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Abstract

Magnetic levitated planar motors employ electromagnetic force to levitate and manipulate
the movers. They have the characteristics of multi-degrees-of-freedom motion, contactless
operation, high precision and high acceleration. They have shown great potential in the
area of flexible manufacturing, material transportation and photolithography. Maglev Mi-
crorobotics Laboratory at the University of Waterloo has proposed a novel electromagnetic
design with stationary square coil arrays and a 2D Halbach array mover. With this elec-
tromagnetic design, two platforms are fabricated and tetsed, the maglev test bench and
the maglev floor. The maglev test bench is a 64-coil platform with a levitation area of
0.6 m by 0.6 m, which is a pilot project of the maglev floor. The maglev floor is a 768-coil
platform, whose levitation area is 2.4 m by 1.8 m. The maglev floor allows the tests to be
closer to real-life manufacturing. The contributions of this thesis include the mover design,
force and torque modeling between the mover and the coils, system integration, levitation
implementation and advanced control for mover path tracking.

This thesis proposes a novel lookup-table-free data-driven method to model the force
and torque on a 2D Halbach array when the magnet array is above a stationary coil. One
critical contribution is the rapid and accurate force and torque modeling when the coil is
located near the edge of the 2D magnet array. First, the area under the 2D Halbach array
is divided into a central region, edge regions, and corner regions. Then, nonlinear force
and torque components are identified and modeled with a modified third-order Fourier
series for force and torque modeling. The proposed model is implemented on an industrial
server, and the average computation time is measured to be 2.3 µs. This model is universal
for symmetric coils, verified through experimental measurements with circular and square
coils of different sizes. The measurement result agrees well with the proposed modeling
method, showing that the proposed method is suitable for real-time control of the maglev
planar motor.

With accurate force and torque modeling, a new 2D Halbach mover is designed and
fabricated. The coil dimensions are identified by the Fabry Factor, optimizing its magnetic
flux density over the working area. For the mover, instead of directly aligning a magnetic
pole with the coil center, a study area is identified to represent the entire levitation area.
Then, the mover dimensions are identified through the analysis of energy efficiency, load-
carrying ability and maximum horizontal force. A lightweight mover case with a cross
feature on the top is designed to control the mover deformation down to 0.02 mm. Vicon
visual markers are attached to the mover for the camera to measure the mover’s location.

The modular test bench, including current amplifiers, coils, programmable logic con-
troller and Vicon motion cameras, is then integrated and tested for levitation. A direct

iv



wrench and active coil selection method is used to decouple the force and torque and de-
termine the coil currents. With the force and torque model and the active coil selection
method, the mover can move across different sets of active coils for long-stroke movement.
Lastly, experimental validation results are presented. On the magelv test bench, the mo-
tion range is ±120 mm in the horizontal directions. The platform is validated to have a
full 360° range of yaw motion. The motion precision reaches 0.01 mm for the translational
directions. The motion precision for the roll and pitch is 5 mdeg, and for yaw is 2 mdeg.
Experiments are also conducted on the maglev floor. The mover’s motion range is validated
to be 2000 mm by 700 mm in the horizontal plane with a full yaw rotation range. The
motion precision is 0.03 mm for the translational directions and 10 mdeg for the rotational
directions. The maximum speed on both platforms are validated to be 500 mm/s for the
translational motion and 75 deg/s for the yaw motion.

A novel predictor-based model predictive control is proposed to improve the tracking
performance of the maglev planar motor. A Kalman filter and finite spectrum assignment
based on an augmented system model are employed to forecast mover’s location by com-
pensating for the system delay due to data transmission and processing. The predicted
location is fed back to model predictive control for control optimization under the limit of
coil currents. Hildreth’s quadratic algorithm is then applied to solve for the optimal control
effort within the constraints. Comparative experiments demonstrate the effectiveness of
the proposed control strategy, the total tracking error of which is much smaller than the
result of a proportional-integral-derivative controller and standard model predictive con-
trol in all tests. Additionally, experimental results show that the proposed predictor-based
model predictive control can tolerate higher speeds of the mover while retaining mover’s
steadiness. The experimental results suggest the proposed predictor-based model predic-
tive control is an effective path-tracking strategy for magnetic levitated planar motors
subject to delays.
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Chapter 1

Introduction

In this chapter, an introduction to existing flexible manufacturing technologies and mag-
netic levitation are given. The goal of the thesis is to investigate using the magnetic levi-
tated motors for flexible conveying. The details goals and contribution are then presented
in section 1.3. Lastly, the layout of this thesis is introduced in section 1.4.

1.1 Introduction to Flexible Manufacturing

A flexible manufacturing system is designed to provide manufacturers with the ability to
quickly adjust their production schedules and products to meet market demands. Flexible
manufacturing systems offer flexibility in several key aspects [92]: 1. Part variety: the
capability of the system to produce different kinds of parts in different volumes. 2. Schedule
change: if the system can perform different manufacturing tasks in changing schedules. 3.
Error recovery: if the system can rapidly detect errors and if the system can elegantly
recover from a breakdown. 4. New part test: if new part designs can be easily added
to the existing production line. Compared to traditional manufacturing systems, flexible
manufacturing systems offer significant advantages in adaptability and responsiveness to
changes in product specifications, production volumes, and customer demands. It suits
cases involving lower volume production, highly customizable products, and a dynamic
market environment.

A flexible manufacturing system often contains the following elements: a central com-
puter, machining stations, assembly stations, loading/ unloading systems, storage systems,
conveying systems, human-machine interface and human-in-the-loop. The conveying sys-
tem is crucial for system flexibility. It is expensive and time-consuming to modify the

1



(a) Flexconveyer [63] (b) KARIS [43]
(c) E-shaped Cellular conveyor
[45]

(d) Hexagonal omnidirectional wheeled con-
veyor [77]

(e) Small-scaled swivelling roller modules em-
bedded in a module matrix [49]

Figure 1.1: Designs for flexible conveyors.

layout of traditional conveyors since this process requires complicated mechanical and
electrical modifications. Therefore, various flexible conveying systems have been designed.
As shown in Figure 1.1a, Stephan [63] proposed a modular conveyor system named Flex-
conveyor. Each module can convey the four cardinal directions via belts. The modules
can be randomly connected and can continuously exchange information with the adjacent
modules to rapidly show routing information and achieve decentralized control. As shown
in Figure 1.1b, KARIS is one of the extended designs of Flexconveyor [43]. With a similar
belt conveying design on the top, each module is equipped with omnidirectional wheels,
allowing rapid change of the overall layout of the conveying system.

Other than belt conveying systems, there are Cellular systems to deliver objects with
Omni wheels. In Figure 1.1c, an e-pattern cell is presented [45]. This particular design
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(a) Microfactory with electromagnetic conveyor [8] (b) Micro-conveyor [28]

Figure 1.2: Designs for micro maglev conveyors.

allows the system to deliver the objects in x and y direction with a centralized control
type. Similarly, a hexagonal omnidirectional wheeled conveyor is shown in Figure 1.1d
[77, 30]. Lastly, there is a conveyor with individual small swivelling rollers design [49]. The
size of each module is much smaller than the goods, and each module has multi-directional
functionality for maximum flexibility. This system is shown in Figure 1.1e.

Magnetic levitation (maglev) has the unique character of no friction, high precision
and low maintenance. Therefore, there are active investigations into using electromagnetic
platforms for flexible manufacturing. Roberval Laboratory presented a smart surface with
1D Halbach arrays and linear coil stators [20, 8]. The surface can support multiple movers
with three degrees of freedom (DOF). The total displacement area is 70 mm by 70 mm,
the maximum rotation of each mover is ±13°, and the maximum travel speed is 12 mm/s
at a current of 0.8 A. This design is shown in Figure 1.2a. Another design for a micro-
factory conveyor is shown in Figure 1.2b [28, 78]. This design applies linear PCB coils and
a small cuboidal magnet array. This design has demonstrated limited motion range, and
the position accuracy is around 0.5 mm.

There is also research regarding magnetic conveyor systems on a bigger scale. Zhang
[100] proposed a maglev precision stage named Magtable, which can achieve six-DOF
motion with a long stroke in the horizontal direction. The mover consists of disk magnets,
and the stator is square coils. The position resolution of this system can reach 0.1 mm.
The motion range is demonstrated to be 400 mm by 200 mm in the horizontal plane. The
levitation height is validated to be 20 mm. Lu [58] proposed a six-DOF planar (MLPM)
with an extendable motion range in the horizontal plane. This design can be used to
deliver objects in lab or manufacturing settings. Other than academic research, there are
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(a) Planar motor by Planar Motor Inc. [2] (b) Xplanar by Beckhoff [3]

Figure 1.3: Commercial MLPM.

also commercial products promoting maglev technology for flexible manufacturing [2, 3]
shown in Figure 1.3. These products offer flexible assembly and routing. They can achieve
a maximum speed of 2m/s with a levitation height of 4 mm. The maximum load depends
on the size of the mover. For a 23 cm by 23 cm mover, the maximum load is about 4 kg.

1.2 Introduction to Magnetic Levitation

Maglev uses electromagnetic force to manipulate the end effector. The principle of maglev is
converting the magnetic energy to the kinematic energy of the manipulated object remotely
via the magnetic field. The electromagnetic force can counter the gravitational force of the
manipulated object to achieve levitation. They have special characteristics of non-contact,
frictionless and highly precise. Therefore, they have wide application in magnetic bearing
[75, 33], 3D printing [50, 51, 32], manipulation of microbot [26, 44, 52], transportation
[55, 65], haptic devices [11, 68, 67] and precision stages [24, 37].

The focus of this thesis is on the MLPM. The MLPM can be divided into two kinds
based on the mover type: permanent magnets mover [100] or coil mover[99, 16]. The coil
mover system could provide accurate positioning and easy force decoupling. However, a
power cable must be attached to the mover so that this design has only a limited range
in the horizontal direction. Besides, an additional design for heat dissipation would add
weight to the mover, which requires larger power to levitate the mover. The maximum
power of the coils is usually limited. A planar motor with permanent magnet movers is
more suitable for the purpose of flexible manufacturing. With no power cables attached to
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the mover, the movers can travel expandable motion ranges. The collaboration between
the movers will be easier since the problem of tangled power cables is avoided. Besides, the
coils will be stationary. This allows the usage of bigger-sized, higher-powered coils with
cooling design for higher-system performance.

1.3 Objectives and Contributions

In this thesis, a 2D Halbach array is designed for levitation with stator of square coils.
Then, the electromagnetic system is integrated for the levitation experiments. Lastly, the
system path tracking performance is improved with the PMPC controller.

The design of the electromagnetic stator is completed as prior work by Dr. Xiaodong
Zhang and Dr. Chanuphon Trakarnchaiyo. The fabrication and the assembly of the two
platforms were completed by Dr. Xiaodong Zhang, Dr. Chanuphon Trakarnchaiyo, Curtis
Stewart, Dr. Hassan Askari, Dr. Moslem Sadeghigoughari and myself. The work of system
integration, including control algorithm implementation, current decoupling algorithm in-
tegration and motion capture via Vicon camera, is a collaborative work by Curtis Stewart
and myself.

1.3.1 Objectives

This thesis focuses on using the MLPM as a conveyor for flexible manufacturing. To achieve
this goal, the following research objectives should be fulfilled:

1. A mover should be designed and made to fulfill the optimization goal.

(a) Develop a method to compute the force and torque between the 2D Halbach
array and a coil.

(b) Identify the mover geometry satisfying the optimization goal given the coil ge-
ometry.

(c) Design a lightweight mover case to reduce mover deformation.

2. Complete the system integration of maglev test bench and maglev floor and conduct
levitation experiments.

(a) Integrate the system hardware, including coils, power amplifiers, Vicon motion
cameras and the Beckhoff industrial computer.
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(b) Implement the current decoupling algorithm.

(c) Conduct preliminary levitation experiments on maglev test bench.

(d) Implement the levitation strategy on maglev floor.

3. A proper control strategy for the mover to track a prescribed path should be imple-
mented.

(a) The controller should compensate for the system delays.

(b) The controller should find the control effort for the path tracking within the
critical limitations of the coil current.

1.3.2 Contributions

The following contributions are achieved in this research:

Contribution 1: A novel real-time data-driven force and torque modeling on a 2D Halbach
array by a symmetric coil is proposed and validated.

Finding the force and torque contribution of each coil on the mover is critical for the control
of a MLPM. In the existing literature on 2D Halbach movers, the force and torque can
be found by either a lookup table or in real-time with the harmonic model of magnetic
flux density. However, a lookup table for multi-dimensional motion control occupies large
system memory, and the harmonic model cannot model the end effect of the 2D Halbach
array. Therefore, an accurate and fast force and torque model, including the end effect, is
highly desired. A novel data-driven method is proposed, and it meets all the requirements.
It is found that each computation only takes 2.3 µs, and the measurements agree well with
the computation result, making this method effective for the control of a MLPM.

Contribution 2: A novel mover geometry optimization method is proposed. A mover is
designed and levitated using this method.

A common optimization method for the mover geometry is to place a coil right under a
south or north pole of the mover, then identify the parameters to maximize the force.
However, the edge effect of the 2D Halbach array, the current decoupling method and the
relative location of the coil in the mover coordinates are not considered in the existing
analysis. The newly proposed optimization method first identifies a study area, and solves
for all the current maps. Then, the average power consumption and the average maximum
horizontal can be identified accordingly. A mover is designed and fabricated with the
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proposed method. Levitation experiments are conducted, and the results agree well with
the optimization expectations.

Contribution 3: A novel active coil selection method is incorporated to the current
decoupling, achieving extendable planar motion range and infinite yaw rotation of a 2D
Halbach mover.

For MLPM with 2D Halbach mover, it is found in the literature that they can only travel for
a limited motion range. A method for extendable planar motion range is desired. There-
fore, a novel active coil selection method is proposed, incorporating the inverse wrench
decoupling method. The method considers the contribution of each coil individually, en-
abling compensation for coil position error and gaps in coil modules, loosening fabrication
tolerances. Experimental results show the proposed method can switch the mover between
different active coil sets in the planar direction. Also, it is validated that this method
allows infinite yaw rotation of the mover.

Contribution 4: A predictor-based model predictive controller (PMPC) is implemented
and validated to improve the system tracking performance, as well as the steadiness and
maximum speed.

