSP5(8.5). The ensemble consists of the 26 model outputs (the same as the models used

in the precipitation analysis in Chapter 3. The daily data is obtained for a single grid

box of resolution 6km x 10km (0.0833◦latitude x 0.0833◦longitude) in Toronto (43.70833,

-79.375).

4.2 Analysis

In Toronto region, as per the recommendations of Meteorological Service of Canada (MSC),

an extreme heat warning is issued if the days maximum temperature, Tmax is greater than

or equal to 31 degree Celsius accompanied by the days minimum temperature equal to or

exceeding 20 degree Celsius, and this condition prevails for at least a duration of 2 consec-
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utive days [5]. Based on this definition, heatwave events are identified from temperature

data, an example of which is shown in Figure 4.1.

The methods for rate and intensity estimation in this chapter are followed similar to

the approaches discussed in Chapter 3. Following the fact from the precipitation analysis,

that pooling all the models in the likelihood to obtain a single estimate gives the results

close to the median estimates obtained from analyzing each of the climate model data

separately, here the models are pooled together to maintain the simplicity of the results.

This is done on the basis of the assumption that the output of the different climate models

is statistically independent. However, it may be noted here that in this case it is assumed

that the functional forms of the rate and the duration for each of the models is assumed

to the same for all the climate model data, for example, for the rate function estimation,

we need to assume that all the models follow a log-linear rate function for the estimation

process, which does not need to be maintained if the different model outputs are analyzed

separately.

4.2.1 NS Gumbel

The non-stationary Gumbel analysis was done to serve as a contrast to the NHPP analysis

on the same data set by extracting the annual maximum duration of the extreme heat

events for all models. Maximum likelihood estimation was performed to obtain the param-

eters of the time-dependent scale and location parameters of the NS Gumbel distribution.

The location parameter and the scale parameters are taken to be log-linear for simplicity

as follows:

µ(t) = exp(µ0 + µ1t) days

σ(t) = exp(σ0 + σ1t) days
(4.1)

For comparison, we have also performed the analysis of the reference period used in this

analysis, that is, the period 1950-1990 using constant shape and scale parameters, assuming

stationarity in that time period, similar to the precipitation analysis in Chapter 3.
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(a) SSP 2(4.5) (542 events)

(b) SSP 5(8.5) (643 events)

Figure 4.1: Heatwave duration obtained from the model output KACE-1-0-G (r2i1p1f1)
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4.2.2 NHPP

The expressions of the likelihood functions for the estimation of the parameters are dis-

cussed in Chapter 2, and the specific forms of the rate function and the distribution of the

HW duration are presented below.

4.2.2.1 Rate function

For the NHPP rates the log-linear model is used as follows:

λ(t) = exp(λ0 + λ1t) (per year) (4.2)

The estimation process followed from Section 2.4.2.1 to obtain the parametersλ0 and

λ1.

4.2.2.2 HW durations

For the time-dependent shock heights, a Weibull distribution with time-dependent shape

and scale parameters has been used, where F (x; t) and f(x; t) denote the CDF and PDF,

respectively.

FX(t)(x; t) = Weibull(α(t), β(t)) = 1− exp

[
−
(

x

β(t)

)α(t)
]

(4.3)

Both the shape and scale parameters are taken to be exponential to once again har-

ness the benefits in the statistical estimation process since, we do not need to apply any

constraints on these parameters during the optimization process.

α(t) = exp(α0 + α1t)

β(t) = exp(β0 + β1t) (days)
(4.4)

The likelihood function used for this parameters estimation is given by Equation (2.56).

It may be noted that making both the shape and scale parameters time-dependent increases
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Table 4.1: Estimated parameters of the NHPP model and NS Gumbel distribution

SSP scenrios
NHPP NS-Gumbel
Rate Duration distribution Location Scale
λ0 λ1 α0 α1 β0 β1 µ0 µ1 σ0 σ1

SSP5 0.8871 0.0173 0.7449 -0.0101 1.1707 0.0128 0.9251 0.0262 0.1495 0.0324
SSP2 0.8101 0.0135 0.6839 -0.0048 1.2596 0.0052 1.1035 0.0108 0.3369 0.0147
SSP1 0.8106 0.0064 0.5944 -0.0008 1.3066 0.0020 1.1679 0.0039 0.4866 0.0048

the complexity of the problem by increasing the number of parameters but at the same

time increases the flexibility of the distribution to accommodate any trends in the data.

4.3 Results

4.3.1 Estimated Parameters

The MLE estimates of the various parameters in the NS Gumbel model and the NHPP

model are tabulated in Table 4.1.

From Figure 4.2, it can be seen that there is a strong non-stationarity in the occurrence

of the extreme heat events depending the SSP scenario. The analysis suggests that such

events can become up to 5 times more frequent toward the end of the century for the SSP5

(8.5) scenario.

Similarly, there would be a significant increase in the duration of the heatwave de-

pending on the SSP scenario, as indicated by the ML estimates of the time-dependent

distribution of the duration of the heatwave. The increments in the average duration for

various scenarios are presented in Figure 4.3. For example, the average duration of heat-

waves can increase from around 3 days to close to 10 days by 2100 for the SSP5 scenario.

4.3.2 Maximum value distributions

The annual maximum duration of heatwaves is estimated using the NS Gumbel method

and the NHPP model.
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Figure 4.2: Rate of occurrence heatwave events

Figure 4.3: Mean duration of heatwave events
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Figure 4.4: Estimated Gumbel EV percentiles of the annual maximum heatwave duration
for SSP5 (8.5) scenario

The NS Gumbel estimation indicates that the SSP5 scenario would lead to much higher

increases in the duration of heatwave events by 2100 and this is reflected in all the per-

centiles of the extreme value distributions. The fit of the estimated distribution is shown

in Figure 4.4.

For reference, the median and the 95th percentiles of the extreme value distributions

for all scenarios are plotted in Figure 4.5. For median of the annual maximum duration can

be expected to increase by around 5% to 500% depending on the future emission scenarios,

and similar increases can be seen in the higher percentiles as well.

The fit of the estimated NHPP along with the data of the annual maxima of all the

model ensembles for the SSP5 (8.5) scenario in Figure 4.6.

Figure 4.7 suggests that the estimates of the annual maximum heatwave duration esti-

mated from the stochastic process model shows similar increments over time as compared

to the NS Gumbel estimation.
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(a) Median (b) 95th percentile

Figure 4.5: The median and the 95th percentile of the annual EVD obtained from the NS
Gumbel analysis.

Figure 4.6: Estimated NHPP percentiles of the annual maximum heatwave duration for
SSP5 (8.5) scenario
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(a) Median (b) 95th percentile

Figure 4.7: The median and the 95th percentile of the annual maximum value distribution
obtained from the NHPP analysis.

Here, it can be observed that for the SSP5 scenario the estimated percentiles of the

heatwave duration are much higher i.e. of the order of 50 days which may seem to be

impractical. However, it may be noted that since most CMIP6 model outputs have a

warmer bias for regions of Canada [76, 48], the duration of the estimated heatwaves are

likely higher than what can be expected.

4.3.2.1 Comparison

When a comparison is drawn between the annual maximum distributions obtained from

the NS Gumbel approach and that stochastic model approach by extracting the several

percentiles over the period 2020-2100, it is found that the estimates are quite close to each

other for the median estimates; however, it is found that for the 95th percentile, the NHPP

underestimates the durations slightly as shown in Figure 4.8.

This difference arises from the difference in the modelling and the choice of rate and

intensity functions in the NHPP model, and therefore, choosing other functional forms for

rate and duration might lead to slightly different estimates. As speculation, one might

choose to fit multiple models to the dataset to estimate a variety of rates and duration,

followed by model averaging of the results to reduce this bias.
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(a) Median (b) 95th percentile

Figure 4.8: The median and the 95th percentile of the annual maximum value distributions
obtained from the NS Gumbel and NHPP model for SSP5(8.5) scenario.

4.3.3 Mean waiting times

The waiting times of high duration heatwaves were calculated following the same principles

outlined in Chapter 3. For this demonstration, the duration of 9 days and 18 days was

chosen as the return levels, since they roughly correspond to waiting times close to 20

years and 50 years in 2020 corresponding to the SSP5(8.5) scenario using Equation (2.47).

The first waiting time was calculated for the NS Gumbel model [97] and to provide the

comparison. Figure 4.9 shows that for both the return levels, the waiting times will decrease

in number over time which is reflected in the waiting time definition of the EV models.

4.4 Conclusions

Similar to the analysis in Chapter 3, another case study was presented in this chapter, in

which the heat waves were modelled using stochastic process models. The commencement

of the heat waves was considered the arrival times and the duration of the heatwaves was

taken as the shock heights.

Some potential arguments against the usage of extreme value distribution to specifically

model the heatwave duration can be the fact that the asymptotic nature of the EV model
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(a) Return level, 9 days (b) Return level, 18 days

Figure 4.9: The mean waiting times to the next heatwave event of given return level.

may not be satisfied since a given year does not witness a high number of heatwaves.

However, this can be readily modelled using the stochastic process models discussed in this

chapter. Hence, instead of the asymptotic theories of the EVDs, it is far more practical

to estimate the annual maximum of the duration obtained through the stochastic process

models.

It must be noted that the situation would be different if we just wanted to model the

maximum temperature reached in a given year, in which case the Gumbel models would

satisfy the underlying asymptotic conditions, and equivalent stochastic process models

would also provide a good representation of the annual maxima. However, in this situation

to better demonstrate the applicability of the stochastic process model, we selected the

secondary but very important aspect of an extreme heat event which is its duration and

modelled it as the shock height associated to the NHPP arrival process.

The stochastic process modelling of these kinds of climatic hazards is still in its de-

veloping stage, and with better understanding of these kinds of processes, we can better

model other hazards associated with prolonged spells of high temperatures such as drought

events, water crisis, demands on the energy systems for cooling, and coupled with humid-

ity information, these analyses can provide deep insights about the trends in heat-related

health hazards and mortality.

Although the shock process models were sufficient to model the heatwave events in this
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case since the duration of the heatwaves was much less compared to the inter-arrival times,

but for locations where prolonged high temperatures are expected such that the duration

of the heat waves and inter-arrival time of these heatwaves become comparable, it will

be more practical to model those events using non-stationary pulse processes and develop

associated theories.

Another hypothesis regarding heat-related phenomena is that as global warming pro-

gresses and temperatures gradually increase, the population in affected regions will adapt

to the new thermal conditions. Consequently, the temperature thresholds that define a

heat wave may change over time. Therefore, the predicted duration of extreme heatwaves

towards the end of the century could be modified, contingent upon future revisions of these

definitions.

So far, in Chapters 3 and 4, we have discussed the impacts of climate change on haz-

ard processes and modelled them using the stochastic process models. It may be noted

that, apart from climate-driven hazards, other loading processes that are expected to show

changes in rates and intensities can be identically modelled to find maxima over any given

period (not necessarily annual) and perform time-dependent reliability analysis of struc-

tures. To continue the discussion on climate change, the next chapter discusses some

impacts of the changing climate on the degradation of concrete structures, more particu-

larly bridges, by means of simulations and forecasts the bridge condition states in changing

climates.
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Chapter 5

Concrete Degradation in Changing

Climate using Markov Process

5.1 Introduction

Does climate change (CC) threaten the durability of infrastructure systems? Different

infrastructure systems will surely respond in different ways due to the multifaceted nature

of CC. In addition to the fact that CC is predicted to promote an increase in extreme

loading on the structures by increasing precipitation and wind speeds, the durability of the

structures can be affected due to enhanced degradation motivated by the rise in tempera-

ture. One of the related concerns is how the changing climate will affect the prediction of

the condition of these systems. Here, let us begin the discussion with some key aspects of

the degradation process in concrete structures, since concrete is one of the mass-produced

building materials and constitutes a significant fraction of the major civil infrastructure

systems. Here, if we focus on bridges, most bridge maintenance systems use Markov chain

[35] models in which the transition probabilities are estimated using the inspection data.

Due to their simplicity, Markov models have gained significant popularity for predicting

bridge conditions in the future [26, 86, 122, 121, 56]. In this study, we investigate the

impact of changing weather variables due to CC on these Markov transition probabili-

ties for concrete structures in various regions of Canada and for different carbon emission
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scenarios.

In the following section, concrete degradation models developed over time, based on

physical and chemical processes, and empirical models based on experimental studies,

which are used in this study, have been discussed.

5.2 Literature

Studies on durability suggest that the time to the onset of corrosion of the rebars in re-

inforced concrete (RC) structures is sensitive to factors such as chloride concentrations

on the free concrete surface and the threshold chloride concentration at the reinforce-

ment levels, the chloride diffusivity, and most importantly, the depth of the concrete cover

[124, 18, 28, 66]. For example, with the other parameters the same, a 50% decrease in

chloride diffusivity doubles the corrosion initiation time. In contrast, the same increase

in concrete cover will increase the time by 125% [133]. Therefore, the high uncertainties

in the former three quantities (assuming that the cover is relatively specific for a given

structure) propagate at the corrosion initiation times.

In addition, some of these parameters in this process depend on environmental con-

ditions such as temperature and relative humidity, which implies that changing climate

will also impact the degradation process. A probabilistic study has shown that the critical

chloride concentration at the reinforcement surface will reduce by 20-40% across Canada

by the year 2100 for an RCP8.5 carbon emission scenario. The corrosion initiation time

for high performance RC structures and ordinary Portland concrete is also expected to be

reduced by 33% and 50%, respectively [100, 42, 41]. Another study has suggested that

the durability of RC structures in marine environments will be most affected by climate

change with a reduction of 2% to 18% in useful life by 2100 [9]. Once corrosion is initiated,

the progress of corrosion leads to the formation of voluminous by-products in the concrete

matrix that build up internal pressure, eventually leading to cracks on the surface of the

concrete[19, 53]. Experimental studies showed that the corrosion rate can increase to 117.

14% when the temperature increases from 275 to 310 K while maintaining constant relative

humidity. Similarly, the corrosion rate can also increase by 107.2% when relative humidity
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increases from 60% to 80% [67].

