





























































































































CHAPTER 3. DYNAMIC EQUIVALENCE CONDITIONS 26

about the other joint axes are assumed negligible. The acceleration due to gravity
is denoted by g, and time will be measured relative to a time scaling frequency, S2.
The fundamental dimensions associated with these variables are:

i link:  mg = [M], JF = [M|[LP, JP = [M][LP. JF = [M][L],

j* joint :  M; = [M]. I} = [M][L],
gravity : g = [L][T]™.
time scaling : Q= [T]~%.

Therefore, 4n + 2p + 2 variables describe the system, and the equation of motion

can be written as:
¢(mi JF= TP I M. I g.Q) =0, i€ (la], j€(lp]

The measurement system being used has three fundamental dimensions (mass.
length, time), and therefore, according to the Buckingham Pi theorem, the ex-

pected number of nondimensional Pi groups is:

Nn={4n+2p+2)-3=4n+2p—-1. (3.15)

By definition. each nondimensional Pi group is a product of all the system
variables raised to real exponents. For the k** Pi group, define the real-valued

expouents:

ﬂk 7: 3 61‘. HL f1 P_.,, t€ [lsn]v JE€ [l,p],

where the superscript & denotes the associated Pi group. Then the form of each Pi
group is

I, = 0" [(ma (J7=)5 () (7220 TT(Mp) (I k€ (1, Na). (3.16)

i=1 i=1

In terws of the fundamental dimensions, each Pi group can be expressed as

e = [T (LT [T(MI (ML [ L e [T (M1 (L2,

1=1 J=1
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In order to find the nondimensional Pi groups, values for the individual expo-
nents must be found, so that the total exponent for each fundamental dimension is
zero. Collecting the exponents associated with each fundamental dimension gives
way to three equations in 4n + 2p + 2 unknowns:

n p
(M]: Y (b otk +05) + 3 (oF+pk) =0

i=1 =1

n P
[L]: B+ (26F+2xk+265) + 3 205 =0

i=1 =1

[T}]: —aof —28%=0. (3.17)

From this set of equations the values of 4n+2p—1 variables can be set arbitrarily,
and the values for the three remaining variables can be solved for. To rewrite the
system of equations in terms of three variables, the following selections of three
variables are possible: either a* or 8%, but not both; only one from &¥. xf, 8% or p¥;
ouly one from v¥ or o’f. The first group corresponds to the variables  and g, whose
fundamental dimensions include time [T]. The second group corresponds to the
inertia variables([M]{L]?), and the third to mass variables([M]). By choosiug the
three variables in this manner, regardless of the three selected, these three variables
will represent parameters whose dimensions are [T'], [M][L]?, and [M]. Hence, the

parameters are independent of each other in their fundamental dimensions.
Introducing the following notation
Tanb = {Ta: Tavts --.y D),
allows the definition of the vector
2t &[5, A, o, S kb, B )T
where 2* has dimeusions (4n + 2p — 1) x 1.

Theu, from (3.17), choosing to solve for o, ¥, and §* in terms of the arbitrarily

valued exponents in x* gives the following matrix relationship

k
a -2 O25n Ol—rp 0244n O15n O15n 01-+p

El _ 1 k
71 - 2 _12—"& _ll—rp 02—m 01-+n 01—+n 01—&p z,

k 1
61 -3 02—m 01—»;: _12-m —ll—m _ll—m "11—>p
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or equivalently,
a* = Az* ke (1, Ng],

where the vector a* has dimensions 3 x 1, and the dimensions of matrix A are
3 x (4n +2p — 1). For the zeros and ones in the matrix, the subscripts have no

meaning, and hence the notation 0,4 and 1,_,; simply represent a list of b—a + 1

values.

This equation corresponds to the k** Pi group. By allowing k to vary from 1 to
Np. a matrix equation for all the Pi groups can be obtained. Namely,

[aln-aN“] =A{:z:1--~z:N“] .
or
A=AX.

The matrix A has dimension 3 x Ny, and the matrix X has dimension (4n + 2p —
1) x Np. In fact, by the definition of Np in (3.15), it is clear that X is a square

matrix of dimension N x Np.

Define V' to be the matrix obtained by stacking X over A. Then by the def-

initions of X and A. each column of V contains the exponents for one of the Pi

i
= X, (3.18)
A

groups. That is,
X

A

v2a

with V a (4n + 2p + 2) x Np matrix.

The linear independence of all the Pi groups is a function of the matrix V.
Since each column of V' contains the exponents for one of the Pi groups, linear
independence of the Pi groups is guaranteed if no column of V can be represented
as a linear combination of the other columns. In other words, independent Pi groups
require that V' have full rank. Furthermore, from (3.18),

I
rank(V) = min (rank [A] ,ra.nk(X)) = min( Ny, rank(X)).

Hence, in order for V to have full rank (Ng), the matrix X must also have
rank Np, which implies that X must be nonsingular. Recall that X contains the
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arbitrary valued exponents. Every different nonsingular X will result in a different
set of 4n + 2p — 1 nondimensional Pi groups for the manipulator. However, every
such set is not unique in that it can be converted via a matrix transformation to
another independent set of Pi groups. Let X; and X; be two different non-singular
matrices, with corresponding Vi and V,. Then,

=AX:, a=AX: = A=V(X) "' '=W(X)" = Vi=V(X)"'Xa.

The number of variables in each Pi group can be minimized by selecting X to be
the identity matrix of appropriate dimension. The exponents for each Pi group are
obtained by substituting X = [ into (3.18) to give V = [I A]T. Then, substituting
the values from each column of V into (3.16) reveals the following Ng = 4n+2p—~1

nondimensional Pi groups:

gm
Il =
Q(J7)}
0, = _n:l_, i€ [2,n]
my
M, .
My = Y jeqgl
my
HJ‘:“ = %, ié[?,,n]
vy
My = %z-, i € [1,n]
HJ’?: = j}z, 'I’:E[l,n]
b
Op = ;zs jE[l,p].
. Jl

Using the expression for the radius of gyration from (3.4), Ilg can be rewritten as

__49g
o = o

These Pi groups can now be compared to the nondimensional groups that were

found in the nondimensional energy expressions. By defining J; = J7=, the following
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relationships exist:

Hm.. = b "7;7'1
mi
M; R
HMj = —J-= i
m;
HJ‘-g = diag{nji“.njgv.ﬂ_]‘::}:]c‘
roo.
_ i
Op = =4
g = J_-9 % . 9o

Q- gk Tl

Notice how the single Pi group Il combines the effect of the two nondimensional
groups, ¢ and E;%? found in the nondimensional energy expressions. This indicates
that the group involving solely the reference values go, k;, and € is redundant.
Instead the Buckingham Pi theorem gives the result that acceleration due to gravity
can be scaled by the product k;Q2, and hence the reference variable go need not be

introduced.

Therefore, the dynamics of a general n-link rigid manipulator are characterized

by the following set of nondimensional Pi groups

m; 1 Mj [;-‘ _ 9
(I =25y, = Je, g =2y = 3 o= L o)

Hence. the dimensional dynamic equations for general n-link rigid manipulators

have been reduced to the nondimensional equations as per:

¢£mi7 Jizxv ngyv Jizz’ MJ’I_-?-gv Q) = F(Hm,‘vn.ff‘an.f'?"’ HJ.?"sHM,'aHI;'a HG) .

~ -

 ——

4n+2p+2 parameters 4n+2p-1 parameters

Length Scaling

It still remains to be determined how an arbitrary length parameter, £, scales in
the manipulator system. Prime examples of such length parameters would be the
physical dimensions of each link. In fact, as may be expected, all length parameters

of the system scale via the parameter k;, as shown in the following lemma.
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Lemma 3.1 (Length Scaling: Rigid Manipulators)

Given a length parameter, L, of a rigid manipulator system, and the rigid Pi groups
Hm.w H.ff"a H.Ii'”& Hff:y

a nondimensional Pi group for L is

Proof
By definition,

J= = / y? + 22dm,
mg
JY = / z? + z}dm,,
JF = / z? + yldm;.
m;
Without loss of geunerality, consider J7*. By definition of II ==,

JE=
Jy
1 2 2
= —'““;[ y; + zidm;
mlk{ m;

M =

- A% (i) i
j:’;";—:- (kl) + kl m,
) ()
fn.,.‘. (kl g/ S
Similarly, it is straightforward to show

z;\? z:\2
My = fn (%) +(a) A,

g 2 s B
e = [ (%) + (&)
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By adding and subtracting these equations, the following can be achieved

/n,,,,. (:—l)z L, = % (—Iyee + Myew + Iz )

i) ? 1
./[‘Imi (Z'yT) dIIm; = 5 (]:[J‘.n - HJ‘gw + IIJ:._:) ,

i\ 1
Almi (:_1) d[Im; = 5 (HJ.," + HJ'yu — HJ;“) .

These equations indicate that if the manipulator is scaled with respect to the Pi
groups Iljz=. ILjsv, Il z-. and II,,,, then each coordinate axis. z;, ¥;, and z; 1s scaled
by the factor k,. If the coordinate axes are scaled, then any length parameter. L.

of the manipulator system must be scaled according to the nondimensional group

L

He

This lemma shows that length scaling is accomplished automatically by satis-
fying the scaling conditions specified by Hy,,, ILje=, 19y, and IIy:=. This property

will be useful when examining the sample systems in section 3.2.4.

3.2.3 Comments

In this section, three comments regarding the modelling of the rigid links are pre-
sented. The first two commeunts justify that the principal moments of inertia are
sufficient to characterize the inertial properties of the rigid link, even in the case
when the body-fixed frame is not at the centre of mass. The final comment ad-
dresses the issue of characterizing the link using its mass density instead of its

111ass.
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Principal Axes & Products of Inertia

The situation where the body-fixed frame for the ** link is not selected to be at the
centre of mass can also be handled by the methodology. In the general case, the
inertia matrix is no longer diagonal, as the products of inertia are not necessarily

zero. The inertia matrix has the following form[19]:

y? + 22 —zy —zz Jg JW JEE
J = / ~zy zP+22 —yz |dmE|J@ Jm g
—zz —-yz 2+ y° JEgJ¥E JFE

Let J be an inertia matrix with respect to a body-fixed frame F. A rotation
matrix can be found such that the inertia matrix with respect to the rotated frame
is diagonal. The rotated frame, F,, forms a set of principal azes for the body[19].
Let R denote the rotation matrix, which is nondimensional, and J, the inertia

matrix with respect to F,. Then the following relationship exists

J = RILRY, J, = diag{Jz=.J J=}.

Therefore, the moments of inertia (J7*,J7¥, J7*), and the products of inertia
(JFY,JP%,J7%), in J, can all be expressed in terms of the thiree principal moments
of inertia in J,. In particular, this means that the inertial Pi groups in J can be

expressed in terms of the three inertial Pi groups in Jp.

Parallel-Axis Theorem

By using the parallel-axis theorem, the inertial properties at any point in the body
can be expressed in terms of the principal moments of inertia at the ceutre of mass.
Let J.; be the inertia matrix coutaining the principal moments of inertia at the
centre of the :** link (frame F), and let J be the inertia matrix about a coordinate
frame F parallel to F;. Let the distance vector between the origins of F; and F

be [sz sy s:]T. Then, because F,; is at the centre of mass, the parallel-axis theorem
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states[19],

J= = J:iz-i-mg(s;-{-si)

JH = J¥ +mi(s] +s3)
J*= = JE 4+ m(sl+sl)
JY = m;$zSy
J:r.z = M;iSzS:
J¥ = mysys,.

Let s = [sz sy sz]T. then it is algebraic to show

J=J, +m; [sTsI — ssT] .

Nondimensiounalizing these equations by J, = mk? gives,

—J =Ty, +TL, [T ~ 6T
1

where IIg = %

From Lemma 3.1. it is known that scaling II; and II y . automatically defines
a length scaling, and hence, the distance s will scale according to IIs. Therefore,
eveu for an inertia matrix about any body-fixed frame. ounly the Pi groups for the
mass and the principal moments of inertia about the centre of mass are required to

characterize the #** link.

Mass versus Mass Density

In characterizing the link dynamics, instead of using the link mass, m;, it may be
more practical to use the volume mass density of the link material, p. The advan-
tage of this link description is that it facilitates the specification of different link
materials in designing dynamically equivalent robots. Although mathematically
equivalent to the Pi groups in (3.19), the Pi groups obtained using p} in place of

m, appear more complicated. With the base parameters as m; and J;, a natural
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length measure is the radius of gyration, k; = 4/ Jlml‘l. Instead, with the base
parameters pj, and J;, neither such a length measure nor a mass measure can be

found, complicating the form of the Pi groups.

Regardless, for completeness, the Pi groups obtained from the Buckingham Pi

theorem with the base parameters p}, Ji and 2 are as follows:

H . It vy}
{H”’zp""’ My, = Je M= —de, My =2, o= (5) i}.
P1 “ (p¥)3JF i Jy

(3.20)

3.2.4 Examples

To illustrate the application of the theory, a two-link rigid elbow manipulator, and a
five-bar-linkage robot are examined in this section. For each robot, the parameters
characterizing the manipulator dynamics are identified, and then (3.19) is used to
determine the corresponding nondimensional Pi groups. In order to verify that
the Pi groups do indeed characterize the system dynamics, the nondimensional

equations of motion for each maunipulator are presented.

Two-Link Rigid Manipulator

The dynamics of a two-link rigid elbow manipulator (Figure 3.2) are characterized

by the following 14 parameters:

link 1: m,, J=, J¥, JPF
link 2: m., J5=, JP&¥, J5F
joint 1: M, I{‘

joint 2: M,, I._f‘
gravitational accel.: ¢

time scaling: .
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Figure 3.2: Two-Link Rigid Manipulator

The geueralized coordinates associated with the two actuated joints are denoted

by q; and ¢ in the figure. Furthermore, the actuation torques are described by H,;

and H,.
Choosing m,,J; = J7*, and Q as the base variables, and defining the radius of

gyration k;, the 11 Pi groups for this manipulator can be found. using (3.19), to
be:

JEFJ lez
].ll.lk 1 HJ?V = J—l, H‘,l" = Jl
m Jz::l: JW Jzz
hlk?' Hm-= —, sz: Z,Hv =—2—,H::= 2
1 2 my Jz J)_ J_v J1 Jz Jl
M, I
jol t 1: H = — = e
1o M my’ HI‘h J1
Iy

joint 2: Ilpp = —, leh =

gravitational accel.: Ilg = o5Eh

The nondimensional equations of motions for this manipulator were derived
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with m,J; = JF*, and ) as base parameters. In deriving the equations, the
links were assumed to be uniform rectangular prisms, and their dimensions were
computed from the given inertial properties. In particular, the link lengths {;, and
distances to the link centres of mass I, were used in the derivation, and hence
the nondimensional equations contain the Pi groups II;, and II; ;. However, from
Lemma (3.1), it is known that these length Pi groups are actually functions of
the mass and inertia Pi groups for each link. In terms of the Pi groups, the two

noudimensional equations of motion for the rigid elbow manipulator are:

(Mg + T + Mg, 10, + I07, + Dgze + M, IO, + T, TT7, + I
+20Ln, 1Ty, I, cos(d2)) 4
+ (Mg + O, T2, + Tyze + X, T, Ty, co5(G2) ) G,
~ M0, TT,, I, sits(G2)d, 85 — Mon, 111, TTo, sin(d2)d;
+11g (ag, 1T, + 0y, + I, ITi ) cos(gy)
+6ILm, Iy, cos(dy + G2) = Hi(7)
(s + Mo, I}, + Wgze + M, IT,, I, c05(d2) ) 4
+ (M + M I, +T0pz2) G,
+10,, 1L, sin(G2)d; + oI, I, cos(dy + d2) = Ha(r).

The nondimensional joint torques are given by H; and H,.

Since the first joint does not translate, the joint mass M; does not affect the
dynamics. Also, because the motion of the manipulator is restricted to a plane,
the moments of inertia J** and J?¥ do not have a role in the equations of motion.
Correspondingly, the nondimensional equations of motion do not contain Pi groups
for My, JF=, and J¥. This means that these three Pi groups are not required to
define the dynamic equivalence conditions for this manipulator. Simulation results

using the two-link rigid manipulator are presented in Chapter 8.
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Five-bar-Linkage Manipulator

The five-bar-linkage manipulator is a robot with four rigid links in a parallelogram
configuration (Figure 3.3). The “fifth” link is the ground. There are three actuated
joints: a base joint, and two planar joints. There are also three unactuated pin-
joints between links 2 and 3, links 3 and 4. and between links 1 and 4. The
manipulator dynamics are characterized by the following 23 parameters

hnk 1: my, J7, JP¥, JiF
link 2: m,, J5=, J3¥, J§*
link 3: ms., JF=. JJ¥, J§F
link 4: m,, JI=. JP¥. JFE
joint 1: I{‘

joint 2: M,, If

joint 2: Mj, [;‘
gravitational accel.: g

time scabing: 2.

The base joint does not translate, so its joint mass M, does not affect the dynam-
ics. The generalized coordinates and actuation torques associated with the three

actuated joints are denoted by q1, g2, gs and H;, H,, Hj in the figure.

