




















































































































































CHAPTER 2. MODELLING 58 

where the Lagrangian for the small deformation model is given by (2.22). Taking 

the variations gives the following form for the equations of motion (see [30]}: 

s variation: 

(2.25) 

v variation: 

(2.26) 

which must be solved along with the following boundary conditions: 

(2.27) 

In { 2.26) the integral has been taken out of the energy terms corresponding to the 

beam. Substituting the various energy terms ((2.13), (2.15), (2.19) and (2.21)) in 

(2.25) and (2.26), the following equations are obtained: 

s variation: 

v variation: 

1(04 82 ) m flz=,(t) + /o Bz4 v(z, t) + 8t211(2;, t) dz= 0 (2.29) 
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where f represents the nonlinear coupling terms between the mass and the beam, 

and is given by: 

f - (!2
2s(t)) (:z v(z,t)) + (:ts(t) r (:>cz,t)) 

+ 2 (:ts(t)) (;;zv(z,t)) + (;:v(x,t)) (2.30) 

The first term in (2.30) comes from the acceleration of the mass in the z direction, 

the second term represents the centripetal. acceleration, the third term represents 

the Coriolis acceleration and finally the fourth term is the acceleration of the beam 

in the y direction. All these acceleration terms form the nonlinear inertial coupling 

between the mass and the beam and they have to be evaluated at the position of the 

mass; a requirement which significantly increases the complexity of the problem. 

A notational detail which may be seen in (2.29)-(2.30) is that partial derivative 

notation is used for functions with only one independent variable ( example s ( t)), 

as this does not causes any mathematical inconsistency it will be used through out 

the work for convenience. 

In addition to (2.28) and {2.29), the following natural boundary conditions must 

also be satisfied: 

(2.31) 
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At the fixed end, the following essential boundary conditions are enforced: 

v(z,t)l:=O - 0 

(;zv(z,t))L
0 

- 0 (2.32) 

2.4 Equations of Motion - Large Oscillations 

The equations of motion for the beam with large oscillations are obtained following 

a procedure similar to that used for small oscillations. In this case however the 

independent variables are s, u, v, and .,\ and correspondingly the following four 

equations are obtained. 

s variation: 

(2.33) 

u variation: 

[ 
fJ2Tm 82Tm 8s] -------
8t8iL 8x8il. at ==•Ct) 

!a l d (aTb) d [ d (au) . ] d (ac) -- -. - - - - (-sm(B)) +- - dz= 0 (2.34) 
o dt Bu dz dz 881 dz 8u1 

v variation: 

(2.35) 
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A variation: 

118C 
-dx=O 

0 8). 

The corresponding natural boundary conditions are given by: 

[ ac d (au) . ] 
- ou' + dz 88' (-sm(B)) z=l - 0 

[-!~(- sin(B))L - 0 

[ ac d (au) ] -- + - -- cos(8) - 0 av1 dz 891 

z=l 

[-!~ cos(B)L - 0 
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(2.36) 

(2.37) 

In (2.35) the integral has been taken out from the energy terms corresponding to the 

beam. Also in deriving these equations and the boundary conditions the variation 

in I) is replaced by: 

08 - - 8v ou' + (1 + Bu) t5v' 
az 8z 

- - sin(8)ciu' + cos(9)cfv' (2.38) 

In deriving (2.38) the trigonometric relationships between 8, u and v shown in the 

displacement field (2.3) are used. Using (2.11), (2.13), (2.17), (2.20) and (2.21) in 

the skeletal form (2.33)-(2.35), the following equations of motion are obtained: 

s variation: 

(2.39) 
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u variation: 

(2.40) 

v variation: 

(2.41) 

.,\ variation: 

f ~+- - +- ..!. dz=O l {8 1 (&u,)
2 

l (8 )2
} 

lo 8z 2 oz 2 8:i: 
(2.42) 

The equations of motion for the large oscillation model (2.39)-(2.42) involve geo­

metric nonlinearities (partial differential terms with.in the integrals) and kinematic 

nonlinearities (partial differential terms outside the integrals which have to be eval• 

uated at the position of the moving mass) and a constraint equation with only 

spatial derivatives. The sources of the kinematic nonlinearities in (2.40) and (2.41) 

are same as in (2.29) with the components in the horizontal direction appearing in 

(2.40) and the components in the vertical direction appearing in (2.41). The ge­

ometric nonlinearities in (2.40) and (2.41) correspond to nonlinear stiffness in the 

beam. The terms outside the integrals can be brought within the integrals using 

the time dependent Dirac-delta functions and then the integrals can be removed. 
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This however is only a symbolic gesture without any significant advantage. Most 

of the references cited in Section 1.4 use this notation. In the present work however 

this approach is not used for the sake of mathematical clarity. 

The natural boundary conditions at the free end of the cantilever beam are 

given by: 

[ a2e ] 
- ..\ cos( 8) + Bz2 sin( 8) z=l - 0 

- sin( 8) 86 I 
8:i; ~=1 

- 0 

[ a2e ] - ..\ sin(8) -
8 2 cos(8) - 0 

'J! ==1 

861 -cos(8)-oz :=1 
- 0 (2.43) 

The first and the third equation in (2.43) correspond to the shear force components 

in the horizontal and vertical directions, respectively, whereas the second and the 

fourth term correspond to the bending moment. In addition the following essential 

boundary conditions are enforced at the fixed end of the cantilever beam.: 

u(z, t)l:=O - 0 

( :z u(z, t)) Lo - 0 

v(z, t)fz=O - 0 

(!v(z,t))lz=a - 0 

A( z, t) lc=O - 0 (2.44) 
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The Lagrange multiplier .A(:z:, t) is interpreted as the constraint force required to 

enforce the inextensibility condition. In (2.44), the essential boundary conditions 

for the derivatives of u are obtained from the constraint equation (2.9). 

The terms involving 8 in the equations of motion and the boundary conditions 

(2.39)-(2.43) can be replaced in terms of u and v using the relations in (2.3). This 

is however much more convenient when carried out during the spatial discretization 

process after incorporating the boundary conditions into the equations of motion 

using integration by parts. This process will be illustrated in the Chapter 3. 

2.5 Initial Values 

It is assumed that the mass-beam system is not subjected to external forces, in other 

words a free vibration problem is considered where the initial values are prescribed, 

and the time evolution is investigated. The following initial values are assumed: 

s(O) = so 

u(z, 0) = uo(z) 

V ( Z, 0) = Vo ( Z) 

os(t)I = 0 
8t t=O 

8u(:z:, t) I = 0 
eJt t=O 

ov(:z:,t)I = 0 
eJt t=O 

(2.45) 

where 1.1.0 ( z) and 110 ( z} represents the initial deflection curve of the beam, s 0 is the 

initial position of the moving mass, and the initial velocities are assumed to be 

zero. 

The initial values for the beam must be selected such that the boundary condi-
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tions are satisfied. In the present work the following two equations are used as the 

initial transverse deflection: 

vo(x) 

vo(x) 

(2.46) 

(2.47) 

where Vto is a prescribed tip deflection. Equation (2.46) is the deflection curve for a 

simple cantilever beam carrying a uniformly distributed load, but instead of using 

the load intensity as the free parameter, the corresponding tip deflection is used. 

It can be easily shown by taking the second and third derivatives of that (2.46) 

satisfies all the boundary conditions for the small deformation model. Equation 

(2.47) is the scaled first mode shape of a simple cantilever beam (k1 = 1.8751) 

which is also used as an initial value for the small oscillation model. 

For the large oscillation model, (2.46) can be used as the initial value for the 

transverse deflection of the beam. The initial value for the axial variable u is 

obtained from the constraint equation (2.9) using: 

(2.48) 

where the positive root is chosen. The value of Uo(z) is obtained from (2.48) using 

numerical integration. Since the initial deformation field satisfies the constraint 

equation it follows that the initial values of A are zero. Figure 2.4 shows the 

initial values for u., v and its higher derivatives. It can be seen from this figure 
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that all the boundary conditions corresponding to 1i and v in (2.43) and (2.44) are 

satisfied. Satisfying the boundary conditions for the large deformation model using 

(2.47) is however much more difficult and therefore (2.47) is used only for the small 

oscillation model. 
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Figure 2.4: Initial values (a)(-) u, (- -) 11.', (····) u", (b) (-) v, (- -) v', (····) v", (c) 
( - ) u"', ( - -) v"'. 
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In this Chapter, equations of motion were developed for small and large oscilla­

tions of a flexible cantilever beam carrying a spring-mass sub-system. The equations 

for the small oscillation model (2.28) and (2.29), are integro-partial differential with 

kinematic nonlinearities arising due to the coupling between the mass and the beam 

and the equations for the large oscillation model (2.39)-(2.42) involve both kine­

matic and geometric nonlinearities, with the geometric nonlinearities arising from 

nonlinear strain displacement relationships. The focus of the next few chapters 

( Chapter 3~ 4, and 5) is on obtaining analytical and numerical solutions to these 

equations. As a first step in this direction, in Chapter 3 equations (2.28), (2.29) 

and (2.39)-(2.42) are reduced to ordinary differential equations using spatial dis­

cretization. In Chapter 4. a closed form perturbation solution is obtained for the 

small oscillation model and a numerical solution is obtained using an automatic 

ordinary differential equation solver. In Chapter 5, a new method is developed to 

solve the equations of motion for the large oscillation model numerically. 



Chapter 3 

Spatial Discretization 

The focus of this chapter is on reduction of nonlinear partial differential equations 

to ordinary differential equations using the Galerkin method. The resulting ordi­

nary differential equations are in terms of time dependent coefficient functions and 

assumed basis functions. The convergence of the solution of the semi-discretized or­

dinary differential equations to the original partial differential equations depends on 

the basis functions and also on the number of basis functions used in approximating 

the variables. The basis functions are chosen such that the resulting approxima­

tion of the dependent variables satisfies the continuity requirements of the solution, 

as dictated by the equations of motion. For example in linear beams the highest 

spatial derivative is of fourth order, which implies that the solution must have con­

tinuous fourth derivative, but by integrating by parts the fourth order derivative 

can be reduced to second order, and also the natural boundary conditions can be 

incorporated into the equations of motion. 

The basis functions can be defined over the length of the beam as in the classical 

69 
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approach or piecewise over small elements a.s in the finite element method. In this 

work for the small oscillation model, where the beam is linear, the eigenfunctions 

corresponding to the beam are used as basis functions. It should be noted here that 

the eigenfunctions of a cantilever beam do not account for the effect of the moving 

mass and are not the eigenfunctions of the complete system. They are used here 

as basis functions in the Galerkin method, which is not the same as using them 

in the separation of variables approach commonly used in linear systems. In the 

Galerkin method the semi-discretized ordinary differential equations are obtained 

using the weighted residual approach and not through direct substitution of the 

approximations in the partial differential equations, as done in the separation of 

variables method. 

For the large oscillation model the eigenfunctions of a cantilever beam are not 

used as basis functions; as, apart from the issue of convergence, the complexity 

of these basis functions makes the evaluation of the integrals in the equations of 

motion difficult. Therefore piecewise defined fifth degree Hermitian polynomials 

are used. These polynomials give an approximation which has continuous second 

derivatives, a requirement dictated by the equations of motion. 

3.1 Symmetric Formulation - Small Oscillations 

Following the Galerkin's approach [61} the equation of motion for the beam (2.29) 

is first multiplied by a weighting function p( z) ( also known as the test function) and 

using integration by parts, the natural boundary conditions (2.31) are incorporated 
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into the equations of motion, thus giving: 

(3.1) 

(3.2) 

where equation (3.1) involving the mass motion is simply repeated from (2.28) as it 

is does not require spatial discretization. This formulation (3.1)-(3.2) is referred to 

as Qeing symmetric because the highest spatial derivative of the dependent variable 

v( z, t) is of the same order as the highest derivative of the weighting function p( z). 

3.2 Symmetric Formulation - Large Oscillations 

The symmetric f ormulat1on of the equations of motion for the large oscillations is 

similarly derived by multiplying (2.40)-(2.42) with the weighting function p(z) and 

integrating by parts twice and substituting the boundary conditions (2.43) thus 

giving: 

(3.3) 
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/1 [82
u t:J2p 8p ( ( 88) 

2
) ] + lo 8t2 p + 8x2 + 8x .,\ - 8z cos( B) dx = O (3.4) 

(3.5) 

f -+- _.:: +- - dx=0 1 [tJv. 1 ( a ) 
2 

1 (av) 
2

] 
lo 8:r; 2 8z 2 f):r; 

(3.6) 

The term involving the spatial derivative of 8 in (3.4) and (3.5) can be expressed 

in terms of u and v using the trigonometric relations given in (2.3) as follows: 

( 89)
2 

= ({)211,) 

2 

+ (82v)
2 

fJx 8x2 8x2 (3.7) 

The Lagrange multiplier ;\ in the equations of motion (3.4) and (3.5) can be in­

terpreted as being proportional to the constraint forces which arise due to the 

inextensibllity of the beam. The difference between.,\ and (:!) 2 
occurring in (3.4) 

and (3.5) corresponds to difference between the constraint force and the nonlinear 

term in the beam stiffness. 
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3.3 Spatial Discretization - Small Oscillations 

The Galerkin method is now applied to the equations of motion for the small 

oscillation model (3.1)-(3.2) using the following approximations: 

p(:z:) - LPi4>i(Z) 
i 

(3.8) 

In (3.8), summation is carried out over the repeated index i. The symmetric for­

mulation renders the continuity requirements for both p and v the same. Therefore 

the same basis functions <Pi may be selected for both p and v and the number of 

basis functions (maximum values of i) for both p and v are also assumed to be 

equal. The undetermined parameters Pi in (3.8) are arbitrary and therefore sub­

stituting (3.8) into the equations of motion (3.1)-(3.2) and setting Pi (ith value) to 

one and all other Pi~ j # i to zero gives the i th semi-discretized ordinary differen­

tial equation[61]. Using this process the following semi-discretized equations are 

obtained for the small oscillation model: 

s equation; 

(3.9) 

v equation: 

m { [¢;,P;]=•C•l {ci;} +s [ 4>.4>JL,c•> {a;}+ 28 [MiL•<•l {<k;} 

+s2 [4>;,PJL,c,i {a;}}+ [f ¢.,P;d:c] {ci;} + [f <Picf>'Jd:c] {a;}= O (3.10) 
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In (3.9) and (3.10) index notation is used where the repeated indices imply sum­

mation over the index. To further clarify the index notation brackets are also used; 

L • • • J denote a row matrix and { • • •} denote a column matrix whereas [ • • •] denote 

a square matrix. The derivatives with respect to t and :z: are denoted by C) and 

( )' respectively. Since the beam model is linear the nonlinearities are only due 

to kinematics, hence there are no nonlinear terms for the beam portion (integral 

matrices) of the equations of motion (3.10). The number of equations of motion 

depends on the number of basis functions <Pi used for the approximation. These 

basis functions are obtained later in Sections 3.5 and 3.6. 

Equations (3.9) and (3.10) are ordinary differential equations with kinematic 

nonlinearities. These equations were also derived using the Rayleigh-llitz method 

in Siddiqui et al. [53] for the small oscillation model. The only difference was 

found to be an additional term s2[¢i¢;]{a;} in the mass position dependent terms 

in equation (3.10). This additional term causes small differences in the beating 

period under internal resonance conditions and does not have any other significant 

impact. Therefore these results are not presented in this thesis. Galerkin's method 

was chosen here because it is more easy to apply to the large deflection model and 

therefore for comparison purposes the same method is used for the small oscillation 

model. 
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3.4 Spatial Discretization - Large Oscillations 

For the large oscillation model the following approximations are assumed: 

u(x,t) = E Oi(t)<t,i(x) 
i 

v(x,t) = E ,ai(t )<Pi(x) 
i 

.,\(x,t) - E ~(t)<t,i(x) 
i 

p(x) = LPi<Pi(z) (3.11) 
i 

In the expansions (3.11), the same basis functions are used for all the four dependent 

variables u(x, t ), v( z, t ), .i\(x, t) and p( x), the reason being that u( x, t), v(:z:, t ), and 

p( x) have the same continuity requirements ( continuous second derivative) and .,\ is 

related to the second derivative of u and v. It may be noted here that in the equation 

of motion for axial vibrations of beams the highest spatial derivative is of second 

order and for transverse vibrations due to bending the highest spatial derivative 

is of fourth order and the use of different basis functions for axial and transverse 

vibrations may be appropriate in such cases. However for the large oscillation 

model considered here the axial deformations are due to the foreshortening effect 

and as such are not governed by the wave equation generally used in modelling 

axial vibrations. 

Following the same approach used for the small oscillation model ( see Section 

3.3), the following equations are obtained. 
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s equation: 

u equation: 

m { s { 4>i} ==•(t) + [ 'Pi'P; 12:=,(t) { O:j} + [ 'Pi'Pj L=•(t) { .i {a;} + 2.; {a;}} 

+.s2 [t/>;t/>JL,(1) {a;}} + { [[¢;,P;] {&;} + [4>?t/>'J] {a;}+ [<P\t/>;] {.~;} 

+ {tpa l4>;4>U {A;ok} - {4>J l<1>J<1>:j {{a;a1c} + {,8;,81c}} 
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-{4>a l4>i¢~4>,'j {{a;a1ca,} + {a;,Bk,81}}] d:i: = 0 (3.13) 

v equation: 

m { [¢;¢;].,=•<•> {,0;} + [MJL,
11
> { s {,8;}+ 2.; {.8;}} + .;2 [¢;¢jL,<•> {.8;}} 

+ f [[<M;J {,0;} + [¢;'¢J] {.8;} + {¢:} Lt/>;¢~J {,\;,81e} 

- { 'Pa l 'Pj'P:4>,' j {{,B;okol} + {,8;,81c,8r}}] dz = 0 (3.14) 

A equation: 

The equation of motion for the mass (3.12} is similar in form to that obtained for 

the small oscillation model (3.9) with quadratic nonlinearities forming the coupling 

between the mass and the beam. The equations of motion for the beam variables 
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(3.13) and (3.14) contain both quadratic and cubic nonlinear terms corresponding 

to the geometric nonlinearities with integrals over three and four dimensional ma­

trices as indicated by the indices i, j, k and i, j, k, l, respectively. The constraint 

equation (3.15) does not have any time derivatives. Assuming the basis functions 

are known, the system of equations (3.12)-(3.15) consists of nonlinear algebraic 

integro-differential equations. The basis functions are considered next. 

