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Abstract 

Of the many parts of a machine, welded joints are the most susceptible to fatigue loading. The 

unusually complex geometry of a welded joint combined with the heating process during welding 

produces a high amount of stress that can result in fatigue cracks and failure. In welded joints, fatigue 

cracks usually emanate from critical locations such as a weld toe, where the stress is highly elevated. 

It is important to design welded structures based on the fatigue failure criterion in tandem with the 

usual design requirements. There is also a need to accurately assess the fatigue damage of welded 

joints for maintenance purposes because existing welds may contain defects or fatigue cracks. 

Therefore, accurate estimates of the fatigue life of welded joints are thus essential components of 

structural design and maintenance. 

The three most common methods of estimating fatigue life, and the ones selected for consideration 

in this work, are the nominal stress-life (S-N) method, the local strain-life (Ů-N) method, and the 

Linear Elastic Fracture Mechanics (LEFM) method. Challenges arise from the fact that each method 

requires different and precise information concerning critical stresses that affect the fatigue life of 

welded joints. For each method,   different stresses defined at the critical locations of a welded joint 

must also be obtained. The S-N method requires a determination of the nominal stress ůn, the Ů-N 

method requires an estimate of the peak stress ůpeak, and the LEFM method requires the calculation 

of the stress distribution in the prospective crack plane ů(y). The complex geometry and loading that 

characterize welded joints make these critical stresses difficult to determine, so that variations in the 

definition of stress constitute the primary current source of inconsistencies in weldment fatigue 

analysis. 

The goal of the study presented in this thesis was to develop one universal weldment stress 

analysis method that can supply accurate and consistent stress information for all contemporary 

fatigue analysis methods. A determination of accurate and consistent stress data at weld-critical zones 

requires that the stresses in that area be reviewed and related to a reference stress that must be located 

at the most critical weld zone and must also be related to the actual stresses there. The work 

conducted for this thesis involved the development of this kind of reference stress, which has been 

termed ñlocal reference stress.ò 
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A number of issues complicate the determination of stress in the most critical areas of a welded 

joint, including the weld toe or weld throat, such as residual stress generated by the heating process 

during welding and elevated stress due to an abrupt change in geometry. Reliance on the well-known 

nominal stress that is dependent only on the cross-sectional area and ignores other geometric factors 

associated with the weld is therefore insufficient. Peak stress is also difficult to determine even with 

the use of a three-dimensional (3D) finite element (FE) method because the magnitude of the stress 

on the surface of the weld toe can be captured only by a fine mesh. The through-thickness stress 

distribution in the critical cross-section of a weldment is even more challenging to establish using 

conventional FE packages because of the steep stress gradient associated with the prospective crack 

plane. The methodology presented in this thesis offers a convenient means of evaluating the critical 

stresses that affect the fatigue life of welded joints. The new method is based on an FE technique, 

which was used effectively for generating well-defined reference stress values at critical areas in a 

weld.  

The local reference stress on the weld toe line and the associated linear through-thickness stress 

distribution constituted the basis for determining the necessary stress data required as input for each 

of the three fatigue-analysis methods. The objective was to analyze an entire welded structure using a 

shell FE model that involves a relatively small number of elements. Subsequent post-processing of 

the local reference stress produced the required stress data, such as the peak stress or the through-

thickness stress distribution. While the stress data are based on a simple shell FE model and the local 

reference stress concept, they yet were able to supply accurate and detailed stress information for any 

of the fatigue life estimation methods.  

The developed method is based on a unique reference stress related to the actual critical non-linear 

stress across the weld toe. Determining weldment fatigue life using the local reference stress and the 

associated stresses resulting from the post-processing enable the inclusion of the weld macro; micro-

geometrical features; and other factors that affect the fatigue life of welded joints, such as the stress 

concentration and residual stress.  

The shell FE modelling method also has the advantage of simulating a full structure in a relatively 

short time, thus requiring substantially less computational time and resources than 3D FE models. 

The tests also revealed that, with the new method, the thickness of the shell element that simulates the 

weld is very important because it affects joint stiffness. For this reason, the thickness of the weld shell 



 

 vi 

element should be equal to the thinner of the welded plates. The stress data obtained based on the 

shell FE local reference stress were validated against detailed 3D FE models. These data were then 

applied for the prediction of fatigue life using the strain-life and the LEFM methods. Five case studies 

were modelled and analyzed in order to compare the fatigue life predictions produced using the 

developed methodology against experimental fatigue life data. 

The proposed shell FE local reference stress proved able to simulate the stress fields in a variety of 

welded joints, such as T-joints (fillet joints), and square or circular tube on a plate. The shell FE local 

reference stress data were compared to the results obtained using detailed fine mesh 3D FE models. 

The accuracy of the stress data based on the shell FE models was under 15 % in all the joints except 

for the gusset, which was around 20 %. The difference between the peak stress resulting from the 

shell FE local reference stress and the peak stress resulting from the 3D FE modelling is within 10 % 

for all the case studies, with the exception of the first case, which was within 20 %. With respect to 

the number of elements, the difference between the shell and the 3D FE models was very large. The 

data produced by the proposed shell FE model matched that produced by the 3D fine mesh elements 

with respect to accuracy, but required nine to 204 times fewer elements.  As a result, the proposed 

shell FE modelling method offers the advantage of simulating a full structure in a relatively short time 

and with fewer computational resources, as was particularly proven in the last case study involving a 

complex tubular joint. Such accurate stress data then enables fatigue life to be evaluated using the 

post-processed shell FE local reference stress data. 
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Chapter 1 

Introduction 

1.1 Challenges in fatigue analysis of welded joints 

Machine components and structures are typically welded together, as welding is one of the most-used 

joining methods. Welded joints in vehicles of all types, mechanical engineering tools, and pipes are 

examples of components which are subjected to repeated cyclic loads. This type of loading, which is 

more damaging than static loading, causes fatigue damage to machine components such as welded 

joints, leading to mechanical failure. Moreover, welded joints have micro geometrical features (e.g., 

weld angle ɗ and weld toe radius ɟ), macro geometrical features (e.g., weld shape and size) and 

residual stress, which result in complex stress states. Fatigue loading of a component will produce 

small cracks that will eventually propagate through the critical cross-section. In the case of welded 

joints, fatigue cracks usually emanate from critical locations such as a weld toe, where the stress is 

highly elevated. Hence, it is important to design welded structures based on the fatigue failure 

criterion in tandem with the usual design requirements. Furthermore, because existing welds may 

contain defects or fatigue cracks, there is a need to accurately assess the fatigue damage for 

maintenance purposes. Therefore, accurate fatigue life estimation of welded joints is essential for 

structure design and maintenance. 

There are currently a few methods used to estimate the fatigue life of welded joints, but only the 

three most common methods are discussed in this thesis. Each method requires precise information 

concerning critical stresses affecting the fatigue life of welded joints. Critical stresses are not easy to 

determine, as welded joints have complex geometry and loadings. One of the best techniques to 

determine the critical stresses of components is finite element analysis (FEA) or FEM finite element 

method. The FEA is used by industry for virtual design purposes, and has been adopted as a 

productive modelling technique which minimizes the amount of time required for designing 

components (e.g., using virtual modelling instead of making physical prototypes) or improving 

existing ones (e.g., testing virtual design instead of physical destructive tests). However, using the 

FEA method for the fatigue stress analysis of welded joints is challenging because of the geometrical 

and loading complexity of welds, due to stress concentration and residual stresses.  

Due to the number of challenges posed by estimating the fatigue life of welds, it is important to 

have a general understanding of various discontinuities and stresses welds are subjected to. The high 
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level of stress concentration produced by weld jointôs micro geometrical features significantly 

reduces the fatigue life. Welded joints are often known to contain discontinuities, and welding codes 

to some extent allow for certain discontinuities such as notches, porosity, misalignment, undercut, etc. 

The allowable tolerance of discontinuities ranges are specified so that any weld containing 

discontinuities beyond the specified range will be considered defective or in need of repair. However, 

the problem is that welding codes do not specifically account for the effect of these micro geometrical 

features. This is probably because these features may have been accounted for already in the design 

stage of the codes. The number of combinations of micro geometrical features may be another reason 

that welding design codes do not account for the resultant different stress concentrations. The FEA 

can be used to model welds, but it requires a considerable number of elements resulting in a very fine 

mesh to capture the effect of the stress concentration. Moreover, the mechanical material properties of 

welded joints may be changed due to the welding process, which alters the chemical composition and 

microstructure of the joint. The heat input during the welding process, associated with various 

thermal cycles, also produces residual stress around the weld line. The fatigue lives of weldments 

suffer from residual stress created during the welding process, and welding design codes have to take 

this stress into account. Since these codes are based on welded specimens, it is fair to assume that the 

effect is included within the codes. As a result, it can be concluded that estimating the fatigue life of 

welded joints has a considerable number of challenges, and in order to overcome these challenges, the 

various fatigue life estimation methods are reviewed. 

Fatigue life is generally predicted using one of three methods: the nominal stress-life (S-N) 

method, the local strain-life (Ů-N) method, and the Linear Elastic Fracture Mechanics (LEFM) 

method. Nevertheless, there are six modules necessary for any of the above fatigue analysis method, 

as illustrated in Figure 1-1.  
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Figure 1-1: General steps for fatigue analysis 

The first step in fatigue analysis is dealt with the input modules, which are: the material properties, 

the component geometry, and the loading history. The second step is the stress analysis module, while 

the third and fourth steps are evaluating the fatigue damage and the fatigue life. The material 

properties module is the most well-established one, but the stress analysis module requires more 

investigation because of the complexity of weld geometry and loading history. The format of the 

loading history is the same in each of the three contemporary fatigue analysis methods, but the 

definition of material properties and the stress parameters change depending on the method chosen 

for the fatigue life estimation.  

The stress definition in fatigue analysis varies considerably based on the method used. The 

variation of the stress definition is currently the main source of inconsistencies when carrying out 

fatigue analyses of weldments. Therefore, it is important to briefly discuss the most popular fatigue 

analysis methods, including the input stresses to the stress analysis module (stress-strain analysis; see 

Figure 1-1). Some of the advantages and disadvantages of these methods are also stated in order to 

highlight the overall research objectives of this thesis. 

The S-N method was the first one used for evaluating the fatigue life of machines. This method is 

based on stress-life or S-N curves, which can be found in various handbooks and standards such as 
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the ASTM E739-10 [1]. S-N curves are fitted as a result of testing several cylindrical smooth 

specimens subjected to fatigue/cyclic loading. S-N curves are expressed as the nominal stress 

amplitude, ůa or nominal stress range, æůa, versus the fatigue life in load cycles, N. Therefore, the 

required stress input to the stress analysis module (see step 2 in Figure 1-1) of the stress-life method 

is the nominal stress. Determining the nominal stress is rather difficult in welded joints due to the 

effect of the geometrical features of the welds, as will be shown later in Section (2.1). Even though 

the S-N method is relatively easy to use, it is not reliable when applied to weldments [2] because of 

the micro geometrical features, microstructural changes, and complex loading accompanying welded 

joints. For example, an infinite number of material S-N curves are needed to cover all types of welded 

joints encountered in practice because each welded joint has different geometrical features, resulting 

in an infinite number of stress concentration factors. Beyond this, the S-N method cannot account for 

the residual stress or the variation of load sequences. Therefore, the strain-life (Ů-N) method was 

introduced to address some of these shortcomings.  

The Ů-N method has gained more attention recently because it is capable of evaluating both high- 

and low-cycle fatigue applications. For welded joints, the strain-life method can account for the effect 

of the stress concentration and the residual stress among other loading factors such as the mean stress. 

It is also sensitive to the sequence of loading, and can be used to estimate fatigue crack initiation life 

if the material fatigue properties, as well as the detailed stress information (peak stress) at the critical 

location (e.g., weld toe), are known. Detailed stress information may be acquired by conducting a 

three-dimensional finite element analysis (3D FEA) with a very large number of elements and a fine 

mesh around high stress areas, which also results in a very long computational time. However, even 

when using detailed 3D FE modelling, it is difficult to capture the proper peak stress at a weld toe 

because the result is sensitive to the mesh size, not to mention that the Ů-N method provides the 

fatigue life only up to crack initiation. The total fatigue life of a joint or machine may be considered 

right up to the fracture point rather than just the crack initiation, because sometimes when a crack 

occurs in an in-service component, it takes time for the crack to grow to the point of failure. 

Therefore, the Linear Elastic Fracture Mechanics (LEFM) method was implemented. 

The LEFM method predicts fatigue-crack-growth life based on the stress intensity factor 

parameter (SIF), which describes local stresses and strains in the vicinity of a growing crack. This 

method can estimate the fatigue-crack-growth life but it requires knowledge of stress intensity factors 



 

 5 

(SIFs), which are available in handbooks. Unfortunately, these handbooks SIFs are not readily 

available for welded joints subjected to fatigue loading. One possible and efficient solution to this 

problem is by determining the stress intensity factor by using the weight function technique. To find 

the stress intensity factor, the proper weight function and the through-thickness stress distribution in 

the prospective crack plane must be known. The through-thickness stress distribution may be 

determined by using the FEA technique, but unfortunately, using FEA to determine the stress 

distribution in a weldment critical cross-section is very difficult because of the high stress gradient 

through the weld toe thickness. While the LEFM method can account for the effect of the stress 

concentration, residual stress, and the mean stress, the method demands an estimation of the initial 

crack size.  

Thus, it can be concluded that the main key to fatigue life evaluation of welded joints relies on the 

ability to provide the required stress input. The input stress used for the fatigue life estimation must 

include several factors. The complex stress deriving the fatigue life of weldments is affected by the 

weldôs micro and macro geometrical features in addition to the residual stress produced by the 

welding itself. For instance, the micro geometrical features of the weld create stress concentration, 

while the welding process produces residual stress. Both factors are detrimental to fatigue life. As a 

result, providing accurate stress information for the fatigue life estimation becomes very difficult. 

Figure 1-2 shows a typical welded T-joint subjected to multiple loads resulting in various stress 

distributions through the welded jointôs critical section. 

 

Figure 1-2: Various stresses and stress distributions in a welded T-joint subjected to various external loads [3] 
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Figure 1-2 includes various stress distributions in a typical T-joint resulting from remotely applied 

bending and tensile forces M and P. These distributions, shown in Figure 1-2, A, B, C, D, and E, are 

stresses in the direction normal to the weld toe line. In Figure 1-2, points Aô, Bô, Cô, Dô, and Eô, 

located on the base plate surface in the direction normal to the weld toe line, represent the maximum 

magnitudes of each stress distribution. The following list explains the stress distributions shown in 

Figure 1-2: 

A) The remote nominal stress distribution, away from the weldôs micro geometrical effect. 

B) The non-linear through-thickness stress distribution ů(y) is the actual stress distribution across the weld 

toe critical cross-section. This stress distribution is the needed stress data for the LEFM or (da/dN-ȹK) 

method, and can be determined by using the FEA method or the simplified analytical method presented 

in the thesis. 

C) The nominal stress distribution is based on the most well-known stress index/quantity, which can be 

calculated mathematically to estimate an equivalent linearized stress distribution across the weld cross-

section across the weld cross-section.  

D) The non-linear stress distribution along the surface of the base plate.  

E) The linearized stress distribution along the base plate surface, results from a linear extrapolation of two 

surface stress points away from the weld toe. 

The following list explains the various stresses along the plate surface, as shown in Figure 1-2: 

A') The maximum remote nominal stress on the plate surface away from the weld toe  

B') The peak stress ůpeak is the actual maximum stress at the weld toe. This is the needed stress for the (Ů-

N) method. The peak stress can be determined by using the FEA method or the method presented in 

the thesis. 

C') The nominal stress ůn is the maximum stress of the nominal/linear stress distribution (Figure 1-2, C). 

This is the required stress for the S-N method. 

D') The maximum stress magnitude of the distribution D. Bô and Dô are the same stress acting at the same 

point. 

E') The hot spot stress ůhs has the same magnitude as the nominal stress ůn determined by the simple 

tensile and bending stress formula. The hot spot stress/structural stress can be determined either 

experimentally (as represented in Figure 1-2, E) or by using FE, as will be discussed later in 

Section 2.1.1.  

Note that points E, and D in Figure 1-2 are showing stress distributions based on surface stress 

values whereas, Eô, and Dô are the maximum values of these distributions. The nominal stress shown 



 

 7 

in Figure 1-2Cô, is one value resulting from the classical method to determine the nominal stress. The 

through thickness nominal stress distribution in Figure 1-2C, can be found by integrating the classical 

nominal stress equation across the main plate thickness. The actual non-linear through-thickness 

stress distribution ů(y) shown in Figure 1-2B, can be found by using the FEA. In some cases (weld 

shapes) the nominal stress and the hot spot stresses have the same stress magnitudes.  

In summary, various stress values must be known, depending on the fatigue analysis method. The 

following are the stress inputs for each of the fatigue methods mentioned above: 

a') For the nominal S-N method, the nominal stress ůn (see Figure 1-2, Cô and Eô) 

b') For the local Ů-N method, the linear elastic peak stress ůpeak (see Figure 1-2, Bô and Dô) 

c') For the LEFM, the linear elastic through-thickness stress distribution ů(y) (see Figure 1-2, B) 

Each of the above stresses is not easy to determine for welded joints. Determining the nominal 

stress is not easy because it is not clearly defined. The nominal stress depends on the critical welded 

plate cross-section area which ignores the effect of the weldôs shape on the actual critical stress 

distribution. Determining the peak stress is difficult because of its high magnitude which cannot be 

easily captured when using the FEA method. Determining the through-thickness stress distribution 

ů(y) is difficult as well because of its very high gradient, starting from the weld toe surface and across 

the weld critical cross-section. 

The peak stress and the through-thickness stress distribution can be determined by using three-

dimensional finite elements (3D FE) such as brick or tetrahedral elements. One challenge when 

modelling a welded structure is capturing the high level of surface stress (ůpeak in Figure 1-2, Bô and 

Dô) and its associated non-linear through-thickness stress distribution gradient (ů(y) in Figure 1-2, B), 

which requires a very fine mesh in order to find accurate stress data. Modelling a real welded 

component will take a large number of elements which will result in very long computational time. 

However, there are different types of elements that can be used in order to reduce the computational 

time, such as the shell element or (shell FE). As for determining the hot spot stress, few studies have 

been conducted using the shell FE formulation, but there are no specific rules on how to model 

welded joints, nor are there details on how to determine the peak stress. 
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1.2 Objectives 

Designing machine components for required fatigue life is not an easy task, especially when 

considering the difficulties in determining the fatigue life of welded joints. The available fatigue life 

analysis methods are also not easy to apply to welded joints due to the complexity of weld geometry 

and loading. Thus, appropriate and accurate stress analysis is needed for the fatigue life estimation of 

weldments. There are two main challenges when determining the fatigue life of weldments. The first 

is how to find the stresses necessary for each fatigue analysis method, and the second challenge is 

associated with limitations of the fatigue analysis methods when applied to weldments. 