Choosing my, Jy, = J§*, and Q as the base variables, and defining the radius of
gyration ki, the 20 Pi groups for this manipulator can be found using (3.19):

JW Jzz
lixklzllwz-—‘—,l'[,:: 1
. Jl Jl Jl J’1
. ms sz ng Jzzz
link 2: Hm2 = — HJ“ = -2—, HJW = HJ:: =
m 2 J. 3 J. 2 J
link 3: 1T _ms I _Ir I 7 I _ Iy
nx o: Umy = - A A A ) 5=
ik 4 L, = ™4 I I g, oI
hllk 4» Hm4 — ml. HJ:: = Jl N HJ‘VV = Jl ' HJ‘.- - JI
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Figure 3.3: Five-Link Rigid Manipulator

Ih

joint 1: HI{' = 7‘;

joint 2: Ilpp, = Z:’ HI{' = {7_2;
joint 3: Iy = %, = _{JE”E
gravitational accel.: IIg = kf;’z =

Appropriate selection of link lengths and masses allows the planar motion to
become decoupled. The dynamic equations for this manipulator were derived in
[21]. In the derivation, the local co-ordinate axes for links 1 and 3 are parallel, as are
the axes for links 2 and 4. Let r; and r3 be the distances of the joint masses M, and

M3 from the ¢; axis of rotation (zp). Then, in terms of the rigid Pi groups (3.19),
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the nondimensional form of these equations (with my, JI*, ! as base parameters) is

- . OMy . .  OMy:
(M” +HM2H32 + HMsH?-s + HI,") q+ a»u(h‘h + aqu‘h% = Hl('r)

(Mzz + HI,_{') 232 W Bé g, + e (I, + 11,10, + I, II;, ) cos(qz) = 32(7')
. . 10M, ) .
(M33 + HI;') gz — 5"5‘};}; i HG (ngnlcz -+ Hmsnlz Hﬂunld) ‘305(%) = HS(T):

My = (I, + M T, + T I, + Tgaw + I yv) cos(da)?
+(ILs= + I z=) sin(gs)®
+ (I'I.,,.3 Hfz + I, Hi‘ + I, I'I,zr2 + [y + HJ,”) cos(gs)’
+(Tgpv + 11 v) sin(ds)?

Moz =TI} + O, I} + I JI, + 1 + I

Msg = IImSIIfQ + qu Hfﬂ -+ H,,,:II,"C? + HJ;: + HJ::.
The nondimensional actuation torques are given by f;ﬂ, fIz, and ﬁg.

As with the two-link manipulator, these dynamic equations were also derived
in terms of link lengths, and hence the nondimensional groups,
l; lo
M, ==, and II;,, =
t‘ kl b l(. ’.'1
appear within the nondimensional equations. Recall from Lemma 3.1 that these Pi

groups can be written in terms of the mass and inertia Pi groups.

3.3 General n-Link Flexible Manipulators

The term general n-link flezible manipulator refers to the class of manipulators with

n flexible links, p actuators, any link topology, and having unconstrained motion.
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Each link is assumed to have a uniform cross-section, bending in two directions,
and high axial rigidity (i.e. torsional and axial vibrations are not modelled). The
purpose of this section is to determine the dynamic equivalence conditions for this
class of manipulators. The structure of the development will be the same as that
used for the rigid manipulators. As with the previous section, references to the

term joint will be used to indicate actuated joints only.

In this derivation, the flexible links are assumed to be long aud slender, and
are modelled using an Euler-Bernoulli beam model{22]. Nondimensional groups
associated with extensions to this flexible link model, such as damping, and torsional

vibration, will be addressed in section 3.3.4.

3.3.1 Nondimensional Dynamics

In Figure (3.4), the ** flexible link is depicted in an inertial reference frame (Fg).
[n addition, attach frame ¢ (F;) to one end of the link with the z;-axis parallel
to the undeflected link. Define the following variables (boldface variables indicate

3 x 1 vectors or 3 x 3 matrices expressed in Fy coordinates):

o w..(z.t) - deflection of link parallel to z; axis
o w,.(z,t) - deflection of link parallel to y; axis
e dj(t) - distance from Oy to O; in Fy coordinates

ri(t) = [ws; wy, z]T - position of link element dm; in F; coordinates

o p;(t) - position of link element dm; in Fy coordinates

Ry (t) - rotation matrix from F; to Fo.

The variables for the joint parameters are the same as in Figure 3.1, namely:
I}, M, di(t), wi(t).

Again, it is assumed that the inertia about the other joint axes is negligible.
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Zj
Xi : Yi
204 O; \g=== i ;
r.
1
i 4 g
dg :
P.
Og =
Yo

X0
Figure 3.4: i** Flexible Link in Inertial Frame

Nondimensional Kinetic Energy

The total kinetic energy of the system, T, is equal to the sum of the kinetic energies
of all the links and joints. That is,

() = 3 Thk(g) 1 3 Tt gy,

i=1 I=1

Because the flexible link is a distributed parameter system, the kinetic energy
is computed as an integration over the length of the link. In representing the
dynamics of flexible link systems with uniform links, the link mass m;, is frequently
represented by the equivalent, p;l;, where p; is the linear mass density of the link,
and {; is the length of the link. The joint is treated as a rigid body. Therefore,

T
link — _1_ ,‘/'l'. _‘.{_& .dﬁ .
- T .
oint 1 de de 1 T
e = () rgltedT el 322

To obtain the expression for the nondimensional kinetic energy, the following
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variables in (3.21) and (3.22) must be nondimensionalized:

t, pi, ki, dz, pi(t), Mj, di(t), IF, wi(t).

The reference values for time will again be selected to be the reference fre-

quency . The reference value for p; will be the linear mass density of the first link,
p1. The reference value for inertia will be hub inertia of the first joint, /F. Finally,
the length of the first link, {;, can be taken as an intuitive reference value for length

variables. The values p; and [; naturally define a reference value for mass, namely

the mass of the first link m; = p;l;. Hence, define the following nondimensional

variables:

r2Q

- A
pi=—

Substitution of these nondimensional variables into (3.21) and (3.22) gives

T}ioiut (

-
Q
r

Q

)
)

P s T -
1 i (dp\T dp;
.2.'01[?5’22 *i/ (_?L) Pi s
[¢]

dr dr
@\ a1
E}Q) 2ol of " o,

2Q?M; ( —
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Using the identity m; = pl;, divide through both equations by m[}Q? to obtain
1 link (:) 1 dp; dp, d3,
my2Q2 ¢ Q 27 dr ) dr
- (A (dd?,) ddy (LI T
Q M

mllfﬂz J § dr dr 2m112 I

fl

[

“’o

Again, the same term m;/2Q? must be used to nondimensionalize all the energy
expressions for the flexible manipulator. This is required for dimensional consis-

tency of the Lagrangian in the general equation of motion (3.1).

Define the nondimensional kinetic energies

~link, o 1 huk() joint, _\ & 1 "oint(_f_)
LM = ot ) mlzfmr[:J Q)

and then the nondimensional link and joint kinetic energy can be written as

"link — l"./.{‘ di)t dp: 2
L) = 3h (dT —= di (3.23)

T .
dd’) dd) 1 I ol o

~joint
W) = M (dT ot edt el (3.24)

Notice the presence of the nondimeunsional group composed of the reference
variables: my, {;, I*. It will become evident in the subsequent section that this is
a redundant group. In fact, the product m;/? can be used as a reference value for

inertia quantities instead of I}
The total nondimensional kinetic energy is given by
: > link E mjoint
T(r) = ST () + LT (),
i=1 =1
and contains the following nondimensional groups:

{ﬁi,l M I" Ii‘ }

mll°
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Nondimensional Potential Energy

The total potential energy is equal to the stored gravitational potential energy in
the links and joints, plus the strain energy stored in the flexible links. The strain
energy in the :** link is a function of the stiffuess and deflection in each direction
of vibration. By definition of the link frame F; (Figure 3.4), the link cross-section
will be in the z; — y; plane. Denote the area moment of inertias about the z; and y;
axis by I, and [, respectively. By assumption, the link is composed of a uniform

material of elastic mmodulus Ej;.

With this notation, the strain energy can be expressed as[22],

t Pw,.\> 1 Lo w2
VS ram(t —E 1,,,/ ( ) dz; + EE.-I,,,,/ ( ") dz;. (3.25)
0

8 2;2

The gravitational potential energy is a function of the ‘height’ of the */ link
and j** joint. Using the s vector defined in (3.9), the stored gravitational energy

can be expressed as,

VeV (4) = Ep,g/ (s-p;) dz,+ZM,g(s d3). (3.26)

j=1

As with the kinetic energy, the nondimeunsional potential energy expressions are
found by nondimensionalizing the variables in (3.25) and (3.26). The following

variables must be nondimensionalized:

t, by zi, Biy Ly Ly, wo(20,t). Wy (2i,t), piy, M, pi(t), di(t), g

Some of these variables have already been nondimensionalized in the section on
kinetic energy. Introduce E, and I, as the reference values for elastic modulus
and area moment of inertia respectively, and define the following nondimensional

variables:

lll>

Bl

E;

(_:‘h

.,
>

&

5‘1
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~

a
=

N

o

1

s W (b2 (5))

W:;(éis T) = ll

2 ¥u (b5 (5)

ﬁvyi(éi’ T) = ll

In addition, cousistent with the nondimensional kinetic energies. define the

nondimensional potential eunergies

- link a 1 Clink (1‘_)
Vitti(m) = mlzfgz": Q

S _joint a 1 _joint (_";)
vm = e \a)

Substituting these into (3.25) and (3.26) gives the nondimensional potential energy

expressions

rstrain _ 1 B, / 32Wz, 5 1 E‘J;.,l s 2 / azwy'
rETAv — »-9 - 90 ( .*')

VERn) = % ngllmf (s-p.) di +§M,gllnz a). (3.27)

Notice the presence of the nondimensional groups,

Ell.’.l.'] - EI ‘{ﬂ gO
mlli’ﬂz 7?1.1[;1(22 li‘ ’ 1192'

These groups are a function of reference variables ouly, and hence are redundant
nondimensional groups, as will be shown. In fact, the product m,l['Q? can be
used to nondimensionalize the elastic modulus (instead of E;), and {} can be used

to nondimensionalize area moment of inertia (instead of I,).

The total nondimensional potential energy is

V(r) = Y VSTain(r) 4 VERV(r),
=1
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and countains the set of nondimensional groups

Jo El [::1 }

092 miQr 1

{ii- Eiy fzie fyiv ﬁia MJ'? !},

Together, the nondimensional kinetic and potential energy expressions contain
the nondimensional groups

h

Because these groups are time independent, their presence in the energy expres-
sions confirms their presence in the actual nondimensional equations of motion. In
the next subsection, dimensional analysis will be applied to the manipulator to ver-
ify the nondimeunsional groups defined here. Interestingly, it will be shown that four
of these groups are redundant, and are not required to characterize the dynamics

of a general n-link flexible manipulator.

3.3.2 Dimensional Analysis

For the ¢** link, the body-fixed link coordinate frame has its origin O; at the base of
the link, with the 2; axis running along the undeflected link. The z; and y; axes are
the principal axes of the cross-section, and are placed to form a dextrous coordinate
system. The variables characterizing the uniform ** link are length [;, linear mass
density p;, elastic modulus E;, and the cross-sectional area moments of inertia I,
and I,.. The area moments of inertia are used, instead of the physical dimensions
of the cross-section, in order to be able to describe the link independently of the

cross-sectional shape.

As with the rigid manipulator, the j** joint is assumed to be a rigid body with
mass M;. For revolute joints, the moment of inertia about the rotation axis will be
denoted [ ;‘ Gravitational acceleration is denoted by g, and time will be measured

relative to the time scaling frequency 2. The fundamental dimensions associated
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with these variables are given below:

#*lk: L= (L], o= (ML), B = [M)[L]TT) Lo = (L L, = (2
P joint:  M;=[M ] =M ][L]z
gravity : g = [L][T]™?
time scaling : Q= [T]™.

The flexible manipulator system is described by 5n + 2p+ 2 variables. Applying
the Buckingham Pi theorem with the variables p; .[;. and £ (which are independent
i1 fundamental dimensions) results in the following Pi groups:

I, =2, ic[2n

/1
L .
I, =—., 1€[2,n]
L
E E;
e = LI H
RPN myl7' Q2 (1.2}
It" R
I, 74—'. i € [1,n]
1
Iy, .
I, = -l-i(, 1 € [1,n]
M, M;
Oy =—2 ==
M= o= JE (1, p]
It I

wlere the relationship m, = pyl, is used to simplify Ilg,, Ip;, and .
)

These Pi groups can now be compared to the nondimensional groups that were
found in the nondimensional energy expressions. Recall that four “extra” nondi-

mensional groups which were composed entirely of reference values were found,
namely,

Iy Ey I, and 2
mllf’ mlli*Qz’ l? ’ llﬂz
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The following relatiouships exist:

Pi -
n B = — v
Pi P P
L
Hl. = -z-; ey l‘
E; E; E; - B
= = eem— = E'_
s, mili02 Lm0 m 7102
L, I I, - I
M = FTLE T
L, I,L, : I
Mo = =L =
M; -
Hyp = I‘;‘ = I—;l- I{l ih [{;
g myl  IPm 2 T my 3
I = g _ 9 9o - 90
G -~ 2

Notice how the single Pi groups Ilg,, IIy, ,II;, and II 1 each respectively com-
bine the effects of two nondimensional groups. This indicates that the “extra”
nondimensional groups can be equivalently replaced by the Pi group generated
from the dimensional analysis. Furthermore, the Buckingham Pi theorem provides
the results that inertial quantities can be nondimensionalized by m,[2?, and elastic
modulus by m,{7'Q?. The result for Ilg is the same as for the general n-link rigid
manipulator, but with the length reference value as [l; instead of k;. Therefore,
the reference values I, E;, I, and go are not required to define the dynamic

equivalence conditions.

Hence, the dynamics of a general n-link flexible manipulator are characterized

by the following set of nondimensional Pi groups

P I,‘ Ix. Iy.
H,:-—-‘ H.;.—.—, _=——" _:——'»,
R S
E; M; I g
e = ——— = =2 [ = —_\ (3
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The total number of Pi groups is 5n + 2p — 1, as expected. Therefore, the dimen-
sional dynamic equations ¢, have been reduced to the nondimensional equations
F| according to

¢ (ﬂi, li, Eia I::.‘a Iyn A‘{j’ I_?v g, Q) =F (Hpn Hln IIE.‘: HI;-_- ) Hfg.‘ ?IIMj'I II[J’H HG) -

-

Sn+2p+2 parameters Sn+2p—1 parameters

Length Scaling

As was doue for the rigid manipulators, a scaling condition for arbitrary length

parameters, L. of the flexible manipulator system needs to be determined.

Lemma 3.2 (Length Scaling: Flexible Manipulators)
Given a length parameter L, of a flezible manipulator system, and the flezible Pt
groups

IL;. I, I,

a nondimensional Pi group for L is

L
H,;-ug.

Proof
By definition,

L, = /A y2dA;

I, = / z2dA;.
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Without loss of generality, consider I;. By definition of IIf, .

L,
M, = -2

B
1 2
= z‘;‘/;..yidAi

2
Yi A1
Y 42
L.; (11) 2

- oy (4G 0(2).

Similarly, it is straightforward to show

= oy g (' (5) (%)

fy

It

I
iy

Also. by the definition of IT;,,

l;
H‘i - 2:

- %[
- [4(3)
- [*a(3)

The equations indicate that if the manipulator is scaled with respect to Ily, . IIy, ,

i dz;

i

and IIj,, then each coordinate axis, z; ,y;, and z; gets scaled by the factor I;. Scal-
ing the coordinate axes implies that any length parameter, £ will also get scaled
according to the Pi group
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3.3.3 Scaling of Natural Frequencies and Mode Shapes

Natural Frequencies

From the flexible link Pi groups (3.28), the scaling condition for the natural frequen-
cies is easily determined. Without loss of generality, only horizontal vibrations will
be considered. with the final result being the same for vertical vibrations. Consider
the i** flexible manipulator liuk, and denote the natural frequency of the A** mode
by wk. The dimensions of wy are [T']7!, and hence. wi. can be nondimeunsionalized by
the time scaling frequency €2, which has the same fundamental dimensious. That

Is.
- - A W
wr = [TI 1 = Wi = 6
where w, is the nondimensional natural frequency.

This nondimensional frequency results naturally from the flexible link Pi groups
defined in (3.28). This can be shown using the relationship (for the ** link)[12]

E; Iz :
wp = ‘[3 ke€[l,o0], i € [l.n].

where [ is the &** solution of the exact transcendental equation

3
(1 + cos(Bs) cosh(Be)) + ;’;;;g (cosh(Be) sin(Be) — sinh(Be) cos(B)) =

proposed by Bellezza et al.[36].

Therefore.
R _ Wi
“E T 0
EL.
= m*ﬂ
E; I
= Vo n

E{ mlli'l I:'- l§ﬁ
T\ m o B

g, H,.

= \TL T kg

/
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Hence, scaling the manipulator using the Pi groups g, IL,, Il . and IL;
guarantees that the natural frequencies will scale by Q.

Mode Shapes

The horizontal deflection of the :** link is denoted by w,(z;,t). Assuming that w,
can be separated into its spatial and temporal components[23] results in

W,I-(Z{,t) = ZQSa,,(Zi)Qk(t)-, (3‘29)
k=1

where ¢, is the horizontal mode shape. and g is the &** modal coordinate. Now.
since w,, has dimensions of length. it can be nondimeunsionalized by [; as follows

i) = T = LM ERPAC)
1 =1

Since the modal coordinate g is nondimensional by definition (it is a weighting on
the mode shape). then for dimensional consistency in (3.29). this implies that ¢,

must have dimensions of length. Hence

Wo(zit) = > qi ().

k=1

= qsz‘,(zi)
{

Therefore, the nondimensional group for the mode shapes is

Pz,
L’

which is consistent with the length scaling result of Lemma 3.2.

