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Abstract 

A homological algebra theory is developed in the category of operator spaces which 

closely matches the theory developed in general algebra and its extension to the 

Banach space setting. Using this category, we establish several results regarding 

the question of classifying which ideals in the Fourier algebra of a locally compact 

group are complemented. Furthermore we classify the groups for which the Fourier 

algebra is operator biprojective. 

Additionally, the notion of operator weak amenability for completely contrac­

tive Banach algebras is introduced. We then study the potential operator weak 

amenability for the Fourier algebra and various sub-algebras of its second dual. 

IV 
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Chapter 1 

Introduction 

The first major goal of this thesis is to construct a homological algebra theory for 

completely contractive Banach algebras. For our purposes, this theory commenced 

for general algebras by Hochschild in (43] (44] and (45], and by Johnson in [49] for 

Banach algebras. 

Taylor in (74} and Khelemskii in [53] and [54] continued this work where they 

provide a complete homology theory for Banach algebras, paralleling that which 

existed for general algebras. Chapter 3 of this thesis builds a homological algebra 

theory in the category of operator spaces. We note that Paulsen in (66] presented 

a cohomology theory in the category of operator spaces using the Haagerup tensor 

product, however the presentation given here uses the operator space projective 

tensor product. Indeed it is one of the major themes of this thesis to demonstrate 

that this is the appropriate object for a homology theory in this new category, and 

for studying the homology of the Fourier algebra. 

Using this theory, we are able to study various properties of the Fourier algebra. 

In fact, it is a second theme of this thesis to demonstrate that when considering 

1 



CHAPTER 1. INTRODUCTION 2 

questions regarding the Fourier algebra, the operator space category is most appro­

priate. We note that Ruan's theorem that the Fourier algebra of a locally compact 

group is operator amenable exactly when G is amenable is strong evidence for this 

perspective. 

This thesis is divided into eight chapters. In Chapter 2 we introduce the im­

portant ideas in harmonic analysis, operator spaces and homology. All the basic 

notation and definitions can be found there. 

Chapter 3 contains all the major results for the development of the homology and 

cohomology theory. The functors ?®.A? and C B.,t,c(?, ?) are introduced, and their 

connection between amenability, flatness, injectivity and projectivity is studied. 

Additionally, we recognize the derived functors of the latter functor as equivalence 

classes of certain extension sequences. Using this notion, we are able to provide 

insight into the question of which ideals in A( G) are complemented. Furthermore, 

we classify for which amenable groups we have that A( G) is operator biprojective. 

In Chapter 4, we introduce the notion of operator weak amenability and we 

demonstrate that for large classes of groups, including all [IN] groups and Hermi­

tian groups, A(G) is operator weak amenable. Furthermore we study the potential 

operator weak amenability of several sub-algebras of the second dual of A(G). 

We note that the category of operator spaces in indistinguishable from the 

category of Banach spaces whenever it is known that every bounded map from our 

algebra is automatically completely bounded. In Chapter 5 we classify for which 

groups G, the Fourier algebra has this particular property. We move on to discuss 

under what circumstances the Fourier algebra possesses the property that every 

derivation is automatically completely bounded. 

As discussed earlier, we are able to use the homology theory to investigate the 
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question of which closed ideals in the Fourier algebra are complemented. We also 

discuss the classification of ideals which possesses bounded approximate identities, 

which is related to the complementation problem. These results can be found in 

Chapter 6. 

We complete this thesis with a summary of our results, and a discussion of open 

problems, as well as problems for future research. 



Chapter 2 

Preliminaries and Notation 

2.1 Introduction 

This chapter is intended to be a reference to the basic terms and notation used 

in this thesis. It is divided into four main sections. The first section presents the 

primary notation that is used throughout the thesis. The second section introduces 

abstract harmonic analysis and the Fourier algebra. The third section deals with 

operator spaces and the fourth section contains material on homological algebra. 

2.2 Basic Notation 

We will use the following notation consistently throughout. 

G will represent an abstract group. We will generally use multiplication for the 

group operation, however if the group is known to be abelian, then addition will 

often be used. 

4 



CHAPTER 2. PRELIMINARIES AND NOTATION 5 

Z, Rand C denote the usual integer, real and complex groups under addition. 

T refers to the circle group of C under multiplication i.e. 11' = { z E C : I z I= 1} 

B(H) denotes the algebra of continuous linear operators on the Hilbert space 

H, and .C(X) denotes the algebra of continuous linear operators on the Banach 

space X, under the operator norm I[ • llop-

C(X) denotes the algebra of continuous complex valued functions from the 

topological space X, under the sup norm I/ • ll=-

Co(X) denotes the subalgebra of C(X) of functions which vanish at infinity, 

and Ce(X) shall denote the subalgebra of functions with compact support. 

If (X, M, µ) is a measure space, then for E E M, lE shall denote the charac­

teristic function of E. 

Where Xis any Banach space, X• will denote the Banach space of continuous 

linear complex valued functionals, under the usual norm. 

2.3 Harmonic Analysis 

An abstract group G is called a locally compact group if it is endowed with a 

locally compact Hausdorff topology such that the group operations are continuous. 

Fundamental to our study is the fact that given a locally compact group G, there 

exists a non-negative, non-zero regular Borel measure ( called a Haar measure) 

denoted by mG, which is left translation invariant. That is to say 

for every Borel set E and every g E G. 
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Given a locally compact group G, and two Haar measures ma and m~, it is well 

known that there exists a positive constant A such that mG = Ame;. By convention 

we shall assume that all compact groups have measure 1 and for all infinite discrete 

groups, the measure of a single point set is assumed to be 1. 

Now suppose that we are given a Haar measure mG, and for s E G we define a 

new measure m. by m 11 (E) = mG(Es) for all Borel sets E. It is easy to see that 

m. is left translation invariant, and hence that there exists a constant, which we 

denote 6. ( s), such that 

m.(E) = .6.(s)mG(E). 

We call the function .6 : s i-+ .6.(s) the modular function of G. It is an easy 

calculation to see that .6 is a continuous group map from G onto the multiplicative 

group IR+. 

A group such that .6 ( s) = 1 for all s E G is called unimodular. Since the 

continuous image of a compact group is compact, it follows that any compact group 

is unimodular. It is also easy to see that a group is unimodular exactly when the 

Haar measure is also right translation invariant (i.e. mG(Es) = ma(E)). Hence we 

conclude that all abelian groups are unimodular. (See [42] for these facts). 

The following classes of locally compact groups will be of interest 

[A] = Abelian groups 

[K] = Compact groups 

[MAP] = Maximally almost periodic groups (groups for which the finite dimen­

sional representations separate points) 

(Um] = Unimodular groups 

[SIN] = Small Invariant Neighborhood groups (groups for which every neigh­

borhood of the identity contains a compact neighborhood which is invariant under 
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all inner automorphisms) 

[IN]= Invariant Neighborhood groups (groups having a compact neighborhood 

of the identity which is invariant under all inner automorphisms. 

[Her] = Hermitian (groups for which the group algebra ( defined below) is her­

mitian 

An excellent reference for the above groups including the relationships between 

the classes is the survey article by Palmer (65]. 

Given the measure mG, we shall define the linear space L1(G) to be space of 

equivalence classes of all measurable functions f : G r+ C such that the Les begue 

integral 

l lf(x) I dma(x) 

is finite, where f = g for f, g E L1( G) whenever f = g almost everywhere. If we 

provide L1 (G) with the norm II • 11 1 defined by 

11/111= Li I I dma 

L1 
( G) becomes a Banach space. 

Since the Haar measure is essentially unique we will usually write JG f(x) dx 

instead of JG f(x) dma(x) when no confusion arises. 

Given f E L 1{G) we can define an involution on L1{G) by 

For any two functions f, g E L1( G) we define their convolution, denoted by 

f *g by 
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It can be shown that f * g E L 1 (G) and the inequality I[/* Ylh <1l/ll1l1Yl11 
holds for all/, g E L1{ G). It follows that with convolution acting as multiplication, 

L1 ( G) becomes an involutive Banach algebra called the group algebra of G. It 

is well known that the group algebra is commutative exactly when the group is 

commutative. In general L1{ G) is not a C* -algebra. 

We further define the Banach space V,o ( G) to be the space of essentially bounded, 

ma-measurable functions under the sup norm 11 • lloo• 

Given a topological group G, a positive linear functional Mon L 00 (G) such that 

{1) 

and (2) 

M(lG) = 1 

IIMII = 1 

is called a mean. A mean is called left translation invariant if M(fz) = M(f) 

for all/ E V'0 (G) and x E G where /z(s) = f(x- 1s). A locally compact group G 

is called amenable if there exists a left translation invariant mean on L00 (G). We 

shall say that G is amenable as a discrete group if the group Gr1 is amenable, 

where Gd is the abstract group G endowed with the discrete topology. 

If G is compact, then the normalized Haar measure is easily seen to be a trans­

lation invariant mean, hence . all compact groups are amenable. It is an easy con­

sequence of the Markov-Kakutani fixed point theorem (see (42]) that each abelian 

group is amenable. The classic example of a non-amenable group is IF2 , the free 

group on two generators. See [39] and [67] for more on amenable groups. 

Non-amenable groups can possess very interesting and sometimes pathological 

properties in analysis. The most famous example of this arises in the Banach-Tarski 

paradox ( see [76]). It is important to note that a group may be amenable with 

respect to one topology, while not with respect to another. For example S0(3) is 
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compact hence amenable as a topological group. However it contains the subgroup 

IF2 which implies that it is not amenable as a discrete group. 

Let M(G) denote the Banach space of bounded regular Borel measures on G 

with the total variation norm. It is well known that M( G) can be identified with 

C0(G)*, the Banach space dual of Co{G), by the duality 

(µ, f) = l f(x)dµ(x). 

Clearly L1 ( G) is a closed subspace of M( G). We can extend the convolution on 

L1 ( G) to M( G) by the formula 

µ * v(h) = l l h(xy)dµ(x)dv(y) 

for each µ, v E M( G) and h E Co( G). Furthermore we can extend the involution 

to M(G) by 

under which M(G) becomes a involutive Banach algebra called the measure al­

gebra of G , containing L1(G) as a closed two sided ideal. 

By a continuous unitary representation of G on the Hilbert space H ( or 

simply a representation when no confusion arises) we mean a group morphism 

1r: Gr-+ U(H) 

where U ( H) denotes the group of unitary operators on H, such that for every 

a EH, the map 

s •-Hr(s)a 
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is continuous. We call H the space of tr and it is often denoted H'IC. Furthermore 

we define the dimension of 7r ( denoted dim 1r) to be equal to the dimension of 

H-w-

Suppose we are given two representations 1r1 and 1r2 of the group G on the 

Hilbert spaces H1 and H 2 respectively. We say that 1r1 and 1r2 are equivalent ( and 

write 1r1 - 1r2 ) if there exists an isomorphism U: H 1 i-+ H2 which transforms 1r1(g) 

into 1r2(g) for all g E G. That is 

U(1r1(g)a) = 1r2(g)U(o:) 'vg E G, a E H1. 

Hence we obtain a class of representations. We usually do not distinguish be­

tween a representation and its class. We let Ea denote the collection of equivalence 

classes of representations of G. 

By far and away the most important representation for our study is the left 

regular representation denoted by A and given by 

for all f E L 2{G). 

Given a *-Banach algebra A, we define a *-representation to be an involutive 

algebra morphism 

1r: Ar-+ B(H) 

such that 1r is continuous in the weak operator topology on H. Similar to above we 

can define equivalent *-representations and hence we let EA denote the collection 

of equivalence classes of *-representations of A. 

It is well known that each 7r E Ea lifts to a *-representation of M{ G) by the 

formula 



CHAPTER 2. PRELIMINARIES AND NOTATION 11 

(rr(µ)a,/3) = L (1r(x)a,/3)dµ(x) 

for eachµ E M(G) and a,/3 E Hrr. We call the functions of the form (rr(x)a,/3) 

the coefficient functions of 1r. 

The restriction of 1r to L 1(G) is given by the simpler formula 

(1r(f)a,f3) = l f(x)(1r(x)a,/3)d(x). 

This is a non-degenerate *-representation of L 1{G) on H1r. In. fact all such rep­

resentations of L 1(G) arise in this manner. Thus there shall be no ambiguity in 

denoting the equivalence class of non-degenerate *-representations of L1 ( G) by EG. 

We observe that the left regular representation, when lifted to L1 (G) has the form 

for all f E L 1(G) and g E L2 (G). 

We define the norm II· llc•(G} on L 1 (G) as follows 

The completion of L1(G) with respect to II • llc•(G) is a C*- algebra called the 

group C*-algebra of G and is denoted C*(G). We can define another norm 11 • llr 

on L1 ( G) as follows 

11/llr = 11-\(/)llop-
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The completion of L 1 (G) with respect to this norm is denoted CI(G) and is called 

the reduced C*-algebra of G. It is well known that C'"(G) = CI(G) if and only 

if G is amenable. 

We further define C5(G) to be the c· algebra generated by 

{-\(g}: g E G} C VN(G). 

The dual of C·(G) is denoted by B(G). B(G) may be realized as the space of 

coefficient functions of Ea. The duality is determined by the formula 

(u,/) = l u(x)f(x)dx 

for u E B(G) and / E C·(G). We let II ·• [ls(G) be the norm on B(G) induced by 

this duality. With this norm and pointwise multiplication, B(G) becomes a commu­

tative, regular semisimple Banach algebra called the Fourier-Stieltjes algebra 

of G. 

Now let A( G) denote the closed subspace of B( G) generated by the coefficient 

functions of A. Then A(G) is a closed two-sided ideal of B(G) called the Fourier 

algebra of G. Alternatively, we can view A( G) as the subspace of C0 ( G) consisting 

of functions of the form 

00 

u(x) = I:; (Ii* ffi)(x) 
i=l 

00 

L ll/ill2llgill2 < 00. 

i=l 
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The restriction of the norm II • JIB(G) to A( G) is denoted II • IIA(G) and can be 

given by the formula 

It is possible to remove the "infinite sum" in the above construction. Indeed 

it is possible to show that A( G) consists of functions of the form u = f * g for 

f,g E L 2(G). 

As a third alternative, A( G) can be recognized as the closure in the B ( G) norm 

of the space B(G) n Cc(G) (which the author notes is the most transparent way to 

observe that A(G) is both an algebra and an ideal of B(G)). The Fourier algebra 

was first studied for non-abelian groups by Eymard in [28]. 

The Banach space dual of Ci(G) can be identified with a closed ideal of B(G) 

which we denote B.\(G). B.\(G) is the weak-* closure of A(G) and moreover A{G) 

is also a closed ideal of both B .\ ( G) and B ( G). 

The dual of C;(G) is denoted by B 0(Gd)- It is a weak-* closed subalgebra of 

B(Gd)- In general, B0(Gd) contains A(Gd) and hence B..\(Gd)- Moreover B 0(Gd) = 
B(Gd) if and only if G is amenable.[8] 

All of the above facts can be found in [28] or [22]. 

Let G denote the subset1 of Ea consisting of irreducible representations of G. 

If G is abelian, it is well known that each element of G is one-dimensional. In 

this case it possible to recognize G as an abelian topological group called the dual 
... 

group of G. The Pontryagin duality theorem states that G is both isomorphic 

1We note that l}G is strictly not a set, however by restricting the size of the Hilbert spaces 

upon which our representations act, we can avoid this set theoretic difficulty 
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and homeomorphic to G. For general non-abelian groups G, we note that the set 

G has no natural group structure, and hence we shall call this set simply the dual 

ofG. 

If G is abelian and µ E M( G), we define the Fourier Stieltjes transform {L 

by 

One of the fundamental results in abelian harmonic analysis is that the Fourier­

Stieltjes transform establishes an isometric isomorphism between M(G) and B(G) 

and that the restriction to the L 1 {G) {called the Fourier transform) is an iso­

metric isomorphism onto A( G). 

Note that in general A(G) = B(G) if and only if G is compact. 

Let VN(G) denote the van-Neumann subalgebra of B{L2(G)) generated by 

A(L1 (G)) or alternatively generated by A(G). We call VN(G) the group von­

Neumann algebra of G. It can be shown that A{G)* = VN(G) and that the 

weak-* topology in VN ( G) coincides with the weak operator topology. Some au­

thors write L(G) for VN(G) to help differentiate between the von-Neumann alge­

bras generated by the left and right regular representations. However since we shall 

make no use of this latter algebra, we need not make this distinction. 

Given an element u E A(G) we define the zero set of u, denoted Z(u) by 

Z ( u) = {g E G : u(g) = 0}. 

Note that since u is continuous, Z(u) is closed. Also for a closed ideal J C A(G) 

we define the hull of J denoted h(J) as follows 

h(J) = {x E G: f(x) = 0 Yf E J}. 
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Given a closed set E E G we define the closed ideal I( E) by 

I(E) = {f E A(G): /(x) = 0 'efx EE}. 

The coset ring of G denoted !l(G) is the smallest ring of sets, which is closed 

under finite unions, intersections and translations containing all open subgroups, 

and we define the closed cos et ring of G, denoted !le{ G) to consist of all elements 

of !l(Gd) which are closed in G. 

A closed set E C G is called a set of spectral synthesis ( or simply an S-set) 

if I(E) is the only ideal whose hull is E. The classification of S-sets for general 

groups G seems impossibly difficult, however some partial results are known. In 

particular, if E is a discrete subset of G then E is known to be an S-set. 

2.4 Operator Spaces 

An operator space is a vector space V together with a family 11 lln of Banach space 

norms ( called operator space nonns) on ~ (V), the space of n x n matrices 

with entries in V such that 

(i) - max: {IIAlln , l!Bllm} 

for each A E ~(V), BE M.n(V), and 

(ii) II ([aij]}A([bij]} lln < II [a;iJII IIAllnll [bi;]II 

for each [aii], [bi;] E Mri(C) and A E Mn(V) 
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We note that given operator space norms II• lln on an operator space V, there 

is an induced norm on JC ® V where JC, denotes the compact operators. If we let 

u denote the set of matrix norms, then we shall denote the closure of this tensor 

product by JC ®er V. 

Let X and Y be operator spaces and let T : X i-+ Y. For each n E N define 

by 

The map T is said to be completely bounded (or simply c.b. for short) if 

sup{IIT(n)II} < oo. In this case we let IITllcb = sup{IIT(n)II} . We say that T 

is a complete isometry if each T(n) is an isometry and that T is a complete 

contraction if each T(n) is a contraction. We say that two operator spaces X 

and Y are c.b. isomorphic if there exists a c.b. map T : X i-+ Y such that 

T-1 is also completely bounded. Furthermore we shall say that X and Y are c.b. 

isometrically isomorphic (or completely isometrically isomorphic) if the 

map T can be chosen to be a complete isometry. 

For the Hilbert space H, we let 

n 

Since there is a canonical identification between M.-i ( B( H)) and B ( H( n)), it is easy 

to show that B ( H) ( and hence any closed subspace) is an operator space. 

It is a fundamental result in the theory that every operator space is completely 

isometrically isomorphic to a norm closed subspace S of B ( H), the algebra of 

bounded operators on the Hilbert space H, where the operator space structure on 

Sis the structure inherited from B(H) ([24]). 



CHAPTER 2. PRELIMINARIES AND NOTATION 17 

We note that M,.r, ® X ~ Mrn(X). As such we may recognize the map T(n) by 

where idn represents the identity map on Mn,(C). Thus we can conclude that 

IITllco = llid.c ® Tll 

where id.c is the identity map on the compact operators. 

Given a general Banach space X, there exist two natural operator space struc­

tmes called the mazimal operator space and minimal operator space struc­

tmes denoted MAX( X) and MIN( X) respectively. 

We define the MAX structure as follows: for (a;;] E Mn(X) we let 

ll[lli;]lln,MAX = sup{ll<p{(a;;])II : for all </>: X i--t B(H) with </> contractive}. 

It is easy to see that given any operator space Y and any bounded linear map 

T: MAX(X) i-t Y 

it follows that Tis automatically completely bounded with IITllcb = IITI(. 

The MIN operator space structme can be recognized in at least three ways: 

first we can consider the natural embedding of X into its second dual x•• given by 

where 

If we let Xi denote the (compact) unit ball in X* with the weak-* topology, then it 

is easy to see that x E C (Xi), and hence X becomes identified with a subspace of a 
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c· -algebra. The restriction of the natural operator space on C ( x;) to X becomes 

an operator space denoted MI N(X). 

