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Abstract 

Modern building and bridge codes require seismic design of foundations and structures; 

for which, the evaluation of the soilôs response to dynamic loads is an important 

requirement in seismic design. The dynamic soil response is governed by its dynamic 

properties such as shear modulus (wave velocity) and damping ratio. These soil dynamic 

properties are typically measured in laboratory mostly using a bender element system 

(BE) or a resonant column (RC) device. However, the operating frequency range of BEs 

(e.g. 1 to 15 kHz) and the RC (e.g. 20 to 220 Hz) are not representative of typical 

earthquake loads (e.g. 0.1 to 10 Hz). In addition, there are significant limitations in BE 

and RC testing which reduce their reliability. Thus, current seismic designs could be either 

conservative or unsafe.  

A major limitation in BE testing is that there is no standard procedure; mostly because the 

soil-BE interaction is not well understood; and the characterization of BE inside a soil 

specimen was not possible. On the other hand in RC testing, the soil dynamic properties 

cannot be evaluated simultaneously as function of frequency and strain. In a typical 

narrow-band resonant column test (e.g. sine sweep, random noise), the induced shear 

strains are different at each frequency component. Therefore, the main objectives of this 

study are to understand better the soil-BE interaction; which will provide the basis for the 

development of reliable guidelines for BE testing; and to verify the BE test results using 

the standard RC device. 

The main objectives are achieved by testing the BE using a state-of-the-art laser 

vibrometer and a newly developed transparent soil to measure the actual response of the 

bender element transmitter (Tx) and receiver (Rx) inside different media such as air, 

liquids, and sand under different confinements. Then, the dynamic characteristics of the 

Tx are measured using advanced modal analysis techniques originally developed for 

structural applications (e.g. Blind Source Separation). The modal analysis is used to 

investigate if the different BE vibration modes correspond to a cantilever beam, as 

currently assumed or a cantilever plate. The Rx is also studied to assess the effects of 

compressional waves, the total damping of the BE system inside the medium on the 

actual evaluation of the shear wave velocity of the soil. In addition, the dependence of the 
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output voltage from the Rx and the applied strain is investigated at different confining 

pressures. The thesis concludes with the dynamic characterization of a sensitive clay 

(Leda clay) that is present in large areas of Eastern Canada (Leda or Champlain sea clay) 

BE and RC tests are performed on unique undisturbed samples. 

All results presented in this study represent to the averages of multiple tests (more than 

10 for RC and more than 500 for BEs). In all cases, the maximum coefficient of variance 

was 3 % which demonstrates the repeatability of the measurements. Contrary to a 

common assumption in BE testing, measurements on the transparent soil show that the 

Tx response inside the specimen is significantly different from the actual input voltage. In 

addition, BE measurements in soil and oil show that the time delay between input 

excitation and Tx response is not constant but it decreases with the increase in frequency. 

Results from the modal analysis of the Tx show a cantilever beam deformation (2D) only 

for the first mode of the Tx response in air and liquids; however, the response inside the 

soil specimen (no confinement) shows a cantilever plate behavior (3D). The excitation 

frequency in BE test should not be constant as commonly done; but it should be increased 

at each confinement level to match the increase in natural frequency and improve the 

signal-to-noise ratio.  

The overall damping ratio of the Tx increases up to 30% with confinement because of the 

soil-BE interaction, causing additional challenges in the evaluation of shear wave velocity 

and damping ratio from BE tests. The measured BE-system response shows a significant 

p-waves interference that affects the evaluation of the shear wave velocity. The p-wave 

interference must be carefully evaluated for the correct interpretation of the results. The 

p-wave interference is clearly observed when the Rx response is measured inside 

different liquids. This interference increases with the increase in the excitation 

frequencies. The Rx response in the transparent soil shows that participation of high 

frequencies and the interference of p-waves increases with increase in confinement. The 

p-wave arrivals mask the shear wave arrivals; which can lead to the overestimation of 

shear waves by more than 25 %. The results from the RC and BE tests on fused quartz 

and Leda clay specimens confirm the conclusion that high input frequencies enhance the 

generation of p-waves. The theoretical relationship between the maximum BE 

displacement and maximum input voltage for the Tx or the maximum output voltage for 
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the Rx is verified for the first time for liquids and sands at no confining pressure. The peak 

displacements at the tip of the BE increased linearly with the input voltage because the 

maximum displacement in a piezo-electric transducer is proportional to the applied 

voltage. RC and BE tests performed on four Leda clay samples showed the effects of 

shear strain, confinement, and excitation frequency on shear modulus and damping ratio 

of the Leda clay. The effect of frequency is evaluated using a recently proposed 

methodology called the ócarrier frequencyô (CF) method. The stiffest sample displayed the 

highest degradation with the increase in shear strain. There is a 15 % difference observed 

between the shear wave velocity estimates from RC and BE tests. The RC tests at 

frequencies below 100 Hz showed no effect of loading frequency on shear modulus and 

damping ratio; however, BE tests at frequencies centred at 12kHz did show a 15% change 

in wave velocity. This change could be attributed to the loading frequency or to the 

complex interaction of between p-waves and s-wave in BE testing. Loading frequency in 

BE tests does have a significant effect in the results, up to 40% error in the estimation of 

s-wave velocity, as the interaction between p-waves and s-waves increases with 

frequency. 

 

 

 

 

 

 

 

 

 

 

 

 



vii 
 

Acknowledgements 

First of all, I would like to thank the Almighty for granting me the opportunity and power 

to work for my PhD. Then, I am very thankful to my supervisors, Dr. Giovanni Cascante 

and Dr. Dipanjan Basu for allowing me to work with them. Their invaluable support and 

guidance have been critical in bringing me where I am right now. They have inspired me 

to think scientifically while dealing with any problem, whether the problem is related to my 

studies, career, or problems of life in general. My understanding of the fundamentals of 

maths and engineering has taken a huge leap from where I was when I started my PhD 

in 2013 because of my supervisorsô guidance. On top of that, their moral support has 

taught me numerous life lessons using which I was able to navigate though these tough 

PhD years. They never left me alone and were always there to help me, specially during 

the family problems I went through in the last couple of years.  

My dear and extremely supportive parents, loving and caring wife, wonderful kids, Ali 

Amena and Ahmed, and lovely sisters have been tremendous in their support and 

assistance during my PhD. Without their support, this PhD would not be possible.  

I am thankful to the committee members of my thesis, Dr. Sriram Narasimhan, Dr. Shunde 

Yin, and Dr. Eihab Abdul-Rahman, for taking time out of their busy schedule to examine 

my thesis and for providing valuable suggestions and feedback. Special thanks to the 

external member, Dr. Siva Sivathayalan, who agreed to be the external examiner and 

travel all the way from Ottawa to attend my defense.  

I would like to thank Dr. Ayan Sadhu from University of Western Ontario and Dr. Kamelia 

Atefi Monfared from the University at Buffalo for their contributions in Chapters 5 and 6 of 

this thesis respectively.  

Heavily indebted to the funding support from the Ministry to Transportation, Ontario 

(specially Dave Dundas), NSERC, Department of Civil Engineering at UW, and Graduate 

studies office.  

I am very grateful to all my friends in the NDT and geotechnical groups at University of 

Waterloo for their persistent support and motivation: Dr. Hassan Ali (my first contact at 

University of Waterloo after the professors), Dr. Maria Jose Rodríguez (wonderful lady), 



viii 
 

Fredy Diaz-Duran (a delightful friend and my first office mate), Dr. Sabah Fartosy, Dr. 

Bijan Mahbaz, Dr. Kamelia Atefi, Dr. Fernando Tallavo, Dr. Wei Zhang, Dr. Bipin Gupta, 

Piotr Wiciak and his wife Paula, Cristobal Lara, Dr. Ammar Shakir, Dr. Taher Ameen, 

Faraz Goodarzi, Mehdi Fazaeli, Mathieu Finas. 

I donôt think I will be able to find a better team of lab technicians than those at the civil 

engineering labs at University of Waterloo. They have helped me so much that I am not 

able to thank them enough: Terry Ridgeway, Anne Allen, Mark Sobon, Peter Volcic, 

Douglas Hirst, Richard Morrison and Jennifer Moll (chemical engineering).  

Thank you to the machine shop experts whom I have constantly bugged to get help from 

them: specially Phil Laycock, Fred Bakker, Mark Kuntz and Jorge Cruz. I would like to 

also appreciate the help from the administrative staff at the Civil Engineering Department 

specially Victoria Tolton, Ellie Clark, Nicole Schmidt, Shirley Springall, Chris Peace, Paul 

Thompson and Kevin Rampersad (IT experts).  

Thanks to all the students whom I have TAôd and have shown their appreciation of my 

efforts, specially the Fall 2016 class of Linear Algebra who nominated me for the 

Sandford-Fleming award.  

I would like thank Dr. Zahid Khan from the American University of Sharjah for his support 

and guidance and Dr. Richard Bathurst from Royal Military College of Canada for his 

fused quartz and mineral oil supplies. Thanks to Dr. David Brush and Dr. Leo Rothenberg 

for their words of encouragement. Thank you to Rob Sibley, Corinne Cory, and Kiyomi 

Schwartz from Petro-Canada for their free supply of mineral oils. 

Finally, thanks to everyone whom I have missed above and who helped me directly and 

indirectly during my studies. I highly appreciate the financial support from the Canadian 

government which has greatly helped me survive these years.  

 

 

 

 



ix 
 

Dedication 

I dedicate this work to all people around the world who are suffering from hunger, 

homelessness and life threating situations. May peace be in your lives.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



x 
 

Table of contents 

Examining committee membership ..................................................................................ii 

Authorôs Declaration ........................................................................................................ iii 

Abstract ...........................................................................................................................iv 

Acknowledgements ........................................................................................................ vii 

Dedication .......................................................................................................................ix 

Table of Figures ............................................................................................................ xvi 

List of symbols ............................................................................................................. xxv 

1 Introduction ............................................................................................................... 1 

1.1 Research Objectives .......................................................................................... 3 

1.2 Thesis organization ............................................................................................ 4 

2 Theoretical Background ............................................................................................ 6 

2.1 Wave propagation in a finite elastic medium ...................................................... 6 

2.1.1 Bender Element (BE) test .......................................................................... 10 

2.1.2 Resonant Column (RC) test ....................................................................... 10 

2.1.3 Attenuation ................................................................................................ 12 

2.2 Linear time-invariant (LTI) system .................................................................... 13 

2.2.1 System identification in time domain ......................................................... 14 

2.2.2 System identification in frequency domain................................................. 15 

3 Literature review ..................................................................................................... 16 

3.1 Dynamic characterization of soils ..................................................................... 16 

3.1.1 What are the dynamic properties of soils? ................................................. 16 

3.1.2 Factors affecting the dynamic properties of soils ....................................... 17 

3.2 Methods for measuring low-strain dynamic properties of soils ......................... 18 



xi 
 

3.2.1 Resonant Column (RC) test ....................................................................... 20 

3.2.2 Bender Element (BE) testing ..................................................................... 22 

3.3 Limitations in RC and BE tests ......................................................................... 24 

4 Novel evaluation of bender element transmitter response ...................................... 25 

4.1 Introduction ...................................................................................................... 25 

4.2 Background ...................................................................................................... 27 

4.2.1 Estimation of arrival time ........................................................................... 27 

4.2.2 BE vibration ............................................................................................... 31 

4.3 Materials .......................................................................................................... 32 