The stress input data for each fatigue life method is not easily found, and this is especially true for 

welded joints. The nominal stress in the weld toe region has no physical representation that can be 

measured experimentally, but it is rather a mathematical linearization estimation of the stress across 

the weld toe critical section. The peak stress and the stress distribution may be found using the FEA 

however, to capture the peak stress, which has a very high stress level, requires a very fine mesh and 

a considerable number of elements. As a result, long computational times and resources are needed 

for even a small part, let alone a full/complete structure. The same can be said for determining the 

stress distribution that has high gradient through the thickness of the weldment critical area. 

To sum up, the nature of the stress required for each fatigue analysis method is different and they 

are difficult to find, especially for welded joints. Thus, the goal of the current study is to develop 

one universal weldment stress analysis method that can supply accurate and consistent stress 

information for all contemporary fatigue analysis methods. In order to have an accurate and 

consistent stress data at the weld critical zones, the stresses in that area must be reviewed and related 

to a reference stress. This reference stress, has to be located at the most critical weld zone and related 

to the actual stresses there. Thus, the proposed stress is referred to by the author as ñLocal reference 

stressò. The FE coarse mesh technique with shell elements is investigated and used to produce the 

required local reference stress with less computational cost and time in comparison with. Some 

special rules must be set for where and how to find the reference stress. The reference stress is next 

post-processed to determine the stress data required for each of the fatigue life estimation method. 

The stress data resulted from the coarse mesh shell FE modellings, have to be validated against 3D 

FE detailed models for verification. The last step is to use the stress data based on the proposed 

methodology for predicting the fatigue life of several welded joints to test its accuracy and efficiency. 
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The objectives and proposed procedures can thus be set as follows: 

ü Review the stress data of available welded joints. 

ü Establish one universal stress analysis method that can supply the stresses required by all of the three fatigue life 

estimation methods. 

Á Find a unique stress quantity that can be related to the nominal stress, the peak stress and the through-

thickness stress gradient, at weldment critical stress zones. 

Á Establish a FE procedure to simulate welded joints using relatively large shell element in order to save time 

and model full structures in the future. 

Á Provide details concerning the determination of the required local reference stress. 

Á Create a post-processing method of the local reference stress to determine the stress data necessary for each of 

the contemporary fatigue life estimation methods. 

ü Validate the stress data acquired based on the coarse shell FE model against the stress data determined from a 

detailed 3D FE model. 

ü Predict the fatigue life of several types of welded joints using the strain-life and LEFM method, based on the local 

reference stress. 

Á Investigate the effect of adding the residual stress to the fatigue life calculation of welded joints. 

ü Validate the fatigue life predictions against experimental fatigue life data. 

ü Investigate an area of research that could improve the proposed work. 

Á Investigate/enrich the stress concentration factor equations of fillet welds. 

Á Investigate/enrich the stress intensity factor for edge and central cracks in plates with variable thicknesses. 

1.3 Thesis outline 

Chapter 2 includes the literature review, the contemporary fatigue life analysis methods, and the 

discussion of difficulties concerning fatigue analysis of welded joints. Chapter 3 includes the 

methodology, detailing: 1) how to model a welded joint using the coarse shell element and produce 

information necessary for the determination of required stress data; 2) how to find the local reference 

stress; and 3) how to use the local reference stress to determine the necessary stress information for 

all three of the fatigue analysis methods. Chapter 4 includes verification of the shell FE stress data by 

modelling the same welded joints using detailed 3D FE models. Chapter 5 provides two case studies 

that illustrate the methodology, while another three case studies are presented in Appendix A. The 

conclusion and recommendations are summarized in Chapter 6 in addition to some future work 

including some data in areas that will improve the proposed methodology. 

The five case studies are modelled based on the experimentally tested welded components 

provided by the John Deere (JD) laboratory. The proposed methodology was applied to JD welded 
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joints and the fatigue lives were predicted for each case and then compared to the experimental 

fatigue life data sets. Based on the proposed stress analysis method, the Ů-N method was used to 

estimate the fatigue crack initiation life, while the LEFM method was used to evaluate the fatigue 

crack propagation life. The total fatigue life can be evaluated as the sum of cycles to crack initiation 

and crack propagation.  
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Chapter 2 

Review and discussion of the fatigue life estimation methods for 

welded joints 

In general terms, machines are designed to meet certain life goals. It is necessary to use welding 

technique to join machine parts which are subjected to fatigue loading. Fatigue loading is one of the 

major reasons that machines fail. Failure occurs in machinesô welded areas because weldments are the 

weakest links in resisting fatigue loading. Cracks initiate in the weld area and then propagate through 

the cross-section, causing machine failure. For this reason, designers have to consider the effect of 

fatigue when setting the life goals of mechanical structures. A considerable amount of research has 

been carried out on fatigue life evaluation methods, including those of welded joints. The common 

fatigue life estimation methods mentioned in Chapter 1 are discussed in this section for components 

in general, and for welded joints in detail. Welded joints bring with them factors affecting fatigue life 

estimation; therefore, the advantages and disadvantages of each method are stated as well. The review 

focus is toward the stress analysis module of each method when predicting the fatigue life of welded 

structures. Procedures for applying the contemporary fatigue life estimation methods (S-N, Ů-N, and 

LEFM) to welded joints are stated, along with the associated challenges in finding the stress required 

stress for each method in order to find areas where further development is needed. The last section 

reviews the history of using the FEA to assess for the fatigue stress analysis of welded joints. The aim 

of this Chapter 2 is to highlight the necessity and benefits resulting from of the proposed 

methodology, as will be discussed in Chapter 3. 

2.1 Fatigue life prediction of weldments using the stress-life (S-N) method  

The stress-life method uses fatigue S-N curves which is the result of multiple fatigue tests carried out 

under fully reversed loading, alternating around a zero applied mean stress with constant nominal 

stress ranges æůn or nominal stress amplitudes ůa. The fatigue life Nf is defined by the number of load 

cycles to specimen failure, where each cycle is equal to two load reversals, 2Nf. The S-N curves are 

experimentally derived for a variety of characteristic geometrical configurations. This method 

requires the knowledge of the nominal stress to estimate the fatigue life.  
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From 1850 to 1860, Wohler [4] performed laboratory fatigue tests, using repeated bending 

stresses, on railway axles. This was the first known systematic investigation of the fatigue 

phenomenon. Wohler also used the stress amplitude versus the number of cycles and showed that 

fatigue life increases with the decrease of the stress amplitude to the point where if the stress 

amplitude is further decreased to a low enough level, components will not fail at all. As a result, 

Wohler established the concept of the S-N diagram and the fatigue limit; he also noted the importance 

in a fatigue analysis of the stress amplitude over the maximum stress. In 1910, Goodman [5] 

contribution included a model that was developed to account for the mean stress effect on fatigue life 

of metals. Basquin [6] provided an empirical equation to mathematically describe the fatigue S-N 

curves of metals using the linear log-log relationship in the finite life region as shown in Figure 2-2. 

Fatigue damage accumulation models were developed during 1920s and 1930s. Palmgren [7] 

introduced a model for fatigue damage accumulation in that period. Miner [8] popularized Palmgren 

linear damage-accumulation which is known as Palmgren-Miner linear damage hypothesis. Matsuishi 

and Endo [9] introduced the rainflow cycle counting method. 

The general procedure for fatigue life estimation using the S-N method is shown in Figure 2-1 

while Figure 2-2 shows a typical fatigue S-N curve. 

 

Figure 2-1: Fatigue life estimation procedure based on the nominal S-N method [3] 
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Figure 2-2: Illustration of a  typical S-N curve [3] 

The loading, geometry, and material properties are required as inputs in order to select the fatigue 

S-N curve for the specified component (see Figure 2-1). Since S-N curves are based on the nominal 

stress, an appropriate nominal stress must be determined to evaluate the fatigue life. After selecting an 

appropriate S-N curve for the analyzed component, the nominal stress acting in the componentôs 

critical cross section is used to evaluate the fatigue damage, after which the fatigue life can be 

evaluated. The procedure for estimating the fatigue life of welded joints using the S-N method is 

illustrated in Figure 2-3 and is also summarized as follow: 

1) Define the external loads that represent the fatigue loading applied to the structure 

(Figure 2-3a). 

2) Determine and analyze the internal loads acting in the critical or chosen componentôs cross-

section (nominal stress at weld toe or root) (Figure 2-3b and c). 

3) Select a proper S-N curve (from ready-made family of welded joints S-N curves) based on the 

specified material and the type of welded joint (Figure 2-3d and e). 

4) Identify the stress parameter used for the determination of the S-N curve (nominal or reference 

stress) 

5) Determine the analogous stress parameter for the chosen cross-section of the structure 
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6) Identify the appropriate stress history of the selected welded joint (Figure 2-3f )   

7) Extract the stress cycles from the fatigue loading history by using the rainflow [9] method 

(Figure 2-3g)  

8) Evaluate the fatigue damage associated with each load cycle and sum them up by using the 

Minar-Palgren hypothesis (Figure 2-3h and i). 

9) Determine the fatigue life in terms of number of cycles to failure N, or number of stress 

history repetitions, Nblck, (No. of blocks) (Figure 2-3j). 

10) Note that the procedure has to be repeated several times in case multiple stress concentrations 

or several critical locations are found in the chosen component of the analyzed structure. 
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Figure 2-3: Steps for  determining the fatigue life of weldments using the S-N method [3] 
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The S-N method accounts for the global geometry of welded joints but does not account for any of 

the welded joint local effects such as the macro geometrical features (weld shape and size) and the 

micro geometrical features (weld toe angle and radius). Application of this method requires fatigue S-

N curves, which are generated through fatigue testing of small specimens or near-full -scale structures. 

S-N curves are available for general types of welded joints. The local effects of welded joints are 

included into the S-N curves obtained experimentally. Therefore, to apply this method to welded 

joints, the nominal stress range æůn should be clearly defined and the structural discontinuity of the 

analyzed welded element should be comparable with one of the standard specimens used to generate 

the selected S-N fatigue curves (see Figure 2-3d and e). 

The strength of the S-N method is based on the simplicity of the nominal stress idea. It works well 

in the case of long fatigue life components or in the case of components subjected to constant 

amplitude loadings. However, the highly empirical nature of this method is its weakness. As shown in 

Figure 2-3d and e, the standard geometrical configurations used to generate S-N curves are not in 

practice closely similar to the welded joints being analyzed. Another important disadvantage is that 

the S-N method ignores local plastic strains, which are critical for short-life fatigue situations. The 

effect of the residual stress was also included to Wohler S-N curves based on experimental 

studies [10] yet this is still empirical which does not help in accounting for the actual residual stress 

in welded joints [10].  

To summarize, the S-N method cannot account for the local plasticity, the residual stress, or the 

loading sequence effect. This method determines only the service life represents the final fracture 

which does not differentiate between crack initiation or propagation life.  Despite the fact that the 

ready-made S-N curves for weldments include different factors associated with the weldment such as 

the residual stress, and the weld shape, the main problem remain is that this method requires 

determining the nominal stress in the critical cross-section. The nominal stress by definition depends 

on the critical cross-section area despite the welded jointôs macro and micro geometrical features. In 

other words, two different welded joints (i.e. different weld shapes) of the same material, the same 

applied load to the same critical cross-section area, will result in the same nominal stress and 

consequently same fatigue life which is not correct. As a result, a sufficiently rich S-N database must 

be generated with multiple S-N curves to cover a wide variety of welded joint geometries, which in 

practice is difficult and expensive.  
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Defining the classical nominal stress, is rather difficult in the case of geometrically complex 

welded structures subjected to multiple simultaneously applied loads. One solution is to use hot spot 

stress, ůhs. The hot spot stress (as will be explained in Section 2.1.1) can be determined 

experimentally and used for the fatigue life estimation of welded joints based on S-N curve and the 

hot spot stress.  

2.1.1 The hot spot stress method  

This section reviews the hot spot stress concept, and also reviews some studies that have used FEM to 

determine the hot-spot stress. The traditional nominal stress concept can be used for simple welded 

joints, but it is not practical to determine the nominal stress and then select one of the design S-N 

curves for a complex welded joint. The hot spot stress concept was first introduced in the design 

guidelines for tubular welded offshore structures [11]. The hot spot stress is also called structural hot 

spot or geometric stress. Since it was difficult to experimentally determine the hot spot stress of large 

size tubular joints, FEM is often used. The main idea of the hot spot stress method is to assess the 

stress for the S-N fatigue life estimation method by replacing the nominal stress. The advantages and 

disadvantages of this method are summarized at the end of this section.  

The conventional method to estimate the hot spot stress is to use strain gauges located at distance 

0.4T and 1T from the weld toe and extrapolate linearly the stress line to the weld toe location, as 

shown in Figure 2-4 (where T is the base plate thickness). The locations of the strain gauges are 

recommended by IIW [12]. The practical method of determining the hot spot stress is illustrate in 

Figure 2-4.  
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Figure 2-4: Experimental method of determining the hot spot stress in welded joints 

Large size tubular joints in the offshore industry made it difficult to determine the fatigue life 

experimentally. Therefore, the FEM and the structural stress variant, which was developed for tubular 

connections in steel construction, led to the hot spot structural stress concept. This concept became a 

codified procedure for the fatigue assessment of large tubular components [13]. The fatigue strength 

of this method is mainly affected by stresses normal to the weld length dimension. Unfortunately, the 

FE stress analysis is dependent on the mesh size, which will affect the hot spot stress accuracy. 

However, Huther [14] and Fricke [15] provided recommendations concerned with the FEA meshing 

needed for the evaluation of the hot spot stress for various welded structures. Some procedures for 

evaluating the hot spot stress were also developed by Niemi, Tanskanen [16] as well as Fricke and 

Bogdan [17]. By measuring the stress or strain at certain distances from the weld toe, Radaj et. al.[18] 

proposed a method to estimate the range of the structural stress (æůhs). According to [19], Haibach 

used the linear extrapolation method on strains extracted from the FE model at a distance of 1 to 2 

mm from the weld toe to obtain the structural hot spot stress (ůsH), as shown in Figure 2-5.  
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Figure 2-5: Haibachôs structural hot spot stress and codified hot spot linear extrapolation procedure [18] 

Maddox [20],[21] and Niemi [22] provided detailed case studies and recommendations to estimate 

the hot spot stress. Radajôs [23] structural stress definition was utilized by Dong [24] to find hot spot 

stress at the weld toe from the FE model using principles of elementary structural mechanics. Dongôs 

work was demonstrated on several examples of simple 2D welded joints, and claimed to be mesh 

insensitive [25]. However, one limitation in Dongôs work is that the misalignment effect on the 

structural stress was not included but rather presented in test specimens used for the master S-N 

curve. Estimation of the stress using this method does not include the effect of the residual stress, and 

fails in the case of welded edge gussets because it is difficult to define the points where the plate 

thickness is no longer relevant [26]. Xiao and Yamada [27] estimated the hot spot stress as the stress 

at 1mm under the weld toe surface (i.e., the expected crack path). In this way, the effect of thickness 

or size is included within the fatigue parameter. Noh et al. [28] plotted fatigue lives of the S-N curve 

versus the hot spot stress from the stress at a depth of 1mm, which happened to meet the lower bound 

of the design S-N curve in the Japanese design code JSSC-D, which also corresponds to the FAT 100 

curve in the IIW recommendations. 

The hot spot stress is believed to be close to the weld toe in a way that includes the effect of the 

stress concentration, but not the micro geometrical or local notch effect (weld toe radius ɟ effect). 

However, since this method is used in conjunction with the master S-N curves, the local notch effect 

is included in the designed S-N curves. Using the hot spot stress instead of the nominal stress is very 
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useful when the nominal stress cannot be defined easily and the structural discontinuity cannot be 

compared with any classified S-N curve. However, using the hot spot stress method has a major 

challenge namely it requires determination of S-N curves based on the same hot spot stress definition.  

The geometrical nature of weldments include geometrical discontinuity (stress concentration) 

which rise the actual stress field through the weld toe critical plate. Consequently, the actual through-

thickness stress distribution ů(y) becomes non-linear, with the maximum stress at the weld toe surface 

(peak stress, ůpeak) as shown in Figure 1-2. Therefore, determining the nominal stress based on the net 

cross-sectional area of the loaded plate, regardless of any associated geometrical discontinuity, 

making it a non-unique parameter which underestimates the critical stress in the case of welded joints. 

The hot spot stress, on the other hand, is based on a clear stress definition that is unique and can be 

determined by using FEM for any cross-section in the welded structure or for any component. The hot 

spot stress is an estimation based on surface stresses close to the weld toe, and it is considered equal 

to the nominal stress. The advantage of the hot spot stress concept is that it accounts for the effect of 

the overall geometry but not the micro-geometrical effects. 

 Therefore, the peak stress based on the hot spot stress concept can be expressed as follows: 

ʎ  ʎ  + (2.1)  

Where ůhs is the hot-spot stress and Kt is the SCF. Note that the SCF depends on the stress used, 

and has to be determined in the same way (e.g., by determining Kt using FE when using the hot spot 

stress is based on FE). The stress concentration factors in the handbooks to date are obtained for 

weldments under simple tension or bending loading as shown in Figure 2-6 which illustrate a T-joint 

subjected to a pure tensile load, P. 
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Figure 2-6 Typical T-joint subjected to pure axial tensile loading [3] 

In the T-joint shown in Figure 2-6, the membrane hot spot stress equals to the nominal tensile 

stress: 

ʎ  ʎ   ʎ  (2.2)  

The same can be said for a T-joint subjected to pure bending loading. Thus, the peaks stress based 

on the hot spot stress concept, in the case of pure tensile or pure bending loading conditions, can be 

expressed as follows: 

ʎ  ʎ  +             (For pure tensile loading) 

ʎ  ʎ  +            (For pure bending loading) 

(2.3)  

In conclusion, neither of the stresses ůn, and ůhs represent the actual peak stress at the weld joint 

critical areas, nor do they provide any stress data through the thickness of the weld toe. Thus, neither 

of the stresses can be used for the strain-life method or the LEFM. 

2.2 Fatigue life prediction of weldments using the strain-life (Ů-N) method 

The Ů-N method or the local strain-life method is based on the concept that if the local notch tip strain 

history (or the weld toe stress history) and the strain history in the test specimen are the same, then 
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the fatigue response in the notch tip region and the specimen will also be the same and therefore their 

fatigue lives will be the same as well. Therefore the fatigue strain-life curve obtained from simple 

smooth material specimens can be used for the evaluation of fatigue lives of notched components. 