Alternatively, we may consider the matrix norms given by the Banach space 

injective tensor norm (®l.) and set Mn(X) = X ®A Mn(C). The final alternative is 

to set for [xi;] E Mn.(X), 

It can be shown that given any operator space Y and any bounded linear map 

S: Y H- MIN(X), 

we have that S is automatically completely bounded with IISllcb = IISII (see [12] 

and [91). 

If we let CB(X, Y) denote the space of all completely bounded maps from X 

to Y, then CB(X, Y) has a natural operator structure which can be obtained by 

identifying Mn(CB(X, Y)) with CB(X, ~(Y)). It is important to note that con­

tinuous linear functionals are automatically completely bounded. In fact, since we 

can identify x• with C B(X, C), x· is also an operator space called the standard 

dual of X (see [101). 

For operator spaces X, Y and Z, we call a bilinear map T : X x Y H- Z jointly 

completely bounded, if for [xi;] E ~(X) and [Ykl] E Mm.(Y) we have that 

is finite. Now there is an operator space analogue of the projective tensor product 

which we denote X@Y such that 

JCB(X, Y; Z) = CB(X®Y, Z}. 
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That is to say each jointly completely bounded map extends to a unique map on this 

operator space projective tensor product. In particular, there is a complete 

isometry between (X@Y)* and CB(X, Y*). 

We can define the norm of a typical element in the operator space projective 

tensor product with the following. Let [xi;] E !Mfp(X) and [Ykl] E Mq (Y). We define 

the tensor product x @ y to be the pq x pq matrix 

Given any element u E Mn ( X ® Y), we can write 

u=a(x®y),B 

for some a E Mn,pq(<C),x E Mp(X),y E Mq(Y), and ,BE ~.n(C). Now we have 

that the operator space projective tensor norm is given by 

llulln = inf {llall llxll llYII 11/311} 

where the infimum is taken over all such representations of u. 

There is another tensor product which we will refer to called the Haagerup 

tensor product denoted ®h• (See [27]) 

An associative algebra A which is also an operator space and is such that the 

multiplication 

m:A®A...+A 

is completely contractive is called a completely contractive Banach algebra. 

If A is a completely contractive Banach algebra and :Tis a closed ideal of A, it is 

easy to see that both :J and A/ .:T are completely contractive Banach algebras with 

respect to the operator space structure each inherits from A ( see [25]). 
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A Banach algebra A with an operator space structure such that the multiplica­

tion 

m: A®nAi-+ A 

is completely contractive will be called an h-algebra. We note that if Xis the 

predual of a van Neumann algebra A, it inherits a natural operator space structure 

as follows: for [Xii] E ~ ( X) we set 

Thus both the Fourier and Fourier-Stieltjes algebras can be given natural operator 

structures by virtue of their being preduals ofvon Neumann algebras. In each case, 

this operator space structure results in a completely contractive Banach algebra 

(see [68] and [10]) 

Given two operator spaces X and Y, we can consider the direct sum X EB Y to 

be an opera.tor space where 

Unless otherwise noted, whenever we are given the direct sum of two operator 

spaces, we shall consider it to be an operator space in this way. 

2.5 Homology and Amenable algebras 

We begin with some standard definitions from homological algebra as applied to 

Banach spaces. The basic references are [63] and [14]. 

A left Banach A-m.odule is a left A-module X that is itself a Banach space 

and for which 
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for each a E A and each x E X. A right and two-sided Banach A module is 

defined analogously. We call a two sided module a bimodule. If X is a left Banach 

A-module, then X• becomes a right Banach A-module with respect to the action 

(ef>a)(x) = ef>(a:z:). 

We call X* a dual right Banach A-module. Naturally we can define dual left 

and bim.odules analogously. 

In general, we will call an A-module X symmetric if ax = xa for every a E A 

and x E X. In particular, A• is symmetric if and only if A is commutative. 

In the category of operator spaces there are two ways to define an operator 

module. In this thesis we shall call an operator space X, which is a left Banach 

A-module a left operator A-module if the module map is completely contractive 

with respect to the projective tensor product, that is to say the module map 

M:A@X~X 

is completely contractive. Clearly we may define operator right and bimodules 

analogously. Furthermore if X is a operator module, then X* becomes a dual 

operator module with the dual actions defined above. 

The second approach is to ask that the module action is completely contractive 

from the Haagerup tensor product, that is 

is completely contractive. We shall call such a module X an h-operator module. 
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Suppose X is a left operator A-module and Y an operator space. Then we may 

consider X ® Y as a left operator A module by 

a • ( x ® y) = ax ® y 

for a EA, x EX and y E Y. It is clear that if Y is a right operator module, then 

X®Y becomes a right operator module in the analogous way. 

By a chain complez we mean a sequence of objects Xn with n E Z and 

morphisms d.n: Xn+l t-+ Xn such that d.n°d.n+1 = 0 for all n E Z. The objects could 

be Banach spaces, Banach algebras, Banach modules etc. and the maps naturally 

will be respectively Banach space maps, Banach algebra maps, Banach module 

maps etc. 

In Chapter 3 of this thesis we will investigate certain chain complexes of operator 

spaces and completely bounded maps. 

Typically, a chain complex is written as 

with the arrows "pointing left". The condition that d.n °dn+i = 0 is clearly equivalent 

to imdn+1 C ker dn,. We define for n E Z the nth-hom.ology group2 of the chain 

complex, denoted Hn('3) by 

The elements of imdn+1 are called n-boundaries and the elements of ker d,.,, are 

called n-cycles (so Hn('E:) represents "cycles mod boundaries"). 

2We use the term "group" out of historical consistency. Indeed we have no interest in the 

algebraic structure of this object. 



CHAPTER 2. PRELIMINARIES AND NOTATION 23 

By a cochain complez we shall mean a sequence 

6 (II) : ... ➔ Yn ➔ Yn+i ➔ ... 

with dn+l 0 dn = 0. Clearly there is no substantive difference between the two con­

cepts other than the direction of the arrows, however it is standard and sometimes 

convenient in practice to have both concepts. It will often be the case that we will 

have~= X;,_ and dn =~'and hence the cochain is the dual of the chain complex. 

Analogous to above, we define the nth-cohon,,.ology group of the cochain 

complex, denoted Hn(II) by 

k rn+l 

Jr(II) = :1° o8 . rm n 

Again as above, we call the elements of imdn n-coboundaries and we call 

the elements of ker6n+l n•cocycles . (Thus H"'(II) represents "cocycles mod 

coboundries). The elements dn (or dn as the case may be) are called differentials. 

Typically a sequence may be "bounded by zeros" either on the left or right. In 

this case we will usually suppress these zeros. For example the sequence 

... O ➔ O ➔ O ➔ Yo ➔ Yi ➔ ... 

will usually be written simply 

O ➔ Yo ➔ Yi ➔ .... 
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A chain complex is called ezact at Xn if imdn = kerd.n.-1 , and the complex is 

called exact if it is exact at every term. The exactness at Yn and the exactness 

of a cochain complex is defined analogously. 

A linear map D from a Banach algebra A into a Banach A bimodule is called 

a derivation if 

D(ab) =a· D(b) + D(a) • b 

for all a, b E A. A derivation is called inner if there exists an element x E X such 

that 

D(a) =a• x - x • a. 

We say that a Banach algebra is Banach algebra amenable if every bounded 

derivation from A into any dual Banach A bim.odule is automatically inner. 

Finally if Xis a space of any sort, we shall use the notation idx (or simply id 

when no confusion arises) to denote the identity morphism. 



Chapter 3 

Homology in Operator Spaces 

3.1 Introduction 

In this chapter we present the homological algebra theory for completely contractive 

Banach Algebras. We note that Paulsen in [66] developed a cohomology theory for 

h-algebras which is similar to our development. However there appear to be several 

limitations to that category. Most noteworthy is the absence of a homology theory 

for which the cohomology theory is dual. 

Our approach is to use the projective tensor product to develop a homology, and 

thus to recognize the usual cohomology theory as simply the dual of the homology. 

The translation of the algebraic homological ideas to the category of Banach 

spaces is of course not new. See for example the work of Taylor [74], Kamowitz [51] 

and Kadison and Ringrose (50]. Thus it is important to note that the translation 

into our new category involves mainly an array of technical facts which allows us 

to follow in the footsteps of the algebraists. Indeed Johnson in [49] and most 

importantly Taylor and Khelemskii ([54] and [53]) did exactly this in the Banach 

25 
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space setting, generalizing the algebraic methods of Hochschild (see (43} and [44]). 

A good reference for the algebraic presentation is Cartan and Eilenberg [14). 

The presentation of Paul.sen follows the so called relative Yoneda cohomology as 

well as the derived functor presentation. In this sense he generalized the algebraic 

approaches found in MacLane (63]. 

The approach presented here is to extend the ideas of Taylor, Kamowitz and 

Khelemskii to the completely contractive algebra setting. This approach provides 

a complete homology theory in this category, which both reflects the dual nature 

of the cohomology, and explores the notion of split extensions - which for us will 

ultimately be the most useful application. 

3.2 Extension Sequences 

One of the basic concepts and tools in homological algebra is that of a short exact 

sequence. Recall that a short exact sequence of objects in an abelian category is a 

complex of the form 

where / is injective, g is surjective and ker g = im.f. We note the expected fact that 

A/ f ( X) is isomorphic in the category to Y, and naturally we write A/ f (X) ~ Y. 

In this case we say that A is an extension of X by Y. 

Unfortunately, this concept breaks down in the case of operator spaces. Consider 

the following short exact sequence: 

"d 
0-+ 0 ➔ MAX(X) ➔ MIN(X)-+ 0 
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where id represents the identity map. If X is any infinite dimensional Banach space, 

then MAX(X)/0 = MAX(X) is not isomorphic in the category of operator spaces 

to MIN(X). In this sense, one of the basic objects of homology fails to "do what 

we want" in our new category. 

The basic way to repair this is to restrict the sequences under consideration. In 

(69], the authors considered cases where/ was a "complete isometry" and g was a 

"complete quotient" map. In (79} the present author considered sequences where 

both/ and g had inverses which were completely bounded. 

In this section, we will establish a broad class of short exact sequences which 

avoids this isomorphism dilemma, and we will show that in some sense, this class 

is as broad as possible. 

DEFINITION 3.2.1: Given two operator spaces X and Y, we say a c.b. map 

T : X ➔ Y has the complete isomorphism property (c .. i.p.) if the image 

T(X) is closed and the induced map T: X/kerT t-+ T(X) is a c.b. isomorphism. 

We note that any bounded map between Banach spaces satisfies the analogous 

property. The leads to the following: 

DEFINITION 3.2.2: A chain ( or cochain) complex of operator spaces is called an 

operator complea; if each of the differential maps has the complete isomorphism 

property. 

As discussed earlier, an important special case of a chain complex is of course 

the short exact sequences. In this thesis, we call any short exact operator chain 

complex an ea:tension sequence or 1-eztension sequence. 

This leads to the following proposition which suggests that operator complexes 

are the correct tool for our category: 

PROPOSITION 3.2.3: Suppose X, Y and Z are operator spaces such that 
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(3) : 0 ➔ X /4 Y .!+ Z ➔ O 

forms an extension sequence. Then Y/ f(X) is c.b. isomorphic to Z. 

Pro of: Since (3) is a short exact sequence, we have im/ = ker g thus Y / f ( x) = 
Y/ ker g. Since (3) is an operator complex, the map g has the complete isomorphism 

property and hence there is a c.b. isomorphism between Y/ ker g and img = Z (by 

exactness). Thus Y/ f(X) is c.b. isomorphic to Z. • 

Conversely, we have the following: 

PROPOSITION 3.2.4: Suppose X, Y and Z are operator spaces with X C Y such 

that Y/X is c.b. isomorphic to Z. Then there is an extension sequence(~) of the 

form 

(3) : 0 ➔ X !+ Y /4 Z ➔ 0 

where i represents the inclusion map i : X c.....+ Y. 

Proof: Consider the canonical quotient map q: Y t-+ Y/ X. By construction the 

short exact sequence 

O ➔ X ➔ Y ➔ YJX ➔ O 

is an extension sequence. Let T : Y / X i-+ Z be a c. b. isomorphism. Then it is easy 

to see that the following diagram commutes: 
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i q X---Y---Y/X 

T-1 ( )T 
i I x-----+-Y----~z 

Hence the bottom sequence is an extension sequence. 

■ 

In the obvious way we consider an n-extension sequence. Given A operator 

modules X and Y, any exact operator complex of the form 

is called an n-eztension of X by Y. Furthermore we call the above sequence an 

n-eztension sequence. 

Unlike in algebra, it is usually necessary to consider further topological condi­

tions on our extension sequences. An additional condition is that we will require 

im1rk to be complemented. The importance of this latter condition will become 

apparent a little later. 

DEFINITION 3.2.5: An exact operator complex of A-modules 

is called adm.issible if there exist completely bounded maps (not necessarily A­

module maps) Bk: xk+l i--+ X1c such that tr1c 0 0k = idkerff'1;+1. An admissible complex 
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is said to split if the maps fh .. can be chosen to be module maps. Thus a complex 

is admissible exactly when it splits as a complex of Cmodules. 

In the special case of n-extension sequences, we note that admissibility is equiv­

alent to the existence of a commutative diagram 

where the maps 7rk IF~: Fk i--r Ek+i and the maps Tk : B1i: i--r E1.: EB F1: are c.b. 

isomorphisms. For the case n = 1 the present author in (79] referred to this property 

as completely admissible. 

Finally, we call a map </> : X i--r Y admissible if there exists a map 8 : Y 1--t- X 

such that </>0 0 = i<Amt/>· Furthermore, we call this map 8 a right inverse for ¢,. 

We now have an analogue of Proposition 1.1 from [19]. See also the special case 

of this in [69]. 

LEMMA 3.2.6: Let 

O ➔ X.!+Y4Z ➔ O 

be an extension sequence of A-bimodules. Then there exists a completely bounded 

map F : Y 1--t- X such that Ff = idx if and only if there exists a map G : Z 1--t- Y 

such that gG = idz. Furthermore F is a module map if and only if G is. 

Proof: Suppose F exists. Then clearly the map f F is a completely bounded 

projection onto imf CY. Thus the following diagram 
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x----- -----z I y g 

fl 
!fFe(t-fF) 

f(X)C ----ll>-Z i 
ii f(X) EB Q 

g 

commutes, where Q is the complement of /(X) in Y and the map i: f(X) t-+ Y 

is given by i(z) = z EB 0. Since im/ = f(X) = kerg and since g has the c.i.p., it 

follows that the induced map 

g: Y/f(X) i-+ Z 

is a c.b. isomorphism. Since Y/ f(X) ::: Q it follows that g IQ is a c.b. isomorphism. 

Now let G( z) = (g IQ )-1
. The fact that gG = idz is now trivial. 

Now assume that G exists. Similar to above, we see that Gg is a completely 

bounded projection onto a subspace P of Y which is c.b. isomorphic to Z. Let Q 

be the complement of P. Thus 1- Gg is a completely bounded projection onto Q. 

Note that 

g(l - gG) = g - gGg = g - g = 0 

thus QC kerg = im.f. Since ulP is an isomorphism, the reverse inclusion is obvious. 

Hence Q = ker g = imf. Since f has the c.i. p ., the map 1-1 : Q i-+ X is completely 

bounded. Thus we define 

F:Yr-+Z 
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by 

Clearly F satisfies the desired properties. The fact that Fis a module map if 

and only if G is a module map is strictly algebraic. Suppose that G is a module 

map. Note that 

F(ay) = 1-1(ay - Gg(ay)) = a/-1 (y - Gg(y)) = aF(y) 

The right module action is similar. Conversely if F is a module map, then the 

subspace Q is a submodule, hence G IQ is a module map. Thus G is a module map 

also. 

■ 

We note that the above Lemma fails for general short exact sequences. Consider 

the MAX/MIN exam.pie at the beginning of this section, see also [79]. 

It will arise that we will be given a completely contractive Banach algebra A 

and a left operator A-module X, and we will wish to know when the module map 

1r: A®X ....+ X 

has an inverse. Obviously this is impossible immediately whenever the map 1r is 

not onto. We call a module neounital if 

A· X = { a • x : a E A, x E X} = X, 

in which case 1r is clearly onto. ff our completely contractive Banach algebra has 

a bounded approximate identity {ea}, and if :r; = lim eax for all x E X, then 
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we can use Cohen's Factorization theorem to guarantee X is neounital. Indeed 

when studying L1 ( G) this can be a useful approach. Once again, in our setting 

this method will fail us. In our primary example, A(G) does not have a bounded 

approximate identity when G is not amenable, and indeed it is known that for 

non-amenable groups G, A(G) is not even a neounita1 A(G) module! (see (61]). 

We solve this problem the following way: Given a Banach algebra A we can 

construct its unitization A+ as follows: 

Let A+ = A EB C, and now define multiplication as follows: 

(a, a)• (b,{3) =(ab+ ab+ {3a, a/3). 

Now note that if X is a left (right,bi) A-module, then X becomes a unital left 

(right,bi) A+-module with respect to the action 

( a, a) • x = a • x + ax 

( a right and bimodule structure is defined analogously). In [26] Effros and Ruan 

showed that there is an operator space structure such that A+ is indeed a completely 

contractive Banach algebra. Using the same techniques, we can show that any 

operator A module X becomes a unital operator A+ module. 

For completeness, we recall their construction for A+, then we extend this in 

the obvious way to show Xis an operator A+ module. 

Suppose we are given two operator spaces V and W. We construct the operator 

space V* EB W*. The induced operator space structure on the predual will be denoted 

V EB1 W. We have the following important fact concerning this structure: 
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PROPOSITION 3.2.7: Suppose X is an operator space and suppose that 

tf>:Vr-4X and t/;:Wi-+X 

are completely contractive. Then the map 

t/> Elh 1" : V EB1 W i-+ X 

given by 

is completely contractive. 

Now we give A+ the operator space structure A EB1 <C. Using the previous 

proposition Effros and Ruan have shown that if A is a completely contractive 

Banach algebra then so is A+- Using the same technique, we have 

LEMMA 3.2.8: If X is a left (right, bi) operator A module, then X is an essential 

left (right,bi) operator A+ module. 

Proof: The fact that X is essential is obvious. Now we simply note that the 

module map ( a, a) • x t-+ a • x + ax is the sum of two completely contractive maps 

which, by Proposition 3.2.7 is clearly completely contractive. Thus X is a left 

operator A+ module ( see [26]). The right and bim.odule cases follow analogously. 

■ 

3.3 Resolutions and Derived Functors 

First we shall introduce the following notation 

CB.Atc(X, Z) ={TE CB(X, Z) I T(ax) = aT(x) \:/x E X,a EA} 
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CBc..4.(X, Z) ={TE CB(X, Z) I T(xa) = T(x)a \/x EX, a EA} 

CB..4.,..4.(X, Z) ={TE CB(X, Z) I T(axb) = aT(x)b \/x EX, a, b EA} 

35 

Naturally, these sets define respectively the morphisms in the category of left, 

right and two-sided operator modules. 

Given X and Y left operator A modules, we can define a contravariant1 functor 

denoted CB.,4..,c(?, Z) as follows: for any c.b. module map 

we define 

CB.A.c(<P, Z) = <f,. : C BA,c(Y, Z) .-+ CB.A.c(X, Z) 

given by 

¢.(T)(x) = T(¢(x)). 

Clearly we can define the contravariant functors CBc,..4.(?, Z) and CB.A.A(?, Z) 

analogously. Furthermore, using the obvious changes1 we can define covariant2 

functors CB..4.,c(Z, ?), CBc,..4.(Z, ?) and CB..4.,..4.(Z, ?). 

To see that 4>. is completely bounded, we have the following: for ( xk,] E Mm. ( X) 

1contravariant=arrow reversing 
2covariant=arrow preserving 
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and [Ti;] E ~(CB.A,c(X, Z)) 

ll4>fn)lln - sup{l1¢>fn)([n;])([xk1DII: ll[Tijllln < 1, ll[xkdllm < 1} 

- sup{JI [Ti;[</>( Xkl) ]11,m~ : JI [Ti;]lln < 1, II [ Xkl]llrn < 1} 

< sup{ll[Ti;]llnl1[ef>{x1;1)]11Tn: ll[Ti;]lln < 1, ll[xkl]llm < l} 

< sup{ll[Ti;]llnllef>llcbll[xklJllm: ll[Ti;]lln < 1, ll[xklJllni < 1} 

< ll4>1lcb 
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A second functor of interest in homology theory is the tensor product functor. 

