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Abstract 

In the study of quantum query complexity, it is natural to study the problems of 
finding triangles and spanning trees in a simple graph. Over the past decades, many 
techniques are developed for finding the upper and lower quantum query bounds of these 
graph problems. We can generalize these problems to detecting certain properties of higher 
rank hypergraphs and ask whether these techniques are still available. In this thesis, we 
will see that when the rank increase, complexity bounds still holds for some problems, 
although less effectively. For some other problems, their nontrivial complexity bounds 
vanish. Moreover, we will focused on using the generalized adversary and learning graph 
techniques for finding nontrivial quantum query bounds for different hypergraph search 
problems. The following results are presented. 

• Discover a general quantum query lower bound for subhypergraph-closed properties 
and monotone properties over r-partite r-uniform hypergraphs. 

• Provide tight quantum query bounds for the connectivity and acyclicity problems 
over r-uniform hypergraphs. 

• Present a nontrivial learning graph algorithm for the 3-simplex finding problem. 

• Formulate nested quantum walk in the adaptive learning context and use it to present 
a nontrivial quantum query algorithm for the 4-simplex finding problem. 

• Present a natural relationship of lower bounds for simplex finding of different ranks. 

• Use the learning graph formalization of tetrahedron certificate structure to find a 
nontrivial quantum query lower bound of the 3-simplex sum problem. 
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Chapter 1 

Introduction 

In the age of quantum computing, the study of quantum complexity theory allows us to 
discover the power and limitations of quantum algorithms. Unlike classical complexity 
theory, the time and space efficiency of quantum algorithms are hard to analyze. However, 
many quantum algorithms, including the famous order finding and Grover search algorithm, 
focus on quantum query resources. 

A query to an oracle function O refers to one evaluation O(x) given some input x. How-
ever, quantum algorithms may query functions in superposition O : |x⟩ |0⟩ → |x⟩ |f(x)⟩. 
This property makes the number of quantum queries used for a function a popular com-
plexity measure. Moreover, the simplicity of this measure allows researchers to find many 
interesting lower bound results, which can be used to further lower bound time complexities 
of quantum algorithms. 

The class of problems of detecting graph properties in a simple graph was studied 
extensively for their quantum query complexity. Given a simple graph G with n vertices 
V , the indicator function of edges OG : V 2 → {0, 1} where OG(v1, v2) = 1 if and only if 
(v1, v2) ∈ E(G) is treated as an oracle. For this set of problems, the challenge is to find 
the algorithm that decides if G has a certain property using as few quantum queries to OG 
as possible. Usually, deciding that G has the property involves searching for a particular 
subgraph of G. The famous triangle finding problem is an example. 

Triangle Finding Problem (Triangle): 
Given a simple graph G = (V, E) with n vertices and m edges. Suppose the edge set 
E is given as the oracle input as a subset of S2(V ). Find three distinct vertices a, b, c 
such that ab, ac, bc ∈ E or decide that no such vertices exist. 
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It is natural to extend this class of problems to hypergraphs. Assume G is an r-uniform 
hypergraph, whose hyperedges are size r subsets of vertices in G. The oracle OG becomes 
the indicator of hyperedges of G. In this case, we can ask whether G contains a certain 
subhypergraph similar to the triangle finding problem. 

Nowadays, many quantum algorithms are available for solving the triangle finding prob-
lem such as quantum walk and learning graph. The current best quantum query upper 
bound for this problem is O(n1.25) [19]. On the other hand, there are many lower bound 
techniques for quantum query complexity such as lower bound by reduction, the polynomial 
method, and the different variants of adversary methods [3] [7] [5] [21] [40]. Unfortunately, 
these lower bound techniques don’t provide much for the query complexity of the triangle 
finding problem, whose best lower bound today is the trivial Ω(n). Quantum query com-
plexity is less well-studied for searching problems in hypergraphs. For example, as we will 
see in chapter 4, an r-simplex extends the concept of triangle to r-uniform hypergraph. Yet, 
to our knowledge, for r ≥ 4, even the best quantum query algorithm for finding r-simplex 
is achieved by trivial Grover search. However, we can ask whether existing upper and lower 
bound techniques for solving graph problems transfer to solving hypergraph problems. 

The primary focus of this thesis is to explore the algorithmic and lower bound ap-
proaches that nontrivially bounds the quantum query complexity of some natural hyper-
graph problems. We will investigate the general lower bound of subhypergraph-closed, and 
monotone hypergraph properties. We will also study search problems such as hypergraph 
connectivity, hypergraph acyclicity, r-simplex finding, and r-simplex sum, all of which nat-
urally extend a corresponding graph problem. Moreover, despite no nontrivial lower bound 
is known for r-simplex finding, there is nontrivial relationship of lower bound among the 
class of r-simplex finding problems. Our research aims to expand what we know about 
the capabilities of quantum algorithms and try to encourage further quantum research for 
solving hypergraph problems. 

This thesis is organized as follows. In chapter 2, we introduce the background knowledge 
and technical results in hypergraph theory and quantum complexity theory needed for the 
later sections. 

In chapter 3, we generalize the concept of subgraph-closed property and monotone 
property from graphs to hypergraphs and investigate whether there is a general lower 
bound on the class of problems with a specific hypergraph property. Then, we present the 
hypergraph connectivity and acyclicity problems. We will show that these two example 
problems are simple enough to possess a tight quantum query complexity bound. 

In chapter 4, we are interested in finding quantum query algorithms that search for 
an r-simplex in an r-uniform hypergraph. Here, we will see that existing quantum walk 
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algorithms for finding triangles cannot naturally generalize to higher rank. But, existing 
algorithmic techniques still allow us to build a nontrivial quantum query algorithm for 
3-simplex(tetrahedron) finding. With a more complicated nested quantum walk structure, 
we show that the 4-simplex finding problem has a nontrivial quantum query upper bound. 

In chapter 5, we search for lower bound results on simplex finding, and investigate 
variants of simplex finding problems in hypergraphs. Specifically, we build a randomized 
reduction from the r-simplex finding problem to the (r +1)-simplex finding problem, which 
results in a nontrivial relationship among simplex finding problems of different ranks. 
Later, we present the 3-simplex sum problem and use the learning graph of a tetrahedron 
certificate structure to show that, unlike the 3-simplex finding problem, this problem is 
understood to have a nontrivial quantum query lower bound. 

Finally, in chapter 6, we state some conclusions and open problems. The appendix 
contains some technical proofs of lemmas in chapter 4. 
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Chapter 2 

Preliminaries 

Before we examine the class of hypergraph search problems, we need to introduce basic 
hypergraph notations and the necessary results from quantum complexity theory. Some 
of the most commonly used techniques for complexity analysis will be presented here, but 
most technical results in this chapter will be stated without proof. 

2.1 Notations and Hypergraph Theory 

Here, we introduce the basic notation and theory of hypergraphs. A hypergraph G consists 
of a set of vertices V and a set of hyperedges E, where every hyperedge e ∈ E is a subset 
of V . We call a hyperedge e with k elements a k-edge. The integer k is the size of e. For 
the problems presented in this paper, we assume that the hypergraphs are simple, meaning 
that there are no parallel hyperedges and no hyperedges of size 0, 1. 

We use n to denote the size of V . The rank r of a hypergraph G is the size of the 
largest hyperedge in E. For this paper, we will always assume that the rank r is upper 
bounded by a constant. Furthermore, if every hyperedge of G has size r, we call G an 
r-uniform hypergraph or an r-hypergraph in short. 

Let [n] denote the set {1, 2, . . . , n} and let [n, m] denote {n, n + 1, . . . , m}. Let P n 
r = 

n!/(n − r)! denotes the permutation. Let Sr(V ) = S(V, r) denote the set of subsets of size 
r in V . To denote an element in Sr(V ) conveniently, we often omit the curly bracket of a 
set. For example, we write a potential hyperedge {u, v, w} ∈ S3(V ) simply as uvw. 

The weight of w(x) of x ∈ {0, 1}N is the number of 1s in x. Given G a hypergraph 
and subsets A, B ⊆ V , we use GA to denote the restriction of G to A (i.e. the subgraph 
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of G induced by A) and we use GA1,...,Ar to denote the r-partite hypergraph obtained from 
taking the restriction of G to the r-partition A1, . . . , Ar. 

Observe that a graph is a 2-uniform hypergraph, so some of the graph terminologies 
generalize to hypergraphs. Given a hypergraph G = (V, E). We say v, w ∈ V are adjacent 
if v ̸= w and there is a hyperedge e ∈ E such that {v, w} ⊆ e, two hyperedges e1, e2 ∈ E 
are adjacent if e1 ∩ e2 ̸= ∅. We say that v ∈ V is incident to e ∈ E if v ∈ e. The degree of 
a vertex v ∈ V is the number of hyperedges incident to it. With the above definition, the 
concept of isomorphism and incidence matrix natually extends the corresponding graph 
definitions. 

For v, w ∈ V , a (v, w)-walk in G is a sequence of alternating vertices and hyperedges 
v0e1v1e2 . . . ekvk where v0 = v, vk = w and vi−1 is adjacent to vi via ei for every i ∈ [k]. We 
call k is the length of the walk. If the vertices v0, v1, . . . , vk and the hyperedges e1, . . . , ek 
in the walk are all distinct, we say the walk is a (v, w)-path. A (v, w)-walk is a closed walk 
if k ≥ 2 and v = w, a closed walk such that v0, v1, . . . , vk−1 and e1, . . . , ek are all distinct 
is called a cycle [6]. Unlike a graph, a simple hypergraph with rank 3 or higher may have 
a cycle of length 2. For example, a 3-hypergraph with vertices {u, v, w, z} and hyperedges 
e1 = uvw, e2 = vwz has the sequence ve1we2v as a cycle. We say G is connected if for 
every pair of vertices v, w ∈ V , there is a (v, w)-walk in G. 

If G = (V,E) is an r-uniform hypergraph. The (r-dimensional) adjacency matrix is a 
function fG : Sr(V ) → {0, 1} where fG(v1v2 . . . vr) = 1 if and only if v1v2 . . . vr ∈ E. If 
fG is constantly 0, we say G is an empty hypergraph, if fG is constantly 1, we say G is a 
complete hypergraph. 

For this paper, we focus on the query algorithm for r-uniform hypergraph problems. 
Thus, we are fixing the set of vertices V and treat fG as a black box oracle that we can 
query. We usually set V = [n] for convenience. In this context, we are most interested in 
asking whether a hypergraph has a certain property. 

Definition 1. An r-uniform hypergraph property P is a class of mapping {Pn}n∈N such 
that Pn : {0, 1}Sr ([n]) → {0, 1} and each Pn is invariant under permutation of vertices. 
A hypergraph G with n vertices is said to have the property P (denoted by G ∈ P) if 
Pn(G) = 1. Note that isomorphic hypergraphs are either required to all have P or all 
don’t have P . 

An r-hypergraph property P is nontrivial if there is an n ∈ N such that for all d ≥ n, 
there is an r-hypergraph in d vertices having P and there is an r-hypergraph in d vertices 
not having P . The negation P of P is defined by Pn(G) = 1 − Pn(G). A hypergraph 
property has the same query complexity as its negation. 
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In a query algorithm, we rely on the ability to ask the hyperedge oracle OG whether 
an element in Sr(V ) is a hyperedge of G to determine whether G has a certain property. 
For e ∈ Sr(V ), we have OG(e) = 1 if and only if e ∈ E. The query model is formalized in 
the next section. 

2.2 Quantum Query Complexity 

Consider the task of computing some function f : [q]N → [q]M that takes arbitrary-sized 
strings from alphabet [q] as input. Usually, q is taken to be 2, and the corresponding 
function is Boolean. When q ≥ 2, we may represent each z ∈ [q] as log(q) many Boolean 
bits and we can decompose f as the component functions (f1, . . . , fM ). Therefore, we can 
focus on the case that f : {0, 1}N → {0, 1} is a Boolean decision problem. 

We may allow f to be partial in the sense that f can be only defined on a subset 
DN ⊆ [q]N . Let D = 


N∈N DN be the domain. If f is partial, computing f is easier 

because we have the additional promise that x ∈ D for any input x. If f is defined for all 
x ∈ [q]N and N ∈ N, we say that f is total. 

In the classical query model of computation, the input x ∈ [q]N is given as a black box 
oracle Ox. The computation starts at a state independent of x. At any time step during 
the computation, we may query Ox at an index i ∈ [n] and the oracle will return the 
value Ox(i) = xi. The entries of x cannot be inferred in any way other than to query the 
oracle. Naturally, our goal is to find a query algorithm that reduces the number of queries 
to input needed to compute f to some degree of satisfaction. Here are some important 
classical measures that classify this degree. 

Definition 2. Let f : {0, 1}N → {0, 1} be a Boolean function. 
D(f), the deterministic query complexity of f is defined as the minimum number (over 

all classical deterministic algorithms) of the maximum number (over all x ∈ D) of queries 
to Ox needed to compute f(x) exactly. 

Rϵ(f), the randomized query complexity of f with error ϵ is defined as the minimum 
number (over all classical randomized algorithms) of the maximum number (over all x ∈ D) 
of queries to Ox needed to compute the Boolean function f ′ such that Pr(f ′ (x) ̸= f(x)) < ϵ 
for all x ∈ D. 

R(f), the randomized query complexity of f is defined to be R 1 
3
(f). When 0 < ϵ < 1

2 is 
a constant, we have Rϵ(f) = Θ(R(f)). This can be easily justified by amplifying success 
probability. Thus ϵ is often omitted from the complexity measure. 
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Example 1. ORN is the problem of deciding whether an input string x ∈ {0, 1}N has 
a 1 in any of its entries. The problem is equivalent to computing the Boolean function 
f : {0, 1}N → {0, 1} such that f(x) = 0 if and only if x = 0N , the string of all 0s. 

D(ORN ) = N because if we only use N −1 queries to the input x and the query results 
are all 0, the position that we did not query can be either 0 or 1, which leads to different 
outcomes of f(x). So, no deterministic algorithm can compute f exactly in the worst case 
unless we query all N positions. 

We can also see that R(ORN ) = Θ(N). To show this, assume R(ORN ) = o(N), let 
A be such a query algorithm that uses only o(N) queries to compute ORN with bounded 
error. Upon seeing only 0 in all of its queries, A must output 0 or else it cannot compute 
ORN (0

N ) correctly. However, the average probability that i ∈ [N ] will be queried by A is 
o(N)/N = o(1). There must be an index i ∈ [N ] such that given the input x that has a 
unique 1 at position i as the input, the xi will be queried with o(1) probability. So, A(x) 
will only output 1 with probability o(1), making A incorrect with input x. △ 

Note that the only resource counted in these complexity measures is the number of 
queries to the input. This resource is only interested in a limited number of classical prob-
lems. On the other hand, quantum query complexity receives much more attention from 
quantum researchers because many important quantum advantages result from optimizing 
access to black-box information. Quantum access to the oracle allows us to query the input 
in a superposition of indices. This is more powerful compared to classical access, where 
only local information on x can be retrived with each query. Furthermore, it is much easier 
to lower bound query complexity than to lower bound the time complexity of quantum 
algorithms. We will discuss this in more details. 

Quantum query algorithm works in the Hilbert space spanned by basis vectors of the 
form |i⟩ |b⟩ |w⟩. |i⟩ denote the query register, |b⟩ denote the (1-qubit) output register, and 
|w⟩ denote the working or ancilla registers. A unitary quantum query Ox acts on the basis 
states by Ox |i⟩ |b⟩ |w⟩ = |i⟩ |b ⊕ xi⟩ |w⟩ for all i ∈ [n], b ∈ [q]. Let |0̄⟩ = |0⟩ |0⟩ |0⟩ be some 
initial state in the said Hilbert space that can be efficiently prepared and independent of 
oracle input x. A T -query quantum query algorithm on input x is given by a sequence of 
operators 

|ψx 
T ⟩ = UT OxUT −1 . . . U2OxU1OxU0 |0̄⟩ (2.1) 

where U0, U1, . . . , UT are unitary operators. The output of the algorithm is given by some 
fixed POVM measurement on the final state |ψx 

T ⟩. Just like the classical case, a quantum 
query complexity only measures the number of quantum access to the oracle, the costs of 
implementing the unitaries U0, U1, . . . , UT are 0. 
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Definition 3. Let f : {0, 1}N → {0, 1} be a Boolean function. 
Qϵ(f), the quantum query complexity of f with error ϵ for some 0 < ϵ < 1

2 is defined 
to be the minimum number T such that there is a T -query quantum algorithm A that 
computes a Boolean function f ′ where Pr(f ′ (x) ̸= f(x)) < ϵ for all x ∈ D. 

Q(f), the quantum query complexity of f is defined to be Q1/3(f). Similar to randomized 
query complexity, we have Qϵ(f) = Θ(Q(f)). 

QE(f), the exact quantum query complexity of f is defined to be the minimum number 
T such that there is a T -query quantum algorithm A that computes the Boolean function 
f on its domain exactly. (We are using the notation QE(f) instead of Q0(f) to avoid the 
confusion with zero-error quantum query complexity, which is another complexity measure 
that we will not study in this paper.) 

Quantum query algorithms may take exponentially less query to compute some par-
tial functions than classical algorithms. Deutsch–Jozsa Problem and Hidden Subgroup 
Problems are some of the most famous examples. However, hypergraph properties are 
total functions and the best separation between classical and quantum query complexity 
of total functions is at most polynomial: 

Theorem 1. [1] For all total Boolean function f : {0, 1}N → {0, 1}, D(f) = O(Q(f)4). 

In the rest of this paper, we assume the Boolean functions are always total. In the 
next 3 sections, we present techniques to close this bound even further for hypergraph 
properties, ideally finding a tight bound for the degree of the polynomial. 

2.3 Quantum Counting and Quantum Walk 

Many interesting hypergraph properties revolve around having a certain substructure inside 
the hypergraph. Thus deciding the property comes down to searching for a proof that such 
substructure exists. This is captured by the following definitions: 

Definition 4. Let f : {0, 1}N → {0, 1} be a Boolean function. Given a subset of indices 
S ⊆ [N ], where S = {s1, . . . , sk} is an increasing enumeration of S. A partial assignment 
on S is a Boolean string z = (zs1 , zs2 , . . . , zsk ) ∈ {0, 1}S . We say an input x ∈ {0, 1}N 

extends the partial assignment z (denoted by z ⊆ x) if xsi = zsi for all i ∈ [k]. Given 
x ∈ {0, 1}N , the projection of x to S is defined by xS := (xs1 , . . . , xsk ). 

We say that x ∈ {0, 1}N is a 1-input (0-input) of f if f(x) = 1(f(x) = 0). A 1-
certificate (0-certificate) of f is a partial assignment z such that every input x extending 
z is a 1-input (0-input) of f . 
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Note that partial assignment encodes the partial knowledge we have about a hyper-
graph. However, we can output the value of f once we find a certificate of f . In this 
section, we will introduce some important quantum algorithmic methods for finding this 
certificate. We will utilize these methods as subroutines for more complicated hypergraph 
algorithms. 

2.3.1 Quantum Counting 

The most well-known quantum algorithm is Grover search, which can solve the ORN 
problem in example 1 with Θ( 

√ 
N) quantum queries. Here, we will state a more involved 

version of Grover search that utilizes the proportion of 1 in the input. 

Theorem 2 (Tight Grover Search). [13] Let x ∈ {0, 1}N be an input string of the ORN 
problem. Let t = w(x) which is the (unknown) number of 1 entries in x. Then, if x ̸= 0N , 
in O( 

 
N/t) expected number of queries, we can find an index i ∈ [n] such that xi = 1. 

Grover search was later generalized by Brassard et. al. in [14] to the amplitude ampli-
fication procedure that searches for a good outcome of an underlying quantum procedure. 
Concretely, if there is a quantum procedure A such that A |0m⟩ = √ 

p |ψgood⟩+ 
√ 
1 − p |ψbad⟩. 

We can decide whether the phase √ 
p of the good state |ψgood⟩ is nonzero with an amplifica-

tion argument similar to Grover search. Moreover, we can estimate p with repeated use of 
the algorithm, this method allows us to count the number of 1-entries in x approximately 
and estimate the value t. 

Theorem 3 (Quantum Counting). [14] Let f : [N ] → {0, 1} be a Boolean function and 
ϵ > 0. Let t = |f−1(1)|. There is a quantum query algorithm that produce an estimate t ′ of 
t such that |t − t ′ | ≤ ϵt with constant probability, with an expected number of Θ(1

ϵ 

 
N/t) 

number of queries to f . 