4.3.1 Sucrose solution ........................................................................................ 32 

4.3.2 Mineral oil and transparent soil .................................................................. 32 

4.4 Experimental setup and specimen preparation ................................................ 34 

4.5 Experimental procedure ................................................................................... 37 

4.5.1 Measurements in air .................................................................................. 37 

4.5.2 Measurements in liquids ............................................................................ 37 

4.5.3 Measurements in transparent soil .............................................................. 38 

4.5.4 Transfer functions in different media ......................................................... 38 

4.6 Results and discussion .................................................................................... 39 

4.6.1 Verification of laser measurements ........................................................... 39 

4.6.2 Measurements in air .................................................................................. 49 

4.6.3 Measurements in liquids ............................................................................ 56 

4.6.4 Measurements in transparent soil .............................................................. 59 

4.6.5 Effects of vertical stress ............................................................................. 61 

4.6.6 Transfer functions and arrival times ........................................................... 62 



xii 
 

4.7 Conclusions...................................................................................................... 66 

5 Evaluation of dynamic response of the bender-element system in different media 68 

5.1 Introduction ...................................................................................................... 68 

5.2 Background ...................................................................................................... 69 

5.2.1 Experimental modal analysis ..................................................................... 69 

5.2.2 Second-order blind identification (SOBI).................................................... 69 

5.3 Literature review on numerical studies ............................................................. 72 

5.4 Experimental setup .......................................................................................... 73 

5.4.1 Description of the setup ............................................................................. 74 

5.4.2 Calibration of piezo-driver .......................................................................... 77 

5.5 Experimental methodology ............................................................................... 79 

5.5.1 Measurements in air .................................................................................. 79 

5.5.2 Measurements in liquids ............................................................................ 80 

5.5.3 Measurements in transparent soil .............................................................. 81 

5.6 Numerical analysis ........................................................................................... 83 

5.7 Results and discussion .................................................................................... 84 

5.7.1 Transmitter transfer function in air ............................................................. 84 

5.7.2 Mode shapes in air .................................................................................... 86 

5.7.3 Effects of input voltage amplitude .............................................................. 87 

5.7.4 Transmitter displacement response in oil .................................................. 89 

5.7.5 Effects of liquid mass density on transmitter .............................................. 90 

5.7.6 Effects of transmitter dimensions ............................................................... 95 

5.7.7 Effects of Reynolds number ....................................................................... 96 

5.7.8 Mode shapes in liquids .............................................................................. 98 



xiii 
 

5.7.9 Transmitter response in transparent soil with different vertical stresses .. 101 

5.7.10 Mode shapes in soil .............................................................................. 104 

5.7.11 Comparison of experimental and numerical input signals .................... 106 

5.7.12 Transmitter calibration .......................................................................... 108 

5.7.13 Experimental versus numerical response in air .................................... 110 

5.7.14 Experimental versus numerical responses in soil ................................. 111 

5.7.15 Parametric study of numerical transmitter behavior ............................. 114 

5.8 Conclusions.................................................................................................... 120 

6 Novel evaluation of the transmitter-receiver bender-element system behavior .... 124 

6.1 Introduction .................................................................................................... 124 

6.2 Experimental setup ........................................................................................ 124 

6.3 Experimental methodology ............................................................................. 127 

6.3.1 Experiments in air .................................................................................... 127 

6.3.2 Measurements in liquids .......................................................................... 127 

6.3.3 Measurements in soil ............................................................................... 128 

6.4 Results and Analysis ...................................................................................... 129 

6.4.1 Evaluating compressional wave interference ........................................... 129 

6.4.2 Comparison of laser response and output voltage .................................. 132 

6.4.3 Effects of input frequency on receiver response in liquids ....................... 135 

6.4.4 Effects of input voltage amplitude ............................................................ 137 

6.4.5 Measurements in soil ............................................................................... 139 

6.4.6 Wave velocities of fused quartz ............................................................... 143 

6.5 Conclusions.................................................................................................... 147 

7 Small-strain dynamic characterization of Leda clay .............................................. 149 



xiv 
 

7.1 Introduction .................................................................................................... 149 

7.2 Literature review on Leda clays ...................................................................... 150 

7.3 Site description ............................................................................................... 151 

7.4 Experimental setup ........................................................................................ 152 

7.5 Sample preparation ........................................................................................ 153 

7.6 Experimental methodology ............................................................................. 155 

7.6.1 Calibration of the power amplifier ............................................................ 155 

7.6.2 Calibration of the filter amplifier ............................................................... 159 

7.6.3 Calibration of the accelerometer conditioning unit ................................... 161 

7.6.4 Calibration of RC system ......................................................................... 162 

7.6.5 Linear voltage displacement transducer (LVDT) calibration .................... 163 

7.6.6 Consolidation ........................................................................................... 165 

7.6.7 Sample calculations ................................................................................. 167 

7.6.8 Testing procedure .................................................................................... 170 

7.7 Results and discussion .................................................................................. 173 

7.7.1 Effects of shear strain .............................................................................. 175 

7.7.2 Effects of confinement ............................................................................. 181 

7.7.3 Effects of shear strain using multiple techniques ..................................... 184 

7.7.4 Effects of random noise in CF method .................................................... 186 

7.7.5 Effects of loading frequency .................................................................... 188 

7.7.6 Effects of loading cycles .......................................................................... 189 

7.8 Conclusions.................................................................................................... 190 

8 Conclusions and future research .......................................................................... 192 

8.1 Conclusions.................................................................................................... 192 



xv 
 

8.2 Future research .............................................................................................. 197 

References .................................................................................................................. 198 

Appendices ................................................................................................................. 207 

Appendix A: Calculation of the moment of inertia of the RC driving plate ................ 207 

Appendix B: Sample calculations ............................................................................ 213 

Appendix B: Computation of Fast Fourier Transform (FFT) ..................................... 216 

Fourier transform (FT) .......................................................................................... 216 

Digitization ........................................................................................................... 223 

Zero-padding ........................................................................................................ 224 

Windowing ........................................................................................................... 227 

 

 

 

 

 

 

 

 

 

 

 

 

 



xvi 
 

Table of Figures 

Fig. 2-1: Torsion and twist angle in a rod ........................................................................ 6 

Fig. 2-2: Torsion in a small element ................................................................................ 7 

Fig. 2-3: Rod with fixed-free boundary conditions ........................................................... 9 

Fig. 2-4: Cantilever cylinder with rigid mass at the free end .......................................... 11 

Fig. 3-1: Induced shear strains in common laboratory tests .......................................... 19 

Fig. 3-2: A typical transfer function ................................................................................ 21 

Fig. 3-3: SDOF system response .................................................................................. 22 

Fig. 3-4: BE in relaxed and excited positions (after Dyvik and Madhsus, 1985) ............ 23 

Fig. 3-5: BE with dynamic geotechnical equipment ....................................................... 24 

Fig. 4-1: Shear wave arrival times and transfer functions at different stages in a 

conventional BE test setup ............................................................................................ 28 

Fig. 4-2: Grain size distribution of fused quartz used to prepare transparent soil 

specimens ..................................................................................................................... 33 

Fig. 4-3: Schematic of measurements (a) in air, (b) in soil without confinement, and (c) in 

soil with confinement ..................................................................................................... 36 

Fig. 4-4: Plot of displacement amplitude vs time of Eq. 4.5 ........................................... 40 

Fig. 4-5: Frequency spectrum of the displacement signal shown in Fig. 4-4 ................. 40 

Fig. 4-6: Normalized velocity amplitude against time from Eq. 4.6 ................................ 41 

Fig. 4-7: Frequency spectrum magnitude and unwrapped phase of the two velocity signals

 ...................................................................................................................................... 42 

Fig. 4-8: Theoretical and estimated displacement against time ..................................... 43 

Fig. 4-9: A typical bender transmitter displacement response in air to a sine pulse of 26 

kHz central frequency .................................................................................................... 44 



xvii 
 

Fig. 4-10: Bender transmitter velocity response in air to a sine pulse of 26 kHz central 

frequency ...................................................................................................................... 45 

Fig. 4-11: Frequency spectra of the measured displacement and velocity of the transmitter 

response to a sine pulse of 26 kHz central frequency ................................................... 46 

Fig. 4-12: Transmitter velocity response measured from the laser and the velocity 

estimated from the laser displacement response .......................................................... 47 

Fig. 4-13: Transmitter displacement response measured from the laser and the 

displacement response estimated from the laser velocity response ............................. 48 

Fig. 4-14: Displacement and velocity responses of the transmitter estimated using 

numerical integration and differentiation respectively: normalized to the maximum 

magnitude of the frequency spectrum of the measured displacement response ........... 49 

Fig. 4-15: Transmitter input and corresponding output responses in air for three input 

excitations ï sine, step, and square; the first positive and negative peaks after input 

pulses are marked. ........................................................................................................ 50 

Fig. 4-16:  Power spectra of sine and square pulses (after Tallavo et al. 2009) ............ 51 

Fig. 4-17: Frequency spectra of the transmitter responses in air to three types of input 

excitations: 1st mode ..................................................................................................... 52 

Fig. 4-18: Frequency spectra of the transmitter responses in air to three types of input 

excitations: 2nd mode ................................................................................................... 53 

Fig. 4-19: Snapshot of the transmitter response in air to a sine input excitation at 0.32 ms

 ...................................................................................................................................... 54 

Fig. 4-20: Snapshot of transmitter response in air to a square input excitation at 0.32 ms

 ...................................................................................................................................... 55 

Fig. 4-21: Transmitter responses to 9 kHz sine pulse in various liquids ........................ 57 

Fig. 4-22: Natural frequency and damping ratio of transmitter response versus mass 

density of liquids ............................................................................................................ 58 



xviii 
 

Fig. 4-23: Natural frequencies and damping ratios of the transmitter for different fluids 

with different viscosities ................................................................................................. 59 

Fig. 4-24: Transmitter responses in transparent soil with no applied stress and with 

applied vertical stress of 35 kPa .................................................................................... 60 

Fig. 4-25: Frequency spectra of the transmitter responses in transparent soil under 

different vertical stresses ............................................................................................... 61 

Fig. 4-26: Natural frequency and peak amplitude of the transmitter response versus 

applied vertical stress .................................................................................................... 62 

Fig. 4-27: Transfer function of transmitter response in air from sine sweep, sine pulse and 

square pulse .................................................................................................................. 63 

Fig. 4-28: Transfer function of transmitter response in air and soil to using sinusoidal 

sweep excitation ............................................................................................................ 64 

Fig. 4-29: Relative time-shift as function of frequency between input excitation voltage 

and displacement transmitter response in air, oil, and soil using a sine pulse excitation

 ...................................................................................................................................... 65 

Fig. 5-1: Plexi-glass square tube used for holding the transparent soil ......................... 74 

Fig. 5-2: Schematic of the experimental setup for measuring Tx vibrations in liquids and 

transparent soil .............................................................................................................. 76 

Fig. 5-3: Weights on the steel rod to induce vertical stress in the transparent soil ........ 77 

Fig. 5-4: Transfer functions of the piezo-driver with different input voltages (offset by 0.5)

 ...................................................................................................................................... 78 

Fig. 5-5: Locations of laser measurements on the Tx .................................................... 80 

Fig. 5-6: Transparent soil sample around the Tx in the square tube on the base platen 82 

Fig. 5-7: Typical pair of time signals used for calculating the transfer function of the Tx in 

air .................................................................................................................................. 85 

