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DESIGN FOR QUALITY: 

A MODEL-BASED PROBABILISTIC APPROACH 

Abstract 
Detailed within this thesis is a method for determining and improving the quality of 

a system. An overall 'Design for Quality' method has previously not existed in the field 
of model-based design. Statistical experimental design has been used in 'off-line' quality 
control to determine the optimal settings for a system even when the mathematical model 
is known. Taguchi demonstrated how signal-to-noise ratios could be used to improve 
performance of a system through variance minimization. However, these statistical 
methods often don't use the full distribution information that may be available. Detailed 
within this thesis is an extension and complement to Taguchi's use of experimental 
design and signal-to-noise ratios for known system models. The use of a probability 
transformation method with the mathematical system model will allow designers to 
perform parameter and tolerance design simultaneously using a method of 'fast 
integration'. The result is a new method in the field of 'Quality by Design' that can 
handle both linear and non-linear systems, with components of any distribution type, with 
or without correlation of the variables, and with single or multiple responses. As an 
integral part of the method, an interpretation ofTaguchi's classification of factors is given 
in context to this full distribution method. Through the examination of the gradients from 
the probability transformation method, the design variables can be classified into one of 
three types: neutral, adjustment, or control. In addition, two extensions to the design 
method are also detailed within the thesis. The first is the use of the probability 
transformation method to determine an approximate probability density function for the 
system responses, and the second is the use of the probability transformation method to 
perform a 'Worst-Case Analysis' on the system response. The former uses the 
information given about the system to 'profile' the response, while the latter uses uniform 
distributions for the system variables and an Interval Analysis type approach is performed 
to determine the upper and lower worst-case values for the response. Both of these 
extensions are important parts of the over-all 'Design for Quality' method. 

All methods within this thesis require a mathematical model and gradient 
information of the system response. Graph-Theoretic Models (GTM) were used to model 
many of the systems since GTM provides many advantages. GTM can develop a system 
model from component models and connectivity equations, and in addition, easily find 
the required sensitivity information for design analysis and optimization. 
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Chapter 1 

Introduction 
In the quest for system measures, such as quality and reliability, development of 

engineering procedures has been rapid. In the literature, this field of research has been 
referred to as off-line quality control, parameter and tolerance design, sensitivity analysis, 
and a host of other names. There now exists a great need for the understanding of 
uncertainty and its effects on quality, reliability, system responses, parameters, and 
inputs. 

Recent literature (Bagchi and Templeton 1994) (Belavendram 1995) (Bounou, 
Lefebvre, and Do 1992), (D'Errico and Zaino 1988) (Phadke 1986) (Taguchi and Phadke 
1984) documents that experimental design has been used in industry to improve quality. 
The common link in these references lies in the fact that all of these studies had a 
mathematical relationship/model for the system under study and all used statistical 
experimental design to improve the response of the system. Most of the studies did not 
use the full distribution information available, only selected points of the distribution, 
often (µ - /l.cr µ µ + ll.cr) for experimental design, or its mean and variance for 
variance reduction methods. Recent advances now allow the use of arbitrary full 
distribution information in the evaluation and design of systems. 

The method that is proposed in this thesis is new to the field of quality and system 
design. The method is an adaptation from the field of civil engineering that has used 
'structural reliability theory' to get a probability of failure. This area of reliability has 
developed extensively over the past twenty years and has expanded from the simple use 
of safety factors into the sophisticated methods of probability-based structural design 
(Madsen, Krenk, and Lind 1986) (Melchers 1987). These sophisticated methods allow 
full distribution information to be used in the analysis and design of systems. 

Previous work in quality design was done using discrete points, either 
deterministically or probabilistically with an assumption of normality while the method 
within this thesis is a continuous probabilistic approach. If any of the previous work had 
used distribution types other than normal, then the current methods to solve them could 
not be used. However, the method detailed within this thesis, although potentially more 
computationally expensive for small systems using normal distributions, is capable of 
handling arbitrary distributions of variables, with or without correlation. 

In addition, this thesis will show the commonality between the commonly used 
'Signal-to-Noise' ratio in 'off-line' quality control, and the probability-based 
'transformation method' that easily computes the system's success/failure probability. 
Where signal-to-noise ratios aim to achieve the separability of design factors into control 
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factors and signal factors (Leon, Shoemaker, and Kackar 1987) (Phadke 1989) (Song, 
Mathur, and Pattipati 1995), the probability-based method does not require separability. 
In addition, the factor types need not be predetermined since they can mathematically be 
determined by the method and thus aid in the choosing of appropriate factors for design 
optimization. 

To facilitate the development of the general approach to quality improvement a 
consistent modelling methodology will be used. Graph-Theoretic Modelling (GTM) has 
been used in the numerical calculation of system measures for the last thirty years 
(Koenig and Blackwell 1960). Recently, it has been shown that these measures can be 
developed and solved symbolically (Savage 1993). This development is the direct result 
of the creation of advanced symbolic computational software, such as MAPLE™ 
(Waterloo Maple Software 1996). The ability to solve systems algebraically allows the 
designer to determine the relationship between the system responses and the input and 
component values. This relationship is known as Sensitivity Analysis (Chandrashekar 
and Kesavan 1974) and provides useful quantitative information about the individual 
effects of parameter uncertainty. 

Ultimately, there are two final issues that relate to quality: Analysis and Design. 
The first deals with a given system where quality levels are to be determined, and the 
second determines the optimal system given desired quality specifications. These issues 
can be handled by the methods developed within this thesis and provide a basis for an 
overall procedure for quality analysis and design. 

The remaining sections of this chapter detail what I have accomplished (What), 
how I did it (How), and where this method fits in within the bigger systems picture 
(Where). Finally, an overview of the contents of this thesis is given in the last section. 

1.1 What? 

There are two aspects to this section. The first is the types of systems that I can 
handle with my research, and the second is the types of problems I can address. The first 
falls under the heading Models, and the second, Quality Problems. 

1.1.1 Models 

My methods currently are based on Linear Graph Models (Chandrashekar and 
Savage 1997) (Chandrashekar, Roe, and Savage 1992) due to the simplicity of modelling. 
However, as will be shown within this document, it is not necessary to use graph models. 
If any mathematical model exists for the system, my methods will still work. They are 
based solely on the mathematical model and not on the modelling mechanism. My 
methods can handle: 

( a) linear systems 
(b) non-linear systems 
( c) frequency domain 
(d) steady-state 
( e) time domain with certain restrictions 
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Time domain systems have restrictions in that we can only determine the quality of a 
system at a given specified time. We cannot determine the 'global' quality level of a 
system (e.g., determining how close a response gets to the upper and lower specification 
limits at any given time). This will require a substantial amount of work and is 
recommended for further study. 

In addition, the branch of Linear Graph Models which will be used is Graph­
Theoretic Modelling (GTM), which can model all the above types of systems and easily 
get sensitivity information required for improving quality. 

1.1.2 Quality Problems 

There are two aspects to the quality problems issue: Analysis and Design. In the 
area of analysis, my methods can determine the quality of a system response regardless of 
whether there are one or two specifications on the response (i.e., either an upper or lower 
specification limit, or both). This quality level is denoted as the probability of 
conformance and is a function of the system variables and the system constraints or 
specifications. For multiple responses, the analysis is carried out on each response to 
determine its quality level. 

For design, my method is formulated to improve the probability of conformance 
with respect to the system specifications. As in analysis, both one-sided and two-sided 
specifications on each response can be handled. In addition, both deterministic and 
probabilistic design variables can be incorporated into my methods, and both parameter 
(nominal) and tolerance (variance) design can be done simultaneously. This latter point 
is important since from recent research it has been found that this is a necessity for proper 
and accurate design (Bisgaard and Ankenman 1996). Also, improvement of quality on 
multiple responses is handled through an extension of work by Antreich, Graeb, and 
Wieser (1994). • 

1.2 How? 

Having stated what types of systems can be handled and what types of quality 
problems can be addressed, this section deals with how it can be done. Again, there are 
two aspects: the models used and the quality problems addressed. The first deals with the 
types of probabilistic models that can be used in the determination and improvement of 
quality, and the second is the method by which we determine quality. 

1.2.1 Probability Models 

One of the unique aspects of the methods described in this document is the fact that 
any distribution type can be used as long as the transformation between it and standard 
normal distribution can be found. Using Rosenblatt's transformation (Rosenblatt 1952), 
a list of transformations for normal, lognormal, truncated normal, normal with center 
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missing, triangular, and uniform is given in Appendix A. In addition, the Rosenblatt 
transformation can handle correlated variables and distributions (see Appendix A). 

1.2.2 Quality Problems 

Within my method is an algorithm to find the most likely failure point in a system. 
This algorithm searches the parameter space efficiently to determine which combination 
of variables is '"most likely' to occur such that the result would be a system response not 
meeting its specifications. This method formulates the quality problem into a set of 
margins, where a margin is a function of a specification and its corresponding system 
response, and then calculates the failure probability using the above algorithm. For a 
system with one response and an upper and lower specification, there are two margins: 

Margin 1 = Upper Specification - System Response 
Margin 2 = System Response - Lower Specification 

where if a margin is positive, the system response is said to be conforming to the 
associated specification. If the margin is negative, then the system response has either 
risen above or fallen below the specification and is no longer meeting specification. 
When the margin is equal to zero, then the system response lies on the specification 
boundary and is said to be on the failure surface. The point that has the highest 
probability of occurring on this surface is the Most Likely Failure Point. 

The Hasofer-Lind-Rackwitz-Fiessler algorithm (Madsen, Kre~ and Lind 1986) 
described in Chapter 3 of this thesis is the algorithm used to find this point. A 
requirement of the algorithm is gradient information of the margin with respect to the 
random variables. This information can be obtained from the model's sensitivity 
information generated by GTM. For systems with only a mathematical model for the 
system response, sensitivity information needs to be found using other methods (partial 
differentiation using MAPLE, Matlab, etc.). In summary, the methods for design for 
quality proposed in this thesis are: 

(a) Discipline independent. All types of systems can be handled. 

(b) In need of a mathematical model for the response to be studied. The quality 
design methods are not dependent on GTM, but GTM adds ease of generation 
of equations. 

(c) Independent of the method to find the Most Likely Failure point. The Hasofer­
Lind-Rackwitz-Fiessler algorithm is used, but any method could be substituted 
(Melchers 1987). 

(d) Not dependent on a specific optimization routine used to find the optimal 
design point. The routines need only accept the objective function, gradient of 
objective function with respect to design variables, constraints, and gradients of 
the constraints with respect to design variables. These may be non-linear. The 
methods currently use Matlab, but are not restricted to these. Other 
optimization routines are currently being reviewed for incorporation into the 
code. 
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From all of this, it can be summarized that the following is new to the field of 
quality or graph-theoretic modelling: 

(a) An overall methodology for determining and improving quality. The method is 
a culmination of work previously done in many fields - Structural (Madsen, 
Krenk, and Lind 1986), Electrical - (Spence and Soin 1988) (Antreich, Graeb, 
and Wieser 1994), Reliability and Robust Design - (Carr 1990. 1992). (Carr 
and Savage 1996), Systems - (Swan, Savage, Cooper, and Carr 1997). 
However, none of this previous research fully developed a method to handle 
multiple responses, arbitrary distributions, and parameter and tolerance design 
all in one m.:thodology. 

(b) The methods in this document are discipline independent. Prior to this. most 
design for quality work was focused on either circuit design (Spence and Soin 
1988), or structural engineering, where they referred to quality as performance 
reliability (Madsen, Krenk, and Lind 1986). Due to this, assumptions were 
often made that influenced the design methodology. No prior work has been all 
encompassing to include many types of systems. 

(c) Probabilistic/mathematical description of Taguchi's separation of factors into 
Design-Adjustment, Design-Control, and Neutral variables (Taguchi and 
Phadke 1984) (Taguchi 1978, 1992, 1993) is achieved through study of the 
gradient information obtained within the methodology - specifically gradient 
information within both the parameter space and the transformed standard­
normal space. 

From this new information, extensions and derivations have been determined and 
noted. They include: 

(a) The mathematical link to Taguchi's Factors is similar to Ben-Haim's 
"Hyperplane Separation" (Ben-Haim 1996). 

(b) The ability to profile the system response using the Hasofer-Lind-Rackwitz­
Fiessler algorithm. Instead of determining the probability of failure at only one 
specification, the specification is moved along the performance spectrum, 
thereby giving corresponding probabilities associated with each specification 
(see Chapter 6). Although Wu and Wirsching (1987) have done similar work, 
the purpose in this case is to determine the extent to which a distribution is not 
normal. 

(c) Worst-Case analysis -the methods in this thesis can be modified to use uniform 
distributions for all random variables to give a "worst-case" approximation for 
the system response. Antreich et al. (1994) uses a first-order second-moment 
method to find ''worst-case distances" from specifications. However, his 
assumption of normality leads to the question of whether they are truly finding 
''worst-case distances." By using uniform distributions instead of normal 
distributions, the problem becomes a non-linear interval method. The Hasofer­
Lind-Rackwitz-Fiessler algorithm searches along the uniform distribution 
starting at the center/nominal/mean outward until it gets to the failure surface. 
Searching along this "uniform" distribution is equivalent to searching along all 
points of an interval (Dong and Wong 1986). The only assumption made is the 
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Principle of Indifference so that uniform distributions ~ approximate the 
unknown distribution on the interval and give the least biased approximation. 
Current worst-case methods, like Monte Carlo, are based on uniform 
distributions (Wojciechowski, Vlach, and Opalski 1997) (Schjaer-Jacobsen and 
Madsen 1979) and are computationally intensive, whereas the use of uniform 
distributions in the Hasofer-Lind-Rackwitz-Fiessler algorithm appears to be 
computationally more efficient (deatiled in Chapter 7). 

1.3 Where? 

In the bigger context of design, the question becomes, where do my methods fit in? 
In a recent paper, our research group developed definitions for quality and reliability that 
are discipline independent (Swan, Savage, Cooper, and Carr 1997). Within this, we have 
also proposed an overall framework that incorporates both process and product. with 
quality and reliability as measures to determine how a system is performing. In the 
following figure (Figure 1-1 ), this framework is depicted. My contributions fit in this 
framework as a method to quantify the quality of a system when component parameters 
are given, and as a means to improve quality when a specified level of quality is desired. 

: ROBUSTNESS : 
I r---------------------------- I 

: : CONFORMANCE : = I 

!1~~1~. 
·------------------------------ ------------------------------· 

DATA 

• CP Indices 
• Response Surfaces 

RESPONSES 

DEGRADATION 
MODELS 

r------------- -------------~ 

~ 
~ 

PARAMETERS 
---------------------------· 

Figure 1-1: Framework for Robust Design 

In addition, my methods helps to bridge the gap between current model-based 
approaches to design for quality using experimental design (Belavendram 1995) (Taguchi 
and Phadke 1984) or response surfaces (Khattree 1996) (Myers, Khuri, and Vining 1992), 
which use discrete values for variables in their experimentation, and the probability 
approach, which uses arbitrary distribution information. 
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Further work is required and ongoing to complete all aspects of the framework. 
When complete~ it will present the designer with a toolbox to fully design and determine 
the quality and reliability of a system, given product and manufacturing constraints. 

1.4 Overview 

Within this thesis are eight chapters. Chapter 1 has been an introduction and 
overview of my research and methods. Chapter 2 will detail the current methods of 
quality in the area of circuit design, since most other fields adopted these methods. 
Chapter 3 details the probability approach, which includes the Hasofer-Lind-Rackwitz­
Fiessler algorithm, the use of Rosenblatt' s transformation, and two examples to help 
explain how the algorithm works. The extension into design is shown in Chapter 4 and 
details the link between Taguchi's Methods and factor determination and the probability 
approach. Chapter 5 lists the proofs and limitations of the algorithm and method. The 
next two chapters describe two of the extensions to my research. The first, the ability to 
profile a response distribution, is in Chapter 6, and the second, a proposed new approach 
to worst-case analysis, is in Chapter 7. Finally, Chapter 8 concludes and notes further 
research areas. The appendix includes the Rosenblatt transformations for a variety of 
distributions and the code for MAPLE and Matlab that I have used in my research. 
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Chapter 2 

Current Approaches to Quality Design 
In the field of 'Design for Quality' / 'Quality by Design' / 'Quality Design' in 

engineering, there have been historically two approaches: Electrical Engineering and 
Statistically Based Methods. In this chapter, both divisions are documented. Through 
explanation of each, it will be shown that Electrical Engineering has used aspects of the 
Statistically Based Methods, such as Monte Carlo Simulation, but in general, the two 
have remained very separate. Electrical Engineering developed the field of Tolerance 
Analysis and Design for circuits. The Statistically Based Methods branch into three 
approaches: Model-based Experimental Design, Response Surface Modelling, and Monte 
Carlo Simulation. 

This chapter will show that the two approaches have recently become strongly 
inter-dependent. Electrical Engineering now, in its current approaches, uses many of the 
methods described in the Statistical approaches. This unification has allowed new 
methods to be used across all engineering disciplines. The result is the method detailed 
in the remainder of this thesis. 

2.1 Electrical Engineering's Approach 

The field of Electrical Engineering has been designing for quality using the same 
methods for the past twenty-five years (Wojciechowski and Vlach 1993) (Spence and 
Soin 1988). It is only in recent years that new methods, based on and extended from 
other disciplines, have been introduced to circuit design (Wojciechowski, Vlach, and 
Opalski l 997) (Antreich, Graeb, and Wieser l 994). In this section, both historical and 
current approaches will be detailed. 

2.1.1 Historical Approach 

Since the early 1970's, the field of electrical circuit design has been using a method 
for quality improvement called Tolerance Analysis, Design, and Assignment. This 
section will overview both the principles and practices of Tolerance Analysis and 
Tolerance Design and the methods associated with them. These methods were developed 
for electrical circuit design but clearly have the potential for broad application. Thus, the 
word "electrical circuit'' was replaced with "product" since a general design methodology 
for quality is sought. For further information, please see Spence and Soin (1988) for in­
depth description of the following methods. 
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Tolerance Analysis 

Tolerance Analysis aids in answering the question ''What effect will the 
component/parameter tolerances have on product performance?" (Spence and Soin 1988) 
Thus, the objective is to predict product performance given variation in the product's 
parameters. This prediction will provide an estimate of the fraction of manufactured 
products that will satisfy the specifications provided by the customer and becomes known 
as the "manufacturing yield.' A number of approaches exist in Tolerance Analysis. They 
can be defined into the hierarchy shown in Figure 2-1 (adapted from Spence and Soin 
1988): 

Tolerance Analysis 
I 

Worat-CaN Analysla No~ord-CaN Analysis 

Iv,,,,.,,,,_ Analysis f-Y Monie CarlOMalyllS 
Sampling IIM!loda Non-SampUng llallloda 

Slatlatlal Dalarmlnlsllc MelllaS at Man.us ~ 
...__MorU __ Carto _ _.~ .... I _R8\ji01 ___ ...... __ , _.~Simpliml~, 

Figure 2-1: Tolerance Analysis Approaches 

The first level divides Tolerance Analysis into two approaches: Worst-Case and Non­
Worst-Case Approaches. 

Worst-Case Analysis 

The basis of Worst-Case Analysis is the identification of the extreme values of 
performance resulting from the variations in parameter values. In finding the extreme 
values, the objective is to compare the worst-case values (upper and lower) to the 
product's specifications. If the values exceed the specifications, then modification of the 
product will be necessary. In other words, the goal is to ensure 100% compliance. In 
Worst-Case Analysis, no information about the distributions associated with parameters 
is necessary. The only information required is the extreme values of each parameter. 

The primary method used in Worst-Case Analysis is Vertex Analysis, or more 
correctly called Interval Analysis. Interval Analysis is the application of interval 
mathematics to problem solving (Hansen 1969) (Moore 1966, 1979) and involves 
combining all the upper and lower values of each component within the performance 
function. This gives 2k combinations for a product with k parameters. For a product 
with a large number of parameters, the Worst-Case Analysis calculation using Interval 
Analysis can be extremely computationally intense, and thus Interval Analysis suffers 
from the curse of dimensionality. As well, this method assumes that the extreme values 
of the product's performance will occur at one of the 2k combinations or vertices. This 
will always occur for linear and bilinear functions. Spence and Soin ( 1988) discuss 
alternative approaches to searching all combinations. The addition of sensitivity 
information allows for intelligent searches of the 2k combinations. 

An exhaustive search using Monte Carlo Analysis can also be performed on the 
function, where uniform distributions can be substituted for the intervals. This method 
too suffers from the intense computational effort needed to keep track of the worst-cases 
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within the tolerance region (See Section 2.2.1 for Monte Carlo Simulation and Chapter 7 
for a Worst-Case Approach). 

The main difficulty associated with worst-case approaches is that of identifying the 
component values at the worst-case. There currently does not exist a sure method that 
will apply to all functions. Another difficulty associated with worst-case approaches is 
the selection of the extreme values of the parameters. A thoughtful treatment of the 
process by which to select them is necessary. Nevertheless, useful results can be 
obtained from Worst-Case Analysis. Chapter 7 details the expansion of the 
transformation method (see Appendix A) into Worst-Case Analysis with most of these 
concerns eliminated. 

Non-Worst-Case Analysis 

Non-Worst-Case methods are applicable to the more general case where the 
compliance can be less than 100%. In addition, Non-Worst-Case Analysis requires full 
probability density functions for all parameters of the product and thus branch into two 
sections: Non-Sampling Methods and Sampling Methods. 

Non-Sampling Methods 
The only method worthy of consideration in the Non-Sampling Methods branch is 

the Method of Moments. The Method of Moments is based on a family of mathematical 
expressions known as the transmission of moments formulae. The formulae are based on 
Taylor series representations of the performance function. 

Consider one quality characteristic and its corresponding performance function. f 
The Taylor series representation of the mean and variance would be: 

µ 1 = E{f(x)} = f(x)+ ½{vec(Hess(x))' vec(cov(x))} 

a-;= Var(f(x)) = 'v.,J(xf[cov(x)]v\f(x) 

(2.1) 

(2.2) 

where (2.1 ), the mean, is calculated by a second-order Taylor series expansion and (2.2), 
the variance, a first-order Taylor series expansion. In the representations, f(x) is the 
evaluation of the performance function at the response's nominal parameter values, 
'v rf (x) the gradient vector (vector of sensitivities of the function to the response 
parameters), Hess(x) the Hessian of f(x) with respect to the parameters, cov(x) the 
covariance matrix of the parameters and vec a function which stacks the columns of the 
matrix into one vector of length mun, where n is the number of rows and m the number of 
columns in the respective matrix. 

Using the method of moments and the transmission of moments formulae, one can 
relate the set of moments of the response's parameters to the moments of the response's 
function. From this point we can proceed in two directions, either by assuming a 
Gaussian probability density function (PDF) or by making use of methods to handle 
arbitrary PDF's. Regardless of the approach used, moment analysis is an extremely 
useful tool and has a great edge over Monte Carlo Analysis in computational effort 
required (See Section 2.2.1 ). 
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Sampling Methods 
Sampling methods are based on performance function analysis at sample points in 

the response's parameter space. The sample points may be selected in a 
systematic/deterministic manner or in a pseudo-random/statistical fashion. In the 
deterministic approach, two methods exist: Regionalization and Simplicial 
Approximation. 

( a) Regionalization 
The Regionalization Method lays a regular grid over the tolerance 

region and performs function analysis at one representative point within each 
sub-region so formed. Often, the center of each region is chosen to represent 
the product's performance and compared against the specifications. All 
points within the region are assumed to pass or fail depending upon whether 
the product, defined by the central point, is a pass or fail. The result Viill be 
an approximation of the region of acceptability that falls within the tolerance 
region. The region of acceptability represents the combinations of parameter 
values that result in a performance function within specification. 

Modifications of this method exist to reduce the number of calculations 
required and handle arbitrary PDF's. However, this method suffers from 
dimensionality. For a product with four parameters, the regionalization 
method using six intervals per parameter would result in 64 = 1296 analyses. 
Changing the number of parameters to ten increases the number of analyses 
by 46 655% to 610 = 60 466 176. The yield can then be determined as the 
proportion of sub-regions containing a pass over the total number of sub­
regions. 

(b) Simplicial Approximation 
An alternative deterministic approach in the sampling methods division 

is the concept of Simplicial Approximation. It involves a piecewise linear 
approximation to the boundary of the region of acceptability in 
multidimensional parameter space. The computation entails the 
determination of sufficient points on the boundary of the region to allow a 
polyhedral approximation to be developed. 