For a MLPM, accurately tracking a prescribed path is desired. One thing to notice is that
the control strategy should incorporate the critical coil current limits. Therefore, the model
predictive control (MPC) is implemented on the MLPM since it can solve the optimal con-
trol effort with the optimization window under the coil current constraints. A predictor
is added to the MPC design to compensate for the constant system delay. Comparative
experiments show that the proposed PMPC effectively reduces the tracking error. Addi-
tionally, experimental results show that the proposed PMPC control can tolerate higher
speeds of the mover while retaining the mover’s steadiness.

1.4 Thesis Outline

The remaining chapters in this thesis are organized as follows:

Chapter 2 reviews the literature regarding various MLPMs by the mover, including
disk magnet mover, 1D Halbach array mover, 2D Halbach array and rotary mover. Then,
the force and torque modeling method between the coils and the permanent magnets is
introduced.
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Chapter 3 explains the levitation principles of the maglev system. First, three coordi-
nates are introduced to describe the system. Then, magnetic node and harmonic expres-
sions are introduced to calculate the magnetic flux density of a 2D Halbach array. Lorentz
force rule is used to solve for the force and torque on the mover.

Chapter 4 presents the real-time data-driven force and torque modeling method. Based
on the characteristics of the 2D Halbach array, the area under the array is divided into a
center region, four edge regions and four corner regions. The force and torque equations are
given for each region. Lastly, the proposed method is validated by comparing the model
prediction, numerical results and actual measurements.

Chapter 5 shows the electromagnetic design of the coil and the 2D Halbach array. The
coil dimension is optimized with the Fabry Factor. Then, the 2D Halbach array geometry
is selected based on the energy efficiency, maximum load and average horizontal thrust
within the area of study. Lastly, a lightweight mover case is designed to prevent the mover
from bending.

Chapter 6 demonstrates the system integration details. The details regarding the cam-
era system, modular stator design, proportional–integral–derivative (PID) controller de-
sign, and current decoupling methods are explained. Then, the levitation specifications on
the test bench and the maglev floor are presented.

Chapter 7 shows the PMPC control implementation on the maglev system. Kalman
filters are used to estimate the mover location and speed. Then, the system delay is
compensated by finite spectrum assignment. With the delay-free state prediction, a MPC
is employed to solve for the optimal control effort within the optimization window under the
critical coil constraints. Comparative experiments are conducted to show the effectiveness
of the proposed system in path tracking.

Chapter 8 concludes the current research and suggests future works.

8



Chapter 2

Maglev Planar Motors in Literature

In this chapter, a comprehensive literature regarding the magnetic levitated stages are
presented. Then, methods used to compute the force and torque between permanent
magnets and coils are reviewed.

2.1 System Design

2.1.1 Disk Magnet Mover

A disk magnet mover system refers to a maglev system whose mover consists of one or more
disk magnets. Maglev systems with disk magnets are investigated because disk magnet
movers have much bigger levitation height than Halbach arrays. The maximum levitation
height found in the literature is 30 mm [100]. Therefore, maglev systems with disk magnets
mover offer more flexibility in the motion range and rotation capabilities, and it can be
more beneficial for applications like haptic devices. Due to the axial symmetric feature of
a disk magnet, a single magnet mover has no control over the yaw rotation. A mover with
more than one disk magnet can achieve full six-DOF control.

As shown in Figure 2.1a, Berkelman [12] has proposed a maglev system with two disk
magnets as the mover with circular coils as the stator. This system has a motion range of
80 mm by 80 mm by 25mm. The maximum current of each circular coil is 3 A in DC. A
motion capture system with LED infrared lights is used. In [13], the sensing system of this
setup is redesigned with photodiodes to reduce the cost. In [64], their system is redesigned
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(a) MLPM with two disk magnets [12]
(b) MLPM with unlimited ro-
tation [64]

(c) Magtable [100]

Figure 2.1: Maglev systems with disk magnet movers.

to a ball-shaped mover with six disk magnets on each side, shown in Figure 2.1b. This
design is proven to have an unlimited rotation range.

Magtable [100] is propsoed by the University of Waterloo, shown in Figure 2.1c. The
stator is redesigned to square coils to enhance the magnetic flux density over the working
area. This system achieved a working area of 400 mm by 200 mm 30 mm. The rotation
range is ±6° in roll and pitch and ±12° in yaw rotation. Lai [54] from National Taiwan
University also validated the design with a mover of 29 disk magnets and circular coils.

2.1.2 1D Halbach Array Mover

1D Halbach array has been investigated as a mover for the maglev system since the mag-
netic flux density of this design can be found analytically. Accordingly, the analytical force
and the torque of each coil can be found in real-time. This mover usually consists of four
1D Halbach arrays. Each 1D Halbach array is considered as a forcer, which can provide
a vertical force and a horizontal force. With four forcers, the mover can achieve six-DOF
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(a) MLPM with 1D Halbach
array [42]

(b) MLPM with extended mo-
tion range [58] (c) MagPAD [104]

(d) MLPM with repeating
square coil array [103]

(e) System with 1D Halbach mover and rectan-
gular coils [70]

Figure 2.2: Maglev systems with 1D Halbach array movers.

movement with a simple current decoupling algorithm. However, the overall magnetic flux
density is limited since there is an open area in the mover without any magnets.

As shown in Figure 2.2a, the world’s first maglev stage that provides accurate posi-
tioning in six DOF was developed by Kim in 1999, [42]. The mover is made up of four
orthogonal linear Halbach arrays, which can provide force in two directions with rectangu-
lar coils to achieve six-DOF motion. This system achieves a motion range of 50 mm by 50
mm. The stage operates with a positioning noise of 5 nm in the horizontal direction and
can realize an acceleration of 1G. This system shows that the MLPM has great potential
for next-generation semiconductor manufacturing.

This design was further improved by the Precision Mechatronics Lab at the University
of British Columbia in 2012 [58] and A*STAR in the Singapore Institute of Manufacturing
Technology in 2019 [104]. Precision Mechatronics Lab replaces the rectangular coil with the
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linear printed circuit board (PCB) to extend the motion range in the horizontal direction
to several meters, as shown in Figure 2.2b. What’s more, the PCB contains several layers
of coils so that more force can be provided. However, the levitation height is limited to
around 2.5 mm above the stator. This long-stroke, six-DOF system allows more expansive
application fields, including flexible manufacturing or clean room conveying. A*STAR’s
design is about further improving the accuracy, as shown in Figure 2.2c. Other than the
four primary rectangular coils and linear Halbach array, four secondary rectangular coils
and linear Halbach array are added, making the system a dual-stage system. Primary coils
are responsible for coarse movement, and secondary coils are responsible for finer control.
The primary and secondary Halbach arrays on the mover are connected with a spring
damper system. In the test of a 2 mm linear motion profile, the primary position error is
4 µm, and the secondary position error is reduced to less than 0.5 µm.

Zhu [103] from A*STAR lab proposed a system with a 1D Halbach array and repeating
square coils, shown in Figure 2.2d. This design uses 8 phase coil currents to control
the force over the mover. This mover can also travel across different active coil sets for
unlimited stroke in the horizontal direction. The maximum speed tested for the mover in
the horizontal direction is tested to be 100 mm/s. Besides using repeating square coils,
Wuhan University proposed a design with rectangular coils [70] shown in Figure 2.2e.
However, this design can offer a limited motion range.

2.1.3 2D Halbach Array Mover

2D Halbach arrays have been widely investigated for maglev systems since this arrangement
can concentrate the magnetic flux density over one side. Combining the 2D Halbach array
with different coil designs, the planar movers can all achieve six-DOF movement with
great energy efficiency. In 2004, Compter [18] proposed an electro-dynamic planar motor
(EPM). As shown in Figure 2.3a, this design combines the 2D Halbach array along with
rectangular coils. Each coil group contains 3 coils and three-phase current is used to control
the motion. A similar design is also seen in [99]. In 2008, a contactless planar actuator
with a manipulator (COPAM) is developed by Boeij [22]. As shown in Figure 2.3b, this
design uses repeating circular coils.

The design was further improved in 2008 [40]. The rectangular coils align in a Her-
ringbone layout for the best power dissipation and force and torque ripples, shown in
Figure 2.3c. The system is tested with a levitation height of 1.5 mm. The tracking error of
the planar actuator is 30 µm and 100 µrad at full speed (1.4 m/s) and full acceleration (1.4
G). At standstill operation, the root mean square error (RMSE) of tracking is less than
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0.1 µm and 1 µrad. The design of EPM, COPAM, and HPPA are compared and analyzed
in [71]. The HPPA design has the smallest energy consumption among all the tasks and
the deformation of its translator shows similar direction dependency.

Upon the HPPA layout, the University of Eindhoven designed a double-layer planar
motor (DLPM) [74, 19]. The stator contains two layers of stationary coils, and the coils are
optimized based on dissipated power and magnet plate deformation, shown in Figure 2.3d.
From the simulation, the DLPM’s dissipated power is 4% lower than HPPA during the
static simulation and 8% higher than HPPA during the dynamic simulation. High-order
harmonic content is very limited. The maximum temperature of DLPM is 2% lower than
HPPA.

In 2008, Ueda [81] from the University of Tokyo presented a novel design for three-
DOF motion (large yaw and translational displacement) with a planar Halbach array and
directorial armature conductors. The current-carrying wires are arranged on a double-
layered PCB as the stator. The horizontal gap between each conductor equals two times
the magnet pitch. For this design, the force and torque can be analytically decoupled in
real-time. In the experiment, the levitation height is 0.635 mm, with XY displacement of
20 mm and 10° yaw displacement.

2.1.4 2D Permanent Magnet Array Mover

Other than 2D Halbach array, 2D permanent magnet array can also be used as movers.
The 2D permanent magnet array usually contains square magnets in alternating directions.
The advantage of this design is it allows multi-phase current control and it has a lighter
weight than 2D Halbach array. Two systems with different coil and magnets sizes [7, 98]
are shown in Figure 2.4.

2.1.5 Rotary Mover

In 2017, Dyck [29] from the University of British Columbia proposed a rotary table with
six-DOF motions for precision micromachining applications, shown in Figure 2.5b. The
mover is a linear Halbach array in a circular configuration, and the stator is the linear
current carrying wires on a printed circuit board (PCB) with five radial directions. Four
three-phase amplifiers are used, and each amplifier can produce two forces in horizontal and
vertical directions. The experiments suggest this design can offer limited motion range in
three translational directions, limited rotation in the roll and pitch directions and infinite
and fast rotation in the yaw direction. A larger bandwidth of 550 Hz is found in the
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(a) EPM [18] (b) COPAM [22] (c) HPPA [40]

(d) DLPM [74]
(e) System with 2D Halbach mover and linear
coils [81]

Figure 2.3: Maglev systems with 2D Halbach array movers.
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Figure 2.4: 2D permanent magnet array systems [7, 98].

yaw direction. As shown in Figure 2.5b, Wuhan University proposed a novel design with
circular permanent magnet array and vertical rectangular coils [59]. This design allows
simple current and force decoupling. There are 24 coils in total and 8-phase currents are
given.

2.2 Force and Torque Modeling

For motion control of a MLPM, the current commutation algorithm decouples the force and
torque and current at every sampling period. Therefore, accurate and real-time modeling
of force and torque between driving coils and the mover is critical. For ironless type of
MLPM, Lorentz force is used to model the force and torque on the mover. Lorentz force
computes the force on the current carrying wires in the magnetic field. Therefore, the
first step to compute the force and torque is to calculate the magnetic flux density of the
permanent magnet. Bancel proposed a magnetic node method to calculate the magnetic
flux density [9]. This method assumes the relative permeability of the permanent magnets
to be unity, and it can compute the magnetic flux density to a good precision [93, 48].
The magnetic surface charge method offers higher precision and faster speed than the
magnetic node method [6]. The magnetic node and the surface charge can be used to
find the magnetic flux density of geometry. Due to the special geometry of the Halbach
arrays, harmonic expressions can be used to estimate the magnetic flux density. For the
1D Halbach arrays, [89] and [47] provided the analytical solution. For the 2D Halbach
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(a) Maglev rotatory motor with lin-
ear coils [29]

(b) Maglev rotatory motor with 8
phase rectangular coils [59]

Figure 2.5: Maglev rotatory motors.

array, Boeij [21] proposed a harmonic expression to compute the magnetic flux density.

It is possible to calculate the Lorentz force and torque between the mover and the stator.
However, this volume integral could be time-consuming to solve. Therefore, it is common
to find the values and store them in a lookup table. In [100, 87], the magnetic flux density
is found by the magnetic node and the Lorentz force is solved with Gaussian quadrature
approximation. Besides, Rovers used the magnetic node to find the magnetic flux density
and solve the Lorentz force by approximating the coil to be four straight segments [73].
Similarly, the magnetic flux density is found via the surface charge model and the Lorentz
force is solved by the fine mesh of the coil in [39]. Other than computation, it is also
possible to find the force and torque values through direct measurement [53] or finite
element analysis [12]. The usage of lookup tables solves the problem of time-consuming
force and torque computation. Also, the values will be more accurate since there is not
any time limit when finding each entity. However, the size of the lookup table is influenced
by the table mesh. Although the size of the table can be reduced based on the repeated
magnet geometry [23], the table is still enormous to support the multi-DOF motion.

To avoid using lookup tables, many efforts are made to compute the force and torque
in real-time. For maglev systems with 1D Halbach mover and 2D Halbach mover, there
are some achievements. The force and torque between linear coils and 1D halbach array
can be found in real time [58, 41]. This design is capable of extended motion range in the
horizontal plane. Xu [85] solves the analytical force and torque between a carrier with 1D
Halbach array and rectangular coils. An analytical solution including the yaw angles is
included.
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For 2D Halbach arrays, their magnetic flux density can be modeled with harmonic
expressions. Therefore, the analytical force and torque can be found in real-time. One
method is to simplify a rectangular coil to four straight segments [39, 94]. With the
harmonic expressions of the magnetic flux density of a 2D Halbach array, [69] proposed a
method to compute the circular segment of a coil, and [56] proposed a method to compute
the force and torque of a circular coil in 15 µs. A major limitation of the harmonic
expressions is it cannot predict the edge effect of the 2D Halbach array. The usage of
the coils in the edge area is not possible. There are also methods to compute the force
and torque, including the edge effect. Numerical solutions of force and torque modeling
were successfully implemented in real-time on field-programmable gate array (FPGA) [86].
However, it is difficult for FPGA-based systems to work with large-scale coil set. Besides,
Yuan proposed an analytical expression for force and torque modeling under the end effect
by modeling the magnetic flux density with Fourier series [95]. However, to achieve accurate
modeling, high-order Fourier series is required, and the resultant analytical solution of the
volume integral could be lengthy and time-consuming.
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Chapter 3

Principles Of Maglev

The proposed system uses a square coil array as the stator and a 2D Halbach as the mover.
The repulsive force from the stator coils levitates the 2D Halbach array for long-stroke
motion. 2D Halbach array is applied as the mover because it can concentrate the magnetic
flux density over one side, leading to higher energy efficiency. Schematics of the magnetic
flux density of 1D and 2D Halbach arrays are shown in Figure 3.1. In this chapter, the
principles for the maglev planar motor are introduced. First, the coordinate systems and
parameters needed are introduced in this section. Then, the magnetic flux density modeling
and the Lorentz force rule are introduced.

