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The universal phase behavior of block copolymer melts demonstrated previously with particle-based sim-
ulations is reproduced using complex-Langevin field-theoretic simulations (CL-FTSs) combined with the
Morse calibration. For comparison purposes, the calculations are repeated using conventional Langevin
field-theoretic simulations (L-FTSs), where the partial saddle-point approximation (PSPA) is applied to the
pressure field. Both FTS methods produce consistent results down to invariant polymerization indices of
N̄ ≈ 105, implying that the inaccuracies in the PSPA are well compensated for by the Morse calibration. At
lower N̄ , however, the complex fields of the CL-FTSs become prone to the formation of hot spots, causing
the simulations to fail. Previous studies have shown that finite-range interactions can help stabilize CL-FTSs.
Aided by the L-FTSs, we locate conditions at N̄ = 104, under which the universality is expected to hold and
the CL-FTSs are stable. While the L-FTSs continue to obey universality, the CL-FTSs deviate significantly.
A number of potential explanations are considered, but only one appears credible. Given the documented
problems with CL simulations of nonpolymeric models, it is likely that the inconsistency with universality
results from a ‘silent failure’ in the CL-FTSs, preceding the formation of hot spots.

I. INTRODUCTION

It has long been evident from experiments that the gen-
eral phase behavior of block copolymer melts is largely in-
dependent of the specific chemistry of the system.1 There
is now strong evidence from particle-based simulations
that block copolymer melts become truly universal in
the long-chain regime,2–7 at least for models involving
pairwise interactions and conformational symmetry. The
implication is that all models are essentially equivalent,
and thus can be accurately mapped onto the standard
Gaussian-chain model (GCM) underpinning most theo-
retical calculations, which assumes incompressible melts
of flexible polymers interacting by contact forces.8

For the simplest case of AB diblock copolymer melts,
the relevant parameters of the GCM are the number of
segments per diblock copolymer, N , the fraction of A-
type segments, f , and the Flory-Huggins interaction pa-
rameter, χ. We follow the convention where all segments
are defined to have a common volume of ρ−1

0 , and we
limit our attention to conformationally-symmetric sys-
tems, where the A and B segments have the same statisti-
cal length, a. The self-consistent field theory (SCFT) for
the GCM is controlled by f and χN ,9 and the fluctuation
corrections to it are controlled by the invariant polymer-
ization index, N̄ = a6ρ2

0N .10 If the parameters of any
other model satisfying universality were to be mapped
onto the parameters of the GCM and adjusted to give

a)Electronic mail: mwmatsen@uwaterloo.ca

the same values for f , χN , and N̄ , universality implies
that it would exhibit identical behavior on the coarse-
grained scale.

To test the universality hypothesis, Morse and
coworkers3,4 devised a simple procedure for accurately
mapping simulation models onto the standard GCM.
They then applied it to five distinct models and demon-
strated that the order-disorder transitions (ODTs) for
symmetric diblock copolymers (i.e., f = 0.5) all collapse
onto a universal curve,3,5

(χN)ODT = 10.495 + 41.0N̄−1/3 + 123.0N̄−0.56, (1)

when plotted in terms of the GCM parameters. Fur-
thermore, they went on to confirm that the free energy,
F , and the equilibrium lamellar period, Deq, were also
universal.5,7 Remarkably, the universal values of F and
Deq coincided with the SCFT predictions of the standard
GCM.

In the absence of universality, the behavior of an ex-
perimental system will depend on its microscopic details,
and thus accurate predictions will generally require a
model involving many parameters specially tuned to pro-
vide a faithful representation of the system. On the other
hand, when the molecular weight is sufficient for univer-
sality, it becomes possible to make accurate predictions
with simple coarse-grained models. It is unclear what is
a sufficient molecular weight, but it is worth noting that
lattice simulations have provided accurate predictions
for polyisoprene-polylactide (PI-PLA) diblock copolymer
melts despite their modest molecular weight.11

The ability to make quantitative predictions with sim-
ple models is nothing short of amazing, but unfortunately
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even highly coarse-grained models are challenging to sim-
ulate. Indeed, particle-based simulations have yet to pro-
duce a complete phase diagram for diblock copolymer
melts. Fortunately, there is an alternative, field-theoretic
simulations (FTSs).12–14 Not only are they much faster,15

they have actually provided complete phase diagrams for
diblock copolymers.16–18 Furthermore, they can handle
more complicated block copolymer architectures19–21 and
multi-component blends in various ensembles,22–24 with-
out much of an increase in computational cost.

The polymer field theory of a block copolymer sys-
tem is derived from its particle-based model by a
mathematically exact transformation involving Hubbard-
Stratonovich identities.12–14 For AB-type block copoly-
mer melts, the field-theoretic Hamiltonian, Hf [W−,W+],
involves a composition field, W−(r), that couples to the
difference in the A and B concentrations and a pressure
field, W+(r), that couples to the total concentration.
It is common to approximate the statistical mechanics
of Hf [W−,W+] by SCFT, where the free energy, F ≈
Hf [w−, w+], is estimated from the saddle-point fields,
w−(r) and w+(r), corresponding to DHf/DW−(r) =
DHf/DW+(r) = 0. Note that we follow the conven-
tion where W−(r) is real valued and W+(r) is imaginary
valued, which results in real saddle-point fields.18 The
challenge in going beyond SCFT is that the imaginary
W+(r) leads to a complex-valued Hf [W−,W+], causing
the so-called sign problem.25–31

One way to overcome the sign problem is to ap-
ply a partial saddle-point approximation (PSPA),32–35

in which W+(r) is replaced by the solution of
DHf/DW+(r) = 0. As it turns out, the solution, w+(r),
is real and consequently Hf [W−, w+] is amenable to con-
ventional Langevin simulations (L-FTSs).36 The justifi-
cation for the PSPA is that the composition fluctuations
in W−(r) are thought to provide the dominant correc-
tion to SCFT. Indeed, L-FTSs have shown impressive
agreement with the universality found in particle-based
simulations.18 Not only do their ODTs agree with Eq.
(1), the free energy and the domain sizes are well ap-
proximated by SCFT, exactly as observed in the particle-
based simulations. Although this bodes well for the
PSPA, Quah et al.37 have reported some serious inac-
curacies based on comparisons with complex-Langevin
field-theoretic simulations (CL-FTSs).

CL-FTSs provide an exact method of overcoming the
sign problem, where W−(r) and W+(r) are allowed to
explore the entire complex domain.38 Not only do they
avoid the PSPA, they are generally faster as there is no
need to evaluate w+(r). The problem, though, is that
they are prone to instabilities,16,18,39,40 which become se-
rious for strong fluctuations near the ODT at small N̄ .
The instabilities result from a tendency to form sharp
spikes in the field configurations,18,39 referred to as hot
spots. Delaney and Fredrickson16 have tamed the insta-
bilities to some degree by incorporating compressibility
and finite-range interactions into their model, but the
range of their interactions was relatively large. It has

been suggested that this may have caused significant de-
viations from universality.18

Kim et al.41 have shown that translational symmetry
contributes to the instabilities. It has generally been
assumed that W−(r) and W+(r) fluctuate about the
real saddle-point fields of SCFT.39 However, because the
fields are permitted to be complex, the translational in-
variance (i.e., r → r − v) extends to complex-valued
displacements, v. Consequently, the real saddle point
is connected to a continuous family of complex saddle
points,42 which provides a pathway deep into the com-
plex domain, eventually resulting in the formation of hot
spots.18

This problem is similar to what happens in complex-
Langevin (CL) simulations of quantum chromodynamics
(QCD), where a gauge symmetry also permits large ex-
cursions deep into the complex domain. In QCD, these
excursions can be prevented by the continuous applica-
tion of gauge transformations, a method referred to as
gauge cooling.43,44 Similarly, Kim et al.41 applied transla-
tion cooling to CL-FTSs, whereby imaginary translations
were continuously applied to maintain close proximity to
the real saddle point. Although this expanded the region
of stability, the improvement was limited.