3.5 Eigenfunctions of a Cantilever Beam 

As mentioned earlier, the small oscillation model is solved using the eigenfunctions 

of a simple cantilever beam as basis functions. The basis functions in Galerkin 

method are generally chosen to be as simple as possible but a desirable property 

is that these functions should be orthogonal to facilitate solving the initial value 

problem by producing well conditioned system matrices. The eigenfunctions for 

the cantilever beam are then a natural choice and one would expect fairly accurate 

results with relatively few basis functions. Increasing the number of basis functions 

increases the accuracy of the solution. It should be noted that the eigenfunctions 

of a cantilever beam do not account for the motion of mass however they are used 

here as basis functions in the Galerkin's method (see the discussion in the second 

paragraph at the beginning of this chapter). Stanisic [93] developed a method to 

improve the eigenfunctions to account for the motion of the mass and Khalily et 

al. [5] used two of these improved eigenfunctions in the Rayleigh-filtz method and 

obtained a numerical solution to the coupled motion of a beam with a forced mass. 

Tht: complexity of these improved shape functions does not justify their use as 
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basis functions in Galerkin method or the Rayleigh-Ritz method. It is shown in 

Chapter 4 that by considering four cantilever beam eigenfunctions one can solve 

this problem with good accuracy. 

The cantilever beam eigenfunctions for the nondimensionalized parameters used 

here are given by [30]: 

cos(~)+ cosh(~) . . 
<Pi= cosh(~:i:) - cos(~z) - sin(~)+ sinh(~) (sinh(lc.z) - s1n(~z)) (3.16) 

where for the first four modes, le;, have the values 

k1 = 1.875104069, k2 = 4.694091133, k3 = 7.854757438, and k4 = 10.995547073 

The four mode shapes are shown in Figure 3.1. The mass, and the stiffness ma-
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\ I I \ 
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\ I \ 

\ ,1 / 
\ ✓--, / ' / • ........... -

-2'----------------------------
0 0.2 0.4 0.6 0.8 1 

Position {x) 

Figure 3.1: Cantilever beam mode shapes, (-) <Pt, (-.) "'2, ( ... ) ch and (- -) ¢,4 
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trix in (3.10) require integration of products of basis functions and their second 

derivatives over the length of the beam. These integrations are carried out analyt­

ically using the symbolic manipulation program MAPLE. The following mass and 

stiffness matrices are obtained for the small oscillation model: 

1 0 0 0 

[f ti1;,P;dx] = 
0 1 a 0 

[Mi;] - (3.17) 
0 0 1 0 

0 0 0 1 

(Ki,;] - [f 'Pf 'Pi dz] 

12.36236340 0 0 0 

0 485.5188211 0 0 
- (3.18) 

0 0 3806.546524 0 

0 0 0 14617.25610 

The other matrix terms in (3.10) depend on the position of the mass, therefore they 

are assembled online as discussed later in Section 3.6.2. 

3.6 Basis Functions Using Finite Elements 

In a well formulated problem the minimum degree of continuity for the interpolating 

polynomial is dictated by the smoothness requirement of the variational formula­

tion. It can be seen from the symmetric formulation of the equations of motion 

for the small oscillation model (3.9) and (3.10) and the large oscillation model 
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(3.12)-(3.15), the highest spatial derivative of the dependent variables is at most 

second order. Therefore if the approximations in the Galerkin method (3.8) and 

(3.11) are C2 continuous (continuous second spatial derivative), the derivatives in 

the equations of motion will be well defined. 

If only the beam portion of the equations of motion of small oscillation model are 

considered, it can be seen from (3.10) that the smoothness requirement is imposed 

by the stiffness matrix ( [J~ </>i' </>'J dz]), which requires that the basis functions be 

such that the integral of the square of the second derivative exists. If the basis 

functions are at least C1 continuous (i.e. the first derivative is continuous over the 

length of the beam), then by properly matching the values of their first derivative 

(slopes) at each the node, the second derivatives (curvature) can be made square 

integrable over the length of the beam. However with C1 continuity the mass 

position dependent cubic nonlinear terms (see (3.10)) would have finite jumps in 

their finite element approximations. Also, numerical results show that with C2 

continuity higher frequencies are predicted more accurately. So in this work fifth 

degree Hermitian polynomials are used to obtain C2 continuous solutions for both 

the small oscillation and the large oscillation model. 

3.6.1 Fifth Degree Hermitian Polynomials - C2 Continuity 

The key variables like the defiection, slope or the curvature of the beam are obtained 

by interpolating the values of these quantities at certain significant points called 

nodes. The nodes are taken at the edges of an element and sometimes at inter­

mediate points. The interpolant function is then obtained by combining piecewise 
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polynomials defined over each element. 

In the finite element method the beam is divided into a number of small elements 

as shown in Figure 3.2. To obtain C2 continuity fifth degree Hermitian polynomials 

~ I I 2 I 3 I 4 I 5 I 6 I 7 I 8 I 9 I 10 I 

Figure 3.2: Beam Discretization 

( also known as second order Hermitian polynomials) are used. These are a set of 

six polynomials of fifth degree. To illustrate their application as finite element basis 

functions, consider the discretization of the beam into N elements. The elements 

are numbered from 1 to N. For each element consider two local nodes one at 

each end. The global nodes are numbered sequentially from Oto N. The transverse 

deflection of the beam v(z, t) is then represented in terms of3(N +l) basis functions 

as follows: 

N N N 

v(z, t) = L o:~(t)t/>~(:z:) + E o:t{t)ef,t{z) + E a;(t)¢,;(:z:) (3.19) 
i=O i=O i=O 

In (3.19), ¢f(z), <t,t(:z:) and t/>;(z) are basis functions corresponding to node i, where 

i ranges from O to N. The approximation (3.19) interpolates the deflection v(:z:, t) 

at node i, denoted by a~(t), the first spatial derivative of 11(:z:, t) (slope) at node i, 

denoted by o:Ht), and the second spatial derivative of v(x, t) (curvature) at node 

i, denoted by a;(t). The basis functions are chosen such that they satisfy the 
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following properties: 

</>~(x;) = cS,;, 

<l>Hx;) = o. 

</>;(x;) = 0, 

dcf>1{Zj) - Q 
cl: - ' 

dcf>}Cz;) - 5 .. 
cl: - ,,, 

dcf>Hz;> - o 
cl: - , 

82 

(3.20) 

where di; is the Kronecker-delta, also z; denotes the position of the global node 

and subscripts i and j identify the global nodes. From (3.19) and (3.20) it follows 

that at node i: 

v(x,, t) - Vi - Q?(t) 

:= v< x, t) l==:z:i - v~ 
' - Qt(t) (3.21) 

,:P I v~' Qr(t) a?v(x, t) :z:=:z:i - = 'l 

So at each node i there are three degrees of freedom, the deflection Q? ( t), the slope 

at ( t) and the curvature Q; ( t). 

The properties of the Hermitian polynomials (3.20) imply that each basis func­

tion is nonzero over two adjacent elements with 4>?, <J>!, and </>; equal to unity at 

the joining node. Therefore it is mote convenient to represent these basis functions 

as a combination of two functions where each function is defined over one element: 
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(3.22) 

In (3.22) the 7/J's are referred to as the elemental shape functions or the elemental 

basis functions. The same set of element basis functions are used for all elements. 

The properties (3.20) when applied to the elemental shape functions 1/J's give the 

following result: 

7/Jr(xi-d 1/J~(xi) d,J,f (Zi-1) d,t,Uzi) d2,J,f (zi-1) cf-,J,f (zd 
ck = dz'J dz'J 

-rt,g(xi-d -rt,g(xi) d..J,g(Zi-1) d,t,g(zi} c£-l,J,!(Zi-1) cPv,g(:z:i) 
dz = dzJ dz'J 

"Pi ( Xi-d 1/,f (xi) dwt<zi-1 > cl,J,t(zi) cf2,J,: (Zi-1) cf-v,t(zi) 
dz = dz'J dz'l 

=l (3.23) 
-,µJ(xi-d 1/,i(xi) dw!(zi-d cl,t,~{zi) d2"1!<=i-d JJ,t,l(:z:i > 

dz = dz'J dz'l 

1µf(xi-d 1µ;(xi) d"'r (Zi-1) d,t,r{z;) cP,J,r(zi-d cr-"'r<=d 
dz = c1zJ dzJ 

1Pi(Xi-d VJi(Xi) d,J,;(z.:-1) d,t,~(z.) cP,J,?(z,-1) cPv,;(zi) 
dz = c1z'i dz'J 

where I is an identity matrix. For each shape function 1/1~, 1/,~, 1/,~, 1/,~, 1/Jr, and 

1Pi equation (3.23) provides six conditions. Using these six conditions~ fifth degree 

Hermitfan polynomials can be found. In general, finite element analysis is carried 

out in a coordinate frame local to a master element. The results are then assembled 

in global matrices. In this work however, as a number of terms in the equations of 

motion have to be evaluated at the current position of the moving mass, it becomes 

necessary to do the analysis in a global coordinate frame. Using (3.23) the following 
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polynomials are obtained: 
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where l(! = Xi - Xi-l is the length of an element. Figure 3.3 shows the fifth degree 

Hermitian polynomials and Figure 3.4 shows the first derivatives and Figure 3.5 

shows the second derivatives of the Hermitian polynomials. Using these figures the 

properties of the Hennitian polynomials (3.23) can be verified. 

Figure 3.6 shows how any given function can be interpolated by its nodal val­

ues. In this case the fourth mode of a cantilever beam is obtained using fifth degree 

Hermitian polynomials which interpolate the deflection and the slope (first spatial 

derivative) and curvature ( second spatial derivative) at each node. In this case ten 

elements are used each of length 0.1. In Figure 3.6(a) six shape functions corre­

sponding to fifth degree Hermitian polynomials are shown ( difficult to see but they 

do exist) which interpolate the nodal variables and obtain the the approximation 

to the fourth mode of a cantilever beam. The interpolated function as well as the 

actual function are both shown in the Figure, but as can be seen they are indistin­

guishable indicating the accuracy of the interpolation. For clarity in Figure 3.6(b) 

only the shape functions which interpolate the function values are shown. 
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Figure 3.5: Fifth degree Hermitian polynomials-second spatial derivatives (a) (-
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3.6.2 Assembly of Matrices 

Using the basis functions developed in the previous two sections the matrices in 

the discretized equations of motion can be assembled. For the small oscillation 

model with only kinematic nonlinearities the integral matrices are constant and 

hence need to be assembled only once. To assemble these matrices the usual finite 

element approach is used which involves adding the elemental matrices in their 

proper positions in the global matrices. Further details on this technique can be 

found in any finite element book (for example Becker et al. [ 61]). The mass position 

dependent matrices in the equations of motion are assembled by evaluating them 

at the position of the mass and they have to be updated as the motion of the mass 

evolves. Therefore the first step in assembling these matrices is to find the element 

on which the mass is currently positioned, evaluate the elemental. matrix, and place 

the matrix at the proper position in the corresponding global matrix. As the mass 

moves both the elemental matrix and is position in the global matrix changes and 

hence they have to be constantly updated. 

For the large oscillation model, the integral terms include three and four dimen­

sional matrices. The integral elements of these matrices are computed analytically 

using the symbolic manipulation program MAPLE. The four and the three dimen­

sional. matrices are reduced to two dimensional or one dimensional matrices by 

multiplying with the required vectors which change with time. All the numerical 

computations are carried out using "C" functions developed specifically to solve 

this problem. 

In this chapter spatial discretization was carried out of the partial differential 
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equations describing the dynamics of the system for the large and small oscillation 

models. The basis functions for use in the Galerkin method were obtained. Now 

the focus is on solving the nonlinear ordinary differential equations (3.9) and (3.10) 

for the small oscillation model and equations (3.12)-(3.15) for the large oscillation 

model. In the next chapter dynamics of the mass beam system for small oscillations 

is investigated analytically and numerically. The large oscillation model is the focus 

of Chapter 5. 



Chapter 4 

Kinematic Nonlinearities 

In this chapter, dynamics of the mass beam system are investigated using the small 

deflection model. The semi-discretized ordinary differential equations developed 

in Chapter 3 ((3.9) and (3.10)) are further reduced for small oscillations about 

equilibrium positions using Taylor series expansion and retaining only quadratic 

nonlinearities. A closed form analytical solution is obtained for this reduced system 

using the perturbation method of multiple scales. A numerical solution for (3.9) 

and (3.10) is obtained using an automatic ODE solver and four cantilever beam 

mode shapes as basis functions. The numerical results are compared with the 

perturbation solution. Spectral analysis of the system response is carried out using 

time-frequency methods. The dynamics of the system are investigated for different 

ratios of the moving mass and the mass of the beam under internal resonance 

conditions. The system is shown to exhibit amplitude and phase modulation. 

92 



CHAPTER 4. KINEMATIC NONLINEARITIES 93 

4.1 Small Motions about the Equilibrium Posi­

tions 

In order to obtain a solution using the perturbation method of multiple scales, the 

equations of motion (3.9) and (3.10) are further simplified by expanding them about 

their equilibrium position. It can be seen from (3.9), that the equilibrium position 

for the mass is Se and for the beam is Q.j = 0. Using the Taylor series expansion 

of (3.9) and (3.10) about the equilibrium position and including terms up to the 

second derivative the following equations are obtained for small motions about the 

equilibrium positions: 

s + w2s + l<Pi<P;J:=•c {Oia;} - 0 

[ [l rP;tP;dz] + m [ 'Pi'Pi ],.=••] {ii;}+ [f ,Pf 'Pj ck] {a;} + mS [ M:J,.=•• {a;} 

+ 2ms l<Pi<P~lz=•e {a;} + ms [ </>i</>'; + </>~<I>;] z=•c {a,} = o 

(4.1) 

In ( 4.1), for convenience, the same variables have been used to represent the motion 

about the equilibrium positions as in the original equations (3.9) and (3.10). 

4.2 Perturbation Analysis 

A perturbation method is used to obtain some qualitative insight into the behaviour 

of the system, especially the parametric behaviour. The equations of motion, ex­

panded about the equilibrium position, (4.1) are used along with the first mode of 
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a cantilever beam as the basis function. 

Considering the first mode of a simple cantilever beam~ denoted by ¢1 , as the 

basis function, the equations of motion ( 4.1) are reduced to: 

(4.2) 

where the constants c1 , c2 , and w1 are defined according to: 

(4.3) 

Equations (4.2) are solved using the method of multiple scales by using a two term 

expansion. In application of this technique, the methodology presented in Nayfeh 

and Mook [41] is followed. Begin by defining two time scales To and T1 as: 

To - t 

(4.4) 

where c is a scaling parameter. H the nonlinear terms are neglected in (4.3), the 

system would be two uncoupled linear oscillators with frequencies w and w1 . This 

would be the primary motion on time scale T0• The nonlinearities are expected to 

have a smaller effect and that effect will be on the slower time scale T1 . Using the 
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chain rule, derivatives with respect tot can be written in terms of T0 and T1 as: 

a a a 
8t - 8To + c8T1 
a2 a2 a2 

(4.5) 
8t2 - 8T0 

2 + 2e 8To8T1 

where the higher order terms are neglected. The next step is to assume an asymp­

totic series solution for s and a:1 . In this case a two term expansion is assumed as 

per: 

s(t) - es1(To, T1) + c2s2(To, Ti) 

ai(t) - eu1(To, T1) + e2u2(To, Ti) (4.6) 

where s1(To, Ti) and s2(T0 , Ti) are the e and e2 order solutions respectively for 

the moving mass position, and u1(T0 , T1 ) and u2(TO, T1 ) are the e and e2 order 

solutions respectively for the beam deflection. It should also be noted that e is not a 

physical parameter of the system and the perturbation method does not provide any 

means for obtaining its value. It is a parameter introduced as a device to track the 

nonlinearities and to allow the perturbation method to work in obtaining a solution. 

The closed form solution obtained using the perturbation method corresponds to 

the e order terms s1 and u 1. To compare this solution with a numerical solution, 

the initial values of s1 ( denoted by s1o) and u1 (denoted by u 10) are set equal to 

the initial values of s ( denoted by s0 ) and a 1 ( denoted by a 10) respectively, thus 

usuming the value of e equal to one. 