Suppose we are given two operator A-bimodules X and Y. We define the tensor 

product X ®A. Y as follows: 

Consider the operator subspace N of X ® Y given by the closed linear span of 

elements of the form 

xa® y-x ® ay 

Now define X ®.A Y by 

X ®.A. Y = X®Y/N 

Similar to above, we can recognize? ®.A. Z as a covariant functor as follows: for 

any c.b. module map 

we have 

given by 
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To see that <f,. is completely bounded we note that the map 

is completely bounded with 11<.f,®idzllcb < ll<Pllcb (see [12]). 

Also since the following diagram is commutative 

X®Z 
<P®idz 

Y®Z 

.. l 1~ 
X®...tZ 

tf,. 
Y®...tZ 

where qi are the canonical quotients, it follows that ef,. is completely bounded. Using 

identical arguments, it is now easy to see how to construct a covariant functor 

Suppose we are given an A-module X, a complex of the form 

and a map e: Po~ X (called an augmentation) such that the resulting complex 

is exact and admissible. Such a complex (~) together with the map e : Po t---)- X is 

called a resolution over X. 
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A major part of the theory, will be the study of the functors CB .A,c(?, Z) etc. 

and? ®.AZ applied to various resolutions. 

Those familiar with homological theory will recognize that for the most part we 

will need to confine our interest to so called projective resolutions. Thus we begin 

by introducing the notion of an injective and projective module in the operator 

space category. 

DEFINITION 3.3.1: A left operator A-module Y is called {left) injective if, 

for any admissible complex 3, the complex CB...t.c(3, Y) is exact. That is to say if 

is admissible, then the complex 

(CB.A,c(3, Y)): ... ➔ CB.A.,c(Xn-i, Y) ➔ CB.A.c(Xn, Y) ➔ CBA,c(Xn+i, Y) ➔ ... 

is exact. If Y is a right module, we call Y (right} injective if CB~.A('E., Y) is 

exact. Finally if Y is a bimodule, we shall say Y is bi-injective or injective as a 

bimodule if C B.A,.A('E., Y) is exact ( or equivalently, as we shall see in Section 3.5, 

if Y is injective as a left A®Aop module). Of special note is that an object may be 

injective in one category, while not in another. 

REMARK: This definition of injective is somewhat problematic. To see this, note 

that an operator space J is called injective, if whenever we have an operator space 

Y sitting as a closed subspace of Z, then any c.b. map 8; Y H- J has an extension 

to lJ: Z H- J such that IIBllcb = 118ll cb• It is an important theorem of Wittstock {See 

[77] and [78]) that B ( H) is injective as an operator space. (There appears to be an 

array of different proofs of this result). 
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We note that any operator space can be considered as a Cmodule. The condi­

tion of admissibility in the definition ensures that every Cmodule is automatically 

an injective module. Since there exist non-injective operator spaces, it follows that 

our definition of injectivity as a Cmodule does not correspond to the definition of 

an injective operator space. Note condition ( 4) of the following theorem and our 

definition of projectivity to follow. 

The following theorem is the analogue of the situation in general algebra as well 

as Banach space theory. 

THEOREM 3.3.2: Let X be a left operator A module. Then the following are 

equivalent: 

(1) X is injective, 

(2) for any admissible extension sequence (S), C B....i.c(S, X) is exact, 

(3) for any admissible c.b. module map injection </> : Y i-+ Z and any c.b. 

module map 8 : Y i-+ X, there is a c. b. module map -rp : Z i-+ X such that the 

following commutes 

tp 
Y------;,..z 

!
8 _)/··· 

;;.··· 

X 

( 4) if Y is a complemented submodule of Z and 8 E CB .A.,c(Y, X) then (} has an 

extension to CB.A.,c(Z,X). 

Pro of: ( 1) => (2) is immediate. 
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For (2) => (3) consider the extension sequence 

0 ➔ Y ~ Z 4 Z/Y ➔ 0 

where q is the canonical quotient. By (2) the sequence 

0 ➔ CB.,4.,c(Z/Y,X) .!+ CB.,4.,c(Z,X) .!+ CB.,4,c(Y,X) ➔ 0 

is exact. Thus <J,. is onto. {i.e. for all module maps 8 : Y i-+ X there exists a 

module map 'if; : Z i-+ X such that ¢ .. ( t/J) = 8 as required.) 

For (3) => (2) suppose that 

is an admissible extension sequence. Consider the sequence 

The sequence is automatically exact at CB.,4,c(Q,X) and CB.,4.,c(Z,X), and by (3) 

the map <J,. is onto. Thus the sequence is exact at each term. 

(3) => (4) is immediate. 

For (4) => (3) we note that <J,(Y) is a complemented submodule of Z and 

¢ : Yi-+ <J,(Y) is a c.b. isomorphism. Thus the map 8°¢-1 has an extension to Z. 

Thus by (4) there exists a module map 'if; such that the following commutes: 
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X 

The proof of (2) => (1) is from standard algebra (see for example [14, II.4.11) ■ 

DEFINITION 3.3.3: A left operator A module Xis {left) projective if for any 

admissible complex S, the complex CB.A.,c(X, S) is exact. We also have right and 

biprojective modules just as in the injective case. 

Now we have the analogue of the previous theorem. 

THEOREM 3.3.4: 

equivalent 

{1) X is projective 

Let X be a left operator A module. Then the following are 

(2) for any admissible extension sequence (S), CB.A.,c(X, S) is exact 

(3) for any c.b. admissible surjection <p : Y i-+ Z and any c.b. module map 

8: Xi-+ Z, there is a c.b. module map 1/;: Xi-+ Y S11,ch that the following diagram 

commutes 

Y---z 
tf, 
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(4) if Z is a submodule of Y, then every(} E C B.4,c(X, Y/Z) has an extension 

to C B.4,c(X, Z). 

Pro of: The proofs of these equivalences a.re similar to the previous theorem. ■ 

It is easy to see that any module is a projective and injective C module. As a 

consequence we shall see that for any module E, the module of the form A+@E, is 

projective. We require the following reduction formula. 

PROPOSITION 3.3.5: C B..-4,c(A+, X) is c.b. isometrically isomorphic to X and 

C B..-4,c(A+®X, Y) is c.b. isometrically isomorphic to C B(X, Y) for all X and 

Y. Similarly we have complete isometries C Be.A+ (A+, X) ~ X and furthermore 

CBc,..4.+(X@A+, Y) ~ CB(X, Y). 

Proof: Let T E CB.;4,c(A+,X). Then T(a) = aT(e) for all a E A+ where e is 

the identity element. Let XT = T(e). The map T 1-r xx is clearly a bijection. Also 

for [Tii] E Mn(CB..-4,c(A+,X)) we have 

ll[TiiJlln - sup{[ITi;(akc)]II : ll[ak1]II ~ 1} 

- sup{Jlakl • [(xx )i3]11 : l!aklll < 1} 

< ll[(xx )iillln 

but if we consider the element e E M1 (A+) we have 

Thus the natural map is a c.b. isometric isomorphism. For the second identifica­

tion we proceed similarly. As before, it is easy to see that TE CB.-4+,c(A+®X, Y) 
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is defined on elements of the form e @ x. Thus the map T i--+ f' is an isomor­

phism between CB(X, Y) and CB..4+,c(.A+®X, Y), where T(x) = T(e ® x). Note 

that we can identify the space C B.-4,c( .A+@X, Y) with JC B{A+, X; Y), the space 

of maps which are jointly completely bounded from A+ x X to Y, such that 

T(a, x) = aT(e, x). Thus we have 

ll[Tpq]lln - sup{ll[Tpq(<lii, Xki}]II : ll[ai;JII < 1, ll[xkl]II ~ 1} 

- sup{II [aii • Tpq( e, Xkz)J : II [ai;]II < 1, II [xkz]/1 < 1} 

::; sup{Jl[ai;Jlll([Tpq(Xkz)lll : ll[aii]II < 1, ll[xkzlll < 1} 

- ll[TpqJlln 

The reverse equality follows by talcing aii = e as before. The assertions con­

cerning CBc,,4(A+,X) and CBc,..4.+ (X®A+, Y) are proved in a similar manner. 

■ 

As a consequence of the above proposition, we have the following corollary. 

COROLLARY 3.3.6: We have C B...t,c(A+, X) ~ X and C B...t,dA+®X, Y) ~ 

CB(X, Y). 

Pro of: To prove the first equality, it suffices to show that CB A,c( A+, X) -

C BA+ ,c( A+, X), where A+ and X are considered as A modules on the left and 

A+ modules on the right. Let T E C B...t.c(A+, X) and let ( a, a) and (b, {3) E A+­
Now 
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T[(a, a)(b, P)] - T(ab +Pa+ ab, at,) 

- T [ ( ab + /3 a, 0) + (ab, a/3)] 

- a • T(b, P) + aT(b, P) 

- (a, a)· T(b, P) 

A similar calculation shows CB.A,c(A+@X, Y) = CB..4.+,c(A+@X, Y). Now we 

simply apply the previous Proposition. 

■ 

COROLLARY 3.3. 7: Any module of the form A+@E for any A-module E is 

projective as a left operator A-module. 

Proof: In view of the above proposition, the complex C B.A,c(A+@E, S) reduces 

to CB(E, E:). Since any module is a projective C module, it follows that the complex 

is exact. Hence A+@E is projective. 

■ 

It is easy to see that the last four theorems have the obvious generalizations to 

the category of right and bimodules. In particular we can conclude: 

COROLLARY 3.3.8: Any module of the form E@A+ (resp. A+@E®A+) is a 

projective right (resp. bi) module for any module E. 

A module of the above form is usually called a free module. 

We call the resolution over X projective if each of the Pi are projective modules. 

Let~ be a projective resolution over X. If we apply any covariant functor F to 

the sequence, we get a new sequence: 
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There is of course no reason to believe that the new sequence is exact, and hence 

it may have non-trivial homology, which we denote 

We call this the nth derived functor of F. If F is contravariant, we obtain the 

sequence 

As before this may have non-trivial cohomology which is given by 

Once again we call this the nth derived functor of F. 3 

As a result of the categorical properties of the resolutions, it is now an algebraic 

exercise to show that any two projective resolutions generate the same derived 

functor (up to natural isomorphism). See Appendix A. 

In this thesis, we shall concentrate on the derived functors relating to CB(X, Y) 

and ®.A• 
3 Some authors differentiate between derived functors and derived cofunctors, however we need 

not make this distinction 



CHAPTER 3. HOMOLOGY IN OPERATOR SPACES 46 

3.4 Standard Homology and Cohomology 

The basic starting point for Johnson's work on amenability, is that of the standard 

homology and standard co homology ( also called the Hochschild cohomology). 

This was generalized by Ruan to operator spaces in (68]. 

In this section we will recall these complexes (as described by Ruan in [681) and 

st11dy their homology and cohomology in our category. 

Let A be a completely contractive Banach algebra and let X be an operator 

A-bimodule. Consider the operator chain complex: 

where the differential maps are given by 

dn ( a1 ® a2 ® • • • ® an ® x) - a2 ® • • • ® an ® xa1 
n-1 

+ ~(-l)ia1 ® •• • ® aiai+i ®···®an® x 
i=l 

It is clear that each of the maps <h.. are completely bounded and a straightfor­

ward, albeit messy, calculation shows that dn°dn+1 = 0 for all n E N. We denote 

the homology of this sequence by O Hn ( A, X). Often this set is referred to as the 

n th-homology of the completely contractive Banach algebra A with coefficients in 

X. 

If imdn+1 is not closed, the space O Hn ( A, X) is not a Banach space, much less 

an operator space. Fortunately this will not always be a major handicap for our 
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purposes. Our interest will lie mainly in the case that O Hn ( A, X) = 0, in which 

case imdn+1 = kerdn which is automatically closed. However, the situation im.dk 

not closed may present a problem for us. Thus we define the following: 

DEFINITION 3.4.1: An operator A-module will be called differentially closed 

if the images of the differential maps d1i: are closed (i.e. imdk is closed for all k > 0.) 

Later we shall see that if A is operator amenable, then every module is auto­

matically differentially closed. 

If we take the dual of ( <5) we get the cochain complex: 

Since there is a natural c.b. isomorphism from (A®X)* to CB(A, X·) the above 

complex is isomorphic to: 

0 ➔ x· ~ CB(A,X·) ~ CB(A@A,x·) ~ ... 

In this case the differential maps ~n = d";;. have a particularly nice form. For 

convenience we shall let A®,. ·denote then-fold projective tensor product of A. i.e. 

n 

Then for TE CB(A®" ,X*) we have 
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n-1 

+ Ec-1)iT(a1 ® ••• ® aiai+l ® ••• ®On) 
i=l 

+(-l)nT(a1 ® • • • ® an_i)an. 

We shall denote the cohomology of this complex by OHn(A, x·). This set is 

often referred to as the nth cohomology group of A with coefficients in x-

Notice that if we replace X· with any other operator A-bim.odule Y, the se­

quence ( 6*) still makes sense, and still forms a cochain complex. In other words 

we are able to make sense of OHn(A, Y} without Y being a dual of some other 

module. 

Of special interest is the space O H 1 ( A, Y). Consider the following 

d°2 (T)(a ® b) = aT(b) - T(ab) + T(a)b 

and hence T E ker d°2 if and only if the following identity holds 

T(ab) = aT(b} + T(a)b. 

These 1 cocycles are usually called derivations. Also note that the 1-coboundaries 

are represented by the following: 

Such functions are usually called inner derivations. Thus the statement 

0 H 1 ( A, X) = 0 is equivalent to saying that each completely bounded derivation is 

mner. 
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We now have the following Lemma connecting the homology and cohomology 

spaces: 

LEMMA 3.4.2: Let X be an operator A-bimodule. Then Xis differentially closed 

and OHn(A, X) = 0 for all n > 0 if and only if OHn(A, X"') = 0 for all n > 0. 

Proof: This Lemma is similar to [49, Corollary 1.3] or [54, Proposition 5.29]. 

Note that O Hn ( A, X*) = 0 is equivalent to the sequence S"' being exact at every 

term except possibly x·. Furthermore OH1(A,X"') = 0 implies imcrx = kerd; and 

hence imdi is closed. Thus imdo is closed and the sequence (5 is exact everywhere 

except possible at X. In any event we have OHn(A,X) = 0. The converse is 

similar. 

LEMMA 3.4.3: OH1 (A, X*) = 0 for all dual modules if and only if OHn(A, X"') = 

0 for all dual modules and n > 0. 

Proof: In Section 3.6 we will consider derived functors, from which we could 

provide an alternative proof to the above result. For now we provide the following 

from [68], which is the operator space version of a result of Johnson. 

Using the associativity of the operator projective tensor product, it is easy 
-c 

to show O Hn+k ( A, X*) - 0 Hn( A, CB( A® , X*)) from which the above follows 

trivially. • 

Combining the two previous Lemmas we have the following Corollary: 

COROLLARY 3.4.4: If O H 1 ( A, X*) = 0 for all operator bimodules X, then every 

module is differentially closed. 

We can now prove the analogue of Lemma 3.4.3 for the homology groups. 

COROLLARY 3.4.5: Suppose every module is differentially closed. then we have 
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OH1(A, X) = 0 for all operator bimodules X if and only if OHn(A, X) = 0 for all 

operator bimodules X and n > 0. 

Proof: IfOH1 (A,X) = 0 holds then OH1 (A,X·) = 0 by [49, Proposition 1.2], 

so by above OHn(A,X·) = 0. Now apply Lemma 3.4.2. ■ 

As discussed earlier, we shall often need to consider the completely contractive 

Banach algebra A+ and not just A. However as the next Lemm.a shows, this will 

not be a restriction. See [51]. 

LEMMA 3.4.6: OHn(A, x•) = 0 for all d11,al modules and n > 0 if and only if 

0-Hn(A+,X*) = 0 for all dual modules and n > 0. 

Proof: Suppose OHn(A, X*) = 0 then each derivation is inner. Let e be the 

adjoined identity in A+- Note that 

D(e) = D(e2) = eD(e) + D{e)e = 2D{e) 

hence D(e) = 0 for all derivations. Since the operator space structure on (A, 0) C 

A+ is precisely the structure on A, it follows that every derivation from A has a 

unique completely bounded extension to A+ and hence is inner. Thus 

Hence by the above Lemma 3.4.3 we have OHn(A+,X•) = 0 for all n > 0. 

Conversely any derivation from A+ is a derivation from A by restriction. Since 

the first is inner, so must the second. Again by applying Lemma 3.4.3 we have 

OHn(A,X*) = 0 for all n > 0. 

• 
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Lemma 3.4.6 shows that when studying algebras such that OH1(A,X•) = 0, 

we may, if convenient, assume all of our completely contractive Banach algebras 

are unital and all modules are unital modules. 

Recall that Johnson called a Banach algebra amenable if each bounded deriva­

tion into a dual Banach module is inner. In an analogous way, Ruan defined 

operator amenable by saying each completely bounded derivation into a dual 

operator module is inner (i.e. OH1 (A, X•) = 0 for all dual modules X* .) 

Combining the results of this section, we have the following 

THEOREM 3.4. 7: The following are equivalent 

(1) A is operator amenable (i.e. OH1 (A, X*) = 0 for all dual modules x· J 

(2) OHn(A, X·) = 0 for all dual modules x· 

(3) every module is differentially closed and OH1 (A, X) = 0 for all modules X 

and n > 0 

( 4) every module is differentially closed and O Hn ( A, X} = 0 for all modules X 

and n > 0. 

Proof: (1) => (2): Use Lemma 3.4.3. (3) => (4): Use Corollary 3.4.5. ( 4) ¢;,, (2): 

This is Lemma 3.4.2. The rest is immediate. ■ 

3.5 @A and Tor 

In this section we shall investigate the functors @.4 and Tor of homological algebra, 

and we shall show that the standard results continue to hold in our new category. 

Suppose we are given an extension sequence 
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O ➔ X ➔ Y ➔ Z ➔ O 

of left operator A-modules. We wish to know if the induced sequence 

is exact. That is to say "is the functor ? ®.A. Q exact?". In this section we will 

introduce the spaces Tor which will measure this exactness, and relate this to the 

standard homology of the previous section. 

To make this connection, we first introduce the bar or standard resolutions in 

our category. 

To motivate what we are eventually going to need, we first construct a simple 

projective resolution, which illustrates what happens in the general case. 

PROPOSITION 3.5.1: Let Y be a left A-module. Then the complex 

with augmentation 

c(a ® y) = ay 

and where the differentials are given by the following formulas for n > 0: 

dn(a1 ® a2 ®···®an® y) - a1a2 ® a3 ®···®an® y 
n-1 

+ I)-l)i-1
a1 ® • • • ® llilli+1 ® • • • ® Y 
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is a projective resolution of the left module Y. 

Proof: As remarked in Corollary 3.3.7, each module of the form A+@Y is pro­

jective. Thus it suffices to show that the complex: is exact and admissible. 

•n • n+l 

We define maps f)n : A? ®Y i-+ A! @Y by Bn(u) = e © u. Also we let 

Bo : Yi-+ A+@Y be defined by fJ0 (y) = e © y. It is easy to see from the definition 

of the matrix norms of a projective tensor product that each of these maps are 

completely bounded. 

Now we see that the complex is exact since we have the following. Let K = 

kerdn-1 and let k E K. Then 0n(k) = e © k. Now dn(e ® k) = (e • k) - (e ® 

d..-1(k)) = k. Hence dnfJn = idK. Thus imd.i = ker£in_1 which implies the complex 

is admissible. • 
To construct our standard resolution, we first need to observe the following: 

PROPOSITION 3.5.2: Let A be a completely contractive Banach algebra and let 

A+ be its unitization. If we let e denote the identity in A+, then we have a complete 

isometry A~ (A+/Ce). 

