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Abstract

In this thesis, we study channels with additive Gauss-Markov noise. Such noise models
are natural in many contexts and the characterization of the mutual information is un-
known. We specifically study the relationship between mutual information and the Mini-
mum Mean Square Error (MMSE) associated with the signal estimation in such channels.
The early work of Duncan on channels with additive Brownian motion noise showed that
the mutual information over an interval [0,T] of a channel with a general (not necessarily
Gaussian) signal in the presence of additive Brownian noise is equal to the integral of the
causal MMSE error over the period, where by causal we mean the filtered estimate. Our
objective in this thesis is to expand upon this result in the presence of Ornstein-Uhlenbeck
noise in the channel. It is shown that the same relation between mutual information and
MMSE error holds. Additionally, the result is extended to a more general case in which
the stochastic signal is a general function of the past. We derive the results using the ma-
chinery of stochastic calculus, specifically the Girsanov theorem and this is of independent
interest.
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Chapter 1

Introduction

One of the motivations for the development of Information Theory was to quantify how
much information a signal contains and then to determine the maximum rate at which
information could be transmitted across a noisy channel so that the signal could be recov-
ered without error. In his classic 1948 paper, Shannon laid out the basic mathematical
framework. In [1] Shannon introduced the concept of mutual information, which quan-
tifies the amount of information shared between two random variables. The capacity of
the channel is defined as the maximum of the mutual information over all distributions of
the input signal. In a second publication in 1949 Shannon [2] discussed the capacity of
noisy channels for additive Gaussian channels where the signal and noise are independent
Gaussian random variables leading to the celebrated Shannon formula that the capacity is
given by: C log(1+SNR) where the SNR is the ratio between the signal and noise variance
and C is a constant that depends on the power and signal bandwidth.

Later, Gelfand and Yaglom [3], along with Chiang [4], separately introduced a formula
for mutual information in continuous stochastic input-output channels. This result was
generalized by Duncan[5], in which he established the connection between the minimum
mean square error and mutual information for additive channels with white Gaussian noise,
commonly referred to as Duncan’s theorem. Duncan’s theorem states that the mutual
information between the input and output can be represented as the integral over time
of the causal minimum mean square error in a Gaussian channel. An interesting link
between information theory and estimation theory is established by Duncan’s theorem
within the framework of a Gaussian channel. Several papers in information theory and
statistical applications have demonstrated the value of Duncan’s theorem. [6, 7, 8, 9, 10]
In particular, the study by Guo, Shamai, and Verdu [11] used Duncan’s theorem to establish
the connection between causal and non-causal minimal mean square error in a Gaussian
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channel. Also in [12], Guo, Shamai, and Verdu showed the same relation holds for Poisson
Channels. Recently, Piera and Parada [13] extended Duncan’s theorem to include more
general stochastic input-output systems with Gaussian noise. Their channel formulation
allows for feedback in both the signal and the noise.

All the above articles assume that Gaussian distributed noise, or more specifically, the
Wiener process, is the noise in the channel. While the Wiener process has many advantages
as a noise process such as powerful mathematical methods to calculate the optimal filter,
there are also some significant drawbacks. Balakrishnan in [14] argues that Wiener’s process
sample paths have unbounded variation with a probability of one is an inherent problem
with this process as noise. This implies that the actual data samples have a probability
of zero, which means the results obtained cannot be realizable in real-world applications
such as communication channels without correction as for example in the Ito-Stratonovich
approach. In addition, Nelson [15] argued that the Ornstein-Uhlenbeck (O-U) process can
be seen as an approximation to the Wiener process, and it is possible to implement O-U
processes in practice. Based on the Gaussian and Markovian properties of this process,
the O-U process is also known as the Gauss-Markov process.

In this work we use the O-U processes as a noise and study the mutual information
for channels with additive O-U noise. This approach is also compatible with the exist-
ing mathematical framework for Wiener processes. Recently, in the field of Quantum
Communication, Schäfer et al.[16] and Cerf [17] separately argued that in the quantum
communication channel modeling, Gauss-Markov process is more realistic to use as a noise
source in the channel. Hence, it is important to study the extension of Duncan’s results to
channels with O-U noise.

This thesis focuses on analyzing an input-output stochastic observation channel that
incorporates the O-U process as a source of noise. Furthermore, we also consider the In-
tegrated O-U process as a source of noise. We first obtain the mathematical formulae for
the mutual information of both observation channels. Next, we show how causal minimum
mean square error is related to mutual information. In other words, extend Duncan’s theo-
rem for a stochastic input-output observation channel with the O-U process as a noise using
the machinery of stochastic calculus, specifically the Girsanov theorem and reproducing
kernel Hilbert space.

1.1 Contribution

The observation channel in we consider is similar to the one considered in [5], with the
difference that we consider the O-U process as noise. Additionally, we also consider a model
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with the integrated O-U Process noise instead of the Wiener process employed in Duncan’s
theorem. Mandel et al.’s work in [18] is the most similar framework to the main problem
in this thesis. They extended the Kallianpur-Striebel formula [19] for a stochastic input-
output channel with an integrated Ornstein-Uhlenbeck process as noise. They derived a
Bayes formula for the observation channel with an integrated Ornstein-Uhlenbeck process,
which plays an important role in our problem.

Our approach involves finding the respective reproducing kernel Hilbert space (RKHS),
which is a method developed by Aronszajn in [20]. Then, using the defined RKHS we
can apply the extended Kallianpur-Striebel formula. We then obtain the Radon-Nikodym
derivative of product measure space with respect to signal and observation measure. Then,
using the definition of mutual information, we obtain a closed-form expression for mutual
information over our stochastic input-output channel. In the next step, we define the min-
imum mean square error (MMSE) for our observation channel. This relationship enables
us to understand the relationship between the mutual information and estimation error for
our stochastic input-output channel. In other words, we prove a new version of Duncan’s
theorem for stochastic input-output channels with Ornstein-Uhlenbeck processes as noise.

1.2 Thesis outline

Chapter 2 begins with an overview to the mathematical framework from probability as well
as the definition of mutual information in Section 2.1. This is followed by the establishment
of the stochastic model for revisiting Duncan’s problem in Section 2.2. In Section 2.3, we
use the Girsanov theorem to prove Duncan’s theorem1, and in Section 2.4, we use the
Girsanov theorem to show the connection between the casual and non-casual minimum
mean square error shown by Guo, Shamai, and Verdu in [11]2.

Chapter 3 begins by providing detailed definitions of the Ornstein-Uhlenbeck (OU)
process and the integrated OU process and the corresponding stochastic differential equa-
tions (SDE) in Section 3.1. The stochastic model of our problem is introduced in Section
3.2. In section 3.3, we compute the Radon-Nikodym derivative (RND) of the observation
stochastic channel. Then, in section 3.4, we present the main result of this thesis, which is
the mutual information across the observation channel. Lastly, in section 3.5, we discuss
how the closed-form expression for mutual information is connected to the estimation error
of the channel.

1In Duncan’s original paper, a different approach was employed to obtain the result[5].
2In the original paper by Guo, Shamai, and Verdu[11], they used Duncan’s results and employed an

alternative approach to establishing their own result, different from our own method.
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Finally, in Chapter 4, we present a series of observations. In Section 4.1, we summarize
the results obtained and discuss potential future research directions in Section 4.2.
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Chapter 2

Mutual information in the presence
of Brownian Motion noise

This chapter discusses the calculation of mutual information of input-output stochastic
systems with Gaussian noise. This is a common problem in several real-world domains,
including economics and communication systems. We provide a comprehensive study of
the previously described problem, which is derived from the influential paper by Duncan [5]
in the 1970s. Duncan’s theorem establishes a fundamental link between information theory
and estimation theory within the framework of the stochastic input-output channel with
Gaussian noise. Specifically, Duncan’s theorem states that mutual information is equal to
the integration of squared of causal minimum mean square error over the time domain.
Also, we revisit the work of Guo, Shamai, and Verdu [11] which they used Duncan’s theorem
to find the relation between the causal and non-causal minimum mean square error

The sections of the chapter are structured in the following manner. In Section 2.1, we
provide the fundamental concepts required for our investigation in this field and definitions
that will be used throughout the remainder of the chapter. In Section 2.2, we study the
stochastic model of the fundamental problem in its general structure and also present the
necessary conditions for verifying Duncan’s theorem. In Section 2.3, we review Duncan’s
theorem again by applying the Grisanov theorem and stochastic calculus. In Section 2.4,
we investigate the correlation between the causal and non-causal minimum mean square
error in the presence of Gaussian noise on the channel.
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2.1 Preliminaries

2.1.1 Probability

The stochastic processes in this thesis, for example denoted asXt, are defined on a σ-algebra
F of the sample space Ω. The stochastic process {Xt}t∈T is defined on the probability space
(Ω,F ,P) with a state space S. Each Xt is a measurable random variable that maps the
sample space Ω to the state space S with respect to the sigma-algebra F . More precisely,
the process {Xt}t∈T belongs to the space L2 if, for each t ∈ T , the random variable Xt

has a finite second moment, denoted by E[X2
t ]. The σ-algebra Ft = σ(Xs : 0 ≤ s ≤ t)

represents the natural filtration of the process, encompassing all available information up
to time t. This arrangement guarantees that each Xt satisfies the condition of integrability,
thereby establishing {Xt}t∈T as a well-defined stochastic process in Xt ∈ L2.

Now we must establish the precise definitions of two key concepts: σ-finite measure
which all probability measures are σ-finite and absolute continuity. These requirements
are crucial for the Radon-Nikodym theorem, which is an essential concept enabling us to
calculate mutual information.

Definition 2.1.1 (Absolute continuity). A measure µ on Borel subsets of the real line is
absolutely continuous with respect to the Lebesgue measure λ if for every λ-measurable set
A, λ(A) = 0 implies µ(A) = 0. Equivalently, µ(A) > 0 implies λ(A) > 0. This condition
is written as µ≪ λ. We say µ is absolute continuous with respect to λ.

Theorem 2.1.2 (Radon–Nikodym theorem(Theorem 10.1.2 [21]). Let µ and ν be σ-finite
measures on (Ω,F). If ν ≪ µ, there is a function f ∈ F so that for all A ∈ F∫

A

fdµ = ν(A)

f is usually denoted dν/dµ and called the Radon-Nikodym derivative.

2.1.2 Mutual information

Definition 2.1.3 (Finite expectation real-valued random variables space). Let R∗ = R ∪
{±∞}, and denote by Θ(Ω,F ,P) the set of all random variables θ taking values in R∗

defined on the probability space (Ω,F ,P). Furthermore, let L1(Ω,F ,P) represent the
subset of Θ consisting of random variables with finite expectation, formally defined as:

L1(Ω,F ,P) = {θ ∈ Θ : E[|θ|] <∞}.
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Where E is the expectation with respect to measure P.

Definition 2.1.4 (Mutual information). For each X, Y which are stochastic processes
defined on a measurable space which satifies:

log

[
dµX,Y

d [µX × µY ]
(X, Y )

]
∈ L1(Ω,F ,P),

where µX,Y is the (joint) measure induced by the pair of processes X, Y in the measurable
space, and µX , µY are respectively the measure defined by the stochastic processes X, Y on
their measurable space. Now we define the mutual information between X, Y as I : R+ →
R, by

I(X;Y ) = E
[
log

[
dµX,Y

d [µX × µY ]
(X, Y )

]]
Observation 2.1.5. The mutual information between two discrete variables X and Y ,
represented as I(X;Y ), can be calculated using the joint probability distribution PXY (x, y)
according to classical probability theory as below:

I(X;Y ) =
∑
x,y

PXY (x, y) log
PXY (x, y)

PX(x)PY (y)
= EPXY

log
PXY

PXPY

.

Which was part of Shannon’s paper[1, 2] formulation for finding channel capacity. We can
see that the Radon-Nikodym derivative (RND) between the measures of X, Y , which are
both random processes, is equal to PXY

PXPY
. This means that we are essentially talking about

the expected value of likelihood ratio (LR), which is a common way to decide between
hypotheses.

Observation 2.1.6. Similarly, we can also achieve the same outcome in the context of
continuous random variables. The mutual information between two continuous random
variables, X and Y , is defined as follows [22]:

I(X;Y ) =

∫
Y

∫
X
PXY (x, y) log

(
PX,Y (x, y)

PX(x)PY (y)

)
dxdy

where PX,Y is now the joint probability density function of X and Y , and PX and PY are
the marginal probability density functions of X and Y respectively. So as we can see the
result is similar to the discrete form, and stochastic processes.

