
































































































































































































































CHAPTER 2. MODELLING 59

where f represents the nonlinear coupling terms between the mass and the beam,

and is given by:

2 2/ 92
f = (%is(t)) (%v(z,t)) + (-g?s(t)) (—a—z—zv(z,t))
+ 2 (-aa—ts(t)) (%v(z,t]) + (gt—.jv(z,t)) (2.30)

The first term in (2.30) comes from the acceleration of the mass in the z direction,
the second term represents the centripetal acceleration, the third term represents
the Coriolis acceleration and finally the fourth term is the acceleration of the beam
in the y direction. All these acceleration terms form the nonlinear inertial coupling
between the mass and the beam and they have to be evaluated at the position of the
mass; a requirement which significantly increases the complexity of the problem.
A notational detail which may be seen in (2.29)-(2.30) is that partial derivative
notation is used for functions with only one independent variable (example s(t)),
as this does not causes any mathematical inconsistency it will be used through out
the work for convenience.

In addition to (2.28) and (2.29), the following natural boundary conditions must
also be satisfied:

(Zotet)_ = o
(%v(z,t)) = 0 (2.31)
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At the fixed end, the following essential boundary conditions are enforced:

v(z,t)],.g = O
(E%v(z,t))

2.4 Equations of Motion — Large Oscillations

!
o

(2.32)

=0

The equations of motion for the beam with large oscillations are obtained following
a procedure similar to that used for small oscillations. In this case however the
independent variables are s, u, v, and A and correspondingly the following four
equations are obtained.

8 variation:

[BT,,, 3?Tm 8Tn 63}
z=4a(t)

AV
5z 0195 dzdsGt| . " ds (2.33)

u variation:

8T 8°Tn 0s
dtdu  0z0udt|,_,,

1 d (0T, d |d (38U . d {8C
A ‘25('5;:) “z;[:i; (55‘) ‘“sm“’))} +2§("’"aw)dz“° (2.34)
v variation:

_ T _ 8*T,, s
8tdy  9zd0 6t |,_,

[-5(8)- 228l £()e-o oo
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A variation:

1
—dz =0 (2.36)

The corresponding natural boundary conditions are given by:

ac ou
2 £ (8) ] -
az'..‘:l
ou
[ aa,(—sm(@)) = 0
..z=1
{-—gg; + 5 (zg) cos(8) =0
dz=1
ou 1
- cos(f) = 0 (2.37)
5]

In (2.35) the integral has been taken out from the energy terms corresponding to the
beam. Also in deriving these equations and the boundary conditions the variation

in § is replaced by:

v, , Guy .,
a6 —3—;6&+(1+5;)Jv

= —sin(8)du’ + cos(8)dv’ (2.38)

In deriving (2.38) the trigonometric relationships between 8, u and v shown in the
displacement field (2.3) are used. Using (2.11), (2.13), (2.17), (2.20) and (2.21) in
the skeletal form (2.33)-(2.35), the following equations of motion are obtained:

§ variation:

8%s u v
p 5 cos(0) + —5 30 sin(6) =0 (2.39)

=7 +w(s—s) + [3
z=s(t)

ot
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u variation:
d*s 8u _0Os 8%u 8s\2 8%
m [5;2 cos(8) + oz + 25 za + (-5;) 5;3} »
fol {%1-—? - 58;: [/\cos(ﬁ) + —g—;‘g- sin(ﬁ)] } dz =0 (2.40)
v variation:
s v _8s 0%  [8s\® 0%
" {'é?‘s‘“”’ 5+ 5 () 5"}
/; 1 {%?,i - (% [,\ sin(6) — -g—:% cos(@)} } dz =0 (2.41)
A variation: 2 2
f:{g‘g*%(g%) +}§(§'§) }dz=0 (2.42)

The equations of motion for the large oscillation model (2.39)~(2.42) involve geo-
metric nonlinearities (partial differential terms within the integrals) and kinematic
nonlinearities (partial differential terms outside the integrals which have to be eval-
uated at the position of the moving mass) and a constraint equation with only
spatial derivatives. The sources of the kinematic nonlinearities in (2.40) and (2.41)
are same as in (2.29) with the components in the horizontal direction appearing in
(2.40) and the components in the vertical direction appearing in (2.41). The ge-
ometric nonlinearities in (2.40) and (2.41) correspond to nonlinear stiffness in the
beam. The terms outside the integrals can be brought within the integrals using

the time dependent Dirac-delta functions and then the integrals can be removed.
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This however is only a symbolic gesture without any significant advantage. Most
of the references cited in Section 1.4 use this notation. In the present work however
this approach is not used for the sake of mathematical clarity.

The natural boundary conditions at the free end of the cantilever beam are

given by:
2% .
- [A cos(f) + 327 sm(@)} » = 0
. a6
—Sm(é)'g; - = 0
. 8%6
- [A sin(6) — 32 cos(@)} . = |
a6
— cos(f) = =0 (2.43)
Oz|__,

The first and the third equation in (2.43) correspond to the shear force components
in the horizontal and vertical directions, respectively, whereas the second and the
fourth term correspond to the bending moment. In addition the following essential

boundary conditions are enforced at the fixed end of the cantilever beam:

u(z, ),y = 0
(%u(z,t)) =

o(z,t),_y = 0
(-é%v(:c,t)) =0

A(:".‘!t)‘zzo = 0 (244)
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The Lagrange multiplier A(z,t) is interpreted as the constraint force required to
enforce the inextensibility condition. In (2.44), the essential boundary conditions
for the derivatives of u are obtained from the constraint equation (2.9).

The terms involving § in the equations of motion and the boundary conditions
(2.39)-(2.43) can be replaced in terms of u and v using the relations in (2.3). This
is however much more convenient when carried out during the spatial discretization
process after incorporating the boundary conditions into the equations of motion

using integration by parts. This process will be illustrated in the Chapter 3.

2.5 Initial Values

It is assumed that the mass-beam system is not subjected to external forces, in other
words a free vibration problem is considered where the initial values are prescribed,

and the time evolution is investigated. The following initial values are assumed:

ds(t)
ot |
Ou(z,t)
ot
Gv(z,t)
ot

8(0) = s¢

=0

t=0

=0 (2.45)

t=0

u(z,0) = uo(z)

v(z,0) = vo(z)

where ug(z) and vo(z) represents the initial deflection curve of the beam, s¢ is the
initial position of the moving mass, and the initial velocities are assumed to be
zero.

The initial values for the beam must be selected such that the boundary condi-
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tions are satisfied. In the present work the following two equations are used as the

initial transverse deflection:

vo(z) = -;—vm:cz(x’ — 4z + 6) (2.46)
wlz) = ‘-’5—° (cosh(kyz) — cos(kyz)
k
- iﬁiﬁii I ;‘f:((k:)) (sinh(k;z) — sin(k,z))) (2.47)

where vy is a prescribed tip deflection. Equation (2.46) is the deflection curve for a
simple cantilever beam carrying a uniformly distributed load, but instead of using
the load intensity as the free parameter, the corresponding tip deflection is used.
It can be easily shown by taking the second and third derivatives of that (2.46)
satisfies all the boundary conditions for the small deformation model. Equation
(2.47) is the scaled first mode shape of a simple cantilever beam (k; = 1.8751)
which is also used as an initial value for the small oscillation model.

For the large oscillation model, (2.46) can be used as the initial value for the
transverse deflection of the beam. The initial value for the axial variable u is

obtained from the constraint equation (2.9) using:

2
2 1-(2) a8

where the positive root is chosen. The value of ug(z) is obtained from (2.48) using
numerical integration. Since the initial deformation field satisfies the constraint
equation it follows that the initial values of A are zero. Figure 2.4 shows the

initial values for u, v and its higher derivatives. It can be seen from this figure
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that all the boundary conditions corresponding to w and v in (2.43) and (2.44) are
satisfied. Satisfying the boundary conditions for the large deformation model using
(2.47) is however much more difficult and therefore (2.47) is used only for the small

oscillation model.
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In this Chapter, equations of motion were developed for small and large oscilla-
tions of a flexible cantilever beam carrying a spring-mass sub-system. The equations
for the small oscillation model (2.28) and (2.29), are integro-partial differential with
kinematic nonlinearities arising due to the coupling between the mass and the beam
and the equations for the large oscillation model (2.39)-(2.42) involve both kine-
matic and geometric nonlinearities, with the geometric nonlinearities arising from
nonlinear strain displacement relationships. The focus of the next few chapters
(Chapter 3, 4, and 5) is on obtaining analytical and numerical solutions to these
equations. As a first step in this direction, in Chapter 3 equations (2.28), (2.29)
and (2.39)-(2.42) are reduced to ordinary differential equations using spatial dis-
cretization. In Chapter 4. a closed form perturbation solution is obtained for the
small oscillation model and a numerical solution is obtained using an automatic
ordinary differential equation solver. In Chapter 5, a new method is developed to

solve the equations of motion for the large oscillation model numerically.



Chapter 3

Spatial Discretization

The focus of this chapter is on reduction of nonlinear partial differential equations
to ordinary differential equations using the Galerkin method. The resulting ordi-
nary differential equations are in terms of time dependent coefficient functions and
assumed basis functions. The convergence of the solution of the semi-discretized or-
dinary differential equations to the original partial differential equations depends on
the basis functions and also on the number of basis functions used in approximating
the variables. The basis functions are chosen such that the resulting approxima-
tion of the dependent variables satisfies the continuity requirements of the solution,
as dictated by the equations of motion. For example in linear beams the highest
spatial derivative is of fourth order, which implies that the solution must have con-
tinuous fourth derivative, but by integrating by parts the fourth order derivative
can be reduced to second order, and also the natural boundary conditions can be
incorporated into the equations of motion.

The basis functions can be defined over the length of the beam as in the classical

69
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approach or piecewise over small elements as in the finite element method. In this
work for the small oscillation model, where the beam is linear, the eigenfunctions
corresponding to the beam are used as basis functions. It should be noted here that
the eigenfunctions of a cantilever beam do not account for the effect of the moving
mass and are not the eigenfunctions of the complete system. They are used here
as basis functions in the Galerkin method, which is not the same as using them
in the separation of variables approach commonly used in linear systems. In the
Galerkin method the semi-discretized ordinary differential equations are obtained
using the weighted residual approach and not through direct substitution of the
approximations in the partial differential equations, as done in the separation of
variables method.

For the large oscillation model the eigenfunctions of a cantilever beam are not
used as basis functions; as, apart from the issue of convergence, the complexity
of these basis functions makes the evaluation of the integrals in the equations of
motion difficult. Therefore piecewise defined fifth degree Hermitian polynomials
are used. These polynomials give an approximation which has continuous second

derivatives, a requirement dictated by the equations of motion.

