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Abstract

Bipedal locomotion is a challenging control engineering problem due to the non-linear dy-
namics and postural instability of the bipedal form. In addition to these challenges, some
dynamical effects such as the ground reaction force are difficult to model accurately in sim-
ulation. To this end, it is essential to develop physical hardware to validate walking control
strategies and gait generation methods. This thesis develops an on-line walking control
strategy for humanoid robots and the electromechanical design of a physical platform for
experimental validation.

The first part of the thesis presents the development of a 14 degrees-of-freedom (DOF)
lower body humanoid robot. The initial electromechanical design of the proposed system
is derived from dynamic modeling of a general multibody system. Kinematic trajectories
for the lower body joints are extracted from motion captured human gait data to form
the preliminary design specifications. The drivetrain components are selected by analyzing
the mechanical power requirements, torque-speed profiles, efficiency and thermal charac-
teristics of actuators. The supporting mechanical chassis and power transmission system
are designed to raise the center-of-mass (to reduce the swinging inertia of each leg) while
minimizing the overall weight of the system.

Refining the design of a complex multibody robotic system like the biped is an iterative
process. The mechanical model of the system is transferred from Computer-Aided-Design
(CAD) software to a dynamic simulator for analysis and the design is revised to improve
performance. This iterative approach is necessary as small changes in the mechanical model
can have significant impact on the overall dynamics of the system as well as implications
for control design. A streamlined prototyping toolchain is developed in this thesis to
extract the relevant kinematic/dynamic parameters of a mechanical system in CAD and
automatically generate the equivalent system in a dynamic simulator. This toolchain is
used to revise the electromechanical design and generate forward dynamics simulations.

The second portion of this thesis develops a novel walking control strategy for on-line
gait synthesis for 3D bipedal robots based on Wight’s Foot Placement Estimator (FPE)
algorithm. This algorithm is used to determine the desired swing foot position on the
ground to restore balance for a 2D bipedal robot. The FPE algorithm is extended to the
general 3D case by selecting a suitable plane in the desired direction of motion. Complete
gait cycles are formed by combining a finite state machine with the 2D FPE solution along
the selected plane. Gait initiation is accomplished by computing state-dependent task space
trajectories on-line to produce a forward momentum along the selected plane. A whole-
body motion control framework (Jacobian-based prioritized task space control scheme)
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tracks the task space trajectories and generates the appropriate joint level command for
each state. The joint level commands are tracked by local high gain PD controllers. This
framework produces the desired whole-body motion during each state while satisfying
higher priority constraints. Gait termination is accomplished by controlling the swing foot
position to track the FPE point on the ground along the selected plane.

The proposed control strategy is verified in simulation and experiments. A parallel hardware-
in-the-loop (HIL) testing environment is developed for the physical lower body humanoid
robot. The motion control framework and joint dynamics used in the proposed walking
control strategy are verified through HIL experiments.
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Chapter 1

Introduction

Bipedal locomotion is a necessary capability to enable humanoid robots to navigate a
wide range of environments required for most practical real-world applications. However,
bipedal locomotion is a very challenging control problem due to the postural instability of
the bipedal form. The act of bipedal walking is a cyclical repetition of a single gait cycle,
a pattern of limb movement, which consists of a stance phase (foot is making contact with
the ground) and a swing phase (foot is off the ground reaching for the next stance position).
Bipedal gait can also be separated into the single and double support phases, when one or
both feet are in contact with the ground, respectively.

The most popular technique to achieve walking for bipedal robots thus far has been through
control strategies based on the Zero-Moment Point (ZMP) criterion [1]. ZMP-stable tra-
jectories are often computed off-line. Typically, these strategies [2, 3] are energetically
inefficient since they are actively trying to maintain balance by keeping the ZMP within
the region of foot support. Furthermore, the resulting gait does not utilize the natural
dynamics of the system and consequently does not look “human-like”.

A parallel research direction has considered taking advantage of the structure dynamics
to achieve a stable gait cycle without active control effort. This pioneering research by
McGeer [4] introduced a unique class of legged robots known as passive dynamic walkers
[5]. These robots are designed to walk on an inclined surface so that the passive mechanism
is powered by gravity alone [6]. In addition to producing highly efficient walk, the gait
patterns generated using this approach are much more human-like in comparison to ZMP-
based control. However, passive dynamic walkers lack robustness to perturbations due to
very narrow regions of attraction.

In this thesis, a novel walking control strategy which has the potential to increase robust-
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ness and energetic efficiency is presented. To enable experimental validation with physical
hardware, a 14 degree-of-freedom (DOF) lower body humanoid robot was developed. The
ultimate goal is to validate the effectiveness and usefulness of the presented walking control
strategy by testing it on the physical biped hardware.

At the core of the proposed walking control strategy is the Foot Placement Estimator
(FPE) algorithm which was previously developed for 2D bipedal robots [7]. The FPE
algorithm determines where an unstable biped must step to restore balance. One of the
key novelties of the FPE theory is the wide range of applicability of the results. It can be
used to augment existing walking control strategies or be extended to form dynamically
stable gait cycles [8].

The solution to the FPE equation itself can be used as a recovery mechanism (i.e. in the
face of a destabilizing disturbance) with existing ZMP-based strategies. Alternatively, it
can be used to increase the narrow regions of attraction which plague minimally actuated
passive dynamic walkers [9, 10, 11].

1.1 Contributions

1. Electromechanical Design of 14 DOF Bipedal Robot
The development of a 14 DOF bipedal robot for the purposes of research in bipedal
locomotion is presented. Drivetrain component selection is performed using gait es-
timation and accounting for actuator dynamics. The mechanical chassis is designed
with anthropometric dimensioning and the weight distribution is manipulated to
make the physical system easier to control.

2. Rapid Prototyping Toolchain Development
A toolchain is developed to streamline the iterative design process by automati-
cally generating dynamic simulations with 3D visualization directly from Computer-
Aided-Design (CAD) software. It enables fast incremental changes to revise the
mechanical design and immediately analyze the resulting behaviour in simulation.
The toolchain is used to improve the initial design and compute forward dynamics
for the 14 DOF bipedal robot.

3. Extension of FPE Algorithm to 3D
The 2D FPE algorithm is extended to form complete gait cycles for a 3D bipedal
robot. The proposed algorithm selects a 2D plane in the chosen direction of mo-
tion and generates trajectories to produce a forward moving momentum along the
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plane. A whole body motion control framework coupled with a finite state machine
is used to track the generated trajectories and form dynamically stable gait cycles.
The efficacy of the proposed walking control strategy is demonstrated through side
stepping and forward walking in dynamic simulations.

4. Experimental Validation on Physical Hardware
Dynamic simulation models are designed with a shared code base, allowing the same
controller to target either a simulated plant or the constructed 14 DOF biped us-
ing hardware-in-the-loop (HIL). The validity of the motion control framework and
actuator dynamics models are demonstrated on the physical hardware using HIL.

1.2 Outline

The remainder of this thesis is organized as follows. Chapter 2 outlines existing walking
control strategies in the robotics literature. While most control strategies use a dynamic
measure of balance to form complete gait cycles, some newer approaches are similar to the
strategy presented in this thesis. These control strategies aim to use foot placement as a
means to form robust and energetically efficient gait for bipedal locomotion.

The initial electromechanical design and development of a 14 DOF lower body humanoid
robot (biped) is presented in Chapter 3. Human gait trajectories are used as an ap-
proximate starting point for actuators and drivetrain component selection. While it is
understood that using human gait as a reference is ambitious, this approach results in a
conservative initial design by selecting components capable of human-speed gait, which is
significantly faster than is achievable by most current humanoid designs. The forward dy-
namics and 3D visualization for the final prototype design is generated using the toolchain
presented in Chapter 4. This is used to test control strategies for the biped in simulation
prior to implementing it on the physical hardware.

One of the key challenges in developing physical hardware for bipedal locomotion research
is the impact of small design changes on the overall stability of the system. A toolchain is
developed in Chapter 4 to help improve the initial design and ultimately produce a system
with adequate drivetrain performance. The toolchain streamlines the process of design-
ing a mechanical prototype in Computer-Aided-Design (CAD) software and immediately
analyzing its behaviour in dynamic simulations.

The extension of the 2D FPE theory to the 3D case is presented in Chapter 5. A motion
control framework is presented in order to simultaneously use the FPE algorithm to achieve
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walking and maintain stability throughout the gait cycle. The 2D FPE theory and the
proposed extension to 3D are verified through dynamic simulations.

Experiments validating the actuator dynamics and motion control framework on the phys-
ical hardware are described in Chapter 6. The actuator dynamics models are verified to
match the physical DC motors through HIL simulations. The motion control framework
used for extending the FPE theory to 3D is also verified on physical hardware using HIL.

Lastly, conclusions and future work regarding the proposed walking control strategy and
developed physical hardware are presented in Chapter 7.
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Chapter 2

Related Work

Robotic systems capable of locomotion have existed for decades, with some of the earliest
designs dating back to the late nineteenth century. Using a series of mechanical drivetrain
components, Rygg developed a mechanical horse capable of generating fixed gait in 1893
[12]. Several years earlier in 1888, Fallis developed the first passive bipedal walking toy
capable of stable gait [13]. The term passive denotes the lack of any active power input
to the system. Fallis’s toy produced statically stable walking, whereby the center-of-mass
(COM) always remains within the base of support throughout the gait cycle. In contrast,
the COM leaves the base of support during dynamically stable gait.

McGeer’s seminal research [4] nearly a century later produced passive bipeds capable of
dynamically stable gait without any control effort. This work led to a new class of passivity-
based designs for bipedal robots. Starting in the late 60’s, pivotal research by Vukobratovic
[14] introduced the Zero-Moment Point (ZMP), a dynamic measure of balance widely used
in walking control strategies today. This sparked the rapid growth of actively-powered
bipedal robot designs. The electromechanical design and gait synthesis method used to
achieve bipedal locomotion are closely related. Bipedal robots are often designed to target
a specific control strategy. This chapter presents a literature review of the related work in
this research area.

2.1 Humanoid Electromechanical Design

The first active bipedal robot, WL-5 was developed in the 1972 by Kato et al. at Waseda
University [15]. Since then, the number of bipedal robots being developed for commercial
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and research applications has been growing rapidly. The main electromechanical design
considerations for humanoid robots are reviewed in this section.

2.1.1 Degrees of Freedom

A bipedal robot achieves locomotion by articulating the limbs connected by joints in the
lower body. Therefore, the number and configuration of the degrees-of-freedom (DOF) in
the lower body of the robot play an important role in bipedal locomotion. The human
body is an obvious design inspiration for bipedal systems. While a few designs have aimed
to model the large number of DOF formed by muscles and tendons [16, 17], the more
common approach has been to select a reduced number of DOF, modeled on the skeletal
system, to achieve walking.

The primary DOF used to articulate the lower body limbs are the hip, knee and ankle
joints. A simpler design widely used in robotics research is the 2-dimensional (2D) planar
biped. This approach typically uses a 1 DOF hip and 1 DOF knee joint in conjunction
with point feet [18]. Physical implementations of these planar bipeds constrain its motion
to the sagittal plane by using a boom [19, 20, 7].

The most common examples of active 3-dimensional (3D) lower body designs use 3 DOF
for the hip joint, 1 DOF at the knee and 2/3 DOF for the ankle joint [21, 22, 23, 24, 25].
The hip joint is arguably the most complex joint to design as it must provide a wide range
of motion and be capable of carrying the weight of each leg. Several bipedal robots use
innovative hip joint designs to improve mobility and/or reduce the DOF. Aldebaraan’s Nao
robot strategically places the hip motors to eliminate 1 DOF while maintaining a similar
range of motion [26]. The bipedal robot from the AIST’s Humanoid Robot Project, HRP-2
utilizes a unique cantilever hip structure to enable cross-legged walking (e.g. on a tight
rope) [23].

More recent research has been aimed at mimicking the large number of DOF present
in humans through complex electromechanical designs. Musculoskeletal robots [16, 17]
generate a high (variable) number of DOF using complex actuation mechanisms to emulate
muscles. The additional complexity and large DOF drastically increase the complexity of
the control strategy.

2.1.2 Mechanism Design

The mechanical design of linkages used in robotics largely fall into two categories, serial and
parallel link manipulators. Serial link manipulators contain a series of joint-driven links
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that extend from the base to an end-effector. Parallel link manipulators on the other hand
contain several (serial) links connecting a base to its end-effector. A well-known parallel
link manipulator is the 6 DOF Stewart-Gough platform [27, 28]. The same parallel design
technique can be adapted to design high performance multi-DOF joints [29]. A common
application of this design approach in the lower body of a humanoid is for a spherical (i.e.
3 DOF) hip joint [30].

The primary motivation for investigating serial vs. parallel mechanism design for lower
body humanoid robots is to improve the performance of the system. The majority of
the mass of a robot joint-link assembly comes from the actuator. It is often useful to
manipulate the overall weight distribution to improve the system behaviour under control.
For example, a common approach is to approximate the dynamics during the single support
phase as an inverted pendulum [31]. In this approach, the swinging leg is assumed to be
massless. Having larger motors further down along the swing leg changes the inertia and
location of the COM, consequently influencing the stability during walking [32]. Therefore,
it is common to manipulate the weight distribution in the lower body to raise the COM
and improve the system performance.

Serial link manipulators have the benefit of simpler design and kinematics, making it
easier to identify singular configurations in the joint space. Some of the most famous
humanoid robots use serial mechanisms, including the Honda ASIMO [33] and Waseda
University’s WABIAN-2 [24]. The serial arrangement of actuator-driven joints also makes it
difficult to relocate actuators from each joint axis for better weight distribution. Mechanical
transmission components (e.g. belts, pulleys, gears) are often used to decouple the actuator
output from the joints [24]. However, this also introduces additional complexity which is
difficult to model (i.e. drive flexibility introduced by a belt-pulley system) and often
requires tuning [22].

On the other hand, the parallel link manipulators [34] enable easier relocation of actuators.
Parallel joints also distribute the torque requirements equally across all actuators, which
reduces the individual actuator size and improves the power-to-weight ratio [35]. Due to
these reasons, it was found that the energy consumption of parallel linked structures is
significantly lower than that of its serially linked counter part [32]. Parallel joints also pro-
vide the benefit of high stiffness and accuracy [36]. However, there are several drawbacks
to designing parallel link manipulators. It is more difficult to determine the singular con-
figurations of the parallel structure without kinematic analysis [36]. They also increase the
design complexity and have a reduced range of motion, making the realization more diffi-
cult for 3D bipedal robots [37]. Parallel mechanisms also suffer from greater friction (due
to a larger number of interacting components), which is difficult to model and compensate
[38, 39].
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2.1.3 Passive Walkers

The most simple bipedal robot designs are purely mechanical devices which are capable
of walking without any active power, relying on the natural dynamics of the system for
gait generation. McGeer first demonstrated this concept on a simple mechanical system
consisting of two straight legs connected by a hinge at the hip [4], introducing a class of
bipedal robots known as “passive walkers”. This initial design was revised by adding knees
for more anthropomorphic gait and to solve the foot clearance issue during the recovery
phase [40]. Nearly a decade later, Garcia et al. performed an in-depth analysis of the
speed, efficiency and mechanism design of 2D passive dynamic walkers [41]. Several design
options were investigated for passive 2D bipeds, including kneed and straight-legged models
with round and point feet. A four legged lower body design (inner and outer pairs) was
adopted for physical implementations to constrain the problem to 2D and prevent falling
sideways. Collins et al. built the first 3D passive bipedal robot which used swinging arms
to counteract the sideways instability [42]. This passive design was capable of producing
remarkably human-like gait without any active power input.

2.1.4 Active Walkers

The purely passive mechanical designs relied on gravitational power and sloped inclines.
To achieve walking on level ground, actuation is required. Most active walkers use electric
motors, pneumatics or hydraulics as actuators. Both fully and partially actuated designs
have been proposed to achieve locomotion.

Actuation Type

Electric motors are most commonly used to power active walkers. Electromechanical de-
signs based on this type of actuation use AC motors, DC motors or servomotors. Some
humanoid robots have custom built electric motors designed specifically to improve the per-
formance for the intended application (e.g. the Honda humanoid robots [33, 21]). Electric
motors drive the link motion through either direct or geared drive mechanisms. In direct
drive, the motor shaft is mounted to drive the joint directly producing low torques and high
speed. Geared drives are often used to increase the motor torques and lower the shaft speed
through a gear reduction ratio. Standard gearing mechanisms (e.g. planetary, spur gears)
suffer from the backlash problem while other high end (expensive) options like harmonic
drives do not. Waseda University’s WABIAN-2 robot combines a DC motor with harmonic
drive [24]. Alternatively, KAIST’s HUBO robot selectively uses harmonic drives only in

8



the lower body since backlash in these joints can affect the overall stability of the system
[22]. The major drawback of using electric motors is their high mechanical impedance (no
compliance) and drivetrain losses when coupled with geared drive mechanisms.

Pneumatics is used to generate mechanical power through pressure manipulation within
a tube by an air compressor. The main advantage of this actuation strategy is its high
power-to-weight ratio and inherent compliance [43]. Electromechanical designs based on
this type of actuation use variations of Pneumatic Artificial Muscles (PAM) to control
joint motion. The most common variation used in lower body joints is the McKibben
muscle (braided PAM). Delft University has produced several robots (Mike [44], Max [45]
and Denise [46, 47]) which use McKibben muscles. VUB’s planar biped Lucy based on
pleated PAM actuators was used to explore energetically efficient walking with adaptable
compliance [48]. The major drawback of pneumatic actuators is their low position accuracy
and non-linear response.

Hydraulics is used to generate mechanical power through pressure manipulation of oil from
a hydraulic pump. Flow control valves are used to regulate the hydraulic pressure in a hol-
low cylinder, which in turn manipulates a linear force applied through a piston. The linear
force is applied to a moment arm producing a torque at the joint. The main advantage of
this actuation strategy is its high power density and inherent compliance. The non-linear
properties of hydraulic actuators make joint level control a challenging task. Impedance
control schemes are used to reduce the non-linear effects and compensate for unmodeled
dynamics [49]. In addition to the modeling complexities, the major drawbacks of using
hydraulic actuators are the cost and the pump required to supply the high pressure oil
through hydraulic hoses to each joint. This increases the design complexity and introduces
additional points of failure.

