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Abstract

Let k£ and n be natural numbers. Let w(n) denote the number of distinct prime factors
of n, Q(n) denote the total number of prime factors of n, and wy(n) denote the number of
distinct prime factors of n with multiplicity k.

Let h > 2 be a natural number. We say n is h-free if every prime factor of n has
multiplicity less than A, and is h-full if all prime factors have multiplicity at least h.

In [23], Hardy and Ramanujan proved that w(n) and Q(n) have normal orders loglogn
over naturals. In this thesis, using a new counting argument, we establish the first and
second moments of all these arithmetic functions over h-free and h-full numbers. We show
that the normal order of w(n) is loglogn for both h-free and h-full numbers. For Q(n), the
normal order is loglogn over h-free numbers and hloglogn over h-full numbers. We also
show that w; (n) has normal order log log n over h-free numbers and wy,(n) has normal order
loglog n over h-full numbers. Moreover, we prove that the functions wy(n) with 1 < k < h
do not have normal order over h-free numbers and wg(n) with & > h do not have normal
order over h-full numbers.

In their seminal work [15], Erdés and Kac showed that w(n) is normally distributed over
the natural numbers. Later, Liu [35] extended this result by proving a subset generalization
of the Erdds-Kac theorem. In this thesis, we leverage Liu’s framework to establish the
Erdgs-Kac theorem for both h-free and h-full numbers. Additionally, we show that wq(n)
satisfies the Erdds-Kac theorem over h-free numbers, while wy,(n) satisfies it over h-full
numbers.
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List of Symbols
We introduce the following notations and definitions that we will use throughout the thesis.
e N Z, R, and C denote the sets of natural numbers, integers, real numbers, and com-
plex numbers, respectively.

e R, denotes the sets of non-negative real numbers.

e The letters n, m, h, k, and [ are used to denote natural numbers, the letters p and ¢
are used to denote prime numbers, «, 7, 7, x, and y are used to denote real numbers,
and s is used to denote complex numbers.

e The sums ) _ and ) . denote the sums over all natural numbers less than
or equal to the real number x, and greater than or equal to the real number =z,
respectively.

e Thesum ) _ and > . denote the sum over all prime numbers less than or equal
to the real number z, and greater than or equal to the real number x, respectively.

e The sum ) Py denotes the sum over all prime pairs (p, q) such that pg < z, and
pa<z

counts the pair (p, ¢) as distinct from (g, p) when p # g¢.
e p|n denotes p divides n, and p*||n denotes p* divides n but p**1 doesn’t divide n.

e Letters B, C, D, v, and C with appropriate subscripts are used to denote real con-
stants that depend on the parameter h.

e Letters S and N with appropriate subscripts are used to denote subsets of natural
numbers. In particular, S, denotes the set of h-free numbers and N}, denotes the set
of h-full numbers.

e For a subset S C N, |S| denotes the cardinality of S, and S(x) denotes the set of
elements of S that are less than or equal to the real number .

e ((s) denotes the Riemann (-function.

e Suppose f,g: R — R be two functions with g > 0. We say

el



1. f(x) = O(g(x)) if there exist zg € R such that |f(x)| < Cg(x) for some C' > 0
and for all z > xg.

Moreover, f(x) = Ox(g(z)) if the implied constants zy and C' in the big-O
notation depend on the variable set X.

2. f(z) = o(g(z)) meaning lim, % — 0.
3. f(z) ~ g(x) meaning lim, ., % — 1.

e We introduce the following prime counting function:

m(x) = Z 1.

p<z

e We introduce the following prime divisor counting functions: (for k,n € N)

w(n) = Z 1, Qn)= Z k, and wi(n)= Z 1.

pln p¥|In PF|ln
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Chapter 1

Introduction

1.1 History and Motivation

Let n € N and let w(n) denote the number of distinct prime divisors of n. For example,
w(72) = 2. This function exhibits irregular behavior; for instance, it attains the value N
when n is a product of N distinct prime factors, yet it can drop to 1 for the very next
integer if that integer is a prime or a prime power.

However, when averaged over all integers up to x (where = € R), w(n) follows a well-
behaved asymptotic trend (see [24, Theorem 430]):

1
= Zw(n) ~ loglog x.
T

n<x

In [23], Hardy and Ramanujan proved a stronger result that w(n) has normal order log log n.
In particular, they showed, that for any € > 0,

{n <z : |w(n) —loglogn| > eloglogn}| = o(x).
In other words, the number of integers n < x for which w(n) significantly deviates from
log log n is asymptotically negligible.

The proof by Hardy and Ramanujan is intricate, but their result closely parallels the
probabilistic law of large numbers, which states that the sample mean of a sequence of
independent random variables converges to the expected value. This connection naturally



raises the question of whether the normal order of w(n) can be established using proba-
bilistic techniques. Surprisingly, such a proof was later discovered by Turén, despite his
limited background in probability theory at the time.

Turan in [19] provided a simplified proof of the normal order result by using the second
moment of w(n):

i > (w(n) —loglogn)* = O(loglog ).

n<x

Later, Diaconis, Mosteller, and Onishi in [10, Theorem 2| (also see Saidak [11]) made
the result more explicit:

1 loglog

= (w(n) —loglogn)* =loglogz + C + O (&) ,
et log
where C' is an explicitly determined absolute constant. Such explicit results are crucial
for obtaining precise numerical bounds on arithmetic functions and for bridging the gap

between theoretical insights and practical applications, including those in cryptography.

After Turan’s paper appeared, Kac began contemplating the limiting distribution of
w(n). During a lecture at Princeton in 1939, Kac proposed that the normalized quantity

w(n) — loglogn
Vloglogn

might follow a Gaussian or normal distribution. Remarkably, Erdds, who was in the audi-
ence, completed the proof of this conjecture before the lecture ended. Kac later recalled:

"If I remember it correctly I first stated (as a conjecture) the theorem on the normal
distribution of the number of prime divisors during a lecture in Princeton in March 1939.
Fortunately for me and possibly for Mathematics, Erdds was in the audience, and he imme-
diately perked up. Before the lecture was over he had completed the proof, which I could not
have done not having been versed in the number-theoretic methods, especially those related
to the sieve.”

Some number theorists credit this to the magical moment when Probabilistic Number
Theory was born.

Erdss’s swift response to Kac’s question was no coincidence. At the time, he and
Wintner [16] were deeply engaged in studying the limiting distributions of families of
additive arithmetic functions, aiming to establish the necessary and sufficient conditions for



their existence. Nevertheless, the Princeton encounter remains one of the most celebrated
and romantic episodes in number theory.

Erdés and Kac in [15] announced their celebrated result which is famously known as
the Erdds-Kac theorem: for any real number a,

, w(n) — loglogn 1 /a 2/
lim ~ [<n <z : <ap|=—— /2dt. 1.1
oo 1 {n_w log logn =1 V21 7006 (1)

This proof relied on advanced techniques such as Brun’s sieve and the central limit theo-
rem. Alternative proofs were later provided by Selberg [15], Halberstam [20], Shapiro [1(],
Billingsley [2], Liu [33, 35], and Granville and Soundararajan [19], each employing different
methods. Notably, Halberstam’s approach offered a natural probabilistic interpretation of
Erdds and Kac’s proof by analyzing all moments of w(n). Billingsley refined this by intro-
ducing probabilistic techniques involving sums of independent random variables, thereby
simplifying some of the more intricate calculations in Halberstam’s proof. Liu further gen-
eralized Billingsley’s argument, presenting a proof that required only the first moment of
w(n). By effectively controlling the error in the estimation of w(n) and the correspond-
ing sum of random variables, her method circumvented the need for second-moment and
higher-order calculations. In this thesis, we adopt a subset generalization of her approach
to investigate the Erdés-Kac theorem within restricted subsets of natural numbers that
satisfy additional constraints.

We introduce new subsets of natural numbers, which are the main focus of this thesis,
in particular, subsets that generalize the square-free and the square-full numbers.

For a natural number n, let the prime factorization of n be given as

n=pi-p, (1.2)

where p;’s are its distinct prime factors and s;’s are their respective multiplicities. Let
h > 2 be an integer. We say n is h-free if s; < h — 1 for all ¢ € {1,--- ,r}, and we say
n is h-full if s; > h for all i € {1,--- ,r}. Let &, denote the set of h-free numbers and
N, denote the set of h-full numbers. The set of h-free and the set of h-full numbers are
well-studied in the literature (see [25], [26], and [27]).

Let ((s) denote the classical Riemann (-function given by

(s) = ni “TI (1 _ ]%>_ (R(s) > 1), (1.3)

p

where the sum runs over all natural numbers and the product runs over all primes.



Let > 2. The set of h-free numbers has the distribution (see [26, (4)])

Y 1= 4 Op(ath), (1.4)

where Ox denotes that the implied big-O constant depends on the variable set X. This
implies that the set of h-free numbers has a positive density of 1/{(h).

For the distribution of hA-full integers, Ivi¢ and Shiu in |25, Equation (1.15) & Lemma
1| proved that set of h-full numbers has the distribution

Z 1= 70,111‘% + Op (I%“> ; (1.5)
TLENh

n<z

where 7y 5, is the constant defined as

B p— pi/h
Yo,n 1= H (1 + Pt — 1)) : (1.6)

p

Thus, the set of h-full integers is a zero-density subset of the natural numbers.

Every natural number that is not a h-free or a h-full number can be written uniquely
as a product of two co-prime numbers, one being h-free, and the other being h-full. Thus,
understanding the behavior of an arithmetic function over the set of h-free and the set of
h-full numbers provides greater insights into its behavior over all natural numbers.

This thesis studies the behavior of the prime divisor counting functions and their re-
finements over the restricted sets of h-free and h-full numbers. We establish analogs of
Turan’s theorem, Hardy-Ramanujan’s normal order result, and Erdgs-Kac theorem over
these subsets.

1.2 History of distributions of prime divisor counting
functions

Let n be a natural number. Let w(n) denote the total number of distinct prime factors in
the factorization of n, let 2(n) denote the total number of prime factors in the factorization
of n, and for any integer k > 1, let wy(n) denote the total number of distinct prime factors



in the factorization of n, with multiplicity k. Note that wg(n) are refinements of w(n) in

the sense that
w(n) =Y wi(n).

k>1

Moreover,

Qn) => k- wi(n).

k>1

Let B; be the Mertens constant given by

1\ | 1
Bi=7+Y (1Og (1 - 5) + _) ~ 0.2615, (1.7)
p

p

with v =~ 0.57722, the Euler-Mascheroni constant, and where the sum runs over all primes
p. Let

1
By=Bi+)Y ~ 1.0347. (1.8)
~ plp—1)

The following first-moment estimations for w(n) and 2(n) over natural numbers are well-
known (see [24, Theorem 430] and [17, Section 1.4.4]):

Zw(n):xloglogI+le+O( - ) (1.9)

= log

and
ZQ(n) :asloglogx+Bgzv+O< ’ ) : (1.10)
— log

The first-moment estimates for wg(n) over natural numbers were proved by Elma and Liu
[12, Theorem 1.1] as

;wl(n) = zloglogz + (B) — P(2))z + O (10;), (1.11)
and for k > 2,
S wi(n) = (P(k) = Pk+1)) 2+ O (xa%(logx)?), (1.12)



where P(k) denote the convergent sum given by
1
P(k) := E —. (1.13)

Moreover, the first-moment estimates for Q(n) over h-free and over h-full numbers have
been studied. Let Ds be the constant defined as

+ D)pt 1 — hp — 2hp?/ " 4 (2h — 1)p'/"

. (h
P sl zp: (p = D)(Y" = 1)(pt+1/h + pt/h — p) (L14)
In |26, Theorem 1 and Theorem 2|, Jakimczuk and Lalin established that
Z Qn) = Lxloglogm + Op(x), (1.15)
= ¢(h)
neSy
and
1/h 1/h !/
ng; Q(n) = hyopr " loglog x + Dsvyopx™'" + Op (m) : (1.16)
nG._/\/h

where 7, is defined in (1.6).

The results in (1.9), (1.10), (1.11) and (1.12) suggest that w(n), Q(n) and w; (n) share a
similar asymptotic distribution with only a difference in the coefficient of the second main
term, whereas the average distribution of wy(n) with & > 2 is smaller than that of w(n).
In this thesis, we establish similar behavior over h-free and h-full numbers.

1.3 Normal order of prime divisor counting functions

In this thesis, we establish the first and the second moments of w(n), 2(n) and wy(n) over
the h-free and the h-full numbers. In particular, we prove:

Theorem 1.3.1. Let x > 2 be any real number and let h > 2 and k > 1 be any integers.
Let S denote the sets S, or Ny. Let S(x) denote the set of elements of S less than or equal



to x. Let f denote the functions w(n), Q(n) or wg(n). Let o, B,7, Kk, v, T € Rsg. Then, for
each tuple (f,S,a, B,7, k,v, 7, X) given in Table 1.1, we have

Y f(n) =Cips (WP loglogx)® + Caps 2 + Ox (
)

nesS(x

27 (loglog x)¥
log x ’

and

Z f2(n) = Ciss 2*(h’loglogz)* + Cs s.s 2*(h’loglog )" + Cy ss °
neS(x)

+ Oy (a:”(log logx)T) |

log =

where for each fixed f and S, Cits,Cor.s, Ca5s, and Cyrs are constants given in Table
1.2.

f(n) S| a |p vy klv|iTt|] X
w(n) or Q(n) orwi(n) | S, | 1 |0 1 110|1] {n}
o), 2<k<h-1]S,| 1 10| 1/k |0|0]|1|{mk
w(n) or wy(n) N | 1/h |0 1/h 1101] {n}
Q(n) No{1/h (1| 1/h [1]0|1] {h}
wr(n), k>h+2 Ny [ 1/h| 0| 1/(h4+1)|0]0]|0]|{hk}

Table 1.1: For moments of prime divisor counting functions

The proof of Theorem 1.3.1 follows from accumulating results from Chapters 2, 3,
and 4. Theorem 2.1.1 and Theorem 2.1.2 establish the results for w(n). Theorem 3.1.1
and Theorem 3.1.2 establish the results for 2(n). Finally, Theorem 4.1.1, Theorem 4.1.2,
Theorem 4.1.3, and Theorem 4.1.4 establish the results for wi(n). Together, these theorems
establish Theorem 1.3.1.

Although the distribution results for w(n), (n), and wi(n) can be expressed in the
form presented in Theorem 1.3.1, their proofs require a careful, case-by-case analysis of
these arithmetic functions. In what follows, we outline the key challenges in establishing
results of the form given in Theorem 1.3.1, along with the methods we developed to address
these difficulties and obtain the best known bounds in this direction:



f(n) S | Ciys | Cops| Caps | Cays

o(n) S 23 @23 [ 23) | 23)

Q(n) S | B | B | 31 | 61

) S (12) [ (42) | @2 | (12)

we(n), 2<k<h—-1|8,| 0 (4.3) 0 (4.4)
o(n) N enenen e

Qn) N 63 63 63 | 63)

() No [ (@7) [ (@7) [ (410) | (4.10)
whi1(n) N, 0 (4.8) (4.11)
wp(n), k>h+1 | N, | O (4.9) 0 (4.12)

Table 1.2: References for constants involved in the moments of prime divisor counting
functions

e To obtain (1.15) for Q(n), the authors used the generating series for h-free numbers.
For (1.16), they used the completely additive property of Q(n) to split the sum into
sums over divisors of n distinguished by their multiplicity, and then used generating
series arguments to estimate these sums. This method for the h-full case cannot be
extended to the study of w(n) or wi(n), since they are not completely additive. This
limitation of their approach is presented in [29, Page 33, Line 15| where the authors
established the function field analog of [26].

To study the moments over h-free and h-full numbers, we use a novel counting ar-
gument. At its core, our method relies on counting natural numbers divisible by a
given set of prime powers in a bounded range. This new counting argument not only
establishes the first and the second moments for w(n) and wy(n) over h-free and h-full
numbers but also improves results from [26]. In particular, it makes the coefficient
of  in (1.15) explicit and improves the error term in (1.16) to 2'/"/log z.

e The h-free numbers form a dense set in N and have the following indicator function

associated with them:
1 if nis h-free,
- {,

e otherwise,

dh|n
where p(n) denote the Mobius p-function that takes values +1 on squarefree num-
bers and 0 otherwise. One can produce results similar to Theorem 1.3.1 over h-free
numbers by carefully studying the action of p(n) on elements of this set. However,
no comparable identity is available for h-full numbers. To address this, we introduce



a novel counting argument that allows us to decompose the sum over natural num-
bers into a sum over primes within a bounded range. For each prime, the associated
summand is itself a sum over natural numbers coprime to that prime.

e To produce explicit coefficients for each term in the distribution, in particular, for
the second and the third main terms, we require explicit results on the distribution
of h-free and h-full numbers that are coprime to a given set of prime numbers (see
Lemma 2.2.6 for h-free numbers and Lemma 2.4.1 for h-full numbers). While the
distribution of h-free numbers has been studied in the literature [27], our results on
the distribution of h-full numbers are new.

e While the counting technique used to study the distribution of w(n) and Q(n) re-
mains essentially the same, additional care is required to account for the multiplicity
of prime powers dividing a natural number n. For example, we employ the expres-
sions (3.22) and (3.31) to isolate the main terms and control the error terms in the
distributions of {2(n) over h-full numbers. Moreover, we establish a new identity for
sums over primes, as in Lemma 3.3.1, which plays a crucial role in bounding the error
terms that arise in these distribution results.

Next, we introduce the definition of the normal order of an arithmetic function over
a subset of natural numbers. This definition is inspired by the work of Elma and Liu
[12] over naturals where they extended the definition of normal order using an increasing
function (see [23]) to a definition involving a non-decreasing function. Let & C N and
S(x) denote the set of natural numbers belonging to S and less than or equal to x. Let
|S(z)| denote the cardinality of S(x). Let f, F': & — Rs( be two functions such that F' is
non-decreasing. Then, f(n) is said to have normal order F'(n) over S if for any € > 0, the
number of n € S(x) that do not satisfy the inequality

(1 =e)F(n) < f(n) < (1+€)F(n)
is o(|S(x)]) as @ — oc.

The distributions in (1.9) and (1.10) establish that, on average, w(n) and 2(n) behave
like log log n over the natural numbers. Hardy and Ramanujan strengthened this result in
[23] by proving that both functions have loglogn as their normal order. Another proof of
this result, based on the variance of w(n) (see |21, Theorem 431]), can be found in [24,
Section 22.11|. This approach, inspired by Turan’s work, is the foundation for our use of
variance methods to study normal order in this thesis.