To model the natural degradation of the bridges, i.e. without interventions and repairs,

Markov models are widely used by researchers and bridge management systems. Depending

on the bridge maintenance systems and the type of rating used to denote the condition

of the bridges, several bridge condition states can be defined. For example, in Ontario,

Canada, the bridge conditions are stated in terms of an index called the bridge condition

index (range: 0-100) [80], which considers the cost of repairing the damages to the cost of

replacing the bridge. In this case, the condition states can be defined by partitioning the

range of indices into several segments as done in [132, 112]. In the Netherlands, bridge

conditions are classified into six categories based on the severity of the damage, although the

metric of measuring severity is not distinct[56]. Similarly, in the Pontis Bridge management

system in the United States, around five condition states are defined based on the extent of

repairs [40, 36]. However, in these kinds of condition rating system, the structural behavior

of bridge elements should be clearly reflected, as pointed out in [61]. In another distinctive

approach, we can consider the durability limit states, defined in terms of the visible and

measurable crack widths. Based on these durability limit states, the condition states can

also be defined[26]. Although there is some ambiguity in the limiting value of the limiting

crack width as discussed in section 5.6.3, researchers can choose conservative values or the

ones prescribed by the design codes for the region. The methods of estimating Markov

transition probabilities have become refined over time, and researchers are currently mainly

reliant on methods such as maximum likelihood or constrained minimization of squared

errors in predicted states [25, 17]. Sometimes, non-homogeneous Markov models are used

to track the age dependence on the transition probabilities, and the transition probabilities

can be obtained as a function of age [36, 20]. However, this methodology can be applied

when the environmental conditions remain stationary. In the context of changing climate,

there have not been enough studies to capture the non-stationarity due to aging and

changing climate.

Therefore, little literature is available on the use of the Markov process to assess bridge

condition in changing climate situations. The following section begins with a brief discus-

sion of the relevance of climate change in the degradation process for RC structures.
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5.3 Research objectives

The following objectives are intended to be accomplished in this chapter. It might be

noted here that if the climate conditions are modelled here as done in Chapters 3 and 4,

then we would have two time-scales involved in the modelling, first, the time-scale of

the climate change and second, the time scale of the structural degradation that initiates

at the end of the construction of the structure. Therefore, to study the changes in the

Markov transition probabilities, it was important that we assume piece-wise stationarity

in the climatic conditions over smaller intervals, here taken as 20 years, and analyze the

degradation processes under the weather conditions corresponding to that period. Then

it would be easier to understand how these transition probabilities for the degradation

processes evolve over time due to changing climatic conditions.

• Segment the time axis into 20-year periods until 2100, and for each segment, us-

ing stochastic process models, generate time-series realizations for weather variables

like temperature and relative humidity that account for the seasonal variations and

the projected changes due to CC different emission scenarios in different regions of

Canada.

• Using the realizations for each time segment, simulate degradation paths using the

degradation models obtained from the literature.

• Define the Markov condition states and map the degradation path in terms of the

defined Markov states.

• Estimate the Markov transition probabilities from the simulated samples and study

the effect of CC on these probabilities. After that, it is intended to demonstrate their

usage by employing illustrative examples.

5.4 Concrete degradation process and climate change

Concrete degradation is a complex process that depends on temperature, like most other

physicochemical process. In addition, relative humidity in the atmosphere and carbon
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dioxide concentration also affects the degradation process significantly. Therefore, CC

is expected to play an essential role in altering the life expectancy of RC infrastructure

systems. Some critical aspects of changing climate relevant to this study and the stages of

concrete degradation and their governing models are discussed briefly in this section.

5.4.1 Climate projections

The temperature projections for some important provinces in Canada over the current

century are given in fig. 5.1. The results from the simulated models suggest that the

relative humidity will not be affected much over the century [14]. The concentration

of carbon dioxide in the atmosphere, which affects the carbonation process in concrete

structures, and depending on the emission scenario, is expected to increase from 400 ppm

in 2020 to 500 ppm (for RCP4.5) and 950 ppm (for RCP8.5) in 2100.

The following sections discuss the various processes related to the degradation of rein-

forced concrete structures and their dependence on variables such as temperature, relative

humidity, and CO2 concentration based on chemical laws and empirical relations obtained

from experiments.

5.4.2 Chloride diffusion

The free chloride ingresses from the free surface of the concrete to the matrix following the

diffusion process. The concentration of Cl– , (CCl−(x, t)) at any time,(t) and at any point,

(x) in the concrete mass can be obtained by solving Fick’s law of diffusion as follows.

∂CCl−(x, t)

∂t
= ∇2 (DCl− · CCl−(x, t)) (5.1)

where, DCl− is the chloride diffusion coefficient, and ∇2(·) is the Laplacian. The initial and
boundary conditions for solving the above equation have to be specified as CCl−(x, 0) =

Ci(x) and CCl−(x = x0, t) = Cb(x0, t). The diffusion coefficient can be considered a

function of time and space. In most situations, it is considered constant for simplicity,

especially since chloride diffusion is a slow process.
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(a) RCP 4.5

(b) RCP 8.5

Figure 5.1: Annual average temperature increase in different provinces (BC: British
Columbia, ON: Ontario, QC: Quebec, NS: Nova Scotia) for different Carbon emission
scenarios [2]
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Diffusion coefficient and temperature The effect of temperature on the Chloride

diffusion process is well studied [100, 19, 116]. The diffusion coefficient or the rate of Cl–

depends on temperature based on the Arrhenius’ law:

DCl−(T ) = DCl−−(T0)exp

[
ECl−(D)

R

(
1

T0
− 1

T

)]
(5.2)

where, T0 is a reference temperature (here 296 K), and ECl−(D) is the activation energy of

the chloride diffusion process, and R is the universal gas constant. Equation (5.2) suggests

that the expected temperature increase will accelerate the process of chloride diffusion in

the concrete mass.

5.4.3 Carbonation

The corrosion of the reinforcement occurs also if the depth of carbonation reaches the

reinforcement surface. With increasing emissions of greenhouse gases, the concentration

of carbon dioxide in the atmosphere is gradually expected to increase over time. The

predicted increase CO2 levels in the atmosphere and temperature will directly influence

the carbonation rates in concrete. The depth of carbonation is given by the square-root

law as follows.

xCO2 = KCO2

√
t (5.3)

where, xCO2 , (mm) is the depth of carbonation and KCO2 , (mm/
√
yr) is the carbona-

tion rate. The carbonation rate is a function of the environmental factors like tem-

perature (T,K), relative humidity (RH, (%)) and the CO2 concentration in the atmo-

sphere, (CCO2 , (%)), and material composition of the concrete such as cement content,

(Ce, (kg/m
3)), admixture content, (F, (kg/m3)) and water-cement ratio (wcr). The follow-

ing model for the carbonation rate proposed and calibrated by [65] is used here.
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KCO2 = Kx

√
365(wcr − 0.106)(Ce − 508.351Ce − 1195.625)(F + 112.624)

(RH2 − 125.41RH + 2351.8)(T − 277.66) · C0.538
CO2

(5.4)

Kx is an influencing factor in the carbonation process. The values and units of the

various quantities used in eq. (5.4) are provided in section 5.6.1. However, it may be noted

that carbonation is a slower process than chloride diffusion and is often not the governing

process in reinforcement corrosion initiation.

5.4.4 Reinforcement corrosion

Once the chloride concentration on the reinforcement surface reaches a critical value, the

passive protective layer on the steel surface breaks and initiates the corrosion process.

The critical concentration (Ccr) depends on the temperature and decreases with increasing

temperature and therefore initiates corrosion at lower chloride levels [100].

Ccr(T ) = Ccr(T0)exp

[
ECl−(conc+steel)

R

(
1

T
− 1

T0

)]
(5.5)

where, Ccr(T0) is the threshold concentration at a reference temperature T0 and ECl−(conc+steel)

is the activation energy to initiate corrosion in concrete and steel medium. The corrosion

can also be initiated if the carbonation depth reaches the steel surface. Let the time taken

for the chloride concentration at the steel surface to reach the critical concentration be

denoted as ti(Cl−) and the time taken for the carbonation depth to reach the depth of con-

crete cover be denoted as ti(CO2). So, whichever of the two processes occurs earlier decides

the time of corrosion initiation, ti, i.e.

ti = min{ti(Cl−), ti(CO2)} (5.6)

The rate of steel corrosion and rust expansion is based on Faraday’s law [19]. Experi-

mental studies have developed several relations between the corrosion rate and the differ-
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ent environmental factors. The following corrosion rate has been adopted from [67] where

the authors have presented empirical relations of the corrosion rate, (ic, µA/cm
2) with

temperature (T,K), relative humidity, (RH,%), which are some of the critical variables

concerning climate change and other important parameters such as concrete cover depth

dc(mm), water-cement ratio [124] and total chloride concentration ((CCl−)total, kg/m
3).

ic(t) = 1.3
(1− wcr)−1.64

3
√

(1 + t)dc
exp

[
1.23 + 0.618ln(CCl−(t))total −

3034

T (2.5 +RH)

]
(5.7)

where, the total Cl– concentration can be written as:

(CCl−)total = (CCl−)free + (CCl−)bound (5.8)

The free Chloride concentration, (CCl−)free at the reinforcement level can be obtained by

solving eq. (5.1) and the bound Chloride concentration, (CCl−)bound, which can be obtained

using the relation, (CCl−)bound = 1.23 · (CCl−)free as proposed by [72].

5.4.5 Concrete Cracking

With the onset of corrosion and formation of rust, there is a pressure buildup in the

concrete matrix surrounding the reinforcement and within a short time, the first cracks

or the hairline cracks (with crack width around 0.05mm) appear. Here, the time of first

cracking is denoted as Tcr(1). After that, with the progress of corrosion, the crack width

increases depending on the corrosion rate, ic. The models for time of first cracking, Tcr(1)

and the rate of increase, rc in the crack-width based on experimental data is adopted from

[74] as follows:

tcr(1) = kR ·
ic(exp)
ic(real)

tcr(exp) + ti (5.9)

where, tcr(exp) is the experimental crack initiation time (Table 1 in [74]) for 40 MPa

concrete, kR is a correction factor that depends on the ratio of experimental corrosion rate,
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ic(exp) in the accelerated corrosion tests (Table 1 in [74]) to the real corrosion rates, ic(real)

obtained from eq. (5.7) is taken as 0.25 (based on the range of possible values for ic(real))

and ti is the time of corrosion (eq. (5.6)).

w(t) = w0 +

∫ t

0

rc(t)dt (5.10)

where, w(t) is the crack width at time t, w0 is the first cracking width (taken as 0.05mm) and

rc(t) is the rate of crack-width growth. Details about rc(t) are provided in the appendix.

It may be noted here that in eq. (5.10), t starts from the time of first cracking.

So far, the deterministic models of concrete degradation have been explained sequen-

tially, affording us several critical times that reflect the structural states. However, due to

the inherent uncertainties in the parameters of the physical process as well as the uncertain-

ties in the environmental conditions, predicting the state of the structures in the future

requires a probabilistic framework which will be accomplished through the uncertainty

propagation and modelling the states of the system using Markov process models.

5.5 Rate of crack-width increase

In [74], the results of accelerated corrosion have been presented and are appropriately

adopted in this study. The rate of crack propagation, rc, (mm/yr) is given as follows:

rc(t) = 7.008
ic(real)(t)

ic(exp)
e−1.7ψ (5.11)

where ic(real) is the real rate of corrosion and ic(exp) is the experimental rate of corrosion

(which was specified as 100 µA/cm2 ). The ”cover cracking parameter”, ψ is depended on

the depth of the cover, dc, (mm), reinforcement diameter, db, (mm) and the tensile strength

of concrete, ft as follows.

ψ =
dc
dbft

, 0.1 ≤ ψ ≤ 1.0 (5.12)
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The rate expression needs to be corrected to account for the differences in the corrosion

rates in the experimental setup and real conditions and some cover depth confinement,

which gives the following expression:

rc(t) = 7.008
kR
kc

ic(real)(t)

ic(exp)
e−1.7ψ (5.13)

where kR is the ’loading correction factor that is related to the ratio
ic(real)
ic(exp)

as follows:

kR = 0.95

[
exp

(
0.3

ic(exp)
ic(real)

)
−

ic(exp)
2500ic(real)

+ 0.3

]
, kR ≥ 0.25 (5.14)

and kc is the ’confinement factor’ with a value of 1 for the reinforcement located in an

internal location.

5.6 Analysis

5.6.1 Defining the uncertain parameters

The process of concrete degradation is explained in section 5.4. However, several parame-

ters in each stage of the degradation process are uncertain and need statistical descriptions

to obtain the ensemble of the degradation paths. The material parameters of the diffusion

process, like the diffusion coefficient, the threshold level of chloride concentration, and the

surface chloride concentration, are taken as random variables, and their distributions are

taken from the literature and provided in section 5.6.1. Apart from that, in each time seg-

ment, the environmental parameters such as the temperature, relative humidity and the

concentration of carbon dioxide are taken as a random field whose samples are generated

as follows.
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Table 5.1: Parameter values

Parameter Symbol Distribution Source

Surface chloride concentration Cb
Uniform;
Range: 2.4− 4.7kg/m3 Table 1 [133], and [124]

Critical chloride concentration Ccr(T0)
Uniform;
Range: 0.30− 0.71kg/m3 Table 2 [133]

CO2 concentration CCO2 refer to source [12]
Relative humidity RH refer to source [1]
Temperature increase ∆T refer to source [3]

Chloride diffusion coefficient DCl−(T0)
Uniform;
Range:
10−12 − 10−11 m2/s

[133]

Influencing factor (Carbonation) Kx 6.955× 10−12 [65]
Water cement ratio wcr 0.43 [124]
Cement content (M40 grade) Ce 510 kg/m3

Flyash content F 90 kg/m3 (15% of total powder content)

The time axis is segmented into 20-year intervals until the year 2100. Then the process

K(θ, t), representing the weather variable (say temperature, T ) is given as:

KT (θ, t) = kT0(θ, t) + ∆T (θ) + ξ(t) (5.15)

where, θ denoting the set of deterministic and random parameters involved in the process,

kT0(t) is the mean of the stochastic process for the reference time on which the temperature

increase, ∆T is predicted and ξ(t) is a zero-mean stochastic process giving the fluctuations

over the mean process. The seasonal variations of the weather variables are modelled using

a sinusoidal mean function.

kT0(θ, t) = a+ b · sin [ωt+ ϕ] (5.16)

where the values of the parameters, {a, b, ω, ϕ} are estimated from the historical data of the

reference period [9]. ∆T is the random variable for the temperature increase corresponding

to the time interval. Based on the percentile values obtained from [3], normal distributions

are fitted to ∆T to represent the uncertainty in the temperature increase in the different

segments of time and ξ(t) is a zero mean process depicting the fluctuations from the

mean. These weather variables are simulated using Karhunen–Loève expansion (KLE)
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[123, 39, 109], which requires the covariance of the process KT (θ, t) and can be easily

calculated assuming stationary conditions in the short time intervals as follows:

CKK(t1, t2) = E[(KT (θ, t1)− E[KT (θ, t1)])((KT (θ, t2)− E[KT (θ, t2)])] (5.17)

Using the fact, E[KT (θ, t1)] = kT0(θ, t) + E[∆T ], and using eq. (5.15), the covariance

function can be represented as follows:

CKK(τ) = V ar(∆T ) + Cξξ(τ) (5.18)

where, τ is the time lag, (t1− t2), V ar(∆T ) is the variance of the temperature increase and

Cξξ(τ) is the covariance of the fluctuation process usually given by an exponential function

as follows:

Cξξ(τ) = a · exp(−|τ |/β) (5.19)

where the parameters a and β are estimated from the historical data. Using these results,

the process can be represented using KLE as follows:

KT (θ, t) = E[KT (θ, t)] +

nd∑
i=1

√
λiϕi(t)ηi (5.20)

where, nd is the degree of truncation, λ′is and ϕi(t)
′s are the eigenvalues and normalized

eigen-functions of the covariance function CKK(τ), and ηi are taken standard normal ran-

dom variables. However, the simulations are performed in discrete time, the numerical

formulations of Nystrom integral was used to obtain the normalized eigenvectors of the

covariance matrix. This process is exactly similar to conducting a principal component

analysis (PCA) where a set of correlated random variables are transformed into a set of

uncorrelated random variables and makes it easier to simulate the process.

