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Abstract

Magnetic levitated planar motors employ electromagnetic force to levitate and manipulate
the movers. They have the characteristics of multi-degrees-of-freedom motion, contactless
operation, high precision and high acceleration. They have shown great potential in the
area of flexible manufacturing, material transportation and photolithography. Maglev Mi-
crorobotics Laboratory at the University of Waterloo has proposed a novel electromagnetic
design with stationary square coil arrays and a 2D Halbach array mover. With this elec-
tromagnetic design, two platforms are fabricated and tetsed, the maglev test bench and
the maglev floor. The maglev test bench is a 64-coil platform with a levitation area of
0.6 m by 0.6 m, which is a pilot project of the maglev floor. The maglev floor is a 768-coil
platform, whose levitation area is 2.4 m by 1.8 m. The maglev floor allows the tests to be
closer to real-life manufacturing. The contributions of this thesis include the mover design,
force and torque modeling between the mover and the coils, system integration, levitation
implementation and advanced control for mover path tracking.

This thesis proposes a novel lookup-table-free data-driven method to model the force
and torque on a 2D Halbach array when the magnet array is above a stationary coil. One
critical contribution is the rapid and accurate force and torque modeling when the coil is
located near the edge of the 2D magnet array. First, the area under the 2D Halbach array
is divided into a central region, edge regions, and corner regions. Then, nonlinear force
and torque components are identified and modeled with a modified third-order Fourier
series for force and torque modeling. The proposed model is implemented on an industrial
server, and the average computation time is measured to be 2.3 �s. This model is universal
for symmetric coils, verified through experimental measurements with circular and square
coils of different sizes. The measurement result agrees well with the proposed modeling
method, showing that the proposed method is suitable for real-time control of the maglev
planar motor.

With accurate force and torque modeling, a new 2D Halbach mover is designed and
fabricated. The coil dimensions are identified by the Fabry Factor, optimizing its magnetic
flux density over the working area. For the mover, instead of directly aligning a magnetic
pole with the coil center, a study area is identified to represent the entire levitation area.
Then, the mover dimensions are identified through the analysis of energy efficiency, load-
carrying ability and maximum horizontal force. A lightweight mover case with a cross
feature on the top is designed to control the mover deformation down to 0.02 mm. Vicon
visual markers are attached to the mover for the camera to measure the mover’s location.

The modular test bench, including current amplifiers, coils, programmable logic con-
troller and Vicon motion cameras, is then integrated and tested for levitation. A direct
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wrench and active coil selection method is used to decouple the force and torque and de-
termine the coil currents. With the force and torque model and the active coil selection
method, the mover can move across different sets of active coils for long-stroke movement.
Lastly, experimental validation results are presented. On the magelv test bench, the mo-
tion range is �120 mm in the horizontal directions. The platform is validated to have a
full 360° range of yaw motion. The motion precision reaches 0.01 mm for the translational
directions. The motion precision for the roll and pitch is 5 mdeg, and for yaw is 2 mdeg.
Experiments are also conducted on the maglev floor. The mover’s motion range is validated
to be 2000 mm by 700 mm in the horizontal plane with a full yaw rotation range. The
motion precision is 0.03 mm for the translational directions and 10 mdeg for the rotational
directions. The maximum speed on both platforms are validated to be 500 mm/s for the
translational motion and 75 deg/s for the yaw motion.

A novel predictor-based model predictive control is proposed to improve the tracking
performance of the maglev planar motor. A Kalman filter and finite spectrum assignment
based on an augmented system model are employed to forecast mover’s location by com-
pensating for the system delay due to data transmission and processing. The predicted
location is fed back to model predictive control for control optimization under the limit of
coil currents. Hildreth’s quadratic algorithm is then applied to solve for the optimal control
effort within the constraints. Comparative experiments demonstrate the effectiveness of
the proposed control strategy, the total tracking error of which is much smaller than the
result of a proportional-integral-derivative controller and standard model predictive con-
trol in all tests. Additionally, experimental results show that the proposed predictor-based
model predictive control can tolerate higher speeds of the mover while retaining mover’s
steadiness. The experimental results suggest the proposed predictor-based model predic-
tive control is an effective path-tracking strategy for magnetic levitated planar motors
subject to delays.
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Chapter 1

Introduction

In this chapter, an introduction to existing 
exible manufacturing technologies and mag-
netic levitation are given. The goal of the thesis is to investigate using the magnetic levi-
tated motors for 
exible conveying. The details goals and contribution are then presented
in section 1.3. Lastly, the layout of this thesis is introduced in section 1.4.

1.1 Introduction to Flexible Manufacturing

A 
exible manufacturing system is designed to provide manufacturers with the ability to
quickly adjust their production schedules and products to meet market demands. Flexible
manufacturing systems o�er 
exibility in several key aspects [92]: 1. Part variety: the
capability of the system to produce di�erent kinds of parts in di�erent volumes. 2. Schedule
change: if the system can perform di�erent manufacturing tasks in changing schedules. 3.
Error recovery: if the system can rapidly detect errors and if the system can elegantly
recover from a breakdown. 4. New part test: if new part designs can be easily added
to the existing production line. Compared to traditional manufacturing systems, 
exible
manufacturing systems o�er signi�cant advantages in adaptability and responsiveness to
changes in product speci�cations, production volumes, and customer demands. It suits
cases involving lower volume production, highly customizable products, and a dynamic
market environment.

A 
exible manufacturing system often contains the following elements: a central com-
puter, machining stations, assembly stations, loading/ unloading systems, storage systems,
conveying systems, human-machine interface and human-in-the-loop. The conveying sys-
tem is crucial for system 
exibility. It is expensive and time-consuming to modify the

1



(a) Flexconveyer [63] (b) KARIS [43]
(c) E-shaped Cellular conveyor
[45]

(d) Hexagonal omnidirectional wheeled con-
veyor [77]

(e) Small-scaled swivelling roller modules em-
bedded in a module matrix [49]

Figure 1.1: Designs for 
exible conveyors.

layout of traditional conveyors since this process requires complicated mechanical and
electrical modi�cations. Therefore, various 
exible conveying systems have been designed.
As shown in Figure 1.1a, Stephan [63] proposed a modular conveyor system named Flex-
conveyor. Each module can convey the four cardinal directions via belts. The modules
can be randomly connected and can continuously exchange information with the adjacent
modules to rapidly show routing information and achieve decentralized control. As shown
in Figure 1.1b, KARIS is one of the extended designs of Flexconveyor [43]. With a similar
belt conveying design on the top, each module is equipped with omnidirectional wheels,
allowing rapid change of the overall layout of the conveying system.

Other than belt conveying systems, there are Cellular systems to deliver objects with
Omni wheels. In Figure 1.1c, an e-pattern cell is presented [45]. This particular design
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(a) Microfactory with electromagnetic conveyor [8] (b) Micro-conveyor [28]

Figure 1.2: Designs for micro maglev conveyors.

allows the system to deliver the objects inx and y direction with a centralized control
type. Similarly, a hexagonal omnidirectional wheeled conveyor is shown in Figure 1.1d
[77, 30]. Lastly, there is a conveyor with individual small swivelling rollers design [49]. The
size of each module is much smaller than the goods, and each module has multi-directional
functionality for maximum 
exibility. This system is shown in Figure 1.1e.

