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and contains the following set of nondimensional groups 

{ 
4 M- go } 

mi, ;, g, k1n2 • 

Together, the nondimensional kinetic and potential energy expressions contain 

the following set of nondimensional groups 

{ m,. jc,, M;, if, g, k~~2 }-

Because these groups are time independent, their presence in the energy expressions 

confirms their presence in the actual nondimensional equations of motion. In the 

next subsection, dimensional analysis will be applied to the manipulator to verify 

the nondimensional groups defined here. 

3.2.2 Dimensional Analysis 

In section 2.2, the Buckingham Pi method was described. This method will be 

illustrated by using it to determine the nondiruensional Pi groups for the n-link 

rigid manipulator. In order to perform dimensional analysis on the system~ the 

variables characterizing the system dynamics must be identified. The dynaruic 

behaviour is a function of the link parameters, the joint parameters. gravity, and 

time. By including gravity as au independent parameter, the dimensional analysis 

will characterize the manipulator dynamics in different gravitational environments 

such as on the Moon, or in Earth orbit. 

The dynamics of the i th link are characterized by its mass mi and the mass 

moments of inertia about each of its three principal axes, Jfz, Jf1', and Jr. Intrin­

sic to the moments of inertia are the physical dimensions of the link. However, by 

characterizing the link by the moments of inertia instead of its physical dimensions, 

the link can be described independently of its shape. For example, the same values 

for the principal moments of inertia can describe both a cylinder and rectangular 

prism of different physical dimensions. 

The lh actuated joint is assumed to be a rigid body with mass M;, and rota­

tional inertia Ij about the actuating axis ( revolute actuators only). The inertias 
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about the other joint axes are assUllled negligible. The acceleration due to gravity 

is denoted by g, and time will be measured relative to a time scaling frequency, n. 
The fundamental dimensions associated with these variables are: 

ith link : 

/h joint : 

gravity: 

time scaling : 

mi= [M], JF = [M][L] 2
, Jf11 = (M][L] 2

, Jtz = [MJ[LJ2, 

Mj = [ML Ij = [M][Lf 

g = [L][TJ-2• 
n = [TJ-1

. 

Therefore, 411. + 2p + 2 variables describe the system, and the equation of motion 

can be written as: 

The measurement system being used has three fundamental dimensions ( mass. 

lengtlt, timeL and therefore, according to the Buckingham Pi tlteorem, the ex­

pected number of nondimensional Pi groups is: 

Nn = ( 4n + 2p + 2) - 3 = 4n + 2p - 1. (3.15) 

By definition. each nondimensional Pi group is a product of all the system 

variables raised to real exponents. For the kth Pi group, c.lefiue the real-valued 

exponents: 

k ~k k ~k k 9k k k a , I , "Yi , 0 i , l{,i, i, Gj, P;, i E (1, nJ, j E [l,p}, 

where the superscript k denotes the associated Pi group. Then the form of each Pi 

group is 

n p 

Ilk= n"\/3" [I(mi)..,f(Ji) 0f(Jrtt(Jtz)9f Il(M;(l(lj)Pf, k E [l,Nn]- (3.16) 
~l ~l 

In terms of the fundamental dimensions, each Pi group can be expressed as 
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In order to find the noudimensional Pi groups, values for the individual expo­

nents must be found, so that the total exponent for each fundamental dimension is 

zero. Collecting the exponents associated with each fundamental dimension gives 

way to three equations in 4n + 2p + 2 unknowns: 
n P 

[ M] : L ( ,f + cff + ti:f + 07) + L ( uj + pJ) = 0 
i=l i=l 

n p 

[L]: /Jk + ~ (2cff + 2~7 + 2Bf) + L 2pJ = 0 
i:=l j::l 

[TJ: (3.17) 

From this set of equations the values of 4n.+2p-1 variables can be set arbitrarily, 

aud the values for the three remaining variables can be solved for. To rewrite the 

system of equations in terms of three variables, the following selections of three 

variables are possible: either cl or flk, but not both; only one from cff, ~f, Bf or pj; 

only one from ,f or crj. The first group corresponds to the variables n awl g, whose 

fundamental dimensions include time [T]. The second group corresponds to the 

inertia variables([M][L]2), and the third to mass variables{[M]). By choosing the 

three variables in this manner, reganUess of the three selected, these three variables 

will represent parameters whose dimensions are [T], [M][L] 2 ~ and [M]. Hence, the 

parameters are independent of each other in their fundamental dimension .. ,;;;. 

Introducing the following nutation 

D. 
r a➔b = {r a, r a+l, · · ·, rb}, 

allows the definition of the vector 

k 6 [~k k k <5k k nk k ] T 
X = /J ' 12➔n' crl➔p, 2-+n• ~1-+n' 17 l➔n, Pl➔p ' 

where xk has dimensions ( 4n + 2p - 1) x 1. 

Then, from (3.17), choosing to solve for ak, 7}, and cff in terms of the arbitrarily 

valued exponents in xk gives the following matrix relationship 

[
:;]- [ ~2 ~:::n ~::p :::: 
dk1· - -2

1 0 0 1 1 1 2➔n l➔p - 2➔n - l➔n - l➔n 

Ql➔n 

01-+n 

01-+v l 
Ql➔p xk, 

-11-+p 
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or equivalently, 

ak = A:zl k E (1, Nn], 

where the vector a" has dimensions 3 x 1, and the dimensions of matrix A are 

3 x ( 4n + 2p - 1). For the zeros and ones in the matrix, the subscripts have no 

meaning, and hence the notation Oa➔b and la-+b simply represent a list of b - a + 1 

values. 

This equation corresponds to the k th Pi group. By allowing k to vary from 1 to 

Nn. a matrix equation for all the Pi groups can be obtained. Namely, 

or 

A=AX. 

The matrix A has dimension 3 x Nn. and the matrix X has dimension ( 4n + 2p -

1) x Nn. In fact, by the definition of Nn in (3.15), it is clear that X is a square 

matrix of dimension Nn x Nn. 

Define V to be the matrix obtained by stacking X over A. Then by the def­

initions of X and A, each column of V contains the exponents for one of the Pi 

groups. That is, 

{3.18) 

with Va (4n + 2p + 2) x Nn matrix. 

The linear independence of all the Pi groups is a function of the matrix V. 

Since each column of V contains the exponents for one of the Pi groups, linear 

independence of the Pi groups is guaranteed if no column of V can be represented 

as a linear combination of the other columns. In other words, independent Pi groups 

require that V have full rank. Furthermore, from (3.18), 

rank(V) = min (rank[~] ,rank(X)) = min(Nn,rank(X)). 

Hence, in order for V to have full rank (Nn), the matrix X must also have 

rank Nn, which implies that X must be uousingular. Recall that X contains the 
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arbitrary valued exponents. Every different nonsingular X will result in a lliffereut 

set of 4n + 2p - 1 nondimensional Pi groups for the manipulator. However, every 

such set is not unique in that it can he converted via a matrix transformation to 

another independent set of Pi groups. Let X 1 and X2 be two different non-singular 

matrices, with corresponding Vi and l/i. Then, 

The number of variables in each Pi group can be minimized by selectiug X to be 

the identity matrix of appropriate dimension. The exponents for each Pi group are 

obtained by substituting X = I into (3.18) to give V = [I At. Then, substituting 

the values from each column of V into (3.16) reveals the following Nn = 4n + 2p- l 

uoudimensional Pi groups: 

,l 

Ila 
gmr -

f22(Jtz:)½ 

IIm; 
mi 

i E (2, nJ = 
ml 

M· 
j E [l,p) ITM, :;:: 

_, 
m,1 

J~ 
i E [2, n] Ilp:z 

I - Ji:z:' . 
ITJ!'., 

J!"J 
·i E [l, n] = ' 

l JF' 

Ilp,: 
J~Z 

i E [1, n] = ' • JF' 
JI: 

j E [1,p]. ITr~ J - Jtz:' J 

Using the expression for the radius of gyration from (3.4), Ila cau be rewritten as 

g 
Ila= k1n2. 

These Pi groups can now be compared to the uondimensional groups that were 

found in the uondimensional energy expressions. By defiuiug .11 = Jf:e. the following 
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relationships exist: 

IImi 

IlMj 

IIJri -

IIr~ = 
J 

IlG = 

mi ,. 
- = mi 
m1 

M· ,. 
_J =Mi 
m1 

diag{IIJfr, II Jr"~ IIJt =} = j Ci 

['!, ""h 
....L = [. 
J1 J 

g 9 9o .. go 
-- = --- = g--. 
k1 fP Yo k1 il2 k1 f22 

30 

Notice how the single Pi group IIG combines the effect of the two nondirnensional 

groups, fl and ~' found in the nondimensional energy expressions. This indicates 

tliat the group involving solely the reference values y0 , k1 , and n is redundant. 

Instead the Buckingham Pi theorem gives the result that acceleration due to gravity 

can be scaled by the product k1 f2 2 , and hence the reference variable g0 need not be 

introduced. 

Therefore, the dynamics of a general n-link rigid manipulator are characterized 

by the following set of nouclimensional Pi groups 

{IT=;=::. IlJ,; = J/c;, IlM; = :: , Ilq = 1, Ila= ki~2} • (3.19) 

Hence. the dimensional dynamic equations for general n-link rigid mru.upulators 

have been reduced to the nondimeusional equations as per: 

4n+2p+2 parameters 4n+2p- l parameters 

Length Scaling 

It still remains to be determined how an arbitrary length parameter, £, scales in 

the manipulator system. Prime examples of such length parameters would be the 

physical dimensions of each link. In fact, as may be expected, all length parameters 

of the system scale via the parameter k1 , as shown in the following lemma. 
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Lemma 3.1 {Length Scaling: Rigid Manipulators) 
Given a length parameter, .C. of a rigid manipulator system, and the rigid Pi groups 

a nondimensional Pi group for t:, is 

Proof 
By definition. 

J::r - 1 Yi+ z[dmi, l 
mi 

J1!Y 1 2 2d 
' - xi + zi mi, 

mi 

pr. 1 2 2d 
' - xi + '!Ii mi. 

mi 

Without loss of generality~ consider JF. By definition of IlJf"', 

I 1 ., ., 
- ,.2 Y[ + z;dm; 

m1r.;1 mi 

_ fm· ( ~i) 2 

+ ( Zi) 
2 

d mi 
}!;;.i_ k1 k1 m 1 m1 

- f ( ~i ) 2 + ( ~i ) 2 dllmi . 
lnmi k1 k1 

Similarly, it is straightforward to show 
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By adding and subtracting these equations, the following can be achieved 

These equations indicate that if the manipulator is scaled with respect to the Pi 

groups IIJn. IIJ?'", ITJ:==. and IIm,, then each coordinate axis. Xi, Yi, and Zi is scaled 
I I I 

by the factor k1 . If the coordinate axes are scaled, then any length parameteL £. 

of the manipulator system must be scaled according to the nondimensional group 

• 

This lemma shows that length scaling is accomplished automatically by satis­

fying the scaling conditions specified by IIm.:, IIJ:rz, IIJ?'", and ITJ:=. This property 
I I I 

will be useful when examining the sample systems iu section 3.2.4. 

3.2.3 Comments 

In this section, three comments regarding the modelling of the rigid links are pre­

sentecl. The first two collllllents justify that the principal moments of inertia are 

sufficient to characterize the inertial properties of the rigid link, even in the case 

when the body-fixed frame is not at the centre of mass. The final comment ad­

dresses the issue of c~haracterizing the link using its ma..c;s density instead of its 

mass. 
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Principal Axes & Products of Inertia 

The situation where the body-fixed frame for the ith link is not selected to be at the 

centre of mass can also be handled by the methodology. In the general case, the 

inertia matrix is no longer diagonal, as the products of inertia are not necessarily 

zero. The inertia matrix has the following fonn(l9]: 

[

y2 + z2 -xy 

J = L -xy x2 + z2 

-xz -yz 

J~ 
Jr] 1, 

ff' JI'% 

1. i • 

JY:r. J~= 
l l 

Let J be an inertia matrix with respect to a body-fixed frame F. A rotatiou 

matrix can be found such that the inertia matrix with respect to the rotated frame 

is diagonal. The rotated frame, Fp, forms a set of principal axes for the body(19]. 

Let R denote the rotation matrix, which is non dimensional, and JP the inertia 

matrix with respect to Fp- Then the following relationship exists 

Therefore, the moments of inertia (JF, Jf-', Jt,.), and the products of inertia 

( J[", Jf'z, J:Z,), in J, can all be expressed in terms of the three principal llloments 

of inertia in J p· In particular, this means that the inertial Pi groups in J can be 

expressed in tenus of the three inertial Pi groups in J p· 

Parallel-Axis Theorem 

By using the parallel-axis theorem, the inertial properties at any point in the body 

can be expressed in tenns of the principal moments of inertia at the centre of mass. 

Let J Ci be the inertia matrix containing the principal moments of inertia at the 

centre of the i th link ( frame :F ci), and let J be the inertia matrix about a coordinate 

frame :F parallel to Fci. Let the distance vector between the origins of :Fci and :F 
be [s:i: s11 s=JT· Then, because Fci is at the centre of mass, the parallel-axis theorem 
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states[l9], 

1= - J-:;: + mi( s! + s!) 

JYY - J:l' + mi(.s; + s;) 

JZZ - J:~ + m·(s2 + s2
) Cl ••:i: !/ 

JXtJ - miS:i:Sy 

JZ% - ffliS-z:Sz 

JYZ == ffliSySz. 

Let s = [.5x .'ju -~:f. theu it is algebraic to show 

Nondimensioualizing these equations by J1 = m 1k; gives, 

where Ils = ;. . 

From Lelllllla 3.1. it is known that scaling IIm- and IIJ . automatically defines . ~· 
a length scaling, and hence, the distance s will scale according to II5 . Therefore. 

even for an inertia matrix about any body-fixed frame. only the Pi groups for the 

mass and the principal moments of inertia about the centre of mass are required to 

characterize the i th link. 

Mass versus Mass Density 

In characteriziug the link dynamics, instead of using the link mass, mi, it may be 

more practical to use the volume mass density of the link material, pf. The advan­

tage of this link description is that it facilitates the specification of different link 

materials in designing dynamically equivalent robots. Although mathematically 

equivalent to the Pi groups in (3.19), the Pi groups obtained using pr in place of 

m 1 appear more complicated. With the base parameters as m 1 and J1 , a natural 
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length measure is the radius of gyration, k1 = J J1m11
. Instead, with the base 

parameters P!, and 11 , neither such a length measure nor a mass measure can be 

found, complicating the form of the Pi groups. 

Regardless, for completeness, the Pi groups obtained from the Buckingham Pi 

theorem with the base parameters Pt~ J1 and n are as follows: 

I M J'l-
II J II - i II_, J. = -J Cj~ M; - ., 3, I~ - -] ' 

Cl 1 (pi)~Jl"s 1 • 1 
I } _ Pi s 9 

11a- CJ n2 • 

{3.20) 

3.2.4 Examples 

To illustrate the application of the theory, a two-link rigic.l elbow manipulator, and a 

five-bar-linkage robot are examined in this section. For each robot, the parameters 

characterizing the manipulator dynamics are identified, and then ( 3.19) is used to 

<letermine the corresponding nondimensional Pi groups. In order to verify that 

the Pi groups do indeed characterize the system dynamics, the nollllimensiunal 

equations of motion for each manipulator are presented. 

Two-Link Rigid Manipulator 

The dynamics of a two-link rigid elbow manipulator (Figure 3.2) are characterized 

by the following 14 parameters: 

link 1: ni1 , JZZ 
1 ' 

JY'J 1 , JZZ 
1 

link 2: m2, J:-Z, pm 
2 ' 

JZZ 
2 

joint 1: Mi, Ih 
1 

joint 2: M2, lh 
2 

gravitational accel.: g 

time scaling: n. 
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Figure 3.2: Two-Link Rigid Manipulator 

The generalized coordinates associated with the two actuated joints are denoted 

by q1 and q2 in the figure. Furthermore, the actuation torques are described by H 1 

and H2. 

Choosing m 1 , J1 = Jre, and n as the base variables, and defining the radius of 

gyration ki, the 11 Pi groups for this manipulator can be found. using (3.19L to 

be: 

The nondimensional equations of motions for this manipulator were derived 
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with m 1, J1 = Jt-;r:, and n as base parameters. In deriving the equations, the 

links were assumed to be uniform rectangular prisms, and their dimensions were 

computed from the given inertial properties. In particular, the link lengths l,, and 

distances to the link centres of mass lei, were used in the derivation, and hence 

the nondimensional equations contain the Pi groups II,i and II,ci• However, from 

Lemma (3.1), it is known that these length Pi groups are actually functions of 

the mass and inertia Pi groups for each link. In terms of the Pi groups. the two 

nondimeusional equations of motion for the rigid elbow manipulator are: 

( II If + IT IJ- + IIM2 II;, + IIL + ITJ;= + IIm2 II;, + IIm2 IIL + ITJ;= 

+ 2Ilm2 IT, 1 Ilzcz COS { '12) ) q l 

+ (II1; + IImzITfc2 + IIJ;= + IIm2II,,II,cl cos(q2)) q2 

-2IIm2 II, 1 IIcc2 sin(q2)<Jiq2 - IIm2 II11IIzc2 sin(q2)'l~ 

+Ile (IIM2rrl1 + II1c1 + IIm2IIl1} cos(qi) 

+IIaIIm2 II,c2 cos(q1 + (]2) = Hi(r) 

(II1; + IIm2 IIL + ITJt= + IIm2 IT,1IIzcz cos(q2)) q1 

+ (rr1: + IIm2IIL + ITJ;=) q2 

The nondimeusional joint torques are given by H1 and H2 . 

Since the first joint does not translate, the joint mass M1 does not affect the 

dynamics. Also, because the motion of the manipulator is restricted to a plane, 

the moments of inertia Jr and .Jr' do not have a role in the equations of motion. 

Correspondingly, the nondimensional equations of motion do not contain Pi groups 

for M1, Jf-;r:, and .Jr,'. This means that these three Pi groups are not required to 

define the dynamic equivalence conditions for this manipulator. Simulation results 

using the two-link rigid manipulator are presented in Chapter 8. 
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Five-bar-Linkage Manipulator 

The five-bar-linkage manipulator is a robot with four rigid links in a parallelogram 

configuration (Figure 3 .3). The "fifth" link is the ground. There are three actuated 

joints: a base joint, and two planar joints. There are also three unactuated pin­

joints between links 2 and 3, links 3 and 4~ and between links 1 and 4. The 

manipulator dynamics are characterized by the following 23 parameters 

link 1: m1, JF~ Jf1'' 
JZZ 

1 

link 2: m2, J:Z, J-:,U, J;z 

link 3: m3, J:Z~ Jf", J;z 

link 4: 1n4 , J:Z. ff'. J%Z 
4 

joint 1: Jh 
1 

joint 2: M2, lh 
2 

joint 2: M3, lh 
3 

gravitational accel.: g 

time scaling: fl. 

The base joint does not translate, so its joint mass Mi does not affect the dynam­

ics. The generalized coordinates and actuation torques associated with the three 

actuated joints are denoted by qi, q2, q3 and Hi, H2 , H3 in the figure. 

Choosing mi, Ji = J1 , and fl as the base variables, and defining the radius of 

gyration k1, the 20 Pi groups for this manipulator can be found using (3.19): 

link 1: Jr' JZZ 
IIJ•" = - IIJ== = _l_ 

l Ji ' I J1 

link 2: 
m2 J:Z:Z JYY JU 

IIm2 = -, IlJ.e.r = _2_, II.11111 = - 2
-, IIJ== = _2_ 

m1 :z J1 2 J1 :z J1 

m3 J:r:r: J,YY JZZ 
link 3: IIm:s = -, Il.1.u = _3 __ 

IIJ:SI' = ;l ' 
ITJ.== = _3_ 

m1 3 J1 • 3 11 

link 4: 
m4 1:r::r: Jf' JU 

IIm◄ = -. fiJrz = -4
-. IIJS,S, = -, IIJ== == _4_ 

m1 4 J1 ' 4 J1 4 J1 
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Zo 

Y1 

1 J cl 

'Hz 
-;;;::::ia~,,..-...---------► Yo 

h 
1 M 2 ,I2 

h 
qi' H1 M3,I3 

Figure 3.3: Five-Link Rigicl Manipulator 

Appropriate selection of link lengths and masses allows the planar motion to 

become decoupled. The dynaw.ic equations for this manipulator were derived. in 

[21). In the derivation, the local co-ordinate axes for links 1 and 3 are parallel, as are 

the axes for links 2 and 4. Let r 2 and r3 be the distances of the joint masses M2 and 

M3 from the q1 axis of rotation {z0 ). Then, iu terms of the rigid Pi groups (3.19), 
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where 

Mu = (rr;... + IIm3 IIt, + IIm,.II;1 + IIJrsr + ITJ:!I) cos(q2)2 

+(ITJf= + IIJ;;:) sin( q2 )
2 

+ (rrtn3rr;l + IIm,.IIf. + IIm1IIf..:r + ITJ;= + IlJt;) cos{q3)
2 

+(ITJ:" + ITJf") siu(q3 )
2 

" 2 2 2 
M33 = IIn13 Ill:? + rr,n .. rr,(' .. + ITmz nlcz + I1Jr + IIJ,f'a: • 

The nondimensional actuation torques are given by H1 , H2 , and ll3. 