Hy,, =

3.3.4 Extensions to Flexible Link Model

Many extensions can be made to the flexible link model described in the preceding
section. In the following subsections, the Buckingham Pi method will be used
to determined the nondimensional groups associated with damping effects, and
torsional vibrations. In addition, the situation where volume mass density is used,

instead of linear mass deunsity, will be addressed.
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Damping

Scaling conditions for the damping effects in flexible structures can also be deter-
mined. In previous research[17], the damping mechanisms for a single flexible link
manipulator were modelled. The damping effects can be combined into two groups:
inertia damping and stiffness damping. The damping coefficients for each type are
denoted by df and d° respectively, and have the following fundamental dimensions.

These damping coeflicients are physical material properties of the flexible link.
and can be determined experimentally. Often. the damping effects are expressed in
terms of modal damping ratios &, associated with the k** mode of vibration. For
a Rayleigh. or proportional, damping model, the damping ratio for the k** mode

can be expressed in terms of the A** modal frequency wy[18],
ar
€ = (_- + dswk) . (3.30)
Wi

Practically, it is easier to measure the modal properties €. and w; than the
proportionality constants d’ and d°. So, given values for & and wy for the first two
modes. (3.30) can be used to compute corresponding values for df and d°[23].

If these damping constants are included in the physical parameters for the
i** flexible link of the manipulator, the corresponding nondimensional Pi groups

resulting from dimensional analysis are

d!
Oy = o g = d7Q. (3.31)

Torsional Vibration

If torsion is included in the flexible link model, then it will contribute to the po-
tential energy expression. Defining G to be the shear modulus and J the polar
moment of inertia, the term added to the potential energy will be of the form G.J
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(akin to ET for elastic modulus and area moment of inertia). Two new nondimen-

sional groups will result, one for the shear modulus, and one for the polar moment

of inertia, o
J
H = — H = -
Gnhear mllflﬂz Jpolar l?

Linear Mass Density versus Volume Mass Density

If the material density of the i*? link is specified in terms of volume mass density
p!. instead of linear mass density p;, then a slight modification must be made to
the flexible Link Pi groups. The mass of the link is

m; = piVi. pi = [M][L]72

where V; is the link volume.

The Pi groups are of the same form and quantity as (3.28). and are found by
making the following substitution into (3.28)

p = Al

This in no way implies that p; is equal to pjl?, which is obviously false. With
this substitution, the Pi groups that would result with p} used as a base parameter
in the Buckingham Pi method are obtained. The resulting Pi groups are,

pg l{ I,,. [y-
H L= —, L= —, = - . - = .
{ "= IT,, I I, iR I, 7
E; M; It g
IIg. = ., ==L Mn=—1, Ig= . (3.32
B T S T M 1192} (3:32)

3.3.5 Examples

To illustrate the general scaling conditions determined for flexible manipulators,
several flexible link manipulators are examined. In the first example, the general

results of this section are reconciled with the initial manipulator scaling results
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obtained by Ghanekar[17. 18] for a single flexible link manipulator. In the final
two examples, a flexible link with two degrees of vibration, and a two-link flexible
manipulator are examined. In both exawmples, dimensional analysis is used to de-
termine the Pi groups for the system. The Pi groups obtained are then verified by

examining the nondimensional equations of motion.

Single Flexible Link Manipulator

Counsider a single flexible link (SFL) mauipulator with only horizontal vibrations,
and with gravity and damping neglected. The dynamics are characterized by the

following parameters.

link: py, 4. 7. E;
joint: I}

time scaling: .

The mass of the link is given by m; = p,l;. According to (3.28). the following
three Pi groups characterize this SFL.

h z

I = f Ilg, = By g

s T 1t I = 5F.
myl} YomyliQe 1 I}

(3.33)

The dynamic equivalence conditions for this manipulator were examined by

Ghanekar et al. in [18] and found to be,
I By}

M = Mgy = —221
YW A py Ayl Q22

where p! and A, are the volume mass deunsity and link cross-sectional area respec-

tively. In [18], the stiffness of the link E,If was modelled as a single parameter.
The Pi group IIg, sz can be divided into the product of two Pi groups,

Eff B I§
PUALLEQ2 T pv AQ2 1E°
Clearly, since the mass of the link is equal to m; = p} A;l;, then the results obtained
in this section verify those from [18].

Og, = =
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Flexible Link with Two Degrees of Vibration

A uniform flexible link with horizontal and vertical vibration is considered (Fig-
ure 3.5). There are two joints at the base of the link which excite horizontal and
vertical oscillations. The link is characterized by the following 9 parameters:

link: py, &L, If, I§, B
joint 1: I{‘

joint 2: IF

gravitational accel.: g
time scaling: .

The mass of the link is m; = p;l;. Also. because the joints do not traunslate. the
joint masses M, and M, do not affect the dynamic equations. According to (3.28),

the 6 nondimensional Pi groups for this manipulator are:

Iz r E,
lillk:H&':—l,H :—l-,n = —_—
T "= VBT L
Ih
joint 1@ I = 2
! mlli'
- Ik
Joint 2: Il;w = —
2 mlli'
e g
avitational accel.: [Ig = ——.
Br G 1.2

These Pi groups can be verified by deriving and examining the nondimensional
equations of motion. In this example, without loss of generality, only one mode
of vibration will be examined. First some preliminary definitions are needed. The

horizontal deflections, wx(z,t), and the vertical deflections, w,(z,t) are represented
by,
< (o]
wh(z,t) = ) dri(2)hilt), wu(z,t) = Y dui(2)uilt),

i=1 i=1
where ¢p; and ¢,; are the mode shapes, and h;(¢) and v;(¢) are the generalized
coordinates. Also,
wh = (L] = én=[L], hi=[L]°
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Figure 3.5: Flexible Link with Two Degrees of Vibration

and similarly for w,. ¢, and v;.

In this example. the link is assumed to have a square cross-section. Therefore.

Bri(z) = ui(z) £ 6il2).

Define the following mode shape dependent constants:

o & 0“ $i(z)dz = L]’

b & /0" #!(z)?dz = [L]™*
& [ gilerds = (P
u 2 fo" 2¢:(2)dz = [L].

Hence, in addition to the Pi groups in (3.28), define the Pi groups

a

]-'Itxg oy
12’

(4
I, £ oLy, ncéﬁ, o, £

~ol®
.
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As the constants a;, b;, ¢;, and p; are all length measures, the Pi groups defined
are consistent with Lemma 3.2 regarding length scaling.

If the ¢;(z) are vibrational mode shapes, then it should be noted that the pa-
rameters defining the manipulator system (e.g. py, I, [{‘ etc.) are suffictent to
determine the mode shape. For example, if a clamped-free link model is assumed,
only [, is required to determine ¢;(z). For a pinned-free link model, {; and I} are
required.

In this example, only the first mode of vibration will be examined. Therefore.
for all modal dependent parameters (e.g. @1. c1), the subscript 1 will be dropped
for clarity. Let the variables ¢; and §» be the nondimensional joint angular position.
The nondimensional generalized coordinates for the link deflection will be denoted
h and @ for the horizontal and vertical deflections respectively. Then, in terms
of the Pi groups. the nondimensional equations of motion are derived. using the

Euler-Lagrange equations, to be.

AS, + Bi, + Ch + Dé + E = H,(r)
Bg, + Fg, + M0+ G = Hy(r)

C +Mh+H=0

Dg, + 1,4, + .o + K = 0.

where

1 - 242 : o P
= I+ 'jcos(éz)z + Ih? + I sin(gz)*0” ~ T1, sin(2d,)d
= -II. cos((ig)in“v + 11, Sin(éz)il

IL. sin(§, ) — II,, cos(da)

= —ILsin(dp)h

T Q w »
I



CHAPTER 3. DYNAMIC EQUIVALENCE CONDITIONS 60

E = (Msin(24)#" — 3 sin(2) — 2L, cos(2)5 ) dudy
+20LAd,h + (21 sin(d2)?9% — L, sin(24:)9) 4,
+ (M. sin(Ga)ho + IL, cos(d2)h) &,
+ (TLe(sin(d) = cos(@))oh + MLsin(da)h) &,
~2I1. cos(G2) kg,

F = I+ % + IL.#*

G = — (5M.sin(2)i* ~ 3 sin(2z) — T cos(22)9) &
—9ML. cos(Ga) ki, + 2Lo54,
#3115 cos(ds) — Moll, sin(d2)o

H = —ILhg; + 2IL cos(42)6d,d, + 20, sin(ds) 0, + Ml -IT,h
2. 1 . - 12 "2 PP
K = - (Hc sin(gs)"v — §H,, sm(2qz)) G, — M.vg, — 210, sin(q2)q, h

+ eI, + HeIl, cos(gs).

The nondimensional actuation torques are denoted by H; and H,. These equations
verify that the Pi groups predicted by dimensional analysis do indeed characterize
the system dynamics. Simulation results with this manipulator are presented in
Chapter 8.

Two-Link Flexible Manipulator

The dynamic equations of a planar two-link flexible elbow manipulator are exawm-
ined by Ding et al.[24]. The configuration of the manipulator is the same as the rigid
manipulator of Figure 3.2, except the links are flexible. Only vertical deflections are
permitted, and hence the area moment of inertia in the horizontal direction (I,;) is
neglected for both links. Also, joint effects are not modelled in [24]. Therefore, the
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manipulator is a function of the following 10 parameters:
llllk 1: (4 lh va EI
ink 2: ps, L, I35, E,
gravitational accel.: g

time scaling: £.

From (3.28), the 7 nondimensional Pi groups for this manipulator are:
I,

H Loy - B my 702
. P2 [, za B,
2, == I, =+«. I, =—. g, = —F—=
hnk e 1 Hl' ll It: l? E mllflﬂg
gravitational accel.: Ilg = 2-1%—5

61

The equations of motion for this manipulator are derived in [24]. Using the flex-

ible link terminology of section 3.3.1 and Figure 3.4, the nondimensional dynamic

equations. in terms of the flexible Pi groups, are

3 [U AREE a5 — [0 0 Tig) Pims § = i
6&1 Pillpyaz; Gaq»i 1 — 1

=1 =T,
[G 0b:\" 5 5 — (00 T P2y = F
m, \ 3 ) P2 “og T

b, \ 7T - ] 0P, 3
Pz) p.I1,,dz, — [0 0 IIg] P My = — (IIE,H; W1) )

° T op
= . Dy »
W11, dzy — [0 0 [Ig] =—%m, =
/.r[,2 (6516) p.Il,.dz, —[00 G]aélemg HE;HI,I Wy

where ﬁ’; is the nondimensional joint torque.
The nondimensional dynamics describing the link vibrations are
[010]T7p, = g, Iy, Wi(3:, 7)™, —1<% <0
01 0]TTH, = (HE’H"“

P2

) Wz(ég,T)m‘l, - II[2 < 22 < 0.
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where the following extra terminology was taken from [24]:

T:;  homogeneous transformation matrix
p;  distance vector to centre of mass of link ¢
€12 = WI(O, T)

€16 = arctan (W;(O,T)) .

For more details, see [24].

The Pi groups predicted by dimensional analysis are clearly present in the nondi-

mensional equations of motion for this manipulator.

3.4 Nondimensionalization Theorems

3.4.1 General Form for Manipulator Pi Group

From the derivation of the Pi groups for rigid and flexible manipulators in the
previous sections. a general theorem can be deduced. With this theorem, a nondi-

mensional group corresponding to any manipulator parameter can be found.

Theorem 3.1 (Nondimensional Group for System Parameter)
Let ¢ be any parameter of the manipulator dynamics. Suppose that the fundamental
dimensions of ¢ are

¢ = [MPPILP[T), a.b,c€ R.

Then a nondimensional Pi group for ¢ is

¢ . - .
L= —2
¢ = kb for @ rigid manipulator,
2.1y = s . for a flexible manipulator.

afb() -
m{li§d-c
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Proof

The Buckingham Pi method will be used to prove the theorem. Without loss of
generality, it is sufficient to prove the result for the rigid link manipulator. The
proof for flexible link manipulators is similar.

With the parameter ¢, the rigid manipulator dynamics are characterized by the
following 4n + 2p + 3 parameters

b. mi, JEEOJPLJFE MG IR 9. Q0 i€ (ln], je[Lp]

According to the Buckingham Pi method, N = 4n + 2p Pi groups are expected
for this system. From section 3.2.2. the Pi groups are found by solving a system of

Np equations of the form
A=AX,

where A represent the exponents of the base parameters chosen for the Pi groups.
and X represents the expouents of the remaining parameters. In addition, it was
shown that the number of variables in each Pi group can be minimized by setting

X equal to an identity matrix of dimensions Ng x Np.

Select my, Ji, and Q as base parameters, and set X to the identity matrix.

Theun, the form of the Pi group corresponding to the parameter ¢ is
Iy = ¢m$JPQY, a,8,7v€R. (3.34)

Solving for the exponents . and v will give the Pi group for ¢. In terms of

fundamental dimensions,

Oy = ((MP[LPTI) (M) (M LPPNT]™) = [M][L)°[T],

i

which leads to the system of equations:

a+a+pf =0 a =-a+?
c— =0 ¥ =c
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Also. recall from (3.4). that the radius of gyration, &, is

kl = -:—I—l- = (.]]_‘J"l’l.;l)-:T

LLLOY
Substitution of a, 3.4 and &; into (3.34) gives the Pi group,
—at?) -2
Hd’ = ¢m§ a+=)Jl Qe
6
= (ﬁﬂl;a (m;J{l)z Q°
= erakl—bﬂc
__$
mékbQ—c’

as required. [}

The parameters m;. k;, and Q. used to nondimensionalize the parameter ¢, are
distinct in their fundamental dimensions. That is, m; has dimension of mass only.
k, has dimension of length only. and Q has the dimension of time only. Such a set

of parameters will be called fundamentally distinct parameters.

For the rigid manipulator, m,, k;. and  form a fundamentally distinct pa-
rameter set, whereas for the flexible manipulator, the parameters my, {;, and Q
are fundamentally distinct. Hence. Theorem 3.1 states that an MLT parameter ¢
can be nondimensionalized by a set of parameters fundamentally distinct in mass,
length, and time. In Chapter 4, this observation will be used to extend Theorem

3.1 to parameters with more than three fundamental dimensions.

3.4.2 Egquivalence of Rigid and Flexible Pi Groups

In this section the Pi groups for the flexible link manipulator (3.28) are reconciled
with those for the rigid manipulator (3.19), in the limiting case when the modal
frequencies of the flexible links approaches infinity.
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Ignoring flexibility, the dynamic behaviour of rigid and flexible manipulators 1s
identical. This has the implication that the set of Pi groups for the flexible manip-
ulator (3.28) is equivalent to the set of Pi groups for the rigid manipulator (3.19).
The exception is the Pi group for elastic modulus, which does not appear in the
set of rigid manipulator Pi groups. In the following development, this equivalence
between the two sets of Pi groups will be proved.

Theorem 3.2 (Equivalence)
The set of Pt groups for the flezible manipulators. I, are equivalent to the set of

Pi groups for the rigid manipulators. Il,i54, where

Mpee = (MM, g, O, Ty, Tlag, T Mg}, i€ (L], 5 € (L),
Hrigid = {Hmi.HJ‘:x.HJ?v.HJl;:.HMj,HI;-.HG}. iE[l.n], je[l,p],

and [Ig, — oo.

Proof

In this proof, each rigid Pi group will be expressed as a combination of Pi groups
from the set IIf,. The proof is divided into six parts: TI,. HJ§=, H_jl,tz and
H_,'_w, ITpr; and HI;., IIg and Ilg,.

Part 1: I,
For the rigid manipulator,
0. = =
my
_ pil;
B pih
= II,IL;.

Part 2: Hjiz-

First note that the area of the cross-section of the #** link can be expressed as,

A= f [ dz;dy; = /A A,
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Also. by definition,

e

2 [ ot im
™ms

/ yiz dA;
A;

I, / z2dA;.

g

e

With these definitions. the following can be shown.

Jiz:
Jy
1 2, 2
= / (z7 +y;)dm:

My =

(

1
= plllkzp‘ ..‘ (z + yx )dz'

1 T 2 9 2
N pllm% -«-/ (27 + yi)dAidz

- ,,,MA/ L. + I,;) dz

(] llsz l (Izl + Iy.)

1 I, Iy
= Hp.Hl' LzA l (""“ + ‘l—g‘)

L\
= II,II, (Lll) ye (M, +10,,) .

= II

But from Lemuma 3.2, it is known that /; serves as a reference length value for

all length variables. Therefore, defining

nk,é% and Tl A‘%,

gives the following relationship

HJ.'“ = Hp-‘HliH;‘zH:&.‘l (Hfﬂ' + HIV-‘) :
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Note that the Pi groups, IIi, and Il 4, are not new flexible manipulator Pi groups. In
fact, from Lemma 3.2, these two Pi groups are dependent on the Pi groups II;,. II;, ,

and Iz, .

Part 3: HJ‘;' and Hj?”

Recall that by definition,

Then.
H J.xz =

e

= & [ g+ stam

Jw £ / z? + zldm;.

