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Abstract

Let k and n be natural numbers. Let ω(n) denote the number of distinct prime factors
of n, Ω(n) denote the total number of prime factors of n, and ωk(n) denote the number of
distinct prime factors of n with multiplicity k.

Let h ≥ 2 be a natural number. We say n is h-free if every prime factor of n has
multiplicity less than h, and is h-full if all prime factors have multiplicity at least h.

In [23], Hardy and Ramanujan proved that ω(n) and Ω(n) have normal orders log log n
over naturals. In this thesis, using a new counting argument, we establish the first and
second moments of all these arithmetic functions over h-free and h-full numbers. We show
that the normal order of ω(n) is log log n for both h-free and h-full numbers. For Ω(n), the
normal order is log log n over h-free numbers and h log log n over h-full numbers. We also
show that ω1(n) has normal order log log n over h-free numbers and ωh(n) has normal order
log log n over h-full numbers. Moreover, we prove that the functions ωk(n) with 1 < k < h
do not have normal order over h-free numbers and ωk(n) with k > h do not have normal
order over h-full numbers.

In their seminal work [15], Erdős and Kac showed that ω(n) is normally distributed over
the natural numbers. Later, Liu [35] extended this result by proving a subset generalization
of the Erdős-Kac theorem. In this thesis, we leverage Liu’s framework to establish the
Erdős-Kac theorem for both h-free and h-full numbers. Additionally, we show that ω1(n)
satisfies the Erdős-Kac theorem over h-free numbers, while ωh(n) satisfies it over h-full
numbers.
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List of Symbols

We introduce the following notations and definitions that we will use throughout the thesis.

• N,Z,R, and C denote the sets of natural numbers, integers, real numbers, and com-
plex numbers, respectively.

• R≥0 denotes the sets of non-negative real numbers.

• The letters n, m, h, k, and l are used to denote natural numbers, the letters p and q
are used to denote prime numbers, α, τ , r, x, and y are used to denote real numbers,
and s is used to denote complex numbers.

• The sums
∑

n≤x and
∑

n≥x denote the sums over all natural numbers less than
or equal to the real number x, and greater than or equal to the real number x,
respectively.

• The sum
∑

p≤x and
∑

p≥x denote the sum over all prime numbers less than or equal
to the real number x, and greater than or equal to the real number x, respectively.

• The sum
∑

p,q
pq≤x

denotes the sum over all prime pairs (p, q) such that pq ≤ x, and
counts the pair (p, q) as distinct from (q, p) when p ̸= q.

• p|n denotes p divides n, and pk||n denotes pk divides n but pk+1 doesn’t divide n.

• Letters B, C, D, γ, and C with appropriate subscripts are used to denote real con-
stants that depend on the parameter h.

• Letters S and N with appropriate subscripts are used to denote subsets of natural
numbers. In particular, Sh denotes the set of h-free numbers and Nh denotes the set
of h-full numbers.

• For a subset S ⊆ N, |S| denotes the cardinality of S, and S(x) denotes the set of
elements of S that are less than or equal to the real number x.

• ζ(s) denotes the Riemann ζ-function.

• Suppose f, g : R → R be two functions with g ≥ 0. We say
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1. f(x) = O(g(x)) if there exist x0 ∈ R such that |f(x)| ≤ Cg(x) for some C > 0
and for all x ≥ x0.
Moreover, f(x) = OX(g(x)) if the implied constants x0 and C in the big-O
notation depend on the variable set X.

2. f(x) = o(g(x)) meaning limx→∞
f(x)
g(x)

→ 0.

3. f(x) ∼ g(x) meaning limx→∞
f(x)
g(x)

→ 1.

• We introduce the following prime counting function:

π(x) :=
∑
p≤x

1.

• We introduce the following prime divisor counting functions: (for k, n ∈ N)

ω(n) =
∑
p
p|n

1, Ω(n) =
∑
p

pk||n

k, and ωk(n) =
∑
p

pk||n

1.
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Chapter 1

Introduction

1.1 History and Motivation

Let n ∈ N and let ω(n) denote the number of distinct prime divisors of n. For example,
ω(72) = 2. This function exhibits irregular behavior; for instance, it attains the value N
when n is a product of N distinct prime factors, yet it can drop to 1 for the very next
integer if that integer is a prime or a prime power.

However, when averaged over all integers up to x (where x ∈ R), ω(n) follows a well-
behaved asymptotic trend (see [24, Theorem 430]):

1

x

∑
n≤x

ω(n) ∼ log log x.

In [23], Hardy and Ramanujan proved a stronger result that ω(n) has normal order log log n.
In particular, they showed, that for any ϵ > 0,

|{n ≤ x : |ω(n)− log log n| > ϵ log log n}| = o(x).

In other words, the number of integers n ≤ x for which ω(n) significantly deviates from
log log n is asymptotically negligible.

The proof by Hardy and Ramanujan is intricate, but their result closely parallels the
probabilistic law of large numbers, which states that the sample mean of a sequence of
independent random variables converges to the expected value. This connection naturally
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raises the question of whether the normal order of ω(n) can be established using proba-
bilistic techniques. Surprisingly, such a proof was later discovered by Turán, despite his
limited background in probability theory at the time.

Turán in [49] provided a simplified proof of the normal order result by using the second
moment of ω(n):

1

x

∑
n≤x

(ω(n)− log log n)2 = O(log log x).

Later, Diaconis, Mosteller, and Onishi in [10, Theorem 2] (also see Saidak [44]) made
the result more explicit:

1

x

∑
n≤x

(ω(n)− log log n)2 = log log x+ C +O

(
log log x

log x

)
,

where C is an explicitly determined absolute constant. Such explicit results are crucial
for obtaining precise numerical bounds on arithmetic functions and for bridging the gap
between theoretical insights and practical applications, including those in cryptography.

After Turán’s paper appeared, Kac began contemplating the limiting distribution of
ω(n). During a lecture at Princeton in 1939, Kac proposed that the normalized quantity

ω(n)− log log n√
log log n

might follow a Gaussian or normal distribution. Remarkably, Erdős, who was in the audi-
ence, completed the proof of this conjecture before the lecture ended. Kac later recalled:

"If I remember it correctly I first stated (as a conjecture) the theorem on the normal
distribution of the number of prime divisors during a lecture in Princeton in March 1939.
Fortunately for me and possibly for Mathematics, Erdős was in the audience, and he imme-
diately perked up. Before the lecture was over he had completed the proof, which I could not
have done not having been versed in the number-theoretic methods, especially those related
to the sieve."

Some number theorists credit this to the magical moment when Probabilistic Number
Theory was born.

Erdős’s swift response to Kac’s question was no coincidence. At the time, he and
Wintner [16] were deeply engaged in studying the limiting distributions of families of
additive arithmetic functions, aiming to establish the necessary and sufficient conditions for
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their existence. Nevertheless, the Princeton encounter remains one of the most celebrated
and romantic episodes in number theory.

Erdős and Kac in [15] announced their celebrated result which is famously known as
the Erdős-Kac theorem: for any real number a,

lim
x→∞

1

x

∣∣∣∣{n ≤ x :
ω(n)− log log n√

log log n
≤ a

}∣∣∣∣ = 1√
2π

∫ a

−∞
e−t2/2dt. (1.1)

This proof relied on advanced techniques such as Brun’s sieve and the central limit theo-
rem. Alternative proofs were later provided by Selberg [45], Halberstam [20], Shapiro [46],
Billingsley [2], Liu [33, 35], and Granville and Soundararajan [19], each employing different
methods. Notably, Halberstam’s approach offered a natural probabilistic interpretation of
Erdős and Kac’s proof by analyzing all moments of ω(n). Billingsley refined this by intro-
ducing probabilistic techniques involving sums of independent random variables, thereby
simplifying some of the more intricate calculations in Halberstam’s proof. Liu further gen-
eralized Billingsley’s argument, presenting a proof that required only the first moment of
ω(n). By effectively controlling the error in the estimation of ω(n) and the correspond-
ing sum of random variables, her method circumvented the need for second-moment and
higher-order calculations. In this thesis, we adopt a subset generalization of her approach
to investigate the Erdős-Kac theorem within restricted subsets of natural numbers that
satisfy additional constraints.

We introduce new subsets of natural numbers, which are the main focus of this thesis,
in particular, subsets that generalize the square-free and the square-full numbers.

For a natural number n, let the prime factorization of n be given as

n = ps11 · · · psrr , (1.2)

where pi’s are its distinct prime factors and si’s are their respective multiplicities. Let
h ≥ 2 be an integer. We say n is h-free if si ≤ h − 1 for all i ∈ {1, · · · , r}, and we say
n is h-full if si ≥ h for all i ∈ {1, · · · , r}. Let Sh denote the set of h-free numbers and
Nh denote the set of h-full numbers. The set of h-free and the set of h-full numbers are
well-studied in the literature (see [25], [26], and [27]).

Let ζ(s) denote the classical Riemann ζ-function given by

ζ(s) :=
∑
n

1

ns
=
∏
p

(
1− 1

ps

)−1

(ℜ(s) > 1), (1.3)

where the sum runs over all natural numbers and the product runs over all primes.
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Let x > 2. The set of h-free numbers has the distribution (see [26, (4)])∑
n∈Sh
n≤x

1 =
x

ζ(h)
+Oh

(
x

1
h

)
, (1.4)

where OX denotes that the implied big-O constant depends on the variable set X. This
implies that the set of h-free numbers has a positive density of 1/ζ(h).

For the distribution of h-full integers, Ivić and Shiu in [25, Equation (1.15) & Lemma
1] proved that set of h-full numbers has the distribution∑

n∈Nh
n≤x

1 = γ0,hx
1
h +Oh

(
x

1
h+1

)
, (1.5)

where γ0,h is the constant defined as

γ0,h :=
∏
p

(
1 +

p− p1/h

p2(p1/h − 1)

)
. (1.6)

Thus, the set of h-full integers is a zero-density subset of the natural numbers.

Every natural number that is not a h-free or a h-full number can be written uniquely
as a product of two co-prime numbers, one being h-free, and the other being h-full. Thus,
understanding the behavior of an arithmetic function over the set of h-free and the set of
h-full numbers provides greater insights into its behavior over all natural numbers.

This thesis studies the behavior of the prime divisor counting functions and their re-
finements over the restricted sets of h-free and h-full numbers. We establish analogs of
Turán’s theorem, Hardy-Ramanujan’s normal order result, and Erdős-Kac theorem over
these subsets.

1.2 History of distributions of prime divisor counting
functions

Let n be a natural number. Let ω(n) denote the total number of distinct prime factors in
the factorization of n, let Ω(n) denote the total number of prime factors in the factorization
of n, and for any integer k ≥ 1, let ωk(n) denote the total number of distinct prime factors
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in the factorization of n, with multiplicity k. Note that ωk(n) are refinements of ω(n) in
the sense that

ω(n) =
∑
k≥1

ωk(n).

Moreover,
Ω(n) =

∑
k≥1

k · ωk(n).

Let B1 be the Mertens constant given by

B1 = γ +
∑
p

(
log

(
1− 1

p

)
+

1

p

)
≈ 0.2615, (1.7)

with γ ≈ 0.57722, the Euler-Mascheroni constant, and where the sum runs over all primes
p. Let

B2 = B1 +
∑
p

1

p(p− 1)
≈ 1.0347. (1.8)

The following first-moment estimations for ω(n) and Ω(n) over natural numbers are well-
known (see [24, Theorem 430] and [17, Section 1.4.4]):∑

n≤x

ω(n) = x log log x+B1x+O

(
x

log x

)
, (1.9)

and ∑
n≤x

Ω(n) = x log log x+B2x+O

(
x

log x

)
. (1.10)

The first-moment estimates for ωk(n) over natural numbers were proved by Elma and Liu
[12, Theorem 1.1] as∑

n≤x

ω1(n) = x log log x+ (B1 − P (2))x+O

(
x

log x

)
, (1.11)

and for k ≥ 2, ∑
n≤x

ωk(n) = (P (k)− P (k + 1))x+O
(
x

k+1
3k−1 (log x)2

)
, (1.12)
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where P (k) denote the convergent sum given by

P (k) :=
∑
p

1

pk
. (1.13)

Moreover, the first-moment estimates for Ω(n) over h-free and over h-full numbers have
been studied. Let D3 be the constant defined as

D3 := h(B2 − log h) +
∑
p

(h+ 1)p1+1/h − hp− 2hp2/h + (2h− 1)p1/h

(p− 1)(p1/h − 1)(p1+1/h + p1/h − p)
. (1.14)

In [26, Theorem 1 and Theorem 2], Jakimczuk and Lalín established that∑
n≤x
n∈Sh

Ω(n) =
1

ζ(h)
x log log x+Oh(x), (1.15)

and ∑
n≤x
n∈Nh

Ω(n) = hγ0,hx
1/h log log x+D3γ0,hx

1/h +Oh

(
x1/h

√
log x

)
, (1.16)

where γ0,h is defined in (1.6).

The results in (1.9), (1.10), (1.11) and (1.12) suggest that ω(n), Ω(n) and ω1(n) share a
similar asymptotic distribution with only a difference in the coefficient of the second main
term, whereas the average distribution of ωk(n) with k ≥ 2 is smaller than that of ω(n).
In this thesis, we establish similar behavior over h-free and h-full numbers.

1.3 Normal order of prime divisor counting functions

In this thesis, we establish the first and the second moments of ω(n), Ω(n) and ωk(n) over
the h-free and the h-full numbers. In particular, we prove:

Theorem 1.3.1. Let x > 2 be any real number and let h ≥ 2 and k ≥ 1 be any integers.
Let S denote the sets Sh or Nh. Let S(x) denote the set of elements of S less than or equal
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to x. Let f denote the functions ω(n), Ω(n) or ωk(n). Let α, β, γ, κ, ν, τ ∈ R≥0. Then, for
each tuple (f,S, α, β, γ, κ, ν, τ,X) given in Table 1.1, we have∑

n∈S(x)

f(n) = C1,f,S xα(hβ log log x)κ + C2,f,S xα +OX

(
xγ(log log x)ν

log x

)
,

and ∑
n∈S(x)

f 2(n) = C1,f,S xα(hβ log log x)2κ + C3,f,S xα(hβ log log x)κ + C4,f,S xα

+OX

(
xγ(log log x)τ

log x

)
,

where for each fixed f and S, C1,f,S , C2,f,S , C3,f,S , and C4,f,S are constants given in Table
1.2.

f(n) S α β γ κ ν τ X
ω(n) or Ω(n) or ω1(n) Sh 1 0 1 1 0 1 {h}
ωk(n), 2 ≤ k ≤ h− 1 Sh 1 0 1/k 0 0 1 {h, k}

ω(n) or ωh(n) Nh 1/h 0 1/h 1 0 1 {h}
Ω(n) Nh 1/h 1 1/h 1 0 1 {h}

ωh+1(n) Nh 1/h 0 1/(h+ 1) 0 1 2 {h}
ωk(n), k ≥ h+ 2 Nh 1/h 0 1/(h+ 1) 0 0 0 {h, k}

Table 1.1: For moments of prime divisor counting functions

The proof of Theorem 1.3.1 follows from accumulating results from Chapters 2, 3,
and 4. Theorem 2.1.1 and Theorem 2.1.2 establish the results for ω(n). Theorem 3.1.1
and Theorem 3.1.2 establish the results for Ω(n). Finally, Theorem 4.1.1, Theorem 4.1.2,
Theorem 4.1.3, and Theorem 4.1.4 establish the results for ωk(n). Together, these theorems
establish Theorem 1.3.1.

Although the distribution results for ω(n), Ω(n), and ωk(n) can be expressed in the
form presented in Theorem 1.3.1, their proofs require a careful, case-by-case analysis of
these arithmetic functions. In what follows, we outline the key challenges in establishing
results of the form given in Theorem 1.3.1, along with the methods we developed to address
these difficulties and obtain the best known bounds in this direction:
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f(n) S C1,f,S C2,f,S C3,f,S C4,f,S
ω(n) Sh (2.3) (2.3) (2.3) (2.3)
Ω(n) Sh (3.1) (3.1) (3.1) (3.1)
ω1(n) Sh (4.2) (4.2) (4.2) (4.2)

ωk(n), 2 ≤ k ≤ h− 1 Sh 0 (4.3) 0 (4.4)
ω(n) Nh (2.7) (2.7) (2.7) (2.7)
Ω(n) Nh (3.3) (3.3) (3.3) (3.3)
ωh(n) Nh (4.7) (4.7) (4.10) (4.10)
ωh+1(n) Nh 0 (4.8) 0 (4.11)

ωk(n), k > h+ 1 Nh 0 (4.9) 0 (4.12)

Table 1.2: References for constants involved in the moments of prime divisor counting
functions

• To obtain (1.15) for Ω(n), the authors used the generating series for h-free numbers.
For (1.16), they used the completely additive property of Ω(n) to split the sum into
sums over divisors of n distinguished by their multiplicity, and then used generating
series arguments to estimate these sums. This method for the h-full case cannot be
extended to the study of ω(n) or ωk(n), since they are not completely additive. This
limitation of their approach is presented in [29, Page 33, Line 15] where the authors
established the function field analog of [26].

To study the moments over h-free and h-full numbers, we use a novel counting ar-
gument. At its core, our method relies on counting natural numbers divisible by a
given set of prime powers in a bounded range. This new counting argument not only
establishes the first and the second moments for ω(n) and ωk(n) over h-free and h-full
numbers but also improves results from [26]. In particular, it makes the coefficient
of x in (1.15) explicit and improves the error term in (1.16) to x1/h/ log x.

• The h-free numbers form a dense set in N and have the following indicator function
associated with them: ∑

d∈N
dh|n

µ(d) =

{
1 if n is h-free,
0 otherwise,

where µ(n) denote the Möbius µ-function that takes values ±1 on squarefree num-
bers and 0 otherwise. One can produce results similar to Theorem 1.3.1 over h-free
numbers by carefully studying the action of µ(n) on elements of this set. However,
no comparable identity is available for h-full numbers. To address this, we introduce
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a novel counting argument that allows us to decompose the sum over natural num-
bers into a sum over primes within a bounded range. For each prime, the associated
summand is itself a sum over natural numbers coprime to that prime.

• To produce explicit coefficients for each term in the distribution, in particular, for
the second and the third main terms, we require explicit results on the distribution
of h-free and h-full numbers that are coprime to a given set of prime numbers (see
Lemma 2.2.6 for h-free numbers and Lemma 2.4.1 for h-full numbers). While the
distribution of h-free numbers has been studied in the literature [27], our results on
the distribution of h-full numbers are new.

• While the counting technique used to study the distribution of ω(n) and Ω(n) re-
mains essentially the same, additional care is required to account for the multiplicity
of prime powers dividing a natural number n. For example, we employ the expres-
sions (3.22) and (3.31) to isolate the main terms and control the error terms in the
distributions of Ω(n) over h-full numbers. Moreover, we establish a new identity for
sums over primes, as in Lemma 3.3.1, which plays a crucial role in bounding the error
terms that arise in these distribution results.

Next, we introduce the definition of the normal order of an arithmetic function over
a subset of natural numbers. This definition is inspired by the work of Elma and Liu
[12] over naturals where they extended the definition of normal order using an increasing
function (see [23]) to a definition involving a non-decreasing function. Let S ⊆ N and
S(x) denote the set of natural numbers belonging to S and less than or equal to x. Let
|S(x)| denote the cardinality of S(x). Let f, F : S → R≥0 be two functions such that F is
non-decreasing. Then, f(n) is said to have normal order F (n) over S if for any ϵ > 0, the
number of n ∈ S(x) that do not satisfy the inequality

(1− ϵ)F (n) ≤ f(n) ≤ (1 + ϵ)F (n)

is o(|S(x)|) as x → ∞.

The distributions in (1.9) and (1.10) establish that, on average, ω(n) and Ω(n) behave
like log log n over the natural numbers. Hardy and Ramanujan strengthened this result in
[23] by proving that both functions have log log n as their normal order. Another proof of
this result, based on the variance of ω(n) (see [24, Theorem 431]), can be found in [24,
Section 22.11]. This approach, inspired by Turán’s work, is the foundation for our use of
variance methods to study normal order in this thesis.

Using Theorem 1.3.1, we establish that ω(n) has normal order log log n within the
subsets of h-free and h-full numbers. We also show that Ω(n) has normal order log log n
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within the subset of h-free and normal order h log log n within the subset of h-full numbers.
For the refinements, we show that ω1(n) has normal order log log n over h-free numbers
and ωh(n) has normal order log log n over h-full numbers. In particular, we prove:

Theorem 1.3.2. Let x > 2 be any real number and let h ≥ 2 and k ≥ 1 be any integers.
Let S denote the sets Sh or Nh. Let S(x) denote the set of elements of S less than or equal
to x. Let f denote the functions ω(n), Ω(n) or ωk(n). Let α ∈ {0, 1}. Then, for each tuple
(f,S, α) given in Table 1.3 and for any ϵ > 0, the number of n ∈ S(x) that do not satisfy
the inequality

(1− ϵ)hα log log n ≤ f(n) ≤ (1 + ϵ)hα log log n

is o(|S(x)|) as x → ∞.

f(n) S α
ω(n) or Ω(n) or ω1(n) Sh 0

ω(n) or ωh(n) Nh 0
Ω(n) Nh 1

Table 1.3: For normal orders of prime divisor counting functions

The proof of Theorem 1.3.2 for ω(n) follows from the proofs of Theorem 2.1.3 and The-
orem 2.1.4, and the proofs for Ω(n) follows from that of Theorem 3.1.3 and Theorem 3.1.4.
The proofs of normal orders of ω1(n) over h-free numbers and ωh(n) over h-free numbers
are similar to that of ω(n) and we discuss this, without proof, at the end of Section 4.1.

We also establish that ωk(n) with 1 < k < h does not have a normal order over h-
free numbers, and ωk(n) with k > h does not have a normal order over h-full numbers.
Combining Theorem 4.1.5 and Theorem 4.1.6 proves this result.

While the outcomes over h-free numbers were anticipated due to their positive density,
the findings for h-full numbers are more surprising. This contrasts with the behavior
observed over the set of all prime powers, which has zero density and where ω(n) has
normal order 1. However, it aligns well with Erdős’s result [14] on the zero-density set
{p−1 : p prime}, where the normal order of ω(n) is log log n. Furthermore, Theorem 1.3.1
and Theorem 1.3.2 reveal that ω(n) behaves similarly to ω1(n) over h-free numbers and to
ωh(n) over h-full numbers, highlighting the crucial role of the minimal prime power present
in a subset in shaping the behavior of ω(n).
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1.4 Generalizations of Erdős-Kac theorem

In this thesis, we show that ω(n) satisfies the Erdős-Kac theorem over h-free and h-full
numbers. Moreover, we showed that the ω1(n) satisfies the Erdős-Kac theorem over h-free
numbers and ωh(n) satisfies the Erdős-Kac theorem over h-full numbers. More precisely,
we prove:

Theorem 1.4.1. Let x > 2 be any real number and let h ≥ 2 and k ≥ 1 be any integers.
Let S denote the sets Sh or Nh. Let S(x) denote the set of elements of S less than or equal
to x. Let f denote the functions ω(n) or ωk(n). Then, for each tuple (f,S) given in Table
1.4, and for any γ ∈ R, we have

lim
x→∞

1

|S(x)|

∣∣∣∣{n ∈ S(x) : n ≥ 3,
f(n)− log log n√

log log n
≤ γ

}∣∣∣∣ = Φ(γ),

where Φ is the cumulative distribution function of a standard normal distribution given by

Φ(γ) =
1√
2π

∫ γ

−∞
e−u2/2 du. (1.17)

f(n) S
ω(n) or ω1(n) Sh

ω(n) or ωh(n) Nh

Table 1.4: For analogs of Erdős-Kac theorem for prime divisor counting functions

The above theorem is jointly proved in Chapter 6 combining Theorem 5.1.2, Theo-
rem 5.1.3, Theorem 5.1.4, and Theorem 5.1.5. In fact, in Theorem 5.1.1, we establish the
Erdős-Kac theorem over subsets of natural numbers satisfying additional conditions.

To establish Theorem 1.4.1 for ω(n), we build on results from Liu’s work [35]. We
begin by outlining the framework for subsets of natural numbers introduced in [35], state
her main result for such subsets as in Theorem 5.1.1, and then apply these results to prove
Erdős-Kac-type theorems for h-free and h-full numbers. Finally, by adapting techniques
from [12, Proof of Theorem 1.3], we extend these results to obtain Erdős-Kac analogs for
ω1(n) over h-free numbers and ωh(n) over h-full numbers.
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Finally, we provide an overview of the thesis. Chapter 2 examines the first and second
moments of ω(n) over h-free and h-full numbers, establishing the normal order of ω(n)
within these subsets. The results of this chapter have been published in the International
Journal of Number Theory [8].

Chapter 3 investigates the first and second moments of Ω(n) over h-free and h-full
numbers, and determines its normal order in these cases. The author and collaborators
are currently preparing a manuscript that extends these results.

Chapter 4 focuses on refinements ωk(n), studying their first and second moments over h-
free and h-full numbers and establishing corresponding normal order results. The findings
presented in this chapter have been published in the Journal of Number Theory [9].

Chapter 5 develops analogs of the Erdős-Kac theorem for ω(n) and ω1(n) over h-free
numbers, as well as for ω(n) and ωh(n) over h-full numbers. The results from this chapter
have been submitted for publication [7].

