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Abstract 

Dynamic estimation, the assimilation of data over time, is an important scientific issue 

in remote sensing, image processing, and computer vision, to name a few. 

The main motivation for this thesis is large-scale 2-D dynamic estimation problems 

related to remote sensing. For such problems, number of variables to be estimated can 

reach to the order of millions. As a result, direct application of conventional estimation 

algorithm, i.e., the Kalman filter, becomes totally impractical from two technical aspects: 

computational and storage demands. In this thesis, we propose a new method for large­

scale 2-D estimation problems that emulates the Kalman filter, but with more efficient 

computational and storage demands. 

Using parameterized error models to model the huge error covariance matrices is the 

main contribution of this thesis. Under this scope, we develope a new approximate error 

prediction step and a new approximate large-scale update step. 

We studied the performance of the proposed method in the context of small synthetic 

2-D diffusion processes. In addition, we applied our method to a large-scale remote sens­

ing problem: the estimation of the ocean surface temperature based on sparse satellite 

measurements. 
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Chapter 1 

Introduction 

1.1 Thesis Motivations 

Dynamic estimation, the assimilation of data over time, is an important scientific issue 

in remote sensing, image processing, and computer vision, to name a few. 

Large scale 2-D dynamic estimation problems related to the remote sensing is the 

main motivation for this thesis. For such problems, the number of variables to be esti­

mated can reach to the order of millions. As a result, direct application of conventional 

estimation algorithms, i.e., like the Kalman filter, becomes totally impractical from two 

technical aspects: computational and storage demands. 

From the computational aspect, the Kalman filter (to be detailed in the next chapter) 

involves two highly computationally demanding operations: matrix multiplication and 

matrix inversion. Both have computational cost of order O(N3 ) where N is the length 

of the state vector. For a 2D process of size N x N the computational cost is O(N6
). 

The huge storage demands are essential since the filter requires the full error covariances, 

each of size N 2 x N 2
, to be readily available at each time step. 

From the above, it becomes obvious that for large-scale 2-D dynamic estimation 

problems there exists a need to develop an approximate dynamic filter that emulates the 

1 



CHAPTER 1. INTRODUCTION 2 

Kalman filter but with more efficient computational and storage demands. 

Although there have been several research works that tried to deal with such issues for 

relatively large estimation problems, these studies mainly addressed the computational 

demands of the update step under some restricted and impractical assumptions: 

• Fast Fourier transform (FF[) [33] methods require that the underlying process is 

spatially stationary. 

• Iterative methods for solving the normal equations [48] require the full error matri­

ces to be available. In addition they do not explicitly provide the estimation error 

statistics. 

• The sparse Kalman filter [4, 15, 16] exploits the sparsity of the filter matrices 

and uses polynomial approximation for matrix inversion. This method requires 

the availability of the error matrices. In addition it requires that the matrix to be 

inverted be diagonally dominant. 

• Covariance extension methods [20, 40, 50] reduce the storage requirements for the 

error covariance matrices but are only developed for 1-D large estimation prob­

lems. 

• Multiscale based dynamic estimation for 2D problems [50] with reduced order tree 

states is only applicable for small size problems. 

Another motivation for this thesis is to extend the capability of a recently developed 

efficient static estimator, the multi scale estimator [17, 32, 50, 53, 67], to include large­

scale 2-D dynamic estimation problems. The multiscale estimator is a static estimator 

that can efficiently solve large-scale static estimation problems. It provides estimates in 

addition to estimation error variances and a model for the estimation error covariance at 

a very low computational and storage demands. 
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A third motivation for this research is to develop a dynamic estimation tool that can be 

applied to diffusive-like processes such as the ocean surface temperature (OST). Study­

ing diffusive-like processes has many practical and useful applications in science and 

engineering. Since the ocean surface dynamics are not mainly diffusive, we want to 

point out that the (OST) problem is strictly considered as a demonstrative problem for 

this work. 

1.2 Thesis Contributions 

In this work, the main contribution is based on developing a dynamic estimator that 

deals with parameterized error models instead of very large error covariance matrices. 

We investigate this approach for 2-D diffusion processes. One of the challenges that we 

are trying to address is that while the process covariance structure is stationary, the error 

process covariance is not. Theoretically, there is no way to have a direct formulation 

for non-stationary parametric error model that can be fitted to a non-stationary process 

statistics. Our approach to this is addressed in the context of the following two steps. 

1.2.1 Approximate error prediction models 

In this context, we investigated a new error prediction approach that suits large-scale 2-D 

dynamic estimation problems for 2-D diffusion processes. This approach is simply based 

on exploiting the fact that any covariance matrix can be written in terms of its diagonal 

elements and a correlation coefficient matrix. We exactly propagate the error variances 

and model the correlation matrix by a parametric model. By establishing an empirical 

model that relates the estimation error variances to the correlation length at any element 

of the 2-D error process we were able to encode the non-stationarity in the predicted and 

updated error models. 
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1.2.2 Non-stationary large-scale 2-D update step 

The measurement update step in the Kalman filter is a static estimation problem. The 

multiscale estimator can efficiently be used to solve the update step for large-scale 2-D 

dynamic estimation problems. Estimates computed by the multiscale estimator are in 

general based on stationary prior. In the dynamic estimation context, the correlation 

structure of the error process is generally non-stationary. One of the contributions of this 

work is to be able to compute non-stationary estimates consistent with the correlation 

structure of the error process based on stationary priors. 

1.2.3 Application to OST 

As mentioned earlier, the main motivation of this work is to be able to apply it to solve 

large-scale 2-D dynamic estimation problems related to diffusion processes. The prob­

lem that we used to demonstrate our method is the estimation of the ocean surface tem­

perature (OST) based on satellite observations. The size of the images is huge (512 x 

512) elements. The problem is hard from several aspects: 

• The data are very sparse; 

• The size of the state vector is very large; 

• Dynamic estimation requires the availability of a dynamic model. 

The first two issues motivate the development of our approximate dynamic estimation 

method. The issue of the temporal dynamics for the ocean surface is solved by assuming 

that the ocean surface is diffusive. We want here to emphasize the following issues: 

The ocean surface dynamics are not exactly diffusive. However, the diffusion as­

sumption for the ocean surface temperature is reasonable because it covers the current 

mixing effect and the heat transfer to the surroundings. An advective component in the 

ocean dynamics which is due to the effect of currents is not incorporated by considering 
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only the diffusion model. Ideally, obtaining exact ocean diffusion dynamics parame­

ters requires collaboration with oceangraphers. Our effort is concentrated on developing 

a dynamic estimation tool for large-scale problems that can be of potential interest to 

oceangraphers. The adopted approach for obtaining approximate diffusion parameters 

for the ocean surface is based on fitting a diffusion process statistics to the ocean statis­

tics inferred from the data. 

Despite the problem size~ and the lack of true ocean surface dynamic model we were 

able to successfully demonstrate the results of the proposed approach. Quantitative sci­

entific assessment of the results would require the input of oceangraphers. 

1.3 Thesis Organization 

This thesis divides into seven chapters. This chapter has presented a summary on both 

the motivations and the contributions of this work. 

Chapter 2 presents general background material on estimation . The material is meant 

to be concise yet comprehensive for readers who are not familiar with estimation the­

ory. The chapter addresses the two main estimation categories: static estimation and 

dynamic estimation. Detailed background of a standard dynamic estimation algorithm 

(the Kalman filter) is presented. In addition, alternative approaches when dealing with 

large-scale dynamic estimation problems are reviewed. A detailed discussion on various 

approaches to test the performance of the approximate filters is mentioned in the last 

section. 

Chapter 3 presents the background material on multiscale estimation. This chap­

ter covers the general concept of the multiscale estimation. We revisited some of the 

previous development and applications of this framework. In addition, we review the 

limitations of the previous work on large-scale dynamic estimation using the multiscale 

estimator. 

The contributions of this research are presented in chapters 4 through 6. In Chapter 4, 



CHAPTER 1. INTRODUCTION 6 

we present our approach to approximate error predictions in the context of diffusion 

dynamics. We show how we can use stationary parameterized error models to propagate 

the updated estimation error variances. By empirically studying the relationship between 

the error variances and the correlation length we are able to encode the non-stationarity 

in the error process statistics. 

Chapter 5 presents our method for computing estimates based on parameterized error 

models but taking into consideration the spatial non-stationarity in the predicted error 

model. Our method makes use of the efficiency of the multiscale estimator in computing 

stationary estimates. By properly combining stationary estimates computed based on 

several stationary priors we are able to produce approximate non-stationary estimates 

and their associated estimation error variances. We investigate the effect of the number 

of stationary priors on the estimation quality. In the last section, we show some synthetic 

static estimation experiments to illustrate our approach. 

Chapter 6 presents several synthetic examples on dynamic estimation for 2D diffu­

sion processes in addition to the ocean surface temperature problem. We compare the 

results obtained by our method to the estimates produced by the standard Kalman filter 

algorithm. In the last section, we present the ocean surface temperature problem and we 

show that our method is capable of producing approximate estimates if reasonable ocean 

surface statistics and diffusion parameters are available. 

Finally, Chapter 7 presents a summary of this work and topics for future work. 



Chapter 2 

General Background 

This chapter presents general background related to the subject of estimation. The mate­

rial is meant to be concise for readers who are not familiar with estimation theory. The 

chapter addresses the two main estimation categories: static estimation and dynamic es­

timation. The reader may think that the two problems are unrelated, but infact, they are 

closely related and are presented in this chapter. 

Section 2.1 talks about the estimation problem in general. Static estimation is pre­

sented in Section 2.2. First, the two main types of static estimation are presented. Next, 

some important properties for estimating Gaussian variables are listed. For large-scale 

static estimation problems, there exist certain techniques that can deal with the computa­

tional and storage issues. Properties and drawbacks of these methods are then addressed. 

Dynamic estimation background, which is closely related to the topic of this thesis, 

is presented in Section 2.3. This section starts by presenting the Kalman filter basis. 

Then, two important alternative forms of the standard Kalman filter are detailed. Next, 

the filter limitations with respect to computational and storage issues are addressed. In 

addition, various approaches to dealing with large-scale dynamic estimation problems 

are presented. Finally, Section 2.4 discusses various approaches to test the performance 

of the approximate filters. 

7 
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y 
Estimator 

Measurements .__ ____ ..... 
X 

Unknown 

Figure 2.1: Illustration of the general estimation problem. y is a set of observations for 
unknown quantity x. x is an estimate of x computed by an estimator derived based on 
minimizing some function of the the estimation error x - x. 

2.1 Overview 

In many scientific or engineering problems, scientists are interested in obtaining a math­

ematical model describing the underlying process that can be used in simulating and an­

alyzing the underlying phenomena. Normally, the construction of such models requires 

the determination of unknown parameters, typically based on experimentally-measured 

quantities. However, in collecting such measurements, two issues arise: 

• Not all quantities can be measured; 

• Most sensors or measuring devices introduce errors into the measurement process. 

For those measurable quantities, how can one filter out the sensor noise? 

Estimation theory [41, 65, 71, 91] plays a major role in dealing with the above two 

issues. Estimation generally refers to the subject of making inferences about some un­

known (random) quantities based on measurements of the same or some related unknown 

(random) va..riables. Estimation problems are mainly composed of five major compo­

nents [60, 69, 92]: 

l. The variables to be estimated. Based on the underlying problem, the quantity to be 

estimated can either be a scalar (a single value) x or a vector~ E Rn. The vector 

quantity can represent a one-dimensional process or a lexicographically stacked 
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two-dimensional one. Estimation problems are categorized into two main types 

depending on the nature of the quantity to be estimated. If the quantity to be 

estimated is just a deterministic unknown, then this is called parameter estimation 

or non-Bayesian estimation [65, 84]. On the other hand, if the unknown quantity 

is random, then this is called Bayesian estimation [65, 84 ]. 

2. A set of measurements or observations y. 

3. A mathematical model describing the relationship between the observations y and 

the unknown quantity x in addition to the nature of the measurement noise. The 

measurement model is generally a linear function of the unknown. That is, the 

obtained measurements are linear combinations of the unknown quantities. In ad­

dition, a probabilistic or mathematical model describing the uncertainties in the 

measurements is usually known. In most cases, the model is given by the mea­

surement noise covariance matrix R which is usually diagonal (multiple of the 

identity), i.e., the noise components are independent. 

4. A probabilistic or mathematical model describing the prior knowledge of the un­

derlying random process. This is an essential component only in the case of es­

timating a random process. Usually the model is given in terms of the process 

covariance matrix Pr:- In the case of a deterministic unknown x, then a prior 

knowledge for the distribution of the measurements is required. This is usually 

given in terms of the measurements probability density function (PDF). 

5. A performance criterion upon which the estimator is derived and its performance 

is assessed. 

Figure 2.1 summarizes the general estimation problem. To clarify the above points the 

following example is presented: 
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Given a set of observations y for a random quantity x, the relationship between y and 

xis given by 

y = Cx+v (2.1) 

Equation (2.1) is a common linear mathematical model forthe relationship between mea­

surements and unknown quantities. The term v is an additive Gaussian white noise with 

mean 0 and covariance R. These statistics represent a probabilistic model for the mea­

surement noise. The unknown quantity x is random and it is assumed to be Gaussian. 

This statistical model is called a prior. In this case, the prior for x can be described by 

its mean µx and covariance matrix Px. Given the above quantities, in order to estimate 

x an estimation criterion must be specified. A common criterion is minimizing the mean 

square estimation error E[(x - x) 2]. Now, the estimation problem is completely iden­

tified. The derivation for the estimate and its error covariance is given in the following 

section. 

2.2 Static estimation 

In static estimation the unknown quantity does not evolve with time. In addition, the 

sampled measurements are not obtained temporally. So static estimation deals with esti­

mating a static quantity based on a single set of measurements [60, 65]. 

As mentioned in Section 2.1, estimation problems can be categorized as Bayesian 

or non-Bayesian, depending on the statistical nature of the unknown quantity to be esti­

mated. In the following two subsections, each of these two cases is discussed in tum. 

2.2.1 Non-Bayesian estimation 

When the unknown quantity x is deterministic as opposed to random the estimation prob­

lem becomes non-Bayesian. Estimating the mean or the variance of a distribution from 
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a set of observations are examples of non-Bayesian estimation. 

The most common criterion used in non-Bayesian estimation is the maximum like­

lihood [60]. Let u be the measurement vector and x is an unknown quantity, then the 

estimate for~ is the value of x which maximizes the likelihood function p(ul~). 

Consider the basic static estimation problem [41, 60, 65] in which the goal is to 

estimate a collection of unknown parameters represented by a vector~ E nn, based 

on a set of noisy measurements represented by u E nrri. Generally, we have a linear 

relationship between the unknown~ and the measurements u given by 

(2.2) 

Where the matrix C describes the nature of the measurement process. Generally, C is 

a "selection matrixn indicating the measured components and which combinations of xi 

corresponds to the measurement Yi- If C is a selection matrix then it has ones in the 

columns that correspond to the measured quantity. In the following, we will refer to 

(2.2) as the linear model. Observe that p(YIX) is also Gaussian with mean E[u] = C~ 

and covariance R. 

(2.3) 

In order to maximize (2.3) we need to minimize 

(2.4) 

Note that using the inverse of the measurement noise covariance R-1 to weight the sum 

of squares of the error is a special case of the weighted least squares where we seek an 

estimate x that will minimize the weighted sum of squares of the error by some arbitrary 

positive definite weighting matrix W [65]. By differentiating (2.4) with respect to~ and 
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equating the result to zero, the optimal estimate for the linear model is given by [65] 

(2.5) 

The corresponding estimation error covariance is [65] 

(2.6) 

2.2.2 Bayesian estimation 

The second type of estimation problem is when the unknown quantity is a random vector 

if.. In this case, we have prior knowledge about~ specified by its density function p(~). 

Bayesian estimation provides a method to merge the external knowledge (i.e., the prior 

p(±)) and the observations y_ in estimating~. 

There are several sources for prior knowledge. The prior knowledge can be obtained 

from data previously studied by estimating the probability density function of the un­

known quantity, or estimating the joint PDF of the measurements and the unknown 

p(~, u) [8], or it can be an imposed constraint, like a smoothness constraint (33]. 

In the general Bayesian framework, two main components affect the estimation re­

sults: the prior knowledge of both the measurements and the unknown and the chosen 

estimation cost function c(~)- The estimate i(u) is chosen to minimize the expected 

value of the estimation cost function (i.e., the average cost) 

(2.7) 

There are various estimation criteria based on the selection of the cost function [28] 

• Mean-square estimation, which selects an estimate i. that minimizes the mean 
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square error 

This is referred to as Bayesian Least squares estimation LSE [28, 65, 84]. 

• Maximum posterior estimation MAP [28, 65, 84] which uses a uniform cost func­

tion given by 

Observe that the MAP criterion treats all the errors above a given value e equally 

by a cost function that is equal to one. The above cost criterion corresponds to 

selecting an estimate i that maximizes the posterior probability p(~lu) 

• Linear least squares estimation LLSE criterion is an extension to the LSE. How­

ever, in LLSE we require the estimate to be a linear function of the measurements 

:z: = Au+ Q. The estimation cost in this case is given by 

The Bayes' least squares estimate LSE is the conditional mean of~ [28, 65, 84]. 

(2.8) 

In most cases, the conditional mean is not a linear function of the observations. LLSE 

criterion assures that the estimate is a linear function of the observations. For the Gaus­

sian case. the conditional mean given by (2.8) is a linear function of the measure­

ments. Therefore, estimates produced by LSE and LLSE are equivalent for the Gaussian 

case [2, 65, 71]. 
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Following is the derivation for the estimate for the Gaussian case (2. 65, 71] where 

the measurement linear model given in (2.2) is considered. Note that the derivation is 

based on LSE criterion which is equivalent to LLSE in this case. 

The problem statistics are 

This makes the estimation error covariance equal to the sum of both the process covari­

ance and the measurement noise covariance 

(2.10) 

The least-squares criterion in this case becomes finding i that will minimize the mean­

square error given by 

(2.11) 

In the case where all the random variables are Gaussian, the estimate given by (2.8) is just 

the conditional mean of the conditional distribution Pxly(XIY)which is also Gaussian. 

The estimate in this case is given by 

(2.12) 

and the associated estimation error covariance is 

(2.13) 

where _i = ~ = ~ - i is the estimation error. 

It is important to mention the alternative forms of equations (2.12), (2.13) which are 
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derived using the ABCD lemma [28] 

p 

Tib: + PCT R-1 (y_ - Cmx) 

(P;i + cT R-1c)-1 
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(2.14) 

(2.15) 

This form is identical to the one given in (2.12),(2. 13) with respect to the estimation 

results. However, the computational cost of both forms can be different, as will be illus­

trated in Section 2.2.4. 

2.2.3 Estimation properties of the Gaussian case 

A Gaussianity assumption appears in many estimation problems for at least two impor­

tant reasons. First, Gaussian random variables, in many natural phenomena, provide a 

reasonable and simple approximation. Second, if the underlying random phenomenon is 

the superposition of an arbitrary large number of random processes, the whole process 

can be considered as Gaussian. 

There are several important properties of estimates when the involved random vari­

ables are Gaussian [71, 84]: 

• Estimates can be derived based on the second-order statistics only instead of the 

whole joint probability density function. 

• The LSE estimate, which is the conditional mean, is always a linear function of the 

observations, making the LSE criterion and LLSE criterion equivalent. 

• The estimation error covariance is independent of the observations. This is an 

important feature that allows assessing the estimates quality before setting up the 

experiments and taking the measurements. 

• Estimates are optimal (i.e., unbiased and efficient [71]) with respect to any of the 

previously mentioned criteria. 
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2.2.4 Approaches for Large Scale static Estimation 

Estimation problems related to remote-sensing involve dealing with huge amount of in­

formation. Global ocean modeling and climate studies, based on satellite altimetry mea­

surements, are two important examples. In large scale problems, the number of measure­

ments and the number of variables to be estimated can reach the order of millions. In this 

case, the LLSE suffers from high computational cost and the impossibility of storing a 

million by million covariance matrix. 

Consider applying the LLSE to a 2-D random field of size n = N x N. This in­

volves the inversion of a matrix of size N 2 x N 2 , requiring 0( N 6 ) computations (matrix 

inversion is of order O(n3
)). In addition, the storage requirements are of order O(n2 ). 

The difficulty in applying the LLSE to large-scale problems is associated with the 

matrix inversion and multiplication required to compute both the estimate and the error 

covariance. 

The first intuitive approach when dealing with large-scale static estimation problems 

is to determine which form of the LLSE given in (2.12),(2.13), and (2.14),(2.15) should 

be employed. The selection should be based on the dimension of the measurements and 

the variables to be estimated. Both forms involve matrix inversion which is of high com­

putational cost. However, in the first form, the size of the matrix to be inverted is related 

to the number of measurements. In the second form, the number of variables to be esti­

mated determines the size of the matrix that needs to be inverted. If there is a consider­

able difference between the number of measurements taken and the number of variables 

to be estimated then a great improvement can be achieved by choosing the proper form. 

The second intuitive approach is to minimize the number of variables to be estimated. 

This can be done by ignoring those variables that are exactly measured. In some cases, 

this can lead to a considerable reduction in computational demands. However, this is not 

usually the case when applying the LLSE to large scale problems. 

Because the solution of large two-dimensional least squares estimation problems is 
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of considerable interest in many disciplines, a number of efficient least squares methods 

have been proposed. Most of these methods address the matrix inversion problem. How­

ever, for large-scale problems matrix multiplication is still a problem to be considered. 

