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Abstract

This thesis presents the development of an experimental methodology to characterize
pressure transient dynamics across liquid sample tubing in the plant of a pressure-driven
droplet microfluidic feedback control system (PDMFCS). To progress the PDMFCS to-
wards being a widely adopted fluidic analysis tool for non-expert end-users in various
biochemical fields, i.e. progressing the PDMFCS towards modularity, will require utiliza-
tion of an accurate plant model to establish informed and robust control system design
procedures. Increased accuracy in the plant model can be obtained through development of
experimental methods to characterize the dynamics associated with the plant components.
Previous PDMFCS implementations have approximated the sample tubing dynamics us-
ing a hydrodynamic equivalent circuit model (HECM), but did not experimentally validate
this model. As well, pressure transient studies performed for other fluid applications do
not model a flow scenario physically similar to that occurring through the sample tubing
during PDMFCS operation, further justifying the need for this present study.

Pressure transient dynamics across the sample tubing of the PDMFCS plant were found
to be characterized as an approximately linear first-order system with transport lag through
estimation of a transfer function (TF), with 95% confidence in uncertainty in the estimated
parameters, from an experimental frequency response obtained by simultaneously measur-
ing pressure waves at the inlet and outlet of the sample tubing. Decreasing the average
inlet pressure, increasing the tubing length to inner diameter ratio, or increasing the fluid
viscosity, resulted in a decrease of the corner frequency (an increase in the time constant)
of the frequency (step) response of the experimentally estimated TF. Comparing experi-
mentally estimated TF dynamics to those predicted by the HECM showed that, due to the
assumption of hydrodynamic steady-state flow inherent to its derivation, the HECM fails
to quantitatively approximate the pressure transient dynamics across the sample tubing.
The primary conclusion of this study is that the experimentally estimated TF should be
used, instead of the HECM, to approximate the sample tubing dynamics within the PDM-
FCS plant model. Using the experimentally estimated TF to approximate the pressure
transient dynamics across the sample tubing should improve the plant model accuracy,
such that informed and robust control system design methodologies can be developed for
the PDMFCS, which will enhance the modular potential of the system.
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Chapter 1

Introduction

1.1 Background and Motivation

1.1.1 Essence of Microfluidics

Microfluidics can be described as the study of the physics, control, and applications of
fluid flows through channels at the micrometer scale [1, 2]. An early, yet still prevalent,
motivator for microfluidic study has been towards the development of a Micro Total Anal-
ysis System (uTAS), alternatively described as a ”Lab-on-a-Chip”. First proposed in the
analytical chemistry field by Manz et al. [3], a pTAS is described by Sun and Kwok [4]
as "an integrated miniaturized chemical analysis system that includes sample preparation,
separation, and detection system|s] on a small, single chip”. An early example of such a
device is that of a miniature integrated DNA analysis device developed by Burns et al. [5],
illustrated in Figure 1.1 below
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Figure 1.1: Miniature integrated DNA analysis device. From M. A. Burns, B. N. Johnson,
S. N. Brahmasandra, K. Handique, J. R. Webster, M. Krishnan, T. S. Sammarco, P. M.
Man, D. Jones, D. Heldsinger, C. H. Mastrangelo, and D. T. Burke, “An integrated nano-
liter dna analysis device,” Science, vol. 282, no. 5388, pp. 484487, 1998. [Online|. Avail-
able: https://www.science.org/doi/abs/10.1126 /science.282.5388.484. Reprinted with per-
mission from AAAS.

As seen from the above biochemical example, the 4 TAS concept is not unique to the
chemistry field, rather research and implementation of this concept can be found in sep-
arate, as well as intersections, of many areas [6] that utilize the properties of fluids for
analysis including, but not limited to, chemistry, life science, and biology [7, 8, 9].

While the notion of a pTAS is intriguing, one may question why an analysis device
on the microscale is useful. Speaking in a general sense, microfluidic analysis systems are
advantageous over macroscale systems in that they reduce sample size and analysis time,
increase throughput with a small device footprint, and automate easily [10]. Despite mi-
crofluidics many advantages, the wide adoption of microfluidics by non-expert end-users,
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e.g. users in chemistry, life science, and biology fields with little to no microfluidic knowl-
edge, is yet to occur. This is primarily due to the extensive amount of knowledge needed
to operate, design, and select microfluidic devices for specific applications, due to the
complexity of the flow physics at the microscale. This problem is pervasive throughout
the microfluidics field, but recent research directions in droplet microfluidics, a subfield of
microfluidics, show a possible solution to the adoption problem [11].

1.1.2 Droplet Microfluidics

Droplet microfluidics focuses on the study, control, and applications of immiscible two-
phase flows within microchannels [12], as such it is a subfield of the overarching microfluidic
field. Physically, droplet microfluidics is governed by the dynamics of two-phase immisicble
flow, where droplets are formed from one fluid, the disperse phase, and carried through the
chip by the other fluid, the continuous phase. The physical mechanisms for forming and
manipulating droplets is extensively studied and tested in the field [13]. A visualization
of this general description of droplet microfluidics, using a droplet microfluidic T-junction
system as an example, is presented in Figure 1.2 below.

E Continuous Phase Q

pcl pc2
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Figure 1.2: Visualization of droplet microfluidics in a T-junction chip. Pressures at the
chip inlets p.,, pc,, and pg are actuated to manipulate the disperse phase.

In comparison to single-phase microfluidic systems, droplet microfluidics operating prin-



ciple results in each reaction taking place in a self-contained droplet carried by the con-
tinuous phase. This is advantageous for its further reduction in sample consumption and
reaction time, the segregation of reactions/processes to individual droplets (prevents cross-
contamination and allows each reaction to be routed to a different area of the device), no
contact between the droplet and the channel walls (due to the continuous phase wetting,
prevents sample adsorption into the walls), and improved mixing due to the recirculating
flow present in moving droplets [14, 15, 16, 17, 18]. Furthermore, the self-contained nature
of the droplets allows for the implementation and study of various methods to control
droplets.

1.1.3 Droplet Control Strategies

Throughout this thesis, droplet ”control”, or "manipulation” will refer to the act of ma-
nipulating the disperse phase in a two-phase droplet microfluidic system. Manipulations
include any desired action the user forces the disperse phase to take. Examples of manipu-
lation include droplet generation, splitting, merging, moving, mixing, sorting, and storage
[19]. Droplet control strategies can be generalized to two categories: passive and active
control [11, 15, 18, 20, 21, 22], a brief description of each is presented below. Many of the
ideas discussed in this section are summarised from [11] and [22], these sources should be
viewed for a more detailed discussion.

Passive Control

Passive control strategies rely on specific chip geometries and/or flow rate variations to
control the disperse phase. The flow focusing system used for droplet generation developed
by Che et al. [23] and the droplet merging device produced by Niu et al. [24] are examples
of such device, see Figures 1.3 and 1.4 below.
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Figure 1.3: Schematic and operating principle of passive flow focusing droplet generation.
Reprinted from Z. Che, N.-T. Nguyen, and T. N. Wong, “Hydrodynamically mediated
breakup of droplets in microchannels,” Applied Physics Letters, vol. 98, no. 5, p. 054102,
02 2011. [Online]. Available: https://doi.org/10.1063/1.3552680, with permission from
AIP publishing.
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Figure 1.4: Schematic and operating principle of passive droplet merging chip design.
Droplet enters merging chamber of decreasing width, second droplet enters causing co-
alescence of droplets and release of merged droplet from chamber. Reproduced from
X. Niu, S. Gulati, J. B. Edel, and A. J. deMello, “Pillar-induced droplet merging in
microfluidic circuits,” Lab Chip, vol. 8, pp. 1837-1841, 2008. [Online|. Available:
http://dx.doi.org/10.1039/B813325E, with permission from the Royal Society of Chem-
istry.

Passive devices are suited for a single manipulation at a high throughput, where multiple
manipulations are difficult due to the coupling of the flow field when passive devices are
implemented in sequence. Further, passive methods do not help to solve the adoption
problem as a microfluidic expert is typically required to use these passive devices to deal
with the aforementioned flow field coupling, as well as the implementation, manufacturing,
and complexity of the chip geometries for a given manipulation.

Active Control

Active control strategies utilize a force/actuation, typically external to the channel, to
manipulate the disperse phase. Some examples of external actuation include valves [25],
electric and magnetic fields (digital microfluidics) [26, 27|, acoustic waves [28], and lasers
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[29]. See Figures 1.5 and 1.6 for examples of an active droplet splitting method using a
valve [25], as well as a electrowetting on dielectric digital microfluidic device with finger
actuation [30], respectively.

Valve is off. Valve pressure = 550 mbar Valve pressure = 650 mbar

Figure 1.5: Active selective droplet splitting device with external valve. Actuation of valve
by airflow creates pressure on the chip channel resulting in deformation and splitting of
the disperse phase. Reprinted from Sensors and Actuators B: Chemical, vol. 292, Selective
droplet splitting using single layer microfluidic valves, pp. 233-240, Copyright (2019), with
permission from Elsevier.

| Piezoelectric elements |

Figure 1.6: Finger actuated electrowetting on dielectric digital microfluidic device. User ap-
plies pressure to piezoelectric material, converting mechanical energy to electrical energy to
actuate droplets. Reproduced from C. Peng, Z. Zhang, C.-J. im, and Y. S. Ju, “Ewod (elec-
trowetting on dielectric) digital microfluidics powered by finger actuation,” Lab Chip, vol.
14, pp. 1117-1122, 2014. [Online]. Available: http://dx.doi.org/10.1039/C3LC51223A,

with permission from the Royal Society of Chemistry.
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For active platforms with external actuation, their implementation can be difficult due
to the complexity of the manufacturing and setup of both the microfluidic carrier device
and the external actuator. Further, for devices whose actuation depends on an additive
to the droplet, e.g magnetic droplet control requires added ferromagnetic particles [31],
the presence of the additive may limit the platform’s breadth of applications. This is due
to the possibility that the additive in the droplet may destroy the cells it is carrying in
a biological experiment [32], or modify the reaction occurring in a chemistry application.
Active devices tend to have lower throughput than passive devices, but are able to perform
sequential manipulations on the same device. Although, it should be noted that there are
active devices that only target a single manipulation [25, 33, 34], but these are typically
layered with a passive automation method increasing their throughput. However, the
biggest advantage of active platforms, at least in the general sense, is that they can be
developed to be end-user friendly. In other words, there is potential to develop active
droplet control platforms that can solve the adoption problem inhibiting microfluidics
from being used by non-experts in other disciplines. This is possible due to the inherent
ability of these platforms to be developed such that the complexity of the flow physics
and disperse phase manipulations is abstracted away with the use of appropriate sensing,
actuation, and algorithms. With this development, the end-user only has to input what
sort of manipulation they want the disperse phase to take, and the platform takes care
of the rest. The pressure-driven droplet microfluidic feedback control system (PDMFCS)
developed by Wong et al. [35, 36, 37| is an active platform that does not require external
actuation, with the potential to solve the adoption problem.

1.1.4 Overview of the PDMFCS

The PDMFCS developed by Wong et al. [35, 36, 37] is an active droplet control platform
that does not rely on external actuation, an advantageous feature for an easily adoptable
active droplet control system. Instead actuation is internal to the system, utilizing a
common pressure driven droplet microfluidic setup (Figure 1.7), with a pressure pump
connected to a reservoir holder, containing individual reservoirs of the continuous and
disperse phase fluid, where each reservoir is connected to its own inlet of the microfluidic
chip. The pressure pump has individual channels that control the fluid pressure at the
separate inlets of the microfluidic chip independently. It does this by outputting airflow
through air tubing, at a set pressure, to the separate reservoirs in the holder. The fluid in
the reservoir is then pushed through the sample tubing, due to hydrostatic pressure from
the upstream airflow, and into the microfluidic chip.
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Figure 1.7: Actuation for the pressure-driven droplet microfluidic feedback control system.
Pump pressure channels (pp,, Dp,, Ppss Pps) are controlled independently, and hooked up
to separate reservoirs in the reservoir holder. Each reservoir contains either continuous
or disperse phase fluid. Air at requested pressure is sent from a pump channel, through
the air tubing, to the specific reservoir, where sample fluid then flows from the reservoir,
through the sample tubing, and into the specific inlet of a chip channel. The common case
of a T-junction chip is illustrated in this figure. Notice that the pressure’s at the inlet of
the chip (pe,, Pey, Pa, 1-€ pressure for continuous phase channel 1, continuous phase channel
2, and disperse phase channel respectively) are different than the pressures output by the
pump. The hookups for p., and p,; are not shown for clarity. Further, the hookups between
a given pressure channel and the corresponding chip channel are not unique, e.g. in the
figure p,, is connected to p,,, but in practice p,,, Dp,, Pps OF Pp, could be hooked up to p, .

The operational objective of the system, ignoring the intricate details for now, is simply
to allow the user to specify a position (displacement), or sequence of positions (displace-
ments), for a disperse phase interface in the channel, the interface being the boundary
between the continuous and disperse phase [38], and for the pressures at the chip inlets to
be actuated such that the measured position(s) (displacement(s)) of the interface is equiv-
alent to the interface position(s) (displacement(s)) requested by the user. Visualizations of
the various types of position (displacement)/sequence of positions (displacements) requests
to perform droplet manipulations are shown in Figure 1.8 below.
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Figure 1.8: Visualizations of various types of position requests possible with the PDMFCS:
a) Interface displacement of unbroken disperse phase, b) displacement of droplet interface,
c¢) sequence of displacements of unbroken disperse phase to generate a droplet, d) dis-
placements of two separate droplet interfaces to merge droplets into a larger droplet, e)
displacement of separate interfaces of the same droplet to split it into two smaller droplets.

Control of the interface position is accomplished using a tracking feedback control
system, tracking meaning that the control system ensures the measured output position
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(output signal) matches the user-requested position (reference signal) [39]. The physical
implementation of the system is outlined in Figure 1.9 below. From a high-level, an in-
terface position (displacement), or sequence of positions (displacements), is requested by
the user using a computer containing the software implementation of the controller for the
system. A high speed camera (Andor Zyla 5.5 [40]) and microscope (Nikon Eclipse Ti-E
[41]) setup is used to sense the current position of the droplet for use as measurement feed-
back then, assuming that the requested position is different than the initial position, the
controller sends an optimized control signal to the pump (MFCS-EZ [42]) (request for the
pump to set the pressure at a given channel(s) to a certain level), the pump then changes
the pressures at the inlet of each chip channel, and the interface displaces from its previous
position. The new position of the interface is then sensed, and the process repeats until
there is no error between the requested and actual position.
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Figure 1.9: High-level visualization of PDMFCS operation for a standard T-junction chip:
1) User requests a specific position (displacement) for a given interface, 2) computer intakes
reference position and measured actual position of interface, software implementation of
controller sends optimized control signal (request for pressure output) to the pump, 3)
pump actuates the pressures at the chip inlets (pe,, pe,, pa), 4) droplet interface displaces
from initial position, 5) new droplet position is measured by a high-speed camera and
microscope setup and sent to the computer. Process repeats until there is no error between
the requested and actual position.

With a high-level understanding of the system now established, it is necessary to sum-
marize the main takeaways of past research on the platform to evaluate its current state.
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1.1.5 Summary of Research on the PDMFCS

Proof of Concept

The initial development of the PDMFCS by Wong et al. [35, 36, 37] was motivated by a
desire to develop a proof of concept active droplet control system that could arbitrarily
manipulate droplets using a standard microfluidic setup without the need for an external
actuator. The removal of the external actuator eliminates one of the fundamental limita-
tions of active droplet control systems in solving the adoption problem [11], see Section
1.1.3. In this development, the system was not applied to a specific problem, but rather
the system was developed solely to prove that such a device could be developed. The
controller relies on a multi-input multi-output (MIMO) state-space description, a Linear
Quadratic Regulator with integral action, and a full state observer.

Modularity and Component Level Breakdown

Following the development of the proof of concept PDMFCS, Hébert et al. [11, 22] contex-
utaulized the PDMFCS in terms of its application to the greater microfluidic community;,
by stressing the the PDMFCS should be developed to be a modular platform so it can be
widely adoptable. A modular platform meaning that the system is easily implementable,
and allows users to select different modules that follow a stacking principle, see Figure 1.10
below.
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Figure 1.10: Modular platform with stacking representation. Modularity allows user to
select a droplet manipulation they want to perform, stacking abstracts the physics and
engineering invovled in said droplet manipulation so the user only has to understand what
they want to do, not how. From M. Hébert, J. Huissoon, and C. L. Ren, “A perspective of
active microfluidic platforms as an enabling tool for applications in other fields,” Journal
of Micromechanics and Microengineering, vol. 32, no. 4, p. 043001, mar 2022. [Online].
Available: https://dx.doi.org/10.1088/1361-6439/ac545f, reprinted under the CC BY li-
cense (link: https://creativecommons.org/licenses/by/4.0/).

Modularity and stacking imply that a user can perform a given droplet manipulation
by simply choosing what type of manipulation they want to perform, without having to
understand the physics/engineering that went into performing that manipulation. Fol-
lowing this contextualization, she also applied the system, with slight modifications to the
modelling and control algorithm, to a real application [43]. As well, she critically evaluated
the system components to determine the physical limitations of the PDMFCS and began
experimentally investigating the dynamics of specific components of the system [44].

System Improvement and Controller Design
Recent research on the PDMFCS has been to bring the PDMFCS towards a realization

of a modular platform. Thus far, advancement in this direction has been accomplished
through improvements in the ease of implementation of the system such as developing
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an open-source affordable precision pressure pump [45], designing a cost-effective lensless
imaging sensor to replace the expensive microscope/camera [46], and redeveloping the
software using various software organization/architecture practices and tools [47]. Zablotny
[48] and Chen [47] also simplified the model of the system and advanced the controller
architecture, by implementing a model-predictive-controller and an adaptive controller
respectively. However, since these new control schemes were not implemented for a real
application nor was their performance quantitatively compared to past schemes, these
model/controller redesigns have not yet proven to be an improvement in the modularity
of the PDMFCS.