The approach uses an algorithmic search pattern to find the 
approximation. By starting with a point that satisfies the specifications, one 
parameter is adjusted at a time. By adjusting one parameter, the extent of 
movement from the starting point to the failure region can be found. The 
next parameter is then adjusted and so on. The major computational effort 
involved in the simplicial approximation approach to tolerance analysis is 
associated with the function analyses involved in obtaining the approximation 
to the region of acceptability. Upon obtaining the approximation, generation 
of sample points from the tolerance region is performed, but no analysis of 
the product function is done. The points generated are then compared to the 
approximated region and it is determined if they lie in or out of this region. 

11 



The yield is then calculated as the number of sample points within the 
approximated region divided by the total number of sample points generated. 
In higher dimensions the sides of the approximation are hyperplanes and the 
polygon itself is referred to as a simplex, hence the name simplicial 
approximation. Unfortunately, the problem of dimensionality occurs within 
this approach too. In Spence and Soin (1988), a simple example with four 
parameters involved 307 hyperplanes and 455 function analyses to give only 
a moderately accurate approximation to the region of acceptability. In 
addition, the method requires the region of acceptability to be convex and 
simply connected, e.g., no 'black holes' in the region. 

In the pseudo-random/statistical approac~ there is only one method of significance. 
It is the Monte Carlo Analysis (See Section 2.2.1 ). 

Tolerance Design 

Tolerance Design aids in answering the question "What can be done to reduce the 
unwanted effect of component/parameter tolerances?" The principal objective in 
tolerance design is to maximize the manufacturing yield. Tolerance design is a 
systematic method of identifying the necessary adjustments to parameter nominal values 
and tolerances to improve product performance and yield. The methods of tolerance 
design are based upon the approaches to tolerance analysis. There are two main 
approaches to tolerance design and they are both based on sampling methods. They are 
Deterministic and Statistical. 

Deterministic Approach 

Within the field of electrical circuit design, the deterministic approaches are 
Regionalization and Simplicial Approximation. As discussed in the previous section, 
neither of these approaches proves worthy for design problems with numerous variables. 

Statistical Approach 

Of the sampling methods mentioned in the previous section, only the approaches 
based on statistical/Monte Carlo approaches were worthy of note. In fact for electrical 
circuit design, until the recent introduction of Taguchi Methods ( see Section 2.2.3 ), the 
primary tools used in design for quality were based on Monte Carlo approaches. 

There exist two methods for tolerance design in electrical circuit design. They are 
Yield Maximization and Worst-Case Design. 

Yield Maximization 
The problem common to the two approaches to be described in this section is that 

of maximiz.ation of the manufacturing yield of a mass-produced product. The 
maximization is to be achieved by adjusting the nominal values of the parameters while 
the parameter tolerances remain fixed. This assumption of fixed tolerances in widely 
held in the field of electrical circuit design. Thus, the problem can be formalized as: 
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Maximize r(f(x,x0)) 

b h • fXO O O 0 y C O1ce O = Xi,X2, ··,Xk 

for fixed tolerances t = t1, t2 , • • ·, t" 

(2.3) 

where/is the K-dimensional parameter probability density function, with x0 representing 
the nominal values. To accomplish this maximizatio~ there are two principle approaches 
used in electrical engineering. They are the Simplex Method and Design Centering. 

( a) Simplex Method 
One straightforward approach to yield maximization is the Simplex 

Method. As illustrated in Figure 2-2, the method begins with three points in 
two dimensions and k + 1 points in k dimensions. Beginning with A, B and 
C, we have defined an equilateral triangle in parameter space. Estimating the 
yield at each point with its appropriate tolerances, we find which point gives 
us the smallest yield. In the figure below (adapted from Spence and Soin 
1988), this point was B. 

P2 

B C E 

Pt 

Figure 2-2: Simplex Method of Yield Maximization 

In the next step, B is discarded for another exploratory point D, 
obtained by reflecting B in the opposite face AC of the equilateral triangle. 
ACD now forms the current triangle and D is evaluated for its yield. 
Discarding the point with the lowest yield, A, point E is now found. The 
search stops when the new point is the worst yield point. One way to proceed 
further is to reduce the size of the exploratory triangle and continue. There 
are several variants of this strategy. However, the simplex method appears 
most unattractive for yield maximization since an estimate of yield for each 
point is required prior to the determining the first movement. For a product 
with 50 parameters, a yield evaluation must occur at the 51 initial points 
before the worst yield point can be discarded and a new point found. 
Additionally, each yield evaluation itself requires analysis. In the case of 
using Monte Carlo, 100 simulations must be done to calculate just one yield 
evaluation. So for 50 parameters, the number of random numbers generated 
per iteration would be: 

100 simulations x 50 parameters x 51 starting points= 255000 
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According to Section 2.2.1, this would provide an accuracy of ±10% for each 
yield evaluation. 

(b) Design Centering 

Spence and Soin (1988) state that one successful method of design 
centering is based upon the fact that a Monte Carlo analysis performs two 
useful functions: 

1. The estimation of manufacturing yield. 

2. The provision of spatial information about the region of acceptability 
by virtues of its pseudo-random sampling of the parameter space. 

The first point is explained in the previous section. The second point 
corresponds to the fact that associated with each of the Monte Carlo sample 
points, we know whether the resulting performance function evaluation was 
acceptable (pass) or unacceptable (fail). The Centers of Gravity method takes 
a top-down view of the information presented by the Monte Carlo analysis 
(Figure 2-3 - adapted from Spence and Soin 1988). As illustrated in Figure 
2-3 (a), we can see the tolerance region associated with the initial product 
design so positioned with respect to the region of acceptability that further 
yield increases are possible. Figure 2-3 (b) shows the result of Monte Carlo 
Analysis. RA represents the acceptable region and RT represents the tolerance 
region. Ideally, one would like to have the RT contained within RA. This 
would represent a system with 100% yield. 

P2 P2 

(a) Pl 

P2 P2 

(c) Pt 

(b) 
. 

(d) 

o Fall 
• Pass 

Pt 

New Tolerance 
eg1on 

Figure 2-3: Design Centering - Centers of Gravity Method 

By determining the center of gravity for each of the pass and fail 
regions and interpolating a direction vector from the fail center of gravity to 
the pass center of gravity, Figure 2-3 (c), we can determine the path to take to 
potentially increase the yield. Upon selecting a new nominal point on this 
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path equal to or greater than the distance from the fail center to the pass 
center, Figure 2-3 {d), the procedure begins again. Thus the Centre of 
Gravity method is iterative and forms the basis of the procedure shown in 
Figure 2-3. 

However, there are a number of considerations associated with this 
simple method. Two considerations, determination of the step length on the 
path and the correct ranking of yield estimates, are discussed at length in 
Spence and Soin (1988). 

In addition, there are numbers of variations on the Centre of Gravity 
approach. They include Correlated Sampling and the Common Points 
Scheme. Each of these is described in Spence and Soin (1988). 

Worst-Case Design 
Worst-Case Design is the selection of a design such that all manufactured products 

meet the specifications with 100% compliance. Within this design, only one approach 
exists: The Cut Method. The cut method is illustrated in Figure 2-4, adapted from 
Spence and Soin (1988). 

P2 

·• s (tail) 

Pt 

If S is a fail, nominal 
worst-case design 
cannot lie in this 
region 

Figure 2-4: The Cut Method 

Assume that the tolerances of the parameters are fixed. Therefore the size of RT is 
invariant regardless of which design is considered. If, for whatever reason, a point S is 
found that violates the specifications, the design cannot lie anywhere within the region 
having the same shape as RT and centered on the fail point S. 

This rectangle is called the 'cut' because that region is removed from consideration 
as a possible location for the design. That the cut region is exactly the same size as the 
tolerance region RT can be appreciated by imagining an experiment in which RT is moved 
around S in such a way that S lies just outside RT. The assumption of fixed tolerances 
allows for easy and explicit identification of the cut region. 

The essence of the cut method is the gradual accumulation of cuts while at the same 
time gathering information about potentially successful regions in which the design can 
be located. Thus the cut method is iterative. Each iteration begins with the selection of a 
new trial design and the initiation of a Monte Carlo analysis. As soon as a fail point 
occurs in the Monte Carlo analysis, the iteration is halted and the next iteration begins. 
The outcome of the exploration of parameter space within each iteration is twofold: 

15 



1. The single fail sample enables the corresponding cut region to be established. 
This region is then amalgamated with all previously established cuts to identify 
the area in parameter space in which a successful nominal design cannot exist. 

2. The pass samples generated prior to the single fail point collectively indicate 
how successful the location of a design nearby might be. The more pass samples 
encountere~ the more likely that a simple shift of the nominal design will result 
in improved response. 

Thus, the primary objective of the exploration is not to estimate the yield associated 
with the current design but to find the regions where one cannot place the nominal 
design. Methods to determine the new trial design are described in Spence and Soin 
(1988). 

Tolerance Assignment 

The aim of Tolerance Assignment is to minimize the cost of the manufactured 
products that meet specifications. It is therefore necessary to define a satisfactory cost 
model. There are many cost models, most of which would be satisfactory for tolerance 
assignment. Spence and Soin (1988) propose: 

le a 
C(t)=b+ I,-• 

'"'' t, 

(2.4) 

where b is the manufacturing constant that might represent labour costs, factory 
overheads, etc., a; the cost of the z.fll component/parameter - a constant, t, the tolerance 
associated with the ,.m component/parameter - the design variables, and k the number of 
parameters. 

The model implies that the cost of a parameter/component is inversely proportional 
to its tolerance. In other words, the greater the tolerance, the cheaper the component. 
However, to recoup the cost of the products that don't meet specification, the unit product 
cost C for each satisfactory product is: 

CFa1luns(t) = - b+ L,-' I [ 1e a] 
y ,., t, 

(2.5) 

However, it is the quantity C(t) that must be minimiz~ and in so doing, CFa,,urrs(t) will 
be minimized. Therefore, the optimization can be set up as: 

• . . le a 
mm1m1z.e: C = I,-• 

,., t, 

such that: Y :2:: Ymm 
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where Y, the yiel~ is a constrained to be greater than Y min, a. minimally acceptable level 
of yield. Note that b is a constant and can be removed from the problem. 

2.1.2 Current Approaches 

In the past five years, there have been significant advances in quality design of 
circuits. Since Spence and Soin's 1988 book, advances have improved the previously 
mentioned methods. Some advances include: 

1. An ellipsoidal method for design centering and yield estimation by 
Wojciechowski and Vlach (1993), 

2. A linearized performance penalty method for yield maximization has been 
developed by Kirshna and Director ( 1995), 

3. Worst-case analysis and optimi:zation of circuit performances using response 
surface modelling (see Section 2.2.2) by Dharchoudhury and Kang ( 1995), 

4. The use of nonsymmetrical statistical distributions in circuit design by 
Wojciechowski, Vlach, and Opalski (1997), 

5. Circuit analysis and optimization using worst-case distances by Antreich. 
Graeb, and Wieser ( 1994 ), and 

6. Probabilistic design of integrated circuits with correlated input parameters -
draft copy, by Seifi, Ponnambalam, and Vlach (1997). 

The last three are examined below due to their relevance to this thesis. 

N onsymmetrical Statistical Distributions 

This paper by Wojciechowski, Vlach, and Opalski ( 1997) is an extension to the 
earlier work mentioned in Wojciechowski and Vlach (1993). In electrical circuit design, 
it is commonplace to assume Gaussian distributions for circuit parameters. This paper 
extends circuit design to use more arbitrary distributions such as uniform. binomial. 
truncated normal, and triangular in design centering. However, their paper does not 
address correlation of distributions. 

Worst-Case Distances and Probabilistic Design 

The paper by Antreich, Graeb, and Wieser (1994) proposed a new methodology for 
integrated circuit design considering tolerances. The method was deterministic, used 
standard circuit simulators, and did not have the problem of dimensionality. The method 
detailed in this paper is similar to design methods presented by Hasofer and Lind in 1974. 
It is a first-order second moment method capable of handling correlation and is based on 
normal distributions. Skew distributions are approximated with lognormal distributions, 
which are then converted into normal distributions. 

The first-order second moment (FOSM) metho~ a precursor to the transformation 
method in Section 3 .3, has been well documented in the field of structural reliability 
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(Hasofer and Lind 1974) (Madsen, Krenk, and Lind 1986) (Melchers 1987). The method 
needs only the mean and variance of the parameters, and through exploitation of the 
properties of the normal distribution, accurate estimates of multidimensional integrals can 
be determined. 

Antreich, Graeb, and Wieser establish the connection of the FOSM method to the 
traditional design methods in the previous section. FOSM provides a forum to 
accomplish nominal design, worst-case analysis, yield optimization. and design centering 
in one method. 

Seifi, Ponnambalam, and Vlach ( unpublished 1997) attempt to extend the work by 
Antreich et al. (1994) by detailing the FOSM method and showing examples of 
correlation. They have introduced cost as the objective function while including the yield 
maximization problem as a constraint. In addition, their method does not transform the 
problem into a standard-normal space, but rather leaves it in the parameter space. Since 
this paper only deals with normal distributions, the results are easily abtained in 
parameter space. Unfortunately, the method they present does not take into account the 
nonsymmetrical distributions dealt with in Vlach's earlier paper (Wojciechowski, Vlach. 
and Opalski 1997). 

2.2 Statistical Methods - Off-line Quality Control 

Currently there are three distinct statistical approaches to quality design. Monte 
Carlo Simulation is probably the most well-known and used method. The second is 
Response Surfaces and is an extension of regression analysis, and the third is Model­
based Experimental Design, often referred to as Parameter Design. The second two 
methods encompass the majority of research currently devoted to improving quality 
(K.hattree 1996) (Knottmaier 1993) (Myers, Khuri, and Vining 1992) (Logothetis and 
Wynn 1989). Each of the three statistically based methods is briefly described below. 

2.2.1 Monte Carlo Simulation 

The Monte Carlo Simulation approach (Logothetis and Wynn 1989) (Spence and 
Soin 1988) is the generation of sample points in parameter space in a pseudo-random 
manner to simulate the actual process. However, unlike the simplicial approximation 
from the Electrical Engineering approach, no attempt is made to obtain an approximation 
of the region of acceptability. 

The Monte Carlo method directly mimics the process of random parameter value 
selection (including the correlation encountered between parameters) by generating 
values according to the known parameter probability density functions. The N sample 
points generated are then simulated and checked against the specifications. Thus, Monte 
Carlo Analysis is similar to measurements made on N actual responses. The yield for the 
N samples can be calculated as the fraction of acceptable performance samples to N, the 
total number of samples. 

According to Spence and Sain (1988), Monte Carlo Analysis differs from the other 
methods in a number of distinctive ways: 
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1. It is conceptually simple and relatively easily programmed. 

2. Although the Monte Carlo estimate of yield is known to be liable to error. the 
extent of this error can be estimated with known confidence. One can contrast 
this situation with the simplicial approximation approach for which it is very 
difficult to obtain an estimate of the error. 

3. A mathematical analysis of the Monte Carlo method shows that the relationship 
between the accuracy of yield estimation and the number of samples N is 
independent of the number of parameters subject to random variation. Thus if 
the yield is, say, 60%, and one wishes to be 95% confident of the actual yield 
lying within ±10% of the estimate, then 100 Monte Carlo simulations are 
required whether the function contains two or as many as 2000 parameters. It is 
a property that allows Monte Carlo analysis to be employed for all levels of 
evaluation. 

4. For a given confidence level in the estimate of yield, the confidence interval is 
proportional to the inverse of the square root of the number of samples N. Thus. 
if 100 Monte Carlo samples led to a confidence interval of ± 10% about the 
estimate, then four times the number of samples, i.e., 400. would be necessary to 
halve the confidence interval, i.e., to ±5%. # of Simulations = 
40000/(Confidence Width)2 

Confidence 
±10.00% 
±5.00% 
±1.00% 
±0.50% 
±0.10% 

#Simulations 
100 
400 

10000 
40000 

1000000 

Monte Carlo Analysis offers an attractive method for analysis and may result in 
useful clues as to how parameters can be changed to improve yield in the methods of 
design. In addition, arbitrary statistical distributions can be used in the evaluation of the 
functions. However, as the number of parameters increases, so does the computational 
expense. 

The Monte Carlo methods used to estimate yield may also be used to estimate the 
gradients of yield with respect to parameter nominals and tolerances. This additional 
estimation does not require any further simulations and hence only incurs minimal cost. 
Two approaches exist in using yield gradients. The first is a general approach where at 
each iteration and for a particular set of nominals and tolerances, the yield and its 
gradients are estimated via Monte Carlo analysis and are subsequently used to choose a 
new trial design. When compared to the Centre of Gravity Method, it simply entails 
replacing the algorithm for choosing new nominals with a more sophisticated method 
employing yield gradients. 

The simplest gradient-based optimi:zation procedure is that of steepest ascent. 
However, the Monte Carlo analysis can also provide useful information on the second-
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order yield gradients and thus a more effective gradient-based method (e.g., Fletcher and 
Powell, 1963) may be used. 

The second approach starts with the estimation of the yield and its gradients for an 
initial starting point. These estimates are then substituted into an approximating analytic 
relationship referred to as a yield prediction formula (2. 7), which relates yield to nominal 
points in the vicinity of the trial design, 

(2.7) 

where Pi0 = pf, , pf 2 , pf3 , ••. pfk is the nominal design at which the yield has been 

estimated by Monte Carlo analysis, and P0 is a general point in the vicinity. The change 
in nominal points is denoted by Af>0 = P0 

- Pi0 
• The yield prediction formula predicts 

the yield that will be obtained if the nominal point is moved from Pi0 to another point 

Pio. 

If yield maximization is the objective, then ?i0 could be found such that the yield 

predicted is maximized. Then a new Monte Carlo analysis would be performed with P2° 
as the nominal, the yield prediction formula updated and the procedure continue until the 
design specifications are met. 

2.2.2 Response Surfaces 

Response Surface Methods (Khattree 1996) (Knottmaier 1993) (Myers, Khuri, and 
Vining 1992) are a combination of experiment design and regression analysis methods, 
which aim at the following: 

• Determining local optima for quality characteristics. 
• Showing how quality characteristics change when parameter levels are changed. 

The quantities to be optimized can be, on the one hand, function results of the 
product/process; on the other hand, the experiment design can be superimposed by means 
of an error parameter matrix. In the latter case the level to be optimized is a quality 
measure. Regardless of the quantities to be optimized, there are two applications for 
response surface methodology; if the performance function of the quality characteristic is 
known or not known. It is the former case that will be studied. 

With the performance function known, response surface methods seek to 
approximate the quality measure: 

y = Y(x) = f(x,e)+E (2.8) 

where 0 =(01,02 ,-··,0n) are the coefficients of the average response to be estimated and 
E is the error, thereby giving: 
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Y = Y(x) = f(x,e) (2.9) 

where Y represents the approximated response surface and 0 represents the estimated 
coefficients. Very often two mathematical models are used for the layout of the response 
surface, depending on the behaviour of the factors to be optimized. 

(2.10) 

(2.11) 
••I ,-1 l<J 

Equation (2.10) is the model used if the response is linear and with no interactions, 
and equation (2.11) is the general quadratic model used for most other cases. It is 
important to note that the response surface only applies to a relatively small area, within 
which an approximation of second order does not obscure the reality. The first step for a 
response surface is to make a linear approximation and, if the linear model does not meet 
the requirements, to use a quadratic model, whereby the concerned sector can be shifted 
towards the optimum. Higher order models can be obtained if the quadratic is 
unacceptable. In these general settings, the response surface methodology does more 
than estimate and test the effects of parameter changes on the response, it also attempts 
to: 

I. Fit Y to Y accurately. 
2. Find the maximum or minimum of Y. 
3. Find the direction of maximum increase in Y. 
4. Find the x that keeps Y on target. 
5. Find the general shape of Y. 
6. Eliminate variables Xi which do not affect Y. 

In addition to these general aims, response surface methods reflect more than the 
elementary factorial methods that they incorporate. They incorporate the desire to 
proceed sequentially. Several methods exist on how to move the response surface design. 
Knottmaier ( 1993) details methods using Steepest Gradient, Gauss-Seidel, and 
combinations of the two. 

The response surface methodology proceeds as follows. Suppose we take 
observations Yi, Yi,···, Y,, at the points {x11 ,x21 , • .. ,xk1 ), •• • ,(x

1
n ,X2n, • • • ,xm) respectively, 

where n is the number of points and k is the number of parameters. Then Least Squares 
analysis would seek to minimize: 

n 2 

L {Y, - f(xt,,X2,,···,Xki),a} (2.12) 
,-1 

For the quadratic case, the solution can be expressed in matrix notation as: 

21 



where 

and 

I 
, 

X11 X21 Xkl xj, 

I 2 

X= 
X12 X22 Xu X12 

I 
, 

x,n Xin Xa, Xjn 

e =(0,,02,···,0n( 

y = (Yi,Yi,···,Y,;( 

, , 
X21 x;, X11X21 

2 
, 

Xn Xii X12X22 

, , 
X2n x-

bi x,nx2n 

Thus, the response surface is estimated by: 

A A 

Y=0X 

X11X31 

X12X32 

x,nx3n 

In addition, the covariance matrix of the parameter estimates is: 

cov(e) = cr2 (XT X)-I 

where 

t (Y,-Y,)1 
cr2 = s2 = ...:.;;•-;.:..• ---

n- k 

(2.13) 

(2.14) 

(2.15) 

(2.16) 

(2.17) 

(2.18) 

Upon estimation of the response surface, optimization can be done to determine the 
optimal point within the region. Of special importance in response surface methods is the 
variance of the estimated response var( 9), which tells us how well we are predicting or 

interpolating E(Y) over the whole region R. It is: 

(2.19) 

where f (x) is the vector of functions in the model. For the case of k parameters: 

(2.20) 

Thus, the response surface methodology is a useful approach for determining the 
relationship between the performance function and the quality measure. In this 
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application, the assumption is made that the parameter tolerance remains constant. This 
is necessary for calculation of the quality measure. 

Special response surface designs exist to reduce the 2k or 3k factorial designs. 
These consist of fractional factorial designs with additional symmetrically placed points. 
The most common such additions are center points and star points. Logothetis and Wynn 
( 1989) describe response surface methods using these fractional designs. 

2.2.3 Model-Based Experimental Design (Parameter Design) 

The model-based experimental design approach is generally attributed to Taguchi 
( 1978). Experimental Design (Belavendram 1995) (Dehnad 1989) is a method of 
experimentation with a process in a controlled manner rather than random interference as 
may happen in uncontrolled procedures. It is a procedure used to determine the 
best/optimal levels at which to operate a process. The extension to model-based became 
a method by which computer experimentation could be performed on a design prior to 
implementation. 

The basic problem of experimental design is deciding what pattern of design points 
will best reveal aspects of the problem of interest. Traditionally, the extremes of the 
process parameters were taken as starting points for the design. Given that the function 
of the inputs/parameters to the output/response is known, the experimental design 
systematically combines all possible combinations of the parameters to determine the 
respective output. Analyzing the output from the design, the parameters that have a 
greater effect of the response can be determined (Welch et al. 1992). 

Using model-based experimental design allows the designer/engineer to find the 
best or optimal settings that put the required output on target with low variation and cost. 
This is accomplished by what Taguchi calls Parameter Design. Parameter Design 
exploits the nonlinear characteristics of the parameters and interactions among 
parameters and the noise or environmental factors to make the system objective function 
more robust. By robust we mean insensitive to change, where change can be from 
controllable factors such as variation of parameters or from uncontrollable factors such as 
noise. 

Taguchi's Parameter Design is carried out through a sequence of steps. Taguchi 
( 1992) suggests the following methodology: 

1. Define the Problem 

• Provide a clear statement of the problem to be solved. It is important to 
establish just what the experiment is intended to achieve. 

2. Determine the Objective 

• Identify the quality characteristics (responses) to be studied and eventually 
optimized. Determine the method of measurement. 
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3. Set Up a Brainstorming Session 

• Determine the controllable (inputs, excitations and parameters) and 
uncontrollable (noise and environmental) factors, the experimental range 
and the appropriate factor levels. 

4. Design the Experiment 

• Select appropriate designs and construct the inner array ( control factor 
array) and the outer array (noise factor array) (Coleman and Montgomery 
1993). 

5. Conduct the Experiment and Collect the Data 

• Use the function of the quality characteristic to determine the responses 
(Belavendram 1995) (Bagchi and Templeton 1994) (Welch and Sacks 
1991) (D'Errico and Zaino 1988) (Taguchi and Phadke 1984). 

6. Analyze the Data 

• There are many methods for analyzing experimental data. The Analysis of 
Variance (ANOVA) and Signal-to-Noise Analysis of Variance (SIN 
ANOVA) are the methods applied by Taguchi. Determination of the 
performance measures; Taguchi' s use of SIN Ratios. 