In this thesis, we use the definition 2.1.4 to compute mutual information in both chap-
ters 2 and 3. The concept applies to all channel formulations, regardless of their specific
formulations or noise characteristics.
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2.2 Stochastic Model

This section presents the stochastic model of channels that incorporate Gaussian noise.
We begin by revisiting the general model provided by Piera et al in [13], followed by an
analysis of specific cases, namely Duncan’s theorem as presented in [5].

2.2.1 General stochastic Model

Consider the most general form of input-output stochastic systems with Brownian motion
process as noise. Our system is represented as follows:

Y r
t =

√
r

∫ t

0

A (s,Xs, Y
r
s ) ds+

∫ t

0

B (s, Y r
s ) dBs, t ∈ [0, T ] (2.1)

Alternatively, expressed in the form of a Stochastic differential equation (SDE):

dY r
t =

√
rA (s,Xs, Y

r
s ) ds+B (s, Y r

s ) dBs, t ∈ [0, T ] (2.2)

WhereXt denotes the input stochastic process to the system, and let r be a non-negative
real parameter, called signal-to-noise ratio which is the ratio between the signal and noise
variance. Let Y r

t represent the stochastic process that corresponds to the system output.
Furthermore, let us regard A and B as predetermined time-varying adopted to filtering
functions that serve as the most general depiction of input-output stochastic systems. Put
simply, A (t,Xt, Y

r
t ) is exclusively influenced by the random trajectories of X and Y r up

until time t, and similarly, B (t, Y r
t ). Additionally, dBs represents the Brownian Motion

measure, which is the source of noise in our problem description. The second integral in
equation 2.1 represents Ito’s integral, which is a widely used type of stochastic integral in
information theory.

Piera and Parada have computed the mutual information of the observation channel 2.1
in their work [13]. They have demonstrated the equivalence of their formula with Duncan’s
theorem, which relates the mutual information to the causal minimum mean square error.

2.2.2 Special cases

Although the general stochastic model 2.1 and 2.2 offer clarity, it is essential to investigate
specific scenarios in real-world applications to enhance our comprehension. Two well-
known models in communication systems are the Additive White Gaussian Noise (AWGN)
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model and the Additive Coloured Gaussian Noise (ACGN) channel. The AWGN model is
commonly used in classical communication systems, while the ACGN channel is found in
both communication systems and traffic control. These models provide valuable insights,
as discussed in the references [2][5].

2.2.2.1 Additive white Gaussian noise channel

In this section, we aim to demonstrate the application of a stochastic model to the well-
known additive Gaussian noise channel (AWGN). By substituting A(t, f, g) = f(t) and
B(t, g) = 1 into the generic stochastic model described in equation 2.1, we obtain the
following result:

dY r
t =

√
rXtdt+ dBt (2.3)

Y r
t =

∫ t

0

√
rXtdt+Bt (2.4)

Our model now conforms to the typical communication noise model, which is fundamental
to Shannon’s renowned formula [1, 2]. The formulation of Duncan’s theorem [5] also applies
this model, which will be explored in more detail in section 2.3.

2.2.2.2 Additive colored Gaussian noise channel

Now, let us have a look at a more advanced model. We may construct the additive
colored Gaussian noise channel (ACGN), which means that if we let A(t, f, g) = f(t) and
B(t, g) = G(t) we will obtain the following:

dY r
t =

√
rXtdt+G(t)dWt (2.5)

Y r
t =

∫ t

0

√
rXtdt+

∫ t

0

G (s) dWs (2.6)

As we can see, it is not difficult to determine the covariance of the noise, which is a well-
known result that can be achieved by utilizing Ito’s integral martingale properties that are
cited in [23].

Nt =

∫ t

0

G(s)dWs, t ∈ [0, T ]

9



cov(Nt1,t2) = E
[∫ t1

0

G(s)dWs

∫ t2

0

G(s)dWs

]
= E

[∫ t1

0

∫ t2

0

G(r)G(s)dWrdWs

]
=

∫ min{t1,t2}

0

G2(s)ds

The covariance of the colored noise is determined by the square integrability of the function
G(s). This condition ensures that the covariance is meaningful. In order to obtain a reliable
outcome, it is imperative to establish certain essential prerequisites for the situation at
hand. It is important to acknowledge that as the complexity of a system increases, the
conditions of the system also need to get more intricate.

2.3 Revisiting Duncan’s Theorem

This section focuses on the problem of additive white Gaussian noise, as described in
2.2.2.1, and computes the mutual information between the signal and observation in this
channel formulation, which serves as a revisiting of Duncan’s theorem. In contrast to
Duncan’s original study [5], this section utilizes the Girsanov theorem to calculate the
Radon-Nikodym derivative (RND) of the relevant measures, instead of using discrete sam-
ples. The Girsanov theorem is first proved in section 2.3.1 by the use of stochastic calculus
tools such as Itô’s lemma, martingale representations, and changing of measure. Subse-
quently, the theorem is applied to compute the RND of the AWGN channel. Finally, the
mutual information is computed based on the definition provided in 2.1.4.

2.3.1 Calculation of Radon–Nikodym derivative

Theorem 2.3.1 (Girsanov theorem). Let P and Q the law of Xt and Yt which are the
following SDE solutions

dXt = σ(t,Xt)dBt + b(t,Xt)dt (2.7)

dYt = σ(t, Yt)dBt + c(t,Xt)dt (2.8)

Where Y0 = X0 = x for our processes. Let us suppose that σ, b and c satisfy the
Lipschitz and growth conditions. In addition let a(t, x) > 0 for all t and x, and

c(t, x)− b(t, x) = σ(t, x)e(t, x)
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for some e(t, x) satisfying |e(t, x)| ≤ C. Then for P and Q are mutually absolutely contin-
uous on the same σ-field Ft and the Radon-Nikodym derivative is given by

dQ

dP
= exp

[∫ t

0

e(s,Xs)dB̃s −
1

2

∫ t

0

e2(s,Xs)ds

]
.

Where

dB̃t =
1

σ(t,Xt)
[dXt − b(t,Xt)dt]

and the Radon-Nikodym derivative is measurable with respect to the σ-field Ft = σ{x(u) :
0 ≤ u ≤ t}.

One lemma must be proven in order to prove the Girsanov theorem:

Lemma 2.3.2. Let c(s, ω) be adapted to filtering and bounded. Then

Z(t) = exp

[∫ t

0

c(s, ω)dXs −
1

2

∫ t

0

c2(s, ω)ds

]
is a martingale with respect to (Ω,Fs, P0).

Proof. Restricting ourselves to an arbitrary yet finite interval [0, T ] does not compromise
the generality of our analysis. The theorem holds unequivocally for constants c. Indeed,
we can consider c(t) as piece-wise constant, taking values ci over finite intervals [ti, ti+1],
where 0 < t1 < t2 < · · · < tn = T . Furthermore, each ci may vary with ω, as long as it
remains Fi measurable.

Consequently, if c(s, ω) is simple and bounded, the process Z(t) defined a martingale.
It’s worth highlighting that:

Zc(t)
2 ≤ Z2ce

C2t

where C acts as an upper bound on c(s, ω). Given a bounded, adapted to filtering
c, we can approximate it with simple functions cn, each uniformly bounded. Hence, as
cn converges to c, the approximating martingales Zcn(·)(t) remain uniformly bounded in
L2 [P0], ensuring that the limit Z(t) = Zc(·)(t) remains a martingale.
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Girsanov theorem. Step 1. Let e(s, ω) = e(s, x(s, ω)). We know from the respective mea-
sure of Brownian motion that:

R(t, ω) = exp

[∫ t

s

e(s, x(s))dβ(s)− 1

2

∫ t

s

e2(s, x(s))ds

]
is a martingale with respect to (Ω,F s

t , Ps,x). It defines a measure Q = Qs,x on (Ω,F s
∞) by

the relation dQ = R(t, ω)dPs,x on F s
t . The function γ(·) defined by

γ(t) = β(t)−
∫ t

0

e(s, ω)ds

is a Brownian motion relative to (Ω,Ft, Q). More precisely under Q, γ(t)− γ(s) is dis-
tributed independently of Fs, and has the same distribution as Brownian motion. The
proof is based on verifying that

ξλ(t) = exp

[
λγ(t)− λ2

2
t

]
is a martingale relative to (Ω,Ft, Q). By the definition of Q, this is the same as checking
that ξλ(t)R(t, ω) is a martingale with respect to (Ω,Ft, P ). But

ξλ(t)R(t, ω) = exp

[
λγ(t)− λ2

2
t+

∫ t

0

e(s, ω)dβ(s)− 1

2

∫ t

0

e2(s, ω)ds

]
= exp

[∫ t

0

[λ+ e(s, ω)]dβ(s)− 1

2

∫ t

0

[λ+ e(s, ω)]2ds

]
is clearly a (Ω,Ft, P ) martingale. Now Let us rewrite the solution of

dx(t) = σ(t, x(t))dβ(t) + b(t, x(t))dt

as
dx(t) = σ(t, x(t))dγ(t) + c(t, x(t))dt

with

γ(t) = β(t)−
∫ t

0

σ(t, x(t))e(t, x(t))dt

and compare it with the solution

dy(t) = σ(t, y(t))dβ(t) + c(t, y(t))dt

12



Since β(·) under P and γ(·) under Q are both Brownian motions, the distribution of
y(·) under P is the same as the distribution of x(·) under Q. So the Radon-Nikodym
derivative of Q0,x with respect to P0,x can be computed by computing the Radon-Nikodym
derivative (RND) of the distribution of x(·) under Q with respect the distribution of the
same solution x(·) under P . If we can show that R(t, ω) is measurable with respect to

F̂t = σ{x(s) : 0 ≤ s ≤ t} we are done. To establish this all we need to note is that because
a(t, x) > 0, σ(t, x) is nonvanishing and we can invert the stochastic integral to represent

dβ(t) =
1

σ(t, x(t))
[dx(t)− b(t, x(t))dt].

Therefore R(t, ω) can be expressed as a filtering adapted function of x(·).

Our primary objective is to ascertain the RND of the measure on the product space of
the signal (X) and observation (Y) with respect to the product of the individual measures
on the signal and the observation, expressed as dµY X

d(µX×µY )
. Our methodology involves first

computing dµY X

d(µB×µX)
by utilizing the Girsanov theorem. Following this, we determine dµY

dµB
.

Finally, through the application of well-established lemmas in measure theory, we deduce
dµY X

d(µX×µY )
. Note that µB represents the respective measure of Brownian motion, which

serves as the noise in this particular stochastic input-output channel.

Proposition 2.3.3. For our stochastic input-output channel described in 2.2.2.1, the RND
of the measure on the product space of the signal (X) and observation (Y) with respect to
the product of the individual measures on the signal and the noise is given by :

dµY X

dµBdµX

= exp

[√
r

∫
XsdBs −

r

2

∫
X2

sds

]
Proof. By applying Girsanov’s theorem, we can analyze the system described by equations
(2.7) and (2.8) under a different measure. Specifically, we can transform the drift term b to
zero and set the volatility term σ to 1. This transformation allows us to utilize Girsanov’s
theorem directly. Consequently, we obtain the following relationship:

e(t, x)σ(t, x) = c(t, x)− b(t, x) = c(t, x)

Simplifying further, we have:

e(t, x) = c(t, x) =
√
rXs

13



Thus, by Girsanov’s theorem, we derive the Radon-Nikodym derivative of the measure
µY X with respect to the product measure µBµX :

dµY X

dµBdµX

= exp

[√
r

∫
Xs dBs −

r

2

∫
X2

s ds

]
This result leverages Girsanov’s theorem to facilitate the measure transformation nec-

essary for the given stochastic process.

Proposition 2.3.4. For our stochastic input-output channel described in 2.2.2.1, the RND
of the measure on the product space of the observation (Y ) with respect to the measure of
the noise (B) is given by :

dµY

dµB

= exp

[√
r

∫
X̂sdBs −

r

2

∫
X̂2

sds

]
where X̂s = E [Xs | Fs] represents the estimation of the signal process Xs based on the
information available up to time s from the causal observation process Fs.

Proof. As demonstrated in the case of µY X ≪ µBX , we have the Radon-Nikodym derivative
ϕ given by:

ϕ = exp

[√
r

∫
XsdBs −

r

2

∫
X2

sds

]
Now, our objective is to establish that µY ≪ µB. Using the independence of the

processes B and X, the measure µBX takes the form of the product measure µBµX . Thus,
our focus shifts to integration over the measure µZ . Let’s define

ψ = EµX
[ϕ],

where EµZ
denotes integration with respect to the measure µZ . Consequently, we have

dµY

dµB

= ψ.

