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Abstract

Designing optimal locations for stationary sensors or optimal trajectories for moving
sensors within a constrained sensor budget is crucial for Data Assimilation (DA) to re-
construct dynamical systems, such as ocean models or weather forecasts. Commonly used
Lagrangian sensors for collecting observational data from the dynamical system may fail
to capture important information due to their passive trajectory following the pathlines.
This could lead to sensor clustering and undersampling of information-rich regions.

The �rst goal of this thesis research is to study the performance of Lagrangian sen-
sors and potential improvements on a typical DA method called the Azouani-Olson-Titi
(AOT) nudging algorithm. Two dynamical systems were used as testbeds: the one-
dimensional Kuramoto-Sivashinsky equation (1D KSE) and the two-dimensional turbulent
Navier-Stokes equations (2D NSE).

Computational experiments showed that, depending on the Stokes number of the sen-
sors (e.g., fromSt = 0 for ideal Lagrangian sensors toSt = 1 for realistic Lagrangian
sensors with inertia), the clustering of the sensors degrades the performance of DA. How-
ever, introducing random perturbation to the ideal and realistic Lagrangian trajectories
can achieve faster convergence for DA, and thus more e�ective reconstruction than their
unperturbed counterparts. These observations suggest that ideal Lagrangian and inertia
sensors may not be optimal, as even a simple random perturbation provides improvement.
Therefore, it is reasonable to expect a better sensor movement strategy to achieve better
convergence of DA.

The second goal is to propose an optimal sensor movement strategy that directs sensors
toward information-rich regions of the 
ow. This is achieved by maximizing the conver-
gence rate of the AOT algorithm, potentially yielding fast and e�ective reconstruction of a
dynamical system. The thesis demonstrates that directed sensors can outperform both La-
grangian and inertia sensors based on AOT reconstruction, particularly in a sparse sensor
scenario.

These �ndings can hopefully contribute to the DA community by showing that (i) ideal
Lagrangian and inertia sensors are not necessarily good sensor movement strategies for
reconstructing dynamical systems, and (ii) suggest a novel strategy to plan optimal sensor
trajectories for moving sensors, which maximizes the convergence rate for the sequential
DA.
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Chapter 1

Introduction

Reconstructing and predicting dynamical systems pose fundamental challenges across var-
ious scienti�c �elds. These challenges arise from imperfect physical models, which are of
limited value in predicting the long-term behavior of dynamical systems unless corrected
periodically with data from observations. Alternatively, using only observations, which are
often noisy and sparse in time and/or space, does not reconstruct and predict the dynam-
ical system in the best possible way. Therefore, combining models with observations could
achieve better reconstruction and prediction of the dynamical system [5].

Data Assimilation (DA) is a framework that achieves an optimal reconstruction and
prediction of dynamical systems by combining physical models and sensor data [5, 44]. This
fusion of the information is critical in many applications. For instance, in weather modeling,
satellite images and measurements from weather stations are integrated with atmospheric
models to produce weather forecasts [103]. In oceanography, ocean circulation models are
combined with observations from in situ ocean drifters (i.e., buoys or Argo 
oats) to forecast
ocean dynamics, including ocean currents and temperature [5]. In biology, synthetic brain
tumor images are integrated with mathematical models of tumor evolution to predict the
growth and spatial spread of malignant brain cancers [75]. These practical applications
showcase the broad applicability of the DA framework in reconstructing and predicting a
wide range of dynamical systems.

The e�ectiveness of the DA often depends on the quality and quantity of sensor data.
DA can typically achieve e�ective reconstruction of the dynamical system with noise-free,
abundant sensor data. However, such data quality and quantity are often unattainable in
real-world scenarios. For instance, the quality of data is often limited due to measurement
noise and errors [5]. Additionally, the quantity of data can be limited when sensors are
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expensive to manufacture, maintain, or deploy [74]. Another challenge with data quantity
could be the high-dimensionality of the dynamical system, such as the ocean [114], where
achieving dense sensor coverage is almost impossible. Therefore, careful planning and
optimizing sensor placement are necessary to achieve an e�ective DA reconstruction with
noisy and sparse sensors.

Optimal Sensor Placement (OSP) is a classic task in planning and optimizing sensor
locations that maximize the informativeness of sensor data for a given dynamical sys-
tem [45, 64, 73, 116, 127]. This is typically achieved by optimizing a performance crite-
rion, such as mutual information or system observability [76], to improve state estimation,
prediction, or control accuracy [91]. The outcome of the resulting optimization is typically
a set of stationary sensor locations that capture most of the key features of the dynamical
system.

While OSP typically focuses on �nding stationary sensor locations, they are not neces-
sarily optimal for dynamical systems in all scenarios, and in such cases, mobile sensors could
improve DA reconstruction. Being stationary can be viewed as a constraint for sensors,
limiting their observational area. This limited observational area could miss key features
of a dynamical system (which are information-rich to a DA algorithm), particularly when
sensors are sparse and the dynamical system is chaotic. Therefore, removing the stationary
constraint and allowing the sensors to move could improve the DA reconstruction [54, 73].

Lagrangian sensors are a natural strategy for moving sensors to collect data from dy-
namical systems. These sensors are often used in �elds such as oceanography or weather
modeling, taking the form of drifting ocean buoys or weather balloons [31, 38, 66, 105].
Using Lagrangian sensors has the following bene�ts. First, Lagrangian sensors have low
manufacturing costs, making their mass deployment practically feasible to collect more
observational data [95]. Second, they passively follow the 
ow of dynamical systems. This
passive movement requires minimal energy for locomotion and often provides intuitive
measurements [54]. For example, Lagrangian sensors can e�ectively track the trajectories
of substances or organisms in the ocean, such as oil spills or �sh larvae, that are trans-
ported by ocean currents [15]. Finally, observing the collective motion of many Lagrangian
sensors, one can intuitively identify Lagrangian Coherent Structures (LCS), which are the
foundational geometrical features in the 
ow [60, 61]. These structures are often helpful to
reveal skeletons in the 
ow (e.g., shear layers and/or eddies, and transport barriers) [23].
Due to these bene�ts, Lagrangian sensors are often used to study transport, stirring, mixing
in 
uid 
ows [102], and in DA problems to reconstruct dynamical systems [30, 93, 129].

Although Lagrangian sensors are a low-cost solution to collect observational data, they
come with several limitations. First, following the 
ow (e.g., along pathlines of moving
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uids), but not necessarily the key features, might miss important information about the
dynamical system [79]. This missed information could be essential for e�ective DA recon-
struction. Second, the nature of Lagrangian sensors makes them sensitive to their initial
locations [61, 94], which can lead to inconsistent DA performance. An example demon-
strating this inconsistency is when these sensors are deployed near LCS transport barriers,
such as attracting or repelling structures. For instance, Lagrangian sensors initialized near
repelling regions may drift into entirely di�erent 
ow domains. In contrast, those placed
near the same attracting areas tend to cluster, resulting in redundant observations over
time.

Finally, ideal Lagrangian trajectories are often impractical, as realistic Lagrangian sen-
sors carry inertia, potentially causing undesired behavior. For instance, in two-dimensional
turbulent 
ows, sensors with even small inertia commonly exhibit clustering in regions
characterized by high strain and low vorticity [39, 106]. This clustering may reduce the
diversity of information available to DA, as some regions (e.g., high-strain regions) may
become oversampled, while others (e.g., high-vorticity regions) remain unobserved.

This thesis investigates how the above limitations of Lagrangian and sensors with iner-
tia (i.e., following the 
ow and clustering, but not necessarily observing the key features)
impact the performance of a typical DA method, called the AOT algorithm, in reconstruct-
ing dynamical systems. Next, to address these limitations, this work proposes alternative
sensor movement strategies that improve the AOT performance. One such strategy in-
volves adding a random perturbation to both Lagrangian sensors and sensors carrying
inertia with random noise, which could prevent clustering. If this random perturbation
facilitates a more e�ective AOT algorithm, it would imply that ideal Lagrangian and sen-
sors with inertia are not necessarily optimal. Another strategy focuses on �nding optimal
trajectories for moving sensors to collect 
ow data from information-rich regions. This is
achieved by maximizing the convergence rate of the AOT algorithm, thereby achieving fast
and e�ective reconstruction of dynamical systems.