3.1 System Coordinates

Three coordinate systems are needed for the proposed setup, shown in Figure 3.2. The
origin of global coordinate system [Xg, Yg, Zg] is located at the center of the coil array, at
the same height as the top surface of the coils. The location of the mover and a coil in
the global coordinates are named as m⃗g = [mg

x,m
g
y,m

g
z] and c⃗g = [cgx, c

g
y, c

g
z]. The origin of

the mover coordinate system [Xm, Ym, Zm] is located at the center of the bottom surface
of the 2D Halbach array. The location of a coil in the mover coordinates is named as
c⃗m = [cmx , c

m
y , c

m
z ]. cmz is the vertical distance between the coil and the mover. On each

coil, there is a coil coordinate system [Xci, Yci, Zci], i ∈ {1, 2...nc}. nc is the total number
of coils. The coil coordinates are located at the center of the top surface of each coil.

All coordinate systems are parallel. The mover has six-DOF motion. To find the
global force and torque from each coil, the coil locations should be converted from global
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Figure 3.1: (a) Schematic of a 1D Halbach array layout and its magnetic field [1] (b)
Schematic of a 2D Halbach array layout and its magnetic field.

coordinates to the mover coordinates. Euler angles are applied to describe this conversion.
The roll (x-axis rotation), pitch (y-axis rotation) and yaw (z-axis rotation) angles are
denoted with α, β and γ respectively. A composition of three intrinsic rotations is defined
in the order of XYZ. The coil location in mover coordinates can be found as

c⃗m = Rm
g (c⃗

g − m⃗g), (3.1)

where
Rm

g = Rg
m

T = (RxRyRz)
T = Rz

TRy
TRx

T , (3.2)

Rx =

1 0 0
0 cos(α) − sin(α)
0 sin(α) cos(α)

 ,

Ry =

 cos(β) 0 sin(β)
0 1 0

− sin(β) 0 cos(β)

 ,

Rz =

cos(γ) − sin(γ) 0
sin(γ) cos(γ) 0

0 0 1

 .
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Figure 3.2: System coordinates, top view.

3.2 System Parameters

The geometry parameters are shown in Figure 3.3. The mover has a six-by-six layout, and
the height of the 2D Halbach array is hm. The pole pitch distance is denoted as τ , and the
width of the magnets with Zm magnetization direction is denoted as τm. The remanence
of the magnets is Br. The height of the coil is denoted as hc. The outer and inner width
of the coil is denoted as lc and sc. The bundle width is wc, and the number of turns is N .

3.3 Magnetic Flux Density Modeling

The magnetic nodes and the harmonic expressions are presented to model the magnetic
flux density of a 2D Halbach array.

3.3.1 Magnetic Nodes

To obtain the magnetic flux density of the magnet array, the Halbach array is modeled
with magnetic nodes, which was originally proposed in [9]. The magnetic nodes model is
deduced from the magnetic surface charge model [93] by assuming the relative permeability
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Figure 3.3: System layout with a single coil (a)bottom view (b)side view.

of the permanent magnets to be unity. Using the magnetic nodes method, one could ana-
lytically model the magnetic flux density of a Halbach array with good precision, including
edge area. The magnetic nodes model for a single cuboidal magnet with Y direction mag-
netization (shown with arrow) is shown in Fig. 3.4. The equations for the magnetic flux
density are

Bxk =
ϵk
4π

ln(−yr +
√

x2
r + y2r + z2r ), (3.3)

Byk =
ϵk
4π

ln(−xr +
√
x2
r + y2r + z2r ), (3.4)
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Figure 3.4: Magnetic nodes model on a cuboidal magnet with Y direction magnetization.

Bzk =
ϵk
4π

arctan

(
xryr√

x2
r + y2r + z2r

)
, (3.5)

where index k denotes each node, xr, yr and zr are equal to xm − xk, ym − yk and zm − zk
respectively. ϵk is the magnetic charge. Its absolute value equals Br, the remanence of the
permanent magnet, and its sign changes based on the location of the node. Bxk, Byk and
Bzk are the magnetic flux density of each node in the Xm, Ym and Zm direction.

3.3.2 Harmonic Expressions

Other than the magnetic nodes approach, the harmonic expressions can accurately predict
the magnetic flux density only under the central region of a 2D Halbach array. The
relative permeability µr of permanent magnets is assumed to be one. The actual µr of
NdFeB permanent magnet is 1.03-1.05. µ0 is the permeability of free space. The equations
for harmonic expressions [39] at point p⃗m in the mover coordinate is
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where
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k and l are harmonic numbers. mt and mb are the height of the top and bottom of the
Halbach array. This equation can be further simplified by assuming the harmonic number
for both X and Y directions to be 1. Then, the model becomes:

B⃗m(p⃗m) = −µ0K
′e
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 , (3.7)

where

K ′ =
4Br

π4µ0
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2πmt
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√
2πmb
τ )(π sin

τmπ

τ
−
√
2 cos

τmπ

τ
+
√
2τ).
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3.3.3 Magnetic Flux Density Verification

The harmonic model and the magnetic nodes method are implemented on a six-by-six
Halbach array, whose pole pitch is 1.5 inches, pole is 2 inches, and thickness is 0.5 inches.
With the implementation of the methods, a 2D Halbach array of any size can be easily
found. The magnetic flux density is calculated along an arbitrary line, whose starting point
is pmx = 3.5 mm, pmy = 10.5 mm and ending point is pmx = 192.5 mm, pmy = 37.5 mm in the
mover coordinates. The testing line is parallel to the mover with a height of -25mm. Three
methods, magnetic node, first order harmonic and third order harmonic, are implemented.
Their results are compared to ANSYS simulation results.

As shown in Figure 3.5, the magnetic node can nicely predict the magnetic flux density
along the entire line, while the harmonic model can only predict the magnetic flux density
at the central end. The RMSE between the ANSYS simulation and the magnetic node
model is 0.003T across the whole line. The harmonic model can only model the magnetic
field under the central region (0-120 mm) of the Halbach array. In the central zone, the
RMSE of the first and the third harmonics model are 0.0081T and 0.0033T, respectively.
The third harmonics model’s performance is similar to the magnetic node. The first-order
harmonic model can predict magnetic flux density with some errors.

3.4 Lorentz Force and Torque

With the external magnetic field information, the Lorentz force F of a coil can be found
by taking the volume integral of the cross product of current density J and the magnetic
flux density B. The force on the magnet array has the same amplitude and the opposite
direction. The equation for force on the carrier is

F = −
∫∫∫

J×B dV, (3.8)

where dV is the volume integral of the conductor and × is the cross product. The torque
on the magnet array T is the integral of cross product of torque arm and the force. The
equation for torque on the magnet array is

T = −
∫∫∫

r× (J×B) dV, (3.9)

where r is the distance from the center of the computing element to the center of mass of
the 2D Halbach array.
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Figure 3.5: Comparison between magnetic field between ANSYS, magnetic node and har-
monic model along the same line.
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In this study, numerical methods are applied to compute the volume integral. Cuboidal
mesh is used for the straight sections of the coil, and the trapezoidal mesh is used at the
rounded corners. The mesh size is within 1 mm, and the coil current input is 1 A for all the
force and torque computations. The rectangle rule is used as the interpolating function for
the numerical solution. This method has been proven effective in [100, 39]. A schematic
of the current density distribution in a coil is shown in Figure 3.6. The computation time
for the numerical method is found to be 5 s per coil on MATLAB.

Figure 3.6: Schematic of the current density in a coil.
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Chapter 4

Data-Drive Force and Torque
Modeling

A continuous, table-free and accurate data-driven force and torque modeling method are
presented in this chapter. The work in this chapter is published in [91].

4.1 Zoning and Data Collection

The area under the 2D Halbach array is divided into many regions for the data-driven
modeling. To identify the region under the influence of the end effect, the magnetic flux
density strength calculated by the magnetic nodes model is compared with the first har-
monic expression along the line of Ym = τ/2 in Fig. 4.1, where τ is the pole pitch of a 2D
Halbach array. It shows that in the region of −2.5τ to 2.5τ , magnetic flux density values
from the two methods are very similar (peak-to-peak error within 2%). If the entire coil is
located inside the −2.5τ to 2.5τ area, this coil is in the central region. The center location
of the coil is applied to define the boundary of each region. Considering the size of the
coil is about 1.5τ in this study, the central region limit for the coil is −1.75τ to 1.75τ .
When the coil center moves to 4τ or −4τ , the magnetic flux linkage of the coil is almost
zero. The outer boundary of the edge region is −4τ to 4τ . This method is applied in both
Xm and Ym directions, and the resultant zoning is shown in Fig.4.2. There is one central
region, four edge regions and four corner regions.

As the coil moves across different areas under the 2D Halbach array, numerical solutions
of force and torque are collected for further data fitting in 3D space. In the Xm and Ym
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Figure 4.1: Magnetic flux density of the 2D Halbach array along Ym = τ/2.

directions, the location resolution is 1.016 mm from −4τ to 4τ . In the Zm direction, the
range of air gap covered is 0.5 mm to 7.5 mm, with a 1 mm resolution. The air gap range
is limited by the electromagnetic design of the coil and the 2D Halbach array. The number
of locations computed is 247808, 159104 and 102152 for the central region, one edge region
and one corner region, respectively.

4.2 Force

In this section, methods of modeling the three-DOF force on the carrier by a coil, when
the coil is located under different regions of the magnet array are presented.

4.2.1 Central Region

In the central region of the 2D Halbach array, the force on the magnet array by a coil in
the central region is
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Figure 4.2: Regions under the 2D Halbach array, top view.

F⃗center(c
m
x , c

m
y , c

m
z ) = I

Kx cos(ηx) sin(ηy)
Ky sin(ηx) cos(ηy)
Kz sin(ηx) sin(ηy)

 , (4.1)

where ηx = πcmx /τ and ηy = πcmy /τ [14]. Kx, Ky and Kz are exponential decay functions
related to the air gap, and their units are Newton per Ampere. Equations for Kx, Ky and
Kz are:

Kx = αxe
βkc

m
z , (4.2)

Ky = αye
βkc

m
z , (4.3)

Kz = αze
βkc

m
z , (4.4)

where αx, αy, αz and βk are constants. Values of αx, αy, αz and βk are determined by the
specific coil and carrier geometry. Their values can be found by fitting the data from the
numerical force solution or analytically from the harmonic analysis. This chapter demon-
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strates the proposed model with a specific carrier and coil setup. The system variables
are shown in Figure 4.3, and values of each variable of this setup are shown in Table 4.1.
αx, αy, αz and βk in (4.2)-(4.4) for the example setup are found by data fitting, and their
values are 3.9021, 3.9021, 5.5209 and -87.14 respectively.

Figure 4.3: System layout showing the variables.

To examine the proposed model, numerical force and torque values at 5 mm air gap
are computed with a location resolution of 1.016 mm in the Xm and Ym direction. In the
central region, numerical results at 30976 locations are computed at 5 mm. The range of
Fx and Fy are both ±2.5239 N, and the range of Fz is ±3.571 N. The results from the
proposed model are compared with the numerical solution at the 5 mm air gap. In the
central region, the RMSE of Fx, Fy and Fz is 0.0143 N, 0.0143 N and 0.0203 N respectively.

4.2.2 Edge Region

Fx in edge region 1 at 1.5 mm air gap distance is shown in Fig. 4.4. In this figure, along
the Xm direction, the force distribution has a sinusoidal shape, with the same phase as
the central region and changing amplitude. Along the Ym direction, the force distribution
displays shapes of nonlinear waves. Each wave has a similar shape but different amplitudes.
Similar trends of distribution are also found in Fy and Fz in edge region 1. Based on the
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Table 4.1: Dimensions of the primary system variables.

Variables Values
wc 21.5 mm
sc 24 mm
lc 75 mm
hc 86.5 mm
τ 50.8 mm
τm 25.4 mm
hm 6.35 mm
N 972
I 1 A
Br 1.32 T
cmz 0.5-7.5 mm

distribution characteristics, assumptions of force distributions in edge region 1 are made
as:

1. Force distribution along the Xm direction is the same as the central region.

2. Force distribution along the Ym direction is a 1D nonlinear wave at a certain height.

These nonlinear waves in the Ym direction are named nonlinear force components, whose
values are related to cmy and cmz . With this assumption, force equations in edge region 1
become

F⃗edge1(c
m
x , c

m
y , c

m
z ) = I

Kx cos(ηx)f1(c
m
y , c

m
z )

Ky sin(ηx)f2(c
m
y , c

m
z )

Kz sin(ηx)f3(c
m
y , c

m
z )

 , (4.5)

where Kx, Ky and Kz are the same as (4.2)-(4.4). f1, f2 and f3 are the nonlinear force
components. f1, f2 and f3 are dimensionless.

At a certain height, the 2D distribution of nonlinear force components can be found by
(4.5) using the corresponding numerical solutions. As an example, values of f1, f2 and f3
at air gap distance of 1.5 mm are shown in Fig. 4.5. The dimension of the nonlinear force
components is reduced from 2D to 1D by averaging along the Xm direction.

Nonlinear force components are computed at each air gap distance from 0.5 mm to
7.5 mm. The variation of nonlinear force components across different air gap is shown in
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Figure 4.4: Fx in edge region 1 at 1.5 mm air gap.