3.1 Symmetric Formulation — Small Oscillations

Following the Galerkin’s approach [61] the equation of motion for the beam (2.29)
is first multiplied by a weighting function p(z) (also known as the test function) and

using integration by parts, the natural boundary conditions (2.31) are incorporated
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into the equations of motion, thus giving:

625 2 [32‘0 81)]
— Wi (s—s)+ | == =0 (3.1)
atz atz 63 z=s(t)
P, Podu  0s By 05\
52 T 52 0z T “Btotazt ' \at) aziF —
v 9% 0%
+f) [a: e at“’] dz =10 (3-2)

where equation (3.1) involving the mass motion is simply repeated from (2.28) as it
is does not require spatial discretization. This formulation (3.1)—(3.2) is referred to
as heing symmetric because the highest spatial derivative of the dependent variable

v(z,t) is of the same order as the highest derivative of the weighting function p(z).

3.2 Symmetric Formulation — Large Oscillations

The symmetric formulation of the equations of motion for the large oscillations is
similarly derived by multiplying (2.40)-(2.42) with the weighting function p(z) and
integrating by parts twice and substituting the boundary conditions (2.43) thus
giving:

-g—;;— +w(s ~s.) + [%i?— cos(8) + g—i—?sin(ﬂ] — =0 (3.3)

Ou O o) +222 O, (2 ? oty
™o T 5P e ot otoz’ * \ot) BzF —
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%p  Op 98\? ~
+/ [Btz 522 + 5= oz A— 3z cos(f)| dz =0 (3.4)
[ Dt Py 2l B (2 2
v  8pdv Lo a6\ . _
+/ [atz 5702 T 6z (A B (5;) ) sm(a)] dz=0 (3.)

/01 [%4—%(?‘;)24- - (g:ﬂ dz =0 (3.6)

The term involving the spatial derivative of 6 in (3.4) and (3.5) can be expressed

in terms of u and v using the trigonometric relations given in (2.3) as follows:

09 8%u v\’
&) - (@)« (&) o0
The Lagrange multiplier A in the equations of motion (3.4) and (3.5) can be in-
terpreted as being proportional to the comstraint forces which arise due to the
inextensibility of the beam. The difference between A and (%)z occurring in (3.4)

and (3.5) corresponds to difference between the constraint force and the nonlinear

term in the beam stiffness.
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3.3 Spatial Discretization — Small Oscillations

The Galerkin method is now applied to the equations of motion for the small

oscillation model (3.1)-(3.2) using the following approximations:

vz,t) = 3 alt)h(a)

zpi¢i(z) (3.8)

p(z)

In (3.8), summation is carried out over the repeated index :. The symmetric for-
mulation renders the continuity requirements for both p and v the same. Therefore
the same basis functions ¢; may be selected for both p and v and the number of
basis functions (maximum values of ) for both p and v are also assumed to be
equal. The undetermined parameters p; in (3.8) are arbitrary and therefore sub-
stituting (3.8) into the equations of motion (3.1)-(3.2) and setting p; (i** value) to
one and all other p;, j # ¢ to zero gives the i** semi-discretized ordinary differen-
tial equation[61]. Using this process the following semi-discretized equations are
obtained for the small oscillation model:

s equation:

§+wi(s—s)+ |6y _  {aua;}=0 (3.9)

z=s(t)

v equation:

m {[¢,-¢,-1,=,(‘, {6} +3[68]) _, {ash + 25 [8e8) _ , €
3 [g] st} + [ [ dobude] (@ + [ [ ¢;'¢;-'dz] {as}=0 (3.10)
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In (3.9) and (3.10) index notation is used where the repeated indices imply sum-
mation over the index. To further clarify the index notation brackets are also used;
|-+-] denote a row matrix and {---} denote a column matrix whereas [---] denote
a square matrix. The derivatives with respect to ¢t and z are denoted by (') and
( ) respectively. Since the beam model is linear the nonlinearities are only due
to kinematics, hence there are no nonlinear terms for the beam portion (integral
matrices) of the equations of motion (3.10). The number of equations of motion
depends on the number of basis functions ¢; used for the approximation. These
basis functions are obtained later in Sections 3.5 and 3.6.

Equations (3.9) and (3.10) are ordinary differential equations with kinematic
nonlinearities. These equations were also derived using the Rayleigh-Ritz method
in Siddiqui et al. [53] for the small oscillation model. The only difference was
found to be an additional term 3%[¢/¢;]{;} in the mass position dependent terms
in equation (3.10). This additional term causes small differences in the beating
period under internal resonance conditions and does not have any other significant
impact. Therefore these results are not presented in this thesis. Galerkin’s method
was chosen here because it is more easy to apply to the large deflection model and
therefore for comparison purposes the same method is used for the small oscillation

model.
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3.4 Spatial Discretization — Large Oscillations

For the large oscillation model the following approximations are assumed:

u(z,t) = 3 ai(t)di(2)
wet) = 3 AbHE)
Az, t) i_j»\-(ﬂ%(z)
> a() (311

p(z)

In the expansions (3.11), the same basis functions are used for all the four dependent
variables u(z,t), v(z,t), A(z,t) and p(z), the reason being that u(z,t), v(z,t), and
p(z) have the same continuity requirements (continuous second derivative) and A is
related to the second derivative of u and v. It may be noted here that in the equation
of motion for axial vibrations of beams the highest spatial derivative is of second
order and for transverse vibrations due to bending the highest spatial derivative
is of fourth order and the use of different basis functions for axial and transverse
vibrations may be appropriate in such cases. However for the large oscillation
model considered here the axial deformations are due to the foreshortening effect
and as such are not governed by the wave equation generally used in modelling
axial vibrations.

Following the same approach used for the small oscillation model (see Section

3.3), the following equations are obtained.
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s equation:

§+w¥(s = se) + |iJemue) (@} + |0i65| _ {&e; +8:8)=0 (312

z=2s(¢)

u equation:

{5 {dibamsy + [Bidilamy (G5} + (8085 _, , (50s} +25 {51}
32 [4id] o fot) + [ (19 (aad + [816] {as} + 41 {00}
+ {6} [681) {Niow} — {8} |#7%) {{aicn} + {BiBe}}

—{#} | #6180 | {ajonar} + {aiBuBi}}] dz =0 (3.13)

v equation:

m {[¢i¢,-1,,=.m {Bi} + [68) o (508 + 28 {Bi}} + 8° [0u8]__, {ﬂs}}
+ [ (180 {8} + (#8182} + 16} 8s84] D0sBe)
— {4} | 8,616} | {{Biawan} + {B;Bufi}}] dz =0 (3.14)

A equation:

[ [[85] fet + 3163 |8561] {Hoond + (G861 d2=0 (315)

The equation of motion for the mass (3.12) is similar in form to that obtained for
the small oscillation model (3.9) with quadratic nonlinearities forming the coupling

between the mass and the beam. The equations of motion for the beam variables
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(3-13) and (3.14) contain both quadratic and cubic nonlinear terms corresponding
to the geometric nonlinearities with integrals over three and four dimensional ma-
trices as indicated by the indices %,j,k and 2, j,k,!, respectively. The constraint
equation (3.15) does not have any time derivatives. Assuming the basis functions
are known, the system of equations (3.12)-(3.15) consists of nonlinear algebraic

integro-differential equations. The basis functions are considered next.

3.5 Eigenfunctions of a Cantilever Beam

As mentioned earlier, the small oscillation model is solved using the eigenfunctions
of a simple cantilever beam as basis functions. The basis functions in Galerkin
method are generally chosen to be as simple as possible but a desirable property
is that these functions should be orthogonal to facilitate solving the initial value
problem by producing well conditioned system matrices. The eigenfunctions for
the cantilever beam are then a natural choice and one would expect fairly accurate
results with relatively few basis functions. Increasing the number of basis functions
increases the accuracy of the solution. It should be noted that the eigenfunctions
of a cantilever beam do not account for the motion of mass however they are used
here as basis functions in the Galerkin’s method (see the discussion in the second
paragraph at the beginning of this chapter). Stanisic (93] developed a method to
improve the eigenfunctions to account for the motion of the mass and Khalily et
al. [5] used two of these improved eigenfunctions in the Rayleigh-Ritz method and
obtained a numerical solution to the coupled motion of a beam with a forced mass.

The complexity of these improved shape functions does not justify their use as
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basis functions in Galerkin method or the Rayleigh-Ritz method. It is shown in
Chapter 4 that by considering four cantilever beam eigenfunctions one can solve

this problem with good accuracy.

The cantilever beam eigenfunctions for the nondimensionalized parameters used

here are given by [30]:

é: = cosh(kiz) — cos(kiz) — Z’:é:"; i ::;‘((Z‘)) (sinh(kiz) —sin(kiz))  (3.16)
where for the first four modes, k; have the values

k, = 1.875104069, k, = 4.694091133, ks = 7.854757438, and k, = 10.995547073

The four mode shapes are shown in Figure 3.1. The mass, and the stiffness ma-
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Figure 3.1: Cantilever beam mode shapes, (=) ¢, (-.) &2, (...) @3 and (- -) ¢4
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trix in (3.10) require integration of products of basis functions and their second
derivatives over the length of the beam. These integrations are carried out analyt-
ically using the symbolic manipulation program MAPLE. The following mass and

stiffness matrices are obtained for the small oscillation model:

1000
1 100
M) = [[ bidsda] = (3.17)
° 0010
0001
el
(K] = . /0 ¢$’¢§-’dt]
12.36236340 0 0 0
0 485.5188211 0 0
_ (3.18)
0 0 3806.546524 0
0 0 0 14617.25610

The other matrix terms in (3.10) depend on the position of the mass, therefore they

are assembled online as discussed later in Section 3.6.2.

3.6 Basis Functions Using Finite Elements

In a well formulated problem the minimum degree of continuity for the interpolating
polynomial is dictated by the smoothness requirement of the variational formula-
tion. It can be seen from the symmetric formulation of the equations of motion

for the small oscillation model (3.9) and (3.10) and the large oscillation model
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(3.12)-(3.15), the highest spatial derivative of the dependent variables is at most
second order. Therefore if the approximations in the Galerkin method (3.8) and
(3.11) are C? continuous (continuous second spatial derivative), the derivatives in
the equations of motion will be well defined.

If only the beam portion of the equations of motion of small oscillation model are
considered, it can be seen from (3.10) that the smoothness requirement is imposed
by the stiffness matrix ([f; ¢;¢7dz]), which requires that the basis fanctions be
such that the integral of the square of the second derivative exists. If the basis
functions are at least C! continuous (i.e. the first derivative is continuous over the
length of the beam), then by properly matching the values of their first derivative
(slopes) at each the node, the second derivatives (curvature) can be made square
integrable over the length of the beam. However with C! continuity the mass
position dependent cubic nonlinear terms (see (3.10)) would have finite jumps in
their finite element approximations. Also, numerical results show that with C?
continuity higher frequencies are predicted more accurately. So in this work fifth
degree Hermitian polynomials are used to obtain C? continuous solutions for both

the small oscillation and the large oscillation model.