7. Interpret the Results 

• Upon analysis of the SIN data and the ANOV A, the control factors may be 
put into four classes: 

Class I: Factors that affect both average and variation (Control) 

Class II: Factors that affect only variation (unnamed) 

Class ill: Factors that affect only average (Adjustment) 

Class N: Factors that affect neither average nor variation (Neutral) 

8. Selection of Optimal Levels 

• Proper levels of Class I and II control factors are determined to reduce 
variation. Proper levels of Class ill factors are chosen to bring the average 
to target. Control factors of Class N can be set at the most cost-efficient 
level. 

9. Run a Confirmatory Experiment 

• Upon selection of the optimal levels, a confirmatory experiment is 
conducted to ensure and demonstrate that the new levels chosen do 
provide the desired results. 

If the predicted results from step 8 are not con.firmed, or if the results are otherwise 
unsatisfactory, additional experiments may be required and a reiteration of steps 3 to 9 
might be necessary. 
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Chapter 3 

The Probability Approach 
One of the most common problems in engineering is determining the probability 

that a response is above/below some specified value. Given that the response has some 
arbitrary probability density functio~ the problem can be graphically depicted as (Figure 
3-1): 

Probability 
of failure 

specified 
value 

Limit-state surface 

Probability 
of success 

Figure 3-1: One-sided Probability Problem 

where in order to find the probability of success or failure, we must integrate over the 
region of interest. For multidimensional problems this now involves a multidimensional 
integral. This problem type in the past has been solved through direct analytical methods 
(Kalbfleisch 1979) (Larson 1969) based on methods such as the Chebychev inequality or 
Monte Carlo (Spence and Soin 1988). 

3.1 Margin and Limit-State Function 

The margin, m, is a function of V, which is a vector of random variables that may 
include design parameters, empirical parameters, uncontrolled random variables, and 
specifications, and can be shown as: 

m= g(V) (3.1) 

The line that divides the state of success and failure is called the limit-state function or 
failure surface. Mathematically, the limit-state function is determined when the margin, 
m, is equal to zero. 

m=g(V)=O (3.2) 

Success and failure events are then defined by convention as m > 0 and m ~ 0, 
respectively and the value of the margin indicates the extent to which a particular limit­
state has been successfully avoided or exceeded. For example, a system response, /{V), 
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has a specified value of SL that it should be less than. Note that SL can be either 
probabilistic or deterministic. In most cases, as in the examples in this thesis. the 
specification is simply a deterministic value. In this case, the margin is: 

m=SL- f(V) 

and the limit-state function or failure surface is defined as: 

m = SL- f (V) = 0 ➔ f (V) = SL 

So, the margin is positive for .f(V) < SL (the success region) and negative for /f.V) > SL 
(the failure region). The associated probability of success is defined as the 
multidimensional integral of the joint probability density function (PDF) of the random 
variables over the success region of the probability space. 

Pr{m > O) = Pr{g(V) > o) (3.3) 

However, integration over arbitrary regions of multivariate distribution functions is 
generally not practical, and thus numerous methods have been found to approximate the 
integration over the failure region. 

3.2 One-Sided and Two-Sided Probability Problems 

If the response can be approximated by a normal distribution, such as in Figure 3-2. 

specified 
value 

Figure 3-2: One-sided Approximate-Normal Probability Problem 

then J3 represents the number of standard deviations the mean is away from the specified 
value. If the specified value is zero, then this formulation is known as Cornell's ( 1969) 
index, ~c, or more commonly, the inverse of the coefficient of variation: 

(3.4) 

and only requires the mean and variance of the response R. Using the standard normal 
tables, the probability of µR having a value greater than zero is represented in equation 
(3.5) and falling below zero, equation (3.6). 
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Pr(µR > 0) = Pr(Success) = <l>{J3c) (3.5) 

Pr(µR ~ 0) = 1- Pr(Success) = Pr(Failure) = 1-<t>(J3c) = <t>(-J3c) (3.6) 

However, in practice, the specified value or specification will not be zero. In this case, 
the index becomes: 

µ -spec 
R , for µ R ~ spec 

Cj R 

snec-µ 
__ r'--_~R, for µ R < spec 

(3.7) 

CJ R 

where the first case J3 is often referred to as J3LSL, the number of standard deviations µR is 
above a lower specification limit (spec), and the second 13uSL, the number of standard 
deviations µR is below an upper specification limit. If J3LSL and 13usL are applied to the 
same response, a two-sided probability problem is created and is graphically shown in 
Figure 3-3. If µR = spec, then~= 0 since the distance between the mean and the failure 
surface is 0. 

Bt1s,a ~ 

Figure 3-3: Two-sided Approximate-Normal Probability Problem 

Two probabilities are associated with the above problem. Mathematically they are: 

Pr( Success) = <I>{~ LSL) + <I>{J3 USL )- I 

Pr( Failure) = <t>( -13 LSL ) + <I>( -J3USL ) 

(3.8) 

(3.9) 

Thus, for any normally distributed response, we can estimate the probability of 
success or failure. However, many one-sided and two-sided problems do not have 
normal distributions. If the response distribution is highly skewed, as in Figure 3-4, 

USL 

13usLC5 
> 

Figure 3-4: Incorrect Calculation of Non-Normal Probability Problem 
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then applying equation (3.8) or (3.9) would result in an extremely inaccurate calculation. 
To eliminate this problem, another method for calculating 13 is needed. This is discussed 
and detailed in the next section. 

3.3 The Transformation Method 

One of the best solutions to the above-mentioned problem comes from structural 
reliability theory. Hasofer and Lind (1974) developed a procedure for approximating 
multidimensional integrals by transforming the problem into the standard normal 
probability space (µ = 0, cr = l) and exploiting the geometrical properties of this space. 
Figure 3-5 (adapted from Carr 1992) shows a transformation from V-space, the design 
variable space, to U-space, the uncorrelated standard normal representation of the 
problem. The method is based on normal-tail approximation by Ditlevsen (1981) and the 
Rosenblatt ( 1952) transformation. Through this transformation to standard normal 
probability space, the previous approximations for Pr(Success) and Pr(Failure) can still 
be used since they are based on the assumption of normality. In Appendix A, the 
transformation of various distributions in V-Space to the uncorrelated standard normal 
probability space, U-space, are discussed in detail. 

I 
Contours of 
Joint PDF 

Most Likely 
Failure Point 

Uncorrelated 
Normal PDF 

I 

Most Likely 
Failure Pontt 

Second-Order 

Approxunallaa 

Figure 3-5: V to U Space Transformation 

Exploiting the Standard Normal Space Properties 

Within the standard normal probability space, the maximum probability density is 
located at the origin and is rotationally symmetrical about this point. The point on the 
transformed limit-state surface that is closest to the origin is called the most likely failure 
point (MLFP). This point has the highest probability density of all those in the failure 
region (Carr 1992) (Melchers 1987) (Madsen, Kre~ and Lind 1986). Mathematically, 
in the U-space, the probability density function decreases very quickly, as exp(--r2/2), 
where r is the distance from the failure surface to the origin. The transformation method 
finds the most-likely failure point. u•, and determines the shortest distance from it to the 
origin and is denoted as 6 • . The failure probability is calculated by approximating the 
failure surface at u• by a hyperplane and exploiting the properties of the U-space. The 
probability of failure at the MLFP can then be approximated by <t>(-6°), a linear Taylor 
series expansion about the failure point (Carr and Savage 1996). 
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So using the properties of the standard normal space, the approximate failure 
probability is given by: 

Pr("" s o) = 1 - Pr( 111; > o) = <t>(-o • ) (3.10) 

The first-order approximation is fairly accurate in the region of the checking point 
as long as the principal curvatures of the limit-state surface are not too large. A second­
order method is also available which uses a quadratic approximation of the limit-state 
surface. It is more accurate, but computationally more complex. For this thesis, only the 
first-order approximation will be used. Thus, the index is given as: 

(3 .11) 

where '3 now represents the minim1rm distance to the hyperplane. 

Efficient methods for determining the minimrm1 distance, '3, require the gradient of 
the limit-state function (Rackwitz and Fiessler 1978). An algorithm to find 8 • was 
developed by Hasofer, Lind, Rackwitz, and Fiessler (HLRF) and is detailed in Madsen. 
Krenk, and Lind (1986) and Melchers ( 1987). The following adaptation of the HLRF 
algorithm was detailed in Carr and Savage ( 1996), and has been expanded upon for 
readers of this thesis. It is: 

1. Convert U 1e to V1c using the inverse probability transformation. 

V1c is the vector of basic random variables (design and noise) that in 
general, may not be normally distributed. U 1e is the associated vector of 
uncorrelated and standardized normally distributed variables. V1c is 
transformed into U 1e by a probability transformation. Typically the 
starting point for the algorithm is U = 0. 

-, Calculate g(V1c) and v' ug(V1c), 

where g(V1c) is the value of the margin at the k!11 iteration, and v' ug(V1c) is 
the gradient of the margin with respect to the random U-space variables at 
the f<!h iteration. 

3. Calculate U 1c .. 1 as: 

(3.12) 

In Chapter 5, the problems associated with this method are detailed. 
However, it should be noted here that if the limit-state surface has more 
than one stationary point, this algorithm might find different values for 0° 
depending on the starting point, Uo. In addition, note that if 
U~v' ug(V1e) = g(V1c), the algorithm terminates with U = 0. If this case 
occurs, a different starting point should be tried. 
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4. Calculate 6k+t • the distance to the origin in U-space, as the Euclidean norm of 
uk+,· 

5. Stop when l6k+1 -6tl S &. 

Typically, the Hasofer-Lind-Rackwitz-Fiessler algorithm converges in less than 12 
iterations (Madsen, Krenk, and Lind 1986) to u·, the MLFP to find: 

(3.13) 

Madsen, Krenk, and Lind (1986) do note that the failure surface may contain multiple 
stationary points. and therefore it is necessary to use several starting points to find the 
corresponding 6 • 's. If there is only one stationary point, convergence is guaranteed and 
the global minimum will be found; otherwise the algorithm may converge toward another 
stationary point. Thus, the general convergence in the algorithm is not guaranteed and 
the algorithm should be modified to terminate after a pre-determined number of 
iterations. If this occurs, a trace of the 6 values should help to determine if convergence 
is occurring. 

Within the HI.RF algorithm, the gradient of the margin with respect to the random 
variables, V ug(Vk), is required and this can be calculated as follows: 

Bg(Vk) ag(vk) av, ag(Vk) cp(u,) 
where --- = --- = ------

' au, av, au, av, f v ( v,) 
~½) ' 

(3.14) 

au,. 

where <p{ ) is the standard normal probability density function, and / v ( v,) is the marginal 

probability distribution of the variable v;. Note that av,/ au, is the derivative of the basic 
variable with respect to its corresponding uncorrelated and standardized normal variable. 
This derivative, also stated as cp( u, )/ f v, ( v,) is commonly referred to as a density ratio 
(the standard normal distribution to the marginal distribution of the variable) and is 
examined in detail for various distributions in Appendix A. For example. if the marginal 
distribution is a normal distribution with mean, µ, and standard deviation, cr, then the 
ratio is cr - the standard deviation of the marginal. 

There are two reasons why the problem should be converted into U-space. The first 
reason is the ability to exploit the properties of the standard normal space and the second 
is that the transformation allows for use of arbitrary distributions. 

Using U-space versus V-space 

A number of authors (Melchers 1987) (Antreich et al. 1994) (Seifi et al. 
unpublished 1997) do not transform the problem into U-space, rather they all solve for 
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the most likely failure point in V-space. These practitioners determine the most likely 
failure point in V -space by minimizing: 

(3.15) 

where v; is the value of the ,.m variable at the most likely failure point, µv, is the mean of 

the ,.m variable, and C is the covariance matrix. Note that if all the distributions are 
standard normal, and the covariance matrix is the identity matrix (no correlation), then 
this is the same as equation (3 .13 ). They have simply eliminated the transformation of 
each variable and consolidated it into one equation. This is from first-order second 
moment theory (Hasofer and Lind 1974). This approach can handle normal PDF's. 
lognormal PDF's which are transformed into normal PDF's, and skew distributions. 
which are approximated by lognormal (then transformed). 

There is only one reason to use equation (3.15) instead of transforming the problem 
into U-space and that is if all the probabilistic variables in the mathematical model are 
normally distributed AND correlated (i.e., the covariance matrix, C, is dense). In this 
case, the Rosenblatt transformation to convert the variables to and from U-space is 
computationally intensive due to the correlation. This special case allows the problem to 
be solved in V -space and avoids the Rosenblatt transformation, by modifying the 
minimum distance equation to calculate the deviation from the mean values with respect 
to the variances for normally distributed variables. In effect, the problem has been 
transformed prior to solution, while U-space transforms during the solution. If, however, 
there are any distributions in the model that are not normally distributed or that cannot be 
accurately approximated by one, then the problem must be solved in U-space. For 
example, the Rosenblatt transformation into U-space for a normally distributed variable 
1s: 

If we substitute this into equation (3.13), we get equation (3.15). However, substituting 
the Rosenblatt transformation for a uniform or any other non-normal distribution into 
equation (3.13) does not yield equation (3.15). For this reason, conversion into U-space 
must be done during the solution as performed in the transformation method and not 
solved in V-space as Melchers ( 1987), Antreich et al. ( 1994 ), and Seifi et al. ( unpublished 
1997) suggest. 

For arbitrary PDF's, the Rosenblatt transformation transforms the variable's PDF 
from V-space into U-space, resulting in a one-to-one mapping of the arbitrary PDF to the 
standard normal distribution (detailed for numerous distributions in Appendix A). 
Transforming all the variables into U-space allows the method to solve the problem with 
the same ease as the special case mentioned above. If there is no correlation among the 
variables, then the problem is even simpler and there is no difficulty in transforming the 
problem into U-space since each variable is independent and can be transformed 
separately. 
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In conclusion, we can take advantage of both methods within the 'Design for 
Quality' methodology since determination of the minimum distance is not restricted to 
either method. 

3.4 Example of Finding 6* 

Let's define a function, f = d 2
, which represents the response of a system. We 

wish to determine the probability that f is greater than I given that the variable d is 
normally distributed with ~ = 2 and ad = 1. Therefore, the margin becomes 
g(V) = d 2 -1. The transformation from U-space to V-space for any normally distributed 
uncorrelated variable is (See Appendix A): 

v=µ+cru (3.16) 

where in this example, v represents d, such that d = µd + a du or d = 2 + u. In addition, 
the gradient of the margin with respect to the random U-space variable, u, is needed. It is 
defined as: 

v ug(V) = ag(V) = ag(V) av = ag(v) cp( u) 
au av au av fv(v) 

and for our example becomes: 

cp(u) 
Vug(V) = 2d-(-) = 2dad 

fv V 

(3.17) 

(3.18) 

Using the Hasofer-Lind-Rackwitz-Fiessler algorithm, we can iterate to find 8 ·, the 
minimum distance to the limit-state surface (line). The iterations are detailed in the 
following table, Table 3-1. 
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Table 3-1: Determining minimum distance to limit-state surface (Normal Case) 

The u ➔ v transformation 

Uo = 0.0000 ➔ do = 2.0000 

U2 = -0.9750 ➔ d2 = 1.0250 
U3 = -0.9997 ➔ d3 = 1.0003 
U4 =-1.0000 ➔ ~ = 1.0000 

u - urvug{Vk)-g(Vk)v (V) 
k+I - V ug(Vk f V ug(Vk) ug k 

= 0- 3 = -0.7500 
4 

-0.75-(2-125-1)-(1252 -1) 
U 2 = ( 2 · 125 · 1 )( 2 · 125 · 1) ( 2 • 

125
• l) 

= -1.875-05625 = -0.9750 
25 

U3 =-0.9997 
U4 =-1.0000 
Us =-1.0000 

The algorithm is terminated and 13 = o· = .J(uT · U) = 1 is found using .!quation (3.13). 

giving Pr(/> 1) = Pr(Success) = <I>(l3) = 0.8413. Checking this with basic probability. we 
find: 

Pr{d2 > 1) = Pr(d <-1 or d > 1) = 0.0013+0.8413 = 0.8426 (3.19) 

which is the exact answer. Our answer of 0.8413 only approximates the most likely 
failure point ( d > 1) , and not the second failure point, which is over 3cr away ( d < - I) . 

As ~. the estimate of the most likely failure point grows larger (i.e., ~ ➔ 00 ), then the 
Hasofer-Lind-Rackwitz-Fiessler algorithm approximation approaches the basic 
probability calculation. 

The same example can be done with d having a uniform distribution, in which case, 

v = ( b - a )<I>( u) + a (3.20) 

is used as the transformation from U-space to V-space, and the gradient becomes: 

(3.21) 
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where 1/11 is the probability density function with 11 representing the width of the uniform 
interval and cp( ) the standard normal probability density function. Now, the gradient 
changes with respect to the value of cp{ ), unlike the normal case where it was a constant 
equal to a (See Appendix A). 

Changing the random variable d to uniform [-1 .. 5], points representing the ± 3a if d 
was normally distributed. Solving for U, we find: 

Table 3-2: Determining minimum distance to limit-state surface (Uniform Case) 

Uo = 0.0000 ➔ do = 2.000 

U1=-0.3133 ➔ d1 = 1.2621 
U2 =-0.4164 ➔ d2 = 1.0314 
U3 =-0.4305 ➔ d3 = 1.0005 
U4 = -0.4307 ➔ ~ = 1.0000 

And we quit, with 

U~(2d011dcp(u))-(d; - 1) 
ul = (2dol1dcp(u))(2dol1dcp(u)) (2dol1dcp(u)) 

0·(24-0.39894)-(22 -1) 
=-------(24-0.39894) 

(24-0.39894)(24-0.39894) 

= 0- 3 =-03133 
957456 

U2 =-0.4164 
U3 =-0.4305 
U4 =-0.4307 
Us =-0.4307 

li
0

= 0.43073, f3 = 0.43073, and Pr(/> 1) = Pr(Success) = ct>(f3) = 0.6667 

which makes intuitive sense since one-third of the uniform distribution lies beyond the 
limit-state surface; the range [-1..1] is in the failure region and (1..5] is in the success 
region. The point, 1, lies on the limit-state surface and is considered a failure point. 
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Chapter 4 

Extension to Design 
The transformation method enabies designers to determine the probability of 

success or failure of a response at its nominal conditions. The gradient information 
developed in Chapter 3 can enable designers to optimize the variables such that 
maximum success probability or minimum failure probability can be achieved. It is in 
this chapter that we extend the transformation methods and its gradients into design. 

There are two types of design to be considered. The first is where only one quality 
characteristic is to be optimized. Other responses in the system may be important and 
can exist as constraints, but the design variables will be adjusted to maximize the 
probability of success or minimize the probability of failure of one response. The second 
is multi-objective, where multiple quality characteristics are to be optimized. This 
implies that there may be tradeoffs required in order to optimize all responses of interest. 
In addition, numerous examples are given to show that the approach is discipline 
independent. 

4.1 Single Quality Characteristic Optimization 

The first and simplest case of design deals with single response problems. Here, 
one quality characteristic is important and the system design variables are adjusted so as 
to improve the quality of the system. However, there exist many issues within this one 
problem. This section will show that the probability approach from Chapter 3 is an 
extension of Taguchi's Signal-to-Noise ratios. The extension being that the approach 
uses full distribution information while signal-to-noise ratios are limited to first and 
second order information, typically the mean and variance of the response. Thus, with 
the approach deemed an extension of signal-to-noise ratios, improvement of quality is 
accomplished through maximization of this measure, as discussed in Section 4.1.1. 

In addition, the transformation method and its gradient information supply the 
designer with knowledge about the variables. This information can be used to determine 
which variables should be used as design variables, and also classifies them according to 
Taguchi's factor types. This classification is detailed in Section 4.1.2. 

After design variables have been selected, the methodology by which we can 
improve the system is presented in Section 4.1.3 with examples following. 
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4.1.1 Taguchi's 'Quality by Design' 

Taguchi' s definition of quality stems from the loss incurred to society if the 
product/systems/response does not meet the specifications set by the designers and 
engineers. In the extension of this definition to design optimization, Taguchi developed 
the Signal-to-Noise Ratio (Knottmaier 1993) (Barker 1990) (Maghsoodloo 1990) 
(Logothetis and Wynn 1989) (Leon, Shoemaker, and Kackar, 1987). The use of signal­
to-noise ratios in system analysis provides a mathematical value for response variation 
comparison. 

The Signal-to-Noise Ratio (SNR) is a concurrent statistic that combines two 
characteristics of a distribution into a single number (e.g., the coefficient of variation). In 
the application of signal-to-noise ratios to design optimization, maximization of the SNR 
results in minimization of the response variation. The recommended signal-to-noise ratio 
by Taguchi when there is a target value to be achieved is: 

SNR = !Olag .. ( ~i J (4.1) 

Note that the Cornell index, equation (3.4), is similar to the above SNR. Different SNR's 
have been developed for 'smaller is best', 'larger is best', and 'target is best' conditions to 
aid designers in the minimization of variance. In a like manner, the probability approach 
seeks to minimize the variance of the response by maximizing the probability of success. 
equation (3.8), or minimizing the probability of failure, equation (3.9). By using the 
transformation method, arbitrary full distribution information can be used in the 
calculation of 13 and accurate approximations of Pr(Success) and Pr(Failure) can be 
found. For the two-sided probability problem, as in Figure 3-3, if the response 
distribution is symmetrical, we seek to make the probability of failure beyond each 
specification equal. 1bis is equivalent to minimizing variance for the target-is-best 
condition, where the target is the center of the specifications. For non-symmetrical 
distributions, we require the gradient of the probability at the two specifications. Each of 
these values is weighted by the probability of being at the respective specification. When 
these two weighted values are equal, minimization of the variation of the non­
symmetrical response is achieved. 'Design for Quality' can now be done by using the 
composite signal-to-noise ratios, Pr(Success) and Pr(Failure). In order to do this, two 
gradients are required: V vg(V) and 'v uK(V), where the subscripts refer to differentiation 
by V, the variables, and U, the variation of the variables. Derivation of 'v ug(V) is found 
in equation (3.14). 

4.1.2 Selection of Design Variables 

In order to improve an existing system, design variables must be determined or 
specified. Taguchi often refers to the fact that the variables of a system can be classified 
into six factor types: Control, Signal, Adjustment, Variance-Affecting, Noise, and 
Neutral. It is through exploitation of the interactions of these different factor types that 
the signal-to-noise ratios can be improved (Dehnad 1988). By examining the partial 
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gradient of g(V) with respect to v; and u;, one can determine the effect of the nominal 
value (in V-space) and of the variation (in U-space) that v; bas on the margin. and thus, 
how it affects the failure probability. Specifically, the probability approach aids in the 
determination of neutral, design-adjustment, design-control, and variance-affecting only 
factors. Noise factors and signal factors, like Taguchi's approach, must be user specified. 

By e,camining the numerical values for ag(V)/ov, and ag(V)/au, for each variable, 
there are two ways to use the information: 

I. Evaluate the og(V)/av, and 8g(V)/8u; at the MLFP, indicated as 

ag(v)/ av, IMLFP and ag(V)/ au, IMLFP, so as to determine the effect of V; and u, on 

the failure probability. The results are only applicable in the neighbourhood of 
theMLFP. 

2. Evaluate the 8g(V)/ov, and 8g(V)/au, for all values of v; and u, so that 
conclusions can be drawn about global effect on the failure probability. 

By studying the gradients only at the MLFP, if one classifies the variables into one of the 
four factor types possible (neutral, adjusnnent, control. variance), then these 
classifications will only be applicable in the neighbourhood of the current design. To 
draw conclusions on a global scale, more information is required. By evaluating the 
gradients at multiple failure points, a more accurate assessment of the different factor 
types is possible. 

In studying the two gradients, 8g(V)/av, and ag(V)/au,, four cases can be 
enumerated so that factor types can be determined. They are detailed below and will be 
called Case A, B, C, and D. 

CASE A. jag(V)/ ov, I ~ Ev where Ev is very small. There are four conditions that satisfy 

this. The first two are special conditions where the partial gradient is equal to 
zero at the MLFP (Condition 1) or for all values of v, (Condition 2), and the 
remaining two are if the partial gradient is less than Ev at the MLFP 
(Condition 3) or for all values ofv;(Condition 4). 

Condition 1: If og(V)/av,
1
MLFP =0, then g(V) is not a function of v; at MLFP, since the 

linearized failure surface is parallel to the v; axis (see Figure 4-1 ). 