This method was developed for the non-welded components and was then extended to assess welded 

components fatigue lives which may experience local plasticity at the weld toe. The strain-life fatigue 

estimation method uses elasto-plastic strain range as an estimation parameter. The stress-strain 

analysis module (see Figure 1-1) of this method requires the knowledge of the linear-elastic peak 

stress in the critical area of the component in order to estimate the fatigue life.  

Langer [29] studied the variable amplitude loading effect in fatigue analysis and divided the crack 

life phases into initiation and propagation, suggesting a damage sum of 1.0 for both phases. The notch 

effect on the monotonic and cyclic deformation of engineering materials was discussed by 

Neuber [30], who discovered that the importance of using the average stress over a small material 

volume ahead of a notch tip is more important than the peak stress at the notch tip. Coffin [31] and 

Manson [32] formulated the idea that plastic strain was responsible for fatigue damage. It should be 

mentioned that the empirical relationship between the number of stress reversals to fatigue failure and 

the plastic strain was proposed independently by both Coffin and Manson. For the current local Ů-N 

fatigue analysis method, Topper [33] and Morrow [34] promoted Coffin [31] and Mansonôs [32] 

work, along with Neuberôs rule [35]. 

The general procedure for estimating the fatigue life of a component by using the Ů-N method is 

illustrated in Figure 2-7. The general procedure begins by determining the material properties, 

geometry, and loading of the component to be analyzed, after which the fatigue damage accumulated 

at the critical location can be calculated. Finally, the fatigue crack initiation life can be calculated.   
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Figure 2-7: Fatigue life estimation procedure based on the local strain-life method [3] 

The loading history required for the S-N fatigue method is the nominal stress. The nominal stress 

history must be taken for the critical cross-section of the analyzed component. The material properties 

of the strain-life method can be obtained by testing smooth specimens according to the ASTM 

standard [36]. In order to determine the fatigue parameters of the materialôs Ramberg-Osgood cyclic 

stress-strain curve and the Manson-Coffin curve (i.e. the cyclic strength coefficient, Kῂ and the 

fatigue ductility exponent, nῂ), the fatigue test data must be used to plot the Ramberg-Osgood cyclic 

stress-strain curve (Figure 2-8a) from the stabilized hysteresis loops [37]. In addition, the stress 

amplitude versus the plastic strains of the cyclic Ramberg-Osgood curve should be plotted as shown 

in Figure 2-8b. Then the elastic strain amplitude and the plastic strain amplitude are to be plotted 

separately versus the number of reversals obtained from the fatigue test data (Figure 2-8c and d).  
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Figure 2-8: Material fatigue curves, a) Ramberg-Osgood cyclic stress-strain curve, b) The stress-plastic strain fatigue 

curve, c)  The elastic strain amplitude-life (ȹŮe/2 - Nf) fatigue curve, d) The plastic strain amplitude-life (ȹŮp/2 - Nf) 

fatigue curve [3] 

The most popular expression relating the strain range to the number of cycles, called the Manson-

Coffin curve [31],[32] is given in terms of the total strain range Ўʀ: 

Ўʀ

ς

ʎ

%
ς.  ʀς.   (2.4)  

The total strain-life curve (Manson-Coffin curve) is the summation of the two curves shown in 

(Figure 2-8c and d). Equation (2.4) allow determining the fatigue damage for crack initiation 

estimation. The elastic plastic strain-life curves shown in Figure 2-8c and d (in term of strain 

amplitudes) are summand in Figure 2-9 which represent the Manson-Coffin strain-life curve (red 

curve). 
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Figure 2-9: Typical fatigue strain-life curve [3] 

The stress state is multi-axial in weldments. However, the multi-axial stress at the surface reduces 

to two normal stresses and one shear component. The stress normal to the weld toe line generates 

most of the fatigue damage due to the effect of the stress concentration. The peak stress is the stress 

value defined as the product of the stress concentration factors SCF, K t, and the nominal stress, ůn as 

follows (it can also by directly obtained from FE analysis when possible): 

ʎ  + ʎ (2.5)  

The rise in the local stress due to the stress concentration generally affects the local elastic stress 

to exceed the yield limit, which result in local plastic deformation. The notch effect is one of the 

micro geometrical factors of welded joints that affect critical stress and the fatigue life accordingly. 

For example, Figure 2-10 ill ustrate the notch effect on the critical stress of a T-joint where the stress 

is concentrated at the weld toe. 
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Figure 2-10: Illustration of elastic and plastic stresses at notch tip or T-joint weld toe  

In order to determine the elastic-plastic strains and stresses at the notch tip (weld toe), when the 

pseudo-linear elastic stress exceeds the material yield limit, the Neuber rule [35] is used. The actual 

local notch tip or weld toe elastic-plastic strain and the stress responses (ʎ Ȣʀ ) are calculated as 

follows according to Neuber rule [35]: 

 Ȣ 
 ʎ Ȣʀ        ÏÒ       ʎ Ȣʀ  (2.6)  

Where the left hand side represents the applied load and the right hand side represents the notch 

tip elastic-plastic response. The above equation has two unknowns, namely the Neuber stress ʎ  

and strain ʀ , and therefore another equation is required. The well-known Ramberg-Osgood 

equation 2.7, which represents the material cyclic stress-strain curve, is used simultaneously with 

equation 2.6 to relate the linear elastic stress and strains to the actual elastic-plastic stresses and 

strains at the notch. The cyclic stress-strain curve and the Neuber rule are illustrated in Figure 2-11. 
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Figure 2-11: I llustration of the Neuber rule and the stress-strain curve [3] 

The intersection point of the cyclic stress-strain curve and Neuberôs hyperbola in Figure 2-11 

denotes the solution to the system of the two equations, i.e. provides the actual values for the elasto-

plastic strain and stress at the notch tip or at the weld toe. Therefore, in order to account for the notch 

effect, the actual elastic-plastic stresses and strain response must be determined for each fatigue 

loading cycle. Thus, the loading segment in the cyclic loading history (i.e., the tensile part of the first 

cycle) can be determined by using simultaneously the Ramberg-Osgood cyclic stress-strain equation 

and the Neuber rule, as: 

 ʀ  
ʎ

%

ʎ

+
 ÁÎÄ      

ʎ

%
ʎ Ȣʀ   (2.7)  

For the unloading segment of the cyclic loading, the cyclic stress-strain curve is expanded by a 

factor of 2 (see red curve in Figure 2-12), and then the elasto-plastic strain range and the associated 

stress range are calculated: 

Ўʎ

%
 ЎʎȢЎʀ    ÁÎÄ    Ўʀ 

Ўʎ

%
ς
Ўʎ

ς+
 (2.8)  
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The Neuber rule procedure for determining the actual stress-strain response at the notch tip is 

shown in Figure 2-12, where S represent the applied loading stress or the nominal stress. 

  

Figure 2-12: Notch tip stress-strain response (Neuber rule) [3]  

The loading part (black curve) from point 0 to 01 shown in Figure 2-12, illustrates the 

determination of the actual values for the elasto-plastic strain and stress at the notch tip or the weld 

toe by using the system of the two equations (equation 2.7). The unloading part (red curve) from point 

01 to 02 shown in Figure 2-12, illustrates the determination of the actual values for the elasto-plastic 

strain range and the associated stress range at the notch tip or the weld toe by using the system of the 

two equations (equation 2.8).  

Material strain-life curves are generated based on test specimens subjected to constant strain 

amplitude around zero mean stress, whereas machine components in practice are often subjected to 

cyclic loading histories with non-zero mean stresses. Therefore, the mean stress effect in the Ů-N 

method needs to be accounted for. Many models have been introduced to modify the Ů-N equation to 

account for the non-zero mean stress effect. Morrow [38] introduced a strain-life equation that 

accounts for the mean stress ům effect by adding it to the elastic term of the Manson-Coffin 

curve [31],[32]. Another model, introduced by Smith, Watson, and Topper (SWT) [33], suggested 

that the Mason-Coffin equation could be written in a form involving the maximum stress of a given 

cycle or the stress corresponding to the tip of the hysteresis loop as follows (SWT equation): 
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ʎ
Ўʀ

ς

ʎ

%
ς.  ʎ ʀ ς.  (2.9)  

However, it should be noted that the SWT is more conservative than Morrowôs version. Note that 

the Nf in equation (2.9) is considered the number of cycles to failure assuming the life ends when the 

crack initiates. Thus, it could be written as Ni. 

The well-known linear damage accumulation rule, by Palmgren [7] and Miner [8] (Palmgren-

Miner linear damage hypothesis), is subsequently used to assess the fatigue damage (or SWT 

equation 2.9) induced by a variable amplitude cyclic stress history and it is given in the form of 

expression (2.10). The total fatigue damage given by the Miner rule or Palmgren-Miner linear 

hypothesis can be calculated as follow: 

$  
Î

.
 (2.10)  

Where D is the fatigue damage induced by stress ranges, ni is the number of cycle of each stress 

ranges, and Ni is the number of cycles to failure at each stress range. The SWT equation 2.9 can be 

used to find the damaging cycles. Therefore, the total number of cycles to failure (fatigue life) is 

found as follow: 

.  
ρ

$
 (2.11)  

Note that equation (2.11) determines the total number of cycles to crack initiation Ni.  

The specific steps for using the Ů-N method to estimate the fatigue life of welded joints 

(Figure 2-13) are as follows: 

1) Find the external loads representing the fatigue loading applied to the structure and the 

specified component (welded connections) (Figure 2-13a). 

2) Analyze the internal loads acting in the critical or chosen componentôs cross-section (weld toe 

or root) (Figure 2-13b and c). 

3) Calculate the maximum elastic local stress (peak stress) acting at the critical point, such as a 

point on the weld toe line (Figure 2-13d). 
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4) Assemble the local stress history from the cyclic peaks and valleys of the loading sequences 

(Figure 2-13e and f). 

5) Determine the elasto-plastic stress-strain response at the critical location (Figure 2-13g) using 

the Neuber ruleôs [35] procedure shown in Figure 2-11. 

6) Obtain the stress-strain hysteresis loops or cycles (Figure 2-13h). 

7) Determine the fatigue damage (Nf) induced by each cycle (Figure 2-13i and j) by using SWT 

equation (2.9) with the proper material constants according to ASTM standard [36] or by 

using the Ramberg-Osgood and the Manson-Coffin curves [31],[32](see Figure 2-9).  

8) Summon the linear damage by using Palmgren-Miner linear hypothesis rule [8] (equations 

2.10) (see Figure 2-13k) 

9) Determine fatigue life to crack initiation by using equation 2.11 as shown in Figure 2-13. 
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Figure 2-13: Steps in determining the fatigue life of weldments using the Ů-N method [3] 
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The strain-life method is capable of accounting for the macro and micro geometrical features of 

welded joints. Unlike the S-N or hot spot methods, which estimate the fatigue life to final fracture, the 

Ů-N method estimates the fatigue life to crack initiation only. The total fatigue life of a component is 

expressed as numbers of load cycles which include the technical crack initiation life and the 

subsequent crack propagation life to final fracture. The fatigue life up to a technical crack comprises 

the microstructural crack initiation life and the short-crack propagation life. In the case of un-notched 

components, most of the total fatigue life may be consumed in the initiation of the crack, whereas in 

sharply notched components the crack initiation life may be very short.  

When using the strain-life method for welded joint fatigue life estimations, there are some factors 

that affect the fatigue life estimation. These factors, such as stress concentration, notch effect, and 

residual stress, are discussed in the following sub-sections. 

2.2.1 Welded joint residual stress effect on the Ů-N method 

One factor that must be accounted for when using the strain-life method to estimate the fatigue life of 

welded joints is the residual stress. Residual stresses, also called internal stresses, occur in a structure 

or a component due to external forces or heating process like the case of welding, and subsequently 

remain after all external forces are removed. Residual stresses can occur at any stage of a 

componentôs service life. Usually, they are produced in a component after being subjected to high 

temperatures where the metal micro-structure changes. For example, the heating and cooling during 

and after welding can cause expansions and then contractions within the base metal and the heat 

affected zone (HAZ), all of which results in the generation of residual stresses at the weld and its 

surrounding areas. In case of a welded T-joint shown in Figure 2-14, the heating and cooling from the 

welding operation will form tensile residual stress in the area adjacent to the weld, and compressive 

residual stress in areas away from the weld.  
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Figure 2-14: Ill ustration of the residual stress distribution in the heat affected zone (HAZ) 

The maximum residual stresses are usually equal to one-half of the yield strength of the base 

material [39]. The residual stress affects the fatigue life of machine components largely because it 

interacts with the imposed cyclic stresses induced during operations. Unfortunately, the residual stress 

ůr cannot be added linearly to the actual stresses at the notch tip. However, the residual stress can be 

combined with the pseudo-elastic stress in the Neuber rule (see Figure 2-15), as follows: 

+ Ȣ3 ʎ 

%
 ʎȢʀ (2.12)  

 

Figure 2-15: Adding the residual stress effect to the Neuber rule [3] 



 

 34 

The red hyperbola curve shows the stress-strain response with the residual stress effect, while the 

black one shows the response without the residual stress effect. The notch stress-strain response must 

lie on the cyclic stress-strain curve and Neuberôs hyperbola. As a result, the intersection point of the 

two curves should represent the actual values of the stresses and strains. Due to the presence of the 

residual stress, the actual stresses and strains will increase in the first reversal or the set-up cycle. The 

intersection point of the Neuber hyperbola and the cyclic stress-strain curve will shift according to the 

residual stress (compressive or tensile), as shown in Figure 2-16.  

 

Figure 2-16: Residual stress effect on the notch tip stress-strain response: a) Loading history, b) Notched specimen, c) 

Tensile residual stress response, d) Compressive residual stress response [3] 

Unlike the S-N method, the Ů-N method takes the actual stress-strain response of the material into 

account. The Ů-N fatigue method is preferred in cases of local plasticity (weld toe or notch tip) 

because the S-N fatigue method cannot correctly account for the plasticity at the notch tip. The Ů-N 

method is also preferred when the load sequence effect and the residual stress are of importance. 

Nevertheless, the Ů-N method requires certain special techniques to determine the peak stress. Those 

newly developed techniques are discussed later.  

It should be noted that the local strain-life fatigue method enables evaluation of the fatigue life to 

initiate a relatively small crack. The remaining part of the fatigue life, which might be a significant 

part of the total life, is usually predicted by using the Linear Elastic Fracture Mechanics Method. The 

total fatigue life can be determined as the sum of the fatigue crack initiation and propagation lives. 
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2.3 Fatigue life prediction of weldments using the Linear Elastic Fracture 

Mechanics (LEFM) method  

The concept of the Linear Elastic Fracture mechanics (LEFM) method is based on the analysis of 

fatigue crack propagation life. The LEFM approach can be used to evaluate or predict the crack 

growth or crack propagation life stage, assuming that the initial crack is already present. Irwin [40] 

has introduced the meaning of the stress intensity factor (SIF), denoted as K, and its importance in 

determining the static strength of cracked bodies. Irwin stated that instant fracture occurs, when the 

SIF reaches certain critical magnitude called the fractures toughness K IC which is a material property.  

Fracture mechanics based on fatigue crack growth analysis was then introduced by Paris [41], who 

used the stress intensity range æK to describe the fatigue crack growth rate da/dN. Although Parisôs 

equation does not account for the mean stress effect, it is still being used today. The importance of 

crack tip closure in fatigue crack growth was later introduced by Elber [42], who developed a model 

showing that effective stress intensity factor controls fatigue crack growth, rather than the applied 

stress intensity factor range. In 1970, Paris [43],[44] established the threshold stress intensity factor 

concept, which is considered the fatigue limit below which fatigue crack growth cannot occur. 

Paris [41] pointed out that the fatigue crack growth rate (da/dN) can also be described by using the 

SIF range, æK. For monotonic loading, the load/stress and the geometry combined are represented as 

K. For cyclic loading, the range of the stress intensity factor, æK, is the most important parameter 

governing fatigue crack growth rate. The fatigue crack growth material properties are given in the 

form of a da/dN versus ȹK curve, relating the fatigue crack growth rate to the SIF range ȹK. Note 

that the LEFM method will be used to predict the fatigue crack propagation life all case studies 

presented in Chapter 4. Therefore, this method is explained in detail below.  

The general procedure for estimating the fatigue crack propagation life of a component using the 

LEFM method is shown in Figure 2-17. The procedure begins with determining the material 

properties, geometry, and loading of the analyzed component, after which the fatigue crack growth in 

a component can be determined. Finally, the fatigue crack propagation life can be estimated. 
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Figure 2-17: General steps of the fatigue life estimation using the LEFM  method [3] 

For the loading history shown in Figure 2-17, the stress intensity factor range must be determined 

for the critical cross-section of the analyzed component assuming an initial crack. The geometry of 

the selected component (Figure 2-17) is important in order to estimate the initial crack size, and 

shape. The critical cross-section of the analyzed component is important for determining the initial 

and final or critical crack size. The fracture mechanics method assumes the crack is already initiated 

as an initial crack size ai that increases up to a critical crack size af. One problem is that there is no 

general rule as to what should be the initial crack size because the assumption may depend on 

inspection capabilities, material properties, and loading conditions. The critical crack size is the crack 

length where the final brittle fracture may occur. The mechanical properties of the analyzed 

component required for the LEFM method shown in Figure 2-17, can be found in handbooks or 

tested. For the stress analysis step in determining the fatigue crack propagation life using the LEFM 

method, the Paris law material constants (C, and m) must be determined along with the stress 

intensity factor. The SIFs can be found in handbooks. However, the SIF can also be determined using 

the FEM or weight function. The weight function requires the knowledge of the stress distribution 
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across the prospective crack plane as will be discussed in details later. In order to evaluate the fatigue 

crack growth life, the fatigue crack growth curve must be determined. 

The fatigue crack growth curve has three regions, as shown in Figure 2-18. The first region (I) 

includes the threshold stress intensity range, ȹKth, which is the limit below which cracks are not able 

to propagate [43], [44]. Cracks usually grow in the second region (II) until they reach the third region. 

The third region (III) includes the critical stress intensity factor Kc or the fracture toughness, KIC [40].  