Using (4.5) and (4.6), equations (4.2) are simplified and thee and il terms are 
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collected and setting them to zero gives: 

e order equations: 

e2 order equations: 

82
s1 82

u1 

- - 2 8To8T1 - ci 8To8T1 ui 

82u1 /J2s1 

- - 2 8Ta8T1 - mc2 8To 2 ui 

8s1 8u1 82
u1 

-2mc2 8To 8To - 2mc2s1 8To 2 

The solution to ( 4. 7) is: 

s1 - Pi(Ti)e""To + P1(Ti)e-iwTo 

U1 - P2(T1)ewtTo + P2(T1)e-iwiTo 
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(4.7) 

(4.8) 

(4.9) 

where Pi and P2 are complex variables that are, in general, functions of the slower 

time scales. The over-bars in (4.9) denote the complex conjugate. Substituting the 

first order solution (4.9) into the right hand sides of (4.8), the following equations 

are obtained: 

rhs3 
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rhs4 

( 4.10) 

where rhs3 and rhs4 are used to denote the right hand sides of (4.8). The homo­

geneous solution of (4.8) contains the terms eiwTo a.nd eiwiTo which also appear in 

the right hand sides of (4.8) (as can be seen from (4.10)). This implies, that the 

solution of ( 4.8) would contain secular terms. To eliminate the secular terms, the 

coefficients of e~To and ei1611 To in ( 4.10) are set to zero resulting in: 

8Pi 
0 

8T1 -
8P2 

0 (4.11) 
8T1 -

From (4.11), it follows that Pi and P2 are constants and the corder solution (4.9), 

is linear and depends only on the fast time scale T0 . This solution is not of much 

significance because under these conditions the coupling between the moving mass 

and beam is very weak, and consequently it is not pursued further. Instead, we 

investigate the possibility of modal coupling as a result of internal resonance (IR). 

Consider the following relationship between the frequency of the moving mass 
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w and the first frequency of the beam w1 : 

W = 2w1 + €0' ( 4.12) 

where r:r is a small detuning parameter. When <T is zero, we have a perfect 1:2 

ratio between the first two natural frequencies of the system. This case is referred 

to as 1:2 m. Under internal resonance conditions, the secular terms are no longer 

eliminated by (4.11), because now we have more terms contributing to the secular 

terms as indicated by the following relationships: 

(4.13) 

Using (4.13) in (4.10), it can be shown that the elimination of the secular terms 

now requires the following conditions to be satisfied: 

(4.14) 

The complex variables P1 and P2 are converted to polar form using the relations 

(4.15) 
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and equations ( 4.14), after simplification, can now be written as, 

8p1 
8T1 
8cp1 

Pl 8T1 

8p2 
8T1 
8cp2 

P2 8T1 
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( 4.16) 

In (4.16), P1 and P2 are the modal amplitudes and '(h and cp2 are the corresponding 

phases. 

To determine the initial values for p1 , p2 , '{)1 and cp2 equations ( 4.9) are first 

expressed in terms of trigonometric functions as 

.s1 - P1(T1)cos(wTo+c,o1(T1)) 

u1 - P2 (Ti) cos(w1To + <p2(T1)) ( 4.17) 

Using equations (4.17) and their derivatives, and taking the initial velocities as zero 

and setting c to one, the initial values P1(0) = Pio, P2(0) = P20, <p1(0) = 'Pio and 

C,02(0) = <p20 are obtained by solving: 

s10 - Pio cos(<,010) 

ct10 - P20 cos ( <,020) 

0 - v1p;0 sin(2<p20) - wp10 sin( 'Pio) 

0 - V2P10P20 sin(cp10 - <p20) - w1p20 sin(cp20) (4.18) 
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The following solution of ( 4.18) is used as the initial values: 

Pio = s10, P20 = a:10, '1'10 = 0, '1'20 = 0 (4.19) 

As shown in Nayfeh and Mook [41], nonlinear differential equations of the form 

(4.16) can be solved analytically using elliptic functions. For the most part (equa­

tions (4.20)-(4.27) and (4.30)-(4.39)) the approach presented in Nayfeh and Mook 

(41] for obtaining a closed form solution to (4.16), is followed. We proceed by 

defining; as: 

( 4.20) 

Using ( 4.20), equations ( 4.16) can be reduced to the following three nonlinear dif­

ferential equations: 

8p1 
8T1 
8p2 

- Z11Pi sin( 'Y) 

8T1 -
8; 

P1 8T1 -

where 111 and 112 are constants given by 

( 4.21) 

(4.22) 

Elimin~ting, from the first and the second equation in (4.21) and integrating the 
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result gives: 

( 4.23) 

where G is a constant of integration, to be determined using the initial values for 

p1 and p2• Equation {4.23) is an expression of conservation of energy and shows 

energy being exchanged between P1 and P2. 

Using ( 4.23) both p1 and P2 can be expressed in terms of one variable { as: 

{4.24) 

Eliminating T1 between the first and the last equation in (4.21) and rearranging 

the terms gives 

( 4.25) 

where L is another integration constant and d( • •··) implies implicit differentiation. 

Solving for cos( 1 ) from ( 4.25) gives: 

(4.26) 

and using sin2(,) = 1- cos2(,) to eliminate, from the first equation in (4.21) and 
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expressing Pl and P2 in terms of e gives the following differential equation: 

1 ( ae )
2 

8v2G 8T1 = 
-e - a-2 - 81120 e2 

8v2G 

_ u(L112 - uG) e _ (Lv2 - uG) 2 

4G2112 8v2G3 
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( 4.27) 

The problem is thus reduced to solving the single differential equation ( 4.27). 

The solution of e depends on the roots 6, e2 and e3 of the left hand side of (4.27). 

The roots are 

2 

6 = V1P20 

2G 

where the discriminant (V) is given by: 

( 4.28) 

( 4.29) 

In deriving (4.28) the constants G and Lare evaluated using the initial values p10, 

p20 , cp10 and <.p20- In ( 4.29), v1 can become negative for large values of u (when 

u is negative and has a magnitude greater that 2w1 ), however in such a case the 

system would be far away from 1:2 resonance and this perturbation analysis is 

not applicable. The discriminant (4.29) is therefore teal under internal resonance 

conditions. When the initial value p10 and the detuning parameter u are close to 

zero the roots e1 and {2 approach each other and e3 approaches unity and when 

the other initial value p20 and a are close to zero the difference between e1 and {2 
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approaches a maximum value and 6 approaches zero. These cases are discussed 

further in Section 4.3.1. 

Assuming the roots are ordered such that {1 < 6 < e3 and writing (4.27) as, 

(4.30) 

the following transformation is applied to e: 

(4.31) 

Equation ( 4.30) then reduces to: 

Talcing the square root of ( 4.32) gives: 

1 ax ✓~ ( 2 • 2( )) ½ v'2VzO aT, == ± -~3 - e, 1 - 17 sm X (4.33) 

where 1'/ is given by: 

11= (4.34) 

Integrating (4.33) gives: 

(4.35) 
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In (4.35), Te corresponds to x = 0 or { = e3 • The left hand side of (4.35) is 

Legendre's elliptic integral of the first kind, or the inverse of the Jacobi elliptic 

function sn. In terms of sn, ( 4.35) can be written as: 

( 4.36) 

where~ is given by: 

( 4.37) 

From (4.36) it follows that 

(4.38) 

In (4.38), T/ is the modulus of the elliptic function and its value affects the period 

of sn. Substituting ( 4.38) in ( 4.31), the solution for { is obtained as: 

(4.39) 

Using (4.24) and (4.39) the values of P1 andp2 can be easily obtained, and then 

using ( 4.26), 7 can be determined. However to find the phases cp1 and '1)2 , another 

equation is needed and is obtained by eliminating cos (;) from the second and the 

fourth equation in ( 4.16) and integrating the result, thus giving: 

( 4.40) 
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where Q is a constant of integration. Substituting the initial values for cp1 and cp2 

(see equation (4.19)) in {4.40) makes Q zero and the following relationship between 

1{)1 and 'P2 is obtained: 

( 4.41) 

Using (4.41) and (4.20), cp1 and cp2 can now be determined. 

The beating period ( 7'&) is another important characteristic of the response. It 

is defined as the time elapsed between two successive peaks in the amplitude of 

motion~ it corresponds to half the period of p1 or P2 and hence to half the period 

of the Jacobi elliptic function sn. The half period of sn(l'i,T1 - Te) is given by the 

following relationship where the integral is known as the complete Jacobi elliptic 

integral of the first kind: 

2 i 1 
11, = - f ---;::=====dz 

"' lo J1 - 772 sin( z )2 
( 4.42) 

Using the perturbation analysis, solution is obtained for the modal amplitudes 

p1 , p2, and the phases cp 1 and cp2(on To summarise, the perturbation solution is 

obtained using the following algorithm: 

Algorithm 4.1 Algorithm to obtain the perturbation solution 

Step 1 Set the initial value p10 to the initial position of the mass s10 , and p20 to the 

first mode contribution of the tip defiection Ck10• If the initial value for the 

beam (2.46) is used then a 10 = 0.5067vto (obtained using the orthogonality 

of the modes Ckio = JJ 'Pi(z)v0(z)dz where 110(:c) is the initial deflection curve 
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{30]) and if the initial value (2.47) is used then a 1o = 0.5Vto, where Vto is the 

tip deflection. Select a value for the detuning parameter q_ An algorithm is 

presented in the next section (Algorithm 4.2) for selecting a value for q that 

is used to compare the perturbation and numerical solutions. Also set the 

value of the equilibrium position of the moving mass Se-

Step 2 Compute the value of the first mode shape of a cantilever beam and its 

first and second derivatives at the equilibrium position (see equation (3.16)). 

Using these values obtain the constants c1 , c2 , and w from ( 4.3). Also find 

the constants v1, 112 , G, and L using equations (4.22), (4.23) and (4.25) re­

spectively. Calculate the discriminant 1) (equation (4.29)), the roots {1, {2, 

and fo ( equation ( 4.28)) and sort the roots such that e1, 6, and e3 are in as­

cending order. Find K. using (4.37) and the modulus 17 using (4.34). Compute 

the beating period Tb using (4.42). This involves finding the complete Jacobi 

elliptic integral of the first kind. 

Step 3 Find the time Te. This requires calculating e from the initial values of P1 

and p2 using (4.24) and then finding sin(x) using (4.31) and finally obtaining 

Te from (4.36) by substituting for T1, the initial time. 

Step 4 Vary T1 from the initial time to the desired final time T1 and obtain { from 

(4.39), modal amplitudes p1 and P2 from (4.24),; from (4.26), and the phases 

rp 1 and r.p2 from ( 4.20) and ( 4.41), respectively. 



CHAPTER 4. KINEMATIC NONLINEARITIES 107 

4.3 Comparison Between Perturbation and Nu­

merical Solutions 

The results obtained using perturbation analysis are now compared with numerical 

simulation of the ODEs derived using Taylor series expansion (4.2). The various 

models and solution methodologies used in this work are identified in Table 4.1 and 

the designations shown are used for future reference. In this section comparisons 

are made between the perturbation solution (PM!) and the numerical solution 

(NM!). 'The parameters used for all the simulations presented in this section are 

Model Description 
PMl Perturbation solution, Small oscillation model, 

First mode shape of a cantilever beam as basis function. 
NMl Numerical solution, Small oscillation model, 

First mode shape of a cantilever beam as basis function, 
Automatic ODE solver. 

NM2 Numerical solution, Small oscillation model, 
Four mode shapes of a cantilever beam as basis functions, 
Automatic ODE solver. 

NM3 Numerical solution, Small oscillation model, 
10 fifth degree piecewise defined Hermitian polynomials 
as basis functions, Acceleration formulation. 

NM4 Numerical solution, Small oscillation model, 
20 fifth degree piecewise defined Hermitian polynomials 
as basis functions, Acceleration formulation. 

NM5 Numerical solution, Large oscillation model, 
10 fifth degree piecewise defined Hermitian polynomials 
as basis functions, Acceleration formulation. 

Table 4.1: Model designations 

given in Table 4.2. First consider the case where the initial displacement of the 
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Parameter Set 1 
m = 1.0, Se = 0.5, w1 using 20 finite elements = 2.891228 
w1 using one mode of a cantilever beam= 2.908776 

Initial Values Initial Values 
equation (2.47) equation (2.47) 
so= 0.50001, Vto = 0.1 so = 0.53, Vto = 0.000001 

Figure 4.1, 4.2 4.19, 4.20 4.3, 4.4 4.21, 4.22 
Model PMl,NMl PM1,NM2 PMl,NMl PMI,NM2 
(1 -0.0002 -0.0016 -0.0085 -0.0115 
.6.t( average) 0.01797 0.00354 0.0094 0.00669 
Spectrogram 
No. of Segments 16 64 32 64 
Segment Size 256 256 256 256 
Power Spectrum 
No. ofFFTs 2 6 
Segment Size 65536 65536 

Table 4.2: Comparison between perturbation and numerical solutions-! 

moving mass about its equilibrium position, s0 is 0.00001, the initial beam tip 

deftection is Veo = 0.1 the equilibrium position of the moving mass Se = 0.5, and 

the nondimensionalized mass ratio m = 1.0. Figures 4.1 and 4.2 show the response 

for the moving mass and the beam respectively. 

Figures 4.l(a) and 4.l(b) are the analytical results obtained using the pertur­

bation analysis. It may be noted here that PJo = 0.5-veo (see step 1 in Algorithm 4.1 

and equation ( 4.19)). Figure 4.1 ( c) is the numerical solution obtained from ( 4.2) 

by using a variable step stiff ODE solver based on the fourth order Rosenbrock 

method presented in (102]. This technique is based on an implicit formulation and 

is a generalisation of the Runge-Kutta-Fehlberg method that uses the parameters 

presented by Shampine (£or details see [102]). Later on, the same ODE solver is 
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Figure 4.1: Mass response -1:2 m, m = 1.0, Be= 0.5, s10 = 0.00001, and Vto = 0.1. 
(a) and (b) Perturbation solution q = -0.0002, (c) Numerical solution, and (d) 
Spectrogram. 
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used for solving the more general equations of motion (3.9) and (3.10) using four 

cantilever beam mode shapes. Figure 4.l(c) appears darkened because the oscilla­

tions are at a very high frequency and small time steps were used. 

Figure 4.1( d) shows a spectrogram which is obtained by taking a small data 

window which consists of 16 segments of data with 256 data points per segment, 

of the time series and finding its one sided power spectral density (PSD), with the 

mean squared amplitude as the measure, using the Fast-Fourier transform (FFT) 

algorithm [102}. For a detailed treatment on time-frequency analyses see Cohen 

[103]. The data window is advanced along the time axis one segment at each step 

allowing overlapping of the previous data segments by the current data window. 

The spectrogram (Figure 4.1( d)) shows the variation in the PSD for the frequencies 

on the vertical axis with time on the horizontal axis. The change in the PSD is 

represented by the grey scaling with the darker regions representing higher values 

of PSD and lighter regions representing lower values of PSD. The empty space at 

the beginning of the graph is half the size of the data window. Note that the 

mean squared amplitude, the measme used for PSD. represents energy~ and the 

spectrogram shows the variation in the energy content of the frequencies with time. 

Figure 4.2 shows similar results obtained for the beam. The time responses in 

Figures 4.l(a), 4.2(a), 4.1( c) and 4.2( c) show the characteristic beating motion for 

the mass and the beam under internal resonance. The numerical solutions (Fig­

ure 4.l(c) and 4.2{c)) are obtained for w = 2w1. Under such perfect resonance 

conditions, the perturbation analysis gives a solution where the amplitudes match 

closely with the numerical solution, but there are small difl'erences in the beating 
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periods which may be attributed to neglecting the higher order terms in the pertur­

bation an3lysis. In anticipation of comparison of the perturbation solution with the 

numerical solution obtained using the four modes of a cantilever beam and finite 

elements as basis functions, the approach used here is to match the perturbation 

solution with the numerical solution by choosing the detuning parameter u. The 

value of <r then acts as means for comparing the various solutions. This approach 

is justified because the natural frequency of the beam w1, obtained using ( 4.3) for 

the simplified model used in the perturbation analysis would in general be slightly 

different than w1 obtained using (3.9) and (3.10). The method for finding the value 

of q is outlined in the following algorithm: 

Algorithm 4.2 Algorithm to obtain the detuning parameter q. 

Step 1 Find the beating period (r&) for the numerical solution. This is accomplished 

by taking the Hilbert transform of the time series for the tip deflection of 

the beam, which gives an enveloping curve for the amplitude. Using the 

extremum values of this curve the beating periods can be found easily. The 

beating periods differ slightly from one beat to another, therefore an average 

value is selected. 

Step 2 Using (4.42) the value of <T is determined numerically by varying u and 

finding the beating period which matches Tb determined in Step 1. 

For Figures 4.1 and 4.2 the value of <Twas determined as -0.0002 which gives the 

same beating period as the numerical results. 

It can be seen from (4.17), that p1 and P2 describe the change in the amplitude, 

and <p1 and tp2 could possibly effect the natural frequencies w1 and w2 , respectively. 
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This corresponds to both amplitude and frequency modulation. Figure 4.l(b) shows 

that the phases cp1 and cp2 remain constant, except that they approach singular 

positions just before and after the beam reaches a peak, or the mass amplitude 

becomes zero. A similar effect can be seen in the spectrogram, Figure 4.1( d), where 

the energy corresponding to the frequency w1 disappears. The energy is in fact 

transferred to the beam as can be seen from Figure 4.2(d). 

Figures 4.3 and 4.4 are obtained for the same parameters as in Figure 4.1 and 

4.2 but the initial values are now taken as s0 = 0.03 and tip deflection Vto = 0.00001. 

In this case the system is predominantly excited by the moving mass. The value 

of u for the perturbation solution was found to be -0.0085. The magnitude of the 

peaks for the phases cp1 and cp2 is not similar to that seen in Figures 4.1 and 4.2, 

but seem to increase with time. 
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Figure 4.4: Tip deflection - 1:2 m, m = 1.0, Se = 0.5, 810 = 0.03, and 1'to = 0.00001. 
(a) and (b) Perturbation solution u = -0.0085, (c) Numerical solution, and (d) 
Spectrogram. 
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4.3.1 Parametric Analysis 

The response of the system depends on the roots 6, e2 and {3 and Figures 4.5 and 

4.6 show the values of these roots for different m and <1. Figure 4.5 is obtained 

for initial values of mass position s0 = 0.00001 and tip deflection Vto = 0.1 and 

with the equilibrium position for the moving mass Se = 0.5. Whereas Figure 4.6 

is obtained for initial values s0 = 0.03, Vto = 0.00001 and equilibrium position 

Se = 0.5. Similar to the circular sine function, the amplitude of the elliptic sine 

function sn also varies between -1 and 1. Therefore from ( 4.39) it follows that { 

oscillates between {2 and ea. The farther apart the roots {2 and {3 are, the larger 

is the amplitude of e, which from equation (4.24) implies that more exchange of 

energy occurs between the moving mass and the beam. Both Figures 4.5 and 4.6 

show that this region of strong coupling occurs when u is close to zero and when u 

moves away from zero the difference between the roots {2 and {3 decreases, finally 

becoming zero. As the ratio of the moving mass and the mass of the beam (m) 

increases, the range of u for which the roots e2 and e3 are distinct also increases. 