Vi 

g(V) = 0 

v· J 
Figure 4-1: Linearized failure surface parallel to Vi axis 
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Thus, small perturbations in nominal value of v; will have little effect on the 
value of the margin and the probability of failure. However, if v, is moved 
significantly, ag(V)/ov11MLFP = 0 may not hold true for new values of v,. 

Evaluation at the MLFP only provides information for the respective nominal 
value of v; and its effect in its immediate neighbourhood. 

For example, if the margin is defined as: 

(4.2) 

then the gradient of the margin with respect to v2, evaluated at the MLFP (5. 
4), is zero. However, a small change away from the MLFP produces a non­
zero value for the gradient. 

Condition 2: If ag(V)/ av, = 0 for all values of v;, then g(V) is not a function of v,. 
This implies that the failure surface is parallel to the v; axis at all values of v, 
(see Figure 4-2). In this case, the value of the margin and the failure 
probability are independent of v;. 

Vi 
g(V) = 0 

Vj 

Figure 4-2: g(V) = 0 parallel to vi axis 

Condition3: Ifjag(v)/ov,
1
MLFPls;Ev, the linearized failure surface is approximately 

parallel to the v; axis in the region of the MLFP (see Figure 4-3). 
Vj 

g(V) = 0 

v· J 
Figure 4-3: Linearized Failure Surface approximately parallel to Vi axis 
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Thus, a small change in the nominal value of v; has little effect on the value of 
the margin, but is only true in the neighbourhood of the MLFP. 

Condition 4: If lag(V)/ov,1 s Ev for all values of v;, then the failure surface, g(V) = 0. 
is approximately parallel to the v; axis (see Figure 4-4). 

g(V) = 0 

Vj 

Figure 4-4: g(V) = 0 approximately parallel to v2 axis 

This implies that any change in the nominal value of v; has little effect on the 
value of the margin or failure probability 

For example, if the margin is defined as: 

g(V) = 5-vi + V2 
10000 

(4.3) 

then the gradient of the margin with respect to v2 is very small (0.0001). 
Thus, the value of the margin and the failure probability are relatively 
insensitive to changes in the nominal value of v2. Any change in v2 would 
need to be large in order to cause any significant value change in g(V) and 
ultimately Pr(Failure). 

CASEB. 1ag{V)/ov,j>Ev foranyvalueofv, 

Whether evaluating at the MLFP or at any value for v;, if the partial gradient 
is greater than Ev, then it implies that a change in the nominal value of v, has a 
greater effect on the value of the margin and failure probability than in case A 
above. Using this gradient information, we can change v, and move away 
from the failure surface to keep g(V) positive. By doing this, 13 is increased. 

Before looking at the gradients in U-space cases, which are C and D, a few notes 
must be made. The purpose of converting the quality problem into U-space is to remove 
any correlation and to be able to take advantage of the properties of standard normal 
space (see Section 3.3). Recall equation (3.14). The partial gradient of the margin with 
respect to the U-space variable, ag(v)/ou; , is a two-part product; the gradient of the 
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margin in V -space and the density ratio. By studying the interaction between these parts, 
we can determine how any variation will affect the margin and the failure probability. 

CASE C. 1ag(v)/au,1 ~ Eu where &uiS very small. There are four conditions that satisfy 

this. The first two are special conditions where the partial gradient is equal to 
zero at the MLFP (Condition 1) or for all values of u; (Condition 2), and the 
remaining two deal with the partial gradient less than Eu at the MLFP 
(Condition 3) or for all values of u; (Condition 4). Conditions 1-3 are 
additionally sub-divided into two parts; (a) the effect of the partial gradient of 
the margin in V -space on the condition, and (b) the effect of the density ratio 
on the condition. 

Condition 1: ag(V)/au,,MLFP = 0. There are two possibilities that this will occur; (a) if 

the partial gradient of the margin in V -space evaluated at the MLFP is zero, 
or (b) the density ratio evaluated at the MLFP is zero. Each possibility is 
discussed below. 

(a) If CASE A, Condition 1 or 2 is true, then the transformed failure surface or 
its linearized counterpart is be parallel to the u; axis (Figure 4-5). 

Uncorrelated 
Normal PDF 

g(U) =O 
Figure 4-5: The linearized failure surface in U-space is parallel to the u; 

axis since the V-space linearized failure surface or actual failure surface 
is parallel to the v; axis 

In this case, the gradient of the margin in U-space may only be zero when the 
variable v; is at its nominal value. If the variable has a value other than its 
nominal (i.e., any other point on its PDF), then the gradient may not be zero, 
depending on the shape of the transformed failure surface. As sue~ the 
assumption of ag(V)/au,,MLFP = 0 should only be considered accurate within 

the neighbourhood of variable v;'s nominal value. 

(b) q>( u, )/ f v, ( v, )
1
MLFP = 0 which implies the variance of variable v; is zero. If the 

variance is zero, then q>(u, )/ fv, (v,) = 0 for all values of u; and the limit-state 

function is not a function of u;. For example, if variable Vi is a point with no 
variance, then 

q>(u, )/ fv. (v,) = av, /au, = o 

and the limit-state function is independent of Uj. 
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Condition 2: ag(V)/ OU; = 0 for all values of u1 - There are two possibilities that this 
will occur: (a) if the partial gradient of the margin in V-space is zero for all v,, 
or (b) the density ratio is zero. Each possibility is discussed below. 

(a) CASE A- Condition 2 is true implying that the transformed failure surface is 
parallel to the u; axis and is independent of ui (see Figure 4-6). 

Uncorrelated 
Normal PDF 

Figure 4-6: The failure surface in U-space is parallel to the u; axis 
because the V-space failure surface is parallel to the v; axis 

(b) cp(u,)/ Iv, (v;) = 0 which implies the variance of variable v; is zero making the 

limit-state function is independent of u;. 

Note that for CASE C - Condition 1 or 2, if cp(u, )/ Iv, ( v,) = 0 at the MLFP or for all 

values of u;, it implies that there is no variance in variable v;. 

Condition 3: jag(V)/ou,IMLFPI s Eu - By splitting up the partial gradient into its two 

parts and dividing through by the density ratio, the following relationship can 
be found: 

,~ < Eu ___ l __ _ 

~IMLFP - Cf'( u, )/ Iv, ( v, )IMLFP 
(4.4) 

By examining each part of the relationship, (a) the partial gradient of the 
margin in V-space with respect to v;, and (b) the density ratio, one can 

determine why jag(V)/au,IMLFPI s Eu is true. 

(a) The left-hand side equation (4.4) is the partial gradient of the margin in V­

space with respect to v, evaluated at the MLFP, lag(V)jav,,MLFPI S Ev. If this 

partial gradient is small (CASE A, Condition 1), it can obviate the effect from 
the density ratio, cp( u, ) /Iv, ( v, ) . This implies that the linearized failure 
surface is approximately parallel to the v; and u; axes, thereby obviating the 
effect any variation in v, (determined by the density ratio) has in U-space 
about the nominal. In this particular case where the partial gradient is 
evaluated at the MLFP, the obviation may only apply within the 
neighbourhood of the nominal value of v; (see Figure 4-7). 
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U· j 

Uj 

Uncorrelated 
Normal PDF 

g(U) = 0 
Figure 4-7: The linearized failure surface in U-space is approximately 

parallel to the U; axis cjag(V)/au; IMLFPI:::;; Eu) because the V-space 

linearized failure surface or actual failure surface was approximately 

parallel to the V; axis cjag(V)/av,IAILFPI:::;; Ev) 

(b) The density ratio represents the relationship of the distribution in V -space to 
the standard normal distribution in U-space. By showing the density ratio for 
both normal-like and non-normal distributions, one can determine when 
Cf'( u,) / f v, ( v,) is sufficiently small as to obviate the effect from the partial 
gradient of the margin in V-space. 

For a normally distributed variable with variance crv,, equation (4.4) 
becomes: 

1 
:::;;Eu-

lMLFP crv, 

(4.5) 

If the variance crv; is sufficiently small enough to make equation ( 4.5) true. 

then jag(V)/aui!MLFPj 5 Eu. For example, using the previous margin function 

from Case A, equation (4.3), in U-space, if the parameters were normally 
distributed in V-space, becomes: 

(4.6) 

and the gradients with respect to u1 and u2 are: 

ag(u) = cr I and ag(U) = cr 2 

au1 au1 10000 

in both cases, if cr1 or cr2 is very small, then 8g(V)/ au'IMLFP :::;; Eu for u1 and u2. 

For non-normal distributions ( e.g., uniform, triangular) if cp( u,) is small 
due to large u;, it implies that the limit-state function passes through U-space 
sufficiently far away from the u, axis such that cp( u;) = 0 (see Figure 4-8). 
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For example, evaluating (4.4) for a uniform distribution, 

(4.7) 

where a and b are constants represent the lower and upper values of the 
uniform distribution, if cp( u;) is sufficiently small for ( 4. 7) to be true, then 

jag(V)/au,,MLFPI s Eu. 

Uncorrelated 
ui Normal PDF 

✓ 

Figure 4-8: ag(V)/auilMLFP s Eu due to U; large, making 

cp( U;) / f v, ( v, )IMLFP = O 

Let us reconsider the limit-state function, equation (4.3), where the 
distributions in V -space are, for example, uniform. For this example, the 
margin and gradients would be as follows: 

.6. <I>( u, ) + a~ 
g(V)=5-(.6.1<I>(u1)+a1)+ 2 100-00 - (4.8) 

where the partial gradients could be negligible for two reasons. For example, 
considering u1, the gradient would be negligible if either .6.1 is small implying 
a narrow width uniform distribution or cp( u 1) is small because u1 is large 
implying that the failure surface is a large number of standardized normal 
deviations away from the nominal value of v1. If either or both is true, then 

the partial gradient can be considered negligible and lag(v)/aui!MLFPI s Eu. 

Condition 4: If !ag(V)/au;I s Eu for all values of u; implies that: 

(4.9) 
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For this case, equation (4.4) is extended to all u; and v;. If equation (4.9) is 
true, then it implies that regardless of how large the variation is in variable v,, 
it has little or no effect on the value of the margin or the failure probability 
(i.e., u, varying from -oo to +oo has little or no effect on the failure 
probability). 

Note: CASE C really applies to studying variables with non-normal distributions. Since 
the density ratio of a normal distribution is simply er, the standard deviation, then unless 
sigma is zero or very small, the variable will always have an effect on the variation of the 
response. However, CASE C shows that there can be interaction between the products 
such that at certain values of the variable, the partial gradient is small thereby obviating 
the effect of the variance. This is the essence of robust design; it takes advantage of these 
interactions to reduce variation. Design tells us to move the nominal far away from the 
failure surface so that a large number of standard deviations exist between it and the 
failure surface. However, for non-normal distributions as CASE C shows, this does not 
have to be the case. Instead, we can move the design point such that one of the parts of 
the product obviates the other. At this point, the response is not very sensitive to changes 
in the parameter values. 

CASE D. log(V)/ au, I> Eu for all values of U; 

This implies that the variation in v; (in U-space it is represented by ui) has a 
greater effect on the value of the margin and failure probability than in CASE 
C. 

Classification into Taguchi's Factor Types 

Thus, using these four cases, each variable v; can be classified into one of the factor 
types. The following truth table can be used to determine the factor type of a variable. 

Table 4-1: Factor Determination using the Probability Approach 
(Tis True, Fis False, Xis Don't Care) 

Factor Type 
CASE A 

~~Ev 

~ 
Class I: Design-Control F F 
Class II: Unnamed (Variance only) T F 
Class ID: Desi~Adjustment F T 
Class IV: Neutral T T 
Signal F X +- User selected 

_N_o_is_e ___________ _._ ___ x ______ x ___ +- V; uncontrollable 

From the table, the last two factor types, as in Taguchi's method, must be user 
specified. If the variable is uncontrollable, then it is considered a noise factor. If the 
variable is considered to be a user input, then it is a signal factor. The remaining four 
cases are neutral, design-adjustment, design-control, and the unnamed factor which 
affects only variance. Depending on whether the partial gradients are evaluated only at 
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MLFP or at all v, and u,, the factor classifications will be applicable on either a local 
(MLFP) or global (for all v; and u1) scale. In some cases, a local classification of a 
variable factor type may be sufficient if the variable is not expected to vary much. 
However, for desi~ a global analysis should be done to ensure proper classification. 

However, it must be remembered that the above classifications are for the purposes 
of comparison to Taguchi's method. Within the transformation method and the 
subsequent design for quality method, the factor types of the variables do not need to be 
enumerated. The algorithm by Hasofer, Lind, Rackwi~ and Fiessler automatically uses 
the gradient information correctly in its determination of the MLFP. Without 
specification of factor types, the optimization routines will still move the variables to the 
best optimal design using the gradient information. Indirectly, the optimization process 
classifies the factors at each iteration and adjusts the nominal values accordingly. 

It is in design that we can use this classification as a preliminary step to determine 
factor types and ultimately reduce the number of design variables. Once classified, we 
wish to remove neutral factors (global level) from the optimization process and compare 
the results from the remaining "design" factor types to determine importance. From this 
information, we could choose the top 5 or 10 variables that may contribute most to the 
design optimization. An expert system could be developed to select the top design and 
noise variables and remove neutral variables from the optimization process. The result 
would be a computational savings over solving the entire system with all variables. This 
was what Taguchi did using analysis of variance (ANOV A). Based on results attained 
from ANOVA, he determined if variables were neutral, adjustment, or control. 

The above mathematical link shows that Taguchi was indirectly finding out which 
variables did not have normal distributions, and which ones had little or no variance. In 
addition, his analysis was based on averages and from this determined the factor types 
based on multiple nominal points. His method agrees with the method presented in this 
section for determining factor types. Taguchi' s use of a few nominal points lies 
somewhere between analysis at a single point, the MLFP, and analysis for all v, and u,. 
His use of a collection of nominal points would be equivalent to tracking the partial 
gradients in U- and V-space over a number of design iterations. 

As an additional note, work by Ben-Haim (1996) coins the term "hyperplane 
separation" as a method to determine how much a variable can vary before the response 
exceeds some predefined limits. That work is similar to the above in the sense that 
hyperplane separation tries to determine to what degree a variable affects its response 
without using distributions. Instead, the work is based on intervals and uses the 
hyperplanes as a means to quantify the tangent plane between two expanding ellipses. 
The result is a mathematical estimation of the importance of each variable. 

4.1.3 Methodology 

Upon choosing design variables, V vg(V) and Vug(V) are reformulated such that, 
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(4.10) and (4.11) 

where 'vvg(V) is found by stacking 'v0 g(V), 'v5g(V), and v'Ng(V) and the first d u,'s 
in 'vug(V) correspond to 'v0 g(V), the next s u;'s correspond to 'v5g(V) and the 
remaining u;'s to 'v Ng(V), where D represents the design factors, S, the signal factors, 
and N, the noise factors. In addition, the gradient of our index J3 with respect to the 
design variables is found. Mathematically it is: 

(4.12) 

where v• is the value of the variables in V -space at the MLFP. 

Using the algorithm by Hasofer, Lind, Rackwi~ and Fiessler, the point in U-space 
is found and then converted to V -space through the transformations specified in 
Appendix A. If multiple margins exist, then 'v 0 (3 is n by m, where there are n design 
variables and m margins, and in order to maximize all J3' s, we need the gradient of the 
probabilities with respect to the design parameters. If we want to improve the probability 
of success, it is intuitive that we want to increase the 13 indices with respect to both the 
upper and the lower specification. However, it is obvious that we cannot change one 
without affecting the other. Madsen, Krenk, and Lind (1986) present the following 
derivation: 

a Pr( Success) = i: q,(J3 I ) aJ3 I 
ad ,.1 ad 

(4.13) 

where to improve the overall probability of success, we need J3 and its corresponding 
gradient with respect to the design parameters. The resulting weighted summation of the 
gradients tells us which way to move the design variables to increase the total probability 
of success. Using the value of the standard normal PDF at p; to weight its corresponding 
gradient causes margins with small 13' s to be weighted higher than margins with large 
13' s. When the weighted gradients balance out and the sum equals zero, the point of 
maximum probability of success is found. Thus, for the two-sided problem in Figure 3-3, 
the formulations are: 
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a Pr( Success) = (R ) af3 LSL + (A. ) a13USI. 
ad q, p LSl. ad q, p USL ad (4.14) 

a Pr( 1;;/Iure) = -<1>(-!3 LSL) a:: _ q,(-l3USL) a~: (4.15) 

In summary, the flow chart presented in Figure 4-9 captures the essence of the new 
method proposed. 

4.1.4 Computational Requirements 

The methodology presented in this chapter has three levels of computation (Carr 
and Savage 1996): 

1. Number of design optimiution iterations (Nop-r) 
• At each iteratio~ the Hasofer-Lind-Rackwitz-Fiessler {HLRF) algorithm 

is solved for each limit-state 

2. Number ofHLRF algorithm iterations CNHLRF) 
• At each iteratio~ the mar~ a function of the response, is evaluated -

typically less than 12. 

3. Number of iterations to find the solution of the system (Ns) 
• For a non-linear system, this is the number of Newton-Raphson algorithm 

iterations - typically less than 10. 
• For a linear system, the number of iterations is one. 

Therefore, the average number of response evaluations can be described as: 

(4. 16) 

where L is the number of limit-state functions. By counting the total number of response 
evaluations in the optimiutio~ this allows for comparison to the number of Monte Carlo 
simulations required to achieve the same improvement. 

4.1.5 Examples 

The following examples will compare previously solved problems to the results 
achieved through the method in this thesis to show that it achieves the same results or 
better. In additio~ the examples are chosen from a wide variety of fields to show the 
universality of the method. 

The first three examples are from publications that used experimental design and 
signal-to-noise ratios to improve quality. These examples all use experimental design on 
a mathematical model to improve the system. The first example is from Taguchi and 
Phadke ( 1984) and will be extensively detailed. The second example is from Bagchi and 
Templeton (1994), and the third example is from D'Errico and Zaino (1988). The fourth 
example compares a variance-transfer method (Xie 1994) to the probability approach. 
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From Systems 
Design Phase 

(Mathematical Model) 

No 

~ Use ag(V)/ov, and 
ag(V)/ou, to choose 
design variables ( control 

Design variables, 
noise factors, 
signal factors, etc. 
already specified 

>-------- and adjustment factors). 

Yes 

W Choose objective function 
for design optimiz.ation 
(i.e., min Pr(Failure) 

or max Pr(Success)) 

0 Use Hasofer-Lind-Rackwitz-Fiessler 
algorithm to find ~. V 0 g(V) and V ug(V). 
Use this information to find V 0 ~ and 
(VO Pr( Success) or VO Pr( Failure)). 

Find new design point (Optimization). 

No 

C STOP )t----•► Confirm Results 

The remaining variables 
are noise and/or signal 
factors. 

Specifications 
(One-sided or 
Two-sided) 

Figure 4-9: Design for Quality Flowchart 
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Design of a Temperature Controller Circuit 

Taguchi and Pbadke (1984) show off-line design for a temperature controller using 
experimental design. The goal was to find the highest signal-to-noise ratio for the 
resistive element RT-ON, the resistive value of when the relay turns on, given a variable 
resistor R3 used to set the desired temperature. The circuit is as follows: 

l 
Eo 

l Ri 
Figure 4-10: Temperature Controller Circuit 

Relay 

In the experimental design, R3 was chosen as the signal factor and R2 and Ri were 
converted to scalars of R1 (ex= R2/R1 and l = RJR1). The variables and their levels are 
given in Table 4-2 and noise factors in Table 4-3. 

Table 4-2: Control Factors and Levels 

Factor 
Levels 

1 2 3 
R1 2.67 4.0 6.0 
a 1.33 2.0 3.0 

A. 5.33 8.0 16.0 
Eo 8.0 10.0 12.0 
Ez 4.8 6.0 7.2 

Table 4-3: Associated Tolerances for Control Factors 

Factor Tolerance Levels(% of Nominal) 
(% of Nominal) 1 2 3 

R1 5 -2.04 0 2.04 
a 5 -2.04 0 2.04 
A. 5 -2.04 0 2.04 
Eo 5 -2.04 0 2.04 
Ez 5 -2.04 0 2.04 

The resistance value of RT at which the relay turns on is given as: 
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(4.17) 

As an aside, once the relay tlll'ns on, the resistance RT must reach a value of: 

(4.18) 

in order to tum the relay off. However, for this example Taguchi and Phadke only 
considered minimizing the variance of RT-ON• For comparison purposes, only RT-0N will 
be considered here too. 

Taguchi and Phadke compute 18 runs of the experimental design and find the 
optimal levels, i.e., highest signal-to-noise ratio, to be a - level 1, A - level 3. Eo - level 
1, and Ez - level 3, and find that R1 had little impact on the signal-to-noise ratio. The 
resistance RT at the optimal settings had a value of 1.4356 Ohms. 

To use the transformation method to solve this problem, the design variables have a 
normal distribution using the information given by Taguchi and Phadke. The starting 
values of the design variables (Box 2 in Figure 4-9) would correspond to the level 1 • s in 
the experimental design: 

Table 4-4: Design Variables and Associated Information 

Variable Mean Value Variation Constraints 
R1 2.67 ±5% 2.67 < R1 < 6.0 
(l 1.33 ±5% 1.33 <a.< 3.0 
A. 5.33 ±5% 5.33 <A.< 16.0 

Eo 8 ±5% 8.0 < Eo < 12.0 

Ez 4.8 ±5% 4.8 < Ez < 7.2 

and the signal factor, R3, is assumed to have a uniform distribution ranging from 
[0.898 ... 1.102] allowing the set-point represented by R3 to vary anywhere along the 
range. This assumption was made for R3 from the information given by Taguchi and 
Phadke - they stated that R3 would be set at three levels, 0.898, 1, and 1.102 kilo-ohms. 
to allow for the estimation of the linear and quadratic effects. In the probability 
approach, the assumption of a uniform distribution is the least biased to this information. 

These five design variable plus the signal factor are represented by the vector V, 
such that: 

(4.19) 

By setting some restrictions (i.e., upper and lower specifications) on the response, 
RT, say [l.35 ... 1.55] ohms (Box 3a in Figure 4-9), we can use the transformation method 
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and optimization to find an RT within the specifications that has the minimum variance. 
The choice of these specifications is arbitrary in this case, and represents that one wishes 
to find a resistance value between 1.35 and 1.55 ohms. The objective function used will 
be the maximization of equation (3.7), Pr(Success) (Box 3 in Figure 4-9). 

The two margins in this example become: 

"'1 = RT - LSL = RT - 13 5 

"'2 = USL- RT = 155- RT 
(4.20) 

Using the above design variables and their respective constraints, the initial design 
point is evaluated with respect to both margins to find (Box 4 in Figure 4-9): 

RT= 2.0943, f3 = [10.8256 -6.8086], and Pr(Success) = 0 

0.0000 0.0000 
0.0000 0.0000 

15050 -15721 
0.0334 -0.0349 

V0 g(V) = -0.0848 0.1062 and V ug(V) = -0.0075 0.0094 

0.1128 -0.1327 
0.0150 -0.0177 

-0.1606 02002 
-0.0128 0.0160 

0.1289 -0.1329 

where the first five rows in the above gradients are with respect to the design variables 
and the sixth row in V ug(V) corresponds to the random variable/signal factor R3. Note 
that f3 is positive for margin 1 and negative for margin 2, indicating that the current 
design satisfies the lower constraint on RT but not the upper constraint. In addition: 

0.0000 

11.1651 

V of3 = -0.6293 

0.8370 

-1.1912 

0.0000 

0.1587 

0.0000 

-112459 

0.7600 

-0.9492 

1.4320 

q,(-(3 LSI. )V 0(3 LSL = l.0e-24 x -0.0089 , and q,(-(3USL )V 0(3USL = l.Oe-9 x 

0.0119 

-0.0169 

combine to determine VO Pr(Success) : 
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0.0000 

-03852 

0.0261 , 

-0.0325 

0.0490 



0.0000 

-03852 

VO Pr(Success) = q,(-P I.SL)V oPLSL +q,(-PUSL)V 0(3USL = I.0e-9 x 0.0260 

-0.0325 

0.0490 

Looking at VO Pr(Success), if the probability of success is to be increase~ we need 
to decrease a, increase A., decrease Eo and increase Ez. Note that R1 has no effect on the 
probability. Taguchi and Phadke found the same in their analysis of variance. Since a 
and Eo cannot be decrease~ we can only increase A. and Ez. Using an optimization 
routine (Matlab 1994), a new design point is chosen. Since the design variables can be 
changed, the design is currently not optimal (Box 5 in Figure 4-9) - next iteration. 