The rest of the thesis is structured as follows. Chapter 2 reviews the background on
DA, including the AOT algorithm, and existing sensor placement and movement strate-
gies. Chapter 3 develops a theoretical framework for guiding sensors to follow key fea-
tures of the one-dimensional chaotic partial di�erential equation (PDE) called the Ku-
ramoto{Sivashinsky equation (1D KSE). Chapter 4 extends the framework from Chapter 3
to the two-dimensional turbulent Navier-Stokes equations (2D NSE). Both Chapters 3 and
4 propose adding random perturbations to ideal Lagrangian and inertia-driven trajecto-
ries, which serve as an intriguing example of why Lagrangian trajectories may not be the
best choice for DA. Chapter 5 validates proposed sensor movement strategies and provides
a comparison among them. The thesis concludes with Chapter 6, which outlines future
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developments in the topic of optimal sensor placement and sensor movement strategies for
achieving e�ective DA reconstruction.
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Chapter 2

Background

This chapter �rst reviews the general mathematical formulation of the DA framework
for reconstructing dynamical systems. Then, it provides a brief overview of two classical
and one state-of-the-art implementation of DA. This chapter also reviews optimal sensor
placement/movement problems, solving which might bene�t the DA performance in re-
constructing dynamical systems under a constrained sensor budget. Lastly, it discusses
traditional sensor movement strategies, such as Lagrangian and inertia sensors, and em-
phasizes how their passive movement could inhibit a successful DA reconstruction.

2.1 Theoretical Setup of DA

To motivate the use of DA, consider a dynamical system governed by the following PDE:

du
dt

= F (u)

u(x; 0) = u0

; (2.1)

where u denotes the system's state variable evolving in timet, F represents the system
dynamics (typically known), and u0 is the unknown initial conditions. In principle, if
the exact initial conditions u0 were known, one could reconstruct the true dynamical sys-
tem (2.1) without DA [83]. However, precise knowledge ofu0 is rarely available in practical
applications.

To compensate for this lack of knowledge, sparsely distributed (in space and time)
observations of the stateu are incorporated into the DA framework. These observations
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are de�ned through the mapping

uo = H [u] + � o;

where H is the observation operator, which selects the locations whereu is observed. � o

denotes a white noise process with zero mean. For simplicity, this thesis assumes sensor
data are observed without noise (i.e.,� o = 0) and continuous in time, as in [54, 89].

Once the observations are incorporated into the DA framework, a successful assimilation
process converges the discrepancy between the system estimate ^u and observations to zero
as time goes to in�nity:

� (t) = kH [û(t)] � uo(t)k ! 0; as t ! 1 : (2.2)

After the projected system estimateH [û] has converged to the observationsuo in (2.2),
one could hope that the system estimate ^u converges to the true dynamical systemu.

The above convergence rate of� (t) re
ects how the error between the estimate and
observations behaves over time, which is an indicator of DA performance. This rate often
depends on several factors, including the pro�le of the dynamical system, the system's
dimensionality, the speci�c DA method used, and the placement or trajectories of sensors.
While the �rst two factors are typically �xed for a speci�c problem, the latter, such as
the DA method and sensor location/trajectories, leave room for manipulation to achieve
better DA performance. Existing DA methods will be brie
y reviewed in Section 2.2, while
the main focus of this thesis, sensor placement/movement strategies, will be discussed in
detail in Sections 2.3{2.4.

2.2 Existing DA methods

2.2.1 Variational method

The variational method frames DA as an optimization problem grounded in optimal control
theory and variational calculus. The core idea of the variational method is to de�ne a cost
function that quanti�es the discrepancy between the system estimate and observational
data [5]. This cost function is then minimized iteratively to obtain the trajectory of the
estimate that best �ts the available observations.

Among the most widely used variational methods are three-dimensional variational
data assimilation (3D-Var) [87] and four-dimensional variational data assimilation (4D-
Var) [120]. The 3D-Var formulation minimizes the cost function at a single analysis time,
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yielding a static correction of the estimated state. In contrast, 4D-Var extends the as-
similation over a time window by incorporating the full temporal evolution of the model
and observations, allowing the state estimate to re
ect time-dependent dynamics. This
incorporation makes 4D-Var especially valuable in numerical weather prediction, where
capturing time-dependent processes is essential.

Although the variational method could achieve e�ective DA reconstruction, it faces
signi�cant computational challenges and is not optimal in all scenarios. These computa-
tional challenges arise primarily from minimizing the cost function by computing adjoint
models, which becomes particularly demanding in strongly nonlinear, high-dimensional
systems, posing a barrier to their use in real-time applications [125]. Additionally, classi-
cal variational methods, such as 3D-Var and 4D-Var, assume that both observation and
model errors are Gaussian. However, errors in nonlinear dynamical systems are often
non-Gaussian, which could degrade the performance of DA [19].

2.2.2 Statistical method

The statistical method of DA is grounded in Bayesian inference, which aims to maximize
knowledge of the posterior probability distribution of the system estimate. Since having
full knowledge of the probability distribution is typically infeasible, statistical methods
determine the best approximation of the statistical parameters of the system, such as its
mean and/or its variance. This is often achieved through combining prior estimates and
new observational data to minimize the uncertainty about the posterior system estimate [3,
5]. One of the classical methods that combines time-varied measurements with prior system
estimates is the Kalman Filter (KF) [72].

The KF provides an analytically optimal solution for linear systems with Gaussian-
distributed errors. It minimizes the posterior error covariance, yielding a statistically
optimal estimateû of the true system stateu through recursive assimilation of observations
uo. Speci�cally, this recursive assimilation consists of two steps:

Forecast: ûf
l+1 = Fl+1 (ûl );

whereûf
l+1 is forecast of the state at time stepl + 1 and

Update: ûl+1 = ûf
l+1 + K

h
uo � H ûf

l+1

i
; (2.3)

where û is the system estimate, andK is the Kalman gain matrix. The gain matrix in
the above equation controls the relative weighting of the system estimate and the obser-
vations: greater weight is given to the observations when they are more accurate than the
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system estimate and vice versa. Thus, the matrixK is designed to optimally balance the
contributions of ûf and uo, minimizing the overall uncertainty in the reconstructed state.

Although the classical KF computes the optimal gain matrix in linear low-dimensional
systems under Gaussian noise, its performance is limited in more complex scenarios. These
limitations include high computational demands for high-dimensional systems, restrictions
to linear systems, and a reliance on the assumption of Gaussian noise. For instance, KF
calculates the optimal gain matrix by a set of matrix operations, such as multiplication
and inversion, which become computationally intractable for high-dimensional systems.
Additionally, the assumptions of a linear system and Gaussian noise are rarely satis�ed in
practical applications involving complex geophysical or environmental processes [126]. In
such processes, the �lter may fail to accurately capture the nonlinear interactions or non-
Gaussian error structures inherent in the system, leading to suboptimal state estimates.

Several extensions of the KF have been developed to handle nonlinear systems and re-
duce computational demands. For instance, the �rst attempt to handle nonlinear systems
was proposed in [67, 117] by developing the Extended Kalman Filter (EKF). The core idea
of EKF is to linearize the system dynamics around the current estimate. This is done by
approximating the nonlinear functions with their �rst-order Taylor series expansion, replac-
ing them with linearized models at each update step. However, this linear approximation
can break down when the time between updates is long, allowing the model's nonlinear be-
havior to evolve in ways the linearized version cannot capture [5]. Additionally, similar to
the KF, EKF operates with full-rank covariance matrices, which could become expensive in
high-dimensional systems. Lastly, the EKF typically assumes the model and measurement
error covariance matrices are Gaussian, which may be unrealistic in strongly nonlinear
environments.

Particle Filters (PF) were later proposed to handle strongly nonlinear scenarios and
non-Gaussianity. These �lters approximate the full posterior distribution of dynamical
systems by propagating a set of particles through the model and weighting them according
to their consistency with the observations [78]. However, the performance of PF strongly
depends on the number of particles; a large number is typically required for e�ective
reconstruction in high-dimensional or highly nonlinear systems, which may signi�cantly
increase computational cost.

To address the computational challenges of high-dimensional systems, the Ensemble
Kalman Filter (EnKF) was introduced in [42]. The EnKF can be viewed as a reduced-
order version of the KF and, like the PF, represents the system state using a collection of
state vectors, or ensemble members. The variability of these ensemble members implicitly
captures the forecast error statistics, eliminating the need to propagate large covariance
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matrices. This signi�cantly reduces computational demands in high-dimensional settings.
However, the accuracy of the EnKF degrades when the ensemble size is too small or when
the system exhibits strong nonlinear behavior [27, 43, 130]. Increasing the ensemble size
can better represent nonlinear e�ects, but at the cost of higher computational expense.

2.2.3 Azounai-Olson-Titi nudging algorithm

Since minimizing a cost function in the variational method and having a large number of
particles/ensembles in statistical methods could be computationally demanding, the nudg-
ing method|also known as Newtonian relaxation|was introduced in [4]. This method
adds a penalty term to the evolution model of the system estimate, based on the discrepancy
between the observations (i.e., input data) and the estimate, analogous to the Luenberger
observer or the Kalman �lter in control theory [72, 88]. Speci�cally, the nudging looks for
a solution û to the equation:

dû
dt

= F [û] + � (I h[uo] � û); (2.4)

where � is a constant nudging parameter that is proportional to the model-observation
mis�t, and I h is an operator that interpolates observations on the same grid space as ^u
with a spatial distanceh between the locations of observation. This equation can be viewed
as a simpli�ed version of KF in (2.3), where the gain matrix is replaced with a constant
parameter � , which signi�cantly reduces computational costs. Additionally, instead of
applying the discrete updates on the system estimate ^u in (2.3), which occur only when
new observations become available, the nudging method applies a continuous correction
that steers the estimate smoothly toward the observational data.