Willis and Matsen45 tried another strategy from QCD
to stabilize CL simulations, referred to as dynamical sta-
bilization. It involves adding an artificial force to the
Langevin dynamics of sufficient strength to prevent the
excursions, but not so strong as to significantly bias the
statistics.28,29,31,47 Unlike the translation cooling, dy-
namical stabilization expanded the region of stability sig-
nificantly, producing universal results down to N̄ ≈ 105.
Nevertheless, this invariant polymerization is still well
above the values typical of experiments.1 Here, we at-
tempt to push the CL-FTSs to lower N̄ by incorporating
finite-range interactions, but with a small enough range
not to disrupt the universality. We also compare the re-
sults to those of L-FTSs, so as to assess the accuracy of
the PSPA.

II. FIELD-THEORETIC SIMULATIONS

In this study, we consider a system of n diblock copoly-
mers each consisting of N monomers, of which the first
NA are of type A and the remaining NB are of type B.
Instead of the standard GCM, we employ a bead-spring
model with compressibility and finite-range interactions.
The bead (i.e., monomer) coordinates are specified by
the set of vectors {rα,i}, where α ∈ {1, 2, ..., n} is the
molecule index and i ∈ {1, 2, ..., N} is the monomer in-
dex. In terms of the coordinates, the concentrations of
the A and B monomer centers are

φ̂A(r) =
1

ρ0

n∑
α=1

NA∑
i=1

δ(r− rα,i), (2)
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φ̂B(r) =
1

ρ0

n∑
α=1

N∑
i=NA+1

δ(r− rα,i), (3)

respectively. As usual, we divide by the bulk monomer
density, ρ0 ≡ nN/V , to make the concentrations dimen-
sionless.

The Hamiltonian,

Hp[{rα,i}] = Ub[{rα,i}] + Uint[{rα,i}], (4)

of our generalized model is expressed as a sum of bonded
and nonbonded interactions. The bonds are modeled as
harmonic springs,

Ub
kBT

=
3

2a2
b

n∑
α=1

N−1∑
i=1

|rα,i+1 − rα,i|2, (5)

where ab is the bare statistical segment length for nonin-
teracting polymers. The nonbonded interactions,

Uint

kBT
= ρ0

∫
[χbφ̂Γ,Aφ̂Γ,B +

ζ

2
(φ̂Γ,A + φ̂Γ,B − 1)2]dr, (6)

involve the usual Flory-Huggins term with a bare inter-
action strength of χb and a Helfand-type compressibility
controlled by a dimensionless compression modulus, ζ.46

Following Delaney and Fredrickson,16 the interactions

are evaluated using smeared concentrations, φ̂Γ,A(r) and

φ̂Γ,B(r), obtained by convolutions,

fΓ(r) ≡
∫
f(r− r′)Γ(r′)dr′, (7)

with a spherically-symmetric ‘smearing’ function, Γ(r),
of r ≡ |r| that satisfies

∫
Γ(r)dr = 1. The convolutions

are mathematically equivalent to using finite-range inter-
actions, where the interaction profile is given by

uint(r) =

∫
Γ(|r− r′|)Γ(r′)dr′. (8)

The equivalence follows from the fact that the Flory-
Huggins interaction can be re-expressed using∫
φ̂Γ,A(r)φ̂Γ,B(r)dr =

∫
φ̂A(r)uint(|r− r′|)φ̂B(r′)drdr′.

(9)
An analogous identity also exists for the Helfand com-
pressibility term. Delaney and Fredrickson chose a Gaus-
sian smearing function,

Γ(r) =
1

(2πa2
int)

3/2
exp(−r2/2a2

int). (10)

which also results in a Gaussian interaction profile,

uint(r) =
1

(4πa2
int)

3/2
exp(−r2/4a2

int). (11)

In polymer field theory,12–14,18 Hubbard-Stratonovich
identities are used to transform this particle-based
Hamiltonian into an equivalent field-based Hamiltonian,

Hf

nkBT
= − lnQ+

χbN

4
+

N

V

∫ (
W 2
−
χb
− W 2

+

χb + 2ζ
−W+

)
dr. (12)

Here, Q[W−,W+] is the partition function for a single
molecule in a system of noninteracting polymers (i.e.,
χb = ζ = 0) acted upon by the fields. See the supple-
mentary material for details of the transformation.

Simulations of Hf [W−,W+] are typically performed in
Lx×Ly×Lz orthorhombic boxes with periodic boundary
conditions. To represent the fields on a computer, the
boxes are overlaid with mx ×my ×mz grids of uniform
spacing, ∆ν = Lν/mν , in the ν = x, y, and z directions.
As such, the total volume of the box is V = LxLyLz,
the total number of grid points is M = mxmymz, and
the volume of each cell is Vcell = V/M . Our simulations
will focus on the lamellar-disorder transition, for which
cubic boxes with Lν ≡ L, mν ≡ m, and ∆ν ≡ ∆ will
suffice. We generally choose m = 32 and L = 3Deq,
where the equilibrium lamellar period, Deq, is determined
by balancing the normal and transverse stresses of the
lamellae.

In CL-FTSs, both fields sample the entire complex do-
main according to

W−(r; τ + δτ) = W−(r; τ)− Λ−(r)δτ +N (0, σ), (13)

W+(r; τ + δτ) = W+(r; τ) + Λ+(r)δτ + iN (0, σ).(14)

The stochastic function, N (0, σ), provides real-valued
Gaussian noise with a mean of zero and a variance of
σ2 = 2δτ/Vcellρ0. The deterministic forces are given by

Λ−(r) = φΓ,−(r) +
2

χb
W−(r) + iαdsN Im[W−(r)],(15)

Λ+(r) = φΓ,+(r)− 1− 2

χb + 2ζ
W+(r), (16)

where φΓ,±(r) are ensemble averages of

φ̂Γ,±(r) ≡ φ̂Γ,A(r)± φ̂Γ,B(r), (17)

in the system of noninteracting polymers. Note that
Λ−(r) includes the usual contributions from the func-
tional derivative of the Hamiltonian, DHf/DW−(r),16,18

plus an additional contribution of strength αds for the dy-
namical stabilization.45 See the supplementary material
for more details.

In practice, we modify the simple Euler-Maruyama al-
gorithm in Eqs. (13) and (14) to facilitate larger time
steps, δτ . For conditions prone to the formation of hot
spots, we evolve W−(r) and W+(r) using the predictor-
corrector algorithm with an adaptive time step, δτ .39 Al-
though we are able to target a time step of δτN = 0.1,
it nevertheless drops by orders of magnitude when hot
spots occur, causing the simulations to run extremely
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slow. However, when the CL-FTSs are sufficiently sta-
ble with respect to hot spot formation, the Leimkuhler-
Matthews algorithm48 can be applied with a large time
step of δτN = 2. Source code for the CL-FTSs is pro-
vided in the supplementary material.

For comparison purposes, we also perform L-FTSs,
where W−(r) evolves according to Eq. (13) with αds = 0,
while W+(r) is replaced by its PSPA. The partial saddle
point, w+(r), is evaluated iteratively at each Langevin
step using the linear-response Anderson-mixing algo-
rithm introduced by Chen and Morse.49 Although this
extra calculation slows the L-FTSs, that is largely com-
pensated for by the fact the Leimkuhler-Matthews algo-
rithm can operate with a remarkably large time step of
δτN = 8. Source code for the L-FTSs is also available in
the supplementary material.

In this study, we will need to evaluate several observ-
ables. The first is the structure function used to measure
the level of segregation in the disordered phase, of which
there are two natural choices,

SΓ(k) ≡ ρ2
0

4V

〈
δφ̂Γ,−(k)δφ̂Γ,−(−k)

〉
, (18)

S(k) ≡ ρ2
0

4V

〈
δφ̂−(k)δφ̂−(−k)

〉
, (19)

corresponding to fluctuations of φ̂Γ,−(k) and φ̂−(k), re-
spectively, where the Fourier transforms are defined by

f(k) =

∫
f(r)e−ik·rdr. (20)

The structure functions are evaluated using51,52

SΓ(k) =
ρ2

0

V χ2
b

〈W−(k)W−(−k)〉 − ρ0

2χb
, (21)

S(k) = SΓ(k)/Γ2(k), (22)

where

Γ(k) = exp(−a2
intk

2/2), (23)

for the case of Gaussian smearing. In particle-based sim-
ulations, correlations are generally specified in terms of
the relative positions of the monomer centers. Thus, the
relevant structure function is S(k), and so that is the defi-
nition we generally use. Nevertheless, the choice becomes
immaterial once aint � R0.