Actuation Strategy

The actuation strategy used for most powered walkers has relied on complete (fully active)
control of every joint. Electric motors are most commonly selected for bipedal robot designs
using this strategy. However, some designs like the force-controllable SARCOS humanoid
CB use hydraulic actuators [50].

A more recent actuation strategy extends passive dynamics principles to produce energeti-
cally efficient active walkers. To achieve walking on level ground, the passivity-based design
techniques were extended by substituting gravitational power with minimal actuation [6, 5].
This produced energetically efficient 3D active walkers. Most minimally actuated walkers
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have electromechanical designs aimed towards obtaining high compliance and low control
stiffness.

Delft University’s pneumatic biped Denise was designed with cylindrically shaped feet and
a mechanical link to couple the forward motion of one leg to the reverse motion of the other
[51]. Minimal actuation is provided at the hip joint to achieve walking on level ground.
Flame, the most recent energetically efficient 3D bipedal robot from Delft University, was
designed specifically to take advantage of the natural dynamics of the system [46] using
series elastic actuators (SEA) for compliance [52].

Another approach to designing minimally actuated walkers is to use actuation at the ankle
joints [5, 53, 54, 55], often in addition to the hip joint. Meta, another energetically efficient
walker from Delft University, uses two motors at the ankle in addition to the two motors
at the hip joint [54]. Ankle actuation has been shown to improve the versatility of some
walkers by enabling variable walking speeds [55]. When both hip and ankle actuation is
used, the key difference from fully actuated systems to the minimally actuated ones is that
the joints are not actuated through the full gait cycle, but only at certain key phases (e.g.
push off).

2.2 Walking Control Strategies and Gait Generation

There exists a wide range of walking control strategies and gait generation methods to
achieve bipedal locomotion. Some of the most popular strategies are briefly reviewed in
this section.

2.2.1 Zero-Moment Point

The most popular techniques to achieve walking have been trajectory generation and con-
trol strategies based on the Zero-Moment Point (ZMP) criterion [1]. The ZMP defines a
point on the ground where the forces acting on a biped do not produce a moment about
the axes parallel to the ground plane (shown in Figure 2.1). The criterion states that the
biped is stable if the ZMP is kept within the region of foot support at every time instant.
The ZMP location is typically used as a feedback mechanism to achieve dynamically stable
gait.

This criterion can also be used to pre-compute ZMP-stable trajectories off-line. Huang
et al. presented a walking pattern generation algorithm to compute the desired foot and
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Figure 2.1: Planar view of the ZMP location (pzmp) within the region of foot support.

hip trajectories off-line [56]. This algorithm aimed to select a ZMP-stable hip trajectory
which maximized the stability margin (distance from the ZMP point to the boundary of
the support region). Computationally expensive exhaustive search was used off-line to
obtain the optimal solution for a given walking speed and step length. During the on-line
phase, the selected optimal trajectories were tracked to execute walking.

Kajita et al. developed a walking pattern generation algorithm based on the 3D linear
inverted pendulum mode (LIPM) [57] and preview control [58]. Using this approach, the
desired swing foot positions can be adjusted on-line to compute a new ZMP trajectory
which remains within the region of foot support. A ZMP tracking controller (based on
the table-cart model) is used to generate the desired future COM trajectory. The preview
controller uses this future reference signal (within a specified time period) to generate the
adjusted current COM trajectory to remain dynamically stable. More recent methods
use more accurate modeling techniques (instead of 3D LIPM) to compute ZMP-based
trajectories on-line [59].
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The biggest drawback of ZMP-based methods is that the resulting trajectory does not
provide any strategy to respond to disturbances due to uneven terrain or unexpected
forces. Typically, these strategies are also energetically inefficient since they are actively
trying to maintain balance by keeping the ZMP point within the region of foot support.
Furthermore, the resulting gait does not utilize the natural dynamics of the system and
consequently does not look human-like.

Despite the drawbacks, some of the most popular humanoid robots for commercial and
research applications utilize some variation of ZMP based feedback for bipedal locomotion.
The well known Honda ASIMO [33] uses ZMP as part of its i-WALK technology (predicted
movement control). Newer bipeds like Aldebaraan’s Nao [60] robot contain a pre-packaged
walking algorithm which implements ZMP-based walking pattern generation [61].

2.2.2 Virtual Passive Dynamics

The preliminary research in the field of passive dynamics was restricted to the specific
scenario of walking on an incline (using gravitational power). This approach lacked the
versatility that is required for humanoid robots if they are to ultimately navigate in most
human environments. These walkers also lacked robustness to perturbations due to very
narrow regions of attraction. Further investigative research was helpful in characterizing
the nature of a passive gait cycle [9] in terms of stability and energy usage. This ultimately
gave rise to new strategies which were aimed towards emulating the work done by gravity
on an inclined slope [10]. These hybrid approaches (known as virtual passive dynamics)
improved the versatility of the simple legged robots to walk on level ground with minimal
actuation as a replacement for gravity [62].

While these minimally actuated bipeds have been shown to exhibit similar energetics as
purely passive machines [63], most of the initial research was restricted to the 2D dynamics
in the sagittal plane. The key challenge of extending these simple models to 3D (i.e. incor-
porating lateral dynamics) was unstable motion introduced by mismatch of the roll velocity
and contact conditions [11]. This was particularly challenging since small disturbances were
able to completely destabilize a passive dynamic walker (due to the narrow region of at-
traction). These challenges were addressed in part by tweaking the mechanical design for
better compliance and introducing minimal actuation (as discussed in Section 2.1.4). Full
3D bipedal robots capable of energetically efficient walking with minimal actuation have
been realized [5, 51, 46]. However, these systems still share the same underlying weakness
to large perturbations.
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2.2.3 Force/Impedance

Pratt developed a motion control framework that uses abstract virtual components to
generate compliant joint torques [64]. This approach aims to augment the natural dynamics
of the system by emulating the effects of virtual components (e.g. springs, dampers,
dashpots). The mapping between the virtual forces and emulated joint torques are obtained
through the kinematic model [65]. Pratt demonstrated walking with this approach on two
bipedal robots with series elastic actuators (SEA), the Spring Flamingo and Spring Turkey
[66]. Using this motion control framework improves the biped’s robustness to rough terrain
and unexpected disturbances.

The Dynamic Balance Force Control (DBFC) algorithm developed by Stephens et al. devel-
oped a method for tracking desired COM motion for compliant humanoid robots [67]. This
approach uses Pratt’s virtual model control framework (DBFC-VMC) to achieve generic
force controlled tasks. The DBFC-VMC controller is extended beyond balancing to form
complete gait cycles using preview control [58] based on 3D LIPM dynamics to track COM
trajectories for walking.

A similar robust and compliant control strategy capable of handling rough terrain is pre-
sented by Hyon et al. [68]. This approach uses a passivity based force-controlled framework
to balance and redistribute the ground reaction force over the supporting contact points.
This framework was demonstrated on the hydraulically actuated SARCOS humanoid. Ott
et al. developed a similar compliant balancing and posture controller for the DLR biped
[69].

2.2.4 Machine Learning

Another popular method of achieving bipedal locomotion is through machine learning ap-
proaches including neural networks, central pattern generators (CPG) and other oscillators.

The types of neural networks used for gait synthesis vary from multilayer perceptrons,
recurrent neural networks to Cerebellar Model Arithmetic Controllers (CMAC) [70]. A
notable development in this space is Miller’s hierarchical control strategy which combines
simple gait oscillators and learning through CMAC neural networks [71, 72]. This approach
does not require detailed information of the system dynamics to achieve walking. The
learning control strategy was demonstrated experimentally on a physical biped.

CPGs are neural circuits which produce high dimensional locomotion patterns from low
dimensional input signals. The use of CPGs in bipedal locomotion was inspired by Taga’s
seminal work [73, 74]. Taga et al. demonstrated 3D bipedal locomotion using CPG’s for
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robust and adaptive gait generation of a high-DOF robot [75]. An advantage of using CPG
models is that it drastically reduces the dimensionality of the walking control problem and
gait synthesis can be formed by generating a few higher level control signals [76]. A few
key examples of bipedal locomotion with CPGs are [77, 78, 79].

2.2.5 Foot Placement

Recently, an alternative problem formulation focusing on restoring balance has been pro-
posed. The Foot Placement Estimator (FPE), introduced by Wight et al. [8] formulates
an approach to restore balance by controlling swing foot position during the gait cycle.
Using the conservation of angular momentum, the FPE equation determines the location
on the ground where the total energy of an unstable biped after swing foot impact is equal
to the peak potential energy. If a step is taken before the FPE location, the post impact
energy of the system causes the biped to fall over. Conversely, stepping beyond the FPE
location on the ground causes the biped to fall back onto the hind leg.

The solution to the FPE equation itself can be used as a recovery mechanism (i.e. in
the face of a destabilizing disturbance) with existing ZMP-based strategies. As shown in
[8, 7], FPE can also be extended to form complete gait cycles to achieve dynamically stable
walking. However, there are several key assumptions which are violated when attempting
to implement this approach on a physical 3D robot. Namely, the theory assumes that the
legs are massless and it only deals with the 2D dynamics in the sagittal plane.

The capture point (CP) concept, developed by Pratt et al. [80], is conceptually similar to
the FPE. While the derivation of FPE is based on a simple compass biped model with fixed
parameters, the CP theory was derived using complex motion models which included using
a flywheel body to control/offset any disturbances through the use of rotational inertia.
Ultimately, the simplicity of the model allowed the FPE theory to be extended to complete
gait cycles, while the work presented by Pratt et al. simply solved the problem of lateral
stabilization [8].

Englsberger et al. built on top of Pratt’s CP concept [81] by developing two robust con-
trollers based on LIPM dynamics. The CP end-of-step controller (CPS) responds to pertur-
bations in real-time and adjusts the ZMP of the biped to shift the CP and regain stability.
A second CP tracking (CPT) controller was also developed to realign the CP to its ideal
trajectory if the biped experiences perturbations while walking. Both controllers were
demonstrated in simulation and on the physical DLR biped. A similar approach was also
developed by [82] which integrates the CP concept with Model Predictive Control (MPC).
The MPC control scheme was developed to improve ZMP preview control for robustness
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to strong perturbations [83]. The CP-MPC control scheme was also demonstrated on the
DLR biped.

Recently, a more comprehensive approach using CP for foot placement and gait synthesis
has been proposed. De Boer et al. [84, 85] focused on the ground/foot interaction to develop
a robust and energetically efficient walking control strategy known as the capturability
framework. Pratt demonstrated this strategy on the force-controlled compliant lower-
body biped M2V2 [86, 87]. While the capturability framework is philosophically similar
to the idea behind FPE, there are several key differences. The FPE approach uses simple
local controllers to form complete gait cycles and can be used on position-controlled joints
without any complex actuation systems. The capturability framework demonstrated in
[85, 87] used separate controllers for the swing and stance legs whereas this approach uses
a single global differential kinematic resolution for whole body motion control.

2.3 2D Foot Placement Estimator and Gait Genera-

tion

As the FPE forms the basis for subsequent development in this thesis, the 2D FPE theory
[8, 7] introduced in Section 2.2.5 is reviewed in more detail in this section. Consider the
standard compass biped model, shown in Figure 2.2. The physical parameters are the mass
m, inertia about the center-of-mass ICOM , leg lengths L and leg separation angle β. Note
that the angle θA is measured from the axis normal to the ground.

Now consider this system at the moment when the swing leg comes into contact with the
ground at point B (the resulting behaviour is illustrated in Figure 2.3). The following
assumptions are made in reference to the behaviour of the system around the pre-impact
and post-impact stages to simplify the model for further analysis [7]:

Assumption 1 There is an instantaneous transfer of balance (i.e. the stance foot at point
A lifts up when the swing foot hits the ground at point B).

Assumption 2 The impact when the swing leg hits the ground at point B is assumed to
be plastic (i.e. momentum is conserved but not kinetic energy).

Assumption 3 There is sufficient friction to prevent any slipping at the contact points.
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Assumption 4 Gravity is assumed to be a non-impulsive force.

Assumption 5 The leg separation angle β is fixed in the double support phase.

Assumption 6 The legs are massless and therefore do not significantly alter the dynamics
of the system.

Note that assumption 5 implies that if both feet were to remain on the ground (i.e. double
support phase), then by geometric symmetry about the normal, θA = β/2.

β

θA

m, ICOM

L

A B

Figure 2.2: Standard compass biped model used for nonlinear analysis and derivation of
the FPE equation.
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Figure 2.3: Compass biped model in the swing phase of the gait cycle in the pre-impact
(left) and post-impact (post) configurations.

2.3.1 Equations of Motion

To formulate a state space representation of the biped, the equations of motion are derived
as follows1. If the biped is treated as an inverted pendulum rotating about pivot point
A (i.e. configuration shown in Figure 2.2), the equation of motion is found by applying
Newton’s second law:

∑
τA = IAθ̈A (2.1)

θ̈A =
mgL sin(θA)

ICOM +mL2
(2.2)

This equation is only valid while the inverted pendulum swings about point A (i.e. pre-
impact). When the swing leg comes in contact with the ground and based on the as-
sumptions, point B becomes the new pivot for the inverted pendulum (post-impact). The
motion of the post-impact system is now based on a different angular velocity (namely,

1Only key points of the derivation are summarized, details on the full derivation of the FPE equation
can be found in [7, 88]
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θ̇B). However, the assumptions 1-4 also relate the angular momentum of the system in
the pre-impact stage to the post-impact stage (Figure 2.3). Applying the conservation of
angular momentum about point B, the post-impact angular velocity (θ̇B) is a function of
the pre-impact angular velocity (θ̇A) [7]:

θ̇B =
(L2m cos(β) + ICOM)θ̇A

L2m+ ICOM

(2.3)

While pivoting about point B, if the biped does not have enough momentum to swing all
the way through then it simply rocks back until swing leg A comes into contact with the
ground. At this point, the equation of motion describing the system reverts back to (2.2).
Given the geometric properties of the biped, it can be shown that the equation of motion
about point B is given by:

θ̈B =
mgL sin(θB)

ICOM +mL2
(2.4)

Together, θA, θB, along with their derivatives completely describe the motion of the com-
pass biped.

2.3.2 Unified State Equations

Assumption 5 imposes a geometric constraint which can be used to combine the variables
which completely define the motion. Note that the leg separation angle β only has to be
constant at the instant of impact. At this instance, the angles θA and θB can be expressed
as:

θA = θ +
β

2

θB = θ − β

2

(2.5)

Where the angles θA, θB, θ and β are shown in Figure 2.4. The single (unified) variable θ
can be formed by rearranging the equations of motion described in terms of θA and θB:
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θ̈ =



mgL sin(θ + β/2)

ICOM +mL2
θ < 0 (2.6a)

mgL sin(θ − β/2)

ICOM +mL2
θ > 0 (2.6b)

mgL sin(θ + β/2)

ICOM +mL2
θ = 0, θ̇ > 0 (2.6c)

mgL sin(θ − β/2)

ICOM +mL2
θ = 0, θ̇ < 0 (2.6d)

0 θ = 0, θ̇ = 0 (2.6e)

The system defined by (2.6) is used to investigate stability and subsequently derive the
FPE equation. The following function represents the conditional equation of motion cor-
responding to a region of the state space (defined by θ and θ̇):

θ̈ := F (θ, θ̇) (2.7)

This unified variable is used to form a state space representation with the states as θ and
θ̇:

Θ̇ =

[
θ̇

F (θ, θ̇)

]
(2.8)

2.3.3 Conditions for Stability

The notion of stability is explicitly defined by [7] as follows:

Definition 2.3.1 The biped has fallen if θ̇ = 0 and any other point other than the feet is
in contact with the ground.

Definition 2.3.2 The biped is balanced if θ̇ = 0 and it has not fallen.
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Definition 2.3.3 The biped is stable if for a given set of initial conditions and no further
energy input to the system, the biped eventually comes to a rest in an upright position.
Once at rest, a sufficiently small, impulsive, nonzero external disturbance to the biped
should result in motion that will eventually return to the same stable, balanced position.

The only physical configuration that can be achieved by definition 2.3.2 is if the biped is in
the double support phase. This implies that being balanced is mathematically equivalent
to the system Θ̇ remaining at its stable equilibrium at the origin. The second part of
definition 2.3.3 implies that stability in the physical sense is equivalent to the origin of
system Θ̇ being asymptotically stable, since the biped should return to the same balanced
position after small enough perturbations.

β

m, ICOM
θ

θA

θB

Figure 2.4: Unified variable θ used to simplify the analysis. It is easily observed that
θA = θ + β/2 and θB = θ − β/2.
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Thus, it is possible to determine the conditions for which the biped is stable if it can be
shown that the origin of (2.8) is asymptotically stable. To this end, a Lyapunov function
candidate based on the energy of the system (U = T + V ) with an offset in potential
energy is chosen to show asymptotic stability. For example, for the first equation of motion
represented by (2.6) for θ < 0:

V (Θ) =
1

2
(ICOM +mL2)θ̇2 +mg(h− hdatum) (2.9)

Where h = cos(θ + β/2) and hdatum = cos(β/2). The Lyapunov candidate is positive
definite if −β/2 < θ < β/2 with the following V̇ (Θ):

V̇ (Θ) = (ICOM +mL2)θ̇2F (θ, θ̇)−mgL sin(θ + β/2)θ̇ (2.10)

Analyzing the behaviour of V̇ (Θ) involves looking at each region of the state space specified
by (2.6) and investigating the behaviour within the local region. In summary, V̇ (Θ) = 0
for the cases where θ 6= 0 (i.e. 2.6a and 2.6b) and is negative definite when θ = 0, θ̇ 6= 0
(i.e. 2.6c and 2.6d). Furthermore, the equilibrium point is the largest invariant set in:

E =
{

Θ|V̇ (Θ) = 0
}

Thus, by the Barbashin-Krasovskii-LaSalle principle it is shown that the origin of Θ̇ is
locally asymptotically stable in the sense of Lyapunov. In order to determine which initial
conditions will exhibit a decaying orbit towards the origin, the exact boundaries of the
local stability region are obtained by analyzing the behaviour of the total system energy
with different initial conditions.

