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Abstract

Designing optimal locations for stationary sensors or optimal trajectories for moving
sensors within a constrained sensor budget is crucial for Data Assimilation (DA) to re-
construct dynamical systems, such as ocean models or weather forecasts. Commonly used
Lagrangian sensors for collecting observational data from the dynamical system may fail
to capture important information due to their passive trajectory following the pathlines.
This could lead to sensor clustering and undersampling of information-rich regions.

The first goal of this thesis research is to study the performance of Lagrangian sen-
sors and potential improvements on a typical DA method called the Azouani-Olson-Titi
(AOT) nudging algorithm. Two dynamical systems were used as testbeds: the one-
dimensional Kuramoto-Sivashinsky equation (1D KSE) and the two-dimensional turbulent
Navier-Stokes equations (2D NSE).

Computational experiments showed that, depending on the Stokes number of the sen-
sors (e.g., from St = 0 for ideal Lagrangian sensors to St = 1 for realistic Lagrangian
sensors with inertia), the clustering of the sensors degrades the performance of DA. How-
ever, introducing random perturbation to the ideal and realistic Lagrangian trajectories
can achieve faster convergence for DA, and thus more effective reconstruction than their
unperturbed counterparts. These observations suggest that ideal Lagrangian and inertia
sensors may not be optimal, as even a simple random perturbation provides improvement.
Therefore, it is reasonable to expect a better sensor movement strategy to achieve better
convergence of DA.

The second goal is to propose an optimal sensor movement strategy that directs sensors
toward information-rich regions of the flow. This is achieved by maximizing the conver-
gence rate of the AOT algorithm, potentially yielding fast and effective reconstruction of a
dynamical system. The thesis demonstrates that directed sensors can outperform both La-
grangian and inertia sensors based on AOT reconstruction, particularly in a sparse sensor
scenario.

These findings can hopefully contribute to the DA community by showing that (i) ideal
Lagrangian and inertia sensors are not necessarily good sensor movement strategies for
reconstructing dynamical systems, and (ii) suggest a novel strategy to plan optimal sensor
trajectories for moving sensors, which maximizes the convergence rate for the sequential
DA.
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Chapter 1

Introduction

Reconstructing and predicting dynamical systems pose fundamental challenges across var-
ious scientific fields. These challenges arise from imperfect physical models, which are of
limited value in predicting the long-term behavior of dynamical systems unless corrected
periodically with data from observations. Alternatively, using only observations, which are
often noisy and sparse in time and/or space, does not reconstruct and predict the dynam-
ical system in the best possible way. Therefore, combining models with observations could
achieve better reconstruction and prediction of the dynamical system [5].

Data Assimilation (DA) is a framework that achieves an optimal reconstruction and
prediction of dynamical systems by combining physical models and sensor data [5, 44]. This
fusion of the information is critical in many applications. For instance, in weather modeling,
satellite images and measurements from weather stations are integrated with atmospheric
models to produce weather forecasts [103]. In oceanography, ocean circulation models are
combined with observations from in situ ocean drifters (i.e., buoys or Argo floats) to forecast
ocean dynamics, including ocean currents and temperature [5]. In biology, synthetic brain
tumor images are integrated with mathematical models of tumor evolution to predict the
growth and spatial spread of malignant brain cancers [75]. These practical applications
showcase the broad applicability of the DA framework in reconstructing and predicting a
wide range of dynamical systems.

The effectiveness of the DA often depends on the quality and quantity of sensor data.
DA can typically achieve effective reconstruction of the dynamical system with noise-free,
abundant sensor data. However, such data quality and quantity are often unattainable in
real-world scenarios. For instance, the quality of data is often limited due to measurement
noise and errors [5]. Additionally, the quantity of data can be limited when sensors are
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expensive to manufacture, maintain, or deploy [74]. Another challenge with data quantity
could be the high-dimensionality of the dynamical system, such as the ocean [114], where
achieving dense sensor coverage is almost impossible. Therefore, careful planning and
optimizing sensor placement are necessary to achieve an effective DA reconstruction with
noisy and sparse sensors.

Optimal Sensor Placement (OSP) is a classic task in planning and optimizing sensor
locations that maximize the informativeness of sensor data for a given dynamical sys-
tem [45, 64, 73, 116, 127]. This is typically achieved by optimizing a performance crite-
rion, such as mutual information or system observability [76], to improve state estimation,
prediction, or control accuracy [91]. The outcome of the resulting optimization is typically
a set of stationary sensor locations that capture most of the key features of the dynamical
system.

While OSP typically focuses on finding stationary sensor locations, they are not neces-
sarily optimal for dynamical systems in all scenarios, and in such cases, mobile sensors could
improve DA reconstruction. Being stationary can be viewed as a constraint for sensors,
limiting their observational area. This limited observational area could miss key features
of a dynamical system (which are information-rich to a DA algorithm), particularly when
sensors are sparse and the dynamical system is chaotic. Therefore, removing the stationary
constraint and allowing the sensors to move could improve the DA reconstruction [54, 73].

Lagrangian sensors are a natural strategy for moving sensors to collect data from dy-
namical systems. These sensors are often used in fields such as oceanography or weather
modeling, taking the form of drifting ocean buoys or weather balloons [31, 38, 66, 105].
Using Lagrangian sensors has the following benefits. First, Lagrangian sensors have low
manufacturing costs, making their mass deployment practically feasible to collect more
observational data [95]. Second, they passively follow the flow of dynamical systems. This
passive movement requires minimal energy for locomotion and often provides intuitive
measurements [54]. For example, Lagrangian sensors can effectively track the trajectories
of substances or organisms in the ocean, such as oil spills or fish larvae, that are trans-
ported by ocean currents [15]. Finally, observing the collective motion of many Lagrangian
sensors, one can intuitively identify Lagrangian Coherent Structures (LCS), which are the
foundational geometrical features in the flow [60, 61]. These structures are often helpful to
reveal skeletons in the flow (e.g., shear layers and/or eddies, and transport barriers) [23].
Due to these benefits, Lagrangian sensors are often used to study transport, stirring, mixing
in fluid flows [102], and in DA problems to reconstruct dynamical systems [30, 93, 129].

Although Lagrangian sensors are a low-cost solution to collect observational data, they
come with several limitations. First, following the flow (e.g., along pathlines of moving
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fluids), but not necessarily the key features, might miss important information about the
dynamical system [79]. This missed information could be essential for effective DA recon-
struction. Second, the nature of Lagrangian sensors makes them sensitive to their initial
locations [61, 94], which can lead to inconsistent DA performance. An example demon-
strating this inconsistency is when these sensors are deployed near LCS transport barriers,
such as attracting or repelling structures. For instance, Lagrangian sensors initialized near
repelling regions may drift into entirely different flow domains. In contrast, those placed
near the same attracting areas tend to cluster, resulting in redundant observations over
time.

Finally, ideal Lagrangian trajectories are often impractical, as realistic Lagrangian sen-
sors carry inertia, potentially causing undesired behavior. For instance, in two-dimensional
turbulent flows, sensors with even small inertia commonly exhibit clustering in regions
characterized by high strain and low vorticity [39, 106]. This clustering may reduce the
diversity of information available to DA, as some regions (e.g., high-strain regions) may
become oversampled, while others (e.g., high-vorticity regions) remain unobserved.

This thesis investigates how the above limitations of Lagrangian and sensors with iner-
tia (i.e., following the flow and clustering, but not necessarily observing the key features)
impact the performance of a typical DA method, called the AOT algorithm, in reconstruct-
ing dynamical systems. Next, to address these limitations, this work proposes alternative
sensor movement strategies that improve the AOT performance. One such strategy in-
volves adding a random perturbation to both Lagrangian sensors and sensors carrying
inertia with random noise, which could prevent clustering. If this random perturbation
facilitates a more effective AOT algorithm, it would imply that ideal Lagrangian and sen-
sors with inertia are not necessarily optimal. Another strategy focuses on finding optimal
trajectories for moving sensors to collect flow data from information-rich regions. This is
achieved by maximizing the convergence rate of the AOT algorithm, thereby achieving fast
and effective reconstruction of dynamical systems.

The rest of the thesis is structured as follows. Chapter 2 reviews the background on
DA, including the AOT algorithm, and existing sensor placement and movement strate-
gies. Chapter 3 develops a theoretical framework for guiding sensors to follow key fea-
tures of the one-dimensional chaotic partial differential equation (PDE) called the Ku-
ramoto–Sivashinsky equation (1D KSE). Chapter 4 extends the framework from Chapter 3
to the two-dimensional turbulent Navier-Stokes equations (2D NSE). Both Chapters 3 and
4 propose adding random perturbations to ideal Lagrangian and inertia-driven trajecto-
ries, which serve as an intriguing example of why Lagrangian trajectories may not be the
best choice for DA. Chapter 5 validates proposed sensor movement strategies and provides
a comparison among them. The thesis concludes with Chapter 6, which outlines future
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developments in the topic of optimal sensor placement and sensor movement strategies for
achieving effective DA reconstruction.
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Chapter 2

Background

This chapter first reviews the general mathematical formulation of the DA framework
for reconstructing dynamical systems. Then, it provides a brief overview of two classical
and one state-of-the-art implementation of DA. This chapter also reviews optimal sensor
placement/movement problems, solving which might benefit the DA performance in re-
constructing dynamical systems under a constrained sensor budget. Lastly, it discusses
traditional sensor movement strategies, such as Lagrangian and inertia sensors, and em-
phasizes how their passive movement could inhibit a successful DA reconstruction.

2.1 Theoretical Setup of DA

To motivate the use of DA, consider a dynamical system governed by the following PDE:

du

dt
= F (u)

u(x, 0) = u0

, (2.1)

where u denotes the system’s state variable evolving in time t, F represents the system
dynamics (typically known), and u0 is the unknown initial conditions. In principle, if
the exact initial conditions u0 were known, one could reconstruct the true dynamical sys-
tem (2.1) without DA [83]. However, precise knowledge of u0 is rarely available in practical
applications.

To compensate for this lack of knowledge, sparsely distributed (in space and time)
observations of the state u are incorporated into the DA framework. These observations
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are defined through the mapping

uo = H[u] + ϵo,

where H is the observation operator, which selects the locations where u is observed. ϵo
denotes a white noise process with zero mean. For simplicity, this thesis assumes sensor
data are observed without noise (i.e., ϵo = 0) and continuous in time, as in [54, 89].

Once the observations are incorporated into the DA framework, a successful assimilation
process converges the discrepancy between the system estimate û and observations to zero
as time goes to infinity:

ϵ(t) = ∥H[û(t)]− uo(t)∥ → 0, as t→∞. (2.2)

After the projected system estimate H[û] has converged to the observations uo in (2.2),
one could hope that the system estimate û converges to the true dynamical system u.

The above convergence rate of ϵ(t) reflects how the error between the estimate and
observations behaves over time, which is an indicator of DA performance. This rate often
depends on several factors, including the profile of the dynamical system, the system’s
dimensionality, the specific DA method used, and the placement or trajectories of sensors.
While the first two factors are typically fixed for a specific problem, the latter, such as
the DA method and sensor location/trajectories, leave room for manipulation to achieve
better DA performance. Existing DA methods will be briefly reviewed in Section 2.2, while
the main focus of this thesis, sensor placement/movement strategies, will be discussed in
detail in Sections 2.3–2.4.

2.2 Existing DA methods

2.2.1 Variational method

The variational method frames DA as an optimization problem grounded in optimal control
theory and variational calculus. The core idea of the variational method is to define a cost
function that quantifies the discrepancy between the system estimate and observational
data [5]. This cost function is then minimized iteratively to obtain the trajectory of the
estimate that best fits the available observations.

Among the most widely used variational methods are three-dimensional variational
data assimilation (3D-Var) [87] and four-dimensional variational data assimilation (4D-
Var) [120]. The 3D-Var formulation minimizes the cost function at a single analysis time,
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yielding a static correction of the estimated state. In contrast, 4D-Var extends the as-
similation over a time window by incorporating the full temporal evolution of the model
and observations, allowing the state estimate to reflect time-dependent dynamics. This
incorporation makes 4D-Var especially valuable in numerical weather prediction, where
capturing time-dependent processes is essential.

