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Abstract

Causal inference has been widely accepted as a statistical tool in various areas for demysti-
fying causality from data. Treatment effect heterogeneity is a common issue in causal infer-
ence which refers to variation in the causal effect of a treatment across different subgroups
or individuals within a population. This thesis explores three topics in causal inference in
the presence of heterogeneous treatment effects, aiming to provide some insights for this
critical issue.

Chapter 2 introduces basic notation, frameworks, models, and parameters in causal
inference, serving as preliminary material for the three topics studied in Chapters 3 - 5,
with a focus on the Rubin causal model.

In Chapter 3, we discuss the first topic: causal inference with survey data. In the
presence of heterogeneous treatment effects, a causal conclusion based on sample data may
not generalize to a broader population if selection bias exists. We propose estimators for
population average treatment effects by incorporating survey weights into the propensity
score weighting approach to simultaneously mitigate confounding bias and selection bias.
A robust sandwich variance estimator is developed to permit valid statistical inference for
the population-level causal parameters under a proposed “two-phase randomization model”
framework. The proposed estimators and associated inferential procedure are shown to be
robust against model misspecifications. We further extend our results to observational
non-probability survey samples and demonstrate how to combine auxiliary population in-
formation from multiple external reference probability samples for more reliable estimation.
We illustrate our proposed methods through Monte Carlo simulation studies and the anal-
ysis of a real-world survey dataset.

Chapter 4 explores the second topic: estimation of treatment harm rate (THR), the
proportion of individuals in a population who are negatively affected by a treatment.
The THR is a measure of treatment risk and reveals the treatment effect heterogeneity
within a subpopulation. However, the measure is generally non-identifiable even when the
treatments are randomly assigned, and existing works focus primarily on the estimation
of the THR under either untestable identification or ambiguous model assumptions. We
develop a class of partitioning-based bounds for the THR with data from randomized
controlled trials with two distinct features: Our proposed bounds effectively use available
auxiliary covariates information and they can be consistently estimated without relying
on any untestable or ambiguous model assumptions. Our methods are motivated from
a key observation that the sharp bounds of the THR can be attained under a partition
of the covariates space with at most four cells. Probabilistic classification algorithms are



employed to estimate nuisance parameters to realize the partitioning. The resulting interval
estimators of the THR are model-assisted in the sense that they are highly efficient when
the underlying models are well fitted, while their validity relies solely on the randomization
of the trials. Finite sample performances of our proposed interval estimators along with
a conservatively extended confidence interval for the THR are evaluated through Monte
Carlo simulation studies. An application of the proposed methods to the ACTG 175 data
is presented. A Python package named partbte for the partitioning-based algorithm has
been developed and is available on https://github.com /w62liang /partition-te.

Chapter 5 investigates the third topic: causal mediation analysis in randomized con-
trolled trials with noncompliance. The average causal mediation effect (ACME) and the
natural direct effect (NDE) are two parameters of primary interest in causal mediation
analysis. However, the two causal parameters are not identifiable in randomized controlled
trials in the presence of mediator-outcome confounding and assignment-treatment non-
compliance. In such scenarios, we explore partial identification of parameters and derive
nonparametric bounds on the ACME and the NDE when the treatment assignment serves
as an instrumental variable. The nonparametric sharp bounds for the local causal param-
eters defined on the subpopulation of treatment-assignment compliers are also provided.
We demonstrate the practical application of the proposed bounds through an empirical
analysis of a large-scale randomized online advertising dataset.

The thesis concludes in Chapter 6 with a brief summary and discussions of future
work. Technical details, including the proofs of key propositions and theorems as well as
additional simulation results, are provided at the end of each chapter.
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Chapter 1

Introduction

Causality is mysterious and important. It concerns causes and effects among events and
variables, through the understanding of which we approach the essence of a system. Let
us begin with a simple question: why does an apple fall from a tree? Owing to Issac
Newton, we all know today that an apple falls due to gravity, the force exerted by the
Earth, and the magnitude of the force relies on the Earth’s mass and the radius. Why
does iron rust when exposed to moist air? The causes of iron rusting are the presence
of oxygen and water, which together initiate an oxidation reaction. The causal effect can
be quantitatively described by the corresponding chemical equation. There is causality
behind every phenomenon in our universe. Seeking causality is fundamentally a pursuit of

truth.

Counterfactual thinking is a psychological approach to reasoning about causality. Con-
sider the well-known causal statement from Imbens and Rubin (2015): “My headache went
away because I took an aspirin”. Counterfactual thinking involves the conceptual thought

of “What if I had not taken the aspirin” or “What would my headache have been like had



I not taken the aspirin”. The counterfactual outcome justifies whether “took aspirin” is
the cause of “my headache went away” and what the causal effect is. However, counter-
factual thinking remains a conceptual and psychological exercise. In practice, we can not
verify a causal claim solely through counterfactual reasoning, as counterfactual outcomes

are fundamentally unobservable.

Humanity’s earliest practical attempts to verify causal hypotheses may be traced back
to controlled experiments where certain variables that contribute to the dependent vari-
able of interest are controlled experimentally to reduce experimental bias. Pioneered by
Fisher’s foundational book The Design of FExperiments in the early 20th century, ran-
domized experiments have been recognized as the golden rule for controlling confounding
factors and drawing valid causal conclusions. Since then, a wide range of randomization
techniques and corresponding theoretical frameworks have been extensively developed,
including completely randomized designs, factorial experiments, and stratified randomiza-
tion. In contrast to randomized experiments, observational studies lack scientific controls
of confounding factors. This feature makes observational data much easier to collect but
more difficult for inferring causality. However, observational studies play a central role in
modern causal research due to the growing availability of observational data in the 21st

century.

Causal inference, as a branch of statistics, focuses on demystifying causality from ran-
domized experimental and observational data using statistical methodologies. The impact
of causal inference has significantly expanded in the past decades across various disciplines,
including the social sciences, psychology, epidemiology, political science, and technology.
The Rubin causal model (RCM) serves as one of the most employed counterfactual frame-
works for causal inference. This framework was originally formalized in the context of

randomized experiments by the Polish mathematician Jerzy Neyman (Neyman, 1923a)



and was later substantially developed and extended to observational studies by the Amer-
ican statistician Donald Rubin (Rubin, 1974). In the RCM, the outcomes associated with
different actions are called potential outcomes. Our understanding of causality arises from
comparisons between these potential outcomes. This thesis adopts the RCM as the primary

framework for addressing various causal problems.

Rubin holds the belief that “No causation without manipulation” (Imbens and Rubin,
2015). The RCM requires the treatment to be manipulable so that the potential outcomes
can be well-defined. The above aspirin example is a well-defined causal statement in the
RCM as “taking an aspirin” is a manipulable action — we could have chosen not to take the
aspirin. In contrast, the statement “He was fired by his boss because he is Asian” illustrates
an ill-defined causal claim, as race is an inherent and non-manipulable attribute of an
individual. For this kind of non-manipulated treatments and ill-defined causal problems,
this thesis introduces an alternative framework, called balancing covariates framework, for

causal inference as described in Section 2.4.

Causal inference is inherently challenging and faces numerous difficulties. This thesis
focuses on the challenge of treatment effect heterogeneity (TEH), which represents a major
issue in causal inference. To the best of my knowledge, no universally accepted formal
definition of TEH exists. Conceptually, TEH refers to variation in the causal effect of
a treatment across different subgroups or individuals within a population. For instance,
aspirin may be more effective in alleviating headaches among younger individuals compared
to its average effect across the entire population. It is essential to note that discussions
of TEH typically refer to variation with respect to observed auxiliary variables; that is,
the subgroups in which TEH is present are defined by observed covariates. Without such
covariates, it is difficult to justify the study of TEH, as any observed variation could be

attributed merely to random noise. When TEH is present, researchers often shift their focus



from estimating average causal effects to exploring a broader class of causal parameters.

This thesis covers three topics in causal inference motivated by the presence of TEH.

The first topic of this thesis is on the generalization of causal conclusions from a sample
to a broader population. This topic is practically important because, in the presence of
TEH, statistical analysis of causality based on the sample data may lead to biased and
even misleading conclusions on the population of interest if the data at hand are not
representative of the population. In history, there are tobacco companies who employed
selective subgroup analyses to undermine the emerging scientific consensus on the harms of
smoking. They focused on a specific subpopulation where the effect of smoking on disease
outcomes appeared statistically insignificant to strategically fostered scientific doubt and
delayed regulatory actions. The sample not representative of the population is known as a
biased sample. In Chapter 3, we assume that the data for causal inference are probability
survey data, enabling the use of survey weights to mitigate selection bias. Survey sampling
is a standard statistical tool for data collection. A detailed discussion of survey sampling
falls beyond the scope of this thesis; readers are referred to Wu and Thompson (2020) for
a comprehensive introduction to this classical area of statistics. We develop in Chapter
3 a framework for statistical inference of a class of population average treatment effects
based on observational survey data. This framework yields valid causal conclusions on the

population by simultaneously mitigating the confounding bias and selection bias.

The second topic concerns the estimation of treatment harm rate (THR), a measure of
TEH for binary outcomes. Subgroup analysis and the estimation of conditional average
treatment effects are two commonly used strategies for evaluating TEH. However, these ap-
proaches primarily rely on difference-in-means metrics, which may fail to fully capture the
extent of TEH by overlooking heterogeneity that exists in the subpopulation. For instance,

while a medication may yield a positive average effect for a particular subpopulation, it



could still pose risks to certain individuals within that group — some may experience
adverse effects despite the overall benefit. Investigating the treatment harm rate, along
with related measures such as the treatment benefit rate, complements existing research

on TEH and is increasingly important in real-world applications.

In the third topic of this thesis, we explore mediation analysis in randomized controlled
trials with noncompliance. In causal mediation analysis, the researchers are interested in
the causal effect of a treatment on outcomes through mediators. For example, we know
that smoking is a leading cause of lung cancer. It is also reported that smoking may lead
to high level tar deposits which increase the risk of lung cancer. In such case, the tar
deposits serve as a mediator on the causal pathway between smoking and lung cancer.
Chapter 5 focuses on evaluating causal mediation effects under a key setting in which
treatment assignments are randomized, yet noncompliance arises due to subjects deviating

from their assigned treatments.

The above three topics are studied in Chapters 3, 4 and 5. Preliminary material on
causal inference are provided in Chapter 2, which covers overviews of the Rubin causal
model, treatment assignment mechanisms, and causal parameters of primary interest in
this thesis. A brief summary of this thesis and comments on potential extensions and

future work are given in Chapter 6.



Chapter 2

Causal Inference: Frameworks,

Models, and Parameters

The mathematical formulation of a causal inference problem typically involves three el-
ements: a framework that describes causality, a statistical model for the data and par-
ticularly the treatments assignment mechanism, and causal parameters of interest. This
chapter provides a brief overview of these foundational elements, serving as a preliminary

introduction to the three topics in causal inference that will be explored in Chapters 3 — 5.

2.1 The Rubin Causal Model and Potential Outcomes

The Rubin causal model (RCM) invokes the notion of potential outcomes to quantify
causality. Let & = {1,---, N} be a finite population and i € U a unit in the population.
Denote A the value space of an action or a treatment of interest and Y the value space of

an outcome of interest measured after the treatment. In the aspirin example mentioned



in Chapter 1, we note that A = {aspirin, no aspirin} and Y = {headache, no headache}. A
potential outcome for unit i, denoted by Y;(a) € Y, is the outcome that would have been
observed had the treatment a € A been given to the unit. We assume throughout this
thesis the stable unit treatment value assumption (SUTVA) introduced in Section 1.6 of

Imbens and Rubin (2015) as follows.

Assumption 2.1.1 (SUTVA) The potential outcomes for any unit do not vary with the
treatments assigned to other units, and, for each unit, there are no different forms or

versions of each treatment level, which lead to different potential outcomes.

The SUTVA assumption rules out the possibility that potential outcomes may vary due to
the treatment itself and implies a one-to-one correspondence between potential outcomes
and treatment values in A. In practice, however, for each unit we can observe only one of
the potential outcomes because a unit can only be assigned one treatment; this is known

as the fundamental difficulty of causal inference.

The practitioners may be concerned with the causal effect for either dichotomous, cat-
egorical, ordinal, or continuous treatments. This thesis focuses on binary treatments and
assumes that A = {0,1}. Causal problems involving categorical or ordinal treatments can
often be addressed by comparing specific pairs of treatment levels across different com-
binations. In regard to the outcome type, this thesis focuses on binary and continuous

outcomes.

The notion of potential outcomes can be extended to more complex settings involv-
ing multiple factors of interest that influence the outcome beyond the assigned treatment.
For instance, in randomized controlled trials with noncompliance, as considered in Angrist
et al. (1996), the experimental units may not accept the treatments assigned to them. In

this context, each unit is characterized by two treatment-related variables: the assigned

7



treatment z and the actual received treatment a, both taking values in A. The correspond-
ing potential outcome is denoted by Y;(z,a), representing the outcome that would have
been observed had the assigned treatment been z and the actual received treatment been
a. Another example is the mediation analysis, where there might be a mediator on the
pathway between the assigned treatment and the outcome. The potential outcome can

then be defined as Y (a, m) where m is the value of the mediator.

2.2 Treatment Assignment Mechanisms

The fundamental issue of causal inference is that for each unit only the potential outcome
given the assigned treatment can be observed and the others are missing. Therefore, how
the treatments are practically assigned plays a crucial role in statistical analysis of the
data. For unit 7, suppose we observe the assigned treatment A; € {0, 1}, the outcome Y; =
Yi(4;), and baseline pre-treatment covariates X,;. The data at hand are {(Y;, A;, X,),? €
U} and the assigned treatments for the population are A = (A4y,---,Ax)". Denote by
D = {(Y;(1),Yi(0), X;),7 € U} the collection of potential outcomes and covariates for the
population. The A is a random vector under the RCM and the treatment assignment
mechanism (TAM) is defined as the probability distribution of A conditional on D, i.e.,
Pr(A =a|D)fora=(a, - ,ax)" € {0,1}, which is required to be strictly between 0
and 1 over all the possible values of D. There are two primary sources of data for causal
inference: randomized experiments and observational studies. The key distinction between

them lies in whether the TAM is known to the researcher.



2.2.1 Randomized Experiments

In randomized experiments, the TAM is known and under experimental control. For
example, in a completely randomized experiment (CRE) with the size of treated units

set to be n, the TAM is known at the design stage and is equal to

1 : N
if > .o, a; =n,

o0.W.

Pr(A=a|D) =

—~
S 32
~—|

Randomized controlled trials (RCTs) are a special case of the randomized experiments,
where the treatment assignments are randomly assigned and independent of the observed
information, i.e., A 1L D. Moreover, we require that the treatment rate 7 = E(A4;) is a
fixed real number for i = 1,--- | N. It is clear that the CRE is a RCT. Another example of
the RCT is the Bernoulli trials, in which Pr(A =a | D) = Hi\; Pr(A; =a; | D) =7"(1—
7)N=" where the treatment rate 7 is pre-specified and n; = Zfil a;. Randomization of

treatment assignments yields consistent estimators of the average treatment effect.

2.2.2 Observational Studies

Observational studies are characterized by unknown treatment assignment mechanisms
due to the lack of experimental control over treatment assignments. To enable statistical
analysis of observational data, the RCM assumes that A;,---, Ay are independent and
the TAM is individualistic, i.e.,

N N

Pr(A=a|D) =[] Pr(4 = a; | D) = [ Pr(4; = a; | ¥i(1), Yi(0), X).

i=1 =1



The researchers often further assume that the TAM is unconfounded provided the observed
covariates, i.e., Pr(4; = 1 | Y;(1),Y;(0),X;) = Pr(4;, = 1 | X;), and that the TAM
is strictly between 0 and 1 over the support of X;, which is known as the positivity or
overlap assumption. The e(X;) = Pr(4; = 1 | X;) is called propensity score (PS) or
the PS function. The unconfoundedness assumption implies no unmeasured confounders,
and that either the X; are the pre-treatment covariates which are not affected by the
treatment assignments or X; are not affected by the potential outcomes, otherwise the
assumption is false based on the d-separation criterion in Bayesian networks (Pearl, 2009).
Weighted average treatment effects, a class of causal parameters as we will introduce later
in Section 2.3.1, can be identified from the observed data under the unconfoundedness and
overlap assumptions. Despite the unconfoundedness assumption is sometimes perceived
untestable and controversial, it is plausible if we hold the prior belief that the covariates

can completely explain the TAM or the outcome.

2.2.3 Randomized Controlled Trials with Noncompliance: In-

strumental Variables

Noncompliance is a common issue in RCTs. It occurs in an experiment when the behaviors
of some experimental units do not conform to the treatment assignments. The TAM of the
actual received treatments in such scenario is unknown to and beyond the control of the
researchers. Although we can still perform the “intent-to-treat” analysis to evaluate the
causal effect of the assigned treatment, the conclusions based on which might be misleading

if the treatment effectiveness rather than the assignment effectiveness is of primary interest.

Let Z; denote the assigned treatment and A; the actual received treatment for unit .

In a RCT with noncompliance, the TAM for Z = (Z;,---,Zy) is known and completely
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random, whereas the TAM for A is unknown. The individuals with A; # Z; yield the
noncompliance issue. Let Y;(a, z) denote the potential outcome under the actual treatment
A; = a and the assigned treatment Z; = z. The exclusion restriction assumption states
that Yj(a, 2) = Yi(a, 2') for z, 2", a € A, implying that Z; affects the outcome solely through
its effect on A;. Under this assumption, the variable Z; serves as an instrumental variable
and the complier average treatment effect can be identified from the observed data (Angrist

et al., 1996).

2.3 Causal Parameters and Identification

2.3.1 Average Treatment Effects

The RCM quantifies the causal effect of a treatment by comparing the resulting potential
outcomes. The unit-level treatment effect for unit ¢ is defined as 7; = Y;(1) — Y;(0). The
(finite) population average treatment effect is the population average of unit-level treatment
effects, 77, = N7* Zf\il 7;. Statistical inference that views the potential outcomes as
fixed and assumes that the randomness comes solely from the treatment assignments is
called finite-population inference. In this thesis, we focus on model-based inference and
further assume that the potential outcomes Y;(a),i € U are independent and identically
distributed random variables from an infinite superpopulation, and defined the (super)
population average treatment effect (PATE) as 75, = E[r;] where E[-] denotes taking the
expectation with respect to the probability distributions of the random variables. The
Tsp Measures the overall causal effect of a treatment over the entire population. Let X;
denotes the random vector of baseline covariates for unit ¢ and X the support of X;.

When the primary interest is the average treatment effect over a subpopulation identified
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by X;, we can use a pre-specified generic function of the covariates, namely ¢(X;), to
define the subpopulation, which yields a general class of average treatment effects over
target populations as 7, = E[¢(X;)7;]/E[¢(X;)]. With ¢(X;) = 1, 7, is the PATE; when
9(X;) = e(X;) = Pr(4; = 1| X;), 7, is the population average treatment effect on the
treated group (PATT); when g(X;) = 1g(X;) = 1{ X, € B} for some B C X, 7, amounts to
the average treatment effect for the subpopulation of individuals whose covariates fall into
B. For example, suppose the k-th coordinate of X; represents the the unit’s gender and
B = {x € X : the k-th coordinate of « is male}, then 7, represents the population average
treatment effect for the males. A major topic of causal inference is to make inference about

74 based on observed data from either randomized experiments or observational studies.

When ¢(X;) is known and the TAM is unconfounded and strictly between 0 and 1, 7,
can be identified by

| C Mt

With observational data, we can first estimate the PS function and then use it for estimation
of 7,. This yields the so-called inverse propensity score weighted estimator or the inverse
probability weighted estimator. Since the estimated inverse weights 1/é(X;) and 1/(1 —
é(X;)) may be very close to 0 and 1, the researchers often normalize the weights for more
stable estimation, leading to the Hajek-type estimator

B S Ag(X))Y/e(Xs) Y (1— Ag(X)Y/(1—é(X,))

TIPw = - N )

il Ag(X/e(Xa) DL (1= A)g(X0)/(1 - é(X))

where €(X;) is an estimator of e(X;). Under a parametric model e(X;) for the PS

function, the vector of nuisance parameters v can be estimated by maximizing the Bernoulli
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log-likelihood
1 1
In(y) = N ZAi log ey (X;) + N Z(l — A;)log(1 — e4(X5)).
i—1 ‘

2.3.2 Treatment Harm Rate

The average treatment effects are measures of average uplift for the outcomes and do not
fully reveal the treatment effect heterogeneity (TEH). Let us focus on binary outcomes and
assume that Y = {0,1} with Y = 1 being favorable. In Chapter 4, for simplicity of com-
putation, we assume Y = {—1,1}. Under TEH, individuals in a population may respond
differently to the treatment. The individualized treatment effect can be positive, ineffec-
tive, or negative, regarding different values of the potential outcome pair (Y;(1),Y;(0)) as
shown in Table 2.1. To understand the full treatment effect heterogeneity within a tar-
get population, we need to know the distribution of the potential outcome pair over the
population, i.e., Pr(Y;(1) = s,Y;(0) = t) for s,t € Y. In a RCT, it suffices to estimate
the treatment harm rate (THR), 6 = Pr(Y;(1) = 0,Y;(0) = 1), as the other proportions
can be identified from 6 and Pr(Y;(a) = t). The PATE on binary outcomes is given by
Ty = Pr(Yi(1) = 1) = Pr(¥;(0) = 0) = Pr(¥;(1) = 1,¥%:(0) = 0) — Pr(¥;(1) = 0,¥;(0) = 1),
which is proportional to the difference between the treatment benefit rate and the THR.
It is clear that the THR can not be inferred from the PATE. When 7,, = 0.4 for instance,

Table 2.1: Individualized treatment effect regarding different values of the potential out-
comes

Y;(1)
1 0
1 | ineffective  negative
Yi(0) ¢ positive  ineffective
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Table 2.2: Two hypothetical scenarios with different THR that yield the same observed
RCT data and PATE.

Observed data Scenario 1 Scenario 2
Y V() Y0 Y1) %)
1 1 1 1 0 1 0
2 1 1 1 0 1 0
3 1 1 1 0 1 1
4 1 0 0 1 0 0
5 1 0 0 0 0 0

6 0 1 o 1 1 1
7 0 0 0 0 0 0
8 0 0 1 0 0 0
9 0 0 1 0 1 0
10 0 0 1 0 1 0

it could be 0.4 = 0.6 — 0.2 or 0.4 = 0.4 — 0. The treatment risk is comparatively high in
the former case compared to the latter. An example is illustrated in Table 2.2, where two
hypothetical scenarios for the potential outcomes with respectively 6§ = 0.2 and 6 = 0 yield
the same observed RCT data and 7, = 0.4.

Unfortunately, the THR is non-identifiable from the observed data. The Fréchet-

Hoeffding bounds of 8 provided RCT data without auxiliary information is given by

max{0, Pr(Y;(0) = 1) — Pr(¥;(1) = 1)} < 0 < min{Pr(¥;(0) = 1), Pr(¥;(1) = 0)}.

Regarding the RCT data in Table 2.2, one can verify that the estimated bounds for 8 are
[0,0.2]. In the presence of covariates, the sharp bounds of the THR in observational studies
given an unconfounded TAM has been derived by Zhang et al. (2013) and Kallus (2022)
as 0 € [L(0),U(0)] where L(0) = E[max{0, uo(X;) — p1(X:)}], U(0) = E[min{po(X;),1 —
(X))}, ma(Xi) = Pr(Yi(a) = 1|X;) for @ = 0,1. The L(#) and U(#), nonetheless, are
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not easy to estimate. The plug-in estimators of the bounds by plugging in the estimators of
po(X;) and p1(X;) might be severely biased if the underlying models are misspecified. In
Chapter 4, we constructed a class of partitioning-based bounds for 8, which are informative
under a good partition of the covariates space. More importantly, the partitioning-based
bounds can be consistently estimated given RCT data without requiring any ambiguous

or untestable assumptions.

2.3.3 Natural Direct and Indirect Effects

The causal parameters we have introduced so far are concerned with the total effects of a
treatment on specific outcomes within a target population. There is a practically important
branch in causal inference called causal mediation analysis (CMA), which has been devel-
oped to understand how the treatment influences outcomes through mediators. A deeper
understanding of mediation effects helps the practitioners to uncover the underlying causal
mechanism of a treatment and develop more targeted interventions. For example, although
it is widely known that smoking is a leading cause of lung cancer, this knowledge alone
may be insufficient to deter smoking behavior. By identifying the mediators that lie on
the causal pathway between smoking and lung cancer, it may be possible to mitigate the

adverse health impacts of smoking by intervening on those intermediate factors.

Let M; be a mediator of interest and M the value space of M;. The temporal sequence
of the variables A;, M;, and Y; is A; — M; — Y;. Let M;(a) denote the potential out-
come of the mediator under A; = a and Y;(m,a) the potential outcome of the outcome
variable under M; = m and A; = a for a € A and m € M. CMA examines the mediation
mechanism through two central parameters — natural direct effect (NDE) and natural

indirect effct (NIE). The former is defined by £(a) = E[Y;(1, M;(a)) — Y;i(0, M;(a))]. The

15



latter is also referred to as the average causal mediation effect (ACME) and is defined by

0(a) = E[Yy(a, M;(1)) — Yi(a, M;(0))].

Imai et al. (2010) showed that E[Y;(¢, M;(a))] can be nonparametrically identified by
E[Y;(t, Mi(a))] = Ex, {Eaix, 420 [E(Yi | A = t, M;, X)) }

under the sequential ignorability assumption which states that {Y;(¢,m), M;(a)} L A; | X;
and Y;(t,m) L M;(a) | A; = a, X; for a,t € A and m € M. The sequential ignorability as-
sumption is strong and untestable. It implicitly requires full observations of the treatment-
mediator, mediator-outcome, and treatment-outcome confounding variables. However, the
NDE and the ACME can still be partially identified without relying on this assumption.

Sharp nonparametric bounds for the two parameters have been derived by Sjolander (2009).

2.4 The Balancing Covariates Framework

The RCM is a well-structured and self-consistent framework for studying the causal effect
of manipulable treatments. However, when the treatment of interest is not manipulable,
such as inherent human attributes like gender or race, the potential outcomes are not
well-defined within the RCM. A motivating example arises in the study of racial disparity,
a prevalent topic in social sciences such as education, health care, and criminal justice.
The racial disparity is an unconfounded descriptive measure that evaluates the differences
among racial groups due to socioeconomic status and racial discrimination rather than
biological or behavioral differences. The treatment of interest in this context is “race”
and the potential outcomes are ill-defined for this treatment. However, the study of the

racial disparity can be still be approached from a causal inference perspective, as it in-
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volves controlling for and balancing confounding variables across groups. Indeed, a central
goal in observational studies given an unconfounded TAM is to balance confounding vari-
ables across treatment groups. This thesis therefore introduces a simple and alternative
framework for causal inference: balancing covariates framework, which circumvents the
need to explicitly define potential outcomes by focusing on the adjustment of confounding

variables.

Let A € {0,1} be a group indicator; e.g., A = 1 indicates Asian and A = 0 indicates
non-Asian. Let Y denote the outcome of interest and X the covariates expected to be

controlled in the study. We can define the PATE of A on Y as 7 = E[7(X)] where

HX)=E[Y | X,A=1-E[Y | X,A=0).

The PATE defined in this context is a descriptive measure rather than a causal parameter,
and is recognized by some researchers as a characterization of unconfounded association.

However, when the TAM is unconfounded, one can verify under the RCM that

E[Y(1) - Y(0)| X]=E[Y | X,A=1] —E[Y | X, A =0),

implying that the PATE defined under the balancing covariates framework in terms of a
manipulable treatment is a causal parameter and matches the one defined under the RCM.

This framework will be employed in Chapter 3.
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Chapter 3

Propensity Score Weighting with
Survey Data

3.1 Introduction

As a main source of data for causal inference, observational studies place two major chal-
lenges on statistical analysis. The first challenge is the issue of confounding, resulted from
distribution imbalance in confounders between the treated and the control groups. Sec-
ond, the treatment effect may vary across subgroups, making it difficult to generalize the

average treatment effect of the study sample to a broader target population.

The propensity score based weighting approach (Hirano and Imbens, 2001) has been
adopted as a major tool for dealing with the first challenge under an unconfounded treat-
ment assignment mechanism (TAM) over the past decades, which owns many advantages,
including ease of implementation, robustness to misspecification in outcome regression

models as compared to regression-based prediction methods, and the potential of doing
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model checking by assessing the covariate-balance after weighting. We refer readers to
Imbens and Rubin (2015); Austin and Stuart (2015); Li et al. (2018) for excellent reviews

of the propensity score weighting approach and its appealing properties.