Iz
Ji

1 2
;[ (w2 + =),
my

mikl
1

pily

.
o Ja 4 D

‘.

14 e
i / vida + o pr s

L)?
,,,M.,A/ /J‘dAdz;+ — I, II,, (Z’)

2 1 L 4
vamfi fv-deﬂ Horll (1 kl)

L1, +1 II,,,H,, (l ’1)

II
11 lu.l

. l;k’A

I,.II lgn +1nn3 b
PNRA T T 12\ Iy

nnl—‘ fz—n L
ettt \ 5 ) \ & T gt

Using the nondimensional length groups, IT, and II4, defined in Part 2, the ex-

pression for I e becomes



Y
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Similarly, the expression for II 9y evaluates to

1
Oy = H,,,.II,,.H;f (H;}H[,‘, + EHZ) .

Part 4: IIy; and HI;;
From the Pi group definitions. the joint mass Pi group Ilp,, is identical for both

rigid and flexible manipulators.

For the joint inertia Pi group for rigid manipulators,
h
Ii Jl
I
m,,_kf
nrp
_ flezyr~1

For the rigid manipulators
Hfigid _ g
¢ £y Q2
9k
L2k,
lezy—
= Ogf=mg.

Part 6: IIg,
Cousider the stress(o)-strain(e) relationship given by[22],

o = Ee = €=

k]

taf @

where F is the elastic modulus of the material.

By the assumption of rigid links, the strain ¢ in the material is equal to zero
regardless of the applied stress. In effect, this means that the elastic modulus of

the material is assumed to be infinite.
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So with the assumption of rigid links, the flexible Pi group IIg, approaches
infinity, and has no equivalent to the rigid manipulator Pi groups.

Therefore, all the Pi groups in the set Il,;5q4 can be written as combinations of
Pi groups from the set IIf... Because of the assumption of rigidity for the rigid
manipulator links, there is no rigid Pi group which corresponds to the flexible Pi
group, Ilg, . =

3.5 Rigid-Flexible Manipulators

Manipulators composed of both rigid and flexible links can also be scaled using the
Pi groups in (3.19) and (3.28). Theorem 3.2 states that the Pi groups for the rigid

and flexible manipulators are equivalent, except for Ilg,.

Hence, for a manipulator with both rigid and flexible links, the rigid Pi groups
from (3.19) can be used for the rigid links, and the flexible Pi groups from (3.28)
can be used for the flexible links. For cousistency, it is very important that the
sawme reference variables are used for the entire manipulator. As separate sets, the
Pi groups for the rigid and flexible manipulators are referenced to different base

parameters: m;,.J;, Q for the rigid case, and p;, {1, Q2 for the flexible system.

For a composite link manipulator system, ouly a single set of base parameters
can be chosen. If the rigid manipulator base parameters m,, Ji, Q are chosen, the
following changes must be made to the flezible Pi groups in order for the entire

manipulator system to be scaled properly:

e Change refereuce value for length from [, to &, = -f;’;

o Change reference value for density from p; to mk;t.

e Change reference value for mass from m; = p;l; to m,.
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If the flexible manipulator base parameters, p,,!{;,§ are chosen, then the fol-

lowing changes must be made to the rigid P1 groups:

e Chaunge reference value for mass from m,; to p;l;.

e Change reference value for inertia from J; to p1l}.

e Change reference value for length from k; =

3.5.1 Example

Five-Bar Manipulator with a Flexible Link

‘/-i_Jl‘ to ll.

The dynamics of a five-bar manipulator with 3 rigid links and one flexible link
are examined by Wang[25]. The coufiguration of the manipulator is identical to
that shown in Figure 3.3, but with the last link flexible in the horizontal direction
ouly. Because of the configuration of the robot, the length of link 4 which is free to

vibrate is L = l4 — [,. The dynamics are a function of the following 23 parameters.

rigid link 1: m,, J7°,
rigid link 2: m,, JJ%,
rigid link 3: mg, J3*.

flexible link 4: p4, L.
joint 1: IP

jomnt 2: M,, I;‘
joint 2: My, I
gravitational accel.: g
time scaling: .

JE g
JE
J3¥, J5*
Iz, E,

The base joint does not traunslate, so its joint mass M, does not affect the dynamics.

Since this is a rigid-flexible manipulator, the results from section 3.5 can be

used. Choosing to use the rigid parameters m,;, J*, and Q as base parameters, the
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following 20 Pi groups result.

Jw J=
rigid link 1: H_;lw = 71—-., IIje: = Jl
1 1
o my J3E J¥ J3E
2- _ — rr = —— vV = ——— sz =
ngld I.mk Ll ng ml, HJ,-, J1 ' Hsz Jl . HJ;. J1
J3 J3 J;®
rigid link 3: ILn, = ;nT: Wi = 5 Mg = Mo ==
. . Pa L [: E4
flexible link 4: II,, = ———, Iy = —, II;: = =, g,
exible T ks TP T R TR T TR T e
- It
joint 1: HI{' = 71
M, Ik
joint 2: My, = — = = 2
join = 8=
. M, iy
t J: = —, = =
joint 3: Iy, — HI;. A
gravitational accel.: Ilg = kjlz .

The equations of motion are presented in [25]. Here, the nondimensional equa-
tions with ounly one mode of vibration will be presented, without loss of generality.
Let the mode shape be denoted by ¢(z), and the generalized coordinate for the first
mode be denoted by ¢4. Define the following modal constants,

a

@
L

b = / #(2)?dz = [L]' = II, = bk,
0

L
a = /OqS(z)d.z—-:.[L]2 > I, =

c
13
k3
c

L3
ki

L 2
c = /0 Mz)dz= (L = IL=

p o= /oquS(z)dzs[L]“ = I,=
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Then, the nondimensional equations of motion are:

- b 8M11 P aMu o
2 2 2 A % s %
(Mu + g IT7, + g IT7, + HI{') @+ _a'é‘;‘h% + "‘3_(}3““11‘13

+ (IL,,IT;, I, cos(gs) — I, I, cos(da)) 4
~IL, 10, 11, sin(da)dads + Mo IL, sin(ds)dady = Hi(T)

. . 1My . .
(M2 + 1) g, — 5"‘5‘-}5}'5 + g (I, + O, Iy — I, Iy, ) cos(g2)

+I0L,, 10, T, sin(42) 4,44 = Ha(r)

10My, - .
SR 4 g (D, e, + o I, — I, T1,, ) cos(ds)
2 5(13

+10,, I1,, sin(ds), 4y = Ha(r)

(Mss + Ty ) G5 -

(11, I, IT; cos(ge) — 11, 1T, Cos(éil))él + Hmn«:é&s
—II,, 11, 1L, Siu(‘k)&léz + I, 11, Sin(és)‘}xés + Ug I 1Ly = 0,

where

My = (T}, + T 1T}, + T, I + TLppe + T g0 ) cos(gz)?
+(ITy= + Iyz=) sin(ga)?
+ (T I, + T TI2, + T, IT2, + T + ILyz2) cos(ds)?
+(IL v + I ypv) sin(gs)?

Mzz = Hfd + I‘L.n,l'I,zCJ + Hm,ﬂi + 1+ =

Mg = M, IT}, + L I, + Mo, I}, + T gz + T e

Again, it is clear that the Pi groups predicted by the dimensional analysis are
indeed present in the nondimensional equations of motion. Simulation results for

this system are presented in Chapter 8.



CHAPTER 3. DYNAMIC EQUIVALENCE CONDITIONS

3.6 Pi Group Summary

3.6.1 Rigid Manipulator

73

A summary of the Pi groups for rigid manipulators (3.19), and a qualitative inter-

pretation of each is presented here.

Iy

Il

i M;
= My, ==
my my
These two mass Pi groups scale the link and joint masses proportional
to the mass of the first link. In effect. these Pi groups maintain the
relative distribution of mass throughout the manipulator system.
1 h
=—J,. Ou=-2
i .]1 ' [-’h J]_
The inertial Pi groups scale the link and joint inertia proportional to
the inertia of the first link (about one of its principal axes). These Pi
groups preserve the inertia distribution throughout the system. Also
note, that II,; and IT y  together define a length scaling for the system
(Lemma 3.1).
__9
K, §22

This is the effective gravitational acceleration for the nondimensional
manipulator. The interpretation of this Pi group can be explained by
considering the case of an object falling in a gravitational field. As g
increases, the object will fall faster, and correspondingly, as g decreases,
the object will fall more slowly. This Pi group is used to moderate the
time scaling frequency in response to changes in g. As g decreases, Q
must also decrease to maintain the value of the Pi group. This reduction

in  corresponds to a slowing down of the system.
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3.6.2 Flexible Manipulator

74

A summary of the Pi groups for flexible manipulators (3.28) is preseuted here along

with an interpretation.

IL,,

II,

g, =

=B

/1

This Pi group scales the linear mass density of each link in proportion
to the linear mass density of the first link. For a material whose links
are all constructed of one type of material (II,; = 1), this Pi group
indicates that for dynamic equivalence. the same material must always

be used for all the links.

L

iza

This Pi group scales the length of each link in proportion to the length
of the first link. This group ensures that the relative size of the manip-

ulator remains constant.

The area moment of inertia of the cross-section is scaled using these Pi
groups. These Pi groups ensure that the properties of the cross-section
are scaled appropriately. For example, a link with a tall and thin cross-
section cannot be scaled to a short and fat cross-section. Along with

IT;;, these Pi groups define a length scaling for the system (Lemma 3.2).
_ B
m]_ll_lgz

This Pi group is a function of the material of which the link is con-

structed. Because E; is a material property, selecting the material for
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g

the flexible link has repercussious ou the values of m,, {;, and Q in order
to maintain dynamic equivalence. For example as E; increases (a stiffer
material), the time scale ! must also increase, since stiffer materials

have higher frequencies of oscillation.

my

The joint mass Pi group scales the joint masses in proportion to the
mass of the first link. This Pi groups maintains the relative distribution

of joint mass throughout the system.

The joint inertia Pi group scales the joint inertia in proportion to the
axial mass-moment of inertia of the first link (f z7dm,). This Pi group
maintains the relative distribution of joiut inertia throughout the sys-

tem.

g
LQ?

The interpretation is the same as for IIg of the rigid manipulator Pi

groups.
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3.7 Design Methodology

This section discusses the methodology by which the Pi groups can be used to
create dynamically equivalent manipulators. A general procedure is first given,
and then several examples are outlined. In all the explanatiouns, the objective is
to design a new manipulator (system 2), which is dynamically equivalent to an
existing manipulator (system 1). The notation (-); and (-), will be used to denote

parameters of system 1 and system 2 respectively.

3.7.1 General Procedure

Given the physical parameters of a manipulator, the following general procedure
is used to determine the physical parameters of another dynamically equivalent

wanipulator.

1. Identify all the physical parameters of the manipulator (system 1). As this is
the original system (system 1). set the time scaling frequency to =1 s71.

2. Select the base parameters: m,, Ji,Q for rigid manipulators, or pi,!;, 2 for

flexible manipulators.
3. Compute values for the appropriate the Pi groups.

4. Select values for three independent parameters of the new manipulator (sys-
tem 2). For example, gravitational acceleration. mass of one of the links, or

the type of material.

. Using these three parameters, re-arrange the Pi groups to calculate the re-

[

maining manipulator parameters for system 2. With this method, the values
of the Pi groups for systems 1 and 2 are the same, and therefore, the two

manipulators are dynamically equivalent.
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3.7.2 Example 1: Rigid Manipulator - Changing Gravity

This example will illustrate how to design dynamically equivalent rigid manipula-
tors in different gravitational fields.

In step 1 of the procedure, values for all the physical parameters of the manip-
ulator (system 1) must be found. All the link and joint masses and inertias must
be determined. Let (g); denote the gravitational acceleration in the environment
of system 1, and set (2); to 1 s~ L.

Next, choose m,;, J;, and Q as base values (step 2), and then compute the Pi
values using the rigid Pi groups in (3.19).

In the fourth step. values for three independent parameters of the new ma-
nipulator (system 2) must be set. It is in this step that the new manipulator is
“designed”. since the defining parameters are chosen. For this example. suppose
that the new system is to operate in a different gravitational field, of value (g)a.
Also. suppose that the desired link 1 mass of the robot is (m;),, and the desired
inertia for link 1is (Jy)2 = (JT%)2.

In the final step, the values for these three parameters are used to calculate the
values for the remaining system parameters. First, the radius of gyration, (&),
can be computed as

(J1)2

’\?1 2 = -
(k1) (12

The remaining system parameters can now be computed. With the value for (g),
and the value for (%,),, the value for (2), can be found by using the Pi group Ilg.
For dynamic equivalence, the parameters (g)2, (K1), and (), must satisfy

— (9)2 _ (9)2
= Eem e

Finally, since (m;): and (Ji)s are known, then the remaining link and joint

e

masses and inertias for the system 2 manipulator can be found using

m; = (m1)2Hm,’q Jc,-=(J1)2HJ“_,
Mj = (‘nll)anj, I;'lz(Jl)2HI;'-
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Now, all the parameters for the system 2 manipulator have been found. Al-
though, system 1 and system 2 are operating in different gravitational eunviron-
ments, they are dynamically equivalent. This scenario is illustrative of the case
where a manipulator to operate on the Moon, can be designed and tested with a

dynamically equivalent prototype on the Earth.

3.7.3 Example 2: Rigid Manipulator
Changing Link Material

This example illustrates how to incorporate material specifications into the desigu
of a dynamically equivalent rigid manipulator. In this case, the rigid Pi groups
incorporating volume mass deusity (3.20) must be used. The first three steps involve
identifying the parameter values. selecting the base parameters (p¥, J;, Q). and

computing the Pi values.

In step 4, three parameters of the new manipulator (system 2} are chosen. By
selecting a specific material, the value for (p}); is fixed. The environment of the
manipulator automatically fixes the value for gravitational acceleration to a value
(g)2. For the final parameter, choose the inertia of link 1 to be (J1)2 = (Jf%)2.

In the final step. these three values are used, along with the Pi values, to de-
termine the remaining parameter values for system 2. The time scaling frequency

can be found from g,

(2P (9) (602 (@)
HG-((JI)Z) Q) = (Q)z—\j((Jl)z) o

The remaining parameter values can be determined as follows:

(P72 = (p )20l
(Ja)2 = (7)2HJ
(M;): = ((g})5 )zHM,-
(I)2 = (Ji)oIp.
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Therefore, the links of system 2 have been constructed out of the desired mate-

rial, and the manipulator is also dynamically equivalent to manipulator system 1.

3.7.4 Example 3: Flexible Manipulator
Changing Link Material

In this final example, the way to design a dynamically equivalent flexible manip-
ulator out of a specific material will be discussed. Again, in steps 1 to 3 of the
procedure, the parameter values for the flexible manipulator (system 1) are found.

the base parameters are ideuntified (p1, {;. §2). and the Pi values are computed.

In the next step, three parameters of the new manipulator (system 2) can be
specified. The manipulator enviroument automatically fixes the gravitational ac-
celeration to a value (g).. Now, by choosing the link material for a flexible ma-
nipulator, two parameters are fixed: the elastic modulus (E;),, and the density
(p1)2-

With these three values. the remaining parameters are determined by using the
flexible Pi groups from (3.28). The value for (), is found from Ig,,

B _ |_(ﬂ_
oo = Gonem;, = =\ G

The value of (I;), is found from Ig,

= _ (92 __(9)2
fe=maem = B =@
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The remaining parameters of manipulator system 2 can now be computed,

)2 = (p1)a1l,;

2 = (L)oIL;
(B2 = (p1)2(Q%):1g
(I): = ()10t

)2 = ()10,

)2 = (Pl}z(lx)an’.
()2 = (Pl)z(lg)zﬂ;;..

Therefore, the two flexible link manipulators. although constructed out of dif-

ferent materials. are dynamically equivalent.



Chapter 4

Actuator Dynamics

In the previous chapter the dynamic equivalence conditions for rigid and flexible
manipulators were determined. In the following three chapters, scaling laws for
actuator dynamics. control laws, and friction effects will be presented. The overall

system is shown in Figure 4.1.

q

Figure 4.1: Overall Manipulator System

Referring to the figure, the generalized input forces to the manipulator, F, can
be written in terms of the manipulator generalized coordinates q, the controller
inputs u, the generalized forces applied by the actuators F,, and the friction effects
Fg, as

F =F,(u,q)+ Fy.

81
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The manipulator equations can be expressed using the Lagrangian, L.

%(g—s) —g—z = F = F,(u,q)+ Fy. (4.1)

In this chapter the scaling conditions for actuators will be examined (Figure 4.2).
The actuator dynamics generate the generalized forces which are applied to the
manipulator through the actuated joints. In order to determine the scaling laws
for the actuator dynamics, it is necessary to examine the dynamics behind these
generalized forces. A general model for the actuator dynamics will be investigated

aud scaling laws determined. Joint flexibility will also be discussed in an example.

q

Figure 4.2: Actuator Block

4.1 GGeneral Actuators

Before deriving the nondimensional groups characterizing general actuators, the
form of a general function to describe the actuator dynamics is required. The
dynamics of two actuators will be presented to motivate the notation of the general

form.

Example 1: Permanent Magnet DC Motor

The reduced order! dynamic equation for a permanent magnet DC motor[20] is

mﬁk)é=uuyqfax (4.2)

I'"E+ (B+

lassumes that the electrical time constant << mechanical time constant, %-.
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where £(t) is the motor angle. %(t) is the control input, F'(t) is the load torque (the
manipulator), I* is the gear and armature inertia, B represents motor damping,
K. is the motor torque counstant, K is the back emf coustant, R is the armature
resistance, and r is the gear ratio. This equation illustrates the dynamics behind

the torque F(t), which the motor applies to the manipulator.

