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Abstract

In the study of quantum query complexity, it is natural to study the problems of
finding triangles and spanning trees in a simple graph. Over the past decades, many
techniques are developed for finding the upper and lower quantum query bounds of these
graph problems. We can generalize these problems to detecting certain properties of higher
rank hypergraphs and ask whether these techniques are still available. In this thesis, we
will see that when the rank increase, complexity bounds still holds for some problems,
although less effectively. For some other problems, their nontrivial complexity bounds
vanish. Moreover, we will focused on using the generalized adversary and learning graph
techniques for finding nontrivial quantum query bounds for different hypergraph search
problems. The following results are presented.

e Discover a general quantum query lower bound for subhypergraph-closed properties
and monotone properties over r-partite r-uniform hypergraphs.

e Provide tight quantum query bounds for the connectivity and acyclicity problems
over r-uniform hypergraphs.

e Present a nontrivial learning graph algorithm for the 3-simplex finding problem.

e Formulate nested quantum walk in the adaptive learning context and use it to present
a nontrivial quantum query algorithm for the 4-simplex finding problem.

e Present a natural relationship of lower bounds for simplex finding of different ranks.

e Use the learning graph formalization of tetrahedron certificate structure to find a
nontrivial quantum query lower bound of the 3-simplex sum problem.
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Chapter 1

Introduction

In the age of quantum computing, the study of quantum complexity theory allows us to
discover the power and limitations of quantum algorithms. Unlike classical complexity
theory, the time and space efficiency of quantum algorithms are hard to analyze. However,
many quantum algorithms, including the famous order finding and Grover search algorithm,
focus on quantum query resources.

A query to an oracle function O refers to one evaluation O(x) given some input z. How-
ever, quantum algorithms may query functions in superposition O : |z)[0) — |z) |f(2)).
This property makes the number of quantum queries used for a function a popular com-
plexity measure. Moreover, the simplicity of this measure allows researchers to find many
interesting lower bound results, which can be used to further lower bound time complexities
of quantum algorithms.

The class of problems of detecting graph properties in a simple graph was studied
extensively for their quantum query complexity. Given a simple graph G with n vertices
V, the indicator function of edges Og : V? — {0,1} where Og(vy,v9) = 1 if and only if
(v1,v2) € E(G) is treated as an oracle. For this set of problems, the challenge is to find
the algorithm that decides if G has a certain property using as few quantum queries to Og
as possible. Usually, deciding that GG has the property involves searching for a particular
subgraph of G. The famous triangle finding problem is an example.

Triangle Finding Problem (Triangle):

Given a simple graph G = (V, E') with n vertices and m edges. Suppose the edge set
E is given as the oracle input as a subset of Sy(V'). Find three distinct vertices a, b, ¢
such that ab, ac, bc € E or decide that no such vertices exist.



It is natural to extend this class of problems to hypergraphs. Assume G is an r-uniform
hypergraph, whose hyperedges are size r subsets of vertices in GG. The oracle Og becomes
the indicator of hyperedges of GG. In this case, we can ask whether GG contains a certain
subhypergraph similar to the triangle finding problem.

Nowadays, many quantum algorithms are available for solving the triangle finding prob-
lem such as quantum walk and learning graph. The current best quantum query upper
bound for this problem is O(n'?3) [19]. On the other hand, there are many lower bound
techniques for quantum query complexity such as lower bound by reduction, the polynomial
method, and the different variants of adversary methods [3] [7] [5] [21] [10]. Unfortunately,
these lower bound techniques don’t provide much for the query complexity of the triangle
finding problem, whose best lower bound today is the trivial (n). Quantum query com-
plexity is less well-studied for searching problems in hypergraphs. For example, as we will
see in chapter 4, an r-simplex extends the concept of triangle to r-uniform hypergraph. Yet,
to our knowledge, for r > 4, even the best quantum query algorithm for finding r-simplex
is achieved by trivial Grover search. However, we can ask whether existing upper and lower
bound techniques for solving graph problems transfer to solving hypergraph problems.

The primary focus of this thesis is to explore the algorithmic and lower bound ap-
proaches that nontrivially bounds the quantum query complexity of some natural hyper-
graph problems. We will investigate the general lower bound of subhypergraph-closed, and
monotone hypergraph properties. We will also study search problems such as hypergraph
connectivity, hypergraph acyclicity, r-simplex finding, and r-simplex sum, all of which nat-
urally extend a corresponding graph problem. Moreover, despite no nontrivial lower bound
is known for r-simplex finding, there is nontrivial relationship of lower bound among the
class of r-simplex finding problems. Our research aims to expand what we know about
the capabilities of quantum algorithms and try to encourage further quantum research for
solving hypergraph problems.

This thesis is organized as follows. In chapter 2, we introduce the background knowledge
and technical results in hypergraph theory and quantum complexity theory needed for the
later sections.

In chapter 3, we generalize the concept of subgraph-closed property and monotone
property from graphs to hypergraphs and investigate whether there is a general lower
bound on the class of problems with a specific hypergraph property. Then, we present the
hypergraph connectivity and acyclicity problems. We will show that these two example
problems are simple enough to possess a tight quantum query complexity bound.

In chapter 4, we are interested in finding quantum query algorithms that search for
an r-simplex in an r-uniform hypergraph. Here, we will see that existing quantum walk



algorithms for finding triangles cannot naturally generalize to higher rank. But, existing
algorithmic techniques still allow us to build a nontrivial quantum query algorithm for
3-simplex(tetrahedron) finding. With a more complicated nested quantum walk structure,
we show that the 4-simplex finding problem has a nontrivial quantum query upper bound.

In chapter 5, we search for lower bound results on simplex finding, and investigate
variants of simplex finding problems in hypergraphs. Specifically, we build a randomized
reduction from the r-simplex finding problem to the (r+1)-simplex finding problem, which
results in a nontrivial relationship among simplex finding problems of different ranks.
Later, we present the 3-simplex sum problem and use the learning graph of a tetrahedron
certificate structure to show that, unlike the 3-simplex finding problem, this problem is
understood to have a nontrivial quantum query lower bound.

Finally, in chapter 6, we state some conclusions and open problems. The appendix
contains some technical proofs of lemmas in chapter 4.



Chapter 2

Preliminaries

Before we examine the class of hypergraph search problems, we need to introduce basic
hypergraph notations and the necessary results from quantum complexity theory. Some
of the most commonly used techniques for complexity analysis will be presented here, but
most technical results in this chapter will be stated without proof.

2.1 Notations and Hypergraph Theory

Here, we introduce the basic notation and theory of hypergraphs. A hypergraph G consists
of a set of vertices V' and a set of hyperedges E, where every hyperedge e € E is a subset
of V. We call a hyperedge e with k elements a k-edge. The integer k is the size of e. For
the problems presented in this paper, we assume that the hypergraphs are simple, meaning
that there are no parallel hyperedges and no hyperedges of size 0, 1.

We use n to denote the size of V. The rank r of a hypergraph G is the size of the
largest hyperedge in E. For this paper, we will always assume that the rank r is upper
bounded by a constant. Furthermore, if every hyperedge of GG has size r, we call G an
r-uniform hypergraph or an r-hypergraph in short.

Let [n] denote the set {1,2,...,n} and let [n,m| denote {n,n+1,...,m}. Let P" =
n!/(n —r)! denotes the permutation. Let S,.(V) = S(V,r) denote the set of subsets of size
r in V. To denote an element in S,(V') conveniently, we often omit the curly bracket of a
set. For example, we write a potential hyperedge {u,v,w} € S3(V') simply as uvw.

The weight of w(z) of z € {0,1}" is the number of 1s in x. Given G a hypergraph
and subsets A, B C V, we use G4 to denote the restriction of G to A (i.e. the subgraph
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of G induced by A) and we use G4, ., to denote the r-partite hypergraph obtained from
taking the restriction of G to the r-partition Ay, ..., A,.

Observe that a graph is a 2-uniform hypergraph, so some of the graph terminologies
generalize to hypergraphs. Given a hypergraph G = (V| E). We say v,w € V are adjacent
if v # w and there is a hyperedge e € E such that {v,w} C e, two hyperedges e, e; € F
are adjacent if e; Ney # (). We say that v € V' is incident to e € E if v € e. The degree of
a vertex v € V' is the number of hyperedges incident to it. With the above definition, the
concept of isomorphism and incidence matrix natually extends the corresponding graph
definitions.

For v,w € V, a (v,w)-walk in G is a sequence of alternating vertices and hyperedges
Voe1v1€3 - . . exvy, where vy = v, v = w and v;_; is adjacent to v; via e; for every i € [k]. We
call k is the length of the walk. If the vertices vy, v1,...,v; and the hyperedges eq, ..., e
in the walk are all distinct, we say the walk is a (v, w)-path. A (v, w)-walk is a closed walk
if £ > 2 and v = w, a closed walk such that vy, v1,...,v._1 and eq,..., e, are all distinct
is called a cycle [0]. Unlike a graph, a simple hypergraph with rank 3 or higher may have
a cycle of length 2. For example, a 3-hypergraph with vertices {u, v, w, z} and hyperedges
e1 = uvw, e; = vwz has the sequence vejwesv as a cycle. We say G is connected if for
every pair of vertices v,w € V| there is a (v, w)-walk in G.

If G = (V, E) is an r-uniform hypergraph. The (r-dimensional) adjacency matriz is a
function fg : S, (V) — {0,1} where fg(vivy...v,) = 1 if and only if vjvy...v, € E. If
fc is constantly 0, we say G is an empty hypergraph, if fs is constantly 1, we say G is a
complete hypergraph.

For this paper, we focus on the query algorithm for r-uniform hypergraph problems.
Thus, we are fixing the set of vertices V' and treat fs as a black box oracle that we can
query. We usually set V' = [n] for convenience. In this context, we are most interested in
asking whether a hypergraph has a certain property.

Definition 1. An r-uniform hypergraph property P is a class of mapping {P, }nen such
that P, : {0,1}5 (") — {0,1} and each P, is invariant under permutation of vertices.
A hypergraph G with n vertices is said to have the property P (denoted by G € P) if
P.(G) = 1. Note that isomorphic hypergraphs are either required to all have P or all
don’t have P.

An r-hypergraph property P is nontrivial if there is an n € N such that for all d > n,
there is an r-hypergraph in d vertices having P and there is an r-hypergraph in d vertices
not having P. The negation P of P is defined by P,(G) = 1 — P,(G). A hypergraph
property has the same query complexity as its negation.



In a query algorithm, we rely on the ability to ask the hyperedge oracle Og whether
an element in S,(V) is a hyperedge of G to determine whether G has a certain property.
For e € S,.(V), we have Og(e) = 1 if and only if e € E. The query model is formalized in
the next section.

2.2 Quantum Query Complexity

Consider the task of computing some function f : [¢q]V — [¢|™ that takes arbitrary-sized

strings from alphabet [¢] as input. Usually, ¢ is taken to be 2, and the corresponding
function is Boolean. When ¢ > 2, we may represent each z € [q] as log(¢) many Boolean
bits and we can decompose f as the component functions (fi,..., far). Therefore, we can
focus on the case that f: {0,1} — {0, 1} is a Boolean decision problem.

We may allow f to be partial in the sense that f can be only defined on a subset
Dy C [q]V. Let D = Uyeny Dy be the domain. If f is partial, computing f is easier
because we have the additional promise that x € D for any input z. If f is defined for all
x € [¢]N and N € N, we say that f is total.

In the classical query model of computation, the input z € [¢]V is given as a black box
oracle O,. The computation starts at a state independent of x. At any time step during
the computation, we may query O, at an index i € [n] and the oracle will return the
value O, (i) = z;. The entries of x cannot be inferred in any way other than to query the
oracle. Naturally, our goal is to find a query algorithm that reduces the number of queries
to input needed to compute f to some degree of satisfaction. Here are some important
classical measures that classify this degree.

Definition 2. Let f: {0,1} — {0,1} be a Boolean function.

D(f), the deterministic query complexity of f is defined as the minimum number (over
all classical deterministic algorithms) of the maximum number (over all x € D) of queries
to O, needed to compute f(z) exactly.

R.(f), the randomized query complezity of f with error € is defined as the minimum
number (over all classical randomized algorithms) of the maximum number (over all x € D)
of queries to O, needed to compute the Boolean function f’ such that Pr(f'(x) # f(z)) <€
for all x € D.

R(f), the randomized query complezity of f is defined to be R%(f). When 0 < € < 3 is
a constant, we have R.(f) = O(R(f)). This can be easily justified by amplifying success
probability. Thus € is often omitted from the complexity measure.



Example 1. ORy is the problem of deciding whether an input string z € {0,1}" has
a 1 in any of its entries. The problem is equivalent to computing the Boolean function
f:{0,1}¥ — {0,1} such that f(z) =0 if and only if z = 0V, the string of all Os.

D(ORy) = N because if we only use N — 1 queries to the input = and the query results
are all 0, the position that we did not query can be either 0 or 1, which leads to different
outcomes of f(z). So, no deterministic algorithm can compute f exactly in the worst case
unless we query all N positions.

We can also see that R(ORy) = O(N). To show this, assume R(ORy) = o(N), let
A be such a query algorithm that uses only o(/N) queries to compute ORy with bounded
error. Upon seeing only 0 in all of its queries, A must output 0 or else it cannot compute
ORN(0Y) correctly. However, the average probability that i € [N] will be queried by A is
o(N)/N = o(1). There must be an index ¢ € [N] such that given the input x that has a
unique 1 at position i as the input, the x; will be queried with o(1) probability. So, A(x)
will only output 1 with probability o(1), making A incorrect with input z. A

Note that the only resource counted in these complexity measures is the number of
queries to the input. This resource is only interested in a limited number of classical prob-
lems. On the other hand, quantum query complexity receives much more attention from
quantum researchers because many important quantum advantages result from optimizing
access to black-box information. Quantum access to the oracle allows us to query the input
in a superposition of indices. This is more powerful compared to classical access, where
only local information on x can be retrived with each query. Furthermore, it is much easier
to lower bound query complexity than to lower bound the time complexity of quantum
algorithms. We will discuss this in more details.

Quantum query algorithm works in the Hilbert space spanned by basis vectors of the
form |é) |b) |w). |i) denote the query register, |b) denote the (1-qubit) output register, and
|w) denote the working or ancilla registers. A unitary quantum query O, acts on the basis
states by O [i) [b) |w) = [i) [b & @) [w) for all i € [n],b € [q]. Let |0) = 10)|0)[0) be some
initial state in the said Hilbert space that can be efficiently prepared and independent of
oracle input z. A T-query quantum query algorithm on input x is given by a sequence of
operators

[W7) = UrOUr—y ... U20,U10,Uq |0) (2.1)

where Uy, Uy, ..., Ur are unitary operators. The output of the algorithm is given by some
fixed POVM measurement on the final state [¢/%). Just like the classical case, a quantum
query complexity only measures the number of quantum access to the oracle, the costs of
implementing the unitaries Uy, Uy, ..., Ur are 0.



Definition 3. Let f: {0,1} — {0,1} be a Boolean function.

Q.(f), the quantum query complexity of f with error e for some 0 < € < % is defined
to be the minimum number T such that there is a T-query quantum algorithm A that
computes a Boolean function f’ where Pr(f'(z) # f(x)) < € for all x € D.

Q(f), the quantum query complexity of f is defined to be Q1/3(f). Similar to randomized
query complexity, we have Q.(f) = O(Q(f)).

Qr(f), the ezact quantum query complexity of f is defined to be the minimum number
T such that there is a T-query quantum algorithm A that computes the Boolean function
f on its domain exactly. (We are using the notation Qg(f) instead of Qy(f) to avoid the
confusion with zero-error quantum query complexity, which is another complexity measure
that we will not study in this paper.)

Quantum query algorithms may take exponentially less query to compute some par-
tial functions than classical algorithms. Deutsch—Jozsa Problem and Hidden Subgroup
Problems are some of the most famous examples. However, hypergraph properties are
total functions and the best separation between classical and quantum query complexity
of total functions is at most polynomial:

Theorem 1. [I] For all total Boolean function f : {0,1}Y — {0,1}, D(f) = O(Q(f)*).

In the rest of this paper, we assume the Boolean functions are always total. In the
next 3 sections, we present techniques to close this bound even further for hypergraph
properties, ideally finding a tight bound for the degree of the polynomial.

2.3 Quantum Counting and Quantum Walk

Many interesting hypergraph properties revolve around having a certain substructure inside
the hypergraph. Thus deciding the property comes down to searching for a proof that such
substructure exists. This is captured by the following definitions:

Definition 4. Let f: {0,1}" — {0,1} be a Boolean function. Given a subset of indices
S C [N], where S = {s1,...,s,} is an increasing enumeration of S. A partial assignment
on S is a Boolean string z = (24, Zsy, - - -5 2s,) € {0,1}°. We say an input x € {0, 1}
extends the partial assignment z (denoted by z C z) if x5, = z, for all i € [k]. Given
x € {0,1}" the projection of z to S is defined by xg := (z4,,...,Ts,)-

We say that z € {0,1}" is a I-input (0-input) of f if f(x) = 1(f(z) = 0). A 1-
certificate (O-certificate) of f is a partial assignment z such that every input z extending
z is a 1-input (0-input) of f.



Note that partial assignment encodes the partial knowledge we have about a hyper-
graph. However, we can output the value of f once we find a certificate of f. In this
section, we will introduce some important quantum algorithmic methods for finding this
certificate. We will utilize these methods as subroutines for more complicated hypergraph
algorithms.