The final chapter outlines several potential directions for future research, including
generalizations of the results in this thesis and open questions that can be explored using
its methods.
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Chapter 2

Normal order of ω(n) over h-free and
h-full numbers

2.1 Introduction

In this chapter, we study the moments of ω(n) over the subsets of h-free and h-full numbers
and establish the normal order of ω(n) over these subsets.

We define the constants (depending on h)

C1 := B1 −
∑
p

p− 1

p(ph − 1)
, (2.1)

and

C2 := C2
1 + C1 − ζ(2)−

∑
p

(
ph−1 − 1

ph − 1

)2

, (2.2)

where B1 is defined in (1.7), ζ(s) is the Riemann ζ-function, and where the sums run over
all primes.

We prove the first and the second moments of ω(n) over h-free numbers as the following:

Theorem 2.1.1. Let x > 2 be a real number. Let h ≥ 2 be an integer. Let Sh(x) be the
set of h-free numbers less than or equal to x. Then, we have∑

n∈Sh(x)

ω(n) = C1,ω,Sh
x log log x+ C2,ω,Sh

x+Oh

(
x

log x

)
,
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and ∑
n∈Sh(x)

ω2(n) = C1,ω,Sh
x(log log x)2 + C3,ω,Sh

x log log x+ C4,ω,Sh
x+Oh

(
x log log x

log x

)
,

where

C1,ω,Sh
=

1

ζ(h)
, C2,ω,Sh

=
C1

ζ(h)
, C3,ω,Sh

= 2C2,ω,Sh
+ C1,ω,Sh

, and C4,ω,Sh
=

C2

ζ(h)
. (2.3)

Let Lh(r) be the convergent sum defined for r > h ≥ 2 as

Lh(r) :=
∑
p

1

p(r/h)−1 (p− p1−1/h + 1)
. (2.4)

Using this, we define two new constants (depending on h)

D1 := B1 − log h+ Lh(h+ 1)− Lh(2h), (2.5)

and

D2 := D2
1 +D1 − ζ(2)−

∑
p

(
1

p− p1−1/h + 1

)2

. (2.6)

For the distributions of ω(n) over h-full numbers, we prove:

Theorem 2.1.2. Let x > 2 be a real number. Let h ≥ 2 be an integer. Let γ0,h be defined
in (1.6). Let Nh(x) be the set of h-full numbers less than or equal to x. We have∑

n∈Nh(x)

ω(n) = C1,ω,Nh
x1/h log log x+ C2,ω,Nh

x1/h +Oh

(
x1/h

log x

)
,

and ∑
n∈Nh(x)

ω2(n) = C1,ω,Nh
x1/h(log log x)2 + C3,ω,Nh

x1/h log log x+ C4,ω,Nh
x1/h

+Oh

(
x1/h log log x

log x

)
,

where

C1,ω,Nh
= γ0,h, C2,ω,Nh

= D1γ0,h, C3,ω,Nh
= 2C2,ω,Nh

+ C1,ω,Nh
, and C4,ω,Nh

= D2γ0,h.
(2.7)
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Note that ω(n) may exhibit different normal orders over different subsets of N. For
instance, ω(p) = 1 for any prime p, and thus ω(n) has normal order 1 over the set of all
primes. However, in this work, we establish that ω(n) still has the normal order log log n
over h-free and over h-full numbers. Since the set of h-free numbers has a positive density
in N, the proof of normal order of ω(n) over h-free numbers follows from its classical case
over N. This chapter proves this result using the variance of ω(n) over h-free numbers. We
prove:

Theorem 2.1.3. Let h ≥ 2 be an integer. Let C2 be defined in (2.2). Let Sh(x) be the set
of h-free numbers less than or equal to x. Then, the variance of ω(n) over h-free numbers
is given by∑

n∈Sh(x)

(ω(n)− log log n)2 =
1

ζ(h)
x log log x+

C2

ζ(h)
x+Oh

(
x log log x

log x

)
.

Let g(x) be an increasing function such that g(x) → ∞ as x → ∞. Then the set of natural
numbers n ∈ Sh(x) such that

|ω(n)− log log n|√
log log n

≥ g(x),

is o(|Sh(x)|). As a consequence, ω(n) has normal order log log n over h-free numbers.

On the other hand, the set of h-full numbers has density zero in N and thus does not
directly follow from the classical result. However, writing an h-full number n as n = rh0r1
where r0 is the product of all distinct prime factors of n with multiplicity h, one can use the
classical result on ω(r0) to establish the normal order of ω(n) over h-full numbers. Here,
we provide another proof of this result using the variance of ω(n) over h-full numbers. We
prove:

Theorem 2.1.4. Let h ≥ 2 be an integer. Let γ0,h be defined by (1.6) and D2 be defined
by (2.6). Let Nh(x) be the set of h-full numbers less than or equal to x. Then, the variance
of ω(n) over h-full numbers is given by

∑
n∈Nh(x)

(ω(n)− log log n)2 = γ0,hx
1/h log log x+D2γ0,hx

1/h +Oh

(
x1/h log log x

log x

)
.
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Let g(x) be an increasing function such that g(x) → ∞ as x → ∞. Then the set of natural
numbers n ∈ Nh(x) such that

|ω(n)− log log n|√
log log n

≥ g(x),

is o(|Nh(x)|). As a consequence, ω(n) has normal order log log n over h-full numbers.

2.2 Lemmata

In this section, we list several results regarding sums over primes required to study the
first and the second moment of ω(n) over h-free and over h-full numbers.

Lemma 2.2.1. [1, Lemma 1.2] If τ > 1 be any real number. Then∑
p≥x

1

pτ
=

1

(τ − 1)xτ−1(log x)
+O

(
1

xτ−1(log x)τ

)
.

Lemma 2.2.2. Let α be any real number satisfying 0 < α < 1. Then∑
p≤x

1

pα
= Oα

(
x1−α

log x

)
.

Proof. Recall that the elementary Chebyshev’s estimate (see [3]) yields

π(x) :=
∑
p≤x

1 = O

(
x

log x

)
. (2.8)

Thus, using partial summation and integration by parts, we obtain∑
p≤x

1

pα
=

π(x)

xα
+ α

∫ x

2−

π(t)

tα+1
dt = Oα

(
x1−α

log x

)
,

which completes the proof.
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Lemma 2.2.3. [37, Exercise 9.4.4] For x > 2, we have∑
p≤x/2

1

p log(x/p)
= O

(
log log x

log x

)
.

Lemma 2.2.4. [10, Lemma 1] Let p and q denote prime numbers. For x > 2, we have∑
p,q

pq≤x

1

pq
= (log log x)2 + 2B1 log log x+

(
B2

1 − ζ(2)
)
+O

(
log log x

log x

)
,

where the sum is over prime pairs (p, q) and counts the pair (p, q) as distinct from (q, p)
when p ̸= q.

Lemma 2.2.5. Let h ≥ 2 be a fixed integer. Let y > 2 and r > h be fixed real numbers.
Then ∑

p≤y

1

pr/h (1− p−1/h + p−1)
= Lh(r) +Oh,r

(
1

y
r
h
−1(log y)

)
,

where Lh(r) is the convergent sum defined in (2.4) as

Lh(r) :=
∑
p

1

p(r/h)−1 (p− p1−1/h + 1)
,

and Oh,r means that the implied constant depends on both h and r.

Proof. Note that ∑
p≤y

1

pr/h (1− p−1/h + p−1)
= Lh(r) +Oh

(∑
p>y

1

pr/h

)
.

Applying Lemma 2.2.1 with k = r/h completes the proof.

Next, we recall the following results regarding the density of certain sequences of h-free
numbers:

Lemma 2.2.6. [27, Lemma 3] Let x > 2 be a real number. Let h ≥ 2 be an integer. Let
Sh be the set of h-free numbers. Let q1, · · · , qr be distinct prime numbers. Then, we have∑

n≤x,n∈Sh
(n,q1)=···=(n,qr)=1

1 =
r∏

i=1

(
qhi − qh−1

i

qhi − 1

)
x

ζ(h)
+Oh

(
2rx1/h

)
.
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2.3 The first and the second moment of ω(n) over h-free
numbers

In this section, we establish the asymptotic distribution of ω(n) over h-free numbers.

Proof of Theorem 2.1.1. Let pk||n denote the property that pk divides n but pk+1

does not divide n. Then writing n = pkm with (m, p) = 1 for such n and using rp =

min
{
h− 1,

⌊
log x
log p

⌋}
, we obtain

∑
n≤x
n∈Sh

ω(n) =
∑
n≤x
n∈Sh

∑
p
p|n

1 =
∑
p≤x

rp∑
k=1

∑
n≤x

n∈Sh,p
k||n

1 =
∑
p≤x

rp∑
k=1

∑
m≤x/pk

m∈Sh,(m,p)=1

1.

Using Lemma 2.2.6 for a single prime p to the above and using Lemma 2.2.2 to bound the
error term, we obtain

∑
n≤x
n∈Sh

ω(n) =
∑
p≤x

rp∑
k=1

(
ph − ph−1

pk(ph − 1)

)
x

ζ(h)
+Oh

(
x1/h

∑
p≤x

1

p1/h

)

=
∑
p≤x

rp∑
k=1

(
ph − ph−1

pk(ph − 1)

)
x

ζ(h)
+Oh

(
x

log x

)
. (2.9)

To complete the proof, we only need to estimate the main term above. Consider the set

R :=

{
p ≤ x :

⌊
log x

log p

⌋
< h− 1

}
.

Using the bound ⌊x⌋ ≥ x− 1, we can write

∑
p≤x

rp∑
k=1

(
ph − ph−1

pk(ph − 1)

)
=
∑
p≤x

h−1∑
k=1

(
ph − ph−1

pk(ph − 1)

)
−
∑
p≤x
p∈R

h−1∑
k=⌊ log x

log p⌋+1

(
ph − ph−1

pk(ph − 1)

)

=
∑
p≤x

h−1∑
k=1

(
ph − ph−1

pk(ph − 1)

)
+O

(∑
p≤x

1

p
log x
log p

)
.
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Using Chebyshev’s estimate given in (2.8) on the above, we obtain

∑
p≤x

rp∑
k=1

(
ph − ph−1

pk(ph − 1)

)
=
∑
p≤x

h−1∑
k=1

(
ph − ph−1

pk(ph − 1)

)
+O

(
1

x

∑
p≤x

1

)

=
∑
p≤x

h−1∑
k=1

(
ph − ph−1

pk(ph − 1)

)
+O

(
1

log x

)
. (2.10)

Now, using Lemma 2.2.1 with k = h and the well-known Mertens’ second theorem given
as ∑

p≤x

1

p
= log log x+B1 +O

(
1

log x

)
, (2.11)

where B1 is defined in (1.7), we obtain

∑
p≤x

h−1∑
k=1

(
ph − ph−1

pk(ph − 1)

)
=
∑
p≤x

(
1

p
− p− 1

p(ph − 1)

)
= log log x+B1 +O

(
1

log x

)
−
∑
p

p− 1

p(ph − 1)
+Oh

(
1

xh−1 log x

)
= log log x+B1 −

∑
p

p− 1

p(ph − 1)
+Oh

(
1

log x

)
.

Combining the above with (2.9) and (2.10) completes the first part of the proof.

Next, we prove the second-moment estimate. Notice that,

∑
n≤x
n∈Sh

ω2(n) =
∑
n≤x
n∈Sh

∑
p
p|n

1


2

=
∑
n≤x
n∈Sh

ω(n) +
∑
n≤x
n∈Sh

∑
p,q

p|n,q|n,p ̸=q

1, (2.12)

where p and q above denote primes. The first sum on the right-hand side is the first
moment estimated above. For the second sum, we consider rp = min

{
h− 1,

⌊
log x
log p

⌋}
and

rq = min
{
h− 1,

⌊
log x
log q

⌋}
. We rewrite the sum and use Lemma 2.2.6 for two primes p and
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q to obtain∑
n≤x
n∈Sh

∑
p,q

p|n,q|n,p ̸=q

1

=
∑
p,q

p ̸=q,pq≤x

rp∑
k=1

rq∑
l=1

∑
n≤Sh(x/(p

kql))
(p,n)=(q,n)=1

1

=
∑
p,q

p ̸=q,pq≤x

rp∑
k=1

rq∑
l=1

((
ph − ph−1

pk(ph − 1)

)(
qh − qh−1

ql(qh − 1)

)
x

ζ(h)
+Oh

(
x1/h

pk/hql/h

))
. (2.13)

We employ (2.11) for h = 2 and Lemma 2.2.2 with α = 2/h otherwise below to obtain

x1/h
∑
p,q

p̸=q,pq≤x

1

(pq)1/h
= x1/h

∑
p,q

pq≤x

1

(pq)1/h
− x1/h

∑
p≤x1/2

1

p2/h

= x1/h
∑
p,q

pq≤x

1

(pq)1/h
+Oh

(
x1/2 log log x

)
.

We use Lemma 2.2.2 with α = 1/h and Lemma 2.2.3 to obtain

x1/h
∑
p,q

pq≤x

1

(pq)1/h
= x1/h

∑
p≤x/2

1

p1/h

∑
q≤x/p

1

q1/h

≪h x
∑
p≤x/2

(
1

p log(x/p)

)
≪h

x log log x

log x
. (2.14)

Thus, the error term in (2.13) is estimated by∑
p,q

p ̸=q,pq≤x

rp∑
k=1

rq∑
l=1

x1/h

pk/hql/h
≪ x1/h

∑
p,q

p ̸=q,pq≤x

1

(pq)1/h
≪h

x log log x

log x
. (2.15)

Thus, it remains to estimate the main term of (2.13), in particular, the term∑
p,q

p ̸=q,pq≤x

rp∑
k=1

rq∑
l=1

(
ph − ph−1

pk(ph − 1)

)(
qh − qh−1

ql(qh − 1)

)
.
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Consider again the set

R :=

{
p ≤ x :

⌊
log x

log p

⌋
< h− 1

}
.

Using the definition of rp and rq, we can rewrite

∑
p,q

p ̸=q,pq≤x

rp∑
k=1

rq∑
l=1

(
ph − ph−1

pk(ph − 1)

)(
qh − qh−1

ql(qh − 1)

)

=
∑
p,q

p ̸=q,pq≤x

h−1∑
k=1

h−1∑
l=1

(
ph − ph−1

pk(ph − 1)

)(
qh − qh−1

ql(qh − 1)

)
− I1 − I2 + I3, (2.16)

where

I1 =
∑
p,q

p ̸=q,pq≤x
p∈R

h−1∑
k=⌊ log x

log p⌋+1

h−1∑
l=1

(
ph − ph−1

pk(ph − 1)

)(
qh − qh−1

ql(qh − 1)

)
,

I2 =
∑
p,q

p ̸=q,pq≤x
q∈R

h−1∑
k=1

h−1∑
l=⌊ log x

log q ⌋+1

(
ph − ph−1

pk(ph − 1)

)(
qh − qh−1

ql(qh − 1)

)
,

I3 =
∑
p,q

p ̸=q,pq≤x
p,q∈R

h−1∑
k=⌊ log x

log p⌋+1

h−1∑
l=⌊ log x

log q ⌋+1

(
ph − ph−1

pk(ph − 1)

)(
qh − qh−1

ql(qh − 1)

)
.

The sum I1, I2, and I3 contribute to the error term. In fact, using ⌊x⌋ ≥ x− 1, (2.8), and
Lemma 2.2.3, we estimate

I1 ≪
∑
p,q

p ̸=q,pq≤x
p∈R

1

p
log x
log p

1

q
≪
∑
q≤x/2

1

q

1

x

∑
p≤x/q

1

≪
∑
q≤x/2

1

q2 log(x/q)
≪ log log x

log x
.

Similarly,

I2 ≪
log log x

log x
.
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Finally, for I3, using ⌊x⌋ ≥ x− 1, (2.8), and Lemma 2.2.3 again, we have

I3 ≪
∑
p,q

p ̸=q,pq≤x
p,q∈R

1

p
log x
log p

1

q
log x
log q

≪ 1

x

∑
q≤x/2

1

x

∑
p≤x/q

1

≪ 1

x

∑
q≤x/2

1

q log(x/q)
≪ log log x

x log x
.

We next estimate the main term in (2.16). First, we rewrite the sum as

∑
p,q

p̸=q,pq≤x

h−1∑
k=1

h−1∑
l=1

(
ph − ph−1

pk(ph − 1)

)(
qh − qh−1

ql(qh − 1)

)

=
∑
p,q

p̸=q,pq≤x

(
ph−1 − 1

ph − 1

)(
qh−1 − 1

qh − 1

)

=
∑
p,q

pq≤x

(
ph−1 − 1

ph − 1

)(
qh−1 − 1

qh − 1

)
−
∑
p

p≤x1/2

(
ph−1 − 1

ph − 1

)2

. (2.17)

The second sum above is estimated using Lemma 2.2.1 as

∑
p

p≤x1/2

(
ph−1 − 1

ph − 1

)2

=
∑
p

(
ph−1 − 1

ph − 1

)2

+
∑
p

p>x1/2

(
ph−1 − 1

ph − 1

)2

=
∑
p

(
ph−1 − 1

ph − 1

)2

+O

(
1

x1/2 log x

)
. (2.18)

For the first sum on the right-hand side in (2.17), using ph−1−1
ph−1

= 1
p
− p−1

p(ph−1)
, and the

symmetry in p and q, we have∑
p,q

pq≤x

(
ph−1 − 1

ph − 1

)(
qh−1 − 1

qh − 1

)

=
∑
p,q

pq≤x

1

pq
− 2

∑
p,q

pq≤x

1

p

(
q − 1

q(qh − 1)

)
+
∑
p,q

pq≤x

(
p− 1

p(ph − 1)

)(
q − 1

q(qh − 1)

)
. (2.19)

We estimate the sums on the right-hand side above separately. For the first sum, we use
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Lemma 2.2.4. For the third sum, we use Lemma 2.2.1 and Lemma 2.2.3 to obtain∑
p,q

pq≤x

(
p− 1

p(ph − 1)

)(
q − 1

q(qh − 1)

)

=
∑
p

p≤x/2

(
p− 1

p(ph − 1)

) ∑
q

q≤x/p

(
q − 1

q(qh − 1)

)

=
∑
p

p≤x/2

(
p− 1

p(ph − 1)

)(∑
p

(
p− 1

p(ph − 1)

)
+O

(
1

(x/p) log(x/p)

))

=

(∑
p

p− 1

p(ph − 1)

)2

+O

(
log log x

x log x

)
. (2.20)

Now, for the second sum in (2.19), we use Lemma 2.2.1, and (2.11) to obtain∑
p,q

pq≤x

1

p

(
q − 1

q(qh − 1)

)

=
∑
p

p≤x/2

1

p

∑
q

q≤x/p

(
q − 1

q(qh − 1)

)

=
∑
p

p≤x/2

1

p

(∑
p

p− 1

p(ph − 1)
+O

(
1

(x/p) log(x/p)

))

=

(∑
p

p− 1

p(ph − 1)

)(
log log(x/2) +B1 +O

(
1

log x

))
+O

1

x

∑
p

p≤x/2

1

log(x/p)

 .

Using log log(x/2) = log log x+O(1/ log x) and (2.8) above, we obtain

∑
p,q

pq≤x

1

p

(
q − 1

q(qh − 1)

)
=

(∑
p

p− 1

p(ph − 1)

)
(log log x+B1) +O

(
1

log x

)
. (2.21)
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Combining (2.19), (2.20), (2.21) and Lemma 2.2.4, we obtain

∑
p,q

pq≤x

(
ph−1 − 1

ph − 1

)(
qh−1 − 1

qh − 1

)

= (log log x)2 + 2B1 log log x+B2
1 − ζ(2)− 2

(∑
p

p− 1

p(ph − 1)

)
(log log x+B1)

+

(∑
p

p− 1

p(ph − 1)

)2

+O

(
log log x

log x

)
.

Combining (2.12), (2.13), (2.15), (2.16), (2.17), and (2.18) with the above equation
and the first moment of ω(n), we obtain the required second moment for ω(n) over h-free
numbers. This completes the proof of Theorem 2.1.1.

2.4 The first and the second moment of ω(n) over h-full
numbers

Let h ≥ 2 be an integer. Recall that Nh is the set of h-full numbers and Nh(x) is the set
of h-full numbers less than or equal to x. Note that, if n ∈ Nh(x), then for any prime
p|n, we must have ph|n. Moreover, the maximal power of p that divides any such n ≤ x is
⌊log x/ log p⌋. Using this and n = pkm with (m, p) = 1 when pk||n, we can write

∑
n∈Nh(x)

ω(n) =
∑

n∈Nh(x)

∑
p
p|n

1 =
∑

p≤x1/h

⌊ log x
log p⌋∑
k=h

∑
m∈Nh(x/p

k)
(m,p)=1

1. (2.22)

Let q be a fixed prime. We intend to estimate the sum

Aq,h(y) =
∑

n∈Nh(y)
(n,q)=1

1. (2.23)

To prove the estimate for the above sum, we will use techniques from the work of Ivić and
Shiu [25]. Let’s recall some of the results about h-full numbers from their work:
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Notice that the generating series for the h-full numbers is defined on ℜ(s) > 1/h as:

Nh(s) =
∑
n∈Nh

1

ns
=
∏
p

(
1 +

1

phs
+ · · ·+ 1

pks
+ · · ·

)
=
∏
p

(
1 +

p−hs

1− p−s

)
.

Let Ah(y) denote the number of h-full integers not exceeding y. In [25, Section 1], Ivić and
Shiu proved that

Nh(s) = ζ(hs)ζ((h+ 1)s) · · · ζ((2h− 1)s)ζ−1((2h+ 2)s)ϕh(s), (2.24)

where ζ(s) is the Riemann ζ-function, where ϕh(s) satisfies

∏
p

1− p−(2h+2)s +

(3h2+h−2)/2∑
r=2h+3

ar,hp
−rs

 = ζ−1((2h+ 2)s)ϕh(s), (2.25)

and where ar,h satisfy the identity(
1 +

vh

1− v

)
(1− vh) · · · (1− v2h−1) = 1− v2h+2 +

(3h2+h−2)/2∑
2h+3

ar,hv
r. (2.26)

Note that |ar,h| ≤ h2h, ϕ2(s) = 1, and ϕh(s) has a generating series, also called a Dirichlet
series, with abscissa of absolute convergence equal to 1/(2h + 3) if h > 2. Moreover, it is
also established that

Nh(s) = Gh(s)Kh(s),

where

Kh(s) =
∞∑
n=1

kh(n)n
−s = ζ(hs)ζ((h+ 1)s) · · · ζ((2h− 1)s), (2.27)

and

Gh(s) =
∞∑
n=1

gh(n)n
−s =

ϕh(s)

ζ((2h+ 2)s)
,

is a Dirichlet series converging absolutely in ℜ(s) > 1/(2h+ 2). Thus, one can write

Ah(y) =
∑
mn≤y

gh(m)kh(n).

Additionally, let Ih(y) denote the sum

Ih(y) :=
∑
n≤y

kh(n). (2.28)
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In [25, Theorem 1], Ivić and Shiu proved that

Ih(y) =
2h−1∑
r=h

Cr,hy
1/r +∆∗

h(y), (2.29)

where

Cr,h =
2h−1∏

j=h,j ̸=r

ζ(j/r), (2.30)

and where
∆∗

h(y) ≪ yηh , (2.31)

with a constant ηh satisfying 1/(2h+ 2) < ηh < 1/(2h− 1). Using the above pre-requisite
results, we establish an asymptotic result for Aq,h(y) as defined in (2.23). We prove:

Lemma 2.4.1. Let x > 2. Let h ≥ 2 be any integer. Let q1, q2, · · · , qr be distinct primes.
Let

Aq1,··· ,qr,h(x) :=
∑

n∈Nh(x)
(n,q1)=···=(n,qr)=1

1. (2.32)

Then, we have

Aq1,··· ,qr,h(x) = γq1,··· ,qr,0,hx
1
h + γq1,··· ,qr,1,hx

1
h+1 + · · ·+ γq1,··· ,qr,h−1,hx

1
2h−1 +Oh (x

ηh) ,

where ηh is a constant satisfying 1/(2h+2) < ηh < 1/(2h−1), and for i ∈ {0, 1, · · · , h−1},

γq1,··· ,qr,i,h = Ch+i,h
ϕh(1/(h+ i))

ζ((2h+ 2)/(h+ i))

(∏r
j=1

(
1 +

q
−h/(h+i)
j

1−q
−1/(h+i)
j

)) , (2.33)

with Ch+i,h defined in (2.30) and ϕh(s) satisfying (2.25).

Proof. Let us consider the sum defined on ℜ(s) > 1/h as

Nq1,··· ,qr,h(s) =
∑
n∈Nh

(n,q1)=···=(n,qr)=1

1

ns
=

∏
p

p ̸=q1,··· ,qr

(
1 +

p−hs

1− p−s

)
.
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By (2.24), we have

Nq1,··· ,qr,h(s) = ζ(hs)ζ((h+ 1)s) · · · ζ((2h− 1)s)
ζ−1((2h+ 2)s)ϕh(s)∏r

j=1

(
1 +

q−hs
j

1−q−s
j

) .