3.6.1 Fifth Degree Hermitian Polynomials - C> Continuity

The key variables like the deflection, slope or the curvature of the beam are obtained
by interpolating the values of these quantities at certain significant points called
nodes. The nodes are taken at the edges of an element and sometimes at inter-

mediate points. The interpolant function is then obtained by combining piecewise
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polynomials defined over each element.
In the finite element method the beam is divided into a number of small elements

as shown in Figure 3.2. To obtain C? continuity fifth degree Hermitian polynomials

Figure 3.2: Beam Discretization

(also known as second order Hermitian polynomials) are used. These are a set of
six polynomials of fifth degree. To illustrate their application as finite element basis
functions, consider the discretization of the beam into N elements. The elements
are numbered from 1 to N. For each element consider two local nodes one at
each end. The global nodes are numbered sequentially from 0 to N. The transverse
deflection of the beam v(z, t) is then represented in terms of 3( N + 1) basis functions

as follows:

N N N
v(z, t) = Y a(t)¢f(z) + 3_ ai(t)gi(z) + Y a(t)éi (=) (3.19)
i=0

=0 =0

In (3.19), ¢¥(z), #}(z) and ¢?(z) are basis functions corresponding to node ¢, where
t ranges from 0 to N. The approximation (3.19) interpolates the deflection v(z,t)
at node %, denoted by a?(t), the first spatial derivative of v(z,t) (slope) at node i,
denoted by a}(t), and the second spatial derivative of v(z,t) (curvature) at node

i, denoted by a?(t). The basis functions are chosen such that they satisfy the
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following properties:

é:(z5) = &j, QE—EL) =0, %’.ﬂ -0

¢i(z;) =0, “—"i‘fﬂ = 6i;, J‘i (=) — g (3:20)
iz 4243 (z;

ey =0, oo, 241 s,

where §;; is the Kronecker-delta, also z; denotes the position of the global node
and subscripts 7 and j identify the global nodes. From (3.19) and (3.20) it follows

that at node %:

v(z;, t) = v = ot
Zu(z,t)| = v = al(t) (3.21)
Zov(a,t)| = o = o)

So at each node i there are three degrees of freedom, the deflection a?(t), the slope
a}(t) and the curvature a?(t).

The properties of the Hermitian polynomials (3.20) imply that each basis func-
tion is nonzero over two adjacent elements with ¢?, ¢}, and ¢? equal to unity at
the joining node. Therefore it is more convenient to represent these basis functions
as a combination of two functions where each function is defined over one element:
¥(z) zia <z <z
¢i(z;) =
P(z) z<z<zTin
Pi(z) zia <z
i(z;) =

Y z) zi<z<zina
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Yi(z) zi1 <z <z
$:(z;) = (3.22)

Piz) z: <z <zipn
In (3.22) the 9’s are referred to as the elemental shape functions or the elemental
basis functions. The same set of element basis functions are used for all elements.

The properties (3.20) when applied to the elemental shape functions 1’s give the

following result:

dyd(z;- dl(zi) LBz &Y (z;
(zim) $0(m) E=L Mgml Shgml ol

dv? i— d 2 i d2y? o d2yQ i
P(zicy) PY(z) D= M) TdEGe) S

&z dz’ ="
1. 1 A 1 . 1 .
1,[111(1!.'_1) w]l.(z') %gz'—l) d‘l’izn) f'&d(:-;u—l) dcﬁ;;ﬂ) I (3 23)
Vila) Vi(e) M=) M) Sdm) fug | |
3 &
Vi) vilm) M=) M) Piee) S
- dz* dz*
HET 3(zi)  Loi(zie 243 (=i
$i(zicr) Vi) Yzm) ME) n) L)

where [ is an identity matrix. For each shape function 99, %9, ¥1, ¥3, ¥, and
¥?2 equation (3.23) provides six conditions. Using these six conditions, fifth degree
Hermitian polynomials can be found. In general, finite element analysis is carried
out in a coordinate frame local to a master element. The results are then assembled
in global matrices. In this work however, as a number of terms in the equations of
motion have to be evaluated at the current position of the moving mass, it becomes

necessary to do the analysis in a global coordinate frame. Using (3.23) the following
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polynomials are obtained:

W = -6 _ai +15 (2zi-1 + L) z* _10 (631'-12 +6zi-1le + lcz) z*
les lcs Ics
o g @t k) zis @Ea )2z (@i + L)Yz
15 B [
(xi—l -+ le)s (6 2:;_12 —-3ziql.+ lcz)
+ R
s oo 3, Bz t8L)et (15212 + 16201 L + 3L7) 2°
1 - l 4 + l 4 - 2 14
e (4 (3
+ 6 (5 Zi-1 + 31:) zi:l (zi-—l + Ie) z? + (3 ZTi-1 + le) ('—5 Zi-1 + lc) (zi—l + le)z;B
I L
_ (Bzmicy ) zioa (i + l)*
14
. z° 521+ 31.)z* 10z;,° + 122, L +30.2) 2°
P = “1/2:,_3“/2( z ‘:’3 )z —1/2( : 13‘ )z
. 1 (2ic + 1) (102002 + 8200 L + L2) 22

L2

zi? (Zie + L)® (Ziey + Le)? Zicy (5Ticy +20) 2

+ 1/2 —-1/2

.3 2
s . 4 62,2 i le 2\ 3
¥ = 6_2:_5_15(23:...;-:-1,)3 +10( zi1* + 6z +l¢):c
le te lcs
(Zim1 + L) 2y (22imy + 1) 22 Tio12 (zim1 + 1)z
- 30 x 1 le) 2’ | g it | l,; )
_zmin® 8z + 18z ke +1047)
L}
r 25 (15z-y + Tl) 28 (15 T+ 14zl + 21'.-2) z?
¢2 — "3 'l':"i' '+‘ le4 — 2 l r}
+ 6 (5 Ti-1 + 21,) Ti1 (11.'..1 -+ Ie)z’ _ (3 Zi-1 + 213) (5 Ti-1 + 613) z;_1%z
I* !

(3zi1 +4k) zia® (2ia + L)
It
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(5241 +21.) z* (102:? +8zi1 b + &%) 2°

N
z
P = 12;5-1/2 3 +1/2 3
le l l.
1/2 i1 (10 Zi-lz + 12 Ti-1 lc + 3l¢2) z? + 1/2 zg_lz (:!:,;_1 + le) (5 T + 31,) z
B 12 13
zi® (zim1 + le)z

- 1/2

3 (3.24)
where [, = z; — z;—; is the length of an element. Figure 3.3 shows the fifth degree
Hermitian polynomials and Figure 3.4 shows the first derivatives and Figure 3.5
shows the second derivatives of the Hermitian polynomials. Using these figures the
properties of the Hermitian polynomials (3.23) can be verified.

Figure 3.6 shows how any given function can be interpolated by its nodal val-
ues. In this case the fourth mode of a cantilever beam is obtained using fifth degree
Hermitian polynomials which interpolate the deflection and the slope (first spatial
derivative) and curvature (second spatial derivative) at each node. In this case ten
elements are used each of length 0.1. In Figure 3.6(a) six shape functions corre-
sponding to fifth degree Hermitian polynomials are shown (difficult to see but they
do exist) which interpolate the nodal variables and obtain the the approximation
to the fourth mode of a cantilever beam. The interpolated function as well as the
actual function are both shown in the Figure, but as can be seen they are indistin-
guishable indicating the accuracy of the interpolation. For clarity in Figure 3.6(b)
only the shape functions which interpolate the function values are shown.
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3.6.2 Assembly of Matrices

Using the basis functions developed in the previous two sections the matrices in
the discretized equations of motion can be assembled. For the small oscillation
model with only kinematic nonlinearities the integral matrices are constant and
hence need to be assembled only once. To assemble these matrices the usual finite
element approach is used which involves adding the elemental matrices in their
proper positions in the global matrices. Further details on this technique can be
found in any finite element book (for example Becker et al. [61]). The mass position
dependent matrices in the equations of motion are assembled by evaluating them
at the position of the mass and they have to be updated as the motion of the mass
evolves. Therefore the first step in assembling these matrices is to find the element
on which the mass is currently positioned, evaluate the elemental matrix, and place
the matrix at the proper position in the corresponding global matrix. As the mass
moves both the elemental matrix and is position in the global matrix changes and
hence they have to be constantly updated.

For the large oscillation model, the integral terms include three and four dimen-
sional matrices. The integral elements of these matrices are computed analytically
using the symbolic manipulation program MAPLE. The four and the three dimen-
sional matrices are reduced to two dimensional or one dimensional matrices by
multiplying with the required vectors which change with time. All the numerical
computations are carried out using “C” functions developed specifically to solve
this problem.

In this chapter spatial discretization was carried out of the partial differential
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equations describing the dynamics of the system for the large and small oscillation
models. The basis functions for use in the Galerkin method were obtained. Now
the focus is on solving the nonlinear ordinary differential equations (3.9) and (3.10)
for the small oscillation model and equations (3.12)-(3.15) for the large oscillation
model. In the next chapter dynamics of the mass beam system for small oscillations
is investigated analytically and numerically. The large oscillation model is the focus
of Chapter 5.



Chapter 4

Kinematic Nonlinearities

In this chapter, dynamics of the mass beam system are investigated using the small
deflection model. The semi-discretized ordinary differential equations developed
in Chapter 3 ((3.9) and (3.10)) are further reduced for small oscillations about
equilibrium positions using Taylor series expansion and retaining only quadratic
nonlinearities. A closed form analytical solution is obtained for this reduced system
using the perturbation method of multiple scales. A numerical solution for (3.9)
and (3.10) is obtained using an automatic ODE solver and four cantilever beam
mode shapes as basis functions. The numerical results are compared with the
perturbation solution. Spectral analysis of the system response is carried out using
time-frequency methods. The dynamics of the system are investigated for different
ratios of the moving mass and the mass of the beam under internal resonance

conditions. The system is shown to exhibit amplitude and phase modulation.

92
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4.1 Small Motions about the Equilibrium Posi-
tions

In order to obtain a solution using the perturbation method of multiple scales, the
equations of motion (3.9) and (3.10) are further simplified by expanding them about
their equilibrium position. It can be seen from (3.9), that the equilibrium position
for the mass is s. and for the beam is @; = 0. Using the Taylor series expansion
of (3.9) and (3.10) about the equilibrium position and including terms up to the
second derivative the following equations are obtained for small motions about the

equilibrium positions:

8+ w?s + L¢i¢j]z=ag{&iaj} = 0
([ #stsd2] +misil.c,.] (651 + [ [ d6pde] {ah +ms (6., (o}
+2mé [$idl.,, {as} +ms [0 + 9igs] _ (&} = 0

(4.1)

In (4.1), for convenience, the same variables have been used to represent the motion

about the equilibrium positions as in the original equations (3.9) and (3.10).