2.3.1 Quantum Counting

The most well-known quantum algorithm is Grover search, which can solve the ORy
problem in example 1 with ©(v/N) quantum queries. Here, we will state a more involved
version of Grover search that utilizes the proportion of 1 in the input.

Theorem 2 (Tight Grover Search). [15] Let x € {0,1} be an input string of the ORy
problem. Let t = w(x) which is the (unknown) number of 1 entries in x. Then, if x # OV,
in O(\/N/t) expected number of queries, we can find an index i € [n] such that z; = 1.

Grover search was later generalized by Brassard et. al. in [11] to the amplitude ampli-
fication procedure that searches for a good outcome of an underlying quantum procedure.
Concretely, if there is a quantum procedure A such that A [0™) = /P [¢g00d) V1 — P [¥paa)-
We can decide whether the phase ,/p of the good state [1/4004) is nonzero with an amplifica-
tion argument similar to Grover search. Moreover, we can estimate p with repeated use of
the algorithm, this method allows us to count the number of 1-entries in x approximately
and estimate the value ¢.

Theorem 3 (Quantum Counting). [1// Let f : [N] — {0,1} be a Boolean function and
€ >0. Lett = |f~Y(1)|. There is a quantum query algorithm that produce an estimate t' of
t such that |t —t'| < et with constant probability, with an ezpected number of O(\/N/t)
number of queries to f.

2.3.2 MNRS Quantum Walk

Consider a search problem given by a set of marked elements M C V inside a finite set V.
An algorithm generally used for solving such a problem is the quantization of the classical
random walks, which we call quantum walks. While many different types of quantum walk
have been introduced ([1], [36], [21]), we will focus on the discrete time quantum walk on
graphs constructed from a classical Markov chain ([37], [30]).



Given a graph G on vertex set V', a discrete time quantum walk on G is represented by
an n x n stochastic matrix P = (P;); jev. P is a Markov chain with P;; the probability
that vertex j will transition to vertex i in one time step. Therefore, the j** column of G
is a probability vector on the adjacent vertices of the vertex i. We say P is ergodic if the
greatest common divisor of the time steps it takes between any two states of the chain
is 1, and P is reversible if there is a vector (si,...,s,) > 0" such that ) ., s; = 1 and
5iP;; = s;P;; for every 4,5 € V. If P is ergodic, there is a unique unit eigenvector m of
P with eigenvalue 1. Let §(P) denote the eigenvalue gap of P, where \; ranges from the
eigenvalues of P different from 1.

The objective of the quantum walk search algorithm is to find a marked vertex v €
M C V. For the exact algorithm, we refer the readers to [30]. Roughly speaking, the
quantum walk starts with an initial state, repeatedly updates the current state, and checks
if the current state is marked while the states are in superposition. During the walk, we
associate a data structure D(z) for every z € V and 3 types of query cost.

e Setup Cost S: The cost of setting up the initial state of the walk:

[S) = V|, D()) |0) .

zeV

e Update Cost U: The cost of making one step of transition:

[, D(2)) 0) = |, D(2)) Y /Py ly, D(y)) -

yeVv

e Checking Cost C: The cost of a quantum procedure checking if x € M using the
data structure D(z), if « is marked, apply a —1 phase to the state |z, D(x)) |y, D(y))

Then, we have the following complexity result.

Theorem 4 (MNRS). [30] Let P be an ergodic, reversible Markov Chain. Let € > 0 be a
lower bound on the probability that an element chosen from the stationary distribution of
P is marked when M is nonempty. Let 6 > 0 be the eigenvalue gap of P. Then there is
a quantum algorithm that finds a marked vertex, if there is one, with constant probability
1,1

and O ( S+ —=(—=U +C ) queries.
(s+ v 0

This approach to quantum walk generalizes the version used by Ambainis for his op-
timal quantum algorithm for the element distinctness problem [5]. Ambainis presents his
algorithm with walks on Johnson Graph, which is all we need to solve our subhypergraph
finding problems.
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Definition 5. For some 0 < k = o(n), the Johnson Graph J(n, k) is the graph with vertex
set S(n, k). Two vertices A, B € S(n, k) is joined by an edge if and only if |A — B| = 1
and |B — A| =1, i.e. we can obtain B from A by removing an element of A and adding a
new element in [n].

1
The symmetric walk on J(n, k) is given by a chain P where Py p = e for all
n —

A, B adjacent in J(n,k). Suppose that for some | < k, A € S(n, k) is marked if and
only if A contains a fixed subset of vertices {vy,...,u} C [n]. We note that P is ergodic,
reversible with stationary distribution 7 equal to a vector of all 1/n. Then € is a lower

—1 k!
bound on the number of marked states |M|/(Z> = <Z l)/(Z) =Q (—l> The
— n

1
eigenvalue gap of P is © z

Corollary 5. Let | < k = o(n) and let P be the symmetric quantum walk on J(n, k).
Assume either M = 0 or M is the set of A € Sg([n]) that contains a fized subset z € S([n]).
Then, the quantum walk algorithm finds an A € M or decides that M = () with constant

1/2
success probability and O (S + (%) (\/E U + C’)) many queries.

Here is an example of a quantum walk algorithm for the triangle finding problem. Note
that in this example and for the rest of this paper, we will round down some variables to
integer values implicitly. This wouldn’t affect the asymptotic bounds of query complexities.

Example 2. [31] Fix a real number 0 < a < 1. Let J(n,n®) be the Johnson graph where
a vertex A € S(n,n?) is marked if and only if A contains an edge of a triangle in G. Let
D(A) := G 4 be the adjacency matrix of the subgraph induced by A.

The spectral gap of the Johnson graph is § = (1/n%) and the proportion of marked
states is at least € = (”_2 )/(”) = Q(n%=D). In the setup stage, we have to load up all

na—2 ne

potential edges in D(A) = G4 for some A € S(n,n?), the setup cost is § = O ((%)) =
O(n**). In an update stage, we modify A by removing a vertex v from A and adding a new
one v, we have to update the data register by unloading uw from D(u) for all w € A — u

and loading vw to D(v) for all w € A —w. The update cost is U = O(n?).

In the checking stage, we will look for a vertex u that forms a triangle with an edge vw
in A. Fix a u € V, we can use another quantum walk to check if there is an edge vw in
G 4 that forms a triangle with u with O(n?¥/?) queries. Iterate over u € V with amplitude
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amplification, the checking cost is C = O(y/n-n?*/3). By corollary 5, the query complexity
of the quantum walk procedure is

n2a + nl—a(\/ﬁ .n% 4+ \/ﬁ . nZa/S) _ n2a + n1+a/2 + n3/2—a/3 (22)

This is optimal by taking a = 3/5, in which case, the query complexity of triangle finding
becomes O(n'?). A

2.4 Quantum Query Lower Bound Techniques

In this section, we will look at two techniques for lower bounding quantum query complexity
of total Boolean functions. The first method is the polynomial bound, which relates the
degree of a Boolean function to its query complexity. The more important method is
adversary bound, we will use this as the primary technique for lower bounding the query
complexity of hypergraph properties and it will be presented with more details.

2.4.1 Polynomial Bound

The polynomial method originates from the fact that every Boolean function f : {0, 1} —
R. can be represented uniquely by a multivariate, multilinear polynomial p(zq,...,zy).
We define deg(f) to be the degree of this polynomial p. This degree can be used to bound
deterministic query complexity.

Theorem 6. For any Boolean function f:{0,1}" — {0,1}, we have D(f) > deg(f).

To lower bound the quantum query complexity of Boolean functions, we need a related
notion of polynomial. We say p is a polynomial that approzimates f to error € if |p(z) —
f(z)| < € for all x € {0,1}". Define the approximate degree of f to error e (denoted by

deg.(f)) as the minimum degree of a polynomial p approximating f to error e. This gives
a well-known lower bound for quantum query complexity.

Theorem 7. For any Boolean function f: {0,1}" — {0,1}, we have Q.(f) > a(\age(f).

More results on the polynomial method can be found in [7].

12



2.4.2 Positive and Generalized Adversary Bound

The adversary technique is one of the most sophisticated methods for lower bounding
quantum query complexity. It has many lower bounding applications, including but not
limited to the problem of parity, permutation inversion, element distinctness, and deciding
graph properties. We will talk about the positive and the generalized version of adversary
method, both techniques will be the centerpiece of our lower bound analysis for hypergraph
properties.

Given a boolean function f with domain D C {0,1}. An adversary matriz for f is a
D x D real matrix I' such that I'[x, y] = ['[y, z] for all x,y € D, and whenever f(z) = f(y),
we have I'[x,y] = 0. For ¢ € [N], let D; be the D x D, {0, 1}-matrix such that D;[z,y] =1
if and only if z; # v;.

Definition 6. [10] The (generalized) adversary bound for f is

Adv(f) = max il (2.3)

I": adversary matrix for f max;e[nN] ||F o D]H ’

where o denotes the Hadamard (entrywise multiplication) product. If in addition, the
adversary matrix in equation (2.3) is required to have nonnegative entries, then we get the
positive adversary bound Adv™(f) for f.

Intuitively, T'[z, y] measures the hardness to distinguish input z from y. We can turn
this intuition into a lower bound with a hybrid argument.
Theorem 8. [21] For any (possibly partial) Boolean function f,
1—2y/€e(1—¢€ 1—2y/€e(1l—¢€
Q(p 2 V) javpy > LA pav ),
In particular, Q(f) = Q(Adv(f)) = Q(Adv'(f)).

The second bound in Theorem 8 is immediate from the definition of the two adversary
measures. The proof of the first bound is presented in [21].

Note that equation (2.3) in the adversary bound definition can be formulated as the
following optimization problem:

max ||T|| (2.4a)
subject to ||T o D;|| < 1 for all i € [N] (2.4Db)
' is an adversary matrix for f. (2.4¢)
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It turns out that equation (2.4) can be transformed into a semidefinite program (SDP).
By the theory of semidefinite duality, equation (2.4) has a strong dual program equivalent
to the following.

min  max Z |gil|?

Ug i €D
1€[N]
subject to Z (Ugiluy ;) =1forall z,y € D: f(x) # f(y) (2:5)
1€[N]
TiFY;

where the notation X; = 0 means X; is a positive semidefinite matrix.

If we follow a historical pathway, the positive adversary method is developed before
the generalized version because when the theory was just developed, it was unclear what
negative entries of I' means. Because of the non-negativity restriction, positive adversary is
easier to analysis and more often used to lower bound certain query complexity problems.
Many variants of positive adversary exist, including the well-known weight version and
the bipartite graph version [10]. However, one of the most useful and versatile versions
is the Ambainis’ positive adversary method [3]. It is a consequence of the original primal
problem in equation (2.4).

Theorem 9 (Ambainis’ Adversary Bound). Given a Boolean decision problem f : D C
{0,1}Y — {0,1}. Suppose X C f~1(1) is a subset of 1-inputs and Y C f~1(0) is a subset
of O-inputs. Let R C X xY be a relation, and let m,m',l,;, 1} ; be values such that

1. every x € X 1is R-related to at least m many different y € Y,
2. everyy €Y is R-related to at least m' many different x € X,

3. for every x € X and i € [N], there are at most l,; many different y € Y that is
R-related to x and x; # vy;,

4. for every y € Y and i € [N}, there are at most l\,; many different v € X that is
R-related to y and z; # y;.

(x,y)eg,iE[N] lmaw
TiFYi

/
Let e =  max  y,l) .. Then, we have Q(f) = Q ( mm > )

Example 3. One of the most famous algorithms from quantum computing is Grover
search, which computes the problem OR,, from example 1 with bounded error in O(y/n)
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quantum queries. The matching lower bound Q(OR,,) = Q(y/n) can be given by a hybrid
argument. But we will show this with an adversary lower bound instead.

For ¢ € [n], let z; € {0,1}" be the Boolean string with a unique 1 entry in position
i. Let X = {x1,29,...,2,} is a subset of 1-input, let Y = {0"} be the set of 0-input.
Define R := X x Y, then every x € X is connected to m = 1 element in Y, and 0" € Y is
connected to m’ = n elements in X. Fix a particular z; € X and i € [n], we have [, ; = 1
when ¢ = j, otherwise [, ; = 0. Moreover, lj. ; = 1 because z; is the only string in X that

has its i coordinate being 1. So by Theorem 9, Q(OR,,) = < i—?) = Q(/n). A

The positive adversary matrix only yields a (relatively weak) lower bound on the quan-
tum query complexity of f. However, it was later discovered by Reichardt [32], [33], that
allowing negative entries not only gives an improved lower bound, it also makes adversary
bound asymptotically tight for quantum query complexity using span program algorithm.
This gives the following theorem.

Theorem 10. For any (possibly partial) Boolean function f, Q(f) = O(Adv(f)). Together
with Theorem 8, we have Q(f) = O(Adv(f)).

Before we conclude this section, we present a result on the quantum complexity of
the composition of Boolean functions. If f : {0,1}¥ — {0,1} and g : {0, 1} — {0,1}
are Boolean decision problems. We define the composition f o ¢ = fo(g,9,...,9) :
{0,1}¥M — {0, 1} as the function

fog'(zta? . a") = fgi(z")ga(2?) ... gn(a™))

for #t,2%,... 2 € {0,1}M. To relate the quantum query complexity of the composition
with the quantum query complexity of f and g. We will use a consequence of positive and
generalized adversary bound.

Theorem 11. [21] [25] If f : {0,1} — {0,1} and g : {0,1}* — {0,1} are Boolean

functions, we have

Advt(fog") = AdvT(f) - Adv'(g), and Adv(fog") = Adv(f)- Adv(g).

2

By Theorem 10, we know that generalized adversary is equivalent to quantum query
complexity. The following corollary is immediate.

Corollary 12. If f: {0,1}" — {0,1} and g : {0,1}™ — {0,1} are Boolean functions, we
have

Q(fog™) =0(Q(f) - Q).
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2.5 Learning Graph

2.5.1 Non-adaptive Learning Graph

As powerful as the general adversary method is, the number of equality constraints in
equation (2.5) is potentially exponential in n. It is often difficult to find a feasible solution
that makes sense for the problem, let alone optimize the objective value. Instead, we
apply the learning graph computational framework, which generates feasible solutions to
equation (2.5). By Theorem 10, such a feasible solution provides an upper bound for the
quantum query complexity of f. We are left with optimizing the objective values.

Definition 7. [9] Let f be a Boolean function with domain D C {0,1}". A (reduced)
non-adaptive learning graph for f is a directed acyclic graph G = (V, ) such that

1. every vertex v € V is labeled by a subset s(v) C [N] of indices of inputs to f,
2. G has a root vertex labeled by the empty set (),

3. every directed edge e = ul € & satisfies s(u) C s(v),

4. every directed edge e = ud € & has a length given by I(e) = |s(v) — s(u)],

5. every directed edge e = ul € € has a positive weight w(e) € R,

6. every l-input y of f (that is, y € f'(1)) has a flow p, of value 1 on the learning
graph G where the root vertex of G is the source and every vertex v € V such that
s(v) contains a 1-certificate of y in f is a sink.

In order to distinguish the vertices and edges of a learning graph from the vertices and
edges of a graph in the question, we call the vertices in the learning graphs L-vertices and
call the directed edges in the learning graphs L-edges (or transitions).

A learning graph framework intuitively identifies a quantum query algorithm because
we can view each L-vertex v as the state of the computation where we learned oracle entries
{f(z;) : i € s(v)}. We call s(v) the set of loaded elements of the L-vertex v and we say
an L-edge e = w0 loads elements uy, . .., uy if s(v) — s(u) = {u1, ..., ux}. A flow from the
root of the learning graph to L-vertices labeled by a 1-certificate of y corresponds to the
process of learning the certificates by query in parallel.
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Remark 1. The learning graph G is called “non-adaptive” because the weights of the
L-edges are independent of the input to the function. This means that, unlike a decision
tree, in the algorithm corresponding to this learning graph, the position to query next (in
superposition) is also independent of the outcome of the previous queries. Such algorithms
are more restrictive, but it is still useful for quantum searching while its lower bound is
easier to analyze.

G is also called “reduced” because in Belov’s original definition [9], all L-edges of G
load exactly 1 element. However, with suitable modification of weights, we can transform
a directed path of length k in G to a single L-edge loading k elements, even when k& = 0.
Note that G is also allowed to have more than one L-vertex labeled by the same underlying
set, thus the label to L-vertices may include additional data when it’s convenient.

A
Definition 8. Let G = (V,€) be a non-adaptive learning graph for f. For F C &, the

negative complezity and positive complexity of F is given by

(e)® Ci(F):= max Ci(F,y). (2.6)

(e)’ yef—1(1)

Co(F) =) leywle), Ci(Fy):= Zl(e)pvj;

eeF eeF

The learning graph complezity of G is LG(G) = /Co(E)C1(E). The learning graph com-
plexity LG(f) of the function f is the minimum complexity of a learning graph for f.

A learning graph G can be turned into a feasible solution to equation (2.5) with objective
value £LG(G) [10]. By Theorem 10, every learning graph G for f corresponds to a quantum
query algorithm for f.

Theorem 13. For any (possibly partial) Boolean function f, Q(f) = O(LG(f)).

Here are some conventions on how we will design learning graph G for function f.
Define the i*" level of G by the set of L-vertices at depth i from the root vertex of G. A
stage of G will be the set of L-edges between level i, j for some ¢ < j. Usually, the stages
we are going to define only has depth 1, that is, j = ¢ + 1. We design learning graph by
giving L-edges in stages.