The second challenge, however, has received less attention in observational studies for
causal inference. Lack of generalizability is considered to be a common issue for random-
ized controlled trials (RCTs) because of their strict inclusion criteria, which give rise to
limited diversity of the candidates and the issue of extrapolation (Altman et al., 2001;
Evans and Kalra, 2001; Rothwell, 2005). Observational studies, on the other hand, have
the capabilities to encompass a broader and more diverse range of participants. However,
this does not automatically lead to generalizability and external validity, as certain char-
acteristics of an observational sample may significantly differ from those of the population

of interest (Carlson and Morrison, 2009).

Typically, the data at hand are collected from a finite population, e.g., all adults in
Canada. Probability sampling has been an established data collection tool in many fields
with sound inferential procedures for the finite population. While many observational
datasets are collected based on a probability sampling design, a large proportion of the
existing research simply dismisses the sampling design information while drawing general
conclusions on the target population, as shown in DuGoff et al. (2014). It is imperative to
develop rigorous methods that simultaneously address internal validity by mitigating the
confounding bias in the sample and external validity by incorporating the sampling design
information to alleviate selection biases from the target population. In this chapter, we will
focus on a special kind of observational data, post-treatment survey data, of the feature
that the treatment stage occurs prior to data collection. There are many examples where
the observational datasets are post-treatment survey data, especially when the treatment

of interest involves self-selected health measures and behavioral changes. In contrary, most
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experimental samples are pre-treatment where individuals are assigned to treatment and

control groups after being included in the sample.

There have been a handful of references on combining the propensity score weighting
approach with survey weights to generalize the results of an observational study to the
target population (DuGoff et al., 2014; Ridgeway et al., 2015; Dong et al., 2020). A
few numerical experiments in published papers suggest that the survey weights should
be incorporated (either as weights or predictors in the propensity score model) when the
parameters of interest are the population-level average treatment effects. However, rigorous
theoretical justifications are not available in the existing literature with post-treatment
survey data. The first major contribution of this chapter is to fill the aforementioned gap by
developing a general framework for causal inference using post-treatment survey data for a
general class of population parameters defined as the average treatment effects for either the
overall target population or specific subpopulations of interest. In particular, we propose
the “survey-weighted covariate balancing propensity score weighting” approach
which achieves covariate balance not only between the treated and control groups but also
between the treatment groups and the target population.This kind of three-way covariate
balance yields estimators robust against model misspecifications. The proposed confidence
intervals and other inferential procedures are rigorously justified under the “two-phase
randomization” framework. Our methodological development involves both the technical

details of the superpopulation causal inference and finite-population survey sampling.

The second major contribution of this chapter is the extension to cover scenarios where
the observational datasets are a non-probability survey sample. Statistical analysis with
non-probability samples is an emerging topic in survey sampling and official statistics. A
popular setting for methodological development in recent years is to assume the avail-

ability of a single existing reference probability sample from the same target population
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with the required auxiliary information (Rivers, 2007; Lee and Valliant, 2009; Elliott and
Valliant, 2017; Chen et al., 2020). Similar data integration problems have also been stud-
ied for generalizing trial evidence. Existing methods include inverse probability weighting
(Greenhouse et al., 2008; Cole and Stuart, 2010; Buchanan et al., 2018), the model-assisted
approach of Dahabreh et al. (2019), and the non-parametric calibration weighting method
of Lee et al. (2023). In this chapter, we extend our proposed methods for causal inference
to scenarios where the observational dataset is a non-probability sample. In particular, we
consider practically important scenarios where no single existing reference probability sam-
ple provides the required auxiliary information and develop valid inferential procedures for
combining auxiliary information from two or multiple existing reference probability sam-

ples.

The rest of this chapter is organized as follows. Section 3.2 describes the setting,
the inferential problems of interest and some notation. The proposed methodology for
probability samples is presented in Section 3.3, with point estimation detailed in Sections
3.3.2 and 3.3.3, a robust sandwich variance estimator given in Section 3.3.4, and numerical
studies with probability survey data placed in Section 3.3.5. Extensions of the methods to
non-probability samples are described in Section 3.4. An example of the applications for
the proposed methods to the real data are presented in Section 3.5. Some brief discussions

are included in Section 3.6. Technical proof and details are provided in Section 3.7.

3.2 Problem Setup

Consider a superpopulation with a triplet of the attributes (Y, A, X), where Y € R denotes
the outcome of interest, A € {0,1} is a binary indicator of two groups, and X is a p-

dimensional vector of covariates with the support X. Denote by ¢(X) = Pr(A =1 | X) the
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propensity score (PS). Let m(X) = E(Y | X, A = 0). We adopt the balancing covariates
framework introduced in Section 2.4 and define the conditional average treatment effect
(CATE) as 7(X) = E(Y | X,A=1)-E(Y | X,A =0). We further assume that 0 <
e(X) < 1 over the support of X. We are interested in statistical inference of the population
weighted average treatment effect (PWATE) defined as 7, = E[g(X)7(X)]|/E[g(X)] where
g : X — R is a pre-specified function characterizing a target population of interest. The
PWATE is a descriptive measure. However, it becomes a causal parameter under the
RCM and a unconfounded TAM as in which scenario one can verify that 7(X) = E[Y (1) —
Y (0) | X] (Hirano et al., 2003; Li et al., 2018). In this chapter, we focus on two types
of population parameters which are of common interest in practice: (i) the subpopulation
average treatment effect (SATE), corresponding to g(x) = 1g(x), where B denotes a known
subspace of X and 1lg(x) is the indicator function taking the value 1 if € B and 0
otherwise; and (ii) subpopulation average treatment effect on the treated (SATT), specified
by g(x) = e(x)lg(x). When B = X and g(x) =1 for all € X, 7, refers to the population
average treatment effect (PATE). When g(x) = e(x), the 7, is called the population average
treatment effect on the treated (PATT).

Consider a finite population with N labelled units, Uy = {1,---,N}. We assume
that the finite-population data {(Y;, A;, X;),7 € Uy} are independently and identically
distributed from (Y, A, X). Suppose we have a survey sample Sy from the finite popu-
lation Uy based on a probability sampling design, denoted by ¢q. The observed data are
{(Y;, Ay, X, d2),i € Sa} where d = 1/7* are the survey weights and 71 = Pr(i € Sy)
are the first-order inclusion probabilities. Let ny be size of Sy and n’ = E;(n4). We
further assume that there exist constants c¢1,ca > 0 which do not depend on N such that

cn’y/N < 7 < eon® /N fori=1,--- N.

A two-phase randomization (TPR) framework assumes that the probability survey sam-
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ple is selected from the finite population which is itself viewed as a random sample from

the superpopulation, i.e.,
(Y, A, X) :S> {(Ka Ai7 Xl) fvzl :‘1> {(}/la Aiv Xiv d?>}i€3,4' (31)

Here, the notation s represents the superpopulation models for the random vector (Y, A, X)
and ¢, as aforementioned, represents the selection mechanism for the survey sample S4.
The TPR model has been widely accepted in survey sampling as a framework for model-
based and model-assisted inference (Wu and Thompson, 2020). The TPR model bridges

superpopulation causal inference and finite-population survey sampling.

The asymptotic framework under the TPR model (3.1) is as follows. Let {U,,v =1,---}
be a sequence of finite populations with the population size {N,,v = 1,---}; let S, be a
sample of size n, drawn from U,. As v — oo, N, = oo and n, — co. For ease of notation,

we suppress the subscript v and use N — oo to denote the limiting process.

3.3 Survey-Weighted Propensity Score Weighting

3.3.1 Two-Step Estimation

We propose a two-step estimation procedure for 7, termed as survey-weighted propensity
score weighting (SWPSW). In the first step, we postulate a parametric model, e(X;) =
e(X;), for the PS and estimate the parameter - by minimizing the survey-weighted
loss function of the general form S,(v) = > s, d2S(X;, As, ) for some function S. A

(2
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common choice of the function S, (7) is the negative survey-weighted log-likelihood

Su(v) == > dAiloges(X;) = > d(1— Ay)log(1 — ey (X))

1€SA 1€SA

df‘h(Xqu‘a')’) =0
where h(X;, A;,v) = —0S(X, Ai,y)/07. The loss function based perspective is advanta-

It amounts to solving the survey-weighted estimating equations ), Sa
geous in dealing with high-dimensional data and carrying out adaptive algorithms such as
recursive partitioning and boosting for estimation (Zhao, 2019). Let 4 denote the estima-
tor of v based on the first step. We re-weight the observations in the second step by the
weights ©; = dA;g(X ;) /es (X i) +dA(1—A;)g(X ;) /(1—e5 (X)) where g(X;) = 1g(X;) for
estimating the SATE and ¢(X;) = 1g(X)e4(X;) for estimating the SATT, and estimate

7y by
D ies, AiwiY B Y ies, (1 — Ai)wY;

D ies, Aiwi Dies, (1= Adwi

The survey weights are essential in both steps. In the first step, the survey weights removed

7=

the biases for estimating the PS when the treatment indicator variable A; and the inclusion
probability /! are both associated with some unobserved factors. In the second step, the
survey weights removed the biases for estimating the population average treatment effects
when 7(X) and the inclusion probability /! are both associated with some observed or
unobserved factors. The estimator of 7, obtained from the above SWPSW approach is

consistent if the PS model is correctly specified.

Let n = (47, 7p, 7)T and O; = (Y;, A;, X;), where 7r is a nuisance parameter used to

define the main parameter of interest, 7. The SWPSW approach can be formulated as
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solving the system of estimating equations

0="> d'%,,(0:,m), (3.2)

1€SA
where

T Aig<Xi)( ) (1 — Ai)g(Xy)
7 ey (X5) ' T7 1 —ey(X5)

Yy n(0im) = {h(XnAia'Y) (Yi—TTJrT)}T.

This estimating equation based formulation allows us to derive the variance for the esti-
mator of m, thus the variance for the estimator of 7, by a sandwich formula as shown in
Section 3.3.4. The properties of our estimator for 7,, denoted as 7, partially rely on the
choice of the loss function (or the estimating function h as the first derivative of the loss
function with respect to «) for the estimation of . We give a discussion later to two
popular options of the loss function-the negative log-likelihood function and the tailored

loss function for covariate balancing (Zhao, 2019), with a focus on the latter one.

3.3.2 SWPSW with Maximum Likelihood Estimator

In regression problems with survey data, it is standard to maximize the survey-weighted
Bernoulli log-likelihood function for the estimation of «v. Denote by 4, and 4y, respectively
the estimator of 4 by maximizing the survey-weighted log-likelihood function and the
one by maximizing the unweighted sample log-likelihood function. Although 4. and vy,
are both consistent for the same parameter when the sampling scheme is conditionally
exogenous, i.e., A; I 7 | X;, the weighted estimator 4y, is believed to be less efficient
than 4, (Lumley and Scott, 2017). The issue of “to weight or not to weight” for the

estimation of v may be addressed through a preliminary test (DuMouchel and Duncan,
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1983; Wu and Fuller, 2005). The ultimate goal of this chapter, however, is on the estimation
of 7, rather than «. The efficiency loss from estimating « does not necessarily lead to loss
of efficiency for estimating 7,. While it is difficult in theory to compare the variance of
the weighted estimators of 7, using 4 or 4y, Ridgeway et al. (2015) and Dong et al.
(2020) have conducted extensive simulation studies and showed that, for estimating the
PATE and the PATT, the survey weights should be incorporated in the estimation of the
PS function in a variety of scenarios to improve the efficiency as well as the robustness of

the estimator.

3.3.3 Balancing Covariates via SWPSW

We consider an alternative choice of the estimating functions for 4 in this section, which
leads to a robust estimator of 7,, based on the covariate balancing propensity score weight-
ing (CBPSW) method initially proposed by Imai and Ratkovic (2014) as solving over-
identified estimating equations for - involving both the score function (first derivative
of the Bernoulli log-likelihood of «) and a covariate balancing condition. An optional
form of the CBPSW method is to solve a set of just-identified equations that only con-
tains the covariate balancing condition. We impose a logistic regression model for the PS,

e4(x) = exp(x ") /(1 + exp(z 7)), and define the covariate balancing function as

_ [Ag(X) (- A)g(X)
hena( ) = {05 - SR

We propose to estimate v by solving the survey-weighted (just-identified) covariate bal-
ancing estimating equations ) ¢ dhepy(Xi, Ai,y) = 0, which has a unique solution
under mild conditions. The estimator of 7, is obtained by setting h = h¢p, and then

solving (3.2).
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Duality. A dual optimization problem to the survey-weighted CBPSW approach can be
formulated using the technique introduced in Zhao (2019). When g(x) = 1g(x) (for the
estimation of the SATE), the weights w; used to re-weight the observations defined in

Section 3.3.1 are the solutions of the optimization problem:

min (w; — df‘) log(w; — df‘) —w;i(1+ log(df))

w;>dA
s.t. Z CL)Z'Xi = Z (,L)ZX@

v €S
1€84,A;=1 1€84,A;=0

(3.3)

For i : X, ¢ B, w; are zeros because g(X,;) = 1g(X;) = 0. The objective function of
(3.3) reaches its global minimum at w; = d# for i € Sx, X; € B. The dual optimization
problem (3.3) shows that the estimated weights are forced towards the survey weights
subject to the covariate balancing condition. It is worth noting that many popular non-
parametric calibration methods in causal inference aim to solve an optimization problem
with the objective function taking a variety of forms such as the empirical likelihood
function (Qin and Zhang, 2007), entropy balancing (Hainmueller, 2012), and the general
distance measure (Chan et al., 2016). Unfortunately, all these methods do not incorporate
the survey weights into their frameworks and simply push the estimated weights to the
uniform weights rather than the survey weights. Thus, these nonparametric methods only
achieve covariate-balance between the treated and the control groups and do not provide
results generalizable to the target population. Our proposed survey-weighted CBPSW
method can simultaneously achieve covariate-balance among the treatment groups and
the population of interest. Such three-way covariate-balance leads to robust estimation
of the main parameters of interest. The dual problem formulation of (3.2) for estimating
the SATT is given in Section 3.7.1. Let 7 denote the estimator of 7, obtained by the

survey-weighted approach. We have the following proposition.
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Proposition 3.3.1 (Robustness) The estimator 7 is consistent for 1, under the TPR
model (3.1) when the PS model is correctly specified. When the PS model is wrong, the
estimator for SATE is still consistent if m(x) is linear in & and T(x) is a constant for
x € X. For estimating the SATT, the constant assumption on T(x) can be removed and

the robustness property remains.

When the treatment effect is heterogeneous within the population, covariate mean
balance after weighting among the treatment groups and the population ensures that the
estimator of 7, is consistent when the PS model is wrong but m(z) is linear in & (Fan
et al., 2021). However, this kind of three-way covariate-balance is not guaranteed under
the weights for estimating the SATE. The weighted means of the predictors between the
treated and the control groups are still balanced, but the weighted means of predictors for
the two groups are not equal to the estimated mean of the target population. This is due

to the fact that the three-way covariate-balance condition

AQ.
> diﬁ’i)Xi— >ooa'x, (3.4)

e
i€S4,X,€B Y i€S4,X,€EB i€S4,X,€EB

|

]
5
=
=

o

is an over-identified equation system for v under the parametric model and it typically has
no solutions. This is also the reason why we require 7(x) to be a constant for theoretical
analysis because when the treatment effect is homogeneous a two-way covariate-balance
between the treated and the control groups is sufficient for the proof of consistency. When
it comes to the estimation of the SATT, the constant CATE assumption is no longer
necessary for the proof of consistency for 7 because the treated observations weighted
by the survey weights compose the target population of interest for the SATT. In this
scenario, the two-way covariate-balance implies the three-way covariate-balance. However,

simulation results in Section 3.3.5 and a real data example in Section 3.5 show that, even
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though the three-way covariate-balance is not exactly achieved with non-constant CATE,
the results are substantially improved by the survey-weighted CBPSW approach. The
resulting estimator for the SATE shows double robustness property in the presence of

heterogeneous treatment effects.

3.3.4 Variance Estimation

The theoretical variance of 7 under the TPR model, known as the anticipated variance
(Isaki and Fuller, 1982), involves the variance component due to the sampling design ¢ and
the component induced by the superpopulation model s, with the decomposition of the
total variance as Varg,(7) = E,{Var,(7)} + Var,{E,(7)}. We have E,{Var,(7)} = O(n};")
and Var,{E,(7)} = O(N™!) under some mild regularity conditions. When the sampling
fraction ns/N is small, the leading term of the total variance is the design component
Es{Var,(7)}. Thus, estimation of Vary(7) amounts to estimating Var,(7). The 7 as
the solution of survey-weighted estimating equations is asymptotically normal around 7,
under the TPR model and certain regularity assumptions (Yuan and Jennrich, 1998; Rubin-
Bleuer and Kratina, 2005). Therefore, once we have an estimator of Var,(7), we can make

inference about 7, based on the normal approximation.

Based on the survey-weighted estimating equations (3.2), the robust design-based sand-

N=la a1
wich variance estimator of 7 is given by A €2(A") ~ where

3 a T
N IS n
and
A_ _A_A
Q- T — T T b, (05, 7)%
N2 rArAgd Yeri
1€S4 jESA vy



Here, 7r = Pr(i,j € S4) is the second-order inclusion probability for the pair (3, j), N is
an estimate of N, and H®? denotes HHT for a vector or matrix H. The 7TA’S may be
difficult to compute under complex survey designs, and practitioners often use approximate
variance estimator not involving 7r . For instance, one may use the variance formula under

Poisson sampling;:

_ Zlf” (05,7 (3.5)

Another example is the Hajek variance estimator which performs well for the so-called
high entropy survey designs; see Section 4.2.2 of Wu and Thompson (2020) for further
detail. The derivation of the proposed variance estimator does rely on specific forms of the
models for the PS function. Therefore, the resulting inferential procedure based on normal

approximation is robust against model misspecifications.

3.3.5 Numerical Studies

In this subsection, we conduct Monte Carlo simulation studies to evaluate the finite-
sample performance of the proposed methodologies on statistical inferences under prob-
ability sampling designs. The setup of the simulations is as follows. We first generate
a group of covariates X; = (Xy;, Xoj, X35, Xui, X5:)7 by X1i = Zyi, Xoy = Zo; + 0.3X7;,
Xgi = Zs3i + 0.2(X 15 + Xoi), Xys = Zyi + 0.1( Xy + Xog + X3i), X5 = Z2 + 0.2X3;Xy; where
Zy1; ~ Bernoulli(0.5), Zy; ~ Unif(0,4), Zs; ~ Exp(1), Zs ~ x(4), and Zs; ~ N(0,2?) so
that the covariates are all positive (the auxiliary variables of a survey are typically posi-

tive) and mildly correlated with each other. We then generate the the treatment indicator
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variable A; from the binomial distribution with the PS specified as
e(X;) = expit(—X1; + 0.6 X9 — 0.5X3; + 0.1Xy; + o),
where £ is chosen so that SV | ¢(X;) = 1/2. The observed outcomes are generated from
Y =m(X;) + Air(X;) + N(0,2%)

where m(X;) = X1+ Xo; + X4 + X5+ 2, 7(X;) = 0.5m(X;)+ f,, and 3, is chosen so that
the PATE is equal to 3. Now, we have created the finite-population data {(V;, A;, X;) Y.
We set N = 2e4. Every survey sample Sy from the finite population is selected by the
randomized systematic PPS sampling method with the sample size n4 = 500 and the first
inclusion probability 7 set to be proportional to Xy; + ¢ where c is a controlling factor so
that max;{Xy; + ¢}/ min;{ Xy; + ¢} = 50 (Hartley and Rao, 1962). We replicate this proce-
dure for B = 1000 times and the simulation results are based on such 1000 survey samples.
The outcome Y; and the treatment A; are always observed for S, while the covariates X
may be not. Four different scenarios are studied: (1). TT: Xy;, Xo;, X3;, Xui, X5; are fully
observed; (2). TF: Xy;, Xo;, X4, X5; are observed; (3). FT: Xy;, Xo;, X3;, X4; are observed;
(4). FF: Xy;, Xy;, Xy; are observed. We say the outcome model is correct if m(X;) is linear
in the observed covariates. TT yields correct outcome and PS models; TF yields correct
outcome model but wrong PS model; FT yields correct PS model but wrong outcome

model; FF yields two wrong models.

We apply five different approaches — Naive, propensity score weighting with maximum
likelihood estimation (PSWMLE), CBPSW, survey-weighted PSWMLE (SWPSWMLE),
and survey-weighted CBPSW (SWCBPSW) — to estimate the PATE, PATT, and SATE
with the subpopulation B = {2 < X; < 7}. The “Naive” corresponds to the difference in
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means estimator; the PSWMLE and CBPSW correspond to the conventional propensity
score weighting approaches; the SWPSWMLE and SWCBPSW correspond to the proposed
survey-weighted two-step estimation approaches as described in Section 3.3. To evaluate
these methods, we consider the following performance measures: (1) %RB: percentage
relative bias for the point estimation, i.c., %RB = 1/BY.L (7® — 7,)/7, x 100; (2)
MCSD: Monte Carlo standard deviation; (3) AVESE: average of estimated standard errors;
(4) RMSE: root mean squared error; (5) %CP: percentage empirical coverage probability.
The simulation results for estimating the PATE, the PATT, and the SATE are presented
in Tables 3.1 - 3.3, respectively. The findings based on these tables are summarized as

follows.

First, the Naive method, PSWMLE and CBPSW are biased for all three estimands.
The biases are substantially reduced after incorporating the survey weights as expected.
In the scenario where the PS model is wrongly specified (TF), SWPSWMLE presents
slight bias (around 3%), the relative bias of SWCBPSW is less than 1.5% for the PATT
and SATE. This reveals that SWCBPSW is robust against model mis-specification for the
PS as described in Proposition 3.3.1. When the outcome model is correct, the CBPSW
and SWCBPSW estimators are significantly more efficient than the PSWMLE and SWP-
SWMLE estimators. Although it is difficult to theoretically explain this phenomenon when
the PS model is wrong, it is known that the CBPSW-based methods are closely related to
semiparametric efficiency bound, and hence present the property of variance reduction; See
Zhao and Percival (2017) and Zhao (2019) for further details. For estimating the PATE,
the variances of the SWCBPSW estimators are under-estimated and the coverage rates fall

below the nominal level but remain within an acceptable range.
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Table 3.1: Simulation results for estimating the PATE with probability survey samples.

Scenario Method %RB MCSD AVESE RMSE %CP
TT Naive 89.96 0.86 0.88 2.83 12.30
PSWMLE 41.33 0.44 0.43 1.31 14.40
CBPSW 40.19 0.30 0.28 1.24 0.60

SWPSWMLE 2.02 0.48 0.47 0.48 95.40
SWCBPSW 2.42 0.32 0.30 0.33 92.40

TF Naive 89.96 0.86 0.88 2.83 12.30
PSWMLE 44.11 0.39 0.40 1.38  4.30
CBPSW 40.76 0.28 0.27 1.25  0.20

SWPSWMLE 3.25 0.42 0.43 0.43 95.40
SWCBPSW 2.51 0.30 0.29 0.31 92.80

FT Naive 89.96 0.86 0.88 2.83 12.30
PSWMLE 41.68 0.78 0.79 1.48 64.40
CBPSW 40.84 0.75 0.75 1.44 64.20

SWPSWMLE 0.14 0.92 0.90 0.92 94.40
SWCBPSW 0.43 0.90 0.86 0.90 93.80

FF Naive 89.96 0.86 0.88 2.83 12.30
PSWMLE 17.12 0.74 0.75 0.90 90.80
CBPSW 14.54 0.73 0.74 0.85 92.00

SWPSWMLE -18.84 0.85 0.85 1.02 85.90
SWCBPSW  -19.34 0.85 0.84 1.03  85.10
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Table 3.2: Simulation results for estimating the PATT with probability survey samples.

Scenario Method %RB MCSD AVESE RMSE %CP
TT Naive 77.28 0.86 0.88 2.63 17.80
PSWMLE 45.21 0.64 0.62 1.59 27.50
CBPSW 41.02 0.33 0.33 1.36 1.70

SWPSWMLE  -0.38 0.54 0.56 0.54 95.70
SWCBPSW 1.90 0.35 0.34 0.35 93.80

TF Naive 77.28 0.86 0.88 2.63 17.80
PSWMLE 41.03 0.51 0.52 1.41  25.50
CBPSW 40.28 0.32 0.32 1.33  1.50

SWPSWMLE  -3.17 0.46 0.47 0.47 95.50
SWCBPSW 1.44 0.34 0.34 0.34 94.20

FT Naive 77.28 0.86 0.88 2.63 17.80
PSWMLE 45.03 0.88 0.88 1.69 57.20
CBPSW 42.90 0.79 0.78 1.59 56.10

SWPSWMLE  -1.68 0.86 0.87 0.86 94.70
SWCBPSW 1.02 0.84 0.83 0.84 94.60

FF Naive 77.28 0.86 0.88 2.63 17.80
PSWMLE 22.51 0.83 0.84 1.10 84.90
CBPSW 18.62 0.78 0.77 0.98 88.60

SWPSWMLE -18.02 0.83 0.85 1.01  89.00
SWCBPSW  -16.42 0.81 0.81 0.97 89.40
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Table 3.3: Simulation results for estimating the SATE with probability survey samples.

Scenario Method %RB MCSD AVESE RMSE %CP
TT Naive 96.83 0.86 0.88 3.03 7.80
PSWMLE 8.46 0.80 0.76 0.84 93.00
CBPSW 8.65 0.34 0.32 0.43 85.60

SWPSWMLE  -0.21 0.84 0.81 0.84 94.30
SWCBPSW -0.12 0.35 0.33 0.35 93.80

TF Naive 96.83 0.86 0.88 3.03 7.80
PSWMLE 16.29 0.82 0.78 0.95 90.70
CBPSW 9.53 0.32 0.31 0.43 84.70

SWPSWMLE  3.07 0.83 0.81 0.84 94.80
SWCBPSW 0.47 0.33 0.32 0.33  94.30

FT Naive 96.83 0.86 0.88 3.03  7.80
PSWMLE 9.12 1.02 0.99 1.05 94.20
CBPSW 7.92 0.96 0.92 0.99 94.30

SWPSWMLE  -2.27 1.09 1.05 1.10 94.80
SWCBPSW -2.11 1.02 0.97 1.03  94.40

FF Naive 96.83 0.86 0.88 3.03 7.80
PSWMLE -9.13 0.98 0.96 1.01 93.10
CBPSW -10.54 0.93 0.91 0.98 92.20

SWPSWMLE -18.88 1.04 1.02 1.19 89.80
SWCBPSW -18.88 0.99 0.96 1.14 87.20

35



3.4 Survey-Weighted Propensity Score Weighting with
Non-Probability Samples

In this section we extend our proposed methodologies to cover scenarios where the dataset
is a non-probability survey sample from the finite population Uy with unknown sample
selection mechanism. Let Sy be the non-probability survey sample and R; = 1s,(7) be the
sample inclusion indicator for unit . We assume that the unknown sample selection mech-
anism is guided by an underlying probability model on R; and, without loss of generality,

we use the same notation ¢ to denote the model.

3.4.1 Three-Step Estimation

One of the most crucial tasks in dealing with non-probability samples is the estimation
of the so-called participation probabilities 7(X;) = Pry(R; = 1 | X;) = E R; | X,).
Two commonly used assumptions are (i) Es(Y; | X, A;, R;) = Eq(Y; | X, A;), where the
inclusion of A; is unique to our current setting; and (ii) there exists a reference probability
sample, Sp, with information on X. It is also assumed that R;,7 € Uy are independent
of each other. Wu (2022) contains general discussions on statistical analysis with non-

probability samples.

We consider practical scenarios where not all components of X are observed in the
reference sample Sg. Let C be the set of indices of observed components of X; for Sg.
Let X¢,; be the corresponding observed covariates. The reference dataset is given by
{(Xc¢i,dP)}iesy, where dP,i € Sp are the known survey weights for Sp. Let m(Xc;) =
E,(R; | X¢,:). We propose a three-step estimation procedure for 7, as a natural extension

of the two-step estimation procedure given in Section 3.3.1 for non-probability survey data.
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In the first step, we estimate 7(X¢;) using a calibration approach presented in Section
3.4.3, which is of some advantages over the pseudo-maximum-likelihood approach in Chen
et al. (2020). In the last two steps, we follow the two-step estimation procedure described
in Section 3.3.1 with the survey weights d#! replaced by the inverse of the estimated partic-
ipation probabilities, 7(X ;)" Essentially, our proposed estimator of 7, can be obtanied

by solving

Tﬁg,h(oi, )
0=> X (3.6)

€S

As compared to (3.2), the known survey weights d' are replaced by the inverse of the
estimated participation probabilities. Our focus for the rest of the section is to discuss
theoretical properties of the resulting estimator of 7,, and propose a new approach for the
estimation of participation probabilities when information on certain components of X is

scattered in two or multiple existing reference probability samples.