Fig. 4.6. Knowing the values of nonlinear force components at different air gap, a fitting
equation is needed to model their distributions. It is noticed that a regular third-order
Fourier series can nicely model a nonlinear force component at a certain height. Changes
are made to a regular third-order Fourier series by considering the fundamental frequency
and harmonics amplitude linearly related to the air gap. The fitting equation is

f(x, cmz ) = a0 + a1x+ a2c
m
z + (k1c

m
z + b1) cos((k0c

m
z + b0)x+ a3)

+ (k2c
m
z + b2) cos(2(k0c

m
z + b0)x+ a4) + (k3c

m
z + b3) cos(3(k0c

m
z + b0)x+ a5)

. (4.6)

In (4.6), cmz is the air gap, and x is the distance away from the central region. For example,
cmy is plugged in for x in edge region 1. There are 14 parameters (k0, k1...k3; a0, a1...a5; b0,
b1...b3) for each nonlinear force component. All parameters can be found via nonlinear data-
fitting using nlinfit function in MATLAB. nlinfit estimates the specified model parameter
in the least-square sense. For f1, f2 and f3 in edge region 1, the peak-to-peak modeling
error percentage for all nonlinear force components are found within 2.5% using (4.6).

Using the force symmetry feature of the 2D Halbach array, the force equations in other
edge regions are shown in (4.7)-(4.9):

F⃗edge2(c
m
x , c

m
y , c

m
z ) = I

 Kxf2(−cmx , c
m
z ) sin(ηy)

−Kyf1(−cmx , c
m
z ) cos(ηy)

−Kzf3(−cmx , c
m
z ) sin(ηy)

 , (4.7)
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Figure 4.5: f1, f2 and f3 value plane and lines at 1.5 mm air gap.

F⃗edge3(c
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z ) = I

Kxf2(c
m
x , c

m
z ) sin(ηy)

Kyf1(c
m
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m
z ) cos(ηy)

Kzf3(c
m
x , c

m
z ) sin(ηy)

 , (4.8)

F⃗edge4(c
m
x , c

m
y , c

m
z ) = I

−Kx cos(ηx)f1(−cmy , c
m
z )

Ky sin(ηx)f2(−cmy , c
m
z )

−Kz sin(ηx)f3(−cmy , c
m
z )

 . (4.9)

In (4.7)-(4.9), equations f1, f2 and f3 are the same as in edge region 1 with different values
plugged in.

The proposed force model is compared with the numerical results at 5 mm air gap.
In edge region 1 at 5 mm, numerical force values are collected at 19888 locations (1.016
mm location resolution) to examine the proposed model. The proposed model and the
modeling error are shown in Fig. 4.7. The RMSE of the Fx, Fy and Fz in edge region 1
are 0.0127 N, 0.012 N and 0.0175 N respectively.
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Figure 4.6: f1, f2 and f3 values at three different air gap.

4.2.3 Corner Region

Similarly to edge regions, force in corner regions is examined in Xm and Ym directions. Fx

in edge region 2 at 1.5 mm air gap is shown in Fig. 4.8. In Xm and Ym directions, the force
distribution both show shapes of nonlinear waves with changing amplitude. In Xm, the
shape of the wave is highly similar to f2 (Fx distribution in edge 3 along Xm direction).
In Ym, the shape of the wave is highly similar to f1 (Fx distribution in edge 1 along Ym

direction). The same trends are also observed in Fy and Fz. Based on the distribution
characteristics, assumptions of force distributions in corner region 2 are made as:

1. Force distribution in an edge region can be modeled by the nonlinear force compo-
nents from the two neighboring edge regions using superposition.

2. Force distribution in corner region 2 along the Xm direction is the same as edge
region 3.

3. Force distribution in corner region 2 along the Ym direction is the same as edge region
1.

Therefore, the force equation for corner region 2 is

F⃗corner2(c
m
x , c

m
y , c

m
z ) = I

Kxf2(c
m
x , c

m
z )f1(c

m
y , c

m
z )

Kyf1(c
m
x , c

m
z )f2(c

m
y , c

m
z )

Kzf3(c
m
x , c

m
z )f3(c

m
y , c

m
z )

 . (4.10)
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Figure 4.7: Force and modeling error in edge region 1 at 5 mm air gap.

In (4.10), Kx, Ky and Kz are defined in (4.2)-(4.4). Nonlinear force components are the
same as in edge regions.

Similarly, the force equations for edge region 1, 3 and 4 are:

F⃗corner1(c
m
x , c
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y , c

m
z ) = I
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 , (4.11)
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 , (4.12)
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z ) = I
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−Kzf3(c
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m
z )

 . (4.13)

Nonlinear force components in (4.11)-(4.13) are the same as in edge regions. Therefore, for
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Figure 4.8: Fx in corner region 2 at 1.5 mm air gap.

all the edge and corner regions, only three equations are needed to model all the nonlinear
force components.

The proposed model is compared with the numerical solution at 5 mm air gap. The
location resolution of the numerical solution of 5 mm air gap is 1.016 mm, and there are
12769 locations computed in corner region 2. The modeled force, as well as the modeling
error compared with the numerical solution, is shown in Fig. 4.9. The RMSE of the Fx,
Fy and Fz in corner region 2 are 0.0291 N, 0.0291 N and 0.1005 N respectively

4.3 Torque

In this section, methods to compute the three-DOF torque on the magnet array by a coil
located in different regions are presented.

4.3.1 Effective Torque Arm

From section 4.2, force on the 2D Halbach array can be modeled. If the length of the
torque arm can be found, the torque is simply the cross product of the torque arm and
force. However, there is no direct contact between a current-carrying coil and the 2D
Halbach array. Effective torque arm (ETA) is defined to represent the length of the torque
arm. The relationship between ETA and the torque is shown in (4.14):
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Figure 4.9: Force and modeling error in corner region 2 at 5 mm air gap.

T⃗ =

 reffy1 Fz − reffz1 Fy

−reffx1 Fz + reffz2 Fx

reffx2 Fy − reffy2 Fx

 , (4.14)

where reffx1 , reffx2 , reffy1 , reffy2 , reffz1 and reffz2 are the ETA.

Torque in each direction has two components. Each torque component is named 1 and
2 based on the order in (4.14). For example, reffy1 Fz is named as Tx1 and −reffz1 Fy is named
as Tx2. At each coil location, the length of the ETA can be found through the numerical
solution of force and torque. Instead of directly finding the total torque (Tx, Ty and Tz),
each component of the torque (Tx1, Tx2, Ty1, Ty2, Tz1 and Tz2) is first found. Then, the
ETA can be found as a quotient of each torque component and the corresponding force.
In the following sections, ETA in each region is found in 3D space with the same position
resolution used for force analysis. Then, the characteristics of ETA are observed and used
for torque modeling.

4.3.2 Central Region

The ETA reffz1 and reffz2 have a relatively constant distribution at each air gap distance in
the central region. It is assumed that reffz1 and reffz2 are not relevant to cmx and cmy , only
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relevant to air gap distance. Values of reffz1 and reffz2 are firstly found by averaging their
values at each air gap distance. Then, their values are modeled to be linearly related to
the air gap distance. Using the data from 0.5 mm to 7.5 mm, equations for reffz1 and reffz2

in the central region are found by data fitting using

rz1 = rz2 = −cmz + αrz, (4.15)

where αrz is a constant. In the example setup, value of αrz is -0.0146 m.

At 1.5 mm air gap distance, the ETA reffx1 , reffx2 , reffy1 and reffy2 in the central region are
shown in Fig. 4.10. They can be modeled as inclined tangent plane and their values are

Figure 4.10: ETA in the central region at 1.5 mm air gap.

found by non-linear regression, shown in (4.16):

reffji (pj) = pj −mi tan(npj + π/2), (4.16)

where j stands for x or y, i is 1 or 2, meaning the index of ETA. Linear equations are applied
to describe their changes with respect to air gap distance. n is the period parameter and
equals 61.8424. This is the same as π/τ . mi is the magnitude parameter, and values of mi
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are found from 0.5 mm to 7.5 mm. Values of mi are firstly found at each air gap. Then,
linear fitting equations are used to describe trends of mi at different air gap distance as

m1 = αm1c
m
z + βm1, (4.17)

m2 = αm2c
m
z + βm2, (4.18)

where αm1, βm1, αm2 and βm2 are constants. Their values in the example setup are -0.0715,
-0.123 m, -0.1046 and -0.0203 m.

Knowing the force and the ETA, the torque can be calculated by (4.14). Again, the
model is built from information from 0.5 mm to 7.5 mm air gap distance. At 5 mm air gap
distance, the resultant torque model is compared to the numerical solution. The resultant
torque and the torque modeling error in the central region are shown in Fig. 4.11. The
RMSE of Tx, Ty and Tz are 0.0014 Nm, 0.0014 Nm and 0.0011 Nm respectively.

4.3.3 Edge Region

The length of the ETA is found in the edge region. In edge region 1, reffx1 and reffx2 still
follows similar pattern as the central region, whose trend can be modeled by (4.16). As
shown in Fig. 4.12, reffy1 , reffy2 , reffz1 and reffz2 do not share the same feature as the central
region, but their distribution is highly uniform along the Xm direction. They are assumed
to be irrelevant to the Xm direction for simplicity.

There are six torque components in total. Methods are proposed to model these com-
ponents. Combining the features of the force and ETA in edge regions, torque in edge
regions can be modeled. The expression for Ty1 is the same as the central region, since

ETA reffx1 and Fz are known. The equation for Ty1 is

Ty1 = −reffx1 Fz. (4.19)

Tz1 in edge region 1 can be found in the same way. Different approach is proposed to
model Tx1, Tx2, Ty2 and Tz2 as their ETA are different with central region. Take Tx1 as an
example, equation for Tx1 is

Tx1 = reffy1 Fz. (4.20)

Plugging Fz from (4.5) into (4.20), Tx1 becomes

Tx1 = IKz(c
m
z ) sin(ηx)r

eff
y1 (cmy , c

m
z )f3(c

m
y , c

m
z ). (4.21)
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Figure 4.11: Torque and modeling error in the central region at 5 mm air gap.

In (4.21), reffy1 and f3(c
m
y , g) is related to cmz and cmy . Kz is only related to cmz . Nonlinear

torque component, t1(c
m
y , g) is to defined to model the variation of Tx1 in the Ym and Zm

direction. Equation for Tx1 becomes

Tx1 = I sin(ηx)t1(c
m
y , c

m
z ). (4.22)

Same approach is applied for Tx2, Ty2 and Tz2. The final equation for torque in edge region
1 is

T⃗edge1(c
m
x , c

m
y , c

m
z ) =

I sin(ηx)t1(cmy , cmz ) + I sin(ηx)t2(c
m
y , c

m
z )

−reffx1 Fz + I cos(ηx)t3(c
m
y , c

m
z )

reffx2 Fy + I cos(ηx)t4(c
m
y , c

m
z )

 , (4.23)
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Figure 4.12: ETA in edge region 1 at 1.5 mm air gap.

where t1, t2, t3 and t4 are the nonlinear torque components. The unit of nonlinear torque
components is Newton-meter per Ampere.

2D distribution of t1, t2, t3 and t4 in edge region 1 at 1.5 mm is shown in Fig. 4.13.
Their values are highly uniform along the Xm direction. The dimension of all nonlinear
torque components is reduced from 2D to 1D by averaging in the Xm direction at each
air gap. Variation of t1, t2, t3 and t4 across different air gap distance is shown in Fig.
4.14. Distribution of t1, t2, t3 and t4 in the Ym and Zm direction can be modeled with
(4.6) using the same method as the nonlinear force components. In the example setup, the
peak-to-peak modeling errors of all nonlinear torque components are found within 3%.

With the equations of the nonlinear torque components and the 2D Halbach being
symmetry, similar to edge region 1, the torque equations for edge region 2, 3, and 4 are
presented in (4.24)-(4.26):

T⃗edge2(c
m
x , c

m
y , c

m
z ) =

 reffy1 Fz + It3(−cmx , c
m
z ) cos(ηy)

−It1(−cmx , c
m
z ) sin(ηy)− It2(−cmx , c

m
z ) sin(ηy)

−It4(−cmx , c
m
z ) cos(ηy)− reffy2 Fx

 , (4.24)
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Figure 4.13: t1, t2, t3 and t4 value at 1.5 mm air gap.

T⃗edge3(c
m
x , c

m
y , c

m
z ) =

 reffy1 Fz − It3(c
m
x , c

m
z ) cos(ηy)

−It1(c
m
x , c

m
z ) sin(ηy)− It2(c

m
x , c

m
z ) sin(ηy)

−It4(c
m
x , c

m
z ) cos(ηy)− reffy2 Fx

 , (4.25)

T⃗edge4(c
m
x , c

m
y , c

m
z ) =

I sin(ηx)t1(−cmy , c
m
z ) + I sin(ηx)t2(−cmy , c

m
z )

−reffx1 Fz − I cos(ηx)t3(−cmy , c
m
z )

reffx2 Fy + I cos(ηx)t4(−cmy , c
m
z )

 . (4.26)

The nonlinear torque components in (4.24)-(4.26) are the same as in (4.23) with different
values plugged in.

The torque in edge region 1 is modeled using the method mentioned above. The
proposed model is compared with numerical results at 5 mm air gap. The The RMSE of
Tx, Ty and Tz are 0.0043 Nm, 0.0047 Nm and 0.0019 Nm. Tx, Ty and Tz and the modeling
error are shown in Fig. 4.15.
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Figure 4.14: t1, t2, t3 and t4 values at different air gap.

4.3.4 Corner Region

The torque equation in each edge region can be represented by two neighbouring edge re-
gions. The torque equation in corner region 1 is shown in (4.27). In (4.27), Xm component
of Tx1, Ty1, Tz1 and Tz2 is the same as their distribution in edge region 2, and their distribu-
tion in Ym is the same as distribution in edge region 1. For Tx2 and Ty2, their distribution
equation in edge region 1 and 2 are both described by nonlinear torque component, whose
unit is Newton-meter per Ampere. To use their product, a normalizing function n(g) is
introduced. n(g) is a linear fit of the inverse of the maximum value of t2 across different
air gap distances. The unit of n(g) is m−1. The equation of n(g) is shown in (4.28).