Using Theorem 1.3.1, we establish that w(n) has normal order loglogn within the
subsets of h-free and h-full numbers. We also show that ©(n) has normal order loglogn

9



within the subset of h-free and normal order hloglogn within the subset of h-full numbers.
For the refinements, we show that w;(n) has normal order loglogn over h-free numbers
and wp,(n) has normal order loglogn over h-full numbers. In particular, we prove:

Theorem 1.3.2. Let x > 2 be any real number and let h > 2 and k > 1 be any integers.
Let S denote the sets Sy, or Nj,. Let S(z) denote the set of elements of S less than or equal
to x. Let f denote the functions w(n), Q(n) or wg(n). Let o € {0,1}. Then, for each tuple
(f,S,a) given in Table 1.3 and for any € > 0, the number of n € S(x) that do not satisfy
the inequality

(1 —e)h¥loglogn < f(n) < (1 + €)h*loglogn

is o(|S(z)]) as v — oo.

f(n) S |«

w(n) or Q(n) or wi(n) | S | 0
w(n) or wy(n) N, |0
Q(n) Nh 1

Table 1.3: For normal orders of prime divisor counting functions

The proof of Theorem 1.3.2 for w(n) follows from the proofs of Theorem 2.1.3 and The-
orem 2.1.4, and the proofs for Q(n) follows from that of Theorem 3.1.3 and Theorem 3.1.4.
The proofs of normal orders of wy(n) over h-free numbers and wy,(n) over h-free numbers
are similar to that of w(n) and we discuss this, without proof, at the end of Section 4.1.

We also establish that wi(n) with 1 < k < h does not have a normal order over h-
free numbers, and wg(n) with & > h does not have a normal order over h-full numbers.
Combining Theorem 4.1.5 and Theorem 4.1.6 proves this result.

While the outcomes over h-free numbers were anticipated due to their positive density,
the findings for h-full numbers are more surprising. This contrasts with the behavior
observed over the set of all prime powers, which has zero density and where w(n) has
normal order 1. However, it aligns well with Erdés’s result [14] on the zero-density set
{p—1: p prime}, where the normal order of w(n) is loglog n. Furthermore, Theorem 1.3.1
and Theorem 1.3.2 reveal that w(n) behaves similarly to w;(n) over h-free numbers and to
wp(n) over h-full numbers, highlighting the crucial role of the minimal prime power present
in a subset in shaping the behavior of w(n).
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1.4 Generalizations of Erdds-Kac theorem

In this thesis, we show that w(n) satisfies the Erdgs-Kac theorem over h-free and h-full
numbers. Moreover, we showed that the w;(n) satisfies the Erdés-Kac theorem over h-free
numbers and wy(n) satisfies the Erdés-Kac theorem over h-full numbers. More precisely,
we prove:

Theorem 1.4.1. Let x > 2 be any real number and let h > 2 and k > 1 be any integers.
Let S denote the sets Sy, or Ny,. Let S(z) denote the set of elements of S less than or equal
to x. Let f denote the functions w(n) or wx(n). Then, for each tuple (f,S) given in Table
1.4, and for any v € R, we have

‘ 1 f(n) —loglogn
1 _— : >3 < =
xl_}nolo S {n € S(x) n >3, oglogn ’YH (),

where ® is the cumulative distribution function of a standard normal distribution given by

O(y) = \/LZ_T(' /7 e du. (1.17)

f(n) S
w(n) or wi(n) | Sy

w(n) or wy(n) | N

Table 1.4: For analogs of Erdds-Kac theorem for prime divisor counting functions

The above theorem is jointly proved in Chapter 6 combining Theorem 5.1.2, Theo-
rem 5.1.3, Theorem 5.1.4, and Theorem 5.1.5. In fact, in Theorem 5.1.1, we establish the
Erdés-Kac theorem over subsets of natural numbers satisfying additional conditions.

To establish Theorem 1.4.1 for w(n), we build on results from Liu’s work [35]. We
begin by outlining the framework for subsets of natural numbers introduced in [35], state
her main result for such subsets as in Theorem 5.1.1, and then apply these results to prove
Erdss-Kac-type theorems for h-free and h-full numbers. Finally, by adapting techniques
from [12, Proof of Theorem 1.3], we extend these results to obtain Erdds-Kac analogs for
wi(n) over h-free numbers and wy(n) over h-full numbers.
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Finally, we provide an overview of the thesis. Chapter 2 examines the first and second
moments of w(n) over h-free and h-full numbers, establishing the normal order of w(n)
within these subsets. The results of this chapter have been published in the International
Journal of Number Theory [3].

Chapter 3 investigates the first and second moments of 2(n) over h-free and h-full
numbers, and determines its normal order in these cases. The author and collaborators
are currently preparing a manuscript that extends these results.

Chapter 4 focuses on refinements wy(n), studying their first and second moments over h-
free and h-full numbers and establishing corresponding normal order results. The findings
presented in this chapter have been published in the Journal of Number Theory [9].

Chapter 5 develops analogs of the Erdds-Kac theorem for w(n) and wi(n) over h-free
numbers, as well as for w(n) and wp(n) over h-full numbers. The results from this chapter
have been submitted for publication |7].

The final chapter outlines several potential directions for future research, including
generalizations of the results in this thesis and open questions that can be explored using
its methods.
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Chapter 2

Normal order of w(n) over h-free and
h-full numbers

2.1 Introduction

In this chapter, we study the moments of w(n) over the subsets of h-free and h-full numbers
and establish the normal order of w(n) over these subsets.

We define the constants (depending on h)
-1
Cl = Bl —Zp— (21)

h_ b
~pp"—1)

and

Cy=Ci+Cr—((2)= ) (M)Q : (2.2)

p NP S
where Bj is defined in (1.7), ((s) is the Riemann (-function, and where the sums run over
all primes.

We prove the first and the second moments of w(n) over h-free numbers as the following:

Theorem 2.1.1. Let x > 2 be a real number. Let h > 2 be an integer. Let Sy(x) be the
set of h-free numbers less than or equal to x. Then, we have

T
E w(n) = Cius,xloglogr +Cay 5,2 + Oy, ( ) ,

log x
nESy(z)
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and

log 1
Z w?(n) = C1u.s,7(loglog r)* + Ca,.s5,7 loglog x + Cy 5,7 + Oy, <M> :

o) log
n h\T
where
1 C C:
Cruws, = RO} Cows), = Tg), C3ums, =2C2us, +Ciuws,,and Cuiys, = Ti) (2.3)

Let L (r) be the convergent sum defined for » > h > 2 as
1

Li(r) = Z P (p — pl=1/h 1 1)’ (2:4)
p
Using this, we define two new constants (depending on h)

and

Dy:=Di+Di—¢(2) =) (;f : (2.6)

p— pl—l/h +1

For the distributions of w(n) over h-full numbers, we prove:

Theorem 2.1.2. Let x > 2 be a real number. Let h > 2 be an integer. Let vy be defined
in (1.6). Let Ny(x) be the set of h-full numbers less than or equal to x. We have

1/h
Z w(n) = Cyon, " oglog x + Copn, /™ + Oy (m ) ,

nENh(m) logx
and
Z w?(n) = Cron, 2" (loglog )% 4 Csn, v/ " loglog @ + Cypop;, /"
neN, (z)
2V log log x
+ O, (—g & ) :
log x

where

Ciwn, =Yh Cowny, = Divon, Cswny, = 2Cwn, +Crun,, and Cawn, = Dovon.
(2.7)
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Note that w(n) may exhibit different normal orders over different subsets of N. For
instance, w(p) = 1 for any prime p, and thus w(n) has normal order 1 over the set of all
primes. However, in this work, we establish that w(n) still has the normal order loglogn
over h-free and over h-full numbers. Since the set of h-free numbers has a positive density
in N, the proof of normal order of w(n) over h-free numbers follows from its classical case
over N. This chapter proves this result using the variance of w(n) over h-free numbers. We
prove:

Theorem 2.1.3. Let h > 2 be an integer. Let Cy be defined in (2.2). Let Sy(z) be the set
of h-free numbers less than or equal to x. Then, the variance of w(n) over h-free numbers
s given by

neszh(x)(w(n) —loglogn)* = ﬁxlog log z + %m + Oy <

Let g(x) be an increasing function such that g(x) — 0o as x — 0o. Then the set of natural
numbers n € Sy(x) such that

w(n) — loglogn
) > gla).

V1oglogn

is o(|Sn(x)]). As a consequence, w(n) has normal order loglogn over h-free numbers.

On the other hand, the set of h-full numbers has density zero in N and thus does not
directly follow from the classical result. However, writing an h-full number n as n = rfr,
where rq is the product of all distinct prime factors of n with multiplicity h, one can use the
classical result on w(ry) to establish the normal order of w(n) over h-full numbers. Here,
we provide another proof of this result using the variance of w(n) over h-full numbers. We
prove:

Theorem 2.1.4. Let h > 2 be an integer. Let vy, be defined by (1.6) and Dy be defined
by (2.6). Let Ny(x) be the set of h-full numbers less than or equal to x. Then, the variance
of w(n) over h-full numbers is given by

1/h1 1
Z (w(n) —loglog n)2 = ’Yo,hxl/h loglog x + Dﬂo,hﬂfl/h + Oy, (%) .
neN, (z)
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Let g(x) be an increasing function such that g(x) — 0o as x — 0o. Then the set of natural
numbers n € Ny(x) such that

w(n) — loglogn
jt) > g,

Vloglogn

is o(|Np(x)]). As a consequence, w(n) has normal order loglogn over h-full numbers.

2.2 Lemmata

In this section, we list several results regarding sums over primes required to study the
first and the second moment of w(n) over h-free and over h-full numbers.

Lemma 2.2.1. ||, Lemma 1.2] If 7 > 1 be any real number. Then

Lol ol
~ (r—1)a1(log ) 7 Ylogx)™ )

p>$

Lemma 2.2.2. Let « be any real number satisfying 0 < a < 1. Then

Z_ - (lolg_;)

p<:p

Proof. Recall that the elementary Chebyshev’s estimate (see [3]) yields

=Y 1= (logx) (2.8)

p<zx

Thus, using partial summation and integration by parts, we obtain

1 w(z) ; () ztme

p<z

which completes the proof. O
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Lemma 2.2.3. [37, Exercise 9.4.4] For x > 2, we have

1 <logloga:>
L _(leelosr)
plog(z/p) log z

p<z/2

Lemma 2.2.4. [0, Lemma 1] Let p and q denote prime numbers. For x > 2, we have

—1 log1
Z = (loglogx)2 + 2B loglog x + (Bf _ C(Q)) L0 ( og Oga:) ’
pg P log x
pq<w

where the sum is over prime pairs (p,q) and counts the pair (p,q) as distinct from (q,p)
when p # q.

Lemma 2.2.5. Let h > 2 be a fixed integer. Let y > 2 and r > h be fixed real numbers.

Then
SN B SR
p/h(1—pthyp-1)y — " " \yilogy) )’

<y

where Ly (r) is the convergent sum defined in (2.4) as

1
La(r) = Z prTW=1 (p — pi=1/h 1 1)’

p

and Oy, means that the implied constant depends on both h and r.

Proof. Note that

1 1
Z p/h (1= p Uk 4 p1) = Lu(r) + On (Z W) '

Py P>y

Applying Lemma 2.2.1 with k£ = r/h completes the proof. O

Next, we recall the following results regarding the density of certain sequences of h-free
numbers:

Lemma 2.2.6. [27, Lemma 3| Let x > 2 be a real number. Let h > 2 be an integer. Let
Sy, be the set of h-free numbers. Let qi,--- ,q, be distinct prime numbers. Then, we have
r h_ bl
% — 4 x r 1/h
> It ) o).
n<x,ncSy i=1 4 — 1 C<h)
(n,q1)="=(n,qr)=1
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2.3 The first and the second moment of w(n) over h-free
numbers

In this section, we establish the asymptotic distribution of w(n) over h-free numbers.

Proof of Theorem 2.1.1. Let p*||n denote the property that p* divides n but p**!
does not divide n. Then writing n = p*m with (m,p) = 1 for such n and using r, =

min {h -1, Llong }, we obtain

logp

> ZZl—ZZ IR 5 SIS SIS
n<lx n<lz p<lz k=1 n<a: p<z k=1 m<x/p
nESy neSp p‘” neSy.p¥|In meSh,(m,p)=1

Using Lemma 2.2.6 for a single prime p to the above and using Lemma 2.2.2 to bound the
error term, we obtain

> w0 =33 (50 ) i -0 (S )

n<z p<z k=1 p<x
TLESh
=" ) x T
- +0, <—> (2.9)
-3 (5 s) g+ (s

To complete the proof, we only need to estimate the main term above. Consider the set

1
R::{pﬁx : Long <h—1}.
logp

Using the bound |z] > 2 — 1, we can write

2> () -5 o) T X ()

>

p<lz k=1 p<lz k=1 gglaé k:Uzijg;J—H
_ ph-1 1
—ZZ(p P ) +0<Z )
p<a k=1 p<z Ploe?
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Using Chebyshev’s estimate given in (2.8) on the above, we obtain

Sy (F) - XX (Gt o (1)

p<z k=1 p<z k=1 p<zx
-1 h h—1
— 1
-SY (5ot )o(hn) eo
=\ = 1) log

Now, using Lemma 2.2.1 with £ = h and the well-known Mertens’ second theorem given
as

1 1
Z—zloglogx—i-Bl—i-O( ), (2.11)
P log x

p<z

where B is defined in (1.7), we obtain

S (2o e (b
_ h_
p<lz k= 1< p 1) p<lzx p p<p 1)
“loglogz + By + O [ — —ZL—FO _
T 0808 ! log = . p(ph —1) "\ zh1logx
p—1 1
= log1 By — ——+0 .
pelT T Zp:p(p’“‘—l)Jr h(log:v)

Combining the above with (2.9) and (2.10) completes the first part of the proof.

Next, we prove the second-moment estimate. Notice that,
2

> wrn) =Y 21 =) wn)+ > Z 1, (2.12)

n<lz n<z n<z n<lz
neSy nESh p|n ’I’LES}L ’I’LES}L p|n Q|n DFEq

where p and ¢ above denote primes. The first sum on the right-hand side is the first

moment estimated above. For the second sum, we consider r, = min {h -1, Ugiﬂ } and

T, = min {h -1, Uzgﬂ } We rewrite the sum and use Lemma 2.2.6 for two primes p and
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q to obtain

2 2!

n<x
neSy, pin, qln DP#q

Tp Tq

222 > !

p.q =
p#q,pq<a =1 =1 ’gi’;f({l(i';q:l))

1
TP Tq D —ph 1 qh B qh—l T rl/h
; ;; (( k(ph — 1)> <ql(qh - 1)) cm O (pk/hql/h>) - @)
P#q,pa<z

We employ (2.11) for h = 2 and Lemma 2.2.2 with o = 2/h otherwise below to obtain

z!/h Z (pq) 1/h—~"31/hz l/h " Z 2/h
q<a:

P,q 1 /2
PF#q,pg<T psT

Y 0 (¢ ogton).
21

pg<z

We use Lemma 2.2.2 with o = 1/h and Lemma 2.2.3 to obtain

1/h Z l/h o 1/h Z l/h Z l/h
q<CE

p<w/2 q<w/p
<pr Y ( )
oy \plog(z/p)
log1
, L8108 T (2.14)
log x

Thus, the error term in (2.13) is estimated by

L 1 xloglog x
> D <z < : (2.15)
pk
pd k=1 1= P /h h P,q (pq)l/h logx
PF#q,pg<zT PF#q,pg<T

Thus, it remains to estimate the main term of (2.13), in particular, the term

> 3y (50 (5 ts)

I h _ :
P k=1 I=1 Q(q 1)
P#q;pq<T
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Consider again the set

1
R::{pga: : {ong <h—1}.
log p

Using the definition of 7, and r,, we can rewrite

> Sy () ()
I(4h _
Pd k=1 =1 q'(q 1)
P#q,pq<x
h=1h=-l , p  h-1 h bl
Pq k=1 I=1 pp—) qq—)
P#q,pq<T
where
Il _ h—1 h—1 <ph o phfl ) (qh . qh1>
p.q log = =1 p’f(ph - 1) ql<qh - 1) ’
pEgpg<z F= | 185 ]+
PER
h—1 h—1 B B
L= Y (Ph—phl)(qh—q’”)
p,q k=1 log x pk(ph_ 1) ql qh_l)
p#q,pq<z I=| 15 |+
q€ER

2: Z Z (ph_phl) (qh_th)
prapg<a =1y | +11=| 155 |41 PR = 1)) \d'(¢" = 1)
P,gER

log q

The sum I, I3, and I3 contribute to the error term. In fact, using |x| > x — 1, (2.8), and
Lemma 2.2.3, we estimate

1(1 log 1
he 2 =y 25 EZ <2 2log;JC/q < Ofgo;ix'

lo;
p;éq’jp‘{ﬁw proer q<z/2 p<z/q q<z/2
PER
Similarly,
loglog x
I, < &
log
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Finally, for I3, using |z| > = — 1, (2.8), and Lemma 2.2.3 again, we have

Is < Z jgx jgx <<i Z % Z 1 <<l Z 1 < log log
p.q

#q,pq<x q<z/2 p<z/q q<z/2 q 1Og(x/Q) € log X
iR

We next estimate the main term in (2.16). First, we rewrite the sum as

h—1 h—1 N B
> 23 (o) (rwtn)
k(nh _ (- h _
e 1 =1 \P (p 1) q (q 1)
P#q,pq<x
> (=) ()
h _ h _
p.q p 1 q 1

P#q,pg<z

B Z ( ph—1 ) (QZ:—_11> - zp: (?)2- (2.17)

pr—1
pSmI/Q

The second sum above is estimated using Lemma 2.2.1 as
h—1 2 h—1 2 h—1 2
pr =1\ ptt—1 ptt—1
= (55 R s ()

prI/Q
h 1 _ 1 1
= Z ( ) + 0 (W) : (2.18)

For the first sum on the right-hand side in (2.17), using

— ]lj o hll and the
symmetry in p and ¢, we have

Z (ph—l _ 1) (qh—l _ 1)

P.q pt—1 ¢"—1

pg<w

1)+ 2 Gos) (o)

= — =2 + . 2.19
Z Z ( (¢"—1) ; p(p" = 1)) \al¢" = 1) (219)
pq<:v pq<fc Pz

We estimate the sums on the right-hand side above separately. For the first sum, we use
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Lemma 2.2.4. For the third sum, we use Lemma 2.2.1 and Lemma 2.2.3 to obtain

;q: (p(zljh_—ll)) (Q(Zh_—ll))

pq<z

-3 () 3 (@)

p<wz/2 q<z/p

-2 o) (Z o) o (em 1ig<x/p>>>

2
p—1 log log x
= S ) 2.2
(gp(ph—1)> +O<xlogx > (2:20)
Now, for the second sum in (2.19), we use Lemma 2.2.1, and (2.11) to obtain

> 5 ()

pglz

T ()

q —1
p<w/2 q<x/p

B 1 _p-1 !
- ; p (; w1 ((x/p) 10g(x/p))>

p<z/2

_ (;%) (loglog(x/2)+31+0 (@)) M i ; m

Using log log(z/2) = loglogx + O(1/log z) and (2.8) above, we obtain

1 -1 _1 .
; » (h) - (; m) (loglogx + By) + O (loga:) : (2.21)

pq<z
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Combining (2.19), (2.20), (2.21) and Lemma 2.2.4, we obtain

(ph—l o 1) (qh—l - 1)
: : h _ h _
b,q p 1 4 1

pq<z

-1
= (loglog ) + 2B, loglogz + B? — ((2) — 2 (Z ﬁ) (loglogz + By)
ppT —
P
2
p—1 log log x
+<;p(p"—1)> +O( log x )

Combining (2.12), (2.13), (2.15), (2.16), (2.17), and (2.18) with the above equation
and the first moment of w(n), we obtain the required second moment for w(n) over h-free
numbers. This completes the proof of Theorem 2.1.1. O

2.4 The first and the second moment of w(n) over h-full
numbers

Let h > 2 be an integer. Recall that N, is the set of h-full numbers and N, (z) is the set
of h-full numbers less than or equal to x. Note that, if n € Nj(z), then for any prime
p|n, we must have p*|n. Moreover, the maximal power of p that divides any such n < x is
|logz/log p|. Using this and n = p*m with (m, p) = 1 when p*||n, we can write

lzng
Youm= Y Yi= % IZ oL (2.22)
neNy (x) nEN (x) p}rn p<al/h k=h m%ﬁ\%f;;()a:/p )

Let ¢ be a fixed prime. We intend to estimate the sum

> oL (2.23)

neNx(y)
(n,q)=1

To prove the estimate for the above sum, we will use techniques from the work of Ivié¢ and
Shiu [25]. Let’s recall some of the results about h-full numbers from their work:
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Notice that the generating series for the h-full numbers is defined on R(s) > 1/h as:

ZW HO+—+ 1+~):1_[<1+1p_;$_8).