40 

As with the two-link manipulator, these dynamic equations were also derived 

in terms of link lengths~ and hence the nondimensional groups, 

li la 
!Ii.=-. and IIi"i = -k, 

• k1. ·1 

appear within the nondimensional equations. Recall from Lemma 3.1 that these Pi 

groups can be written in terms of the mass and inertia Pi groups. 

3.3 General n-Link Flexible Manipulators 

The term general n-liuk flexible manipulator refers to the class of manipulators with 

n flexible links~ p actuators, any link topology, and having unconstrained motion. 



CHAPTER 3. DYNAMIC EQUIVALENCE CONDITIONS 41 

Each link is assumed to have a unifonn cross-section, bending in two directions, 

and high axial rigidity ( i.e. torsional and axial vibrations are not modelled). The 

purpose of this section is to determine the dynamic equivalence conditions for this 

class of manipulators. The structure of the development will be the same as that 

used for the rigid manipulators. As with the previous section, references to the 

term joint will be used to indicate actuated joints only. 

In this derivation, the flexible links are assumed to be long and slender, and 

are modelled using an Euler-Bernoulli beam model[22]. Nondimensional groups 

associated with extensions to this flexible link model, such as damping, and torsional 

vibration. will be addressed in section 3.3.4. 

3.3.1 Nondimensional Dynamics 

In Figure (3.4), the i th fl.exible link is depicted in an inertial reference frame (.r0 ). 

In addition, attach frame ·i {~) to one end of the link with the Zi-axis parallel 

to the undeflected link. Define the following variables (boldface variables indicate 

3 x 1 vectors or 3 x 3 matrices expressecl in .r0 coordinates): 

• w :i:; ( z. t) - deflection of link parallel to Xi axis 

• w y; ( z, t) - defledion of link parallel to Yi axis 

• d~(t) - distance from Oo to Oi in .r0 coordinates 

• r,(t) = (w:i:; Wy; Zi)T - position of link elemeut dmi iit .ri coordinates 

• Pi(t) - position of link element dTni, in Fo coordinates 

• ~(t) - rotation matrix from Fi to .r0 • 

The variables for the joint parameters are the same as in Figure 3.1, namely: 

h . . 
l;, M;, di(t), wi(t). 

Again, it is assumed that the inertia about the other joint axes is negligible. 
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Figure 3.4: ith Flexible Link in Inertial Frame 

Non dimensional Kinetic Energy 

Z· I 

42 

The total kinetic energy of the system. T, is equal to the sum of the kinetic energies 

of all the links and joints. That is, 

n P •. 

T(t) = L rp1u\t) + L T]omt(t). 
i=l j=l 

Because the flexible link is a distributed parameter system, the kinetic energy 

ts computed as an integration over the length of the link. In representing the 

dynamics of flexible link systems with uniform links, the link mass mi, is frequently 

represented by the equivalent, Pili, where Pi is the linear mass density of the link~ 

and l;. is the length of the link. The joint is treated as a rigid body. Therefore, 

(3.21) 

(3.22) 

To obtain the expression for the nondimeusional kinetic energy, the following 
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variables in (3.21) and (3.22) must be noudimensionalized: 

The reference values for time will again be selected to be the reference fre­

quency n. The reference value for p;. will be the linear mass density of the first link, 

p1 . The reference value for inertia will be hub inertia of the first joint, It. Finally, 

the length of the first link, 11 , can be taken as an intuitive reference value for length 

variables. The values p1 and 11 naturally define a reference value for mass! namely 

the mass of the first link m 1 = p1 l1. Hence, define the following nondimensional 

variables: 

Substitution of these nondimensional variables into (3.21) and (3.22) gives 

Tlµnk (~) ! z3n2 ". t· (dj,i) T dj,i d'". 
,H - 2p1 1 p, lo dr dr z, 

. T . 

T}J:oint (~) ! 12n2 M· (d~) dd'a !1hn2 jh .. ;T • j 
u - 2 m1 I J dr dr + 2 l ; "'o Wo. 
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Using the identity m 1 = p1l1 , divide through both equations by m 1lf 0 2 to obtain 

Again. the same term m 1lff22 must be used to nondimensionalize all the energy 

expressions for the flexible manipulator. This is required for dimensional consis­

tency of the Lagrangian in the general equation of motion (3.1). 

Define the nondimensioual kinetic energies 

and then the nondimensional link and joint kinetic energy can be written as 

(3.23) 

rJ,Joint(T) (3.24) 

Notice the presence of the nondimensional group composed of the reference 

variables: m1, li, It. It will become evident in the subsequent section that this is 

a redundant group. Iu fact, the product m 1li can be used as a reference value for 

inertia quautities instead of /f. 

The total uoudimeusional kinetic energy is given by 

T(T) = t t}ink(T) + t tjoiut(T), 
i::1 j=l 

and contains the following uoll(limensional groups: 
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Non dimensional Potential Energy 

The total potential energy is equal to the stored gravitational potential energy in 

the links and joints, plus the strain energy stored in the flexible links. The strain 

energy in the i th link is a function of the stiffness and deflection in each direction 

of vibration. By definition of the link frame Fi (Figure 3.4), the link cross-section 

will be in the Xi - Yi plane. Denote the area moment of inertias about the Xi and Yi 

axis by lz, and [Yi respectively. By assumption, the link is composed of a uniform 

material of elastic modulus Ei. 

With this notation, the strain energy can be expressed as[22], 

(3.25) 

The gravitational potential energy is a function of the "height' of the i th link 

and /h joint. Using the s vector defined in (3.9), the stored gravitational energy 

can be expressed as, 

(3.26) 

As with the kinetic energy, the nondimensional potential energy expressions are 

found by nondimensionalizing the variables in (3.25) and (3.26). The following 

variables must be uondimensionalized: 

Some of these variables have already been noudimensionalized in the section on 

kinetic energy. Introduce E 1 and lz1 as the reference values for elastic modulus 

and area moment of inertia respectively, and define the following nondimeusional 

variables: 
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In addition, consistent with the nonllimensional kinetic energies. define the 

nondimensional potential energies 

v}ink(r) 6 1 Iin.k(T) - m1lrU2 ½ fl 

½joint(r) 6 1 v}oint (!:..) - m1Lrn2 1 {2 • 

Substituting these into (3.25) and (3.26) gives the nondimensional potential energy 

express10ns 

vgrav(r) (3.27) 

Notice the presence of the nondimensional groups, 

E1l:1 E1 1-z, go 
m1 lf f2 2 == m 1 l11f2 2 Lt ' l1 !V. 

These groups are a function of reference variables only, and hence are reduudant 

nondimensional groups, as will be shown. In fact, the product m 1111U2 can be 

used to nondimensionalize the elastic modulus (instead of E 1 ), and Lt can be used 

to nondimensionalize area moment of inertia (instead of l:r:1 ). 

The total nondimensional potential energy is 

n . 

V(r) = L ½stram(r) + vgrav(r), 
i=l 
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and contains the set of nondimensional groups 

{ i., E., /,,,, iu,, p,, M;, g, t~2 ' m,~~n2 ' ~f' } · 
Together, the nondimensional kinetic and potential energy expressions contain 

the nondimensional groups 

Because these groups are time independent. their presence in the energy expres­

sions confirms their presence in the actual nondimensional equations of motion. In 

the next subsection, dimensional analysis will be applied to the manipulator to ver­

ify the noudimensional groups defined here. Interestingly, it will be shown that four 

of these groups are redundant, and are not required to characterize the dynamics 

of a general n-link flexible manipulator. 

3.3.2 Dimensional Analysis 

For the ·ith link, the body-fixed link coordinate frame has its origin Oi at the base of 

the link, with the Zi axis running along the undeflected link. The Xi and Yi axes are 

the principal axes of the cross-section, and are placed to form a dextrous coordinate 

system. The variables characterizing the uniform i th link are length Li, linear mass 

density Pi, elastic modulus Ei, and the cross-sectional area lllolllents of inertia lxi 

and f 11;. The area llloments of inertia are used, instead of the physical dimensions 

of the cross-section, in order to be able to describe the link independently of the 

cross-sectional shape. 

As with the rigid manipulator, the /h joint is assumed to be a rigid body with 

mass Mi. For revolute joints, the moment of inertia about the rotation axis will be 

denoted Ij. Gravitational acceleration is denoted by g, and time will be measured 

relative to the time scaling frequency n. The fundamental dimensions associated 
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with these variables are given below: 

ith link: 

/h joint : 

gravity: 

time scaling : 

1i = [LL Pi= [MHLJ, Ei = [MHLt1[Tr2
, L.ri = [£1 4

, 1Yi = (LJ4 

M; = [M], Ij = [M][L]2
, 

g = [L][Tr2 

n = [Tri. 

The flexible manipulator system is described by 5n + 2p+ 2 variables. Applying 

the Buckingham Pi theorem with the variables p1 ~ 11 , and Q (which are independent 

in fundamental dimensions} results in the following Pi groups: 

IIPi = Pi' i E [2, 11,] 
Pl 

li 
IIii = li, i E [2, 11,J 

Ei Ei 
IlEi = ~ = ri Q 2 , ·i E [l, n} 

Pia m1 1 

f:t:i [ ] IIrz:i = F· i E l,n 
1 

[Yi [ ] IIr11i = !4' i E l,n. 
1 

M· M· 
IIM- = - 3 = _,, j E [l,p) 

' P1l1 m1 

Ji} [1!, 
IIr~ = '13 = __l__z2' j E [1,p] 

' Pi 1 m1 1 
g 

Ila= l1fl2' 

where the relationship m 1 = p1l1 is used to simplify IIEn IIM;, and II1~. 
I 

These Pi groups can now be compared to the uondimensional groups that were 

found in the nondimensional energy expressions. Recall that four "extra" nondi­

mensional groups which were composed entirely of reference values were found, 

namely, 
[h. 

1 
-12' 
m1 1 
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The following relationships exist: 

IIM, 

Ila 

Notice how the single Pi groups IlEp Ilrr., Ilr
11

. and IT1h each respectively com-
• l J 

bine the effects of two nondimensional groups. This indicates that the ·'extra~~ 

nondimensional groups can be equivalently replaced by the Pi group generated 

from the dimensional analysis. Furthermore, the Buckingham Pi theorem provides 

the results that inertial quantities can be nondimensionalized by m 1lr, ancl elastic 

modulus by m 1l11!l2 . The result for ITG is the same as for the general n-link rigid 

manipulator, but with the length reference value as l1 instead of k1 . Therefore, 

the reference values If, E1 , I.1 , and go are not required to define the dynamic 

equivalence conditions. 

Hence, the dynamics of a general n.-link flexible manipulator are characterized 

by the following set of nondimensional Pi groups 
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The total number of Pi groups is 5n + 2p - 1, as expected. Therefore, the climen­

sional dynamic equations </,, have been reduced to the nondimensional equations 

F, according to 

sn+2p+2 parameters sn+2p-l parameters 

Length Scaling 

As was done for the rigid manipulators, a scaling condition for arbitrary length 

parameters~ £. of the flexible manipulator system needs to be determined. 

Lemma 3.2 (Length Scaling: Flexible Manipulators) 
Given a length parameter C,, o / a flexible manipulator system, and the flexible Pi 

groups 

a rwnd·ime11,Bional Pi group for C, is 

Proof 
By definition, 

l:i - J yfdAi 
Ai 

l11; = 1 x;dAi. 
A, 
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Without loss of generality, consider ['3:i. By definition of IIrzi . 

IIrz-
' 

Similarly~ it is straightforward to show 

Also. by the definition of Ilz;, 

rr,i 
li - -
11 

- l f□l; - dz· l o ~ 

= l!f) dG:) 
- t; dG:). 

The equations indicate that if the manipulator is scaled with respect to IIr..,. ~ II1 ... , ' .. . 
and IIli, then each coordinate axis, Xi , Yi, and Zi gets scaled by the factor l 1. Scal-

ing the coordinate axes implies that any length parameter, C will also get scaled 

according to the Pi group 

■ 
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3.3.3 Scaling of Natural :Frequencies and Mode Shapes 

Natural Frequencies 

From the flexible link Pi groups (3.28), the scaling condition for the natural frequen­

cies is easily determined. Without loss of generality, only horizontal vibrations will 
be considered. with the final result being the same for vertical vibrations. Consider 

the i th. flexible manipulator link. and denote the natural frequency of the kth mode 

by Wk. The dimensions of Wk are [TJ-1
, and hence. Wk can be nomlimensiunalized by 

the time S<~ali11g frequency n. which has the same fundamental dimensions. That 

IS. 

where Wk is the nondimensional natural frequency. 

Tb.is n01Hlimensional frequency results naturally from the flexible link Pi groups 

defined in (3.28). This can be shown using the relationship {for the ith link)[l2] 

k E (1, ooL ·i E (1. n). 

where {~k is the kth solution of the exact transcendental equation 

( 1 + cos(,Bk) cosh(!h)) + fi'.~3 ( cosh(Pk) sin (,Bk) - sinh(P k) cos(,Bk)) = 0, 
~ f'k 

proposed by Bellezza et al.(36]. 

Therefore. 
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Hence, scaling the manipulator using the Pi groups IIs., IIp;, ITrz. ~ and II,. 
I 

guarantees that the natural frequencies will scale by n. 

Mode Shapes 

The horizontal deflection of the i th. link is denoted by w z.: ( Zi, t). Assuming that w x.: 

can be separated into its spatial and temparal components[23] results in 

00 

Wxi(Zi, t) = L </>:i:k(zi)qk(t), (3.29) 
k=l 

where <P~t is the horizontal mode shape. and q1: is the kth modal coordinate. Now. 

since Wzi has dimensions of length. it can be noudimensionalized by l1 as follows 

Since the modal coordinate q1: is nonclimensional by definition (it is a weighting un 

the mode shape). then for dimensional consistency in (3.29)~ this implies that <Px.: 

must have dimensions of length. Hence 

Therefore, the noudimensional group for the mode shapes is 

II </>:i:,. 
<Pzk = Li' 

which is consistent with the length scaling result of Lemma 3.2. 

3.3.4 Extensions to Flexible Link Model 

Many extensions can be made to the flexible link model described in the preceding 

section. In the following subsections, the Buckingham Pi method will be used 

to determined the nonclimensional groups associated with damping effects, and 

torsional vibrations. In addition, the situation where volume mass density is used, 

instead of linear mass density, will be addressed. 
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Damping 

Scaling conditions for the damping effects in flexible structures can also be deter­

mined. In previous research[l 7), the damping mechanisms for a single flexible link 

manipulator were modelled. The damping effects can be combined into two groups: 

inertia damping and stiffness damping. The damping coefficients for each type are 

denoted by d1 and d5 respectively, and have the following fundamental dimensions. 

These damping coefficients are physical material properties of the flexible link. 

aucl can be determined experimentally. Often. the clamping effects are expressed in 

terms of modal damping ratios C.k, associated with the k th mode of vibration. For 

a Rayleigh. or proportional. damping mocleL the damping ratio for the k th mode 

can be expressed in tenns of the k th modal frequency wk[18]~ 

(3.30) 

Practically, it is easier to measure the modal properties C.k and Wk than the 

proportionality constants d1 and d5 . So, given values for 6: and Wk for the first two 

modes. (3.30) can be used to compute corresponding values for d1 and d5 [23]. 

If these damping constants are included in the physical parameters for the 

i th flexible link of the manipulator. the corresponding uondimensional Pi groups 

resulting from dimensional analysis are 

(3.31) 

Torsional Vibration 

If torsion is included in the flexible link model, then it will contribute to the po­

tential energy expression. Defining G to be the shear modulus aud J the polar 

moment of inertia, the term addecl to the potential energy will be of the form G.J 
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(akin to EI for elastic modulus and area moment of inertia). Two new nondimen­

sional groups will result, one for the shear modulus, and one for the polar moment 

of inertia. 
J 

II.r - -
polnr - [f • 

Linear Mass Density versus Volume Mass Density 

If the material density of the ith link is specified in terms of volume mass cfousity 

p't. instead of linear mass density Pi, then a slight modification must be made tu 

the flexible link Pi groups. The mass of the link is 

where¼ is the link volume. 

The Pi groups are of the same form and quantity as (3.28). and are found by 

making the following substitution into (3.28) 

This in no way implies that p1 is eq·U,a[ to p! l~, which is obviously false. With 

this substitution. the Pi groups that would result with p! used as a base parameter 

in the Buckingham Pi method are obtained. The resulting Pi groups are~ 

Ile = 
11

~ 2} • (3.32) 

3.3.5 Examples 

To illustrate the general scaling conditions determined for flexible manipulators, 

several flexible link manipulators are examined. In the first example, the general 

results of this section are reconciled with the initial manipulator scaling results 
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obtained by Ghanekar[l 7. !SJ for a single flexible link manipulator. In the final 

two examples, a flexible link with two degrees of vibration~ and a two-link flexible 

manipulator are examined. In both examples. dimensional analysis is used to de­

termine the Pi groups for the system. The Pi groups obtained are then verified by 

examining the nondimensional equations of motion. 

Single Flexible Link Manipulator 

Consider a single flexible link ( SFL) manipulator with only horizontal vibrations. 

and with gravity and damping neglected. The dynamics are characterized by the 

following parameters. 

link: Pb li, If. E1 

joint: /~ 

time scaling: n. 

The mass of the link is given by m 1 = p1l1 . According to (3.28). the following 

three Pi groups characterize this SFL. 

[h IT - E1 rz 
ITrh = _..!,_1?, E1 - z-1n?, Ilp = z! . 1 

m1 i m1 1 • 
1 

1 
( 3.33) 

The dynamic equivalence conditions for this manipulator were examined by 

Ghanekar et al. in [18) and found to be, 

ff E1If 
ITrta = v A [3' ITE1If = v A [4fp, 

P1 1 1 P1 1 1 

where pr and A1 are the volume mass density and link cross-sectional area respec­

tively. In [18], the stiffness of the link E1lf was modelled as a single parameter. 

The Pi group IlE1 If can be divided into the product of two Pi groups, 

E1lf _ E1 If 
rrE.rt = piA1Ltn2 - prA1!P zt • 

Clearly, since the mass of the link is equal to m 1 = p!A1 l 1 , then the results obtained 

in this section verify those from [18). 
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Flexible Link with Two Degrees of Vibration 

A uniform flexible link with horizontal and vertical vibration is considered (Fig­

ure 3.5). There are two joints at the base of the link which excite horizontal and 

vertical oscillations. The link is characterized by the following 9 parameters: 

link: pi, li, I~, Jr, E1 

joint 1: I~ 

joint 2: I; 

gravitational accel.: g 

time scaling: n. 

The mass of the link is m 1 = p1l1 . Also. because the joints do not translate. the 

joint masses M1 and M 2 clo not affect the dynamic equations. According to (3.28), 

the 6 uondimensional Pi groups for this manipulator are: 

link: IIr~ = If IT If II Ei 
l [4, If = -,4' Ea = c-1n2 

1 1 m1 1 

[h 
joint 1: II1h = _!.._l? 

• m1 i 
I~ 

joint 2: IT1h = --==-,? 