T⃗corner1(c
m
x , c

m
y , c

m
z ) = I

−f3(−cmx , c
m
z )t1(c

m
y , c

m
z ) + n(cmz )t3(−cmx , c

m
z )t2(c

m
y , c

m
z )

−t1(−cmx , c
m
z )f3(c

m
y , c

m
z ) + n(cmz )t2(−cmx , c

m
z )t3(c

m
y , c

m
z )

−t4(−cmx , c
m
z )f2(c

m
y , c

m
z ) + f2(−cmx , c

m
z )t4(c

m
y , c

m
z )

 , (4.27)

where
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Figure 4.15: Torque and modeling error in edge region 1 at 5 mm air gap.

n(cmz ) = αnc
m
z + βn. (4.28)

In (4.28), αn and βn are constants, and their values are found to be 634.41 m−2 and
16.484 m through data fitting in the example setup.

Similar to corner region 1, torque equations for corner region 2-4 are shown in (4.29)-
(4.31):

T⃗corner2(c
m
x , c

m
y , c

m
z ) = I

 f3(c
m
x , c

m
z )t1(c

m
y , c

m
z )− n(cmz )t3(c

m
x , c

m
z )t2(c

m
y , c

m
z )

−t1(c
m
x , c

m
z )f3(c

m
y , c

m
z ) + n(cmz )t2(c

m
x , c

m
z )t3(c

m
y , c

m
z )

−t4(c
m
x , c

m
z )f2(c

m
y , c

m
z ) + f2(c

m
x , c

m
z )t4(c

m
y , c

m
z )

 , (4.29)
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(4.30)

T⃗corner4(c
m
x , c

m
y , c

m
z ) = I

f3(cmx , cmz )t1(−cmy , c
m
z )− n(cmz )t3(c

m
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z )f2(−cmy , c
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z ) + f2(c

m
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m
z )

 . (4.31)

Nonlinear torque components in (4.27)-(4.31) are the same equations used for (4.23). Only
four equations for nonlinear torque components are required for all the torque modeling in
edge and corner regions.

The torque in corner region 2 is calculated via the proposed method, and it is compared
to the numerical solution at 5 mm air gap for validation. The modeled torque and error
are shown in Fig. 4.16. The resultant RMSE of Tx, Ty and Tz are 0.0157 Nm, 0.0157 Nm
and 0.0036 Nm.
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Figure 4.16: Torque and modeling error corner region 2 at 5 mm air gap.
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4.4 Validation, Analysis and Generalization

4.4.1 Experimental Validation

The proposed force and torque model is verified through measurements. The measurement
setup is shown in Fig. 4.17. The force and torque on the Halbach array are measured by
ATI SI-65-5 6-axis load cell. The cable is attached onto the table to avoid the influence of its
weight. The carrier and attachment weight are offset to 0 in the program. The coil followed
a straight line on the frame and the line of measurement is cmy = −0.5101cmx − 70.897 mm.
This line travels through edge region 2, central region, edge region 4 and corner region 4.
The location of the coil is measured by Vicon motion cameras using the markers on the
coil. The current is supplied by the DC power supply. The air gap distance between the
magnet array and the coil is 5 mm.

carrier

(b)

(a)

coil

power supply

coil

carrier

load cell

marker

frame

frame

marker

Figure 4.17: Measurement setup (a) top view (b) side view.

The measurement result is shown in Fig. 4.18, and it shows good agreement between
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the proposed model and the actual measurement. The RMSE for Fx, Fy, Fz, Tx, Ty and
Tz are 0.0948 N, 0.1094 N, 0.1687 N, 0.0181 Nm, 0.0209 Nm and 0.0142 Nm respectively.

Figure 4.18: Comparison of force and torque measurement and the model of the square
coil.

4.4.2 Computation Time and Limitations

The computation time of the proposed model is experimentally measured on Beckhoff
C6670-0010 industrial server. In the central region, the equations are the simplest, and
the average computation time is found to be 0.9 µs. In edge regions, nonlinear force and
torque components are calculated from one direction. The resultant average computation
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time is 2.1 µs. In corner regions, nonlinear force and torque components are calculated
from two directions. The resultant average computation time is 3.2 µs. Considering the
area and computation speed of all regions, the overall computation time of the entire area
under the 2D Halbach array is 2.3 µs. This speed allows the proposed model to be used
in real-time control of an MLPM system.

In the proposed model, the rotation angles between the carrier and the coil are all zero.
When implementing this method in control of maglev systems, infinite translational motion
in the Xg and Yg direction can be achieved, while limited rotation can be supported.

4.4.3 Model Generalization

The proposed model is also tested on a circular coil of a different size. The inner diameter
of the circular coil is 15 mm; the outer diameter is 40 mm; the height is 45 mm; the air
gap is 3 mm, and there are 1000 turns in this coil. The two coils tested in this study are
shown in Fig. 4.19.

Figure 4.19: Square and circular coils tested in this study.

The force and torque on the carrier are measured along cmy = −0.5101cmx − 70.897 mm,
which is the same line as the square coil. The measurement results are compared with the
proposed model in Fig.4.20. The RMSE of the circular coil for Fx, Fy, Fz, Tx, Ty and Tz

are 0.1239 N, 0.1223 N, 0.1776 N, 0.0129 Nm, 0.0129 Nm and 0.0147 Nm respectively. The
proposed modeling method works well with both circular and square coils of different sizes
and air gap. This method is beneficial for predicting the force and torque of any circular
and square coils of different sizes.
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Figure 4.20: Comparison of force and torque measurement and the model of the circular
coil.
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Chapter 5

Electromagetic Design

In this chapter, the design of coils and the magnetic mover will be explained. Currently,
two systems with the same electromagnetic design are built. They are the maglev test
bench and maglev floor.

5.1 Coil Design

Fabry Factor can measure the power efficiency of a square coil design based on if the coil
geometry can produce a large magnetic flux density. The equation for Fabry Factor is [17]:

G(α, β) =
1

5

√
2πβ

α2 − 1
ln (

α +
√

α2 + β2

1 +
√
1 + β2

), (5.1)

where α = lc/(lc − 2wc) and β = hc/(lc − 2wc). The contour plot for the Fabry Factor
is shown in Figure 5.1. To have the highest Fabry Factor value, α = 3.09 and β = 1.88.
This will result in a Fabry Factor of 0.179.

The final coil dimension is shown in Table 5.1. For the actual coil design, the coil inner
width is chosen to be 32 mm, which is the width of the coil bobbin. The outer width of the
coil is 75 mm, and the coil height is 86.5mm. The actual α = 2.34 and β = 2.7. This coil
dimension results in a Fabry Factor of 0.164. The maximum coil current is designed to be
10 A, and this results in a wire size of 16 AWG. From the coil dimension and wire gauge,
this coil design has 976 turns. The final resistance of the coil is 2.5 Ω, and the inductance
is 17 mH.
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Figure 5.1: Fabry Factor distribution.

5.2 Mover Design

5.2.1 Mover Magnet Design

The Halbach array has been widely implemented in maglev systems because it concentrates
the magnetic field on one side, and its magnetic flux density in the central region can be
easily modeled. To design a 2D Halbach mover for the existing coil array, the overall
energy efficiency and the average horizontal acceleration are considered. The following
design constraints are used for the mover design: (1) The levitation height is 6.5 mm. (2)
An aluminum case of 2.5 kg will be used to hold the magnets. (3) The maximum coil
current is 10 A. (4) The pole pitch distance of the mover will be 2”. The width of the
Z-direction magnets and the height of the magnets are the two variables to optimize. A
bigger size of magnets can enhance the strength of the magnetic field; however, it also
adds more self-weight. A multi-variable analysis should be conducted to optimize energy
efficiency and the average maximum horizontal acceleration.

The most common design method assumes the mover is levitated by one single coil
[40, 71], while the coil is located right under a north or a south pole of the 2D Halbach
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Table 5.1: Coil dimensions.

Parameter Values
Outer width (lc) 75 mm
Inner width (sc) 32 mm

Height (hc) 86.5 mm
Bundle width (wc) 21.5mm

Wire gauge 16 AWG
Number of turns 976

Resistance 2.6Ω
Induction 17mH

mover. However, this method has the disadvantages of (1) Neglecting the impact of the
commutation method and change in the number of active coils. (2) Neglecting the edge
effect of the 2D Halbach array. (3) Neglecting the relative locations between the coil and the
mover. In this thesis, a novel method is proposed to improve the problems of the previous
method. First, the area of study is identified to include all the relative locations between
the mover and the coil array. Due to the repetitive coils and coil symmetry, one-quarter
of the coil (1.5” by 1.5” area) is identified as the study area, which is shown in Figure 5.2.
The average energy efficiency and the average acceleration in this area will be found. Then,
the blue study area is divided into a five-by-five mesh area, and the midpoint of each mesh
is used. At each midpoint, the current map of the coils is found using the direct wrench
method and the active coil switching. The average energy efficiency is the average heat loss
among all 25 locations when only vertical force is supplied to levitate the coil. The average
maximum horizontal acceleration is also an average for all 25 locations. The maximum
horizontal acceleration at each location is found by giving a vertical levitation force and
the horizontal force that saturates the coil current.

For the width of the Z-magnets, there are two options, which are 1” and 1.5”. For each
width, the height of the carrier varies from 0.125” to 1”. The results of 1” Z-magnet and
1.5” Z-magnet are shown in Table 5.2 and Table 5.3.

For both layouts, 0.25” carrier thickness provides the best energy efficiency, and the
performance between the 1” pole and 1.5” pole distance are very similar. Compared with
the 1.5” pole design, the magnetic flux density of the 1” pole design can be described with
first-order harmonic equations, which makes the force and torque modeling much easier.
Therefore, the pole distance is chosen to be 1,” and the mover thickness is chosen to be
0.25”. The final dimension of the mover is shown in Table 5.4.
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Table 5.2: Optimization results for a mover with 1” Z-magnet width.

Height [in] Magnet weight [N] Average power [W] Horizontal acceleration [m/s2]
0.125 18.07 436.39 0.71G
0.25 36.13 286.00 1.15G
0.5 72.28 292.52 1.10G
0.75 108.42 375.30 0.84G
1 144.53 499.80 0.66G

Table 5.3: Optimization results for a mover with 1.5” Z-magnet width.

Height [in] Magnet weight [N] Average power [W] Horizontal acceleration [m/s2]
0.125 21.66 409.26 0.75G
0.25 43.32 287.21 1.16G
0.5 86.65 306.64 1.08G
0.75 129.96 399.61 0.81G
1 173.28 536.14 0.57G

Table 5.4: Final mover dimensions.

Parameter Values
Magnet height (hc) 6.35 mm

Pole pitch (τ) 50.8 mm
Z magnet width (τm) 25.4mm

Number of Z magnet on one side 6
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Figure 5.2: Study area for the mover geometry optimization.

5.2.2 Mover Case Design

As stated in [72], there exists a considerable amount of force between the magnets in a 2D
Halbach array. The internal force will cause bending in the aluminum mover case. The case
must be strong enough to control the bending in a relatively small range. Also, the mover
case should be lightweight, and there should be mounting holes for Vicon camera markers
as well as laser sensors. Using ANSYS, the forces on each magnet are computed. The
magnitudes of the Z direction forces of each magnet are much higher than other forces in
other directions. The maximum force is on Z-direction magnets in the central area, whose
magnitudes reach 348 N. To overcome the bending caused by the magnets, a cross-shaped
structure is designed over the mover, which is shown in Figure 5.3. Solidworks simulation
is conducted to check the deformation of this design, and the simulation results are shown
in Figure 5.4. The maximum formation is about 0.0089 mm. In the central area, there
exists a 4” by 4” square, whose deformation is within 0.0015 mm.
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Figure 5.3: Mover case design.

Figure 5.4: Simulation of the mover deformation by the internal force of the 2D Halbach
mover.
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Chapter 6

System Integration

With the same electromagnetic design, two systems, maglev test bench and maglev floor
are developed. In this chapter, the details regarding the two levitation systems are intro-
duced. With the proposed PID controller and the current decoupling method, levitation
experiments are conducted over the two systems. System performance are validated.

6.1 Maglev Test Bench

6.1.1 Camera System

Similar to our previous work in [100], a Vicon camera motion tracking system is utilized to
accommodate measurement feedback for long-stroke applications since cameras have much
greater measurement ranges than the laser interferometers commonly used in previous
literature. In a larger system, many cameras could be added with overlapping fields of
view. With automatic camera switching, a theoretically infinite motion range can be
accommodated while still providing sub-millimeter resolution. An alternative approach is
to incorporate hall sensors throughout the assembly; however, maintaining accuracy with
this strategy is difficult due to errors caused by higher harmonic components of the magnet
array and manufacturing tolerances, so model parameters vary with position and between
magnet arrays [5, 27].

In the experiment setup, four Vicon Vantage V5 cameras are placed approximately 1 m
from the center of the stator, as shown in Figure 6.1. The cameras are set to High Speed
Mode in the Vicon Tracker software, which uses subsampling to accommodate the 1000
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Figure 6.1: Equipment setup with camera placement.

fps frame rate without reducing the field of view. See Table 6.1 for detailed specifications
of the camera system.

Table 6.1: Vicon V5 camera specifications.

Component Specification
Resolution (pixels) 2432 H x 2048 V
Set frame rate 1000 fps

Lens focal length 8.5 mm
Field of view (H x V)° 63.5 x 55.1

Strobe 850 nm (IR)

The mover has six reflective markers mounted on its top surface for the IR camera
system to detect. The three markers in the center form a 90° angle to align the mover’s
coordinate system, which is then moved to the center bottom of the magnet array in the
Vicon software. Three additional markers are placed on standoffs of varying heights at the
corners of the mover for a more precise measurement of the rotations of the mover. See
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Figure 6.2: 2D Halbach array mover with 6 reflective markers.

Figure 6.2 for the marker setup on the mover.

6.1.2 Modular Electromagnet Stator

The overall design of the proposed system stator is represented in Figure 6.3a. The stator
consists of an array of coil modules and a support structure.

The coil array comprises eight coil modules. Each coil module has eight square coils
mounted on a module frame in rows with a 76.2 mm spacing between the centers of the
coils as shown in Figure 6.3b. The total planar levitation area is 600 mm × 600 mm,
approximately. The coil module frame is made from aluminum to reduce magnetic field
absorption and hold the weight of eight coils. The square coils are wired to the power
receptacle at the bottom of the module frame.