We also need to determine the equilibrium period,
Deq, of the lamellar phase. This is done by simulating
a lamellar morphology with the layers oriented normal
to the z direction, and evaluating ensemble averages of
∂ lnQ/∂Lν . Fredrickson and Delaney50 have worked out
analytical expressions for these derivatives, but we con-
clude that it is better to just evaluate them using finite
differences. The value of Deq is obtained by adjusting
the box size such that53,54

 Lx

〈
∂ lnQ

∂Lx

〉
+ Ly

〈
∂ lnQ

∂Ly

〉
= 2Lz

〈
∂ lnQ

∂Lz

〉
. (24)

Note that this condition assumes the grid spacing, ∆ν , is
the same in all three directions, ν = x, y, and z. If not,
differences in ∂z∞/∂Lν may need to be accounted for as
explained in Ref. 53 and 54.

Lastly, we need to distinguish the lamellar phase from
the disordered phase. For this, we evaluate the order
parameter

Ψ =
1

R3
0

(
V

(2π)3

∫
f(k)|W−(k)W−(−k)|2dk

)1/4

, (25)

where f(k) is a Heaviside-like function that screens out
the large wavevectors beyond the principle peak, k∗, in
the structure function. Past studies55 have shown that
Ψ is distinctly larger for lamellar configurations than for
disordered ones.

III. MORSE CALIBRATION

The Morse calibration3,4 is used to map our generalized
model with discrete chains, compressibility, and finite-
range interactions onto the standard GCM. The first step
is to determine the bare segment length, ab, such that
the average end-to-end length of the polymers satisfies
R0 = aN1/2 in the χb → 0 and N → ∞ limits.56 In the
CL-FTSs,

ab = a

(
1 +

a2

72(2π)3ρ0

∫
k2dk

s2(k)[1 + t(k)/ζ]

)−1

, (26)

where the integration is over the interval −π/∆ν ≤ kν ≤
π/∆ν and

s(k) ≡ sinh(k2a2/12), (27)

t(k) ≡ tanh(k2a2/12)/Γ2(k). (28)

In the L-FTSs, just as in SCFT, R0 = abN
1/2 and thus

ab = a. The second step of the calibration is to deter-
mine a linear approximation for the Flory-Huggins pa-
rameter χ ≈ z∞χb, such that the free energy of a dis-
ordered melt reduces to the Flory-Huggins expression,
F/nkBT → χNf(1−f) in the same χb → 0 and N →∞
limits.57 In this case,

z∞ = 1− 1

(2π)3ρ0

∫
dk

t(k)[1 + t(k)/ζ]
, (29)

for both simulation methods. Derivations of Eqs. (26)
and (29) are provided in the supplementary material.

Accurate numerical calculations generally require the
grid spacing, ∆ν , to be fine relative to the smallest length
scale of the model. This is a potential problem for short-
range interactions. To illustrate the issue, Fig. 1 shows
S(k) for symmetric diblock copolymer melts in the dis-
ordered phase at χbN = 9.5, using cubic simulation
boxes with L = 4.5R0 and m = 32, 40, and 48. The
solid and dashed curves correspond to CL-FTSs and L-
FTSs, respectively. In both cases, the grid dependence is
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<latexit sha1_base64="ujRiTjoQk0XflZvOLEHPATUhh1M=">AAACBHicbVDLSsNAFJ3UV42vqMtuBovQVUjEoi4KBTeuSgX7gCaGyXTaDp1MwsxEKKELN/6KGxeKuPUj3Pk3TtsstPXAhcM593LvPWHCqFSO820U1tY3NreK2+bO7t7+gXV41JZxKjBp4ZjFohsiSRjlpKWoYqSbCIKikJFOOL6e+Z0HIiSN+Z2aJMSP0JDTAcVIaSmwSh4e0SBs1K7sKvQ80wuRyBrTmuvcVwOr7NjOHHCVuDkpgxzNwPry+jFOI8IVZkjKnuskys+QUBQzMjW9VJIE4TEakp6mHEVE+tn8iSk81UofDmKhiys4V39PZCiSchKFujNCaiSXvZn4n9dL1eDSzyhPUkU4XiwapAyqGM4SgX0qCFZsognCgupbIR4hgbDSuZk6BHf55VXSPrPdqu3cnpfrlTyOIiiBE1ABLrgAdXADmqAFMHgEz+AVvBlPxovxbnwsWgtGPnMM/sD4/AGKVJYF</latexit>

�bN = 9.5

N̄ = 105

<latexit sha1_base64="dNEUqd/NhzR/4K61tXyu+wB9Pxo=">AAACBHicbVDLSgMxFM3UV62vUZfdBItQN2VGFN0IBTcuK9gHtMOQSTNtaJIZkoxQhhHc+CtuXCji1o9w59+YTmehrQcunJxzL7n3BDGjSjvOt1VaWV1b3yhvVra2d3b37P2DjooSiUkbRyySvQApwqggbU01I71YEsQDRrrB5Hrmd++JVDQSd3oaE4+jkaAhxUgbyber6UByWEcnGXyAyM9fVOgMXkHHt2tOw8kBl4lbkBoo0PLtr8EwwgknQmOGlOq7Tqy9FElNMSNZZZAoEiM8QSPSN1QgTpSX5kdk8NgoQxhG0pTQMFd/T6SIKzXlgenkSI/VojcT//P6iQ4vvZSKONFE4PlHYcKgjuAsETikkmDNpoYgLKnZFeIxkghrk1vFhOAunrxMOqcN97zh3J7VmvUijjKogiNQBy64AE1wA1qgDTB4BM/gFbxZT9aL9W59zFtLVjFzCP7A+vwBNQeWcQ==</latexit>

(a) aint = 0

<latexit sha1_base64="rdj49dMT6q63pbjttFfTdVIlSmo=">AAACCnicbZDLSgMxFIYz9VbrbdSlm2gR6qbMFEU3QsGNyyr2Au0wZNJMG5pkhiQjlKFu3fgqblwo4tYncOfbmE5noa0/BL785xyS8wcxo0o7zrdVWFpeWV0rrpc2Nre2d+zdvZaKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawehqWm/fE6loJO70OCYeRwNBQ4qRNpZvH6Y9yWElOJnAB4j87EaFnsBL6FSd2q3v+HbZUCa4CG4OZZCr4dtfvX6EE06Exgwp1XWdWHspkppiRialXqJIjPAIDUjXoECcKC/NVpnAY+P0YRhJc4SGmft7IkVcqTEPTCdHeqjma1Pzv1o30eGFl1IRJ5oIPHsoTBjUEZzmAvtUEqzZ2ADCkpq/QjxEEmFt0iuZENz5lRehVau6Z1Xn5rRcr+RxFMEBOAIV4IJzUAfXoAGaAINH8AxewZv1ZL1Y79bHrLVg5TP74I+szx99kZgf</latexit>

(b) aint = 0.02R0

<latexit sha1_base64="7wh7HF3Zw6I6mwG4h/ciwNSw0FM=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIXZUZUXRZcOOygn1AO5RMmmlDk8yQZIQ6VH/FjQtF3Pof7vwb03YW2nogcDjnHu7NCRPOtPG8b6ewsrq2vlHcLG1t7+zuufsHTR2nitAGiXms2iHWlDNJG4YZTtuJoliEnLbC0fXUb91TpVks78w4oYHAA8kiRrCxUs89yrpKICaJDWkmBxP0iETPLXtVbwa0TPyclCFHved+dfsxSQWVhnCsdcf3EhNkWBlGOJ2UuqmmCSYjPKAdSyUWVAfZ7PoJOrVKH0Wxsk8aNFN/JzIstB6L0E4KbIZ60ZuK/3md1ERXQcZkkhoqyXxRlHJkYjStAvWZosTwsSWYKGZvRWSIFSbGFlayJfiLX14mzbOqf1H1bs/LtUpeRxGO4QQq4MMl1OAG6tAAAg/wDK/w5jw5L8678zEfLTh55hD+wPn8ATvilP4=</latexit>