 

Figure 2-18: Typical fatigue crack growth curve 

The Paris equation [45] is the most widely accepted expression for evaluating fatigue crack 

growth, and the Paris equation is applicable in Region II where the logarithmic response of (da/dN to 

æK) is linear (Figure 2-18). Paris equation also known as Paris law:  

ÄÁ

Ä.
#Ў+  (2.13)  

Two material constants C and m are required to evaluate the fatigue crack growth life within the 

LEFM method and they are determined experimentally according to the ASTM [46] standard 

procedure. As an alternative to the experimental method, Noroozi et al. [47],[48] proposed an 

analytical model to estimate the material constants required for fatigue crack growth, including the 

effect of the mean stress or the stress ratio R. This model is based on the analysis of the crack tip 

elastic-plastic stress-strain history and the strain-life material fatigue properties, i.e. Manson-Coffin 
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curve [31][32]. The analytical model to estimate the material constants required for fatigue crack 

growth [47],[48] is given as follows: 

ÄÁ

Ä.
# +  Ў+   (2.14)  

Where: C, p, m, and ɔ are material constants; whereas the range of the stress intensity factor æK 

are determined as follows: 

Ў+  +  +   (2.15)  

Where: Kmax represents the maximum SIF However, it is better to rewrite Paris equation (2.13) and 

present it in a more compact form similar to the Paris equation as shown below: 

ÄÁ

Ä.
#Ўʆ  

Where: Ўʆ +  Ў+   

(2.16)  

Once the material constants C and m are known, the integration of the Paris equation can provide 

the crack growth life from initial crack size ai to final crack size af . The crack growth life is presented 

in terms of the number of cycles to failure, Np i.e.: 

. ᷿
Ў

  or  . ᷿
 Ў ɘ (2.17)  

The stress intensity factor expressions can be found in handbooks [49] but not for welded 

structures that have complex geometry and loading mode at the critical areas such as the weld toe. 

However, there are other methods to determine the stress intensity factor which are the FEM and the 

weight function. The finite element method (FEM), however, is time-consuming for cracked bodies. 

The weight function technique [50], on the other hand, can be used to determine the SIF. The weight 

function method was found to be a more efficient solution in the case of welded joints. 

The weight function method for calculating the stress intensity factor is based on the proven 

assumption that the stress intensity factor for any loading, S (Figure 2-19a) is equal to the stress 
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intensity factor obtained by applying to the cracked faces (Figure 2-19c) the stresses that used to be 

there when there was no crack (Figure 2-19b) [3].  

 

Figure 2-19: a) Body with a crack subjected to various loading; b) Uncracked body; c) Cracked body [3] 

The weight function depends only on the geometry of the cracked body. In other words, the stress 

intensity factor in (Figure 2-19a) Ka equal to the SIF Kb of (Figure 2-19c). As a result, the stress 

intensity factor can be found for any crack geometry if the weight function for given configuration is 

known. The calculation of the stress intensity factor requires [49] integration of the product of the 

stress distribution ů(x) and the weight function m(x,a) over the crack area or the crack size in the case 

of one-dimensional cracks (Figure 2-20). 

+ ʎØȢÍØȟȟÁȢÄÙ (2.18)  

Where a, is the crack length and m (x,a) is the weight function dependent on the crack geometry. 

This is the reason why the through-thickness stress distribution is required for the LEFM method. A 

family of universal weight functions for one-dimensional cracks was derived by Glinka and 

Shen [51],[52], in the following generalized form: 
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Where M1, M2, and M3 given in references [51],[52] depend on the geometry of the crack.  
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Finding the stress intensity factor by using the weight function requires the application of the 

superposition method. The following steps summarize how to determine the stress intensity factor by 

using the weight function: 

1) Calculate the through-thickness stress distribution „(y) in the prospective crack plane of the 

uncracked body (Figure 2-20). 

2) Apply the stress from Step 1 to the crack surface. 

3) Integrate the product of the stress distribution „(y) and the weight function m(y, a/t) over the 

crack surface area (Figure 2-20). 

 

Figure 2-20: Superposit ion principle for calculating the stress intensity factor using the weight function method. a) 

Uncracked T-joint and the stress distribution in the prospective crack plane; b) Cracked T-joint with the ñuncracked 

stress fieldò applied to the crack surface [3] 

When the stress intensity range ȹK exceeds the threshold ȹKth, the crack starts growing. 

Calculation of crack increments on a cycle-by-cycle basis is one way to estimate the fatigue crack 

growth life. The crack increment, ȹai, is normally calculated for each cycle from the Paris equation 

for each cycle or the modified form of Paris equation (2.16) that include the effect of the mean stress 

or the stress ratio R. The sum of subsequent crack increments determine the instantaneous crack 

length. The crack increments can be calculated as follows: 

ЎÁ  #Ў+   Ў.    ÁÎÄ    Á  Á ЎÁ  (2.20)  

Numerical integration of Paris equation results in determining the fatigue life, as follows: 

. Ў.
ЎÁ

#Ў+
  (2.21)  
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The criterion for failure in the LEFM method is determined by two limits. The first is when the 

crack size reaches the assumed critical crack size ai  Ó  af. The second is when the fracture toughness 

limit Kc is reached (i.e. when Kmax Ó Kc). 

The procedure for estimating the fatigue crack propagation life of welded joints by using the 

LEFM method is shown in Figure 2-21 and summarized as follows: 

1) Determine the external loads and boundary conditions of the structure (Figure 2-21a), 

2) Identify the internal loads in the selected component (Figure 2-21b and c), 

3) Identify the proper nominal or appropriate reference stress (Figure 2-21d), 

4) Extract the stress cycles by using rainflow counting method [9] (Figure 2-21e), 

5) Determine the stress intensity factor either by the weight function or by using ready-made 

solution or the FE method (Figure 2-21f and g), 

6) Determine the crack growth increments for each cycle (Figure 2-21h), 

7) Calculate the associated fatigue life by determining the number of cycles, N that is required to 

grow the crack from the initial size, ai to the final crack size af, (Figure 2-21i). 
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Figure 2-21: Fatigue life prediction steps based on the fracture mechanics method [3] 
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To sum up, the LEFM method is suitable for estimating the fatigue crack propagation life of 

welded joints because it is capable of including the various factors associated with weldments, such 

as the residual stress, mean stress effect, and stress ratio. However, this method relies on the stress 

intensity factor, which is not available for weldments or welded joints with variable plate thicknesses. 

In addition, this method depends on the initial crack size assumption and the distribution of the stress 

through the critical cross-section of weldments. For the initial crack size, there is no specific 

assumption method because the initial crack size varies with the material properties, so the 

assumption is empirical. The through-thickness stress distribution, which is very important, is not 

easy to determine even with the help of FEM because of the high peak stress, which results in a high 

stress gradient through the critical cross-section of the weldment. As mentioned earlier, using 3D FE 

modelling to find the peak stress and the associated through-thickness stress distribution is difficult 

for complex welded joints, not to mention full structures. Finding the actual peak stress and the 

through-thickness stress distribution for a single welded component requires a high number of 3D 

elements with a very fine mesh at the critical areas, which will take a long time and consume 

considerable computational resources. Regardless, many studies have been done to ease the use of 

FEM by using the shell FE, which requires a fewer number of elements in order to determine the peak 

stress, but none has extended the stress analysis to include the through-thickness stress distribution 

itself in order to use the LEFM method. Regardless, in the case of welded joints, the resultant 

through-thickness stress distribution „(y) (see Figure 1-2) is affected by the residual stress. Therefore, 

the residual stress effect on the fatigue crack growth must be accounted for when estimating the 

fatigue crack propagation life as will be discussed in Chapter 3. The through-thickness stress 

distribution in the prospective crack plane required for the LEFM method can be found using the 

FEM or some other analytical equations such as Monahan which will also be discussed in Chapter 3.  

 The following section reviews some of those studies in order to develop a stress analysis method 

that can determine the peak stress and the through-thickness stress distribution of a welded structure, 

regardless of the mesh sensitivity and computational time and resources.  

2.4 Review of the stress analysis of welded joints using FEM 

Due to complex geometry and loading configurations of welded structures and joints they require 

using sophisticated stress analysis method. Several methods proposed in the past are being briefly 
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reviewed below. Niemi [53] presented several methods to model simple welded joints using FE shell 

elements. Resembling some of Niemi's modelling ideas, Fricke and Von Stelle [54], provided useful 

suggestions regarding the modelling of diagonal and transverse welded members by using 3D and 

shell FE models. Their work resemble some of Niemiôs ideas [53] included using shell element, solid 

element, and rigid bar in order to simulate the stiffness of the weld itself.  

The French automotive industry [55] developed another shell FE modelling method for welded 

joints based on the hot spot stress concept. Their shell FE model suggests that the hot spot stress must 

be determined at the center of gravity of the first element adjacent to the weld toe. They also 

recommended that the welded plates should be modelled using standard shell element where the weld 

should be modelled with a series of rigid bar elements attached to the plates at specific locations. 

Fayard [55] validated the French model by modelling three different welded structures, with each 

structure being tested experimentally by using infra-red thermo-elasticity showing that the fatigue 

cracks initiated at the weld toe where the maximum hot spot stress was found at the weld toe in each 

test. The structural hot spot stress measured in [55] was evaluated by way of the extrapolation of 

experimentally measured stresses at certain reference points on the plate surface (or edge). Using 

shell FE modelling, Fayard also evaluated the hot spot stress by the linearization of stresses in the 

through-thickness direction (i.e., along the cross section of the crack plate). Doerk and Fricke [26] 

reviewed and applied three different methods on four different welded components for the 

determination of hot spot stress using shell and 3D FE modelling, and their results showed good 

agreements, but unfortunately no rules for the shell FE modelling were defined. 

The shell and 3D FE models reviewed in this section provide stresses/strains which are determined 

away from the weld toe. Some of the reviewed models determined the hot-spot stress based on the 

extrapolation method, which is not consistent. All the stresses determined according to the reviewed 

FE models are meant to assist the S-N method.  

To sum up this chapter, the main source of the scatter in the estimation of the fatigue life methods 

is that each fatigue method uses a different stress quantity. This is because many of the factors 

affecting the fatigue life of welded structures, such as macro and micro geometrical factors associated 

with the weld and the microstructural changes, are due to the welding process. All of these factors, 

which result in complex stresses at critical areas in addition to the complex and widely varying 

weldment geometries, affect the stress analysis step of the fatigue life estimation process. Hence, the 
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determination of stress data required for the fatigue life estimation of welded joints is a very difficult 

task.  

The proposed methodology in this thesis uses shell FE to find stress data at the weld toe. The 

stress determined by using shell FE modelling is referred to in this study as ñthe local reference 

stressò in order to distinguish it from the previously mentioned hot spot stress or the nominal stress 

definition. The local reference stress can be uniquely related to any of the stress required for fatigue 

analyses regardless which method out of the three methods mentioned above is to be used. 
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Chapter 3 

Methodology 

3.1 Introduction 

The first step in any of the fatigue life estimation methods (S-N, Ů-N, and LEFM) involves three input 

modules, which are: the material properties, the component geometry, and the applied loading module 

(see Figure 1-1 ). The second step in the procedure is the stress analysis module. Once the stress 

analysis step is completed, the fatigue damage and fatigue life can be estimated. The stress analysis 

module, however, has proven to be in need of many improvements when determining the fatigue life 

of welded joints.  

Welded joints have complex stress distributions due to many geometrical factors that affect 

stresses in the weld region as shown previously in Figure 1-2. Stresses at a weldôs critical locations 

(toe or root) are affected by the stress concentration and the residual stress. The peak stress, which is 

the maximum stress at the weld toe of welded joints, is required for the Ů-N method. The peak stress 

can be determined if the hot spot stress and the corresponding stress concentration factor are known 

(see equation 2.1), but unfortunately, the stress concentration factor (SCF) depends on the weld 

geometry and loading mode. Weldments have multiple loading modes and various geometrical 

features; hence, it is not easy to find the peak stress using appropriate stress concentration factor and 

the hot spot or the nominal stress (see equation 2.5). Another way to find the peak stress is by using 

the FE technique, but as mentioned before, 3D FE modelling with a large number of elements and 

very fine mesh is required at the weld toe to accurately capture the correct peak stress, which 

demands large computational resources and time for a complete full scale structure.  

The through-thickness stress distribution in the prospective crack plane of welded joints is 

required for fatigue life estimation using the LEFM method. 3D FE modelling can be used to 

determine the actual non-linear through-thickness stress distribution (see distribution-B in 

Figure 1-2); however, the through-thickness stress distribution has a high stress gradient starting from 

the weld toe surface (including the peak stress point Bô in Figure 1-2) to the other side of the welded 

plate thickness, which also requires a large number of elements and fine mesh. 
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Since the variation in the stress definitions is currently the main source of inconsistency when 

carrying out fatigue life estimation of welded joints, the proposed methodology concentrates on the 

fatigue stress analysis module. The specific goal of the methodology is to define a reference stress 

parameter that is related to the actual critical stress of welded joints and is capable of supplying the 

required stress data for all contemporary fatigue analysis methods using a coarse mesh shell FE 

model.  

This chapter includes description of the procedure for the determination of the required stress data 

for each of the fatigue life evaluation methods. The analysis was done in order to clearly define the 

proposed reference stress parameter. A new shell FE model with a special set of rules to simulate 

welded joints is proposed to determine the new reference stress parameter. Then, a post-processing 

procedure is explained in order to relate the proposed reference stress parameter, extracted from the 

shell FE model, to the nominal stress, the peak stress, and the through-thickness stress distribution. 

The proposed shell FE model is constructed to simulate welded joints according to a specific set of 

rules. The objective of the shell FE model rules is to provide a uniquely defined stress at the weldôs 

critical area based on a simple FE model that requires relatively small number of elements capable of 

correctly including the weld stiffness. The shell FE model provides a linearized stress distribution 

through the thickness of the critical plate weld toe or at any other point of interest along the weld toe 

line in the structure. The linearized stress distribution obtained from the shell FE model is referred to 

by this author as ñthe local reference stressò. The shell FE linearized stress field or the local reference 

stress includes two characteristic stress magnitudes, i.e. those at the surface and bottom node of the 

shell FE mesh simulating the welded joint plate. These local reference stresses are then post-

processed to determine, when needed, the nominal stress field, the peak stress, and/or the nonlinear 

through-thickness stress distribution. The post-processed stresses are believed to include the 

weldment macro and micro geometrical features regardless of any variety of applied loading modes 

which result in better stress analysis for the fatigue life estimation of any complex welded structure.  

3.2 Stress analysis of welded joints for fatigue evaluations 

Welded joints contain complex geometry which results in complex stresses at the critical weld toe, as 

shown previously in Figure 1-2. The maximum stress at the weld toe and the through-thickness 

distribution is the main cause of fatigue damage and crack initiation and propagation. The stress 
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normal to the weld toe line has a maximum magnitude at the surface (the peak stress) and a non-linear 

through-thickness distribution. Therefore, stress data in that direction is the focus of this section. The 

stress state at the weld toe is multi-axial in nature; however, it is reduced to one shear and two in-

plane normal stress components due to the free surfaces at the plate surface, as shown in Figure 3-1.  

 

Figure 3-1: Stress state in the plate surface near the weld toe  

The stress component that is normal to the weld toe line is the largest in magnitude because of the 

stress concentration. The main focus of the stress analysis should be the determination of the stress 

component that is normal to the weld toe line, because it is predominantly responsible for the fatigue 

damage in the critical area, as illustrated by ůxx in Figure 3-1. 

The nominal stress is required for the S-N method in order to determine the fatigue life of a given 

welded joint by using the proper S-N curve. The problem is that determining the nominal stress for a 

welded joint based on the classical method may overestimate or under estimate the fatigue life 

depending on the used S-N curve. That is because the classical method of determining the nominal 

stress depends on the critical plate cross-sectional area regardless of any discontinuity effect at the 

weld toe radius in case of weldment. The following figure shows two geometrically different 

structural components with the same plate cross-sectional area subjected to the same loading.  
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Figure 3-2: Various stress quantities: a) Loaded plate and b) Loaded weldment [3] 

The classical method of determining the nominal stress is by using the simple tensile and bending 

stress equations, as follows: 

ʎ  
0

Ô,
  (3.1)  

ʎ  
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 (3.2)  

Where P and M are the axial and bending forces, t is the main plate thickness, L is the plate width, 

and I is the cross-section moment of inertia. The nominal stress, based on the classical definition, can 

be calculated as the sum of the tensile and bending nominal stresses, as follows: 
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The two structural components shown in Figure 3-2 are subjected to the same axial and bending 

loads, P and M. The classical method of determining the nominal stress works fine for components 

such as the first plate (Figure 3-2a). However, the second component (Figure 3-2b) has an abrupt 



 

 50 

change in geometry due to the attached plate, which produces a stress concentration at the weld toe. 

The SCF elevates the nominal stress to the so-called peak stress and produces a non-linear through-

thickness stress distribution. The peak stress can be determined by magnifying the nominal stress by 

the SCF, as mentioned earlier in equation (2.5). The through-thickness stress distribution can be 

determined by the following equation: 

ʎÙ  ʎ ÆÙ) (3.4)  

The peak stresses at weld toes can be determined by using stress concentration factors available in 

the literature and any appropriate reference stresses (i.e. equation 2.1 and 2.5). However, the stress 

concentration factors SCFs are unique for specific geometry and loading modes which works fine 

when determining the peak stress for simple joints under specific loading mode (i.e. T-joint subjected 

to pure tensile loading) but not for complex structures subjected to multiple loading modes such as 

weldments. Therefore, the use of classical SCFs is limited to simple cases with simple configurations 

of geometry and loading which they were derived for. The nominal stress, ůn, which is based on the 

cross-section area of the loaded component, regardless of any associated geometrical discontinuity 

such as the notch, is not a unique stress parameter in case of weldment. Determining a meaningful 

nominal stress in complex structures is often difficult and non-unique as shown in Figure 3-3 which 

illustrate two welded joints with the same cross-sectional area and subjected to the same loading, but 

the weld shapes are different.  

 

Figure 3-3: Two welded joints with the same net cross-sectional area and applied load, but different weld geometries 

require different S-N curves because of different local stress distributions [3] 

The nominal stress in Figure 3-3 can be determined by the following equation: 
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The linearized nominal stresses through the critical plate thickness of both welded joints in 

Figure 3-3a, and b, will be the same leading to the same fatigue lives which is not correct because 

equation (3.5) depends on L. According to the definition of the nominal stress in equation (3.1), both 

cases (Figure 3-3a, and b) must have the same nominal stress because they have the same applied 

axial load, P, and the same cross-sectional area. This is not true, however, because in the case 

Figure 3-3a, the nominal or average stress does not depend on dimension L while in the case of 

Figure 3-3b, it does. Therefore the value of the nominal stress will be the same if the simple definition 

(equation 3.3) is used but it will be different if the integrals were to be used (equation 3.5). As a 

result, a sufficiently rich S-N database must be generated with multiple S-N curves to cover a wide 

variety of welded joint geometries, which in practice is difficult and expensive. Alternatively, the hot 

spot stress, explained in section (2.1.1), in conjunction with ready-made master S-N curves is often 

used to determine the fatigue life of weldments. The hot spot stress is based on the extrapolation of 

surface stresses away from the weld. The actual non-linear through-thickness stress distribution ů(y), 

in the weld toe, can be replaced in the initial analysis by the statically equivalent linearized stress as 

shown in Figure 3-4.  

