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Field theoretic simulations are used to predict the equilibrium phase diagram of symmetric blends
of AB diblock copolymer with A- and B-type homopolymers. Experiments generally observe a
channel of bicontinuous microemulsion (BµE) separating the ordered lamellar (LAM) phase from
coexisting homopolymer-rich (A+B) phases. However, our simulations find that the channel is
unstable with respect to macrophase separation, in particular, A+B+BµE coexistence at high T
and A+B+LAM coexistence at low T . The preference for 3-phase coexistence is attributed to a
weak attractive interaction between diblock monolayers.

(June 30, 2020)

Diblock copolymers, consisting of an A-type chain
joined to a B-type chain, are often used to compatibilize
immiscible A- and B-type homopolymers, in the same
way surfactant molecules are use to compatibilize wa-
ter and oil. In the symmetric case, where copolymers
of equal-sized blocks are blended with equal amounts
of equal-sized homopolymers, mean-field theory predicts
the existence of a Lifshitz critical point [1]. This spe-
cial type of point [2] has also been predicted for ther-
motropic liquid crystals [3], ferroelectrics [4], lyotropic
liquid crystals [5], magnetic systems [6], polyelectrolytes
[7], and biological membranes [8–10], and it generally oc-
curs when the ordered phase of a continuous transition
switches from uniform to periodic. The first experimen-
tal evidence for Lifshitz critical phenomena was in 1995,
when Bates et al. [11] examined ternary blends composed
of polyethylene (PE) and polyethylenepropylene (PEP).
However, it was understood that the lower critical di-
mension of the Lifshitz point is four [12–15], and so it
should be destroyed by thermal fluctuations. Therefore,
Bates et al. hypothesized that fluctuations would push
the Lifshitz point to T = 0 creating a narrow channel
of disordered phase. Furthermore, they suggested that
the disordered phase inside the channel would become a
bicontinuous microemulsion (BµM), where the two ho-
mopolymers form interweaving nano-sized domains sep-
arated by a diblock monolayer, analogous to the tradi-
tional BµM of lyotropic liquid crystals [16]. Bates et
al. [17] confirmed the expected behavior two years later.
Polymeric microemulsion has since been observed for nu-
merous other chemistries [18–26], and is being studied
for a variety of applications including stable polymeric
alloys [27], nanoporous functional materials [28], solar
cells [29, 30], fuel cells [31], and rechargeable batteries
[31, 32].

Block copolymer melts are generally well described by
mean field or rather self-consistent field theory (SCFT),
but symmetric ternary blends have become the classic
example of where SCFT completely fails. Figure 1 com-
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thatslicessymmetricallythroughthisprismatafixed
ratiofPEyfPEP≠1,wherefPEisthevolumefraction
ofthePEhomopolymer.Thiscondition,alongwiththe
volumetricconstraintfPE1fPEP1fPE-PEP≠1,re-
ducesthenumberofthermodynamicvariablestotempera-
tureandthetotalhomopolymervolumefractionfH≠
fPE1fPEP≠12fPE-PEP,andtheseparametersde-
finethetwo-dimensionalphasediagramsshowninFig.1.
Thesolidcurvesintheinsetofthisillustrationwerecal-
culatedusingself-consistentmean-fieldtheory[10,11],as
reportedpreviously[7].

Withinthetemperaturerangecoveredbyourexperi-
ments,mean-fieldtheoryanticipatesthreethermodynamic
regions:asingledisorderedphaseathightemperatures,
twodisorderedliquidphasesrichinPEandPEPathigh
fHandlowtemperatures,andasingleorderedlamel-
larphaseatlowfHandlowtemperatures.Addingho-
mopolymerswellstheflatlamellaetherebyincreasingthe
layerspacing,whichwithinthemean-fieldtheorydiverges
attheunbindingtransition(UT).(Incertainsituations,
suchasatlowtemperaturesorwhenNH$NA-Bnear
thedisorderedstate,separationintotwoorthreephases
maypreemptunbinding[12].)Twolinesofsecond-order
phasetransitionsseparatethehighandlowtemperature
portionsofthetheoreticalphasediagram,intersectingthe
UTatanisotropicLifshitzmulticriticalpoint(LP)[13].
Inthepresentcase,themean-fieldtheory[11]yields
fH,LP≠0.92.