2.3.4 Computing the FPE Angle

Given that the system is asymptotically stable and the exact boundaries of the local sta-
bility are defined, it is possible to determine whether a specific location in the state space
is stable in the sense of definition 2.3.3. However, the goal for FPE is to determine where
the foot must be placed in order to restore stability, so the knowledge of the local stability
is used to reformulate the problem.

To this end, the approach described in [7] introduces a parameter known as the FPE
angle (φ). The projection from the COM at an angle φ to the ground surface provides
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[
mh(vx cosφ+ vy sinφ) cosφ+ ICOM θ̇1cos2φ

]2
mh2 + ICOMcos2φ

+ 2mgh cosφ(cosφ− 1) = 0 (2.11)

the location of where the foot would need to be placed in order to restore stability to the
unbalanced system. The actual solution to (2.11) yields the FPE angle φ, which can be
obtained by using numerical techniques for solving non-linear equations. In essence, the
FPE angle φ specifies the configuration to enter/remain inside the locally stable region of
Θ̇ if it were to step in the next instant. By continuously tracking this angle while the biped
is about to land the swing foot, the angle φ eventually converges to β/2 prior to impact.

The simple compass biped model made several assumptions which are now lifted. The leg
separation angle β is no longer a fixed value throughout the whole gait cycle. Instead,

φ

FPE

Contact

Point

FPE Angle 

Projection

Figure 2.5: Graphical representation of the solution to the FPE equation for arbitrary
robot configurations.
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by assumption 6 that the legs are massless (and therefore they do not alter the dynamics
of the system), the value of β can vary while the swing leg is being brought over to the
contact point for the subsequent step. The solution to the FPE equation requires only that
the leg length L and angle β are fixed at the instant of impact. Simply put, the compass
biped model used in the derivation thus far only represents how a real biped looks when
an impact occurs. During the swing phase, an arbitrary and more realistic model of the
biped looks like that shown in Figure 2.5, where the angle φ, projection from the COM
and the FPE location on the ground plane are visualized.

2.3.5 Stability Analysis

In order to show that stepping on the FPE point can restore stability to an unbalanced
system, the unified state space model was implemented in simulation along with a numerical
solver for the nonlinear FPE equation (2.11). Three experiments were devised to analyze
the behaviour of the system when the swing foot steps exactly on, behind and ahead of
the FPE location obtained from the solver. These three cases are labelled perfect, under
and over stepping, respectively. The simulations assume arbitrary physical parameters for
m, ICOM , etc. The compass biped model with the single state variable is simulated to
illustrate the effects of overstepping and under stepping. The leg separation angle β is
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Figure 2.6: Time evolution and state trajectories for perfect stepping (i.e. foot lands
extactly on the FPE point)
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held constant and no energy is lost upon impact.

The results of the perfect stepping case shown in Figure 2.6 validate the efficacy of the
FPE point on the ground. Starting from an unstable configuration, the simple biped
model exhibits stability (i.e. rocking back and forth) due to no energy loss in the system
by assumption. For a real physical biped, the energy losses experienced during impact
would produce a decaying orbit towards the origin due to the asymptotic stability of the
system within this local region.

In the under stepping case, the swing foot lands short of the FPE location on the ground.
This behaviour results in an excessive energy and momentum which causes the biped to
eventually fall over. Starting from the same initial conditions presented in the perfect
stepping case, the results of understepping are shown in Figure 2.7. The time evolution
and state trajectories exhibit unstable behaviour, validating the results presented in [8].

Lastly, the results of overstepping with the same initial conditions are presented in Figure
2.8. As expected, if the swing foot lands ahead of the FPE location, the system enters a
stable orbit where the biped rocks back and forth. As mentioned previously, the energy
losses experienced during impact for a real biped would cause this closed orbit to decay
and eventually reach the equilibrium due to local asymptotic stability.
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Figure 2.7: Time evolution and state trajectories for under stepping (i.e. foot lands behind
FPE point)
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Figure 2.8: Time evolution and state trajectories for over stepping (i.e. foot lands in front
of FPE point)

2.3.6 Forming Complete Gait Cycles

Wight used the FPE concept to develop full gait cycles using simple linear control tech-
niques and a state machine [7]. Gait is initiated by destabilizing the robot in the desired
direction of movement (forward or backward). Once destabilized, the FPE equation is
solved numerically to obtain the FPE angle φ, which is used to provide the desired trajec-
tory for the swing foot.

If continued forward progress is desired, the foot is commanded to precede the FPE. If
no further forward progress is needed, the foot is commanded to the FPE. The desired
trajectory is resolved to joint angles using inverse kinematics and implemented via joint
level PD controllers. The complete state machine is shown in Figure 2.9. Due to symmetry,
the states in Figure 2.9 can be reduced to STAND, PUSH, LIFT, SWING and DROP.
For the remainder of this thesis, the sequence of state transitions from PUSH to DROP
is referred to as the step cycle.
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Standing 
Still

Left Push

Left Lift

Left Swing

Left Drop

FPE > Right Foot

Sufficient Clearance

Foot Near FPE

Right Drop

Right Swing

Right Lift

Right Push

Foot Near FPE

Sufficient Clearance

FPE > Left Foot

Foot Contact

Foot Contact

Figure 2.9: A simple state machine used in conjunction with the FPE algorithm to form
complete gait cycles

.
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Chapter 3

Electromechanical Design1

This chapter presents the electromechanical design of a bipedal robot for experimental
validation. The goal was to design a lower body humanoid robot that would be easy to
model in a dynamic simulator, manufacturable and capable of performing a wide variety
of gait cycles. A fully actuated, kinematically redundant leg design was desired to enable
walking, balancing and full mobility in the ankle (breakdown provided in Table 3.1). The
bipedal robot is also designed to be fully actuated with overpowered electric motors to
physically support the wide range of gait styles during experimentation.

As shown in Table 3.1, each leg is selected to have 7 DOF which provides a total of 14
actuated DOF for the bipedal robot. A serial link mechanism approach is used for its
simplicity in design and kinematics. The bipedal robot is a fully powered active walker
(i.e. every joint is actively controlled) with an electric motor drivetrain. DC motors with
geared drives are selected because it is easy to model the actuator dynamics and achieve
accurate joint level position control.

Table 3.1: Degrees-of-Freedom in each leg of the bipedal robot.

Joint DOF

Hip 3
Knee 1

Ankle 3

1Part of the electromechanical design work in this chapter was completed as part of the ECE 499 project
course at the University of Waterloo.
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There are several other key design considerations which impact the performance of the
finished product. The complete design process consisted of selecting the appropriate drive-
train components and designing the mechanical chassis. The primary design objective was
to produce enough mechanical power for the robot to achieve walking. The secondary de-
sign objective was to keep the overall weight low and raise center-of-mass (COM) position
as high as possible.

The initial design specification was obtained by modeling the system dynamics during an
estimated gait cycle (Section 3.1). The selection of electromechanical components compris-
ing the drivetrain system was used to address the primary design objective (Section 3.2).
These drivetrain components include DC motors and appropriate gearing to provide the re-
duction ratio required to meet the initial design specifications. After the primary objective
was addressed and the drivetrain components were selected, the secondary design objec-
tives were satisfied by adjusting the mechanical structure and manipulating placement of
components (Section 3.3).

3.1 Dynamic Modeling

A dynamic model of the proposed system must be developed and analyzed under normal
operating conditions to determine the forces acting on the system and torques experienced
at each of the joints. The forward or direct dynamic model provides a transformation from
the joint torques (τ ) to the resulting joint positions (q), velocities (q̇) and accelerations
(q̈).

q̈ = f(τ ,q, q̇,FC) (3.1)

FC represents the contact force(s) felt at the feet. Given this model, a dynamic simulation
environment can be designed to estimate the torque loading at different joints on the
bipedal robot during the gait cycle. This estimate can form the basis of the initial design
specifications from which motors and gearing can be selected. An important consideration
in this model is the inclusion of contact forces during the stance phase of the gait cycle.
The ground reaction forces exerted on the robot’s feet have a significant impact on the
dynamic requirements of each joint.
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3.1.1 Equations of Motion

The general form of the equation of motion describing a n-DOF humanoid robot (with a
floating base) is given by:

A(q)q̈ + C(q, q̇)q̇ + g(q) = τ + JTFC (3.2)

Where A(q) is the (n + 6) × (n + 6) inertia matrix, C(q, q̇) are the centripetal/Coriolis
terms, g(q) is the gravity vector and J is the Jacobian matrix which provides the mapping
between the joint and work space variables. The (n + 6)× 1 generalized force vector τ is
segmented as follows:

τ =
[
τ act τbase

]T
(3.3)

Where τ act represents the n actuated DOF and τbase = 06×1 are the remaining non-
actuated DOF at the floating base. In order to incorporate the effects of contact forces at
both feet of the biped robot, (3.2) is expanded as follows:[

A11 A12

A21 A22

] [
q̈act

q̈base

]
+

[
b1

b2

]
=

[
τ act

0

]
+ JL

TFL + JR
TFR (3.4)

Where the generalized acceleration vector q̈act represents the n-DOF joint motion and q̈base

represents the 6 DOF base motion. The gravitational and Coriolis terms are combined
into the b vector. The JL and JR are 6 x n Jacobian matrices for the left and right
legs, respectively. The force vectors FL and FR represent the contact force felt at the left
and right foot, respectively. The method of calculating the magnitude of the force itself
depends on the contact model used for the system. Equation (3.4) is used to represent the
dynamics of the 14 DOF bipedal robot with n = 14 + 6 = 20 generalized coordinates.

3.1.2 Recursive Newton-Euler

The Recursive Newton-Euler (RNE) algorithm computes the inverse dynamics model re-
cursively in order to arrive at a final solution for the direct dynamics [89]. The algorithm
serially traverses through the kinematic chain to perform calculations using Newtonian
mechanics. The first pass of the algorithm starts at the base link and traverses down the
serial chains of the left and right legs calculating the kinematics. The second pass starts
at the end of the serial chain(s) and works back up to the base link calculating the force
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transmissions. After the final pass, the RNE algorithm produces the torques at each joint
and the 6 dimensional forces and moments felt by the (floating) base joint. The RNE al-
gorithm reformulates the equation representing the complete dynamics of the system (3.4)
to obtain the direct dynamics model.

Kajita’s toolbox [90] was used as a starting point for the direct dynamics model. The tool-
box provides preprogrammed routines for common robotics algorithms (e.g. forward/in-
verse kinematics, etc). The kinematic and dynamic parameters of the robot are defined
in a global structure variable called uLINK. The packaged scripts and functions access key

Figure 3.1: Screenshot of robot structure drawn from the uLINK definition generated
directly from CAD.
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information (e.g. kinematic hierarchy of links) from the global structure to perform the
calculations. An external application was developed to interface with the CAD software
package’s application programming interface (API) to extract the kinematic and dynamic
parameters directly. The application used the extracted data to automatically generate
the CAD-equivalent uLINK representation in Matlab code (shown in Figure 3.1).

With the uLINK structure generated, any of the preprogrammed routines in the toolbox
can be used. The toolbox provides a function ForwardDynamics to compute the direct
dynamics model using the RNE algorithm. However, the calculations omit the effects of any
external forces acting on the system. Since it is important to incorporate the contribution
of the ground reaction forces, the toolbox was modified to model the complete dynamics
of the system.

3.1.3 Contact Modeling

One challenging aspect of dynamic simulations is to accurately model the effects of external
forces on the system during the stance phase. To emulate the ground reaction forces during

Biped Mass

K B

mx

Ground Plane

Figure 3.2: System diagram of spring-damper contact model used in dynamic simulations.
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this period of the gait cycle, a contact model is used to generate an approximate contact
force. For the initial design specifications, a spring-damper contact model is used (shown
in Figure 3.2). Both feet are modelled as point contacts which experience a normal force
proportional to the output of the spring-damper system when in contact with the ground.
A more complex version of (3.5) is used for full dynamic simulations in later chapters
(Section 5.2.1).

To incorporate the effects of ground contact into the existing dynamic model, the resulting
force produced by (3.5) is injected into the RNE algorithm between the end of the first
pass and the start of the second pass. At the start of the second pass, the external contact
force is used to initialize the backwards recursion.

Fnormal = Bẋ+Kx (3.5)

The contact force proportional to the output of the spring-damper system (3.5) was used
to initialize the backwards pass as shown in Listing 3.1:

Listing 3.1: Contact force injection in RNE backwards recursion.

1 if uLINK(RCONTACT).p(3) < 0.0

2 Kr = K; % Spring Constant

3 Br = B; % Damper Constant

4

5 % Velocity of the Contact Point in World Frame:

6 vr = uLINK(RCONTACT).vo + cross(uLINK(RCONTACT).w, uLINK(RCONTACT).p);

7

8 % Normal Force Exerted by Spring-Damper Contact Model:

9 N = -Kr*uLINK(RCONTACT).p(3)-Br*vr(3);

10

11 % Inject Normal Force Into RNE Backwards Pass Initialization:

12 FCR = [0 0 N]’;

13 else

14 FCR = [0 0 0]’;

15 end

The variables Kr and Br represent the spring and damper coefficients in the spring-damper
contact model. RCONTACT is a constant link number representing the point contact foot.
The velocity due to the point foot coming in contact with the ground (vr) is recomputed by
considering the original velocity (vo) and the cross product between the position of the foot
(uLINK.p) and angular velocity (uLINK.w). The resulting normal force is computed and
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injected into the backwards pass if the foot position is below the ground level (condition
shown in line 1). With this modification included, the complete direct dynamics can
be used to obtain the joint torques during an estimated gait cycle for the initial design
specification.

3.1.4 Gait Estimation

In order to emulate the operating conditions for the 14 DOF bipedal robot, the dynamic
simulation must include all dynamic effects experienced during a complete gait cycle. One
method of emulating the normal operating conditions is to use human gait as an estimate.
While it is ambitious to expect a bipedal robot to match the performance of human-like
walking, it provides a basis from which the initial selection of electromechanical components
can be made. The goal is to extract the kinematic parameters experienced by the human
limbs while walking and impose similar conditions on the robot in dynamic simulation.
Given these constraints, the inverse dynamics problem can be solved to obtain the joint
torque estimates during various stages of the gait cycle. Coupled with the modifications
to emulate contact forces during the stance phase, this approach provides a fast method
of estimating the torque loading at each joint to develop the initial design specification.

In order to use kinematic parameters from human gait, data published from the 2008
Dynamic Walking conference was used [91]. The published dataset used sensors to mea-
sure the joint angles and velocities of lower body human limbs under several gait cycle
speeds (fast, slow and normal walk). This raw sensory data was imported into the Matlab
environment using a 3D motion analysis toolbox BodyMech [92]. This information was
incorporated into the dynamic simulation by enforcing the joint angles, velocities and ac-
celerations from each captured frame of the reference dataset. The forced joint parameters
were assigned to the global uLINK structure to be used in conjunction with the RNE-based
inverse dynamics algorithm.

A simulation was implemented in the Matlab environment using a combination of the
BodyMech toolbox and Kajita’s toolbox. The BodyMech toolbox was used to extract the
frame-by-frame 3D kinematic parameters as a human executed the gait cycle. These pa-
rameters were processed and stored in order to be played back on the robot model defined
by the uLINK structure. To compensate for the differences in size between humans and
the small biped, the joint velocities and accelerations were scaled by selecting a different
reference gait speed from the published data set. Once the parameters were applied, the
RNE-based inverse dynamics algorithm was used to determine the torques at each joint in
the structure during the estimated gait. This process was repeated for each frame (illus-

33



Figure 3.3: Frame captures of the uLINK structure under the estimated gait cycle to obtain
initial design specifications.

trated in Figure 3.3) in the captured dataset and the results of robot’s kinematics/dynamics
(q, q̇, q̈ and τ ) were tabulated for post processing.

3.1.5 Initial Design Specifications

The results of the dynamic simulations under human-gait analysis form the basis for the
initial electromechanical components selection process. As expected, it was observed that
the largest demands in torque loading on each of the joints occurred during the stance phase
immediately after the heel strike. The torque demands at that instant spike immediately
to almost three times the steady state torque loading on the joints.

Selecting motor specifications based only on the peak torque requirements would result
in large and overpowered actuators for the continuous operational loads. The secondary
design objective is to keep the overall system mass low, making it desirable to minimize
the actuator size since it contributes to the majority of the weight in the system.

Motor manufacturers specify rated conditions for continuous operation, while the peak
torque demands in this application only exist for a short period of time when ground contact
is made. It is possible to safely push DC motors beyond the nominal rated capacities for
short periods of time by considering the maximum mechanical power output and thermal
characteristics. Therefore, it is desirable to select motors primarily on the steady state
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torque load requirements while investigating other characteristics to ensure that they can
handle the peak load requirements.

Table 3.2: Individual joint torque demands for each DOF in one leg using gait estimation.

Joint Normal Peak

Hip Yaw 3.698 Nm 3.698 Nm
Hip Roll 13.606 Nm 14.054 Nm
Hip Pitch 10.081 Nm 38.295 Nm
Knee Pitch 5.229 Nm 16.539 Nm
Ankle Yaw 3.858 Nm 3.858 Nm
Ankle Pitch 4.395 Nm 7.923 Nm
Ankle Roll 2.824 Nm 5.021 Nm

While the torque demands vary for each joint (see Table 3.2), the results from the analysis
are concatenated to obtain a single set of design specifications. This reduces the number of
different models selected from the manufacturer and it also simplifies the electromechanical
design process. For the initial design, the normal torque specification is obtained by taking
an average of joint torque values during the swing phase. Since the ground reaction forces
experienced during the stance phase produce large torques in a short period of time, the
peak torque specification is obtained by selecting the highest torque value from all frames.
The combined initial design specifications for the drivetrain components are summarized
in Table 3.3.

Table 3.3: Initial design specifications for drivetrain components.

Condition Torque Velocity

Normal 14 Nm 2.48 rad/s
Peak 50 Nm 6.82 rad/s

The contact model parameters (spring and damping coefficients) were observed to have a
noticeable effect on the peak design specifications. Since the contact model only provides
a crude approximation of the ground reaction forces that the real robot will experience,
the final selected value was chosen to provide a peak torque which averages between the
largest and smallest values. The final hand-tuned spring and damping coefficients used
in deriving the design specifications were K = 10000 and B = 100, respectively. These
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contact model parameters result in a steady-state ground penetration depth of 0.25cm.
The foot characteristics can be modified to match this behaviour by adding a rubber sole.