A realization of the simulated temperature for British Columbia (for RCP8.5 in 2021-

2040) is presented in fig. 5.2. Similarly, the other weather variables for all locations,

time intervals and emission scenarios were obtained. These temporal uncertainties in the

weather variables propagate through the degradation models giving stochastic degradation

paths. Using the uncertain parameters in section 5.6.1 and the simulations of weather
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Figure 5.2: Simulated temperature realization in the period 2021-2040

variables, a Monte Carlo simulation was performed to obtain the sample degradation paths

with time. The Markov transition probabilities were estimated using the simulated paths

as described in the following subsection.

5.6.2 Markov process model

The future state of a system based on the current state of the structure can be predicted

using stationary Markov process models, given that the other environmental and loading

conditions remain stationary.

Suppose there are ′m′ possible systems states defined. The probability that a system

will be in a particular state Sn+1 at time tn+1, for a first order Markov process is assumed

to depend only on the system state Sn at time tn and is called the transition probability

given as follows.

P [Sn+1 = j|Sn = i] = pi,j, i, j ∈ {1, ...,m} (5.21)

100



Since we want to model the degradation process, we need not account for the interventions

and repairs; therefore, pi,j = 0,∀ i < j. Depending on the inspection intervals, the transi-

tion probabilities from one state to another can be calculated so that after an inspection,

the state of the system can be predicted till the next inspection or estimate the time when

the bridge may require repairs in the future. However, choosing a smaller interval for

estimating the transition probabilities is beneficial in case the sojourn time of the system

in a certain state is comparatively smaller, in which case larger interval times will tend to

overlook the transitions to the immediate next states the system may pass through. For

smaller intervals, i.e. ∆t = tn+1 − tn, it is most likely that that state will jump only to the

next one or two condition states. Therefore, here we can assume, pi,j = 0,∀ j > i+2. As a

result, the transition probability matrix (TPM) for a Markov chain with six defined states

will look as the following, where in total 14 transition probabilities need to be estimated.

P =



p1,1 p1,2 p1,3 0 0 0

0 p2,2 p2,3 p2,4 0 0

0 0 p3,3 p3,4 p3,5 0

0 0 0 p4,4 p4,5 p4,6

0 0 0 0 p5,5 p5,6

0 0 0 0 0 1


(5.22)

with a necessary condition of pi,j ≥ 0, ∀ i, j and
∑m

j=1 pi,j, ∀ i . Now, due to changing

climate conditions, we have divided the time axis into segments of 20 years, and in those

segments it is assumed that stationary conditions prevail; therefore, for each segment, the

TPM will be estimated with parameters corresponding to the projections of environmen-

tal conditions in that time segment. The transition probabilities will be estimated by

minimizing the expected states (obtained from the physical degradation models) and the

predicted states using the Markov TPM. Details of the estimation procedure are given in

the appendix.
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5.6.3 Markov condition states and TPM estimation

In visual inspections, the crack-width is a measurable feature that constitutes the durability

and serviceability characteristics of RC bridges. The time until any noticeable cracks are

present can be assigned a good condition. After the appearance of hairline cracks on the

surface, different condition states can be assigned to the bridge depending on the crack

width ranges. However, the limiting value of the crack width is not a sacrosanct measure,

and different researchers and design codes prescribe different values. Some of the typical

crack width values suggested and used by researchers are 0.5mm [115], 1mm [108] and

5mm [61] beyond which the bridge is assumed to have failed in the limits of durability and

serviceability and requires major repairs. Therefore, due to the ambiguity in the limiting

value of the crack widths, here, a relatively conservative value of the crack width is chosen

i.e. a crack width greater than 1 mm is considered a poor condition (S6) and hence the

absorbing state in the Markov chain. Another rationale behind choosing crack widths as

the deciding parameters of the bridge condition is that the stiffness of the deck at higher

loading magnitudes is highly correlated with the mean crack widths as suggested by [130].

It may also be noted that cracking and cracking in concrete can be treated as precursors

to more serious structural failures [105, 75]. The different condition states are defined in

table 5.2 and depicted in fig. 5.3.

Table 5.2: Markov condition state definitions

Condition definition Condition state

w(t) = 0 S1
w(t) ∈ [0.05, 0.25)mm S2
w(t) ∈ [0.25, 0.50)mm S3
w(t) ∈ [0.50, 0.75)mm S4
w(t) ∈ [0.75, 1.00)mm S5

w(t) ≥ 1.00mm S6
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Figure 5.3: Concrete Degradation model and the Condition states

Using these simulated weather time series realizations and the concrete degradation

models, a Monte Carlo simulation (MCS) is performed, and sample time-dependent degra-
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dation paths are obtained every two years. The path of the condition states was obtained

by mapping them to the obtained degradation paths. After that, using the simulated

states, the Markov transition probabilities are estimated using the least squared error

approximation, as detailed in section 5.7.

5.7 Estimation of Markov transition probabilities

The Markov transition probabilities can be estimated by minimizing the squared error

between the true states and the states predicted by the model [61, 17, 35]. Let the true

probabilities (given by the proportions of simulated bridges in a given state) be given by

the following equation. Let there be a total of n time steps and m states.

π′
i(1×m) = π′

i−1(1×m)
P(m×m) + ϵi(1×m), ∀i ∈ {1, ..., n} (5.23)

Forming a vector of the error considering all the time steps we have,

ϵ(1×nm) = p1(1×nm) − p′
0(1×nm)Ξ(nm×nm) (5.24)

where, ϵ = [ϵ1...ϵn]
′ , p1 = [π1...πn]

′ , p0 = [π0...πn−1]
′ and Ξ is given as follows:

Ξ =



P 0 0 ... 0

0 P 0 ... 0
... . P .

...

. . .
. . . 0

0 . . . P


(5.25)

Then the transition probabilities in the TPM (P) given in eq. (5.22) can be estimated by

minimizing the squared error given by ϵ′ϵ with the necessary constraints on the probability

values as 0 ≤ pi,j ≤ 1 and
∑

i pi,j = 1, ∀ i.
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5.8 Validation

The problem addressed in this chapter is multi-faceted. So far the concrete degrada-

tion models are concerned; these models are drawn from existing literature, wherein their

coefficients stem from meticulously derived experimental outcomes and inspection data.

Furthermore, they are deemed suitable for application within the range of environmental

conditions used here. Under stationary environmental conditions, the methods for esti-

mating transition probabilities align with those of [61, 93]. To establish the validity of

our approach, the following validation procedure is adopted. Several experimental studies

and data-based studies on the initiation and propagation of corrosion of concrete bridge

structures were considered [130, 116, 67, 8]. By replicating the environmental and mate-

rial parameters stipulated in these prior studies, we estimate the transition probabilities.

Subsequently, these probabilities are utilized to construct the distribution of the time of

corrosion initiation and the overall lifetime distribution. In certain instances, a comparison

is limited to mean lifetimes because of the unavailability of distribution-related informa-

tion. The results were found to be good compared to those studies. Nonetheless, it is

important to acknowledge that precise validation of the degradation process in future sce-

narios is challenging owing to the evolving climate conditions and the scarcity of analogous

studies and relevant data.

5.9 Monte Carlo Simulation cases

In the MCS, 20,000 temperature, relative humidity time series and carbon dioxide con-

centration samples are generated for each of the 20-year time segments from 2021-2100 (4

segments), RCP4.5 and RCP8.5 emission scenarios for British Columbia, Ontario, Quebec

and Nova Scotia, which covers major regions in Canada. The analysis has been per-

formed for three different cover depths of 25mm, 35mm and 60mm, thus totaling 96 cases

(4× 2× 4× 3).
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5.10 Results

Analysis shows that for the two-year interval chosen for the transition probability calcula-

tion, only the probabilities of remaining in the same state and jumping to the immediate

next condition state, i.e. p′i,is and p
′
i,i+1s are significantly greater than zero. Therefore, the

TPM for the six states, with the last state being the absorbing state, can be reduced in

the following form.

P =



p1,1 (1− p1,1) 0 0 0 0

0 p2,2 (1− p2,2) 0 0 0

0 0 p3,3 (1− p3,3) 0 0

0 0 0 p4,4 (1− p4,4) 0

0 0 0 0 p5,5 (1− p5,5)

0 0 0 0 0 1


(5.26)

It has been found that clear cover plays a significant role in the deterioration time;

increasing the cover from 25mm to 35mm and 60mm on average increases the probabilities

of the system staying in the same states, i.e. p′i,is by 49% and 80% respectively for RCP8.5.

The changing climate accelerates the degradation process in reinforced concrete structures,

which has been substantiated by the fact that the probabilities of staying in the same state,

i.e., the diagonal terms in the TPM, decrease with time due to increasing temperature and

other climatic conditions. For example, in British Columbia, the probability of a bridge

deck with a 25mm cover staying in the condition state 1 (good condition) within the next

two years reduces from 0.6142 to 0.5596 (for RCP4.5) and 0.4963 (for RCP8.5), which is

around 8. 9% and 19. 2% reduction, respectively.

Figure 5.4 shows the variability of the diagonal terms of the TPM over time for the

RCP8.5 emission scenario for the different cover depths. The point estimates of the prob-

ability values obtained for different cover depth, location, period and emission scenario

is provided in the appendix for reference. From fig. 5.4, it is worth noting that the first

two diagonal terms of TPM show the most variability with changing climate; this can be

attributed to the fact that the initial deterioration phases, i.e. the chloride diffusion phase,

is the most sensitive to temperature and in the early stages the corrosion rate is much
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Figure 5.4: Transition probabilities for British Columbia under RCP8.5 emission scenario

higher and attenuates with the progress of corrosion. However, this variability reduces

with increase in cover depth.

5.11 Illustrative example

Here different example scenarios are presented to demonstrate the usage of the proposed

method and the transition probability matrices obtained to predict the condition states of

bridges based on the inspected condition, location of the bridge and year of inspection. For

the following cases, it is intended to obtain the expected future condition of the bridges in

the next ten years for an emission scenario of RCP8.5.

• Case I: Bridge in British Columbia, in 2025, inspected state: 2 (crack width between

0.05-0.25mm), a good cover of 60mm.
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• Case II: Bridge in Ontario, in 2036, inspected state: 3 (crack width between 0.25-

0.5mm), poor cover of 25mm.

• Case III: Bridge in Quebec, in 2052, inspected state: 4 (crack width between 0.5-

0.75mm), moderate cover of 35mm.

Consider case I, from table B.1, the TPM is constructed using eq. (5.26) and denoted

as P . Starting with the initial probability in the year t0 = 2025 as π0 = [0 1 0 0 0 0]′, the

probability of each state at a given time can be given as:

π(t = t0 + iδ) = π′
0P

i, i = {0, 1, 2, ... : t ≤ 2040} (5.27)

where, δ = 2 years denotes the interval for which the TPMs are estimated. The expected

condition and standard deviation can easily be obtained as rules for discrete distributions.

For case II, the process remains the same apart from the fact that here until 2040, the

TPM corresponding to the interval 2021-2040 should be used, and then the TPM for the

interval 2041-2060 needs to be utilized accordingly, and the same applies for case III.

The expected conditions of the bridge decks for the three cases are plotted in fig. 5.5.
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Figure 5.5: Expected states with time for the different cases

5.12 Conclusion

The effect of climate change on the prediction of bridge conditions is studied here. The

duration from 2021-2100 is segmented into 20-year duration intervals so that stationary

assumptions can be applied in each segment, and the Markov transition probabilities for

the bridge condition are estimated. Stochastic process time series realizations of several

weather variables such as temperature and relative humidity that directly affect the degra-

dation process in concrete bridges are simulated for different provinces of Canada and

RCP4.5 and RCP8.5 emission scenarios based on the projections given by Environment

Canada. Concrete degradation models are chosen to simulate the condition of bridges

over time using the simulated conditions. The different condition states of the bridges are
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defined based on the crack-widths, and the Markov transition probabilities are estimated

for each time segment using the least squared error method.

It has been found that the diagonal terms of the transition probabilities, i.e. the

probabilities that there will be no jump to the subsequent worse stage, decrease with time

for most of the cases, indicating faster degradation with time owing to climate change,

and this change is much more significant for the first condition state (good state with no

cracks) as compared to other condition states. Good clear cover can significantly retard

the degradation process.
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Chapter 6

Estimation of Economic Risk

6.1 Introduction

Since a substantial amount of public money is involved in the construction and mainte-

nance of infrastructures, cost optimization has become one of the design criteria recently.

In this context, estimating the economic losses due to climate hazards is crucial to answer-

ing questions such as whether an investment is economically justified, how much the cost

of failures of infrastructure systems can be over a given period, and which of the avail-

able alternative designs should be implemented based on economic considerations [46, 50].