The physical parameters which characterize this actuator can be collected in

the set ®. as

& = {I". B, K;. Km, R} .
Scaling the actuator will require the parameters in ® to be scaled appropriately.

The torque is transferred to the manipulator via the term F. Rewriting (4.2)

in terms of F gives

KoK\ : 1
o)y L,

1, 1
F(t)=—SI* -2 (B +
r r
In general, this can be written as

F(t) = Fa(évévu)‘

When the link is rigid and directly attached to the motor shaft, the motor angle

€ 1s the same as the generalized coordinate for the link, g;. n

Example 2: DC Motor and Joint Flexibility

Harmonic drives are often used to actuate robot manipulators because of their min-
imal backlash. However, these actuators exhibit significant joint flexibility, which
is typically modelled as a torsional spring between the motor shaft and the ma-
nipulator link. By introducing joint flexibility effects, the manipulator and actua-
tor dynamics become coupled through the stored potential energy in the torsional

spring.

Define £ to be the angular position of the shaft, and ¢; the angular position
of the link. For this actuator, the torque F applied to the manipulator is the
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torsional spring force, which is proportional to the difference between £ and ¢;. The
manipulator equations can be written using the Lagrangian L. as in the previous

chapter. The coupled equations can be expressed as[20]

d (0L gL
o (3—%) " ag K (& — )

I*€ + BE = u(t) - K.(§ — ¢). (4.3)
where I"* and B are the motor inertia and damping respectively, « is the control
input, and K|, represents the torsional spring constant.

The physical parameters which characterize this actuator are

& ={I".B.K.}.

Upon examining (4.3), the torque that the actuator applies to the manipulator

can be effectively characterized by
F= Fa(f?ésg: qf?u)'

Hence the actuator dynawmics are dependent upon the actuator generalized co-
ordinate £ aud its derivatives, the link geuneralized coordinate ¢;, and the control

iput . -

In general, let the set ¢ countain the physical parameters of the actuator. Then,

if the actuator is defined by m parameters,

where the fundamental dimmensions of ¢; are,

b = [MI%[LI[T5[A1%O]%, aibi,ci,dive; € R.

Although the manipulator is a mechanical system defined solely by the dimen-
sions of mass, length, and time, the actuators themselves may be defined by elec-

trical and thermal dependent quantities. Therefore, the fundamental dimensions of
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current [A] and temperature [0], have been included in the possible dimensions of
each actuator parameter. Note that the actuator output must still be either a force

or a torque; namely. a raechanical (MLT) quantity.

In general, it will be assumed that the actuator dynamics are a function of a
generalized coordinate, £, a link generalized coordinate, g;, and a control input, u.
Furthermore, it will be assumed that ¢ has dimensions of length (i.e. measures a
translation or rotation). Also, the actuator output is assumed to be a generalized
force. Now. with the actuator connected to the i** link. the external force applied

by the actuator can be expressed by the function F,,
Fo=Fo(66 € qude....qin). (4.4)

The actuator dynamics can be nondimensionalized by examining (4.1) for one
of the generalized coordinates ¢;. The Lagrangian L has dimensions of energy, and
the generalized manipulator coordinate g¢; has dimensions of length. In terms of

fundamental dimensions.

t=(T], L=[M][LPT] ¢=[L]

where r = 0 for a revolute joint and r = 1 for a prismatic joint.

By assumption, the actuator generalized coordinate, £, has dimensions of length,
and the actuator output, F,, is a force or torque. The dimensions of the control

input, u, are not specified. Therefore,
€= (L. Fo=[M|LPT[T]% = [M]PLPTITAIO), a.bcd,cER,

where p = 0 or p = 1 for rotary or translational length respectively.

It is imperative that for a particular manipulator system (manipulator, actu-
ator, controller. and friction), the same base variables are always used for the
nondimeusionalization. In this development, the variables m;, J;, and § are used
as base variables, indicating that the manipulator has rigid links. Without loss of
generality, the variables p;,{;, and  could be used as base variables if a flexible

manipulator was being scaled.
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Because the control input, u, may have dimensions of current and temperature,
two new reference values must be defined. Denote the reference value for current

by Ag aud for temperature by 8,.

By Theorem 3.1 (section 3.4), use the manipulator variables m,,k;, 2, and the

reference values, Ag, @y to define the nondimensional vanables:
q: ( ) .

k

>
p=]E

. L{g . a
r 2 Qe L(7) = EI(T?%E £(7) = f—](\g—)‘ g(7)
Fu(T) e i (%)

a «(3)
mk2T02 T mekbQ-cAdgs”

-4

=

Heuce, considering ouly the generalized forces applied by the actuator to the

manipulator. F,, nondimensionalizing (4.1) gives,

d (81 [ .
(6L) oL _ T Q2E,

dr \9g.) 9&
= mkiTQF, (E, E,.... &, Giv-- oo qfk)‘ u)
-3 (k{’f. IEQE, . IPQRET i, KTk mgkgmmgega) .

(4.5)

Examining the right-hand side of (4.5), define the nondimensional actuator dy-

namics by:
= - n -~ -~ k -
F, (E ..... EM Gin. ... q( ) u)
1 - % - .
- (A{e, QE, .. Q™ gL kR, m‘;kgn—CAgaga)
my ki

(4.6)

To determine the scaling law for the actuator dynamics, the parameters in ¢
must be examined. Cousider the parameter ¢; within F,. In general, the parameter
¢; is multiplied by some function 7; of the variables £, ¢; and u. Furthermore, ¢;
may be raised to a real exponent, s;. Hence, introduce the variable 1; to define the

product of ¢; and ~;,

Ja\ Lh n k
i = ¢ x €, € g .. ¢™ u), si€R.
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Within F,, the parameter ¢; may have a multiplicity greater than one. For each
occurrence of ¢;, there will correspond a different (v;,~;) pair. However, from the
principle of dimensional homogeneity, the nondimensional group for ¢; resulting
from each (¢;,7:) pair will be the same.

Example: Permanent Magnet DC Motor with Nonlinearity

To demounstrate the use of this notation. a modified version of the permanent mag-
net DC motor equation from (4.2) will be used. In addition. to illustrate how
noulinearities can be handled. a transcendental function (as an example of a non-
linearity) has been added to the actuator dynamics. The resulting actuator dynamic
equation is

KbK

Fo(6.6.6 qiu) = Jnf + £ + Pyg?sin(Po€) + u(t), (4.7)

where F, and u are torques. and £ and ¢; measure angular position.

The parameter set for (4.7) is

¢ = {¢1,¢2. .o .,(;66} é {Jm-Kln Kn. R, P, P2}~,

and the parameters have the following fundamental dimensions

Jm = [M][L]. Kn = [MJ[L] TIPAITY Ko = [MI[LIP[T]*[A]
= [M|[LP[T][A]7%. Py = [M][L]? [Tl' . P =T

Now. for (4.7). using the above notation,

¢1 = mf J Xfu = 71‘_“-6.
KK Kn K.
Py = = mE= Kbx—f = ’72——5
KK
Py = : f Kn X—f = ’)’3=—f
KK
e = =28 = R x Ky Kmé = va = KoKl sq=—1

Ps = qu,- sm(sz)—Pl xq,. sin sz) = 75 =gq; silx(Pzé)
Y = P25.=P2><f. = 7s=£-
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Returning to the general expression, all the terms in F, are nondimensional by
definition. This means that after the nondimensionalization process, the function
¥; must be transformed into a nondimensional 1&;. By definition, the fundamental
dimensions of ¢; are [M]*[L]%[T]%[A]%*[O]%. In terms of fundamental dimensions,

express 7; as,
% = [MIF[LF[TIAJF[0]%,  fi, giv hisJis ki € R
Hence. 9; = ¢7;, has fundamental dimensions,

P = [M](s-'aa+fs)[L](saba+a;) [T e +hi][A](3idi+.fi )[@](a;e;-!-k.- )

Since. by assumption. neither the actuator output F,, nor the generalized coor-
dinates £.¢; contain the fundamental dimensions [A] or [@], then every product ;
must also be independent of [A] and [®]. This implies that for parameters whose
dimensions contain [A] and [@], there must be an internal cancellation of these
dimensions with another parameter. So, 1/;,- is nondimensional in an MLT sense.

which means that the exponents of [A] and [O] iu ¥; must be zero. That is.
sidi +7: =0
sie; + ki = 0. (4.8)

To reiterate. this does not mean that the components of 1;, namely ¢; and ~;, are
independent of [A] and [©]. Instead, it implies that for an MLT system, there is an

internal cancellation of the “non-MLT” dimensions [A] and [©] between ¢; and ;.

Since, ¥ is nondimensional, its relationship to 1; can be determined by applying
Theorem 3.1. Use the reference values Ay and 8y for current and temperature
respectively to obtain.

- 1
¥ é mg,;ul.+f;)k{s;be+g;)Q(_,..c.._h'_)"/)i
1 o
m ot h) k{asbiﬂn) Q=sici=hi) Ags.-d.-+j.-}9(()a.-e.»+k.-) 2l

using (4.8)

- || [
My kO Qs Ag G | | mE i AT

| ]
myREQ- ASOT | |mEkram AveE |
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By definition of the fundamental dimensions of ¢; and +;, the terms in square
brackets are both nondimensional. So the nondimensional variables ¢; and 4; can
be defined as,

é: & 1 bi, i 2 1 .
T omiEia-aAfes 0 T mFiram ALeE

Therefore. the nondimensional group for the actuator parameters can be de-

scribed by:

1>

o 2 ¢
M MR Qe ATy

This result implies an extension of Theorem 3.1 (section 3.4) to parameters
with m fundamental dimensions. and to systems with m fundamentally distinct

parameters.

Theorem 4.1 (Pi Group for System Parameter)
Let the m fundamental dimensions be [w,],.... [um], and let ¢ be any parameter of

the overall manipulator system. If the dimensions of ¢ are
b= [‘ul]p' [wa]P? - - - [um)P™, pi € R, i € [1,m],

and the manipulator system has m fundamentally distinct parameters: {vy,..., v},

then a nondimensional group for ¢ is

_ ¢
H¢ -_— m.
Proof
The structure of this proof is similar to the proof of Theorem 3.1. In this case, after
selecting vy, ..., v, as the base parameters, the Pi group for ¢ will be of the form

Oy = o ---v5™, e; € R, i€ [1,m],

where the ¢; are the exponents that have to be solved in order to make the Pi group

nondimensional. However, because the base parameters are fundamentally distinct
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by assumption, then only one fundamental dimension [u;] is associated with each

parameter v;. In terms of fundamental dimensions, the Pi group is
s = ([wa™ -+ fumP) ([a])® - (fm])™ = ] - fn]”.
By inspection, it is obvious, that the values of the exponents ¢; must satisfy

e; = —pi, 1€ [l,m].

Hence. the nondimensional Pi group for the parameter ¢ is

¢

.. 'pr;;m

I, =
¢ ot

as required. =

Example (cont): Permanent Magnet DC Motor with Nonlinearity

This system is described by the following parameters:
® 2 {Jm, Ky, Km, R, P, P2}.
The fundamental dimensions of each parameter are

Jm = ML), Kn = [M|[LP[T]?A]7 Kb = [M][LP[T]7*[A]
R = [M][LP[TI[A]*, Py = [M][LP[T]™®, P, =(T].

Directly applying Theorem 4.1 with the fundamentally distinct parameters

my, k1, 2, and Ay, gives the following nondimensional groups:

. Jn - Kn - K,

¢1 - mlkf ' ¢2 - mlkfﬂzAal’ ¢3 - mlkfngal ’
) R ) P, )
¢4“m1 ¢5“W7 ¢6_PZQ-
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This result can also be obtained directly from the nondimensional actuator dynam-

ICS,
PR 1 . . _
Fo(€.6.6. i) = MFa(EsQ£~92€9Q£wmlka u)
— 1 25 Kme . 3 . : 20-2 )
- m‘f (JmQ E + R Qf + Plgi SIH(PQQE) -+ m;LIQ w
Im 1 KiK., :

1 9 . -
- ' |
mk? k0 R £+ v EToTAS sin(P,Q€) + u

Since it is known that the parameters K, K., and R contain the dimension of
current [A]. the final equation can be expanded further by introducing the reference

value for current. Ag.
N A T T
Fall&8at) = it A i A R ¢

sin((PoQ)E) + u

1 2
BTN EIER

= $if + dadady € + boq sin(del) + v
Therefore. the nondimensional groups in the nondimensional actuator equation

agree with those obtained directly using Theorem 4.1. .

4.2 Example

4.2.1 Revolute DC Motor with Joint Flexibility

As described at the beginning of this chapter, the actuator dynamics for a revolute

DC motor with joint flexibility can be described by the coupled equations (4.3)
d {OL oL
E ('a—q"‘) - 'a'a: = Ka(f - qi)

I* + BE = u(t) - K.(€ - ),

where I* and B are the motor inertia and damping respectively, © is the control

input, and K, represents the torsional spring coustant.
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The actuator effect can be captured in the function F, as
Fa(€.€.6 q0u) = Ku(€ — @) = ~I" ~ BE+u.
The parameters for the actuator are contained in the set
¢ = {I*B,K,},
and have the following fundamental dimensions

I* = [M|[LP. B=[M|[LP[T]™". K, = [M]LPT]™

Applying Theorem 4.1. this actuator can be scaled if the following nondimen-

sional groups are kept counstant.

" B K,
=" L=pe b= he

It is straightforward to see that by directly nondimensionalizing the actuator
equation. the same nondimensional groups would result. The nondimeunsional equa-
tion is o ) )

Fa(é.&.€.400) =Tha(é - &) = ~Thé - II:€ + 4.

In particular, the Pi groups indicate that in order to scale joint flexibility effects,

the spring constant used to model the flexibility must be scaled appropriately.



Chapter 5

Controller Scaling Laws

In this chapter. a scaling law for a general control strategy will be determined.
Again, the controller fits into the overall system as per Figure 5.1. In this setup.
the controller provides a control signal. ., to the actuator, based on the manipu-
lator state, the actuator state, previous control signals, and the reference signals.
Contrary to the actuator output, the controller output is not restricted to hav-
ing dimensions of generalized force. For instance, the control output could have

dimensions of voltage or current.

Figure 5.1: Controller Block

The derivation of the controller scaling law is very similar to the derivation of
the actuator dynamic equivalence conditions (Chapter 4). In addition to scaling the

control law, it is also necessary to scale the performance specifications used in the

93
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design of the coutroller. The scaling conditions for the performance specifications
are presented in the final section of the chapter.

5.1 General Control Law

Before developing the scaling conditions for general controllers, some simple exam-

ples will be presented.

Example 1: PID Control

A PID controller for the i** manipulator link has the following form

ui(t) = Kp(gres — @) + K /(‘Ircf — gi)dt + Ky(gres — 4i). (5.1)
where K,. K;, and K; are the proportional, integral. and derivative gains respec-
tively.

The set of parameters which characterize the PID controller can be collected in
the set @,
¢ = {K,.K;. K4}

Scaling the controller will require that these gains be scaled appropriately.

In general, the PID controller (5.1) can be expressed using a general function.
F, as
wu; = Fc((lrefv‘jrcfa qgs. q;)

Example 2: Second-order Transfer Function

An example of a second order transfer function controller is

_U(s)  s+a
CO)=Ee) = Frmee *hecR
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where U(s) represents the Laplace transform of the output, and E(s) is the Laplace

transform of gres(t) — q(t). This can be rewritten in terms of u(t) as,
1 . ..
u=~-(ac+é—~bi—1u),
c
where ¢ = ¢..f — ¢.
The set of controller parameters is

¢ = {a,b,c}.

In general. the controller could be written using the general function F.,

u = Fc(qrcf-‘irefv q. q-vi"eﬁ')'
]

Every controller is a function of certain parameters whose values define the
effect of the control law. Furthermore. these parameters can be tuned to adjust
the controller perforinance. Let ® define the set of the controller parameters for a

general controller. Suppose that the coutroller is defined by m parameters. then.

where the fundamental dimensions of ¢; are:
b = [M]“"[L]b"[T]c"[A]d‘[@]"'. a;, b;.ci,d;, e; € R.
In general, the control law will be a function of the link generalized coordinate,
¢; and its derivatives, the reference signals q,.f, derivatives of the output, u, and

also the actuator generalized coordinate, £. So, the general control law can be

expressed by the function F, as,
w = Ful@inine o @i Gregee s Qoar€sen €™ i ), (5.2)

with no restrictions on n. m, or k.
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There are no dimensional restrictions on the control signal, u. Therefore, let u

have fundamental dimensions:

u = [M]*[L][T]™[A]*[O], au.bu,cu dueu €R.

The variables ¢;, ¢r.s. and € all have dimeunsions of length,
% = (L' gy =[L]". £ =[LP,

where r = 0 if ¢; measures angular position. and r = 1 if ¢; measures translational
length. Similarly for p and €&.

As was stressed in Chapter 4. it is very important that the same base variables
are always used throughout the mantpulator system (Figure 5.1) for consistency
of the nondimensional groups. Using Theorem 4.1 (section 4.1), the manipulator
variables m,, k;, Q and the reference values Ag, 8¢ can be used as base variables to
nondimensionalize the general control law in (5.2). These five variables form a fun-

damentally distinct parameter set. Define the following nondimensional variables.