3.2 Drivetrain Selection

The drivetrain selection process includes selecting the appropriate components to transmit
the required torque (as per the initial design specifications) to each joint. The electric
machines used to generate mechanical power for the purposes of this project are coreless DC
motors. The motors used for the 14 DOF bipedal robot were supplied by Micromo Solutions
(part of the Faulhaber Group) [93]. The online product catalogue was used as a reference
tool for the drivetrain selection process. The majority of the weight contribution of the
complete system is attributed to the motors. Therefore, the design objective was to select a
combination of motors and appropriately sized gearheads to meet the design specifications
while keeping the overall mass of the system as low as possible. The remainder of this
section presents the selection of appropriate motor and gearhead combinations to meet the
design objectives.

3.2.1 Mechanical Power Requirements

To narrow down the selection process into a subset of the motors which meet the initial
design specifications, preliminary mechanical power calculations are performed. The me-
chanical power output required by each generator is specified by the required torque (τ)
and speed (ω) of the motor:

P = τ × ω (3.6)

The initial specifications for the drivetrain components listed in Table 3.3 list two values
for the torque. As mentioned previously, designing the system to meet the peak torque
requirements would yield significantly larger motors and increase the overall mass. Instead,
it is desirable to design the system to meet the average (continuous) torque requirements
and ensure that the system is capable of withstanding the large impulsive forces expe-
rienced at the impact points of the gait cycle. Therefore, the initial mechanical power
requirement calculation is based on the normal or average torque loading on the joints
(14Nm). While no speed requirements were specified in the initial design specifications,
the tabulated kinematic and dynamic data collected from the dynamic simulation was used
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to compute the average speed experienced by the joints and the largest value was selected
for the purposes of calculation. This provides an additional buffer in the mechanical power
considerations since not all joints are likely to experience the highest speed. The average
speed calculated from the dynamic simulation was found to be 65RPM. Substituting these
values along with the conversion factor for units:

P = τ × ω = 14Nm× 65RPM × 0.1047 = 95.28W (3.7)

Note that due to the assumptions made in calculating this value, 95.28W represents an
upper bound on the amount of power the design should be capable of providing. Therefore
the potential solution candidates should be rated for the nominal power around the region
of this value. The analysis tools presented in the following sections were used to evaluate
the remaining actuation solution candidates.

First, DC motors were analyzed based on their torque-speed (Section 3.2.2), power and
efficiency (Section 3.2.3) and thermal (Section 3.2.4) characteristics. Full DC motor plots
are shown for the final selection since the selection of gear ratio was treated as a separate
design decision. With the appropriate motor selected, compatible gearhead solutions were
analyzed to select the reduction ratio which met the design specifications (Section 3.2.5).

3.2.2 Torque-Speed Analysis

The primary tool used to analyze and compare alternative solutions is the torque-speed
graph. Analysis of this graph is used to address the peak requirements. Given the structure
of the motor specifications provided by Micromo Solutions, a spreadsheet was constructed
to automatically generate the torque-speed characteristics from the motor constants. These
constants were pre-populated from the manufacturer specification sheets and the torque-
speed graphs were automatically generated.

ω = ωno−load − kτ (3.8)

The relationship between the torque of the motor and the speed of the revolving shaft is
approximately linear so it is typically specified by a slope constant for the curve. While
the constant k is usually provided as a positive value, the slope of the torque-speed curve
is negative (i.e. as the torque increases the speed decreases). The full torque-speed profile
of the final motor selection is shown in Figure 3.4.
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Figure 3.4: Micromo 3257CR Coreless DC Motor: Speed and Current vs Torque

3.2.3 Power and Efficiency Analysis

Another key factor in comparing drivetrain components is the relationship between the
power produced and the overall efficiency of the motor as a function of its torque. The
efficiency curve compares the ratio of electrical power input to mechanical power output.
While it is typically desirable to operate the motor at its peak efficiency, the torque de-
mands fluctuate throughout the gait cycle making it difficult to base the motor selection
process on this basis alone. However, it is desirable to ensure that the motor is reasonably
efficient within the expected range of operation. The power and efficiency profile of the
final motor selection is shown in Figure 3.5.
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Figure 3.5: Micromo 3257CR Coreless DC Motor: Power and Efficiency vs Torque

3.2.4 Thermal Analysis

As mentioned previously, out of the initial design specifications the motor selection process
is based on the continuous or average torque loading on the joints. However, during each
gait cycle the torque demands peak due to external, impulsive force interaction with the
environment (i.e. heel-strike). While these peaks may be outside of the motor’s continuous
operating range for a very short period of time, the heat generated inside the motor core
can build up and cause significant damage. Another consideration is the effect of thermal
build up of the motor under continuous use at the specification of 14Nm. Therefore it is
necessary to generate thermal plots alongside the torque-speed analysis to verify that the
selected motors can withstand the temperature rise during operation. Given an assumed
value for the ambient temperature, the total temperature of the motor can be calculated
as:
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Figure 3.6: Micromo 3257CR Coreless DC Motor: Speed and Temperature vs Torque

Ttotal = Tambient + Tinc (3.9)

Where the temperature increase inside the motor core is provided by the following rela-
tionship2:

Tinc = I2R× (Rth1 +Rth2) (3.10)

I and R are the current through and the resistance of the motor windings, respectively.
Constants Rth1 and Rth2 are specified by the motor manufacturer. The thermal character-
istics of the final motor selection are shown in Figure 3.6.

2The thermal characteristic equations were obtained from the manufacturer’s technical documents on
motor calculations available at http://www.micromo.com/motor-calculations.aspx
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Figure 3.7: Micromo 38A Precision Gearhead: Speed and Current vs Torque

3.2.5 Final Configurations

Aside from the torque-speed, power, efficiency and thermal analyses, there are several other
considerations which factor into the design while selecting drivetrain components. These
considerations pertain to the secondary objective to minimize the overall weight of the sys-
tem while simultaneously shifting the COM higher. Between the motor and the gearhead,
the majority of the weight comes from the actual coreless DC motor so it is desirable to
select a smaller (lighter) motor and meet the specified torque requirements by increasing
the gear reduction ratio. Another consideration is the physical size of the motor itself, as
the diameter and length of each motor vary significantly between different offerings. Since
gearheads are coupled directly onto the motor shaft, the complete drivetrain assembly is
usually long.

Given these considerations and the analysis in the previous sections, a coreless DC motor
from the Micromo Solutions catalog was selected (Model #: 3257CR). This motor achieved
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all of the primary design considerations (average torque requirements, operating within a
stable thermal region). Coupled with the motor is a precision gearhead which is capable of
producing torques slightly above the initial design specification requirements. The torque-
speed characteristics at the gearhead shaft (as shown in Figure 3.7) are used to verify that
the mechanical power output meets the design specification for normal operation.

While it is desirable to limit the number of different motor and gearhead combinations,
it was determined that this combination of drivetrain components was vastly overpowered
for the very last joint on the leg (ankle roll). A second combination of motor and gearhead
was selected specifically for this joint to reduce the overall mass and raise the COM while
meeting the lower joint requirements. This approach improves the controllability of the
final system while limiting the total number of different design configurations. The final
higher and lower power configurations are defined in Tables 3.4 and 3.5, respectively.

Table 3.4: Higher configuration of motor and gearhead combination from Micromo.

Model Mass Length Stall Torque Max Power

3257CR 12V Motor 242g 57mm 0.547Nm 84.50W
38A 240:1 Gearhead 410g 80mm 20.0Nm -

Table 3.5: Lower configuration of motor and gearhead combination from Micromo.

Model Mass Length Stall Torque Max Power

3242CR 12V Motor 172g 42mm 0.193Nm 27.30W
32A 68:1 Gearhead 240g 57mm 6.0Nm -

3.3 Mechanical Design

The mechanical design of the 14 DOF bipedal robot starts from the initial motor selection
presented in the previous section. The 3D CAD models for each motor and gearhead com-
bination are obtained directly from the manufacturer. The design goals for the mechanical
chassis are to produce a solid light weight structure which is capable of withstanding ex-
ternal forces from the environment during gait and the applied torques from each joint.
The secondary design objective of minimizing the overall weight while shifting the COM
higher must also be addressed through the mechanical design.
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3.3.1 Anthropometric Dimensioning

The goal for the 14 DOF bipedal robot is to achieve walking with human-like gait. To this
end, anthropometric dimensioning is used as a starting point for the mechanical chassis
design. Starting from a soft height requirement of the full lower body, the relative lengths
are obtained for the main linkages (e.g. thigh, shank) from the anthropometric resource
shown in Figure 3.8.

Figure 3.8: Resource for anthropometric dimensioning of lower body segments [94].

Given the ratios between major body segment lengths, a rough estimate for each of the
chassis segment lengths is derived and summarized in Table 3.6. Note that these dimensions
were only used as a starting point. The overall length of the drivetrain components (i.e.
motor and gearhead combination) is an additional constraint which can limit how close
the final chassis design is to the estimated segment lengths.
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Table 3.6: Estimated segment lengths based on anthropometric dimensioning

Segment Height [mm]

Hip 11.32
Thigh 277.34
Shank 278.47
Foot 44.15

3.3.2 Chassis Structural Design

The chassis is designed as a light weight but rigid frame to house the drivetrain components
(actuators, gears, etc). The material selection and structural design of the chassis have an
impact on the walking performance of the bipedal robot. For example, a light weight and
structurally sound material like carbon fiber can be used to reduce the overall leg mass
and improve the performance of the system during the swing phase. However, the major
drawbacks to using advanced polymers like carbon fiber are the cost and manufacturability.
As with most engineering design processes, a trade-off decision must be made in order to
arrive at a solution which balances performance and feasibility.

Aluminum was selected as the light weight rigid material to compose the mechanical chassis
for the 14 DOF bipedal robot. The decision was made based on the widespread availability
of aluminum stock in various form factors (e.g. channels, beams, etc) and its relatively
light weight when compared to other metal alloys. More specifically, Aluminum 5052 was
selected due to its high fatigue strength. This alloy is also easy to work with for manual
machining or computer numerical control (CNC) machine tools.

The low density of aluminum also helps address the secondary design objective of reducing
the overall weight. However, the primary weight contribution to the overall system comes
from the drivetrain components. This limits the flexibility for weight manipulation from
a purely chassis design standpoint. However, mechanical design techniques can be used
manipulate the COM location by strategically positioning the mounting points for motors
and gearheads.

The amount of stock material used in the frame itself also impacts the overall weight
and structural rigidity. For example, a link segment designed from a C-Channel beam is
structurally sound (since it is a single solid piece of metal). However, it may be significantly
heavier than a link segment composed of multiple pieces. The trade-off between minimizing
the overall weight and structural rigidity is particularly important for the swing phase,
when the additional structural rigidity reduces the vibrations in the lower body.
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The initial chassis design of the legs for the 14 DOF bipedal robot was based on using C-
Channel beams in the thigh and shank linkages. However, aluminum stock tolerances made
it difficult to manufacture the initial chassis design with high accuracy. The C-Channel
design was replaced with a ladder-like structure with parallel plates and cross braces to
improve the manufacturability. The revised design was easily manufacturable with CNC
machine tools and reduced the overall weight of the legs (compared to the initial C-Channel
design).

3.3.3 Mechanical Power Transmission

The biped consists entirely of rotating mechanical joints between link segments. A common
approach to shifting the COM position higher is to relocate motors higher in the lower body

PERPENDICULAR AXIS

Figure 3.9: Perpendicular mechanical coupling to shift weight distribution.
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structure and couple the actuator output to drive the joints through mechanical power
transmission components. Some existing electromechanical designs for the lower body use
belts or pulleys to transmit the mechanical power from the actuator output to the joint
axis [24, 95, 96, 97]. However, as discussed in Section 2.1, the drive flexibility introduced
by these systems adds additional complexity which is difficult to model and often requires
tuning.

Instead, rigid machine components such as shafts, bearings and gears are used to transmit
the rotational mechanical power between links in the 14 DOF bipedal robot design. This
approach simplifies the electromechanical design and produces a system which is easy to
model in simulation. By using components such as miter gears, the mechanical power
transmission is shifted with a perpendicular offset (90◦). This technique is used to strate-
gically decouple the mounting position of a drivetrain assembly (i.e. motor with fixed
gearhead) from the axis of rotation and relocate motors such that the weight distribution
is manipulated in favour of having a higher COM position (illustrated in Figure 3.9).

Mechanical coupling and power transmission are also used to design intersecting axes of
rotation. By using spur gears with a 1:1 reduction ratio, the output shaft of a drivetrain
assembly can be positioned in a parallel offset (illustrated in Figure 3.10).

Shafts are frequently used to enable rotation between two link segments in the mechani-
cal design. Ball bearings are common machine components which support the rotational
movement of these shafts within a solid frame chassis. Traditional shielded ball bearings
were selected for joints to support radial loads while permitting the rotation of a shaft on
the inner ring (as illustrated in Figure 3.11). The double shielded construction provides
protection against debris from entering the bearing assembly without producing significant
internal friction forces that are present in the case of sealed bearings.

For yaw joints which actuate along the vertical axis, the impact forces experienced during
the gait cycle exert an axial load which is typically not supported by traditional ball
bearings (would cause the inner ring to “pop out”). Furthermore, these joints experience
axial loads in one direction while the robot is standing on the ground but the load reverses
direction if the robot is picked up by the torso. Therefore, bidirectional support for axial
loads is required for the hip and ankle yaw joints. For these sections of the lower body,
a combination of thrust and ball bearings are used to support radial and axial loads (as
shown in Figure 3.12).

The complete mechanical CAD drawings of the 14-DOF bipedal robot can be found in
Appendix A.1.
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PARALLEL AXIS

Figure 3.10: Parallel mechanical coupling to allow intersection axis of rotation.

3.4 Summary

The electromechanical design of the 14 DOF bipedal robot had two primary design objec-
tives. The first was to produce enough mechanical power for the biped to achieve walking.
The secondary design objective to keep the overall weight low and raise the COM improves
the controllability of the final design. The initial design process started with basic dynamic
modeling of the lower body. The forward and inverse dynamic models computed with the
RNE algorithm provided a mathematical framework for estimating the torque requirements
at each joint.

Since the end goal is to develop a biped capable of human-like walking, a published dataset
of motion captured human gait was used for the initial dynamic simulation. Using Matlab
toolboxes, the kinematic constraints on each joint (q, q̇, q̈) were imposed on the dynamic
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Ball BearingsBall Bearings

Figure 3.11: Enabling rotational motion of shafts using double shielded ball bearings.

model of the biped. A spring-damper contact model was used to generate an approximate
ground reaction force experienced by the biped while walking. Finally, the initial joint
torque and velocity demands under the estimated gait cycle were obtained through the
dynamic simulations.

These initial design specifications formed the basis for drivetrain selection. The primary
design goal of producing enough mechanical power for bipedal locomotion was addressed
by appropriately sizing motors to the specifications. A combination of DC motors and
precision gearheads were evaluated by analyzing the torque-speed, power, efficiency and
thermal characteristics. The selection process revealed that a set of high and low power
configuration of drivetrain components would meet the specifications while minimizing the
overall weight of the system.

After the drivetrain configurations were established, the secondary design goal of mini-
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Figure 3.12: A combination of thrust and ball bearings used for yaw joints to support
radial and axial loading.

mizing the overall weight and raising the COM were addressed through the mechanical
design of the chassis. A rough guideline for dimensioning the lower body segments (e.g.
thigh, shank) was obtained through anthropometric dimensioning and the desired height
of the lower body. Aluminum 5052 was selected as the material to construct the chassis
frame due to its light weight, fatigue strength and machineability. The power transmission
system (composed of shafts, bearings and gears) connecting the actuators to the linkages
were strategically designed to raise the COM and support the loading during gait.
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Chapter 4

Toolchain Development1

This chapter introduces a rapid prototyping toolchain2 developed to streamline the process
of exporting a prototype design from a CAD software package to generate dynamic simu-
lations with full 3D visualization. Starting from the initial prototype design and drivetrain
specifications in the previous chapter, the design process outlined in Section 4.1 is used to
improve the overall system performance. The toolchain provides an automated two-step
process which begins by exporting key information from CAD (Section 4.2) and ends by
regenerating the equivalent system in a simulation environment (Section 4.3). A case study
is presented in Section 4.4 demonstrating the performance benefits of the proposed toolset.

The electromechanical design and development of multibody robotic systems is an iterative
process, starting from a mechanical model in CAD software, transferring its parameters
to a dynamic simulator for analysis and revising the design to improve the performance
of the system. This process is repeated until the mechanical design achieves some de-
sired goal. The iterative nature of the design and analysis process can often become time
consuming and cumbersome. However, for high DOF multibody systems, the iterative
approach is necessary as small changes in the mechanical design can have a significant
impact on the overall dynamics of the system and the resulting system behaviour as well
as implications for control design. Another popular approach is the use of optimization
tools [99, 100] to determine the optimum design configuration. However, the resulting con-
figuration may not be realizable with the available hardware components and must still be
verified in simulation before hardware implementation. Ravichandran et al. used a hybrid

1A version of this chapter has been accepted for publication at the 2012 IEEE International Conference
on Humanoid Robots [98]

2This work was completed in collaboration with Quanser Inc through the Natural Sciences and Engi-
neering Research Council (NSERC)’s Industrial Postgraduate Scholarship Program.
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evolutionary algorithm which optimizes discrete (e.g. available actuators) and continuous
(e.g. link lengths) design variables to obtain the optimum design configuration which is
realizable with commercial off-the-shelf parts [101]. This approach optimizes the design
for specific tasks with predefined trajectories, which may be impossible to define for some
multibody robotic systems with complex applications (i.e. bipedal robots with on-line gait
generation).