With an increase in the global temperature, the frequency and intensity of climate-driven

hazards like extreme rainfall, heatwaves, atmospheric river landfalls, high waves in coastal

regions and slope failure incidents, the economic impacts of climate change are going to be

significant. For optimal design, the economic losses or failure costs are often constructed

as a function of the design variable and are minimized to obtain the design values.

Classical cost analysis assumes that the load process is stationary and ample literature

has been devoted[10]. However, changes in loading patterns questions the relevance of this

assumption. Therefore, cost analysis with stationary assumptions under these scenarios

can be erroneous and lead to suboptimal designs.

The implications of climate change on load processes have been discussed in Chapters 1,
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3 and 4, and the implications in terms of accelerated degradation have been presented in

Chapter 5. Therefore, the time-dependent reliability is expected to decrease over time due

to the combined effect of increased degradation rates and the increase of natural loads

[73, 52, 96, 38, 11]. For an overall economic analysis of infrastructure systems, inspection,

repair, operating, and dismantling costs are generally included [98]. However, these costs,

along with the maintenance cost, have little dependence on the design parameters [57] and

are not included in this study. This study mainly focuses on the estimation of the economic

losses due to climate-driven hazards over a given time, and a major portion of that cost

includes the damage cost of the infrastructure systems. This uncertainty in the evaluation

of the cost of damage directly depends on the uncertainty in the load process. Therefore,

stochastic load process models should be able to capture the trends and patterns of the

actual scenario as accurately as possible.

6.1.1 Literature review

The importance of an economic analysis is evident from the perspective of performance-

based design. Pertaining to climate change, different adaptive measures can be chosen, e.g.

for extreme heatwaves measures such as providing insulation, coatings and maintaining

proper window to wall ratio [107, 106]. However, to justify the investments for adaptation

measures for strengthening structures against the increasing environmental loads, hazard

damage cost analysis can give a critical economic basis. The optimal time for taking the

adaptive measures is also dictated by the economic analysis[103], and based on that; the

deferral time can be estimated by optimizing the net present or discounted value of the

net benefits due to those measures [104]. For structural design, an optimal design can

be considered to be the one with minimum discounted cost, with obvious constraints on

the safety [91, 118, 49]. In the case of a multi-hazard scenario, cost optimization can be

an effective tool for determining the optimal or target reliability for each loading process

because different loads have different economic impacts on failure [57, 127, 126]. The ex-

pected maintenance cost can be calculated using decision tree analysis, which considers the

maintenance actions [33]. In some cases, the annual mean damage is calculated by ana-

lyzing the likelihood of hazard events throughout the year. Then, the costs are discounted
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to obtain the net present value of the damages to estimate the adaptation measures for

the climate-driven hazards [31]. However, most of the literature on cost analysis does not

consider the oncoming gradual changes in load patterns due to climate change.

When the occurrence of the hazard events is stationary, i.e. in a stochastic sense,

researchers use several classes of stochastic processes to model the randomness in their

arrival times and magnitudes. The class of processes for which the loading duration is

much smaller than the inter-arrival times can be modelled as shock or point processes,

such as the renewal processes, a widely used example of which is the homogeneous Poisson

process (HPP). The inter-arrival times of the renewal process are assumed to be identically

distributed with a common distribution, and the Renewal theory is used to compute the

expected number of failures in a given period. If the hazard arrivals follow a renewal

process, the cumulative damage cost at any given time has to be modelled as a compound

renewal process, and the total and discounted damage cost for such a failure process can

be estimated [85, 55]. The distribution of the economic losses for an HPP can also be

obtained using Panjer’s recursion [84].

However, as discussed, due to the combined effects of climate change on load and

resistance of infrastructure systems, event the failure processes become non-stationary and

therefore, the stationary assumption gets challenged in most cases.

In this chapter, we estimated the economic losses due to climate-driven hazards. Changes

in the patterns of climate hazards are expected to change, and the nonstationary nature

of the hazards can be effectively modelled as a marked-NHPP with time-dependent rate

and magnitude. Analytical expressions are developed for the first two moments, that is,

the mean and variance, and the distribution of the discounted and undiscounted damage

costs or losses incurred by these hazards. When investing in climate adaptation measures,

it is important to estimate the reduction in losses due to the measure. Therefore, the for-

mulations are developed such that using different threshold levels of hazards, the statistics

of the damage cost can be estimated and provide an economic basis for the justification of

the investment in the long run.
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6.2 Model of economic loss

The damage cost is incurred when the systems fail under an applied shock load. The failure

process Nf (t1, t2) is defined as the thinned load process where the events are retained with

a probability of loads exceeding the threshold resistance (R = a) with a rate λf (t) (refer

to Figure 6.1).

λf (t) = F̄X (a; t)λ(t) (6.1)

where λ(t) is the rate of the load process with load magnitude at time t is given by the

distribution FX(x; t).

At every failure, a cost Ci is incurred, which comprises the cost of material loss, loss

of life, and reconstruction. The damage costs C ′
is are assumed to be IID with a common

distribution fC(c). The first and second moments of Ci are denoted by µC and µ2C . where

in the above equation KD(t) is the discounted losses until t, Nf (t) is the NHPP for failure

events, S ′
is are the occurrence times of the failure process and ρ is the discount rate. It

can often be argued that inflation compensates for interest rates; hence, the discount rate

becomes close to zero. Therefore, researchers are often interested in undiscounted losses

as:

K(t) = C1 + C2 + ...+ CN(t) (6.2)

The cost of damage with discounting can be given as follows [85]:

KD(t) = C1e
−ρS1 + C2e

−ρS2 + ...+ CNf (t)e
−ρSNf (t) (6.3)

6.3 Case I: IID damage costs

If the damage costs C ′
is in Equation (6.2) are considered to be IID then the expressions

of the mean, variance, and distribution of the discounted and undiscounted losses or the

cumulative damage costs can be derived as follows.
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Figure 6.1: The damage cost process
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6.3.1 Expected damage cost

The expected value of the discounted damage cost is therefore given as:

E[KD(t)] = Σ∞
n=1E[C1e

−ρS1 + C2e
−ρS2 + ...+ CNf (t)e

−ρSN(t)|Nf (t) = n]PN(n) (6.4)

Since, C ′
is are considered IID with mean E[C], in the above equation, the term E[C1e

−ρS1+

C2e
−ρS2 + ...+CN(t)e

−ρSN(t) |N(t) = n] with further conditioning on the arrival times of the

NHPP can be written as:

E[C1e
−ρS1 + C2e

−ρS2 + ...+ CN(t)e
−ρSN(t)|N(t) = n]

= E[C]E[e−ρS1 + e−ρS2 + ...+ e−ρSN(t)|N(t) = n] (6.5)

= E[C]

∫
...

∫
0<s(1)<...<s(n)<t

(e−ρs(1) + e−ρs(2) + ...+ e−ρs(n))

fs(1)...s(n)
(s(1), ..., s(n))ds(1)...ds(n) (6.6)

It may be noted that E[e−ρs1 + e−ρs2 + ... + e−ρsN(t) ] is a symmetric function i.e. the

function is permutationally invariant. Therefore, using Permutation invariant theorem, the

above expression can be simplified as follows:

= E[C]

∫ t

0

n
λf (s)e

−ρs

Λf (t)
ds = n

µC
Λf (t)

∫ t

0

λf (s)e
−ρsds = n

µC
Λf (t)

I(ρ, t) (6.7)

where, I(ρ, t) =
∫ t
0
λf (s)e

−ρsds. Now, substituting Equation (6.7) back to Equa-
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tion (6.4), we get the following.

E[KD(t)] = Σ∞
n=1n

µC
Λf (t)

I(ρ, t)PN(n) (6.8)

=
µC

Λf (t)
I(ρ, t)Σ∞

n=1nPN(n) (6.9)

=
µC

Λf (t)
I(ρ, t)Σ∞

n=1n
[λf (t)]

n

n!
e−Λf (t) (6.10)

= µCI(ρ, t)Σ
∞
n=1

n

Λf (t)

[Λf (t)]
n−1

(n− 1)!
e−Λf (t)

Λf (t)

n
(6.11)

= µCI(ρ, t)Σ
∞
n=0PN(n) (6.12)

= µCI(ρ, t) = µC

∫ t

0

λf (s)e
−ρsds (6.13)

For the undiscounted costs, the discounting rate ρ can be taken as zero, then the mean

undiscounted damage cost can be calculated as:

E[K(t)] = µC

∫ t

0

λf (s)ds = µCΛf (t) (6.14)

For an HPP, Λf (t) can be replaced by λf t and the following expressions for the mean

can be obtained for discounted and undiscounted LCC

E[KD(t)]HPP = µCλf

∫ t

0

e−ρsds =
µCλf
ρ

(1− e−ρt) (6.15)

E[K(t)]HPP = µCλf t (6.16)

6.3.2 Second moment and variance of damage cost

The second moment of the damaged cost can be defined as follows:

E[(KD(t))
2] = Σ∞

n=1E[(C1e
−ρS1 + C2e

−ρS2 + ...+ CN(t)e
−ρSN(t))2|N(t) = n]PN(n) (6.17)
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Following the derivations in the last section, the second moment and hence the variance

can be obtained as follows:

V ar[KD(t)] = E[(KD(t))
2]− (E[KD(t)])

2 (6.18)

= µ2C

∫ t

0

e−2ρsλf (s)ds (6.19)

The detailed derivation is provided in Appendix C. The undiscounted variance can be

obtained by putting ρ = 0, in Equation (C.17), as follows:

V ar[K(t)] = µ2C

∫ t

0

λf (s)ds = µ2CΛf (t) (6.20)

For an HPP, the variances of the discounted and undiscounted LCC reduces to

V ar[KD(t)]HPP = µ2Cλf

∫ t

0

e−2ρsds =
µ2Cλf
2ρ

(1− e−2ρt) (6.21)

and

V ar[K(t)]HPP = µ2Cλf t (6.22)

6.3.3 Undiscounted cost

If the discount rate in the previous section is reduced to zero, the case for the non-

discounted losses is obtained. The mean gets the well-known form in the literature [94] as

given below.

E[K(t)] = µC

∫ t

0

λf (s)ds = µCΛf (t) (6.23)

where Λf (t) is the mean value function of the failure process with standard deviation

as Equation (6.24).

σ[K(t)] =

√
µ2C

∫ t

0

λf (s)ds =
√
µ2CΛf (t) (6.24)
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6.3.4 Distribution of damage cost

For the undiscounted process, the distribution of the process can also be computed using

Panjer’s recursion technique. However, in such a case, the probability distribution of the

cost fC(iδ) is considered discrete with the mass concentrated at multiples of a unit cost

δ, and the distribution of the hazard losses is obtained in the form of a probability mass

function (PMF). The PMF fK(t)(iδ) of the undiscounted losses for a Poisson failure process

with a constant rate λf can be obtained using the following recursive formulation [84]:

fK(t)(iδ) = (Λf (t))
i∑

j=1

j

i
fC(jδ)fK(t)((i− j)δ) (6.25)

where i = 1, 2, ... and j = 1, 2, .., i.

See Appendix C for more details.

6.4 Case II: Time dependent costs

If the damage costs C ′
is in Equation (6.2) cannot be considered to be IID, which is a

more general scenario, then the expressions of the mean, and variance can be obtained

using generalization of the theories given in the previous section, although the distribution

cannot be given in a closed form. Here for simplicity of derivations, let us define the

discounted damage cost/losses corresponding to a given event be denoted as Zi(Si) as

follows:

Zi(Si) = Ci(Si)e
−ρSi (6.26)

and therefore, the cumulative discounted loss can be given following Equation (6.3) as

follows:

KD(t) =

N(t)∑
i

Zi(Si) (6.27)

In this section, we present an alternative method to obtain generalized solution of the

various statistics of the damage cost by developing simple differential equations following
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the definition of NHPP provided in Chapter 2. This method provides a more convenient

way to arrive at the closed form expressions of the time-dependent statistics of the net

damage costs and the other benefit of using this method is that it can be solved using any

standard differential equation solver in the commercial packages.

We begin our discussion by obtaining the moment generating function of the net losses,

since in theory the MGF gives the complete description of a random variable and show the

applicability of the method at arriving to closed form solutions by comparing this result

with expression of MGF available in the literature. Then we will proceed to obtain simpler

expressions for the various moments of the net losses.

6.4.1 Moment generating function

Using the fact that the moment-generating functions (MGF) of the sum of two random

variables is the product of the MGFs of the individual random variables, we propose the

following: If we denote the MGF of the net discounted losses K(t) as M(s, t) , then the

MGF at a time t+∆t can be expressed in terms of the MGF at time t as in Equation (6.29).

This expression uses the fact that there can be two mutually exclusive and exhaustive sets

of possibilities i.e. either there will or will not be a hazard occurrence in the interval ∆t,

following which in the instant t+∆t, the MGF will either be factored by the MGF of the

discounted loss or otherwise stay the same. Therefore, the theorem of total probability can

be used to arrive at the following expression. MZi
(s, t) denotes the MGF of the discounted

damage due to a single hazard occurrence can be obtained as:

MZi
(s, t) =

∫ +∞

−∞
e−szfZi

(z, t)dz (6.28)

M(s, t+∆t) =M(s, t)P [N(t, t+∆t) = 0]

+M(s, t) ·MZi
(s, t)P [N(t, t+∆t) = 1] (6.29)
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Using the definition of the NHPP as given in [94], we find that the corresponding proba-

bilities of occurrence and non-occurrence of the hazard in a small interval ∆t is given as

[λ(t)∆t + O(∆t)] and [1 − λ(t)∆t + O(∆t)], respectively with λ(t) being the NHPP rate

function defined in Equation (2.28). It must be noted here that the condition of more than

one event occurs in the interval (t, t+∆t), since the corresponding probability (O(∆t) will

equate to zero under limiting conditions.

lim
∆t→0

M(s, t+∆t) =M(s, t)(1−λ(t)∆t+O(∆t))+M(s, t)·MZi
(s, t)(λ(t)∆t+O(∆t)) (6.30)

Simplifying and taking the limit over the time difference in Equation (6.30), the following

is obtained.

lim
∆t→0

M(s, t+∆t)−M(s, t)

∆t
=M(s, t)λ(t) [MZi

(s, t)− 1] (6.31)

Giving us the following differential equation:

dM(s, t)

dt
=M(s, t)λ(t) [MZi

(s, t)− 1] (6.32)

with a boundary condition asM(s, 0) = 0. Solving the differential equation along with the

boundary condition, we get the following form:

ln(M(s, t)) =

∫ t

0

λ(t) [MZi
(s, t)− 1] dt (6.33)

giving us the following expression which is identical to the expression obtained using the

order statistics property for the NHPP arrival times and applying the permutation invariant

theorem obtained in [62].