Although the variational method could achieve effective DA reconstruction, it faces
significant computational challenges and is not optimal in all scenarios. These computa-
tional challenges arise primarily from minimizing the cost function by computing adjoint
models, which becomes particularly demanding in strongly nonlinear, high-dimensional
systems, posing a barrier to their use in real-time applications [125]. Additionally, classi-
cal variational methods, such as 3D-Var and 4D-Var, assume that both observation and
model errors are Gaussian. However, errors in nonlinear dynamical systems are often
non-Gaussian, which could degrade the performance of DA [19].

2.2.2 Statistical method

The statistical method of DA is grounded in Bayesian inference, which aims to maximize
knowledge of the posterior probability distribution of the system estimate. Since having
full knowledge of the probability distribution is typically infeasible, statistical methods
determine the best approximation of the statistical parameters of the system, such as its
mean and/or its variance. This is often achieved through combining prior estimates and
new observational data to minimize the uncertainty about the posterior system estimate [3,
5]. One of the classical methods that combines time-varied measurements with prior system
estimates is the Kalman Filter (KF) [72].

The KF provides an analytically optimal solution for linear systems with Gaussian-
distributed errors. It minimizes the posterior error covariance, yielding a statistically
optimal estimate û of the true system state u through recursive assimilation of observations
uo. Specifically, this recursive assimilation consists of two steps:

Forecast: ûf
l+1 = Fl+1(ûl),

where ûf
l+1 is forecast of the state at time step l + 1 and

Update: ûl+1 = ûf
l+1 +K

[
uo −Hûf

l+1

]
, (2.3)

where û is the system estimate, and K is the Kalman gain matrix. The gain matrix in
the above equation controls the relative weighting of the system estimate and the obser-
vations: greater weight is given to the observations when they are more accurate than the
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system estimate and vice versa. Thus, the matrix K is designed to optimally balance the
contributions of ûf and uo, minimizing the overall uncertainty in the reconstructed state.

Although the classical KF computes the optimal gain matrix in linear low-dimensional
systems under Gaussian noise, its performance is limited in more complex scenarios. These
limitations include high computational demands for high-dimensional systems, restrictions
to linear systems, and a reliance on the assumption of Gaussian noise. For instance, KF
calculates the optimal gain matrix by a set of matrix operations, such as multiplication
and inversion, which become computationally intractable for high-dimensional systems.
Additionally, the assumptions of a linear system and Gaussian noise are rarely satisfied in
practical applications involving complex geophysical or environmental processes [126]. In
such processes, the filter may fail to accurately capture the nonlinear interactions or non-
Gaussian error structures inherent in the system, leading to suboptimal state estimates.

Several extensions of the KF have been developed to handle nonlinear systems and re-
duce computational demands. For instance, the first attempt to handle nonlinear systems
was proposed in [67, 117] by developing the Extended Kalman Filter (EKF). The core idea
of EKF is to linearize the system dynamics around the current estimate. This is done by
approximating the nonlinear functions with their first-order Taylor series expansion, replac-
ing them with linearized models at each update step. However, this linear approximation
can break down when the time between updates is long, allowing the model’s nonlinear be-
havior to evolve in ways the linearized version cannot capture [5]. Additionally, similar to
the KF, EKF operates with full-rank covariance matrices, which could become expensive in
high-dimensional systems. Lastly, the EKF typically assumes the model and measurement
error covariance matrices are Gaussian, which may be unrealistic in strongly nonlinear
environments.

Particle Filters (PF) were later proposed to handle strongly nonlinear scenarios and
non-Gaussianity. These filters approximate the full posterior distribution of dynamical
systems by propagating a set of particles through the model and weighting them according
to their consistency with the observations [78]. However, the performance of PF strongly
depends on the number of particles; a large number is typically required for effective
reconstruction in high-dimensional or highly nonlinear systems, which may significantly
increase computational cost.

To address the computational challenges of high-dimensional systems, the Ensemble
Kalman Filter (EnKF) was introduced in [42]. The EnKF can be viewed as a reduced-
order version of the KF and, like the PF, represents the system state using a collection of
state vectors, or ensemble members. The variability of these ensemble members implicitly
captures the forecast error statistics, eliminating the need to propagate large covariance
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matrices. This significantly reduces computational demands in high-dimensional settings.
However, the accuracy of the EnKF degrades when the ensemble size is too small or when
the system exhibits strong nonlinear behavior [27, 43, 130]. Increasing the ensemble size
can better represent nonlinear effects, but at the cost of higher computational expense.

2.2.3 Azounai-Olson-Titi nudging algorithm

Since minimizing a cost function in the variational method and having a large number of
particles/ensembles in statistical methods could be computationally demanding, the nudg-
ing method—also known as Newtonian relaxation—was introduced in [4]. This method
adds a penalty term to the evolution model of the system estimate, based on the discrepancy
between the observations (i.e., input data) and the estimate, analogous to the Luenberger
observer or the Kalman filter in control theory [72, 88]. Specifically, the nudging looks for
a solution û to the equation:

dû

dt
= F [û] + κ(Ih[uo]− û), (2.4)

where κ is a constant nudging parameter that is proportional to the model-observation
misfit, and Ih is an operator that interpolates observations on the same grid space as û
with a spatial distance h between the locations of observation. This equation can be viewed
as a simplified version of KF in (2.3), where the gain matrix is replaced with a constant
parameter κ, which significantly reduces computational costs. Additionally, instead of
applying the discrete updates on the system estimate û in (2.3), which occur only when
new observations become available, the nudging method applies a continuous correction
that steers the estimate smoothly toward the observational data.

The main limitation of the conventional nudging equation (2.4) is that it allows obser-
vations to influence the estimate across the entire spatial domain, including regions where
no observations are available. This might cause inconsistent convergence between nudging
and the true solution (2.1). In particular, even if the estimate û matches the true solution
u at some time tk, the nudging equation will still evolve differently from the true system
because of the extra term κ(Ih(u0) − û) ̸= 0. To avoid this problem, u0 and û must be
mapped and compared in the same observation space, ensuring that when u(tk) = û(tk),
the evolution of both systems remains the same [27].

A recently proposed Azounani-Olson-Titi (AOT) algorithm solves the above problem [2,
6, 7, 16, 25, 32, 36, 46, 47, 53, 69, 81, 97], by introducing a feedback control term that
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applies nudging only at observed locations:

dû

dt
= F [û] + κ(Ih{uo} − Ih{û}), (2.5)

where Ih(u) and Ih(û) are now compared on same resolution. Introducing the interpola-
tion operator also enabled a rigorous proof showing that (2.5) is guaranteed to converge
to important nonlinear systems, such as KSE, NSE, or Allen-Cahn equations, given large
enough κ and sufficiently small h (or equivalently, for a sufficiently dense sensor distribu-
tion) [7, 82, 89].

The AOT algorithm is perhaps the simplest form of DA that can effectively reconstruct
the dissipative dynamical system [122]. Dissipative means that the energy of the dynamical
system decreases over time due to mechanisms such as friction, viscosity, or diffusion. These
dissipative mechanisms are essential for damping errors in small spatial scales (i.e., high
Fourier modes) between the AOT algorithm and the dynamical system. As a result, the
long-term behavior of the dynamical system is ultimately determined by the large spatial
scales (i.e., low Fourier modes) as small spatial scales die out. Even if small scales persist
and continue transferring energy to larger scales, a process known as the inverse energy
cascade, the latter ones ultimately determine the fundamental structure of the flow [99].
Thus, the goal of the successful AOT algorithm is to observe these large spatial scales from
the true solution and to integrate them properly in the AOT equation (2.5) for the effective
reconstruction of the dynamical system.

The success of an AOT-based reconstruction depends on the proper selection of the
following terms: the nudging parameter κ, the interpolation operator I, and the number
of sensors and their locations and/or trajectories, which influences h, and the behavior of
Ih. For instance, a small nudging parameter may not exhibit enough forcing to nudge the
system estimate û to the true solution u. In contrast, choosing a large nudging parameter
could cause numerical instabilities, which arise from injecting energy into small-scale errors.
This injection may overcome system dissipative forces, which dampen these small-scale
errors, thereby preventing the AOT solution from converging to the reference solution [7].

Once the nudging parameter κ is appropriately selected to inject enough forcing into
the AOT equation in (2.5) and to avoid numerical instabilities, the focus of designing a
good AOT algorithm could shift to employing a good interpolation operator I. The choice
of the interpolation operator is subject to the approximation property [7], which provides
a bound on the error between an arbitrary function and its interpolation:

∥f − Ih(f)∥2L2(Ω) ≤ c0h
2 ∥f∥2H1(Ω) , (2.6)
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where f ∈ H1(Ω), c0 is a dimensionless constant and Ih are linear interpolants from space
Ih : H1 → L2. Commonly used linear interpolants such as piecewise interpolation [54],
cubic, spline, or projection on low Fourier modes [1, 55] guarantee the error convergence
in (2.2) given large enough κ and small enough h. Non-linear interpolation operators do
not provide such a guarantee theoretically; however, in numerical simulations, the error
could still decay [26, 80].

While finding the optimal nudging parameter and interpolation operator is an impor-
tant task to improve the AOT performance, they are often not effective if the sensor
data is sparse and/or does not provide important information about the dynamical sys-
tem; hence, designing a sensor location/trajectory that captures important information
essential to improve the performance of the AOT algorithm. Designing better sensor loca-
tions/trajectories is often done in OSP and sensor movement frameworks that place and
move sensors to locations that contain rich information about the dynamical system. This
placement/movement is particularly critical under a constrained sensor budget. These OSP
and sensor movement methods are discussed in Section 2.3 and Section 2.4, respectively.

2.3 Optimal sensor placement

OSP is a classic task to determine optimal sensor locations in many scientific fields, such as
controls [21, 29, 119, 123], where sensor locations impact observability and controllability of
the system, or signal reconstruction [74, 86, 91], where sensor locations affect the accuracy
of state estimation. The goal of OSP is to select a subset of available sensor locations that
capture the important information about the dynamical system. However, finding optimal
sensor locations could be computationally challenging in high-dimensional systems and
hence remains an open problem.

Computational challenges in finding optimal sensor locations arise from the combinato-
rial nature of selecting sensor locations: for a system with n possible measurement locations
and only N available sensors, the brute force approach must evaluate(

n
N

)
=

n!

N !(n−N)!

possible sensor configurations [92, 96, 104]. Therefore, using a brute force approach to
achieve OSP in high-dimensional scenarios is often infeasible.

Instead of exhaustive search, most existing OSP methods use greedy algorithms or low-
rank representations of the dynamical system to obtain a near-optimal solution [96]. These
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methods typically optimize submodular (or near-submodular) criteria of the surrogate
objective function, such as observability [73], condition number [91, 131], determinant [109],
or frame potential [104]. Other studies also focused on minimizing error metrics, including
root mean square error [124] and reconstruction error [85]. More recent works also applied
neural networks to determine sensor locations for improved flow reconstruction [40, 128].
The concepts behind these OSP methods are often transferable across scientific fields and
have already been applied to DA problems for system reconstruction and/or parameter
estimation [14, 63, 68, 124].

While most OSP methods may achieve a good reconstruction of the dynamical system
in a certain sense, they typically rely on a set of stationary sensors. Being stationary
can be viewed as a constraint for sensors, as it restricts their observational location and
potentially misses key features of the dynamical system that evolve or move over time.
This limitation becomes severe when sensors are sparse, and the underlying dynamical
system is chaotic. Therefore, removing this stationary constraint and allowing sensors to
move could collect more information about the dynamical system, thereby improving the
AOT performance [54].