4.1 Design Process

The initial prototype design process of the 14 DOF bipedal robot presented in Chapter 3
illustrates the need for a streamlined toolchain. Prior to obtaining the initial torque es-
timates from dynamics simulations, a basic bare-bones mechanical model of the bipedal
robot was constructed in CAD (with n = 14 joints and m = n+ 1 = 15 links). This initial
mechanical model included arbitrary DC motor models from the manufacturer since the
torque required was yet to be determined. After executing the dynamic simulations using
Kajita’s toolbox for the first time, the torque estimates were used to revise the mechanical
design in CAD with more appropriate motors. However, this design revision altered the
robot dynamics (e.g. increased mass due to larger motors) which effects the joint torques
required to support the updated mechanical model during the estimated gait cycle. The de-
sign process of executing the dynamic simulations, obtaining updated torque estimates and
revising the mechanical model with more appropriate motors was repeated several times.
The process ended once a suitable motor configuration capable of producing the estimated
torque required its own mechanical model was found. The frequent and incremental de-
sign revisions required moving back and forth between the CAD software package and the
dynamic simulation environment. Each design revision required transferring the updated
kinematic and dynamic parameters of the links back to the simulation environment prior
to executing the simulation.

There exists a wide variety of dynamic simulation environments with a range of capabili-
ties [102, 103, 104, 105, 106, 107]. These environments provide a feature-complete package,
which combine an underlying dynamics engine with an interface for visualizing the simu-
lations. The underlying computation engines obtain the complete equations of motion for
the system described by its kinematic/dynamic parameters using techniques including, but
not limited to, Lagrange multipliers [108], Kane’s method [109] and port-based modeling
[110]. The equations of motion are integrated to obtain the system state at each time step.
Most simulators provide support for importing common Virtual Reality Markup Language
(VRML) or Standard Tessellation Library (STL) files generated by CAD tools for visu-
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alization [102, 103]. However, only a few provide direct compatibility with CAD tools to
import kinematic/dynamic parameters for simulation.

Open Architecture Humanoid Robotics Platform (OpenHRP) [104] is a commonly used
dynamic simulation environment for humanoid robots that supports importing VRML
files. However, kinematic and dynamic parameters of the robot are specified as plain text,
making it cumbersome for rapid iterations.

MapleSim [111] is a multibody simulation package that provides limited functionality to
communicate with CAD applications through its MapleSimConnector toolbox. This tool-
box uses the underlying Maple engine with command-line access for retrieving the pa-
rameters of each link. However, the CAD application has to be actively running in the
background and it is left to the user to generate Maple worksheets for batch importing of
the parameters to update the link parameters in MapleSim through its API.

SimMechanics [112] provides mechanical import functionality to generate Extensible Markup
Language (XML) files containing link parameters directly from CAD along with the cor-
responding STL files for visualization. However, there are limitations on how joint con-
straints are defined in CAD to successfully generate an equivalent model in Simulink.
Another drawback of this approach is that the visualization generated during simulations
significantly impacts the simulation speed.

4.2 CAD Export

An add-in was developed for CAD software package SolidWorks to export a multibody
system for dynamic simulations in Simulink with realtime visualization. Consider a stan-
dard multibody system with n joints and n + 1 links. The links are numbered from 0
(base) to n and each jointi connects linki−1 to linki. The mechanical design of each link is
represented by its own CAD assembly (or part) file. The coordinate system at the origin
of this CAD file is treated as the local coordinate system xyzi rigidly attached to the link
i. The top-most CAD assembly (referred to as the master assembly) contains all n + 1
links as subassembly files connected and constrained by the mechanical relationship which
defines the behaviour of each joint n. For example, a revolute joint connecting two link
subassemblies is defined by the appropriate constraints (e.g. concentric relationship).

The add-in for SolidWorks uses this master assembly file as a starting point to export the
multibody system for dynamic simulations. Once installed, a new tab is added directly in
SolidWorks (as shown in Figure 4.1) presenting the user with several export options. The
initial export process prompts the user with a flat list of all subassemblies in the current
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Figure 4.1: The exporter add-in for SolidWorks (named Quanser Exporter in the Solid-
Works tab) to capture relevant physical and visualization data.

file via a Model Organizer interface (shown in Figure 4.2). Each subassembly is treated
as a node that can be ordered (through a drag-and-drop interface) to form the desired
kinematic tree/chain hierarchy.

4.2.1 Physics Export

Each link subassembly is parsed in the order defined in the Model Organizer window to
extract key kinematic/dynamic parameters. All numerical values (e.g. distance between
links) are extracted directly using CAD tools. Assuming that the system is in the home
configuration at the time of export, the relative frame transformations T i−1

i between sub-
sequent frames are extracted in accordance with the kinematic hierarchy defined in the
Model Organizer. The absolute frame transformations T 0

i are also computed with respect
to the base link (if the base link is fixed in the master assembly file). For floating base
systems (i.e. base link has 6 DOF), the absolute frame transformations TW

i are taken with
respect to the coordinate system of the master assembly file (world frame). The mass and
dynamic properties are extracted with internal CAD tools in the local coordinate system
of the link subassembly file. The mass, distance to the center-of-mass (COM) and inertia
tensor of the link (at the COM position) are extracted.

The add-in captures these key parameters and generates a structured XML file. An XML
node is generated for each link containing the extracted kinematic/dynamic parameters
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Figure 4.2: The Model Organizer window used to define the kinematic hierarchy of links
during initial export.

(as shown in Figure 4.3). Furthermore, each XML link node is organized in accordance
with the kinematic hierarchy of the system. As a result, the add-in captures the entire
physical description of the multibody system in a portable, language-independent file.

4.2.2 Mesh/Scene Export

In addition to exporting the physical description of the model, the exporter add-in also
generates files for visualization. These files can be used in conjunction with dynamic
simulations to provide the user with visual feedback of the system under control. Some
dynamic simulators (SimMechanics, MapleSim) currently allow users to specify a VRML
file for each component of the multibody system. While SolidWorks currently has some
support to export VRML files for each link subassembly individually, there are no options
to generate the 3D meshes in X3D format (successor to VRML).

The toolchain provides automatic batch generation of full 3D meshes in the X3D format
for each link subassembly. Once the export process has been initiated, the meshes are
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Figure 4.3: Example of kinematic and dynamic parameter extraction straight from CAD
model stored in the exported XML file.

extracted for each link subassembly in the master assembly file directly from the CAD
layout. Figure 4.4 shows the X3D mesh generated from a link subassembly in CAD. Each
mesh is aligned with the local coordinate system of the link such that there is a direct
mapping between the visualization and the physical model.

The overall mesh generation process is optimized for complex multibody systems. A
typical CAD subassembly representing each link may contain hundreds of smaller CAD
part/assembly files. During the mesh generation process the add-in creates a new flat-
tened version of each link subassembly and discards any visual details not visible on the
surface. The surfaces of this flattened model are tessellated to generate the mesh file for
each link. As a result, the mesh files are light weight and this helps speed up the rendering
process.

The output mesh files are stored in the same directory as the XML file containing the
physical description of the system. Furthermore, each link XML node is also updated
with a complete path to its corresponding mesh file alongside the kinematic/dynamic
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Figure 4.4: Equivalent X3D mesh file (shown on the right) generated directly from CAD
layout (shown on the left) for a single link subassembly.

parameters. The add-in also generates a scene file from the CAD master assembly. This is
a parallel XML file which contains a complete visual description of the system from CAD.
The scene file contains a list of all links alongside their corresponding mesh files. These
meshes are then organized in accordance with the kinematic tree/chain hierarchy provided
by the user in the Model Organizer.

As a result, the scene file recreates the visual layout of the complete multibody system
from the CAD master assembly file. This file encapsulates the full multibody system in a
format which is compatible with the 3D visualization blocks that are packaged with the
QUARC toolbox. In addition to the model itself, additional supplementary mesh files (e.g.
ground plane) are imported into the scene for visualizing the environment.
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4.2.3 CAD Update

With minimal user input, the add-in captures a complete physical and visual description
of the system in its current state. However, the main benefit of this toolchain becomes
apparent after the initial export. Once the user defines the structure of the system (kine-
matic hierarchy and joint definitions) through the Model Organizer, it is stored in memory
for later use. Subsequent updates to the CAD model can be exported with a single click if
the overall structure of the links and joint definitions do not change.

This allows the user to export a model for simulation from CAD, analyze the behaviour
of the system under control, tweak the mechanical design and immediately re-export the
revised model for simulation. For example, increasing the length of a link may alter its
dynamic properties while the overall kinematic structure remains the same. The revised
CAD model with increased link length can be exported with a single click. The export
process simply recalls the structure of the system and regenerates the XML files with
updated kinematic/dynamic properties. The add-in also allows the user to regenerate only
the mesh file for the updated link to reflect the changes in CAD. This process makes it
fast and easy for rapid iterations during the design phase.

4.3 Model Generation

The XML files exported by the add-in encapsulate the relevant CAD model information
into structured and portable files. One of the key advantages of this approach is that the
information in these files can easily be parsed to generate an equivalent model in most dy-
namic simulators. A model generation counterpart was developed for the Matlab/Simulink
environment which uses SimMechanics for multibody dynamic simulation and Quanser’s
QUARC toolbox for 3D visualization. This provides a semi-automated toolchain for de-
signing robotics and/or mechatronic systems.

The model generation approach provides several Matlab functions, scripts and libraries to
parse the files exported by the SolidWorks add-in and generate the equivalent mechanical
system in Simulink. The generated Simulink model contains (a) SimMechanics blocks
with the link kinematic and dynamic parameters from CAD and (b) visualization blocks
from QUARC libraries with the link meshes and scene file. The generated physics and
visualization counterpart is pre-populated with CAD data and connected according to the
kinematic hierarchy of the system defined in the Model Organizer.

The model generation process is initiated by calling a function in the Matlab terminal inside
the CAD export folder. By default, this approach generates a physical subsystem (i.e. the
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plant) for forward dynamics simulation, whose output drives a generated visualization
subsystem. The user can also generate an inverse dynamics model through the command
line.

4.3.1 Physical Model

The physical model generation process parses the XML output files in the export folder to
create a CAD-equivalent system in Simulink. In order to streamline the process, a library
of masked link subsystems representing common link configurations (shown in Figure 4.5)
was developed. Each of these subsystems contains a combination of SimMechanics joint,
body, actuator and sensor blocks to represent a combination of jointi and linki (shown in
Figure 4.6).

Figure 4.5: The standard link subsystems for physical model generation with prepopulated
kinematic and dynamic parameters from CAD.

The input to each link subsystem (CS1) is a connection from linki−1 and the driving signal
for the joint. The output of the link subsystem is its local coordinate system (CS2) and
the joint sensor signals. The joint actuator/sensor signals are set depending on the type
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of dynamic simulation. By default the model generation process configures the physical
model in forward dynamics mode so the joint actuator port is connected to the force/-
torque command input for jointi and joint angle/displacement is measured at the output.
Alternatively, for the inverse dynamics simulation, the joint acceleration is set as the input,
while the joint force/torque is the output. The output coordinate system of the jointi block
is connected to a SimMechanics body block representing linki. The masked parameters
are preconfigured to set the local dynamic properties (e.g. COM position, inertia tensor)
and relative frame transformation appropriately.

Figure 4.6: SimMechanics blocks used to compose each CAD-equivalent link subassembly
in Simulink

Each link subassembly from CAD is recreated with a link subsystem from the library
depending on the link type. The masked parameters are populated with the kinematic
and dynamic parameters from the corresponding XML link node. The overall hierarchy of
links is parsed and each link subsystem is connected accordingly. The model generation
process also automatically handles the signal routing from the input/output ports of the
physical model. In the default forward dynamics configuration, the n × 1 torque/force
vector is connected to all joint actuator blocks and the output signals from the sensors
are also routed accordingly. For the inverse dynamics case, the vector of joint positions,
velocities and accelerations are connected to the joint actuator blocks and the sensors are
preconfigured to output the resulting torque/force vector.

In addition to the link subsystem, a ground block representing the coordinate frame of
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the CAD master assembly is connected to the base link0. The entire process of creating
an equivalent model for dynamic simulation is automated. The user simply calls the
appropriate function and the generated physical model subsystem is placed in a new (or
existing) Simulink diagram.

4.3.2 Visualization Model

The visualization model generation process generates a single subsystem containing blocks
to initialize and drive the scene file generated from CAD. The mesh for each link in the
kinematic chain is driven by the output of the generated physical model (forward dynamics
subsystem) so that there is a 1:1 mapping between the plant and what is being rendered
by the visualization. When a simulation is running, an external 3D viewer application
(part of the QUARC toolbox) is used to render the scene in real-time using OpenGL
(CAD-equivalent visualization scene file shown in Figure 4.7).

Figure 4.7: CAD master assembly shown on the left is used to automatically generate the
meshes and scene file to recreate the visualization shown on the right.
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This approach allows the user to receive immediate visual feedback of the CAD model
under the influence of control. This also allows the user to make changes to the mechanical
design from visual observations (e.g. quick changes to improve joint limits).

4.3.3 Model Update

The exporter add-in makes it possible to make changes to the mechanical design in CAD
and generate the new kinematic and dynamic parameters immediately. After the initial
model generation from CAD data, these new changes can be reflected back into the dynamic
simulation by simply calling the update function. The update functionality also allows
the user to specify the path to the previously generated physical model. The masked
parameters on each link subsystem inside this model are simply updated with the new
changes while the signal routing and everything else is left intact. The updated mesh files
are loaded by the QUARC 3D viewer during the next simulation run.

This streamlines the iterative design process by allowing a user to export a system from the
add-in and generate the CAD-equivalent physical/visual model in Simulink. The behaviour
of the system can then be analyzed in dynamic simulations to revise the CAD design. Once
the new changes are applied, the revised parameters are easily exported back into dynamic
simulations for further analysis.

4.4 Case Study

This toolchain was used to improve the initial design of the 14 DOF lower body humanoid
robot3 discussed in Chapter 3. The toolchain was used to quickly analyze the effects of
design revisions (e.g. compare motor positioning) in simulation prior to manufacturing.
The complete initial export and model generation process takes about two minutes for
the 14 DOF bipedal robot. Since the kinematic hierarchy and joint information is stored
during the initial export process, subsequent exports take around thirty seconds to reflect
the design revisions from CAD back into the dynamic simulator.

3A video demonstration of the toolchain being used is available online at:
https://ece.uwaterloo.ca/~dkulic/videos/Humanoids2012-480p.mp4
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4.4.1 Dynamic Simulations

The proposed toolchain was used during the design phase to estimate the torques at each
joints for appropriate motor sizing. Note that the mechanical design in CAD includes the
selected motor models from the manufacturer. Changes to the mechanical design such
as motor positioning and material of the links can significantly alter the torques required
at some joints. In these situations it is useful to make incremental changes to analyze
their impact on the system performance and immediately use this knowledge to tweak the
design.

A common motion for humanoid robots is the bending of the knee and hip joints while
a foot is swinging over during the gait cycle. During this phase, the motors at the hip
joint must carry the overall weight of the leg below it. The choice of actuators on the leg
plays a crucial role in its overall weight and as a result, also plays an important role in the
torques required at these joints. Similarly, when the swing foot comes into contact with
the ground, the knee joint absorbs a significant amount of torque so the motors must be
sized appropriately.
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Figure 4.8: Hip and knee joint torque requirements while a leg is raised for different sets
of motors at the joints.

By using the toolchain, the user can maintain multiple configurations of the same mechan-
ical design in CAD and export them for direct comparison with the dynamic simulator.
Since the model is already defined, exporting each configuration takes less than a minute.
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The parameters of these configuration files can be used along with the model update feature
to simulate each configuration and compare the results. In the case of bending the knee
and hip joints, there may be several choices of motors which alter the system performance
(due to large masses further down the leg). The torque profiles of each joint can be ana-
lyzed in the simulation (as shown in Figure 4.8) to select the most desirable configuration.
The dotted and solid lines represent the heaviest and lightest motors, respectively. The
dashed line represents the motor set with medium weight (between the heavy and light
motors). The toolchain allows for fast incremental changes to revise the mechanical design
and compare the torque requirements.

4.4.2 Visualization

Additional meshes can also be added to the scene to serve as visual aids. For example,
coordinate systems can be visualized during simulation by attaching arrow meshes to each
link. Alternatively, common Simulink blocks can be used to determine if a particular joint
is out of its limits and use the resulting signal to drive the colour of the mesh file (i.e. turn
a link red if the joint is out of its limits). A particularly useful visual aid for floating base
multibody systems is the ability to see where the COM of the system is during simulation.
An additional mesh can be added to the scene driven by the COM calculation from forward
kinematics at each time step. The use of this visual aid is shown in Figure 4.9.

Table 4.1: 60s Dynamic Simulation Runtime

Configuration Runtime (s)

No Visualization 47.50
SimMechanics Visualization 367
Proposed Toolset Visualization 49

By having the visualization rendered in an external application, the proposed toolchain
is capable of running simulations much faster than the built-in 3D viewing capabilities
of SimMechanics. This is due to the fact that SimMechanics is unable to parallelize the
multibody simulations and visualization. This increase in runtime speed is especially useful
during the design phase where rapid iterations are common. The runtime for a 60s dynamic
simulation4 at 1KHz with visualization is compared in Table 4.1. If the viewer is also being

4The simulations were executed on a standard PC available at the time of writing (2.4GHz Intel Core
2 Duo, 4 GB RAM).
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Figure 4.9: Realtime visualization during simulations allows the user to get immediate
visual feedback on important information like COM position.

used to render the 3D mesh for each link through supplied VRML files, it takes much longer.
In contrast, the proposed toolchain takes a fraction of the time for the exact same system to
be simulated. The simultaneous visualization using the QUARC visualization toolset has
little or no impact on the simulation speed. In fact, running the same dynamic simulation
without the QUARC visualization toolset only reduces the overall runtime slightly.

4.5 Summary

A streamlined toolchain was developed to enable rapid prototype development of complex
multibody systems. The design process for these systems starts from a mechanical design
in CAD, transferring the kinematic/dynamic parameters to a dynamic simulation envi-
ronment for analysis and revising the design to improve its performance. While a wide
range of dynamic simulators already exist, very few of them provide the functionality to
directly import the kinematic/dynamic parameters from CAD. The toolchain provides a
semi-automated two-step process for extracting the relevant parameters from CAD and
automatically generating the equivalent model in a dynamic simulator.

The CAD export process is activated through a native plug-in developed for SolidWorks.
The plug-in processes each link subassembly file to extract key physical parameters (kine-
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matic/dynamics) and tessellates the surface of each link to generate a 3D mesh for vi-
sualization. During the initial export, the user is presented with a simple drag-and-drop
interface to specify the kinematic hierarchy of links and joint definitions for the system.
The extracted physical and visualization data are stored as XML files in subdirectory for
subsequent model generation.