Summary

Collectively, the past research has brought the PDMFCS to a state in which there is a
set of working systems, plant models, and controllers, as well as a baseline understanding
of the limitations of the physical components. However, accurate methods of dynamically
characterizing each plant component, an understanding of how the dynamics of a given
plant component may change with variance of its physical properties, and the use of the
system in independent studies/applications, outside of the in-lab study by Hébert et al.
[43], is yet to be accomplished.

1.1.6 Towards a Modular PDMFCS

The main objectives of control system design are to ensure stability, output a suitable
transient-response, minimize steady-state error and to be robust [49, 50]. Metrics to evalu-
ate these objectives are designated on a case by case basis dependent on the application of
the control system. If a control system satisfies the design objectives, it is deemed suitable
for the application. In the context of a modular system, a suitable version of the PDMFCS
is 1) the most general control system architecture that provides satisfactory droplet manip-
ulations, i.e. satisfies the control system design objectives, for a wide array of microfluidic
applications, and 2) acts as a foundational system from which advancements are easily
implemented for microfluidic applications that the general system provides unsatisfactory
control for. To realize the modular potential of the PDMFCS, it is hypothesised that it
is critical to first develop experimental methods to dynamically characterize plant compo-
nents and use these methods to understand how the dynamics of a given plant component
may vary, before solely focusing on pushing the PDMFCS to general applications. In the
PDMFCS’s current state, it can not be reliably used for general applications due to insuf-
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ficient knowledge of the true dynamic characteristics of the system hindering an informed
and robust control system design process.

There are multiple benefits to developing experimental methods for characterization
of the dynamics of each component of the plant. For example, consider a single-input

single-output (SISO) system representation of a single pressure channel of the plant in the
PDMFCS, see Figure 1.11 below.
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Figure 1.11: PDMFCS plant SISO block diagram representation of single-pressure channel
with pressure request as input and displacement of interface as output. a) Plant, pressure
request signal from computer py(t) not shown, b) subsystem block diagram representation,
¢) combined system block diagram representation.

Developing a SISO transfer function (TF) for each subsystem of the individual pres-
sure channels of the plant allows the cumulative dynamics of each pressure channel to be
characterized in the model-based control system design. This is accomplished by incor-
porating each TF into the overall MIMO state-space model of the system through TF
matrix realizations and concatenations as was done for some components by Wong et al.
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[35, 36]. State-space controller designs rely on both the measured output and the accuracy
of the system model to determine optimal control signals and accurate state estimation
for desired system performance [51, 52]. Also, from a robust control system design per-
spective, accurate models are necessary to safely ensure that the system is robust and
that stability is maintained in meeting frequency domain performance requirements [53].
Despite these positives, the designer may also choose to not incorporate these dynamics
due to them being negligible, increasing model order, making the state-space description
unobservable/uncontrollable /unstable, increasing computation time, or making the model
numerically ill conditioned [51, 54, 55]. Regardless, it is essential that an understanding,
and ideally a model, of the dynamics for each subsystem in the PDMFCS is developed
so that in developing/advancing the system for a specific application, the control system
designer understands the dynamics that most greatly affect the performance. Such an un-
derstanding allows the designer to make informed decisions about modelling and controller
designs, while ensuring stability in the system. Further, by investigating how the dynamics
of the plant vary with changes in it’s physical characteristics, there is potential to quantify
the uncertainty of a given plant model for use in a robust control scheme [53].

1.2 Objectives of This Study

The primary plant model used in the PDMFCS models the microfluidic chip channels
and sample tubing as a hydrodynamic equivalent circuit model (HECM) where an input
pressure signal results in a interface displacement [36, 43]. However, the degree of accuracy
of these models to the true dynamics of the subsystems they are representing, in the context
of the PDMFCS, is yet to be thoroughly explored. Thus, to enhance the understanding
of the dynamics of the components of the PDMFCS plant such that future studies can
work to develop an improved and robust control system design methodology to bring the
PDMFCS towards modularity, the objectives of this study are as follows:

1. Develop an experimental methodology to estimate a TF representing the pressure
transient dynamics across the sample tubing in the PDMFCS, with 95% confidence
in parameter values.

2. Determine the effect of varying the geometric, material, and fluidic properties of the
sample tubing system on the experimentally estimated TF.

3. Compare the dynamic response of the sample tubing system determined experimen-
tally to that predicted by the HECM of the sample tubing system used by previous
iterations of the PDMFCS.
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1.3 Thesis Outline

This thesis is organized as follows: A critical review on the prior modelling/characterization
performed on the PDMFCS plant components, the HECM used to approximate the sam-
ple tubing dynamics, and pressure transient models developed for other fluid mechanics
applications is presented in Chapter 2. Chapter 3 outlines the experimental methodology
and data analysis procedures. The experimental results and discussions are detailed in
Chapter 4. Conclusions and recommendations are summarised in Chapter 5
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Chapter 2

Literature Review

Thus far, the pressure transient dynamics across the sample tubing in the PDMFCS have
not been properly experimentally characterized. Yet, proper experimental characterization
and modelling of the dynamics of the plant components within the PDMFCS is essential to
improve the modularity and design methodology for the system, see Section 1.1.6. As such,
this chapter begins with an overview of previously modelled dynamics in the PDMFCS,
followed by a critical evaluation of past experimental characterizations of the dynamics
across microfluidic tubing in Section 2.1. Section 2.2 discusses and critiques the HECM
of the sample tubing used in prior PDMFCS implementations, while Section 2.3 details
pressure transient models developed for other fluid applications and why they are, as of
yet, not useful. The outcomes of this review are summarised in Section 2.4.

2.1 Modelled Dynamics in the PDMFCS

2.1.1 Overview

Considering the SISO subsystem representation of a single pressure channel in the PDM-
FCS (Figure 1.11 b)), the dynamics of each subsystem have been explored to varying
degrees of thoroughness using both experimental and analytical methods. Wong et al.
developed models of the sample tubing and chip analytically, and estimated a model of the
pump experimentally [35, 37]. A similar, but contextually different, pump characterization
was also performed by Recktenwald et al. [56] for the purpose of optimizing pressure signals
at the inlet of a microfluidic chip. Hébert et al. experimentally characterised the pressure
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transient dynamics across the air tubing [44]. As well, Hébert et al. briefly explored the
dynamic relationship between the input pressure and output flow rate in the sample tubing
in the context of an experimental dynamic chip compliance study [22, 57]. Another related
study is that of Zeng et al. who characterized the pressure transient dynamics across flu-
idic reservoirs (outlet of air tubing to inlet of sample tubing) for the purpose of controlling
pressure ratios for droplet generation [58].

2.1.2 Critical Evaluation of Past Microfluidic Tubing Character-
izations

An evaluation of the HECM will be presented in Section 2.2, the present discussion is
primarily concerned with the prior experimental characterizations of the tubing dynamics.

Air Tubing

In the context of the sample tubing pressure transient dynamics, the air tubing study
by Hébert et al. [44] is not directly translatable, due to the fact that the outlet flow
of the air tubing is essentially stopped by the fluid in the reservoir, and does not flow
to the downstream components of the PDMFCS. Conversely, within the sample tubing,
the sample fluid is not stopped at the outlet, but instead flows through the downstream
chip. Therefore, it is clear that the air tubing characterization is modelling a different flow
scenario than that physically occurring in the sample tubing during PDMFCS operation.

Dynamics Across the Fluid Reservoir

Clearly, the flow scenario through the reservoir is different than that occurring through the
sample tubing. Since the reservoir is dealing with an inflow of air and an outflow of sample
fluid at different flow speeds and entrance/exit regions, while the flow through the sample
tubing will generally be single-phase through a constant geometric region. As such, the
experimental characterization of the reservoir performed by Zeng et al. only captures the
pressure transient from the outlet of the air tubing to the inlet of the sample tubing [58],
so it is not suitable for characterizing the pressure transient dynamics across the sample
tubing.
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Sample Tubing

Hébert et al.’s characterization of the dynamic relationship between the input pressure
and output flow rate of the sample tubing [22] relied on the outlet of the tubing being
open to atmosphere as opposed to connected to an upstream chip, which is not conducive
to experimentally characterizing the pressure-input flow-output sample tubing dynamics
within actual operation of the PDMFCS. In actual PDMFCS operation the sample tubing is
connected to a downstream microfluidic chip. Further, the present operation and modelling
of the plant in the PDMFCS relies on an input pressure signal resulting in an output
interface displacement, thus the sample tubing dynamics within the plant would be best
characterized using pressure transients. Therefore, these results would not be suitable for
evaluating the accuracy of the HECM of the sample tubing in the PDMFCS plant model.

2.2 HECM of Sample Tubing

2.2.1 HECM in the PDMFCS

In the PDMFCS, a HECM was derived by Wong et al. [35] to model the dynamics of
both the sample tubing and the microfluidic chip channels. In this description, pressure is
equated to voltage and flow rate is analogous to current. The symmetric circuit represen-
tation is shown in Figure 2.1 below. Note that in Wong et al.’s implementation [35, 36],
a non-symmetric case was used to decrease model order. However, the symmetric case is
theorized to be more accurate as it maintains the symmetry of the response in the practical
implementation of the sample tubing and chip system where flow arbitrarily moves from
input to output and vise versa [22], and it models the continuous nature of the losses as
the fluid moves through the sample tubing [59].
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Figure 2.1: HECM considered for sample tubing.

The derivation of the circuit parameters is based off a control volume (CV) analysis
of both a rigid and axially flexible CV of a fluid element, hinging on the assumptions of
steady-state flow and fluid incompressibility. From the analysis, hydrodynamic equivalents

to resistance,

32uL
R =
dy,
inductance,
Lyya = pL
and capacitance
A L
C=—+—
A

(2.1)

(2.2)

(2.3)

are found, representing hydraulic resistance (conversion of kinetic energy into heat from
viscosity effects [60]), fluid inertia, and material compliance respectively. Note that p is
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dynamic viscosity [Pa - s|, L is sample tubing length [m], dj, is hydraulic diameter [m], p is
fluid density [~%], A is the cross-sectional area of the tubing channel [m2], K = Ao 2tens

K
m L
[57] is tubing material stiffness [Pa - m], 3, is fluid adiabatic bulk modulus [Pa], and in the

symmetric model R; = Ry = % and Ly = Ly = L}‘de. Also, capacitance is the superposition

of the compliance of the tubing/chip material and the compliance of the fluid.

2.2.2 HECM Outside of the PDMFCS

The HECM has been used in other microfluidic studies outside of the PDMFCS, with
different derivations and use cases [61]. Notably, the study by Vedel [59] attempted mi-
crofluidic system modelling with an HECM, even including an experimental investigation
of pressure transients within the sample tubing and comparison to a HECM. The only
noticeable difference in their HECM derivation was how they modeled the tubing compli-
ance considering thin and thick wall assumptions, where the thin and thick wall tubing
compliance equations are given by

2mr3 L
Cp =t 2.4
thin Etenswt ( )
and
2mr3 L
thhick = E (1 + Up) (25)
tens

Where, r; is the inner radius of the tubing [m], L is the length of the tubing [m], Eicns
is the Young’s modulus of the tubing [Pal, w; is the wall thickness of the tubing [m], and v,
is the Poisson’s ratio of the tubing respectively. Vedel’s results showed similar qualitative
behaivour between the HECM model and the experimental measurements, but the model
output was clearly out of phase and failed to accurately capture the low frequency behaivour
of the pressure response. Further, Vedel’s experimental design was flawed and not useful
in the context of obtaining results relevant to the PDMFCS. As their experimental setup
modelled a water hammer scenario [62], with fluid filled tubing capped at both ends by
pressure sensors and a weight dropped at its center to initiate a sudden pressure pulse, as

opposed to a flow through scenario with a downstream chip which is more realistic to the
operation of the PDMFCS.
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2.2.3 Critical Evaluation of the HECM

In critically evaluating the HECM from the context of physical operation of the PDMFCS,
the steady-state flow assumption is concerning. This assumption physically implies that the
pressure drop, and therefore the flow rate, across the tubing is changed, and reaches steady-
state, almost instantaneously. Where, the small transient time is due to the time it takes
for the fluid energy to overcome the inertial (inductance) and compliance (capacitance)
effects. At steady-state, the pressure (velocity) field is no longer changing with respect
to time (inductor acts as short circuit) and no more flow energy is used to expand the
walls of the tubing (capacitor acts as an open circuit). Given that the PDMFCS operation
relies on continual change of the pressure at the inlets of the chip resulting in an interface
displacement, it is necessary to assess the true nature of the pressure transient dynamics
across the sample tubing experimentally, and compare it to that assumed by the HECM
model.

2.3 Pressure Transient Models in Other Contexts

As summarised by Hébert et al.’s [44] experimental study characterizing the pressure tran-
sient dynamics across the air tubing of the PDMFCS, the pressure transient/unsteady flow
problem is not unique to microfluidic systems, and is prevalent in the greater fluid mechan-
ics literature. In fact, similar studies and models have popped up in the context of pressure
transients in fluid measurement lines [63, 64, 65], blood flow through arteries [66], thick
walled tubing deformation [67], and water hammer applications [62]. However, as Hébert
et al. concluded, these scenarios either differ significantly enough from the context of the
pressure transient across the tubing of the PDMFCS, or the resulting models are not useful
from a control system perspective, that specific experimental investigation is warranted.
Further to this point, in Doebelin’s discussion of the well-studied problem of dynamic ef-
fects of connecting tubing in fluid measurement lines, he notes that experimental testing
must be performed in order to determine regions of accuracy of models and/or accurate
system dynamic characteristics [68]. Thus, experimental characterization of the sample
tubing pressure transient dynamics is necessary to assess if any of these prior models are
suitable for approximating the sample tubing dynamics in the PDMFCS. Although this
study is only concerned with testing the validity of the HECM due to its consistent use
in the PDMFCS, a future research direction is to systematically test contextually different
pressure transient models against the experimental characterization of the sample tubing
pressure transients. This would determine if any models of the prior pressure transient
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models, although different in the context of which they were developed, approximate the
pressure transient dynamics experimentally characterized within this work, an abstract
application of the system identification process [69].

2.4 Summary

Prior system dynamic studies have failed to experimentally model the pressure transients
across the sample tubing in the plant of the PDMFCS in a physically realistic setup, and
the present HECM for the sample tubing relies on physically unrealistic assumptions. As
well, pressure transient models and experiments outside of the microfluidic context do not
approximate a similar flow scenario to that occurring over the sample tubing in the PDM-
FCS. Further to this, in order to assess whether any of these models may be suitable for
approximating the sample tubing dynamics, a comparison must be made to experimentally
characterized dynamics. Thus, development of an experimental methodology to charac-
terize the pressure transient dynamics across the sample tubing, along with an assessment
of the change in dynamics with variation in the tubing/fluid properties and a compari-
son of the experimentally determined pressure transient response to that predicted by the
HECM, is necessary to improve the understanding of, and develop a more accurate model
for, the PDMFCS plant dynamics. An improved understanding of the plant dynamics,
and/or a more accurate plant model, will assist in the development of an informed and
robust control system design procedure, such that a modular PDMFCS can be achieved.
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Chapter 3

Methodology

Presented in this study is an experimental characterization of the pressure transient dy-
namics across the sample tubing subsystem in the plant of the PDMFCS, so as to improve
the accuracy of the plant dynamic model such that informed and robust control system
design methodologies can be developed for the PDMFCS, to enhance its modular capa-
bilities. Changes of the dynamics with variation in the tubing and fluid properties, as
well as a comparison to the pressure transient dynamics predicted by the present HECM
were also evaluated. To perform this study, development of an appropriate experimental
plan, measurement setup, and data analysis scheme was essential. Further, derivation of
the mathematical representation of pressure transients in the HECM for comparison to
experimental results was necessary. Thus, this chapter is concerned with first presenting
the experimental plan in Section 3.1, followed by the measurement setup in Section 3.2,
then the data analysis scheme in Section 3.3, and finally the HECM analogies to sample
tubing pressure transients in Section 3.4.

3.1 Experimental Plan

3.1.1 Dynamic Characterization With a Transfer Function

For a SISO system modelled as linear time-invariant (LTT), the TF provides a complete
dynamic characterization of the model, i.e. a complete mathematical model of the systems
response to arbitrary inputs [39, 49, 51, 70]. As discussed in Section 1.1.6, each component
of a single-pressure channel of the plant in the PDMFCS can be modelled as a SISO system,
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see Figure 1.11. So, if the system is assumed to be LTI, each pressure channel component
can be modelled as a SISO TF, considered in the overall TF of a single-pressure channel, and
each pressure channel TF can be considered and implemented into the MIMO state-space
representation of the plant [51, 54]. Therefore, given that the PDMFCS plant has been
primarily modelled as LTT [35, 36], it was practical to characterize the pressure transient
dynamics of the sample tubing in TF form using experimental input-output pressure data.

3.1.2 Experimental Determination of the Transfer Function

The TF model of a LTI system can be determined from either time or frequency domain
input-output data, considering either a set of parameterized models (parametric system
identification) or without assuming a model form (non-parametric system identification)
[69]. A non-parametric identification method was ideal for characterizing the pressure
transient dynamics due to the inherent complexity of modelling, and the lack of literature
providing a suitable model for, the pressure transient dynamics across tubing in the PDM-
FCS plant. Further, non-parametric modelling helps to negate any bias in perceived model
form for the dynamic data. From the possible non-parametric identification methods, the
frequency response (FR) method was chosen. The FR identification method was selected
as it can result in a more accurate TF estimation than time-domain methods [49]. Further,
the physical implementation of the plant allowed for a simple procedure to send sinusoidal
pressure inputs to the sample tubing component.