 

Figure 3-4: Actual stress field through the weld toe critical cross-section and the statically equivalent linear stress 

field  

ʎÙ  ʎ Ù  ʎ Ù ʎ Ù (3.6)  

The membrane and the bending stress parts (ům and ůb) are distributed linearly through the plate 

thickness, while the remaining non-linear part ůln, caused by the local notch effect, is canceled out 

when integrating through the thickness because of a self-equilibrium condition [56]. Assuming a 
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linear statically equivalent stress distribution with the mid-plane thickness as the neutral point, the 

structural stress (hot spot stress) may be determine as the sum of the membrane and the bending stress 

parts [10]. According to [57] , the hot spot stress ůhs can be defined mathematically as the algebraic 

sum of the uniform membrane hot spot stress ʎ   and the bending hot spot stress, ʎ , as shown in 

Figure 3-5.  

ʎ  ʎ  ʎ  (3.7)  

 

Figure 3-5: Illustration of the statically equavilant hot spot stress at the weld toe  

The linearization of the actual non-linear stress distribution ů(y) is considered statically equivalent 

to the hot spot stress according to equation 3.7. Therefore, the hot spot and the associated membrane 

and bending hot spot stresses in equation 3.7 are different from the hot spot stress mentioned earlier 

in the literature review. This one may be called the statically equivalent hot spot stress because it is 

based on linearization of the actual non-linear through-thickness stress distribution. Accordingly, the 

peak stress can be determined based on the hot spot or the nominal stress with appropriate SCF (see 

equations 2.1 or 2.5). However, these two equations (equations 2.1 or 2.5) cannot always be used to 

determine the peak stress correctly because the stress applied to a welded joint in practice is usually a 

combination of tensile and bending loading, and the SCFs was found to be dependent not only on the 

weld geometry but also on the mode of loading. The membrane to bending stress ratio ʎ Ⱦʎ  

affects the stress concentration. In other words, two welded joints with the same geometrical 

configuration but different membrane to bending stress ratios would result in different stress 

concentration factors, which results in different peak stresses, as shown in Figure 3-6. Therefore, 

using the nominal stress or the hot spot stress as a reference stress (in equations 2.1 and 2.5) is not 

sufficient for the determination of peak stress.  
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Figure 3-6: Two T-joints with the same geometry and various combinations of loading modes resulting in various 

local peak stresses and various through-thickness stress distributions  

Since the peak stress at the weld toe depends on the membrane to bending stress ratio the stress 

concentration factor is not unique for a given geometry. Therefore it requires deriving very large 

number (theoretically infinite number) of Kt factors. In order to avoid such a situation the method 

described below has been developed. 

3.3 The local reference stress concept 

The local reference stress is defined as a linearized stress distribution of the actual non-linear stress 

distribution through the thickness of weldôs critical plate or at any other point of interest along the 

weld toe line in the structure. The linearized local reference stress is a unique stress quantity because 

it is based on clear definition and can be used as a reference stress sufficient to determine the 

nominal, the peak stress and the actual non-linear stress distribution. Using the local reference stress 

to determine the other stress quantities required by the contemporary fatigue life estimation methods 

is clearly explained and justified by the proposed post-process procedure following this section. 

Therefore, using the local reference stress to determine the required stresses for the fatigue life 

analysis of welded joints is believed to include the weldment macro and micro geometrical features 
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regardless of any variety of applied loading modes. Unlike the nominal stress, which is based only on 

the cross-section area of the critical welded plate despite any discontinuity, the local reference stress 

is based on the linearization of the actual non-linear through-thickness stress distribution across the 

critical weld toe. The local reference stress accounts for the weldôs macro geometrical features such 

as the weld shape and size which is not applicable by the definition of the classical nominal stress. 

Unlike the hot spot stress which is determined based on surface stresses away from the weld toe, the 

local reference stress is found at the weld toe line. Using the hot spot stress or the nominal stress as a 

reference stress to determine the peak stress (equations 2.1 and 2.5) fails due the membrane to 

bending stress ratio (see Figure 3-6). The membrane and bending hot spot stresses determined by the 

post-processing of the new local reference stresses allow for determining the peak stress, and the non-

linear through-thickness stress distribution regardless of the membrane to bending stress ratio. 

According to equation (3.7), the summation of the membrane and bending hot spot stresses equal to 

total hot spot stress at the weld toe which is also believed to be equal to the nominal stress (Figure 1-2 

and Figure 2-6). Determining the nominal stress from the membrane and bending hot spot stresses is 

different than the classical method because it is based on the local reference stress that is related to 

the actual non-linear through-thickness stress distribution.  

3.4 Determining the peak stress of welded joints using the local reference 

stress  

The peak stress is required to determine the fatigue crack initiation life using the Ů-N method. 

Equations 2.1 and 2.5 can be used to determine the peak stress; however, determining the peak stress 

using these equations is not unique because of the SCF, which depends on the loading ratio (see 

Figure 3-6). Therefore, it is proposed to use two separate stress concentration factors for the 

membrane and bending. The local reference stress is a linear stress distribution through the thickness 

of the welded joint plate that has the maximum critical stress. By definition, the hot spot stress is the 

sum of the statically equivalent linearized membrane ům and bending ůb hot spot stresses resulting 

from linearizing the actual stress distribution (Figure 3-5). Thus, to determine the peak stress at 

welded joints by modifying equation (2.1) to decompose the stress concentration factor and to 

summing the multiplication of the membrane hot spot stress ʎ  by the tensile concentration factor, 
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+ , and the bending hot spot stress ʎ  by the bending concentration factor + . Hence, the peak 

stress is expressed as: 

ʎ ʎ + ʎ +  (3.8)  

This was done to overcome the SCF dependency on the loading ratio so that the new equation 

would be applicable for any welding geometry and loading ratio. In order to use equation 3.8, the hot 

spot membrane ʎ  and the bending ʎ  stresses are required. These stresses are determined by post-

processing the local reference stresses extracted from the shell FE, as will be shown in section (3.8). 

The required stress concentration factors can be found in the literature. As a result, equation 3.8 can 

be used to determine the peak stress required for the strain-life fatigue analysis method if the four 

factors (Membrane and bending hot spot stresses (based on the local reference stress) and the 

associated stress concentration factors) are known. These four factors can also be used to determine 

the through-thickness stress distribution, as will be proposed in the following section. 

3.5 Determining the through-thickness stress distribution of welded joints 

using the local reference stress 

When applied to weldment structures, the key aspect of the da/dN-ȹK method is the determination of 

the stress distribution „(y) (see Figure 1-2) in the critical cross-section, as well as the subsequent 

calculation of stress intensity factors. The through-thickness stress distribution „(y) can be found by 

using the FE method. In the case of the FE method, a detailed three-dimensional (3D) model must be 

conducted using a fine mesh at the weld toe. Unfortunately finding the through-thickness stress 

distribution using 3D FE modelling is very expensive computationally. Therefore, the use of the FE 

method is a less favorable choice for simple components, not to mention the difficulty involved in 

modelling a full structure. There is another way to determine the stress distribution in the weld toe 

cross-section worked out within the proposed methodology. The method is based on Monahan [58] 

generalized expressions derived for describing stress distributions in weldments. Monahanôs 

expressions were was formulated for T-joints and tubular joints subjected to tension and/or a bending 

load. The dimensions of the joint used in Monahan expression are shown in Figure 3-7. 
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Figure 3-7: T-joint subjected to pure bending loading and the through-thickness stress distribution in x direction 

that is normal to the weld toe line (Monahan equation parameters) 

The Monahan through-thickness stress distribution induced by pure axial loading is as 

follows [58]: 
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Where: ʎ , is the membrane through-thickness stress distribution, 3#&, represents the 

membrane stress concentration factor or + , and ʎ , is the nominal stress normal to the weld to line. 

The exponents associated with the individual correction functions are determined using regression 

analysis, as follows:  
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The through-thickness stress distribution induced by pure bending load is as follows [58] : 
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Where: ʎ , is the membrane through-thickness stress distribution, 3#& , represents the 

membrane stress concentration factor or + , and ʎ , is the nominal stress normal to the weld to line.  
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Equations 3.9 and 3.10 are valid for weld angles within the range of (ˊ/6 Ò ɗ Ò ˊ/3) and weld toe 

radii within the range of (1/50 Ò ɟ/t Ò 1/15). In the case of a cruciform joints (symmetric welded 

joint), these equations can also be applied over the half of the plate thickness (0 Ò y Ò t/2) and the 

other part of the stress distribution is determined by using the symmetry properties.  

The through-thickness stress distribution required for the LEFM method can be determined using 

the Monahan equations when replacing the stress concentration factors (3#& and 3#& and the 

applied stresses (ʎ ) in equations 3.9 and 3.10 with the stress concentration factors +  and +  and 

the membrane and the bending hot spot stresses ʎ  and ʎ , respectively. Since welded joints are 

usually subjected to tensile and bending loading at the same time, it is proposed that one may add the 

Monahan equations by the method of superposition. Thus, the through-thickness stress distribution 

can be obtained by the following equation for the case of combined membrane and bending 

loading [59]. 
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(3.11)  

The above equation (i.e., Monahan equation) can be used to determine the through-thickness stress 

distribution ůxx(y) based on membrane and bending hot spot stresses which resulted from post-

processing of the local reference stresses as will be discussed in the following section. Determining 

the through-thickness stress distribution based on the local reference stresses is more reliable because 

it is related to the actual through-thickness stress distribution of the welded joint. 

3.6 Determining the local reference stresses using special shell FE rules  

The local reference stress can be obtained by using FEM (3D or shell elements). The shell FE is to be 

used because it directly provides a linearized stress distribution through the thickness of the modelled 

critical welded plate. With proper post-processing procedure (described in section 3.8), the local 

reference stress can be used to determine the membrane and bending hot spot stresses as shown in 

Figure 3-8. The local reference stress is found using a shell FE model with specific rules. The most 

realistic location for determining the actual weld joint critical stress is exactly at the weld toe location. 

Thus, the proposed shell FE model simulates welded joints with special rules to ensure that the stress 

data is extracted from the location that coincides exactly with the physical weld toe line of the actual 

welded joint. Since the stress distribution through shell elements is linear, according to the definition 

of shell element theory, the resulting stress distribution across the weld toe is linear, with two surface 

stresses. Both of the shell element surface stresses (maximum and minimum) are referred to by the 

author as the local reference stresses ůa and ůb, as shown in Figure 3-8. The proposed shell FE local 

reference stress at the weld toe, along with the actual stress field, the peak stress, and the associated 

membrane and bending hot spot stresses, are demonstrated in Figure 3-8. 
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Figure 3-8: Illustration of the shell FE local reference stress concept, a) Shell finite element at the weld toe,  b) Actual 

peak stress, non-linear through-thickness stress distribution, and the local reference stresses ůa and ůb; c) Statically 

equivalent linear through-thickness hot spot stress distribution, d) Linear membrane and bending hot spot stresses  

A section of the shell element at the weld toe is shown in Figure 3-8a, whereas Figure 3-8b 

illustrate various stresses across the critical welded plate. The actual non-linearly distributed stress 

field is represented by the blue curve with the maximum peak stress at the weld toe surface. The 

linearized local reference stress distribution is represented by the linear line through the plate 

thickness which include the two surface stresses or the local reference stresses ůa and ůb 

(Figure 3-8b). The statically equivalent hot spot stress and its relation to the local reference stresses is 

shown in Figure 3-8c. The decomposition of the hot spot stress into membrane and bending hot spot 

stresses is shown in Figure 3-8d. Therefore, the local reference stress obtained from the shell FE can 

be used to determine the membrane and bending hot spot stresses by decomposition of the linear 

through-thickness stress field. As long as the shell FE linear stress field is obtained correctly, the 

membrane hot spot stress can be expressed as the average of the local reference stresses, while the 

bending hot spot stress is one-half the difference Figure 3-8a. 
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Equations 3.12 and 3.13 can determine the membrane and bending hot spot stresses while the 

summation of both equal to the total hot spot stress (equation 3.7). It is very important to note that the 

hot spot stress in equation 3.7 is to be determined by equations 3.12 and 3.13, which are based on the 

shell FE local reference stresses ůa and ůb. Therefore, it must be distinguished from the originally 

defined hot spot stress concept in section 2.1.1, which was based on the extrapolation method (see 

Figure 2-4).  

The top local reference stress ůa can be used as the nominal stress ůn to supply the nominal stress 

needed for the S-N method. Determining the nominal stress based on the local reference stress is 

based on a clear relation to the actual welded joint critical stress distribution. Using the nominal stress 

based on the proposed methodology is more reliable when used to evaluate the fatigue life. Note that 

the current work is concerned with the peak and through-thickness stress distribution to obtain only 

the strain-life and the LEFM. 

Various shell FE meshes/models were analyzed to establish some general rules for the consistent 

modelling of welded joints. Many shell FE research projects have been completed, but these projects 

have only evaluated hot spot stress and have been mostly focused on assessing the S-N method. The 

reviewed research regarding shell and 3D FE modelling of welded joints provides stress data that has 

been measured away from the weld toe. As a result, the effect of the weldsô micro-geometrical 

features has not been accounted for. Modelling welded structures using the 3D FE technique requires 

a very fine mesh, which results in a large number of elements. The number of elements is 

considerable because the number of elements is multiplied by the elementsô degrees of freedom. As a 

result, it requires much time and a considerable amount of computer resources to be solved. 

Nevertheless, a fine mesh is necessary when conducting 3D FE modelling of welded joints in order to 

capture the peak stress and its through-thickness stress gradient caused by the weldmentsô micro-

geometrical features. Using 3D FE to model simple joints is possible; however, it is impractical to 

model a complete structure using 3D FE. Therefore, modelling welded joints using the shell FE 

technique is proposed to eliminate problems associated with 3D FE modelling, such as the large 

number of elements, the fine mesh, and the required computational resources. Another reason for 

selecting the shell FE was that shell FE provides linear stress distribution through the thickness.  
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The shell FE models reviewed in the literature do not provide consistent rules to model welded 

joints, nor provide detailed information on where to determine the required stresses. The problem is 

that when modelling a welded joint using shell FE, it is not clear where the stress of interest is 

located. For example, Figure 3-9a, and b show a simple T-joint subjected only to tensile loading P, 

yet the location of the required stress (e.g., hot spot stress) in the shell FE model remains unknown. 

Another inconsistency found in the literature is in the modelling of the weld itself, as the weld 

stiffness is often not accounted for. It is important to model the weld stiffness because the stresses in 

the weld toe region depend strongly on the local stiffness in the joint. For example, the model shown 

in Figure 3-9b was found to be insufficient because it does not include the stiffness of the weld. 

Therefore, it is necessary to set rules for constructing a new shell FE model that is able to find the 

stress data exactly at a welded jointôs critical areas, such as the weld toe if possible. In addition, the 

stress at the weld toe must be related to the stresses required by the fatigue life analysis methods. 

 

 

Figure 3-9: a) Simple T-joint weldment subjected to pure tensile loading P; b) Shell FE model of a T-joint; c) Inclined 

T-joint with complex loading modes; d) Shell FE modelling of the weld stiffness 

Welded joints generally have complex geometry and loading, which makes it more complicated to 

model the weld stiffness and to find the location of the critical stress, such as the case in Figure 3-9c 
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and d. Thus, the first challenge was to find how to model the weld itself in order to correctly include 

the stiffness of the weld. The second challenge was to determine the location of the critical stresses. 

After an extensive number of shell FE modelling trials, the weld stiffness was modelled using the 

shell element with the thickness of the thinner welded plates. In addition, it is only logical to 

determine the stresses exactly at the weld toe (the physical location of the real weld toe). 

In this proposed work, a set of rules was formulated for modelling welded joints using a shell FE 

technique that is consistent and unique for the determination of stresses at the weld toeôs exact 

physical location. Modelling welded joints using the shell element requires two important points: (1) 

accurate simulation of the local weldôs stiffness, and (2) accurate positioning of the reference points 

where the actual weld toeôs stress is located in order to extract the local reference stresses ůa and ůb. 

These two points are included in the proposed shell FE model. The shell FE meshing rules are 

illustrated on a T-joint in Figure 3-10. 
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Figure 3-10: Shell finite element model of single fillet weld without penetration 
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The general rules proposed for modelling welded joints using shell FE are: 

¶ Create two shell FE plans with the actual thicknesses of the welded plates (as mid-thickness) and 

then connect them at point O with an additional incline mid-thickness shell FE plans to represent 

the weld (i.e., main plate, attachment plate, and weld plate; see Figure 3-10a and b,). 

¶ For the main plate shell elements, the size of (tp+hp) /4 in the x-direction should be given to the 

first and second rows of elements adjacent to the theoretical intersection line O, as shown in 

Figure 3-10b, 

¶ For the attachment plate elements, the size of (t+h)/4 in the y-direction should be given to the first 

and second rows of elements adjacent to the theoretical intersection line O, as shown in 

Figure 3-10b, 

¶ The weld must be simulated as an inclined shell plane attached to each plate and spanning the first 

two rows of elements in each plate (Figure 3-10b); note that when simulating the weld, the 

thickness of the shell element should be equal to the thinner plate of the weldment (e.g., either the 

main plate t or the attachment plate thickness tp), 

¶ The size of the third row of elements on the main plate should be half the weldôs leg length h/2 in 

the x and z directions, 

¶ The size of the third row of elements of the attachment plate should be half the weldôs leg length 

h/2 in the y and z directions, 

¶ The previous two points are important to locate the reference points that should represent the 

physical location of the weld toe and throat. This makes it easy to extract the nodal stresses at the 

weld toe physical location, and no interpolation is necessary, 

¶ The size of the weld leg h/2 or less should be given to all remaining shell elements in the weld 

region. 

Finally, after applying the boundary conditions, local reference stresses ůa and ůb are extracted 

from the reference points (see yellow nodes shown in Figure 3-10c) that include the critical stresses. 

The next step is to post-process the local reference stress data in order to determine the stress data 

required for the fatigue life analysis. Modelling welded joints with shell FE resolves the fine mesh 

problem associated with 3D FE modelling. The shell FE technique can also allow for the modelling of 

a complete welded structure with a shorter time frame and less effort compared to 3D FE modelling. 