By storing the extracted data in the universal XML format, routines can be programmed to
regenerate the CAD-equivalent model for almost any dynamic simulator. A model genera-
tion counterpart was developed for the MATLAB/Simulink environment. Calling a single
function in MATLAB automatically parses the exported data and generates full dynamic
simulations in Simulink using SimMechanics and 3D visualization using the QUARC tool-
box. After the initial model generation, subsequent exports only update the physical model
parameters and/or visualization blocks enabling faster design iterations.

The toolchain was used extensively during the design and development of the 14 DOF
biped, demonstrating its usefulness in designing a physical robot. Through the use of
visualization aids (i.e. for COM and ZMP position), it was very easy to analyze the
behaviour of the initial electromechanical design (from Chapter 3) under control action.
The forward dynamics and 3D visualization generation proved to be a tremendous benefit
during the development of the walking control strategy discussed in the following chapter.
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Chapter 5

3D Foot Placement Estimator and
Gait Generation1

This chapter extends the Foot Placement Estimator (FPE) algorithm for 3D bipedal robots.
Section 5.1 presents the method of extending the existing 2D theory (reviewed in Sec-
tion 2.2.5) to 3D movement. The proposed algorithm selects a 2D plane in the chosen
direction of motion and generates trajectories to produce a forward momentum along the
plane. A whole-body motion control framework coupled with a finite state machine is used
to track the generated trajectories and form complete gait cycles. The toolchain described
in the previous chapter is used to generate dynamic simulations for the 14 DOF bipedal
robot and the proposed extension to 3D is validated (Section 5.2).

The remainder of this thesis assumes a 3D bipedal robot with n actuated degrees of freedom
(DOF) and n + 6 generalized coordinates defined by (3.2). The biped’s local coordinate
system oxyz rigidly attached to the floating base is shown in Figure 5.1. The xz and yz
planes form the biped’s local sagittal and frontal planes, respectively.

5.1 FPE Extension to 3D

In order to extend the FPE approach to the 3D case, the concept of generating complete
gait cycles described in Section 2.3.6 is revisited. The primary goal of the first three states
in each step cycle (PUSH, LIFT and SWING) is to force the biped into an unstable

1A version of this chapter has been submitted to the 2013 IEEE International Conference on Robotics
and Automation
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Figure 5.1: Local coordinate system for the 3D 14 DOF bipedal robot.

configuration so that the FPE algorithm can be used to regain stability in the terminal
state (DROP).

To extend the 2D algorithm to the general 3D case, we begin by selecting a suitable plane
in 3D space as the sagittal plane for motion. The frontal plane is perpendicular to the
sagittal plane and the ground. In the proposed approach, the goal of each step cycle is to
control the motion of a 3D bipedal robot to generate a forward moving momentum along
the selected sagittal plane. Upon entering the terminal state, the FPE equation (2.11) is
solved on the selected plane to determine the swing foot placement and ultimately regain
stability. Unlike the 2D case, consider a 3D bipedal robot with finite foot length and width
rather than a biped with point feet as demonstrated in [7]. The larger size of the region of
support increases robustness to the approximation errors of simplifying the 3D dynamics
to a 2D plane.
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5.1.1 Sagittal Plane

To select an appropriate sagittal plane for a 3D bipedal robot, a vertical plane which
lies between the current position of the stance foot and the desired direction of motion is
chosen. For a 3D biped walking in a forward motion, this plane is chosen as the vertical
plane passing through the midpoint between the hips and parallel to the direction of forward
progress (as shown in Figure 5.2). For side-stepping motion, the frontal plane through the
stance foot in the direction of the side step is chosen as the plane of motion (as shown in
Figure 5.3).

The motion of the biped is controlled based on the selected plane for the duration of the
step cycle. During gait initiation, the lines from the COM to the contact points are of
length L, and the leg separation angle is β (similar to the planar case). If the motion
of the biped is constrained along this plane, the FPE angle φ can be used to determine
foot placement to regain stability. The parameters required to solve the FPE equation are
projected onto the selected plane (additional details are provided in Section 5.1.5).

Upon impact, the angle φ converges to β/2 and a new sagittal plane can be selected for
the subsequent step cycle prior to the swing leg entering the PUSH state. Once selected,

Figure 5.2: Sagittal plane selection (shown as translucent gray) for forward walking.
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Figure 5.3: Sagittal plane selection (shown as translucent gray) for side-stepping.

the stance foot is rotated for alignment and swing leg trajectories can be generated along
the plane. By selecting a plane between the current and desired directions of motion, this
approach can achieve turning with each step.

5.1.2 Trajectory Generation

Once the sagittal plane has been identified at the beginning of each step cycle, appropri-
ate task space trajectories must be generated for the COM (xCOM) and the swing foot
(xSWING). In the 2D case, the main goal of the initial states PUSH, LIFT and SWING
was to achieve enough forward motion to destabilize the biped. In the 3D case, the robot
must also remain stable in the off-sagittal plane while achieving the desired sagittal plane
motion. If the ZMP leaves the region of support formed by the stance foot as the swing
foot is lifted, the biped begins to fall in the off-sagittal plane and the solution to the
2D FPE equation is insufficient to maintain stable gait. To ensure both forward progress
and off-sagittal plane stability, the generated trajectories for xCOM are shown in Figure 5.4.

PUSH: xCOM is moved above the leading stance foot to maintain stability in the off-
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LIFT SWINGPUSH

Figure 5.4: Trajectory for xCOM to ensure forward progress and off-sagittal stability.

sagittal and sagittal planes.

LIFT: xCOM is held at its current location (above stance foot) while the swing foot is
lifted from the ground to achieve sufficient clearance.

SWING: xCOM is held in place until the swing foot is aligned with the stance foot in
the off-sagittal plane. At this point the xCOM is deliberately pushed outside the region of
support in the sagittal plane direction.

A similar approach is used to generate trajectories for xSWING to achieve the desired
behaviour of generating enough momentum to destabilize the biped in the sagittal plane
while maintaining stability in the off-sagittal plane. Trajectories for xSWING (illustrated
in Figure 5.5) are always computed to align with the sagittal plane formed by the stance
foot at the start of the step cycle. This ensures that the solution to the 2D FPE equation
remains valid as the DROP state is entered.

PUSH: xSWING is held in place as the xCOM trajectory is tracked.

LIFT: xSWING follows a ramped trajectory to simultaneously raise the foot off the ground
and move it forward in the sagittal plane.

SWING: xSWING follows a straight line trajectory at a specific ground clearance (shown
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as hLIFT on Figure 5.5) until it reaches the FPE angle φ or the biped is unstable.

The ramp trajectory used to raise the swing foot during LIFT should be parameterized
in terms of the velocity of the FPE point so that this state transitions faster in the event
of larger disturbances (since the biped would have a shorter amount of time to swing the
foot over and catch itself).

Depending on the supervisory control mode (i.e. WALK or STAND), the swing leg
trajectory can be adjusted to implicitly achieve a desired goal. During WALK mode, the
swing foot trajectory tracks a point on the ground slightly behind the FPE point. This
under stepping behaviour results in the biped having enough forward moving momentum
when the swing foot comes in contact with the ground such that the biped is unstable.
As a result, the FPE point is continuously moving forward causing the state machine to
transition into the opposing foot’s LIFT state upon contact. In the STAND mode, the
swing foot trajectory is adjusted to overstep the FPE point so that the biped comes to a
stop following this step.

z

x
PUSH LIFT SWING

hlift

Figure 5.5: Trajectory for xSWING along the selected (sagittal) xz-plane.
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5.1.3 Control Strategy

A hybrid control strategy is used to simultaneously maintain stability in the off-sagittal
plane, achieve sufficient forward momentum along a selected sagittal plane and ultimately
track the FPE location to regain stability by taking a step. Similar to the approach
presented in [7], this approach uses a state machine to transition through the step sequence
with each state having a local controller.

During the initial states of the step cycle, whole body motion control is used to track the
xCOM and xSWING trajectories described in Section 5.1.2. To generate the corresponding
joint level trajectories, the Jacobian matrix is used to map between the task space and the
joint space velocities:

J =
[
∂qact ∂xbase

]
m×(n+6)

(5.1)

A prioritized task space control scheme is used to generate joint level trajectories which
simultaneously achieve state goals while satisfying the highest priority constraint (i.e. hold-
ing the xCOM position). The state-dependent joint level trajectories can be computed by
projecting the lower priority task space goals onto the null space of higher priorities:

q̇ref = S(J#
HẋH + NHJ#

L ẋL) (5.2)

Where, S =
[
In×n 0n×6

]
is the actuator selection matrix for (3.3), J# is the psuedoinverse

of the Jacobian J, q̇ref is the reference joint velocity, and ẋH and ẋL are the high and low
priority task space velocities, respectively. JH are JL are the corresponding high and low
priority Jacobians, and NH = I−J#

HJH is the null space projection matrix. The reference
joint velocities are integrated to obtain the reference command signal to be tracked by high
gain local Proportional-Derivative (PD) controllers.

5.1.4 State Dependent Controllers

This section presents the specific controller formulation used during each state of the gait
cycle.
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STAND

The goal during this state is to maintain the COM position at the geometric centroid of
both feet. In order to remain stable under small disturbances, the Jacobian under double
support phase is used to compensate for the error ∆xCOM in the x and y directions.

JH =

JSTAND

JSWING

JCOM

ẋH =

 0
0

ẋCOM


JL =

[
0
]

ẋL =
[
0
]

(5.3)

PUSH

The goal during this state is to track the trajectory generated for xCOM to move to the
stance foot support region while remaining in the double support phase. An augmented Ja-
cobian matrix is used to track the trajectory while simultaneously maintaining the foothold
constraints.

JH =

JSTAND

JSWING

JCOM

ẋH =

 0
0

ẋCOM


JL =

[
0
]

ẋL =
[
0
]

(5.4)

The joint level reference velocities are calculated from (5.2) and integrated to obtain the
position command.

LIFT

In the lift stage, the highest priority task is maintaining the foothold of the stance foot,
holding the xCOM directly above it and simultaneously raising the swing foot from the
ground. The key challenge in this state is that lifting the swing foot can potentially cause
the centre of pressure to leave the support region formed by the contact points of the stance
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foot. The prioritized task space control scheme is used to generate joint level commands
to track the xSWING trajectory while satisfying the higher priority goal of maintaining the
foothold and balance.

JH =

[
JSTAND

JCOM

]
ẋH =

[
0

ẋCOM

]
JL =

[
JSWING

]
ẋL =

[
ẋSWING

]
(5.5)

The joint level reference velocities are calculated from (5.2) and integrated to obtain the
position command.

SWING

At this point, the goal of the control approach is to generate a forward moving momentum
along the selected sagittal plane. This deliberately destabilizes the biped by pushing xCOM

outside the region of support in the chosen direction of motion. The task space prioritiza-
tion in this state remains consistent with the previous state until the biped is unstable, at
which point the control strategy enters the terminal DROP state.

JH =

[
JSTAND

JSWING

]
ẋH =

[
0

ẋSWING

]
JL =

[
JCOM

]
ẋL =

[
ẋCOM

]
(5.6)

The joint level reference velocities are calculated from (5.2) and integrated to obtain the
position command.

DROP

In this terminal state, the Jacobian is used to track the fixed stance foot position and the
generated swing foot trajectory to track the FPE point on the ground. Since the ZMP is
outside of the region of foot support during this state, the torso is treated as a fixed base
link and compute the Jacobian matrix of each foot.
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JH =

[
JSTAND

JSWING

]
ẋH =

[
ẋSTAND

ẋSWING

]
JL =

[
0
]

ẋL =
[
0
]

(5.7)

CONTACT STABILIZATION

With an arbitrary 3D biped with finite sized (non-point) feet, it is possible for the biped
to land on the edge of the foot instead of landing perfectly above the FPE point on the
ground. Once ground contact is made, the solution to the FPE equation is no longer
valid (since a real biped will not have instantaneous transfer of balance). To handle this
behaviour, a stabilization substate is used where the joint level control is computed directly.
At this point, trajectories are generated for the ankles to align the surface of the foot with
the ground and switch to high gain PD control for tracking. This ensures that both feet
are in full contact with the ground prior to executing the opposite leg’s gait sequence.
The biped-ground contact interface is shown before and after the stabilization substate in
Figure 5.6.

Figure 5.6: Ground-foot contact shown for before (left) and after (right) contact stabiliza-
tion.
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5.1.5 Computing the FPE Parameters

The 2D FPE equation (2.11) requires the total inertia about the COM (ICOM) and average
angular velocity about the pivoted fixed foot (θ̇avg). In the 2D case, the moment of inertia
for link k is a scalar value since there is only one plane of rotation. The total inertia about
the COM is computed by summing the moment of inertia for each link in the system. In
the 3D case, the moment of inertia for each link is a 3× 3 tensor:

Ik =

 Ixx Ixy Ixz
Iyx Iyy Iyz
Izx Izy Izz

 (5.8)

The inertia tensor of each link is taken at the COM aligned with the local coordinate
system. If the xz-plane is selected as the sagittal plane in 3D space, the moment of inertia
of link k is the Iyy term. However, in the 3D case the motion of the biped is no longer fixed
to a single plane of rotation. By attaching a fixed coordinate frame to the selected sagittal
plane at the start of each step, the orientation of the sagittal plane can be expressed as a
3× 3 rotation matrix R. The local inertia tensor can be rotated into the selected sagittal
plane’s coordinate frame by:

Ik,sagittal = R · Ik ·RT (5.9)

Then the effective moment of inertia of each link projected on to the selected sagittal plane
can be obtained by transforming the inertia tensor with (5.9) and pulling out the Iyy term,
Ik,yy. The total inertia about the COM can then be computed by summing the effective
inertia of each link on the sagittal plane:

ICOM =
n∑

k=1

Ik,yy (5.10)

The average angular velocity is computed as a weighted sum of the inertia of each link [8].
In the 3D case, the same equation is used with the effective moment of inertia of each link
on the sagittal plane:

θ̇avg =

n∑
k=1

Ik,yyθ̇k

n∑
k=1

Ik,yy

(5.11)
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The angular velocity of each link θ̇k is obtained by rotating the joint velocity (expressed
as a 3 × 1 vector with q̇k in the row represented by its local axis of rotation) to the fixed
frame of the sagittal plane.

The parameters computed with (5.10) and (5.11) are plugged in to the 2D FPE equation
(2.11) and the solution (φ) is obtained with a non-linear equation solver.

5.2 Simulations and Results

The proposed control strategy to extend the FPE theory to 3D was implemented in sim-
ulation on a 14 DOF lower body bipedal robot. Each state of the control strategy was
implemented in the Matlab/Simulink environment with the multibody dynamics simula-
tion by SimMechanics. Accurate kinematic and dynamic properties of the physical robot
were taken directly from the CAD model through the toolchain model generation process
(as discussed in Section 4.3). The controller diagram shown in Figure 5.7 implements
the control strategy presented in this section. The subsystems from the outer most loop
working inwards are described as follows:

1. State Machine
Finite state machine logic was implemented in StateFlow as shown in Figure 5.8.
The state names follow the same convention as the 2D FPE case (shown in Fig-
ure 2.9) while the transition logic is updated for the 3D case described in Sec-
tion 5.1.4.
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Figure 5.7: Controller diagram of 3D FPE based walking control strategy implemented in
Simulink.
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2. Trajectory Generator
Generates the task space COM (xCOM) and the swing foot (xSWING) trajectories
detailed in Section 5.1.2 based on the current state of the controller. Also uses
the higher level supervisory control mode (i.e. WALK or STAND) to adjust the
trajectory generation for understepping/overstepping the FPE point.

3. Foot Placement Estimator
Computes the FPE parameters about the COM (ICOM , θ̇avg) for the 3D case
(detailed in Section 5.1.5) and solves the FPE equation (2.11) using a numerical
methods-based nonlinear solver from [7].

4. Task Controller
Provides the state dependent control logic for the whole body motion control frame-
work in Section 5.1.3. The resulting joint space velocities are integrated to obtain
the joint position reference command. The contact stabilization substate used in the
second half of DROP is also implemented here to generate joint level trajectories
directly.

5. Joint Controller
High gain joint level PD controllers with gain scheduling based on the current state
of the control strategy. The output of this block (τ ) is used to drive the forward
dynamics simulation generated with the toolchain.

The simulations are executed with a fixed step Runge-Kutta solver at 1KHz. The forward
dynamics generated with the toolchain drive the simultaneous 3D visualizations in an
external viewer application.

5.2.1 Contact Modeling

The initial spring-damper contact model discussed in Section 3.1.3 was replaced with a more
complex version to accurately model the ground/foot dynamics. The Hunt and Crossley
contact model [113, 114] generates a normal force using a non-linear spring-damper system
defined by:

Fnormal = bzpżq + kzn (5.12)
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Where z, ż are the penetration depth position and velocity, respectively. The constants
k, b are the spring-damper coefficients and n, p, q are tunable constants. Equation (5.12)
provides the ground reaction force in the normal direction only. The tangential (frictional)
contact forces were modelled by:

Ftangential = fẋ (5.13)

Where ẋ is the tangential velocity of the contact point (in the x and y directions) and f
is a tunable constant. The forces generated by (5.12) and (5.13) ensure that there are no
discontinuities when ground contact is made. This contact model was chosen as a good
trade-off between accuracy and computational efficiency, and does not model all aspects
of physical contact. A separate dynamic simulation model was generated to hand-tune the
contact model constants to emulate a stiff ground. The final (tuned) parameters used for
dynamic simulations are provided in Table 5.1.

It was found that stiffening the ground contact by raising the model constants would
produce singularities with fixed time step simulations at 1 KHz. Reducing the time step
helped avoid singularities but the simulation runtime drastically increased.