&= ,E‘_’) drerlr) & T

where a,.b,.c,.d,.c, € R.

A Qref (%) é(’r) é & (%) i é u

A -
T =Qt. qr . .
q ( ) k{’ ,nlﬂ;u ki’nﬂuc" Ag“ 93“

The nondimensionalization of the actuator dynamics in (4.6) introduced a nondi-
mensional variable for the control variable, u, namely,
u
m§ ke Q-ce ASHOS

As expected, this defimition is identical to the form of @ defined in this section.

He

auv buv C‘uv du! eu 6 R-

u

Therefore. nondimensionalizing the general control law from (5.2) and re-arranging
gives,

. 1 : (n) () : -
u = Fc iy Qv+ 1Q; yQrefy-. - s Gy v vy (”",u,...,u‘“
.’n“;u k';u Q—Cu Agll egu (q ’ q : q‘ q £ ; q"c 6 ’ f )
1 .
= F.(k1g:, kQq;, ..., Q™ K Gres. . .. kIO,
m?" kg“ Q_C“ Ag" 98" c( 19 Fpeadys * 1 % s 1 Qref: 1 qrcf

KPE, ... kPQmEm)

Tnlllu ki’u Ql_cu Agugau,&’ ey mlllu kfu Qk“cu Agu 681:.&(‘7))-
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Examining the right-hand side of the above equation, define the nondimensional

control law as

A = “{n) - ~(n ~ ~ : “lk
Ful@indine 3™ Grege- - Gop € £ L))
1 . : (n) pra .(n)
F(k1q. k1Qq;, ... . KIQq "  klGres,- .- K1Q"q ¢,
m‘;"ki’"ﬂ-=~-A§"95" (k1. k1Q4; 1%¢ 4, 19ref 1%¢ Qres

e

KPE, ... RPQmEm™)
m‘;n ki’uﬂl—cu Agu 65:; z"i' el mﬁllu k?u Qk“cn Agu agu,&(k) ).

(5.3)

To determine the scaling law for the controller F,, the parameters in ® must be
examined. As with the actuator dynamics. a parameter ¢; within F, is multiplied
by some function v; of the variables ¢;, gres. §, and derivatives of u. In general.

represent the product of ¢; and ~; by the variable ¢;:
JAN CH n n m -
d)i:(ﬁi X’y;(q;,....Q§ }.q,-,:f,...,q,(.c},f....,f( ).u,...,u(k)), S,‘ER.

By definition. all the terms in F. (5.3) are nondimensional. Therefore, after the

nondimensional process, the function ¥; must be transformed into a nondimensional
;. The fundamental dimensions of ¢; are defined to be [M]%[L]¥[T]5[A)%[O]%. In

terms of fundamental dimensions, express v; as,
v = M LTI [AP (O], figihigi ki € R
Hence. 9; has fundamental dimeunsions:

i = { M}(saa&fs) { L}(ssb;+g;) [T]("c“*‘h") [ A](a;d;+ji)[(_)}(a.-e.-+k.- } )

Introducing reference values for current, Aq, and temperature, 8, and applying
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Theorem 4.1 to Jﬁ; results in:

- A 1
¢x - m(ls.'a;-{»fi)k{s.‘bi«kg;)ﬂ(_,‘,Ci_h‘)Aéa;d;+j.’]géaie;+k,~)¢n
— 1 AT
m(ls,-a.'+f;) kiaab:+a;)g(—,;c;-h;) A[(]-'-'dﬁie)géaaewk:) i Y
_ 1 e 1
- 7n§‘“‘ki"b‘9"‘°‘ Aaadigg-'cs v m{"kg{fﬂ“h‘ Ag‘ gg; T
1 P N 1 }
= Ty e Pi oy . 1%
my Ly Q- AT 65 md 15 Q~hi AL G5

rilf"}g by Theorem 4.1.

e

Tlerefore, the nondimensional group for the controller parameters can be de-
fined by

e

é:
I, : 5.4
BT RS Qe A gl (5-4)

5.2 Examples

5.2.1 PID Controller

In this example, the above theory is verified for a PID coutrol law. Consider the
inputs to be joint angles and the outputs to be motor torque. From (5.1). with

gres = 0, the PID control law has the form:
ui(t) = Fe (‘Iivéia/‘]idt) = —Kpq: — Ki/Qidt — Kag;.

The PID controller parameters are the proportional, integral, and derivative

gains,

P = {¢Ia ¢'27 (253} = {er K{, Kd},

and have the following fundamental dimensions

K, = [M|[LV[T]™, K:=[M]ILPIT]™. Ka= [M][LP[T]™"
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Applying the result from (5.4), the scaling conditions for the PID gains are

g, = Ky K He = Ky
Ko = k22 5 T mikgas KT miEar

These can be verified directly from the nondimensional form of the controller.

- - - - - 1 - - -1 -
F. (qffq.-, f q;df) = ki F, (qnﬂq;-ﬂ / q;d‘r)
1 . R :
- Tnlkzﬂg (“KPQi - KtQ ' /QidT - KdQQz)
1
Kp - K" - Kd -
- i — 3 idr — ——=q;
TR mlkIQ"f Eai TN

= "HKpéi - HK; f@;d‘!’ - HKd&i’

which verifies the Pi groups obtained directly using (5.4).

5.2.2 General Linear Controller

All linear lumped-parameter countrollers can be expressed as transfer functions of

the form.
(s + z)

?:1 (S + pJ)

where K is the gain, z; are the zeros, and p; are the poles. Lead-lag, H,, H.

)

[va ]

C(s)=K m<n (5.

controllers are examples of such linear control laws.

The parameters for this controller are:

®={K,z1,....Zm.P1y---+Pn}-

The fundamental dimensions of the parameter K depend on the fundamental
dimensions of the input and output signals to and from the controller. Let the
fundamental dimensions of C(s) be [M]*[L]*[T]¢, where a,b,c € R. Then, the

fundamental dimensions of the controller parameters are,

z=[T]" p;=[T|"'. K = [MILP[T)™", ie[l.m], j€l,n]
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Therefore, the Pi groups for the parameters of a general linear controller are,

_Pi K

Z; _
Hpj - Q Y HK - m?lgg_(c_*_m_n) ’

:('-2"'7

II.. = i€ [l,m], 7 €[l.n] (5.6)

These controller Pi groups can also be verified in a straightforward manner by
direct nondimensionalization of the control law. These scaling laws are a general-
ization of the controller scaling conditions examined by Ghanekar[18], where the
linear controller was an H., controller used for position control of a single flexible

link manipulator.

5.2.3 Sliding Mode Control

In this example. the scaling conditions for a sliding mode controller are determined.
This controller was selected to illustrate the versatility of the scaling theory to

nonlinear and switching controllers.

Control Design

In the sliding coutrol technique, the tracking error between the actual and desired
system trajectories is represented using a sliding surface. Then, two control inputs
are designed: the switching control input, which drives all trajectories towards the
sliding surface, and the equivalent control input, which maintains all trajectories on
the sliding surface. Both the control inputs are highly nonlinear. and the transition

from omne control to the other is often discontinuous.

This control strategy is an example of variable structure control. The method-
ology for solving the sliding mode control problem for a given system is described
in a tutorial by DeCarlo et al.[26]. In this thesis, the sliding mode control theory

will not be covered in detail. For more information see [26].

Let the manipulator dynamics be expressed as a system of first order differential

equations

¢ = f(z) + Bu,



CHAPTER 5. CONTROLLER SCALING LAWS 101

where z is the 2n x 1 state vector, and u is the n x 1 mput vector. States z; to
T, represent joint positions, whereas states z,4, to z,, represent the corresponding
joint velocities.

As described above, the control input is expressed as the sum of the switching

control input, u*. and the equivalent control input, @. That is:

u(t) = u*(t) + @(t).

To determine the equivalent control input . the sliding surface itself must
be examined. Typically, a sliding surface is selected to be a weighted sum of
joint position error and velocity error. Define the tracking error by the vector

£ = T — T,ey- Then, in terms of the parameters A;, the sliding surfaces, o;, are

defined. one for each joint. as follows:

0’,‘(5:.1‘,) = \NZ; + Trpie 1€ [l.n].
The parameters A; determine the rate at which the trajectories approach the desired
trajectory on the sliding surface.

Define.
A= diag{/\l. /\2~ .. -7/\n}1

and then. the sliding surfaces can be equivalently written using the matrix S as,

S = [A. Inx,-.].'f:: [0‘1,...,0n]T.

It can be shown(27] that the equivalent control input is:
i 2 (SB)"  (=Sf ~ Strey).

The switching control input u*, is used to drive the trajectories toward the sliding
surface. For trajectories on the sliding surface, o; = 0. Therefore, this input should
intuitively be a function of sgu(o;). In terms of the parameters k;, the switching

control input is defined as:

ki
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The sliding control input is given by the formula:
u(t) 2 —(SB) Y (SFf(x) + Stres + ksgn(a)). (5.7)

A common artifact of switching controllers is a phenomenon known as chat-
tering. This is caused by the “sgu” operation on the current value of the sliding
surface. o;. The operator is defined by,

ne

{ 1 if o; >0
sgu(o;)

-1 if og; <0 .

The chattering effect can be smoothed out by replacing the sgn operator with
a saturation operator of width A;. This operator is defined by,

0'.
1 if —>1
A
Ti\ A gy . g
5¢ — ] = _— i -1< —<1
&nt(A,‘) Ai _Ai_
~1if <1

Scaling Conditions

The value of the sliding surface o; has fundamental dimensions of [T']~!. Therefore,

the width of the saturation operation, A;, must also have dimensions [T']7}.
o= [T]—l, Ag = [T]~1.
The parameters defining this controller are:
A
¢ = {Alw-~'sAn9k17"'mkanla""An}s

with the following fundamental units:

N=[TY k=T Ac=(T)
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Using the countroller scaling laws (5.4), the Pi groups for the controller parame-

ters are,
/\; _ k, _ A,;
=g Mu=gn Ma =g

Again, these results can be obtained by direct nondimensionalization of the

controller equations.

5.3 Performance Specifications

In implementing a controller on a robotic manipulator, the controller parameters
are tuned uutil the system response meets the requirements of the performance
specifications. The performance specifications can be divided into three categories:
those describing a time criterion (e.g. rise time, settling time), those describing a
position criterion (e.g. end-effector position, maximum overshoot). and those giving
constraints on the countrol effort (e.g. wmaximum torque output). The following

notation is used to describe these criteria,
e 7T to represent a time specification
® [ to represent a position specification

® H to represent a control effort specification.
The fundamental dimensions of the specifications are
T=[T], £=[LPP. H=[M]LP?*PT]?

where p = 0 for angular specifications (radians, torque), and p = 1 for translational

lengths and forces.
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Using Theorem 4.1, it is straightforward to find the nondimensional performance

specifications for the manipulator system

HT = QT
c
0 = &
1
My = ——H. 5.8
® T e (5:8)

Equivalently. use k; as the reference length value for a rigid manipulator system.



Chapter 6

Friction

Tribology is defined as the science and technology of interacting surfaces in relative
motion, and involves the study of friction, wear, and lubrication(28]. Whether it
is desired, or is an impediment. friction is present in all engineering applications
involving the movement of one solid surface over another. In robot manipulators.
friction acts to impede the robot motion. The friction forces are usually present
as resistive forces in the actuators driving the manipulator links, and are included
in the overall system as per Figure 6.1. From the standpoiut of building accurate
scale models, it is important to have an idea of the factors that affect the friction

forces.

trietion

: 15

actuator

Figure 6.1: Friction Block
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6.1 Historical Perspective

The qualitative nature of friction had been known for almost 2000 years before any
scientific investigation was begun. In the 15th century, Leonardo da Vinci formu-
lated the two basic laws of friction[29]. These laws, “rediscovered” by Amontons
200 years later in 1699, can be stated as[28]:

1. The friction force is proportional to the normal load.

2. The friction force is independent of the apparent area of coutact.

Mathematically. the first law states that if NV is the normal load. then the friction

force F can be expressed as.

Fy

Ff=puN or p=—,

F=p p=

where g is the coefficient of friction. The second form of the equation indicates
that g is independent of the normal load. Two friction coefficients are usually
considered. The coefficient of static friction u, is a measure of the force required
to move a body initially at rest. The coefficient of kinetic friction y; is a measure

of the friction force opposing the inertial force of the body.

There are several theories to explain the presence of the friction force. The
model proposed by Coulomb (c.1781) suggests that friction is a result of the surface
roughness of two bodies fitting together like a jigsaw puzzle, and the friction force
results from moving one object against the roughness of the other[29]. It is presently
accepted that friction is a result of the interaction between two surfaces at an
atomic level. The force arises from an adhesive force at the area of contact, and
from a deformation force required to move the harder material through the softer
material[28].

To reduce friction, a lubricating fluid can be placed between the two surfaces
in contact. The thickness of the fluid layer is greater than the roughness of the
surfaces themselves. thereby reducing the friction effect[28].
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6.2 Friction Models

There are two classic friction models: Coulomb friction and viscous friction. The
scenario used to describe these models is that of a body moving over a fixed surface
which has some friction characteristic[30]. In addition, researchers have developed
friction models to account for the Dahl effect and Stribeck effect[31].

6.2.1 Coulomb Friction

Coulomb friction describes the situation in which the friction force is constant in
magunitude, but opposite to the direction of the motion of the body. The maguitude
of the friction force is equal to a friction coefficient, g, multiplied by the load of the
body normal to the surface. This type of friction is also known as dry friction. as
it occurs in the absence of lubrication. The model used for the Coulomb friction

force. Fg, is:
F¢ = pNsgu(z), (6.1)

where £ is the velocity of the body, N is the normal force, and g is the friction

coefficient.

Often, the friction force that must be overcome when moving the body from
rest, is greater thaun the friction force that is present while the body is moving.
These two friction forces are known as static and kinetic friction respectively. Both
are proportional to the normal load, but by different friction coefficients; g, is the

static friction coeflicient, and g is the kinetic friction coeflicient.

6.2.2 Viscous Friction

Viscous friction describes the situation in which the friction force is proportional
to the velocity of the moving body, but opposite to the direction of motion. This

model is often used in describing the motion of a body through a fluid. The model
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for the viscous friction force, Fy, is:
Fy =c,z, (6.2)

where z is the velocity of the body, aud ¢, is the viscous friction coefficient.

6.2.3 Dahl and Stribeck Effects

Although the scope of this thesis is not directly with friction, two other friction
effects should be mentioned here. The Dahl effect describes the observation that for
small displacements. the sliding area between two surfaces acts like a linear spring.
The Stribeck effect describes the low velocity phenomenon when fluid lubrication

causes the friction force to decrease as velocity increases[31].

A model encompassing all of these friction effects is proposed by Canudas de
Wit et al.[31]. The friction mechanism is visualized as two rigid bodies which make
contact through elastic bristles. The friction force arises when an applied force (to
the body) causes the bristles to deflect like springs. The friction model proposed
has two parts. The first part models the average bristle deflection, z, by,

L i I
a " glv)”’ (6:3)

where v is the relative velocity between the surfaces, and g(v) is a positive function

that depends on many factors such as material properties and lubrication.

In the second part, the friction force, F, arising from the deflection of the bristles
is modelled by,

F=O’02+O’1'§%+0’21}, (6-4)

where 0,0y, and o, are stiffuess, damping, and viscous damping coefficients re-

spectively. These coefficients are determined experimentally[31].

Different parameterizations of g(v) are used to describe different friction effects.

For the Stribeck effect, the following parameterization is used:

oog(v) = Fc + (Fs ~ Fc)c_(ﬁ)z, (6.5)
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where F¢ is the Coulomb friction level, Fs is the stiction force, and v, is the Stribeck
velocity[31]. The Dall effect can also be captured by this model, by parametrizing

g(v) as,
F
g(v) = —5_5-, op=0,=0.

6.3 Friction and Manipulators

It will be assumed that. for the robot manipulators considered in this thesis. the
friction effects are all confined to the actuator dynamics. In other words, it will
be assumed that there is no contact between adjacent robot links, and there is no
slippage in the connection attaching the link to the actuator. The actuators used
in robotics are typically electrical, hydraulic, or pneumatic actuators. If friction
is to be included in the manipulator model, it will be assumed that the the two
basic friction models described above are sufficient to characterize the friction ef-
fects in the actuators. The extension to more complicated friction models will be

straightforward after the results of this section are presented.

6.4 Scaling Friction Effects

Suppose the friction coefficients for a given manipulator are identified. Dimen-
sional analysis can be used to determine the scaling law for the friction coefficients.
Theoretically, this will indicate the required values for friction coefficients on a dy-
namically equivalent manipulator. Whether the specified value can be achieved is

a separate issue (section 6.6).
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6.4.1 Coulomb Friction

In the Coulomb friction model (6.1), it is clear that the friction coefficient. u. must

be nondimensional by definition. Hence, the nondimensional group for y is,

II, = p.

For dynamic equivalence, the value of II,, has to be the same for both systems.
Since p is a function of the surface material (wood, steel. etc.), the Pi group indi-
cates that the material for the scale model must be such that the friction coeflicient

is unchanged from the actual manipulator.