:t m1 i 

gravitational accel.: IIG = 
11

~ 2 • 

These Pi groups can be verified by deriving and examining the nondimensional 

equations of motion. In this example, without loss of generality, only one mode 

of vibration will be examined. First some preliminary definitions are needed. The 

horizontal deflections, wh(z, t), and the vertical deflections, wv(z, t) are represented 

by, 
CO 00 

wh(z, t) = I: c/>hi(z)hi(t), wv(z, t) = L c/>vi(z)1,i(t), 
i:::l i=l 

where c/>hi and <Pvi are the mode shapes, and hi(t) and vi(t) are the generalized 

coordinates. Also, 
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1? fo ........... ,..Yo 
~ 

x( qi 

Figure 3.5: Flexible Link with Two Degrees of Vibration 

and similarly for Wu. t/>vi and l'i• 

In this example. the link is assumed to have a square cross-section. Therefore. 

Define the following mode shape dependent constants: 

6 1l1 

a· 
0 

<Pi(z )dz = [L] 2 
'l 

bi 1
l, 

o </>?(z)2dz = [LJ-1 

6 1
lt 

Ci 
0 

tf>i(z) 2dz = [£]3 

6 1
l1 

µi 
0 

z</>i(z)dz = [L]3. 

Hence, in addition to the Pi groups in (3.28), define the Pi groups 
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As the constants ai, bi, Ci, and 14 are all length measures, the Pi groups c.lefined 

are consistent with Lemma 3.2 regarding length scaling. 

If the </>i(z) are vibrational mode shapes. then it should be noted that the pa­

rameters defining the manipulator system (e.g. p1 , li, It etc.) are sufficient to 

determine the mode shape. For example, if a clamped-free link model is assumed, 

only l1 is required to detennine </>i(z). For a pinned-free link model, l1 and /f are 

required. 

In this example. only the first mode of vibration will be examined. Therefore. 

for all modal dependent parameters ( e.g. ¢,1 • c1 ), the subscript 1 will be rlropped 

for clarity. Let the variables q1 and q2 be the nondimensional joint angular position. 

The uonc.limensiunal generalized coordinates for the link deflection will be denoted 

h and t; for the horizontal and vertical deflections respectively. Then. in terms 

of the Pi groups. the nondimeusional equations of motion are derived. using the 

Euler-Lagrange equations, to be. 

where 

A = 
B -
C -
D -

Aq1 + Bq2 +Ch+ Di,+ E = H1 (r) 

Bql + Fq2 + rr,.J, + G = H2(r) 

Cql + Ilch + H = 0 
.. ... .. 

Dii1 + IT,,q2 + Ilci, + K = 0. 

IT 
1 ( .. )2 IT h .. 2 II • ( .. )., .. ., IT • (2 .. ) .. If + 3 cos q2 + C + C Sill q2 -11 • - µ Sill q2 tJ 

-Ilccos(q2)hi1 + Ilµsiu(q2)h 

Ile sin( q2)'1i - ITµ cos( '12) 

-Ile sin( <.12)h 
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E - ( Ile sin( 242 )i,2 
- ½ sin( 242) - 2II,. cos( 242 )ii) q, q2 

+2n)1.qih + (2IIc sin(q2) 2v11 - ITµ sin(242),i,) ql 

+ (rrc sin( q2)i11i + IIµ cos( <i2 )h) q; 
+ (rrc(sin{q2) - cos(q2))t",h + 2IIµsin(q2)/,.) '12 

-2Ilc cos(ii2)hvq2 

F IT 1 II .. z 
::: I!j + 3 + c11 

G = - G Ile sin ( 242 )1i2 - ~ sin( 2,j2) - II,, cos( 2,j2 )i,) J~ 
-2Ilc cos{ii2}iniq1 + 2Ilcv11q2 

+irrG cos(<i2) - IIGil4 siu(<i2)ii 
- • ., • ♦ • • -

H - -fLhq; + 2IL: cos( '.l2)1iql ii2 + 2IIc sin( ci2 )vql + IIsIIr~ITbh 

K - ( Ile sin( <i2) 2i1 - ~rr .. siu(2<i,)) q: - rr.,v'l! - 2IIe siu(<i2)'1, h 

+ITsI1111Ilbii + ITGIIa cos(q2)-

60 

The nondimeusional actuation torques are denoted by H1 and H2 . These equations 

verify that the Pi groups predicted by dimensional analysis do indeed characterize 

the system dynamics. Simulation results with this manipulator are presented in 

Chapter 8. 

Two-Link Flexible Manipulator 

The dynamic equations of a planar two-link flexible elbow manipulator are exam­

ined by Ding et al. [24]. The configuration of the manipulator is the same as the rigid 

manipulator of Figure 3.2, except tlte links are flexible. Only vertical deflections are 

permitted, and l1ence the area moment of inertia in the horizontal direction ( l 11i) is 

neglected for both links. Also, joint effects are uot modelled in (24]. Therefore, the 
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manipulator is a function of the following 10 parameters: 

link 1: pi, l1' If, Ei 

link 2: P2, l,.' 1:~ E2 

gravitational accel.: g 

time scaling: n. 

From (3.28), the 7 nomlimensional Pi groups for this manipulator are: 

link 1: IT I:r:1 IT Ei 
I.r1 = -[4 • Bi = 1-ln., 

l 1n1 1 ,H,-

link 2: IT P2 II 12 IT l:rz IT E., 
fl'2 = P1. l'J = l1. I.cz = if• B2 = m1l1-1n2 

gravitational accel.: Ila = 
11

~ 2 • 

The equations of motion for this manipulator are derived in [24]. Using the flex­

ible link terminology of section 3.3.1 and Figure 3.4. the nomlimensional dynamic 

equations. in terms of the flexible Pi groups, are 

where Hi is the uondimensional joiut torque. 

The nondimensional dynamics describing the link vibrations are 

[O 1 O]TiP1 = IIs.nI.ra W1(i1, r)"", - 1 < Z1 < 0 

[o 1 O]T.T:: = (IT.s.ill1.r, ) .. (.. )f/1/ II ... 0 2 P2 fi W2 Z2, T , - l1 < Z2 < . 
P'2 
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where the following extra terminology was taken from [24]: 

Ti homogeneous transformation matrix 

Pi distance vector to centre of mass of link i 

£12 = w1(0, ,) 

€16 = arctan (w~ (0, ,) ) . 

For more details, see [24]. 

The Pi groups predicted by dimensional analysis are dearly present in the nondi­

mensional equations of motion for this manipulator. 

3.4 N ondimensionalization Theorems 

3.4.1 General Form for Manipulator Pi Group 

From the derivation of the Pi groups for rigid and flexible manipulators m the 

previous sections. a general theorem can be deduced. With this theorem, a uondi­

mensional group conespoucling to any manipulator parameter can be found. 

Theorem 3.1 (N ondimensional Group for System Parameter) 

Let</> be any parameter of the manipulator dyuamics. Suppose that the fundamental 

dimeusions of</> are 

Then a nondime11,sional Pi group for </> i..~ 

<P 
1. II4> = J.;bfl. , for a rigid manipulator, mt ·1 -c 

</> 
2. Ilq, = [bf2 • for a flexible manipulator. mt 1 -c 
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Proof 

The Buckingham Pi method will be used to prove the theorem. Without loss of 

generality, it is sufficient to prove the result for the rigid link manipulator. The 

proof for flexible link manipulators is similar. 

With the parameter </>, the rigid manipulator dynamics are characterized by the 

following 4n + 2p + 3 parameters 

According to the Buckingham Pi method, Nn = 4n + 2p Pi groups are expected 

for this system. From section 3.2.2. the Pi groups are found by solving a system of 

Nn equations of the fonu 

A=AX. 

where A represent the exponents of the base parameters chosen for the Pi groups. 

aud X represents the exponents of the remaining parameters. Iu addition, it was 

shown that the number of variables in each Pi group can be minimized by setting 

X equal to au identity matrix of dimensions Nn x Nu. 

Select m1, ./1, and n as base parameters, and set X to the identity matrix. 

Then, the form of the Pi group corresponding to the parameter ef, is 

IT<!> = </>mf Jf 0."', o.JJ,, E R. (3.34) 

Solving for the exponents o.~ f3 and ; will give the Pi group for <J,. Iu terms of 

fundamental dimensions, 

which leads to the system of equations: 

a+a+/3 =0 

b + 2/3 = 0 

C-"( :::Q 

0. 

/3 

i 

=-a+!!. 2 

= -1 
=c 
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Also. recall from (3.4L that the radius of gyration, k1, is 

Substitution of aJ3, "( and k1 into (3.34) gives the Pi group, 

II~ = </rm~ -a+ r) J; ! nc 

b 

</mi~a ( m1 Jl l) 2 nc 

,1.. -a1.-bnc 
- o/Til.1 ,\;1 

<P 

as required. 

64 

• 

The parameters m 1 ~ k1 , and n. used to nondimensionalize the parameter</>, are 

distinct in their fundamental dimensions. That is, m 1 has dimension of mass only. 

k1 has dimension of length only. and n has the dimension of time only. Such a set 

of parameters will be called fundamentally distinct parameters. 

For the rigid manipulator, m 1 , k1 . and n form a fundamentally distinct pa­

rameter set. whereas for the flexible manipulator, the parameters m1, 11 , and n 
are fundamentally distinct. Hence. Theorem 3.1 states that an MLT parameter¢ 

can be nondimensionalized by a set of parameters fundamentally distinct in mass, 

length, and time. In Chapter 4. this observation will be used to extend Theorem 

3.1 to parameters with more than three fundamental dimensions. 

3.4.2 Equivalence of Rigid and Flexible Pi Groups 

In this section the Pi groups for the flexible link manipulator (3.28) are reconciled 

with those for the rigid manipulator (3.19), in the limiting case when the modal 

frequencies of the flexible links approaches infinity. 



CHAPTER 3. DYNAl\tfIC EQUIVALENCE CONDITIONS 65 

Ignoring flexibility, the dynamic behaviour of rigid and flexible manipulators is 

identical. This has the implication that the set of Pi groups for the flexible manip­

ulator (3.28) is equivalent to the set of Pi groups for the rigid manipulator {3.19). 

The exception is the Pi group for elastic modulus, which does not appear in the 

set of rigid manipulator Pi groups. In the following development, this equivaleuce 

between the two sets of Pi groups will be proved. 

Theorem 3.2 (Equivalence) 

The set of Pi groups for the flexible manipulators. IT/lex are equivalent to the set of 

Pi groups for the rigid manipulators. IIrigid, where 

IIrigid 

= {rrpj•Ill;,IIE.,Il1Zj.IIrs,;'IIM,,II1,h,IIG}' ·i E [1,nL j E [1.p]. 

- {IIm;,IIJZ~.rrJIISl.rrJ~=.IIM,,II1h•rrG}, i E [l.n], j E [l,p], 
I I I J 

and IIE; -+ oo. 

Proof 

In this proof, each rigid Pi group will be expressed as a combination of Pi groups 

from the set II11e:r• The proof is divided into six parts: IIm;, Ilp= i ITHz and 
I L 

IIJ11v, IIM, and II fh, Ile and IIE;. 
' J 

j Part 1: IIm; j 
For the rigid manipulator. 

IIm; 
mi 

= 
m1 

Pili -
Pili 

- IIp;IIl;• 

I Part 2: ITJ;== I 
First note that the area of the cross-section of the ith link can be expressed as, 
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Also. by definition, 

J~:: /:::;. 
Li x; +y;dmi t. -

I=, 
/:::;. 1 y]dAi 

A.: 

ly, 
/:::;. 1 x;dAi. 

A. 

With these definitions. the following can be shown. 

But from Lemma 3.2, it is known that 11 serves as a reference length value for 

all length variables. Therefore, defining 

t::. k1 1::,. Ai 
II1:. = 4' and IIAi = lr , 

gives the following relationship 
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Note that the Pi groups, Ilk1 and IIA, are not new flexible manipulator Pi groups. In 

fact, from Leillllla 3.2. these two Pi groups are dependent on the Pi groups Ilti• IT1.r. ~ 

and II111i. 

I Part 3: IlJf.r and IlJrll I 
Recall that by definition. 

Then. 

JF A L. Yi + z;dmi . 

Using the nondimensional length groups, IIk
1 

and IIAi defined in Part 2, the ex­

pression for IIJ:i:.r becomes 
I 
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Similarly, the expression for IIJ?v evaluates to 
I 

j Part 4: IIM; and Ilr: j 
From the Pi group definitions~ the joint mass Pi group ITM,, is identical for both 

rigid and flexible manipulators. 

For the joint inertia Pi group for rigid manipulators, 

ITrigid I~ 
...l.. 

I~ -
11 J 

[~ 

= J 

m1kr 
[1! L2 

_J __ -
m1l2 k 2 

l l 

- II /le:rrr-1 
If k1 • 

I Part 5: Ila I 
For the rigid manipulators 

If"Jgid g 
-

k1il2 

g 11 - ---
/ifP k1 

- fi /le:rrr-1 
G k1 • 

I Part 6: IIEi I 
Consider the stress( <T )-strain(€) relationship given by(22], 

(J" 

u = Ee E = E' 

where E is the elastic modulus of the material. 

By the assumption of rigid links, the strain e in the material is equal to zero 

regardless of the applied stress. In effect, this means that the elastic modulus of 

the material is assumed to be infinite. 
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So with the asswnption of rigid links, the flexible Pi group Ils; approaches 

infinity, and has no equivalent to the rigid manipulator Pi groups. 

Therefore, all the Pi groups in the set II,...aid can be written as combinations of 

Pi groups from the set II11ez-• Because of the assW11ptiou of rigidity for the rigid 

manipulator links, there is no rigid Pi group which corresponds to the flexible Pi 

gr~p,II~- ■ 

3.5 Rigid-Flexible Manipulators 

Manipulators composed of both rigid and flexible links can also be scaled using the 

Pi groups in (3.19) and (3.28). Theorem 3.2 states that the Pi groups for the rigid 

and flexible manipulators are equivalent, except for IlE;• 

Hence, for a manipulator with both rigid and flexible links, the rigid Pi groups 

from (3.19) can be used for the rigid links, and the flexible Pi groups from (3.28) 

ca11 be used for the flexible links. For consistency, it is very important that the 

same reference variables are used for the entire manipulator. As separate sets, the 

Pi groups for the rigid and flexible manipulators are referenced to different base 

parameters: m 1, ./1 , 0 for the rigid case, and p1 , 11, n for the flexible system. 

For a composite link manipulator system, only a single set of base parameters 

can be chosen. If the rigid manipulator base parameters mb J1 , 0 are chosen, the 

following changes must be made to the flexible Pi groups in order for the entire 

manipulator system to be scaled properly: 

• Change reference value for length from l1 to k1 = /1£. 
• Change reference value for clensity from p1 to m 1k11. 

• Change reference value for mass from m 1 = p1'1 to m1 . 
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If the flexible manipulator base parameters, p1 , li, f2 are chosen, then the fol­

lowing changes must be made to the rigid Pi groups: 

• Change reference value for mass from m1 to p1l1. 

• Change reference value for inertia from J1 to p1l~. 

• Change reference value for length from k1 = j! to l1. 

3.5.1 Example 

Five-Bar Manipulator with a Flexible Link 

The dynamics of a five-bar manipulator with 3 rigid links and one flexible link 

are examined by Wang(25]. The configuration of the manipulator is identical to 

that shown in Figure 3.3, but with the last link flexible in the horizontal direction 

only. Because of the configuration of the robot, the length of link 4 which is free to 

vibrate is L = l4 - l2 . The dynamics are a function of the following 23 parameters. 

rigid link 1: m1' J~, 

rigid link 2: m2, J:Z, 

rigid link 3: m3, J :z:z 
3 • 

flexible link 4: p4, L. 

joint 1: It 

joint 2: M2, I; 

joint 2: M3 , If; 

gravitational accel.: g 

time scaling: n. 

Jf', J"z 
1 

.1¥", 1== 
2 

Jr', 1=z 
3 

1:, E,. 

The base joint does not translate, so its joint mass M1 does not affect the dynamics. 

Since this is a rigid-flexible manipulator, the results from section 3.5 can be 

used. Choosing to use the rigid parameters m 1, Ji:, and n as base parameters, the 
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following 20 Pi groups result. 

The equations of motion are presented in (25]. Here, the uondimensiona.l equa­

tions with only one mode of vibration will be presented, without loss of geuerality. 

Let the mode shape be denoted by </,( z), and the generalized coordinate for the first 

mode be denoted by q4 • Define the following modal constants, 

1L q,(z)dz = (L] 2 
a 

a - => Ila= kr 

b - 1L <J,(z)"2dz = [LJ-1 => II&= bk1 

1L <J,(z)2dz = [L]3 
C 

C - => Ile= -k3 
l 

1L z<f,(z)dz = [L]3 C 
µ - => IIµ= k3· 

1 
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Then, the uondimensional equations of motion are: 

where 

( 
.. 2 2 ) ·;. 8Mu -:. -:.. 8Mu :. :. 

Mu+ ITM)IT2 + rrM3rr;3 + IT[h ql + -a· qlq2 + -a· qlq3 
1 q2 q3 

+ (ITp,.ITliIIa. cos(q2) - rrp .. Ilµ cos(q3)) q4 

-ITp,.nlt Ila sin( <i2)'12'J4 + ITp,. ITµ sin( q3)q3q4 = Hi( T) 

( 
.. ) .. l 8M11 ·2 

M22 + IT14- '12 - 2 8q2 <i1 + Ile (Iltc1 + IIm3Illc3 - IIm,.IIlt) cos(q2) 

+rrp.rrl,Ilasiu(t:fa)tz1'14 = H2(T) 

(Ilp,. n,l 11a. cos( ti2) - Ilp4 ITµ cos( cia)) ~it + Ilp,. Ilcq4 

-ITpJI1,ITa sin(q2)q1q2 + ilp4 Ilµsin(qa)q1q3 + IIB4 IIr:IIbq4 = 0, 

Mu = (rrL + Ilm3 fi;._3 + IIm,.Ilf, + IIJt' + ITJf') cos(ti2)
2 

+(Ilr:= + ITJ==) sin( <12 )2 
l 3 

+ (Ilm3 Il;2 + IIm .. nt + Ilm2 ITt2 + IIJ;a~ + ITJ:=) cos(qa) 2 

+(IIJfSI + ITJ:11) sin( q3 )
2 

.. 2 2 2 
M22 = rr,d + Ilm3 rr,c3 + IIm4 Ilz, + 1 + IIJ;Z 

A 2 2 ") 
M3a = Ilm1 II12 + IIm,. II1c◄ + IIm2 II;c2 + IlJ;z + IIJ:r. 
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Again, it is clear that the Pi groups predicted by the dimensional analysis are 

indeed present in the nondimensioual equations of motion. Simulation results for 

this system are presented in Chapter 8. 
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3.6 Pi Group Summary 

3.6.1 Rigid Manipulator 

A summary of the Pi groups for rigid manipulators (3.19), and a qualitative inter­

pretation of each is presented here. 

These two mass Pi groups scale the link and joint masses proportional 

to the mass of the first link. In effect. these Pi groups maintain the 

relative distribution of mass throughout the manipulator system. 

1 /~ 
ITJ - J IT h == ...l.. . - -1 Cj• r 

... . 1 j 11 

The inertial Pi groups scale the link and joint inertia proportional to 

the inertia of the first link ( about one of its principal axes). These Pi 

groups preserve the inertia distribution throughout the system. Also 

note~ that IIm; and IT J .. ; together define a length scaling for the system 

(Lemma 3.1). 

g 
Ila= k1ni 

This is the effective gravitational acceleration for the uoudimeusional 

manipulator. The interpretation of this Pi group can be explained by 

considering the case of an object falling in a gravitational field. As g 

increases. the object will fall faster, and correspondingly, as g decreases, 

the object will fall more slowly. This Pi group is used to moderate the 

time scaling frequency in response to changes in g. As g decreases, n 
must also decrease to maintain the value of the Pi group. This reduction 

in n corresponds to a slowing down of the system. 
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3.6.2 Flexible Manipulator 

A summary of the Pi groups for flexible manipulators (3.28) is presented here along 

with an interpretation. 

This Pi group scales the linear mass density of each link in proportion 

to the linear mass density of the first link. For a material whose links 

are all constructed of one type of material (IIPi === 1), th.is Pi group 

indicates that for dynamic equivalence. the same material must always 

be used for all the links. 

This Pi group scales the length of each link in proportion to the length 

of the first link. This group ensures that the relative size of the man.ip­

u1ator remains constant. 