The main limitation of the conventional nudging equation (2.4) is that it allows obser-
vations to in
uence the estimate across the entire spatial domain, including regions where
no observations are available. This might cause inconsistent convergence between nudging
and the true solution (2.1). In particular, even if the estimate ^u matches the true solution
u at some timetk , the nudging equation will still evolve di�erently from the true system
because of the extra term� (I h(u0) � û) 6= 0. To avoid this problem, u0 and û must be
mapped and compared in the same observation space, ensuring that whenu(tk) = û(tk),
the evolution of both systems remains the same [27].

A recently proposed Azounani-Olson-Titi (AOT) algorithm solves the above problem [2,
6, 7, 16, 25, 32, 36, 46, 47, 53, 69, 81, 97], by introducing a feedback control term that
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applies nudging only at observed locations:

dû
dt

= F [û] + � (I hf uog � I hf ûg); (2.5)

where I h(u) and I h(û) are now compared on same resolution. Introducing the interpola-
tion operator also enabled a rigorous proof showing that (2.5) is guaranteed to converge
to important nonlinear systems, such as KSE, NSE, or Allen-Cahn equations, given large
enough� and su�ciently small h (or equivalently, for a su�ciently dense sensor distribu-
tion) [7, 82, 89].

The AOT algorithm is perhaps the simplest form of DA that can e�ectively reconstruct
the dissipative dynamical system [122]. Dissipative means that the energy of the dynamical
system decreases over time due to mechanisms such as friction, viscosity, or di�usion. These
dissipative mechanisms are essential for damping errors in small spatial scales (i.e., high
Fourier modes) between the AOT algorithm and the dynamical system. As a result, the
long-term behavior of the dynamical system is ultimately determined by the large spatial
scales (i.e., low Fourier modes) as small spatial scales die out. Even if small scales persist
and continue transferring energy to larger scales, a process known as the inverse energy
cascade, the latter ones ultimately determine the fundamental structure of the 
ow [99].
Thus, the goal of the successful AOT algorithm is to observe these large spatial scales from
the true solution and to integrate them properly in the AOT equation (2.5) for the e�ective
reconstruction of the dynamical system.

The success of an AOT-based reconstruction depends on the proper selection of the
following terms: the nudging parameter� , the interpolation operator I , and the number
of sensors and their locations and/or trajectories, which in
uencesh, and the behavior of
I h. For instance, a small nudging parameter may not exhibit enough forcing to nudge the
system estimate ^u to the true solution u. In contrast, choosing a large nudging parameter
could cause numerical instabilities, which arise from injecting energy into small-scale errors.
This injection may overcome system dissipative forces, which dampen these small-scale
errors, thereby preventing the AOT solution from converging to the reference solution [7].

Once the nudging parameter� is appropriately selected to inject enough forcing into
the AOT equation in (2.5) and to avoid numerical instabilities, the focus of designing a
good AOT algorithm could shift to employing a good interpolation operatorI . The choice
of the interpolation operator is subject to the approximation property [7], which provides
a bound on the error between an arbitrary function and its interpolation:

kf � I h(f )k2
L 2 (
) � c0h2 kf k2

H 1 (
) ; (2.6)
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wheref 2 H 1(
), c0 is a dimensionless constant andI h are linear interpolants from space
I h : H 1 ! L2. Commonly used linear interpolants such as piecewise interpolation [54],
cubic, spline, or projection on low Fourier modes [1, 55] guarantee the error convergence
in (2.2) given large enough� and small enoughh. Non-linear interpolation operators do
not provide such a guarantee theoretically; however, in numerical simulations, the error
could still decay [26, 80].

While �nding the optimal nudging parameter and interpolation operator is an impor-
tant task to improve the AOT performance, they are often not e�ective if the sensor
data is sparse and/or does not provide important information about the dynamical sys-
tem; hence, designing a sensor location/trajectory that captures important information
essential to improve the performance of the AOT algorithm. Designing better sensor loca-
tions/trajectories is often done in OSP and sensor movement frameworks that place and
move sensors to locations that contain rich information about the dynamical system. This
placement/movement is particularly critical under a constrained sensor budget. These OSP
and sensor movement methods are discussed in Section 2.3 and Section 2.4, respectively.

2.3 Optimal sensor placement

OSP is a classic task to determine optimal sensor locations in many scienti�c �elds, such as
controls [21, 29, 119, 123], where sensor locations impact observability and controllability of
the system, or signal reconstruction [74, 86, 91], where sensor locations a�ect the accuracy
of state estimation. The goal of OSP is to select a subset of available sensor locations that
capture the important information about the dynamical system. However, �nding optimal
sensor locations could be computationally challenging in high-dimensional systems and
hence remains an open problem.

Computational challenges in �nding optimal sensor locations arise from the combinato-
rial nature of selecting sensor locations: for a system withn possible measurement locations
and only N available sensors, the brute force approach must evaluate

�
n
N

�
=

n!
N !(n � N )!

possible sensor con�gurations [92, 96, 104]. Therefore, using a brute force approach to
achieve OSP in high-dimensional scenarios is often infeasible.

Instead of exhaustive search, most existing OSP methods use greedy algorithms or low-
rank representations of the dynamical system to obtain a near-optimal solution [96]. These
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methods typically optimize submodular (or near-submodular) criteria of the surrogate
objective function, such as observability [73], condition number [91, 131], determinant [109],
or frame potential [104]. Other studies also focused on minimizing error metrics, including
root mean square error [124] and reconstruction error [85]. More recent works also applied
neural networks to determine sensor locations for improved 
ow reconstruction [40, 128].
The concepts behind these OSP methods are often transferable across scienti�c �elds and
have already been applied to DA problems for system reconstruction and/or parameter
estimation [14, 63, 68, 124].

While most OSP methods may achieve a good reconstruction of the dynamical system
in a certain sense, they typically rely on a set of stationary sensors. Being stationary
can be viewed as a constraint for sensors, as it restricts their observational location and
potentially misses key features of the dynamical system that evolve or move over time.
This limitation becomes severe when sensors are sparse, and the underlying dynamical
system is chaotic. Therefore, removing this stationary constraint and allowing sensors to
move could collect more information about the dynamical system, thereby improving the
AOT performance [54].

2.4 Sensor movement

Designing optimal trajectories for moving sensors is a central challenge across many sci-
enti�c �elds, including robotics and estimation [17, 22, 57], as well as in tracking 
uid

ows [37, 84]. This challenge typically arises from two aspects: the high dimensionality of
the system, which complicates its modeling, and the fact that estimation or reconstruction
quality depends directly on the sensors' trajectories. Consequently, planning optimal paths
requires jointly considering system dynamics and sensor trajectories, resulting in a complex
optimization problem that is often di�cult to implement in practice. While the former is
often speci�c to the application, the latter enables the manipulation of simple trajectories
to improve system reconstruction. These trajectories might include using circular or ellip-
tical motion, motion along level curves [84], clothoids, or spline-based paths [56]. Other
approaches construct trajectories to maximize information gain or observability [90, 96],
although they often incur high planning costs. However, equipping sensors with motors
to follow planned trajectories could increase operational costs, limiting large-scale deploy-
ment of sensors. As such, one might want to use inexpensive, low-maintenance sensors with
minimal planning and propulsion requirements while deploying many of them to achieve
su�cient observation of the dynamical system.

A classic approach with zero \trajectory planning" cost is the Lagrangian sensors.
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These sensors move passively with the 
ow of the dynamical system and collect intuitive
measurements along their trajectories. In 
uid dynamics, this passive movement corre-
sponds to the advection of the 
uid 
ow, which is governed by

dx
dt

= u(x(t); t); (2.7)

wherex denotes the spatial coordinates of the sensor at timet, and u is the 
ow velocity
�eld. Due to natural motion with the 
ow, zero planning and low manufacturing and
maintenance costs, Lagrangian sensors are widely used in 
uid dynamics applications in
the form of, for example, ocean buoys and/or weather balloons [31, 38, 66, 105].

Despite the low cost and ease of deployment, the passive nature of Lagrangian sensors
imposes several limitations. For instance, their passive trajectories are not necessarily op-
timal for observing important features of the dynamical system, such as vortex cores [79],
that could degrade the performance of the DA. Additionally, passive trajectories of La-
grangian sensors make them sensitive to initial locations, which could prevent consistent
and e�ective DA reconstruction when Lagrangian sensors are initialized at di�erent posi-
tions before the reconstruction process.