Modelling welded joints with shell FE requires a relatively small number of elements. The proposed 

shell FE modelling does not directly provide the stresses required for fatigue life analysis (ůn, ůpeak, 
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and ů(y)), but rather provides a linear stress distribution or (local reference stresses ůa and ůb) exactly 

through the critical cross-section of a welded joint, as shown Figure 3-8. Thus, the post-processing 

method must be performed for the shell FEôs local hot spot stresses (ůa and ůb) in order to determine 

the membrane and bending hot spot stresses (ʎ  ÁÎÄ ʎ ). According to equation 3.8, the SCFs are 

required in order to determine the peak stress. This will ensure that the peak stress, based on the 

proposed local reference stress concept and the corresponding membrane and bending hot-spot 

stresses, is independent of the geometry and loading mode of the welded joint. 

3.7 Determining the stress concentration factors  

Stresses arise where a geometrical or micro-structural discontinuity is found. This rise in the stress is 

called the stress concentration, and its effect is quantified by the ñstress concentration factor Ktò. 

Stress concentration factors elevate the local stress in welded joints of machine components. The 

geometrical features of welded joints create areas where stress concentrations occur, and the stress 

concentration factor depends solely on the geometry and the mode of loading. There are several 

handbooks that provide the stress concentration factors but non for welded joints. 

The stress concentration factor Kt is defined as the ratio of the maximum or peak stress to the 

nominal stress. 

+
ʎ

ʎ
 (3.14)  

Welded joints in practice have complex geometries that cannot be compared to SCFs geometrical 

configurations available in handbooks. However, the finite element method (FEM) has proven to be 

an effective method for the evaluation of SCFs, regardless of how complex the weld geometry is. 

Researchers such as Niu and Glinka [60] and Monahan [58] who have used FEM to determine the 

SCFs for a variety of weld geometries, and their work has resulted in very useful yet empirical SCF 

equations. However, all of the available stress concentration factors for weldments have limited range 

of applications. The stress concentration factors can be used to determine the peak stress, but the 

loading ratio is found to have an influence on the results (see equation 3.8). Thus, it is proposed that 

one can use two separate stress concentration factors which are independent of the weld loading but 

unique for a given weld geometry (see equation 3.13). As introduced in [61] the SCFs can be 
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determined analytically by using the weld geometry. The SCF equations in this section are derived by 

using the FEM, and the welded jointsô geometrical configurations are classed as either symmetric or 

non-symmetric. If welds are located on both sides of the plate, then it is considered symmetric, and a 

non-symmetric weldment has a weld on just one side of the plate. 

3.7.1 Stress concentration factor of symmetric fillet welds in a T-joint attachment 

subjected to pure tensile and pure bending load 

The symmetric fillet welds in a T-joint attachment is shown in Figure 3-11, where Figure 3-11A is 

subjected to pure tensile loading and Figure 3-11B is subjected to pure bending loading. The SCF at 

point A in Figure 3-11 is considered symmetric for a T-joint subjected to pure tensile and pure 

bending loading.  

 

Figure 3-11: Terminology of a symmetric fillet weld in a T-joint attachment subjected to: A) Pure tension, and B) 

Pure bending loading [61] 

The SCF for a symmetric fillet weld on a T-joint attachment subjected to pure tensile loading 

(Figure 3-11A) is as follows [61]: 
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(3.15)  

The SCF for a symmetric fillet weld of a T-joint attachment weld subjected to pure bending 

(Figure 3-11B) loading is [61]: 
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(3.16)  

 &ÏÒ ÂÏÔÈ ÃÁÓÅÓȡ 7 Ô τÈ πȢσÔ ςÈ   (3.17)  

The above equations are validated for the weld parameter ranges of: 

(0.025 Ò ɟ/tp Ò 0.35), (0.5 Ò hp/tp Ò 1.0), and (20Á Ò ɗ Ò 50Á) 

3.7.2 Stress concentration factor of non-symmetric fillet weld in a base plate of a T-

joint subjected to pure tensile and pure bending load 

A non-symmetric fillet weld on the base plate of a T-joint is shown in Figure 3-12, where 

Figure 3-12-A, is subjected to pure tensile loading and Figure 3-12-B is subjected to pure bending 

loading. The SCF at point B in Figure 3-12 is considered non-symmetric for a T-joint subjected to 

pure tensile and pure bending loading.  
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Figure 3-12: Terminology for a non-symmetric fillet weld on the base plate of a T-joint weld subjected to: A) Pure 

tension, and B) Pure bending loading [61] 

The SCF for a non-symmetric fillet weld on a base plate of a T-joint weld subjected to pure tensile 

loading is as follows [61]: 
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The SCF for a non-symmetric fillet weld on a base plate of a T-joint weld subjected to pure 

bending loading is [61]: 
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(3.19)  

7ÈÅÒÅȡ  7 Ô ςÈ  πȢσ Ô ςÈ  (3.20)  

The above equations are validated for the weld parameter ranges of: 

(0.025 Ò ɟ/tp Ò 0.35), (0.5 Ò hp/tp Ò 1.0), and (20Á Ò ɗ Ò 50Á). 
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3.8 Post-processing of the local reference stress data 

The membrane and bending hot spot stresses, based on the shell FE model, can be used to determine 

the nominal stress ůn  and the hot spot stress. Note that theses stresses are not determined using the 

classical method for the nominal stress not the extrapolation method for the hot-spot stress but rather 

based on the local reference stresses which is related to the actual critical stresses of the welded joint. 

Hence, with a proper S-N curve, the fatigue life of a welded joint can be predicted using either the 

stress-life or the hot spot fatigue life method. Regardless, the objective of the proposed method is to 

extend the use of local reference stresses to determine the peak and through-thickness stresses to help 

in predicting the fatigue life of welded joints using the strain-life and LEFM methods. 

The objective of the post-processing procedure is to determine the peak stress and the through-

thickness stress distribution of the modelled weld joint. After modelling a welded joint, the local 

reference stresses (ůa and ůb) are extracted as explained in Section 3.6. The post-processing 

procedures are as follows: 

1) Determine the membrane and bending hot-spot stresses ʎ ȟÁÎÄ ʎ  according to equations 

3.12 and 3.13. 

2) Based on the weld shape, mode of loading, and critical weld toe (symmetric or non-

symmetric), determine the membrane and bending stress concentration factors +   ÁÎÄ +  

according to equations 3.15 - 3.17 or 3.18 - 3.20, respectively. 

3) Determine the peak stress, ůpeak according to equation 3.13. 

4) Determine the through-thickness stress distribution ůxx(y) using the Monahan equation (3.11). 

The idea of the decomposing equation 3.8 in Section 3.4 could be achieved by using shell FE 

modelling even when analyzing an entire structure subjected to all service loading modes. It must be 

ensured that the shell FE model is realistically simulated, including the overall geometry, boundary 

conditions, and loads.  

Determining the peak stress is important in order to evaluate the fatigue crack initiation life of 

welded joints using the strain-life method. This method of determining the peak stress makes it 

unique because it is independent of the loading mode, as it is based on load-separated stress 

concentration factors. Thus, the peak stress based on the presented method can be used for any 

membrane and bending load combination when applied to a welded joint, regardless of the stress 
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ratio. Another advantage of the proposed method is that it is based on reference stresses (i.e., 

statically equivalent hot spot stresses) located exactly at the weld toe, in contrast to the hot spot stress 

evaluation methods outlined in the literature.  

Determining the non-linear through-thickness stress distribution is important in order to evaluate 

fatigue crack growth in welded joints using the LEFM method. According to the shell element theory, 

the distribution of the stress through the thickness is linear; i.e., the local reference stresses are 

linearly distributed through the shell element thickness from ůa to ůb. The local reference stress data 

were successfully related to the hot spot stresses in section 3.8, so they can be related to the through-

thickness stress distribution, since the hot spot stress is nothing but a linearization of the actual non-

linear through-thickness stress distribution (see equations 3.7 and 3.8, and Figure 3-4 and ). It is 

important to note that the Monahan equation 3.11 for the through-thickness stress distribution was 

derived for a non-symmetric T-joint using a set of FE stress data. Therefore, within the mentioned 

geometric ranges, equation 3.11 is valid only for non-symmetric welded joints; however, in the case 

of symmetric welded joints, it is valid only over half of the plate thickness (0 Ò y Ò t/2).  

Equation 3.8 can provide through-thickness stress distributions regardless of the overall geometry 

and the applied loading. This is because it is based on two separate hot spot stresses which are 

independent of the loading ratio effect. The non-linear through-thickness distribution based on the 

local reference stresses is considered fast and economical from a computational point of view. 

Note that the resulting stress data (i.e., nominal, peak, and non-linear through-thickness 

distribution) from the post-processing will be validated against the stresses from the 3D FE model. 

The peak stress based on the local reference stress will be input to the stress analysis module of the 

strain-life method in order to predict the fatigue crack initiation life of welded joints. For the 

remaining fatigue crack propagation life, the LEFM method will be used. The through-thickness 

stress distribution, based on the local reference stresses and the appropriate weight function, will be 

used for the analysis. The weight function can be found in the literature, while the through-thickness 

stress distribution will be obtained by using the stress data obtained from the shell FE model. Lastly, 

the stresses will be used to predict the fatigue life of several welded joints. These welded joints were 

tested for fatigue life at the John Deere laboratory. Both the experimental and predicted fatigue life 

were shown in order to prove the worth of the proposed methodology. 
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3.9 Evaluation of the SIF effect within the LEFM method 

Equation 2.18 can be used for one-dimensional cracks such as edge cracks. However, there are some 

crack models where the stress intensity factor needs to be evaluated for two critical points (two-

dimensional crack models). Two-dimensional cracks are usually considered to be semi-elliptical in 

shape, and that assumption is based on the observation of planar cracks initiated from a surface. 

Semi-elliptical cracks (widely found in welded joints) have two critical points, which are the depth 

and the surface, as shown in Figure 3-13. Point A in Figure 3-13 is the depth point where the crack 

may grow through the component thickness, whereas Point B is the surface point where the crack 

may extend along the component width/surface. The crack size in the depth of a semi-elliptical crack 

is referred to as ñaò, while the surface crack length or crack width is referred to as ñ2Cò (respectively, 

points A and B in Figure 3-13). 

 

Figure 3-13: Semi-elliptical crack shape and geometry parameter 

According to [51], points A and B in Figure 3-13 have different weight functions even though the 

through-thickness stress distribution „(y) is the same. Thus, two integrals are needed to calculate the 

stress intensity factor at the deepest point and the surface point (points A and B in Figure 3-13). 
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+ ᷿ʎØȢÍ ØȟÁȢÄØ     at point A (3.21)  

+ ᷿ʎØȢÍ ØȟÁȢÄØ     at point B (3.22)  

The weight functions for the deepest point A and the surface point B are as follow: 
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The MiA and MiB parameters can be found in [51],[52]. 

Semi-elliptical cracks tends to morph into edge cracks because the crack growth in the surface 

direction is faster than in the depth direction if sufficient time is given for crack growth [62]. 

Accordingly, the crack shape changes in every load cycle as well as the crack growth ratio (a/c) in 

both directions (points A and B in Figure 3-13). Consequently, the ratio a/c is an important 

geometrical characterization that should be accounted for when evaluating fatigue life using LEFM. 

Since the LEFM method is based on the assumption of existing crack, it is important to have a 

good estimation of the initial crack size. However, there is no general accepted estimation of the 

crack initial crack size. The shape of the crack is also an important factor that will affect the fatigue 

life. The initial crack size ai may be estimated based on the experimental observation of strain-life 

specimens according to ASTM standard [46]. In this standard, the specimens are subjected to strain 

controlled cyclic loading in order to obtain the cyclic stress-strain curve. One of the criterion to 

consider the failure of the test specimen is the shape deformation of the stabilized hysteresis 

loop [46]. It was found that the shape of the stabilized hysteresis loop changes at some point (ai = 0.5 

mm) due to crack nucleation/initiation. This phenomenon can be used to estimate the initial crack size 

needed for the LEFM analysis. 
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3.10 Evaluation of the residual stress effect within the LEFM method 

The residual stress is usually distributed from tensile to compressive (see Figure 2-14) through the 

plateôs thicknesses that are connected by the weld [39]. For that reason, the residual stress affects not 

only the peak stress magnitude, but also the through-thickness stress distribution. The residual stress 

and the load induced stress fields get superposed in practice. Due to nonlinearity of residual stress 

fields the standard handbook solutions for stress intensity factors cannot be used. Therefore the 

weight function technique is being used for the determination of stress intensity factors in the 

methodology being discussed. Since the stress intensity factor obtained using the product of the 

through-thickness stress distribution ů(y) and the weight function m (y,a) (see equation 2.18), the 

residual stress must be accounted for when using the LEFM method. Thus the residual stress intensity 

factor can be determined as: 

0

a

res

resK ( y ) m( x,y ) dys= Ö Öñ
 

(3.25)  

The residual stress effect is accounted for by adding the residual stress intensity factor to the 

applied stress intensity factor resulting in the so-called effective stress intensity factor Keff: 

+  +   +  (3.26)  

The effective maximum and minimum stress intensity factors can be calculated as follows: 

+  +   +    (3.27)  

+  +   +  (3.28)  

Thus, the stress intensity range, æK can be expressed as: 

Ў+  +  +  +  +  (3.29)  

Accordingly, the effective stress ratio, Reff is calculated as follows: 
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 (3.30)  

It can be noted that the residual stress field does not change the range of the stress intensity factor 

æK but it changes only the stress ratio R. 

The most often used model to determine the effective stress intensity factor range, æKeff is the 

crack closure model. The fatigue crack growth rate tends to increase with the increase of the stress 

ratio. Kurihara [63] proposed the simplest variation of the crack tip closure model using the crack 

opening ratio U, which increases with the increase in the stress ratio until it become constant (U=1 for 

R > 0.5). Kuriharaôs expression [63] is based on the crack tip closure model showing that the 

effective stress intensity range is: 

Ў+  5Ў+ 5 + +  (3.31)  

Where: 

5  
ρ

ρȢυ 2  
         ÆÏÒ       υ  2 πȢυ 

5  ρ                           ÆÏÒ         2   πȢυ               

(3.32)  

Thus, using the appropriate weight function and knowing the residual stress with the associated 

through-thickness stress distribution induce by the applied load in the prospective crack plane, the 

minimum and maximum effective stress intensity factors +  and +  can be calculated. Using the 

effective stress intensity range with the Paris equation (2.13), the effect of the residual stress and the 

stress ratio are accounted for in the fatigue crack growth analysis. 

To sum up, the LEFM method is suitable for estimating the fatigue crack propagation life of 

welded joints because it is capable of including the various factors associated with weldments, such 

as the residual stress, mean stress effect, and stress ratio. However, this method relies on the stress 

intensity factor, which is not available for weldments or welded joints with variable plate thicknesses. 

In addition, this method depends on the initial crack size assumption and the distribution of the stress 

through the critical cross-section of weldments. For the initial crack size, there is no specific 

assumption method because the initial crack size varies with the material properties, so the 

assumption is empirical. The through-thickness stress distribution, which is very important, is not 
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easy to determine even with the help of FEM because of the high peak stress, which results in a high 

stress gradient through the critical cross-section of the weldment. As mentioned earlier, using 3D FE 

modelling to find the peak stress and the associated through-thickness stress distribution is difficult 

for complex welded joints, not to mention full structures. Finding the actual peak stress and the 

through-thickness stress distribution for a single welded component requires a high number of 3D 

elements with a very fine mesh at the critical areas, which will take a long time and consume 

considerable computational resources. Regardless, many studies have been done to ease the use of 

FEM by using the shell FE, which requires a fewer number of elements in order to determine the peak 

stress, but none has extended the stress analysis to include the through-thickness stress distribution 

itself in order to use the LEFM method. The following section reviews some of those studies in order 

to develop a stress analysis method that can determine the peak stress and the through-thickness stress 

distribution of a welded structure, regardless of the mesh sensitivity and computational time and 

resources. 
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Chapter 4 

Validation of the shell FE local reference stress data using 3D FE 

modelling  

The stress data based on the shell FE model must be validated against the same stress data extracted 

from the detailed 3D FE model. The shell FE local reference stress data (ůa and ůb) were used to 

determine the hot spot stresses, then, with the SCFs, the peak stress and the through-thickness stress 

distribution were determined. The 3D FE modelling of a welded joint can determine the actual stress 

data, which are the peak stress ůpeak and the non-linear through-thickness stress distribution ů(y). The 

peak stress from the 3D FE model can be directly compared to the one based on the shell FE local 

reference stress data or equation 3.8. The actual non-linear through-thickness stress distribution ů(y) 

from the 3D FE model can also be compared to the through-thickness stress distribution ůxx(y) from 

the shell FE local reference stresses and Monahan equation 3.11. The shell FE local reference stress is 

a linearized stress distribution in the critical weld toe through-thickness. This linearized shell FE 

stress data can be compared to the actual stresses from the 3D FE by linearizing the actual non-linear 

through-thickness stress distribution. In other words, the linearization of the 3D FE actual non-linear 

through-thickness stress distribution ů(y) can be used to determine the membrane and bending hot 

spot stresses, which are comparable to the membrane and bending hot spot stresses from post-

processing the shell FE model (ůa and ůb). Figure 4-1 illustrates the compared stress data. This 

validation is based on the definition of the statically equivalent hot spot stress ůhs, which is equal to 

the sum of the membrane and bending stresses (see equation 3.7). Consequently, there is a direct and 

unique relationship between the 3D FE actual non-linear through-thickness stress distributions of the 

critical weld toe and the linear stress field obtained from the shell FE model.  
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Figure 4-1: Stress data comparison between the shell and the 3D FE models 

4.1 3D FE modelling 

The recent improvements in computer power make it feasible to use 3D FE modelling for large 

structures. This can be achieved by using 3D brick or tetrahedral elements. Welded structures, on the 

other hand, are more complicated when modelled using 3D FE. One challenge when modelling a 

welded structure is capturing the high level of surface stress and its associated non-linear through-

thickness distribution. Another challenge when using 3D FE modelling for welded joints is that the 

stresses around the weld toe are sensitive to the weldôs micro-geometrical features (weld angle and 

weld toe radius), hence accurate modelling of the actual welded joint is required.  

Modelling a welded joint using 3D FE with a sufficient amount of fine mesh elements at critical 

areas can directly produce actual stress data, which are the actual peak stress ůpeak and the actual non-

linear through-thickness stress distribution ů(y). A very fine mesh at the weld toe area is required to 

capture the magnitude of the maximum surface stress normal to the weld line and the associated non-

linear through-thickness stress distribution. The smallest element at the weld toe line should be one-
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quarter the weld toe radius (ŭel Ò ɟ/4) [64]. The magnitude of the peak stress is extracted from one 

element at the weld toe surface, whereas the stress values forming actual non-linear through-thickness 

stress distribution ů(y) are extracted through the main plate thickness under the weld toe. Note that 

both welded joint FE models (shell and 3D) must have the same material properties, geometrical 

features, and loading modes. Additionally, the stress data from both models must be extracted at the 

same location (weld toe area).  