Magnetic levitation (maglev) has the unique character of no friction, high precision
and low maintenance. Therefore, there are active investigations into using electromagnetic
platforms for 
exible manufacturing. Roberval Laboratory presented a smart surface with
1D Halbach arrays and linear coil stators [20, 8]. The surface can support multiple movers
with three degrees of freedom (DOF). The total displacement area is 70 mm by 70 mm,
the maximum rotation of each mover is� 13°, and the maximum travel speed is 12 mm/s
at a current of 0.8 A. This design is shown in Figure 1.2a. Another design for a micro-
factory conveyor is shown in Figure 1.2b [28, 78]. This design applies linear PCB coils and
a small cuboidal magnet array. This design has demonstrated limited motion range, and
the position accuracy is around 0.5 mm.

There is also research regarding magnetic conveyor systems on a bigger scale. Zhang
[100] proposed a maglev precision stage named Magtable, which can achieve six-DOF
motion with a long stroke in the horizontal direction. The mover consists of disk magnets,
and the stator is square coils. The position resolution of this system can reach 0.1 mm.
The motion range is demonstrated to be 400 mm by 200 mm in the horizontal plane. The
levitation height is validated to be 20 mm. Lu [58] proposed a six-DOF planar (MLPM)
with an extendable motion range in the horizontal plane. This design can be used to
deliver objects in lab or manufacturing settings. Other than academic research, there are
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(a) Planar motor by Planar Motor Inc. [2] (b) Xplanar by Beckho� [3]

Figure 1.3: Commercial MLPM.

also commercial products promoting maglev technology for 
exible manufacturing [2, 3]
shown in Figure 1.3. These products o�er 
exible assembly and routing. They can achieve
a maximum speed of 2m/s with a levitation height of 4 mm. The maximum load depends
on the size of the mover. For a 23 cm by 23 cm mover, the maximum load is about 4 kg.

1.2 Introduction to Magnetic Levitation

Maglev uses electromagnetic force to manipulate the end e�ector. The principle of maglev is
converting the magnetic energy to the kinematic energy of the manipulated object remotely
via the magnetic �eld. The electromagnetic force can counter the gravitational force of the
manipulated object to achieve levitation. They have special characteristics of non-contact,
frictionless and highly precise. Therefore, they have wide application in magnetic bearing
[75, 33], 3D printing [50, 51, 32], manipulation of microbot [26, 44, 52], transportation
[55, 65], haptic devices [11, 68, 67] and precision stages [24, 37].

The focus of this thesis is on the MLPM. The MLPM can be divided into two kinds
based on the mover type: permanent magnets mover [100] or coil mover[99, 16]. The coil
mover system could provide accurate positioning and easy force decoupling. However, a
power cable must be attached to the mover so that this design has only a limited range
in the horizontal direction. Besides, an additional design for heat dissipation would add
weight to the mover, which requires larger power to levitate the mover. The maximum
power of the coils is usually limited. A planar motor with permanent magnet movers is
more suitable for the purpose of 
exible manufacturing. With no power cables attached to
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the mover, the movers can travel expandable motion ranges. The collaboration between
the movers will be easier since the problem of tangled power cables is avoided. Besides, the
coils will be stationary. This allows the usage of bigger-sized, higher-powered coils with
cooling design for higher-system performance.

1.3 Objectives and Contributions

In this thesis, a 2D Halbach array is designed for levitation with stator of square coils.
Then, the electromagnetic system is integrated for the levitation experiments. Lastly, the
system path tracking performance is improved with the PMPC controller.

The design of the electromagnetic stator is completed as prior work by Dr. Xiaodong
Zhang and Dr. Chanuphon Trakarnchaiyo. The fabrication and the assembly of the two
platforms were completed by Dr. Xiaodong Zhang, Dr. Chanuphon Trakarnchaiyo, Curtis
Stewart, Dr. Hassan Askari, Dr. Moslem Sadeghigoughari and myself. The work of system
integration, including control algorithm implementation, current decoupling algorithm in-
tegration and motion capture via Vicon camera, is a collaborative work by Curtis Stewart
and myself.

1.3.1 Objectives

This thesis focuses on using the MLPM as a conveyor for 
exible manufacturing. To achieve
this goal, the following research objectives should be ful�lled:

1. A mover should be designed and made to ful�ll the optimization goal.

(a) Develop a method to compute the force and torque between the 2D Halbach
array and a coil.

(b) Identify the mover geometry satisfying the optimization goal given the coil ge-
ometry.

(c) Design a lightweight mover case to reduce mover deformation.

2. Complete the system integration of maglev test bench and maglev 
oor and conduct
levitation experiments.

(a) Integrate the system hardware, including coils, power ampli�ers, Vicon motion
cameras and the Beckho� industrial computer.
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(b) Implement the current decoupling algorithm.

(c) Conduct preliminary levitation experiments on maglev test bench.

(d) Implement the levitation strategy on maglev 
oor.

3. A proper control strategy for the mover to track a prescribed path should be imple-
mented.

(a) The controller should compensate for the system delays.

(b) The controller should �nd the control e�ort for the path tracking within the
critical limitations of the coil current.

1.3.2 Contributions

The following contributions are achieved in this research:

Contribution 1 : A novel real-time data-driven force and torque modeling on a 2D Halbach
array by a symmetric coil is proposed and validated.

Finding the force and torque contribution of each coil on the mover is critical for the control
of a MLPM. In the existing literature on 2D Halbach movers, the force and torque can
be found by either a lookup table or in real-time with the harmonic model of magnetic

ux density. However, a lookup table for multi-dimensional motion control occupies large
system memory, and the harmonic model cannot model the end e�ect of the 2D Halbach
array. Therefore, an accurate and fast force and torque model, including the end e�ect, is
highly desired. A novel data-driven method is proposed, and it meets all the requirements.
It is found that each computation only takes 2.3� s, and the measurements agree well with
the computation result, making this method e�ective for the control of a MLPM.

Contribution 2 : A novel mover geometry optimization method is proposed. A mover is
designed and levitated using this method.

A common optimization method for the mover geometry is to place a coil right under a
south or north pole of the mover, then identify the parameters to maximize the force.
However, the edge e�ect of the 2D Halbach array, the current decoupling method and the
relative location of the coil in the mover coordinates are not considered in the existing
analysis. The newly proposed optimization method �rst identi�es a study area, and solves
for all the current maps. Then, the average power consumption and the average maximum
horizontal can be identi�ed accordingly. A mover is designed and fabricated with the
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proposed method. Levitation experiments are conducted, and the results agree well with
the optimization expectations.

Contribution 3 : A novel active coil selection method is incorporated to the current
decoupling, achieving extendable planar motion range and in�nite yaw rotation of a 2D
Halbach mover.

For MLPM with 2D Halbach mover, it is found in the literature that they can only travel for
a limited motion range. A method for extendable planar motion range is desired. There-
fore, a novel active coil selection method is proposed, incorporating the inverse wrench
decoupling method. The method considers the contribution of each coil individually, en-
abling compensation for coil position error and gaps in coil modules, loosening fabrication
tolerances. Experimental results show the proposed method can switch the mover between
di�erent active coil sets in the planar direction. Also, it is validated that this method
allows in�nite yaw rotation of the mover.