4.2 Perturbation Analysis

A perturbation method is used to obtain some qualitative insight into the behaviour
of the system, especially the parametric behaviour. The equations of motion, ex-

panded about the equilibrium position, (4.1) are used along with the first mode of
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a cantilever beam as the basis function.
Considering the first mode of a simple cantilever beam, denoted by ¢,, as the

basis function, the equations of motion (4.1} are reduced to:

§+wis+eoda = 0

&) + Wiy + meaday + 2mepddy + 2megséy = 0 (4.2)

where the constants ¢y, ¢z, and w, are defined according to:

= ¢1¢,1|z=a,
Jo($1)2dz + m(61)?,,,

&= h1dilec,, 2

_ b ($1)*d=
B (6P dz + m(6) .,

(wi )2

(4.3)

Equations (4.2) are solved using the method of multiple scales by using a two term
expansion. In application of this technique, the methodology presented in Nayfeh
and Mook [41] is followed. Begin by defining two time scales Ty and T} as:

To

]
L

I

I
a

(4.4)

where ¢ is a scaling parameter. If the nonlinear terms are neglected in (4.3), the
system would be two uncoupled linear oscillators with frequencies w and w;. This
would be the primary motion on time scale Tp. The nonlinearities are expected to
have a smaller effect and that effect will be on the slower time scale T;. Using the
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chain rule, derivatives with respect to ¢ can be written in terms of Ty and 7 as:

9 _ 0 _ .08

ot ~— 8T, ' OT,

6? ik &*

5 = aTJHE&ToaT; (4.5)

where the higher order terms are neglected. The next step is to assume an asymp-
totic series solution for s and «;. In this case a two term expansion is assumed as

per:

S(t) = €81(T0,T1)+6232(T0,T1)

ay(t) = euy(To,Th) + us(To, T1) (4.6)

where $,(70,T1) and $2(To,T;) are the € and € order solutions respectively for
the moving mass position, and u;(7,,T:) and up(Tp, 7)) are the € and € order
solutions respectively for the beam deflection. It should also be noted that ¢ is not a
physical parameter of the system and the perturbation method does not provide any
means for obtaining its value. It is a parameter introduced as a device to track the
nonlinearities and to allow the perturbation method to work in obtaining a solution.
The closed form solution obtained using the perturbation method corresponds to
the ¢ order terms s; and u;. To compare this solution with a numerical solution,
the initial values of s, (denoted by s)o) and u; (denoted by wu;g) are set equal to
the initial values of s (denoted by sg) and a; (denoted by a;q) respectively, thus
assuming the value of € equal to one.

Using (4.5) and (4.6), equations (4.2) are simplified and the ¢ and €? terms are
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collected and setting them to zero gives:

€ order equations:

€2 order equations:

3232 2

oz T w's

3%, " %
2

?.}3. + wfuz

0T,

The solution to (4.7) is:

U =

6281

a—T';-‘ +wisy = 0
0%y
5-1-,:;' + wf'u.l = 0
-9 6281 _ Bzul
OTodT: ' 9To0T,
-_— _2._?..21‘_1_ —mc éiﬂu
T T OT.OT, 2T
....2mc .ai..a-u_l. ...2mc S ?_;:1—‘3.
28T, T, 221 aT,2

Py (Ty)e™ 4 Py(T;)e T

P (Ty)e* T 4 Py(Ty)e ™ To

96

(4.7)

(4.8)

(4.9)

where P, and P, are complex variables that are, in general, functions of the slower

time scales. The over-bars in (4.9) denote the complex conjugate. Substituting the

first order solution (4.9) into the right hand sides of (4.8), the following equations

are obtained:

0P, . . —
rhs3 = —Zi—we“T 4 clezwfez""‘T“ + ¢, Py Paw?

a1y
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6?1 : ~=2 Y B
+2i—we™ T | ¢, Powle 21T 4 ¢ P Pout

oty

thsd = —2ig§3w16‘“‘T° + mea(2w? + W + 2ww, ) P Pyeflar+ilTo
1
+mc2(2wf + w? — 2w, )P, P,eiwr=«)To
+2i-6—€-2-w1 e T | mey(2w? + w? + 2ww; )P Pret +w)To

oTh
+mcy(2w? + w? — 2ww; )Py Paeiter1-4)T (4.10)

where rhs3 and rhs4 are used to denote the right hand sides of (4.8). The homo-
geneous solution of (4.8) contains the terms e and e*'% which also appear in
the right hand sides of (4.8) (as can be seen from (4.10)). This implies, that the
solution of (4.8) would contain secular terms. To eliminate the secular terms, the

coefficients of 7 and €170 in (4.10) are set to zero resulting in:

0P,

ar, = °
aP,
a7 = O (4.11)

From (4.11), it follows that P, and P, are constants and the € order solution (4.9),
is linear and depends only on the fast time scale Tp. This solution is not of much
significance because under these conditions the coupling between the moving mass
and beam is very weak, and consequently it is not pursued further. Instead, we
investigate the possibility of modal coupling as a result of internal resonance (IR.).

Consider the following relationship between the frequency of the moving mass
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w and the first frequency of the beam w;:
w = 2w + €0 (4.12)

where o is a small detuning parameter. When o is zero, we have a perfect 1:2
ratio between the first two natural frequencies of the system. This case is referred
to as 1:2 IR. Under internal resonance conditions, the secular terms are no longer
eliminated by (4.11), because now we have more terms contributing to the secular

terms as indicated by the following relationships:

82w1 Te - euTo 6—0T1

e-(w=w1)To _ g1 TooTh (4.13)

Using (4.13) in (4.10), it can be shown that the elimination of the secular terms

now requires the following conditions to be satisfied:

. OP —
-2zw§§,~i— +qPluien = 0
*2iwl-af?' -+ mcg(wa + wz - 2(:)&11 )Px—pze"?’ = 0 (414)

aT,

The complex variables P, and P, are converted to polar form using the relations

1 .
A(N) = 3P (Ty)e"r ()

P(T) = %pz(T,)e‘met> (4.15)
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and equations (4.14), after simplification, can now be written as,

g_g’_}l = %c—lgéuilz-sin(%az —p1—0oTh)
plg—?} = —i—c—l%%w—f cos(2p2 — ¢y — oTh)
g_g-; _ _%mcz(wz _icluul + 2w;")p‘p2 sin(2p2 — @y — oT})
ng% - _%m%(wz —f:wl t 2wf)?1pz cos(2pz —p1 —oTy)  (4.16)

In (4.16), py and p, are the modal amplitudes and ¢, and p, are the corresponding
phases.
To determine the initial values for py, p2, ¢1 and ¢, equations (4.9) are first

expressed in terms of trigonometric functions as

s1 = pi(Th)cos(wTp + ¢1(Th))

I

u; p2(Th) cos(wr Tp + w2(T1)) (4.17)

Using equations (4.17) and their derivatives, and taking the initial velocities as zero
and setting € to one, the initial values p;(0) = p1o, p2(0) = p20, ¥1(0) = 10 and

©2(0) = 20 are obtained by solving:

S10 = piocos(p1o)
a = P COS(‘on)
0 = wpd,sin(2pa0) — wprosin(pio)

0 = wepiop2osin(pio — p20) — wiPro sin(pa0) (4.18)
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The following solution of (4.18) is used as the initial values:

P1o = $10, P20 = @10, P10 =0, 20 =0 (4.19)

As shown in Nayfeh and Mook [41], nonlinear differential equations of the form
(4.16) can be solved analytically using elliptic functions. For the most part (equa-
tions (4.20)-(4.27) and (4.30)—(4.39)) the approach presented in Nayfeh and Mook
[41] for obtaining a closed form solution to (4.16), is followed. We proceed by
defining ~ as:

7=2p2—p1 - 0Ty (4.20)

Using (4.20), equations (4.16) can be reduced to the following three nonlinear dif-

ferential equations:

aPl - 2 .
T, vip; sin(7)
sz _ .
55—.'1' = —=WpiP2 5111(’7)
191‘%1 = (—2vzp} + v3p3) cos(7) —op (4.21)

where v; and v, are constants given by

v _ clwf
YT 4w
2 _ 2
vy = mez(w? — 2wwy + 2wyi) (4.22)

4w,

Eliminating v from the first and the second equation in (4.21) and integrating the
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result gives:

1, 1

where G is a constant of integration, to be determined using the initial values for
71 and p,. Equation (4.23) is an expression of conservation of energy and shows
energy being exchanged between p; and p,.

Using (4.23) both p; and p, can be expressed in terms of one variable ¢ as:

1

§V1P§ = G¢

1

5”2?3 = G(1-¢) (4.24)

Eliminating T) between the first and the last equation in (4.21) and rearranging

the terms gives

" g
—vid(p3py cos(7)) + 5 d(p}) = 0

o
—upip; cos(v) + ‘z'Pi

|
t~

(4.25)

where L is another integration constant and d(- ) implies implicit differentiation.

Solving for cos(7y) from (4.25) gives:

op? —2L

4.26
2”11’%?1 ( )

cos(y) =

and using sin®(y) = 1 — cos?*(7) to eliminate + from the first equation in (4.21) and
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expressing p, and p; in terms of { gives the following differential equation:

1 (_0_5_)2 - e 02—81/2ng
8U2G aT), - 81126
o(Lv, —0G), (Lv,—0G)?
e e TR (4.27)

The problem is thus reduced to solving the single differential equation (4.27).
The solution of { depends on the roots &, £, and £; of the left hand side of (4.27).

The roots are

(2U2p10 -0+ D)(zllzpm “+ 0’)

G2 = 16Gv,
_ lego
s = ETeR (4.28)
where the discriminant (D) is given by:
D = /(0 = 2vap10)? + 16034k, (4-29)

In deriving (4.28) the constants G and L are evaluated using the initial values p,,
D20, P10 and @2. In (4.29), v1 can become negative for large values of o (when
o is negative and has a magnitude greater that 2w;), however in such a case the
system would be far away from 1:2 resonance and this perturbation analysis is
not applicable. The discriminant (4.29) is therefore real under internal resonance
conditions. When the initial value p;0 and the detuning parameter o are close to
zero the roots §; and &, approach each other and &3 approaches unity and when

the other initial value p;0 and o are close to zero the difference between §; and &
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approaches a maximum value and £; approaches zero. These cases are discussed
further in Section 4.3.1.

Assuming the roots are ordered such that & < §; < & and writing (4.27) as,

1 (8.
81,6 (”3‘5'-'; ) =& - - &)E-&) (4.30)

the following transformation is applied to §:

& — & = (& —~ &) sin’(x) (4.31)

Equation (4.30) then reduces to:

o
-

1 9 2 _ . 2
5. \ 3T, = & —& — (6 — &2)sin’(x)

- @-o) (-2 8arw) e

Taking the square root of (4.32) gives:

1 dx . i
et (1 - n?sin*(x)) (4.33)
where 7 is given by:
_ | (&—&)
TTNEG-&) .