2.4 Sensor movement

Designing optimal trajectories for moving sensors is a central challenge across many sci-
entific fields, including robotics and estimation [17, 22, 57], as well as in tracking fluid
flows [37, 84]. This challenge typically arises from two aspects: the high dimensionality of
the system, which complicates its modeling, and the fact that estimation or reconstruction
quality depends directly on the sensors’ trajectories. Consequently, planning optimal paths
requires jointly considering system dynamics and sensor trajectories, resulting in a complex
optimization problem that is often difficult to implement in practice. While the former is
often specific to the application, the latter enables the manipulation of simple trajectories
to improve system reconstruction. These trajectories might include using circular or ellip-
tical motion, motion along level curves [84], clothoids, or spline-based paths [56]. Other
approaches construct trajectories to maximize information gain or observability [90, 96],
although they often incur high planning costs. However, equipping sensors with motors
to follow planned trajectories could increase operational costs, limiting large-scale deploy-
ment of sensors. As such, one might want to use inexpensive, low-maintenance sensors with
minimal planning and propulsion requirements while deploying many of them to achieve
sufficient observation of the dynamical system.

A classic approach with zero “trajectory planning” cost is the Lagrangian sensors.
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These sensors move passively with the flow of the dynamical system and collect intuitive
measurements along their trajectories. In fluid dynamics, this passive movement corre-
sponds to the advection of the fluid flow, which is governed by

dx

dt
= u(x(t), t), (2.7)

where x denotes the spatial coordinates of the sensor at time t, and u is the flow velocity
field. Due to natural motion with the flow, zero planning and low manufacturing and
maintenance costs, Lagrangian sensors are widely used in fluid dynamics applications in
the form of, for example, ocean buoys and/or weather balloons [31, 38, 66, 105].

Despite the low cost and ease of deployment, the passive nature of Lagrangian sensors
imposes several limitations. For instance, their passive trajectories are not necessarily op-
timal for observing important features of the dynamical system, such as vortex cores [79],
that could degrade the performance of the DA. Additionally, passive trajectories of La-
grangian sensors make them sensitive to initial locations, which could prevent consistent
and effective DA reconstruction when Lagrangian sensors are initialized at different posi-
tions before the reconstruction process.

The sensitivity of Lagrangian sensors to initial conditions is well studied in the context
of Lagrangian Coherent Structures (LCS) [60, 61, 111]. LCS appear as ridge-like features in
finite-time Lyapunov exponent (FTLE) fields and act as material transport barriers—either
attracting or repelling nearby trajectories. For example, two sensors initialized near a re-
pelling LCS will diverge exponentially over time, observing entirely different flow regions.
Conversely, sensors distributed near the same attracting LCS may converge and cluster,
providing redundant observation over time. This issue alone suggests that DA, includ-
ing the AOT algorithm that relies on Lagrangian sensors, can suffer from inconsistent
performance, particularly when the sensor network is sparse.

Another limitation is that achieving ideal Lagrangian sensors is actually challenging,
as real sensors often carry inertia. These inertia sensors may cluster and oversample some
areas, while leaving important regions undersampled, thereby hindering effective DA re-
construction [12]. The tendency for such clustering can be characterized by the Stokes
number (St).

The Stokes number is a dimensionless parameter that quantifies the sensor’s interaction
with the flow:

St =
t0u

∗

l0
,

where t0 represents the sensor’s relaxation time (i.e., the timescale over which the sensor
adjusts its velocity to match that of the fluid), u∗ is a characteristic velocity of the fluid,
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and l0 is a characteristic length scale of the flow. The relaxation time t0 is defined as:

t0 =
ρpd

2
p

18ν
,

where ρp is the sensor’s density, dp its diameter, and ν the kinematic viscosity of the fluid.
This relaxation time assumes a spherical sensor operating in the Stokes flow regime (i.e.,
low Reynolds number), where viscous forces dominate over inertia. Higher relaxation times
are associated with greater sensor mass and/or diameter, as well as larger Stokes numbers,
indicating a greater deviation of the sensor’s trajectory from the surrounding fluid (i.e.,
Lagrangian trajectory).

The Stokes number is a critical parameter for indicating how strongly inertia sensors
cluster in turbulent flows, a phenomenon known as particle clustering [12], preferential
concentration [106], or segregation [24]. At low Stokes numbers (St≪ 1), sensors exhibit
little inertia effect and closely follow the surrounding fluid (i.e., Lagrangian sensors with
St = 0), which could reduce clustering [106].

In contrast, high Stokes numbers (St≫ 1) indicate that a sensor’s motion is dominated
by its inertia, making it less responsive to the dynamics of the carrier fluid. Such sensors
with high inertia tend to follow nearly ballistic trajectories that are largely decoupled from
the flow streamlines. This pronounced decoupling becomes crucial in practical applications,
where sensors have only a finite time to interact with coherent flow features, such as eddies,
before those structures are diffused or distorted by surrounding features. However, sensors
with high inertia move slowly, thus lagging in interacting with flow structures while they
exist. As a result, sensors with large Stokes numbers are less prone to clustering [12, 39, 41].

Clustering is pronounced in turbulent flows when the Stokes number is of order one
(St ∼ O(1)) [11, 12, 28, 41, 62, 106]. In this scenario, inertia sensors are typically expelled
from rotational flow structures (vortices) and cluster in high-strain regions. This can lead
to over-sampling strain regions and under-sampling vortices, potentially degrading DA
performance.

The passive behavior of Lagrangian sensors and clustering of inertia sensors (i.e., both
might not track key features of the flow) highlights the importance of exploring alternative
sensor movement strategies to improve the performance of the DA framework, including
the AOT algorithm. For instance, the study in [54] proposed ad hoc sensor movement
strategies that were validated in 2D turbulent Navier-Stokes equations. These strategies
include: bleeps, where sensors randomly appear at different locations in the domain at
each time step; creeps, which are stationary (i.e., Eulerian) sensors that randomly shift
on the grid (i.e., slow random walk); and sweeps, where a smaller sub-grid of sensors
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moves following a prescribed pattern, for example, a straight line. The study in [54]
demonstrated that the moving sensors could collect more informative data compared to
Lagrangian sensors, significantly increasing the convergence rate of the AOT algorithm.
These results suggest that Lagrangian sensors are not optimal for AOT and may also limit
the performance of other DA methods.

While bleeps, sweeps, and creeps achieved faster error convergence than Lagrangian
sensors, their trajectories were heuristic and ad hoc, which were not built on any analytical
or theoretical ground. As a result, despite being refreshing and inspiring, this work does
not offer a universal framework for determining optimal trajectories for moving sensors.

Although a sensor movement strategy derived from theory was later proposed in [18],
it is limited in achieving the fastest error convergence of the AOT algorithm. Specifically,
the study introduced a moving observation window with uniform sensor distribution inside
it. Then, this window moves with a certain speed towards high-error regions, where the
error between the AOT reconstruction and the underlying dynamical system is large. By
observing high-error regions, the proposed sensor moving strategy achieved a much faster
convergence speed compared to the random movement of observational windows. This
suggests that relocating sensors to the high error location could significantly enhance the
effectiveness of the AOT algorithm. However, the locations of sensors were restricted to a
finite-sized moving observation window, typically much smaller than the full physical do-
main. As a result, key features of the system outside this window may remain unobserved,
preventing the method from achieving the best possible initial error convergence.

2.5 Research objectives

Given the limitations of passive trajectories of Lagrangian sensors and inertia sensors, as
well as the lack of a theoretical framework for guiding sensor movement to achieve optimal
convergence rate for DA in previous studies, this thesis pursues two primary goals:

• investigate ideal and perturbed trajectories1 of Lagrangian and inertia sensors under
the AOT algorithm for reconstructing dynamical systems in dense and sparse sensor
settings;

• proposes a theoretically grounded sensor movement strategy to observe the key fea-
tures of the dynamical system by maximizing the convergence rate of the AOT algo-
rithm.

1Note that the perturbation is added to the Lagrangian and inertia trajectories to prevent potential
clustering, while the sensors continue to measure the flow without noise.
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The performance of the above sensor movement strategies was evaluated on two dy-
namical systems: the one-dimensional Kuramoto–Sivashinsky equation (1D KSE) and the
two-dimensional Navier–Stokes equations (2D NSE). The 1D KSE, a canonical example of
low-dimensional chaotic dynamics, serves as a simplified testbed for developing and vali-
dating the proposed sensor movement strategies. In contrast, the 2D NSE, which is more
representative of real-world systems such as atmospheric flows, is used as a benchmark to
assess the effectiveness of these strategies in a more complex environment.
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Chapter 3

Sensor placement and movement for
1D KSE

This chapter presents an optimal sensor movement strategy that guides sensors to observe
information-rich regions of the 1D KSE. It also discusses a random perturbation applied
to both Lagrangian and sensors with inertia that could prevent clustering and improve
AOT performance. After a brief overview of the KSE in Section 3.1, Section 3.2 revisits
the error convergence analysis of the AOT algorithm and provides a novel guideline for
optimal sensor placement and movement. Next, based on this error convergence analysis,
Section 3.3 formulates a minimization problem that maximizes the convergence rate of
the AOT algorithm on 1D KSE. Then, Sections 3.4–3.5 discuss how the solution to the
minimization problem yields optimal sensor locations. Section 3.6 reviews how physical
sensors will be implemented to reach their optimal sensor locations. Lastly, Section 3.7
covers a random perturbation applied to Lagrangian sensors.

3.1 Theoretical setup of Kuramoto–Sivashinsky equa-

tion

The KSE is a simple nonlinear PDE that exhibits chaotic behavior. In 1D, it is written as

ut + uxx + νuxxxx +
1

2
(u2)x = 0

u(x, 0) = u0(x)
, (3.1)
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where u ∈ C([0, T ], L2) ∩ L2([0, T ], H2) is a real-valued function with admissible initial
condition u0 ∈ L2

0([0, L]) [9, 89], evolving on a domain with length L and time T , and
ν is kinematic viscosity. This PDE and its chaotic properties were studied by Kuramoto
et al., when they discovered the emergence of spatially periodic patterns and temporal
instabilities in reaction-diffusion systems [77]. Independent discovery of this PDE was led
by Sivashinsky, who described how the KSE captured the nonlinear growth and interaction
of small perturbations on a flame front, causing chaotic behavior [113]. This chaotic be-
havior, which even exists in one dimension, makes the reconstruction of KSE an appealing
toy problem for the DA studies, as the corresponding results are often applicable to other
chaotic systems, such as fluid flows and weather models [112, 115].

Although the KSE has chaotic behavior, it remains fundamentally dissipative. This
dissipative nature exhibits an asymptotic behavior of the KSE and features a finite-
dimensional global attractor [8, 34, 101, 108, 121]—a set towards which all solutions of (3.1)
evolve regardless of initial conditions. Because this global attractor is finite-dimensional,
the long-term behavior of the KSE is determined by a finite number of degrees of free-
dom, such as finite Fourier modes [49, 50, 70], finite elements [33, 50], finite interpolation
polynomials [33, 50], determining volume elements [51, 71], or determining nodes [49, 50].
Observing sufficient degrees of freedom with enough sensors guarantees the convergence of
the AOT algorithm to a true KSE solution [89].

However, under a constrained sensor budget, capturing all determining modes might
be infeasible; thus, the convergence of error cannot be guaranteed. In this sparse sensor
scenario, one can hope to approximate at least some determining modes by strategically
moving sensors to observe information-rich regions. This can be achieved through the error
convergence analysis of the AOT algorithm, which guides sensor movement to maximize
the convergence rate, as discussed in Section 3.2.

3.2 Error convergence analysis for 1D KSE

In this section, the error convergence analysis of the AOT algorithm is reviewed from [89]
with L = 2π, which guides sensor movement to maximize the convergence rate. Applying
the AOT algorithm to (3.1) yields

ût + ûxx + νûxxxx +
1

2
(û2)x + κIh(û− u) = 0

û(x, 0) = û0(x)
, (3.2)
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where κ is the nudging parameter, and Ih is the spatial interpolation with h being the
distance between sensors. Defining the error ϵ = û − u and subtracting (3.1) from (3.2)
leads to

ϵt + νϵxxxx + ϵxx = −ϵϵx − uϵx − ϵux − κIh(ϵ). (3.3)

Multiplying (3.3) by ϵ, integrating by parts with respect to x using periodic boundary
conditions and using the fact that

Ih(ϵ)ϵ = ϵ(Ih(ϵ)− ϵ) + ϵ2

results in
1

2

d

dt

∫ 2π

0

ϵ2 dx+ ν

∫ 2π

0

ϵ2xx dx = ∥ϵx∥2L2 +
1

2

∫ 2π

0

ϵ2ux dx−

−κ∥ϵ∥2L2 + κ

∫ 2π

0

(ϵ− Ih(ϵ))ϵ dx.