increasing m

<latexit sha1_base64="7wh7HF3Zw6I6mwG4h/ciwNSw0FM=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIXZUZUXRZcOOygn1AO5RMmmlDk8yQZIQ6VH/FjQtF3Pof7vwb03YW2nogcDjnHu7NCRPOtPG8b6ewsrq2vlHcLG1t7+zuufsHTR2nitAGiXms2iHWlDNJG4YZTtuJoliEnLbC0fXUb91TpVks78w4oYHAA8kiRrCxUs89yrpKICaJDWkmBxP0iETPLXtVbwa0TPyclCFHved+dfsxSQWVhnCsdcf3EhNkWBlGOJ2UuqmmCSYjPKAdSyUWVAfZ7PoJOrVKH0Wxsk8aNFN/JzIstB6L0E4KbIZ60ZuK/3md1ERXQcZkkhoqyXxRlHJkYjStAvWZosTwsSWYKGZvRWSIFSbGFlayJfiLX14mzbOqf1H1bs/LtUpeRxGO4QQq4MMl1OAG6tAAAg/wDK/w5jw5L8678zEfLTh55hD+wPn8ATvilP4=</latexit>

increasing m

<latexit sha1_base64="hhDmTCJIKY7wfGcsp2PxaG7OJH0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU8mKoseCF49V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ3FuNvr7S2vrG5Vd6u7Ozu7R9UD4/aJk41ZS0ai1h3Q2KY4Iq1LLeCdRPNiAwF64ST29zvPDFteKwe7TRhgSQjxSNOic2lycMAD6o1XMdzoFXiF6QGBZqD6ld/GNNUMmWpIMb0fJzYICPacirYrNJPDUsInZAR6zmqiGQmyOa3ztCZU4YoirUrZdFc/T2REWnMVIauUxI7NsteLv7n9VIb3QQZV0lqmaKLRVEqkI1R/jgacs2oFVNHCNXc3YromGhCrYun4kLwl19eJe2Lun9Vx/eXtQYu4ijDCZzCOfhwDQ24gya0gMIYnuEV3jzpvXjv3seiteQVM8fwB97nD5SFjeA=</latexit>

kR0

<latexit sha1_base64="hhDmTCJIKY7wfGcsp2PxaG7OJH0=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU8mKoseCF49V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ3FuNvr7S2vrG5Vd6u7Ozu7R9UD4/aJk41ZS0ai1h3Q2KY4Iq1LLeCdRPNiAwF64ST29zvPDFteKwe7TRhgSQjxSNOic2lycMAD6o1XMdzoFXiF6QGBZqD6ld/GNNUMmWpIMb0fJzYICPacirYrNJPDUsInZAR6zmqiGQmyOa3ztCZU4YoirUrZdFc/T2REWnMVIauUxI7NsteLv7n9VIb3QQZV0lqmaKLRVEqkI1R/jgacs2oFVNHCNXc3YromGhCrYun4kLwl19eJe2Lun9Vx/eXtQYu4ijDCZzCOfhwDQ24gya0gMIYnuEV3jzpvXjv3seiteQVM8fwB97nD5SFjeA=</latexit>

kR0

FIG. 1. Structure functions, S(k), evaluated with a bare seg-
regation of χbN = 9.5 and an invariant polymerization of
N̄ = 105 for (a) contact interactions and (b) short-range in-
teractions of aint = 0.02R0. The CL-FTSs (solid curves) and
L-FTSs (dashed curves) are performed in cubic simulation
boxes of L = 4.5R0 with m = 32, 40, and 48 grid points along
each direction. Notice that the peaks, S(k∗), decrease with
increasing resolution (i.e., increasing m).

strongest for the contact interactions of Fig. 1(a), but it
also remains significant for the short-range interactions of
Fig. 1(b). The requirement for convergence can be seen
in Fig. 2, where we compare z∞ and ab/a calculated
for the finite values of m to the converged results corre-
sponding to m → ∞. This shows that the grid spacing
for m = 32 only becomes sufficient once aint & 0.08R0.
For the smearing range of aint = 0.02R0, correspond-
ing to Fig. 1(b), convergence requires m & 200, which
is simply impractical. For the aint = 0 of Fig. 1(a),
z∞ actually exhibits an ultraviolet (UV) divergence,60,61

and thus no value of m will suffice. Note that the usual
UV divergence of ab/a is avoided because our model in-
volves discrete rather than continuous Gaussian chains.58

To resolve these convergence problems, Fig. 3 reevalu-
ates S(k), this time, holding z∞χbN = 9 constant for
m = 32, 40, and 48. This accelerates the convergence for
aint = 0.02R0 such that m = 32 is now sufficient, and
furthermore it removes the UV divergence for aint = 0.

The insets in Fig. 3 compare the peak heights, S(k∗),
to the prediction from renormalized one-loop (ROL)
theory58,59 evaluated at χN = 9. To correct for the dis-
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<latexit sha1_base64="D6lfUtHSRq+lsOrvvbTOHNzq68A=">AAAB8HicbVBNSwMxEJ34WetX1aOXYBGqh7Irih4LXjxWsB/SLiWbZtvQJLskWaEs/RVePCji1Z/jzX9j2u5BWx8MPN6bYWZemAhurOd9o5XVtfWNzcJWcXtnd2+/dHDYNHGqKWvQWMS6HRLDBFesYbkVrJ1oRmQoWCsc3U791hPThsfqwY4TFkgyUDzilFgnPWZdLXElPJv0SmWv6s2Al4mfkzLkqPdKX91+TFPJlKWCGNPxvcQGGdGWU8EmxW5qWELoiAxYx1FFJDNBNjt4gk+d0sdRrF0pi2fq74mMSGPGMnSdktihWfSm4n9eJ7XRTZBxlaSWKTpfFKUC2xhPv8d9rhm1YuwIoZq7WzEdEk2odRkVXQj+4svLpHlR9a+q3v1luXaex1GAYziBCvhwDTW4gzo0gIKEZ3iFN6TRC3pHH/PWFZTPHMEfoM8f9DyPxg==</latexit>

(b)

<latexit sha1_base64="6VZU54WMFSkjeSvCzOmdxTAwvBU=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoMQPYRdUfQY8OIxgnlgsoTZySQZMo9lZlYMS/7CiwdFvPo33vwbJ8keNLGgoajqprsrijkz1ve/vdzK6tr6Rn6zsLW9s7tX3D9oGJVoQutEcaVbETaUM0nrlllOW7GmWEScNqPRzdRvPlJtmJL3dhzTUOCBZH1GsHXSQ0dE6ikt49NJt1jyK/4MaJkEGSlBhlq3+NXpKZIIKi3h2Jh24Mc2TLG2jHA6KXQSQ2NMRnhA245KLKgJ09nFE3TilB7qK+1KWjRTf0+kWBgzFpHrFNgOzaI3Ff/z2ontX4cpk3FiqSTzRf2EI6vQ9H3UY5oSy8eOYKKZuxWRIdaYWBdSwYUQLL68TBrnleCy4t9dlKpnWRx5OIJjKEMAV1CFW6hBHQhIeIZXePOM9+K9ex/z1pyXzRzCH3ifPzGrkIY=</latexit>

(a)

<latexit sha1_base64="oqDGzi7W/c31+IA2f30wOCEZl5o=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU01E0WPBi8cKpi20oUy2m3bpZhN2N0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genjU0kmmKPNpIhLVCVEzwSXzDTeCdVLFMA4Fa4fju5nffmJK80Q+mknKghiHkkecorGSj/3wAvvVmlt35yCrxCtIDQo0+9Wv3iChWcykoQK17npuaoIcleFUsGmll2mWIh3jkHUtlRgzHeTzY6fkzCoDEiXKljRkrv6eyDHWehKHtjNGM9LL3kz8z+tmJroNci7TzDBJF4uiTBCTkNnnZMAVo0ZMLEGquL2V0BEqpMbmU7EheMsvr5LWZd27rrsPV7WGW8RRhhM4hXPw4AYacA9N8IECh2d4hTdHOi/Ou/OxaC05xcwx/IHz+QNVZo5Q</latexit> a
b
/a

<latexit sha1_base64="bVErN48l5+y0KmxxII7Jn4f7vuc=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix48VjBfkAbyma7aZduNnF3IsTQP+HFgyJe/Tve/Ddu2xy09cHA470ZZuYFiRQGXffbWVldW9/YLG2Vt3d29/YrB4ctE6ea8SaLZaw7ATVcCsWbKFDyTqI5jQLJ28H4Zuq3H7k2Ilb3mCXcj+hQiVAwilbqPPV7QoWY9StVt+bOQJaJV5AqFGj0K1+9QczSiCtkkhrT9dwE/ZxqFEzySbmXGp5QNqZD3rVU0YgbP5/dOyGnVhmQMNa2FJKZ+nsip5ExWRTYzojiyCx6U/E/r5tieO3nQiUpcsXmi8JUEozJ9HkyEJozlJkllGlhbyVsRDVlaCMq2xC8xZeXSeu85l3W3LuLat0t4ijBMZzAGXhwBXW4hQY0gYGEZ3iFN+fBeXHenY9564pTzBzBHzifP1aHkBs=</latexit> z 1