The sensitivity of Lagrangian sensors to initial conditions is well studied in the context
of Lagrangian Coherent Structures (LCS) [60, 61, 111]. LCS appear as ridge-like features in
�nite-time Lyapunov exponent (FTLE) �elds and act as material transport barriers|either
attracting or repelling nearby trajectories. For example, two sensors initialized near a re-
pelling LCS will diverge exponentially over time, observing entirely di�erent 
ow regions.
Conversely, sensors distributed near the same attracting LCS may converge and cluster,
providing redundant observation over time. This issue alone suggests that DA, includ-
ing the AOT algorithm that relies on Lagrangian sensors, can su�er from inconsistent
performance, particularly when the sensor network is sparse.

Another limitation is that achieving ideal Lagrangian sensors is actually challenging,
as real sensors often carry inertia. These inertia sensors may cluster and oversample some
areas, while leaving important regions undersampled, thereby hindering e�ective DA re-
construction [12]. The tendency for such clustering can be characterized by the Stokes
number (St).

The Stokes number is a dimensionless parameter that quanti�es the sensor's interaction
with the 
ow:

St =
t0u�

l0
;

where t0 represents the sensor's relaxation time (i.e., the timescale over which the sensor
adjusts its velocity to match that of the 
uid), u� is a characteristic velocity of the 
uid,
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and l0 is a characteristic length scale of the 
ow. The relaxation timet0 is de�ned as:

t0 =
� pd2

p

18�
;

where� p is the sensor's density,dp its diameter, and� the kinematic viscosity of the 
uid.
This relaxation time assumes a spherical sensor operating in the Stokes 
ow regime (i.e.,
low Reynolds number), where viscous forces dominate over inertia. Higher relaxation times
are associated with greater sensor mass and/or diameter, as well as larger Stokes numbers,
indicating a greater deviation of the sensor's trajectory from the surrounding 
uid (i.e.,
Lagrangian trajectory).

The Stokes number is a critical parameter for indicating how strongly inertia sensors
cluster in turbulent 
ows, a phenomenon known as particle clustering [12], preferential
concentration [106], or segregation [24]. At low Stokes numbers (St � 1), sensors exhibit
little inertia e�ect and closely follow the surrounding 
uid (i.e., Lagrangian sensors with
St = 0), which could reduce clustering [106].

In contrast, high Stokes numbers (St � 1) indicate that a sensor's motion is dominated
by its inertia, making it less responsive to the dynamics of the carrier 
uid. Such sensors
with high inertia tend to follow nearly ballistic trajectories that are largely decoupled from
the 
ow streamlines. This pronounced decoupling becomes crucial in practical applications,
where sensors have only a �nite time to interact with coherent 
ow features, such as eddies,
before those structures are di�used or distorted by surrounding features. However, sensors
with high inertia move slowly, thus lagging in interacting with 
ow structures while they
exist. As a result, sensors with large Stokes numbers are less prone to clustering [12, 39, 41].

Clustering is pronounced in turbulent 
ows when the Stokes number is of order one
(St � O (1)) [11, 12, 28, 41, 62, 106]. In this scenario, inertia sensors are typically expelled
from rotational 
ow structures (vortices) and cluster in high-strain regions. This can lead
to over-sampling strain regions and under-sampling vortices, potentially degrading DA
performance.

The passive behavior of Lagrangian sensors and clustering of inertia sensors (i.e., both
might not track key features of the 
ow) highlights the importance of exploring alternative
sensor movement strategies to improve the performance of the DA framework, including
the AOT algorithm. For instance, the study in [54] proposedad hoc sensor movement
strategies that were validated in 2D turbulent Navier-Stokes equations. These strategies
include: bleeps, where sensors randomly appear at di�erent locations in the domain at
each time step;creeps, which are stationary (i.e., Eulerian) sensors that randomly shift
on the grid (i.e., slow random walk); andsweeps, where a smaller sub-grid of sensors
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moves following a prescribed pattern, for example, a straight line. The study in [54]
demonstrated that the moving sensors could collect more informative data compared to
Lagrangian sensors, signi�cantly increasing the convergence rate of the AOT algorithm.
These results suggest that Lagrangian sensors are not optimal for AOT and may also limit
the performance of other DA methods.

While bleeps, sweeps,and creeps achieved faster error convergence than Lagrangian
sensors, their trajectories were heuristic andad hoc, which were not built on any analytical
or theoretical ground. As a result, despite being refreshing and inspiring, this work does
not o�er a universal framework for determining optimal trajectories for moving sensors.

Although a sensor movement strategy derived from theory was later proposed in [18],
it is limited in achieving the fastest error convergence of the AOT algorithm. Speci�cally,
the study introduced a moving observation window with uniform sensor distribution inside
it. Then, this window moves with a certain speed towards high-error regions, where the
error between the AOT reconstruction and the underlying dynamical system is large. By
observing high-error regions, the proposed sensor moving strategy achieved a much faster
convergence speed compared to the random movement of observational windows. This
suggests that relocating sensors to the high error location could signi�cantly enhance the
e�ectiveness of the AOT algorithm. However, the locations of sensors were restricted to a
�nite-sized moving observation window, typically much smaller than the full physical do-
main. As a result, key features of the system outside this window may remain unobserved,
preventing the method from achieving the best possible initial error convergence.

2.5 Research objectives

Given the limitations of passive trajectories of Lagrangian sensors and inertia sensors, as
well as the lack of a theoretical framework for guiding sensor movement to achieve optimal
convergence rate for DA in previous studies, this thesis pursues two primary goals:

ˆ investigate ideal and perturbed trajectories1 of Lagrangian and inertia sensors under
the AOT algorithm for reconstructing dynamical systems in dense and sparse sensor
settings;

ˆ proposes a theoretically grounded sensor movement strategy to observe the key fea-
tures of the dynamical system by maximizing the convergence rate of the AOT algo-
rithm.

1Note that the perturbation is added to the Lagrangian and inertia trajectories to prevent potential
clustering, while the sensors continue to measure the 
ow without noise.
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The performance of the above sensor movement strategies was evaluated on two dy-
namical systems: the one-dimensional Kuramoto{Sivashinsky equation (1D KSE) and the
two-dimensional Navier{Stokes equations (2D NSE). The 1D KSE, a canonical example of
low-dimensional chaotic dynamics, serves as a simpli�ed testbed for developing and vali-
dating the proposed sensor movement strategies. In contrast, the 2D NSE, which is more
representative of real-world systems such as atmospheric 
ows, is used as a benchmark to
assess the e�ectiveness of these strategies in a more complex environment.
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Chapter 3

Sensor placement and movement for
1D KSE

This chapter presents an optimal sensor movement strategy that guides sensors to observe
information-rich regions of the 1D KSE. It also discusses a random perturbation applied
to both Lagrangian and sensors with inertia that could prevent clustering and improve
AOT performance. After a brief overview of the KSE in Section 3.1, Section 3.2 revisits
the error convergence analysis of the AOT algorithm and provides a novel guideline for
optimal sensor placement and movement. Next, based on this error convergence analysis,
Section 3.3 formulates a minimization problem that maximizes the convergence rate of
the AOT algorithm on 1D KSE. Then, Sections 3.4{3.5 discuss how the solution to the
minimization problem yields optimal sensor locations. Section 3.6 reviews how physical
sensors will be implemented to reach their optimal sensor locations. Lastly, Section 3.7
covers a random perturbation applied to Lagrangian sensors.

3.1 Theoretical setup of Kuramoto{Sivashinsky equa-
tion

The KSE is a simple nonlinear PDE that exhibits chaotic behavior. In 1D, it is written as

ut + uxx + �u xxxx +
1
2

(u2)x = 0

u(x; 0) = u0(x)
; (3.1)
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where u 2 C([0; T]; L2) \ L2([0; T]; H 2) is a real-valued function with admissible initial
condition u0 2 L2

0([0; L]) [9, 89], evolving on a domain with lengthL and time T, and
� is kinematic viscosity. This PDE and its chaotic properties were studied by Kuramoto
et al., when they discovered the emergence of spatially periodic patterns and temporal
instabilities in reaction-di�usion systems [77]. Independent discovery of this PDE was led
by Sivashinsky, who described how the KSE captured the nonlinear growth and interaction
of small perturbations on a 
ame front, causing chaotic behavior [113]. This chaotic be-
havior, which even exists in one dimension, makes the reconstruction of KSE an appealing
toy problem for the DA studies, as the corresponding results are often applicable to other
chaotic systems, such as 
uid 
ows and weather models [112, 115].

Although the KSE has chaotic behavior, it remains fundamentally dissipative. This
dissipative nature exhibits an asymptotic behavior of the KSE and features a �nite-
dimensional global attractor [8, 34, 101, 108, 121]|a set towards which all solutions of (3.1)
evolve regardless of initial conditions. Because this global attractor is �nite-dimensional,
the long-term behavior of the KSE is determined by a �nite number of degrees of free-
dom, such as �nite Fourier modes [49, 50, 70], �nite elements [33, 50], �nite interpolation
polynomials [33, 50], determining volume elements [51, 71], or determining nodes [49, 50].
Observing su�cient degrees of freedom with enough sensors guarantees the convergence of
the AOT algorithm to a true KSE solution [89].