Pro of: For [ ( aii, C)] E Mn (A+/ Ce) we have the following equalities for 

ll[(aij, <C)]lln - inf{ll[(ai;, Ai;)]lln,A+ : [Aij] E Mn(C)} 

- tf!i{max{ll</>1.:1(ai;)llnm, llrkl(Ai;)llnm•}: 11</>klll < 1, 11-rkzllm• < 1} 

- sup{II </>1.:z (as;) llmn : JI <Pkl II < 1} 

- IICLi;lln 

Hence the natural map is a complete isomorphism. ■ 
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For convenience we shall denote A+/Ce by A+- Now we consider the induced 

sequence 

Here the differential maps are similar but are defined on the cosets, i.e. for 

n > 0 we have 

n-1 

+ I)-1t-1
a1 ® • • - ® aiai+r ® •· • ® y 

i=2 

To see that this expression is well defined, see for example (54] or [14J. The maps 

Bn are given by the formula 

Proceeding in a manner similar to the proof of Proposition 3.5.1 it is easy to 

show that the above also generates a projective resolution of Y. In view of the 

isomorphism given in Proposition 3.5.2, we can identify A+ with A, and hence we 

have a projective resolution 

Here the differentials are the same as before, except that now they are defined 

on elements of A instead of cosets. This resolution will be called the standard 
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resolution of Y (also called the non-normalized bar resolution). It is easy to see 

that if X is a right module then the complex 

is a projective resolution of the right module X. A similar complex is available for 

bim.odules. 

We are now in a position to relate the derived functors of ®A with standard 

homology. For a fixed left module Y we define TorA(X, Y) to be the n th derived 

functor of? ©.AY applied to the right module X. Again we recall that the standard 

resolution described above is projective, so for definiteness, to calculate Tor.A(X, Y) 

we can apply the functor ? ® A Y to the complex 

which results in the sequence 

Hence we have the n th torsion product of X and Y given by 

"" n(X Y) = ker(d.n. ®...i id) 
.J.Or.A , • (A "d). rm u.n+1 ®...i i 

In particular we see that TorA (?, Y) is a functor from the category of right 

operator A modules to the category of linear spaces. 

To connect the torsion product with the homology groups we require the en­

veloping algebra of a completely contractive Banach algebra. 
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DEFINITION 3.5.3: Let A be a completely contractive Banach algebra. Consider 

the algebra Aop which is the Banach space A with multiplication given by aop • bop = 
ba. We call Aop the opposite algebra. 

If we give the opposite algebra the operator space structure given by 

then Aop becomes a. completely contractive Banach algebra. Now we define the 

enveloping algebra Ae of A to be the completely contractive Banach algebra 

A+®~- Note that if Xis an operator A-bimodule, then X becomes a left A+@Ai 

operator module where 

and a right Af ®A+ operator module where 

x • ( aop ® b) = axb. 

Since there is a canonical c.b. isomorphism Af@A+ ~ A+@A?, it follows that 

X can be regarded as either a left or right Ae operator bimodule. It is standard 

to consider any bi.module as a left Ae module and a bi.module map as a left Ae 

module map in this way. In particular we have C BA-,c(X, Y} = C BA,A(X, Y) for 

operator bi.modules X and Y. 

There is a reduction property which will be useful in calculating the homology 

of sequences such as 3 above. First we require the following additional technical 

fact: 
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PROPOSITION 3.5.4: (X®AY)"" is c.b. isometrically isomorphic to C Bc,A(X, Y·). 

Pro of: Recall that the map ¢, i--+ T,f, given by 

is a c.b. isometric isomorphism between (X®Y)"" and CB(X, Y"'). Now 

where N = span {xa ® y - x © ay} for a E A,x EX and y E Y. Now <PE N.L if 

and only if 

¢,( xa © y - x © ay) = 0 

Thus for ally E Y, 

(Tq,(xa), y) = (Trp(x), ay) = (T,t,(x)a, y) 

Thus T<t, E CBc,.A(X, Y""). The reverse inclusion is clear. ■ 

PROPOSITION 3.5.5: We have the c.b. isometric isomorphism A+ ®-4 X ~ X 

and furthermore we have thatA+®M@A+®.A•X ~ M@X, where Mis any operator 

space. 

Proof: The map¢,: Xi--+ A+ ®--4 X given by 

¢,(x) = e © x 

is easily seen to be completely contractive. Furthermore the map 
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is exactly the c.b. isomorphism of Proposition 3.3.5 and Proposition 3.5.4 from 

( A+ ® .A+ X) • to x•. Thus ( 1-1 ) • is completely contractive, hence <{,-1 is completely 

contractive. 

The fact that the map r : M@X ➔ A+@M®A+ ®..t• X given by 

-r(m®x)=e®m®e®x 

is a complete isometry follows similarly. 

COROLLARY 3.5.6: We have the c.b. isomorphism A+ ®..t X '.::: X 

Proof: For a E A,.A EC and x EX we have 

[(a, 0) + (0, A)] @AX 

a • e ®.A. x + >..e ®A x 

- e ®(ax+ >-..:c) = e ® (a, >-..)x. 

■ 

Hence in view of the previous proposition and Corollary 3.3.6, it follows that we 

have a c. b. isometric isomorphism. ■ 

For convenience, if u E A+ ®AX we shall denote the corresponding reduced 

element in X by u~. Conversely, if u EX we shall let u 1 = e ®Au EA+ ®AX. It 

is easy to see that u.~1 = u. Furthermore, if we have a map T : A.+®X 1-4 Y, we let 

T~ : X 1-4 Y denote the map given by T~(x) = T(xB) for all x EX. 

Now we can connect the torsion product with the standard homology via the 

following: 

THEOREM 3.5. 7: Let X be an A-bimodule. Then considering X as a left Ae 

module and A+ as a right Ae module, we have the following equality: 
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Furthermore the equality is a c.b. isomorphism whenever X is differentially closed. 

Proof: Consider the complex 

with€: A+@A+ r-+ A+ given by E(a@ b) = ab, and the differentials the same as in 

Proposition 3.5.1. By earlier arguments, this is a resolution of the right Ae-module 

A+, and from Corollary 3.3.8, each of these spaces is projective as a bimodule 

(hence as a right Ae module) 

So to calculate Tor~.(A+,X), we may apply ? ®A• X to the above resolution 

to get 

In view of the Proposition 3.5.5, this complex reduces to 

0 <-- X 4 A®X i A@A®X ... 

where 
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n 

- ([a1 ® • • • ® e + E(-l)ie ® • • • ® Cliai+l ® • • • ® e 

n 

- a2 ® ... an® xa1 + E(-l)ia1 • • • ® Cliai+1 ® ... an® z 

which is easily seen to be the standard homology complex. Since the complexes a.re 

c.b. isomorphic, so are the homology groups whenever imdn" is closed. 

■ 

To connect this with the exactness of the tensor product functor, we begin with 

the following definition: 

DEFINITION 3.5.8: We call a left operator A module X operator flat if when­

ever we have an admissible complex E:, then E ®.AX is exact. Furthermore, we call 

a completely contractive Banach algebra A operator biflat if A is a fl.at A@Aop 

module. 

We can connect fl.atness with injectivity with the following (See [531): 

PROPOSITION 3.5.9: X is an opera.tor fiat A module if and only if the right 

module X"' is (right) injective. 

Proof: Suppose (E:) is an exact admissible sequence. Consider the sequences 

3 ®.AX and its dual (:S ®...t X)* = CBc,.A(E,X"'). Clearly they are either both 

exact or inexact. • 
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We can relate flatness with the Tor functor using the following theorem from 

homological algebra: 

THEOREM 3.5.10: Let 

O ➔ X ➔ Y ➔ Z ➔ O 

be an admissible sequence of operator A modules, and let F be an additive con­

travariant functor from the category of operator A modules into the category of 

algebraic A modules, and let pn represent the various derived functors of F. Then 

there exists algebraic maps En. : pn+i ( X) ➔ Fn ( Z) such that the long complex 

is exact. If F is covariant, we have the same long exact sequence but with arrows 

re.versed. 

The maps Ei are usually called connecting morphisms. The proof of this 

theorem is essentially identical to the algebraic case. See [63, Chapter IL4.l]. 

Since ©.A is clearly an additive functor, we have for an admissible short exact 

sequence O f- Yi f- Yi f-- ½ f- 0, the sequence 

0 f- Tor~(Yi, X) f- Tor~(½, X) f- Tor~(½, X) ~ Tor~(Yi, X) ... 

is exact. In algebra, we have that Tor~(X, Y) = X ®.A Y, however in our category 

we have topological problems which will affect this equality. 

Now we note the following: 

LEMMA 3.5.11: 

equality 

For right and left operator A modules X and Y we have the 
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Furthermore the equality is a c.b. isomorphism whenever Y®X is differentially 

closed. 

Proof: To compute the spaces TorA(X, Y) we consider the complex 

which reduces to 

Using the c.b. isomorphism X®Y"' Y@X we see that the above complex is 

isomorphic to the standard homology complex for the bimodule Y@X. The fact 

that we have a c.b. isomorphism between the homology groups whenever Y®X is 

differentially closed is now clear. ■ 

In view of this lemma, we can make the following observation. Note that we 

could have considered the derived functors of X ®.A?. However it will follow in the 

same fashion as the previous lemma that these functors are naturally isomorphic 

and the derived functors are equal to the standard homology complex for Y@X. 

(See (54, Chapter III]) 

To calculate Tor~(X, Y) we have the following: 

LEMMA 3.5.12: 

Then 

Let r: X®A@Y r-+ X@Y be given by 

T(x ®a® y) =::ca® y- x ® ay. 

0 ( X@Y 
Tor..4. X,Y) = . . 

Im.7" 
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In particular we have Tor~(X, Y) :: X®AY whenever Y@X is differentially closed. 

Proof: By Lemma 3.5.11 we can calculate Tor~(X, Y) as the homology of the 

standard complex 

~ • 4 A A 

(6): 0 r- Y®X r- A®Y®X f- ... 

with 
a kerdo Y®X 

TorA(X, Y) = . d = . d . 
lID. 1 lID. 1 

However, under the natural c.b. isomorphisms Y@X:: X@Y and 

we see that d1 = r 0 <{>. Thus 

0 X@Y 
TorA(X, Y) = . . 

ImT 

Clearly r is closed if and only if imd1 is closed. In particular if Y ®X is differentially 

closed, then we have the c.b. isomorphism Tor~(X, Y):: X ®A Y. 

■ 

COROLLARY 3.5.13: For a left operator A module Y, the following are equivalent 

( 1) Y is operator fiat 

(2) Tor:t(X, Y) = 0 and X@Y is differentially closed, for all operator A­

modules X 

(3) TorA(X, Y) - 0 and X@Y is differentially closed, for all operator A­

modules X and n > 0. 

Proof: {l) => (3): This follows by exactness. (3) => {2): This is immediate. (2) 

=> {l): Apply Theorem 3.5.10. and Lemma 3.5.12 to conclude that the functor 

? ®A Y is exact. ■ 
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REMARK: Note that in Theorem 3.5.5 and Lemma 3.5.11 we noted that the 

c.b. isomorphism is not an isometric isomorphism. This may seem a surprise 

given that all of our reduction formulas were isometric isomorphisms. However it 

is important to note that the various derived functors are given relative to any 

projective resolution. As a result the Tor functors are only defined up to c.b. 

isomorphism. (See further discussion on this in Appendix A}. We shall see the 

same effect in the next section when we investigate the functor Ext. 

Now we can relate flatness to amenability. 

THEOREM 3.5.14: Let A be operator amenable. Then every left module is 

operator flat. In partiC1£lar the functors ? ®.A Y and X@,,,4.? are exact for all left 

operator modules Y and right modules X. 

Proof: Suppose A is operator amenable. Then by Theorem 3.4.7 we have that 

OH1(A, Y@X) = 0 for all modules X and Y. By Lemma 3.5.11 we conclude that 

Tor~(X, Y) = 0 and thus by Corollary 3.5.13 every left module Y is operator flat. 

■ 

3.6 CBA,c(X, Y) and Ext 

In the previous section we investigated the exactness of the functor ®A and in this 

section we shall investigate the exactness of the functor C B.4,c(?, Q). vVe shall 

introduce spaces Ext which will measure this exactness, and we shall relate this 

to both the standard cohomology as well as to the results of the previous section. 

This is to say, if O ~ X ~ Y ~ Z ~ 0 is an extension sequence, is 

0 ➔ CBA,c(X, Q) ➔ CB.A.,c(Y, Q) ➔ CBA,c(Z, Q) ➔ 0 
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exact? 

Now for the left module Y, we define ExtA(X, Y) to be the nth derived functor 

of CB.A,c(?, Y) applied to the left module X. 

As in the previous section we can consider the standard resolution 

Now we apply the functor CB .A.,c(?, Y) to it to obtain: 

.. (di). - ,. (d2). 
0 ➔ CB.A..c(A.+®X, Y) ➔ CB.A.,c(A+®A®X, Y) ➔ ... 

We calculate ExtA(X, Y) by finding the cohomology of the above sequence. 

Thus we have 

Extn (X Y) = ker( dn.+1) .. 
.A. ' im(dn.)... • 

Thus ExtA (?, Y) is an additive functor from the category ofleft operator A-modules 

into the category of linear spaces. Now wa are able to note the following special 

case: 

THEOREM 3.6.1: Let X be an operator A-bimodule. Then considering X as a 

left operator Ae-module we have the following equality 

Furthermore the equality is a c.b. isomorphism whenever Xis differentially closed. 

Pro of: As we did with the Tor functor, we consider the projective resolution 
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of the left Ae module A+- Now we apply C B-4,..A+ (?, X) to get 

which reduces to 

"1 5::_ A 0 ➔ X -r CB(A,X)-,. CB(A@A,X) ... 

Calculations similar to those in the proof of Theorem 3.5.6 show that this is 

exactly the standard cohomology sequence. 

• 
REMARK : In the case of X = Y* there is an alternative approach to the above 

proof using the results of the previous section. Take the standard resolution of A+ 
and apply the functor ? ©.A.• X. The dual of this sequence, by Proposition 3.5.4 

and 3.3.5 is exactly the last sequence in the above proof. However, we already 

know that the dual of the standard homology complex, is the standard cohomology 

complex. 

We complete this section with two important theorems. Recall that whenever X 

and Y are left A-modules, we can consider the space CB(X, Y) to be an operator 

A-bimodule where 

(a· T)(x) =a• T(z) and (T • a)(:c) = T(ax). 

The following two theorems are the direct operator space analogue of [54, ill.4.12 

and 111.4.13] 
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THEOREM 3.6.2: 

equality 

Let X and Y be left operator A-modules, then we have the 

OH"(A, CB(X, Y)) = ExtA(X, Y), 

which is a c. b. isomorphism whenever CB ( X, Y) is differentially closed. 

Proof: Once again we can calculate ExtA(X, Y) through the standard resolution 

which yields 

.. (dd A A ) 

0 ➔ CB....t,dA+®X, Y) -r CB....t,dA+®A®X, Y ➔ .... 

This in turn reduces to 

51 A 52 - A 

0 ➔ CB(X, Y) ➔ CB(A®X, Y) ➔ CB(A®A®X, Y) ... 

Now using the c.b. isomorphism CB(A®X, Y):::: CB(A, CB(X, Y)) this com­

plex is isomorphic to the standard cohomology complex for C B(X, Y). The fact 

that we have a ch isomorphism when CB(X, Y) is differentially closed should now 

be clear. ■ 

Once we make a connection between the Ext groups and extension sequences, 

we will use the above theorem to classify all such extensions ( and hence address 

the complemented ideal question). 

We have the following additional useful result: 

THEOREM 3.6.3: Let X be a left operator A-module, and let Y be a right oper-

ator A-module, then Ext1(X, Y'"') = Ext:lop(Y, X*). 
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Proof: By the preceding theorem we have 

Similarly we have 

Note the left module (X®Y)* can be identified with the right Aop-module {Y®X)*. 

By shuffling coefficients, we can see that 

• 
As indicated earlier one of the major reasons for studying the spaces Ext is that 

they describe the "exactness" of the functors CB .A,c(?, Y) and CB .A,c( X, ? ) . Indeed 

the same categorical properties hold here. As a result we are able to conclude the 

following: 

THEOREM 3.6.4: Let O ➔ X 1 ➔ X2 ➔ X3 ➔ 0 be an admissible sequence of 

A-modules. Then there exist algebraic maps 

such that the sequence 

is exact. 

Proof: Since CB.A,c(?, Z) is an additive functor, we may apply Theorem 3.5.9 . 

• 
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In algebra we have that Ext~(X, Y) equals the collection of left module mor­

phisms from X to Y, and we have the same result here for essentially the same 

reason. 

LEMMA 3.6.5: 

isomorphism 

For left operator A modules X and Y, we have a natural c. b. 

Ext~(X, Y) rv C BA,c(X, Y). 

Proof: As in the algebraic case, the functor C B.,4..c(X, ?) is left exact. In partic­

ular, we have the sequence 

results in the complex 

which reduces to 

ell A 

0 ➔ CB(X, Y) -r CB(A®X, Y) ➔ .... 

Thus Ext~ ( X, Y) rv ker d1 . However 

is exact. Hence 

0 ➔ CB-4.c(X, Y) ➔ CB(X, Y) ~ CB(A©X, Y) ➔ ... 

is exact at the term CB(X, Y). Thus kerd1 = im.e. rv CB-4,c(X, Y). ■ 
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COROLLARY 3.6.6: For a left module Y, the following are equivalent 

( 1) Y is injective, 

(2) Ext:.t(X, Y) = 0 for all left modules X, 

(3) Ext~(X, Y) = 0 for all modules X and for all n > 0. 

Proof: (1) :::;,- (3): This follows from the exactness of the functor C B.A.,c(?, Y). 

(3) :::;,- (2): This is immediate. (2) :::;,- (1): Use Theorem 3.6.4 and Lemma 3.6.5. 

and Theorem 3.3.2. a 

THEOREM 3.6. 7: Let A be operator amenable. Then for every left operator 

module Y, we have that Y* is injective. 

Proof: We note that Theorem 3.6.3 and Corollary 3.6.6 will prove this assertion. 

However we shall use the dual nature of the cohomology and the homological results 

of the previous section to prove this fact. First note that Theorem 3.5.14 shows 

that A operator amenable implies Y is :flat and hence by Proposition 3.5.9 that y• 

is injective. ■ 

The previous theorem shows that if A is operator amenable then every dual 

module is injective as a right module. However we can improve this to show that 

every dual module is in fact injective as a bimodule with the following two facts: 

COROLLARY 3.6.8: 

amenable. 

Let A be operator amenable. Then A®Aop is operator 

Proof: We note that every derivation from A into any module X defines a deriva­

tion from Aop in the obvious way, and conversely. Thus if A is operator amenable, 

so is Aop. 

■ 
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PROPOSITION 3.6.9: Let A be operator amenable. Then for every module Y, 

we have that y• is bi-injective. 

Proof: Applying the previous two Corollaries we have that for all operator bi­

modules X, Ext.A®Aap(X, Y·) = 0. Thus by Corollary 3.6.6 we have that Y· is 

injective as a A®A- module. Thus Y* is bi-injective. 

■ 

Combining the results of this chapter to this point we have the following theo-

rem: 

THEOREM 3.6.10: The fallowing are equivalent 

(1) A is operator amenable 

(2) OHn(A, X·) = 0 for all n > 0 and all dual operator A bimodules x·. 

(3) 0 Hn ( A, X) = 0 for all bimodules X and n > 0 and furthermore every 

bimodule is differentially closed 

(4) ExtA.(A+, X*) = 0 for all n > 0 and all dual operator A bimodules x· 

(5) TorA.(X, A+) = 0 for all bimodules X and n > 0 and furthermore every 

bimodule is differentially closed 

( 6) A+ is operator bift,at. 

Proof: The equivalences of (1), (2) and (3) are Theorem 3.4. 7. The equivalence 

(2) # (4) is Theorem 3.6.1 and (3) # (5) is Theorem 3.5.6. From theorem 3.6.3 

we have 

Thus by Corollary 3.6.6, we conclude A+ is injective as a Ae module. Hence we 

have by Theorem 3.5.9 A+ is a fiat Ae module. Conversely, if A+ is an injective 
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Ae module, then ExtA.(X, A+) = 0 by Corollary 3.6.6. 

■ 

We note that Khelemskii defined amenability via the analogue of condition (6) 

in the above Theorem. 

3. 7 Extension Sequences and Cohomology 

First we recall what we mean by an n-extension sequence. Given A-modules X and 

Y, suppose we have a exact admissible operator complex of the form 

0 ➔ X ➔ B1 ➔ ... ➔ Bn ➔ Y ➔ 0. 

for various modules Bk- We call this sequence an n-extension of X by Y. Note that 

in the case n = 1 we always have the I-extension 

O ➔ X ➔ XEBY ➔ Y ➔ O 

where the module action on X EBY is the diagonal action. In the case n > 1, we 

always have the sequence 

id O o "d 
0 ➔ X ➔ X ➔ 0 ... ➔ 0 ➔ Y ➔ Y ➔ 0. 