Wehaveusedsmall-angleneutronscattering(SANS)
tocharacterizethephasebehaviorofthesymmetricPE-

FIG.1.PhasebehaviorofsymmetricPE-PEPyPEyPEPmix-
tureswherefHdenotesthevolumefractionofhomopoly-
mer.Symbols()and(d)identifyfirst-andsecond-order
transitions,respectively,andthedashedcurvesdelineatethe
associatedphaseboundaries.Theshadedportionindicatesa
two-phaseregion.Amean-fieldtheoreticalcalculation,repre-
sentedbythesolidcurvesintheinset,locatestheunbinding
transition,andtwolinesofcriticalpointsthatconvergeatan
isotropicLifshitzpoint(LP,e).

PEPyPEyPEPternarymixturesaroundtheLPcomposi-
tion.TheseexperimentswereconductedattheRisøNa-
tionalLaboratory(Roskilde,Denmark)usingestablished
procedures[9].RepresentativeSANSdataacquiredfrom
fH#0.91mixturesat120±CarepresentedinFig.2.
Thisillustrationalsoshowshowthecharacteristicspac-
ingd≠2pyqpvarieswithfH,whereqpisthescatter-
ingwavevectoratthepeakintensity.ForfH#0.89

thesescatteringpatternscontainatleastonehigher-order
reflection,at2qp,consistentwithalamellarmorphology.
Lamellar-to-disordertransitiontemperatureswereassoci-
atedwiththelossofhigher-orderdiffraction,alongwith
distinctchangesinrheologicalproperties[9].Intheory
[14]andpractice[9,15]fluctuationeffectsdestroythe
second-ordercharacterofthisorder-disordertransition,
whichmustalsocreateatwo-phaseregionwhenfH.0.
However,ourexperimentsindicatethatthistwo-phase
windowspanslessthan1±Csincecoexistinglamellarand
disorderedphaseswerenotobserved.Accordingly,anar-
rowchannelhasbeenusedtoidentifythisphaseboundary
inFig.1.

AtfHof0.90and0.91,theSANSpatternscontain
justonepeakovertheentirespanoftemperaturesprobed
(118#T#160

±C),indicativeofadisorderedphaseas
identifiedinFig.1.

QualitativelydifferentSANSpatternswererecorded
for0.916#fH#1.Intheone-phaseregimethese
mixturesproducedstructurefactorsthatvariedsmoothly
fromanOrnstein-Zernike(fH≠1)toaLifshitz

FIG.2.Lamellarspacingdasafucntionofthevolume
fractionofhomopolymerfHneartheorder-disordertransition.
Thesolidcurvewasobtainedusingthemean-fieldtheory[11].
RepresentativeSANSdateobtainedat120±CfromfH≠0.82

(),0.86(),0.89(),and0.91(d)mixturesareshown
intheinset.Isqdandqrepresenttheintensityandscattering
wavevector,respectively.First-andsecond-orderreflections
areidentifiedbyarrows.Theprincipalpeakpositionfor
the0.88#fH#0.91mixtureswasestablishedusinghigher
resolutionmeasurements(notshownhere).
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that slices symmetrically through this prism at a fixed
ratio fPEyfPEP ≠ 1, where fPE is the volume fraction
of the PE homopolymer. This condition, along with the
volumetric constraint fPE 1 fPEP 1 fPE-PEP ≠ 1, re-
duces the number of thermodynamic variables to tempera-
ture and the total homopolymer volume fraction fH ≠
fPE 1 fPEP ≠ 1 2 fPE-PEP , and these parameters de-
fine the two-dimensional phase diagrams shown in Fig. 1.
The solid curves in the inset of this illustration were cal-
culated using self-consistent mean-field theory [10,11], as
reported previously [7].
Within the temperature range covered by our experi-

ments, mean-field theory anticipates three thermodynamic
regions: a single disordered phase at high temperatures,
two disordered liquid phases rich in PE and PEP at high
fH and low temperatures, and a single ordered lamel-
lar phase at low fH and low temperatures. Adding ho-
mopolymer swells the flat lamellae thereby increasing the
layer spacing, which within the mean-field theory diverges
at the unbinding transition (UT). (In certain situations,
such as at low temperatures or when NH $ NA-B near
the disordered state, separation into two or three phases
may preempt unbinding [12].) Two lines of second-order
phase transitions separate the high and low temperature
portions of the theoretical phase diagram, intersecting the
UT at an isotropic Lifshitz multicritical point (LP) [13].
In the present case, the mean-field theory [11] yields
fH,LP ≠ 0.92.
We have used small-angle neutron scattering (SANS)