Following is a brief overview of some of these methods: 

1 : Brute-force solution by a more efficient matrix inversion method 

Inversion of large matrices is impractical. However, in many problems, the matrix to 

be inverted has a well-defined structure (e.g. banded). In such cases, the inversion 

can be done efficiently by approximating it with infinite series [16] .. Provided that the 

matrix to be inverted A is diagonally dominant, A can be written as A= D +O, where 

D is the main diagonal of A and O are the remaining off-diagonals. Then A-1 can be 

approximated by: 

2: Direct and Iterative methods [43, 44, 96] 

The problem of LLSE can be viewed as solving a system of linear equations i.e., 

Ai= b. For example, consider writing equation (2.14) in the following form: 

(2.17) 

Equation (2.17) is commonly known as the system of normal equations which are 

expressed as a linear system (i.e., 'Y. = A~. 

Linear systems can be solved numerically by mainly two classes of methods: direct 

methods and iterative methods. 

Direct methods give the exact solution in a finite number of elementary arithmetic 

operations provided there are no rounding errors. There are three categories of the 

direct methods [ 44, 94]: 
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L Gaussian elimination with interchanges 

2. Triangular factorization including Cholesky factorization for positive-definite ma­

trices 

3. Householder reduction to upper triangular form. 

Direct methods can be impractical if the coefficient matrix [Aly] is very large and 

sparse, because the factorization can lead to dense factors. 

Alternatively, iterative methods [ 42, 43, 44, 48] are used. A typical iterative method 

involves the initial selection of an approximation x<1> to x, and the determination of a 

sequence xC2), x<3 ), - - - such that limi➔oo xCi) = x. In practice, the iteration is stopped 

when the current approximation is acceptably close to x. Several iterative methods 

are available: the Jacobi, Gauss-Seidel, Successive Over-Relaxation, and Conjugate 

Gradient methods. 

Iterative methods suffer from the following problems: 

• The Convergence rate in many cases is slow which leads to large number of iter­

ations. Even methods which accelerate the convergence rate remain impractical 

for problems that have considerable size. The above mentioned iterative methods 

tend to reduce the high frequency components of the error rapidly but reduce the 

low frequency (i.e., smooth) components of the error much more slowly. This 

leads to the poor convergence rate. 

• It is generally hard to determine the stopping criterion for the iterative method. 

In addition to the above classical iterative methods, there exist other efficient iterative 

techniques such as the multigrid method [48, 96] and nested dissection methods [10, 

51]. 

The multigrid method is usually used to solve discretized partial differential equations. 

It makes use of the idea that the high and low frequency components of the error 
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are relative to the mesh on which the solution is defined. A component that appears 

smooth on a fine grid may appear as high frequency on a coarser grid. Consequently, 

if we apply one of the iterative methods such as Gauss-Seidel on the coarser grid, then 

we may get rapid progress in removing the high frequency components of the error 

with very few iterations. Then, the results are interpolated back to the fine scale. On 

this scale, one might also apply Gauss-Seidel to ensure reducing the high frequency 

components. The final result is an approximate solution to the fine grid. Multigrid 

methods can converge in order O(n) operations where n is the number of grid points. 

In most estimation problems, error statistics are as important as estimating the ran­

dom variables. In dynamic estimation, error statistics for any time step are necessary 

for moving into the next time step. However, solving (2.17) using direct or iterative 

methods does not explicitly give estimation error statistics The above methods can 

provide error statistics by brute-force only. In fact, computing the estimation error 

covariance (P), generally, requires n times as much the computational work as finding 

the estimate i where n is the number of the variables to be estimated. 

3: FFT Technique [33] 

In some cases, the underlying estimation problem is statistically toroidally stationary. 

For a 2-D process, toroidal stationarity is formally given by 

E[x(i,j)x(i + Llx,j + Lly)] = E[x(O, O)x(~xmodM, ~ymodN)] (2.18) 

Where Llx, Lly are the horizontal and vertical lags, respectively, and M, N are the 2-D 

field dimensions. 

The basis of FFf methods is that the FFf diagonalizes any circulant matrix (i.e., each 

column/row can be obtained from the previous one by shifting all elements one place 

down/right and putting the last element at the top/left). Consequently, for stationary 

processes, the FFf can be used to diagonalize the matrices involved in the LLSE esti-
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mation solutions (2.12),(2.13) and this will lead to the inversion of diagonal matrices 

which is of a very low computational cost. The FFT method. on the other hand, is lim­

ited by the two constraints that must be satisfied in the underlying estimation problem: 

• it requires the measurements to be regular (i.e., we should have point measure­

ments). 

• it is only applied to stationary processes. 

4: Local methods [37] 

These methods compute local estimates based on measurements that are local to small 

regions obtained by dividing the whole large field into smaller regions. The main 

assumption in these methods is that neighbouring pixels are highly correlated where 

pixels that are a far distance from each other are only weakly correlated. This approach 

reduces the computational and storage demands required to solve the large problem, 

however, the estimates obtained in any region are only based on the local existing 

measurements. If a region is not measured then it will not be affected by neighbouring 

measurements. In addition, by only considering local correlation, high correlation 

information in the prior is ignored. 

5: Multiscale Method [17, 37, 67] 

This is an efficient, state of the art static estimation algorithm that can deal with large­

scale static estimation problems. This method provides not only estimates but the 

associated estimation error variances. This algorithm is employed in this work. A 

complete background of the multiscale algorithm is presented in the next chapter. 

2.3 Dynamic Estimation 

In dynamic estimation problems, measurements evolve with time. In addition, the 

quantity to be estimated also evolves with time according to some dynamic rule. The 
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system dynamics are usually governed by a partial differential equation. The following 

sections elaborate on the dynamic estimation subject. 

2.3.1 Kalman filter formulation 

The Kalman filter (2, 65, 71] is the conventional estimation tool that computes optimal 

state estimates and the associated estimation error covariance for an underlying dynamic 

system based upon a dynamic model and a dynamic measurement model. The Kalman 

filter is known to be the optimal estimator if all the involved filter quantities are Gaussian. 

In case of random quantities that have arbitrary statistics, the filter is the best linear 

estimator [65]. 

The linear time-invariant dynamic model for a discrete time process is given by the 

first-order Gauss-Markov model 

~(t + 1) = A~(t) + Bw(t) x(O) l"'v N(m0 ~ Po) w(t) l"'v N(0, I) (2.19) 



CHAP'IER 2. GENERAL BACKGROUND 

where, 

mo i(Ol - 1) = E[~J 

Po - P(OI - 1) = E[(~ - E[~])(~ - E[~]f] 
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(2.20) 

(2.21) 

where m 0 is the process mean and Po is an n x n (n is the dimension of the state 

vector) initial covariance matrix. 

x(t) : (n x 1) process state vector. Each element of x is a random variable that needs to 

be estimated 

A : A matrix of size (n x n) which relates the state at time t to the state at time t + 1. A 

describes the deterministic part of the underlying process dynamics. The dynamics can 

be obtained by discretizing the partial differential equation that governs the evolution 

of the process over time in both time and space, or by some physical rule that governs 

the behaviour of the process. 

B : A matrix of size (n x p) that contains the stochastic dynamics of the underlying 

process. 

w(t) : A vector of size (p x 1) that represents the process noise. This is assumed to be a 

white sequence. 

The linear dynamic measurement model is described by 

y_(t) = C(t)~(t) + y_(t) y_""' .N(O, R(t)) (2.22) 

where, 

y_( t) : A vector of size (m x 1) representing sampled measurements for the process states 

at time t. 
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C(t): A matrix of size (mxn) that indicates which states are measured or the relationship 

between measurements and the process states. 

l!.(t) : A vector of size (m x 1) which is the measurement error. 

R(t) is an m x m matrix, the covariance of the measurement noise Q.(t). 

The assumed statistics for the standard Kalman filter are given by 

E[w(t)wT(k)J { Q(t) t = k 

0 t # k 

E[Q.(t)Q.T(k)J { R(t) t = k 

0 t-:/ k 

E[w(t)l!.T(k)] 0 for all k and t 

E[x(O)vT(k)] 0 for all k 

E[x(O)wT(k)] 0 for all k 

(2.23) 

(2.24) 

(2.25) 

(2.26) 

(2.27) 

where (2.25), (2.26) and (2.26) imply the statistical independence I of the process noise 

and the measurement noise, the independence of the state and the measurement noise, 

and the independence of the state and the process noise, respectively. Several aspects of 

the filter make it optimal [69]: 

• In contrast to static estimation, the effect of the uncertainty in the initial conditions 

decays by accumulating more measurements over time. 

• It processes all the available observations available at different times t 1 , t 2 , • • •, tT 

regardless of their precision. If an observation has a high noise variance then the 

filter will associate less weight to it and vice versa. 

1 In the case of uncorrelated Gaussian random variables this implies their independence, however, this 
is not true for other distributions 
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• The estimates are computed based on all the available statistics: the process model 

noise, the measurement noise, and the process prior statistics 

• It incorporates the available initial conditions such as the process mean and covari­

ance in the computation of the estimates and error statistics. 

• It carries the uncertainty knowledge of the previous estimates and the previous 

estimates to the next time step, which implies that it does not require all previous 

data to be stored and then reprocessed every time a new measurement becomes 

available. 

The filter is initialized by the initial conditions of the process, i.e., the process mean m 0 

and its covariance Po given formally by (2.20) and (2.21). 

The Kalman filter consists of two main steps: A prediction step and an update step. 

The prediction step for both the state estimate and the associated estimation error covari­

ance is given by 

x(tlt - 1) - Ax(t - 11t - 1) 

.P(tlt - 1) A.P(t - lit - l)AT + BBT 

(2.28) 

(2.29) 

In the prediction step, the filter computes estimates of the state x ( t) based on the model 

and the previous updated estimates x(t - lit - 1). Both the deterministic and stochas­

tic dynarriics represented by the model parameters A, B are involved in the prediction 

step to obtain the best estimates and the associated predicted estimation error covariance 

x(tlt - 1), P(tlt - 1). 

The predicted error covariance P(tlt - 1) is computed via (2.29) which is called the 

discrete time Lyapunov equation. 

In the update step, the predicted estimates are combined with the new available mea-
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surements at time (t) to obtain estimates based on all the data available up to time (t): 

K(t) P(tlt - l)CT(C.P(tlt - l)CT + R)- 1 

?(t[t) - P(t[t - 1) - K(t)C.P(tlt - 1) 

x(tlt) - x(tlt - 1) + K(t)(y(t) - cx(tlt - 1)) 

Where K ( t) is the gain matrix. 

(2.30) 

(2.31) 

(2.32) 

An important feature of the Kalman filter is its ability to compute estimates for the 

state and the associated estimation error at time t even if no measurements are available at 

that time. Therefore, in this case. updated estimates are equal to the predicted estimates 

computed by (2.28) and (2.29). The quality of the predicted estimates depends on the 

accuracy of the dynamic model parameters i.e., A and B in (2.19). Observe that the 

error prediction step adds more uncertainty to the updated error covariance P(t!t). The 

increase in the uncertainty depends on the process includes noise covariance Q. On the 

other hand, once a measurement becomes available, the filter updates the state estimates, 

in addition the estimation error is reduced. The amount of reduction depends on how 

much weight the filter puts on the measurement which depends on the accuracy of the 

measurement. 

Smoothed estimates at anytime t based on all the available measurements can be 

obtained by applying the Rauch-Tung-Striebel RTS [71] smoothing algorithm. The RTS 

algorithm consists of two passes: a forward recursive pass (left-to-right in Figure 2.2) 

which is the Kalman filter and a backward recursive pass (right-to-left in Figure 2.2) 

which is the RTS algorithm. The filter is initialized with the smoothed values obtained 

from the forward pass (i.e., x(TjT) and .P(TIT)). At time t the filter computes smoothed 

estimates x"'(tlT) and F"'(tlT) based on all available measurements up to time T. The 

smoothed estimates are given by: 

(2.33) 
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is (tlT) i(tlt) + r(t)w(t) (2.34) 

w(t) - i'(t + l[T) - x(t + lit) (2.35) 

P(tlT) - r(t)Z(t)r(tf (2.36) 

l(t) - P 6 (t + llT) - P(t + lit) (2.37) 

The above form of the RTS smoother is called fixed-interval smoothing. In which the 

measurement time interval is fixed and one can compute smoothed estimates for some or 

all of the internal points. Two other forms of the smoother exit: fixed-point smoothing 

and fixed-lag smoothing. In the former, smoothed estimates are only computed for a 

single point. In fixed-lag smoothing, smoothed estimates are computed for a fixed length 

of time back in the past [2, 71]. 

2.3.2 The information filter 

There exists several alternative forms of the Kalman filter that are algebraically equiva­

lent to the standard form presented in section Section 2.3.1. The choice of any specific 

form depends on the underlying application. One important form of the Kalman filter is 

the information filter [65, 69]. The information filter propagates the inverse of the esti­

mation error covariance instead of the covariance matrix. This gives the filter a unique 

feature in that it allows starting up the filter with p-1 (OI -1) which is called the informa­

tion matrix. In many applications, the prior statistical knowledge about the state initial 

conditions may not be available. This can be modeled by making P(0I - 1) = ex>l or 

equivalently making p-1 (01 - 1) = OJ which is not allowed in the standard form. 

Another advantage of employing the information filter is that it allows exploiting the 

sparsity of the inverse of the covariance matrix. In case of Markov random fields (MRF), 

there is a considerable structure in the process covariance. The process covariance of a 

MRF is generally full but its inverse is sparse and banded [16, 50]. This allows exploiting 

banded matrix storage and inversion techniques for the filter update step. For large-scale 
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problems, like remote sensing applications, it makes sense to express the error statistics 

in terms of the inverse of the error covariance. This will result in a considerable saving 

in both computational and storage demands. 

The information filter differs from the standard filter in the computation of both the 

updated estimation error and the gain matrix. The updated error is computed by 

(2.38) 

Observe that the updated error in this case is computed without computing the gain K( t ). 

The gain in this form is computed after the updated error ?(tit) computation via 

(2.39) 

Note that in order to compute the gain and propagate the estimation error covariance, two 

( n x n) matrix inversions (where n is the state dimension) are required at any single time 

step which is of high computational demand. However, in many applications, a special 

structure for the filter's matrices exists or can be asserted and this leads to highly efficient 

storage and reduced computational demands. 

2.3.3 Steady-state filter 

When all of the Kalman filter's model quantities are time independent, i.e., the model 

matrices A, B, C, and the noise statistics R, Q and the process statistics are stationary, 

then the system is called a time-invariant and stationary system. This leads to an impor­

tant property of the Kalman filter in that the filter itself becomes a time-invariant system 

and converges to steady-state after some transient duration [71]. At steady state, the filter 

gain becomes constant i.e., limt➔oo K(t) = Kss, where Kss is the gain at steady-state. 

This leads to constant predicted PP and updated Pu error matrices. In other words, at 

steady-state, P(t + lit) = .P(tlt - 1), and P(t +lit+ 1) = .P(tlt). Equation (2.29) 
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will converge to the predicted estimation error covariance at steady-state PP and equation 

(2.31) will converge to the updated estimation error covariance at steady-state Pu. 

- - T - T 
~ - A~A +Q-AKC~A 

Pu - ([ - KC) {APuAT + Q} 
(2.40) 

(2.41) 

where equation (2.40) is the standard fonn of the Algebraic Riccati equation for the 

predicted error covariance PP and (2.41) is the standard fonn of the Algebraic Riccati 

equation [65] for the updated error covariance Pu. 

The Kalman filter itself is a solver for PP or E'u- This is because the filter is an iterative 

procedure to solve both (2.40) and (2.41). One can also solve both (2.40) and (2.41) for 

Pp,Pu, respectively by other iterative methods [71]. 

Given the solution of the predicted error matrix at steady-state Pp, the steady-state 

filter is given by 

Ppcr ( c Ppcr + R)-1 

i(tit) i(tlt - 1) + Kss(y(t) - Ci(tlt - 1)) 

i(t + lit) - Ai(tit) 

(2.42) 

(2.43) 

(2.44) 

The steady-state gain Kss is computed only once. Then it is used in (2.43) at each time 

step to update the predicted state estimate computed by (2.44 ). 

It is important to mention that the transient duration of the time-invariant filter is 

not affected by the initial prior P(OI - 1). P(OI - 1) affects only the magnitude of the 

transient state estimates and the associated error statistics. On the other hand, changing 

the process noise covariance Q or the measurement noise covariance R does affect the 

transient duration [69]. If the ratio Q / R is large, then steady-state is reached quickly 

because the uncertainty in the state and error prediction steps is large compared to the 

accuracy of the measurements. As a result, the rate of growth of P(t) will increase and 
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State prediction 
Error prediction 
State update 
Error update 

Computational demand Storage demand 

O(n2 ) 

O(n3
) 

O(n3
) 

O(n3
) 

O(n) 
O(n2

) 

O(n2
) 

O(n2
) 

Table 2.1: Summary of the standard Kalman filter computational and storage require­
ments for each step 

therefore, the filter gain will also increase. This implies that the new estimates are heavily 

dependent upon the new available observations and not upon the prior from the previous 

time step. 

2.3.4 Computational and storage demands.of the Kalman filter 

Despite the fact that the Kalman filter is a robust recursive estimator, it is limited by 

the computational and storage demands that depend on the dimensionality of the state 

vector. As the number of states increases, the filter becomes incapable of dealing with 

the large computational and storage demands. For 2-D estimation problems, the state 

vector is of size n = N x N where N is the length of the field. Table 2.1 summarizes 

the computational and storage demands for each step in the filter 

2.3.5 Approaches for large-scale dynamic estimation 

As mentioned in the previous section, the Kalman filter is hindered by computational 

and storage demands at each time step. Given that most remote sensing applications 

require a state vector of very high dimensionaliy, most conventional computing facilities 

are incapable of dealing with the filter's computational and storage requirements. 

Several approaches have been investigated to deal with the above limitations of the 

filter. Following is a brief listing. 
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A: Using the information filter and approximate inversion [16, 45, 69] 

In the standard Kalman filter each step requires inverting a matrix of size rn x rn where 

rn is the dimensionality of the measurements vector. In some cases, the state vector is 

much smaller than the measurement vector. In this situation, it is recommended to use 

the information filter which requires inverting a matrix of size n x n where n is the 

number of states to be estimated. 

Another approach used in [16], is based on using the information filter and asserting a 

banded structure for the estimation error covariance matrix. This leads to a huge reduc­

tion in both the computational and storage demands of the filter. An L x L banded ma­

trix that has K bands can be easily stored in a smaller matrix of size K x L. Also in or­

der to avoid the brute-force matrix inversion in the information filter, matrix inversion 

by polynomial approximation, given in equation (2.16), is used. Substantial savings in 

both storage and computational demands are gained by employing this approach. This 

approach has some limitations in the sense that it imposes a nearest-neighbor correla­

tion structure for the underlying estimation error covariance. In addition, the accuracy 

of matrix inversion by polynomial approximation is highly dependent on the diagonal 

elements of the matrix to be inverted. If the matrix to be inverted is not diagonally 

dominant then the polynomial approximation approach is inaccurate. 

B: Sequential processing approach [45, 46, 63] 

In many estimation problems, the measurements obtained at any particular time y(t) 

are statistically independent. This means that the measurement noise covariance ma­

trix R( t) is diagonal i.e., 

(2.45) 
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The measurement model (2.22) can be written as 

u(t) = ~(t) + (2.46) 

Observe that in the above formulation we have q statistically independent measure­

ments each of them can be a scalar or of size m.N x 1. This makes 

since the measurements at time tare independent, they can be processed individually 

and independently. Consequently, the huge matrix inversion in the gain matrix com­

putation in equation (2.30) can be avoided. Instead of inverting an m x m matrix 

simultaneously, one must compute q smaller matrix inversions at any time step. Fur­

thermore, if all measurements are independent, i.e., m(i) = 1 for all i = 11 2, • • •, q, 

then no matrix inversions are required at all. The update step for the Kalman filter is 

computed iteratively as follows 

K(i)(t) - (C{i)(t)P(i-l)(tlt)C(i)T(t)))-1 p(i-l)(tlt - l)C(i)T(t) 

p(i)(tlt) - p(i)(tlt) - K(i)(t) = p(i)(tlt)C(i}T(t) 

x<i>(t) i<i-1\t) + K(il(t) [y(il(t) - c<i>(t)i/i-1\t)] 

The above steps are repeated for i = 1, 2, -- •·, q. 

(2.47) 

(2.48) 

(2.49) 

The above approach highly reduces both the computational demands for matrix in­

version and also the numerical errors involved in inverting large matrices. However, 

it does not handle the huge storage demand required for storing the error estimation 

covariance matrices. Also it does not deal with the computational demand involved in 
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matrix multiplication which is necessary in the prediction step. It is worth mentioning 

that there exists an equivalent sequential processing formulation for the information 

filter [ 46, 63] 

B: Reduced order approach [65, 71] 

This approach aims towards reducing the dimensionality of the state vector by decou­

pling the original dynamic system into smaller subsystems that are processed inde­

pendently. By doing so, we actually divide the large estimation problem into many 

small estimation problems that can be solved easily with computational and storage 

demands depending on the size of the state vector for each subsystem. Consider the 

dynamic models given in equation (2.19),(2.22), if the models parameters A, C, Q, R 

are block diagonal, then the dynamic models can be written as 

(2.50) 

(2.51) 

For the above example, the computational and storage demands for the filter per time 

step are reduced to O(nf + n~) instead of O(n1 + n 2 )
3

. 

On the other hand, if the filter matrices are not block diagonal then asserting a block 

diagonal structure may lead to substantial approximation depending on the underlying 

problem. 

A reduced order filter can also be implemented in the case of perfect measurements [71]. 

A set of perfect measurements (i.e., R = 01) reduces the number of related states to 

be estimated. If k perfect measurements exist, then instead of estimating a state vector 

of length n, one needs to deal with only a state vector of size n - k. This approach 

reduces the storage and computational demands of the filter. However, in most cases, 
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the k perfect measurements are usually linearly related to the n states. This issue re­

quires adjusting the estimator steps. The reader is referred to [71] for a more detailed 

discussion on this issue. 