3.4.2 Identification with Partially Observed Covariates

We consider three additional assumptions: B1. A; L R; | X;; B2. g(X;) is a function of
X(,"i; and B3. Rz A T(XZ) ‘ Xcﬂ'.

Proposition 3.4.1 The estimating functions U(n) = 3.5, ¥, 1n(0i,n)/7(Xc,) are un-
biased for 7, under the TPR framework and the assumptions B1, B2 and B3.

B1 can be viewed as the ignorability of sample inclusion for Sy with respect to the
treatment assignments. In fact, B1 is not essential for estimating the PATE because we can

switch our target from estimating the (population) PS to estimating the local PS defined
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as ¢(X;) = Pr(A; = 1| R, = 1,X;), and one can verify that the estimating equations
U (n) remain unbiased for the PATE under B3. B2 states that the target subpopulation
can only be defined using the observed covariates in Sg. For estimating the SATE, B2 is
easily verifiable because g(X;) is known. B3 implies that we do not have to observe all
the confounders in Sp other than the ones related to both the heterogeneous treatment
effect and the selection procedure. B3 is not testable with the given sample unless we have

information on 7(x).

The treatment indicator may also be observed in Sg. When the confounders X; are
fully observed in Sg, B2 and B3 must hold and by including A; in the participation
probability model, the condition B1 can be removed for identification. However, if the
confounders are only partially observed in Sg, including A; in the participation probabil-
ity will ruin the identifiability provided by Proposition 3.4.1. That is, under B1 - B3, the
estimating functions >, s ¥, ,(0i,n)/m(Xc,, Ai) are biased unless X¢; = X;. There-
fore, we do not suggest including A; for the estimation of the participation probabilities
even if the treatment indicator is observed in Sg unless the confounding variables are also

fully observed in Sg.

Although B3 is difficult to verify, it becomes more plausible when we observe more
relevant auxiliary variables in Sg. In particular, B3 holds when X ¢; = X;. This motivates
us to consider an important research problem of combining auxiliary information from
two or multiple existing probability samples for more reliable estimation of participation

probabilities.
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3.4.3 Estimation of Participation Probabilities Using Multiple

Reference Samples

Suppose that we have J independent reference probability samples Sp;,j = ,J, each
of them may include a different set of covariates. Let C; be the set of indices for the
covariates observed in Sp; with cardinality p; = |C;|. We use ¢; to denote the sampling
design for Sp,. Let C = ujzlcj be the combined set of fully observed covariates among
all J reference samples with set size p. = [C|. Without loss of generality, we assume that
C={1,---,p.}. For the j-th reference sample, we observe the data {X¢, ;, dfj,i € Sg,}
where dfj ;i € Sp; are known survey weights for Sp,. We also assume that 1 is the first

component of Xe,.

We consider a parametric model for the participation probabilities with 7(X¢;) =
m9(Xci) = f(0TX¢,;) where f(-) is an inverse link function. Note that the combined set
of covariates X¢; is available in the non-probability sample S4 but is not fully observed

in any of the single reference sample Sp;. The likelihood function of € is given by

mo(Xc.i)
Zl {m} Zlog{l—m;Xcz)}

1€SA

Unfortunately, the pseudo-maximum-likelihood approach of Chen et al. (2020) is no longer
feasible because the second term of ¢y (6) cannot be approximated using the J reference
samples. To circumvent this difficulty, we propose to use the following set of unbiased

estimating equations for 6,
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which reduces to the conventional calibration equations in survey sampling in the form
of > ics, Xci/mo(Xci) = SV, Xea. If we had access to the population totals Te =

Zij\il X, from census data, an estimate of @ can be obtained by solving (3.7). Under

the current setting, each component of T¢ = (171, --- ,1,.)T can be estimated from at least
one of the reference samples. More generally, for each k € C, let Tkj = ZiESB. dfj X
J

be the estimate for T}, if Xj; is available in Sp;. Then, a weighted average of Tkj for
J : k € C; would be an unbiased and consistent estimator of the true population total 7.

The proposed estimator 8 of 6 is obtained by solving

Xi o
0=> —=—= Y wyTy, k=1,---,p, (3.8)
i€Sa mo(Xe,i) jk€C;
where wy; > 0 for k € Cj, j = 1,---,J satisfy Zj:kecj wg; = 1. An optimal choice

for wy; in terms of estimating 7}, using available data is to make it proportional to the
inverse of the estimated design-based variance of Tkj. Another simple choice in practice is
Wy = nBj/Zi:keci np, where np; is the sample size of SB].. See Section 3.7.4 for further

details.

3.4.4 Variance Estimation

The use of estimated participation probabilities in (3.6) with a consistent estimator 0 leads
to a consistent estimator of the main parameter of interest, 7,. However, the estimator 0
affects the variance of the estimator of 7,. We provide a variance estimator for 7, under

the setting that the population size N is much bigger than n4 and np,,j =1,---,J.

Let W ; = {ay; }}<, be the p. X p. diagonal matrix, j = 1,--- , J. We let the unobserved

covariates in a particular reference sample be zero, ie., Xi; = 0 for k ¢ C;. Let n =
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(07, ~T, 7, 7)T. It follows that the SWPSW approach to estimating 7, with non-probability

samples can be formulated as part of the solution 77 to the following system of equations:

1 1<
0=su(n) =+ > $a(0:im) + N > g (Xea), (3.9)
iESA 7=1 iESBj
where
oy 1L T vy Aig(X)(Yi—mr) (1= A)g(X)(Yi =17 +7) }T
1/)14(0177’) WG(XCJ') {X’L 7h(XZaAZ7’7)T7 e—y(Xi) 5 1 —e—y(Xi>

and v,ij(XCJ) = —dfj (Xain,O,O,O)T. Let @ denote the joint model of ¢ for S4 and
the survey design ¢; for Sg;, j = 1,---,J. We assume that the sizes of the J probability
samples, np,, are of the same order as n4. Let n* denote the probability limit of 7 under
the joint model (). Under suitable regularity conditions, we have

- * 8871(77*) - * —1/2
n—mn —EQ{ o } sn(n)—l—op(nA )

A variance estimator of 7 is obtained by plugging in an estimator for Eg [0s,(n*)/0nT]
and a design-based estimator for Varg{s,(n*)} in the sandwich form. The first term can

be consistently estimated by N1 > 0 4(0;,m)/0nT. For the second term, since the

1€SA
sampling designs ¢, ¢q,,--- ,¢s are independent of each other, we have Varg{s,(n*)} =

Var,{s,(n*)} + Z;I:l Varg, {s,(n*)}, which can be estimated by

1 1— 74 7T I
N Z ()2 Ay Yal0e T+ Z Z Z B B Bk ¢Bj(XC’i)®2’
€S j 1 zESB k‘ESB Ty,
where 7 = my(X ;) and N = Dies, 7@ = Z;] xer ZZGS . Similar to discussions

41



in Section 3.3.4, approximate variance estimators without involving second order inclusion
probabilities can be used in practice. The variance estimator does not rely on superpopula-
tion models, although it may still be sensitive to model misspecifications for participation

probabilities.

3.4.5 Numerical Studies with Non-Probability Survey Samples

We slightly modify the setup of the simulations with probability survey samples to evaluate
the performance of the proposed methods with non-probability samples. We redo the data
generating process given in Section 3.3.5 for the finite population data excepting that 7(X;)
is reset and will be identified later. The survey sample S4 is selected based on the Poisson

sampling method with the first inclusion probability
7 = expit(0.1Xy; + 0.1X5; + 0.1X5; + 0.1 Xy + T} + Ba)

where 4 is a controlling parameter such that Zf\il 7 = ny. We create three reference
probability samples, Sp,, Sp,, and Sp,, with the sample sizes np, = 1000, np, = 1000,

and np, = 1000, based on the randomized systematic PPS sampling (without replacement)
B

i

B
1771_'2

22 and w52 respectively. Both Wf !

method with the first inclusion probabilities 7
and 7TZ»B3 are set to be proportional to Xj3; + ¢ where ¢ is chosen so that max;{X3; +
¢}/ mini{ X3; + ¢} = 50. The 72 is proportional to X4 + ¢ where ¢ is set to satisfy
max;{ X4; +c}/ min,{ Xy; +c} = 50. However, the observed auxiliary variables are different
for the three reference samples. We consider two different designs as summarized in Table
3.4. The population and sample size are (N, n,4) = (2e4, 500).

The key to estimating the population average treatment effects with non-probability

samples is to create pseudo-weights by estimating the participation probabilities 7/ =

%
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7(Xec,;). Then, the estimator of 7, is obtained by solving the survey-weighted estimating
equations weighted by the pseudo-weights. We apply the following methods to generate
the pseudo-weights. In the first, the weights are set to be uniform (e.g., 1), denoted by
“Unif”. In the second, we assume that 7 are known and set the weights as (7/})~. This
essentially reduces to the SWPSW with known survey weights and will be denoted by
“Oracle”. For the rest, we estimate the participation probabilities using the calibration
—1

approach presented in Section 3.4.3 and create the weights by (##) The external-

information of the reference probability samples are given as follows.

e SB1: Sp, is available.
e SB2: Sp, is available.

e SB3: Sp, is available.

SB12: Sp, and Sp, are both available.

SB3 contains the entire confounding variables. SB1 and SB2 represent the scenario where
the confounding variables are only partially observed in the reference sample. The two
designs as described in Table 3.4 are for different purposes of the evaluation. The main
focus of Design I is to figure out whether the estimator of 7, can be improved by borrowing
information from multiple reference samples (SB12), while the main focus of Design II is
to study which covariates play the key role in identification. We evaluate these methods
under the scenarios T'T, TF, and F'T where at least one superpopulation model is correct.
We focus on estimating the PATE and calculate the performance measures based on 1000
Monte Carlo replicated datasets. The simulation results for Design I and Design II are

summarized respectively in Tables 3.5 and 3.6.
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Table 3.4: Designs for simulations with non-probability survey samples

Design Observed covariates 7(X5)

SB1 SB2 SB3
I Xiiy, Xoi | Xiiy Xy X1 + Xoi +0.2Xy; + 57
Il Xoi | Xup Xaiy Xag | S20€ 380 [X,4 5,

From Table 3.5, it can be seen that the Unif estimators are biased. The biases are
mildly corrected after involving either Sp, or Sp, for correction and substantially removed
after integrating Sp, and Sp, together (SB12). SB12 performs closely to SB3 in terms
of the bias, and outperforms SB3 in terms of the statistical efficiency. Especially, when
the PS function is estimated by the CBPSW method, SB12 is as good as Oracle. This
numerical experiment showcases the advantages of integrating multiple reference datasets
for the estimation when a single reference sample cannot provide the required auxiliary
information: in our setup, SB12 not only removes the selection bias, but also improves the

estimator’s efficiency in comparison to SB1, SB2 and SB3.

For Design II, the participation probabilities are supposed to be better estimated using
Sp, than Sp, because Sp, contains more important predictors in the true participation
probabilities. However, remember that our ultimate goal is to estimate the population
average treatment effects rather than the participation probabilities. As argued in Propo-
sition 3.4.1, Sp, is preferred for identification of 7, because the 7(X;) merely relies on Xy;.
Otherwise, we should combine Sp, and Sp, together to catch all the predictors for the
participation probabilities. Table 3.6 shows that SB1 removes more biases than SB2 as
expected in Scenarios T'T, TF and FT. However, since 7y is wrongly specified by simply
involving Xy;, SB1 is mildly biased. SB12 still achieves the best performance among all
other methods in terms of the bias, the RMSEs, and the coverage rates.
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Table 3.5: Simulation results with non-probability survey samples under Design I.

PSWMLE CBPSW
Scenario Method %RB MCSD AVESE RMSE %CP %RB MCSD AVESE RMSE %CP
TT Naive 61.27 0.83 0.83 2.01 41.30 61.27 0.83 0.83 2.01 41.30
Unif 23.06 0.67 0.61 0.96 59.00 20.86 0.28 0.25 0.68 33.60
Oracle 1.94 0.39 0.40 0.39 94.60 2.39 0.26 0.25 0.27  93.60
SB1 12.95 0.61 0.59 0.72  76.40 11.36 0.27 0.24 0.43 67.50
SB2 9.77 0.49 0.50 0.57 83.40 11.58 0.27 0.25 0.44 68.80
SB3 0.45 0.54 0.49 0.54 93.60 242 0.27 0.24 0.28 92.20
SB12 0.33 0.46 0.48 0.46 94.20 241 0.26 0.24 0.27 92.60
TF Naive 61.27 0.83 0.83 2.01 41.30 61.27 0.83 0.83 2.01 41.30
Unif 19.98 0.48 0.46 0.76  63.00 20.27 0.26 0.24 0.66 31.60
Oracle 2.26 0.33 0.35 0.34 95.30 1.63 0.25 0.24 0.25 93.90
SB1 9.95 0.44 0.44 0.53 81.70 10.56 0.25 0.23 0.40 70.50
SB2 7.06 0.39 0.39 0.45 86.90 11.08 0.25 0.24 0.42  69.20
SB3 -2.10 0.44 0.39 0.45 95.60 1.67 0.25 0.23 0.26 93.30
SB12 -2.33 0.37 0.38 0.38 95.90 1.69 0.25 0.23 0.25 93.20
FT Naive 61.27 0.83 0.83 2.01 41.30 61.27 0.83 0.83 2.01 41.30
Unif 21.25 0.90 0.84 1.10 79.70 20.39 0.75 0.71 0.97 79.30
Oracle 0.39 0.74 0.74 0.74 94.70 1.07 0.71 0.70 0.71  93.90
SB1 11.90 0.84 0.81 0.91 88.40 11.27 0.72 0.70 0.79 88.80
SB2 7.64 0.78 0.77 0.81 91.80 9.94 0.73 0.71 0.79 89.40
SB3 -0.70 0.79 0.75 0.79 94.70 1.34 0.72 0.70 0.72  94.40
SB12 -1.03 0.75 0.75 0.75 94.70 1.22 0.71 0.70 0.71 94.10
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Table 3.6: Simulation results with non-probability survey samples under Design II.

PSWMLE CBPSW
Scenario Method %RB MCSD AVESE RMSE %CP %RB MCSD AVESE RMSE %CP
TT Naive 53.37 0.82 0.82 1.79 49.40 53.37 0.82 0.82 1.79 49.40
Unif 15.17 0.67 0.61 0.81 72.40 13.08 0.27 0.25 0.48 59.90
Oracle 1.73 0.38 0.40 0.39 94.20 2.20 0.26 0.24 0.27 93.20
SB1 5.02 0.61 0.59 0.63 87.30 3.44 0.26 0.24 0.28 90.80
SB2 9.17 0.50 0.51 0.57 84.80 10.85 0.27 0.25 0.42 71.20
SB3 0.36 0.54 0.49 0.54 93.80 2.27 0.26 0.24 0.27 92.50
SB12 0.27 0.46 0.49 0.46 94.20 2.30 0.26 0.24 0.27 93.30
TF Naive 53.37 0.82 0.82 1.79 49.40 53.37 0.82 0.82 1.79 49.40
Unif 12.09 0.48 0.46 0.60 78.30 12.52 0.26 0.24 0.45 61.20
Oracle 2.12 0.33 0.34 0.33  95.60 1.52 0.25 0.24 0.25 93.80
SB1 2.05 0.45 0.44 0.45 92.10 2.69 0.25 0.23 0.26 92.20
SB2 6.96 0.39 0.39 0.44 87.00 10.96 0.25 0.24 0.41 68.90
SB3 -2.18 0.42 0.39 0.42  96.00 1.58 0.25 0.23 0.25 92.60
SB12 -2.24 0.39 0.38 0.40 95.70 1.60 0.24 0.24 0.25 93.90
FT Naive 53.37 0.82 0.82 1.79 49.40 53.37 0.82 0.82 1.79  49.40
Unif 13.36 0.90 0.84 0.98 86.10 12.60 0.75 0.71 0.84 86.30
Oracle 0.21 0.74 0.74 0.74 94.70 0.90 0.71 0.70 0.71  94.00
SB1 3.94 0.84 0.82 0.85 92.20 3.38 0.72 0.70 0.72  92.20
SB2 7.28 0.79 0.77 0.82 91.70 9.40 0.74 0.71 0.79 89.60
SB3 -0.88 0.77 0.75 0.77 94.40 1.12 0.71 0.70 0.71 94.10
SB12 -1.08 0.76 0.76 0.76  94.50 1.08 0.71 0.70 0.71  94.50
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3.5 Real Data Analysis

In this section, we apply the proposed SWPSW methods to analyze the Medical Expendi-
ture Panel Survey (MEPS) data. The datasets were collected to obtain national estimates
of health care expenditures in the US and contained rich individual-level information on
demographic, medical insurance, and health status variables. Lé Cook et al. (2010) and Li
et al. (2018) used the earlier datasets to estimate racial disparities in health care expen-
ditures. Compared to the simple difference, the disparity is an unconfounded descriptive
measure that evaluates group differences due to socioeconomic status and discrimination
rather than the differences in clinical need and patient preferences (Lé Cook et al., 2010).
Therefore, to infer the racial disparity, one needs to balance the distributions of certain
confounding variables (e.g., the ones reflecting health status) among different racial groups.
The MEPS dataset is a probability survey sample. However, survey weights were not used
by Lé Cook et al. (2010) and Li et al. (2018), and the reported estimates may not be valid

for the target population in the given year.

We illustrate our proposed methods for drawing population-level conclusions using the
2020 MEPS data and focusing on the comparison between Hispanics and non-Hispanic
Whites racial groups. The 2020 MEPS data are linked to the National Health Interview
Survey (NHIS) which has a multi-stage survey design and utilizes the systematic sampling
method. The final personal level survey weights are further calibrated to the Current Pop-
ulation Survey (CPS) control totals based on six geographical and demographic variables:
education, region, race, sex, metropolitan statistical area status, and age. Because of the
potential conditional dependence of calibrated survey weights on the treatment variable
“race” given the confounding variables, the survey weights are highly encouraged to be in-

corporated in estimating the PS for the target population. The potential inflated variance
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of the estimators induced by the calibration step will be ignored in our analysis.

The survey sample has a total size of 26,847 with 6,602 Hispanics, 14,112 (non-
Hispanic) Whites, 3,788 Blacks, 1,395 Asians, and 950 other races. We focus on the
comparison between Hispanics and non-Hispanic Whites and conduct our analysis using a
sub-sample of size 20, 714. Based on the earlier analysis of Lé Cook et al. (2010), we con-
sider 20 confounding variables (16 categorical, 4 continuous), including some demographic
factors, chronic conditions, and health status measures, as predictors in the PS model.
The health expenditures show a heavy tailed distribution, with some elder individuals
having very large expenditures. These extreme values may be of concerns for asymptotic
behaviours of our proposed estimators. We consider two analysis strategies for this appli-
cation. The first is to consider a sub-population with individuals aged between 18 and 59.
Figure 3.1 shows that this sub-population does not contain as many extreme outcomes as
the initial one. Our goal is to make statistical inference on the SATE and the SATT over
the subspace A = {18 < age < 59}. The second analysis is to re-scale the outcomes by a
log-transformation and focuses on estimating the PATE and the PATT. In this case, we
define 7(X;) = Ellog(Y;) | A; = 1, X;] — E[log(V;) | A; = 0, X;]. Figure 3.2 shows that
the outcomes are much more stable in the log scale. A few missing values in the data are

imputed with the median of the corresponding variable.

In an earlier analysis of the MEPS datasets, DuGoff et al. (2014) utilized the survey
weights to re-weight the outcomes to estimate the average treatment effects, but they
ignored the survey weights when estimating the PS function. Their methods may not be
justifiable because the survey weights could rely on the treatment variable “race”. In our
current analyses, we incorporated the survey weights in the estimation of the PS function

and applied the proposed SWPSW method for the estimation of the parameters of interest.

We use the absolute standardized mean difference (Austin, 2011) (ASMD) to com-
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pare the performances of five different weighting methods on covariate-balancing: Naive,
PSWMLE, CBPSW, SWPSWMLE, and SWCBPSW. Figures 3.3 and 3.4 show the ASMDs
of some confounding variables after weighting using different methods among groups. The
weights in Figure 3.3 are obtained for the subpopulation and the ones in Figure 3.4 are
obtained for the entire population. It is generally believed that if the ASMD is greater than
0.1, there exists covariate im-balance between two groups, given by the red and dashed
vertical lines. We find that the covariates are better balanced between the treated and
the control groups after propensity score weighting. Especially for CBPSW, the covariate
mean balance between the treated and control groups are perfectly reached. However, the
ASMDs for some variables such as marriage and physical status are still greater than 0.1
between the treatment groups and the target population, implying that a three-way covari-
ate mean balance has not been achieved. This issue is alleviated after incorporating survey
weights. In particular, the SWCBPSW approach achieves excellent three-way covariate

mean balance.

The point estimates and corresponding confidence intervals for the SATE and the SATT
are given in Table 3.7. The naive PSW estimates in Table 3.7 show that the racial disparity
is significantly bigger than 0 in the sample level. On the other hand, the survey-weighted
estimates become smaller, and the corresponding Cls are wider and cover 0. This indicates
that the racial disparity in health expenditures between Hispanics and non-Hispanic Whites
is not significant in the sub-population {i : 18 < age, < 59}. Table 3.8 summarizes the
results for the estimation of the PATE and the PATT with log-transformed outcomes.
From Table 3.8, we can conclude that the racial disparity in health expenditures under
the log-scale between Hispanics and non-Hispanic Whites is significant over the entire US

population.
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Figure 3.3: Covariate-balance among groups using the absolute standardized mean differ-
ence. The weights are obtained for estimating the SATE.
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Figure 3.4: Covariate-balance among groups using the absolute standardized mean differ-
ence. The weights are obtained for estimating the PATE with log-scaled outcomes.
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Table 3.7: Estimates and 95% confidence intervals of the racial disparity in health expen-
ditures between Hispanics and non-Hispanic Whites.

SATE SATT
Method Estimate 95% CI Estimate 95% CI
Naive 2101 (1403, 2799) 2101 (1403, 2799)
PSWMLE 1519 (659, 2379) 1238 (275, 2200)
CBPSW 1509 (656, 2362) 1301 (374, 2227)
SWPSWMLE 823 (—477,2124) 606 (—830,2042)
SWCBPSW 900 (—342, 2143) 746 (—596, 2087)

Table 3.8: Estimates and 95% confidence intervals of the racial disparity in log health
expenditures between Hispanics and non-Hispanic Whites.

PATE PATT
Method Estimate 95% CI Estimate 95% CI
Naive 0.395  (0.097,0.693) 0.395  (0.097,0.693)
PSWMLE 0.297 (0.236, 0.358) 0.273 (0.197, 0.350)
CBPSW 0.345  (0.293,0.396) 0.343  (0.283,0.403)
SWPSWMLE 0.277  (0.207,0.347) 0.259  (0.179,0.340)
SWCBPSW 0.325 (0.265, 0.386) 0.322 (0.256, 0.388)
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3.6 Some Additional Remarks

We proposed a survey-weighted propensity score weighting approach to causal inference
with observational survey data in this chapter, and establish a theoretical framework on
the consistency of the point estimators and valid variance estimation for general causal
parameters for the target population or sub-population. It is known in the literature,
however, that survey weighted approach can lead to less efficient estimators in terms of

inflated variance if the weighting is not necessary.

Under our current setting, analysis involving survey weights may not be required for the
following scenarios: (1) The objective is to estimate the sample average treatment effects;
(2) The treatment effect is homogeneous within the target population; (3) The CATE
function and the selection procedure have no factors in common. In the absence of clear
identification of these scenarios, survey weighted methods are strongly recommended. The
real data example shows that the proposed survey weighted CBPSW approach is generally

favored as it achieves excellent three-way covariate-balance.

Causal inference with observational non-probability survey samples is an emerging re-
search topic that has not been studied in the existing literature. Valid statistical methods
require auxiliary population information from other sources such as a reference probability
survey sample. We derive a set of identification assumptions for the population quantities
of interest when only a partial set of confounding variables is observed in the reference
sample. However, these assumptions are difficult to verify in practice. Our recommenda-
tion is to search from multiple external sources to include as many relevant covariates as

possible in the analysis using estimation strategies we proposed in Section 3.4.3.
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3.7 Proofs and Technical Detalils

3.7.1 Derivation of the Dual Problems

Recall and follow the notation in Chapter 3, the survey-weighted covariate balancing
propensity score weighting approach is formulated as solving the system of estimating

equations

> &y n(0sm) =0 (3.10)

IS
where h = hop, are a set of just-identified covariate balancing conditions. When g(x) =

Ig(x) (SATE), the estimator of 7, by solving (3.10) has the form

Diesy AiwiYi  Dies, (1 — AiwiYi
D ies, Aiwi Dies, (1= Aj)w;

7=
where w;, 1 € Sy are the solutions of the optimization problem:

mig4 (w; — Jf) log(w; — Jf) —w;(1+ log(czf))
w;>d?t
=" eS8

st Y wd(X) = ) wie(X)).

1€SH,A;=1 1€S4,A;=0

(3.11)

Here, we denote Jf‘ = d1(X;) for simplicity. The objective function of (3.11) reaches its
minimums at w; = d* for i € Sy. When h = hep, and g(x) = ey (x)1g(x) (SATT), the

estimator of 7, has the form

2ies, Aid}'Y; e, (1= Ay
ZiESA AidiA ZiGSA<1 - Ai)@i

7=
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where w;, 1 € Sy, A; = 0 are the solutions of

min Z w; log(w; /d?) — w; + dA

w;>0

1€S,A;=0 ] (312>
st Y we(X) = ) die(X
1€84,A;,=0 1€84,A;=1

The objective function of (3.12) is exactly the Kullback—Leibler divergence which also

reaches its minimums at w; = df‘ fori € Sy, A; = 0.

Derivation of the above dual problems takes advantage of the technique described in
Zhao (2019). In the following, we show how to obtain the dual problem for estimating the
SATE. The dual problem for estimating the SATT can be derived in a similar manner.
First, when g(x) = 1g(x), solving for (3.10) can be formulated equivalently as

max Z dAS(f (3.13)
e 1€SA
st G =7TG(X1),i € Sa, (3.14)

where d* = d1g(X;), f(z) = expit(z) = exp(z)/[1+exp(x)] and S(p,t) = [(t—p)p~2(1—
p)~2dp. Define the Lagrange function as

L(v,¢A) = Y drS(f(G). A)+ Y My ~G)

1€ESA €S

where ¢ = ((1,---,(n)T. The Lagrangian dual problem of (3.10) is given by
min max L(7y, {, \)
A€

with the duality gap equal to 0 due to Slater’s condition (Boyd et al., 2004). Taking the
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first derivative of L with respect to v and ¢ we obtain

oL

0= ac dM(Ai = FGNFG) A= f(G) ™ = (24 = Dwy,i € Sa, (3.15)
OL
0= oy Z§(2Ai — Dwip(X;) =0, (3.16)

where w; = (24; —1)7')\;. Recall that e, () is postulated as a logistic model, then we have
F(G) = expit(y7p(X;)) = e (X;). Thus, it follows from (3.15) that w; = d2{ A, /e, (X;) +
(1—A;)/(1 —ey(X;))} for i € Sy which are exactly the (non-normalized) weights for the
observations. Let w; be the dual variable of interest and L(w,~) = max¢ L(v,(, \). By
solving (3.15) we get ¢ = A, f 1 (dd Jw;) + (1 — A) f 1 (1 — d? Jw;) and w; > d2 for i € Sy.
By substituting (;, simple algebra gives

i o
A A dwz — Al lo - + (1 — Az lo . —
> / — g(wi—d-f‘) = g( i >

1€SA 7 i i
+ (24 — DwT(X )
IS
= (wi —d)log(w; — d;') — wi(1 +log(d) + Y (24; — Dwy (X ), w; > d}t.
1€SA 1€SA

By noting the Lagrangian dual problem is equivalent to min,, max., L(w,), we obtain

(3.11).

3.7.2 Proof of Proposition 3.3.1

Let 7,7 = E{g(X)E(Y | X,A=1)}/E[g(X)], 7, be the true value of v under cor-
rect model specification, and n, = (v¥{,7,7,7,)7. Under correct PS model, we have

D) {ZZESA : g,h(0i77’0)} = 0 under the TPR framework which has unique solutions.
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Thus, the 7 is a standard M-estimator which is consistent under certain regularity condi-

tions.