M(s, t) = exp

[∫ t

0

λ(t) [MZi
(s, t)− 1] dt

]
(6.34)

However, using the Moment generating function for obtaining the moments is suitable only

for simple functions like exponentially distributed damages. For more complicated damage

distribution functions, the integrand in Equation (6.34) will become non-integrable, and a

closed-form solution for the MGF cannot be obtained that can be suitably differentiated to
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obtain the several moments. However, as mentioned, in theory, an MGF gives the complete

description of a random variable.

6.4.2 Expected loss

Using a similar approach, the differential equations for the expected value of the present

value of the net risk can be obtained. The expectation operator is denoted as E[·]. Here,
we use the fact that if there is a hazard occurrence in the interval ∆t, the expected value

of the discounted loss due to that event adds up to the expected value at time instant t.

E[K(t+∆t)] = E[K(t)](1− λ(t)∆t+O(∆t))

+ E[K(t) + Z(t)](λ(t)∆t+O(∆t)) (6.35)

Similarly, taking the limit of ∆t → 0, and an initial condition that the expected damage

at t = 0 is zero, the differential equation can be formed as follows. This result will also be

utilized later for estimating the variance of the discounted losses.

dE[K(t)]

dt
= µZ(t)λ(t) (6.36)

and the mean value of the damage cost can be calculated by solving the above differ-

ential equation:

E[K(t)] =

∫ t

0

µZ(s)λ(s)ds (6.37)

where, µZ(t) = EZ [Z(t)] and can be given following Equation (2.36), and µX denoting the

mean of X ′
is as:

µZ(t) = EZ [Z(t)] = EX [(Xϕ1(t) + ϕ2(t))e
−ρt] (6.38)

= (µXϕ1(t) + ϕ2(t))e
−ρt (6.39)

Combining Equations (6.37) and (6.38), we get the following final expression for the ex-
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pected losses:

E[K(t)] =

∫ t

0

(µXϕ1(s) + ϕ2(s))e
−ρsλ(s)ds (6.40)

It may be noted that for a constant rate function, λ(t) = λ0, zero discount rate and ϕ1(t)

and ϕ2(t) equal to 1 and 0, respectively, in Equation (6.40), we will retrieve the solution

for an HPP with IID damages following Wald’s theorem [125].

If one is interested only in events that cross a given threshold or, in other words, in the

thinned process, then the rate function λ(t) and the moments of the damage costs µ′
iZs

should correspond to those of the thinned process in Equation (6.36).

6.4.3 Variance

We derive the variance of net discounted risk by first estimating the second moment of the

net discounted losses as follows. It may be noted that there are no additional assumptions

required for these derivations apart from the conditions required for defining the shock

process to be an NHPP.

E[(K(t+∆t))2] = E[(K(t))2](1− λ(t)∆t+O(∆t))

+ E[(K(t) + Z(t))2](λ(t)∆t+O(∆t)) (6.41)

Simplifying and applying the limit ∆t → 0, we can obtain the following differential equa-

tion:
dE[(K(t))2]

dt
= 2E[K(t)]λ(t)µZ + E[(Z(t))2]λ(t) (6.42)

Now from Equation (6.36) we can use the following result for the first term on the right of

Equation (6.42).
d(E[K(t)]2)

dt
= 2E[K(t)]λ(t)µZ (6.43)

We can rewrite the expression in Equation (6.42), and arrive at the following condensed

differential equation for the variance of the discounted losses where V ar[·] is the variance

operator.
d[E[(K(t))2]− (E[K(t)])2]

dt
=
d[V ar(K(t)]

dt
= E[(Z(t))2]λ(t) (6.44)
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Therefore, by solving the above differential equation with the initial condition V ar[K(0)] =

0, we can arrive at the following solution for the variance of the net losses.

V ar[K(t)] =

∫ t

0

E[(Z(s))2]λ(s)ds (6.45)

Now, as per our definition of Z(t) from Equation (2.36), we will have the following integrand

for estimating the variance.

V ar[K(t)] =

∫ t

0

(µ2Xϕ
2
1(s) + 2µXϕ1(s)ϕ2(s) + ϕ2

2(s))e
−2ρsλ(s)ds (6.46)

where, µ2X is the second moment of X ′
is.

6.4.4 General nth moment

Following the similar line of derivation as the mean and second moment and using the

binomial theorem, the nth (∀ n ∈ {1, 2, ...∞}) moment of the discounted cumulative risk

can be given as follows:

dE[(K(t))n]

dt
= λ(t)

n∑
i=1

(
n

i

)
E[(K(t))n−i]µiZ (6.47)

where, µiZ = E[(Z(t))n], is the ith moment of Z(t) and
(
n
i

)
is the binomial expression

defined as: (
n

i

)
=

n!

i!(n− i)!
(6.48)

Hence, raw moments of any order n for the discounted losses can be obtained recursively

using the moments till order (n− 1) and using the initial condition E[(K(0))n] = 0 ∀ n as

follows.

E[(K(t))n] =

∫ t

0

λ(s)
n∑
i=1

(
n

i

)
E[(K(s))n−i]µiZds (6.49)
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Using the raw moments, the central moments of the discounted net risk or losses can be

calculated using the binomial theorem:

E[(K(t)− E[K(t)])n] =
n∑
j=0

(
n

j

)
(−1)jE[(K(t))n−j](E[K(t)])j (6.50)

Putting n = 1 in Equation (6.49) and n = 2 in Equation (6.50), the expressions for the

mean and the variance obtained in Equations (6.37) and (6.45) can be retrieved, respec-

tively. Although, the knowledge of all the raw and central moments can be assumed to

completely represent a random variable, however, in the absence of analytical formulations

to determine the exact distribution of the total discounted risk, one may select some stan-

dard positive valued distributions like Log-normal, Gamma or Weibull distribution, and

depending on the number of parameters in standard distributions, these raw and central

moments may be used to fit distributions using method of moments and compare them

based on the closeness to the estimates of other moments. Although otherwise, the higher

order moments are not the most useful for practical purposes but do provide some insights

regarding the tail of a distribution [64].

6.5 Simulation based validation of analytical results

For the verification of the analytical results presented in Section 6.3, a Monte Carlo simu-

lation (MCS) is conducted with 105 samples. A generalized form of rate function is chosen

here that depicts a linear increase in mean rate with time and the seasonal fluctuations in

several weather variables.

λ(t) = 10 + 0.01t+ 2sin(6t) (per yr) (6.51)

The hazard magnitudes are assumed to be linearly scaled with time as X(t) = X0(1+0.01t)

which represents the magnitude intensification of hazards with time, where X0 is log-

normally distributed with a mean of 10 units and coefficient of variation of 0.8 representing

the base magnitude which may be obtained from historical data; similarly, the cost of

damage when the hazards exceed the capacity is also assumed log-normal with a mean
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Figure 6.2: Verification using Monte Carlo simulation (MCS)

of 10 units (say $ Million) and CoV of 0.8, since the loads and costs usually have high

variability. Three cases have been considered where the capacity is taken as the 50th,

80th and 90th percentile of the hazard distribution. The mean value function for the

failure process Λf (t), the expected discounted costs and its standard deviation over time

are calculated for an annual discount rate of 5% analytically and through the simulation.

The results for the three cases are plotted in Figure 6.2. The mean and standard deviation

between the simulated and analytical results are compared, and it is found that based on

Euclidean norms, their differences are less than 5% and 3%, respectively, which can be

attributed to sampling errors in the MCS.

6.6 Examples

6.6.1 Example 1: Tornadoes in Ontario, Canada

Tornadoes in Canada cause large-scale loss of property and vegetation and incur high

damage costs all around the year. The data provided by the Environment and Climate

Change (ECCC), [101], based on the tornado events in 1980-2009, says that on a yearly

basis, around 66.5 tornadoes incur a damage cost of around 18 Million dollars on average.
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Table 6.1: Fujita scale classification

Fujita Scale Wind speed (m/s) Expected Damage
Fraction of
occurrences

F0 17.8-32.6 Light 0.657
F1 32.7-50.3 Moderate 0.257
F2 50.4-70.3 Considerable 0.07
F3 70.4-91.9 Severe 0.013
F4 92.0-116.6 Devastating 0.003
F5 116.7-142.5 Incredible 0.001

Based on the studies [70], and governmental reports, [14], it can be said that there is an

increasing trend in the frequency of tornado events in Canada over time as a result of

global climate change. A brief trend analysis on tornado frequencies,[16] has shown using

a Mann-Kendall test on the Auto-Regressive model (AR(1)) that, with 99% confidence

there is an increasing trend of 1.6 tornadoes/decade in frequency. This translates to over

80% rise in mean tornado frequencies by the end of the twenty-first century in Ontario.

Based on the damage-causing capability of a tornado, they are classified into several

classes based on their wind speed. One such classification scale is Fujita Scale [37] as

reproduced in (Table 6.1). It may be noted here that although Canada started using the

enhanced Fujita (EF) scale in 2013, but the data available for the mentioned time period

has the classification based on the old Fujita (F) scale and hence the same is used in this

example to maintain the coherency. From the report [101], the fraction of occurrences of

different classes of tornadoes in the period is also mentioned in the same table for reference.

If mitigation strategies or adaptive measures are made in the design of engineering

structures such as strengthening the connections between truss, wall, floor and sill plates

[45], or enhancements in the Building code requirements by increasing the design wind

speed and including provisions for power and communication failures [102], so that the

buildings can sustain the tornadoes of lower intensity without much damage, it is important

to evaluate the reduction in economic losses due to the investments made in these measures.

Depending on the level of adaptive measures and enhancements, the rate of occurrence

of tornadoes exceeding the threshold capacity level can be computed using the thinning

property. The adaptation measures depend on the intensity of tornadoes we want our
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infrastructure to resist. For example, to mitigate lower intensity tornadoes, like F0 and

F1 tornadoes, for which the damages are minimal to moderate and characterized as minor

damages to chimneys, uprooting of trees, and overturning of automobiles, investments

need to be made for proper prediction and warning systems. However, for higher intensity

tornadoes like F4 or F5, additional structural strengthening measures are recommended

that make them resistant to high wind speeds, for example, using J-bolts or dowels to

strengthen the anchorage between the sill plate and foundation wall and strengthening

connections between the roof and wall [45]. Another cost-benefit analysis based on a case

study on the Oklahoma City tornado suggested that a 30% reduction in a home’s insured

losses can be ensured with a strengthened construction at an investment of less than $500
[111].

Therefore, this economic analysis bears critical importance in planning investments

in risk-mitigation strategies by concerned authorities. Damage cost data were obtained

from the Canadian Governmental database [4]. For the purpose of analysis, we consider

the region of Ontario, since it is one of the provinces that see very high frequencies of

tornadoes in Canada.

NHPP rate model The tornado database provides information regarding the tornadoes

that occurred in Ontario and based on the data, here the rate of tornado events is taken

as 14.18/year as the average yearly number of tornadoes for the last decade. The tornado

frequency in Ontario increased by 1.6 tornadoes/decade with 99% confidence as analyzed

by [16] over the period 1950-2007. In the absence of any other data or projections, it has

been assumed that the increase in tornado frequency in Ontario will follow a similar trend in

the remaining duration of the current century. Therefore, the linear rate function is taken

as Equation (6.52) and the corresponding mean value function is given as Equation (6.53).

λ(t) = 14.18 + 0.16t, (per year) (6.52)

Λ(t) = 14.18t+ 0.08t2 (6.53)

where t is in years and t = 0 in 2020. The linear rate function here is justified for

a number of reasons, the linear regression performed by [16] has detected the increas-
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Figure 6.3: Expected number of tornadoes (Mean value function) until a given year ex-
ceeding different threshold wind speeds

ing trend at a confidence level of 95%, second, the change in the rate is slow i.e 0.16

tornadoes/year, implying that fitting higher order functions may lead to over-fitting and

give drastically inaccurate results. For more accurate projections one may use dynamic

Bayesian frameworks by mapping tornadoes with other weather variables like temperature

and precipitation, however, that is beyond the scope of this study. For different adaptation

measures in the design of infrastructure systems, the number of tornadoes that can cause

significant damage will be ones that exceed the design wind speeds. The mean number of

tornadoes exceeding the design threshold is calculated using the thinning of the base rate

given in Equation (6.52) and integrating until the given time as shown in Figure 6.3.

Wind speed distribution Based on Table 6.1 and the tornado wind speed data, a

three-parameter Weibull distribution with location, scale and shape as 17.22 m/s, 16.98
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Figure 6.4: Tornado wind speed distribution

m/s and 1.23 respectively was seen to be a good fit for the samples as shown in Figure 6.4.

Damage cost From the Canadian National Tornado Database (CNTD), the damage

costs for the individual tornado events of Ontario in the duration 1980-2009 are obtained.

It can be found in Figure 6.5a, that for lower intensity tornadoes (Fujita scale 0 and 1) the

economic losses are negligible as compared to that of Fujita scale 2,3 and 4, therefore we

consider two threshold wind speeds 32.6 and 50.3 m/s, the corresponding upper bounds

of F0 and F1 Fujita scale respectively for our analysis. The mean and second moments of

the damage costs are 6.14 Million CAD with COV of 5.33 (for 32.6 m/s threshold), and

13.55 Million CAD with COV of 3.57 (for 50.3m/s threshold). For the discounted analysis,

a discount rate of five per cent is used.

Results The plots in Figure 6.6 display the discounted and undiscounted LCCs over

a century showing the mean values and range of values within one standard deviation.

The results indicate that taking adaptation measures to prevent damages from F0 and F1
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(a) Damage cost with Fujita scales (b) CDF of damage cost for a single tornado

Figure 6.5: Tornado damage costs

tornadoes can reduce the mean losses by 38.8% and 66.2% respectively, which means that

until 2100 the discounted losses go down by about 0.53 and 0.92 Billion CAD while the

undiscounted losses go down by 2.64 and 4.51 Billion CAD.