Standard applications of the reduced order filter appears in works related to 2-D image 

restoration problems. Extensive research exists on Kalman filtering for 2-D image 

restoration (3, 5, 9, 13, 59, 100]. Generally, the filter in this case is called a reduced 

update Kalman filter. In order to reduce the computational demands when dealing 

with the 2-D image, the restoration problem is based on a dynamic model for the 

image that considers only a small neighbourhood as the state vector. The small local 

dynamic model switches throughout the image. the dynamic model is given by [59] 

x(m,n)= L a(k,l)x(m-k,n-l)+w(m,n) 
(k,l)Ew 

(2.52) 

where a(k, l) are the model parameters, and w(m, n) is a zero-mean white Gaussian 

noise. The set w defines those pixel locations which are used to define the autoregres­

sive model of the image. The set w is given by 

w = {(m - 1, n), (m - 1, n - 1), (m, n - 1), (m + 1, n - 1)} (2.53) 

The appropriate model parameters for each region need to be estimated. The 2-D 

Kalman filtering deals with solving a static estimation problem (i.e., image restora­

tion) using a dynamic estimation method. This method is not applicable to large-scale 

dynamic estimation where at each time new 2-D frame (image) data arrives and needs 

to be considered to update the previous estimates. 
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2.4 Testing the dynamic estimator performance 

The standard Kalman filter propagates the error statistics through time by (2.29). Then, 

the gain matrix K(t) is computed based on the propagated error covariance ?(t + lit). 

In large scale dynamic estimation problems, due to the huge computational demands, 

exact error propagation is impossible. Alternatively, the error is propagated approxi­

mately. In this case, the gain K(t) computed based on the approximate error covariances 

is no longer optimal and it is called the suboptimal gain and hence the filter is called a 

suboptimal filter [2, 65]. 

In the case of a suboptimal filter, the error statistics produced by (2.29), (2.31) are 

not the actual error statistics, since the suboptimal filter does not use the optimal gain 

K(t) in its computation. 

To be able to compute the actual error statistics, we need to look at the temporal 

dynamics of the updated and predicted estimation errors of the Kalman filter. 

The general equations that govern the propagation of the estimation error statistics 

for any linear recursive estimator are derived from the estimation error temporal dynam­

ics (50]. The updated and predicted dynamics of the estimation error are given by 

e(t!t) - (I - K(t)C)e(t[t - I) - K(t)v(t) 

e(t + lit) - Ae(tlt) + w(t) 

(2.54) 

(2.55) 

where w(t) rv N(O, Q) and v(t) rv N(O, R) are the process noise and the measurement 

noise, respectively. e(tlt) is the error in computing the updated state estimates i(tlt) 

and e( tit - 1) is the error in the state prediction step resulting from computing the states 

estimates using (2.28). 

Hence, from (2.55),(2.54), the updated error covariance .P(tlt) and the predicted error 

covariance F(t + lit) of the suboptimal filter are propagated by 

.P(tlt) = (I - K(t)C)E'(tlt - I)(I - K(t)C? + K(t)RK(t)T (2.56) 



CHAPTER 2. GENERAL BACKGROUND 35 

P(t + lit) = AF(tlt)AT + Q (2.57) 

Now, the above two equations give the same answer as (2.29),(2.31) only in the case 

of the optimal Kalman filter with gain K(t) computed based on actual propagated error 

statistics. However, in the case of propagating or computing the error statistics approx­

imately, then the above equations will give the actual error statistics, but (2.29),(2.31) 

will give the error statistics that the filter believes and uses in its recursion. 

Combining both equations (2.29) and (2.31) together gives a single dynamic equation 

that governs the temporal propagation of the predicted estimation error covariance from 

?(tit - 1) to ?(t + lit). 

F'(t +lit)= AF(tlt - l)AT + Q - AK(t)C ?(tit - l)AT (2.58) 

Observe that equation (2.58) gives the dynamics of the predicted estimation error statis­

tics .P(tlt - 1). An alternative form for the dynamics that propagate the updated estima­

tion error statistics ?(tit) to P(t +lit+ 1) is given by 

P(t +lit+ 1) = (I - K(t + l)C) { AP(tlt)AT + Q} (2.59) 

Similarly, combining equations (2.56), and (2.57) together gives an alternative form to 

the standard Riccati equation (2.58) which is called the Joseph stabilized fonn [65] of 

the Riccati equation that governs the temporal dynamic of the predicted estimation error 

P(t + lit) 

F'(t + lit) - A { (I - K(t)C).P(tlt - l)(I - K(t)Cf 

+ K(t)RK(tf} AT+ Q (2.60) 

Similarly, one can have the Joseph stabilized form to (2.60) for the dynamics that propa-
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gate the updated estimation error covariance through time from .P(tlt) to P(t +lit+ 1) 

P(t+ lit+ 1) (I - K(t + l)C)A.P(tlt)AT(l - K(t + l)Cf 

+ (I - K(t + l)C)Q(I - K(t + l)Cf 

+ K(t + l)RK(t + If (2.61) 

For a stationary and time-invariant dynamic systems. (2.60) will converge to the pre­

dicted estimation error covariance at steady-state Pp and (2.61) will converge to the up­

dated estimation error covariance at steady-state Pu. The steady-state expressions for 

both (2.60) and (2.61) are given by 

.Pp - A { (I - KC)Pp(I - KC)T + KRKT} AT+ Q 

Pu - (I - KC)A.PuAT(I - KCf 

+ (I - KC)Q(I - KCf + KRKT 

(2.62) 

(2.63) 

where equation (2.62) is the stabilized form of the Algebraic Riccati equation for the 

predicted error covariance PP and (2.63) is the stabilized form of the Algebraic Riccati 

equation for the updated error covariance .Pu. 

Based on the above, in order to be able to assess a suboptimal estimator, several 

criteria exist and the selection between them is application dependent: 

• If one is looking for a good estimator then, the estimates computed by the the ap­

proximate filter and the estimates computed by the standard filter should be com­

pared. 

• If the resulting error statistics are important then, the error statistics produced by 

the approximate filter based on (2.29), (2.31) and the actual error statistics com­

puted by (2.56),(2.57) should be compared. 

• Alternatively, the approximate error statistics produced by the approximate filter 
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(based on the approximate gain) are compared to the true error statistics produced 

by the standard Kalman filter based on the true gain. 

• If the behaviour of the approximate filter at steady-state is to be studied, then the 

solutions of equations (2.62),(2.63) based on the approximate gain should be com­

pared to the solutions of (2.40), (2.41). 

In general, testing the petformance of a suboptimal filter depends on many related factors. 

A suboptimal filter that performs well with respect to a specific application may not have 

the same performance when applied to another application. Consequently, in almost all 

works related to the development of an approximate filter, the performance is compared 

to the exact solution obtained by the standard Kalman filter. For large-scale problems 

comparison is based on small size problems [61]. 



Chapter 3 

Multiscale Dynamic Estimation 

This chapter is devoted to two subjects: multiscale estimation theory and multiscale­

based dynamic estimation. 

3.1 Challenges in large-scale dynamic estimation 

Large-scale dynamic estimation problems appear in many scientific applications: image 

processing (9, 16] and remote sensing [11, 12, 23], to name a few. As mentioned in 

Table 2.1, as the number of states gets larger, the computational and storage demands 

of the conventional dynamic estimation tool, i.e., the Kalman filter become infeasible. 

In Section 2.3.5, several approaches to large-scale dynamic estimation problems have 

been presented. The performance of these approaches is problem dependent. These ap­

proaches do not directly deal with the issue of the problem. The sequential processing 

approach is applied only when measurements at any time step are statistically indepen­

dent. This approach could only reduce the computational demand of the matrix inversion 

in the update step. The prediction step is done exactly which means that the full updated 

error covariance has to be available. Another approach is based on employing the infor­

mation filter with the local correlation assumption (banded error covariance matrices). 

38 
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This approach reduces the storage demand of the filter. However, matrix inversion, in 

this approach, is based on polynomial approximation which works only for diagonally 

dominant matrices. A reduced order filter is based on partitioning the system dynamics 

into smaller subsystems. Substantial approximation arises if the original system is not 

separable. 

More recently, an efficient multiscale static estimation algorithm that can deal with 

large-scale static estimation problems has been developed [17, 67] and employed for dy­

namic estimation problems [50]. The following sections present details of the multiscale 

framework. 

3.2 Overview on Multiscale estimation 

As discussed in Section 2.2.4, there are several techniques that can be used to attack 

the high computational effort involved in LLSE. However, these techniques have their 

limitations. As an example, the multigrid method, which is one of the efficient iterative 

methods that can provide estimates with a fast convergence rate . However, computing 

the error statistics can only be done by brute-force and is considered computationally 

inefficient for large scale problems. The FFI' technique is another method for solving 

large-scale static estimation problems but requires that the random process and the mea­

surements noise be stationary, in addition, to the requirement of point measurements. 

These conditions are not usually satisfied in large-scale remote sensing problems like the 

one that will be investigated in this research. 

It is well known that when dealing with large scale problems, one can try to find 

an approximate solution by subdividing the problem into smaller ones which are easy 

to solve or by creating another similar approximate problem which can be solved ex­

actly [88]. The second option is the one adapted in the multiscale framework [32]. The 

idea is motivated by the success of multiresolution analysis which combats the compu­

tational demands of a large-scale problem by solving coarse versions that are computa-
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Figure 3.1: An example to illustrate the hierarchical decomposition of a 1-D random 
process on a dyadic tree. 

tionally simpler and then uses these coarse versions to guide and speed up their corre­

sponding higher resolution parts. Recall from the previous chapter that in the standard 

Bayesian LLSE, the prior knowledge of the statistical structure of a random process ~ 

is explicitly given in a form of the covariance matrix Px = E[xxr]. Bayesian LLSE 

depends on the prior covariance to compute estimate equations (2.12),(2.14) which is 

infeasible in the case of large-scale estimation problems. Multiscale estimation [32], on 

the other hand, is based on modeling the statistical structure of the underlying stochastic 

process at multiple scales on a tree as depicted in Figure 3.1. This will lead to a scale-to­

scale relationship and consequently allow an efficient estimation solution for large-scale 

problems. The goal is to get an approximate version of the whole random field statistics 

Px (the desired prior covariance) at the finest scale in a finite number of scales referred to 

by M. In doing so, the random field is modeled on a tree with coarser scales toward the 

top of the tree. The finest representation of the random field will approximately represent 
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the statistical features of the original random field: 

To illustrate the above [33], consider a large 1-D process or a 2-D static random field, 

stacked as one vector~, with a prior covariance Px and the linear measurements model 

given by y_ = C ~ + 1L· The random 1-D process is modeled on a dyadic tree as shown 

in Figure 3.1. The states ~ at each level capture part of the statistical structure of the 

original random field ~- More detailed discussion of the multiscale modeling will be 

given in Section 3.4. At coarsest level m = 0, the field is approximated by a single state 

vector: 

At the next level m = 1 , the random field is approximated by: 

At the third level m = 2, the process is approximated by: 

~21 

~22 
(3.1) ~2 = 

~23 

~24 

It is obvious that as we increase the scale (moving down in the tree), we add more details 

to the representation of the statistical structure of the random field. At the finest scale 

m = M we capture approximately the whole statistical structure of the random process. 

The basic model that governs the relationship between states at different scales is 
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given by the first-order Markov model: 

(3.2) 

where w is Gaussian zero-mean with identity covariance, white noise process uncorre­

lated with ~o 

By using the recursive model given in (3.2), one can express the relation between 

states at level 2 and level 1 by: 

~21 

~22 
~2 -

~23 

~24 

A21 B21 W21 

A22 

[ 
~11 ] + B22 W22 

(3.3) 
A23 ~12 B23 ~3 

A24 B24 ~4 

Equation (3.3) demonstrates that by modeling the random field on the tree, we break 

down the dynamics of the states at each level as they evolve from scale-to-scale. As 

an example, the state ~1 at level 1 is composed of four smaller states each with its own 

model parameters Aij, Bii• This breakdown of the relationships between the tree nodes is 

vital in the sense that it allows breaking down the large estimation problem into smaller 

estimation problems that can be solved efficiently. The following sections will give a 

formal description of multiscale processing and modeling [17, 32, 50, 53, 67]. 

3.3 Multiscale Processing 

In the multiscale framework, the random process is modeled on a tree structure. In 
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Figure 3.2: Illustration of different types of trees used in the multiscale framework to 
model 1-D and 2-D stochastic processes [32]. (a) is the multiscale tree used to model 
1-D processes and (b) is a quadtree used to model 2-D random fields. 



CHAP'IER 3. MULTISCALE DYNAMIC ESTIMATION 44 

order to generalize the recursive model given by (3.2), any node on the tree is referred 

to by a variable s, so x ( s) refers to state x at node s on the tree and i is a raising 

operator for states to its parent state x(s1 ). The general scale-to-scale recursive model 

for representing the dynamics of the random process on the tree is given by 

x(s) = A(s)x(s-=y) + B(.'>)w(s) (3.4) 

where w(s) is a zero-mean vector with identity covariance, white Gaussian noise pro­

cess uncorrelated with x(O). A(s) 1 B(s) are deterministic quantities defining the process 

statistics on the tree. The linear measurement model in the multiscale framework is given 

by 

y(s) = C(s)x(s) + v(s) (3.5) 

where C(s) is a selection matrix defining measured states at node ( s ), and v( s) is white 

Gaussian noise. The measurement model is general in the sense that it allows measure­

ments to be available at any scale. 

Figure 3.2 (a) is an example of a general dyadic tree which is used to model a 1-D 

process and Figure 3.2 (b) is a quadtree used to model a 2-D random field. In both cases, 

the finest scale represents the underlying random process. Referring to previous figures, 

the multiscale tree is characterized, mainly, by two parameters: q( s) which represents 

the descendants of each node s (except those at the finest scale), and M which repre­

sents the number of scales in the tree. The scale of any node is given by m( s), where 

0 < m( s) < M. The finer scales have larger values of m( s). The root node of the 

tree is denoted by O and its scale is m( s) = 0. In general, a uniform dyadic tree Fig­

ure 3.2 (a) (i.e., each node has two child nodes except at the finest scale) is used to model 

1-D random processes and a quadtree (each node has four child nodes except at the finest 

scale) is used to model a 2-D random field. Referring to Figure 3.2 every node (s) on 

the tree is connected to a unique parent node, s7, at the previous coarser level. In ad-
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dition, each nodes (except those at the finest level) is connected to several child nodes 

x(sai), (i = 1, • •···, q) at the next finer level. 

The efficiency of the multiscale estimation algorithm is based upon the Markovianity 

property of (3.4), i.e., conditioned on any node on the tree, each of the q + 1 subtrees 

connected to this node are conditionally decorrelated. The processing of that data in the 

subtrees below a given node s is independent of each other. This is a key point behind 

the multiscale framework. 

At the root node, the initial conditions are given by 

E[x(O)J = x(O) (3.6) 

The initial conditions x(O) and P(O) represent the coarsest prior representation of the 

random process at the finest scale xM_ Given the initial conditions and the model pa­

rameters A( s), B ( s}, any entry in the original process covariance matrix can be easily 

computed. For example, the cross-covariance matrix between the two nodes on the tree 

x(sa:1) and x(sa2 ) in Figure 3.2 (a) is 

(3.7) 

Using the recursive model (3.4) to express both nodes x(sai) and x(sa2 ) in terms of 

their model parameters A(si), A(s2 ), B(si), B(s2 ) and their common parent state x(s) 

Then apply the expectation, we get 
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By considering the fact that the noise components are uncorrelated in scale, we get 

(3.9) 

The covariance P( s) of state x( s) at any tree node s is computed by the scale-recursive 

Lyapunov equation 

(3.10) 

The Markovianity property implied by (3 .4 ), allows efficient estimation based on the RTS 

smoothing algorithm [71]. Recall from Section 2.3 that the RTS smoothing algorithm 

involves two steps: a forward Kalman filter sweep and a backward sweep to compute the 

smoothed estimates. In the forward sweep, best estimates of the states of the process at 

time t are computed based on all measurements available up to t. 

x(t) = E[x(t)ly(k), k < t] (3.11) 

In the backward sweep, smoothed estimates at time tare obtained bas~d on all available 

measurements. 

(3.12) 

The multiscale framework generalizes the RTS smoother by modeling the process on 

a tree and marching in scale s, instead of time, from fine-to-coarse as an upward (for­

ward) sweep (Figure 3.3 (a)) and from coarse-to-fine as a downward (backward)(figure 

Figure 3.3 (b)). In the upward sweep, the Kalman filter prediction step computes an esti­

mate of state x( s) at node s and scale m( s) = j based on the measurements available at 
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a) Upward Pass b) Downward Pass 

Figure 3.3: Illustration of the two main steps used in multiscale estimation. The upward 
pass is the Kalman filter and the downward pass is the RTS smoother. 

each of the subtrees sai descending from nodes individually. 

x(s)rn=i = E[x(s)m=ilY(k), k = M, M - 1, • • ·, k = j - 1] (3.13) 

Next, the individual predicted estimates of state x( s) are merged by a merge step to 

obtain the best linear estimates of x( s) based on all the data available at the child nodes 

Slti- Then, in the update step, the best estimates of x( s) and scale m( s) = j is obtained 

by involving measurements available at nodes. 

x(s)m=i = E[x(s)m=ilY(k), k = M, M - 1, • • ·, k = j] (3.14) 

The downward sweep follows by marching down from the root node x(O) to the finest 

scale. In this step, the best estimate of x( s) at any node is computed based on available 
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measurements everywhere on the tree. 

(3.15) 

The multiscale estimation algorithm differs from the standard Kalman filter and RTS 

smoother in that the algorithm proceeds from fine-to-coarse (i.e., in the inverse direction 

of the model given in (3.4),(3.5)). Consequently, a fine-to-coarse model that represents 

the states x(s-=y) in terms of x(s) and a noise term that is uncorrelated with state x(s) is 

constructed and used in the upward sweep. Another key difference between the multi­

scale smoother and standard RTS smoother is the presence of a merge step in the pre­

diction step of the standard Kalman filter. As each node s on the tree (except those at 

the finest scale) has q children, q predictions are obtained. The merge step is necessary 

to combine all these predicted estimates. The detailed multiscale estimation algorithm is 

summarized in Appendix A. 

3.4 Multiscale Modeling 

Recall that we refer to any two random variables x, y as being conditionally uncorrelated 

if conditioning on another random variable z the cross conditional correlation of x, y 

becomes the product of the individual conditional mean [92] 

E[xylz] = E[xlz]E[ylz] (3.16) 

The efficiency behind the multi scale framework is based on the conditional decorrelation 

property (3.16) which allows breaking the large estimation problem into smaller prob­

lems that are easier to be solved. The task of the multiscale modeling is to determine 

the state variables at any tree node that will exactly or approximately satisfy the tree 

conditional decorrelation assumption. The random process x(s) in the recursive model 

is assumed to be hierarchical. In other words, the statistical structure of the random pro-
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cess can be modeled on multiple resolutions. The model parameters (i.e., A( s LB( s )) 

allow the model given by (3.4) to recursively approximate the state at any tree node x(s) 

in terms of its parent state x( s.=y) and some estimation error term w( s). That is 

x(s) = E[x(.s) lx(s-y)] + w( s) (3.17) 

To clarify (3.17), observe that if we assume that the parent state x(.57) represents a mea­

surement for the child state x(s) with covariance P(s-y), then the cross-covariance be­

tween the unknown (the child state) and the parent state is P(s,s-y), and applying the 

LLSE (2.12) leads us to have the following expressions for the multiscale model param­

eters A(s), B(s) [32] 

A(s) - P( s, s7)P-1
( s-y) 

E[w(s)wT(s)] B(s)BT(s) 

- P(s) - P(s, s-y)P- 1 (s-y)PT(s, s-y)P- 1 (s7) 

(3.18) 

(3.19) 

(3.20) 

Now the actual multiscale state definition x(s) depends on the nature of the random 

process. A rich literature is available on the multiscale modeling issue [32, 40, 50, 53, 

66]. 

In general, there are three classes of random processes that have been successfully 

modeled by the multiscale framework: Markov random fields MR.F's [32, 66], general 

Gaussian random field GRF i.e., processes where all variables are Gaussian, and pro­

cesses that have power spectra density like 1/ Ju [32, 103]. 

As this research is based on multiscale models for 2-D :MR.F's, a detailed discussion 

of this type will is covered in the following. 

3.4.1 Multiscale models for 2-D MRF 

To give a formal definition for discrete 2-D MRFs [21] we should define a neighbour-
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Figure 3.4: One possible arrangement of boundary elements ( •) that are kept as multi­
scale states for 16 x 16 MRF. Left (a) shows the boundary pixels for the root node x(O) 
and right (b) Shows the boundary pixels for the left-north quadrant for the next level in 
the quadtree x ( sa1). 

hood system over a rectangular lattice L representing the whole 2-D field. Let { Nii c L} 

be a set of field elements x( k~ l) E L located in the vicinity of element x( i, j). Therefore, 

any element x(k~ l) is in the neighbourhood of element x(·i,j) if x(k, l) E Ni,i· A 2-D 

process is called MRF if 

P(x(i,j)lx(k, l), (k, l) E L) = P(x(i,j)jx(k, l), (k, l) E Nii) (3.21) 

MR.Fs are classified according to the definition of the neighbourhood system. A first­

order MR.Fis associated with a first-order neighbourhood system which consists of the 

four nearest neighbours of each field element. A second-order rvIRF is associated with 

a second-order neighbourhood system which consists of the eight nearest neighbours of 

each field element. The set of points that are neighbours of a field subset { n C L} are 

called the boundary of region n. The definition of the boundary also varies according to 
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the neighbourhood order. 