This can be seen more clearly in Figure 4.6( c). When the roots e2 and {3 become 

equal, it follows from (4.39) that the solution for { becomes a constant, equal to 

one for the case considered in Figure 4.5 and equal to zero for the case considered 

in Figure 4.6. 

The modulus f'/ of the elliptic function sn gives some insight into the type of 

response. When T/ = 0 the elliptic function sn becomes the circular sine function 

and for 17 = 1, sn becomes tanh. So it follows from equations (4.34), (4.39) and 

( 4.24) that when {2 is close to {3 , p1 and p2 appear closer to sinusoidal functions, 
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and when 6 and 6 are numerically far apart from each other, Pt and p2 appear 

closer to hyperbolic functions (Pt close to tanh and p2 close to sech). 

When 6 and e2 become equal, the modulus T/ becomes unity (see (4.34), the 

beating period Tl, becomes infinite (see 4.42), and in (4.39) the elliptic sine function 

sn becomes tanh, thus once the energy is transferred from the mass to beam or vice 

versa it stays there as the period for p1 and p2 is infinite. This motion is however 

unstable and the smallest difference between e1 and e2 makes the beating period 

finite. In Figure 4.6 it appears that e1 and e2 are equal for a large range of q, there 

is however a small difference between them which is due to the small nonzero initial 

value of the tip deflection Vto• It may be noted here that when veo is zero, there 

is no coupling between the moving mass and the beam, but even a small nonzero 

value of 'Veo results in large amplitude vibrations of the beam as was illustrated in 

Figures 4.3 and 4.4. 

The maximum and minimum values of p1 and P2 are indicative of the exchange 

of energy between the mass and the beam. Since { oscillates between e2 and {3 , the 

maximum value being e3 and the minimum value e2~ using (4.24L the maximum 

and the minimum values of p1 and P2 are given by: 

P1ma:= 
2G(l - e2) P2ma: = ✓2Gf,3 

112 V1 

Plmin = 
2G(l - e3) P2mm= ✓2Gf.2 ( 4.43) 

Zl2 V1 

Figure 4. 7 shows p1maz and P2min for various values of m and equilibrium position 

Se- The initial value Pio is taken as 0.00001 and P20 as 0.05 (same as in Figures 



CHAPTER 4. KINEMATIC NONLINEARITIES 120 

4.1, 4.2. and 4.5). Figure 4.7 shows that when the equilibrium position of the 

moving mass is close to the fixed end of the beam, the value of p2min is almost the 

same as its initial value p20 and also the corresponding maximum amplitude of the 

mass is close to zero indicating a weak coupling between the moving mass and the 

beam. As the equilibrium position is moved towards the free end of the beam, the 

exchange of energy between the mass and the beam increases as indicated by p2min 

decreasing sharply and approaching zero and Pima:z: increasing correspondingly. The 

other maximum and minimum values Plmin and P2ma: are not shown as they do not 

vary significantly. The value of Ptmin remains close to its initial value P10 and the 

value of P2ma% remains close to its initial value P20- Figure 4. 7 was obtained for a 

value of u close to perfect 1:2 resonance (u = -0.0002). Figure 4.7 also shows an 

expected result that a lighter moving mass ( smaller value of m) oscillates with a 

larger amplitude than a larger moving mass (larger value of m). Figure 4.8 shows 

the behaviour of P1min and P2ma: for the case with initial values p1o = 0.03 and 

p20 = 0.000005 (same as in Figures 4.3, 4.4, and 4.6). The values of Pima:z: and 

P'lmin are not shown as they remain same as their initial values. Figure 4.8 shows 

the maximum and minimum values of the amplitudes for the other case with initial 

values p1o = 0.03 and P20 = 0.000005. For this case the values of Ptmin and P2TnC&Z 

are less sensitive to changes in Se near the fixed end of the beam and as Se moves 

away from the fixed end a sharp change in Ptmin and p2ma: is observed. 

Figures 4.9 and 4.10 show the results when m and u are varied. The same 

parameters used to obtain Figure 4. 7 and Figure 4.8 were used in obtaining Figures 

4.9 and 4.10 respectively. Figure 4.9(b) shows that the maximum amplitude of the 
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s10 = 0.00001, and veo = 0.1. (a) Maximum amplitude for the mass p1ffl42:, (b) 
Minimum amplitude for the tip of the beam P2min• 

moving mass p1ffl4: reaches a peak close to u = O. In this case the initial value of 

the amplitude of the moving mass p10 was taken as 0.00001. Similarly for the tip 

deflection of the beam which was given an initial value P2o = 0.05, Figure 4.9( a) 

shows that the mjnimum amplitude P2min reaches a mjnima. close to u = O. Figure 

4.10 shows that for the smaller mass ratio m = 0.1, the range of u for which the 

resonant effect is present is small and increases with m. This range of u can be 

isolated in the figure by the sharp changes in the slope of the curves shown, this 
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Figure 4.8: Maxim.um and minim1rm amplitude - 1:2 m, Se = 0.5, (j = -0.0085 
s1o = 0.03, and Vto = 0.00001. (a) Minimum amplitude for the mass P1min, (b) 
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behaviour is consistent with the region with distinct e2 and {3 shown earlier in 

Figure 4.6. 

Figure 4.11 shows the beating period for different values of m and q for the 

first case where the initial values are Pio = 0.00001 and p20 = 0.05. For u close 

to zero the beating periods are large and decrease as u increases. The maximum 

beating period occurs when e1 and {2 are close to each other or when the modulus 

1/ approaches unity (see (4.42). In Figure 4.12, results are shown for the second 
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case where Pto = 0.03 and P20 = 0.000005. This figure is plotted in two parts (a) 

and (b) each with different range of values of m to improve the resolution. For the 

smaller mass ratio in Figure 4.12(a), two peaks in the beating period, which move 

apart as the mass ratio increases, are observed. From Figure 4.6 it can be seen 

that {1 and 6 are close to each other for a range of values of u and the two peaks 

in Figure 4.12(a) correspond to the end points of this range. It can also be seen 

from Figure 4.6 that corresponding to the peaks in the beating period the values 
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of e2 and e3 are close to each other thus indicating a weak coupling between the 

beam and the moving mass. The beating period in Figure 4.12 thus behaves in 

an opposite manner to that observed in Figure 4.11 with the minimum value of To 

being close to <r = 0. 

Figures 4.13 and 4.14 show the change in the beating period a., m and <r are 

varied. In these figures the Se axis is broken into two parts to improve the resolution. 

From Figure 4.13 ( obtained for P10 = 0.00001 and 1'20 = 0.05 and Se = 0.5) it can 
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Veo = 0.1. 

be seen that as the equilibrium position of the moving mass moves towards the free 

end, the beating period decreases. Figure 4.14 shows a similar result obtained for 

the other case (Pio = 0.00001 and P20 = 0.05, and Se = 0.5) where the larger initial 

value is given to the mass. For this case, the beating period approaches a peak 

when Se is closer to the fixed end of the beam, depending on the mass ratio, and 

decreases as Se approaches the free end. 
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4.4 Amplitude Modulation 

In this section, the equations of motion (3.9) and (3.10) are solved numerically 

using the four cantilever beam mode shapes (3.16) as the basis functions. The 

automatic ODE solver discussed in Section 4.3 is used to obtain the solution and 

also time-frequency analysis is performed in the manner outlined earlier. The results 

are compared with the perturbation solution for the simplified model obtained in 

Section 4.3. To establish internal resonance, the fundamental frequency of the 

beam must be known. In the perturbation analysis for the simplified model, (4.3) 

was used to obtain the value of w1 . For equations (3.9) and (3.10), finite elements 

are employed to obtain the beam frequencies. The beam is divided in to twenty 

equally spaced elements and at each node three degrees of freedom are considered, 

the deflection of the beam, the slope of the beam, and the curvature. Table 4.3 lists 

the first few frequencies for the mass beam system obtained using finite elements 

for the parameters used in the simulations. The natural frequency of the beam 

w1 , obtained using (4.3) is also shown in the table for comparison. Figures 4.15 

and 4.16 show the results obtained for the mass and the beam, respectively, for 

m = 1.0, Se = 0.9 and initial values td = 0.1 and so = 0.90001. The parameters 

used for the simulations presented in this section are tabulated in Tables 4.2 and 4.4. 

Figure 4.15(a) shows the perturbation solution, Figure 4.15(b) shows the numerical 

solution, Figures 4.15(c)-(e) show the spectrogram where the higher frequencies are 

also included and Figure 4.15(f) shows the power spectrum. The power spectrum. 

is obtained by applying the Hann window to the time series and using the FFT 

to obtain the spectrum. To reduce the variance, FFTs are obtained for a number 
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F.E.M. One mode 
m Se Frequencies Frequency 
1.0 0.9 1.758689 1.763542 

19.537843 
60.469989 
120.762565 

1.0 0.5 2.891228 2.908776 
14.225427 
61.681059 
95.28855 

Table 4.3: Beam frequencies obtained using finite elements and the one mode equa­
tion. 

of data segments (see Table 4.4 for the number of segments used) and the results 

are averaged. The power spectral density (PSD) is computed by taking the mean 

squared amplitude of the transformed data. This same format is used for all the 

simulation results presented in this section. 

From the power spectrum, Figure 4.15(£), major peaks are observed at even 

multiples of w1 ( eg. 2w1, 4w1 , 6w1 ... ) • As the peaks approach the second frequency 

of the beam. ( 19.5378) the energy corresponding to these peaks increases slightly. 

This is much more clear in the beam plot, Figure 4.16(f), where the energy increases 

as the peaks approach the second and the third frequencies, 19.5378 and 60.470, 

respectively. For the beam, the major peaks in the power spectrum occur at odd 

multiples of w1 (w1 , 3w1 , ... ). The spectrograms (Figure 4.15(c)-(e) and Figure 

4.16(c)-(e)) show the time variation of the frequencies. For the moving mass, the 

energy corresponding to the primary frequency (2w1) becomes quite small when the 

amplitude reaches the minimum, and the energy in the harmonics of the moving 
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Figure 4.15: Mass response - 1:2 m, m = 1.0, se = 0.9, s10 = 0.90001, and 
Vta = 0.1. (a) Perturbation solution u = -0.0008, (b) Numerical solution, (c)-(e) 
Spectrograms, and {f) Power spectrum. 
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Figure 4.16: Tip deflection - 1:2 m, m = 1.0, Se = 0.9, 810 = 0.90001, and 
Vto = 0.1. (a) Perturbation solution u = -0.0008, (b) Numerical solution, (c)-(e) 
Spectrograms, and (f) Power spectrum. 
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Parameter Set 2 
m = 1.0, Se= 0.9, w1 using 20 finite elements = 1.758689 
w1 using one mode of a cantilever beam = 1. 763542 

Initial Values Initial Values 
equation (2.47) equation (2.47) 
so = 0.90001, Vto = 0.1 so = 0.95, Vto = 0.00001 

Figure 4.15,4.16 4.17,4.18 
Model PM1,NM2 PM1,NM2 
O' -0.0008 -0.0097 
~t (average) 0.00442 0.00533 
Spectrogram 
No. of Segments 64 64 
Segment Size 256 256 
Power Spectrum 
No. of FFTs 2 6 
Segment Size 65536 65536 

Table 4.4: Comparison between perturbation and numerical solutions-2 

mass ( 4w1 and 10w1 shown in Figures 4.15( c) and ( d)) crests, indicating a change 

in the frequency content of the mass response when the amplitude is decreasing. 

The time variation of 4w1 (Figure 4.15( d)) shows dissipation of energy to the side 

bands when the amplitude of the moving mass reaches a minimum, however when 

such a frequency is close to a higher fundamental frequency of the beam, like 10w1 

is to the second frequency of the beam, the dissipation of energy to the side bands 

does not occur. Such a behaviour was observed in all the simulations presented in 

this thesis. For the beam the beating pattern can be seen in w1 and 3w1. However 

the higher frequency llw1 , shown in Figure 4.16(c), does not show the beating 

pattern, as this frequency is close to the second frequency of the beam which is not 

in resonance. 
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Next, for the same parameters as in Figure 4.15 and 4.16, different initial con­

ditions are used (vto = 0.00001 and s0 = 0.95). Figure 4.17 and 4.18 show the 

results. Since in this case the system is predominantly excited by the moving mass, 

the energy corresponding to the higher frequencies of the beam is notably very low 

as can be seen by comparing Figure 4.16(f) and 4.18(f). The spectrograms for the 

moving mass show that initially the energy of the system is concentrated in the 

primary frequency of the moving mass 2w1 and as the amplitude starts decreasing 

some of the energy moves into the harmonics of the moving mass like 4w1 but pre­

dominantly the energy is transferred to the frequencies in the beam w1 , 3w1 and 

5omega1 . The power spectrums for the moving mass and the beam are similar to 

those observed in Figures 4.15 and 4.16 except that the PSD is significantly lower 

for the higher frequencies. 

In Figures 4.19 and 4.20 the equilibrium position of the moving spring-mass 

system Se is changed to 0.5 and initial values to Vco = 0.1 and so = 0.50001. These 

results can be compared with Figures 4.1 and 4.2 which have the same parameters 

but are for the simplified model. Comparison shows that the beating period is 

smaller when four basis functions are used. The amplitude of the response however 

has remained the same. 

In general, increasing the number of basis functions improves the accuracy of 

the solution obtained using the Galerkin method. The difference in the value of 

the beam frequency w1 for the two models ( see Table 4.3) affects the value of the 

detuning parameter which is chosen to match the beating periods obtained using 

the perturbation solution and the numerical solution. The perturbation solution 
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Figure 4.17: Mass response - 1:2 m, m = 1.0, Sc = 0.9, s10 = 0.95, and Vto = 
0.00001. (a) Perturbation solution u = -0.0097, (b) Numerical solution, (c) and 
(d) Spectrograms, and (e) Power spectrum. 
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Figure 4.18: Tip deflection - 1:2 m, m = 1.0, Se = 0.9, 810 = 0.95, and 1'to = 
0.00001. (a) Perturbation solution u = -0.0097, (b) Numerical solution, (c)-(e) 
Spectrograms, and (f) Power spectrum. 
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Figure i.19: Mass response - 1:2 m, m = 1.0, Se = 0.5, S10 = 0.50001, and 
Vto = 0.1. (a) Perturbation solution u = -0.0016, (b) Numerical solution, (c)-(e) 
Spectrograms, and (f) Power spectrum. 
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Figure 4.20: Tip deflection - 1:2 m, m = 1.0, Se = 0.5, 810 = 0.50001, and 
Vto = 0.1. (a) Perturbation solution u = -0.0016, {b) Numerical solution, (c)-(e) 
Spectrograms, and (f) Power spectrum. 
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in Figure 4.1 and 4.2 was obtained using <T = -0.0002, in this case (Figure 4.19 

and 4.20) u = -0.0016 was used. Comparing Figure 4.19(a) and 4.1( a) it can 

be seen that small changes in the detuning parameter do not have any significant 

effect on the maximum amplitude of the moving mass. However comparison of 

Figure 4.20(a) and 4.2(a) for the beam shows that the increase in the value of u 

has increased the value of P2min ( the minimum amplitude of p2). Although the 

numerical solutions Figure 4.19(b) and 4.20(b) were obtained for an exact 1:2 IR 

the minimum amplitude of p2 as seen from Figure 4.20(b) matches well with the 

perturbation solution where the detuning parameter is involved. Note that in Figure 

4.20(b) the amplitude of the tip deflection does not have a smooth appearance, this 

may be due to the presence of higher frequencies, also a numerical artifact as a 

result of higher frequencies cannot be ruled out. 

Figures 4.21 and 4.22 show another interesting result where the parameters 

are same as in Figures 4.19 and 4.20 but with initial values Vto = 0.00001 and 

so = 0.53. These figures can be compared with Figures 4.3 and 4.4 as they are 

obtained using the same parameters. First it should be noted that, compared to 

other cases considered in this work, in this case small oscillations of the mass cause 

relatively large oscillations in the beam. So, the effect of the nonlinearities is more 

pronounced. The perturbation and the numerical results in this case don't match 

well. However when the simplified model is used, Figures 4.3 and 4.4, there is a 

good correspondence between the numerical and perturbation results, suggesting 

that the peculiar behaviour in Figures 4.21 and 4.22 is due to the inclusion of higher 

frequencies of the beam. The spectrograms indicate that the PSD at the higher 
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frequencies has some time dependency with large periods. If the initial value of 

the mass is increased the response was found to become chaotic with the beam 

undergoing large oscillations. 
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Figure 4.21: Mass response - 1:2 m, m == 1.0, Se = 0.5, 810 = 0.53, and 11to = 
0.00001. (a) Perturbation solution u = -0.0115, (b) Numerical solution, (c)-(e) 
Spectrograms, and (f) Power spectrum. 
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Figure 4.22: Tip deflection - 1:2 IR, m = 1.0, Sc = 0.5, s10 = 0.53, and Vto = 
0.00001. (a) Perturbation solution er = -0.0115, (b) Numerical solution, (c)-(e) 
Spectrograms, and (f) Power spectrum. 
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Difficulty in obtaining a numerical solution for nonlinear systems is often one of 

the motivating reason for perturbation analysis. However perturbation methods do 

not always provide a closed form solution like the one obtained in this chapter and a 

combined analytic-numeric approach is often required. Comparison between closed 

form analytical a.nd numerical solutions is therefore uncommon. In this work the 

perturbation solution for modal amplitudes is matched with the numerical solution 

by selecting a value for the detuning parameter u. A numerical solution obtained 

under perfect 1 :2 resonance conditions when compared with a perturbation solution 

under perfect 1:2 resonance conditions is expected to reflect differences as a result 

of the different models for the two cases and also due to neglecting the higher order 

terms in the perturbation solution. The approach used in this work was to quantify 

these differences using the detuning parameter q. Comparison of the perturbation 

and the numerical solutions show that when the motion is predominantly bi-periodic 

( two fundamental frequencies, one w1 and the other beating frequency ~ and their 

harmonics) the results match very well. Using the closed form solution an extensive 

parametric analysis was carried out which identifies regions of strong nonlinear 

coupling between the beam and the moving mass and gives the change in some of 

the important properties of the solution like the beating period, and the maximum 

and the minimum amplitudes with the detuning parameter, initial values a.nd the 

equilibrium position of the moving mass on the beam. 