Thus, we can write
Nq1,··· ,qr,h(s) = Gq1,··· ,qr,h(s)Kh(s),

where Kh(s) is defined in (2.27) and

Gq,h(s) =
∞∑
n=1

gq1,··· ,qr,h(n)n
−s =

ϕh(s)

ζ((2h+ 2)s)

(∏r
j=1

(
1 +

q−hs
j

1−q−s
j

)) .

By (2.25) and (2.26), we have

ϕh(s)

ζ((2h+ 2)s)

(∏r
j=1

(
1 +

q−hs
j

1−q−s
j

))

=
∏
p

p ̸=q1,··· ,qr

1− p−(2h+2)s +

(3h2+h−2)/2∑
r=2h+3

ar,hp
−rs

( r∏
j=1

2h−1∏
r=h

(
1− q−rs

j

))
. (2.34)

Note that, for ℜ(s) > 1/(2h+2) and for all sufficiently large p, using |ar,h| ≤ h2h, we have∣∣∣∣∣∣p−(2h+2)s +

(3h2+h−2)/2∑
r=2h+3

ar,hp
−rs

∣∣∣∣∣∣ < 1.

Moreover, |q−rs
j | < 1 for all j = 1, · · · , r and for all r ∈ {h, h+1, · · · , 2h−1}. Thus, taking

the logarithm of the right-hand side of (2.34) in the region ℜ(s) > 1/(2h + 2) and using
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|ar,h| ≤ h2h again, we obtain

log

 ∏
p

p ̸=q1,··· ,qr

1− p−(2h+2)s +

(3h2+h−2)/2∑
r=2h+3

ar,hp
−rs

( r∏
j=1

2h−1∏
r=h

(
1− q−rs

j

))
=

∑
p

p ̸=q1,··· ,qr

log

1− p−(2h+2)s +

(3h2+h−2)/2∑
r=2h+3

ar,hp
−rs

+
r∑

j=1

2h−1∑
r=h

log
(
1− q−rs

j

)
≪h,r

∑
p

1

p(2h+2)ℜ(s)
+

1

2hℜ(s)
.

The last term of the previous equation is bounded with ≪h ζ((2h + 2)ℜ(s)) + 1/2hℜ(s)

and thus is finite for ℜ(s) > 1/(2h + 2). Hence, by the theory of convergence of infinite
products, Gq,h(s) converges absolutely in ℜ(s) > 1/(2h+ 2).

Now, we can write

Aq1,··· ,qr,h(x) =
∑
mn≤x

gq1,··· ,qr,h(m)kh(n) =
∑
m≤x

gq1,··· ,qr,h(m)Ih(x/m),

where Ih is defined in (2.28). Further, using (2.29), we obtain

Aq1,··· ,qr,h(x) =
2h−1∑
r=h

Cr,hx
1/r

(∑
m≤x

gq1,··· ,qr,h(m)

m1/r

)
+
∑
m≤x

gq1,··· ,qr,h(m)∆∗
h(x/m).

We need to estimate the sums above. Note that∑
n≤x

gq1,··· ,qr,h(n)n
−ηh = Oh(1).

Thus, for each r = h, h+ 1, · · · , 2h− 1, using partial summation, we obtain∑
m≤x

gq1,··· ,qr,h(m)

m1/r
= Gq1,··· ,qr,h(1/r)−

∑
m>x

gq1,··· ,qr,h(m)

m1/r
= Gq1,··· ,qr,h(1/r) +Oh

(
xηh− 1

r

)
,

and by (2.31),∑
m≤x

gq1,··· ,qr,h(m)∆∗
h(x/m) ≪ xηh

∑
m≤x

|gq1,··· ,qr,h(m)|m−ηh ≪h xηh .
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Combining the above results, we obtain

Aq1,··· ,qr,h(x) =
2h−1∑
r=h

Cr,hGq1,··· ,qr,h(1/r)x
1/r +Oh (x

ηh)

= γq1,··· ,qr,0,hx
1/h + · · ·+ γq1,··· ,qr,h−1,hx

1/(2h−1) +Oh (x
ηh) ,

which completes the proof.

Remark 2.4.1. Note that

γq1,··· ,qr,0,h =
γ0,h∏r

j=1

(
1 +

q−1
j

1−q
−1/h
j

) , (2.35)

where

γ0,h = Ch,h
ϕh(1/h)

ζ((2h+ 2)/h)
=
∏
p

(
1 +

p− p1/h

p2(p1/h − 1)

)
, (2.36)

with the product formula described in [26, Page 3].

We use Lemma 2.4.1 with one prime to prove the first and the second moment estimates
for ω(n) over h-full numbers. We prove:

Proof of Theorem 2.1.2. Inserting the formula for Aq,h(y) given in Lemma 2.4.1 with
y = x/pk in (2.22), we obtain∑

n∈Nh(x)

ω(n)

=
∑

p≤x1/h

⌊ log x
log p⌋∑
k=h

Ap,h(x/p
k)

=
∑

p≤x1/h

⌊ log x
log p⌋∑
k=h

(
γp,0,h(x/p

k)1/h + · · ·+ γp,h−1,h(x/p
k)1/(2h−1) +Oh

(
(x/pk)η

))
. (2.37)
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Let us study the main term above given as

∑
p≤x1/h

⌊ log x
log p⌋∑
k=h

γp,0,h(x/p
k)1/h = γ0,hx

1/h
∑

p≤x1/h

⌊ log x
log p⌋∑
k=h

 1

pk/h
(
1 + p−1

1−p−1/h

)
 .

We obtain

γ0,hx
1/h

∑
p≤x1/h

⌊ log x
log p⌋∑
k=h

 1

pk/h
(
1 + p−1

1−p−1/h

)


= γ0,hx
1/h

∑
p≤x1/h

1

p (1− p−1/h + p−1)
− γ0,hx

1/h
∑

p≤x1/h

(p−1/h)⌊
log x
log p⌋−h+1

p (1− p−1/h + p−1)
. (2.38)

Using ⌊x⌋ ≥ x− 1, and (2.8) with y = x1/h, we bound the second term above with

γ0,hx
1/h

∑
p≤x1/h

(p−1/h)⌊
log x
log p⌋−h+1

p (1− p−1/h + p−1)
≪h

x1/h

log x
. (2.39)

Thus, it remains to study the first term in (2.38). A little manipulation yields

∑
p≤x1/h

1

p (1− p−1/h + p−1)
=
∑

p≤x1/h

1

p
+
∑

p≤x1/h

p−1/h − p−1

p (1− p−1/h + p−1)
. (2.40)

For the first sum on the right-hand side above, we use (2.11) to obtain∑
p≤x1/h

1

p
= log log x− log h+B1 +Oh

(
1

log x

)
. (2.41)

For the second sum on the right-hand side of (2.40), we use the convergence of the corre-
sponding infinite series and Lemma 2.2.5 to obtain

∑
p≤x1/h

p−1/h − p−1

p (1− p−1/h + p−1)
= Lh(h+ 1)− Lh(2h) +Oh

(
1

x1/h2(log x)

)
,

where Lh(·) is defined in (2.4).
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Combining the last three results, we obtain∑
p≤x1/h

1

p (1− p−1/h + p−1)
= log log x+D1 +Oh

(
1

log x

)
, (2.42)

where D1 is defined in (2.5). Combining the above result with (2.37), (2.38), and (2.39),
we obtain ∑

n∈Nh(x)

ω(n) = γ0,hx
1/h log log x+D1γ0,hx

1/h +Oh

(
x1/h

log x

)

+Oh

 ∑
p≤x1/h

⌊ log x
log p⌋∑
k=h

(x/pk)1/(h+1)

 . (2.43)

For the error term above, using Lemma 2.2.2 with α = h/(h+ 1), we obtain

∑
p≤x1/h

⌊ log x
log p⌋∑
k=h

(x/pk)1/(h+1) ≪ x1/(h+1)
∑

p≤x1/h

1

ph/(h+1)
≪h

x1/h

log x
.

Inserting the above back into (2.43) completes the first part of the proof.

Now, note that

∑
n∈Nh(x)

ω2(n) =
∑

n∈Nh(x)

∑
p
p|n

1


2

=
∑

n∈Nh(x)

ω(n) +
∑

n∈Nh(x)

∑
p,q

p|n,q|n, p ̸=q

1. (2.44)

The first sum on the right side above is the first moment studied above. For the second
sum, we first rewrite the sum as

∑
n∈Nh(x)

∑
p,q

p|n,q|n, p ̸=q

1 =
∑
p,q

p ̸=q, pq≤x1/h

⌊ log x
log p⌋∑
k=h

⌊ log x
log q ⌋∑
l=h

∑
n∈Nh(x)

pk||n,ql||n

1

=
∑
p,q

p ̸=q, pq≤x1/h

⌊ log x
log p⌋∑
k=h

⌊ log x
log q ⌋∑
l=h

Ap,q,h(x/(p
kql)).
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Then, we use Lemma 2.4.1 with two distinct primes p and q, and use (2.35) to obtain∑
n∈Nh(x)

∑
p,q

p|n,q|n, p̸=q

1

= γ0,hx
1/h

∑
p,q

p ̸=q, pq≤x1/h

⌊ log x
log p⌋∑
k=h

⌊ log x
log q ⌋∑
l=h

1

pk/h
(
1 + p−1

1−p−1/h

) 1

ql/h
(
1 + q−1

1−q−1/h

)

+Oh

x
1

h+1

∑
p,q

p ̸=q, pq≤x1/h

⌊ log x
log p⌋∑
k=h

⌊ log x
log q ⌋∑
l=h

1

pk/(h+1)ql/(h+1)

 . (2.45)

The error term above is bounded by using Lemma 2.2.2 and Lemma 2.2.3 as the following

x
1

h+1

∑
p,q

p ̸=q, pq≤x1/h

⌊ log x
log p⌋∑
k=h

⌊ log x
log q ⌋∑
l=h

1

pk/(h+1)ql/(h+1)
≪h x

1
h+1

∑
p

p≤x1/h/2

1

ph/(h+1)

∑
q

q≤x1/h/p

1

qh/(h+1)

≪h x
1
h

∑
p

p≤x1/h/2

1

p log(x1/h/p)

≪h
x

1
h log log x

log x
. (2.46)

Next, we estimate the main term in (2.45). First note that

⌊ log x
log p⌋∑
k=h

1

pk/h
(
1 + p−1

1−p−1/h

) =
1

p(1− p−1/h + p−1)
− p−

1
h(⌊ log x

log p⌋−h+1)

p(1− p−1/h + p−1)
.

Thus, using a similar result for a prime q as above and the symmetry of two primes p and
q, we deduce

γ0,hx
1/h

∑
p,q

p ̸=q, pq≤x1/h

⌊ log x
log p⌋∑
k=h

⌊ log x
log q ⌋∑
l=h

1

pk/h
(
1 + p−1

1−p−1/h

) 1

ql/h
(
1 + q−1

1−q−1/h

)
= γ0,hx

1/h
∑
p,q

p ̸=q, pq≤x1/h

1

p(1− p−1/h + p−1)

1

q(1− q−1/h + q−1)
− 2J1 + J2,
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where

J1 = γ0,hx
1/h

∑
p,q

p ̸=q, pq≤x1/h

1

p(1− p−1/h + p−1)

q−
1
h(⌊ log x

log q ⌋−h+1)

q(1− q−1/h + q−1)
,

and

J2 = γ0,hx
1/h

∑
p,q

p ̸=q, pq≤x1/h

p−
1
h(⌊ log x

log p⌋−h+1)

p(1− p−1/h + p−1)

q−
1
h(⌊ log x

log q ⌋−h+1)

q(1− q−1/h + q−1)
.

Using ⌊x⌋ ≥ x− 1, (2.8) and Lemma 2.2.3, we obtain

J1 ≪h

∑
p

p≤x1/h/2

1

p(1− p−1/h + p−1)

 ∑
q

q≤x1/h/p

1

≪h
x1/h log log x

log x
.

Similarly, we obtain

J2 ≪h

∑
p

p≤x1/h/2

p−
1
h(⌊ log x

log p⌋−h+1)

p(1− p−1/h + p−1)

 ∑
q

q≤x1/h/p

1

≪h
log log x

log x
.

Combining the last three results, we obtain

γ0,hx
1/h

∑
p,q

p ̸=q, pq≤x1/h

⌊ log x
log p⌋∑
k=h

⌊ log x
log q ⌋∑
l=h

1

pk/h
(
1 + p−1

1−p−1/h

) 1

ql/h
(
1 + q−1

1−q−1/h

)
= γ0,hx

1/h
∑
p,q

p ̸=q, pq≤x1/h

1

p(1− p−1/h + p−1)

1

q(1− q−1/h + q−1)
+Oh

(
x1/h log log x

log x

)
.

(2.47)

Thus to complete the proof, we only require to estimate the main term in (2.47). Using
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Lemma 2.2.1, we have∑
p,q

p ̸=q, pq≤x1/h

1

p(1− p−1/h + p−1)

1

q(1− q−1/h + q−1)

=
∑
p,q

pq≤x1/h

1

p(1− p−1/h + p−1)

1

q(1− q−1/h + q−1)
−
∑
p

(
1

p− p1−1/h + 1

)2

+Oh

(
1

x1/(2h) log x

)
. (2.48)

Now, using
1

p(1− p−1/h + p−1)
=

1

p
+

p−1/h − p−1

p(1− p−1/h + p−1)
,

a similar result for another prime q, and the symmetry of primes p and q, we write the
first sum on the right-hand side of (2.48) as∑

p,q
pq≤x1/h

1

p(1− p−1/h + p−1)

1

q(1− q−1/h + q−1)

=
∑
p,q

pq≤x1/h

1

pq
+ 2

∑
p,q

pq≤x1/h

q−1/h − q−1

pq(1− q−1/h + q−1)

+
∑
p,q

pq≤x1/h

p−1/h − p−1

p(1− p−1/h + p−1)

q−1/h − q−1

q(1− q−1/h + q−1)
.

The first sum on the right-hand side above is estimated using Lemma 2.2.4. For the second
sum, we use Lemma 2.2.3, Lemma 2.2.5, and (2.11) to obtain∑

p,q
pq≤x1/h

q−1/h − q−1

pq(1− q−1/h + q−1)

=
∑
p

p≤x1/h/2

1

p

∑
q

q≤x1/h/p

q−1/h − q−1

q(1− q−1/h + q−1)

= (Lh(h+ 1)− Lh(2h)) (log log x+B1 − log h) +Oh

(
log log x

log x

)
,
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and similarly, for the third sum, we obtain∑
p,q

pq≤x1/h

p−1/h − p−1

p(1− p−1/h + p−1)

q−1/h − q−1

q(1− q−1/h + q−1)

= (Lh(h+ 1)− Lh(2h))
2 +Oh

(
log log x

x1/h2 log x

)
.

Combining the last three results with Lemma 2.2.4, we obtain∑
p,q

pq≤x1/h

1

p(1− p−1/h + p−1)

1

q(1− q−1/h + q−1)

= (log log x)2 + 2D1 log log x+D2
1 − ζ(2) +Oh

(
log log x

log x

)
.

Combining the above with (2.44), (2.45), (2.46), (2.47), and (2.48), and using the first
moment proved above, we obtain the the second moment of ω(n) over h-full numbers.
This completes the proof of Theorem 2.1.2.

2.5 Normal order of ω(n) over h-free and h-full numbers

In this section, using the variance of ω(n) over the set of h-free and the set of h-full numbers,
we prove that ω(n) has normal order log log n when restricted to these sets.

Proof of Theorem 2.1.3. Notice that∑
n∈Sh(x)

(ω(n)−log log n)2 =
∑

n∈Sh(x)

ω2(n)−2
∑

n∈Sh(x)

ω(n) log log n+
∑

n∈Sh(x)

(log log n)2. (2.49)

By (1.4), we have
|Sh(x)| =

x

ζ(h)
+Oh(x

1/h). (2.50)

Using the above with the first moment of ω(n) over h-free numbers given in Theorem 2.1.1
and partial summation, we obtain∑

n∈Sh(x)

ω(n) log log n =
1

ζ(h)
x(log log x)2 +

C1

ζ(h)
x log log x+Oh

(
x log log x

log x

)
,
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and ∑
n∈Sh(x)

(log log n)2 =
1

ζ(h)
x(log log x)2 +Oh

(
x log log x

log x

)
.

Using the above two results and the second moment of ω(n) over h-free numbers given in
Theorem 2.1.1 in (2.49), we obtain∑

n∈Sh(x)

(ω(n)− log log n)2 =
1

ζ(h)
x log log x+

C2

ζ(h)
x+Oh

(
x log log x

log x

)
.

For the second part, let g(x) be an increasing function such that g(x) → ∞ as x → ∞,
and let Eh

free be the set of natural numbers n ∈ Sh with x/ log x < n ≤ x such that

|ω(n)− log log n|√
log log n

≥ g(x).

Let |Eh
free| be the cardinality of Eh

free. Notice that∑
n∈Sh(x)

(ω(n)− log log n)2 ≥
∑

n∈Eh
free

(ω(n)− log log n)2

> g2(x/ log x)
∑

n∈Eh
free

log log n

> g2(x/ log x)|Eh
free| log log(x/ log x).

Using the asymptotic result for the left-hand side above, we deduce

|Eh
free|
x

≪h
log log x

g2(x/ log x) log log(x/ log x)
.

Since g(x) → ∞ as x → ∞, the right-hand side above goes to 0 as x → ∞. Hence
|Eh

free| = o(x). Moreover, by (2.50), |Sh(x)| ∼ x/ζ(h). Thus, the set of natural numbers
n ∈ Sh with x/ log x < n ≤ x such that

|ω(n)− log log n|√
log log n

≥ g(x),

is o(|Sh(x)|). Next, we choose ϵ′ such that 0 < ϵ′ < 1/2 and choose the function g(x) =
(log log x)ϵ

′ . Let ϵ > 0 be arbitrary. Since ϵ′ < 1/2, there exist x0 ∈ R such that

(log log x)ϵ
′

(log log n)1/2
<

(log log x)ϵ
′

(log log(x/ log x))1/2
≤ ϵ
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for all x ≥ x0 and for all n with x/ log x < n ≤ x. Hence as x → ∞, the numbers n ∈ Sh

with x/ log x < n ≤ x that satisfy the inequality

|ω(n)− log log n|
log log n

≥ ϵ

is o(|Sh(x)|). Again by (2.50), the remaining set of natural numbers n ∈ Sh(x/ log x) is
o(|Sh(x)|). Together, this implies that ω(n) has normal order log log n over h-free numbers,
which completes the proof.

Remark 2.5.1. An alternative proof of the normal order result can be obtained as follows:
Note that ∑

n∈Sh(x)

(
ω(n)− log log n√

log log n

)2

= O (|Sh(x)|) .

Let g(x) be an increasing function of x such that g(x) → ∞ as x → ∞. Let

Sg(x) :=

∣∣∣∣{n ∈ Sh(x) :

∣∣∣∣ω(n)− log log n√
log log n

∣∣∣∣ ≥ g(x)

}∣∣∣∣ .
Thus, by the Cauchy-Schwarz inequality, we obtain

g(x)2Sg(x)
2 ≤


∑

n∈Sh(x)∣∣∣ω(n)−log logn√
log logn

∣∣∣≥g(x)

∣∣∣∣ω(n)− log log n√
log log n

∣∣∣∣


2

≤ Sg(x)
∑

n∈Sh(x)

(
ω(n)− log log n√

log log n

)2

≪ Sg(x)|Sh(x)|.

Thus,
Sg(x)

|Sh(x)|
≪ 1

g(x)2
,

where the right side approaches 0 as x → ∞. This approach avoids the need to restrict to
the subset (x/ log x, x], as was done in the proof above. Furthermore, a similar argument
yields an alternative proof of Theorem 2.1.4. We are grateful to the external examiner for
suggesting this alternate argument.
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For the normal order of ω(n) over h-full numbers, we prove the following:

Proof of Theorem 2.1.4. Notice that∑
n∈Nh(x)

(ω(n)− log log n)2 =
∑

n∈Nh(x)

ω2(n)− 2
∑

n∈Nh(x)

ω(n) log log n+
∑

n∈Nh(x)

(log log n)2.

(2.51)
By (1.5), we have

|Nh(x)| = γ0,hx
1/h +Oh(x

1/(h+1)), (2.52)

where γ0,h is defined in (1.6). Using the above with the first moment of ω(n) over h-full
numbers given in Theorem 2.1.2 and the partial summation formula, we obtain∑

n∈Nh(x)

ω(n) log log n = γ0,hx
1/h(log log x)2 + γ0,hD1x

1/h log log x+Oh

(
x1/h log log x

log x

)
,

and ∑
n∈Nh(x)

(log log n)2 = γ0,hx
1/h(log log x)2 +Oh

(
x1/h log log x

log x

)
.

Using the above two results and the second moment of ω(n) over h-full numbers given in
Theorem 2.1.2 in (2.51), we obtain∑

n∈Nh(x)

(ω(n)− log log n)2 = γ0,hx
1/h log log x+D2γ0.hx

1/h +Oh

(
x1/h log log x

log x

)
.

For the second part, let g(x) be an increasing function such that g(x) → ∞ as x → ∞,
and let Eh

full be the set of natural numbers n ∈ Nh with x/ log x < n ≤ x such that

|ω(n)− log log n|√
log log n

≥ g(x).

Let |Eh
full| be the cardinality of Eh

full. Then∑
n∈Nh(x)

(ω(n)− log log n)2 > g2(x/ log x)|Eh
full| log log(x/ log x).

Using the asymptotic result for the left-hand side above, we deduce

|Eh
full|

x1/h
≪h

log log x

g2(x/ log x) log log(x/ log x)
.
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Since g(x) → ∞ as x → ∞, the right-hand side above goes to 0 as x → ∞. Thus,
|Eh

full| = o(x1/h). Note that, by (2.52), |Nh(x)| ∼ γ0,hx
1/h. Thus the set of natural numbers

n ∈ Nh with x/ log x < n ≤ x such that

|ω(n)− log log n|√
log log n

≥ g(x),

is o(|Nh(x)|). Again, by (2.52), the remaining set of natural numbers n ∈ Nh(x/ log x) is
o(|Nh(x)|). Together, this proves the first part of the theorem. Next, we choose ϵ′ such
that 0 < ϵ′ < 1/2 and choose the function g(x) = (log log x)ϵ

′ . Let ϵ > 0 be arbitrary. Since
ϵ′ < 1/2, there exists x0 ∈ R such that for all x ≥ x0 and for all n with x/ log x < n ≤ x,

(log log x)ϵ
′

(log log n)1/2
<

(log log x)ϵ
′

(log log(x/ log x))1/2
≤ ϵ.

Hence as x → ∞, the numbers n ∈ Nh with x/ log x ≤ n ≤ x that satisfy the inequality

|ω(n)− log log n|
log log n

≥ ϵ

is o(|Nh(x)|). This together with the fact that the remaining set of natural numbers
n ∈ Nh(x/ log x) is o(|Nh(x)|) implies that ω(n) has normal order log log n over h-full
numbers.
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Chapter 3

Normal order of Ω(n) over h-free and
h-full numbers

3.1 Introduction

The counting argument used for ω(n) in the last chapter can be employed in the study of
the distribution of Ω(n) and produce improvement to (1.15) and (1.16) as mentioned in
Chapter 1. In this chapter, we explore these improvements.

Let B1 and B2 be defined in (1.7) and (1.8) respectively. Let h ≥ 2 be any integer and
let C3, C ′

3, and C4 be three new constants (dependent on h) defined as

C3 := B2 −
∑
p

h

ph − 1
,

C ′
3 := B1 +

∑
p

ph(3p− 1) + (p− 1)2 − p(h2p2 + (−2h2 + 2h+ 1)p+ (h− 1)2)

p(p− 1)2(ph − 1)
,

and

C4 := C2
3 + C ′

3 − ζ(2)−
∑
p

(
ph − hp+ h− 1

(p− 1)(ph − 1)

)2

.

We improve (1.15) as the following:
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Theorem 3.1.1. Let x > 2 be a real number. Let h ≥ 2 be an integer. Let Sh(x) be the
set of h-free numbers less than or equal to x. Then, we have∑

n∈Sh(x)

Ω(n) = C1,Ω,Sh
x log log x+ C2,Ω,Sh

x+Oh

(
x

log x

)
,

and ∑
n∈Sh(x)

Ω2(n) = C1,Ω,Sh
x(log log x)2 + C3,Ω,Sh

x log log x+ C4,Ω,Sh
x+Oh

(
x log log x

log x

)
,

where

C1,Ω,Sh
=

1

ζ(h)
, C2,Ω,Sh

=
C3

ζ(h)
, C3,Ω,Sh

= 2C2,Ω,Sh
+ C1,Ω,Sh

, and C4,Ω,Sh
=

C4

ζ(h)
.

(3.1)

Recall D3 from (1.14). Let D′
3 and D4 be new constants (dependent on h) defined as

D′
3 = h2(B1−log h)+

∑
p

(
(2h2 + 2h− 1)p

1+h
h − (1 + h)2p

2+h
h − h2(p− p

1
h + 2p

2
h − p

3
h )

p(−p
1+h
h − p

1
h + p)(−1 + p

1
h )2

)
,

(3.2)

D4 := D2
3 +D′

3 − h2ζ(2)−
∑
p

(
h(p

1
h − 1) + 1

(p
1
h − 1)(p− p1−

1
h + 1)

)2

.