Now depending on the order of the MRF. a set of boundary points of a closed region 

conditionally decorrelates the set of inside points from the rest of the domain. In order to 

model a 2-D MRF on the multiscale tree we have to define the trees internal states x( s) so 

that the conditional decorrelation property is satisfied as in the model (3.4). In addition. 

the realized process covariance at the finest scale of the tree P-:s:'"r matches approximately 

the desired process covariance at the finest scale Pz. From the MRF definition given 

above [21], the decorrelation property is completely satisfied by making the state vector 

x( s) at any tree node composed of the boundary elements of its children. That is, 

x(s) = W(s)xM (3.22) 

Equation (3.22) states that the multiscaJe states :z:( s) are expressed as linear combinations 

of the states xM at the finest scale nodes. where W ( s) is a matrix. defined for each tree 

node, sampling every pixel of the random process :z:M along the boundaries of the chil­

dren of state x( s) as depicted in Figure 3.4. By making x( s) equal to the boundary pixels 

of its children (i.e., the states x(sai) for (i = 1, • • •, 4)), the Markovianity conditional 

decorrelation property is satisfied. In other words, :z:( s) is decorrelated from all subtrees 

below it and the remainder of the tree nodes at the finest scale. 

The multiscale model parameters A(s), B(s) require the covariance of the state x(s) 

and the cross-covariance of x(s) and x(s-y). Given the state definition as in (3.22), the 

multiscale model parameters A(s), B(s) are then computed according to (3.18),(3.20) 

as follows: 

A(s) - [W(s)P:1:WT(s7)][W(s-'y)Pi:WT(s7)]- 1 

B(s)BT(s) - P(s) - A(s)P(s-r)AT(s) 

(3.23) 

(3.24) 

Issues concerning the equivalence of (3.18), (3.20) and (3.23), (3.24) can be found in 
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[40, 50). 

A critical issue for multiscale modeling of a 2-D :rvtRF is the growing size of the tree 

states that is proportional to the field dimensions. For a field of size n, the maximum 

state dimension (the root state x(O) ) is proportional to fa. Usually, the highest states 

dimensions occur in the first two levels of the tree. For large-scale estimation problems, 

like the ocean surface temperature [34], exact multiscale realization of the field statistics 

requires high computationai and storage demands as the tree states required to realize 

the process get larger. Figure 3.4 illustrates the exact multiscale modeling for a 16 x 16 

2-D MRF. The model is called a full order multiscale model in that al I the necessary 

boundary elements are kept as tree states. The computational demand required to do 

static estimation for processes that are modeled by exact MRF models is C?(nd3) where 

n = N x N and d is the dimension of the largest state vector x ( s) on the tree. In 

case of fixing the root state dimension to N, then the computational complexity becomes 

C'.J(ns/2) 

3.4.2 Other Multiscale models 

Observe from Figure 3.4 that some of the field elements assigned to the root node state 

are also assigned to the four descendant states in the next level. This results in some 

redundant information kept at multiple scales on the tree. Because of such redundancy 

these models are called redundant models. Another type of multiscale modeling for 

:rvm.Fs is called non-redundant multiscale model. In non-redundant models elements of 

the 2-D field appear only once on the tree [50]. This implies that the 2-D process is 

no longer mapped to the finest scale but is distributed among all nodes on the tree. An 

example is depicted in Figure 3.5 (a,b) which display the elements that are kept as states 

for the root node and the next level for a 17 x 17 field. The multiscale computational 

complexity for non-redundant boundary models for 2-D rvIRF is O(n312
). 

The two previous multiscale realizations of 2-D :rvtRF are exact. In order to avoid 
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Figure 3.5: Boundary elements(•) that are kept as multiscale states x(s) for 17 x 17 
MRF in case of non-redundant model. Left (a) shows boundary pixels for the root node 
x(O) and right (b) shows boundary pixels for the next level for the left-north quadrant in 
the quadtree x( sai) (c) shows one choice of boundary pixels for the root node x(O) for 
the non-redundant reduced-order model (d) shows boundary pixels for the next level for 
the left-north quadrant in the quadtree x( sai). 
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high computational demands and numerical problems other approximate alternatives ex­

ist [50]: 

• Subsample boundary pixels to a fixed percent of the number of boundary elements. 

This model is refered to as a reduced order multiscale model. This model is based 

on the fact that most random fields have the characteristic that neighbour elements 

are highly correlated. Hence, only a subset of those elements are needed to cap­

ture the correlation information. In this case, the sampling matrix W ( s) defined 

in (3.22) samples every K th element of the finest scale process xM along the 

boundaries of the children of nodes [72]. Figure 3.5 (c,d) show the subsampled 

boundary elements for level 0 and level L 

• Densely sample boundary elements in regions containing measurements and re­

duce sampling in regions far away from measurements [50]. 

• Coordinate transformation of the boundary pixels using wavelet transforms and 

keep some of the resulted coefficients [66]. 

• Take averages or weighted averages of the boundary elements [32]. 

Depending on the amount of approximation, the multiscale model fidelity is de­

creased. Consequently, the obtained estimates and the associated error variances become 

approximate. In addition, noisy artifacts appear in the obtained estimates depending on 

the degree of the achieved decorrelation. The advantages of reduced order or approxi­

mate models are 

• Less redundant information which reduce numerical errors due to singularities 

• Much lower computational and storage demands 

Multiscale modeling based on sampling the boundary elements in order to satisfy the 

Markovianity property becomes exact and efficient when applied to Markov random pro­

cesses. For general Gaussian random processes, exact multiscale realization is achieved 
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based on canonical correlation realization CCR [53]. The basic idea is to have state 

variables x( s) at any tree node s that decorrelate all the q + 1 subtrees connected to that 

node. Algorithm details can be found in [40, 50]. The CCR is based on applying singu­

lar value decomposition for each node on the tree which is computationally demanding. 

The complexity for CCR is O(n4 ) where n = N x N and N is the dimension of one 

edge of the 2-D domain [50]. 

Another class of random processes that have been modeled by the multiscale frame­

work is the 1/ f processes [37]. This class of processes appears in many oceanography 

problems [103]. As an example, 1/ f processes are suitable to model the surface height 

of the ocean [37]. The 1/ f multiscale model where the tree states are scalar is given by 

(3.25) 

where m( s) is the scale of node s and B0 is the magnitude of the process noise variance 

and u is some parameter in the range O < u < 2 controlling the steepness of the process 

power spectra [ 103]. 

In this simple case, the states x( s) are scalar. The state at any node is equal to its 

parent node (i.e., A( s) = 1) plus a white noise process. The white noise process is 

scaled exponentially as a function of scale. 

From (3.25) we can observe that by moving down to finer scales, details are added as 

process noise w( s ). The state at the root node can be considered as the aggregate average 

over the entire process. 

One advantage of 1/ f multiscale model is that it requires low state dimension imply­

ing that large 2D estimation problems can be solved very fast. 
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3.5 Previous work on large-scale multiscale-based static 

estimation 

The multiscale algorithm is mainly developed to solve static estimation problems. Con­

sequently, in most of the previous applications of the multiscale algorithm, even though 

the underlying physical systems are dynamic, the estimation problems were treated as 

static estimation problems by considering one snapshot of the system at a time. 

x(t) = E(x(t)jy(k), k = t] (3.26) 

One can categorize the previous multiscale researches into three major categories: 

I. theoretical developments [ I 7, 40, 53, 52, 66, 67]. 

2. applications to remote sensing static estimation problems [37, 39, 72]. 

3. applications to image processing problems [38, 66, 88]. 

As both static estimation and remote sensing previous developments are relevant to this 

work, fo1lowing is a brief overview of those applications. 

Multiscale estimation was used in mapping ocean surface height from satellite mea­

surements [72]. Gridding maps with 25,000 grid points were generated in less than a 

minute on the current generation of workstations. This success lies behind the fact that 

the multiscale framework is directly suited to capturing phenomena that display hierar­

chical statistical structure such as stochastic processes with 1/ f power spectra. Many 

natural phenomena such as the ocean surface height are modeled as 1 / /-processes. The 

multiscale model for the ocean height problem was given by 

(3.27) 
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where x( s) is a scalar state representing the ocean height at a particular scale and position 

corresponding to nodes. The main results of this work are 

- Successfully applying multiscale framework in solving a large-scale remote sens­

ing static estimation problem. 

- One major drawback of 1/ f models with small tree state dimensions is the re­

sulting artifacts in the estimates due to the inability of the model to capture the 

correlation structure of the process exactly and the sensitivity of the model to the 

spatial positioning of the multiscale tree. Two approaches were proposed for re­

solving this issue: averaging estimates produced by various trees at different spatial 

positions and incorporating the overlapping tree approach [52]. 

- The multiscale 1/ f can be tailored to compensate for non-stationaries in the pro­

cess prior by increasing the driving noise values B(s) on those multiscale tree 

nodes which overlap with regions that have non-stationary statistics. 

Another significant application of the multiscale algorithm in remote sensing was in map­

ping ocean surface temperature [34] based on hydrographic data sets. In this application, 

the model given in (3 .22) was used to model the process. The state x ( s) at each node 

s equals a subset of the process along the boundaries of the children of s. The sam­

pling density was controlled by a parameter proportional to the correlation length of the 

random process defined by its prior covariance Px. The multiscale model parameters 

(A( s), B( s)) were then computed using (3.23),(3.24). The main reported outcomes in 

this work are: 

- A reduced-order model was used to model the 2-D l\1RF process. By increasing the 

sampling density of the boundary elements, a higher statistical fidelity of the result­

ing estimates and the error statistics were obtained. However, numerical rounding 

errors and computational demands are increased. Decreasing the sampling den-
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sity increases the algorithm computational efficiency but reduces the quality of the 

obtained estimates. In addition, artifacts appear in the obtained estimates. 

- The multiscale model was built based on assuming a stationary model for the un­

derlying random field. This is one of the major challenges associated with using 

the multiscale estimator to solve large-scale static estimation problems. Dealing 

with this issue is a major part of this thesis work. 

In image processing area, three main applications of the multiscale framework have 

been investigated: Estimating optical flow [66], the surface reconstruction problem [38], 

and the image segmentation problem [88]. 

From the previous efforts and developments that were based on the multiscale frame­

work, following is a summary of the reported features and the remaining active chal­

lenges: 

Features of the multiscale estimation 

• The algorithm is capable of dealing with estimation problems that involve large 

data sets with highly efficient computational and storage demands. This is mainly 

because it does not require brute-force inversion of large covariance matrices. 

• The computed estimates are based on all available measurements everywhere in 

the field. This is in contrast to local methods that compute estimates based on local 

measurements and hence ignores the long correlation information that might exists 

in the prior. 

• The algorithm provides estimation error variances at no additional computational 

costs. Estimation error variances provide a measure to assess the quality of the 

obtained estimates. In addition, error variances are necessary components in dy­

namic estimation problems as they are part of the prior for the next time step. One 

of the contributions of this work is to employ multiscale estimator in large-scale 
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dynamic estimation problems. Therefore, estimation error variances are essential 

components in the proposed method. 

• Maximum-likelihood calculations and sample-path generation are two important 

tools in estimation and statistical analysis which can be computed efficiently by 

the multiscale estimator. 

Active challenges with the multiscale estimation framework 

• Estimation efficiency is highly dependent on the multiscale realization of the un­

derlying process statistics. For 2-D MRF, multiscale models that can capture the 

statistical behaviour of the field exactly require tree state dimensions that grow 

with the field dimensions. This increases the fidelity of the obtained estimates and 

the estimation error variances. On the other hand, large state dimensions will usu­

ally result in increasing the computational demands of the estimator. In addition it 

might lead to numerical errors. 

• Reduced-order models are used as alternatives for large-scale estimation prob­

lems. In this case the multiscale model is approximate. State-reduction increases 

the computational efficiency and decreases the possibility of numerical errors. 

However, the approximation in the obtained estimates highly increases, in addi­

tion visual artifacts appear in the estimated field. 

• 1/ f multiscale models provide fast estimation as the state dimensions are very 

small (scalar in most cases). These models represent good alternatives for many 

natural processes whose statistics are not well-defined and for large-scale problems 

with non-stationary priors that can't be given explicitly in a covariance matrix form 

due to storage issues. Building such models is totally affected by the spatial posi­

tioning of the multiscale tree. In consequence, the overlapping regions approach or 

averaging estimates obtained based on various tree positions should be used. This 

leads to more computational demands. 
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• In most of the previous works that dealt with large-scale static estimation prob­

lems, the assumed prior for the underlying process is considered to be stationary. 

However, for the following two problems. the stationarity assumption might lead 

to statistical inconsistency and therefore, large reduction in the estimator fidelity: 

- For large-scale 2-D MRF where a well-structured non-stationary prior is 

explicitly specified. 

- In dynamic estimation problems, the measurement update step transforms a 

stationary prior into a non-stationary one. 

In previous works, the non-stationarity in the prior was marginally tackled only 

in the case of 1/ f multiscale models. Addressing the above issue for static and 

dynamic estimation of 2-D MRF processes is part of this thesis contribution. 

3.6 Multiscale-based large-scale dynamic estimation 

For large-scale 2-D dynamic estimation problems, one needs to deal with the computa­

tional and storage demands for the two main steps of the Kalman filter: the measure­

ment update step and the dynamic prediction step. The measurements update step in the 

Kalman filter is composed of two components: the predicted estimates and the estimate 

of the prediction error based on the innovation sequence (y(t) - C(t):i:(tlt - 1)) 

x(tlt) = x(tlt - 1) + ~(tit - 1) (3.28) 

where the estimated prediction error component ~(tit - 1) is computed by 

~(tit - 1) = K(t)(y(t) - cx(tlt - 1)) (3.29) 

where K(t) is LSE gain and y(t) is the current measurement. 
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By observing that estimating the prediction error is just a static estimation problem, 

solving this static estimation problem can be done efficiently using the multiscale estima­

tor. The outputs of the multiscale estimator are the updated state estimates x(s, tit), the 

estimation error variances p(s, tit), and a multiscale model for the updated estimation 

F'(s, tit) error process from which any cross-covariance element can be computed. 

The accuracy and computational complexity of the multiscale update step are depen­

dent on the choice of the multiscale model. In the static estimation problems, three main 

multiscale models have been investigated and applied (see Section 3.4): 

• Multiscale models for :tvIRFs using the subsampling approach to satisfy the Marko­

vianity property on the tree and its model order variations. 

• General models for Gaussian random fields GRFs using singular value decompo­

sition. 

• Models for processes with 1/ f power spectra. 

In the dynamic estimation context, the estimation error process at any time step is to 

be modeled on the tree. The following technical issues arise when using the multiscale 

estimator in dynamic estimation problems: 

1. Which multiscale model of the above listed is more appropriate to capture the 

statistical structure of the error process 

2. How to temporally propagate the updated estimation error variance 

For the first point, selecting the appropriate model depends on the size of the problem 

and the desired accuracy. This issue has been investigated in [32, 50]. The difficulty and 

the challenging part are in the error prediction step. 

P(t + lit) = A?(tlt)AT + Q (3.30) 
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Figure 3.6: Illustration of Multiscale-based dynamic estimation with various alternatives 
for prediction step. The top path represents the conventional Kalman filter, the path 
denoted by dark dashed arrows represents the previous approach for large-scale dynamic 
estimation, and the bottom path represents the multiscale-based Kalman filter developed 
in this work. 

In order to complete one step in the Kalman filter, prediction is necessary for both the 

updated states x(tlt) and the associated updated error covariance P(tlt). The complexity 

of the standard state prediction step is O(n), where n = N x N and N the length of 

one edge of the 2-D field, which is achievable even for large-scale problems as in many 

cases one can have an implicit representation for the dynamics. As an example, in case 

the system dynamics matrix A represents a discretized diffusion process, then A can be 

represented by a convolutional mask and the state prediction (2.28) can be implemented 

by convolution instead of direct matrix-vector multiplication which requires storing A. 

Exact error prediction via the Lyapunov equation (2.29) requires O(n3
) computational 

and storage complexity which is totally impossible for large-scale problems. The advan­

tage of employing the multiscale estimator is that the estimation error covariances are 

available but not as ordinary huge covariance matrices but in forms of multiscale error 
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models. For large-scale static estimation problems, diagonal elements of the estimation 

error model computed by the multiscale estimator are enough to assess the estimation 

results. However, for dynamic estimation problems, the multiscale error models need to 

be propagated overtime. Figure 3.6 illustrates the recursive estimator that employs the 

multiscale estimator. The main contribution of this work is to propose a new approxi­

mate prediction step that suits large-scale dynamic estimation problems (the gray dashed 

arrow in the figure). Before presenting the proposed method, the following section gives 

a brief summary of the previous effort on multiscale prediction step. 

3.6.1 Previous formulation of Multiscale prediction step 

Previous work [50] on multiscale-based dynamic estimation was mainly applied to dif­

fusion dynamic models. The multiscale update step produces estimates for states and 

the associated estimation error variances. In addition, a multiscale model for the statis­

tical structure of the updated estimation error process F'(s, tit) is also computed. The 

multiscale model is completely defined by the model parameters of (3.4) which are 

A(s,t!t) B(s,tlt) P(O,tlt) 

where A(s, tit) and B(s, tit) refer to the multiscale model for the updated error process at 

time t and P ( 0, t It) is the covariance at the root node of the tree. Given these parameters, 

any off-diagonal element of the realized updated error covariance matrix P(tlt) can be 

computed. 

Recall that in order to propagate the estimation error covariance overtime via the Lya­

punov equation (2.29), the full updated error covariance matrix .P(tlt) must be available. 

Eventhough the availability of multiscale model for the updated error allows the compu­

tation of the full updated error covariance, it becomes totally infeasible for large-scale 

problems because of both the high computational demands and the storage requirements. 

Implicit prediction which propagates multiscale error models instead of error covariances 
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is the alternative. 

As it was illustrated in Section 3.4, the state x( s) at any tree node (s) on the tree is 

written as a linear function of the fine-scale process (3.22). Similarly, for the estimation 

error process the tree states are given by 

(3.31) 

where eM(tlt) is the realized error process at the finest scale M, and W(s, tit) is a linear 

functional to realize the selected multiscale model. Similarly, the predicted multiscale 

error model F'(.5, t + lit) is given by 

e(s, t + lit) = W(s, t + llt)eM(t + lit) (3.32) 

where A is the system discretized temporal dynamics. Recall from Section 2.4 that the 

error process evoives according to 

e(t + lit) = Ae(tlt) + w(t) (3.33) 

Therefore, from (3.31), and (3.32) the multiscale updated error model is related to the 

multiscale predicted error model by 

e(s, t + lit) = W(s, tjt)Ae(tlt) + W(s, tlt)w(t) (3.34) 

Hence, the predicted error P(s, t + lit) is computed by 

P(s, t + lit) - E[e(s, t + llt)eT(s, t + ljt)] 

- W(s, t!t)AP(s, tlt)ATWT(s, tit)+ W(s, tlt)QWT (s, tit) (3.35) 

Equation (3.35) is similar to the standard Lyapunov equation of the Kalman filter (2.29) 

with the addition of the linear functional W(s) term. The multiscale predicted error 
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model parameters for any tree node (s) are 

A(s, t + lit) B(s, t + lit) P(O, t + lit) 

But recall from (3.18), (3.20) that in order to compute A(s, t + lit), B(s, t + lit) we 

need not only the predicted error covariance of state x(s), i.e., F'(s 1 t + ljt) but also the 

predicted joint-statistics of x(s) and its parent x(st), i.e., .P(s,s-=y,t + lit) in addition 

to the predicted parent state covariance P( st). The predicted states x( s) and x( st) are 

given by 

e(s, t + lit) - W(s, t + llt)Ae(t!t) 

e(s-y, t + lit) W(s-y, t + llt)Ae(tlt) (3.36) 

Figuring out which update cross-covariances are involved depends on the multiscale 

model and the temporal dynamics i.e., the product term W(s, t + llt)A. Based on the 

multiscale models mentioned in the previous section, there are mainly three methods to 

incorporate the temporal effect of the dynamics on the multiscale model as illustrated in 

Figure 3.7 

Time-varying linear functionals W ( s, t) for MRF models 

It has been found in [50] that the error process for diffusion processes at any time 

can be reasonably approximated by a Markov random field. Hence, the subsampling 

approach for modeling the error process on the tree can be used to satisfy the tree 

Markovianity condition. This means that W(s) is a sampling matrix keeping as a state 

x( s) the boundary elements of its descendants. It is obvious from (3.35) that due to 

the mixing effect of the dynamics, linear functionals used to model the updated error 

process W(s~ tit) are mixed. In order to reflect this mixing effect in the multiscale 

model, one has to keep not only the end-point pixels as boundaries but also the two 

nearest-neighbours (in the case of a 1-D process) to those pixels at any tree node (.s) 
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Figure 3.7: Different alternatives for incorporating the temporal dynamics effect in mod­
eling tree states on 1-D tree. (a) illustrates the time-varying linear functionals which keep 
boundary elements and nearest-neighbours at anytime step in case of 1vlRF models, (b) 
shows the time-varying singular values that are kept as states in case of GRF models, 
and (c) shows the time-invariant linear functionals which keep only boundary elements 
at anytime step. 

and the four-nearest neighbours in the 2-D case. This is illustrated for the 1-D case 

in Figure 3.7 (a). Observe that this approach will eventually lead to tree states with 

large dimensionality. Therefore. at some point of time the computational demands 

of this approach will be very high which makes the multiscale-based Kalman filter 

computationally inefficient. 

Time-varying linear functionals W(s, t) for GRF models 

One approach for modeling general Gaussian random fields is to use singular value 

decomposition to compute the tree states. This approach gives more accurate results 

as it avoids the Markovianity assumption for the error process. However, it is suit­

able only for small size problems due to the high computational demands required to 

compute singular values. This approach is illustrated in Figure 3.7 (b). 

Time-invariant linear functionals W ( s) 
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Figure 3.8: Illustration of modeling a 1-D process using multiple trees with shifted 
origins in order to reduce the computational effort needed to compute updated joint­
statistics necessary to compute the predicted multiscale model. 

In this approach, the linear functionals W ( s) based on the above two methods are kept 

constant for all time steps. This is the approach that was adopted in [50]. For time­

varying systems, fixing the linear functionals implies that only approximate estimates 

are obtained. This approach is more suitable for implementing a large-scale steady­

state filter. This approach is illustrated in Figure 3.7 (c). 