2.3.2 MNRS Quantum Walk 

Consider a search problem given by a set of marked elements M ⊆ V inside a finite set V . 
An algorithm generally used for solving such a problem is the quantization of the classical 
random walks, which we call quantum walks. While many different types of quantum walk 
have been introduced ([4], [36], [24]), we will focus on the discrete time quantum walk on 
graphs constructed from a classical Markov chain ([37], [30]). 
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Given a graph G on vertex set V , a discrete time quantum walk on G is represented by 
an n × n stochastic matrix P = (Pij)i,j∈V . P is a Markov chain with Pij the probability 
that vertex j will transition to vertex i in one time step. Therefore, the jth column of G 
is a probability vector on the adjacent vertices of the vertex i. We say P is ergodic if the 
greatest common divisor of the time steps it takes between any two states of the chain 
is 1, and P is reversible if there is a vector (s1, . . . , sn) ≥ 0n such that 

 
i∈V si = 1 and 

siPij = sjPji for every i, j ∈ V . If P is ergodic, there is a unique unit eigenvector π of 
P with eigenvalue 1. Let δ(P ) denote the eigenvalue gap of P , where λi ranges from the 
eigenvalues of P different from 1. 

The objective of the quantum walk search algorithm is to find a marked vertex v ∈ 
M ⊆ V . For the exact algorithm, we refer the readers to [30]. Roughly speaking, the 
quantum walk starts with an initial state, repeatedly updates the current state, and checks 
if the current state is marked while the states are in superposition. During the walk, we 
associate a data structure D(x) for every x ∈ V and 3 types of query cost. 

• Setup Cost S: The cost of setting up the initial state of the walk: 

|S⟩ = 

x∈V 

√ 
πx |x, D(x)⟩ |0⟩ . 

• Update Cost U : The cost of making one step of transition: 

|x, D(x)⟩ |0⟩ → |x, D(x)⟩ 

y∈V 

 
P xy |y, D(y)⟩ . 

• Checking Cost C: The cost of a quantum procedure checking if x ∈ M using the 
data structure D(x), if x is marked, apply a −1 phase to the state |x, D(x)⟩ |y, D(y)⟩ 

Then, we have the following complexity result. 

Theorem 4 (MNRS). [30] Let P be an ergodic, reversible Markov Chain. Let ϵ > 0 be a 
lower bound on the probability that an element chosen from the stationary distribution of 
P is marked when M is nonempty. Let δ > 0 be the eigenvalue gap of P . Then there is 
a quantum algorithm that finds a marked vertex, if there is one, with constant probability 

and O 
 
S + 

1 √ 
ϵ
(
1 √ 
δ 
U + C) 

 
queries. 

This approach to quantum walk generalizes the version used by Ambainis for his op-
timal quantum algorithm for the element distinctness problem [5]. Ambainis presents his 
algorithm with walks on Johnson Graph, which is all we need to solve our subhypergraph 
finding problems. 
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Definition 5. For some 0 < k = o(n), the Johnson Graph J(n, k) is the graph with vertex 
set S(n, k). Two vertices A, B ∈ S(n, k) is joined by an edge if and only if |A − B| = 1 
and |B − A| = 1, i.e. we can obtain B from A by removing an element of A and adding a 
new element in [n]. 

The symmetric walk on J(n, k) is given by a chain P where PA,B = 
1 

k(n − k) 
for all 

A, B adjacent in J(n, k). Suppose that for some l < k, A ∈ S(n, k) is marked if and 
only if A contains a fixed subset of vertices {v1, . . . , vl} ⊆ [n]. We note that P is ergodic, 
reversible with stationary distribution π equal to a vector of all 1/n. Then ϵ is a lower 

bound on the number of marked states |M | 


n 
k 

 
= 

 
n − l 
k − l 

 
n 
k 

 
= Ω 

 
kl 

nl 

 
. The 

eigenvalue gap of P is Θ 

1 
k 

 
. 

Corollary 5. Let l < k = o(n) and let P be the symmetric quantum walk on J(n, k). 
Assume either M = ∅ or M is the set of A ∈ Sk([n]) that contains a fixed subset z ∈ Sl([n]). 
Then, the quantum walk algorithm finds an A ∈ M or decides that M = ∅ with constant 

success probability and O 
 
S + 

 n 
k 

l/2 √
k · U + C 

 
many queries. 

Here is an example of a quantum walk algorithm for the triangle finding problem. Note 
that in this example and for the rest of this paper, we will round down some variables to 
integer values implicitly. This wouldn’t affect the asymptotic bounds of query complexities. 

Example 2. [31] Fix a real number 0 ≤ a < 1. Let J(n, na) be the Johnson graph where 
a vertex A ∈ S(n, na) is marked if and only if A contains an edge of a triangle in G. Let 
D(A) := GA be the adjacency matrix of the subgraph induced by A. 

The spectral gap of the Johnson graph is δ = Ω(1/na) and the proportion of marked 
states is at least ϵ = 


n−2
na−2 

 
/ 
 
n
na 

 
= Ω(n2(a−1)). In the setup stage, we have to load up all 

potential edges in D(A) = GA for some A ∈ S(n, na), the setup cost is S = O 
 

na 

2

 
= 

O(n2a). In an update stage, we modify A by removing a vertex u from A and adding a new 
one v, we have to update the data register by unloading uw from D(u) for all w ∈ A − u 
and loading vw to D(v) for all w ∈ A − u. The update cost is U = O(na). 

In the checking stage, we will look for a vertex u that forms a triangle with an edge vw 
in A. Fix a u ∈ V , we can use another quantum walk to check if there is an edge vw in 
GA that forms a triangle with u with O(n2a/3) queries. Iterate over u ∈ V with amplitude 
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amplification, the checking cost is C = O( 
√ 
n ·n2a/3). By corollary 5, the query complexity 

of the quantum walk procedure is 

n 2a + n 1−a( 
√ 
na · n a + 

√ 
n · n 2a/3) = n 2a + n 1+a/2 + n 3/2−a/3 (2.2) 

This is optimal by taking a = 3/5, in which case, the query complexity of triangle finding 
becomes Õ(n1.3). △ 

2.4 Quantum Query Lower Bound Techniques 

In this section, we will look at two techniques for lower bounding quantum query complexity 
of total Boolean functions. The first method is the polynomial bound, which relates the 
degree of a Boolean function to its query complexity. The more important method is 
adversary bound, we will use this as the primary technique for lower bounding the query 
complexity of hypergraph properties and it will be presented with more details. 

2.4.1 Polynomial Bound 

The polynomial method originates from the fact that every Boolean function f : {0, 1}N → 
R. can be represented uniquely by a multivariate, multilinear polynomial p(x1, . . . , xN ). 
We define deg(f) to be the degree of this polynomial p. This degree can be used to bound 
deterministic query complexity. 

Theorem 6. For any Boolean function f : {0, 1}N → {0, 1}, we have D(f) ≥ deg(f). 

To lower bound the quantum query complexity of Boolean functions, we need a related 
notion of polynomial. We say p is a polynomial that approximates f to error ϵ if |p(x) − 
f(x)| < ϵ for all x ∈ {0, 1}N . Define the approximate degree of f to error ϵ (denoted by  degϵ(f)) as the minimum degree of a polynomial p approximating f to error ϵ. This gives 
a well-known lower bound for quantum query complexity. 

Theorem 7. For any Boolean function f : {0, 1}N → {0, 1}, we have Qϵ(f) ≥  degϵ(f). 

More results on the polynomial method can be found in [7]. 
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2.4.2 Positive and Generalized Adversary Bound 

The adversary technique is one of the most sophisticated methods for lower bounding 
quantum query complexity. It has many lower bounding applications, including but not 
limited to the problem of parity, permutation inversion, element distinctness, and deciding 
graph properties. We will talk about the positive and the generalized version of adversary 
method, both techniques will be the centerpiece of our lower bound analysis for hypergraph 
properties. 

Given a boolean function f with domain D ⊆ {0, 1}N . An adversary matrix for f is a 
D × D real matrix Γ such that Γ[x, y] = Γ[y, x] for all x, y ∈ D, and whenever f(x) = f(y), 
we have Γ[x, y] = 0. For i ∈ [N ], let Di be the D × D, {0, 1}-matrix such that Di[x, y] = 1 
if and only if xi ̸= yi. 

Definition 6. [40] The (generalized) adversary bound for f is 

Adv(f) = max 
Γ: adversary matrix for f 

||Γ|| 
max j∈[N ] ||Γ ◦ D j|| 

, (2.3) 

where ◦ denotes the Hadamard (entrywise multiplication) product. If in addition, the 
adversary matrix in equation (2.3) is required to have nonnegative entries, then we get the 
positive adversary bound Adv+(f) for f . 

Intuitively, Γ[x, y] measures the hardness to distinguish input x from y. We can turn 
this intuition into a lower bound with a hybrid argument. 

Theorem 8. [21] For any (possibly partial) Boolean function f , 

Qϵ(f) ≥ 
1− 2 

 
ϵ(1 − ϵ) 
2 

Adv(f) ≥ 
1− 2 

 
ϵ(1 − ϵ) 
2 

Adv+(f). 

In particular, Q(f) = Ω(Adv(f)) = Ω(Adv+(f)). 

The second bound in Theorem 8 is immediate from the definition of the two adversary 
measures. The proof of the first bound is presented in [21]. 

Note that equation (2.3) in the adversary bound definition can be formulated as the 
following optimization problem: 

max ||Γ|| (2.4a) 
subject to ||Γ ◦ Di|| ≤ 1 for all i ∈ [N ] (2.4b) 

Γ is an adversary matrix for f. (2.4c) 
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It turns out that equation (2.4) can be transformed into a semidefinite program (SDP). 
By the theory of semidefinite duality, equation (2.4) has a strong dual program equivalent 
to the following. 

min 
ux,i 

max 
x∈D 

 

i∈[N ] 

||ux,i|| 2 

subject to 
 

i∈[N ] 
xi ̸=yi 

⟨ux,i|u y,i ⟩ = 1 for all x, y ∈ D : f(x) ̸= f(y) (2.5) 

where the notation Xi ⪰ 0 means Xi is a positive semidefinite matrix. 

If we follow a historical pathway, the positive adversary method is developed before 
the generalized version because when the theory was just developed, it was unclear what 
negative entries of Γ means. Because of the non-negativity restriction, positive adversary is 
easier to analysis and more often used to lower bound certain query complexity problems. 
Many variants of positive adversary exist, including the well-known weight version and 
the bipartite graph version [40]. However, one of the most useful and versatile versions 
is the Ambainis’ positive adversary method [3]. It is a consequence of the original primal 
problem in equation (2.4). 

Theorem 9 (Ambainis’ Adversary Bound). Given a Boolean decision problem f : D ⊆ 
{0, 1}N → {0, 1}. Suppose X ⊆ f−1(1) is a subset of 1-inputs and Y ⊆ f−1(0) is a subset 
of 0-inputs. Let R ⊆ X × Y be a relation, and let m, m ′ , lx,i, l′ x,i be values such that 

1. every x ∈ X is R-related to at least m many different y ∈ Y , 

2. every y ∈ Y is R-related to at least m ′ many different x ∈ X, 

3. for every x ∈ X and i ∈ [N ], there are at most lx,i many different y ∈ Y that is 
R-related to x and xi ̸= yi, 

4. for every y ∈ Y and i ∈ [N ], there are at most l′ x,i many different x ∈ X that is 
R-related to y and xi ̸= yi. 

Let lmax = max 
(x,y)∈R,i∈[N ] 

xi ̸=yi 

lx,i l ′ y,i. Then, we have Q(f) = Ω 

 
mm ′ 
lmax 

 

. 

Example 3. One of the most famous algorithms from quantum computing is Grover 
search, which computes the problem ORn from example 1 with bounded error in O( 

√ 
n) 
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quantum queries. The matching lower bound Q(ORn) = Ω( 
√ 
n) can be given by a hybrid 

argument. But we will show this with an adversary lower bound instead. 
For i ∈ [n], let xi ∈ {0, 1}n be the Boolean string with a unique 1 entry in position 

i. Let X = {x1, x2, . . . , xn} is a subset of 1-input, let Y = {0n} be the set of 0-input. 
Define R := X × Y , then every x ∈ X is connected to m = 1 element in Y , and 0n ∈ Y is 
connected to m ′ = n elements in X. Fix a particular xj ∈ X and i ∈ [n], we have lxj ,i = 1 
when i = j, otherwise lxj ,i = 0. Moreover, l ′ 0n,i = 1 because xi is the only string in X that 

has its ith coordinate being 1. So by Theorem 9, Q(ORn) = Ω 
 

1·n
1·1 

 
= Ω( 

√ 
n). △ 

The positive adversary matrix only yields a (relatively weak) lower bound on the quan-
tum query complexity of f . However, it was later discovered by Reichardt [32], [33], that 
allowing negative entries not only gives an improved lower bound, it also makes adversary 
bound asymptotically tight for quantum query complexity using span program algorithm. 
This gives the following theorem. 

Theorem 10. For any (possibly partial) Boolean function f , Q(f) = O(Adv(f)). Together 
with Theorem 8, we have Q(f) = Θ(Adv(f)). 

Before we conclude this section, we present a result on the quantum complexity of 
the composition of Boolean functions. If f : {0, 1}N → {0, 1} and g : {0, 1}M → {0, 1} 
are Boolean decision problems. We define the composition f ◦ gM = f ◦ (g, g, . . . , g) : 
{0, 1}NM → {0, 1} as the function 

f ◦ g M (x 1 x 2 . . . x N ) := f(g1(x 1)g2(x 2) . . . gN (x N )) 

for x1 , x2 , . . . , xN ∈ {0, 1}M . To relate the quantum query complexity of the composition 
with the quantum query complexity of f and g. We will use a consequence of positive and 
generalized adversary bound. 

Theorem 11. [21] [25] If f : {0, 1}N → {0, 1} and g : {0, 1}M → {0, 1} are Boolean 
functions, we have 

Adv+(f ◦ g N ) = Adv+(f) · Adv+(g), and Adv(f ◦ g N ) = Adv(f) · Adv(g). 

By Theorem 10, we know that generalized adversary is equivalent to quantum query 
complexity. The following corollary is immediate. 

Corollary 12. If f : {0, 1}N → {0, 1} and g : {0, 1}M → {0, 1} are Boolean functions, we 
have 

Q(f ◦ g N ) = Θ(Q(f) · Q(g)). 
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2.5 Learning Graph 

2.5.1 Non-adaptive Learning Graph 

As powerful as the general adversary method is, the number of equality constraints in 
equation (2.5) is potentially exponential in n. It is often difficult to find a feasible solution 
that makes sense for the problem, let alone optimize the objective value. Instead, we 
apply the learning graph computational framework, which generates feasible solutions to 
equation (2.5). By Theorem 10, such a feasible solution provides an upper bound for the 
quantum query complexity of f . We are left with optimizing the objective values. 

Definition 7. [9] Let f be a Boolean function with domain D ⊆ {0, 1}N . A (reduced) 
non-adaptive learning graph for f is a directed acyclic graph G = (V , E) such that 

1. every vertex v ∈ V is labeled by a subset s(v) ⊆ [N ] of indices of inputs to f , 

2. G has a root vertex labeled by the empty set ∅, 

3. every directed edge e = −→ uv ∈ E satisfies s(u) ⊆ s(v), 

4. every directed edge e = −→ uv ∈ E has a length given by l(e) = |s(v) − s(u)|, 

5. every directed edge e = −→ uv ∈ E has a positive weight w(e) ∈ R+ , 

6. every 1-input y of f (that is, y ∈ f−1(1)) has a flow py of value 1 on the learning 
graph G where the root vertex of G is the source and every vertex v ∈ V such that 
s(v) contains a 1-certificate of y in f is a sink. 

In order to distinguish the vertices and edges of a learning graph from the vertices and 
edges of a graph in the question, we call the vertices in the learning graphs L-vertices and 
call the directed edges in the learning graphs L-edges (or transitions). 

A learning graph framework intuitively identifies a quantum query algorithm because 
we can view each L-vertex v as the state of the computation where we learned oracle entries 
{f(xi) : i ∈ s(v)}. We call s(v) the set of loaded elements of the L-vertex v and we say 
an L-edge e = −→ uv loads elements u1, . . . , uk if s(v) − s(u) = {u1, . . . , uk}. A flow from the 
root of the learning graph to L-vertices labeled by a 1-certificate of y corresponds to the 
process of learning the certificates by query in parallel. 
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Remark 1. The learning graph G is called “non-adaptive” because the weights of the 
L-edges are independent of the input to the function. This means that, unlike a decision 
tree, in the algorithm corresponding to this learning graph, the position to query next (in 
superposition) is also independent of the outcome of the previous queries. Such algorithms 
are more restrictive, but it is still useful for quantum searching while its lower bound is 
easier to analyze. 

G is also called “reduced” because in Belov’s original definition [9], all L-edges of G 
load exactly 1 element. However, with suitable modification of weights, we can transform 
a directed path of length k in G to a single L-edge loading k elements, even when k = 0. 
Note that G is also allowed to have more than one L-vertex labeled by the same underlying 
set, thus the label to L-vertices may include additional data when it’s convenient. 

△ 

Definition 8. Let G = (V , E) be a non-adaptive learning graph for f . For F ⊆ E , the 
negative complexity and positive complexity of F is given by 

C0(F ) := 
 

e∈F 

l(e)w(e), C1(F , y) := 
 

e∈F 

l(e)
py(e)

2 

w(e) 
, C1(F ) := max 

y∈f−1(1) 
C1(F , y). (2.6) 

The learning graph complexity of G is LG(G) = 
 
C0(E)C1(E). The learning graph com-

plexity LG(f) of the function f is the minimum complexity of a learning graph for f . 

A learning graph G can be turned into a feasible solution to equation (2.5) with objective 
value LG(G) [10]. By Theorem 10, every learning graph G for f corresponds to a quantum 
query algorithm for f . 

Theorem 13. For any (possibly partial) Boolean function f , Q(f) = O(LG(f)). 

Here are some conventions on how we will design learning graph G for function f . 
Define the ith level of G by the set of L-vertices at depth i from the root vertex of G. A 
stage of G will be the set of L-edges between level i, j for some i < j. Usually, the stages 
we are going to define only has depth 1, that is, j = i + 1. We design learning graph by 
giving L-edges in stages. 

Following the convention of [16], we assume the 1-complexity of a stage F ⊆ E is always 
upper bounded by 1, this can be achieved by multiplying the weights of every e ∈ F by 
C1(F ). Let S = {u1, . . . , uk} ⊆ V , we use LoadS to denote the L-edge that loads u1, . . . , uk. 
Set w(LoadS) = k, then C0(LoadS) = k2 and C1(LoadS) ≤ 1. 
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Definition 9. Suppose F is a stage with starting L-vertices Vi and ending L-vertices Vj. 
Let c := |Vi|, e := |Vj|. We say F is symmetric if 

• every v ∈ Vi has outdegree d in F , 

• the number c ′ of v ∈ Vi that receives positive flow from py is independent of y ∈ 
f−1(1), and the value of these positive flows all equal to 1/c ′ , 

• for every v ∈ Vi that receives positive flow from py, d ′ of the d out-edges of v have 
positive flow of equal values, the value d ′ is independent of y ∈ f−1(1), 

• the number e ′ of w ∈ Vj that receives positive flow from py is independent of y ∈ 
f−1(1), and the value of these positive flows all equal to 1/e ′ . 

Let T = 
cd 
c′ d′ 

be the speciality of F , we get the following complexity for F . 

Lemma 14. [28], [16] Let F be a symmetric stage of G with speciality T . For every 
y ∈ f−1(1), if L is the average length of the L-edges receiving positive flow then the L-edges 
in F can be weighted so that 

C0(F) ≤ T · L 2 and C1(F , y) ≤ 1. 

2.5.2 Adaptive Learning Graph 

In an adaptive learning graph, the weight of an L-edge may depend on queried entries of 
the input z to f . 

Definition 10. [16] Let f be a (possibly partial) Boolean function with domain D ⊆ 
{0, 1}N . A directed acyclic graph G = (V , E) is an adaptive learning graph for f if it 
satisfies all properties (1) to (6) in definition 7, except we replace property (5) with 

5’. For every z ∈ D and directed edge e = −→ uv ∈ E , there is a positive weight value 
wzs(v) (e) ∈ R+ , whose value depends only on e and the partially loaded s(v)-entries 
of the input z. 