So we will have:

dµY

dµB

= EµX
[ϕ] = EµX

[exp

[√
r

∫
XsdBs −

r

2

∫
X2

sds

]
]

By continuity of measures and Fubini’s theorem we know that expected value will go inside
the integral:

14



dµY

dµB

= exp

[√
r

∫
EµX

[Xs]dBs −
r

2

∫
EµX

[X2
s ]ds

]
So we will have:

dµY

dµB

= exp

[√
r

∫
X̂sdBs −

r

2

∫
X̂2

sds

]
where X̂s = E [Xs | Fs] represents the estimation of the signal process Xs based on the
information available up to time s from the causal observation process Fs.

Proposition 2.3.5. For our stochastic input-output channel described in 2.2.2.1, the RND
of the measure on the product space of the signal (X) and observation (Y) with respect to
the product of the individual measures on the signal and the observation is give by:

dµY X

dµY dµX

= exp

[√
r

∫
(Xs − X̂s)dYs −

r

2

∫
(Xs − X̂s)

2ds

]
Before providing the proof of the proposition above, we must state the three lemmas

used in the proof. This thesis does not provide proof of these lemmas, but it is available
in the references mentioned.

Lemma 2.3.6 (Theorem 2.3.5 [23]). Let (X,M, µ) be a measure space, where X is the
underlying set, M is the sigma-algebra of measurable sets, and µ is a measure defined on
M . Let f be a nonnegative measurable function on (X,M). Define a measure ν on (X,M)
by ν(E) =

∫
E
f dµ for all E ∈ M . Then for any nonnegative, measurable function F on

(X,M), we have ∫
X

F dν =

∫
X

Ff dµ.

Lemma 2.3.7 (Theorem A, Chapter 6, [24]). Suppose µ, ν, and λ are finite measures on
the measurable space (X,M). If µ≪ ν and ν ≪ λ, then µ≪ λ, and we have the following
Radon-Nikodym derivative relationship:

dµ

dλ
=
dµ

dν
· dν
dλ

for λ-almost every point.
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Lemma 2.3.8. Let µ and ν be two finite measures on a measurable space. If µ ≪ ν
and ν ≪ µ, then the following statement holds almost everywhere with respect to µ (and
therefore also with respect to ν):

dµ

dν
=

(
dν

dµ

)−1

Proof. By applying the Radon-Nikodym theorem to the conditions µ≪ ν and ν ≪ µ, and
referencing Lemma 2.3.7, we obtain the following expression:

ν =
dν

dµ
µ =

dν

dµ

dµ

dν
ν

Additionally, it is ν ≪ ν and ν = fν with f ≡ 1. From the µ− a.s.-uniqueness of the
density of ν relating to ν it follows

dν

dµ

dµ

dν
= 1ν − a.s.

Finally, we will have:
dµ

dν
=

(
dν

dµ

)−1

ν − a.s..

So with all of these lemmas let us go back to the proof of proposition 2.3.5

Proof. By lemma 2.3.7 we can write chain rule so we have:

dµY X

dµY dµX

=
dµY X

dµXdµB

∗ dµB

dµY

Then by lemma 2.3.8 we can write:

dµY X

dµY dµX

=
dµY X

dµXdµB

∗ (dµY

dµB

)−1

So we can write from proposition 2.3.3, and proposition 2.3.4:

dµY X

dµY dµX

= exp

[√
r

∫
XsdBs −

r

2

∫
X2

sds

]
∗ (dµY

dµB

)−1
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dµY X

dµY dµX

= exp

[√
r

∫
XsdBs −

r

2

∫
X2

sds

]
∗ (exp

[√
r

∫
X̂sdBs −

r

2

∫
X̂2

sds

]
)−1

Then we can write:

dµY X

dµY dµX

= exp

[√
r

∫
Xs dBs −

r

2

∫
X2

s ds −
√
r

∫
X̂s dBs +

r

2

∫
X̂2

s ds

]
= exp

[√
r

∫
(Xs − X̂s)dBs −

r

2

∫
(X2

s − X̂2
s )ds

]
Then by dY r

t =
√
rX̂tdt+ dBt then we have dBt = dY r

t −
√
rX̂tdt

dµY X

dµY dµX

= exp

[√
r

∫
(Xs − X̂s)(dY

r
t −

√
rXtdt)−

r

2

∫
(X2

s − X̂2
s )ds

]
= exp

[√
r

∫
(Xs − X̂s)(dY

r
s )− r

∫
(Xs − X̂s)X̂sdt−

r

2

∫
(X2

s − X̂2
s )ds

]

dµY X

dµY dµX

= exp

[√
r

∫
(Xs − X̂s)(dY

r
s )−

r

2

∫
(Xs − X̂s)

2ds

]

2.3.2 Calculation of mutual information

Theorem 2.3.9. The mutual information between the input signal stochastic process and
observation stochastic process of the stochastic input-output system described in 2.2.2.1 is
given by:

Ir(X;Y r) =
r

2
E

[∫
(Xs − X̂s)

2ds

]
where X̂s = E [Xs | Fs] represents the estimation of the signal process Xs based on the
information available up to time s from the causal observation process Fs.

Before proving this proposition, we state a lemma whose proof is not provided here but
can be found in the cited reference.
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Lemma 2.3.10 (Theorem 5.4, [23]). Let (Xt)t≥0 be a martingale with respect to a filtered
probability space (Ω,F , (Ft)t≥0, P ). Let µ be a finite signed measure on F and g : [0,∞)×
Ω → R be a measurable function such that

∫ t

0
|g(s, ω)| d|Xs(ω)| < ∞ for almost every

ω ∈ Ω and every t ≥ 0. Additionally, for each fixed s ≥ 0, the function ω 7→ g(s, ω) is
Fs-measurable.Suppose Yt(ω) =

∫ t

0
g(s, ω) dXs(ω) for t ≥ 0. Then (Yt)t≥0 is a martingale

with respect to (Ω,F , (Ft)t≥0, P ).

Now we can write the proof of theorem 2.3.9

Proof. By definition 2.1.4 now we have:

Ir(X;Y r)
.
= E

[
log

[
dµX,Y r

d [µX × µY r ]
(X, Y r)

]]
So by proposition 2.3.5 we will have:

Ir(X;Y r)
.
= E

[
log

[
exp

[√
r

∫
(Xs − X̂s)(dY

r
s ) +

r

2

∫
(Xs − X̂s)

2ds

]]]
By simple calculation, we can write the above equation as:

Ir(X;Y r)
.
= E

[√
r

∫
(Xs − X̂s)(dY

r
s ) +

r

2

∫
(Xs − X̂s)

2ds

]
By lemma 2.3.10, as we know Y r

s is a martingale so, By Optimal stopping theorem, and
also the fact that dY r

t =
√
rX̂tdt+ dBt we will have:

Ir(X;Y r) =
r

2
E

[∫
(Xs − X̂s)

2ds

]

2.3.3 Analysis of the result

As demonstrated in Theorem 2.3.9, which is also called Duncan’s theorem1 [5], the mutual
information of an input-output stochastic system is intrinsically linked to the minimum
mean square error (MMSE) of the signal with respect to the observations. This relationship

1Duncan’s result is a special case of our result where r (signal-to-noise ratio) is equal to 1
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is fundamental in the field of communication systems, bridging between respective filtering
problems and information theory. Duncan’s theorem has inspired numerous extensions.
For instance,Guo et al [6] showed the same relation for stochastic input-output systems
with feedback, which is a key concept in the field of multiple-input multiple-output (MIMO)
[25]. Moreover, Chayat et al., expanding directly on Duncan’s work, derived a bound on the
information rate in an AWGN channel, providing a valuable tool for diverse communication
applications [8]. Also, Piera et al [13] find the same relation between the mutual information
and MMSE for the stochastic input-output system described in 2.2.1.
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2.4 Relationship of causal and noncausal MMSEs

In this section, we will explore the causal and noncausal minimum mean square error
(MMSE) as discussed by Verdu et al. in their seminal work [11]. This integration is a
cornerstone in communication theory, as it bridges the gap between two distinct types
of MMSE estimators. Significantly, this result is applicable to any input signal distribu-
tion and additive white Gaussian noise channels. Moreover, recent advancements, such
as Orthogonal Approximate Message-Passing (OAMP) [26], demonstrate the continued
relevance and applicability of these foundational findings.

First, we begin by defining the causal and non-causal minimum mean square error
(MMSE) in Section 2.4.1. Following this, Section 2.4.2 shows the relationship between
causal MMSE (CMMSE) and non-causal MMSE (NCMMSE), revisiting the work of Guo,
Shamai, and Verdu [11]. Finally, Section 2.4.3 discusses the significance of this finding for
advancements in information theory.

2.4.1 Preliminaries

Definition 2.4.1 (causal minimum mean square error (CMMSE)). The causal minimum
mean square error (CMMSE) (CMMSE) for any time ∀t ∈ [0, T ] is defined by

CMMSE (t, r) = E

{(
Xt − X̂t

)2}
Where X̂s = E [Xs | Fs], and Fs is the sigma-algebra generated by Y r

t

Definition 2.4.2 (noncausal minimum mean square error (NCMMSE)). The non causal
minimum mean square error (NCMMSE) for any time ∀t ∈ [0, T ] is defined by

NCMMSE (t, r) = E

{(
Xt − X̃t

)2}
Where X̃s = E [Xs | FT ], and FT is the sigma-algebra generated by Y r

t from 0 to T all
over the time.

Definition 2.4.3 (Average CMMSE). The average of CMMSE is defined by:

CMMSE(r) =
1

T

∫ T

0

CMMSE(t, r)dt
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and similarly for the average of NCMMSE is defined by:

NCMMSE(r) =
1

T

∫ T

0

NCMMSE(t, r)dt

Observation 2.4.4. We can write theorem 2.3.9 using definition 2.4.3 we can write:

Ir(X;Y r) =
r

2
CMMSE(r)

As we can see it is only a function of r, so alternatively we can write:

I(r) =
r

2
CMMSE(r)

2.4.2 Calculation of derivative of Mutual information

To establish the relationship between CMMSE and NCMMSE, we begin by deriving the
mutual information’s derivative with respect to the signal-to-noise ratio. The stochastic
input-output model employed in this analysis is detailed in Section 2.2.1. Notably, this
model does not impose any specific distribution assumptions on the signal and, the noise
is assumed as Brownian motion.

Theorem 2.4.5. If we are in AWGN channel as it is described in 2.2.2.1, and regardless
of the distribution of the signal Xt when we have an expected value of the square of the
signal is finite or

∫ T

0
EX2

t dt <∞, then we have:

d

dr
I(r) =

1

2
NCMMSE(r)

Before proving theorem 2.4.5, we need to first prove a lemma

Lemma 2.4.6. If r → 0, and the input-output the AWGN channel is given by 2.2.2.1:

dY r
t =

√
δXt dt+ dWt, t ∈ [0, T ]

If we have
∫ T

0
EX2

t dt <∞ then the mutual information is given by:

lim
r→0

I(r)

r
=

1

2

∫ T

0

E (Xt − EXt)
2 dt
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Proof. By theorem 2.3.9 we have:

I(r) =
r

2
E

[∫
(Xs − X̂s)

2ds

]
Then we can write:

lim
r→0

I(r)

r
= lim

r→0

1

2
E

[∫
(Xs − X̂s)

2ds

]
As we know limr→0 X̂s = limr→0E [Xs | Fs] = EXt, so the proof is done and we have:

lim
r→0

I(r)

r
=

1

2

∫ T

0

E (Xt − EXt)
2 dt

Lemma 2.4.7. We have dW1 and dW2 which are independent Wiener processes with
variances σ2

1 and σ2
2 respectively. For any two constants a, b, then:

Var(a dW1 + b dW2) = a2σ2
1dt+ b2σ2

2dt

Proof. Since both dW1 and dW2 are Wiener processes we know E[dW1] = 0, E[dW2] = 0,
and Var(dW1) = σ2

i dt, i = 1, 2,, then also by their independence Cov(dXt, dYt)] = 0.
Now let us Consider the random variable Z = a dW1 + b dW2. The variance of Z is:

Var(Z) = Var(a dW1 + b dW2).

Using the properties of variance for independent random variables:

Var(a dW1 + b dW2) = Var(a dW1) + Var(b dW2).

Since Var(a dW1) = a2Var(dW1) and Var(b dW2) = b2Var(dW2), we have:

Var(a dW1 + b dW2) = a2σ2
1 dt+ b2σ2

2 dt.