Fig. 5-8: Transfer function of the transmitter in air ......................................................... 86 



xix 
 

Fig. 5-9: First three mode shapes of the transmitter vibration in air normalized with respect 

to the peak coordinate value of the first mode (red dot marks the peak amplitude; BE base 

(width = 13 mm) marked by the red line) ....................................................................... 87 

Fig. 5-10: Peak displacement vs peak-to-peak input voltage amplitude in air and liquid 

along with the equation ................................................................................................. 89 

Fig. 5-11: Normalized transmitter response to a sine pulse input excitation inside the 

mineral oil mixture ......................................................................................................... 90 

Fig. 5-12: Normalized frequency spectra magnitudes of transmitter vibration inside 

different liquids .............................................................................................................. 91 

Fig. 5-13: Experimental and theoretical (Eq. 5.8) f1 and f2 of the transmitter in different 

liquids as functions of the liquid density ........................................................................ 92 

Fig. 5-14: Damping ratio of the first two modes of the transmitter inside the liquids vs the 

mass density of the liquids ............................................................................................ 94 

Fig. 5-15: Experimental and theoretical (Eq. 5.7) f1 of two transmitters with different 

dimensions as functions of liquid density ɟL (T1: 13 x 5 x 0.5 mm, T2: 14 x 6 x 1.9 mm)

 ...................................................................................................................................... 96 

Fig. 5-16: Resonance frequency of the first mode of vibration of the transmitter in different 

liquids versus the Reynoldôs number of the liquids ........................................................ 97 

Fig. 5-17: Damping ratio for first mode of vibration of the transmitter in different liquids 

versus the Reynoldôs number of the liquids ................................................................... 98 

Fig. 5-18: First three mode shapes of the transmitter in different liquids: (a) oil, (b) water, 

(c) S-20, and (d) S-40 normalized with respect to the max displacement of the first mode 

of vibration (red markers indicate highest amplitude; red line indicates BE base (b = 13 

mm)). ........................................................................................................................... 100 

Fig. 5-19: Transmitter response to a sine pulse inside transparent soil under different 

vertical stresses .......................................................................................................... 101 

Fig. 5-20: Frequency spectra of the displacement response of the transmitter inside the 

soil at different vertical stresses .................................................................................. 102 



xx 
 

Fig. 5-21: Resonance frequency of the first mode of the transmitter inside the soil vs the 

vertical stress .............................................................................................................. 103 

Fig. 5-22: Damping ratio of the transmitter inside the soil against the vertical stress .. 104 

Fig. 5-23: Mode shapes in (a) soil without stress and (b) soil with stress .................... 105 

Fig. 5-24: Input function (Eq. 5.6) and sine pulse (a) time signals; (b) frequency spectra 

compared with the theoretical power spectrum of a sine pulse (after Tallavo et al. 2009).

 .................................................................................................................................... 107 

Fig. 5-25: Snapshot of the numerical transmitter response in air ................................ 109 

Fig. 5-26: Experimental and numerical transmitter responses in air (a) Time signals; (b) 

Frequency spectra....................................................................................................... 111 

Fig. 5-27:  Input excitations used for numerical transmitter responses in air and in soil

 .................................................................................................................................... 112 

Fig. 5-28: Experimental and numerical transmitter responses inside the soil .............. 114 

Fig. 5-29: Resonance frequency of the transmitter against the bulk modulus of the soil 

sample ......................................................................................................................... 115 

Fig. 5-30: Damping ratio of the transmitter against the bulk modulus of the soil sample

 .................................................................................................................................... 116 

Fig. 5-31: Resonance frequency of the transmitter against the mass density of the sample

 .................................................................................................................................... 117 

Fig. 5-32: Damping ratio of the transmitter with the mass density of the soil sample .. 118 

Fig. 5-33: (a) Resonance frequency and (b) damping ratio of the transmitter against the 

Poisson's ratio with a constant bulk modulus .............................................................. 119 

Fig. 5-34: (a) Resonance frequency and (b) damping ratio of the transmitter against the 

Poisson's ratio with a constant shear modulus ............................................................ 119 

Fig. 6-1: Schematic of the setup used for (a) measurements in air, (b) measurements in 

liquids/soil, and (c) measurements in soil under stress ............................................... 126 



xxi 
 

Fig. 6-2: Transmitter and Receiver responses in air to a sine pulse of 12.5 kHz (æt = 0.87 

ms) and the frequency spectra of the responses ........................................................ 130 

Fig. 6-3: Comparison of BE-receiver response in water at the tip with the vibrations of the 

acrylic tube wall ........................................................................................................... 132 

Fig. 6-4: (a) Receiver response from laser (solid line) and the output electrical voltage 

(dashed) and (b) Frequency spectra of the receiver response from the laser and the BE-

receiver output voltage ................................................................................................ 133 

Fig. 6-5: Transfer function between the frequency spectra of laser response and the 

output voltage .............................................................................................................. 134 

Fig. 6-6: Tx and Rx responses in water to input sine pulse of different frequencies ..... 136 

Fig. 6-7: Tx and Rx responses in sucrose-60% to input sine pulse of different frequencies

 .................................................................................................................................... 137 

Fig. 6-8: Peak-to-peak displacement of the Tx against the input voltage amplitude in 

different media ............................................................................................................ 138 

Fig. 6-9: (a) Transmitter and receiver responses to a sine pulse input excitation (ůo = 0 

kPa) and (b) their frequency spectra ........................................................................... 140 

Fig. 6-10: (a) Transmitter and receiver responses to a sine pulse input excitation (ůo = 20 

kPa) and (b) their frequency spectra ........................................................................... 142 

Fig. 6-11: Bender element output voltages inside the fused quartz at different 

confinements with p and s wave arrivals and RC time arrivals labelled (Input frequency = 

10 kHz) ........................................................................................................................ 144 

Fig. 6-12: Bender element output voltages inside the fused quartz at different 

confinements with p and s - wave arrivals and RC time arrivals labelled (Input frequency 

= 50 kHz) ..................................................................................................................... 145 

Fig. 6-13: Compressional wave velocity of the fused quartz at different confinements 

using BE (10 and 50 kHz input frequencies) and shear wave velocity using RC tests 146 

Fig. 7-1: Schematic of resonant column and bender element tests ............................. 153 



xxii 
 

Fig. 7-2:(a) Trimmed soil sample on a pedestal; (b) Sample on the resonant column base 

platen. ......................................................................................................................... 155 

Fig. 7-3: Schematic of the setup to calculate the transfer function of the power amplifier

 .................................................................................................................................... 156 

Fig. 7-4: Transfer functions of the power amplifier at different amplification levels (0 -200 

Hz)............................................................................................................................... 157 

Fig. 7-5: Transfer functions of the power amplifier at different amplification levels (0 - 50 

Hz)............................................................................................................................... 158 

Fig. 7-6: Maximum magnitudes of the transfer functions of the power amplifier against the 

amplification levels ...................................................................................................... 159 

Fig. 7-7: (a) Experimental and analytical transfer functions of the filter amplifier; (b) 

Experimental transfer functions (offset for clarity) of the four channels of the filter amplifier 

with resonant column conditions ................................................................................. 160 

Fig. 7-8: Transfer function of two channels of the accelerometer conditioning unit ..... 162 

Fig. 7-9: Schematic of the setup for LVDT measurements .......................................... 164 

Fig. 7-10: LVDT calibration to estimate the LVDT constant required for estimating the 

height of the sample .................................................................................................... 164 

Fig. 7-11: Deformation-time plot for a given confinement ............................................ 166 

Fig. 7-12: Example of the consolidation plot of a soil sample used in this study with the 

consolidation stages labelled. ..................................................................................... 167 

Fig. 7-13: Normalized shear modulus versus shear strain for different samples at 

confining stresses of (a) 50 kPa, (b) 100 kPa, (c) 200 kPa and (d) 400 kPa (k = ůôo/ůc)

 .................................................................................................................................... 176 

Fig. 7-14: (a) Shear modulus (MPa), (b) Normalized shear modulus and (c) Damping ratio 

(%) against the induced shear strain of s1 at different confinements .......................... 178 

Fig. 7-15: (a) Shear modulus, (c) Damping ratio, and (c) Norm. shear modulus against 

the induce shear strain of TM4a at different confinements .......................................... 180 



xxiii 
 

Fig. 7-16: Shear wave velocity versus isotropic effective confining stress of the four Leda 

clay samples as obtained from resonant column (RC) tests with curve fit of Eq. 6.8 .. 182 

Fig. 7-17: Shear wave velocity versus isotropic effective confining stress of the four Leda 

clay samples as obtained from resonant column (RC) and bender element (BE) tests

 .................................................................................................................................... 182 

Fig. 7-18: BE time signals for the sample ós1ô used to estimate the Vs at different 

confinements ............................................................................................................... 183 

Fig. 7-19: Maximum shear modulus versus pre-consolidation stress for different effective 

confinement stresses .................................................................................................. 184 

Fig. 7-20: Shear modulus and damping ratio for different shear strains of sample s3 at a 

confining stress of 200 kPa using different resonant column techniques .................... 186 

Fig. 7-21: (a) Normalized shear modulus and (b) damping ratio of s3 versus percentage 

of random noise (RN) in input signal comprising of a continuous sine and random noise 

signals ......................................................................................................................... 187 

Fig. 7-22: (a) Normalized shear modulus and (b) damping ratio of soil sample s3 at 

different frequencies .................................................................................................... 188 

Fig. 7-23: (a) Resonance frequency and (b) damping ratio of sample s3 as functions of 

the number of cycles of a continuous sine signal ........................................................ 190 

Fig. 8-1: Amplitude of the time signal x[n] against the sample number ....................... 219 

Fig. 8-2: Fast Fourier Transform (FFT) magnitude against the frequency bins (samples)

 .................................................................................................................................... 220 

Fig. 8-3: Half of the FFT magnitude spectrum against the frequency bins .................. 220 

Fig. 8-4: FFT magnitude spectrum for frequency bin from 0 to 100 bins (å 67 Hz) ..... 222 

Fig. 8-5: FFT magnitude spectrum with the frequency vector from 0 to å 67 Hz ......... 222 

Fig. 8-6: Illustration of aliasing ..................................................................................... 224 

Fig. 8-7: Time signal x[n] (Eq. 7.8) with f1 = 2 Hz and its FFT magnitude spectrum .... 225 

ZEqnNum929917


xxiv 
 

Fig. 8-8: Time signal x[n] (Eq. 2.31) with f1 = 2.5 Hz and its FFT magnitude spectrum

 .................................................................................................................................... 226 

Fig. 8-9: Zero-padded time signal with its FFT magnitude spectrum ........................... 227 

Fig. 8-10: Original and windowed time signal with the hanning window and the FFT 

magnitude spectrum after windowing .......................................................................... 228 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



xxv 
 

List of symbols 

G ï Shear modulus 

Gmax ï shear modulus at low strain. 

ɝ ï Damping ratio 

Vs ï shear wave velocity of soils 

ɤn ï radial resonance frequency 

fn ï resonance frequency  

Lb ï bender length 

b ï bender width 

h ï bender thickness 

ɟb ï bender mass density 

ɟL, ɟ ï mass density of liquid 

ɟs ï mass density of the soil sample 

ɛ ï viscosity of liquid 

Eb ï bender Youngôs modulus 

Tx ï bender element transmitter 

Rx ï bender element receiver 

fc ï central frequency 

 

 

 

 

 



1 
 

1 Introduction 

Earthquakes are some of the most devastating natural disasters that cause tremendous 

damage to the economy. Even low intensity earthquakes have the potential to cause 

significant damages because the earthquakes impact most the infrastructure (e.g. 

bridges, buildings, roads etc.) which is typically worth millions of dollars. Earthquake 

damages can be mitigated if a reliable procedure of seismic design of structures is used. 