Adopting this definition, we improve (1.16) as the following:

Theorem 3.1.2. Let x > 2 be a real number. Let h ≥ 2 be an integer. Let Nh(x) be the
set of h-full numbers less than or equal to x. Then, we have∑

n∈Nh(x)

Ω(n) = hC1,Ω,Nh
x1/h log log x+ C2,Ω,Nh

x1/h +Oh

(
x1/h

log x

)
,

and ∑
n∈Nh(x)

Ω2(n) = h2C1,Ω,Nh
x1/h(log log x)2 + hC3,Ω,Nh

x1/h log log x+ C4,Ω,Nh
x1/h

+Oh

(
x1/h log log x

log x

)
,
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where

C1,Ω,Nh
= γ0,h, C2,Ω,Nh

= D3γ0,h, C3,Ω,Nh
= 2C2,Ω,Nh

+ hC1,Ω,Nh
, and C4,Ω,Nh

= D4γ0,h.
(3.3)

Using the last two theorems and the method of variance demonstrated for ω(n) in the
last chapter, we establish the normal order of Ω(n) over h-free and h-full numbers as the
following:

Theorem 3.1.3. Ω(n) has normal order log log n over h-free numbers.

Theorem 3.1.4. Ω(n) has normal order h log log n over h-full numbers.

3.2 The moments of Ω(n) over h-free numbers

Using our counting argument, we can make the result in (1.15) explicit by proving the
following:

Proof of Theorem 3.1.1. Let pk||n denote the property that pk divides n but pk+1

does not divide n. Then writing n = pkm with (m, p) = 1 for such n and using rp =
min {h− 1, ⌊log x/ log p⌋}, we obtain

∑
n∈Sh(x)

Ω(n) =
∑

n∈Sh(x)

∑
p

pk||n

k =
∑
p≤x

rp∑
k=1

∑
n∈Sh(x)

pk||n

k =
∑
p≤x

rp∑
k=1

k
∑

m∈Sh(x/p
k)

(m,p)=1

1.

Now, using Lemma 2.2.6 for a single prime p to the above and Lemma 2.2.2, we obtain

∑
n∈Sh(x)

Ω(n) =
∑
p≤x

rp∑
k=1

k

(
ph − ph−1

pk(ph − 1)

)
x

ζ(h)
+Oh

(
x1/h

∑
p≤x

1

p1/h

)

=
∑
p≤x

rp∑
k=1

k

(
ph − ph−1

pk(ph − 1)

)
x

ζ(h)
+Oh

(
x

log x

)
. (3.4)

42



To complete the proof, we only need to estimate the main term above. Recall the set

R :=

{
p ≤ x :

⌊
log x

log p

⌋
< h− 1

}
.

Using the bound ⌊x⌋ ≥ x− 1 and (2.8), we can write∑
p≤x

rp∑
k=1

k

(
ph − ph−1

pk(ph − 1)

)
=
∑
p≤x

h−1∑
k=1

k

(
ph − ph−1

pk(ph − 1)

)
−
∑
p≤x
p∈R

h−1∑
k=⌊ log x

log p⌋+1

k

(
ph − ph−1

pk(ph − 1)

)

=
∑
p≤x

h−1∑
k=1

k

(
ph − ph−1

pk(ph − 1)

)
+Oh

(
1

log x

)
. (3.5)

Now, using

ph − ph−1

ph − 1

h−1∑
k=1

k

pk
=

ph − hp+ h− 1

(p− 1)(ph − 1)
=

1

p
+

ph − hp2 + hp− 1

p(p− 1)(ph − 1)
,

the formula for the reciprocal of primes given in (2.11), the formula

C3 = B1 +
∑
p

ph − hp2 + hp− 1

p(p− 1)(ph − 1)
= B2 −

∑
p

h

ph − 1
, (3.6)

and using Lemma 2.2.1 with τ = h, we obtain∑
p≤x

h−1∑
k=1

k

(
ph − ph−1

pk(ph − 1)

)
= log log x+ C3 +Oh

(
1

log x

)
.

Combining the above with (3.4) and (3.5) completes the first part of the proof.
Next, we prove the second-moment estimate for Ω(n) over h-free numbers. Notice that

∑
n∈Sh(x)

Ω2(n) =
∑

n∈Sh(x)

∑
p

pk||n

k


2

=
∑

n∈Sh(x)

∑
p

pk||n

k2 +
∑

n∈Sh(x)

∑
p,q

pk||n,ql||n,p ̸=q

(kl), (3.7)

where p and q above denote primes. Let rp = min
{
h− 1,

⌊
log x
log p

⌋}
. To estimate the first

sum on the right-hand side above, we rewrite the sum as∑
n∈Sh(x)

∑
p

pk||n

k2 =
∑
p≤x

rp∑
k=1

∑
n∈Sh(x)

pk||n

k2 =
∑
p≤x

rp∑
k=1

k2
∑

m∈Sh(x/p
k)

(m,p)=1

1.
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Again, similar to (3.4), using Lemma 2.2.6 for a single prime p and Lemma 2.2.2, we obtain

∑
p≤x

rp∑
k=1

k2
∑

m∈Sh(x/p
k)

(m,p)=1

1 =
∑
p≤x

rp∑
k=1

k2

(
ph − ph−1

pk(ph − 1)

)
x

ζ(h)
+Oh

(
x

log x

)
,

and, similarly to (3.5), we obtain

∑
p≤x

rp∑
k=1

k2

(
ph − ph−1

pk(ph − 1)

)
=
∑
p≤x

h−1∑
k=1

k2

(
ph − ph−1

pk(ph − 1)

)
+Oh

(
1

log x

)
.

Note that

h−1∑
k=1

k2

(
ph − ph−1

pk(ph − 1)

)
=

1

p
+

ph(3p− 1) + (p− 1)2 − p(h2p2 + (−2h2 + 2h+ 1)p+ (h− 1)2)

p(p− 1)2(ph − 1)
.

Thus, using (2.11) and Lemma 2.2.1 with τ = 2, we obtain

h−1∑
k=1

k2

(
ph − ph−1

pk(ph − 1)

)
= log log x+ C ′

3 +Oh

(
1

log x

)
,

where

C ′
3 = B1 +

∑
p

ph(3p− 1) + (p− 1)2 − p(h2p2 + (−2h2 + 2h+ 1)p+ (h− 1)2)

p(p− 1)2(ph − 1)
. (3.8)

Combining the last five results, we obtain∑
n∈Sh(x)

∑
p

pk||n

k2 =
1

ζ(h)
x log log x+

C ′
3

ζ(h)
x+Oh

(
x

log x

)
. (3.9)

Next, for the second sum in (3.7), we rewrite the sum and use Lemma 2.2.6 for two
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primes p and q to obtain∑
n∈Sh(x)

∑
p,q

pk||n,ql||n,p ̸=q

(kl)

=
∑
p,q

p̸=q,pq≤x

rp∑
k=1

rq∑
l=1

(kl)
∑

n≤x/(pkql)
n∈Sh

(p,n)=(q,n)=1

1

=
∑
p,q

p̸=q,pq≤x

rp∑
k=1

rq∑
l=1

((
k(ph − ph−1)

pk(ph − 1)

)(
l(qh − qh−1)

ql(qh − 1)

)
x

ζ(h)
+Oh

(
x1/h

pk/hql/h

))
. (3.10)

The error term above is estimated by (2.15) as∑
p,q

p ̸=q,pq≤x

rp∑
k=1

rq∑
l=1

x1/h

pk/hql/h
≪h

x log log x

log x
. (3.11)

Thus, it remains to estimate the main term, in particular, the term∑
p,q

p̸=q,pq≤x

rp∑
k=1

rq∑
l=1

(
k(ph − ph−1)

pk(ph − 1)

)(
l(qh − qh−1)

ql(qh − 1)

)
.

Consider again the set

R :=

{
p ≤ x :

⌊
log x

log p

⌋
< h− 1

}
.

Using the definition of rp and rq, we can rewrite∑
p,q

p̸=q,pq≤x

rp∑
k=1

rq∑
l=1

(
k(ph − ph−1)

pk(ph − 1)

)(
l(qh − qh−1)

ql(qh − 1)

)

=
∑
p,q

p ̸=q,pq≤x

h−1∑
k=1

h−1∑
l=1

(
k(ph − ph−1)

pk(ph − 1)

)(
l(qh − qh−1)

ql(qh − 1)

)
− I1 − I2 + I3, (3.12)

where

I1 =
∑
p,q

p ̸=q,pq≤x
p∈R

h−1∑
k=⌊ log x

log p⌋+1

h−1∑
l=1

(
k(ph − ph−1)

pk(ph − 1)

)(
l(qh − qh−1)

ql(qh − 1)

)
,

45



I2 =
∑
p,q

p ̸=q,pq≤x
q∈R

h−1∑
k=1

h−1∑
l=⌊ log x

log q ⌋+1

(
k(ph − ph−1)

pk(ph − 1)

)(
l(qh − qh−1)

ql(qh − 1)

)
,

I3 =
∑
p,q

p ̸=q,pq≤x
p,q∈R

h−1∑
k=⌊ log x

log p⌋+1

h−1∑
l=⌊ log x

log q ⌋+1

(
k(ph − ph−1)

pk(ph − 1)

)(
l(qh − qh−1)

ql(qh − 1)

)
.

The sum I1, I2, and I3 contribute to the error term. In fact, using ⌊x⌋ ≥ x− 1, (2.8), and
Lemma 2.2.3, we estimate

I1 ≪h

∑
p,q

p ̸=q,pq≤x
p∈R

1

p
log x
log p

1

q
≪h

∑
q≤x/2

1

q

1

x

∑
p≤x/q

1

≪h

∑
q≤x/2

1

q2 log(x/q)
≪h

log log x

log x
.

Similarly,

I2 ≪h
log log x

log x
.

Finally, for I3, using ⌊x⌋ ≥ x− 1, (2.8), and Lemma 2.2.3 again, we have

I3 ≪h

∑
p,q

p ̸=q,pq≤x
p,q∈R

1

p
log x
log p

1

q
log x
log q

≪h
1

x

∑
q≤x/2

1

x

∑
p≤x/q

1

≪h
1

x

∑
q≤x/2

1

q log(x/q)
≪h

log log x

x log x
.

We next estimate the main term in (3.12). First, using

ph − ph−1

ph − 1

h−1∑
k=1

k

pk
=

ph − hp+ h− 1

(p− 1)(ph − 1)
,

and a similar result for q, we rewrite the sum as∑
p,q

p̸=q,pq≤x

h−1∑
k=1

h−1∑
l=1

(
k(ph − ph−1)

pk(ph − 1)

)(
l(qh − qh−1)

ql(qh − 1)

)

=
∑
p,q

p ̸=q,pq≤x

(
ph − hp+ h− 1

(p− 1)(ph − 1)

)(
qh − hq + h− 1

(q − 1)(qh − 1)

)

=
∑
p,q

pq≤x

(
ph − hp+ h− 1

(p− 1)(ph − 1)

)(
qh − hq + h− 1

(q − 1)(qh − 1)

)
−
∑
p

p≤x1/2

(
ph − hp+ h− 1

(p− 1)(ph − 1)

)2

. (3.13)
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The second sum above is estimated using Lemma 2.2.1 as

∑
p

p≤x1/2

(
ph − hp+ h− 1

(p− 1)(ph − 1)

)2

=
∑
p

(
ph − hp+ h− 1

(p− 1)(ph − 1)

)2

+
∑
p

p>x1/2

(
ph − hp+ h− 1

(p− 1)(ph − 1)

)2

=
∑
p

(
ph − hp+ h− 1

(p− 1)(ph − 1)

)2

+O

(
1

x1/2 log x

)
. (3.14)

For the first sum on the right-hand side in (3.13), using

ph − hp+ h− 1

(p− 1)(ph − 1)
=

1

p
+

ph − hp2 + hp− 1

p(p− 1)(ph − 1)
,

and the symmetry in p and q, we have∑
p,q

pq≤x

(
ph − hp+ h− 1

(p− 1)(ph − 1)

)(
qh − hq + h− 1

(q − 1)(qh − 1)

)

=
∑
p,q

pq≤x

1

pq
+ 2

∑
p,q

pq≤x

1

p

qh − hq2 + hq − 1

q(q − 1)(qh − 1)
+
∑
p,q

pq≤x

(
ph − hp2 + hp− 1

p(p− 1)(ph − 1)

)(
qh − hq2 + hq − 1

q(q − 1)(qh − 1)

)
.

(3.15)

We estimate the sums on the right-hand side above separately. For the first sum, we use
Lemma 2.2.4. For the third sum, we use Lemma 2.2.1 to obtain∑

p,q
pq≤x

(
ph − hp2 + hp− 1

p(p− 1)(ph − 1)

)(
qh − hq2 + hq − 1

q(q − 1)(qh − 1)

)

=
∑
p

p≤x/2

(
ph − hp2 + hp− 1

p(p− 1)(ph − 1)

) ∑
q

q≤x/p

(
qh − hq2 + hq − 1

q(q − 1)(qh − 1)

)

=
∑
p

p≤x/2

(
ph − hp2 + hp− 1

p(p− 1)(ph − 1)

)(∑
p

(
ph − hp2 + hp− 1

p(p− 1)(ph − 1)

)
+O

(
1

(x/p) log(x/p)

))

=

(∑
p

ph − hp2 + hp− 1

p(p− 1)(ph − 1)

)2

+O

∑
p

p≤x/2

1

p2

+O

1

x

∑
p

p≤x/2

1

p log(x/p)

 .
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Using Lemma 2.2.1 with τ = 2 again and Lemma 2.2.3 to the above error terms respectively,
we obtain

∑
p,q

pq≤x

(
ph − hp2 + hp− 1

p(p− 1)(ph − 1)

)(
qh − hq2 + hq − 1

q(q − 1)(qh − 1)

)

=

(∑
p

ph − hp2 + hp− 1

p(p− 1)(ph − 1)

)2

+O

(
log log x

x log x

)
. (3.16)

Now, for the second sum in (3.15), we use Lemma 2.2.1 to obtain∑
p,q

pq≤x

1

p

(
qh − hq2 + hq − 1

q(q − 1)(qh − 1)

)

=
∑
p

p≤x/2

1

p

∑
q

q≤x/p

(
qh − hq2 + hq − 1

q(q − 1)(qh − 1)

)

=
∑
p

p≤x/2

1

p

(∑
p

(
ph − hp2 + hp− 1

p(p− 1)(ph − 1)

)
+O

(
1

(x/p) log(x/p)

))
.

Using (2.11) to the above error term, we obtain∑
p,q

pq≤x

1

p

(
qh − hq2 + hq − 1

q(q − 1)(qh − 1)

)

=

(∑
p

ph − hp2 + hp− 1

p(p− 1)(ph − 1)

)(
log log(x/2) +B1 +O

(
1

log x

))
+O

1

x

∑
p

p≤x/2

1

log(x/p)

 .

Using log log(x/2) = log log x+O(1/ log x) and (2.8) above, we obtain

∑
p,q

pq≤x

1

p

(
qh − hq2 + hq − 1

q(q − 1)(qh − 1)

)
=

(∑
p

ph − hp2 + hp− 1

p(p− 1)(ph − 1)

)
(log log x+B1) +O

(
1

log x

)
.

(3.17)
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Combining (3.15), (3.16), and (3.17) with Lemma 2.2.4 and (3.6), we obtain∑
p,q

pq≤x

(
ph − hp+ h− 1

(p− 1)(ph − 1)

)(
qh − hq + h− 1

(q − 1)(qh − 1)

)

= (log log x)2 + 2B1 log log x+B2
1 − ζ(2) + 2

(∑
p

ph − hp2 + hp− 1

p(p− 1)(ph − 1)

)
(log log x+B1)

+

(∑
p

ph − hp2 + hp− 1

p(p− 1)(ph − 1)

)2

+O

(
log log x

log x

)
= (log log x)2 + 2C3 log log x+ C2

3 − ζ(2) +O

(
log log x

log x

)
,

where

C3 = B1 +
∑
p

ph − hp2 + hp− 1

p(p− 1)(ph − 1)
= B2 −

∑
p

h

ph − 1
.

Combining (3.7), (3.9), (3.10), (3.11), (3.12), (3.13), and (3.14) with the above equation,
we obtain the required second moment for Ω(n) over h-free numbers as∑

n∈Sh(x)

Ω2(n) =
1

ζ(h)
x(log log x)2 +

2C3 + 1

ζ(h)
x log log x+

C4

ζ(h)
x+Oh

(
x log log x

log x

)
,

where

C4 = C2
3 + C ′

3 − ζ(2)−
∑
p

(
ph − hp+ h− 1

(p− 1)(ph − 1)

)2

,

with C ′
3 defined in (3.8). This completes the proof of Theorem 3.1.1.

3.3 The moments of Ω(n) over h-full numbers

To prove the moments of Ω(n) over h-full numbers, we recall the constants

D3 = h(B2 − log h) +
∑
p

(h+ 1)p1+1/h − hp− 2hp2/h + (2h− 1)p1/h

(p− 1)(p1/h − 1)(p1+1/h + p1/h − p)
,

D′
3 = h2(B1−log h)+

∑
p

(
(2h2 + 2h− 1)p

1+h
h − (1 + h)2p

2+h
h − h2(p− p

1
h + 2p

2
h − p

3
h )

p(−p
1+h
h − p

1
h + p)(−1 + p

1
h )2

)
,
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and

D4 = D2
3 +D′

3 − h2ζ(2)−
∑
p

(
h(p1/h − 1) + 1

(p1/h − 1)(p− p1−1/h + 1)

)2

.

Moreover, we need the following additional lemma:

Lemma 3.3.1. For x > 2, we have∑
p≤x/2

1

p log2(x/p)
= O

(
1

log x

)
.

Proof. We partition the interval [1, x/2] into subintervals of the form Ij = [ej−1, ej]. Over
this interval, we have ∑

p∈Ij

1

p log2(x/p)
≪ 1

log2(x/ej)

∑
p∈Ij

1

p
.

Moreover, by (2.8), we have ∑
p∈Ij

1

p
≪ 1

ej
ej

j
≪ 1

j
.

Putting the above together with the fact that∑
p

e⌊log(x/2)⌋<p≤x/2

1

p log2(x/p)
≪ 1

log2 2

∑
p

e⌊log(x/2)⌋<p≤x/2

1

p
≪ 1

x

∑
p

p≤x/2

1 ≪ 1

log x
,

where in the second last inequality we use (2.8), we obtain

∑
p≤x/2

1

p log2(x/p)
=

⌊log(x/2)⌋∑
j=1

∑
p∈Ij

1

p log2(x/p)
+O

(
1

log x

)

=

⌊log(x/2)⌋∑
j=1

1

j log2(x/ej)
+O

(
1

log x

)

=

⌊log(x/2)⌋∑
j=1

1

j(log x− j)2
+O

(
1

log x

)
. (3.18)

50



Note that

1

j(log x− j)2
=

1

(log x)2

(
1

j
+

1

log x− j

)
+

1

(log x)(log x− j)2
.

Moreover,
⌊log(x/2)⌋∑

j=1

1

j
≪
∫ log(x/2)

t=1

dt

t
≪ log log x,

⌊log(x/2)⌋∑
j=1

1

log x− j
≪
∫ log(x/2)

t=1

dt

log x− t
≪ log log x,

and
⌊log(x/2)⌋∑

j=1

1

(log x− j)2
≪
∫ log(x/2)

t=1

dt

(log x− t)2
≪ 1.

As a result,
⌊log(x/2)⌋∑

j=1

1

j(log x− j)2
≪ log log x

(log x)2
+

1

log x
≪ 1

log x
.

Putting the above back into (3.18) completes the proof.

Using this result, we prove:

Proof of Theorem 3.1.2. Using n = pkm with (m, p) = 1 when pk||n, we can write

∑
n∈Nh(x)

Ω(n) =
∑

n∈Nh(x)

∑
p

pk||n

k =
∑

p≤x1/h

⌊ log x
log p

⌋∑
k=h

∑
n∈Nh(x)

pk||n

k =
∑

p≤x1/h

⌊ log x
log p

⌋∑
k=h

k
∑

m∈Nh(x/p
k)

(m,p)=1

1. (3.19)

Note that the last sum above is the same as Ap,h(x/p
k) as defined in (2.32). Inserting the

formula for Ap,h(x/p
k) derived in Lemma 2.4.1, we obtain∑

n∈Nh(x)

Ω(n)

=
∑

p≤x1/h

⌊ log x
log p

⌋∑
k=h

k
(
γp,0,h(x/p

k)1/h + · · ·+ γp,h−1,h(x/p
k)1/(2h−1) +Oh

(
(x/pk)ηh

))
, (3.20)
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where 1
2h+2

< ηh < 1
2h−1

. First, we study the main term above given by

∑
p≤x1/h

⌊ log x
log p

⌋∑
k=h

kγp,0,h(x/p
k)1/h = γ0,hx

1/h
∑

p≤x1/h

⌊ log x
log p

⌋∑
k=h

 k

pk/h
(
1 + p−1

1−p−1/h

)
 , (3.21)

where we used (2.35) to rewrite γp,0,h. Note that

r∑
k=h

kak =
ar+1(ar − r − 1)− ah((h− 1)a− h)

(1− a)2
=

hah

(1− a)
+

ah+1

(1− a)2
+

ar+1(ar − r − 1)

(1− a)2
.

(3.22)

Using the above formula with r = ⌊ log x
log p

⌋ and a = p−1/h in (3.21), we obtain

∑
p≤x1/h

⌊ log x
log p

⌋∑
k=h

kγp,0,h(x/p
k)1/h

= γ0,hx
1/h

∑
p≤x1/h

(
h

p(1− p−1/h + p−1)
+

p−1/h

p(1− p−1/h)(1− p−1/h + p−1)

)

+Oh

x1/h
∑

p≤x1/h

(
⌊ log x
log p

⌋
)
p−(⌊ log x

log p
⌋+1)/h

(1− p−1/h)(1− p−1/h + p−1)

 . (3.23)

By partial summation, it follows that for any natural number k,∑
p≤y

1

(log p)k
≪ y

(log y)k+1
. (3.24)

Using (3.24) with k = 1 and y = x1/h, and x − 1 < ⌊x⌋ ≤ x, we can estimate the error
term in (3.23) as

x1/h
∑

p≤x1/h

(
⌊ log x
log p

⌋
)
p−(⌊ log x

log p
⌋+1)/h

(1− p−1/h)(1− p−1/h + p−1)
≪h (log x)

∑
p≤x1/h

1

log p
≪h

x1/h

log x
.
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Thus, we obtain

∑
p≤x1/h

⌊ log x
log p

⌋∑
k=h

kγp,0,h(x/p
k)1/h

= γ0,hx
1/h

∑
p≤x1/h

(
h

p(1− p−1/h + p−1)
+

p−1/h

p(1− p−1/h)(1− p−1/h + p−1)

)
+Oh

(
x1/h

log x

)
= hγ0,hx

1/h
∑

p≤x1/h

1

p(1− p−1/h + p−1)
+ γ0,hx

1/h
∑

p≤x1/h

1

(p1/h − 1)(p− p1−1/h + 1)

+Oh

(
x1/h

log x

)
. (3.25)

Using Lemma 2.2.1 for τ = 1 + (1/h), we can estimate the second sum above as∑
p≤x1/h

1

(p1/h − 1)(p− p1−1/h + 1)
=
∑
p

1

(p1/h − 1)(p− p1−1/h + 1)
+Oh

(
1

x1/h2(log x)

)
.

Moreover, for the first sum in (3.25), using (1.8), (2.5), and (2.42), we have∑
p≤x1/h

1

p (1− p−1/h + p−1)

= log log x+B1 − log h+
∑
p

p−1/h − p−1

p (1− p−1/h + p−1)
+Oh

(
1

log x

)
= log log x+B2 − log h−

∑
p

1

p(p− 1)
+
∑
p

p−1/h − p−1

p (1− p−1/h + p−1)
+Oh

(
1

log x

)
.

Also, a slight simplification yields

− h
∑
p

1

p(p− 1)
+ h

∑
p

p−1/h − p−1

p (1− p−1/h + p−1)
+
∑
p

1

(p1/h − 1)(p− p1−1/h + 1)

=
∑
p

(h+ 1)p1+1/h − hp− 2hp2/h + (2h− 1)p1/h

(p− 1)(p1/h − 1)(p1+1/h + p1/h − p)
. (3.26)
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Combining the last four results with (3.20), we obtain∑
n∈Nh(x)

Ω(n) = hγ0,hx
1/h log log x+D3γ0,hx

1/h +Oh

(
x1/h

log x

)

+Oh

 ∑
p≤x1/h

⌊ log x
log p

⌋∑
k=h

k(x/pk)1/(h+1)

 , (3.27)

where

D3 = h(B2 − log h) +
∑
p

(h+ 1)p1+1/h − hp− 2hp2/h + (2h− 1)p1/h

(p− 1)(p1/h − 1)(p1+1/h + p1/h − p)
.

Thus, to complete the proof for the first moment, it only remains to estimate

x1/(h+1)
∑

p≤x1/h

⌊ log x
log p

⌋∑
k=h

k(p−1/(h+1))k.