to characterize the phase behavior of the symmetric PE-

FIG. 1. Phase behavior of symmetric PE-PEPyPEyPEP mix-
tures where fH denotes the volume fraction of homopoly-
mer. Symbols ( ) and (d) identify first- and second-order
transitions, respectively, and the dashed curves delineate the
associated phase boundaries. The shaded portion indicates a
two-phase region. A mean-field theoretical calculation, repre-
sented by the solid curves in the inset, locates the unbinding
transition, and two lines of critical points that converge at an
isotropic Lifshitz point (LP, e).

PEPyPEyPEP ternary mixtures around the LP composi-
tion. These experiments were conducted at the Risø Na-
tional Laboratory (Roskilde, Denmark) using established
procedures [9]. Representative SANS data acquired from
fH # 0.91 mixtures at 120 ±C are presented in Fig. 2.
This illustration also shows how the characteristic spac-
ing d ≠ 2pyqp varies with fH, where qp is the scatter-
ing wave vector at the peak intensity. For fH # 0.89

these scattering patterns contain at least one higher-order
reflection, at 2qp, consistent with a lamellar morphology.
Lamellar-to-disorder transition temperatures were associ-
ated with the loss of higher-order diffraction, along with
distinct changes in rheological properties [9]. In theory
[14] and practice [9,15] fluctuation effects destroy the
second-order character of this order-disorder transition,
which must also create a two-phase region when fH . 0.
However, our experiments indicate that this two-phase
window spans less than 1 ±C since coexisting lamellar and
disordered phases were not observed. Accordingly, a nar-
row channel has been used to identify this phase boundary
in Fig. 1.
At fH of 0.90 and 0.91, the SANS patterns contain

just one peak over the entire span of temperatures probed
(118 # T # 160

±C), indicative of a disordered phase as
identified in Fig. 1.
Qualitatively different SANS patterns were recorded

for 0.916 # fH # 1. In the one-phase regime these
mixtures produced structure factors that varied smoothly
from an Ornstein-Zernike (fH ≠ 1) to a Lifshitz

FIG. 2. Lamellar spacing d as a fucntion of the volume
fraction of homopolymer fH near the order-disorder transition.
The solid curve was obtained using the mean-field theory [11].
Representative SANS date obtained at 120 ±C from fH ≠ 0.82

( ), 0.86 ( ), 0.89 ( ), and 0.91 (d) mixtures are shown
in the inset. Isqd and q represent the intensity and scattering
wave vector, respectively. First- and second-order reflections
are identified by arrows. The principal peak position for
the 0.88 # fH # 0.91 mixtures was established using higher
resolution measurements (not shown here).
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mensionsonly.Wehopethatthree-dimensionalcalculations
willbecomefeasibleinthefuture.
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APPENDIX:GRAPHICALANALYSIS

Inordertoanalyzeconfigurationsnapshots,itisoften
advantageoustotakethe#̄Adistributionandconvertitscon-
tinuousvalues!between0and1"toblack-and-whitebitmaps
withwhitepixelsfor0$#̄A(x,y)!0.5,andblackpixelsfor
0.5$#̄A(x,y)$1.Fromtheseimages,wecanthenextract
thefollowingparameters.

1.AlgorithmtocalculatethecircumferenceLc
!1"BesidestheoriginalbitmapB1,defineanotherbit-

mapB2,andpaintitwhite,i.e.,setallpixelsto0.
!2"CopyallborderpixelsfromB1toB2.Aborderpixel

isdefinedasonewhichisblack!i.e.,hasavalueof1"and
whosefournearestneighborshaveatleastonewhitepixel
amongthem.

!3"ScanthroughB2fromtheupperlefttothelower
rightcornerandforeachpixelcheckwhetheritisblack.If
so,proceedasfollows:

!i"Ifanypairofadjacentnearest-neighbor!NN"and
next-nearest-neighborpixelsofthecurrentpixelareboth
black,painttheNNpixelwhite.Thisisdonetoprevent
ambiguitiesinthesubsequentsteps.Inpractice,however,
thiscaseisquiterareandbarelychangestheendresult.