The steel support structure contains two levels. The upper-level frame is for coil mod-
ule mounting with level adjustment mechanisms, while the lower level is a rigid frame with
a built-in amplifier module. PWM current amplifiers are implemented to control the coil
current. Each current amplifier is supplied with 80 VDC 10 A power supply and 24 VDC
logic supply. There are two independent current coil loops within each amplifier, and the
maximum current of each loop is set to 9 A. The amplifier module has 32 amplifier units
mounted on a copper plate installed in the support structure with insulated connections.
The copper plate is used to return power from amplifier units to the power source. Ether-
CAT is a protocol that provides high-speed communication and reduces wiring complexity
between the controller and amplifiers in the system.

Figure 6.4 represents the system integration of the motion tracking system, modular
maglev system, and control hardware. With the modular design of the electromagnet sta-
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Figure 6.3: System stator overview (a) Modular electromagnet stator (b) Coil module.

tor, the stator can be flexibly extended to fit in the desired area. The motion tracking
system using cameras provides a large tracking area. The EtherCAT communication pro-
tocol reduces the wiring complexity between controller and amplifiers. These features of
the proposed system design enhance the flexibility of industrial applications.

6.2 Maglev Floor in Robohub

The aforementioned methods are also tested on the maglev floor. The maglev floor system
is shown in Figure 6.6. The maglev floor contains eight tables. Each table supports the
coil array of 12 by 8 coils. The same current amplifiers as the test bench are used on the
maglev floor. There are 48 amplifiers on each table. A levitation area of 2.4 m by 1.8
m is created by a total of 768 coils. The same four Vicon motion cameras are used to
measure the mover location. Since bigger levitation area is covered by the same camera,
the measurement resolution is expected to decrease. The maglev floor stator was designed
by Dr. Xiaodong Zhang and Dr. Chanuphon Trakarnchaiyo. The assembly of the maglev
floor is a collaborative work by Dr. Xiaodong Zhang, Dr. Chanuphon Trakarnchaiyo,

59



+80 VDC

0 VDC

Ethernet switch

32 Amplifiers

Industrial controller

Camera

Modular maglev system
UDP

VICON Tracker

Engineering PC

User Interface and Controller

Motion tracking system

Command

Ethernet

Coil array 
and 

Halbach array mover

Figure 6.4: Hardware connection diagram.

Dr. Hassan Askari, Dr. Moslem Sadeghigoughari, Curtis Stewart and myself. The system
testing, control implementation, and current decoupling implementation were completed
by Curtis Stewart and myself.

The maglev floor is located on a hydraulic lift, and it has three operating height. When
the floor is lifted all the way up, it is at its maintenance height, allowing easy access to
all the components. The maintenance height is shown in Figure 6.5. With the hydraulic
lift moving down, it reaches the working level, where the top of the coils flush with the
floor level. This is shown in Figure 6.6. Lastly, when the hydraulic lift is at its lowest, the
maglev is in the storage level. The entire maglev system can be stored underground, and
the floor area can be used for any other purpose.

6.3 PID Control

6.3.1 System Model

The mover is levitated with no friction or damping in the plane and the air resistance is
neglected in all directions. Since the proposed control strategy is implemented in the Xg

and Yg directions, the associated motion equations are

Fx = magx,

Fy = magy,
(6.1)
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Figure 6.5: Maglev floor with coils lifted.

where m is the mass of the mover. agx and agy are the acceleration of the mover in the XgYg

plane. From the motion equations above, the associated discrete state-space representation
can be written as

ζ(k + 1) = Aζ(k) +Bu(k),

ρ(k) = Cζ(k),
(6.2)

where the state vector is ζ = [mg
x, v

g
x,m

g
y, v

g
y ]

⊤, the force input is u = [Fx, Fy]
⊤, output is

ρ = [mg
x,m

g
y]

⊤, the sampling period is ∆T , and k is the time instant. vgx and vgy are the
speed of the mover in the global coordinate. State matrix A, input matrix B and output
matrix C are:

A =


1 ∆T 0 0
0 1 0 0
0 0 1 ∆T
0 0 0 1

 , B =


∆T 2

2m
0

∆T
m

0

0 ∆T 2

2m

0 ∆T
m

 , C =


1 0
0 0
0 1
0 0


⊤

.

6.3.2 Controller Design

PID controllers are used to control the motion of the mover. Six individual control loops
are used to control the six-DOF motion. The control diagram is shown in Figure 6.7. From
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Figure 6.6: Maglev floor in operation.

the reference and the actual position measurement, the desired force and torque of each
axis are solved. Then, the desired force and torque are converted to the control current
using the direct wrench method. The weight of the carrier is 6.6 kg. The moments of
inertia are 0.059 kgm2 for Xm and Ym, and 0.12 kgm2 for Zm. A combination of pole
placement and online tuning is used to identify the PID parameters. First, the poles of
each axis are selected based on a desired step response with a 2% settling time of 0.15 s
and an overshoot of 15%. Then, the designed PID parameters are tested and tuned on the
experimental setup. The PID control parameters used on maglev test bench and maglev
floor are the same. The final PID control parameters are shown in Table 6.2.

6.4 Active Coil Selection and Current Decoupling

The control force and torque are decoupled to coil current at each sampling period. As
the mover moves across different areas, different coil sets are activated for the levitation.
A coil will be activated if it is located inside a 16” by 16” square boundary centered and
rotated with the mover since the coil outside this region can barely produce force and
torque. This boundary corresponds to the edge of the coil touching the edge of the magnet
array. At each sampling period, the coil locations in global coordinates will be converted
into mover coordinates using (3.1). If the coil center is located in the boundary, this coil
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Figure 6.7: Control diagram.

Table 6.2: PID controller parameters.

DOF
PID controller

P gain I gain D gain

X 10000 N/m 4800 N/m·s 350 N·s/m
Y 10000 N/m 4800 N/m·s 350 N·s/m
Z 11000 N/m 50000 N/m·s 325 N·s/m

Roll 180
N·m
rad

400
N·m
rad·s

4
N·m
rad/s

Pitch 180
N·m
rad

400
N·m
rad·s

4
N·m
rad/s

Yaw 200
N·m
rad

180
N·m
rad·s

6.5
N·m
rad/s
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will be selected for activation. An example coil selection picture is shown in Figure 6.8,
where the green coils are the activated coils. For the mover and coil in this chapter, 25 to
36 coils will be activated simultaneously.

Figure 6.8: Coil activation with different mover locations. Active coils are shown in green.
(a)25 coils activated (b)36 coils activated (c)29 coils activated.

After identifying the active coil set, the direct wrench method is applied to decou-
ple the desired force and torque to control the current. The individual force and torque
contribution on the mover is denoted as wg

n = [F g
x,n, F

g
y,n, F

g
z,n, T

g
x,n, T

g
y,n, T

g
z,n]

T when the
coil current is 1 A. The coil index is n, and the range of n changes dynamically based
on the number of coils activated. The desired net force and torque on mover is denoted
as wg

net = [F g
x,net, F

g
y,net, F

g
z,net, T

g
x,net, T

g
y,net, T

g
z,net]

T . Then, the desired force and torque are
converted to the mover coordinates by

wm
net = Rm

g w
g
net (6.3)

The relationship between the desired mover force and torque and coil control current
vector I is

wm
net = [wm

1 , w
m
2 , ...w

m
n ][I1, I2, ...In]

T = Γ(c⃗m)I, (6.4)

where Γ(c⃗m) contains all the force and torque elements from each coil at 1 A coil current
input. The six-DOF motion is always over-actuated. The control current to the coil can be
solved by the Moore-Penrose inverse to minimize the energy consumption. The equation
for control current is
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I = ΓT (ΓΓT )−1wm
net. (6.5)

The mover movement range can easily increase as the coil array expands by applying
the proposed active coil selection strategy and current decoupling method. When building
force and torque matrix Γ, the measured coil locations are used. The coil location error
from setup construction can be included.

6.5 System Specifications

6.5.1 Test Bench Results

This section presents step responses, path tracking, motion range, and positioning resolu-
tion on the test bench.

Decoupled Six-DOF Motion

A step response of 8 mm in Xg direction is shown in Figure 6.9. The 2% settling time is
0.088 s with an overshoot smaller than 1%. During the movement, the maximum accelera-
tion is around 1.4 gravitational acceleration. When a large force is used in the Xg direction,
clear oscillation is observed on other five axes. Therefore, there are still cross-coupling ef-
fect. During the movement, the position fluctuation in the Zg direction is around ±0.15
mm, and the fluctuation in β is around ±0.1 mm. No significant fluctuations are observed
in other axes. When the mover is at stationary levitation, only vertical force is supplied.
The average power consumption is 270 W, and the maximum current is 5.9 A. During the
step response, a large horizontal force is supplied to achieve fast dynamics. The system
reaches maximum power during the step response. The maximum power is 887 W, and
the maximum current used is 9 A.

A step response of 1 mm in the Zg direction is shown in Figure 6.10. A bigger steady-
state error is found in the Zg direction. The 2% settling time is 0.631 s with a 14.7%
overshoot. Other axes are stable while the mover moves. The step response of γ is tested.
The 2% settling time is 0.101 s with an overshoot of 4.6%. The other axes were stable while
the mover travels. It can be observed from Figure 6.9 to Figure 6.11 that the proposed
system has decoupled six-DOF motion. Compared with other axes, the Zg direction shows
more cross-coupling effects.
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Figure 6.9: Step response in Xg direction.

Path Tracking and Maximum Speed

A circular path is tested in the XgYg plane. The diameter of the circular path is 240 mm.
The mover follows the circular path with a speed of 100 mm/s, 200 mm/s and 300 mm/s,
which is shown in Figure 6.12. RMSE of each axis during the motion is shown in Table 7.3.
The RMSE grow as the speed increases. When moving in a circular path at a speed of
100 mm/s, the system consumes an average power of 316 W and reaches a maximum
current of 6.2 A. As the speed doubles to 200 mm/s, the average power consumption rises
to 338 W, accompanied by a maximum current of 6.3 A. Finally, at the fastest speed
of 300 mm/s, the average power consumption reaches 377 W, and the maximum current
peaks at 6.7 A.

The maximum linear speed is found to be 500 mm/s, which is shown in Figure 6.13.
The mean absolute position error between the reference and the actual position is 2.5877
mm during constant speed motion. The levitation height fluctuates between 5.6 mm to
7.2 mm. The range of β is around ±0.2°. No significant variations are found in other axes.
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Figure 6.10: Step response in Zg direction.

Table 6.3: Tracking errors of each axis during the circular path.

Speed [mm/s] 100 200 300
RSMExy [mm] 0.260 0.633 0.924
RSMEz [mm] 0.103 0.116 0.146
RSMEα [deg] 0.038 0.057 0.090
RSMEβ [deg] 0.031 0.050 0.083
RSMEγ [deg] 0.010 0.014 0.021

When the mover speed exceeds 500 mm/s, the motion becomes unstable.

Motion Range and Resolution

As shown in Figure 6.12, the XgYg motion range is ± 120 mm. The mover can switch
between different active coil sets for an expandable motion range. The range of levitation
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Figure 6.11: Step response in γ direction.

height is 4.5 mm to 7.5mm. The motion of the α and β is limited by the size of the mover
and levitation height, which is ±0.2°. The γ ramp response is shown in Figure 6.14, and
the proposed system is found to have a full 360° range of yaw motion.

The motion resolution of the system is limited by the sensing method. The motion
precision of each axis is measured. As shown in Figure 6.15, the motion precision in
XgYgZg direction is 0.01 mm. The motion precision for α and β are 5 mdeg, and the
precision for γ is 2 mdeg.

6.5.2 Maglev Floor Results

Decoupled Motion

A step response of 8 mm in Xg direction is shown in Figure 6.16. The 2% settling time
is 0.558 s with a percentage overshoot of 13.8%. Due to the cross-coupling effect, mg

z had
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Figure 6.12: Circular path tracking.

0.25 mm fluctuation and β had 0.1° fluctuation. Similar power consumption and maximum
coil current as the test bench are observed.

A step response in the Zg direction is shown in Figure 6.17.The 2% settling time is
0.463 s with a percentage overshoot of 24.8%. No fluctuations were observed in other axes.

The step response of the yaw angle is tested. The 2% settling time is 0.731 s with an
overshoot of 14.6%. The other axes remained stable while the mover travels.
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Figure 6.13: Maximum mover speed for long stroke movement.

Motion Precision

The motion resolution of the system is limited by the sensing method. The motion precision
of each axis is measured. As shown in Figure 6.19, the motion precision inXgYgZg direction
is 0.01 mm. The motion precision for the rotational axes are 10 mdeg.

Motion Range and Maximum Speed

A figure-eight path is tested on the maglev floor with a speed of 300 mm/s. This figure-
eight has a dimension of 2060 mm by 690 mm in the XgYg directions, which covers the
entire levitation area. It is observed that the mean absolute error in the XgYg direction is
0.128mm and 0.184mm.

The maximum linear speed is measured to be 500 mm/s on the maglev floor, which
is shown in Figure 6.21. The mean absolute position error between the reference and the
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Figure 6.14: Full 360° range of yaw motion.

actual position is 3.217 mm during constant speed motion. The levitation height fluctuates
between 4.9 mm to 6.9 mm. The range of β is around ±0.3°. No significant variations
are found in other axes. When the mover speed exceeds 500 mm/s, the motion becomes
unstable.
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Figure 6.15: Measurement precision of each axis.
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Figure 6.16: Step response in the Xg direction on maglev floor.
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Figure 6.17: Step response in the Zg direction on maglev floor.
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Figure 6.18: Step response in the γ direction on maglev floor.
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Figure 6.19: Precision steps on each axis on the maglev floor.
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Figure 6.20: A figure-eight path is tracked by the mover at 300 mm/s.

Figure 6.21: The maximum speed is tested to be 500 mm/s on the maglev floor.
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Chapter 7

Advanced Control: Predictor-Based
Model Predictive Control

In this chapter, a PMPC control is implemented on the MLPM. This work was published
in [90].