3.6.2 Approaches for computing updated cross-covariances 

As mentioned in the previous section, in order to compute multiscale model parame­

ters for the predicted error process, some cross-covariances of the updated error process 

should be computed. The computational demands for the multiscale-based Kalman filter 

increase by the number of the required cross-covariances. This makes the brute-force 

approach (i.e., computing all the necessary cross-covariances) highly computationally 

inefficient. In the following, other alternatives to the brute-force approach to computing 

the necessary updated off-diagonal statistics are presented: 

• Using multiple trees 
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This approach is based on using multiple multiscale models with shifted origins (32. 

50]. The basic idea is that some tree states that belong to different parents on one 

tree may become siblings in another tree with a shifted origin. This will highly 

reduce the computational effort in computing their cross-covariances. The idea 

is illustrated in Figure 3.8 for a 1-D random process. Observe that comput­

ing the cross-covariance between states x(sa2) and x(sa3 ) on tree(2) (the tree 

with dashed line), one needs to compute A(sa2), A(s), A(u), A(ua3 ) where only 

A(sa2 ), A(ua3 ) are needed if tree(l) is used. 

This approach reduces the computational demands for computing the joint-statistics 

between any two tree nodes, but for large-scale problems it becomes inefficient as 

the number of multiscale trees increases. 

• Using maximum entropy 

The maximum entropy approach to complete covariance matrix has been studied in 

[20, 40, 64, 79]. The basic problem is given some entries of the covariance matrix, 

obtain estimates for the remaining entries which will produce maximum entropy 

of this covariance. Applying maximum entropy to dynamic estimation problems 

has been studied in (50]. Instead of computing all the necessary cross-covariances 

by brute-force, some entries are computed exactly and others are estimated based 

on the maximum entropy completion method. 

The main drawback of this method is that it is only applicable to 1-D processes. It 

is not clear how this method can be extended to 2-D. 

• Using parameterized models for the error covariances 

This approach is the one that we are investigating in this work. Having parameter­

ized error models will allow us to deal with large-scale estimation problems since 

any covariance entry can be computed directly based on the model. The challenge 

to this approach is that while the process covariance structure is stationary, the 
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error process covariance is not. Theoretically, there is no way to have a direct 

formulation for a non-stationary model that can be fitted to the process statistics. 

Stationarity assumptions can lead to a huge approximation as one is treating the 

interactions between domain pixels equally, which is not necessarily true for many 

cases. In this work, we investigate a new approach that can deal with these issues 

for large-scale 2-D problems. This approach is detailed in the next chapter. 



Chapter 4 

Large-Scale Dynamic Estimation: 

Prediction Step 

In the previous chapter, we introduced the multiscale estimator and its usage in both large 

scale static and dynamic estimation problems. This chapter will present our alternative 

approach for large scale 2D dynamic estimation which is based on parameterized error 

models. The main subject of this chapter is the error prediction step. The measurement 

update step wi II be covered in the next chapter. 

4.1 Kalman filter revisited 

Recall from Chapter 2 that the Kalman filter consists of two main steps: a prediction step 

and an update step. The prediction step for both the state estimate x and the associated 

estimation error covariance P is given by 

x(t[t - 1) Ax(t - 1[t - 1) 

.P(t[t - 1) - AP(t - lit - l)AT + BBT 

70 

(4.1) 

(4.2) 
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In the prediction step, the filter computes estimates of the state x(t) based on the model 

and the previous updated estimates x(t - lit - 1). Both the deterministic and stochastic 

dynamics represented by the model parameters A, Bare involved in the prediction step to 

obtain best estimates x(tlt -1) and the associated estimation error covariance .P(tlt-1). 

In the update step, the predicted estimates are combined with the new available mea­

surements at time (t) to obtain estimates based on all the data available up to time (t): 

K(t) - ?(tit - l)CT (C.P(tlt - l)CT + R)- 1 

.P(tlt) - .P(tlt - 1) - K(t)C.P(tlt - 1) 

x(tlt) - x(tlt - 1) + K(t)(y(t) - cx(tlt - 1)) 

(4.3) 

(4.4) 

(4.5) 

The Kalman filter deals with estimation error covariances .P(t!t), .P(t + 1/t) as matrices. 

For large-scale problems, it becomes impractical, if not even impossible, to compute and 

store such matrices. This chapter presents an approach for the prediction step which is 

based on using parameterized models for the error covariances with focus on 2D diffusion 

processes. Before presenting the approach, I begin by introducing parameterized covari­

ance models in Section 4.1.1 and then review 2D diffusion processes in Section 4.1.2. 

4.1.1 2-D stationary priors 

A random process ~ is called wide sense stationary if its statistics satisfy the following 

two conditions: 

1 The process has a time invariant mean, i.e., 

(4.6) 
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2 The correlation between any two process elements is independent of their actual 

spatial position, i.e., 

E[~(k)~(l)) - E[~(k)~(k + lk - ll)J = R(rx) 

Tx - lk - [j 

where T:r: is called the lag, and R( rx) is the process autocorrelation at lag rx. 

(4.7) 

(4.8) 

The same concept is extended for 2D random fields, where the correlation between 

any two field elements is given by 

(4.9) 

where Ti, r1 are the horizontal and vertical lags, respectively 

Stationary prior models for image and signal processing applications have been stud­

ied in various contexts and applied widely to several applications related to the field: 

motion estimation and image coding (58] and image modeling and restoration [47, 551, 

to name a few. In general, Gaussian or exponential functions are used as priors to model 

natural phenomena. This is usually an intuitive model since the relationship between any 

two random field elements decays as a function of the distance between them. There are 

two choices of exponential 2D priors: 

1 A separable exponential prior model given by 

(4.10) 

This correlation model is depicted in Figure 4.1 (a). 

2 A non-separable exponential correlation coefficient model given by 

(4.11) 
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(a) (b) 

Figure 4.1: Illustration of two 2D exponential correlation functions. (a) is separable, (b) 
is non-separable. 

This correlation model is depicted in figure Figure 4.1 (b). 

In the above two exponential models, a
2 is the overall domain variance, and rx and Ty 

represent the lags in the x and y directions. lx, ly represent the correlation lengths (the 

distance between two field elements to have a correlation coefficient value equal to ;) 

in both directions where larger values indicate higher correlation between the process 

elements and hence, a smoother process structure. Figure 4.2 shows that varying the cor­

relation length in a model controls the amount of interaction between the field elements. 

Note that for an isotropic (homogeneous) correlation structure, the correlation length 

is the same in both the horizontal and vertical directions, i.e., lx = ly. Observe from 

Figure 4.1 (a), however, that for the case of the separable prior (4.10), it is not exactly 

isotropic even when lx = ly. In this thesis, we will use the word isotropic to mean a prior 

that has equal correlation length in both horizontal and vertical directions. The above 

exponential priors handle only positively correlated random variables which is enough 

for the correlation structures of diffusion processes . 
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Figure 4.2: Illustration of the effect of the correlation length on the process correlation 
structure. Observe that increasing the correlation length implies a higher correlation 
between the process elements. 

4.1.2 Review of Diffusion Dynamics 

In this research, we focus our study on 2D diffusion processes. Therefore, the dynamic 

operator A represents the discretized 2D diffusion process. In this section we present a 

brief review of such processes. The diffusion process is a well understood process with a 

simple behavior. It has been used for several applications such as image restoration [56], 

and in estimation problems [29]. In addition, the diffusion model is a reasonable model 

for the ocean surface temperature problem that we will apply our method to. 

For a ID process, the diffusion process is governed by the following stochastic partial 

differential equation (PDE) [31, 98] 

8T( x, t) _ _ 82T( x, t) _ b _ T( ) _ ( ) 
at - a 8x2 X1 t + I w x~ t (4.12) 

where T( x, t) is the temperature distribution at spatial position x and time t, a is the 

diffusion parameter which is media dependent, bis a heat loss term representing the heat 
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transferred to the surroundings, and w(x, t) is Gaussian white noise with variance -y2 . 

For a 2D process, the diffusion process is given by the following 

8T(x, y, t) 
at 

(4.13) 

where T(x, y, t) is the temperature at position (x: y) at time t, and w(x: y, t) is Gaussian 

white noise with unit variance. 

There exist various finite-difference schemes [31, 98] to discretize ( 4.13) in order to 

construct a system of difference equations 

~(t + 1) = A~(t) + w(t) (4.14) 

where ~ is a vector representing the 2D process ordered lexicographically. Using a 

Forward-Euler discretization scheme [31, 98] A is penta-diagonal. 

Matrix A can be represented implicitly by the following convolutional molecule Cm 

(4.15) 

Where 

.6..t 
a 1 - 4 - a • - b - .6..t 

(.6..x)2 
and (4.16) 

{3 -
Llt 

a. ( Llx )2 (4.17) 

assuming an equal spatial discretization interval in both x, y directions. So we can alter-
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natively express (4.14) as 

x(t + 1) =Cm* x(t) + w(t) (4.18) 

where ( *) stands for convolution operation and all variables are in their actual 2D forms, 

i.e., not in vector forms. 

Our knowledge of the process dynamic matrix A will allow us to study the process 

statistics at steady-state by solving the Lyapunov equation 

(4.19) 

It is worth mentioning that the diffusion parameters affect the correlation structure of 

the process in steady-state. By modifying the diffusion parameters a, /3, one can control 

the amount of correlation between the process elements. 

4.2 Large-scale approximate prediction step 

4.2.1 State prediction 

In general, exact state prediction according to (4.1) is achievable. In many cases, one can 

exploit the sparsity of the dynamics operator A to overcome the storage issue when deal­

ing with large-scale systems. For diffusion processes, A can be represented implicitly by 

the kernel given in (4.15) and, as a result, exact state prediction can be done efficiently 

by convolving the updated estimates x(t!t) with the kernel Cm 

x(t + l[t) =Cm* x(t]t) (4.20) 
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4.2.2 Error prediction 

Recall that the estimation error is propagated through time by 

P(t + lit) = AP(tjt)AT + Q ( 4.21) 

For large-scale dynamic estimation problems, exact error prediction by (4.21) is im­

possible. From a storage perspective, both the temporal dynamics A and the updated 

estimation error P( tit) can not be represented explicitly. In addition, from a computa­

tional perspective, matrix multiplication is of order O(n3), where n is the 2D domain 

size, which is infeasible for large 2-D dynamic estimation problems. 

Although, in some cases, by exploiting the sparsity of A the matrix-matrix multipli­

cation can be done efficiently, the storage problem of the resulting irregular and non­

stationary structure of P(t + lit) is still a problem. 

Our approach for the error prediction step is to parameterize the error covariances 

P(tlt), P(t + l[t). 

In fact, a covariance matrix P can be expressed in terms of 

1. The main diagonal elements cov( i, i) which are the error variances, given by 

diag(P) = p = (4.22) 

2. The off-diagonals elements or cross-covariances cov(i,j) expressed in terms of 

standard deviations and correlation coefficients p 

(4.23) 
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where -1::::; Pii < 1 

Equivalently, we can express the covariance matrix Pin a matrix form, as 

p - ppT0~ 

0"1 l71 l720""1 l7nl71 1 P21 Pnl 

l71 l72 0"2!T2 P12 1 
- 0 (4.24) 

lT1lTn fTnCTn Pin 1 

where cp is the correlation coefficient matrix and the symbol 0 refers to element-by­

element multiplication. So in terms of the error prediction step given by (4.21), we can 

express the involved estimation error covariance matrices in terms of their components 

Observe from ( 4.25) that in order to compute the predicted estimation error covariance 

P(t + lit) according to (4.21), we need the two components of the updated estimation 

error covariance P(tlt). In this work, we adopt the multiscale estimator to solve the 

update step. The multiscale estimator provides in addition to the updated state estimates 

x(t!t) the updated estimation error variances p(t!t) (i.e the first component), and the 

updated estimation error process correlation structure <}(tit) as a multiscale tree model 

P(s, tit) (The reader is referred to Section 3.6 for more detail). 

As a fact, the correlation coefficient between any two states can be computed from 

the multiscale updated error model P(s, tit), but this becomes highly inefficient when 

dealing with large-scale problems, as presented in Section 3.6. Even the availability 

of all of the necessary updated estimation error cross-covariances does not allow exact 

error prediction according to ( 4.21) because of the infeasible storage requirements for 

both the temporal dynamics matrix A and the full updated estimation error covariance 

matrix .P(t!t). 
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Expressing the estimation error covariance matrices as in ( 4.25) helps us to develop 

approximate error prediction methods that can predict the two components of the esti­

mation error efficiently. In this work, we propose using a parameterized model given 

by (4.10), or (4.11) for the error process correlation structure~ which has to satisfy the 

following constraints: 

1. The resulting error covariance matrix is both positive definite and symmetric. These 

are two requirements for any valid covariance matrix. 

2. The correlation structure imposed by the model <I> should be consistent with the 

statistics of the underlying process. This can be determined by looking at the 

process correlation structure obtained by solving the Lyapunov equation ( 4.19). 

For diffusion dynamics, the process correlation structure decays exponentially with cor­

relation length depending on the diffusion dynamics parameters. Hence, we model the 

error correlation structures <l>(t]t), ~(t + l[t) at any time step by an exponential model 

which also satisfies the positive-definite condition. 

Now, given the above approach for modeling the error process correlation structure, 

the error prediction step reduces to (i) inferring the predicted/ updated correlation length 

at any element of the 2D error process and (ii) propagating the updated error variances 

i>(tlt). 

Our approach to these two requirements is presented in the following sections. 

4.2.3 Inferring the predicted/ updated correlation structure 

The spatial correlation structure of the error process at any time step is not spatially 

stationary. Even if the process prior Px = P(O) is stationary, once the field is updated 

by irregular measurements the posterior (i.e., the prior for the next time step E'(t + lit)) 

becomes spatially non-stationary. The issue that we are addressing here is how to reflect 

such non-stationarity in the parameterized error models given by (4.10) or (4.11). 
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Our approach is to estimate the correlation length L(tlt), L(t+llt) of the updated/predicted 

2D error processes. Given a non-stationary covariance matrix P, the process correlation 

coefficient matrix can be computed by 

(4.26) 

where the division in (4.26) is point-wise. 

Now, under the assumption that the correlation p between any two elements of the 

error process is given by the exponential model (4.10) and considering the first-order 

neighbours N, the correlation length at any element e(-i, j) can be estimated by 

L(e(i,j)) = ¼ L 
k,lEN 

1 

ln(p(e(i,j)e(k, l)) 
(4.27) 

where p( e( i, j) e( k, l)) is the correlation coefficient between two neighbouring elements 

of the 2D process and N refers to the four first-order neighbours of element (i,j). 

Although the above is only applicable for small size problems, it helps us construct 

empirical relationships between the updated/ predicted estimation error variances and 

the corresponding updated / predicted correlation lengths. 

p(t[t) ==> L(tlt) 

p(t + l[t) ==> L(t + l[t) 

(4.28) 

(4.29) 

where L(t[t), L(t + l[t) are two dimensional matrices containing the estimated corre­

lation length at any element of the updated and predicted 2D processes, respectively. 

Inferring the relationships for large-scale 2D problems is done by applying the exact 

Kalman filter to a similar but a smaller size problem and observing the relationship 

between the estimation error standard deviations and the 2D correlation length. We 

observed empirically that both the updated and predicted relationships take the same 
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Figure 4.3: Scatter plots depicting the empirical relationship between error standard de­
viations and the corresponding correlation length for two different diffusion processes. 
(a) Process with correlation length (4). (b) Correlation length 12. 

form. Figure 4.3 illustrates such a relationship for two different diffusion processes with 

steady-state correlation lengths (4) and (12). Observe that above a certain value a)., of 

the estimation error standard deviations the relationship between the error standard devi­

ations yp and the corresponding correlation lengths L can be reasonably approximated 

by a linear relationship f(l), i.e., a straight line equation. By modeling this linearity, 

we will be able to extrapolate the correlation lengths for error standard deviations values 

beyond the empirical ones. 

It is important to mention that the empirical relationship does not cover the whole 

range of the expected process correlation length spectrum, i.e., the minimum and maxi­

mum limits [l3771all ltarge]- The minimum and maximum limits [l.,Tnall ltarge] are obtained 

by solving both the following discrete-time Riccati and Lyapunov equations, respectively 

pp - Al\AT + Q - AK(t)CPpAT 

Px - APxAT + Q 

(4.30) 

(4.31) 

Let lmin,lmax refer to the minimum and maximum correlation lengths realized by the 

empirical relationship and let Umin and Um.ex refer to their corresponding minimum and 
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maximum estimation error standard deviations. Also let lmodel refer to the interpolated 

correlation length based on the empirical relationship for all Umin < u < o')., then esti­

mating the predicted/updated correlation length Li at the i th element of the 2D process 

is done as follows 

I l.small if Ui < <Tmin 

Li = lmodel if lTmin < Ui < <T>, 

/(Li) if Ui > U>, 

4.2.4 Propagating the updated error variances 

(4.32) 

In this work, the following two models for propagating the updated error variances p( tit) 

were studied. 

A- Modulating the updated error variances 

This is a simple intuitive model in which we assume that each diagonal element of the 

updated error covariance evolves separately (i.e., a diagonal updated error covariance 

matrix is assumed, .P(tlt) = diag(u1 , u2, • • •, un)). Based on this assumption, the 

predicted error variances p(t!t) are computed by 

(4.33) 

where a is the element of the main diagonal of the diffusion discrete temporal dynam­

ics matrix A and 'Yi is the process noise variance for state Xi and i refers to the i th state 

position. Now, given p(t + lit) and the empirical relationship between ✓p(t + lit) 

and L(t + lit) as described in the previous section, any element of the rest of the 

prediction estimation error covariance (i.e., the cross-covariances) is given by 

P(t + lit) = {p(t + llt)p(t + lit?}½ 0 ~(t + lit) (4.34) 
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where the predicted error correlation structure is cl(t + lit). Realizing a spatially non­

stationary correlation structure <I>( t + lit) based on both p( t + 1 It) and L( t + 1 jt) will 

be covered in the next chapter. 

Although this model is computationally not demanding, it has the following disad­

vantages: (i) the model assumes that each estimation error pixel a-2 (tit) evolves inde­

pendently. Therefore, the mixing effect of the diffusion dynamics is not reflected in 

the predicted estimation error variances, and (ii) the model clearly underestimates the 

predicted error variances because it ignores other terms (cross-covariances) involved 

in propagating the updated error variances. 

B- Exact dynamics applied to the updated error variances 

In this model discretized temporal dynamics parameters are applied exactly to the 

updated error variances according to (4.21). Formally this is equivalent to 

f>(t + lit) = diag(AF(tlt)AT + Q) (4.35) 

Exact temporal prediction of the updated error variances requires figuring out what 

elements of the updated error covariance (variances and cross-covariances) are needed 

in order to compute the product A.P(tlt)AT exactly. 

Recall that for diffusion dynamics the discretized temporal dynamics matrix A can be 

represented implicitly by ( 4.15). Predicting the estimation error variance 

a-2 
__ (t + lit) at any state requires applying (4.15) to the error field in a way such 

r(, ,J) 

that (4.21) is satisfied. This requires that for a given error pixel, the updated error 

variances and the joint statistics of the first-order neighbourhood pixels depicted in 

Figure 4.4 be modulated by the temporal dynamics values given in (4.15). Based on 

the above, we find that the expression for predicting the estimation error variance at 
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Figure 4.4: Part of the 2D domain of the updated estimation error variances p(t!t) which 
illustrates the interactions (cross-covariances) between the middle pixel at the ( i, j) po­
sition and its four first-order neighbours that need to be computed in order to compute 
the predicted estimation error variance for the ( i, j) pixel 

any field state is given by 

Pr(i,j)(t+llt) = 0!
2

(T;(i,j) (tit)+ /3
2 E (T;(i+lcJ+e) (tit) 

+ 2a/3 

(le E {-I, l},c = O); 
(le= O,e E {-1,1}) 

(le E {-t, t}, C = O); 
(lc=D,cE{-1,1}) 

cov{x(i,j)x(i+ k,j + c)}(tlt) 

+ 2/32cov{x(i + 1,j)x(i,j- l)}(t!t) + 2/32cov{x(i + 1,j)x(i,j + l)}(tlt) 

+ 2f32cov{x{i, j - l)x(i- 1, j)}(tlt) + 2/32cov{x(i, j + l)x(i - 1, j)}(t[t) 

+ 2f32cov{x(i -1, j)x(i + 1, j)}(t[t) + 2/32cov{x(i, j + l)x(i, j - l)}(tlt) 

+ 'Yiil (4.36) 

Observe that in order to compute the predicted diagonal elements we need to compute 

some of the cross-covariances of the updated error covariance P( t It). Recal1 that any 

off-diagonal element of the updated estimation error covariance can be written in terms 

of the updated error standard deviations and the updated correlation coefficient as 

(4.37) 
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where a-i(t[t), o-j(tlt) are the updated estimation error standard deviations which are 

available from the update step, and Pii(tlt) is the correlation coefficient. Given our 

0 2Q 30 40 50 60 

Figure 4.5: Elements of the updated estimation error covariance P(tlt) that are needed 
to propagate updated error variances exactly according to (4.21) for an 8 x 8 domain 

choice of assuming a parameterized model for the error covariances and given the em­

pirical relationship between jt,(tlt) and L(t[t), the required correlation coefficients 

Pij(tjt) between any two error process elements can be computed directly from the 

assumed parametric correlation model <J?(t[t). 