Contribution 4 : A predictor-based model predictive controller (PMPC) is implemented
and validated to improve the system tracking performance, as well as the steadiness and
maximum speed.

For a MLPM, accurately tracking a prescribed path is desired. One thing to notice is that
the control strategy should incorporate the critical coil current limits. Therefore, the model
predictive control (MPC) is implemented on the MLPM since it can solve the optimal con-
trol e�ort with the optimization window under the coil current constraints. A predictor
is added to the MPC design to compensate for the constant system delay. Comparative
experiments show that the proposed PMPC e�ectively reduces the tracking error. Addi-
tionally, experimental results show that the proposed PMPC control can tolerate higher
speeds of the mover while retaining the mover's steadiness.

1.4 Thesis Outline

The remaining chapters in this thesis are organized as follows:

Chapter 2 reviews the literature regarding various MLPMs by the mover, including
disk magnet mover, 1D Halbach array mover, 2D Halbach array and rotary mover. Then,
the force and torque modeling method between the coils and the permanent magnets is
introduced.
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Chapter 3 explains the levitation principles of the maglev system. First, three coordi-
nates are introduced to describe the system. Then, magnetic node and harmonic expres-
sions are introduced to calculate the magnetic 
ux density of a 2D Halbach array. Lorentz
force rule is used to solve for the force and torque on the mover.

Chapter 4 presents the real-time data-driven force and torque modeling method. Based
on the characteristics of the 2D Halbach array, the area under the array is divided into a
center region, four edge regions and four corner regions. The force and torque equations are
given for each region. Lastly, the proposed method is validated by comparing the model
prediction, numerical results and actual measurements.

Chapter 5 shows the electromagnetic design of the coil and the 2D Halbach array. The
coil dimension is optimized with the Fabry Factor. Then, the 2D Halbach array geometry
is selected based on the energy e�ciency, maximum load and average horizontal thrust
within the area of study. Lastly, a lightweight mover case is designed to prevent the mover
from bending.

Chapter 6 demonstrates the system integration details. The details regarding the cam-
era system, modular stator design, proportional{integral{derivative (PID) controller de-
sign, and current decoupling methods are explained. Then, the levitation speci�cations on
the test bench and the maglev 
oor are presented.

Chapter 7 shows the PMPC control implementation on the maglev system. Kalman
�lters are used to estimate the mover location and speed. Then, the system delay is
compensated by �nite spectrum assignment. With the delay-free state prediction, a MPC
is employed to solve for the optimal control e�ort within the optimization window under the
critical coil constraints. Comparative experiments are conducted to show the e�ectiveness
of the proposed system in path tracking.

Chapter 8 concludes the current research and suggests future works.
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Chapter 2

Maglev Planar Motors in Literature

In this chapter, a comprehensive literature regarding the magnetic levitated stages are
presented. Then, methods used to compute the force and torque between permanent
magnets and coils are reviewed.

2.1 System Design

2.1.1 Disk Magnet Mover

A disk magnet mover system refers to a maglev system whose mover consists of one or more
disk magnets. Maglev systems with disk magnets are investigated because disk magnet
movers have much bigger levitation height than Halbach arrays. The maximum levitation
height found in the literature is 30 mm [100]. Therefore, maglev systems with disk magnets
mover o�er more 
exibility in the motion range and rotation capabilities, and it can be
more bene�cial for applications like haptic devices. Due to the axial symmetric feature of
a disk magnet, a single magnet mover has no control over the yaw rotation. A mover with
more than one disk magnet can achieve full six-DOF control.

As shown in Figure 2.1a, Berkelman [12] has proposed a maglev system with two disk
magnets as the mover with circular coils as the stator. This system has a motion range of
80 mm by 80 mm by 25mm. The maximum current of each circular coil is 3 A in DC. A
motion capture system with LED infrared lights is used. In [13], the sensing system of this
setup is redesigned with photodiodes to reduce the cost. In [64], their system is redesigned
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(a) MLPM with two disk magnets [12]
(b) MLPM with unlimited ro-
tation [64]

(c) Magtable [100]

Figure 2.1: Maglev systems with disk magnet movers.

to a ball-shaped mover with six disk magnets on each side, shown in Figure 2.1b. This
design is proven to have an unlimited rotation range.

Magtable [100] is propsoed by the University of Waterloo, shown in Figure 2.1c. The
stator is redesigned to square coils to enhance the magnetic 
ux density over the working
area. This system achieved a working area of 400 mm by 200 mm 30 mm. The rotation
range is� 6° in roll and pitch and � 12° in yaw rotation. Lai [54] from National Taiwan
University also validated the design with a mover of 29 disk magnets and circular coils.

2.1.2 1D Halbach Array Mover

1D Halbach array has been investigated as a mover for the maglev system since the mag-
netic 
ux density of this design can be found analytically. Accordingly, the analytical force
and the torque of each coil can be found in real-time. This mover usually consists of four
1D Halbach arrays. Each 1D Halbach array is considered as a forcer, which can provide
a vertical force and a horizontal force. With four forcers, the mover can achieve six-DOF
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(a) MLPM with 1D Halbach
array [42]

(b) MLPM with extended mo-
tion range [58] (c) MagPAD [104]

(d) MLPM with repeating
square coil array [103]

(e) System with 1D Halbach mover and rectan-
gular coils [70]

Figure 2.2: Maglev systems with 1D Halbach array movers.

movement with a simple current decoupling algorithm. However, the overall magnetic 
ux
density is limited since there is an open area in the mover without any magnets.

As shown in Figure 2.2a, the world's �rst maglev stage that provides accurate posi-
tioning in six DOF was developed by Kim in 1999, [42]. The mover is made up of four
orthogonal linear Halbach arrays, which can provide force in two directions with rectangu-
lar coils to achieve six-DOF motion. This system achieves a motion range of 50 mm by 50
mm. The stage operates with a positioning noise of 5 nm in the horizontal direction and
can realize an acceleration of 1G. This system shows that the MLPM has great potential
for next-generation semiconductor manufacturing.

This design was further improved by the Precision Mechatronics Lab at the University
of British Columbia in 2012 [58] and A*STAR in the Singapore Institute of Manufacturing
Technology in 2019 [104]. Precision Mechatronics Lab replaces the rectangular coil with the

11



linear printed circuit board (PCB) to extend the motion range in the horizontal direction
to several meters, as shown in Figure 2.2b. What's more, the PCB contains several layers
of coils so that more force can be provided. However, the levitation height is limited to
around 2.5 mm above the stator. This long-stroke, six-DOF system allows more expansive
application �elds, including 
exible manufacturing or clean room conveying. A*STAR's
design is about further improving the accuracy, as shown in Figure 2.2c. Other than the
four primary rectangular coils and linear Halbach array, four secondary rectangular coils
and linear Halbach array are added, making the system a dual-stage system. Primary coils
are responsible for coarse movement, and secondary coils are responsible for �ner control.
The primary and secondary Halbach arrays on the mover are connected with a spring
damper system. In the test of a 2 mm linear motion pro�le, the primary position error is
4 � m, and the secondary position error is reduced to less than 0.5� m.