Given two n-extensions 

S : 0 ➔ X ➔ Bi ➔ ... ➔ Bn ➔ Y ➔ 0. 
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and 

T : 0 ➔ X -+ C1 ➔ ... -+ Cn ➔ Y ➔ 0. 

we write S < T if there exist c.b. module maps fh : Bk i-+ Ck such that the 

resulting diagram commutes ( with X ~ X and Y ~ Y). We shall say S and T are 

equivalent ( and write S - T) if there exists an n-extension sequence R such that 

S < R and T < R. (See McLean for the algebraic version of this or Paulsen for the 

h-module version). 

DEFINITION 3. 7.1: We let E~ ( X, Y) denote the set4 of equivalence classes of 

n-extensions of X by Y 5
• 

The key fact for us is the following theorem: 

THEOREM 3. 7 .2: For any modules X and Y we have 

Ex1(X, Y) = Ex(~_(X, Y). 

The proof of this theorem involves several steps which use primarily the cat­

egorical properties of exactness, admissibility and projectiveness. Since we have 

built up all the necessary categorical tools, we om.it this proof. See also Paulsen's 

work [66]. 

However we have the following important case which we can prove from our 

work in the previous Chapter: 

4To avoid messy set theoretic problems, we usually restrict the "size" of the modules Bk to 

avoid this use of "wild" set theory. 
5Our notion is the reverse of the standard notation, however the author notes that either the 

definition is backwards or the fundamental theorem to follow is. 
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COROLLARY 3. 7.3: 

nach algebra and let 

Let A be an operator amenable completely contractive Ba-

c=.:) : o ➔ x· ➔ Q ➔ Y ➔ o 

be an admissible extension sequence of A-bimodules. Then (3) splits. 

Proof: From the above we have that Ex3t.(X·, Y) = ExtA.(Y,X""), which by 

Theorem 3.6.2 equals OH1 (Ae, (Y®X)*). Since A is operator amenable, it follows 

that A+ is operator amenable (Lemma 3.4.5). Hence so is Ae by Corollary 3.6.8. 

Thus E~.(X'", Y) is equivalent to the trivial element. Thus (3) splits. 

As an alternative, we can prove this result without appealing to the previous 

theorem. By Proposition 3.6.9 we have that X'" is injective as a bimodule. Consider 

the following diagram: 

I x----Q 

id 
<I> .. ·•• 

Since X* is bi-injective, there exists a map ¢, E C B.A,.A( Q, X*) such that f 0 q, = idx•. 

Hence by Lem.ma 3.2.6 the sequence splits. ■ 

3.8 Operator Biprojectivity and Amenability 

Let A be a completely contractable Banach algebra and let 1r : A@A ➔ A be the 

multiplication map, and let N = ker1r. Now we consider the short complex 
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i A ~ 
(21.) : 0 ➔ N ➔ A®A ➔ A ➔ 0 

and its dual complex 

In this section we shall investigate the splitting of these two sequences. We shall 

see that the splitting of the first is related to the operator biprojectivity of A and 

the second is related to the operator amenability of A. 

We begin with the following lemma for modules: 

LEMMA 3.8.1: Suppose Pis a left operator A- module, and let 7rL: A+®P ➔ P 

be the module map onto P and N its kernel. Then the admissible sequence 

splits if and only if P is projective. 

Proof: First note that the sequence is clearly short exact, and since the map 

-r : P ~ A+®P given by r(p) = e ®pis clearly a completely bounded inverse for 

7rL, by Lemma 3.2.6 (9.JtL) is admissible. Now suppose P is projective. Consider 

the diagram 

p 
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By projectivity of P there exists a map tp which extends id : P i-+ P. In par­

ticular we have trL 0 VJ = idp, hence by Lemma 3.2_6 the sequence splits. Conversely 

if the sequence splits, we can consider the diagram. 

Since A+@P is projective we conclude that the module map 8' extends to 1/J : 

A+@P ➔ Y. Since the sequence splits, trL has a right inverse which is a module 

map, call it p. Thus the map t/;1 
: P ➔ Y defined by tf;'(p) = p0 tp(p) is clearly an 

extension of 8. ■ 

The last part of this proof actually proves the general result that if P is projective 

and 8 : P 1-r Q is a module map with a right inverse which is a module map, then 

Q is also projective. 

To discuss the splitting of the sequences mentioned at the beginning of this 

section, we note that the sequence 2l is exact only when the module map is onto. 

Hence we recall that if the module P is neounital, then the module map 1r : A@P ➔ 

P is onto. Thus we can consider the sequence 

(9Jt) : 0 -+ N -+ A®P ➔ P ➔ 0. 

which is clearly short exact. This leads to the following 

PROPOSITION 3.8.2: A neounital module P is projective if and only if the se-

quence 
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(mt) : 0 ➔ N ➔ A@P ➔ P ➔ 0 

splits. 

Proof: If the sequence splits, then there exists a c.b. module map p: P ➔ A@P 

which is a right inverse for 1r. Clearly pis also a right inverse for 'Ir£ : A+@P. Thus 

by the previous Lemma, Pis projective. Conversely, if Pis projective, then by the 

previous lemma, there exists -r: Pi--+ A+@P which is a right inverse module map 

for 1r L. However we note 

-r(P) = r(A • P) =A· -r(P) c A· (A+®P) C A@P. 

Thus -r is an inverse for 1r. ■ 

DEFINITION 3.8.3: A completely contractive Banach algebra is called operator 

biprojective if it is projective as an operator Ae module. 

To connect operator biprojectivity with splitting of certain sequences, we first 

note the following lemma. 

LEMMA 3.8.4: Suppose A is neounital. Then A is operator biprojective if and 

only if the sequence 

0 ➔ N ➔ (A®A) ➔ A ➔ 0 

splits as A e modules. 

Proof: Suppose A is neounital and biprojective. Then from the previous propo­

sition we have that the sequence 
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splits, where Ne is the kernel of the module map 7re: : Ae®A t-+ A. Note that we 

have Ae©A::: A+©A@A+. Now let 7rR: A@A+ t-+ A be the ":right" module map. 

If p : A t-+ Ae©A is an Ae module map which is a right inverse for 1re, then it is 

easy to see that in particular the induced map 

is an A-bimodule map. Clearly the map 

is also a bimodule map, and a simple calculation shows that 

is a bimodule map which is an inverse for "Ir£. Following the idea in Proposition 

3.8.2 we have that 

p'(A) = p'(A • A) c A· (A+@A) = A@A 

thus p' is a bimodule map which is a right inverse for rr. Since p, 1rR and id are all 

completely boundedt so is p'. 

Conversely, if the sequence splits, it follows that A is both left projective and 

right projective, by Proposition 3.8.2. Hence by standard arguments A@A is oper­

ator biprojective. Since the sequence splits as Ae modules, there exists a bimodule 

map p : A t-+ A@A. Thus A is biprojective. ■ 
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Since A( G) is neountial for all amenable groups G, we can use the previous 

proposition to classify for which amenable groups G, A( G) is operator biprojective. 

First note that C is a left operator A( G) module under the module action 

u ·a= au(e). 

THEOREM 3.8.5: Let G be amenable. Then the following are equivalent 

(1) A(G) is operator biprojective 

(2) G is discrete 

(3) the left operator A(G) module C is projective. 

Proof: (3) => (2): Let 1a denote the ideal of functions u E A(G) which are equal 

to zero at e. Since I is cofinite dimensional, there exists a bounded projection P 

onto 1a. Now 1 - P : A( G) ➔ Q where Q is the complement of Io is A( G). Clearly 

Q ~ A(G)/'Io rw C. Let 'Y : A(G) ➔ C be given by -y(u) = u(e). Certainly 'Y is 

completely bounded, and since there exists a c.b. map from C to Q C A( G), it 

follows that 'Y is admissible. Since <C is projective, there is a right inverse module 

map for 'Y, call it T. 

Now for all u E A(G) we have that u • r(l) = r(u • 1) = r(u(e)). Since for each 

s E G such that s =/= e we can find an element u E A( G) such that u( s) = 0 and 

u·( e) = 1 it follows that [r(l )1( s) = 0 for all s =/= e. Thus G is discrete. 

(2) => (1): Since G is amenable, A(G) is neounital. Here we can use the 

isomorphism A(G x G) rw A(G)®A(G) given by (u ® v)(s,t) = u(s)v(t) (see 

[25]). The map r : A(G) t-t A(G x G) given by r(u)(s, t) = u(s)ci!, where a 
is the Kronecker delta function, is a right inverse for the multiplication map 1r : 

A(G)@A(G) i-+ A(G). It now suffices to show that this map r is completely 
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bounded. Let GD= {(s, s) : s E G}. Clearly r(A(G)) C laD (A(G x G)). But we 

have 

by our future Theorem 5.2.3. Thus Tis completely bounded. Now we may apply 

the previous lemma to conclude that A( G) is biprojective. 

(1) ~ (3): Since G is amenable, it follows that A(G) has a bounded approximate 

identity and hence C is essential. Since C is an essential module over an operator 

biprojective algebra, it is projective. (See for example [54]). 

■ 

Now going back to the sequences at the start of this section, we easily see that 

if the sequence (2l) splits, then so does (2lt. Historically, this question goes back 

to Khelemskii, where in the category of Banach spaces he proved the following: 

THEOREM 3.8.6: The following are equivalent: 

(1) The Banach algebra A is amenable as a Banach algebra 

(2) A has a bounded approximate identity, and the sequence 

splits as Banach A bimodules. 

The proof of this theorem uses the Banach space version of flatness and injec­

tivity in the same spirit of this Chapter. 

Later Curtis and Loy provided an alternative proof of this same theorem using 

more "traditional" Banach space methods. It is using these latter methods that 

Ruan and Xu were able to prove the operator space version which is as follows. 
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THEOREM 3.8. 7: The following are equivalent 

( 1) A is operator amenable 

(2) A has a bounded approximate identity and the sequence {2l}- splits. 

We note that we could provide an alternative proof to Ruan and Xu's using the 

operator space versions of flatness and injectivity, however we will not do so. 



Chapter 4 

Operator -w-eak Amenability 

4.1 Introduction 

In the previous chapter, we investigated completely contractive Banach algebras 

which were operator amenable. Recall that this is the case exactly when each 

completely bounded derivation into any dual operator module is inner. In some 

sense, this can be considered a rather strong condition. In particular, we are free to 

construct various "odd-ball" modules, into which each c.b. derivation is necessarily 

Inner. 

We note of course that given a completely contractive Banach algebra A, its 

dual space A* becomes a natural dual operator bimodule. In this Chapter we 

investigate the special case that every c.b. derivation into A* is inner. 

We begin with some special notation which is particular to this Chapter. 

82 
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4.2 Preliminaries and Notation 

Let 0 represent the module action of A(G) acting on VN(G). Let UCB(G) 

denote the closed linear span of A(G) 0 VN(G). Then UCB(G) is a topolog­

ically introverted C·-subalgebra of VN(G) (See [571). Given ¢ E VN(G), let 

Orb(¢) = {u 0 ¢ I u E A(G), !lull ::; l}. ¢ is (weakly) almost periodic if Orb(¢) is 

relatively (weakly) compact. Let WAP(G) and AP(G) denote the spaces of weakly 

almost periodic and almost periodic functionals on A(G) respectively. AP(G) and 

W AP(G) are also topologically introverted subspaces of VN(G). Moreover, each 

of the spaces UC B(G), W AP(G), and AP(G) contain C;(G) as a closed subspace, 

while UCB(G) and WAP(G) contain CA(G). 

When G is abelian, UCB ( G) is the Fourier transform of the C· -algebra of 

uniformly continuous functions on G. W AP(G) and AP(G) are the Fourier trans­

forms of the C· -algebra of weakly almost periodic functions and almost periodic 

functions of G respectively. In general it is not known if AP(G) or W AP(G) are 

C*-algebras. Finally if G is compact, then UCB(G) = VN(G) and if G is discrete, 

C;(G) = CA(G) = UCB(G). We refer the reader to [37} and [57] for these and 

other properties of the above spaces. 

Let </> be a continuous multiplicative functional on a Banach algebra A. A 

point derivation of A at </> is a linear functional d : A r+ C such that d( ab) = 
</>(a)d(b) + </>(b)d(a). 

4.3 Operator Weak Amenability 

One of the principal themes of this thesis is to show that when considering problems 

of cohomology for A{ G), the operator space setting is the most appropriate. Ruan's 
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result in [68} as well as our result on operator biprojectivity in Section 3.8 is certainly 

strong evidence to support this point of view. In this section, we will introduce the 

notion of operator weak amenability. We will then extend many of the fundamental 

results from the Banach algebra setting to the operator space setting. These will 

be used in the next Section to study operator weak amenability for A( G). 

The following is adapted from the definition of weak amenability for Banach 

algebras: 

DEFINITION 4.3.1: We say that a completely contractive Banach algebra A is 

operator weakly amenable if every completely bounded derivation D from A 

into A· is inner. (i.e. OH1(A, A·) = 0) 

We begin with a few simple observations which are well known for weak amenabil­

ity ( see [13} and [40} for analogous results). 

LEMMA 4.3.2: Let A be a completely contractive Banach algebra such that A2 

is not dense in A. Then A is not operator weakly amenable. 

Proof: Let ef> EA· be nonzero with 4>{A2) = 0. Then D(a) = ¢,(a)</>is a derivation 

from A into A*. Moreover, Dis completely bounded since</> EA* . 

Assume that D(a) = (a-a( for some (EA"'. Let b EA be such that </>(b) f:. 0. 

Then D(b)(b) = ((b - b()(b) = 0, whereas D(b)(b} = </>(b)ef,(b) f:. 0. It follows that 

D cannot be inner and hence that A is not weakly amenable. ■ 



CHAPTER 4. OPERATOR WEAK AMENABILITY 85 

PROPOSITION 4.3.3: Let A be a commutative completely contractive Banach 

algebra. Then A is operator weakly amenable if and only if every completely bounded 

derivation from A into a symmetric operator A-module X is trivial. 

Proof: If A is commutative, A* is symmetric. Therefore the "if' direction is 

trivial. 

Assume that A is operator weakly amenable, and that X is a symmetric operator 

A-module. Let D : A i-+ X be a non-zero completely bounded derivation. We may 

by Lemma 4.3.2 assume that A 2 is dense in A. Hence there exists a E A with 

D ( a2) f= 0. Choose ¢, E x· such that ef,( D ( a2)) -:f; 0. For each x E X, define 

R--z; EA· by Rz(a) = ¢,(ax). The map 1?,: X H- A· with 'R.(x) = R,z is completely 

bounded. To see this observe that 

ll'RJn) IJ sup {lln,(nl([xi;])JI : ll[xi;]II < 1, [xi;] E Mn(X)} 

- sup{ll[~i;lll : ll[xiiJII < 1, [xi3] E Mn(X)} 

- sup{ll[Rz:i;(a)]II : ll(xiiJII < 1, [xii] E MI:n(X) ll(ak,]11 < 1} 

- sup{llef>(nni)([akZXi;]}II : ll[xi;]II < 1, [xi;] E ~(X) ll[akz]/1 < 1} 

< 11</>llcb=IJ<PII-

It is now straightforward to see that the map iJ : A H- A· given by iJ (a) = 7?..{ D (a)) 

is a completely bounded derivation. Finally, 

D(a)(a) = RD(a)(a) = <f>(aD(a)) = 1/2 ¢(D(a2)) f= 0. 

Since A is operator weakly amenable, this is impossible. ■ 

PROPOSITION 4.3.4: Let A and B he commutative completely contractive Ba­

nach algebras. Let <;6: Ai-+ B be a completely bounded homomorphism with dense 
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range. If A is operator weakly amenable, then so is B. 

Proof: Suppose that B is not operator weakly amenable. We may assume that 

llef>llcb = 1. Observe that B* becomes a symmetric operator A-module via the action: 

(a,r) H- ef>(a). r = r. ef>(a) 

for each a E A, r E B·. Let D : B H- B* be a nonzero completely bounded 

derivation. Then D(a) = D(¢(a)) is a completely bounded derivation from A into 

B·. Moreover fJ is non-zero since ¢ has dense range. Now apply Proposition 4.3.3 

to conclude that A is not weakly amenable. ■ 

REMARK: The analogue of Proposition 4.3.4 may fail for Banach algebras 

without the assumption of commutativity (see [41]). We can show that this is 

also true in our setting. Assume that we have a Banach algebra A which is weakly 

amenable and a bounded homomorphism ef, onto a dense sub-algebra of B where B is 

not weakly amenable. Let D: B t-t B· be bounded but not inner. If we provide both 

A and B with the MAX operator space structure, then ef, is completely bounded. 

Moreover, the bounded derivation D : B 1-t B· is completely bounded but not 

inner. This shows that Bis not operator weakly amenable, while A, being weakly 

amenable, will be operator weakly amenable. We conclude that Proposition 4.3.4 

would fail without the assumption of commutativity. 

PROPOSITION 4.3.5: Let A be a completely contractive Banach algebra. If A has 

a nonzero point derivation, then A is not operator weakly amenable. 

Proof: Let d : A ....+ C be a nonzero point derivation at 

ef,. We may assume that A 2 is dense by Lemma 4.3.2. Let D(a) = d(a)ef>. Then 
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it is routine to verify that D is a nonzero derivation of A into A•. Again, since d 

is completely bounded, so is D. 

Assume that D is inner with D(a) = (a - a(. Then d(a)ef>(a) = D(a)(a) = 

((a - a()(a) = 0 for every a EA. It follows that d{a2 ) = 2 d(a)<P(a) = 0 for all a. 

Finally, since dis continuous and A 2 is dense, we have d(b) = 0 for all b EA which 

is impossible. ■ 

Let A be a commutative completely contractive Banach algebra. Let X be a 

symmetric operator A-module. With respect to its natural operator space structure 

inherited from C B(A, X), and with respect to the action (bT)(a) = (Tb)(a) = T(ab) 

for each T E C BA,c(A, X), a, b E A, C B...4.,c(A, X) becomes a symmetric operator 

A-module. 

Moreover, just as is indicated in [40], if I is an ideal in the commutative com­

pletely contractive algebra A, then the above action with a EA makes CB.A,c(I, X) 

into a symmetric operator A-module in such a way that the restriction to I is 

the natural action of I on C BA,c(I, A). Again following [40], we define the map 

j : X H- CB A,C ( A, X) by j ( x) (a) = ax. A routine calculation similar to that 

in the proof of Proposition 4.3.3 shows that j is a completely bounded A-module 

homomorphism. We are now able to establish the following useful analog of (40, 

Corollary l.3J with essentially the same proof: 

PROPOSITION 4.3.6: Let A be an operator weakly amenable commutative com­

pletely contractive Banach algebra. Let I be a closed ideal in A. Then I is operator 

weakly amenable if and only if I2 = I. 

Proof: The only if direction is clear from Lemma 4.3.2. Hence we shall assume 

that I2 = I. Let D : I t-+ X be a completely bounded derivation into a symmetric 
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operator I-module X. Let j : X t---4- CBA,c(I, X) be as above. Then since j is a 

completely bounded module map j 0 D is a completely bounded derivation. 

Define the bilinear map iJ: IxA t---4- CBA,c(I, X) by 

D(m, a)= j 0 D(ma) - j(aD(m)). 

Let m E 'I2 . By (40, Theorem 1.11, the map a i---+ D(m, a) is a derivation of A into 

C BA,c(I, X). Moreover, it is clear from its definition that this map is completely 

bounded and thus since A is operator weakly amenable it is identically 0. Again 

from (40, Theorem 1.1 (i)], we get that 'I2 D(I) C ker j and hence that I3 D(I) = 0. 

However, I2 = I implies that D = O. Hence it follows from Proposition 4.3.3 that 

I is weakly am.enable. 

■ 

4.4 Operator Weak Amenability of the Fourier 

Algebra 

In [29 J, a link was established between weak amenability of A( G) and commuta­

tivity of the connected component of G. For example, it was shom that if G is a 

[SIN] group, then A( G / K) is weakly amenable for each compact normal subgroup 

K of G if and only if G has an abelian connected component. Moreover, John­

son [48] has shown the existence of compact groups for which A(G) is not weakly 

amenable. In contrast, in this section, we will show that operator weak amenability 

of A( G) holds for a large cla..5s of locally compact groups which included all [IN] 

groups. 
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The following lemma is related to our future Proposition 5.2.2. 