TLGNh P p
Let A (y) denote the number of h-full integers not exceeding y. In |25, Section 1|, Ivi¢ and
Shiu proved that
Ni(s) = ((hs)¢((h+1)s) -+ C((2h = 1)s)¢T (2 + 2)s)dn(s), (2.24)

where ((s) is the Riemann (-function, where ¢;(s) satisfies

(3R24+-h—2)/2

H 1—p M 4 Z arpp”"" | = (20 + 2)8)dn(s), (2.25)

p r=2h+3
and where a, satisfy the identity

(3R2+h—2)/2

h
<1+ - )(1—vh)"'(1—02h_1)21_U2h+2+ >, (2.26)

1—w
2h+3

Note that |a, ;| < h2" ¢3(s) =1, and ¢y (s) has a generating series, also called a Dirichlet
series, with abscissa of absolute convergence equal to 1/(2h + 3) if h > 2. Moreover, it is
also established that

Ni(s) = Gi(s)Kn(s),

where

§:m C(hs)C((h+1)s)---C((2h — 1)s), (2.27)

and
e Pu(s)
23% C((2h + 2)s)’

is a Dirichlet series converging absolutely in R(s) > 1/(2h + 2). Thus, one can write

Anly) = Y gn(m)kn(n).

mn<y

Additionally, let I;(y) denote the sum

= ki(n). (2.28)

n<y
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In [25, Theorem 1], Ivi¢ and Shiu proved that

2h—1
Li(y) =Y Cony"" + As(y), (2.29)
r=h
where
2h—1
Con=[] <G/r. (2.30)
j=hyj#r
and where
AL (y) < y™, (2.31)

with a constant 7, satisfying 1/(2h +2) < n, < 1/(2h — 1). Using the above pre-requisite
results, we establish an asymptotic result for A, (y) as defined in (2.23). We prove:

Lemma 2.4.1. Let x > 2. Let h > 2 be any integer. Let q1,q2,- - ,q, be distinct primes.

Let
Aprogen(@) =" > L (2.32)

HENh(x)
(nafh):'“:(n,qr):l

Then, we have
B 1
Agy o gron(T) = Vql,---,qr,O,hx% + Yar e AT+ Yoy g1 h T A+ Op (™)
where ny, 1s a constant satisfying 1/(2h+2) < np, < 1/(2h—1), and fori € {0,1,--- ,h—1},
on(1/(h + 1))
. r g " ’
c(en+2)/+0) (T (14 20 ) )

J

Yai, - arih = Chtish (2.33)

with Chiip defined in (2.30) and ¢n(s) satisfying (2.25).

Proof. Let us consider the sum defined on $(s) > 1/h as

1 p—hs
Nas - ae(5) = Z o II (1 + s) .
neNy, )
(n,q1)="=(n,qr)=1 PFEqL, - qr
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By (2.24), we have

Ny ooaon(8) = C(hs)C((h+1)s) - C((2h — 1)8>§71((2h + 2)3)5??(8)‘
H;—l (1 L% >

1-q;°

Thus, we can write

Ny, ... ,qr,h<3) =Gy, ,qr,h(S)Kh<3)>

where Kj(s) is defined in (2.27) and
Pn(s)

Gnls) = ; a1 C((2h +2)s) (H§=1 (1 - >) |

By (2.25) and (2.26), we have
Pn(s)
c(en+29) (T (1+ 25 ))
(3h24+-h—2)/2 r 2h—1
= H 1 — p_(2h+2)5 + Z a,r7hp_rs (H H (1 — qj—rs)> . (234)

PAQL, " r

Note that, for R(s) > 1/(2h +2) and for all sufficiently large p, using |a, ;| < h2", we have

(3R24+h—2)/2

p—(2h+2)s + Z ar’hp—rs < 1.
r=2h+3

Moreover, |¢; ™| < 1forall j =1,--- ,r and for all 7 € {h,h+1,--- ,2h—1}. Thus, taking
the logarithm of the right-hand side of (2.34) in the region R(s) > 1/(2h + 2) and using
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la,n] < h2" again, we obtain

(3h2+h—2)/2 r h— 1
J=1

ol r=2h+3 r=h
(3h2+h—2)/2 r 2h—1
= Z log | 1 —p~ 3"+ 4 Z arpp |+ Z Z log (1 - qj_rs)
- r=2h+3 §=1 r=h
PAqLs " qr
1 1
L p,r Z p(2h+2)§}e(s) + 9hR(s)
p

The last term of the previous equation is bounded with <, (((2h + 2)R(s)) + 1/2"%)
and thus is finite for R(s) > 1/(2h + 2). Hence, by the theory of convergence of infinite
products, G, ,(s) converges absolutely in R(s) > 1/(2h + 2).

Now, we can write

Agi e grn(@) = Z s, arh () Z v, k(M) In(x /M),

mn<z m<z

where [, is defined in (2.28). Further, using (2.29), we obtain

2h—1
T g >0 Yy *
Ale"'vqhh('x) - Z C’V‘,hxl/ ( n Tnl/]l/r ) + Z g(h “5qr;h h(x/m)
r=h m<zx

m<x

We need to estimate the sums above. Note that

Z Yar,arh(n)n” " = Op(1).

n<x
Thus, for each r = h,h 4+ 1,--- ,2h — 1, using partial summation, we obtain
gq1,---,qr,h(m) e (1/r) — gq1,---,th(m) -G (1/r)+ 0O np—1
ml/r — Yq1,,qr,h r mi/r — Y q1,,qr,h r h\T )
m<x m>x

and by (2.31),

D oo ar (M)A (2/m) 2™ | ggy g (m)|m™™ < 2

m<x m<x
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Combining the above results, we obtain

2h—1
Agy e e t(®) = D7 CriGy g (/)37 + Oy (a)
r=h
= Yorrear0h @A Yy gne1p BT 4 O (2™,

which completes the proof. O

Remark 2.4.1. Note that

Vot g 0h = ok — (2.35)
[Tj= (1 + quj_l/h>
where ( / ) o
¢n(1/h ( p—p >
=Chhror o s = L\ P S ) 2.36
70,h h,h<<(2h 4 2)/h) g pQ(pl/h _ 1) ( )

with the product formula described in |26, Page 3].

We use Lemma 2.4.1 with one prime to prove the first and the second moment estimates
for w(n) over h-full numbers. We prove:

Proof of Theorem 2.1.2. Inserting the formula for A,,(y) given in Lemma 2.4.1 with
y = z/p* in (2.22), we obtain

Y wn

neN(z)
s |
= > > A/
p<zl/h k=h
s |
= > Y (monla/p)" 4 iz £ O ((2/P8)7) . (2:37)
p<zl/h k=h
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Let us study the main term above given as

log « 1 og
|_10ng logp 1
> D oz =yopath E

We obtain
Liegs |

ot 33 !

p<ai/h =h  \ PP <1+ - _1/h>

pi/m Liegs ] =1

_ h 1h
70;1:75/ Z 1—p- 1/h+p / Z p Uk pt) (2.38)

p<r1/h < l/h

Using [z] > — 1, and (2.8) with y = 2!/, we bound the second term above with

log p xl/h‘
1/h
Vo, Z T < o s (2.39)

p<lzx 1/h

l/h) | {252 | —ht1

Thus, it remains to study the first term in (2.38). A little manipulation yields

1 — -1
Z p(1—pt/h+pt Z Z 1/h +p 1) (2.40)

pgxl/h p<$1/h p<x l/h

For the first sum on the right-hand side above, we use (2.11) to obtain
1 1
Z — =loglogx —logh+ B+ 0, | —— | . (2.41)
log x
pgxl/h

For the second sum on the right-hand side of (2.40), we use the convergence of the corre-
sponding infinite series and Lemma 2.2.5 to obtain

“1/h _

—1
P p
Z p(1—p /s p 1 = Ly(h +1) = Ly(2h) + Oy (

p<zl/h

1
'/ (log x)) ’

where L;,(+) is defined in (2.4).
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Combining the last three results, we obtain

1

1
= loglogx + Dy + Oy, (—) , 2.42
pg/h p(l—p/r+pt) ' log z (242)

where Dy is defined in (2.5). Combining the above result with (2.37), (2.38), and (2.39),

we obtain

L1/h
Z w(n) = yopzMloglog x + Diyopa™ + Oy, <1ng)
neNy(z)
[ ]
+O | D0 D (@/pe ] (2.43)

pS$1/h k=h

For the error term above, using Lemma 2.2.2 with & = h/(h + 1), we obtain

| o
k\1/(h+1) 1/(h+1)
g E (x/p") <L g Y o s
p g
pgml/h k=h pgml/h

Inserting the above back into (2.43) completes the first part of the proof.
Now, note that

2

Yoo = > D1 = > e+ Y > L (2.44)
neNy, (z) neN, (z) plfn neN, () nEN}, () p|n7q1|97;‘71 oy

The first sum on the right side above is the first moment studied above. For the second
sum, we first rewrite the sum as

log x J log = J
log p log q

2 X =) 2. 2!

neN, (z) k=h I=h neN(z)
p*lIn.g'|In
Liosr ) [xee ]
= Z Ap,q,h(x/(pkql))-

p#q, pg<z'/t

P.q »,
pln,gln, p#q p#q, pg<z'/"
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Then, we use Lemma 2.4.1 with two distinct primes p and ¢, and use (2.35) to obtain

2 2!

neN,(x) p,q
pln,q|n, p#q

Llong long
P log q

et S

P4 v R=hol=h p 1—p /% — —l/h

P#4q, Pq<w
| [z Lz
+Op | am Z Z Z k/(h+1 70 | (2.45)

1/h

P#Q, pq<:v

The error term above is bounded by using Lemma 2.2.2 and Lemma 2.2.3 as the following

log = J log = J
log p log q

1 1 1
D VD VR B R SR O D
q

P
p#q, pq<w1/h p<zl/h/2 q<a/"/p

1 1
<t ¥ oo
— plog(z'/"/p)

p<a!/h/2

i logl
< rhloglog T (2.46)
log x

Next, we estimate the main term in (2.45). First note that

log @
Kol 1 1 p*%(UgﬁJ*h“)
e (1 + =25 ) p(L—p P +p ) p(l—prtpt)

—1/h

Thus, using a similar result for a prime ¢ as above and the symmetry of two primes p and
q, we deduce

log x J log = J
log p log q

1 1
1/h
Yo,rT —
Z ; I=h pk/h<1~|— 1h>ql/h<1+q——11h>
p#q, pg<z'/" / =g~/
1 1
o Y
ot qu: pL—p Vg p ) gL—q gy T
p#q, pg<z'/h
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where

; h Z 1 q_%( iZin_h‘H)
= x ’
L e pA—prp gl =gV + g7
p#q, pg<z*/h
a-nd log 1 1
sl we) B )

1
p_ﬁ( log p
Jy = opz'" Z Y — Tk 1)
~  p(l—pVh+p gl — gV +q7)

p#q, pg<z'/h

Using |z] > 2 — 1, (2.8) and Lemma 2.2.3, we obtain

1 2/ log log x
J K 1| <« —————.
o zp: p(1—p=/"+p71) ; " loga
p<al/h/2 q<a//p

Similarly, we obtain

1 log © 7h+1)
p + (e ] loglog x
Jo K 1 _—
2 K ; p(1—pt/h 4 p 1) ; <p, log
p<z'/h/2 q<z'/"/p

Combining the last three results, we obtain

log @ J |- log @ J
log p log q 1
h

|
SO S SIS :
| o (14 2o ) @/ (14 )

q
k= I=h D —i/n T—g-1/h

p#q, pg<zl/h

1 1 z'/"loglog
— 1/h E O | ———
Y0,nT p<1 _ p—l/h +p—1) q(l — q—l/h —+ q_l) O < 10g$ ) '

p.q
p#q, pg<zl/h

(2.47)

Thus to complete the proof, we only require to estimate the main term in (2.47). Using
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Lemma 2.2.1, we have

1 1
;q: pL=p P +p )l =g /" +q7)
p#q, pg<zl/h

D> 1 1 > ()
P p(1—=p Y4 p 1) q(l —g V"4 q71) > p—pt-i/h 41

pg<zl/h

1
O (xl/(zm log x) ' (2.48)

Now, using
1 1 pfl/h _ pfl
== 4 ’
p(l—p " +p=) p p(l—p/r+pt)
a similar result for another prime ¢, and the symmetry of primes p and ¢, we write the
first sum on the right-hand side of (2.48) as

1 1
2 p(L=p= " +p) g1 =gV +q7")

pg<a!/h
- -1
—4q
D I D e e
P,q P M +q)
pqul/h pq<xl/h
P S et A B B
—~ p(1—p /M +p) gl =gV +q71)
pg<a!/h

The first sum on the right-hand side above is estimated using Lemma 2.2.4. For the second
sum, we use Lemma 2.2.3, Lemma 2.2.5, and (2.11) to obtain

Z g — g
P.q pq(1 — g h+q71)
pg<azl/h

“Uh _ g1
Z Z 1 _ q—l/h +q )

p<x1/h/2 q<x1/h/p

log1

log x

34



and similarly, for the third sum, we obtain

pfl/h —pt qfl/h —q!
;; p(L—p M +p)g(l—g 'V +q7")
pg<az'/h

— (La(h+ 1) = La(20)) + Oy ( log log = ) -

/" log x

Combining the last three results with Lemma 2.2.4, we obtain

1 1
Z p(L—p=V/h+p 1) q(l — g V4 q71)

p.q
pg<at/"
log 1
— (loglog z)? + 2D loglog z + D2 — ((2) + Oy, ( Oi;iﬁ) .

Combining the above with (2.44), (2.45), (2.46), (2.47), and (2.48), and using the first
moment proved above, we obtain the the second moment of w(n) over h-full numbers.
This completes the proof of Theorem 2.1.2. n

2.5 Normal order of w(n) over h-free and h-full numbers

In this section, using the variance of w(n) over the set of h-free and the set of h-full numbers,
we prove that w(n) has normal order loglogn when restricted to these sets.

Proof of Theorem 2.1.3. Notice that

Z (w(n)—loglogn)* = Z w?(n)—2 Z w(n)loglogn+ Z (loglogn)?. (2.49)
neSy(z) neSy () neSy () neSy ()
By (1.4), we have

|S(z)| = % + Oy (2. (2.50)

Using the above with the first moment of w(n) over h-free numbers given in Theorem 2.1.1
and partial summation, we obtain

xlog loga:>

1 C
Z w(n)loglogn = ——x(loglog x)* + —L zloglogz + Oy, < ]
ogx

st ¢(h) ¢(h)
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and
xlog log x>

) <1oglogn>2=ﬁxaoglogx)uoh( a

nESh(as)

Using the above two results and the second moment of w(n) over h-free numbers given in
Theorem 2.1.1 in (2.49), we obtain

1
Z (w(n) —loglogn)? = ——xloglogx + &x + Oy, (

xlog loga:)
e ¢(h) G(h)

log

For the second part, let g(x) be an increasing function such that g(x) — oo as z — oo,
and let Ef'__ be the set of natural numbers n € S), with x/logz < n < x such that

w(n) — loglogn
w(n) [ o).
Vloglogn
Let |EL, | be the cardinality of E' . Notice that

Z (w(n) — loglogn)? > Z (w(n) — loglogn)?

neSy (x) ncEh

free

> ¢*(x/log x) Z loglogn
neEf};ee
> g*(x/log 7)| Efteo| log log(w/ log x).
Using the asymptotic result for the left-hand side above, we deduce
| Efteel loglog
" ¢2(z/log x)loglog(z/logz)’

Since g(z) — oo as ¢ — oo, the right-hand side above goes to 0 as + — oo. Hence
|Ef..| = o(x). Moreover, by (2.50), |Sy(x)| ~ z/¢(h). Thus, the set of natural numbers
n € S, with z/logz < n < x such that

w(n) — loglogn
) > (),
Vl1oglogn
is o(|Sp(x)]). Next, we choose €’ such that 0 < € < 1/2 and choose the function g(z) =
(loglog ). Let € > 0 be arbitrary. Since €’ < 1/2, there exist 2o € R such that

(loglog z) (loglog z)¢

<
(loglogn)t/2 = (loglog(x/logx))1/2 — ‘
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for all x > z( and for all n with z/logx < n < x. Hence as x — oo, the numbers n € S,
with x/logx < n < z that satisfy the inequality

lw(n) — loglog n| S
log logn -

is o(|Sk(z)|). Again by (2.50), the remaining set of natural numbers n € S,(x/logz) is
o(|Sk(z)|). Together, this implies that w(n) has normal order log logn over h-free numbers,
which completes the proof. O

Remark 2.5.1. An alternative proof of the normal order result can be obtained as follows:

Note that )
w(n) —loglogn
=0 (|S .
Z()( UL 0 fsi(o))

Let g(x) be an increasing function of x such that g(x) — oo as © — oo. Let

Zg(w)}‘-

2

w(n) — loglogn
Vloglogn

Thus, by the Cauchy-Schwarz inequality, we obtain

Sg(@ =

{nESh(ac) : ‘

w(n) — loglogn

Vvloglogn

g(x)*Sy(x)* < >
neSy(x)

w(n)—loglogn
’ V1oglogn ‘Zg(m)

w(n) — loglogn 2
<S8 E
< Sy(x) o ( Vloglogn
neSy (x

< Sy (@) |Sn ().