Following boxes 4 and 5 until the optimal design point is found, the exact answer 
from Taguchi and Phadke is found: 

R1 = 2.67, a= 1.33, A.= 16.0, Eo = 8.0, and Ez = 7.2 

RT= 1.4356, p = [0.7859 1.1278], Pr(Success) = 0.6543, and 

0.0000 

-0.0513 

VO Pr(Success) = q,(-P LSL )V oP LSL + cp(-PUSL. )V oPUSL. = 0.0007 , 
-0.0029 

0.0036 

where a new design point cannot be found without the constraints being violated. The 
total number of iterations, NoPT, required to find the optimal solution, using Matlab 
(1994) optimization package, is 12, which included a total of 238 function evaluations 
CNF) of RT and 226 Hasofer-Lind-Rackwitz-Fiessler algorithm iterations( L N HI.RF). 

The major difference between model-based experimental design and the probability 
approach is in solving using discrete values (levels) and continuous values (distributions 
with mean and variance). In this case, the answers are the same since all the design 
variables go to their maximum or minimum values. Had the maximum signal-to-noise 
ratio occurred with variable combinations not on their extremes (i.e., on the boundary of 
their constraints), say ex = 1.6, the first iteration of experimental design would have had to 
choose between a at level 1 (a= 1.33) or level 2 (a= 2). The transformation method, 
however, would have found this point since it is not restricted to choosing from discrete 
values. The use of the Hasofer-Lind-Rackwitz-Fiessler algorithm along with an 
optimiz.ation method allows for selection of values anywhere within the constrained 
region. 
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As an extension to this example, the equation for RT-0N can be developed using 
modelling methods (Chandrashekar and Savage 1997). The system is described in the 
following model: 

1 1 
0 

1 1 
0 1 -+-

RI R3 R3 RI 
v.i 07 

1 1 
0 0 I 0 

~ 0 R4 R4 
1 

0 
I 1 

0 0 0 
v; 0 

-+- = (4.21) R3 R3 RT v; 0 
1 1 

0 
1 1 1 

0 0 Io Ea -+-+-
RI R4 ~ R3 ~ [_ E_ 
0 1 0 0 0 0 

I 0 0 0 0 0 

The first four rows of the matrix represent the current sums at each node, while the 
remaining two rows describe the voltage sources applied to the system. Solving the set of 
equations using MAPLE (1996) and matrix calculus (Graham 1981 ), we find the voltages 
into I and 2 are: 

V, = Js(E=R4 + E0R1 ) 

- R1R2 + JsR4 + R1R4 

For this circuit, the relay turns on when v; -V2 = 0. Solving for this we find: 

and simplifying we get: 

AV= E=(R.Ri.Rr + RIR4RT -JsR3~)-EaRJs(Rr + R3) 
(Rr + R3)(R1.Ri + Ri.R4 + R1R4) 

Ifwe set AV= 0 (the point at which the relay turns on) and solve for RT, we find: 

R _ R3.Ri(E=R4 +E0R,) 
T-ON - R1(E:R.z + E=R4 -E0R2

) 

(4.22) 

(4.23) 

(4.24) 

(4.25) 

1bis is the same as equation ( 4.17). If we further simply this expression using the ratios 
suggest by Taguchi and Phadke, RT simplifies to: 
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(4.26) 

It is clear from this simplification why they found R1 had little effect in the signal­
to-noise ratio. It doesn't exist in this relationship. In addition, by solving for optimal RT, 
the authors were simply trying to minimize the variation about the difference in voltages. 
av. 

A second method to solve this example is based on finding minimum variance 
about the point v; -V2 = 0. For a fixed (given) RT, the optimal values for a, A., Eo, and Ez 
can be found. This is a better formulation to the problem since the manufacturer may 
specify the temperature sensor resistance and the remaining components of the system 
may be easier to modify or replace than the sensor. So given a fixed RT and substituting 
R2 = a*R1 and~= )..*R1, (substitutions from Taguchi and Phadke 1984), then Vi-Vi is: 

av= £:(a.RT +A.RT-aA.R.3)-Eoa(RT + R3) 
( RT + R3 )( a + al +A.) 

(4.27) 

Setting an upper and lower bound of 0.0001 and -0.0001 Volts on the difference. 
we use the transformation method and optimization to find the optimum design, with R3 

= (0.898 ... 1.102] and RT= l.4356, the optimal value found from Taguchi and Phadke's 
first design iteration. We find: 

a= 1.33, A= 16.0, Eo = 8.0, Ez = 7.2 

after 7 iterations of the optimization routine, which included 215 function evaluations of 
av, and 208 Hasofer-Lind-Rackwitz-Fiessler algorithm iterations. The probability of 
success associated with the design settings is Pr(Success) = 0.0061. Note that the optimal 
settings determined are the same as those found by Taguchi and Phadke. 

The advantage of the modelling methods lies in the ability to choose any aspect of 
the system as a quality characteristic to be studied. In this one example, two different 
formulations, RT and av, were solved for. The problem could have been expanded so 
that resistors R2 and~ are not simplified. This step was necessary only for comparison 
of answers with Taguchi and Phadke. The modified temperature controller circuit by 
Belavendram (1995) did not make this simplification. By allowing the resistor design 
variables to be modified independently, the design variables could be as in Table 4-5. 

Table 4-5: Independent Resistor Design 

Variable Mean Value Variation Constraints 
R1 4 ±5% 2.67 < R1 < 6.0 
R2 5.32 ±5% 3.55 < R2 < 18 
~ 96 ±5% 14.23 < &. < 96 
Eo 8 ±5% 8.0 < Eo < 12.0 
Ez 7.2 ±5% 4.8 < Ez < 7.2 
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The mean starting values for this problem will be the results found from the 
previous formulation. Using the probability approach to optimize the design of equation 
(4.25) with constraints on the voltage difference of [-0.1. .. 0.1], we find the optimal point 
at: 

R1 = 4.3306, R2 = 5.5536, !ti= 95.9996, Eo = 8.0079, and Ez = 4.8000 

with Pr(Success) = 0.7715 and a nominal difference of 0.00098. Note that the optimal 
point suggested is different from the optimal point where the resistors where ratios. For 
comparison, that Pr(Success) using the constraints of [-0.1. .. 0.1] is 0.5543. Therefore, 
by allowing the resistors to vary independently, we can find a design point with a higher 
probability of success. 

To take this example one step further, the above resistors will be replaced with 
normal distributions with the center missing with t = 0.05 (i.e., the center 10% of the 
distribution is missing). Figure 4-11 shows a sample PDF of a resistor with the middle 
10% missing. Appendix A.1.6 shows the mathematics associated with this distribution. 

µ 

Figure 4-11: Distribution for a Resistor with the Center 10% Missing 

Solving the problem again with R1, R2, and R. missing the center 10% of their 
distributions, the following solution is found: 

R1 = 4.3966, R2 = 5.6149, !ti= 95.9944, Eo = 8.0766, and Ez = 4.8000 

with Pr(Success) = 0.7458 and a nominal difference of 0.0016. This was confirmed with 
a Monte Carlo Simulation that estimated the probability of success to be 0. 7550. An 
interesting result of this approach is that removing the middle 10% of the three resistors 
only reduced the probability of success by 0.026; not a great amount considering the 
center 10% of the resistors' distributions were missing. Using the profiling method from 
Chapter 6, we can see the CDF for each of the results - Figure 4-12 (a) represents the 
approximated CDF with all resistors having normal distributions, and (b) with R1, R2, and 
R. having the normal with center missing. Note the slight leveling of the CDF around the 
mean in (b). 

0 ---==---------
-0., -0.2 0 0.2 o., ·• . ·• 2 • • 2 .. 

Figure 4-12: (a) CDF with all resistors having normal distributions (b) with all 
resistors having normal distributions with the center 10% missing 
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Design of a Thin Film Re-Distribution Layer 

The example detailed by Bagchi and Templeton (1994) was a design problem 
encountered by IBM in Kingston, Ontario. Target circuit impedance of 85 ohms was 
required in addition to minimization of variability subject to manufacturing variations. 

Z = 87ln(5.98A/(0.8B + C))/ .J( e+l.41) 

The design variables are: 

Table 4-6: Design Variables and Associated information 

Variable 
A - Insulator Thickness 
B - Conductor Line Width 
C - Line Height 

Constraints 
20 < A < 30 (µm) 

12.5 < B < 17.5 (µm) 
4<C <6 (µm) 

withe, the dielectric constant, equal to 3.094539. 

Variability 
± 1 (µm) 

±0.67 (µm) 
±0.33 (µm) 

(4.28) 

The Bagchi and Templeton method was based on variance transmission through 
target constraints. In order to find the relationship of the output variance to the variables' 
variances, a procedure from Taylor ( 1991) was used to obtain: 

cr~ =a1cr~ +(a2cr~ +a3crn/(0.8B+C) 

+a4cr~ /A+ ( a 5cr~ + a 6cr~ )/(0.8B + C)
2 

+a1cr~cr;) A +a8cr~cr~/ A +a9cr~cr~/(0.8B+ c)2 

(4.29) 

This equation was used to find the minimum variance of the response, Z. In 
addition, they noted that the constraint Z = 85 ohms simplifies the problem to 
A = constant x ( 0.8B + C) leaving only one design factor, A. Using this constraint to find 
B and C, the Z = 85 ohms specification. Their results were [ A B C] = [26.6 17 5 6]. 

Using the transformation method, this problem can be modelled two ways. The 
first is to assume that A, B, and C are normal with the variability representing ± 3a. The 
second is to assume that A, B, and C are uniform with the variability representing ll, the 
width of the interval. In this example, if the value 26.6 is used as the center point for A, 
it would have a width of2 µm and range from 25.6 to 27.6 µm. 

Regardless of which assumption made, if we sent an upper and lower bound of 
84.999 and 85.001 ohms on equation (4.28) to constrain the function to be approximately 
85, the transformation method and optimization converge to the same point as found by 
Bagchi and Templeton. For the normal assumption, we find Pr(Success) = 0.0119 after 7 
iterations, 28 function evaluations, and 28 Hasofer-Lind-Rackwitz-Fiessler algorithm 
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iterations. For the uniform assumption, Pr(Success) = 0.0050 with 8 iterations, 32 
function evaluations, and 32 Hasofer-Lind-Rackwitz-Fiessler algorithm iterations. 

Design of a Hollow Cylinder 

The design of a tube under a torsional load based on probability of failure was first 
discussed by Tribus (1969) and later solved using design of experiments and Taguchi's 
methods by D'Errico and Zaino (1988). It was a design problem considering the 
maximum stress caused by a twisting moment on a hollow cylinder (see Figure 4-13). 

Figure 4-13: A Hollow Cylinder undergoing a twisting moment 

Mathematically, the shear stress is defined as: 

(4.30) 

where the design variables are shown in Table 4-7 and the noise factors in Table 4-8: 

Table 4-7: Design Variables 

Design Variable Mean Standard Deviation 
a - outside diameter 2.4 0.02 
b - inside diameter 2.0 0.02 

Noise Factor 
M-moment 
T-strength 

Table 4-8: Noise Factors 

Mean 
1200 
900 

Standard Deviation 
60 
90 

D'Errico and Zaino develop a modification to Taguchi's method so as to 
approximate normal distributions using only three points in an experimental design. 
Their results allowed them to evaluate the probability of failure defined by them as: 

Pr( Failure)= Pr( -r > T) = <l>(;T - µr ) 
cr2 +cr2 

T T 

(4.31) 
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where the expression in the brackets is identical to Cornell's index when the specification 
has a variance (see Madsen, Krenk, and Lind (1986), Melchers (1987) for further 
discussion), and is their approximation for 13. So by approximating normal distribution 
through three points for each factor, the authors were able to evaluate the above 
probability. 

To solve this problem with the transformation method, the only requirement is 
some constraints on the variables a and b. Referring to D'Errico and Zaino's paper, we 
can use the following constraints to aid on our comparison of answers: 

Table 4-9: Constraints on Design Variables 

Variable 
a - outside diameter 
b - inside diameter 

Constraints 
2.3 76 < a < 2.424 
1.976 < b < 2.024 

In the experimental design, they find the design factor combination that minimize 
shear stress, "t, given the variability in Mand T, occurs at a= 2.424 and b = 1.976. Using 
the transformation method, we formulate the margin/limit-state surface as: 

(4.32) 

Note in this example that the specification, T, is a random variable unlike the other 
examples where the specification was simply a value. Optimizing for minimum failure, 
we use the objective function, Pr(Failure) = ct>(-~), and find the results in Table 4-10. 

Table 4-10: Values from Probability Approach 

a 2.424 
b 1.976 
"t 768.42 

13 1.2034 
Pr( Failure) 0.1144 

The design values are the same as D 'Errico and Zaino and are found in 4 iterations, 
31 function evaluations, and 23 Hasofer-Lind-Rackwitz-Fiessler algorithm iterations. 
The "t corresponds to the average of three values of 't found in the experimental design 
when a= 2.424 and b = 1.976 and M = [1126.52, 1200, 1273.48]. Where D'Errico and 
Zaino took 27 runs to calculate the optimal point, our method took 31. However, their 
method was only calculating 3 factors at 3 discrete levels while our method was 
calculating 4 factors, all continuous variables. If any or all of the factors in the example 
had been of another distribution type, the method presented by D 'Errico and Zaino could 
not be used. However, as long as the probability transformation can be found, our 
method is capable of handling arbitrary distributions. 
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If we widen the constraints to 1.8 < a < 3.0 and 0.5 < b < 2.5, we can search for a 
combination of a and b that gives us Pr(Failure)::::: 0. It occurs at a= 3.0 and b = 0.5, and 
,: = 226.5 with 13 = 7.4142 and Pr(Fai/ure) = 0.6x10·13

, and is found in 58 iterations, 498 
function evaluations, and 382 Hasofer-Lind-Rackwitz-Fiessler algorithm iterations. 
However, to conserve cross-sectional area, we could have specified a failure probability 
(e.g., ~ = 4.2649 or Pr(Failure) = 0.00001). This gives an answer of a= 3.0 and b = 
2.55507, with,:= 477.71, and a savings of 19.7 in2 in the cross-sectional area 

Design of a Servo-Control System 

Illustrated in Figure 4-14 is a multi-disciplinary system; a servo-control system to 
be optimized for two load types. 

Figure 4-14: Servo-Control System 

This servo-control system is comprised of both an electrical and mechanical sub-system. 
The corresponding system graphs can be seen in Figure 4-15. 

2 b d 

8 

e 
8m 

(a) (b) 

Figure 4-15: System Graph of Servo-Control System for 
(a) Electrical Sub-system and (b) Mechanical Sub-system 

where the electrical representation of the system is depicted in (a) and the mechanical 
portion of the system in (b ). Due to the interdisciplinary nature of the problem, there are 
two hybrid components in the system. The through variables are 
y = [i, ,i2 ,i3 ,i4 ,i5 ,i6 ,i1 ,i9 , '.fa, 2';0 , 2'; 1 f and the across variables are 

X = [v,, V2, V3, V4, Vs, v6, V7, V9,tVg,lV10,lV11r, i.e., the currents and torques (through) and 
voltages and shaft speeds (across). Orientations of the through and across measurements 
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are represented by the system graphs shown in the figure above, the currents and voltages 
associated with (a) and the torques and speeds with (b). 

Using the Mixed Nodal Formulation of GTM, the following set of equations is 
found (Xie 1994). They are given in matrix form for ease of understanding and use. 

..L _..L 0 0 0 0 0 0 v.,(s) 0 R, R, 

_.,L ..L+..L+..L _.,L 0 _.,L 0 0 0 0 v6 (s) 0 
R, R, R, R, Iii R, 

0 _..L ..L 0 0 l I 0 0 vc(s) 0 R, R, 

0 0 0 2J(s) 0 0 -K -K 0 a,d(S) 7;,(s) (4.33) 
0 _.l.. 0 0 ..L 0 0 l 0 v~(s) = 0 R, R, 

0 A 0 0 0 0 0 0 i5(s) 0 

0 0 1 -K 0 0 -R,,, 0 0 i1 (s) 0 

0 0 0 -K 0 0 -R,,, 0 i9(S) 0 

0 0 0 0 0 0 0 0 i1{s) v,(s) 

The initial values of the system parameters can be found in Tables 4-11, 4-12, and 4-13. 

Table 4-11: Design Variables 

Design Mean ± 3cr Constraints 
A 50000 ± 10% 25000 SAS 75000 
R2 15000 ± 10% R2 ~ 10000 
R1 1650 ± 10% R1 ~ 1000 
Rm 10 ± 10% 8 SRm S 12 
K 1 ±5% 0.8 SKS 1.2 

and 

Table 4-12: Noise Factor 

Parameter Mean ± 3cr 
Vi 10 ± 10% 

and two different load conditions (Signal factor): 

Load 
(a) Tu 
(b) Tu 

Table 4-13: Signal Factor 

Distribution 
Normal(µ= 1000, a= 66.667) 

Uniform(S00 ... 1200) 

In addition, J is a constant equal to 0.000001. 
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The speed of the shaft at D is specified to be, at steady state, between [900 ... 1100] 
with maximum quality. The equation for the shaft speed at steady state is: 

Q = 2R,,,2T +2R.3R,,,T; 1 + RzR,,,7; 1 + AR,,,21;1 + AR3R,,,T;1 +vif(R,,, -v1AKR,,,-v1AKR3 ( 4_34) 
d K2(Ri +2R.3 +4R,,, + ARz + AR.3 +2AR,,,) 

Note that it is not dependent on J. Solving the initial system and determining the 
probability of success, we find for condition (a), a normally distributed load. that 
Pr(Success) = 0.723875. For condition (b), a uniformly distributed load, the Pr(Success) 
= 0.457919. 

Using Matlab to find the optimal design point, we find: 

Table 4-14: Optimal Design Points for Servo-Control System 

For Normal Tn For Uniform Tn 
Pr(Success) = 0.723953 Pr(Success) = 0.462586 
A = 49999.9999 A = 49999.999 
R.2 = 15000.0000 R.2 = 15000.0000 
R3 = 1650.0106 R.3 = 1650.00000 
Rm = 12.0000 Rm = 10.0066 
K = 1.0966659 K = 1.017336 

ild = 993.889 ild = 962.003 

NF = 1283 NF = 542 
NoP'f = 142 NoP'f = 45 
E°NHLRF = 1141 E°NHLRF = 497 

The corresponding V and U vectors are: 

A U A 

R.2 URz 

V= R3 and U= UR1 

R,,, UR. 

K UK 

For this system, by looking at the 'v 0 13 for each limit-state under each load, it is 
clear that the solution is extremely sensitive to any perturbations in K. 
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-0.0000 0.0000 -0.0000 0.0000 

-0.0006 0.0007 -0.0004 0.0005 

V D~Nonna/ = 0.0058 -0.0060 • VD~ Unifonn = 0.0030 -0.0043 

0.8953 -0.9240 05895 -0.8002 

-19.1040 205170 -11.4919 15.8452 

In fac4 the gradient information shows that K's effect on p is two orders of magnitude 
greater than Rm and several for the remainder of the design variables. 

Had we studied the og(V)/av, and og(V)/ou, for the design variables at each 
margin, we would have found: 

-0.0000 -0.0060 

-0.0538 -26.9121 

0.4902 , V ugLSL (V) = 26.9603 and 

90.8998 30.2999 

-1797.4049 

0.0000 

0.0662 

-29.9567 

V vguSL (V) = -0.5934 , V ug,JSL (V) = 

0.0072 

33.1066 

-32.6349 
-110.0789 -36.6930 

2206.5466 36.7758 

showing that Rm and K have the greatest effect in both V and U space and thus should be 
control factors. A is a neutral factor and R2 and R3 could be consider noise because they 
only effect the variance of the system. If R2 and R3 were to remain as design variables, 
their variances should be considered the control factors, not their mean, since adjustment 
of their mean has little or no effect on the value of the function. 

Xie's Variation of the Servo-Control Example 

Using the same servo-control system, Xie (1994) formulated the problem to deal 
with the mechanical time constan4 't. In addition, Xie's set did not distinguish R2 from 
R3. She simply set R2 = R3 and called it R. 

The system of equations can be solved to find the shaft speed, ~(s), in Laplace (s) 
domain. The inverse-Laplace transformation of the equation the shaft speed equation in 
the time (t) domain. It is: 

(4.35) 

where the information of interest is contained in C. The mechanical time constan4 't, is 
equal to the inverse of C. Thus, -r is: 
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1 2JR,,,( AR+ AR,,,+ 2R + 2R,,,) 
't' = - =--.;.._---------'-

c K 2 (2AR+2AR,,, +3R+4R,,,) 
(4.36) 

This design exercise seeks to find the highest probability of success that the mechanical 
time constant, ,:-, lies between 0.0622 and 0.0628. In addition, a target value of 0.0625 is 
set. Using the design variables as [A, R, J, K, Rm], with constraints on the parameters: 

10000 S A s 50000 

1000 s R s 10000 

0.00000010 S J s 0.00000200 

0.01 s Ks 0.05 

lSRmslO 

Using Xie's optimum point found, 

A =50000 

R = 1200 

J = 0.00000066 with,:-= 0.062455 and Pr(Success) = 0.0468766 

K = 0.01028 

R,,, = 10 

as the starting point and [LSL..USL] as [0.0622 .. 0.0628], Matlab optimization finds the 
optimal design point after 22 iterations as: 

A =50000 

R=1200 

J = 0.000002 with,:-= 0.062565 and Pr(Success) = 0.046888 

K = 0.017879 

R,,, = 10 

This is intriguing since this is not the answer that Xie received. In fact, the problem 
is completely insensitive to any change in A ( changes in the order of 10~ or R ( changes 
in the order 10~ over the entire range of each design variable. Thus, they can be 
considered neutral and can be chosen at any value suitable to the design (or to cost). 

To understand why this value was picked as optimum, we consider the methods 
used to choose the optimum point. Xie used a weighted function of variances and 
minimized the function, SwcCJ!wc)-

(4.37) 
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where S;,(µd) represents the partial derivative of functio~ -r, with respect to D evaluated 

at the nominal values, J.ld, and where D is the respective design variable. 

The inherent problem with this method lies in choosing the weightings for each 
derivative. In Xie's case, the weighting were based on results obtained by Hajdukiewicz 
(1993). 

In the probability-based design method however, the optimization routine 
maximizes a function, in this case the probability of success, using supplemental gradient 
information. This method requires no prior knowledge of the variance importance levels, 
interactions, or weightings. The changes to the optimum point are found through 
summation of the normalized gradients at each specification limit, i.e., equation ( 4 .14 ), 
the gradient of the probability of success. 

In this example, at the two differing points, the probability gradients are: 

Table 4-15: Comparison ofXie's and Probability Gradient found by Matlab 

Probability Gradient information at 
Xie 's optimum point 

A - 0 -

R 0 

J 31087.8411 

K 05625 

R,,, - 0.0021 

Probability Gradient information 
at Matlab 's optimum point 

- -
A 0 

R 0 

J 40512989 

K 1.7126 

R,,, - 0.0008 

Note that the design variable Jhas a large effect at the chosen optimum point. However, 
the point chosen by Matlab is less sensitive to changes in variable values than the point 
chosen by Xie. In fact, there is an order of magnitude difference. In the point selected by 
the Matlab optimization routine, J is taken to its upper limit and according to the 
probability gradient given above, a more optimum point could be found by relaxing the 
upper limit and increasing J. 

4.2 Multiple Quality Characteristic Optimization 

Having established the method for single response design optimization using the 
probability approach and the transformation method, an extension to multi-response 
design is necessary to approach real-world applications. The problem becomes: 

max Pr(Success) for all responses simultaneously 

Section 4.1 showed that for two limit-state surfaces on a quality characteristic, the 
optimization objective becomes the probability of success or failure, equation (3. 7) or 
(3.8), for that response. In the case of multiple responses, the probability of success can 
be found for each response using the associated ~ 's for its respective response. There can 
only be one or two ~ 's associated with a response, representing the distance from an 
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upper or lower specification (in the first case), or both (in the second case). So the 
problem becomes 

max 13, for all i = 1, • • ·, L simultaneously (4.38) 

where L is the number of limit-state functions. Given that ~; can be calculated using the 
transformation method, a method is required that considers all Ws simultaneously. 

There have been numerous papers and methods for optimizing multiple responses. 
In a paper by Pignatiello, Jr. (1993), several strategies are detailed for handling systems 
with multiple responses. Pignatiello discusses: 

1. A Loss Function for Multiple Quality Characteristics 
2. A Response Model-Based Strategy 
3. Priority-Based Approaches 
4. Computer Graphics-Based Approaches 

Within these approaches, the second and third strategies are applicable to the model­
based approach in this thesis. The third strategy, however, relies on choosing a primary 
response to be optimized with all other responses constrained. This approach, while 
common (Myers and Carter 1973) (Biles 1975), is not suitable for the methodology 
within this thesis. It requires assumptions to be made about importance of responses that 
cannot be made without user input, or a restructuring of the problem. 