The area moment of inertia of the cross-section is scaled using these Pi 

groups. These Pi groups ensure that the properties of the cross-section 

are scaled appropriately. For example, a link with a tall and thin cross­

section cannot be scaled to a short and fat cross-section. Along with 

IT1.-, these Pi groups define a length scaling for the system (Lemma 3.2). 

This Pi group is a function of the material of which the link is con­

structed. Because Ei is a material property, selecting the material for 
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the flexible link has repercussions on the values of m 1 , 11 , and n in order 

to maintain dynamic equivalence. For example as Ei increases ( a stiffer 

material), the time scale n must also increase. since stiffer materials 

have higher frequencies of oscillation. 

The joint mass Pi group scales the joint masses in proportion to the 

mass of the first link. This Pi groups maintains the relative distribution 

of joint mass throughout the system. 

The joint inertia Pi group scales the joint inertia in proportion to the 

axial mass-moment of inertia of the first link (I z;dmi). This Pi group 

maintains the relative distribution of joint inertia throughout the sys­

tem. 

g 
ITG = lifP 

The interpretation is the same as for Ila of the rigid manipulator Pi 

groups. 

75 
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3. 7 Design Methodology 

This section discusses the methodology by which the Pi groups can be used to 

create dynamically equivalent manipulators. A general procedure is first given, 

and then several examples are outlined. In all the explanations, the objective is 

to design a new manipulator (system 2), which is dynamically equivalent to an 

existing manipulator ( system 1). The notation ( • h and ( • )2 will be used to denote 

parameters of system 1 and system 2 respectively. 

3. 7.1 General Procedure 

Given the physical parameters of a manipulator, the following general procedure 

is used to determine the physical parameters of another dynamically equivalent 

manipulator. 

1. Identify all the physical parameters of the manipulator ( system 1). As this is 

the original system ( system 1). set the time scaling frequency to n = 1 s- 1
. 

2. Select the base parameters: m 1 , J1 , n for rigid manipulators, or p1, 11, n fur 

flexible manipulators. 

3. Compute values for the appropriate the Pi groups. 

4. Select values for three independent parameters of the new manipulator ( sys­

tem 2). For example, gravitational acceleration. mass of one of the links, or 

the type of material. 

5. Using these three parameters, re-arrange the Pi groups to calculate the re­

maining manipulator parameters for system 2. With this method, the values 

of the Pi groups for systems 1 and 2 are the same, and therefore, the two 

manipulators are dynamically equivalent. 
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3.7.2 Example 1: Rigid Manipulator - Changing Gravity 

This example will illustrate how to design dynamically equivalent rigid manipula­

tors in different gravitational fields. 

In step 1 of the procedure, values for all the physical parameters of the manip­

ulator ( system 1) must be found. All the link and joint masses a.nd inertias must 

be detennined. Let (g) 1 denote the gravitational acceleration in the environment 

of system 1. and set (Q)i to 1 s-1 . 

Next~ choose mb J1 , and n as base values (step 2), and then compute the Pi 

values using the rigid Pi groups in (3.19). 

In the fourth step. values for three independent parameters of the new ma­

nipulator (system 2) must be set. It is in this step that the new manipulator is 

-designed~. since the defining parameters are chosen. For this example~ suppose 

that the new system is to operate in a different gravitational field, of value (g )2. 

Also. suppose that the desired link 1 mass of the robot is (mi) 2 ~ and the desired 

inertia for link 1 is ( J1 h = ( Jfx )2. 

In the final step, the values for these three parameters are used to calculate the 

values for the remaining system parameters. First~ the radius of gyration~ (ki) 2 , 

can be computed as 

The remaining system parameters can now be computed. With the value for (g h 
and the value for {ki)2 , the value for (Q)2 can be found by using the Pi group Ila. 

For dynamic equivalence, the parameters (g)2, (ki) 2 , and (Q)2 must satisfy 

Fiually, since { m 1 b and ( J1 h are known, then the remaining link and joint 

masses and inertias for the system 2 manipulator can be found using 

M· J 

(m1)2Ilm,:, Jc;== {J1)2IIJci' 

(m1hIIM;, Ij = (Ji)2IT1~-
i 
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Now, all the parameters for the system 2 manipulator have been founcl. Al­

though, system 1 and system 2 are operating in different gravitational environ­

ments, they are dynamically equivalent. This scenario is illustrative of the case 

where a manipulator to operate on the Moon, can be designed and tested with a 

dynamically equivalent prototype on the Earth. 

3.7.3 Example 2: Rigid Manipulator 

Changing Link Material 

This example illustrates how to incorporate material specifications into the design 

of a dynamically equivalent rigid manipulator. In this case, the rigid Pi groups 

incorporating volume mass density (3.20) must be used. The first three steps involve 

identifying the parameter values. selecting the base parameters (pr . .11 , !1). and 

computing the Pi values. 

Iu step 4, three parameters of the new manipulator (system 2) are chosen. By 

selecting a specific material, the value for {prh is fixed. The environment of the 

manipulator automatically fixes the value for gravitational acceleration to a value 

(g)2. For the final parameter, choose the inertia of link 1 to be (J1 h = (Jf:z:}2. 

In the final step. these three values are used, along with the Pi values, to de­

tenuine the remaining parameter values for system 2. The time scaling frequency 

can be found from Ila, 

=> 

The remaining parameter values can be determined as follows: 

(Pih - (prhIIpr 

( J cJ2 - (J1hIIJ . 
Cl 

(Mjh 
2 ! 

- ( (pr) 5 1: hIIM; 

(Ijh (Ji)2II1~-
1 
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Therefore, the links of system 2 have been constructed out of the desired mate­

rial, and the manipulator is also dynamically equivalent to manipulator system 1. 

3.7.4 Example 3: Flexible Manipulator 

Changing Link Material 

In this final example, the way to design a dynamically equivalent flexible manip­

ulator out of a specific material will be discussed. Again, in steps 1 to 3 of the 

procedure, the parameter values for the flexible manipulator (system 1) are found. 

the base parameters are identified (p1 , 11. 0). aucl the Pi values are computed. 

In the next step, three parameters of the new manipulator (system 2) can be 

specified. The manipulator environment automatically fixes the gravitational ac­

celeration to a value (g)2. Now, by choosing the link material for a flexible ma­

nipulator, two parameters are fixed: the elastic modulus ( E1 h, and the density 

(Pih-· 

With these three values. the remaining parameters ru:e determined by using the 

flexible Pi groups from (3.28). The value for (nh is found from IlE1 , 

The value of (li}2 is found from Ile, 
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The remaining parameters of manipulator system 2 can now be computed, 

(Pih = (p1)2IIPi 

(ld2 - (l1hIT,i 

(Eih - (P1 )2(112 hITEi 

(Ix.h = (lfhITr~. 
I 

(Imh - (l1hII111• 

(Mjh - (P1h(l1hIIMj 

(IJh - (p1 h( lthITrh. 
1 

Therefore. the two flexible link manipulators. although constructed out of dif­

ferent materials. are dynamically equivalent. 



Chapter 4 

Actuator Dynamics 

In the previous chapter the dynamic equivalence conditions for rigid and flexible 

manipulators were determined. Iu the following three chapters~ scaling laws for 

actuator dynamics. control laws, and friction effects will be presented. The overall 

system is shown in Figure 4.1. 

-------------------------~ l 

friction : 
I 

Fr, 
~ --- ~ I 

qref controller ator 
q I q I 

1_ - - - - - - - - - - - - - - - - - - - - - - - I 

robot 

Figure 4.1: Overall Manipulator System 

q 

Referring to the figure, the generalized input forces to the manipulator, F, can 

be written in terms of the manipulator generalized coordinates q, the controller 

inputs u, the generalized forces applied by the actuators Fa, and the friction effects 

F 1, as 

81 
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The manipulator equations can he expressed using the Lagrangian, L. 

d (8£) 8L dt Bq - Bq = F = Fa(u,q) + F1. ( 4.1) 

In this chapter the scaling conditions for actuators will be examined (Figure 4.2). 

The actuator dynamics generate the generalized forces which are applied to the 

manipulator through the actuated joints. In order to determine the scaling laws 

for the actuator dynamics, it is necessary to examine the dynamics behind these 

generalized forces. A general model for the actuator dynamics will be investigated 

and scaling laws determined. Joint flexibility will also be discussed in au example. 

-------------------------~ I 

q ------- controller ref 

friction 

q I q I 

1_ - - - - - - - - - - - - - - - - - - - - - - - I 

Figure 4.2: Actuator Block 

4.1 General Actuators 

robot 
q 

Before deriving the uondimensional groups characterizing general actuators, the 

fonn of a general function to describe the actuator dynamics is required. The 

dynamics of two actuators will be presented to motivate the notation of the general 

form. 

Example 1: Permanent Magnet DC Motor 

The reduced order1 dynamic equation for a permanent magnet DC motor[20] is 

h.. ( KbK ) • I ~ + B + R rn ~ = u(t) - rF(t), ( 4.2) 

1assumes that the electrical time constant << mechanical time constant, ~. 
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where {(t) is the motor angle. u(t) is the control input, F(t) is the load torque {the 

manipulator), Jh is the gear and armature inertia, B represents motor damping, 

Km is the motor torque constant, K& is the back emf constant, R is the armature 

resistance, and r is the gear ratio. This equation illustrates the dynamics behind 

the torque F(t), which the motor applies to the manipulator. 

The physical parameters which characterize this actuator can be collected in 

the set <I>. as 

Scaling the actuator will require the parameters in '~ to be scaled appropriately. 

The torque is transferred to the manipulator via the term F. Rewriting ( 4.2) 

in terms of F gives 

1 h.. 1 ( K&K-m) • 1 F(t) = --I f. - - B + -- f. + -u(t). 
r r R r 

In general. this can be written as 

When the link is rigid and directly attached to the motor shaft, the motor angle 

f. is the same as the generalized coordinate for the link, qi. .. 
Example 2: DC Motor and Joint Flexibility 

Harmonic drives are often used to actuate robot manipulators because of their min­

imal backlash. However, these actuators exhibit significant joint flexibility, which 

is typically modelled as a torsional spring between the motor shaft and the ma­

nipulator link. By introducing joint flexibility effects, the manipulator and actua­

tor dynamics become coupled through the stored potential energy in the torsional 

sprmg. 

Define f. to be the angular position of the shaft, and qi the angular position 

of the link. For this actuator, the torque F applied to the manipulator is the 
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torsional spring force! which is proportional to the difference between ( and q;,. The 

manipulator equations can be written using the Lagrangian L. as in the previous 

chapter. The coupled equations can he expressed as(20] 

(4.3) 

where Jh and B are the motor inertia and damping respectively, u is the control 

input~ and K., represents the torsional spring constant. 

The physical parameters which characterize this actuator are 

Upon examining ( 4.3), the torque that the actuator applies to the manipulator 

can be effectively characterized by 

Hence the actuator dynamics are dependent upon the actuator generalized co­

ordinate { and its derivatives~ the link generalized coordinate qi, and the control 

input u. ■ 

In general, let the set ~ contain the physical parameters of the actuator. Then. 

if the actuator is defined by m parameters~ 

where the fundamental dimensions of <Pi are, 

Although the manipulator is a mechanical system defined solely by the dimen­

sions of mass, length, and time~ the actuators themselves may be defined by elec­

trical and thennal dependent quantities. Therefore~ the fundamental dimensions of 
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current [A] and temperature [0L have been included in the possible dimensions of 

each actuator parameter. Note that the actuator output must still be either a force 

or a torque; namely. a wechauical (MLT) quantity. 

In general. it will be assumed that the actuator dynamics are a function of a 

generalized coordinate, ~' a link generalized coordinate, qi, and a control input, u. 

Furthermore, it will be assumed that l has dimensions of length (i.e. measures a 

translation or rotation). Also, the actuator output is assumed to be a generalized 

force. Now. with the actuator connected to the ·ith link. the external force applied 

by the actuator can be expressed by the function Fa, 

F.. - F (~ i c(n) . • . (k) ) 
l - a '• ' • • • • • '-. • qt.• q,, • • • • qi • U • (4.4) 

The actuator dynamics can be nouclimensionalized by examining ( 4.1) for one 

of the generalized coordinates qi. The Lagrangian L has dimensions of energy, and 

the generalized manipulator coordinate qi has dimensions of length. In terms of 

fundamental dimensions. 

where r = 0 for a revolute joint and r = 1 for a prismatic joint. 

By assumption, the actuator generalized coordinate, l, has dimensions ofleugth, 

and the actuator output, Fa., is a force or torque. The dimensions of the c:ontrnl 

input, u, are not specified. Therefore, 

where p = 0 or p = I for rotary or translational length respectively. 

It is imperative that for a particular manipulator sy .. c;tem (manipulator. actu­

ator, controller. and friction), the same base variables are always used for the 

noudimeusioualizatiou. In this development, the variables m 1 , J1 , ancl n are used 

as base variables, indicating that the manipulator has rigid links. Without loss of 

generality, the variables p1 , 11 , and n could be used as base variables if a flexible 

manipulator was being scaled. 
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Because the control input, u~ may have dimensions of current and temperature, 

two new reference values must be defined. Denote the reference value for current 

by Ao and for temperature by Bo. 

By Theorem 3.1 (section 3.4), use the manipulator variables mi, k1 , 0, and the 

reference values. Ao, 80 to define the nondimensional variables: 

Hence, considering only the generalized forces applied by the actuator to the 

manipulator. Fa, nondimeusionalizing (4.1) gives, 

- 1n1k;-rn2 Fa ( {, e, ... , {(n}. qi, ... , qfk). U) 

F.• (1.:.11i J.:.Pr.J J.:.Pnnf(n) kr •. krrik -(k) akbn-cAdf}e ·) 
- a 1 ', • 1 H,, • • • , l Ui '- ' 1 qi' · • · • l ,ll, qi • ml 1 H O OU • 

(4.5) 

Examining the right-hand side of ( 4.5), define the nondimensional actuator dy­

namics by: 

To determine the scaling law for the actuator dynamics, the parameters iu <p 

must be examined. Consider the parameter <Pi within Fa.. In general, the parameter 

<Pi is multiplied by some function 'Yi of the variables {, qi and u. Furthermore, <Pi 

may be raised to a real exponent, Si- Hence, introduce the variable 1/Ji to define the 

product of <Pi and 'Yi, 
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Within Fa, the parameter </>i may have a multiplicity greater than one. For each 

occurrence of </>i, there will correspond a different (1/Ji,,i) pair. However, from the 

principle of dimensional homogeneity, the nondimensional group for <Pi resulting 

from each (VJi, ,i) pair will be the same. 

Example: Permanent Magnet DC Motor with Nonlinearity 

To demonstrate the use of this notation. a modified version of the permanent mag­

net DC motor equation from ( 4.2) will be used. In addition. to illustrate how 

nonlinearities can be hanclled. a transcendental function ( as an example of a non­

linearity) has been added to the actuator dynamics. The resulting actuator dynamic 

equation is 

where Fa and u are torques. and E, and qi measure angular position. 

The parameter set for ( 4. 7) is 

and the parameters have the following fundamental dimensions 

Jm = [M][Lj2. Km= [M][L] 2[Tt2[AJ-1. Kb= [Ml[L] 2[TJ-2[AJ- 1
, 

R = [M][Lj2[T]-3 [A]-2
• Pi = [Ml[L]2[TJ-2

, P2 = (T]. 

Now. for (4.7). using the above notation, 

.. .. 
"Pl - Jmf. = Jm X E, => ,1 = E. 

1P2 KbKmE.· - K Km[.· Km· - - bX- => ,2 = -E. R R R 

"P3 
KbKm • Kb· Kb. 

- R E, = Km X Rf, => "{3 =-E. R 

VJ4 - KbKm (. = R-l X KbKmi. => "{4 = KbKmf., .'!4 = -1 
R 

VJs - P1qf sin(P2(.) = Pi x qf sin(Pi) => ,s = qf sin( P2i.) 
. . 

"PG = P2E. = P2 x e => tG = f.. 
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Returning to the general expression, all the terms in Fa are nondimensional by 

definition. This means that after the nondimensionalization process, the function 

1Pi must be transformed into a nondimensional 'efJi- By definition, the fundamental 

dimensions of <Pi are [M]0 i[L]b•[T]c;[A]d;[8]ei. In terms of fundamental dimensions, 

express "Yi as, 

Hence. "Pi = <1>:; 'Yi, has fundamental dimensions, 

Since. by asslllllption. neither the actuator output Fa, nor the generalized coor­

dinates f.. qi contain the fundamental dimensions [A] or (8), then every product 1/Ji 
must also be independent of [A] and [8]. This implies that for parameters whose 

dimensions contain (A] and [ 8], there must be an internal cancellation of these 

dimensions with another parameter. So, 'ifli is nondimensional in an MLT sense. 

which means that the exponents of [A] and [0] in "Pi must be zero. That is. 

-'>i~ +ii= 0 

( 4.8) 

To reiterate. this does not mean that the components of 1/Ji, namely <Pi and "Yi, are 

independent of [A) and [8]. Instead. it implies that for an MLT system, there is an 

internal cancellation of the "non-MLT" dimensions [A] and (8] between <Pi and "Yi· 

Since, ~'i is nondimensional. its relationship to -,Pi can be determined by applying 

Theorem 3.1. Use the reference values Ao and 80 for current and temperature 

respectively to obtain. 

= 



I 
I 
~ 

CHA.PTER 4. ACTUATOR DYNAMICS 89 

By definition of the fundamental dimensions of <Pi and 'Yi, the terms in square 

brackets are both nondimensional. So the uoudimensional variables ef>i and 1'i can 

be defined as. 

Therefore. the nondimensional group for the actuator parameters can be de­

scribed by: 

This result implies an extension of Theorem 3.1 (section 3.4) to parameters 

with m fundamental dimensions. and to systems with m fundamentally distinct 

parameters. 

Theorem 4.1 (Pi Group for System Parameter) 

Let the m fundamental dimensions be [ui], ... , [umL and let</> be a11,y parameter of 

the overall manipulator system. If the dimensions of <P are 

and the manipulator system has m fundamentally distinct parameters: { 111 , ... , vm} ~ 

then a nondimensional gro·up for </J i..~ 

II"'- __ <P __ 
-

11
Pt 

11
Pm • 

1 •. • m 

Proof 

The structure of this proof is similar to the proof of Theorem 3.1. In this case, after 

selecting 111, ••. , 11m as the base parameters, the Pi group for <P will be of the form 

where the Ci are the exponents that have to be solved in order to make the Pi group 

nondimeusional. However, because the base parameters are fundamentally distinct 
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by assumption, then only one fundamental dimension [ui] is associated with each 

parameter tii. In terms of fundamental dimensions, the Pi group is 

By inspection, it is obvious, that the values of the exponents Ci must satisfy 

Hence. the nonclimeusional Pi group for the parameter tp is 

<P 
II,t, = Pl Pm' 

tl1 • • • 'llm 

as required. 

Example (cont): Permanent Magnet DC Motor with Nonlinearity 

This system is described by the following parameters: 

The fundamental dimensions of each parameter are 

.Im = [M][L] 2

, Km = [Ml[L] 2 [TJ- 2 [AJ-1, Kb = [M][L] 2 [TJ- 2 [AJ- 1

• 

R = [M](Lj2[T]- 3 [AJ- 2

, P
1 
= [M][Lj2[TJ- 2

, P2 = [T]. 

■ 

Directly applying Theorem 4.1 with the fuudameutally clistinct parameters 

m1, k1, n, and Ao, gives the following noudimeusioual groups: 



CHAPTER 4. ACTUATOR DYNAMICS 91 

This result can also be obtained directly from the nondimensional actuator dynam­

ics. 

1 • 2 •• 2 -2 
- mikfn2 Fa.({, nt.. n {, qi, m1k1 n u) 

1 ( 2 •• K&Km • ., . • ., _2 ) 
- mikrf>.2 Jmr,, < + R ne + Piq; s111(P2fl!) + m 1kifl u 

Jm ·· 1 K&Km • Pi '> • • 

- -k2{ + k2n R E. + k2n2 q;s111(P2fl{) + u. 
ni1 1 m1 1 m1 1 

Since it is known that the parameters Kb, Km, and R coutain the dimension of 

current [A]. the final equation can be expanded further by introducing the reference 

Therefore. the uondimensioual groups in the noudimensioual actuator equation 

agree with those obtained directly using Theorem 4.1. ■ 

4.2 Example 

4.2.1 Revolute DC Motor with Joint Flexibility 

As described at the beginning of this chapter, the actuator dynamics for a revolute 

DC motor with joint flexibility can be described by the coupled equations (4.3) 

d (8L) 8L 
dt 8qi - 8qi = Ka(e - qi) 

h .. • 
I <+BE.= u(t) - K.(E. - qi), 

where [h and B are the motor inertia and damping respectively, u is the control 

input. and K 6 represents the torsional spring constant. 
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The actuator effect can be captured in the function Fa as 

The parameters for the actuator are contained in the set 

and have the following fundamental dimensions 

Applying Theorem 4.1. this actuator can be scaled if the following nondimeu­

sional groups are kept constant. 