Given that these lemmas are necessary for the proof, we now proceed to prove Theorem
2.4.5.
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Channel 1

Noise 1

Channel 2
Signal

Noise 2

Figure 2.1: The model of the channel

Proof. Let’s take the system in figure 2.1, where each of these channels has different vari-
ances so we can write this model in the form of below:

dY1 = Xtdt+ σ1dWt (2.9)

dY2 = dY1 + σ2 ˜dWt (2.10)

Where Y2(t) is the output of the system shown in figure 2.1, and Xt is the input of channel
1 in the system, also we know σ2

1 = 1
r+δ

, and σ2
1 + σ2

2 = 1
r
By multiplying equation 2.9 by

δ and equation 2.10 by r, then subtracting the latter from the former, we will have:

δdY1 + rdY1 + rσ2 ˜dWt = rdY2 + δXtdt+ δσ1dWt

Now we can write it as:

(δ + r)dY1 = rdY2 + δXtdt+ δσ1dWt − rσ2 ˜dWt

then it can be written as:

(δ + r)dY1 = rdY2 + δXtdt+
√
δ ¯dWt

where ¯dWt = δσ1dWt−rσ2
˜dWt√

δ
, which is also a wiener process itself based on the common

properties of wiener processes.[27]. Now we should show that ¯dWt variance is also equal to
1 so we have by lemma 2.4.7 :

V ar( ¯dWt) =
δ2σ2

1 − r2σ2
2

δ
=
δ2 1

r+δ
− r2(1

r
− 1

r+δ
)

δ

Then we have:

V ar( ¯dWt) =
δ2−r2

r+δ
+ ( 1

r+δ
)

δ
=
δ − r + r

δ
= 1
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From the system structure in figure 2.1, we can write the information relation between
the two sections of the system so we have:

I(X;Y r
1 )− I(X;Y r

2 ) = I(r + δ)− I(r) = ∆I(r)

Then by Markov property of the X, Y1, Y2 are Markov chains so we can write it as [23]:

I(X;Y r
1 )− I(X;Y r

2 ) = I (X;Y r
1 | Y r

2 )

Applying Lemma 2.4.6, we can then express the following for the entire interval from
zero to a given T :

I (X;Y r
1 | Y r

2 ) =
δ

2

∫ T

0

E[
(
Xt − E[Xt | Y T

2 ]
)2
]dt

So now by definition of NCMMSE in def 2.4.2 we can write it as we were supposed too:

∆I(r) =
δ

2T

∫ T

0

NCMMSE(t, snr)dt

Then by taking limits, and definition of derivative we will have:

d

dr
I(r) =

1

2
NCMMSE(r)

This completes the proof.

2.4.3 Relation Between the NCMMSE and CMMSE

If we take a look at theorem 2.4.5, and theorem 2.3.9 we will get an interesting result which
is the first mentioned in the work of Verdu et al. in their paper [11].

Proposition 2.4.8. In the classic form of a channel under a wiener process as noise we
have:

CMMSE(r) =
1

r

∫ r

0

NCMMSE(s)ds

Proof. The proof is straightforward. It involves using the results from both Theorem 2.4.5
and Theorem 2.3.9, and then formulating an equation for the mutual information.
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The most intriguing aspect of this result is that the relationship holds regardless of
the input signal’s distribution. In other words, this is a general property of a channel
when the noise is modeled as Brownian motion. This result has been extended to various
areas. For instance, the work of Montanari et al [28] established a fundamental relation
between belief propagation (BP) and maximum a posteriori (MAP) decoding in general
memory-less channels . Additionally, Verdú et al. extended this result to Poisson channels,
discovering the relationship between Mutual Information and MMSE, which is significant
for both communication and network problems [12]. In the Poisson channel context, the
conditional expectation serves a role analogous to the MMSE in Gaussian channels.

25



Chapter 3

Mutual information in the presence
of Ornstein–Uhlenbeck process as
noise

In this chapter, we discuss the mutual information of input-output stochastic systems with
Ornstein–Uhlenbeck (O-U) process. Diffusion processes, including special cases such as the
O-U process and geometric Brownian motion process, have significant applications in fields
like signal processing and finance [29]. This chapter will explore the relationship between
mutual information and the estimation error of the input signal based on observations in
a stochastic input-output channel influenced by O-U noise

The first section 3.1 defines the general diffusion process, focusing particularly on the
O-U process as a special case, and introduces the general stochastic differential equation
(SDE). Section 3.2 defines our channel equation and outlines the primary problem we aim
to solve. In section 3.3, we will provide a closed-form RND for the stochastic channel
with O-U noise. Subsequently, section 3.4 will introduce the relationship between mutual
information over the channel and the estimation of the input signal. Finally, in section 3.5,
we will analyze our results and demonstrate their compatibility with the findings discussed
in chapter 2.
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3.1 Preliminaries

In this chapter, the Brownian motions considered satisfy B(0) = 0, implying that all such
Brownian motions are Wiener processes. Additionally, all stochastic integrals are expressed
as Itô integrals, a standard tool in stochastic calculus.

3.1.1 General stochastic differential equation

Definition 3.1.1. A generalized SDE for a diffusion process is given by:

dXt = µ(Xt, t) dt+ σ(Xt, t) dBt

where µ(Xt, t) is the drift term, σ(Xt, t) is the diffusion term, and Bt denotes a Wiener
process.

Observation 3.1.2. The definition 3.1.1 also can we written in terms of stochastic integral:

Xt = X0 +

∫ t

0

µ(Xt, t) dt+

∫ t

0

σ(Xt, t) dBt

3.1.2 Ornstein Uhlenbeck stochastic differential equation

Definition 3.1.3 (Ornstein Uhlenbeck Process). In definition 3.1.1 suppose the drift term
is µ(Xt, t) = −θXt, and the diffusion term is σ(Xt, t) = σ, where θ ≥ 0, and σ ≥ 0 are two
constants then we will have:

dXt = −θXt dt+ σ dBt

Then Xt is called the O-U process.

The O-U process, also known as the Gauss-Markov process, possesses Markovian prop-
erties and is a Gaussian process. These properties make it useful for modeling various
real-world problems, including quantum communication.[16] Now we need to write the
O-U process in the stochastic integral form which is common to use in channel modelling

Theorem 3.1.4. Let Xt be a stochastic process which satisfies the following SDE:

dXt = −θXt dt+ σ dBt

Then we can write Xt as:

Xt = X0e
−θt +

∫ t

0

eθ(s−t)σ dBs

27



Proof. First we multiply eθt to both sides so we will have:

dXte
θt = −eθtθXt dt+ eθtσ dBt

So we can reform the expression as below:

dXte
θt + eθtθXt dt = eθtσ dBt

So it can be written as:
d(Xte

θt) = eθtσ dBt

Now let us take integral from both sides:

Xte
θt −X0e

θ0 =

∫ t

0

eθsσ dBs

So finally we get:

Xt = X0e
−θt +

∫ t

0

eθ(s−t)σ dBs

Lemma 3.1.5. (Theorem 11.1, [23] ) Let (Bt) be a Brownian motion for all 0 ≤ t. Suppose
Xt is an adapted stochastic process such that Xt is measurable with respect to the same
σ-algebra, and Xt be square integrable for all t ≥ 0. Then we have:

E
[∫ T

0

Xs dBs

]
= 0

Proposition 3.1.6. Let Xt be an O-U stochastic process then we have:

E[Xt] = E[X0]e
−θt

Cov(Xs, Xt) = Var(X0)e
−θ(s+t) +

σ2

2θ

(
e−θ|t−s| − e−θ(t+s)

)
Proof. For the first statement, we can easily take the expected value from the process, and
by lemma 3.1.5 the second stochastic integral is zero so we can write:

E[Xt] = E[X0e
−θt +

∫ t

0

eθ(s−t)σ dBs]
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E[Xt] = E[X0]e
−θt + E[

∫ t

0

eθ(s−t)σ dBs]] = E[X0]e
−θt

For the second statement, we can write based on the covariance definition:

Cov(Xs, Xt) = E[(Xt − E[Xt])(Xs − E[Xs])]

So based on proposition3.1.6 (a) ,and theorem 3.1.4 we can write:

Cov(Xs, Xt) = E[(X0e
−θt+

∫ t

0

eθ(u−t)σ dBu−E[X0]e
−θt)(X0e

−θs+

∫ s

0

eθ(r−t)σ dBr−E[X0]e
−θs)]

So by simplification, we can write:

Cov(Xs, Xt) = E[(X0 − E[X0])
2]e−θ(s+t) + E[(

∫ t

0

eθ(u−t)σ dBu)(

∫ s

0

eθ(r−t)σ dBr)]

By Fubini’s theorem, we can write:

Cov(Xs, Xt) = Var(X0)e
−θ(s+t) + E[(

∫ t

0

∫ s

0

σ2eθ(u−t)eθ(r−t) dBudBr)]

By Ito’s isometry lemma, we can change the stochastic integral to a Riemann integral.
Then we can write:

Cov(Xs, Xt) = Var(X0)e
−θ(s+t) + E[(

∫ min(t,s)

0

σ2e2θ(u−t) du)]

So easily we can calculate the integral:

Cov(Xs, Xt) = Var(X0)e
−θ(s+t) − σ2

2θ
e−θ(s+t)

(
1− e2θmin(s,t)

)
By easy equality, we can write it as a proper function:

Cov(Xs, Xt) = Var(X0)e
−θ(s+t) +

σ2

2θ

(
e−θ|t−s| − e−θ(t+s)

)
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3.1.3 Integrated Ornstein Uhlenbeck stochastic differential equa-
tion

Definition 3.1.7. (Integrated Ornstein Uhlenbeck) Let Yt be a stochastic process, and Xt

be an O-U process, which satisfies the stochastic differential equation given below:

dXt = −θXt dt+ σ dBt

If Yt satisfies:
dYt = Xtdt,

Yt = Y0 +

∫ t

0

Xsds,

Then we call Yt integrated Ornstein-Uhlenbeck process.

Proposition 3.1.8. Let Yt be an integrated O-U process then we have:

Yt = Y0 +
X0

θ
(1− e−θt) +

∫ t

0

σ

θ

(
1− e−θ(t−s)

)
dBs

Proof. From definition 3.1.7 we have:

Yt = Y0 +

∫ t

0

Xudu

Then from theorem 3.1.4 we can write Xs as below:

Yt = Y0 +

∫ t

0

(X0e
−θu +

∫ u

0

eθ(s−u)σ dBs)du

Then we can expand it:

Yt = Y0 +

∫ t

0

X0e
−θudu+

∫ t

0

∫ u

0

eθ(s−u)σ dBsdu

So now we can integrate over u in our expression:

Yt = Y0 +
X0

θ
(1− e−θt) +

∫ t

0

∫ u

0

eθ(s−u)σ dBsdu

Let us take θ(s− u) = A then dA = −θdu, then we have:

Yt = Y0 +
X0

θ
(1− e−θt)−

∫ t

0

∫ u

0

eA
σ

θ
dBsdA
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By Fubini’s theorem, we can change the integrals but should change the integral domain.
The first integral is from zero to t, and the second one is from zero to u, so 0 ≤ r ≤ u ≤ t,
so when we change the integrals the outer one will be from 0 to t and the internal will be
from 0 to t− r where r is a dummy variable :

Yt = Y0 +
X0

θ
(1− e−θt)− σ

θ

∫ t

0

∫ t−r

0

eA dAdBr

Then we can easily take the internal integral:

Yt = Y0 +
X0

θ
(1− e−θt) +

∫ t

0

σ

θ
(1− e−θ(t−r))dBr

Proposition 3.1.9. Let Yt be an integrated O-U. Then we have:

E[Yt] = E[Y0] +
E[X0]

θ
(1− e−θt)

Cov(Yt, Ys) =

∫ min(s,t)

0

ϕ(t, u)ϕ(s, u)du

where ϕ(t, u) = σ
θ

(
1− e−θ(t−u)

)
Proof. For the first statement, we can easily take the expected value by using proposition
3.1.8 so we have:

E[Yt] = E[Y0 +
X0

θ
(1− e−θt) +

∫ t

0

σ

θ
(1− e−θ(t−r))dBr]

Then by lemma 3.1.5 we have:

E[Yt] = E[Y0] + E[
X0

θ
(1− e−θt)] + E[

∫ t

0

σ

θ
(1− e−θ(t−r))dBr]]

E[Yt] = E[Y0] +
E[X0]

θ
(1− e−θt)

For the second statement, we can write From the definition of covariance:

Cov(Yt, Ys) = E[(Yt − E[Yt])(Ys − E[Ys])]
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Then by proposition 3.1.8, and proposition 3.1.9 (a) we have:

Cov(Yt, Ys) = E[(
∫ t

0

σ

θ
(1− e−θ(t−r))dBr)(

∫ s

0

σ

θ
(1− e−θ(s−r))dBs)]

Then by Ito’s isometry lemma, we have:

Cov(Yt, Ys) = E[
∫ t

0

∫ s

0

(σ
θ

)2 (
1− e−θ(t−r)

) (
1− e−θ(s−u)

)
dBrdBu]

Cov(Yt, Ys) = E[
∫ t

0

∫ s

0

(σ
θ

)2 (
1− e−θ(t−z)

) (
1− e−θ(s−u)

)
δ(z − u)dzdu]

Then by taking the Riemann integral, and delta properties, we have:

Cov(Yt, Ys) =

∫ min(s,t)

0

ϕ(t, u)ϕ(s, u)du

where ϕ(t, u) = σ
θ

(
1− e−θ(t−u)

)
3.1.4 Stationary Ornstein-Uhlenbeck stochastic differential equa-

tion

In general stationary noises are more common in modeling communication channels because
we have more tools to deal with the model in the stationary form, and also the analysis
of the noise in the stationary form is more common in literature and there are lots of
algorithms to cancel that.[30] In this section, we want to introduce the stationary form of
the O-U process.