LEMMA 4.4.1: Let H be a closed subgroup of G. Then the restriction map 

R: A(G) r+ A(H) is a completely contractive homomorphism of A(G) onto A(H). 

Proof: It is well known that R is a continuous homomorphism of A(G) onto 

A(H). Let VNH(G) be the weak closure in VN(G) of span {Ac(h) : h E H}. 

Then VNH(G) is a von Neumann subalgebra ofVN(G). Moreover, R*: VN(H) H­

VN(G) is a *-isomorphism of VN(H) onto VNH(G) [28]. It follows that R· is 

completely contractive and hence that R is also completely contractive. ■ 

PROPOSITION 4.4.2: Let H be a closed subgroup of G. Assume that A(G) is 

operator weakly amenable. Then A( H) is operator weakly amenable. 

Proof: This follows immediately from Lemma 4.4.1 and Proposition 4.3.4. 

■ 

Since A( { e}) is always operator weakly amenable, the converse to Proposition 

4.4.2 can only hold if A( G) is operator weakly amenable for each G. We can 

however establish the converse if H is assumed to be open. We note that if H is 

open, then the complement of H, denoted He, is given by 

From which is immediately follows that all open subgroups are closed. 

LEMMA 4.4.3: Let H be an open subgroup of G. Then A( G) is operator weakly 

amenable if and only if A{ H) is operator weakly amenable. 
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Proof: If A(G) is operator weakly amenable, then by Proposition 4.4.2, so is 

A(H). Assume that A(H} is qperator weakly amenable and that D : A(G) t-+ 

VN(G) is a completely bounded derivation. Let u E A(G) be such that supp u 

is compact. We can find :t1,, ... , Zn such that suppu C U xiH . Let Ui = l:i:;HU . 

Then u = 2:~=l ui. If we let Di be the restriction of D to the algebra 1:c,HA(G), 

then Di is a completely bounded derivation from the algebra lz,H A( G) into the 

symmetric operator module VN(G). By our future Proposition 5.2.3 and Lemma 

5.2.4, 1:c,HA(G) is completely isometrically isomorphic to A(H). Since A(H) is 

weakly operator amenable, Proposition 4.3.3 shows that Di(ui) = 0. Thus D(u) = 0 

since elements with compact support are dense in A(G). Hence A(G) is operator 

weakly amenable. 

• 

THEOREM 4.4.4: Let G be a locally compact group with an amenable connected 

component G0 . Then A( G) is operator weakly amenable. 

Proof: Let tr : G t--+ G/G0 be the canonical projection. Since G/G0 is totally 

disconnected, it has an open compact subgroup C. Then H = 1r-1 (C) is an open 

almost connected subgroup of G which is amenable if Go is amenable. It follows 

from (68] that A(H) is operator amenable and hence is clearly operator weakly 

amenable. We now simply apply Lemma 4.4.3 to conclude that A( G) is operator 

weakly amenable. ■ 

This theorem provides us with a significant class of groups for which A( G) is 

operator weakly amenable. Indeed, recall the following classes of locally compact 
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groups: 

[MAP] G is Maximally Almost Periodic if the finite dimensional representations 

of G separate points. 

(IN] G is an Invariant Neighborhood group if the identity has a compact neigh­

borhood which is invariant under all inner automorphisms. 

[Her] G is Hermitian if L 1(G), the group algebra of G, is a hermitian Banach 

*-algebra. 

[NF] Gisin the class [NF] if G has no uniformly discrete free semigroup on two 

generators. 

COROLLARY 4.4.5: Let G be a locally compact gro1Lp such that G belongs to 

[MAP], [IN}, [Her] or [NF]. Then A(G) is operator weakly amenable. 

Proof: In each of the classes above the connected component must be amenable 

(see (65]). It follows from Theorem 4.4.4 that A(G) is operator weakly amenable. 

■ 

Remark: We do not know if for every locally compact group A(G) is operator 

weakly amenable. However, if there is an example of a group for which A( G) is not 

operator weakly amenable, our next result shows that there must be a connected 

Lie group with this property. 
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THEOREM 4.4.6: If A{ H) is operator weakly amenable for each connected Lie 

group H, then A(G) is operator weakly amenable for each locally compact group G. 

Proof: Assume that A(H) is operator weakly amenable for each connected Lie 

group H. Let G be a locally compact group for which A( G) is not operator weakly 

amenable. Then G must contain an open almost connected subgroup G1 . Lemma 

4.4.3 shows that A( Gi.) must also fail to be operator weakly amenable. Hence there 

exists a non-zero completely bounded derivation D : A(Gi) ~ VN(Gi). 

If K is a normal subgroup of G1 , then A{G1 / K) is completely isometrically 

isomorphic to the subalgebra A(G1 : K) of A(Gi) consisting of functions which 

are constant on left cosets of G. {This follows from the fact that µK * VN(Gi) 

is * -isomorphic with VN ( G1 / K) where µK is the Haar measure on K). It follows 

that if A(GJK) is operator weakly amenable, then so is A(G1 : K). But VN(Gi} 

is a symmetric A{ G1 : K) operator module. Therefore the restriction of D to 

A( G1 : K) must be identically O whenever A{ G1 : K) is operator weakly amenable. 

The almost connected group G1 is a projective limit of Lie groups [65]. Therefore 

for any u E A( G) we can find a compact normal subgroup Kn such that Gi/ Kn is a 

Lie group and such that there exists a function Un E A( G1 : Kn) with llun -ullA(G) < 

1/n ((30]). Let Hn be the connected component of Gi/ Kn. Then Hn is a connected 

Lie group, and hence by assumption A(Hn) is operator weakly amenable. But Hn 

is open in Gi/ Kn, so by Lemma 4.4.3, A( Gi/ Kn) rv A( G1 : Kn) is also operator 

weakly amenable. We can conclude as above that D(un) = 0. However, since Dis 

continuous, we get that D(u) = 0 for each u E A(G) contradicting the assumption 

that D was non-zero. Hence A( G1 ) must also have been operator weakly amenable 

and in turn so was A( G). ■ 
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4.5 Operator Amenability and Weak Operator 

Amenability of the Second Dual of A( G) 

Let A be a completely contractive Banach algebra. Then as always A•"' can be 

made into a Banach algebra with either of the two Arens multiplications. Observe 

also that A·•, the standard second dual of A, is an operator space under the dual 

structure inherited from A"' and hence from A. We claim that A•· is a completely 

contractive Banach algebra with respect to either Arens product. To see this note 

that Mn(A--) = (Mn(A)t· and the closed unit ball of Mn(A) is weak-* dense in 

Mri(A--). As such, every contractive element in ~(A"'*) is the weak-* limit of a net 

of contractive elements in M..i(A). From this we deduce that with respect to either 

Arens product, A·· is completely contractive. Finally, if X is a quotient of Au, 

X also becomes a completely contractive Banach algebra. Therefore, A( G)*· and 

any of its quotients for which we are concerned below are completely contractive 

Banach algebras. 

THEOREM 4.5.1: Let X be a topologically introverted subspace ofVN(G) which 

contains c; ( G). If x• is operator weakly amenable, then every abel-ian subgroup H 

of G is finite. Moreover, G is discrete. 

Proof: It follows from the proof of (31, Theorem 3.2] that if G has an infinite 

abelian subgroup, then X* has a nonzero point derivation. Proposition 4.3.5 would 

then imply that X* could not be operator weakly amenable. We can therefore 

assume that G has no such subgroups. 

Let G0 denote the connected component of e. Then since G is periodic, so is 

Go. Moreover, the same is true for any homomorphic image of Go. Let U be a 



CHAPTER 4. OPERATOR WEAK AMENABILITY 94 

neighborhood of e in G0. Then there exists a compact normal subgroup NC U 

such that Go/ N is a periodic, connected Lie group. Therefore Go/ N is trivial. 

Since this is true for all such U, Go must be trivial. In particular, G is totally 

disconnected. 

If G is nondiscrete and totally disconnected, then G contains an infinite compact 

subgro11p K. However, by [80, Theorem 2] the infinite compact group K contains 

an infinite abelian subgroup which is impossible since G contains no such subgroup. 

It follows that G is discrete. 

■ 

COROLLARY 4.5.2 Let X be be any of the spaces AP(G), W AP(G), or UCB(G). 

If x• is operator amenable, then G is an amenable discrete group. 

If X = VN(G), then x• is operator amenable if and only if G is finite. 

Proof: Assume x· is operator amenable where X is any of the spaces above. 

Then by Theorem 4.5.1 G is discrete. Moreover, since x· is operator amenable it 

has a bounded approximate identity [68]. 

If X = AP(G), W AP(G) or UCB(G), then Bcr(Gd) is a quotient of x• [31]. 

However, since G is discrete, B 0 (Gd) = B>.(G), the reduced Fourier-Stieltjes algebra 

of G. In particular, B..x(G) also has a bounded approximate identity. It is easy to 

see that lG is a weak-* cluster point of this approximate identity in B ( G). Since 

B..x(G) is weak-* closed we get lG E B.>..(G). Moreover, since B.>..(G) is an ideal in 

B(G), B..x(G) = B(G) and hence G is amenable. 

If X = VN(G), then it follows from [56, Proposition 3.2 (b)] that G is compact 

and thus finite. Conversely if G is finite, then VN(G)- = A(G), which is clearly 

operator amenable. ■ 



CHAPTER 4. OPERATOR WEAK AMENABILITY 95 

For any of the spaces X = AP(G), W AP(G), UCB(G) or VN(G), we get from 

Theorem 4.5.1 that if X* is operator weakly amenable, then G is periodic with no 

infinite abelian subgroups. This is a severe restriction of the nature of G. The 

following two corollaries are obtained in the same manner as [31, Corollary 3.1 and 

3.5] 

COROLLARY 4.5.3: Let G be a locally compact group which satisfies one of the 

following conditions: i) G is locally finite; ii} G is an elementary group; iii} G is 

locally solvable; or iv) G is isomorphic to a subgroup of G L( n, IF) for some n and 

any field lF. If X is a topologically introverted subspace of VN(G) which contains 

C;(Gd), then X is operator weakly amenable if and only if G is finite. 

Recall that a discrete group G has polynomial growth if for every finite set 

F CG there exists a p EN such that IFI = O(nP). It follows from the proof of [31, 

Corollary 3.5] that if G is infinite, it must contain an infinite abelian subgroup H. 

Theorem 4.5.1 implies: 

COROLLARY 4.5.4: Let G be a discrete group of polynomial growth. Let X be a 

topologically introverted subspace of VN( G) which contains C;( Gd), and such that 

X is operator weakly amenable, then G is finite. 

The results of this section are natural analogs of earlier results obtained in 

[31],[38] and [58] for the second dual of A(G) viewed as a Banach algebra. For 

example, in Corollary 4.5.2 we showed that A(G)"'• is operator amenable if and 

only if G is finite. This was proved by Granirer in [38] for amenability in the 

category of Banach algebras. We note however that it is known that for the second 
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dual A·· to be amenable, A must itself be amenable [36]. Since we have already 

stated that A( G) is in general not amenable even for compact groups, Granirer's 

result is quite natural. However, since A(G) is operator amenable for any amenable 

group, one might expect that it would be more likely that A( Gt· would be operator 

amenable. Corollary 4.5.2 shows that this is not the case. In fact the significance of 

this section is that all the known results for amenability and weak amenability for 

quotients of A( G) ·• hold in the new category. This shows that unlike the case of 

A{ G) itself, barriers for amenability and weak amenability of quotients of A( Gt• 

do not disappear with the addition of the operator space structure. Curiously, 

the reason for this could be, as suggested by the proof of Theorem 4.5.1, that the 

obstacles arise from the presence of abelian subgroups where our two notions of 

amenability agree once again. 

4.6 Amenability and Weak Amenability of Ideals 

in A(G) 

In this section, we will take a brief look at operator amenability and operator weak 

amenability for ideals in A( G). 

We know that if A( G) is operator amenable, then G must be am.enable. We can 

ask if there are any structural implications of the existence of a closed ideal in A( G) 

which is operator amenable. Since the Fourier algebra of a discrete group always 

contains such an ideal, namely the one-dimensional ideal of functions supported 

on the identity, perhaps the best one could hope for would be to show that our 

group must contain an open amenable subgroup. In fact, we shall show that this is 

indeed the case. The key to our proof will be the fact that each operator amenable 
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completely contractive Banach algebra contains a bounded approximate identity. 

LEMMA 4.6.1: Let G be a locally compact group. Assume that A( G) has a 

nonzero ideal I with a bounded approximate identity. Then G has an open amenable 

subgroup. 

Proof: Let G1 be an open almost connected subgroup of G. Let F = Z(I). 

Since I is non-zero, there exists an x 0 E G \ Z (I). By translating if necessary, 

we may assume that :ca E G1 . Then I 1 = la1I can be viewed as a closed ideal in 

A(G1) which is nonzero and has a bounded approximate identity. It follows from 

[29, Proposition 3.5} that G1 is amenable. ■ 

THEOREM 4.6.2: A(G) has a nonzero closed ideal which is operator amenable 

if and only if G has an open amenable subgroup. 

Proof: Assume that G1 is open and amenable. Then I( G\ Gi) is a closed ideal of 

A( G) which is completely isometrically isomorphic to A( G1 ). Since G1 is amenable, 

I( G \ G1) is operator amenable. 

Conversely, assume that I is a non-zero closed ideal of A( G) which is operator 

amenable. Then by [68], I has a bounded approximate identity. It follows from 

Lemma 4.6.1 that G has an open amenable subgroup. ■ 

COROLLARY 4.6.3: If A( G) has a non-zero ideal I which is operator amenable, 

then A( G) is operator weakly amenable. 
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Pro of: Since G has an open amenable subgroup, this follows immediately from 

Theorem 4.4.4, and Theorem 4.6.2. ■ 

It was observed in (29], that the Fourier algebra of S£(2, R) did not have any 

am.enable closed ideals. Theorem 4.6.2 allows us to extend this result to the category 

of operator spaces. 

COROLLARY 4.6.4: 

als. 

A{S£(2, IR)) has no non-zero closed operator amenable ide-

In [35], it was shown that if a closed ideal I in A(G) posses a bounded approx­

imate identity, then there exists some F E nc( G) such that I = I( F). Clearly, 

these are the only possible candidates for operator amenable ideals. To determine 

whether or not these ideals are in fact operator amenable, we will need the following 

analog of (49, Proposition 5 .1] 

THEOREM 4.6.5: Let A be an operator amenable completely contractive Banach 

algebra, Let I be a closed ideal of A. Then I is operator amenable if and only if I 

has a bounded approximate identity. 

Proof: Let {ea} be a bounded approximate identity in I with lleall < M for each 

a. 

Let X be an operator I-module. Since I has a bounded approximate, in order 

to show that each completely bounded derivation from A into X* is inner, we may 

assume just as in the bounded case that X is neou.nital. As such X* becomes 
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an operator A module with respect to the induced action of A on x·. That is if 

f = af 1b where a, b ET and f 1 Ex•, then for any u EA, uf = (ua)f1 b a.nd fu = 

af 1 (bu). 

Let D : T i--+ X* be a completely bounded derivation. Then D lifts to a 

derivation fJ : A i--+ X·, with fJ(u) = lim.a D(eau) for each u E A [49]. Let 

[ui;] E Mn(A). Then 

IID(n)([uiiDlln - fun flD(eQuij)lln 
a 

< fun !ID llcbl[ [eaUi;]lln 
a. 

< sup IIDllcblllleallll[uiiHln 
a 

It follows that fJ is a completely bounded extension of D to A. However, since 

A is operator amenable Dis inner, and hence D is inner. Thus Tis also operator 

amenable. 

The converse is obvious since each operator amenable completely contractive 

Banach algebra has a bounded approximate identity. 

■ 

We close with the following complete characterization of those ideals in the 

Fourier algebra of an amenable [SI NJ group which are operator amenable. 

THEOREM 4.6.6: Let G be an amenable [SIN] group. Let I be a closed ideal in 

A(G). Then I is operator amenable if and only if Z(I) E !le(G) 
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Proof: By Theorem 4.6.5, we know that I is operator amenable if and only if 

it possesses a bounded approximate identity. However in [35] it was shown that 

an ideal in a (SIN] group posses a bounded approximate identity if and only if 

Z(I) E !lc(G). 



Chapter 5 

Automatic Complete 

Boundedness of Maps 

5.1 Introduction 

In [68}, Ruan showed that amenability for the Banach algebra L1{ G) is equivalent 

to operator amenability when L 1(G) is given the operator space structure that it 

inherits as the predual of the von Neumann algebra L 00 
( G). This follows from the 

fact that L1 ( G) has the MAX operator space structure and as such every bounded 

map from L1{G) into an operator space X in completely bounded. Moreover, any 

Banach L1 (G)- module can be given the MAX operator space structure which will 

make it into an operator L1( G)-module. As such any bounded derivation into a 

dual L1 ( G)-module can be viewed as a completely bounded derivation into a dual 

operator L1{G)-module. When considering the Fourier algebra of G the situation 

can be quite different. 

In this Chapter we discuss for which groups G, we have that every bounded 

101 
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map from A{ G) into any operator space is automatically completely bounded. 

5.2 Automatic c.b. of Maps on A(G) and B(G) 

We begin with the following: 

PROPOSITION 5.2.1 Let G be a locally compact group. Then A(G) = A(G)MAX 

if and only if G is abelian. 

Proof: The standard dual of A(G) is the von Neumann algebra VN(G) and 

A{G) = A(G)MAX if and only ifVN(G) = VN(G)MIN (see (101). Since VN(G) is 

a unital operator algebra, VN(G) = VN(G)MIN if and only if VN(G) is abelian 

[11]. However VN(G) is abelian if and only if G is abelian. ■ 

Clearly if G is abelian, then since A(G) = A(G)MAX and A(G) is completely 

isometrically isomorphic with L1( G), there is little to be gained by looking at A( G) 

as a completely contractive Banach algebra rather than simply as a Banach algebra. 

We will now show however, that if G does not contain an abelian subgroup of finite 

index, then the nature of A( G) when viewed as a completely contractive Banach 

algebra is fundamentally different from that of A( G) viewed as a Banach algebra. 

This we believe explains why it is necessary to retain the operator space structure 

when studying the cohomology of the Fourier algebra. 

Before providing the main result of this section, we require a few useful obser­

vations. 

PROPOSITION 5.2.2: Let H be a closed subgroup of G. Then A(G)/ l(H) is 

completely isometrically isomorphic with A( H). 
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Proof: Let ii. E A(G)/ I(H). Define r : A(G)/ l(H) I-+ A(H) by r(u) = V IH 

where v is chosen so that Q{v) = ii. and Q : A(G) i-+ A(G)/ I(H) is the quotient 

map. It is known that r is an isometric isomorphism of A{G)/ I(H) onto A(H) 

[34]. To see that r is a complete isometry observe that I(H)L = VNH(G) ={TE 

VN(G) : supp{T) CH}. Also VNH(G) is a von Neumann subalgebra of VN(G) 

which is *-isomorphic with VN(H) [28]. It follows from (10] that (A(G}/I(H))* 

is completely isometrically isomorphic to VNH(G) and hence to VN(H). Thus 

(A{G)/ l(H)) is completely isometrically isomorphic to A(H). ■ 

PROPOSITION 5.2.3: Let H be an open subgroup. Then lHA(G) is completely 

isometrically isomorphic with A( H). 

Proof: Let u E A(H). Let y_ E A(G) be such that u(z) = u(z) if z E Hand 

y_(z) = 0 otherwise. It is well known that r : A(H) i--+ A(G) defined by r(u) = ~ 

is an isometric isomorphism of A(H) into lHA(G) [28]. 

Let [ui1] E ~(A(H)) with ll[uiillln = 1. It follows from Proposition 5.2.2 that 

ll(iii;Jlln = 1. Let € > 0. We can find [vi;] E Mn(A(G)) such that (vi;] = [iii;] and 

llvi;]II < 1 + c. Now 

where P(v) = lffu. However lH E B(G) and lllHII = 1. It follows that IIPllcb = 1. 

Hence 

Therefore we can conclude that llfllcb < 1. 

To complete the proof, observe that r-1 : lHA(G) H- A(H) is simply the 

restriction of the quotient map Q : A(G) H- A(G)/ I(H) composed with the com-
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plete isometry of Proposition 5.2.2. It follows that 11r-1 11cb =1 and hence that r is 

a complete isometry. • 

LEMMA 5.2.4: Let t E G. The map Lt : A( G} i-t A( G) defined by Ltu( :z:) = 
u(t:z:) is a complete isometry of A(G). 