Following the convention of [16], we assume the 1-complexity of a stage F C & is always
upper bounded by 1, this can be achieved by multiplying the weights of every e € F by
C1(F). Let S = {uy,...,ux} €V, weuse Loadg to denote the L-edge that loads uy, . . ., ug.
Set w(Loadg) = k, then Cy(Loads) = k* and C}(Loadg) < 1.
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Definition 9. Suppose F is a stage with starting L-vertices V; and ending L-vertices V;.
Let ¢ := |Vi|,e := |V}|. We say F is symmetric if

e cvery v € V; has outdegree d in F,

e the number ¢’ of v € V; that receives positive flow from p, is independent of y €
f71(1), and the value of these positive flows all equal to 1/¢,

e for every v € V; that receives positive flow from p,, d’ of the d out-edges of v have
positive flow of equal values, the value d’ is independent of y € f~1(1),

e the number €’ of w € V; that receives positive flow from p, is independent of y €
f71(1), and the value of these positive flows all equal to 1/¢'.

d
Let T'= % be the speciality of F, we get the following complexity for F.

Lemma 14. [25], [10] Let F be a symmetric stage of G with speciality T. For every
y € f7X(1), if L is the average length of the L-edges receiving positive flow then the L-edges
in F can be weighted so that

Co(F)ST-L* and Cy(F,y)<1.

2.5.2 Adaptive Learning Graph

In an adaptive learning graph, the weight of an L-edge may depend on queried entries of
the input z to f.

Definition 10. [16] Let f be a (possibly partial) Boolean function with domain D C
{0,1}™. A directed acyclic graph G = (V,&) is an adaptive learning graph for f if it
satisfies all properties (1) to (6) in definition 7, except we replace property (5) with

5. For every z € D and directed edge e = ub € &, there is a positive weight value
ws, ., (€) € R*, whose value depends only on e and the partially loaded s(v)-entries

of the input z.

Since v is clear given the directed edge e, we abbreviate w,, , (€) by w.(e). The corre-
sponding complexity of an adaptive learning graph is given as follows.
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Definition 11. Let G be an adaptive learning graph for f. If F C £ is a stage of G, for
x,y € D, we define the negative and positive complexity of F respectively as

Co(F,z) =Y l(e)wy(e), Co(F):= max Co(F,x)

ecF 2€f7H0)
CFy) =1L F) = max G(F)
ecF wZI(e) yefil(l)

The adaptive learning graph complexity of G is LG?(G) 1= \/Co(E)C1(E). The adaptive
learning graph complexity LGP (f) of f is the minimum complexity of an adaptive learning
graph for f.

Observe that definition 7 is a special case of definition 10, so LG*?(f) < LG(f). There
is also a dual adversary reduction for adaptive learning graphs [16], and we get a similar
upper bound result.

Theorem 15. For any (possibly partial) Boolean function f, Q(f) = O(LG*?(f)).

Before the end of the section, we present two important examples of adaptive learning
graphs in [16]. The first is the OR of Boolean functions, an example learning graph is
depicted in figure 2.1 (a).

Lemma 16 (OR of Boolean Functions). Let Gy,..., Gy be adaptive learning graphs for
Boolean functions fi, fo, ..., fx - {0,1}Y — {0,1} respectively. Let f = Viepfi, suppose
that for every 1-input y of f, there are at least | functions f; such that f;(y) = 1. Then for
cvery z € [1(0),y € f1(1),

NIP?‘

i€[n]

The second example is a learning graph version of quantum walks on Johnson graph.
The stages in the learning graph of quantum walks are symmetric. The following lemma
is a result of lemma 16.

Lemma 17 (Learning Graph Johnson Walk). Let | < k = o(n). For each A € Sk([n]), let
fa:{0,1} — {0,1} be a Boolean function. Define f =V acs,(pn))f-

Let the data structure D be a monotone mapping from P([n]) to P([N]) such that for
every 1-input x of f, there is a I, € S/([n]) where D(I,) is a I-certificate of x. For A
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Figure 2.1: (a). Learning Graph of OR of Boolean functions with root L-vertex v. (b). A
path of the learning Graph equivalent to MNRS quantum walk on Johnson graph J(n, k)
with root L-vertex v. The walk is on a subset A € S(V, k) where I, = {uy,us,...,u} is a
certificate that A is marked.

a partial assignment on D(A), let fan be the Boolean function fa restricted to inputs
z € {0,1}N where zpay = X. We have fa = Vifax where X\ ranges over all partial
assignments on D(A). Suppose Ga y is a learning graph for fa .

Let S,U,C > 0 be values such that for every x € f~1(0), we have

|D(A)] < 8%, (2.8)
AESk—1([n])
E [DAU{Y) = DR <U?, fork—1<i<k (2.9)
AeS;([n
. < C?. .
AGSIEZ([TL]) [OO(gAuzD(AVI) Cl(gAvxD(A))i| <C (2 10)

Then there is a learning graph G for f such that for every x € f~1(0),y € f~1(1),

Co(G,2) =0 {52 + (%)l (k-U?+ 02)} and  C1(Gy) < 1.

Taking a square root of the 0-complexity of G gives the same complexity bound of the
original quantum walk. Figure 2.1 (b). shows a path with positive flows of such a learning
graph in stages. Finally, observe that Grover Search is a special case of quantum walk,
where we take £k = [ = 1. With setup and update cost 0, and checking cost 1, we get 0-
complexity n for unordered searching. Thus, we can also use Grover search as a subroutine
in the learning graph context.
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Chapter 3

Hypergraph Properties

In this chapter, we ask if there are lower bounds common to properties in a natural class
of hypergraph properties. The property classes we look at extend existing graph property
classes and we will see how common lower bound techniques generalize when the rank
increases. Then, in section 3.3, we use the positive adversary method to give tight lower
bounds for deciding connectivity and detecting cycles in r-uniform hypergraphs.

3.1 Subhypergraph-closed Properties

There are many graph properties closed under removing vertices and edges investigated in
the quantum query complexity setting. We can naturally generalize this to higher ranks.

Definition 12. An r-uniform hypergraph property P is subhypergraph-closed if whenever
H < G, then G € P implies H € P.

In [17], subgraph-closed properties have an easy (n) quantum query lower bound.
There is a similar result for subhypergraph-closed properties.

Theorem 18. FEvery nontrivial, subhypergraph-closed property on r-uniform hypergraphs
has quantum query complexity Q(n™/?).

Proof. Let P be such a property. Since P is nontrivial, there is a constant d > r such

that for every n > d, the empty r-hypergraph on n vertices lies in P but the complete
r-hypergraph K, on n vertices doesn’t. Using Ambainis’ adversary method in Theorem 9,
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we define X as the singleton set consisting of just the empty hypergraph on n vertices and
define Y as the set of hypergraphs consisting of one K, and n — d isolated hyperedges. The
size of Y is (Z) Note that since P is a subhypergraph-closed property, K; ¢ P implies
that no hypergraphs in Y are in P. So X C P~!(1) and Y C P~(0).

Let R be the complete relation X x Y, we immediately get that m = |Y| = ©(n%)
and m’ = 1. Given empty hypergraph = € X and potential r-edge e € S(V,r), there
are exactly (Z::) choice of other vertices we can pick to form a complete hypergraph K.
Thus, I, = (Z::) Since there is only one element in X, [} . <1 for any y and e. Thus,
lmaz = (Z::) and we conclude that any algorithm deciding P with constant probability
needs

() - (Y ()/=2)) - (varm=mm -0

quantum queries. ]

The lower bound for subhypergraph-closed properties is tight. Note that the nontrivial
property of being an empty hypergraph is subhypergraph-closed. The negation of this
property is equivalent to unordered searching for a hyperedge among the (:f) candidates.
Grover search gives a simple O(n’”/ %) complexity, matching the equivalent lower bound.

On the other hand, the quantum query complexity of a specific subhypergraph-closed
property may be nowhere near this trivial lower bound. Some subgraph-closed properties
such as cycle-free, forbidden subgraph, forbidde minor, being r-partite, and having a k-
coloring are difficult to decide. We will later analyze the cycle-free problem in section 3.3,
and dedicate chapter 4 and 5 to the forbidden simplex problem.

3.2 Monotone Hypergraph Properties

In the last section, we introduced subhypergraph-closed property where subhypergraphs
can be obtained by removing vertices and hyperedges. However, vertices are not part of
the queries in our model. It is natural to consider properties invariant under removing only
hyperedges. The negation of such a property is defined as follows:

Definition 13. An r-uniform hypergraph property P : {0, 1}(:) — {0,1} is monotone if
for every x >y € {0, 1}(2), we have P(x) > P(y).
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There are monotone hypergraph properties that is not subhypergraph-closed. For ex-
ample, the properties of being connected, or having a perfect matching are monotone.
However, they are not closed under adding new isolated vertices. So monotonicity cap-
tures a broader class of properties. Naturally, we want to ask if there is a general lower
bound result for monotone hypergraph properties:

Conjecture 1. For any rank r > 2, every nontrivial, monotone hypergraph property on
r-uniform hypergraphs has quantum query complexity Q(n™/?).
In the recent paper by Aaronson, et al. [1], this conjecture is proven true when r = 2:

Theorem 19. For any nontrivial monotone (rank 2) graph properties P, Q(P) = Q(n).

This is a direct consequence of a known separation between the degree and query
complexity of Boolean functions and a degree lower bound of monotone graph properties.

Theorem 20. [/] For all functions f : {0,1}"* — {0,1}, we have deg(f) = O(Q(f)?).

Theorem 21. ([7/]) If P is a nontrivial monotone graph property, then deg(P) = Q(n?).

Theorem 21 is proved from an even more general result on Boolean functions:

Theorem 22. (Rivest, Vuillemin [5/]) If P : {0,1}Y — {0,1} is a nontrivial transitive
Boolean function where N = p® is a prime power, then deg(P) = N.

Remark 2. In Rivest and Vuillemin’s original paper [34], the conclusion of Theorem 22
is the weaker statement D(P) = N and the conclusion of Theorem 21 is the statement
D(P) > n?/16 = Q(n). However, part of the proof in the original paper depends on an
intermediate result:

o If D(P) <k, then (14 2)"* | P1(z) where P!(z) is the weight enumerator

Pl(z) = Zwi(P) 2w = {r o Pz) = 1 and w(x) = i}

This intermediate result can be modified to replace D(P) by deg(P). Let p(z) be the
polynomial representing P exactly. If deg(P) < k, note that

Pl(z) = Z P(x) -2l = Z Z m(z) - 21,

on<g<ln L: on<g<ln
—-= monomial of p = —7—
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If m(z) = ¢x,2,...2; is a monomial of degree j < k, then Z m(z) - 217 =
on<z<1n
Z O I P AL Z At tun—i — 2d(1 4 2)"7, which is divisible by
09 <z<19 0n =i <y<1n—i
(1 + 2)"*. Thus P'(z) is divisible by (1 + 2)" *. This modification with the arguments
in [34] proves Theorem 22 and 21. A

To generalize the result of Theorem 19 to higher ranks, we want to see how well we can
lower bound the degree of a monotone hypergraph property. To our knowledge, the closest
result we get for extending Theorem 21 is discovered by Kulkarni, et al. [26] on 3-uniform
hypergraphs:

Theorem 23. If P : {0, 1}(3) — {0,1} is a nontrivial monotone property of 3-uniform
hypergraphs, then D(P) = Q(n?).

It remains to replace the deterministic query complexity of P by the degree of P like
we did in Remark 2. Unfortunately, we cannot get away with the prime power restriction
in Theorem 22 with the ways 3-hyperedges behave. Instead, we partially solve Conjecture
1 and show why is it difficult to generalize our arguments when the rank is 3.

Theorem 24. For any rank r > 2 and any nontrivial monotone property P on r-partite r-
uniform hypergraphs with rn vertices, we have deg(P) = Q(n"). Moreover, P has quantum
query complexity Q(n"/?).

The proof below extends the proof of 4-uniform hypergraph theorem in [20]. Tt also
presents the lower bound technique used to analyze monotone properties in general.

Proof. The second statement follows from the first statement and Theorem 20. To prove
the lower bound on the degree of P, let Vi,...,V, be an r-partition of the hypergraph
where each Vj, has size n. Let Sy be the empty hypergraph and Sy := K, _, be the
complete r-partite r-hypergraph on rn vertices. Since P is nontrivial, pick n large enough
so that P(Sp) = 0 and P(Sy) = 1.

Note that by Bertrand-Chebyshev Theorem(in number theory), there is a prime number
p between n/2 and n. For each k € [r], further partition each Vj into two sets Vi o, Vi1
where |Vl = p and |Vi1| =n —p. Let 2! =00...0, 22 =10...0, 2> =010...0, 2* =
110...0, ..., 22 = 11...1 be the (flipped) lexicographical listing of Boolean strings
{0,1}". Consider a finite sequence of hypergraphs Sy, S, Ss, . .., Sor where for each i € [27],
S; is obtained by adding the hyperedges in VLZ% X VQ’Zé X -+ X V,.i to S;_y. For different
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i, the above set of hyperedges are disjoint and their union is V; x --- x V, = K,, . Let
P; be the restriction of P to the set of hypergraphs

{Sg‘/lxx‘/rsl,1§5and§1§§}

where S denotes the complement of S. These P; are also hypergraph properties with respect
to the r-partition of vertices <V1,z§'7 Vaziseos Vi ). Since the restriction of a monotone

property is also monotone, each P; is monotone.

Suppose for a contradiction that deg(P) = o(n"). Let g(x1,...,z,) be the polynomial
that corresponds to P. For i € [27], to obtain the polynomial ¢; corresponding to property
P;, we partially evaluate ¢ in the following ways.

o If z; is a variable that corresponds to an r-edge in S;_1, set x; = 1.

o If z; is a variable that corresponds to an r-edge not in S;, set z; = 0.

Note that the degree of the polynomial can only decrease. So deg(g;) = o(n").

Since P is a nontrivial monotone property, and the sequence Sy, Si, S, ..., Sr is ob-
tained by repeatedly adding hyperedges, there has to be an index i € [2"] such that
P(Si—1) = 0 and P(S;) = 1. If i = 1, the size of S is the prime power p”. P is transi-
tive because for every vivg...v,, v(vh ... v, € Sy, there is permutation 7 = (my,...,7,) €
Sy X -+ xSy, such that 7 (vy,) = vy, for all k € [r]. By Theorem 22, deg(P;) = p" = Q(n"),
a contradiction. If ¢ > 2, the size of the domain of P; may not be a prime power. We can
fix this by patching the domain. For each ¢ where z, = 1, add 2p — n additional vertices
from V;o to V; ;1. Define a new property P/ that extends P; by ignoring the values of new
r-tuples. Let ¢; be the polynomial corresponding to P;. Note that by the way we define
P!, ¢; has no new variables and it equals g;. The property P! is nontrivial and monotone,
but now its domain has size p”. So, similar to the i = 1 case, we can easily argue that P/
is transitive and deg(P;) = deg(P}) = Q(n"), a contradiction. O

When r = 3, in a general hypergraph, we may encounter a hyperedge with 2 vertices in
one partition and 1 vertex in another, depicted in figure 3.1 (a). The orbit of this hyperedge
under vertex-permutations within each partition has size (72‘) -n. For arbitrary n, this is
not a prime power and cannot be made a prime power by adding new vertices. Therefore a
new method is needed for lower bounding degrees of hyperedges in general and Conjecture
1 remains open.
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Figure 3.1: (a). In a 3-hypergraph with 3 sets of vertices Vi, V5, V3. Under the permutation
of vertices within each set, the hyperedge shaded gray has an orbit of size (Z) -n. This
is not a prime power, so this type of 3-edge prevent the use of Theorem 22. (b). A
simplicial complex on vertex set X = {zy,x9,23,24}. It contains a cycle so it is not
contractible. By the result of [23], all four vertices need to be queried to decide the
membership of a face A C X. However, the polynomial of this simplicial complex is
T1XoT3 + T1X3T4 + T1ToTy — Tol3Ty — T1T3 — X1y — 124 + 1. Its degree is less than 4, so
the modified result with degree nonevasiveness doesn’t hold.

Remark 3. The proof of Theorem 23 relies on another lower bound approach using a
topological argument in [23]. However, this approach doesn’t involve a generating function
and no natural modification to the degree result exists. In fact, the topological approach
to lower bound in [23] relies on a crucial observation:

e Any nonevasive simplicial complex is contractible.

Here, given a finite set X, a simplicial complex A is just a set of subsets of X with the
property that B € A and A C B implies A € A. Contractible means the complex can be
continuously deformed to a point. To modify the result for degree lower bound, we have to
change the word “nonevasive” to “degree nonevasive”. However, a counterexample is given
in figure 3.1 (b) for this modification. So the topological approach failed for degrees. A

3.3 Hypergraph Connectivity and Acyclicity

In the last two sections, we give an Q(n'/?) lower bound for some general classes of hy-
pergraph properties. However, these results don’t capture the difficulties of searching for
large certificates in a nontrivial hypergraph. Here, we will prove stronger lower bound for
two of the more specific but natural hypergraph properties:
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r-HG Connectivity:
Given an r-uniform hypergraph G = (V, E), decide if G is connected.

r-HG Acyclicity:
Given an r-uniform hypergraph G = (V, E), decide if G contains no cycle.