In the next chapter the focus is on geometric nonlinearities, and solving equa­

tions of motion for the large oscillation model with both kinematic and geometric 

nonlinearities. 



Chapter 5 

Kinematic and Geometric 

Nonlinearities 

In this chapter, a new method is presented to obtain numerical solution of equa­

tions of motion for nonlinear continuously modelled systems. Using this technique, 

results are presented for three types of problem: a system with only kinematic non­

linearities; beam carrying a moving mass - small oscillation model, a system with 

only geometric nonlinearities - large oscillation model of a cantilever beam, and a 

system with both kinematic and geometric nonlinearities - large oscillation model 

of a cantilever beam carrying a moving mass. 

The solution strategy relies on a traditional finite element approach for spatial 

discretization. This was described in Chapter 3 where the nonlinear partial differ­

ential equations of motion were reduced to nonlinear ordinary differential equations. 

In this chapter the ordinary dilferential equations are reduced to nonlinear algebraic 

equations using finite difference approximations based on the average acceleration 

144 
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method. A new formulation is used for the average acceleration method, wherein, 

using finite differences the displacements and velocities are expressed in terms of 

accelerations as opposed to the conventional method where the velocities and accel­

erations are expressed in terms of displacements. In this thesis this new formulation 

is called the acceleration formulation and the conventional approach is referred to 

as the displacement formulation. 

The nonlinear algebraic equations obtained after the discretization are large in 

number (depending on the number of elements used) and are also stiff and hence 

difficult to solve. Conventional techniques based on Newton's method were tried, 

but were unsuccessful in obtaining the solution. One inherent problem with the 

algebraic equations obtained using finite elements and the use of Newton's method 

( or its variants) is that, in the finite element approach the solution is modelled to 

barely meet the continuity requirements of the differential equations and the extra 

derivative for the Jacobian required in the Newton's method introduces disconti­

nuities which can prevent convergence in the Newton's method. Therefore in this 

work a new technique is proposed which does not require finding the Jacobian. 

5.1 Average Acceleration Method 

The average acceleration method is widely used in finite element analysis for tem­

poral discretization of linear dynamic equations. In this work, however, a variant 

of this approach is proposed to solve nonlinear problems. Combined with the new 

iterative method to be presented in Section 5.6, this approach gives superior con­

vergence than the conventional average acceleration method. The following finite 
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difference approximations for displacements and velocities are derived directly using 

Taylor series: 

(5.1) 

where u represents the time dependent variables, Cti, f3i, and Ai, t:,.t is a small incre­

ment in time and the superscripts identify the time at which the term is evaluated. 

In the average acceleration method, instead of just using (5.1) the following ad­

ditional assumption is made for the accelerations [71] which makes (5.1) implicit 

( terms on both sides of the equation depend on t + t:,.t), thus giving stability for 

larger step sizes (see Newmark [71]): 

(5.2) 

where ;.=>" implies replacement. Substituting (5.2) into (5.1) gives the following 

equations: 

ut+Ae - ii/• + ai-ii.t + a2iit+At 

- clu( ti.t, ii.') + a2iit+At 

ut+At - u,. + asu.t + a-1ii' + a 5ut+At 

- c2u( u', il, ii.t) + a5ut+At (5.3) 
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where the parameters <1i are given by: 

(5.4) 

and cl u and c2u are used to represent the terms which have to be evaluated at time 

t and are given by : 

(5.5) 

An explanation of the notation clu and c2u is in order here. The first two letters cl 

and c2 identify two quantities whose values are known at each iterative step, as they 

are evaluated at time t. The third letter u. represents the variable being discretized 

(o:i, f3i, or ,i)- It can be seen from (5.4) that there are only three parameters 

which are unique, however, :five parameters are used so that other finite difference 

approximations can be easily implemented in the computer programs developed 

(for example the more general Newmark's method [71] where the parameters allow 

for introducing numerical dissipation). 

To use this method for temporal discretization, the ordinary difFerential equa­

tions of motion are considered at time t + at. Using (5.3) the ordinary differential 

equations are reduced to a system of nonlinear algebraic equations involving ac­

celeration at t + at and displacement, velocity, and acceleration at time t. This 

approach to discretization will be referred to as the acceleration formulation. 

The conventional approach to using the acceleration method, the displacement 
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formulation, involves solving equations (5.3) for ut+At and ut+At thus giving: 

ii,t+At t • t ··t t+At - -a1 u - a2u - a3u + a1 u 

- cl u( 1l ;u.t, ii,t) + a11l+At 

'Ut+At - -a4Ut - a51Lt - 05Ut + 04Ut+At 

= c2u( ut, ii, ii,t) + a 4ut+At 

where the ai are given by: 

a - 4 a2 - ..!.. a3 = 1 1 - At2 - .O.t 

and cl u and c2u are given by 

clu 

c2u 

(5.6) 

(5.7) 

(5.8) 

Note that despite their different definitions, the same variables clu, c2u, and 

a1 ... a6 are used for both the displacement formulation and the acceleration for­

mulation due to their similar functionality in the discretized equations of motion. 

Using (5.6), ordinary differential equations can be reduced to nonlinear algebraic 

equations in terms of displacements. In the next few sections (Sections 5.2-5.5), 

discretized equations are obtained for the small and the large oscillation model 

using the conventional displacement formulation and the new acceleration formu-



CHAPTER 5. KINEMATIC AND GEOMETRIC NONLINEARITIES 149 

lation. The results obtained using these two approaches are compared in Section 

5.9. 

5.2 Small Oscillations-Acceleration Formulation 

For the small oscillation model, the discretized equations of motion using the ac­

celeration formulation are obtained by substituting the approximation (5.3) for all 

the dependent variables in the ordinary differential equations (3.9) and (3.10), thus 

giving the following equations. 

m{s {<Pi}+ [<Pi<P;] {aj} 

+ [<Pi<Pi] {s {as {ci;} + {c2a;}} + 2(a2s + cl8) {a2 {a;}+ {cla;}}} 

+( a2.i + els )2 [<Ps'P';] { as {a;} + { c2a:;} }} _ 
%=a&•+c2• 

+ f [M;] {&;} + [¢7¢j] {as{&;}+ {c2a;}}d~ = 0 (5.9) 

In (5.9) the time dependent variables 8, and '2i are evaluated at t+ll.t. The variables 

els, c2s, clas, and c20i (a subscripted notation identifying the dependent variables 

is not used to avoid multiple levels of subscripts), using the definition (5.5) are 

given by: 

(5.10) 
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(5.11) 

5.3 Large Oscillations-Acceleration Formulation 

The discretized equations for the large oscillation model using the acceleration 

formulation are obtained by substituting (5.3) for the dependent variables in the 

equations of motion (3.12)-(3.15), thus giving the following nonlinear algebraic 

equations: 

(1 + a5w
2)s + w2(c2s - Se)+ (l¢d {a:i} 

+ l <Pi<P';J { {o:i} { as {ii;}+ {c2o:;}} + {Pi} { as {/J;} + {c2(3;}}}) :z:=a,i+c
2
, = 0 

m { s { ¢i} + [<Pi¢;]{ o:;} 

+ [ <Pi<Pi] { s { as {a;} + { c2a1}} + 2( a2s + els) { a2 {a;} + { clo:;}}} 

+(a2s + cls)2 [</J,¢,'J] {as {a;}+ {c2a;} }} ~ 
:=a6•+c2• 

+ f [tp;,P;] {&;} + ['Pf 'Pi] {a5 {&;} + {c2a;}} + ['Pl¢;] P,;} 

+ { <Pa l <Pi<P~J {{-";} { 05 { ci:AJ + { c2o:A:}}} - { <l>H l 4>'J 4>Z J 

{ { as { ci;} + { c2a;}} { as { ak} + { c2a1c}} 

+ {as{~;}+ {c2,B;}} { as {,ek} + {c2,81c}}} 

- { <P~} l ef>i<Pi<Pt j { { as {ii;} + { c2a;}} { as { ci1c} + { c2a1c}} { as { ciz} + { c2o:z}} 

+ {as {a;}+ {c2a;}} { as {P1i:} + {c2f31c}} { as {,a,}+ {c2/3i}}} dz= 0 

m {[<Pi<P;] {/3;} 
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+ [<Pi<P';] { s { as {ii;}+ { c2/3;}} + 2(a2s +els) { a2 {ii;}+ { cl/3;}}} 

+(a2& + cls)2 [<Pi<P'J] {as {i3;} + {c2{3j}}} .. 
z=csa+e2a 

+ f [ ef,;ef,;) {.B;} + [ t/>l' 'Pj ]{ as {,B;} + { c2,8;}} 

+ { </Ja l <t>;</J,:J { {~;} { as {Pi:}+ { c2/31c}}} 

- { <Pa l <P1<Pi<Pt J { { as {P;} + { c2,8;}} { as {/3k} + { c2J3k}} { as {,a,} + { c2J3i}} 

+ { as {Pi}+ {c2/3;}} {as {iik} + {c2aA:}} {as {ci!} + {c2a,}}} dx = 0 

{ [t/>;</>J] {as {Ct;}+ {c2a;}} +~{<Pi} ltf>.i'Pkj 

{ {a5 {a;}+ {c2a;}} {as {ci,-J + {c2a,J} 

+ { as {P;} + {c2,8;}} { as {Pk}+ {c2/31c}} }dx = 0 

(5.12) 

In (5.12), els, c2s, clas and c2Cti are same as defined in (5.10) and (5.11) and cl/31 

and c2/3i are given by: 

(5.13) 

Equation (5.12) consists of four sets of nonlinear algebraic equations .. The actual 

number of equations in (5.12) depends upon the number of elements used in the 

finite element discretization. For N elements, using fifth degree Hermitian polyno­

mials (three degrees of freedom per node) this constitutes 9(N + 1) + 1 equations, 

where the elimination of the equations corresponding to the zeroth and the N1h 

node to enforce the essential boundary conditions are not accounted for. At node 0 
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the essential boundary conditions (2.44) all have zero values therefore the equations 

in ( 5.12) corresponding to these boundary conditions are not considered. At node 

N there are no essential boundary conditions but because of the fifth degree Her­

mitian polynomials the second derivatives of u and v exists as nodal variables; since 

the natural boundary conditions require these values to be zero, the corresponding 

equations in (5.12) are also discarded. This same approach is used for applying the 

boundary conditions to all the beam models considered in this work. 

5.4 Small Oscillations-Displacement Formulation 

Similar to the acceleration formulation, the equations of motion are now discretized 

using the displacement formulation. For the small oscillation model, substituting 

(5.6) in (3.9) and (3.10) gives the following nonlinear equations in terms of dis­

placements which are evaluated at time t + At: 

+ ( l <Pi<P';j { { a1 {<Xi}+ {clOi}} {o.;}}) r-=a(e) = 0 

m {(a1s + els) {4>i} + [<Pit/>;] {a1 {a;}+ {cla;}} 

+ [<l>i<l>i] {(a1s + els) {a;}+ 2(a4s + c2s) {a4 {o:;} + {c2a;}} + (a.1s + els) {a;}} 

( a4s + c2s )
2 

[ <Pi<l>'J] {a;}} z=a(t) 

+ f [<M;] {a1 {a;}+ {cla;}} + [<f>f,PJ] {a;} dz= 0 

(5.14) 
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In (5.14). els, c2s, clOi and c2Cki are given by: 

(5.15) 

(5.16) 

5.5 Large Oscillations-Displacement Formulation 

The discretized nonlinear algebraic equations for this case are obtained by substi­

tuting (5.6) in (3.12)-(3.15) thus giving the following equations: 

s(a1 + w2) + els -w2se + {l</>iJ {a1 {Cki} + {cleli}} 

+ l <Pi4>1J { {a1 {ai} + {cleli}} {o:;} + {a1 {,Bi}+ {cl,Bi}} {,Bj}} t=,(t) = 0 

m {(a1s + els) {ef>i} + [<l>i<P;] {a1 {a;}+ {claj}} 

+ [ <Pi<PJ] { ( a1 s + els) {a;} + 2 ( a4s + c2s) { a4 {a;} + { c2a;}}} 

(a4s + c2s)
2 

[4>i<PJ] {a;} L=,(t) 

+ { [<P,<P;]{ai{a;}+ {cla;}} + [<Pf <P'J] {a;}+ [<P:<P;l{A;} 

+ { 4>a l 4>;4>~J {A;ak} - { 4>a l ct>Jct>ZJ { { a;o:1c} + {8;,81c}} 

-{ct>a l<t>i4>Z4>z'J {{a;o:1cai} + {o:;,81c,81}}dz = 0 

m {[<hep;] { a1 {,8;} + { cl,8;}} 
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+ [<l>i<l>i] {(a1s + els) {B;} + 2 (a4s + c2s) {a4 {,8;} + {c2,B;}}} 

( a4s + c2s )
2 [<l>i<l>'J] {,B;}} 

:z:=a(t) 

+ f [¢,</>;] {a1 {,B;} + {cl,B;}} + [<P7¢j] {,B;} 

+ { <1>a L 4>;<t>~J { A;,Bk l 

- { <t>a l <Pj'P~'P~1 j { {,8;,81:.Bc} + {.B;a1:az}} dz = 0 

f [ rJ>,rJ>j] {ct;} + ~ { ¢;} l rJ>jt/>~ j {{ ct;ctk} + {,B;,Bk}} d:z: = 0 ( 5.17) 

In (5.17), cl.s, c2s, clai, c20i are same as in (5.15) and (5.16), and clf3i and c2,Bi 

are given by: 

(5.18) 

5.6 Solution of Nonlinear Algebraic equations 

The standard approach in solving systems of nonlinear algebraic equations is to 

use the Newton's method or its variants. Newton's method is difficult to apply 

when the number of equations are large as it requires computing the Jacobian. 

Obtaining the Jacobian analytically can be difficult in certain problems and re­

quires a lot of computational effort. Another problem associated with finding the 

Jacobian which is very relevant in the beam carrying a moving mass problem is 

that we try to keep the basis functions simple and often barely meet the mjnim,rm 

smoothness requirements of the problem. In such cases, taking an extra derivative 
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in computing the Jacobian could make it discontinuous. In the present work, a 

sophisticated implementation of the Newton's method (supports line searching and 

back tracking)[102] was tried for the large oscillation model but without success 

(could not converge to the roots of the discretized equations of motion). Therefore 

in this work, a new technique is presented to solve the nonlinear algebraic equations 

of motion (5.9)-(5.17). 

5.6.1 Iterative Scheme Formulation 

The solution method is based on direct iteration of the nonlinear algebraic equations 

of motion (5.9)-(5.17) and does not involve finding the Jacobian explicitly. To 

illustrate this technique the nonlinear algebraic equations are represented in the 

following form: 

(5.19) 

where tti ( elements of { 11,}) represents the accelerations in the acceleration for­

mulation and displacements in the displacement formulation. The matrix [A] is 

evaluated using the values of tLi at the nth iteration step, then by solving the linear 

system (5.19) improved estimates of Ui are obtained. The key for convergence of 

this iterative scheme lies in the method for formulating the linear problem (5.19) 

from the nonlinear algebraic equations. This process involves extracting the linear 

variables ui not only from the linear terms in the discretized algebraic equations 

but also from bilinear and multilinear terms (terms linear in any Ui). These terms, 

linear in 1Li are written in the [A] { u} form in { 5 .19) and the remaining nonlinear 

terms and constants are written in the { N} matrix. Bilinear terms ( or multilinear) 
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are accounted for twice ( or as many times as the number of linear variables) in the 

[ A] matrix c1..nd the terms which have been multiplied accounted for are subtracted 

in the { N} matrix to keep the equations the same. 