The previous paragraph shows the general guidelines to determine the actual peak stress ůpeak and 

the actual non-linear through-thickness stress distribution ů(y) using 3D FE modelling. As a result, 

the peak and through-thickness distribution based on the shell FE model can be validated when 

compared to the stress data from 3D FE modelling. For hot spot stress validation, a linearization of 

the actual non-linear stress distribution ů(y) is needed in order to find the membrane and bending hot 

spot stresses.  

The goal is to extract the axial force P and the bending moment M from the 3D FE actual non-

linear through-thickness stress distribution ů(y) at the weld toe. The axial force and the bending 

moment in at the critical weld toe cross-section can be used to determine the membrane and bending 

stresses (ʎ  ÁÎÄ ʎ ). The 3D FE actual non-linear through-thickness stress distribution ů(y) shown 

in Figure 4-2 can be integrated to calculate the axial force and bending moment.  

 

Figure 4-2: Example of a T-joint weld toe through-thickness stress distribution conducted using 3D FE, and the 

notation used in the linearization process 
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Assuming an imaginary area t x 1, the axial force P can be obtained by integrating the stress field 

along the line x = 0 and over the entire plate thickness: 

0  ʎÙÄÙ (4.1)  

Subsequently, the membrane hot spot stress is the average axial stress along the vertical line x = 0. 

When calculating the hot spot membrane stress, a unit of 1 is assumed in the z direction: 

ʎ
0

ρ Ô 
 (4.2)  

Substituting the last two expressions gives the hot spot membrane stress relation, as follows: 

ʎ
᷿ʎÙȢρȢÄÙ

ρ Ô

᷿ʎÙȢÄÙ

Ô
 (4.3)  

Using the same method, the internal bending moment M acting over an imaginary area 1 x t along 

the line x = 0 can be calculated: 

-  ʎÙ Ù ÄÙ (4.4)  

Using a simple bending formula, the corresponding shell bending stress can be obtained as 

follows: 
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Ô
 (4.5)  

Where: )  

The 3D FE analysis usually provides stress data in terms of stress magnitudes at a selected number 

of Gaussian points, nodal points, or centers of gravity of individual elements of the FE mesh. To 

obtain the membrane ʎ  and the shell bending stress ʎ  from such a discrete non-linear stress field, 
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a numerical integration procedure is required, and the analytical integration should be replaced with a 

summation of discrete increments. The surface stress „a is calculated as follows: 

ʎ ʎ ʎ ʎ
᷿ʎÙȢÄÙ

Ô
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В ʎÙȢЎÙ
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Ô
 (4.6)  

The stress at the bottom side of the shell model can be calculated as follows: 
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 (4.7)  

The local reference stresses found using the shell FE technique („a and „b) can be compared to the 

linearized stress resulting from equations (4.6 and 4.7). Note that equations (4.6 and 4.7) resulted 

from processing the 3D FE stress data. The peak stress and the non-linear through thickness stress 

distribution resulting from processing the shell FE local reference stresses equations (3.8 and 3.11) 

can be compared to the 3D FE stress data (The actual peak stress and the actual non-linear through 

thickness stress distribution) see Figure 4-2. 
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Chapter 5 

Case studies on the fatigue life prediction of welded joints using 

the local reference stress 

5.1 Predicting the fatigue life of welded joints using strain-life and LEFM 

methods 

The strain-life and LEFM methods are utilized in this work to determine the total fatigue life of 

welded joints. The strain-life method can determine the fatigue crack initiation life, Ni, while the 

LEFM method can estimate the fatigue crack propagation life Np. The total fatigue life to failure, Nf   

is the sum of the fatigue life to crack initiation Ni and propagation Np.  

.  .  .  (5.1)  

The maximum elastic local stress (peak stress) acting at the critical point of a welded joint based 

on the shell FE local reference stress can be calculated using equation 3.12 and 3.13. Assuming 

constant amplitude loading, the elastic peak stress can be related to the actual elastic-plastic stress at 

the notch tip using the Neuber rule [35] as per equation (2.6). The Ramberg-Osgood equation (2.7) is 

then used to calculate the corresponding elastic-plastic strain (actual strain) for the loading part. For 

the unloading part, the procedure is similar but with an expansion of the fatigue stress-strain curve by 

a factor of 2 as per equation 2.8. Accordingly, the elastic-plastic stress response can be determined 

and the corresponding elastic-plastic strain ranges can be determined using the SWT equation (2.9). 

The procedures are shown previously in Figure 2-12. 

The final step is to evaluate the number of cycles to crack initiation Ni. The elastic-plastic or 

actual strain ranges resulting from the previous steps can be input to the Manson-Coffin [31],[32] 

equation (2.4) to determine the fatigue crack initiation life at the weld toe. SWT [33] equation (2.9) 

can be used instead in order to account for the mean stress effect on the fatigue crack initiation life. 

Note that the residual stress effect can be added to the applied elastic peak stress term in the Neuber 

rule [35] as per equation (2.12). 

The LEFM method is mainly based on the Paris law (equation 2.13). The Paris law requires the 

stress intensity factor and material constants C and m. The stress intensity factor can be found in 
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handbooks, but in case of welded structures it can be evaluated using the weight function. This 

method of evaluating the stress intensity factor requires the proper weight function and the through-

thickness stress distribution of the uncracked body in the weld toe prospective crack plane. The 

through-thickness stress distribution based on the shell FE local reference stress data and the 

Monahan expression (3.11) can be used for determining the stress intensity factor mentioned in 

equations (2.18 and 2.19) if the proper weight function m (y, a) are known. To evaluate the fatigue 

crack growth life of a welded joint, several factors like the stress ratio and the residual stress must be 

accounted for in the Paris law as per equation (3.22).  

The fracture mechanics method assumes the crack is already initiated as an initial crack size ai that 

increases up to a critical crack size af. The critical crack size is the crack length where the final brittle 

fracture may occur. As recommended by the IIW, the initial crack size can be assumed as (ai = 0.15 

mm), which is suitable for conservative fatigue life estimation. Other publications suggest (ai = 0.5 

mm) for some mechanical engineering applications. However, there is no general rule as to what 

should be the initial crack size because the assumption may depend on inspection capabilities, 

material properties, and loading conditions. The crack shape, such as circular or semielliptical, has to 

be assumed as well because it affect the stress intensity factor or the weight function.  

In the present work the initial crack size ai at depth or point A in Figure 3-13 was assumed to be 

0.5 mm, while the crack shape was assumed to be semielliptical. The observed crack length from 

experiments showed an average surface crack of (ci = 3.5 mm), which results in an initial aspect ratio 

of (a/c = 0.286). The Paris law material constants (C, and m) were determined based on equation 

(2.16). Equations (3.21 and 3.22) were used to determine the stress intensity factors for the initial 

crack size. The through-thickness stress distribution, based on the shell FE local reference stress data 

and the Monahan expression (3.11) was input to determine the stress intensity factors at two points, 

which were the surface and the depth point (Figure 3-13). Another input to determine the stress 

intensity factor was done to find the proper weight functions for cracks with semielliptical shape. 

Two weight functions are required in the case of semielliptical cracks (3.21 and 3.22). Then, the new 

propagated crack size caused by the stress cycles is determined by using equation (2.20). Equation 

(3.26 to 3.32) show how to account for the stress ratio and the residual stress effects. The previous 

procedures are repeated and the results are updated for each crack size increment at both the depth 

and surface points (A and B, Figure 3-13). The calculation must be carried on until the critical crack 
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size is achieved. The critical crack size can be assumed as 80% of the wall thickness for the deepest 

point. That is (af = 0.8t). Equation (2.21) can be used to calculate the fatigue crack growth life Np. 

Finally, the total fatigue life can be calculated using equation (5.1).  

The following figure illustrates the stress analysis steps: 
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Figure 5-1: Summary of the methodology  
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5.2 Experimental data (case studies)  

A significant amount of experimental data has been provided by the John Deere (JD) Company 

laboratories. These experiments evaluated the fatigue life of welded joints subjected to different 

loading modes. The presented methodology is demonstrated in this chapter to validate its capability of 

predicting the fatigue life of actual welded joints. These experimental welded joints or case studies 

are selected because they include different welded joints with different geometrical features and 

loading modes. Two case studies are presented here while three more case studies are added in the 

appendix. The case studies involve two different T-joints, tube-on-plate, square-tube-on-plate, and a 

complex welded joint. One of the T-joints and the tube-on-plate welded joint are presented here while 

the rest can be found in the appendix. These case studies are based on actual welded joints subjected 

to different fatigue loading to predict the fatigue lives. The experimental welded specimens were then 

modelled using the proposed shell FE and 3D FE models. The shell FE models were conducted to 

provide stress data in the weldmentôs critical areas, such as the weld toe. The stress data was validated 

for each case against stress data from detailed fine-meshed 3D FE models. Based on the shell FE 

modelling, the stress data (local reference stresses) were used to predict the fatigue life for each case. 

The Ů-N and LEFM method were used for the fatigue life predictions. Finally, the fatigue life of each 

case study was compared to the experimental fatigue life data.  

Note that all shell and 3D FE modelling was conducted using the ABAQUS FE software. The 

shell FE modelling was done according to Section 3.6, while the 3D FE modelling was conducted 

according to Section 4.1. The shell FE stress data (local reference stresses) was extracted from the 

weldôs critical locations and then post-processed as per Section 3.8 in order to find the peak stress and 

the through-thickness stress distribution to evaluate the fatigue life of the experimental welded 

components. The strain-life method was used to predict the fatigue crack initiation life, whereas the 

LEFM method was used to predict the fatigue crack propagation life. For that, the in-house fatigue 

life prediction programs FALIN and FALPR were used to calculate the fatigue crack initiation life 

and the fatigue crack propagation life, respectively. The total fatigue life was calculated as the sum of 

both lives (the crack initiation life and the crack propagation life). The effect of the residual stress on 

the fatigue life calculation was individually included to study the significant of the difference.  

The steps used to study each case were as follows: 
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1) Gather geometrical data about the welded joint (experimental specimen). 

2) Gather information about the applied loads. 

3) Gather material information for each welded joint to determine the material fatigue 

properties and other constants. 

4) Conduct the shell FE modelling according to the proposed rules in the methodology 

chapter as per Section (3.6). 

5) Extract the local reference stress data and perform the post-processing method to 

determine the required stress data for the fatigue analysis as per Section (3.8). 

6) Conduct a detailed and fine-meshed 3D FE model of each experimental specimen to 

validate the stress data (membrane, bending, peak, and through-thickness stresses) 

acquired using shell FE modelling, as mentioned in Section (4.1). 

7) Use the validated shell FE local reference stress data to predict the fatigue life of each 

welded joint, as per the strain-life and the LEFM methods. 

8) Compare the predicted fatigue lives based on the proposed local reference stress data 

against the experimental fatigue lives. 

The fatigue life evaluation steps according to Figure 1-1 were used in order to test the proposed 

fatigue stress analysis method in two case studies in this chapter, whereas the appendix contains an 

additional three case studies. Step one concerns providing the data required for the geometrical 

module. The second step is to supply the loading module, and the third step is to supply the material 

properties module. Steps four through six include using the proposed methodology to supply the 

stress analysis module for the fatigue analysis. The seventh step uses two of the well-known fatigue 

life methods to calculate the damage and fatigue lives of the experimental welded joints (damage and 

fatigue life modules). Step number eight involves the comparison of the predicted fatigue lives based 

on the proposed methodology and the actual experimental data in order to emphasize the efficiency 

and worth of the proposed fatigue stress analysis method. 

5.3 Fatigue analysis of a T-joint subjected to in-plane cyclic loading 

Eight samples of welded T-joints were tested by the JD laboratories. The T-joints were subjected to 

fully reverse cyclic loading of a lateral force in the gusset plate plane direction, as shown Figure 5-2. 

The base plate or main plate dimensions were υππ  υππ  τ mm, and the dimensions of the 
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vertical attachment plate (gusset plate), located at the center of the main plate, were υπρππτ 

mm. The material for the tested samples was 1008 steel. The welding was done using the Flux Core 

Arc Welding method. The dimensions of the weld were t = 4 mm, tp = 4 mm, h = 4 mm, hp = 4 mm, ɗ 

= 45Á, and ɟ = 0.55 mm.  

 

Figure 5-2: Geometries of the T-joint specimen subjected to in-plane cyclic loading 

Six of the tested specimens were subjected to a load of F = ± 1320 N, while the rest of the test 

specimens were subjected to a load of F = ± 2000 N. The base plate of each specimen was fixed at all 

corners of the base plate by clamps with dimensions of τπ ψπ mm, whereas the pinhole of the 

gusset/attachment plate was subjected to lateral cyclic loading as shown in Figure 5-2. The expected 

critical stress area, where the crack is to initiate and grow, is one of the gusset weld toes for one of the 

experimental T-joint specimens, as shown in Figure 5-3. Therefore, the local reference stresses („a 

and „b) are determined for that same region (weld toes of the attachment plate further sides).  
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Figure 5-3: Test sample of the T-joint subjected to in-plane cyclic loading (JD) 

5.3.1 Material properties  

The material properties of the welded joint under investigation (1008 steel) were provided by the JD 

laboratories. The chemical composition and mechanical properties are shown in Table 5-1 and 

Table 5-2, respectively. The fatigue test data of 1008 steel are shown in Table 5-3.  

Table 5-1: Chemical composition of 1008 steel (weight %) 

C Si P S Mn Ni Cr Mo B Al 

107 40 5 15 330 9 19 22 .219 67.4 

Table 5-2: Mechanical properties of 1008 steel 

Ultimate strength (Su)  Yield strength (Sy)  Elastic modulus (E)  

351.0 (MPa)  198.0 (MPa)  207447 (MPa)  

Using the row experimental data obtained for a set of smooth specimens tested according to 

ASTM standard [1], the material fatigue properties of 1008 steel were determined at the University of 

Waterloo (UW). The fatigue parameters were determined using the Ramberg-Osgood and Manson-

Coffin curves.  
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Table 5-3: Fatigue test results for 1008 steel (JD fatigue test data [66]) 

Experimental Total Strain 
Amp.  

Stress Amp. 
(MPa) 

Elastic Strain Amp.  Plastic Strain Amp.  Life (Rev.)  

0.007 299.7 0.001444706  0.00418336  5428  

0.006 286.8 0.001382522  0.003648938  6784  

0.005 294.7 0.001420604  0.003970332  12452  

0.004 269.5 0.001299127  0.003007642  19396  

0.0035  258.4 0.001245619  0.002639253  29940  

0.003 241.5 0.001164153  0.002139069  39994  

0.00275  223.7 0.001078348  0.001686275  58892  

0.0025  223.1 0.001075455  0.001672264  87502  

0.00225  204.8 0.00098724  0.001281844  113448  

0.00213  200.2 0.000965066  0.001194501  129826  

0.002 193.2 0.000931322  0.00106947  184204  

0.00175  179.3 0.000864317  0.000848072  239038  

0.00163  173.3 0.000835394  0.000762979  341056  

0.0015  165.5 0.000797794  0.000661271  401720  

0.0014  160.9 0.00077562  0.000605 828 566090  

0.00132  158.9 0.000765979  0.000582739  801822  

0.00125  153.1 0.00073802  0.000519167  1706230  

0.00125  149.6 0.000721148  0.000483177  2111956  

Figure 5-4 shows the Ramberg-Osgood fatigue stress-strain curve based on the experimental data 

in Table 5-3 . Manson-Coffin equation (2.4) was used to determine the fatigue curves, as shown in 

Figure 5-5 to Figure 5-7. 



 

 90 

 

Figure 5-4: Stress-strain curve of the 1008 steel 

 

Figure 5-5: Stress-plastic strain fatigue curve for 1008 steel 

 

Figure 5-6: Elastic strain  amplitude-life curve for 1008 steel 
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Figure 5-7: Plastic strain amplitude-life curve for 1008 steel 

The UW analysis (curve fitting) results in the fatigue parameters shown in Table 5-4 for 1008 steel.  

Table 5-4: Fatigue parameters of 1008 steel (UW) 

Fatigue strength coefficient ( Ἦ)                        950.68        (MPa) 

Fatigue strength exponent (b)  -0.1309  

Fatigue ductility coefficient ( Ἦ) 0.151 

Fatigue ductility exponent (c)  -0.4067  

#ÙÃÌÉÃ ÓÔÒÅÎÇÔÈ ÃÏÅÆÆÉÃÉÅÎÔ ɉ+ Ɋ                       1747.1         (MPa) 

Cyclic strain harde ÎÉÎÇ ÅØÐÏÎÅÎÔ ɉÎ Ɋ 0.3219  

5.3.2 Shell FE modelling of a T-joint subjected to in-plane cyclic loading 

The aim of this shell FE model is to determine the local reference stresses („a and „b) and perform the 

post-processing stress data in order to supply the required stresses for all of the contemporary fatigue 

life evaluation. The membrane and bending stresses (ʎ  and ʎ ) are determined by using equations 

(3.12 and 3.13). Based on the geometrical features of the welded joints, the membrane and bending 

SCFs (+  ÁÎÄ + ) can be determined by using equations (3.15 and 3.20) in Section 3.7. According to 

equation (3.11), this is the required stress information that will determine the peak stress ůpeak based 

on the shell local stresses. The same stress data with proper SCFs (+ ȟÁÎÄ + ) can be used to 

determine the through-thickness stress distribution ůxx(y), as per the Monahan expression (3.11).   

The shell FE model should have the same geometry as the experimental specimens, whereas the 

local reference stress must be extracted from a specific location (exactly at the weld toe having the 
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maximum stress normal to the weld toe line). In the present case, the weldôs critical location or the 

location of the expected crack initiation is the lower weld toe of the gusset edge, as shown in 

Figure 5-3. 

Note that the attachment plate and the main/base plate are modelled as middle-planes shell 

elements, and they are referred to as the attachment plate mid-plane and the main plate mid-plane. 

Both plates are modelled with the actual experimental welded T-joint thicknesses. The weld itself was 

also modelled as a middle-plane with a thickness equal to the thinner plate (i.e., thickness of 

attachment or base). Following the meshing rules described in section (3.6), the meshing of the shell 

FE model for the case under investigation is shown in Figure 5-10 to Figure 5-10. 