Proof: Let£;: VN(G) 1-t VN(G). Then L;(T) = dt * T where* is the product 

in VN(G). It follows that £; and hence Lt is completely bounded with IILtllcb = 1. 

Clearly we also have that 11Lt1 llcb = IILt-1 llcb = 1, and hence Lt is a complete 

isometry. 

■ 

This leads to the major result of this section. 

THEOREM 5.2.5 The following are equivalent 

(i) Every bounded map from A{ G) into any operator space is completely bounded. 

{ii) Every bounded map from A(G) into VN(G) is completely bounded. 

{iii) G has an abelian subgroup of finite index. 

Proof: (i) :::;,- {ii) immediate. 

(ii) ::::;. (iii): Recall that 

CB(A(G), VN(G)) = (A(G)®A(G)t 

and 

B(A(G), VN(G)) = (A(G) ®-r A(G))* 
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where ® and ®.,. denote the operator space tensor product and Banach space tensor 

product respectively. Since from (ii) we have that 

B(A(G), VN(G)) = CB(A(G), VN(G)), 

we conclude from the open mapping theorem that there exists some number N E N 

such that Jl~llcb < NJl~II for each ~ E B{A{G), VN(G)) = CB{A{G), VN(G)). 

Let u E A(G) ® A{G). Then 

llullA(G)®A(G) - sup{~(u): ~ E CB{A(G), VN(G)), ll~llcb < l} 

> sup{~(u) : ~ E B(A(G), VN(G)), 11~11 < 1/N} 

- 1/ NllullA(G)®-,A(G) 

This shows that the natural injection 

inj: {A(G) ® A{G), II· 11-r)-+ (A{G) ® A(G), II· II,..) 

extends to an isomorphism of A( G) ®-r A( G) onto A( G) ®A( G). To complete the 

proof, observe that the canonical injection of A{G)®A{G) into A(G x G) is known 

to be surjective ( (25}). It follows that the same will be true of the canonical injection 

of A(G) ®-r A(G) into A(G x G). Using a result of Losert (621, we conclude that 

G has an abelian subgroup of finite index. 

(iii) :::> (i): Assume that G has an abelian subgroup Hof finite index in G. Let 

{xiH} be a complete set of cosets of G. Then lH is a completely bounded projection 

of A( G) onto a sub-algebra of A( G) which is completely isometrically isomorphic 

to A( H). Since H is abelian, A( H) has the MAX operator structure. It follows 

that every bounded linear map from A(H) into any operator space is completely 

bounded. Thus if T is a bounded linear map from A( G) to any operator space, 

the above argument and Lemma 5.2.4 shows that T 0 1:riH is completely bounded. 

However, since T = ~~1 T 0 I:z:iH it follows that T is also completely bounded. ■ 
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We can extend this result to B(G) with the following: 

COROLLARY 5.2.6: Let G be a locally compact group. Then every bounded map 

from B ( G) into an arbitrary operator space X is completely bounded. if and only if 

G has an abelian subgroup of finite index. 

Proof: If His abelian, we note that B(H) is again the predual of an abelian von 

Neumann algebra and is hence a MAX operator space. We can proceed as before 

to show that lHB(G) is c.b. isomorphic to B(H) when His an open subgroup of 

G. Thus when G has an abelian subgroup of finite index, that every bounded map 

from B(G) into an arbitrary operator space is completely bounded follows in the 

same manner as for A(G) above. 

To prove the converse, first note that A(G) is a complemented ideal in B(G) 

and the projection Pis induced by the central projection in W·(G) corresponding 

to the left regular representation ([5]). As such P is completely bounded. If G 

does not have an abelian subgroup of finite index, then by Theorem 5.2.5 there is 

an operator space X and a linear map r : A( G) i-t X which is bounded but not 

completely bounded. Then r 0 P is the desired map. 

■ 

It is worthwhile to shed further light on the previous two results. Let 1r be a 

continuous unitary representation of G. Let Air denote the closed subspace of B ( G) 

generated by the coefficient functions of 1r. Then An- inherits an operator space 

structure from B(G). Moreover, the central projection P-,r in the von Neumann 

algebra B(G)"' = W•(G) associated with 1r is such that An-= P1rB(G) and A;= 

V N r = P -rr w• ( G) ( see [5]). If 1r is irreducible, then V N 'Ir = B ( H1r) and hence 

Air = TC(Hr), the trace class operators on the Hilbert space Hr. Moreover, 
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since the operator space structure on B( G) is the standard predual. operator space 

structure, the induced structure on ~ agrees with the standard operator space 

structure TC(H1r) inherits from B(H-rr)-

Let G be a locally compact group with an infinite dimensional irreducible 

representation 1r. From the remark above, we see that A,.. = TC ( H1r). Let 

r : B(H1r) 1-4 B(H1r) be the transpose map. Since r is weak-* to weak-* con­

tinuous and has norm 1 , the preadjoint map r. : TC(H1r) ~ TC(H-rr) also has 

norm 1. However, since it is well known that r is not completely bounded, neither 

is r. which we view as a bounded map from A,.. onto itself. It follows that the map 

r0 P1r is a bounded map from B(G) into B(G) which is not completely bounded. 

Now let G be a locally compact group which has irreducible finite dimensional 

representations of arbitrarily large degree. Then we can construct in a similar 

manner as above a bounded map from B(G) into B(G) which is not completely 

bounded. Let {1rn} be a sequence of irreducible finite dimensional. representations 

with dim 7rn > dim 7rm whenever n > m. Let 7r = EB 7rn be the direct sum of 

the 1r,,,'s. Then by [5], the space~= EBv ~n = EBv TC(Hf(",_). It follows from 

[10] that as an operator space ~ is the operator predual. of V N1r = EB Loo V N-srn = 
EB L':10 Mctim 1'1"n. If we define r : Air ~ ~ by r = EB(r n). where r n : ~im 'lrn ~ 

Mciun .,,.n is the transpose map and (r n). is its preadjoint, then once again r is a 

map of norm one. However, since 11r nllco > dim 7rn, r is not completely bounded. 

If we again let P-rr denote the central projection in W( G) associated with 1r, then 

the r 0 P1r is once more a bounded map from B(G) onto A..,r which is not completely 

bounded. 

Finally, since G has finite dimensional irreducible representations of bounded 

degree if and only if G has an abelian subgroup of finite index, we have established 



CHAPTER 5. AUTOMATIC COMPLETE BOUNDEDNESS OF MAPS 108 

an alternate proof of Corollary 5.2.6. We have also provided a proof for the following 

proposition: 

PROPOSITION 5.2. 7: Let 1r be a continuous unitary representation of G. If either 

1r contains an infinite dimensional irreducible subrepresentation or if 7r contains 

finite dimensional subrepresentations of arbitrarily large degree, then there exists a 

contractive linear map r : An. ~ A,r- which is not completely bounded. 

A locally compact group is said to belong to the class [ARJ if the left regular 

representation A is completely reducible. It is well known that for GE [AR], A(G} 

has the Radon-Nikodym Property (in fact this characterizes the groups in (AR] 

[75]} and hence that the unit ball of A(G) is the closed convex hull of its extreme 

points. [ARJ contains not only all compact groups but also a variety of noncompact 

groups ( see (7]). The ax + b group is in [ AR] as its left regular representation is the 

direct sum of two infinite dimensional irreducible representations. 

PROPOSITION 5.2.8: Let G be either a noncompact [AR] group or a compact 

group which does not contain an open abelian subgroup. Then there exists an isom­

etry from A( G) onto A( G) which is not completely bounded. 

Proof: In either case, the map r constructed as in the remark preceding Propo­

sition 5.2. 7 is an isometry of A( G) onto itself which is not completely bounded. 

■ 

We can make a case for the significance of the results of this section for our 

study if we recall what is currently known concerning the bounded cohomology of 

A(G). At present, the only known groups for which A(G) is amenable are those 

which contain an abelian subgroup of finite index. That the Fourier algebra of such 



CHAPTER 5. AUTOMATIC COMPLETE BOUNDEDNESS OF MAPS 109 

a group is amenable was originally proved for compact groups by Johnson (48J. The 

same result was later established for general locally compact groups by Lau, Loy 

and Willis in [59J and independently by Forrest in [29]. However, Johnson showed 

that for a finite group, the minimal norm for a virtual diagonal for A{G) is given 

by 
E""ec( dim ,r)3 

E,..ec( dim ,r )2. 

This provided the first concrete evidence to suggest that in the presence of either 

an infinite dimensional irreducible representation or of finite dimensional represen­

tations of arbitrarily large degree, (precisely the setting of Proposition 5.2. 7) A{ G) 

would fail to be amenable. In (59], Johnson's work was refined considerably and the 

case for the link between amenability of A( G) and "approximate commutativity" 

of G was strengthened. 

Finally, note that the fact that A(G)@A(G), the operator space tensor prod­

uct of A( G) with itself, is completely isometrically isomorphic to A( G x G) is at 

the heart of Ruan's theorem that A(G) is operator am.enable precisely when G is 

amenable. Moreover, the failure of the corresponding result for the Banach algebra 

projective tensor product in the absence of an abelian subgroup of finite index ( as 

demonstrated by Losert (62]) is the essence of our proof of Theorem 4.5. Indeed, one 

might view Theorem 5.2.5 as a restatement within our current context of Losert's 

theorem. Once again, we are led to conclude that Banach algebra amenability for 

A( G) is a com.mutative phenomenon, whereas the category of operator spaces with 

its richer structure provides the appropriate setting for studying the cohomology of 

the Fourier algebra of a typical locally compact group. 
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5.3 Automatic Complete Boundedness and Deriva­

tions 

In section 5.2 we showed that unless G contained an abelian subgroup of finite index, 

there are bounded linear maps from A( G) into VN ( G) which are not completely 

bounded. Conversely, if G does contain such a subgroup, then it is clear that each 

bounded derivation from A(G) in.to VN(G) is completely bounded. Moreover, 

since any such group is amenable, every derivation from A(G) into any Banach 

A( G) module is automatically continuous [32} and hence is automatically com­

pletely bounded. 

Since one of our main interests in this Chapter is to study the potential operator 

weak amenability of A{ G) as compared with the usual notion of weak amenabil­

ity of A( G), a natural question arises: For which locally compact groups are all 

(bounded) derivations from A(G) into VN(G) automatically completely bounded? 

More generally, when is any derivation of A( G) into any arbitrary A{ G)-module 

automatically completely bounded? 

Recall that in [29] Forrest showed that any locally compact group with an 

abelian connected component is such that A( G) is weakly am.enable. It follows 

that in this case the only bounded derivation from A(G) to VN(G) is zero, which 

is trivially completely bounded. We can speculate about the possibility that these 

are the only such groups without bounded derivations into VN ( G) that are not 

completely bounded. 

We begin with a proposition which is somewhat analogous to (32, Theorem 1]. 
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PROPOSITION 5.3.1: Let G be a locally compact group such that every deriva-

tion from A( G) into a finite dimensional, symmetric operator A( G)-module is com­

pletely bounded, then G is amenable. 

Proof: Assume that G is not am.enable. Then A(G)2 is not closed in A(G) [61]. 

We follow the construction in [21]. In particular, we can find a closed cofinite ideal 

I in A( G) and another cofinite ideal JC which is not closed and satisfies 'P C JC C I. 

Let X be the radical of the finite dimensional algebra A( G) /JC. Then X = I/ lC. 

By Wedderburn's Theorem there exists a subalgebra B of A(G)/JC such that 

A(G)/lC = B EB X 

with multiplication in B EB X given by 

Let r : A(G) H- A(G)//C be the quotient map and define a symmetric A(G)­

module structure on X by 

a--x=r(a)x=x·a 

We wish to recognize X as an operator A(G)-module. First we fix any norm II ··lfx 

on X. Now we define a new norm II • II' on X by setting for all x E X 

llxlf' = sup{lla • xllx : llall ~ l}. 

Since the kernel of the map a H- a •· x is closed for each x E X, it is now easy to 

see that the finite dimensional module X is a Banach A( G)-module with respect 

to the norm II ··II' on X. Now we can give X the MIN operator structure. Since X 

is finite dimensional, it is easy to see that the module action extends to a bounded 

map 

m: A(G)@MIN(X) H- MIN(X) 
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which is clearly completely bounded. The small difficulty is that this map is not 

necessarily completely contractive. To correct this we define a new collection of 

operator space norms II• II: on MI(X) by the formula 

It is now straightforward to verify that with this new structure, the module map is 

completely contractive and hence X is a symmetric operator A( G) bimodule. 

Finally, if II is the projection of A( G) / JC onto its second coordinate, then D = 
II0 r is a derivation from A(G) into X. Moreover, since (ker D) n .:T = JC is not 

closed, D is not continuous and hence is not completely bounded. 

■ 

We can obtain a converse to the previous proposition for the class of locally 

compact groups with an abelian subgroup of finite index. 

PROPOSITION 5.3.2: Let G be a locally compact group with an abelian subgroup 

of finite index. Then every derivation from A( G) into an operator A( G) module is 

completely bmmded. 

Proof: Since G is amenable, every derivation from A(G) into any Banach A(G) 

module is automatically bounded [32}. It now follows from Theorem 5.2.5 that every 

derivation into an operator A( G) module is automatically completely bounded. 

■ 

While for amenable groups, derivations from A( G) into VN( G) are automati­

cally bounded even for groups such as S0(3) it is not the case that they are always 

completely bounded. In fact, it turns out that for compact Lie groups, Proposition 

5.3.2 was the best we could do. 
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COROLLARY 5.3.3: Let G be a compact Lie group. Then every derivation from 

A(G) into VN(G) is completely bounded if and only if G has an abelian subgroup 

of finite index. 

Pro of: The "if' direction follows immediately form the previous proposition. 

Conversely, since G is amenable, A( G) is operator am.enable, and hence clearly 

operator weakly am.enable. It follows that the only completely bounded derivation 

from A(G) into VN(G) is the zero map. However, A(G) is not weakly amenable 

(48). This means there must exist a nonzero bounded derivation D from A{G) into 

VN ( G) which cannot be completely bounded. ■ 

For noncompact Lie groups we have the following: 

PROPOSITION 5.3.4: i) Let G be a Lie group. Assume that every bounded deriva­

tion from A(G) into a symmetric operator A(G)-module is completely bounded. 

Then every compact subgroup K of G has an abelian subgroup of finite index. 

ii} Let G be a semisimple Lie group with a compact connected component K. 

Then every bounded derivation from A( G) into VN ( G) is completely bounded if 

and only if G is discrete. 

iii} Let G be a semisimple Lie group with a compact connected component. Then 

every derivation from A( G) into a symmetric operator A( G)-module is completely 

bounded if and only if G is amenable and discrete. 

Proof: By Lemma 4.4.1 the restriction map R establishes a completely contrac­

tive homomorphism from A( G) onto A( K). This allows us to view VN ( K) as a 
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symmetric operator A( G)-module with respect to the action defined by u • T = 
R(u) 0 T = T 0 R(u) = T • u for each u E A(G), T E VN(K) (here 0 de­

notes the usual action of A(K) on VN(K)). If K does not have an abelian 

subgroup of finite index, then Corollary 5.3.3 shows that there exists a deriva­

tion D : A(K) t-+ VN(K) which is bounded but not completely bounded. Let 

D(u} = D(R(u)) for each u E A(G). Then it is easy to see that D defines a 

bounded derivation from A( G) into VN ( K). We claim that iJ is not completely 

bounded. 

Observe that R = r 0 Q where Q: A(G) t-+ A(G)/ I(K) is the quotient map and 

r: A(G)/ I(K) i-+ A(K) is the map defined in Proposition 5.2.2. Let M > 0. Since 

D is not completely bounded, there exists [ui;] E Mn(A(K)) with ll[Ui;Jlln < 1 

but IID([ui;]lln > M. However since Q is a complete quotient map and r is a 

complete isometry there exists [vii] E Mn(A(G)) with ll[vi;Jlln < 2 and R(n)([vi;]) = 
(r0 Q)(nl([vii]) = [u;;]. Thus lll)(nl([vi;])lln = IID(n)[uii]II > M. Hence D is not 

completely bounded. 

ii) Assume that K is not abelian. Then as before A( K) is not weakly amenable 

and hence by [29, Lemma 2.1] A(G) cannot be weakly amenable. However K is 

open since G is a Lie group. Furthermore A(K) is operator weakly amenable since 

K is compact. Thus by Lemma 4.4.3, A(G) is operator weakly amenable. This 

means there exists a nonzero bounded derivation from A( G) into VN( G) which is 

not completely bounded. Since this is impossible, K must be abelian. However, 

since G is semisimple, this means that K is trivial and hence that G is discrete. 

For the converse, we observe that if G is discrete, then A( G) is weakly amenable 

(32] and the only bounded derivation of A(G) into VN(G) is the zero map which 

is obviously completely bounded. 
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iii) Assume that every derivation from A(G) into a symmetric operator A(G)­

module is completely bounded, then by (ii) G is discrete. Moreover, by Proposition 

5.3.1, G must be amenable. 

The converse follows trivially since, if G is discrete A( G) is operator weakly· 

amenable and if G is amenable then every derivation is bounded [32]. As such the 

only derivation from A( G) into a symmetric operator A( G)-module is once again 

the zero map. 

• 

We can apply the previous Corollary to the family Rn t:<p SO(n) of Euclidean 

motion groups to conclude that: 

COROLLARY 5.3.5: Let G be the semidirect product IR n ~ P SO ( n) where the 

action of SO(n) on Rn is the natural action. If n > 3, there exists a bounded 

derivation D : A( G) 1--r VN ( G) which is not completely bounded. 

The various types of amenability which we have mentioned have one major 

structural flaw in common-they are not inherited by subalgebras. In particular, we 

do not know if given a compact normal subgroup K, A( G) being (operator) weakly 

amenable implies that A( G : K) ~ A( G / K) is also (operator) weakly amenable. 

Were this the case, we would be able to make significant progress in classifying those 

groups for which A(G) is (operator) weakly amenable. For example, if we knew 

that A( G / K) always inherited weak amenability from A( G), we could conclude 
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that for G E [SIN], weak amenability of A( G) would he equivalent to G having 

an abelian connected component [29, Theorem 2. 7]. In this case, it would be true 

that for any [SI NJ-group with a nonabelian connected component there would be 

a bounded derivation from A( G) into VN( G) which was not completely bounded. 

At present the best we can do is the following related result: 

PROPOSITION 5.3.6: Let G be a [SIN] group for which Go is not abelian. Then 

for every neighborhood U of the identity, there exists a compact normal Ku C U 

and a bounded map ru : A( G) i--+ VN( G /Ku) which is such that the restriction of 

r u to A( G : Ku) is a derivation that is not completely bounded. 

Proof: Let Go be the connected component of G. Then Go = VxK where V 

is a vector group and K is a nonabelian compact connected group ( see [65]). Let 

Ube a neighborhood of e E G. Then, since G is a projective limit of Lie groups, 

there exists a compact normal subgroup Ku CU such that G/ Ku is a Lie group 

and if</, : G ..-t G/ Ku is the quotient map, then ¢,(K) is a nonabelian compact 

connected subgroup of G. It follows from (48] and (29] that A( G /Ku) is not weakly 

amenable. Hence there exists a nonzero bounded derivation Du from A( G /Ku) into 

VN(G/Ku). 

Since A( G /Ku) is compl~tely isometrically isomorphic to A{ G : Ku), we may 

assume that Du maps A(G: Ku) into VN(G/Ku). Finally, let PKu be the pro­

jection of A(G) onto A(G: Ku)- Then ru = Du0 PKu is the desired map. ■ 



Chapter 6 

Complemented Ideals in A( G) 

6.1 Introduction 

The contents of this Chapter investigates which closed ideals of the Fourier algebra 

of a locally compact group are complemented. Indeed, it is this question which 

served as the author's original motivation for studying the homological properties 

of completely contractive algebras. 

To understand the history of this question, we consider the group algebra of the 

circle group G = T. We recall the Hardy space 1l1 (T) which is defined by 

1-£1 (T) = {/ E L 1 (T): }(n) = 0 for all n < O} 

Nate that the function g( z) = zn satisfies g( k) = 0 if k =/; n and g( k) = 1 if 

k = n. From this it is easy to see that 1i1 ('1r) is simply the closure of the analytic 

polynomials in the L 1(G) norm. (see [23]). 