To prove the consistency of the proposed estimators under wrong PS model, we denote

by

~ A Aig<Xi) (1_Ai)g<Xi)
i d’{ewa-) e (X)) }

~

the estimated weights and o = @;/2 ), s @; the normalized weights so that ), s A} =

7

> ies, (1 — Aj)wf = 1. Then, simple algebra shows

Pty = (24; = D)@ (Y — m(X;) — (X)) + ) (24 — Dafm(X)

1€SA 1€Sa

Z (3.17)
AwiT(X;) — Tg]

1€SA

+

The first term at the right side of the equation (3.17) vanishes because

E(Y; — m(X,) — Ar(X,) | X1, A;) = 0.

The second term is exactly zero when m(X;) is linear in X; due to the covariate-balancing
property of the weights. For the estimation of the SATT, we have @; = dA;1g(X;) for
A; = 1 and thus the third term converges in probability to zero because

7, = E[w; Aim(X;)]/E[@;A;]. For the estimation of the SATE, the third term can not be

ignored unless 7(X;) is a constant.
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3.7.3 Proof of Proposition 3.4.1

Simple algebra gives that

N

E,(R;| X )
X27A2770 | X } Z 7qr X|C E {h(X17A1770) | Xl} = 0
=1 l

N
Sposns
=1 )
The first equation is because A; 1L R; | X;. The last equation holds due to
Es {h(X, Ai, 7o) | Xi} =0,

Simple algebra gives that

N A
Yo e ey 9(X ) (Yi — 7r)

E
N R;(1-A;
2lim1 e, 1->((17e73<x)>9 (X3)(Yi =71 +7)
N
T Yot s 9(Xea) [m(X0) + 7(X5) — 7]

Zlle(Xc) (Xc,i) [m(X) — 7 + 7]

Since 7r is only a nuisance parameter for estimating 7,, it suffices to verify that

: {W(iic,i)g(Xc’i)[T(Xi) - Tg]} = 0.

It follows that

E {%Q(Xc,i)[T(Xi) - Tg]}

=B {g(Xe)[7(X3) = 7]} = 0.

The first equation holds due to 7(X;) L R; | X¢,;.



3.7.4 Optimal Choice of the Tuning Parameters w;;

The term f,;” = Zj:kecj wijkj with Zj:kecj wy; = 1 is always a consistent estimator of the
population total T}, = Zf\il Xk,i- One of the criteria of setting wy; is trying to maximize
the asymptotic efficiency of f,;” . By the Lagrange multiplier method, one can verify that
letting wy; = ka /> jikec; Vk? for j : k € C; leads to the smallest design-based variance
of f,;” where V;; is the design-based variance of Tkj. Hence, given k, an optimal choice of

wy; under the above criterion is

where

i€Sp, €S, il i

is a design-consistent estimate of V;;, and Wf 7 and 7rijlB 7 are respectively the first and second-
order inclusion probabilities for Sp;. Note that for many sampling designs, V4; is of order
O(N? /np,) under suitable regularities where nj = Eg (np,). Then, Vk,;l /2 jkec ka
would be of the order O(np;/ > cc. n5;)-
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Chapter 4

Estimation of Treatment Harm Rate

via Partitioning

4.1 Introduction

We have studied weighted average treatment effects in Chapter 3. These quantities de-
fined as the difference of two means in a population or in a subgroup do not fully reveal
treatment effect heterogeneity (TEH). To obtain a more comprehensive understanding of
TEH, it is necessary to consider the joint distribution of counterfactual outcomes, which is
encapsulated by the treatment harm rate (THR) in a randomized controlled trial (RCT)
when the counterfactual outcomes are binary. The THR is defined as the proportion of
individuals negatively affected by a treatment in a given population and reflects the aver-
age risk in a population associated with the treatment. Exploring the THR complements

existing research on TEH and is increasingly important in real-world applications.

The THR is generally nonidentifiable even in a RCT, unless we impose some strong
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conditions on the data structure such as conditional independence (Zhang et al., 2013;
Shen et al., 2013) or joint distribution restrictions (Huang et al., 2019). Gadbury et al.
(2004) studied the partial identifiability and derived the sharp bounds (Fréchet-Hoeffding
bounds) of the THR in RCTs without covariates. The Fréchet-Hoeffding bounds of the
THR were later extended to observational studies in the presence of covariates (Zhang
et al., 2013; Kallus, 2022). Wu et al. (2024) further improved the bounds assuming positive
conditional correlation between the two potential outcomes and developed a sensitivity

analysis framework for the assumption.

In RCTs, it is common to report the estimated average treatment effect of the clinical
subjects, which has been justified at the design stage by randomized treatment assign-
ments. However, there are two important considerations on the estimators of the THR
that should also be reported for RCTs. First, auxiliary information should be effec-
tively incorporated in the estimation of the THR to reduce the conservativeness
of the estimators. For example, the interval estimator provided by Gadbury et al. (2004)
might be too wide to be practically informative. The width of the interval estimator can
be substantially reduced by effective use of the auxiliary covariates information. Second,
justification of the estimators of the THR after covariate adjustment should
not involve any untestable identification or ambiguous model assumptions other
than treatment randomization. For instances, Huang et al. (2019) required the users
to impose zero proportion restrictions on some potential outcome pairs in order to iden-
tify the THR; Zhang et al. (2013) and Shen et al. (2013) assumed that the two potential
outcomes are conditionally independent given the covariates. These identification assump-
tions on the joint distribution of the potential outcomes are un-testable and conclusions
based on which are thus unreliable. One might argue that sensitivity analyses can be

incorporated to address issues of assumption violations, but choosing a reasonable range
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of the sensitivity parameter brings in another challenging issue in the absence of sufficient
background knowledge. The recent work of Kallus (2022) tried to estimate the Fréchet-
Hoeftding bounds of the THR under minimal identification assumptions. However, the
bounds estimators proposed in the paper are valid only when the estimators of some nui-
sance parameters converge fast enough, say in the rate of 0,(n~7) for some 0 < v < 1, to
the true value. These model assumptions are difficult to verify and often not satisfied in

practice.

In this chapter, we develop a class of partitioning-based interval estimators for the
THR by taking into account of the two aforementioned considerations. Our estimators
are motivated from a key observation that the sharp bounds of the THR can be attained
under a partition of the covariates space with at most four cells and the quantity of interest
in each partition can be consistently estimated under the randomization. We show that
the optimal partitioning rule is the Bayes classifier for a weighted multiclass classification
problem. Probabilistic classification algorithms are employed to estimate the nuisance
parameters and to form the partitioning. The proposed interval estimators are valid under
the randomization regardless of the accuracy of the estimators for the nuisance parameters.
However, the latter estimators can be highly informative if the underlying models capture
the true data patterns. The proposed interval estimators are in a spirit similar to the
model-assisted estimators in survey sampling and causal inference (Wu and Sitter, 2001;

Wu, 2003; Wu and Thompson, 2020; Ye et al., 2023).

The rest of this chapter is organized as follows. In Section 4.2, we derive the partitioning-
based bounds for the THR and show that a partition of four cells can yield the sharp
bounds of the THR under standard assumptions used in causal inference literature. In
Section 4.3, we show how to estimate the partitioning-based bounds given a partition un-

der the randomization of treatment assignments. We discuss in Section 4.4 on how to
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create a partition by plugging in probabilistic classifiers and how to create pseudo external
data by cross-fitting. Confidence intervals for the partitioning-based bounds, which can be
computed numerically based on the asymptotic distributions, are provided in Section 4.5
for the evaluation of the estimated bounds. In Section 4.6, we report results from Monte
Carlo simulation studies to assess the finite-sample performance of the proposed interval
estimators. An application of the proposed estimators to analyzing the AIDS Clinical Tri-
als Group Study 175 is presented in Section 4.7, and some concluding remarks are given
in Section 4.8. Proofs and technical details as well as additional simulation results are

relegated to Section 4.10.

4.2 Partitioning-Based Bounds on Treatment Harm

Rate

Suppose we are interested in the causal effect of a treatment of two levels, a € {0, 1}, on
individuals from an infinite superpopulation. We assume that the potential outcomes Y (1)
and Y'(0) take values in Y = {—1, 1}, with Y (a) = 1 being favorable. Let A € A = {0,1}
be the treatment indicator, Y = Y(A4) = AY (1) + (1 — A)Y(0) the observed outcome,
X a vector of pre-treatment baseline covariates, and X the support of X. We assume
the unconfoundedness and the overlap assumptions for the TAM. We consider randomized
designs in following sections for estimation and thus the unconfoundedness assumptions is
only the focus of the current section on more general results. The parameter of interest is

the THR, defined as # = Pr(Y(0) =1,Y (1) = —1).

The parameter 6 is generally non-identifiable even in RCTs unless Var(Y | A =1, X) =
0 or Var(Y | A=0,X) = 0 almost surely (Kallus, 2022). However, the 6 can be partially
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identified under the above assumptions with the sharp bounds given by 6 € [L(0),U(6)]
where L(6) = Efmax{0, jio(X) — ur(X)}], U(6) = Elmin{jao(X), 1 — (X}, pta(X) =
Pr(Y(a) = 1|X) for a = 0,1 (Zhang et al., 2013; Kallus, 2022; Wu et al., 2024). The sharp

bounds are not easy to estimate because they involve the nondifferential functionals.

We consider a class of partitioning-based bounds (PBBs) for §. Given an event X;, we
define p,(X;) =Pr(Y(a) =1| X € X;) for a =0, 1. Consider a partition of the support of
X as A = {Xy, -+, X} so that X = U;‘]:1 X; and X; are disjoint of each other (we assume
X; are all measurable). Based on the partition A, we can decompose 6 into 0 = ijl p;0;
where 0; = Pr(Y(0) =1,Y(1) = -1 | X € X;) and p; = Pr(X € X;). Each 6; is bounded
by max{0, uo(X;) — p1(X;)} < 6; < min{po(X;), 1 — p1(X;)} due to the Fréchet-Hoeffding
inequality (Fréchet, 1935). Then, the partitioning-based bounds of # under the partition A
are given by By(A) = [L(0,A),U(6, A)] where L(6,A) = Z}]=1 p; max{0, po(X;) — 1 (X;)}
and U(0, A) = 327, pymin{po(X;), 1 = (X;)}.

Two trivial partitions are Ay = {X} and A = J ex{{x}}, the latter of which is a
collection of all singleton sets. Let us define >, Pr(X = x)h(x) = [, h(x)fx (x)v(dx)
for any function h : X — R where fx () is the density of X with respect to the Lebesgue
measure v. Then, By(A) are the sharp bounds of # in RCTs without covariates, initially
derived by Gadbury et al. (2004), and By(A) = [L(0),U(0)] refer to the sharp bounds
of # in observational studies in the presence of covariates under the unconfoundedness and
overlap assumptions. Nonetheless, it may not be surprising that, By(A.) can be attained
given a partition of X with four cells. Furthermore, to attain either the sharp upper bound

or the sharp lower bound of 6, a partition with two cells is sufficient.

Proposition 4.2.1 Let L ={0,1} x {—1,1} denote the value space of (A,Y). The parti-
tion Apuy = {Xay, (a,t) € L} yields the sharp bounds of 0, i.e., Bo(Aruu) = Bp(Ax), where
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Xapg={x € X (1 =1)/2 +tpo(®) > finae(T)}, tomaz(®) = max e {(1 —1)/2 4 tpa(x)}.
Ties can be broken randomly. Because X, could be an empty set, the size of Ay ranges

from 1 to 4. Note that (1 —1)/2 +tu,(x) =Pr(Y(a) =t | X =x).

Proposition 4.2.2 Let X,; = {x € X : tuo(x) < tui(x)} and Xy = {x € X : tpo(x) +
tir(x) <t} fort e {—=1,1}. Consider the partitions Ay gy = {Xp1, Xp,—1} and Ay pun =
{Xv1,Xv,-1}. Then, we have L(8, Ap pu) = L(0) and U(0, Ay, fun) = U(6).

Let g*(x) = argmax(qne{(1 —t)/2 + tuq(x)} be the optimal partitioning rule which
yields Ag,y. Then, the ¢g*(x) is essentially a Bayes classifier for a weighted multiclass

classification problem.

Proposition 4.2.3 Let us take the partitioning as a multiclass classification problem where
the label for each observation is (A,Y) € {(1,1),(1,-1),(0,1),(0,—1)}, or equivalently,
(Y(1),Y(0) € {(1,7),(=1,7),(?,1),(?,—=1)}. Consider the classifier g : X — L. Let
maq(g) = Pr(g(X) # (a,Y(a))) be the misclassification rate for individuals whose first label
is equal to a and 7, = Pr(A = a). Then, g*(x) minimizes m1(g) + mo(g), while the
ordinary multiclass Bayes classifier, g®(x) = argmax(, e Pr(A = a,Y =t | X = x),

minimizes Pr(g(X) # (A,Y)) = myma(g) + momo(g).

The PBBs of 0 possess a very attractive property that they can always be consistently
estimated under the randomization of treatment assignments as long as the size of the
partition does not grow too large, as will be discussed in the next section. Whether the
bounds are informative relies on the provided partition. Proposition 4.2.1 and 4.2.3 provide
a guideline on how to find the optimal partition that yields the sharp bounds. The second
key observation in this chapter is that finer partitioning cannot hurt the sharpness of the

bounds.
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Proposition 4.2.4 A partition Aq is said to be finer than a partition As if and only if for
every cell wy € Ay, there exists a cell wy € Ay such that wy C wy. Then for two partitions

Ay and As, we have Bg(A1) C By(As) if Ay is finer than As.

Remark. Due to Proposition 4.2.2 and 4.2.4, the partition, denoted by A, X
Apir = {Xps N Xy, s,t € {1,—1}}, as pairwise intersections of Ay, g,y and Ay p,y must

yield sharp bounds of 6. Indeed, it can be shown that A,z X Ay = A

Some bounds are informative and some are not. For example, the bounds [0, 1] are to-
tally non-informative for . We define the information (for ) carried by A, or equivalently

the information of By(A), as one minus the width of By(A), i.e.,
J
1o(8) = 1+ L(0.2) — U(0.8) = 3 pymasc{p (%), 1 — s (%) io(%,). 1 — po (%)}
j=1

The sharper the By(A) is, the more information the partition A carries. Because By(Ay)
is sharp in the presence of covariates, the information upper bound for 6 is [H(As) =
To(Apuy) = Elmax{p0(X), 1 — po(X), p1(X),1 — p11(X)}]. Proposition 4.2.4 implies that
we will not lose information by finer partitioning, which is an important property for the

technique we will discuss in Section 4.4.3.

4.3 Non-Parametric Estimation

Consider a sample of individuals indexed in § = {1,--- ,n}. Let {(Yi(1),Y:(0), X,),7 € S}
be the attributes of the sample units as n i.i.d. copies of (Y (1),Y(0), X). Let A; be the
treatment assigned to the ¢-th unit. We assume that the observed data are RCT data,

identified by the following two assumptions:
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(1) {As, - Ant LA{(Yi(1), Yi(0), X Fis

(2) E(A;)=m € (0,1) fori=1,--- n.

Let Y; = Y;(A;) denote the observed outcome and S = {(V;, 4;, X;),i € S} the observed
sample data. The goal of this section is to estimate By(A) provided a partition A and the
sample data S under simple randomization. We propose to estimate p,(X;) nonparamet-

rically by

A x
Ha( ]) #{Z'GS;AZ':CL,XiGXj}

Because of randomization, fi,(X;) is an unbiased and consistent estimator of j,(X;). Let
n; = #{i € S : X; € X;} be the size of the sample units in X;. Then, the L(#,A) can be
estimated as L(6, A) = 37 n;/nmax{0, fio(X;) — f11(X;)}, and U(6, A) can be estimated

Jj=1

asU(0,A) = ijl nj/nmin{fio(X;), 1—f1(X;)}. The partitioning-based interval estimator
of 6 (under the partition A) is given by By(A) = [L(6, A),U(6, A)).

Proposition 4.3.1 Letn, = ijl S v\ P/ MTat1/\/1 where Ty (), = Var(Y(a) |
X € X;) and 7, = Pr(A = a). Denote f@(A) =1 +E(«9, A) — (7(9, A). Provided RCT data
and a partition A, we have E(Q, A) = L(0,A)+ O, (), ﬁ(@, A)=U0,A)+ O, (n,), and
E[Iy(A)] > Ih(A).

Justification of the bounds estimators is solely randomization-based. It does not require
any assumptions on the partition A except finite J as long as A is fixed. Typically, we do
not hope J gets too large because the bias term 7, converges more slowly as J increases.
Proposition 4.3.1 also indicates that the non-parametric estimation procedure will not lead

to a loss of information carried by A.
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4.4 Space Partitioning

In this section, we present a strategy for partitioning. To validate the non-parametric
estimators of the bounds proposed in Section 4.3, the partition should be fixed regarding the
sample data S. Therefore, we assume there is an external dataset G = {(V;, 4;, X;),7 € G},
independent of S, so that any partitions created using G can be viewed as fixed conditional
on G. The data G can be from observational studies where treatment assignments are
non-randomized. Later in this section, we will show how to create pseudo external datasets
by cross-fitting using the RCT data at hand when the reference data are not available from

external sources.

4.4.1 Surrogate Partition

Let N = |G| be the size of the external data G and fi, n(x) be an estimator of i, (x)
trained on G for a = 0, 1. The fi, y(x) should be independent of the sample S. Motivated
by Proposition 4.2.1, we create a surrogate partition as Apjg = Appug(flon (), f1n(x)) =
{Xas, (a,t) € L}, where Xop = {@ € X : (1 —1)/2 + tilan(x) > fimeen(x)} as a guess
of X, by plugging in the estimators fiy n(x), fio,n (), and fipee v () = Mmax(q e {(1 —
t)/2 + tian(x)}. Ties will be broken randomly. Here, the functions p,(x) are referred
to as nuisance parameters. They are not the parameters of primary interest. However,
the information carried by A, does rely on whether we can accurately estimate these

nuisance parameters.

Proposition 4.4.1 The information carried by Ay, satisfies

]9<Aplug) > IG(AOO) —E Nmaac(X) - ﬂma:v,N(X> + Hla}% |laa7N(X) - NG(X>| | G )

)
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where E[- | G| denotes taking expectation conditional on the external data G.

Corollary 4.4.2 If E[|fian(X) — pa(X)| | G| = 0,(1) for a = 0,1, then there must be
To(Apiug) > Ig(A) — 0p(1). The proof can be easily obtained by noting that |fmaes(X) —
frmaz, N (X)) < a8 (X) = pa (X)| =+ |fo,8(X) — po(X)]-

The information upper bound is asymptotically reached if the estimator fi, v is consistent
in the sense that E[|fi n(X) — pa(X)| | G] = 0,(1) for a = 0,1. We consider popular
machine learning classification algorithms for the estimation of the nuisance parameters in

the next section.

Remark. An alternative way to partitioning is to solve the weighted multiclass classifi-
cation problem as formulated in Proposition 4.2.3, which can be realized by minimizing a
surrogate loss function of the weighted misclassification risk. The topic is for future work

and will not be discussed in the thesis.

4.4.2 Probabilistic Classifiers

In machine learning, a classifier is a function that takes the covariates as input and the
predicted label of the categorical outcome as output. A probabilistic classifier is a classi-
fier that also outputs the estimated probability of the outcome belonging to a certain class
given the covariates. Many machine learning models are probabilistic, and their predicted
labels of the outcomes are essentially produced by applying a threshold to the estimated
probabilities. Some models are margin-based and not inherently probabilistic such as sup-
port vector machines. With certain techniques such as Platt scaling, however, the margins
to the decision boundaries can be transformed into probabilistic estimates (Platt et al.,

1999). In Section 4.10.3, we give a brief review of six classification algorithms on binary
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outcomes — logistic regression, Gaussian naive Bayes, K-nearest-neighbors, support vector
machines, random forests, and gradient boosting — and how they do probabilistic estima-
tion. These algorithms will be employed in our numerical experiments for the estimation
of nuisance parameters. For more details of these algorithms, we refer readers to Hastie
et al. (2009). While highly flexible and capable of being fast implemented in software such
as Python, these algorithms have a potential drawback: some are not specifically designed
for probabilistic estimation and could produce inaccurate probabilistic estimates. These
probabilistic estimates, however, can be more reliable after model calibration; see Section

4.10.2 for further details.

4.4.3 Cross-Fitting

Cross-fitting is one of the basic tools in machine learning for model evaluation and param-
eter selection. It has also received more and more attention in the field of statistics as a
standard approach to creating valid confidence intervals. See, e.g., Wager et al. (2016);
Athey and Imbens (2016); Chernozhukov et al. (2018). In this chapter, cross-fitting will

serve to create pseudo external datasets when no external data sources are available.

In K-fold cross-fitting, the sample data are randomly split into K subsets with equal
sample size. In each loop, (K — 1) out of the K data subsets are used as a pseudo external
data for the estimation of the nuisance parameters i, and the remaining one is used for the
interval estimation of # based on the nuisance estimators. This fitting-estimation procedure
repeats K times, going through all leave-one-out subsets, and the final interval estimator
of # is the average of the K interval estimators. The fitting-estimation procedure creates
independency between the data for model training and the data for interval estimation,

and thus justifies the non-parametric bounds estimators provided in Section 4.3.
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Cross-fitting itself can be taken as an action of partitioning. However, because the
data splitting procedure is completely random, every split dataset is representative of the
population. Therefore, the partitioning-based bounds under cross-fitting should not differ
from the ordinary partitioning-based bounds. Even if certain covariate distribution shift
occurs after data splitting due to the randomness involved in the splitting procedure, there
is no need for concern as finer partitioning does not cause loss of information, as stated in

Proposition 4.2.4.

Although cross-fitting does not result in loss of information, it does affect the variances
and convergence rates of the nonparametric bounds estimators provided in Section 4.3.
The number of folds, K, essentially yields a trade-off between the information (sharpness)
of the bounds and the precisions of the bounds estimators. With more folds, on the one
hand, we have more data in each loop for model training which leads to better estimators
of the nuisance parameters and hence a more informative partition. On the other hand,
the variances of the bounds estimators may get bigger as K increases because of less data
for bounds estimation in each loop. The K can be determined according to the sample
size. We suggest setting K = 2 or K = 5 in practice, and adopt K = 2 in the numerical

studies.

4.5 Assessment of Estimated Bounds

One of the major issues for practitioners, after obtaining an interval estimator of 6, is to as-
sess the precision of the interval estimator. Let us first focus on the case that external data
are available and thus the partition A can be viewed as fixed (conditional on the external
data). In this case, our estimated bounds [Z(@, A), 6(0, A)] converge to [L(0,A),U(0,A)]

under simple randomization. The information on the precisions of the estimated bounds
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is included in the distribution of L(6, A) — L(6,A) and U(6,A) — U(#, A), of which the

quantile estimators can be used to construct an extended confidence interval of 6.

We first give a discussion on L(6, A)— L(6, A). Provided a partition A = {Xy,--- ,X,},

recall that
J

Z max{0, jio(X;) — i (%))}

—1
Let us proceed conditional on n = (ny,---,ny). Then, the j,(X;) | n; is asymptot-
ically normally distributed as n; — oo with the mean 7,; = p,(X;) and the variance
ay( j/ (njma) for a = 0,1 under certain regularity conditions, and the variance of fio(X;) —
fi1(X;) is given by ay( 0).;/ (1 0) —|—0y( 1y,;/ (nym) (Li and Ding, 2017; Ye et al., 2023). Note
that the mean 7,; does not rely on n;. To be clear, we denote by n* = (nj,---,n%) a
random vector so that Z ;=1 1; =n and n is a realization of n*. Then, the distribution of
2(9, A) — L(0,A) is approximately ijl nt/nmax{0, N(ro; — 115,01, + 05 ;)} — L(6,A)
where o} ; = 03, ;/(njm,) for @ = 0,1. Conditional on n*, this distribution can be

estimated by

% max{0, N(jin(X;) — jun(X;), 62, + 62,0} — L(8, A) | S, n* (4.1)

:Iw

where —
~92 Zi:XiEXj 1{‘4@ = a}(Y; - Yv@;j)
0-‘17]' = * * )
ning,;/n;(njne;/n; — 1)
Yo, =n, ZX ex; H{A =a}Y;, ng; =#{i: A, =a,X,; € X;} for a =0, 1. Since Y; is bi-

nary, the sampling variance has a simple form: 67 ; = nq,;Ya;(1=Ya;)/{nna;/n;(ninq;/n;—

1)}. The distribution (4.1) can be simulated by Monte Carlo. Similarly, the distribution
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of (7(9, A) —U(#,A) | n can be approximated by

Zn—*mm{N(uo( X;),60,), 1 = N(in(X;),61,)} = U(0,4) | 8,n* (4.2)

- n
7j=1

The distribution of n* can be approximately by a multivariate hypergeometric distribution

with sufficiently large M (so that n,;M/n are integers) as

- (nj%/n) if Z m; =n,
Pr(ni =mq,--- ,ny=my) = (%) =
0 0.W.

Based on the above results, we can numerically approximate the distribution
J n*
Zg"max{o N ILLO(X ) IU/l(X ) 01] +UO])} ‘ S>

which is an approximation of the distribution of E(@, A). Let ém 1, be its a-upper-quantile.
Together with the constraint L(6, A) € [0, 1], the proposed two-sided (1 — «) confidence
interval for L(6, A) is

Cor(A) = max{2L(0, A) — £u/5.1, 0}, min{2L(0, A) — & _jar, 1}].
Similarly, we can get a (1 — «) confidence interval for U(6, A) as

Covr (D) = [max{20 (0, A) — Exyarr, 0}, min{20 (0, A) — & _ajarr, 1}]
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where éa,U is the estimated a-upper-quantile of the distribution

J *
n ] . A~ A A A

> —rmin{N (fio(X;), G5.4), 1= N(in(X;),07,)} | S.

j=1
However, since the proposed confidence intervals are constructed based on the assumption
that [1,(X;) | n; is approximately normal, they are valid only when n;,j = 1,---,J are
large enough, and may fail if n is small and p; = Pr(X € X;) =~ 0 for some j. After
Bonferroni correction, an extended (1 — «) confidence interval for [L(6,A),U(0,A)] is

given as
Ca<07 A) = [max{?f(@, A) - éoz/?,La 0}7 mln{Qﬁ(ea A) - él—a/Q,U; ]-}]7

which can be used as a (1 — «) confidence interval for 6. This extended confidence interval
is, of course, too conservative for ¢ in general cases. It might over-cover # even in the
extreme case that L(6,A) = L(f) = 6 or U(0,A) = U(#) = 6 because of the Bonferroni
correction. In the context of cross-fitting, the confidence intervals obtained from the split

samples are aggregated by taking their average.

4.6 Numerical Experiments

In this section, we evaluate the proposed partitioning-based interval estimators through
Monte Carlo numerical experiments. We consider two partitions, Ay and Ay, with the
resulting interval estimators of 6 respectively referred to as “Naive” and “Oracle”. Also, we
consider surrogate partitions induced by six probabilistic classification algorithms: Logis-

tic regression (Logit), Naive Bayes (NBayes), Support Vector Machines (SVM, Cortes and
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Vapnik (1995)) with Platt scaling (Platt et al., 1999), K-Nearest Neighbors (KNN), Ran-
dom Forests (RF, Breiman (2001)), and eXtreme Gradient Boosting (XGBoost, Chen and
Guestrin (2016)). See Section 4.10.3 for a brief description and Hastie et al. (2009) for fur-
ther details of these classification algorithms. We adopt the Python package scikit-learn
in our coding to realize the classification algorithms, and the folds of cross-fitting is set to

K =2

We can also estimate the sharp bounds of 6 by directly plugging in the nuisance
estimators in the bounds as Z(Q) = E[max{0, o n(X) — fun(X)} | G] and (7(9) =
E[min{fon(X),1 — fun(X)} | G]. Similarly, the cross-fitting strategy will be utilized
in the estimation. We label the resulting estimators by “Plug-in” and include them in
the simulation results for comparison. Furthermore, we calculate and present the cross-
validation misclassification rates (MCR) for the classification algorithms applied to the

Monte Carlo data.