7.1 Motivation

To satisfy the high-speed and precision requirements in these applications, a fast-responding
controller of the MLPM to achieve desired tracking performance needs to be designed. Nu-
merous studies of control strategies applied to MLPM have been conducted using either
conventional or advanced approaches. Conventional methods, such as PID control [100],
lead-lag control [46] and linear quadratic regulator [76], require an effortful tuning pro-
cess although they are straightforward to be implemented. More advanced controllers for
MLPM are also investigated, such as H-infinity [82], iterative learning control [10, 101],
neural-network-based control [66], fuzzy logic control [102], and learning adaptive robust
control [36]. Observers are often employed to estimate the system internal states[80, 4].
However, these methods cannot incorporate the current limit in the control design, which
is critical in MLPM.

MPC has been demonstrated to be an effective control algorithm for path-tracking
problems [83, 34, 60]. It can solve the constrained optimization problem online, making it
a desirable candidate to control the MLPM. In recent studies, MPC has been investigated
on a MLPM with a mover of four 1D Halbach arrays and eight stationary coils [96, 88, 97].
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In [96], a nonlinear MPC based on an observer is implemented in real-time for three
translation directions. However, the computation time of the nonlinear MPC is relatively
long. A linear MPC with a disturbance estimator [88, 97] is also investigated to have
faster computation and better system performance compared with the nonlinear MPC.
Implementation of the linear MPC to maglev systems with a moving 2D Halbach array
is still challenging as the maglev systems are subject to a varying number of coils and
extendable motion ranges.

When designing a controller for maglev systems, time delay needs to be considered.
It reduces the stability margin of the closed-loop system [31] and results in a nontriv-
ial position measurement error between the actual and measured positions of the mover,
particularly, at a high-speed travel. Given that many MLPM are required to respond to
reference changes within 0.1 seconds or less, developing a strategy to compensate for the
system delay can significantly improve the response of the closed-loop systems as well as
their achievable maximum speed.

Predictor-based control computes system states at future instants and solves the control
effort based on the state prediction [25], which has been employed in networked control sys-
tems [61] and multi-agent systems [57]. For systems with constant delays, finite spectrum
assignment (FSA) can efficiently leverage the predicted state to feedback control design
[62], resulting in a delay-free system.

A PMPC is proposed and validated for MLPM. The six-DOF mover actuation and
the control current are decoupled via the direct wrench method. FSA is implemented for
system delay compensation and state prediction. An augmented linear motion model of
the XgYg plane is then formulated using the delay-free state for the MPC design, and the
associated constraints are discussed. Hildreth’s quadratic procedure is adopted to solve
the constrained MPC. The main contributions are:

1. A PMPC control is introduced and experimentally validated to have desirable tran-
sient performance and steadiness in MLPM.

2. The augmented model used is demonstrated to be effective in improving the tracking
performance of the MLPM.

3. A method of decoupling the coil current limits to the force constraints in the XgYg

plane is introduced and used for the MPC synthesis.
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7.2 System Description

The state space model of the system is presented in subsection 6.3.1. Similarly to [83], an
augmented state-space model is constructed to remove the steady-state error by embedding
integrators. The control input of the augmented system becomes the control increment
∆u, defined as

∆u(k) = u(k)− u(k − 1), (7.1)

and the state vector ζa becomes ζa = [∆ζ⊤, ρ⊤]⊤. The state-space representation of the
augmented system model is

ζa(k + 1) = Aaζa(k) +Ba∆u(k),

ρ(k) = Caζa(k),
(7.2)

where

Aa =

[
A 0⊤n
CA Ip

]
, Ba =

[
B
CB

]
, Ca =

[
0n Ip

]
. (7.3)

n, p and q are the number of control inputs, outputs and the number of states in Equa-
tion 6.2. 0n is a p × q zero matrix and Ip is a p × p identity matrix. The characteristic
polynomial equation of the augmented model is

det(λIq+p − Aa) = det

[
λIq − A 0⊤n
−CA (λ− 1)Ip

]
= (λ− 1)p det(λIq − A) = 0.

(7.4)

Equation 7.4 explicitly shows that p integrators are embedded into the augmented system
model, which implies the steady state errors due to slow-varying and constant disturbances
can be eliminated.

7.3 PMPC Control Design

The proposed control structure is shown in Figure 7.1. The system is decoupled by the
inverse wrench method. The inputs are the force and torque applied to the mover instead
of the coil currents. In the Xg and Yg directions, the delayed augmented states ζ̂a are
estimated by a Kalman filter. The delay-free states ζf can be then calculated from the
FSA, which are used by MPC to calculate Fx and Fy under the force constraints. PID
controllers are used to control the motion of other axes.
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Remark 1 The proposed PMPC is used in the Xg and Yg directions for two reasons. One
is that the planar motion control is more critical than the other axes for path-tracking
purposes which is the main scope of this work. The other reason is that using PMPC only
on Xg and Yg directions can effectively reduce the computation burden compared with using
PMPC on all axes.
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Figure 7.1: Scheme of the proposed control structure.

7.3.1 Finite Spectrum Assignment Design

For the system under investigation, constant input and output delays are identified to be
the time needed for data processing and transmission through the sensor and actuator, re-
spectively. Because the measured outputs to update the Kalman filter are actually delayed
due to the input delay and the output delay also needs to be compensated, finite spectrum
assignment is employed by introducing delay-free states ζf , where ζf = ζ̂a(k + ktot|k) and
ktot are the total instants of input and output delays.

The state prediction of FSA is given as [25]

X(t+ h) = eAchX(t) +

∫ t

t−h

eAc(t−s)BcU(s) ds, (7.5)

where Ac and Bc are the state and input matrix of a continuous system, respectively, and
h > 0 is the time delay. By discretizing Equation 7.5 and incorporating the past control,
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the delay-free states ζf can be obtained to predict the future values at the given time
instant k,

ζf (k) = ζ̂a(k + ktot|k) = Aktot
a ζ̂a(k) + Aktot−1

a Ba∆u(k)

+ · · ·+Ba∆u(k + ktot − 1). (7.6)

Figure 7.2 shows the illustration of the mg
x position prediction by Equation 7.6. In Fig-

ure 7.2, the mover is traveling towards the positive Xg direction. The measured location
is lagged behind by 10 ms due to the input and output delays. The predicted location is
delay-free and closer to the actual mover location. The comparison between the measured
location and the predicted location is shown.
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Figure 7.2: Illustration of the mg
x position prediction with 10 ms delay.

7.3.2 State and Output Prediction

Given the system model, future state, future control candidate and the optimization win-
dow, the plant output can be predicted and synthesized into a cost function to solve out
an optimal control trajectory satisfying the constraints. The prediction horizon is denoted
as Hp and the control horizon is denoted as Hc. The future control increment trajectory
is defined as

∆Uc =
[
∆u(k) ∆u(k + 1) · · · ∆u(k +Hc − 1)

]⊤
. (7.7)

The control increment is assumed to be zero after the control horizon.
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The future state Xc is defined as

Xc =
[
ζf (k + 1|k) ζf (k + 2|k) · · · ζf (k +Hp|k)

]⊤
, (7.8)

where ζf (k + i|k), i = 1, · · · , Hp, is the delay-free state predicted at k + i with the given
information ζf (k). Based on the system model, the sequence of the future delay-free states
can be obtained by using the future control increment trajectory ∆Uc,

ζf (k + 1|k) = Aaζf (k) +Ba∆u(k),

ζf (k + 2|k) = A2
aζf (k) + AaBa∆u(k) +Ba∆u(k + 1),

...

ζf (k +Hc|k) = AHc
a ζf (k) + AHc−1

a Ba∆u(k) + · · ·
+Ba∆u(k +Hc − 1),

...

ζf (k +Hp|k) = AHp
a ζf (k) + AHp−1

a Ba∆u(k) + · · ·
+ AHp−Hc

a Ba∆u(k +Hc − 1).

(7.9)

The predicted output Yc is defined as

Yc =
[
ρ(k + 1|k) ρ(k + 2|k) · · · ρ(k +Hp|k)

]⊤
. (7.10)

Using Equation 7.9 and Equation 7.2, Yc can be written in a compact form as

Yc = ΛXc + Φ∆Uc, (7.11)

where Λ and Φ are

Λ =
[
CaAa CaA

2
a CaA

3
a · · · CaA

Hp
a

]⊤
,

Φ =


CaBa 0 · · · 0

CaAaBa CaBa · · · 0
CaA

2
aBa CaAaBa · · · 0
...

...
. . .

...

CaA
Hp−1
a Ba CaA

Hp−2
a Ba · · · CaA

Hp−Hc
a Ba

 .
(7.12)
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7.3.3 Cost Function

The objective of the MPC is to track the prescribed path in the XgYg plane within the
optimization window. The reference Rr is defined as

Rr =[xr(k + 1) yr(k + 1) xr(k + 2) yr(k + 2) · · ·
xr(k +Hp) yr(k +Hp)]

⊤,
(7.13)

where xr(k+i) and yr(k+i), i = 1, · · · , Hp, are the future references inXg and Yg directions
at time instant k + i. The cost function J is chosen as the sum of the squared tracking
error and weighted norm of the control increment

J = (Rr − Yc)
⊤(Rr − Yc) + ∆U⊤

c R̄∆Uc, (7.14)

where R̄ = rwIn is the penalty over the future control increment. By substituting Equa-
tion 7.11 into Equation 7.14, the cost function can be expressed with ∆U ,

J = ∆U⊤
c (Φ

⊤Φ + R̄)∆Uc − 2∆U⊤
c Φ

⊤(Rr − ΛXc)

+ (Rr − ΛXc)
⊤(Rr − ΛXc).

(7.15)

Since the algorithm aims to minimize J with respect to ∆U , the cost function can be
further written as

J = ∆U⊤
c (Φ

⊤Φ + R̄)∆Uc − 2∆U⊤
c Φ

⊤(Rr − ΛXc). (7.16)

7.3.4 Constraint Analysis

The constraint of the system is the current limit of each coil. The current limit can be
equivalently converted to the limitation of force and torque applied. As mg

z, α, β and γ
are controlled with PID controllers, their force and torque inputs Fz, Tx, Ty and Tz can
be predetermined. For the maglev planar motor in this study, the force constraints is
determined by the mover location. To find the constraints of Fx and Fy within the control
horizon, the following assumptions are made:

1. the positions of mg
z, α, β, and γ remain the same in the control horizon, that is,

Fz, Tx, Ty and Tz are constant.

2. the mover will travel at a constant speed in the Xg and Yg directions within the
control horizon.
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The predicted mover location mg at time instant k + i, i = 1, · · · , Hc, by the given k can
be denoted as

mg(k + i|k) =
[
mg

x + i∆Tvgx mg
y + i∆Tvgy mg

z α β γ
]⊤

, (7.17)

where it is worth noting that mg
x and mg

y are the delay-free states from the ζf . The force
and torque on the mover is

wk+i =
[
Fx(k + i) Fy(k + i) Fz Tx Ty Tz

]⊤
. (7.18)

By using the inverse wrench method, Equation 7.17 and Equation 7.18, current limits
at time instant k + i, i = 1, · · · , Hc, can be equivalently written as

Ic,min ≤ Γ⊤
k+i(Γk+iΓ

⊤
k+i)

−1wk+i ≤ Ic,max, (7.19)

where Γk+i is the concatenated matrix in the function of mg(k+ i|k), and Ic,max and Ic,min

are the column vectors of the current limits. The length of the constraint equation equals
two times the active coil number. The linear equation set Equation 7.19 can be simplified
to four to eight equations by removing the redundant constraints

Gk+i

[
Fx(k + i) Fy(k + i)

]⊤ ≤ Lk+i, (7.20)

where Gk+i and Lk+i are the constraint matrices at time instant k+i. The force constraints
in Equation 7.20 form a polygon in the plane of Fx and Fy. As implied in Equation 7.19,
the limits of Fx and Fy vary with the mover’s location. Examples of Fx and Fy constraints
along a short moving trajectory are shown in Figure 7.3 from mg

x = 288 mm and mg
y =

340 mm to mg
x = 292.5 mm and mg

y = 343 mm.

At each time instant, the force constraint can be found as

Gk(u(k − 1) + ∆u(k)) ≤ Lk,

Gk+1(u(k − 1) + ∆u(k) + ∆u(k + 1)) ≤ Lk+1,

...

Gk+Hc(u(k − 1) + ∆u(k) + ∆u(k + 1) + · · ·
+∆u(k +Hc)) ≤ Lk+Hc .

(7.21)

Equation 7.21 can be written as

C1u(k − 1) + C2∆Uc ≤ C3, (7.22)
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Figure 7.3: Examples of Fx and Fy constraints when the mover is at different locations
along a short moving trajectory.

where
C1 =

[
Gk Gk+1 Gk+2 · · · Gk+Hc

]⊤
,

C2 =


Gk 0 0 0 · · · 0
Gk+1 Gk+1 0 0 · · · 0
Gk+1 Gk+2 Gk+2 0 · · · 0
...

Gk+Hc Gk+Hc Gk+Hc Gk+Hc · · · Gk+Hc

 ,

C3 =
[
Lk Lk+1 Lk+2 · · · Lk+Hc

]⊤
.
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Equation 7.22 can be further written in a compact form,

M∆Uc ≤ N, (7.23)

where M is C2 and N is C3 − C1u(k − 1).

7.3.5 Hildreth’s Quadratic Procedure

Combining the cost function Equation 7.16 and the constraints Equation 7.23, the opti-
mization problem can be formulated to minimize

J =
1

2
∆U⊤

c E∆Uc +∆U⊤
c F, (7.24)

subject to
M∆Uc ≤ N, (7.25)

where
E = 2(Φ⊤Φ + R̄),

F = −2Φ⊤(Rr − ΛXc).
(7.26)

The Lagrange multiplier λ is introduced to minimize Equation 7.24 under Equation 7.25,

JL =
1

2
∆U⊤

c E∆Uc +∆U⊤
c F + λ⊤(M∆Uc −N). (7.27)

The optimal λ and ∆U can be found as

λ = −(ME−1M⊤)−1(N +ME−1F ),

∆U = −E−1F − E−1M⊤λ.
(7.28)

A primal-dual method is used to find the active constraints. The primal problem is
equivalent to

max
λ≥0

min
x

[1
2
∆U⊤E∆U +∆U⊤F + λ⊤(M∆U −N)

]
. (7.29)

Plugging Equation 7.28 into Equation 7.29, the dual problem with λ as the decision variable
can be written as

min
λ≥0

[1
2
λ⊤Hλ+ λ⊤K +

1

2
N⊤E−1N

]
, (7.30)
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where
H = ME−1M⊤,

K = N +ME−1F.
(7.31)

Hildreth’s quadratic programming procedure is applied to solve the dual problem [35].
The decision variable is firstly initialized to 0. Then, the value in λ∗ is calculated in an
iterative manner. If λi is smaller than 0, λi = 0. If λi is greater or equal to 0, the value of
λi will be updated. The pesudo code is shown in Algorithm 1, where λa+1

i is the ith term
of λ at iteration a+ 1. The equation for updating a candidate of λ, denoting as v, is

Algorithm 1 Demonstration of the Hildreth’s Quadratic Procedure.