The distribution of the undiscounted damage cost to be incurred by all the tornadoes

if no adaptive measures are taken by the end of 2040, 2070 and 2100 is calculated using

Panjer’s recursion technique and plotted in Figure 6.7. Figure 6.8 shows the coefficient of

variation (COV) of the discounted and undiscounted LCC for both threshold values. The

COV reduces over time for all the cases, with the COV of the undiscounted LCC of 50.3

m/s being the lowest.

6.6.2 Example 2: Heat wave (HW) in US cities

From a study [43], based on data from 50 US cities over the duration 1960-2000, it has

been found that due to climate change, the number of HWs per year has increased at a

rate of 0.6± 0.14 per decade.

To demonstrate the method in this study, let us construct the NHPP model with the

rate as the rate of occurrence of the HWs and the load using the time-dependent intensities.

The data for the decade 2000s can be taken as the base model and assuming that the same

trend follows for the rest of the century the model can be prepared as follows:
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(a) All tornadoes (discounted) (b) All tornadoes (undiscounted)

(c) Threshold 32.6 m/s (discounted) (d) Threshold 32.6 m/s (undiscounted)

(e) Threshold 50.3 m/s (discounted) (f) Threshold 50.3 m/s (undiscounted)

Figure 6.6: Discounted and undiscounted damage costs for the Tornadoes with a threshold
of 32.6 m/s (i.e. above F0) and 50.3 m/s (i.e. above F1)

132



Figure 6.7: Cumulative distribution of damages
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Figure 6.8: Coefficient of Variation of the damages

λ = 4.47 +
0.6

10
t, (per year) (6.54)

where, t represents the time from 2000, e.g., t for the year 2025 is 25. The equivalent

cost per HW can be considered as the product of the average duration of the heat waves and

the average temperature above the threshold with a mean µC = 6.5246◦C days/HW and

COV 0.2 or µ2C = 44.21(◦C days)2/HW . For a discount rate of 5%, the mean and standard

deviation of discounted and undiscounted LCC can be calculated for the remaining century

as shown in Figure 6.9.

6.7 Conclusions

In conclusion, this chapter presents a novel method for estimating economic losses due to

hazards whose frequency and intensity are driven by climate change. The arrival times

and magnitudes of the loads are modeled as a marked non-homogeneous Poisson process

(NHPP) to capture the nonstationarity in the process. The analytical formulations for

computing the mean, variance, and distribution of losses that haven’t been discounted, as

well as the mean and variance of losses that have been discounted, within a given time

134



(a) Discounted (b) Undiscounted

Figure 6.9: Cost in equivalent ◦C − days

period are presented. The results are applied to estimate the losses due to tornadoes in

Ontario, Canada, until 2100. This study also emphasizes that if adaptive measures are

taken to strengthen infrastructure systems against climate-driven hazards such that the

losses due to events under a given threshold magnitude are negligible, then by using the

thinning property of the NHPP, the reduced losses can also be calculated which will further

facilitate a cost-benefit analysis for the adaptive measure. The formulation was also used

to estimate the expected degree days due to heat wave events in US cities until the end of

the current century.
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Valentina, Giannico Vincenzo, Changliang Shao, and Sanesi Giovanni. Coupling heat

wave and wildfire occurrence across multiple ecoregions within a Eurasia longitudinal

gradient. Science of the total environment, 912:169269, 2024.

[70] GAMcBean. Risk mitigation strategies for tornadoes in the context of climate change

and development. In Mitigation of natural hazards and disasters: International per-

spectives, pages 25–34. Springer, 2005.

143



[71] Seung-Ki Min, Xuebin Zhang, Francis W Zwiers, Petra Friederichs, and Andreas

Hense. Signal detectability in extreme precipitation changes assessed from twentieth

century climate simulations. Climate Dynamics, 32:95–111, 2009.

[72] TU Mohammed and H Hamada. Relationship between free chloride and total chloride

contents in concrete. Cement and concrete research, 33(9):1487–1490, 2003.
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tion in bridge management systems and corrosion-induced deterioration. Journal of

Bridge Engineering, 9(3):268–277, 2004.

[94] Sheldon M Ross. Introduction to probability models. Academic press, 2014.

[95] Simone Russo, Alessandro Dosio, Rune G Graversen, Jana Sillmann, Hugo Carrao,

Martha B Dunbar, Andrew Singleton, Paolo Montagna, Paulo Barbola, and Jürgen V

Vogt. Magnitude of extreme heat waves in present climate and their projection in

a warming world. Journal of Geophysical Research: Atmospheres, 119(22):12–500,

2014.

[96] Ajay Saini and Iris Tien. Impacts of climate change on the assessment of long-term

structural reliability. ASCE-ASME Journal of Risk and Uncertainty in Engineering

Systems, Part A: Civil Engineering, 3(3):04017003, 2017.

[97] Jose D Salas and Jayantha Obeysekera. Revisiting the concepts of return period and

risk for nonstationary hydrologic extreme events. Journal of hydrologic engineering,

19(3):554–568, 2014.

[98] Kamal C Sarma and Hojjat Adeli. Life-cycle cost optimization of steel structures. In-

ternational Journal for Numerical Methods in Engineering, 55(12):1451–1462, 2002.

[99] Richard Serfozo. Basics of applied stochastic processes. Springer Science & Business

Media, 2009.

146



[100] Hamidreza Shirkhani, Jieying Zhang, and Zoubir Lounis. Ensemble analysis of

climate-change impacts on design-service life of reinforced concrete bridge decks

across Canada. Natural Hazards Review, 21(3):04020030, 2020.

[101] David Sills. Canadian Tornado Fact Sheet, 2015. Accessed: 2021-08-23.

[102] Thomas L Smith, Manuel Perotin, and Erin Walsh. Enhancing tornado performance

of critical facilities: findings and recommendations of fema’s mitigation assessment

team. In Structures Congress 2012, pages 977–988, 2012.

[103] Mark G Stewart. Climate adaptation engineering: An optimist’s view. ASCE-ASME

Journal of Risk and Uncertainty in Engineering Systems, Part A: Civil Engineering,

9(1):02522002, 2023.

[104] Mark G Stewart and Xiaoli Deng. Climate impact risks and climate adaptation

engineering for built infrastructure. ASCE-ASME Journal of Risk and Uncertainty

in Engineering Systems, Part A: Civil Engineering, 1(1):04014001, 2015.

[105] Mark G Stewart and David V Rosowsky. Structural safety and serviceability of

concrete bridges subject to corrosion. Journal of Infrastructure systems, 4(4):146–

155, 1998.

[106] Mark G Stewart and David V Rosowsky. Extreme events for infrastructure: Uncer-

tainty and risk. Engineering for Extremes: Decision-Making in an Uncertain World,

pages 3–27, 2021.

[107] Mark G Stewart and David V Rosowsky. Engineering for extremes. Springer Inter-

national Publishing, 2022.

[108] Mark G Stewart and Dimitri V Val. Multiple limit states and expected failure

costs for deteriorating reinforced concrete bridges. Journal of Bridge Engineering,

8(6):405–415, 2003.

[109] Bruno Sudret. Probabilistic models for the extent of damage in degrading reinforced

concrete structures. Reliability Engineering & System Safety, 93(3):410–422, 2008.

147



[110] Qiaohong Sun, Chiyuan Miao, Martin Hanel, Alistair GL Borthwick, Qingyun Duan,

Duoying Ji, and Hu Li. Global heat stress on health, wildfires, and agricultural crops

under different levels of climate warming. Environment international, 128:125–136,

2019.

[111] Daniel Sutter, Dakshina DeSilva, and Jamie Kruse. An economic analysis of wind

resistant construction. Journal of Wind Engineering and Industrial Aerodynamics,

97(3-4):113–119, 2009.

[112] Maedeh Taghaddos and Yasser Mohamed. Predicting bridge conditions in ontario: A

case study. In ISARC. Proceedings of the International Symposium on Automation

and Robotics in Construction, volume 36, pages 166–171. IAARC Publications, 2019.

[113] Karl E Taylor, Ronald J Stouffer, and Gerald A Meehl. An overview of cmip5 and the

experiment design. Bulletin of the American meteorological Society, 93(4):485–498,

2012.

[114] Vikki Thompson, Alan T Kennedy-Asser, Emily Vosper, YT Eunice Lo, Chris Hunt-

ingford, Oliver Andrews, Matthew Collins, Gabrielle C Hegerl, and Dann Mitchell.

The 2021 western north america heat wave among the most extreme events ever

recorded globally. Science Advances, 8(18):eabm6860, 2022.

[115] Dimitri V Val. Factors affecting life-cycle cost analysis of RC structures in chloride

contaminated environments. Journal of infrastructure systems, 13(2):135–143, 2007.

[116] Dimitri V Val and Pavel A Trapper. Probabilistic evaluation of initiation time of

chloride-induced corrosion. Reliability Engineering & System Safety, 93(3):364–372,

2008.

[117] CR Vallarino. Fitting the log-linear rate to poisson processes. In Proceedings., Annual

Reliability and Maintainability Symposium, pages 257–261. IEEE, 1989.

[118] Ruben Van Coile, Robby Caspeele, and Luc Taerwe. Lifetime cost optimization

for the structural fire resistance of concrete slabs. Fire technology, 50(5):1201–1227,

2014.

148



[119] TD Van Der Pol, EC Van Ierland, S Gabbert, H-P Weikard, and EMT Hendrix.

Impacts of rainfall variability and expected rainfall changes on cost-effective adap-

tation of water systems to climate change. Journal of Environmental Management,

154:40–47, 2015.

[120] Jan M van Noortwijk and Johannes AM van der Weide. Applications to continuous-

time processes of computational techniques for discrete-time renewal processes. Re-

liability Engineering & System Safety, 93(12):1853–1860, 2008.

[121] Arun Veeramany and Mahesh D Pandey. Reliability analysis of nuclear component

cooling water system using semi-markov process model. Nuclear Engineering and

Design, 241(5):1799–1806, 2011.

[122] Arun Veeramany and Mahesh D Pandey. Reliability analysis of nuclear piping system

using semi-markov process model. Annals of Nuclear Energy, 38(5):1133–1139, 2011.

[123] B Sharanbaswa Vishwanath and Swagata Banerjee. Considering uncertainty in cor-

rosion process to estimate life-cycle seismic vulnerability and risk of aging bridge

piers. Reliability Engineering & System Safety, 232:109050, 2023.

[124] Kim Anh T Vu and Mark G Stewart. Structural reliability of concrete bridges includ-

ing improved chloride-induced corrosion models. Structural safety, 22(4):313–333,

2000.

[125] Abraham Wald. On cumulative sums of random variables. The Annals of Mathe-

matical Statistics, 15(3):283–296, 1944.

[126] Y. K. Wen. Minimum lifecycle cost design under multiple hazards. Reliability Engi-

neering and System Safety, 73(3):223–231, 2001.

[127] Y. K. Wen. Reliability and performance-based design. Structural Safety, 23(4):407–

428, 2001.

[128] Rachel H White, Sam Anderson, James F Booth, Ginni Braich, Christina Draeger,

Cuiyi Fei, Christopher DG Harley, Sarah B Henderson, Matthias Jakob, Carie-Ann

149



Lau, et al. The unprecedented pacific northwest heatwave of june 2021. Nature

Communications, 14(1):727, 2023.

[129] Yi Wu, Chiyuan Miao, Xuewei Fan, Jiaojiao Gou, Qi Zhang, and Haiyan Zheng.

Quantifying the uncertainty sources of future climate projections and narrowing un-

certainties with bias correction techniques. Earth’s Future, 10(11):e2022EF002963,

2022.

[130] Jin Xia, Wei-Liang Jin, and Long-Yuan Li. Effect of chloride-induced reinforcing

steel corrosion on the flexural strength of reinforced concrete beams. Magazine of

Concrete Research, 64(6):471–485, 2012.

[131] Jiabo Yin, Pierre Gentine, Louise Slater, Lei Gu, Yadu Pokhrel, Naota Hanasaki,

Shenglian Guo, Lihua Xiong, and Wolfram Schlenker. Future socio-ecosystem pro-

ductivity threatened by compound drought–heatwave events. Nature Sustainability,

6(3):259–272, 2023.

[132] Ahmed Yosri, Yasser Elleathy, Sonia Hassini, and Wael El-Dakhakhni. Genetic

algorithm-Markovian model for predictive bridge asset management. Journal of

Bridge Engineering, 26(8):04021052, 2021.

[133] Jieying Zhang and Zoubir Lounis. Sensitivity analysis of simplified diffusion-based

corrosion initiation model of concrete structures exposed to chlorides. Cement and

concrete research, 36(7):1312–1323, 2006.

150



Appendix A

Estimated Parameters for

Precipitation Analysis
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A.1 Stationary case (1950-1990): Benchmark Case

Table A.1: Estimated parameters of the Gumbel distributions and the Homogeneous Pois-
son Process for all the climate models for the stationary benchmark scenario i.e. 1950-1990
period.

Model µ σ λ α β
Units mm/day mm/day per year - mm/day
KACE.1.0.G 33.43 9.15 2.93 0.94 8.52
HadGEM3.GC31.LL 37.01 7.37 3.55 0.96 8.55
UKESM1.0.LL 34.26 8.33 3.08 1.06 8.81
CMCC.ESM2 36.71 10.92 2.95 0.99 10.37
GFDL.ESM4 34.60 9.67 3.28 0.99 7.91
BCC.CSM2.MR 35.04 10.78 3.40 0.80 7.48
INM.CM4.8 34.50 9.86 2.93 0.87 7.93
FGOALS.g3 36.90 10.62 3.28 0.94 9.13
TaiESM1 35.61 8.86 3.03 0.85 8.44
NorESM2.MM 33.93 10.27 3.30 0.90 8.49
CanESM5 33.83 7.64 3.20 0.98 7.57
KIOST.ESM 36.57 8.79 3.13 1.00 8.71
NorESM2.LM 35.35 9.69 3.33 0.93 8.83
INM.CM5.0 34.85 9.73 3.08 0.92 8.73
IPSL.CM6A.LR 35.20 9.36 3.13 0.96 8.43
CNRM.CM6.1 35.33 8.95 3.35 0.96 8.75
MIROC6 34.05 8.31 3.00 1.08 8.93
MIROC.ES2L 36.20 9.80 3.10 0.98 9.45
CNRM.ESM2.1 34.26 7.92 3.35 1.03 8.15
MRI.ESM2.0 35.51 8.90 3.30 1.02 9.22
EC.Earth3 34.46 6.89 3.18 0.94 7.43
MPI.ESM1.2.LR 33.60 7.91 3.38 0.95 7.69
MPI.ESM1.2.HR 34.54 10.01 2.90 0.97 8.90
EC.Earth3.Veg 36.80 9.05 3.23 0.94 9.38
ACCESS.ESM1.5 35.78 9.61 3.23 0.98 9.26
ACCESS.CM2 33.50 8.15 3.18 1.00 8.66
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A.2 Non-stationary Case I: 2020-2100 Period

A.2.1 Non-stationary Gumbel parameters

Table A.2: Estimated Parameters of non-stationary Gumbel distributions for all models in
the period 2020-2100.