Using (3.22) with r = ⌊ log x
log p

⌋ and a = p−1/(h+1), using Lemma 2.2.2 with α = h/(h + 1),
and using (3.24), we obtain

x1/(h+1)
∑

p≤x1/h

⌊ log x
log p

⌋∑
k=h

k(p−1/(h+1))k

≪h x1/(h+1)

 ∑
p≤x1/h

1

ph/(h+1)
+
∑

p≤x1/h

(
⌊ log x
log p

⌋
)
p−(⌊ log x

log p
⌋+1)/(h+1)

(1− p−1/(h+1))2


≪h

x1/h

log x
+ (log x)

∑
p≤x1/h

1

log p

≪h
x1/h

log x
. (3.28)

Finally, inserting the above back into (3.27), we obtain∑
n∈Nh(x)

Ω(n) = hγ0,hx
1/h log log x+D3γ0,hx

1/h +Oh

(
x1/h

log x

)
.
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This completes the first part of the proof.

For the second part, note that

∑
n∈Nh(x)

Ω2(n) =
∑

n∈Nh(x)

∑
p

pk||n

k


2

=
∑

n∈Nh(x)

∑
p

pk||n

k2 +
∑

n∈Nh(x)

∑
p,q

pk||n,ql||n,p ̸=q

(kl), (3.29)

For the first sum on the right side above, we rewrite the sum as

∑
n∈Nh(x)

∑
p

pk||n

k2 =
∑

p≤x1/h

⌊ log x
log p

⌋∑
k=h

∑
n∈Nh(x)

pk||n

k2 =
∑

p≤x1/h

⌊ log x
log p

⌋∑
k=h

k2
∑

m∈Nh(x/p
k)

(m,p)=1

1.

Working similarly to (3.20) and (3.21), we obtain

∑
n∈Nh(x)

∑
p

pk||n

k2 = γ0,hx
1/h

∑
p≤x1/h

1− p−1/h

(1− p−1/h + p−1)

⌊ log x
log p

⌋∑
k=h

(
k2

pk/h

)

+Oh

x1/(h+1)
∑

p≤x1/h

⌊ log x
log p

⌋∑
k=h

k2

pk/(h+1)

 . (3.30)

Note that
r∑

k=h

k2ak

=
(a2r2 + (−2r2 − 2r + 1)a+ (r + 1)2)ar+1 − ah((h− 1)2a2 + (−2h2 + 2h+ 1)a+ h2)

(a− 1)3

=
h2ah

(1− a)3
+

ah+1(−2h2 + 2h+ 1)

(1− a)3
+

ah+2(h− 1)2

(1− a)3

+
ar+1(a2r2 + (−2r2 − 2r + 1)a+ (r + 1)2)

(a− 1)3
. (3.31)

Using the above relation with r = ⌊ log x
log p

⌋ and a = p−1/h, using x− 1 < ⌊x⌋ ≤ x, and using
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(3.24) with k = 2 and y = x1/h, we obtain

∑
p≤x1/h

1− p−1/h

(1− p−1/h + p−1)

⌊ log x
log p

⌋∑
k=h

(
k2

pk/h

)

=
∑

p≤x1/h

h2p−1 + p−1− 1
h (−2h2 + 2h+ 1) + p−1− 2

h (h− 1)2

(1− p−
1
h )2(1− p−

1
h + p−1)

+O

 ∑
p≤x1/h

(
log x
log p

)2
p

log x
log p
h


=
∑

p≤x1/h

h2 + p−
1
h (−2h2 + 2h+ 1) + p−

2
h (h− 1)2

p(1− p−
1
h )2(1− p−

1
h + p−1)

+O

(log x)2

x1/h

∑
p≤x1/h

1

(log p)2


=
∑

p≤x1/h

h2

p
+
∑

p≤x1/h

(
(2h2 + 2h− 1)p

1+h
h − (1 + h)2p

2+h
h − h2(p− p

1
h + 2p

2
h − p

3
h )

p(−p
1+h
h − p

1
h + p)(−1 + p

1
h )2

)

+Oh

(
1

log x

)
.

Notice that the second sum on the right side above is O(1). Thus, using (2.41) and
Lemma 2.2.1 with τ = 1 + (1/h), we obtain

∑
p≤x1/h

1− p−1/h

(1− p−1/h + p−1)

⌊ log x
log p

⌋∑
k=h

(
k2

pk/h

)

= h2

(
log log x− log h+B1 +Oh

(
1

log x

))
+
∑
p

(
(2h2 + 2h− 1)p

1+h
h − (1 + h)2p

2+h
h − h2(p− p

1
h + 2p

2
h − p

3
h )

p(−p
1+h
h − p

1
h + p)(−1 + p

1
h )2

)

+Oh

 ∑
p>x1/h

1

p1+
1
h

+Oh

(
1

log x

)
= h2 log log x+ h2(B1 − log h)

+
∑
p

(
(2h2 + 2h− 1)p

1+h
h − (1 + h)2p

2+h
h − h2(p− p

1
h + 2p

2
h − p

3
h )

p(−p
1+h
h − p

1
h + p)(−1 + p

1
h )2

)
+Oh

(
1

log x

)
.
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Similarly, using (3.31) with r = ⌊ log x
log p

⌋ and a = p−1/(h+1), we obtain

x1/(h+1)
∑

p≤x1/h

⌊ log x
log p

⌋∑
k=h

k2

pk/(h+1)

≪h x1/(h+1)

 ∑
p≤x1/h

1

ph/(h+1)
+
∑

p≤x1/h

(
log x

log p

)2

p−
⌊ log x
log p

⌋+1

h+1


≪h

x1/h

log x
+ (log x)2

∑
p≤x1/h

1

(log p)2

≪h
x1/h

log x
.

Inserting the last two results into (3.30), we obtain∑
n∈Nh(x)

∑
p

pk||n

k2

= γ0,hx
1/h

(
h2 log log x+ h2(B1 − log h)

+
∑
p

(
(2h2 + 2h− 1)p

1+h
h − (1 + h)2p

2+h
h − h2(p− p

1
h + 2p

2
h − p

3
h )

p(−p
1+h
h − p

1
h + p)(−1 + p

1
h )2

))
+Oh

(
x1/h

log x

)
= h2γ0,hx

1/h log log x+D′
3γ0,hx

1/h +Oh

(
x1/h

log x

)
, (3.32)

where D′
3 is defined in (3.2).

For the second sum in (3.29), we rewrite the sum, use Lemma 2.4.1 with two distinct
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primes p and q, and use (2.35) to obtain∑
n∈Nh(x)

∑
p,q

pk||n,ql||n,p ̸=q

(kl)

=
∑
p,q

p ̸=q,pq≤x1/h

⌊ log x
log p

⌋∑
k=h

⌊ log x
log q

⌋∑
l=h

∑
n≤Nh(x/(p

kql))
(n,p)=(n,q)=1

(kl)

= γ0,hx
1/h

∑
p,q

p ̸=q,pq≤x1/h

⌊ log x
log p

⌋∑
k=h

⌊ log x
log q

⌋∑
l=h

k

pk/h
(
1 + p−1

1−p−1/h

) l

ql/h
(
1 + q−1

1−q−1/h

)

+Oh

x
1

h+1

∑
p,q

p̸=q,pq≤x1/h

⌊ log x
log p

⌋∑
k=h

k

pk/(h+1)


⌊ log x

log q
⌋∑

l=h

l

ql/(h+1)


 . (3.33)

Note that taking r → ∞ and 0 < a < 1 in (3.22), we have

∞∑
k=h

kak ≪h
ah

(1− a)2
.

Thus, using a = p−1/(h+1) and q−1/(h+1), the bounds p−1/(h+1), q−1/(h+1) ≤ 2−1/(h+1), Lemma 2.2.2
and Lemma 2.2.3, we bound the error term in (3.33) with

≪ x
1

h+1

∑
p,q

p ̸=q,pq≤x1/h

(
∞∑
k=h

k

pk/(h+1)

)(
∞∑
l=h

l

ql/(h+1)

)

≪h x
1

h+1

∑
p

p≤x1/h/2

1

ph/(h+1)

∑
q

q≤x1/h/p

1

qh/(h+1)

≪h x
1
h

∑
p

p≤x1/h/2

1

p log(x1/h/p)

≪h
x

1
h log log x

log x
. (3.34)
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Next, we estimate the main term in (3.33). First note that, by (3.22), we have

⌊ log x
log p

⌋∑
k=h

k

pk/h
(
1 + p−1

1−p−1/h

) =
h(1− p−1/h) + p−1/h

p(1− p−1/h)(1− p−1/h + p−1)

+Oh


(
⌊ log x
log p

⌋
)
p−(⌊ log x

log p
⌋+1)/h

(1− p−1/h)(1− p−1/h + p−1)

 .

Thus, using a similar result for a prime q as above and the symmetry of two primes p and
q, we deduce

γ0,hx
1/h

∑
p,q

p ̸=q,pq≤x1/h

⌊ log x
log p

⌋∑
k=h

⌊ log x
log q

⌋∑
l=h

k

pk/h
(
1 + p−1

1−p−1/h

) l

ql/h
(
1 + q−1

1−q−1/h

)
= γ0,hx

1/h
∑
p,q

p ̸=q,pq≤x1/h

h(1− p−1/h) + p−1/h

p(1− p−1/h)(1− p−1/h + p−1)

h(1− q−1/h) + q−1/h

q(1− q−1/h)(1− q−1/h + q−1)
+ 2J1 + J2,

where

J1 ≪h γ0,hx
1/h

∑
p,q

p ̸=q,pq≤x1/h


(
⌊ log x
log p

⌋
)
p−(⌊ log x

log p
⌋+1)/h

(1− p−1/h)(1− p−1/h + p−1)

( h(1− q−1/h) + q−1/h

q(1− q−1/h)(1− q−1/h + q−1)

)
,

and

J2 ≪h γ0,hx
1/h

∑
p,q

p ̸=q,pq≤x1/h


(
⌊ log x
log p

⌋
)
p−(⌊ log x

log p
⌋+1)/h

(1− p−1/h)(1− p−1/h + p−1)


(
⌊ log x
log q

⌋
)
q−(⌊ log x

log q
⌋+1)/h

(1− q−1/h)(1− q−1/h + q−1)

 .
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Using ⌊x⌋ ≥ x− 1, (2.11), and (3.24), we obtain

J1 ≪h

∑
p

p≤x1/h/2

log x

log p

 ∑
q

q≤x1/h/p

1

q


≪h (log x)(log log x)

∑
p

p≤x1/h/2

1

log p

≪h
x1/h log log x

log x
.

Moreover, using Lemma 3.3.1 and partial summation, we obtain

J2 ≪h

∑
p

p≤x1/h/2


(
⌊ log x
log p

⌋
)
p−(⌊ log x

log p
⌋−h+1)/h

p(1− p−1/h)2


 ∑

q
q≤x1/h/p

log x

log q


≪h (log x)2

∑
p

p≤x1/h/2

1

p(log2(x1/h/p))(log p)

≪h 1.

Combining the last three results, we obtain

γ0,hx
1/h

∑
p,q

p̸=q,pq≤x1/h

⌊ log x
log p

⌋∑
k=h

⌊ log x
log q

⌋∑
l=h

1

pk/h
(
1 + p−1

1−p−1/h

) 1

ql/h
(
1 + q−1

1−q−1/h

)
= γ0,hx

1/h
∑
p,q

p ̸=q,pq≤x1/h

h(1− p−1/h) + p−1/h

p(1− p−1/h)(1− p−1/h + p−1)

h(1− q−1/h) + q−1/h

q(1− q−1/h)(1− q−1/h + q−1)

+Oh

(
x1/h log log x

log x

)
. (3.35)

Thus to complete the proof, we only require to estimate the main term in (3.35). Using
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Lemma 2.2.1, we have

∑
p,q

p ̸=q,pq≤x1/h

h(1− p−1/h) + p−1/h

p(1− p−1/h)(1− p−1/h + p−1)

h(1− q−1/h) + q−1/h

q(1− q−1/h)(1− q−1/h + q−1)

=
∑
p,q

pq≤x1/h

h(1− p−1/h) + p−1/h

p(1− p−1/h)(1− p−1/h + p−1)

h(1− q−1/h) + q−1/h

q(1− q−1/h)(1− q−1/h + q−1)

−
∑
p

p≤x1/(2h)

(
h(1− p−1/h) + p−1/h

p(1− p−1/h)(1− p−1/h + p−1)

)2

=
∑
p,q

pq≤x1/h

h(1− p−1/h) + p−1/h

p(1− p−1/h)(1− p−1/h + p−1)

h(1− q−1/h) + q−1/h

q(1− q−1/h)(1− q−1/h + q−1)

−
∑
p

(
h(p1/h − 1) + 1

(p1/h − 1)(p− p1−1/h + 1)

)2

+Oh

(
1

x1/(2h) log x

)
. (3.36)

Now, using

h(1− p−1/h) + p−1/h

p(1− p−1/h)(1− p−1/h + p−1)
=

h

p
+

h(p− p1−(1/h) − p1/h + 1) + p

p(p1/h − 1)(p− p1−(1/h) + 1)
,

a similar result for another prime q, and the symmetry of primes p and q, we write the
first sum on the right-hand side of (3.36) as

∑
p,q

pq≤x1/h

h(1− p−1/h) + p−1/h

p(1− p−1/h)(1− p−1/h + p−1)

h(1− q−1/h) + q−1/h

q(1− q−1/h)(1− q−1/h + q−1)

= h2
∑
p,q

pq≤x1/h

1

pq
+ 2h

∑
p,q

pq≤x1/h

1

p

(
h(q − q1−(1/h) − q1/h + 1) + q

q(q1/h − 1)(q − q1−(1/h) + 1)

)

+
∑
p,q

pq≤x1/h

(
h(p− p1−(1/h) − p1/h + 1) + p

p(p1/h − 1)(p− p1−(1/h) + 1)

)(
h(q − q1−(1/h) − q1/h + 1) + q

q(q1/h − 1)(q − q1−(1/h) + 1)

)
.

The first sum on the right-hand side above is estimated using Lemma 2.2.4. For the second
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sum, we use Lemma 2.2.1, (2.11), Lemma 2.2.2 and log(x1/h/p) ≥ log 2 together to obtain∑
p,q

pq≤x1/h

1

p

(
h(q − q1−(1/h) − q1/h + 1) + q

q(q1/h − 1)(q − q1−(1/h) + 1)

)

=
∑
p

p≤x1/h/2

1

p

∑
q

q≤x1/h/p

h(q − q1−(1/h) − q1/h + 1) + q

q(q1/h − 1)(q − q1−(1/h) + 1)

=
∑
p

p≤x1/h/2

1

p

(∑
p

h(p− p1−(1/h) − p1/h + 1) + p

p(p1/h − 1)(p− p1−(1/h) + 1)
+Oh

(
p1/h

x1/h2 log(x1/h/p)

))

=

(∑
p

h(p− p1−(1/h) − p1/h + 1) + p

p(p1/h − 1)(p− p1−(1/h) + 1)

)
(log log x+B1 − log h) +Oh

(
1

log x

)
.

Similarly, for the third sum, we obtain∑
p,q

pq≤x1/h

(
h(p− p1−(1/h) − p1/h + 1) + p

p(p1/h − 1)(p− p1−(1/h) + 1)

)(
h(q − q1−(1/h) − q1/h + 1) + q

q(q1/h − 1)(q − q1−(1/h) + 1)

)

=
∑
p

p≤x1/h/2

h(p− p1−(1/h) − p1/h + 1) + p

p(p1/h − 1)(p− p1−(1/h) + 1)

∑
q

q≤x1/h/p

h(q − q1−(1/h) − q1/h + 1) + q

q(q1/h − 1)(q − q1−(1/h) + 1)

=
∑
p

p≤x1/h/2

h(p− p1−(1/h) − p1/h + 1) + p

p(p1/h − 1)(p− p1−(1/h) + 1)

(∑
p

h(p− p1−(1/h) − p1/h + 1) + p

p(p1/h − 1)(p− p1−(1/h) + 1)

+Oh

(
p1/h

x1/h2 log(x1/h/p)

))

=

(∑
p

h(p− p1−(1/h) − p1/h + 1) + p

p(p1/h − 1)(p− p1−(1/h) + 1)

)2

+Oh

(
log log x

x1/h2 log x

)
.

Combining the last three results with Lemma 2.2.4 and simplifying further using

D3 = h(B2 − log h) +
∑
p

(h+ 1)p1+1/h − hp− 2hp2/h + (2h− 1)p1/h

(p− 1)(p1/h − 1)(p1+1/h + p1/h − p)

= h(B1 − log h) +
∑
p

h(p− p1−(1/h) − p1/h + 1) + p

p(p1/h − 1)(p− p1−(1/h) + 1)
,
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we obtain ∑
p,q

pq≤x1/h

h(1− p−1/h) + p−1/h

p(1− p−1/h)(1− p−1/h + p−1)

h(1− q−1/h) + q−1/h

q(1− q−1/h)(1− q−1/h + q−1)

= h2
(
(log log x− log h)2 + 2B1(log log x− log h) +B2

1 − ζ(2)
)

+ 2h

(∑
p

h(p− p1−(1/h) − p1/h + 1) + p

p(p1/h − 1)(p− p1−(1/h) + 1)

)
(log log x+B1 − log h)

+

(∑
p

h(p− p1−(1/h) − p1/h + 1) + p

p(p1/h − 1)(p− p1−(1/h) + 1)

)2

+Oh

(
log log x

log x

)
= h2(log log x)2 + 2D3h log log x+D2

3 − h2ζ(2) +Oh

(
log log x

log x

)
.

Combining the above with (3.29), (3.32), (3.33), (3.34), (3.35), and (3.36), we obtain∑
n∈Nh(x)

Ω2(n) = h2γ0,hx
1/h(log log x)2 + (2D3 + h)hγ0,hx

1/h log log x+D4γ0,hx
1/h

+Oh

(
x1/h log log x

log x

)
.

This completes the proof of Theorem 3.1.2.

3.4 Normal order of Ω(n) over h-free and h-full numbers

In this section, we prove that Ω(n) has normal order log log n when restricted to h-free
numbers and has normal order h log log n when restricted to h-full numbers.

Proof of Theorem 3.1.3. Notice that∑
n∈Sh(x)

(Ω(n)− log log n)2 =
∑

n∈Sh(x)

Ω2(n)− 2
∑

n∈Sh(x)

Ω(n) log log n+
∑

n∈Sh(x)

(log log n)2.

(3.37)
Using the above with the first moment of Ω(n) over h-free numbers given in Theorem 3.1.1,
(2.50) and partial summation, we obtain∑

n∈Sh(x)

Ω(n) log log n =
1

ζ(h)
x(log log x)2 +

C3

ζ(h)
x log log x+Oh

(
x log log x

log x

)
,
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and ∑
n∈Sh(x)

(log log n)2 =
1

ζ(h)
x(log log x)2 +Oh

(
x log log x

log x

)
.

Using the above two results and the second moment of Ω(n) over h-free numbers given in
Theorem 3.1.1 in (3.37), we obtain∑

n∈Sh(x)

(Ω(n)− log log n)2 =
1

ζ(h)
x log log x+

C4

ζ(h)
x+Oh

(
x log log x

log x

)
.

For the second part, let g(x) be an increasing function such that g(x) → ∞ as x → ∞,
and let Eh

free be the set of natural numbers n ∈ Sh with x/ log x < n ≤ x such that

|Ω(n)− log log n|√
log log n

≥ g(x).

Let |Eh
free| be the cardinality of Eh

free. Notice that∑
n∈Sh(x)

(Ω(n)− log log n)2 ≥
∑

n∈Eh
free

(Ω(n)− log log n)2

> g2(x/ log x)
∑

n∈Eh
free

log log n

> g2(x/ log x)|Eh
free| log log(x/ log x).

Using the asymptotic result for the left-hand side above, we deduce

|Eh
free|
x

≪h
log log x

g2(x/ log x) log log(x/ log x)
.

Since g(x) → ∞ as x → ∞, the right-hand side above goes to 0 as x → ∞. Hence
|Eh

free| = o(x). Moreover, by (2.50), |Sh(x)| ∼ x/ζ(h). Thus, the set of natural numbers
n ∈ Sh with x/ log x < n ≤ x such that

|Ω(n)− log log n|√
log log n

≥ g(x),

is o(|Sh(x)|). Next, we choose ϵ′ such that 0 < ϵ′ < 1/2 and choose the function g(x) =
(log log x)ϵ

′ . Let ϵ > 0 be arbitrary. Since ϵ′ < 1/2, there exist x0 ∈ R such that

(log log x)ϵ
′

(log log n)1/2
<

(log log x)ϵ
′

(log log(x/ log x))1/2
≤ ϵ
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for all x ≥ x0 and for all n with x/ log x < n ≤ x. Hence as x → ∞, the numbers n ∈ Sh

with x/ log x < n ≤ x that satisfy the inequality

|Ω(n)− log log n|
log log n

≥ ϵ

is o(|Sh(x)|). Again by (2.50), the remaining set of natural numbers n ∈ Sh(x/ log x) is
o(|Sh(x)|). Together, this implies that Ω(n) has normal order log log n over h-free numbers,
which completes the proof.

Proof of Theorem 3.1.4. Notice that∑
n∈Nh(x)

(Ω(n)− h log log n)2

=
∑

n∈Nh(x)

Ω2(n)− 2h
∑

n∈Nh(x)

Ω(n) log log n+ h2
∑

n∈Nh(x)

(log log n)2. (3.38)

Using (2.52) with the first moment of Ω(n) over h-full numbers given in Theorem 3.1.2
and partial summation, we obtain

∑
n∈Nh(x)

Ω(n) log log n = hγ0,hx
1/h(log log x)2 + γ0,hD3x

1/h log log x+Oh

(
x1/h log log x

log x

)
,

and ∑
n∈Nh(x)

(log log n)2 = γ0,hx
1/h(log log x)2 +Oh

(
x1/h log log x

log x

)
.

Using the above two results and the second moment of Ω(n) over h-full numbers given in
Theorem 3.1.2 in (3.38), we obtain

∑
n∈Nh(x)

(Ω(n)− h log log n)2 = h2γ0,hx
1/h log log x+D4γ0.hx

1/h +Oh

(
x1/h log log x

log x

)
.

For the second part, let g(x) be an increasing function such that g(x) → ∞ as x → ∞,
and let Eh

full be the set of natural numbers n ∈ Nh with x/ log x < n ≤ x such that

|Ω(n)− h log log n|√
h log log n

≥ g(x).
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Let |Eh
full| be the cardinality of Eh

full. Then∑
n∈Nh(x)

(Ω(n)− h log log n)2 > hg2(x/ log x)|Eh
full| log log(x/ log x).

Using the asymptotic result for the left-hand side above, we deduce

|Eh
full|

x1/h
≪h

log log x

g2(x/ log x) log log(x/ log x)
.

Since g(x) → ∞ as x → ∞, the right-hand side above goes to 0 as x → ∞. Moreover, by
(2.52), |Eh

full| = o(x1/h). Note that |Nh(x)| ∼ γ0,hx
1/h. Thus the set of natural numbers

n ∈ Nh with x/ log x < n ≤ x such that

|Ω(n)− h log log n|√
h log log n

≥ g(x),

is o(|Nh(x)|). Similar to the previous proof, we choose an ϵ′ satisfying 0 < ϵ′ < 1/2 and
choose the function g(x) = (h log log x)ϵ

′ . As a result, for any ϵ > 0, the numbers n ∈ Nh

with x/ log x ≤ n ≤ x that satisfy the inequality

|Ω(n)− h log log n|
h log log n

≥ ϵ

is o(|Nh(x)|). Again, by (2.52), the remaining set of natural numbers n ∈ Nh(x/ log x)
is o(|Nh(x)|). Together, this implies that Ω(n) has normal order h log log n over h-full
numbers. This completes the proof.
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Chapter 4

Moments of ωk(n) over h-free and h-hull
numbers

4.1 Introduction

Recall that, for natural numbers n and k, ωk(n) denotes the number of distinct prime
divisors of n, with multiplicity k. Let h ≥ 2 be an integer. In this chapter, we study the
distribution of ωk(n) over h-free and over h-full numbers.

To begin, we show that when restricted to the set of h-free numbers, ω1(n) behaves
similarly to ω(n) and ωk(n) with k ≥ 2 exhibits a smaller asymptotic size than ω(n). We
begin by studying the distributions of ω1(n) over h-free numbers.

Let B1 be the constant defined in (1.7). We define the constants (depending on h)

C5 := B1 −
∑
p

ph−1 − 1

p(ph − 1)
, (4.1)

and

C6 := C2
5 + C5 − ζ(2)−

∑
p

(
ph−1 − ph−2

ph − 1

)2

.

For the first and the second moment of ω1(n) over h-free numbers, we prove:
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Theorem 4.1.1. Let x > 2 be a real number. Let h ≥ 2 be an integer. Let Sh be the set
of h-free numbers. Then, we have∑

n≤x
n∈Sh

ω1(n) = C1,ω1,Sh
x log log x+ C2,ω1,Sh

x+Oh

(
x

log x

)
,

and∑
n≤x
n∈Sh

ω2
1(n) = C1,ω1,Sh

x(log log x)2 + C3,ω1,Sh
x log log x+ C4,ω1,Sh

x+Oh

(
x log log x

log x

)
,

where

C1,ω1,Sh
=

1

ζ(h)
, C2,ω1,Sh

=
C5

ζ(h)
, C3,ω1,Sh

= 2C2,ω1,Sh
+ C1,ω1,Sh

, and C4,ω1,Sh
=

C6

ζ(h)
.