(3.4)

Applying Poincaré, Cauchy-Schwarz, Young, and Agmon
(
∥u∥2L∞ ≤ ∥u∥L2 ∥ux∥L2

)
inequal-

ities as in [89], the expression in (3.4) further simplifies to

1

2

d

dt
∥ϵ∥2L2 + ν∥ϵxx∥2L2 ≤

ν

8
∥ϵxx∥2L2+

+
ν

4
∥ϵxx∥2L2 +

[
2

ν
− κ+ ∥ux∥L∞ +

3

4

(
κ4c0h

4

ν

)1/3
]
∥ϵ∥2L2 ,

(3.5)

where ∥ux∥L∞ represents the supremum of the velocity gradient over the domain. Grouping
the terms with the same error norm and without using assumptions in Eq. (15) in [89], the
expression (3.5) results in an inequality in terms of the reconstruction error

1

2

d

dt
∥ϵ∥2L2 ≤ −

5ν

8
∥ϵxx∥2L2 +

(
2

ν
− κ+ ∥ux∥L∞ +

3

4

(
κ4c0h

4

ν

)1/3
)

︸ ︷︷ ︸
r(h,x)

∥ϵ∥2L2 , (3.6)

which dictates that the error is mainly controlled by the distance h and the nudging
parameter κ, as all other terms are given constants, including the viscosity ν of the flow.

The upper bound of (3.6) resembles the ordinary differential equation (ODE) for ∥ϵ∥2L2 .
This ODE shows that the error must decay exponentially if h and κ are properly selected
such that the coefficient of the second term on the right-hand side (i.e., r(h, x)) in (3.6) is
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negative:

r(h, x) =

2

ν
− κ+ ∥ux∥L∞︸ ︷︷ ︸

a(x)

+
3

4

(
κ4c0h

4

ν

)1/3

︸ ︷︷ ︸
bh

4
3

 < 0, (3.7)

where r(h, x) can be viewed as a global decay rate of the error.

The value of r(h, x) determines the error convergence behavior of the AOT recon-
struction. If r(h, x) < 0, the error of the AOT reconstruction is guaranteed to converge
exponentially. The more negative r is, the faster the convergence occurs. If r(h, x) ≥ 0, it
is not guaranteed that the AOT reconstruction converges. However, a positive convergence
rate (r(h, x) > 0) does not necessarily always lead to a diverged AOT algorithm. This is
because the error estimate of (3.6) is not sharp, meaning that the error convergence might
still occur in practice even for small positive values of r. The smaller the r is (i.e., closer to
0), the more likely the AOT reconstruction converges; and if it converges, the convergence
rate is likely higher.

Therefore, regardless of the sign of the error convergence rate, minimizing r(h, x) should
lead to better convergence. The task of minimizing the error decay rate r(h, x) provides
a guideline for optimal sensor placement and/or movement. This minimization problem is
discussed in Section 3.3.

3.3 Minimization problem

The convergence rate defined in (3.7) can be interpreted pointwisely, since the integrals
in (3.4) may be evaluated over arbitrarily small subdomains. This interpretation enables
switching from global to local convergence rates, where the global gradient norm ∥ux∥L∞

is replaced by the pointwise magnitude |ux|. This switch also enables the distance term
h to be viewed as a spatially varying function h(x), indicating the spatial density of the
sensor, which can be used to construct an adaptive grid and thus, guide sensor place-
ment/movement.

Although the local convergence rate in each subdomain impacts the global convergence
rate, the latter is ultimately governed by the maximum local rates. To illustrate this gov-
ernance, consider partitioning the original domain Ω into a set of subdomains. Under this
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partitioning, the global error can be expressed as an integral of the local errors multiplied
by their convergence rate factors:

∥ϵ(t)∥Ω ≤
∫
Ω

er(h,x)t ∥ϵ0∥ dx, (3.8)

where ϵ0 is an initial error in subdomains and er(h,x)t is their exponential rate factor. The
global error behavior is expressed as

∥ϵ(t)∥Ω = ek(t)t ∥ϵ0∥Ω , (3.9)

where k(t) is a time-varying scalar. Solving (3.8) for k from (3.9) yields the relationship
between the global error convergence rate and local ones:

k(t) ≤ 1

t
log

(
1

∥ϵ0∥Ω

∫
Ω

er(x,t)t ∥ϵ0∥ dx
)
.

For a finite time t, the scalar k(t) reflects contributions from all subdomains. However, as
t→∞, k(t) approaches max r(h, x), because the region with the largest local error growth
er(h,x) (i.e., sensitive region) eventually overwhelms the contributions from other areas.

Therefore, the maximum value of local rates r(h, x) must be minimized. The minimiza-
tion problem is formulated to find the distance function h(x) that solves

min
h

max
x

a(x) + bh(x)
4
3 (3.10)

with a constraint on the number of sensors N :∫
Ω

1

h(x)
dx = N, (3.11)

where 1/h(x) is the density of sensors over the entire domain.

The solution to the above minimization problem is uniquely determined, and no lower
minimum can be found. To illustrate this fact, suppose HN defines an admissible set of
distance functions:

HN :=

{
h ∈ L∞(Ω)

∣∣∣∣h(x) > 0,

∫
Ω

1

h(x)
dx = N

}
.

The objective function in (3.10) can be rewritten as

min
R,h

R,
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where R := supx a(x) + bh(x)
4
3 such that

a(x) + bh(x)
4
3 ≤ R. (3.12)

From (3.12), h(x) can be found as

h(x) ≤
(
R− a(x)

b

) 3
4

. (3.13)

Defining the upper bound of (3.13) as

ϕR(x) =

(
R− a(x)

b

) 3
4

and substituting the above function into (3.11) yields

G(R) :=

∫
Ω

1

ϕR(x)
dx =

∫
Ω

(
b

R− a(x)

) 3
4

dx,

where G(R) is a continuous function for R ̸= a(x) and strictly decreasing with R:

lim
R→sup a(x)

G(R) =∞ (3.14)

lim
R→∞

G(R) = 0. (3.15)

By the intermediate value theorem

∃R∗ : G(R∗) = N ⇒
∫
Ω

1

ϕR∗(x)
dx = N, (3.16)

from which the optimal distance function can be found:

h∗(x) := ϕR∗(x) =

(
R∗ − a(x)

b

) 3
4

. (3.17)

Given the optimal distance function derived above, we now show by contradiction that
it is the unique solution. Suppose that the pair (R∗, h∗) is not the minimum solution
to (3.10), implying that

∃h′(x) ∈ H : sup rh′(x) < R∗ ⇒ rh′(x) ≤ R′ < R∗. (3.18)
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However, this leads to a contradiction, as using the definition

h′(x) ≤
(
R′ − a(x)

b

) 3
4

= ϕR′(x),

h′(x) would need more sensors than N :

R′ < R∗ ⇒
∫
Ω

ϕR′(x)−
3
4 >

∫
Ω

ϕR∗(x)−
3
4 ⇒ G(R′) > G(R∗) = N.

The contradiction of having multiple minima shown above proves that the error convergence
rate R∗ is a unique solution; hence, all that is needed to get a global minimum R∗ is to
find the distance function h(x). However, searching for the optimal distance function
in an infinite-dimensional function space is a challenging task. Instead of this search, the
distance function h(x) can be attained through the following equivalence claim: minimizing
the maximum among the local error rates (3.10) is equivalent to requiring r = const ∀x ∈ Ω,
that is

min
h

max
x

a(x) + bh
4
3 ⇔ min

h
r(h, x) where r(h, x) = const ∀x ∈ Ω. (3.19)

Proving this equivalence claim is performed using the Karush–Kuhn–Tucker (KKT) con-
ditions.

3.4 Optimal h(x) and the KKT conditions

The KKT conditions are fundamental in constrained optimization, offering necessary (and
in convex settings, sufficient) criteria for identifying optimal solutions [13]. These condi-
tions are typically used to search for a solution to optimization problems with both equality
and inequality constraints, which is the case with the optimization problem posed in (3.10).
We next show that applying the KKT conditions to (3.10) can prove the equivalence claim
presented in (3.19).

Although the KKT conditions are optimal for convex and smooth optimization prob-
lems, the minimization problem formulated in (3.10) is neither convex due to the 1/h term
in inequality constraints nor smooth due to the inner max in the objective function. First,
to transform this minimization problem into a convex one, the h(x) function is replaced
with the function p(x) defined as

p(x) =

{
1

h(x)
h(x) > 0

∞ h(x) ≤ 0
, (3.20)
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where p 7→ p−
4
3 is a convex function in R→ R ∪ {∞}. Replacing h(x) with p(x) in (3.10)

yields

min
p

max
x

a(x) + bp(x)−
4
3 ,

s.t.

{∫
Ω

p(x) dx = N

}
.

(3.21)

Introducing a slack variable R := supx∈Ω a(x) + bp(x)−
4
3 , (3.21) transforms to

min
R,p

R

s.t.

{
a(x) + bp(x)−

4
3 ≤ R,

∫
Ω

p dx = N

}. (3.22)

Once the smooth and convex optimization problem in (3.22) is obtained, the KKT
conditions can be applied to prove the equivalence claim (3.19). For simplicity, this thesis
proves the equivalence claim in a discrete setting, although the proof can be generalized to
infinite-dimensional convex optimization over the Hilbert space [10, 20]. The corresponding
discretized setting is

min
R,p

R

s.t.

{
ai + bip

− 4
3

i ≤ R,
∑
i

pi = N

}
. (3.23)

To find R from the above formulation, the following KKT conditions are applied: there
exist Lagrangian multipliers µ ∈ R and λ ∈ Rn such that

• Primal feasibility:
∑

i pi = N, ai + bp
− 4

3
i ≤ R ∀i = 1, . . . , n;

• Dual feasibility: λi ≥ 0;

• Complementarity: λi(R− ai − bp
− 4

3
i ) = 0,

are satisfied. These conditions define the Lagrangian cost function, which is then minimized
by setting its gradient to 0. First, writing the Lagrangian cost function yields

L(p, λ, µ) = R +
∑
i

λi(a(xi) + bp
− 4

3
i −R) + µ

∑
i

(pi −N). (3.24)
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Next, finding optimal p requires solving the system of equations formed by setting∇R,piL =
0: 

∂L
∂R
∂L
∂p1
...
∂L
∂pn

 = 0⇒


1
0
...
0

 =


λ1 + λ2 + . . .+ λn

4
3
λ1bp

− 7
3

1
...

4
3
λnbp

− 7
3

n

+


0
µ
...
µ

 . (3.25)

Note that µ = 0 in (3.25) is not feasible, as it implies λi = 0, contradicting the first
component of the gradient equation. Therefore µ ̸= 0, implying λi ̸= 0, as function p > 0.
Since λ > 0, the complementarity condition from the KKT conditions:

λi(R− ai − bp
− 4

3
i ) = 0

simplifies to

(R− ai − bp
3
4
i ) = 0,

leading to ai + bp
3
4
i = R, proving the equivalence claim (3.19).

A simple heuristic for the above equivalence proof using the KKT conditions can
clarify why it works. Suppose such p∗ (and therefore h∗(x)) is found such that R∗ =
minpmaxx r(h

∗, x), but the convergence rate R∗ ̸= const ∀x ∈ Ω. This non-constant rate
implies that there exists x, x̂ such that r(x) > r(x̂), where r(x) is a local maximum. Since
h∗(x) is strictly increasing with r, it can redistribute sensors by removing some from x̂ and
placing them in the region x. This process reduces the local maximum r(x), contradict-
ing the assumption that h∗(x) was optimal. Therefore, the only situation when all local
maxima are minimized is r = const ∀x ∈ Ω.