Zhu [103] from A*STAR lab proposed a system with a 1D Halbach array and repeating
square coils, shown in Figure 2.2d. This design uses 8 phase coil currents to control
the force over the mover. This mover can also travel across di�erent active coil sets for
unlimited stroke in the horizontal direction. The maximum speed tested for the mover in
the horizontal direction is tested to be 100 mm/s. Besides using repeating square coils,
Wuhan University proposed a design with rectangular coils [70] shown in Figure 2.2e.
However, this design can o�er a limited motion range.

2.1.3 2D Halbach Array Mover

2D Halbach arrays have been widely investigated for maglev systems since this arrangement
can concentrate the magnetic 
ux density over one side. Combining the 2D Halbach array
with di�erent coil designs, the planar movers can all achieve six-DOF movement with
great energy e�ciency. In 2004, Compter [18] proposed an electro-dynamic planar motor
(EPM). As shown in Figure 2.3a, this design combines the 2D Halbach array along with
rectangular coils. Each coil group contains 3 coils and three-phase current is used to control
the motion. A similar design is also seen in [99]. In 2008, a contactless planar actuator
with a manipulator (COPAM) is developed by Boeij [22]. As shown in Figure 2.3b, this
design uses repeating circular coils.

The design was further improved in 2008 [40]. The rectangular coils align in a Her-
ringbone layout for the best power dissipation and force and torque ripples, shown in
Figure 2.3c. The system is tested with a levitation height of 1.5 mm. The tracking error of
the planar actuator is 30� m and 100� rad at full speed (1.4 m/s) and full acceleration (1.4
G). At standstill operation, the root mean square error (RMSE) of tracking is less than
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0.1 � m and 1 � rad. The design of EPM, COPAM, and HPPA are compared and analyzed
in [71]. The HPPA design has the smallest energy consumption among all the tasks and
the deformation of its translator shows similar direction dependency.

Upon the HPPA layout, the University of Eindhoven designed a double-layer planar
motor (DLPM) [74, 19]. The stator contains two layers of stationary coils, and the coils are
optimized based on dissipated power and magnet plate deformation, shown in Figure 2.3d.
From the simulation, the DLPM's dissipated power is 4% lower than HPPA during the
static simulation and 8% higher than HPPA during the dynamic simulation. High-order
harmonic content is very limited. The maximum temperature of DLPM is 2% lower than
HPPA.

In 2008, Ueda [81] from the University of Tokyo presented a novel design for three-
DOF motion (large yaw and translational displacement) with a planar Halbach array and
directorial armature conductors. The current-carrying wires are arranged on a double-
layered PCB as the stator. The horizontal gap between each conductor equals two times
the magnet pitch. For this design, the force and torque can be analytically decoupled in
real-time. In the experiment, the levitation height is 0.635 mm, with XY displacement of
20 mm and 10° yaw displacement.

2.1.4 2D Permanent Magnet Array Mover

Other than 2D Halbach array, 2D permanent magnet array can also be used as movers.
The 2D permanent magnet array usually contains square magnets in alternating directions.
The advantage of this design is it allows multi-phase current control and it has a lighter
weight than 2D Halbach array. Two systems with di�erent coil and magnets sizes [7, 98]
are shown in Figure 2.4.

2.1.5 Rotary Mover

In 2017, Dyck [29] from the University of British Columbia proposed a rotary table with
six-DOF motions for precision micromachining applications, shown in Figure 2.5b. The
mover is a linear Halbach array in a circular con�guration, and the stator is the linear
current carrying wires on a printed circuit board (PCB) with �ve radial directions. Four
three-phase ampli�ers are used, and each ampli�er can produce two forces in horizontal and
vertical directions. The experiments suggest this design can o�er limited motion range in
three translational directions, limited rotation in the roll and pitch directions and in�nite
and fast rotation in the yaw direction. A larger bandwidth of 550 Hz is found in the
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(a) EPM [18] (b) COPAM [22] (c) HPPA [40]

(d) DLPM [74]
(e) System with 2D Halbach mover and linear
coils [81]

Figure 2.3: Maglev systems with 2D Halbach array movers.
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Figure 2.4: 2D permanent magnet array systems [7, 98].

yaw direction. As shown in Figure 2.5b, Wuhan University proposed a novel design with
circular permanent magnet array and vertical rectangular coils [59]. This design allows
simple current and force decoupling. There are 24 coils in total and 8-phase currents are
given.

2.2 Force and Torque Modeling

For motion control of a MLPM, the current commutation algorithm decouples the force and
torque and current at every sampling period. Therefore, accurate and real-time modeling
of force and torque between driving coils and the mover is critical. For ironless type of
MLPM, Lorentz force is used to model the force and torque on the mover. Lorentz force
computes the force on the current carrying wires in the magnetic �eld. Therefore, the
�rst step to compute the force and torque is to calculate the magnetic 
ux density of the
permanent magnet. Bancel proposed a magnetic node method to calculate the magnetic

ux density [9]. This method assumes the relative permeability of the permanent magnets
to be unity, and it can compute the magnetic 
ux density to a good precision [93, 48].
The magnetic surface charge method o�ers higher precision and faster speed than the
magnetic node method [6]. The magnetic node and the surface charge can be used to
�nd the magnetic 
ux density of geometry. Due to the special geometry of the Halbach
arrays, harmonic expressions can be used to estimate the magnetic 
ux density. For the
1D Halbach arrays, [89] and [47] provided the analytical solution. For the 2D Halbach
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(a) Maglev rotatory motor with lin-
ear coils [29]

(b) Maglev rotatory motor with 8
phase rectangular coils [59]

Figure 2.5: Maglev rotatory motors.

array, Boeij [21] proposed a harmonic expression to compute the magnetic 
ux density.

It is possible to calculate the Lorentz force and torque between the mover and the stator.
However, this volume integral could be time-consuming to solve. Therefore, it is common
to �nd the values and store them in a lookup table. In [100, 87], the magnetic 
ux density
is found by the magnetic node and the Lorentz force is solved with Gaussian quadrature
approximation. Besides, Rovers used the magnetic node to �nd the magnetic 
ux density
and solve the Lorentz force by approximating the coil to be four straight segments [73].
Similarly, the magnetic 
ux density is found via the surface charge model and the Lorentz
force is solved by the �ne mesh of the coil in [39]. Other than computation, it is also
possible to �nd the force and torque values through direct measurement [53] or �nite
element analysis [12]. The usage of lookup tables solves the problem of time-consuming
force and torque computation. Also, the values will be more accurate since there is not
any time limit when �nding each entity. However, the size of the lookup table is in
uenced
by the table mesh. Although the size of the table can be reduced based on the repeated
magnet geometry [23], the table is still enormous to support the multi-DOF motion.