This computation is not demanding as the number of necessary cross-covariances is 

very small in comparison to the size of the covariance matrix. As an example, Fig­

ure 4.5 depicts the elements that are needed to propagate all of the updated error vari­

ances for a 8 x 8 2-D process; the total number of necessary cross-covariances is less 

than 17% of the 2D covariance matrix size which is 64 x 64 in this case. Now, given 

p(t + lit) and L(t + lit), the rest of the predicted error covariance elements are given 

by 

P(t +lit)= {p(t + llt)p(t + lltf}½ 0 <J?(t + lit) (4.38) 
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Figure 4.6: Illustration of the steps for propagating the updated error variances. (a) 
Updated error std. dev. yp(lll). (b) Estimated correlation length L(l[l) contours. (c) 
Predicted error std. dev . .Jp(20[ 19). (d) Estimated correlation length £(20119) 

Figure 4.6 illustrates the complete error prediction step. The right-hand-side panels 

show the estimated updated/ predicted correlation lengths from the updated/ predicted 

error standard deviations depicted in the left-hand-side. Observe that: 

• The variations in the correlation length L(t[t) levels Figure 4.6(b) after updat­

ing the field with a single measurement in the center of the domain clearly show 

the spatial non-stationarity of the posterior P(t[t). 

• The prediction step clearly reflects the changes in the error variances p(t + 1ft) 

and the corresponding correlation lengths L(t + 1ft). This is depicted in panels 
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Figure 4.6(c,d) where for this case observe that there is an increase in the process 

correlation length at all process elements. 

An important issue which was not covered in this chapter is how to realize the non­

stationarity in the predicted error process correlation structure cfl(t + lit) based on both 

the predicted estimation error variances p(t + lit) and the estimated predicted correla­

tion length L(t + lit). This will be covered in the next chapter. 



Chapter 5 

Large-Scale Non-stationary Static 

Estimation: Update step 

The previous chapter covered the large-scale prediction step. In this chapter, we present 

a new approach for large-scale 2D non-stationary static estimation such as the Kalman 

filter update step. Although the stationarity assumption might be reasonable in the case 

of large-scale 2D static estimation problems, it leads to statistical invalidity for dynamic 

estimation problems where irregular spaced measurements change a spatially station­

ary prior into a spatially non-stationary prior. The update step in the Kalman filter 

(4.3),(4.4),(4.5) is just a static estimation problem. Typically the most challenging as­

pect of the update step is the matrix inversion in (4.3). In this work, we propose using 

the multiscale estimator presented in Chapter 3 which efficiently solves the update step 

and produces p(tlt) as needed for prediction. One difficulty when employing the multi­

scale estimator in dynamic estimation problems is how to provide a statistical prior which 

reflects the non-stationarity in the error process statistics. 

Before presenting our approach for non-stationary static estimation, we begin this 

chapter by revisiting static estimation and then illustrate the limitation of static estimation 

based on stationary priors. 

88 
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5.1 Large-scale static estimation revisited 

Recall from Section 2.2 that optimal state estimates based on the linear least square 

estimation criteria are computed by 

(5.1) 

and the associated error covariance is 

(5.2) 

Observe that the above two equations require the availability of the whole process prior 

covariance matrix Px. For 2D processes of size N x N, the covariance matrix Px is of 

size N 2 x N 2 . If the 2D domain is large then storing Px is impossible and the exact solu­

tion for large-scale static estimation problems by (5.1), (5.2) is infeasible. FFf methods, 

mentioned in Section 2.2.4, can provide approximate estimates only under special sta­

tistical restrictions. In addition, iterative methods [ 43, 44, 96] require the knowledge of 

the exact prior Px in order to converge to the true solution given (5.1), (5.2). However 

storing the whole prior and also the whole posterior P matrix is infeasible for large-scale 

2D problems. 

We will begin with a discussion on large-scale stationary static estimation before 

presenting our approach to the non-stationary case. 

5.2 Limitations of large-scale 2D static estimation based 

on stationary prior 

When computing estimates based on stationary priors, the prior covariance matrix Px 

required in both (5.1),(5.2) is constructed using stationary prior models (4.10),(4.11). 
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It is important to mention that the stationarity assumption for the 2D random field 

does not lead to any reduction in the computational demands. Although the storage 

demands for the prior are low, storing the whole posterior P is hard because of the non­

stationarity. 

The stationarity assumption might be a reasonable assumption especially when deal­

ing with large-scale random processes. On the other hand, for at least the following two 

problems, the stationarity assumption might lead to statistical invalidity and therefore, 

large reduction in the fidelity of the computed estimates: 

The first problem is when the large-scale 2D processes has a well-structured non­

stationary prior. In this case, if one assumes stationarity and underestimates the correla­

tion length at some field regions, then the accuracy of the computed estimates at those 

regions will be highly affected. The effect of any measurement will be local to the mea­

sured points. On the other hand, an overestimated correlation length might mix the effect 

of measurements and lead to inaccurate estimates. 

In addition, the associated estimation error variances will be overestimated if the cor­

relation length is underestimated. Furthermore, if the correlation length is overestimated, 

then the estimation error variances will be underestimated. 

As an example, Figure 5 .1 shows the estimates computed for a field of size 24 x 

24 with a single measurement at position (12, 12). In Figure 5.l(a,b) estimates are 

computed based on an isotropic stationary prior with a short correlation length that is 

equal to 1. Observe that the effect of the measurement is nearly local and the estimation 

error variances are small only in the vicinity of the measured position and get larger as 

we move away from the measured position. In Figure 5.l(c,d) estimates are computed 

based on a stationary prior with a correlation length that is equal to 10. The effect of 

the measured pixel is nearly global (covers a larger area) in addition estimation error 

variances are small in a larger region than in the first case. This makes the selection of 

the correlation length in (5.1), (5.2) a very crucial issue. 

The second problem is related to large-scale dynamic estimation. In this case, the 
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• 
• .. 

(a) (b) 

(c) State estimates (d) Error standard deviations 

Figure 5.1: Illustration of effect of the correlation length on the state estimates and the 
associated estimation error variances for a 2D process of size 24 x 24 and a measurement 
at position (12,12). Estimates in (a) are obtained based on an isotropic exponential prior 
with correlation length l = 1. An isotropic prior with correlation length l = 10 is used 
to compute estimates in (c). 

measurement update step transforms a stationary prior Px(O) into a non-stationary one 

.P(OID) in the case of an irregularly spaced measurement structure as depicted in Fig­

ure 4.6(d). This case is the one relevant for this thesis. 
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5.3 Discussion on approaches for modeling 2D non sta­

tionary priors 

In the previous chapter, we showed that the predicted error model used by the proposed 

prediction consists of two components: the predicted error variances p(t + lit) and the 

predicted correlation length at all domain elements L(t + lit). The question now is how 

to build a non-stationary prior model based on these components so that the updated 

estimates are non-stationary. 

Consider a 2D field x of size N x N that has a non-stationary prior given by a 

covariance matrix Px. Spatial non-stationarity implies that for any two field elements 

x( i, j), x( k, l), their statistical relationship E[x( i, j)x( k, l)] depends on their actual posi­

tions and not only on their spatial separation. For large-scale 2D domains, although the 

statistical structure of the whole domain is globally non-stationary, some regions of the 

2D domain can be considered as locally stationary with a fixed correlation length l. In 

the following discussion we will use r ( l) to refer to a region of the 2D domain that has a 

correlation length equal to l. Therefore, the correlation structure of all elements g_ E r(l) 

can be given by an appropriate stationary prior model with a correlation length 11 . Other 

regions in the domain can have a correlation structure with a correlation length 12 where 

l1 =/ 12 . The non-uniformity in the correlation length for all the domain regions is the 

source of the global spatial non-stationarity. 

As mentioned earlier, for a large-scale 2D process, it is impossible to have a prior in 

a form of a matrix due to the huge storage demands. One can instead have an implicit 

representation for the non-stationary prior by using a stationary prior as given in (4.10) 

or (4.11) with varying both the correlation length land the variance depending on the 

location of any two pixels in the domain. For simplicity, consider for example a spatially 

varying prior for a 1D process given by 

(5.3) 
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A covariance matrix P:1: constructed by (5.3) will represent a non-stationary process 

where the correlation length changes spatially from one set of elements to another. How­

ever, P:c is not guaranteed to satisfy a very important condition which is being positive 

definite. 

Another approach to construct a non-stationary prior is to assume independence of 

any two elements that belong to two different regions. For example, in the 1D case. for 

two process elements Xi, Xk at locations i, k, the following covariance model 

(5.4) 

will assume that Xi, Xk are independent if they belong to two different regions. 

A covariance matrix Px constructed by (5.4) is guaranteed to be a positive definite and 

it will represent a non-stationary process where the correlation length changes spatially 

from one set of elements to another. However, using (5.4) to solve large-scale estimation 

problems will lead to blocky artifacts in the produced estimates and associated estimation 

error variances. This will affect the smoothness of the resulting 2D estimates. This is 

because two neighbouring pixels with different correlation lengths are assumed to be 

independent by (5.4). Another drawback of this approach is the difficulty in defining 

the different region boundaries and how these boundaries change over time (expand or 

shrink) in the case of dynamic estimation problems. 

One well-formulated approach that dealt with the non-stationarity issue which is only 

applicable for 1D estimation problems is based on computing some elements of the co­

variance and then estimating the required remaining elements based on covariance ex­

tension and completion methods [20, 40, 64, 79]. The covariance extension problem for 

a 1D process x{i), i E {O, 1, • - ·, N - 1} is defined as follows; 
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Given a partial covariance matrix PB defined as 

PB(t, s) = { Pt,s for some entries (t, s) where t~ s E {O; 1~ • • •; N - 1} (5_
5

) 

? for the remaining elements 

the covariance extension problem is to find a positive-definite and symmetric covariance 

matrix Pc that matches the partial covariance matrix PB at the known entries. If the goal 

is to have a full covariance matrix Pc that matches PB in the known entries, then the 

problem is called covariance completion. 

The general approach for solving the covariance extension problem is based on maximum­

entropy methods (64] where a positive definite covariance matrix Pc is found such that 

its entropy function 

1 
H(Pc} = N log IPcl (5.6) 

is maximized. Maximum-entropy methods are only applicable for 1 D problems. For 

2D problems where the 2D covariance structure is more complicated, extending the 1D 

covariance extension and completion methods is a hard problem. 

In dealing with this issue, we propose a method that can be considered as an alterna­

tive to the 2D covariance extension for large-scale 2D estimation problems. This method 

is presented in the next section. 

5.4 Proposed method for non-stationary Static Estima­

tion for 2D processes 

The problem that we are trying to address is the ability to solve 2D large-scale static 

estimation (the update step in the dynamic estimation context) where the prior statistics 

are non-stationary. To clarify, consider a 2D domain with non-stationary statistics (spa-
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(a) 

(b) (c) 

Figure 5.2: Illustration of the expected quality of the computed stationary static esti­
mates. (a) The correlation length map of a non-stationary prior with two regions that 
have different correlation length r(li), r(l2). (b) Contours of the validity of the estimates 
computed based on a stationary prior with correlation length l1 where darker colours in­
dicate a higher quality and (c) depicts the validity of static estimates computed based on 
a stationary prior with correlation length 12 . 
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tially varying correlation length) as shown in Figure 5.2 (a) where two main regions with 

two different correlation lengths r(l1), r(Z2) exist. If stationary static estimates x(li) 

are computed based on a stationary prior 11, then one should expect that the quality of 

the produced estimates would be high for those process elements located at r( li) and 

would decay to a lower quality as one moves away from region r(li). This is depicted 

in Figure 5.2(b). Similarly, Figure 5.2(c) depicts the expected validity of the estimates 

produced in the case that a stationary prior with correlation length l2 is used. 

The question that we try to solve is how we can compute high quality estimates in 

regions that have other correlation lengths li where 11 ::; h < 12 . In other words, if two 

separate stationary static estimates x(Z1) and x(l2) in addition to their associated esti­

mation error variances :f>(l1), f>(l2) are computed how one can combine them efficiently 

such that the validity of the combined estimation result is high over the whole 2D do­

main. In addition, the produced estimates and their associated estimation error variances 

are smoothed everywhere, i.e., with no blocky artifacts generated. 

Now, since our goal is to be able to perform non-stationary static estimation ac­

cording to (5.1), (5.2), our approach is to express the estimates computed based on a 

non-stationary prior Px as some linear combination of estimates computed based on an 

arbitrary number of stationary prior models with various correlation lengths li. 

x( Px) - ax( Zi)x( li) + ax( l2)x( 12) + ... + ax( lk)x( lk) 

p(Px) ap(l1)p(li) + o:p(l2)p(l2) + · · · + ap(lk):f>(lk) 

(5.7) 

(5.8) 

where P(li) is an isotropic exponential prior model with correlation length li, and {li} 

is a set of correlation lengths that spans the whole correlation length spectrum of the 2D 

process. In the following discussion we will refer to {li} as interpolants. The o:x(li) are 

weighting coefficients associated with estimates computed based on a stationary prior 

li and o:p( li) are the weighting coefficients associated with estimation error statistics 

produced based on a stationary prior P(h). 
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Our choice for a linear model to express the actual estimates :i:( Pr:) and their asso­

ciated estimation error variances p(P:r:) is justified by the fact that the update step in 

the Kalman filter is linear. Therefor, using (5.7) and (5.8) to compute the approximate 

estimates eliminates the possibility of introducing any non-linearity to the estimator. 

As just mentioned, the set of correlation lengths { li} must span the whole correlation 

length spectrum of the 2D process. An intuitive choice for the number of interpolating 

stationary priors P(li) would be just two, i.e., the smallest and the largest possible cor­

relation lengths in the domain, lsmall, ltarge· However, as illustrated in Figure 5.2, this 

selection does not allow estimates to be interpolated properly especially for large do­

mains where the difference between l8171all and ltarge is large. Therefore, incorporating a 

set of intermediate correlation lengths, i.e., { lsTnall, 12 , l3 , • • ·, liarge}, will lead to better 

interpolation results. 

An important issue is to determine the best interpolating weights for both the state 

estimates ax and for the estimation error variances aP. This issue is discussed in the 

following section. 

5.4.1 Determination of best interpolating weights 

In this section we address the issue of determining the interpolating weights for both 

the state estimates ax and for the estimation error variances ap at each value l in the 

correlation range of the process. 

Starting by a set of k interpolants, i.e., 

in addition to an estimate for the predicted correlation length L ( t+ 1 It) at each pixel in the 

2D domain. Our approach is to compute merged estimates at any value l E [l1,,.nall, l1arge] 

based on the following sets of interpolants: 
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Now, consider the simple case where three interpolating isotropic stationary priors are 

used to perform a non-stationary static estimation: li < li+l < h+2. The state estimates 

for those field elements that have a correlation length l such that li < l < li+i, can be 

written as 

x(l) ax(l, h)x(h) + ax(l, h+r)x(li+i) + ax(l, li+2)x(li+2) + ex(l) (5.9) 

p(l) ap(l, li)p(li) + ap(l, li+1)p(li+1) + ap(l, li+2)p(li+2 ) + ep(l) (5.10) 

where x(l), p(l) are the exact estimate and estimation error variances computed based 

on an isotropic stationary prior with a correlation length of l, x(h), p(li) are the estimate 

and estimation error variances, respectively, computed based on isotropic prior with cor­

relation length h- The ax(l, li), ap(l, li) are the weights associated with estimates/ es­

timation error variances computed based on a stationary prior with correlation length li 

used to interpolate estimates for elements with correlation length l. ex(l),ep(l) are error 

terms associated with expressing the exact estimates x( l), p( l) as a linear combination 

of estimates computed based on other stationary priors. 

In order to ensure that the interpolating weights for each interpolant P( li) exactly add 

up to one and therefore exact estimates are attained at those values, 

ax(l, li+2), ap(l, li+2 ) are forced to be the following 

ax ( l, li+2) 1 - ax ( l, li) - ax ( l, li+i) 

av(l, h+2) - 1 - ap(l, li) - ap(l, li+i) 

(5.11) 

(5.12) 
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Now, writing (5.9) for all the 2D field elements will give 

xu(l) xu(li) xn(li+i) x11(h+2) eu(l) 

x2i(l) x:n(li) x21(li+1) X21(li+'.d e21(l) 

[ 

a:r(l, li) l 
xni(l) xn1Ud Xn1(li+1) xn1(h+2) 

o::r(l, li+i) + 
en1(l) 

(5.13) 

a:x(l, li+2) 

Xnn(l) Xnn(li) Xnn (li+r) Xnn(h+2) enn(l) 

Equivalently, the above can be written in a matrix form as 

(5.14) 

where i is of size N 2 x 1, H:i: is of size N 2 x 3, and~ is N 2 x 1. The problem now is to 

find the estimated weights { cix( li)} that will minimize the squared error II ~ ![ 2
• Observe 

that this is just the well-known least-squares estimation where the objective function is 

and the solution to the above which will minimize the squared error II ~ 11 2 is given by 

(5.15) 

Using the set of estimated weights { cix ( li)}, we can express the merged state estimates 

at correlation length l for the whole field as 

(5.16) 

Similarly, in order to obtain merged estimation error variances, the same formulation 
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above is applied. Rewriting (5.13) for the estimation error variances 

Pu(l) pu(li) p11(li+1) .P11(li+2) eu(l) 

P21 (l) pzi( li) P21(li+1) .P21 (li+2) e21 (l) 

[ 

ap(l, li) ] 

= O:p(l, li+d + (5.17) 
Pn 1(l) Pn1(ld Pn1(li+1) Pn1(li+2) 

o:p(l, h+z) 
en 1 ( l) 

Pnn (l) .Pnn (li) Pnn(li+1) Pnn (li+z) enn(l} 

Equivalently, the above can be written as 

(5.18) 

Therefore, the approximate optimal weights aP for the estimation error variances are 

given by the LLSE solution for the above overdetermined system 

(5.19) 

Now, the corresponding merged estimation error variances are given by 

(5.20) 

Figure 5.3 depicts the general shape of the interpolating weights, for the case of a single 

intermediate prior. States interpolating weights o::z: are shown in Figure 5.3(a) and the 

associated error variances interpolating weights o:p are displayed in Figure 5.3(b). In this 

case, the range of the correlation length spectrum is [l.,mall = 0.6 l1arge = 25]. An 

intermediate prior with correlation length l = 4.0 is used. In this case, we have six sets 

of interpolating weights: { o::i:(0.6), ax( 4.0), o::z:(25), o:p(0.6), o::z:( 4.0), o:x(25)}. Observe 

from Figure 5.3 (a,b) that by constraining the weights to add up to one according to 

(5.11),(5.12), their values are equal to one at their corresponding correlation lengths. 

In addition, each weight decays to smaller values in places that are far away from its 
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12.------.-------,------.-----.----, •:,-----.-------,----,--------.----, 

(a) (b) 

Figure 5.3: The general shape of the interpolating weights for the states a:x (a) and the 
estimation error variances aP (b). The correlation length range in this case is [l.,mall 
0.6 l1arge = 25]. Interpolating priors are at correlation lengths [0.6 4.0 25] 

corresponding correlation length. 

An example is depicted in Figure 5.4 where five interpolating priors are used: 

{0.6, 1.5, 4, 8, 25}. Therefore, three sets of weights for both the states and the estimation 

error variances are computed: 

Setl: {0.6, 1.5, 4} 
Set2: {1.5, 4, 8} 
Set3: { 4, 8, 25} 

5.4.2 Weight learning 

This section presents a method for practically applying the formulation presented in the 

previous section. Starting with our knowledge of the 2D process correlation length range 

[lsmall harge], the main issue that we try to address here is how to compute weights for 

the estimates and the estimation error variances at each value of l E [lsmall lLarge]. In the 

previous section, we showed that for each l, three interpolants are used to compute the 
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Figure 5.4: A general example showing different interpolating weights for the case of 
five interpolating priors at {0.6 1.5 4 8 25}. Interpolating weights for the state 
and the estimation error variances are shown in the left and right columns, respectively. 
Each figure shows the weights for a set of three consecutive and overlapped interpolating 
priors. 
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-merged estimates i(l). The left-hand-sides of (5.14),(5.18) represent the true estimates 

at correlation length l and each column of matrices H~, Hp contains true estimates com­

puted based on each interpolants P(li). We start by sampling the continuous correlation 

length range into S samples using some sampling interval. Now, the question is how to 

construct the left-hand-side ~( l) and p( l) and matrices H~, Hp for each sampled value l 

of the correlation length spectrum? Our approach is based on solving a small 2D static 

estimation problem exactly using (5.1), (5.2) at each sample l of the process correlation 

length range, i.e., l E [lsniall ha.-9 e]- Therefore, in order to compute the true estimates at 

correlation length l and the true estimates at each interpolant li, we should construct the 

following: 

• A stationary prior with correlation length l representing the true process statis­

tics and also three interpolants with correlation lengths li < h+i < li+2 for each 

Li< l < h+i-

• Noisy measurements according to the linear measurement model 

(5.21) 

Similar to Monte-Carlo simulation methods (4.10) or (4.11) are used to generate a prior 

P(l) with correlation length l for a small size 2D process. A sample path or a real­

ization ¼.-uth of the 2D domain ((l) is generated based on prior P(l). This will allow 

us to sample noisy measurements with a measurement noise covariance R equivalent to 

the larger problem. In order to avoid biasing the weights, a single measurement is only 

sampled. Now, using the sampled noisy measurements y_, the measurements noise co­

variance R, and the prior P(l), state estimates i(l) and the associated estimation error 

variances p(l) are computed. Now, i(l) and p(l) in a vector form, i.e., ordered lexico­

graphically, will give the left hand side of (5.14) in case of the state estimates and the 
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left-hand-side of (5.17) in case of the estimation error variances. Similarly, each col­

umn of matrices Hx, Hp is constructed based on the position of l in the correlation length 

spectrum and the number of interpolating priors P(li)- If li < l < li+i then the three 

consecutive priors {P(li), P(li+i), P(li+2)} are used to compute both the interpolating 

state estimates {i( Ii), i( li+i), x( li+i)} and the interpolating estimation error variances 

{f>(li), p(li+1), p(li+1)}. Once ~(l), f>(l) and matrices Hx, Hp are filled, then solving 

(5.15),(5.19) for both ax(l) and ap(l) is straight forward. 