The data generating procedure is as follows. The observed covariates are generated
by X = (X1, -+, X10)T ~ N(0,I). Let Z = (3X?, X3 X3, X3, X4, X5)7. The potential
outcome is generated as Y (a) = 1{B1Z + B,0 + €} where e ~ N(0,02) and S, is chosen
so that Pr(Y(0) = 1) = 0.2 and Pr(Y(1) = 1) = 0.4. The 0. controls the magnitude of
the noise factor and thus the information upper bound of the partitions. The treatment
assignments are generated based on the completely randomized design under the treated

ratio equal to 1/2. We consider two scenarios for 3,:

e Scenario 1 (Homogeneous treatment effect). 3, = (1,1,1,1,1)T for a = 0, 1.

e Scenario 2 (Heterogeneous treatment effect). 8, = (1,1,1,1,1)T and

B, =(-1.2,1,-0.8,0.5,-0.3)T.
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For each setup, we generate M = 1000 Monte Carlo datasets. Let B(#) = [L(6), U(6)]
denote an interval estimator of 6 and By, (6) = [Ly(6), Uyn(6)] an interval estimate based
on the m-th Monte Carlo dataset. We adopt the following three metrics to evaluate B (0)
based on the M Monte Carlo replications:

e Bias: Bias(B(0)) = M~ "M max{L,(0) — 0,0 — U,,(9),0}.
o Width: Width(B(#)) = M2 M (U,.(0) — L(6)).

e Coverage rate (CovR): CovR(B(6)) = MM 11{L (0) <6< Upn(6)}.

Let n denote the size of the sample data in each Monte Carlo replication. We consider
combinations of the parameters o. € {1,2} and n € {500,2000}. Simulation results for
KNN and RF with n = 500 are summarized in Table 4.1. Additional results for the six
aforementioned classification algorithms, with model-calibration, and for n = 2000, are
given in Section 4.10. The metrics TMCR and CMCR in the table denotes respectively
the empirical cross-validation misclassification rate of the corresponding classification al-
gorithm on the treated and the control group data. Results presented in Table 4.1 can
be summarized as follows: (1) The proposed partitioning-based interval estimators have
much smaller biases as compared to the plug-in based interval estimators; (2) under the
RF algorithm, the partitioning-based interval estimators are more informative than the
plug-in based estimators with smaller widths; under the KNN algorithm, the plug-in based
estimators are narrower, but they are severely biased and fail to cover the true value. For
illustrations of a more complete picture, we vary the value of o. from 0 to 5 and conduct
simulations for the interval estimators under the RF algorithm with n = 2000. The es-
timated upper and lower bounds and 75% confidence bands are depicted in Figure 4.1.

We observe that the partitioning-based estimated bounds are much more informative than
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Table 4.1: Monte Carlo simulation results for the interval estimators with n = 500. All
values except the percentages in the table are presented in units scaled by 1072,

Plug-in Partitioning
Method 6 Estimate Bias Width  CovR Estimate  Bias Width  CovR TMCR CMCR

Scenario 1, 0. = 1

Naive 0.1 [0.0,20.5] 0.0 20.5  100.0% [0.0,20.5] 0.0 20.5  100.0% NaN NaN
KNN 0.1 [2.5,11.7] 24 9.2 0.0% [0.1,15.2] 0.1 15.1 76.6% 31.3%  18.8%
RF 0.1 [0.8,15.2] 0.7 14.4 0.5% [0.1,5.3] 0.1 5.2 76.5% 17.7%  10.6%
Oracle 0.1 NaN NaN NaN NaN [0.0,0.6] 0.0 0.6 73.5% NaN NaN
Scenario 1, 0. = 2

Naive 1.9 [0.0,22.7] 0.0 22.7  100.0% [0.0,22.7] 0.0 22.7  100.0% NaN NaN
KNN 1.9 [2.7,13.8] 0.9 11.1 21.2% [0.2,17.7] 0.0 17.5 99.2% 35.1% 21.1%
RF 1.9 [0.9,17.7] 0.0 16.8 95.8% [0.2,8.6] 0.0 8.4 100.0% 23.8% 14.1%
Oracle 1.9 NaN NaN NaN NaN (0.0, 4.3] 0.0 4.3 98.5% NaN NaN
Scenario 2, 0. = 1

Naive 19.7 [0.0,20.6] 0.6 20.6 61.6% [0.0,20.6] 0.6 20.6 61.6% NaN NaN
KNN 19.7 [3.0,12.4] 7.2 9.5 0.1% [7.3,20.4] 0.6 13.2 62.3% 35.9%  18.7%
RF 197 [7.6,20.5] 0.5 129  642%  [16.7,204] 0.7 37  495%  21.7%  10.6%
Oracle 19.7  NaN NaN NaN NaN [19.2,19.8] 14 0.6 11.4% NaN NaN
Scenario 2, 0. = 2

Naive 206 [0.0,22.6] 0.3 226  75.9%  [0.0,22.6] 0.3 226  75.9% NaN  NaN
KNN 20.6 [3.5,14.6] 6.1 11.1 1.3% [6.2,22.4] 0.3 16.2 74.7% 385%  21.0%
RF 20.6 [7.4,22.5] 0.3 15.1 78.5% [15.6,22.3] 0.3 6.7 73.7% 286%  14.0%
Oracle  20.6 NaN NaN NaN NaN [18.6,21.8] 0.6 3.3 51.9% NaN NaN

the plug-in based estimated bounds and close to the Oracle bounds. The results under
model calibration are given in Figure 4.2, where the plug-in based estimated bounds per-
form much better in terms of bias because of the probabilities correction, despite they are
still wider than the partitioning-based interval estimators. However, when o, is small the

plug-in based estimated lower bound is biased and greater than the true value of interest.

Additional tables for other simulation settings presented in Section 4.10.4 demonstrate
similar patterns. A brief summary on extended confidence intervals: a significance level
of o = 0.25 leads to around 98% coverage rates of the extended confidence intervals on 6
under all the classification algorithms in our setups. Additional figures on the results under

the KNN algorithm and the tables on evaluation of the confidence intervals developed in

7



Estimator 035 Estimator
— True value — True value
— Naive — Naive
— Partitioning — Partitioning
Plug-in Plug-in
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Figure 4.1: Naive and Oracle bounds, estimated plug-in and partitioning-based bounds
using the RF algorithm, and their corresponding 75% confidence bands. X-axis denotes
the value of o.. The plot for Scenario 1 is presented in the left panel, and the plot for
Scenario 2 is presented in the right panel.
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Figure 4.2: Naive and Oracle bounds, estimated plug-in and partitioning-based bounds
using the RF algorithm combined with model calibration, and their corresponding 75%
confidence bands. X-axis denotes the value of o.. The plot for Scenario 1 is presented in
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the left panel, and the plot for Scenario 2 is presented in the right panel.
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Section 4.5 are also provided in Section 4.10.4. In summary, the empirical coverage rates of
the proposed confidence intervals are very close to the nominal levels, except some extreme

cases as explained in Section 4.10.

4.7 Analysis of the AIDS Clinical Trials Group Study
175 Data

AIDS Clinical Trials Group Study 175 (ACTG 175) is a RCT that aimed to compare the
treatment effects of different therapies on patients infected with human immunodeficiency
virus type 1 (HIV-1) whose CD4 cell counts were between 200 and 500 per cubic millimeter
(Hammer et al., 1996). Four therapy treatments to the clinical subjects were considered
and randomized in the study: monotherapy with zidovudine alone, monotherapy with
didanosine alone, combination therapy with zidovudine and didanosine, and combination
therapy with zidovudine and zalcitabine. In the public ACTG 175 dataset that is available
online, the CD4 cell counts of all the patients were recorded at baseline prior to the
treatments and 20+ /-5 weeks after the treatments. The CD4 cell counts reveal the damage
of HIV-1 infection to the immune system, as which progresses the CD4 cell counts decrease.
We define a new binary outcome as the indicator of whether the CD4 cell counts had
increased at 204 /-5 weeks since the baseline, denoted by Y, to assess the treatment effects
of different therapies, with Y = 1 being favorable. We focus on the comparison between
the combination therapy with zidovudine and zalcitabine, termed as the treated group
(A = 1), and monotherapy with zidovudine alone, termed as the control group (A = 0).
The average treatment effect is estimated as 0.119 with the 95% confidence interval as

[0.059,0.179], implying the combination therapy is, on average, beneficial to the clinical
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Table 4.2: Interval estimates of the treatment harm rate in ACTG 175 and 75% confidence
intervals for the partitioning-based upper and lower bounds under two-fold cross-fitting.

Method  Estimate Upper-CI Lower-CI Extended-CI

Naive [0,0.436] 0.424,0.465] [0, 0] [0,0.465]
Logit [0.003,0.34]  [0.309,0.375] [0,0.006] [0,0.375]
NBayes  [0.002,0.355] [0.326,0.391] [0,0.004] [0,0.391]
SVM [0,0.329] 0.297,0.364] [0, 0] [0,0.364]
KNN [0,0.356] 0.323,0.391] [0, 0] [0,0.391]
RF [0.004,0.318] [0.285,0.353] [0,0.009] [0, 0.353]
XGBoost  [0.001,0.358] [0.329,0.395] [0,0.001] [0,0.395]

subjects during the first 20 weeks.

We are interested in the question “What is the potential proportion of patients getting
physically worse after the combination therapy”? To answer this question, we apply our
proposed partitioning-based interval estimation approach to estimate the treatment harm
rate. The interval estimates and the 75% confidence intervals for the upper and lower
bounds as well as the extended confidence intervals for the THR are given in Tables 4.2
and 4.3. The naive Fréchet-Hoeffding bounds are [0, 0.436], implying no more than 43.6%
patients might be negatively affected by the combination therapy. The partitioning-based
interval estimators are more precise after covariate adjustment and substantially sharpen
the upper bound. For example, the partitioning-based interval estimate of the THR under
the RF algorithm and two-folds cross-fitting is [0.004, 0.318], indicating that a potential of
0.4% treatment harm rate but no greater than 31.8%. If we take the possible variability
into consideration, a 75% extended confidence interval of the THR under the RF is given
as [0, 0.353], indicating that there is no evidence that the combination therapy does harm

to the patients.
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Table 4.3: Interval estimates of the treatment harm rate in ACTG 175 and 75% confidence
intervals for the partitioning-based upper and lower bounds under five-fold cross-fitting.

Method  Estimate Upper-CI Lower-CI Extended-CI
Naive [0,0.436] [0.424,0.465] [0, 0] [0,0.465]
Logit [0.008,0.333] [0.296,0.397] [0,0.015] [0,0.397]
NBayes [0.006,0.348] [0.309,0.419] [0,0.009] [0,0.419]
SVM [0.015,0.317] [0.271,0.375] [0,0.03] [0,0.375]
KNN [0.011,0.346] [0.308,0.409] [0,0.018] [0,0.409]
RF [0.011,0.344] [0.304,0.406] [0,0.019] [0, 0.406]
XGBoost [0.016,0.344] [0.303,0.408] [0,0.027] [0, 0.408]

4.8 Concluding Remarks

The focus of this chapter is on how to construct a robust and informative interval estimator
for the THR with RCT data. We developed a class of partitioning-based interval estimators
motivated from a class of partitioning-based bounds of the THR. Our proposed methodolo-
gies do not impose any untestable identification or ambiguous model assumptions for the
estimation procedures other than the randomization which is part of the design. Our inter-
val estimators not only achieve information gains from the baseline auxiliary covariates but
also remain valid under model-misspecification, which is a highly desirable model-assisted

property for applications such as clinical trials.

The idea of partitioning can be viewed as a generalization of stratification, where some
covariates are discrete or categorical, and the covariates space can be naturally partitioned
based on the levels of these covariates. In the context of estimating the average treatment
effect, stratification serves as a covariate adjustment method to improve the estimator’s
efficiency. In the context of estimating the THR, the idea of using stratification to sharpen
the bounds has been previously mentioned by, for example, Zhang et al. (2013) and Huang

et al. (2017). However, there are no guarantees in adequate information gains after strati-
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fication relying on the given levels of the categorical covariates. If there are a large number
of levels within the covariates, the size of the strata may become excessively large. The
proposed partitioning-based method provides a systematic approach to achieving an infor-
mative partition with a maximum of four cells and is applicable to data containing any
types of covariates. The modern machine learning methods can be easily incorporated into

our framework to further improve the interval estimators as discussed in this chapter.

One possible limitation of our proposed methods is that they are specifically designed for
binary outcomes. They cannot be directly applied to continuous or ordinal outcomes. Also,
we only consider simple randomization designs such as completely randomized trials and
Bernoulli trials. It might be of interest to practitioners to consider blocking randomization
and covariate-adaptive randomization which are often used in practice. These extensions

will be pursued in future research.

4.9 Discussion and An Alternative Formulation

It turns out that there is an alternative formulation of the PBBs which can be motivated
from the estimation procedure considered in Kallus (2022). The connection was not realized
until after the main body of the research presented in this chapter had been completed.
Without loss of generality, we focus on the lower bounds of # and show this connection

below.

Given a partition A = {Xy,---, X}, the partitioning-based lower bound of # has the
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expression:

B

L(Q, A) = PI‘(X € X]) max{O, /L()(X]) — ,ul(Xj)}

1

<.
Il

I
B

max{0, Pr(Y (0) =1, X € X;) —Pr(Y(1) = 1, X € X;)}

<.
Il

I
R

max{0, E[1{X € X; (Y (0) — Y (1))]}

1

.
Il

The sharp lower bound of # can be formulated as

L(0) = Elmax{0, uo(X) — p1(X)}] (4.3)

— B[L{o(X) = m(X)HY(0) = Y(1))]. (4.4)

We can see that the two bounds match with each other when we take A = {X;, Xy} with
Xy ={x: po(X) > (X))} and Xy = {x : po(X) < p1(X)}. This is consistent with our
observations in Proposition 4.2.2. Define L(0, fo, f1) = E[1{fo(X) > fi(X)}(Y(0)—Y(1))]
where fy, and f; may be estimators of pg and p; based on external datasets, we can verify
that L(0, fo, f1) < L(0, o, p1) < 6 for any f; and fy; the choices of fy and f; correspond to
the partitioning rules and L(6, fy, f1) is maximized at fy = po, fi = p1. In RCTs, because

of the randomized treatment assignments, we can identify L(6, fo, f1) by

L0, fo, 1) = E[{fo(X) = [1(X)}Y [ A= 0] = E[1{/o(X) = /u(X)}Y | A= 1],

which yield the proposed partitioning-based method. In an observational study with an

unconfounded TAM, the L(0, fo, f1) can be identified by incorporating the doubly robust
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identification of E[Y (a)], leading to

L6 o £) =B { 1A 2 OO} | 0 =m0 + (30|

- B {10 = A0 [T~ m(X0) + (X)) |

The above identification formula is exactly the one used in Kallus (2022).

4.10 Proofs and Technical Details

4.10.1 Proofs of Main Propositions

Proof of Proposition 4.2.1

Let pot = Pr(X € X,;) for a =0,1, t = —1,1. It follows that

IH(Afull) = Z Pa,t maX{,ul (Xa,t)7 11— H1 (Xa,t)7 Ho (Xa,t>a 1— Ho (Xa,t>}

(a,t)eL

> 37 puil (1= 0)/2 4 tia(Xar))
(a,t)eL

>3 [ (@) @p(de)
(a,t)eL Xa,t

> [ sl f(@)o(d) = I(B0)
X
Since Ip(A ) reaches the information upper bound, we must have By(A ;) = Bo(Aw).

Proof of Proposition 4.2.3
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Some algebra shows that

ma(g) +mo(g) = Pr(g(X) # (LY (1)) + Pr(g(X) # (0,Y(0)))

—B0 S Py () = 1] X)Ug(X) £ (a.))

(a,t)eL

—0-B{ 3 Pr(Y(a) = t | X)L{g(X) = (a.)}

(a,t)eL

for some constant C'. This loss is minimized at ¢*(x) = argmaxPr(Y(a) =1t | X = x).
(a,t)eL

Proof of Proposition 4.3.1

Let §;,; = {X,; € X;}, F; ={0ij,i =1,--- ,n}, and A= {A;,---,A,}. It is easy to
see that E[fi,(X;)|A, Fj] = pa(X;) for a = 0,1. For any € > 0, the Chebyshev’s inequality

gives

2
%Y (a),j

Pr(l(X,) — 1)) 2 €A, F5) < € Var X))l A ) = sme 1 1 oy
=1 (A 2y

where o3, ; = Var(Y(a)| X € X;). Then, we have

7-]
2

~ ~ UY a),j
Pr(lia(X;) = 1a(X))| 2 €) = Bz, Pr(lin(X)) = p1a(X)| 2 £}A4, F5) < 500
al’y
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and thus /iq(X;) = pa(X;) + Op(0y(a),j/+/MTap;). Some algebra shows

I
B

=~

(6,8) = Y~ “Lmax{0, fao(X;) — fu(X;)}

1

.
Il

| S

J

(=L — p;) max{0, jio(X;) — fur(X;)} + Zﬂj max{0, fio(X;) — 1 (X;)}

1

|
-M“

<
Il

The first term at the right side of the above equation is O,(1/y/n) because n;/n = p; +
O,(1/4/n) by the Markov inequality and max{0, fio(X;) — fi1(X;)} < 1. For the second

term,
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Similarly, for the estimated upper bound, we have

0(0,8) =3 _ ~Fmin{jio(X;), 1 = jn(X;)}
o J
=2 = py)min{fo(X;), 1 — (X))} + Zﬂj max{/io(X;), 1 — i (X;)}
< ZPJ max{yio(X;), 1 — p1(X;)} + [A0(X;) = po(X;)[ + 11 (X;) — 12 (X;)]
+O0y(1/v/n)
J o1
=U(0,A)+ O, (Z Z Oy (a)i\/ Pi/MTa + 1/\/ﬁ> :

jE[maX{ﬂ()(Xj)? 1- ﬂO(XJ')ﬂ /ll(xj)7 1- ﬂl(xﬂ)Hn]

<
Il
—

I
3|3

2 max{E[fio(X;)|n], 1 = Efio(X;) ], E[fir (X;) 7], 1 = Efio(X;) ]}

<
Il
-

v vV
RN
3|3

% max{io(X;), 1 — po(X5), 1 (X5), 1T — pa (X))

.
Il

The second inequality is because of the Jensen’s inequality. It follows that E[lz(A)] =
BE[L(A)n] = Y27, py max{io(X), 1 — (X, 11(X,), 1 — iy (%)} = Io(A).

Proof of Proposition 4.4.1



Consider the information carried by A4, we have

Lp(Aprug) = Z Pa max{ i (X at) ,Ul()A(a,t%,UO()A(a,t),l_,U0<)A(a,t)}

(a,t)eL
> Y pad(1=1)/2+ tpa(Xai)}
(a,t)eL
Z . A0 =072+ tia(@)}x (@)v(dz)
> ,uma:v( )fX dw + { 1 _t /2+t,ua( ) Nmax<w>}fX(w)V(dm>
/X 2/
> Ip(A Z {t 110 () = [1a(Z)) + fimaz. N (L) = fimae(®) } fx (2)v(d)

/{ “ma:c ,Umaa: N( )) + }g%?i: |,ua(w) - ﬂa(m)”fX(m)V(dm)

4.10.2 Model Calibration and Isotonic Regression

Model calibration in classification problems is a separate topic of long history and great
importance in machine learning (Guo et al., 2017; Vaicenavicius et al., 2019; Minderer et al.,
2021). It aims to provide more trustworthy probabilistic estimates while not changing the
ranking performance of the original classification algorithms. Suppose we want to estimate
p(x) =Pr(Y =1| X = ) with the sample data {(Y;, X;),i =1,--- ,n} as n i.i.d. copies
of (Y, X)) where Y is a binary response variable and X is a vector of covariates. In our
context of causal inference, the sample data will be the treated observations {(Y;, X;), A; =
1} if we want to estimate pq(x) = Pr(Y =1| A =1, X = x) and the control observations
{(V;, X;),A; = 0} if we want to estimate po(x) = Pr(Y =1 A =0,X = x). Let i
be an estimator of u at hand, probably learned from the sample data. We focus in this

subsection on why the model calibration can bring us better estimators of p and how to
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construct a well-calibrated estimator based on f.

Definition A.1 (Well-calibrated estimator) An estimator i is said well-calibrated if
Pr(Y(a) =1| (X)) = a(X) over the support of X.

Proposition A.1 The true model p is well-calibrated.

It is often difficult and sometimes even impossible to get a perfect estimator of pu.
However, the true model is necessary to be well-calibrated. We can therefore reasonably
speculate that an uncalibrated estimator will be made closer to the truth after calibration,
and shift our attention to seeking a better-calibrated probabilistic classifier. Indeed, in our
numerical experiments, the interval estimators of 6 perform better after we calibrate the

nuisance estimators.

Proposition A.2 Let g(z) = Pr(Y(a) =1 | i(X) = 2) for z € [0,1]. Then, go i is

well-calibrated.

Proposition A.2 provides a way to calibrate an estimator: the key is to find the con-
ditional probability ¢g(z) = Pr(Y(a) = 1 | 4(X) = z), which refers to a calibrator. This
may look similar to an ordinary binary regression problem, but they are different in the
following three aspects. First, the input of the calibrator are probabilistic estimates in the
range [0, 1], thus the regression is expected to be done in a unit square. Second, in order
to retain the properties of the algorithms on classification, we would not like to change the
rankings of the estimated probabilities after calibration, which implies that g(z) should
be a monotonically increasing function. Third, if /i is obtained based on the sample data,
there might be over-fitting issues if we use the sample data to estimate the calibrator as
well. The last concern, luckily, can be easily addressed by a popular technique in machine

learning called cross-fitting.
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Platt scaling (Platt et al., 1999) and isotonic regression (Ayer et al., 1955) are two com-
monly used approaches in model calibration for the estimation of a calibrator (Niculescu-
Mizil and Caruana, 2005). Platt scaling is a parametric method that assumes a logis-
tic model for g(z). The isotonic regression, also known as monotone regression, is non-
parametric. We focus on isotonic regression because it is more flexible and generally

performs better than Platt scaling in practice.

Without loss of generality, we assume that (X;) < (X2) < -+ < 4(X,). The

isotonic regression assumes g(z) is a step function as g(z) =n~' Y | 1{z < w;} for some

0 < wy, - ,w, <1 and estimates wy,- - ,w, by maximizing > (Y¥; — w;)* with re-
spect to the constraints 0 < w; < wy < -+ < w, < 1. It is clear that the sequence
a(X;),i = 1,--- ,n maintains the order after isotonic regression because g(z) is mono-

tonically increasing. This quadratic optimization problem can be solved by an algorithm
called pool-adjacent-violators (PAV) algorithm (Ayer et al., 1955; Busing, 2022). The
cross-fitting isotonic regression algorithm can be rapidly implemented by a function named

CalibratedClassifierCV in the Python library scikit-learn.

4.10.3 A Brief Review of Probabilistic Classification Algorithms

We give a brief review of the six classification algorithms adopted in our numerical experi-
ments and on how they produce the probabilistic estimates. Similarly, we assume that we
want to estimate p(x) = Pr(Y = 1|X = @) with the sample data {(V;, X;),i =1,--- ,n}
as n ii.d. copies of (Y, X) where Y is a binary response variable and X is a vector of

covariates.

Logistic Regression. [In logistic regression, a parametric model f(X78) = 1/(1 +
exp(—XT0)) is postulated for u(X) and an estimator B of B is computed by mazimiz-
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ing the reqularized log-likelihood function

LS (Vilog S(XTB) + (1= Y log(1 — F(XIBN} + Aullgl|

A

The conditional probability is estimated as u(X) = f(X78).

Gaussian Naive Bayes. In the perspective of Bayesian statistics, the conditional probabil-
ity p(x) is p(x) = P(Y = 1) fi(x)/(P(Y = 1) fi(x) + P(Y = —1) fo(x)) where f;(x) is the
density of X givenY =t fort = —1,1. For the i-th individual, let X; = (X;1,--- , Xip)T.
In Gaussian Naive Bayes, it is assumed that the covariates are independent of each other
so that fi(X;) = 10—y fir(Xix) where f (X, k) is the density of X, givenY =t, and
fee(Xik) is modeled by the standard normal density function. For more general cases, one

can consider one-dimensional kernel density estimates for the margins.

K-Nearest-Neighbors. The K-nearest-neighbors (KNN) algorithm is very simple and
does not require any parametric assumptions on the form of u(X). The simplest KNN
estimates ((x) by fl(x) = D 4 x, wy<qy Yi/ K where d(-,-) is a distance metric and qx is the
K -th smallest values of {d(X;,x),i =1,--- ,n}. Ties can be broken randomly.

Support Vector Machines. The support vector machines (SVM) aims to separate
the individuals from different classes with a hyperplane identified by a vector (wg, wT) =
(wWo, w1, -+ ,wp) so that the margin between the two classes can be mazimized. Since the

margin is proportional to 1/||wl|, the naive SVM solves the optimization problem

min ||w|| st YVi(w'X;+wy)>1,i=1,--- n.
w,wo
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Samples on the boundary of the margin, i.e., those satisfy  Y;(wTX; + wg) = 1, are
called support vectors. When the two classes are not linearly separable, the SVM solves the

following optimization problem

win|[w]|*/2 +C) &
e i=1 (4.5)

st V(WX +wy)>1-&,6>0i=1,---n,

where &1, -+, &, are slack variables that allow the samples to be on the wrong side of the
margin by the distance &;, and C' is a cost parameter that controls the magnitude of Y ., &.

A dual problem of (4.5) can be derived as

afnai(yn i a; + i i a0 V; XTX

=1 =1 j=1

. (4.6)
st0<a; <Cri=1,---,n Y aY;=0.
=1

A kernel trick is suggested by replacing X[ X, with K(X;, X ;) where a Gaussian radial
basis kernel corresponds to K(X;, X ;) = exp(—||X; — Xl||) so that the hyperplane will
be built in a transformed space with high-dimensional features. The inverse distance of
any observation with covariates X; to the decision hyperplane is proportional to D; =
Z?:l &;K(X;, X ;). The Platt scaling transformes these values into probabilities by doing
logistic regression with the data (D;,Y;),i=1,--- n.

Random Forests. A classification tree is a recursive binary tree that divides the covariates
space into a bunch of partitions with its leaf nodes. The tree is usually constructed through
two steps: (1) splitting the tree via splitting covariates by cutoff values based on certain

rule such as Gini index or cross-entropy; the splitting will be stopped once the tree reaches
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mazximum depth of the tree, maximum samples in each node, maximum number of nodes, or
minimum information gains. (2) Pruning the tree based on errors of the tree on validation
data and complexity of the tree. The estimated probability of a point will be the proportion
of Y =1 in the node where the point is located.

Random forests for classification are an ensemble of classification trees. However, each
tree in random forests is constructed based on a bootstrap sample and \/p of the original p

features. The estimated probability is the average of the estimated probabilities of the trees.

Gradient Boosting. The gradient boosting for classification assumes that

w(x) = logit=*(f(x)) for a function f where logit(x) = log(z/(1 — x)). Here, we will
assume that Y; € {0,1}. The model for f, denoted by far(x) = S0 nhm(x), is a
weighted aggregation of a sequence of weak classifiers (e.q., trees). The algorithm learns the
weak classifiers by sequentially minimizing the loss L, (f) =n~' > ", YVilog(u(X;)) + (1 —
Yi)log(1—u(X,)) =n~t Y0 Yif(X;) —log{l+exp(f(X,))}. Let us begin by initializing

the model fyr with a constant prediction as

fo(z) = c=1log(Y/(1-Y))

where Y = n~! Yo, Y, At each iteration m, the model f is updated by adding the new

weak learner h,,:

fm(2) = frn1(z) + 10 h(2),

where 1 s the learning rate, a small constant that controls the contribution of each weak
learner. For original gradient boosting, the weak learner h,, is trained to predict the neg-

ative gradient of the loss function with respect to f at fm_1, i.e., —OLy(frn_1)/0f =
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Y —n 13" logit ™ (fm-1(X)). The XGBoost trains h,, to predict

~(O*Lu(fin-1)/0fOfT)OLn( fin-1) /0,

which matches the Newton’s method. The algorithm continues iterating until a stop-
ping criterion is met, such as (1) a predefined number of iterations is reached, or (2)

the loss function no longer improves significantly. The final probability estimator will be

logz‘t’l(zi]\il Uﬁm(@)

4.10.4 Additional Simulation Results

This section provides additional tables of the simulation results on (1) interval estimators
of the six classification algorithms (Tables 4.4 and 4.5); (2) confidence intervals and their
coverage rates under the nominal levels « € {0.05,0.1,0.25,0.5} for the Naive and Oracle
bounds (Tables 4.6 and 4.7); (3) 75% extended confidence intervals and their coverage rates
for 6 (Tables 4.8); (4) interval estimators of the six classification algorithms combined with
model calibration (Tables 4.9 and 4.10). This section also provides additional figures on
the estimated lower and upper bounds under the KNN algorithm with o. varying from 0

to 5 (Figures 4.3 and 4.4).