!ii"Checkthedistributionofblackpixelsamongthe
nearestandnext-nearestneighborsaccordingtoFig.8and
addthespecifiednumberstothecircumference.

!4"Oncetheentirelatticehasbeenscanned,dividethe
resultby2toaccountfordoublecountinginstep3!ii".

2.AlgorithmtocalculatethecurvaturediameterDC

Thecurvaturediameterofthe!combined"circumference
Lc,ofallblackareasisdefinedas

DCª2!1Lc"ds#dt ds#
2$"1/2

,!A1"

withtthelocal!normalized"tangentvector.Tocalculatethe
quantity

1
Lc

"ds#dt ds#
2

,!A2"

wepursuethefollowingstrategy:
!I.1"Makeaborderpixelbitmapasabove.
!I.2"Scanthebitmapandstopwhenablackpixelis

found.
!I.3"Startadataarray(xj

i,yj
i)forthecoordinates!num-

beredj%0)ofanewlinei%0.
!I.4"Lookfora!nearestornext-nearest"neighborofthe

currentpixel.Inmostcases,therewillbeonlyonepossibil-
itytocontinuetheline.Otherwise,anarbitrarychoiceis
made.

!I.5"Removethecurrentpixelfromthebitmap.Make
theneighboringpixelfromEq.!4"thecurrentpixel.

!I.6"Repeat!I.4–5"untilnoneighborisfoundforthe
currentpixel.Thenterminatethatline.

!I.7"Repeat!I.2–6"untilthebitmaphasbeencleared.
!II.1"Foreachlinei(xj

i,yj
i)&(xj,yj),asdeterminedin

!I.1–7"thatislongerthanthreepoints,setj#1.
!II.2"Calculate%dt/ds%2accordingto

#dt ds#
2

#
dtx

2$dty
2

ds2
,!A3"

FIG.7.Substructureofthemicroemulsion.D'E,defect-driven;G'E,
genuinemicroemulsionmorphology;2#,phase-separatedregion.Thesolid
linesshowthefluctuation-correctedphasediagramofFig.1,thedottedlines
themean-fieldphasediagramandthedashedlineisjustaguidefortheeye.

FIG.8.Localcontributionstothecircumference.Thecurrent!black"pixel
fromstep!3"hereispaintedgray.Alldiagramsaremodulo(/2rotations.
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FIG. 1. Experimental phase diagram for N̄c ≈ 2.7 × 104

in term of temperature, T , and copolymer volume fraction,
φc, reproduced from Ref. [17]. The experiment observes
a microemulsion (BµE) channel, whereas SCFT (see inset)
predicts 3-phase coexistence between two homopolymer-rich
(A+B) phases and an ordered lamellar (LAM) phase.

pares the experimental phase diagram of Bates et al.
to the SCFT prediction [33–35], where the ratio of ho-
mopolymer and copolymer sizes is α ≡ Nh/Nc = 0.2
and the Flory-Huggins interaction parameter is χ ≈
6.82/T − 0.0118 [11]. Without copolymer (φc = 0), the
two homopolymers macrophase separate into coexisting
(A+B) phases as the temperature, T , is reduced, while
neat symmetric diblock copolymer melts (φc = 1) mi-
crophase separate into an ordered lamellar (LAM) phase.
In SCFT, these behaviors are separated by A+B+LAM
coexistence, which terminates in a Lifshitz critical point
at φc,LP = 2α2/(1 + 2α2) = 0.074 [1], whereas in experi-
ments, they are separated by a channel of BµE.

This difference between experiment and SCFT is at-
tributed to fluctuation effects [36, 37], which are con-
trolled by the invariant polymerization index of, for ex-
ample, the copolymer, N̄c = a6ρ20Nc, where a is the av-
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erage segment length and ρ0 is the bulk segment density.
For the blends of Bates et al., N̄c ≈ 2.7× 104. In princi-
ple, the SCFT phase diagram, corresponding to infinite
N̄c, should evolve continuously toward the experimen-
tal one as N̄c becomes finite, but it is hard to fathom
how this could happen. One might imagine that the Lif-
shitz point and A+B+LAM region shift continuously to
lower T , ultimately beyond experimental access, leaving
behind the BµE channel. However, this is inconsistent
with the fact that the Lifshitz point must vanish once
N̄c becomes finite [38]. Using field-theoretic simulations
(FTS) [39, 40], we generate a theoretical phase diagram
for N̄c = 5× 104 that is free of this inconsistency.