These two problems have already been well studied in the context of rank-2 simple
graphs [15], [L7]. We will generalize the ideas presented in these two papers to find the
tight quantum query complexity bounds of these two hypergraph problems.

Note that the r-HG Connectivity problem is monotone and the -HG Acyclicity
problem is subhypergraph closed. Despite that, for the -HG Connectivity problem,
each hyperedge can connect up to r = O(1) vertices. If the hypergraph is connected, it can
only be certified with a spanning subhypergraph with €(n) hyperedges. Similarly, a cycle
of a hypergraph may have size n, forcing a large O-certificate size in r--HG Acyclicity.

Theorem 25. For any rank r > 2, we have Q(r-HG Connectivity) = ) <n rél).

Proof. When r = 2, the theorem is proved in [18], so we assume r > 3. The proof
uses Ambainis’ adversary method given in Theorem 9. First assume the n vertices of a
hypergraph are given by a disjoint union AU B where |A| = 55 and |B| = 2r 4 . Define
X as the subset of hypergraphs on n vertices constructed in the following way

1. Arrange vertices of A in a cycle.

2. For every pair {u,v} C A adjacent by the construction of step 1, pick r — 2 vertices
us,...,u, € B not already picked by some other pairs in this step and form the
r-hyperedge uvus ... u,. There are exactly % vertices in B (which is half of the
vertices in B) picked in this step.

3. Pair up the remaining half of the vertices in B into % groups of r — 1. For
each (r — 1)-tuple of vertices (uq,...,u,_1) pick a z € A that is not already picked
by some other tuples in this step and form the hyperedge zu, ..., u,_1.

For convenience, we call the hyperedges created in step 2 the ring hyperedges because
these hyperedges formed a cycle with vertices in A. We call the hyperedges created in step
3 the side hyperedges. Define the subset Y similarly, except in step 1, we partition the
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Figure 3.2: Partial Diagram of example hypergraph in X and Y. Vertices in A are colored
black and vertices in B are colored blue. The gray-shaded triangles are the 3-hyperedges.
Only the relevant hyperedges are shown in these diagrams. (a). depicts a connected
hypergraph G in X. (b). depicts a disconnected hypergraph G’ in Y that is obtained from
G by removing abu, cdv, zij and adding aci, bdj, zuwv.

2
vertices of A into r — 1 cycles, each of length between o n 3)2 and o n3)2. This is
r— r—
1 2 1
possible because H <Al < H when r > 3. Figure 3.2 illustrates an exam-
r— r—

ple hypergraph from A and B each when the rank is 3. It is easy to see that hypergraphs
in X are connected while hypergraphs in Y have »r — 1 > 2 connected components.

Now, we define R so that for G € X, G' € Y, we have (G,G’) € R if and only if

1. we can choose r — 1 ring hyperedges eq,...,e,_1 where e; is given by the vertices
a;biw; ... wi,—o, with a;,0; € A and u;1,...,u;,—2 € B, and

2. we can choose r — 2 side hyperedges fi,..., f,—2 where f; is given by the vertices
2iVj1 ... Vjr—1, With z; € A and v;1,...,u,,—2 € B, such that

3. G’ is given by removing the hyperedges e1, ..., e, 1, f1,..., fr_o from E(G), and
4. adding r — 1 ring hyperedges €/,...,e._, where for i € [r — 1], ¢,

i 1s given by
a;bi1v1 ... Vr—2; (biy1 becomes by when i =r — 1), and

5. adding r — 2 side hyperedges fi,..., f/_, where for j € [r — 2], f} is given by
ZjU1, U5« + - Up—1,5-

We remark that although the above construction makes use of the ordering of vertices
labeled by w; ; and v; j, the ordering doesn’t matter as the value of m,m/,(,!" will change
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by a value depending on only the constant r. This conversion is illustrated in figure 3.2
when the rank is 3.

Given G € X, there are ©(n"!) choices of the r — 1 ring hyperedges of G that can be
selected in the above conversion to break down A into r — 1 cycles each of length between
s and (2r21“3)2. There are O(n"~2) choices of side hyperedges f;. This gives at least

2r—3
7(n :) O(n?* 3 many G’ € Y related to G by R. Similarly, given G’ € Y, we can get a
hypergraph in X by choosing one ring hyperedge from each one of the » — 1 cycles of
G, then choose r — 2 side hyperedges from the ©(n"~2) possibilities. This gives at least
m’ = O(n? %) many G € X related to G’ by R.

Now given (G,G’) € R and an r-tuple of vertices e € S,(V) where Og(e) # O (e).
There are four cases:

1. If e = a;bju;; ... u;r—o is a ring hyperedge of G. Then G’ is given by picking the
remaining r — 2 ring hyperedges in © (n"~?) ways and picking r — 2 side hyperedges
in one of the O(n""2) ways. So lg. = O(n**). Note that ¢ ¢ F(G’), but e has to
be a ring hyperedge to be added to G’ because it has two vertices in A. In this case,
a;, b; ensure that there are only 4 possible choices of ring hyperedges to be removed in
2 of the r — 1 cycles of G'. Furthermore, by the conversion defined above, the vertices
U1, ..., Ur—2 each uniquely determine a distinct side hyperedge to be removed in
G’. Thus, it remains to choose one hyperedge to remove in each of the remaining
r — 3 cycles. This makes lg . = O(n"3).

2. If e = a;bi41v1,...v,_2; is a ring hyperedge to be added to GG. We can show that
lge =03, and I, = O(n* ) in a similar way case 1 does.

3. If e = zjvj1...vj,_1 is a side hyperedge of G. Then G’ is given by choosing r — 1
ring hyperedges to remove in ©(n"~!) ways and choosing the remaining r — 3 side
hyperedges in ©(n" %) ways. So lg. = O(n*~*). On the other hand , e ¢ G’ and it
is to be added to G'. This means v;,...,v;,_1 are each incident to a distinct ring
hyperedge to be removed from G’. Since z; € A is uniquely identified by e, the side
hyperedge in G’ containing z; will be removed. So, we are left with picking r —3 more
side hyperedges from one of the ©(n"~3) possibilities. This gives lg . = O(n"3).

4. If e = zjuyjus; € G is a side hyperedge to be added to G. We can show that
lge =0(n"3), and lg . = O(n*~*) in a similar way case 3 does.

We have shown that, in all four cases above, Ly = lgele e = ©O(n* 7). By Ambainis’
adversary method, deciding connectivity for r-uniform hypergraph has quantum query
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complexity

mm/ n27‘—3 . n27"—3 a1
Q( lmm) —Q (‘/—n?w? > :Q<n : )

In Childs and Kothari’s minor-closed property paper [17], it was shown that testing
cyclicity is difficult because it is hard to distinguish a long path from a long cycle. This is
also true in the hypergraph setting. We will modify the above proof to get a similar result:

[]

Theorem 26. For any rank r > 2, we have Q(r-HG Acyclicity) = ) (nhzi)

Proof. When r = 2, the theorem is proved in [17], so we assume r > 3. Consider the proof
of Theorem 25 with the following modifications:

1. In step 1 of the construction of X, arrange the vertices of A in a simple path instead
of a cycle.
2. In step 1 of the construction of Y, arrange the vertices of A into r — 2 cycles and 1

2
simple path, each of length between o ﬁ 3)2 and o f3)2.

In this case, X is a subset of spanning trees on n vertices and Y consists of hypergraph
with 7 —2 > 1 cycles, so X C f~}(1) and Y C f~1(0).

Note that the graphs in X, Y changed in this proof by removing 1 hyperedge in one
of the original cycles in A, there is now 1 less hyperedge to choose from in the analysis
of values m,m/,[,I’. This minor modification doesn’t alter the asymptotic bound of the
values. So the rest of the proof follows from the proof of Theorem 25. O]

Finally, we will show that the lower bounds above are actually tight by giving the
quantum query algorithm with matching matching complexity.

Theorem 27. For any rank r > 2, we have Q(r-HG Connectivity) = O (n%l).

Proof. Given an r-uniform hypergraph G, consider the following algorithm. First, let V'
be the vertex set of G and let A be a set of hyperedges that is initially empty. At the
beginning, each vertex is its own connected component, and we are trying to connect at
least two components at each iteration of the algorithm. Suppose at stage i, Ay, ..., A
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are the connected components of G' = (V, A), we are trying to find a hyperedge e € F(G)
such that there is ¢ # j with A; Ne, A; Ne # 0 with Grover search. If G is connected,

since each r-hyperedge can connect at most » = O(1) connected components, there are at

least k—} such hyperedges e. So by tight Grover search in Theorem 2, we can find such

a hyperedge in O < (T(;l,)l()r )

) expected queries. Thus, in at most n — 1 iteration of the

above Grover search, we can find a spanning subhypergraph of G in
n—1

5T o S <o (1 [ Vi) 0 (v)

expected number of queries. For some appropriate constant ¢, if the procedure takes en's
queries without finding such a spanning subgraph, terminate the procedure and conclude
that G is not connected. This conclusion only errs with constant probability by Markov
inequality. O]

Theorem 28. For any rank r > 2, we have Q(r-HG Acyclicity) = O (n%l>

Proof. Observe that if G is acyclic, it has to be a forest, so m, which is the number of
hyperedges in G, must be at most n. The first step of the algorithm is to apply Quantum
Counting in Theorem 3 to the hyperedge oracle to approxiamately count the number of
hyperedges in G. Fix some small error €, we can decide if m > (1 + €)n with constant
probability in O(y/n"/n) = O(n"z") expected numbers of queries. If m > (1 + €)n, we
conclude that there must be a cycle in G. If not, G is a sparse hypergraph and we try
to find all hyperedges of G by repeatedly running the tight Grover Search Algorithm for
hyperedges not yet found. If G has t hyperedges, then the i hyperedge can be found in
O(y/n"/(t — i+ 1)) expected number of queries. Since t < n, the total expected number
of queries needed is

Terminate the repeated Grover search procedure after cn En queries for some appropriate
constant ¢, we can obtain all hyperedges of G with constant probability due to Markov
inequality. It remains to check if the hyperedges form a cycle without further queries. [J
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Chapter 4

Upper Bound on Finding n-simplices

In this chapter and the next, we study the quantum query complexity of finding a fixed,
constant-sized subhypergraph. We call an (r + 1)-clique on an r-uniform hypergraph an
r-simplex. Specifically, a 2-simplex is a triangle, and a 3-simplex is called a tetrahedron.
Similar to the triangle finding problem, we are interested in the problem of finding r-
simplicies for arbitrary rank r > 2.

Tetrahedron Finding Problem (Tetrahedron):

Given a 3-uniform hypergraph G = (V| E) with n vertices and m hyperedges. Sup-
pose the hyperedge set E is given as the oracle input as a subset of S3(V). Find
four distinct vertices a, b, ¢, d such that abe, abd, acd, bed € E or decide that no such
vertices exist.

Given vertices {vy,...,v,}, we use e; to denote the subset vivy...v;_1V41 ... V10, €
S,—1(V). We write eg for S C [r] to denote the subset {v; : i € S} € Si/(V). For vertex
u €V, we use ueg to abbreviate the subset {u} U eg.

r-Simplex Finding Problem (r-SF):

Given a r-uniform hypergraph G = (V, E') with n vertices and m hyperedges. Suppose
the hyperedge set E is given as the oracle input as a subset of S,(V). Find r + 1
distinct vertices vy, vy, ..., v.4q1 such that e ;,,es,...,e; € E or decide that no such
vertices exist.
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Just like the triangle finding problem, there is a trivial quantum algorithm and a trivial
quantum lower bound for r-simplex finding. Since a 1-certificate of an r-simplex is given
by finding an (r + 1)-subset of vertices and checking r + 1 possible r-edges in this subset.
We can find an r-simplex in G by Grover searching the function F' : S,41(V) — {0,1}
where F(vy,...,v.41) = 1if and only if e, ,,¢€;,...,e5 € E. Each query to F takes r + 1
queries to the hypergraph oracle, therefore

Q(r-SF) = O <\/(T Z 1) (r+ 1)) -0 (n*) . (4.1)

For the lower bound, we consider the r-hypergraph G = (V, E') where the vertex set V'
is given by {wg, v1,...,v,_1}. For each subset of indices S = {iy,...,i,1} € S,_1([n — 1)),
we are promised that efoyus = wvov;, ...v;,_, € E. Under this promise, to find an r-
simplex in G, it is necessary and sufficient to find an r-edge in S, ({v1,v2,...,vn-1}).
This is equivalent to unordered searching the function F' : S,({vi,...,vn—1}) — {0,1}
where each query to F' is equivalent to one query to the hypergraph oracle. This search
requires 2(1/(n — 1)) = Q(n"/?) queries by Example 3. Since making promises on the
r-hypergraphs can only reduce query complexity, we obtain the lower bound

Q(r-SF) = Q (nT/2) . (4.2)

These two results are fairly straightforward, the more interesting problem is to find the
r r+1

exponent 3 <a< % where Q(r-SF) = O(n®- g(n)) N Q(n*/g(n)) for some subpolyno-
mial factor g(n), or at least reduce the range we have on this exponent a. Usually, g(n) is
a poly-logarithmic factor and we use the tilde sign ©(n®) to hide such a poly-logarithmic
factor. In sections 2.3 and 2.5, we were presented with other techniques for generating
quantum query algorithms other than Grover search. For the rest of this chapter, we uti-
lize these techniques and present some nontrivial algorithms solving the r-simplex finding
problem for some specific rank r > 3.

4.1 Tetrahedron Finding with Vertex Quantum Walk

In this subsection, we try to build an algorithm for 3-simplex finding by generalizing
existing triangle finding algorithms. Some well-known quantum query complexity results
for the Triangle problem are listed below. They all rely on either the quantum walk or
the non-adaptive learning graph technique.
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[31] Magniez, Santha, and Szegedy’s O(n'?) algorithm with MNRS quantum walk.
In fact, this result preceded and inspired MNRS’s paper on general quantum walk.

e [0] Belovs’ O(n*/?7)(where 33 ~ 1.296) learning graph algorithm for finding triangle
achieved by using random subgraphs.

e [28] Lee, Magniez, and Santha’s O(n®/7)(where 2 ~ 1.286) learning graph algorithm
for finding triangle improving Belovs’ O(n3%/27) result by allowing more parameteri-
zation in the database used during the algorithm.

e [19] Le Gall improved the query complexity to O(n4) = O(n'?5) using the quantum
walk approach and combinatorial arguments related to triangle structures. The poly-
logorithmic factor of this upper bound can be removed [10].

The O(n°/*) upper bound is currently best for the Triangle problem.

Unfortunately, as the rank r increase, any algorithm that wish to achieve a nontrivial
query upper bound is much harder to come up with. Most triangle finding algorithms
don’t generalize to r-simplex finding since the combinatorial structure associated with an
r-simplex is more complicated. This difficulty is evident even when r = 3. In this section,
we show how Le Gall’s O(n5/ 1) algorithm needs to be modified to get a slightly nontrivial
algorithm for tetrahedron finding. The proof of this algorithm is quite involved, but it has
been simplified in [16] by casting the combinatorial arguments and quantum walks into an
equivalent adaptive learning graph algorithm. That’s how we will present our algorithm.

Before we start, let’s first make some notational definitions. Let
Tuww :={z €V uwz,vwz,uwz € E}. (4.3)
Let X, A, B,C CV, where |X| =n"|A| =n® |B| =nb|C| = n. Define
AX) = {(u,v,w) € S3(V) : Ty N X =0} . (4.4)
Let A(X, B) := (B?*x V)N A(X), this means that w can be taken to be any vertex. Define
I'(X, B,w, z) = {(u,v) € Sa(B) : (u,v,w) € A(X) and z € Ty 41} - (4.5)

A trivial nested quantum walk that search for all 4 vertices in a tetrahedron of the
3-hypergraph has quantum query complexity equivalent to a simple Grover search. To
utilize quantum walks in a meaningful way, we want the inner quantum walks to handle
easier update and checking tasks and assign more heavy-duty searches to the outer walks.
This idea can be realized because of the following lemma.
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Lemma 29. Fiz a subset B C V of size n®. For a subset X C V of size n® and w,z €
So(V), all taken uniformly at random, we have

E [|T(X,Bw,z2)|] <n®*™"

Xw,z
Proof. Note that

E [N(X.Bw,2)| = ) Pr fuv € T(X, B, w,z)|
s uv€ES2(B) T

= Z Z )P{’r [(u,v,w) € A(X) and z € T, 4 |w] Pr(w)
ww€ESs(B) weV —{u,v} ”

- > ¥ Pr{(u,v,w) € AX)] Pr[z € Typ.u] Pr(w)

ww€Ss(B) weV —{u,v}
The last equality holds because the two events inside the probability are independent. Fix
u,v,w, let t = |Tyuwl, then Pr,[z € Ty = O(t/n). Moreover, since elements in X
are taken uniformly at random, we have Pry [(u,v,w) € A(X)] = © [(1 —t/n)""]. Take
o =tn*"!, then Pry [(u,v,w) € A(X) and z € T, 0] = 2 [1 — %}nz <2t <n7” So
the expected value is less than or equal to

Z Z % Pr(w) < n*™*.

w€S2(B) weV —{u,v}

]

The main result of this section is to provide an algorithm that beats the trivial O(n?)
query complexity for the Tetrahedron problem.

Theorem 30. There is an adaptive learning graph algorithm for computing the tetrahedron
finding problem with O(n'?) quantum queries.