Proposition 3.1.10. Let Xt be an O-U stochastic process, and assume that the X0

(d)
=

N(0, 1) where N(0, 1) is a Gaussian distribution, then the distribution of the process is
given below:

Xt = X0e
−θt +

∫ t

0

eθ(s−t)σ dBs

(d)
= N(0, 1)e−θt + σ

√
1− e−2θt

2θ
N ′(0, 1), ∀t ∈ T

Where N ′(0, 1) is a normal distribution independent of N(0, 1)

Before proving Proposition 3.1.10, we need to state and prove a Theorem that will be
used in our proof.
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Theorem 3.1.11. (Dambis-Dubins-Schwarz theorem) Let (Mt)t≥0 be a continuous local
martingale with M0 = 0 and let ⟨M⟩t denote its quadratic variation process. Then there
exists a standard Brownian motion (Bt)t≥0 such that:

Mt = B⟨M⟩t for all t ≥ 0.

Let us go back to the proof of proposition 3.1.10.

Proof. By theorem 3.1.4 we have:

Xt = X0e
−θt + σ

∫ t

0

eθ(s−t) dBs

Now we can write this in terms of Brownian motion by lemma 2.3.10 as we know stochastic
Ito’s integral is a martingale so we can write it as a Brownian motion with the quadratic
variation

∫ t

0
e2θ(s−t)ds then we can write as a result of Dambis-Dubins-Schwarz theorem we

have:
Xt = X0e

−θt + σB∫ t
0 e−2θ(t−s)ds

Then we can write the distribution based on these results easily because the Brownian
motion is normally distributed which is independent of the X0 distribution. So we have:

Xt = X0e
−θt + σB∫ t

0 e−2θ(t−s)ds

(d)
= N(0, 1)e−θt + σ

√
1− e−2θt

2θ
N ′(0, 1), ∀t ∈ T

Definition 3.1.12. (Stationary Ornstein-Uhlenbeck stochastic process) Let Xt be an O-U

stochastic process, and let X0

(d)
= N(0, 1), and σ2 = 2θ then Xt is a stationary Ornstein-

Uhlenbeck stochastic process

We can show the stationary property of the process easily. By proposition 3.1.10 we
know that the Stationary Ornstein-Uhlenbeck stochastic process is distributed as below:

Xt

(d)
= N(0, 1)e−

θ
2
t +

√
1− e−2θt

2θ
N ′(0, 1), ∀t ∈ T

Then based on independency of the N(0, 1), and N ′(0, 1), and σ2 = 2θ then by lemma
2.4.7 we have:

Xt

(d)
= N

′′
(0, e−θt + σ21− e−θt

2θ
)
(d)
= N

′′
(0,

2θe−θt + σ2 − σ2e−θt

2θ
)
(d)
= N

′′
(0, 1), ∀t ∈ T
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So as we can see the distribution of the stochastic process is normally distributed with a
constant variance but to show it is stationary we need to show that the covariance of the
process is only related to the difference of time it is pretty straightforward but because it
is crucial for our further result we can show it in an observation

Observation 3.1.13. For the process which is defined in definition 3.1.12 we have:

E[Xt] = 0

Cov(Xs, Xt) = e−θ|t−s|

Proof. By proposition 3.1.6, and by the definition of our process we have where Var(X0) =
1, and σ2 = θ, we have:

E[Xt] = E[X0]e
−θt = 0

Cov(Xs, Xt) = Var(X0)e
−θ(s+t) +

σ2

2θ

(
e−θ|t−s| − e−θ(t+s)

)
= e−θ(s+t) +

(
e−θ|t−s| − e−θ(t+s)

)
Cov(Xs, Xt) = e−θ|t−s|

So as we can see the process is stationary.

3.2 Stochastic model

In this section, we will define our problem model which is technically similar to the previous
model which was defined in the chapter 2. We are going to give 3 models which have
different noises which are discussed in section 3.1.

3.2.1 Channel with integrated O-U process as noise

Let the observation channel represented below:

dY θ,σ
t = h (Xu) du+ dÑt (3.1)

Y θ,σ
t =

∫ t

0

h (Xu) du+ Ñt (3.2)

34



Let Y θ,σ
t denote the observation stochastic process, Xt the input stochastic process, and Ñt

the integrated O-U process defined in Definition 3.1.7. Here, σ and θ are constants in the
stochastic differential equation generating the O-U process which is inside generating the
corresponding process. Additionally, let h(u) be a differentiable function over its domain,
with h′(u) ∈ L2[0, T ]

3.2.2 Channel with O-U process as noise

Consider the observation channel represented below[18]:

dY θ,σ
t = h (Xu) du+ dNt (3.3)

Y θ,σ
t =

∫ t

0

h (Xu) du+Nt (3.4)

Where Y θ,σ
t is observation stochastic process, Xt is the input stochastic process, and Nt is

an Ornstein Uhlenbeck process which follows the definition 3.1.3, and σ, and θ are the given
constants in the stochastic differential equation which generates the Ornstein Uhlenbeck
process. Also, h(u) is differentiable function over the domain, and h′(u) ∈ L2[0, T ].

3.2.3 Channel with Stationary O-U process as noise

Let the observation channel represented below:

dY θ,σ
t = h (Xu) du+ d ˜̃Nt (3.5)

Y θ,σ
t =

∫ t

0

h (Xu) du+
˜̃Nt (3.6)

Let Y θ,σ
t denote the observation stochastic process, Xt the input stochastic process, and

˜̃Nt the stationary Ornstein-Uhlenbeck process defined in Definition 3.1.12. Here, σ and
θ are constants such that σ2 = 2θ in the SDE. Additionally, let h(u) be a differentiable
function over its domain, with h′(u) ∈ L2[0, T ] Technically this model as we discussed have
a stationary noise inside it which is more common in the noise modeling in communication
systems
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3.3 Calculation of Radon–Nikodym derivative

In this section, we calculate the RND of the product measure of signal and observation
signal with respect to the respective measures of the observation and signal.

3.3.1 RND over the channel with integrated O-U process as noise

In this section, we assume the initial value for the noise is N0 = 0. Therefore, using the
theorem 3.1.4, we can rewrite the equation 3.1, and 3.2 as:

dY θ,σ
t = h (Xt) dt+Oσ,θ

t dt

Y θ,σ
t =

∫ t

0

h (Xu) du+

∫ t

0

Oσ,θ
s ds,

where the Oσ,θ
t is an O-U process with respected σ, and θ. Therefore, using proposition

3.1.8, we can rewrite the SDE in terms of stochastic integral, which is a common represen-
tation for channel modeling:

Y θ,σ
t =

∫ t

0

h (Xu) du+

∫ t

0

σ

θ

(
1− e−θ(t−s)

)
dBs

Now we can rewrite the equation in terms of the function ϕ which we defined before:

Y θ,σ
t =

∫ t

0

h (Xu) du+

∫ t

0

ϕ(t, u)dBs, (3.7)

where ϕ(t, u) = σ
θ

(
1− e−θ(t−u)

)
In order to calculate RND of the stochastic input-output channel with integrated O-

U process as noise, we need to define the respective reproducing kernel Hilbert space
(RKHS)[18][20] 1

1This theory is firstly developed by Aronszajn in his paper in 1950 but the version we are using is more
connected to our case which is in Mandels paper [18]
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3.3.1.1 Reproducing Kernel Hilbert space method

Definition 3.3.1 (Definition 1, [20]). A Hilbert space H consisting of real-valued functions
defined on a set T is called a Reproducing Kernel Hilbert Space if there exists a function
K : T × T → R, called the reproducing kernel of H, such that the following properties
hold for every t ∈ T and every g ∈ H:

1. For each t ∈ T, the function K(·, t) belongs to H.

2. For each g ∈ H and t ∈ T,

(g(·), K(·, t)) = g(t),

where (·, ·) denotes the inner product in H.

The reproducing kernel K possesses the following fundamental properties:

1. If a reproducing kernel exists for H, then it is unique.

2. The set of kernel functions {K(·, t) : t ∈ T} spans H.

3. The reproducing kernel K is nonnegative definite, meaning that for any finite set of
points t1, . . . , tn ∈ T and any real numbers a1, . . . , an,

n∑
i,j=1

K(ti, tj)aiaj ≥ 0.

While numerous intriguing properties, such as the uniqueness of these specific Repro-
ducing Kernel Hilbert Spaces (RKHS), exist, they lie beyond the scope of this thesis. Our
focus here is primarily on employing these tools to establish our model.2 We will introduce
our model with essential theorems, presented without proof.

Theorem 3.3.2 (Theorem 2.1, [18]). A symmetric nonnegative definite function K on
T×T generates a unique Hilbert space, denoted by H(K) or H(K,T), of which K is the
reproducing kernel.

Theorem 3.3.3 (Aronszajn, [20]). SupposeKT, defined onT×T, is the reproducing kernel
of the Hilbert space H(KT) with norm ∥ · ∥. Let T′ ⊂ T, and let KT′ be the restriction
of KT on T′ × T′. Then H(KT′) consists of all functions f in H(KT) restricted to T′.
Furthermore, for such a restriction f ′ ∈ H(KT′), the norm ∥f ′∥H(KT′ ) is the minimum of
∥f∥H(KT) for all f ∈ H(KT) whose restriction to T′ is f ′.

2A comprehensive definition of a Hilbert space is omitted here, as it is readily available in standard
texts on functional analysis [31].
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Let K(s, t) denote a nonnegative definite function defined for s, t ∈ T. According to
Theorem 3.3.2, there exists a Reproducing Kernel Hilbert Space (RKHS) H(K,T). If we
restrict s and t to a subset T′ ⊆ T, the function K remains nonnegative definite on T′×T′,
corresponding to an RKHS H(K,T′) of functions defined on T′.

Using Theorem 3.3.3, it follows that H(KT′) exactly contains all functions in H(KT)
when restricted to T′. Moreover, ∥f ′∥H(KT′ ) is minimized among ∥f∥H(KT) norms for
f ∈ H(KT) agreeing with f ′ on T′.

If K(s, t) serves as the covariance function for a mean zero process Zt over t ∈ T,
Theorem 3.3.2 establishes a unique RKHS H(K,T) with K as its reproducing kernel.
Furthermore, there exists a linear, one-to-one, inner product-preserving map (congruence)
between H(K) and spL2{Zt, t ∈ T}, mapping K(·, t) to Zt. Denote the image of any
h ∈ H(K,T) under such a congruence as ⟨Z, h⟩ ∈ spL2{Zt, t ∈ T}. [18]

So now with this knowledge, we can develop our kernel for this problem and make it
compatible with this theorem. So let’s go back to the equation 3.7, and take the noise
(O-U process) separately:

Nt =

∫ t

0

ϕ(t, s)dBs

Now we can define the K function which was mentioned before from the covariance in the
proposition 3.1.9:

K(s, t) = Cov(Yt, Ys) =

∫ min(s,t)

0

ϕ(t, u)ϕ(s, u)du

Then we can define the reproducing kernel Hilbert space as below:

Definition 3.3.4. the RKHS for the stochastic input-output channel described in 3.1 is:

RKHS(K) =

{
f | f(t) =

∫ t

0

ϕ(t, s)f ∗(s)ds t ∈ [0, T ]

}
for some (necessarily unique) f ∗ ∈ spanL2 {

ϕ(t, ·)1[0,t](·), t ∈ [0, T ]
}
we can define inner

product as below:

(f1, f2)RKHS(K) =

∫ T

0

f ∗
1 (s)f

∗
2 (s)ds

where

f1(t) =

∫ t

0

ϕ(t, u)f ∗
1 (u)du and f2(t) =

∫ t

0

ϕ(t, u)f ∗
2 (u)du
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Now we can introduce the key concept that will allow us to redefine our system dynamics
and leverage this to determine the corresponding measure over that space.