Accurate understanding of soil behavior in response to seismic loads is highly important 

for a reliable seismic design. Even very low magnitude earthquake waves (Magnitude < 

4.0) can be amplified by up to six times by some soils before the earthquake waves reach 

the surface (Crow et al. 2011; Atkinson and Cassidy 2000). Past occurences (e.g. Mexico 

City 1985) have shown that site amplified earthquakes waves have caused more 

damages than the actual earthquake would have caused. Many modern building and 

bridge codes, such as the National Building Code of Canada (NBCC 2015), now require 

mandatory seismic design checks for structures depending on site class. The Canadian 

Highway Bridge Design Code (CHBDC) will be introducing a dedicated section for seismic 

design in 2020. Therefore, solid understanding of controlling the soil response to seismic 

loads is critical in seismic design of structures. 

The most important dynamic properties governing the soil response to seismic loads are 

shear modulus (G) and damping ratio (ɝ) because they define the soil behavior in 

geotechnical earthquake engineering problems such as seismic design of foundations, 

liquefaction, slope stability, etc (Kramer 1996). Shear modulus is a measure of the 

stiffness of the soil while damping ratio is a measure` of energy dissipation in the soil. 

Shear modulus at low strain levels (Gmax) is related to another dynamic property of soils 

called the shear wave velocity (Vs). Seismic designs in all major codes require sites to be 

classified into different classes based on the average shear wave velocity of the top 30 

m of the soil profile, and different site classes have different seismic design requirements. 

Knowing that these dynamic properties govern the dynamic soil behavior, accurate 

estimation of these dynamic properties is critical for a reliable seismic design.  
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There are only two laboratory tests available to measure these dynamic properties of soils 

at low shear strains which represents seismic loads (ɔ < 10-3); they are bender elements 

(BE) and resonant column (RC) tests. Field tests such as seismic cone penetration 

(SCPT) and downhole (DHT) tests are also used to estimate the dynamic properties of 

soils at low strains; however, errors and inconsistencies are more difficult to control in the 

field than in laboratory. Therefore, laboratory methods are preferred over field tests to 

understand the effects of different factors on the dynamic properties of soils at low strains.  

BE test is a widely used and simple-to-operate laboratory test for measuring Vs. RC test 

is an ASTM standard test widely used for measuring G and ɝ of the soil at strains between 

10-4 % and 10-2 %.  

The loading frequency ranges of BE (1 ï 15 kHz) and RC (20 ï 220 Hz) tests are different 

from the loading frequency range of seismic loads (0.1 ï 10 Hz). The effects of loading 

frequency on dynamic properties of soils are not understood well, therefore, the estimated 

dynamic properties of soils are not representative of seismic loading frequency. In 

addition, BE and RC tests have their own limitations which limit the reliability of the 

measured dynamic properties of soils using BE and RC tests. A major limitation in BE 

test is that the BE test procedure has not been standardized yet because the actual 

behavior of the benders when inserted in the soil specimen is not well understood.  In RC 

test, the induced shear strain of soil the sample is not the same for all frequencies at 

which the transfer function is estimated because the shear strain and loading frequency 

cannot be controlled independently.  
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1.1 Research Objectives 

The main objectives of this study are to understand better the soil-BE interaction; which 

will provide the basis for the development of reliable guidelines for BE testing; and to 

verify the BE test results using the standard RC device. Below is a list of sub-objectives 

and the tasks associated with the sub-objectives: 

1. To understand the BE transmitter behavior inside the soil sample. This objective is 

achieved by evaluating the BE transmitter behavior with different input excitations, 

in multiple surrounding media, and under varying vertical stresses using time 

domain data. The time domain data is measured using a state-of-the-art laser 

vibrometer in air, liquids of different mass densities and in a transparent soil 

specimen. 

2. To evaluate whether the BE behave as a cantilever beam and to investigate BE-

soil sample interaction. This objective is achieved by extracting dynamic properties 

of the transmitter in different media. Resonance frequencies, damping ratios and 

vibration mode shapes of the BE-transmitter in variable conditions are determined 

by performing experimental modal analysis of the transmitter. A thoroughly 

calibrated numerical model of the transmitter is used to advance the understanding 

of the BE-soil sample interaction.  

3. To understand the BE transmitter and receiver system behavior inside the soil 

specimen. This objective is accomplished by evaluating simultaneously the 

response of BE transmitter and receiver with different input excitation frequencies 

and amplitudes and in multiple surrounding media. Again, the measurements are 

obtained using a laser vibrometer.  

4. To evaluate the low-strain behavior of Leda clays which are found in abundance 

in Easter Canada. The effects of shear strain and confinement on the low-strain 

dynamic properties of Leda clays are evaluated using the carrier frequency (CF) 

and equal strain (ES) methods along with the conventional RC method. Effects of 

loading frequencies are investigated using the CF method and by comparing the 

RC and BE test results.  
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1.2 Thesis organization 

This thesis is divided into eight chapters with four of them including the work submitted/to 

be submitted to journal papers. Chapter 1 discusses the motivation, research objectives 

and thesis organization.  

Chapter 2 presents the theoretical background of the concepts used in this study 

such as the wave propagation and linear-time invariant systems.  

Chapter 3 presents the literature review of the dynamic properties of soils. First, 

the factors affecting the dynamic properties are discussed. Then, the methodologies used 

for measuring these dynamic properties at different strains and frequencies are 

presented. Finally, background of the BE and RC tests is discussed. 

Chapter 4 presents the evaluation of the frequency response of the BE transmitter. 

First, the BE transmitter response in air is evaluated using different input excitations. 

Then, the transmitter is inserted in liquids of different viscosities and densities. Finally, 

the transmitter responses in transparent soil under different vertical stresses are 

evaluated. 

Chapter 5 is an extension of Chapter 4 in which modal characteristics of the 

transmitter is discussed using the results of experimental modal analysis of the transmitter 

in different surrounding media and the effects of these media on the vibration modes of 

the transmitter is evaluated. A numerical model of the BE-transmitter is developed based 

on experimental results in air; then, the model properties are changed to match the 

numerical model responses in different media to the experimental responses.  

Chapter 6 presents the study of BE receiver behavior in air, liquids, and in 

transparent soil sample. BE transmitter and receiver responses are compared in different 

media. The effects of input voltage amplitude, input excitation frequency and liquid mass 

density on the receiver behavior are evaluated.  

Chapter 7 presents the study of low-strain dynamic properties of leda clays using 

RC equipment with different interpreting techniques.  
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Chapter 8 presents the conclusions and future research. Main conclusions of this 

study related to the advancement of BE and RC tests are summarized. Then, the future 

work required is described.  
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2 Theoretical Background  

2.1 Wave propagation in a finite elastic medium 

Review of wave propagation theory in a bounded medium is essential for understanding 

the analytical concepts of Resonant Column and Bender Element techniques. In general, 

wave propagation with laboratory techniques allows the study of soil behavior without 

significantly affecting the soil specimen. The frequency dependent velocity and 

attenuation of waves are widely used to estimate material properties. Different types of 

waves have been studied; this study focuses on shear wave propagation because the 

governing dynamic stiffness parameter of soils is the shear modulus (G). However, 

equivalent explanations can be presented for Youngôs modulus (compressional waves) 

because wave equation is the same for both compressional and shear waves. The one-

dimensional (1D) wave equation for torsional vibrations in a rod is derived and solved 

next, followed by relating the 1D wave equation/solution to BE and RC tests (Richart et 

al., 1970). 

A torque (T) is applied on a transverse section of a rod and the response is the twist angle 

(ɗ) as shown in Fig. 2-1 below.   

 

Fig. 2-1: Torsion and twist angle in a rod 

T and ɗ are related through the equation 

 

ɗ 

Ўx 

T 

H 

x 

x 
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 T GJ
dx
qµ

=    2.1 

where J is the polar moment of inertia of the cross-section of the rod, and 
dx
qµ

  is the twist 

angle per unit length. 

Furthermore, the rotational inertia in an element of the rod of length Ўx is equal to the 

torque which can be written as  

 
2

2
JT x

t

q
r

µ
= D

µ
  2.2 

where ʍ is the mass density of the rod and 
2

2t

qµ

µ
 represents the rotational acceleration. 

Fig. 2-2 shows the rod of length Ўx. Newtonôs second law is applied to get  

 
2

2
( ) J

T
T T x x

x t

q
r=+

µ µ
- + D D

µ µ
  2.3 

which on simplification becomes 

 
2

2
J

T
x t

q
r=

µ µ
µ µ

  2.4 

 

Fig. 2-2: Torsion in a small element 

 

Substituting Eq. 2.1 into Eq. 2.4 gives 
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and simplifying Eq. 2.5 results in 

 2
2 2

2 2SV
t x

q q
=

µ µ

µ µ
  2.6 

where Vs  is the wave velocity of the shear waves in the rod given by  

 
2

S

G
V

r
=   2.7 

Eq. 2.6 is the one dimensional wave equation for a finite elastic medium (Richart et al. 

1970). This equation is a linear partial differential equation with constant coefficients; 

hence, superposition of solutions is applicable. For a finite rod, the solution to Eq. can be 

written as a trigonometric series solution in the form 

 
1 2

( cos sin )n nA C t C tq w w= +   2.8 

where q is the twist angle along the length of the rod, C1 and C2 are constants, and nw   

is the natural frequency of nth mode of vibration of the rod.  

Eq. 2.8 represents the torsional vibration of the rod in a natural mode which can be 

substituted in Eq. 2.6 to obtain 

 
22

2 2
0n

S

d A
A

dx V

w
+ =  2.9 

where 

 
43

cos sinn n

S S

x x
A C C

V V

w wå õ å õ
æ ö æ ö
æ ö æ ö
ç ÷ ç ÷

= +   2.10 

Eq. 2.10 represents the displacement amplitude of the rod and the constants C3 and C4 

depend on the boundary conditions. The relevant boundary conditions for this study are 

fixed and free ends. Fig. 2-3 shows the rod with fixed free boundary conditions. At the left 

end (x = 0), A = 0 and A xµ µ = 0 is zero at the right end (x = H).  
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Fig. 2-3: Rod with fixed-free boundary conditions 

Substituting x = 0 in Eq. 2.10 yields C3 = 0. For C4, Eq. 2.10 is differentiated with respect 

to x. The result is 

 3 4sin cosn n n

S S S

x xdA
C C

dx V V V

w w wå õ
= - +æ ö

ç ÷
  2.11 

Substituting x=H in Eq. 2.11 will result in the transcendental equation  

 cos 0n

S

H

V

wå õ
=æ ö

ç ÷
  2.12 

Eq. 2.12 represents the mode shape function for a fixed free rod in torsional mode. To 

satisfy Eq. 2.12, which results in 

  for n = 1, 3, 5..
2

S
n

n V

H

p
w =   2.13 

Hence, Eq. 2.10 can now be written as  

 4 sin
2

n x
A C

H

p
=   2.14 
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2.1.1 Bender Element (BE) test 

The wave propagation theory in BE test is relatively simple; travel time of the elastic shear 

waves along the length of the rod is used to estimate G using Eq. 2.7. If a torsional wave 

takes the time (t) to travel along the rod of length (H), then G can be estimated as  

 
2

2

H
G

t
r=   2.15 

where VS = H/t is substituted in Eq. 2.7 and ɟ is the mass density of the rod. 