Since v is clear given the directed edge e, we abbreviate wzs(v) (e) by wz(e). The corre-
sponding complexity of an adaptive learning graph is given as follows. 

18 



Definition 11. Let G be an adaptive learning graph for f . If F ⊆ E is a stage of G, for 
x, y ∈ D, we define the negative and positive complexity of F respectively as 

C0(F , x) := 
 

e∈F 

l(e)wx(e), C0(F ) := max 
x∈f−1(0) 

C0(F , x) 

C1(F , y) := 
 

e∈F 

l(e)
py(e)

2 

w y(e) 
, C1(F ) := max 

y∈f−1(1) 
C1(F , y) 

The adaptive learning graph complexity of G is LGadp(G) := 
 
C0(E)C1(E). The adaptive 

learning graph complexity LGadp(f) of f is the minimum complexity of an adaptive learning 
graph for f . 

Observe that definition 7 is a special case of definition 10, so LGadp(f) ≤ LG(f). There 
is also a dual adversary reduction for adaptive learning graphs [16], and we get a similar 
upper bound result. 

Theorem 15. For any (possibly partial) Boolean function f , Q(f) = O(LGadp(f)). 

Before the end of the section, we present two important examples of adaptive learning 
graphs in [16]. The first is the OR of Boolean functions, an example learning graph is 
depicted in figure 2.1 (a). 

Lemma 16 (OR of Boolean Functions). Let G1, . . . , Gk be adaptive learning graphs for 
Boolean functions f1, f2, . . . , fk : {0, 1}N → {0, 1} respectively. Let f = ∨i∈[k]fi, suppose 
that for every 1-input y of f , there are at least l functions fi such that fi(y) = 1. Then for 
every x ∈ f−1(0), y ∈ f−1(1), 

C0(G, x) ≤ 
k 
l 
· E 
i∈[n] 

[C0(Gi, x)C1(Gi)] and C1(G, y) ≤ 1. (2.7) 

The second example is a learning graph version of quantum walks on Johnson graph. 
The stages in the learning graph of quantum walks are symmetric. The following lemma 
is a result of lemma 16. 

Lemma 17 (Learning Graph Johnson Walk). Let l ≤ k = o(n). For each A ∈ Sk([n]), let 
fA : {0, 1}N → {0, 1} be a Boolean function. Define f = ∨A∈Sk([n])fA. 

Let the data structure D be a monotone mapping from P([n]) to P([N ]) such that for 
every 1-input x of f , there is a Ix ∈ Sl([n]) where D(Ix) is a 1-certificate of x. For λ 
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(a). v 

G1 G2 Gn 

. . . 

(b). 

v . . . GA,xD(A) 

A − Ix u1 ul 

Setup Update Checking 

Figure 2.1: (a). Learning Graph of OR of Boolean functions with root L-vertex v. (b). A 
path of the learning Graph equivalent to MNRS quantum walk on Johnson graph J(n, k) 
with root L-vertex v. The walk is on a subset A ∈ S(V, k) where Ix = {u1, u2, . . . , ul} is a 
certificate that A is marked. 

a partial assignment on D(A), let fA,λ be the Boolean function fA restricted to inputs 
z ∈ {0, 1}N where zD(A) = λ. We have fA = ∨λfA,λ where λ ranges over all partial 
assignments on D(A). Suppose GA,λ is a learning graph for fA,λ. 

Let S, U , C > 0 be values such that for every x ∈ f−1(0), we have 

E 
A∈Sk−l([n]) 

|D(A)|2 ≤ S 2 , (2.8) 

E 
A∈Si([n]) 
v∈[n]−A 

|D(A ∪ {v}) − D(A)|2 ≤ U 2 , for k − l ≤ i < k (2.9) 

E 
A∈Sk([n]) 

 
C0(GA,xD(A) , x) · C1(GA,xD(A) ) 

 
≤ C 2 . (2.10) 

Then there is a learning graph G for f such that for every x ∈ f−1(0), y ∈ f−1(1), 

C0(G, x) = O 
 
S 2 + 

 n 
k 

l  
k ·U 2 +C 2   

and C1(G, y) ≤ 1. 

Taking a square root of the 0-complexity of G gives the same complexity bound of the 
original quantum walk. Figure 2.1 (b). shows a path with positive flows of such a learning 
graph in stages. Finally, observe that Grover Search is a special case of quantum walk, 
where we take k = l = 1. With setup and update cost 0, and checking cost 1, we get 0-
complexity n for unordered searching. Thus, we can also use Grover search as a subroutine 
in the learning graph context. 
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Chapter 3 

Hypergraph Properties 

In this chapter, we ask if there are lower bounds common to properties in a natural class 
of hypergraph properties. The property classes we look at extend existing graph property 
classes and we will see how common lower bound techniques generalize when the rank 
increases. Then, in section 3.3, we use the positive adversary method to give tight lower 
bounds for deciding connectivity and detecting cycles in r-uniform hypergraphs. 

3.1 Subhypergraph-closed Properties 

There are many graph properties closed under removing vertices and edges investigated in 
the quantum query complexity setting. We can naturally generalize this to higher ranks. 

Definition 12. An r-uniform hypergraph property P is subhypergraph-closed if whenever 
H ≤ G, then G ∈ P implies H ∈ P . 

In [17], subgraph-closed properties have an easy Ω(n) quantum query lower bound. 
There is a similar result for subhypergraph-closed properties. 

Theorem 18. Every nontrivial, subhypergraph-closed property on r-uniform hypergraphs 
has quantum query complexity Ω(nr/2). 

Proof. Let P be such a property. Since P is nontrivial, there is a constant d ≥ r such 
that for every n ≥ d, the empty r-hypergraph on n vertices lies in P but the complete 
r-hypergraph Kn on n vertices doesn’t. Using Ambainis’ adversary method in Theorem 9, 
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we define X as the singleton set consisting of just the empty hypergraph on n vertices and 
define Y as the set of hypergraphs consisting of one Kd and n− d isolated hyperedges. The 
size of Y is 

 
n
d 


. Note that since P is a subhypergraph-closed property, Kd ̸∈ P implies 

that no hypergraphs in Y are in P . So X ⊆ P−1(1) and Y ⊆ P−1(0). 

Let R be the complete relation X × Y , we immediately get that m = |Y | = Θ(nd) 
and m ′ = 1. Given empty hypergraph x ∈ X and potential r-edge e ∈ S(V, r), there 
are exactly 

 
n−r 
d−r

 
choice of other vertices we can pick to form a complete hypergraph Kd. 

Thus, lx,e = 

n−r 
d−r 


. Since there is only one element in X, l ′ y,e ≤ 1 for any y and e. Thus, 

lmax = 
 
n−r 
d−r

 
and we conclude that any algorithm deciding P with constant probability 

needs 

Ω 

 
mm ′ 
lmax 

 

= Ω 

 
n 
d 

 
/ 
 
n− r 
d− r 

 

= Ω 
 

n!/(n − r)! 
 
= Ω(nr/2) 

quantum queries. 

The lower bound for subhypergraph-closed properties is tight. Note that the nontrivial 
property of being an empty hypergraph is subhypergraph-closed. The negation of this 
property is equivalent to unordered searching for a hyperedge among the 

 
n
r 

 
candidates. 

Grover search gives a simple O(nr/2) complexity, matching the equivalent lower bound. 

On the other hand, the quantum query complexity of a specific subhypergraph-closed 
property may be nowhere near this trivial lower bound. Some subgraph-closed properties 
such as cycle-free, forbidden subgraph, forbidde minor, being r-partite, and having a k-
coloring are difficult to decide. We will later analyze the cycle-free problem in section 3.3, 
and dedicate chapter 4 and 5 to the forbidden simplex problem. 

3.2 Monotone Hypergraph Properties 

In the last section, we introduced subhypergraph-closed property where subhypergraphs 
can be obtained by removing vertices and hyperedges. However, vertices are not part of 
the queries in our model. It is natural to consider properties invariant under removing only 
hyperedges. The negation of such a property is defined as follows: 

Definition 13. An r-uniform hypergraph property P : {0, 1}(
n
r ) → {0, 1} is monotone if 

for every x ≥ y ∈ {0, 1}(
n
r ), we have P(x) ≥ P(y). 
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There are monotone hypergraph properties that is not subhypergraph-closed. For ex-
ample, the properties of being connected, or having a perfect matching are monotone. 
However, they are not closed under adding new isolated vertices. So monotonicity cap-
tures a broader class of properties. Naturally, we want to ask if there is a general lower 
bound result for monotone hypergraph properties: 

Conjecture 1. For any rank r ≥ 2, every nontrivial, monotone hypergraph property on 
r-uniform hypergraphs has quantum query complexity Ω(nr/2). 

In the recent paper by Aaronson, et al. [1], this conjecture is proven true when r = 2: 

Theorem 19. For any nontrivial monotone (rank 2) graph properties P, Q(P) = Ω(n). 

This is a direct consequence of a known separation between the degree and query 
complexity of Boolean functions and a degree lower bound of monotone graph properties. 

Theorem 20. [1] For all functions f : {0, 1}n → {0, 1}, we have deg(f) = O(Q(f)2). 

Theorem 21. ([34]) If P is a nontrivial monotone graph property, then deg(P) = Ω(n 2). 

Theorem 21 is proved from an even more general result on Boolean functions: 

Theorem 22. (Rivest, Vuillemin [34]) If P : {0, 1}N → {0, 1} is a nontrivial transitive 
Boolean function where N = pα is a prime power, then deg(P) = N . 

Remark 2. In Rivest and Vuillemin’s original paper [34], the conclusion of Theorem 22 
is the weaker statement D(P) = N and the conclusion of Theorem 21 is the statement 
D(P) ≥ n2/16 = Ω(n). However, part of the proof in the original paper depends on an 
intermediate result: 

• If D(P) ≤ k, then (1 + z)n−k | P 1(z) where P 1(z) is the weight enumerator 

P 1(z) := 
n 

i=0 

wi(P) · z i , wi := |{x : P(x) = 1 and w(x) = i}|. 

This intermediate result can be modified to replace D(P) by deg(P). Let p(z) be the 
polynomial representing P exactly. If deg(P) ≤ k, note that 

P 1(z) = 
 

0n≤x≤1n 

P(x) · z|x| = 
 

m: 
monomial of p 

 

0n≤x≤1n 

m(x) · z|x| . 
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If m(x) = cixi1 xi2 . . . xij is a monomial of degree j ≤ k, then 
 

0n≤x≤1n

m(x) · z|x| =  

0j ≤x≤1j 

cix1 . . . xj z x1+···+xj 
 

0n−j ≤y≤1n−j 

zy1+···+yn−j = cizj(1 + z)n−j , which is divisible by 

(1 + z)n−k . Thus P 1(z) is divisible by (1 + z)n−k . This modification with the arguments 
in [34] proves Theorem 22 and 21. △ 

To generalize the result of Theorem 19 to higher ranks, we want to see how well we can 
lower bound the degree of a monotone hypergraph property. To our knowledge, the closest 
result we get for extending Theorem 21 is discovered by Kulkarni, et al. [26] on 3-uniform 
hypergraphs: 

Theorem 23. If P : {0, 1}(
n
3) → {0, 1} is a nontrivial monotone property of 3-uniform 

hypergraphs, then D(P) = Ω(n3). 

It remains to replace the deterministic query complexity of P by the degree of P like 
we did in Remark 2. Unfortunately, we cannot get away with the prime power restriction 
in Theorem 22 with the ways 3-hyperedges behave. Instead, we partially solve Conjecture 
1 and show why is it difficult to generalize our arguments when the rank is 3. 

Theorem 24. For any rank r ≥ 2 and any nontrivial monotone property P on r-partite r-
uniform hypergraphs with rn vertices, we have deg(P) = Ω(nr). Moreover, P has quantum 
query complexity Ω(nr/2). 

The proof below extends the proof of 4-uniform hypergraph theorem in [26]. It also 
presents the lower bound technique used to analyze monotone properties in general. 

Proof. The second statement follows from the first statement and Theorem 20. To prove 
the lower bound on the degree of P , let V1, . . . , Vr be an r-partition of the hypergraph 
where each Vk has size n. Let S0 be the empty hypergraph and S2r := Kn,...,n be the 
complete r-partite r-hypergraph on rn vertices. Since P is nontrivial, pick n large enough 
so that P(S0) = 0 and P(S2r ) = 1. 

Note that by Bertrand-Chebyshev Theorem(in number theory), there is a prime number 
p between n/2 and n. For each k ∈ [r], further partition each Vk into two sets Vk,0, Vk,1 
where |Vk,0| = p and |Vk,1| = n − p. Let z1 = 00 . . . 0, z2 = 10 . . . 0, z3 = 010 . . . 0, z4 = 
110 . . . 0, . . . , z2r 

= 11 . . . 1 be the (flipped) lexicographical listing of Boolean strings 
{0, 1}r . Consider a finite sequence of hypergraphs S0, S1, S2, . . . , S2r where for each i ∈ [2r], 
Si is obtained by adding the hyperedges in V1,zi 

1
× V2,zi 

2
× · · · × Vr,zi 

r
to Si−1. For different 
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i, the above set of hyperedges are disjoint and their union is V1 × · · · × Vr = Kn,...,n. Let 
Pi be the restriction of P to the set of hypergraphs  

S ⊆ V1 × · · · × Vr : Si−1 ⊆ S and Si ⊆ S 
 

where S denotes the complement of S. These Pi are also hypergraph properties with respect 
to the r-partition of vertices 

 
V1,z i1 , V2,z i2 

, . . . , Vr,z i 
r


. Since the restriction of a monotone 

property is also monotone, each Pi is monotone. 

Suppose for a contradiction that deg(P) = o(nr). Let q(x1, . . . , xnr ) be the polynomial 
that corresponds to P . For i ∈ [2r], to obtain the polynomial qi corresponding to property 
Pi, we partially evaluate q in the following ways. 

• If xj is a variable that corresponds to an r-edge in Si−1, set xj = 1. 

• If xj is a variable that corresponds to an r-edge not in Si, set xj = 0. 

Note that the degree of the polynomial can only decrease. So deg(qi) = o(nr). 

Since P is a nontrivial monotone property, and the sequence S0, S1, S2, . . . , S2r is ob-
tained by repeatedly adding hyperedges, there has to be an index i ∈ [2r] such that 
P(Si−1) = 0 and P(Si) = 1. If i = 1, the size of S1 is the prime power pr . P1 is transi-
tive because for every v1v2 . . . vn, v′ 1v′ 2 . . . v′ n ∈ S1, there is permutation π = (π1, . . . , πr) ∈ 
Sn × · · · × Sn such that πk(vk) = v′ k for all k ∈ [r]. By Theorem 22, deg(P1) = pr = Ω(nr), 
a contradiction. If i ≥ 2, the size of the domain of Pi may not be a prime power. We can 
fix this by patching the domain. For each i where zi k = 1, add 2p − n additional vertices 
from Vi,0 to Vi,1. Define a new property P ′ 

i that extends Pi by ignoring the values of new 
r-tuples. Let q′ i be the polynomial corresponding to P ′ 

i. Note that by the way we define 
P ′ 

i, q′ i has no new variables and it equals qi. The property P ′ 
i is nontrivial and monotone, 

but now its domain has size pr . So, similar to the i = 1 case, we can easily argue that P ′ 
i

is transitive and deg(Pi) = deg(P ′ 
i) = Ω(nr), a contradiction. 

When r = 3, in a general hypergraph, we may encounter a hyperedge with 2 vertices in 
one partition and 1 vertex in another, depicted in figure 3.1 (a). The orbit of this hyperedge 
under vertex-permutations within each partition has size 


n
2 

 
· n. For arbitrary n, this is 

not a prime power and cannot be made a prime power by adding new vertices. Therefore a 
new method is needed for lower bounding degrees of hyperedges in general and Conjecture 
1 remains open. 
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(a). 
V1 V2 V3 

(b). 

x3 x4 

x1 x2 

Figure 3.1: (a). In a 3-hypergraph with 3 sets of vertices V1, V2, V3. Under the permutation
of vertices within each set, the hyperedge shaded gray has an orbit of size 


n
2 

 
· n. This 

is not a prime power, so this type of 3-edge prevent the use of Theorem 22. (b). A 
simplicial complex on vertex set X = {x1, x2, x3, x4}. It contains a cycle so it is not 
contractible. By the result of [23], all four vertices need to be queried to decide the 
membership of a face A ⊆ X. However, the polynomial of this simplicial complex is 
x1x2x3 + x1x3x4 + x1x2x4 − x2x3x4 − x1x3 − x1x2 − x1x4 + 1. Its degree is less than 4, so 
the modified result with degree nonevasiveness doesn’t hold. 

Remark 3. The proof of Theorem 23 relies on another lower bound approach using a 
topological argument in [23]. However, this approach doesn’t involve a generating function 
and no natural modification to the degree result exists. In fact, the topological approach 
to lower bound in [23] relies on a crucial observation: 

• Any nonevasive simplicial complex is contractible. 

Here, given a finite set X, a simplicial complex ∆ is just a set of subsets of X with the 
property that B ∈ ∆ and A ⊆ B implies A ∈ ∆. Contractible means the complex can be 
continuously deformed to a point. To modify the result for degree lower bound, we have to 
change the word “nonevasive” to “degree nonevasive”. However, a counterexample is given 
in figure 3.1 (b) for this modification. So the topological approach failed for degrees. △ 

3.3 Hypergraph Connectivity and Acyclicity 

In the last two sections, we give an Ω(nr/2) lower bound for some general classes of hy-
pergraph properties. However, these results don’t capture the difficulties of searching for 
large certificates in a nontrivial hypergraph. Here, we will prove stronger lower bound for 
two of the more specific but natural hypergraph properties: 
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r-HG Connectivity: 
Given an r-uniform hypergraph G = (V, E), decide if G is connected. 

r-HG Acyclicity: 
Given an r-uniform hypergraph G = (V, E), decide if G contains no cycle. 

These two problems have already been well studied in the context of rank-2 simple 
graphs [18], [17]. We will generalize the ideas presented in these two papers to find the 
tight quantum query complexity bounds of these two hypergraph problems. 

Note that the r-HG Connectivity problem is monotone and the r-HG Acyclicity 
problem is subhypergraph closed. Despite that, for the r-HG Connectivity problem, 
each hyperedge can connect up to r = O(1) vertices. If the hypergraph is connected, it can 
only be certified with a spanning subhypergraph with Ω(n) hyperedges. Similarly, a cycle 
of a hypergraph may have size n, forcing a large 0-certificate size in r-HG Acyclicity. 

Theorem 25. For any rank r ≥ 2, we have Q(r-HG Connectivity) = Ω 
 
n r+1 

2 

 
. 

Proof. When r = 2, the theorem is proved in [18], so we assume r ≥ 3. The proof 
uses Ambainis’ adversary method given in Theorem 9. First, assume the n vertices of a 
hypergraph are given by a disjoint union A∪ B where |A| = n

2r−3 and |B| = (2r−4)n 
2r−3

. Define 
X as the subset of hypergraphs on n vertices constructed in the following way: 

1. Arrange vertices of A in a cycle. 

2. For every pair {u, v} ⊆ A adjacent by the construction of step 1, pick r − 2 vertices 
u3, . . . , ur ∈ B not already picked by some other pairs in this step and form the 
r-hyperedge uvu3 . . . ur. There are exactly (r−2)n 

2r−3
vertices in B (which is half of the 

vertices in B) picked in this step. 

3. Pair up the remaining half of the vertices in B into n(r−2)
(2r−3)(r−1) groups of r − 1. For 

each (r − 1)-tuple of vertices (u1, . . . , ur−1) pick a z ∈ A that is not already picked 
by some other tuples in this step and form the hyperedge zu1, . . . , ur−1. 

For convenience, we call the hyperedges created in step 2 the ring hyperedges because 
these hyperedges formed a cycle with vertices in A. We call the hyperedges created in step 
3 the side hyperedges. Define the subset Y similarly, except in step 1, we partition the 
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(a). 

c d 

v 
a b 

u 

z 

i 
j 

(b). 

c d 

i 
a b j 

z 

u 
v 

Figure 3.2: Partial Diagram of example hypergraph in X and Y . Vertices in A are colored 
black and vertices in B are colored blue. The gray-shaded triangles are the 3-hyperedges. 
Only the relevant hyperedges are shown in these diagrams. (a). depicts a connected 
hypergraph G in X. (b). depicts a disconnected hypergraph G ′ in Y that is obtained from 
G by removing abu, cdv, zij and adding aci, bdj, zuv. 

vertices of A into r − 1 cycles, each of length between 
n 

(2r − 3)2 and 
2n 

(2r − 3)2 . This is 

possible because 
(r + 1)n 
(2r − 3)2 ≤ |A| ≤ 

2(r + 1)n 
(2r − 3)2 when r ≥ 3. Figure 3.2 illustrates an exam-

ple hypergraph from A and B each when the rank is 3. It is easy to see that hypergraphs 
in X are connected while hypergraphs in Y have r − 1 ≥ 2 connected components. 