Proving the equivalence claim helps to determine the distance function h(x) from (3.7):

h(x) =

(
R∗ − a(x)

b

)3/4

, (3.26)

where R∗ is a minima solving (3.19). The distance function h(x) described above does not
directly provide sensor locations; instead, it defines the pairwise distances between sensors.
To infer sensor locations from these distances, an algorithm is proposed in Section 3.5. In
this thesis, the term ‘target sensor locations’ refers to sensor positions determined by the
distance function h(x), whereas ‘directed sensors’ are the physical sensors that move toward
these target locations.
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3.5 Target sensor locations

The thesis computes target sensor locations using perhaps the simplest algorithm (Algo-
rithm 1). This algorithm relies on the distance function h(x) (the reciprocal of which
yields the sensor density function 1/h(x)), where sensors are densely placed when h(x) is
small (i.e., the sensor density is high). This is achieved by dividing the discretized domain
Ω into intervals until the number of intervals equals the number of available sensors, N .
Once the number of intervals equals N , sensors are placed in the middle of each interval.
Intuitively, (3.26) suggests that regions of high gradient (i.e, large a(x)) must receive more
intervals and thus, be observed by more sensors.

To keep track of intervals at each iteration of the algorithm process and to decide
which interval needs more refinement, a set of intervals is initialized as ξ = {Ω}. Next,
the condition |ξ| < N is checked, and if it is false, the algorithm terminates. For instance,
setting the total number of sensors to N = 1 would yield one sensor located at (a+ b)/2,
where [a, b] are the bounds of the interval (or domain) Ω. Otherwise, the interval Ω is
removed from the set and split in the middle, which populates the set with two intervals
ξ = {Ωl,Ωr}. Then, the algorithm computes the number of sensors needed for each interval
based on the integral of the sensor density (i.e., carrying out (3.11) for each interval).
Finally, the algorithm selects the next interval with higher density from ξ and repeats the
process. For visual demonstration of this algorithm, refer to Figure 3.1.

3.6 Directed sensors

Once target locations are obtained from the Algorithm 1, directed sensors can move towards
these locations. This movement is typically constrained by a finite sensor speed to replicate
physical scenarios. However, for simplicity, this thesis assumes that directed sensors move
to target locations immediately. When the directed sensors reach their target locations,
Algorithm 1 is executed again. This approach enables both target sensor locations and the
directed sensors to track the key features of the flow as it evolves.
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YesNo

Target sensor locations:

Figure 3.1: A flow chart of finding target sensor locations based on the Algorithm 1.

3.7 Lagrangian and the perturbed Lagrangian sensors

The passive movement trajectory of Lagrangian sensors is not necessarily optimal in all
scenarios and could degrade the performance of the DA framework, including the AOT
algorithm (Chapter 2). One intuitive counterexample for the optimality of the Lagrangian
sensors is the 1D KSE (3.1), as shown in Figure 3.2. From this figure, distributed La-
grangian sensors would cluster at stagnation points. Over time, stagnation points vanish
and emerge, eventually causing all Lagrangian sensors to cluster at a single stagnation
point and move along with it. This clustering leads to redundant observations at one point
and insufficient coverage in other regions of the domain.

To address the issue of the Lagrangian sensors, one hypothesizes that perturbations
from the Lagrangian trajectory could prevent the clustering and improve the DA. The
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X

Figure 3.2: Clustering of Lagrangian sensors (black circles) in 1D KSE. Green arrows
indicate regions where the flow moves to the right, while blue arrows indicate leftward
motion. The red circle marks an example of a stagnation point.

simplest perturbations might be introducing random noise to the ideal Lagrangian sensors:

x(t) = u(x(t), t) + c · δ · u∗, (3.27)

where δ represents white noise drawn from a uniform distribution δ ∼ U(−1, 1), c is a
scalar coefficient that controls the magnitude of the perturbation, and u∗ is the flow’s
characteristic velocity:

u∗ =

√
1

LT

∫ T

0

∫ L

0

u(x, t)2 dxdt. (3.28)

where T is the simulated time and L the length of the domain.

The proposed random perturbation may challenge the traditional view of the effec-
tiveness of Lagrangian sensors in DA. If the perturbed sensors result in improved AOT
reconstruction, it would suggest that the ideal Lagrangian configuration is far from opti-
mal, as even a simple perturbation leads to better performance. Numerical tests comparing
the performance of perturbed and ideal Lagrangian sensors will be presented in Chapter 5.
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Chapter 4

Sensor placement and movement for
2D NSE

The current chapter builds upon the concepts of optimal sensor movement from the 1D
KSE to the 2D NSE. First, Sections 4.1–4.2 briefly review the theoretical setup of the 2D
NSE and the error convergence analysis of the corresponding AOT algorithm. Second,
Section 4.3 transforms this convergence analysis into the minimization problem. Next,
Section 4.4 provides a solution to this minimization problem, which guides sensor place-
ment/movement to achieve fast convergence for the AOT-based reconstruction. Lastly,
Section 4.5 discusses how a random perturbation applied to Lagrangian sensors might
improve the performance of the AOT algorithm, and perhaps other DA methods.

4.1 Theoretical setup of Navier-Stokes equations

The Navier-Stokes equations (NSE) form the mathematical foundation for describing the
motion of viscous fluid substances. These equations underpin many applications in fluid
dynamics, including oceanography [58], biomedical flows [48, 107], and atmospheric model-
ing [118]. In addition to their practical applications, the NSE are often useful for studying
the nature of turbulence and the distribution of energy across scales.

For instance, the 2D NSE exhibits an inverse energy cascade, in which energy transfers
from fine-scale structures, such as small eddies, to larger scales. In contrast to 2D NSE, the
3D NSE display a forward cascade, where large eddies break down into smaller ones until
the energy is dissipated. Despite this difference in energy flow, the long-term dynamics
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in both 2D and 3D NSE are governed by the large scales [65], which are often the most
relevant for a successful AOT algorithm [7].

Because of its simpler structure, lower computational cost, and the presence of large-
scale dynamics that dominate long-term behavior, the thesis focuses on the 2D NSE as
an illustrative example for studying optimal sensor placement/movement using the AOT
algorithm [7]. In 2D, incompressible divergence-free NSE are written as

ut + u · ∇u− ν∇2u = −∇p+ f

∇ · u = 0
, (4.1)

where u is the velocity in x and y directions, f the body force term, p the pressure, and ν
the kinematic viscosity. Here, the viscosity term makes the NSE a dissipative system.

The NSE belong to the class of dissipative dynamical systems, which are known to
exhibit asymptotic behavior toward a global attractor over time [33, 35, 49, 52, 59, 101, 108,
110, 121]. Importantly, this global attractor for the NSE is typically finite-dimensional [8,
34], implying that a finite number of degrees of freedom govern their long-term behavior.
As a result, reconstructing the NSE using DA methods, including the AOT algorithm,
becomes trivial when a sufficient number of these degrees of freedom are observed.

While observing a sufficient number of degrees of freedom ensures the NSE reconstruc-
tion under the AOT algorithm [6, 83], a limited number of sensors prevents this guarantee.
With this limitation, one must strategically move sensors to approximate at least some
degrees of freedom by observing information-rich regions of the NSE. This sensor move-
ment is achieved by the error convergence analysis of the AOT algorithm, as discussed in
Section 4.2.

4.2 Error convergence analysis for 2D NSE

The following error convergence analysis of the AOT algorithm is a recap of the results
introduced in [83], which is extended to study optimal sensor placement and movement.
First, note u is a classical solution to (4.1) assuming admissible initial conditions u0 ∈
H2 ∩H1

0 [83]. Then, applying the AOT algorithm to (4.1) yields

ût + û · ∇û− ν∇2û = −∇p+ f + κIh(u− û)

∇ · û = 0
, (4.2)

where û is also a classical solution to (4.2) given admissible initial conditions û0 ∈ H2∩H1
0 ,

κ is the nudging parameter and Ih is the linear interpolation with distance between sensors
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h. Next, the NSE (4.1) and the AOT reconstruction (4.2) are simplified to eliminate the
pressure term and the divergence-free condition. This elimination is done by mapping
these PDEs into a divergence-free space. This map is called the Leray Projector, defined
as

Pσ : L2
0(Ω)→ H,

where L2
0(Ω) consists of square-integrable function with zero mean, and H is a Hilbert

space.

Besides mapping the NSE into the divergence-free space, the Leray Projector is also
useful for replacing the nonlinear terms in (4.1) and (4.2). This replacement is done by
defining the Stokes operator

Au = −Pσ(∆u)

and the bilinear form

B(u, û) = Pσ((u · ∇)û).

Finally, applying the Leray Projector to (4.1) and (4.2) yields

NSE: ut +B(u,u) + νA(u) = f

AOT: ût +B(û, û) + νA(û) = f + PσκIh(u− û)

with the assumption that the forcing term f is divergence-free, e.g. Pσ(f) = f and non-
divergence-free component has been absorbed into the pressure gradient.

After mapping (4.1) and (4.2) into the divergence-free space, the error convergence
analysis of the AOT algorithm is briefly reviewed. Writing the error term as ϵ = u − û
and subtracting (4.2) from (4.1) yields the error equation:

ϵt +B(u,u)−B(û, û) + νAϵ = −κIhϵ. (4.3)

Note that the difference between bilinear terms can be written as

B(u,u)−B(û, û) = B(u, ϵ) +B(ϵ,u)−B(ϵ, ϵ),

transforming the error equation in (4.3) into

ϵt +B(u, ϵ) +B(ϵ,u)−B(ϵ, ϵ) + νAϵ = −κIhϵ. (4.4)

Next, taking the inner product in (4.4) with ϵ gives

1

2

d

dt
∥ϵ∥2L2 + ⟨B(u, ϵ), ϵ⟩+ ⟨B(ϵ,u), ϵ⟩ − ⟨B(ϵ, ϵ), ϵ⟩+ ν

∥∥∥A 1
2 ϵ
∥∥∥2
L2

= −κ ⟨Ih(ϵ), ϵ⟩ . (4.5)
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Then, using the orthogonality property of the bilinear form (Lemma 2.2 in [83]):

⟨B(u, û), û⟩ = 0 ∀u, û, ϵ ∈ H1,

where H1 is seminorm, two of the bilinear forms vanish, thus the error equation in (4.5)
simplifies to

1

2

d

dt
∥ϵ∥2L2 + ⟨B(ϵ,u), ϵ⟩+ ν

∥∥∥A 1
2 ϵ
∥∥∥2
L2

= −κ ⟨Ih(ϵ), ϵ⟩ . (4.6)

Taking the estimates for the nonlinear term as in [89] (i.e., having pointwise control over
∇u) and using periodic boundary conditions, the expression (4.6) results in

1

2

d

dt
∥ϵ∥2L2 + ν ∥ϵ∥2H1 = −⟨B(ϵ,u), ϵ⟩ − κ ⟨Ih(ϵ), ϵ⟩

≤ ∥∇u∥2L∞ ∥ϵ∥2L2 + κ ∥ϵ− Ih(ϵ)∥L2 ∥ϵ∥L2 − κ ∥ϵ∥2L2

≤ ∥∇u∥2L∞ ∥ϵ∥2L2 +
κ

2
∥ϵ− Ih(ϵ)∥2L2 +

κ

2
∥ϵ∥2L2 − κ ∥ϵ∥2L2

≤ ∥∇u∥2L∞ ∥ϵ∥2L2 +
κ

2
c0h

2 ∥ϵ∥2H1 +
κ

2
∥ϵ∥2L2 − κ ∥ϵ∥2L2

≤
(κ
2
c0h

2
)
∥ϵ∥2H1 +

(
∥∇u∥2L∞ −

κ

2

)
∥ϵ∥2L2 ,

Grouping terms with similar norms yields an inequality in terms of the reconstruction error

1

2

d

dt
∥ϵ∥2L2 ≤

(κ
2
c0h

2 − ν
)
∥ϵ∥2H1 +

(
∥∇u∥2L∞ −

κ

2

)
∥ϵ∥2L2 . (4.7)

Using the definition of H1 norm, the above expression results in

1

2

d

dt
∥ϵ∥2L2 ≤

(κ
2
c0h

2 − ν
)
(∥ϵ∥2L2 + ∥∇ϵ∥2L2) +

(
∥∇u∥2L∞ −

κ

2

)
∥ϵ∥2L2 .