Thus,

Sg@) 1
Si@)] < 9@

where the right side approaches 0 as x — co. This approach avoids the need to restrict to
the subset (x/logx, x|, as was done in the proof above. Furthermore, a similar argument
yields an alternative proof of Theorem 2.1.4. We are grateful to the external examiner for
suggesting this alternate argument.
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For the normal order of w(n) over h-full numbers, we prove the following:
Proof of Theorem 2.1.4. Notice that

Z (w(n) — loglogn)* = Z w?(n) — 2 Z w(n)loglogn + Z (loglogn)?.
neN, (x) neN, (x) neNy(x) neN, (x)
(2.51)
By (1.5), we have
Na(@)] = qopa/" + O (/D) (2.52)

where 7, is defined in (1.6). Using the above with the first moment of w(n) over h-full
numbers given in Theorem 2.1.2 and the partial summation formula, we obtain

l/hl 1

Z w(n)loglogn = yonz"/"(loglog z)* + 7o D1z'/* loglog  + O, (_x log ngl?) ’
ogx

neN, (z)

and

1/h loo'1
> (loglogn)® = youz'/"(loglog z)* + O, (wﬂ) '
neN (z) 0g L

Using the above two results and the second moment of w(n) over h-full numbers given in
Theorem 2.1.2 in (2.51), we obtain

l/hl 1
Z (w(n) — loglogn)* = 'yoﬁxl/h loglog z + Dorynz'/™ + O, (%) .
neN, (x)

For the second part, let g(x) be an increasing function such that g(x) — oo as z — oo,
and let El;; be the set of natural numbers n € N, with z/logx < n < x such that

w(n) —loglogn
|w(n) — log log |Zg(ac).

Vloglogn

Let |EL,| be the cardinality of Ef;;. Then

S (w(n) — loglogn)® > ¢*(x/ log )| Bl log log(z/ log ).
neN, (z)

Using the asymptotic result for the left-hand side above, we deduce

|Ef}ﬁn| log log x

2/ " g2 (2 log x) loglog(z/ log )
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Since g(z) — oo as & — 00, the right-hand side above goes to 0 as x — oo. Thus,
|EP | = o(z'/"). Note that, by (2.52), [Ny, (2)] ~ Yonz'/". Thus the set of natural numbers
n € N, with z/logz < n < x such that

w(n) — loglogn
i) > g(a),

Vloglogn

is o(|Vi(2)]). Again, by (2.52), the remaining set of natural numbers n € N, (z/logz) is
o(|[Nin(x)]). Together, this proves the first part of the theorem. Next, we choose € such
that 0 < € < 1/2 and choose the function g(x) = (loglogz)¢. Let € > 0 be arbitrary. Since
€ < 1/2, there exists x¢ € R such that for all x > x4 and for all n with x/logz < n < z,

(loglog z) (loglog )¢
(loglogn)t/2 ~ (loglog(z/logx))'/?

<e.

Hence as  — oo, the numbers n € N, with z/logx < n < z that satisfy the inequality

lw(n) — loglog n| S
log logn -

is o(|JMn(z)]). This together with the fact that the remaining set of natural numbers
n € Nu(z/logzx) is o(|Ny(z)|) implies that w(n) has normal order loglogn over h-full
numbers. O
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Chapter 3

Normal order of )(n) over h-free and
h-full numbers

3.1 Introduction

The counting argument used for w(n) in the last chapter can be employed in the study of
the distribution of Q(n) and produce improvement to (1.15) and (1.16) as mentioned in
Chapter 1. In this chapter, we explore these improvements.

Let By and By be defined in (1.7) and (1.8) respectively. Let h > 2 be any integer and
let C5, C%, and Cy be three new constants (dependent on h) defined as

Cg ::B2_Z]%7

p

M3p—1 —1)2 = p(h2p® + (—2h% + 2h + D)p + (h — 1)?
C:;::Bﬁzp(p )+ (p—1)" —p(h"p” + (=20" + 20+ L)p+ (h — 1))

~ p(p = 1)*(p" = 1) ’

and

ph—hp+h—1>2

o ::C§+C§,—C(2)_Z((p_1>(ph_1)

p

We improve (1.15) as the following:
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Theorem 3.1.1. Let x > 2 be a real number. Let h > 2 be an integer. Let Sp(x) be the
set of h-free numbers less than or equal to x. Then, we have

T
Z Q(n) =Cras,xloglogr + Caa.s,x + O ( ) ;
neSy(x) lOg v

and

log 1
Z Q*(n) = Cras,z(loglog ¥)* + C3.0.5, 7 loglogx + Cia.s,7 + Op <M> :

o log x
where
1 C! C
Cias, = m, Caas, = —C(;;), Cias, = 20205, +Cios,, and Cios, = <(2).
(3.1)

Recall D3 from (1.14). Let D} and D, be new constants (dependent on h) defined as

Oh2 +2h — D)p it — (14 h)2p " — h2(p — p¥ + 2ph — pi
%IW@PMMHZ%( P = (LR (0= vt + 2 —p1))
p

p(=p " — pi + p)(—1 4 pn)?

Dy = D§+Dé_hzc(2)_z<( h(p%—l)-i-ll >

S\ = Dp—p i+ 1)
Adopting this definition, we improve (1.16) as the following:

Theorem 3.1.2. Let x > 2 be a real number. Let h > 2 be an integer. Let Ny (x) be the
set of h-full numbers less than or equal to x. Then, we have

1/h
Z Q(n) = hCygn, z /" loglog x + Cogp, /" + Oy, (x ) ,
TLGNh(Z‘) 1ng

and

> Q(n) = BCran,a" " (loglog x)® + hCs 0,z " loglog x + Cy o, /"

neNy (x)
2" log log x
L O, (—g & )
log x
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where

Cion, =Y.h0 Coan, = Dsvon, Csawn, =2Can, +hCian,, and Cian, = Divyon-
(3.3)

Using the last two theorems and the method of variance demonstrated for w(n) in the
last chapter, we establish the normal order of 2(n) over h-free and h-full numbers as the
following;:

Theorem 3.1.3. Q(n) has normal order loglogn over h-free numbers.

Theorem 3.1.4. Q(n) has normal order hloglogn over h-full numbers.

3.2 The moments of {2(n) over h-free numbers

Using our counting argument, we can make the result in (1.15) explicit by proving the
following:

Proof of Theorem 8.1.1. Let p*||n denote the property that p* divides n but p*!
does not divide n. Then writing n = p*m with (m,p) = 1 for such n and using r, =
min{h — 1, [logx/logp|}, we obtain

Z o= Y YE=YY Y k—ZZ’f > L
neSy (= neSy, () p| p<z k= 1n6$h p<z k=1 mESh(Z‘/pk)

| p Hn (m,p)=1

Now, using Lemma 2.2.6 for a single prime p to the above and Lemma 2.2.2, we obtain

T () o ()

neSy (z p<z k=1 p<zx
P —p T %
_ e (_) 3.4
p;,; ( (o —1)C(h) " \logz (34)
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To complete the proof, we only need to estimate the main term above. Recall the set

R:—{pgx: rogl‘J<h—1}.
logp
Using the bound [z] >z — 1 and (2.8), we can write
p'—p P —p — i
k = k k{5
Sy (I e () s S ()

p<lz k=1 p<z k=1 p<lz k= Llogz
pER log p

:sz(p ;])—1>+O’"‘<1o;x)' (3.5)

p<z k=1

Now, using

ph—ph_lgk:ph—hp+h—1:1+ph—hp2—|—hp—1
—p* (p-DE"-1) p pe-HE'-1)"

the formula for the reciprocal of primes given in (2.11), the formula

h— hp* + hp — 1 h
N T S P
p

and using Lemma 2.2.1 with 7 = h, we obtain

ZZ (p — 7' ))zloglogx+03+0h<loéx).

p<zx k=1

Combining the above with (3.4) and (3.5) completes the first part of the proof.

Next, we prove the second-moment estimate for 2(n) over h-free numbers. Notice that
2

@)= > Dkl =D D P+ > Z (D),  (3.7)

nESh(x) nESh(x) p nESh(:c) pn ’nESh( )

p*|In bl p an\lnpséq

where p and ¢ above denote primes. Let r, = min {h 1, L J } To estimate the first

log p
sum on the right-hand side above, we rewrite the sum as

SIS 3 S D 35 3D D!

neSp(z) P Pz k=1 n€Sy(x) p=z k=1 meS,(z/p*)
Plin Plin (m,p)=1
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Again, similar to (3.4), using Lemma 2.2.6 for a single prime p and Lemma 2.2.2, we obtain

Tp k2 1 B k,2 (p —p ) €T +O < X ) :
N O
(m7p):1

and, similarly to (3.5), we obtain

22 (fets) ~E 8 () o

p<z k=1 p<z k=1

(1();;5)'

Note that

h— -
Zl 2 (ph . ph 1 )
— = \pr(p—-1)
1 " Bp =1+ (= 1) = p(h?p* + (=2h* +2h + D)p + (h — 1))
p plp = 1)2(p" = 1) '
Thus, using (2.11) and Lemma 2.2.1 with 7 = 2, we obtain

h—1 N ph_p -1 1
(L) Zogl Cl+0
; (p’“(ph - 1)) eeloB T T O (logfc> ’

where
h 2 2,2 2 2
p"Bp—1)+ (p—1)° —p(h°p* + (=2h* +2h + 1)p + (h — 1)?)
C'= B, + . 3.8
=B ) P — PG — 1) 39
Combining the last five results, we obtain
C; x
k? = ——xlogl 3 — ). :
> 2 jrloglogz &z + Oy (ng) (3.9)

neSy(x) kal

Next, for the second sum in (3.7), we rewrite the sum and use Lemma 2.2.6 for two
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primes p and g to obtain

> > (kD)

€S p,q
" h(x)pkllmqll\n,pséq
Tp Tq
DED I DI
P4 k=1 I=1 kol
P#q,pq<x ngzé%;h 7)

(p, n)=(q n)=1
Tp  Tq

5 SR () o) o

Pq k=1 I=1
P#q,pq<z

The error term above is estimated by (2.15) as

Tp Tq T 1/h

Z ZZ p/hgl/h hwl?og;(;ga:' (3.11)

Pa k=1 I=1
P#q,pq<z

Thus, it remains to estimate the main term, in particular, the term

> >3 (W) (Yt
P#£q,pq<x

|
R::{pgaj : {ngJ <h—1}.
log p

Using the definition of 7, and r,, we can rewrite

¥ Sy (A (i

p.q k=1 l=1

Consider again the set

P#q,pq<T
h—1 h—1
k h _ ,h—1 l h _ h—1
pa k1= N PP q(q
PF#q,pg<T
where . -

L= Y (k(p" —ph‘1)> (l(q" - qh‘l))

p,q log @ =1 pk(ph - 1) ql(qh - 1) ’
p#qepq<w k=| ks | +1

P
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h—1

L=Y 9 1 (k(ph—ph1)> (l(qh—q“))
k(nh I(4h — )
i pr(ph —1) ¢'(¢" —1)
P#q,pq<T
qgeER

B () ()

Iy = Z
p,q

P#q,pq<x
P,gER

The sum I, I3, and I3 contribute to the error term. In fact, using |z| > x — 1, (2.8), and

Lemma 2.2.3, we estimate

11 1(1 log log x
D SIS 1 £5 301 P pa mmpy T
pg  ploer <2 T\ g<ay2 log (/q) log z
p#q,pq<z = b
PER
Similarly,
log log
I, <y £ 08 .
log x
Finally, for I3, using |z| > = — 1, (2.8), and Lemma 2.2.3 again, we have
1 1 1 1 1 1 log log x
L D, e <y ) | 2 L g ) s <o s
Dyq ploer qloaa xqu/Z xpgaz/q q<z /2q 08lL/q rviog v
PF#q,pq<x
p9eR

We next estimate the main term in (3.12). First, using

e A N U VRS
ph—1 (p—D"—1)

- =
p
and a similar result for ¢, we rewrite the sum as

S SIS (A ()

k=1

P k=1 I=1 ql<q
PF#q,pg<T
B Z (ph—hp+h—1> (qh—hq—i-h—l)
—~ \-DE"-1) /) \(@-1(" -1
P#q,pq<T

-y (T () - 3 ()

p
pq<x p<zl/2
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The second sum above is estimated using Lemma 2.2.1 as

> () ~e () - 2 ()

1/2 p>al/2

—Z(p :};p;h_l)>2+o(m>. (3.14)

For the first sum on the right-hand side in (3.13), using

ph—hp+h—1 _ 1 —hp*+hp—1
p—1@'-1) p p-1E'-1)"

and the symmetry in p and ¢, we have

> (5=trn) (3w

pglz
1q —hq+hq—1 pt—hp*+hp—1\ (¢"—h¢®+hg—1
—Z—+2Z S AR DN Eewm o s ol B
Jg"=1) L=\ plp—1E"—1) q(qg —1)(¢" = 1)
pq<x pq<x Pq<T
(3.15)

We estimate the sums on the right-hand side above separately. For the first sum, we use
Lemma 2.2.4. For the third sum, we use Lemma 2.2.1 to obtain

> (e twn) (e )

_7 p" — hp? + hp — 1 q¢" —hg®> +hg—1
B Zpg (p(p—l)(ph—l) ) Zq; (q(q—l)(qh—l) )
B P — hp? +hp —1 p"—hp? + hp —1 1
N ; <p(p—1)(ph—1) ) (; ( plp =" —1) )+O ((w/p)log(x/p)»
p" — hp? 4+ hp ’ 1 1 1
(Z p— 1" —1)) A P33 R Zp: plog(x/p)
p<z/2 p<z/2
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Using Lemma 2.2.1 with 7 = 2 again and Lemma 2.2.3 to the above error terms respectively,
we obtain

> (oo ) (i o)

pg<z
p" —hp +hp—1 log log x
ol ——]). 3.16
(Z —1p—1)>+ (xloga: (3-16)
Now, for the second sum in (3.15), we use Lemma 2.2.1 to obtain

1/q¢"—hg* +hg—1
%E(Q(q—l)(qh—l))
_ 1 ¢" —hg*+ hqg—1
s p zq: (q(q—l)(qh—l))

p<z/2 q<z/p

=2 - (Z (p;;f)&f 11—1)1) o ((x/m 1c1>g<x/p>>) |

p
p<z/2

Using (2.11) to the above error term, we obtain

Zl(qh—th—l—hq—l)
—~p\ ¢lg—1)(¢"—1)
pq<x

P —hp —I—hp—l 1 1 1
(Z Y ) (loglog(x/2)+Bl+O (logx>> +0 - Z —log(x/p)

Using loglog(z/2) = loglogz + O(1/log z) and (2.8) above, we obtain

1 /(q¢"—hqg+hg—1 p" — hp? + hp — 1 1
log 1 B O )
;p<q(q—1)(q h—1) ) (Z p— 1D —1) (loglogz + By) + log 2
P

(3.17)
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Combining (3.15), (3.16), and (3.17) with Lemma 2.2.4 and (3.6), we obtain

> (5 0) (e o)

pg<z

= (loglogz)? + 2By loglog x + B? — ((2) + 2 (

Zp —hp?> +hp—1 +O log log x
p—1({pr—1) log
log log x
logz )’

) (loglogz + By)

= (loglog z)* + 2C3loglogx + C3 — ((2) + O (

where

p" — hp? + hp — 1 h
B = B, — -
Cs = 1+Z (p— 1" —1) 2 Zp:ph_l

Combining (3.7), (3.9), (3.10), (3.11), (3.12), (3.13), and (3.14) with the above equation,
we obtain the required second moment for €(n) over h-free numbers as

1 2053+ 1 Cy xloglog x
0?(n) = ——z(loglog z)* + xloglogx + —x + O <—
2 ) = yrloalors)* + =g e O o
neSy (z
where )
"—hp+h-1
Cy=C3+Cy—((2) - (p P ) ,
= D=2 G w1
with C} defined in (3.8). This completes the proof of Theorem 3.1.1. O

3.3 The moments of ()(n) over h-full numbers

To prove the moments of {2(n) over h-full numbers, we recall the constants

Dp /" — hp — 2hp*/" + (2h — 1)p'/*
p— 1) (pY" = 1)(p*+/h + pl/h — p)

(h+
D3 = h(B, — log h) +Z (

Dj = h*(Bi—logh)+»

p

((2h2 20— D)p T — (L4 h)2p5F — h2(p — pt + 2pF _pf;))
1+h 1 1o )
p(=p 7 —pi +p)(=1+p¥)
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and

, h(pYh —1) +1 ?
D4 D2+D h2C<2) _Z ((pl/h —(]i)(p—]jl_l/h—l-l))

p

Moreover, we need the following additional lemma:

Lemma 3.3.1. For x > 2, we have

Z - o) (L)
5o, plog?(z/p) logz )’

Proof. We partition the interval [1,2/2] into subintervals of the form I; = [¢/~!, e]. Over

this interval, we have
1
> i Z b
T plog (x/p) * Tog? :v/ ¢/)

Moreover, by (2.8), we have

Putting the above together with the fact that

1 1 1 1 1
> < =Y 1k
2 2 )
- plog®(z/p)  log”2 zp: p zp: log x
ello(@/2)] < p<a /2 elios(@/2)] cp<a /2 p<z/2

where in the second last inequality we use (2.8), we obtain

S s 5 S (i)

ooy plog? x/p ~ &7 plog’( x/p
Uog(ﬂf/Z)J
1 1
=X et 0 (oes)
= Jlog (x/el) ogx
L o). 3.18)
= J(logz —j)? log
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Note that

1 1 (1 1 1
j(logz —j)?  (logz)” (3 i logx—J) " lloga)(logw — 1)

Moreover,
UOg(:D/Q)J 1 log(x/Q) dt
Z —.<</ — < loglog x,
= J t=1 t
[log(z/2)] 1 log(z/2) dt
Z —.<</ — < loglogz,
= logx — j =1 logx —t
and
Uogi/?)J 1 log(z/2) dt
s K / —s < L
= (ogz—j)* = Jioy  (logz —1)
As a result,
Uog(i?” 1 log log x 1 < 1
. s 2 2 .
‘= j(logz — 7) (log x) logz — logx
Putting the above back into (3.18) completes the proof. O

Using this result, we prove:

Proof of Theorem 8.1.2. Using n = p*m with (m,p) = 1 when p*||n, we can write

it it
Sead Fed

doQm)y= D > k= > > DY k=Y >k Y 1 (319

neN, () neNy(z) P p<zl/h k=h neN(z) p<azl/h k=h  meN,(z/p*)
p¥lIn p(In (m,p)=1

Note that the last sum above is the same as A, ;(x/p") as defined in (2.32). Inserting the
formula for A, ;(x/p*) derived in Lemma 2.4.1, we obtain

> )
neNy (x)

log x
el

= Z Z k (Yo (/D) + o (/0D 4 O ((2/pF)™)), (3.20)

pgxl/h k=h

ol



where ﬁ <np < %%1 First, we study the main term above given by

log x log =
LIOgPJ I—logpJ

D> Ewponle/p) = op™ Yy N i ) (3.21)

p<zl/h k=h p<zl/h k=h pk/h <1 + — —1/h

where we used (2.35) to rewrite 7,04. Note that

(1—ap - (-ap ' (1-ap
(3.22)

i fd — a(ar —r—1)—a"((h—1)a — h) ha" altl a(ar —r—1)

ﬁi;J and a = p~'/" in (3.21), we obtain

Using the above formula with r = |

log =
lTogpd

S0 kwon(z/p)"

pgzl/h k=h
h p—l/h )
_ 1/h
x +
o z:/h( prtpTt) o p(L=p M) (L= p 4 ph)
p<lz
(Hong) iz;i]-‘rl)/h
v Z o8P (3.23)
p1/m( “1/h 4 -1 :
p<w1/h P Tp )
By partial summation, it follows that for any natural number £k,
1 y
< . (3.24)
% (logp)* — (logy)*+!