Experimentally determining the FR of the pressure transient dynamics across the sam-
ple tubing component in the PDMFCS plant involved a request for the pump to output a
sinusoidal pressure signal at a constant frequency of the form

po(t) = Pos + Pasin(wt) (3.1)

Where, P.g is the offset pressure about which the pressure wave oscillates [mbar|, Pa
is the amplitude of the pressure sinewave relative to P,g [mbar], w is the frequency of
oscillation [rad/s|, and t is time [s]. This signal was propagated through the components
of the plant to the sample tubing, where the pressure waves at the inlet and outlet of
the tubing were measured simultaneously, see Figure 3.1 below. Note that in order to
accurately model the internal pressure dynamics occurring in the plant during operation
of the PDMFCS, it was imperative that the outlet of the sample tubing be connected to a
downstream microfluidic chip.
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Figure 3.1: High level schematic of experimentally measuring the FR for the pressure
dynamics across the sample tubing at a given frequency. Constant frequency sinewave
requested from pump, po(t). Sinewave propagates through pressure channel components
to the sample tubing inlet, ps(t), and outlet, py(t). Simultaneous measurements of ps(t)
and p4(t) are obtained using pressure sensors PS; and PSS, respectively. Outlet of tubing
connected to microfluidic chip to accurately model internal pressure dynamics present in
sample tubing in real operation of PDMFCS.

From simultaneous measurements of the steady-state pressure waves at the inlet and
outlet of the sample tubing, the magnitude and phase FR at the frequency of interest
was determined. Note that steady-state in this case refers to the portion of the wave at
which any transient effects due to poles present in the system response to a sinusoidal
input signal have dissipated [51]. This process was repeated over the frequency range
necessary to completely characterize the FR of the sample tubing pressure dynamics. For
the sample tubing considered in this study, the appropriate frequency range for dynamic
characterization was determined from a preliminary qualitative assessment [64] to be from
0.01 to 0.4 Hz inclusive. However, one should note, that using different tubing/fluid outside
of that considered in this study may influence this range. So an appropriate frequency range
for different tubing/fluids should be determined experimentally on a case by case basis.

3.1.3 Parameters Affecting Pressure Transient Response

Within microfluidic applications, the selection of the sample tubing is based on meeting
specific geometric and material requirements to ensure a microfluidic device operates as
intended. Further, applications will use specific continuous/disperse phase fluid and flow
properties to reach operation objectives. Given that it is intended for the PDMFCS to be
modular for different applications, it was deemed pertinent that the variation of pressure
transient dynamics of the sample tubing with change in these sample tubing, fluid, and
flow properties be experimentally investigated. Difference in microfluidic chip design may
also affect the dynamics, but investigation of this was neglected in this study.
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Properties of the Sample Tubing

For a given set of applications, the sample tubing may vary in both geometric and material
properties. Sample tubing varies predominantly in its inner diameter, D;, length, L, wall
thickness, w;, and tubing material elasticity, £. Due to the tubing available for purchase
(Section 3.2.2) and practical limitations of the experimental setup (Section 3.2.3) the effect
of w; was not explored.

Fluid Properties

Microfluidic flow is predominantly governed by viscous forces, R, << 1, due to the small
flow diameter and low flow velocity. So, fluid inertia and the effect of density, p, is typically
negligible [1, 71]. Further, the PDMFCS is typically operated in a lower flow rate regime to
enhance the precision of the control [35, 36, 43]. Thus, in the context of these experiments
only the viscosity, u, of the fluid was varied. However, it should be mentioned that there
are inertial microfluidic systems [72] which operate in a regime where inertia is no longer
negligible. In this case, the effect of density would be useful to investigate, but this is
outside the scope of this study.

Pressure Wave Properties

Hébert et al.’s previous study of the air tubing pressure dynamics noted the pressure
transient dynamics of the air tubing in the PDMFCS plant were dependent on the input
pressure [44]. Notably, some models of pressure transients in measurement lines also show
a dependency on the input pressure [68]. These observations, coupled with the input pres-
sure sinewave requested from the pump depending on an offset pressure and corresponding
amplitude (3.1), necessitated investigation of the effect of varying P,g and Px on the pres-
sure transient dynamics across the sample tubing. Clearly, the use of FR also necessitated
variation of the frequency of oscillation of the pressure wave, w, as discussed in Section
3.1.2.

Effect of the Downstream Microfluidic Chip
The effect of varying the design of the downstream microfluidic chip on the pressure tran-

sient dynamics of the sample tubing was not investigated in this study. Microfluidic chip
design’s affect on the upstream pressure transient across the sample tubing is unknown.
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The amount of parameters and complexity involved in microfluidic chip design makes in-
vestigation of this effect more suitable for a separate study. In order to make any effect
of the downstream chip negligible, the same chip design was used when varying a given
parameter and pressure transients were measured far away from the inlet of the chip.

Summary

Experimental parameters varied in this investigation were determined based off their likeli-
hood of affecting the pressure transient dynamics across the sample tubing in the PDMFCS
plant, as well as their necessity for experimental determination of the TF using FR. These
parameters were selected by considering the envisioned outcome of this study to bring
the PDMFCS towards modularity, the breadth of different sample tubing and fluid used
in microfluidic applications, fundamental microfluidic knowledge, prior pressure transient
studies, and practical limitations of the experiments. These parameters were the geometric
and material sample tubing properties (D;, L, E), the viscosity of the sample fluid (x), and
the amplitude pressure, offset pressure, and frequency of the requested pressure wave from
the pump (P,g, Pa, w), specified by (3.1). The effect on the pressure dynamics of varying
the tubing wall thickness, w;, was not explored due to practical limitations. Further, the
effect of the design of the downstream microfluidic chip on the pressure transient dynamics
was not investigated, as this phenomena would be best treated as a separate experimental
study.

3.1.4 Dimensional Analysis

Given that there were seven experimental parameters to vary, ignoring w; for reasons given
in Section 3.1.3, dimensional analysis [73] was performed to try and reduce this number.
Considering the analytical representation of the FR of the pressure transient dynamics
across the sample tubing in polar form as

Gp(jw)

= Ps(jw) = |Gp(jw)|£Gp(jw) (3.2)

where, |Gp(jw)| is the magnitude FR and ZG,(jw) is the phase FR, both considered
dimensionless variables. Then from the experimental parameters to vary described in
Section 3.1.3, it was concluded that

Gp(jW) Nf(DiaLaEa,uaPOfBPA,w) (33)
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Where clearly for a FR, w is the variable which G,(jw) is plotted against. Selecting
the scaling parameters to be D;, u, and P,g, due to these parameters being unable to
form a dimensionless group and being the easiest to practically keep constant for a given
experimental run, results in the dimensionless presentation

w,uPALE

—) (3.4)

While this form does reduce the number of parameter variations, in practice it was not
used for every parameter variation in this investigation. The reason for this is primarily
due to the fact that in dimensionless form the effect of the scaling parameters cannot be
explicitly shown due to these parameters also appearing in the abscissa (dimensionless
frequency) of the FR plot. Where, within this study the specific effect of varying D;, p,
and P,g was pertinent to explore. However, the dimensionless form was useful in exploring
the effect of L and D;, in dimensionless form L as this form states that an increase in L
is equivalent to a decrease in D; and vise Versa If one considers the steady-state laminar

pipe flow equation [73] given by

o= APTDI (3.5)

128u L
it is clearly seen that an increase in L is equivalent to a decrease in D; or a decrease in
the pressure drop AP, all of which result in a lower flow rate The converse of this is also
true. So, it was assumed that the relationship presented by = could accurately model the
qualitative effect of varying either L or D; on G,(jw). Checklng this assumption experi-
mentally proved it to be reasonable. Thus the total number of experimental parameters
varied in the investigation was brought down to five, those being Pha, Poff, DL , E, and w.

Note that for every parameter G,(jw) was plotted against w, except for = o where it was
plotted non-dimensionally against & —& For a detailed derivation of these dimensionless

parameters see Appendix A.

As an extension to this discussion, it is important to point out that it is also feasible to
explore the effect of the dimensionless parameters ]I;A and % much like £ o However, as
previously discussed, the specific effect of Pyg Cannot be evaluated due to its couphng Wlth
the dimensionless frequency (abscissa)

and Piﬁ can only be done by varying the values of Py and E respectively, which does not
provide any experimental or analytical advantage in using the dimensionless forms of Pa
and E.
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3.2 Experimental Setup

3.2.1 General Apparatus

The experimental apparatus used to measure the pressure transient waves across the sample
tubing is shown in Figure 3.2 below. A computer controlled a microfluidic air pressure
pump (MFCS-EZ [0-1 bar] [74]) to send a sinusoidal pressure signal with a specific Py,
Py, and w as specified by (3.1). The pressure signal was transported by air tubing (SG-
Tygon LMT-55, 1.30 mm inner diameter (ID) [75]) through a reservoir holder (Fluiwell
4-Channel 2 mL Low Pressure [76]), containing reservoirs filled with silicone oil (viscosity
varied). Oscillatory flow of silicone oil was then carried through sample tubing (properties
varied). Pressure sensors (TE Connectivity U536D-H000015-001BG, gauge, 0-1 bar input
range, 0-5 V F.S. output, 0.1% F.S. accuracy, rise time < 2 ms [77]) were placed at
two points along the sample tubing, using specifically designed junctions, to measure the
incoming and outgoing pressure waves. Analog voltage signals output from the sensors
were sampled approximately simultaneously using a data acquisition system (DAQ) (NI
USB-6003 [78]) at a rate of 1 kHz per channel with a 16-bit resolution. The DAQ was
connected to a computer with a LabVIEW program to control analog signal sampling
and data acquisition. The outlet of the sample tubing was connected to an inlet of the
continuous phase channel (measurement channel) of a downstream microfluidic T-junction
chip (polydimethylsiloxane (PDMS)). Remaining inlets of the chip had connecting sample
tubing filled with silicone oil pressurised by the pump, with the other continuous phase
channel (continuous channel) inlet being set to P.g, and what would be the disperse phase
channel (disperse channel) inlet being set to Py, (0 Bar). On chip activity was monitored
using a microscope (Nikon Eclipse Ti-E [41]) with a camera (Andor Zyla 5.5 [40]) connected
to the computer used to control the pump.
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Figure 3.2: Apparatus used to measure transient pressure waves across sample tubing.
Note that the grey box under each pressure sensor is a junction that was machined to
integrate the pressure sensors into the microfluidic setup.

The experiments were performed using the same components present in the plant of
the PDMFCS, with the addition of pressure sensing elements along the sample tubing.
Notice that the outlet of the sample tubing was connected to a downstream microfluidic
chip to ensure that the internal pressure dynamics that would be present in the sample
tubing during PDMFCS operation are modeled as accurately as possible. P,g was requested
at the pump for the continuous channel to: 1) account for the fact that the pump cannot
send negative (vacuum) pressure signals and thus the input pressure wave sent through the
measurement channel must oscillate around a positive (greater than atmospheric) pressure,
and 2) simulate actual operation of the PDMFCS which will typically have at least one
other channel pressurized to manipulate an interface. P, was requested at the pump for
the disperse channel inlet to prevent any fluid flowing from the chip into the measurement
channel (reversal of the flow direction) and to provide an outlet for the fluid flowing from
the measurement and continuous channels. See Figure 3.3 below for visualization of the
measurement, continuous, and disperse channel.
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Figure 3.3: Measurement, continuous, and disperse channel of microfluidic chip in context
of experiments. Sample tubing with pressure sensor shown upstream of chip. Note that
the grey box under the pressure sensor is a junction that was machined to integrate the
pressure sensor into the microfluidic setup.

3.2.2 Experimental Parameters
Sample Tubing Length and Diameter

FEP tubing (CTQ-FEP-3, 1/16 in outer diameter (OD), 763 pum ID, [79]) was used in
every experiment except for variation of tubing material elasticity, £, which used tubing of
varying material with a 1/16 in OD and 254 pm ID. The 763 pm ID tubing was preferred
due to its inner diameter being closest to the size of the diameter of the channel in the
machined junctions used to hold the pressure sensors, which is 0.04 in (1.016 mm), the
possible effects and reasoning for this pressure junction diameter is discussed in Section
3.2.3. Further, a 1/16 in OD is a standard OD for sample tubing used in microfluidic
applications, thus it is also a standard size for punched microfluidic chip inlets.

To vary the dimensionless geometric property of the tubing, ﬁ, the length of the tubing
was varied according to Table 3.1 below.
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Table 3.1: Lengths of tubing considered to vary D%.

L+ 0.5 [mm] | &+ 07
69 90.4
90 118.0
110 144.2
130 170.4
150 196.6

Length of the tubing in this investigation is considered the length, L, between the two
pressure sensor junctions as seen in Figure 3.4 below.

Pressure Sensors
/ \

Pump Reservoir Chip
o A Iy = L ‘ | ls
Fixed Fixed Fixed

Figure 3.4: Visualization of lengths of tubing in experimental apparatus for measurement
channel. Pressure sensor connections to sample tubing shown. Note that the grey box
under each pressure sensor is a junction that was machined to integrate the pressure sensors
into the microfluidic setup.

For experimental cases evaluating variation of P, P, and E, L was kept to 69 +
0.5 mm. For the case evaluating the effect of varying u, L was kept at 150 + 0.5 mm to
help diminish the amount of fluid expelled from the reservoir at lower fluid viscosities. In
evaluating the effect of varying D%? L was varied. Length of the air tubing, ly, and other
connected sample tubing lengths (I1, [3) were kept at a fixed length for each experiment, see
Table 3.2 below. The air tubing length was chosen to allow practical ease of changing the
variable length, L. Further, the sample tubing lengths were chosen to attempt to minimize
the overall travel distance of the silicone oil so as to limit the attenuation of the pressure
wave by the time it reached the inlet pressure sensor.

34



Table 3.2: Lengths of other tubing segments.

Segment | Length £ 0.5 [mm]
Io 214
[y 145
ls 134

Sample Tubing Material Elasticity

Evaluation of the effect of the material elasticity on the pressure transient FR across the
sample tubing required tubing of constant geometric properties that only varied in its elas-
ticity. Notably, most microfluidic tubing manufacturers specify the flexural modulus of
the material, Fje, instead of the tensile modulus, Fi.,s. However, according to materials
theory Epey can be taken to be a measure of elasticity (stiffness) of a material qualitatively
equivalent to Elens [80], 80 Egex was used as a measure of material elasticity in this inves-
tigation. The tubing material considered for this investigation and its corresponding Fgey
are presented in Table 3.3 below, Fg, data is from IDEX [81]. All tubing had an ID of
254 pm , a 1/16 in OD, and was purchased from SciPro [82], the Canadian supplier for
IDEX tubing.

Table 3.3: Investigated tubing materials, Egecdata from IDEX [78] measured at 23 °C.

Material Fhex [GPa]
FEP 0.586
HPPFA 0.590
Tefzel ETFE 1.00
PEEK 4.10

The materials explored are not representative of all tubing materials used in microfludiic
applications, two other well used materials are Tygon and PTFE which were used in a
variety of studies, see [83, 84, 85, 86, 87, 88] . However, the selection of tubing available
from standard microfluidic tubing suppliers that was geometrically equivalent and only
varied in material elasticity was limited, but the available tubing had enough variation in
FEhex to attempt to explore this effect. However, the limitation of the purchasable tubing
resulted in the ID of the tubing for these tests being much smaller than the ID of the
pressure sensor junction channel, (254 pm as opposed to 1.016 mm), the effect of this
is discussed in Section 3.2.3. To try and solve this problem, contacting custom tubing
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suppliers was attempted, but a timely response was not received so this avenue was not
explored.

Sample Tubing Wall Thickness

A further consequence of the constraint on purchasable tubing was in the properties nec-
essary to investigate the dynamic effect of varying the wall thickness, w;, of the tubing.
This test required tubing of a constant ID and E, with a varying OD. Tubing available
that satisfied this criteria had at largest a 250 pm ID, which presented the same problem
with the pressure junctions noted for the tests exploring the material elasticity’s dynamic
effect. Further, the necessity to vary the OD of the tubing resulted in fluid leakage from
both the pressure junctions and the microfluidic chip during testing, even when methods
of prevention such as tubing sleeves [89] were used. Thus, appropriate testing of the effect
of w, would best be done by: 1) manufacturing/designing a new pressure junction(s) to
allow each OD of the tubing to be connected without leakage, 2) varying microfluidic chip
design to allow each possible OD without leakage, 3) using custom tubing and/or junctions
to ensure the microfluidic junction channel ID is on a similar scale to the ID of the sample
tubing. Given the complexity and involvement required in these proposed tests, the effect
of varying w; on the dynamic pressure response across the sample tubing was deemed out
of scope for the current investigation.

Fluid

Silicone oil was selected as the working fluid for these experiments as it is typically used as
the continuous phase fluid in operation of the PDMFCS [35, 36, 43|, and different viscosity
silicone oil is readily available to purchase. All fluid was purchased from Sigma-Aldrich
[90], the fluid properties are presented in Table 3.4 below.

Table 3.4: Properties of silicone oil used in experiments, all properties measured by the
manufacturer [87] at 25°C.

v[cSt] | p 5] | - 10° [Pa - 5]
) 913 4.57
10 930 9.30
20 950 19.0
20 960 48.0
100 960 96.0
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For experimental cases evaluating variation of Py, P.g, and ﬁ, 50 ¢St Silicone oil was
used. Evaluation of E used 5 ¢St Silicone oil to try and compensate for increased pressure
losses due to the decreased ID of the tubing.