It is straightforward to see that by directly nondimensionalizing the actuator 

equation. the same nondimeusional groups would result. The nondimensional equa­

tion is .. . 
Fa(E.. iJ., </i, ii) = Ih(i - qi) = -II1i - II2f + u. 

In particular, the Pi groups indicate that in order to scale joint flexibility effects, 

the spring constant used to model the flexibility must be scaled appropriately. 



Chapter 5 

Controller Scaling Law-s 

In this chapter. a scaling law for a general control strategy will be determined. 

Again, the controller fits into the overall system as per Figure 5.1. In this setup. 

the controller provides a control sigual. 1i, to the actuator. based on the mau.ipu­

lator state, the actuator state, previous control signals, and the reference signals. 

Contrary to the actuator output, the controller output is not restricted tu hav­

ing dimensions of generalized force. Fur instance, the control output could have 

dimensions of voltage or current. 

I .---~ ~ 
, fnction 

~ 
q re_f _ _.._~J~9m,9p~f(i actuator robot 

q I q I 

1_ - - - - - - - - - - - - - - - - - - - - - - - l 
q 

Figure 5.1: Controller Block 

The derivation of the controller scaling law is very similar to the derivation of 

the actuator dynamic equivalence conditions ( Chapter 4). In addition to scaling the 

control law, it is also necessary to scale the performa1ice specifications used in the 

93 
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design of the controller. The scaling conditions for the performance specifications 

are presented in the final section of the chapter. 

5.1 General Control Law 

Before developing the scaling conditions for general controllers~ some simple exam­

ples will be presented. 

Example 1: PID Control 

A PID controller for the ?h manipulator link has the following form 

where Kp. Ki, and Kd are the proportional, integral. and derivative gains respec­

tively. 

The set of parameters which characterize the PID controller can be collected in 

the set <P. 

Scaling the controller will require that these gains be scaled appropriately. 

In general~ the PID controller (5.1) can be expressed using a general function. 

Fe as 

■ 

Example 2: Second-order Transfer Function 

An example of a second order transfer function controller is 

C( ) = U(.,;) = s + a 
.,; E( ? , a, b, c E R, 

.,; ) .,;- + bs + c 
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where U(s) represents the Laplace transform of the output, and E(s) is the Laplace 

transform of qreJ(t) - q(t). This can be rewritten in terms of u(t) as~ 

I ( • L·. "") u = - ac + c - uu - u , 
C 

where c = qre/ - q. 

The set of controller parameters is 

In general. the controller could be written using the general function Fe, 

■ 

Every controller is a fuuctiou of certain parameters whose values define the 

effect of the control law. Furthermore. these parameters can be tuned to adjust 

the controller perfonnauc:e. Let ~ define the set of the controller parameters for a 

general controller. Suppose that the controller is defined by m parameters. then. 

where the fundamental dimensions of q>i are: 

In general, the control law will be a function of the link generalized coordinate, 

qi and its derivatives, the reference signals qref, derivatives of the output, 1t, and 

also the actuator generalized coordinate~ e. So, the general control law can be 

expressed by the function Fe as, 

(5.2) 

with no restrictions on n. m, or k. 
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There are no dimensional restrictions on the control signal, u. Therefore, let u 

have fundamental dimensions: 

The variables qi, qref• and~ all have dimensions of length, 

where r = 0 if qi measures angular position. and r = 1 if qi measures translational 

length. Similarly for p and ~. 

As was stressed in Chapter 4. it is very important that the same base variables 

are always used throughout the manipulator system (Figure 5.1) for consistency 

of the nonclimensional groups. Using Theorem 4.1 (section 4.1), the manipulator 

variables m 1 , k1 , !1 and the reference values Ao, 80 can be used as base variables to 

uondimensionalize the general control law in (5.2). These five variables form a fun­

<lameutally distinct parameter set. Define the following nondimeusional variables. 

The nomlimensionalization of the actuator dynamics in ( 4.6) introduced a noudi­

mensional variable for the control variable~ u, namely, 

As expected. this definition is identical to the form of ii. defined in this section. 

Therefore. uondimensionalizing the general control law from (5.2) and re-arranging 

gives, 

u = 
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Examining the right-hand side of the above equation, define the nondimensional 

control law as 

(5.3) 

To determine the scaling law for the controller Fe~ the parameters in <J.> must be 

examined. As with the actuator dynamics. a parameter 'Pi within Fe is multiplietl 

by some function ri of the variables qi, q.,.e1, e~ and derivatives of u. In general. 

represent the produd of <Pi and 'Yi by the variable ¢i: 

By definition. all the terms in Fe {5.3) are noudimensional. Therefore, after the 

nondimensioual process, the function 1Pi must be transformed into a nondimensional 

'ifJi- The fundamental dimensions of <Pi are defined to be (M]ai[£jbi(T]c:;(A]d•[0]ei. In 

terms of fundamental dimensions, express ,, as. 

Hence. 1Pi has fundamental dimensions: 

Introducing reference values for current, Ao, and temperature~ 00 , and applying 
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Theorem 4.1 to "Pi results in: 

1 
(6iai+/;,) T,}"ibi+gi)n<-•·c·-h·) A (a,d,+ii)9(&it!,+ki) "Pi 

m1 1 • • • o o 

(•;a;+") k(a;b;+g; ln (-,le· -h ·) A (,;d;+j;) 9(•;•;+k;) ,f,t'-r• 
m1 1 • • • o o 

- [ mr;a; k:'b; n!a.e; A~;d; (i~i<i ,f,i'] [ m{' kf' n ~h; ~· (I~' 'Yi l 
[ 

1 ] •• [ 1 ] 
= m~• l~· n-Ci A~-0~• 'Pi m{' If· n-hi A~· 8~i 'Yi 

6. J?'ii by Theorem 4.1. 

Therefore, the 11011dimensional group for the controller parameters can be de­

fined by 

(5.4) 

5.2 Examples 

5.2.1 PID Controller 

In this example~ the above theory is verified for a PID control law. Consider the 

inputs to be joint angles and the outputs to be motor torque. From (5.1). with 

qref = 0, the PID control law has the form: 

The PID controller parameters are the proportional, integral, and derivative 

gains~ 

and have the following fundamental dimensions 
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Applying the result from (5.4L the scaling conditions for the PID gains are 

Kp Ki Kd 

IIKp =: m1k;f!2 ~ IIKi = m1krfP' ITK,, = m1krn. 

These can be verified directly from the nondimensional form of the controller. 

f'c ( ij;, q,, j ij;dr) - mi:ffl.2 Fe ( ij;, fl.~;, 0-1 
/ ij;dr) 

- mi:ffl.2 ( -Kpqi - K,n-1 j ij,dr - Kdnq,) 

Kp & Ki J .. d Kd :. 
- - m1kfn2 qi - m1kffP qi T - m1krn qi 

- -ITKp<ji - IIK, I qidT - ITK,,qi, 

which verifies the Pi groups obtained directly using (5.4). 

5.2.2 General Linear Controller 

All linear lumped-parameter controllers can be expressed as transfer functions of 

the form. 

C(.s) = K Ilf1(s + Zi) ~ m Sn 
rrj=l (.,+Pi) 

(5.5) 

where K is the gain, Zi are the zeros, and Pi are the poles. Lead-lag~ H2, H,x, 

controllers are examples of such linear control laws. 

The parameters for this controller are: 

The fundamental dimensions of the parameter K depend on the fundamental 

dimensions of the input and output signals to and from the controller. Let the 

fundamental dimensions of C(.§) be [M]a[L]b[Tf, where a, b, c E R. Then, the 

fundamental dimensions of the controller parameters are, 
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Therefore, the Pi groups for the parameters of a general linear controller are, 

Zi Pi IT - K 
II.:; = n' IIP; = n' K - miLtn-cc+m-n)' i E [l, m], j E [l, n]. (5.6) 

These controller Pi groups can also be verified in a straightforward manner by 

direct nondimensionalization of the control law. These scaling laws are a general­

ization of the controller scaling conditions examined by Ghanekar[l8], where the 

linear controller was an H'XJ controller used for position control of a single flexible 

link manipulator. 

5.2.3 Sliding Mode Control 

In this example. the scaling conditions for a sliding mode controller are detennined. 

This controller was selected to illustrate the versatility of the scaling theory to 

nonlinear anc.l switching controllers. 

Control Design 

In the sliding control technique, the tracking error between the actual and desired 

system trajectories is represented using a sliding s1trface. Then, two control inputs 

are designed: the switching coutrol input, which drives all trajectories towards the 

sliding surface~ and the eq·uivalwt control input, which maintains all trajectories on 

the sliding surface. Both the control inputs are highly nonlinear. and the transition 

from one control to the other is often discontinuous. 

This control strategy is an example of variable structure control. The method­

ology for solving the sliding mode control problem for a given system is described 

in a tutorial by DeCarlo et al.(26}. In this thesis, the sliding mode control theory 

will not be covered ill detail. For more information see [26}. 

Let the manipulator dynamics be expressed as a system of first order differential 

equations 
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where x is the 2n x 1 state vector, and u is the n x 1 input vector. States x1 to 

Xn represent joint positions, whereas states Xn+l to x 2n represent the corresponding 

joint velocities. 

As described above~ the control input is expressecl as the sum of the switching 

control input, u±. and the equivalent control input, u. That is: 

To determine the equivalent control input u, the sliding surface itself must 

be examined. Typically, a sliding surface is selected to be a weighted sum of 

joint position error and velocity error. Define the tracking error by the vector 

x = x - Xref· Then, in terms of the parameters Ai, the sliding surfaces, Ui, are 

defined. one for each joint. as follows: 

The parameters Ai determine the rate at which the trajectories approach the desired 

trajectory on the sliding surface. 

Define. 

and then. the sliding surfaces can be equivalently written using the matrix S as. 

It can be shown(27} that the equivalent control input is: 

U A (SB )-1 (-Sf - S Zref) • 

The switching control input u ±, is used to drive the trajectories toward the sliding 

surface. For trajectories on the sliding surface, ui = 0. Therefore, this input should 

intuitively be a function of sgn( <ri). In terms of the parameters I.;, the switching 

control input is defined as: 
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The sliding control input is given by the formula: 

(5.7) 

A common artifact of switching controllers is a phenomenon known as chat­

tering. This is caused by the ""sgn ~ operation on the current value of the sliding 

surface. <Ti. The operator is defined by. 

{ 
1 if <Ti > 0 

sgu(ui) ;; 
-1 if <Ti < 0 

The chattering effect can be smoothed out by replacing the sgn operator with 

a saturation operator of width Ai. This operator is defined by, 

1 if 
<Ti 
->l 
Ai 

( 

(1· ) 6. <Ti U· 
sat A'i = if -1 < -

1 
< 1 

Ai - Ai -

-1 if 
<Ti 
-<-1 
l!t..i 

Scaling Conditions 

The value of the sliding surface ui has fundamental dimensions of [TJ-1
. Therefore. 

the width of the saturation operation~ di, must also have dimensions [TJ- 1. 

The parameters defining this controller are: 

with the following fundamental units: 
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Using the controller scaling laws (5.4), the Pi groups for the controller parame­

ters are, 

Again, these results can be obtained by direct uondimeusionalization of the 

controller equations. 

5.3 Performance Specifications 

Iu implementing a controller on a robotic wauipulator, the controller parameters 

are tuned until the system response meets the requirements of the performance 

specifications. The performance specifications can be divided into three categories: 

those describing a time criterion ( e.g. rise time. settling time). those describing a 

position c.."Titerion (e.g. end-effector position, maximum overshoot). and those giving 

constraints on the control effort ( e.g. maximum torque output). The following 

notation is used to describe these criteria, 

• T to represent a time specification 

• C to represent a position specification 

• 1i to represent a control effort specification. 

The fundamental lUlllensions of the specifications are 

where p = 0 for angular specifications {radians, torque), and p = 1 for translational 

lengths and forces. 
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Using Theorem 4.1, it is straightforward to find the nondimensional performance 

specifications for the manipulator system 

ITr - nr 
Ile 

C, 
-

Fi 
IT1£ - 1 1-l 

12-pn,2 • 
m1 1 

(5.8) 

Equivalently. use k1 as the reference length value for a rigid manipulator system. 



I 

Chapter 6 

Friction 

Tribology is defined as the science and technology of interacting surfaces iu relative 

motion, and involves the study of friction, wear, and lubrication[28]. Whether it 

is desired, or is an impediment. friction is present in all engineering applications 

involving the movement of one solid surface over another. In robot manipulators. 

friction acts to impede the robot motion. The friction forces are usually present 

as resistive forces in the actuators driving the manipulator links, and are included 

in the overall system as per Figure 6.1. From the standpoint of builcling accurate 

scale models, it is important to have an idea of the factors that affect the friction 

forces. 

q ---- controller ref actuator robot 

q I q I 

1_ - - - - - - - - - - - - - - - - - - - - - - - I 

q 

Figure 6.1: Friction Block 
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6.1 Historical Perspective 

The qualitative nature of friction had been known for almost 2000 years before any 

scientific investigation was begun. In the 15th century, Leonardo da Vinci forum­

lated the two basic laws of friction[29). These laws. "'rediscovered'1 by Amontons 

200 years later in 1699, can be stated as[28): 

1. The friction force is proportional to the normal load. 

2. The friction force is independent of the apparent area of contact. 

Mathematically. the first law states that if N is the normal load. then the friction 

force Fi can be expressed as. 

where µ is the coefficient of friction. The second form of the equation indicates 

that µ is independent of the normal load. Two friction coefficients are usually 

considered. The coefficient of static friction JL 6 is a measure of the force required 

to move a body initially at rest. The coefficient of kinetic friction µk is a measure 

of the friction force opposing the inertial force of the body. 

There are several theories to explain the presence of the friction force. The 

model proposed by Coulomb ( c.1781) suggests that friction is a result of the surface 

roughness of two bodies fitting together like a jigsaw puzzle, and the friction force 

results from moving one object against the roughness of the other(29}. It is presently 

accepted that friction is a result of the interaction between two surfaces at an 

atomic level. The force arises from an adhesive force at the area of contact, and 

from a deformation force required to move the harder material through the softer 

material[28]. 

To reduce friction, a lubricating fluid can be placed between the two surfaces 

in contact. The thickness of the fluid layer is greater than the roughness of the 

surfaces themselves. thereby reducing the friction effect [28]. 
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6.2 Friction Models 

There are two classic friction models: Coulomb friction and viscous friction. The 

scenario used to describe these models is that of a body moving over a fixed surface 

which has some friction characteristic(30]. In addition, researchers have developed 

friction models to account for the Dahl effect and Stribeck effect[31J. 

6.2.1 Coulomb F'riction 

Coulomb friction describes the situation in which the friction force is constant in 

magnitude. but opposite to the direction of the motion of the body. The magnitude 

of the friction force is equal to a friction coefficient,µ, multiplied by the load of the 

body normal to the surface. This type of friction is also known as dry friction. as 

it occurs in the absence of lubrication. The model used for the Coulomb friction 

force. Fe. is: 

Fe= µNsgn(xL (6.1) 

where x is the velocity of the body, N is the normal force, and µ is the friction 

,:oefficient. 

Often, the friction force that must be overcome when moving the body from 

rest, is greater than the friction force that is present while the body is moving. 

These two friction forces are known as static and l-inetic friction respectively. Both 

are proportional to the normal load, but by different friction coefficients~ µ 11 is the 

static friction coefficient, and µk is the kinetic friction coefficient. 

6.2.2 Viscous Friction 

Viscous friction describes the situation in which the friction force is proportional 

to the velocity of the moving body, but opposite to the direction of motion. This 

model is often used in describing the motion of a body through a fluid. The model 
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for the viscous friction force, Fv, is: 

(6.2) 

where ;i; is the velocity of the body, and c,, is the viscous friction coefficient. 

6.2.3 Dahl and Stribeck Effects 

Although the scope of this thesis is uot directly with friction, two other friction 

effects should be mentioned here. The Dahl effect describes the observation that for 

small displacements. the sliding area between two surfaces acts like a linear spring. 

The Stribeck effect describes the low velocity phenomenon when fluid lubrication 

causes the friction force to decrea..,;;e as velocity increases[31J. 

A model encompassing all of these friction effects is proposed by Canudas de 

Wit et al.(31]. The friction mechanism is visualized as two rigid bodies which make 

contact through elastic bristles. The friction force arises when an applied force ( to 

the body) causes the bristles to deflect like springs. The friction model proposed 

has two parts. The first part models the average bristle deflection, z, by, 

dz j11I 
- =11- --z, 
dt 9(11) 

(6.3) 

where 11 is the relative velocity between the surfaces, and g( t1) is a positive function 

that depends on many factors such as material properties and lubrication. 

In the second part, the friction force, F, arising from the deflection of the bristles 

is modelled by, 

where u0 , u1, and u2 are stiffness, damping, and viscous d~ping coefficients re­

spectively. These coefficients are determined experimentally[31]. 

Different parameterizations of g( 1,) are used to describe different friction effects. 

For the Stribeck effect, the following parameterization is used: 

(6.5) 
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where Fe is the Coulomb friction level, Fs is the stiction force, and t1a is the Stribeck 

velocity[31 J. The Dahl effect can also be captured by this model, by parametrizing 

g(·l1) as, 

6.3 Friction and Manipulators 

It will be assumed that. for the robot manipulators considered in this thesis. the 

friction effects are all confined to the actuator dynamics. In other words, it will 

be assumed that there is no contact between adjacent robot links, and there is no 

slippage in the connection attaching the link to the actuator. The actuators used 

in robotics are typically electrical, hydraulic~ or pneumatic actuators. If friction 

is to be included in the manipulator model, it will be assumed that the the two 

basic friction models described above are sufficient to characterize the friction ef­

fects in the actuators. The extension to more complicated friction models will be 

straightforward after the results of this section are presented. 

6.4 Scaling Friction Effects 

Suppose the friction coefficients for a given manipulator are identified. Dimen­

sional analysis can be used to determine the scaling law for the friction coefficients. 

Theoretically, this will indicate the required values for friction coefficients on a dy­

namically equivalent manipulator. Whether the specified value can be achieved is 

a separate issue ( section 6.6). 
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6.4.1 Coulomb Friction 

In the Coulomb friction model (6.1), it is clear that the friction coefficient.µ. must 

be nondimensional by definition. Hence, the nondimensional group forµ is. 

For dynamic equivalence, the value of IIµ has to be the same for both systems. 

Sinceµ is a function of the surface material (wood, steel. etc.L the Pi group indi­

cates that the material for the scale model must be such that the friction coefficient 

is unchanged from the actual manipulator. 

6.4.2 Viscous E'riction 

Iu the viscous friction model ( 6.2), the fundamental dimensions of the variables are. 

where p = 0 for a rotational system (radians, torqueL and p = 1 for a transla­

tional system ( translation. force) system. Hence. the fundamental dimensions of 

the viscous friction coefficient r.,, are 

Applying Theorem 3.1, a noudimensioual group corresponding to Cu is. 

c;, 
Ile=----. 

" 1(2-p)r. 
m1 1 H 

6.4.3 Stribeck Effect 

(6.6) 

Using the friction model described in (6.3) and (6.4), the Stribeck effect is modelled 

by (6.5). This description of the friction model is characterized by six parame­

ters: a-o, lTi, o-2, Fe, Fs, and 1111 • These are the parameters for which noudimensioual 
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groups are required. The parameters have the following ftllldamental dimensions: 

Uo = [M][L)[Tr2 

0-1 = [M.HLHrr1 

U2 = [MHLHrr 1 

Fe = (M](L)2[Tr2 

Fs = [Ml[L]2[TJ-2 

t1a = [L][Tr1
• 

Applying Theorem 3.1. the scaling laws for this friction model are: 

Scaling laws for the model describing the Dahl effect can be found similarly. 