<latexit sha1_base64="vYUo5WIqxlUt0l6sKNmmdoDaw/E=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRZBPJTdVtGLUPDisYL9gHYp2TTbhibZJckKZelf8OJBEa/+IW/+G7PtHrT1wcDjvRlm5gUxZ9q47rdTWFvf2Nwqbpd2dvf2D8qHR20dJYrQFol4pLoB1pQzSVuGGU67saJYBJx2gsld5neeqNIsko9mGlNf4JFkISPYZJK4rdcG5YpbdedAq8TLSQVyNAflr/4wIomg0hCOte55bmz8FCvDCKezUj/RNMZkgke0Z6nEgmo/nd86Q2dWGaIwUrakQXP190SKhdZTEdhOgc1YL3uZ+J/XS0x446dMxomhkiwWhQlHJkLZ42jIFCWGTy3BRDF7KyJjrDAxNp6SDcFbfnmVtGtV76rqPlxWGhd5HEU4gVM4Bw+uoQH30IQWEBjDM7zCmyOcF+fd+Vi0Fpx85hj+wPn8ATXzjZ0=</latexit>

m = 32

<latexit sha1_base64="vYUo5WIqxlUt0l6sKNmmdoDaw/E=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRZBPJTdVtGLUPDisYL9gHYp2TTbhibZJckKZelf8OJBEa/+IW/+G7PtHrT1wcDjvRlm5gUxZ9q47rdTWFvf2Nwqbpd2dvf2D8qHR20dJYrQFol4pLoB1pQzSVuGGU67saJYBJx2gsld5neeqNIsko9mGlNf4JFkISPYZJK4rdcG5YpbdedAq8TLSQVyNAflr/4wIomg0hCOte55bmz8FCvDCKezUj/RNMZkgke0Z6nEgmo/nd86Q2dWGaIwUrakQXP190SKhdZTEdhOgc1YL3uZ+J/XS0x446dMxomhkiwWhQlHJkLZ42jIFCWGTy3BRDF7KyJjrDAxNp6SDcFbfnmVtGtV76rqPlxWGhd5HEU4gVM4Bw+uoQH30IQWEBjDM7zCmyOcF+fd+Vi0Fpx85hj+wPn8ATXzjZ0=</latexit>

m = 32

<latexit sha1_base64="KK6xpTQ9v2P0qwZ4T7frqwAyr00=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5JIRY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3V3UK64NXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimGN34mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6aV/WvKuae1+vNKp5HEU4g3OoggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AeaBjNw=</latexit>

40
<latexit sha1_base64="d0ou9sV02Dwdyyi+hENLbEHgaaI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5JIxR4LXjxWsbXQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJR8epYthmsYhVN6AaBZfYNtwI7CYKaRQIfAwmN3P/8QmV5rF8MNME/YiOJA85o8ZK9/XGoFxxa+4CZJ14OalAjtag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnqWSRqj9bHHpjFxYZUjCWNmShizU3xMZjbSeRoHtjKgZ61VvLv7n9VITNvyMyyQ1KNlyUZgKYmIyf5sMuUJmxNQSyhS3txI2pooyY8Mp2RC81ZfXSeey5l3V3Lt6pVnN4yjCGZxDFTy4hibcQgvawCCEZ3iFN2fivDjvzseyteDkM6fwB87nD/KhjOQ=</latexit>

48
<latexit sha1_base64="oAuu0H1dcJNSj2rDnDg3hbABClo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahp5KIoheh4MVjBfsBbSib7aZdutnE3YkQSv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHjBLuB/RoRKhYBSt1IluekKFmPXLFbfmzkFWiZeTCuRo9MtfvUHM0ogrZJIa0/XcBP0J1SiY5NNSLzU8oWxMh7xrqaIRN/5kfu+UnFllQMJY21JI5urviQmNjMmiwHZGFEdm2ZuJ/3ndFMNrfyJUkiJXbLEoTCXBmMyeJwOhOUOZWUKZFvZWwkZUU4Y2opINwVt+eZW0zmveZc29v6jUq3kcRTiBU6iCB1dQhztoQBMYSHiGV3hzHp0X5935WLQWnHzmGP7A+fwBC7yP5A==</latexit>m = 1

<latexit sha1_base64="oAuu0H1dcJNSj2rDnDg3hbABClo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBahp5KIoheh4MVjBfsBbSib7aZdutnE3YkQSv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHjBLuB/RoRKhYBSt1IluekKFmPXLFbfmzkFWiZeTCuRo9MtfvUHM0ogrZJIa0/XcBP0J1SiY5NNSLzU8oWxMh7xrqaIRN/5kfu+UnFllQMJY21JI5urviQmNjMmiwHZGFEdm2ZuJ/3ndFMNrfyJUkiJXbLEoTCXBmMyeJwOhOUOZWUKZFvZWwkZUU4Y2opINwVt+eZW0zmveZc29v6jUq3kcRTiBU6iCB1dQhztoQBMYSHiGV3hzHp0X5935WLQWnHzmGP7A+fwBC7yP5A==</latexit>m = 1

<latexit sha1_base64="d0ou9sV02Dwdyyi+hENLbEHgaaI=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5JIxR4LXjxWsbXQhrLZTtqlm03Y3Qgl9B948aCIV/+RN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RQ2Nre2d4q7pb39g8Oj8vFJR8epYthmsYhVN6AaBZfYNtwI7CYKaRQIfAwmN3P/8QmV5rF8MNME/YiOJA85o8ZK9/XGoFxxa+4CZJ14OalAjtag/NUfxiyNUBomqNY9z02Mn1FlOBM4K/VTjQllEzrCnqWSRqj9bHHpjFxYZUjCWNmShizU3xMZjbSeRoHtjKgZ61VvLv7n9VITNvyMyyQ1KNlyUZgKYmIyf5sMuUJmxNQSyhS3txI2pooyY8Mp2RC81ZfXSeey5l3V3Lt6pVnN4yjCGZxDFTy4hibcQgvawCCEZ3iFN2fivDjvzseyteDkM6fwB87nD/KhjOQ=</latexit>

48
<latexit sha1_base64="KK6xpTQ9v2P0qwZ4T7frqwAyr00=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBahp5JIRY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD3V3UK64NXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimGN34mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6aV/WvKuae1+vNKp5HEU4g3OoggfX0IA7aEILGITwDK/w5kycF+fd+Vi2Fpx85hT+wPn8AeaBjNw=</latexit>

40

<latexit sha1_base64="3CsPoFcYZTgP+pQ7qETC5C553b4=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBZBPJREFL0IBS8eK9gPaEPZbDft0s0m7E6EGvojvHhQxKu/x5v/xm2bg7Y+GHi8N8PMvCCRwqDrfjuFldW19Y3iZmlre2d3r7x/0DRxqhlvsFjGuh1Qw6VQvIECJW8nmtMokLwVjG6nfuuRayNi9YDjhPsRHSgRCkbRSq3uE0d64/XKFbfqzkCWiZeTCuSo98pf3X7M0ogrZJIa0/HcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+bnTshJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDaz4RKUuSKzReFqSQYk+nvpC80ZyjHllCmhb2VsCHVlKFNqGRD8BZfXibN86p3WXXvLyq1szyOIhzBMZyCB1dQgzuoQwMYjOAZXuHNSZwX5935mLcWnHzmEP7A+fwB15aPKg==</latexit>
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FIG. 2. Calibration of (a) the linear χ ≈ z∞χb and (b) the
bare segment length, ab, as a function of the interaction range,
aint, for simulations with N = 90, ζ = 1, and N̄ = 105 in
cubic simulation boxes of size L = 4.5R0 with m = 32, 40,
and 48 grid points along each dimension. Solid curves denote
converged results corresponding to m→∞.

crepancy, the Morse calibration defines a nonlinear

χ = z∞χb + c2(z∞χb)
2 + c3(z∞χb)

3 + · · · , (30)

where the coefficients, ci, are adjusted to bring the S(k∗)
values at different χb into agreement with ROL theory.
Given the large N̄ values of our study, we can generally
truncate the i ≥ 3 terms from Eq. (30).