Proof. Let G be a 3-hypergraph on vertex set V', and let 0 < z,a,b,¢c < 1 be real pa-
rameters. Assume that G has a tetrahedron, let u,v,w,z € S4(V') be its vertices and a
1-certificate is the set of 3-edges {uvw,uvz, uwz,vwz}. Let f: {0,1} (V) — {0,1} be the
Boolean function where f(G) = 1 if and only if G contains a tetrahedron as subhypergraph.

The O(n'?) upper bound for f is given by an adaptive learning graph G with the
matching complexity. G is defined by 8 stages. For stage i € [8], let V;_1,V; be the set

of vertices at the beginning, end of the stage, respectively. We will describe each stage in
detail.
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Stage 1:

Stage 2:

Stage 3:

Stage 4:

Stage 5:

The first step of the algorithm is to choose a subset X C V of size n* uniformly
at random. This is formalized in G by the OR of Boolean functions learning graph

(lemma 16) where all branches compute Tetrahedron, so k =1 = "), This stage
n(L'

loads no elements and the subset X is included in the lebels of L-vertices in V; as
ancillary information. 0-complexity of G is unaffected by this stage.

In this stage, we search for a tetrahedron vertex z in X. Given any 4 vertices, we
can tell if they form a tetrahedron with just 4 queries to Og. Thus we can find such
a vertex with Grover search on the set of 4-tuples X x S3(V'). If X has a tetrahedron
vertex, the search will return true with constant probability. Otherwise, no triple of
vertices uvw € S,.(V) where T,,,., N X # 0 can be a 3-edge of G. So it suffices to
find a tetrahedron in A(X).

Formally, every L-vertices in Vi branches into two cases by lemma 16. First, if
{u,v,w,2} N X # 0, the tetrahedron can be found by a learning graph Gxs,v)
representing Grover search with O-complexity n3*™®. If {u,v,w,z} N X = 0, we
describe how to find this tetrahedron in A(X) in the remaining stages.

Perform Quantum Walk on the Johnson Graph J(n,n®) where the subset A €
S(n,n®) is marked if it has a tetrahedron vertex z. We do not keep a data structure
for this walk, so it has setup and update cost 0. Using lemma 32 with parameters
n' = n, k' = n% 1 = 1, the 0O-complexity of this stage is O(n'~® - C?) where the
checking procedure is given by another quantum walk in the remaining stages.

Perform Quantum Walk on the Johnson Graph J(n,n’) where the subset B €
S(n,n’) is marked if there is a pair of vertices I = {u,v} in A(X, B) that belongs
to a tetrahedron. In this level of quantum walk, we keep a data structure that stores
the queried triples of vertices D(B) = X X S3(B) U A x S3(B). Let m := max(z, a),
the setup cost is § = |D(B)| = O(n?**™). When a vertex s is added to B or removed
from B, we need to query the set of triples {s} x X x BU{s} x A x B. So the
update cost is U = O(n’*™). Checking is described in the remaining stages. With
parameters n' = n, k' = n®, I’ = 2, lemma 32 shows that the 0-complexity of this
stage is

O [52 4 (%)2 (n"- U2 + 02)} — O [ 4 272 (Pr2m 4 C?)]

Choose and load a vertex w from V uniformly at random. This is again achieved by
taking Or of functions by lemma 16. The vertex w is valid (that is, it receives positive
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Stage 6:

Stage T:

Stage 8:

flow from pg in G) if it forms a tetrahedron with some z € A u,v € B. Since there
may be only 1 of the n branches that results in loading a valid w, the 0-complexities
of the rest of the stages are multiplied by n.

Perform Quantum Walk on the Johnson Graph J(n® n¢) where the walk is over
subsets of B. We say a subset C' € S(B,n¢) of B is marked if and only if it contains
a pair of vertices I = {u,v} that belongs to the tetrahedron described above. We
set the data structure D(C) as {w} x C' x AU{w} x C'x X. Similar to the analysis
in stage 4, the setup cost is S = |D(C)| = O(n®t™), the update cost is U = O(n™).
With parameters n’ = n®, k' = n¢, I’ = 2, the 0-complexity of this stage is

2 "\’ 2 2
O |S*+ — (nC-U +C)

- =0 [n2c+2m + n2b—2¢: (nc—i-?m + CQ)} )

The checking procedure is described in the remaining 2 stages.

Choose a vertex z from A uniformly at random by the Or of Boolean functions
learning graph. Load the vertex z into the L-vertices of V5. The vertex z is valid if
u, v, w, z form a tetrahedron for some u,v € B. Since there may be at most 1 valid z
in A, by lemma 16, the O-complexity of the last stage needs to be multiplied by n®.

This stage appears in the innermost loop of the quantum walks and we want to
look for {u,v} € S3(C) such that u,v,w, z form a tetrahedron. Note that the data
structure in stage 4 keeps track of A x Sy(B), which contains the queried information
Og(uvz). The data structure in stage 6 keep track of {w} x C' x A, which contains
O¢(uwz), Og(vwz). Thus, it remains to look for u,v € C such that vvw € E,uvw €
A(X), and z € T, 4. This is equivalent to unordered search for a 3-edge of G in
X, Ciw,z).

Since the data structure in stages 4 and 6 provide query information to X x Sy(C') U
X x C x {w}, we can check whether (u,v,w) € A(X) without queries. Stages 4 and
6 also provide query information to {z} x So(C)UC x {z,w}. This allows us to check
if z € T, ». queries as well. Thus, we have full information on the set I'(X, C, w, z).
By performing Grover search for u,v on I'(X, C,w, z) where all X, w,z are chosen
uniformly at random. At the end of the Grover search, the L-vertices w where s(w)
contains the 1-certificate {uvw, uwvz, uwz,vwz} are sinks of the learning graph G. By
lemma 32, the O-complexity of this stage, which is the square of checking cost, is the
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expected cost of Grover search learning graph Gr(x c.w,-). By lemma 29, this value is

2 _
C — XeS(nEz)yweV [OO (gF(X,C,w,z)) 01 (QF(X@w’Z))}
zeCeS(n,n®)
= XE HF<X7 Ca w, Z)H S n207x.

This completes the description of a learning graph G that computes Tetrahedron.
Composing the complexity in each of the stages, the 0-complexity of G is

9 [n3+x L ple (n4b+2m L2 <n3b+2m in <n20+2m 122 (nc+2m n na—l—ZC—J:)) ))}

— O [n3+m 4 n17a+4b+2m 4 n3fa+b+2m 4 n4fa72b+2c+2m 4 n4fafc+2m 4 n47:1:] )

This upper bound is optimized by taking b = 3/5,¢ =2/5,a = x = 1/5, in which case the
0-complexity becomes O(n'%/%). Since by convention C1(G) = O(1), by theorem 15, the
quantum query complexity of the tetrahedron finding problem is
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Q(Tetrahedron) = O [LG(Tetrahedron)] = O (W) =0 (nﬁ> = 0(n"?).

4.2 Leanrning Graph for Nested Quantum Walk

The algorithm in Theorem 30 utilizes a quantum walk as a subroutine inside another
quantum walk. Similarly, multiple instances of quantum walk can be nested together and
we say a walk has higher level if it appears inside the checking procedure of another walk.
In 2013, Jeffery, Kothari, and Magniez presented nested quantum walk [22]. This structure
has 7 levels of quantum walk nested together. It uses a state tuple (A;, As, ..., A,) where
A; is the state of the i level quantum walk. However, instead of keeping a separate
data structure D(A;) at each level, it keeps track of a data structure in quantum state
|A1, Ag, ... A, D(Ay, ..., A))) in the outer-most walk. This allows us to push all setup
costs to the beginning of the computation.

In this section, we are trying to generalize the nested quantum walk algorithm to an
adaptive learning graph. In the next section, we will utilize this framework to find a
non-trivial algorithm for 4-simplex finding by searching for singletons, pairs, triples, and
quadruples of vertices of a 4-simplex. Before we do that, we need to outline a few important
modifications to the approach used in Theorem 30.
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4.2.1 Configuration Package

Similar to lemma 17, we try to formulate the learning graph for nested quantum walks on
Johnson graphs J([n;], k;). However, we need the state space of a quantum walk dependent
on the state of the lower level walks. To fix that, we label the L-vertices of our learning
graph by ordered partial subsets instead of subsets. This allows us to refer to a particular
element in the state by its position.

For a set X and an integer k, define the set of ordered partial subsets of size k as
P(X, k) = {(ml,...,a:k) E(XUNE: forije[kl,a =1 = :*}. (4.6)
We also define the set of ordered subsets of size k as
PX,= k) = {(xl, xR € XE e fori# e [k # a;j}. (4.7)

Here the x symbol is a placeholder that refers to an element of the subset not yet deter-
mined. We can treat A € P(X, k) as a set by ignoring the star symbols and treat each
element in A as unordered, this allows us to generalize membership check and set difference
to A. We define the size of A (denoted by |A|) as the number of non-star elements in A.
If |[A| < k, we say A is partially filled. If A is partially filled, then for v ¢ A, we use the
notation A U {v} to randomly replace a x symbol in A by v. For A, B € P(X, k), we say
A C B if for every i € [k] where A; # x, we have A; = B,.

The ™" level of the nested walk is labeled by P([n,], k;). The certificate of the nested
quantum walk is given by a sequence I, = (I, 1, ..., I,,) where each I, ; has a fixed size [;.
Define the set

We say that a state A; € P([ni], k;) avoids the certificate I, if |Al| € I,;. We usually
attach a prime symbol for elements of I,; and we will use these states often during the
setup stages of the nested quantum walk. In the setup of the i*" level state A;, we assume
we have the setup states of the lower levels A, ... A, |. So the certificate of the i*" level
can utilize these information and we further assume that I,; = I,,; AL AL depends on
these setup states.

When we design the flow for a learning graph of quantum walk, a valid state in the
i" level should have the form A} U I,;. However, there may be special circumstances
we want to avoid, even when A; contains the certificate [,,;. For this purpose, we define
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the availability function C' such that C(A},..., A._;) C I,;. We design learning graph
such that A; is valid if and only if A; = A, U I,; for some A, € C(A},...,A]_;). In our
applications, the proportion of unavailable states avoiding I, ; is small. That is, for some

function @ = o(1), a function of n and fixed setup states A}, ..., A, |, we assume that
Pr (A; ¢ C(Ay,... Al ) <o (4.9)
A;EI%Z‘

In this case, we call C(A},..., AL_;) an a-subset of I,;. If C(A},... , Al_)) = I,;, we say
that C' is trivial for this level.

The data structure associated with the nested quantum walk is given by a monotone
function D mapping from [[;_, P([n;], k;) to P([N]). This data structure is kept at the
lowest level of the nested quantum walk so that all levels have access to the data structure.

Finally, let’s formalize these ideas by grouping all the sets and parameters defined above
into a configuration package used to define the learning graph of a nested Johnson walk.

Definition 14. For each i € [r], let 0 < I; < k; = o(n;) be integer parameter where [; is a
constant. Let fa, 4, :{0,1} — {0,1} be Boolean functions and suppose

[ = \/ far,...A, (4.10)

A,L‘E’P([ni],Zki), ie[’r‘}

is the function we are trying to compute. Define the configuration of a nested Johnson
walk learning graph computing f as the tuple

<{fA1""’AT}Aiep([ni],Zki),iG[T}’ {(m,/ﬁ,li)}iem, {Iy}yef—l(l)’ C,a, D,

{gAl»'“:AT)‘}AiG’P([ni],:ki), i€[r], A partial assignment on D(Al,...,AT)) ) (411>

Here, r is the number of levels in the nesting structure. a(n) = o(1) is a function of n. The
variables {1, }, C, D respectively denotes the sequence of certificates, the availability func-
tion, and the data structure explained in this subsection. For each A a partial assignment
on D(Ay,...,A;), let fa, . a, a be the partial Boolean function fy4, . a, restricted to inputs
z € {0,1}" where zp(a,,. a,) = A. Then, we have fa, _a. =\, fa,...a, 1 Furthermore,
each G4, ., is a learning graph for fa, . a, .

The following conditions on the configuration make sure the sequence of certificates can
depend on previous setup states, as we explained above.
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s admissible if for every
I, 1, such that for every

I 2, such that for every
e Al C I, such

Definition 15. We say that the configuration in equation (4.11) i
y € f7Y1), there is I,; € S([n1],l1) and an a-subset C()

Al € C(), there is I,5 € S([ng],l2) and an a-subset C(A])
Ay e C(4), ..., there is I, € S([n,],l,) and an a-subset C'(A
that for every A, € C(A},...,AL_,), we have

fA’luIy,l,.._,A;ufy,,. (y) = 1. (4.12)

-
C

4.2.2 «-symmetric Stage

Before we construct the learning graph for nested Johnson walk, we investigate what hap-
pens when we drop an a-fraction of valid L-vertices from its flows.

Definition 16. Suppose F is a learning graph stage with starting L-vertices V; and ending
L-vertices V;. Define ¢ := |Vj|, e = |V;| and set s a constant. Let V;,,V;, be the set of
vertices in V;, V}, respectively, that receives positive flow from p,. For v € V; , UV}, let
Py, denote the value of the positive flow through vertex v. We say F is a-symmetric with
constant s if it can be obtained via the following operations:

1. Suppose we have a symmetric stage F' in definition 9 with parameters ¢, ', d, d’, e, ¢€’.
We let F inherit the L-vertices and L-edges of F’. It remains to define the flow of F.

2. For any y € f~'(1), there is a set V], C V; of beginning vertices receiving positive
flow from p,(F’) where |V/ | = ¢. The set V;, is obtained by removing a small
fraction of L-vertices from V;, such that (1 —«a)’c <[V;,| <.

3. Let V], C Vj be the set of ending vertices receiving positive flow from p,(F’) where
Vi, =¢e. The set Vj, is obtained by removing L-vertices from V}, such that

v NV y|

|'U+ V/

where v, denotes the set of out-neighbours of a vertex v. This ensures the subset to

be removed from V; doesn’t target any v € V.

(1—a)tte <|V;,| <€ and >1—a foreveryveV,, (4.13)

4. The flows in F inherit the flows in F" with a few alternations. The flow of an L-edge
is reduced to zero if the L-edge doesn’t lie in V; , x Vj,,. To compensate for the total
value loss, the flows of the L-edges in V;, x V}, are scaled by a factor of at most
W. This ensures that for v € V; ,,w € V},, we have

1 , 1 1 1

—< < d <P |<——. 4.14
o=l sz o Gl s gm0
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Note that if stage s of a learning graph is a-symmetric with constant s, then operation
2 holds for stage s + 1 since operation 3 holds for stage s. Thus, we can design stage s+ 1
as an a-symmetric stage with constant s + 1. We will design learning graphs consisting of
sequential a-symmetric stages. Provided the amount of stages is finite, the constant s is
irrelevant to the overall complexity of the learning graph.

The following lemma analyzes the complexity of one a-symmetric stage.

Lemma 31. Let F be an a-symmetric stage of G with constant s and let F' be its under-
lying symmetric stage. Let T := cd/c'd’. For everyy € f~*(1), if L is the average length
of the L-edges receiving positive flow in F', then the L-edges in F can be weighted so that

Co(F)<T-L* and Cy(F,y) < (1—a) 2D = 0(1).

Proof. By lemma 14, we can assign weights w(e) to symmetric stage F’ so that F’ has
O-complexity < T - L? and 1-complexity < 1. Now if the same weight assignment is to be
applied to F, according to definition 8, the 0-complexity stays the same. The 1-complexity
may differ in the following ways:

e The 1-complexity of the F may reduce because terms in equation (2.6) corresponding
to L-edges that don’t belong to V;, x V;, should be removed from the calculation.
This doesn’t change the 1-complexity upper bound.

e Each L-edge has its flow scaled by a factor at most m, so every term in equation

(2.6) is multiplied by a factor of at most (1 — )~ 2(+1).

The statement of the lemma follows immediately. ]

4.2.3 Main Learning Graph Construction

Now, we are ready to construct an adaptive learning graph for an r-level nested Johnson
walk in the following general-purpose lemma.

Lemma 32 (Learning Graph for Nested Johnson Walk). Let

({Fa0n } {00 ki )} {1} Co0, D, { Gy} )
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be an admissible configuration defined in definitions 14 and 15. Let S,U+,...,U,,C > 0
be values such that for every xz € f~1(0), we have

ALeS([ni ki—ls), Vi€[r]

2
Ales([nZLkl) CO(gAl ..... AT- xD(Al 7777 Ap )7'T) : Cl(gAl ..... ATJ:D(AI _____ Ar))] S C Y (416)

and for every i € [r] and k; — l; < h < k;,

|ID(Ay, ..., A;u{v},...,A) = D(Ay,..., A <UZ.  (4.17)
A;€8(Inglk;), Vieli—1]

AjGS([nj],k]- —lj), Vje[z'+1,r]
AiES([ni],h), ’Ue[ni]—Ai

Then there is a learning graph G for f such that for every x € f~1(0),y € f~1(1), we have

Ci(G,y) <1 and
0|8*+ Z (H <—]> ) k- U2 + (11 (Z—)l> 02] . (4.18)

Proof. We will construct a learning graph G computing f consisting of the setup, update,
and checking stages analogous to the procedures of a nested quantum walk. G consists of
r+ >, l; + 1 stages. The first r stages are for setup, the last stage is for checking. The
stages for update are labeled by lexicographically ordered pairs (i, h) for i € [r],h € [I;].
All setup and update stages in G are a-symmetric. The labels of the L-vertices in G are
given by (Ay, ..., A,) where A; € P([n], k;). The root vertex is labeled by (0, ..., () where
() is represented by the tuple of stars (x,...,x).