However, under a constrained sensor budget, capturing all determining modes might
be infeasible; thus, the convergence of error cannot be guaranteed. In this sparse sensor
scenario, one can hope to approximate at least some determining modes by strategically
moving sensors to observe information-rich regions. This can be achieved through the error
convergence analysis of the AOT algorithm, which guides sensor movement to maximize
the convergence rate, as discussed in Section 3.2.

3.2 Error convergence analysis for 1D KSE

In this section, the error convergence analysis of the AOT algorithm is reviewed from [89]
with L = 2� , which guides sensor movement to maximize the convergence rate. Applying
the AOT algorithm to (3.1) yields

ût + ûxx + � ûxxxx +
1
2

(û2)x + �I h(û � u) = 0

û(x; 0) = û0(x)
; (3.2)

18



where � is the nudging parameter, andI h is the spatial interpolation with h being the
distance between sensors. De�ning the error� = û � u and subtracting (3.1) from (3.2)
leads to

� t + �� xxxx + � xx = � �� x � u� x � �u x � �I h(� ): (3.3)

Multiplying (3.3) by � , integrating by parts with respect to x using periodic boundary
conditions and using the fact that

I h(� )� = � (I h(� ) � � ) + � 2

results in
1
2

d
dt

Z 2�

0
� 2 dx + �

Z 2�

0
� 2

xx dx = k� xk2
L 2 +

1
2

Z 2�

0
� 2ux dx�

� � k� k2
L 2 + �

Z 2�

0
(� � I h(� )) � dx:

(3.4)

Applying Poincar�e, Cauchy-Schwarz, Young, and Agmon
�
kuk2

L 1 � k ukL 2 kuxkL 2

�
inequal-

ities as in [89], the expression in (3.4) further simpli�es to

1
2

d
dt

k� k2
L 2 + � k� xx k2

L 2 �
�
8

k� xx k2
L 2 +

+
�
4

k� xx k2
L 2 +

"
2
�

� � + kuxkL 1 +
3
4

�
� 4c0h4

�

� 1=3
#

k� k2
L 2 ;

(3.5)

wherekuxkL 1 represents the supremum of the velocity gradient over the domain. Grouping
the terms with the same error normand without usingassumptionsin Eq. (15) in [89], the
expression (3.5) results in an inequality in terms of the reconstruction error

1
2

d
dt

k� k2
L 2 � �

5�
8

k� xx k2
L 2 +

 
2
�

� � + kuxkL 1 +
3
4

�
� 4c0h4

�

� 1=3
!

| {z }
r (h;x )

k� k2
L 2 ; (3.6)

which dictates that the error is mainly controlled by the distanceh and the nudging
parameter � , as all other terms are given constants, including the viscosity� of the 
ow.

The upper bound of (3.6) resembles the ordinary di�erential equation (ODE) fork� k2
L 2 .

This ODE shows that the error must decay exponentially ifh and � are properly selected
such that the coe�cient of the second term on the right-hand side (i.e.,r (h; x)) in (3.6) is
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negative:

r (h; x) =

0

B
B
B
B
@

2
�

� � + kuxkL 1

| {z }
a(x)

+
3
4

�
� 4c0h4

�

� 1=3

| {z }
bh

4
3

1

C
C
C
C
A

< 0; (3.7)

wherer (h; x) can be viewed as a global decay rate of the error.

The value of r (h; x) determines the error convergence behavior of the AOT recon-
struction. If r (h; x) < 0, the error of the AOT reconstruction is guaranteed to converge
exponentially. The more negativer is, the faster the convergence occurs. Ifr (h; x) � 0, it
is not guaranteed that the AOT reconstruction converges. However, a positive convergence
rate (r (h; x) > 0) does not necessarily always lead to a diverged AOT algorithm. This is
because the error estimate of (3.6) is not sharp, meaning that the error convergence might
still occur in practice even for small positive values ofr . The smaller ther is (i.e., closer to
0), the more likely the AOT reconstruction converges; and if it converges, the convergence
rate is likely higher.

Therefore, regardless of the sign of the error convergence rate, minimizingr (h; x) should
lead to better convergence. The task of minimizing the error decay rater (h; x) provides
a guideline for optimal sensor placement and/or movement. This minimization problem is
discussed in Section 3.3.

3.3 Minimization problem

The convergence rate de�ned in (3.7) can be interpreted pointwisely, since the integrals
in (3.4) may be evaluated over arbitrarily small subdomains. This interpretation enables
switching from global to local convergence rates, where the global gradient normkuxkL 1

is replaced by the pointwise magnitudejux j. This switch also enables the distance term
h to be viewed as a spatially varying functionh(x), indicating the spatial density of the
sensor, which can be used to construct an adaptive grid and thus, guide sensor place-
ment/movement.

Although the local convergence rate in each subdomain impacts the global convergence
rate, the latter is ultimately governed by the maximum local rates. To illustrate this gov-
ernance, consider partitioning the original domain 
 into a set of subdomains. Under this
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partitioning, the global error can be expressed as an integral of the local errors multiplied
by their convergence rate factors:

k� (t)k
 �
Z



er (h;x )t k� 0k dx; (3.8)

where� 0 is an initial error in subdomains ander (h;x )t is their exponential rate factor. The
global error behavior is expressed as

k� (t)k
 = ek(t )t k� 0k
 ; (3.9)

where k(t) is a time-varying scalar. Solving (3.8) fork from (3.9) yields the relationship
between the global error convergence rate and local ones:

k(t) �
1
t

log
�

1
k� 0k


Z



er (x;t )t k� 0k dx

�
:

For a �nite time t, the scalark(t) re
ects contributions from all subdomains. However, as
t ! 1 , k(t) approaches maxr (h; x), because the region with the largest local error growth
er (h;x ) (i.e., sensitive region) eventually overwhelms the contributions from other areas.

Therefore, the maximum value of local ratesr (h; x) must be minimized. The minimiza-
tion problem is formulated to �nd the distance function h(x) that solves

min
h

max
x

a(x) + bh(x)
4
3 (3.10)

with a constraint on the number of sensorsN :
Z




1
h(x)

dx = N; (3.11)

where 1=h(x) is the density of sensors over the entire domain.

The solution to the above minimization problem is uniquely determined, and no lower
minimum can be found. To illustrate this fact, supposeH N de�nes an admissible set of
distance functions:

H N :=
�

h 2 L1 (
)

�
�
�
�h(x) > 0;

Z




1
h(x)

dx = N
�

:

The objective function in (3.10) can be rewritten as

min
R;h

R;
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whereR := supx a(x) + bh(x)
4
3 such that

a(x) + bh(x)
4
3 � R: (3.12)

From (3.12), h(x) can be found as

h(x) �
�

R � a(x)
b

� 3
4

: (3.13)

De�ning the upper bound of (3.13) as

� R(x) =
�

R � a(x)
b

� 3
4

and substituting the above function into (3.11) yields

G(R) :=
Z




1
� R(x)

dx =
Z




�
b

R � a(x)

� 3
4

dx;

whereG(R) is a continuous function forR 6= a(x) and strictly decreasing withR:

lim
R! sup a(x)

G(R) = 1 (3.14)

lim
R!1

G(R) = 0 : (3.15)

By the intermediate value theorem

9R� : G(R� ) = N )
Z




1
� R � (x)

dx = N; (3.16)

from which the optimal distance function can be found:

h� (x) := � R � (x) =
�

R� � a(x)
b

� 3
4

: (3.17)

Given the optimal distance function derived above, we now show by contradiction that
it is the unique solution. Suppose that the pair (R� ; h� ) is not the minimum solution
to (3.10), implying that

9h0(x) 2 H : suprh0(x) < R � ) rh0(x) � R0 < R � : (3.18)

22



However, this leads to a contradiction, as using the de�nition

h0(x) �
�

R0 � a(x)
b

� 3
4

= � R0(x);

h0(x) would need more sensors thanN :

R0 < R � )
Z



� R0(x)� 3

4 >
Z



� R � (x)� 3

4 ) G(R0) > G (R� ) = N:

The contradiction of having multiple minima shown above proves that the error convergence
rate R� is a unique solution; hence, all that is needed to get a global minimumR� is to
�nd the distance function h(x). However, searching for the optimal distance function
in an in�nite-dimensional function space is a challenging task. Instead of this search, the
distance functionh(x) can be attained through the following equivalence claim: minimizing
the maximum among the local error rates (3.10) is equivalent to requiringr = const 8x 2 
,
that is

min
h

max
x

a(x) + bh
4
3 , min

h
r (h; x) where r (h; x) = const 8x 2 
 : (3.19)

Proving this equivalence claim is performed using the Karush{Kuhn{Tucker (KKT) con-
ditions.