Theorem 3.3.5. For 0 ≤ t ≤ T , let K(·, t)∗ be defined as ϕ(t, ·)1[0,t](·). Then, from
equations (2.1) and (2.2), K(·, t) ∈ RKHS(K). Furthermore, the reproducing property
holds as follows: Suppose h(t) =

∫ t

0
ϕ(t, u)h∗(u) du ∈ RKHS(K). Then,

(h,K(·, t))H(K) =

∫ T

0

h∗(u)K(·, t)∗ du =

∫ t

0

h∗(u)ϕ(t, u) du = h(t).

Proof. By definition, for 0 ≤ t ≤ T , let

K(·, t)∗ = ϕ(t, ·)1[0,t](·).

From the form of the kernel defined previously, we have that K(·, t) ∈ H(K). Then, we
check the reproducing property. Let h(t) =

∫ t

0
ϕ(t, u)h∗(u) du ∈ H(K). Now based on the

definition of the space in definition 3.3.4 we can write the inner product as below:

(h,K(·, t))RKHS(K) =

∫ T

0

h∗(u)K(·, t)∗ du.

Using K(·, t)∗ = ϕ(t, ·)1[0,t](·), we obtain:

(h,K(·, t))H(K) =

∫ T

0

h∗(u)ϕ(t, u)1[0,t](u) du.

Since 1[0,t](u) is 1 for 0 ≤ u ≤ t and 0 otherwise, the 1[0,t] can be write as:

(h,K(·, t))H(K) =

∫ t

0

h∗(u)ϕ(t, u) du.

By the definition of h(t), this is exactly:

(h,K(·, t))H(K) =

∫ t

0

h∗(u)ϕ(t, u) du = h(t).

Theorem 3.3.6. (thorem 4D, [32]) Over the same space RKHS(K) and spL2 {Zt, t ∈ T}
we w ill have:

⟨Z, g⟩ =
∫ T

0

g∗(u) dWu.
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Given the RKHS method discussed in this section, we can define an RKHS for the
kernel mentioned in our problems, such as ϕ(t, u) = σ

θ

(
1− e−θ(t−u)

)
. This was the kernel

function in equation 3.7 for a stochastic input-output channel with integrated Ornstein-
Uhlenbeck (O-U) process noise. Alternatively, we can use the corresponding kernel for the
O-U process as noise. This RKHS allows us to rewrite the channel model in a form that
enables the calculation of the RND of the channel.

3.3.1.2 RKHS over int O-U process filtration

This section first establishes the reproducing kernel Hilbert space for the stochastic input-
output channel with the integrated O-U process as noise. Then by utilizing this framework,
we determine the RND of the product measure of the input and observation signals with
respect to the measure of the signal and observation.

Theorem 3.3.7. Let ϕ(t, u) = σ
θ

(
1− e−θ(t−u)

)
, where 0 ≤ u ≤ t ≤ T . Consequently, the

closure of the space spanned by ϕ(t, ·)1[0,t](·) in L2[0, T ] is L2[0, T ].

Before proving the theorem, it is necessary to state the Leibniz integral rule. Although
the proof of this lemma is a well-known result in calculus and will not be included in this
thesis, it can be found in [33]. This rule is essential for our subsequent proof.

Lemma 3.3.8 (Chapter 8, theorem 3, [33]). The Leibniz integral rule for differentiation
under the integral sign states that for an integral of the form∫ b(x)

a(x)

f(x, t) dt

where a(x), b(x), are not infinite, then the derivative of that will be:

d

dx

(∫ b(x)

a(x)

f(x, t) dt

)
= f(x, b(x)) · d

dx
b(x)− f(x, a(x)) · d

dx
a(x) +

∫ b(x)

a(x)

∂

∂x
f(x, t) dt,

Proof. (3.3.7) Let f ∈ L2[0, T ] such that f ⊥ ϕ(t, ·)1[0,t](·) for all ∀t ∈ [0, T ]). Then we can
write the definition of the perpendicular function as an integral equation:∫ t

0

f(u)ϕ(t, u)du = 0 for all t.
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Now let’s substitute the function ϕ(t, u) = σ
θ

(
1− e−θ(t−u)

)
inside the equation:

σ

θ

∫ t

0

f(u)
(
1− e−θ(t−u)

)
du = 0.

Both θ and σ are positive constants, allowing us to cancel them out. Thus, we can
expand the integral as follows:∫ t

0

f(u)du−
∫ t

0

e−θ(t−u)f(u)du = 0

Now by lemma 3.3.8 we can take the derivative from the previous expression with
respect to t so we got:

d

dt

(∫ t

0

f(u) du−
∫ t

0

e−θ(t−u)f(u) du

)
= f(t)−

(
d

dt

(∫ t

0

e−θ(t−u)f(u) du

))
By apply again lemma 3.3.8 we have:

d

dt

(∫ t

0

f(u) du−
∫ t

0

e−θ(t−u)f(u) du

)
= f(t)−

(
e−θ(t−t)f(t) +

∫ t

0

∂

∂t

(
e−θ(t−u)

)
f(u) du

)
Then by taking the partial differentiation;

f(t)−
(
f(t) +

∫ t

0

−θeθuf(u) du
)

= 0

By easy simplification, we got finally:

∫ t

0

θeθuf(u) du = 0

Since θ positive so: ∫ t

0

eθuf(u) du = 0

Because eθu is always positive over the domain of integral this implies that :

f(t) = 0 almost every where at t

So we proved that the closure of the space spanned by ϕ(t, ·)1[0,t](·) in L2[0, T ] is L2[0, T ]
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So by theorem 3.3.7 we can write the reproducing kernel Hilbert space easily:

RKHS(K) =

{
f : f(s) =

∫ s

0

ϕ(s, u)f ∗(u)du, ∃f ∗ ∈ L2[0, T ]

}
(3.8)

Proposition 3.3.9. Over the observation channel described in 3.7, and RKHS described
in 3.8, we have: ∫ t

0

h (Xu) du =

∫ t

0

ϕ(t, u)

[
θ

σ
h (Xu) +

1

σ
h′(u)

]
du

Proof. We will show that the left hand side integral is equivalent to the right hand side
one. First, let’s substitute the function ϕ inside the integral equation:∫ t

0

ϕ(t, u)

[
θ

σ
h (Xu) +

1

σ
h′(u)

]
du =

∫ t

0

σ

θ

(
1− e−θ(t−u)

) [β
σ
h (Xu) +

1

σ
h′(u)

]
du

Then we can separate the integrals:

=

∫ t

0

h(Xu)du+
1

θ

∫ t

0

h′(u)du− 1

θ

∫ t

0

e−θ(t−u)h′(u)du−
∫ t

0

e−θ(t−u)h(Xu)du

We leave the first integral unchanged, and the second one straightforward, thus focusing
solely on the third and fourth expressions:

=

∫ t

0

h(Xu)du+
1

θ
(h(Xt)− h(X0))−

1

θ

∫ t

0

e−θ(t−u)h′(u)du−
∫ t

0

e−θ(t−u)h(Xu)du

Now be apply the integration by parts method of integration to the third integral and take
dν = h′(u)du, and u = e−θ(t−u) which leads to ν = h(Xu), and now we can use uν−

∫
νdu.

SO we have:

=

∫ t

0

h(Xu)du+
1

θ
(h(Xt)− h(X0))

− 1

θ

(
e−θth(X0)− e−θth(Xt) + θ

∫ t

0

e−θ(t−u)h(Xu)du

)
−
∫ t

0

e−θ(t−u)h(Xu)du

so we finally have: ∫ t

0

ϕ(t, u)

[
θ

σ
h (Xu) +

1

σ
h′(u)

]
du =

∫ t

0

h (Xu) du
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Now by proposition 3.3.9 we can rewrite our observation channel model using the kernel
that we found:

Y θ,σ
t =

∫ t

0

ϕ(t, u)

[
θ

σ
h (Xu) +

1

σ
h′(u)

]
du+

∫ t

0

ϕ(t, u)dWu (3.9)

Then by theorem 3.3.6 we can write Y θ,σ
t also using the kernel and rewrite the 3.3.1.2:∫ t

0

ϕ(u)dŶ σ,θ
u =

∫ t

0

ϕ(t, u)

[
θ

σ
h (Xu) +

1

σ
h′(u)

]
du+

∫ t

0

ϕ(t, u)dBu (3.10)

Where

Ŷ σ,θ
t =

∫ t

0

(
θ

σ
h (Xu) +

1

σ
h′(u))du+Bt

Now we need to state the extension of the Kallianpur–Striebel formula (KS formula)3,
the extended version is the result of the Mandal and Mandrekar in their paper in 2000
which they extended the Kallianpur–Striebel formula over a more general form of filtration
which are generated by kernel which generates a RKHS.[18]

Theorem 3.3.10 (Theorem 3.7 [18]45). Let the observation channel be as described in
3.10: ∫ t

0

ϕ(u)dŶ σ,θ
u =

∫ t

0

ϕ(t, u)

[
θ

σ
h (Xu) +

1

σ
h′(u)

]
du+

∫ t

0

ϕ(t, u)dBu

where Ŷ σ,θ
t =

∫ t

0
( θ
σ
h (Xu) +

1
σ
h′(u))du+Bt then we have:

E
(
g(T,X) | FY

t

)
=

∫
g(T, x)

dµ
X,Y

θ,σ
t

dµB×dµ
Y
θ,σ
t

dµX(x)∫ dµ
X,Y

θ,σ
t

dµB×dµ
Y
θ,σ
t

dµX(x)

where :
dµX,Y θ,σ

t

dµB × dµY θ,σ
t

= exp

(∫ t

0

h̃ (u, xu) dŶu −
1

2

∫ t

0

∣∣∣h̃ (u, xu)∣∣∣2 du)
3Their work [19] is a classic result in stochastic filtering, focusing on estimation over a channel under

the filtration of Brownian motion
4The notation is revisited to be compatible with this work
5The proof is available in the article so I am not going to provide the proof here
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Using this theorem we are able to calculate the
dµ

X,Y
θ,σ
t

dµB×dµ
Y
θ,σ
t

for our observation channel

and then we can find the
dµ

X,Y
θ,σ
t

dµX×dµ
Y
θ,σ
t

with is the central result for calculation of the mutual

information over the channel

Proposition 3.3.11. for the observation stochastic input-output channel described in 3.7
we have:

dµX,Y θ,σ
t

dµB × dµY θ,σ
t

= exp

{∫ t

0

ψ(θ, σ,Xu)dBt +
1

2

∫ t

0

[ψ(θ, σ,Xu)]
2 du

}
Where ψ(θ, σ,Xu) = [ θ

σ
h (xu) +

1
σ
h′(u)]

Proof. By the theorem 3.3.10 we know that:

dµX,Y θ,σ
t

dµB × dµY θ,σ
t

= exp

{∫ t

0

[
θ

σ
h (xu) +

1

σ
h′(u)

]
dỸ θ,σ

u − 1

2

∫ t

0

[
θ

σ
h (xu) +

1

σ
h′(u)

]2
du

}

where Ỹ θ,σ
t is a process with given integral equation:

Ỹ θ,σ
t =

∫ t

0

[
θ

σ
h (xu) +

1

σ
h′(u)

]
du+Bt

Let’s name the
∫ t

0

[
θ
σ
h (xu) +

1
σ
h′(u)

]
du as V θ,σ

t so then we will have:

dỸ θ,σ
t = dV θ,σ

t + dBt

So now we can substitute dỸ θ,σ
t with the integrand which we can take:

dµX,Y θ,σ
t

dµB × dµY θ,σ
t

= exp

{∫ t

0

[
θ

σ
h (xu) +

1

σ
h′(u)

]
(dV θ,σ

t + dBt)

−1

2

∫ t

0

[
θ

σ
h (xu) +

1

σ
h′(u)

]2
du

}
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dµX,Y θ,σ
t

dµB × dµY θ,σ
t

= exp

{∫ t

0

[
θ

σ
h (xu) +

1

σ
h′(u)

]
dBu

+

∫ t

0

[
θ

σ
h (xu) +

1

σ
h′(u)

]
dV θ,σ

u

−1

2

∫ t

0

[
θ

σ
h (xu) +

1

σ
h′(u)

]2
du

}

dµX,Y θ,σ
t

dµB × dµY θ,σ
t

= exp

{∫ t

0

[
θ

σ
h (xu) +

1

σ
h′(u)

]
dBt +

1

2

∫ t

0

[
θ

σ
h (xu) +

1

σ
h′(u)

]2
du

}

Now we can apply proposition 2.3.4 to our result to find the RND
dµ

Y
θ,σ
t

dµB
by taking the

expected value with respect to the past observations so let’s write this result in the next
proposition.