2.1.2 Resonant Column (RC) test 

In RC test, the soil specimen is assumed as a continuous, linear elastic, isotropic and 

homogenous cantilever solid cylinder; therefore, the wave equation (Eq. 2.4) will apply. 

The driving and motion monitoring instruments are attached at the free end of the soil 

specimen. Theoretically, the effects of these instruments are combined into a lumped 

mass (Fig. 2-4); this lumped mass changes the boundary condition at the free end.  

Therefore, Eqs. 2.12 - 2.14 are not applicable. Following are the modifications 

corresponding to the boundary conditions in RC test theory. 

A torque (T) is applied at the free end for inducing the torsional vibrations. This torque is 

equal to the rotational inertia of the lumped mass  

 
2

2oT GJ I
x t

q qµ µ
= =-
µ µ

  2.16 

where Io is the mass polar moment of inertia of the lumped mass and J is the polar 

moment of inertia of the rod. 

Since A = 0 at x = 0, C3 = 0 in Eq. 2.10. For x = H, we find 
2 2 and x tq qµ µ µ µ   

  

1 2

2
2

1 22

( cos sin )
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( cos sin )
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n n n

A
C t C t

x x

A C t C t
t

q
w w

q
w w w

µ µ
= +

µ µ

µ
=- +

µ

  

Eq. 2.16 is substituted in the above to get 
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 2
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GJ I A

x
w

µ
=

µ
  2.17 

 

Fig. 2-4: Cantilever cylinder with rigid mass at the free end 

Then, Eq. 2.14 and its derivative are substituted in Eq. 2.17 for x = H to obtain  

 
2cos sinn n n
n o

s s s

H H
GJ I

V V V

w w w
w=   2.18 

Knowing that I J Hr=  for a uniform rod, Eq. 2.18 can be reduced to  

 tann n

o s s

H HI

I V V

w w
=   2.19 

where I is the mass polar moment of inertia of the rod. 

The above procedure shows how the 1D wave propagation equation can be used with 

RC test boundary conditions to estimate Vs of the soil by knowing the resonance 

frequency ( nw ) of the specimen. Similarly, Vs can be estimated using BE test conditions. 

Fixed base

H

x

T

Lumped mass

Cylinder
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Eq. 2.15 actually represents in the relationship of shear modulus at low strains (Gmax) with 

Vs 

 max
2
sG Vr=   2.20 

BE tests are not typically used for estimating the damping ratio (ɝ) of the soil. In RC tests, 

ɝ is determined independently using the phenomenon of attenuation of waves. 

2.1.3 Attenuation 

Attenuation of waves is the decrease in amplitudes of the waves in space. Main causes 

of attenuation are geometric spreading, apparent attenuation, and material losses 

(material damping ratio) (Winkler and Nur 1979). All of these causes are represented by 

parameters to define attenuation. The focus in this study will be on the parameters of 

attenuation which represent material losses. Following are the definitions of these 

parameters:  

2.1.3.1 Damping ratio (‚) 

Damping ratio is defined as the ratio between system damping and critical damping. For 

a single degree of freedom system, the equation of damping ratio is 

 
2cr

c c
c km

x= =   2.21 

where ccr is the critical damping coefficient, c is the system damping coefficient, k and m 

are the stiffness and mass of the system respectively. ccr is the boundary between 

oscillatory and non-oscillatory motion. For underdamped system c < ccr, for critically 

damped, c = ccr, and for over-damped, c > ccr   
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2.1.3.2 Logarithmic decrement 

This parameter is estimated using the method of free vibration; it is defined as the natural 

log of two successive amplitudes of free vibration of the system. The expression is  

 1ln i

i n

u
un

d
+

=   2.22 

where ui represents the maximum amplitude of ith cycle and n is the number of cycles 

between the two amplitudes.  

2.1.3.3 Quality factor 

For a linear visco-elastic medium, attenuation can be quantified using the complex 

modulus 

 *
R I

G G iG= +   2.23 

where GR is the storage modulus (real or elastic component) and GI is the loss modulus 

(imaginary or viscous component). Quality factor (Q) is defined as the ratio between GR 

and GI. Q can also be estimated using the half-power bandwidth method (section 3.2.1). 

The damping ratio and logarithmic decrement are parameters typically used to determine 

the material damping in conventional RC testing. These parameters are measured using 

methods such as half-power and free vibration (section 3.2.1). The shear modulus is 

determined independently even though soil behaves as a visco-elastic medium even at 

very low strains (Lo Presti et al. 1997). 

2.2 Linear time-invariant (LTI) system 

The concepts of laboratory methods used in this study for measuring the dynamic 

properties of soils are based on the assumption that the system of soil specimen and the 

equipment are LTI because the strain levels in these techniques are in very small to small 

range.  

Analysis of systems which are linear and time-invariant is significantly simpler than that 

of other systems. The assumption of LTI system facilitates the system identification 

problems (explained below). A time-invariant system is the one which does not change 

its characteristics over time; a linear system is the one in which the superposition principle 
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can be applied i.e. sum of time-shifted input is directly related to the sum of time shifted 

output. Details of LTI systems such as their properties can be reviewed from Santamarina 

and Fratta (2005). 

2.2.1 System identification in time domain 

The mass-dashpot system is a single-degree-of-freedom (SDOF) LTI system which is 

represented by the equation of motion 

 my cy ky f+ + =  2.24 

where f is the input force, y is the response, and m, c, and k represent the SDOF system 

properties; these properties characterize the LTI system. The problem of identifying these 

system properties is termed as the óinverse problemô where an impulse response can be 

used to determine these properties. An impulse response is the response of the system 

(for example the mass-dashpot system) when an impulse is applied to that system (f in 

Eq. 2.29 is impulse) 

The underdamped impulse response of a SDOF system is given by  

 2

2
( ) sin( 1 )

1

ot

o

o

e
h t t

m

xw

w x
w x

-

= -
-

  2.25 

where 
ow  is the radial resonance frequency, x is the damping ratio, and m is the mass 

of the SDOF system.  

The advantage of assuming an LTI system is that the impulse response contains all the 

information about the system. Obtaining impulse response in practice is not possible 

because the impulse function and its response are mathematical ideologies. The system 

characteristics are obtained by processing the input and output results in frequency 

domain (next section). However, if an appropriate analytical model of the system is 

available, the measured impulse response can be curve-fitted to obtain approximations 

of the system characteristics. 
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2.2.2 System identification in frequency domain 

Consider again the SDOF system represented by Eq. 2.24. In time domain, an impulse 

is used as the input force to determine the impulse response. If the input force is replaced 

by a complex exponential, Eq. 2.24 can be written as 

 i t

omy cy ky F e w+ + =   2.26 

where Fo is the amplitude of the input force. The response of the system then becomes  

 ( ) ( ) i t

oy t H F e ww=   2.27 

Substituting y(t) in Eq. 2.26 will yield the expression for the transfer function ( )H w  as  

 
2

2 2
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n n
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w
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è ø
= é ù

+ -ê ú
  2.28 

Eq. 2.28 is a complex function which represents the frequency response function or the 

transfer function of the SDOF system based on the displacement response (y). Similar 

transfer functions can be obtained for velocity ( )y  and acceleration ( )y  responses. They 

are expressed as  

 

2

2 2
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  2.29 

 

2 2
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          for acceleration        
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è ø
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  2.30 

The frequency response functions presented above also completely characterize the 

system in frequency domain. Although the displacement impulse (Eq. 2.30) and 

displacement frequency (Eq. 2.33) responses are in different domains, they provide the 

same system information; therefore, they must be related. Indeed, the frequency 

response is the Fourier transform of the impulse response expressed as 

 
( )( ) ( ). j tH h t e ww

¤
-

-¤

=ñ   2.31 

Similar conclusion can be made for the velocity and acceleration transfer functions. 
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3 Literature review 

3.1 Dynamic characterization of soils 

Dynamic response of soils can be studied using either the phenomenological or 

micromechanical theory (Lai and Rix 1998). Micromechanical theory is a classical 

approach which is based on the identification of a deformable soil with regions of three-

dimensional Euclidean spaces. Soil is modelled as an assembly of interacting rigid or 

deformable discrete particles. However, in phenomenological theory, soil behavior is 

studied via causes and effects at a macro level. Micromechanical theory is further divided 

into the framework of discrete and continuum mechanics which are based on different 

mathematical models. Neither micromechanical nor phenomenological theories 

incorporate comprehensive features of soils, particularly of soils under cyclic loads (Lai 

and Rix 1998). Both theories can provide reasonable results if the problem under 

consideration satisfies the assumptions of that model. While recognizing the importance 

of studying soil response at a microscopic level, phenomenological approach has been 

adopted in this study to model the dynamic behavior of soils. 

3.1.1 What are the dynamic properties of soils? 

The mechanical behavior of soils in response to dynamic (or cyclic) loading is governed 

by the dynamic properties of soils. The two most important dynamic properties of soils 

are shear modulus (G) and damping ratio (ɝ). Shear wave velocity of soils (Vs) is another 

important soil property which is related to Gmax i.e. shear modulus at low strains. Solution 

of various problems in soil dynamics such as seismic design of foundations, soil 

liquefaction assessment and site response analysis rely on the knowledge of these 

dynamic properties of soils. Moreover, substantial research has been performed during 

the past 20 to 30 years to study the response of soils to cyclic loads such as earthquakes 

or machine vibrations (Lai and Rix 1998, Richart et al. 1970). This research suggests that 

a better understanding of the dynamic properties of soils can be achieved by 

understanding the factors that affect these dynamic properties. Numerous testing 

methodologies have been utilized (phenomenological approach) to understand the 

factors affecting the dynamic behavior of soils. This is similar to the approach used in 
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defining the strength of soils whereby triaxial tests are adopted to understand the stress 

strain behavior of soils.  

3.1.2 Factors affecting the dynamic properties of soils 

Factors affecting G and ɝ can be divided into external and internal (Lai and Rix 1998). 

Internal factors include soil properties such as void ratio, soil type, and in-situ effective 

stress; external factors correspond to the external actions such as applied shear 

stress/strain magnitude, shear stress/strain rate, and shear stress/strain duration. This 

study focuses on the effects of the external factors.  

Shear stress/strain magnitude is the most important external factor affecting the dynamic 

behavior of soils. This magnitude is proportional to the level of shear strain induced in the 

soils when the soil is subjected to dynamic loads (Vucetic 1994). Dynamic soil behavior 

is categorized according to the level of shear strain induced in the soil (Vucetic 1994). 

Table 3-1 shows three types of soil behavior based on the strain level limits defined as 

ɔL, and ɔV. Values of these strain levels depend on the soil type. For example, for a fully 

saturated clayey soil with plasticity index (PI) å 50, ɔL = 0.001 % and ɔV = 0.01 %. 

Table 3-1: Shear strain levels and the corresponding soil behaviors 

Shear strain 

magnitude 

Very small 

strain 
Small strain Medium to large strain 

0 < ɔ Ò ɔL ɔL < ɔ Ò ɔV ɔV < ɔ 

Soil response 
Linear 

viscoelastic 

Non-linear 

viscoelastic 

Non-linear elasto-

visco-plastic 

ɔL ï linear threshold strain 

ɔV ï volumetric threshold strain 
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Table 3-1 shows that the dynamic soil behavior can never be perfectly elastic because, 

even at very small strains, energy is dissipated in soil (Lo Presti et al. 1997). In the small 

strain region, the soil experiences permanent deformations; whereas, irrecoverable 

microstructural changes leading to large deformations in the soils occur in the medium to 

large strain range.  