117 
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--- .. Note that / * g(n) = f(n) • g(n) from which it is easy to see that 1-£1 (11') is a 

closed two sided ideal of L 1 (1'}. 

For some time it was questioned whether 1-£1(1') was complemented in L 1 (1'). 

The answer to this question goes back to D.J. Newmans result [64], and more 

generally Walter Ruclin's paper {(711) in 1962, where he classified the complemented 

ideals in L 1(G) for compact abelian groups. To begin this chapter, we shall review 

his construction, which will serve as our motivation for the general question. 

For :.c E G we define the translation map 

given by 

A subspace X of L1( G) is called translation invariant if r%(/) E X for all x E G 

and/ EX. 

It is well known (See (72, p. 157}) that I is an ideal of L1(G) if and only if I is 

translation invariant. 

Suppose I is complemented, and let P: L 1 (G) t--+ I be a continuous projection 

onto the ideal. Now let 

T f = l r,,-,P(r,,f)dz 

then Tf EI, Tf = f Vf EI, and Trz = r:T and thus we get 

which implies Tf = f * µ for some µ E M(G). Since T is a projection, µ is 

idempotent and hence by Cohen's Idempotent Theorem we have 

h(I) ={'YE a= f(7) = o VJ e I} E n(G) 
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where O(G) represents the closed coset ring of (G) 

Conversely if h(I) E O(G), then there is an idempotent measureµ with Z(µ.) = 
h(I). Therefore the projection defined by 

P(f) = f * µ 

is a projection onto I, whence it is complemented. 

Thus we conclude that the ideal I is complemented if and only if h(I) E n( G). 

In particular, since z- ~ O(G) it follows that 1-£1 (T) is not complemented in L 1 (T). 

We note that the idea in the proof was to "average away" the effects of the group 

to produce a projection which commutes with translations, and hence commutes 

with convolution. 

If G is non-compact the previous construction does not work since m( G) = oo. 

In [70] H. Rosenthal extended this result to the non-compact case by using the 

amenability of the group in the same spirit as Rudin. 

Consider I - P* : L 00 (G) ➔ IL. We can use the invariant mean on L00 (G) to 

get a map T: L 00 (G) ➔ IJ.. such that T(f * </>) = f * T(</>) (i.e. T com.mutes with 

the L 1 (G)- module action). Thus r.1. is invariantly complemented and hence I has 

a bounded approximate identity. From this it can be shown that h(I) E G( Gd) the 

coset ring of G with the discrete topology. 

Unfortunately the converse to the above result is false. Indeed the question 

of identifying sufficient conditions for an ideal to be complemented is extremely 

difficult. For example see [2], for the case G = R, [1] for G = JR 2 and the papers [3] 

and [ 4] for further discussion on this question. 
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To understand our current approach, we consider the following sequences of 

L1 
( G)-modules 

and its dual sequence 

E"': 0 i-+ z1. ~ L00 (G) 4 Ti-+ 0, 

where i is the inclusion map, v is the canonical quotient map, and i*, v"' are their 

adjoints. 

The essence of Rosenthal's result was to show that if I is complemented then 

E"' splits (i.e. i"' and v"' have inverses which are module maps). 

So in general we wish to consider sequences of A-modules 

E : 0 t-t x· /4 Y ~ Z 1-t 0 

and determine when such sequences split. Presumably the reader can recognize the 

homological flavour of this question. 

6.2 Splitting of Exact Sequences 

We begin with the following theorem, which follows from our work in Chapter 3. 

( See [79] for an alternate proof). 

THEOREM 6.2.1: Let A be an operator amenable Banach algebra, and let 

E: 01-t X* ~ Y~ Zr-+O 

be an admissible short exact sequence of operator A-bimodules with X"' a dual op­

erator A-bimodule. Then E splits. 
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Proof: This is Corollary 3. 7.3. ■ 

Suppose A is an operator amenable Banach algebra, and let :T be a closed ideal. 

We wish to consider the sequence 

and its dual sequence 

where i is the inclusion map, vis the canonical quotient map, and i"', v• are their 

adjoints. Clearly i and v are completely bounded module maps and thus so are i• 

and v"'. (Note that ( A/ :T) • ::-: :TL). 

Now suppose that :Tis completely complemented by a projection P: Ai-+ J. 

We define a map Q : A/ :T i--t A by 

Q ( a + J) = a - P( a). 

Note that Q is well defined since if a+ J = b + J then a - b E J so 

Q ( a - b + J) = a - b - P( a - b) = 0. 

Furthermore Q is completely bounded and a left inverse for v. Thus we conclude the 

exact sequence ~- is admissible. We shall say that a submodule Y of an A-module 

X is called invariantly complemented if there exists a projection T onto X 

which com.mutes with the module action, i.e. T: X i--t Y such that T(ax) = aT(x) 

for all a EA and x EX. Applying Theorem 1 we have: 

THEOREM 6.2.2: Let :J be a closed ideal in an operator amenable Banach alge-

bra. If J is complemented, then :T .L is invariantly complemented. 
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Now we are ready to provide the connection between complete invariant com­

plementation and bounded approximate identities in the operator space category. 

THEOREM 6.2.3: Let A be an operator amenable Banach. algebra, and :J a 

closed ideal. Then :J J. is complemented if and only if :J has a bounded approximate 

identity. 

Proof: Assume :J .1.. is complemented by a completely bounded projection. Then 

by Theorem 6.2.1, :E· splits. In particular E* splits as Banach algebras , and hence 

by standard Banach algebra arguments, .:J has a bounded approximate identity. 

(See [19]). 

For the converse we follow [19, Proposition 3.5]. If :I has a bounded approximate 

identity, let ~ be a weak-* limit point in j••. Define S : :I* H- A* by 

Clearly i•S = id:,-. Now define an operator Ton A• by 

Routine calculations show that if z E :I we have 

and if</> E 3.1.. then T</> = <f,. In particular we see that Tis a projection onto :J.l... 

It now suffices to show that Sis completely bounded (whence Tis). Now 

sup sup {II {S(ef,i;), akl) II}= sup sup {II{~, 'Pi;· akl} II} 
ll[1Pi;Jll:Sl ll[a1:1Jll$l 1l[~i;Jll$11l[a1:1Jll$l 

sup sup II ~(nm)['Pi;- akl]II} 
ll[IPij]ll$l ll[a1:1l11$1 

< 11~11 
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To see the last inequality, note that 'P is a linear functional on .:r· and hence is 

completely bounded with II 'P l(cb=II 'PI{ and we also have that the module action is 

completely contractive. Hence S is completely bounded and the result is proven. 

■ 

Remark: Notice that the operator amenability of the algebra was not necessary 

in the construction of the map T. Since T is a module map we can conclude in 

general that if .:r possesses a bounded approximate identity, then :l .L is invariantly 

complemented by a c.b. map. 

The next corollary now follows easily. 

COROLLARY 6.2.4: If :f is complemented closed ideal in an operator amenable 

Banach algebra, then .:T has a bounded approximate identity. 

6.3 Ideals in the Fourier Algebra 

Applying the results of the last section, we are able to provide conditions for a 

closed ideal in A( G) to be complemented by a completely bounded projection. 

THEOREM 6.3.1: Let G be an amenable group. If :l is a closed ideal such 

that :Jl.. is complemented in A(Gt, then h(.:T) E Oc(G). In particular if :l is 

complemented, then h( :T) E Ile( G). 

Proof: Since G is amenable, A(G) is operator amenable. Therefore by Corollary 

6.2.4, jl.. complemented by a completely bounded projection implies that .:T has 

a bounded approximate identity {ua}- It follows from (28] that Ua E B(Gd) and 
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II ua: IIB(G,s)=II Ua: IIA(G)· Let u be a weak-* limit point of this bounded approximate 

identity in B(Gd)- It is routine to show that u is an idempotent in B(Gd) with 

Z(u) = h(.:T). By Host's Idempotent Theorem [46] we can conclude that Z(u) E 

f2(Gd) and hence h(J) E f2c(G). (See also [34]) ■ 

Remark: We note that Rosenthal's result {[70]) is for bounded projections, as 

opposed to completely bounded projections. However if G is abelian then A(G) ......, 

L1( G) which is known to have the MAX operator space structure. In this case it 

follows that every bounded projection is automatically completely bounded, and 

hence in particular we see that Theorem 6.3.1 is a true generalization of Rosenthal's 

result to the non-abelian case. Unfortunately, for the Fourier algebra to have the 

MAX operator space structure its dual space VN(G) will have the MIN operator 

space structure, ( see [10]), from which it follows that VN( G) is a commutative 

operator algebra and hence G is abelian (see [11]). Thus we cannot conclude that 

every bounded projection is automatically completely bounded for arbitrary G. 

Also note that as discussed earlier the converse of Theorem 6.3.1 is false in 

general - even in the abelian case. (See [2J for the case G = R). However, in the 

discrete case the converse does hold and we have the following characterization of 

ideals complemented by completely bounded maps. 

COROLLARY 6.3.2: Let G be an amenable discrete group. Then .:T is comple­

mented if and only if h( :I) E Uc( G) . 

Proof:(=>) This follows immediately from Theorem 6.3.1. 
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( ~) ff h(.7) = E C Oc:( G) then the characteristic function of E, denoted ls 

is an element of B(G}([28]) . Thus the map P(u) = u • ls from A(G) onto :r 
is a completely bounded projection of A(G) onto I(h(.7)) . Since this is a set of 

spectral synthesis it follows that I(h(.:T)) = .:J. ■ 

The following example due to Leinert shows that the condition on the amenabil­

ity of the group is necessary for the previous corollary. Let IF2 be the free group on 

{a, b}. It is well known that IF2 is not an amenable group. Let E = {anbn : n = 
1, 2, ... }, then the characteristic function ls of E is completely bounded {see [60} 

for details), however E is clearly not an element of the coset ring. In particular, 

I( E) provides an example of a complemented ideal in A(lF2 ) whose hull is not in 

the coset ring. 



Chapter 7 

Suinmary and Open ProbleII1s 

QUESTION 1: One of our main objectives in Chapter 3 was to show that ques-

tions and constructions relating to the homology and cohomology in operator spaces 

are most naturally realized using the operator space projective tensor product as 

the natural product. Many authors who studied the cohomology of operator spaces 

and van Neumann algebras (see [66] and (73]) use the Haagerup tensor product as 

the basic object. This of course leads to the question: 

When do the tensor products ®h and® agree'/ 

In the case that the operator spaces are indeed C* -algebras, then Kumar and 

Sinclair have shown in [55] that the tensor products ( and hence the cohomology) 

agree exactly when either one of the algebras is finite dimensional, or when both of 

the algebras possess a collection of irreducible representations of bounded degree 

(C* algebras of this type are called subhomogeneous - note this corrects [47]). 

However in the case of the Fourier algebra, the solution is not so clear. Should it 

be the case that the tensor products agree when the group has irreducible repre­

sentations of bounded degree, then our results in Chapter 5 show that this is the 

126 
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case exactly when every map from A( G) into any operator space in automatically 

completely bounded. In this case we have that the ~operator space" homology 

corresponds exactly to the " Banach space" homology. 

QUESTION 2: In Chapter 4 we discussed the weak operator amenability of A( G) 

and showed that for a large class of groups the Fourier algebra is weak operator 

amenable. This leads to the natural question: 

Do there exist groups G for which A( G) is not weak operator amenable q 

QUESTION 3: In Chapter 6 we gave a complete classification of the ideals in 

the Fourier algebra of a discrete group which are complemented by a completely 

bounded projection. Furthermore we gave necessary conditions for complementa­

tion for general amenable groups. We note that providing explicit sufficient con­

ditions for non discrete groups is extremely difficult and using present techniques 

is out of reach. (See [52] for a discussion of the groups IR.3 and IR.4). However for 

non-amenable groups, we still lack any sort of necessary conditions. Our current 

approach using the cohomology groups may provide more detailed insight. Since 

the sets Ext1 represent equivalence classes of extension sequences, perhaps we can 

find conditions on the zero set of an ideal in A( G) to be complemented for all 

groups with reference to the contents of Ext1. Thus we have the question: 

Given an arbitrary non-amenable group G, are there reasonable necessary con­

ditions for an ideal in A(G) to be complemented'! 



CHAPTER 7. SUMMARY AND OPEN PROBLEMS 128 

QUESTION 4: Our major focus has been on the so called Hochschild cohomology 

in the operator space category. However there is another cohomology called the 

cyclic cohomology introduced by Connes (See [16]) in the algebraic category. A 

Banach space version of this was developed by Christian and Sinclair in [15]. It is 

possible to connect this new co homology with the spaces Hn. ( A, A"'), and hence to 

the notion of weak amenability. Cannes has found interesting applications of this 

cyclic cohomology in the study of differential geometry (see [18], [17]). The ideas of 

differential geometry are rather complex, but relate to the notion of replacing usual 

~'scalar" ideas with that of operators on a Hilbert space. Given that the morphisms 

of completely bounded maps are somewhat natural for the category of operators 

on Hilbert spaces, it may be interesting to develop a "completely bounded cyclic 

cohomology" , which leads to the question 

What connections exist between operator weak amenability and the natural no­

tion of completely bounded cyclic cohomology'f 

Given the application of cyclic cohomology and noncom.mutative geometry to 

quantum mechanics, ( see for example [17]) it would be interesting to see if the 

operator space category can find any applications there. 

QUESTION 5: Given a Banach algebra A, there is a natural A-module structure 

on A"' which we exploited in our study of weak amenability. Using these same 

ideas, it is easy to recognize the second dual A*• of A as an A- module, and so 

forth. Let us denote the nth dual of A by A(n)_ In [20] Dales, Ghahramani and 

Gr¢nbrek defined the Banach algebra A to be n-weak amenable if each bounded 

derivation from A into A[n] is inner. In [20} it was shown that L 1 (G) is 2n + 1 

weak amenable for all groups G. The classification of which groups G are 2n-weak 
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amenable remains open. These notions appear to have natural generalizations to 

the operator space category. Hence we shall say a completely contractive Banach 

algebra A is n-operator weak amenable if OH1(A, A(n]) = 0. This leads us to 

the question: 

For which groups G is A( G) n-operator weak amenable. 

QUESTION 6: Fundamental to this thesis is the observation that the Fourier 

algebra has better "amenability properties" when considered in the operator space 

category. In particular we note that the class of groups for which MAX(A(G)) 

is operator amenable is considerably smaller than the class of groups for which 

A( G) with its natural structure is operator amenable. We wonder how altering 

the operator space structure can affect the potential operator amenability of a 

completely contractive Banach algebra. This leads to the following two questions: 

Are MIN(A(G)) and MIN(L 1(G)) completely contractive Banach algebras'? 

Assuming the answer to the above question is yes, then we have: 

For what groups G are MIN(A(G)) and MIN(L1(G)) operator amenable'? 



Chapter 8 

Appendix A 

In this appendix, we provide the equivalent of a Comparison Theorem in our cate­

gory. Perhaps we should first make a few observations. Note that in general we will 

be given an additive functor from the category of operator spaces into the category 

of operator spaces. The various derived functors of this functor become functors 

from the category of operator spaces into the category of linear spaces. The key 

is that the various quotients are not necessarily Banach spaces, hence we cannot 

guarantee that the "image" of our functor is inside the category of operator spaces. 

The usual comparison theorem for resolutions now asserts that given an additive 

functor F and two projective resolutions of X, the functors derived from the two 

resolutions are naturally isomorphic {in the target category). However we wish 

to show that in the instances that F"(X) are operator spaces, then the derived 

functors are in fact c.b. isomorphic. 

We begin with the following. Let 

K dn K dn+J K 
• • • f- n-1 f- n ~ n+l f- • • • 
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be two admissible operator complexes of A modules. A chain transformation 

I : Ji i-;. ff is a family of c.b. module maps fn : Kn i-;. K~ such that the resulting 

diagram 

Kn-1 
dn 

Kn 
dn+l 

Kn+l 

lf•-• 1/- 1/-+1 

K~-1 K' K~+i d' n 
d~+l n 

commutes. Note that each function In defines a function 

given by 

This leads to the following: 

PROPOSITION Al: 

pletely bounded. 

If Imd,..,+i and Imd~+i are both closed, then (In)-. is com-

Proof: Let s E N and [~;] E M. (Kn), and [l;] the corresponding element in 

OHn(.R.). Now 

ll(ln)~•)(~;)II - inf{llln(~;) + Yiill: Yii E lmd~+l} 

< inf{ll/n{~;) + fnXijll : Xij E lmd,..,+1} 

< inf{lf/nllcbll~; + Xi;II : Xii E lmd,..,+1} 

- Ill nllcbll~;II 
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Thus (in). is completely bounded. ■ 

If f,g: R i--+ if are chain transformations, we call a family of c.b. module maps 

Sn : Kn i--+ K~+i a chain homotopy and say f and g are chain equivalent ( and 

write s : / rv g) if 

PROPOSITION A2: Ifs : / ,_ g : .R i--+ Jr then 

Pro of: The proof of this claim is identical to the algebraic case. ( See [ 63, p. 40]. 

■ 

We shall say that a chain transformation f : .R i--+ Ji! is a chain equivalence 

if there exists a chain transformation h : Ji! i-+ Jt and chain homotopies s : hf ,_ I.a 

and t: fh ,_ l.Jt'. 

COROLLARY A3: If f : Jt i--+ ii! is a chain equivalence then 

is an algebraic isomorphism. If OHn(.R) and OHn(.if) are both operator spaces, 

then (f n)- is a c.b. isomorphism. 

Pro of: Let h : Jr i--+ it be a chain transformation such that there is a homotopy 

such thats: hf rv l.1t- Clearly we have that (fn°hn). = (fn).(hn) •. Since (idK,J• = 

idoHn it follows that (fn).(hn)• = (hn).(/n). = id. Thus (fn)• is an algebraic 
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isomorphism. Now by Proposition Al, if lmdn+1 and Imd~+i are closed, then both 

(fn). and (hn)• are completely bounded. Hence we conclude that (fn)- is a c.b. 

isomorphism. 

Now we may turn our attention to projective resolutions. 

THEOREM A4: Let 

be a projective resolution of X, and let 

,l 
➔ Yi ➔ Yo ➔ X : (~) 

be any resolution. Then there exists a chain transformation fn : Pn t-t Yn. such that 

i 0 fo = E. Furthermore if 9n : Pn t--+ Yn is another such chain transformation, then 

f and g are chain homotopic. 

Proof: The proof of this Theorem requires only categorical properties of projec­

tivity and exactness. See (63, p. 88] for the algebraic case. ■ 

THEOREM A5: Let~ and '+3'' be two projective resolutions of X. Let F be an ad­

ditive functor from the category of operator A-modules to operator A-modules. Then 

there exists a chain equivalence f: F('f!) t-t F('lJ'). In particular, if OHn(F(~)) 

and OHn(F('+J'')) are operator spaces, then they are c.b. isomorphic. 

Proof: By Theorem A4, we can find a chain transformation f : '+3' t-t '+3'' and 

another chain transformation g : ~' .-+ qJ" such that there exists a chain homotopy 

with s : gf ~ id. Since F is additive, it follows that F(f) and F(g) are chain 

homotopic such that F(s) : F(g)F(f) ,_ id. By applying Proposition A3, we 

have that OHn(F(~)) is c.b. isomorphic to OHn(F('-]J)) whenever they are both 

operator spaces. 

■ 
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We observe that this theorem asserts that any two projective resolutions define 

the same derived functors up to c.b. isomorphism whenever they produce operator 

spaces. However we note that we obtain only c.b. isomorphisms, not completely 

isometric isomorphisms. The reason for this appears to be in our choice of operator 

complexes and our definition of projectivity in this category. 

As an alternative, we could study the operator space category under the follow­

ing assumptions: 

(1) All maps in an admissible complex must be complete isometries or complete 

quotients. 

(2) A module Pis projective only if whenever <p: Pi---+ X/Y is contractive, then 

there exists a contractive extension 1/; : P i--+ X. 

One can now verify that under the above assumptions ( along with the obvious 

necessary changes to injectivity etc.) that our derived functors are defined up to 

complete isometric isomorphism. There is however a difficulty in using this notion of 

equivalence of operator spaces. The above definition of projectivity concentrates on 

the problem of extension of maps, while our primary interest in projectivity relates 

to the exactness of functors - which ignores the "norm preserving" properties of 

the extension. 
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