RIGHTSWING

RDROP
state = RightDrop;

RSWING
state = RightSwing;

RLIFT
state = RightLift;

RPUSH
state = RightPush;

LEFTSWING

LPUSH
state = LeftPush;

LLIFT
state = LeftLift;

LSWING
state = LeftSwing;

LDROP
state = LeftDrop;

STANDINGSTILL
state = StandStill;

[GroundContact (rp) && WalkMode (mode, rp, lp)]
2

[ WalkMode (mode, rp, lp) ...
|| Unstable (fpe, rp, lp) ]

1

[GroundContact (rp) ...
&& StandMode (mode)]

1

[GroundContact (lp) ...
&& StandMode (mode)]

1

[ WalkMode (mode, lp, rp) ...
|| Unstable (fpe, lp, rp) ]

2

[GroundContact (lp) && WalkMode (mode, lp, rp)]

2

[abs(phi- FootAngle (rp, com)) ...
<= PHITOL]

[rp[h] >= GNDCLR]

[fpe > lp[x] + FPETOL]

[fpe > (rp[x] + FPETOL)]

[lp[h] >= GNDCLR]

[abs(phi- FootAngle (lp, com)) ...
<= PHITOL]

Figure 5.8: Finite state machine implemented in StateFlow for 3D FPE-based walking
control strategy.
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Table 5.1: Tuned contact model constants.

Parameter Value

f 10
k 2000
b 10
p 1.10
q 1.00
n 2.31

5.2.2 Side-to-Side Stepping

To demonstrate the dynamic stability of a 3D biped under this approach, the frontal plane
was selected as the plane for motion. Forward motion along this selected plane results in
a side-to-side stepping sequence for the biped (as shown in Figure 5.9). The gray plane in
the frame captures moves along the y-direction (biped’s frontal plane). The intersection of
the gray plane and the ground indicates the FPE point tracked during DROP.

The resulting xCOM trajectories from simulating the side-to-side stepping motion (shown
in Figure 5.10) demonstrate the stability of the biped through a complete gait sequence.
Note that in side-to-side stepping, the biped simply rocks back and forth (i.e. there is no
forward progress along the plane of motion). The oscillations at 12s and 25s are due to
the contact stabilization substate (as shown in Figure 5.6) attempting to evenly distribute
the ground reaction force over soles of both feet against a soft contact model.

The prioritized motion control framework handles the dynamic switching of constraints
(from double support to single support) while generating the appropriate joint level com-
mands for swinging the COM over. The colour coded dotted lines on Figure 5.10 indicate
the boundaries of each foot on the ground. Note that during the SWING state, the COM
is pushed outside the region of support (around 11s). This in turn initiates the DROP
state where the FPE point is tracked to regain stability.

Figure 5.9: Frame captures from the real-time 3D visualization while side-to-side stepping.
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In the terminal DROP state, the swing foot trajectory tracks the FPE point on the ground
(shown in Figure 5.11) with an added offset to ensure that the biped oversteps to guarantee
stability (as per the 2D FPE theory). Once ground contact is made (around 11.6s), the
stabilization substate is entered and the swing foot trajectory is controlled directly to align
the foot with the ground. This causes the biped to rock back and forth (similar to the 2D
case) until stability is reached.

5.2.3 Forward Walking Gait

Forward walking is achieved by selecting the biped’s sagittal plane as the direction of
motion. The frame captures from forward walking simulations are shown in Figure 5.12.
The key challenge is maintaining stability in the off-sagittal plane while the swing foot is
raised off the ground during the LIFT state. The xCOM trajectories shown in Figure 5.13
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Figure 5.10: COM trajectory being tracked during the complete gait sequence of side
stepping.
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demonstrate the dynamic stability in the off-sagittal plane while forward progress is made
along the chosen direction of motion. The gait cycle in the forward walking direction is
slow due to the use of a soft contact model to enable simulations at 1 KHz. The softer
contact model also requires a longer stabilization period (around 5s) once ground contact
is made to ensure that the foot is perfectly stable and aligned with the ground plane before
proceeding. The proposed trajectory generation for xCOM illustrated by Figure 5.4 can be
seen at 8s and 22s when the COM is pushed outside the region of support once the swing
foot is aligned.

The alternating foot trajectories on the selected sagittal plane during a complete gait cycle
are shown in Figure 5.14. The first step is taken with the left foot tracking xSWING

(between 5-12s). The DROP state is entered around 12s and the left foot tracks the
xSWING trajectory given by FPE + FPEoffset to ensure over stepping. Once ground
contact is made, the contact stabilization substate is used to straighten both feet and
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Figure 5.11: Swing foot tracks a point on the ground given by FPE + FPEoffset to ensure
overstepping.
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Figure 5.12: Frame captures from the real-time 3D visualization with forward walking gait.

spread the ground reaction force evenly (around 12-14s). The step cycle begins for the
right leg from 15s to complete the gait sequence.

The FPE trajectory along the forward walking direction is shown in Figure 5.15. The FPE
location on the ground is tracked (with an offset) to regain stability around 12s by the
swinging left foot and again around 25s by the swinging right foot. The FPE location also
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Figure 5.13: COM and foot trajectories in the direction of forward progress and off-sagittal
plane during a complete gait cycle.
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remains safely between the feet during the double support phase after each step is made
(approximately 13-15s).

5.3 Summary

The FPE theory is extended to the 3D case to form dynamically stable gait cycles by
selecting a 2D sagittal plane parallel to the desired direction of motion. The primary goal
in the 3D case is to generate a forward momentum along this selected sagittal plane. For
the duration of the step cycle, the FPE equation is used to determine the appropriate
swing foot placement to restore balance from the momentum generated along the plane.
A new sagittal plane is selected with each step to enable turning.

Trajectories are generated for the swing foot and COM position to simultaneously generate
the forward momentum along the plane while remaining stable in the off sagittal plane until
the DROP state is reached. Upon entering this terminal state, the 3D biped is falling
forward in the desired direction of motion and the swing foot tracks the FPE point to
restore balance.

A whole body motion control framework is used to generate the appropriate joint level
trajectories during each state of the proposed control strategy. The framework uses a
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Figure 5.14: Left and right foot trajectories on the selected sagittal plane during a complete
gait cycle.
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Figure 5.15: FPE and foot trajectories in the direction of forward progress during a com-
plete gait cycle.

prioritized control scheme where the low priority constraints of each state are projected
into the null space of higher priority tasks. This approach handles the dynamic switching
of constraints as the biped moves between the single and double support phases.

The 14 DOF bipedal robot developed in previous chapters is used to demonstrate the
control strategy presented in this chapter. Dynamic simulations with 3D visualization are
generated directly from the CAD model using the toolchain. The simulations are used to
verify the efficacy of the proposed control strategy for side-stepping and forward walking
gait. Despite using a more complex contact model, tuning the parameters to accurately
model a stiff ground in reality proved to be challenging. This imperfection in the simulation
environment highlights the need to develop physical hardware to validate walking control
strategies, as presented in the following chapter.
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Chapter 6

Experimental Results

This chapter presents the experimental work completed to validate the actuator dynamics
and motion control framework. The hardware platform used for experimental validation
is presented in Section 6.1. This includes the mechanical implementation of the bipedal
robot design and the control electronics used to control the robot.

The simulations used to demonstrate the proposed 3D FPE walking control strategy in the
previous section accounted for link-side dynamics only. Section 6.2 describes the modifica-
tions to account for the actuator dynamics. This modification to the simulations enables
a single controller designed in Simulink to target either the simulation environment or the
physical hardware using the HIL architecture discussed in Section 6.3. The experimental
validation for a single actuator and the proposed motion control framework are presented
in Sections 6.4 and 6.5, respectively.

6.1 Physical Hardware

The electromechanical design presented in Chapter 3 was realized to develop the 14 DOF
bipedal robot. The assembled 7 DOF leg of the biped is shown in Figure 6.1. The me-
chanical implementation was derived directly from the revised CAD models. The control
electronics were developed by an industry partner, Quanser Inc. This section presents the
realization of the physical hardware platform used for experimental validation.
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Figure 6.1: The 7 DOF leg built for the bipedal robot based on the electromechanical
design in Chapter 3.

6.1.1 Mechanical Implementation

The final mechanical design of the bipedal robot was developed on campus at the Uni-
versity of Waterloo. The on-site engineering machine shop manufactured the mechanical
chassis components from the final CAD drawings (shown in Appendix A.1). The selected
DC motors and gearhead combinations were sourced from a motor manufacturer. The driv-
etrain components (e.g. bearings, shafts, gears) used to relocate the output gearhead shaft
from each joint axis were also sourced from a hardware vendor. The author of this thesis
completed the mechanical assembly using the CAD model as a reference. The assembled
joints and links of the bipedal robot leg are shown in more detail in Figure 6.2.

The mechanical chassis was composed primarily out of Aluminum 5052 and created using
Computer Numerical-Controlled (CNC) machine tools directly from the CAD files. This
enabled repeatable and accurate positioning of mechanical features in the chassis compo-
nents (i.e. for the separation of holes for gearing components to mesh well). CNC machine
tools also facilitated the production since some chassis components (e.g. motor mounts)
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Figure 6.2: Close up pictures of various joints and linkages in the mechanical implementa-
tion of the bipedal robot design.

were used multiple times in the design of each leg. The advantage here was that once the
machine was setup to produce the first component, the remaining copies could be produced
faster using the same setup.

One of the key challenges in the assembled leg was the use of bevel gears for perpendicular
mechanical coupling. It was difficult to position the gear axis with enough accuracy to
achieve perfect clearance between mating components. As a result, some of the joints
which use this design approach to shift the weight distribution suffer from backlash (or
“joint play”). In the current design, this is particularly evident for the knee joint, where
one of the stock gearing components had to be modified due to clearance issues.

In addition to developing the bipedal robot, a supporting frame was also designed for
fixed and walking experiments (CAD drawings available in Appendix A.2). In the fixed
configuration, the biped’s torso is mounted directly to the frame. This provides sufficient
ground clearance for the legs to remain suspended in the air. This removes the n = 6
unactuated DOF from the floating base but provides an experimental platform for testing
basic control strategies (i.e. controlling swing foot motion). The walking configuration was

88



designed to provide sufficient clearance for the biped to be mobile, while using a tether to
provide support in case of a fall.

6.1.2 Control Implementation

The electronics used for controlling the bipedal robot were developed by an industry part-
ner. Quanser Inc developed custom motor controllers and drivers for the current require-
ments derived from torque estimates in dynamic simulations. Each joint in the bipedal
robot has a dedicated local motor controller and driver unit. A control system model
developed in Matlab/Simulink using Quanser’s QUARC toolbox communicates with the
electronics hardware through a serial interface (USB). Quanser’s system enables hardware-

Figure 6.3: Electronics and wiring used to interface control loops running in Simulink to
the physical hardware.
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in-the-loop (HIL) experiments with the physical bipedal robot (described further in Sec-
tion 6.3).

Unfortunately, the electronics hardware developed by Quanser was not ready in time for
experimental validation. Since it is a custom solution, further development was required
before it could be used to control the complete 14 DOF bipedal robot. Quanser provided
the author with control electronics from their existing product offerings in the interim to
complete some experimental validation on the physical robot. The general idea is that the
HIL experiment models developed to target the interim solution could easily be switched
to target the custom solution once it is ready. The interim solution is constrained to 7
channels. A single 7 DOF leg shown in Figure 6.3 was wired to these channels for the
experimental validation in this chapter.

6.2 Actuator Model

PD control is applied for each joint in order to track the desired trajectory generated by
higher levels of control (Section 5.1.3). The control signal u produced at each joint k is
provided by (where k = 1 . . . n is the k-th joint of the n-DOF system):

uk = KP (qdk − qk)−KDq̇k (6.1)

Where qdk and qk are the desired and actual angles and q̇k is the velocity of the k-th
joint. Constants KP and KD are the porportional and derivative gains of the controller,
respectively. In the ideal case, the control signal uk would simply be equal to the applied
torque τk of each joint (which forms τ = [τ1 . . . τk] shown on the right hand side of (3.2)).
However, the actuator dynamics of DC motors used in the development of the 14 DOF
bipedal robot must be considered. The motors selected in Section 3.2.5 are controlled by a
voltage control signal vm. A second order system is used to model the actuator dynamics
and relate the applied torque to the motor voltage vm [115]:

JmΘ̈m +

(
Bm +

kbkm
ra

)
Θ̇m = τm −

τl
gr

(6.2)

Where Θm is the rotor angle, Jm is the motor inertia, Bm is the motor damping, kb is the
back emf or voltage constant, km is the torque constant, ra is the armature resistance and
gr is the gear reduction ratio. The motor torque τm is related to the (link-side) load torque
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τl through the gearing ratio gr. Since the output side of the gearhead is coupled directly
to the link, the motor angles are related to the joint angles by:

Θmk
= grkqk (6.3)

Similarly, the joint torques in τ (3.2) are related to the actuator load torques by:

τmk
=

τk
grk

(6.4)

Furthermore, the motor torque is related to the applied voltage through the following
relationship:

τmk
= kmia =

(
km
ra

)
vmk

(6.5)

Where ia is the current through the armature wiring. Substituting equations (6.3 - 6.5)
back into (6.2) yields the complete relationship between the k-th joint angle, link-side
torque and the applied motor voltage:

g2rJmq̈k + g2r

(
Bm +

kbkm
ra

)
q̇k = gr

(
km
ra

)
vk − τk (6.6)

Note that the drivetrain constants specific to the k-th joint are used (e.g. Jmk
, Bmk

, grk ,
etc.) in this equation (6.6).

6.2.1 Independent Joint Control

Using independent joint control [116], each joint k of the system is decoupled from the rest
of the system and controlled individually. The control signal for each joint is computed
directly from its own reference trajectory, position and velocity. This approach does not
account for the coupled dynamics of the overall system described by (3.2). The link-side
torques in (6.6) are treated as a disturbance to the second order system and the motor
inertia and damping are modified as follows:

Jeff = g2rJm + akk
Beff = g2r(Bm + kbkm/ra)

(6.7)
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Where Jeff and Beff are the effective motor inertia and damping seen by the joint. The
akk in (6.7) compensates for the inertia of link k by adding the k-th diagonal term from
the inertia matrix A(q) in (3.2). Substituting back into (6.6) yields:

Jeff q̈k +Beff q̇k = gr

(
km
ra

)
vk − dk (6.8)

Where dk = τk/gr is the link-side torque treated as a disturbance to the system. Taking
the control input uk (6.1) to be the voltage signal vm in (6.8) yields a closed loop controller
for independent joint control with actuator dynamics (implemented in Figure 6.4).

To improve the estimate of the motor side inertia, akk is required in (6.7). The dynamic
simulation package used in Section 5.2 is based on the Matlab/Simulink environment and
uses the SimMechanics toolbox which does not allow the mass matrix A(q) to be isolated.
Algorithm 1 was used to compute the mass matrix and extract the diagonal terms at each
time step.
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Figure 6.4: PD controller model for independent joint control with actuator dynamics.
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Algorithm 1: Computing mass matrix diagonal terms with RNE algorithm

1 Initialization;
2 Set q = q0, q̇ = q̇0, q̈ = 0;
3 while 1 do
4 Compute τ̂ using RNE with q̈ = 0;
5 for i = 1 to n do

6 Set g̃ = 0, ˜̇q = 0, ˜̈qi = 1, ˜̈qj = 0 [j 6= i];
7 Compute τ̃ using RNE;
8 Form i-th column: A(q)i = τ̃ − τ̂

9 end
10 Combine columns to form A(q);
11 Select diagonal elements of A(q);

12 end

6.3 HIL Architecture

The architecture used to control the physical 14 DOF bipedal robot is presented in this
section. In general, controlling DC motors requires a controller (to host the control algo-
rithm) and a driver (typically serves as a power amplifier). The controller outputs a low
voltage control signal which is amplified by the driver and applied to the terminals of the
motor. Encoders are used to sense the rotor position used by the controller for closed loop
control.

The physical bipedal robot in Section 6.1.1 is treated as the plant. Using Quanser’s QUARC
toolbox, control algorithms developed in the Simulink environment can be compiled for
a variety of target platforms ranging from embedded microcontrollers to standard PC.
This allows the use of a shared codebase for simulation and for the physical hardware.
The control algorithms used for the biped are compiled and executed on a PC which
communicates with the physical hardware through a data acquisition (DAQ) board. A
separate and dedicated voltage amplifier is used to drive the DC motors from a low voltage
analog control signal (labeled “amplifier command” on Figure 6.5) from the controller via
the DAQ. As an interim solution, Quanser provided the author with a Q8-USB (DAQ
board) and a VoltPAQ (voltage amplifier) shown in Figure 6.3.

The actuator subassemblies selected in Section 3.2.5 were preassembled with incremental
optical encoders mounted to the motor side. These encoders output digital signals on two
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Figure 6.5: Hardware architecture used to control the physical bipedal robot leg.

channels. These digital signals are passed back to the controller running on the PC via the
DAQ. Using quadrature decoding, the motor angle Θm can be retrieved from the encoder
output in degrees:

Θm =
360

n · l
· Encoderoutput (6.9)

Where n = 4 for quadrature (4X) decoding and l is the lines per revolution specified
from the encoder manufacturer. Using the relationship between the motor variables and
the joint variables in (6.3), an estimate of the k-th link-side angle (at the output of the
gearhead) can be obtained:

qk =
360

4 · l · grk
· Encoderk (6.10)

This is only an estimate of the joint angle since there are drivetrain losses (i.e. in the
gearhead) which are ignored by an encoder mounted to the motor side.

6.3.1 Parallel Models

The ability to develop a single controller and target either a simulation environment or the
physical hardware is extremely useful. Using the Quanser’s QUARC toolbox, a Q8-USB

94



QUARC

Visualization

Simulationv q

Signal

Generator

Hardwarev q

Q

Kp

Kd

D2R

<dq>

<q>

qref

Figure 6.6: Parallel models designed to target either simulations or physical hardware with
the same controller.

(DAQ) board and a VoltPAQ (voltage amplifier), the control algorithms were redeveloped
as parallel models capable of switching target platforms (shown in Figure 6.6).

In the physical environment model shown in Figure 6.7, the hardware target subsystem
is initialized to interface with the Q8-USB DAQ board. The control algorithm running
on the PC communicates with the physical hardware using “HIL Read” and “HIL Write”
blocks which communicate with the DAQ over USB. The PD controller output is an analog
signal corresponding to the desired voltage at the motor terminals (amplifier command).
The DAQ also reads the raw digital signals from the motor side encoders. The VoltPAQ
voltage amplifier also provides the ability to read the current in the armature circuit (ia)
of the DC motor. This value is passed back to the controller through the DAQ using an
analog channel. Due to the noise in the current sensor, a low pass filter is needed. The
filter parameters were provided by Quanser. The quadrature decoding formula (6.10) is
used to obtain the joint angle for the closed loop feedback. The link-side angle information
is also used to determine whether a joint is out of its limits. The controller detects and
sends a “shut down” command to the amplifier channel if it is.