The complete weight learning algorithm is given in Figure 5.5. 

5.4.3 Weight Optimization 

The accuracy of the computed merged estimates and estimation error variances is highly 

dependent on two factors: the number of interpolants (K), and the correlation lengths 

{ li}. The determination of optimal values for these two parameters requires setting up a 

performance criterion. The mean-square criterion given by 

(5.31) 

treats all the difference between the true estimates and the approximate ones equally at 

each pixel of the 2D domain. This is usually not suitable in estimation problems where 

there exist high quality estimates having low estimation error variances and estimates 

with lower quality having higher uncertainties. In order to consider this fact we adopt 

the following criterion 

error= max ( li(l) - i(l)I) 

MJ 
(5.32) 

where MJ are the exact estimation error standard deviations. Note that the subtrac­

tion, division, and absolute value in (5.32) are pixel-wise. In Figure 5.6(a,b) the max-
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1. The continuous correlation length ( l). where l E [l Small I l Larg.J of the process. is de­
scretized into S samples using some sampling interval 6.l. 

2. For every discrete value l = lsmall + i6.l, where O ~ i ~ S - 1, an isotropic stationary 
exponential prior P(l) is constructed. 

3. A sample path ~Truth is generated using the prior P(l) 

4. Noisy measurements y_ are sampled randomly using 

y_ = c¼,.uth + Q Q is,...., N(O, R) (5.22) 

5. Empirically, determine number of interpolating priors k. 

6. For each value of l such that h ~ l ~ h+i three isotropic stationary priors 
{P(h), P(li+i), P(li+2)} where 1 ~ i ~ K - 2 are constructed. 

7. True estimates i(l) for the whole field are then computed based on the actual prior P(l) 
for which the interpolating weights are to be learned using 

K 

i(l) 
P(l) 

- P(l)CT(CP(l)CT + R)- 1 

- g + K(y - CJ!) 

P(l) - KCP(l) 

(5.23) 

(5.24) 

(5.25) 

8. Stationary states and error estimates are then computed based on the three different inter­
polating priors {P(li), P(li+i), P(h+2)} using 

K - P(li)CT(CP(li)CT + R)-1 

i(li) - g + K(y - Cg) 

F(li) - P(li) - KCP(li) 

(5.26) 

(5.27) 

(5.28) 

9. Approximate weights for the states and the error variances are then computed using 
(5.15),(5.19). 

10. Merged estimates i(l), and merged estimation error variances p(l) can then be computed 
as 

i(l) -
p(l) 

(5.29) 

(5.30) 

Figure 5.5: A general procedure for generating interpolating weights for the state esti­
mates and the estimation error variances. 
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Figure 5.6: Illustration of the effect of the position of the intermediate correlation length 
on the maximum error in the domain computed based on (5.32). In (a) the intermediate 
prior at l = 2 is positioned near lsmall = 0.6. In (b) the intermediate prior at l = 10 is 
positioned towards lLarge = 25 

imum error computed according to (5.32) is plotted for all correlation length samples 

l E [lsmall harue]- Observe that in this case we have a single intermediate prior created 

at two different values of l selected arbitrarily. In Figure 5.6(a), the intermediate prior 

is created at l = 2 while in Figure 5.6(b) the intermediate prior is created at l = 10. It 

is obvious that positioning the intermediate prior has a crucial effect on the maximum 

error. 

Therefore, to get a better positioning of the intermediate set lsmall < li < ltarge 

of priors correlation lengths which will minimize the maximum error over the whole 

correlation length range, we solve the following optimization problem 
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Figure 5.7: Results of optimizing the values of li at which the intermediate priors are 
computed. In (a) only a single intermediate prior is positioned at l = 4.12 and in (b) 
three intermediate priors are positioned at li = 1.66, l2 = 3.98, l3 = 8.36 

Minimize 

Subject to 

Starting with an initial guess for the intermediate priors correlation lengths and then 

solving the above optimization problem using the MatLab optimization toolbox results 

in figuring out the best set of interpolants correlation lengths {li} that will minimize the 

maximum error in the domain. This is depicted in Figure 5.7(a,b). Comparing Fig­

ure 5.7 (b) and Figure 5.7 (a), we observe that the maximum attained error for the opti­

mized set of interpolants Figure 5.7(a) is (0.1) for the whole correlation length spectrum 

while the maximum error in Figure 5.7 (b) is (0.02) for some range of the correlation 

length and almost five times lower for another range. 
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5.5 Experimental examples 

Although the main motivation of the development of the non-stationary update is to be 

applied in large-scale dynamic estimation problems, for the purpose of illustrating the 

performance we present two sets of examples: first, interpolating stationary estimates 

based on correlation lengths that are not used as interpolants and second, computing 

estimates based on non-stationary priors. 

The performance will be tested on small size problems. This will allow us to solve 

(5.1) and (5.2) exactly and to compare the produced estimates and error variances. 

5.5.1 Experiments on stationary priors 

In the following examples, we apply our proposed large-scale static estimation method 

on 2D processes with stationary priors based on various correlation lengths that have not 

been used in computing the interpolating weights. The goal is to see the capability of 

the method to compute estimates and associated estimation error variances for various 

correlation lengths based on a various number of interpolating stationary priors. 

The first example is based on 2D domain of size 24 x 24 with a correlation length of 

l = 6. Optimized interpolating weights are computed for a correlation length range of 

{l.rrnall = 0.6, ltarge = 25}. Estimates are computed based on a single measurement at 

location (12,12) with a noise variance of R = 10. In this experiment, three interpolants 

are used with correlation lengths {0.6, 4.12, 25}. Figure 5.9 depicts the obtained esti­

mates compared to the true estimates computed by brute-force based on (5.1) and (5.2). 

Figure 5.9(a,c) show the actual state estimates and the associated estimation error vari­

ances, and Figure 5.9(b,d) show the interpolated or the approximate state estimates and 

the associated estimation error variances computed based on the interpolating weights. 

Observe that the obtained estimates appear to be very similar to the true estimates. By 

computing the normalized absolute value difference depicted in Figure 5.9(e) estimates 

are almost exact in the measured position and in its vicinity. However, the error in-
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Number of MS error 
intennediate 
priors 
l 0.059 
3 0.004 
4 0.001 

Table 5.1: Summary of the mean-square error for estimates computed based on various 
number of interpolating stationary priors 

creases as we move away from the measured position with maximum error equals 0.094. 

Figure 5.9(f) depicts the absolute difference in the estimation error standard deviation. 

Again we see that the difference is zero at the measured position and its vicinity. Next, 

we repeat the same experiment but with three intermediate interpolating priors, i.e., five 

interpolants. The obtained estimates are depicted in Figure 5.10. The improvement in 

the estimates and the error variances is clear from the figure. The maximum error in 

the domain is 0.044 for the state estimates and 0.014 for the error standard deviation. 

More improvement is attained by incorporating four intermediate interpolating priors as 

depicted in Figure 5.11. 

In Table 5.1, the mean-square error computed by 

1 ~ A ::::: 2 
MSE = N 2 ~ ... /~ - ~) (5.33) 

l,J 

for the estimates is listed for the above three cases. It is obvious that by incorporating 

more priors, the quality of the estimates and the error variances is increased at the expense 

of more computational demands. From the above experiments we can make the following 

two conclusions: 

• The proposed method performs very-well (almost exactly) at the measured posi­

tions and even in the vicinity of the measured positions. 
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Figure 5.8: The correlation length contours of a 2D domain of size 24 x 24 from updating 
the field by a single measurement located at the center. 

• The quality of the produced estimates is improved by incorporating more priors. 

Since for large scale problems we are employing a computationally efficient es­

timator, the computational requirement even by incorporating more priors is still 

reasonable and can easily be done on the normal workstations. 

5.5.2 Experiments on non-stationary priors 

In these experiments, we demonstrate the performance of our method based on a non­

stationary prior. We synthesize a non-stationary covariance by using the posterior re­

sulted from a static estimation problem,i.e., ( mx = x, Px = ?) . The original prior is 

stationary with correlation length equal to 10 and process variance equal to 10. The cor­

relation structure of the posterior is depicted in Figure 5.8. Observe how the correlation 

length varies from small values near the center to larger values far away. 

Figure 5.12 shows the estimates and the estimation error variances in the case of 

a single measurement at position (12, 12). Three interpolants are used to compute the 

approximate estimates~- The normalized error depicted in Figure 5.12(c) is minimal at 

the measured position and its vicinity with a maximum value of (0.12). By increasing 

the number of interpolants to (6) the maximum error is reduced by a factor of two. This 

is depicted in Figure 5.13. 
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Figure 5.9: Estimation results based on a single intermediate interpolating prior for 
24 x 24 process with correlation length equal to 6. (a) True estimates. (b) Approxi­
mate estimates. (c) True error std. dev. (d) Approximate error std. dev. (e) Normalized 
absolute difference. between (a) and (b). (f) Absolute difference between (c) and (d). 
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(a) (b) 
States Estimates 

(c) (d) 
Estimation error std. dev. 

(e) (f) 

state error = 1x-✓i>x1 std. dev error = I VP - ~I 

Figure 5.10: Estimation results based on three intermediate interpolating priors for 
24 x 24 process with correlation length equal to 6. (a) True estimates. (b) Approxi­
mate estimates. (c) True error std. dev. (d) Approximate error std. dev. (e) Normalized 
absolute difference. between (a) and (b). (f) Absolute difference between (c) and (d). 
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Figure 5.11: Estimation results based on four intermediate interpolating priors for 24 x 24 
process with correlation length equal to 6. (a) True estimates. (b) Approximate estimates. 
(c) True error std. dev. (d) Approximate error std. dev. (e) Normalized absolute differ­
ence. between (a) and (b). (f) Absolute difference between (c) and (d). 
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Number of Number of 
measurements intennediate 

priors 
1 4 

One 0.081 0.020 
Four 0.040 0.011 

Table 5.2: Summary of the mean-square error for estimates computed based on various 
number of interpolating stationary priors and various number of measurements 

The performance is also tested for the case of multiple measurements at positions 

[(2, 2), (2, 23), (23, 2), (23, 23)]. Results are shown in Figure 5.14, Figure 5.15. Again 

we have smoothed estimates with no blocky artifacts due to the interpolation process. 

The estimates quality improves as we incorporate more interpolants. 

A summary of the mean-square error for the estimates of the whole domain is com­

puted for the above four cases and is given in Table 5.2. 
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Figure 5.12: Estimation results based on three interpolants for 24 x 24 process with 
a single measurement at (12,12) using a non-stationary prior. (a) True estimates. (b) 
Approximate estimates. (c) True error std. dev. (d) Approximate error std. dev. (e) 
Normalized absolute difference. between (a) and (b). (f) Absolute difference between 
(c) and (d). 
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Figure 5.13: Estimation results based on six interpolants for24 x 24 process with a single 
measurement at (12,12) using a non-stationary prior. (a) True estimates. (b) Approximate 
estimates. (c) True error std. dev. (d) Approximate error std. dev. (e) Normalized 
absolute difference. between (a) and (b). (f) Absolute difference between (c) and (d) 
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Figure 5.14: Estimation results based on three interpolants for 24 x 24 process with 
four measurement using a non-stationary prior. (a) True estimates. (b) Approximate 
estimates. (c) True error std. dev. (d) Approximate error std. dev. (e) Normalized 
absolute difference. between (a) and (b). (f) Absolute difference between (c) and (d) 
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Figure 5.15: Estimation results based on six interpolants for 24 x 24 process with four 
measurements using a non-stationary prior. (a) True estimates. (b) Approximate esti­
mates. (c) True error std. dev. (d) Approximate error std. dev. (e) Normalized absolute 
difference. between (a) and (b). (f) Absolute difference between (c) and (d) 



Chapter 6 

Experimental Results 

In this chapter we present dynamic estimation examples in order to illustrate the perfor­

mance of the proposed large-scale 2D dynamic estimator for diffusion dynamics. Two 

sets of examples are presented: synthetic problems Section 6.1 - Section 6.3 and the 

ocean surface problem Section 6.4. 

For the synthetic problems, the performance of our approximate method is compared 

to the actual estimation results produced by the Kalman filter. For the synthetic problems, 

we show two types of examples: (i) time-invariant measurements and (ii) time-varying 

measurements. In both cases, a comparison is done between the exact solution obtained 

by the Kalman filter and our dynamic estimator. Both filters are initialized with the same 

initial conditions, i.e., (x(O), P(O)). 

For the ocean surface problem, the multiscale estimator is used to solve the update 

step. In this work, no cross-validation is done because of the lack of ground truth, and 

the unavailability of exact ocean dynamic parameters. 

119 
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6.1 Time invariant case 

In the following experiments, the dynamic model is given by 

x(t + 1) = Ax(t) + w(t) (6.1) 

where A is the disceritized diffusion dynamic process. The dynamic measurement model 

is 

y(t) = Cx(t) + v(t) (6.2) 

and C is kept constant over time. In other words, the number and position of the mea­

surements are not changed overtime. 

As our method is based on parameterized error models, for a given choice of diffusion 

A, we obtain the steady-state process covariance Px by solving the discrete Lyapunov 

equation 

(6.3) 

The process correlation length L is then estimated using ( 4.27). The filters are then 

initialized by 

(6.4) 

where <} is created using an isotropic stationary prior (4.10) with correlation length L 

and pare the diagonal elements (variances) of Px. The domain size for all the presented 

examples is 24 x 24. 

Interpolating weights for the state estimates ( ax) and for the estimation error vari­

ances ( ap) are computed based on the method developed in Chapter 5. These weights 

cover the range of the process correlation length [l.,rnall = 0.4, [large = 7]. In all experi-
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Figure 6.1: Dynamic estimates in case of five measurements after 20 update steps (a) 
Actual estimates. (b) Approximate estimates using exact LSE. ( c) Approximate estimates 
using the Multiscale estimator. (d) Actual error std. (e) Approximate error std. using 
exact LSE. (f)Approximate error std. using the Multiscale estimator. 

rnents, the update step is computed based on three interpolants. 

Although in all the following synthetic examples we solve the update step exactly 

(i.e., using brute-force matrix inversion), the estimation results in the case of small size 

problems are equivalent to the results obtained using the multiscale estimator. In Fig­

ure 6.1 we illustrate this fact where we compare the estimates and the estimation error 

standard deviations, for a 32 x 32 process, obtained by the Kalman filter Figure 6.1 (a,d), 

the approximate filter based on exact LSE Figure 6.1 (b,e), and the approximate filter 

using the multiscale estimator Figure 6.1 (c,f). Numerically the results obtained based 

on the multiscale estimator are close to the ones obtained by using LSE by brute-force 

except for the blocky artifacts. 
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6.1.1 Single measurement 

The following experiment is based on a single measurement at position (12,12) sam­

pled at each time step according to (6.2). The 2D diffusion process parameters are se­

lected so that the steady-state process correlation length is about 7 pixels. Figure 6.2 

depicts the estimation results obtained by the Kalman filter(left-hand-side) x(tlt) and by 

the approximate filter (right-hand-side) ~(tit). Panels (a),(b) show the state estimates (ex­

act x(tlt), and approximate ~(tit)), respectively. Observe that the approximate estimates 

are exact at the measured position and its neighbouring pixels. The approximate filter 

underestimates those elements away from the measured position. In panels (c)(exact er­

ror standard deviations p(tlt)), and (d)(approximate error standard deviations p(tlt)) we 

clearly see that the approximate filter underestimates the estimation error variances for 

elements away from the measured position due to the approximation in both update and 

prediction steps. In panels (e),(f) the attained error for both the estimates and the esti­

mation error variances computed by (5.32) for the state estimates (e) and by the absolute 

difference for the estimation error variances (t) are shown. 

6.1.2 Multiple measurements 

The same setup of the previous experiment is repeated here except that each update step 

is based on five measurements located at (2,2) (2,23) (12,12) (23,2) and (23,23). Results 

are depicted in Figure 6.3. We can clearly observe that the performance of our method 

is quite comparable to the Kalman filter. In places where we have measurements and in 

their nighbourhoods we have estimates that are almost equal to the exact ones as depicted 

in panels (a),(b). The approximate estimation error variances, panel (d), for those places 

are also equal to the exact error variances, panel (c), obtained by the Kalman filter. Our 

method underestimates the error variances at places far from the measured positions. 
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Figure 6.2: A single measurement case. Top row shows the state estimates after 20 
update steps. (a) Actual and (b) Approximate. The second row shows the estimation 
error std. dev. (c) Actual and (d) Approximate. (e) is the normalized difference between 
(a) and (b). In (f) the absolute difference between (c) and (d). 
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Figure 6.3: Five measurements. Top row shows the state estimates, after 20 update steps 
(a) Actual and (b) Approximate. The second row shows the estimation error std. dev. (c) 
Actual and (d) Approximate. (e) is the normalized difference between (a) and (b). In (t) 
the absolute difference between (c) and (d). 
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6.1.3 Multiple measurements with multiple predictions 

The purpose of the following experiment is to see the effect of the number of pre­

dictions on the obtained estimate quality. Ten predictions between any two successive 

updates are computed. The performance of the approximate filter is still reasonable and 

it has not been greatly affected by the approximate prediction step that we adopted. The 

approximate estimation error variances are also comparable to the ones computed by the 

Kalman filter. Results are depicted in Figure 6.4. 

The previous experiments are repeated but with a fixed measurement value, 

i.e., y = k for all time steps. Although this seems unrealistic, it allows us to avoid 

the effect of the randomness involved in generating the measurements according to (6.1) 

and (6.2). The same conclusions can be reached by averaging the results of huge Monte­

Carlo simulations. 

In Figure 6.5 we show a 1-D profile for the estimates computed by the two filters 

based on a single prediction step for each update. In Figure 6.S(a) we observe that the 

interpolated estimates are quite good with a small difference as we move away from the 

measured positions. On the other hand, by increasing the number of prediction steps the 

difference becomes larger. This is depicted in Figure 6.5(b ). In order to study the effect 

of prediction steps and number of measurements on the performance of the developed 

estimator, the following RMS of fractional error is adopted 

_l_ ~ (X(tit)-X(tit))2 
NZ L.J p(tlt) 

RMS of Fractional Error (RMSFE) = -'---;::::=====--- (6.5) 
_1_ ~ ~(tltF 
NZ L.J p{tlt) 

Where all operations are point-wise. 

In Figure 6.6(a) the RMSFE is plotted as a function of number of updates for various 

number of predictions (one, five, twenty). In all experiments the update step is based on 

five measurements positioned at (2,2) (2,23) (12,12) (23,2) and (23,23). It is obvious that 



CHAPTER 6. EXPERIMENTAL RESULTS 126 

. -· - ~ •. -· • ' . ': :·. 
t'I ~~-~- •• 

(a) (b) 
States Estimates 

(c) (d) 
Estimation error std. dev. 

(e) (f) --- --state error== IX(tlt)-X(tlt)I 

~ 
std. dev error= IJi>(tlt) - jp(tlt)I 

Figure 6.4: Five measurements with 10 predictions. Top row shows the state estimates 
after 20 update steps, (a) Actual and (b) Approximate. The second ro\,;/ shows the esti­
mation error std. dev. (c) Actual and (d) Approximate. (e) is the normalized difference 
between (a) and (b). In (f) the absolute difference between (c) and (d). 
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Figure 6.5: 1-D Profile for row 12 of the 24 x24 2D diffusion process after 20 update 
steps with the measurement value fixed over all time steps. Actual estimates are shown 
as solid line and the dotted line is the approximate estimates. (a) A single prediction 
between each update. (b) Ten predictions are used between each update. 

increasing the number of predictions magnifies the approximation effect imposed by our 

method. 

Figure 6.6(b) shows a summary for the effect of the number of measured positions 

on the estimates quality measured by (6.5). We conducted three different experiments 

based on various numbers of measurements (one, five, ten). For all experiments, a single 

prediction is computed for each update step. Note that if the process is weakly observed 

a higher RMSFE is attained. 

6.1.4 Time-varying interpolating weights 

The final experiment was done based on time-varying weights. In other words, more than 

one set of interpolating weights are used. Each set covers a different correlation length 

range. This is done by computing m sets of interpolating weights 

{(o::i:1 , ap1 ), (o::i:2 , cti,2 ), • .... , (o::i:m, apm)}' each has a different value for lza.rge• At any 

time step, the set that has l1arue nearest to max{L(t + lit)} is used to compute the up-
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Figure 6.6: Summary of the RMS fractional error computed by (6.5) for two cases: (a) 
The effect of number of prediction steps on the error based on observing five pixels, and 
(b) shows the effect of number of measurements on the error. 
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Figure 6.7: Summary of the effect of using various sets of interpolating weights on the 
Mean-squared error computed by (6.5). 

dated estimates and their estimation error variances. Each update is based on five ob­

servations and only a single prediction between each update. Results are depicted in 

Figure 6.7 where we observe that by using various interpolating weights there is a slight 

improvement in the filter performance. 

6.1.5 Convergence to steady-state 

In order to empirically show that the approximate filter is capable of reaching steady­

state, the filter is initialized by two different prior error variances p with the same cor­

relation structure cp. All the filter parameters are kept constant over time. In Figure 6.8, 

we plot the square root of the trace of the updated covariance matrix Trace(P(t[t)) at all 

time steps. Solid line represents the Kalman filter behaviour and the crossed line shows 

the approximate filter behaviour. The bold line is the solution of the Riccati equation. 