Requested Pressure Wave Amplitude and Offset

The pressure sinewave requested from the pump (3.1) is physically constrained by the fact
that the pump used in the experiments (MFCS-EZ) cannot produce a negative (vacuum)
pressure, i.e. a pressure below atmospheric, and thus pressure wave oscillations must occur
over a positive (greater than atmospheric) pressure offset. It was necessary to investigate
the effect of increasing P,g on the FR, in order to understand how higher pressures may
affect the transient pressure response. Further, the effect of increasing P, needed to be
investigated for two primary reasons. First, the input pressure wave is attenuated as
it travels through the experimental setup, an observation also noted in [56], so it was
practically important to determine an appropriate P,g and P to ensure the inlet and
outlet sample tubing pressure waves are measurable. Second, given that the pressure wave
attenuates as it moves through the system, it was necessary to examine whether the degree
of this attenuation affected the pressure transient dynamics across the sample tubing, i.e.
it was necessary to determine if the pressure transient dynamics across the sample tubing
is amplitude dependent.

The amplitude dependency was the first tested parameter variation to evaluate if any
change to the experimental plan/setup/analysis needed to be performed, where for a con-
stant P,g set to 200 mbar, amplitudes summarised in Table 3.5 below were evaluated.

Table 3.5: Input pressure amplitudes considered with constant P, = 200 mbar.
Py [mbar]
0.05P,g
0.1P.g
0.15P,¢
0.25P,¢
0.3 Pog

For the offset dependency, Py was held constant at 0.25F,g, for the pressure offsets
considered in Table 3.6 below.
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Table 3.6: Input pressure offsets considered with constant Py = 0.25P,4.
P.g [mbar]
50
100
150
200
250

For all tests focused only on varying tubing or fluid properties, P,g was set to 100 mbar,
and Py was set to 0.25P,¢ (25 mbar). Note that this method of testing the dependency
of the response was inspired by the procedure for experimentally determining the FR, of
microfluidic pressure pumps in [56].

Requested Pressure Wave Frequency

For each experimental case, input and output pressure waves, determined from the request
specified by (3.1), were measured at 19 different frequencies over a frequency range of 0.01
to 0.4 Hz inclusive. This frequency range was determined from analyzing the results of
preliminary tests, with the experimental setup described in Figure 3.2 in Section 3.2.1 and
sending a pressure wave through the system at different frequencies, where approximate
locations of corner frequencies necessary to approximate a TF model from the experimental
FR of the pressure dynamics were found to be within this range. Further, prior dynamic
studies of the MFCS-EZ [35, 56], have shown that the pump output only slightly attenuates
input signals at the upper bound of this frequency range. Nineteen specific frequencies
points were selected to provide sufficient resolution to approximate a TF model from the
experimental FR, which again was determined from preliminary testing. The specific
frequency points considered were 0.01, 0.02, 0.03, 0.04, 0.05, 0.06, 0.07, 0.08, 0.09, 0.1, 0.2,
0.22, 0.25, 0.28, 0.3, 0.32, 0.35, 0.38, and 0.4 Hz.

Microfluidic Chip

For the tests, the downstream microfluidic chip had a standard T-junction design. The
chip design was kept constant throughout a given experimental parameter variation case
to ensure consistency in the results. Chips were manufactured using PDMS and soft
lithography [91]. Experimental cases considering the variation in Py, P, D%, 1 used the
chip dimensions specified in Figure 3.5 a). While the experimental case considering the
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variation in £ used the chip dimensions specified in Figure 3.5 b). Due to the master mold
of the chip specified in Figure 3.5 a) breaking during the initial testing of £, a different
master mold was used for the chip for testing the effect of £ due to time constraints.
This was deemed a reasonable decision since in the context of the objectives of this study
it is only important that the chip design remain the same for a given experimental case
determining the dynamic effect of changing the value of a given parameter, not between
experimental cases that differ in the parameter effect they are investigating.

a) b)
12 mm 7 mm 8 mm 3 mm
[« > |« > ——
O @ @: O
MC CC MC CC
7 mm SOpmq:f 7 mm SOHmZH
100 pm 100 pm
DC DC

Figure 3.5: Microfluidic chip designs used in experiments. a) Chip design used for ex-
perimental cases evaluating effect of varying Pa, Py, D%, and p. b) Chip design used for
experimental case evaluating effect of varying E. MC, DC, CC, stand for Measurement
Channel, Disperse Channel, and Continuous Channel respectively, see Section 3.2.1 and
Figure 3.3. All chips have a channel depth (into the page) of 50 um and a channel width
of 100 pm.

3.2.3 Other Practical Considerations
Analog Measurement and Digital Data Acquisition

The pressure sensors output being an analog voltage, and the necessity to sample this
voltage with a DAQ for digital storage and analysis had two very important practical con-
siderations for the experiments. First, since the digitized measurement from the pressure
sensors is output as a voltage, it was necessary to statically calibrate [64] the sensors and
DAQ setup to relate the measured voltage to a pressure, the method and results of this cal-
ibration are presented in Appendix B. Next, measurements of input and output transients
depend on the measurements being taken simultaneously, i.e. samples of measurements at
both the input and output beginning at the same time. Ideally, a simultaneous sampling
device should be used, but the NI USB-6003 DAQ is only capable of multiplexed sampling
[92]. However, given that the convert clock operates on the order of nanoseconds, the
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aggregate channel sample rate (2 kHz) is way below the maximum aggregate sample rate
(100 kHz) [78], and the pressure transient dynamics were found to be within the range
of 0.01 to 0.4 Hz, it was considered reasonable to approximate the digital measurements
obtained from each DA(Q channel as simultaneous. Since the major pressure transient dy-
namics occur at a timescale much greater than the limiting timescale of the convert clock
of the DAQ used in this study, so the nanosecond difference between samples on the input
and output measurements would have a negligible affect on the FR analysis.

Pressure Sensor Junctions

In order to use the pressure sensors within the microfluidic setup specialized junctions
needed to be designed and manufactured. These junctions were designed to: 1) attempt
to limit the sensor/junctions effect on the internal flow in the sample tubing and be leak-
proof, 2) preserve a small length-to-diameter ratio for the vertical tap to minimize the
time for a change in pressure to be sensed by the sensor [68], and 3) allow for both the
pressure sensors and sample tubing of various geometry to be connected to the junctions. A
sketch of the cross section of the junction design is presented in Figure 3.6 below. Detailed
drawings of these junction designs can be found in Appendix C. Note that IDEX F-333N
fittings for 1/16 in OD tubing [93] were used to connect the sample tubing to the junctions,
which allowed for various types of sample tubing to be used with the junctions. As well,
PTFE plumbers tape [94] was wrapped around the threads of the pressure sensors to leak
proof the junction-sensor connection.

Pressure Sensor Female Connection Port

Measurement Tap

Fitting Bore Hole /
\

/ N

Flow Channel

Figure 3.6: Sketch of cross-section of junction used to implement pressure sensors. Flow
channel is the channel through which the working fluid is transported through the mea-
surement setup.
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Inherently, the junctions affect the flow due to the presence of the vertical pressure
tap necessary for the sensors to measure pressure, but given the necessity of this tap for
pressure measurement it cannot be avoided. The design of this tap can affect the transient
time for the pressure sensor to sense a change in the actual pressure in the fluid. Preserving
a small length-to-diameter ratio of this tap helps to reduce the transient time between the
pressure change and the sensing of said change, and this relationship was considered in
the junction design. Further, it should be noted that the expansion from the small ID of
the junction channel to the large pressure sensing cavity, although screwed flush to the
tap, may also affect this pressure transient, but typical modelling neglects this [68, 64].
The expansion effect could be avoided by buying a pressure sensor on a similar scale to
the microfluidic tubing considered, but available microfluidic pressure sensors did not have
the appropriate input range, dynamic response, or accuracy deemed necessary for this
investigation. Regardless, it was pertinent to dynamically characterize the junction-sensor
apparatus experimentally to determine if the presence of these junctions would have any
effect on the FR measurements [68]. The experimental method and in depth results of
this characterization can be found in Appendix B, where the primary result was that the
junctions would not unnecessarily attenuate or phase shift the input and output sinewaves
over the frequency range considered in this experiment [0.01-0.4 Hz], assuming minor losses
in the measurement connections are very small.

The use of fittings and the difference in ID between the junction channel and the
sample tubing inevitably causes minor losses in the flow, these losses are further com-
pounded by the fact that the flow of the working fluid is laminar [95, 96]. Losses due to
the sudden expansion and contraction of the flow diameter are the most significant. Ex-
pansion/contraction losses become negligible as the ratio of the small and large diameter
approaches unity. Also, expansion losses are greater than contraction losses for a given
diameter ratio. Unfortunately, the smallest possible ID that could be machined for the
junctions was 1.016 mm (0.04 inches) and the largest microfluidic tubing ID available for
purchase, with a 1/16 in OD, was 763 pm. For the majority of tests in which 763 pm ID
tubing was used, the diameter ratio was 0.75, indicating that expansion and contraction
losses would be present. Given that this ratio is close to one, it is reasonable to assume
that these losses will effect the quantitative value of the experimental FR and estimated
TF parameters, but the order of magnitude of the experimental FR and the estimated pa-
rameters will not be greatly affected [73, 96]. However, for the experimental case where F
is varied, the ID of the sample tubing is 254 pm which gives a diameter ratio of 0.25, which
will result in significant losses. These losses are important to consider in interpreting the
results as an increase in the pressure loss would result in a decrease in the velocity of the
fluid flow, which implies that longer pressure transients would be measured in the setup,
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than what would actually be present in the sample tubing without any sensing apparatuses
connected. The qualitative understanding of these losses was used for interpretation of ex-
perimental results, but no quantitative assessment of the losses on the transient pressure
measurements was determined through either experimentation or simulation as this was
deemed outside the scope of this study. Though, a method of quantifying these losses
may be useful in order to produce more accurate TF models from experimental dynamic
data for use in an actual PDMFCS application, if the losses over a given tubing-junction
connection are deemed significant and no variation to the experimental setup can be made.

Continuous and Disperse Channel Connections

For the continuous and disperse channel connections, the tubing connection setup and
their placement relative to the measurement channel in the experimental setup is shown
in Figure 3.7. Continuous and disperse channel tubing lengths were kept constant over
all experimental tests, the values are presented in Table 3.7. The continuous and disperse
channel used the same tubing as the measurement channel for a given test. The lengths
of the tubing used in these channels were based solely on practically implementing the
experimental setup.
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Figure 3.7: a) Visualization of lengths of tubing in experimental apparatus for continuous
and disperse channel. b) Orientation of continuous, disperse, and measured channels in
experimental setup, air tubing connection not shown. Note that the red box represents the
set containing the continuous and disperse channel tubing.

Table 3.7: Lengths of tubing used for continuous and disperse channels.
lo £ 0.5 [mm] | [. £ 0.5 [mm] | I; £+ 0.5 [mm]
214 560 550

3.3 Data Analysis

In the following discussion, 'steady-state’ refers to the state of the dynamic response of a
stable L'TT system at which sufficient time has passed such that the transients associated
with the poles present in the systems response to a sinusoidal input signal have died [51].
Not the assumption of steady-state flow, as was discussed in Chapter 2. Note that the
method of estimating the FR was also used by Wong in his characterization of the pressure
pump [37]. All analysis was automated using Python and Matlab code, see Appendix D.
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3.3.1 Pressure Wave Amplitude and Phase Estimation

At steady-state, each input and output pressure wave for a specific frequency was modeled
as a general sinewave of the form [97]

p(t) = Apsin(wt + ¢,,) +m = A,cos(¢p,)sin(wt) + A,sin(¢,)cos(wt) + m (3.6)

Where A, is the amplitude of the sinewave, ¢, is the phase of the wave [rad], w is
the frequency [rad/s], ¢ is the time [s], and m is the offset [mbar|. For a given test case,
pressure waves within the frequency range of interest are being sent at a constant w and
m, and at steady-state A, and ¢, are constant. Thus, (3.6) can be rewritten as

p(t) = apsin(wt) + agcos(wt) + az (3.7)

Where, ag = Apcos(¢p), ar = Apsin(¢,), and ay = m. It can be shown that

A, =/ad+ a3 (3.8)
and
bp = tan_l(ﬂ) (3.9)
Qg

The measured pressure data for a given steady-state sinusoidal pressure wave at some
time ¢; was assumed to be

pm(t;) = p(t;) + € = qpsin(wt;) + ajcos(wt;) + as + €; (3.10)
Where ¢; ~ N(0,0?%) is the error in the measurement at time ¢;. Thus, the set of

measurements of a steady-state pressure wave from some initial time ¢; to some final time
tny can be written in a general linear model (GLM) form [98] as

Pm = Xp,, 0t + € (3.11)

Which in expanded form is
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Pm(t1) sin(wty) cos(wt1) 1| [ay €1
: = : : S |ea|

Pm(tN) sin(wty) cos(wty) 1| |2 EN

Assuming each ¢; ~ N(0, 0?) to be independent and identically distributed, the estimate
of a can be calculated using ordinary least squares (OLS) estimation. Where this estimate
is given by [99]

a= (XmeXpm)_lXmepm (3-12)

From determination of &, (3.12), the amplitude and phase of the measured steady-state
pressure wave at a given frequency, over the considered interval [t1, ty], can be estimated
using (3.8) and (3.9) where

A, = Vdy? + d,? (3.13)

and

¢p = tan™' (—) (3.14)

This process is repeated for each input and output pressure wave measurements over
the set of input pressure wave frequencies for each test case within a given experimental
case. Note that this method of estimating the sinewave parameters was also used by Wong
in his FR characterization of the pressure pump [37].

3.3.2 Determination of Magnitude and Phase Frequency Response

By considering measurements of the steady-state input and output pressure waves at a
given frequency over a common interval [to, ty] and estimating the amplitude and phase
of both waves using the method described in Section 3.3.1, the magnitude and phase FR
of the system at a specific frequency are determined by

|Gp(jw)| = — (3.15)
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for the magnitude FR, and

LGp(jw) = p, (W) — by () (3.16)

for the phase FR. Where p3 and p, represent the pressure wave at the inlet and outlet
of the sample tubing respectively. The = symbol is dropped for the magnitude and phase
FR, (3.15) and (3.16) for simplicity of notation, although they are inherently estimates of
the true magnitude and phase FR of the system.

For a given test case, determining the magnitude and phase FR, (3.15) and (3.16), over
the frequency range of interest, and then plotting the FR over this frequency range on
a Bode diagram [49, 51, 100] provides the experimental FR of the system. From which,
an estimate of the TF of the system was determined. Note that for plotting the FR, the
magnitude FR was converted to Decibels [dB| where

|Gp(jw)las = 20l0g,o(|Gp(jw)]) (3.17)

and the phase FR was converted to degrees [°] using

180°

LGp(jw)deg = £LGp(jw) (3.18)
Where for the remainder of this document |G, (jw)| will refer to |G, (jw)|as and £G,(jw)
will refer to ZG(jw)aeg unless otherwise noted.

3.3.3 Estimation of Transfer Function From Experimental Fre-
quency Response

With determination of the experimental FR over the frequency range of interest, a TF
estimate was obtained by fitting a simulated TF FR over the experimental FR data from
the Bode plot, through use of MATLAB’s tf() [101] and bode() [102] functions. Also,
from this estimated TF, the system model’s response to a step input was simulated using
MATLAB’s step() [103] function, the time constant was evaluated as the time for the
output to reach 63% of the input value [49, 51] using MATLAB’s stepinfo() function [104].
This was repeated for all tests within a given experimental case.
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3.3.4 Uncertainty

All experimental results and parameters determined from said results are presented at
the 95% confidence level [64]. This section summarizes the general methodology for the
uncertainty calculations.

Parameter Uncertainty

The initial uncertainty from which all corresponding uncertainties propagate is the uncer-
tainty in the estimate of the pressure sinewave parameters. Considering the measurements
of the pressure wave, assumed to come from a general sinewave model, presented in GLM
form with € ~ N (0,02 Liqent) as in (3.11), the estimate of the variance in the measurement
error is given by [99]

5'2 _ me<Iident - Pmpm )pm
n—r

(3.19)

Where Py, = X, (Xp,." Xp,) ' Xy, ", n = rank(Ligen), and r = rank(X,,,.).

Pm
From (3.19), the estimate of the covariance matrix of the parameter vector estimate can

be calculated using

cov(a) = 6%(X,,, " Xp, ) (3.20)

Where the estimated variance of each parameter estimate is along the diagonal of
the estimated covariance matrix. The uncertainty in the parameter estimate at the 95%
confidence interval is then calculated using

Aug, =+t var(d;) (3.21)

n—r,1—0.05/2

Where, tyal,_,, 05, 18 the t-value test statistic with n —r degrees of freedoms at a
two-sided 95% confidence level [105].

Uncertainty Propagation

From determining the uncertainty in the estimated sinewave parameters using (3.21), the
uncertainty in the experimental FR magnitude and phase was calculated using standard
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propagation of uncertainty techniques [64, 65, 105]. Where for a calculated parameter, v,
that is a function of experimental measurements and/or parameters, x;, as in

y=[f(xi...,2N) (3.22)

The uncertainty associated with y is estimated as

Auy ~ Z(;j Au,,)? (3.23)
i=1 t

Where, Au,, is the uncertainty associated with each x;.

Sequential Perturbation

For the parameters of the estimated TF used to model the experimental FR, there is no
analytic equation relating the estimated TF parameters to the experimental FR. Instead,
the TF parameters were estimated from graphical interpretation of the experimental FR.
Thus, %Auxi needed to be estimated. So, to calculate the uncertainty in the estimated

TF parameters sequential perturbation was used [65]. Where %Au% was estimated as

O py, e W) =yl + [y(z7) — y(i)] (3.24)
(5![’1' ' 2

With z; and z; representing the upper and lower uncertainty bound of a given z;. By
obtaining the parameters associated with fitting the estimated TF to the upper and lower
uncertainty bounds of the experimental FR, (3.24) was utilized to estimate the uncertainty
in the TF parameters. This method was also used to obtain the uncertainty in the transient
characteristic of the TF models simulated step response.