The algorithm to obtain the numerical solution is presented in Section 5.6.2, 

here the formulation of the iterative scheme (5.19) is illustrated. First consider 

the geometric nonlinearities (terms within the integrals) in the second equation in 

(5.12). Each of these nonlinear terms are expanded as follows to fit the form (5.19): 

cp~</>'J<l>'!e( asa.; + c2a; )( asa1c + c2o:,:) = 

aj2as</>;<PJ<P~((l - 0;1;)a1c + clo:1c) 

¢>~¢1¢,'fc<l>?(asii; + c20:;)(as,81: + c2/31c)(asP1 + c2{3i) = 

ajas<1>;<1>';<1>;<1>nasP1c + c2P1cHasPz + c2p,) 

+,Bj2as<l>~</>1<1>i<t>H (1 - 6;1c)~1c + c2,81i:)( asci, + c2ai) 

+</>;<!>';</>~¢,~' (-(1 - 6kl)2a:a.;P1cPz - (1 - okl)a:c2a;i3,,:P, 

+6kla;c20:;P1i:P1 - 2a:a;P1ec2/3l + c2o:;c2,81ec2/3z) 

(5.20) 

(5.21) 

(5.22) 
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</>~<Pj<P~<f>t(asO.j + c2a;)(asctk + c20:1c)(asa1 + c2ai) = 
Ct.jast/>~¢';¢~</>~'(as(l - c5;1c)ii:k + c2ak)(as(l - c5;z)iiz + c2o:i) 

+aj2as</J~<Pj<P~</)~ ( (! - d;1c)asc:tk + c2et1c )( (1 - c5il )asaz + c2o:z) 

-( 1 - c5;k)2a;a;a1cc2a1 + 0;1c2a;a;a1cc2a:1 

-(1 - c51ci)a;c20:;a1c<iz + 01cza;c20:;ci1caz + c2a:;c2akc2ai) (5.23) 

In equations (5.20)-(5.23) the terms with bold type face o.;, iJ;, and i; are written 

in the [A}{ -u} form in (5.19) with a;, P;, and A; going in the u matrix and the 

remaining terms in (5.20)-(5.23) going in the column matrix N. It should be 

noted here that in this formulation the Lagrange multipliers Ai are treated with 

accelerations ( time derivatives of ~ do not exist in the equations of motion) in the 

acceleration formulation and with displacements in the displacement formulation. 

Also as it can be seen from (5.20)-(5.23), index summation notation is implied 

and the Kronecker delta is used to select or eliminate nonlinear terms from the 

products of type Oiet;a1c and Ct.iet;akCkf. Similar expansions are used for the other 

terms in (5.9)-(5.17). The mass position dependent terms make the extraction of 

the linear terms in s or s from the basis functions </>i and their products difficult. 

Therefore for these terms the iterative scheme cannot be fully implemented. The 

followillg equations illustrate the extraction of the linear terms from the nonlinear 

mass position dependent terms in the first and second equations of (5.12): 

(5.24) 



CHAPTER 5. KINEMATIC AND GEOMETRIC NONLINEARITIES 158 

2(a2s + cls)cp;cpj(a2a; + claj) = 

s¢itf>i2a2( a2a; + cla;) + Oj<Pi4>J(2cl.s cla; - 2ais&;) 

+<Pi<P';2( els cla; - a;sa;) 

(5.25) 

(5.26) 

(5.27) 

The equations corresponding to (5.19) for the small and the large oscillation mod­

els, using the acceleration and the displacement formulations are presented in Ap­

pendix A. 

5.6.2 Solution Algorithm 

A unique feature of the solution strategy developed in this work is that the iterations 

in (5.19) are carried out until the semi-discretized ordinary differential equations 

(equations (3.9) and (3.10) for the small oscillation model and (3.12)-(3.15) for 

the large oscillation model) are satisfied and not the discretized nonlinear algebraic 

equations (equations (5.9) and (5.14) for the small oscillation model acceleration 

formulation and displacement formulation, respectively and (5.12) and (5.17) for 
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the large oscillation model acceleration formulation and displacement formulation, 

respectively). Therefore the question of the approximation (convergence) of the 

solution of the discretized nonlinear algebraic equations to the semi-discretized 

ordinary differential equations does not arise, as the solution obtained always satis­

fies the ordinary dilf erential equations within the allowed tolerance. This however 

does not imply that the errors due to temporal discretization are totally eliminated; 

they are however significantly reduced. To illustrate this point; the iterative scheme 

(5.19) gives the values of accelerations at t + dt in the acceleration formulation and 

displacements at t + D.t in the displacement formulation. The remaining state vari­

ables ( displacement and velocity in the acceleration formulation and velocity and 

acceleration in the displacement formulation) are obtained from the discretization 

scheme (equations (5.3) for the acceleration formulation and (5.6) for the displace­

ment formulation). Therefore at each time step, the displacement, velocity and 

acceleration satisfies the discretization scheme as well as the ordinary cliff erential 

equations. This provides an automatic check on whether or not the time step is 

too large as the iterative scheme would then simply not converge. To further min­

imise propagation of e1Tor due to temporal discretization, after the solution has 

converged to the ordinary differential equations, the accelerations are determined 

from the ordinary differential equations by solving a linear system ( as the equations 

of motion are linear in accelerations and the Lagrange multiplier ~i). This last step 

performed using LU decomposition [102] is of much higher accuracy (related to 

precision of the algorithm and machine characteristics) compared to the tolerance 

allowed in satisfying the ordinary differential equations. 
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An algorithm for the implementation of the solution method developed is out­

lined below: 

Algorithm 5 .1 Algorithm to obtain the numerical solution 

Step 1 Set up the initial displacements and velocities in ut, and iJ.t using (2.45) 

and (2.47). Note that the displacements for the beam refer to all the nodal 

variables £:ti, ai, af, /3i /3I, /3!' and for the displacement formulation it also 

includes Ai,..\~, and ..\t. In the acceleration formulation the Ai,..\~, and .,\i' are 

stored in the acceleration vector ii.t. 

Step 2 Find the initial acceleration ii,t using the semi-discretized equations of mo­

tion (equations (3.9), (3.10) for the small oscillation model and (3.12)-(3.14) 

for the large oscillation model). This step is performed using the LU decom­

position (102]. 

Step 3 Find clu and c2u as defined in the discretization scheme (5.5) or (5.8). 

Also set ut+At, u.t+At, and ut+At equal to ut, il, and ut t respectively. 

Step 4 Obtain an improved estimate for iiHAt for the acceleration formulation 

and ut+At for the displacement formulation by solving the system of linear 

algebraic equations outlined in (5.19). LU decomposition method is used for 

this step. 

Step 5 Obtain the displacements and velocities at t + At if the acceleration for­

mulation is used (using equations (5.3)) and velocities and accelerations at 

t + ll.t if the displacement formulation is used (using equations (5.6)). 
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Step 6 Substitute ut+At, ut+At and ii,t+At in the ordinary differential equations of 

motion ( equations (3.9), (3.10) for small oscillation model and (3.12)-(3.15) 

for the large oscillation model Denoting this vector by R, the Eucledian 

norm 11 RI I ( distance from the origin squared) is tested against the allowed 

tolerance. If it does not meet the tolerance go to step 4. If it meets the 

tolerance go to step 7. 

Step 7 Find the acceleration ut+At using the semi-discretized equations of motion 

( equations (3.9), (3.10) for small oscillation model and (3.12)-(3.14) for the 

large oscillation model) using the values of ut+~t, ii,t+At_ Set u.t, ii, and ii.t 

equal to -ut+At, u.t+At, and ii,HAt, respectively and go to step 3 until the desired 

length of the time series is obtained. 

5.7 Numerical Simulations and Analysis 

Employing the solution strategy presented in Section 5.6.2, numerical results are 

obtained for the small and the large oscillation models of the system. To compare 

the numerical results with a known analytical solution, first a linear Euler-Bernoulli 

beam is considered. Then the small oscillation model for the mass-beam system 

is analysed using the new finite element based solution strategy employing the 

acceleration formulation (Algorithm 5.1). Results for this case are compared with 

the automatic ODE solver approach used in Chapter 4. This analysis is limited to 

the small oscillation model, as the automatic ODE solver approach works only for 

this case. For convenience the computational path employing finite element basis 



CHAPTER 5. KINEMATIC AND GEOMETRIC NONLINEARITIES 162 

functions for spatial discretization, the acceleration formulation for the temporal 

discretization and solution of the resulting nonlinear algebraic equations using the 

new iterative technique developed will be referred to as the acceleration formulation 

and similarly the computational path employing spatial discretization using the 

finite element basis functions and temporal discretization using the displacement 

formulation and solution of the nonlinear algebraic equations using the new iterative 

technique will be referred to as the displacement formulation. The advantages 

of using the acceleration formulation over the displacement formulation are also 

pointed out. The difference between the linear and the nonlinear beam models 

are analysed by considering the beam alone without the moving mass and finally, 

results are presented for the mass beam system undergoing large oscillations. 

5.7.1 Analytical and Numerical Solution - Linear Beam 

In this section, a linear Euler-Bernoulli cantilever beam is considered. An analyti­

cal solution based on linear mode shapes is compared with the numerical solution 

obtained using the acceleration formulation and the displacement formulation. The 

main goal of this analysis is to determine the effect of using different numbers of 

elements for the spatial discretization and different step sizes for temporal dis­

cretization and observe how the results compare with the analytical sol~tion. A 

linear beam model is used, as a reliable analytical solution is available only for this 

case. The analytical solution is based on four modes of a cantilever beam and is 
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System: Cantilever Beam 
Initial Values Initial Values 
equation (2.46) equation (2.46) 
Vto = 0.1 Vto = 0.3 

Figure 5.1 5.9-5.12 5.13-5.16 
Model NM3,NM4 NM4,NM5 NM4,NM5 
~t 0.005 0.005 0.005 
Spectrogram 
No. of Segments 32 32 
Segment Size 512 512 
Power Spectrum 
No. of FFTs 6 6 6 
Segment Size 16384 16384 16384 

Table 5.1: Simulation parameters - Cantilever beam 

given by the following equation (refer to [30] for derivation): 

where nondimensionalized parameters are assumed. Equation (5.28) is the solution 

for the tip of the beam. The first four frequencies are w1 = 3.51602, w2 = 22.0345, 

w3 = 61.6972, and w4 = 120.9019. Using (2.46) as the initial value, the constants ~ 

are given by A1 = 0.5067vto, A2 = 0.0072vio, Aa = 0.0005vto and Ai = O.000lveo­

Figure 5.1 compares the power spectrums obtained using the analytical and nu­

merical solutions. Figure 5.l(a) shows the comparison between the analytical and 

the numerical solution obtained using the acceleration formulation and ten finite 

elements. The parameters for these simulations are tabulated in Table 5.1. 

Figure 5.1 shows that the frequencies obtained using the analytical and the 
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Figure 5.1: Comparison of power spectrums for the analytical and the numerical 
solutions of the linear beam, Veo = 0.1 (a) ( • •··) Analytical solution, (-) Numerical 
solution using the acceleration formulation with ten elements, (b) ( • •··) Analytical 
solution, (-) Numerical solution using the displacement formulation with ten ele­
ments, ( c) ( • •··) Analytical solution, (-) Numerical solution using the acceleration 
formulation with twenty elements. 
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numerical method match very well up to the third mode frequency but there is 

a small difference in the fourth mode frequency. The error in the fourth mode 

frequency and other higher frequencies can be reduced by decreasing the step size 

at the expense of computational. effort. However these higher frequencies do not 

effect the dynamic behaviour of the system significantly and as long these errors 

do not propagate and make the integration process difficult it is justified to use a 

step size which gives accurate results only for the first few frequencies. In all the 

simulations presented in this chapter, using the finite element approach a step size 

of 0.003 or 0.005 is used. In general the step size of 0.003 is used for the mass-beam 

system whereas 0.005 is used when only the beam is considered. Also using these 

step sizes it was found that the number of iterations required for the convergence 

of the iterative scheme are minimal (one iteration for the linear beam model, two 

iterations for the nonlinear beam model). 

Figure 5.l(b) compares the analytical solution and the numerical solution ob­

tained using the displacement formulation with ten elements, and Figure 5.l(c) 

compares the analytical solution and the numerical solution obtained using the ac­

celeration formulation with twenty elements. It can be seen from these figures that 

there is no significant difference as a result of increasing the number of elements 

for the first five frequencies shown, small differences were however observed in the 

higher frequency range. It must be mentioned here that the power spectrums pre­

sented in this thesis do not show the full frequency spectrum, only a small portion 

of the spectrum is plotted to show the most significant frequencies clearly. It can 

also be noted from Figure 5.1 that there is no peak for the fifth mode in the analyti-
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cal solution as in the numerical solution because only four frequencies are modelled 

analytically. The time response for these simulations are not shown as there are no 

discernible differences between them. 

5.7.2 Automatic ODE Solver and Acceleration Formulation 

Method - Kinematic Nonlinearities 

In this section, comparison is made between the results obtained using the acceler­

ation formulation method and the automatic ODE solver approach used in Chapter 

4. The small oscillation model for the mass-beam system is used, as the automatic 

ODE solver approach was found to work only for this case. The difference in the 

system model between the two methods is that in the automatic ODE solver ap­

proach the four mode shapes of a simple cantilever beam are used as the basis 

functions whereas in the finite element approach piecewise defined fifth degree Her­

mitian polynomials are used as the basis functions. Due to different basis functions, 

it is expected that the fundamental frequencies for these two cases would also dif­

fer slightly. However to establish internal resonance the value of the fundamental 

frequency of system as obtained using twenty finite elements (see Section 4.4 for 

further details) is used for both cases. As in Chapter 4, the results are also com­

pared with the perturbation solution by selecting a detuning parameter to match 

the numerical results (see Section 4.3 for additional information). 

Figures 5.2 and 5.3 are obtained using the acceleration formulation and Figures 

5.4 and 5.5 are obtained using the automatic ODE solver approach for the same set 

of parameters. The various parameters for these sets of simulations are tabulated 
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Parameter Set 1 
m= 1.0 
See Tables 4.2 and 4.4 for more simulations using similar parameters. 

Initial Values Initial Values 
equation ( 2 .46) equation (2.46) 
s 0 = 0.90001, Vto = 0.1 So = 0.53, Vto = 0.000001 

Figure 5.2, 5.3, 5.6 5.4, 5.5, 5.6 5.7 5.8 
Model PM1,NM3 PM1,NM2 NM3 NM2 
Se 0.9 0.9 0.5 0.5 
wi(FEM N=20) 1. 758689 1.758689 2.891228 2.891228 
w1 ( One mode) 1.763542 1.763542 2.908776 2.908776 
q -0.0098 -0.0009 
tl.t 0.003 0.00296 0.003 0.00666 
Spectrogram 
No. of Segments 64 64 
Segment Size 256 256 
Power Spectrum 
No. ofFFTs 6 6 
Segment Size 32768 32768 

Table 5.2: Comparison between automatic ODE solver and FEM approach 

in Table 5.2. Comparison of the time responses {for example Figure 5.2(b) and 

Figure 5.4(b)) shows different beating periods for the two cases. This difference is 

due to small changes in the fundamental frequency between the two models, which 

is also reflected in the values of the detuning parameter u (equals to -0.0098 for the 

finite element approach and .. Q.0009 for the automatic ODE solver approach). It has 

been established using parametric analysis ( see Figure 4.11 ) that small changes in 

u near perfect internal resonance conditions can cause large changes in the beating 

periods. 

Figures 5.2-5.5 {c)-(e) show the time frequency analysis results. There is no 
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Figure 5.2: Mass response - 1:2 m, m = 1.0, Se = 0.9, 810 = 0.90001, and Vto = 0.1. 
(a) Perturbation solution a = -0.0098, (b) Numerical solution, (c)-(e) Spectro­
grams, and (f) Power spectrum.. 
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Figure 5.3: Tip deflection - 1:2 m, m = 1.0, Se= 0.9, 810 = 0.90001, and 'Vto = 0.1. 
(a) Perturbation solution u = -0.0098, (b) Numerical solution, (c)-(e) Spectro­
grams, and (f) Power spectrum. 
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Figure 5.4: Mass response - 1:2 m, m = 1.0, se = 0.9, s10 = 0.90001, and vm = 0.1. 
(a) Perturbation solution <T = -0.0009, (b) Numerical solution, (c)-(e) Spectro­
grams, and (f) Power spectrum. 
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Figure 5.5: Tip deflection - 1:2 IR, m = 1.0, Se = 0.9, s1o = 0.90001, and Vto = 0.1. 
(a) Perturbation solution <T = -0.0009, (b) Numerical solution, (c)-{e) Spectro­
grams, and (f) Power spectrum. 
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significant difference between the automatic ODE solver approach and the finite el­

ement based method for the time variation of the frequencies. The power spectrums 

in Figures 5.2-5.5 (f) show that the major frequency peaks are at the same values 

for both the finite element based method and the automatic ODE solver approach. 

Figure 5.6 shows this more clearly, where the power spectrums are plotted on the 

same graph for ease of comparison. 

At this point another comparison can be made, between Figures 4.15 and 4.16 

and Figures 5.4 and 5.5. Both of these simulations are for the same parameters 

except that for the initial deflection of the beam, in Figures 4.15 and 4.16 equation 

(2.47) is used whereas in Figures 5.4 and 5.5 equation (2.46) is used. There are 

no significant differences in the responses obtained using the two different initial 

values. This is not surprising as in (2.46) the contribution to the higher modes is 

very small and in (2.47) the only contribution is to the first mode. 

Figures 5. 7 and 5.8 show another set of simulations obtained using the accel­

eration formulation method and the automatic ODE solver approach, respectively. 

The parameters in Figures 5. 7 and 5.8 are also the same as those used in Figures 

4.21 and 4.22 except for different initial condition for the beam ( equation (2.46) is 

used in Figures 5. 7 and 5.8 and equation (2.47) is used in Figures 4.21 and 4.22). 

The results obtained using the finite elements approach ( see Figure 5. 7(b)) show 

a smoother appearance of the peaks more consistent with the perturbation solu­

tion as compared to the automatic ODE solver approach. Figure 5. 7( c) shows the 

number of iterations required at each time step in the integration process using 

the acceleration formulation. As the beam model is linear, only one iteration is 
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Figure 5.6: Comparison of power spectrum& - 1:2 IR, m = 1.0, Se = 0.9, s1o = 
0.90001, and Vto = 0.1, ( ... ) finite element approach, (-) automatic ODE solver 
approach (a) for the moving mass, (b) for the tip deflection. 
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required at each time step. 
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5.8 Comparison Between Linear and Nonlinear 

Beam Models 

The focus of this section is to investigate the difference between the linear and 

the nonlinear beam response. Only the beam is considered without the moving 

spring-mass sub-system. Numerical simulations are obtained using the acceleration 

formulation method. Figures 5. 9-5.12 show the results for the beam undergoing 

free vibrations given a small initial tip deflection (0.1) to both the linear and the 

nonlinear beam models. Later in Figures 5.13-5.16 the response is investigated by 

giving large initial tip deflection to both the linear and the nonlinear beam models. 