Lastly, matching terms with the same error norms in the above gives

1

2

d

dt
∥ϵ∥2L2 ≤

(κ
2
c0h

2 − ν + ∥∇u∥2L∞ −
κ

2

)
︸ ︷︷ ︸

r(h,x,y)

∥ϵ∥2L2 +
(κ
2
c0h

2 − ν
)

︸ ︷︷ ︸
M(h,x,y)

∥∇ϵ∥2L2 . (4.8)

The upper bound of (4.8) resembles the classical first-order ODE for the error ∥ϵ∥2L2 .
This ODE suggests that an exponential error convergence to zero is achieved when two
coefficients on the right-hand-side are negative:

r(h, x, y) =

κ

2
c0h

2︸ ︷︷ ︸
bh2

−ν + ∥∇u∥2L∞ −
κ

2︸ ︷︷ ︸
a(x,y)

 < 0, (4.9)
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where r(h, x, y) can be viewed as a global convergence rate of the error, and

M(h, x, y) =
κ

2
c0h

2 − ν < 0,

where M(h, x, y) denotes the constant to which the error converges. Having M(h, x, y) < 0
guarantees that the error decays to zero. However, even if M(h, x, y) is slightly positive,
convergence to zero might still occur, since the derived analysis is not sharp. Therefore,
the focus shifts toward achieving a faster convergence rate.

Similar to the argument in Chapter 3, the smaller r(h, x, y) is, the faster the AOT
algorithm would converge. Therefore, to get the fastest error convergence, the error con-
vergence rate r(h, x, y) must be minimized. This leads to the minimization problem for
the error convergence rate r(h, x, y), which guides sensor placement/movement discussed
in Section 4.3.

4.3 Minimization problem

As in the analysis presented in Chapter 3, the convergence rate given in (4.9) allows a point-
wise interpretation. This enables us to work with local convergence rates, where the global
gradient norm is replaced with a local magnitude ∥∇u∥2L∞ = max(|∇u(x, y)|2, |∇v(x, y)|2).
The sensor distance h is similarly treated as a spatially varying function h(x, y), which can
guide sensor placement/movement. These two factors, the magnitude of the local gradient
and the sensor distance, govern the local convergence rate and, in turn, influence the global
convergence behavior.

While each local convergence rate contributes to the global convergence behavior, the
latter is ultimately dictated by the maximum of the local rates (similar to the 1D KSE
case as shown in Chapter 3). This is because even small errors in the region with a high
and positive local convergence rate r(h(x, y), x, y) (i.e., sensitive region) may grow expo-
nentially, dominating and degrading the global convergence. Therefore, the minimization
problem is formulated as finding such a distance function h(x, y) to observe this sensitive
region:

min
h

max
x,y

a(x, y) + bh(x, y)2. (4.10)

Accounting for the distance function constraint on the number of available sensors N , the
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minimization problem in (4.10) transforms into a constrained minimization:

min
h

max
x,y

a(x, y) + bh(x, y)2

s.t.

{∫
Ωx

∫
Ωy

1

h(x, y)
dydx = N

}
. (4.11)

Using the same chain of logic as in Chapter 3, the above minimization problem is
replaced with its equivalent:

min
h

r(h(x, y), x, y)

s.t.

{∫
Ωx

∫
Ωy

1

h(x, y)
dydx = N, r(h(x, y), x, y) = const ∀x, y ∈ Ω

}
(4.12)

Proving that the above minimization problem is equivalent to (4.11) requires applying
KKT conditions. This proof is done in discrete settings, similar to Chapter 3, but it can
be generalized to infinite-dimensional convex optimization over Hilbert space [10, 20].

4.4 Optimal h(x, y) and the KKT conditions

The proof based on the KKT conditions closely follows the one presented in Chapter 3,
so minor details are omitted here for brevity. First, transforming the minimization prob-
lem (4.10) into a convex and smooth one yields

min
R,p

R,

s.t.

{
aij + bp−2

ij ≤ R,
∑
i

∑
j

pij = N

}
.

(4.13)

Once a convex and smooth minimization problem is formulated, the KKT conditions
are applied to prove the equivalence (4.12). First, discretizing the minimization problem
and applying the KKT conditions yields the Lagrangian cost function:

L(p, λ, µ) = R +
∑
i

∑
j

λij(aij + bp−2
ij −R) + µ

∑
i

∑
j

pij. (4.14)
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Next, finding the optimal p requires solving the system of equations formed by ∇R,piL = 0:
∂L
∂R
∂L
∂p11
...
∂L

∂pnm

 = 0⇒


1
0
...
0

 =


λ11 + λ12 + . . .+ λnm

2λ11bp11
...

2λnmbpnm

+


0
µ
...
µ

 . (4.15)

Note that if µ = 0, then from the second to the last equation λnm = 0, contradicting the
first component of the gradient equation. Therefore, µ ̸= 0, also implying that λnm ̸= 0,
since p > 0. This observation simplifies the complementarity condition

λij(R− aij − bp−2
ij ) = 0,

yielding

λij(R− aij − bp−2
ij ) = 0

(R− aij − bp−2
ij ) = 0

R = aij + bp−2
ij ,

(4.16)

which proves the equivalence claim (4.12).

After proving the equivalence claim, the distance function h(x, y) can be easily found
from (4.9):

κc0h
2

2
− ν +∇u2

max −
κ

2
= R∗

h(x, y) =

√
2R∗ + κ− 2∇u2

max + 2ν

κc0
,

(4.17)

where R∗ is a minima solving (4.13) and ∇umax = max(|∇u(x, y)|2, |∇v(x, y)|2). The
distance function defined above does not explicitly indicate locations where sensors should
be placed. Therefore, similarly to Chapter 3, determining sensor locations is achieved
through Algorithm 1, extending from a 1D to a 2D scenario.

4.5 Lagrangian and the perturbed Lagrangian sensors

While Lagrangian sensors are generally less prone to clustering in 2D turbulent flows than
that observed in the 1D KSE (Chapter 3), they still move passively with the flow, which may
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not be optimal for DA. For example, Lagrangian sensors initialized near attracting LCS,
which are typically associated with high-strain regions [100], may remain trapped in these
areas for extended periods. This tendency to persist in high-strain regions could reduce the
effectiveness of DA by causing oversampling in those regions while undersampling vortical
(i.e., low-strain, high-vorticity) areas.

To help Lagrangian sensors escape from high-strain regions, one might hypothesize
that introducing a perturbation to their trajectories could prevent them from clustering
(Figure 4.1).

Figure 4.1: Lagrangian (purple) and perturbed Lagrangian (blue, c = 0.5) sensor trajecto-
ries. The black circle and black square indicate the start and end locations, respectively.

A simple form of such a perturbation is to add random noise to the ideal Lagrangian
sensors:

dx

dt
= u(x(t), y(t), t) + c · α · u∗

dy

dt
= v(x(t), y(t), t) + c · β · v∗,

(4.18)

where u, v are velocity components in x and y directions respectively, α and β are noises
drawn from uniform distribution α, β ∼ U(−1, 1), c is the noise magnitude parameter and
u∗, v∗ are the flow’s characteristic velocities in both directions:

u∗ =

√
1

LxLyT

∫ T

0

∫ Ly/2

−Ly/2

∫ Lx/2

−Lx/2

u(x, y, t)2 dx dy dt (4.19)

v∗ =

√
1

LxLyT

∫ T

0

∫ Ly/2

−Ly/2

∫ Lx/2

−Lx/2

v(x, y, t)2 dx dy dt, (4.20)
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where Lx, Ly are lengths of domains Ωx and Ωy, respectively.

Similar to Chapter 3, the perturbation introduced above could challenge the perfor-
mance of ideal Lagrangian sensors in reconstructing dynamical systems. If the perturbed
Lagrangian sensors lead to improved AOT reconstruction, this would suggest that the
ideal Lagrangian sensors may not be optimal for DA for 2D NSE, as even a simple pertur-
bation leads to better performance. A detailed comparison between perturbed and ideal
Lagrangian sensors will be presented in Chapter 5.
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Chapter 5

Results and Discussion

5.1 1D Kuramoto–Sivashinsky equation

5.1.1 Numerical setup

The numerical experiments for validating sensor movement strategies were obtained by
simulating the 1D KSE (3.1) using a pseudo-spectral code, employing a dealiasing rule
of 2/3 [98]. The number of mesh nodes to simulate the KSE was chosen as Nx = 1024
to resolve the energy spectrum up to machine precision before the dealiasing cutoff (2/3
of Nx). This cutoff prevents aliasing by eliminating higher-frequency modes that would
otherwise be folded back into the solution, introducing numerical errors. A timestep was
used as ∆t = 0.01 and the initial condition was set as u0 = cos

(
x
c

)
·
(
1 + sin

(
x
c

))
, where

c = 16. For sufficiently chaotic dynamics, the domain length and the viscosity were selected
as L = [0, 32π] and ν = 1 accordingly. The nudging parameter was set to κ = 100. Lastly,
the KSE characteristic velocity was calculated from (3.28) with T = 1000, resulting in
u∗ = 1.3.

A piecewise linear interpolation was used for the interpolation operator Ih defined
in (2.5). To maintain periodicity during interpolation, the velocity observations and the
original domain were extended by two endpoints [xNx−L, x1+L], then interpolated over this
extended domain and truncated back to the original domain. Lastly, the error between the
AOT reconstruction and the KSE true solution was calculated using the Frobenius norm
∥û− u∥F .

Once the experimental setup is complete, the focus shifts to validating the sensor move-
ment strategies for AOT reconstruction of the KSE. The following subsections (Subsec-
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tions 5.1.2–5.1.5) will describe the results of the numerical experiments on Lagrangian,
inertia, perturbed Lagrangian, perturbed inertia, and directed sensors with N = 1024,
N = 103, N = 52, and N = 33.

5.1.2 Lagrangian and inertia sensors

Lagrangian and inertia sensors with the low Stokes number1 failed to achieve a successful
AOT reconstruction of the KSE in both dense and sparse sensor scenarios. This failure in
reconstruction happens due to clustering near stagnation points (Figure 5.1 (a), see also
Figure 5.2 for Lagrangian trajectories that merge over time)

(a) (b)

(c)

(d)

Figure 5.1: Error convergence with N = 1024 of uniformly initialized Lagrangian sensors.
Panels (a) and (b) show the location of Lagrangian sensors at t = 0 and at t = 20,
respectively, after clustering near stagnation points. Panel (c) illustrates the error behavior
over time. For a visual demonstration of Lagrangian clustering in the steady KSE flow,
access the QR code in (d).

1The terms “inertia sensors with low Stokes number” and “light sensors” are used interchangeably, as
are “inertia sensors with high Stokes number” and “heavy sensors”.
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(a) (b)

Figure 5.2: The flow field of the 1D KSE overlaid with the trajectories of N = 52 uniformly
initialized Lagrangian sensors (a) and zoomed-in view (b).

(a) (b)

(c) (d)

Figure 5.3: Error convergence with uniformly initialized inertia sensors. Panels (a–d)
correspond to N = 1024, N = 103, N = 52, and N = 33, respectively. Lines with different
colors are associated with various Stokes numbers, as shown in the legend in (a).

Observing the KSE flow with more than one sensor only at the stagnation points results
in redundant measurements and fails to capture critical flow features present outside these
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points. This implies that Lagrangian and light sensors are not necessarily optimal for a
successful AOT reconstruction, and perhaps other DA methods.

While Lagrangian and light sensors caused the error divergence due to their cluster-
ing, heavy sensors (i.e., St = 1) do not exhibit similar clustering behavior; hence, the
reconstruction of the KSE could be improved. The heavier the inertia sensors, the more
time it takes for them to cluster near stagnation points (Figure 5.1 (d)). However, this
clustering may never occur if stagnation points disappear before heavy sensors can reach
them. Therefore, these sensors may achieve convergence of the error to machine precision
with a large number of sensors (i.e., N = 1024, Figure 5.3 (a)).