It is important to note that the nonlinear calibration of
χ is only possible in the universal regime. In the absence
of universality, the homopolymer (i.e., χb → 0) limit of
S(k∗) will differ from the ROL prediction, and no choice
of fitting parameters can bring them into agreement.
This is also a potential problem for the L-FTSs, because
their structure functions converge to the random-phase
approximation (RPA),62 which gradually deviates from
ROL at small N̄ . Fortunately, the difference between
ROL and RPA is not significant for the values of N̄ ≥ 104

examined our study.59

It may appear that the nonlinear χ is dependent on
which particular structure function is used, but that is
not the case. Universality implies that the coarse-grained
behavior of the model is independent of its microscopic
details. As such, the smearing should not affect the struc-
ture function at the large length scales corresponding to
k . k∗. This, in turn, implies that universality can only
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FIG. 3. Analogous plots to those of Fig. 1 for (a) contact
interactions and (b) short-range interactions of aint = 0.02R0,
this time evaluated at an effective segregation of z∞χbN = 9.
In both cases, the curves for m = 32, 40, and 48 collapse.
The insets compare the peaks, S(k∗), to the ROL prediction
denoted by crosses.

occur if Γ(k∗) ≈ 1. Indeed, for the Gaussian smear-
ing, we will find that universal behavior emerges once
aint . 0.02R0, which coincides with where the difference
between S(k∗) and SΓ(k∗) drops below 1%.

The coefficients, ci, of the nonlinear χ are dependent
on the dimensionless monomer density, ρ0a

3, the com-
pression modulus, ζ, and the smearing function, Γ(r).
In Eq. (30), we intentionally expressed χ as a function
of z∞χb. As a result, the ci values are, to a good ap-
proximation, independent of the grid resolution.54 Al-
though there remains a weak dependence that needs to
be considered when performing precise free energy com-
parisons between different ordered phases,17,21 it is of no
concern here because we compare the lamellar and dis-
ordered phases using identical grids.

IV. RESULTS

The previous study by Willis and Matsen,45 comparing
the ODTs from CL-FTSs and L-FTSs to the universal
prediction in Eq. (1), assumed the lamellar period, Deq,
as predicted by the SCFT of the standard GCM. It also
neglected the renormalization of the segment length, Eq.
(26), for the CL-FTSs. Here, we begin by repeating their
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FIG. 4. Histograms of the order parameter, Ψ, calculated
from CL-FTSs for a series of z∞χbN values at N̄ = 105. The
ODT occurs at (z∞χbN)ODT = 11.526, where the disorder
and order peaks are of equal area (i.e., equal probability).

calculations, this time evaluating the actual periods and
using the proper segment lengths. As before, we include a
modest compressibility of ζ = 1, but still retain the usual
contact interactions of the standard model [i.e., Γ(r) =
δ(r)].

We locate the ODTs using the order parameter, Ψ,
defined in Eq. (25). Histograms of Ψ generated from
CL-FTSs at N̄ = 105 are shown in Fig. 4 for a series
of z∞χbN values. As we can see, the system readily
transitions between the lamellar and disordered phases,
producing well-defined peaks at Ψ ≈ 145 and 315, respec-
tively. Because the system never remains in the lamel-
lar phase for long near the ODT, we evaluate Deq at
∆(z∞χbN) ≈ 0.1 and 0.2 above the transition, and then
linearly extrapolate back to the ODT. The histograms
are generally collected over long durations of τN = 107,
which is sufficient time for ∼ 102 transitions. This large
number of transitions results in accurate histograms as
evident by the smooth progression observed in Fig. 4.
Matching the areas (i.e., probabilities) of the two peaks
locates the ODTs with remarkable precision. In this case,
the ODT occurs at (z∞χbN)ODT = 11.526.

The L-FTSs do not transition as frequently as the
CL-FTSs, but nevertheless we can obtain equally pre-
cise ODTs using well-tempered metadynamics (WTMD),
where a potential, U(Ψ), is added to the Hamiltonian to
reduce the energy barrier.55 The WTMD has the advan-
tage that the χb-dependence of the histogram is obtained
from a single simulation. For N̄ = 105, the L-FTSs
predict the ODT at (z∞χbN)ODT = 11.501. Note that
the WTMD method cannot be applied to the CL-FTSs,
because it requires U(Ψ) to be an analytic function of
W−(r),41 which is impossible given that Ψ is real valued.

The last step is to evaluate the coefficient, c2, for the
effective χ in Eq. (30). We repeat the calculations from
before, but this time accounting for the renormalization
of the segment length when evaluating N̄ = a6ρ2

0N for
the CL-FTSs. This has the effect of reducing c2. We
also improved our procedure for fitting the FTS results
to the ROL predictions. The new calibrations are listed
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TABLE I. Coefficients of the nonlinear χ in Eq. (30) for ζ = 1.

ρ0a
3 N̄ (for N = 90) c2 (CL-FTS) c2 (L-FTS)

10.5 104 0.23

33.3 105 0.099 0.067

105 106 0.033 0.023

333 107 0.015 0.012

1054 108 0.009 0.009

3333 109 0.008 0.008
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FIG. 5. (a) Position of the ODT plotted in terms of nonlin-
ear χ as a function of the invariant polymerization index, N̄ ,
obtained from CL-FTSs (crosses) and L-FTSs (circles) with
contact forces. (b) Equilibrium lamellar periods at the ODT.
The universal predictions are denoted by solid curves.

in Table I. Note that we are able to turn off the dynami-
cal stabilization when calculating S(k) in the disordered
phase.

Using the nonlinear calibration, we obtain ODTs of
(χN)ODT = 11.68 and 11.60 for the CL-FTSs and L-
FTSs, respectively, which agree reasonably well with the
universal value of 11.57. Figure 5(a) compares the ODTs
for a range of other N̄ values to the universal result in
Eq. (1). Similarly, Fig. 5(b) compares the equilibrium
lamellar periods, Deq, at the ODT to the SCFT predic-
tion for the standard GCM evaluated at the (χN)ODT

given by Eq. (1). As we can see, both FTSs conform to
the expected universal behavior. The agreement implies
that the inaccuracies in the PSPA are well compensated
for by the Morse calibration.
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aint = 0.0816R0

FIG. 6. (a) Position of the ODT plotted in terms of linear
χ ≈ z∞χb as a function of the invariant polymerization index,
N̄ , obtained from CL-FTSs (crosses) and L-FTSs (circles)
with a Gaussian smearing of aint = 0.2Rg. (b) Equilibrium
lamellar periods at the ODT compared to the universal pre-
diction (solid curve). Note that the significant deviation from
universality prevents the nonlinear calibration of χ.

We were unable to obtain reliable CL-FTS results be-
low N̄ ≈ 105, because the large dynamical stabiliza-
tion required to control the hot spots creates a signif-
icant bias for the lamellar phase. However, Fredrick-
son and coworkers16,37 were able to perform CL-FTSs
at N̄ ≈ 104 without dynamical stabilization by instead
smearing the concentrations. Therefore, we repeat the
comparison using the same Gaussian smearing of aint =
0.2Rg = 0.0816R0 from Quah et al.37 The ODTs and cor-
responding lamellar periods are plotted in Fig. 6. This
time, both FTSs can be extended down to N̄ = 104, and
the agreement is remarkably good, contrary to claims by
Quah et al. As we will explain later, their results are
likely inaccurate due to the computational challenges in-
volved in locating ODTs using free energy, as opposed to
our more direct method of using an order parameter.