Using (3.24) with k = 1 and y = 2%/% and 2 — 1 < |z] < x, we can estimate the error
term in (3.23) as

ogx log® |4 1)/p,
|logz J) p LRI X n
LU/h ( logp T
Z p U (1 — pl/h + p1) < (logz) Z log p <n logz’

p<:p1/h p<zl/h
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Thus, we obtain

log x
lTogp )

> > knonle/p)!
p<zl/h k=h
h p—l/h ) (a:l/h )
_ 1/h
o + +0
Yo,k p;l/h (P(l —p~l/h 4 p1)  p(l— p*l/h)(l —p Uk 4 p1) h log 7
1 1
=h .flfl/h + fCl/h
70,k Z p(l — pfl/h +p—1) Yo,n Z (pl/h _ 1)(17 _ plfl/h T 1)

pgz‘l/h p§$1/h

1/h
‘ > . (3.25)
log x

+on(

Using Lemma 2.2.1 for 7 = 1+ (1/h), we can estimate the second sum above as

(pl/h _ 1)(p _pl—l/h 4 1) o - (pl/h _ 1)(p _ pl—l/h + 1) h Il/hQ(log x) .

pgxl/h
Moreover, for the first sum in (3.25), using (1.8), (2.5), and (2.42), we have

1
2 p(l—p/h+pt)

p<zl/h

p—l/h_p—l 1
= loglogx + B; —logh + E - —i—Oh( )
_ »—1/h -1
~p(l—p/r+p) log

log1 By —logh ! p Ut —p on [
= loglogx + by — logh — — t + :
SOBTT T ;p(p—l) ;p(l—p‘”hﬂ?‘l) h<10g13)

Also, a slight simplification yields

) D e DD :

- ——+ +

~plp—1) ~p(l—p/htp ) (pVh=1)(p—ph+ 1)
1+1/h_hp_2hp2/h+ (Qh— l)pl/h (3 26)

B (h+1)p
- zp: (p— D)(p"/" = 1)(p* T/ + pt/h — p)
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Combining the last four results with (3.20), we obtain

1/h
Z Q(n) = h’)’o,hxl/h loglog z + D3’Yo,h$1/h + Oy, ( - )
neN (z) lOg v

log @
Llong

+On | D0 Y k(a/ph) | (3.27)

prl/h k=h

where

+ )p" T — hp — 2hp*" 4 (20 — 1)p*/
(p— D@V = 1)(p /4 pt/h—p)

h
Dgzh(Bg—logh)—l—Z<
p

Thus, to complete the proof for the first moment, it only remains to estimate

Lices )
/(1) Z Z k(p~ /(DY
pgml/h k=h

Using (3.22) with r = LIOL;J and a = p~/*D using Lemma 2.2.2 with a = h/(h + 1),

log

and using (3.24), we obtain

{22 )
xl/(hﬂ) Z Z k(pfl/(h+1))k
péxl/h k=h

. (HMD p—<L12§§J+1>/(h+1>
1/(h+1) s o8P
<n @ Z ph/ () + Z (1 — p- /(D)2

p<zt/h p<zl/h
z/h 1
< + (log z) Z —
log log p
pSa:l/h
£1/h
<p . (3.28)
log x

Finally, inserting the above back into (3.27), we obtain

1/h
Z Qn) = h’Yo,hﬂUl/h loglog z + Ds’Yo,hJ?l/h + On ( ~ ) .
neN,(z) lOg v
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This completes the first part of the proof.
For the second part, note that

2

Yo 2m)= > [ Dk

neN;, () neN (z)

kp neNy (z) kp neNy (z)
pln p"ln

Pa
pFlln.g'lIn.p#q
For the first sum on the right side above, we rewrite the sum as

log x log x
LTogp LTog

PSS DD IED B DD DD DI

neNg(z) P

o p<al/h k=h n€Ny(z) p<al/h k=h  meN;(z/p¥)
lin pF||n (m,p)=1
Working similarly to (3.20) and (3.21), we obtain
S Skt S
k? = ont 1 (—>
— /h -1 /R
nENh(:Jc) || p<x1/h 1 _'_p ) k=h p
p®||In

LlogZJ

log p

A D M S

p<,1;1/h k=h

SYEeY Y @

(3.29)

(3.30)

Note that

Zk;Qak
k=h

(a®r? + (=2r* = 2r + D)a+ (r + 1)?)a"™! — a"((h — 1)%a® + (—=2h* + 2h + 1)a + h?)
- (a—1)?

h2ah a"(=2h? +2h+1) a2 (h— 1)

R () R (I

N a" ™ (a*r? + (=2r* = 2r + Da + (r + 1)2)‘

(@ —1)°

Using the above relation with r = | 182

95
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12| and a = p~ /", using x — 1 < |z] <z, and using



(3.24) with k = 2 and y = 2'/", we obtain

log =

DAL oy

p<zl/h pil/h —i—pfl

) r ph/h
2
log
pt 4 p T E(=20 4 2h 4+ 1) +p R (h = 1) (mip)
- Z —)2 -1 -1 +0 Z loga
p<zl/h (I—pn)2(L—p~n+p) p<zl/h plofp

3 h2+p—%(—2h2+2h+1)+p% h—1)2 (log z)? 1
pal p(L—p 7 )2 (L —p & +p) xt/h

h? ((2h2 F2h— Dp = (1+h)2pH" ph
+ 2

h
p(—p

Notice that the second sum on the right side above is O(1). Thus, using (2.41) and
Lemma 2.2.1 with 7 =1+ (1/h), we obtain

1 _pfl/h HZ%J k?
> ()

Ry - k/h
psxl/hl p TP >k::h p

1
=h? <loglogm—logh—|—Bl+Oh( ))
log x

+Z((2h2+2h—1)p1 — (1+h)*p 5 — h3(p — pi + 2ph — p

2))
h
> p(=p = —pi +p)(—1+pi)?
1 1
+ Oy I +Oh< )
p;l/h pltn log x

= h*loglogz + h*(B; — log h)

Ly ((2h2 2= Up' = (L R —ph 2

P

o6



log x

> | and a = p~V/(+D we obtain

Similarly, using (3.31) with r = |

log x
|losz |

1/(h+1 Z Z k/(h+1)

p<al/h k=h
1 log z g1+
1/(h+1) i Togp-T
o (3 e s (RE)
pgxl/h pgxl/h
zt/h 1
@2 | ogap ¥ L
log x oy (logp)
Y
<y .
log

Inserting the last two results into (3.30), we obtain

2. 2K

nENh ) kIT'

= Yoz’ <h2 loglog x + h*(B; — log h)

2 _ N 12 ;- 2 _ 2 Z1/h
+Z((2h+2h Dp'™ = (1+hPp™ = W(p— pi + 291 p)>>+0h(1ogx)

. p(—ph —pi +p)(—1+ph)?
£1/h
- h2707hx1/h loglog x + Dg%’hxl/h Oy, (l ) , (3.32)
ogzw

where Dj is defined in (3.2).

For the second sum in (3.29), we rewrite the sum, use Lemma 2.4.1 with two distinct
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primes p and ¢, and use (2.35) to obtain

> Z (ki)

neNy (z ) o
[T,

Llong LlOgCL‘J

logp- tlogq

222 > W

=h I=h n<Ny(z/(p*q¢
P#q; pq<z1/h (< ,pgl( (/(Z)q )

122 |12

logp- tloggq

SR S SIS u :

-1 -1
P,q k=h I=h pk/h (1 + 1/h) ql/h <1 + 1/h)
p#q,pg<at/h

1—gq~
l1E2) L [12E2) l
_1
FOufamn D> > S || 2 g | (3.33)
p,q k=h l=h
p#q.pg<z'/"

Note that taking r — oo and 0 < a < 1 in (3.22), we have

k —.
Z @ <h (1—a)?
k=h

Thus, using a = p~ /"1 and ¢~/*+V | the bounds p~ /"t ¢~/ < 9=+ Temma 2.2.2
and Lemma 2.2.3, we bound the error term in (3.33) with

1 — k —
psq k=h

I=h
p#q,pq<z'/"
L 1 1
St Z P D) Z /)
q
p<z/h/2 q<z'/"/p
<<h .1'%

1
Zp: plog(z'/"/p)

prl/h/Q
# log1

h Thog0eT oga:. (3.34)
log

o8



Next, we estimate the main term in (3.33). First note that, by (3.22), we have

1
o7

k B h(l _ p—l/h) —i—p_l/h
i Pk (1 4 o ) p(1—p=V/m)(1 = p=t/h 4 p-1)

—1/h
log x — (| loge +1)/h
(L_logpj> p (Llogpj )/

(1—=p VW)L —p=¥/h 4 p=1)

+ Oy,

Thus, using a similar result for a prime ¢ as above and the symmetry of two primes p and
q, we deduce

log @ log @
Llong LlogqJ

l
70,hx1/h Z Z Z k/h< _ p >ql/ (1 + 1_(!’1 )

D,q k=h I=h D

p#q,pg<z'/" 1/h gt
—qop Y h(1—p~ ") +p~ /" hA—gq M) +q o+ I,
, - p(L—p /M1 —p V£ p Lyl — g /M1 —q h+q 1) y
p#q,pq<zt/h
where

S Ly, %,hxl/h

oo T logw
S L S RS
q( ’

(L=p /M)A —p=/h+p™) L—g /M)A =g +q7")

p.a
p#qpg<zt/"
and
<L10ng> }EEZJﬂLl)/h (LIOng> 7(Hg§‘a]rj+1)/h
e A Z log p log ¢
2 <p Yo,n 2 (1= p~1/M)(1 — p=1/h + p) (1—q VM1 =g /h+¢1)
p#q,pq<z*/"
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Using |z] > o — 1, (2.11), and (3.24), we obtain

p<z'/h/2 q<a'/h/p
1
<, (1 log1
(oga)loglog) Y o
p<:c1/h/2

2" loglog
<<h T

Moreover, using Lemma 3.3.1 and partial summation, we obtain

(Uong) p*(\_{ggzjfh+l)/h

log p log x

J. =i

2 <n zp: p(L — p-1/h)2 zq: log ¢
p<az'/h/2 q<z/"/p

2 1
< (log2) ; p(log?(z'/"/p))(log p)

p<zt/h/2

<, 1.

Combining the last three results, we obtain

log « log «
Brrril Sl

/h 1
Yontt Z Z Z k/h( 1 )ql/h<1+ 1 )

stapagon 1P 7 =7
1/h Z h(1 —p~ VM) 4 p=l/h h(1 — g~y 4 g~/
= 70,nT — — - = _ _
& (A —p M)A —p T+ p) (1l =gV =g+ g
p#apg<a!/"
/" loglog x
o (T) | (3.35)

Thus to complete the proof, we only require to estimate the main term in (3.35). Using
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Lemma 2.2.1, we have

Z h(l—p /") +p /0 M1l —q V") +qth
—~ p(l=—p VM)A —p /P +p gl —gV/M) (1 =gV +q7)
papg<a/?
S h(1l—p /")y +pt/h hl—q /M)y +q7t/"
= 2 p(L—p U1 —p Vhtp1)g(l— ¢ /M1 —q /h+q 1)
pg<at/h
_ _ 2
Z ( h(l—p /") +p=t/h )
—  \p(L—p V"1 —pth4pt)
p<zl/(2h)
S h(1—p= ") +p~t" h(l—q ") +q "
S p(l=p (A —p Y p ) g(1 =g VM) (1 — gV 4 g7t
pg<a'/h
h(pth — 1) + 1 ? 1
A\ @V =1 —pVh+ 1) !/ log x
Now, using
h(1—p /") +p~ /" h  hp—p"= M —p/h 4 1) +p

p(L=p VM)(L—p= i tp=t) p - p(pth—1)(p—p' =M + 1)

a similar result for another prime ¢, and the symmetry of primes p and ¢, we write the
first sum on the right-hand side of (3.36) as

T h(l—p /") +pt/h hl—q /") +qt/h
~ p(L=p /M)A —p /4 p)g(l — g /") (1 — gt + g7
pg<z/h
1 1/ h(qg— 1-(1/h) _ ,1/h 1
Y s Y (M)
c~ pgq —~ p\ q(¢""—=1)(g—q +1)
pg<al/h pg<at/h

> h(p —p' =M —pt " 1 1) +p\ (hlg—¢" ="M — """ +1) +¢
p(p/h = 1)(p — pt=W/M 4-1) q(qt = 1)(q —¢=WM +1) )~

p.q
pg<zt/h

The first sum on the right-hand side above is estimated using Lemma 2.2.4. For the second
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sum, we use Lemma 2.2.1, (2.11), Lemma 2.2.2 and log(z'/" /p) > log 2 together to obtain

5 1 (h(q — g M — g1 1) + q)

h _ _ —(1/h
S~ p \ q(¢/" = 1)(q—¢'~0/M +1)

1/h

(g — (q—q ~Um 1)

pglz

p<cc1/h/2 q<a:1/h/p

> (St o ()
D h
» P\ p(pYt = 1)(p — p=/M 4 1) x1/h* log(z/h /p)
pgzl/h/2

_ <Z h(p —p' =" —pt" + 1) +p

p(p'/" —1)(p — p'~ /M 4+ 1)
Similarly, for the third sum, we obtain

> hip —p'= "W —p" + 1) +p\ (hlg— ¢~ — ¢/ +1) +¢
b7 1~ 1) ) \ala g — g 0+ 1)

1
) (loglogx + By — logh) + Oy, (—) .
log x

p,q
pg<zl/h
5 hip —p' ="M —pt" +1) +p h(g—q" =M —¢'/" +1) +¢
—  plp"=D(p—p=WM+1) g/ —1)(qg— ¢~V +1)
p<at/h/2 q<z/"/p

—  p(p/" = 1)(p — p'=/M + 1) ppYh —1)(p — pt=/M + 1)
p<z'/h/2

p\/h
O
-0 (o)
2
- (> hp —p ="M —ph+ ) +p) ) (logloga
T\ - 1) ) T G og )
Combining the last three results with Lemma 2.2.4 and simplifying further using

) 1+1/h __ hp _ 2hp2/h + (2h _ 1)p1/h
=1/ = 1)(ptt + i/t —p)

ST T T

S h(p — p'=0/M — pl/h 1) 4 p (Z hp — p=/m — pl/h 4 1) 4 p

(h
D5 = h(By — logh) +Z +

= h(B; —logh) +
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we obtain

> h(1 —p ") +p~ " h(l—q ™) +q "
. p(L—p /M) (L —p~ 4+ p)g(l —g/")(1—g V" +q71)
pg<at/h

= h? ((log log z — log h)? 4+ 2B;(loglog x — log h) + B} — C(Z))

hip — 1-(1/h) _ ,,1/h 1
+2h(2 (p—p pr1)+p (loglogz + By — logh)

~ pp"/" =1)(p—p=/M +1)

2
e hp—p =0 —p+ 1) +p) |, (loglogz
~ p(p"/" = 1)(p—p=/M +1) "\ log
log log x
logz )~
Combining the above with (3.29), (3.32), (3.33), (3.34), (3.35), and (3.36), we obtain

= h*(loglog z)* + 2Dshloglog x + D3 — h*((2) + Oy (

Z Q?(n) = hQ’yo,hxl/h(log log x)* 4 (2Ds + h)h”yg,hxl/h loglog x + D4’yo,hxl/h

neN, (z)
V" loglo
oN (—g g“’).
log x

This completes the proof of Theorem 3.1.2.

3.4 Normal order of (2(n) over h-free and h-full numbers

In this section, we prove that (n) has normal order loglogn when restricted to h-free

numbers and has normal order hloglogn when restricted to h-full numbers.
Proof of Theorem 3.1.3. Notice that

Z (Q(n) — loglogn)? = Z Q?(n) — 2 Z Q(n)loglogn + Z (loglogn)?.

neSy () neSy (x) neSy () neSy (x)

(3.37)
Using the above with the first moment of ©(n) over h-free numbers given in Theorem 3.1.1,

(2.50) and partial summation, we obtain

1 C
Z Q(n)loglogn = ——x(loglog z)* + —3_2loglogx + Oy, (

xlog logx)
STt ¢(h) ¢(h)

log x
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and
xlog log x>

) <1og10gn>2=ﬁxaoglogx)uoh( a

neSy ()

Using the above two results and the second moment of Q(n) over h-free numbers given in
Theorem 3.1.1 in (3.37), we obtain

1
Z (Q(n) —loglogn)?* = ——xloglogz + ix + Oy, (

xlog log:z:)
st ¢(h) ¢(h)

log x

For the second part, let g(x) be an increasing function such that g(z) — oo as z — oo,
and let Ef'__ be the set of natural numbers n € S), with x/logz < n < x such that

|2(n) — loglogn|
> g().
Vloglogn
Let |EL, | be the cardinality of E' . Notice that

Z (Q(n) —loglogn)? > Z (Q(n) — loglogn)?

neSy (x) neE?

free

> ¢*(z/log ) Z loglogn
neEf]:;ee
> g*(v/1og 7)| Efiee| log log(w/ log z).
Using the asymptotic result for the left-hand side above, we deduce
| Efteel loglog
" ¢2(z/log x)loglog(z/logz)’

Since g(z) — oo as ¢ — oo, the right-hand side above goes to 0 as + — oo. Hence
|Ef..| = o(x). Moreover, by (2.50), |Sy(x)| ~ z/¢(h). Thus, the set of natural numbers
n € S, with z/logz < n < x such that

|Q2(n) — loglogn| > g(x)
Vioglogn  — ’

is o(|Sp(x)]). Next, we choose €’ such that 0 < € < 1/2 and choose the function g(z) =
(loglog ). Let € > 0 be arbitrary. Since €’ < 1/2, there exist 2o € R such that

(loglog z) (loglog z)¢

<
(loglogn)t/2 = (loglog(x/logx))1/2 — ‘
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for all x > z( and for all n with z/logx < n < x. Hence as x — oo, the numbers n € S,
with x/logx < n < z that satisfy the inequality

|Q2(n) — loglogn| > ¢

log logn

is o(|Sp(x)]). Again by (2.50), the remaining set of natural numbers n € Sy (x/logx) is
o(|Sk(x)|). Together, this implies that €(n) has normal order log log n over h-free numbers,
which completes the proof. O]

Proof of Theorem 3.1.4. Notice that

Z (Q(n) — hloglogn)?

neNy(z)
= Z Q*(n) — 2h Z Q(n)loglogn + h? Z (loglogn)?. (3.38)
neN(x) neN(x) neN(x)

Using (2.52) with the first moment of 2(n) over h-full numbers given in Theorem 3.1.2
and partial summation, we obtain

1/h1 1
Y Q(n)loglogn = hy ' (loglog )* + 7o Dsz"/" loglog z + O (xl()ﬂ) :
ogx
neNy(z)

and

1/h1 1
Z (loglog n)? = v uz'/"(loglog 2)* + Oy, (Iloﬂ) .
neN (z) 08T

Using the above two results and the second moment of €(n) over h-full numbers given in
Theorem 3.1.2 in (3.38), we obtain

/P ]ogl
> (Q(n) — hloglogn)® = h*youx'/"loglog x + Dyyona'/" + Oy (%) '
neN, (x)

For the second part, let g(x) be an increasing function such that g(x) — co as z — oo,
and let Ef;; be the set of natural numbers n € N}, with x/logx < n < x such that

|2(n) — hloglogn| > g(2)
v hloglogn - '
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Let |EL,| be the cardinality of Ef;. Then

Z (Q(n) — hloglogn)? > hg*(x/log x)| EL,| loglog(z/ log x).
neN, (z)

Using the asymptotic result for the left-hand side above, we deduce

| Efun] loglog
2/ g2 (2 log x) loglog(z/ log )

Since g(x) — oo as x — 00, the right-hand side above goes to 0 as x — oo. Moreover, by
(2.52), |Ek,| = o(z'/"). Note that [N (x)| ~ vonx'/". Thus the set of natural numbers
n € Nj with x/logx < n < x such that

|Q2(n) — hloglogn| > g()
Vhloglogn — — ’

is o(|JNVp(z)]). Similar to the previous proof, we choose an € satisfying 0 < ¢ < 1/2 and
choose the function g(x) = (hloglogz)®. As a result, for any ¢ > 0, the numbers n € N,
with x/logx < n < z that satisfy the inequality

|Q2(n) — hloglogn| > e

hloglogn

is o(|Mu(z)]). Again, by (2.52), the remaining set of natural numbers n € N (z/logx)
is o(|NVy(z)|). Together, this implies that Q(n) has normal order hloglogn over h-full
numbers. This completes the proof. O
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Chapter 4

Moments of w;.(n) over h-free and h-hull
numbers

4.1 Introduction

Recall that, for natural numbers n and k, wg(n) denotes the number of distinct prime
divisors of n, with multiplicity k. Let h > 2 be an integer. In this chapter, we study the
distribution of wy(n) over h-free and over h-full numbers.