In this study, dynamic soil behavior in very small strain regions will be investigated. The 

term small/low strain is used instead of very small strain in this study. 

Stress/strain duration is another external factor affecting the dynamic properties. 

Stress/strain duration of dynamic loads is equivalent to the number of cycles when the 

dynamic loads are of cyclical nature. The intensity of effects of duration depends on the 

shear strain range. Increase in the strain duration (or the no. of cycles) causes a decrease 

in shear modulus of soils; however, this effect is not significant in the small strain region 

(Shibuya et al. 1995). 

Effects of stress/strain rate (or frequency) of dynamic loads applied on soils also depends 

on the level of shear strains given in Table 3-1. Considerable research has been 

performed for evaluating effects of frequency at strains greater than ɔL (Lo Presti et al. 

1997; Shibuya et al. 1995). The results from these studies have shown that, in general, 

the increase in excitation frequency causes an increase in shear modulus of the soils, 

especially in the soils with high plasticity. Frequency effects for small strain regions have 

not been characterized well because of the limitations in methods used for measuring 

dynamic properties at these strain levels. These limitations are described in the following 

section 

3.2 Methods for measuring low-strain dynamic properties of soils 

The effects of loading frequency on dynamic properties can be characterized accurately 

if reliable techniques are available to measure these dynamic properties of soils. Dynamic 

properties for small strain regions can be measured using laboratory or field techniques. 

Field techniques provide more representative estimates of dynamic properties; however, 

field measurements are affected by several factors such as non-homogeneity of soil 

layers, radiation damping, and geometric effects. Moreover, all field measurements 

involve the use of wave propagation phenomenon to measure the dynamic properties of 
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soils. The wave propagation phenomenon can get extremely complex because the field 

measurements are performed on large soil mass.  

On the other hand, lab measurements can be obtained in an environment where 

parameters affecting the soil behavior can be controlled. The soil specimens used in a 

laboratory experiment are usually of a regular shape. The laboratory measurements can 

also be validated using analytical theories with certain assumptions; therefore, the studies 

on the effects on dynamic properties can be better conducted using lab techniques. 

However, lab techniques for small strain measurements have limitations and assumptions 

which make it difficult to evaluate the loading frequency effects. Two common lab 

techniques available to measure dynamic properties at small strains (10-7 % to 10-1 %) 

are resonant column (RC) and bender elements (BE). Fig. 3-1 shows the strain levels 

achieved along with the loading frequencies in RC and BE tests compared to those of 

cyclic triaxial (CT) and cyclic direct simple shear (CDSS) tests. Significant gaps in loading 

frequency range can be observed amongst the different techniques in Fig. 3-1. The 

inherent methodology of these techniques does not allow over lapping shear strains or 

loading frequencies.  

 

Fig. 3-1: Induced shear strains in common laboratory tests 
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3.2.1 Resonant Column (RC) test 

RC method is an ASTM standardized method used for measuring shear modulus (G) and 

damping ratio (ɝ) at different shear strain levels and confinement stresses. Several types 

of RC devices have been developed which differ based on the boundary conditions and 

modes of vibration. Hardin and Richart (1963) developed a device with free-free boundary 

conditions to measure longitudinal and torsional vibrations; this equipment could only be 

tested in isotropic conditions. Hardin and Music (1965) added the capability of deviatoric 

axial loading to the RC equipment which could be operated at strains around 10-5. Then, 

Drnevich (1967) developed a fixed-free resonant column in which strains up to 10-3 could 

be imposed on the specimen. Several other devices were developed later which 

combined the torsional shear and resonant column techniques to measure dynamic 

properties for strains between 10-6 to 10-1 (Isenhower 1979). 

The configuration of RC test with free-free boundary conditions is difficult to simulate 

because the specimen is never exactly ófreeô. Therefore, fixed-free boundary conditions 

are preferred for RC technique. A solid cylindrical soil specimen is subjected to axi-

symmetric loading from an electro-magnetic system with a driving plate attached to the 

free end; the response is also measured from the free end using accelerometers attached 

to the driving plate. The driving and response measuring system is accounted in 

theoretical derivation by a lumped mass (section 2.1.2). The resonance frequency (ɤn = 

2ʌfn) of the soil specimen is measured from the transfer function obtained by performing 

a sinusoidal frequency sweep of the soil specimen. Random noise has also been used to 

perform the frequency sweep (Cascante and Santamarina 1997). Theoretical transfer 

function for the RC test is expressed as (Khan 2007) 
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where To and j represent the torque (input) and twist angle (output) of the specimen. 

Fig. 3-2 shows a typical transfer function from the RC test results. The solution of one-

dimensional wave propagation (Eq. 2.37) along with Eq. 3.2 can be used to estimate the 

value of Vs. 
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Fig. 3-2: A typical transfer function 

The value of oI I in Eq. 3.2 is obtained by calibrating the RC system with aluminum or 

PVC probes of known resonance frequencies (section 7.6.4). Damping ratio (‚) is typically 

obtained independently from the half-power bandwidth or free vibration method; these 

methods are reviewed below. 

Half-power bandwidth method: two frequencies (f1 and f2) corresponding to the half-

power of peak of the transfer function 
2

a   are measured from the transfer function (Fig. 

3-2). Then, the value of ɝ is estimated as 

 2 1

2 n
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Free vibration: In this method, damping ratio is computed using the logarithmic 

decrement of the free vibration response of the SDOF system (Fig. 3-3); the free vibration 

response is induced by an initial condition (displacement or velocity). In RC test, the initial 
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condition is achieved by turning off the driving mechanism which will stop the dynamic 

excitations. The maximum amplitudes of two cycles are used with Eq. 3.4 below to 

estimate the logarithmic decrement (ŭ) (Clough and Penzien 2003) 

 

Fig. 3-3: SDOF system response 
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where an and an+1 are obtained from the time domain response (Fig. 3-3). 

 

3.2.2 Bender Element (BE) testing 

BE are electro-mechanical transducers capable of converting electrical energy to 

mechanical and vice versa. A bender element is made up of two thin piezo-ceramic plates 

bonded together with conducting surfaces in between and outside (Lee and Santamarina 

2005). These plates are covered with epoxy material to avoid short-circuiting the 

transducers. An electrical voltage is applied on to the bender element; due to the 

polarization of the ceramic material, this voltage elongates one plate and shortens the 

other. The opposite movement of the plates causes the bender element to bend. On the 

contrary, when the bender element is mechanically forced to bend, one plate is stretched 
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while the other is compressed; an electrical voltage is generated as a result of this 

bending. Fig. 3-4 shows the element in straight and bent positions. 

 

Fig. 3-4: BE in relaxed and excited positions (after Dyvik and Madhsus, 1985) 

Bender elements (BE) have been widely used with dynamic geotechnical equipment such 

as cyclic triaxial and resonant column (Schultheiss 1981); they are attached to the 

pedestals of these geotechnical equipment and inserted into the soil specimen (Fig. 3-5). 

BE test method was first proposed by Shirley (1978) and Shirley and Hampton (1978), 

and has been very popular over the years because of its simple operation. A pair of BE 

are used where one is the BE transmitter (Tx) and other is the receiver (Rx). The BE 

transmitter at one end generates a shear wave due to the perturbation caused by the 

input voltage (Fig. 3-5). This wave propagates along the length of the soil specimen and 

bends the BE receiver. The electrical voltage generated by the receiver movement is 

recorded, and the arrival time of the shear wave is determined. The travel time of the 

shear wave along a known length of specimen gives a direct measure of Vs of the soil 

specimen (Eq. 2.15). The travel distance of the shear wave is typically the tip-to-tip 

distance between the BE (Lee and Santamarina 2005). 
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surfaces
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Fig. 3-5: BE with dynamic geotechnical equipment 

3.3 Limitations in RC and BE tests 

Soil behaves as a visco-elastic medium at small strains for which the dynamic properties 

should be evaluated simultaneously (Lai et al. 2001). Conventional RC test does not allow 

simultaneous measurements of G and ʊ. Moreover, dynamic properties evaluated using 

RC test correspond only to the resonance frequency of the specimen; measurements at 

other loading frequencies are not possible.  

The operation of BE test is simple; however, BE testing has not been standardized yet 

because of difficulty in interpreting BE test results. The difficulty is mainly because, when 

BE are inserted in the soil specimen, the actual behavior of BE is unknown which makes 

it challenging to determine accurately the arrival time of the perturbation. Moreover, the 

frequency of vibration of BE in the soil cannot be determined. 

The limitations highlighted above in BE and RC tests make it difficult to evaluate the 

loading frequency effects on the dynamic properties of soils. An experimental program is 

proposed in this study to address some of these limitations to allow the evaluation of 

loading frequency effects on dynamic properties in small strain range. A set of RC tests 

on Leda clays is performed along with measuring the actual vibrations BE in different 

media.  
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4 Novel evaluation of bender element transmitter response  

4.1 Introduction 

 Shear wave velocity of soil (Vs) is an important parameter for seismic characterization of 

sites and dynamic analysis of structures. The bender element (BE) method is widely used 

to measure Vs in laboratory specimens (Shirley and Hampton 1978). In this method, two 

piezo-ceramic transducers (the bender elements) are inserted at the opposite ends of a 

soil specimen and an input voltage signal is applied to one of the transducers (the 

transmitter). This signal generates a disturbance in the soil sample, and the mechanical 

energy from the shear wave propagating through the soil sample is converted to an output 

voltage signal upon reaching the other transducer (receiver). The distance between the 

transmitter (Tx) and receiver (Rx), and the shear wave travel time ts from Tx to Rx are used 

to estimate Vs (Dyvik and Madshus 1985). Despite its popularity, no standardized 

procedure is available for the BE method mainly because the response of the BEs inside 

the soil specimen has not been characterized experimentally.  

A few experimental studies have been performed to hypothesize the actual behaviour of 

BEs inside the soil specimens. Rio (2006) measured, using a laser velocimeter, the 

response of transmitters in air and under embedded conditions inside a synthetic rubber 

specimen. Rio (2006) showed that, when bender elements are embedded in synthetic 

rubber specimens, the natural frequency and damping ratio of transmitter vibration are 

greater and the amplitude of vibration is less than the corresponding quantities measured 

when the bender elements are in air. The first mode resonance frequency in air of one of 

the benders (dimensions 1.5 mm x 6 mm x 8 mm) studied by Rio (2006) is 3.4 kHz. Rio 

(2006) estimated that the maximum shear strain from the peak BE displacements was of 

the order of 10-3%, which is inconsistent with the maximum shear strain in BE testing 

given by previous researchers (Camacho-Tauta et al. 2015; Leong et al. 2005; 

Pennington et al. 2001). Pallara et al. (2008) used a laser vibrometer to study the 

response of a transmitter in air and showed that the shape of the transmitter response is 

different from the shape of the input signal. These studies provide a preliminary insight 

into the response of BEs inside the soil specimen; however, because of the use of 
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synthetic rubber specimens in these studies, the response of BEs embedded inside a soil 

specimen is still not well understood.  