We briefly explain the results for the confidence intervals given in Tables 4.6 and 4.7.
Denote by C, (A) the confidence interval for the lower bound and C, (A) the one for
the upper bound. We focus on the two partitions Ay and Ay,; because the true lower
and upper bounds under them are known and computable. We consider the significance
levels o € {0.05,0.1,0.25,0.5} and the simulation results under the Scenario 1 and 2 are
respectively summarized in Tables 4.6 and 4.7. The LCovR and UCovR in the tables
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represent respectively the empirical coverage rate of Cy (A) on L(#, A) and C, (A) on
U(6,A). In general cases where L(6, A) or U(f, A) is away from zero, the empirical coverage
rates of the proposed confidence intervals are close to the nominal levels. However, there
are two cases to be noted and explained. First, under Scenario 1 with . = 1 and n = 500,
the coverage rates of Cy (Afyy) are away from the true nominal levels because there are
too few samples in some cells of Ay,; to validate the confidence intervals constructed based
on the asymptotic distributions of the estimated bounds in those cells. As n increases to
2000, the coverage rates are much better. Second, we can see that C, (Ag) over-covers
L(0, Ay) with the coverage rate 100% under all the setups. This is because the probability

of E(H, Ay) is massed at zero under all the setups.
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Table 4.4: Monte Carlo simulation results for the interval estimation under Scenario 1.
All values except the percentages in the table are presented in units scaled by 1072

Plug-in Partitioning
Method 0 Estimate Bias Width  CovR Estimate Bias Width  CovR TMCR CMCR
o.=1 n=>500

Naive 0.1 0.0,20.5] 0.0 20.5  100.0% 0.0,20.5] 0.0 20.5  100.0% NaN NaN
Logit 0.1 1.5,17.9] 14 16.3 0.4% 0.3,185] 0.2 18.2 59.4% 351%  21.3%
NBayes 0.1 1.2,12.2] 1.1 11.0 0.3% 0.1,5.5] 0.1 5.4 76.6% 18.7%  12.8%

[ ] [

1312 |
SVM 01 [22,159] 21 137  00%  [02,105 02 103  582%  267% 18.6%
[ ] 24 92 00% [01,152] 01 151  76.6%  31.3% 18.8%

[ ] [

[ [

[

KNN 01 [25,11.7
RF 0.1 0.8,15.2] 0.7 14.4 0.5% 0.1,5.3] 0.1 5.2 76.5% 17.7%  10.6%
XGBoost 0.1 1.3,4.1] 1.2 2.8 0.0% 0.1,4.5] 0.1 44 74.5% 17.5%  10.1%
Oracle 0.1 NaN NaN  NaN NaN 0.0,0.6] 0.0 0.6 73.5% NaN NaN
o.=1 n=2000

Naive 0.1 0.0,20.7] 0.0 20.7  100.0% 0.0,20.7] 0.0 20.7  100.0% NaN NaN
Logit 0.1 0.2,18.9] 0.1 18.8 43.2% 0.0,184] 0.0 18.3 84.2% 33.0%  20.4%

|
NBayes 0.1 [0.1,12.8] 0.0 12.6 47.1% 0.0,3.4] 0.0 3.4 96.7% 13.9%  10.4%
[
[
[

[
|

SVM 0.1 1.3,7.5] 1.2 6.2 0.0% [0.0,3.8] 0.0 3.8 97.0% 174%  11.9%
KNN 0.1 2.1,10.7] 2.0 8.6 0.0% [0.0,11.5] 0.0 11.5 98.5% 26.1%  16.9%
RF 0.1 0.4,10.9] 0.3 10.5 0.0% [0.0,3.2] 0.0 3.2 94.9% 13.5% 7.6%
XGBoost 0.1 (0.3,1.3] 0.2 1.0 1.1% [0.0,2.3] 0.0 2.3 95.0% 13.1% 7.0%
Oracle 0.1 NaN NaN NaN NaN [0.0,0.6] 0.0 0.6 98.1% NaN NaN
o.=2 n=>500

Naive 1.9 [0.0,22.7] 0.0 22,7 100.0% [0.0,22.7] 0.0 22,7 100.0% NaN NaN
Logit 19 [15,196] 02 181  69.8%  [0.3,20.7] 00 204  995%  38.0% 23.7%
NBayes 1.9  [14,14.0] 01 126  79.0%  [02,88 0.0 86  99.6% 241%  151%
SVM 1.9 (2.0,19.0] 0.5 16.9 49.0% [0.3,14.0] 0.0 13.7 98.7% 31.1%  20.8%
KNN 19 27,138 09 111 21.2%  [0.2,17.7 00 175 99.2%  35.1% 21.1%
RF 1.9 [0.9,17.7] 0.0 16.8 95.8% [0.2,8.6] 0.0 8.4 100.0% 23.8% 14.1%
XGBoost 1.9 (2.2,5.9] 0.5 3.7 43.2% [0.2,8.5] 0.0 8.3 99.7% 24.5%  14.2%
Oracle 1.9  NaN NaN  NaN NaN [0.0,4.3] 0.0 4.3 98.5% NaN NaN
o. =2 n=2000

Naive 1.9 [0.0,22.9] 0.0 22.9  100.0% [0.0,22.9] 0.0 229  100.0% NaN NaN
Logit 1.9 [0.1,20.7] 0.0 20.6  100.0% [0.0,20.6] 0.0 20.6  100.0% 35.7%  22.6%
NBayes 19  [01,14.6] 00 144 1000%  [0.0,6.8 00 68 100.0%  198% 12.6%
SVM 19 [L51L4] 00 99  866%  [0.0,7.6] 00 76 1000%  231% 14.6%
KNN 1.9 24,12.9] 05 10.5 9.9% [0.0,14.3] 0.0 14.3  100.0% 30.6%  19.2%
RF 1.9 [0.4,13.6] 0.0 13.2 100.0% [0.0,6.6] 0.0 6.6 100.0% 19.7%  11.0%
XGBoost 1.9 [0.8,2.7] 0.0 1.9 98.3% [0.0,6.3] 0.0 6.3 100.0% 20.6%  11.2%
Oracle 1.9 NaN NaN  NaN NaN [0.0,44] 0.0 44 100.0% NaN NaN
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Table 4.5: Monte Carlo simulation results for the interval estimation under Scenario 2.
All values except the percentages in the table are presented in units scaled by 1072

Plug-in Partitioning
Method 0 Estimate  Bias Width CovR Estimate  Bias Width CovR TMCR CMCR

o.=1 n=500
Naive 19.7

[0.0,206] 0.6 206 61.6%  [0.0,20.6] 06 206 61.6% NaN  NaN
Logit 197 [37,19.9] 09 162 51.7%  [1.9,20.3] 0.7 184 584%  39.3% 21.4%
NBayes 197  [13.2,21.3] 05 80 706%  [17.0,205] 0.7 35 507%  231% 12.8%
SVM 197 [6.2,204] 06 141 60.7%  [10.5,204] 0.6 9.9 61.4%  324% 18.6%
KNN 197 [30,124] 72 95  01%  [7.3,204] 0.6 132 623%  359% 18.7%
RF 197 [76,205] 05 129 642%  [16.7,204] 0.7 37 495%  21.7%  10.6%
XGBoost 197  [16.2,17.9] 22 17 136%  [17.6,204] 08 2.9 438%  200% 10.0%

Oracle 19.7 NaN NaN NaN NaN [19.2,19.8] 1.4 0.6 11.4% NaN NaN
o.=1 n=2000

Naive 19.7 0.0,20.7] 0.2 20.7  78.1% [0.0,20.7] 0.2 20.7  78.1% NaN NaN
Logit 19.7 2.2,20.5] 0.2 18.3  73.9% [1.7,20.6] 0.2 18.8  75.9% 37.1%  20.4%

0.2 1.9  62.4% 19.1%  10.4%
0.1 4.2 78.7% 24.5%  11.9%

[
[
NBayes 197  [13.3,223] 00 89 965%  [18.7,20.6
SVM 197 [135,199] 03 64 581%  [16.3,20.5

[

[

[

|

KNN 19.7 4.8,12.8] 6.9 8.1 0.0% [11.3,20.6] 0.2 9.3 79.2% 30.6%  16.9%
RF 19.7 11.7, 20.5] 0.1 8.8 80.0% [18‘47 20.6] 0.2 2.1 66.9% 16.5% 7.6%
XGBoost  19.7 18.7,19.2] 0.8 0.5 14.9% [18.7,20.5] 0.3 1.8 58.1% 16.3% 7.1%
Oracle 19.7 NaN NaN  NaN NaN [19.3,19.9] 0.6 0.7  24.8% NaN NaN
o. =2 n =500

Naive 20.6 0.0,22.6] 0.3 22.6  75.9% [0.0,22.6] 0.3 22.6  75.9% NaN NaN
Logit 20.6 4.1,21.8] 0.5 17.6  65.5% [2.0,22.2] 0.4 20.2  70.5% 40.2%  23.6%

|
NBayes 206  [13.2,23.0] 03 98 79.1%  [15.9,224] 03 65 755%  284% 15.2%
SVM 206  [5.2,222] 04 170 745%  [9.1,223] 04 132 745%  352%  20.6%

[

[

[

KNN 20.6 3.5, 14.6] 6.1 11.1 1.3% [6.2,22.4] 0.3 16.2  74.7% 38.5%  21.0%
RF 20.6 7.4,22.5] 0.3 15.1  78.5% [15.6,22.3] 0.3 6.7  73.7% 28.6%  14.0%
XGBoost  20.6 16.2,18.8] 2.3 2.6 19.6% [16.0,22.4] 0.3 6.4  73.5% 27.7%  14.3%
Oracle 20.6 NaN NaN NaN NaN [18.6,21.8] 0.6 3.3 51.9% NaN NaN
0. =2 n=2000

Naive 20.6 0.0,23.0] 0.0 23.0  95.4% [0.0,23.0] 0.0 23.0  95.4% NaN NaN
Logit 20.6 2.5,22.8] 0.0 20.2  94.9% [1.8,22.8] 0.0 21.0  94.5% 37.7%  22.6%

|
NBayes  20.6 [13.2,24.3] 0.0 1.1 99.5% [18.1,22.8] 0.0 4.7 95.4% 25.2%  12.6%
SVM 20.6 [11.9,22.0] 0.1 101 86.8% [15.3,22.8] 0.0 7.5 96.5% 29.6%  14.6%
KNN 20.6 [5.2,15.2] 5.5 10.0 0.0% [10.0,22.9] 0.0 129 95.8% 34.8%  19.2%
RF 20.6 [11.5,22.8] 0.0 11.3 96.1% [17.9,22.8] 0.0 4.9  95.8% 24.2%  11.1%
XGBoost  20.6 [19.2,20.4] 0.7 1.2 28.3% [17.7,22.8] 0.0 5.1 95.9% 24.8%  11.3%
]

Oracle 20.6 NaN NaN  NaN NaN [18.8,22.3] 0.1 35  88.0% NaN NaN

98



Table 4.6: Monte Carlo simulation results for the confidence intervals under Scenario 1.

All values except the percentages in the table are presented in units scaled by 1072

Naive Oracle

« L(f), Ao) CaAL(AO> LCOVR U(9 AD) CQ.U(AU) UCOVR L(ﬁ. Afu“) Ca.L(Afull) LCOVR U(() Afu“) CaAU(Aqu) UCOVR
0. = n = 500

0.05 0.0 [0.0,0.0]  100.0% 20.7 (15.7,25.8]  94.1% 0.0 [0.0,0.0] 100.0% 0.6 [0.0,1.4] 74.0%
0.10 0.0 [0.0,0.0]  100.0% 20.7 (16.5,25.0]  89.8% 0.0 [0.0,0.0] 100.0% 0.6 [0.0,1.2] 73.6%
0.25 0.0 [0.0,0.0]  100.0% 20.7 (17.8,23.7] 76.1% 0.0 [0.0,0.0] 100.0% 0.6 [0.1,1.0] 67.3%
0.50 0.0 [0.0,0.0]  100.0% 20.7 (19.0,22.5]  51.3% 0.0 [0.0,0.0] 100.0% 0.6 [0.3,0.8] 55.3%
o.=1 n=2000

0.05 0.0 [0.0,0.0]  100.0% 20.7 (18.2,23.2]  95.1% 0.0 [0.0,0.0] 100.0% 0.6 [0.1,1.0] 90.7%
0.10 0.0 [0.0,0.0]  100.0% 20.7 (18.6,22.8]  90.8% 0.0 [0.0,0.0] 100.0% 0.6 [0.2,0.9] 88.5%
0.25 0.0 [0.0,0.0]  100.0% 20.7 [19.2,22.2]  75.2% 0.0 [0.0,0.0] 100.0% 0.6 [0.3,0.8] 73.4%
0.50 0.0 [0.0,0.0]  100.0% 20.7 [19.8,21.5]  50.3% 0.0 [0.0,0.0] 100.0% 0.6 [0.4,0.7] 43.6%
o.=2 n=>500

0.05 0.0 [0.0,0.0]  100.0% 22.8 (17.5,27.9]  94.3% 0.0 [0.0,0.0] 100.0% 4.3 [1.9,6.9] 92.5%
0.10 0.0 [0.0,0.0]  100.0% 22.8 (18.4,27.1]  91.6% 0.0 [0.0,0.0] 100.0% 4.3 [2.3,6.5] 89.5%
0.25 0.0 [0.0,0.0]  100.0% 22.8 [19.7,25.8]  76.0% 0.0 [0.0,0.0] 100.0% 4.3 [2.9,5.9] 74.8%
0.50 0.0 [0.0,0.0]  100.0% 22.8 [20.9,24.5]  51.3% 0.0 [0.0,0.0] 100.0% 4.3 [3.5,5.2] 48.4%
0. =2 n=2000

0.05 0.0 [0.0,0.0]  100.0% 23.0 [20.3,25.5]  95.2% 0.0 [0.0,0.0] 100.0% 4.5 [3.2,5.7] 94.1%
0.10 0.0 [0.0,0.0]  100.0% 23.0 [20.7,25.0]  90.2% 0.0 [0.0,0.0] 100.0% 4.5 [3.4,5.5] 90.7%
0.25 0.0 [0.0,0.0]  100.0% 23.0 [21.3,24.4]  77.8% 0.0 [0.0,0.0] 100.0% 4.5 [3.7,5.2] 76.9%
0.50 0.0 [0.0,0.0]  100.0% 23.0 [22.0,23.8]  53.7% 0.0 [0.0,0.0] 100.0% 4.5 [4.0,4.9] 50.0%

Table 4.7: Monte Carlo simulation results for the confidence intervals under Scenario 2.

All values except the percentages in the table are presented in units scaled by 1072

Naive Oracle

@ L(0,Ag) Car(Ag) LCovR U(0,A¢) Cou(Ay) UCovR L0, Arur)  Corn(Apu) LCovR U0, Apuu) Cop(Agar) UCovR
0. = n = 500

0.05 0.0 [0.0,0.0]  100.0% 20.7 [15.5,25.5]  94.4% 19.3 [14.2,23.3] 94.1% 20.0 [15.4,24.6] 95.2%
0.10 0.0 [0.0,0.0]  100.0% 20.7 [16.3,24.7)  89.6% 19.3 [15.2,22.6] 89.9% 20.0 [16.1,23.6] 89.5%
0.25 0.0 [0.0,0.0]  100.0% 20.7 [17.6,23.4]  78.0% 19.3 [16.4,21.5] 73.5% 20.0 [17.2,22.4] 771%
0.50 0.0 [0.0,0.0]  100.0% 20.7 [18.8,22.2]  52.6% 19.3 [17.5,20.5] 49.7% 20.0 [18.3,21.3] 52.9%
o.=1 n=2000

0.05 0.0 [0.0,0.0]  100.0% 20.7 [18.2,23.3]  94.7% 19.3 [17.2,21.5] 94.3% 20.0 [17.9,22.2] 94.7%
0.10 0.0 [0.0,0.0]  100.0% 20.7 [18.6,22.9]  89.0% 19.3 [17.6,21.2] 89.8% 20.0 [18.3,21.9] 88.9%
0.25 0.0 [0.0,0.0]  100.0% 20.7 [19.3,22.2)  74.8% 19.3 [18.1,20.6] 76.1% 20.0 [18.8,21.3] 75.1%
0.50 0.0 [0.0,0.0]  100.0% 20.7 [19.9,21.6)  50.6% 19.3 [18.6,20.1] 49.4% 20.0 [19.3,20.8] 49.7%
o.=2 n=>500

0.05 0.0 [0.0,0.0]  100.0% 22.8 [17.8,28.2]  95.4% 18.7 [13.6,23.1] 96.8% 22.2 [17.7,27.7) 96.4%
010 0.0  [0.0,00] 100.0% 228  [186,27.4] 90.7% 187 [14.7,224]  921% 222 [18.4,26.5]  90.7%
0.25 0.0 [0.0,0.0]  100.0% 22.8 [19.9,26.1]  75.0% 18.7 [16.1,21.3] 77.2% 22.2 [19.6,25.1] 75.3%
0.50 0.0 [0.0,0.0]  100.0% 22.8 [21.2,24.8)  47.6% 18.7 [17.2,20.3] 50.0% 22.2 [20.7,23.9] 50.0%
o.=2 n=2000

0.05 0.0 [0.0,0.0]  100.0% 22.8 [20.3,25.6)  94.8% 18.8 [16.6,21.0] 95.3% 22.2 [20.0, 24.6] 94.9%
0.10 0.0 [0.0,0.0]  100.0% 22.8 [20.8,25.1]  90.0% 18.8 [17.0,20.7] 90.1% 22.2 [20.4,24.2] 90.7%
0.25 0.0 [0.0,0.0]  100.0% 22.8 [21.4,24.5)  75.0% 18.8 [17.5,20.1] 74.2% 22.2 [21.0,23.7] 75.1%
0.50 0.0 [0.0,0.0]  100.0% 22.8 [22.1,23.8] 49.4% 18.8 [18.1,19.6] 50.4% 22.2 [21.5,23.1] 49.7%
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Table 4.8: Monte Carlo simulation results on the extended confidence intervals with a =
0.25. All values except the percentages in the table are presented in units scaled by 1072,

Scenario 1 Scenario 2
Method 0 Estimate Bias Width CovR, Estimate Bias Width CovR
o.=1 n=>500

Naive 19.7 0.0, 23.5] 0.0 23.5  100.00% 0.0, 23.6] 0.1 23.6 93.20%
Logit 19.7 0.0, 23.0] 0.0 23.0 95.40% 0.3, 25.0] 0.0 24.6 97.30%
NBayes  19.7 0.0, 7.9] 0.0 7.9 98.60% 13.0, 24.5] 0.0 11.5 98.30%

[
|
SVM 197 00,138 0.0 13.8  97.40%  [7.0,24.6] 0.0 177  98.40%
[
[
[
[

KNN 19.7 0.0, 19.0] 0.0 19.0 98.70% 4.0, 24.6] 0.0 20.7 97.20%
RF 19.7 0.0, 7.7] 0.0 7.7 97.60% 13.2,24.2] 0.0 11.0 96.80%
XGBoost  19.7 0.0, 6.6] 0.0 6.6 98.40% 13.8,24.4] 0.0 10.5 97.00%
Oracle 19.7 0.0, 1.0] 0.0 1.0 73.50% 16.6, 22.6] 0.2 6.0 82.80%
o.=1 n=2000

Naive 19.7 0.0,22.2] 0.0 22.2  100.00% 0.0, 22.2] 0.0 22.2 96.90%
Logit 19.7 0.0, 20.4] 0.0 20.4 98.70% 0.6, 22.8] 0.0 22.2 98.90%
NBayes 19.7 0.0, 4.3] 0.0 4.3 99.90% 16.8, 22.5] 0.0 5.7 98.90%

[ [
| |
SVM 19.7 (0.0, 4.7] 0.0 4.7 100.00% [14.6,22.4] 0.0 7.9 99.00%
[ [
[ [
[ [
[ [

KNN 19.7 0.0, 13.2] 0.0 13.2 99.90% 9.6, 22.6] 0.0 13.0 99.00%
RF 19.7 0.0, 4.1] 0.0 4.1 99.80% 16.7,22.4] 0.0 5.7 98.90%
XGBoost  19.7 0.0, 3.1] 0.0 3.1 100.00% 16.9, 22.4] 0.0 5.4 98.80%
Oracle 19.7 0.0, 0.8] 0.0 0.8 99.60% 18.0,21.2] 0.1 3.2 85.10%
o-=2 n=>500

Naive 20.6 [0.0,25.8] 0.0 25.8  100.00% [0.0, 25.6] 0.0 25.6 97.60%
Logit 20.6 [0.0,25.5] 0.0 25.5  100.00% [0.3, 27.0] 0.0 26.7 99.40%
NBayes 20.6 [0.0,11.9] 0.0 11.9  100.00% [11.7,26.8] 0.0 15.0 99.40%
SVM 20.6 [0.0,17.9] 0.0 17.8  100.00% [5.7, 26.7] 0.0 21.0 99.50%
KNN 20.6 [0.0,21.8] 0.0 21.8  100.00% 2.8, 26.8] 0.0 24.0 99.30%
RF 20.6 [0.0, 11.6] 0.0 11.6  100.00% [11.9,26.5] 0.0 14.6 99.20%
XGBoost  20.6 [0.0,11.4] 0.0 11.4  100.00% [11.9,26.7) 0.0 14.8 99.50%
Oracle 20.6 [0.0, 5.8] 0.0 5.8 99.80% [15.8,24.8] 0.0 9.0 95.10%
o- =2 n=2000

Naive 20.6 0.0, 24.4] 0.0 24.4  100.00% 0.0, 24.5] 0.0 24.5 99.70%
Logit 20.6 0.0, 22.8] 0.0 22.8  100.00% 0.6, 25.1] 0.0 24.5 99.80%
NBayes 20.6 0.0, 8.1] 0.0 8.1 100.00% 16.1,24.9] 0.0 8.7 100.00%

[ [
| |
SVM 206 [0.0,9.00 0.0 9.0 100.00%  [13.5,249] 00 113  100.00%
[ [
[ [
[ [
[ [

KNN 20.6 0.0, 16.1] 0.0 16.1  100.00% 8.2, 25.0] 0.0 16.8 99.60%
RF 20.6 0.0, 7.9] 0.0 7.9 100.00% 16.1, 24.8] 0.0 8.8 100.00%
XGBoost  20.6 0.0, 7.6] 0.0 7.6 100.00% 15.9, 24.8] 0.0 9.0 100.00%
Oracle 20.6 0.0, 5.2] 0.0 5.2 100.00% 17.6, 23.7] 0.0 6.1 99.00%
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Table 4.9: Monte Carlo simulation results on the interval estimation combined with model
calibration under Scenario 1. All values except the percentages in the table are presented
in units scaled by 1072,

Plug-in Partitioning
Method 0 Estimate Bias Width CovR Estimate Bias Width CovR TMCR CMCR
o.=1 n=>500

Logit 01 [1.6,180] 15 164  0.10%  [0.3,184] 02 182  57.60%  35.10% 21.30%

NBayes 0.1  [23,92] 22 6.9 000%  [0.1,54] 01 53  76.70%  18.70% 12.80%

SVM 01 [3.0,134] 29 104  000% [0.2,104] 02 102  60.60%  26.70% 18.60%

KNN 01 [20,181] 19 160  0.00%  [0.2,147 02 145 57.70%  31.30% 18.80%

RF 01 [20,70] 19 50 0.00%  [0.1,43] 01 42  77.00%  17.70% 10.60%
[

XGBoost 0.1 17,71 1.6 54 0.00%
o.=1 n=2000

0.1, 4.5] 0.1 44 74.90% 17.50% 10.10%

Logit 0.1 [0.4,17.6] 0.3 17.3 10.90% 0.1,18.2] 0.0 18.2 79.40% 33.00% 20.40%
NBayes 0.1 [0.5, 4.5] 0.4 3.9 0.20% 0.0, 2.9] 0.0 2.9 96.00% 13.90% 10.40%

|
SVM 0.1 (1.3, 7.1] 1.2 5.8 0.00% [0.0, 4.0] 0.0 4.0 97.20% 17.40% 11.90%
KNN 0.1 [2.0,16.1] 1.9 14.1 0.00% [0.0, 10.1] 0.0 10.1 95.20% 26.10% 16.90%
[
[

RF 0.1 (0.6, 3.9] 0.5 3.3 0.00% 0.0, 2.7] 0.0 2.7 95.50% 13.50%  7.60%
XGBoost 0.1 [0.5, 3.7] 0.4 3.2 0.00% 0.0, 2.3] 0.0 2.3 96.00% 13.10%  7.00%
o. =2 n =500

Logit 1.9 [1.6,19.8] 0.3 18.2 66.10% 0.3,20.7] 0.0 20.4 98.70% 38.00% 23.70%

] [
NBayes 1.9 [2.3,11.6] 0.6 9.3 36.90% [0.2, 8.8] 0.0 8.6 99.80% 24.10% 15.10%
SVM 1.9 (3.0, 16.0] 1.2 13.0 15.30% [0.3,13.77 0.0 13.4 99.20% 31.10% 20.80%
KNN 1.9 [1.8,20.5] 0.3 18.7 58.30% [0.3,17.7] 0.0 17.4 98.60% 35.10% 21.10%
RF 1.9 [2.5,10.8] 0.7 8.3 27.50% [0.2, 8.0] 0.0 7.8 99.80% 23.80% 14.10%
XGBoost 1.9 [2.3,114] 0.6 9.1 34.90% [0.2, 8.5] 0.0 8.3 99.70% 24.50% 14.20%

. =2 n=2000

Logit 1.9 [0.3,19.6] 0.0 19.3  100.00% 0.1,20.5] 0.0 20.5 100.00% 35.70% 22.60%
NBayes 1.9 (0.5, 7.5] 0.0 6.9 100.00% 0.0, 6.5] 0.0 6.5 100.00% 19.80% 12.60%
SVM 1.9 [1.5,10.7] 0.0 9.2 84.80% 0.0, 7.8] 0.0 7.8 100.00% 23.10% 14.60%

RF 1.9 [0.8, 7.4] 0.0 6.7 100.00% 0.0, 6.3] 0.0 6.3 100.00% 19.70% 11.00%

[
[
[
KNN 1.9 [1.7,19.1] 0.1 17.5 71.90% [0.0, 13.8] 0.0 13.8  100.00% 30.60% 19.20%
[
XGBoost 1.9 [0.9, 8.1] 0.0 7.2 100.00% [0.0, 6.2] 0.0 6.2 100.00% 20.60% 11.20%
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Table 4.10: Monte Carlo simulation results on the interval estimation combined with model
calibration under Scenario 2. All values except the percentages in the table are presented
in units scaled by 1072,

Plug-in Partitioning
Method 0 Estimate Bias Width CovR Estimate Bias Width CovR TMCR CMCR
o.=1 n=>500

Logit 19.7 [3.6, 20.1] 0.8 16.5  56.10% [1.9, 20.4] 0.7 18.5  59.40% 39.30% 21.40%

NBayes 19.7 [14.1,19.8] 0.9 57  51.10% [17.2,20.5] 0.7 3.3 49.00% 23.10% 12.80%

SVM 19.7 (8.7, 19.3] 1.1 10.6  42.30% [10.6, 20.3] 0.6 9.8  61.50% 32.40% 18.60%

KNN 19.7 (3.8, 19.9] 0.9 16.1  52.30% [7.3, 20.4] 0.6 13.0  60.90% 35.90% 18.70%

RF 19.7 [14.7,19.4] 1.0 4.7 43.50% [17.0,20.5] 0.7 3.5 51.20% 21.70% 10.60%
[

XGBoost  19.7 [15.7,19.9] 0.9 4.2 48.40%
o.=1 n=2000

17.6, 20.5] 0.8 3.0  46.60% 20.00% 10.00%

Logit 197 [31,204] 02 173  70.70%  [2.0,20.5] 02 186 76.00%  37.10% 20.40%
NBayes 197  [17.7,20.4] 02 27 6820%  [187,20.6] 02 1.9 6200%  19.10% 10.40%
SVM 197 [13.7,195] 06 58  41.20%  [16.1,205] 01 44  77.70%  24.50% 11.90%
KNN 197 [6.2,201] 03 139 61.30%  [12.0,20.6] 01 86  79.00%  30.60% 16.90%
RF 197 [17.6,202] 02 27 67.70%  [18.6,20.6] 02 20 6500%  16.50% 7.60%
XGBoost 19.7  [18.2,203] 02 21  6560%  [188,205] 03 1.8 5860%  16.30% 7.10%

. =2 n=>500
Logit 20.6 [3.9, 22.0] 0.5 18.1  69.30% [2.0, 22.2] 0.4 20.3  71.80% 40.20% 23.60%
NBayes 20.6 [13.7,21.7] 0.6 8.1 65.60% [16.1,22.4] 0.3 6.3 74.50% 28.40% 15.20%
SVM 20.6 (8.3, 21.2] 0.7 13.0  58.30% [9.5, 22.3] 0.3 12.8  75.20% 35.20% 20.60%
[
[
[

KNN 20.6 (3.6, 21.9] 0.5 18.3  66.20% 6.3, 22.3] 0.4 16.0  74.10% 38.50% 21.00%
RF 20.6 [13.3,21.2] 0.7 79  57.10% 15.8,224] 0.3 6.7  76.30% 28.60% 14.00%

XGBoost  20.6 [13.9,21.8] 0.5 7.9  66.50% 16.1, 22.4] 0.3 6.3 73.00% 27.70% 14.30%

o. =2 n=2000
Logit 20.6 [3.4, 22.7] 0.0 19.3  92.60%

2.0, 22.8] 0.0 208 94.70% 37.70% 22.60%

[
NBayes  20.6 [17.2,22.6] 0.0 54 94.00% [18.1,22.8] 0.0 4.8  95.10% 25.20% 12.60%
SVM 20.6 [12.6, 21.7] 0.1 9.1 78.20% [15.1, 22.8] 0.0 7.7 96.40% 29.60% 14.60%
KNN 20.6 [5.3, 22.4] 0.1 171 91.10% [10.6, 22.9] 0.0 12.2 95.70% 34.80% 19.20%
RF 20.6 [16.8,22.4] 0.0 5.6  92.30% [18.0, 22.8] 0.0 48  95.40% 24.20% 11.10%
XGBoost  20.6 [16.7,22.4] 0.0 5.7 93.00% [18.0,22.8] 0.0 4.8  94.90% 24.80% 11.30%
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Figure 4.3: Naive and Oracle bounds, estimated plug-in and partitioning-based bounds
using the KNN algorithm, and their corresponding 75% confidence bands. X-axis denotes
the value of .. The plot for Scenario 1 is presented in the left panel, and the plot for
Scenario 2 is presented in the right panel.
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Figure 4.4: Naive and Oracle bounds, estimated plug-in and partitioning-based bounds
using the KNN algorithm combined with model calibration, and their corresponding 75%
confidence bands. X-axis denotes the value of o.. The plot for Scenario 1 is presented in
the left panel, and the plot for Scenario 2 is presented in the right panel.
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Chapter 5

Nonparametric Bounds in Mediation
Analysis in the Presence of
Unmeasured Confounding and

Imperfect Compliance

5.1 Introduction

Causal mediation anlysis (CMA) plays a crucial role in various fields, including social sci-
ences, psychological research, economics, and beyond. Unlike traditional causal inference,
which primarily examines the total effects of a treatment on specific outcomes, CMA digs
into the underlying causal mechanisms by exploring how the treatment influences outcomes
through mediators. This approach shifts the focus from merely identifying treatment ef-

fects to understanding the causal pathways that explain how the treatment produces its
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effects.