To avoid using lookup tables, many e�orts are made to compute the force and torque
in real-time. For maglev systems with 1D Halbach mover and 2D Halbach mover, there
are some achievements. The force and torque between linear coils and 1D halbach array
can be found in real time [58, 41]. This design is capable of extended motion range in the
horizontal plane. Xu [85] solves the analytical force and torque between a carrier with 1D
Halbach array and rectangular coils. An analytical solution including the yaw angles is
included.
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For 2D Halbach arrays, their magnetic 
ux density can be modeled with harmonic
expressions. Therefore, the analytical force and torque can be found in real-time. One
method is to simplify a rectangular coil to four straight segments [39, 94]. With the
harmonic expressions of the magnetic 
ux density of a 2D Halbach array, [69] proposed a
method to compute the circular segment of a coil, and [56] proposed a method to compute
the force and torque of a circular coil in 15� s. A major limitation of the harmonic
expressions is it cannot predict the edge e�ect of the 2D Halbach array. The usage of
the coils in the edge area is not possible. There are also methods to compute the force
and torque, including the edge e�ect. Numerical solutions of force and torque modeling
were successfully implemented in real-time on �eld-programmable gate array (FPGA) [86].
However, it is di�cult for FPGA-based systems to work with large-scale coil set. Besides,
Yuan proposed an analytical expression for force and torque modeling under the end e�ect
by modeling the magnetic 
ux density with Fourier series [95]. However, to achieve accurate
modeling, high-order Fourier series is required, and the resultant analytical solution of the
volume integral could be lengthy and time-consuming.
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Chapter 3

Principles Of Maglev

The proposed system uses a square coil array as the stator and a 2D Halbach as the mover.
The repulsive force from the stator coils levitates the 2D Halbach array for long-stroke
motion. 2D Halbach array is applied as the mover because it can concentrate the magnetic

ux density over one side, leading to higher energy e�ciency. Schematics of the magnetic

ux density of 1D and 2D Halbach arrays are shown in Figure 3.1. In this chapter, the
principles for the maglev planar motor are introduced. First, the coordinate systems and
parameters needed are introduced in this section. Then, the magnetic 
ux density modeling
and the Lorentz force rule are introduced.

3.1 System Coordinates

Three coordinate systems are needed for the proposed setup, shown in Figure 3.2. The
origin of global coordinate system [X g; Yg; Zg] is located at the center of the coil array, at
the same height as the top surface of the coils. The location of the mover and a coil in
the global coordinates are named as~mg = [ mg

x ; mg
y; mg

z] and ~cg = [ cg
x ; cg

y; cg
z]. The origin of

the mover coordinate system [X m ; Ym ; Zm ] is located at the center of the bottom surface
of the 2D Halbach array. The location of a coil in the mover coordinates is named as
~cm = [ cm

x ; cm
y ; cm

z ]. cm
z is the vertical distance between the coil and the mover. On each

coil, there is a coil coordinate system [X ci ; Yci ; Zci ]; i 2 f 1; 2:::ncg. nc is the total number
of coils. The coil coordinates are located at the center of the top surface of each coil.

All coordinate systems are parallel. The mover has six-DOF motion. To �nd the
global force and torque from each coil, the coil locations should be converted from global
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Figure 3.1: (a) Schematic of a 1D Halbach array layout and its magnetic �eld [1] (b)
Schematic of a 2D Halbach array layout and its magnetic �eld.

coordinates to the mover coordinates. Euler angles are applied to describe this conversion.
The roll (x-axis rotation), pitch (y-axis rotation) and yaw (z-axis rotation) angles are
denoted with � , � and 
 respectively. A composition of three intrinsic rotations is de�ned
in the order of XYZ. The coil location in mover coordinates can be found as

~cm = Rm
g ( ~cg � ~mg); (3.1)

where
Rm

g = Rg
m

T = ( RxRyRz)T = Rz
T Ry

T Rx
T ; (3.2)
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2

4
1 0 0
0 cos(� ) � sin(� )
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3
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Figure 3.2: System coordinates, top view.

3.2 System Parameters

The geometry parameters are shown in Figure 3.3. The mover has a six-by-six layout, and
the height of the 2D Halbach array ishm . The pole pitch distance is denoted as� , and the
width of the magnets with Zm magnetization direction is denoted as� m . The remanence
of the magnets isB r . The height of the coil is denoted ashc. The outer and inner width
of the coil is denoted aslc and sc. The bundle width is wc, and the number of turns isN .

3.3 Magnetic Flux Density Modeling

The magnetic nodes and the harmonic expressions are presented to model the magnetic

ux density of a 2D Halbach array.

3.3.1 Magnetic Nodes

To obtain the magnetic 
ux density of the magnet array, the Halbach array is modeled
with magnetic nodes, which was originally proposed in [9]. The magnetic nodes model is
deduced from the magnetic surface charge model [93] by assuming the relative permeability
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Figure 3.3: System layout with a single coil (a)bottom view (b)side view.

of the permanent magnets to be unity. Using the magnetic nodes method, one could ana-
lytically model the magnetic 
ux density of a Halbach array with good precision, including
edge area. The magnetic nodes model for a single cuboidal magnet with Y direction mag-
netization (shown with arrow) is shown in Fig. 3.4. The equations for the magnetic 
ux
density are

Bxk =
� k

4�
ln(� yr +

p
x2

r + y2
r + z2

r ); (3.3)

Byk =
� k

4�
ln(� xr +

p
x2

r + y2
r + z2

r ); (3.4)
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Figure 3.4: Magnetic nodes model on a cuboidal magnet with Y direction magnetization.

Bzk =
� k

4�
arctan

 
xr yrp

x2
r + y2

r + z2
r

!

; (3.5)

where indexk denotes each node,xr , yr and zr are equal toxm � xk , ym � yk and zm � zk

respectively. � k is the magnetic charge. Its absolute value equalsB r , the remanence of the
permanent magnet, and its sign changes based on the location of the node.Bxk , Byk and
Bzk are the magnetic 
ux density of each node in theX m , Ym and Zm direction.

3.3.2 Harmonic Expressions

Other than the magnetic nodes approach, the harmonic expressions can accurately predict
the magnetic 
ux density only under the central region of a 2D Halbach array. The
relative permeability � r of permanent magnets is assumed to be one. The actual� r of
NdFeB permanent magnet is 1.03-1.05.� 0 is the permeability of free space. The equations
for harmonic expressions [39] at point~pm in the mover coordinate is
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1X

k=1

1X

l=1
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where

K (� r = 1) = B r (e� m t � � e� mb� )
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)2:

k and l are harmonic numbers.mt and mb are the height of the top and bottom of the
Halbach array. This equation can be further simpli�ed by assuming the harmonic number
for both X and Y directions to be 1. Then, the model becomes:

~B m (~pm ) = � � 0K 0e
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3.3.3 Magnetic Flux Density Veri�cation

The harmonic model and the magnetic nodes method are implemented on a six-by-six
Halbach array, whose pole pitch is 1.5 inches, pole is 2 inches, and thickness is 0.5 inches.
With the implementation of the methods, a 2D Halbach array of any size can be easily
found. The magnetic 
ux density is calculated along an arbitrary line, whose starting point
is pm

x = 3:5 mm, pm
y = 10:5 mm and ending point ispm

x = 192:5 mm, pm
y = 37:5 mm in the

mover coordinates. The testing line is parallel to the mover with a height of -25mm. Three
methods, magnetic node, �rst order harmonic and third order harmonic, are implemented.
Their results are compared to ANSYS simulation results.