In polymer field theory, a particle-based Gaussian
chain model is converted to a field-based model with a
Hamiltonian, H[W−,W+], of the form

NcH

ρ0kBT
=
NcHQ

ρ0kBT
+

∫ (
W 2

−
χbNc

−W+

)
dr , (1)

where the fieldW−(r) couples to the difference in A and B

concentration φ̂−(r), the field W+(r) couples to the total

concentration φ̂+(r), and HQ[W−,W+] is the Hamilto-
nian for an equivalent system of non-interacting polymers
acted upon by the fields. SCFT approximates the free en-
ergy by F = H[w−, w+], where w−(r) and w+(r) denote
the saddle-point of the Hamiltonian, whereas FTS simu-
late H[W−,W+] with the fields represented on a grid of
spacing ∆. One complication is that W+(r) is imaginary
valued, which Fredrickson and co-workers handle by per-
forming complex-Langevin FTS [33, 41]. We instead use
a partial saddle-point approximation for W+(r), whereby
H[W−, w+] can be simulated by conventional techniques
[33, 34]. Another problem is an ultraviolet divergence
that occurs as ∆ → 0. Fortunately, the polymer field
theory is renormalizable [37], and for large N̄c, the diver-
gence can be removed by expressing results in terms of
the renormalized interaction parameter [42–44]

χ =

(
1− 2.333Rc

∆
√
N̄c

)
χb , (2)

where Rc = a
√
Nc is the natural end-to-end length of the

copolymer molecules.
The first application of FTS was by Düchs et al.

[33, 34], but those studies were limited to 2D. More re-
cently, Spencer and Matsen [45] performed Monte Carlo
simulations of H[W−, w+] in 3D. By adapting the FTS
to a variety of different ensembles, they found evidence
for A+B+BµE coexistence, but the high computational
costs limited the size of their simulations boxes and re-
sulted in significant metastability issues. Since then,
however, Beardsley et al. [46] found a speedup of about
two orders of magnitude by switching to conventional
Langevin simulations. With this improvement in hand,
we revisit the ternary blends. All simulations are per-
formed in cubic boxes of various sizes, L = m∆.

10.6 10.8 11.0 11.2
0.3

0.4

0.5

0.6
0.06 0.07 0.08

FIG. 2. Cumulants, UL, for compositions of φc = 0.05, 0.06,
0.07, and 0.08, using semi-grand-canonical FTS for simulation
boxes of m = 12 (dotted), 14 (short dash), 16 (dash-dotted),
20 (long dash), and 24 (solid), where ∆ = 0.168Rc.

We first locate the Scott line separating A+B coex-
istence from the DIS state, using the finite-size scaling
method [47] detailed in Ref. [45]. This method calcu-
lates the fourth-order cumulant,

UL = 1−
〈
φ4−
〉

3
〈
φ2−
〉2 , (3)

of φ− ≡ V −1
∫
φ̂−(r)dr with semi-grand-canonical FTS;

a sample of the results is plotted in Fig. 2. For blend
compositions of φc <∼ 0.07, the curves of UL versus χN for
different L cross at a common fixed point, which identi-
fies the critical point, (χNc)c. We also perform the usual
check [43, 44] that the curves collapse when the χNc axis
is scaled by L1/ν , where ν = 0.63 is the 3D-Ising ex-
ponent. However, for φc >∼ 0.08, the finite-size scaling
fails. This anomalous behavior, also encountered in Ref.
[45], implies that we have overrun the end of the Scott
line. We, therefore, conclude that it ends at an ordinary
tricritical point near φc ≈ 0.07. In principle, a finite-
size scaling analysis could locate the tricritical point [48],
but this would require far larger system sizes and bet-
ter statistics, which is unfeasible. Nevertheless, further
confirmation of the tricritical point will come when we
reexamine the A+B+BµE coexistence.