Now, we define R so that for G ∈ X, G ′ ∈ Y , we have (G, G ′ ) ∈ R if and only if 

1. we can choose r − 1 ring hyperedges e1, . . . , er−1 where ei is given by the vertices 
aibiui,1 . . . ui,r−2, with ai, bi ∈ A and ui,1, . . . , ui,r−2 ∈ B, and 

2. we can choose r − 2 side hyperedges f1, . . . , fr−2 where fj is given by the vertices 
zjvj,1 . . . vj,r−1, with zj ∈ A and vj,1, . . . , uj,r−2 ∈ B, such that 

3. G ′ is given by removing the hyperedges e1, . . . , er−1, f1, . . . , fr−2 from E(G), and 

4. adding r − 1 ring hyperedges e′ 1, . . . , e ′r−1 where for i ∈ [r − 1], e′ i is given by 
aibi+1v1,i . . . vr−2,i (bi+1 becomes b1 when i = r − 1), and 

5. adding r − 2 side hyperedges f ′ 
1, . . . , f ′ 

r−2 where for j ∈ [r − 2], f ′ 
j is given by 

zju1,ju2,j . . . ur−1,j. 

We remark that although the above construction makes use of the ordering of vertices 
labeled by ui,j and vi,j, the ordering doesn’t matter as the value of m,m ′ , l, l ′ will change 
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by a value depending on only the constant r. This conversion is illustrated in figure 3.2 
when the rank is 3. 

Given G ∈ X, there are Θ(nr−1) choices of the r − 1 ring hyperedges of G that can be 
selected in the above conversion to break down A into r − 1 cycles each of length between 

n 
(2r−3)2 and 2n

(2r−3)2 . There are Θ(nr−2) choices of side hyperedges fj. This gives at least 
m = Θ(n2r−3 many G ′ ∈ Y related to G by R. Similarly, given G ′ ∈ Y , we can get a 
hypergraph in X by choosing one ring hyperedge from each one of the r − 1 cycles of 
G ′ , then choose r − 2 side hyperedges from the Θ(nr−2) possibilities. This gives at least 
m ′ = Θ(n2r−3) many G ∈ X related to G ′ by R. 

Now given (G, G ′ ) ∈ R and an r-tuple of vertices e ∈ Sr(V ) where OG(e) ̸= OG ′ (e). 
There are four cases: 

1. If e = aibiui,1 . . . ui,r−2 is a ring hyperedge of G. Then G ′ is given by picking the 
remaining r − 2 ring hyperedges in Θ (nr−2) ways and picking r − 2 side hyperedges 
in one of the Θ(nr−2) ways. So lG,e = Θ(n2r−4). Note that e ̸∈ E(G ′ ), but e has to 
be a ring hyperedge to be added to G ′ because it has two vertices in A. In this case, 
ai, bi ensure that there are only 4 possible choices of ring hyperedges to be removed in 
2 of the r − 1 cycles of G ′ . Furthermore, by the conversion defined above, the vertices 
ui,1, . . . , ui,r−2 each uniquely determine a distinct side hyperedge to be removed in 
G ′ . Thus, it remains to choose one hyperedge to remove in each of the remaining 
r − 3 cycles. This makes lG ′ ,e = Θ(nr−3). 

2. If e = aibi+1v1,i . . . vr−2,i is a ring hyperedge to be added to G. We can show that 
lG,e = Θ(nr−3), and lG ′ ,e = Θ(n2r−4) in a similar way case 1 does. 

3. If e = zjvj,1 . . . vj,r−1 is a side hyperedge of G. Then G ′ is given by choosing r − 1 
ring hyperedges to remove in Θ(nr−1) ways and choosing the remaining r − 3 side 
hyperedges in Θ(nr−3) ways. So lG,e = Θ(n2r−4). On the other hand , e ̸∈ G ′ and it 
is to be added to G ′ . This means vj,1, . . . , vj,r−1 are each incident to a distinct ring 
hyperedge to be removed from G ′ . Since zj ∈ A is uniquely identified by e, the side 
hyperedge in G ′ containing zj will be removed. So, we are left with picking r−3 more 
side hyperedges from one of the Θ(nr−3) possibilities. This gives lG ′ ,e = Θ(nr−3). 

4. If e = zju1,ju2,j ̸∈ G is a side hyperedge to be added to G. We can show that 
lG,e = Θ(nr−3), and lG ′ ,e = Θ(n2r−4) in a similar way case 3 does. 

We have shown that, in all four cases above, lmax = lG,elG ′ ,e = Θ(n3r−7). By Ambainis’ 
adversary method, deciding connectivity for r-uniform hypergraph has quantum query 
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complexity 

Ω 

 
mm ′ 
lmax 

 

= Ω 

 
n2r−3 · n2r−3 

n3r−7 

 

= Ω 
 
n 

r+1 
2 

 
. 

In Childs and Kothari’s minor-closed property paper [17], it was shown that testing 
cyclicity is difficult because it is hard to distinguish a long path from a long cycle. This is 
also true in the hypergraph setting. We will modify the above proof to get a similar result: 

Theorem 26. For any rank r ≥ 2, we have Q(r-HG Acyclicity) = Ω 
 
n r+1 

2 

 
. 

Proof. When r = 2, the theorem is proved in [17], so we assume r ≥ 3. Consider the proof 
of Theorem 25 with the following modifications: 

1. In step 1 of the construction of X, arrange the vertices of A in a simple path instead 
of a cycle. 

2. In step 1 of the construction of Y , arrange the vertices of A into r − 2 cycles and 1 
simple path, each of length between 

n 
(2r − 3)2 and 

2n 
(2r − 3)2 . 

In this case, X is a subset of spanning trees on n vertices and Y consists of hypergraph 
with r − 2 ≥ 1 cycles, so X ⊆ f−1(1) and Y ⊆ f−1(0). 

Note that the graphs in X, Y changed in this proof by removing 1 hyperedge in one 
of the original cycles in A, there is now 1 less hyperedge to choose from in the analysis 
of values m, m ′ , l, l ′ . This minor modification doesn’t alter the asymptotic bound of the 
values. So the rest of the proof follows from the proof of Theorem 25. 

Finally, we will show that the lower bounds above are actually tight by giving the 
quantum query algorithm with matching matching complexity. 

Theorem 27. For any rank r ≥ 2, we have Q(r-HG Connectivity) = O 
 
n r+1 

2 

 
. 

Proof. Given an r-uniform hypergraph G, consider the following algorithm. First, let V 
be the vertex set of G and let A be a set of hyperedges that is initially empty. At the 
beginning, each vertex is its own connected component, and we are trying to connect at 
least two components at each iteration of the algorithm. Suppose at stage i, A1, . . . , Ak 
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are the connected components of G ′ = (V, A), we are trying to find a hyperedge e ∈ E(G) 
such that there is i ̸= j with Ai ∩ e, Aj ∩ e ̸= ∅ with Grover search. If G is connected, 
since each r-hyperedge can connect at most r = O(1) connected components, there are at 
least k−1 

r−1
such hyperedges e. So by tight Grover search in Theorem 2, we can find such 

a hyperedge in O 

 
(r−1)(n 

r) 
(k−1) 


expected queries. Thus, in at most n − 1 iteration of the 

above Grover search, we can find a spanning subhypergraph of G in 

n 

i=2 

 
(r − 1)nr 

i− 1 
= O(nr/2) 

n−1
i=1 

√ 
i−1 ≤ O 

 
nr/2   

1 + 
 n−1 

1 

√ 
i−1di 

 
= O 

 
n 

r+1 
2 

 

expected number of queries. For some appropriate constant c, if the procedure takes cn r+1 
2 

queries without finding such a spanning subgraph, terminate the procedure and conclude 
that G is not connected. This conclusion only errs with constant probability by Markov 
inequality. 

Theorem 28. For any rank r ≥ 2, we have Q(r-HG Acyclicity) = O 
 
n r+1 

2 

 
. 

Proof. Observe that if G is acyclic, it has to be a forest, so m, which is the number of 
hyperedges in G, must be at most n. The first step of the algorithm is to apply Quantum 
Counting in Theorem 3 to the hyperedge oracle to approxiamately count the number of 
hyperedges in G. Fix some small error ϵ, we can decide if m ≥ (1 + ϵ)n with constant 
probability in O( 


nr/n) = O(n r−1 

2 ) expected numbers of queries. If m ≥ (1 + ϵ)n, we 
conclude that there must be a cycle in G. If not, G is a sparse hypergraph and we try 
to find all hyperedges of G by repeatedly running the tight Grover Search Algorithm for 
hyperedges not yet found. If G has t hyperedges, then the ith hyperedge can be found in 
O( 
 

nr/(t − i + 1)) expected number of queries. Since t ≤ n, the total expected number 
of queries needed is 

t 

i=1 

O 
 

nr 

t− i+ 1 

 
= O(nr/2) 

t
i=1 

√ 
i−1 ≤ O(nr/2) 

n
i=1 

√ 
i−1 ≤ O 

 
n 

r+1 
2 

 
. 

Terminate the repeated Grover search procedure after cn r+1 
2 queries for some appropriate 

constant c, we can obtain all hyperedges of G with constant probability due to Markov 
inequality. It remains to check if the hyperedges form a cycle without further queries. 
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Chapter 4 

Upper Bound on Finding n-simplices 

In this chapter and the next, we study the quantum query complexity of finding a fixed, 
constant-sized subhypergraph. We call an (r + 1)-clique on an r-uniform hypergraph an 
r-simplex. Specifically, a 2-simplex is a triangle, and a 3-simplex is called a tetrahedron. 
Similar to the triangle finding problem, we are interested in the problem of finding r-
simplicies for arbitrary rank r ≥ 2. 

Tetrahedron Finding Problem (Tetrahedron): 
Given a 3-uniform hypergraph G = (V, E) with n vertices and m hyperedges. Sup-
pose the hyperedge set E is given as the oracle input as a subset of S3(V ). Find 
four distinct vertices a, b, c, d such that abc, abd, acd, bcd ∈ E or decide that no such 
vertices exist. 

Given vertices {v1, . . . , vr}, we use eî to denote the subset v1v2 . . . vi−1vi+1 . . . vr−1vr ∈ 
Sr−1(V ). We write eS for S ⊆ [r] to denote the subset {vi : i ∈ S} ∈ S|S|(V ). For vertex 
u ∈ V , we use ueS to abbreviate the subset {u} ∪ eS. 

r-Simplex Finding Problem (r-SF): 
Given a r-uniform hypergraph G = (V, E) with n vertices and m hyperedges. Suppose 
the hyperedge set E is given as the oracle input as a subset of Sr(V ). Find r + 1 
distinct vertices v1, v2, . . . , vr+1 such that e ˆ r+1, er̂, . . . , eˆ 1 ∈ E or decide that no such 
vertices exist. 

32 



Just like the triangle finding problem, there is a trivial quantum algorithm and a trivial 
quantum lower bound for r-simplex finding. Since a 1-certificate of an r-simplex is given 
by finding an (r + 1)-subset of vertices and checking r + 1 possible r-edges in this subset. 
We can find an r-simplex in G by Grover searching the function F : Sr+1(V ) → {0, 1} 
where F (v1, . . . , vr+1) = 1 if and only if e ˆ r+1, er̂, . . . , e1̂ ∈ E. Each query to F takes r + 1 
queries to the hypergraph oracle, therefore 

Q(r-SF) = O 

 
n 

r + 1 

 
(r + 1) 

 

= O 
 
n 

r+1 
2 

 
. (4.1) 

For the lower bound, we consider the r-hypergraph G = (V, E) where the vertex set V 
is given by {v0, v1, . . . , vn−1}. For each subset of indices S = {i1, . . . , ir−1} ∈ Sr−1([n − 1]), 
we are promised that e{0}∪S = v0vi1 . . . vir−1 ∈ E. Under this promise, to find an r-
simplex in G, it is necessary and sufficient to find an r-edge in Sr ({v1, v2, . . . , vn−1}). 
This is equivalent to unordered searching the function F : Sr({v1, . . . , vn−1}) → {0, 1} 
where each query to F is equivalent to one query to the hypergraph oracle. This search 
requires Ω( 


(n − 1)r) = Ω(nr/2) queries by Example 3. Since making promises on the 

r-hypergraphs can only reduce query complexity, we obtain the lower bound 

Q(r-SF) = Ω 
 
nr/2  . (4.2) 

These two results are fairly straightforward, the more interesting problem is to find the 
exponent 

r 
2 
≤ a ≤ 

r + 1 
2 

where Q(r-SF) = O(na · g(n)) ∩ Ω(na/g(n)) for some subpolyno-
mial factor g(n), or at least reduce the range we have on this exponent a. Usually, g(n) is 
a poly-logarithmic factor and we use the tilde sign Θ̃(na) to hide such a poly-logarithmic 
factor. In sections 2.3 and 2.5, we were presented with other techniques for generating 
quantum query algorithms other than Grover search. For the rest of this chapter, we uti-
lize these techniques and present some nontrivial algorithms solving the r-simplex finding 
problem for some specific rank r ≥ 3. 

4.1 Tetrahedron Finding with Vertex Quantum Walk 

In this subsection, we try to build an algorithm for 3-simplex finding by generalizing 
existing triangle finding algorithms. Some well-known quantum query complexity results 
for the Triangle problem are listed below. They all rely on either the quantum walk or 
the non-adaptive learning graph technique. 
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• [31] Magniez, Santha, and Szegedy’s O(n1.3) algorithm with MNRS quantum walk. 
In fact, this result preceded and inspired MNRS’s paper on general quantum walk. 

• [9] Belovs’ O(n35/27)(where 35 
27 ≈ 1.296) learning graph algorithm for finding triangle 

achieved by using random subgraphs. 

• [28] Lee, Magniez, and Santha’s O(n9/7)(where 9
7 ≈ 1.286) learning graph algorithm 

for finding triangle improving Belovs’ O(n35/27) result by allowing more parameteri-
zation in the database used during the algorithm. 

• [19] Le Gall improved the query complexity to Õ(n5/4) = Õ(n1.25) using the quantum 
walk approach and combinatorial arguments related to triangle structures. The poly-
logorithmic factor of this upper bound can be removed [16]. 

The O(n5/4) upper bound is currently best for the Triangle problem. 
Unfortunately, as the rank r increase, any algorithm that wish to achieve a nontrivial 

query upper bound is much harder to come up with. Most triangle finding algorithms 
don’t generalize to r-simplex finding since the combinatorial structure associated with an 
r-simplex is more complicated. This difficulty is evident even when r = 3. In this section, 
we show how Le Gall’s Õ(n5/4) algorithm needs to be modified to get a slightly nontrivial 
algorithm for tetrahedron finding. The proof of this algorithm is quite involved, but it has 
been simplified in [16] by casting the combinatorial arguments and quantum walks into an 
equivalent adaptive learning graph algorithm. That’s how we will present our algorithm. 

Before we start, let’s first make some notational definitions. Let 

T u,v,w := {z ∈ V : uvz, vwz, uwz ∈ E}. (4.3) 

Let X, A, B, C ⊆ V , where |X| = n x , |A| = n a , |B| = n b , |C| = n c . Define 

∆(X) := {(u, v, w) ∈ S3(V ) : T u,v,w ∩ X = ∅} . (4.4) 

Let ∆(X, B) := (B2 × V )∩ ∆(X), this means that w can be taken to be any vertex. Define 

Γ(X, B, w, z) := {(u, v) ∈ S2(B) : (u, v, w) ∈ ∆(X) and z ∈ T u,v,w} . (4.5) 

A trivial nested quantum walk that search for all 4 vertices in a tetrahedron of the 
3-hypergraph has quantum query complexity equivalent to a simple Grover search. To 
utilize quantum walks in a meaningful way, we want the inner quantum walks to handle 
easier update and checking tasks and assign more heavy-duty searches to the outer walks. 
This idea can be realized because of the following lemma. 
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Lemma 29. Fix a subset B ⊆ V of size nb . For a subset X ⊆ V of size nx and w, z ∈ 
S2(V ), all taken uniformly at random, we have 

E 
X,w,z 

   Γ(X, B,w, z)   ≤ n 2b−x . 

Proof. Note that 

E 
X,w,z 

   Γ(X, B, w, z)   = 
 

uv∈S2(B) 

Pr 
X,w,z 

[uv ∈ Γ(X,B,w, z)] 

= 
 

uv∈S2(B) 

 

w∈V −{u,v} 

Pr 
X,z 

[(u, v, w) ∈ ∆(X) and z ∈ T u,v,w|w] Pr(w) 

= 
 

uv∈S2(B) 

 

w∈V −{u,v} 

Pr 
X 

[(u, v, w) ∈ ∆(X)] Pr 
z 
[z ∈ T u,v,w] Pr(w) 

The last equality holds because the two events inside the probability are independent. Fix 
u, v, w, let t = |Tu,v,w|, then Prz [z ∈ Tu,v,w] = Θ(t/n). Moreover, since elements in X 
are taken uniformly at random, we have PrX [(u, v, w) ∈ ∆(X)] = Θ 

 
(1 − t/n)nx 

. Take 
α = tnx−1 , then PrX,z [(u, v, w) ∈ ∆(X) and z ∈ Tu,v,w] = α

nx 

 
1 − α

nx 

n x 
≤ αe−α 

nx ≤ n−x . So 
the expected value is less than or equal to  

uv∈S2(B) 

 

w∈V −{u,v} 

1 
nx Pr(w) ≤ n 2b−x . 

The main result of this section is to provide an algorithm that beats the trivial O(n2) 
query complexity for the Tetrahedron problem. 

Theorem 30. There is an adaptive learning graph algorithm for computing the tetrahedron 
finding problem with O(n1.9) quantum queries. 

Proof. Let G be a 3-hypergraph on vertex set V , and let 0 ≤ x, a, b, c < 1 be real pa-
rameters. Assume that G has a tetrahedron, let u, v, w, z ∈ S4(V ) be its vertices and a 
1-certificate is the set of 3-edges {uvw, uvz, uwz, vwz}. Let f : {0, 1}Sr (V ) → {0, 1} be the 
Boolean function where f(G) = 1 if and only if G contains a tetrahedron as subhypergraph. 

The O(n1.9) upper bound for f is given by an adaptive learning graph G with the 
matching complexity. G is defined by 8 stages. For stage i ∈ [8], let Vi−1, Vi be the set 
of vertices at the beginning, end of the stage, respectively. We will describe each stage in 
detail. 
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Stage 1: The first step of the algorithm is to choose a subset X ⊆ V of size nx uniformly 
at random. This is formalized in G by the OR of Boolean functions learning graph 

(lemma 16) where all branches compute Tetrahedron, so k = l = 
 
n 
nx 

 
. This stage 

loads no elements and the subset X is included in the lebels of L-vertices in V1 as 
ancillary information. 0-complexity of G is unaffected by this stage. 

Stage 2: In this stage, we search for a tetrahedron vertex z in X. Given any 4 vertices, we 
can tell if they form a tetrahedron with just 4 queries to OG. Thus we can find such 
a vertex with Grover search on the set of 4-tuples X × S3(V ). If X has a tetrahedron 
vertex, the search will return true with constant probability. Otherwise, no triple of 
vertices uvw ∈ Sr(V ) where Tu,v,w ∩ X ̸= ∅ can be a 3-edge of G. So it suffices to 
find a tetrahedron in ∆(X). 
Formally, every L-vertices in V1 branches into two cases by lemma 16. First, if 
{u, v, w, z} ∩ X ̸= ∅, the tetrahedron can be found by a learning graph GX×S3(V ) 
representing Grover search with 0-complexity n3+x . If {u, v, w, z} ∩ X = ∅, we 
describe how to find this tetrahedron in ∆(X) in the remaining stages. 

Stage 3: Perform Quantum Walk on the Johnson Graph J(n, na) where the subset A ∈ 
S(n, na) is marked if it has a tetrahedron vertex z. We do not keep a data structure 
for this walk, so it has setup and update cost 0. Using lemma 32 with parameters 
n ′ = n, k ′ = n a , l ′ = 1, the 0-complexity of this stage is O(n 1−a · C 2 ) where the 
checking procedure is given by another quantum walk in the remaining stages. 