3.4 HECM Model Analysis

3.4.1 HECM Primary Model Form

The HECM was used to model the sample tubing dynamics, as was done in previous
PDMFCS studies [35, 36, 43]. A symmetric circuit formulation was the primary form of
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the HECM considered for the sample tubing pressure transient dynamics, see Figure 3.8,
to account for the continuous nature of the viscous and inertial losses both before and
after the losses associated with compliance effects [59]. See also Figure 2.1 in Section 2.2.
Ground of the circuit is considered atmospheric pressure.

Figure 3.8: Symmetric HECM of sample tubing used for comparison to experimental re-
sults.

3.4.2 Transfer Function Determination

In the HECM the slowest component transient response can be considered to model the
time it takes for the pressure field within the sample tubing to reach a hydrodynamic
steady-state. This response was assessed by deriving TF’s for the different circuit compo-
nents, considering the pressure drop across the component (AP.omponent = Veomponent) 88
the output and the pressure drop across the sample tubing as the input (AP = V). The
TFE’s of the different components in the circuit can be derived from Kirchoft’s voltage and
current laws, with Ry = Ry = R/2 and Ly = Ly = Lyyq/2. See Appendix E for the details
of said derivation, where the resulting TF’s are given by

O] = S = s Bt e T 329
Crals) = ‘?/%2(28)) " (Luyas + R)(C’lifds2 + CRs + 4) (3:26)
Crals) = @(S) - (Lhih§ﬁ<g)L(gydLij;2iRéESQ)+ 1) (3:27)
Cra(s) = 2t) _ 2Lnyas (3.28)

V(s) (Lnyas + R)(C'Lypyas®> + CRs + 4)
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_ Vc(s) . 2

G _
c(s) V(s) CLyyas?+ CRs + 4

(3.29)

Gr(s) (3.25, 3.26), GL(s) (3.27, 3.28), and G¢(s) (3.29) represent the transient pressure
field dynamics associated with the fluid overcoming viscous, inertial, and compliance effects
with a sudden change in the pressure drop across the sample tubing respectively. As these
responses happen simultaneously in the HECM, the slowest transient response is considered
to model the time it takes for the fluid within the sample tubing to reach hydrodynamic
steady-state. Values of hydrodynamic resistance, I, and inductance, Lyyq, were calculated
using (2.1) and (2.2). Hydrodynamic capacitance, C, values were evaluated using the
general formulation (2.3), while also considering the tubing compliance for thin and thick
wall tubes, (2.4) and (2.5) respectively.

Since the silicone oil manufacturer/supplier did not have data for the adiabatic bulk
modulus, £, was assumed to be equal to 1.7237 GPa, which is a typical bulk modulus value
for hydraulic oils [106]. Further, since the tubing manufacturer/supplier did not have data
for Flepns this value was estimated from other suppliers data sheets, which varied depending
on the tubing material, see Table 3.8 below.

Table 3.8: Estimated values of Fi.,s for tubing materials considered in experiments from
other manufacturers/suppliers. Used in HECM parameter calculations.

Material Eiens [GPa] | Source
FEP 0.346 | [107, 108]
HPPFA 0.451 [109]
Tefzel ETFE | 0.965 [110]
PEEK 1.10 [111]

Evaluation of thick wall capacitance, (2.5), was only performed for FEP tubing, with
v, estimated as 0.48 [112].

3.4.3 Comparison of Experimental and HECM Dynamic Response
Difference in HECM and Experimental Transfer Functions and Signals

The TF’s derived from the HECM approximate the dynamic response of the pressure
drop associated with viscous, inertial, and compliance effects with an arbitrary change in
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the total pressure drop across the sample tubing. Meanwhile, the TF’s estimated from the
experimental FR’s model the dynamic response of the sample tubing output pressure signal
with an arbitrary change of the input pressure signal. Thus, the analytic and experimental
models are slightly different in the input and output signals considered. This may cause
the HECM component TF’s to differ in model and transient /freqeuncy response form from
the experimentally estimated TF’s, depending on the complexity of the circuit considered.

Comparing the HECM and Experimental Model

Despite the possible difference in form of the TF and associated transient/frequency re-
sponse between the HECM and experimentally estimated TF’s, the models are similar in
that they both characterize the step response associated with a change in pressure, i.e.
the time for the fluid in the system to reach hydrodynamic steady-state. Thus, for the
HECM to be an appropriate model of the sample tubing pressure dynamics, the HECM
component TF with the slowest step response should have a step response on a similar
timescale to that of the experimentally estimated TF for the same tubing/fluid parame-
ters. That is, the HECM component with the slowest step response should approximate
a similar timescale for the fluid to reach hydrodynamic steady-state as the experimen-
tally estimated TF. As such, it was deemed most appropriate to determine the validity of
the HECM in approximating the pressure transient response across the sample tubing by
comparing the quantitative timescale of the HECM component TF’s step response charac-
teristics to the quantitative timescale of the experimentally estimated TF’s step response
characteristics. Also, the change in the HECM quantitative step response characteristics
timescale with variation in tubing/fluid parameters was assessed and compared to the vari-
ation in timescale with change in parameters associated with the experimentally estimated
TF’s.

Quantifying Step Response Characteristics

Quantitative step response characteristics were evaluated depending on the order of the
TF model under consideration. For first-order models the step response is characterized by
its time constant, 7, that is the time for the output signal to reach 63% of its steady-state
value. For the higher order models, the defining step response characteristic was settling
time (7y), the time required for the output transient damped oscillations to reach and
remain within +0.02 of the output steady-state value [39, 49, 51]. Ty was used as the
main assessment of the time for the fluid to reach hydrodynamic steady-state. Timing
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characteristics of the different TF’s were assessed and set using MATLAB’s stepinfo()
function [104].

Comparison of HECM and Experimental FR

Even though the input-output signals for the HECM components differ from the input-
output signals for the experimental FR (pressure drops vs gauge pressures), it is still useful
to assess the frequency domain performance of the HECM as opposed to the experimental
FR. The components in the HECM may not have FR’s equivalent to that found in the
experiments due to the differing input-output signals and the fact that each component
TF is a characterization of the dynamics associated with specific fluid phenomena in the
tubing as opposed to the pressure transient dynamics across the whole tubing. Regardless
of FR form, if the HECM were to be a suitable model, it is expected that the corner
frequencies of the FR are comparable to that found in experiment. To compare the FR's,
Bode plots of the HECM components were determined using MATLAB’s bode() function
[102], ensuring that the Bode plots encompassed the frequency range of the experimental
FR [0.01,0.4] Hz.

3.4.4 Lower Order HECM Model Forms

Given that the symmetric form of the HECM produces TF’s of a relatively high-order,
simpler versions of the HECM were also considered to see if lower-order models could
capture similar transient/frequency responses as the experimentally estimated TF’s. All
TF’s were derived and parameters were calculated using the same methods as described in
Section 3.4.2, where the TF derivations are given in more detail in Appendix E. Transient
and frequency response characteristics were determined using MATLAB.

Second-Order HECM

The second-order HECM, Figure 3.9, was implemented in Wong et al.’s PDMFCS studies
[35, 36]. One may interpret this form as modelling a case where the losses are discontinuous,
that is some of the flow experiences inertial losses and other parts of the flow experience

compliance losses, rather than a continuous application of both types of losses along the
tubing [59].
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Figure 3.9: Second-order HECM of sample tubing used for comparison to experimental
results

The dynamic characteristics of this circuit are dominated by the inertial and compliance
components, the TF’s of which are given by

VL(s) Ly,qC's? 52
=) T E = 3.30
L(s) V(s)  LpaCs*+RCs+1  s2+ TRdS T thdC ( )
Vel(s) 1 _1
5 LyyqC
Gels) = Ty = = e 3.31
c(s) V(s) ~ LiaCs® + RCs 11 2+ s+ L (3.31)

First-Order HECM

There are two ways to model the first-order HECM. The first is to neglect the effect of
inertial losses, which results in a RC circuit of the form in Figure 3.10 below, where the
fluid only experiences viscous and compliance losses.

Pp3 R P4 R
O AN o -/V\W\
+
=c <& === V(AP) =FC

Figure 3.10: First-order RC HECM of sample tubing used for comparison to experimental
results
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The dynamic characteristics of this circuit are characterized by the TF of the resistive

Vr($) RC's
= = 3.32
Ga(s) V(s) 14 RCs (3:32)
and compliance component
1
Gels) = L2 (3.33)

V(s) " 1+ RCs

The second method of modelling a first-order HECM is by neglecting compliance effects,
which results in the RL circuit pictured in Figure 3.11 below

R Lnya
ps It L p

o I V(AP)

Figure 3.11: First-order RL HECM of sample tubing used for comparison to experimental
results

The dynamic characteristics of this circuit are characterized by the TF of the resistive

VR(S> 1
G = = 3.34
and inertial component
L
Vi(s) S
G = = 3.35
A=) T g (339

3.4.5 Modelling Considerations and Assumptions

In the experiments, the pressure at the outlet of the sample tubing is not exactly atmo-
spheric, due to the presence of the downstream chip, although the disperse channel in
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the chip is open to atmosphere. However, considering the pressure differential relative to
ground is rational in the HECM for the following reasons. First and most importantly,
the HECM is used to assess the dynamic response across the circuit components associ-
ated with changing the pressure drop (AP = p3 — p4) across the tubing, where the value
of this pressure drop is arbitrary from a dynamic modelling perspective. Second, if the
downstream chip channels were also modelled, this would increase model order, result in
the model becoming MIMO, and therefore increase difficulty in analysis all without signifi-
cantly changing the order of magnitude of the quantitative values of the transient response
characteristics, where this magnitude is on the order of milliseconds [22].
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Chapter 4

Results and Discussion

This chapter will present and discuss the results obtained using the methodology devel-
oped in Chapter 3 to experimentally characterize the pressure transient dynamics across
the sample tubing in the PDMFCS plant, followed by a comparison of experimentally de-
termined and HECM predicted dynamic responses. The effectiveness of the experimental
setup and procedure at simultaneously measuring the pressure waves, as well as fitting a
sinewave model to the measurements is presented in Section 4.1. Section 4.2 details the
experimental FR results and the accompanying estimated TF, followed by assessment of
the change in dynamic response with variation in the tubing/fluid parameters. Comparison
of the dynamic response of the experimentally estimated TF to that of the HECM is found
in Section 4.3.

4.1 Experimental Pressure Waves and OLS F'it

With the experimental plan and setup described in Sections 3.1 and 3.2, input and output
pressure waves were successfully measured approximately simultaneously along the sample
tubing. The beginning section of measurements for input-output pressure waves at a fre-
quency of 0.01 Hz used for FR analysis of a requested pressure wave with P,g = 150 mbar
and Py, = 0.25P,4 are shown in Figure 4.1. The transient fully dissipated at around 400
seconds (~ 7 minutes), after which steady-state pressure waves were measured. Measure-
ments at a given frequency were taken over a time interval of 13-20 minutes, depending on
the frequency of the wave, to ensure an adequate number of periods (8-10) of the steady-
state pressure waves were within the steady-state measurement region selected for OLS
fitting and FR analysis, to decrease the uncertainty in the results.
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Figure 4.1: Beginning portion of input and output pressure wave measurements with P,g
= 150 mbar, Py = 0.25P,¢, and f = 0.01 Hz. Steady-state measurement regions were used
for OLS fitting and FR analysis. p3_ and p,_ represent the pressure wave measurements
at the inlet and outlet of the sample tubing respectively. Measurement uncertainties are
not shown for the purpose of visual clarity.

The OLS estimation method (Section 3.3) provided good fits of the pressure waves at
the slowest (0.01 Hz) and fastest (0.4 Hz) considered frequencies. This can be seen from
the measured and estimated steady-state pressure waves at the inlet of the sample tubing
for the experimental case of P,g = 150 mbar, Py = 0.25P,¢ for 0.01 and 0.4 Hz shown in
Figure 4.2. The values of the estimated parameters with relative uncertainties [105] are
presented in Table 4.1.

Notice that the inlet pressure wave attenuation increases as the requested frequency
increases. Given that upstream of the inlet pressure sensor there is a relatively significant
length of sample tubing connecting the reservoir to the inlet pressure sensor, see Figure 3.4
and Table 3.2 in Section 3.2.2, this behaviour is expected [56]. Where the portion of sample
tubing connecting the reservoir to the inlet pressure sensor imposes its own energy loss and
dynamic effects on the flow before it reaches the sensing region of the inlet pressure sensor.
From the dynamic analysis presented in Section 4.2, it is observed that increasing the
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oscillation frequency will result in increased attenuation of the pressure wave as it travels
through the tubing. Physically, this attenuation likely stems from the fact that in laminar
flow the viscous forces tend to damp high frequency behaviour [73, 113]. The experimental
results, presented in Section 4.2, show that the relative flow energy between the outlet
and inlet wave (the relative energy loss) dictates the lowest frequency of behaviour that is
damped by viscous effects. Examining this behaviour from the perspective of a physical
wave travelling through a medium, since the pressure wave loses energy due to friction
effects as it travels through the tubing, the wave energy at the outlet is lower than the
energy at the inlet. Wave energy is proportional to both amplitude and frequency [114],
thus at a constant frequency, wave energy loss through the tubing results in attenuation
of the amplitude of the wave as it travels from the inlet to the outlet of the sample
tubing. Experimentally, it was observed that the amount of relative energy loss through
the tubing increased with frequency due to the tendency for viscous forces in laminar flow
to preferentially damp high frequency behaviour [73, 113]. This implies that the increase
in the inlet wave energy was negligible in comparison to the increase in energy (frictional)
losses through the tube as the frequency of oscillation was increased.

The effect of the attenuation of the inlet pressure wave on the experimental FR of the
pressure transients across the sample tubing was investigated by varying Py, see Section
4.2.2. Also, the noise in the measurement signal becomes more prevalent at higher frequen-
cies, which is expected as electronic noise operates in a high-frequency domain [64]. This
noise could be removed from the measurement signal by the addition of a low-pass filter
[70], but no such addition was made in these experiments. As a final note, the pressure
wave offset differs between the 0.01 Hz and 0.4 Hz wave. This can be attributed to: 1)
slight bias error in the pressure sensors, which can be amplified by slight differences in el-
evation/angle in the sensors during measurement and/or, 2) the Fluigent pumps difficulty
in maintaining the offset at increased frequency requests. Regardless, this difference in
offset has a negligible effect on the FR analysis, as only the relative amplitudes and phases
of the input-output sinewaves are needed.
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Measurement uncertainties are not shown for the purpose of visual clarity.
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Table 4.1: Estimated parameters of (3.7) from OLS estimation of input pressure wave

for 0.01 and 0.4 Hz frequency cases, with P,y = 150 mbar and Py, = 0.25FP,4. Relative

uncertainties shown.

f [Hz] | dp [mbar] ap [mbar] iy [mbar]
0.01 | 1.15 £ 0.06% | 18.8 4+ 0.004% | 148 £ 0.0003%
04 10745 +02% | 0.019 £ 6% | 154 + 0.0005%

4.2 Experimental Frequency Response and Simulated
Transient

4.2.1 General Form

The experimental FR for each test in each experimental case had the general form of a
first-order system with one zero and a transport lag component. Thus, the estimated TF
to model each experimental FR had the form

1 +a(jw

G, (jw) = edwliTgw; (4.1)
A Bode plot of the experimental FR with the FR of the estimated TF overlapped,
for the test considering an input pressure wave of P,g = 150 mbar and Py = 0.25F.g, is
presented with uncertainties in Figure 4.3. Values of the TF model parameters a, b, and
d for this case are presented in Table 4.2. In general, the uncertainties in the magnitude
and phase FR were relatively small, but increased in size with increase in frequency. The
physical nature of the system and its relationship to this general first-order model form

with transport lag component are discussed below.

First-Order System

Given that microfluidic flow is dominated by viscous forces and occurs over a low flow ve-
locity, i.e. laminar flow with R, << 1, it makes sense that the pressure transient dynamics
approximate a first-order model. The negligible effect of inertia coupled with the domina-
tion of viscous forces in the flow would result in heavy damping of the system response.
For all cases, the magnitude of the zero was much greater than the magnitude of the pole
which results in the subsequent tapering in magnitude attenuation at higher frequencies
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and slightly faster step response time constants, compared to a first-order system without
a zero [49].

Within this study the zero was included in the TF estimation to increase the accuracy
in the estimated phase FR fit to the experimental data. While including the zero in the
TF estimation resulted in an improved fit of the estimated phase FR to the experimental
phase FR, the fact that it occurs at a frequency upwards of 33 times faster than the pole
suggests that it may be physically reasonable to neglect it in the TF estimation. Further,
prior pressure transient models have shown/assumed the pressure magnitude attenuation
to continuously increase with an increase in frequency [44, 58, 68]. Neglecting the zero
may result in slight changes in the estimated values of b and d. The perceived presence of
the zero in the experimental FR may be a consequence of both the increased attenuation
of the pressure waves and the decrease of the signal to noise ratio of the pressure wave
measurements at high frequencies, resulting in a worse OLS estimation of the phase of
a given wave. Decrease in the signal to noise ratio also increases the uncertainty of the
experimental FR and the parameters of the estimated FR. The effect of noise could be
minimized through the use of low-pass filters, but no such compensation was performed in
these experiments.

Transport Lag

It is physically reasonable and expected that the change in the output pressure wave would
lag the change of the input pressure wave. As an input pressure wave propagates through
the tubing at the speed of sound in the working fluid, which is finite [68]. Generally, the
results showed this transport lag to be very small and almost negligible, which is physically
reasonable given the relatively short distance over which the pressure wave travels across
the sample tubing in the experiments. Due to the experimental phase FR having larger
uncertainty at higher frequencies caused by increased wave attenuation and noise in the
measurement signal, it is possible that the true transport delay is slightly different than
that found in these analyses.