6.5 Reducing Friction Forces 

To construct two dynamically equivalent manipulators, the physical parameters of 

the robot must be chosen so that the uondimensional Pi groups for both manip­

ulators are the same. It is possible to do this for the tangible quantities, suclt as 

link mass and link length. however. it is impossible to construct a material with a 

given friction coefficient. The friction coefficient is an inherent property of the two 

materials in contact: it cannot be designed for. One way to rectify this problem is 
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to attempt to recluce the frictiun forces in both manipulator systems. This can be 

done by using ball-bearings in the joints, and with lubrication 

A novel approach to m.iu.imizing friction is to use a computer to provide active 

friction compensation. This idea was brought to fruition for a rotating bearing in 

Smith[32]. This method will be discussed in more detail in Chapter 7. 

6.6 Achieving Scaled Values 

The nondimensional groups indicate the required friction coefficients for dynamic 

equivalence. Suppose the required coefficient for dynamic equivalence cannot be 

achieved. This is a highly likely situation, since friction is usually a system com­

ponent that is 11.ot designed for. If the friction on both systems ean be minimized 

through computer friction compensation or high quality beariugs and lubrication. 

then the effect of incorrect friction coefficients can perhaps be overlooked~ because 

of the small magnitudes. However. if the friction 011 one system is not negligible, 

then a problem arises. In the next chapter. the sensitivity of the manipulator dy­

namics to variations iu the Pi group values is investigated. For rigid manipulators. 

a technique exists to compensate for errors in the Pi group values. In this case. the 

compe11satio11 technique also covers errors in the Pi groups for friction. 



Chapter 7 

Tolerances for Pi Groups 

Theoretically, two systems are considered dynamically equivalent if and only -if the 

values for their noudimensional groups are exactly the same. In practice. because 

of manufacturing imprecision~ it is impossible to achieve the exactness required for 

dynamic equivalence. The value for a nondimensional group may be dose to the 

value required for dynamic equivalence. but will not be exactly the value required. 

Therefore~ to allow the scaling theory developed so far to be used practically. the 

sensitivity of the manipulator dynamics to changes in the uondimensional groups 

must be determined. Then~ provided that the dynamics are relatively insensitive tu 

the deviation of the actual Pi values from those required for dynamic equivalence. 

the two systems will be considered to be dynamically equivalent. As well. a method 

will be presented which uses nonlinear feedback to render two systems which are 

nearly c.lyuamically equivalent to be exactly dynamically equivalent. 

7.1 Sensitivity Analysis 

When two manipulators are dyuamically equivalent, the nondimensional dynamics 

of the two manipulators are identical. Now! if the values of the Pi groups for one of 

113 
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the manipulators have deviated from the values required for dynamic equivalence. 

the nondimensional dynamics will no longer be identical. However, the structure of 

the equation of motion will remain the same. What has to be measured, therefore. 

is the sensitivity of each nondimensional generalized coordinate. qi( T), to changes 

in each Pi group. IIi, in the nondimensional dynamic equations. 

For a manipulator having unconstrained motion, the nondimensional dynamic 

equations can be written in matrix form, in terms of the inertia matrix, Coriolis 

and centripetal acceleration vector, and gravity vector(20]. Define the following 

uonclimensional variables: 

• , - uou(limensional time 

• q( T) - n x 1 vedor of nondimeusioual generalized coonliuates 

• M ( q) - nomlirneusioual inertia matrix 

• C ( q. q) - nomlimensional Coriolis and centripetal acceleration Vt!dor 

• G(q) - nomlimeusioual gravity vector 

• F ( T) - non dimensional external generalized force vector 

• II - m x 1 vector of Pi groups for the manipulator. 

Then, the nomlimeusioual equations describing the free motion of au unconstrained 

manipulator can be written as, 

M(q)q + c(q,q) + G(q) = F(,). (7.1) 

Also notice that M, C, and G are fuuctions of the nondimensional Pi groups. 

II. Therefore, the generalized coordinates, q, are also functions of II. The goal 

of the sensitivity analysis is to find the change in each qi caused by a change in 

each Ilj. The sensitivity of the joint velocities qi, and the joint accelerations qi to 

parameter changes also provide informative results. 
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The manipulator dynamic equation (7.1) can be written as a function of one of 

the uondimensional groups, IT;. 

M(q(r;II;).JI;)q(r:II;) + C'(q(r;II;),q(r;Il;),Il;) + G(q(r;II;),II;) = F(r). 

(7.2) 

Talce the derivative of (7.2) with respect to II;, 

MA a'i,. (aM ~ aiA aqi) = ac ~ ai::: 8ii.i -+ -+~-A- q+-+L.,,-A­
aIT; arr; i=l aqi 8II; DII; i=l 8qi arr; 

n ac atz. fJG n DG tJizi 
+I::::--' +-+I:-A -=0. (7.3) 

i=l Dqi 8IT; 8IT; i=l 8qi fJII; 

Because M is an inertia matrix. it is always positive definite. and hence it is 

nonsingular. Therefore. from (7.3). the joint acceleration sett..'1itiv·ity can be solve<L 

8q MA -1 [([)M ~ aM 8qi) :: 8(C + G) -=- -+L.,,-A - q+---
8IT; an1 i=l Dqi an1 arr; 

~ D(C + G) a.· qi ~ DC oqi] +L.,,--- +L.,,-· - . 
i=l Dii.i DII; i=l 8qi DII; 

(7.4) 

Throughout this chapter. the word sensitivity will be used to describe the rate 

of change of one quantity with respect to another. Although not standard. this 

same terminology is used by Takahashi in applying sensitivity analysis to robotic 

manipulators[33]. 

From (7.2L au expression for q can be found~ and substituted into (7.4) to give 

the sensitivity expression: 

Dq _ • -1 [(aM ~ aM DiJi ) • -1 (.. .. .. ) D( c + G) 
an• - -M arr. + ?-' Y arr. M F - c - a + arr. 

J J t=l q, J 1 

~ 8(C + G) 0<J.i ~ ac 8qi] +LJ---- +L-,-· - • 
i=l 8qi DIT; i=l 8qi DII; 

(7.5) 

Although (7.5) is a complicated expression, it is essentially a second order dif­

ferential equation of the form 
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A solution for Xj can be found by using an iterative algorithm, beginning with 

initial estimates for Xi and Xi· With the sensitivity solution Xj, the variation in 

,ji caused by a variation in II; can be found. In particular, 

x~ = Dizi => x~ ~ A<ii 
J an- 1 Arr-· J J 

For a given nominal trajectory, the sensitivity Xi(r) can be computed off-liue. 

Rearranging the above approximation gives 

So, for each Pi group ITj, the above equation can be used to determine by how 

much the actual manipulator trajectory will vary from the nominal trajectory, fur 

a given change in the value of the Pi group. This information can be used a priori 

to the construction of the manipulator in order to determine which components uf 

the manipulator should be machined more precisely than others. 

7.1.1 Computation 

A method is required to compute the partial derivatives in (7.5). 

DM D(C+G) DM D(C+G) De 
arrj ' DITj Diu • Dqi Dqi • 

For au arbitrary manipulator configuration, the calculation of these derivatives is 

quite tedious, and computationally intensive. However. for the class of manipulators 

wliich are open-chain and have rigid links, Takahashi(33] has presented au iterative 

method of sensitivity analysis which can be implemented efficiently on a computer. 

In the paper, the sensitivity of the manipulator torques and joint accelerations to 

parameter changes is examined. The next section will briefly describe how the 

method in [33] can be used to compute the derivatives in (7.5). Although the 

method is taken from (33], it has been modified to apply to the nondimensional 

manipulator dynamic equations of interest in this chapter. In this way, a method 

of sensitivity analysis is developed for the dass of dynamically equivalent open-chain 

rigid manipulators. 
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7.1.2 Rigid Open-Chain Manipulators 

Because the manipulator is assUllled to be an open kinematic chain, the Newton­

Euler method can be used to express the dynamics of ea.ch link in terms of adjacent 

links. Th.is metho<l leads to a recursive algorithm by which all of the forces a.n(l 

torques acting on all the links can be found. given the joint positions. velocities. 

and accelerations. 

A recursive scheme was presented by Luh et al.(34] to solve for the generalized 

forces acting on each link. Th.is scheme was moclified by Ta.ka.hashi[33), so that 

instead of generating the generalized forces at ea.ch link. it generated the sensitivity 

of the generalized forces at each link to a change in one of tlie manipulator physical 

para.meters. The method consists of nine equations which are solved recursively[33. 

34]. The equations come from the Newton-Euler analysis of the dynamics of one 

link. and therefore contain all the pl1ysical parameters required to dmracterize 

the link. In the modified scheme[33], each equation is replaced by the sensitivity 

equations for ea.ch parameter. 

For the uonclimensional equation of motion, define the function T1, which mea­

sures the sensitivity of F to chauges iu a particular Pi group, Ilj. 

DF -r(·: ·:)~BM(ii):: 8(C(q.q)+G(q)) 
DII. - l q, q' q - DII. q + DII. • 

J J J 

To compute the sensitivity of the joint acceleration.~ ( 7 .5), the fu11ctio11, T1, can 

be used with cliffereut arguments so that the required partial derivatives ( specified 

above) cau be computed. Th.is will be shown below, and will require the definition 

of then x I unit vector. Ck, where kth element equals I, and all other elements a.re 

zero: 
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The original method [34] was modified to compute the derivative of the joint 

torque with resped to parameter changes(33J. Define the functions T2 and T3 : 

ai' 
8qi 
at 
8qi 

T ( . .: ::) ~ 8M(q):: 8(C(q,q) + G(q)) 
2 q, q, q - a· q + a· 

qi qi 

T (
. :.) D. 8M(q):: 8(C(q,q) + G(q)) ac(q,q) 

- 3 q,q = :. q+ :. = a~ a~ Bi 

Varying the arguments of these two functions, the remaining derivatives can be 

evaluated . 

• k'1' column of ai:_(<J) = T2('1.0.ck). with g = 0 in G 
qi 

D(C(q.q)) T( . .:) • :. = 3 q,q . 
Dqi 

Using this iterative approach with the initial conditions. 

8q fJq 
DII _ = 0. and arr . = 0. 

J 3 

a value for the sensitivity, ;3;. as in (7.5) will be approached. 

Regardless of the method used. the sensitivity analysis provides a way of measur­

ing the effect of manufacturing errors in different components of the manipulator. 

The magnitude of these effects fur each component can be assessed in simulation~ 

before constructing the robot. For Pi groups causing high sensitivity, the corre­

sponding components must be manufactured with high precision to ensure that 

the actual value is very dose to the value required for clynamic equivalence. This 

would ensure that the value of the Pi group is close to that required fur dynamic 

equivalence. 
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7 .2 Error Compensation 

A computer can be used to compensate for the errors in the Pi groups caused 

by manufacturing imprecision. This is most useful for friction effects. for which 

desired values are not easily achieved. In the first section, a method by Smith(32J ~ 

in which a computer is used to provide active friction compensation for a rotating 

bearing, is discussed. In the second section, a nonlinear feedback compensation 

scheme is presented for rigid manipulators. With this compensation. the error 

between the actual and desired dynamic behaviour is eliminatecl. Because this 

error compensation scheme is a special case of the feedback linearization technique. 

it is not generally applicable to ftexible link manipulators. In particular. it will fail 

for those B.exible manipulators which cannot be feedback liuearized[35]. 

7.2.1 Friction Compensation 

In Smith[32J, the authors constructed a jig to measure and cancel the bearing fric­

tion. using a computer to provide torque compensation. Instead of friction ca.ucel­

lation. this method can be used to achieve the required friction forces for dynamic: 

equivalence. The methocl implemeutec.l is essentially a feedback linearization. 

In [32}. au axle was modelled by the following dynamics. 

where I is the axle moment of inertia, b the velocity damping coefficient, K a 

damping torque independent of angular velocity~ and ¢, is the angular position of 

the axle. 

The electro-magnetic friction compensation introduces two parameters F 1 a.ud 

F2. so that with the friction compensation, the axle equation of motion becomes, 



CHAPTER 7. TOLERANCES FOR PI GROUPS 120 

The values of the parameters Fi and F2 can be adjusted to achieve friction 

cancellation by setting Fi = b and F2 = K. The resulting equation of motion is 

then simply: 

Now, suppose that for dynamic equivalence, specific non-zero values for the 

velocity damping coefficient and damping torque were required. Denote these values 

by band fc respectively. With the friction compensation apparatus, the parameters 

F 1 and F2 could be tuned so that. 

and the desired friction coefficients for dynamic equivalence would be obtained. 

7.2.2 Nonlinear Compensation for Rigid Manipulators 

Manufacturing imprecision may cause errors in the values of the system parameters. 

thereby causing the Pi group values to be different from those required for dynamic 

equivalence. Iu this method, a nonlinear state feedback is implemented ou rigid 

manipulator systems to eliminate the eITor between the actual and desired dynamic 

behaviour. 

With this approach it may appear that any deviation from the required Pi 

values for dynamic equivalence can be tolerated. This is true theoretically, however, 

practically, the method is only feasible for small deviations in the Pi groups. The 

reason stems from the way in which the error compensation is provided, namely 

through compensation torques from the actuators. The greater the deviation of 

the actual Pi values from the required values, the greater the magnitude of the 

compensation torques. Since the actuators are probably designed to operate within 

the torque range of the dynamically equivalent system, they may not be able to 

provide the large compensation torques required to correct for large deviations of 

the Pi values from those required for dynamic equivalence. 
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For unconstrained rigid manipulators, let the desired dynamic equations be 

M(q)q + C(qJ1) + G(q) = F, (7.6) 

where M, C. G, and F are the inertia matrix. the coriolis and centripetal accel­

eration vector, the gravity vector, and the external generalized force vector respec­

tively. 

Defining 

allows (7.6) to be rewritten compactly as, 

M(q)q + h(q. q) = F(t). ( 7.7) 

For this manipulator. let II denote the Pi values required for dynamic equiva­

lence. Suppose. however, that because of manufacturing imprecision. some uf the 

manipulator parameters are not machined to the exact specifications required for 

dynamic equivalence. For this manipulator. then. let fr denote the values of the Pi 

groups. where 

fI # IT. 

Let (7. 7) denote the equations of motion of the desired ( dynamically equivalent) 

system. For the manipulator with Pi values ft denote the ··actual~ equations of 

motion by 

M(q)q + h(q, q) = F. (7.8) 

The objective is to use nonlinear state feedback to make the input-output dy­

namics between the control signal and the manipulator generalized coordinate ap­

pear as (7.7). In Figure 7.1, the actual manipulator dynamics are represented by 

the block with input F and output q. In addition, two nonlinear function blocks 

are shown in the Figure. Let f ( q. q, u) be called the inner nonlinear compensation~ 

and let g(q, iJ~ w) be the outer nonlinear compensation. The controller signal is 

denoted by w. 
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: ····----- .. ·· .................................................................................................................................................................. : 
- - - - - - - - - - - - - - - - - - - - - q=v - - - -

I 

I 

__ w ____ ~v=g(q,q,w) t--v~: ~ F=f(q,q,v) i---F-----~ M(q)q + h(q,q)=F 
;q 

. 
q,q 

I 

l---------------------------1 . 
q,q 

...................... ····-····· ...................... ----- ........ -- ....................... ---------· ......... ···- .. -.................. -.......... . 
M(q)q +h(q,q)=w 

Figure 7 .1: Error Compensation Scheme using Nonlinear Feedback 

The inner nonlinear block is an inverse dynamics block which makes the system 

from the input v to the output q appear as a double integrator[20]. Now, the outer 

nonlinear block is another inverse dynamics block which makes the system frolll w 

to q exhibit the desired dynamics according to (7. 7). The definitions off and g to 

achieve this will now be described. 

Define the inner nonlinear function. f(q,q, vL to be 

(7.9) 

Because M ( q} is au inertia matrix. it is invertible, and hence~ substituting intu 

( 7 .8) results in the double integrator equation, 

q = v(t). (7.10) 

Now, define the outer block~ g(q, q! w), to be 

v(t) = g(q, q, w) ~ M(q)-1 (-h(q, q) + w(t)). (7.11) 

Substitution into (7.10) and simplification reveals the dynamic equation, 

M(q)q + h(q,q) = w(t), 

which represents the desired dynamics (7. 7), with w as the input signal. This is 

the system from w to q iu Figure 7.1. 
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So. the overall inverse dynamics controller is given by combining (7.9) and (7.11) 

to give. 

(7 .12) 

The values for M and ii are known, since these represent the actual manipulator 

that has been constructed. The values for M and h are also known, since these 

represent the desired dynamic behaviour. Therefore, given a control input w( t). 

all the quantities in (7.12) are known, and the control loop can be implemented. 

Hence. placing au inner control loop around the actual 111cuupulator. can make the 

manipulator exlubit the desired dynamic behaviour. 

The extra control effort required to aclueve the desired dynamic behaviour can 

also be calculated. Without the compensation provided by (7.12). w(t) is the control 

signal to the ma1upulator. Hence. the acMitional control effort providetl by (7.12) 

can be <~omputed by. 

Fextra(t) = F(t) - w(t) 

- (-M(q)M(q)- 1h(q.q) + h(q~q) + M(q)M(q)- 1w) -w 

- -M(q)M(q)- 1h(q, q) + h(q.q) + (M(q)M(q)- 1 
- I) w(t). 

(i.13) 

Iu the limit. as the difference between the actual and desired dynainics ap­

proaches zero~ the extra control effort required goes to zero. as would be expectecl. 

lim Fextra(t) - -MM- 1h + h + (MM- 1 
- I) w(t) 

M➔M 
h➔h 

- -h+h+(I-[)w 

- o. 

This nonlinear feedback technique is illustrated via simulation in Chapter 8. 



Chapter 8 

Application to Saniple Systeins 

In this chapter, the theory developed thus far will be applied to several sample 

manipulator-control systems. In all the examples. the feedback coufi.guratiou shown 

in Figure 8.1 is employed. 

• r ..... ~----~--~'-c_o_ntr_o_l_le_r_~:::_-~'-m_an_i_p-ul_a_to_r _ ___,, • 

Figure 8.1: Standard Feedback Configuration 

Using the appropriate Pi groups, the parameters for two dynamically equiva­

lent manipulators will be (letermined. Next, a controller will be designed for one 

of the manipulators. Using the controller Pi groups, the controller will be scaled 

so that it can be applied to the other dynamically equivalent robot. Using com­

puter simulation, the responses of each manipulator to the designed controller will 

be observed. It will be foUlld that because the manipulators and controllers are 

dynamically equivalent~ all the responses are exactly scalable. 

In the sample systems, rigid am.l flexible manipulators, and linear aud nonlii1-

ear controllers will be examined. In order to encompass many manipulator and 

controller scenarios. the following systems will be investigated: 

124 
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1. two-link rigid elbow manipulator with PID control 

2. two-link rigid elbow manipulator with sliding-mode control 

3. two-link rigid elbow manipulator with friction and error compensation 

4. single flexible link with two degrees of vibration and PD control 

5. five-bar linkage manipulator with a flexible link, and PD control 

In the third example. a manipulator will be designed whose parameter values 

do not exactly meet the Pi group specifications. For this system. the error compen­

sation technique of sedion 7.2 will be illustrated. The pre and post-compensation 

control will be done using a P ID controller. 

In this chapter. all system responses are simulated and generated usmg the 

software package MATLABTM_ 

8.1 Sample System 1: 

Rigid Two-Link Elbow with PID Control 

8.1.1 Scenario 

Suppose a two-link elbow manipulator is required for operation on the Moon. Using 

the rigid manipulator Pi groups(3.19), a dynamically equivalent manipulator can 

be constructed on Earth for testing and control design. Furthermore, using the 

controller Pi groups(5.4L the controller designed on Earth can be scaled to apply 

to the Moon-based manipulator. with predictable results. The equations of motion 

for the two-link elbow manipulator were presented in sectiou 3.2.4. 
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8.1.2 Manipulator Design 

Denote the parameters for the Moon-based manipulator by the subscript ·m •. Let 

the time scaling factor be (f2)m. = 1 s-1, since this is the original system. Each 

link is a solid cylinder (length 5.0 m. radius 0.039 m). The parameters for the 

manipulator are defined in Table 8.1. 