Stage 4: Perform Quantum Walk on the Johnson Graph J(n, nb) where the subset B ∈ 
S(n, nb) is marked if there is a pair of vertices IG = {u, v} in ∆(X,B) that belongs 
to a tetrahedron. In this level of quantum walk, we keep a data structure that stores 
the queried triples of vertices D(B) = X × S2(B) ∪ A × S2(B). Let m := max(x, a), 
the setup cost is S = |D(B)| = O(n2b+m). When a vertex s is added to B or removed 
from B, we need to query the set of triples {s} × X × B ∪ {s} × A × B. So the 
update cost is U = O(nb+m). Checking is described in the remaining stages. With 
parameters n ′ = n, k ′ = n b, l ′ = 2, lemma 32 shows that the 0-complexity of this 
stage is 

O 
 
S 2 + 

 n 
nb 

2  
n b ·U 2 +C 2   

= O 
 
n 4b+2m + n 2−2b  

n 3b+2m +C 2  . 
Stage 5: Choose and load a vertex w from V uniformly at random. This is again achieved by 

taking Or of functions by lemma 16. The vertex w is valid (that is, it receives positive 

36 



flow from pG in G) if it forms a tetrahedron with some z ∈ A, u, v ∈ B. Since there 
may be only 1 of the n branches that results in loading a valid w, the 0-complexities 
of the rest of the stages are multiplied by n. 

Stage 6: Perform Quantum Walk on the Johnson Graph J(nb , nc) where the walk is over 
subsets of B. We say a subset C ∈ S(B, nc) of B is marked if and only if it contains 
a pair of vertices IG = {u, v} that belongs to the tetrahedron described above. We 
set the data structure D(C) as {w} × C × A ∪ {w} × C × X. Similar to the analysis 
in stage 4, the setup cost is S = |D(C)| = O(nc+m), the update cost is U = O(nm). 
With parameters n ′ = nb, k ′ = nc , l ′ = 2, the 0-complexity of this stage is 

O 

 

S 2 + 
 
n b 

nc 

2  
n c ·U 2 +C 2  

 

= O 
 
n 2c+2m + n 2b−2c  

n c+2m +C 2  . 
The checking procedure is described in the remaining 2 stages. 

Stage 7: Choose a vertex z from A uniformly at random by the Or of Boolean functions 
learning graph. Load the vertex z into the L-vertices of V6. The vertex z is valid if 
u, v, w, z form a tetrahedron for some u, v ∈ B. Since there may be at most 1 valid z 
in A, by lemma 16, the 0-complexity of the last stage needs to be multiplied by na . 

Stage 8: This stage appears in the innermost loop of the quantum walks and we want to 
look for {u, v} ∈ S2(C) such that u, v, w, z form a tetrahedron. Note that the data 
structure in stage 4 keeps track of A× S2(B), which contains the queried information 
OG(uvz). The data structure in stage 6 keep track of {w} × C × A, which contains 
OG(uwz), OG(vwz). Thus, it remains to look for u, v ∈ C such that uvw ∈ E, uvw ∈ 
∆(X), and z ∈ Tu,v,w. This is equivalent to unordered search for a 3-edge of G in 
Γ(X, C,w, z). 
Since the data structure in stages 4 and 6 provide query information to X × S2(C) ∪ 
X × C × {w}, we can check whether (u, v, w) ∈ ∆(X) without queries. Stages 4 and 
6 also provide query information to {z} × S2(C)∪ C × {z, w}. This allows us to check 
if z ∈ Tu,v,w queries as well. Thus, we have full information on the set Γ(X, C,w, z). 
By performing Grover search for u, v on Γ(X, C, w, z) where all X, w, z are chosen 
uniformly at random. At the end of the Grover search, the L-vertices ω where s(w) 
contains the 1-certificate {uvw, uvz, uwz, vwz} are sinks of the learning graph G. By 
lemma 32, the 0-complexity of this stage, which is the square of checking cost, is the 
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expected cost of Grover search learning graph GΓ(X,C,w,z). By lemma 29, this value is 

C 2 = E 
X∈S(n,n x),w∈V 
z∈C∈S(n,n c) 

 
C0 

 
G Γ(X,C,w,z) 

 
C1 

 
G Γ(X,C,w,z) 

 
= E 

X,w,z 
[|Γ(X, C, w, z)|] ≤ n 2c−x . 

This completes the description of a learning graph G that computes Tetrahedron. 
Composing the complexity in each of the stages, the 0-complexity of G is 

O 
 
n 3+x + n 1−a 

 
n 4b+2m + n 2−2b 

 
n 3b+2m + n 

 
n 2c+2m + n 2b−2c  

n c+2m + n a+2c−x   

= O 
 
n 3+x + n 1−a+4b+2m + n 3−a+b+2m + n 4−a−2b+2c+2m + n 4−a−c+2m + n 4−x  . 

This upper bound is optimized by taking b = 3/5, c = 2/5, a = x = 1/5, in which case the 
0-complexity becomes O(n19/5). Since by convention C1(G) = O(1), by theorem 15, the 
quantum query complexity of the tetrahedron finding problem is 

Q(Tetrahedron) = O [LG(Tetrahedron)] = O 
 

C0(G) 
 
= O 

 
n 

19 
10 

 
= O(n 1.9). 

4.2 Leanrning Graph for Nested Quantum Walk 

The algorithm in Theorem 30 utilizes a quantum walk as a subroutine inside another 
quantum walk. Similarly, multiple instances of quantum walk can be nested together and 
we say a walk has higher level if it appears inside the checking procedure of another walk. 
In 2013, Jeffery, Kothari, and Magniez presented nested quantum walk [22]. This structure 
has r levels of quantum walk nested together. It uses a state tuple (A1, A2, . . . , Ar) where 
Ai is the state of the ith level quantum walk. However, instead of keeping a separate 
data structure D(Ai) at each level, it keeps track of a data structure in quantum state 
|A1, A2, . . . , Ar, D(A1, . . . , Ar)⟩ in the outer-most walk. This allows us to push all setup 
costs to the beginning of the computation. 

In this section, we are trying to generalize the nested quantum walk algorithm to an 
adaptive learning graph. In the next section, we will utilize this framework to find a 
non-trivial algorithm for 4-simplex finding by searching for singletons, pairs, triples, and 
quadruples of vertices of a 4-simplex. Before we do that, we need to outline a few important 
modifications to the approach used in Theorem 30. 
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4.2.1 Configuration Package 

Similar to lemma 17, we try to formulate the learning graph for nested quantum walks on 
Johnson graphs J([ni], ki). However, we need the state space of a quantum walk dependent 
on the state of the lower level walks. To fix that, we label the L-vertices of our learning 
graph by ordered partial subsets instead of subsets. This allows us to refer to a particular 
element in the state by its position. 

For a set X and an integer k, define the set of ordered partial subsets of size k as 

P(X, k) := 
 
(x1, . . . , xk) ∈ (X ∪ {⋆})k : for i ̸= j ∈ [k], xi = x j =⇒ xi = ⋆ 

 
. (4.6) 

We also define the set of ordered subsets of size k as 

P(X,= k) := 
 
(x1, . . . , xk) ∈ X k : for i ̸= j ∈ [k], xi ̸= x j 

 
. (4.7) 

Here the ⋆ symbol is a placeholder that refers to an element of the subset not yet deter-
mined. We can treat A ∈ P(X, k) as a set by ignoring the star symbols and treat each 
element in A as unordered, this allows us to generalize membership check and set difference 
to A. We define the size of A (denoted by |A|) as the number of non-star elements in A. 
If |A| < k, we say A is partially filled. If A is partially filled, then for v ̸∈ A, we use the 
notation A ∪ {v} to randomly replace a ⋆ symbol in A by v. For A,B ∈ P(X, k), we say 
A ⊆ B if for every i ∈ [k] where Ai ̸= ⋆, we have Ai = Bi. 

The ith level of the nested walk is labeled by P([ni], ki). The certificate of the nested 
quantum walk is given by a sequence Iy = (Iy,1, . . . , Iy,r) where each Iy,i has a fixed size li. 
Define the set 

I y,i := {A ′ i ∈ P([ni], ki) : |A ′ i| = ki − li, A ′ i ∩ I y,i = ∅} . (4.8) 

We say that a state A ′i ∈ P([ni], ki) avoids the certificate Iy,i if |A ′i| ∈ Iy,i. We usually 
attach a prime symbol for elements of Iy,i and we will use these states often during the 
setup stages of the nested quantum walk. In the setup of the ith level state Ai, we assume 
we have the setup states of the lower levels A ′1, . . . , A ′i−1. So the certificate of the ith level 
can utilize these information and we further assume that Iy,i = Iy,i,A ′1,...,A ′i−1 

depends on 
these setup states. 

When we design the flow for a learning graph of quantum walk, a valid state in the 
ith level should have the form A ′i ∪ Iy,i. However, there may be special circumstances 
we want to avoid, even when Ai contains the certificate Iy,i. For this purpose, we define 

39 



the availability function C such that C(A ′1, . . . , A ′i−1) ⊆ Iy,i. We design learning graph 
such that Ai is valid if and only if Ai = A′ 

i ∪ Iy,i for some A′ 
i ∈ C(A′ 

1, . . . , A ′i−1). In our 
applications, the proportion of unavailable states avoiding Iy,i is small. That is, for some 
function α = o(1), a function of n and fixed setup states A ′1, . . . , A ′i−1, we assume that 

Pr 
A ′ i ∈Iy,i 

(A ′ i ̸∈ C(A ′ 1, . . . , A ′ i−1)) ≤ α. (4.9) 

In this case, we call C(A ′1, . . . , A ′i−1) an α-subset of Iy,i. If C(A ′1, . . . , A ′i−1) = Iy,i, we say 
that C is trivial for this level. 

The data structure associated with the nested quantum walk is given by a monotone 
function D mapping from 

r 
i=1 P([ni], ki) to P([N ]). This data structure is kept at the 

lowest level of the nested quantum walk so that all levels have access to the data structure. 

Finally, let’s formalize these ideas by grouping all the sets and parameters defined above 
into a configuration package used to define the learning graph of a nested Johnson walk. 

Definition 14. For each i ∈ [r], let 0 < li ≤ ki = o(ni) be integer parameter where li is a 
constant. Let fA1,...,Ar : {0, 1}N → {0, 1} be Boolean functions and suppose 

f = 
 

Ai∈P([ni],=ki), i∈[r] 

fA1,...,Ar (4.10) 

is the function we are trying to compute. Define the configuration of a nested Johnson 
walk learning graph computing f as the tuple  

fA1,...,Ar 

 
Ai∈P([ni],=ki),i∈[r]

, 
 
(ni, ki, li) 

 
i∈[r], 

 
Iy 
 
y∈f−1(1)

, C , α, D,  
GA1,...,Ar,λ 

 
Ai∈P([ni],=ki), i∈[r], λ partial assignment on D(A1,...,Ar) 

 
. (4.11) 

Here, r is the number of levels in the nesting structure. α(n) = o(1) is a function of n. The 
variables {Iy}, C,D respectively denotes the sequence of certificates, the availability func-
tion, and the data structure explained in this subsection. For each λ a partial assignment 
on D(A1, . . . , Ar), let fA1,...,Ar ,λ be the partial Boolean function fA1,...,Ar restricted to inputs 
z ∈ {0, 1}N where zD(A1,...,Ar ) = λ. Then, we have fA1,...,Ar = 

 
λ fA1,...,Ar ,λ. Furthermore, 

each GA1,...,Ar ,λ is a learning graph for fA1,...,Ar ,λ. 

The following conditions on the configuration make sure the sequence of certificates can 
depend on previous setup states, as we explained above. 
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Definition 15. We say that the configuration in equation (4.11) is admissible if for every 
y ∈ f−1(1), there is Iy,1 ∈ S([n1], l1) and an α-subset C() ⊆ Iy,1, such that for every 
A ′1 ∈ C(), there is Iy,2 ∈ S([n2], l2) and an α-subset C(A ′1) ⊆ Iy,2, such that for every 
A′ 

2 ∈ C(A ′1), . . . , there is Iy,r ∈ S([nr], lr) and an α-subset C(A′ 
1, . . . , A ′r−1) ⊆ Iy,r, such 

that for every A ′r ∈ C(A ′1, . . . , A ′r−1), we have 

fA ′ 1 ∪Iy,1,...,A′ 
r ∪Iy,r (y) = 1. (4.12) 

4.2.2 α-symmetric Stage 

Before we construct the learning graph for nested Johnson walk, we investigate what hap-
pens when we drop an α-fraction of valid L-vertices from its flows. 
Definition 16. Suppose F is a learning graph stage with starting L-vertices Vi and ending 
L-vertices Vj. Define c := |Vi|, e = |Vj| and set s a constant. Let Vi,y, Vj,y be the set of 
vertices in Vi, Vj, respectively, that receives positive flow from py. For v ∈ Vi,y ∪ Vj,y, let 
p′v,y denote the value of the positive flow through vertex v. We say F is α-symmetric with 
constant s if it can be obtained via the following operations: 

1. Suppose we have a symmetric stage F ′ in definition 9 with parameters c, c ′ , d, d ′ , e, e ′ . 
We let F inherit the L-vertices and L-edges of F ′ . It remains to define the flow of F . 

2. For any y ∈ f−1(1), there is a set V ′ 
i,y ⊆ Vi of beginning vertices receiving positive 

flow from py(F ′ ) where |V ′ 
i,y| = c ′ . The set Vi,y is obtained by removing a small 

fraction of L-vertices from V ′ 
i,y such that (1 − α)sc ′ ≤ |Vi,y| ≤ c ′ . 

3. Let V ′ 
j,y ⊆ Vj be the set of ending vertices receiving positive flow from py(F ′ ) where 

|V ′ 
j,y | = e ′ . The set Vj,y is obtained by removing L-vertices from V ′ 

j,y such that 

(1 − α)s+1 e ′ ≤ |V j,y| ≤ e ′ and 
|v+ ∩ V j,y| 
|v+ ∩ V ′ j,y| 

≥ 1− α for every v ∈ V i,y (4.13) 

where v+ denotes the set of out-neighbours of a vertex v. This ensures the subset to 
be removed from Vj doesn’t target any v ∈ Vi,y. 

4. The flows in F inherit the flows in F ′ with a few alternations. The flow of an L-edge 
is reduced to zero if the L-edge doesn’t lie in Vi,y × Vj,y. To compensate for the total 
value loss, the flows of the L-edges in Vi,y × Vj,y are scaled by a factor of at most 

1
(1−α)s+1 . This ensures that for v ∈ Vi,y, w ∈ Vj,y, we have 

1 
c ′ 

≤ |p′ v,y| ≤ 
1 

(1 − α)sc ′ 
and 

1 
e ′ 

≤ |p′ w,y| ≤ 
1 

(1 − α)s+1e ′ 
. (4.14) 
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Note that if stage s of a learning graph is α-symmetric with constant s, then operation 
2 holds for stage s + 1 since operation 3 holds for stage s. Thus, we can design stage s + 1 
as an α-symmetric stage with constant s + 1. We will design learning graphs consisting of 
sequential α-symmetric stages. Provided the amount of stages is finite, the constant s is 
irrelevant to the overall complexity of the learning graph. 

The following lemma analyzes the complexity of one α-symmetric stage. 

Lemma 31. Let F be an α-symmetric stage of G with constant s and let F ′ be its under-
lying symmetric stage. Let T := cd/c ′ d ′ . For every y ∈ f−1(1), if L is the average length 
of the L-edges receiving positive flow in F ′ , then the L-edges in F can be weighted so that 

C0(F ) ≤ T · L 2 and C1(F , y) ≤ (1 − α)−2(s+1) = O(1). 

Proof. By lemma 14, we can assign weights w(e) to symmetric stage F ′ so that F ′ has 
0-complexity ≤ T · L2 and 1-complexity ≤ 1. Now if the same weight assignment is to be 
applied to F , according to definition 8, the 0-complexity stays the same. The 1-complexity 
may differ in the following ways: 

• The 1-complexity of the F may reduce because terms in equation (2.6) corresponding 
to L-edges that don’t belong to Vi,y × Vj,y should be removed from the calculation. 
This doesn’t change the 1-complexity upper bound. 

• Each L-edge has its flow scaled by a factor at most 1
(1−α)s+1 , so every term in equation 

(2.6) is multiplied by a factor of at most (1 − α)−2(s+1) . 

The statement of the lemma follows immediately. 

4.2.3 Main Learning Graph Construction 

Now, we are ready to construct an adaptive learning graph for an r-level nested Johnson 
walk in the following general-purpose lemma. 

Lemma 32 (Learning Graph for Nested Johnson Walk). Let  
fA1,...,Ar 


, 
 
(ni, ki, li) 


, 
 
I y 
 
, C, α,D, 

 
GA1,...,Ar,λ 

 
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be an admissible configuration defined in definitions 14 and 15. Let S, U 1, . . . , U r, C > 0 
be values such that for every x ∈ f−1(0), we have 

E 
A ′ i ∈S([ni],ki−li), ∀i∈[r] 

|D(A ′ 1, . . . , A ′ r)|2 ≤ S 2 , (4.15) 

E 
Ai∈S([ni],ki) 

 
C0(GA1,...,Ar ,xD(A1,...,Ar ) , x) · C1(GA1,...,Ar,xD(A1,...,Ar ) ) 

 
≤ C 2 , (4.16) 

and for every i ∈ [r] and ki − li ≤ h < ki, 

E 
Aj ∈S([nj ],kj ), ∀j∈[i−1] 

Aj ∈S([nj ],kj −lj ), ∀j∈[i+1,r] 
Ai∈S([ni],h), v∈[ni]−Ai 

|D(A1, . . . , Ai ∪ {v}, . . . , A ′ r) − D(A1, . . . , Ar)|2 ≤ U 2 
i . (4.17) 

Then there is a learning graph G for f such that for every x ∈ f−1(0), y ∈ f−1(1), we have 
C1(G, y) ≤ 1 and 

C0(G, x) = O 

 

S 2 + 
r 

i=1 

 
i 

j=1 

 
nj 

k j 

lj 
 

ki ·U 2 
i + 

 
r 

i=1 

 
ni 

ki 

li 
 

C 2 

 

. (4.18) 

Proof. We will construct a learning graph G computing f consisting of the setup, update, 
and checking stages analogous to the procedures of a nested quantum walk. G consists of 
r + 

r
i=1 li + 1 stages. The first r stages are for setup, the last stage is for checking. The 

stages for update are labeled by lexicographically ordered pairs (i, h) for i ∈ [r], h ∈ [li]. 
All setup and update stages in G are α-symmetric. The labels of the L-vertices in G are 
given by (A1, . . . , Ar) where Ai ∈ P([ni], ki). The root vertex is labeled by (∅, . . . , ∅) where 
∅ is represented by the tuple of stars (⋆, . . . , ⋆). 

Now, we try to define stages using definition 16. For i ∈ [r], the ith setup stage is given 
by loading ki − li elements to Ai. In this stage, we have 

V ′ i,y = 
 
(A ′ 1, . . . , A ′ i−1) : A ′ k ∈ I y,k for k ∈ [i − 1] 

 
, 

V ′ j,y = 
 
(A ′ 1, . . . , A ′ i) : A ′ k ∈ I y,k for k ∈ [i] 

 
. 

So, c ′ = 
i−1 

j=1

 
ki 
li

 
· P ni−li 

ki−li
. Counting the number of possible setup labels, the number 

of starting vertices is c = 
i−1 

j=1

 
kj 
lj

 
· P nj

kj−lj 
. The beginning L-vertices have outdegree 

d = 
 
ki 
li

 
· P ni

ki−li 
. We define 

V i,y := 
 
(A ′ 1, . . . , A ′ i−1) ∈ V ′ i,y : A ′ k ∈ C(A ′ 1, . . . , A ′ k−1) for k ∈ [i − 1] 

 
. 
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With the setup information A ′1, . . . , A ′i−1, the certificate Iy,i is fixed. The L-edges receive 
positive flow if and only if no elements in Iy,i are loaded to Ai and Ai ∈ C(A ′1, . . . , A ′i−1). 
Since our configuration is admissible, we have d ′ = 

 
ki 
li

 
· P ni−li 

ki−li
. Since C(A ′1, . . . , A ′i−1) is an 

α-subset of Iy,i, equation (4.13) is satisfied with this construction. Since li are constants 
and α = o(1), the speciality of this stage is cd/c ′ d ′ = O(1). By lemma 31, the sum of 
0-complexity of these r stages is at most O(E 

 
|D(A ′1, . . . , A ′r)| 

2 
) ≤ O(S2). 