3.4 Optimal h(x) and the KKT conditions

The KKT conditions are fundamental in constrained optimization, o�ering necessary (and
in convex settings, su�cient) criteria for identifying optimal solutions [13]. These condi-
tions are typically used to search for a solution to optimization problems with both equality
and inequality constraints, which is the case with the optimization problem posed in (3.10).
We next show that applying the KKT conditions to (3.10) can prove the equivalence claim
presented in (3.19).

Although the KKT conditions are optimal for convex and smooth optimization prob-
lems, the minimization problem formulated in (3.10) is neither convex due to the 1=h term
in inequality constraints nor smooth due to the inner max in the objective function. First,
to transform this minimization problem into a convex one, theh(x) function is replaced
with the function p(x) de�ned as

p(x) =

(
1

h(x) h(x) > 0

1 h(x) � 0
; (3.20)
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wherep 7! p� 4
3 is a convex function inR ! R [ f1g . Replacingh(x) with p(x) in (3.10)

yields
min

p
max

x
a(x) + bp(x)� 4

3 ;

s.t.
� Z



p(x) dx = N

�
:

(3.21)

Introducing a slack variableR := supx2 
 a(x) + bp(x)� 4
3 , (3.21) transforms to

min
R;p

R

s.t.
�

a(x) + bp(x)� 4
3 � R;

Z



p dx = N

� : (3.22)

Once the smooth and convex optimization problem in (3.22) is obtained, the KKT
conditions can be applied to prove the equivalence claim (3.19). For simplicity, this thesis
proves the equivalence claim in a discrete setting, although the proof can be generalized to
in�nite-dimensional convex optimization over the Hilbert space [10, 20]. The corresponding
discretized setting is

min
R;p

R

s.t.

(

ai + bi p
� 4

3
i � R;

X

i

pi = N

)
: (3.23)

To �nd R from the above formulation, the following KKT conditions are applied: there
exist Lagrangian multipliers � 2 R and � 2 Rn such that

ˆ Primal feasibility:
P

i pi = N; ai + bp
� 4

3
i � R 8i = 1; : : : ; n;

ˆ Dual feasibility: � i � 0;

ˆ Complementarity: � i (R � ai � bp
� 4

3
i ) = 0,

are satis�ed. These conditions de�ne the Lagrangian cost function, which is then minimized
by setting its gradient to 0. First, writing the Lagrangian cost function yields

L (p; �; � ) = R +
X

i

� i (a(x i ) + bp
� 4

3
i � R) + �

X

i

(pi � N ): (3.24)
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Next, �nding optimal p requires solving the system of equations formed by settingr R;p i L =
0:

0

B
B
B
@

@L
@R
@L
@p1
...

@L
@pn

1

C
C
C
A

= 0 )

0

B
B
B
@

1
0
...
0

1

C
C
C
A

=

0

B
B
B
B
@

� 1 + � 2 + : : : + � n

4
3 � 1bp

� 7
3

1
...

4
3 � nbp

� 7
3

n

1

C
C
C
C
A

+

0

B
B
B
@

0
�
...
�

1

C
C
C
A

: (3.25)

Note that � = 0 in (3.25) is not feasible, as it implies� i = 0, contradicting the �rst
component of the gradient equation. Therefore� 6= 0, implying � i 6= 0, as function p > 0.
Since� > 0, the complementarity condition from the KKT conditions:

� i (R � ai � bp
� 4

3
i ) = 0

simpli�es to

(R � ai � bp
3
4
i ) = 0 ;

leading to ai + bp
3
4
i = R, proving the equivalence claim (3.19).

A simple heuristic for the above equivalence proof using the KKT conditions can
clarify why it works. Suppose suchp� (and therefore h� (x)) is found such that R� =
minp maxx r (h� ; x), but the convergence rateR� 6= const 8x 2 
. This non-constant rate
implies that there existsx; x̂ such that r (x) > r (x̂), where r (x) is a local maximum. Since
h� (x) is strictly increasing with r , it can redistribute sensors by removing some from ^x and
placing them in the regionx. This process reduces the local maximumr (x), contradict-
ing the assumption that h� (x) was optimal. Therefore, the only situation when all local
maxima are minimized isr = const 8x 2 
.

Proving the equivalence claim helps to determine the distance functionh(x) from (3.7):

h(x) =
�

R� � a(x)
b

� 3=4

; (3.26)

whereR� is a minima solving (3.19). The distance functionh(x) described above does not
directly provide sensor locations; instead, it de�nes the pairwise distances between sensors.
To infer sensor locations from these distances, an algorithm is proposed in Section 3.5. In
this thesis, the term `target sensor locations' refers to sensor positions determined by the
distance functionh(x), whereas `directed sensors' are the physical sensors that move toward
these target locations.
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3.5 Target sensor locations

The thesis computes target sensor locations using perhaps the simplest algorithm (Algo-
rithm 1). This algorithm relies on the distance functionh(x) (the reciprocal of which
yields the sensor density function 1=h(x)), where sensors are densely placed whenh(x) is
small (i.e., the sensor density is high). This is achieved by dividing the discretized domain

 into intervals until the number of intervals equals the number of available sensors,N .
Once the number of intervals equalsN , sensors are placed in the middle of each interval.
Intuitively, (3.26) suggests that regions of high gradient (i.e, largea(x)) must receive more
intervals and thus, be observed by more sensors.

To keep track of intervals at each iteration of the algorithm process and to decide
which interval needs more re�nement, a set of intervals is initialized as� = f 
 g. Next,
the condition j� j < N is checked, and if it is false, the algorithm terminates. For instance,
setting the total number of sensors toN = 1 would yield one sensor located at (a + b)=2,
where [a; b] are the bounds of the interval (or domain) 
. Otherwise, the interval 
 is
removed from the set and split in the middle, which populates the set with two intervals
� = f 
 l ; 
 r g. Then, the algorithm computes the number of sensors needed for each interval
based on the integral of the sensor density (i.e., carrying out (3.11) for each interval).
Finally, the algorithm selects the next interval with higher density from� and repeats the
process. For visual demonstration of this algorithm, refer to Figure 3.1.

3.6 Directed sensors

Once target locations are obtained from the Algorithm 1, directed sensors can move towards
these locations. This movement is typically constrained by a �nite sensor speed to replicate
physical scenarios. However, for simplicity, this thesis assumes that directed sensors move
to target locations immediately. When the directed sensors reach their target locations,
Algorithm 1 is executed again. This approach enables both target sensor locations and the
directed sensors to track the key features of the 
ow as it evolves.
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Figure 3.1: A 
ow chart of �nding target sensor locations based on the Algorithm 1.

3.7 Lagrangian and the perturbed Lagrangian sensors

The passive movement trajectory of Lagrangian sensors is not necessarily optimal in all
scenarios and could degrade the performance of the DA framework, including the AOT
algorithm (Chapter 2). One intuitive counterexample for the optimality of the Lagrangian
sensors is the 1D KSE (3.1), as shown in Figure 3.2. From this �gure, distributed La-
grangian sensors would cluster at stagnation points. Over time, stagnation points vanish
and emerge, eventually causing all Lagrangian sensors to cluster at a single stagnation
point and move along with it. This clustering leads to redundant observations at one point
and insu�cient coverage in other regions of the domain.

To address the issue of the Lagrangian sensors, one hypothesizes that perturbations
from the Lagrangian trajectory could prevent the clustering and improve the DA. The
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Figure 3.2: Clustering of Lagrangian sensors (black circles) in 1D KSE. Green arrows
indicate regions where the 
ow moves to the right, while blue arrows indicate leftward
motion. The red circle marks an example of a stagnation point.

simplest perturbations might be introducing random noise to the ideal Lagrangian sensors:

x(t) = u(x(t); t) + c � � � u� ; (3.27)

where � represents white noise drawn from a uniform distribution� � U(� 1; 1), c is a
scalar coe�cient that controls the magnitude of the perturbation, and u� is the 
ow's
characteristic velocity:

u� =

s
1

LT

Z T

0

Z L

0
u(x; t )2 dxdt: (3.28)

whereT is the simulated time andL the length of the domain.

The proposed random perturbation may challenge the traditional view of the e�ec-
tiveness of Lagrangian sensors in DA. If the perturbed sensors result in improved AOT
reconstruction, it would suggest that the ideal Lagrangian con�guration is far from opti-
mal, as even a simple perturbation leads to better performance. Numerical tests comparing
the performance of perturbed and ideal Lagrangian sensors will be presented in Chapter 5.
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Chapter 4

Sensor placement and movement for
2D NSE

The current chapter builds upon the concepts of optimal sensor movement from the 1D
KSE to the 2D NSE. First, Sections 4.1{4.2 brie
y review the theoretical setup of the 2D
NSE and the error convergence analysis of the corresponding AOT algorithm. Second,
Section 4.3 transforms this convergence analysis into the minimization problem. Next,
Section 4.4 provides a solution to this minimization problem, which guides sensor place-
ment/movement to achieve fast convergence for the AOT-based reconstruction. Lastly,
Section 4.5 discusses how a random perturbation applied to Lagrangian sensors might
improve the performance of the AOT algorithm, and perhaps other DA methods.