Link Parameters Variable Link 1 Link 2 

mass (kg) (mi)m 60.0 60.0 

mass moment (.JF)m 0.044 0.044 

of inertia (Jf-')m 125.02 125.02 

(kgm2 ) (Jt=)m 125.02 125.02 

.J oiut Parameters Joint 1 Joint 2 

mass (kg) (Mi)m 12.0 6.0 

inertia ( kg m 2) (If )ni 3.0 3.0 

General Parameters Value 

gravitational accel. (ms-2 ) (g)m 1.64 

time scaling ( s-1 ) (O)m 1.0 

Table 8.1: Parameters for Moon-based Manipulator (System 1) 

Let the base variables for the nondimensionalization be (mdm~ (Ji)m = (.Jr~)m, 

and (fl)m- Calculate the radius of gyration, k1 , using 

The Pi groups for rigid manipulators are defined in (3.19). Using these defini­

tions, the values for the 12 Pi groups for this manipulator are given in Table 8.2. 
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Pi - links Form Link 1 Link 2 

IImi !!!i. n/a LO 
m1 

IIH.r 
J~.r 

n/a 1.0 .:..J_ 

I Jr 

ITJ!fll 
J!'" 

2813.0 2813.0 .:..L-
I Ji 

ITJ~= 
J== 

2813.0 2813.0 .;_i_ 
I Ji 

Pi - joints Joint 1 .Joint 2 

IIM, !:!L 0.2 0.1 
m1 

ITrh 
[~ 

67.5 67.5 .:..L 
_, J1 

Pi - gravity Value 

IIG 
_jJ_ 60.0737 1:,n:~ 

Table 8.2: Pi groups for Two-Link Elbow Manipulator 

With these Pi groups. the dynamically equivalent Earth-based manipulator can 

be constructed. The values of three base parameters must be chosen. Since the 

manipulator is on Earth. g = 9.81 m s-2
. Also. choose the mass of the first link to 

be m1 = 1.27 kg. Finally~ with the local x-axis running along the length of link L 
choose .11 = .g-z = 7.2 x 10-5 kgm2

. Calculating (ki)e = j{Ji)e{m11 )e~ and using 

the Pi values in Table 8.2, the remaining parameter values for the Earth-based 

manipulator can be calculated to satisfy the dynamic equivalence condition. For 

example. 

= (m.deIImi = {1.27 kg)(l.0) = 1.27 kg, 

(g)e 
= (k1 )eITG 

9.81 ms-2 

------- - 4 66 s- 1 

(0.0075 m)(60.0737) - • • 

where ( ki)e = ((Ji)),. . In this manner all the parameter values for the Earth-based 
m1,. 

manipulator are calculated. These values are given in Table 8.3. 

Notice that the Pi groups clo not require that the link shape be scaled: only 



' 
CHAPTER 8. APPLICATION TO SAMPLE SYSTEMS 128 

Link Parameters Variable Link 1 Link 2 

mass (kg) (mi)e 1.27 1.27 

mass moment (JF)e 7.2 X 10-s 7.2 X 10-s 

of inertia ( Jl"')e 0.20 0.20 

(kgm2
) (Jr)e 0.20 0.20 

Joint Parameters .Joint 1 Joint 2 

mass (kg) (M;)e 0.25 0.13 

inertia ( kg m 2 ) (I';)e 0.0049 0.0049 

General Parameters Value 

gravitational accel. (ms-2 ) (g)e 9.81 

time scaling ( s - 1 ) (fl )e 4.66 

radius of gyration ( m) (k1 )e 0.0075 

Table 8.3: Parameters for Earth-based Manipulator ( System 2) 

the inertia must be scaled. Therefore. although the Moon-based manipulator has 

cylindrical links~ the Earth-based manipulator can be designed such that its links 

are solid rectangular bars. In fact, with the ·ith link a solid rectangular bar oflength 

li and cross-section bi x hi. its inertial properties are given by[19], 

.1;:z: 
6 

~; (bl+ hn = 7.2 X 10-5 kg m2 

.Jr' 
6 

~; (zf + b;) = 0.20 kg m 2 

.1r 
6 ~~ (ll + hn = 0.20 kg m2

• 

Solving for the physical dimensions of links 1 and 2 gives, 

l1 = 1.38 m, bi = 0.018 lll, h1 = 0.018 Ill 

l2 == 1.38 lll~ b2 = 0.018 Ill, h2 = 0.018 ill. 
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Assuming cylindrical links for the Earth-based manipulator, the length li~ and 

the cross-sectional link radius Ti~ required to satisfy the computed inertial values. 

are, 

li = 1.38 m. ri = 0.011 m, i E (1. 2]. 

It can be shown that by scaling the mass and inertia according to IImi and 

II J "i, the length parameters of the links have also automatically been scaled. From 

Lelllllla 3.1. the lengths are scaled by k1 , and hence 

_ (l.:)m == 5.0 lll = 183_71 
( k1 )m O .027 lll 

_ (l.i)e = 1.38 lll = 183_71. 
( k1 )e 0.0075 Ill 

Since the Pi groups for link length are equal~ then the lengths have scaled between 

the two manipulator systems. This can also be shown for the link cross-sectional 

radius. ri. 

Notice that for this Earth-based systelll, the value of the time scaling parameter 

is n = 4.66 s-1 . The implication of this is that the motion of the Earth-based ma­

nipulator is approximately 4. 7 times f °".:;ter than the dynamically equivalent Moon­

based counterpart. 

8.1.3 Control Design 

Suppose that a PID controller is required to 1Uove the Moon mau..ipulator from an 

initial position of ( q1, q2) = ( 0, 0) to a final position of ( q1, q2) = ( f, - i). In addi­

tion. there are performance specifications indicating acceptable system behaviour. 

Now that the dynamically equivalent Earth manipulator has been deterlllined, 

a PID controller is designed to meet the scaled performance specifications. The 

performance criteria are not stated here~ but are scaled according to (5.8). Let the 
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followiug gains provide the desired performance . 

.Joint 1 : Kp1 = 200, K11 = 50, Kn1 = 50 

Joint 2 : Kp2 = 100~ K12 = 100, KD2 = 50. 

130 

The proportional gains have units of kg m2 s-2 , the integral gains have units of 

kg m 2 s- 3

, and the derivative gain units are kg m 2 s- 1

. 

For the Earth-based manipulator, m 1 = 1.27 kg, k1 = 0.0075 lll, and n = 

4.66 s-1 . Hence. using the controller Pi groups defined in (5.4). the values for the 

Pi groups for these joint controllers can be found: 

.Joint 1 : IIKp
1 

= 1.28 x 105
• ITK 11 = 6.87 x 103

. IIK
01 

= 1.49 x 105 

.Joint 2 : IIKp
2 

= 6.40 x 104

. IIK12 = 1.38 x 104 IIK02 = 1.49 x 105

• 

Now. for the Moon-based lllanipulator. m 1 = 60 kg, k1 = 0.027 lll, and 

n = 1 s- 1
. Using the given Pi values, the gains for the scaled PID controller 

are <~umputed to be: 

.Joint 1 : Kr1 = 5692.0, K11 = 305.6. Kn, = 6627.2 

.Joint 2 : Kr2 = 2846.0. Kh == 611.L KD2 = 6627.2. 

The entire procedure of finding a dynamically equivalent prototype, designing 

a controller for the prototype, and scaling the controller to the original system. is 

depicted in Figure 8.2. 

8.1.4 Responses 

In Figures 8.3 to 8.6, the responses for both the Earth-based and the Moon-based 

manipulators with qref = (f. -f) are given. Figures 8.3 and 8.5 show the joint 

angle histories, and Figures 8.4 and 8.6 show the torque histories for each system. 

For each pair of plots ( one frolll the Earth-based system and one from the Moon­

based system). it is dear that although the axes sizes are different~ the response 
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Figure 8.2: Design Process 

uf the Moon-based manipulator is an exact scaled version of the Earth-based ma­

nipulator response. This can be easily explained by t:onsidering the scaling factors 

involved. Let the subscripts c and 1n denote the Earth-based and Moon-based 

systems respectively. Then. 

torque: => 

where the actual scaling values are obtained from the system para.meters for this 

example. Therefore, stretchi11g the time axis of the Earth-based system responses 

by a factor of 4.66 will give the time axis for the Moon-based system responses. 

Similarly~ the torques are scaled by a factor of 28.46. 
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Note: 

By assumption, the manipulator links are rigid. However, examination of the phys­

ical dimensions of the links reveals that they are long and slender, and hence. 

quite flexible. Suppose the links on both manipulators are made of almninum 

(E = 6.9 x 1010 kgm-1 s-2
, p" = 2700 kgm-3

), the first modal frequency can be 

estimated by approximating each link as a damped-free link, 

where L is the link length, I is the area moment of inertia of the cross-section. 

and /11 = 1.875 is the first solution of the clamped-free transcendental equation 

1 + cos(/h) cosh(#i) = 0(12]. 

For the cylindrical links of the Moon manipulator. 

L = 5.0 ill. A= 0.0047 m 2
• I= 1.73 X 10-6 m4 

and for the rectangular links of the Earth manipulator, 

L = 1.38 ill. A= 0.00034 m2
• I= n.64 X 10-9 m4 

Now. by Theorem 3.1. a uondimensional group fur the frequency of vibration is 

Wt 
Ilw, = n· 

Computing this quantity for both mmupulators gives, 

(Ilw1 )m = 13.69, {Il.,1 )e = 10.67. 

Because the values for the two Pi groups are not equal, this indicates that the 

first mode of vibration is not scaled between the Earth and Moon manipulators. 

This illustrates the importance of co1Tectly modelling the system. In this exam­

ple, the actual manipulator will clearly exhibit oscillatory dynamics. even though 

it is modelled as having rigid links. Since the Earth prototype and the Moon ma­

rnpulator are not dyuamically equivalent from a flexibility standpoint, the results 
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obtained on the prototype will not accurately predict the actual behaviour of the 

Moon manipulator. 

In the extreme case, by not including flexibility effects~ the actual manipulator 

on Earth may be significantly stiffer than the Moon robot~ although the two ma­

nipulators would still be dynamically equivalent according to the rigid Pi groups. 

In this situation, the controller for the Earth robot would not provide vibration 

suppression by design. and hence. the scaled version of this controller would not 

provide the required vibration suppression on the flexible Moon robot. For this 

sample system. it would have been more appropriate to use the flexible manipula­

tor Pi groups. Examples of flexible manipulator Pi groups will be examined in the 

final two sample systems in this chapter. 
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8.2 Sample System 2: 

Rigid Elbow with Sliding Mode Control 

8.2.1 Scenario 

This example is the same as the previous example, but instead of PID control, a 

sliding mode controller is used to control the manipulator motion. The same two 

manipulators will be used in this example. 

8.2.2 Control Design 

In this example. a sliding mode controller is designed for the two-link rigid elbow 

manipulator. The sliding mode controller is nonlinear and discontinuous. and illus­

trates the versatility of the scaling theory to complicated control strategies. This 

c:ontrol methodology was described in Chapter 5. For more information on sliding 

mode control see [26]. 

As described in section 5.2.3. the parameters that characterize the sliding mode 

controller for a two-link elbow manipulator are, 

with the following fundamental dimensions. 

As with the previous example, a sliding mode controller is designed for the 

Earth-based manipulator in order to meet the scaled performance specifications. 

The following parameter values meet the criteria, 

Ai 10s- 1

~ k1=l0s- 2

, ll1=0.17s- 1

, 

A2 - 10s- 1

. k2=l0s- 2

, ll
2

=0.17s- 1

. 
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Using Theorem 4.1. the Pi groups for the controller parameters are, 

Since (O)ni = 1 s- 1
. then the values of the controller parameters for the scaled 

Moon-based controller are, 

A1 - I. 76 s-1
. k 1 = 0.31 s-2

• Ll 1 = 0.03 s- 1
. 

A2 - l.76s-1
. k2=0.31s-2. Ll2=0.03s-1

. 

8.2.3 Responses 

The joint angle histories and torque histories for both systems are given iu Figures 

8. 7 tu 8.10. Eveu for this nonlinear. discontinuous control strategy, the conespoutl­

ing pairs of plots scale exactly. The scaling factors for time and torque are. 

torque: Hrn = 28.46He. 

Notice that the scaling factors are identical to the scaling factors obtained in 

the previous example. This highlights the point that the scaling factors for time. 

leugtlt~ and control effort are determined by the manipulator dynamic equivalence 

conditions. and are independent of the specific control strategy implemented. 
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Moon-based System: Joint Angles 
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8.3 Sample System 3: Error Compensation 

Because of manufacturing imprecision~ it is impossible to construct a manipulator 

such that the Pi values required for dynamic equivalence are exactly attained. Iu 

Chapter 7. it was shown that for rigid link manipulators. a nonlinear feedback 

loop can be implemented around the manipulator, such that the manipulator and 

nonlinear feedback together provide the required dynamic behaviour. 

In this example~ the same Earth-based and Moon-based elbow manipulators are 

examined. and viscous friction is added to each joint(6.2.2). For the Earth-base<l 

manipulator. suppose that the friction coefficient. <;,. has the value. 

for both joints. 

The scaling condition for viscous friction is computed using (6.6) 

The values required for dynamic equivalence are given in Tables 8.1 and 8.3. 

Table 8.1 provides the desired parameters for the Moon-based rnanipulator. Fur the 

Moon-based manipulator. the friction coefficient required for dynamic: equivalen<~e 

can be fouml using Ile~ to be 

Notice that the magnitude of the friction coefficient has changed by a significant 

factor (from 50 to 6630 kg m 2 s-1 ). 

A dynamically equivalent Earth-based manipulator was constructed, and a PID 

controller designed to provide the desired performance. Now, the Moon-based ma­

nipulator must be constructed so that it can be sent to the Moon. Suppose that 

after the manipulator has been assembled~ it is found that there is au enor be­

tween the actual and desired values for some of the the manipulator parameters. 
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Because of this, the Pi values are not equal to those required for dynamic equiv­

alence, and hence. the constructed manipulator is dynamically "unequivalent'' to 

the Earth-based prototype. For this example, the following arbitrary errors were 

introduced: 

• m 2 - 50% error 

• J1(-', J"f' - 100% error 

• M1 - 50% error 

• I; - 75% error 

• c,, - 4900% error. 

The errors were ptuposefully made large in order to be able to illustrate the effect of 

having Pi values other than those required for dynamic equivalence (Figures 8.11 

and 8.12). The error for the friction coefficient is the largest, since the friction 

c:uefficient was not changed to the required value (6630 kgm2 s-1 ), but was kept at 

c,, = 50 kgm2 s-1 for both systems. Note ltowever. that such a large error for the 

friction rnefficient is not necessarily unrealistic. Suppose the prototype had a direct 

<lrive motor, and the larger manipulator had a 50:1 gear ratio. Assuming that the 

friction increases by a factor of 50, then this would be a 5000% error. 

Using the scaled PID controller, the manipulator is moved from (q1, q2) = (0. 0) 

to ( i· -i ). The responses are given in Figures 8.11 and 8.12. It is dear that the 

responses are not those desired for dynamic equivalence ( dashed line). 

To remedy the situation, the error compensation technique of section 7.2 is 

implemented. From the values for the Pi groups, the parameter values for the 

dynamically equivalent Moon manipulator are known. Substitution of these pa­

rameters into the dynamic equations for the two-link elbow manipulator give the 

desired inertia matrix, M, and the desired Coriolis, centripetal, and gravity effects 

vector, h. With the errant values for the parameters m 2 , Ji."', Jfl'. M1 , If; and 

c.,. specified above, the "actual" inertia matrix . .M, and "actual" Coriolis, cen­

tripetal. and gravity effects vector, h, is also calculated. With these four matrices 
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and the PID controller signal, the error compensation torque from (7.12) is imple­

mented. Because manipulators cannot be built to have certain friction coefficients. 

the friction effects are the best candidates for the torque compensation techniques 

of section 7.2. 

The same motion is now performed with the scaled PID controller and the 

error compensation. The desired scaled performance is achieved (Figures 8.13 and 

8.14). The extra compensation torques provided by the inner compensation loop 

are shown in Figure 8 .15. 
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8.4 Sample System 4: 

Flexible Link with Two Degrees of Vibration 

8.4.1 Scenario 

In this example. a single flexible link with two degrees of vibrational freedom is 

controlled using PID control. The manipulator has two actuators at the base of the 

link. providing excitation for the horizontal and vertical vibrations. The equations 

of motion were presented in section 3.3.5. Two dynamically equivalent manipulators 

are designed. one made of aluminum for use on the Earth. and the second made of 

coastal Douglas fir for use on the Moon. 

8.4.2 Manipulator Design 

The link is constructed uf aluminum (E1 = 6.9 x 1010 kgm- 1 s-2 • pr = 2700 kgm-3
). 

has a length of 11 = 1 Ill and a square cross-section of 1 cm x 1 cm. The hub 

inertias of the actuators are each [h == 0.5 kg m2 . Because the cross-section is 

square and the link is uniform. the mode shapes and modal frequencies for the 

horizontal and vertical vibrations will be the same. The gravitational acceleration 

is g == 9.81 m s-2 • and the time scaling frequency is selected to be unity: n = 1 s- 1 . 

With the given information about the physical dimensions of the link, the fol­

lowing quantities can be computed. 

m1 - 0.27 kg 

lxi 
(0.01 m)4 

== 8.3 X 10-lO m 4 -
12 

[Yl 
(0.01 m)4 

= 8.3 X 10-lO lll4 . - 12 

The base parameters are pr~ 11 , and n. Since the volume mass density Pr is specified 

instead of linear mass density. then. the modified flexible Pi groups from (3.32) are 
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used. Therefore, the values of the Pi groups are 

ITE. - ~l = 2.56 X 1011 

pilifP 

IIr~1 - ~~• = 8.3 X 10-lO 
l 

IIr •• = ~~• = 8.3 X 10-to 
1 
[h 

IIrh = -
1
- = 1.85 X 10-4 

I Pvzs 
1 1 
[h 

IIlh = _L = 1.85 X 10-4 
'2 Puzs 

l l 

IIG = l1~2 = 9.81. 

The frequency of the first mode of vibration is 

l 
W1 = f'J1 = 55.59 S- . 

() 1 

where #1 = L9u2 is the first solution of the exact transcendental equation(36} 

Suppose a dynamically equivalent manipulator is to be constructed out of a 

different material. aiul on the Moon. The values of the Pi groups above can be used 

to determine the dimensions of the corresponding manipulator. Three parameters 

must be fixed. Choosing the material fixes two parameters ( E and p"'). Choosing 

the gravitational acceleration g fixes the third parameter. 

Set g = 1.62 ms-2 (for the Moon). aucl construct the link out of coastal Douglas 

fir (E1 = 1.21 X 1010 kgm-1 s-2
, Pr= 498.2 kgm-3 )[22]. The Pi groups IIE1 and 

IIG both contain n, 
E1 g 

rrBt = P'i Lrn2, rrG = l1 r22. 

Since E 1 , pr, and g are specified. solving fur n gives 

g 
=--
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Substituting the values for the Pi groups computed for the aluminum system 

gives~ 

With the values for l1 and n determined. the Pi groups can be used to compute 

the parameter values for fz:1 • ly1 • If and I:: 

fi:1 - 8.81 X 10-7 m4 

[!JI - 8.81 X 10-7 
lll

4 

In 
1 - 556.2 kgui2 

r; - 556.2 kgm2
. 

The physical dimensions of the square cross-section corresponding to Ix, aucl 

ly, are 5. 7 cm x 5. 7 c:111. 

The frequency of the first mode of oscillation can be computed to be 

E1lx1 1 - 9 r.:o .-1 
--[4-/11 - .t) S . 
Pl l 

This frequency can be verified by examining the value of the 1w11.dimen~-:fo11al 

first mode frequency for both systems 

. W1 55.59 s-1 9.50 s- 1 

W1 = -Q = 1.Q s-1 = Q.17 5-l = 55.59, 
_______, ~ 
system 1 system 2 

which are iclenticaL meaning that the frequency is scaled correctly. 

8.4.3 Control Design 

Both systems were controlled usiug a PD control law. For the aluminum link~ the 

PD gains for both actuators are. 