For i ∈ [r] and h ∈ [li], stage (i, h) consists of beginning L-vertices (A1, . . . , Ar) where 
|A j| = k j for j ∈ [i − 1], |A j| = k j − l j for j ∈ [i + 1, r], and |Ai| = ki − li + h − 1. Here, 

V ′ i,y = {(A1, . . . , Ar) : I y,j ⊆ A j for j ∈ [i − 1], A j ∩ I y,j = ∅ for j ∈ [i + 1, r], 
and |I y,i ∩ Ai| = h − 1}. 

The L-edges of this stage load a new element to Ai, and an L-edge in this stage receives pos-
itive flow from py if and only if the new element loaded belongs to Iy,i. The corresponding 
parameter values for this stage are 

c = 
 

k j 
l j − h+ 1 

 
· P nj 

kj −lj +h−1 · 
i−1 

j=1 

P nj 
kj 

· 
r 

j=i+1 

 
k j 
l j 

 
· P nj 

kj −lj 
, 

c ′ = 
r 

j=1 

 
k j 
l j 

 
· P nj −lj 

k j −l j 
, d = (l j − h + 1)(ni − (k j − l j + h − 1)), 

d ′ = (l j − h + 1) 2 . 

The speciality of this stage is 
cd 
c′ d′ 

= O 

 

ni 

 
ni 

ki 

 h−1 i−1 

j=1

 
nj 

kj 

lj 
 

. By lemma 31, the 0-

complexity of this stage is at most T · E 
 
|D(A1, . . . , Ai ∪{v}, . . . , Ar)− D(A1, . . . , Ar)| 

2 
=

O 

 

ki 

 
ni 

ki 

 h i−1 

j=1 

 
nj 

k j 

 lj 

·U 2 
i 

 

. 

The final stage of G performs the checking operation. For every beginning L-vertex 
(A1, . . . , Ar) where |Ai| = ki for all i ∈ [r], attach the learning graph GA1,...,Ar ,xD(A1,...,Ar ) 

to this L-vertex and rescale the weights of the L-edges in GA1,...,Ar ,xD(A1,...,Ar) by λA1,...,Ar = 

C1(GA1,...,Ar,xD(A1,...,Ar ) ) 
 r 

i=1 P ni−li 
ki−li 

P ki 
li 
. There are 

 r 
i=1 P ni 

ki 
beginning L-vertices and more 

than (1 − α)r r
i=1 P ni−li 

ki−li 
P ki 
li 

of them receives positive flow. The values of flow in these 
subroutine learning graphs inherit from the values of flow in the original learning graph, 
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rescaled by Θ 
r

i=1 P ni−li 
ki−li 

P ki 
li 

−1 
. Our choice of rescaling ensures that the 1-complexity of 

this stage is  

A ′ i ∈S([ni−li],ki−li),∀i∈[r] 
A ′ i ∈Iy,i, A ′ i ∪Iy,i=Ai 

C1(GA1,...,Ar ,xD(A1,...,Ar ) ) 

Θ 
 r 

i=1 
 
P ni−li 
ki−li 

P ki 
li 

2 
 
· λA1,...,Ar 

= O(1). 

The 0-complexity of the final stage is  

Ai∈S([ni],ki),∀i∈[r] 

λA1,...,Ar C0(GA1,...,Ar ,xD(A 1,...,Ar ) , x) = O 

 
r 

i=1 

 
ni 

ki 

 li 

·C 2 

 

. 

4.3 4-Simplex Finding with Nested Quantum Walk 

We let HG(n, m, r) denote the hypergeometric distribution function, where n is the total 
number of instances, m is the number of good instances, and r is the number of draws 
without replacement. The tail bound of this distribution is given below. 

Lemma 33. [20] Suppose X ∼ HG(n, m, r) with mean value µ = rm 
n , we have 

1. for any 0 < δ ≤ 1, Pr (X ≥ (1 + δ)µ) ≤ exp 
 

µδ2 

3 

 
, 

2. for any δ > 2e − 1, Pr (X > (1 + δ)µ) < 2−(1+δ)µ . 

Now, we extend the algorithm presented in [20] to simplex finding in rank-4 hypergraph. 

Theorem 34. There is an adaptive learning graph algorithm for computing the 4-simplex 
finding problem with O(n2.4548) quantum queries. 

Proof. This algorithm is based on a nested quantum walk where we load all vertices of 
a 4-simplex first, then load the pairs of these vertices, the triples of these vertices, and 
the 4-hyperedges of this 4-simplex in order. This nested quantum walk utilizes 30 real 
parameters 0 ≤ ai, bij, cijk, dijkl < 1 for ijkl ∈ S4([5]). For convenience of notation, we also 
define 15 dependent values 

mijk = b ij + bik + b jk − ai − a j − ak, 
mijkl = c ijk + c ijl + cikl + c jkl − b ij − bik − bil − b jk − b jl − bkl + ai + a j + ak + al. 
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We say that the set of parameters {ai, bij, cijk, dijkl : ijkl ∈ S4([5])} is admissible if the 
following set of (possibly strict) linear conditions hold. 

b ij ≤ ai + a j for all ij ∈ S2([5]), 
cijk ≤ m ijk for all ijk ∈ S3([5]), 

d ijkl ≤ m ijkl for all ijkl ∈ S4([5]), 
ai − b ij < 0 for all ij ∈ S2([5]), 

bij − mijk < 0 for all ijk ∈ S3([5]), 
cijk −m ijkl < 0 for all ijkl ∈ S4([5]), 

−c ijl − cikl + bil + b jl + bkl − al < 0 for all ijkl ∈ S4([5]). 

Suppose G is a 4-uniform hypergraph defined on vertex set V containing a 4-simplex 
as a sub-hypergraph. Let u1, u2, u3, u4, u5 be the vertices of this 4-simplex. We will use 
lemma 32 to define an adaptive learning graph G that finds this 4-simplex. There are 
r ′ = 30 levels to this walk. 

In level i ∈ [5], we search for vertex ui using a walk over the Johnson Graph J(n, nai ). 
Let’s denote the state of this walk by Ai ∈ P([n], nai ). Let Vi = {vs : s ∈ Ai}, we say Ai is 
marked if and only if ui ∈ Vi. In the context of lemma 32, the associated parameters of this 
level are ni = n, ki = nai , li = 1 and Iy,i = {s : vs = ui}. The available set C(A1, . . . , Ai−1) 
is trivially defined for this level. 

We label the next 10 levels by pairs of indices ij ∈ S2([5]). In level ij where i < j, we 
invoke a quantum walk over the Johnson Graph J(nai+aj , nbij ). Let Bij ⊆ [nai+aj ] be the 
state of this walk and let Vij = {vsi vsj : (si, sj) ∈ (Ai × Aj) [Bij]} be the associated pairs 
of vertices. We say Bij is marked if it satisfies the following conditions. 

1. uiuj ∈ Vij, 

2. for all vi ∈ Vi, we have nbij −ai /2 ≤ | {vj ∈ Vj : vivj ∈ Vij} | ≤ 2nbij −ai , 

3. for all vj ∈ Vj, we have nbij −aj /2 ≤ | {vi ∈ Vi : vivj ∈ Vij} | ≤ 2nbij −aj , 

4. whenever k is an index such that the level ik comes before ij in the nested structure, 
we have | {vi ∈ Vi : vivj ∈ Vij, vivk ∈ Vik} | ≤ 11nmijk−bjk for every vj ∈ Vj, vk ∈ Vk. 

Note that this is formalized in the learning graph model by taking parameters nij = 
nai+aj , kij = nbij , lij = 1, setting Iy,ij = {s : (Ai × Aj)[s] = (si, sj), vsi vsj = uiuj}. Define 
C(A1, . . . , Bij−1) = {Bij : Condition 2, 3, 4 holds for Bij}. Here, Bij−1 is just a notation 
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referring to the state prior to Bij. The following lemma is presented in [20] and shows that 
the fraction of Bij for which condition 2, 3, or 4 doesn’t hold is small. 

Lemma 35. Given marked states A1, . . . , Bij−1, we have 

Pr(B ij ̸∈ C(A1, . . . , B ij−1)) 
≤ O 

 
n ai exp 

 
n ai−bij 

 
+ n aj exp 

 
n aj −bij 

 
+ n ai+aj exp 

 
n b jk−mijk 

 
. 

We will not restate its proof but its idea is captured by the proof of lemma 36. Provided 
the set of parameters is admissible, we can take α(n) an exponentially decreasing function. 

The next 10 levels are labeled by triples of indices ijk ∈ S3([5]). In level ijk where 
i < j < k, we quantum walk over the Johnson Graph J (11nmijk , ncijk ). Let Cijk ⊆ [11nmijk ] 
be the state of this walk and define 

Γ ijk = 
 
(si, s j, sk) ∈ Ai × A j × Ak : vsi vsj ∈ V ij, vsi vsk ∈ Vik, vsj vsk ∈ V jk 

 

V ijk = 
 
vsi vsj vsk : (si, s j, sk) = Γ ijk[s] for s ∈ C ijk, s ≤ |Γ ijk| 

 
. 

We say Cijk is marked if it satisfies the following conditions. 

1. uiujuk ∈ Vij, 

2. for all vjvk ∈ Vjk, we have | {vi ∈ Vi : vivjvk ∈ Vijk} | ≤ 1
6 n

cijk−bjk , 

3. for all vivk ∈ Vik, we have | {vj ∈ Vj : vivjvk ∈ Vijk} | ≤ 1
6 n

cijk−bik , 

4. for all vivj ∈ Vij, we have | {vk ∈ Vk : vivjvk ∈ Vijk} | ≤ 1
6 n

cijk−bij , 

5. whenever l is an index such that the levels ijl, ikl come before ijk in the nested 
structure, we have | {vi ∈ Vi : vivjvk ∈ Vijk, vivjvl ∈ Vijl, vivkvl ∈ Vikl} | ≤ 1 

11 n
mijkl−cjkl 

for every vj ∈ Vj, vk ∈ Vk, vl ∈ Vl. 

In the learning graph model, the associated parameters are nijk = 11nmijk , kijk = ncijk , 
lijk = 1. We set Iy,ijk = {s : Γijk[s] = (si, sj, sk), vsi vsj vsk = uiujuk} and define 
C(A1, . . . , Cijk−1) = {Cijk : Condition 2 to 5 holds for Cijk}. Assuming A1, . . . , Cijk−1 are 
marked. By condition 4 of the definition of marked Bik, we have 

|Γ ijk| = 
 

vj vk∈B jk 

| {v ∈ Vi : vv j ∈ V ij and vvk ∈ Vik} | ≤ n b jk · 11n mijk−b jk = 11n mijk . 

This ensures that the certificate uiujuk will not overflow and such an index s exists for 
Iy,ijk. Similar to lemma 35, we have a lemma showing that the fraction of Cijk for which 
conditions 2 to 5 don’t hold is also small. 
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Lemma 36. Given marked states A1, . . . , Cijk−1, the value Pr(Cijk ̸∈ C(A1, . . . , Cijk−1)) is 
an exponentially close to 0 with respect to n, provided the set of parameters are admissible. 

To avoid interrupting the presentation of the algorithm, the proofs of this lemma and 
the lemmas in the rest of this subsection are presented in appendix A. 

The last 5 levels are labeled by quadruples of indices (i, j, k, l) ∈ S4([5]). In level ijkl
where i < j < k < l, we invoke a quantum walk over Johnson Graph J 

 
Θ(nmijkl ), ndijkl 

 
. 

Let Dijkl ⊆ [Θ(nmijkl )] be the state of this walk. Define 

Γ ijkl = {(si, sj, sk, sl) ∈ Ai × A j × Ak × Al : vsi vsj vsk ∈ V ijk, vsi vsj vsl ∈ V ijl, 
vsi vsk vsl ∈ Vikl, vsj vsk vsl ∈ V jkl} 

V ijkl = 
 
vsi vsj vsk vsl : (si, s j, sk, sl) = Γ ijkl[s] for s ∈ D ijkl, s ≤ |Γ ijkl| 

 
. 

We say that Dijkl is marked if and only if uiujukul ∈ Vijkl. In the learning graph, the 
corresponding parameters are nijkl = Θ(nmijkl ), kijkl = ndijkl , lijkl = 1. We set Iy,ijkl = {s} 
where Γijkl[s] = (si, sj, sk, sl) and vsi vsj vsk vsl = uiujukul. Assuming A1, . . . , Dijkl−1 are 
marked. By condition 7 of the definition of marked Cijl, we have 

|Γ ijkl| = 
 

(sj ,sk,sl)=Γjkl[s] 
s∈C jkl 

   
v ∈ Vi : vvsj vsk ∈ V ijk, vvsj vsl ∈ V ijl, vvsk vsl ∈ Vikl 

   
≤ n cjkl · 1 

11 
n mijkl−cjkl = Θ (n mijkl ) . 

This ensures that the certificate uiujukul will not overflow and such an index s exists for 
Iy,ijkl. C(A1, . . . , Dijkl−1) is trivially defined for this level. 

Let A = (A1, . . . , A5, B12, . . . , B45, C123, . . . , C345, D1234, . . . , D2345) be the sequence of 
states, the associated data structure is given by D(A) := 

 

ijkl∈S4([5]) 

V ijkl. It is important 

to note that a state in P([ni], ki) may only be partially filled. If any of the entries in the 
A ′is, B ′ ijs, C ′ ijks,Dijkl necessary to identify a quadruple in Vijkl is missing, this quadruple 
will not be listed in Vijkl. The cost of setup is S ≤ 

 

ijkl∈S4([5]) 

ndijkl . Once we have the 

OG-query information to D(A), it is trivial to check if u1, . . . , u5 form a 4-simplex. Thus, 
the cost of checking C is 0 and it remains to find and justify the update costs based on 
the size of the tuple of vertices we are loading. 

In update stage i ∈ [5], we start with beginning L-vertex A = (A1, . . . , D2345) where 
|Ai| = nai − 1. If we are loading s ̸∈ Ai to Ai, the queries needed to update the data 
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structure are precisely the number of newly identifiable quadruples in Vijkl due to loading 
s. The following lemma identifies the update costs. 

Lemma 37. Let Γ ′ ijk, V ′ 
ijk be the sets Γ ijk, Vijk obtained after loading a random element s

to Ai, then 

E 
A,s 

|Γ ′ ijkl − Γ ijkl| = O(n mijkl−ai ) and E 
A,s 

|V ′ ijkl − V ijkl| = O(n d ijkl−ai ). 

By the above lemma, we can conclude that 

U i = O 
 
E 
A,s 

|D(. . . , Ai ∪ {s}, . . . , D2345) − D(. . . , Ai, . . . , D2345)| 
 

= O

  
 

j,k,l:ijkl∈S4([5]) 

E 
A,s 

|V ′ ijkl − V ijkl|

  = O 

  
 

j,k,l:ijkl∈S4([5]) 

n d ijkl−ai 

  . 

In update stage ij ∈ S2([5]) where i < j, we start with beginning L-vertex A = 
(A1, . . . , D2345) where |Bij| = nbij − 1. If we are loading s to Bij, we are again looking for 
the newly identifiable quadruples in Vijkl due to loading s. 

Lemma 38. Let Γ ′ ijkl, V ′ 
ijkl be the set Γ ijkl, Vijkl obtained after loading index s to Bij, then

E 
A,v 

|Γ ′ ijkl − Γ ijkl| = O(n mijkl−bij ) and E 
A,v 

|V ′ ijkl − V ijkl| = O(n d ijkl−bij ). 

The above lemma shows that 

U ij = O 
 
E 
A,v 

|D(. . . , Bij ∪ {tit j}, . . . ) − D(. . . , Bij, . . . )| 
 

= O

  
 

k,l:ijkl∈S4([5]) 

E 
A,titj 

|V ′ ijkl − V ijkl|

  = O 

  
 

k,l:ijkl∈S4([5]) 

n d ijkl−bij 

  . 

In update stage ijk ∈ S3([5]) where i < j < k, we start with begining L-vertex 
A = (A1, . . . , D2345) where |Cijk| = ncijk − 1. If we are loading the triple vivjvk to Cijk, we 
look for newly identifiable quadruples in Vijkl due to loading vivjvk. 

Lemma 39. Let Γ ′ ijkl, V ′ 
ijkl be the set Γ ijkl, Vijkl obtained after loading a random triple

vivjvk to Cijk, then 

E 
A,v 

|Γ ′ ijkl − Γ ijkl| = O(n mijkl−cijk ) and E 
A,v 

|V ′ ijkl − V ijkl| = O(n d ijkl−cijk ). 
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level s i ij ijk ijkl 
ns n n ai+aj Θ (n mijk ) Θ (n mijkl )
ks nai nbij n cijk n dijkl

Us O 
 
max 
j,k,l 

n dijkl−ai

 
O 
 
max 
k,l 

n dijkl−bij

 
O 
 
max 

l 
nd ijkl −c ijk

 
1 

Table 4.1: Parameters and quantum query complexities of update for each level of the 
nested quantum walk learning graph for 4-simplex finding. 

The above lemma shows that 

U ijk = O 
 
E 
A,v 

|D(. . . , Cijk ∪ {sis j sk}, . . . ) − D(. . . , Cijk, . . . )| 
 

= O

  
 

l:ijkl∈S4([5]) 

E 
A,sisj sk 

|V ′ ijkl − V ijkl|

  = O 

  
 

l:ijkl∈S4([5]) 

n d ijkl−cijk 

  . 

Finally, in update stage ijkl ∈ S4([5]) where i < j < k < l, the cost of update is at 
most U ijkl = 1. By lemma 32, the query complexity of this learning graph is 

O 

 

S + 
30 

i=1 

 
i

j=1 

 
nj 

k j 

 

· 
 
ki · U i 

 

. 

We summarize the parameters that appear in the above complexity in table 4.1. 

Optimizing a linear program involving parameters ai, bij, cijk, dijkl, the optimal com-
plexity comes down to O(n2.455) by taking (approximate) parameter values 

a1 = 0.30435, a2 = 0.65217, a3 = 0.82609, a4 = 0.91304, a5 = 0.95652, 
b12 = 0.95652, b13 = 1.13043, b14 = 1.21739, b15 = 1.16579, b23 = 1.45059, 
b24 = 1.45059, b25 = 1.54567, b34 = 1.49802, b35 = 1.64032, b45 = 1.75494, 
c123 = 1.75494, c124 = 1.75494, c125 = 1.75494, c134 = 1.80237, c135 = 1.84958, 
c145 = 1.87440, c234 = 1.95477, c235 = 2.04985, c245 = 2.13966, c345 = 2.07817, 
d1234 = 2.25911, d1235 = 2.25911, d1245 = 2.25911, d1345 = 2.16864, d2345 = 2.13966. 
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Chapter 5 

Lower Bound of Certificate Structure 

Equation (4.2) from the last chapter shows that the r-SF problem has a trivial quantum 
query lower bound Ω(nr/2). Unfortunately, this is also the best lower bound we know 
for this problem, even in the popular case r = 2. Despite that, we may be able to find 
interesting lower bound results by augmenting the triangle finding problem to make the 
certificate more difficult for quantum searching. 

In section 5.1, we will show that a nontrivial lower bound for the triangle finding 
problem gives rise to a nontrivial lower bound for simplex finding problems of higher rank. 
In section 5.2, we will introduce certificate structure, expanding the concept of a function 
certificate. We will also present the simplex sum problem, which contains the simplex 
finding problem as a specific case. In section 5.3, we will show that when the rank is 3, 
the simplex sum problem is complex enough to possess a nontrivial lower bound. 

5.1 Rank Reduction 

Intuitively, a tetrahedron should have more structural information than a triangle. So, 
if the quantum query complexity of triangle finding is ω(n), then whatever property of a 
triangle that makes it difficult for quantum algorithms to search should also be a property of 
higher rank simplices. This makes the tetrahedron finding problem nontrivial for quantum 
algorithms. The following theorem shows that this is indeed the case. 

Theorem 40. For any rank r ≥ 2, we have Q 
 
(r+1)-SF 

 
= Ω 

√ 
n · Q(r-SF) 

 
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Proof. This bound is given by a randomized reduction. Consider two disjoint sets of vertices 
A, B where |A| = |B| = n. For every vertex v ∈ A, assume there is an associated r-uniform 
hypergraph Gv on vertex set B. Let Ev be the set of r-edges of Gv and suppose that Ev 
can be accessed with an oracle query to the pair (v, e) ∈ A × Sr(B). Then the problem of 
finding an r-simplex in any of the Gv is equivalent to the Boolean function ORn ◦ r-SFn . 
By corollary 12, the quantum query complexity of this problem is Q(ORn ◦ r-SFn) = 
Θ (Q(ORn)Q(r-SF)) = Θ ( 

√ 
n · Q(r-SF)). 