Next, the transition between LAM and DIS is located
using canonical FTS, following the strategy devised in
Ref. [49] for neat diblock melts. It involves simulat-
ing a large number of replicas at a series of χN values
spanning the transition, where occasional swaps between
neighboring replicas are performed using parallel tem-
pering. To track the phase of each replica, we monitor
the order parameter, 〈Ψ〉, where angle brackets denote a
short ensemble average over

Ψ = V −2 max
k

[W−(k)W−(−k)] . (4)

Note that W−(k) is the Fourier transform of W−(r). Fig-
ure 3 shows results from a pair of runs at φc = 0.1,
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FIG. 3. Order parameter, 〈Ψ〉, for φc = 0.1, obtained from
canonical FTS initialized with DIS (x’s) and LAM (+’s) con-
figurations. The images show final configurations with a sim-
ulation box of m = 32 and L = 12.9Rc.

FIG. 4. Average copolymer concentration, 〈φc〉, for (a) χNc =
11.55 and (b) χNc = 12.4, obtained from grand-canonical
FTS initialized with A-rich (x’s) and DIS (+’s) configurations.
The imagines show final configurations with a simulation box
of m = 48 and L = 16.1Rc.

one initialized with DIS configurations and another with
LAM configurations. At small χN , both runs converge to
low values of 〈Ψ〉 characteristic of the DIS phase, and at
large χN , to high values characteristic of the LAM phase.
This is confirmed by examination of the final configura-
tions. Note that the simulation box was intentionally
set to three lamellar periods, based on an estimate of
the equilibrium period from a separate simulation of the
LAM phase using the box move introduced in Ref. [49].
The fact that the DIS phase spontaneously ordered into

three periods confirms our estimate. The DIS-to-LAM
transition is bracketed by the narrow metastability in-
terval, 11.83 <∼ χNc <∼ 11.93, where both runs remain
in their initial phases. For our smallest φc = 0.085, the
swelling of the LAM phase limited simulations to two
periods, but nevertheless past studies have shown that
finite-size effects remain modest even for two periods [49–
51], and our current simulations support this.

The transition between A+B and LAM is located fol-
lowing a similar approach [45], but with grand-canonical
FTS for replicas at different chemical potentials, µc,
spanning the transition. Parallel tempering was disabled
because it becomes ineffective due to the large spac-
ing between replicas. This time, the phase was mon-
itored using short ensemble averages of the copolymer
concentration, 〈φc〉. Figure 4(a) shows results from a
pair of independent runs at χNc = 11.55, one initialized
with homopolymer-rich configurations and another with
DIS configurations. At small µc, both runs converge to
homopolymer-rich phases, and at large µc, to BµE, as
confirmed by inspection of the final configurations. The
jump in 〈φc〉 implies an A+B+BµE coexistence region.

At the higher segregation of χNc = 12.4 in Fig. 4(b),
the replicas initialized with DIS configurations first order
into LAM and then switch to homopolymer-rich config-
urations if µc is small. Interestingly, the lamellae tilt
at higher µc in order to reduce the lamellar period. If
µc is large, the replicas initialized with a homopolymer-
rich phase spontaneously order into LAM. Thus, there is
again a jump in 〈φc〉, but this time it implies A+B+LAM
coexistence. Indeed, the intersection of the DIS-to-LAM
transition with the 3-phase region requires the switch
from A+B+BµE to A+B+LAM.

Our results are summarized by the phase diagram in
Fig. 5. The effect of fluctuations is not as extreme as
suggested by the experiments. There is a small shift in
the Scott line consistent with the prediction for binary
homopolymer melts [43, 44, 52], and a considerably larger
shift in the DIS-to-LAM transition similar to that pre-
dicted for neat diblocks [36, 42, 53]. The 3-phase coexis-
tence of the SCFT phase diagram still remains, but the
DIS-to-LAM line intersects it part way down on account
of its larger shift. This divides the 3-phase coexistence
into an A+B+BµE region at high T and an A+B+LAM
region at low T .

Experiments proposed the BµE channel in Fig. 1 when
it was mistakenly thought that the A+B and LAM re-
gions of the SCFT phase diagram were separated by an
unbinding transition [11, 17]. In this case, the experi-
mental phase diagram converges to SCFT by shrinking
the width of the channel to zero as N̄c → ∞, but this
convergence is no longer possible for the corrected SCFT
diagram with its A+B+LAM coexistence. However, the
FTS phase diagram in Fig. 5 nicely resolves this problem.
The A+B+BµE region simply shrinks into the mean-field
Lifshitz point as N̄c →∞, while all the other FTS phase
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FIG. 5. Comparison of the FTS phase diagram for N̄c =
5× 104 to the SCFT prediction for N̄c →∞.

boundaries shift continuously towards their SCFT coun-
terparts.