Model µ0 µ1 σ0 σ1
Units mm/day mm/day/year mm/day mm/day/year
KACE.1.0.G 38.84 0.08 11.00 0.00
HadGEM3.GC31.LL 36.01 0.13 8.60 0.07
UKESM1.0.LL 35.99 0.11 5.90 0.09
CMCC.ESM2 42.02 0.00 11.00 0.05
GFDL.ESM4 39.70 0.05 7.87 0.08
BCC.CSM2.MR 33.98 0.09 9.24 0.00
INM.CM4.8 35.79 0.09 9.93 0.00
FGOALS.g3 37.22 0.11 9.71 0.03
TaiESM1 35.23 0.17 7.88 0.04
NorESM2.MM 31.91 0.13 8.69 0.04
CanESM5 34.66 0.19 11.00 0.03
KIOST.ESM 39.97 0.08 9.63 0.01
NorESM2.LM 33.29 0.14 8.26 0.06
INM.CM5.0 36.71 0.03 10.25 0.02
IPSL.CM6A.LR 32.10 0.17 6.56 0.08
CNRM.CM6.1 41.56 0.03 11.00 0.03
MIROC6 38.08 0.12 10.65 0.05
MIROC.ES2L 33.37 0.19 8.14 0.06
CNRM.ESM2.1 33.44 0.20 6.62 0.10
MRI.ESM2.0 35.95 0.10 9.78 0.03
EC.Earth3 42.76 0.07 10.48 0.04
MPI.ESM1.2.LR 35.16 0.11 9.77 0.02
MPI.ESM1.2.HR 39.46 0.00 8.89 0.04
EC.Earth3.Veg 40.24 0.12 11.00 0.03
ACCESS.ESM1.5 39.13 0.07 10.61 0.03
ACCESS.CM2 40.28 0.02 9.33 0.04
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A.2.2 NHPP parameters

Table A.3: Estimated Parameters of Non-homogeneous Poisson process for all models in
the period 2020-2100.

Model λ0 λ1 x0 α β0 β1
Units per year per year2 mm/day - mm/day mm/day/year
KACE.1.0.G 1.0310 0.0028 30.0 0.9504 10.54 0.0160
HadGEM3.GC31.LL 1.3096 0.0021 26.0 1.0000 8.26 0.0730
UKESM1.0.LL 0.9859 0.0081 28.0 1.0521 9.99 0.0050
CMCC.ESM2 1.0296 0.0000 29.0 1.0218 11.56 0.0316
GFDL.ESM4 1.4102 0.0016 26.0 0.9603 8.34 0.0510
BCC.CSM2.MR 1.1775 0.0040 26.0 0.8858 6.65 0.0404
INM.CM4.8 1.0134 0.0042 26.0 0.9253 9.67 0.0000
FGOALS.g3 0.8825 0.0061 29.0 1.0523 9.76 0.0376
TaiESM1 1.2244 0.0032 28.0 1.1134 8.08 0.0663
NorESM2.MM 0.4853 0.0100 29.0 0.9580 8.61 0.0172
CanESM5 0.5924 0.0089 30.0 0.9149 9.59 0.0458
KIOST.ESM 0.8343 0.0080 29.0 1.0010 11.55 0.0037
NorESM2.LM 0.7159 0.0062 28.0 0.9680 8.59 0.0581
INM.CM5.0 0.4606 0.0071 30.0 0.9810 10.94 0.0000
IPSL.CM6A.LR 0.7354 0.0077 27.0 1.0642 8.01 0.0721
CNRM.CM6.1 1.0474 0.0088 27.0 0.8204 9.54 0.0000
MIROC6 0.6872 0.0065 30.0 0.9774 9.81 0.0558
MIROC.ES2L 0.7533 0.0065 30.0 1.0681 7.74 0.0888
CNRM.ESM2.1 0.6912 0.0090 30.0 1.0480 7.53 0.0725
MRI.ESM2.0 0.6269 0.0085 30.0 0.9706 9.38 0.0269
EC.Earth3 1.1177 0.0047 28.0 0.9439 10.65 0.0214
MPI.ESM1.2.LR 0.6559 0.0073 29.0 1.0025 9.59 0.0186
MPI.ESM1.2.HR 1.1787 0.0000 27.0 1.0638 11.20 0.0000
EC.Earth3.Veg 1.2319 0.0065 26.0 0.9260 10.90 0.0079
ACCESS.ESM1.5 1.0799 0.0031 29.0 0.9754 9.85 0.0343
ACCESS.CM2 0.7048 0.0077 31.0 1.0078 10.62 0.0155
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A.3 Non-stationary Case II: 2070-2100 Period

A.3.1 Non-stationary Gumbel parameters

Table A.4: Estimated Parameters of non-stationary Gumbel distributions for all models in
the period 2070-2100.

Model µ0 µ1 σ0 σ1
Units mm/day mm/day/year mm/day mm/day/year
KACE.1.0.G 44.304 0.010 13.335 -0.200
HadGEM3.GC31.LL 48.780 -0.300 13.290 -0.153
UKESM1.0.LL 44.110 -0.069 9.233 -0.026
CMCC.ESM2 34.693 0.480 15.435 -0.200
GFDL.ESM4 44.051 -0.115 6.763 0.314
BCC.CSM2.MR 37.598 0.162 8.028 -0.022
INM.CM4.8 39.998 0.090 8.463 0.015
FGOALS.g3 41.478 0.276 12.706 -0.094
TaiESM1 45.255 0.093 10.452 -0.006
NorESM2.MM 36.242 0.262 9.223 0.163
CanESM5 41.784 0.387 12.034 -0.009
KIOST.ESM 43.787 0.070 6.768 0.161
NorESM2.LM 41.501 -0.046 11.283 0.029
INM.CM5.0 37.279 0.057 11.697 0.001
IPSL.CM6A.LR 44.114 -0.024 14.608 -0.200
CNRM.CM6.1 40.499 0.308 10.341 0.152
MIROC6 40.732 0.480 16.565 -0.200
MIROC.ES2L 48.051 -0.046 14.269 -0.200
CNRM.ESM2.1 42.769 0.165 8.880 0.225
MRI.ESM2.0 35.798 0.409 10.451 0.056
EC.Earth3 46.231 0.112 8.233 0.327
MPI.ESM1.2.LR 36.180 0.480 10.348 -0.072
MPI.ESM1.2.HR 39.035 -0.085 9.666 0.141
EC.Earth3.Veg 51.567 -0.114 14.071 -0.069
ACCESS.ESM1.5 37.673 0.375 11.886 -0.002
ACCESS.CM2 39.173 0.166 11.774 0.086
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A.3.2 NHPP parameters

Table A.5: Estimated Parameters of Non-homogeneous Poisson process for all models in
the period 2020-2100.

Model λ0 λ1 x0 α β0 β1
Units per year per year2 mm/day - mm/day mm/day/year
KACE.1.0.G 1.1783 0.0039 30.0 1.1371 11.6874 0.0365
HadGEM3.GC31.LL 1.5002 -0.0177 26.0 1.0273 12.5066 -0.0100
UKESM1.0.LL 1.3396 -0.0048 28.0 1.0917 9.7390 0.0458
CMCC.ESM2 0.7715 0.0231 29.0 0.9259 12.9088 -0.0100
GFDL.ESM4 1.1785 0.0014 26.0 1.0891 12.5747 -0.0100
BCC.CSM2.MR 1.1491 0.0133 26.0 1.1105 10.0155 -0.0100
INM.CM4.8 1.3918 -0.0036 26.0 0.9258 9.2325 0.0113
FGOALS.g3 1.2769 -0.0013 29.0 1.0638 10.2030 0.1507
TaiESM1 1.2840 -0.0042 28.0 1.1669 10.5868 0.1118
NorESM2.MM 1.2780 0.0074 29.0 0.9966 9.6744 0.0550
CanESM5 1.2929 0.0028 30.0 1.0245 10.3152 0.2025
KIOST.ESM 1.0774 0.0140 29.0 1.0529 12.1425 -0.0100
NorESM2.LM 1.5266 -0.0121 28.0 0.9319 10.4679 0.0379
INM.CM5.0 0.7780 0.0227 30.0 1.1226 12.4962 -0.0100
IPSL.CM6A.LR 1.4439 -0.0070 27.0 0.9781 10.9472 0.0741
CNRM.CM6.1 0.9607 0.0234 27.0 0.9740 12.2163 -0.0100
MIROC6 0.7850 0.0284 30.0 0.8996 11.1667 0.0996
MIROC.ES2L 1.2840 0.0034 30.0 0.9514 12.4578 -0.0100
CNRM.ESM2.1 0.9446 0.0203 30.0 1.0146 10.1850 0.0886
MRI.ESM2.0 0.6029 0.0364 30.0 1.0381 10.3754 0.0941
EC.Earth3 1.3651 -0.0059 28.0 1.0541 11.6439 0.0694
MPI.ESM1.2.LR 1.0338 0.0150 29.0 1.0928 7.9728 0.2001
MPI.ESM1.2.HR 1.0821 0.0057 27.0 1.1022 10.1656 0.0738
EC.Earth3.Veg 1.2828 0.0001 26.0 0.9628 12.8857 0.0374
ACCESS.ESM1.5 1.0115 0.0119 29.0 0.9141 9.2185 0.1168
ACCESS.CM2 1.1194 0.0120 31.0 0.9952 11.1257 0.0489
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Appendix B

Markov transition probabilities

B.1 Markov probabilities

The estimated transition probabilities for the Markov condition states for the provinces of

British Columbia, Ontario, Quebec and Nova Scotia are presented here for the RCP4.5 and

RCP8.5 carbon emission scenarios and cover depth of 25, 35 and 60 mm until 2100. The

tables B.1 to B.4 can be used to predict the probabilities and expected bridge condition

states in the future based on the inspected condition state at present.
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Table B.1: Probabilities for British Columbia

Cover
Probab-
ilities

RCP4.5 RCP8.5

2021-
2040

2041-
2060

2061-
2080

2081-
2100

2021-
2040

2041-
2060

2061-
2080

2081-
2100

p1,1 0.6142 0.5885 0.5697 0.5596 0.6129 0.5751 0.5314 0.4963
p2,2 0.8027 0.7909 0.7821 0.7771 0.802 0.7846 0.7621 0.7497

25 mm p3,3 0.4227 0.4136 0.4088 0.4023 0.4261 0.3996 0.3908 0.4069
p4,4 0.4427 0.4368 0.43 0.4321 0.4398 0.4355 0.423 0.4212
p5,5 0.455 0.4582 0.4572 0.4554 0.4565 0.4524 0.4486 0.4561

p1,1 0.758 0.7385 0.7225 0.7119 0.7562 0.7271 0.6838 0.6338
p2,2 0.8856 0.8811 0.8781 0.8752 0.8853 0.8782 0.868 0.8583

35 mm p3,3 0.7562 0.7558 0.7592 0.7574 0.7572 0.7548 0.7542 0.7535
p4,4 0.7462 0.7488 0.7495 0.7481 0.747 0.747 0.7469 0.7473
p5,5 0.7591 0.7614 0.7624 0.76 0.7572 0.7595 0.7596 0.7627

p1,1 0.8948 0.8865 0.8791 0.8734 0.894 0.8804 0.8604 0.8389
p2,2 0.9664 0.9656 0.9649 0.9641 0.9662 0.9649 0.9629 0.9612

60 mm p3,3 0.9432 0.9439 0.9443 0.9438 0.9429 0.9436 0.944 0.9448
p4,4 0.9427 0.9436 0.944 0.9436 0.9422 0.9435 0.9438 0.9448
p5,5 0.9462 0.947 0.9476 0.9472 0.9459 0.947 0.9474 0.9483
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Table B.2: Probabilities for Ontario

Cover
Probab-
ilities

RCP4.5 RCP8.5

2021-
2040

2041-
2060

2061-
2080

2081-
2100

2021-
2040

2041-
2060

2061-
2080

2081-
2100

p1,1 0.6777 0.6361 0.6087 0.5989 0.6695 0.6087 0.5505 0.5061
p2,2 0.8245 0.8110 0.7997 0.7947 0.8223 0.7991 0.7725 0.7526

25 mm p3,3 0.4552 0.4422 0.4386 0.4282 0.4528 0.4231 0.4092 0.4199
p4,4 0.4758 0.4630 0.4580 0.4576 0.4726 0.4572 0.4405 0.4339
p5,5 0.4665 0.4687 0.4691 0.4679 0.4673 0.4641 0.4618 0.4632

p1,1 0.8016 0.7738 0.7546 0.7446 0.7952 0.7542 0.7038 0.6476
p2,2 0.8964 0.8897 0.8852 0.8830 0.8945 0.8845 0.8735 0.8614

35 mm p3,3 0.7580 0.7598 0.7624 0.7603 0.7585 0.7588 0.7607 0.7593
p4,4 0.7488 0.7515 0.7524 0.7522 0.7492 0.7499 0.7498 0.7518
p5,5 0.7606 0.7630 0.7646 0.7633 0.7581 0.7623 0.7633 0.7653

p1,1 0.9123 0.9016 0.8937 0.8884 0.9098 0.8932 0.8700 0.8438
p2,2 0.9685 0.9675 0.9666 0.9658 0.9681 0.9664 0.9641 0.9619

60 mm p3,3 0.9429 0.9440 0.9444 0.9441 0.9425 0.9441 0.9446 0.9455
p4,4 0.9422 0.9435 0.9439 0.9438 0.9419 0.9437 0.9447 0.9455
p5,5 0.9457 0.9468 0.9476 0.9474 0.9453 0.9472 0.9481 0.9490
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Table B.3: Probabilities for Quebec