Require: H,K
Ensure: λ
n = length(K)
λ0 = zeros(n, 1)
for a = 0 : max iteration do

for i = 1 : n do
va+1
i = f(H,K, i, j, λ) ▷ Equation 7.32
λa+1
i = max(0, va+1

i )
end for
if λ converges then

return
end if

end for

va+1
i = − 1

hii

(ki +
i−1∑
j=1

hijλ
a+1
j +

n∑
j=i+1

hijλ
a
j ). (7.32)

hij denotes the ijth element of H and ki denotes ith element of vector K. The equation
to update λa+1

i is
λa+1
i = max(0, va+1

i ). (7.33)

Once the algorithm converges to λ∗, the control effort can be found as

∆U = −E−1F − E−1M⊤λ∗. (7.34)

The λ∗ will converge if the constraints are linearly independent and the number of active
constraints is equal or less than the number of decision variables [84]. The computation will
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stop after a certain number of iterations. It always returns a compromised, near-optimal
solution within the constraint. A safe and continuous operation of the algorithm can be
ensured.

7.4 Experimental Validation

The proposed PMPC is examined by comparing its performance to PID controller and
baseline MPC method through different tests, while the same PID controllers are used
on the mg

z, α, β and γ directions. The same Kalman filters are used on all three cases to
estimate the mover’s location and speed. The detailed configuration of the three controllers
are shown as follows:

PMPC: This is the proposed control method. The prediction horizon Hp and control
horizon Hc are chosen to be 45 and 7, respectively. The energy penalty rw is selected as
1.5E-8 for optimal tracking performance. The constraints are added on the first 5 control
steps. The computation time of the proposed controller is measured to be 680 µs.

MPC: This is the baseline MPC method. Same as the PMPC method, this MPC is only
employed in the Xg and Yg directions. The prediction horizon Hp and control horizon Hc

are chosen to be 70 and 8, respectively. The energy penalty rw is selected as 3E-6. The
constraints are also added to the first 5 control steps. Since longer prediction and control
horizon are used, the computation time of MPC is longer, which is measured to be 790 µs.

PID: The PID controller used in Xg and Yg directions is:

CPID(s) = 9000 + 400s+
5000

s
. (7.35)

Step response, ramp response and circular path are tested with the three controllers.
The path tracking performance of all the controllers is measured with the root mean square
error (RMSE):

ermse,θ =

√∑N
k=1(θ(k)− θref (k))2

N
, (7.36)

and the maximum absolute error (MAE):

emae,θ = max
∣∣θ(k)− θref (k)

∣∣, (7.37)

where θ is the mover position (mg
x,m

g
y,m

g
z, α, β or γ), θref is the reference and N is the
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number of samples.

In practice, the mover’s motion is coupled in all directions. Uncertain and nonlinear
effects along any axis can lead to the mover oscillating across all axes when moving in the
XgYg plane. Therefore, the overall oscillations impose limitations on the maximum speeds
achievable by the mover in the Xg and Yg directions. In this study, the motion of the mover
is considered to be steady if the tracking errors of α and β are controlled within ±0.35◦

and z is controlled within ±1 mm during the entire movement.

Remark 2 The control parameters of the controllers are tuned to have minimal RMSE,
short rise time and 2% settling time as listed in Table 7.4.1, respectively.

7.4.1 Step Response

Step responses of 5 mm distance in the Xg and Yg directions are tested. The responses are
highly similar in the two directions, and the responses in the Xg direction are shown in
Figure 7.4. The performance is evaluated by 2% settling time, percentage overshoot, rise

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

Time [s]

35

36

37

38

39

40

m
g x
 P

os
iti

on
 [m

m
]

Refernece
PMPC
MPC
PID

Figure 7.4: Step response comparisons between predictor-based MPC, MPC and PID.

time (10% to 90%) and the RMSE of the process. The results of the three controllers are
shown in Table 7.4.1. MPC and PMPC start the motion earlier than PID since they can
consider future reference. It can be concluded that the proposed PMPC has the fastest
settling time and rise time with a higher overshoot of 7.94%. The PMPC has the smallest
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Table 7.1: Controller specifications of the step responses.

PMPC PID MPC
Rise Time [s] 0.030 0.047 0.071
Overshoot 7.94% 4.12% 0.42%

2% Settling time [s] 0.059 0.086 0.143
ersme,x [mm] 0.552 1.781 0.838
emae,x [mm] 2.580 4.991 2.602

RMSE and MAE between the actual performance and the reference. The control efforts
of three controller are shown in Figure 7.5. PMPC and PIC have similar highest control
effort, which is around 50 N. The maximum control effort of the MPC is around 20 N.
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Figure 7.5: Control effort comparison of three controllers during the step response.

7.4.2 Ramp Response

A ramp response with the speed of 300 mm/s in the Xg direction is tested. The total
displacement distance is 220 mm. The responses are shown in Figure 7.6, where Figure 7.6a
shows the mg

x of the carrier and Figure 7.6b shows the responses of the other five axes
(mg

y,m
g
z, α, β and γ). The RMSE of all axes is shown in Table 7.2.

At the start of the ramp response, PMPC and MPC approach the reference much faster
than PID, while the PMPC is the closest to the reference. At the end of the ramp response,
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Table 7.2: Controller performance specifications of the ramp responses.

Speed [mm/s] 300 300 300 800
Controller PMPC PID MPC PMPC
ermse,x [mm] 0.194 1.493 0.631 1.482
ermse,y [mm] 0.009 0.064 0.044 0.200
ermse,z [mm] 0.076 0.252 0.305 0.165
ermse,α [deg] 0.013 0.031 0.052 0.032
ermse,β [deg] 0.045 0.117 0.111 0.099
ermse,γ [deg] 0.011 0.031 0.034 0.036
emae,x [mm] 1.254 5.753 2.783 3.810
emae,y [mm] 0.029 0.143 0.105 0.824
emae,z [mm] 0.180 0.858 0.842 0.415
emae,α [deg] 0.031 0.084 0.093 0.080
emae,β [deg] 0.109 0.320 0.240 0.306
emae,γ [deg] 0.038 0.143 0.085 0.085

all controllers have overshoot. The PID controller has a relatively big overshoot of 5.753
mm. MPC has an overshoot of 0.819 mm, while the overshoot of PMPC is only 0.598
mm. The tracking RMSE in Xg direction is greatly reduced by the proposed method. It
is reduced by 87% compared to PID and 69% compared to MPC. The PMPC also has the
smallest MAE among all three comparing controllers.

The predictor also helps with the control of other axes. Although the exact same
controllers are used on mg

z, α, β and γ, the performance of the PMPC is significantly better
than PID and MPC. The predictors reduce the positioning error caused by the delay,
and the inverse wrench algorithm decouples the current more accurately. The maximum
ramp speed is examined, and the maximum speed is limited by if the motion is stable. The
maximum ramp speed is 300 mm/s for PID. The maximum speed is improved to 500 mm/s
by MPC, and the maximum ramp speed is 800 mm/s for the PMPC. The performance of
the PMPC 800 mm/s ramp is shown in Table 7.2 and the overshoot distance for this test
is 3.633 mm.

7.4.3 Circular Trajectory

A circular trajectory tracking of 500 mm/s is tested. The diameter of the circle is 230 mm.
The response is shown in Figure 7.7, where Figure 7.7a is the response in the horizontal
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Table 7.3: Controller performance specifications of the circular trajectory tracking.

Speed [mm/s] 500 500 500 800
Controller PMPC PID MPC PMPC

ermse,xy [mm] 0.031 1.615 0.445 0.107
ermse,z [mm] 0.124 0.169 0.149 0.195
ermse,α [deg] 0.042 0.130 0.146 0.070
ermse,β [deg] 0.027 0.118 0.135 0.047
ermse,γ [deg] 0.012 0.032 0.037 0.016
emae,xy [mm] 0.104 2.452 0.783 0.681
emae,z [mm] 0.308 0.486 0.379 0.374
emae,α [deg] 0.097 0.244 0.299 0.141
emae,β [deg] 0.066 0.243 0.266 0.128
emae,γ [deg] 0.038 0.079 0.091 0.041

plane and Figure 7.7b shows the responses of other four axes. The RMSE of each controller
is shown in Table 7.3.

During the circular motion of 500 mm/s, the performance of the PMPC is significantly
better than the other two controllers. The PMPC reduces the tracking RMSE of PID by
98% and MPC by 93%. The tracking errors of all other axes are also greatly reduced by
PMPC. The maximum speed of the circular tracking is examined. The maximum speed
of both PID and MPC are measured to be 600 mm/s. The maximum speed of PMPC is
improved to 800 mm/s. It can be seen from Table 7.3 that PMPC still offers great tracking
performance even with higher speed.

7.4.4 Discussion

In all three tests, PMPC and MPC outperform PID in effectively reducing tracking er-
rors. This superiority is rooted in two key reasons. First, PMPC and MPC have the
ability to anticipate future reference changes. Consequently, they initiate responses ahead
of reference changes, while PID will be behind the reference due to its dependence on
feedback tracking errors. Second, both PMPC and MPC can solve the optimal solution
within force constraints, ensuring the optimal use of available power and avoiding power
overconsumption.

The experimental results demonstrate the superiority of the proposed PMPC in path
tracking while maintaining the system steadiness. A main feature of the proposed PMPC
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is that it adopts the delay-free states prepared by FSA ahead for control optimization. This
incorporation provides more accurate predicted states and simplifies the computation. This
could account for the shorter optimal prediction and control horizon lengths in PMPC,
resulting in reduced computation time. Additionally, the delay-compensated estimates are
more accurate in updating the predictions of the MPC and adjusting its control actions
over a specified prediction horizon to achieve the desired trajectory. Another feature of
the proposed PMPC is the use of an augmented model. The added integral attribute can
eliminate the steady-state errors arising from low-varying and constant disturbances.
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Figure 7.6: Ramp response in X direction with the speed of 300 mm/s (a) X position
during the ramp (b) position of other five axes during the motion.
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Figure 7.7: Circular motion in the horizontal plane with the speed of 500 mm/s (a) mg
x

and mg
y position (b) position of other four axes during the motion.
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Chapter 8

Conclusion and Recommendations

In this chapter, the conclusions regarding the modeling, design, integration and control are
presented. Then, suggestions for future works are discussed.

8.1 Conclusion

8.1.1 Data-Driven Modeling

This thesis presents a real-time, lookup-table-free and continuous force and torque modeling
method for MLPM with a 2D Halbach array and square/circular coils. The force and torque
of the coil at each location are calculated by the Lorentz rule and numerical method. ETA
is introduced to model the torque. Then, the modified Fourier series is used to model the
seven nonlinear force and torque components in all edge and corner regions. The method’s
speed is experimentally tested on an industrial server, and the average computation time
of force and torque at each location is 2.3 µs. The proposed method is beneficial for both
square and circular coils. It is experimentally validated for a square and a circular coil
with different sizes, and the measurements match well with the model. In conclusion,
the proposed method is real-time, accurate, continuous and lookup-table-free, making it
suitable for real-time controls of MLPM.
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8.1.2 System Design & Integration

In this paper, a modular maglev system is proposed and demonstrated. Square coils and
a 2D Halbach array are selected for higher energy efficiency. The experimental setup is
designed and built. Vicon cameras and a modular frame design are implemented, allowing
the motion range to be expandable. Experimental validations are conducted to verify
the proposed method and design. Combined with active coil selection and direct wrench
decoupling, the mover has six-DOF decoupled motions. The mover can switch between
different active coil sets to achieve long horizontal translational and infinite yaw motion.

8.1.3 Predictor-Based Model Predictive Control

A novel PMPC is proposed to control MLPM. A Kalman filter and finite spectrum assign-
ment are applied to estimate the location of the mover under a known delay. Augmented-
model-based MPC with delay-free states is implemented to control the planar motion of
the mover. Experimental results demonstrate the effectiveness of the proposed PMPC
over a PID controller and a baseline MPC in tracking step, ramp, and circular trajecto-
ries. Experiments further highlight that the proposed PMPC can accommodate higher
mover speeds while maintaining system steadiness. The findings suggest that the proposed
PMPC can be used as an efficient control strategy for MLPM in high-speed path-tracking
applications.

8.2 Recommendations

In this section, possible future improvements are suggested.

8.2.1 Coil Temperature Estimation and Optimization

One critical limitation of the MLPM is the coil heat. The temperature of the coil could
rapidly increase. As a result, the coil resistance will increase accordingly, and the system
efficiency and levitation power will decay. Therefore, taking the coil temperature opti-
mization into consideration can greatly improve the system’s performance. On the current
system of maglev test bench and maglev floor, around 16% of the coils are embedded with
thermocouples for temperature measurement. However, there are still many coils whose
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temperatures are not available for direct measurement. To incorporate the coil temper-
ature control, two goals should be achieved. First, a method to accurately and rapidly
compute the coil temperature should be developed. Second, a current decoupling method,
including the coil temperature control, should be developed.

8.2.2 Multi-Mover Levitation and Collaboration

In this thesis, only one mover is investigated for levitation. For the purpose of flexible
manufacturing, it is important that multiple movers can be levitated and cooperate with
each other or other machines. To achieve this goal, two problems should be solved, which
are force and torque modeling between magnetic movers and path planning for multiple
movers on various tasks.

8.2.3 Operation Bandwidth Improvement

For a MLPM, higher bandwidth is important for the manufacturing process. In this thesis,
tests are only conducted with lower frequency. The system frequency response should be
identified, and different control strategies could be implemented to improve the system
bandwidth.

For the kinematic model used in this thesis, the system dynamics are ignored. The
system resonance could be excited in practice, which limits the tracking performance and
system steadiness and potentially damages the system. Therefore, the structure dynamics
should to be considered in control design, and it is possible to solve this issue via input
shaping.
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