Although heavy sensors achieved a successful AOT reconstruction with a large number
of sensors, they failed to yield the same level of convergence with sparse sensors. For in-
stance, the convergence with N = 103 is not monotonic (Figure 5.3 (b)), because clustering
occurs for most of the available sensors. This may not provide the AOT algorithm with
sufficient flow information, degrading the reconstruction of the true KSE solution (Fig-
ure 5.4). Furthermore, with N = 52 and N = 33, there were not enough sensors outside
the clusters to measure the flow; thus, the error diverged (Figure 5.3 (c–d)).

(a) (b)

Figure 5.4: Error convergence with N = 103 of uniformly initialized inertia sensors with
St = 1. Panels (a) and (b) show the locations of the inertia sensors at different times,
denoted by colored triangles. The panel in the lower row illustrates the error behavior over
time.
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5.1.3 Perturbed Lagrangian and perturbed inertia sensors

To prevent clustering for Lagrangian and heavy sensors, a random perturbation is intro-
duced in (3.27). Given the stochastic nature of the perturbation, fifty numerical exper-
iments were conducted to assess the average convergence behavior of the error. These
numerical experiments demonstrated that perturbation with a large amplitude prevents
clustering, thus improving the AOT reconstruction for both Lagrangian sensors (see Fig-
ure 5.5 with the trajectories of perturbed Lagrangian sensors in Figure 5.7) and heavy
sensors (Figure 5.8). Specifically, a perturbation amplitude of c = 25 was the smallest
value that ensured error convergence for dense sensors (Figure 5.5 (a)), but it was not
sufficient for sparse sensors (Figure 5.5 (b–d)). For the latter, a larger amplitude of c = 40
was required to achieve similar error convergence, although the convergence rate varied
depending on N .

(d)(c)

(a) (b)

Figure 5.5: Average error convergence (red) with uniformly initialized perturbed La-
grangian sensors over fifty numerical experiments. Panels (a–d) correspond to (N =
1024, c = 25), (N = 103, c = 40), (N = 52, c = 40), and (N = 33, c = 40), respec-
tively.

The above numerical experiments required high perturbations, which are not necessar-
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ily practical; however, they demonstrated that ideal Lagrangian and inertia sensors are not
necessarily optimal for an effective AOT algorithm, and a simple random perturbation of
Lagrangian trajectories significantly improved the AOT reconstruction. Therefore, design-
ing a better sensor movement strategy than random perturbation could yield even better
performance.

(a) (b)

Figure 5.6: The flow field of the 1D KSE overlaid with the trajectories of N = 52 uniformly
initialized perturbed Lagrangian sensors with c = 5 (a) and zoomed-in view (b).

(a) (b)

Figure 5.7: The flow field of the 1D KSE overlaid with the trajectories of N = 5 uniformly
initialized perturbed Lagrangian sensors with c = 40 (a) and zoomed-in view (b).

5.1.4 Directed sensors

Directed sensors move immediately toward target locations determined by the algorithm
introduced in Chapter 3. Numerical experiments demonstrated that directed sensors
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achieved convergence of the error to machine precision in both dense and sparse sensor
scenarios (Figure 5.9).

(b)(a)

Figure 5.8: Average error convergence (red) with uniformly initialized perturbed inertia
sensors (St = 1) over fifty numerical experiments. Panels (a–b) correspond to N = 52,
and N = 33, respectively, with c = 40.

Additionally, the actual convergence rate was compared with the designed rate, R∗,
established in (3.7), showing that the former is always higher than the latter, as the derived
analysis is not sharp (Figure 5.10). This implies that, in practice, the actual error may
converge even when the designed one diverges (Figure 5.10 (b)).

The performance of the AOT algorithm in the above experiments also depends on
the speed of the directed sensors. Although they move to target locations immediately,
their average speed was calculated to verify if these sensors are practical. This speed was
calculated as

v̄p =
1

T

1

N

T∑
ti=1

N∑
p=1

|vp|, (5.1)

where vp = (|xt−xt−1|)/∆t represents the change in an individual sensor’s position between
times t−1 and t. For instance, plugging T = 1000 andN = 33 in the above equation yielded
v̄p ≈ 0.66, which is almost two times lower than the characteristic velocity u∗ = 1.3. This
result suggests that directed sensors exhibit minimal movement, as the distances to their
dynamically changing target locations are typically small (Figure 5.11). Besides “infinite”
speed, we tested the case with sensor speed limited to vp = u∗, which also yielded error
convergence for both dense and sparse sensors. Therefore, directed sensors are feasible
from a practical perspective.
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(a) (b)

(c) (d)

Figure 5.9: Error convergence of directed sensors (red, vp ≈ 0.66) with N = 1024 in (a),
N = 103 in (b), N = 52 in (c), and N = 33 in (d). In both dense and sparse sensor
scenarios, directed sensors achieved convergence of error to machine precision.

(a) (b)

Figure 5.10: Error convergence rate comparison between the directed sensors (red, vp ≈
0.66) and the designed rate (black) in (3.7) with N = 1024 in (a), and N = 103 in (b).
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Figure 5.11: The flow field of the 1D KSE overlaid with the trajectories of N = 33 directed
sensors.

5.1.5 Error convergence of sensor movement strategies

After reviewing each sensor movement strategy separately, this subsection will compare
them in the same plot (Figure 5.12). First, using both Lagrangian and heavy sensors led
to divergence of the AOT reconstruction from the true KSE solution due to clustering. To
mitigate this clustering, a random perturbation with a large noise amplitude was applied,
which improved the convergence of the AOT algorithm. These results suggest that ideal
Lagrangian and inertia sensors are not necessarily optimal, as even a simple random per-
turbation achieved error convergence. Second, the optimal directed sensors achieved error
convergence to machine precision in both dense and sparse sensor scenarios. Moreover,
these sensors achieved the fastest convergence rate at N = 1024 among other sensor move-
ment strategies (Figure 5.10 (a)). Lastly, in our tests, limiting the speed of these sensors to
vp = u∗ also achieved a successful AOT convergence (not shown). This demonstrates that
moving sensors to locations that maximize the convergence rate of the AOT algorithm can
lead to faster and more effective reconstruction.
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(d)(c)

(b)(a)

Figure 5.12: Initial stage of the error convergence of sensor movement strategies with
N = 1024 in (a), N = 103 in (b), N = 52 in (c), and later stage with N = 33 in (d). Lines
with different colors are associated with various sensor movement strategies, as shown in
the legend in (a–b).

5.2 2D Navier-Stokes equations

5.2.1 Numerical Setup

The numerical results for testing sensor movement strategies were obtained from solving
a vorticity-stream formulation of the 2D NSE in (4.1) on a periodic domain Ω = [−π, π]2
using a dealiased pseudo-spectral code. Similar to [18, 54], the viscosity was set ν = 10−4

to obtain a forcing f in Fourier space with the Grashof number

G =
∥f∥L2

ν2λ1

= 106,

where λ1 is the first eigenvalue of the Laplace operator. The Reynolds number is

Re =
u∗L

ν
≈ 6000,
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where L is the characteristic length scale of the domain. The spatial resolution was set to
Nx = Ny = 1024 to resolve the energy spectrum for initial conditions to machine precision
before the dealiasing cutoff (2/3 of Nx). The nudging parameter was set to κ = 10. The
initial conditions were obtained by evolving zero initial data until T = 25000. Then,
we used this initial data to simulate numerical experiments for a duration of T = 1000.
Finally, the characteristic velocity was calculated from (4.19) as u∗ ≈ 0.096.

A piecewise linear interpolation Ih from (4.2) in the physical space was used to make the
interpolation process more computationally feasible. To ensure a proper interpolation in
the periodic domain, velocity observations were extended to [−3π, 3π]2, then interpolated
over this extended domain, and lastly truncated back to the original domain Ω = [−π, π]2.

Once the experiment setup is done, the following subsections (Subsections 5.2.2–5.2.5)
will review the performance of the AOT algorithm using sensor movement strategies, such
as Lagrangian and inertia (both perturbed and unperturbed), as well as directed sensors
with N = 2500, N = 900, N = 576, and N = 196.

5.2.2 Lagrangian and inertia sensors

Using Lagrangian and light sensors achieved error convergence to machine precision with
N = 2500, N = 900, and N = 576 (Figure 5.13 (a–c)), though the error diverged with
N = 196 (Figure 5.13 (d)). This error convergence occurs partially because these sensors
typically do not cluster in 2D turbulent flows. Therefore, when deployed in large numbers,
Lagrangian and light sensors may provide sufficient flow information for an effective AOT
algorithm. However, having sparse sensors (e.g., N = 196) may fail to capture the NSE
flow with adequate spatial resolution, causing the error of the AOT reconstruction to blow
up.
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(a) (b)

(c) (d)

(e)

Figure 5.13: Error convergence of Lagrangian (blue) and inertia sensors (red) with N =
2500 in (a), N = 900 in (b), N = 576 in (c), and N = 196 in (d). To see the motion of
Lagrangian sensors in turbulent flow, access the QR code in (e).

While having a large number of Lagrangian and light sensors achieved a successful AOT
reconstruction, using inertia sensors with higher St demonstrated limited performance.
For instance, inertia sensors with St = 0.01 and St = 0.1 led to diverged DA, even for
dense sensors (Figure 5.14). This divergence is caused by sensor clustering, which leads to
redundant observations in high-strain regions and leaves high-vorticity areas unobserved.
In contrast to inertia sensors with St = 0.01 and St = 0.1, inertia sensors with St = 1 tend
to follow ballistic trajectories; thus, they exhibit less clustering and might achieve more
effective AOT reconstruction.
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(a) (b)

(c) (d)

(e)

Figure 5.14: Error convergence for inertia sensors with N = 2500 in (a), N = 900 in (b),
N = 576 in (c) and N = 196 in (d). Lines with different colors are associated with various
St, as shown in the legend in (a). To see the clustering of inertia sensors with St = 0.1,
access the QR code in (e).

5.2.3 Perturbed Lagrangian and perturbed inertia sensors

Small perturbations applied to Lagrangian and inertia sensors had little impact on their
trajectories (Figure 5.15) and did not significantly enhance AOT reconstruction. In con-
trast, larger perturbations led to significant improvements in terms of error convergence,
showing a positive correlation with the rate at which the error converges. For example,
perturbed Lagrangian sensors with the amplitude of c = 4 achieved faster error convergence
than ideal Lagrangian sensors (Figure 5.17, see also Figure 5.18 for averaged convergence
of the error). A similar positive effect of perturbation can be observed with inertia sensors
with St = 0.1, where c = 32 disrupted clustering (Figure 5.16), and resulted in improved
AOT reconstruction (Figure 5.19).
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(a) (b)

Figure 5.15: Lagrangian (magenta) and perturbed Lagrangian sensors with c = 0.25 (cyan)
in (a), and c = 4 (green) in (b). The black circle and square indicate the starting and ending
locations, respectively.

(a) (b)

Figure 5.16: Inertia sensors (marked with black dots) with St = 0.1 and N = 196. Panel
(a) illustrates perturbed inertia sensors with noise amplitude c = 2, while panel (b) demon-
strates a case of larger noise amplitude, c = 32.
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(a) (b)

(c) (d)

Figure 5.17: Error convergence with perturbed Lagrangian sensors and N = 2500 in (a),
N = 900 in (b), N = 576 in (c), and N = 196 in (d). Lines with different colors are
associated with various amplitudes, as shown in the legend in (b).

(a) (b)

Figure 5.18: Average error convergence with perturbed Lagrangian sensors (red) over the
ten numerical experiments with N = 900 and c = 2 in (a), and c = 4 in (b).
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(a) (b)

(c) (d)

Figure 5.19: Error convergence with perturbed inertia sensors (St = 0.1) and N = 2500 in
(a), N = 900 in (b), N = 576 in (c), and N = 196 in (d). Lines with different colors are
associated with various amplitudes, as shown in the legend in (b).