As shown in Figure 3.5, the magnetic node can nicely predict the magnetic 
ux density
along the entire line, while the harmonic model can only predict the magnetic 
ux density
at the central end. The RMSE between the ANSYS simulation and the magnetic node
model is 0.003T across the whole line. The harmonic model can only model the magnetic
�eld under the central region (0-120 mm) of the Halbach array. In the central zone, the
RMSE of the �rst and the third harmonics model are 0.0081T and 0.0033T, respectively.
The third harmonics model's performance is similar to the magnetic node. The �rst-order
harmonic model can predict magnetic 
ux density with some errors.

3.4 Lorentz Force and Torque

With the external magnetic �eld information, the Lorentz force F of a coil can be found
by taking the volume integral of the cross product of current densityJ and the magnetic

ux density B . The force on the magnet array has the same amplitude and the opposite
direction. The equation for force on the carrier is

F = �
ZZZ

J � B dV; (3.8)

where dV is the volume integral of the conductor and� is the cross product. The torque
on the magnet arrayT is the integral of cross product of torque arm and the force. The
equation for torque on the magnet array is

T = �
ZZZ

r � (J � B ) dV; (3.9)

wherer is the distance from the center of the computing element to the center of mass of
the 2D Halbach array.
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Figure 3.5: Comparison between magnetic �eld between ANSYS, magnetic node and har-
monic model along the same line.
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In this study, numerical methods are applied to compute the volume integral. Cuboidal
mesh is used for the straight sections of the coil, and the trapezoidal mesh is used at the
rounded corners. The mesh size is within 1 mm, and the coil current input is 1 A for all the
force and torque computations. The rectangle rule is used as the interpolating function for
the numerical solution. This method has been proven e�ective in [100, 39]. A schematic
of the current density distribution in a coil is shown in Figure 3.6. The computation time
for the numerical method is found to be 5 s per coil on MATLAB.

Figure 3.6: Schematic of the current density in a coil.
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Chapter 4

Data-Drive Force and Torque
Modeling

A continuous, table-free and accurate data-driven force and torque modeling method are
presented in this chapter. The work in this chapter is published in [91].

4.1 Zoning and Data Collection

The area under the 2D Halbach array is divided into many regions for the data-driven
modeling. To identify the region under the in
uence of the end e�ect, the magnetic 
ux
density strength calculated by the magnetic nodes model is compared with the �rst har-
monic expression along the line ofYm = �=2 in Fig. 4.1, where� is the pole pitch of a 2D
Halbach array. It shows that in the region of� 2:5� to 2:5� , magnetic 
ux density values
from the two methods are very similar (peak-to-peak error within 2%). If the entire coil is
located inside the� 2:5� to 2:5� area, this coil is in the central region. The center location
of the coil is applied to de�ne the boundary of each region. Considering the size of the
coil is about 1:5� in this study, the central region limit for the coil is � 1:75� to 1:75� .
When the coil center moves to 4� or � 4� , the magnetic 
ux linkage of the coil is almost
zero. The outer boundary of the edge region is� 4� to 4� . This method is applied in both
X m and Ym directions, and the resultant zoning is shown in Fig.4.2. There is one central
region, four edge regions and four corner regions.

As the coil moves across di�erent areas under the 2D Halbach array, numerical solutions
of force and torque are collected for further data �tting in 3D space. In theX m and Ym

27



Figure 4.1: Magnetic 
ux density of the 2D Halbach array alongYm = �=2.

directions, the location resolution is 1.016 mm from� 4� to 4� . In the Zm direction, the
range of air gap covered is 0.5 mm to 7.5 mm, with a 1 mm resolution. The air gap range
is limited by the electromagnetic design of the coil and the 2D Halbach array. The number
of locations computed is 247808, 159104 and 102152 for the central region, one edge region
and one corner region, respectively.

4.2 Force

In this section, methods of modeling the three-DOF force on the carrier by a coil, when
the coil is located under di�erent regions of the magnet array are presented.

4.2.1 Central Region

In the central region of the 2D Halbach array, the force on the magnet array by a coil in
the central region is
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Figure 4.2: Regions under the 2D Halbach array, top view.

~Fcenter (cm
x ; cm

y ; cm
z ) = I

2

4
K x cos(� x ) sin(� y)
K y sin(� x ) cos(� y)
K z sin(� x ) sin(� y)

3

5 ; (4.1)

where � x = �c m
x =� and � y = �c m

y =� [14]. K x , K y and K z are exponential decay functions
related to the air gap, and their units are Newton per Ampere. Equations forK x , K y and
K z are:

K x = � xe� k cm
z ; (4.2)

K y = � ye� k cm
z ; (4.3)

K z = � ze� k cm
z ; (4.4)

where� x , � y, � z and � k are constants. Values of� x , � y, � z and � k are determined by the
speci�c coil and carrier geometry. Their values can be found by �tting the data from the
numerical force solution or analytically from the harmonic analysis. This chapter demon-
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strates the proposed model with a speci�c carrier and coil setup. The system variables
are shown in Figure 4.3, and values of each variable of this setup are shown in Table 4.1.
� x , � y, � z and � k in (4.2)-(4.4) for the example setup are found by data �tting, and their
values are 3.9021, 3.9021, 5.5209 and -87.14 respectively.

Figure 4.3: System layout showing the variables.

To examine the proposed model, numerical force and torque values at 5 mm air gap
are computed with a location resolution of 1.016 mm in theX m and Ym direction. In the
central region, numerical results at 30976 locations are computed at 5 mm. The range of
Fx and Fy are both � 2.5239 N, and the range ofFz is � 3.571 N. The results from the
proposed model are compared with the numerical solution at the 5 mm air gap. In the
central region, the RMSE ofFx , Fy and Fz is 0.0143 N, 0.0143 N and 0.0203 N respectively.

4.2.2 Edge Region

Fx in edge region 1 at 1.5 mm air gap distance is shown in Fig. 4.4. In this �gure, along
the X m direction, the force distribution has a sinusoidal shape, with the same phase as
the central region and changing amplitude. Along theYm direction, the force distribution
displays shapes of nonlinear waves. Each wave has a similar shape but di�erent amplitudes.
Similar trends of distribution are also found inFy and Fz in edge region 1. Based on the
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Table 4.1: Dimensions of the primary system variables.

Variables Values
wc 21.5 mm
sc 24 mm
lc 75 mm
hc 86.5 mm
� 50.8 mm

� m 25.4 mm
hm 6.35 mm
N 972
I 1 A

B r 1.32 T
cm

z 0.5-7.5 mm

distribution characteristics, assumptions of force distributions in edge region 1 are made
as:

1. Force distribution along theX m direction is the same as the central region.

2. Force distribution along theYm direction is a 1D nonlinear wave at a certain height.

These nonlinear waves in theYm direction are named nonlinear force components, whose
values are related tocm

y and cm
z . With this assumption, force equations in edge region 1

become

~Fedge1(cm
x ; cm

y ; cm
z ) = I

2

4
K x cos(� x )f 1(cm

y ; cm
z )

K y sin(� x )f 2(cm
y ; cm

z )
K z sin(� x )f 3(cm

y ; cm
z )

3

5 ; (4.5)

where K x , K y and K z are the same as (4.2)-(4.4).f 1, f 2 and f 3 are the nonlinear force
components.f 1, f 2 and f 3 are dimensionless.