We observe that the approximate filter converges to steady-state, and as we expected, it 

converges to a lower value than the exact filter. 
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Figure 6.8: Steady state behaviour of the approximate filter. The bold line is the Riccati 
solution. The solid line is the Kalman filter behaviour and the crossed line is the approx­
imate filter behaviour. The vertical axis shows the trace of the updated error covariance 
Trace(F(tlt)) 

6.2 Time-varying measurements 

The experimental setup in this case is similar to the time-invariant case in Section 6.1 

except that the measurements model in this experiment is given by 

y(t) = C(t)x(t) + v(t) (6.6) 

Observe that matrix C is a function of time. This implies that at any time step, the 

number and positions of observations change randomly. This case is the one relevant 

to the large-scale problem that we are addressing which is the estimation of the ocean 

surface temperature based on satellite observations. In all experiments, the update step 

is computed based on three interpolants. 
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Figure 6.9: Single random measurement. Top row shows the state estimates after 20 
update steps, (a) Actual and (b) Approximate. The second row shows the estimation 
error std. dev. (c) Actual and (d) Approximate. (e) is the normalized difference between 
(a) and (b). In (t) the absolute difference between (c) and (d). 
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In Figure 6.9 we show an experiment where the update step is done based on a single 

measurement with a time-varying position. For the case of the approximate estimates, 

we see that the results are comparable to the actual estimates. The obtained approxi­

mate estimation error variances are also consistent with the actual. In Figure 6.9(e) we 

see that the maximum normalized error is (0.18) and this happens at the non-observed 

positions. The maximum absolute error for the estimation error standard deviations is 

(1.8). In order to get some notion about the effect of prediction on the estimate quality, 

we conducted three experiments with time-varying measurement positions but for a fixed 

measurement value and number. At any time step we randomly observe five pixels. The 

three experiments are based on a single, five, and twenty prediction steps, respectively. 

All these experiments are based on process correlation length of approximately seven 

pixels. First, in Figure 6.10 (a) we show the effect of prediction steps on the RMSFE 

computed by (6.5). A similar behaviour to the time-invariant case is observed. The error 

increases as we use more predictions steps. In this case, on the other hand, the error 

decays to nearly zero as number of update steps increases. 

The second set of experiments are also based on process correlation length of ap­

proximately seven pixels and time-varying measurement positions but with only a single 

prediction step. Results are depicted in Figure 6.10 (b) where we show the effect of the 

number of measurements on the RMSFE. Clearly, the mean-squared error is reduced by 

observing more pixels. 

The third experiment was to study the effect of the process correlation length on the 

estimator performance. We conducted two experiments with time-varying measurements 

positions but for two different process correlation lengths [large = 4 and llarge = 8. In 

these experiments we observed five pixels randomly. Figure 6.l0(c) shows the resulting 

performance. When dealing with a process that has a larger correlation length llarge = 8, 

the effect of measurement is increased and the RMSFE is reduced. 
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Figure 6.10: Summary of the RMS of fractional error (6.5) for time-varying measure­
ments positions. In (a) the effect of number of prediction steps on the error. (b) the effect 
of number of measurements on the error. ( c) the effect of the process correlation length 
on the error. 
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6.3 Comparison with the sparse Kalman filter 

One common approach for solving relatively large-scale dynamic estimation problems 

is the sparse Kalman filter [4, 15, 16, 14] presented in Section 2.3.5. The computational 

and storage demands for this method are dependent on both the number of bands kept in 

the filter matrices and the number of terms used in the polynomial approximation for the 

matrix inversion. 

The complexity of the error prediction step in the sparse Kalman filter is mainly due 

to the matrix multiplication operation, and it is of order 0( bl • b2 - n) where n is the 

field size and bl,b2 are the number of bands kept in the dynamics matrix A and the error 

covariance matrix .P(tlt), respectively. Our prediction approach, on the other hand, has 

a linear complexity (i.e., 0( n)). 

The accuracy and complexity of the update step in the sparse Kalman filter depends 

on number of terms used in the polynomial approximation under the constraint that the 

matrix has to be diagonally dominant. By incorporating more terms in the polynomial 

approximation the matrix inverse converges to the true inverse with additional computa­

tional and storage demands. In our approach, the computational complexity of a single 

stationary update step based on the multiscale estimator is O ( n ~). The total computa­

tional complexity of the update step depends on number of interpolants used to compute 

the approximate estimates. 

As an example, we compared the estimation results for the case of a 24 x 24 process 

obtained by the sparse Kalman filter and our approximate method. For this example a 

single pixel at (12,12) is observed. Error covariance matrices are asserted to have 29 

bands which represent the nescessary bands for six-order neighbourhood structure. The 

update step in our method is based on three interpolants. 

Results are depicted in Figure 6.11 after 50 update steps. Exact state estimates and 

estimation error standard deviations by Kalman filter are depicted in Figure 6.11 (a,b ), 

respectively. Estimates computed based on parameterized error covariances are depicted 
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in Figure 6.11 (c,d). Figure 6.11 (e,f) show the estimates obtained by the sparse Kalman 

filter. For this snapshot, our method clearly outperforms the sparse Kalman filter esti­

mates and estimation error variances. Observe the effect of imposing a local neighbour­

hood structure in case of the sparse Kalman filter on the estimates quality. While our 

approximate method produces smooth estimates that cover the whole domain, the sparse 

Kalman filter estimates are just local to the extend defined by the imposed neighbourhood 

structure. 

6.4 Ocean Surface Problem 

The main motivation of this research is to apply it in solving large-scale 2D dynamic 

estimation problems. 

Recently, there has been great interest in studying the ocean surf ace temperature due 

to its relationship to climate changes. As reported by [76], the following facts motivate 

scientists to study the sea surface temperature (OST): 

• OST plays an important role in detennining the heat flux between the oceans and 

the atmosphere and is a major component of the global climate. 

• OST is one of the most important geophysical parameters in climate studies, as the 

behaviour of the atmosphere is strongly coupled to the ocean temperature. 

• Monitoring OST facilitates in the early detection of short-term climate anomalies 

such as El Nino. In addition, a current issue which is the prediction of global 

warming is investigated through monitoring OST. 

Observations of OST are provided by a series of instruments called the Along-Track 

Scanning Radiometer (ATSR), infrared instruments, mounted on the ERS-1/2 and EN­

VISAT research satellites [75. 76]. The observed OST is highly accurate with an ac­

curacy of 0.3 K due to the unique scanning geometry of ATSR. ATSRs view the same 
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Figure 6.11: Comparison with sparse Kalman filter in case of a single time-invariant 
measurement. (a) exact estimates and (b) estimation error standard deviations obtained 
by the Kalman filter after 50 update steps. (c) and (d) depict the approximate estimates 
and the approximate estimation error std. based on parameterized error models. (d) and 
(f) are the results computed by the sparse Kalman filter with six-neighbourhood structure. 
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(b) 

Figure 6.12: Samples of the OST observations for the month of October. (a) Night data. 
(b) Day data 

point on the sea surface twice along two different atmospheric paths allowing for the 

correction of any atmospheric interferences. 

Figure 6.12 shows samples of the data that we are dealing with. OST observations are 

provided over two time periods: night time Figure 6.12 (a) and day timeFigure 6.12 (b). 

The size of each image is 512 x 512. Observe that the data is very sparse. There are many 

instances where no data is available. Also, there are many cases where data is missing 

due to clouds or due to the scanning devices. 

Interpolated static estimates based on three successive observations of the ocean sur­

face temperature have been studied before [34] based on the assumption that the ocean 

surface is static over a three-day period. However, the sparse nature of the data in addition 

to the dynamic nature of the ocean surface make solving such a problem in the dynamic 

estimation context a more realistic approach, yet challenging, due to the problem size. 

As previously elaborated, dynamic estimation allows extracting as much information as 

possible from all available data. In other words, estimates at any time are not only based 

on the available observation at the current time but also on all available observations up 

to the present time. In addition, in the case of no observations, available estimates are 
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(a) (b) 

Figure 6.13: Effect of the diffusion parameters on the desired process spatial and tem­
poral correlation length. The horizontal axis represents the heat loss parameter b.~t and 
the vertical axis represents (a) in (4.15) (a) Process spatial correlation length in pixels(b) 
Process temporal correlation length in time steps. 

still computed based on the dynamic model. This implies that highly smoothed estimates 

are obtained with a lower uncertainty as more observations are incorporated. 

6.4.1 Ocean surface dynamics 

In this work, we model the dynamics of the ocean surface temperature as a 2D dif­

fusion process. We want to emphasize that that the ocean dynamics are more complex 

than a simple diffusion model. The availability of the ocean surface temperature data is 

not enough to infer an approximate model for the ocean surface dynamics for at least the 

following reasons: 

• Ocean dynamics depend on several natural factors that need to be observed in order 

to infer a reasonable dynamic model. 

• The available observations are for the surface temperature and it is not clear how 

to determine other variables that have not been observed. 

• The temperature measurements are local to the surrounding region and can not be 
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generalized to all ocean regions. 

Exact modeling of the ocean surface dynamics is beyond the scope of our work. The 

reader is referred to [11, 12, 73, 97] for more material on ocean dynamics. 

Sense the scope of this work is related to the diffusion dynamics, we model the dy­

namics of the ocean surf ace temperature as a 2D diffusion process. Although our model 

is not exact, it is a reasonable assumption that allows us to illustrate the capability of the 

developed method. 

Based on our choice of modeling the ocean as diffusive according to 

8T(x, y, t) 82T(x, y, t) 8 2T(x, y, t) b ( ( ) 
fJt =ax• Bx2 +ay• oy2 - -T x,y,t)+,•w x,y,t (6.7) 

Where T(x, y, t) is the temperature at position (x, y) and time t, and w(x, y, t) is a Gaus­

sian white noise with variance , 2
. We empirically tried to fit a reasonable discretized 

diffusion parameters, i.e., /3,a in (4.15), by considering the ocean temporal and spatial 

correlation structure. A given spatial correlation length can be accomplished by various 

combinations of the discretized diffusion process parameters. However, by incorporating 

the ocean temporal correlation length a unique set of parameters can be obtained. This 

is illustrated in Figure 6.13 where in (a) the contour of all the diffusion parameters that 

can lead to a spatial correlation length of 20 pixels is plotted (the solid line in the left 

corner of the figure). In Figure 6.13 (b) we superimposed the contour of all diffusion pa­

rameters that lead to a time step of approximately 500 predictions (the dotted line) over 

the previous contour. The point of intersection gives the unique diffusion parameters that 

matches our choice of temporal and spatial correlation lengths. 

To get an approximate notion for the ocean temporal correlation length, we used the 

available observations to empirically compute the sample correlation coefficient accord­

ing to 

(6.8) 
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Figure 6.14: Empirical ocean temporal correlation. 
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Where Tii is the ocean temperature at the (i, j) pixel and N is the total number of tem­

perature frames and l is temporal separation. Figure 6.14 depicts the ocean temporal 

correlation. 

6.4.2 OST simulation results 

The developed method has been applied to a five-month period of OST observations. 

The diffusion parameters are chosen such that the process spatial correlation length is 20 

pixels (5 degrees). The corresponding temporal correlation length is about 30 prediction 

steps. The initial prior is an isotropic exponential with correlation length 20 pixels and 

standard deviation of 70 K. The obtained temperature estimates are given in Figure 6.15 

and their corresponding estimation error standard deviations are depicted in Figure 6.16. 

By visually inspecting the obtained estimates we can observe the following: 

• The estimated images are dense and smooth with no blocky artifacts arising from 

the estimation process. This is because our dynamic estimation method does not 

compute estimates based on statistically uncorrelated regions. 

• The temperature variations are compatible, to first-order, with oceanographic ex­

pectations, although further work is required here. 
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Figure 6.16: Corresponding estimation error std. dev. over a five months period 
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• The error standard deviations are reasonable in the sense that regions that are re­

cently measured have a lower uncertainty than others, and there is a smooth tran­

sition, over time, from certainty to uncertainty. 

• The presence of some sharp gradients in the estimates is the result of an inadequate 

dynamic model. Modeling the dynamics of the ocean surface temperature as a 

diffusion process does not consider any motion of the surface. As a result, we 

observe in the obtained estimates the existence of some hot patches in the vicinity 

of cold ones and vise versa. This suggests that better estimation results can be 

produced by having some sort of a motion model for the ocean surface. 



Chapter 7 

Thesis Summary 

In this thesis we have presented a new approach to dynamic estimation that can efficiently 

deal with large-scale 2D processes. Large-scale dynamic estimation is important in many 

scientific problems. However, due to the high computational and storage demands for 

such large problems, the direct application of the Kalman filter becomes infeasible. This 

research is motivated by a real large-scale (512 x 512) estimation problem which is 

the estimation of the ocean surface temperature (OST) based on satellite observations. 

Dynamic estimation is suitable for such a problem because of the sparsity of the available 

data. Due the huge state vector size 2 x 105
, the application of the Kalman filter becomes 

impossible. 

One key aspect of the Kalman filter is that it computes estimates at any time based on 

all available observations up to that time without the need to store the previous observa­

tions. This is done by storing error covariance matrices and propagating them overtime. 

The size of the error covariance matrices grows with the size of the state vector. For 

example, for the OST problem, the filter needs to propagate error covariance matrices of 

size 105 x 105
. 

From the above, it becomes obvious that for large-scale 2-D dynamic estimation 

problems there exists a need to develop an approximate dynamic filter that emulates the 

144 
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Kalman filter but with more efficient computational and storage demands. 

Although there have been several research works that tried to deal with such issues for 

relatively large estimation problems, these studies mainly addressed the computational 

demands of the update step under some restricted and impractical assumptions: 

• Fast Fourier transform (FFf) [33] methods require that the underlying process is 

spatially stationary. 

• Iterative methods for solving the normal equations [ 48] require the full error ma­

trices to be available in addition they do not explicitly provide the estimation error 

statistics. 

• The sparse Kalman filter [16] exploits the sparsity of the filter matrices and uses 

polynomial approximation for matrix inversion. This method requires the avail­

ability of the error matrices in addition it requires that the matrix to be inverted to 

be diagonally dominant. 

• Covariance extension methods [20, 40, 50] reduce the storage requirements for the 

error covariance matrices but are only developed for 1-D large estimation prob­

lems. 

• Mu1tisca1e based dynamic estimation for 2D problems with reduced order tree 

states is only applicable for small size problems because it requires the covariance 

matrix of the error process at steady state to be available. 

Our approach to this problem is based on using appropriate parameterized error mod­

els. Instead of storing large error covariance matrices, we store only the main diagonal 

elements and we use a parameterized model to represent the correlation structure. The 

main problem with the parameterized model, which we addressed in this research, is the 

imposed stationarity. As a fact, while the correlation structure of the diffusion process is 

stationary, the error process is not. 
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We began by studying the effect of the measurement update step on the error pro­

cess correlation statistics. We empirically showed that in general the error statistics are 

spatially non-stationary and there is a smooth transition of the correlation structure from 

almost weak correlation at the measured positions to high correlation at places that have 

not been observed. By considering this observation, we introduced the notion of corre­

lation length at any error process element in the 2D domain to encode the spatial non­

stationarity in the error statistics. 

In the prediction step, we presented a new approximate method to propagate the two 

components of the updated error covariance matrix: the updated estimation error vari­

ances and the non-stationary correlation structure. The method suits large-scale problems 

because it has almost linear computational and storage demands. This was presented in 

detail in Chapter 4. 

For the update step, we adopted the multiscale estimator. Although computationally 

efficient and fast, it requires a stationary prior to model the underlying process. We 

showed that computing the update step based on stationary error models might lead to 

huge statistical inconsistencies. We presented a method to combine estimates based on 

several stationary priors. The method is capable of computing the associated estimation 

error variances. 

We examined our method on several 2D examples under the context of diffusion dy­

namics. Based on the synthetic 2D diffusion experiments that are described in Chapter 6, 

the obtained estimation results are satisfactory and comparable to the optimal solution 

obtained by the Kalman filter. In addition, we have shown the real benefits of our ap­

proach in the context of a truly large-scale dynamic estimation problem related to remote 

sensing such as the OST problem. The ocean surface is modeled as a 2D diffusion pro­

cess. We obtained approximate diffusion parameters that can fit the ocean spatial and 

temporal statistics. We applied our method to the sparse data of the ocean surf ace tem­

perature and were able to obtain dense estimates for the ocean surface temperature based 

on a five month data set. We believe that the obtained results represent a good starting 
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point and require more investigation by scientists who are expert in the ocean science. 

7.1 Suggestions for future work 

As with most research efforts, this dissertation possibly raised as many questions as it 

solved. However, the ideas presented here should provide a strong foundation upon 

which to build and extend. In the following, we present some improvements to our 

current work which can be considered as future research directions. 

For the update step, we adopted the multiscale estimator. We pointed out that for 

large-scale problems the accuracy and the quality of the produced estimates is highly 

dependent on the size of the internal tree states. As the length of the tree states increases 

better estimates are obtained. However, numerical errors might occur. A recently devel­

oped method by [89] can deal with large-scale 2D static estimation problems. It can also 

provides the necessary estimation error variances. The method is based on using the con­

jugate gradient algorithm. Although this method is based on using a stationary prior, it 

does not suffer from the numerical problems and the quality of the obtained estimates and 

the estimation error variances are almost comparable to the optimal solution obtained by 

solving the LSE exactly. It would be a good idea if one employed this method for solv­

ing the large-scale update step instead of the multiscale estimator. Since this method is 

almost exact, one can also study using it to compute the necessary interpolating weights 

for the state and for the estimation error variances. 

When computing the optimal interpolation weights for the estimates and the asso­

ciated estimation error variances we used the standard LSE. One can try to study the 

possibility of using the weighted LSE instead for some suitable weighing matrix W that 

can reflect the characteristics of the underlying estimation problem. As an example, one 

can study using a weighting matrix W that gives more weights to elements that have 

been measured. 

For the real problem which is the estimation of the ocean surface temperature, we as-
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sumed that the ocean surface is diffusive. We developed our prediction and update meth­

ods based on this assumption. The diffusion dynamics are simple and have a well-studied 

behaviour. The diffusion dynamics do not take care of any motion of the ocean surface 

which we do observe by displaying the dense estimates overtime. As a future work, one 

can try to estimate the ocean motion based on the sparse satellite measurements or based 

on the dense estimates obtained by our method. Motion estimation methods such as op­

tic flow or block matching can be investigated. By combining both diffusion dynamics 

and motion estimates, the sharp gradients in the obtained temperature estimates can be 

reduced. 

Other types of complex dynamics that suit the ocean such as the Rossby wave equa­

tion [97] can also be investigated. If one adopt the Rossby wave equation as the dynamic 

model then several issues have to investigated: (i) What correlation structure does the 

process have and (ii) if the process has a complicated correlation structure, what is the 

effect of imposing an exponential or Gaussian model on the obtained estimates and fi­

nally (iii) how can one do state and error predictions? 

In general we suggest that any future extensions to this work and, in general, to 

large-scale 2D dynamic estimation problems should focus on increasing the quality of 

the obtained estimates in addition to decreasing the computational and storage demands. 



Appendix A 

Multiscale Algorithm 

The multiscale process and the measurements models are given by: 

x(s) - A(s)x(s7) + B(s)w(s) 

y(s) - C(s)x(s) + v(s) 

(A.l) 

(A.2) 

where w( s) is N(O, I) a zero-mean and unit variance white noise process with normal 

distribution. 

The measurements noise v ( s) is also white noise with zero-mean and covariance R( s) 

but it is not multiple of the identity. 

The process prior at the coarsest scale (i .e the root node) 

X 0 = x(O) rv N(O, P0 ) 

The upward model corresponding to the downward model given in (A.I) 

x(s7) - F(s )x(s) + -iu(s) 

y(s) C(s)x(s) + v(s) 
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(A.3) 

(A.4) 

(A.5) 
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where 

F(s) P(si)AT ( s )P(s )-1 

E[w(s)w(sf] - P(si) - F(s)A(s)P(s-y) = Q(s) 
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(A.6) 

(A.7) 

P(s) = E[x(s)xT(s)] is the prior covariance of state x(s) and it can be computed by 

the Lyapunov recursive equation for the multiscale model 

(A.8) 

Before giving the details of the algorithm, it is necessary to define some terms: 

• ~ = {y( u) lu is a descendant of s} is a set of measurements at all nodes below s 

excluding the measurement at node s 

• x(u[s) = E[x(u)lu E ~ U y(s)] is the best estimate of x(o-) given measurements 

at node s and all nodes below s 

• x(o-ls+) = E[x(u)lu E ~] is the best estimate of x(u) given measurments at all 

nodes below s 

• .P(o-1s) = Cov[x(u) - x(uls)] 

• .P(o-1s+) = Cov[x(u) - x(o-1s+)] 

The algorithm is consists of three main steps: 

(A) Initialization 

Each node s at the finest scale is assigned the following prior values: 

x(sls+) - o 

P(s!s+) - P(s) 

(A.9) 

(A.10) 
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(B) Upward Sweep 

The upward sweep computes the best estimates of the state x( s) at node s given mea­

surements at or below node s. It consists of two steps at each scale 

l. Update step: 

x(sls) - x(s1s+) + K(s)[y(s) - C(s)x(sls+)] 

P(s!s) - [I - K(s)C(s)]P(sls+) 

K(s) - P(sls+)CT(s)[C(s)P(sls+)CT(s) + R(s)J-1 

(A.11) 

(A.12) 

(A.13) 

2. Prediction step This step is applied to all nodes except the leaf nodes (which were 

initialized in the initialization step). 

x(slsOi) F(sUi)x(sUi!Sai) 

P(slsOi) - F(sUi)P(sUilsUi)FT(sa:i) + Q(sai) 

(A.14) 

(A.15) 

The above step will give the best estimate of x( s) given all measurements at the 

offspring SUi( i = 1 ... q). The q offsring based estimates of x ( .s) are combined 

via the merge equations: 

q 

x(sls+) - P(sls+) L p- 1 (s!sai)x(s!sai) (A.16) 
i=l 

(A.17) 

(C) Downward Sweep The estimate at the root node x"(O) = x(OIO) is a smoothed one. 

The smoothed estimates of the remaining states are found by distributing the informa­

tion back down the tree 

X8 = x(sls) + J(s)[x.,(s7) - x(s7/s)] (A.18) 
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P;,(s) 

where 

xs ( s) are the smoothed estimates 

p:r ( s) are the corresponding estimation error covariances. 
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(A.19) 

(A.20) 
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