To begin, we show that when restricted to the set of h-free numbers, wy(n) behaves
similarly to w(n) and wy(n) with & > 2 exhibits a smaller asymptotic size than w(n). We
begin by studying the distributions of w;(n) over h-free numbers.

Let By be the constant defined in (1.7). We define the constants (depending on h)
Cs = B, — Z P (4.1)
p(ph —1)

and

h—1 _ , h—2\ 2
06;:c§+05—g(2)—z(7%> .

p p_l

For the first and the second moment of w;(n) over h-free numbers, we prove:
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Theorem 4.1.1. Let x > 2 be a real number. Let h > 2 be an integer. Let Sy, be the set
of h-free numbers. Then, we have

Z wi(n) = Cyu,.s,xloglogx + Cayy s, + O ( - ) ,

= log x
neSy
and
z loglog x
Z wi(n) = Cu,.s5,7(loglog ¥)? + C3,,.5, 7 loglog x + Cy uy 5,7 + Oy, (%)
nes,
where
1 05 C16
Cw = T Cw = T Cw ZQCw Cw y dcw = T
1,w1,Sh C( ) 2,w1,Sh Q(h) 3,w1,Sh 2,w1,Sh + 1,w1,8p an 4,w1,8p, C(h)

(4.2)
Next, we establish the moments of wy(n) with k£ > 2 over h-free numbers as the follow-

ing:

Theorem 4.1.2. Let k > 2 and h > 2 be any integers. Let Sy, be the set of h-free numbers.
For k < (h —1), we have

log x

{El/k
Z Wk(’fl) - C2,wk,$hx + Oh,k < ) )

n<x
neSy

and

2Y*1og log
Z wii(n) = Cay5,@ + Onp (ﬁ) ;

n<x
neSy

where Oy 1, means that the implied constant depends on h and k, and where

B 1 ph _ ph—l
CQ,wk,Sh - C(h) Z (pk(ph — 1)) ) (43)

p

and

P
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Remark 4.1.1. Note that if n € Sy, then wi(n) =0 for all k > h. Thus, the distribution
of wg(n) with k > h over the h-free numbers is zero.

Next, we prove the distribution of wg(n) over h-full numbers. We notice that w(n)
and wy(n) have similar asymptotic distributions over h-full numbers. Moreover, wy(n)
with £ > h has a smaller asymptotic size than w(n). We can thus infer that the smallest
power of primes defining the subset of h-full numbers contributes to the main term for the
asymptotic distribution of w(n) over the subset. This inference also satisfies the behavior
observed over h-free numbers. The set of h-free numbers includes the first power of primes,
and it is observed that w(n) and w;(n), which counts prime factors with multiplicity 1,
satisfy similar distributions over h-free numbers. To prove the distribution over A-full
numbers, we define two new constants (depending on h)

D5 = Bl - IOg h — ,Ch(Qh,), (45)

and

Ds ;:D§+D5—<(2)—Z( Pt =1 )2, (4.6)

- plH/h — p 4 pi/h

where L,(+) is defined in (2.4). For the first moments of wy(n) over h-full numbers, we
prove:

Theorem 4.1.3. Let k > 2 and h > 2 be any integers. Let Ny, be the set of h-full numbers.
Then, we have

1/h
Z wh(n) - Clvwh,./\fhml/h lOg IOg.I' + C2,wh,th1/h + Oy, (lf)g I‘) )

n<x

n EWh

where
Cl,wh,Nh = 70,h; and CQ,wh,./\/h = D5’}/0,h7 (47)
where o 5, 1s defined in (1.6), and Ds is defined in (4.5).

Moreover, we have

Z wit1(n) = Cop s N @™ + Oy (xl/(hH) loglogz),
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where
Cowpir Ny, = (Ln(h+1) = Li(h +2)) Yo, (4.8)

with Ly(+) is defined in (2.4), and for k > h + 1, we have

> wil(n) = Cowens " + Opy (VY]
NG
where

CowpNy = (Ln(k) — La(k + 1)) Yo (4.9)

For the second moments, we obtain:

Theorem 4.1.4. Under the assumptions as in Theorem 4.1.3, we have

Z Wi (n) = Chu i, v/ "(loglog z)? + Cs.u, a2/ M loglog @ + Cy oy p 2'/"

n<x
nENh
/" loglog
10, (—g & )
log

where
C3,wh,Nh - 2CQ,wh,Nh + Cl,wh,/\fh7 and C4,wh,Nh = DGfYO,}u (41[))

and where Cy, N, and Cay, n, are defined in (4.7) with vy defined in (1.6), and where
Dy is defined in (4.6).

Moreover, for k = h+ 1, we have,

Z wh+1 =Cy Wwht1,Np L Lk + O, ( e h+1)(10g log x)Z) )

n<x

TLGNh

where

Caiopr Ny = ((ﬁh(h +1) = Lp(h+ 2))2 + Lp(h+1)— Lp(h+2)

pt/h—1 2
— Z ( 1+(2/h) — p1+(1/h) +p2/h> 70,k (4.11)
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with Ly(+) is defined in (2.4), and for k > h + 1, we have

> wh(n) = Crani /" + Op (£/04D),
n<x

n 67\/’h

where

Cawp Ny, = <(£h<k) — Lu(k+ 1)) + Ly(k) — Lo(k+ 1)

/ -1 2
- Z ( (k+1)/h _ pk/h T plhi- h)/h) )'YO,h- (4.12)

Remark 4.1.2. Note that if n € Ny, then wi(n) = 0 for all k < (h —1). Thus, the
distribution of wg(n) over h-full numbers is zero for k < (h —1).

In Chapter 2, we showed that w(n) has the normal order loglogn over h-free and over
h-full numbers as well. Note that the set of h-free numbers has positive density, and both w
and w; behave asymptotically similar over h-free numbers. Thus, the proof of w;(n) having
normal order loglogn over h-free numbers follows from the classical case. In particular,
working similarly to Theorem 2.1.3, one can establish that for any € > 0, the number of
n € Sp(x) that do not satisfy the inequality

(1 —¢)loglogn < wi(n) < (1+¢€)loglogn

o(|Sr(x)|) as * — oo. On the other hand, the set of h-full numbers has density 0, and
thus the proof of normal order of w, does not follow from the classical result. However,
since w and wy, behave asymptotically similar over h-full numbers, the proof of wy,(n) having
normal order loglogn over h-full numbers can be inferred in a manner analogous to the
proof presented in Theorem 2.1.4 for w(n). In particular, one can establish that for any
¢ > 0, the number of n € N} (z) that do not satisfy the inequality

(1 —¢)loglogn < wy(n) < (1+¢€)loglogn

is o(|[Nu(2)]) as © — oo.

Unlike wy(n), we observe that wy(n) for 1 < k < h does not have a normal order over
h-free numbers. This goes in accordance with the findings of Elma and Liu [12] where
they proved that wy(n) for £ > 1 does not have a normal order over natural numbers. In
particular, we prove:
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Theorem 4.1.5. For any integer h > 2 and any integer k satisfying 1 < k < h, the
function wg(n) does not have normal order F(n) for any non-decreasing function F : S, —
R>o.

Finally, we show that wy(n) for £ > h does not have a normal order over h-full numbers.
In particular, we prove:

Theorem 4.1.6. For any integer h > 2 and any integer k > h, the function w(n) does
not have normal order F(n) for any non-decreasing function ' : Ny — Rsy.

4.2 Lemmata

We list the following result regarding the density of certain sequences of h-full numbers
necessary for our study:

Lemma 4.2.1. [27, Lemma 17| Let q be a prime and k > h > 2 be integers. Let Sy, denote
the set of k-free numbers and N, denote the set of h-full numbers. Then, for any small
€ > 0, we have

1—q V" n L
Z L= 1— q—l/h +q 1 — q_k/hnh,kx + 0 <x2h<h+1) ) ’

n<lz
neNRNSk,(n,q)=1

where My 15 the convergent product given by

1 1— p—l/h _|_p—1 _ p—kz/h
mk =] [ <1 — 5) ( i , (4.13)

p

and where the product runs over all primes.

4.3 Distribution of wy(n) over h-free numbers

In this section, we study the first moment of wg(n) over h-free numbers.
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4.3.1 For wi(n)

Proof of Theorem 4.1.1. Writing n = pm with (m,p) = 1 for n satisfying p||n, i.e., p|n
but p? { n, we obtain

2oam=23 0 1=3, > 1=2 >, L

n<z n<z p<z nlz p<z m<z/p
nesy, nesy, pHn neSp.pln meS,(m,p)=1

Now, using Lemma 2.2.6 for a single prime p and Lemma 2.2.2 to the above, we obtain

> 0= 2 (5555 )t O (i)

n<x p<z
neSy
Usmg p —=1_ phh—l Lemma 2.2.1 with 7 = 2, and Mertens’ second theorem given
( -1 p  plP"-1)’

in (2.11), we obtain

h h—1
Z p—p p -1 1

o p(p

Plugging the above back into the previous equation completes the first part of the proof.
Next, we prove the second moment. Note that
2

> win) =Y Zl => wm)+> > 1 (4.15)

n<x n<lx n<lzx n<x p,q

neSy, nesSy, pHn neSy neSy plin,glin,p#£q
where p and ¢ above denote primes. The first sum on the right-hand side above is the first
moment estimated above and for the second sum, using Lemma 2.2.6 for two primes p and
q, we obtain

Z Z L Z <(ph_ph1> <qh_qh1> Lo, (ﬂ)) (416)
n<z P p(p" —1) ) \q(¢" — 1)) ¢(h) (pg) /"
nesy, plln, qllnvp#q P#¢,pq<z

Next, we bound the above error term using Lemma 2.2.2 with & = 1/h and Lemma 2.2.3
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as the following

zt" Z (p —“fl/hz 1/h Z 1/h

s Sl
<pr Y ( )
ooy \plog(z/p)
logl
zlogloga (4.17)
log x
Now, we estimate the main term in (4.16). First, we can divide the sum as
> (p — " ) (qh q" )
o7\ =1) /) \ald" = 1)
P#q,pg<z
- h—1 h_ ph—1\ 2
p - qa —4q p —p
= — — ] . (4.18
Z( ) (Q(qh—1)> ; (p(ph—l)) )
pq<:c prl/Z

The second sum on the right-hand side above is estimated using Lemma 2.2.1 as

p<al/?
. h_,h—1 1 h—1
Using % =5 - g(pfﬁ and the symmetry in p and ¢, we have
Z (ph ph—l) (qh _ qh—l)
p("—1)) \al¢"—1)
pq<1‘
hl_l h_l—l h—l_l
p q
=N -2 + ( )( ) (4.20)
qu ; ( q(q" —1)> ; p("—1)) \al¢" = 1)
pq<fﬂ P Pg<x

We estimate the sums on the right-hand side above separately. For the first sum, we
use Lemma 2.2.4. For the second sum, we use Lemma 2.2.1, (2.11) and the Chebyshev’s
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inequality given in (2.8) to obtain

> (=)

pglz

252 ()

p<ﬂc/2 q<$/p

_ ; ! (Z (ph 1)) +0 ((a:/p) lig(x/p))>

For the third sum, we use Lemma 2.2.1 twice and Lemma 2.2.3 to obtain

> () (=) - (S Cm)) o (i) um

pq<z

Combining (4.20), (4.21), (4.22), and Lemma 2.2.4, we obtain

> (n) ()

pg<z

h—1
ptt—1

= (loglog x)* + 2B, loglog x + B — ((2 —QE (—) loglogz + B

( ) 1 1 ( ) - p(ph_1> ( 1)

Z pl~ L0 log log x .
p(ph —1) log x
Combining (4.15), (4.16), (4.17), (4.18) and (4.19) with the above equation and the first

moment of wy(n) over h-free numbers, we obtain the required second moment estimate.
This completes the proof. O
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4.3.2 For wi(n) with 2 <k < (h

1)
Proof of Theorem 4.1.2. Using n = p"m with (p,

) = 1 for n satisfying p||n, we obtain
Sum-YYi-Y Y =Y Y 1 am
n<lx n<r pln <gl/k n<zx <gl/k m<z/pF
neSh neSy pp||n ? neSy,pk|n g mGSh,(r{fp)zl
Using Lemma 2.2.6 for a single prime p, we obtain

1 P —ph 1\ @ 21/h
> Y =3 (g (5T ) 5o (G
_ /h
oy S oy Chy \ p"—=1 Jp p
mGSh,(m,p)ZI
_Z(p —p" ) x . Z (Ph—ph_l) x
(ph—=1)) ¢(h) ~ \pF(p" = 1)/ ¢(h)
p>m/
1h
On / Z k/h :

p<$1/k

equation as

(4.24)
Using Lemma 2.2.1 with 7 = k, we estimate the second sum on the right side of the above

Z <ph s ) T £1/k
ot prph—1)) ¢

(hy St

logz
Using Lemma 2.2.2 with o« = k/h, we obtain

(4.25)

=

1 x
2 i Sk

p<zl/k

S|

log

(4.26)
Combining (4.23), (4.24), (4.25), and (4.26) establishes the first moment of wy(n) over
h-free numbers and completes the first part of the proof

For the second moment, note that

2

SRS DOl IEDFIURD DD SRR NENNCEY
n<x n<x n<x n<x p.q

neSy nESy PH” neSy, n€Sy, p¥lln,g*|In,p#£q
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where p and ¢ above denote primes. The first sum on the right-hand side above is the first
moment studied above, and for the second sum, using Lemma 2.2.6, we obtain

Z : h _ ,h—1 h _ h—1 1/h
n<z P pr(p" —1) q*(g" = 1)) ¢(h) (rq)
nesy, p* ||nq ansﬁq p#q,pg<z'/*

(4.28)
Next, we bound the above error term. We employ Lemma 2.2.2 with o = k/h, and with
a = 2k/h when 2k < h, (2.11) when 2k = h, 1/p*/" = O(1) when 2k > h, and
Lemma 2.2.3 below to obtain

w!/h Z (pq k/h_ " Z k:/h " Z 2k/h

p.q <$1/2k
p#qpg<a'/* pq<rl/’“
1
x* loglog
Lk h # (4.29)
ogx
Now, we estimate the main term in (4.28). First, we can divide the sum as
ph— phl ¢ — ¢!
; (p’“(ph - 1)) (q’“(qh - 1))
p#q.pa<z!'/k
- _ 1N 2
- > (Goty) (Bats) - 2 (Baty) - a)
= \P"—-1)) \¢"" 1) — \p*(p" - 1)
pg<z'/k p<al/*

The second sum on the right-hand side above is estimated using Lemma 2.2.1 as

S () ~S0ats) o) o

p<zl/2k
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For the first sum, we employ Lemma 2.2.1 twice and Lemma 2.2.3 to obtain

> (=) ()

pq<zl/k

- % (o) = (Fat)

p q

p<z'/k/2 q<z/*/p
h h—1 h h—1
pr—p p'—p 1, 1
- £-r L2 V)40, |t S —
zp: (p’“(ph - 1)) (Zp: (P’“(ph = 1))) Zp: plog(a'/*/p)
p<zl/k/2 p<al/k /2

2
h _ ph-1 i1 #!loglo
_ Z(%) vo [P Lo, [ loglogr )
— \p (ph—1) log x log x
Combining the last three results, we obtain

> (;9:(;1]9_’1_11)) (qq:&q—h_ll)) &)

p#q,pg<zl/k

(S 652) S dion (i)

p

Combining the above with (4.27), (4.28), and the first moment of wy(n) studied in the
first part of the proof, we obtain the second moment of wy(n) over h-free numbers. This
completes the proof. O

4.4 Distribution of wi(n) over h-full numbers

In this section, we study the distribution of the function wg(n) over h-full numbers. The
definition of h-full numbers enforces that the distribution of wg(n) over h-full numbers is
zero for k < h — 1. Thus, we only need to study the case k > h.
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4.4.1 The first moment of wy(n) over h-full numbers

Proof of Theorem 4.1.3. Note that

dwn) =D N 1= > D 1= > Au/ph), (4.32)

n<z n<zr  pln p<zl/k n<x p<zl/k
neNy neNy, pk||n ne/\/h,pan

where A, ,(y) is defined in (2.32). Thus, applying Lemma 2.4.1 with a single prime p, we
have

_ 1/h 1/(h+1) -
E wi(n) = Yonx E : PP (1 — p=Uh 4 p1) +On |2 Z pk/ (h+1)

n<x pgl‘l/k pSZL‘l/k
nENh

(4.33)

The above formula for £ = h yields

1 1
AR _
Z w(n) = Y00 Z p(1—p Vh 4 p1) Z Pt/ (1 — p=1/h + p1)

S p<zl/h p<zl/h
neNy
1
1/(h+1
+Op | 20Dy 7 (A1)
pSa)l/h
By (2.42), we have
Z ! =loglogx + By —logh + Ly(h+ 1) — Ly(2h) + Oy, ! :
p(l—p/h+ph) log x

p<zl/h

Thus, using Lemma 2.2.2 with & = h/(h+1), and Lemma 2.2.5 with y = #'/" and r = h+1,
we obtain

L1/h
Z wr(n) = 'yo,h:cl/h log log x + (Bl —logh — £h(2h)) fyg,hxl/h + Oy (logx) )
N,
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Now, let’s consider the case k > h. Rewriting (4.33) for k£ > h and using Lemma 2.2.5, we
obtain

1
>~ wi(n) =y (ﬁh(k) — Ly(k +1) + Opy <—1 T ))
— xn "% (logx)
nG/\/h

/(h+1)
+0 > k/ cmy

p<:p1/k
Note that, for k = h + 1,
1
Z AT = O(loglog )

p<zl/k

and for k > h + 1,

1
2 ity = OxlD)

p<zl/k

Combining the above results, we obtain

Z whi1(n) = (Lp(h+ 1) — Lp(h + 2)) 'yo,hasl/h + Oy, (:El/(hH) log log :E) ,
n<z

nGNh

and for k > h + 1, we obtain

Z wr(n) = (Lp(k) — Lp(k+ 1)) %ﬁxl/h + O (xl/(h—i-l)) '

n<x

nENh

This completes the proof. O

4.4.2 The second moment of wi(n) over h-full numbers

Proof of Theorem 4.1.4. Note that, for k > h, we have

2

Z wi(n) = Z Z 1| = Z wi(n) + Z Z 1, (4.34)

n<lz n<lz kp n<lz p q
neNy, neN, \p"|n neNy, ne/\/hp lm,q% ||In,p#£q
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where p and ¢ above denote primes. The first sum on the right-hand side above can be
estimated using Theorem 4.1.3 and for the second sum, we first rewrite the sum, and use
Lemma 2.4.1 with two distinct primes p and ¢ to obtain

IO DR D VD i

n<y | pd n<z/(pa)*
neNy, p¥|In,g*||lnp#q P#4q, pq<11/’“ nens,

(p,n)=(g;n)=1

ZVO,hxl/h Z ! !
pa  pk/h (1 + ) g/ (1 + 71/h>
pq<zl/*

2

X 1 L 1/2k
Y ) i)
p

pk/h <1 + = —1/h

1

+On | 2™y P g/ ) | (4.35)
p.q

P#4q,pg<zT

1/h

For bounding the sum in the error term above, we use Lemma 2.2.2 and Lemma 2.2.3 for
k = h, Lemma 2.24 for k = h+1, and > W = O(1) for k > h+ 1. Thus, we
obtain

z'/" loglog = ifk=nh
o 1 1/%&) : ’
pr Y SO g b (loglogz)? ifk=h+1, (4.36)
pa. 21/ (h+1) it k>h+1.