Let r-SFA,B be the r-simplex finding problem on r-hypergraph G ′ with the promise 
that G ′ has vertex set A ∪ B, no r-edge in G ′ has more than 1 vertex in A, and G ′B is a 
complete r-partite hypergraph with r-partition B1, . . . , Br of equal size. We call the r-edges 
with 1 vertex in A type 1 hyperedges and the r-edges in G ′B the type 2 hyperedges. Note 
that type 1 and type 2 hyperedges are disjoint. Furthermore, the r-partition B1, . . . , Br is 
given in the promise and therefore deciding type 2 hyperedges doesn’t cost any queries. 

Given an instance of the ORn ◦ r-SFn problem described above, we will “increase the 
rank” and construct an (r + 1)-uniform hypergraph G with randomization. Let the vertex 
set of G be V = A ∪ B and define the hyperedges in G by two types E = E1 ∪ E2. Let 
E1 := {e∪ {v} : v ∈ A, e ∈ Ev} be the set of (r+ 1)-edges of G constructed from r-edges in 
Gv. To construct E2, we will uniformly randomly pick an (r+1)-partition B1, B2, . . . , Br+1 
of B such that |B1| = |B2| = . . . |Br+1| = n 

r+1 . Then define E2 as KB1,B2,...,Br+1 , the (r + 1)-
edges of the complete (r + 1)-partite graph. Note that the (r + 1)-hypergraph G we 
constructed is an instance of the (r+1)-SFA,B problem. This construction is depicted in 
figure 5.1. Moreover, if G ′ is an (r + 1)-hypergraph with the promise of the (r+1)-SFA,B 
problem, then for every v ∈ A, we can define an r-hypergraph Hv on vertex set B such that 
v1v2 . . . vr is an r-edge of Hv if and only if vv1v2 . . . vr is a type 1 hyperedge of G ′v. Note 
that (v,Hv)v∈A is an instance of the ORn ◦ r-SFn problem and G′ can only be obtained 
from (v, Hv)v∈A in the rank-increase construction. 

Suppose there are vertices v1, v2, . . . , vr+1 ∈ Sr+1(B) that formed an r-simplex in Gv. 
Then for each i ∈ [r + 1], eî ∈ Ev and {v} ∪ eî are type 1 hyperedges of G. Let P be the 
event that each of these r + 1 vertices fall in a distinct partition of B, then 

Pr(P ) = Pr 
B=B1∪···∪Br+1 

 
∃π ∈ Symr+1, ∀i ∈ [r + 1], vi ∈ Bπ(i) 

 
= 

r 

i=1 

r + 1− i 
r + 1 

· n 
n− i 

where Symr+1 is the symmetric group of r + 1 vertices. Note that Pr(P ) is a constant 
when r is a constant. In the event of P , v1v2 . . . vr+1 becomes a type 2 hyperedge of G. 
Together with the type 1 hyperedges {v} ∪ eî in G, the vertices {v, v1, v2, . . . , vr+1} form 
an (r + 1)-simplex of G. 
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(a). 

B 

A 

Gv 

v (b). v 

B1 B2 B3 

A 

Figure 5.1: Diagram depicting an example of the rank lower bound reduction when 
r = 2. This shows that Q 

 
Tetrahedron 

 
= Ω 

√ 
n · Q(Triangle) 

 
. In particular, any 

nontrivial lower bound of the triangle finding problem implies a nontrivial lower bound for 
the tetrahedron finding problem. (a). depicts an instance of the ORn ◦ Trianglen problem, 
Gv is shown for a particular v ∈ A. The blue vertices form a triangle. (b). depicts an 
instance of the 3-SFA,B problem obtained from (a). by the rank increase construction. 
The gray-shaded triangles are the type 1 3-hyperedges. The 3-partition of B is randomly 
chosen and forms a complete 3-hypergraph, so the blue vertices form a tetrahedron. 

Suppose G ′ is an instance of (r+1)-SFA,B where G ′ is obtained from (v,Hv)v∈A in 
the rank-increase construction. If u, u1, . . . , ur+1 ∈ A × Sr+1(B) is a set of vertices that 
formed an (r + 1)-simplex in G ′ , then u1, . . . , ur+1 must be an r-simplex in Hu. Moreover, 
every type 1 hyperedge query in (r+1)-SFA,B is equivalent to a query of the form (u, e) in 
ORn ◦r-SFn . Therefore, we can solve the ORn ◦r-SFn problem by solving an (r+1)-SFA,B 
problem in the same amount of quantum queries. This randomized reduction success with 
probability at least Pr(P ) = Θ(1), so 

Q 
 
(r+1)-SF 

 
= Ω 

 
Q((r+1)-SFA,B) 

 
= Ω 

 
Q(ORn ◦ r-SFn) 

 
= Ω 

√ 
n · Q(r-SF) 

 
. 

Taking the converse of the above theorem, we know that an upper bound of a sim-
plex finding problem can be used to show an upper bound on lower-rank simplex finding 
problems. In particular, 

Corollary 41. If there is a quantum algorithm solving Tetrahedron with o(n1.75) queries, 
then there is a quantum algorithm solving Triangle with o(n1.25) queries. 

This provides a way to look for better triangle finding algorithms. However, finding a 
good upper bound of the tetrahedron problem remains equally, if not more, challenging. 

53 



5.2 Certificate Structure 

In section 2.5, we see that a learning graph of f translates to a quantum query algorithm of 
f . But in general, it doesn’t provide a corresponding lower bound. However, the learning 
graph complexity and the quantum query complexity are asymptotically tight for classes 
of problems given by a certificate structure. 

Definition 17. A certificate structure C with N variables is a collection of subsets M ⊆ 2[N ] 

with the superset closure property: 

• If S ∈ M and S ⊆ T ⊆ [N ], then T ∈ M . 

Let f : D → {0, 1} be a function where D ⊆ [q]N , q ∈ N. We say f possesses certificate 
structure C if 

• for every 1-input y ∈ f−1(1), there exists an M ∈ C such that for every S ∈ M , yS 
is a 1-certificate of f . 

• for every M ∈ C, there is a 1-input y ∈ f−1(1) such that yS is a 1-certificate of f for 
every S ∈ M . 

We call such M a certificate set of y in f . 

We usually don’t think of C as a collection of certificate sets but as the collection 
of functions having C as a certificate structure. We are thus interested in the general 
complexity of solving this collection of functions. let’s define the complexity measure of C 
in two ways. 

Definition 18. Let C be a certificate structure. The quantum query complexity of C 
(denoted by Q(C)) is the maximum quantum query complexity of a function f possessing 
the certificate structure C. The learning graph complexity of C (denoted by LG(C)) is the 
minimum complexity of a non-adaptive learning graph computing any function f possessing 
the certificate structure C. 

Since every learning graph of f gives rise to a quantum query algorithm computing f . 
We see that 

Q(C) = max 
f :f possesses C 

Q(f) ≤ max 
f :f possesses C 

LG(f) ≤ LG(C). (5.1) 

The reverse direction of equation (5.1) also holds asymptotically. 
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Theorem 42. [11] Let C be a certificate structure, we have Q(C) = Θ(LG(C)). 

It’s important to note that this theorem doesn’t imply Q(f) = Θ(LG(f)) for every f 
possessing C. For such an equality to hold for a function f possessing C, we need f to be 
“complete” over the class of functions possessing C, in the sense that f is a problem general 
enough to have Q(f) = Q(C). We will provide an example of the r-simplex certificate 
structure defined below. 

5.2.1 r-simplex Certificate Structure 

Definition 19. Let there be n vertices and N = 

n
r 

 
potential hyperedges. The r-simplex 

certificate structure C has the potential hyperedges as variables. The certificate sets M ∈ C 
are defined by an (r+1)-tuple of vertices AM = {a1, a2, . . . , ar+1}, where S ∈ M iff S ⊇ AM . 
Since there are 

 
n 

r+1 

 
many such tuples, there are exactly 


n 

r+1 


certificate sets in C. 

Note that the r-simplex finding problem has the r-simplex certificate structure. How-
ever, it is not considered the hardest problem within this certificate structure. For the rest 
of the section and the next section, we argue that the following hypergraph search problem 
is the hardest. 

r-Simplex Sum Problem (r-SSum): 
Let G be a complete graph on vertex set V , |V | = n. Given a finite (additive) abelian 
group A of size q (q may depend on n) and a specified value t ∈ A. Suppose the 
edges of G are weighted by elements of A, where the weight function w : Sr(V ) → A 
is given as the oracle input. Find r + 1 vertices a0, a1, . . . , ar ∈ Sr+1(V ) such that 
w(e0̂) + w(e1̂) + · · · + w(er̂) = t or decide that no such vertices exist. 

Note that the 1-certificates of an r-simplex sum problem are given by r + 1 vertices of 
G, so the r-simplex sum problem possesses the r-simplex certificate structure. Moreover, 
with the promise that weights of the hyperedges being 0 or 1 and setting the target t to 
r + 1, the r-simplex sum problem becomes the r-simplex finding problem. Thus, r-SSum 
contains r-SF as a special case. 

Theorem 43. Let C be the r-simplex certificate structure. The quantum query complexity 
of the r-simplex sum problem is lower bounded by the learning graph complexity of C, i.e. 
Q(r-SSum) = Ω(LG(C)). By equation 5.1, we conclude that Q(r-SSum) = Θ(LG(C)). 
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Note that given an instance G with target value t ∈ A of the r-simplex sum problem, 
the vertices AM = {a0, a1, . . . , ar} ∈ Sr+1(V ) form a 1-certificate of G if and only if 
the (r + 1)-tuple (w(e0̂), w(e1̂), . . . , w(er̂)) lies in the set TM = {(x0, x1, . . . , xr) ∈ Ar+1 : 
x0 + x1 + · · · + xr = t}. The set TM has a special structure, which we will define below. 

Definition 20. For k ≥ 1, T ⊆ [q]k is an orthogonal array if for every index i ∈ [n] 

and sequence x1, . . . , x̂i, . . . , xk ∈ [q]k−1 , there are exactly 
|T | 
qk−1 many xi ∈ [q] such that 

x1, . . . , xi, . . . , xk ∈ T . We call |T | the size of the array and k the length of the array. 

It is easy to see that each TM ⊆ Ar+1 is an orthogonal array with size qr since for any 
x1, . . . , xr ∈ Ar , there is exactly one x0 ∈ A such that x0 + x1 + · · · + xr = t. We also note 
that every certificate set of the r-simplex certificate structure is uniquely defined by the 
unique smallest set AM . There is a name for this type of certificate structure: 

Definition 21. A certificate structure C is boundedly generated if every certificate set 
M ∈ C has a generating element AM ∈ M such that |AM | = O(1) and S ∈ M if and only 
if AM ⊆ S. 

The following theorem completes the proof of theorem 43. 

Theorem 44. Let C be a boundedly generated certificate structure with N variables. As-
sume the alphabet of the functions possessing C is [q] where q ≥ 2|C|. For each M ∈ C, 
assume the generating set AM of M is equipped with an orthogonal array TM ⊆ [q]r+1 of 
size qr . Let f : [q]N → {0, 1} be the function given by f(x) = 1 if and only if there is an 
M ∈ C such that xAM ∈ TM . Then, Q(f) = Ω(LG(f)). 

We refer the proof of the above theorem to [11]. 

5.2.2 Dual of a Learning Graph for Certificate Structures 

When r = 2, 3, we call the r-simplex certificate structure the triangle certificate structure, 
tetrahedron certificate structure respectively. Let C be a certificate structure. We claim 
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that the learning graph complexity of C is given by the following optimization problem. 

inf 
we,pe(M) 

  

e∈E 

we subject to (5.2a) 

 

e∈E

pe(M)2 

we 
≤ 1 for every M ∈ C (5.2b)  

e=−→ uv∈E 
s(u)=S 

pe(M) = 
 

e=−→ uv∈E 
s(v)=S 

pe(M) for every M ∈ C and S ̸= ∅, S ̸∈ M (5.2c) 

 

e=−→ uv∈E 
s(u)=∅ 

pe(M) = 1 for every M ∈ C (5.2d) 

we > 0 (5.2e) 

By definition 8, if we increase all the weights of the learning graph by a positive constant 
α, the negative complexity is multiplied by a factor of α, and the positive complexity is 
multiplied by a factor of 1/α. Therefore, we can transfer a positive constant between 
the negative and positive complexity of the learning graph without changing the overall 
learning graph complexity. Thus, we try to maximize the negative complexity in (5.2a) 
while upper-bounding the positive complexity in (5.2b) by a constant. 

The constraints (5.2c) - (5.2e) encode the definition of a learning graph. Note that 
the length of all L-edges is assumed to be 1, this is equivalent to a learning graph with 
arbitrary length due to the remark of section 2.5. Furthermore, it assumes all L-edges 
exist between L-vertices S and S ∪ j, (where j ̸∈ S, S ̸∈ M for every M ∈ C). If we want 
to remove an L-edge e to form a potentially better learning graph, we can take the weight 
and the flow on the e to be 0. This is justified by setting pe(M) = 0 for all M and taking 
an infimum where we → 0+ of the objective function (5.2a). 

Note that (5.2b) is a convex constraint. By convex duality, the optimal value of (5.2a) 
is the same as the optimal dual value given by: 

sup 
αS (M) 

  

M∈C 

α∅(M)2 subject to (5.3a) 

 

M∈C 

(αs(u)(M) − αs(v)(M)) 2 ≤ 1 for every e = −→ uv ∈ E (5.3b) 

αS(M) = 0 for every S ∈ M (5.3c) 
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Since the optimal value (5.3a) equals LG(C), to show a lower bound on the query 
complexity of C, it suffices to generate a feasible solution of (5.3b) - (5.3c). In [11], Belovs 
and Rosmanis used this technique to show a nontrivial ˜ Ω(n9/7) lower bound for the learning 
graph complexity of triangle certificate structure. In the next section, we will see how the 
nontrivial lower bound can generalize when the rank is 1 higher. 

5.3 Tetrahedron Sum Problem 

Taking r = 3, the trivial lower bound of the tetrahedron sum problem is Q(3-SSum) = 
Ω(n1.5). In this section, we show that this lower bound can be improved by getting a 
nontrivial lower bound of the tetrahedron certificate structure. The following main theorem 
generalizes the result in [11] with a slightly modified proof. 

Theorem 45. The learning graph complexity of the tetrahedron certificate structure is 
Ω(n 12/7 

√ 
log n) = ˜ Ω(n 1.7142 ). 

Proof. Let C be the tetrahedron certificate structure, [n] be the vertex set, and E = S3([n]) 
be the set of potential hyperedges. The size of E is N = 

 
n
3 


. We are trying to define 

values αS(M) that is feasible to equations (5.3b) - (5.3c). 

Given S ⊆ E, and j ∈ E − S, let F (S, j) ⊆ C be the collection of certificate sets M 
where S ̸∈ M but S ∪ {j} ∈ M . Let a, b ≥ 0 be real parameters we will optimize later. We 
will later define a nonnegative function g(S, M) so that g(∅, M) = 0, and g(S, M) ≤ n−a 

for all S and M . 

Let M ∈ C, define αS(M) := 0 if S ∈ M . For S ̸∈ M , define 

αS(M) := max 
 
n−a − n−2|S| − g(S, M), 0 

 
. (5.4) 

Note that constraint (5.3c) is automatically satisfied, and we want to show that  

M∈C 

(αS(M) − αS∪{j}(M)) 2 = O(log(n)) (5.5) 

so that if we divide each αS(M) by a factor of 
 
log(n), then constraint (5.3b) will hold 

and the objective (5.3a) equals to 

 
n 
4 

 
n−2a 

log(n) 
= Θ 

 
n 2−a  
log(n) 

 

. 
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First, note that if |S| > n2−a , then αS(M) = 0 for any M ∈ C. So we will assume 
|S| = O(n2−a). For any S ⊆ E, and j ̸∈ S, we want to show that  

M∈C−F (S,j) 

[g(S ∪ {j}, M) − g(S, M)] 2 = O(log(n)), (5.6) 

 

M∈F (S,j) 

 
n−a − g(S, M) 

 2 
= O(log(n)). (5.7) 

This gives us 
M∈C 

 
αS(M) − αS∪{j}(M) 

 2 

≤ 
 

M∈C−F (S,j) 

 
αS(M) − αS∪{j}(M) 

 2 
+ 

 

M∈F (S,j) 

αS(M)2 

≤ 
 

M∈C−F (S,j) 

 
n−2 + g(S ∪ {j}, M) − g(S, M) 

 2 
+ 

 

M∈F (S,j) 

 
n−a − g(S, M) 

 2 

≤ O

  

n 
4 

  
n−2  2 

+ 
 

M∈C−F (S,j) 

[g(S ∪ {j}, M) − g(S, M)] 2 

  + O(log(n)) 

≤ O(log(n)) + O(log(n)) = O(log(n)). 

It remains to define g and verify equations (5.6) and (5.7). Let µ(x) be the median of 
0, x, and 1, and define 

TS,u,v,w := {z ∈ V : uvz, vwz, uwz ∈ S} . (5.8) 

Define 

ν(S, u, v, w, z) := 
 

y ∈ TS,v,w,z 

 
min (degS(u), degS(y)) 
max (degS(u), degS(y)) 

 b 

, (5.9) 

g(S, M) := max 
u∈AM 

g(S, M, u), g(S, M, u) := n−aµ 
 
ν(S, u, v, w, z) 

n2a − 1 
 
. (5.10) 

where v, w, z are the three vertices in AM other than u. When u, v, w, z are clear from 

context, we use ∆S(y) to abbreviate the term 
 
min (degS(u), degS(y)) 
max (degS(u), degS(y)) 

b 

. 

For some l ≈ log2(n), let Ii := [2i , 2i+1] for i ∈ [l] be the critical intervals the degree of 
a vertex may lie in. Let M ∈ F (S, j). By putting the maximum inside the nondecreasing 
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function µ, we have n−a − g(S,M) ≤ n−a 
 
1− µ 

 
max 
u∈AM 

ν(S, u, v, w, z) 
n2a − 1 

 
. The latter 

expression is at most n−a , and this value equals to 0 when n−2a max 
u∈AM 

ν(S, u, v, w, z) ≥ 2. 

In this case, we want to count the number of certificate sets M ∈ F (S, j) such that 
AM = {u, v, w, z}, u ∈ TS,v,w,z, j = vwz, and ν(S, u, v, w, z) < 2n2a . 

Suppose that j = vwz, we need to pick u ∈ TS,v,w,z such that ν(S, u, v, w, z) < 2n2a . 
Note that u has degree at least 3. For a particular i ∈ [l], there cannot be more than 
O(n2a) many u to be picked such that degS(u) ∈ Ii. Otherwise, the ratio of the degree of 
any pairs of such u is at least 1/2 because their degrees lie in the same interval Ii. So 

ν(S, u, v, w, z) ≥ 
 

y ∈ T S,v,w,z , degS (y) ∈ Ii 

∆S(y) ≥ 
1 
2b ω(n 2a) (5.11) 

for any u that can be picked, a contradiction. Thus, ranging over all i ∈ [l], there can be 
at most O(n2a log(n)) many such u to be picked. So  

M∈F (S,j) 

(n−a − g(S, M)) 2 ≤ O(n 2a log(n))(n−a)2 = O(log(n)). (5.12) 

We have verified equation (5.7), and we will also similarly use variables u, v, w, z to count 
the number of M in later analyzes. 

To verify equation (5.6), let M ∈ C − F (S, j). Let u ′ = arg max 
z∈AM 

g(S, M, z) and u = 

arg max 
z∈AM 

g(S ∪ {j},M, z), then g(S ∪ {j}, M) − g(S, M) = g(S ∪ {j},M, u) − g(S, M, u′ ) ≤ 

g(S ∪ {j}, M, u)− g(S, M, u). Thus, it suffices to fix u ∈ AM and verify equation (5.6) with 
g(S,M) replaced by g(S,M, u). We analyze how g will change by the following (possibly 
overlapping) cases. 

• Case 1. ν increases because j = yu1u2 is incident to a vertex y ∈ TS,v,w,z. Let h ∈ [l] 
be the index where degS(y) ∈ Ih. Note that 

|g(S,M, u) − g(S ∪ {j}, M, u)| ≤ n −a n −2a |ν(S, u, v, w, z) − ν(S ∪ {j}, u, v, w, z)|. 