4.1 Theoretical setup of Navier-Stokes equations

The Navier-Stokes equations (NSE) form the mathematical foundation for describing the
motion of viscous 
uid substances. These equations underpin many applications in 
uid
dynamics, including oceanography [58], biomedical 
ows [48, 107], and atmospheric model-
ing [118]. In addition to their practical applications, the NSE are often useful for studying
the nature of turbulence and the distribution of energy across scales.

For instance, the 2D NSE exhibits an inverse energy cascade, in which energy transfers
from �ne-scale structures, such as small eddies, to larger scales. In contrast to 2D NSE, the
3D NSE display a forward cascade, where large eddies break down into smaller ones until
the energy is dissipated. Despite this di�erence in energy 
ow, the long-term dynamics
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in both 2D and 3D NSE are governed by the large scales [65], which are often the most
relevant for a successful AOT algorithm [7].

Because of its simpler structure, lower computational cost, and the presence of large-
scale dynamics that dominate long-term behavior, the thesis focuses on the 2D NSE as
an illustrative example for studying optimal sensor placement/movement using the AOT
algorithm [7]. In 2D, incompressible divergence-free NSE are written as

u t + u � r u � � r 2u = �r p + f

r � u = 0
; (4.1)

whereu is the velocity in x and y directions, f the body force term,p the pressure, and�
the kinematic viscosity. Here, the viscosity term makes the NSE a dissipative system.

The NSE belong to the class of dissipative dynamical systems, which are known to
exhibit asymptotic behavior toward a global attractor over time [33, 35, 49, 52, 59, 101, 108,
110, 121]. Importantly, this global attractor for the NSE is typically �nite-dimensional [8,
34], implying that a �nite number of degrees of freedom govern their long-term behavior.
As a result, reconstructing the NSE using DA methods, including the AOT algorithm,
becomes trivial when a su�cient number of these degrees of freedom are observed.

While observing a su�cient number of degrees of freedom ensures the NSE reconstruc-
tion under the AOT algorithm [6, 83], a limited number of sensors prevents this guarantee.
With this limitation, one must strategically move sensors to approximate at least some
degrees of freedom by observing information-rich regions of the NSE. This sensor move-
ment is achieved by the error convergence analysis of the AOT algorithm, as discussed in
Section 4.2.

4.2 Error convergence analysis for 2D NSE

The following error convergence analysis of the AOT algorithm is a recap of the results
introduced in [83], which is extended to study optimal sensor placement and movement.
First, note u is a classical solution to (4.1) assuming admissible initial conditionsu0 2
H 2 \ H 1

0 [83]. Then, applying the AOT algorithm to (4.1) yields

û t + û � r û � � r 2û = �r p + f + �I h(u � û )

r � û = 0
; (4.2)

whereû is also a classical solution to (4.2) given admissible initial conditionŝu 0 2 H 2 \ H 1
0 ,

� is the nudging parameter andI h is the linear interpolation with distance between sensors
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h. Next, the NSE (4.1) and the AOT reconstruction (4.2) are simpli�ed to eliminate the
pressure term and the divergence-free condition. This elimination is done by mapping
these PDEs into a divergence-free space. This map is called the Leray Projector, de�ned
as

P� : L2
0(
) ! H;

where L2
0(
) consists of square-integrable function with zero mean, andH is a Hilbert

space.

Besides mapping the NSE into the divergence-free space, the Leray Projector is also
useful for replacing the nonlinear terms in (4.1) and (4.2). This replacement is done by
de�ning the Stokes operator

Au = � P� (� u)

and the bilinear form

B(u;û ) = P� ((u � r )û ):

Finally, applying the Leray Projector to (4.1) and (4.2) yields

NSE: u t + B(u; u) + �A (u) = f

AOT: û t + B(û ;û ) + �A (û ) = f + P� �I h(u � û )

with the assumption that the forcing term f is divergence-free, e.g.P� (f ) = f and non-
divergence-free component has been absorbed into the pressure gradient.

After mapping (4.1) and (4.2) into the divergence-free space, the error convergence
analysis of the AOT algorithm is brie
y reviewed. Writing the error term as � = u � û
and subtracting (4.2) from (4.1) yields the error equation:

� t + B(u; u) � B (û ;û ) + �A� = � �I h �: (4.3)

Note that the di�erence between bilinear terms can be written as

B(u; u) � B (û ;û ) = B(u; � ) + B(�; u) � B (�; � );

transforming the error equation in (4.3) into

� t + B(u; � ) + B(�; u) � B (�; � ) + �A� = � �I h �: (4.4)

Next, taking the inner product in (4.4) with � gives

1
2

d
dt

k� k2
L 2 + hB(u; � ); � i + hB(�; u); � i � h B(�; � ); � i + �






 A

1
2 �








2

L 2
= � � hI h(� ); � i : (4.5)
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Then, using the orthogonality property of the bilinear form (Lemma 2.2 in [83]):

hB(u;û );û i = 0 8u;û ; � 2 H 1;

whereH 1 is seminorm, two of the bilinear forms vanish, thus the error equation in (4.5)
simpli�es to

1
2

d
dt

k� k2
L 2 + hB(�; u); � i + �






 A

1
2 �








2

L 2
= � � hI h(� ); � i : (4.6)

Taking the estimates for the nonlinear term as in [89] (i.e., having pointwise control over
r u) and using periodic boundary conditions, the expression (4.6) results in

1
2

d
dt

k� k2
L 2 + � k� k2

H 1 = � h B(�; u); � i � � hI h(� ); � i

� kr uk2
L 1 k� k2

L 2 + � k� � I h(� )kL 2 k� kL 2 � � k� k2
L 2

� kr uk2
L 1 k� k2

L 2 +
�
2

k� � I h(� )k2
L 2 +

�
2

k� k2
L 2 � � k� k2

L 2

� kr uk2
L 1 k� k2

L 2 +
�
2

c0h2 k� k2
H 1 +

�
2

k� k2
L 2 � � k� k2

L 2

�
� �

2
c0h2

�
k� k2

H 1 +
�

kr uk2
L 1 �

�
2

�
k� k2

L 2 ;

Grouping terms with similar norms yields an inequality in terms of the reconstruction error

1
2

d
dt

k� k2
L 2 �

� �
2

c0h2 � �
�

k� k2
H 1 +

�
kr uk2

L 1 �
�
2

�
k� k2

L 2 : (4.7)

Using the de�nition of H 1 norm, the above expression results in

1
2

d
dt

k� k2
L 2 �

� �
2

c0h2 � �
�

(k� k2
L 2 + kr � k2

L 2 ) +
�

kr uk2
L 1 �

�
2

�
k� k2

L 2 :

Lastly, matching terms with the same error norms in the above gives

1
2

d
dt

k� k2
L 2 �

� �
2

c0h2 � � + kr uk2
L 1 �

�
2

�

| {z }
r (h;x;y )

k� k2
L 2 +

� �
2

c0h2 � �
�

| {z }
M (h;x;y )

kr � k2
L 2 : (4.8)

The upper bound of (4.8) resembles the classical �rst-order ODE for the errork� k2
L 2 .

This ODE suggests that an exponential error convergence to zero is achieved when two
coe�cients on the right-hand-side are negative:

r (h; x; y) =

0

B
B
@

�
2

c0h2

| {z }
bh2

� � + kr uk2
L 1 �

�
2| {z }

a(x;y )

1

C
C
A < 0; (4.9)
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wherer (h; x; y) can be viewed as a global convergence rate of the error, and

M (h; x; y) =
�
2

c0h2 � � < 0;

whereM (h; x; y) denotes the constant to which the error converges. HavingM (h; x; y) < 0
guarantees that the error decays to zero. However, even ifM (h; x; y) is slightly positive,
convergence to zero might still occur, since the derived analysis is not sharp. Therefore,
the focus shifts toward achieving a faster convergence rate.

Similar to the argument in Chapter 3, the smallerr (h; x; y) is, the faster the AOT
algorithm would converge. Therefore, to get the fastest error convergence, the error con-
vergence rater (h; x; y) must be minimized. This leads to the minimization problem for
the error convergence rater (h; x; y), which guides sensor placement/movement discussed
in Section 4.3.

4.3 Minimization problem

As in the analysis presented in Chapter 3, the convergence rate given in (4.9) allows a point-
wise interpretation. This enables us to work with local convergence rates, where the global
gradient norm is replaced with a local magnitudekr uk2

L 1 = max( jr u(x; y)j2; jr v(x; y)j2).
The sensor distanceh is similarly treated as a spatially varying functionh(x; y), which can
guide sensor placement/movement. These two factors, the magnitude of the local gradient
and the sensor distance, govern the local convergence rate and, in turn, in
uence the global
convergence behavior.