P#q,pg<zT

We study the first sum in the main term in (4.35) by dividing it into cases. We begin with
k = h and estimate the sum

1 — p—l/h 1 — q—l/h
;q: p(L—p /M +p)q(l—q " +q71)
pg<al/h
Note that
1—pt/h 1 1

p(l—pVhtp )y p pr(l—pUhitpl)
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Using this, a similar result for a prime ¢ and the symmetry in primes p and ¢, we expand
the previous sum as

Z 1 — p—l/h 1 — q—l/h
c~ p(l—pVr+p gl —qg /" +q7")
pg<al/h
1 1
= — 2
; g ; pg* (1 — gt +q71)
pg<at/h pq<x1/h
1
" Z ‘”’“rp‘l) 21 =g ¥4 q7t)
pq<x1/h

We bound the first sum above using Lemma 2.2.3. For the second sum, using Lemma 2.2.5
and (2.8), we have

1
2 p? (1—q "t q) Z Z 1—q‘1/"+(f1)

p.q

pg<zt/h p<wl/h/2 q<xl/h/p
1 P
= —( Ln(2h) + O
Zp: p ( W(2h) + O <:v1/h log(fﬂl/h/p)»
p<at/h/2
1
= L,(2h) (loglogz + By —log h) + Oy, (1 )
0gx
Similarly, for the third sum, we obtain
1 1 9 log log x
= (Ln(2h Op| ————
; pPA=p M tp ) (L—qg V4 q7) (£a(2R))"+ On (wl/h log
pg<at/h

Combining the last three results with Lemma 2.2.3, we obtain

1— pfl/h 1 — qfl/h
; pA=pr+p gl —qgVh+q7)
pg<azt/h

= (loglogz — log h)? + 2By (loglog x — log h) + B} — ((2)

—2(Lx(2h) (loglog z + By —log h)) + (L4(2h))* + Oy, (bglﬂ) :

log x
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Combining the above with (4.34), (4.35), and (4.36) for £ = h and using Theorem 4.1.3,
we obtain the second moment for wy(n) over h-full numbers.

Now, we focus on the case k > h + 1. Using the definition of £, (r) (2.4), we obtain

Z 1— pfl/h 1— qfl/h
e (L= p V4 pt) gfh (1 — g7 VM + g7
pq<azl/k

%‘%loglogaj
— (L y N2+ 0 rr rloglog T )
( h(k) h(k )) h,k ( log « >

Combining the above with (4.34), (4.35), and (4.36) for £ > h+1 and using Theorem 4.1.3,
for £ > h 4 1, we obtain the required second moments for wg(n) for & > h + 1 over h-full
numbers. This completes the proof. O

4.5 No normal orders

In this section, we prove Theorem 4.1.5 and Theorem 4.1.6. The former establishes that
the functions wy(n) with 1 < & < h do not have normal order over h-free numbers, and
the latter proves that wg(n) with & > h do not have normal order over h-full numbers.

Proof of Theorem 4.1.5. We first assume that F'(n) is not identically 0. Then, there
exists ng € N such that F'(ng) > 0 for all n > ng. For z > 2 and 1 < k < h, let

St (@) == {n € Sp(z) : wi(n) =0}.
Note that
Sor(x) 2 Sk().

Since |Si(z)| > x/((k), thus |S} ()] > x/((k). In particular, the set of n € Sy(x) for
which F(n) > 0 and wg(n) = 0 is not o(z). For all such n, notice that the inequality

fln) — F(m)| > T (4.37)

is satisfied. Thus, we deduce that wy(n) does not have normal order F(n) when F(n) is
not identically zero.
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Next, we work with the case when F'(n) is identically 0. Let
Ste(@) :={n e Su(x) : wp(n) =1}.

Using Lemma 2.2.6 for the single prime p = 2, we deduce

St > > 1
neSy (z)
2k||n
pFin for any p#2

221

nESk (x/2%)
(n,2)=1

2k o 2k—1 T

PPN R0)

Thus, the set of n € Sy(x) for which F(n) > 0 and wg(n) = 1 is not o(z). Also, for all
such n, inequality (4.37) is satisfied. Thus, wg(n) does not have normal order F'(n) when

F(n) is identically zero. This completes the proof.

]

Proof of Theorem /.1.6. We first assume that F'(n) is not identically 0. Thus, there

exists ng € N such that F'(ng) > 0 for all n > ng. For x > 2 and k >
Ni(@) .= {n e My(z) : wi(n) =0}
Note that
Noy.(x) 2 (N N Sp) ().

Moreover, using Lemma 4.2.1 for the prime p = 2, we obtain

(MnSH@I = Y 1

n<x
nEthSk,(TL,Q):l

1 — 2—1/h

1/h
> 1 —92-1/h +92-1 2_k/h77h,k573

h, let

)

where 7, is defined in (4.13). Thus, the set of n € Nj(x) for which F(n) > 0 and
wr(n) = 0 is not o(z'/"). Also, for all such n, inequality (4.37) is satisfied. Thus, wy(n)

does not have normal order F'(n) when F(n) is not identically 0.

Next, we work with the case when F'(n) is identically 0. Let
Nlhk(a:) ={n e Ny(z) : wp(n) =1}

84



Using Lemma 2.4.1 for the single prime p = 2, we deduce

INp(@)] > Y, 1
neN, (z)
2k ||n
pFin for any p#£2

— Z 1

n<a/2k
neN, NSk,(n,2)=1

1—27%h

>

1/h
Qk/h(]. — 2_1/h + 2-1 _ 2_k/h>77h,kx .

Therefore, the set of n € Nj,(z) for which F(n) > 0 and wi(n) = 1 is not o(z/"). Also,
for all such n, inequality (4.37) is satisfied. Thus, wy(n) does not have normal order F'(n)

when F'(n) is identically zero. This completes the proof.
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Chapter 5

(zeneralizations of Erdds-Kac Theorems

5.1 Introduction

Erdss and Kac [15] used probabilistic means to establish that w(n) obeys the Gaussian
distribution with mean loglogn over naturals. In particular, for any v € R, they proved

. w(n) —loglogn
| — < : >3 < =0
e T {n =T = Vioglogn  — 7 ):

where ® is defined in (1.17). Liu in [35] provided a subset generalization of the Erdds-Kac
theorem. In this chapter, we apply her work to prove Erdgs-Kac theorem analogs over
h-free and h-full numbers.

In the following, we mention Liu’s setup from [35], and in Theorem 5.1.1 below, we
mention her subset generalization result under this setup.

Let § be a subset of infinitely many elements of N. For x > 1, we define
S)={neS : n<uz}

We assume that S satisfies the following condition:

|S(z?)| = o(|S(z)]), for all z > 1. (5.1)
Let f: S — N be the identity map, where f is defined in [35, Page 159, Line -2|. Thus,
we use w(f(n)) = w(n) for all n € S in the setup given in |35, Section 3] to obtain the
following:
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For each prime p, we write

1
Sty | (€ S@) + ph} =X+ e5(a), (5:2)

where )\, denotes the main term that is independent of x and e,(z) is the error term. In
the following, we will use e, to abbreviate e,(x).

For any sequence of distinct primes p,, p,,- - - , pu, We write

‘ |{n € S( ) : pl|n for all © = 17 ,U}‘ = )\pl “')\pu +6p1---pu(x)'

[S(x)| ( )
In the following, we will use e, .., to abbreviate e, .., ().

Suppose there exists a 8 with 0 < 8 < 1 and y = y(z) < 2? such that the following
conditions are satisfied:

a) [{p prime : p> " p|n}| = Os(1) for each n € S(x).

(b) Yy cpeas Ao = 0 ((loglog z)'/?).

(€) o yepzas lenl = 0 ((loglog)'/2).

(d) 3, <, Ap = loglogz + o ((loglog z)'/?).

() Ypey Ay =0 ((loglog x)'/?).

(f) For r € N, let u be any integer picked from {1,2,--- ,r}. We have

"
Z |6p1 pu| (10g10gl’) T/Q)a

where > " extends over all u-tuples (p,, p,, - - - ,pu) with p; < yforalli € {1,2,--- ,u}
and all pis are distinct.

Under the above conditions, Liu in [35, Theorem 3| provided the following subset general-
ization of the Erdés-Kac theorem:

Theorem 5.1.1. /75, Theorem 3] Let S be a subset of N. For any x > 1, let S(x) be the
set of elements in S less than or equal to x. Assume that S satisfies the condition (5.1).
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Suppose there exists a B with 0 < 8 <1 and y = y(x) < 2° such that the conditions (a) to
(f) above hold. Then for v € R, we have

, 1 w(n) — loglogn
1 n > < =
P |S(z)| {n €8(x) :nz3, Vloglogn 7 ),

where ®(7) is defined in (1.17).

Remark 5.1.1. Let S = N. Then by Theorem 5.1.1, we recover the classical Erdds-Kac
theorem, as shown in (1.1).

In this chapter, we prove that w(n) obeys the Gaussian distribution over h-free and over
h-full numbers as well. We achieve this as an application of Theorem 5.1.1. In particular,
we prove:

Theorem 5.1.2. Let x > 2 be any real number and h > 2 be any integer. Let Sp(x) denote
the set of h-free numbers less than or equal to x. Then for a € R, we have

w(n) —loglogn
: <
{n € Sulo) loglogn ™ a} ‘

Theorem 5.1.3. Let > 2 be any real number and h > 2 be any integer. Let Nj(x)
denote the set of h-full numbers less than or equal to x. Then for a € R, we have

1 {neNh(a:) | w<n)—1og10gn§a}

lim ————
v o0 [N (@)] Tog log

We extend this result to wy(n) over h-free numbers and wy,(n) over h-full numbers. We
prove the following two results:

= ®(a).

lim
z—o0 |Sp ()]

= ®(a).

Theorem 5.1.4. Let x > 2 be any real number and h > 2 be any integer. Let S,(x) denote
the set of h-free numbers less than or equal to x. Then for a € R, we have

wi(n) — loglogn
S . < = (b
{n < 5(z) loglogn ~ — a} ‘ @),

lim
=0 [ Sy ()]
where ®(a) is defined in (1.17).

Theorem 5.1.5. Let > 2 be any real number and h > 2 be any integer. Let Nj(x)
denote the set of h-full numbers less than or equal to x. Then for a € R, we have

: 1 ~ wp(n) —loglogn } B
i | {7 <400+ et < o} | -0

where ®(a) is defined in (1.17).
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5.2 The Erdds-Kac theorem over h-free and h-full num-
bers

In this section, we prove the Erdés-Kac theorem for w(n) over h-free and h-full num-
bers. We intend to prove the case of h-free numbers given in Theorem 5.1.2 by applying
Theorem 5.1.1 with S = S),, f = 1, and y = z'/'°81°e* We prove:

Proof of Theorem 5.1.2. Consider the set S = S;,. From (2.50), we have

S(a) = ﬁ + Op(z/™),

where ( is the classical Riemann (-function. Thus,

S 1
S(@)] 2t

and hence the condition (5.1), |S(z'/?)| = o (|S(z)|) is satisfied. For a fixed prime p, let
Sp,z)={n<z : nes, pn}.

Using Lemma 2.2.6, we obtain

h—1 1/h
p 1 x T
= —ph — 1 m + Oh (m) . (53)
Thus,
S(p, z)|
|S(ZL’)| - )\P + eP('r)?

where A, = (o1 — 1)/(p" — 1) and e,(z) = Oy, (1/<x1—%p%)).

Next, we choose y = z/1°81%8% and 3 = 1, and check that all the conditions in Theo-
rem 5.1.1 hold true. Note that the set in Condition (a) is empty and thus the condition
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holds trivially. Note that, a well-known formula for the sum of the reciprocal of primes is

given in (2.11) as
1 1
E —:loglogx—l—Bl—l—O( ),
P log x

p<z
where Bj is defined in (1.7). Using this, we obtain

1
Z Ap K Z 1_7 < logloglog x.

1 1
xloglogx <p§x xloglogx <p§1-

Since logloglog z = o ((log log z)'/?), Condition (b) is satisfied as well. Using Lemma 2.2.2,

we have 1 q 1
D, el <= < o

1
Lot p<a PP

1
x loglog x <p§x

which makes Condition (c) true. Using

pht—1 1 p—1

=1 p pl"-1)
and (2.11) again, we obtain
o= Y 1y O(1)
P
1

. D

p<1‘ Toglog = p<x log log =

= loglog x + O(logloglog x),
which makes Condition (d) true. Finally, using >7 1/p* = O(1), we have

Yoo« Y ]%<<O(1).

1 1
p<$ log log = p<$ loglog =

This makes Condition (e) true. Thus, we are only required to verify Condition (f). Using
(5.3) and the Chinese Remainder Theorem, we obtain, for distinct primes py, -+, py,

, S A x'/h
{n e S(z) : pinforalli e {1,2,--- ju}} = E o C(h)+0h W :

=117
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Thus

H{n € S(x) : pinforallie {1,2,---  u}} _ ﬁp?l -1
1

h

5] U=t enente)

where
1 1

1 .
=% T pl/h
=117

’em---pu (z)] <n
T

Let »r € N. By the definition of Z" in the conditions mentioned before Theorem 5.1.1,
and using Lemma 2.2.2 and z!/1°8198% — o(2¢) for any small € > 0, we have

u

Z 1

1
ph

"
Z |ep1"-pu<x>’ <Ln :L‘l_}l

p<$ Toglog x

1 xm(l_%) b
<h zl- log

h
1

Jun

<

-+ ¢’

T

=

for any small € > 0. Since, z~(=/M=<) = o ((loglogz)~"/?), thus Condition (f) holds
true as well. Since all the conditions of Theorem 5.1.1 hold true with S = §;,, =1 and
y = x'/lglogr thus applying Theorem 5.1.1 completes the proof. O

Next, we intend to prove the case of h-full numbers given in Theorem 5.1.3 by using
Theorem 5.1.1 with S = A}, 8 = 1/h, and y = x!/(*logle) We prove:

Proof of Theorem 5.1.3. Consider the set S = N,. From (2.52), we have
S(:L‘) _ 70,h1'1/h + Oh(ml/(h+l))’

where 7o, is defined in (1.6) as

_1/h
B p—p
=11 <1 . 1)) '

p

Therefore,

SE) 1
S@I © wren
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and hence, |S(2'/2)| = o (|S(z)]) is satisfied. For a fixed prime p, let
S(p,z):={n<z : neN, pn}.
Using Lemma 2.4.1, we obtain
Loz

Spa)l=Y Y

k=h neNy(z/p*)

(pn)=1
~ L1222 ] 1
_ o,h 1/h 1/(h+1)
_Zkh T A O/ R Zkhl
(khp/ > <1+ 1-2%) b= P /e
1/(h+1)
N Y0,k 1/h z
— P +p71)x + Oy (p—h/(h+1)) ) (5.4)
Thus,
S(p, )|
SRy
S(x)] » +ep(T),

where )\p = m and 6;,,(23) = Oh (+) .

_1  _h
x h(h+1) ph+1

Next, we choose y = xhlogllogf, and 8 = 1/h, and check again that all the conditions
in Theorem 5.1.1 hold true. Note that the set in Condition (a) is empty and thus the
condition holds trivially. Using (2.11), we obtain

1
Z Ap K Z 2_7 < logloglog z,

1 1
x hloglogx <p§.’[1/h x hloglogx <p§m1/h

which makes Condition (b) true. Using Lemma 2.2.2, we have

1 1 1
> lep(2)] <h —— D> — <

9
x h(hF1) s logx
& FToRToET <p<pl /b p<at/n P
. .. . 1 1 p=U/h_p1
which makes Condition (c¢) true. Using T "D = » T pa T and (2.11), we

obtain

Y= ) %+O(1)

1 1
p<mh10glogw p<xhlog Tog x

= loglog z + O(loglog log x),
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which makes Condition (d) true. Finally, again using Zp 1/p* = O(1), we have

1
Yoo« >y 5 < O(1).
prWIIOEI pgxm
This makes Condition (e) true. Thus, similar to the case of h-free numbers, we are only

required to verify Condition (f). Using (5.4) and the Chinese Remainder Theorem, we
obtain, for distinct primes pq,- -+ , Py,

u

1
H{n € S(x) : pinforalli e {1,2,--- ju}} = (H —7n )) Yo"

o pi(L—p, " 4 p;t

L1/ ()
+ Oy, I h/(h+1) |

=11

Thus
{n e S(x) : pifn foralli e {1,2,--- ,u}t}| - 1
[S(@) Sy e
i1 pi(l—p; )
where
1 1
’6771"'171L(x)| <<h 1 h

q h(h+1) Hu pm
=117

Let » € N. By the definition of >_" in the conditions mentioned before Theorem 5.1.1,
and using Lemma 2.2.2 and g!/(h(h+1)1eglosz) — (2} for any small € > 0, we have

u

" 1 1 1
Z |€p1p (T)] < — Z E <n —1 o

€

1 —
x h(h+1) 1 h+1 x h(h+1)
p<x hloglogx

for any small ¢ > 0. Since, z~(/*(+D)1=€) = 5 ((loglog 2)~"/2), thus Condition (f) holds
true as well. Since all the conditions of Theorem 5.1.1 hold true with S = N, 8 = 1/h
and y = x!/(Ploglog) thys applying Theorem 5.1.1 completes the proof. O]

5.3 The Erdés-Kac theorems for wy(n)

In this section, we establish the Erdgs-Kac theorem for wq(n) over h-free numbers and for
wp(n) over h-full numbers. To do this, we employ ideas from [12, Proof of Theorem 1.3].
We prove the following two theorems:
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Proof of Theorem 5.1.4. For an arithmetic function f and a natural number n > 3, let
r¢(n) be the ratio

f(n) —loglogn
ri(n) = :
Vloglogn
In this proof, we will be using f to represent w and w; when necessary. For a € R and a
subset S of natural numbers, let S(x) denote the set of elements of S up to x, and

(5.5)

D(f,S,z,a) '—;

= 5w H{n € S(x) @ re(n) < a}| (5.6)

be the density function for sufficiently large x. Since wy(n) < w(n), thus r,, (n) < r,(n)
for all n > 3. Therefore using S = &y,

D(w,Sp,x,a) < D(wy, Sp, x,a)

for all x > 3. Thus, by the Erdés-Kac theorem for w(n) over h-free numbers (see Theo-

rem 5.1.2), we have
®(a) < liminf D(wy, Sy, x, a). (5.7)

T—r00

For any € > 0, we define the set

__ . wn) —wi(n)
A(Sp,x,€) = {n € Su(z) - ~losloan < e}.

Let A°(Sp, z, €) denote the complement of A(Sy, z,€) inside Sy (z). Note that

Twl(n)_ w( )+ \/W .