Proposition 3.3.12. For the observation stochastic input-output channel described in 3.7
we have:

dµY θ,σ
t

dµB

= exp

{∫ t

0

ψ̂(θ, σ,Xu)dBt +
1

2

∫ t

0

[
ψ̂(θ, σ,Xu)

]2
du

}
Where ψ̂(θ, σ,Xu) = E

[
θ
σ
h (xu) +

1
σ
h′(u)|FY θ,σ

t

]
Proof. Proof as we mentioned is similar to proposition 2.3.4

So now we find the wanted RND which is
dµ

X,Y
θ,σ
t

dµX×dµ
Y
θ,σ
t

which we same apply the same

method which we used in the section 2.3.1, and we can find this RND which can help us
in the next section to calculate the mutual information over the channel:

Proposition 3.3.13. For the observation stochastic input-output channel described in 3.7
we have:

dµX,Y θ,σ
t

dµX × dµY θ,σ
t

= exp

[∫ t

0

Γ(θ, σ,Xu)dBt +
1

2

∫ t

0

Γ(θ, σ,Xu)
2du

]
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Where Γ(θ, σ,Xu) = ψ(θ, σ,Xu)− ψ̂(θ, σ,Xu) ,and then ψ id defined as before in the pre-

vious propositions ψ̂(θ, σ,Xu) = E
[
θ
σ
h (xu) +

1
σ
h′(u)|FY θ,σ

t

]
,and ψ(θ, σ,Xu) = [ θ

σ
h (xu) +

1
σ
h′(u)]

Proof. Similarly as section 2.3, we can write by lemma 2.3.7 we can write chain rule so we
have:

dµY θ,σ
t X

dµY θ,σ
t
dµX

=
dµY θ,σ

t X

dµXdµB

∗ dµB

dµY θ,σ
t

Then by lemma 2.3.8 we can write:

dµY θ,σ
t X

dµY θ,σ
t
dµX

=
dµY θ,σ

t X

dµXdµB

∗ (
dµY θ,σ

t

dµB

)−1

Then using proposition 3.3.16, and proposition 3.3.17, and dY r
t =

√
rX̂tdt + dBt then we

have Ỹ θ,σ
t =

∫ t

0

[
θ
σ
h (xu) +

1
σ
h′(u)

]
du+Bt,and easy as was mentioned in section 2.3 we will

have:
dµX,Y θ,σ

t

dµX × dµY θ,σ
t

= exp

[∫ t

0

Γ(θ, σ,Xu)dBt +
1

2

∫ t

0

Γ(θ, σ,Xu)
2du

]

Technically the function Γ is the causal minimum mean square error of estimation of
the h̄ function which was the equivalent function to the h in the normal representation.

3.3.2 RND of the channel with O-U process as noise

Let’s revisit our problem first from equation 3.3, and equation 3.4, so our observation
channel is :

dY θ,σ
t = h (Xu) du+ dNt

Y θ,σ
t =

∫ t

0

h (Xu) du+Nt

Now from theorem 3.1.4, and by assumption the N0 = 0, we can write our channel model
as it is represented below:

Y θ,σ
t =

∫ t

0

h (Xu) du+

∫ t

0

eθ(s−t)σ dBs (3.11)
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Where θ, and σ, are the respective constants in the stochastic differential equation that
generates this Ornstein Uhlenbeck noise process. So as we discussed previously in section
3.3.1, we need to define the reproducing kernel Hilbert space at another time and apply
the same method to find the RND for this observation channel.

3.3.2.1 RKHS over O-U process filtration

As in the previous section let’s write the covariance function for this process which we have
done in proposition 3.1.6 but in the integral form

K ′(s, t) = Cov(Ns, Nt) = E[(
∫ min(t,s)

0

ϕ′(t, u)ϕ′(t, s)( du)]

Where ϕ′(t, u) = σe−θ(t−u), so we should consider our new kernel the function K ′(s, t), and
now we need to define the new RKHS for our new kernel based on the definition 3.3.4. So
we need to prove that this kernel has the properties we need.

Theorem 3.3.14. Let ϕ′(t, u) = σe−θ(t−u), where 0 ≤ u ≤ t ≤ T . Consequently, the
closure of the space spanned by ϕ′(t, ·)1[0,t](·) in L2[0, T ] is L2[0, T ].

Proof. Similar to proof of theorem 3.3.7, Let f ∈ L2[0, T ] such that f ⊥ ϕ′(t, ·)1[0,t](·)
for all ∀t ∈ [0, T ]). Then we can write the definition of the perpendicular function as an
integral equation: ∫ t

0

f(u)ϕ′(t, u)du = 0 for all t

Now let’s substitute the function ϕ′(t, u) = σe−θ(t−u) inside the equation:∫ t

0

f(u)e−θ(t−u)du = 0

Where σ is positive, and then we have:

e−θt

∫ t

0

f(u)σeθudu = 0

An we know eθu is positive over the domain so we got:

f(u) = 0

And by this, we showed that he closure of the space spanned by ϕ′(t, ·)1[0,t](·) in L2[0, T ]
is L2[0, T ]
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So by theorem 3.3.14 we can write the reproducing kernel Hilbert space easily:

RKHS(K ′) =

{
f : f(s) =

∫ s

0

ϕ′(s, u)f ∗(u)du, ∃f ∗ ∈ L2[0, T ]

}
(3.12)

So by this RKHS we only need to show that there exists a function that over the kernel
gives us the signal part of the observation channel by which we can use our method to
find the RND from the theorem 3.3.10 which was the extended version of the Kallian-
pur–Striebel formula.

Proposition 3.3.15. Over the observation channel described in 3.7, and RKHS described
in 3.8, we have: ∫ t

0

h (Xu) du =

∫ t

0

ϕ′(t, u)

[
h (Xu)

σ
+
θ

σ

∫ t

0

h(Xs)ds

]
du

Proof. We will show that the left hand side integral is equivalent to the right hand side
one. First, let’s substitute the function ϕ′ inside the integral equation:∫ t

0

ϕ′(t, u)

[
h (Xu)

σ
+
θ

σ

∫ t

0

h(Xs)ds

]
du =

∫ t

0

σe−θ(t−u)

[
h (Xu)

σ
+
θ

σ

∫ t

0

h(Xs)ds

]
du

Then we can separate the integrals:

=

∫ t

0

e−θ(t−u)h (Xu) du+ θ

∫ t

0

e−θ(t−u)

∫ t

0

h(Xs)dsdu

We leave the first integral unchanged, and for the second integral we will use Fubini’s
theorem, and we change the two integrals’ order because both of them are full regions the
region of the integral will not change over changing orders:

=

∫ t

0

e−θ(t−u)h (Xu) du+ θ

∫ t

0

h(Xs)

[∫ t

0

e−θ(t−u)du

]
ds

The internal integral will be easily calculated
∫ s

0
e−θ(t−u)du = 1−e−θ(t−s)

θ
so we can substitute:

=

∫ t

0

e−θ(t−u)h (Xu) du+ θ

∫ t

0

h(Xs)
1− e−θ(t−s)

θ
ds

We can separate the second integral:

=

∫ t

0

e−θ(t−u)h (Xu) du+

∫ t

0

h(Xs)ds−
∫ t

0

e−θ(t−s)h(Xs)ds =

∫ t

0

h(Xs)ds
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Then by proposition 3.3.15 we can rewrite the observation channel equation 3.11 and
write the kernel representation:

Y θ,σ
t =

∫ t

0

ϕ′(t, u)

[
h (Xu)

σ
+
θ

σ

∫ t

0

h(Xs)ds

]
du+

∫ t

0

ϕ′(t, u) dBu

Then from the theorem 3.3.6 we can translate the observation process to make our obser-
vation channel ready to use the Kallianpur–Striebel formula extended formula to calculate
the RND.∫ t

0

ϕ′∗(u)dỸ σ,θ
u =

∫ t

0

ϕ′(t, u)

[
h (Xu)

σ
+
θ

σ

∫ t

0

h(Xs)ds

]
du+

∫ t

0

ϕ′(t, u) dBu (3.13)

Where

Ỹ σ,θ
t =

∫ t

0

[
h (Xu)

σ
+
θ

σ

∫ t

0

h(Xs)ds

]
du+Bt

Proposition 3.3.16. For the observation stochastic input-output channel described in
3.13 we have:

dµX,Y θ,σ
t

dµB × dµY θ,σ
t

= exp

{∫ t

0

ψ̃(θ, σ,Xu)dBt +
1

2

∫ t

0

ψ̃(θ, σ,Xu)
2du

}
Where ψ̃(θ, σ,Xu) =

[
h(Xu)

σ
+ θ

σ

∫ t

0
h(Xs)ds

]
Proof. By the theorem 3.3.10 we know that:

dµX,Y θ,σ
t

dµB × dµY θ,σ
t

= exp

{∫ t

0

[
θ

σ
h(xu) +

1

σ

∫ u

0

h(Xs) ds

]
dỸ θ,σ

u

−1

2

∫ t

0

[
θ

σ
h(xu) +

1

σ

∫ u

0

h(Xs) ds

]2
du

}

where Ỹ θ,σ
t is a process with the given integral equation:

Ỹ σ,θ
t =

∫ t

0

[
h (Xu)

σ
+
θ

σ

∫ u

0

h(Xs)ds

]
du+Bt

Let’s denote
∫ t

0

[
h(Xu)

σ
+ θ

σ

∫ u

0
h(Xs)ds

]
du as V θ,σ

t , so we have:

dỸ θ,σ
t = dV θ,σ

t + dBt
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Now we can substitute dỸ θ,σ
t in the expression:

dµX,Y θ,σ
t

dµB × dµY θ,σ
t

= exp

{∫ t

0

[
θ

σ
h (Xu) +

1

σ

∫ u

0

h(Xs) ds

]
(dV θ,σ

u + dBu)

−1

2

∫ t

0

[
θ

σ
h (Xu) +

1

σ

∫ u

0

h(Xs) ds

]2
du

}

dµX,Y θ,σ
t

dµB × dµY θ,σ
t

= exp

{∫ t

0

[
θ

σ
h(Xu) +

1

σ

∫ u

0

h(Xs) ds

]2
du

+

∫ t

0

[
θ

σ
h(Xu) +

1

σ

∫ u

0

h(Xs) ds

]
dBu

−1

2

∫ t

0

[
θ

σ
h(Xu) +

1

σ

∫ u

0

h(Xs) ds

]2
du

}

dµX,Y θ,σ
t

dµB × dµY θ,σ
t

= exp

{∫ t

0

[
θ

σ
h (Xu) +

1

σ

∫ u

0

h(Xs) ds

]
dBt

+
1

2

∫ t

0

[
θ

σ
h (Xu) +

1

σ

∫ u

0

h(Xs) ds

]2
du

}

Define ψ̃(θ, σ,Xu) =
[
h(Xu)

σ
+ θ

σ

∫ u

0
h(Xs)ds

]
, then:

dµX,Y θ,σ
t

dµB × dµY θ,σ
t

= exp

{∫ t

0

ψ̃(θ, σ,Xu)dBt +
1

2

∫ t

0

ψ̃(θ, σ,Xu)
2du

}

Next, we can use Proposition 2.3.4 to determine the Radon-Nikodym derivative
dµ

Y
θ,σ
t

dµB

by calculating the expected value based on the past observations. We will state this result
formally in the following proposition.