At a certain height, the 2D distribution of nonlinear force components can be found by
(4.5) using the corresponding numerical solutions. As an example, values off 1, f 2 and f 3

at air gap distance of 1.5 mm are shown in Fig. 4.5. The dimension of the nonlinear force
components is reduced from 2D to 1D by averaging along theX m direction.

Nonlinear force components are computed at each air gap distance from 0.5 mm to
7.5 mm. The variation of nonlinear force components across di�erent air gap is shown in
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Figure 4.4: Fx in edge region 1 at 1.5 mm air gap.

Fig. 4.6. Knowing the values of nonlinear force components at di�erent air gap, a �tting
equation is needed to model their distributions. It is noticed that a regular third-order
Fourier series can nicely model a nonlinear force component at a certain height. Changes
are made to a regular third-order Fourier series by considering the fundamental frequency
and harmonics amplitude linearly related to the air gap. The �tting equation is

f (x; cm
z ) = a0 + a1x + a2cm

z + ( k1cm
z + b1) cos((k0cm

z + b0)x + a3)

+ ( k2cm
z + b2) cos(2(k0cm

z + b0)x + a4) + ( k3cm
z + b3) cos(3(k0cm

z + b0)x + a5)
: (4.6)

In (4.6), cm
z is the air gap, andx is the distance away from the central region. For example,

cm
y is plugged in for x in edge region 1. There are 14 parameters (k0, k1...k3; a0, a1...a5; b0,

b1...b3) for each nonlinear force component. All parameters can be found via nonlinear data-
�tting using nlin�t function in MATLAB. nlin�t estimates the speci�ed model parameter
in the least-square sense. Forf 1, f 2 and f 3 in edge region 1, the peak-to-peak modeling
error percentage for all nonlinear force components are found within 2.5% using (4.6).

Using the force symmetry feature of the 2D Halbach array, the force equations in other
edge regions are shown in (4.7)-(4.9):

~Fedge2(cm
x ; cm

y ; cm
z ) = I

2

4
K x f 2(� cm

x ; cm
z ) sin(� y)

� K yf 1(� cm
x ; cm

z ) cos(� y)
� K zf 3(� cm

x ; cm
z ) sin(� y)

3

5 ; (4.7)
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Figure 4.5: f 1, f 2 and f 3 value plane and lines at 1.5 mm air gap.
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~Fedge4(cm
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4
� K x cos(� x )f 1(� cm

y ; cm
z )

K y sin(� x )f 2(� cm
y ; cm

z )
� K z sin(� x )f 3(� cm

y ; cm
z )

3

5 : (4.9)

In (4.7)-(4.9), equationsf 1, f 2 and f 3 are the same as in edge region 1 with di�erent values
plugged in.

The proposed force model is compared with the numerical results at 5 mm air gap.
In edge region 1 at 5 mm, numerical force values are collected at 19888 locations (1.016
mm location resolution) to examine the proposed model. The proposed model and the
modeling error are shown in Fig. 4.7. The RMSE of theFx , Fy and Fz in edge region 1
are 0.0127 N, 0.012 N and 0.0175 N respectively.
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Figure 4.6: f 1, f 2 and f 3 values at three di�erent air gap.

4.2.3 Corner Region

Similarly to edge regions, force in corner regions is examined inX m and Ym directions. Fx

in edge region 2 at 1.5 mm air gap is shown in Fig. 4.8. InX m and Ym directions, the force
distribution both show shapes of nonlinear waves with changing amplitude. InX m , the
shape of the wave is highly similar tof 2 (Fx distribution in edge 3 alongX m direction).
In Ym , the shape of the wave is highly similar tof 1 (Fx distribution in edge 1 alongYm

direction). The same trends are also observed inFy and Fz. Based on the distribution
characteristics, assumptions of force distributions in corner region 2 are made as:

1. Force distribution in an edge region can be modeled by the nonlinear force compo-
nents from the two neighboring edge regions using superposition.

2. Force distribution in corner region 2 along theX m direction is the same as edge
region 3.

3. Force distribution in corner region 2 along theYm direction is the same as edge region
1.

Therefore, the force equation for corner region 2 is

~Fcorner 2(cm
x ; cm

y ; cm
z ) = I

2

4
K x f 2(cm

x ; cm
z )f 1(cm

y ; cm
z )

K yf 1(cm
x ; cm

z )f 2(cm
y ; cm

z )
K zf 3(cm

x ; cm
z )f 3(cm

y ; cm
z )

3

5 : (4.10)
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Figure 4.7: Force and modeling error in edge region 1 at 5 mm air gap.

In (4.10), K x , K y and K z are de�ned in (4.2)-(4.4). Nonlinear force components are the
same as in edge regions.

Similarly, the force equations for edge region 1, 3 and 4 are:
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3
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3

5 : (4.13)

Nonlinear force components in (4.11)-(4.13) are the same as in edge regions. Therefore, for
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Figure 4.8: Fx in corner region 2 at 1.5 mm air gap.

all the edge and corner regions, only three equations are needed to model all the nonlinear
force components.

The proposed model is compared with the numerical solution at 5 mm air gap. The
location resolution of the numerical solution of 5 mm air gap is 1.016 mm, and there are
12769 locations computed in corner region 2. The modeled force, as well as the modeling
error compared with the numerical solution, is shown in Fig. 4.9. The RMSE of theFx ,
Fy and Fz in corner region 2 are 0.0291 N, 0.0291 N and 0.1005 N respectively

4.3 Torque

In this section, methods to compute the three-DOF torque on the magnet array by a coil
located in di�erent regions are presented.

4.3.1 E�ective Torque Arm

From section 4.2, force on the 2D Halbach array can be modeled. If the length of the
torque arm can be found, the torque is simply the cross product of the torque arm and
force. However, there is no direct contact between a current-carrying coil and the 2D
Halbach array. E�ective torque arm (ETA) is de�ned to represent the length of the torque
arm. The relationship between ETA and the torque is shown in (4.14):
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Figure 4.9: Force and modeling error in corner region 2 at 5 mm air gap.

~T =

2

4
r ef f

y1 Fz � r ef f
z1 Fy

� r ef f
x1 Fz + r ef f

z2 Fx

r ef f
x2 Fy � r ef f

y2 Fx

3

5 ; (4.14)

wherer ef f
x1 , r ef f

x2 , r ef f
y1 , r ef f

y2 , r ef f
z1 and r ef f

z2 are the ETA.

Torque in each direction has two components. Each torque component is named 1 and
2 based on the order in (4.14). For example,r ef f

y1 Fz is named asTx1 and � r ef f
z1 Fy is named

as Tx2. At each coil location, the length of the ETA can be found through the numerical
solution of force and torque. Instead of directly �nding the total torque (Tx , Ty and Tz),
each component of the torque (Tx1, Tx2, Ty1, Ty2, Tz1 and Tz2) is �rst found. Then, the
ETA can be found as a quotient of each torque component and the corresponding force.
In the following sections, ETA in each region is found in 3D space with the same position
resolution used for force analysis. Then, the characteristics of ETA are observed and used
for torque modeling.