A novel experimental program is described in this study in which the actual transmitter 

vibrations inside a transparent soil specimen are measured using a state-of-the-art laser 

vibrometer. The transparent soil used in this study has mechanical properties similar to 

those of granular soils with angular particles (Ezzein and Bathurst 2011). First, the effects 

of input excitation on transmitter response in air is measured by subjecting the transmitter 

to sine, step, and square pulse excitations. This exercise is done in two steps: first, 

measurements are taken at one point located at the centre of the free end of the 

transmitter surface, and then measurements are taken at several points on the transmitter 

surface. Then, the effect of voltage amplitude applied on the transmitter response is 

measured by exciting the transmitter with increasing voltage amplitude of input pulses 

and measuring the peak displacement using the laser. The effects of mass density and 

viscosity on the transmitter response are evaluated by measuring the transmitter 

response in water, sucrose of different concentrations, and mineral oil mixture (liquid used 

for making the transparent soil). Finally, the transmitter response is measured inside a 

transparent soil specimen and compared with the input excitation. The effects of applied 

vertical stress in the transparent soil on transmitter response are also evaluated. The 

effects on the transmitter responses are characterized using changes in peak 

displacement amplitude, natural frequencies, and damping ratios, which are obtained 

from the displacement responses of the transmitter and their frequency spectra. In 

addition, the effect of input excitation frequency on the relative time shift between input 

excitation and transmitter responses in air, mineral oil, and soil is studied by analysing 

the transfer functions between the sine-sweep input excitations and the transmitter 

responses. 
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4.2 Background 

4.2.1 Estimation of arrival time 

In a conventional BE test, the shear waves travel time ts is computed as the time 

difference between the input signal x(t) from the transmitter and the output signal y(t) from 

the receiver (Fig. 4-1). The travel time is associated with the transfer function HSoil which 

is calculated as the ratio between the frequency spectrum of the output signal Y(and ( 

the input signal X(However, time delays are introduced at different stages in a BE test .( 

because of multiple transfer functions involved (Wang et al. 2007). Fig. 4-1 shows the 

multiple time delays in a BE test and their associated transfer functions; t1 is the time 

delay between the input voltage and the transmitter response with the transfer function 

HTx; t2 is the delay between the transmitter and receiver responses with the transfer 

function HRx; and t3 is the delay between the receiver response and the output voltage 

with the transfer function Ho. Most of the studies in BE testing have focused on improving 

the accuracy of ts because of the difficulty in measuring t1, t2, and t3 and their transfer 

functions; therefore, the reliability of conventional BE test results has been dependent on 

the accuracy of the measured ts. Several factors affect the accuracy of the measured ts 

such as quality control in manufacturing of BEs (Lee and Santamarina 2005), coupling 

and alignment of BEs in the soil specimen (Gohl and Finn 1991), near-field effects (Arroyo 

et al. 2003), and type of input excitation pulse (Brignoli et al. 1996; Jovicic et al. 1996; 

Lee and Santamarina 2005).  
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Fig. 4-1: Shear wave arrival times and transfer functions at different stages in a 

conventional BE test setup 

Different time and frequency domain methods have been proposed for accurate 

measurement of ts. In the simplest time domain method, the first arrival from the output 

signal (receiver end) is selected with the assumption that no refracted or reflected waves 

are present. Individual judgement is used in this method because no agreeable 

recommendations are available for identification of the first arrival. Measurement of time 
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difference between characteristic points (such as peaks and troughs) of the input and 

output signals is also sometimes used in the time domain. An important drawback of this 

method is the assumption of plane wave propagation without the consideration of 

reflected or refracted waves. Viggiani and Atkinson (1995) proposed a method of 

computing cross-correlation between input and output signals. All these methods depend 

on the assumption that the frequency contents of the input and output signals are the 

same; however, this assumption is idealistic because input and output signals in soils can 

never have the same frequency content as the output signal is influenced by the soil and 

other electronic devices in a BE test. Arulnathan et al. (1998) and Lee and Santamarina 

(2005) proposed the use of second arrival of the output signal that occurs when the shear 

wave from the receiver reflects back to the transmitter and then again reflects back to the 

receiver. However, the second-arrival based methods depend on a particular travel 

distance and boundary characteristics of the sample; because the boundary conditions 

and travel distance vary from one BE test setup to another, the second-arrival based 

methods cannot be generalized to all BE test setups. Further, the second arrival is often 

very weak to be reliably detected. The existence of different methods for the evaluation 

of ts is a direct consequence of the current lack of understanding of the actual response 

of the BE inside the soil, which the present work addresses. 

 Several frequency domain methods have been proposed for estimation of ts because of 

the limitations of the time domain methods. Discrete -́point identification is a method in 

which a sinusoidal sweep is performed manually (Sachse and Pao 1978) . The input sine 

frequencies that result in a perfect phase shift between the signals are picked as the -́

point frequencies. Then, Eq. 4.1, which relates input sine frequency f, wave velocity V, 

wave length ɚ, travel length of the wave L, and phase angle ű, is used to estimate the 

phase angle 

 2
L

V f fl p
j

= =   4.1 

The plot of phase angle versus frequency is a straight line, and the slope of this line gives 

an estimate of ts according to Eq. 4.2: 
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This frequency domain method is more systematic, but manual sweeping to identify the 

-́points is time consuming and only a limited number of -́points can be recorded. 

Greening and Nash (2004) enhanced this method by proposing a setup to perform a 

continuous and automatic sine sweep rather than discrete and manual; the results from 

this method include unwrapped phase and coherence plots against the frequency. Viana 

da Fonseca et al. (2009) used the moving windows algorithm in which the unwrapped 

phase is plotted for different frequency bandwidths. Alvarado and Coop (2012) used the 

transfer functions between different voltage inputs and measured voltage outputs to 

evaluate the performance of the BE system. Camacho-Tauta et al. (2016) estimated Vs 

using a modified frequency domain method for BE tests and compared the results with 

those of resonant columns (RC) tests.  

Notwithstanding several research studies performed on the estimation of ts, both the time 

and frequency domain methods have not provided conclusive recommendations for 

estimating ts because the actual behaviour of the BEs inside the soil specimen is not well 

understood. As the accuracy of all methods depends on the input and output signals, it is 

important to obtain the actual signal generated by the transmitter and the actual signal 

received by the receiver for estimation of t1, t2, and t3 (Fig. 4-1).  Because the actual 

signals are not explicitly known, estimation of ts is approximate even if better methods of 

estimation are used. Therefore, the actual transmitter and receiver responses must be 

characterized and estimates of t1, t2, and t3 must be determined along with their transfer 

functions. This study focuses on characterizing the actual transmitter response under 

different conditions by putting the transmitter in air, in different liquids, and, especially, in 

transparent soil, and investigating the variation of the measured time t1 as function of 

frequency.  
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4.2.2 BE vibration  

Vibration characteristics of a BE is assumed to be similar to those of a cantilever beam 

(Lee and Santamarina 2005). The resonance frequency of the nth mode of vibration of a 

BE in air can be estimated from Eq. 4.3 (Clough and Penzien 2003) 
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where kLn is a characteristic number that depends on n and the boundary conditions; Lb, 

Ib and ɟb are the length, area moment of inertia (Ib = b h3/12), and mass density of BE, 

respectively; h, b, and Ab (Ab = Lb h) are the thickness, width, and cross-sectional area of 

the BE, respectively; Eb is the Youngôs modulus of the piezoceramic element; Ŭ is the 

effective length factor with Ŭ = 1 when the BE is perfectly fixed to the base and Ŭ > 1 when 

there is flexibility in connection between the BE and the base. 

The resonance frequency of the first mode of vibration of a BE when embedded in soil 

can be estimated from Eq. 4.4 (Lee and Santamarina 2005) 
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where ɟs and Es are the mass density and Youngôs modulus of soil, respectively; ɓ is the 

experimental factor related to the volume of soil affecting the vibration of BE; and ɖ (å 2) 

is the mean displacement influence factor at the soil-BE interface (Poulos and Davis 

1974). 
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4.3 Materials 

Responses of BEs while inserted in multiple liquids including water, sucrose solutions, 

and mineral oil, and in transparent soil sample made with fused quartz and mineral oil are 

investigated in this study. These materials in which the BEs are inserted are described in 

this section.  

4.3.1 Sucrose solution 

Sucrose solution made with two levels of sugar concentration, 20%, and 40% by weight, 

are used in this study in addition to pure water (which acted as a base case with 0% sugar 

concentration).  This gives the opportunity to investigate the transmitter response in 

liquids with different densities and viscosities (different sugar concentrations produced 

different densities and viscosities) the details of which are presented in Table 4-1. The 

choice of sucrose is made based on the fact that sucrose can be readily used for making 

a transparent soil specimen (Guzman and Iskander 2013) and that the effects of different 

sucrose concentrations on the transmitter response would help in analysing the 

measurements in transparent soils. 

4.3.2 Mineral oil and transparent soil 

The mineral oil mixture used in this study is prepared with two mineral oils, namely, 

Krystol-40 and Puretol-7 (Ezzein and Bathurst 2011; Weast et al. 1981). The mixture is 

colourless, odourless, and chemically stable. The viscosity and density of this oil mixture 

are presented in Table 4-1. 

Transparent soils have been developed and used in the past for studying many 

geotechnical problems (Ezzein and Bathurst 2011; Iskander 2010). In this study, the 

transparent soil developed by Ezzein and Bathurst (2011) is used, and is made up of 

fused quartz and mineral oil mixture described above. Fused quartz is a noncrystalline 

form of quartz sand (with silicon dioxide [SiO2] as the main mineral present), which is 

widely used in semiconductors, solar cells, and telescopes. The transparency in the soil 

specimen occurs because of similar refractive indices of fused quartz and the mineral oil 

mixture. The mechanical properties (such as the shear strength) of this transparent soil 

are comparable to cohesionless soils of angular shaped particles (Ezzein and Bathurst 
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2011). The grain size distribution of the fused quartz used in this study is shown in Fig. 

4-2. 

Table 4-1: Properties of liquids used in this study 

Liquid Viscosity  ɛ (cP) Density ɟ (g/mL) 

Mineral Oil 8.2 0.8 

Water 1 1 

Sucrose ï 1 (20% by weight) 1.7 1.1 

Sucrose ï 2 (40 % by weight) 5.2 1.2 

 

Fig. 4-2: Grain size distribution of fused quartz used to prepare transparent soil 

specimens 
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4.4 Experimental setup and specimen preparation 

A novel experimental setup consisting of a BE transmitter, peripheral electronics, a laser 

vibrometer, liquids (as described above), and a transparent soil specimen is used in this 

study. A typical transmitter is used in this study which is rectangular in shape with surface 

dimensions of 6 mm ³ 14 mm, and a thickness of 1.5 mm, and is attached to a steel base 

plate. A schematic of the transmitter cross-section and experimental setups in air, in soil 

without confinement, and in soil under confinement are shown in Fig. 4-3. 

The laser vibrometer used in this study is a single point vibrometer developed by Polytec 

Inc. (Polytec 2013). This device operates on the principle of heterodyne interferometer to 

obtain the characteristics of the mechanical vibrations (Polytec 2013). The laser beam 

emanating from the laser head is pointed at the target (transmitter in this case) which 

reflects back the laser beam. A phase/frequency modulation of the laser light is generated 

by the displacement/velocity amplitudes of the target because of Doppler effect. Then, 

the vibration decoder recovers this modulation and converts it into signals that can be 

displayed on a computer screen. Phase modulation of the Doppler effect is used for 

displacement information while frequency modulation is used for velocity information. The 

laser vibrometer is capable of measuring displacements with frequencies up to 24 MHz 

(Polytec 2013).  