(4.2)

Next, we establish the moments of ωk(n) with k ≥ 2 over h-free numbers as the follow-
ing:

Theorem 4.1.2. Let k ≥ 2 and h ≥ 2 be any integers. Let Sh be the set of h-free numbers.
For k ≤ (h− 1), we have ∑

n≤x
n∈Sh

ωk(n) = C2,ωk,Sh
x+Oh,k

(
x1/k

log x

)
,

and ∑
n≤x
n∈Sh

ω2
k(n) = C4,ωk,Sh

x+Oh,k

(
x1/k log log x

log x

)
,

where Oh,k means that the implied constant depends on h and k, and where

C2,ωk,Sh
=

1

ζ(h)

∑
p

(
ph − ph−1

pk(ph − 1)

)
, (4.3)

and

C4,ωk,Sh
=

1

ζ(h)

(∑
p

(
ph − ph−1

pk(ph − 1)

))2

−
∑
p

(
ph − ph−1

pk(ph − 1)

)2

+
∑
p

(
ph − ph−1

pk(ph − 1)

) .

(4.4)
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Remark 4.1.1. Note that if n ∈ Sh, then ωk(n) = 0 for all k ≥ h. Thus, the distribution
of ωk(n) with k ≥ h over the h-free numbers is zero.

Next, we prove the distribution of ωk(n) over h-full numbers. We notice that ω(n)
and ωh(n) have similar asymptotic distributions over h-full numbers. Moreover, ωk(n)
with k > h has a smaller asymptotic size than ω(n). We can thus infer that the smallest
power of primes defining the subset of h-full numbers contributes to the main term for the
asymptotic distribution of ω(n) over the subset. This inference also satisfies the behavior
observed over h-free numbers. The set of h-free numbers includes the first power of primes,
and it is observed that ω(n) and ω1(n), which counts prime factors with multiplicity 1,
satisfy similar distributions over h-free numbers. To prove the distribution over h-full
numbers, we define two new constants (depending on h)

D5 := B1 − log h− Lh(2h), (4.5)

and

D6 := D2
5 +D5 − ζ(2)−

∑
p

(
p1/h − 1

p1+1/h − p+ p1/h

)2

, (4.6)

where Lh(·) is defined in (2.4). For the first moments of ωk(n) over h-full numbers, we
prove:

Theorem 4.1.3. Let k ≥ 2 and h ≥ 2 be any integers. Let Nh be the set of h-full numbers.
Then, we have

∑
n≤x
n∈Nh

ωh(n) = C1,ωh,Nh
x1/h log log x+ C2,ωh,Nh

x1/h +Oh

(
x1/h

log x

)
,

where
C1,ωh,Nh

= γ0,h, and C2,ωh,Nh
= D5γ0,h, (4.7)

where γ0,h is defined in (1.6), and D5 is defined in (4.5).

Moreover, we have∑
n≤x
n∈Nh

ωh+1(n) = C2,ωh+1,Nh
x1/h +Oh

(
x1/(h+1) log log x

)
,
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where
C2,ωh+1,Nh

= (Lh(h+ 1)− Lh(h+ 2)) γ0,h, (4.8)

with Lh(·) is defined in (2.4), and for k > h+ 1, we have∑
n≤x
n∈Nh

ωk(n) = C2,ωk,Nh
x1/h +Oh,k

(
x1/(h+1)

)
,

where
C2,ωk,Nh

= (Lh(k)− Lh(k + 1)) γ0,h. (4.9)

For the second moments, we obtain:

Theorem 4.1.4. Under the assumptions as in Theorem 4.1.3, we have∑
n≤x
n∈Nh

ω2
h(n) = C1,ωh,Nh

x1/h(log log x)2 + C3,ωh,Nh
x1/h log log x+ C4,ωh,Nh

x1/h

+Oh

(
x1/h log log x

log x

)
,

where
C3,ωh,Nh

= 2C2,ωh,Nh
+ C1,ωh,Nh

, and C4,ωh,Nh
= D6γ0,h, (4.10)

and where C1,ωh,Nh
and C2,ωh,Nh

are defined in (4.7) with γ0,h defined in (1.6), and where
D6 is defined in (4.6).

Moreover, for k = h+ 1, we have,∑
n≤x
n∈Nh

ω2
h+1(n) = C4,ωh+1,Nh

x1/h +Oh

(
x1/(h+1)(log log x)2

)
,

where

C4,ωh+1,Nh
=

(
(Lh(h+ 1)− Lh(h+ 2))2 + Lh(h+ 1)− Lh(h+ 2)

−
∑
p

(
p1/h − 1

p1+(2/h) − p1+(1/h) + p2/h

)2
)
γ0,h, (4.11)
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with Lh(·) is defined in (2.4), and for k > h+ 1, we have∑
n≤x
n∈Nh

ω2
k(n) = C4,ωk,Nh

x1/h +Oh,k

(
x1/(h+1)

)
,

where

C4,ωk,Nh
=

(
(Lh(k)− Lh(k + 1))2 + Lh(k)− Lh(k + 1)

−
∑
p

(
p1/h − 1

p(k+1)/h − pk/h + p(k+1−h)/h

)2
)
γ0,h. (4.12)

Remark 4.1.2. Note that if n ∈ Nh, then ωk(n) = 0 for all k ≤ (h − 1). Thus, the
distribution of ωk(n) over h-full numbers is zero for k ≤ (h− 1).

In Chapter 2, we showed that ω(n) has the normal order log log n over h-free and over
h-full numbers as well. Note that the set of h-free numbers has positive density, and both ω
and ω1 behave asymptotically similar over h-free numbers. Thus, the proof of ω1(n) having
normal order log log n over h-free numbers follows from the classical case. In particular,
working similarly to Theorem 2.1.3, one can establish that for any ϵ > 0, the number of
n ∈ Sh(x) that do not satisfy the inequality

(1− ϵ) log log n ≤ ω1(n) ≤ (1 + ϵ) log log n

is o(|Sh(x)|) as x → ∞. On the other hand, the set of h-full numbers has density 0, and
thus the proof of normal order of ωh does not follow from the classical result. However,
since ω and ωh behave asymptotically similar over h-full numbers, the proof of ωh(n) having
normal order log log n over h-full numbers can be inferred in a manner analogous to the
proof presented in Theorem 2.1.4 for ω(n). In particular, one can establish that for any
ϵ > 0, the number of n ∈ Nh(x) that do not satisfy the inequality

(1− ϵ) log log n ≤ ωh(n) ≤ (1 + ϵ) log log n

is o(|Nh(x)|) as x → ∞.

Unlike ω1(n), we observe that ωk(n) for 1 < k < h does not have a normal order over
h-free numbers. This goes in accordance with the findings of Elma and Liu [12] where
they proved that ωk(n) for k > 1 does not have a normal order over natural numbers. In
particular, we prove:
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Theorem 4.1.5. For any integer h ≥ 2 and any integer k satisfying 1 < k < h, the
function ωk(n) does not have normal order F (n) for any non-decreasing function F : Sh →
R≥0.

Finally, we show that ωk(n) for k > h does not have a normal order over h-full numbers.
In particular, we prove:

Theorem 4.1.6. For any integer h ≥ 2 and any integer k > h, the function ωk(n) does
not have normal order F (n) for any non-decreasing function F : Nh → R≥0.

4.2 Lemmata

We list the following result regarding the density of certain sequences of h-full numbers
necessary for our study:

Lemma 4.2.1. [27, Lemma 17] Let q be a prime and k > h ≥ 2 be integers. Let Sk denote
the set of k-free numbers and Nh denote the set of h-full numbers. Then, for any small
ϵ > 0, we have

∑
n≤x

n∈Nh∩Sk,(n,q)=1

1 =
1− q−1/h

1− q−1/h + q−1 − q−k/h
ηh,kx

1/h +O
(
x

2h+1
2h(h+1)

+ϵ
)
,

where ηh,k is the convergent product given by

ηh,k =
∏
p

(
1− 1

p

)(
1− p−1/h + p−1 − p−k/h

1− p−1/h

)
, (4.13)

and where the product runs over all primes.

4.3 Distribution of ωk(n) over h-free numbers

In this section, we study the first moment of ωk(n) over h-free numbers.
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4.3.1 For ω1(n)

Proof of Theorem 4.1.1. Writing n = pm with (m, p) = 1 for n satisfying p||n, i.e., p|n
but p2 ∤ n, we obtain∑

n≤x
n∈Sh

ω1(n) =
∑
n≤x
n∈Sh

∑
p

p∥n

1 =
∑
p≤x

∑
n≤x

n∈Sh,p∥n

1 =
∑
p≤x

∑
m≤x/p

m∈Sh,(m,p)=1

1.

Now, using Lemma 2.2.6 for a single prime p and Lemma 2.2.2 to the above, we obtain∑
n≤x
n∈Sh

ω1(n) =
∑
p≤x

(
ph − ph−1

p(ph − 1)

)
x

ζ(h)
+Oh

(
x

log x

)
.

Using ph−ph−1

p(ph−1)
= 1

p
− ph−1−1

p(ph−1)
, Lemma 2.2.1 with τ = 2, and Mertens’ second theorem given

in (2.11), we obtain

∑
p≤x

(
ph − ph−1

p(ph − 1)

)
= log log x+B1 −

∑
p

ph−1 − 1

p(ph − 1)
+Oh

(
1

log x

)
. (4.14)

Plugging the above back into the previous equation completes the first part of the proof.

Next, we prove the second moment. Note that

∑
n≤x
n∈Sh

ω2
1(n) =

∑
n≤x
n∈Sh

∑
p

p∥n

1


2

=
∑
n≤x
n∈Sh

ω1(n) +
∑
n≤x
n∈Sh

∑
p,q

p∥n,q∥n,p ̸=q

1, (4.15)

where p and q above denote primes. The first sum on the right-hand side above is the first
moment estimated above and for the second sum, using Lemma 2.2.6 for two primes p and
q, we obtain

∑
n≤x
n∈Sh

∑
p,q

p∥n,q∥n,p ̸=q

1 =
∑
p,q

p ̸=q,pq≤x

((
ph − ph−1

p(ph − 1)

)(
qh − qh−1

q(qh − 1)

)
x

ζ(h)
+Oh

(
x1/h

(pq)1/h

))
. (4.16)

Next, we bound the above error term using Lemma 2.2.2 with α = 1/h and Lemma 2.2.3
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as the following

x1/h
∑
p,q

p̸=q,pq≤x

1

(pq)1/h
= x1/h

∑
p≤x/2

1

p1/h

∑
q≤x/p

1

q1/h

≪h x
∑
p≤x/2

(
1

p log(x/p)

)
≪h

x log log x

log x
. (4.17)

Now, we estimate the main term in (4.16). First, we can divide the sum as

∑
p,q

p ̸=q,pq≤x

(
ph − ph−1

p(ph − 1)

)(
qh − qh−1

q(qh − 1)

)

=
∑
p,q

pq≤x

(
ph − ph−1

p(ph − 1)

)(
qh − qh−1

q(qh − 1)

)
−
∑
p

p≤x1/2

(
ph − ph−1

p(ph − 1)

)2

. (4.18)

The second sum on the right-hand side above is estimated using Lemma 2.2.1 as

∑
p

p≤x1/2

(
ph − ph−1

p(ph − 1)

)2

=
∑
p

(
ph − ph−1

p(ph − 1)

)2

+O

(
1

x1/2 log x

)
. (4.19)

Using ph−ph−1

p(ph−1)
= 1

p
− ph−1−1

p(ph−1)
, and the symmetry in p and q, we have

∑
p,q

pq≤x

(
ph − ph−1

p(ph − 1)

)(
qh − qh−1

q(qh − 1)

)

=
∑
p,q

pq≤x

1

pq
− 2

∑
p,q

pq≤x

1

p

(
qh−1 − 1

q(qh − 1)

)
+
∑
p,q

pq≤x

(
ph−1 − 1

p(ph − 1)

)(
qh−1 − 1

q(qh − 1)

)
. (4.20)

We estimate the sums on the right-hand side above separately. For the first sum, we
use Lemma 2.2.4. For the second sum, we use Lemma 2.2.1, (2.11) and the Chebyshev’s
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inequality given in (2.8) to obtain

∑
p,q

pq≤x

1

p

(
qh−1 − 1

q(qh − 1)

)

=
∑
p

p≤x/2

1

p

∑
q

q≤x/p

(
qh−1 − 1

q(qh − 1)

)

=
∑
p

p≤x/2

1

p

(∑
p

(
ph−1 − 1

p(ph − 1)

)
+O

(
1

(x/p) log(x/p)

))

=
∑
p

(
ph−1 − 1

p(ph − 1)

)
(log log x+B1) +O

(
1

log x

)
. (4.21)

For the third sum, we use Lemma 2.2.1 twice and Lemma 2.2.3 to obtain

∑
p,q

pq≤x

(
ph−1 − 1

p(ph − 1)

)(
qh−1 − 1

q(qh − 1)

)
=

(∑
p

(
ph−1 − 1

p(ph − 1)

))2

+O

(
log log x

x log x

)
. (4.22)

Combining (4.20), (4.21), (4.22), and Lemma 2.2.4, we obtain

∑
p,q

pq≤x

(
ph − ph−1

p(ph − 1)

)(
qh − qh−1

q(qh − 1)

)

= (log log x)2 + 2B1 log log x+B2
1 − ζ(2)− 2

∑
p

(
ph−1 − 1

p(ph − 1)

)
(log log x+B1)

+

(∑
p

ph−1 − 1

p(ph − 1)

)2

+O

(
log log x

log x

)
.

Combining (4.15), (4.16), (4.17), (4.18) and (4.19) with the above equation and the first
moment of ω1(n) over h-free numbers, we obtain the required second moment estimate.
This completes the proof.
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4.3.2 For ωk(n) with 2 ≤ k ≤ (h− 1)

Proof of Theorem 4.1.2. Using n = pkm with (p,m) = 1 for n satisfying p||n, we obtain∑
n≤x
n∈Sh

ωk(n) =
∑
n≤x
n∈Sh

∑
p|n
pk∥n

1 =
∑

p≤x1/k

∑
n≤x

n∈Sh,p
k∥n

1 =
∑

p≤x1/k

∑
m≤x/pk

m∈Sh,(m,p)=1

1. (4.23)

Using Lemma 2.2.6 for a single prime p, we obtain∑
p≤x1/k

∑
m≤x/pk

m∈Sh,(m,p)=1

1 =
∑

p≤x1/k

(
1

ζ(h)

(
ph − ph−1

ph − 1

)
x

pk
+Oh

(
x1/h

pk/h

))

=
∑
p

(
ph − ph−1

pk(ph − 1)

)
x

ζ(h)
+
∑

p>x1/k

(
ph − ph−1

pk(ph − 1)

)
x

ζ(h)

+Oh

x1/h
∑

p≤x1/k

1

pk/h

 . (4.24)

Using Lemma 2.2.1 with τ = k, we estimate the second sum on the right side of the above
equation as ∑

p>x1/k

(
ph − ph−1

pk(ph − 1)

)
x

ζ(h)
≪h,k

x1/k

log x
. (4.25)

Using Lemma 2.2.2 with α = k/h, we obtain

∑
p≤x1/k

1

pk/h
≪h,k

x
1
k
− 1

h

log x
. (4.26)

Combining (4.23), (4.24), (4.25), and (4.26) establishes the first moment of ωk(n) over
h-free numbers and completes the first part of the proof.

For the second moment, note that

∑
n≤x
n∈Sh

ω2
k(n) =

∑
n≤x
n∈Sh

∑
p

pk∥n

1


2

=
∑
n≤x
n∈Sh

ωk(n) +
∑
n≤x
n∈Sh

∑
p,q

pk∥n,qk∥n,p ̸=q

1, (4.27)
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where p and q above denote primes. The first sum on the right-hand side above is the first
moment studied above, and for the second sum, using Lemma 2.2.6, we obtain

∑
n≤x
n∈Sh

∑
p,q

pk∥n,qk∥n,p ̸=q

1 =
∑
p,q

p̸=q,pq≤x1/k

((
ph − ph−1

pk(ph − 1)

)(
qh − qh−1

qk(qh − 1)

)
x

ζ(h)
+Oh

(
x1/h

(pq)k/h

))
.

(4.28)
Next, we bound the above error term. We employ Lemma 2.2.2 with α = k/h, and with
α = 2k/h when 2k < h, (2.11) when 2k = h,

∑
p 1/p

2k/h = O(1) when 2k > h, and
Lemma 2.2.3 below to obtain

x1/h
∑
p,q

p̸=q,pq≤x1/k

1

(pq)k/h
= x1/h

∑
p,q

pq≤x1/k

1

(pq)k/h
− x1/h

∑
p≤x1/2k

1

p2k/h

≪k,h
x

1
k log log x

log x
. (4.29)

Now, we estimate the main term in (4.28). First, we can divide the sum as

∑
p,q

p ̸=q,pq≤x1/k

(
ph − ph−1

pk(ph − 1)

)(
qh − qh−1

qk(qh − 1)

)

=
∑
p,q

pq≤x1/k

(
ph − ph−1

pk(ph − 1)

)(
qh − qh−1

qk(qh − 1)

)
−

∑
p

p≤x1/2k

(
ph − ph−1

pk(ph − 1)

)2

. (4.30)

The second sum on the right-hand side above is estimated using Lemma 2.2.1 as

∑
p

p≤x1/2k

(
ph − ph−1

pk(ph − 1)

)2

=
∑
p

(
ph − ph−1

pk(ph − 1)

)2

+Ok

(
1

x1− 1
2k log x

)
. (4.31)
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For the first sum, we employ Lemma 2.2.1 twice and Lemma 2.2.3 to obtain∑
p,q

pq≤x1/k

(
ph − ph−1

pk(ph − 1)

)(
qh − qh−1

qk(qh − 1)

)

=
∑
p

p≤x1/k/2

(
ph − ph−1

pk(ph − 1)

) ∑
q

q≤x1/k/p

(
qh − qh−1

qk(qh − 1)

)

=
∑
p

p≤x1/k/2

(
ph − ph−1

pk(ph − 1)

)(∑
p

(
ph − ph−1

pk(ph − 1)

))
+Ok

x
1
k
−1

∑
p

p≤x1/k/2

1

p log(x1/k/p)


=

(∑
p

(
ph − ph−1

pk(ph − 1)

))2

+Ok

(
x

1
k
−1

log x

)
+Ok

(
x

1
k
−1 log log x

log x

)
.

Combining the last three results, we obtain∑
p,q

p ̸=q,pq≤x1/k

(
ph − ph−1

pk(ph − 1)

)(
qh − qh−1

qk(qh − 1)

)
x

ζ(h)

=

(∑
p

(
ph − ph−1

pk(ph − 1)

))2

−
∑
p

(
ph − ph−1

pk(ph − 1)

)2
 x

ζ(h)
+Oh,k

(
x1/k log log x

log x

)
.

Combining the above with (4.27), (4.28), and the first moment of ωk(n) studied in the
first part of the proof, we obtain the second moment of ωk(n) over h-free numbers. This
completes the proof.

4.4 Distribution of ωk(n) over h-full numbers

In this section, we study the distribution of the function ωk(n) over h-full numbers. The
definition of h-full numbers enforces that the distribution of ωk(n) over h-full numbers is
zero for k ≤ h− 1. Thus, we only need to study the case k ≥ h.
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4.4.1 The first moment of ωk(n) over h-full numbers

Proof of Theorem 4.1.3. Note that∑
n≤x
n∈Nh

ωk(n) =
∑
n≤x
n∈Nh

∑
p|n
pk∥n

1 =
∑

p≤x1/k

∑
n≤x

n∈Nh,p
k∥n

1 =
∑

p≤x1/k

Ap,h(x/p
k), (4.32)

where Ap,h(y) is defined in (2.32). Thus, applying Lemma 2.4.1 with a single prime p, we
have

∑
n≤x
n∈Nh

ωk(n) = γ0,hx
1/h

∑
p≤x1/k

1− p−1/h

pk/h (1− p−1/h + p−1)
+Oh

x1/(h+1)
∑

p≤x1/k

1

pk/(h+1)

 .

(4.33)

The above formula for k = h yields

∑
n≤x
n∈Nh

ωh(n) = γ0,hx
1/h

 ∑
p≤x1/h

1

p (1− p−1/h + p−1)
−
∑

p≤x1/h

1

p1+1/h (1− p−1/h + p−1)


+Oh

x1/(h+1)
∑

p≤x1/h

1

ph/(h+1)

 .

By (2.42), we have∑
p≤x1/h

1

p (1− p−1/h + p−1)
= log log x+B1 − log h+ Lh(h+ 1)− Lh(2h) +Oh

(
1

log x

)
.

Thus, using Lemma 2.2.2 with α = h/(h+1), and Lemma 2.2.5 with y = x1/h and r = h+1,
we obtain

∑
n≤x
n∈Nh

ωh(n) = γ0,hx
1/h log log x+

(
B1 − log h− Lh(2h)

)
γ0,hx

1/h +Oh

(
x1/h

log x

)
.
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Now, let’s consider the case k > h. Rewriting (4.33) for k > h and using Lemma 2.2.5, we
obtain

∑
n≤x
n∈Nh

ωk(n) = γ0,hx
1/h

(
Lh(k)− Lh(k + 1) +Oh,k

(
1

x
1
h
− 1

k (log x)

))

+Oh

x1/(h+1)
∑

p≤x1/k

1

pk/(h+1)

 .

Note that, for k = h+ 1, ∑
p≤x1/k

1

pk/(h+1)
= O(log log x)

and for k > h+ 1, ∑
p≤x1/k

1

pk/(h+1)
= Ok(1).

Combining the above results, we obtain∑
n≤x
n∈Nh

ωh+1(n) = (Lh(h+ 1)− Lh(h+ 2)) γ0,hx
1/h +Oh

(
x1/(h+1) log log x

)
,

and for k > h+ 1, we obtain∑
n≤x
n∈Nh

ωk(n) = (Lh(k)− Lh(k + 1)) γ0,hx
1/h +Oh,k

(
x1/(h+1)

)
.

This completes the proof.

4.4.2 The second moment of ωk(n) over h-full numbers

Proof of Theorem 4.1.4. Note that, for k ≥ h, we have

∑
n≤x
n∈Nh

ω2
k(n) =

∑
n≤x
n∈Nh

∑
p

pk∥n

1


2

=
∑
n≤x
n∈Nh

ωk(n) +
∑
n≤x
n∈Nh

∑
p,q

pk∥n,qk∥n,p ̸=q

1, (4.34)
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where p and q above denote primes. The first sum on the right-hand side above can be
estimated using Theorem 4.1.3 and for the second sum, we first rewrite the sum, and use
Lemma 2.4.1 with two distinct primes p and q to obtain∑

n≤x
n∈Nh

∑
p,q

pk∥n,qk∥n,p ̸=q

1 =
∑
p,q

p ̸=q,pq≤x1/k

∑
n≤x/(pq)k

n∈Nh
(p,n)=(q,n)=1

1

= γ0,hx
1/h

∑
p,q

pq≤x1/k

1

pk/h
(
1 + p−1

1−p−1/h

) 1

qk/h
(
1 + q−1

1−q−1/h

)

− γ0,hx
1/h
∑
p

 1

pk/h
(
1 + p−1

1−p−1/h

)
2

+Oh,k

(
x1/2k

log x

)

+Oh

x
1

h+1

∑
p,q

p ̸=q,pq≤x1/h

1

pk/(h+1)qk/(h+1)

 . (4.35)

For bounding the sum in the error term above, we use Lemma 2.2.2 and Lemma 2.2.3 for
k = h, Lemma 2.2.4 for k = h + 1, and

∑
p,q

1
(pq)k/(h+1) = O(1) for k > h + 1. Thus, we

obtain

x
1

h+1

∑
p,q

p ̸=q,pq≤x1/h

1

pk/(h+1)qk/(h+1)
≪h,k


x1/h log log x

log x
if k = h,

x1/(h+1)(log log x)2 if k = h+ 1,

x1/(h+1) if k > h+ 1.

(4.36)

We study the first sum in the main term in (4.35) by dividing it into cases. We begin with
k = h and estimate the sum∑

p,q
pq≤x1/h

1− p−1/h

p (1− p−1/h + p−1)

1− q−1/h

q (1− q−1/h + q−1)
.

Note that
1− p−1/h

p (1− p−1/h + p−1)
=

1

p
− 1

p2 (1− p−1/h + p−1)
.

81



Using this, a similar result for a prime q and the symmetry in primes p and q, we expand
the previous sum as∑

p,q
pq≤x1/h

1− p−1/h

p (1− p−1/h + p−1)

1− q−1/h

q (1− q−1/h + q−1)

=
∑
p,q

pq≤x1/h

1

pq
− 2

∑
p,q

pq≤x1/h

1

pq2 (1− q−1/h + q−1)

+
∑
p,q

pq≤x1/h

1

p2 (1− p−1/h + p−1)

1

q2 (1− q−1/h + q−1)
.