The improved AOT performance suggests that ideal Lagrangian and inertia sensors are
not optimal, as a simple random perturbation could achieve faster error convergence. This
result suggests that employing a better sensor movement strategy, such as directed sensors,
could further enhance the AOT performance.

5.2.4 Directed sensors

Similar numerical tests for validating directed sensors were extended from 1D KSE to
2D NSE. These tests showed that directed sensors achieve error convergence to machine
precision for N = 2500, N = 900, and N = 576, while for N = 196 the error only converged
to 10−2 (Figure 5.20).
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(a) (b)

(c) (d)

Figure 5.20: Error convergence with directed sensors, moving towards target locations,
determined by the Algorithm 1 with N = 2500 in (a), N = 900 in (b), N = 576 in (c),
N = 196 in (d).

Next, a comparison between the actual error convergence rate and the designed rate,
R∗, reveals that the former exceeded R∗ in both dense and sparse sensor scenarios during
the initial phase of convergence (Figure 5.21).

(a) (b)

Figure 5.21: Error convergence with Algorithm 1 and designed error convergence rate, R∗,
with N = 2500 in (a), and N = 196 in (b). The blue and red lines illustrate the actual
and designed convergence rates, respectively.
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These results suggest that the performance of directed sensors aligns with theoreti-
cal predictions and enhances the performance of the DA; however, the theory does not
necessarily yield optimal global convergence behavior.

The error convergence in the above experiments also depends on the speed of the di-
rected sensors, which determine how fast these reach target locations. For simplicity, in
the current research, directed sensors move towards target locations immediately. How-
ever, similar to the KSE experiments (see Section 5.1.4), the estimated average velocity of
the directed sensors was obtained from (5.1) as v̄p = 0.3296. This value corresponds to a
speed approximately three times greater than the characteristic velocity u∗. In addition
to “infinite” speed, we limited the sensor speed to vp = u∗ and also achieved error conver-
gence for both dense and sparse sensors. Therefore, directed sensors could be practically
implemented in real-world applications.

(a) (b)

(c) (d)

Figure 5.22: Error convergence with Lagrangian, perturbed Lagrangian (c = 4), inertia
(St = 0.1), perturbed inertia (St = 0.1, c = 32) and directed sensors with N = 2500 in (a),
N = 900 in (b), N = 576 in (c), N = 196 in (d). Lines with different colors are associated
with various sensor movement strategies, as shown in (a).
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5.2.5 Error convergence of sensor movement strategies

After reviewing each sensor movement strategy separately, this subsection will compare
them in the same plot (Figure 5.22). First, using inertia sensors with St = 0.1 led to
divergence due to strong clustering, for both dense and sparse sensors. Perturbing these
inertia sensors with high-amplitude noise could prevent such clustering, thus achieving
converged AOT reconstruction. However, the needed amplitude of the perturbation was
about thirty-two times larger than the characteristic velocity, which is not necessarily
practical. Second, Lagrangian sensors achieved effective AOT reconstruction with a large
number of sensors, but led to divergence of error with sparse sensors. Applying perturbation
to Lagrangian sensors not only increased the convergence speed for dense sensors but also
prevented divergence for sparse sensors. This implies that Lagrangian sensors are not
necessarily the optimal movement strategy for sampling the flow, as a simple random
perturbation improved the AOT convergence. Thirdly, directed sensors achieve effective
AOT reconstruction with both dense and sparse sensors. Although the convergence rate
for these sensors with N = 196 is not higher than that of highly perturbed Lagrangian
and inertia sensors, the latter required impractical perturbation to achieve effective AOT
reconstruction. Lastly, limiting the speed of directed sensors to vp = u∗ also achieved
a successful AOT convergence (not shown). These results suggest that directing sensors
toward locations that maximize the AOT convergence rate can enhance reconstruction for
sparse sensors.
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Chapter 6

Conclusion

6.1 Conclusions

This thesis examines sensor movement strategies for effective reconstruction of dynamical
systems using the AOT nudging algorithm. Examples of such strategies include Lagrangian
sensors and inertia sensors with and without random perturbation, as well as a proposed
optimal sensor movement strategy (i.e., directed sensors guided by maximizing the con-
vergence rate of the AOT algorithm). These strategies are validated on two canonical
dynamical systems that model fluid flows: the 1D KSE and the 2D NSE.

Although Lagrangian sensors are often used as the most intuitive way to sample the
flow, they have severe drawbacks due to their passive trajectories, which may prevent the
successful convergence of the AOT algorithm and other DA methods. First, Lagrangian
sensors follow the pathlines of the flow, but not necessarily observing key features. Second,
they are sensitive to initial locations, which might lead to inconsistent DA performance.
Third, achieving ideal Lagrangian sensors is challenging due to inertial effects, which often
lead to clustering in turbulent flows, with some regions of the flow being oversampled while
others remain undersampled.

This thesis proposes two sensor movement strategies that improve the AOT reconstruc-
tion. The first strategy involves adding a random perturbation to Lagrangian and inertial
trajectories. The second strategy directs sensors towards information-rich regions, which
is achieved by maximizing the AOT convergence rate, potentially resulting in a fast and
effective reconstruction of a dynamical system.

Numerical experiments showed that Lagrangian sensors and inertia sensors with St ∼
O(1) tended to cluster near stagnation points in the 1D KSE and high-strain regions in
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the 2D NSE, respectively, thus degrading the AOT performance. To mitigate this cluster-
ing, a random perturbation with large amplitude was applied, which disrupted clustering
and improved the AOT performance. This improvement suggests that ideal Lagrangian
and inertia sensors are not necessarily optimal for effective AOT. In the 1D KSE, the
“optimal” directed sensors achieved the fastest error convergence among Lagrangian, in-
ertia, perturbed Lagrangian, and perturbed inertia sensors, demonstrating that directing
sensors to locations that maximize the convergence rate can significantly improve the DA
reconstruction.

In the 2D NSE, the results showed that directed sensors achieved converged AOT recon-
struction for both dense and sparse scenarios. In contrast, Lagrangian and inertia sensors
led to error divergence for sparse sensors. Furthermore, constraining the speed of directed
sensors to the characteristic velocity also resulted in converged AOT reconstruction, mak-
ing them practical.

6.2 Future Work

While directed sensors achieved the effective AOT reconstruction, several limitations in
their performance and movement design remain. For instance, in 2D NSE, directed sensors
converged the error of the AOT reconstruction at a slower rate than Lagrangian sensors for
dense sensors. This could be due to two reasons: (i) the current error convergence estimate
of the AOT algorithm is not sharp; (ii) the Algorithm 1 is rather naive and might not be
ideal for determining optimal target sensor locations.

To address (i), one could improve the analysis by considering a nonlinear AOT algo-
rithm, as proposed in [26, 80], which has been shown to achieve faster convergence rates
compared to classical linear AOT. Subsequently, (ii) can be solved by designing a better
algorithm for determining target sensor locations. This might include leveraging ideas
of adaptive mesh refinement techniques, which also increase element density in regions
with high solution gradients. Additionally, ideas from gradient-based error indicators or
weighted centroidal Voronoi tessellations (CVT) might also improve target sensor locations.

Other limitations of proposed directed sensors include that they are typically flow-
dependent. To address this limitation, the effectiveness of these sensors can be tested in
other important nonlinear flows, such as 3D NSE or Rayleigh–Bénard convection. We will
leave the investigation of this effectiveness to future work.
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[5] Mark Asch, Marc Bocquet, and Maëlle Nodet. Data Assimilation: Methods, Algo-
rithms, and Applications. Society for Industrial and Applied Mathematics, Philadel-
phia, PA, December 2016.

[6] A. Azouani and E. S. Titi. Feedback control of nonlinear dissipative systems by
finite determining parameters—a reaction-diffusion paradigm. Evolution Equations
and Control Theory, 3(4):579–594, 2014.

[7] Abderrahim Azouani, Eric Olson, and Edriss S. Titi. Continuous Data Assimilation
Using General Interpolant Observables. Journal of Nonlinear Science, 24(2):277–304,
April 2014. arXiv:1304.0997 [nlin, physics:physics].

[8] A. V. Babin and M. I. Vishik. Attractors of partial differential evolution equations
in an unbounded domain. Proceedings of the Royal Society of Edinburgh: Section A
Mathematics, 116(3-4):221–243, 1990.

59



[9] John C. Baez, Steve Huntsman, and Cheyne Weis. The Kuramoto-Sivashinsky Equa-
tion, October 2022. arXiv:2210.01711 [math].

[10] Heinz H. Bauschke and Patrick L. Combettes. Convex Analysis and Monotone Op-
erator Theory in Hilbert Spaces. CMS Books in Mathematics. Springer International
Publishing, Cham, 2017.

[11] J. Bec, A. Celani, M. Cencini, and S. Musacchio. Clustering and collisions of heavy
particles in random smooth flows. Physics of Fluids, 17(7):073301, July 2005.

[12] Jérémie Bec. Fractal clustering of inertial particles in random flows. Physics of
Fluids, 15(11):L81–L84, November 2003.

[13] Amir Beck. Introduction to Nonlinear Optimization: Theory, Algorithms, and Ap-
plications with Python and MATLAB, Second Edition. Society for Industrial and
Applied Mathematics, Philadelphia, PA, January 2023.

[14] L. Mark Berliner, Zhan-Qian Lu, and Chris Snyder. Statistical Design for Adap-
tive Weather Observations. Journal of the Atmospheric Sciences, 56(15):2536–2552,
August 1999.

[15] Stefano Berti, Francisco Alves Dos Santos, Guglielmo Lacorata, and Angelo Vulpiani.
Lagrangian drifter dispersion in the southwestern Atlantic Ocean. Journal of Physical
Oceanography, 41(9):1659–1672, September 2011. arXiv:1110.3590 [nlin].

[16] Hakima Bessaih, Eric Olson, and E. S. Titi. Continuous Data Assimila-
tion with Stochastically Noisy Data. Nonlinearity, 28(3):729–753, March 2015.
arXiv:1406.1533 [math].

[17] Luca Biferale, Fabio Bonaccorso, Michele Buzzicotti, Patricio Clark Di Leoni, and
Kristian Gustavsson. Zermelo’s problem: Optimal point-to-point navigation in 2D
turbulent flows using Reinforcement Learning. Chaos: An Interdisciplinary Journal
of Nonlinear Science, 29(10):103138, October 2019. arXiv:1907.08591 [nlin].

[18] Animikh Biswas, Zachary Bradshaw, Michael Jolly, University of Maryland Balti-
more County, USA, University of Arkansas, USA, and Indiana University, USA.
Convergence of a mobile data assimilation scheme for the 2D Navier-Stokes equa-
tions. Discrete and Continuous Dynamical Systems, 43(11):4042–4068, 2023.

[19] Marc Bocquet, Carlos A. Pires, and Lin Wu. Beyond Gaussian Statistical Modeling in
Geophysical Data Assimilation. Monthly Weather Review, 138(8):2997–3023, August
2010. Publisher: American Meteorological Society.

60



[20] Jonathan Borwein and Adrian Lewis. Convex Analysis and Nonlinear Optimization.
CMS Books in Mathematics. Springer New York, New York, NY, 2006.
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Appendix A

Determining target sensor locations

Algorithm 1 Target sensor locations

1: Input: Distance function: h, Mesh: x, Domain: Ω,Number of sensors: N
2: Output: Target sensor locations, S
3:

4: Initialize ξ = {(Ω, N)} ▷ Define set for storing intervals
5: while |ξ| < N do
6:

7: Pop Ω from ξ and split it at the midpoint into two subintervals Ωl, and Ωr.
8: Calculate Nl, Nr for Ωl, and Ωr, respectively, using the determine density function
9: Add Ωl,Ωr to ξ with their corresponding densities Nl, Nr

10: Select Ω = argmaxi∈ξ(Ni)
11:

12: end while
13:

14: S ← ai+bi
2

, where [a, b] = {x ∈ Ωi : a ≤ x ≤ b} ∀Ωi ∈ ξ
15: return S
16:

17: function determine density(h, a, b, x)

18: return
∫ b

a
1

h(x)
dx

19: end function
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