The various parameters for these figures are tabulated in Table 5.1. 

Figure 5.9 shows the time response. The graphs are plotted only for a small 

length of time to see if there are any noticeable differences between the two cases 

but the actual simulation was carried out over a large time range (t=O ... 600). The 

time response does not show any significant difference between the linear and the 

nonlinear models. Some small differences like flattening of some of the peaks for 

the nonlinear beam (Figure 5.9(b)) can be noted. The differences between the two 

models become more apparent in the power spectrums shown in Figure 5.10. The 

power spectrum for the nonlinear beam (5.14(b)) shows that in addition to the 

five frequency peaks which appear in the linear case, the nonlinear response has 

more frequencies which are however less significant ( as indicated by the PSD) than 

those corresponding to the linear model. It should also be noted here that in the 

periodograms the full spectrum is not shown and only a small portion is plotted 
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for clarity. 

Figure 5.11 shows the time frequency analysis results and Figure 5.12 shows the 

number of iterations required at each time step using the acceleration formulation. 

It can be seen from these figures that the frequencies are stationary with respect to 

time and for the linear case (Figure 5.12(a)) only one iteration is required at each 

time step whereas for the nonlinear case (Figure 5.12(b)) the solution converges in 

only two iterations. Thus the number of iterations required are minimal with a step 

size of 0.005. Increasing the step size increases the number of iterations required and 

can prevent the iteration scheme from converging ( convergence of the solution of 

the nonlinear algebraic equations to semi-discretized ordinary differential equations 

see Section 5.6.2 for further discussion). 

In Figures 5.9-5.12 a small initial tip deflection was given to both the small 

and large oscillation model based beams, now consider the other case where a large 

initial tip deflection is given to both models. Figures 5.13-5.16 show the results. As 

in Figure 5.9, the time response (Figure 5.13) shows small differences in the shape 

of the peaks for the two models. The difference in the time response becomes more 

apparent in the power spectrums (Figure 5.14). The first five frequency peaks shown 

for the linear response (Figure 5.14(a)) also appear in the nonlinear beam response 

(Figure 5.14(b) )1 along with additional frequencies which were not found in the 

linear case. It can also be noted from Figure 5.14(b) that one of these additional 

frequency peaks (third peak) in the nonlinear model response is more significant 

than the linear third mode frequency peak. The dependence of the frequencies on 

the initial values for the nonlinear model can be observed by comparing Figures 
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5.lO(b) and 5.14(b). There are small differences in the frequencies between the 

small initial value and the large initial value cases for the nonlinear model and in 

addition there are more frequency peaks for the large initial value case and are at 

a higher power spectral density. No such dependence on the initial values exists 

for the linear beam model. Figure 5.15 shows the time frequency variation where 

the additional frequencies for the nonlinear model can be clearly seen and Figure 

5.16 compares the number of iterations required at each time step. As can be seen 

from Figure 5.16 the number of iterations for the linear and the nonlinear beam 

undergoing large oscillations using the acceleration formulation are minimal ( one 

for the linear beam and two for the nonlinear beam except for the first step which 

took three iterations). 
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5.9 Displacement Formulation Versus Accelera­

tion Formulation 

As outlined in Algorithm 5.1 both the displacement and the acceleration formula­

tion con verge to the same semi-discretized ordinary differential equations. There­

fore the solution using the two methods is identical. The difference between the 

techniques lies in how many iterations it takes for the initial estimate of the so­

lution to converge. It was found that the displacement formulation takes many 

more iterations to converge than the acceleration formulation. Reducing the step 

size decreases the number of iterations required but increases the computational ef­

fort. It was also computationally prohibitive to obtain simulations for longer times 

( t > 500) for the large oscillation model with large initial values, like all the other 

simulations presented in this work. This reflects the superiority of the convergence 

of the acceleration formulation over the displacement formulation. 

Figure 5.17 compares the number of iterations at each time step for the displace­

ment and the acceleration formulation. The results are obtained for the large oscil­

lation model of the beam with an initial tip deflection of 0.1. The same parameters 

were used in obtaining Figures 5.9(b)-5.12(b) using the acceleration formulation. 

The response obtained using the displacement formulation is not shown as it is 

identical to that obtained using the acceleration formulation (Figures 5.9-5.12). It 

is evident from Figure 5.17 that the displacement formulation requires many more 

iterations than the acceleration formulation. 
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5.10 Mass Beam System - Large Oscillations 

The equations of motion for the cantilever beam carrying the spring-mass sub­

system using the large oscillation model are now solved using the acceleration for­

mulation technique. Internal resonance in the system is established using linear fre­

quencies ( these frequencies account for the equilibrium position of the moving mass 

on the beam) obtained using finite elements, as was the case in all the other sim­

ulations presented in this thesis. A better approach would be to develop nonlinear 

frequency amplitude relationships for the mass beam system ( using the nonlinear 

beam model). The system can then be more accurately tuned. This is a fairly chal­

lenging task and a big project in itself. Hence this approach is deferred for future 

work. Therefore by using the linear frequencies, the nonlinear beam system cannot 

be perfectly tuned to exhibit 1:2 internal resonance especially for large oscillations. 

The parameters for the simulations presented in section are tabulated in Table 

5.4. Figure 5.18 shows the results obtained for an initial tip deflection of 0.1. The 

results are also compared with the perturbation solution, thus giving a detuning 

parameter of -0.0005. The detuning parameter for simulations obtained using dif­

ferent models and solution methods for this same set of parameters are tabulated 

in Table 5.3. 

For all the cases listed in Table 5.3, the frequency of the spring-mass sub-system 

w is assumed to be twice the fundamental frequency of the system as obtained using 

a linear finite element approach ( outlined in Section 4.4) with twenty elements. The 

first entry in Table 5.3 is for the simplified model used in the perturbation analysis. 

The detuning parameter for this case is obtained analytically using using (4.12) 
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Model Detuning parameter Figures 
1 Perturbation -0.0097 (from Table 

4.3) 
2 Linear Beam -0.0008 4.15,4.16 

Automatic ODE solver 
3 Linear Beam -0.0098 5.2, 5.3 

Acceleration Formulation 
4 Nonlinear Beam -0.0005 5.18 

Acceleration Formulation 

Table 5.3: Comparison of the detuning parameter u using different models and 
solution methods. 

and (4.3). The model which is closest to the finite element discretization used 

in obtaining the fundamental frequency of the system is case 3 ( case 3 uses only 

ten finite elements whereas the fundamental frequency of the system was obtained 

using twenty elements) followed by case 2 ( uses four cantilever beam basis functions) 

and then case 4 (nonlinear beam). It is remarkable that the detuning parameter 

obtained using the acceleration formulation (case 3) matches so closely with the 

perturbation model ( case 1), and as the fundamental frequency of the various other 

models move away from the finite element model frequency used in establishing 

internal resonance, the value of q decreases (moves away from the value of u for 

case 1). The difference in the beating periods observed in Figures 4.15,4.16, 5.2.5.3, 

and 5.18 corresponds to the difference in the beating periods obtained analytically 

by varying the detuning parameter (see Figure 4.11). 

In obtaining Figure 5.18 the number of iterations required at each time step to 

meet a tolerance of le-06 was found to be 2 ( constant like in Figure 5.12(b) ). Figure 

5.19 compares the power spectrums obtained using the small oscillation model and 
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Parameter Set 2 
Model: NM5, m = 1.0 

Initial Values Initial Values 
equation (2.46) equation (2.46) 
So = 0.90001 1 Via= 0.1 so= 0.7, Vto = 0.3 

Figure 5.18, 5.19 5.20-5.22 
A.t 0.003 0.003 
Spectrogram 
No. of Segments 16 
Segment Size 256 
Power Spectrum 
No. ofFFTs 6 6 
Segment Size 32768 32768 

Table 5.4: Simulation parameters - Large oscillation model 

the large oscillation model of the system. The small oscillation model results are 

same as in Figures 5.2(£) and 5.3(£) and the large oscillation model results are 

obtained using the time response shown in Figure 5.18. As can be seen from Figure 

5.19 the difference in the frequencies using the two models for small initial values 

is negligible. 

Figure 5.20 shows the response obtained using the large oscillation model and 

for a large initial value (initial tip deflection of 0.3). The time response shows the 

beating due to internal resonance, however since the fundamental frequency based 

on a linear model was used in tuning the system, it appears, as indicated by the 

amplitude of the beats for the beam (not becoming zero or close to zero) that the 

system is not perfectly tuned for 1:2 resonance. The number iterations at each 

time step (see Figure 5.20(c)) are again mostly two. Figure 5.22 shows the power 

spectrums obtained for the response. For the moving mass, major frequency peaks 
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are seen at even multiples of w1 (2w1, 4w1, ... ) and for the beam the major peaks 

can be at odd multiples of w1 (w1, 3w1, ... ). This distinction however is not clear 

for the higher harmonics as the energy in the side bands becomes as significant 

as the peaks corresponding to the harmonics of w1 . Figure 5.22 shows the time 

frequency analysis for the response where modulation can be observed in the higher 

frequencies. When the mass moves over the length of the beam the fundamental 

frequencies of the system change and Figure 5.22 shows that using time frequency 

analysis this affect can be captured very clearly for the higher frequencies. 
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In this chapter the new acceleration formulation method was used to obtain 

numerical results for the large oscillation model. The technique was evaluated by 

comparing the results with analytical., perturbation and numerical solutions ob­

tained using the automatic ODE solver approach. In the next chapter a conclusion 

to this thesis is presented. 



Chapter 6 

Conclusion 

This thesis may be divided into four parts: system modelling, analytical solution, 

numerical solution, and analysis of the results. Some concluding remarks on each 

of these areas are briefly presented. 

6.1 System Modelling 

In Section 1.4, a number of papers on beam carrying a moving mass problem have 

been cited. All of these papers deal with linear beam models and most of them 

consider a much simpler problem where the motion of the moving mass is assumed to 

be prescribed. In this work, however, a more general case has been considered where 

the motion of the mass introduces an additional degree of freedom in a free vibration 

problem. A small and large oscillation model was developed for the system. The 

small oscillation model included only kinematic nonlinearities due to the inertial 

coupling between the beam and the moving mass and the large oscillation model 

200 
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accounted for kinematic nonlinearities as well as geometric nonlinearities arising 

due to nonlinear strain displacement relationships. 

The equations of motion for the cantilever beam carrying a moving spring-mass 

for both the small oscillation model (equations (2.28)-(2.29) and the large oscil­

lation model (2.39)-(2.42) were derived using the Hamilton's principle. The large 

oscillation model is characterised by nonlinear stiffness terms which appear in the 

corresponding equations of motion, whereas the stiffness in the small oscillation 

model is linear. Besides this difference, the acceleration terms ( as a result of kine­

matic nonlinearities) have components tangent and normal to the bending curve in 

the large oscillation model equations. and in the small oscillation model only the 

normal components exists. 

In deriving the equations for the large oscillation model the rotation of beam 

elements 8 was used instead of spatial derivatives of u and v (see (2.3) for the 

relationships between 8, u and v). The variable I) was replaced in terms of u and 

v at a later stage after integration by parts for the symmetric formulation ( see 

Section 3.2). This gave discretized equations which were symmetric in both u and 

v. If the integration by parts was performed without using 8 then the discretized 

equation corresponding to the u variation (3.13) would not contain the stiffness 

matrix [ ¢t ¢'J] , and the other nonlinear terms would also be not symmetric in the 

discretized variables <:ti and /3i. Symmetricity of the equations of motion is desirable 

as the finite element discretization for both u and v assumes the same degree of 

continuity. 

In addition to the mass beam system the large oscillation motion of a cantilever 
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beam without the moving mass was also investigated. The equations of motion for 

the beam were obtained by simply neglecting the mass position dependent terms 

in the equations of motion for the mass beam system. 

6.2 Analytical Solution 

A closed form perturbation solution was obtained for the small oscillation model 

where only kinematic nonlinearities were considered. The kinematic nonlineari­

ties play a significant role, more so than geometric nonlinearities in the dynamic 

response of the system. This is evident from the simulation results presented. 

The perturbation solution is based on some simplifying assumptions; the equa­

tions used are for small oscillations about the equilibrium positions and the higher 

order terms {beyond quadratic) in the Taylor series expansion were also dropped. 

Nevertheless the solution obtained gives qualitative results which were compared 

with the numerical solution. The perturbation analysis was also used in obtaining 

closed form equations for the phases and beating period (equations (4.40)-(4.42)). 

Difficulty in obtaining a numerical solution for nonlinear systems is often one of 

the motivating reason for perturbation analysis. However, perturbation methods 

do not always provide a closed form solution and a combined analytic-numeric 

approach is generally required. Comparison between closed form analytical and 

numerical solutions is therefore uncommon. In this work the perturbation solution 

for modal amplitudes is matched with the numerical solution by selecting a value 

for the detuning parameter <r. A numerical solution obtained under perfect 1:2 

resonance conditions when compared with a perturbation solution under perfect 
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1:2 resonance conditions is expected to reflect differences as a result of the different 

models for the two cases and also due to neglecting the higher order terms in 

the perturbation solution. The approach used in this work is to quantify these 

differences using the detuning parameter (j. The methodology to obtain the value 

of q was presented in Algorithm 4.2 and the use of u to compare different models 

was illustrated in Table 5.3 (also see the discussion in Section 5.10). 

Using the closed form perturbation solution, an extensive parametric analysis 

was carried out which identifies regions of strong nonlinear coupling between the 

beam and the moving mass and gives the change in some of the important prop­

erties of the solution like the beating period, and the maximum. and the minimum 

amplitudes with the detuning parameter, initial values and the equilibrium position 

of the moving mass on the beam. 

6.3 Numerical Solution 

A new finite element based method was developed for the the numerical solution . 
• 

The technique relied on the Galerkin's method for spatial discretization and used 

conformable finite element basis functions to give a C2 continuous approximation 

for the solution. The basis functions used were fifth degree Hermitian polynomials 

with three degrees of freedom at each node. The use of conforming finite elements 

increased the number of equations to be solved and also made the resulting ordinary 

differential equations more "stiff". But as the success with this approach indicated, 

a well formulated problem using conforming finite elements gives results which can 

be relied upon, and also works well numerically as discontinuities in the finite 
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element approximation are not present. 

Temporal discretization was carried out using the average acceleration method 

which was derived directly using Taylor series. As discussed in Section 1.3.2, more 

sophisticated methods exists where the aim is to dampen the effect of the higher 

frequencies so that the convergence properties of the numerical method can be im­

proved. However with these techniques the accuracy is generally compromised. In 

this work, a new implementation of the average acceleration method was proposed 

which used a direct application of the Taylor series expansions employed in the av­

erage acceleration scheme to reduce the ordinary differential equations to nonlinear 

algebraic equations in terms of accelerations. This formulation was referred to as 

the acceleration formulation. The acceleration formulation coupled with a new iter­

ative scheme developed for solving the resulting nonlinear algebraic equations gave 

a far superior convergence for an initial estimate of the solution when compared 

with the conventional method of discretization (displacement formulation). 

The iterative scheme developed does not require computing the Jacobian as 

is normally the case in the Newton's method and its variants. In addition. the 

algorithm developed (Algorithm. 5.1) for implementing this iterative scheme had 

an important feature wherein the iterations were carried out until the improved 

estimates con verge to the semi-discretized nonlinear ordinary differential equations 

instead of the nonlinear algebraic equations. This prevents the temporal discretiza­

tion errors from propagating as the solution evolves in time. 

A number of analyses were carried out to evaluate the results obtained using 

the numerical method developed. The numerical solution was compared with the 
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analytical solution obtained using four modes of a cantilever beam. The results 

showed a very good match for the first three modes (Section 5.7.1) with a step size 

of 0.005. Decreasing the step size would improve the accuracy of the higher fre­

quencies. In Chapter 5, a number of graphs were presented verifying the numerical 

results with the analytical solution obtained using the perturbation solution. 

Another approach was also used for obtaining the numerical solution. In this 

case for the small oscillation model where the beam is linear, mode shapes of a 

simple cantilever beam were used as basis functions for spatial discretization and 

the resulting nonlinear ODEs were solved using an automatic ODE solver. Nu­

merical results using this approach were compared with the perturbation solution 

in Chapter 4 and with the finite element based acceleration method in Chapter 5. 

There was also an attempt to solve the nonlinear ODEs for the small oscillation 

model obtained after spatial discretization using finite element basis functions using 

automatic ODE solvers. This was however unsuccessful and led to the development 

of the finite element based solution strategy. 

To evaluate the performance of any numerical technique for nonlinear systems 

the simulations should be carried out for long time periods as the problems due 

to higher frequencies and error propagation generally do not effect the short time 

response. Therefore in this work all the simulations were carried out for large time 

periods. In addition damping was also ignored in the system model. Inclusion of 

damping only facilitates dissipation of errors in the higher frequencies and thus 

improving the convergence of the solution. 