6.4.2 Viscous Friction

In the viscous friction model (6.2), the fundamental dimensions of the variables are.
Fy = (MIILP(TI & = [LP(T),

where p = 0 for a rotational system (radians, torque), and p = 1 for a transla-
tional system (translation. force) system. Hence. the fundamental dimeunsions of

the viscous friction coefficient ¢, are

& = [M[LI2[T] .

Applying Theorem 3.1, a nondimensional group corresponding to ¢, is.

Cy

m PP

. = (6.6)

6.4.3 Stribeck Effect

Using the friction model described in (6.3) and (6.4), the Stribeck effect is modelled
by (6.5). This description of the friction model is characterized by six parame-

ters: o9, 04,07, Fc, Fs, and v,. These are the parameters for which nondimensional
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groups are required. The parameters have the following fundameuntal dimensions:

Applying Theorem 3.1. the scaling laws for this friction model are:

T m1219.2
o mlllﬂ
T2
72 'nl.lllﬂ
Fe
e m, 1302
Fs
z, m {302
v
n, = —.
LD

Scaling laws for the model describing the Dall effect can be found similarly.

6.5 Reducing Friction Forces

To counstruct two dynamically equivalent manipulators, the physical parameters of
the robot must be chosen so that the nondimensional Pi groups for both manip-
ulators are the same. It is possible to do this for the tangible quantities, such as
link mass and link length. however. it is impossible to construct a material with a
given friction coefficient. The friction coefficient is an inherent property of the two

materials in contact: it cannot be designed for. One way to rectify this problem is
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to attempt to reduce the friction forces in both manipulator systems. This can be

done by using ball-bearings in the joints, and with lubrication

A novel approach to minimizing friction is to use a computer to provide active
friction compensation. This idea was brought to fruition for a rotating bearing in
Smith{32]. This method will be discussed in more detail in Chapter 7.

6.6 Achieving Scaled Values

The nondimensional groups indicate the required friction coefficients for dynamic
equivalence. Suppose the required coeflicient for dynamic equivalence cannot be
achieved. This is a highly likely situation, since friction is usually a system com-
pouent that is not designed for. If the friction on both systems can be minimized
through computer friction compensation or high quality bearings and lubrication.
then the effect of incorrect friction coefficients can perhaps be overlooked, because
of the small magnitudes. However. if the friction on one system is not unegligible,
then a problem arises. In the next chapter, the seusitivity of the manipulator dy-
namics to variations in the Pi group values is investigated. For rigid manipulators.
a technique exists to compensate for errors in the Pi group values. In this case. the

compensation technique also covers errors in the Pi groups for friction.
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Chapter 7

Tolerances for Pi Groups

Theoretically, two systems are considered dynamically equivalent if and only f the
values for their noudimensional groups are ezactly the same. In practice. because
of manufacturing imprecision, it is iimpossible to achieve the exactness required for
dynamic equivalence. The value for a nondimensional group may be close to the

value required for dynamic equivalence, but will not be exactly the value required.

Therefore, to allow the scaling theory developed so far to be used practically. the
sensitivity of the manipulator dynamics to changes in the nondimensional groups
must be determined. Then, provided that the dynamics are relatively insensitive to
the deviation of the actual Pi values from those required for dynamic equivalence,
the two systems will be considered to be dynamically equivalent. As well. a method
will be presented which uses nonlinear feedback to render two systems which are

nearly dynamically equivalent to be exactly dynamically equivalent.

7.1 Sensitivity Analysis

When two manipulators are dynamically equivalent, the nondimensional dynamics

of the two manipulators are identical. Now, if the values of the Pi groups for one of

113
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the manipulators have deviated from the values required for dynamic equivalence.
the nondimensional dynamics will no longer be identical. However, the structure of
the equation of motion will remain the same. What has to be measured, therefore,
is the sensitivity of each nondimensional generalized coordinate. §;(7), to changes

in each Pi group. II;, in the nondimensional dynamic equations.

For a manipulator having unconstrained motion, the nondimensional dynamic
equations can be written in matrix form, in terms of the inertia matrix, Coriolis
and centripetal acceleration vector, and gravity vector{20]. Define the following

nondimensional variables:
e 7 - nondimensional time

o g(7) - n x 1 vector of nondimensional generalized coordinates

e M(q) - nondimensional inertia matrix

o C(q.q) - nondimensional Coriolis and centripetal acceleration vector
) G(i]) - nondimensional gravity vector
¢ F(7) - nondimensional external generalized force vector

o IT - m x 1 vector of Pi groups for the manipulator.

Then, the nondimensional equations describing the free motion of an uncounstrained

manipulator can be written as,

-

M(q)q +C(q.q) + G(q) = F(r). (7.1)

Also notice that M, C, and G are functions of the nondimensional Pi groups,
II. Therefore, the generalized coordinates, q, are also functions of II. The goal
of the sensitivity analysis is to find the chauge in each §; caused by a change m
each II;. The sensitivity of the joiut velocities §;, and the joint accelerations ¢; to

parameter changes also provide informative results.



CHAPTER 7. TOLERANCES FOR PI GROUPS 115

The manipulator dynamic equation (7.1) can be written as a function of one of

the nondimeusional groups, IT;,
M (§(7; I1;), I;)§(m: I0;) + C(q(r: 1), ¢(m; I05), I0;) + G(g(m; 11;), IT;) = F(7).

(7.2)
Take the derivative of (7.2) with respect to II;,
OM | < OM 04 » + ~ 9C B4
3 i=1 6 q; aHS’ i=1 a(b aH
= 9C 8«3- G 96 aq‘-
25, 211, e o = O 7
+;.§ g; O11; +8H +§;aq‘-anj 0 (7.3)

Because M is an iuertia matrix. it is always positive definite. and hence it is

nousingular. Therefore. from (7.3). the joint acceleration sensitivity can be solved.

9q - OM 84\ : 9(C+G)
o, =M [( ; 9% an) T om
e 0(C+G‘) dg; " HC 84,
tL g o T &g BH] (74

Throughout this chapter. the word sensz'timty will be used to describe the rate
of change of one quantity with respect to another. Although not standard. this
same terminology is used by Takahashi in applying sensitivity analysis to robotic
manipulators[33].

Frowm (7.2). an expression for q can be found, and substituted into (7.4) to give

the sensitivity expression:

aq . OM 04:\ - ~1/2 = 2\ OC+G)
o, =M [( ga,an)M (F-¢-6)+ =51
& 3(C+G) 9g: acC 3‘1; .
Yo" o, ; 95, oI, (7.5)

Although (7.5) is a complicated expression, it is essentially a second order dif-

ferential equation of the form

£X; & dX‘ (a0
--Tox-osi-o. ek

i=1




CHAPTER 7. TOLERANCES FOR PI GROUPS 116

A solution for X; can be found by using an iterative algorithm., beginning with
initial estimates for X ; and X j- With the sensitivity solution X}, the variation in

g; caused by a variation in II; can be found. In particular,

0 . Mg
Xi= Xin 23
iTam T FAL

For a given nominal trajectory, the sensitivity X ;(7) can be computed off-line.

Rearranging the above approximation gives
Ag; =~ Xi(m)AIL;.

So. for each Pi group II;, the above equation can be used to determine by how
much the actual manipulator trajectory will vary from the nominal trajectory, for
a given change in the value of the Pi group. This information can be used e prior:
to the construction of the manipulator in order to determine which components of

the manipulator should be machined more precisely than others.

7.1.1 Computation

A method is required to compute the partial derivatives in (7.5).
OM JC+G) OM 9C+G) aC
o1’ o, g ¢ = g

For an arbitrary manipulator configuration, the calculation of these derivatives is
quite tedious, and computationally intensive. However. for the class of manipulators
which are open-chain and have rigid links, Takahashi[33] has presented an iterative
method of seusitivity analysis which can be implemented efficiently on a computer.
In the paper, the seunsitivity of the manipulator torques and joint accelerations to
parameter changes is examined. The next section will briefly describe how the
method in [33] can be used to compute the derivatives in (7.5). Although the
method is taken from [33], it has been modified to apply to the nondimensional
wmanipulator dynamic equations of interest in this chapter. In this way, a method
of sensitivity analysis is developed for the class of dynamically equivalent open-chain

rigid manipulators.
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7.1.2 Rigid Open-Chain Manipulators

Because the manipulator is assumed to be an open kinematic chain, the Newton-
Euler method can be used to express the dynamics of each link in terms of adjacent
links. This method leads to a recursive algorithm by which all of the forces and
torques acting on all the links can be found, given the joint positions. velocities.

and accelerations.

A recursive scheme was presented by Lubk et al.[34] to solve for the generalized
forces acting on each link. This scheme was modified by Takahashi[33], so that
instead of generating the generalized forces at each link. it generated the sensitivity
of the generalized forces at each link to a change in one of the manipulator physical
parameters. The method cousists of nine equations which are solved recursively([33.
34]. The equations come from the Newton-Euler analysis of the dynamics of one
link. and therefore contain all the physical parameters required to characterize
the link. In the modified scheme[33], each equation is replaced by the sensitivity

equations for each parameter.

For the nondimensional equation of motion, define the function 7T, which mea-

sures the sensitivity of F to changes in a particular Pi group, II;.

9(€(q.9) + G(a))
o1l '

OF . . : a OM(Q):

To compute the sensitivity of the joint accelerations (7.5), the function, Ty, can
be used with different arguments so that the required partial derivatives {specified
above) can be computed. This will be shown below, and will require the definition

of the n x 1 unit vector, i, where k*® element equals 1, and all other elements are

zero:
(C + G) .
31'13 it TI(Q', 1 0)
® kt* column of c")M(q) = T1(q.0.¢x), with g =0in G.
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The original method [34] was modified to compute the derivative of the joint

torque with respect to parameter changes{33]. Define the functions 75 and T3:

oF

OF _ . :oa IM@):  9(C(q.9) +G@)

aF o8 OM(@): | 8(C(a,4) +G(@) _ 9C(4.6
IF _ gy 2 dMA;  9CE4)+CG) _9C(4.9)
ag; dg; 94; 94g;

Varying the arguments of these two functions, the remaining derivatives can be

evaluated.

, AC@.9)+G@) _

0(}; - T2(q~. qO)
o k" column of A(;[.(Q) =T5(3.0.¢x). with g =0 in G
96
IC(q.q .
9

Using this iterative approach with the initial conditions,

a. a
d =0, and 99

e B

a value for the sensitivity. ;—nqj as in (7.5) will be approached.

= 0.

Regardless of the method used. the sensitivity analysis provides a way of measur-
ing the effect of manufacturing errors in different components of the manipulator.
The magnitude of these effects for each component can be assessed in simulation,
before counstructing the robot. For Pi groups causing high sensitivity, the corre-
sponding components must be manufactured with high precision to emnsure that
the actual value is very close to the value required for dynamic equivalence. This
would ensure that the value of the Pi group is close to that required for dynamic

equivalence.
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7.2 Error Compensation

A computer can be used to compensate for the errors in the Pi groups caused
by manufacturing imprecision. This is most useful for friction effects. for which
desired values are not easily achieved. In the first section, a method by Smith[32],
in which a computer is used to provide active friction compensation for a rotating
bearing, is discussed. In the second section, a nonlinear feedback compensation
scheme is presented for rigid manipulators. With this compensation. the error
between the actual and desired dynamic behaviour is eliminated. Because this
error compensation scheme is a special case of the feedback linearization technique,
it is not generally applicable to flexible link manipulators. In particular. it will fail

for those flexible manipulators which cannot be feedback linearized[35].

7.2.1 Friction Compensation

In Smith{32], the authors constructed a jig to measure and cancel the bearing fric-
tion. using a computer to provide torque compensation. Instead of friction cancel-
lation, this method can be used to aclieve the required friction forces for dynamic

equivalence. The method implemented is essentially a feedback linearization.

In {32]. an axle was modelled by the following dynamics.

¢ d¢ d¢

— + b— — ] =0,

apz T TR ) =0

where I is the axle moment of inertia, b the velocity damping coefficient, K a
damping torque independent of angular velocity, and ¢ is the angular position of

the axle.

The electro-maguetic friction compensation introduces two parameters F; and
F. so that with the friction compensation, the axle equation of motion becomes,
d*¢

d¢ d¢
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The values of the parameters F; and F, can be adjusted to achieve friction
cauncellation by setting F; = b and F» = K. The resulting equation of motion is
then simply:

d*¢

[22;:0.

Now, suppose that for dynamic equivalence, specific non-zero values for the
velocity damping coefficient and damping torque were required. Denote these values
by b and K respectively. With the friction compensation apparatus, the parameters
Fy and F5 could be tuned so that.

FL=b-b F,=K-R.

and the desired friction coefficients for dynamic equivalence would be obtained.

7.2.2 Nonlinear Compensation for Rigid Manipulators

Manufacturing imprecision may cause errors in the values of the system parameters.
thereby causing the Pi group values to be different from those required for dynamic
equivalence. In this method, a nounlinear state feedback is implemented on rigid
manipulator systems to eliminate the error between the actual and desired dynamic

beliaviour.

With this approach it may appear that any deviation from the required Pi
values for dynamic equivalence can be tolerated. This is true theoretically, however,
practically, the method is only feasible for small deviations in the Pi groups. The
reason stems from the way in which the error compensation is provided, namely
through compensation torques from the actuators. The greater the deviation of
the actual Pi values from the required values, the greater the magnitude of the
compensation torques. Since the actuators are probably designed to operate within
the torque range of the dynamically equivalent system, they may not be able to
provide the large compeunsation torques required to correct for large deviations of

the Pi values from those required for dynamic equivalence.



CHAPTER 7. TOLERANCES FOR PI GROUPS 121

For unconstrained rigid manipulators, let the desired dynamic equations be
M(q)g+C(q.9) + G(q) = F. (7.6)

where M, C. G. and F' are the inertia matrix. the coriolis and centripetal accel-
eration vector, the gravity vector, and the external generalized force vector respec-

tively.

Defining
h(g.q) £ C(q.9) + G(q).

allows (7.6) to be rewritten compactly as,

M(q)q + h(q.q) = F(t). (7.7)

For this manipulator, let IT denote the Pi values required for dynamic equiva-
lence. Suppose. however, that because of manufacturing imprecision, some of the
manipulator parameters are not machined to the exact specifications required for
dynamic equivalence. For this manipulator, then, let IT denote the values of the Pi

groups. where

M+ 11

Let (7.7) denote the equations of motion of the desired (dynamically equivalent)
system. For the manipulator with Pi values II, denote the “actual” equations of

motion by
M(q)q + h(q.q) = F. (7.8)

The objective is to use nonlinear state feedback to make the input-output dy-
namics between the control signal and the manipulator generalized coordinate ap-
pear as (7.7). In Figure 7.1, the actual manipulator dynamics are represented by
the block with input F' and output g. In addition, two nonlinear function blocks
are shown in the Figure. Let f(q.q,v) be called the inner nonlinear compensation,
and let g(q,q.w) be the outer nonlinear compensation. The controller signal is

denoted by w.
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M(q)a + h(q,d):w
Figure 7.1: Error Compensation Scheme using Nonlinear Feedback

The inner nonlinear block is an inverse dynamics block which makes the system
from the input v to the output g appear as a double integrator[20]. Now, the outer
nonlinear block is another inverse dynamics block which makes the system from w
to g exhibit the desired dynamics according to (7.7). The definitions of f and g to

achieve this will now be described.

Define the inner nonlinear function. f(q,q,v). to be
F(t) = f(q.4.v) = M(q)u(t) + h(g.q). (7.9)

Because M (q) is an inertia matrix. it is invertible, and hence. substituting into

(7.8) results in the double integrator equation,
g = v(t). (7.10)
Now, define the outer block. g(q, ¢, w), to be
v(t) = g(q.4,w) = M(q)™ (=h(q,q) +w(t)). (7.11)

Substitution into (7.10) and simplification reveals the dynamic equation,

M (q)q + h(q.q) = w(t),

which represents the desired dynamics (7.7), with w as the input signal. This is

the system from w to q in Figure 7.1.
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So. the overall inverse dynamics controller is given by combining (7.9) and (7.11)

to give.
F(t) = —M(q)M(q) *h(q.q) + h(q.q) + M(q)M(q)  w(t). (7.12)

The values for M and h are known, since these represent the actual manipulator
that has been constructed. The values for M and h are also known, since these
represent the desired dynamic behaviour. Therefore, given a control input w(t).
all the quantities in (7.12) are kuown, and the control loop can be implemented.
Hence. placing an inner control loop around the actual manipulator. can make the

manipulator exhibit the desired dynamic behaviour.

The extra control effort required to achieve the desired dynamic behaviour can
also be calculated. Without the compensation provided by (7.12). w(t) is the control
signal to the manipulator. Hence. the additional control effort provided by (7.12)

can be computed by.

Forira(t) = F(t) — w(t)
= (-M(q)M(q)'h(q.q) + h(q.q) + M(q)M(q)'v) —w
= —M(q)M(q)"'h(q.q) + h(q.q) + (M(q)M(q)™* - I) w(t).
(7.13)

In the limit. as the difference between the actual and desired dynamics ap-

proaches zero, the extra control effort required goes to zero. as would be expected.

b Fa(t) = —MM™h+h+ (MM™ —I)w(t)
MM
h-h
= -h+h+({I-1Nw
= 0.

This nonlinear feedback technique is illustrated via simulation in Chapter 8.



Chapter 8

Application to Sample Systems

In this chapter, the theory developed thus far will be applied to several sample
manipulator-control systems. In all the examples. the feedback configuration shown

in Figure 8.1 is employed.