We focus on CMA in randomized controlled trials (RCTs). Specifically, we consider
the setting described in Angrist et al. (1996) and Balke and Pearl (1997) where treatment
assignments are randomized but imperfect compliance to the assignments introduces con-
founding bias. The treatment assignment serves as an instrumental variable in this setting
assuming the exclusion-restriction assumption. Such scenario is very common in RCTs
(Cuzick et al., 1997; Imbens and Rubin, 1997), where the practitioners typically perform
an “intent-to-treat” analysis to evaluate the effect of the treatment assignment. However,
the naive “intent-to-treat” analysis can result in misleading conclusions if the treatment

effectiveness rather than the assignment effectiveness is of primary interest (Pearl, 2009).

In CMA, the average causal mediation effect (ACME), which operates through the
mediator, and the natural direct effect (NDE), which captures the effect through other
pathways, are two central parameters (Pearl, 2001; Imai et al., 2010). In RCTs with
imperfect compliance, however, the ACME and the NDE can not be identified from the
data unless we have full observation of the treatment-mediator, treatment-outcome, and
mediator-outcome confounding factors. Imai et al. (2010) demonstrated that these effects
can be identified under the sequential ignorability assumption, which, however, is very
strong, untestable, and often fragile in practice. In many cases, imposing such stringent
identification assumptions may lead to biased results, making it impractical to rely solely
on point estimates. To address this challenge, two strategies are commonly employed in
existing literature. The first is to adopt sensitivity analysis, which assesses how robust pa-
rameter estimates are to potential violations of identification assumptions (VanderWeele
and Chiba, 2014; Ding and Vanderweele, 2016). The second approach, known as par-
tial identification, derives bounds on the parameters under minimal assumptions. In this

chapter, we focus on the latter approach.
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Extensive research has been conducted on partial identification in causal inference. For
example, Manski (1990) showed nonparametric bounds of the average treatment effect in
two-arm RCT with imperfect compliance, and its sharp bounds when the outcomes are
binary are given by Balke and Pearl (1997). Cheng and Small (2006) extended their results
to average treatment effects within principal strata in three-arm randomized experiments.
For CMA in randomized trials, Sjolander (2009) derived the bounds on the NDE. The
bounds on other causal parameters such as the controlled direct and indirect effects also
have been studied in either randomized experiments or observational studies (Cai et al.,
2008; VanderWeele, 2011). For a comprehensive review of the partial identification results
on average treatment effects using instrumental variables, readers can refer to Swanson

et al. (2018).

To the best of our knowledge, however, no prior research has established the bounds
on the ACME and the NDE in RCTs with noncompliance, which is essentially a pivotal
scenario in practice. We fill in the gap in this chapter by providing nonparametric bounds
on the ACME and the NDE under possibly minimal assumptions that enable the treatment
assignment variable to be a valid instrument. Furthermore, we consider additional mono-
tonicity assumptions which lead to tighter bounds of the causal parameters if the imposed
monotonicity assumptions are true. Those monotonicity assumptions can be guaranteed
practically by design. We also derive the sharp (tightest) nonparametric bounds for a set of
local causal parameters defined on the subpopulation of treatment-assignment compliers.

These local parameters may also be concerned in practice.

The rest of this chapter is organized as follows. Section 5.2 formulates the problem of
interest and explains the assumptions underlying our model. Sections 5.3 and 5.4 derive
nonparametric bounds on the causal parameters of interest, with the former addressing

the bounds on population causal parameters and the latter focusing on the bounds on
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local causal parameters. In Section 5.5, we apply these bounds to a large-scale online A /B

testing dataset to illustrate their practical utility. We conclude this chapter in Section 5.6

Technical proofs and additional results are provided in Section 5.7.

5.2 Problem Setup

5.2.1 Data Generating Mechanism

We consider CMA with RCT data. The units in the study are randomly assigned to
two treatment groups, indicated by a random variable Z € {0,1}. However, there are
possibly assignment noncompliance and the actual treatment state is given by the variable
A €{0,1}. We define A(1) and A(0) as two potential outcomes of A, i.e., the values of A
would have been, under respectively Z = 1 and Z = 0. Then, the pair (A(1), A(0)) has four
potential values, with (1,0) corresponding to the (treatment-assignment) compliers, (1, 1)
corresponding to the always-takers, (0,0) corresponding to the never-takers, and (0, 1)
corresponding to the defiers. Let Y denote the outcome and M a mediator of interest,
both measured after the treatment. We further assume Y and M are also dichotomous,

taking value either 0 or 1. The temporal sequence of the variablesis 7 - A —- M — Y.

Because of the temporal relationship, we can also define potential outcomes for Y with
respect to Z, A and M, and the ones for M with respect to Z and A. For z,a,m €
{0,1}, we assume Y (z,a,m),Y (a,m) are the potential outcomes of Y under respectively
(Z,A,M) = (z,a,m) and (A, M) = (a,m), and M(z,a) and M (a) are the potential out-
comes of M under respectively (Z, A) = (z,a) and A = a. The following three assumptions

are considered throughout this chapter.
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Assumption 5.2.1 (Exclusion restriction) V(z,a,m) € {0,1}3, we have Y(z,a,m) =

Y(a,m) and M(z,a) = M(a).

Assumption 5.2.2 (Relevance) E[A(1) — A(0)] # 0.

Assumption 5.2.3 (Randomized assignment)

Z 1 {Y(1,1),Y(L,0),Y(0,1),Y(0,0), M(1), M(0), A(1), A(0)}.

The above three assumptions, together with the Assumption 5.2.4 in Section 5.2.4,
ensure that Z is an instrumental variable (IV) in the sense of Angrist et al. (1996) for
the causal effects of A on M and Y. In the sense of Chapter 7 in Pearl (2009) under the
structural causal models, however, the Assumption 5.2.4 seems not essential to define an
instrument. To make it clear, we refer to the model under Assumptions 5.2.1 - 5.2.3 as
the IV setting/setup with noncompliance (or imperfect compliance), and the model under
Assumptions 5.2.1 - 5.2.4 as the IV setting/setup without defiers. Assumption 5.2.2 says
that the assignment Z has an overall impact on the treatment A, which is very weak and
often desirable in practice. Assumption 5.2.3 is a naturally satisfied in RCTs due to the
design. The most controversial part is Assumption 5.2.1, which states that Z does not have
a direct causal path to M and Y; The causal path from Z to M must be through A, and
the one from Z to Y must be through A or M. This assumption is untestable and assessing
it requires background knowledge and arguments based on the real situations. It sounds
plausible if we believe the assignment status does not affect the mediator and the outcome
given the actual treatment status. Angrist et al. (1996) includes comprehensive discussions
on this assumption. The Assumptions 5.2.1 - 5.2.3 are the basis of our setting for RCTs

with noncompliance and admit a wide range of causal diagrams for the data, with three
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Figure 5.1: Feasible causal diagrams of the data generating mechanism under Assumptions
5.2.1-5.2.3.

instances given in Figure 5.1. We allow for the presence of unmeasured treatment-mediator
confounding, treatment-outcome confounding, mediator-outcome confounding, as well as
treatment-mediator-outcome confounding. Also, our model allows for the existence of un-
measured post-treatment mediator-outcome confounding, corresponding to the rightmost
plot of Figure 5.1. The key feature of these causal diagrams is that there are no (even ob-
served) confounding factors between Z and (A, M,Y") due to the randomization of Z, and

Z has no direct causal paths to M and Y because of the exclusion restriction assumption.

5.2.2 Parameters of Interest

Two key components in CMA are §(a) = Y (a, M (1))=Y (a, M(0)) and {(a) = Y (1, M (a))—
Y (0, M(a)). The former component quantifies the effect of the treatment A on the outcome
Y through the mediator M by hypothetically fixing the treatment to A = a but reversing
the mediator from M (0) to M(1). The latter quantifies the direct treatment effect had the
mediator been set to what it would have been under A = a. We focus on two population
quantities: the average causal mediation effect (ACME; Imai et al., 2010), also called the
natural indirect effect (Pearl, 2001), 6(a) = E[6(a)], and the natural direct effect (NDE),
given by £(a) = E[¢(a)]. The average treatment effect, 7 = E[Y (1, M (1)) — Y (0, M(0))]
can be decomposed as 7 = §(0) + £(1) = §(1) + £(0).
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5.2.3 Identification of Causal Parameters

As we have shown in Section 2.3.3, the causal parameters 6(a) and £(a) are identifiable un-
der the sequential ignorability assumption introduced by Imai et al. (2010), which implicitly
requires the treatment-mediator, treatment-outcome, and mediator-outcome confounding
factors to be fully observed. This assumption is untestable and obviously very strong. It
also excludes some causal diagrams, e.g., the third causal diagram in Figure 5.1. With the
help of instrumental variables, however, it is possible to identify a set of local parameters
for the treatment-assignment compliers under a weaker assumption that only requires fully
observed mediator-outcome confounding (Rudolph et al., 2021). We will discuss this fur-
ther in Section 5.4. Rather than relying on strong identification assumptions such as the
sequential ignorability, we address the issue of partial identification and, in Section 5.3,

establish nonparametric bounds for §(a) and £(a) under the IV setup with noncompliance.

5.2.4 Additional Monotonicity Assumptions

We consider a few additional monotonicity assumptions that are not essential but are

plausible and yield tighter bounds on the parameters of interest in certain circumstances.
Assumption 5.2.4 (Treatment-assignment monotonicity) A(1) > A(0) almost surely.
Assumption 5.2.5 (Mediator-treatment monotonicity) M (1) > M (0) almost surely.

Assumption 5.2.6 (Outcome-mediator monotonicity) Y (a,1) > Y (a,0) almost surely

fora=0,1.

Assumption 5.2.7 (Outcome-treatment monotonicity) Y (1,m) > Y (0,m) almost

surely form =0, 1.
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The monotonicity assumptions imply the absence of defiers. Although these assump-
tions are defined in terms of the joint distribution of potential outcomes and are therefore
not empirically testable, they can sometimes be justified by design. For example, As-
sumption 5.2.4 can be validated by ensuring that units assigned to the control group are
effectively prevented from receiving the treatment. In our real data application in Section
5.5, individuals assigned to the control group are deliberately blocked from accessing the
treatment. In such a scenario, Assumptions 5.2.4 is desirable. It is worth noting that the
tightest bounds under the additional monotonicity assumptions are not necessarily tighter
than the tightest bounds under Assumptions 5.2.1 - 5.2.3 unless the imposed monotonicity

assumptions are true.

5.3 Bounds on Population Parameters

We focus in this section on nonparametric bounds of 6(a) and £(a) under Assumptions 5.2.1
- 5.2.3 for conciseness of the main body. The readers are referred to Section 5.7 for the
bounds on the population causal parameters under additional monotonicity assumptions.
Let pyma. = Pr(Y =y, M =m,A=a| Z = z), the conditional probabilities for observed
data. The bounds of §(a) and &(a) under Assumptions 5.2.1 - 5.2.3 are established as

follows.

—P000.1 — P001.0 — P010.0 — Po11.1 — P100.1 — P110.0

(1) > max —P000.0 — Poo1.1 — Po10.1 — Po11.0 — P100.0 — P110.1 )

piot1 + pria — 1
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Po0o.0 + Po1o.1 + P1oo.o + P1o1.1 + P11o.1 + Pi1to

6(1) <min 4§ pooo1 + Poro.o + Proo.s + Proto + P00 + Prira (o
—Poot.1 — Poira + 1

—P001.0 — Po11.1 — P100.1 — P101.0 — P110.0 + P111.0 — P111.1
—Poo1.1 — Po11.0 — P100.0 — P1o1.1 — P110.1

P000.0 + Po10.0 + Priro — 1

Pooo.1 + Poo1.o + Po10.0 — Po11.0 + Po11.1 + Piot.o + Pi11a

6(0) < min P000.0 T Poo1.1 + Poio.1 + Pio1.1 + Pii1.o
—Po11.0 — P100.0 — P110.0 + 1
(1) > max P000.0 + P111.0 + 2Po11.0 + P1o1.1 — Pooo.1 — Poir1 — 1
Po11.0 + Prora + prra — 1
P000.0 + P100.0 + Po10.0 + Po11.0 — Po11.1 + Pio1.1 + P1ioa
5(1) < min —Poo1.1 — Po11.0 — P100.0 + P100.1 — 2P111.0 + P11 + 1

—Poo1.1 — Poi1.1 — Piito + 1

{ —P000.0 — Poo1.1 — Po10.1 — P100.0 — P110.0 — P111.0 T P111.1
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Po00.1 + P1oo.1 + Pi11.1 + Po10.o — P1oo.o — Piito — 1
£(0) > max ¢ pooo.o + Po10.1 — Prot.o + Prott — Prioo + Pror — 1 ¢
P000.0 + Poro.o — 1

P000.0 — P000.1 + Po11.0 — Poi1.1 — P1oo.1 — P11o.o + 1
5(0) < min P001.0 — Poo1.1 + Po10.0 — Po10.1 — P100.0 — P11o.1 + 1
—P100.0 — P11o.o + 1

Proofs of these bounds are presented in Section 5.7.1. The provided lower /upper bounds
are in a general form of taking the maximum/minimum value from a set of observed
probability entries. Section 5.7.1 shows that these symbolic entries correspond to the

vertices of (symbolic) polyhedral.

The above lower and upper bounds of §(a) and £(a) are not sharp. The tightest bounds
of §(a) and £(a) under Assumptions 5.2.1 - 5.2.3 involve over 30 entries and we will not show
those lengthy expressions in this thesis. The above bounds are in fact the tightest bounds
of 0(a) and £(a) under Assumptions 5.2.1 - 5.2.4. This implies that for bounding é(a) and
¢(a) no information is gained by assuming treatment-assignment monotonicity. This is
because among the the entries for the bounds under Assumptions 5.2.1 - 5.2.3, only those
for the bounds under Assumptions 5.2.1 - 5.2.4 are active when the treatment-assignment
monotonicity is true. The similar phenomenon has been observed when bounding the
average treatment effect in the IV setting with noncompliance (Balke and Pearl, 1997;
Gabriel et al., 2023). We also note that the upper bounds of §(a) under Assumptions 5.2.1

- 5.2.5, 5.2.7 are same as the ones under Assumptions 5.2.1 - 5.2.7.
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5.4 Bounds on Local Parameters

The IV setting without defiers specified by Assumptions 5.2.1 - 5.2.4 allows us to identify
the local average treatment effect (Angrist et al., 1996), 7 = E[Y (1, M (1)) — Y (0, M(0)) |
A(1) > A(0)], by

Y (0, A(0), M(A(0)))]  Pr(Y =1|Z =1) — Pr(Y = 1|Z = 0)

o B, AQ), M(AQL))) —

E[A(1) -
This is the average treatment effect for the subpopulation of treatment-assignment com-
pliers. We analogously define the local average causal mediation effect as 6'(a) = E[d(a) |
A(1) > A(0)] and the local natural indirect effect as (a) = E[¢(a) | A(1) > A(0)].
These local causal parameters defined over a specific subpopulation might be the focus
in real-world problems. Especially when the compliers occupy only a very small fraction
of the entire population, even the tightest bounds on the population parameters can be

noninformative and useless because they need to consider the best/worst situations for the

noncompliance which forms the majority of the population.

Identification of these local parameters under Assumptions 5.2.1 - 5.2.4 is free from
treatment-mediator and treatment-outcome confounding factors, despite it still requires
fully observed mediator-outcome confounding. In this section, we derive the bounds of
6'(a) under the IV setting without defiers which allows for the presence of unmeasured
mediator-outcome confounding. The bounds for £(a) can be easily obtained from the
bounds of §'(1—a) by noting that 7t = §'(1—a)+£'(a). Let 6*(a) = E[6(a)A(1)(1— A(0))].
Under Assumptions 5.2.1 - 5.2.4, we can show that §'(a) = 0*(a)/Pr(A(1) = 1, A(0) = 0)
where Pr(A(1) =0,A(0) =1) =Pr(A=1|Z =1) — Pr(A = 1]Z = 0) is the proportion of
compliers, which is identifiable from the observed data. It is therefore equivalent to study

the bounds of §*(a). In the following, we give the bounds of §*(a) under Assumptions
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5.2.1 - 5.2.4. The bounds of §*(a) under additional monotonicity assumptions are shown

in Section 5.7.

Under Assumptions 5.2.1 - 5.2.4, the sharp bounds of *(a) are given by

—Po10.0 + Po10.1 + Po11.0 — Poi1.1 — P110.0 T P110.1

0"(1) > max §  —pooo.0 + Pooo.1 + Poor.o — Poor.1 — P100.0 + Prooa (4
Poo1.0 — Poo1.1 + Po11.0 — Poil.1
P000.0 — Pooo.1 + P100.0 — P100.1 — P1o1.0 + P1o1.1
6*(1) < min Po10.0 — Po1o.1 + P110.0 — P110.1 — P111.o + P11 (s
—P1o01.0 + P1o1.1 — P11t.o + P1ita
Po11.0 — Po11.1 — P110.0 + P110.1 + Pri1.o — P11
0"(0) > max § poo1.o — Poor.1 — P100.0 + Proo1 + Pro1.o — Pro1a (o
—P100.0 + P100.1 — P110.0 + P110.1
P000.0 — P000.1 — Poo1.0 T Poo1.1 — P1o1.0 + Pio1.1
6*(0) < min P010.0 — Po10.1 — Po11.0 + Po11.1 — P111.0 T P111.1

P000.0 — P000.1 + Po10.0 — Po10.1

We note that the probability entries in the above bounds of the local causal parameters
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show up in pairs of Pymqe.o — Pyma.1- We can verify that

(1 - 20’) (pyma.o - pyma.l) R
Pr(A(1) =1, A(0) = 0) = Pyma.a

where p§, ., =Pr(Y =y, M =m,A=a|Z =a,A(l) = 1,A(0) = 0) are the observed
conditional probabilities over the subpopulation of treatment-assignment compliers. There-

fore, by replacing (pyma.0 — Pyma.1)/Pr(A(1) = 1, A(0) = 0) with (1 — 2a) one can

c
pyma.a?

obtain reduced expressions of the bounds for the local causal parameters.

5.5 Analysis of the Criteo Uplift Dataset

The Criteo uplift data are large-scale online A/B testing data collected by the online
advertising company Criteo, with the details of the data discussed in Diemert et al. (2018)
and Diemert et al. (2021). The dataset is originally released for uplift modeling to identify
the individuals most likely to be converted by online advertising (conversion means to make
a purchase). The data are used for inllustration of the proposed nonparametric bounds on

the causal mediation effects.

The dataset contains over 13M observations, with 85% of them randomly assigned to
the treatment group. The treatment indicates whether a company participates in the real-
time bidding (RTB) auction for a user, while the user is not effectively exposed unless the
company wins in the RTB auction for the user. For each observation in the dataset, four
binary indicators are recorded: (1) Whether the user was assigned to the treatment group
(Z); (2) whether the user was effectively exposed (A); (3) whether a visit occurred to the
user (M); and (4) whether a conversion occurred to the user (Y). See Table 5.1 for the

specific meanings of the four variables. The setup is a RCT with noncompliance since the
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Table 5.1: Interpretation of the variables for the Criteo uplift data

Z | whether a company participates in RTB auction for a user
A | whether the company wins RTB auction for the user

M | whether the user visits the website advertised

Y | whether the user achieves conversion (purchase)

effect of A on Y is assumed to be of primary concern. The Z serves as an IV if we assume
the exclusion-restriction assumption which is indeed plausible in this problem. To figure
out the causal mechanisms of effective exposition on the conversion rate and the role of the

website-visit behavior in this procedure, we focus on evaluating the ACME and the NDE.

We can reasonably make Assumption 5.2.4 because at the design stage, the individuals
in the control group (Z = 0) were intentionally blocked from being exposed (A = 1),
ie, Pr(A=1]| Z =0) =0. This is actually a stronger result compared to Assumption
5.2.4. Tt is also warranted by design that no conversion can be achieved without a visit,
ie., Y(a,0) = 0 almost surely for a = 0,1. However, this structural restriction would
lead to a zero NDE, thereby rendering the mediation analysis meaningless. To remedy this
issue, we hypothetically allow for the possibility that users may achieve conversion through
alternative means, such as visiting offline (brick-and-mortar) stores, and emphasize that

the data are used here solely for illustrative purposes in evaluating the proposed method.

The bounds on the population causal parameters d(a) and £(a) for the data under
different assumptions are given in Table 5.2. Because Assumption 5.2.4 is true in this
example, we see that the bounds for all the causal parameters under Assumptions 5.2.1 -
5.2.3 are the same as the ones under Assumptions 5.2.1 - 5.2.4, verifying our arguments in
Section 5.3. The intervals formed by the bounds are very wide because the noncompliance
rate is greater than Pr(A =0 | Z = 1) =~ 96.4%, yielding a great amount of uncertainty.

However, we are still able to acquire information from the bounds. For example, under
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Table 5.2: Bounds on the population parameters under different assumptions.

Assumptions
5.2.1-5.2.3 5.2.1-5.24 5.2.1-5.2.4,5.2.6 9.2.1-5.2.6 5.2.1-05.2.7
5(1) [—0.982,0.966] [—0.982,0.966]  [—0.038,0.932] [0,0.932] [0,0.932]
6(0) [-0.002,0.982] [-0.002,0.982] [—0.002, 0.945] [0,0.941] [0,0.932]
£(1) [-0.982,0.966] [-0.982,0.966]  [—0.945,0.966]  [~0.941,0.964]  [0,0.964]
£(0) [—0.002,0.982] [—0.002,0.982]  [~0.002,0.969]  [—0.002,0.964]  [0,0.964]

Assumptions 5.2.1 - 5.2.4, 5.2.6, the §(0) cannot be smaller than —0.002.

Facing such a huge proportion of noncompliance, it might be better to shift our attention
from the entire population to the subpopulation of treatment-assignment compliers. The
bounds on the local causal parameters are shown in Table 5.3, which are more informative
compared to the ones on the population causal parameters. Under Assumptions 5.2.1 -
5.2.4, the bounds [—0.488,0.054] on &'(1) imply a possible strong negative mediation effect
of advertising through website-visit for the compliers effectively exposed. One can compute

the average treatment effect of A on M over the compliers as

CPr(M=1|Z=1)-Px(M=1|Z=0)
M P A=1(Z=1)-Pr(A=1]Z=0)

= 0.287,

indicating that if 0'(1) is negative, then visiting the website has a reversed effect on conver-
sion for the compliers effectively exposed. If §'(1) is truly negative, the practitioners may
consider improving the quality of the website or encouraging the effectively exposed users
to go to offline stores for purchase. The bounds of 6'(a) and £(1—a) are complementary to
each other, i.e., crosswise addition of them always leads to the value 0.032 which is exactly

the IV estimate of the local average treatment effect because 7' = 6'(a) + /(1 — a).
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5.6

We derived the nonparametric bounds of the ACME and the NDE in the IV setting with
imperfect compliance and extended our results to the local causal parameters in the IV
setting without defiers.
interest under minimal assumptions on the data. However, the readers should be aware
of that the derived bounds can barely be used for inferences of whether the causal effects
are positive or negative, as in most cases the intervals formed by the bounds include zero.

They are expected to complement the information offered by point estimates (Robins and

Table 5.3: Bounds on the local parameters under different assumptions.

Assumptions
5.2.1-5.24 5.2.1-5.2.4,5.2.6 5.2.1-5.2.6 5.2.1-05.2.7
5:1(1) [—0.488,0.054] [—0.128,0.054] [0.0,0.054] [0.0,0.032]
(2’(0) [—0.022, 0.520] [—0.022,0.415] [0.0,0.287] [0.0,0.032]
f_l(l) [—0.488,0.054] [—0.383,0.054] [—0.255,0.032]  [0.0,0.032]
€40) [-0.022,0.520] [—0.022,0.160] [—0.022,0.032] [0.0,0.032]

Concluding Remarks

Greenland, 1996; Richardson et al., 2014).

5.7 Proofs and Technical Details

5.7.1 Derivation of the Bounds

The bounds in the main body as well as the ones we will present in Sections 5.7.2 and 5.7.3
are derived based on the method outlined in Balke and Pearl (1994) and Balke (1996).
We briefly review the method in this section. Let O, = (Y (1,1),Y(1,0),Y(0,1),Y(0,0)),
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Table 5.4: The values of o,; for i =0,---,15.

i 01 2 3 45 6 7 8 9 10 11 12 13 14 15
1111111100 0 0 0 0 0 0
11110000711 1 1 0 0 0 0

% 1100110011 0 0 1 1 0 0
1010101010 1 0 1 0 1 0

O, = (M(1),M(0)), and O, = (A(1), A(0)). The values of O, and O,, are encoded as given
respectively in Table 5.4 and Table 5.5. Define ¢;;, = Pr(O, = o0y, O, = 0mj, Ou = Opi)
for i = 0,---,15, j,k = 0,1,2,3 (See Tables 5.4 and 5.5 for the definitions of o,; and
Omj). Under Assumptions 5.2.1 and 5.2.2, the parameters of interest are linear in ¢;;;,. For

example, simple algebra shows that

0(1) = B[Y/(1, M(1)) — Y(1, M(0))]

=Pr(Y(1,1)=1,M(1)=1)+Pr(Y(1,0) = 1, M(1) = 0)

—Pr(Y(1,1) =1, M(0) =1) — Pr(Y(1,0) = 1, M(0) = 0)

= D> D awt D D > G
i=4,5,6,7 j=1 k=0,1,2,3 i=8,9,10,11 j=2 k=0,1,2,3

= DD D X D D e
i=4,5,6,7 j=2 k=0,1,2,3 i=8,9,10,11 j=1 k=0,1,2,3

Because szk ¢ijr = 1, the degree of freedom for g;;, is 255. The density of the ob-
served data (Y, M, A, Z) is given by Pr(Y =y M = m,A=a,Z = z) = p(y,m,a,z) =

Table 5.5: The values of o,,; for i =0, 1, 2, 3.