The equations of motion for the system using the large oscillation model are 
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quite difficult to solve numerically and the success of the acceleration formulation 

method in obtaining the solution and the reliability of the solution having been es­

tablished using a perturbation method showed that the technique can be potentially 

applied to much larger and more complicated systems. As the method is based on 

explicit spatial and temporal discretization the resulting algebraic equations are 

very cumbersome and could be difficult to manage. However the symbolic manip­

ulation softwares like MAPLE makes this task automatic. The development of the 

equations of motion and its discretization was all carried out on MAPLE. Even 

the various terms in the iterative equation (5.19) were obtained through programs 

written in MAPLE and then imported into 'C' programs where the simulations 

were carried out. 

6.4 Analysis 

The mass beam system exhibits internal resonance due to the nonlinear inertial 

coupling between the beam and the spring-mass subsystem. Under internal reso­

nance conditions when the beam (or the mass) is given an initial displacement, the 

mass (or the beam) undergoes large oscillations with a characteristic beat from a 

very small initial value. When such a behaviour is desired it can be established, for 

example by tuning the stiffness of the moving mass through position feedback. An 

example of such an application is a vibration suppression scheme, where the goal 

is to transfer energy from the beam to the mass where it can be dissipated out of 

the system through the use of some damping strategy. 

The time response obtained using the perturbation method or the numerical 
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method captures the amplitude modulation behaviour. Time frequency analysis 

was carried out to capture the spectral behaviour with time. The perturbation 

solution was compared with numerical solution obtained using different models 

and solution techniques. The results show that when the motion is predominantly 

bi-periodic ( two fundamental frequencies, w1 and the beating frequency ;; and 

their harmonics) the perturbation and the numerical solution results match very 

well with the differences being quantified by small value of the detuning parameter 

u. There were however some other cases (Figures 4.3, 4.4, 4.21 and 4.22) where 

the differences were more significant and depended on the methodology used for 

obtaining the numerical solution. For these cases the solution obtained using finite 

element basis functions and acceleration formulation methodology gave the best 

results (see Section 5.10 and Table 5.3). 

6.5 Future Work 

The work done in this thesis on the mass-beam system mainly focussed on inter­

nal resonance behaviour which is characterised by amplitude modulation. There is 

however another very interesting phenomenon exhibited by the system when the 

spring-mass sub-system is allowed to traverse the beam instead of fixing the equilib­

rium position at a certain point. This leads to a combined amplitude and frequency 

modulation behaviour. Some preliminary results in this regard have already been 

obtained however were not included in this thesis. 

Some other possible extensions of this work include; using the moving mass as 

a controller to suppress vibrations in the beam, development of equations for the 



CHAPTER 6. CONCLUSION 208 

natural frequencies for the large oscillation model of the mass-beam system using 

perturbation methods, application of finite element methodology to more complex 

systems. 



Appendix A 

Formulation of the Iterative 

Problem 

In this appendix the iterative problem to solve the discretized nonlinear algebraic 

equations (5.9)-(5.17), as outlined in Section 5.6.1 is formulated. The iterative 

equation (5.19) is written in the following form: 

au a12 a13 au U.1 n1 0 

a21 a22 a23 a24 U.2 n2 0 
+ - (A.1) 

a31 a32 a33 a34 U.3 n3 0 

an a42 a43 a44 'U,4 n4 0 

The terms in (A.l) are now given for the various mathematical models of the system. 

209 
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A.1 Small Oscillations - Acceleration Formula­

tion 

The elements u.1 and u.2 in (A.I) for the small oscillation model using the acceler­

ation formulation correspond to the variables s and CXi, respectively. The terms u.3 

and u.4 do not exist for the small oscillation model and correspondingly the matri­

ces in (A.1) are also smaller. Following the approach outlined in Section 5.6.1, the 

discretized equations of motion (5.9) are written in the matrix form (A.l) with the 

following elements: 

a:n - m { {¢.i} + [4>i<l>1] { (2a; + as) {ii:;}+ 2a2 {clo:;} + {c2o:;}} 

+2a2cls [4>.<!>'J] {asci:;} + {c2o;}} N 

z=a.s•+c2• 

a22 - m [ ( 'Pi<Pi] + ( ( 2a~ + as) .; + 2a2cls) [ '1>i<PJ] 
• 1 

+as (a2s + cls)
2 

[4>.<t>'J]] _ + f [4>i<P;] + as [4>?4>'J] d:z: 
:=as.t+e2.t Jo 

n 2 - m { [ ef>i'PJ] { 2cls { clo;} - ( 2a; + as) .i {ii:;}} 

+ [4>1¢~) {(a;s2 + cls2) {c2et;} - 2a2asclss {&;}}} .. 
.1 :z:=as•+e2.t 

+ /
1 

[4>~'4>'!] {c2o:·} dz (A.2) 
lo • ' ' 
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A.2 Large Oscillations - Acceleration Formula­

tion 

For the large oscillation model and using the acceleration formulation the elements 

ub u 2 ~ u 3 and u4 correspond to variables .s, a., iJi and Ai, respectively. The various 

matrix elements in (A.l) are obtained using the discretized equations (5.12) as 

follows: 

au - 1 + asw2 

a12 - l l <PiJ + [<Pi<l>j] { as { ii;} + { c2et;} }j ··+ 
2 :=as• c • 

a13 - l [ <Pi'PJ] { as {~i} + { c2f3;}} j z=asi+c2• 

a14 = lOJ 

n1 = w2 
( c2.s - Sc) 

a21 - m {{<Pi}+ [4>i4>J] { (2a~ + as) {a:;}+ 2a2 {cla;} + {c2a;}} 

+2a2cls [4>i¢'J] {aso.;} + {c2a;}} _ 
z=cis •+c2• 

"22 - m [[<Pi<P;] + ((2a~ + as) s + 2a2cl8) [4>i4>J] 

+as ( a2.s + els )
2 [<Pi¢';]] _ 2 + f□

1 

[c/>i</>;] + as [4>~' 4>'J] 
:z:=as•+c • o 

+as [ 4>~</>i] l 4>1c J {Ale} - 2as [ 4>;</>i] l c;i>ZJ {( 1 - c5;1c) as { &1c} + { c2a1c}} 

-as [ 4>~</>i] l <Pk<P,'J {{ ( 1 - 6;1c) as { iiA:} + { c2a1c}} {(1 - 6;z) as { ciz} + { e2ar}} 

+ { as {P1c} + {c2,81c}} { as {P,} + {c2,8,}}} - 2as [4>~4>1] l<Pk<P~J 

{ {{1- &;1c) a5 {ii1c} + {c2a,:}} {(1- 6;z) a5 {iit} + {c2a,}} }dz 

a23 - f -2as [<1>;,t,7] l4>ZJ {(1 - 6;i.) as {.Bk}+ {c2.Bi.}} 
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-2as [4>~4>1] l ¢~<PU { { (1 - <5jk) as {,B1c} + {c2,Bk}} {as {o:z} + c2o.z}} dx 

a,. - fa' [ ef>;ef>;] + [ 4>:4>;] L 4>~ J { as { ak }+ { c2ak}} dz 

n2 - m {[<l>i<Pi] {2c1s {cla;} - (2a; + as) s {o:3}} 

+ [<l>i¢'J] {(a;.s2 + cls2
) {c2o.;} - 2a2asclss {o:i}}} _ 

:=as•+c2• 

+ l [4>?4>'.i'] {c2ct;} - as{ef>\} lt/>Jt/>k j {OC;Ak} + {ef>a l4>'.i'4>kj {-.i;ka;{O:;O:k} 

- { c2o.;c2o.rc} - 0;1ca; {.B;.Bk} - { c2/3;c2/31c} + ( 1 - h;1c) a; { o:;a:rc} 

+ ( 1 - O;k) a; {.B;.Brc}} - { ¢a l <pi<Pk'P~1 j {- ( 1 - Oki} 2a: {&.;Pk.Bl} 
- ( 1 - okl) a; { c2o.;.8k.Bl} + okla~ { c2o:;i;,ci31} - 2a; { a;.81cc2{3i} 

+ {c2a;c2.ercc2.a,}} - {¢a l<1>';</>~</>tJ {- (1 - tS;1c) (1 - tS;,) 2a: {o:;ii1c<i,} 

+OjkOjza~ {a:;a:ka:z} - (1 - '5;k) 2a~ {a:;akc20.1} 

+6.;1c2a~ {a;a1cc20.1} + Okza; {c2a;&1cii1} - (1 - '51cz) a; {c2a;ihci,} 

+ { c2o.;c2a1cc2a1}} dx 

a31 - m { [ <Pi<Pi] { ( 2a; + as) {/3;} + 2a2 { cl,8;} + { c2,B;}} 

+2a2cls [<!>it/>1
1!] {as {/3;} + {c2,8;}}} _ 

:z:=as,+c2• 

a32 - fa' -2as [ ef>;<Pj] L 4>k4>U { {( 1 - <i;k) as { ak} + { c2ctk}} { as {.81} + c2.61}} d:c 

a33 - m [['Pi¢;] + ( ( 2a; +as) s + 2a2cls) [<t>i<l>i] 

+a5 (a2s+cls)
2 [¢,icf>';]] _ 

2 
+ /1[cf>i4>;]+as[cf>~'<J,';] 

:=as•+c • Jo 

+as [cf>~¢';] l c/>1;J { A1;} 

-as [ ¢~cf>';] l t/>Z<l>?J { { (1 - 6;1c) as {.Bk} + { c2,8iJ} { (1 - 6;z) as {,Bz} + { c2,Bc}} 

+ {as {<iiJ + {c20.1c}} {as {ciz} + {c2o:z}}} - 2as [¢~¢;] l¢~<PU 

{ { (1 - 6;1c) as {.B1c} + {c2,81c}} { (1 - 6;z) as {.Bz} + {c2,8c}}} d:,; 
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a34 = l [<P;<P;J l <Pl;J { as {,Bk} + { c2.8k}} dz 

n3 = m { [<Pi<PJ] { 2ch { cl/3;} - ( 2a~ +as) s {,B;}} 
+ [<l>ic/>'J] { (a;s2 + cls2) { c2/3;} - 2a2ascl.ss {/3;}}} .. 

:i:=c5a+c2.t 

+ f [ <P:' <Pj] { c2/3;} - as @ l <Pi<Pk j {.J;Ak} 

- { <t>D l <Pi<P~cf>t' j { - ( 1 - dkz) 2a: {/3;akCtt} - ( l - c51cd a; { c2,8;&1citi} 

+cS'kia; {c2t,;ci:1c&,} - 2a; {/3;a1:c2a,} + {c2/3;c2a1cc2ar}} 

- { <t>a l ¢,';ef//ccf>? j { - ( 1 - d;tc) ( 1 - o;z) 2a; {i3;i3,ci3,} + 6;1c6;ta: {/3;,81c,8i} 

- ( 1 - '5;1c:) 2a: {iJ;iJ1cc2/3i} + 6;1c2a; {/3;/31ec2/3i} + 6kla; { c2/3;P1c,Bl} 

- ( 1 - 61cl) a; { c2/3;P1c/31} + { c2/3;c2,81cc2,8z}} dz 

a41 = 0 

a42 = l as [ ¢>,<Pj] +as [ <Pirl>j] l <PkJ{( 1 - 0;1,) as { 0:1,} + { c2o:k}} dx 

a43 = las [rt>,<PJ] lrl>kJ {(l - 0;1,) as {,81,} + {c2.8k}} dz 

a44 = 0 

n4 = 1□
1 

[cf>i¢>1] +} {<Pi} l<PJ<Pkj { 6;1ca; {&;a:1c} - (1 - 6;1t:) a; {a:;&1c} 
0 -

+«5;1ca; {,B;,B1c} - (1 - 6;1c) {/3;,81c} + {c2a;c20:1c} + {c2,B;c2,81c}} dz (A.3) 

A.3 Small Oscillations - Displacement Formula­

tion 

For the small oscillation model the elements u.1 , and u2 correspond to s and c:ki, 

respectively. The other matrix elements in (A.1) are obtained using equations 
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(5.14) as follows: 

a12 = la1 L4>d + [<h</>1( {a1 {Cki} + {cl~}}J 
z=a(t) 

n1 = (c1s-w2se+l</>iJ{cla;}) 
:=.t(t) 

a21 = m { a1 {ef>i} + [<Pi<Pi] { (2a! + a1) {a;}+ 2a4 {c2a;}} 

+2a4c2s [<Pi4>1] {a;}} ==•(t) 

a22 = m [a1 [<Pi<P;] + ( (2a; + a1) s + 2a4c2s +els) [<l>i<PJ] 

+ ( a4s + c2s )2 [</>;.¢'J]] + f 1 a 1 [<Pi4';] + (¢? <l>'J] dx 
==•(t) lo 

n2 = m { c2.s { </>;.} + [¢;.¢,;] { cla:;} + [ 'Pi<P;] { 2c2s { c2a;} - ( 2a; + a1) s {a:;}} 

+ [<!>;.¢';] { -2a4c2ss {a;}}} + f
1 

[rt,;.</,;] { cla;} dx (A.4) 
==•ce1 lo 

A.4 Large Oscillations - Displacement Formula­

tion 

For the large oscillation model using the displacement formulation, the elements u1, 

u2 u3 and u4 correspond to s, c.ki, /3i and Ai, respectively. The other terms in (A.l) 

are obtained from the discretized nonlinear algebraic equation (5.17) as follows: 

au - la1l</>;.J + [<l>i<PJ( {a1{0.i}+{cl0i}}j 
::r-•(t) 

a13 - l[rt,i<t,';]T {a1 {.Bi}+ {cl,8i}}j 
==•(t) 
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n1 - (els - w
2 
sf! + l 'PiJ { cleli}) 

z=a(t) 

a21 - m { a 1 {<Pi} + [ <l>i<PJ] { ( 2a~ + a 1) { o:;} + 2a.a { c2o:;}} 

+2a4 c2.s [<Pi<P'J] { o:; }} 
:r=,(t) 

a22 - m [a1 [<Pi¢;]+ ( (2a; + a 1) s + 2a4c2s +els) [<l>i4>i] 

+ ( a4s + c2s )
2 

[ ,f>;ef>j] ].,=•(•) + f a1 [¢;¢;] + [ ¢;' ef>j] 

+ [4>~4>1] l4>1cJ {..\k} - 2 [4>~<P1] l<PiJ {(1 - dj1,) {o:k}} 

- [¢~4>;] l<PZ</J~'J { {(1 - d;k) (1- d;z) {o:1co:l}} + {,81c,81}} 

-2 (¢~¢>J] l4>~</>zJ {(1- &j1,) (1 - d;z) {o:1co:,}} dz 

a23 - f -2 [ 'P\ef>j] L ef>kJ {(1 - O;k) {J3k}} - 2 [ ef>\ef>j] L ef>Z¢,J {(1 - O;k) {.8ka1}} dz 

a24 - f [ef>ief>;] + [ef>ief>;] L ef>~J { ak} dz 

n2 - m{c2s{</>i}+ (<Pi<P;]{clo:;} + [<l>i4>1] {2c2s{c2o:;}- (2a;+a1) s{o:;}} 

+ [ ,f>;,Pj] { -2a4c2ss {a;}} }.,=•C•l + f [ ,f>;ef>;] { cla;} - { if>:} l ef>jef>k j { a;Ak} 

+ {¢a l<1>i¢~J {-'5;1c {o:;o:1c} + c1 - &;1i:) {o:;o:1c} 

-J;1c {/3;f31c} + (1 - 8;1c) ta;,ak}} - { <1>a l <1>;<1>Z<1>tJ {- c1 - 6kl) 2 { o:;f31c,BlH 

- { <1>a l <l>';<P~</J;' j {- (1 - 6;1c) (1 - tS;i) 2 { o:;o:1co:,} + d;1c6;, { o:;o:1co:z}} dz 

a31 - m { [ ,P;,Pj] { ( 2a! +a1) {.8;} + 2a4 { c2.8;} L,co) + f 2a.cc2s [ ,P.,Pj] {.8;}} dz 

a32 - f -2 [ ef>;¢j] L ef>'~ef>;J {(1 - O;x) { ak,13z}} dz 

a33 - m [ad<t>,4>;] + ((2a; + a1) s + 2a4c2s + els) [<Pi'PJ] 

+ (a.s + c2s)
2 [Mi]l.,=•C•) + f a1 [<Pi</>;]+ [4>f ef>j] + [¢;¢J] Lef>xJ {Ai.} 

- [<l>~<l>i] L <1>,;<1>~
1 J { {(l - diJ,) {,81e}} {{l - '5;1) {,B,}} + { ai:} { 0:1}} 
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-2 [<t>~<t>i] l¢k<PU {{(1 - ~;k) {,81J} {(1- cf;l) {,Bi}}} dx 

a3, - f [c/>;c/>;] L c/>',.J{/3k} ml 

n 3 = m {[<Pi'P;] {cl,Bi} + [tl>i<Pj] {2c2s {c2,8;} - (2a; + a1) s {,8;}} 

+ [ c/>,c/>j] {-2a4c2ss {.8;}} t .. 1,1 + f [ c/>;c/>;] { cl/3;} - { c/>a l 4>ic/>k j {/3;.Xk} 

- { <1>a l <11;¢~¢,z' j {- (l - 8kd 2 {,B;et1ca1}} 

- { <1>a l <P;<Pk</Jz' j {- (1 - d;1c) ( 1 - C;z) 2 {/3;,81i:/3i} + 0;1i:d;z {/3;f31cf31}} dz 

a.u - 0 

a42 - { [ ¢,¢,j] + [c/>;¢,j] L 4>',.J {(l - 5;k) { ak}} dz 

a43 - f [4>,c/>i] lc/>kJ {(l-5;k){/3k}}th 

a44 - 0 

n4 - f ½ {c/>.} lc/>Jc/>',.j {5;k {a;ak} - (1 - 5;k){a;ak} 

+S;k {t3;,81c} - (1 - 8;1c) {,B;/31:}} dx (A.5) 

Equation (A.1) is solved using the iterative technique presented in Section 5.6.2. 
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