Co(G,x) =

Now, we try to define stages using definition 16. For i € [r], the i'* setup stage is given
by loading k; — [; elements to A;. In this stage, we have
Vi, ={(A%,..., A )+ A, € I, for k € [i — 1]},

»Y

Vi, ={(A},...,A): A, € I for k € [i]}.

1Y

So, ¢ = H; 11( ') P”_’_li Counting the number of possible setup labels, the number

of starting vertices is ¢ = H;;ll (ZJ) . P,Z, ’;lj. The beginning L-vertices have outdegree
d= (l;’) . P,?ii_li. We define
Viy = {(A’l,...,A;_l) eV, 1AL eC(A},..., Ay for keli— 1]}
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With the setup information Aj, ..., A,_,, the certificate [,,; is fixed. The L-edges receive
positive flow if and only if no elements in I,; are loaded to A; and A; € C'(4},..., Al_,).
Since our configuration is admissible, we have d' = (’l‘“) P,Z’__li’ Since C'(AY, ..., Al_})is an
a-subset of I, ;, equation (4.13) is satisfied with this construction. Since /; are constants
and o = o(1), the speciality of this stage is c¢d/c'd = O(1). By lemma 31, the sum of
0-complexity of these r stages is at most O(E [|D(AY,. .. ,A;)HZ) < 0(S?%).

For i € [r] and h € [l;], stage (i, h) consists of beginning L-vertices (Ay,...,A,) where
|A;| =kjfor jei—1], |A;|=Fk; = for j € [i+1,r], and |A;| = k; — l; + h — 1. Here,

Vi, ={(A, ..., A) I, CAjforjeli—1], AjnI,;=0forjeli+1,r]
and ‘Iy,i N A7J| =h— 1}
The L-edges of this stage load a new element to A;, and an L-edge in this stage receives pos-

itive flow from p, if and only if the new element loaded belongs to I, ;. The corresponding
parameter values for this stage are

T

kj o i -
= . P . P 7). pl

k. el
a:ﬂ(;)-&;éz d= (1~ h+ 1) — (b — 1+ h— 1)),
j=1 N

d = (l; —h+1)>

cdd k’z k’j
complexity of this stage is at most T-E [|[D(Ay, ..., A;U{v},..., A,) = D(4,... ,AT)H2 =

o ()11 )

J=1

d AL N
The speciality of this stage is @ @) <nz <n_) H (&) . By lemma 31, the 0-

i=1

The final stage of G performs the checking operation. For every beginning L-vertex
(Aq,...,A,) where |A;| = k; for all i € [r], attach the learning graph Ga,
to this L-vertex and rescale the weights of the L-edges in G4, Arp(ar.. A by Aa, .4, =

T TLl—ll kl T 15 : : :
C1(Ga,..., Arzpar... AT))/HZ.:1 PP There are IT—, Py beginning L-vertices and more

than (1 —a)"[]_, P,?:llPlk of them receives positive flow. The values of flow in these
subroutine learning graphs inherit from the values of flow in the original learning graph,
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rescaled by © (HZ:1 P fli’ Pl]fl) ~!. Our choice of rescaling ensures that the 1-complexity of
this stage is

Z Cl(gAh....,z?r,w?(AQl ,,,,, Ar)) _ 0(1)
AéGS([m—li},ki—li),ViG[T] @ (Hi:l (PIZ-I—Z;PZZ-Z) > : )\Al,...,Ar

Aéely,ia A{LUIy,'L:Az

The 0-complexity of the final stage is

r l;
n;
E My, Ar00<gA1,...,Ar,xD(Al ’’’’’ 4y T) =0 <H (?) .C2> .

AiES([ni],ki),ViE[T‘} =1

4.3 4-Simplex Finding with Nested Quantum Walk

We let HG(n, m,r) denote the hypergeometric distribution function, where n is the total
number of instances, m is the number of good instances, and r is the number of draws
without replacement. The tail bound of this distribution is given below.

rm

Lemma 33. [20] Suppose X ~ HG(n,m,r) with mean value p = =, we have
1. for any0 <6 <1, Pr(X > (14 )u) <exp <”752),

2. for any 6 > 2e—1, Pr(X > (1+0)u) < 2=+,

Now, we extend the algorithm presented in [20] to simplex finding in rank-4 hypergraph.

Theorem 34. There is an adaptive learning graph algorithm for computing the 4-simplex
finding problem with O(n***18) quantum queries.

Proof. This algorithm is based on a nested quantum walk where we load all vertices of
a 4-simplex first, then load the pairs of these vertices, the triples of these vertices, and
the 4-hyperedges of this 4-simplex in order. This nested quantum walk utilizes 30 real
parameters 0 < a;, b;j, ¢ijk, dijiy < 1 for ijkl € S4([5]). For convenience of notation, we also
define 15 dependent values

My, = bij + bik + bjr — a; — a; — ay,

Mijkl = Cijk + Ciji + Cikt + Cjra — big — b — by — bji, — bji — b + a; + a; + ax + ay.
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We say that the set of parameters {a;, bij, Ciji, diji : ijkl € S4([5])} is admissible if the
following set of (possibly strict) linear conditions hold.

bij < a;+aj for all ij € Sy([5]),
Cijie < Miji for all ijk € S3([5]),
dijrr < Mijk for all ijkl € Sy([5]),
a; —b; <0 for all ij € Sy([5]),
bi; — mijr <0 for all ijk € S3([5]),
Cijk — Mijrg < 0 for all ijkl € S4([5)),
—Ciji — Citr + by + bji + by —a; <0 for all ijkl € Sa([5]).

Suppose G is a 4-uniform hypergraph defined on vertex set V' containing a 4-simplex
as a sub-hypergraph. Let wuq, us, us, uq, us be the vertices of this 4-simplex. We will use
lemma 32 to define an adaptive learning graph G that finds this 4-simplex. There are
r’ = 30 levels to this walk.

In level i € [5], we search for vertex u; using a walk over the Johnson Graph J(n,n%).
Let’s denote the state of this walk by A; € P([n],n%). Let V; = {vs : s € A;}, we say A, is
marked if and only if u; € V;. In the context of lemma 32, the associated parameters of this
level are n; =n,k; =n%,l; =1 and I,; = {s : v, = u;}. The available set C'(Ay, ..., A1)
is trivially defined for this level.

We label the next 10 levels by pairs of indices ij € Sa([5]). In level ij where i < j, we
invoke a quantum walk over the Johnson Graph J(n%"% nbi). Let B;; C [n%"%] be the
state of this walk and let Vi; = {v,vs; : (s4,85) € (A; x Aj) [By]} be the associated pairs
of vertices. We say B;; is marked if it satisfies the following conditions.

1. U; Uy € ‘/ij7
2. for all v; € Vi, we have n®i=% /2 < |{v; € V; : vjv; € Vi;}| < 2nbia—ai
3. for all v; € V}, we have n®i=% /2 < |{v; € V; : vjv; € Vi;}| < 2nbii=%

4. whenever k is an index such that the level ¢k comes before 77 in the nested structure,
we have |{v; € V; : vv; € Vij,viup, € Vig} | < 11n™iarbk for every v; € Vj, vy, € V.

Note that this is formalized in the learning graph model by taking parameters n;; =
n®te k. = nbi 1 =1, setting I,;; = {s: (4 x A;)[s] = (54,55), Vs,Vs; = ugu;}. Define
C(Ay,...,Bij—1) = {Bi; : Condition 2, 3, 4 holds for B;;}. Here, B;;_; is just a notation
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referring to the state prior to B;;. The following lemma is presented in [20] and shows that
the fraction of B;; for which condition 2, 3, or 4 doesn’t hold is small.

Lemma 35. Given marked states Ay, ..., B;j_1, we have

PI‘(BU ¢ C(Al, .. ,Bijfl))
<0 (n“” exp (n“"’b”) + n% exp (naj *bij) + n%T% exp (nbﬂ"“’m”’“)) )
We will not restate its proof but its idea is captured by the proof of lemma 36. Provided
the set of parameters is admissible, we can take a(n) an exponentially decreasing function.
The next 10 levels are labeled by triples of indices ijk € S5([5]). In level ijk where
i < j <k, we quantum walk over the Johnson Graph J (11n™i% nir). Let Cyj C [11n"ik]
be the state of this walk and define
D = {(51, 85, k) € Ai X Aj X Ay, 05,05, € Vij, 05,05, € Vig, V5,05, € Vi }
Vijk = {vsivsjvsk : (84, 84, 8K) = Lijils] for s € Cijp, s < |Fijk|} )
We say O}, is marked if it satisfies the following conditions.
1. wujuy, € Vi,

2. for all v;uy, € Vi, we have |{v; € V; : vv;u, € Viji} | < %ncijk_bﬂ'k,

for all vvy, € Vig, we have |{v; € V} : vjujup € Viji}| < %ncij’c*bik,

for all vv; € V;;, we have | {vy € Vi : vjvu, € Viji} | < %ncijk_b”',

ool W

whenever [ is an index such that the levels 451, ikl come before ijk in the nested
structure, we have | {v; € V; : v,uju; € Vijg, vivju € Vig, vivpo € Vi } | < ﬁnmijkl_cﬂ'kl
for every v; € Vj,vp € Vi, up € V).

In the learning graph model, the associated parameters are n;j;, = 11n™9*, k;j, = nci*,
lijr = 1. We set 10 = {5 : ijr[s] = (8i, 55, 5k), Vs, Vs, Vs, = usjuy} and define
C(A,...,Cijr—1) = {Cijr : Condition 2 to 5 holds for C;j;}. Assuming Ay, ..., Cjp_1 are
marked. By condition 4 of the definition of marked B;;, we have

Tijk] = Z | {v € V;:vv; € Vij and vuy, € Vig} | < nbik - 11n™iak—bik = 11p™mik,
Uj’l}kEBjk

This ensures that the certificate w;u;u; will not overflow and such an index s exists for
Iy ;ix. Similar to lemma 35, we have a lemma showing that the fraction of Cjj;;, for which
conditions 2 to 5 don’t hold is also small.
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Lemma 36. Given marked states Ay, ..., Cijr—1, the value Pr(Cij & C(Ay, ..., Cijr—1)) is
an exponentially close to 0 with respect to n, provided the set of parameters are admissible.

To avoid interrupting the presentation of the algorithm, the proofs of this lemma and
the lemmas in the rest of this subsection are presented in appendix A.

The last 5 levels are labeled by quadruples of indices (i, 7, k,1) € S4([5]). In level ijki
where i < j < k < [, we invoke a quantum walk over Johnson Graph J (@(nmiﬂ'kl), ndiﬂ"“).
Let Djjr C [©(n™i+)] be the state of this walk. Define

Lijre = {(54, 85, 8k, 51) € Ai X Aj X Ap X Ap 1 05,05,05, € Viji, 0s,05,05, € Vigr,
Vs; Vs, Vg, S %kl;USjUskUsl € V;kl}
Vijit = {05,005, 05, ¢ (51, 85, Sk, 81) = Dijials] for s € Dy, s < D] } -
We say that D;jj; is marked if and only if w;ujurw; € Vijp. In the learning graph, the
corresponding parameters are n;jp = O(n™ik), ki = ndirt Ly = 1. We set I, ;0 = {s}
where T'iju(s] = (54,55, 58, 81) and vg,vs,05,vs, = ustjuguy. Assuming Ay, ..., Dyp-1 are
marked. By condition 7 of the definition of marked Cj;;, we have

Tint| = > ‘ {v eV, vu,v,, € Vijk, vus,05, € Viji, vv5,05 € Vi } )
(55:58,51)=T"jr1[8]
SGCjkl
. T N
< nc_ykl . _nmmkl Cikl — @ (nngkl) .
- 11
This ensures that the certificate w;u;uzw; will not overflow and such an index s exists for

Ly k. C(Aq, ..., Dijri—1) is trivially defined for this level.

Let A = (Al, s ,A5, 312, ooy B45, 0123, ce ,0345, D1234, ce ,D2345) be the sequence of

states, the associated data structure is given by D(A) := U Vijki- It is important
1jkleS4([5])
to note that a state in P([n;], k;) may only be partially filled. If any of the entries in the
Ajs, Bj;s, Ci;1.s, Diji necessary to identify a quadruple in Vijy is missing, this quadruple
will not be listed in Vjj;. The cost of setup is § < Z ndia - Once we have the
ijkleSa([5)
Og-query information to D(A), it is trivial to check if uy, ..., us form a 4-simplex. Thus,
the cost of checking C' is 0 and it remains to find and justify the update costs based on
the size of the tuple of vertices we are loading.

In update stage i € [5], we start with beginning L-vertex A = (A, ..., Da3s5) where
|A;] = n® — 1. If we are loading s ¢ A; to A;, the queries needed to update the data
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structure are precisely the number of newly identifiable quadruples in V;;z; due to loading
s. The following lemma identifies the update costs.

Lemma 37. Let F;jk, Z’]k be the sets Iy, Viji obtained after loading a random element s
to A;, then

E T — Dijial = O(n™4=%) and B Vi — Viju| = O(n%s=®),
A,s A,s
By the above lemma, we can conclude that

Ul:O (}‘E |D(,A1U{S},,D2345)—D(,AZ,,D2345)’>

=0 Z Es H/;/]kl - V;jkl‘ =0 Z ndigk—ai

Gk, ligkleSa([5]) T Jok,lijkleSa([5])

In update stage ij € Sy([5]) where ¢ < j, we start with beginning L-vertex A =
(A1,..., Dasss) where |Byj| = n%i — 1. If we are loading s to B,;, we are again looking for
the newly identifiable quadruples in Vj;z; due to loading s.

Lemma 38. Let I, Vi), be the set Uijp, Vijia obtained after loading index s to Byj, then

E T — Digre| = O(n™3% %) and E Vi = Vigm| = O(n®e=bi),
U ,U

The above lemma shows that

UZJ:O(AEU|D(7B’UU{t1t]}7)_D(7BZJ7)|)

=0 Z E |V;/]kl —Vijul | =0 Z ndijki—bij

Attt
kl:ijkleSa([5]) ~ k,l:ijkl€S4([5])

In update stage ijk € Ss([5]) where i < j < k, we start with begining L-vertex
A = (Aq,..., Dagys5) where |C;j;| = n* — 1. If we are loading the triple v;v;v5 to Cyj, we
look for newly identifiable quadruples in V;; due to loading v;v;vy.

Lemma 39. Let I, Vi, be the set Uiy, Vigu obtained after loading a random triple
V00 to Cijk, then

E Tk — Lijmal = O(n™94 %) and E Vi — Vigua| = O(nimi=cia),
,U ,U
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level s i ij ik T
Ng n n&ta; [3) (nngk) s} (nmiﬂ'kl)
ks n% ’[’Lbij nCiik ndijkl
Us @) <max nd“kl_a") O (max ndijkl—bij) O (max ndijkl_cijk) 1
Jrkeil k,l j
Table 4.1:  Parameters and quantum query complexities of update for each level of the

nested quantum walk learning graph for 4-simplex finding.

The above lemma shows that

Uijk: = O (AE |D( . '7Cijk' U {SiS]’Sk}7 .. ) — D( .. 7Cijk7 .. )l)

2. 2

LijkleSa([5]) L:ijkleSa([5])

=0 E =0 n ikt —Cijk

A,s5;855)

|‘/z;kl - Vz‘jkl|

Finally, in update stage ijkl € Si([5]) where i < j < k < [, the cost of update is at
most Ujjp = 1. By lemma 32, the query complexity of this learning graph is

We summarize the parameters that appear in the above complexity in table 4.1.

Optimizing a linear program involving parameters a;, b;;, ¢iji, dijii, the optimal com-
plexity comes down to O(n*%%) by taking (approximate) parameter values

ay; = 0.30435, ao = 0.65217, a3 = 0.82609, a4 =0.91304, a5 = 0.95652,
b12 = 095652, 1)13 — 113043, 614 — 121739, b15 - 116579, b23 - 145059,
bay = 1.45059,  bos = 1.54567, bsy = 1.49802, b35 = 1.64032, bys = 1.75494,

C123 = 1754947 C124 — 175494, C195 = 175494, C134 = 180237, C135 = 184958,
C145 — 187440, Co34 — 195477, Co35 — 204985, Coyqs — 213966, C345 — 207817,
dyo3q4 = 2.25911, dyogs = 2.25911, diogs = 2.25911, di345 = 2.16864, do3q5 = 2.13966.
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Chapter 5

Lower Bound of Certificate Structure

Equation (4.2) from the last chapter shows that the r-SF problem has a trivial quantum
query lower bound Q(nr/ %), Unfortunately, this is also the best lower bound we know
for this problem, even in the popular case r = 2. Despite that, we may be able to find
interesting lower bound results by augmenting the triangle finding problem to make the
certificate more difficult for quantum searching.

In section 5.1, we will show that a nontrivial lower bound for the triangle finding
problem gives rise to a nontrivial lower bound for simplex finding problems of higher rank.
In section 5.2, we will introduce certificate structure, expanding the concept of a function
certificate. We will also present the simplex sum problem, which contains the simplex
finding problem as a specific case. In section 5.3, we will show that when the rank is 3,
the simplex sum problem is complex enough to possess a nontrivial lower bound.