1

Omi

— = | o
o |-
— o |
co|w
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p(y, m,a|z)p(z) which is fully characterized by p(y,m,alz) = Pr(Y =y, M =m, A = a |
Z =z) and p(z) = Pr(Z = z) for y,m,a,z € {0,1}. Denote pymq.. = p(y, m,alz) as in the
main body. Under Assumption 5.2.3, we can show that pym.. = Pr(Y(a,m) =y, M(a) =
m, A(z) = a) which impose equality constraints on and further reduce the degree of freedom

of g;;,. For instance, one can easily show that

P1111 = Z Z Z qijk-

i=0,1,-+,7 j=0,1 k=0,1

Note that p(z) do not impose any constraints on ¢;;;. Under Assumptions 5.2.1 - 5.2.3,
there will be 2* + 1 = 17 equality constraints for ¢;;5. The monotonicity assumptions
introduce more equality constraints on g;;;. For example, Assumption 5.2.4 which states
that A(1) > A(0) enforces ¢;;5 = 0 when k& = 2; Assumption 5.2.6 which states that
Y(a,1) > Y(a,0) enforces g;;x; = 0 when i = 2,6,8,9,10,11,14. Let ¢ = (¢;;x) be a 256-
dimensional vector of g;,. Computing, e.g., the lower bound of §(1) under Assumptions
5.2.1 - 5.2.3 and possibly others corresponds to solving the symbolic linear programming
problem

min ch
q
s.t. Aqg =0, (5.1)
q=0,

where §(1) = ¢'q and Ag = b are the equality constraints for gj. To solve (5.1), we

consider its dual problem

maxb' w
v (5.2)
st. ATw < ec.

The duality gap is zero because the constraints in (5.1) are all affine (linear). The P = {w |
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ATw < ¢} is a polyhedron. The maximum value of (5.2) is attained at either the vertices
or the rays of the polyhedron P. Due to the constraints ¢ > 0 and 17¢ = 1, the solution
to (5.1) must be bounded and thus the problem (5.2) must also be bounded. Because of

the boundedness, there is no need to consider the rays of P and the solution to (5.2) will

be

max b w (5.3)
we

where V' is a collection of the vertices of the polyhedron P. To solve (5.2), therefore, we
can enumerate all the vertices of the polyhedron P and then substitute into (5.3). For the

extreme vertex enumeration algorithms, we refer readers to Mattheiss (1973) and Matheiss

and Rubin (1980).

In the presence of covariates X, we let ¢;;x = Pr(Oy = 0y, O = 0pmj, O0 = Omi |
X) and pyma. = p(y,m,alz,x). The density of the observed data (Y,M,A,Z, X) is
p(y,m,a,z,x) = p(y,m,a|z,x)p(z)p(x) where pym, . impose the same constraints on g;j,
while p(z) and p(x) do not impose any constraints. Then, we solve the same symbolic
linear programming problem. Since the causal parameters in this scenario are in the
form of E(c'q), the results are followed by noting that E(min,c"q) < min,E(c'q) <

max, E(c"q) < E(max, c"q) due to Jensen’s inequality.

5.7.2 Bounds on Population Parameters under Monotonicity

In Section 5.3, we have presented the bounds on §(a) and £(a) under Assumptions 5.2.1
- 5.2.3 which are also the sharp bounds of §(a) and £(a) under Assumptions 5.2.1 - 5.2.4.
With additional monotonicity assumptions given in Section 5.2.4, these bounds can be

tightened (if the imposed assumptions are true). The results are given in the following two
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subsections, with the first subsection presenting the sharp bounds for §(a) and the second

presenting the sharp bounds for £(a). Proofs of the above bounds have been outlined in

Section 5.7.1, using the Pearl-Balke method.

Bounds on the ACME

The sharp bounds for 6(a) under different assumptions are established as follows. Under

Assumptions 5.2.1 - 5.2.5, we have

5(1) > max Poor.1 + Po10.0 + Pror1 + Pioo + P — 1 |

—Po00.1 — Po11.1 — P100.1

5(1) < min —Poo1.1 — P010.0 — Po11.0 — P1o1.1 — Prioo + 1 |

Pooo.1 T P1oo.1 + P111.1

5(0) > max Pooo.1 + Poor.1 + Poro.o + Pror1 + Prioo + Priroe — 1 |

—Po11.0 — P100.0

< . —Poo1.1 — P010.0 — Po11.0 — P100.1 — Pio1.1 — P11o.o + 1
0(0) < min

Pooo.o + P111.0

Under Assumptions 5.2.1 - 5.2.4, 5.2.6, we have

max

max

—Po01.0 — P010.0 — P110.0 Pooo.1 + P1o0.1 + Pi11.1

—Poo1.1 — P1o1.1 — P110.1 P000.0 T P111.0

<6(0) < min

Pooo.1 — Po11.o + Poit1 + Pii1a

—Poo1.1 — Po1o.1 — P110.1 } 35(1) < min P000.0 T P100.0 + P111.0
—Poo1.0 — P101.0 — P110.0 }
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Under Assumptions 5.2.1 - 5.2.4, 5.2.7, we have

—P000.0 — Poo1.1 — Po1o.1 — Po11.0 — P100.0 — P110.1

5(1) > max —Po00.1 — Poo1.0 — Po010.0 — Po11.1 — P100.1 — P110.0 )

piota + piia — 1

Pooo.1 + Po1o.o + Piot.o + P1i1a
4(1) < min Po0o.0 + Po1o.1 + Pio1.1 T Pi11.0 )

—Poo1.1 — Poi1.1 — P100.0 — Piio.o + 1

Ve

—P001.0 — Po11.1 — P100.1 — P101.0 — P110.0 + P111.0 — P111.1

6(0) > max —Poo1.1 — Po11.0 — P100.0 — P101.1 — P110.1

P000.0 + Po10.0 + P1i1o — 1

Po0o.0 + Po1o.1 + Pio1.1 T Pi11.o

4(0) < min Pooo.1 + Po1o.o + Piot.o + P1i1a

—Poo1.1 — Poi1.1 — P100.0 — Piio.o + 1

Under Assumptions 5.2.1 - 5.2.6, we have

0 <4(1) < min
Pooo.1 + P1oo.1 + P11

0 <§(0) < min{ LeottT Poiwo T Porto T h00.0 T Plons T Puoo +1

{ —Poo1.1 — P010.0 — Po11.0 — P1o1.1 — P11o.o + 1
{ Po00.0 T P111.0
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Under Assumptions 5.2.1 - 5.2.5, 5.2.7, we have

§(1) > max Poot.1 + Poro.o + Pror1 + Prioo + Prio — 1 |

—Po00.1 — Po11.1 — P100.1

—Poo1.1 — P010.0 — Po11.0 — P100.1 — P1o1.1 — P11o.o + 1

= —Poo1.1 — Po10.1 — Poi1.1 — P100.0 — P1o1.0 — P11o.o + 1

0(1) < min ;
P000.0 T Poo1.0 — Poo1.1 + P111.0
{ Pooo.1 — P110.0 + P110.1 + P111.1 )
5—(0) > max P000.1 + Poot.1 + Poto.o + Pro1.1 + Pi1o.o + Priro — 1 |

—Po11.0 — P100.0

—Po01.1 — P010.0 — Po11.0 — P100.1 — P1o1.1 — P1io.o + 1

5(0) < min —Poo1.1 — Po10.1 — Poir.1 — P1o0.o — P1o1o — Prioo + 1

P000.0 T Poo1.0 — Poo1.1 + P111.0

Pooo.1 — P110.0 + P110.1 + P111.1

Under Assumptions 5.2.1 - 5.2.7, we have

( 3
—Poo1.1 — P010.0 — Po11.0 — P100.1 — Pio1.1 — P11o.o + 1

—Poo1.1 — Po10.1 — Poi1.1 — P100.0 — P1o1.0 — P11o.o + 1

d

0 <§(1) < min
Pooo.1 — P110.0 + P110.1 + P111a

P000.0 + Poo1.0 — Poo1.1 + P111.0

—Poo1.1 — Po10.1 — Po11.1 — P100.0 — P1o1.0 — P11o.o + 1

0 <§(0) < min —Poo1.1 — P010.0 — Po11.0 — P100.1 — P1o1.1 — P11o.o + 1

P000.0 + Poo1.0 — Poo1.1 + P111.0

Pooo.1 — P110.0 + P110.1 + P111a
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As we impose more assumptions, the derived bounds are expected to be tighter because the
parameter space is reduced. Even if not guaranteed by design, in many practical cases the
monotonicity assumptions are considered mild and plausible. If the imposed assumptions
are false, however, the derived bounds will be invalid and not necessarily tighter, while
they can still be useful. The procedure of imposing more and more assumptions is similar

to the procedure of changing sensitivity parameters in sensitivity analysis.
Bounds on the NDE

The sharp bounds for £(a) under different assumptions are established as follows. Under

Assumptions 5.2.1 - 5.2.5, we have

E(l) > max —Poo1.0 + Poo1.1 + Poio.o + Poi1.o — P1oo.o + P1oo.1 — Pio1.o + 2p1o11 + priia — 1

P010.0 + Po11.0 + Prot.1 + Pt — 1

£<1) < min D000.0 — P000.1 + P001.0 — 2Poo1.1 — Po11.1 + P1o1.0 — P1o1.1 — Pi10.0 — Piito + 1

—Poo1.1 — Poi1.1 — Pi10.0 — Piiro + 1

£(0) > max { P000.0 + 2P010.0 — Po10.1 + Po11.0 — Po11.1 + P1o1.1 + P110.o — Prio1 — 1

P000.0 + Po10.0 + Pro11 — 1

£(0) < min —Poo1.1 — P010.0 T Po10.1 — P100.0 — 2P110.0 + P110.1 — P1i1.o + Prira + 1

—Poot.1 — P100.0 — P11o.0 + 1
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Under Assumptions 5.2.1 - 5.2.4, 5.2.6, we have

E(l) > max —P000.1 — Poo1.0 + Po11.0 — Po11.1 — P100.0 — P101.0 T P1o1.1 — P110.0

P010.0 + Po11.0 + Prot.1 + Pt — 1

- P000.0 + Po10.0 T Po11.0 — Po11.1 + P1o1.1 + P110.1

£(1) < min 7
—Poo1.1 — Po11.1 — P100.0 — P111.o + 1
£(0) > max —Poo1.1 + P010.0 — Po10.1 + Po11.0 — Po11.1 — P100.0 — P110.1 — P111.0
P000.0 + Po10.0 + Poi1.o + Pro1a — 1
£(0) < min Po00.1 + Poo1.o + Po10.0 — P100.0 + P1oo.1 + Pro11 + Piira

—Poi1.1 — P100.0 — P11oo + 1

Under Assumptions 5.2.1 - 5.2.4, 5.2.7, we have

—P000.0 + Pooo.1 — P100.0 + P100.1 — P110.0 + P110.1 — P111.0 + P111.1

(1) > max —Po10.0 + Po10.1 — P100.0 + P100.1 — P1o1.0 + P1o1.1 — P110.0 + P110.1
0

(

—P001.0 — Po11.1 — P101.0 + Pio1.1 — P110.0 + Piioa — Pii1o + 1
(1) < min —Po01.1 — Po11.0 — P100.0 T P100.1 — 2P111.0 + P11 + 1 5
—Poo1.1 — Poit.1 — Piito + 1

\
;

—Po10.0 + Po10.1 — P100.0 + P100.1 — P1o1.0 + P1o1.1 — P110.0 + P110.1
£(0) > max P001.0 — Poo1.1 T Po10.0 — Po10.1 + Po11.0 — Po11.1 + P101.0 — P1o1.1
0

P001.0 — Poo1.1 + Po10.0 — Po10.1 — P100.0 — P1io.1 + 1

€(0) <min § poo.o — Pooo.1 + Port.o — Porr1 — Proos — Piioo + 1
—P100.0 — P110.0 + 1
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Under Assumptions 5.2.1 - 5.2.6, we have

ér(l) > max —Po01.0 + Poo1.1 + Poio.o + Pot1.0 — P10o.0 + P1oo.1 — Pio1.o + 2p1o11 + priia — 1

P010.0 + Po11.0 + Prot1 + prira — 1

5(1) < —Poo1.1 — Poi1.1 — P100.0 — P110.0 — P1it.o + 1,

E(O) > max P000.0 + 2P010.0 — Po10.1 + 2Po11.0 — Po11.1 + Pro1.1 + Prio.o — Prior — 1

P000.0 + Po10.0 + Poit.o + Prora — 1

£(0) < —poo1.1 — Po11.1 — P1oo.o — P11o.o + 1.

Under Assumptions 5.2.1 - 5.2.5, 5.2.7, we have

( )
P010.0 — Po10.1 + Po11.0 — Po11.1 — P100.0 + P1o0.1 — P1o1.0 + Pio1.1

£(1) > max —P100.0 + P100.1 — P1o1.0 + Pioi.1

Po10.0 — Po10.1 + Po11.0 — Poi1.1
0

\ /

§<1) < min D000.0 — P000.1 + P001.0 — 2Poo1.1 — Po11.1 + P101.0 — P1o1.1 — Pi10.0 — Piir.o + 1
—Poo1.1 — Poi1.1 — Pi10.o — Prito + 1

( )

P010.0 — Po10.1 + Po11.0 — Po11.1 — P100.0 + P1oo.1 — P1o1.0 + Pio1.1

= —P100.0 + P100.1 — P1o1.0 + Pio1.1

£(0) > max :
Po10.0 — Po10.1 + Po11.o — Poi1.1
0
\ V
5(0) < min —Poo1.1 — P010.0 T Po10.1 — P100.0 — 2P110.0 + P110.1 — P1i1o + Prira + 1

—Poo1.1 — P100.0 — P11o.0 + 1
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Under Assumptions 5.2.1 - 5.2.7, we have

4 3\
P010.0 — Po10.1 + Po11.0 — Po11.1 — P100.0 + P10o0.1 — P1o1.0 + Pio1.1

£(1) > max —P100.0 + P100.1 — P101.0 T P1o1.1

Po10.0 — Po10.1 + Po11.0 — Poi1.1

0

\

5(1) < —Poo1.1 — Poi1.1 — P100.0 — P110.0 — P111.o + 1
4 3\
P010.0 — Po10.1 T Po11.0 — Po11.1 — P100.0 + P100.1 — P1o1.0 T P1o1.1

£(0) > max —P100.0 + P100.1 — P101.0 + Pro11
- P010.0 — Po10.1 + Po11.0 — Po11.1

0

\ Vs

5(0) < —Poo1.1 — Poi1.1 — P100.0 — Pi1o.o + 1.

5.7.3 Bounds on Local Parameters under Monotonicity

For local causal parameters, we have shown the sharp bounds on §*(a) under Assumptions
5.2.1 - 5.2.4 in Section 5.4 of the main body. In this section, we present the sharp bounds

of 6*(a) under additional monotonicity assumptions. Under Assumptions 5.2.1 - 5.2.5, we
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have

. —P000.0 T P000.1 — P001.0 T Poo1.1 — P100.0 + P100.1 — P101.0 + P101.1
6*(1) > max

Po11.0 — Po11.a
0*(1) < min
—P111.0 + P111.1

- { P000.0 — P000.1 + Poo1.0 — Poor.1 + P100.0 — P100.1 + P1o1.0 — P101.1
{ —P000.0 + P000.1 — Poo1.0 T Poo1.1 — P100.0 + P100.1 — P1o1.0 + Pio1.1

—P100.0 + P100.1

- P000.0 — P000.1 + Poo1.0 — Poor.1 + P100.0 — P100.1 + P101.0 — P101.1

Po00.0 — Pooo.1
Under Assumptions 5.2.1 - 5.2.4, 5.2.6, we have

5*(1) > max —Po10.0 + Po1o.1 — P110.0 + P11o.1 |

Poo1.o — Poo1.1

0*(1) < min P000.0 — Po00.1 t P100.0 — P100.1

—P111.0 + P111.1

0*(0) > max
—P110.0 T P110.1

5* (0) S min —Po11.0 +p011.1 — P111.0 —|—p111'1

= { Poo1.0 — Poo1.1 T P1o1.0 — P1o1.1

P000.0 — P000.1
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Under Assumptions 5.2.1 - 5.2.4, 5.2.7, we have

—Po10.0 + Po10.1 T Po11.0 — Po11.1 — P110.0 T P110.1

0"(1) > max —P000.0 + Pooo.1 + Poo1.o — Poot.1 — P1oo.0 + P100.1 (>

Poo1.0 — Poo1.1 + Po11.o — Poi1.1

P000.0 — P000.1 T Poo1.0 — Poo1.1 + Po10.0 — Po1o.1 + Poi1.o — Poit.1
0*(1) < min P000.0 — P000.1 — P101.0 T P101.1

Po10.0 — Po10.1 — P111.0 T P111.1

Po11.0 — Po11.1 — P110.0 T P110.1 + P111.0 — P111.1

6"(0) > max < P001.0 — Poo1.1 — P100.0 T P100.1 + P1o1.0 — P1o1.1 ( »

—P100.0 + P100.1 — P110.0 T P110.1

P000.0 — P000.1 + Poo1.0 — Poo1.1 + Po10.0 — Po1o.1 + Poi1.0 — Poii.1
6"(0) < min P000.0 — P000.1 — P101.0 T P101.1

D010.0 — Po10.1 — P111.0 T Pi11.1
Under Assumptions 5.2.1 - 5.2.6, we have

0 <5*(1) < min D000.0 — P000.1 1 Po01.0 — Poo1.1 + P100.0 — P100.1 + P101.0 — P1o1.1

—P111.0 + P1111

0 <5*(0) < min D000.0 — P000.1 + P001.0 — Poo1.1 T P100.0 — P100.1 + P101.0 — P1o1.1

P000.0 — Pooo.1
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Under Assumptions 5.2.1 - 5.2.5, 5.2.7, we have

0"(1) > max

(

0*(1) < min

0*(0) > max

’

0*(0) < min

—P000.0 + Pooo.1 — Poo1.0 + Poo1.1 — P100.0 + P100.1 — P1o1.0 + P1o1.1

Po11.0 — Po11.1
A
P000.0 — P000.1 T Poo1.0 — Poo1.1 + P100.0 — P100.1 + P101.0 — P1o1.1

P000.0 — P000.1 + Poo1.0 — Poot.1 + Po10.0 — Po1o.1 + Po11.0 — Poil.1

P000.0 — P000.1 + Poo1.0 — Poo1.1

—P110.0 T P110.1 — P111.o + P1111

/
—P000.0 + Po00.1 — Poo1.0 + Poo1.1 — P100.0 + P100.1 — P1o1.0 + P1o1.1
—P100.0 + P100.1

\
P000.0 — P000.1 T Poo1.0 — Poo1.1 + P100.0 — P100.1 + P101.0 — P1o1.1

P000.0 — P000.1 + Poo1.0 — Poot.1 + Po10.0 — Po1o.1 + Po11.0 — Poil.1

—P110.0 + P110.1 — P111.o + P11t

P000.0 — P000.1 + Poo1.0 — Poo1.1

Under Assumptions 5.2.1 - 5.2.7, we have

0 <6*(1) < min

0 <6*(0) < min

)
P000.0 — P000.1 T Poo1.0 — Poo1.1 + Po10.0 — Po1o.1 + Po11.0 — Poi1.1

P000.0 — P000.1 T Poo1.0 — Poo1.1 + P100.0 — P100.1 + P1o1.0 — P1o1.1
P000.0 — P000.1 T Po01.0 — Poo1.1

—P110.0 T P110.1 — P111.o + P111.1

P000.0 — P000.1 + Poo1.0 — Poo1.1 + Po10.0 — Poio.1 + Poi1.o — Poil.1
P000.0 — P000.1 T Poo1.0 — Poo1.1 + P100.0 — P100.1 + P1o1.0 — P1o1.1
P000.0 — P000.1 + Poo1.0 — Poo1.1

—P110.0 + P1101 — P111.0 + P111a
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The above bounds are the tightest bounds under corresponding assumptions. Similarly,
they would be tighter if we impose more assumptions. It is worth noting that the proba-

bility entry pooo.o — Pooo.1 + Poo1.o — Poor.1 + Poro.o — Po1o.1 + Po11.o — Por1a frequently appear
in the probability entries of the upper bounds of 6*(1) and 4*(0). We observe that

P000.0 — Po00.1 + Poo1.0 — Poo1.1 + Po10.0 — Po1o.1 T Po11.0 — Po1l.1 _
Pr(A(1) =1,A(0) =0) '

Then, the 6'(a) cannot be greater than 7' under certain monotonicity assumptions ensuring

that £'(1 — a) is non-negative.
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Chapter 6

Future Work and Discussion

A brief summary and discussions on potential extensions and future work are provided in

this chapter to conclude this thesis.

6.1 Summary

In Chapter 2, we introduced the frameworks, models, and parameters of interest for causal

inference as preliminaries for the three topics we later explored in Chapters 3 - 5.

The first topic is presented in Chapter 3, which focused on statistical inference of pop-
ulation weighted average treatment effects. We developed in this chapter a framework that
incorporates the survey weights in the propensity score weighting procedure to simultane-
ously mitigate the confounding bias as well as the selection bias. The key of our method
is to utilize the survey weights not only for re-weighting the outcomes, but also for the

estimation of the propensity score. We later extended the proposed method to address
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the scenario with non-probability samples by taking advantage of one or multiple external

reference datasets with possibly partially observed confounding variables.

The second topic of this thesis is discussed in Chapter 4, which explored robust esti-
mation of the treatment harm rate (THR). The THR is a measure of treatment risk and
assesses the treatment effect heterogeneity within a subpopulation. However, it is non-
identifiable and can only be partially identified. We constructed in Chapter 4 a class of
partitioning-based bounds for the THR which can be consistently estimated with RCT
data. These bounds incorporate the information of auxiliary covariates and attain the
information upper bound under the optimal partition. A cross-fitting strategy is adopted

for learning the optimal partitioning rule and estimation of the bounds.

Chapter 5 dived into causal mediation analysis and investigated the partial identifica-
tion issue in randomized controlled trials with noncompliance. We derived nonparametric
bounds of causal mediation effects under minimal assumptions and extended existing re-

sults in causal mediation analysis with RCT data to the instrumental variable setting.

The three topics studied in the thesis address three distinct inferential problems under
the common umbrella for causal inference. The statistical tool developed in Chapter 4,
however, can be applied to improve the bounds derived in Chapter 5. We further discuss

this potential line of new research in Section 6.2.2.

6.2 Future Work
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6.2.1 Variable Selection for Causal Inference with Nonprobabil-

ity Samples

In Section 3.4, we studied how to estimate the population average treatment effects when
the data at hand are nonprobability samples by leveraging external probability data with
information in the covariates. Particularly, we considered the scenario where the covariates
in the original nonprobability data are only partially observed in the external reference
datasets. As demonstrated in Proposition 3.4.1, when the sample inclusion indicator is
ignorable with respect to the treatment indicator, the covariates in the reference dataset
are sufficient for identification if they can fully explain the variation in 7(X). For example,
ifY(1) = X; 4+ Xo+ X3+¢e; and Y(0) = Xy + Xy + &9 where &1 and gy are random noises
independent of the selection indicator variable R, then we can identify the population
average treatment effect as long as X3 is observed for the reference data. This has also been
verified numerically in the simulation studies given in Section 3.4.5. The extended question
of interest is whether we should also include X; in the estimation of the participation
probability provided that X is observed for the reference data? The answer of this question
relies on whether the inclusion of X; can improve the efficiency of the resulting inverse

weighted estimator.

With regard to variable selection for the estimation of propensity score, a consensus
in causal inference is that the variables associated with the outcome should be involved
because they reduce the estimator’s variance (Brookhart et al., 2006; Rotnitzky et al., 2010;
De Luna et al., 2011; Shortreed and Ertefaie, 2017). However, it is not known whether this
principle is applicable to the estimation of the participation probability. This is potentially

a future research topic.
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6.2.2 Partitioning-Based Bounds for General Causal Parameters

on Binary Outcomes in RCTs

In a statistical problem, we are often interested in estimating or making inference about
some parameters of interest of a statistical model given the observed data. We can place
different assumptions on the data, leading to different statistical models. A parameter
is identifiable if different values of the parameter must yield different statistical models.
Under mild assumptions, the identifiability of a parameter is equivalent to that we can
consistently estimate the parameter based on infinite observed data generated from the
model. The non-identifiability issue arises when the parameters of interest are not identi-

fiable, which is common in econometrics.

In a RCT, for example, the average treatment effect (ATE) is non-identifiable in the
presence of noncompliance under the exclusion-restriction assumption. There are three
popular solutions to the non-identifiability issue: (1) imposing strong identification as-
sumptions and focusing on similar parameters that are identifiable; see Angrist et al.
(1996) for example, which assumes no defiers and shifts interest to the complier ATE; (2)
conducting sensitivity analysis for the parameter (Robins et al., 2000); and (3) addressing
the partial identification issue and deriving the bounds on the parameter (Balke and Pearl,
1997). The three solutions are not mutually exclusive; rather, they can complement each

other and can be reported together in statistical analysis.

When the outcomes are binary, Balke (1996) showed that the sharp nonparametric
bounds on the average treatment effect in RCTs with noncompliance are the solutions of
linear programming problems, with the objective functions of which determined by the
parameter of interest, and the constraints relying on the assumptions on the statistical

model. Therefore, the Balke-Pearl algorithm can be easily generalized to address the
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partial identification issue in other causal inference problems when the outcomes are binary.
In Chapter 5, we have used the Balke-Pearl algorithm to derive sharp non-parametric
bounds on the causal mediation effects with instrumental variables. In fact, the partial
identification issue has been extensively studied in causal inference concerning principle
stratification, instrumental variables, and mediation analysis. Many of the existing bounds
of causal parameters on binary outcomes that have been derived are in a general form of
taking the maximum or minimum value from a set of probability entries (Cheng and Small,
2006; Cai et al., 2008; Richardson et al., 2014; Swanson et al., 2018; Gabriel et al., 2023).
As demonstrated in Section 5.7.1, those probability entries are essentially corresponding
to the vertices of (symbolic) polyhedral under the Balke-Pearl algorithm. We show that
these bounds of similar forms can be improved in the presence of covariates based on the

trick of partitioning outlined in Chapter 4.

Suppose 6 is the parameter of interest. Let LB(0) and UB(#) denote respectively the
lower and upper bound of . We assume that LB(6) and UB(0) take the forms LB(0) =
max P, and UB(f) = minP,, where P, and P, are collections of symbolic probability
entries that can be identified from the observed RCT data; see Section 5.3 for illustrative
examples of such bounds. Let X € X denote baseline covariates. Consider a partition
of X as A = {Xy,--+,X,;} and define Pix; and P, x; as collections of probabilities that
are replaced by their conditional counterparts given X € X; — any probability expression
Pr(-) in P, will be replaced by Pr(- | X € X;) in Py x,. The partitioning-based bounds
(PBBs) for 6 are given by

J

J
L(#,A) = Z Pr(X € Xj)maxPx;,, U(0,A)= ZPr(X € X;) min Py x; .
j=1

j=1

The PBBs possess two desirable. First, by Jensen’s inequality, it follows that LB(f) <
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L(0,A) <U(0,A) < UB(0), implying the partitioning-based are improved after incorpo-
rating the information of covariates. Second, provided a partition, the partitioning-based

bounds can be consistently estimated as long as J is not too large.

The choice of the partition A is critical to the PBBs. A simple and commonly used
approach is to define strata based on categorical covariates, such as gender or race. How-
ever, traditional stratification is limited to discrete covariates, and the number of strata
can become prohibitively large when the dimensionality of the covariates for stratification
increases. There are indeed optimal partitions for the PBBs, or equivalently, optimal rules

for partitioning.

Suppose Prx = {pn(X), - ,pi(X)} and Pu,x = {pu1(X), -+, pur(X)}. The opti-
mal partition for the partitioning-based lower bound of 6 is given by At 10w = {Xi1, -+ , Xir}
where X = {x € X : pp(x) > pi(x) for i = 1,--- | L}; that is, in every cell of the optimal
partition, one of the probabilities entries in the collection dominate the others. Anal-
ogously, the optimal partition for U(6,A) is given by Agprupp = {Xu1,---, Xur} where
Xue = {x € X : pu(x) > pui(z) for i = 1,--- ,U}. The [L(0, Aoptiow), U0, Aoyt upp)] are
the tightest PBBs, which are equal to [E(maxP; x), E(min P, x)].

The optimal rules for partitioning can be learned from external datasets. Alternatively,
we can employ the cross-fitting strategy presented in Section 4.4.3 to construct data-driven

partitions based on estimated optimal rules. The details have been outlined in Chapter 4.
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