We bound the first sum above using Lemma 2.2.3. For the second sum, using Lemma 2.2.5
and (2.8), we have∑

p,q
pq≤x1/h

1

pq2 (1− q−1/h + q−1)
=

∑
p

p≤x1/h/2

1

p

∑
q

q≤x1/h/p

1

q2 (1− q−1/h + q−1)

=
∑
p

p≤x1/h/2

1

p

(
Lh(2h) +Oh

(
p

x1/h log(x1/h/p)

))

= Lh(2h) (log log x+B1 − log h) +Oh

(
1

log x

)
.

Similarly, for the third sum, we obtain∑
p,q

pq≤x1/h

1

p2 (1− p−1/h + p−1)

1

q2 (1− q−1/h + q−1)
= (Lh(2h))

2 +Oh

(
log log x

x1/h log x

)
.

Combining the last three results with Lemma 2.2.3, we obtain∑
p,q

pq≤x1/h

1− p−1/h

p (1− p−1/h + p−1)

1− q−1/h

q (1− q−1/h + q−1)

= (log log x− log h)2 + 2B1(log log x− log h) +B2
1 − ζ(2)

− 2 (Lh(2h) (log log x+B1 − log h)) + (Lh(2h))
2 +Oh

(
log log x

log x

)
.
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Combining the above with (4.34), (4.35), and (4.36) for k = h and using Theorem 4.1.3,
we obtain the second moment for ωh(n) over h-full numbers.

Now, we focus on the case k ≥ h+ 1. Using the definition of Lh(r) (2.4), we obtain

∑
p,q

pq≤x1/k

1− p−1/h

pk/h (1− p−1/h + p−1)

1− q−1/h

qk/h (1− q−1/h + q−1)

= (Lh(k)− Lh(k + 1))2 +Oh,k

(
x

1
k
− 1

h log log x

log x

)
.

Combining the above with (4.34), (4.35), and (4.36) for k ≥ h+1 and using Theorem 4.1.3,
for k ≥ h + 1, we obtain the required second moments for ωk(n) for k ≥ h + 1 over h-full
numbers. This completes the proof.

4.5 No normal orders

In this section, we prove Theorem 4.1.5 and Theorem 4.1.6. The former establishes that
the functions ωk(n) with 1 < k < h do not have normal order over h-free numbers, and
the latter proves that ωk(n) with k > h do not have normal order over h-full numbers.

Proof of Theorem 4.1.5. We first assume that F (n) is not identically 0. Then, there
exists n0 ∈ N such that F (n0) > 0 for all n ≥ n0. For x > 2 and 1 < k < h, let

Sh
0,k(x) := {n ∈ Sh(x) : ωk(n) = 0}.

Note that
Sh
0,k(x) ⊇ Sk(x).

Since |Sk(x)| ≫ x/ζ(k), thus |Sh
0,k(x)| ≫ x/ζ(k). In particular, the set of n ∈ Sh(x) for

which F (n) > 0 and ωk(n) = 0 is not o(x). For all such n, notice that the inequality

|ωk(n)− F (n)| > F (n)

2
(4.37)

is satisfied. Thus, we deduce that ωk(n) does not have normal order F (n) when F (n) is
not identically zero.
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Next, we work with the case when F (n) is identically 0. Let

Sh
1,k(x) := {n ∈ Sh(x) : ωk(n) = 1}.

Using Lemma 2.2.6 for the single prime p = 2, we deduce

|Sh
1,k(x)| ≥

∑
n∈Sh(x)

2k∥n
pk∤n for any p̸=2

1

=
∑

n∈Sk(x/2
k)

(n,2)=1

1

≫ 2k − 2k−1

2k(2k − 1)

x

ζ(k)
.

Thus, the set of n ∈ Sh(x) for which F (n) > 0 and ωk(n) = 1 is not o(x). Also, for all
such n, inequality (4.37) is satisfied. Thus, ωk(n) does not have normal order F (n) when
F (n) is identically zero. This completes the proof.

Proof of Theorem 4.1.6. We first assume that F (n) is not identically 0. Thus, there
exists n0 ∈ N such that F (n0) > 0 for all n ≥ n0. For x > 2 and k > h, let

Nh
0,k(x) := {n ∈ Nh(x) : ωk(n) = 0}.

Note that
Nh

0,k(x) ⊇ (Nh ∩ Sk)(x).

Moreover, using Lemma 4.2.1 for the prime p = 2, we obtain

|(Nh ∩ Sk)(x)| ≥
∑
n≤x

n∈Nh∩Sk,(n,2)=1

1

≫ 1− 2−1/h

1− 2−1/h + 2−1 − 2−k/h
ηh,kx

1/h,

where ηh,k is defined in (4.13). Thus, the set of n ∈ Nh(x) for which F (n) > 0 and
ωk(n) = 0 is not o(x1/h). Also, for all such n, inequality (4.37) is satisfied. Thus, ωk(n)
does not have normal order F (n) when F (n) is not identically 0.

Next, we work with the case when F (n) is identically 0. Let

Nh
1,k(x) := {n ∈ Nh(x) : ωk(n) = 1}.
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Using Lemma 2.4.1 for the single prime p = 2, we deduce

|Nh
1,k(x)| ≥

∑
n∈Nh(x)

2k∥n
pk∤n for any p ̸=2

1

=
∑

n≤x/2k

n∈Nh∩Sk,(n,2)=1

1

≫ 1− 2−1/h

2k/h(1− 2−1/h + 2−1 − 2−k/h)
ηh,kx

1/h.

Therefore, the set of n ∈ Nh(x) for which F (n) > 0 and ωk(n) = 1 is not o(x1/h). Also,
for all such n, inequality (4.37) is satisfied. Thus, ωk(n) does not have normal order F (n)
when F (n) is identically zero. This completes the proof.
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Chapter 5

Generalizations of Erdős-Kac Theorems

5.1 Introduction

Erdős and Kac [15] used probabilistic means to establish that ω(n) obeys the Gaussian
distribution with mean log log n over naturals. In particular, for any γ ∈ R, they proved

lim
x→∞

1

x

∣∣∣∣{n ≤ x : n ≥ 3,
ω(n)− log log n√

log log n
≤ γ

}∣∣∣∣ = Φ(γ),

where Φ is defined in (1.17). Liu in [35] provided a subset generalization of the Erdős-Kac
theorem. In this chapter, we apply her work to prove Erdős-Kac theorem analogs over
h-free and h-full numbers.

In the following, we mention Liu’s setup from [35], and in Theorem 5.1.1 below, we
mention her subset generalization result under this setup.

Let S be a subset of infinitely many elements of N. For x > 1, we define

S(x) = {n ∈ S : n ≤ x}.

We assume that S satisfies the following condition:

|S(x1/2)| = o(|S(x)|), for all x > 1. (5.1)

Let f : S → N be the identity map, where f is defined in [35, Page 159, Line -2]. Thus,
we use ω(f(n)) = ω(n) for all n ∈ S in the setup given in [35, Section 3] to obtain the
following:
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For each prime p, we write

1

|S(x)|
|{n ∈ S(x) : p|n}| = λp + ep(x), (5.2)

where λp denotes the main term that is independent of x and ep(x) is the error term. In
the following, we will use ep to abbreviate ep(x).

For any sequence of distinct primes p1, p2, · · · , pu, we write

1

|S(x)|
|{n ∈ S(x) : pi|n for all i = 1, · · · , u}| = λp1

· · ·λpu + ep1···pu(x).

In the following, we will use ep1···pu to abbreviate ep1···pu(x).

Suppose there exists a β with 0 < β ≤ 1 and y = y(x) < xβ such that the following
conditions are satisfied:

(a)
∣∣{p prime : p > xβ, p|n}

∣∣ = Oβ(1) for each n ∈ S(x).

(b)
∑

y<p≤xβ λp = o
(
(log log x)1/2

)
.

(c)
∑

y<p≤xβ |ep| = o
(
(log log x)1/2

)
.

(d)
∑

p≤y λp = log log x+ o
(
(log log x)1/2

)
.

(e)
∑

p≤y λ
2
p = o

(
(log log x)1/2

)
.

(f) For r ∈ N, let u be any integer picked from {1, 2, · · · , r}. We have∑ ′′
|ep1···pu | = o

(
(log log x)−r/2

)
,

where
∑ ′′ extends over all u-tuples (p1, p2, · · · , pu) with pi ≤ y for all i ∈ {1, 2, · · · , u}

and all p′is are distinct.

Under the above conditions, Liu in [35, Theorem 3] provided the following subset general-
ization of the Erdős-Kac theorem:

Theorem 5.1.1. [35, Theorem 3] Let S be a subset of N. For any x > 1, let S(x) be the
set of elements in S less than or equal to x. Assume that S satisfies the condition (5.1).
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Suppose there exists a β with 0 < β ≤ 1 and y = y(x) < xβ such that the conditions (a) to
(f) above hold. Then for γ ∈ R, we have

lim
x→∞

1

|S(x)|

∣∣∣∣{n ∈ S(x) : n ≥ 3,
ω(n)− log log n√

log log n
≤ γ

}∣∣∣∣ = Φ(γ),

where Φ(γ) is defined in (1.17).

Remark 5.1.1. Let S = N. Then by Theorem 5.1.1, we recover the classical Erdős-Kac
theorem, as shown in (1.1).

In this chapter, we prove that ω(n) obeys the Gaussian distribution over h-free and over
h-full numbers as well. We achieve this as an application of Theorem 5.1.1. In particular,
we prove:

Theorem 5.1.2. Let x > 2 be any real number and h ≥ 2 be any integer. Let Sh(x) denote
the set of h-free numbers less than or equal to x. Then for a ∈ R, we have

lim
x→∞

1

|Sh(x)|

∣∣∣∣ {n ∈ Sh(x) :
ω(n)− log log n√

log log n
≤ a

} ∣∣∣∣ = Φ(a).

Theorem 5.1.3. Let x > 2 be any real number and h ≥ 2 be any integer. Let Nh(x)
denote the set of h-full numbers less than or equal to x. Then for a ∈ R, we have

lim
x→∞

1

|Nh(x)|

∣∣∣∣ {n ∈ Nh(x) :
ω(n)− log log n√

log log n
≤ a

} ∣∣∣∣ = Φ(a).

We extend this result to ω1(n) over h-free numbers and ωh(n) over h-full numbers. We
prove the following two results:

Theorem 5.1.4. Let x > 2 be any real number and h ≥ 2 be any integer. Let Sh(x) denote
the set of h-free numbers less than or equal to x. Then for a ∈ R, we have

lim
x→∞

1

|Sh(x)|

∣∣∣∣ {n ∈ Sh(x) :
ω1(n)− log log n√

log log n
≤ a

} ∣∣∣∣ = Φ(a),

where Φ(a) is defined in (1.17).

Theorem 5.1.5. Let x > 2 be any real number and h ≥ 2 be any integer. Let Nh(x)
denote the set of h-full numbers less than or equal to x. Then for a ∈ R, we have

lim
x→∞

1

|Nh(x)|

∣∣∣∣ {n ∈ Nh(x) :
ωh(n)− log log n√

log log n
≤ a

} ∣∣∣∣ = Φ(a),

where Φ(a) is defined in (1.17).
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5.2 The Erdős-Kac theorem over h-free and h-full num-
bers

In this section, we prove the Erdős-Kac theorem for ω(n) over h-free and h-full num-
bers. We intend to prove the case of h-free numbers given in Theorem 5.1.2 by applying
Theorem 5.1.1 with S = Sh, β = 1, and y = x1/ log log x. We prove:

Proof of Theorem 5.1.2. Consider the set S = Sh. From (2.50), we have

S(x) = x

ζ(h)
+Oh(x

1/h),

where ζ is the classical Riemann ζ-function. Thus,

|S(x1/2)|
|S(x)|

≪ 1

x1/2
,

and hence the condition (5.1), |S(x1/2)| = o (|S(x)|) is satisfied. For a fixed prime p, let

S(p, x) := {n ≤ x : n ∈ Sh, p|n} .

Using Lemma 2.2.6, we obtain

|S(p, x)| =
h−1∑
k=1

∑
n∈Sh(x/p

k)
(n,p)=1

1

=
ph−1 − 1

ph − 1

x

ζ(h)
+Oh

(
x1/h

p1/h

)
. (5.3)

Thus,

|S(p, x)|
|S(x)|

= λp + ep(x),

where λp = (ph−1 − 1)/(ph − 1) and ep(x) = Oh

(
1/(x1− 1

hp
1
h )
)
.

Next, we choose y = x1/ log log x and β = 1, and check that all the conditions in Theo-
rem 5.1.1 hold true. Note that the set in Condition (a) is empty and thus the condition
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holds trivially. Note that, a well-known formula for the sum of the reciprocal of primes is
given in (2.11) as ∑

p≤x

1

p
= log log x+B1 +O

(
1

log x

)
,

where B1 is defined in (1.7). Using this, we obtain∑
x

1
log log x<p≤x

λp ≪
∑

x
1

log log x<p≤x

1

p
≪ log log log x.

Since log log log x = o
(
(log log x)1/2

)
, Condition (b) is satisfied as well. Using Lemma 2.2.2,

we have ∑
x

1
log log x<p≤x

|ep(x)| ≪h
1

x1− 1
h

∑
p≤x

1

p
1
h

≪h
1

log x
,

which makes Condition (c) true. Using

ph−1 − 1

ph − 1
=

1

p
− p− 1

p(ph − 1)

and (2.11) again, we obtain∑
p≤x

1
log log x

λp =
∑

p≤x
1

log log x

1

p
+O(1)

= log log x+O(log log log x),

which makes Condition (d) true. Finally, using
∑

p 1/p
2 = O(1), we have

∑
p≤x

1
log log x

λ2
p ≪

∑
p≤x

1
log log x

1

p2
≪ O(1).

This makes Condition (e) true. Thus, we are only required to verify Condition (f). Using
(5.3) and the Chinese Remainder Theorem, we obtain, for distinct primes p1, · · · , pu,

|{n ∈ S(x) : pi|n for all i ∈ {1, 2, · · · , u}}| =

(
u∏

i=1

ph−1
i − 1

phi − 1

)
x

ζ(h)
+Oh

(
x1/h∏u
i=1 p

1/h
i

)
.
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Thus

|{n ∈ S(x) : pi|n for all i ∈ {1, 2, · · · , u}}|
|S(x)|

=
u∏

i=1

ph−1
i − 1

phi − 1
+ ep1···pu(x),

where
|ep1···pu(x)| ≪h

1

x1− 1
h

1∏u
i=1 p

1/h
i

.

Let r ∈ N. By the definition of
∑ ′′ in the conditions mentioned before Theorem 5.1.1,

and using Lemma 2.2.2 and x1/ log log x = o(xϵ) for any small ϵ > 0, we have

∑ ′′
|ep1···pu(x)| ≪h

1

x1− 1
h

 ∑
p≤x

1
log log x

1

p
1
h


u

≪h
1

x1− 1
h

(
x

1
log log x(1−

1
h)

log x

)u

≪h
1

x1− 1
h
−ϵ′

,

for any small ϵ′ > 0. Since, x−(1−(1/h)−ϵ′) = o
(
(log log x)−r/2

)
, thus Condition (f) holds

true as well. Since all the conditions of Theorem 5.1.1 hold true with S = Sh, β = 1 and
y = x1/ log log x, thus applying Theorem 5.1.1 completes the proof.

Next, we intend to prove the case of h-full numbers given in Theorem 5.1.3 by using
Theorem 5.1.1 with S = Nh, β = 1/h, and y = x1/(h log log x). We prove:

Proof of Theorem 5.1.3. Consider the set S = Nh. From (2.52), we have

S(x) = γ0,hx
1/h +Oh(x

1/(h+1)),

where γ0,h is defined in (1.6) as

γ0,h =
∏
p

(
1 +

p− p1/h

p2(p1/h − 1)

)
.

Therefore,
|S(x1/2)|
|S(x)|

≪ 1

x1/(2h)
,
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and hence, |S(x1/2)| = o (|S(x)|) is satisfied. For a fixed prime p, let

S(p, x) := {n ≤ x : n ∈ Nh, p|n} .
Using Lemma 2.4.1, we obtain

|S(p, x)| =
⌊ log x
log p

⌋∑
k=h

∑
n∈Nh(x/p

k)
(p,n)=1

1

=

(
∞∑
k=h

1

pk/h

)(
γ0,h

1 + p−1

1−p−1/h

)
x1/h +Oh

x1/(h+1)

⌊ log x
log p

⌋∑
k=h

1

pk/(h+1)


=

γ0,h
p(1− p−1/h + p−1)

x1/h +Oh

(
x1/(h+1)

ph/(h+1)

)
. (5.4)

Thus,
S(p, x)|
|S(x)|

= λp + ep(x),

where λp =
1

p(1−p−1/h+p−1)
and ep(x) = Oh

(
1

x
1

h(h+1) p
h

h+1

)
.

Next, we choose y = x
1

h log log x , and β = 1/h, and check again that all the conditions
in Theorem 5.1.1 hold true. Note that the set in Condition (a) is empty and thus the
condition holds trivially. Using (2.11), we obtain∑

x
1

h log log x<p≤x1/h

λp ≪
∑

x
1

h log log x<p≤x1/h

1

p
≪ log log log x,

which makes Condition (b) true. Using Lemma 2.2.2, we have∑
x

1
h log log x<p≤x1/h

|ep(x)| ≪h
1

x
1

h(h+1)

∑
p≤x1/h

1

p
h

h+1

≪h
1

log x
,

which makes Condition (c) true. Using 1
p(1−p−1/h+p−1)

= 1
p
+ p−1/h−p−1

p(1−p−1/h+p−1)
and (2.11), we

obtain ∑
p≤x

1
h log log x

λp =
∑

p≤x
1

h log log x

1

p
+O(1)

= log log x+O(log log log x),
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which makes Condition (d) true. Finally, again using
∑

p 1/p
2 = O(1), we have∑

p≤x
1

h log log x

λ2
p ≪

∑
p≤x

1
h log log x

1

p2
≪ O(1).

This makes Condition (e) true. Thus, similar to the case of h-free numbers, we are only
required to verify Condition (f). Using (5.4) and the Chinese Remainder Theorem, we
obtain, for distinct primes p1, · · · , pu,

|{n ∈ S(x) : pi|n for all i ∈ {1, 2, · · · , u}}| =

(
u∏

i=1

1

pi(1− p
−1/h
i + p−1

i )

)
γ0,hx

1/h

+Oh

(
x1/(h+1)∏u
i=1 p

h/(h+1)
i

)
.

Thus

|{n ∈ S(x) : pi|n for all i ∈ {1, 2, · · · , u}}|
|S(x)|

=
u∏

i=1

1

pi(1− p
−1/h
i + p−1

i )
+ ep1···pu(x),

where
|ep1···pu(x)| ≪h

1

x
1

h(h+1)

1∏u
i=1 p

h
h+1

i

.

Let r ∈ N. By the definition of
∑ ′′ in the conditions mentioned before Theorem 5.1.1,

and using Lemma 2.2.2 and x1/(h(h+1) log log x) = o(xϵ) for any small ϵ > 0, we have

∑ ′′
|ep1···pu(x)| ≪h

1

x
1

h(h+1)

 ∑
p≤x

1
h log log x

1

p
h

h+1


u

≪h
1

x
1

h(h+1)
−ϵ′

,

for any small ϵ′ > 0. Since, x−(1/(h(h+1))−ϵ′) = o
(
(log log x)−r/2

)
, thus Condition (f) holds

true as well. Since all the conditions of Theorem 5.1.1 hold true with S = Nh, β = 1/h
and y = x1/(h log log x), thus applying Theorem 5.1.1 completes the proof.

5.3 The Erdős-Kac theorems for ωk(n)

In this section, we establish the Erdős-Kac theorem for ω1(n) over h-free numbers and for
ωh(n) over h-full numbers. To do this, we employ ideas from [12, Proof of Theorem 1.3].
We prove the following two theorems:
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Proof of Theorem 5.1.4. For an arithmetic function f and a natural number n ≥ 3, let
rf (n) be the ratio

rf (n) :=
f(n)− log log n√

log log n
. (5.5)

In this proof, we will be using f to represent ω and ω1 when necessary. For a ∈ R and a
subset S of natural numbers, let S(x) denote the set of elements of S up to x, and

D(f,S, x, a) := 1

|S(x)|
|{n ∈ S(x) : rf (n) ≤ a}| (5.6)

be the density function for sufficiently large x. Since ω1(n) ≤ ω(n), thus rω1(n) ≤ rω(n)
for all n ≥ 3. Therefore using S = Sh,

D(ω,Sh, x, a) ≤ D(ω1,Sh, x, a)

for all x ≥ 3. Thus, by the Erdős-Kac theorem for ω(n) over h-free numbers (see Theo-
rem 5.1.2), we have

Φ(a) ≤ lim inf
x→∞

D(ω1,Sh, x, a). (5.7)

For any ϵ > 0, we define the set

A(Sh, x, ϵ) :=

{
n ∈ Sh(x) :

ω(n)− ω1(n)√
log log n

≤ ϵ

}
.

Let Ac(Sh, x, ϵ) denote the complement of A(Sh, x, ϵ) inside Sh(x). Note that

rω1(n) = rω(n) +
ω(n)− ω1(n)√

log log n
.

Thus, using the definition of A(Sh, x, ϵ), we obtain

{n ∈ Sh(x) : rω1 ≤ a} =

{
n ∈ Sh(x) : rω(n) +

ω1(n)− ω(n)√
log log n

≤ a

}
=

{
n ∈ A(Sh, x, ϵ) : rω(n) +

ω1(n)− ω(n)√
log log n

≤ a

}
∪
{
n ∈ Ac(Sh, x, ϵ) : rω(n) +

ω1(n)− ω(n)√
log log n

≤ a

}
⊆ {n ∈ Sh(x) : rω(n) ≤ a+ ϵ} ∪ Ac(Sh, x, ϵ).
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Then, by the definition of D(f,Sh, x, a)), we have

D(ω1,Sh, x, a) ≤ D(ω,Sh, x, a+ ϵ) +
|Ac(Sh, x, ϵ)|

|Sh(x)|
. (5.8)

We intend to show that the second summand on the right-hand side above goes to 0 as
x → ∞. By Theorem 2.1.1 and Theorem 4.1.1, we have∑

n∈Sh(x)

(ω(n)− ω1(n)) ≪
x

ζ(h)
.

Additionally,∑
n∈Sh(x)

(ω(n)− ω1(n)) ≥
∑

x
log x

≤n≤x

n∈Ac(Sh,x,ϵ)

(ω(n)− ω1(n))

> ϵ
∑

x
log x

≤n≤x

n∈Ac(Sh,x,ϵ)

√
log log n

≥ ϵ
√
log log(x/ log x) |{n ≥ x/ log x : n ∈ Ac(Sh, x, ϵ)}|.

The above two results imply

|{n ≥ x/ log x : n ∈ Ac(Sh, x, ϵ)}| ≪
1

ϵ · ζ(h)
x√

log log(x/ log x)
,

where the right-hand side is o(x). Since |Sh(x/ log x)| is also o(x) and |Sh(x)| ≫ x/ζ(h),
we obtain

lim
x→∞

|Ac(Sh, x, ϵ)|
|Sh(x)|

= 0.

Finally, taking the limits as x → ∞ on both sides of (5.8), and using the above with the
Erdős-Kac theorem for ω(n) over h-free numbers, we obtain

lim sup
x→∞

D(ω1,Sh, x, a) ≤ Φ(a+ ϵ).

Since, ϵ > 0 is arbitrary, combining the above with (5.7) yields

lim
x→∞

D(ω1,Sh, x, a) = Φ(a).

This completes the proof.
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Proof of Theorem 5.1.5. Recall the definitions for rf (n) and D(f,S, x, a) from (5.5)
and (5.6) respectively. In this proof, we will be using S = Nh and f to represent ω and ωh

when necessary.

Since ωh(n) ≤ ω(n), thus rωh
(n) ≤ rω(n) for all n ≥ 3. Therefore using S = Nh,

D(ω,Nh, x, a) ≤ D(ωh,Nh, x, a)

for all x ≥ 3. Thus, by the Erdős-Kac theorem for ω(n) over h-full numbers (see Theo-
rem 5.1.3), we have

Φ(a) ≤ lim inf
x→∞

D(ωh,Nh, x, a). (5.9)

For any ϵ > 0, we define the set

B(Nh, x, ϵ) :=

{
n ∈ Nh :

ω(n)− ωh(n)√
log log n

≤ ϵ

}
.

Let Bc(Nh, x, ϵ) denote the complement of B(Nh, x, ϵ) inside Nh(x). Note that

rωh
(n) = rω(n) +

ω(n)− ωh(n)√
log log n

.

Thus, we obtain

{n ∈ Nh(x) : rωh
≤ a} =

{
n ∈ Nh(x) : rω(n) +

ωh(n)− ω(n)√
log log n

≤ a

}
=

{
n ∈ B(Nh, x, ϵ) : rω(n) +

ωh(n)− ω(n)√
log log n

≤ a

}
∪
{
n ∈ Bc(Nh, x, ϵ) : rω(n) +

ωh(n)− ω(n)√
log log n

≤ a

}
⊆ {n ∈ Nh(x) : rω(n) ≤ a+ ϵ} ∪Bc(Nh, x, ϵ).