5.1 Rank Reduction

Intuitively, a tetrahedron should have more structural information than a triangle. So,
if the quantum query complexity of triangle finding is w(n), then whatever property of a
triangle that makes it difficult for quantum algorithms to search should also be a property of
higher rank simplices. This makes the tetrahedron finding problem nontrivial for quantum
algorithms. The following theorem shows that this is indeed the case.

Theorem 40. For any rank r > 2, we have Q((r+1)-SF) = Q(y/n- Q(r-SF))
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Proof. This bound is given by a randomized reduction. Consider two disjoint sets of vertices
A, B where |A| = |B| = n. For every vertex v € A, assume there is an associated r-uniform
hypergraph G, on vertex set B. Let E, be the set of r-edges of G, and suppose that F,
can be accessed with an oracle query to the pair (v,e) € A x S,(B). Then the problem of
finding an r-simplex in any of the G, is equivalent to the Boolean function OR,, o r-SF".
By corollary 12, the quantum query complexity of this problem is Q(OR,, o r-SF") =

O (Q(OR,)Q(r-SF)) = © (Vn - Q(r-SF)).

Let r-SF4 p be the r-simplex finding problem on r-hypergraph G’ with the promise
that G’ has vertex set AU B, no r-edge in G’ has more than 1 vertex in A, and G5 is a
complete r-partite hypergraph with r-partition By, ..., B, of equal size. We call the r-edges
with 1 vertex in A type 1 hyperedges and the r-edges in G'; the type 2 hyperedges. Note
that type 1 and type 2 hyperedges are disjoint. Furthermore, the r-partition By, ..., B, is
given in the promise and therefore deciding type 2 hyperedges doesn’t cost any queries.

Given an instance of the OR,, o r-SF" problem described above, we will “increase the
rank” and construct an (r + 1)-uniform hypergraph G with randomization. Let the vertex
set of G be V = AU B and define the hyperedges in G by two types £ = F; U E;. Let
E, = {eU{v}:v e A ec E,} be the set of (r+ 1)-edges of G constructed from r-edges in
G,. To construct Ey, we will uniformly randomly pick an (r+1)-partition By, Bs, ..., Byi1
of B such that |By| = |Ba| = ... |B,11| = ;25. Then define Ey as Kp, B, . B,.,, the (r+1)-
edges of the complete (r + 1)-partite graph. Note that the (r + 1)-hypergraph G we
constructed is an instance of the (r+1)-SF , ; problem. This construction is depicted in
figure 5.1. Moreover, if G’ is an (r + 1)-hypergraph with the promise of the (r+1)-SF, 5
problem, then for every v € A, we can define an r-hypergraph H, on vertex set B such that
v1Vy ... v, is an r-edge of H, if and only if vv v, ... v, is a type 1 hyperedge of G’. Note
that (v, H,)vea is an instance of the OR,, o r-SF" problem and G’ can only be obtained
from (v, Hy)yea in the rank-increase construction.

Suppose there are vertices vy, vy, ..., 041 € Sy41(B) that formed an r-simplex in G,.
Then for each i € [r + 1], e; € E, and {v} Ue; are type 1 hyperedges of G. Let P be the
event that each of these r + 1 vertices fall in a distinct partition of B, then

T

Pr(P) = Pr [3r € Symyia, Vi€ [r+ 1,0 € Bry] = ||

B=B1U---UB41 ity

r+1—1 n
r+1 n—1

where Sym,.,1 is the symmetric group of r + 1 vertices. Note that Pr(P) is a constant
when r is a constant. In the event of P, vivy...v,1; becomes a type 2 hyperedge of G.
Together with the type 1 hyperedges {v} Ue; in G, the vertices {v, v, vq,..., 041} form
an (r 4+ 1)-simplex of G.
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(a). oV A (b). /M A
|
0

B, Bs Bs

Figure 5.1:  Diagram depicting an example of the rank lower bound reduction when
r = 2. This shows that Q(Tetrahedron) = Q(\/ﬁ . Q(Triangle)). In particular, any
nontrivial lower bound of the triangle finding problem implies a nontrivial lower bound for
the tetrahedron finding problem. (a). depicts an instance of the OR,, o Triangle™ problem,
G, is shown for a particular v € A. The blue vertices form a triangle. (b). depicts an
instance of the 3-SF 4 p problem obtained from (a). by the rank increase construction.
The gray-shaded triangles are the type 1 3-hyperedges. The 3-partition of B is randomly
chosen and forms a complete 3-hypergraph, so the blue vertices form a tetrahedron.

Suppose G’ is an instance of (r+1)-SF, ; where G’ is obtained from (v, H,)uea in
the rank-increase construction. If w,uq,...,u41 € A X S,11(B) is a set of vertices that
formed an (r 4+ 1)-simplex in G’, then g, ..., u, ;1 must be an r-simplex in H,. Moreover,
every type 1 hyperedge query in (r41)-SF , 5 is equivalent to a query of the form (u, e) in
OR,, or-SF". Therefore, we can solve the ORnor—SF" problem by solving an (r—i—l)—SFA’B
problem in the same amount of quantum queries. This randomized reduction success with
probability at least Pr(P) = ©(1), so

Q((r+1)-SF) = Q [Q((r—l—l)-SFA’B)] - Q[Q(ORn o r-SF")] = Q(vn - Q(r-SF)).
O

Taking the converse of the above theorem, we know that an upper bound of a sim-
plex finding problem can be used to show an upper bound on lower-rank simplex finding
problems. In particular,

Corollary 41. If there is a quantum algorithm solving Tetrahedron with o(n™)

then there is a quantum algorithm solving Triangle with o(n'?®) queries.

queries,

This provides a way to look for better triangle finding algorithms. However, finding a
good upper bound of the tetrahedron problem remains equally, if not more, challenging.
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5.2 Certificate Structure

In section 2.5, we see that a learning graph of f translates to a quantum query algorithm of
f. But in general, it doesn’t provide a corresponding lower bound. However, the learning
graph complexity and the quantum query complexity are asymptotically tight for classes
of problems given by a certificate structure.

Definition 17. A certificate structure C with N variables is a collection of subsets M C 2[N]

with the superset closure property:

e IfSeMand SCT CI[N], then T € M.

Let f: D — {0,1} be a function where D C [¢]V,q € N. We say f possesses certificate
structure C if

e for every 1-input y € f~1(1), there exists an M € C such that for every S € M, yg
is a 1-certificate of f.

e for every M € C, there is a 1-input y € f~1(1) such that yg is a l-certificate of f for
every S € M.

We call such M a certificate set of y in f.

We usually don’t think of C as a collection of certificate sets but as the collection
of functions having C as a certificate structure. We are thus interested in the general
complexity of solving this collection of functions. let’s define the complexity measure of C
in two ways.

Definition 18. Let C be a certificate structure. The quantum query complexity of C
(denoted by Q(C)) is the maximum quantum query complexity of a function f possessing
the certificate structure C. The learning graph complezity of C (denoted by L£G(C)) is the
minimum complexity of a non-adaptive learning graph computing any function f possessing
the certificate structure C.

Since every learning graph of f gives rise to a quantum query algorithm computing f.
We see that
Q€)= max Qf) < max LG(f) < LG(C). (5.1)

f:f possesses C " f:f possesses C

The reverse direction of equation (5.1) also holds asymptotically.
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Theorem 42. [11] Let C be a certificate structure, we have Q(C) = ©(LG(C)).

It’s important to note that this theorem doesn’t imply Q(f) = ©(LG(f)) for every f
possessing C. For such an equality to hold for a function f possessing C, we need f to be
“complete” over the class of functions possessing C, in the sense that f is a problem general
enough to have Q(f) = Q(C). We will provide an example of the r-simplex certificate
structure defined below.

5.2.1 r-simplex Certificate Structure

Definition 19. Let there be n vertices and N = (:) potential hyperedges. The r-simplex
certificate structure C has the potential hyperedges as variables. The certificate sets M € C
are defined by an (r+1)-tuple of vertices Ay; = {ay, as,...,a,41}, where S € M iff S O Ay,.

Since there are (TL) many such tuples, there are exactly ( ) certificate sets in C.

n
r+1
Note that the r-simplex finding problem has the r-simplex certificate structure. How-
ever, it is not considered the hardest problem within this certificate structure. For the rest
of the section and the next section, we argue that the following hypergraph search problem
is the hardest.

r-Simplex Sum Problem (r-SSum):

Let G be a complete graph on vertex set V', |V| = n. Given a finite (additive) abelian
group A of size ¢ (¢ may depend on n) and a specified value ¢t € A. Suppose the
edges of G are weighted by elements of A, where the weight function w: S,(V) — A
is given as the oracle input. Find r + 1 vertices ag,ay,...,a, € S41(V) such that
w(ey) +w(eg) + -+ - +w(eq) =t or decide that no such vertices exist.

Note that the 1-certificates of an r-simplex sum problem are given by r + 1 vertices of
G, so the r-simplex sum problem possesses the r-simplex certificate structure. Moreover,
with the promise that weights of the hyperedges being 0 or 1 and setting the target ¢ to
r -+ 1, the r-simplex sum problem becomes the r-simplex finding problem. Thus, r-SSum
contains r-SF as a special case.

Theorem 43. Let C be the r-simplex certificate structure. The quantum query complezity

of the r-simplex sum problem is lower bounded by the learning graph complexity of C, i.e.
Q(r-SSum) = Q(LG(C)). By equation 5.1, we conclude that Q(r-SSum) = O(LG(C)).
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Note that given an instance GG with target value t € A of the r-simplex sum problem,
the vertices Ay = {ag,a1,...,a,} € S,41(V) form a 1-certificate of G if and only if
the (r + 1)-tuple (w(ey), w(e;), ..., w(es)) lies in the set Ty = {(xg,z1,...,7,) € A™T!:
o+ x1 + -+ x. = t}. The set Ty, has a special structure, which we will define below.

Definition 20. For k > 1, T C [q]¥ is an orthogonal array if for every index i € [n]

T
and sequence Ty, ...,T;,..., 7 € [g]*7!, there are exactly % many x; € [¢] such that
pr

1,y Ty .., € T We call |T| the size of the array and k the length of the array.

It is easy to see that each T); C A" is an orthogonal array with size ¢" since for any
x1,...,x,. € A", there is exactly one xq € A such that xqg+ 21+ -+ 2, =t. We also note
that every certificate set of the r-simplex certificate structure is uniquely defined by the
unique smallest set A,;. There is a name for this type of certificate structure:

Definition 21. A certificate structure C is boundedly generated if every certificate set
M € C has a generating element Ay, € M such that |[Ay| = O(1) and S € M if and only
if Ay CS.

The following theorem completes the proof of theorem 43.

Theorem 44. Let C be a boundedly generated certificate structure with N variables. As-
sume the alphabet of the functions possessing C is [q] where ¢ > 2|C|. For each M € C,
assume the generating set Ay of M is equipped with an orthogonal array Ty C [q]"™ of
size ¢". Let f : [q]N — {0,1} be the function given by f(x) = 1 if and only if there is an
M € C such that xa,, € Trr. Then, Q(f) = QLG(f)).

We refer the proof of the above theorem to [11].

5.2.2 Dual of a Learning Graph for Certificate Structures

When r = 2,3, we call the r-simplex certificate structure the triangle certificate structure,
tetrahedron certificate structure respectively. Let C be a certificate structure. We claim
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that the learning graph complexity of C is given by the following optimization problem.

inf / We subject to 5.2a
we:pe(M) QEZS J ( )

M 2

Z M <1 for every M € C (5.2b)
ecf We

> pe(M)= Y p(M) forevery M eCand S#0,S¢ M  (52c)
e=ubel e=ubel
s(u)=S s(v)=S

Z pe(M) =1 for every M € C (5.2d)
e=utes

s(u)=0
we >0 (5.2¢)

By definition 8, if we increase all the weights of the learning graph by a positive constant
«, the negative complexity is multiplied by a factor of «, and the positive complexity is
multiplied by a factor of 1/a. Therefore, we can transfer a positive constant between
the negative and positive complexity of the learning graph without changing the overall
learning graph complexity. Thus, we try to maximize the negative complexity in (5.2a)
while upper-bounding the positive complexity in (5.2b) by a constant.

The constraints (5.2c) - (5.2e) encode the definition of a learning graph. Note that
the length of all L-edges is assumed to be 1, this is equivalent to a learning graph with
arbitrary length due to the remark of section 2.5. Furthermore, it assumes all L-edges
exist between L-vertices S and S U j, (where j & S,S & M for every M € C). If we want
to remove an L-edge e to form a potentially better learning graph, we can take the weight
and the flow on the e to be 0. This is justified by setting p.(M) = 0 for all M and taking
an infimum where w, — 0 of the objective function (5.2a).

Note that (5.2b) is a convex constraint. By convex duality, the optimal value of (5.2a)
is the same as the optimal dual value given by:

sup Z ag(M)? subject to (5.3a)
as (M) MecC

Z(%(u)(M) — s (M))* <1 for every e = ub € £ (5.3b)
MecC
as(M) =0 for every S € M (5.3¢)

57



Since the optimal value (5.3a) equals £LG(C), to show a lower bound on the query
complexity of C, it suffices to generate a feasible solution of (5.3b) - (5.3¢). In [11], Belovs
and Rosmanis used this technique to show a nontrivial Q(n%7) lower bound for the learning
graph complexity of triangle certificate structure. In the next section, we will see how the
nontrivial lower bound can generalize when the rank is 1 higher.

5.3 Tetrahedron Sum Problem

Taking r = 3, the trivial lower bound of the tetrahedron sum problem is Q(3-SSum) =
Q(n'®). In this section, we show that this lower bound can be improved by getting a
nontrivial lower bound of the tetrahedron certificate structure. The following main theorem
generalizes the result in [I 1] with a slightly modified proof.

Theorem 45. The learning graph complexity of the tetrahedron certificate structure is

Q(nuﬁ/\/@) — Q(n1'7142).

Proof. Let C be the tetrahedron certificate structure, [n] be the vertex set, and E = Ss([n])

be the set of potential hyperedges. The size of E is N = (g) We are trying to define

values ag(M) that is feasible to equations (5.3b) - (5.3c).

Given S C E, and j € E — S, let F(S,j) C C be the collection of certificate sets M
where S & M but SU{j} € M. Let a,b > 0 be real parameters we will optimize later. We
will later define a nonnegative function g(S, M) so that g(@, M) = 0, and g(S, M) < n™*
for all S and M.

Let M € C, define ag(M) :=01if S € M. For S ¢ M, define
ag(M) :=max {n~* —n7?|S| — g(S,M),0} . (5.4)

Note that constraint (5.3c¢) is automatically satisfied, and we want to show that

> _(as(M) — asugy(M)? = Oflog(n)) (5.5)

MeC

so that if we divide each ag(M) by a factor of y/log(n), then constraint (5.3b) will hold

(n) n—2a n2-a
and the objective (5.3a) equals to 4| ~* =0 —|.
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First, note that if |S| > n?~® then ag(M) = 0 for any M € C. So we will assume
|S| = O(n*%). For any S C E, and j € S, we want to show that

S [9(SU{i} M) — g(S, M) = O(log(n)), (5.6)
MeC—F(S,5)
S [ g8, M)]* = O(log(n)). (5.7)
MeF(S,j5)

This gives us

Y (as(M) = asugy (M)

MeC

< D (as(M) —asup (M) + Y as(M)?

MeC—F(S,j) MeF(S.j)

< > [pPgSuh M) - gAY [t - g(S, M)
MeC—F(S,5) MeF(S,5)

<0 (”) (P S (S UL M) — g(S, M) | +Olog(n))

4 MeC—-F(S,j)
< O(log(n)) + O(log(n)) = O(log(n)).

It remains to define g and verify equations (5.6) and (5.7). Let p(z) be the median of
0,2, and 1, and define

Tsuvw:=1{z €V 1 uvz,vwz,uwz € S} . (5.8)

Define ,

in (d d
I/(S, u, v, w, Z) — Z |:H11I1( egS<u)7 egS(y)):| 7 (59)
yer max (degg(u), degg(y))
S,v,w,z

—a V(S,u,’U,'[U,Z)

g(SaM> = Ilél%Xg(S,M,U), g(S,M,U) =nop T_l : (51())

where v, w, z are the three vertices in Ay, other than u. When w,v,w, z are clear from
. b
min (degg(u), degg(y)) ]
max (degg(u), degg(y))

For some [ & log,(n), let I; := [2%,2°"!] for i € [I] be the critical intervals the degree of
a vertex may lie in. Let M € F(S,j). By putting the maximum inside the nondecreasing

context, we use Ag(y) to abbreviate the term [
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S
function p, we have n™% — g(S, M) < n™¢ [1 — i (mgx 1/(,u,—2v,w,z) - 1>] . The latter
u€AM n=e

a 2

expression is at most n~ @ max v(S,u,v,w,z) > 2.
ucApn

In this case, we want to count the number of certificate sets M € F(S,j) such that
Ay = {u,v,w, 2}, u € Tspuzy § = vwz, and v(S,u,v,w, 2) < 2n**.