Integrating (4.33) gives:

/;X mdx = :t‘/2ugG(€3 - 51) '/Tfl de (4.35)
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In (4.35), T. corresponds to x = 0 or £ = §. The left hand side of (4.35) is
Legendre’s elliptic integral of the first kind, or the inverse of the Jacobi elliptic

function sn. In terms of sn, (4.35) can be written as:

sn™ (sin(x);7) = (11 ~ Te) (4.36)

where & is given by:
R = i\/ 2V2G(§3 - 61) (437)

From (4.36) it follows that

sin(x) = sn(x(Ty — Te);n) (4.38)

In (4.38), 1 is the modulus of the elliptic function and its value affects the period
of sn. Substituting (4.38) in (4.31), the solution for £ is obtained as:

£ =& — (& — &)sn?(s(Ty — T.); ) (4.39)

Using (4.24) and (4.39) the values of p; and p; can be easily obtained, and then
using (4.26), v can be determined. However to find the phases ¢; and ¢;, another
equation is needed and is obtained by eliminating cos(y) from the second and the

fourth equation in (4.16) and integrating the result, thus giving:

vapip1 — ipip2 = Q (4.40)
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where @ is a constant of integration. Substituting the initial values for p; and ¢,
(see equation (4.19)) in (4.40) makes @ zero and the following relationship between
¢y and ¢, is obtained:

P2 = ——=p (4.41)

Using (4.41) and (4.20), ¢; and ¢, can now be determined.

The beating period (n) is another important characteristic of the response. It
is defined as the time elapsed between two successive peaks in the amplitude of
motion, it corresponds to half the period of p; or p, and hence to half the period
of the Jacobi elliptic function sn. The half period of sn(xTy — T.) is given by the
following relationship where the integral is known as the complete Jacobi elliptic
integral of the first kind:

2 13 1
n=2 / dz (4.42)
£ Jo /1 - n?sin(z)?
Using the perturbation analysis, solution is obtained for the modal amplitudes
D1, D2, and the phases ¢, and p;(on To summarise, the perturbation solution is

obtained using the following algorithm:

Algorithm 4.1 Algorithm to obtain the perturbation solution

Step 1 Set the initial value p;q to the initial position of the mass s;0, and pyo to the
first mode contribution of the tip deflection ajq. If the initial value for the
beam (2.46) is used then ayp = 0.5067v, (obtained using the orthogonality

of the modes a;0 = fol ¢i(z)vo(z)dz where vo(z) is the initial deflection curve
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[30]) and if the initial value (2.47) is used then ay0 = 0.5vy, where vy is the
tip deflection. Select a value for the detuning parameter o. An algorithm is
presented in the next section (Algorithm 4.2) for selecting a value for o that
is used to compare the perturbation and numerical solutions. Also set the

value of the equilibrium position of the moving mass s..

Step 2 Compute the value of the first mode shape of a cantilever beam and its
first and second derivatives at the equilibrium position (see equation (3.16)).
Using these values obtain the constants ¢;, ¢z, and w from (4.3). Also find
the constants vy, v2, G, and L using equations (4.22), (4.23) and (4.25) re-
spectively. Calculate the discriminant D (equation (4.29)), the roots &, &2,
and §; (equation (4.28)) and sort the roots such that &;, &;, and §; are in as-
cending order. Find & using (4.37) and the modulus 7 using (4.34). Compute
the beating period 7, using (4.42). This involves finding the complete Jacobi
elliptic integral of the first kind.

Step 3 Find the time T,. This requires calculating £ from the initial values of p;
and p», using (4.24) and then finding sin(x) using (4.31) and finally obtaining
T. from (4.36) by substituting for T}, the initial time.

Step 4 Vary T from the initial time to the desired final time T and obtain £ from
(4.39), modal amplitudes p; and p; from (4.24), v from (4.26), and the phases
¢, and @, from (4.20) and (4.41), respectively.
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4.3 Comparison Between Perturbation and Nu-
merical Solutions

The results obtained using perturbation analysis are now compared with numerical
simulation of the ODEs derived using Taylor series expansion (4.2). The various
models and solution methodologies used in this work are identified in Table 4.1 and
the designations shown are used for future reference. In this section comparisons
are made between the perturbation solution (PM1) and the numerical solution

(NM1). The parameters used for all the simulations presented in this section are

Model | Description

PM1 | Perturbation solution, Small oscillation model,

First mode shape of a cantilever beam as basis function.
NM1 | Numerical solution, Small oscillation model,

First mode shape of a cantilever beam as basis function,
Automatic ODE solver.

NM2 | Numerical solution, Small oscillation model,

Four mode shapes of a cantilever beam as basis functions,
Automatic ODE solver.

NM3 | Numerical solution, Small oscillation model,

10 fifth degree piecewise defined Hermitian polynomials
as basis functions, Acceleration formulation.

NM4 | Numerical solution, Small oscillation model,

20 fifth degree piecewise defined Hermitian polynomials
as basis functions, Acceleration formulation.

NM5 | Numerical solution, Large oscillation model,

10 fifth degree piecewise defined Hermitian polynomials
as basis functions, Acceleration formulation.

Table 4.1: Model designations

given in Table 4.2. First consider the case where the initial displacement of the
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Parameter Set 1
m = 1.0, s, = 0.5, w; using 20 finite elements = 2.891228
wy using one mode of a cantilever beam = 2.908776

Initial Values Initial Values

equation (2.47) equation (2.47)

8o = 0.50001,v = 0.1 | sg = 0.53, v, = 0.000001
Figure 4.1, 4.2 4.19,4.20 |4.3,44 4.21, 4.22
Model PM1,NM1 | PM1,NM2 | PM1,NM1 | PM1,NM2
o -0.0002 -0.0016 -0.0085 -0.0115
At(average) 0.01797 0.00354 0.0094 0.00669
Spectrogram
No. of Segments 16 64 32 64
Segment Size 256 256 256 256
Power Spectrum
No. of FFTs 2 6
Segment Size 65536 65536

Table 4.2: Comparison between perturbation and numerical solutions-1

moving mass about its equilibrium position, sq is 0.00001, the initial beam tip
deflection is vy = 0.1 the equilibrium position of the moving mass s, = 0.5, and
the nondimensionalized mass ratio m = 1.0. Figures 4.1 and 4.2 show the response
for the moving mass and the beam respectively.

Figures 4.1(a) and 4.1(b) are the analytical results obtained using the pertur-
bation analysis. It may be noted here that pyg = 0.5v, (see step 1 in Algorithm 4.1
and equation (4.19)). Figure 4.1(c) is the numerical solution obtained from (4.2)
by using a variable step stif ODE solver based on the fourth order Rosenbrock
method presented in [102]. This technique is based on an implicit formulation and
is a generalisation of the Runge-Kutta-Fehlberg method that uses the parameters
presented by Shampine (for details see [102]). Later on, the same ODE solver is
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used for solving the more general equations of motion (3.9) and (3.10) using four
cantilever beam mode shapes. Figure 4.1(c) appears darkened because the oscilla-
tions are at a very high frequency and small time steps were used.

Figure 4.1(d) shows a spectrogram which is obtained by taking a small data
window which consists of 16 segments of data with 256 data points per segment,
of the time series and finding its one sided power spectral density (PSD), with the
mean squared amplitude as the measure, using the Fast-Fourier transform (FFT)
algorithm [102]. For a detailed treatment on time-frequency analyses see Cohen
[103]. The data window is advanced along the time axis one segment at each step
allowing overlapping of the previous data segments by the current data window.
The spectrogram (Figure 4.1(d)) shows the variation in the PSD for the frequencies
on the vertical axis with time on the horizontal axis. The change in the PSD is
represented by the grey scaling with the darker regions representing higher values
of PSD and lighter regions representing lower values of PSD. The empty space at
the beginning of the graph is half the size of the data window. Note that the
mean squared amplitude, the measure used for PSD. represents energy, and the
spectrogram shows the variation in the energy content of the frequencies with time.

Figure 4.2 shows similar results obtained for the beam. The time responses in
Figures 4.1(a), 4.2(a), 4.1(c) and 4.2(c) show the characteristic beating motion for
the mass and the beam under internal resonance. The numerical solutions (Fig-
ure 4.1{c) and 4.2(c)) are obtained for w = 2w;. Under such perfect resonance
conditions, the perturbation analysis gives a solution where the amplitudes match

closely with the numerical solution, but there are small differences in the beating
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periods which may be attributed to neglecting the higher order terms in the pertur-
bation analysis. In anticipation of comparison of the perturbation solution with the
numerical solution obtained using the four modes of a cantilever beam and finite
elements as basis functions, the approach used here is to match the perturbation
solution with the numerical solution by choosing the detuning parameter o. The
value of o then acts as means for comparing the various solutions. This approach
is justified because the natural frequency of the beam w,, obtained using (4.3) for
the simplified model used in the perturbation analysis would in general be slightly
different than w, obtained using (3.9) and (3.10). The method for finding the value
of ¢ is outlined in the following algorithm:

Algorithm 4.2 Algorithm to obtain the detuning parameter .

Step 1 Find the beating period () for the numerical solution. This is accomplished
by taking the Hilbert transform of the time series for the tip deflection of
the beam, which gives an enveloping curve for the amplitude. Using the
extremum values of this curve the beating periods can be found easily. The

beating periods differ slightly from one beat to another, therefore an average

value is selected.

Step 2 Using (4.42) the value of o is determined numerically by varying ¢ and
finding the beating period which matches T}, determined in Step 1.

For Figures 4.1 and 4.2 the value of ¢ was determined as —0.0002 which gives the
same beating period as the numerical results.
It can be seen from (4.17), that p; and p; describe the change in the amplitude,

and ¢, and @, could possibly effect the natural frequencies w; and w,, respectively.
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This corresponds to both amplitude and frequency modulation. Figure 4.1(b) shows
that the phases p; and , remain constant, except that they approach singular
positions just before and after the beam reaches a peak, or the mass amplitude
becomes zero. A similar effect can be seen in the spectrogram, Figure 4.1(d), where
the energy corresponding to the frequency w, disappears. The energy is in fact
transferred to the beam as can be seen from Figure 4.2(d).