Although the smearing permits CL-FTSs at lower N̄ ,
the results no longer conform to universality. This is evi-
dent in Fig. 6(b), where the lamellar periods significantly
exceed the universal prediction (solid curve). As a result
of the nonuniversal behavior, it is impossible to fit S(k∗)
to the ROL prediction, which is why the ODTs in Fig.
6(a) are plotted in terms of the linear χ ≈ z∞χb. The
universality is, undoubtedly, lost due to the long range,
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FIG. 7. (a) Position of the ODT plotted in terms of lin-
ear χ ≈ z∞χb for N̄ = 105 and 104, obtained from CL-
FTSs (crosses) and L-FTSs (circles) with Gaussian smearing.
(b) Equilibrium lamellar periods at the ODT. Based on the
universal values of Deq (dotted lines), universality requires
aint . 0.02R0.

aint ≈ 0.08R0, of the interactions, uint(r).
To gauge the amount of smearing the universality can

tolerate, we evaluate (z∞χbN)ODT and Deq as a function
of the smearing length, aint. As before, the CL-FTS and
L-FTS results, shown in Fig. 7, are virtually identical
at N̄ = 105. In both cases, the lamellar period becomes
consistent with the universal value of Deq = 1.378R0

once aint . 0.02R0. Indeed, when we perform the non-
linear calibration of χ at aint = 0.02R0, we obtain values
of (χN)ODT = 11.59 and 11.55 for the CL-FTSs and L-
FTSs, respectively, which match the universal value of
11.57 reasonably well. However, at N̄ = 104, only the
L-FTS prediction of Deq remains consistent with univer-
sality for aint = 0.02R0. Furthermore, if we attempt a
nonlinear calibration of χ for the CL-FTSs, we obtain an
ODT of (χN)ODT ≈ 14, which is well above the universal
value of 13.11. In any case, the CL-FTSs become sensi-
tive to the grid resolution at aint = 0.02R0 and are thus
unreliable. The failure of the renormalization is undoubt-
edly due to the sporadic occurrence of hot spots, which
requires adaptive time steps to prevent the simulations
from crashing.

To obtain reliable results at N̄ = 104, we considered
different functional forms for the smearing function, Γ(r).
Our first choice was a Heaviside function with a sharp
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universal values

FIG. 8. (a) Position of the ODT plotted in terms of lin-
ear χ ≈ z∞χb for N̄ = 105 and 104, obtained from CL-
FTSs (crosses) and L-FTSs (circles) with sigmoidal smearing.
(b) Equilibrium lamellar periods at the ODT. Based on the
universal values of Deq (dotted lines), universality requires
kint & 20/R0.

cutoff at r = rint. However, it produces analogous re-
sults without any notable improvement; see the supple-
mentary material for more details. Rather than focusing
on the real-space form of Γ(r), we contemplate the shape
of its Fourier transform, Γ(k). As discussed previously,
universality requires that Γ(k) ≈ 1 for k . k∗. Further-
more, from experience, damping the large-k fluctuations
helps suppress the formation of hot spots. Based on that
reasoning, we select the sigmoidal function,

Γ(k) = C0

[
1− tanh

(
k − kint

∆kint

)]
, (31)

where the constant C0 is chosen such that Γ(k) = 1 at
k = 0. Here, the important parameter is kint, and so we
fix ∆kint = 5/R0.

Figure 8 shows results for the sigmoidal smearing, anal-
ogous to those of Fig. 7 for the Gaussian smearing. In
this case, the range of the interaction is inversely pro-
portional to kint, and therefore we plot the results in
terms of k−1

int . As before, the CL-FTS and L-FTS results
are more or less indistinguishable for N̄ = 105, whereas
again significant differences emerge for N̄ = 104. The
plot of Dint in Fig. 8(b) implies that universality sets in
once kint & 20/R0. Fortunately, this is within the range
where the hot spots are well controlled by the dynamical
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1/kintR0

FIG. 9. Position of the ODT plotted in terms of nonlinear
χ for N̄ = 105 and 104, obtained from CL-FTSs (crosses)
and L-FTSs (circles) with sigmoidal smearing. The dotted
lines denote the universal values from Eq. (1). The general
agreement confirms the universality for kint & 20/R0.

stabilization and the renormalization continues to func-
tion properly. It is not until kint & 24/R0 that we are
forced to use adaptive time steps.

In Fig. 9, we perform the nonlinear χ calibration for
kint ≥ 20/R0 and compare (χN)ODT to the universal
predictions (dotted lines). At N̄ = 105, the CL-FTSs
and L-FTSs are both consistent with the universal value
of (χN)ODT = 11.57, while at N̄ = 104, only the L-FTSs
agree with universality. The one reliable result we have
from the CL-FTSs for kint = 20/R0 predicts an ODT
of (χN)ODT = 13.9, which is similar to what we found
for Gaussian smearing but again inconsistent with the
universal value of (χN)ODT = 13.11. For some reason,
the CL-FTSs are no longer exhibiting universal behavior
at N̄ = 104.

V. DISCUSSION

Although the CL-FTSs are generally free of approxi-
mations, the dynamical stabilization does introduce a de-
gree of inaccuracy. In our experience, it enhances the seg-
regation, causing a small decrease in (z∞χbN)ODT and
a slight increase in S(k∗). Nevertheless, we can assess
the inaccuracy to ensure that it remains small.45 The
strongest stabilization, used in some of our N̄ = 104

simulations, was αds = 0.03. Even then, the effect on
(z∞χbN)ODT was less than 0.01. For the larger N̄ = 105,
106, 107, 108, and 109, we used even smaller values of
αds = 0.01, 0.003, 0.001, 0.0003, and 0.0001, respectively,
for which the effect on (z∞χbN)ODT was less than that
of the statistical noise. The simulations for S(k), used to
calibrate c2, were more sensitive to αds, but fortunately
they did not require any stabilization because of the dis-
tance from the ODT.

Most previous CL-FTSs have neglected the renormal-
ization of the segment length,56 which occurs when the
polymers are subjected to a fluctuating pressure field,

W+(r). By doing so, they underestimate the natural
end-to-end length, R0, and the radius of gyration, Rg,
corresponding to the homopolymer melt (i.e., χb = 0).
Since one or the other of these is generally used as a
reference length, the CL-FTSs would have overestimated
the other lengths, including Deq and 1/k∗. Likewise, the
invariant polymerization, N̄ , would appear larger than it
actually was, causing the CL-FTSs to underestimate the
level of fluctuations. Although these effects are generally
minor, they are nevertheless significant.

In the L-FTSs, the partial saddle-point approxima-
tion (PSPA) of the pressure field, w+(r), fluctuates in
response to the composition field, W−(r), but those fluc-
tuations vanish in the homopolymer limit. Consequently,
w+(r) becomes uniform as χb → 0, and thus the R0 and
Rg of noninteracting chains no longer expand when im-
mersed in a homopolymer melt. Nevertheless, this effect
of the PSPA is readily accounted for by simply setting
ab = a, as is done in SCFT. Indeed, this one adjustment
generally brings the L-FTSs into good agreement with
the CL-FTSs.

Contrary to the comparison in Fig. 6, Quah et al.37

reported significant discrepancies between the CL-FTSs
and L-FTSs for Gaussian smearing with aint = 0.2Rg.
The differences in the ODT were particularly large, which
prompted us to repeat a number of their simulations.
When we compare the two FTSs in terms of the bare pa-
rameters, χb and ab, as they did, we find good agreement
as illustrated in the supplementary material. If we com-
pare using the renormalized segment length, a, then the
agreement is even better. Notably, Quah et al. did not
have the benefit of dynamical stabilization, and further-
more they tried to locate the ODT using free energy, F .
Although it is possible to locate order-order transitions
(OOTs) accurately,16,17,21 it is difficult to do so for ODTs
because of how similar the derivatives ∂F/∂χb are for the
competing phases. To obtain the necessary accuracy, it
is imperative that the phases remain in their respective
energy basins for long durations. However, as we have
illustrated, the system readily transitions between order
and disorder, especially in the CL-FTSs.

As expected,18 the smearing levels used by Fredrickson
and coworkers16,37 do not produce the universal behav-
ior corresponding to high molecular weights. To obtain
universality, the range of the interactions needs to be
small relative to R0. How small is small enough will
depend on the form of the smearing function. For Gaus-
sian smearing, we saw that universality emerges once
aint . 0.02R0, while for the sigmoidal smearing it re-
quires kint & 20/R0. Figure 10(a) compares the Fourier
transform of the smearing functions, Γ(k), at the point
where university began to occur. Interestingly, the func-
tions are very similar at the small wavevectors most rel-
evant to the coarse-grained behavior (i.e., k . 2π/Deq).
The real difference occurs at large wavevectors. The sig-
moidal function has a much stronger damping effect on
the large-wavevector fluctuations, which presumably sup-
presses the formation of hot spots.
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FIG. 10. (a) Fourier transforms of the Gaussian (solid curve)
and sigmoidal (dashed curve) smearing functions, Γ(k), and
(b) the pairwise interaction profile, uint(r), evaluated at the
approximate smearing levels, aint = 0.02R0 and kint = 20/R0,
where universality emerges. The dotted lines in plot (a) de-
note the principle vector, 2π/Deq, and edges of reciprocal
space, π/∆.