Transport lag is indicative of a non-minimum phase system, that is a system whose
range in phase angle is greater than the minimum phase angle range for all systems with
an equivalent magnitude characteristic. Some consequences of non-minimum phase systems
in control system design are that the TF must be estimated from both the experimental
magnitude and phase FR and that stability analysis is best performed using Nyquist dia-
grams, as opposed to Bode plot stability assessments using phase and gain margins [51].
As such, careful consideration would have to be made in PDMFCS design on whether or
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not to neglect this transport lag component in the model of the sample tubing pressure
transient dynamics.
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Figure 4.3: Bode plot of FR from experiment and estimated TF for P,g = 150 mbar and
Py = 0.25P4.

Table 4.2: Parameters for estimated TF from experimental FR for P,y = 150 mbar and
Py = 0.25FP,¢. Relative uncertainties given.

a b d
024+ 15%|69+15%]0.15+17%

4.2.2 Increasing Pressure Amplitude

The pressure transient dynamics across the sample tubing were negligibly affected by the
increase in the amplitude of the requested pressure wave (Figure 4.4). Physically, this
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would indicate that the pressure wave experiences the same relative attenuation (energy
losses) across the tubing regardless of its incoming amplitude. This result is reasonable
as these tests considered a constant P.g, along with constant tubing and fluid parameters.
Which indicates that the mean pressure drop across the tubing was the same over all tests.
This would imply the fluid elements, carrying the effect of the change of the input pressure
signal, travel through the tubing at approximately the same mean velocity. Where in the
steady-state case (3.5), an increase in the pressure drop results in an increase in the flow
rate for constant tubing and fluid properties, or an increase of the incoming flow energy
(decrease in the relative energy loss across the tubing) [73, 113].

From a dynamic system perspective, since the system does not show any amplitude
dependence, the parameter values of the estimated TF were the same for all cases (Table
4.3). The lack of amplitude dependence shows that the system can be approximated as
linear since it is obeying the fundamental property of scaling, inherent to the superpo-
sition property of linear systems [70]. This indicates that linear control system design
and analysis techniques would be applicable to this system [51, 70]. At lower amplitudes,
larger TF parameter uncertainties were noted, due to the lower signal to noise ratio of the
measurements due to the decreased wave amplitude. The largest relative TF parameter
uncertainties are reported in Table 4.3. Note that the relative uncertainties in a and d are
much larger than the relative uncertainty in b. This is caused by the increased uncertainty
in the experimental FR, due to the decreased pressure wave amplitude and signal to noise
ratio, in the relatively higher frequencies that a and d take effect.
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Figure 4.4: Experimental and estimated FR for increasing Ph.

Table 4.3: Parameters for estimated TF from experimental FR’s investigating the effect of

varying P,. Relative uncertainties given.
a b d

0.2 +38% | 6.6 £ 3.0% | 0.15 + 20%

4.2.3 Increasing Pressure Offset

Increasing P,g primarily resulted in an increase of the corner frequency (Figure 4.5), a
decrease in b, and thus a faster step response for the system (Figure 4.6). Physically, this
is reasonable as an increase in P,z would result in an increase in the mean pressure drop
(increase in inlet energy, decrease in relative energy loss) across the tubing, and thus an
increase in the mean velocity at which the fluid moves through the system as discussed in
Section 4.2.2. Although, the increase in the corner frequencies (decrease in time constants)
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with increasing P,g is statistically significant, the actual relative difference is rather small
unless the pressure is increased significantly (Table 4.4). So, in modelling the sample tubing
pressure transient dynamics for a PDMFCS application, it may be reasonable to neglect
this effect. A Bode plot of all experimental and estimated FR’s and a plot of the step
response for each estimated TF was not shown for the purpose of visual clarity, but can
be found in Appendix F.
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Figure 4.5: Experimental (points) and estimated (lines) FR for P,g = 50 and 250 mbar.
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Figure 4.6: Simulated step response for estimated TF from experimental FR for P,z = 50
and 250 mbar.

Table 4.4: Parameters and associated time constants for estimated TF’s from experimental
FR’s investigating the effect of varying P,g. Note that absolute uncertainties are given to
show that the increase (decrease) in corner frequency (time constant) for an increase in
P.g is statistically significant.

Pog [mbar] a b d 7 [s]
50 02+£01 |80+£01]015+£003|79+£0.1
100 02+£004 |774+£01(0.15+£0.04 |76 0.1
150 02+003 {69+01]0.15+0.03|68x0.1
200 02=x£0.02 [{6.6=x=0.1]0.15%=0.026.5=x=0.1
250 0.16 = 0.02 | 6.1 = 0.1 | 0.12 £ 0.02 | 6.0 == 0.1
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4.2.4 Increasing Length-Diameter Ratio

An increase in the D%_ ratio, corresponding to an increase in the tubing length and/or a
decrease in the tubing ID, results in a decrease of the corner frequency (Figure 4.7), an
increase in b, and thus a slower step response for the system (Figure 4.8). This is physically
reasonable, as an increase in the length, or a decrease in the ID, would result in an increase
in the relative energy loss across the tubing, and subsequently a decrease in the velocity
at which the fluid moves through the tubing with constant pressure and tubing properties
(3.5). Further, due to increased attenuation of the pressure waves as £ is increased, the

D;
uncertainty in the estimated FR increases.

It is interesting to note that the magnitude of change of the corner frequency and

time constant for a change in ﬁ is significant (Table 4.5). Comparing Tables 4.4 and

4.5, the magnitude of change of the corner frequency and time constant for a change in
D%_ is much more significant than that associated with a change of P,g for much smaller
relative changes. This suggests that the pressure dynamics across the sample tubing have
a much higher dependency on the geometric properties of the tubing as opposed to the
operating pressure. Further, this indicates that the geometric properties of the tubing
are important to consider if the sample tubing pressure dynamics are to be modelled for

PDMFCS applications.
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Figure 4.8: Simulated step response for estimated TF from experimental FR for ﬁ =90
and 197. Step response was simulated from dimensional estimated TF, not the dimension-

less form.

Table 4.5: Parameters and associated time constants for estimated TF’s from dimensional
experimental FR’s investigating the effect of varying %. Note that absolute uncertainties
are given to show that the decrease (increase) in corner frequency (time constant) for an

increase in DL
7

is statistically significant.

D%_ a b d 7 [s]

90 02=x0.1 7701 |0.15£0.04| 7.6 £0.1
118 1 0.14 £0.03 | 97+ 0.1 | 0.1 £0.01 | 9.6 £0.1
144 1 0.13 £0.03 | 11 £0.1 | 0.08 £0.01 | 10.9 £ 0.1
170 1 0.13 £0.01 | 13.8 £ 0.1 | 0.08 £ 0.01 | 13.7 £ 0.1
197 1 0.13 £0.03 | 154 £ 0.1 | 0.08 £ 0.02 | 15.3 £ 0.1

The table of the dimensionless estimated TF parameters, a Bode plot of all experimental
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and estimated FR’s, and a plot of the step response for each estimated TF were not shown
for the purpose of visual clarity, but can be found in Appendix F.

4.2.5 Increasing Fluid Viscosity

Similar to an increase in 3, an increase in the viscosity of the fluid results in a decrease
of the corner frequency (Flgure 4.9), an increase in b, and a slower step response for the
system (Figure 4.10). Physically, this is rational as an increase in the viscosity would result
in an increase in the relative energy loss across the tubing due to an increase in the viscous
forces resisting the flow of the fluid, and subsequently a decrease in the velocity at which
the fluid moves through the tubing with constant pressure and tubing properties (3.5).
As in the D%_ case, due to increased attenuation of the pressure waves as the viscosity is
increased, the uncertainty in the estimated FR increases.

Similar to the = case, increasing the viscosity has a significant influence on the magni-
tude of the values of the corner frequency and time constant (Table 4.6). Where, it can be
concluded that the pressure transient dynamics across the sample tubing are highly influ-
enced by the viscosity of the working fluid. Thus, for developing a plant model including
the sample tubing dynamics in a PDMFCS application, its is imperative to consider the
viscosity of the working fluid, much like the tubing geometric properties.
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Figure 4.10: Simulated step response for estimated TF from experimental FR for v = 5
and 100 cSt.

Table 4.6: Parameters and associated time constants for estimated TF’s from experimental
FR’s investigating the effect of varying viscosity. Note that absolute uncertainties are given
to show that the decrease (increase) in corner frequency (time constant) for an increase in

viscosity is statistically significant.

v [cSt] a b d T [s]
) 0.12 £0.01 | 1.44 £ 0.01 | 0.085 £ 0.005 | 1.33 £ 0.01
10 0.12 £ 0.003 | 2.20 £ 0.03 | 0.085 £ 0.003 | 2.15 £ 0.03
20 0.12 £ 0.01 | 4.60 £ 0.08 | 0.08 &£ 0.003 | 4.53 £ 0.08
50 0.13£0.03 | 154 £0.1 0.08 = 0.02 15.3 £ 0.1
100 0.13£0.03 | 27.0£0.5 | 0.08 £0.01 | 26.8 £ 0.5

A Bode plot of all experimental and estimated FR’s and a plot of the step response for
each estimated TF was not shown for the purpose of visual clarity, but can be found in
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Appendix F.

4.2.6 Increasing Tubing Material Stiffness

These tests pushed the current experimental setup to its limits, due to the small ratio of tub-
ing ID to junction diameter (0.25). The small ratio caused extensive expansion/contraction
losses through the pressure sensor junctions [73, 96| resulting in measured pressure tran-
sients that are much slower than what would actually be present in the sample tubing
during normal PDMFCS operation with similar tubing/fluid properties, as discussed in
Section 3.2.3. From the measurement perspective, very high attenuation of the input and
output waves was observed. This attenuation resulted in magnitude FR attenuation across
all frequency bands, and large signal-to-noise ratios that contributed significantly to the
magnitude of the uncertainty in the experimental FR (Figure 4.11). No clear relation-
ship between the corner frequency and 7 with material stiffness was noted, and there was
overlap for the uncertainty bounds of b and 7 of the estimated TF’s (Table 4.7).

Although the lack of relationship between the parameter values and material stiffness,
as well as the overlap of the b and 7 uncertainty bounds, may indicate that the pres-
sure transient dynamics across the sample tubing are independent of the tubing material
stiffness; there is hesitance to make such a definitive conclusion due to the limitations
of the experimental setup used to test this dependency which resulted in significant ex-
pansion/contraction losses and large uncertainties in the estimated TF parameters. As
previously discussed in Section 3.2.3, the low diameter ratio (0.25) between the sample
tubing and the junctions, coupled with the fact that microfluidic flow is laminar, resulted
in large expansion and contraction losses [73, 96]. These losses created unrealistic and
highly attenuated flow conditions, which resulted in large uncertainties in pressure wave
measurements that propagated through to the subsequent experimental FR and TF esti-
mation. As previously stated, see Section 3.2.3, the diameter ratio for all other parameter
tests was 0.75, which results in only minor expansion/contraction loss [73, 96] that did
not greatly affect the physical realism of the flow. Thus, to confidently conclude sample
tubing pressure dynamics dependency on tubing material stiffness, an improvement of the
experimental setup/procedure is necessary.

To improve the experimental setup, it is advisable to develop an apparatus and/or
purchase sample tubing, such that the ratio of the sample tubing ID and the junction
diameter is close to one. Where, a diameter ratio approximately equal to one would result
in the most realistic flow conditions and minimize the expansion and contraction losses
in the flow [73], decreasing the uncertainty in the experimental measurements associated
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with the setup. These tests would be best suited for further study, possibly in conjunction
with exploration of how the microfluidic chip and tubing wall thickness affect the pressure
transient dynamics across the sample tubing. It should also be noted that improving
the setup to minimize expansion/contraction losses would also increase the accuracy of
the experimental FR and estimated TF for the tubing setups used to explore the other
experimental parameters in this study.
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Figure 4.11: Dimensionless experimental (points) and estimated (lines) FR for Fgex =
0.590 (HPPFA) and 4.10 GPa (PEEK).
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Table 4.7: Parameters and associated time constants for estimated TF’s from experimen-
tal FR’s investigating the effect of varying tubing material stiffness. Note that absolute
uncertainties are given to show that the effect of varying material stiffness on the cor-
ner frequency and time constant cannot be verified statistically due to the overlapping
uncertainty bounds.

Material Fhex [GPa] a b d 7 [s]
FEP 0.586 0.13x=0.06 | 51 £2 | 0.08 = 0.01 | 51 &= 2
HPPFA 0.590 0.13 £0.03 | 57 £ 3 | 0.08 £ 0.02 | 57 £ 3
Tefzel ETFE 1.00 0.13 £ 0.07 | 55 £ 3| 0.08 £ 0.01 | 55 £ 3
PEEK 4.10 0.13+0.04 |63 £4]008=£0.03|63%4

A Bode plot of all experimental and estimated FR’s and a plot of the step response for
each estimated TF was not shown for the purpose of visual clarity, but can be found in
Appendix F.

4.2.7 Summary
Effectiveness of Methodology

The experimental setup and methodology described in Chapter 3, proved to be effective
at experimentally characterizing the pressure transient dynamics across the sample tubing
using FR techniques, for tubing setups that minimize expansion and contraction losses
across the sample tubing/pressure sensor junctions. Pressure transient dynamics across
the sample tubing were shown to be characterized as a first-order TF with a transport lag
component. This experimental methodology allows an experimentally estimated TF of the
pressure transient dynamics across the sample tubing to be incorporated into the PDMFCS
plant model to improve it’s accuracy. With, an improvement in the PDMFCS plant model
accuracy, more accurate stability and dynamic response analyses of the system can be
performed. Where, increased accuracy in the stability and dynamic response analyses will
allow for the development of an informed and robust design methodology for the PDMFCS,
which will advance the PDMFCS towards modularity.

Effect of Parameter Variation

Pressure transient dynamics were shown to have no amplitude dependence and a slight
dependency on the mean input pressure, but were most significantly affected by tubing
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geometric properties and fluid viscosity. Decreasing the offset pressure, increasing the
tubing’s length to diameter ratio, or increasing the fluid’s viscosity resulted in an increase
in the relative energy loss across the tubing, which decreased the corner frequency and
increased the step response time constant. Understanding the effect of this parameter
variation is useful from a PDMFCS design standpoint, as future designers can now infer
how to physically vary dynamic response characteristics of the system to reach desired
stability and response objectives. Further, the lack of amplitude dependency indicates
that the system can be approximated as linear for control system design and analysis.
No effect of material stiffness was observed, but a definitive conclusion was not made
on this dependency due to limitations of the experimental setup resulting in significant
expansion/contraction losses which created physically unrealistic flow conditions and large
uncertainties in the measurements obtained during the material stiffness tests. As such,
an improvement to the experimental setup to minimize expansion/contraction losses is
necessary so that the true effect of material stiffness can be quantified.

4.3 Hydrodynamic Equivalent Circuit Model

4.3.1 Comparison to Experimentally Estimated TF

For the following discussion, the calculation of the hydrodynamic resistance (2.1), inertial
(2.2), and compliance (2.3, 2.4, 2.5) effects considered the experimental case where Pog =
100 mbar, Py = 0.25FP,, L = 69 mm, D; = 0.763 mm, silicone oil is the working fluid
with v = 50 ¢St, and the tubing material is FEP. The choice of the experimental case used
for the HECM comparison and calculated parameter values was arbitrary. Due to the lack
of manufacturer /supplier information for the values of Fi,s and vy, of the sample tubing,
these values were assumed to be 0.346 GPa [107, 108] and 0.48 [112], which are the values
provided by other manufacturers for FEP tubing. Similarly, g, for the purchased silicone
oil was not known by the manufacturer, so its value was assumed to be 1.7237 GPa, which
is a typical value of adiabatic bulk modulus for hydraulic oils [106].

Model Form

Compared to the non-minimum phase first-order model estimated from the experimental
FR, the symmetric HECM results in third (3.25, 3.26, 3.27, 3.28), and second order TF’s
(3.29). Meanwhile the simplified HECM’s produce second (3.30, 3.31), and first-order
(3.32, 3.33, 3.34,3.35) TF’s. Notably, G¢(s) of the RC HECM (3.33), and Gg(s) of the RL
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HECM (3.34) present the same qualitative first-order characteristics as the experimentally
estimated TF, albeit without the zero and transport lag component. In fact, no HECM
form captures the transport lag component present in the experimentally estimated TF,
which makes sense as the HECM is derived from the assumption of hydrodynamic steady-
state flow. Although it should be noted that the transport lag observed from experiments
was rather small and it may be reasonable for an analytical model to neglect this. Clearly,
the higher-order TF’s will have differing forms of step and frequency response than that of
the experimentally estimated TF, but this is reasonable given that the input-output signals
differ between the model and experiment, and the HECM component dynamics relate to
start-up time due to individual fluidic losses as opposed to the raw pressure transient
across the tubing, as discussed in Section 3.4.3. Thus, for the higher-order models it is
sufficient to determine their effectiveness at modelling the sample tubing dynamics by
assessing if the order of magnitude of the step response characteristics and the locations of
the corner frequencies are approximately equivalent to those found from the experimental
characterization of pressure transient dynamics across the sample tubing.

Transient and Frequency Response Characteristics

When compared to the simulated step response characteristic from the experimentally
estimated TF, it is seen that the governing HECM components for a given model form
predict transient characteristics that are orders of magnitude faster than those experimen-
tally characterised (Table 4.8). Further, the FR of the governing HECM components for a
given model form present corner frequencies much greater than those found in the exper-
imental FR (Figures 4.12, 4.13, 4.14, 4.15, and 4.16). Varying the tubing capacitance, or
neglecting either the inertial or compliance effects for the first-order models, showed slight
differences in transient times and corner frequencies, but any improvements to the model
were marginal. Therefore, the HECM, regardless of model form, predicts a significantly
faster time for the flow through the sample tubing to reach hydrodynamic steady-state,
than what was experimentally discovered. Hence, the HECM inadequately approximates
dynamics across the sample tubing, and therefore should not be used to quantitatively
model the sample tubing in the PDMFCS.
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Table 4.8: Comparison of governing simulated step response characteristic for HECM forms
and experimentally estimated TF.