 

Figure 5-8: Shell FE modelling mid-planes for the T-joint subjected to in-plane bending load 
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Figure 5-9: Shell FE modelling meshing rules for the T-joint subjected to in-plane bending load 

  

Figure 5-10: Shell FE modelling rules for the T-joint subjected to in-plane bending load 

The meshing rules of the case under investigation were applied as follows:  
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¶ Meshing rules for the attachment plate mid-plane shell element: 

¶ The width of the attachment plate mid-plane must be reduced by h/2 from the sides because of the 

gusset edges. 

¶ The distance of the first row of nodes along y-direction on the attachment plate mid-plane should 

be at a distance of (h/2) + (t/2) from the main plate mid-plane. 

¶ The second row of nodes including reference points on the attachment plate mid-plane along the y-

direction should be at a distance of h + (t/2) from main plate mid-plane. 

¶ The size of each element measured in the main plate mid-plane should be (h/2) in the z-direction. 

¶ Meshing rules for the main plate mid-plane shell element: 

¶ The distance of the first row of nodes along the y-direction on the main plate mid-plane should be 

at a distance of (h+tp)/2 from the center line. 

¶ The second row of the reference points on the main plate mid-plane along the y-direction should be 

h+ (tp/2) from the center line. 

¶ Meshing rules for the weld edge shell element: 

¶ The gusset mid-plane edge (curved end) should be created with at least two nodes with the size of 

(h/2). 

¶ The first row of nodes of the gusset mid-plane must be on the main plate mid-plane with a distance 

of (h) from the attachment plate mid-plane edge along the x-direction. 

¶ The second row of reference points of the gusset mid-plane must be on the main plate mid-plane 

with a distance of (h/2) from the first row of nodes along the x-direction (previous point). 

¶ The thickness of the weld shell element must be equal to the thickness of the thinner plate.  

The boundary conditions of the T-joint shell FE model under investigation are shown in 

Figure 5-11. The bottom plate corners were constrained for all displacement, while a lateral force of 

1000 N was applied to the attachment plate pinhole. 
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Figure 5-11: Shell FE model with boundary conditions for the T-joint subjected to in-plane cyclic loading (F = 1000 

N)  

According to the experiments, the maximum stress was expected to be at the weld toe of the 

gusset edge. Note that the reference points must coincide with the actual location of the weld toe of 

the experimental specimen.  

Figure 5-12 indicates that the maximum stress is located at the weld toe, as expected. However, 

the required shell FE local reference stresses are to be extracted from a specific reference point and 

not at the maximum contour node. The distance between the attachment side and the weld toe 

reference point of the shell model was h+h/2 = 6 mm. At that specific reference point (at the critical 

location [weld toe]), the local reference stresses „a and „b were extracted on the opposite surface sides 

of the main plate (top and bottom). 
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Figure 5-12: Shell FE stress contours of the maximum stress normal to the weld toe line; T-joint subjected to in-plane 

loading (F = 1000 N) 

The local reference stresses „a and „b are obtained from a reference point located at the upper 

weld toe of the attachment plate as shown in Figure 5-13. The reference point contains the local 

reference stresses, which represent the surface and bottom stresses through the plate thickness. These 

stresses are used to determine the membrane and bending hot spot stresses that will be multiplied by 

the proper SCFs (see Section 3.7 ) to calculate the peak stress at the weld toe. 

 

Figure 5-13: Shell FE local reference stresses ůa and ůb; T-joint subjected to in-plane loading 
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The local reference stresses through the base plate („a and „b) were recorded as follows: 

„a = 202.82 MPa 

„b = -168.43 MPa 

Therefore, the hot spot membrane and bending stresses ʎ  and ʎ , per equations (3.12 and 3.13, 

respectively) were: 

ʎ  
ʎ ʎ

ς
ρχȢρω -0Á 

ʎ  
ʎ ʎ

ς
ρψυȢφσ -0Á 

Using the weld geometrical features of the current case, the SCFs were calculated. However, 

because the attachment plate has a large thickness, the attachment plate thickness parameter, tp was 

multiplied by a factor of 3 as an assumption for the SCFs at the edge of the gusset. According to 

available 3D FE data, the tp parameter in equations (3.15ï3.16) cannot be greater than 3t. Therefore, 

the assumption of 3tp was used based on the fact that the effect of the edge disappears at distances 

greater than 3t, and the SCF equations are not valid for large values of tp:   

+  1.591 

+  2.166 

As per equation (3.8), the peak stress at the weld toe induced by the applied load was: 

ʎ  ʎ Ȣ+ ʎ Ȣ+  τςωȢςυ  -0Á  

Figure 5-14 shows two stress distributions through the base plate thickness in the direction normal 

to the weld toe. The linear stress distribution (hashed line) represents the local reference stresses („a 

and „b). The non-linear stress distribution (solid curve) represents Monahan equation ůxx(y) (equation 

3.11). 
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Figure 5-14: The shell FE local reference stress data at the weld toe cross section of the T-joint under in-plane 

bending; linear distribution of the local reference stresses (ůa and ůb); and the Monahan non-linear through-

thickness stress distribution 

Figure 5-14 provides the stress data („a, „b, ůpeak, and ůxx(y)) required for the fatigue analysis of the 

case under investigation. The stress data in Figure 5-14 are obtained from a shell FE model and was 

validated against a detailed 3D FE model before proceeding with the fatigue analysis. A 3D FE model 

with the same geometry as the experiment is modelled in the following section to validate the shell 

FE local reference stress data.  

5.3.3 Finite element 3D modelling of a T-joint subjected to in-plane cyclic loading 

This section shows how to model welded joints by using the 3D FE method. The objective of 3D FE 

modelling is to validate the stress data obtained from the shell FE modelling. The validation includes 

the shell FE local reference stresses (ůa and ůb), the peak stress ůpeak, and the through-thickness 

stress distribution ůxx(y) resulting from the post-processing method. The actual peak stress magnitude 

at the weld toe surface, in addition to the actual non-linear through-thickness distribution under the 

weld toe, can be extracted directly from the 3D FE model. The membrane and bending hot spot 

stresses can be determined by linearizing the 3D FE actual non-linear through-thickness stress 

distribution, according to Section (4.1). The linearization of the actual non-linear stress distribution 

results in determining the membrane and bending stresses that will be used to determine the stress 

quantities that are believed to be comparable to the local reference stresses („a and „b).The stress 
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data must be extracted from the weldôs critical location in the same way as the shell FE model. For 

the case under investigation, the critical locations are expected at one of the gusset edges (see 

Figure 5-3). According to the shell FE model, the maximum stress occurs at the lower weld toe on the 

compressive side. Therefore, it is expected the 3D FE model would have the peak stress at the same 

location. Figure 5-15 shows the 3D model boundary conditions. Due to the symmetry of the problem, 

only half of the component was modelled to reduce the computational time. The model was subjected 

to an in-plane bending stress generated by 1000 N. Just like the experiment and the shell FE model, 

the bottom corners of the base plate were constrained for all displacements in the 3D FE model, and 

the model elements were approximated by eight brick elements.  

 

Figure 5-15: Boundary conditions of the 3D FE simulated T-joint subjected to in-plane bending load 

The meshing was intensive at the critical area (weld toe of the gusset edges). This area was 

expected to have the peak stress normal to the weld toe. The element size at the weld toe should be 

small enough to find a converged stress. The recommended element size is at least equal to quarter of 

the weld toe radius [64]. The meshing of the weld toe is shown in Figure 5-16. 

The maximum stress (peak stress) normal to the weld toe line in the 3D model was found at the 

expected location. Figure 5-16 shows the critical location of the 3D FE model where the stress data 

(the actual peak stress and the actual through-thickness stress distribution) are extracted.  
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Figure 5-16: Fine mesh at the weld toe of the T-joint subjected to in-plane cyclic loading (3D FE model) 

Based on the 3D FE modelling, the actual peak stress obtained at the weld toe was 358.39 MPa, 

and the actual non-linear through-thickness stress distribution is shown in Figure 5-17. The actual 

stress distribution was processed according to section (4.1), while the membrane and bending hot spot 

stresses were found by linearization, as mentioned in equations (4.3 and 4.5): 

ʎ  τȢτω -0Á   

ʎ  ςρυȢσρ -0Á   

Equations (4.6 and 4.7) were then used to find the linearized surface stresses as: 

ʎ  ʎ ʎ ςςπȢςφ -0Á   

ʎ  ʎ ʎ ςρπȢσχ -0Á   

 

Figure 5-17: The 3D FE stress data, actual stress distribution, and the equivalent linearized stress distribution at the 

weld toe of the T-joint model subjected to in-plane bending loading 

-300

-200

-100

0

100

200

300

400

0 0.5 1 1.5 2 2.5 3 3.5 4

T
h

ro
u

g
h

 t
h

ic
kn

e
ss

 s
tr

e
s
se

s 
p

e
rp

e
n

d
ic

u
la

r 
to

 w
e

ld
 li

n
e

  
(M

P
a

)

Main plate thickness (mm)

3D FE actual non-linear through 
thickness stress distribution ̀όy)

Linearization of the 3D FE stress
distribution



 

 101 

In Figure 5-17, the curve represents the actual non-linear stress distribution through the thickness 

of the weld toe cross section based on the 3D FE model. In the same figure, the solid line represents 

the linearization of the curve (actual non-linear stress distribution).  

The stress results of both the shell and the 3D FE models (see Figure 5-14 and Figure 5-17) were 

compared after being normalized, as shown in Figure 5-18 and Figure 5-19. The normalization was 

done by dividing the shell and the 3D FE stress data by a load of F = 1000 N. The normalization was 

done so that the shell FE local reference stress data could be scaled later to the loads applied to the 

experiment specimens, which were based on loads of F = 1320 N and F = 2000 N.  

Figure 5-18 shows a comparison between the actual non-linear through-thickness stress 

distribution ů(y) obtained from the 3D FE model and the non-linear through-thickness stress 

distribution ůxx(y) generated from the shell FE local reference stress data and the Monahan equation.  

 

Figure 5-18: Comparison of the normalized actual stress distribution (3D FE model) and the normalized stress 

distribution (shell FE model and Monahan) through the main plate thickness of the T-joint  

The difference between the actual peak stress based on 3D FE modelling (429.25 MPa) and the 

peak stress based on the shell FE local reference stress data (358.39 MPa) was approximately 20%. 

The compared stress distributions from both the shell and the 3D FE models showed good agreement. 

The 20% difference for the tensile part, which is the most important part because it is considered the 

location of the peak stress needed for the Ů-N method.  
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Figure 5-19: Comparison between the 3D FE and the shell FE linearized stress field across the weld toe cross section; 

T-joint subjected to in-plane cyclic loading 

The linearized through-thickness stresses from the 3D FE model were higher than the shell FE 

local reference stresses in the bending and tensile parts of the base plate surfaces. The linearized 

stresses are compared to find out which stress part is causing the differences in the shell FE and the 

3D FE stress data. 

This validation is important because the peak stress based on the shell FE model will be used to 

determine the fatigue crack initiation life using the strain-life method. In addition, the through-

thickness stress distribution based on the shell FE and Monahan equation (3.11) will be used to 

determine the stress intensity factor required to calculate the fatigue crack propagation life using the 

LEFM method.  

The JD Company performed two series of fatigue tests to verify the predicted fatigue life for the 

T-joint subjected to in-plane cyclic loading. Both tests were conducted under fully reversed loading, 

but the first series of test specimens was subjected to F = ± 1320 N, whereas the second series was 

subjected to F = ± 2000 N. Therefore, the peak stress and the through-thickness distributions obtained 

from the shell FE modelling (the green curve in Figure 5-14) were scaled to the load levels applied to 

the experimental specimens (F = 1320 N and F = 2000 N), as shown in Figure 5-20 and Figure 5-21. 
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Figure 5-20: Scaled non-linear through-thickness stress distribution for a load of (F = 1320 N), based on the shell FE 

local reference stress data and Monahan equation 

 

Figure 5-21: Scaled non-linear through-thickness stress distribution for a load of (F = 2000 N), based on the shell FE 

local reference stress data and Monahan equation 

The fatigue life predictions were performed with and without the residual stresses. The residual 

stress was measured at the plate surface only (ůr = 99 MPa), whereas the distribution was 

approximated by self-equilibrium of the linear field. The approximate residual stress distribution 

shown in Figure 5-22 was based on limited experimental data. 
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Figure 5-22: Approximation of the residual stress distribution through the attachment plate thickness of the T-joint 

subjected to in-plane bending load 

5.3.4 Fatigue life prediction of a T-joint subjected to in-plane bending 

The fatigue life is predicted by using the Ů-N and the LEFM methods based on the shell FE local 

reference stress data. The Ů-N method predicts the fatigue crack initiation life, whereas the LEFM 

method predicts the fatigue crack propagation life. Both methods, which are coded into the in-house 

FALIN and FALPR software packages, were used to find the total fatigue lives of the current case (T-

joint subjected to in-plane cyclic loading). The total fatigue lives were determined by summing both 

the initiation and the propagation fatigue lives. Finally, the predicted total fatigue life was compared 

with the fatigue life of the experiment. 

The first step is to determine the fatigue crack initiation life according to the procedure of the 

strain-life method described in Section (2.2). The material properties in Table 5-2 and Table 5-4 were 

input to the FALIN software to calculate the stresses and strains for each load cycle based on the 

Ramberg-Osgood fatigue stress-strain curve and the Neuber equation (see Figure 5-4 and 

Figure 2-12). The SWT equation (2.9) was then used to calculate the fatigue crack initiation life. The 

FALIN software simulates the stress-strain response and corresponding fatigue crack initiation life at 

the weld toe (output data). The fatigue crack initiation lives were predicted for the current case when 

subjected to load levels of F = 1320 N and F = 2000 N, without the effect of the residual stress, as 

shown in Figure 5-23 and  
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Figure 5-24. Figure 5-25 and Figure 5-26 show the fatigue crack initiation lives for the same load 

levels, including the residual stress effect. 

 

 

 

Figure 5-23: FALIN input and output data for the T -joint subjected to in-plane loading (F = 1320 N); a) Manson-

Coffin curve, b) Stress loading history, c) Cyclic Ramberg-Osgood curve, d) the output data, e) Simulated stress-

strain material response at the weld toe  
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Figure 5-24: FALIN input and output data for the T -joint subjected to in-plane loading (F = 2000 N); a) Manson-

Coffin curve, b) Peak stress loading, c) Ramberg-Osgood curve, d) Output data, e) Simulated stress-strain material 

response at the weld toe  
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Figure 5-25: FALIN input and output data for the T -joint subjected to in-plane loading (F = 1320 N) in addition to 

the residual stress ůr : a) Manson-Coffin curve, b) Peak stress loading, c) Ramberg-Osgood curve, d) Output data, e) 

Simulated stress-strain material response at the weld toe  
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Figure 5-26: FALIN input and output data for the T -joint subjected to in-plane loading (F = 2000 N) in addition to 

the residual stress ůr : a) Manson-Coffin curve, b) Peak stress loading, c) Ramberg-Osgood curve, d) Output data, e) 

Simulated stress-strain material response at the weld toe 
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The second step in the fatigue life analysis is the calculation of the fatigue crack propagation life 

using the LEFM method coded in the FALPR software. The observed cracks by the JD fatigue test 

experiments of the current case were found to be semi-elliptical in shape with a surface crack length 

of approximately 2c = 3.5 mm. Therefore, the initial crack size was assumed to be not greater than ai 

= 0.5 mm in depth with an aspect ratio of (a/c = 0.286). Accordingly, the predictions of the fatigue 

crack propagation life were based on assuming a semi-elliptical planar crack in a finite thickness 

plate. 

In the case of semi-elliptical cracks, two stress intensity factors at the depth and surface points are 

needed. Using the weight function method, with the through-thickness stress distribution ůxx(y) based 

on the shell FE modelling and Monahan equation, the stress intensity factors at the crack depth and 

surface (points A and B in Figure 3-13) can be determined. These two stress intensity factors are 

important for the determination of crack increments after each cycle for both surface and depth 

directions, as per equations (2.21 and 2.22). The crack increments due to the applied load cycles are 

calculated by using Parisô fatigue crack growth equation (2.20). To use the Paris equation, fatigue 

crack growth properties C and m are required for the material of the welded joint under investigation. 

Fatigue crack growth properties for the material of the current case can be determined according to 

Section (2.3) by using Norooziôs [47] equations. For the determination the Paris equation constants C 

and m, the material properties in Table 5-2 and Table 5-4 were input to the FALIN software. Hence m 

= 3.720 and C = 1.95 x 10-12, corresponding to R = 0 at N = 106 cycles.  

The threshold stress intensity range and the critical stress intensity factor for the material of the 

current case at R = 0 were: 

Ў+ σȢυ -0ÁЍÍ ȟÁÎÄ + ψπ  -0ÁЍÍ . 

The through-thickness stress distribution based on the shell FE model and Monahan equation were 

input to FALPR to determine the stress intensity factors. It was found that the crack grew on the 

surface faster than the depth because of the high stress at the weld toe [62]. Therefore, the crack 

increments of the surface and deepest point have to be determined for each load cycle. Accordingly, 

the aspect ratio (a/c) has to be updated after each increment using Parisô fatigue crack growth. The 

fatigue crack propagation life has been predicted for the T-joint weld subjected to in-plane loadings of 
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(F = 1320 N, and F = 2000 N). The predictions of both load cases were carried out with and without 

the residual stress to investigate the effect of the residual stress. 

Figure 5-27 through Figure 5-34 show the data input to FALPR, the predicted crack depth versus 

the number of cycles, the stress intensity factor versus the number of applied load cycles, the fatigue 

crack growth lives predictions, and the fatigue crack propagation lives of the weld joint under 

investigation when applying F = 1320 N and F = 2000 N, respectively, whereas Figure 5-31 through 

Figure 5-34 show the same results including the effect of the residual stress. Note that including the 

residual stress effect was done to study its effect on the fatigue life evaluation.  
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Figure 5-27: FALPR input data for fatigue crack propagation analysis of the T-joint the T-joint subjected to in-plane 

cyclic loading F = 1320 N (without residual stress): a) Paris fatigue crack growth curve, b) Loading history of the 

peak stress, c) Geometry of the crack, d) Fatigue life, e) The normalized through-thickness stress distribution 
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Figure 5-28: a) The crack depth versus the number of applied load cycles to failure (a-N diagram), b) The stress 

intensity factor values at the surface and depth points of the semi-elliptical crack versus the crack depth (K-a 

diagram); T-joint subjected to in-plane load F = 1320 N (without residual stress) 
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Figure 5-29: FALPR input data for fatigue crack propagation analysis of the T-joint subjected to in-plane loading F 

= 2000 N (without residual stress): a) Paris fatigue crack growth curve, b) Loading history of the peak stress, c) 

Geometry of the crack, d) Fatigue life, e) The normalized through-thickness stress distribution 
























































































































































































































































































































