Y

controller = manipulator

Figure 8.1: Standard Feedback Configuration

Using the appropriate Pi groups, the parameters for two dynamically equiva-
lent manipulators will be determined. Next, a controller will be designed for one
of the manipulators. Using the controller Pi groups, the controller will be scaled
so that it can be applied to the other dynamically equivalent robot. Using com-
puter simulation, the responses of each manipulator to the designed controller will
be observed. It will be found that because the manipulators and controllers are

dynamically equivalent. all the responses are exactly scalable.

In the sample systems, rigid and flexible manipulators, and linear and nonlin-
ear controllers will be examined. In order to encompass many manipulator and

controller scenarios. the following systems will be investigated:

124
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1. two-link rigid elbow manipulator with PID control

[S%)

two-link rigid elbow manipulator with sliding-mode control
3. two-link rigid elbow manipulator with friction and error compensation
4. single flexible link with two degrees of vibration and PD control

. five-bar linkage manipulator with a flexible link, and PD control

[

In the third example. a manipulator will be designed whose parameter values
do not exactly meet the Pi group specifications. For this system. the error compen-
sation technique of section 7.2 will be illustrated. The pre and post-compensation

control will be done using a PID controller.

In this chapter. all system responses are simulated and generated using the

software package MATLAB™.

8.1 Sample System 1:
Rigid Two-Link Elbow with PID Control

8.1.1 Scenario

Suppose a two-link elbow manipulator is required for operation on the Moon. Using
the rigid manipulator Pi groups(3.19), a dynamically equivalent manipulator can
be constructed on Earth for testing and control design. Furthermore, using the
controller Pi groups(5.4), the controller designed on Earth can be scaled to apply
to the Moon-based manipulator, with predictable results. The equations of motion

for the two-link elbow manipulator were presented in section 3.2.4.
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8.1.2 Manipulator Design

Denote the parameters for the Moon-based maunipulator by the subscript 'm’. Let
the time scaling factor be (), = 1 s7!, since this is the original system. Each
link is a solid cylinder (length 5.0 m. radius 0.039 m). The parameters for the
manipulator are defined in Table 8.1.

Liuk Parameters Variable | Link 1 | Link 2
mass (kg) (mi)m 60.0 60.0
wass moment (J7=)m | 0.044 | 0.044
of inertia (J¥)m | 125.02 | 125.02
(kg m?) (J#)m | 125.02 | 125.02

Joiut Parameters Jomnt 1 | Joiut 2
mass (kg) (M;)m 12.0 6.0
inertia (kgm?) (I;'-‘)m 3.0 3.0

General Parameters Value
gravitational accel. (ms™?) | (g)m 1.64
time scaling (s~?) () 1.0

Table 8.1: Parameters for Moon-based Manipulator (System 1)

Let the base variables for the nondimensionalization be (m;)m. (J1)m = (JF)m.

and (2)m. Calculate the radius of gyration, k;, using

k= ((J‘)"‘ ) = 0.027 m.

(m1)m

The Pi groups for rigid manipulators are defined in (3.19). Using these defini-
tions, the values for the 12 Pi groups for this manipulator are given in Table 8.2.
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Pi- links | Form | Link 1 | Link 2
II,,, - n/a 1.0
[l sz= -J-}:: n/a 1.0
I L1 2813.0 | 2813.0

0 1
I 22 | 2813.0 | 2813.0

Pi - joints Joint 1 | Joint 2

193 Mol o2 0.1
h

I L | 675 | 675

Pi - gravity Value

IIe o 60.0737

Table 8.2: Pi groups for Two-Link Elbow Manipulator

With these Pi groups. the dynamically equivalent Earth-based manipulator can
be constructed. The values of three base parameters must be chosen. Since the
manipulator is on Earth. g = 9.81 ms~2. Also, choose the mass of the first link to
be m; = 1.27 kg. Finally, with the local z-axis running along the length of link 1,
choose .Jy = JF* = 7.2 x 107° kgw?®. Calculating (k1)e = \/(J1)e(m").. and using
the Pi values in Table 8.2, the remaining parameter values for the Earth-based
manipulator can be calculated to satisfy the dynamic equivalence condition. For

example,

(ma)e = (my)ely,, = (1.27 kg)(1.0) = 1.27 kg,
_ (9)e _ 9.81 ms—2 3 .
). = J (k)eIlg \[(0.0075 m)(60.0737) 4.66 57,

where (k). = ‘/%l))—". In this manner all the parameter values for the Earth-based

manipulator are calculated. These values are given in Table 8.3.

Notice that the Pi groups do not require that the lLink shape be scaled: ouly
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Link Parameters Variable Link 1 Link 2
mass (kg) (mi)e 1.27 1.27
mass moment (JF=)e | 7.2x107° | 7.2 x 107°
of inertia (JF¥)e 0.20 0.20
(kg m?) (JF%)e 0.20 0.20

Joiut Parameters Joint 1 Joint 2
mass (kg) (M;). 0.25 0.13
inertia (kg m?) (I})e 0.0049 0.0049

General Parameters Value
gravitational accel. (ms~?) (9)e 9.81
time scaling (s™1) (). 4.66
radius of gyration (m) (F1)e 0.0075

Table 8.3: Parameters for Earth-based Mauipulator (System 2)

the inertia must be scaled. Therefore. although the Moon-based manipulator has
cylindrical links. the Earth-based manipulator can be designed such that its links
are solid rectangular bars. In fact, with the :** link a solid rectangular bar of length

l; and cross-section b; x h;. its inertial properties are given by[19],

J= 2 T;' (bf + hf) =7.2 x 107° kgm?
J¥ 2 —11'-;—' (lf + bf) = 0.20 kg m?
JE & T (2+hE) =020 kgw?

Solving for the physical dimensions of links 1 and 2 gives,

l,=138m, b, =0.018m, h; =0.018m
[, =138m, b, =0.018 m, h,=0.018 m.
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Assuming cylindrical links for the Earth-based manipulator, the length ;, and
the cross-sectional link radius r;, required to satisfy the computed inertial values.

are,

;=138m. r=0.011m, ¢€{l.2]

It can be shown that by scaling the mass and inertia according to Il and
ITy ., the length parameters of the links have also automatically been scaled. From

Lemma 3.1. the lengths are scaled by k;, and hence

_ (l,')m _ 5.0 m _
HM"“(MM“Mmm“BMI
(L) 1.38m

= 183.71.

(k). _ 0.0075 m

Since the Pi groups for link length are equal. then the lengths have scaled between
the two manipulator systems. This can also be shown for the link cross-sectional

radius. r;.

Notice that for this Earth-based system, the value of the time scaling parameter
is 0 = 4.66 s~!. The implication of this is that the motion of the Earth-based ma-
nipulator is approximately 4.7 times faster than the dynamically equivalent Moon-

based counterpart.

8.1.3 Control Design

Suppose that a PID controller is required to move the Moon manipulator from an
initial position of (q1,q2) = (0,0) to a final position of (q1,¢) = (5, —73)- In addi-

tion. there are performance specifications indicating acceptable system behaviour.

Now that the dynamically equivalent Earth manipulator has been determined,
a PID controller is designed to meet the scaled performance specifications. The

performance criteria are not stated here, but are scaled according to (5.8). Let the



CHAPTER 8. APPLICATION TO SAMPLE SYSTEMS 130

following gains provide the desired performance.

Joint 1: Kp, = 200, K[l = 50, KD1 =30
Joint 2 : Kp, =100, K =100, Kp, =50.

The proportional gains have units of kgm?s~2, the integral gains have unmits of

3 1

kgm?s~3, and the derivative gain units are kgm?s=*.

For the Earth-based manipulator, m; = 1.27 kg, & = 0.0075 m, and =
4.66 s~!. Hence. using the controller Pi groups defined in (5.4). the values for the

Pi groups for these joint coutrollers can be found:

Joint 1: Ik, =1.28 x 10°. Ik, =06.87 x 10°. Ik, =149 x 10°
Joint 2: Ik, =6.40 x 10*, Ik, =1.38 x 10* Mk, =1.49 x 10°.

Now, for the Moon-based manipulator. m; = 60 kg, & = 0.027 m, and
2 = 157! Using the given Pi values, the gaius for the scaled PID controller

are computed to be:

Joint 1 : Kp, = 5692.0, K, = 305.6. Kp, = 6627.2
Joiut 2 : Kp, = 2846.0. K, =611.1. Kp, = 6627.2.

The entire procedure of finding a dynamically equivalent prototype. designing
a controller for the prototype, and scaling the controller to the original system. is

depicted in Figure 8.2.

8.1.4 Responses

In Figures 8.3 to 8.6, the responses for both the Earth-based and the Mooun-based

manipulators with ¢..; = (3.—7%) are given. Figures 8.3 and 8.5 show the joint

angle histories, and Figures 8.4 aud 8.6 show the torque histories for each system.

For each pair of plots (one from the Earth-based system and one from the Moon-

based system), it is clear that although the axes sizes are different, the respouse
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Moon robot Earth robot

 \
(m[J I Q)m (ml,j I g)c

desired |

M, Q) ), Q.

Figure 8.2: Design Process

of the Moon-based manipulator is an eract scaled version of the Earth-based ma-
nipulator response. This can be easily explained by considering the scaling factors
involved. Let the subscripts ¢ and m denote the Earth-based and Moon-based

systewus respectively. Then,

time: T = (Q)mtnm = (2)ete = tn = 4.66L,

- H,, H.
tor : = = m = . en
orque: H 2, ). = M, 28.46H,

where the actual scaling values are obtained from the system parameters for this
example. Therefore, stretching the time axis of the Earth-based system responses
by a factor of 4.66 will give the time axis for the Moon-based system respouses.
Simtlarly, the torques are scaled by a factor of 28.46.
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Earth~based System: Joint Angles
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Earth-based System: Control Effort
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Moon-based System: Joint Anglas
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Note:

By assumption, the manipulator links are rigid. However, examination of the phys-
ical dimensions of the links reveals that they are long and slender, and hence,
quite flexible. Suppose the links on both manipulators are made of aluminum
(E = 6.9 x 10 kgm~ts™2, p¥ = 2700 kgm™3), the first modal frequency can be
estimated by approximating each link as a clamped-free link,

EI

vaL‘lﬂi?"

w =

where L is the link length, [ is the area moment of inertia of the cross-section.
and 3; = 1.875 is the first solution of the clamped-free transcendental equation
I + cos(B;) cosh(f:) = 0[12].

For the cylindrical links of the Moon manipulator.
L=50m A=00047Tm?’ I=173x10"°m* = w5 =13.69s7".
and for the rectangular links of the Earth manipulator,

L=138m. A=000034m? I=964x10"m* = w =49.68s7".

Now. by Theorem 3.1. a nondimensional group for the frequency of vibration is
Wi

a

Computing this quantity for both manipulators gives,

M, =

(T ) = 13.69, (I, ). = 10.67.

Because the values for the two Pi groups are not equal, this indicates that the
first mode of vibration is not scaled between the Earth and Moon manipulators.
This illustrates the importance of correctly modelling the system. In this exam-
ple. the actual manipulator will clearly exhibit oscillatory dynamics, even though
it is modelled as having rigid links. Since the Earth prototype and the Moon ma-
nipulator are not dynamically equivalent from a flexibility standpoint, the results
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obtained ou the prototype will not accurately predict the actual behaviour of the

Moon manipulator.

In the extreme case, by not including flexibility effects. the actual manipulator
ou Earth may be significantly stiffer than the Moon robot, although the two ma-
nipulators would still be dynamically equivalent according to the rigid Pi groups.
In this situation, the controller for the Earth robot would not provide vibration
suppression by design. and hence, the scaled version of this controller would not
provide the required vibration suppression on the flexible Moou robot. For this
sample system. it would have been more appropriate to use the flexible manipula-
tor Pi groups. Examples of flexible manipulator Pi groups will be examined in the

final two sample systems in this chapter.
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8.2 Sample System 2:
Rigid Elbow with Sliding Mode Control

8.2.1 Scenario

This example is the same as the previous example, but instead of PID coutrol, a
sliding mode controller is used to control the manipulator motion. The same two

manipulators will be used in this example.

8.2.2 Control Design

In this example. a shiding mode controller is designed for the two-link rigid elbow
manipulator. The sliding mode controller is nonlinear and discontinuous, aund illus-
trates the versatility of the scaling theory to complicated control strategies. This
control methodology was described in Chapter 5. For more information on sliding

mode control see [26).

As described in section 5.2.3. the parameters that characterize the sliding mode

controller for a two-link elbow manipulator are,
a
O = {A1. Aa, Ry, ko Ay ALY
with the following fundamental dimensions.
)\; = [T}-l, k; = [T]—2, A; = [T]_I, 1 E [12]
As with the previous example, a sliding mode controller is designed for the

Earth-based manipulator in order to meet the scaled performance specifications.

The following parameter values meet the criteria,

A = 10s7Y kL =10s"%2 A, =0.17s"",
A2 = 10s7 Rk =10s"% A,=0.17s71
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Using Theorem 4.1, the Pi groups for the controller parameters are,

Ao ok
=y, =170 M = (g,

A
= 0.31. .= . =0.03. 1 . 1.
3. T, = - =003 €12
Since (), = 1 s71. then the values of the controller parameters for the scaled

Moon-based controller are,

A = L1.76s7 Kk =031s"2% A, =0.03s""
X = 17657 . ky=0.31s"2 A,=0.03s"L

8.2.3 Responses

The joint angle histories aud torque histories for both systems are given in Figures
8.7 tu 8.10. Even for this noulinear. discontinuous control strategy, the correspond-

ing pairs of plots scale exactly. The scaling factors for time aud torque are.

time: 7 =(Q)utn = (N)ete = ¢, =4.66t,
Hpy H,

(m k322 ) = (m k2Q2), =  H, =2846H..

torque: H=

Notice that the scaling factors are identical to the scaling factors obtained in
the previous example. This highlights the point that the scaling factors for time.
length. and countrol effort are determined by the manipulator dynamic equivalence

conditions, and are independent of the specific control strategy implemented.
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Earth~based System: Joint Angles
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Moon-~based System: Joint Angles
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8.3 Sample System 3: Error Compensation

Because of manufacturing imprecision, it is impossible to construct a manipulator
such that the Pi values required for dynamic equivalence are ezactly attained. In
Chapter 7. it was shown that for rigid link manipulators, a noulinear feedback
loop can be implemented around the manipulator, such that the manipulator and
nonlinear feedback together provide the required dynamic behaviour.

In this example, the same Earth-based and Moon-based elbow manipulators are
examined. and viscous friction is added to each joint(6.2.2). For the Barth-based

manipulator. suppose that the friction coefficient. ¢,. has the value.

(Cu)r: = 50 kng S—Iv

for both joints.
The scaling condition for viscous friction is computed using (6.6)

Hc - (Cv)t

= 1.49 x 10°.
’ (m'l)r:(kl)g(Q)e

The values required for dynamic equivalence are given in Tables 8.1 and 8.3.
Table 8.1 provides the desired parameters for the Moon-based wmanipulator. For the
Moon-based manipulator, the friction coefficient required for dynamic equivalence

can be found using II. to be
(co)m = (ml)m(kl)fn(ﬂ)mncn = 6630 kgm?®s™".

Notice that the magnitude of the friction coefficient has changed by a significant
factor (from 50 to 6630 kgm?s~').

A dynamically equivalent Earth-based manipulator was constructed, and a PID
controller designed to provide the desired performance. Now, the Moon-based ma-
nipulator must be constructed so that it can be sent to the Moon. Suppose that
after the manipulator has been assembled, it is found that there is an error be-

tween the actual and desired values for some of the the manipulator parameters.
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Because of this, the Pi values are not equal to those required for dynamic equiv-
alence, and hence, the constructed manipulator is dynamically “unequivalent™ to
the Earth-based prototype. For this example, the following arbitrary errors were

introduced:

e m, - 50% error

o J¥, J3¥ - 100% error
e M, - 50% error

o I7-75% error

® ¢, - 4900% error.

The errors were purposefully made large in order to be able to illustrate the effect of
having Pi values other than those required for dynamic equivalence (Figures 8.11
and 8.12). The error for the friction coefficient is the largest. since the friction
coefficient was not changed to the required value (6630 kg m?s~!), but was kept at
¢y, = 50 kgm?s~! for both systems. Note however, that such a large error for the
friction coefficient is not necessarily unrealistic. Suppose the prototype had a direct
drive motor, and the larger manipulator had a 50:1 gear ratio. Assuming that the

friction increases by a factor of 50, then this would be a 5000% error.

Using the scaled PID coutroller, the manipulator is moved from (q;.¢2) = (0.0)
to (3. —7%)- The respouses are given in Figures 8.11 and 8.12. It is clear that the
responses are not those desired for dynamic equivalence (dashed line).

To remedy the situation, the error compensation technique of section 7.2 is
implemented. From the values for the Pi groups, the parameter values for the
dynamically equivalent Moon manipulator are known. Substitution of these pa-
rameters into the dynamic equations for the two-link elbow manipulator give the
desired inertia matrix. M, and the desired Coriolis, centripetal, and gravity effects
vector, k. With the errant values for the parameters m,, J¥, J¥, M,, I} and
cy. specified above, the “actual” inertia matrix. M, and “actual” Coriolis, cen-

tripetal. and gravity effects vector, h, is also calculated. With these four matrices
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Moon-based System: Joint Angles
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and the PID controller signal, the error compensation torque from (7.12) is imple-
mented. Because manipulators c