Tubing Capacitance Model Governing TF | T, - 10° [3] 7 [s]
Symmetric Go(s) 2.82 N/A
Second Order Gr(s) 2.84 N/A
Wong et al.(2.3) | First Order (RC) Ge(s) N/A 0.0181 -1073
First Order (RL) Gr(s) N/A 0.362 -1073
Experimental Gp(s) N/A 79+ 0.1
Symmetric Geo(s) 2.67 N/A
Second Order Go(s) 2.92 N/A
Thin Wall (2.4) First Order (RC) Go(s) N/A 0.0741 -1073
First Order (RL) Gr(s) N/A 0.362 -1073
Experimental Gp(s) N/A 79 £ 0.1
Symmetric Ge(s) 2.68 N/A
Second Order GL(s) 2.74 N/A
Thick Wall (2.5) | First Order (RC) Ge(s) N/A 0.114 -1073
First Order (RL) Gr(s) N/A 0.362 -1073
Experimental Gp(s) N/A 79+ 0.1

78




201
5@ I’A‘\
Y 01 LI :;"-l \
= T et o o o e HEAT [y
= \
= —— Gp(jw) \
(=} \
= —207---. Wong et al. X\
S e Thin Wall e
— = Thick Wall \

40 t+———rr— il | T ™ T T e

180
90
5y
S 0 311 1 <t
0 \
2 90/ .
£ |

~1801 NS QAT

_270 LR | T LR | T T T T T T T T T T T

-2 - 0 2 3 4 5
10 10" 10 10" 10 10 10 10 10

Frequency [rad/s]

Figure 4.12: Comparison of FR of governing TF for symmetric HECM, G¢(s), and exper-
imentally estimated TF, G,(s), for pressure transient dynamics across sample tubing. For
FR of G¢(s), Wong et al.’s (2.3), thin wall (2.4), and thick wall (2.5) compliance models
were considered. Uncertainties in experimental FR points are not shown for the purpose

of visual clarity.
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Figure 4.13: Comparison of FR of governing TF for second-order HECM, G¢(s), and
experimentally estimated TF, G, (s), for pressure transient dynamics across sample tubing.
For FR of G¢(s), Wong et al.’s (2.3), thin wall (2.4), and thick wall (2.5) compliance models
were considered. Uncertainties in experimental FR points are not shown for the purpose
of visual clarity.
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Figure 4.14: Comparison of FR of governing TF for second-order HECM, G (s), and
experimentally estimated TF, G, (s), for pressure transient dynamics across sample tubing.
For FR of G(s), Wong et al.’s (2.3), thin wall (2.4), and thick wall (2.5) compliance models
were considered. Uncertainties in experimental FR points are not shown for the purpose

of visual clarity.
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Figure 4.15: Comparison of FR of governing TF for first-order RC HECM, G¢(s), and
experimentally estimated TF, G, (s), for pressure transient dynamics across sample tubing.
For FR of G¢(s), Wong et al.’s (2.3), thin wall (2.4), and thick wall (2.5) compliance models
were considered. Uncertainties in experimental FR points are not shown for the purpose
of visual clarity.
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Figure 4.16: Comparison of FR of governing TF for first-order RL HECM, Gg(s), and
experimentally estimated TF, G, (s), for pressure transient dynamics across sample tubing.
For FR of Gr(s), Wong et al.’s (2.3), thin wall (2.4), and thick wall (2.5) compliance models
were considered, but have no effect in this case. Uncertainties in experimental FR points
are not shown for the purpose of visual clarity.

Limitations of the HECM

The assumption of steady-state flow inherent to the HECM derivation is hypothesised
to be the primary reason for the HECM’s unsatisfactory approximation of hydrodynamic
transient dynamics in the sample tubing. Where, the control volume derivation is reliant
on the assumption that a near constant pressure drop is present across the fluid element.
In the case of control system operation, this assumption implies that a change in pressure
across the tubing occurs nearly instantaneously, that is the pressure/velocity field of the
fluid across the sample tubing almost instantaneously reaches steady-state [73]. However, it
was observed experimentally that there is a significant transient time for the outlet sample
tubing pressure to change with respect to a change of the inlet sample tubing pressure,
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after which the fluid would reach a hydrodynamic steady-state. Thus, the assumption
of steady-state flow used to derive the HECM, results in its inadequate modelling of the
sample tubing dynamics by severely underestimating the time for the fluid within the
sample tubing to reach a hydrodynamic steady-state.

4.3.2 Effect of Varying Tubing/Fluid Parameters

Although the HECM is unsuccessful at quantitatively approximating corner frequencies and
transients in the sample tubing, it is still useful to determine if the HECM qualitatively
presents the same change in corner frequencies/transients with variation of tubing/fluid
parameters as was found experimentally. For if the HECM proves to be successful at
modelling the qualitative effect of variation of parameters, then an empirical correction
factor for the HECM could be developed, similar to what has been done for TFs modelling
other physical processes [115, 116]. To explore these effects, G¢(s), from the first-order
RC HECM was used (3.33). The reasons for using (3.33) are that firstly, this form has
the same governing first-order characteristics as the experimentally estimated TF’s. This
makes it easy to see if there is the same qualitative effect on the corner frequency and
time constant with variation of parameters, where the effects of changing parameters on
higher-order systems can be more nuanced. Secondly, to develop an empirical correction
factor for the corner frequencies and time constants predicted by the HECM, it is pertinent
that the analytical model has the same general form as the experimental model to ensure
dynamic similarity is maintained. One should note that (3.34) could also be used for this
discussion, but (3.33) was used instead to simulate the effect of the variation of Ejcps.

Pressure Variation

Due to the assumption of steady-state flow prevalent in the derivation of the HECM,
(3.33) has no dependency on input pressure, so this effect could not be studied in the
model. However, as was discussed in Sections 4.2.2 and 4.2.3, the effect of the input
(offset) pressure is not significant except for large changes in pressure, so it is reasonable
for a model to neglect this. Similar arguments are made for pressure measurement line
transient models [68].

Increasing Tubing Length

Increasing tubing length resulted in a decrease in the corner frequency (Figure 4.17) and
an increase in the time constant (Figure 4.18). The same effect was found experimentally
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(Section 4.2.4). Thus, (3.33) succeeds at qualitatively modelling the effect of changing the
tubing length.
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Figure 4.17: FR’s of governing TF for first-order RC HECM, G¢(s), for increasing tubing
L. Wong et al.’s (2.3) compliance model considered.
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Figure 4.18: Simulated step responses for governing TF for first-order RC HECM, G¢(s),
for increasing tubing L. Wong et al.’s (2.3) compliance model considered.

Increasing Tubing Inner Diameter

Increasing D; of the tubing resulted in an increase in the corner frequency (Figure 4.19) and
a decrease in the time constant (Figure 4.20). The same effect was found experimentally
(Section 4.2.4). Thus, (3.33) succeeds at qualitatively modelling the effect of changing D;
of the tubing.
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Figure 4.19: FR’s of governing TF for first-order RC HECM, G¢(s), for increasing tubing
D;. Wong et al.’s (2.3) compliance model considered.
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Figure 4.20: Simulated step responses for governing TF for first-order RC HECM, G¢(s),
for increasing tubing D;. Wong et al.’s (2.3) compliance model considered.

Increasing Fluid Viscosity

Increasing fluid viscosity resulted in a decrease in the corner frequency (Figure 4.21) and
an increase in the time constant (Figure 4.22). The same effect was found experimentally
(Section 4.2.5). Thus, (3.33) succeeds at qualitatively modelling the effect of changing the
fluid viscosity.
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Figure 4.21: FR’s of governing TF for first-order RC HECM, G¢(s), for increasing fluid v.
Wong et al.’s (2.3) compliance model considered.
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Figure 4.22: Simulated step responses for governing TF for first-order RC HECM, G¢(s),
for increasing tubing v. Wong et al.’s (2.3) compliance model considered.

Increasing Tubing Material Stiffness

Increasing tubing stiffness resulted in a slight increase in the corner frequency (Figure 4.23)
and a slight decrease in the time constant (Figure 4.24), but the effect is almost negligi-
ble. From the experiments, no clear effect of varying tubing stiffness was observed, but a
definitive conclusion was not made due to limitations of the experimental setup creating
significant expansion/contraction losses resulting in large uncertainties in the results, see
Section 4.2.6. As such, the effectiveness of (3.33) at qualitatively modelling the effect of
increasing tubing stiffness cannot be assessed until an improvement to the experimental
setup is made, such that the effect of tubing material stiffness can be definitively quantified.
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Figure 4.23: FR’s of governing TF for first-order RC HECM, G¢(s), for increasing Eyeps.
Wong et al.’s (2.3) compliance model considered.
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Figure 4.24: Simulated step responses for governing TF for first-order RC HECM, G¢(s),
for increasing tubing Eiens. Wong et al.’s (2.3) compliance model considered.

4.3.3 Summary
Quantitative Performance of the HECM

The HECM should not be used to quantitatively model the sample tubing dynamics in
PDMFCS plant. As the assumption of steady-state flow inherent to its derivation results
in the HECM significantly underestimating the time for the fluid within the sample tubing
to reach a hydrodynamic steady-state. Dynamically, this manifests as considerably larger
corner frequencies and faster transients than what were found in the experimental charac-
terization of the pressure transient dynamics across the sample tubing. Therefore, the use
of the HECM to approximate the sample tubing dynamics in the PDMFCS plant model
results in inaccurate modelling of the sample tubing dynamics, which will cause significant
difficulty in performing stability and transient response analysis of the system, impeding
progress towards an informed and robust control system design methodology and modu-
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larity for the PDMFCS. To allow for an informed and robust design, and the subsequent
modularity, of the PDMFCS, the sample tubing dynamics should be approximated in the
PDMFCS plant model using the experimentally estimated TF of (4.1), with its parameters
estimated using the experimental methodology described in Chapter 3, such that more
accurate stability and dynamic response analysis can be performed.

Qualitative Performance of the HECM

The first-order form of the HECM qualitatively models the experimentally observed dy-
namic effects of varying sample tubing and fluid parameters. The ability of the first-order
HECM to qualitatively capture this variation within a first-order model presents an op-
portunity for future studies exploring the possibility of developing an empirical correction
factor for the model from TF’s experimentally estimated using the methodology outlined in
Chapter 3. Given that the current experimental setup cannot effectively measure pressure
waves across smaller ID tubing, improvements to the setup must be made to explore this
research direction.
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Chapter 5

Conclusion & Recommendations

5.1 Conclusion

Development of experimental methods to empirically characterize the dynamics associated
with the plant components in the pressure-driven droplet microfluidic feedback control sys-
tem (PDMFCS) will allow for the implementation of a more accurate plant model in the
PDMFCS, which will result in increased accuracy in the stability and dynamic response
analyses of the system. Improved system analysis accuracy allows for the development of
an informed and robust control system design procedure, which will progress the PDM-
FCS towards modularity. Given that the sample tubing was yet to be experimentally
characterized in the context of the PDMFCS, the objectives of this study were to develop
a methodology to experimentally characterize the pressure transient dynamics across the
sample tubing with a 95% confidence in the parameter values, quantify the effect of vary-
ing the tubing and fluid properties on the pressure transient dynamics, and compare the
experimentally characterized dynamics to those predicted by the hydrodynamic equivalent
circuit model (HECM) previously used to approximate the sample tubing dynamics.

To experimentally characterize the pressure transient dynamics across the sample tub-
ing in the PDMFCS plant, sinusoidal pressure waves were measured using pressure sensors
integrated at the inlet and outlet of the sample tubing to obtain an experimental frequency
response (FR) of the input-output pressure transient dynamics, from which a transfer func-
tion (TF) was estimated. Uncertainties in the measured and calculated values were deter-
mined at the 95% confidence level using standard propagation of uncertainty techniques.
With this methodology, it was found that the pressure transient dynamics across the sam-
ple tubing could be characterized as an approximately linear first-order TF with transport
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lag. Comparing this experimentally estimated model to the HECM showed that the HECM
fails to quantitatively approximate the sample tubing dynamics by overestimating the cor-
ner frequencies and underestimating the transient response characteristics present in the
real system. Thus, the experimentally estimated TF should be used instead of the HECM
to approximate the sample tubing dynamics in the PDMFCS plant model, as the use of
the HECM for the sample tubing will result in inaccurate dynamic response and stability
analyses of the PDMFCS, which hinders the advancement towards an informed and robust
control system design and modularity for the PDMFCS. By assessing the effect of varying
tubing and flow properties on the dynamic response, it was observed that decreasing the
mean flow pressure, increasing the tubing length to diameter ratio, or increasing the fluid
viscosity results in a decrease in the corner frequency and an increase in the time constant
of the response. In comparison to the geometric and viscosity effects, the effect of mean
pressure was not significant over small pressure changes. Similar qualitative observations
were made with the first-order forms of the HECM, indicating that there is potential for
a correction factor for the first-order forms of the HECM to be developed from a larger
empirical dataset, similar to what has been done for TFs modelling other dynamic systems
[115, 116]. A definitive conclusion could not be made on the effect of the tubing material
stiffness, due to the low diameter ratio between the sample tubing and pressure sensor
junctions present in this specific parameter test inducing significant expansion/contraction
losses. Where the large magnitude of these losses resulted in physically unrealistic flow
conditions and large uncertainties in the FR values.

Primary limitations of this study were related to the experimental setup. First, the
use of standard size pressure sensors required the use of pressure sensor junctions to
integrate the sensors with the sample tubing. Using these junctions resulted in expan-
sion/contraction losses in the flow due to differences in the tubing and junction inner
diameter. If these losses were not minimized, they had a detrimental effect on the physical
realism of the flow resulting in an unrealistic characterization of the pressure transient dy-
namics across the sample tubing and larger measurement uncertainties. The other promi-
nent limitation results from sampling the analog measurements of the pressure sensors for
digital manipulation and storage. Where, the increased noise present in the measurements
of the high-frequency waves, and the lack of additional low-pass filtering to these mea-
surements, increased the uncertainty in the magnitude and phase FR at these frequencies,
which affected the accuracy of the estimated TF’s parameters.
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5.2 Recommendations

Improvement to the experimental setup is necessary such that expansion/contraction losses
are minimized, and the methodology can be effectively applied to microfluidic tubing with
an inner diameter of size less than 764 ym and tubing of various wall thickness. Minimizing
expansion/contraction losses will improve the physical realism of the dynamic character-
ization. Meanwhile, widening the scope of the tubing that can be characterized with the
setup will allow this methodology to be used for a wide range of PDMFCS designs across
different applications which may differ in the tubing geometric properties. Further, this
will allow the dynamic effect of wall thickness and material stiffness to be explored. As
well, characterization of a range of tubing inner diameters, wall thicknesses, and materials,
in conjunction with the length and viscosity characterizations, may allow the development
of an empirical correction factor to the first-order HECM, and/or the quantification of
uncertainty bounds for a robust control design [53]. Potential ways to improve the setup
include purchasing/developing pressure sensors that are on the same scale as the microflu-
idic tubing, improving the manufacturing method of the pressure sensor junctions such
that smaller diameter channels can be produced, manufacturing multiple junctions that
together cover the range of possible tubing inner diameters and wall thicknesses, and quan-
tifying the effect of the entrance and exit losses on the flow. Low pass-filtering can also be
added to the setup to increase the accuracy of the FR estimation at higher frequencies.

A direct extension to this study would be to compare the experimental results to other
pressure transient models present in the fluid mechanics literature. This would allow an
assessment to be made on whether or not any of these previously developed analytical
dynamic models can be used to approximate the empirical model quantified in this study.
Another extension would be to explore the effect of the downstream microfluidic chip on
the pressure transient dynamics of the sample tubing. Experiments designed to measure
the dynamic effect of variation of the chip material and geometry with fixed tubing param-
eters should be executed, such that the effects of specific microfluidic setups on PDMFCS
performance can be further evaluated.

In the broader context of experimentally characterizing the dynamics of other PDM-
FCS plant components, although briefly explored by Hébert et al. [57] and Zablotny
[48], rigorous experimental tests to assess the on-chip dynamics are yet to be performed.
Ideally, experiments would be developed to empirically characterize the pressure-input
displacement-output dynamics on the microfluidic chip. Notably, these dynamics are multi-
input multi-output, so significant care and thought would have to be taken in the design
of the experiments to assess these dynamics, where more advanced time and/or frequency
domain system identification techniques would have to be employed [69]. Further, these
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tests should quantify how variation in the chip geometry and material, as well as fluid
properties, affects the on-chip dynamics, as microfluidic chip design is very application
dependent.
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Appendix A

Dimensional Analysis

Within this appendix is the derivation of the dimensionless parameters presented in Section
3.1.4.