Figures 4.3 and 4.4 are obtained for the same parameters as in Figure 4.1 and
4.2 but the initial values are now taken as so = 0.03 and tip deflection vy = 0.00001.
In this case the system is predominantly excited by the moving mass. The value
of o for the perturbation solution was found to be —0.0085. The magnitude of the
peaks for the phases ¢, and ¢, is not similar to that seen in Figures 4.1 and 4.2,

but seem to increase with time.
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4.3.1 Parametric Analysis

The response of the system depends on the roots £;, {» and {3 and Figures 4.5 and
4.6 show the values of these roots for different m and o. Figure 4.5 is obtained
for initial values of mass position so = 0.00001 and tip deflection v, = 0.1 and
with the equilibrium position for the moving mass s, = 0.5. Whereas Figure 4.6
is obtained for initial values so = 0.03, vy = 0.00001 and equilibrium position
Se = 0.5. Similar to the circular sine function, the amplitude of the elliptic sine
function sn also varies between -1 and 1. Therefore from (4.39) it follows that
oscillates between §; and ;. The farther apart the roots £, and £; are, the larger
is the amplitude of £, which from equation (4.24) implies that more exchange of
energy occurs between the moving mass and the beam. Both Figures 4.5 and 4.6
show that this region of strong coupling occurs when ¢ is close to zero and when ¢
moves away from zero the difference between the roots é; and & decreases, finally
becoming zero. As the ratio of the moving mass and the mass of the beam (m)
increases, the range of o for which the roots §; and &; are distinct also increases.
This can be seen more clearly in Figure 4.6(c). When the roots §; and {; become
equal, it follows from (4.39) that the solution for £ becomes a constant, equal to
one for the case considered in Figure 4.5 and equal to zero for the case considered
in Figure 4.6.

The modulus 7 of the elliptic function sn gives some insight into the type of
response. When 7 = 0 the elliptic function sn becomes the circular sine function
and for n = 1, sn becomes tanh. So it follows from equations (4.34), (4.39) and

(4.24) that when &; is close to &3, p; and p, appear closer to sinusoidal functions,
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and when §; and {; are numerically far apart from each other, p; and p, appear
closer to hyperbolic functions (p; close to tanh and p, close to sech).

When £, and & become equal, the modulus  becomes unity (see (4.34), the
beating period 7, becomes infinite (see 4.42), and in (4.39) the elliptic sine function
sn becomes tanh, thus once the energy is transferred from the mass to beam or vice
versa it stays there as the period for p; and p; is infinite. This motion is however
unstable and the smallest difference between §; and £, makes the beating period
finite. In Figure 4.6 it appears that £; and &, are equal for a large range of &, there
is however a small difference between them which is due to the small nonzero initial
value of the tip deflection vy. It may be noted here that when vy is zero, there
is no coupling between the moving mass and the beam, but even a small nonzero
value of vy results in large amplitude vibrations of the beam as was illustrated in
Figures 4.3 and 4.4.

The maximum and minimum values of p, and p; are indicative of the exchange
of energy between the mass and the beam. Since £ oscillates between £, and &3, the
maximum value being £; and the minimum value £,. using (4.24), the maximum

and the minimum values of p; and p, are given by:

/ZG 1- /
Pimaz = -—_—( 62_) DP2maz = 2G£3
1 7% [ %1
[2G(1 — f2G
Pimin = _(_63—) D2min = 62 (4.43)
1 %] "

Figure 4.7 shows pimaz and pymin for various values of m and equilibrium position

Se. The initial value p;q is taken as 0.00001 and p;o as 0.05 (same as in Figures
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4.1, 4.2, and 4.5). Figure 4.7 shows that when the equilibrium position of the
moving mass is close to the fixed end of the beam, the value of pyyin is almost the
same as its initial value pyy and also the corresponding maximum amplitude of the
mass is close to zero indicating a weak coupling between the moving mass and the
beam. As the equilibrium position is moved towards the free end of the beam, the
exchange of energy between the mass and the beam increases as indicated by pamin
decreasing sharply and approaching zero and p;ms. increasing correspondingly. The
other maximum and minimum values pymin a0d pomaz are not shown as they do not
vary significantly. The value of pymin remains close to its initial value p;o and the
value of pamsr remains close to its initial value pzg. Figure 4.7 was obtained for a
value of o close to perfect 1:2 resonance (¢ = —0.0002). Figure 4.7 also shows an
expected result that a lighter moving mass (smaller value of m) oscillates with a
larger amplitude than a larger moving mass (larger value of m). Figure 4.8 shows
the behaviour of pimin and Pamer for the case with initial values p;o = 0.03 and
p2o = 0.000005 (same as in Figures 4.3, 4.4, and 4.6). The values of p;ms. and
Damin are not shown as they remain same as their initial values. Figure 4.8 shows
the maximum and minimum values of the amplitudes for the other case with initial
values p;o = 0.03 and p3o = 0.000005. For this case the values of pymin and pamaz
are less sensitive to changes in s. near the fixed end of the beam and as s, moves
away from the fixed end a sharp change in pymin and pama= is observed.

Figures 4.9 and 4.10 show the results when m and o are varied. The same
parameters used to obtain Figure 4.7 and Figure 4.8 were used in obtaining Figures

4.9 and 4.10 respectively. Figure 4.9(b) shows that the maximum amplitude of the
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Figure 4.7: Maximum and minimum amplitude - 1:2 IR, s. = 0.5, ¢ = —0.0002,
810 = 0.00001, and vyp = 0.1. (a) Maximum amplitude for the mass pymaz, (b)
Minimum amplitude for the tip of the beam pamin.

moving mass Pimasz reaches a peak close to o = (. In this case the initial value of
the amplitude of the moving mass p,o was taken as 0.00001. Similarly for the tip
deflection of the beam which was given an initial value pyp = 0.05, Figure 4.9(a)
shows that the minimum amplitude psmin reaches a minima close to o = 0. Figure
4.10 shows that for the smaller mass ratio m = 0.1, the range of o for which the
resonant effect is present is small and increases with m. This range of ¢ can be

isolated in the figure by the sharp changes in the slope of the curves shown, this
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behaviour is consistent with the region with distinct £; and §; shown earlier in
Figure 4.6.

Figure 4.11 shows the beating period for different values of m and o for the
first case where the initial values are pyp = 0.00001 and pyo = 0.05. For ¢ close
to zero the beating periods are large and decrease as o increases. The maximum
beating period occurs when §; and £; are close to each other or when the modulus

n approaches unity (see (4.42). In Figure 4.12, results are shown for the second
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case where p1p = 0.03 and pyo = 0.000005. This figure is plotted in two parts (a)
and (b) each with different range of values of m to improve the resolution. For the
smaller mass ratio in Figure 4.12(a), two peaks in the beating period, which move
apart as the mass ratio increases, are observed. From Figure 4.6 it can be seen
that £, and &; are close to each other for a range of values of o and the two peaks
in Figure 4.12(a) correspond to the end points of this range. It can also be seen

from Figure 4.6 that corresponding to the peaks in the beating period the values



CHAPTER 4. KINEMATIC NONLINEARITIES 124

§°:°“ ///'—\‘\

2 0.02 /—-\

-0

0.05

0.0

Figure 4.10: Maximum and minimum amplitude - 1:2 IR, s, = 0.5, o = —0.0002
si0 = 0.03, and v = 0.00001. (a) Minimum amplitude for the mass pimin, (b)
Maximum amplitude for the tip of the beam paomaz-

of £&; and &; are close to each other thus indicating a weak coupling between the
beam and the moving mass. The beating period in Figure 4.12 thus behaves in
an opposite manner to that observed in Figure 4.11 with the minimum value of 7,
being close to ¢ = 0.

Figures 4.13 and 4.14 show the change in the beating period as m and o are
varied. In these figures the s, axis is broken into two parts to improve the resolution.

From Figure 4.13 (obtained for p;o = 0.00001 and pyo = 0.05 and s, = 0.5) it can
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be seen that as the equilibrium position of the moving mass moves towards the free
end, the beating period decreases. Figure 4.14 shows a similar result obtained for
the other case (p;o = 0.00001 and pyo = 0.05, and s, = 0.5) where the larger initial
value is given to the mass. For this case, the beating period approaches a peak
when s, is closer to the fixed end of the beam, depending on the mass ratio, and

decreases as s, approaches the free end.
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4.4 Amplitude Modulation

In this section, the equations of motion (3.9) and (3.10) are solved numerically
using the four cantilever beam mode shapes (3.16) as the basis functions. The
automatic ODE solver discussed in Section 4.3 is used to obtain the solution and
also time-frequency analysis is performed in the manner outlined earlier. The results
are compared with the perturbation solution for the simplified model obtained in
Section 4.3. To establish internal resonance, the fundamental frequency of the
beam must be known. In the perturbation analysis for the simplified model, (4.3)
was used to obtain the value of w;. For equations (3.9) and (3.10), finite elements
are employed to obtain the beam frequencies. The beam is divided in to twenty
equally spaced elements and at each node three degrees of freedom are considered,
the deflection of the beam, the slope of the beam, and the curvature. Table 4.3 lists
the first few frequencies for the mass beam system obtained using finite elements
for the parameters used in the simulations. The natural frequency of the beam
wy, obtained using (4.3) is also shown in the table for comparison. Figures 4.15
and 4.16 show the results obtained for the mass and the beam, respectively, for
m = 1.0, s. = 0.9 and initial values £4 = 0.1 and so = 0.90001. The parameters
used for the simulations presented in this section are tabulated in Tables 4.2 and 4.4.
Figure 4.15(a) shows the perturbation solution, Figure 4.15(b) shows the numerical
solution, Figures 4.15(c)—(e) show the spectrogram where the higher frequencies are
also included and Figure 4.15(f) shows the power spectrum. The power spectrum
is obtained by applying the Hann window to the time series and using the FFT

to obtain the spectrum. To reduce the variance, FFTs are obtained for a number
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"FEM. One mode
m s, Frequencies Frequency
1.0 0.9 1.758689 1.763542

19.537843

60.469989

120.762565
1.0 0.5 2.891228 2.908776

14.225427

61.681059

95.28855

Table 4.3: Beam frequencies obtained using finite elements and the one mode equa-
tion.

of data segments (see Table 4.4 for the number of segments used) and the results
are averaged. The power spectral density (PSD) is computed by taking the mean
squared amplitude of the transformed data. This same format is used for all the
simulation results presented in this section.