If degS(y) ≥ degS(u), then 

|∆S(y) − ∆S∪{j}(y)| = 
degS(u)

b 

(degS(y) + 1)b O 
 

b 
degS(y) 

+O 
 

1 
degS(y)

2 

 

= 
1 

degS(y) 
= O 

 
1 
2h 


. 
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If degS(y) < degS(u), then 

|∆S(y) − ∆S∪{j}(y)| = 
4 degS(y)b−1 +O 

 
degS(y)

b−2 
 

degS(u)
b = O 

 
1 

degS(y) 

 
= O 

 
1 
2h 

 
. 

The M ∈ C − F (S, j) that has nonzero change in g by this cause is given by choosing 
a vertex of j to be y, picking v, w, z from the neighbours of y such that vw,wz, vz are 
adjacent to y. Since degS(y) ≤ 2h+1 , there are at most O(23h/2) many such triples. 
So, there are at most n23h/2 many such M and  

M∈C−F (S,j) 

(g(S ∪ {j}, M, u) − g(S,M, u)) 2 ≤ 
 

y incident to j 
h=degS (y) 

n2 3h/2 O 
 
n−3a 

2h 

2 

= O(1). 

as long as a ≥ 1
6 . 

• Case 2. degS(u) may increase by adding the edge j = uu1u2. Let i ∈ [l] be the 
index where degS(u) ∈ Ii. Note that |g(S, M, u) − g(S ∪ {j}, M, u)| is nonzero only 
if n2a ≤ ν(S, u, v, w, z) ≤ 2n2a . For each y ∈ TS,v,w,z, if degS(y) > degS(u), then 

|∆S(y) − ∆S∪{j}(y)| = 
b degS(u)b−1 +O 

 
degS(u)

b−2 
 

degS(y)
b 

= O 
 
degS(u)

b−1 

degS(y)
b 

 
= O 

 
∆S(y) 
degS(u) 

 
. 

If degS(y) ≤ degS(u), then 

|∆S(y) − ∆S∪{j}(y)| = 
degS(y)

b 

(degS(u) + 1)b 

 
b 

degS(u) 
+O 

 
1 

degS(u)
2 

 

= O 
 
degS(y)

b 

degS(u)
b · 

1 
degS(u) 

 
= O 

 
∆S(y) 
degS(u) 

 
. 

Therefore, 

|g(S, M, u) − g(S ∪ {j},M, u)| ≤ n−a n−2a|ν(S, u, v, w, z) − ν(S ∪ {j}, u, v, w, z)| 

≤ n−3a 
 

y∈T S,v,w,z 

|∆S(y) − ∆S∪{j}(y)| = O 

 n−3a 1 
degS(u) 

 

y∈TS,v,w,z 

∆S(y)

  

= O 
 
n−3aν(S, u, v, w, z) 

degS(u) 

 
= O 

 
n−a 

2i 

 
. 

61 



The certificate sets M ∈ C − F (S, j) with nonzero changes in g are given by picking 
u from a vertex of j. Let h ∈ [l], recall that we are assuming |S| ≤ n2−a , so there 
are at most O(n2−a/2h) many choices of y with degree in Ih. Moreover, since n2a ≤ 
ν(S, u, v, w, z) ≤ 2n2a , there can be at most O(2b|i−h|n2a) many y with its degree 

in Ih. So, there are at most min 

n 2−a

2h , O(2
b|i−h|n2a) 


· (2h+1)3/2 many quadruples 

(y, v, w, z) such that y ∈ TS,v,w,z, degS(y) ∈ Ih. However, for every triples v, w, z 
where ν(S, u, v, w, z) = Θ(n2a), there must be an index h ′ = h(v, w, z) ∈ [l] such 

that v, w, z uses at least 
2b|i−h′ |n2a 

log(n) 
of these quadruples (y, v, w, z) with degS(y) ∈ Ih′ . 

Given this particular h ′ , there can be at most O 
 
min 

 
n2−3a2h

′ /2 

2b|i−h ′ | , 23h ′ /2 
 
log(n) 

 

choices of v, w, z to be picked. Therefore, for a particular h ∈ [l],  

M∈C−F (S,j) 
h(v,w,z)=h 

(g(S ∪ {j}, M, u) − g(S,M, u)) 2 

≤ O 

 

log(n) min 
 
n 2−3a2h/2 

2b|i−h| , 2 3h/2 
 

n−a 

2i 

2 
 

= O 
 
log(n) min 

 
n 2−5a2h/2 

2b|i−h|22i 
, 
23h/2 

22in2a 

 
. 

(5.13) 

Taking a = 2/7, b = 4. If 22(h−i) ≤ n4/7 
 
log(n) , by the second term of the minimum, 

we have equation (5.13) ≤ log(n)22(h−i)n−4/7 = O(1). Otherwise, we have 22(h−i) > 
n4/7 

 
log(n) , h > i, and h > 2

7 log(n) − 1
2 log log(n). So, by the first term of the 

minimum, equation (5.13) ≤ 
n 4/72h log(n) 
24(h−i)22i 

= 
n 4/7 log(n) 

23h−2i = 
log 2 (n) 

2h = o(1). Thus, 
summing over all possible h ∈ [l], we have  

M∈C−F (S,j) 

(gi(S ∪ {j}, M, u) − gi(S, M, u)) 2 = O(log(n)). 

• Case 3. ν increases because adding j = vwy increases the set TS,v,w,z. Let i, h ∈ [l] be 
indices such that degS(y) ∈ Ih and degS(u) ∈ Ii. Note that g changes by this cause 
only if ywz, yvz ∈ S, and n2a ≤ ν(S, u, v, w, z) ≤ 2n2a . Moreover, g(S ∪ {j}, M, u) − 
g(S,M, u) ≤ n−an−2a∆S∪{j}(y) = n−3a2−b|i−h| . The M ∈ C − F (S, j) that satisfy 
these conditions are given by choosing an endpoint of j to be y, the other endpoints 
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are v, w, pick z from the ≤ 2h+1 neighbours of y. Recall that we are always assuming 
|S| ≤ n2−a , so there are at most O(n2−a/2i) many choices of u such that degS(u) ∈ Ii. 
Thus there are 2h+1O(n2−a/2i) = O(n2−a2h−i) many such M and  

i∈[l] 

 

M∈C−F (S,j) 
degS (u)∈Ii 

(gi(S ∪ {j},M, u) − gi(S,M, u)) 2 

≤ 
 

i∈[l] 

O 
 
n 2−a2 h−i   

n−3a2−b|i−h| 2 ≤ 
 

i∈[l] 

2−(2b−1)|i−h| = O(log(n)) 

provided that a ≥ 2
7 . 

Note that adding j may be an instance of more than one case above, but the changes add 
up only a constant number of times in the worst case and the total change to g is still 
O(1). By taking parameters a = 2/7 and b = 4, we conclude that equation (5.6) holds. 

Thus equation (5.3a) equals to Θ 
 

n2−a √
log(n) 

 
= Θ̃

 
n12/7 

 
, which is a lower bound on the 

learning graph complexity of C. 

Let f denote the Tetrahedron problem and suppose G is a non-adaptive learning graph 
for f . Note that for every M in the tetrahedron certificate structure C, the hypergraph 
GM where E(GM ) = S3(AM ) is a 1-input of f . From definition 7, the sinks of a flow pGM 

in G are the L-vertices that contain a 1-certificate of GM . Since AM is the unique minimal 
1-certificate of GM , the sinks of pGM in G are precisely the L-vertices labeled by an element 
S ∈ M . Thus C1(G) = max 

M∈C 
C1,GM (G). Moreover, G is a learning graph for every function 

g that possesses C as a certificate structure using only flows from {pGM (G) : M ∈ C}. This 
is because we can define the flow of x ∈ g−1(1) as the flow of y ∈ f−1(1), for some y with 
the same certificate set M as x. Therefore any learning graph lower bound of a function g 
that possesses C is a learning graph lower bound for the tetrahedron finding problem. By 
theorem 45, we get an interesting corollary. 

Corollary 46. Any non-adaptive learning graph algorithm for the tetrahedron finding prob-
lem has quantum query complexity Ω(n 12/7 

√ 
log n) = ˜ Ω(n 1.7142 ). 
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Chapter 6 

Conclusion and Open Problems 

In this thesis, we worked to develop new quantum query upper and lower bounds for 
multiple hypergraph problems using existing techniques. We started by generalizing the 
connectivity and cyclicity graph properties to hypergraph, using the fact that these prob-
lems come down to quantum searching for an O(n) 1-certificate. We showed the tight 
Θ 
 
n r+1 

2 

 
query complexity bound for both problems using Ambainis’s adversary bound 

and iterated Grover search. 

Then, we focused on using an adaptive learning graph to find nontrivial quantum 
query algorithms for the r-simplex finding problem for r = 3, 4. As the rank r increases, 
we need more complicated algorithms for a query upper bound whose exponent of n is 
only slightly different from that of the trivial upper bound. So far, there are no nontrivial 
algorithms for r-simplex finding with r ≥ 5. However, the nested quantum walk approach 
from section 4.3 provides a method of generating potentially nontrivial quantum query 
algorithms for simplex finding with arbitrary constant rank. From the update cost of table 
4.1, we expect the r-simplex finding problem can be solved by a nested quantum walk 
that searches for 1-tuple, 2-tuple, . . . , r-tuple of 1-certificate vertices. For k ≤ r, the 

update cost at level i1i2 . . . ik is expected to be O 
 

max 
ik+1...ir 

n ai1...ir −ai1...ik 


. For r ≥ 5, it 

seems impractical to work out the analysis of the nested quantum walk by hand as the 
definition of Iy,i, C, Vi1...ik becomes convoluted, and the number of constraints in the final 
linear program scale exponentially with respect to r. However, it’s’ interesting to find out 
whether such an approach will give a nontrivial quantum query upper bound for every 
rank r = O(1). 

Although the best quantum query lower bound we know for any r-simplex finding 
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problem is still trivial, we used a randomized reduction to show that if there is a nontrivial 
lower bound, the higher-rank simplex findings also exhibit a nontrivial lower bound with 
the same exponent offset. We also see that a non-adaptive learning graph of certificate 
structures can be formulated as a supremum problem in equation (5.3a), which allows us 
to find a nontrivial lower bound for the more difficult 3-simplex sum problem with an 
appropriate feasible solution. 

For future research about closing the gap between quantum query upper and lower 
bound of the above hypergraph problems, we list some directions and open problems. 

• Can we drop the r-partite condition in theorem 24 and have the result hold for 
arbitrary r-uniform hypergraph? 

• The algorithmic approach in section 4.1 seems to fail when r = 4. But, does the 
nested quantum walk approach in section 4.3 generalize to higher ranks? At what 
rank, if any, does this algorithm become no better than trivial? 

• The lower bound in theorem 45 includes an unpleasant logarithmic factor. Can we 
remove this factor? 

• In section 5.3, we find a feasible solution to equations (5.3b) - (5.3c) for a lower bound. 
Improving our approach to generating feasible solutions for better lower bounds is 
an interesting research direction. 
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Appendix A 

Proof of Lemmas in Section 4.3 

In this appendix, we will provide the proof of lemma 36 - 39 presented in section 4.3. 

Proof of lemma 36. Fix vjvk ∈ Vjk, define the set S1 = {vi ∈ Vi : vivjvk ∈ Vijk}. For any 
vi ∈ Vi, we have 

Pr(viv j vk ∈ V ijk) = Pr(viv j vk ∈ V ijk|viv j ∈ V ij, vivk ∈ Vik) Pr(viv j ∈ V ij) Pr(vivk ∈ Vik) 

= 
1 
11 
n cijk−mijk · n bij−ai−aj · n bik−ai−ak = 

1 
11 
n cijk−b jk−ai . (A.1) 

Therefore, |S1| is a random variable with distribution HG(nai+bjk , nai , ncijk /11). It has 
mean value 1 

11 n
cijk−bjk and by lemma 33 (1), 

Pr 
 
|S1| ≥ 

1 
6 
n cijk−b jk 

 
≤ exp 

 
− 

1 
55 
n cijk−b jk 

 
. (A.2) 

We can prove a similar bound for conditions 3 and 4. By union bound, we see that 

Pr(Conditions 2, 3, 4 don’t hold) ≤ 

n bjk exp 
 
− 

1 
55 
n cijk−b jk 

 
+ n bik exp 

 
− 

1 
55 
n cijk−bik 

 
+ n bij exp 

 
− 

1 
55 
n cijk−bij 

 
. (A.3) 

For condition 5, fix vertices vj ∈ Vj, vk ∈ Vk, vl ∈ Vl such that vjvk ∈ Vjk, vjvl ∈ Vjl, 
vkvl ∈ Vkl. Define S ′ 

1 := {vi ∈ Vi : vivjvl ∈ Vijl} and S2 := {vi ∈ S ′ 
1 : vivkvl ∈ Vikl}. Note 
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that for any vi ∈ Vi, we have 

Pr(vivkvl ∈ Vikl|vi ∈ S ′ 1) = Pr(vivkvl ∈ Vikl|vivl ∈ Vil, vivk ∈ Vik) Pr(vivk ∈ Vik) 

= 
1 
11 
n cikl−mikl · n bik−ai−ak = 

1 
11 
n cikl−bkl−bil+al . (A.4) 

So, |S2| follows the distribution HG(|S ′ 1||Γjkl|, |S ′ 1|, 1 
11 |S ′ 1||Γjkl|ncikl−bkl−bil+al ). It has mean 

1 
11 |S ′ 1|ncikl−bkl−bil+al . Since we assume Cijl is marked, we have |S ′ 1| ≤ 1 

6
ncijl−bjl . Apply 

lemma 33 (2) with δ = ncijl−bjl 

|S ′ 

1| − 1 > 2e− 1, we have 

Pr 
 
|S2| > 

1 
11 
n cijl+cikl−bil−b jl−bkl+al 

 
≤ exp 

 
− 
log 2 
11 

n cijl+cikl−bil−b jl−bkl+al 

 
. (A.5) 

Finally, define 

S3 := {vi ∈ Vi : viv j vk ∈ V ijk, viv j vl ∈ V ijl, vivkvl ∈ Vikl} = {vi ∈ S2 : viv j vk ∈ V ijk} . 

For any vi ∈ Vi, we have 

Pr (viv j vk ∈ V ijk|vi ∈ S2) = Pr (viv j vk ∈ V ijk|viv j ∈ V ij, vivk ∈ Vik) = 
1 
11 
n cijk−mijk . (A.6) 

So, |S3| follows the distribution HG(|S2||Γ jkl|, |S2|, 1 
11 |S2||Γ jkl|n cijk−mijk ). It has mean 

1 
11 |S2|n cijk−mijk . Under the condition that |S2| ≤ 1 

11 n cijl+cikl−bil−b jl−bkl+al , we apply lemma 
33 (2) with δ = n cikl+cijl−bil−b jl−bkl+al 

 
|S2| − 1 > 2e− 1, we have 

Pr 
 
|S3| > 

1 
11 
n mijkl−cjkl 

    |S2| ≤ 
1 
11 
n cijl+cikl−bil−b jl−bkl+al 

 
≤ exp 

 
− 
log 2 
11 

n mijkl−cjkl 

 
. 

(A.7) 
Combining equations (A.5) and (A.7), we get 

Pr(Condition 5 doesn’t hold) ≤ 
Θ(n mjkl ) 

 
exp 

 
n cijl+cikl−bil−b jl−bkl+al 

 
+ exp 

 
n mijkl−cjkl 

 
(A.8) 

The statement of this lemma follows from equations (A.3), (A.8), and probability union 
bound. 
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Proof of lemma 37. By the definition of the set Γ ijkl, we see that 

E 
A,s 

 
|Γ ′ ijkl − Γ ijkl| 

 
= Θ 

 
1 
n 

  

s 
E 
A 

 
|Γ ′ ijkl − Γ ijkl| 

 
≤ Θ 

 
1 
n 

  

s 
E 
A 
|{v j vkvl ∈ V jkl : vsv j vk ∈ V ijk, vsv j vl ∈ V ijl, vsvkvl ∈ Vikl}| 

= Θ 
 
1 
n 

  

s 

 

vj vkvl∈V jkl 

Pr(v sv j vk ∈ V ijk, vsv j vl ∈ V ijl, vsvkvl ∈ Vikl) 

= Θ (n cjkl ) Θ 
 
n cijl−b jl−ai 

 
Θ 
 
n cikl−bkl−bil+al 

 
Θ 
 
n cijk−mijk 

 
= Θ 

 
n mijkl−ai 

 
. 

The third equality is a consequence of equations (A.1), (A.4), (A.6). Finally, since every 
tuple in Γijkl becomes a quadruple in Vijkl only with probability Θ 

 
ndijkl−mijkl 

 
, we have 

EA,s |V ′ 
ijkl − V ijkl| = O 


n dijkl−mijkl · EA,s |Γ′ 

ijkl − Γ ijkl| 

= O(ndijkl−ai ).

Proof of lemma 38. Fix vi ∈ Vi, vj ∈ V j, vkvl ∈ Vkl, we see that 

Pr (vivkvl ∈ Vikl, vj vkvl ∈ V jkl) 
= Pr (vivkvl ∈ Vikl, vj vkvl ∈ V jkl|vivk ∈ Vik, vj vk ∈ V jk) Pr (vivk ∈ Vik, vj vk ∈ V jk) 
= Θ 

 
n cikl−mikl 

 
· n bik−ai−ak · n bil−ai−al ·Θ 

 
n cjkl−mjkl 

 
· n b jk−aj −ak · n b jl−aj −al 

= Θ 
 
n cikl+cjkl−2bkl−ai−aj 

 
. (A.9) 

Similar to the proof of lemma 37 we see that 

E 
A,v 

|Γ ′ ijkl − Γ ijkl| = Θ 
 

1 
nai+aj 

  

titj 

E 
A 
|Γ ′ ijkl − Γ ijkl| 

≤ Θ 
 

1 
nai+aj 

  

titj 

E 
A 
|{vkvl ∈ Vkl : vivkvl ∈ Vikl, vjvkvl ∈ Vjkl, vivjvk ∈ Vijk, vivjvl ∈ Vijl}| 

= Θ 
 

1 
nai+aj 

  

titj 

 

vkvl∈Vkl 

Pr(viv jvk, viv j vl|vivkvl, vj vkvl) Pr(vivkvl, vj vkvl) 

= Θ(n bkl )Θ(n cijk−mijk+cijl−mijl )Θ 
 
n cikl+cjkl−2bkl−ai−aj 

 
= Θ 

 
n mijkl−bij 

 
. 

The second equality is a consequence of equation (A.9). Since every tuple in Γijkl becomes 
a quadruple in Vijkl only with probability Θ 

 
ndijkl−mijkl 

 
, we have EA,v |V ′ ijkl − Vijkl| = 

O 
 
ndijkl−mijkl · EA,v |Γ′

ijkl − Γijkl| 
 
= O(ndijkl−bij ). 
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Proof of lemma 39. Similar to the proof of lemma 37 we see that 

E 
A,v 

|Γ ′ ijkl − Γ ijkl| = 
1 

|Γijk| 
 

sisj sk∈Γ ijk 

E 
A 
|Γ ′ ijkl − Γ ijkl| 

≤ 
1 

|Γ ijk| 
 

sisj sk∈Γ ijk 

E
A 
|{vl ∈ Vl : vsi vsj vl ∈ V ijl, vsi vsk vl ∈ Vikl, vsj vsk vl ∈ V jkl}| 

= 
1 

|Γ ijk| 
 

sisj sk∈Γ ijk 

 

vl∈Vl 

Pr(vsi vsj vl ∈ V ijl, vsi vsk vl ∈ Vikl, vsj vsk vl ∈ V jkl) 

= Θ(n al )Θ 
 
n cijl−bij −al 

 
Θ 
 
n cikl−bik−bil+ai 

 
Θ 
 
n cjkl−mjkl 

 
= Θ 

 
n mijkl−cijk 

 
. 

The third equality is again a consequence of equations (A.1), (A.4), (A.6). Since every 
tuple in Γ ijkl becomes a quadruple in V ijkl only with probability Θ 

 
n d ijkl−mijkl 

 
, we have 

EA,v |V ′ ijkl − V ijkl| = O 

n d ijkl−mijkl · EA,v |Γ ′ ijkl − Γ ijkl| 

 
= O(n d ijkl−cijk ). 
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