 A function generator (FG) (model HP33120A) is used to generate an input voltage 

signal to the transmitter through the steel base; this input signal is monitored on an 

oscilloscope (HP-54645A) and stored in a computer. The transmitter response to the input 

voltage is measured by the laser head (LSH) (OFV-5000), which is fixed to an aluminium 

plate; the laser head measurements are decoded by the vibration controller and the 

output signal from the vibration controller is also monitored on the oscilloscope and stored 

in the computer. The steel base is fixed to a positioning stage which allows controlled 

movements of the steel base along the horizontal plane (moving left/right and into/out of 

the plane of the paper in Fig. 4-3.). The positioning stage allows transmitter vibrations to 

be measured at different points on the transmitter surface. The positioning stage can also 

be moved in the vertical direction manually. The positioning stage and the aluminium plate 
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are fixed on an isolation table (manufactured by NewPort) to prevent the ambient 

vibrations from affecting the laser measurements. 

The equipment setup for measurements in liquids and transparent soil is similar to that of 

measurements in air and includes a plexiglass box to hold the liquids and transparent soil 

in place (Fig. 4-3). A groove in the steel base is used to place an o-ring to prevent the 

liquid from leaking. The plexiglass box is polished with a polishing liquid to ensure 

maximum transparency for penetration of laser beam. The liquid is poured in the box 

gently until the transmitter gets completely submerged. For preparing transparent soil 

specimen, the mineral oil mixture is poured in the box until the transmitter is fully 

submerged and then fused quartz particles are placed by wet-pluviation. The application 

of vertical stress around the transmitter in the transparent soil is made by placing dead 

weights on top of the transparent soil specimen with the help of a plastic cylinder (Fig. 

4-3c). 

A reflecting paper is glued on to the transmitter surface to enhance the signal quality of 

the laser vibrometer, as recommended by Polytec Inc. The distance x between the laser 

head and transmitter is maintained at 0.5 m for all the tests (Fig. 4-3). All time signals are 

recorded for a total time of 5 ms with a time interval of 3.2 ³ 10-5 ms.   
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Fig. 4-3: Schematic of measurements (a) in air, (b) in soil without confinement, and (c) 

in soil with confinement 
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4.5 Experimental procedure 

Actual vibrations of the BE transmitter are measured in different media. For each 

measurement, an average of 500 time signals is saved as the representative time signal. 

The standard deviation of the 500 time signals varied from 0.14 to 0.2 for length of the 

time signals  

4.5.1 Measurements in air 

Different input excitations have been used in the past in conventional BE testing; the most 

common excitations are sine, step, and square pulses (Jovicic et al. 1996; Rio 2006).  

These input excitations are used here to evaluate the effects of different input excitations 

on the actual transmitter response in air. The central frequency used for the sine and 

square pulses is 9 kHz because it is close to the first natural frequency of the transmitter 

used in this study. This first natural frequency is determined from the transmitter response 

to a frequency sweep (discussed below). First, the effects of input excitations are 

evaluated at a single point, which is at the centre of the free end of the transmitter (shown 

in Fig. 4-3 as a solid circle on Tx cross-section). Then, the effects of input voltage 

amplitude applied on the transmitter response at that single point in air are evaluated. The 

transmitter is excited with input excitations of different amplitudes and the peak 

displacements of the transmitter response are measured. Subsequently, the effects of 

input excitations are evaluated at 102 points on the transmitter surface; thus, for this case, 

the response of the transmitter is represented by 102 degrees of freedom.  The responses 

of these points are used to simulate the motion of the transmitter, which shows the 

movement of the transmitter in real time.  

4.5.2 Measurements in liquids 

Transmitter responses in different transparent liquids are obtained to evaluate the effects 

of density ɟ and dynamic viscosity ɛ of the liquids on the transmitter response. The effect 

of plexiglass box is assessed first by measuring the transmitter response with the 

transmitter placed inside the box without the liquids.  Water, sucrose solutions with 

different concentrations, and the mineral oil mixture are then poured separately to 

measure the transmitter response at the single location shown in Fig. 4-3 in each of these 

solutions. After each measurement, the steel plate is unbolted from the positioning stage 
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to discard the solutions. The box is washed thoroughly before reassembling, and 

measurements of the response with plexiglass box alone are repeated to ensure 

repeatability.  

4.5.3 Measurements in transparent soil 

The transmitter response is measured in the transparent soil specimen (prepared by 

pluviation of quartz in mineral oil) at the point shown in Fig. 4-3. This measurement 

represents the case of at rest condition because no weight is placed on the transparent 

soil.  The effect of additional confinement on the transmitter response is evaluated by 

measuring the transmitter response in the transparent soil after subjecting the soil 

specimen to different levels of vertical stresses by adding weights on top of the 

transparent soil specimens in increments of 0.8 kg to generate vertical stresses up to 35 

kPa. The applied vertical stress is calculated as the load over the circular area of the 

plastic cylinder used to transfer the load from the weights to the soil.    

4.5.4 Transfer functions in different media 

The transfer function of the transmitter is calculated as the ratio of the frequency spectrum 

of the transmitter response over the frequency spectrum of the input voltage signal. First, 

the transfer functions of the transmitter responses in air to a sine pulse, a square pulse, 

and a sine sweep (frequency bandwidth = 0-50 kHz) are calculated. These transfer 

functions are used to identify the modes of vibration of the transmitter response in air. 

Then, the transfer function of the transmitter response to a sine sweep in transparent soil 

is calculated and compared with the transfer function in air. The point on the transmitter 

where these measurements are made is marked with a solid circle on the transmitter 

cross-section in Fig. 4-3. The transfer function from the sine sweep is calculated in real 

time using a dynamic analyser, while the transfer functions from the sine and square 

pulses are calculated using the frequency spectra of the input and output signals. The 

frequency spectra of the input and output signals are calculated using MATLABTM.  
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4.6 Results and discussion 

4.6.1 Verification of laser measurements 

4.6.1.1 Code test 

The reflected laser light from the test object contains the velocity and displacement 

information. The accuracy of these signals is evaluated here by measuring one set of 

displacement and velocity response of the bender element in air and compared to 

displacement and velocity signals using theoretical calculations.  

First a set of theoretical displacement and velocity functions are used to verify the 

MATLABTM code that is used for evaluating the accuracy of laser measurements. Eq. 4.5 

shows the displacement function (x) with two sinusoids which is used for verification.  

 
xw x w

w w
- -

= +1 1 2 2
1 1 2 2

( ) sin( ) sin( )
i t i t

x t A e t A e t   4.5 

Where the amplitude of the sinusoids are A1 = 1 and A2 = 0.2, the angular frequencies 

are ɤ1 = 2ˊ x 7000 Hz and ɤ2 = 2ˊ x 20000 Hz and the damping ratios are ɝ1 = 0.03 and 

ɝ2 = 0.05. The values for these parameters are arbitrarily selected with the amplitude of 

the second sinusoid (mode) less than that of the first and the angular frequency and 

damping ratio of the second mode larger than those of the first. Fig. 4-4 partially shows 

the plot of Eq. 4.5 against time; although the signal looks like a response of the single-

degree-of-freedom system with a single mode, the indications of the second mode are 

that the maximum amplitude of the signal is less than 1 (maximum amplitude of the first 

mode is A1 = 1) and the other indication is circled in Fig. 4-4.  

Fig. 4-5 shows the frequency spectrum of the displacement signal x(t). The presence of 

two sinusoids in x(t) is clearly observed from the frequency spectrum. The estimated 

values of the frequencies (f1 and f2) and damping ratios (ɝ1 and ɝ2) are very similar to 

those that are used to create x(t) (Eq. 4.5); however, the relative amplitude of the second 

sinusoid in the frequency spectrum is significantly less that used in x (0.04 compared to 

0.2). This difference is because of the loss of energy (leakage) to the higher frequencies 

because of a sudden increase in the displacement at around time = 1 ms (Fig. 4-4) 

(Santamarina and Fratta 2005) 
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Fig. 4-4: Plot of displacement amplitude vs time of Eq. 4.5 

 

Fig. 4-5: Frequency spectrum of the displacement signal shown in Fig. 4-4 

 

Second mode 

m1 = 1 
ɤ1 å 7 kHz 
ɝ1 å 0.03  

m2 å 0.04 
ɤ2 å 20 kHz 
ɝ2 å 0.05  
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The theoretical velocity of the two sinusoids in Eq. 4.5 obtained by differentiating the 

displacement function x is given in Eq. 4.6 below

1 1 1 1 2 2 2 2
1 1 1 1 1 1 1 2 2 2 2 2 2 2

cos( ) sin( ) sin( ) cos( )
t t t t

x A e t A e t A e t A e t
xw xw x w x w

w w xw w x w w w w
- - - -

= - - +  

 4.6 

This equation and the estimated velocity obtained by differentiating the function x(t) from 

Eq. 4.5 is presented in Fig. 4-6; the estimated velocity is in excellent agreement with the 

theoretical velocity.   

 

Fig. 4-6: Normalized velocity amplitude against time from Eq. 4.6 
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The frequency spectra magnitude of the two velocity signals are shown in Fig. 4-7; these 

figures also corroborate the conclusion that the numerical differentiation performed using 

MATLABTM to estimate the velocity signal from the displacement function x(t) works well.  

 

Fig. 4-7: Frequency spectrum magnitude and unwrapped phase of the two velocity signals 

The velocity function ( x ) in Eq. 4.6 is numerically integrated and compared with the 

theoretical displacement function (Eq. 4.5); this comparison is shown in Fig. 4-8. This 

figure also shows that the numerical integration code used in MATLABTM works well to 

estimate the displacement from a velocity signal.  

 

 

m1 = 1 
ɤ1 å 7 kHz 
ɝ1 å 0.03  

m2 å 0.13 
ɤ2 å 20 kHz 
ɝ2 å 0.05  
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Fig. 4-8: Theoretical and estimated displacement against time 

4.6.1.2 Verification of the bender response  

A pair of typical bender transmitter displacement and velocity responses (at the same 

location on transmitter surface) in air to a sine pulse of central frequency (fc) = 26 kHz are 

shown in Fig. 4-9 and Fig. 4-10 along with the sine input pulse (10 VPP). Note that fc = 

26 kHz is used because it is close to the second mode of vibration of the transmitter in 

air. This input pulse results in greater participation of the second mode of the transmitter 

along with the first mode of vibration. The maximum displacement amplitude is 13 nm 

and the maximum velocity amplitude is 2.1 mm/s.  
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Fig. 4-9: A typical bender transmitter displacement response in air to a sine pulse of 26 

kHz central frequency 
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Fig. 4-10: Bender transmitter velocity response in air to a sine pulse of 26 kHz central 

frequency 

Fig. 4-11 shows the frequency spectra of the displacement and velocity responses of the 

bender transmitter shown in Fig. 4-9 and Fig. 4-10. The resonance frequencies and the 

damping ratios of the two modes of the transmitter estimated from the two signals are 

very similar; however, the magnitudes of the two modes are significantly different. The 

magnitude of the first mode from the displacement response is å 40 % less than that of 

the velocity response; and the magnitude of the second mode of the displacement 

response is å 30 % larger than that of the velocity. Note that the central frequency of the 

input sine pulse is closer to the resonance frequency of the second mode of the 

transmitter; therefore, the energy in the second mode is expected to be higher than that 

in the first mode which means that the frequency spectrum of the displacement response 

is more accurate. Frequency spectra of the velocity response also shows an extra peak 

at low frequency (around 1 kHz) which is not observed in the frequency spectrum of the 

displacement response. 
















































































































































































































































































































































