Then, by the definition of D(f,Nh, x, a), we have

D(ωh,Nh, x, a) ≤ D(ω,Nh, x, a+ ϵ) +
|Bc(Nh, x, ϵ)|

|Nh(x)|
. (5.10)

We again intend to show that the second summand on the right-hand side above goes to
0 as x → ∞. By Theorem 2.1.2 and Theorem 4.1.3, we have∑

n∈Nh(x)

(ω(n)− ωh(n)) ≪h x1/h.
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Additionally,∑
n∈Nh(x)

(ω(n)− ωh(n)) ≥
∑

x
log x

≤n≤x

n∈Bc(Nh,x,ϵ)

(ω(n)− ωh(n))

> ϵ
∑

x
log x

≤n≤x

n∈Bc(Nh,x,ϵ)

√
log log n

≥ ϵ
√

log log(x/ log x) |{n ≥ x/ log x : n ∈ Bc(Nh, x, ϵ)}|.

The above two results imply

|{n ≥ x/ log x : n ∈ Bc(Nh, x, ϵ)}| ≪h
1

ϵ

x1/h√
log log(x/ log x)

,

where the right-hand side is o(x1/h). Since the size of the set |Nh(x/ log x)| is also o(x1/h)
and |Nh(x)| ≫ γ0,hx

1/h, we obtain

lim
x→∞

|Bc(Nh, x, ϵ)|
|Nh(x)|

= 0.

Finally, taking the limits as x → ∞ on both sides of (5.10), and using the above with the
Erdős-Kac theorem for ω(n) over h-full numbers, we obtain

lim sup
x→∞

D(ωh,Nh, x, a) ≤ Φ(a+ ϵ).

Since, ϵ > 0 is arbitrary, combining the above with (5.9) yields

lim
x→∞

D(ωh,Nh, x, a) = Φ(a).

This completes the proof.
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Chapter 6

Generalizations and Future Research

In this thesis, we studied the first and the second moments of ω(n), its refinements ωk(n),
and Ω(n) over h-free and over h-full numbers, establishing their respective normal orders.
Such functions can be generalized to any countably generated free abelian monoid. In
fact, in [6], the author of this thesis, together with Kuo and Liu, studied the general-
ized ω-function over such abelian monoids and established analogous results. This new
approach allows us to analyze a variety of mathematical objects, such as number fields,
global function fields, and geometrically irreducible projective varieties, all within one uni-
fied framework.

Let P be a countable set of elements with a map

N : P → N\{1}, ℘ 7→ N(℘).

We call the elements of P as the prime elements, and the map N(·) as the Norm map. Let
M be a free abelian monoid generated by elements of P . In other words, for each m ∈ M,
we write

m =
∑
℘∈P

n℘(m)℘,

with n℘(m) ∈ N ∪ {0} and n℘(m) = 0 for all but finitely many ℘. We call n℘(m) the
multiplicity of ℘ in m. We extend the norm map N on M as the following:

N : M → N

m =
∑
℘∈P

n℘(m)℘ 7−→ N(m) :=
∏
℘∈P

N(℘)n℘(m).
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Thus, N can be extended to a monoid homomorphism from (M,+) to (N, ·). Let X be
a countable subset of Q that contains the image Im(N(M)) with an extra condition: if
x1, x2 ∈ X, the fraction x1/x2 belongs to X, too. By [33, Theorem 2], without loss of
generality, one can assume X = Q or X = {qz : z ∈ Z} where q is a power of a natural
number strictly greater than 1.

Given P , M, X, and for sufficiently large x ∈ X, we assume that the following condition
hold:

M(x) :=
∑
m∈M

N(m)≤x

1 = κx+O(xθ), for some κ > 0 and 0 ≤ θ < 1. (⋆)

6.1 Normal order over abelian monoids

For each m ∈ M, we define
ω(m) =

∑
℘∈P

n℘(m)≥1

1,

the number of elements of P that generates m, counted without multiplicity.

For a non-zero element m ∈ M, let the prime element factorization of m be given as

m = s1℘1 + · · ·+ sr℘r,

where ℘′
is are its distinct prime elements and s′is are their respective non-zero multiplicities.

Here, ω(m) = r and
N(m) = N(℘1)

s1 · · ·N(℘r)
sr .

Let h ≥ 2 be an integer. We say m is an h-free element if si ≤ h−1 for all i ∈ {1, · · · , r},
and we say m is an h-full element if si ≥ h for all i ∈ {1, · · · , r} . Let Sh denote the set of
h-free elements and Nh denote the set of h-full elements.

Next, we introduce the generalized ζ-function which is an analog of the classical Rie-
mann ζ-function as the following:

ζM(s) :=
∑
m

1

(N(m))s
=
∏
℘

(
1−N(℘)−s

)−1

for ℜ(s) > 1,

where m and ℘ respectively range through the non-zero elements in M and the prime
elements in P .
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Let x ∈ X. Let A and B be constants defined as

A := lim
x→∞

 ∑
℘∈P

N(℘)≤x

1

N(℘)
− log log x

 , (6.1)

and

B :=

{
−π2/6 if X = Q and
(log log q)2 − π2/6 if X = {qz : z ∈ Z}.

(6.2)

The existence of the constant A is explained in [34, Lemma 2]. We define the constants

C1 := A−
∑
℘

N(℘)− 1

N(℘)(N(℘)h − 1)
, (6.3)

and

C2 := C2
1 + C1 +B−

∑
℘

(
N(℘)h−1 − 1

N(℘)h − 1

)2

. (6.4)

For the distribution of ω(m) over h-free elements, we proved:

Theorem 6.1.1. [6, Theorem 1.2] Let P ,M, and X satisfy the Condition (⋆). Let x ∈ X
and h ≥ 2 be an integer. Let Sh(x) be the set of h-free elements with norm N(·) less than
or equal to x. Then, we have∑

m∈Sh(x)

ω(m) =
κ

ζM(h)
x log log x+

κC1

ζM(h)
x+Oh

(
x

log x

)
,

and∑
m∈Sh(x)

ω2(m) =
κ

ζM(h)
x(log log x)2 +

κ(2C1 + 1)

ζM(h)
x log log x+

κC2

ζM(h)
x+Oh

(
x log log x

log x

)
.

Next, we consider the case of h-full elements. Let Lh(r) be the convergent sum defined
for r > h ≥ 2 as

Lh(r) :=
∑
℘

1

N(℘)(r/h)−1 (N(℘)−N(℘)1−1/h + 1)
. (6.5)
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We also define two new constants

D1 := A− log h+ Lh(h+ 1)− Lh(2h), (6.6)

and

D2 := D2
1 +D1 +B−

∑
℘

(
1

N(℘)−N(℘)1−1/h + 1

)2

. (6.7)

Let

γh,M :=
∏
℘

(
1 +

N(℘)−N(℘)1/h

N(℘)2 (N(℘)1/h − 1)

)
. (6.8)

For the distributions of ω(m) over h-full elements, we proved:

Theorem 6.1.2. [6, Theorem 1.3] Let P ,M, and X satisfy the Condition (⋆). Let x ∈ X
and h ≥ 2 be an integer. Let Nh(x) be the set of h-full elements with norm N(·) less than
or equal to x. Let γh,M be defined in (6.8). Then, we have

∑
m∈Nh(x)

ω(m) = κγh,Mx1/h log log x+ κγh,MD1x
1/h +Oh

(
x1/h

log x

)
,

and ∑
m∈Nh(x)

ω2(m) = κγh,Mx1/h(log log x)2 + κγh,M (2D1 + 1)x1/h log log x+ κγh,MD2x
1/h

+Oh

(
x1/h log log x

log x

)
.

Using the method of variance demonstrated in this thesis, one can show that ω(m) has
normal order log logN(m) over h-free and over h-full elements.

6.1.1 Application to set of ideals in number fields

Let K/Q be a number field of degree nK = [K : Q] and OK be its ring of integers. Let P
be the set of prime ideals of OK and M be the set of ideals of OK . Let the norm map be
N : M → N be the standard norm map, i.e., m 7→ N(m) := |OK/m|. Let X = Q.
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Let κK be given by

κK =
2r1(2π)r2hR

ν
√

|dK |
,

with

r1 = the number of real embeddings of K,

2r2 = the number of complex embeddings of K,

h = the class number,
R = the regulator,
ν = the number of roots of unity,

dK = the discriminant of K.

Landau in [31, Satz 210] proved that∑
m∈M

N(m)≤x

1 = κKx+O
(
x1− 2

nK+1

)
,

which satisfies Condition (⋆) with κ = κK and θ = 1 − 2
nK+1

. Thus, Theorem 2.1.1 and
Theorem 2.1.2 give the distribution of ω(m) over h-free and h-full ideals respectively.

Remark 6.1.1. For the case K = Q, we have nK = 1 and κK = 1. Thus, we can obtain
the distribution of ω(n) over h-free and h-full numbers as shown in Theorem 2.1.1 and
Theorem 2.1.2 respectively.

6.1.2 Application to set of effective divisors in global function
fields

Let q be a prime power and Fq be the finite field with q elements. Let K/Fq be a global
function field. Let GK be its genus and CK be its class number. A prime ℘ in K is a
discrete valuation ring R with maximal ideal P such that P ⊂ R and the quotient field of
R is K. The degree of ℘, denoted as deg℘, is defined as the dimension of R/P over Fq,
which is finite. Let P be the set of all primes in K. Let M be the free abelian monoid
generated by P . For each m ∈ M, we write m =

∑
℘∈P n℘(m)℘, with n℘(m) ∈ N∪{0} and

102



n℘(m) = 0 for all but finitely many ℘. We call elements of M as effective divisors. For an
element m ∈ M, we define the degree of m as

degm =
∑
℘∈P

n℘(m) deg℘.

By [43, Lemma 5.5], for any integer n ≥ 0, there are finitely many effective divisors of degree
n. This proves that P is a countable set that satisfies the hypothesis of our main theorems.
Let the norm map N : M → N be the q-power map defined as m 7→ N(m) := qdegm. Let
X = {qz : z ∈ Z}.

By [43, Lemma 5.8 & Corollary 4 to Theorem 5.4], for a non-negative integer n satisfying
n > 2GK − 2, the number of effective divisors of degree n is

CK
qn−GK+1 − 1

q − 1
.

Thus, for sufficiently large n, we obtain∑
m∈M

N(m)≤qn

1 =
CK

qGK

(
q

q − 1

)2

qn +O(n).

This satisfies Condition (⋆) with κ = CK

qGK

(
q

q−1

)2
and θ = ϵ for any ϵ ∈ (0, 1). Thus,

Theorem 6.1.1 and Theorem 6.1.2 give the distribution of ω(m) over h-free and h-full
effective divisors in a global function field.

Remark 6.1.2. For the special case when K = Fq(x), whose genus and class number
are 0 and 1 respectively, we can consider the abelian monoid M ⊆ Fq[x] that is the ring
of monic polynomials in one variable over Fq. The prime elements of M are the monic
irreducible polynomials in M. The localizations of M at these prime elements exhaust the
set of all primes of K except one, the prime at infinity. Using the fact that there are qn

monic polynomials of degree n, we obtain∑
N(m)≤qn

m∈M

1 =
q

q − 1
qn +O(1).

This satisfies Condition (⋆) with κ = q/(q − 1) and θ = 0. Thus, the distribution of ω(m)
over h-free and h-full polynomials over finite fields can be deduced from Theorem 2.1.1 and
Theorem 2.1.2. Such a result will be equivalent to the ones studied by Lalín and Zhang [29,
Theorems 4.1 & 6.1]. Note that, in this special case, κ = q/(q − 1) instead of (q/(q − 1))2

to account for the lack of the prime at infinity analog in its construction.
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6.1.3 Application to the set of effective 0-cycles in geometrically
irreducible projective varieties of dimension r

In this section, we adopt notation from [34, Example 4 of Section 4].

Let q be a prime power and Fq be the finite field with q elements. Let r be a positive
integer. Let V/Fq be a geometrically irreducible projective variety of dimension r. Let P
be the set of closed points of V/Fq, which is in bijection with the set of orbits of V/Fq

under the action of Gal(F̄q/Fq) (see [36, Proposition 6.9]). For each ℘ ∈ P , we define the
degree of ℘, deg℘, to be the length of the corresponding orbit. Let M be the free abelian
monoid generated by P . We call elements of M as effective 0-cycles. For m ∈ M, we have
m =

∑
℘∈P n℘(m)℘ with n℘(m) ∈ N ∪ {0} and n℘(m) = 0 for all but finitely many ℘. We

define the degree of m as
degm =

∑
℘∈P

n℘(m) deg℘.

By [36, Lemma 3.11], we deduce that P is countable and satisfies the hypothesis of our
main theorems. Let the norm map N : M → N be the qr-power map defined as m 7→
N(m) := qr degm. Let X = {qrz : z ∈ Z}. In [34, Remark 1 of Section 4], the third author
proved that ∑

m∈M
N(m)≤qrn

1 = κ′
(

qr

qr − 1

)
qrn +Or

(
n · q(r−1)n

)
,

where κ′ is some positive constant defined explicitly in [34, Lemma 7 of Section 4]. This
satisfies Condition (⋆) with κ = κ′

(
qr

qr−1

)
and θ = ϵ for any ϵ ∈ (1 − 1/r, 1). Thus,

Theorem 6.1.1 and Theorem 6.1.2 give the distribution of ω(m) over h-free and h-full
effective 0-cycles in a geometrically irreducible projective variety of dimension r.

6.2 Study of refinements over function fields

In [5], the author of this thesis together with Elma, Kuo, and Liu studied the ωk-function
for any integer k ≥ 1 in the context of function fields and established normal order results
analogous to this thesis. More precisely:

Let Fq[x] be the ring of polynomials in the variable x with coefficients from the finite
field Fq with q elements. Let M be the set of monic polynomials in Fq[x] with degree
deg(f) ⩾ 1 and P be the set of monic irreducible polynomials in Fq[x].
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For a monic polynomial f ∈ M, let ωk(f) count the number of distinct monic irreducible
factors ℓ ∈ P of f with a given multiplicity k ⩾ 1. In [5], we proved the first and the second
moment of ωk(f) over M, establishing that ω1(f) has normal order log deg(f) over M.

6.3 Follow-up research

The research in this thesis raises new questions and research ideas about arithmetic func-
tions, some of which are listed in this section.

(a) Based on the research in Section 6.2, we plan to construct the generalized ωk-function
for any integer k ≥ 1 over a countably generated abelian monoid. Our goal is
to analyze the distribution of these functions across the monoid and its subsets,
ultimately establishing their normal order results. We plan to investigate these ideas
further in a follow-up project.

(b) In this thesis, we proved the Erdős-Kac theorem analogs over h-free and over h-full
numbers, and proved an analog for ω1(n) over h-free numbers and ωh(n) over h-full
numbers.
In [7], we proved an analog of the Erdős-Kac theorem over the subsets of number
fields, including the sets of h-free and the set of h-full ideals.
In [5], we proved another analog of this theorem for the ω1-function over function
fields.
This demonstrates the potential of further generalizations to a general abelian monoid.
We plan to extend the study of Erdős-Kac theorem for the ω-function and ωk-
functions to general abelian monoids and their subsets, with a particular focus on
subsets of h-free and h-full elements.

(c) In this thesis, we investigate the distribution of three types of additive arithmetic
functions: the ω-function, which is strongly additive; the Ω-function, which is com-
pletely additive; and the ωk-functions, which are neither. As a natural extension
of this work, we aim to explore the distribution of general additive functions over
the natural numbers and its various subsets, with a particular focus on identifying
conditions under which an additive function satisfies an Erdős–Kac type theorem or
exhibits other limiting distributions. This direction has been pursued in earlier work
by Elboim and Gorodetsky [11], as well as by Tenenbaum [47, 48]. In a recent article
[4], the author of this thesis studied the limiting distribution of ωk-functions and
other arithmetic functions.
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(d) Building on our analysis of the ωk-functions and the generalized additive functions
studied by Elma and Martin [13], we can extend our investigation to these functions
over an abelian monoid and its subsets. In collaboration with Kuo and Liu, the
author of this thesis has been examining the limiting behavior of such functions in
this broader setting. We plan to develop these ideas further in a future project.

106



References

[1] K. Alladi and P. Erdős. On an additive arithmetic function. Pacific J. Math.,
71(2):275–294, 1977.

[2] P. Billingsley. On the central limit theorem for the prime divisor functions. Amer.
Math. Monthly, 76:132–139, 1969.

[3] P. Chebychev. Mémoire sur les nombres premiers. Journal de Mathématiques Pures
et Appliquées, pages 366–390, 1852.

[4] S. Das. On limiting distributions of arithmetic functions. Submitted, 2025.

[5] S. Das, E. Elma, W. Kuo, and Y.-R. Liu. On the number of irreducible factors with
a given multiplicity in function fields. Finite Fields Appl., 92:Paper No. 102281, 22,
2023.

[6] S. Das, W. Kuo, and Y.-R. Liu. On the distribution of the number of distinct genera-
tors of h-free and h-full elements in an abelian monoid. Accepted, Bordeaux Journal
of Number Theory, 2025.

[7] S. Das, W. Kuo, and Y.-R. Liu. A subset generalization of the Erdős-Kac theorem
over number fields with applications. Submitted, 2024.

[8] S. Das, W. Kuo, and Y.-R. Liu. Distribution of ω(n) over h-free and h-full numbers.
Int. J. Number Theory, 21(3):715–737, 2025.

[9] S. Das, W. Kuo, and Y.-R. Liu. On the number of prime factors with a given multi-
plicity over h-free and h-full numbers. J. Number Theory, 267:176–201, 2025.

[10] P. Diaconis, F. Mosteller, and H. Onishi. Second-order terms for the variances and
covariances of the number of prime factors–including the square free case. J. Number
Theory, 9(2):187–202, 1977.

107



[11] D. Elboim and O. Gorodetsky. Multiplicative arithmetic functions and the generalized
Ewens measure. Israel J. Math., 262(1):143–189, 2024.

[12] E. Elma and Y.-R. Liu. Number of prime factors with a given multiplicity. Canad.
Math. Bull., 65(1):253–269, 2022.

[13] E. Elma and G. Martin. Distribution of the number of prime factors with a given
multiplicity. Canad. Math. Bull., 67(4):1107–1122, 2024.

[14] P. Erdős. On the normal order of prime factors of p − 1 and some related problems
concerning Euler’s ϕ-functions. Quart. J. Math. (Oxford), 6:205–213, 1935.

[15] P. Erdős and M. Kac. The gaussian law of errors in the theory of additive number
theoretic functions. Amer. J. Math., 62:738–742, 1940.

[16] P. Erdős and A. Wintner. Additive arithmetical functions and statistical independence.
Amer. J. Math., 61:713–721, 1939.

[17] S. R. Finch. Mathematical constants. II, volume 169 of Encyclopedia of Mathematics
and its Applications. Cambridge University Press, Cambridge, 2019.

[18] J. A. Gómez and M. Lalín. Prime factors with given multiplicity in h-free and h-full
polynomials over function fields. Pre-print, 2023.

[19] A. Granville and K. Soundararajan. Sieving and the Erdős-Kac theorem. In Equidis-
tribution in number theory, an introduction, volume 237 of NATO Sci. Ser. II Math.
Phys. Chem., pages 15–27. Springer, Dordrecht, 2007.

[20] H. Halberstam. On the distribution of additive number-theoretic functions. J. London
Math. Soc., 30:43–53, 1955.

[21] H. Halberstam. On the distribution of additive number-theoretic functions. II. J.
London Math. Soc., 31:1–14, 1956.

[22] H. Halberstam. On the distribution of additive number-theoretic functions. III. J.
London Math. Soc., 31:14–27, 1956.

[23] G. H. Hardy and S. Ramanujan. The normal number of prime factors of a number
n [Quart. J. Math. 48 (1917), 76–92]. In Collected papers of Srinivasa Ramanujan,
pages 262–275. AMS Chelsea Publ., Providence, RI, 2000.

108



[24] G. H. Hardy and E. M. Wright. An introduction to the theory of numbers. Oxford
University Press, Oxford, sixth edition, 2008. Revised by D. R. Heath-Brown and J.
H. Silverman, With a foreword by Andrew Wiles.

[25] A. Ivić and P. Shiu. The distribution of powerful integers. Illinois J. Math., 26(4):576–
590, 1982.

[26] R. Jakimczuk and M. Lalín. The number of prime factors on average in certain integer
sequences. J. Integer Seq., 25(2):Art. 22.2.3, 15, 2022.

[27] R. Jakimczuk and M. Lalín. Sums of ω(n) and Ω(n) over the k-free parts and k-full
parts of some particular sequences. Integers, 22:Paper No. A113, 22, 2022.

[28] J. Knopfmacher. Abstract analytic number theory. Dover Books on Advanced Mathe-
matics. Dover Publications, Inc., New York, second edition, 1990.

[29] M. Lalín and Z. Zhang. The number of prime factors in h-free and h-full polynomials
over function fields. Publ. Math. Debrecen, 104(3-4):377–421, 2024.

[30] E. Landau. Neuer Beweis des Primzahlsatzes und Beweis des Primidealsatzes. Math.
Ann., 56(4):645–670, 1903.

[31] E. Landau. Einführung in die elementare und analytische Theorie der algebraischen
Zahlen und der Ideale. Chelsea Publishing Co., New York, 1949.

[32] Y.-R. Liu. Generalizations of the Turan and the Erdős-Kac theorems. ProQuest LLC,
Ann Arbor, MI, 2003. Thesis (Ph.D.)–Harvard University.

[33] Y.-R. Liu. A generalization of the Erdős-Kac theorem and its applications. Canad.
Math. Bull., 47(4):589–606, 2004.

[34] Y.-R. Liu. A generalization of the Turán theorem and its applications. Canad. Math.
Bull., 47(4):573–588, 2004.

[35] Y.-R. Liu. Prime analogues of the Erdős-Kac theorem for elliptic curves. J. Number
Theory, 119(2):155–170, 2006.

[36] D. Lorenzini. An invitation to arithmetic geometry, volume 9 of Graduate Studies in
Mathematics. American Mathematical Society, Providence, RI, 1996.

[37] M. R. Murty. Problems in analytic number theory, volume 206 of Graduate Texts in
Mathematics. Springer, New York, second edition, 2008. Readings in Mathematics.

109



[38] M. R. Murty and V. K. Murty. An analogue of the Erdős-Kac theorem for Fourier
coefficients of modular forms. Indian J. Pure Appl. Math., 15(10):1090–1101, 1984.

[39] M. R. Murty and V. K. Murty. Prime divisors of Fourier coefficients of modular forms.
Duke Math. J., 51(1):57–76, 1984.

[40] M. R. Murty, V. K. Murty, and S. Pujahari. An all-purpose Erdős-Kac theorem. Math.
Z., 305(3):Paper No. 45, 18, 2023.

[41] M. R. Murty and F. Saidak. Non-abelian generalizations of the Erdős-Kac theorem.
Canad. J. Math., 56(2):356–372, 2004.

[42] M. Rosen. A generalization of Mertens’ theorem. J. Ramanujan Math. Soc., 14(1):1–
19, 1999.

[43] M. Rosen. Number theory in function fields, volume 210 of Graduate Texts in Mathe-
matics. Springer-Verlag, New York, 2002.

[44] F. Saidak. An elementary proof of a theorem of Delange. C. R. Math. Acad. Sci. Soc.
R. Can., 24(4):144–151, 2002.

[45] A. Selberg. Note on a paper by L. G. Sathe. J. Indian Math. Soc. (N.S.), 18:83–87,
1954.

[46] H. Shapiro. Distribution functions of additive arithmetic functions. Proc. Nat. Acad.
Sci. U.S.A., 42:426–430, 1956.

[47] G. Tenenbaum. Moyennes effectives de fonctions multiplicatives complexes. Ramanu-
jan J., 44(3):641–701, 2017.

[48] G. Tenenbaum. Correction to: Moyennes effectives de fonctions multiplicatives com-
plexes. Ramanujan J., 53(1):243–244, 2020.

[49] P. Turán. On a Theorem of Hardy and Ramanujan. J. London Math. Soc., 9(4):274–
276, 1934.

[50] H. Weber. Ueber Zahlengruppen in algebraischen Körpern. Math. Ann., 49(1):83–100,
1897.

110


	Examining Committee Membership
	Author's Declaration
	Abstract
	Acknowledgements
	Dedication
	List of Tables
	List of Symbols
	Introduction
	History and Motivation
	History of distributions of prime divisor counting functions
	Normal order of prime divisor counting functions
	Generalizations of Erds-Kac theorem

	Normal order of 
	Introduction
	Lemmata
	The first and the second moment of  over -free numbers
	The first and the second moment of  over -full numbers
	Normal order of 

	Normal order of 
	Introduction
	The moments of  over -free numbers
	The moments of  over -full numbers
	Normal order of  over -free and -full numbers

	Moments of  over -free and -hull numbers
	Introduction
	Lemmata
	Distribution of  over -free numbers
	For 
	For  with 

	Distribution of  over -full numbers
	The first moment of  over -full numbers
	The second moment of  over -full numbers

	No normal orders

	Generalizations of Erds-Kac Theorems
	Introduction
	The Erds-Kac theorem over -free and -full numbers
	The Erds-Kac theorems for 

	Generalizations and Future Research
	Normal order over abelian monoids
	Application to set of ideals in number fields
	Application to set of effective divisors in global function fields
	Application to the set of effective -cycles in geometrically irreducible projective varieties of dimension 

	Study of refinements over function fields
	Follow-up research

	References