The second strategy is based on a response surface being obtained and then using a least 
squares approach to determine the expected loss (squared deviation from target). A 
similar approach is used by Antreich, Graeb, and Wieser ( 1994 ), Low and Director 
( 1989), and Lightner, Trick, and Zug ( 1987). They use the following weighted function: 

L 

min ~k, -exp(-a-13,) (4.39) 
1ml 

where a = 2 and k, = 1, giving the least squares formulation: 

(4.40) 

From this formulation, if all specifications are satisfied, i.e., all (3's are positive, then the 
corresponding component of y, i.e., exp(-13,), has a value between 0 (if (3; = oo) and 1 (if 

(3; = 0). If a specification is violated, i.e., (3; < 0, the component has a value greater than 
1. This formulation handles nominal design, yield optimization, and design centering 
(Antreich, Graeb, and Wieser 1994). Their paper compares (4.40) to these three methods 
and shows: 

1. It ensures that a feasible solution is found if present (Nominal Design). 

2. The probability of success for each quality characteristic is maximized. The 
method is a form of Yield Maximization (see Section 2.1.1, equation (2.3)). 
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3. The design is centered in the acceptable region. This is identical to Design 
Centering (see Section 2.1.1). 

Figure 4-16 shows a system in U-space with two responses to be optimized. The above 
method seeks to move the nominal point in U-space to the geometrical center of the 
constraint region (indicated by the arrow). Doing this satisfies the above three points. 

~/-
Rcsponsc2 

Specifications 

Ut 

Figure 4-16: Nominal Design, Yield Maximization, and Design Centering 

Since this method has been proven to work for this class of problems, it will be 
used in this thesis as a means to optimize multiple response problems. This does not 
imply that other methods cannot be used or explored. However, in using this 
optimization approach to multiple responses, gradient information of the objective 
function with respect to the design variables is needed. Taking the derivative of equation 
( 4.40) with respect to the design variables. it yields: 

L 

v[y r Y] = L -2v7 0~, -exp(-2~,) ( 4.41) 
, .. 

In order to illustrate the multiple quality characteristic optimizari.on, three examples 
will be shown. The first and the last problem attempt to maximize the probability of 
success of two quality characteristics, while the second problem is formulated differently. 
The problem is to minimize cost of the system while meeting or exceeding a specified 
level of quality for each response. 

4.2.1 Examples 

The first is a detailed example of a simple non-linear two-pipe, one source, two­
demand problem and the second example is a complex non-linear eight-pipe, one source, 
six-demand problem from Lansey, Duan, Mays, and Tung (1989), and the third is the 
optimization of a teacup design suggested by Savage. 

Non-Linear Two-Pipe Problem 

The following figure depicts a non-linear two-pipe system (Carr and Savage 1996): 
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1 A 2 B 3 C 

4 5 

h1 = 196.8 ft. 

Figure 4-17: Simple Two-Pipe, One Source, Two-Demand System 

The system is characterized by a source and two demands, all random normally 
distributed. The specifications for the system are: 

90 psi < hb < 130 psi 

90 psi< he< 130 psi 

where the heads at each of the two nodes are constrained to lay between a lower 
specification limit, e.g., minimum pressure in the system is required to ensure supply, and 
an upper specification limit, e.g., safety design limit for the pipe so that it doesn't burst. 
The purpose of this example is to choose the diameters of the pipes such that the 
probability of being within the specifications at each node (i.e., both hb and he lie between 
90-130 psi) is maximized. 

For this problem, the following information is given. The non-linear constitutive 
equation for the pipes is the Hazen-Williams equation: 

Cd2.63 

----,,....ho.s4 = 0 
q (ki)0.54 (4.42) 

where q and h represent the flow and head in the pipe, C is the pipe roughness, d is the 
diameter of the pipe in inches, and the variables k and / are constants representing a units 
conversion constant and the pipe length in feet, 852000 and 3280 respectively. 

The design and noise factors are given in the following tables: 

Table 4-16: Noise Factors 

Factors 
Ci - Coefficient of Roughness 
C1-Coefficient ofRoughness 

h1 - Source Head 
q4 - Demand at B 
qs - Demand at C 
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Mean 
100 
100 

196.8 
1.547 
1.547 

± 3cr 
±20% 
±20% 
±20% 
±20% 
±20% 



Table 4-17: Deterministic Design Factors 

Factors Initial 
9.5 
11.7 

Constraints 
8 Sd2 S20 
8 Sd3 S20 

Solving the system using the optimal points found by Carr and Savage through 
minimization of co54 we find: 

and 

[

h0
] [196.8000] 

hb = 1193352 

he 1115538 

Pr(Success) at hb = 0.6146 

Pr(Success) at he = 0.7323 

Using ( 4.40) as the objective function and ( 4.41) as the gradient of the objective function. 
the initial evaluation in Matlab gives: 

yry =05523 and 'v(yry]= [
l.1262] 
0.0090 

The gradient information indicates that we need to decrease both design variables 
to find the next design point. Note that d2 is to be decreased more than d3. The next 
design point is: 

givmg 

Table 4-18: Second Design Point 

Factors Value 
9.2315 

11.6910 

[
-2.0746] yr y = 0.6455 and v(y r Y] = 
-0.1087 

indicating that the design variables should be increased. After 20 iterations, 1501 
function evaluations (through Newton-Raphson), and 334 HLRF algorithm iterations, the 
optimal design point is found: 

68 



with 

Table 4-19: Optimal Design Point 

Factors Optimal 
d2 9.3206 
d3 16.6904 

[

h0
] [196.8000] 

hb = 111. 7986 

he 110.4193 

Pr(Success) at hb = 0.7190 

Pr(Success) at he = 0.7208 

[
0.00000009] 

Y r Y = 0.4621 and v[ Yr Y] = o.00000001 

Note that the objective function use~ equation ( 4.40), approximately centered the head at 
B and C in the specification [90 .. 130] and approximately equalized the probabilities of 
success. 

Lansey, Duan, Mays, and Tung Water Distribution Example 

The following Figure 4-18 depicts an eight-pipe system from Lansey, Duan, Mays, 
and Tung (1989). The system is characterized by one probabilistic source and six 
probabilistic demands. In addition, the equations for the pipes ( 4.42) are non-linear with 
probabilistic elements. 

The design of the water distribution system concerns the ability of the system to 
supply the demands at the nodes within the system at required minimum pressures. 
Lansey et al. ( 1989) wish to design the system for minimum cost for a required 
probability of success. The required minimum pressure at each node is 100 ft. 

The paper by Lansey et al. (1989) defines a methodology for finding minimum cost 
given constraints. The constraints are related to the probability of success at each node 
(i.e., Pr{h; ~ 100 ft) ~ 0.99). The cost function used was: 

COST= 033 lLDI.SI (4.43) 

and the method was chance-constrained (Chames and Cooper 1963), (Chames and Sterdy 
1966). Starting with their optimal solution for minimum Pr(Success) > 0.99, the noise 
and design factors are found in Tables 4-21 and 4-22: 
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q9= 1.0 MGD 

1 A 

ho= 196.8 ft. 

q12= 1.15 MGD qu= l.0MGD 

qu= 1.25 MGD 

Figure 4-18: Eight-Pipe, One Source, Six-Demand System 

Table 4-20: Noise Factors 

Factors 
C 1- Coefficient of Roughness 
C 2- Coefficient of Roughness 
C 3 - Coefficient of Roughness 
C4 - Coefficient of Roughness 
Cs - Coefficient of Roughness 
C6 - Coefficient of Roughness 
C 1 - Coefficient of Roughness 
Ca - Coefficient of Roughness 
ho - Source Head 
q9 - Demand at B 
q 10 - Demand at C 
q11-Demand at D 
q12-Demand at E 
q13-Demand at F 
qu- Demand at G 

70 

Mean 
100 
100 
100 
100 
100 
100 
100 
100 

196.8 
1.00 
1.00 
1.00 
1.75 
2.00 
1.25 

er 
10 
10 
10 
10 
10 
10 
10 
10 
10 

0.25 
0.25 
0.25 
0.25 
0.25 
0.25 



Table 4-21: Lansey et al.'s Optimal Design Point 

Control Optimal 
23.0 

8.4 
20.1 
10.9 
15.6 
11.9 
0.0 
0.0 

and again, the variables k and I are constants of values 852000 and 3280 respectively. 
Using the probability approach and the transformation method, we can optimize for 
maximum probability of success for a given cost. Setting the cost constraint to the 
minimum cost found in Lansey et al., after 10 iterations, 1755 function evaluations, and 
289 HLRF algorithm iterations, we find the optimal design point in Table 4-22. 

The design points give yr y = 0.00001295 , compared to y r y = 0.00043 183 from 
Lansey et al. In addition, the solution is very close to that found by Lansey et al. Note 
that pipes 7 and 8 are removed from the system in the optimal design. Since the problem 
is focused on both probability and cost, pipes 7 and 8 are redundant. According to the 
gradient information (Section 4.1.2), they are very close to being neutral factors, 
Therefore, they are the first to be reduced in size for cost reasons. 

Table 4-22: Optimal Design Point found by Swan's method 

Control 

Optimizing the Design of a Teacup: 

Optimal 
22.9 

8.9 
20.0 
10.8 
15.8 
11.8 
0.0 
0.0 

This example comes from recent work done by Chandrashekar and Savage ( 1997) 
and relates the lumped parameters we normally design with to the physical components 
of the system. The system under study is a teacup, shown in Figure 4-19. However, 
there is one distinct difference between this teacup and a regular teacup. The jacket of 
this teacup has a water-core to help absorb the excess heat from the tea and retain it to 
keep the tea warmer longer. In the analysis by Chandrashekar and Savage, only nominal 
design was done. To further improve his design, we can use the probabilistic design 
methods from this thesis. By assigning "quality" specifications to the response, e.g., 
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target time to cool and minimum hold time, optimization can be performed using these 
specifications as constraints, and the probability that they are met as the overall function 
to be maximized. 

Figure 4-19: A New Teacup 

So the problem can be formulated as follows: The variables of the system are 
found in Table 4-23. 

Table 4-23: Teacup Variables 

Variable 
z, Height of Cup (m) 
r, Radius of Tea (m) 
dS, Thickness of Separator (m) 
dJ, Thickness of Jacket Cavity (m) 
di, Thickness of Insulation (m) 
kS, Conductivity of Separator (W/m-°C) 
kl, Conductivity of Insulation (W/m-°C) 
hT, Convection Coefficient of Tea Interface (W/m-°C) 
hW, Convection Coefficient of Water Interface (W/m-°C) 
den, Density of Water (kg/m3

) 

cW, Specific Heat of Water (J/kg-°C) 

Type 
Design 
Design 
Design 
Design 
Design 
Noise 
Noise 
Noise 
Noise 

Constant 
Constant 

Ranges are given for each of the design variables and nominal values for the noise 
variables. Both variable types will be assumed to be normally distributed with± 3cr = ± 
5% of the nominal value. 

Table 4-24: Teacup Design Variable Ranges 

Design Variables 
z, Height of Cup (m) 
r, Radius of Tea (m) 
dS, Thickness of Separator (m) 
dJ, Thickness of Jacket Cavity (m) 
di, Thickness of Insulation (m) 
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Design Range 
0.05-0.15 

0.015-0.035 
0.0005-0.0020 

0.005-0.020 
0.005-0.020 



Table 4-25: Teacup Noise Variables and their Variation 

Noise Variables 
kS, Conductivity of Separator (W/m-°C) 
kl, Conductivity of Insulation (W /m-°C) 
hT, Convection Coefficient of Tea Interface (W/m-°C) 
h W, Convection Coefficient of Water Interface (W/m-°C) 

Table 4-26: Teacup Constants 

Constants 
den, Density of Water (kg!m3

) 

cW, Specific Heat of Water (J/kg-°C) 

Value 
0.70±5% 
0.05 ± 5% 
39.5 ± 5% 
36.9± 5% 

Value 
4200 
1000 

From the work done by Chandrashekar and Savage, we can find the symbolic 
time/temperature relationship of the tea as a function of the design and noise variables: 

Temperature = f ( z,r, dS, dJ ,di, kS, /cl, hT,h W,den, c W, t) 

where t is time in seconds. The function is of the form: 

_, -, 

where k1 and k2 are coefficients composed of the different variables and t1 and t2 are the 
time constants, which are be found from the characteristic polynomial. They are: 

Chandrashekar and Savage ( 1997) give further details on the development of this model. 
Also specified were constraints on the temperature/time relationship. They are: 

(a) temp = 70°C (± 2°C) at target time of 600 seconds (10 minutes). This is the 
time to steep and cool. 

(b) temp;::: 45°C at time greater than 3000 seconds (50 minutes). This allows for 
40 minutes of drinking time. 

These constraints can be formulated into Figure 4-20. The temperature response must 
fall between the specifications at t = IO minutes and above the specification at t = 50 
minutes. Since we know that the temperature of the tea will only decline, we can 
optimize the design by checking the temperature at t = IO and t = 50 only. If the response 
is within specification at these two points, then the design will be accepted. 

73 



IOO"C 

T cmpcrature 

45°C 

0 
IO minutes 

Time 
50 minutes 

Figure 4-20: Specification on Teacup Design Properties 

Using Maple to generate the derivatives of the temperature/time function with 
respect to the design variables and noise variables, the gradients required for the Matlab 
routines are found. The result is the following design: 

Table 4-27: Teacup Optimal Design Point 

Design Variables 
z, Height of Teacup (m) 
r, Radius of Teacup (m) 
dS, Thickness of Separator (m) 
dJ, Thickness of Jacket Cavity {m) 
ell, Thickness of Insulation (m) 

with the following temperatures: 

Value 
0.0843 
0.0150 
0.0005 
0.0050 
0.0200 

Table 4-28: Teacup Design Temperatures and Probabilities 

Time 
10 minutes 
50 minutes 

Temperature 
72.94 °C 
44.42 °C 

Probability of Success 
0.51% 
7.08% 

Note that the probabilities of success are very small, even with the temperatures 
very close to the specifications. This is because the response function variance is very 
small. By looking at the above results, we can deduce that at the first specification 
49.49% of the response lies between 72-72.94 °C, a one-degree spread. At the second 
specification almost the same amount of the distribution, 42.92%, now lies between 
44.42-45 °C, 0.6 of a degree. The variance of the response is reducing as time increases. 

However, the specifications set by Chandrashekar and Savage have not been met. 
Looking at the design suggested by Matlab, it is clear that four of the five variables are at 
the limits of the ranges imposed in the design. In order to get a better design, either the 
design ranges need to be modified, or the conductivity properties could be changed by 
using different materials. 
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4.3 Modelling Complex Systems 

Often today, the system design phase now provides a quantitative description of the 
system and its responses. Through the use of Graph-Theoretic Modelling 
(Chandrashekar, Roe, and Savage 1992), Bond Graph Theory (Paynter 1968), System 
Dynamics (Rowell and Wormley 1997), Response Surfaces (Myers, Khuri. and Vining 
1992), a mathematical relationship can be found that relates all inputs, components, and 
outputs. This 'model' can then be used in the design phase. 

Full system models can be developed using Graph-Theoretic Modelling (GTM). 
The advantage of GTM is its ability to model at levels A to Din Taguchi's description of 
system design (Taguchi 1993, 1992) detailed in Table 4-29. Taguchi stated that the 
system design development of new products or processes could be subdivided into the 
following levels: 

Table 4-29: Taguchi's System Design Development Steps 
Level 
A 
B 
C 
D 
E 

Description 
System Design 
Subsystem Design 
Element or Component Design 
Development of Elements or Components 
Development of Raw Materials 

Level D, Development of Elements or Components, and Level C, Element or 
Component Design, can all be achieved through recent advances in graph-theoretic 
modelling (Gupta 1994) (Gupta and Chandrashekar 1995) (Carr and Savage 1996). 
Level B, Subsystem Design, can be aided through work done by Savage ( 1997) and 
Savage and Row (1992) on subsystem modelling, and Level ~ System Design, 
encompasses all the techniques used in the previously mentioned references. 

In addition, higher-order derivative information can be found with little 
computational effort by using Graph-Theoretic Modelling (Wills 1969) (Savage 1993 ). 
With the work in electrical engineering by Wojciechowski, Vlach, and Opalski ( 1997) 
and the transformations detailed in Appendix A, non-symmetrical statistical distribution 
information for components can be used in addition to typical normal approximations to 
system and component parameters. 
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Chapter 5 

Proofs and Limitations 
Having detailed the probability approach with the Hasofer-Lind-Rackwitz-Fiessler 

algorithm, and our extensions into multiple responses, this chapter will show both the 
proofs behind the methods and some limitations. There are four aspects that need to be 
addressed. 

All four aspects deal with the Most Likely Failure Point (MLFP). The first point 
addresses inconsistencies between ~ and the probability of failure. The second describes 
problems when using ~ as a means of comparing systems. The third details what can 
occur if there are multiple minima on a limit-state surface, and the fourth explains that 
there is a potential for overlap of failure regions when multiple margins exist on one 
response. 

5.1 The Most Likely Failure Point (MLFP) 

Described in Chapter 3 is an algorithm from Hasofer-Lind-Rackwitz-Fiessler 
(HLRF) for finding the most likely failure point for a response and its corresponding 
specification. By definition., the Most Likely Failure Point is the point on the limit-state/ 
failure surface, g(V), that has the highest probability of occurring. Madsen, Krenk, and 
Lind (1986) and Melchers (1987) show that if we replace the failure surface with a 
hyperplane that is tangent to the failure surface at this point, then the result is an 
approximation of the true failure probability. 

Figure 5-1 illustrates the approximate failure calculation (Madsen at al. 1986). 

Safe Region 

Failure Region 

Major contribution 
to failure probability 
from this area 

Ui 

Limit state Tangent 
hyperplane surface 

Figure 5-1: Approximation of Failure Probability 
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Again, according to Madsen, Krenk, and Lind (I 986), J3 can provide a good 
approximation to the failure probability if the point on the limit-state (failure) surface 
closest to the origin is the only stationary point of the function and if the principal 
curvatures of the limit-state surface at this point are not too large in magnitude (Madsen, 
Krenk, and Lind 1986) (Melchers 1987). Mathematically, in the U-space I standard 
normal space, the probability density function decreases very quickly, namely as exp(­
?/2), with the distance r from the origin. Using the rotational symmetry of the standard 
normal space, the distance r becomes (3, and the probability of failure at the MLFP is 
approximated by <I>(-13). In addition, if the stationary point is the closest failure point to 
the origin, then this point represents the point of maximum likelihood of failure. 

Inconsistency between f3 and the Probability of Failure 

Since the HLRF algorithm is based on a first-order approximation of the failure 
surface, when the failure surface is non-linear, the probability is estimated at the most 
likely failure point. The following diagram depicts how different forms of the margin or 
limit-state function can have an effect on J3 and the estimate of the failure probability. 

----i,o:;._...-~~..::i.r.e.-:------ U1 
~nvex(U) = 0 

~ncavc(U) = 0 
glincar(U) = 0 

Figure 5-2: Inconsistency between J3 and the Probability of Failure 

From the diagram, it can be seen that all three limit-state functions have the same J3 value. 
However, depending on the curvature of the function, J3 will either under or over-estimate 
the true probability of failure. If the limit-state function is glincar(U), then the tangent 
hyperplane is also glincar(U) and the estimated probability of failure is equal to the actual 
probability of failure. However, if the limit-state surface is ~nvcx(U), then the tangent 
hyperplane will over-estimate the failure probability and for ~ncavc(U), the hyperplane 
will under-estimate the failure probability. 

Again, however, as shown in Melchers ( 1987) and Madsen et al. ( 1986), the 
Hasofer-Lind (3 is a good approximation as long as the principal curvatures of the limit­
state functions are not too large. For a function with one stationary point, as the 
estimated distance to the most-likely failure point approaches infinity, the error between 
the estimate and the true failure probability approaches zero. However, in the field of 
design, when J3 > 6, the Pr(Failure) is less than 0.000000001 or I-in-a-billion, and is often 
assumed to satisfactory (Harry and Lawson 1992). 
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Comparison of Systems Using ~ 

In the field of structures, the original purpose of 13 was to allow designers to 
compare the probabilities of failures of different systems under selection. From this, it is 
therefore necessary that the ordering of systems according to their 13 's is both consistent 
and at the same time not too crude (Madsen, Krenk, and Lind 1986). According to 
Madsen, Kre~ and Lind (1986), the Hasofer-Lind 13, (as defined and used in this thesis), 
generally provides a satisfactory ordering, but examples can be constructed in which 
ordering is not reasonable (see Figure 5-3). 

gi(U) = 0 
Figure 5-3: Improper Ordering of Systems 

From the diagram, 131 is greater than 132, but it is unreasonable to state that structure 
1 is safer than structure 2. This shortcoming is due to the first-order approximation 
Hasofer-Lind's 13 makes at the failure point. By using a higher-order approximation, this 
ordering problem would become less prevalent. 

However, when using 13 to compare one response with different parameters, this 
improper ordering will not occur. Since the limit-state function is a mathematical 
combination of the system response and its associated specification, the values at which 
the function will equal zero will not change. For example, in a voltage divider, the 
voltage between the two resistors is equal to: 

(5.1) 

If Vm = 5 Volts, and we have a specification such that the circuit cannot exceed 3 Volts, 
then the limit-state function can be written as: 

g(V) = Upper Specification - System Response= 3-
5
R3 = O (5.2) 

Rz +R3 

Simplifying, we can see that the surface defined by g{V) = 0 is: 

(5.3) 
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In this case it is a line, but the proof is still applicable to non-linear surfaces. Since 
the mathematical structure of the limit-state function is fixed, then variations in the 
parameter values cannot change the shape of the function, only the distance between the 
nominal values and the MLFP. This distance, 13, changes under two conditions; either a 
change in any mean value of any or all parameters ( e.g., R2 and/or R3), or a change in the 
variance associated with any or all of the parameters. Since 13 is calculated as the 
distance from the nominals to the MLFP, then ordering will never be a problem. Figure 
5-4 shows three different nominal design points and their corresponding 13' s. 

u 

Utb 

g(U) = 0 

Figure 5-4: A Limit-State Function and 3 corresponding Nominal Designs 

The set of parameters U1a and u2a result in 131- The other two sets could result from, 
for example, a change in the nominal values of u1 and/or u2, or a change in the variance 
of u1 and/or u2, or a combination of both. In the above example, the ordering of the 
designs would be b(l32), a(l31), and c(l33). 

Multiple Minima 

There are two cases associated with multiple minima The first case results when a 
limit-state function has multiple parts, and the second occurs when the limit-state 
function has principal curvatures that are large in magnitude. For both cases, the 
condition that the MLFP is the only stationary point of the function is violated. Thus, 
there is a concern with where the filRF algorithm starts. If the same initial condition is 
used for the HLRF algorithm on a response with multiple minima in two consecutive 
analysis, only one minima will be found. By randomly picking an initial condition in U­
space, there is a greater potential for finding a different failure point. 
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Limit-States with Multiple Parts 

Limit-states can have multiple minima if the limit-state function has multiple roots, 
thereby creating multiple parts to the failure surface. In the first example used in Chapter 
3, the problem was posed such that we wished to find the probability of success 
associated with the function being greater than 1. In this example, there are two failure 
points. The first occurs at d = 1 and the second at d = -I. This can be depicted as: 

g(U) = 0 

~ 

-■-0 u 

._ B, 

◄ Bi 
Figure S-5: Chapter 3 Example In U-space 

We find 131 = I and 132 = 3, and the hatched area represents the region of points that cause 
the function to be less than 1. So, for this example, if we started our search with u < -3, 
then we would find 13 to be 3 and the Pr(Failure) = 0.0013, an extremely inaccurate 
estimate of the failure probability. However, if we assume that all systems are designed 
such that the nominal values of the parameters are the starting conditions of the system, 
for this example, our algorithm searches and finds 13 to be I and the Pr(Failure) = 0.1587. 
a more accurate estimate of the failure probability. 

Caution is warranted when using the Hasofer-Lind-Rack-witz-Fiessler algorithm for 
limit-states that may have multiple roots. By having multiple starting points and 
comparing the resulting 13's, the existence of multiple minima may be determined and in 
so doing, can be handled. Determination of multiple minima is, however, not guaranteed. 