Figure 10(b) compares the profiles of the pairwise in-
teractions, uint(r), resulting from the smearing functions
in Fig. 10(a). Evidently, the universality can tolerate
a much longer range of interaction with the sigmoidal
smearing. Interestingly, its uint(r) becomes slightly neg-
ative at large r, because Γ(r) is no longer strictly posi-
tive. Although this will result in negative values of the
smeared concentrations, φΓ,±(r), which may seem un-
physical, there is no problem if we interpret the smearing
in terms of finite-range interactions. The physically rel-
evant quantity is the gradient of uint(r), which provides
the force between pairs of monomers. Thus, sigmoidal
smearing produces a force that oscillates between repul-
sive and attractive, whereas Gaussian smearing results
in a strictly repulsive force. It is conceivable that this
distinction has something to do with why the sigmoidal
smearing has a milder effect on the universality.

Although we generally obtained good agreement
between the CL-FTSs and L-FTSs when the seg-
ment lengths were properly calibrated, large differences
emerged for short-range interactions at N̄ = 104. One
would naturally suspect that this is a result of the PSPA.
However, it is hard to accept that the PSPA could pro-
duce such a large inaccuracy, and that it could appear so

abruptly after the nearly perfect agreement for N̄ & 105.
Furthermore, it is the L-FTSs that continue to agree with
universality. If the CL-FTSs are indeed correct, they
would represent a counterexample to the universality hy-
pothesis. The implication, of even one counterexample, is
that the hypothesis is false, despite all the evidence to the
contrary.2–7,11 Likewise, it would imply that the impres-
sive agreement of the current and previous L-FTSs54 with
the universal predictions for the ODTs, domain sizes, and
free energies were merely accidental.

Alternatively, one might suspect a problem with the
calibration of the segment length in Eq. (26), which re-
lies on N̄ being sufficiently large. An inaccuracy here
would affect the CL-FTSs but not the L-FTSs, and thus
could potentially explain how the L-FTSs conform to
universality while the CL-FTSs do not. However, this
explanation does not survive careful scrutiny. The fact
that Deq/R0 exceeds the universal prediction would im-
ply that the calculated values of ab/a were too large.
This, in turn, would imply that the CL-FTSs were per-
formed at larger values of N̄ than intended. However,
reducing N̄ to the correct values would amplify the fluc-
tuations, shifting (χN)ODT even further from the univer-
sal prediction. Not only would the correction have the
wrong sign, it would also be far too small in magnitude.
We note that there could, likewise, be an inaccuracy in
Eq. (29) for z∞. However, if it was large, then we would
not have been able to perform the nonlinear calibration
of χ, and if it was small, then it would be largely com-
pensated for by the c2 parameter in the fit of S(k∗) to
ROL theory.

In the absence of other credible explanations, it ap-
pears that there might be a problem with the CL-FTSs.
Despite the theoretical justification that CL simulations
provide exact results, there is no rigorous proof.14 In
fact, no general proof can possibly exist as there are now
numerous documented examples where CL simulations
of complex-valued Hamiltonians fail, either catastroph-
ically or where higher-order moments of their distribu-
tions become undefined.26,27,31,47 Indeed, these failures
are present in the CL-FTSs.18 More concerning, how-
ever, are the ‘silent failures’ that have been identified
in the XY model for magnetic systems47,63 and various
toy models,26,30,64–68 for which either the exact solution
can be calculated or can be obtained by other simulation
techniques. Even though the CL simulations of those
models appear to perform flawlessly, their ensemble av-
erages deviate from the correct values. If it was not for
the a priori knowledge of the exact solutions, there would
be no way of knowing anything was wrong.

Realistically, the inaccuracies in the CL-FTSs should
emerge gradually,30,66 and hence they must be present
even before their effect is visibly evident in the simula-
tions. This is consistent with the fact that the departure
from universality occurs just prior to where hot spots
are encountered. Thus, it would be prudent to keep well
away from this region of parameter space. The ques-
tion, though, is how far is far enough? Presumably, in
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the parameter space where we observed good agreement
with the L-FTSs, we can safely assume that the CL-FTSs
were performing properly and that the small differences
with the L-FTSs are attributable to the PSPA. As such,
we can be reasonably confident that the previous CL-
FTSs by Fredrickson and coworkers16,37 were unaffected
by these silent failures.

Our study adds to previous tests33,45,69 of the PSPA
that have shown it to be accurate. One could reason-
ably expect this level of accuracy to hold for AB-type
block copolymer melts in general. Thus, it may make
sense to avoid the possibility of silent failures, and just
apply L-FTSs rather than CL-FTSs. However, there will
be systems, perhaps those involving solvent,70 where the
PSPA will lose its quantitative accuracy, and even others,
such as those involving electrostatic charges,71 where the
PSPA will actually become qualitatively inaccurate. In
such cases, where the fully-fluctuating fields of CL-FTSs
are necessary, researchers will just have to precede with
caution.

VI. SUMMARY

Our study began by considering the generalized model
with N = 90, ζ = 1, and Γ(r) = δ(r), which was mapped
onto the standard Gaussian-chain model (GCM) using
the Morse calibration.3,4 With the help of dynamical
stabilization,45 we were able to conduct CL-FTSs down
to invariant polymerizations of N̄ = 105. The position
of the ODT, (χN)ODT, and the corresponding lamellar
period, Deq, plotted in Fig. 6, were both consistent with
universality.3,5,7 For comparison, we also conducted L-
FTSs, where the effect of the PSPA was compensated for
by increasing the bare segment length to ab = a. With
this one adjustment, the L-FTSs also produced universal
results in agreement with the CL-FTSs. Previous com-
parisons have supported the validity of PSPA,33,45,69 but
this is certainly the most compelling.

To help stabilize the CL-FTSs, we then included finite-
range interactions by smearing the concentrations with
the Gaussian function, Γ(r), in Eq. (10).16 Using the
same smearing range aint = 0.2Rg ≈ 0.08R0 as Quah
et al.,37 we were able to extend the CL-FTSs down to
N̄ = 104. However, contrary to the claims by Quah et
al., the L-FTSs agreed well with the CL-FTSs, particu-
larly if the segment lengths were calibrated appropriately.
However, neither of the FTSs exhibited universal results,
as evident by the fact that Deq at the ODT greatly ex-
ceeded the universal prediction and that it was impossible
to perform the nonlinear calibration of χ.

For universality to hold, the range of the Gaussian
smearing had to be reduced to aint . 0.02R0. Unfor-
tunately, this reduction in aint caused the hot spots to
reappear at N̄ = 104. We then considered the sigmoidal
smearing function in Eq. (31), for which kint & 20/R0

appears sufficient for universality. This time, the CL-
FTSs where exceptionally stable at N̄ = 104, but nev-

ertheless they disagreed with universality. In particular,
the lamellar period was 1% too large and the fluctuation
correction to the ODT was 30% too large. In contrast,
the L-FTSs remained consistent with universality.

Normally, a difference between the CL-FTSs and L-
FTSs would point to an inaccuracy in the PSPA, except
that it is the CL-FTSs, not the L-FTSs, that deviated
from universality. It is also difficult to believe that the
PSPA could be responsible for the large differences we
observed. After ruling out inaccuracies in the Morse cal-
ibration as a possible explanation, we concluded that the
deviation from universality at N̄ = 104 likely results from
a silent failure of the CL-FTSs, preceding the appearance
of hot spots. This tentative conclusion is supported by
the fact that there are numerous documents examples of
silent failures in other CL simulations.26,30,47,63–68 Never-
theless, given the general agreement with the L-FTSs, we
can be confident that the CL-FTSs do provide exact re-
sults when performed sufficiently far from the parameter
region where hot spots are observed.

SUPPLEMENTARY MATERIAL

Derivations of Eqs. (12), (15), (16), (26), and (29),
results for the Heaviside smearing function, and calcula-
tions repeated from Quah et al.37 are provided in the sup-
plementary material. Also included are computer source
codes for the L-FTSs and CL-FTSs.
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