Cover
Probab-
ilities

RCP4.5 RCP8.5

2021-
2040

2041-
2060

2061-
2080

2081-
2100

2021-
2040

2041-
2060

2061-
2080

2081-
2100

p1,1 0.7340 0.6907 0.6635 0.6474 0.7249 0.6634 0.5893 0.5309
p2,2 0.8391 0.8273 0.8186 0.8114 0.8370 0.8177 0.7895 0.7627

25 mm p3,3 0.4626 0.4579 0.4621 0.4471 0.4627 0.4463 0.4246 0.4215
p4,4 0.4856 0.4786 0.4822 0.4764 0.4862 0.4758 0.4521 0.4470
p5,5 0.4749 0.4781 0.4769 0.4687 0.4727 0.4701 0.4638 0.4698

p1,1 0.8384 0.8104 0.7909 0.7799 0.8319 0.7911 0.7387 0.6787
p2,2 0.9056 0.8986 0.8934 0.8893 0.9035 0.8930 0.8803 0.8674

35 mm p3,3 0.7530 0.7570 0.7614 0.7591 0.7525 0.7582 0.7606 0.7618
p4,4 0.7491 0.7519 0.7529 0.7507 0.7487 0.7496 0.7510 0.7537
p5,5 0.7586 0.7628 0.7635 0.7618 0.7564 0.7608 0.7631 0.7667

p1,1 0.9263 0.9161 0.9081 0.9027 0.9239 0.9080 0.8854 0.8581
p2,2 0.9701 0.9690 0.9680 0.9670 0.9697 0.9678 0.9654 0.9628

60 mm p3,3 0.9412 0.9430 0.9435 0.9430 0.9414 0.9430 0.9441 0.9452
p4,4 0.9408 0.9424 0.9430 0.9426 0.9406 0.9425 0.9440 0.9453
p5,5 0.9441 0.9457 0.9465 0.9461 0.9439 0.9459 0.9475 0.9487
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Table B.4: Probabilities for Nova Scotia

Cover RCP4.5 RCP8.5

2021-
2040

2041-
2060

2061-
2080

2081-
2100

2021-
2040

2041-
2060

2061-
2080

2081-
2100

p1,1 0.7501 0.7172 0.7018 0.6917 0.744 0.6986 0.644 0.5951
p2,2 0.8464 0.8363 0.8329 0.8278 0.8443 0.8311 0.8116 0.7916

25 mm p3,3 0.4488 0.4463 0.4556 0.4483 0.4472 0.4404 0.4215 0.4101
p4,4 0.4635 0.4547 0.4673 0.4605 0.4621 0.4571 0.4434 0.429
p5,5 0.4636 0.4646 0.4662 0.459 0.4645 0.4589 0.4456 0.4536

p1,1 0.849 0.8278 0.8168 0.8098 0.8453 0.8154 0.7783 0.7419
p2,2 0.9098 0.903 0.9006 0.8974 0.9076 0.8995 0.8893 0.8811

35 mm p3,3 0.7422 0.745 0.7513 0.7482 0.7407 0.7469 0.749 0.7551
p4,4 0.7439 0.745 0.7456 0.7436 0.7426 0.7415 0.7432 0.7463
p5,5 0.7516 0.7544 0.7552 0.7528 0.7493 0.7531 0.7521 0.7577

p1,1 0.9306 0.9228 0.9186 0.9154 0.9288 0.9178 0.903 0.8871
p2,2 0.9707 0.9696 0.969 0.9683 0.9702 0.9688 0.9669 0.9651

60 mm p3,3 0.9393 0.9408 0.941 0.9408 0.9389 0.9408 0.9418 0.9429
p4,4 0.9387 0.94 0.9403 0.9401 0.9381 0.9401 0.9413 0.9425
p5,5 0.9419 0.9434 0.9436 0.9433 0.9413 0.9435 0.9446 0.9459
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Appendix C

Formulas for computing risk

C.1 Variance and second moment of damage costs

The second moment of the damaged cost can be defined as follows:

E[(KD(t))
2] = Σ∞

n=1E[(C1e
−ρS1 + C2e

−ρS2 + ...+ CN(t)e
−ρSN(t))2|N(t) = n]PN(n) (C.1)

=

∫
...

∫
0<s(1)<...<s(n)<t

(C1e
−ρs(1) + ...+ Cne

−ρs(n))2

fs(1)...s(n)
(s(1), ..., s(n))ds(1)...ds(n) (C.2)

Since the above expression, the integrand is permutable, the ordered set of arrival time

variables can be converted into an unordered set of variables and the integration can be

carried out as follows:

=

∫ t

0

∫ t

0

...

∫ t

0

(C1e
−ρS1 + C2e

−ρS2 + ...+ CN(t)e
−ρSN(t))2

f(s1)f(s2)...f(sn)ds1...dsn (C.3)
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=

∫ t

0

∫ t

0

...

∫ t

0

(E[C2](e−2ρs1 + e−2ρs2 + ..(n terms)..+ e−2ρsn)+

2(E[C])2(e−ρ(s1+s2) + ..

(
n(n− 1)

2
terms

)
..+ e−ρ(sn−1+sn)))

f(s1)f(s2)...f(sn)ds1...dsn (C.4)

The above equation can be simplified to the following expression:

= µ2C

[
n

∫ t

0

e−2ρsf(s)ds

]
+ µ2

C

[
n(n− 1)

2
2

[∫ t

0

e−ρsf(s)ds

]2]
(C.5)

= µ2C

[
n

∫ t

0

e−2ρsλf (s)

Λf (t)
ds

]
+ µ2

C

[
n(n− 1)

2
2

[∫ t

0

e−ρs
λf (s)

Λ(t)
ds

]2]
(C.6)

=
nµ2C

Λf (t)

[∫ t

0

e−2ρsλf (s)ds

]
+
n(n− 1)µ2

C

[Λf (t)]2

[∫ t

0

e−ρsλf (s)ds

]2
(C.7)

=
nµ2C

Λf (t)
I1(ρ, t) +

n(n− 1)µ2
C

[Λf (t)]2
I2(ρ, t) (C.8)

where, I1(ρ, t) =
[∫ t

0
e−2ρsλf (s)ds

]
and I2(ρ, t) =

[∫ t
0
e−ρsλf (s)ds

]2
. Substituting back and

applying total expectation theorem we get,

E[(KD(t))
2] = Σ∞

n=1

[
nµ2C

Λf (t)
I1(ρ, t) +

n(n− 1)µ2
C

[Λf (t)]2
I2(ρ, t)

]
PN(n) (C.9)

Let us consider each term in the above equation one by one. The first term is expanded

as follows:

Term I = Σ∞
n=1

[
nµ2C

Λf (t)
I1(ρ, t)

]
PN(n) (C.10)

= Σ∞
n=1

[
nµ2C

Λf (t)
I1(ρ, t)

]
e−Λf (t)[Λf (t)]

n

n!
(C.11)

= µ2CI1(ρ, t) = µ2C

∫ t

0

e−2ρsλf (s)ds (C.12)
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Similarly, the second term gives the following.

Term II = Σ∞
n=1

[
n(n− 1)µ2

C

[Λf (t)]2
I2(ρ, t)

]
PN(n) (C.13)

= µ2CI2(ρ, t) = µ2
C

[∫ t

0

e−ρsλf (s)ds

]2
(C.14)

Substituting the terms back in Equation (C.9), the second moment is obtained as:

E[(KD(t))
2] = µ2C

∫ t

0

e−2ρsλf (s)ds+

[
µC

∫ t

0

e−ρsλf (s)ds

]2
(C.15)

= µ2C

∫ t

0

e−2ρsλf (s)ds+ (E[KD(t)])
2 (C.16)

Therefore the variance is obtained as:

V ar[KD(t)] = E[(KD(t))
2]− (E[KD(t)])

2 (C.17)

= µ2C

∫ t

0

e−2ρsλf (s)ds (C.18)

The undiscounted variance can be obtained by putting ρ = 0, in Equation (C.17), as

follows:

V ar[K(t)] = µ2C

∫ t

0

λf (s)ds = µ2CΛf (t) (C.19)

For an HPP, the variances of the discounted and undiscounted LCC reduces to

V ar[KD(t)]HPP = µ2Cλf

∫ t

0

e−2ρsds =
µ2Cλf
2ρ

(1− e−2ρt) (C.20)

and

V ar[K(t)]HPP = µ2Cλf t (C.21)
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C.2 Distribution

It was observed that the distribution of net damage costs for a stationay poisson process

in [84] can be generalized for a NHPP for IID damage costs. The detailed derivation for

this generalization is provided as follows.

For the NHPP failure process Nf (t), the probability of the number of events n in a given

time t, is Poisson distributed with a mean value of Λf (t) can be rewritten in a recursive

format as:

fNf (t)(n) =

e
−Λf (t) n = 0

[Λf (t)]

n
fNf (t)(n− 1) n ≥ 1

(C.22)

The distribution of the undiscounted LCC as given in ?? conditioned on the number

of events Nf (t) = n, is given by the n-fold convolution of the PMF of C, fC(iδ) and which

also can be represented in a recursive format as shown below:

P [K(t) = iδ|N(t) = n] = f
(n)
C (iδ)

=
i∑

j=0

f
(n−1)
C ((i− j)δ)fC(jδ)

(C.23)

where i = 0, 1, 2, ... is the integer multiple of some unit cost δ. Here we use the result

f
(0)
C (0) = 1 and f

(0)
C (iδ) = 0. Using the total probability theorem, the expectation over the

number of failures in time, t, can be expressed as an infinite sum as below:

fK(t)(iδ) =
∞∑
n=0

P [K(t) = iδ|Nf (t) = n]fNf (t)(n)

=
∞∑
n=0

f
(n)
C (iδ)fNf (t)(n)

=
∞∑
n=1

f
(n)
C (iδ)fNf (t)(n), for i ≥ 1

(C.24)

One more useful result that comes to our aid is the recursive formulation of the convo-
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lution of discrete distributions using which f
(n)
C (iδ) in Equation (C.24) can be represented

as follows:
1

n
f
(n)
C (iδ) =

i∑
j=1

fC(jδ)f
(n−1)
C ((i− j)δ) (C.25)

Once, the Equations (C.24) and (C.25) are combined and simplified, the PMF of the

LCC can be obtained as a simple recursive formulation known as Panjer’s recursion used

in reliability analyses [120] as:

fK(t)(iδ) = Λf (t)
i∑

j=1

j

i
fC(jδ)fK(t)((i− j)δ). i ≥ 1 (C.26)

For the case i = 0,the following can be seen:

fK(t)(0) =
∞∑
n=0

P [K(t) = 0|Nf (t) = n]fNf (t)(n)

=
∞∑
n=0

f
(n)
C (0)fNf (t)(n)

=
∞∑
n=0

[fC(0)]
ne−Λ(t) [Λ(t)]

n

n!

= e−Λ(t)

∞∑
n=0

[Λ(t)fC(0)]
n

n!

= e−Λ(t)eΛ(t)fC(0) = eΛ(t)(1−fC(0))

(C.27)

Using a linear mean value function Λ(t), will give the results for an HPP as produced by

[84]. Another thing to note here is that in all the above equations, the limits of integration

can be changed from (0, t) to any other time interval (t1, t2) to obtain the different statistics

of the damage cost in that time interval. This is one of the robust features of NHPP

models.

166


	Examining Committee
	Author's Declaration
	Abstract
	Acknowledgements
	Dedication
	List of Figures
	List of Tables
	List of Abbreviations
	List of Symbols
	Climate Change in Canada: Overview
	Introduction
	Climate Models
	Uncertainties in Climate modeling
	Sources of uncertainties
	Tackling the uncertainties

	Coupled Model Intercomparison Project (CMIP)
	CMIP(Phase 5)
	CMIP (Phase 6)

	Weather variables
	Ambient temperature
	Precipitation and rainfall
	Wind pressures
	Research Objectives
	Thesis organization
	Conclusions

	Non-Stationary Probabilistic Analysis of Extremes
	Introduction
	Extreme Value Theory
	Stationary Extreme Value Distribution (evd)
	Non-stationary evd
	Limitations of NS evd models

	Stochastic process model
	Stationary Poisson process
	Non-Homogeneous Poisson process (nhpp)

	Statistical estimation
	Gumbel model
	nhpp model

	Conclusion

	Non-Stationary Model of Precipitation Events
	Introduction
	Background
	Data

	Base Period -Stationary climate
	Gumbel Extreme Value Analysis
	Stochastic process model

	Future period - Non-stationary Climate
	Non-stationary Gumbel EVA
	Stochastic process model

	Future period : 2070-2100
	Non-stationary Gumbel EVA
	Stochastic process model

	Model Pooling
	Discussion
	Limitations
	Conclusions

	Non-Stationary Model of Heatwave Events
	Introduction
	Background
	Data

	Analysis
	NS Gumbel
	NHPP

	Results
	Estimated Parameters
	Maximum value distributions
	Mean waiting times

	Conclusions

	Concrete Degradation in Changing Climate using Markov Process
	Introduction
	Literature
	Research objectives
	Concrete degradation process and climate change
	Climate projections
	Chloride diffusion
	Carbonation
	Reinforcement corrosion
	Concrete Cracking

	Rate of crack-width increase
	Analysis
	Defining the uncertain parameters
	Markov process model
	Markov condition states and TPM estimation

	Estimation of Markov transition probabilities
	Validation
	Monte Carlo Simulation cases
	Results
	Illustrative example
	Conclusion

	Estimation of Economic Risk
	Introduction
	Literature review

	Model of economic loss
	Case I: IID damage costs
	Expected damage cost
	Second moment and variance of damage cost
	Undiscounted cost
	Distribution of damage cost

	Case II: Time dependent costs
	Moment generating function
	Expected loss
	Variance
	General nth moment

	Simulation based validation of analytical results
	Examples
	Example 1: Tornadoes in Ontario, Canada
	Example 2: Heat wave (HW) in US cities

	Conclusions

	References
	APPENDICES
	Estimated Parameters for Precipitation Analysis
	Stationary case (1950-1990): Benchmark Case
	Non-stationary Case I: 2020-2100 Period
	Non-stationary Gumbel parameters
	NHPP parameters

	Non-stationary Case II: 2070-2100 Period
	Non-stationary Gumbel parameters
	NHPP parameters


	Markov transition probabilities
	Markov probabilities

	Formulas for computing risk
	Variance and second moment of damage costs
	Distribution