From the power spectrum, Figure 4.15(f), major peaks are observed at even
multiples of w; (eg. 2w, 4wy, 6wy ...). As the peaks approach the second frequency
of the beam (19.5378) the energy corresponding to these peaks increases slightly.
This is much more clear in the beam plot, Figure 4.16(f), where the energy increases
as the peaks approach the second and the third frequencies, 19.5378 and 60.470,
respectively. For the beam, the major peaks in the power spectrum occur at odd
multiples of wy (wy, 3wy, ...). The spectrograms (Figure 4.15(c)-(e) and Figure
4.16(c)-(e)) show the time variation of the frequencies. For the moving mass, the
energy corresponding to the primary frequency (2w, ) becomes quite small when the

amplitude reaches the minimum, and the energy in the harmonics of the moving
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Figure 4.16: Tip deflection - 1:2 IR, m = 1.0, s, = 0.9, sy
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v = 0.1. (a) Perturbation solution ¢ = ~0.0008, (b) Numerical solution, (c)-(e)

Spectrograms, and (f) Power spectrum.
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Parameter Set 2

m = 1.0, s. = 0.9, w, using 20 finite elements = 1.758689
w; using one mode of a cantilever beam = 1.763542

Initial Values
equation (2.47)
89 = 0.90001,‘0:0 =0.1

Initial Values
equation (2.47)
8p = 0.95, v = 0.00001

Figure 4.15,4.16 4.174.18
Model PM1,NM2 PM1,NM2
o -0.0008 -0.0097
At(average) 0.00442 0.00533
Spectrogram

No. of Segments 64 64
Segment Size 256 256
Power Spectrum

No. of FFTs 2 6
Segment Size 65536 65536

Table 4.4: Comparison between perturbation and numerical solutions-2
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mass (4w, and 10w; shown in Figures 4.15(c) and (d)) crests, indicating a change

in the frequency content of the mass response when the amplitude is decreasing.

The time variation of 4w; (Figure 4.15(d)) shows dissipation of energy to the side

bands when the amplitude of the moving mass reaches a minimum, however when

such a frequency is close to a higher fundamental frequency of the beam, like 10w;

is to the second frequency of the beam, the dissipation of energy to the side bands

does not occur. Such a behaviour was observed in all the simulations presented in

this thesis. For the beam the beating pattern can be seen in w; and 3w;. However

the higher frequency 1lw,, shown in Figure 4.16(c), does not show the beating

pattern, as this frequency is close to the second frequency of the beam which is not

in resonance.
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Next, for the same parameters as in Figure 4.15 and 4.16, different initial con-
ditions are used (v = 0.00001 and so = 0.95). Figure 4.17 and 4.18 show the
results. Since in this case the system is predominantly excited by the moving mass,
the energy corresponding to the higher frequencies of the beam is notably very low
as can be seen by comparing Figure 4.16(f) and 4.18(f). The spectrograms for the
moving mass show that initially the energy of the system is concentrated in the
primary frequency of the moving mass 2w; and as the amplitude starts decreasing
some of the energy moves into the harmonics of the moving mass like 4w, but pre-
dominantly the energy is transferred to the frequencies in the beam w;, 3w, and
S5omega,. The power spectrums for the moving mass and the beam are similar to
those observed in Figures 4.15 and 4.16 except that the PSD is significantly lower
for the higher frequencies.

In Figures 4.19 and 4.20 the equilibrium position of the moving spring-mass
system s, is changed to 0.5 and initial values to v, = 0.1 and sq = 0.50001. These
results can be compared with Figures 4.1 and 4.2 which have the same parameters
but are for the simplified model. Comparison shows that the beating period is
smaller when four basis functions are used. The amplitude of the response however
has remained the same.

In general, increasing the number of basis functions improves the accuracy of
the solution obtained using the Galerkin method. The difference in the value of
the beam frequency w; for the two models (see Table 4.3) affects the value of the
detuning parameter which is chosen to match the beating periods obtained using

the perturbation solution and the numerical solution. The perturbation solution
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in Figure 4.1 and 4.2 was obtained using ¢ = —0.0002, in this case (Figure 4.19
and 4.20) ¢ = —0.0016 was used. Comparing Figure 4.19(a) and 4.1(a) it can
be seen that small changes in the detuning parameter do not have any significant
effect on the maximum amplitude of the moving mass. However comparison of
Figure 4.20(a) and 4.2(a) for the beam shows that the increase in the value of o
has increased the value of pomin (the minimum amplitude of p;). Although the
numerical solutions Figure 4.19(b) and 4.20(b) were obtained for an exact 1:2 IR
the minimum amplitude of p, as seen from Figure 4.20(b) matches well with the
perturbation solution where the detuning parameter is involved. Note that in Figure
4.20(b) the amplitude of the tip deflection does not have a smooth appearance, this
may be due to the presence of higher frequencies, also a numerical artifact as a
result of higher frequencies cannot be ruled out.

Figures 4.21 and 4.22 show another interesting result where the parameters
are same as in Figures 4.19 and 4.20 but with initial values v, = 0.00001 and
so = 0.53. These figures can be compared with Figures 4.3 and 4.4 as they are
obtained using the same parameters. First it should be noted that, compared to
other cases considered in this work, in this case small oscillations of the mass cause
relatively large oscillations in the beam. So, the effect of the nonlinearities is more
pronounced. The perturbation and the numerical results in this case don’t match
well. However when the simplified model is used, Figures 4.3 and 4.4, there is a
good correspondence between the numerical and perturbation results, suggesting
that the peculiar behaviour in Figures 4.21 and 4.22 is due to the inclusion of higher
frequencies of the beam. The spectrograms indicate that the PSD at the higher
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frequencies has some time dependency with large periods. If the initial value of
the mass is increased the response was found to become chaotic with the beam

undergoing large oscillations.
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Figure 4.21: Mass response - 1:2 IR, m = 1.0, s. = 0.5, 830 = 0.53, and v =
0.00001. (a) Perturbation solution o = —0.0115, (b) Numerical solution, (c)-(e)
Spectrograms, and (f) Power spectrum.
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Difficulty in obtaining a numerical solution for nonlinear systems is often one of
the motivating reason for perturbation analysis. However perturbation methods do
not always provide a closed form solution like the one obtained in this chapter and a
combined analytic-numeric approach is often required. Comparison between closed
form analytical and numerical solutions is therefore uncommon. In this work the
perturbation solution for modal amplitudes is matched with the numerical solution
by selecting a value for the detuning parameter o. A numerical solution obtained
under perfect 1:2 resonance conditions when compared with a perturbation solution
under perfect 1:2 resonance conditions is expected to reflect differences as a result
of the different models for the two cases and also due to neglecting the higher order
terms in the perturbation solution. The approach used in this work was to quantify
these differences using the detuning parameter . Comparison of the perturbation
and the numerical solutions show that when the motion is predominantly bi-periodic
(two fundamental frequencies, one w; and the other beating frequency Z and their
harmonics) the results match very well. Using the closed form solution an extensive
parametric analysis was carried out which identifies regions of strong nonlinear
coupling between the beam and the moving mass and gives the change in some of
the important properties of the solution like the beating period, and the maximum
and the minimum amplitudes with the detuning parameter, initial values ard the
equilibrium position of the moving mass on the beam.

In the next chapter the focus is on geometric nonlinearities, and solving equa-
tions of motion for the large oscillation model with both kinematic and geometric

nonlinearities.



Chapter 5

Kinematic and Geometric

Nonlinearities

In this chapter, a new method is presented to obtain numerical solution of equa-
tions of motion for nonlinear continuously modelled systems. Using this technique,
results are presented for three types of problem: a system with only kinematic non-
linearities; beam carrying a moving mass - small oscillation model, a system with
only geometric nonlinearities - large oscillation model of a cantilever beam, and a
system with both kinematic and geometric nonlinearities - large oscillation model
of a cantilever beam carrying a moving mass.

The solution strategy relies on a traditional finite element approach for spatial
discretization. This was described in Chapter 3 where the nonlinear partial differ-
ential equations of motion were reduced to nonlinear ordinary differential equations.
In this chapter the ordinary differential equations are reduced to nonlinear algebraic

equations using finite difference approximations based on the average acceleration

144
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method. A new formulation is used for the average acceleration method, wherein,
using finite differences the displacements and velocities are expressed in terms of
accelerations as opposed to the conventional method where the velocities and accel-
erations are expressed in terms of displacements. In this thesis this new formulation
is called the acceleration formulation and the conventional approach is referred to
as the displacement formulation.

The nonlinear algebraic equations obtained after the discretization are large in
number (depending on the number of elements used) and are also stiff and hence
difficult to solve. Conventional techniques based on Newton’s method were tried,
but were unsuccessful in obtaining the solution. One inherent problem with the
algebraic equations obtained using finite elements and the use of Newton’s method
(or its variants) is that, in the finite element approach the solution is modelled to
barely meet the continuity requirements of the differential equations and the extra
derivative for the Jacobian required in the Newton’s method introduces disconti-
nuities which can prevent convergence in the Newton’s method. Therefore in this

work a new technique is proposed which does not require finding the Jacobian.

5.1 Average Acceleration Method

The average acceleration method is widely used in finite element analysis for tem-
poral discretization of linear dynamic equations. In this work, however, a variant
of this approach is proposed to solve nonlinear problems. Combined with the new
iterative method to be presented in Section 5.6, this approach gives superior con-

vergence than the conventional average acceleration method. The following finite
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difference approximations for displacements and velocities are derived directly using

Taylor series:

WAt = 4t 4 @tAL
2
uttst = u‘+a=At+ﬁ*%f- (5.1)

where u represents the time dependent variables, a;, B3;, and A;, At is a small incre-
ment in time and the superscripts identify the time at which the term is evaluated.
In the average acceleration method, instead of just using (5.1) the following ad-
ditional assumption is made for the accelerations {71] which makes (5.1) implicit
(terms on both sides of the equation depend on t + At), thus giving stability for

larger step sizes (see Newmark [71]):

ﬁt"f‘At + ,&t

. (5.2)

where “=>" implies replacement. Substituting (5.2) into (5.1) gives the following

equations:

wtdt = 4t 4 ayit + agi‘l.ﬂ'm
= clu(u!, &) + agiittd*
ut-i-A!: - ut + Ga'i&g + 041'2‘ + asat-}-At

= c2u(ut,ut, i) + asiittA (5.3)
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where the parameters a; are given by:

a1=% a2=% az = At
\ (5.4)
At? _ At
3= &=

and clu and c2u are used to represent the terms which have to be evaluated at time

t and are given by :

clu = @+ aitt

c2u

ut + agit + aqiit (5.5)

An explanation of the notation clu and c2u is in order here. The first two letters c1
and ¢2 identify two quantities whose values are known at each iterative step, as they
are evaluated at time t. The third letter u represents the variable being discretized
(aiy Bi, or v;). It can be seen from (5.4) that there are only three parameters
w_hich are unique, however, five parameters are used so that other finite difference
approximations can be easily implemented in the computer programs developed
(for example the more general Newmark’s method [71] where the parameters allow
for introducing numerical dissipation).

To use this method for temporal discretization, the ordinary differential equa-
tions of motion are considered at time ¢ + At. Using (5.3) the ordinary differential
equations are reduced to a system of nonlinear algebraic equations involving ac-
celeration at ¢ + At and displacement, velocity, and acceleration at time t. This
approach to discretization will be referred to as the acceleration formulation.