4.3.2 Central Region

The ETA r ef f
z1 and r ef f

z2 have a relatively constant distribution at each air gap distance in
the central region. It is assumed thatr ef f

z1 and r ef f
z2 are not relevant to cm

x and cm
y , only
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relevant to air gap distance. Values ofr ef f
z1 and r ef f

z2 are �rstly found by averaging their
values at each air gap distance. Then, their values are modeled to be linearly related to
the air gap distance. Using the data from 0.5 mm to 7.5 mm, equations forr ef f

z1 and r ef f
z2

in the central region are found by data �tting using

r z1 = r z2 = � cm
z + � rz ; (4.15)

where� rz is a constant. In the example setup, value of� rz is -0.0146 m.

At 1.5 mm air gap distance, the ETAr ef f
x1 , r ef f

x2 , r ef f
y1 and r ef f

y2 in the central region are
shown in Fig. 4.10. They can be modeled as inclined tangent plane and their values are

Figure 4.10: ETA in the central region at 1.5 mm air gap.

found by non-linear regression, shown in (4.16):

r ef f
ji (pj ) = pj � mi tan(npj + �= 2); (4.16)

wherej stands for x or y,i is 1 or 2, meaning the index of ETA. Linear equations are applied
to describe their changes with respect to air gap distance.n is the period parameter and
equals 61.8424. This is the same as�=� . mi is the magnitude parameter, and values ofmi
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are found from 0.5 mm to 7.5 mm. Values ofmi are �rstly found at each air gap. Then,
linear �tting equations are used to describe trends ofmi at di�erent air gap distance as

m1 = � m1cm
z + � m1; (4.17)

m2 = � m2cm
z + � m2; (4.18)

where� m1, � m1, � m2 and � m2 are constants. Their values in the example setup are -0.0715,
-0.123 m, -0.1046 and -0.0203 m.

Knowing the force and the ETA, the torque can be calculated by (4.14). Again, the
model is built from information from 0.5 mm to 7.5 mm air gap distance. At 5 mm air gap
distance, the resultant torque model is compared to the numerical solution. The resultant
torque and the torque modeling error in the central region are shown in Fig. 4.11. The
RMSE of Tx , Ty and Tz are 0.0014 Nm, 0.0014 Nm and 0.0011 Nm respectively.

4.3.3 Edge Region

The length of the ETA is found in the edge region. In edge region 1,r ef f
x1 and r ef f

x2 still
follows similar pattern as the central region, whose trend can be modeled by (4.16). As
shown in Fig. 4.12,r ef f

y1 , r ef f
y2 , r ef f

z1 and r ef f
z2 do not share the same feature as the central

region, but their distribution is highly uniform along the X m direction. They are assumed
to be irrelevant to the X m direction for simplicity.

There are six torque components in total. Methods are proposed to model these com-
ponents. Combining the features of the force and ETA in edge regions, torque in edge
regions can be modeled. The expression forTy1 is the same as the central region, since
ETA r ef f

x1 and Fz are known. The equation forTy1 is

Ty1 = � r ef f
x1 Fz: (4.19)

Tz1 in edge region 1 can be found in the same way. Di�erent approach is proposed to
model Tx1, Tx2, Ty2 and Tz2 as their ETA are di�erent with central region. Take Tx1 as an
example, equation forTx1 is

Tx1 = r ef f
y1 Fz: (4.20)

Plugging Fz from (4.5) into (4.20), Tx1 becomes

Tx1 = IK z(cm
z ) sin(� x )r ef f

y1 (cm
y ; cm

z )f 3(cm
y ; cm

z ): (4.21)
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Figure 4.11: Torque and modeling error in the central region at 5 mm air gap.

In (4.21), r ef f
y1 and f 3(cm

y ; g) is related to cm
z and cm

y . K z is only related to cm
z . Nonlinear

torque component,t1(cm
y ; g) is to de�ned to model the variation of Tx1 in the Ym and Zm

direction. Equation for Tx1 becomes

Tx1 = I sin(� x )t1(cm
y ; cm

z ): (4.22)

Same approach is applied forTx2, Ty2 and Tz2. The �nal equation for torque in edge region
1 is

~Tedge1(cm
x ; cm

y ; cm
z ) =

2

4
I sin(� x )t1(cm

y ; cm
z ) + I sin(� x )t2(cm

y ; cm
z )
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x1 Fz + I cos(� x )t3(cm

y ; cm
z )

r ef f
x2 Fy + I cos(� x )t4(cm

y ; cm
z )

3

5 ; (4.23)
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Figure 4.12: ETA in edge region 1 at 1.5 mm air gap.

wheret1, t2, t3 and t4 are the nonlinear torque components. The unit of nonlinear torque
components is Newton-meter per Ampere.

2D distribution of t1, t2, t3 and t4 in edge region 1 at 1.5 mm is shown in Fig. 4.13.
Their values are highly uniform along theX m direction. The dimension of all nonlinear
torque components is reduced from 2D to 1D by averaging in theX m direction at each
air gap. Variation of t1, t2, t3 and t4 across di�erent air gap distance is shown in Fig.
4.14. Distribution of t1, t2, t3 and t4 in the Ym and Zm direction can be modeled with
(4.6) using the same method as the nonlinear force components. In the example setup, the
peak-to-peak modeling errors of all nonlinear torque components are found within 3%.

With the equations of the nonlinear torque components and the 2D Halbach being
symmetry, similar to edge region 1, the torque equations for edge region 2, 3, and 4 are
presented in (4.24)-(4.26):

~Tedge2(cm
x ; cm

y ; cm
z ) =

2

4
r ef f

y1 Fz + It 3(� cm
x ; cm

z ) cos(� y)
� It 1(� cm

x ; cm
z ) sin(� y) � It 2(� cm

x ; cm
z ) sin(� y)

� It 4(� cm
x ; cm

z ) cos(� y) � r ef f
y2 Fx

3

5 ; (4.24)
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Figure 4.13: t1, t2, t3 and t4 value at 1.5 mm air gap.

~Tedge3(cm
x ; cm

y ; cm
z ) =

2

4
r ef f

y1 Fz � It 3(cm
x ; cm

z ) cos(� y)
� It 1(cm

x ; cm
z ) sin(� y) � It 2(cm

x ; cm
z ) sin(� y)

� It 4(cm
x ; cm

z ) cos(� y) � r ef f
y2 Fx

3

5 ; (4.25)

~Tedge4(cm
x ; cm

y ; cm
z ) =

2

4
I sin(� x )t1(� cm

y ; cm
z ) + I sin(� x )t2(� cm

y ; cm
z )

� r ef f
x1 Fz � I cos(� x )t3(� cm

y ; cm
z )

r ef f
x2 Fy + I cos(� x )t4(� cm

y ; cm
z )

3

5 : (4.26)

The nonlinear torque components in (4.24)-(4.26) are the same as in (4.23) with di�erent
values plugged in.

The torque in edge region 1 is modeled using the method mentioned above. The
proposed model is compared with numerical results at 5 mm air gap. The The RMSE of
Tx , Ty and Tz are 0.0043 Nm, 0.0047 Nm and 0.0019 Nm.Tx , Ty and Tz and the modeling
error are shown in Fig. 4.15.
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