Limit-States with Large Principal Curvatures 

The second case involving multiple minima occurs with limit-states that have 
principal curvatures that are large in magnitude. For the example in Figure 5-6, 
depending on the starting point for U, there is the potential to pick 13,oca1 instead of l3g1obal· 

In addition, by choosing either 13, we are still greatly under-estimating the probability of 
failure with a simple first-order approximation to the failure surface. 

Like the first case above, the potential for this error is also rare since this failure 
surface type does not occur very often. However, we cannot determine how non-linear 
the limit-state function is by simply studying the parameters. It can only be determined 
by directly solving for all values on the failure surface. Since this would require an 
extensive amount of work for even the smallest problem, it is a prohibitive course of 
action. However, fortunately it can be assumed that, like the examples in this thesis and 
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those in Madsen, Krenk, and Lind (1986), the limit-state function is fairly well 
approximated by the first-order method due to the rarity of this type of failure surface. 

g(U) = 0 

~ 
Figure 5-6: Multiple Minima 

To help determine if multiple minima exist, multiple starting points are required. If 
multiple minima are found, then an approximation by a second-order method or even 
Monte Carlo can be done to better estimate the failure probability. However, in design 
the purpose of the HLRF algorithm is to find the gradient information of the margin with 
respect to the design variables so that we can move away from the failure surface. This 
fast integration method simply gives us an approximation of the probability of failure and 
a direction in which to move to decrease this probability. 

Multiple minima, if they exist, can be found by the HLRF algorithm since it finds 
stationary points. For each of these points, the respective p must be checked in order to 
ensure that the smallest P is found (Dolinsky 1983). Melchers ( 1987) further elaborates 
on the problem by stating that this difficulty does not arise if a numerical algorithm for 
seeking the point of maximum likelihood is used instead of the iteration algorithm that 
identifies only stationary points. In section 4.3.4 of his book, he outlines such an 
approach. However, as a final thought, he also states that in most practical situations this 
difficulty will not arise. 

To determine how non-linear the limit-state function is, and where the resulting P's 
lie on the function, the methoc!s from the next section on Multiple Margins on One 
Response can be used. Within that section, the tools to help this problem will be detailed 
and referenced back to this section. 

Multiple Margins on One Response 

In the field of quality, it is very common to have both an upper and lower 
specification on a response. Since the Hasofer-Lind-Rackwitz-Fiessler algorithm only 
handles one specification within its margin function, care must be taken when we simply 
combine the probabilities from two separate HLRF results. There exists two problems: 
Under-estimating and Over-estimating the probability of success or failure. 

The first problem, under-estimating the probability of success, is caused by the 
overlap of failure regions. The second problem is more serious and requires attention. 
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Both problems occur due to the non-linearity of the limit-state functions. Fortunately, the 
answer to determining if either problem exists lies in one approac~ but the solution to 
correct for this under- and over-estimation still needs to be researched and implemented. 

Determination H Overlap Exists 

Overlap may occur such that, for example, the result is similar to Figure 5-7. In 
this example, the problem of over-estimating the probability of failure can occur when 
multiple margins exist on a single response. However, the error is typically negligible 
since the regions of overlap occur far away from the ori~ and the area represented by 
the overlap represents a small probability when compared to the estimated probabilities at 
the two failure points. 

gi(U) = 0 

Figure 5-7: Intersection of failure probabilities 

To help determine if there may be an overlap, we determine the vector a for each 13. 
The unit vector a is parallel to the gradient of the vector of the trajectory at the most 
likely failure point, and is directed toward the failure set. It is defined as: 

a= (5.4) 

and can be shown to satisfy: 

(5.5) 

a measure of the sensitivity of 13 to inaccuracies in the value of Ui at the point of minimum 
distance u•. If the a vectors are negative scalars of each other (i.e., a 1 = -ka2), then this 
implies that the tangent hyperplanes associated with the most likely failure points and the 
13' s must be parallel. An example may look like this: 
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Parallel 
gent 

Ut 

g.(U) = 0 

Figure 5-8: Two ~ 's with a. 's that are negative scalars of each other 

but tells nothing of the potential overlap of failure areas. The limit-state functions for an 
identical set of Ws and a.'s could have been like Figure 5-9. 

■ 
g.(U) = 0 

Figure 5-9: Another Two ~'s with a.'s that are negative scalars of each other 

For example, depicted in Figure 5- l O is response with a normal distribution and one 
wishes to determine if there is any overlap in failure regions. 

µ=3 
LSL= 1 USL=4 

Figure 5-10: A Normal(µ= 3, o- = 1) Distribution 

From the diagram, it is obvious that the failure regions do not overlap since they are on 
opposite ends of the parameter space. The a' s are: 

-1·1·1 -(-1)·4·1 
a. LSL = --= -1 and aUSL = ---------- = 1 

II·l·ll 11·4·11 
(5.6) and (5.7) 
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The first a corresponds to the mar~ g LSL (V) = v - 1 , and the second a to 

gUSL(V) = 4-v, where v is the value of the normal distribution. Since the a's are 
negative scalars of each other, then the associated hyperplanes of the most likely failure 
points (at 1 and 4) must be parallel to each other. With this knowledge, it can be assumed 
that there is likely little overlap, if any, of the failure regions. 

Algorithm to Aid in Determining Potential Overlap of Failure Regions 

So, in summary, the following approach should be taken to help determine if there 
is the potential for overlap of failure regions. 

1. Compute ~ and a for each margin ( upper and lower specification limits) 

2. Determine if a LSL = -lca.USL , where k is a scalar value. 

• If yes, then the tangent hyperplanes of the two margins are parallel, and if 
the principle curvatures are small (as assumed), then the overlap will be 
negligible. STOP 

3. Determine if aLSL = -lca.USL, where k is vector of length i. 

• If yes, and the i values of vector k are approximately equal, then the two 
tangent hyperplanes are almost parallel. In this case, if the principle 
curvatures are small (as assumed), then the overlap will be negligible. 

• If yes and the above does not hold, in this case, it can only be said that 
sign(ui)ILSL * sign(ui)lusL for all i. If this is true and the principle 
curvatures are small ( as assumed), and the ~ 's are sufficiently large 
(greater than 1 ), then the overlap will be small. 

For example, depicted in Figure 5-11 is a two variable problem where the 
failure surfaces are linear and approximately perpendicular to each other 
where both ~' s are equal to one. 

,--- ~CSUl1lll1C 

U1 

Figure 5-11: Overlap Example 

In this case, the U vectors are: 

U- andU-[ 
1 ] [-0.0000 l] 

1 
- 0.00001 2 

- -1 
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This satisfies the second case in this step (3), where k is: 

k = [ 0.0000 I 100000] 

and each element of k is not approximately equal. In this case, the overlap 
probability can be estimated by <I>(J3estimale), which is <I>( ✓2) = 0.08. Thus, 
in this example the probability of success was underestimated by 8%, a 
reasonably small error. However, as the J3 's increase, the resulting over­
or under-estimation of the probability decreases. 

4. If neither of the above are applicable, then further study of the problem is 
necessary to determine if overlap is a potential problem. 

Determination of Limit-State Curvature 

In addition to determining the CI vectors, there has been some recent work done to 
extend the first-order method to an approximate second-order method by tracking the 
changes in curvature as the J3 point is found. Since the HLRF algorithm first finds the 
failure surface then moves along it until the minimum distance is found (Madsen, Krenk, 
and Lind 1986), this information could be used to determine if the curvature is convex or 
concave, and whether or not the first-order method will be an adequate approximation to 
the failure surface. For example, as the HLRF algorithm is converging, if we collect the 
points whose values satisfy m = 0 and fit a curve to these points, we can estimate the 
curvature of the failure surface. If the principal curvatures appear to be small, then the 
first-order approximation is sufficient. If not, then determine what order approximation 
is necessary. If the principal curvatures are large, then this will indicate that the 
approximations used within this thesis are inadequate. 

Both of these approaches are applicable to the multiple minima problem. The 
determination of the CI vectors can help determine where the minima are in relation to 
each other. The determination of the principal curvatures may also yield information 
about potential multiple minima. As both approaches are improved, there will be some 
overlap in use between these limitations of the Hasofer-Lind-Rackwitz-Fiessler 
algorithm. 
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Chapter 6 

Prot1ling a Response 
One of the classic problems in design for quality comes from the study of television 

sets from two different Sony plants (Phadke 1982). When colour density was examined 
and compared between plants, the production distribution was determined to be similar to 
the distributions depicted in Figure 6-1. 

LSL Target 

~ Sony-Japan 

/ V-- Sony-U.S.A. 

USL 

Figure 6-1: Comparison of Sony Television Set Production 

The Sony-U.S.A. televisions were all to specification, but the response had an 
approximate uniform distribution shape. Sony-Japan's response was centered on target 
and had a normal-like distribution. The problem in comparing the probability of failure 
as a means of determining quality lies in the fact that in the above example. both 
distributions give similar values. However, if each response was to shift off-target, the 
Sony-U .S.A. probability of success would decrease faster than Sony-Japan's. 

This was determined using empirical data and probability plots. However, in the 
examples used in this thesis, the mathematical model already exists for the response. 
Thus, it would be nice to be able to determine what the response looks like given the 
variation within the model variables. Monte Carlo methods (Section 2.2. l) are often used 
to determine the response distribution given variables with arbitrary distributions. If all 
the variables are normally distributed, D'Errico and Zaino (1988) provide a method by 
which the first six moments of the response can be estimated using design of 
experiments. However, a normal assumption may not always be the case. 

The previous three chapters dealt with using the transformation method in the 
probability approach. A unique extension to this method exists that allows the profiling 
of a response with components having arbitrary distributions (Wu and Wirsching 1987). 
The method provides an approximate depiction of the response distribution while not 
being computationally expensive like Monte Carlo Simulation. 
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6.1 Extension of the Transformation Method 

The probability approach enables designers to determine the probability of success 
or failure that a response is above/below some target value. It was shown that both one­
sided and two-sided probability problems could be handled using the transformation 
method from Chapter 3. Since the transformation method calculates the probability of 
exceeding a specified value, we could use the method to profile the response by varying 
the specification. 

Graphically, the extension is shown in U-space (Figure 6-2). 

Figure 6-2: Profiling a Response in U-Space 

In Figure 6-2, the limit-state surface moves as the specification, Si, is adjusted. 
Remember that the limit-state surface, in its simplest form, is a function of the response 
and a specification: 

g(V) = {spec- f(V) if spec> f(V) 
f (V)- spec if f (v) > spec 

(6.1) 

where J(v) is the function evaluated at its components' nominal values. For this 

extension, only the first case, g(V) = spec - f (V), is used. In using only this case of 

g(V) , the resulting values of 13 will be representative of the cumulative distribution 

function (CDF) of the response; when 13 is negative, the specification is less than the 
nominal value of the response and 13 is positive when the specification is greater. 
Therefore, as the specification is increased and decreased from the nominal value, 
probabilities will be associated with each specification. From the results attained, the 
CDF can be drawn and converted into a PDF. 

There exists only one problem with the method. The transformation method 
assumes that the origin in U-space corresponds to the mean of the response distribution. 
This may not be the case. The origin corresponds to the response evaluated at the 
nominal values of the parameters. This inaccuracy is due to the fact that the normal-tail 
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approximation is not designed for use around the mean value, but was developed to 
approximate the tails of the distributions. However, this is negligible since the purpose of 
this method is to determine the overall shape of the response. In reality, we wish to 
distinguish between these two cases: 

6.2 Examples 

P(Failure) = 0.05 

(a) 

P(Failure) = 0.05 

(b) 

Figure 6-3: Comparison of Two Responses 

The first example of profiling a response by the transformation method is the servo­
control system given in Chapter 4. For the first case where the load T11 was Normal, the 
CDF and PDF for the optimal settings of the shaft speed at D can be found using 10 
specifications. The limit-state surfaces to be used to find the corresponding probabilities 
are: 

g(v) = 600-nd, g(v) = 100-nd, 

g(v) = soo-nd, g(V) = 900-nd, 

g(V) = 1000-Qd, g(V) = 1100-Qd, 

g(V) = 1200-Qd, g(V) = 1300-Qd, 

g(V) = 1400-Qd, g(V) = 1500-Qd 

The resulting CD F is: 

CDF 
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Figure 6-4: Estimated CDF of Shaft Speed at D 
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The corresponding PDF is: 
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Figure 6-5: Estimated PDF of Shaft Speed at D 

The two lines in the above figure represent the upper and lower specification limits 
given in the servo-control system example where LSL = 900 and USL = 1100. The 
resulting probability of success was 72.39%. To verify the above figure, a Monte Carlo 
simulation of 5000 evaluations of the function was performed. With seven random 
variables, 35000 random numbers were generated and the result is shown in Figure 6-6. 
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Figure 6-6: Estimated PDF of Shaft Speed at D by Monte Carlo Simulation 

The Monte Carlo simulation estimated the probability of success as 72.30% and a mean 
value of 995 .883. This compares very well with the results achieved through the 
transformation method. In addition, the Monte Carlo simulation estimated the standard 
deviation to be 98.1819. This currently cannot be done in the probability approach. 
Future research needs to address this problem. 

The same procedure can be used for the second case where the load T 11 was 
Uniform. The CDF and PDF using 10 margins are: 
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Figure 6-7: Estimated CDF of Shaft Speed at D (Uniform) 
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Figure 6-8: Estimated PDF of Shaft Speed at D (Uniform) 

Again, a Monte Carlo simulation of 5000 evaluations was performed. Figure 6-9 shows 
the PDF. 
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Figure 6-9: Estimated PDF of Shaft Speed at D by Monte Carlo (Uniform) 
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The Monte Carlo simulation results estimated the probability of success to be 49.92%, a 
mean of 996.4414, and a standard deviation of 130.8915. The first two values are close 
to those obtained in Chapter 4. 

As can be seen in Figures 6-5 and 6-8, the probability approach centered the 
distributions such that the probability of success was maximized. In these two cases, 
since the distribution of the responses were approximately symmetrical, it also ensured 
that there was an equal probability of failure on both sides of the specifications. 
Therefore, a small shift in the mean would result in a similar loss to the probability of 
success regardless of the direction of shift. 

The second example is from the non-linear two-pipe system in Chapter 4. For this 
example, using the initial point from Carr and Savage (1996), the CDF and PDF of the 
pressure head at B can be profiled using 16 margins. With the diameters of the pipes set 
at d2 = 9.5 and d3 = 11.7, the mean pressure head is approximately 119 ft. The 
probability of success was 67 .46%. 
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Figure 6-10: Estimated CDF of Pressure Head at B 
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Figure 6-11: Estimated PDF of Pressure Head at B 
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A Monte Carlo Simulation of 5000 evaluations (20000 random nwnbers) was done for 
comparison. 
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Figure 6-12: Estimated PDF of Pressure Head at B (Monte Carlo) 

The estimated probability of success is 68.22%, with a mean of 119 .12 and 
standard deviation of 17 .42. Again, the first two values are similar to those determined 
by the method in Chapter 4. 

In addition to obtaining similar results, it can be seen from the PDF that the 
distribution is negatively skewed. This is confirmed by the value of the mean ( 119), 
which is off-center. 
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Chapter 7 

A Worst-Case Analysis Method using the 
Probability Approach 

Worst-Case Analysis is the identification of the extreme values of performance 
resulting from the variations in parameter values (Spence and Soin 1988). By finding the 
extreme values, one can compare the worst-case values (upper and lower) to the 
product's specifications and determine if the expected worst-cases of the response are 
contained within the specification limits. If they are, then one can assume that the 
probability of success should be 100%. Therefore, Worst-Case is a special case of 
'Design for Quality' where the goal is to have the probability of success be 100%. As 
such, it needs to be addressed within this thesis. 

Detailed in this chapter is a proposed method for determining the worst-case. The 
method works for both linear and non-linear systems, and most importantly, easily gives 
the component values at the worst-case - the main difficulty associated with current 
worst-case approaches. 

The proposed method was inspired by two papers: Antreich et al. ( 1994) and 
Wojciechowski et al. (1997). The first paper used a first-order second moment method to 
find the most likely failure point. They refer to J3 as the ''worst-case distance" of the 
nominal (mean) value to the failure surface. However, their assumption of normality 
does not allow us to find true worst-case since there is always a probability, regardless of 
how small, that a value may occur. The second paper suggested the use of intervals in 
design centering. By using intervals, the best choice for the nominal point would be at 
the geometrical center of the design space / constraint region, equidistant from the 
respective failure surfaces. This suggestion of intervals, in combination with the work by 
Antreich et al., became the inspiration for this method. 

The method in this chapter proposes the use of uniform distributions (intervals) 
instead of assuming normality. The use of uniform distributions also satisfies the 
constraint that only extreme values need to be given. Our assumption will be that all 
points between these extremes will be equally likely. By adapting our Hasofer-Lind­
Rackwitz-Fiessler algorithm, we propose to find the true worst-case of the system. 

7.1 Background/History 

Currently, in Worst-Case Analysis, no information about the distributions 
associated with parameters is necessary. The only information required is the extreme 
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values of each parameter, given or estimated. The primary method used in Worst-Case 
Analysis is Vertex Analysis, or more correctly called Interval Analysis. Interval Analysis 
is the application of interval mathematics to problem solving. The field of interval 
mathematics was developed in the early 1960's to determine the error bounds in 
computer arithmetic (Hansen 1969) (Moore 1966, 1979). The field grew into a separate 
branch of Applied Mathematics dealing with computer arithmetic, mathematical 
software, linear and non-linear systems, optimi:zation, and operator equations (Moore 
1979). 

The use of interval mathematics for solving sets of linear equations has been fully 
documented since the early 1960's (Moore 1966). Surprisingly, throughout the first 
twenty years, interval mathematics was not mentioned in the engineering journals. This 
is not to say however, that interval mathematics has not been used in engineering at all. 
In 1979, Skelboe showed that interval mathematics is a useful tool in the calculation of 
worst-case analysis for electrical circuits. However, the conclusions found that the 
development of special software was necessary to solve the system and thus this 
approach was not competitive with traditional methods for finding the worst-case (in 
1979 computing power terms). Despite the obvious compatibility, interval mathematics 
and engineering would not cross paths in the literature until 1986. In 1986, Deif clearly 
showed that interval mathematics has applications for engineering. In his book. Deif 
works through a simple example of a circuit and how to find sensitivity factors. 
However, this six-page example is the only mention of engineering applications in his 
224-page book. 

Spence and Soin ( 1988) discuss Vertex Analysis; the combinatorial evaluation of 
all extreme values of parameters to aid in worst-case analysis. Their method is Interval 
Analysis despite its title. In 1990, Kolev and 'Mladenov discussed a method for finding 
all the operating points of a non-linear resistive circuit using interval mathematics. 
Although this work is similar to Skelboe ( 1979), it has been independently developed. 
Swan and Savage (1994) showed how intervals could be used in design calculations to 
quantify uncertainty. However, this method only applied to linear and bilinear models. 

7 .2 Applications/Limitations of Current Analysis 

Interval Analysis methods involve combining all the upper and lower values of 
each component within the performance function. This gives 2 k combinations for a 
product with k parameters. For a product with a large number of parameters, the 
calculation of Worst-Case Analysis using Interval Analysis can be extremely 
computationally intense, and suffers from dimensionality. As well, this method assumes 
that the extreme values of the product's performance will occur at one of the 2k 
combinations or vertices. This will always occur for linear and bilinear functions. For 
these functions, Spence and Soin (1988) discuss alternative approaches to searching all 
combinations. The addition of sensitivity information allows for intelligent searches of 
the 2t vertices. 

However, for both linear and non-linear functions, an exhaustive search using 
Monte Carlo Methods can be performed on the function, where uniform distributions can 
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be substituted for the intervals. However, this method too suffers from the intense 
computational effort needed to keep track of the worst-cases within the tolerance region. 
Until now, this has been the main difficulty associated with worst-case methods. 

Another difficulty associated with worst-case approaches is the selection of the 
extreme values of the parameters. This difficulty is not dealt with in this thesis, but 
please refer to Tribus (1969) and Der Kiureghian (1986) for more information on the 
classification and representation of uncertainty. Nevertheless, useful results can be 
obtained from current worst-case analysis methods. This chapter deals with an extension 
of interval analysis into the probability approach to help determine the true worst-case of 
both linear and non-linear functions. 

7.3 Extension of Probability Approach to Worst-Case 

By using the probability approach to calculate the probability of success for two­
sided quality problems, we can extend the method into finding the maximum and 
minimum of the function over a specified set of design parameters. 

The problem with non-linear functions is that the maximum/minimums might not 
occur on the vertices. Interval Analysis can therefore not be used if the function is non­
linear. Monte Carlo methods avoid this problem by using distribution information for the 
design variables. If we have the case where only the extreme values are known. then 
Monte Carlo assumes uniform distributions since any value between the extremes is 
equally possible. This is equivalent to checking all points on an interval. By doing this. 
we can ensure that the proper combination of variables necessary for minimization or 
maximization can be found. However, two difficulties lie with the Monte Carlo 
approach. There can be a large computational expense, even for a small number of 
design variables, and there is the difficulty in keeping track of component values at the 
worst-case. 

By using uniform distributions for the variables of a response in the probability 
approach, the problem is transformed into the standard normal probability space and this 
provides a quick and easy check to find the most likely failure point (MLFP) with each 
check providing the combination of variables that comes closest to violating the 
specification limit. The only assumption is the use of uniform distributions. Numerous 
papers (Wojciechowski, Vlach, and Opalski 1997) (Cui and Blockley 1991) (Dong and 
Wong 1986) (Schjaer-Jacobsen and Madsen 1979) have all proposed and used uniform 
distributions in calculating worst-case, and so, uniform distributions will be used within 
this approach since it provides the least biased approximation for the variables (Principle 
of Indifference). 

Given that the CDF for a uniform distribution is: 

) 
v-a 

p= F(vla,b =-l[a.b](v) 
b-a 

(7.1) 

and using the Rosenblatt transformation, the corresponding point for v m standard 
probability space is: 
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u=<I>-'(~) 
b-a 

(7.2) 

where u is the uncorrelated standard probability space variable. From this transformation 
we can see: 

if v = a, <I>"1(0) ➔ u = -oo 

if v = b, <1>·1(1) ➔ u = +oo 

if v = (b;a), <I>"1(05) ➔ u = 0 

Similarly, the u-space to v-space transformation is: 

v = <I>{u) x (b-a)+a 

(7.3) 

(7.4) 

To determine the worst-case, uniform distributions will be used for all design 
variables with no correlation, i.e., the covariance matrix is a unit-diagonal matrix. The 
Hasofer-Lind-Rackwitz-Fiessler algorithm converges to u•, the MLFP. However, the 
use of uniform distributions creates a problem in that there is the potential that the 
margin, g(V"), may never be zero. If this occurs, we have successfully found a 
specification for which the margin will never be zero. This creates a problem in the 
calculation of U 1c+i since it will not converge. 

For example, to find the maximum value of a response, we set the margin equal to: 

m=SL- f(V) (7.5) 

where SL is the estimated maximum worst-case value. If in the search for the MLFP 
g(V") stays positive, then the value SL lies above the maximum worst-case value. Since 

the HLRF algorithm gives the point u· which is the point on the limit-state surface 
closest to the origin, the termination criteria in the algorithm needs to be changed to 

minimize the absolute value of the margin, lg(V" )I and 'v vg(V) . This additional criteria 
of minimizing the absolute value of the margin now handles the non-zero margin case. If 
the absolute value of the margin is minimized, but not zero, and the last two iterations are 
within an error of E, then the algorithm will terminate. In addition, one may wish to place 
an additional termination criteria on the algorithm such that it terminates if the number of 
iterations exceeds some specified value. This will aid if convergence is not achieved. 

The proposed algorithm to find the worst-cases using a modified HLRF algorithm 
follows. It requires three termination criteria to be specified in advance (the maximum 
number of iterations, Eg - the maximum allowable value for the margin, and Ewe - the 
maximum allowable difference for SL). 
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1. Construct the margin. 

• g(V) = SL - Response 

2. Choose a starting value for SL. 
• Choose a value such that jg(Vt )I= 0 is possible (i.e., the limit-state surface 

passes through the parameter space (in U and V). 