K11 = 5 kg lll 2 s - 2 . Kd = I kg m 2 s -l. 
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The Pi groups for the controller gains are, 

Using these Pi groups. the PD gains for the wooden link are found to be 

Kp - m1liU2IIKp = 162.57 kgm2 s-2
' 

Kd - mil:nnKd = 190.19 kg m2 s-1
• 

8.4.4 Responses 

149 

Both joints were moved through a step of one radian. This was sufficient to induce 

both horizontal and vertical oscillations in the link. For each system. figures slwwiug 

tip deflection. tip position. and control effort are given (Figures 8.16 to 8.21). The 

corresponding figures from each system are shown together on a page to allow them 

to be compared easily. 

As expected. each pair of figures are scaled versions of each other. Using sub­

scripts 1 and 2. to denote each system. the scaling factors for time t. lengths £. 
and torques H are: 

Iu particular, the time scaling factor indicates that a motion on the Moon ( sys­

tem 2), will take approximately six times longer to execute than the corresponding 

motion on the Earth ( system 1). 
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System 1 : Tip Position 
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System t: Control Elf0r1 
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8.5 Sample System 5: 

Five-Bar Linkage with a Flexible Link 

8.5.1 Scenario 

This sample system is an example of a manipulator composed of both rigid and 

flexible links. This issue was addressed in section 3.5. This manipulator has three 

rigid links and one flexible link. The flexible link has a rectangular cross-section with 

the height ten times greater than the base. and hence, can vibrate horizontally ouly. 

The parallelogram structure of the manipulator simplifies the dynamic equations 

of the rigic.l body motion. The equations of motion were presented in section 3.5.1. 

Iu this example. two dynamically equivalent manipulators are designed. one out uf 

aluminum. and the uther out of steel. 

8.5.2 Manipulator Design 

All the manipulator links are rectangular. and are composed of aluminum. The link 

lengths are l1 = 30 em. l2 = 6.25 cm. l3 = 30 cm, and /4 = 50 cm. Because of the 

configuration of the manipulator (similar to Figure 3.3. but with link 4 flexible). 

the length of the flexible link allowed to vibrate is L == l4 - l2 = 43. 75 c:111. The 

c:ross-sedions of the three rigid links are 3 cm x 3 cm, whereas the flexible link 

aoss-sectiun is 0.3 cm x 3 cm. The system parameters are given iu Table 8.4. 

Choose the base parameters to be the rigid manipulator variables m 1 • J1 == .Jr'=, 
and n. Then, with 

k, = & = 0.087 lll, 

the nondimensional Pi groups can be calculated. For the three rigid links, the rigid 

Pi groups will be used, while for the flexible link, the flexible link Pi groups will 

be used. Because this manipulator has both rigid aud flexible links, and the base 

parameters are chosen to be the rigid link parameters. tl1eu the flexible link Pi 
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groups will be modified according to section 3.5. The values of the Pi groups are 

given in Table 8.5. 

A dynamically equivalent manipulator is clesigned but with all the links con­

structed out of steel instead of aluminum. Fix g = 9.81 Ul s-2, and the Ulaterial 

properties of steel E = 20. 7 x 1010 kg m-1 s-2 , pv = 7833 kg m-3 . Then, using the 

Pi groups in the table. the properties for the dynamically equivalent manipulator 

can be determined (Table 8.6). 
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Rigid Links Variable Link 1 Link 2 Link 3 

mass (kg) mi 0.73 0.15 0.73 

mass moment .IF 5.52 X 10-3 6.08 X 10-s 5.52 X 10-3 

of inertia J1:f'J 
i 

5.52 X 10-3 2.28 X 10-s 5.52 X 10-3 

(kgm2
) J~::. 

i 
1.09 X 10-4 6.08 X 10-s 1.09 X 10-4 

Flexible Link Link 4 

length ( m) L 0.4375 

area moment Ix 6.75 X 10-ll 

of inertia ( m 4) lu 6.75 X 10-9 

elastic mod. (kgm- 1 s-2 ) E 6.9 X 1010 

mass density (kg m-3
) pv 2700 

pt mode freq. (s- 1 ) w 80.42 

.Joint Parameters .Joint 1 .Joint 2 .Joint 3 

inertia ( kg lll 2) JI: 
] 

0.05 0.05 0.05 

General Parameters Value 

grav.accel. (ms-2 ) g 9.81 

time scaling ( s - 1 ) n 1.0 

Table 8.4: Parameters for Aluminum Five-bar Linkage Manipulator 
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Pi - Rigid Fonu Link 1 Link 2 Link 3 

IImi !!!.i. n/a 0.208 LO 
m1 

IlJn 
J~JJ: 

n/a 0.011 LO ....L-
I Ji 

IIJ!ilf 
J'!II 

1.0 0.0041 LO --'--
I Ji 

IIJ== 
J== 

0.0198 0.011 0.0198 ...i,.._ 

I Ji 

Pi - Flexible Fonu Link 4 

ITµ .. ~ m1k;-
2.442 

II, 
L 5.027 

k1 

ITr"" 
Ir 1.18 X 10-6 
"ff 

ITr11 
~ 1.18 X 10-4 
k: 

ITE E 8.24 X 109 
m1k;-1n:? 

Pi - .Joints Joint 1 .Joint 2 Joint 3 

IT1h 

[h 
9.05 9.05 9.05 :.L 

·1 Ji 

General Parameters Value 

Ile _J[_ 112. 71 
k1fl2 

Table 8.5: Pi groups for Five-bar Linkage Manipulator 
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Rigid Links Variable Link 1 Link 2 Link 3 

mass (kg) mi 2.34 0.49 2.3386 

mass moment J~ 
l 

1.89 X 10-2 2.09 X 10--t 1.89 X 10-2 

of inertia JY,J 
l 

1.89 X 10-2 7.81 X 10-5 1.89 X 10-2 

(kgm2 ) J:-= 
I 

3. 75 X 10--t 2.09 X 10--1 3.75 X 10--t 

Flexible Link Value 

length (m) L 0.4524 

area moment I:r: 7.72 X 10-ll 

of inertia ( rn 4) lu 7.74 X 10-9 

elastic mod. (kg rn- 1 s-2 ) E 20.7 X 10 10 

mass clensi ty ( kg m - 3) pv 7833 

pt mode freq. (s- 1 ) w 79.08 

.Joint Parameters .Joint 1 Joint 2 .Joint 3 

inertia ( kg rn 2) ti 
J 

0.17 0.17 0.17 

General Parameters Value 

grav.accel. (m1 s-2 ) g 9.81 

time scaling ( s-1 ) n 0.98 

Table 8.6: Parameters for Steel Five-bar Linkage Manipulator 
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For the steel manipulator~ assllllling rectangular links. the physical dimensions 

of each link can be found. The link lengths are 11 = 31 cm. l2 = 6.5 cm. 13 = 
31 cm. l4 = 52 cm. The rigicl links have a cross-section of 3.1 cm x 3.1 cn1. The 

cross-section of the flexible link is 0.31 cm x 3.1 cm. 

Notice that the physical dimensions of the steel manipulator are almost iden­

tical to the dimensions of the aluminum manipulator. Also, from Table 8.6. the 

values for n and w are very close to the corresponding values of the aluminum 

robot. Therefore. although the two manipulators are constructed out of signifi­

cantly different materials. their length and time properties are almost equal. This 

coincidence arises from the material properties of aluminum and steel. and can 

easily be explained. 

For the second system. values for E. pv. and g were specified. The values for 

m 1 . k1 . and n are found from the three Pi groups: 

E Pv g 
[IE = l • IIP" = k-3. Ile = k1·n2. 

1n1k1 f22 m 1 •1 a 

Solving these simultaneously for m 1 • k1 . and n gives 

E ITp .. ITe pv {;f 
k1 = V IT • 1n1 = IT 1-:-3. n = ,. II • 

p g E p" 1 ,-;l e 
(8.1) 

Now. coincidentally. the ratios of elastic modulus E to volume mass density p" fur 

aluminum and steel are approximately equal, 

(E) =2.56xl07 m2 s-2
. 

Pv alum. ( ~) = 2.64 X 107 m 2 s-2
. 

P steel 

With this information, the similarity of the two systems can be explained by 

referring to the calculation of k1 and n in (8.1). Because the value of g is constant 

for both systems, and the Pi groups IIp", Ile and IIE are also constant, then by 

keeping the value of the ratio E : pv almost the same, the value of k1 becomes almost 

the same for both systems. Consequently. with k1 the same, the calculation of n 
in (8.1), means that n will also have a similar value for both systems. 

Because k1 is used as a length scaling parameter. since the value of k1 is similar 

for both systems. then both systems will have similar physical dimensions. Also, 



CHAPTER 8. APPLICATION TO SAMPLE SYSTEMS 159 

because fl has a similar value for both systems, then both systems will operate at 

approximately the same speed. Consequently, frequencies of vibration will be dose 

in value for both systems. 

8.5.3 Control Design 

Both systems were controlled using a PD control law. For the aluminum system. 

the PD gains for all three actuators are. 

The Pi groups for the controller gains are. 

Using these Pi groups. the PD gains for the steel manipulator are fu11ml to be 

l"0 "II 33 17 k " _., - rn 1 iH- Kp = . gm-s -. 

8.5.4 Responses 

The initial joint positions are ( q1 , q2, q3 ) = ( 0, f, 1r). The respo11ses of each system 

to a step of one radian on each joint are given iu Figures 8.22 to 8.27. For each 

system, the responses for base augle aucl tip deflection! planar joint angles, and 

control efforts are presented. The corresponding plots from each system are shown 

together to ease comparison. 

Each pair of plots is a scaled version of the other. The scaling factors for time~ 
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length, and control effort are: 

• n1 o2 
tlllle: f2 = t1 f2

2 
= l. t l 

(ki)2 
length: £ 2 = £1 (ki)i = 1.03£1 

(m k2n2) 
. H - H l 1 2 

- 3?H torque. 2 - 1 ( ,.202 ) - 3. .... l • 
711,.11'1;1 u t 
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System l: Base Joint Angfe and Tip Deflection 
1.5 
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,: 
5! 0 u 
.!? 
q; 
0 -0.01 
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Time (s) 

Figure 8.22: System 1: Base Angle aud Tip Deflection 

Svstem 2: Base Joint Angle and Tip Deflection 
1.5 

,;- 0.9997 

~ 
a o.s 

2 3 4 5.08 
nme (s) 

0.02 

[ 0.01 

,: 
0 

0 u 
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Figure 8.23: System 2: Base Angle and Tip Deflection 
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System t: Planar Joint Angles 
3 
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Figure 8. 24: System 1: Planar .Joint Angles 

System 2: Planar Joint Angtes 
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Figure 8.25: System 2: Planar .Joint Angles 
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System t: Control Effort 

rG 
-10 

: : : r~.<•l : : • : r~ 
0 0.5 t 1.5 2 2.5 3 3.5 4 4.5 S 
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1 1.5 2 2.5 3 :?.5 4 4.5 5 

Time (s) 

Figure 8.26: System 1: Control Effort 

System 2: Conlrol Ettott 
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Figure 8.27: System 2: Control Effort 



Chapter 9 

Conclusions 

In this thesis. the (lynamic equivalence conditions. and controller scaling laws~ for 

robotic manipulators were developed. In this chapter, the process by which the 

scaling r.onditions were determined is sumlllarized. In addition. the novel contribu­

tions of the research are presented~ and several possible avenues for future researc:h 

are proposed. 

9.1 Summary 

In this thesis. <limensioual analysis is applied to a general robotic manipulator 

system. The uondimensional Pi groups for rigid link and flexible link manipulators 

were found by directly examining the 1101u.limensional energy expressions, and these 

Pi groups were verified by applying the Buckingham Pi theorem. Although the 

parameters used to characterize the dynamics of rigid and flexible manipulators 

are different, it was proved that the nondimensional Pi groups for the rigid system 

can be obtained th.rough combinations of the flexible Pi groups. In addition. a 

theorem regarding the form of the nondimensional group for any parameter of the 

manipulator system was presented and proved. 

164 
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Using the same reference values as usecl for the manipulator Pi groups, nundi­

mensional groups for the actuator dynamics, control law, and friction effects were 

found. With the actuator and controllers~ the set of fundamental dimensions was 

extended to include the dimensions of current (A] and temperature (0]. This al­

lowed the general form to capture effects such as voltage or temperature signals 

within the system. 

Practically it is impossible to build a manipulator so that the actual Pi group 

values identically match the desired values. Because of this manufacturing impre­

cision. a measure of the magnitude of the error is required. Therefore. a method of 

obtaining the sensitivity of the manipulator dynamics to changes in the Pi groups 

was presented. Also. for rigid link manipulators. a nonlinear feedback techu.iquc-! 

was presented tu compensate for errors in the Pi groups. Using this compensation 

tedmique. the actual manipulator dynamics can be made to appear as the desired 

<lyuamics. 

Finally. simulation results for rigid and flexible manipulators using different 

rnutrol strategies were presented. The simulation results validated the theoretical 

scaling conditions developed in the thesis. 

In conclusion. th.is dissertation derived and presented the dynamic equivalence 

t:ouditions which characterize rigid and flexible manipulators. actuator dynamics. 

euntrol laws. and friction effects. With these scaling laws, control design can be car­

ried out on a small prototype robot~ and the results obtained can be scaled directly 

and quantitatively to predict the dynamic behaviour of a dynamically equivalent 

large manipulator. 
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9.2 Contributions 

The contributions of this thesis are briefly sUllUllarized here: 

• application of dimensional analysis to robotic manipulator systems 

• detenn.iued dynamic equivalence conditions for rigid and flexible link manip­

ulators 

• proposed a general form for the actuator dynamics~ and presented the sc:aling 

conditions for the actuator parameters 

• presente,l a general form for an arbitrary ,~ontrol law, and developed the 

scaling conditions for the controller characteristic parameters 

• examined various friction models~ and presented the nondirueusioual Pi groups 

for the friction parameters 

• propose<l a novel nonlinear feedback technique to compensate fur errors be­

tween the actual and desired Pi group values 

• verified the theoretical results iu simulation on various mau.ipulator-cuutroller 

com binatiuns. 
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9.3 Future Research 

9.3.1 Experimental Verification 

In order to validate the theoretical results developed in this thesis. it is necessary to 

perform some experimental verification. In [18], scaling laws for linear controllers 

of dynamically equivalent single flexible link manipulators were presented. These 

theoretical results were successfully validated experimentally. Based on the success 

of these linear system experiments. it is expected that the general scaling laws 

<leveloped in this research will also be successfully validated through experiments. 

9.3.2 Non-Uniform Flexible Links 

In the situation where the links of tlu~ flexible manipulator are not uniform~ the link 

uo longer has a constant cross-sectional area. In particular~ this means that the area 

moments of inertia. lz; and ly; ! are no longer constant~ aud are in fact functions of 

the a...icial coorc.linate! Zi. This would seem to suggest that the nondimensional Pi 

groups for /.~; and ly; are also functions of the axial coordinate. The Pi groups for 

these terms should be determined using the Buckingham Pi method. and verified 

by direct uondimensionalization of the system equations of motion. 

9.3.3 Micro-manipulators 

The scaling conditions could potentially be used to make a large prototype of a 

micro-manipulator. Because of different dynamic effects at the mkroscopic level 

(e.g. high frictionL the parameters used to characterize the manipulator dynamics 

would have to be different. However, the methodology developed in this thesis 

could be used to construct a '"magnified" version of a micro-manipulator~ thereby 

facilitating design and analysis. 
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Appendix A 

Table of N ornenclature 

In this appendix. the nomenclature used throughout the thesis is presented. The 

uumeudature is organized into six categories: 

• Table of Standard SI Units 

• D imeusioual Analysis 

• Manipulator Dynamics 

• Manipulator Pi Groups 

• System Components 

• Mathematical Notatiou. 

172 



APPENDIX A. TABLE OF NOMENCLATURE 173 

Standard Systeme Internationale (SI) Units 

kg kilogram ( unit of mass) 

m metre ( unit of length) 

s second ( unit uf time) 

A ampere ( unit of current) 

K kelvin ( unit of temperature) 

cd candela ( unit of luminous intensity) 

mol mole ( 1111.it of amount of substance) 
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Dimensional Analysis 

[M] fundamental c.limension uf mass 

[L] fundamental dimension of length 

(T] fundamental dimension of time 

[A] fundamental dimension of current 

[0] fundamental dimension of temperature 

mol fundamental dimension uf the amount of substance 

cd fundamental dimension of luminous intensity 

- indicates the dimensions of a variable -

II uoudimensiunal Pi group 

II vector of Pi groups for dynamic equivalence 

fl vedor of Pi groups with en-ant values 

Nn total number of Pi groups 
~ 

(·) uoudimeusional variable for ( ·) 

r uomlimeusional time variable 

n time scaling frequency 
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Manipulator Dynamics 

T kinetic energy 

V potential energy 

L Lagrangian: L = T - V 

q vector of generalized manipulator coordinates 

qi i th generalized manipulator coordinate 

Qi ith generalized external force 

Fa inertial frame of reference 

:F ... ;, principal body fixed frame at centre of mass of rigid liuk ·i 

:Fi frame attached to one end of link ·i 

t time variable 

mi mass of link ·i 

.1r mass moment of inertia of link i about principal x-axis 

Jr'J mass moment of inertia of link i about principal y-axis 

Jt= mass moment of inertia of link ·i about principal z-axis 

Jc; diag{ .Jtz: .. J!{J . .J{=} 

.11 one of{./~. Jf'1, or 1::Z} 

ratlius of gyration of m 1 about the axis defined by .11 ( /?£) 
Mi mass of joint j 

Ij rotational inertia of joint j 

g gravitational acceleration 

s unit gravity vedor 
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Manipulator Dynamics 

[. 
i length of i th flexible link 

I-z:; area moment of inertia of cross-section about local Xi axis 

fy; area moment of inertia of cross-section about local Yi axis 

Pi linear mass density of the material of ·?h flexible link 

Pi volume mass density of a material 

Ei elastic modulus of the material of ith flexible link 

<Pi( z) it" mode shape 

q uondimeusional generalized manipulator coordinates 

M uumlimeusional inertia matrix for a manipulator 

C uomlimensional Coriolis and centripetal acceleration vedor 

G uouc.limensional gravity vector 

F uouclirnensional external force vector 

h Coriolis, centripetal, and gravity vector 

r generalized time parameter 

[, geueralized length parameter 

1-l generalized control effort parameter 
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Manipulator Pi Groups 

IImi Pi group for the i th link mass ( mi) 

Ilpz Pi group fur the inertia of the i th rigid link (JF) . 
IIJ!'II Pi group for the inertia of the i th rigid link (.Jr') . 
Ili::: Pi group fur the inertia of the ·ith rigid link ( Jtz.) 

I 

IIM, Pi group for mass of the /h joint (Mj) 

II[h 
J 

Pi group for the inertia of the /1' joint ( Ij) 

Ila Pi group fur gravitational acceleration 

IIp. Pi group for linear mass density of the i th flexible link (Pi) 

Ill; Pi group for the length of the i th flexible liuk (li) 

II1z. . Pi group for area moment of cross-section iu x tlirectiou 

IIr11, Pi group for area lllomeut of cross-section in y llirection 

Ile; Pi group for elastic mo,lulus of the ?ii flexible link 
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System Components 

F1 external friction force 

Fa input force from actuator 

u controller output 

f. actuator generalized coordinate 

<I> set of actuator or controller characteristic parameters 

<Pi au actuator or controller characteristic parameter 

Kv proportional gain (PID) 

K-I integral gain (PID) 

Kd derivative gain (PID) 

(I· 
I sliding surface ( sliding mode) 

,\i c:uuvergence rate parameter (sliding mode) 

/.;i switching control gain ( sliding mode) 

D.1 width of saturation operator ( sliding mode) 

c"ll viscous friction coefficient 
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Mathematical Notation 

R set of real numbers 
n 

I:(-)i sullllllation of the argument as i ranges from 1 to n 
i::l 

n 

n ( • )i product of the argument as ·i ranges from 1 tu u 
i::l 

(Lnl the integers {L 2, .... n} 

E .. is a member of' 

(·) the first derivative of ( ·) witlt respect to time 

(·) the second derivative of ( ·) with respect to time 

(. }(n) the n th derivative of ( •) with respect to time 

(. )' the second derivative of ( ·) with respect to space 

(. )" the second derivative of ( ·) with respect to space 

(-f transpose of a vector or matrix 

f a-+b {fa• r a+I, .... rb} 

diag { A1 ~ A2 ... . ~ An} the diagonal matrix with elements A1 ~ .... An 

sgn siguum function 

sat saturation function 