Thus, using the definition of A(Sy, z, €), we obtain

{neSuyx) : r, <a}= {n € Sp(x) : ru(n)+ win) — wn) < a}

Vioglogn

wi(n) —w(n)
Vioglogn

wi(n) —w(n) a}
Vioglogn

C{neSu(z) : ry(n) <a+e}UA(Sh x,¢).

:{neAwmmd:Tdm+

N S

U {n € A°(Sp,x,€) 1 1y(n)+
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Then, by the definition of D(f, Sy, z,a)), we have

|AC(Sh7 Z, €)|
|Su(z)]

We intend to show that the second summand on the right-hand side above goes to 0 as
x — o0. By Theorem 2.1.1 and Theorem 4.1.1, we have

3 (wln) —wi(n) < .

D(wy,S8h,z,a) < D(w, Sp,x,a+ €) + (5.8)

neSy () C(h)
Additionally,
Y W) —wim) = Y (wn) —wi(n)
neSy(z) r_<n<g

loge —""—

n€A¢(Sp,x,e)

> € Z v/loglogn
z_<n<z

logxz —

n€A(Sy,x,€)

> ey/loglog(x/logz) |[{n > x/logz : n € A%(Sy, z,€)}|.

The above two results imply
1 z
- C(h) V/log log(z/ log x)’

where the right-hand side is o(x). Since |S,(xz/log )| is also o(x) and |Sy(z)| > x/{(h),
we obtain

H{n >z/logx : n € A°(Sy,x,6)} < -

lim |A (Shvxv 6)|

=00 |Sp(2))]
Finally, taking the limits as © — oo on both sides of (5.8), and using the above with the
Erdds-Kac theorem for w(n) over h-free numbers, we obtain

=0.

lim sup D(wy, Sp, x,a) < ®(a + ¢).

T—00

Since, € > 0 is arbitrary, combining the above with (5.7) yields

lim D(wy, Sp,z,a) = ®(a).

T—00

This completes the proof. O
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Proof of Theorem 5.1.5. Recall the definitions for 7¢(n) and D(f,S,x,a) from (5.5)
and (5.6) respectively. In this proof, we will be using S = N}, and f to represent w and wy,
when necessary.

Since wy(n) < w(n), thus r,, (n) < r,(n) for all n > 3. Therefore using S = N,
D(w, Ny, x,a) < D(wp, Ny, x,a)

for all x > 3. Thus, by the Erdds-Kac theorem for w(n) over hA-full numbers (see Theo-
rem 5.1.3), we have

®(a) < liminf D(wp, Ny, 2, a). (5.9)

T—00

For any € > 0, we define the set

BN, i, ¢) i— {ne/\/h : % ge}.

Let B¢(Np, z,€) denote the complement of B(N, z,€) inside NV, (z). Note that

rwh(n)_ w()+ \/W .

Thus, we obtain

{neNy(z) : 1, <a}= {n e Nu(z) @ ro(n) + % < a}

- {neB(thxv€) 3 Tw(n)erh(loglogn }
U{nEBC(Nh,J;,e) : rw(n)—i— \/W g }

C{n e Nuy(x) : ry(n) <a+e}UB(Ny,x,¢).
Then, by the definition of D(f, N}, z,a), we have

|BC(Nh7x7 6)|
Nu()|

We again intend to show that the second summand on the right-hand side above goes to
0 as © — oco. By Theorem 2.1.2 and Theorem 4.1.3, we have

3 (wn) - waln)) <5 /.

neN, (z)

D(wha-/\/haxaa) SD(W,Nh,.T,CL+€)+ (510)
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Additionally,

Y, W) —wn) = Y (wn) —wa(n))
nEN () z_<n<e

logx —

neB(Np,z,€)

> € Z v/loglogn
L <n<z

logx —=""—

n€B(Np,z,€)
> ey/loglog(z/logx) |[{n > x/logz : n € BNy, x, €}

The above two results imply

1 z/h
{n >xz/logx : n€ BNy, z,e)} <5 —

¢ \/loglog(z/log )’

where the right-hand side is o(z'/"). Since the size of the set |V, (z/logz)]| is also o(x/")
and [N, ()| > yopz'/", we obtain

lim |B (Nh’xv 6)|

=0.
200 [Ny(z)|

Finally, taking the limits as * — oo on both sides of (5.10), and using the above with the
Erdgs-Kac theorem for w(n) over h-full numbers, we obtain

lim sup D(wp, Np, z,a) < ®(a + €).

T—00

Since, € > 0 is arbitrary, combining the above with (5.9) yields

lim D(wh,/\fh,x,a) = (I)(CL)

T—00

This completes the proof. n
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Chapter 6

Generalizations and Future Research

In this thesis, we studied the first and the second moments of w(n), its refinements wy(n),
and (n) over h-free and over h-full numbers, establishing their respective normal orders.
Such functions can be generalized to any countably generated free abelian monoid. In
fact, in [0], the author of this thesis, together with Kuo and Liu, studied the general-
ized w-function over such abelian monoids and established analogous results. This new
approach allows us to analyze a variety of mathematical objects, such as number fields,
global function fields, and geometrically irreducible projective varieties, all within one uni-
fied framework.

Let P be a countable set of elements with a map
N:P —=N\{1}, o~ N(p).

We call the elements of P as the prime elements, and the map N(-) as the Norm map. Let
M be a free abelian monoid generated by elements of P. In other words, for each m € M,

we write

with ny(m) € NU {0} and n,(m) = 0 for all but finitely many p. We call n,(m) the
multiplicity of p in m. We extend the norm map N on M as the following:

N: M—N
m=> ny(m)pr— N(m):= [ N(p)"™.

peP pPEP
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Thus, N can be extended to a monoid homomorphism from (M, +) to (N,-). Let X be
a countable subset of QQ that contains the image Im(/N(M)) with an extra condition: if
x1,x2 € X, the fraction x;/zy belongs to X, too. By [33, Theorem 2|, without loss of
generality, one can assume X = Q or X = {¢° : z € Z} where ¢ is a power of a natural
number strictly greater than 1.

Given P, M, X, and for sufficiently large x € X, we assume that the following condition
hold:

M(z) = Z 1 =rx+0O(z?), forsome x >0and 0<6 < 1. (%)

meM
N(m)<z

6.1 Normal order over abelian monoids

For each m € M, we define

w(m) = Z 1,

pEP
nep(m)>1

the number of elements of P that generates m, counted without multiplicity.

For a non-zero element m € M, let the prime element factorization of m be given as
m =501+ + S,

where @s are its distinct prime elements and ;s are their respective non-zero multiplicities.
Here, w(m) = r and
N(m) = N(p1)™ - N(pp)™

Let h > 2 be an integer. We say m is an h-free element if s; < h—1foralli € {1,--- ,r},
and we say m is an h-full element if s; > h for alli € {1,--- ,r} . Let S, denote the set of
h-free elements and N, denote the set of h-full elements.

Next, we introduce the generalized (-function which is an analog of the classical Rie-
mann (-function as the following:

uls) = Y e = 1L (1= N0 )

m ©

1
for R(s) > 1,

where m and g respectively range through the non-zero elements in M and the prime
elements in P.
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Let x € X. Let A and B be constants defined as

1
2 := lim —— —loglogz |, 6.1
N(p)<z
and
—72 /6 if X = d
R Sl ' Qan (6.2)
(loglogq)> —m2/6 if X ={¢*: 2 € Z}.
The existence of the constant 2 is explained in |31, Lemma 2|. We define the constants
N(p) —1
¢ =2A—- , 6.3
TN Y NG T 03
and )
N(p)"' —1
2

For the distribution of w(m) over h-free elements, we proved:

Theorem 6.1.1. [0, Theorem 1.2] Let P, M, and X satisfy the Condition (*). Let v € X
and h > 2 be an integer. Let Sp(x) be the set of h-free elements with norm N(-) less than
or equal to x. Then, we have

Z w(m) = " xloglogx + w1 x—irOh( ’ >,

mESn (x) Cm(h) Cam(h) log z
and
2¢, +1) Ky zloglogx
w?(m) = r z(loglo x2+/€<;xlo logx + ——x+0O <— )
meszm ) = Cuy 0B los )+ —e gy Plorloe + Lyt O Toga

Next, we consider the case of h-full elements. Let £5,(r) be the convergent sum defined
forr > h > 2 as

1
Ly(r) == %: N(p)t/PD=1(N(p) — N(p)-=/h +1)

(6.5)
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We also define two new constants

D)= A—logh+ Lu(h + 1) — £.(2h), (6.6)
and )
D, ::©§+©1+%—%:(N(p)_N(lp)l_l/hH) . (6.7)
Let B Un
o= I o —n) o

©

For the distributions of w(m) over h-full elements, we proved:

Theorem 6.1.2. [0, Theorem 1.3] Let P, M, and X satisfy the Condition (*). Let x € X
and h > 2 be an integer. Let Ny (z) be the set of h-full elements with norm N(-) less than
or equal to x. Let v, be defined in (6.8). Then, we have

LA/h
Z w(m) = ky,x'/"loglog x + Ky, @12 + O, (10 x) 5
mENh(J:) 8

and

Z WQ(m) = "ﬂ/h,/vtxl/h(log log x)z + K% (201 + 1) '/ loglog x + “'Yh,,/\/t@ﬂl/h

meN;, ()
2" loglog
10, <—g & )
log

Using the method of variance demonstrated in this thesis, one can show that w(m) has
normal order loglog N(m) over h-free and over h-full elements.
6.1.1 Application to set of ideals in number fields
Let K/Q be a number field of degree nx = [K : Q] and O be its ring of integers. Let P

be the set of prime ideals of O and M be the set of ideals of O. Let the norm map be
N : M — N be the standard norm map, i.e., m — N(m) := |Og/m|. Let X = Q.
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Let ki be given by
2" (2m)"2hR
K = ———F——,
14 ’dK|

with

r1 = the number of real embeddings of K,
2ry = the number of complex embeddings of K,
h = the class number,
R = the regulator,
v = the number of roots of unity,

dy = the discriminant of K.

Landau in [31, Satz 210] proved that

Z l=krgx+ O (xl_ﬁ> ,

meM
N(m)<z

which satisfies Condition (x) with & = kg and § = 1 — —2=. Thus, Theorem 2.1.1 and

Theorem 2.1.2 give the distribution of w(m) over h-free and h-full ideals respectively.

Remark 6.1.1. For the case K = Q, we have ng = 1 and kg = 1. Thus, we can obtain
the distribution of w(n) over h-free and h-full numbers as shown in Theorem 2.1.1 and
Theorem 2.1.2 respectively.

6.1.2 Application to set of effective divisors in global function
fields

Let g be a prime power and [, be the finite field with ¢ elements. Let K/F, be a global
function field. Let Gi be its genus and Cx be its class number. A prime g in K is a
discrete valuation ring R with maximal ideal P such that P C R and the quotient field of
R is K. The degree of g, denoted as deg g, is defined as the dimension of R/P over F,,
which is finite. Let P be the set of all primes in K. Let M be the free abelian monoid
generated by P. For each m € M, we write m = 3 __ ng(m)p, with n,(m) € NU{0} and
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ne(m) = 0 for all but finitely many . We call elements of M as effective divisors. For an
element m € M, we define the degree of m as

degm = Z ne(m) deg p.

By [43, Lemma 5.5], for any integer n > 0, there are finitely many effective divisors of degree
n. This proves that P is a countable set that satisfies the hypothesis of our main theorems.
Let the norm map N : M — N be the g-power map defined as m — N(m) := ¢4™. Let
X =A{¢:z€Z}.

By [43, Lemma 5.8 & Corollary 4 to Theorem 5.4, for a non-negative integer n satisfying
n > 2G g — 2, the number of effective divisors of degree n is

n—Gg+1 __ 1
o, —-
q—1

Thus, for sufficiently large n, we obtain

O 2
> 1:qc_i(_q31) ¢+ 0.

meM
N(m)<q™

qGK q—l
Theorem 6.1.1 and Theorem 6.1.2 give the distribution of w(m) over h-free and h-full
effective divisors in a global function field.

2
This satisfies Condition (x) with k = < (L> and 0 = ¢ for any ¢ € (0,1). Thus,

Remark 6.1.2. For the special case when K = F,(z), whose genus and class number
are 0 and 1 respectively, we can consider the abelian monoid M C F,[z]| that is the ring
of monic polynomials in one variable over F,. The prime elements of M are the monic
irreducible polynomials in M. The localizations of M at these prime elements exhaust the
set of all primes of K except one, the prime at infinity. Using the fact that there are ¢"
monic polynomials of degree n, we obtain

> 1——q +0(1).

N(m)<g"
memM

This satisfies Condition (x) with k = q/(q — 1) and 0 = 0. Thus, the distribution of w(m)
over h-free and h-full polynomials over finite fields can be deduced from Theorem 2.1.1 and
Theorem 2.1.2. Such a result will be equivalent to the ones studied by Lalin and Zhang |
Theorems 4.1 € 6.1]. Note that, in this special case, Kk = q/(q — 1) instead of (q/(q — 1))?
to account for the lack of the prime at infinity analog in its construction.
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6.1.3 Application to the set of effective 0-cycles in geometrically
irreducible projective varieties of dimension r

In this section, we adopt notation from [31, Example 4 of Section 4].

Let ¢ be a prime power and F, be the finite field with ¢ elements. Let r be a positive
integer. Let V/IF, be a geometrically irreducible projective variety of dimension r. Let P
be the set of closed points of V/F,, which is in bijection with the set of orbits of V/F,
under the action of Gal(F,/F,) (see |36, Proposition 6.9]). For each p € P, we define the
degree of p, deg p, to be the length of the corresponding orbit. Let M be the free abelian
monoid generated by P. We call elements of M as effective O-cycles. For m € M, we have
m =3 pny(m)p with n,(m) € NU {0} and ny(m) = 0 for all but finitely many p. We
define the degree of m as

degm = Z ne(m) deg p.

p€eP

By [30, Lemma 3.11|, we deduce that P is countable and satisfies the hypothesis of our
main theorems. Let the norm map N : M — N be the ¢"-power map defined as m
N(m) := g de™ Let X = {¢"* : z € Z}. In [34, Remark 1 of Section 4], the third author

proved that
q rn r—1)n
I e FaRR A o}

meM
N(m)<q™

where £’ is some positive constant defined explicitly in [34, Lemma 7 of Section 4]. This
satisfies Condition (x) with K = &’ <£+1) and 0 = € for any € € (1 —1/r,1). Thus,

Theorem 6.1.1 and Theorem 6.1.2 give the distribution of w(m) over h-free and h-full
effective O-cycles in a geometrically irreducible projective variety of dimension r.

6.2 Study of refinements over function fields

In [5], the author of this thesis together with Elma, Kuo, and Liu studied the wj-function
for any integer £ > 1 in the context of function fields and established normal order results
analogous to this thesis. More precisely:

Let F,[z] be the ring of polynomials in the variable x with coefficients from the finite
field F, with ¢ elements. Let M be the set of monic polynomials in F,[z] with degree
deg(f) > 1 and P be the set of monic irreducible polynomials in F[z].
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For a monic polynomial f € M, let wy(f) count the number of distinct monic irreducible
factors ¢ € P of f with a given multiplicity £ > 1. In [5], we proved the first and the second
moment of wi(f) over M, establishing that w;(f) has normal order log deg(f) over M.

6.3 Follow-up research

The research in this thesis raises new questions and research ideas about arithmetic func-
tions, some of which are listed in this section.

(a)

Based on the research in Section 6.2, we plan to construct the generalized wy-function
for any integer £ > 1 over a countably generated abelian monoid. Our goal is
to analyze the distribution of these functions across the monoid and its subsets,
ultimately establishing their normal order results. We plan to investigate these ideas
further in a follow-up project.

In this thesis, we proved the Erdgs-Kac theorem analogs over h-free and over h-full
numbers, and proved an analog for w;(n) over h-free numbers and wy(n) over h-full
numbers.

In [7], we proved an analog of the Erdds-Kac theorem over the subsets of number
fields, including the sets of h-free and the set of A-full ideals.

In [5], we proved another analog of this theorem for the w;-function over function
fields.

This demonstrates the potential of further generalizations to a general abelian monoid.
We plan to extend the study of Erdgs-Kac theorem for the w-function and wy-
functions to general abelian monoids and their subsets, with a particular focus on
subsets of h-free and h-full elements.

In this thesis, we investigate the distribution of three types of additive arithmetic
functions: the w-function, which is strongly additive; the Q2-function, which is com-
pletely additive; and the wj-functions, which are neither. As a natural extension
of this work, we aim to explore the distribution of general additive functions over
the natural numbers and its various subsets, with a particular focus on identifying
conditions under which an additive function satisfies an Erdgs—Kac type theorem or
exhibits other limiting distributions. This direction has been pursued in earlier work
by Elboim and Gorodetsky [11], as well as by Tenenbaum [17, 18]. In a recent article
[1], the author of this thesis studied the limiting distribution of wg-functions and
other arithmetic functions.
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(d) Building on our analysis of the wy-functions and the generalized additive functions
studied by Elma and Martin [13], we can extend our investigation to these functions
over an abelian monoid and its subsets. In collaboration with Kuo and Liu, the
author of this thesis has been examining the limiting behavior of such functions in
this broader setting. We plan to develop these ideas further in a future project.
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