While each local convergence rate contributes to the global convergence behavior, the
latter is ultimately dictated by the maximum of the local rates (similar to the 1D KSE
case as shown in Chapter 3). This is because even small errors in the region with a high
and positive local convergence rater (h(x; y); x; y) (i.e., sensitive region) may grow expo-
nentially, dominating and degrading the global convergence. Therefore, the minimization
problem is formulated as �nding such a distance functionh(x; y) to observe this sensitive
region:

min
h

max
x;y

a(x; y) + bh(x; y)2: (4.10)

Accounting for the distance function constraint on the number of available sensorsN , the
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minimization problem in (4.10) transforms into a constrained minimization:

min
h

max
x;y

a(x; y) + bh(x; y)2

s.t.

( Z


 x

Z


 y

1
h(x; y)

dydx = N

)
: (4.11)

Using the same chain of logic as in Chapter 3, the above minimization problem is
replaced with its equivalent:

min
h

r (h(x; y); x; y)

s.t.

( Z


 x

Z


 y

1
h(x; y)

dydx = N; r (h(x; y); x; y) = const 8x; y 2 


)
(4.12)

Proving that the above minimization problem is equivalent to (4.11) requires applying
KKT conditions. This proof is done in discrete settings, similar to Chapter 3, but it can
be generalized to in�nite-dimensional convex optimization over Hilbert space [10, 20].

4.4 Optimal h(x; y) and the KKT conditions

The proof based on the KKT conditions closely follows the one presented in Chapter 3,
so minor details are omitted here for brevity. First, transforming the minimization prob-
lem (4.10) into a convex and smooth one yields

min
R;p

R;

s.t.

(

aij + bp� 2
ij � R;

X

i

X

j

pij = N

)

:
(4.13)

Once a convex and smooth minimization problem is formulated, the KKT conditions
are applied to prove the equivalence (4.12). First, discretizing the minimization problem
and applying the KKT conditions yields the Lagrangian cost function:

L (p; �; � ) = R +
X

i

X

j

� ij (aij + bp� 2
ij � R) + �

X

i

X

j

pij : (4.14)
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Next, �nding the optimal p requires solving the system of equations formed byr R;p i L = 0:
0
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A

: (4.15)

Note that if � = 0, then from the second to the last equation� nm = 0, contradicting the
�rst component of the gradient equation. Therefore,� 6= 0, also implying that � nm 6= 0,
sincep > 0. This observation simpli�es the complementarity condition

� ij (R � aij � bp� 2
ij ) = 0 ;

yielding

� ij (R � aij � bp� 2
ij ) = 0

(R � aij � bp� 2
ij ) = 0

R = aij + bp� 2
ij ;

(4.16)

which proves the equivalence claim (4.12).

After proving the equivalence claim, the distance functionh(x; y) can be easily found
from (4.9):

�c 0h2

2
� � + r u2

max �
�
2

= R�

h(x; y) =

s
2R� + � � 2r u2

max + 2�
�c 0

;
(4.17)

where R� is a minima solving (4.13) andr umax = max( jr u(x; y)j2; jr v(x; y)j2). The
distance function de�ned above does not explicitly indicate locations where sensors should
be placed. Therefore, similarly to Chapter 3, determining sensor locations is achieved
through Algorithm 1, extending from a 1D to a 2D scenario.

4.5 Lagrangian and the perturbed Lagrangian sensors

While Lagrangian sensors are generally less prone to clustering in 2D turbulent 
ows than
that observed in the 1D KSE (Chapter 3), they still move passively with the 
ow, which may
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not be optimal for DA. For example, Lagrangian sensors initialized near attracting LCS,
which are typically associated with high-strain regions [100], may remain trapped in these
areas for extended periods. This tendency to persist in high-strain regions could reduce the
e�ectiveness of DA by causing oversampling in those regions while undersampling vortical
(i.e., low-strain, high-vorticity) areas.

To help Lagrangian sensors escape from high-strain regions, one might hypothesize
that introducing a perturbation to their trajectories could prevent them from clustering
(Figure 4.1).

Figure 4.1: Lagrangian (purple) and perturbed Lagrangian (blue,c = 0:5) sensor trajecto-
ries. The black circle and black square indicate the start and end locations, respectively.

A simple form of such a perturbation is to add random noise to the ideal Lagrangian
sensors:

dx
dt

= u(x(t); y(t); t) + c � � � u�

dy
dt

= v(x(t); y(t); t) + c � � � v� ;
(4.18)

whereu; v are velocity components inx and y directions respectively,� and � are noises
drawn from uniform distribution �; � � U(� 1; 1), c is the noise magnitude parameter and
u� ; v� are the 
ow's characteristic velocities in both directions:

u� =

s
1

L xL yT

Z T

0

Z L y =2

� L y =2

Z L x =2

� L x =2
u(x; y; t)2 dx dy dt (4.19)

v� =

s
1

L xL yT

Z T

0

Z L y =2

� L y =2

Z L x =2

� L x =2
v(x; y; t )2 dx dy dt; (4.20)
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whereL x ; L y are lengths of domains 
x and 
 y, respectively.

Similar to Chapter 3, the perturbation introduced above could challenge the perfor-
mance of ideal Lagrangian sensors in reconstructing dynamical systems. If the perturbed
Lagrangian sensors lead to improved AOT reconstruction, this would suggest that the
ideal Lagrangian sensors may not be optimal for DA for 2D NSE, as even a simple pertur-
bation leads to better performance. A detailed comparison between perturbed and ideal
Lagrangian sensors will be presented in Chapter 5.
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Chapter 5

Results and Discussion

5.1 1D Kuramoto{Sivashinsky equation

5.1.1 Numerical setup

The numerical experiments for validating sensor movement strategies were obtained by
simulating the 1D KSE (3.1) using a pseudo-spectral code, employing a dealiasing rule
of 2=3 [98]. The number of mesh nodes to simulate the KSE was chosen asNx = 1024
to resolve the energy spectrum up to machine precision before the dealiasing cuto� (2/3
of Nx ). This cuto� prevents aliasing by eliminating higher-frequency modes that would
otherwise be folded back into the solution, introducing numerical errors. A timestep was
used as � t = 0:01 and the initial condition was set asu0 = cos

�
x
c

�
�
�
1 + sin

�
x
c

��
, where

c = 16. For su�ciently chaotic dynamics, the domain length and the viscosity were selected
asL = [0; 32� ] and � = 1 accordingly. The nudging parameter was set to� = 100. Lastly,
the KSE characteristic velocity was calculated from (3.28) withT = 1000, resulting in
u� = 1:3.

A piecewise linear interpolation was used for the interpolation operatorI h de�ned
in (2.5). To maintain periodicity during interpolation, the velocity observations and the
original domain were extended by two endpoints [xN x � L; x 1+ L], then interpolated over this
extended domain and truncated back to the original domain. Lastly, the error between the
AOT reconstruction and the KSE true solution was calculated using the Frobenius norm
kû � ukF .

Once the experimental setup is complete, the focus shifts to validating the sensor move-
ment strategies for AOT reconstruction of the KSE. The following subsections (Subsec-
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tions 5.1.2{5.1.5) will describe the results of the numerical experiments on Lagrangian,
inertia, perturbed Lagrangian, perturbed inertia, and directed sensors withN = 1024,
N = 103, N = 52, and N = 33.

5.1.2 Lagrangian and inertia sensors

Lagrangian and inertia sensors with the low Stokes number1 failed to achieve a successful
AOT reconstruction of the KSE in both dense and sparse sensor scenarios. This failure in
reconstruction happens due to clustering near stagnation points (Figure 5.1 (a), see also
Figure 5.2 for Lagrangian trajectories that merge over time)

Figure 5.1: Error convergence withN = 1024 of uniformly initialized Lagrangian sensors.
Panels (a) and (b) show the location of Lagrangian sensors att = 0 and at t = 20,
respectively, after clustering near stagnation points. Panel (c) illustrates the error behavior
over time. For a visual demonstration of Lagrangian clustering in the steady KSE 
ow,
access the QR code in (d).

1The terms \inertia sensors with low Stokes number" and \light sensors" are used interchangeably, as
are \inertia sensors with high Stokes number" and \heavy sensors".
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Figure 5.2: The 
ow �eld of the 1D KSE overlaid with the trajectories ofN = 52 uniformly
initialized Lagrangian sensors (a) and zoomed-in view (b).

Figure 5.3: Error convergence with uniformly initialized inertia sensors. Panels (a{d)
correspond toN = 1024, N = 103, N = 52, and N = 33, respectively. Lines with di�erent
colors are associated with various Stokes numbers, as shown in the legend in (a).

Observing the KSE 
ow with more than one sensor only at the stagnation points results
in redundant measurements and fails to capture critical 
ow features present outside these
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