In the simulated environment mode, the controllers were reformulated to use the voltage
signal as the control input. The simulation target subsystem shown in Figure 6.8 models the
actuator dynamics and treats the link-side torques as a disturbance input. The VoltPAQ
amplifier gain (3 V/V) is applied to the voltage control signal to model the effective voltage
at the motor terminals. The actuator dynamics are simulated with the motor (ra, km, kb,
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Jm and Bm) and gearhead (gr) parameters. The link-side variables are obtained by applying
the gear ratio to the motor velocity Θ̇m to obtain q̇. The joint positions and accelerations
are computed by taking the integral and derivative of q̇, respectively. The joint angles,
velocities and accelerations (q, q̇, ˙̇q) are used with inverse dynamics to compute the effective
link-side torques, which is fed back as a disturbance input to the simulated motor model.

Note that the full dynamic model of the 7 DOF leg is used for the plant in the simulation
part of the experiments. The simplified dynamics are only used by the controller.
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6.4 Single DOF Validation

This section describes the experiments validating the simulation models for single DOF
controllers using the HIL environment. Parallel models developed in Section 6.3.1 were
used to compare the results from simulation to the physical hardware.

6.4.1 Joint Tracking

Local PD controllers are used to track the joint level trajectories. The parallel model shown
in Figure 6.6 was developed to tune the proportional (KP ) and derivative (KD) gains for
individual joints on the bipedal robot. First, the gains were tuned in the simulation envi-
ronment to achieve the desired tracking performance. The shared controller architecture
was then switched to target the physical hardware to validate the tracking results.

The experimental results presented in this section compare the tracking performance of
three joints in simulation and in hardware. Each joint tracks a sinusoidal reference trajec-
tory at 0.2Hz. The amplitude and bias of each reference trajectory is selected to maintain
the motion within the joint limits. Figures 6.9, 6.10 and 6.11 compare the tracking perfor-
mance for the hip yaw, hip pitch and knee pitch joints, respectively.
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Figure 6.9: Hip yaw joint tracking results for simulation and hardware.
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Figure 6.10: Hip pitch joint tracking results for simulation and hardware.
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Figure 6.11: Knee pitch joint tracking results for simulation and hardware.

With the tuned PD gains, the tracking performance on the physical hardware is nearly
identical to the simulation environment. Hip yaw joint tracking (Figure 6.9) shows that
there is a very small but negligible lag on the physical hardware when compared to the
simulated system. Hip pitch joint tracking (Figure 6.10) shows perfect tracking for the
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simulated system while there are small disturbances near the peaks of the sinusoidal wave
on the physical hardware. This discrepancy is due to the backlash problem discussed in
Section 6.1.1. The simulated system demonstrates perfect tracking since backlash is not
modeled. The backlash in the joints further down the kinematic chain affects the tracking
performance of the proximal joints. For example, the play in the knee joint introduces
a varying torque loading on the hip joint as it moves through the full range of motion.
However, the PD controller gains are sufficiently high for the physical system to overcome
the disturbances due to backlash and achieve near perfect tracking.

6.5 Motion Control Validation

This section describes the experiments validating the motion control framework in Sec-
tion 5.1.3 using the HIL environment. The parallel model concept was extended to develop
higher level task space controllers to generate the joint level trajectories for simulation and
hardware. The interim control electronics provided by Quanser Inc are limited to control-
ling 7 DOF simultaneously. Therefore, only a single 7 DOF bipedal robot leg wired to
the control electronics was used for the experiments in this section. The biped’s torso was
rigidly attached to the supporting frame in the fixed configuration, removing the 6 unac-
tuated DOF. The Jacobian matrix used to map the task space and joint space velocities
in (5.1) is reduced to:

J =
[
∂qact

]
m×n

(6.11)

q̇ref = J#ẋref (6.12)

Where n = 7 is the actuated and controllable DOF supported by the control electronics.
The joint level commands are generated from the task space trajectories (ẋref ) using (6.12).
Alternatively, the prioritized task space control scheme in Section 5.1.3 can be used to si-
multaneously satisfy high priority constraints. The mapping provided by (5.2) is simplified
by removing the actuator selection matrix S, since there are no unactuated DOF.

The fixed configuration of the supporting frame and high gearing ratio of each joint causes
the 7 DOF leg to naturally hang straight at the start of each experiment (i.e. q = 07×1).
This represents a singular configuration of the leg. In Section 6.4, the joint level commands
were provided directly to the local PD controller. Computing the joint level commands
with (6.12) requires inverting the Jacobian matrix, which is problematic for singular config-
urations. To address this issue, each experiment starts by directly controlling the joint level
trajectories for tinit = 5 seconds to manually move the leg into a non-singular configuration.
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6.5.1 Planar Motion Control

Some motions during the bipedal gait cycle can be simplified to a planar motion control
problem. Common motions during the swing phase include bending of the knee joint and
tracking an arc-like trajectory for the swing foot position. For these cases, the 3 pitch joints
in the 7 DOF leg are primarily used to carry out the desired motion. A simplified version
of the motion control framework (6.12) can be used to control the swing foot position in
the biped’s sagittal plane.

q̇ref = J#ẋSWING (6.13)

Figure 6.12: Captured frames while raising the foot in simulation and physical hardware.
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Raising the Foot

In this experiment, the foot position is raised vertically, resulting in a knee bending motion.
The frame captures shown in Figure 6.12 demonstrate this experiment in simulation and
on the physical hardware. The first frame in the sequence is the home configuration of
the 7 DOF leg at start of each experiment (i.e. at t = 0). The second frame represents
a slightly angled configuration of the leg joints after tinit = 5 seconds. The remaining
frames demonstrate the foot raising motion for this experiment. The differences in ankle
pitch between the simulation and hardware are due to the discrepancies in the robots home
position at the start of each experiment. In the simulation environment, the ankle pitch
joint angle is perfectly at q = 0 at t = 0s. However, the physical robot is manually adjusted
by hand to some joint angle q = qinit which only approximates the home position. The
discrepancies arise since the rotary encoders only provide the relative angular displacement
of the joint from the initial joint angle qinit and the joint level command is obtained using
the Jacobian in (6.12).

PD control was also applied on the task space level to improve performance of the motion
controller. The gains were tuned in simulation to achieve the desired tracking performance
before attempting the experiment on the physical hardware. The foot position tracking
using KP = 10 and KD = 0.1 is shown in Figure 6.13 in simulation and on hardware.
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Figure 6.13: Task space trajectory tracking for bending the knee and raising the leg in
simulation and hardware.
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The trajectory on the physical hardware along the x direction is not as smooth as its
simulated counterpart. Unmodeled backlash in the pitch joints (e.g. the knee) is the cause
behind this difference. However, the PD control gains in the task space and joint space
controllers are high enough to achieve the desired tracking performance.

The experimental results demonstrate the simplified version of the motion control frame-
work with n = 3 DOF. The pitch joint trajectories are automatically generated from the
desired swing foot height and the resulting motion bends the knee joint as the foot is raised.
The joint level trajectories were tracked by the local PD controllers with individual gains
tuned from Section 6.4.

Swing Foot Motion

In this experiment, the foot is commanded to track an arc-like trajectory while forward
progress is made along the plane. The resulting motion is commonly used during the
swing phase of the gait cycle for a bipedal robot to take a step. The frame captures shown
in Figure 6.14 demonstrate this motion in simulation and on hardware. The task space

Figure 6.14: Captured frames during swing foot motion experiment in simulation and
physical hardware.
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control gains tuned in the previous section were reused for this experiment.
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Figure 6.15: Task space trajectory tracking for swing foot motion in simulation and hard-
ware.
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Figure 6.16: Joint space tracking of generated trajectories from higher level control during
swing foot motion.
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The task space tracking results for the swing foot motion is shown in Figure 6.15. Similar
to the previous planar motion experiment, the hardware closely matches the simulated
system with the tuned gain parameters. The joint space tracking of the command signal
generated by the motion control framework is shown in Figure 6.16.

6.5.2 Whole Body Motion Control

Most common motions for a 3D bipedal robot are not restricted to the planar case. These
require control over the whole body during the gait cycle. The strategy developed in Sec-
tion 5.1.3 relies heavily on controlling the biped’s motion through the Jacobian for the
COM (JCOM) and both feet (JSTAND, JSWING). These are used in conjunction with
the prioritized control scheme to maintain stability in the off sagittal plane and gener-
ate a forward momentum for balance recovery with the 3D FPE approach. The 7 DOF
experimental platform is labeled as the swing leg for the following experiments.

Figure 6.17: Captured frames during COM circular experiment in simulation and physical
hardware.

104



0 5 10 15 20 25 30
−0.02

0

0.02

0.04

0.06

Tracking Circular COM Trajectory (Simulation)

X
 [

m
]

0 5 10 15 20 25 30
0.05

0.1

0.15

Y
 [

m
]

0 5 10 15 20 25 30
0.58

0.59

0.6

0.61

Z
 [

m
]

Time [s]

 

 

Actual Reference

0 5 10 15 20 25 30
−0.02

0

0.02

0.04

0.06

Tracking Circular COM Trajectory (Hardware)

X
 [

m
]

0 5 10 15 20 25 30
0.05

0.1

0.15

Y
 [

m
]

0 5 10 15 20 25 30
0.58

0.59

0.6

0.61

Z
 [

m
]

Time [s]

 

 

Actual Reference

Figure 6.18: Task space tracking of circular COM motion in software and hardware.

Circling COM Motion

A circular trajectory is generated for xCOM on the xy-plane at a fixed height z = hfixed.
The height of the COM position at the end of tinit is selected as this fixed height. Similarly
to the planar case, the joint level commands are generated by the Jacobian mapping in
(6.14).

q̇ref = J#
COMẋCOM (6.14)

ẋCOM represents the cartesian position of the foot in the world frame. The tracking results
of the xCOM following the circular trajectory are shown in Figure 6.18. The initial task
space control gains used in Section 6.5.1 required retuning. The tuned gain values KP = 14
and KD = 0.5 achieved nearly identical performance on hardware and software.

Prioritized Motion

The prioritized control scheme is used to project a low priority task (JL, ẋL) onto the
null space of a higher priority task (JH, ẋH). This approach was used in Section 5.1.3 to
maintain the xCOM position at the center of the support foot (xSTAND) while the swing
foot is lifted from the ground. A side stepping motion is generated for xSWING to follow
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Figure 6.19: Captured frames during prioritized motion experiment in simulation and
physical hardware.

an arc-like trajectory along the biped’s frontal (yz) plane as the high priority task for this
experiment. The low priority task is selected to constrain the xCOM motion parallel to
the frontal plane. That is, xCOMx remains constant while (xCOMy,xCOMz) move freely
during the side stepping motion. Frame captures taken during this experiment are shown
in Figure 6.19. The joint level commands consistent with the prioritization in (6.15) are
computed using (5.2).

JH =
[
JSWING

]
ẋH =

[
ẋSWING

]
JL =

[
JCOMx

]
ẋL =

[
ẋCOMx

]
(6.15)

JCOMx and ẋCOMx represent the x-component (i.e. the first row) of the COM Jacobian and
task space error ∆xCOM. The prioritized tracking results for this experiment are shown
in Figure 6.20. The tracking performance of the high priority tasks are almost identical
in both cases. However, the low priority tracking performance is noisier on the hardware
when compared to the simulation results.
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Figure 6.20: Tracking high and low priority task space trajectories in simulation and
hardware.

6.6 Summary

Validating control algorithms on physical hardware is important due to modeling imper-
fections in the simulation environment. The physical 14 DOF bipedal robot developed
in earlier chapters was used for experimental validation. The custom control electronics
solution was developed by Quanser Inc for the bipedal robot. Unfortunately, the complete
solution was not ready in time for experimental validation. An interim solution was used
to control an assembled 7 DOF leg for experimental validation in this section.

For the physical hardware, DC motors are controlled by a voltage signal vm. A second order
system was used to model the actuator dynamics and reformulate the existing controllers
which controlled the link-side torques τk. Independent joint control decouples each joint for
individual control. Since this approach does not account for the coupled dynamics of the
overall system, the link-side torques are treated as a disturbance to the actuator dynamics
model. The effective motor inertia is reformulated to include the link inertia seen by the
joint. A generic RNE-based algorithm was used to extract the mass matrix of the system
at every time step to compute the effective motor inertia.

The HIL architecture was developed using Quanser’s QUARC toolbox, DAQ board and a
voltage amplifier. The controller code developed in Simulink was targeted to execute on
the PC. The DAQ board allowed the PC-based controller to communicate with the physical
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hardware through analog and digital I/O. Quadrature decoding was on the encoder output
to obtain the link-side joint angles on physical hardware for closed loop feedback control.
Parallel simulation models were developed for experimental validation to target the physical
hardware or the simulated actuator dynamics.

The parallel models were used to demonstrate key components of the control approach
developed in this thesis on physical hardware. Single DOF validation was used to individu-
ally tune the PD controller gains at the joint level. Once the desired tracking performance
was achieved, the task space motion control framework used to generate the joint level
commands was validated. Starting with a simple planar motion control problem, the foot
position was controlled in the task space to achieve knee bending and an arc-like swing foot
motion. Joint level command signals were generated for the local PD controllers using the
simplified motion control framework. PD control was also applied at the task space level
to improve tracking performance of the motion controller. Finally, the complete motion
control framework was demonstrated in simulation and on the physical hardware through
the COM tracking experiment. By using all (7) actuated DOF in the leg, the controller
was able to sufficiently track a task space trajectory for the COM position. The prioritized
task space control scheme was also demonstrated by restricting the xCOM motion to a
plane in the null space of the higher priority constraint of tracking an arc-like trajectory
for side-to-side stepping.
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Chapter 7

Conclusions

This thesis presented a novel walking control strategy for on-line gait synthesis and the
development of a 3D 14 DOF bipedal robot for experimental validation.

The electromechanical design specifications for the bipedal robot were derived using mo-
tion captured human gait data. Electric motors used in the drivetrain were selected based
on these specifications and DC motor characteristics. The chassis and power transmission
system were designed in CAD to improve the controllability during walking. A rapid pro-
totyping toolchain was developed to streamline the iterative design of complex multibody
systems. Full dynamic simulations and real-time 3D visualizations were automatically gen-
erated for the biped using this toolchain. It was also used to revise the physical design
prior to manufacturing.

The FPE algorithm was extended to form complete gait cycles for 3D bipedal robots.
The proposed algorithm selects a 2D plane in a chosen direction of motion and generates
forward momentum along the plane. A trajectory generation scheme was developed for
the COM and swing foot to maintain balance in the off-sagittal plane while generating
the forward momentum. By solving the 2D FPE equation along the selected plane, a 3D
biped was shown to regain stability by taking a step in the chosen direction of motion.
A whole body motion control framework coupled with a state machine was used to form
dynamically stable gait cycles. The efficacy of the proposed algorithm was demonstrated
in dynamic simulations for side stepping and forward walking.

Experimental validation on the physical hardware was presented. A HIL architecture
was used to develop parallel controller models which can target the simulated or physi-
cal bipedal robot. The actuator dynamics and motion control framework were validated
through the parallel models for single joints and a complete leg.
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7.1 Future Work

Directions for future work are divided into software and hardware. First, the simulation
environment can be improved for more accurate modeling of ground reaction force. The
parallel models used for experimental validation on hardware make it more valuable to have
accurate simulations. Secondly, the complete walking control and gait synthesis strategy
must be implemented on the hardware for more extensive validation.

7.1.1 Simulations

One of the most difficult challenges in setting up the dynamic simulations in Chapter 5 was
the contact model. The initial spring-damper model was replaced with the more complex
Hunt and Crossley model to eliminate discontinuities at the contact point. The difficult
task was to appropriately tune the parameters to model a stiff ground contact. This was
particularly important due to the change of weight loading during the double to single
support transitions. Poorly tuned contact models (soft ground) resulted in oscillations as
the stance foot attempted to support the entire weight of the biped. This often destabilized
the biped during the LIFT and SWING states in the off-sagittal plane.

Raising the contact parameters to model a stiff ground resulted in singularities for large
time steps using a fixed step solver. These singularities could often be avoided by selecting
a smaller time step. However, this drastically increased the simulation run times making
it difficult to iteratively adjust the control strategy and observe the resulting behaviour
in dynamic simulations. The use of variable step solvers can be explored as an option to
reduce simulation runtime while providing a stiffer ground with much higher contact model
constants. The key challenge here would be to verify the modeling accuracy with the new
solver.

Another direction for future work in simulation is to analyze turning with each step. The
simulations can be used to determine the minimum stable turning radius and evaluate the
turning performance of the proposed walking control strategy.

7.1.2 Experiments

The experimental validation presented in Chapter 6 was limited to controlling the motion
of a single leg due to hardware constraints. While the experiments validate the simulation
models for key components of the proposed strategy, the complete algorithm must be
implemented on the physical 14 DOF bipedal robot for more extensive validation.
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It is difficult to accurately model some dynamic forces in simulation (e.g. contact, friction),
while other effects were left completely unmodeled (e.g. backlash in the geartrain). The
specific difficulties with contact modeling mentioned in Section 7.1.1 reinforce the need for
experimental validation of a leg in contact with the ground. While it may be easier to
control the biped under single support due to a physically stiff ground, the torque loading
on the motors can be different from the simulation environment. More extensive validation
can also provide a source for tuning the contact model parameters in simulation to improve
the modeling accuracy.
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Appendix A

Mechanical CAD Drawings

The following drawings detail the complete mechanical design of a 14 DOF bipedal robot
and supporting frame developed for experimental validation.

A.1 Bipedal Robot

The 14 DOF bipedal robot was designed with DC motors from Micromo1 and drivetrain
components from Misumi USA2.

1http://www.micromo.com
2http://www.misumiusa.com
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A.2 Walking Frame

The supporting frame was designed for fixed base and (tethered) walking experiments.

Fixed Configuration

Walking Configuration
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