Considering the analytical representation of the frequency response (FR) of the pressure
transient dynamics across the sample tubing as

Gp(jw) = 1Gp(Jw)[£Gp(w) (A1)

From Section 3.1.3, it was concluded that

Gp(j(,d) Nf(Di,L,E7M,POﬁ,PA,w> (AZ)

Listing the primary dimensions of each variable in terms of M Lq;,, 76 [73] gives

Table A.1: Primary dimensions of variables

Variables Gp(jw) | D L E, P.g, Pa 1 w
Primary Dimension | none | Lgim | Laim | M Lgi}nT_Q M LgiinT_l T-1

Selecting u, D;, and P,z as the scaling parameters since they are unable to form a
dimensionless II group, and are the easiest parameters to keep constant in the practical
implementation of the experiments, results in the following II groups:

Dimensionless Frequency (I1;)
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I, = pu* D} Pgw = (M Lgh T~ (Laim)" (M L T2)°(T ") = M°L§

o dim dim dim

T° (A.3)

From equating exponents and performing algebra, it can be shown that a = 1, b = 0,
¢ = —1, which results in

m, = (A.4)

This is verified as

= YK (T (ML, )
Pog (ML T-2)

Dimensionless Pressure Amplitude (I13)

Iy = p*DYP%GPy = (ML T™Y(Laim)"(M LG T72) (ML T7%) = MOLY, T° (A.5)

dim dim dim

From equating exponents and performing algebra, it can be shown that a = 0, b = 0,
¢ = —1, which results in

I, = (A.6)

This is verified as

Py MLGT?
Pg ML7LT-2

dim

H2:

Dimensionless Length (I3)

Iy = p*DPPSL = (ML TN (Laim ) (M L T72)( Lai) = MPL

dim dim dim

T° (A7)
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From equating exponents and performing algebra, it can be shown that a =0, b = —1,
c¢ = 0, which results in

L
M. = — A8
- (A8
This is verified as
L Ldim
[y = — = =1
" Di Liim

Dimensionless Material Stiffness (I14)

Iy = p*DYPGE = (ML T (Laim) (ML T™2) (ML T72) = M°LY

dim dim dim dim

T (A9)

From equating exponents and performing algebra, it can be shown that a = 0, b = 0,
¢ = —1, which results in

(A.10)
This is verified as

E MLy T

dim

Pg ML:1T-2

dim

I, =

From the dimensionless parameters given by (A.4), (A.6),(A.8), and (A.10), the dimen-
sionless form of (A.2) is given by

ﬂPALE

Gp(jw) Nf(Pff’P_ff’E’P_ff> (A.11)

This concludes this appendix detailing the derivation of the dimensionless parameters
presented in Section 3.1.4.
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Appendix B

Measurement System
Characterization

In this appendix, the characterization of the measurement setup is presented. The static
calibration of the pressure sensors is outlined in Section B.1 and the dynamic characteri-
zation of the pressure sensor junction setup is presented in Section B.2. Uncertainty in the
measurements and estimated /calculated parameters was determined at a 95% confidence
level using standard propagation of uncertainty techniques [65, 105]

B.1 Pressure Sensor Static Calibration

For the calibration of the TE Connectivity U536D-H000015-001BG pressure sensors [77]
to relate the measured voltage to a pressure, the experimental setup detailed in Figure B.1
was used. The pressure sensor to be calibrated was attached to a machined pressure sensor
junction, see Section 3.2.3 and Appendix C, with the outlet of the junction plugged (IDEX
U-667BLK [117]) and the inlet connected to air tubing (SG-Tygon LMT-55, 1.30 mm ID,
65 mm length [75]) with a 10-32 coned male fitting (McMaster-Carr Plastic Quick-Turn
Tube Coupling for 1/16” Tube ID, Nylon 51525K121 [118]). The inlet of the air tubing
was connected to an air pressure pump (MFCS-EZ [0-1 bar| [74]) which was used to set
the steady-state pressure. The analog voltage signal from the pressure sensor at a given
steady-state pressure was sampled at a rate of 1kHz for 10 seconds using a data acquisition
system (DAQ) (NI USB-6003 [78]) and computer setup with LabVIEW.
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Air Tubing
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Computer w/  Pump (0-1 Bar) Pressure Sensor DAQ Computer w/
Pump Control 0-1 Bar+0.01% FS LabVIEW

Figure B.1: Apparatus used to calibrate pressure sensors.

The sensors were calibrated over their entire input range, that being 0 to 1000 mbar.
The pressure calibration curve was linear for both sensors, see Figures B.2 and B.3. From
ordinary least squares (OLS) fits of the data the linear calibration equations were obtained,
where the calibration equations for the pressure sensors are given as

Pral, [mbar] = (201.09)V[V] — 1.9532[mbar] (B.1)

for PS;, and

P..1,[mbar] = (200.75)V[V] — 1.3837[mbar] (B.2)

for PSy. Note that PS] is the sensor that was used at the inlet of the sample tubing
and PS; was the sensor that was used at the outlet of the sample tubing in the experiments
to determine the frequency response of the pressure transient dynamics across the sample
tubing.
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Figure B.2: Calibration plot of P.S; with OLS fit.
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Figure B.3: Calibration plot of PSSy with OLS fit.

B.2 Dynamic Characterization of Pressure Sensor Setup

Since the pressure sensor setup was used to obtain dynamic measurements, it was important
to experimentally characterize the effect that this setup would have on the frequency
response (FR) measurements of the pressure transient dynamics across the sample tubing
in the pressure-driven droplet microfluidic control system (PDMFCS) [64, 68]. To assess
the pressure sensor setup dynamics, a step response of the pressure sensor setup was
obtained by using the experimental apparatus detailed in Figure B.4. The junction inlet
was connected to air tubing (SG-Tygon LMT-55, 1.30 mm ID, 115 mm length [75]) with
a 10-32 coned male fitting (McMaster-Carr Plastic Quick-Turn Tube Coupling for 1/16”
Tube ID, Nylon 51525K121 [118]). The inlet of the air tubing was connected to an air
pressure pump (MFCS-EZ [0-1 bar] [74]) which was used to set the steady-state pressure.
Attached to the outlet of the junction was an IDEX F-333NX fitting [93] covered by a
balloon. To obtain the step response, the pump was set to a steady-state pressure, then
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once a constant pressure was noted in the sensor setup, the balloon was popped using a
scalpel. This type of test is suitable for characterizing systems with natural frequencies <
1000 Hz (6283 rad/s) [68]. The analog voltage signal from the pressure sensor was sampled,
before the balloon was popped up until the step response reached steady-state, at a rate
of 10kHz using a DAQ (NI USB-6003 [78]) and computer setup with LabVIEW.

— L

DAQ Computer w/
LabVIEW

Air Tubing Balloon

[ /

«
Computer w/  Pump (0-1 Bar) Pressure Sensors Scalpel
Pump Control 0-1 Bar+0.01% FS

T <2 ms

Figure B.4: Apparatus used to dynamically characterize pressure sensor setup.

Tests were performed at 25, 50, 100, 200, and 250 mbar. The step response could be
approximated from the time-domain data as a general second-order system, which is in
agreement with prior pressure transient line models [64, 65, 68]. The damping ratio was
estimated from the percent overshoot and the natural frequency was estimated from the
estimate of the damping ratio and the determination of the rise time of the response [49].
Approximating the response as second-order showed reasonable fits to the data as can be
seen in Figure B.5 below. Note that the average error between the measured and modelled
output was calculated using root-mean square error (RMSE).
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Figure B.5: a) Response of second-order model overlapped with experimental time-domain
step response data for an input pressure of 25 mbar, every 5th point shown for clarity,
b) Error between simulated output and measured output at each time step, ¢) Input step
signal.

Increasing the pressure at which the step response was taken resulted in a decrease
in the natural frequency and an increase of the damping ratio, see Table B.2. However,
for all pressures tested, the natural frequency was much greater than the frequency range
over which the pressure transient dynamics across the sample tubing are characterized
[0.06, 2.5] rad/s, see Figure B.6. Thus, it can be concluded that the pressure sensor setup
will not significantly attenuate or phase shift the pressure waves for the experimental FR
measurements of the pressure transient dynamics across the sample tubing, assuming minor
losses due to the junction-tubing connections are kept to a minimum. If this requirement
is met, any attenuation or phase shift noted in the main FR experiments will be primarily
due to the tubing and fluid properties.
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Table B.1: Natural frequency, w,, and damping ratio, (, of pressure sensor setup second-

order model with increasing pressure.

Pyep [mbar] | wy, [rad/s] | ¢ [unitless]
25+ 0.3 | 964 + 158 | 0.63 £ 0.08
50 £ 0.3 783 £ 73 | 0.70 £ 0.05
100 £ 0.3 | 633 £47 | 0.78 £ 0.04
200 £ 0.3 | 510 £33 | 0.87 £ 0.05
250 £ 0.3 | 473 £48 | 0.93 £ 0.18

— 0
g 20
Ny —40
< —60 anude Tubii Jo
= 0 Dynami
£ -
100
= —120
~140
0 25 [mbar]
— 50 [mbar]
%D 45 100 [mbar]
> —90 - 200 [mbar]
s 250 [mbar]
£ 135
_180_ . LR | T AL | ML | LA | rorrrr
0° 10 100 1000 1000 100 100 100 10°

Frequency [rad/s]
Figure B.6: Estimated FR for pressure measurement setup for increasing pressure, fre-

quency region over which pressure transient dynamics across sample tubing is character-
ized highlighted in green.

This concludes this appendix detailing the static calibration and dynamic characteri-
zation of the measurement system.
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Appendix C

Pressure Junction Drawings

This appendix presents the detailed drawings used to manufacture the pressure sensor junc-
tions to employ the experimental methodology outlined in Chapter 3 for the experimental
characterization of pressure transient dynamics across sample tubing in the pressure-driven
droplet microfluidic feedback control system. IDEX F-333N fittings for 1/16 in OD tubing
[93] were used to connect the sample tubing to the junctions. As such, the technical draw-
ing for the bore hole for these fittings is also needed. This information can be obtained
from IDEX technical support, but cannot be reprinted in this thesis.
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This concludes this appendix detailing the technical drawings for the pressure sensor
junctions.
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Appendix D

Data Analysis Code

The Python and MATLAB scripts used to automate the data selection, curve fitting,
frequency response, and uncertainty analysis can be found at the following link:

https://github.com/d2hahn/FR_analysis.git

This concludes this appendix detailing the location of the data analysis code.
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Appendix E

Hydrodynamic Equivalent Circuit
Model Transfer Function Derivation

This appendix presents the derivation of the hydrodynamic equivalent circuit model (HECM)
transfer functions (TFs) for the symmetric (Section 3.4.1), second-order, and first-order

(Section 3.4.4), model forms. Derivations were performed using the Laplace domain

impedances [49] for the circuit components with Kirchoft’s voltage (KVL) and current

laws (KCL).

E.1 Symmetric HECM

Considering the symmetric form of the HECM presented in below Figure E.1

Figure E.1: Symmetric HECM.

Applying KCL gives
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I5(s) = I(s) — I(s) (E.1)

Recalling that in the symmetric HECM R; = Ry = % and Ly = Ly = hyd, if loop 1

and loop 2 for the circuit are designated as in Figure E.2 below

R/2 Lwya/2 R/2 Lyyq/2
TCI

loop 1
Figure E.2: KVL loops for symmetric HECM.

V(AP)

loop 2 —

Applying KVL to loop 1 gives

R L
~V(s)+ 5 h(s) + 5"

SI(s) + 2= (1(s) = B(s)) = 0

which can be simplified to

Lhyd R
(P05 + 2+ oo )(s) = 5 bls) = V() (E2)
Similarly, applying KVL to loop 2 gives
1 Lyya R 1
——1I Y — 4+ —)y(s) = E.
SD(s) + (s + S )D(s) = 0 (E3)

Applying Cramer’s rule [119] to solve for I;(s) and I1(s) gives

2V (s)(CLyyas* + CRs + 2)
(Lhde + R)(CLhde2 + CRs + 4)

I(s) = (E4)

and

4V (s)

I =
2(8) (Lhde + R)(CLhde2 + CRS + 4)

(E.5)
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Substituting (E.4) and (E.5) into (E.1) gives

2V ($)(C'Lyyas* + CRs)

I = E.6
3(8) (Lhde + R)(CLhde2 + CRs + 4) ( )
From Laplace domain impedance, Z(s) = %, voltage across the symmetric HECM
components is given by
R
Vg, (s) = EII(S) (E.7)
R
Vr,(s) = 512(5) (E.8)
Lhyd
Vi, (s) = 5 sli(s) (E.9)
Lhyd
Vi, (s) = 5 sl(s) (E.10)
1
Vo(s) = a]g,(S) (E.11)

Subbing (E.4) into (E.7) and (E.9), and dividing both sides by V' (s) gives the voltage
TF for Rl

Vi, (s) R(CLyyas® + CRs + 2)
G = = E.12
Rl (8) V(S) (Lhde + R)(CLhyd82 + CRs + 4) ( )
and Ly
2
GLl (S) _ VLl (S) _ Lhde(CLhde + CRs + 2) (E13)

V(s) (Lnyas + R)(C'Lyyas®? + CRs + 4)

Subbing (E.5) into (E.8) and (E.10), and dividing both sides by V' (s) gives the voltage
TF for R2
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Vi, (5) 2R
G =2 = E.14
fe (8) V(S) (Lhde + R)(CLhde2 + CRs + 4) ( )
and Lo
VL (S) 2Lh dS
G =2 = Y E.15
L (8) V(S) (Lhyds + R) (CLhde2 + CRs + 4) ( )
Subbing (E.6) into (E.11) and dividing by V(s) gives the voltage TF across C
Gols) = Yel¥) 2 (E.16)

V(s) - CLyyas? + CRs + 4

This concludes the derivation of the voltage TFs across the components of the sym-
metric HECM.
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E.2 Second-Order HECM
Considering the second-order HECM in Figure E.3 below

R Lnya

()Jli““mi

Figure E.3: Second-order HECM.

Applying KVL in the counterclockwise direction gives

—V(s) + RI(S) + LyyasI(s) + é[(s) =0 (E.17)

Solving for I(s) and multiplying by ? gives

sV (s)

I(s) = E.18
(#) Liyas®> + Rs + & (E-18)
In Laplace domain, voltage across the HECM components is given by
Vr(s) = RI(s) (E.19)
Vi(s) = LiyasI(s) (E.20)
Vo(s) = —1(s) (E.21)
ol8) = &g .

Subbing (E.18) into (E.19), (E.20), and (E.21) and simplifying the resulting equations
gives the TFs across the circuit components of the second-order HECM as
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R

Grls) = Vir(s) _ RC's _ Toya®
" V(s)  LyaCs? + ROs+1 2+ s+ Lo
Gr(s) = Vils) _ LinyaCs® _ 57
- V(S) LhydOSQ + RCS —+ 1 32 + TRd thdC
1
Gols) = Ve(s) _ 1 _ TryaC
V(S) LhydCYS2 -+ RC's +1 82 + Lfds thdC

(E.22)

(E.23)

(E.24)

This concludes the derivation of the voltage TFs across the components of the second-

order HECM.
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E.3 First-Order HECM

E.3.1 RC Circuit

Considering the first-order RC HECM in Figure E.4 below

varr

|
Il
Q

Figure E.4: First-order RC HECM.

Applying KVL in counterclockwise direction gives

V() + RI(s) + —1I(s) = 0

E.2
P (E.25)
Rearranging (E.25) for I(s) gives
I(s) = IV(S> (E.26)
o TR

Subbing (E.26) into (E.19) and (E.21) and simplifying the resulting equations gives the
TF's across the circuit components of the first-order RC HECM as

Gls) = Vr(s) RC's

V(s) " 1+ RCs (E-27)
~ Ve(s) 1
Gols) = VC(S) 1+ RCs (E.28)

This concludes the derivation of the voltage TF's across the components of the first-order
RC HECM.
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E.3.2 RL Circuit

Considering the first-order RL HECM in Figure E.5 below

R Lnyd

V(AP)—IF_?/V—I""'W\_

Figure E.5: First-order RL HECM.

Applying KVL in counterclockwise direction gives

—V(s) + RI(S) + LnyasI(s) =0 (E.29)

Rearranging (E.29) for I(s) gives

V(s)

I(s) = — 2 \°)
(S) Lhde + R

(E.30)

Subbing (E.30) into (E.19) and (E.20) and simplifying the resulting equations gives the
TF's across the circuit components of the first-order RC HECM as

Gr(s) = ‘(f((j)) - 1Lthds (E.31)
Gu(s) = 2l) _ T s (E.32)

o Lya
V(S) 1+ TS
This concludes the derivation of the voltage TFs across the components of the first-

order RL HECM, and this appendix detailing the TF derivations for the various forms of
the HECM.
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Appendix F

Supplementary Results

Within this appendix is the supplementary results for the experimental data presented in
Section 4.2. Specifically, the Bode plots showing all experimental and estimated frequency
responses (FRs), as well as the step response plots for each test within a given experimental
case are provided. These were omitted from the main body of the report as they are visually
cluttered and do not add anything to the discussion. Also, the tabulated values for the
non-dimensional parameters in the D% experimental case are provided. Data is organized
in same order as Section 4.2.
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F.1 Increasing Pressure Offset
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Figure F.1: Experimental (points) and estimated (lines) FR for increasing Ppg.
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F.2 Increasing Length-Diameter Ratio
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Figure F.3: Experimental (points) and estimated (lines) FR for increasing %
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Figure F.4: Simulated step responses for estimated TF from experimental FR for increasing

L

D;*

Table F.1: Parameters for estimated TF’s from dimensionless experimental FR’s investi-

gating the effect of varying %.
T

Note that absolute uncertainties are given.

D;

Lot g . 104
u

Loty . 106
M

Lo . 107
7

90

42 +£08

1.60 £ 0.02

3.1£0.7

118

29 £0.5

2.02 = 0.02

21 £0.2

144

27+0.6

2.29 £ 0.01

1.7 £ 0.1

170

27+0.1

2.88 £ 0.02

1.7 £ 0.1

197

27+£05

3.21 £0.02

1.7+ 0.3
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F.3 Increasing Fluid Viscosity
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Figure F.5: Experimental (points) and estimated (lines) FR for increasing v.
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Figure F.6: Simulated step responses for estimated TF from experimental FR for increasing
v.
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F.4 Increasing Tubing Material Stiffness
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Figure F.7: Experimental (points) and estimated (lines) FR for increasing Fiex.

This concludes this appendix detailing the supplemental experimental results.
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