3. Using the HLRF algorithm (Section 3.3), find the a· and minimum jg(Vt )I. 
4. If the last two values for SL are such that the absolute value of the margin is zero 

for one but not for the other, (e.g .. lg(Vt)I= 0 and lg(Vt_1)1=~ 0) AND the 

absolute value of the margin for the non-zero case is less than some specified 

error, (i.e., lg(Vk-t )I < £g) AND the difference between the last two values for 

USL is less than some specified error (i.e., aSL < Ewe) then STOP, else 

• Find minimum worst-case value 

• If jg(vk )I= 0 then reduce SL 

• If lg(Vk )I* 0 then increase SL 

• Find maximum worst-case value 

• If jg(Vk )I= 0 then increase SL 

• If !g(Vk )I* 0 then reduce SL 

5. Continue steps 3 and 4 until (k > Maximum Iterations Allowed) OR (dSL < Ewe 

AND lg(Vk )I* 0 AND lg(Vk )I <Eg) 

Graphical Depiction of Worst-Case Analysis using the HLRF Algorithm 

To show the process, Figures 7-2 through 7-4 have been constructed to depict the 
finding of the worst-cases. Figure 7-1 depicts a two-variable problem in V-space. 

V2 V2 

-------+--V1 -------- V1 
V2 V2 

(c) (d) 

6 

Figure 7-1: Finding the Worst-Cases in V-space 
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To determine the worst-case values. each variable is assigned a uniform 
distribution. The limit-state surface is shown as g(V) = O. and defines the success / 
failure region. In (a). the limit-state surface passes through the variable space. As the 
limit-state surface is moved by changing the USL (Figure 7-1 (b)). the surface will 
eventually only be satisfied by one combination of design variables (Figure 7-1 {c)). As 
the specification is changed just a little more. there does not exist any combination of 
variables within the design space to satisfy g(V) = 0 (Figure 7-1 ( d) ), and the result is a 
minimum margin value of o indicating that the failure surface can never be reached or 
crossed. 

Figure 7-2 shows the corresponding U-space diagram and limit-state surface for (a). 
The remaining corresponding U-space diagrams are shown in Figure 7-3, and it can be 
seen that the limit-state does not exist in U-space if no combinations of variables satisfy 
g(V) = 0. This is because U-space only represents possible combinations of variables in 
V -space, and since the design variables cannot have values outside their uniform 
distributions. they are not represented in U-space. Mathematically. this can be seen in 
transformation, equations (7.2) and (7.4). 

(a) 

d 

I 
I 

This point represents __. 
( e,d) in V-space and 
(-m, oo) in U-space 

f -- --- --:--------
U1 g(U) = Q 

c 

a e 

Figure 7-2: 

b This point represents 
(b,t) in V-space and 
(oo, -n) in U-space 

Corresponding U-space diagram for (a) in Figure 7-1 

g(U) = 0 

00 -- -----
J 

00 

The limit-state function 
does not exist in U-space 

Figure 7-3: Corresponding U-space diagrams for (b), (c), and (d) in Figure 7-1 
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7.4 Examples: 

Two examples are detailed below which show the differences between Interval 
Analysis, Monte Carlo, and the Probability Approach in worst-case analysis. The first, a 
linear voltage divider, is solved out for each step to show the process, and the second is a 
non-linear voltage gain problem. 

7 .4.1 Linear Systems 

The following diagram, Figure 7-4, depicts a simple voltage divider. The objective 
is to determine the extreme values of the voltage at node 8. The circuit has a voltage 
source, v1, which is deterministic with a value of 5 Volts. Both resistors are normally 
distributed; resistor 2 is 10 Q ± 10% (er= 0.3333) and resistor 3 is 20 Q ± 10% (er = 
0.6667). Note that 2(10%-µ) = oo. 

G G 

Figure 7-4: A Simple Voltage Divider 

If the problem were solved using only mean values (i.e., deterministic solution), we 
would find that the voltage at B is: 

3.3333 (7.6) 

using nominal values. However, we cannot state anything about the range of the voltage. 
To do this, the problem can be solved using bounds/interval analysis. 

Bounds/Interval Analysis 

In engineering calculations, often the only points needed to determine the 
characteristics of a system are the nominal and the two end-points of the distribution. 
Since all normal distributions tend toward positive and negative infinity, it becomes 
useful to define a reference point for the end-points. In industry, these end-points are 
typically characterized by 3er, three standard deviations away from the nominal value. 

Thus, Interval Mathematics can be used to give quick and simple solutions to 
probabilistic problems. For the example, we can define the resistors as 
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r2 = [9 .. 11], r3 = [18 .. 22] (7.7) 

with the nominal values, r2 = 10 Ohms and r3 = 20 Ohms. Using these values, we find 
the response to be 

1 
Vb = 5 1 + [9 .. 11] 

[18 .. 22] 

and following Interval Arithmetic, we can simplify the response to 

which gives a final interval response vector of 

Vb = [3.103 .. 3.548] 

(7.8) 

(7.9) 

(7.10) 

From this answer, we can extract that the voltage at node b could range from 3 .103 to 
3 .548 Volts given that the resistors may vary over their respective intervals. It should be 
noted that the interval response vector does contain the nominal response vector. Thus, 
Interval Mathematics can be used to give a preliminary estimate as to the extent of the 
distribution. However, it does not give us the combination of values for each parameter 
that result in the maximum and minimum. 

Worst-Case using the Probability Approach 

Using the algorithm in Section 7.3 to find worst case, we find the following 
solution: 

Vb =[3.1034 .. 3.5484] 

With the values occurring at the following combinations: 

Table 7-1: Worst-Case Values and their Respective Parameter Values 

Parameter Minimum 3.1034 
V 5 

R2 11 
R3 18 

Maximum 3.5484 
5 
9 

22 

(7.11) 

In this case, the maximum and minimum lie on the vertices so both the bounds analysis 
and the algorithm in Section 7 .3 give the same result. In fact, this is true for any linear or 
bilinear problem since the response will be monotonically increasing over each of the 
design variables. 
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7.4.2 Non-Linear Systems 

The following equation represents the magnitude of the voltage at a current source 
in an RLC circuit excited by an oscillating current. 

V(s) = 
1 

/(s) 
1 

(7.12) 

-+sC+-
R sl 

For R = I, L = I, w = 0.75, and C = [1..2]. we can find the graph showing IVI versus C. 

1.4 1.e 1.8 2 
C 

Figure 7-5: RLC Circuit Response 

We can see that the maximum voltage does not occur at any of the vertices. In fact, the 
capacitance value of I. 77 gives the maximum voltage. 

Bounds/Interval Analysis 

Substitution of intervals into the above equation gives a result of: 

WI= [0.86377 .. 0.98639] (7.14) 

occurring at C= 1 and C=2. However, we know this to be incorrect by looking at Figure 
7-5. This illustrates why Interval Analysis is not appropriate for Non-Linear Systems. 
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Wont-Case using the Probability Approach 

Using the algorithm in Section 7.3 to find worst case, we find: 

!Vl= [0.86377 .. 1.0] (7.15) 

occurring at C = 1 and C = 1. 773 7. This was achieved by setting the lower and upper 
specifications of V to 0.5 and 1.2. The algorithm finds these points as the best solutions 
to minimizing the margin and lot.-, -8.tl s &. The algorithm finds u in the first case 
(lower specification) to be approaching negative infinity. From equation (7.3), this 
implies that the lower bound is achieved when the lower extreme, C = 1, is approached. 
The upper bound is found at u = 0.7388, and the margin reaches a minimum of 0.2, 
indicating that the limit-state function does not intersect the probability space. 
Transforming this into v-space, we find the value of C is 1. 773 7. This solution was found 
in 11 iterations of the algorithm. 

7.5 Comments 

This adaptation of the probability approach appears to have two distinct advantages 
over current worst-case approaches. The first is that it is far less computationally 
expensive. For a few hundred function evaluations we can determine the worst-cases of a 
system. Even compared to efficient Monte Carlo methods, the proposed method appears 
to be better. The second is that the combination of parameters that gives the worst-case is 
automatically found with the algorithm. There is no need to keep track of combinations 
separately as in Monte Carlo worst-case analysis methods. 

However, it must be noted that the extension may be computationally difficult for a 
large number of variables. Further study is necessary to ensure that true worst-case 
points are found in this case. 
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Chapter 8 

Conclusions and Future Directions 
Within this documen4 there are still a number of issues to be addressed. The 

purpose of this chapter is to list and conclude what has been accomplished, and almost 
more importantly, what is still to be done in future research. 

8.1 Conclusions 

Proposed and detailed within the previous chapters is a method for determining the 
quality of a system. It is efficient, accurate, and effective for both linear and non-linear 
systems. The method is based on a probability approach used within the field of 
structural engineering, and allows for the use of full arbitrary distribution information. 
This is a significant advance over the current first-order second moment methods widely 
used in other fields. 

In addition, by using the probability approach and its requirement to transform the 
parameter distributions into the standard normal space, the mathematical relationships of 
how a parameter's mean and variance affects the response's probability of failure is 
found. Within this relationship, a link to Taguchi's factor types is established. By 
examination of the gradient information generated in both V- and U-space, a parameter's 
factor type (i.e., neutral, noise, design-adjustment, or design-control) can be determined 
due to the relationship found between the failure surface and the parameter. 

Extensions of the method proposed in this thesis relate to the profiling of response 
distributions and the determination of worst-case. The first extension results from 
altering the specification value systematically and then re-evaluating ~. the distance 
between the nominal values and the most likely failure point. The result is a quick 
method for determining the shape of a response distribution. The second extension, in a 
sense, results from the first extension in combination with work previously done by 
Antreich et al. (1994). By modifying the Hasofer-Lind-Rackwitz-Fiessler algorithm to 
search for the minimum margin value, we find the two points in U-space that come 
closest to violating the upper and lower specifications. 

With respect to the models to be improved, the use of Graph-Theoretic Models as a 
method to model the system provides many advantages. The ability to stamp together a 
system and its sensitivities is important due to the requirement of gradient information. 
However, the use of Graph Theory is not a requirement. All the methods within this 
document only require a mathematical model of the response. From this model, all 
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gradient information must be obtained through other means (Matlab, MAPLE, etc.). As a 
final overview of the methodology for quality design in this thesis, Figure 8-1 is given. 

Design Variable PDF 

Given 

GTM l Noise Variable PDF 

i 
Design of ---+ Response Surface 

Experiments 
MODEL 

Other 

Multiple 
Quality 
Characteristics 

► Gradient wrt 
probabilistic variables 

Failure Surfaces 

m1 = USL - y= 0 ➔ 13uSL 
m2 =y-LSL=O ➔ 13w. 

m1 = f(SLi. Yi) = 0 ➔ 131 
m2 = f(S~ Y1) = 0 ➔ 132 
m1 = f(SL1, y:) = 0 ➔ 13-i 

m., = f(SL,,. y,) = 0 ➔ 1311 

► where there are n margins 
and specifications and i 

Analysis of Quality Levels 
(Objective Function) 

Pr(Success) = <1>(13usd + <1>(13usd - I 

► where there are i 
Pr(Success)'s. one for each y, 

f Y where Y = [ exp(-131 ). exp(-131 ) .. -.. exp( -Pn)) 

Design and Improvement 
of Quality Levels 

Objective 
Function 

Pr(Success) 

fy 

Gradient of Objective Function 
wrt Design variables 

V oPr(Success) Single Quality Characteristic 

Multiple Quality Characteristics 

Figure 8-1: Overview of Design for Quality 
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8.2 Future Directions 

The future of this research lies in six areas: Coding, Incorporation of Process 
Information, Incorporation of Reliability Information, Development of the Worst-Case 
Analysis Extension, Determination of Mean and Variance using the Probability 
Approach, and the Global Quality Level for Time Domain Systems. 

8.2.1 Coding 

Currently, all the computer code is in MAPLE and Matlab routines (see Appendix 
B for a list of the routines used). To further improve the efficiency and speed of the 
algorithms, they should be coded into an appropriate language and ultimately meshed 
with a graphical interface. Three approaches exist. The first is to simply enhance the 
existing code in Maple and Matlab so that it becomes a toolbox for this software. This 
has its advantages due to the prevalence of these programs within industry, but lacks the 
user-friendly graphical interface. 

The second approach is to modify the code for use within PROSIM, a software 
package currently developed at the university. This program has a graphical interface 
and the ability to draw the system under study, input mathematical equations for 
components and systems, and solve the system. Unfortunately the program was written 
with little room for expansion. Extensive work may be necessary to modify this program 
to handle the types of problems currently solved using the Maple and Matlab routines. 

The third option is to write a new program from scratch. The program should begin 
as a shell to the current routines, but could ultimately be expanded to encompass different 
aspects of the methodology ( e.g., optimization routine, HLRF algorithm, etc.). This 
program would probably have a similar user interface to PROSIM, but with the ability to 
calculate quality and be expandable to include routines for reliability, redundancy, 
process models, etc. 

In addition to the above coding, more efficient optimization routines should be 
researched to aid in the design optimization of the system. The routines need only accept 
the objective function, gradient of objective function with respect to design variables, 
constraints, and gradients of the constraints with respect to design variables. Any or all 
of these may be non-linear. Additionally, non-gradient based methods should be 
explored in the event that gradient information is not attainable. 

8.2.2 Incorporating Process Information 

Instead of designing with lumped parameters ( e.g., resistance), the methods should 
be used to design for physical properties such as dimensions, densities, temperatures, etc., 
as in the teacup example from Chapter 4. This would add a dimension of realism to the 
design optimization process, instead of simply choosing arbitrary ranges for design 
parameters. 
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8.2.3 Incorporating Reliability Information 

Of all the future directions, this one intrigues me the most. Current reliability 
methods determine the probability of a system being in a functional state. For systems 
with redundancy (e.g., structures, pipes, power distribution), this implies that there may 
be multiple topologies that could result in different quality levels. Analysis of these 
topologies is straightforward - simply use the methods in this thesis to analyze each 
topology for its quality level. Design, however, is very difficult. 

In the eight-pipe, six-demand problem in Chapter 4, the objective was cost and thus 
the design removed extra pipes from the system. A method for improving design quality 
with redundancy is needed. No current method exists, but by adapting the methods in 
this thesis, an approach dubbed the "multiple topology, multiple response" method is 
being examined within our research group. 

8.2.4 Development of the Worst-Case Extension 

The work in Chapter 7 is an extension of the methods discussed in this thesis. 
Future work needs to examine the properties and limitations of that method. 
Improvement of the algorithm is necessary to find the worst-cases more efficiently. 

8.2.5 Determination of Mean and Variance 

Through conversations with Dr. Michael Hamada, it was suggested that the 
methods in this thesis should be able to determine the mean and variance of the response. 
From this suggestion, Chapter 6 was created as a step toward solving this problem. 
However, a solution is still needed. 

This problem is unique since we wish to find the mean and variance of a response 
given only a handful of probabilities associated with points along the response. In effect. 
we have an accurate depiction of the tails, and we wish to find the center. Entropy-based 
methods may be applicable. 

8.2.6 Global Quality Level of Time Domain Systems 

It was stated in the introduction that there were restrictions on the determination of 
quality in systems that varied with time. The methods within this thesis can only 
determine the quality level for specified times. As in the teacup problem in Chapter 4, 
we can find the probability of success or failure associated with a time, but we cannot 
currently extend this to a global level. Future study to determine the quality level of a 
time varying system needs to be done. 

In dynamic problems, the system is often constrained to stay within specified 
levels. To currently determine how close the response comes to exceeding the 
specifications, we would need to solve the system at every specified time. Only then 
could we estimate the quality by taking the minimum of the probabilities found. 
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Appendix A 

U~ V Transformations 
In general, variables are not normally distributed (Wojciechowski, Vlach. and 

Opalski, 1997). However, through transformation into the standard normal probability 
space, the probability contents of the non-normal distributions are easily approximated. 
In order to accomplish this, a one-to-one transformation is required: 

(A.I) 

where U1, U2 , ••• , U" are uncorrelated and standardized normally distributed. This 
chapter will detail the transformation of specified independent distributions (normal, 
lognormal, uniform, triangular, truncated normal, normal with center missing) and 
correlated (normal, lognormal) into the standard normal probability space. The 
correlated distributions dealt with will be restricted to normal and lognormal since they 
are most common. 

A.l Independent Distribution Transformation 

The simplest definition of the transformation T occurs when the distributions of the 
variables are mutually independent, and therefore, each variable can then be transformed 
separately. Madsen, Krenk, and Lind (1986) and Melchers (1987) show the identity: 

<l>(u,) = ~; (v, ), i = I ton (A.2) 

where Fv, ( v,) is the cumulative distribution function for variable, v,. Thus, the 

transformations are: 

(A.3) 

(A.4) 

In addition, the density ratio is required for evaluation of the gradient of the margin with 
respect to u. 
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A.1.1 Normal 

Independent normal distributions are the simplest to transform into standard normal 
space. A normal distribution has a probability density function (PDF): 

where the distribution is characterized by its mean, µ, and standard deviation, a. 
Therefore, f(v) is the value of the PDF at point v. It is well known (Kalbfleisch 1979) 

that the transformation into standard normal space (v ~ u) is accomplished by letting: 

v-µ 
T:u=--

cr 

Through the use of the chain rule, we find: 

(A.6) 

(A.7) 

which is the PDF of the standardized normal distribution. To accomplish the inverse 
transformation (u ~ v), we need: 

(A.8) 

to find: 

/(v)=cp(u)·I~= /4exp{- ~ u2 
}· ! 

= ~(:xp{-t:µ J} for -<O<V<<O 

(A.9) 

Thus, for the probability method, equation (A.6) and (A.8) will be used to move 
between V and U space. The density ratio is: 

cp(u) 
--=cr 
f(v) 

(A.IO) 
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A.1.2 Lognormal 

For a lognormal distribution with mean, A., and standard deviatio~ I;, the PDF is: 

{ ( J
2} 1 1 lo v-l 

f(v)= J2;.- exp -- g for OSv<co 
21tvl; 2 l; 

(A.IO) 

where A. and I; are found by transforming a normal distribution (µ, er) into a lognormal 
distribution. 

(A.12) 

(A.13) 

or inversely, 

(A.14) 

(A.15) 

Thus, the transformations to and from U space are based on (A.6) and (A.8) and 
are: 

The corresponding density ratio is: 

T:u= logv-A-
l; 

q,(u) = vl; 
f(v) 
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A.1.3 Uniform 

For a uniform distribution as in Figure A-1, 

a h 

Figure A-1: Uniform Distribution 

the PDF is: 

fora Sv Sb 

otherwise 

the transformations are defined as: 

and the density ratio is: 

T:u = <I>-'(v-a) 
b-a 

;~:; = (b-a)q,(u) 
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(A.20) 

(A.21) 

(A.22) 



A.1.4 Triangular 

For a symmetrical triangular distribution as in Figure A-2, 

2/(b-a) 

a (a+b)/2 b 

Figure A-2: Triangular Distribution 

the PDF is: 

4(v-a) 
fora5:v5:(a+b)/2 

(a-b)2 

f(v)= 
4(b-v) 

for (a+b)/25:v5:b 
(a-b)2 

0 otherwise 

the transformations are defined as: 

T: 

and the density ratio is: 

u = <I> _ 1(2{v-a)
2 J 

(a-b)2 

u=<I> 1- , -•( 2{b-v)2J 
(a-bt 
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i[v5:(a+b)/2 

ifv>(a+b)/2 

(A.23) 

(A.24) 

(A.25) 



A.1.5 Truncated Normal 

For a symmetrical truncated normal distribution., as in Figw-e A-3, 

Figure A-3: Truncated Normal Distribution 

the PDF is: 

1 
exp{-

1 
( v - µ )

2
} for µ( 1 - t) :S v :S µ( 1 + t) 

f(v)= 2-fi:icrt 2 -;- (A.27) 

0 otherwise 

where tis a tolerance ranging Oto 0.5, where O implies an impulse at the mean. and 0.5 
implies a full normal distribution. The transformations are: 

and the density ratio is: 

T:u = <l>-•( <l>({ v-µ )f ;j-(05-t) J 

T-1:v = µ +cr(<I>-1(2t<I>(u) +(05-t))) 

cp(u) = 2crt 
f(v) 
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A.1.6 Normal with Center Missing 

For a normal distribution with a symmetrical center portion missing, as in Figure 
A-4, 

Figure A-4: Normal Distribution with Center Missing 

the PDF is: 

0.5 { l ( v - µ )
2
} for V ~ µ( l - t) 

f(v) = (0.5-t).J27ccr exp -2 -;;- or v ~ µ(l+t) 
(A.31) 

0 otherwise 

where tis a tolerance ranging O to 0.5, where O implies a full normal distribution. and 0.5 
implies two impulses, one at positive infinity and the other at negative infinity. The 
transformations are: 

(A.32) 

(A.33) 

and the density ratio is: 

cp(u) ( 0.5 ) 
f( V) = er 0.5- t 

(A.34) 
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A.2Correlated Distribution Transformation 

When correlation in variables is encountered, the Rosenblatt (1952) transformation 
is required to determine the transformation mechanism to and from U space. Correlation 
is normally restricted to variables with similar distributions. For example, the roughness 
of a pipe is often characterized by a normal distribution and is correlated with the 
roughness of other pipes in the system to ensure that the roughness throughout the system 
is similar. In this example, it is normal distributions correlated with normal distributions. 
It is rare, if at all, that correlation between different distribution types occurs. Therefore, 
in this thesis, only correlation between like distributions will be handled. In addition, it 
will be further restricted to correlation of normal-like distributions (normal, lognormal. 
truncated normal, normal with center missing). 

A.2.1 General Case 

When the variables are not mutually independent, Hohenbichler and Rackwitz 
( 1981) suggested the Rosenblatt transformation. The transformation is defined similar to 
(A.3) and (A.4) and is: 

u1 =<I>-1(Fv.(v1)) 

"2 =<I>-1(Fv2(v2lv1)) 

T: u, = <I>-1( ~: ( v, Iv,, v2 ,· .. , v,_1 )) 

v1 = Fv,- 1(<I>(u1 )) 

T-1: v2 = Fv: _, ( ct>( "2 )lu,) 

vn = Fv.-'(ct>(un)lu1,Ui,···,Un-1) 

In most cases, T and its inverse are determined numerically. 

A.2.2 Correlated Normal-like Distributions 

(A.35) 

(A.36) 

The mechanism through which correlation is achieved in normal-like distributions 
lies in the use of the covariance matrix and Cholesky factorization (Melchers 1987). For 
correlated normal distributions, the transformations are: 

(A.37) 
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(A.38) 

where U and V are vectors of the transformation variables. µv is a vector of the mean 
values corresponding to the V variables, Ca is the covariance matrix. and Chol is the 
Cholesky factorization in upper triangular form. 

This form can be extended into the other normal-like distributions such as the 
lognormal and truncated normal: 

Table A-1: Correlated Lognormal and Truncated Normal Distributions 

Lognormal 

Truncated 
Normal 

( 
T)-1 

T:U = Chol(C;) (logV -A.v) 

T-1:V = exp(A.v +Chol(c;)T U) 

T:U = <I>-{ <t>((chol(c.JT' ~:-µ•) )-(05-t) l 
T-1:V = µv +Cho/(Ca((ct>-1(2t<I>(u)+(05-t))) 

(A.39) 

A.40) 

(A.41) 

(A.42) 

The normal with center missing distribution is a little more complicated and will not be 
shown here. 

The density function is found as (Madsen. Krenk, and Lind 1986): 

0 i<j 
cp(u;) 

i=J 
J,(v,jvt , .. ·, v,-1) 

av1 cp(u,) 
i>j (A.43) -= au, :: ( v,jv1 ,· ··, v,_1) 

I 
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Appendix B 

Maple and Matlab Code 
Steps to determining the performance of a system 
I. Open a Maple session 
2. Find the system equations: 

• There are many ways to handle this. Steve Carr has written a number of 
files to do this. 
• Load file ('matcalc ') which defines some matrix algebra, 
• Load file ('sysinfo '), the input file, which contains all the system 

information, 
• Load file ('system') that takes the input file, stamps up the model, and 

solves it. 
• The result is a symbolically solved system of equations. 

3. Convert the design _parameters vector into a matrix 
4. Define the U _ V relationship 

• Load file ('xdata') 
5. Convert the Maple code to Matlab code 

• Load files ('matlab', "mproc', and "gradm') 
• Use gradm function to convert code 
• The output is a file ("output') 

6. Copy the Matlab output ('output') into the files: 
• "gradm' -the gradient information of the function wrt design variables 
• "znew' - the set of system equations 
• "data' - the nominal values and tolerances of the parameters 

7. Ensure that the following files are correct: 
• •margins' - correct number 
• "optfun' - correct number of constraints, correct objective function 
• "optgrad' - correct gradient info for objective function and constraints 

8. Open Matlab session 
9. Load data file -the problem is solved 

There are several other support files that are needed: 
• "phi', "pdf', •newton', "rf', "probdu', plus the optimirntion toolbox from Matlab 

The only file that may have to be changed is "probdu' depending on the distribution type 
used in the system. 
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