Proposition 3.3.17. For the observation stochastic input-output channel described in
3.13, we have:

dµY θ,σ
t

dµB

= exp

{∫ t

0

ˆ̃ψ(θ, σ,Xu)dBt +
1

2

∫ t

0

[
ˆ̃ψ(θ, σ,Xu)

]2
du

}
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Where ˆ̃ψ(θ, σ,Xu) = E
[[

h(Xu)
σ

+ θ
σ

∫ t

0
h(Xs)ds

]
|FY θ,σ

t

]
Proof. Proof as we mentioned is similar to proposition 2.3.4

So now we find the wanted RND which is
dµ

X,Y
θ,σ
t

dµX×dµ
Y
θ,σ
t

which we same apply the same

method which we used in the section 2.3.1, and we can find this RND which can help us
in the next section to calculate the mutual information over the channel:

Proposition 3.3.18. For the observation stochastic input-output channel described in 3.7
we have:

dµX,Y θ,σ
t

dµX × dµY θ,σ
t

= exp

[∫ t

0

Γ̃(θ, σ,Xu)dBt +
1

2

∫ t

0

Γ̃(θ, σ,Xu)
2du

]
Where Γ̃(θ, σ,Xu) = ψ̃(θ, σ,Xu) − ˆ̃ψ(θ, σ,Xu) ,and then ψ id defined as before in the

previous propositions ˆ̃ψ(θ, σ,Xu) = E
[[

h(Xu)
σ

+ θ
σ

∫ t

0
h(Xs)ds

]
|FY θ,σ

t

]
,and ψ̃(θ, σ,Xu) =[

h(Xu)
σ

+ θ
σ

∫ t

0
h(Xs)ds

]
Proof. Similarly as section 2.3, we can write by lemma 2.3.7 we can write chain rule so we
have:

dµY θ,σ
t X

dµY θ,σ
t
dµX

=
dµY θ,σ

t X

dµXdµB

∗ dµB

dµY θ,σ
t

Then by lemma 2.3.8 we can write:

dµY θ,σ
t X

dµY θ,σ
t
dµX

=
dµY θ,σ

t X

dµXdµB

∗ (
dµY θ,σ

t

dµB

)−1

Then using proposition 3.3.16, and proposition 3.3.17, and Ỹ σ,θ
t =

∫ t

0

[
h(Xu)

σ
+ θ

σ

∫ u

0
h(Xs)ds

]
du+

Bt,and easy as was mentioned in section 2.3 we will have:

dµX,Y θ,σ
t

dµX × dµY θ,σ
t

= exp

[∫ t

0

Γ̃(θ, σ,Xu)dBt +
1

2

∫ t

0

Γ̃(θ, σ,Xu)
2du

]
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As we can see, it is the same as section 3.3.1.2, and we are left with a similar function,
which is like casual minimum mean square error. The only difference between these two
cases is changing the kernel which results in changing the h̄ function which is pretty inter-
esting. We could write it for a general form of noise such as described in 3.3.1 but these
special cases are more important because of the natural behavior of noise in any kind of
observation channel

3.4 Calculation of mutual information over the chan-

nel

In this section, we are going to use the definition of the mutual information over the
observation channel from the definition 2.1.4 we can find the mutual information over the
channel.

3.4.1 Mutual information over observation with int O-U process
noise

Theorem 3.4.1. The mutual information over the observation channel described in equa-
tion 3.10 is:

I(Xt, Y
θ,σ
t ) =

1

2

∫ t

0

E
[
Γ(θ, σ,Xu)

2
]
du

Where Γ(θ, σ,Xu) = ψ(θ, σ,Xu)− ψ̂(θ, σ,Xu) ,and then ψ id defined as before in the pre-

vious propositions ψ̂(θ, σ,Xu) = E
[
θ
σ
h (xu) +

1
σ
h′(u)|FY θ,σ

t

]
,and ψ(θ, σ,Xu) = [ θ

σ
h (xu) +

1
σ
h′(u)]

Proof. From the Proposition 3.3.13 we have:

dµX,Y θ,σ
t

dµX × dµY θ,σ
t

= exp

[∫ t

0

Γ(θ, σ,Xu)dBt +
1

2

∫ t

0

Γ(θ, σ,Xu)
2du

]

Where Γ(θ, σ,Xu) = ψ(θ, σ,Xu)− ψ̂(θ, σ,Xu) ,and then ψ id defined as before in the pre-

vious propositions ψ̂(θ, σ,Xu) = E
[
θ
σ
h (xu) +

1
σ
h′(u)|FY θ,σ

t

]
,and ψ(θ, σ,Xu) = [ θ

σ
h (xu) +
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1
σ
h′(u)] From the definition 2.1.4 we can write:

I(Xt, Y
θ,σ
t ) = E

[
log

(
dµX,Y θ,σ

t

dµX × dµY θ,σ
t

)]

Then by calculation of the logarithm we reach:

I(Xt, Y
θ,σ
t ) = E

[∫ t

0

Γ(θ, σ,Xu)dBt +
1

2

∫ t

0

Γ(θ, σ,Xu)
2du

]
Then we can separate the integrals and by lemma 2.3.10 we have:

I(Xt, Y
θ,σ
t ) = E

[
1

2

∫ t

0

Γ(θ, σ,Xu)
2du

]
By the monotone convergence theorem, we have:

I(Xt, Y
θ,σ
t ) =

1

2

∫ t

0

E
[
Γ(θ, σ,Xu)

2
]
du

3.4.2 Mutual information over the channel with O-U process
noise

Theorem 3.4.2. The mutual information over the observation channel described in equa-
tion 3.13 is:

I(Xt, Y
θ,σ
t ) =

1

2

∫ t

0

E
[
Γ̃(θ, σ,Xu)

2
]
du

Where Γ̃(θ, σ,Xu) = ψ̃(θ, σ,Xu) − ˆ̃ψ(θ, σ,Xu) ,and then ψ id defined as before in the

previous propositions ˆ̃ψ(θ, σ,Xu) = E
[[

h(Xu)
σ

+ θ
σ

∫ t

0
h(Xs)ds

]
|FY θ,σ

t

]
,and ψ̃(θ, σ,Xu) =[

h(Xu)
σ

+ θ
σ

∫ t

0
h(Xs)ds

]
Proof. From the Proposition 3.3.18 we have:

dµX,Y θ,σ
t

dµX × dµY θ,σ
t

= exp

[∫ t

0

Γ̃(θ, σ,Xu)dBt +
1

2

∫ t

0

Γ̃(θ, σ,Xu)
2du

]
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Where Γ̃(θ, σ,Xu) = ψ̃(θ, σ,Xu) − ˆ̃ψ(θ, σ,Xu) ,and then ψ id defined as before in the

previous propositions ˆ̃ψ(θ, σ,Xu) = E
[[

h(Xu)
σ

+ θ
σ

∫ t

0
h(Xs)ds

]
|FY θ,σ

t

]
,and ψ̃(θ, σ,Xu) =[

h(Xu)
σ

+ θ
σ

∫ t

0
h(Xs)ds

]
From the definition 2.1.4 we can write:

I(Xt, Y
θ,σ
t ) = E

[
log

(
dµX,Y θ,σ

t

dµX × dµY θ,σ
t

)]

Then by calculation of the logarithm we reach:

I(Xt, Y
θ,σ
t ) = E

[∫ t

0

Γ̃(θ, σ,Xu)dBt +
1

2

∫ t

0

Γ̃(θ, σ,Xu)
2du

]
Then we can separate the integrals and by lemma 2.3.10 we have:

I(Xt, Y
θ,σ
t ) = E

[
1

2

∫ t

0

Γ̃(θ, σ,Xu)
2du

]
By the monotone convergence theorem, we have:

I(Xt, Y
θ,σ
t ) =

1

2

∫ t

0

E
[
Γ̃(θ, σ,Xu)

2
]
du

3.5 Analysis of the results

The primary findings of this thesis are the outcomes of theorems 3.4.1 and 3.4.2. This
result holds regardless of the input signal’s distribution; the only conditions needed are
that the function h(Xu) be differentiable and that it be integrable for the integrated O-
U process and the O-U process respectively. Both theories demonstrate a relationship
between the mutual information and the signal’s estimate error, which is equivalent to
Duncan’s theorem in an environment of Gauss-Markov noise in a channel.

The ψ(θ, σ,Xu) function’s estimation error with respect to the causal observation
(shown with Γ) differs from the signal’s estimation error, still in certain circumstances
it can resemble the causal MMSE. Let’s take a look at one example.
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Observation 3.5.1. Let h(Xu) = Xu, and the integrated O-U process be the noise in the
channel. which means our observation stochastic input-output channel will be :

dY θ,σ
t = Xtdt+ dNt

Where dNt is an integrated O-U process then from theorem 3.4.1 we will have:

I(X, Y θ,σ) =

(
θ√
2σ

)2 ∫ T

0

E
[
Xu − E[Xu|FY σ,θ

u
]
]2
du

This result means that in the case in which the signal is added to the integrated O-U
noise, the result is similar to Duncan’s theorem if we choose θ = σ, and h(Xu) =

√
rXu

where r is signal to noise ration we have:

dY θ,σ
t =

√
rXtdt+ dNt

I(X, Y θ,σ) =
r

2

∫ T

0

E
[
Xu − E[Xu|FY σ,θ

u
]
]2
du

As we know when ( θ
σ
)2 → 1 where both σ, θ → ∞ goes to infinity then from proposition

3.1.8 we have:

Nt =

∫ t

0

σ

θ

(
1− e−θ(t−s)

)
dBs

Then by ( θ
σ
)2 → 1 where both σ, θ → ∞ we have6:

Nt =

∫ t

0

dBs = Bt

As demonstrated above, when the two variables θ and σ approach infinity, our observation
channel converges to Duncan’s formulation. So According to Duncan’s theorem, there is
the same relationship between causal MMSE and mutual information. However, this new
theory shows that even when the two variables θ and σ are equal and finite, the same
theorem holds for the stochastic input-output channel.

In general, Γ̃(θ, σ,Xu) and Γ(θ, σ,Xu) are analogous to the non-causal MMSE because
they represent the estimation error of a function of the main signal with respect to the σ-
algebra generated by the observation in the respective channels. Consequently, we demon-
strated that the relationship between mutual information and non-causal MMSE persists

6The convergence of O-U process to Brownian motion has been proved by Nelson in [15]
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in stochastic input-output channels with either an Ornstein-Uhlenbeck process as noise
or an integrated Ornstein-Uhlenbeck process as noise. The only conditions for this result
are the independence between the input signal and noise, as well as the integrability and
differentiability of the signal function in the channel model. In other words, the connection
between the estimation problem and mutual information, as demonstrated by Duncan, is
extended within the framework of Gauss-Markov noise.
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Chapter 4

Conclusion

We conclude by summarizing the contributions of this thesis and discussing potential ex-
tensions and probelms that could be addressed in future work.

4.1 Summary

In this thesis, we commence with Chapter 2, which revisits Duncan’s theorem and the
relationship between Non-Causal MinimumMean Square Error and Causal MinimumMean
Square Error in the AWGN channel, as established by Verdú and Guo. In Section 2.1,
we define the measure space encompassing the stochastic processes and emphasize the
significance of absolute continuity as a prerequisite for the existence of the RND of the
respective measure. Additionally, we delineate mutual information for a general stochastic
input-output channel.

Section 2.2 addresses the general form of the observation channel and introduces notable
special cases frequently encountered in communication channel modeling. In Section 2.3,
we present a proof of Duncan’s theorem using the Girsanov theorem rather than Duncan’s
original method. This modification is motivated by the widespread contemporary use of the
Girsanov theorem in stochastic calculus, rendering the proof more congruent with current
literature. Section 2.4 demonstrates Verdú et al.’s result using our method, elucidating the
relationship between causal and noncausal MMSE over a channel with Gaussian noise.

Chapter 3 begins with the definition of the O-U process and the integrated O-U process
through their respective stochastic differential equations. Using these definitions, we derive
the integrated representation of the process, facilitating the representation of a closed-form
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channel model. In Section 3.2, we formulate our problem for two cases: a stochastic input-
output channel with O-U process noise and with integrated O-U process noise, both in
SDE representation and stochastic integrated representation. Section 3.3 introduces the
concept of the Reproducing Kernel Hilbert Space. By establishing RKHS for our channel
stochastic model in both cases and applying an extended version of the KS formula, we
derive the RND for the product space of observation and signal with respect to their
individual measures.

Section 2.4 presents the primary theorem of our contribution, establishing the relation-
ship between mutual information and the causal MMSE error of the observation channel.
Finally, Section 3.5 discusses the parallels between this result and Duncan’s theorem.

4.2 Future work and related problems

This result can be extended to encompass a general form of kernel noise generation and
can also be adapted to observation channels with observation feedback. Furthermore,
future research could explore the relationship between NCMMSE and CMMSE within the
stochastic input-output channel with the O-U process as noise. Given the growing interest
in employing Gaussian Markov processes as noise in quantum communication channels,
these findings could also be extended to the realm of quantum communication.
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