It is useful to contemplate the reason for the mistaken
SCFT prediction, which is related to the effective inter-
action between the diblock monolayers. The unbinding
transition would occur if the interaction remained repul-
sive at large separations, but in fact the interaction en-
ergy has a minimum at a finite separation [35, 54]. Once
the LAM phase swells to this preferred monolayer spac-
ing, any excess homopolymer should macrophase sepa-
rate resulting in A+B+LAM coexistence. This behav-
ior was initially missed because the energy minimum
is extraordinarily shallow, but nevertheless it most cer-
tainly exists. In fact, it is intimately related to autopho-
bic dewetting of homopolymer from chemically identical
brushes [55], a phenomena that is well documented by
experiments [56, 57].

Given the weakness of the monolayer interactions, it is
understandable why experiments concluded the existence
of a BµE channel. They are performed by equilibrating
samples of the DIS phase at a given φc, and then looking
for a transition as T is slowly decreased. For composi-
tions near φc ≈ 0.9 in Fig. 1, DIS samples showed no
evidence of a transition down to 119◦C, and micrographs
revealed uniform BµE after 30 mins of annealing. Ac-
cording to Fig. 5, the system should encounter a 3-phase
region, where the BµE expels excess homopolymer into
A- and B-rich regions. As usual, this would occur by nu-
cleation and growth, which is naturally a slow process but
even more so in this case. The weak monolayer interac-
tions imply that the free energy gain of macrophase sep-
aration is exceptionally small, which in turn implies an
unusually large critical nucleus size for the homopolymer-
rich domains. Thus, it should be of little surprise that
macrophase separation fails to occur in the typical time
scale of an experiment.

One might expect that simulations would have discov-
ered the 3-phase coexistence years ago, given the intense
interest in polymeric BµE. Müller and Schick [58] did, in

FIG. 6. Topology of the phase diagram for a DIS-to-LAM
transition with (a) negative slope and with (b) a reversal in
slope.

fact, predict it with simulations of the bond-fluctuation
model prior to the experiments, but for much different
parameter values of α = 1 and N̄c = 145. Particle-
based simulations for relevant parameter values are sim-
ply impractical, because they need to be performed in
grand-canonical ensembles, where the insertion of large
molecules into the system is extraordinarily difficult [59].
Fortunately, this is not a problem in FTS, allowing us to
employ a variety of ensembles. Even with this advantage,
our FTS were still highly computational; for example,
Figs. 2, 3, and 4 required roughly one CPU-core year,
four CPU-core years, and two GPU years of computer
resources, respectively.

In multicomponent blends, discontinuous transitions
lead to macrophase separation, implying that the DIS
and LAM phases must be separated by a DIS+LAM
coexistence region. Based on grand-canonical FTS, we
conclude that its width is ∆φc <∼ 0.001, which is too
narrow to resolve. Nevertheless, its qualitative effect on
the phase diagram can be deduced from the slope of the
DIS-to-LAM boundary. In Fig. 5, the slope appears to
switch from negative to positive as the 3-phase region
is approached, although we cannot rule out the possi-
bility that the slope remains negative. Figure 6 shows
schematic phase diagrams for both possibilities.

Xie et al. [32] have, in fact, observed evidence for the
3-phase coexistence, and hopefully our predictions will
motivate further studies on the stability of the BµE chan-
nel, with perhaps deeper quenches and longer periods of
annealing. It may also help to concentrate on smaller
polymers with stronger fluctuation effects and faster dy-
namics, and to increase α = Nh/Nc, so as to reduce the
preferred separation between monolayers and strengthen
the attraction [54, 55]. From an academic standpoint,
it is always best to understand the true equilibrium be-
havior, as this is what the system gravitates towards.
Even though the BµE channel may be metastable on the
time scales of typical experiments, applications are likely
to require stability for far longer periods of time. Our
findings will also have relevance to the numerous other
systems involving a mean-field Lifshitz point.

We are grateful to Frank Bates, Glenn Fredrickson,
Tim Lodge, Dave Morse, Marcus Müller, and Friederike
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