, and this value equals to 0 when n™

Suppose that j = vwz, we need to pick u € Ts,., . such that v(S,u,v,w,z) < 2n?*.
Note that u has degree at least 3. For a particular ¢ € [I], there cannot be more than
O(n?*) many u to be picked such that degg(u) € I;. Otherwise, the ratio of the degree of
any pairs of such u is at least 1/2 because their degrees lie in the same interval I;. So

v(S,u,v,w,z) > Z As(y) > lw(n2“) (5.11)

ye TS,v,w,za degs(y) €l;

for any u that can be picked, a contradiction. Thus, ranging over all i € [I], there can be
at most O(n**log(n)) many such u to be picked. So

Y (07— g(8,M))* < O(n**log(n))(n™")* = O(log(n)). (5.12)

MeF(S,j)

We have verified equation (5.7), and we will also similarly use variables u, v, w, z to count
the number of M in later analyzes.

To verify equation (5.6), let M € C — F(S,j). Let v = argmax ¢(S, M, z) and v =

ZEA]\/[
arg max g(SU {7}, M, 2), then g(SU{j}, M) — g(S, M) = g(SU{j}, M, u) — g(S, M, /) <
z€ANM

g(SU{j}, M,u)—g(S, M,u). Thus, it suffices to fix u € Ay, and verify equation (5.6) with
g(S, M) replaced by g(S, M,u). We analyze how ¢ will change by the following (possibly
overlapping) cases.

e Case 1. v increases because j = yujus is incident to a vertex y € Tis4... Let h € [I]
be the index where degg(y) € I;. Note that

19(S, M, u) — g(SU{j}, M,u)] < n~"n"*(v(S,u,v,w, 2) = v(S U {j},u,v,w, 2)|.
If degg(y) > degg(u), then

degg(u)" b o
35 = Do W] = g T T ( o (degs<y>2))

= st = (QL) |




If degg(y) < degg(u), then

[As(y) = Asugy ()] = e _de;?u()fegS(w - ‘ (degi(y)> -9 (%) '

The M € C— F(S, j) that has nonzero change in g by this cause is given by choosing
a vertex of j to be y, picking v, w, z from the neighbours of y such that vw, wz, vz are
adjacent to y. Since degg(y) < 2"*1) there are at most O(2%%/2) many such triples.
So, there are at most n23*/2 many such M and

—3a\ 2
Y @SuU{ih Mu) —g(S, Mu) < Y n20 (”zh ) — 0(1).
MeC—-F(S,j) y incident to j

h=degg(y)

as long as a >

(=N

Case 2. degg(u) may increase by adding the edge j = wujus. Let i € [l] be the
index where degg(u) € I;. Note that |g(S, M,u) — g(SU{j}, M,u)| is nonzero only
if n? < (S, u,v,w,z) < 2n?. For each y € Ty .., if degg(y) > degg(u), then

[As(y) = Asugn(y)] = e _de;(()y()?egsw) =

_ o degs(w)MY As(y)
- < degs(y)® ) —¢ (degs(U)) '
If degg(y) < degg(u), then

de b b 1
|As(y) — Asugy (y)| = (degsg(igyl 1) <degs(u) O (deg 2))

_ [ degs(y)® 1
‘O<degs<u>b degs<u>)

I

QS

VR
& >
&la g
sE
N———

Therefore,

lg(S, M,u) —g(SU{j}, M,u)| < n_“n_2“|u(5,u,v,w,z) —v(SU{j} u,v,w,z2)|

<0 3 A - A @)l =0 [n S Ag(y)

yETS,v,w,z
n=3w (S, u, v, w, 2) n-®
— O Y Y Y Y — O : .
( degg(u) ) ( 2 >
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The certificate sets M € C — F(S, j) with nonzero changes in g are given by picking
u from a vertex of j. Let h € [I], recall that we are assuming |S| < n?>~% so there
are at most O(n?~¢/2") many choices of y with degree in I;,. Moreover, since n?* <
v(S,u,v,w,z) < 2n?®, there can be at most O(2°F~"n2?) many y with its degree

2—a
in Ij. So, there are at most min <n2—h70(2b|zhn2a) - (2"13/2 many quadruples

(y,v,w, z) such that y € Tgy..., degg(y) € I,. However, for every triples v, w, z
where v(S,u,v,w,2) = O(n?*®), there must be an index ' = h(v,w,z) € [I] such

2b|ifh’| 2a
that v, w, z uses at least Tog( 7; of these quadruples (y, v, w, z) with degg(y) € Ip.
og(n
n273a2h’/2 ,
Given this particular A/, there can be at most O (min (W’ 23h /2) log(n))

choices of v, w, z to be picked. Therefore, for a particular h € [I],

> (9(SU{j} M, u) — g(S, M, u))?
MeC—F(S,5)
h(v,w,z)=h

n273a2h/2 ah n-o@ 2
A VAN S (5.13)
<O llog(n) min < SHH] ,2 ) ( 5 )

n2—5a2h/2 93h/2 ) :|

=0 {log(n) e < obli—h|92i * 92y 2a

Taking a = 2/7,b = 4. If 22=) < n*7 /log(n), by the second term of the minimum,

we have equation (5.13) < log(n)22=9n=%7 = O(1). Otherwise, we have 22("=%) >

n*7 [log(n), h > i, and h > %/log(n) - %loglo%(n). So, by tl;le first term of the
- , n*72"log(n)  n*7log(n log®(n

minimum, equation (5.13) < 24(}1_2,)2; ) = 23h_25 ) = 2h( ) = o(1). Thus,

summing over all possible h € [l], we have

Z (gz<S U {j}v M’ u) - gi(sv Mv u))2 = O(log(n>>

MeC—F(S.,5)

Case 3. v increases because adding j = vwy increases the set T, .. Let i, h € [I] be
indices such that degg(y) € I, and degg(u) € I;. Note that g changes by this cause
only if ywz,yvz € S, and n?* < v(S,u,v,w, z) < 2n?**. Moreover, g(SU{j}, M, u) —
9(S, M,u) < n~*n"2Ag g (y) = n327%" The M € C — F(S,j) that satisfy
these conditions are given by choosing an endpoint of 7 to be y, the other endpoints
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are v, w, pick z from the < 2"*! neighbours of 3. Recall that we are always assuming
|S| < n*7, so there are at most O(n?~/2") many choices of u such that degg(u) € I;.
Thus there are 2"10(n?7%/2%) = O(n?*722"~%) many such M and

Z Z (gi(SU{j}aM>u)_gi(S>M?u))2

i€(l] MeC—F(S,5)
degg(u)el;

< Z 19 (n2fa2h7i) (n73a27b|i7h\)2 < 227(2b—1)|i7h\ _ O(log(n))

ie[l] i€(l]

provided that a > %

Note that adding 7 may be an instance of more than one case above, but the changes add

up only a constant number of times in the worst case and the total change to g is still

O(1). By taking parameters a = 2/7 and b = 4, we conclude that equation (5.6) holds.

Thus equation (5.3a) equals to © ("f—:)) -0 (n'*T7), which is a lower bound on the
og(n

learning graph complexity of C. m

Let f denote the Tetrahedron problem and suppose G is a non-adaptive learning graph
for f. Note that for every M in the tetrahedron certificate structure C, the hypergraph
Gy where E(Gyr) = S3(An) is a 1-input of f. From definition 7, the sinks of a flow pg,,
in G are the L-vertices that contain a 1-certificate of G;. Since A, is the unique minimal
1-certificate of G, the sinks of pg,, in G are precisely the L-vertices labeled by an element
S € M. Thus C41(G) = max Cl.¢,, (G). Moreover, G is a learning graph for every function

g that possesses C as a certificate structure using only flows from {p¢,,(G) : M € C}. This
is because we can define the flow of z € g7!(1) as the flow of y € f~1(1), for some y with
the same certificate set M as x. Therefore any learning graph lower bound of a function g
that possesses C is a learning graph lower bound for the tetrahedron finding problem. By
theorem 45, we get an interesting corollary.

Corollary 46. Any non-adaptive learning graph algorithm for the tetrahedron finding prob-
lem has quantum query complexity Q(n12/7/\/@) = Q(nt7112),
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Chapter 6

Conclusion and Open Problems

In this thesis, we worked to develop new quantum query upper and lower bounds for
multiple hypergraph problems using existing techniques. We started by generalizing the
connectivity and cyclicity graph properties to hypergraph, using the fact that these prob-
lems come down to quantum searching for an O(n) 1-certificate. We showed the tight

S} (n%> query complexity bound for both problems using Ambainis’s adversary bound

and iterated Grover search.

Then, we focused on using an adaptive learning graph to find nontrivial quantum
query algorithms for the r-simplex finding problem for » = 3,4. As the rank r increases,
we need more complicated algorithms for a query upper bound whose exponent of n is
only slightly different from that of the trivial upper bound. So far, there are no nontrivial
algorithms for r-simplex finding with » > 5. However, the nested quantum walk approach
from section 4.3 provides a method of generating potentially nontrivial quantum query
algorithms for simplex finding with arbitrary constant rank. From the update cost of table
4.1, we expect the r-simplex finding problem can be solved by a nested quantum walk
that searches for 1-tuple, 2-tuple, ..., r-tuple of 1-certificate vertices. For & < r, the

U41---2r
seems impractical to work out the analysis of the nested quantum walk by hand as the
definition of I, ;,C,V;, ;. becomes convoluted, and the number of constraints in the final
linear program scale exponentially with respect to r. However, it’s” interesting to find out
whether such an approach will give a nontrivial quantum query upper bound for every

rank r = O(1).

Although the best quantum query lower bound we know for any r-simplex finding

update cost at level 71i5...17; is expected to be O (Amax na"'l"'”_“il""%). For » > 5, it
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problem is still trivial, we used a randomized reduction to show that if there is a nontrivial
lower bound, the higher-rank simplex findings also exhibit a nontrivial lower bound with
the same exponent offset. We also see that a non-adaptive learning graph of certificate
structures can be formulated as a supremum problem in equation (5.3a), which allows us
to find a nontrivial lower bound for the more difficult 3-simplex sum problem with an
appropriate feasible solution.

For future research about closing the gap between quantum query upper and lower
bound of the above hypergraph problems, we list some directions and open problems.

e Can we drop the r-partite condition in theorem 24 and have the result hold for
arbitrary r-uniform hypergraph?

e The algorithmic approach in section 4.1 seems to fail when » = 4. But, does the
nested quantum walk approach in section 4.3 generalize to higher ranks? At what
rank, if any, does this algorithm become no better than trivial?

e The lower bound in theorem 45 includes an unpleasant logarithmic factor. Can we
remove this factor?

e In section 5.3, we find a feasible solution to equations (5.3b) - (5.3¢) for a lower bound.
Improving our approach to generating feasible solutions for better lower bounds is
an interesting research direction.
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Appendix A

Proof of Lemmas in Section 4.3

In this appendix, we will provide the proof of lemma 36 - 39 presented in section 4.3.

Proof of lemma 36. Fix vjv, € Vjj, define the set Sy = {v; € V; : vju;u;, € Vi }. For any
v; € V;, we have

Pr(vivju, € Vigr) = Pr(vivju, € Vigelvw; € Vij, viv, € Vig) Pr(viv; € Viy) Pr(vivg € Vig)

1 1
= pCijk—Mijk ,nbij—ai—aj . nbik_ai_“k = —ncijk_bjk_ai, (Al)

11 11

Therefore, |S;| is a random variable with distribution HG(n%*% n% ncit/11). It has
mean value {-n%*%* and by lemma 33 (1),

1 1
Pr (|Sl| > én%”“_bﬂ'k) < exp (—£nciﬂ'k_bﬂ‘> . (A.2)
We can prove a similar bound for conditions 3 and 4. By union bound, we see that

Pr(Conditions 2, 3,4 don’t hold) <

1 1 !
nbjk exp (_gncijk—bjk) + nbz‘k exp (_gnciﬂc—bik) + nbi?’ exp <—%ncijk_bij> . (A3)

For condition 5, fix vertices v; € Vj, v, € Vi, v; € Vj such that vju, € Vi, vv € Vy,
vy € Vig. Define S] := {v; € V; : vyv;u; € Vi) and Sy := {v; € S : vjupv; € Vi }. Note
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that for any v; € V;, we have

Pr(vivgv, € Viglv; € S7) = Pr(vivgy, € Viglviv € Vi, vivy, € Vig) Pr(vio, € Vi)

_ incikl_mikl ,nbik_ai_ak _ incikl_bkl_bil‘i‘al‘ (A4)

11 11

So, || follows the distribution HG(|S1]|Ljul, [S1, 151 S1I|Tjse|nci—be=batar) It has mean
| S |neuw—bu=biutar — Since we assume Cyj is marked, we have [S| < gn%it=%1. Apply
lemma 33 (2) with 6 = n®t=%1 /|S]| — 1> 2e — 1, we have

Pr <|52| > %ncijl"!‘cikl_bil_bjl_bkl"!‘al) < exp (_lolilQRCijz-&-Cikz—bil—bjz—bkz+al) . (A5)

Finally, define
Sy :={v; € Vi : vivjui, € Vigr, vivjur € Vi, vivguy € Vi } = {v; € Sa s vvju, € Vigi}

For any v; € V;, we have

1
Pr (vivju, € Vijilvi € S2) = Pr(vivjur € Vijilviv; € Vij,viv, € Vig) = ﬁnciﬂ“’m””“. (A.6)
So, |Ss] follows the distribution HG(|Sa||Tjul, [Sol, 75 |S2]|Tjrnk~™ik). It has mean
L |Sa|nciak=mik . Under the condition that |Ss| < hneittem—bi—bi=butal we apply lemma
33 (2) with ¢ = pewstem—bu=bi—buta /|G, — 1 > 2¢ — 1, we have

log 2
11

Mgkl Cjkl

Pr (153| > %nm 1S:] < 1—11ncw+%bﬂbﬂbw+al> < exp (—

(A7)
Combining equations (A.5) and (A.7), we get

Pr(Condition 5 doesn’t hold) <
@(nmjkl) [exp (ncijl""cikl_bil_bjl_bkl"!‘al) + exp (nmijkl_cjkl)} (A.8)

The statement of this lemma follows from equations (A.3), (A.8), and probability union
bound. 0
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Proof of lemma 37. By the definition of the set I';;x;, we see that
1
fI‘ES [ITijm — Tigul] = © (ﬁ) ZIE [IT%jk — Tignal]
1
<o{- ZIEHUjkal € Vi 1 vsvjvp € Vig, vsv501 € Viji, U501 € Vi }|

1
=0 (ﬁ) Z Z Pr(vsvjvg € Vijk, vsvu € Vi, vsvgpvy € Vigr)

s wjvEv EVjg

e (ncjlcl> o) (ncijz*bjl*ai> () (ncz‘kz*bkﬁbiﬂraz) o) (ncijk*mijk) e (nmijlcl*ai> _

The third equality is a consequence of equations (A.1), (A.4), (A.6). Finally, since every
tuple in I';j,; becomes a quadruple in Vjj;; only with probability © (ndiikl_mijkl), we have
Eas V‘/jkl — V;jkl‘ =0 (ndijkl—mijkl ‘FEas |F;jkl _ Fijkl|) — O(ndijkl—ai). n

1,

Proof of lemma 38. Fix v; € V;,v; € V}, vpu; € Vi, we see that

Pr (viogvy € Vig, vjoru € Vi)
= Pr(vsupv; € Vi, vjopvr € Vigl|vivg € Vig, vjor € Vig) Pr (vivg, € Vi, vjup € Vig)
) (ncikl_mikl) X nbik_ai_ak . nbil_ai_(ll .0 (ncjkl_mjkl) . nbjk—aj—ak . nbjl—aj—flz

-0 (ncikl+cjkl_2bkl_ai_a]'> . (A.9)

Similar to the proof of lemma 37 we see that

1
E [T = Liju = © (naﬂraj) Z]E Cijra = Tl

tit;

1
<O (nai+a]~) ZIE« {vrv € Vi vivpwr € Vi, vjveor € Vi, vivjor € Vige, vivjur € Viji}|

tit;

1
=0 (nai+a]~ E E Pr(vvjvg, v;vu|v;vpvr, vioR) Pr(vivgo, vjop)

titj VU €V

— @(nbkz)@(ncijk*mijkw%ijz*mijz)@ (ncikﬁcjkl*?bkz*ai*aj) ys) (nmijkz*bz‘j) _

The second equality is a consequence of equation (A.9). Since every tuple in I';;5; becomes
a quadruple in Vj;;; only with probability © (ndiikl_miikl), we have E4, !V;']kl — Viju| =
10 (ndijkl—mijkl ‘Ean ‘F;’jkl _ Fijkl’) — O(ndijkl—bi]')_ O
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Proof of lemma 39. Similar to the proof of lemma 37 we see that

Z §|F§jkl - Fz‘jkl|

sisjskerijk

1
Tiji]

jEU |F;jkl - 1ﬂz‘jkl| -

1

: T Z IEHUZ € Vi 1 vs,05;,u1 € Viji, Vs, 05,01 € Viga, Vs, 05,01 € Vi |
K stjskel“”k
1

= |f‘ ’ Z Z PI'<UsiUsﬂJl S V;jl;UsiUskUl S ‘/ikl7/vsj/USk/Ul c V;kl)

8:855, €L 1 VIEV]

— @(nal)@ (ncijl_bij_al) s} (ncikl_bik_ z‘l"‘ai) ) (ncjkl_mjkl) s (nmijkl_cijk> )

The third equality is again a consequence of equations (A.1), (A.4), (A.6). Since every
tuple in I';;; becomes a quadruple in Vj;; only with probability © (ndijkl_mij“), we have
Eau V‘/jkl — V;jkl‘ =0 (ndijkl—mijkl ‘FEaw ’F;jkl _ Fijkl‘) - O(ndijkl—cijk>' n

(2
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