The conventional approach to using the acceleration method, the displacement
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formulation, involves solving equations (5.3) for u**2* and 4‘+4* thus giving:
,&H-At = _alut _ CI-z'fl.t - Gaﬁt + aluH—At
= clu(u‘, ut, il‘) + aguttét
'l.LH-A‘ = —-a.4'u.t - as‘l'l.t - Ge’ilt + am“’m
= cu(u’, ) + aquttAt (5.6)
where the a; are given by:
G1=34?;.' 02=§ G3=1 (57)
=2 as=1 ag=0
and clu and c2u are given by
clu = ~ayu’ — asut — aziit
2u = -—aqut— asu' — agii (5.8)

Note that despite their different

definitions, the same variables clu, c2u, and

a; ...ag are used for both the displacement formulation and the acceleration for-

mulation due to their similar functionality in the discretized equations of motion.

Using (5.6), ordinary differential equations can be reduced to nonlinear algebraic

equations in terms of displacements.

In the next few sections (Sections 5.2-5.5),

discretized equations are obtained for the small and the large oscillation model

using the conventional displacement formulation and the new acceleration formu-
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lation. The results obtained using these two approaches are compared in Section

5.9.

5.2 Small Oscillations—Acceleration Formulation

For the small oscillation model, the discretized equations of motion using the ac-
celeration formulation are obtained by substituting the approximation (5.3) for all
the dependent variables in the ordinary differential equations (3.9) and (3.10), thus

giving the following equations.

(1 + asw®)s + w?(c2s — s,)

+ (1 #:¢3] ({8} {as {ais} + {e2e}}}) _ .., =0

m {3 {¢:} + [d:d;] {&;}

+ [#:8}] {8 {as {&;} + {c2a;}} + 2(a25 + cls) {2 {&;} + {cla;}}}
+(a2é + cls)?® [¢:d]] {as &} + {e2es}}) _ .

+ [ 14 (85} + [88]] {as (@} + {2ai}} de =0 (59)

In (5.9) the time dependent variables s, and &; are evaluated at t+At. The variables
cls, c2s, cla;, and c2a; (a subscripted notation identifying the dependent variables
is not used to avoid multiple levels of subscripts), using the definition (5.5) are

given by:

cls = §f +a;8°

28 = st + azst + a &t (5.10)
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cley, = & +aa

2a; = af +azat + asat (5.11)

5.3 Large Oscillations—Acceleration Formulation

The discretized equations for the large oscillation model using the acceleration
formulation are obtained by substituting (5.3) for the dependent variables in the

equations of motion (3.12)-(3.15), thus giving the following nonlinear algebraic

equations:
(1 + asw?)s + w?(e2s — s) + (|¢:] {&}
+ 645 {{&,-} {as {d;} + {c2a;}} + {,31.} {Gs {ﬂg} + {c2ﬂ,-}}}) emagisezs = 0
m {3 {4} + [$id;] {&;}

+ [6:65] {5 {os (85} + {c205}} + 2ard + cls) {a2 {&;} + {cla;}}}

+(a25 + cls)? [gug)| {as {a;} + {2a}}} _ o,

+ [ (4edil (a5} + [9067] {as {85} + {205} + 8185] ()

+ {8/} L6idk] {{N} {as {G} + {c2au}}} — {#}} |6794]

{{as {&;} + {20} } {os &} + {c2au}}

+{os {B;} + (28,3} {as {Be} + {28} }}

— {41} |#;618¢] {{as {8s} + {c20;}} {as {} + {c2eu}} {as {&} + {c2u}}
+{as {&} + {c2a;}} {as {B} + {c2Bi}} {os {B} + {c2B}}} dz = 0

m {[¢:4;1{Bi}
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+ [#:¢5] {8 {as {B;} + {285} } + 2(a25 + c1s) {2 {B;} + {185} }}
+(a8 + cls)? [dudf] {as {Bs} + {28} }} _ ...,
+ [ 1o (B} + [9161) {os {5} + (283}
+ {6} 16ide] {10} {as {Be} + {2Be}}}
— {81} |#isier| {{as {B;} + {28} } {as {Bs} + {28} } {as {B} + {28} }
+{as {B;} + {c28;}} {as {Gx} + {c2ax}} {as {én} + {c2au}} }dz = 0
[ [8:61] Gos (a5} + {c205}} + 5 {86} 8364
{{as{a;} + {c2a;}} {as {ax} + {2 }}
+{as {B;} + {c28;}} {as {Be} + {28} } }dz = 0
(5.12)

In (5.12), cls, €2s, cloy and c2a; are same as defined in (5.10) and (5.11) and ¢15;
and ¢20; are given by:

-t -
clf; = Bi +aB;

26: = Bi+ashi +adfi (5.13)

Equation (5.12) consists of four sets of nonlinear algebraic equations. The actual
number of equations in (5.12) depends upon the number of elements used in the
finite element discretization. For NV elements, using fifth degree Hermitian polyno-
mials (three degrees of freedom per node) this constitutes 9(IN + 1) + 1 equations,
where the elimination of the equations corresponding to the zeroth and the N*

node to enforce the essential boundary conditions are not accounted for. At node 0
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the essential boundary conditions (2.44) all have zero values therefore the equations
in (5.12) corresponding to these boundary conditions are not considered. At node
N there are no essential boundary conditions but because of the fifth degree Her-
mitian polynomials the second derivatives of u and v exists as nodal variables; since
the natural boundary conditions require these values to be zero, the corresponding
equations in (5.12) are also discarded. This same approach is used for applying the

boundary conditions to all the beam models considered in this work.

5.4 Small Oscillations—Displacement Formulation

Similar to the acceleration formulation, the equations of motion are now discretized
using the displacement formulation. For the small oscillation model, substituting
(5.6) in (3.9) and (3.10) gives the following nonlinear equations in terms of dis-

placements which are evaluated at time t + At:

(a1 + w?) + cls — ws,
+ ([#:5] {{ar {ou} + {elas}} {es}}) _, , = 0
m {(a1s + cls) {¢:} + [#id;] {a1 {@;} + {cla;}}
+ (¢4} {(a1s + cls) {a;} + 2(aas + ) {as {a;} + {c20;}} + (@15 + cls) {o;}}
(ass + c29)” [eid]] {es}} _,.,
+ [ i {on {as} + {eles}} + [8£61] {os} do = 0
(5.14)
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In (5.14). cls, 2s, cla; and c2a; are given by:

cls = —als' - azét - (135"l
_ t - at
€28 = —048 —as$" — agd (5.15)
_ t . 2 .y
cla; = -a0; — a0 — a3
2a; = -aal— asa;t — agd; (5.16)

5.5 Large Oscillations—-Displacement Formulation

The discretized nonlinear algebraic equations for this case are obtained by substi-

tuting (5.6) in (3.12)-(3.15) thus giving the following equations:

s(a1 + w?) + cls — w?se + (| ¢:] {a1 {e} + {clai}}
+|:65) {{a {as} + {elatt {ay} + {aa {6} + {c1B:}} {B]}) _,, = O
m {(ais + cls) {¢:} + [¢idj] {a1 {@;} + {cle;}}

+ [6:6}] {(a1s + cls) {o;} + 2 (aus + ¢2) {as {a;} + {2a;}}}

(ass +c20)° [#u0] {3} _,

+ [ (il o {ag} + {etash + [86] {as} + 65 ()

+ {6} 16595 {hiaw} — {9} | #1¢r| {{ajan} + {81}

—{¢i} | #8147 | {{asancu} + {a;BuBi}} dz = 0

m {[¢id;] {a1 {B;} + {c16;}}
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+ [8:5) {(ars + c1s) {B;} + 2 (aus + c25) {aa {B;} + {c28;}}}
(aus +2)* [0:6] {B}} __.,
+ [ il {187} + {183} + [9197] 165)
+{#:} [$idt] {XiBre}
—{¢} | #i04dt] {{BiBB} + {Bicwen}} dz = 0
[ (866 {as + 5 {80} [ 164 o} + {BsBubrdz = 0 (5.17)

In (5.17), cls, ¢2s, cla;, c2a; are same as in (5.15) and (5.16), and cl15; and ¢26;

are given by:

- t .. t
clf; = —a 1Bt — a0 — axf3;

c2B;

—G-ﬁf - asﬁit - Gséit (5-18)

5.6 Solution of Nonlinear Algebraic equations

The standard approach in solving systems of nonlinear algebraic equations is to
use the Newton’s method or its variants. Newton’s method is difficult to apply
when the number of equations are large as it requires computing the Jacobian.
Obtaining the Jacobian analytically can be difficult in certain problems and re-
quires a lot of computational effort. Another problem associated with finding the
Jacobian which is very relevant in the beam carrying a moving mass problem is
that we try to keep the basis functions simple and often barely meet the minimum

smoothness requirements of the problem. In such cases, taking an extra derivative
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in computing the Jacobian could make it discontinuous. In the present work, a
sophisticated implementation of the Newton’s method (supports line searching and
back tracking)(102] was tried for the large oscillation model but without success
(could not converge to the roots of the discretized equations of motion). Therefore
in this work, a new technique is presented to solve the nonlinear algebraic equations

of motion (5.9)-(5.17).

5.6.1 Iterative Scheme Formulation

The solution method is based on direct iteration of the nonlinear algebraic equations
of motion (5.9)-(5.17) and does not involve finding the Jacobian explicitly. To
illustrate this technique the nomnlinear algebraic equations are represented in the

following form:

[AF 4 fub 22 + ANV = {0} (5.19)

where u; (elements of {u}) represents the accelerations in the acceleration for-
mulation and displacements in the displacement formulation. The matrix (4] is
evaluated using the values of u; at the n*” iteration step, then by solving the linear
system (5.19) improved estimates of u; are obtained. The key for convergence of
this iterative scheme lies in the method for formulating the linear problem (5.19)
from the nonlinear algebraic equations. This process involves extracting the linear
variables u; not only from the linear terms in the discretized algebraic equations
but also from bilinear and multilinear terms (terms linear in any ;). These terms,
linear in u; are written in the {A]{u} form in (5.19) and the remaining nonlinear

terms and constants are written in the {/N'} matrix. Bilinear terms (or multilinear)
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are accounted for twice (or as many times as the number of linear variables) in the
[A] matrix and the terms which have been multiplied accounted for are subtracted
in the {/N} matrix to keep the equations the same.

The algorithm to obtain the numerical solution is presented in Section 5.6.2,
here the formulation of the iterative scheme (5.19) is illustrated. First consider
the geometric nonlinearities (terms within the integrals) in the second equation in

(5.12). Each of these nonlinear terms are expanded as follows to fit the form (5.19):

i Ailasdu + c2ax) =

Ajididi(aséu + c2ax) + &jasdid;dere — Sididrasijan (5.20)

¢:¢;’¢z(05&3 + c2a,-)(a5&k + c2ak) =
&;2a5¢;¢; b ((1 — djr)ér + clak)

+¢; ;!¢Z(55ka§&5&k -(1- ij)agdj&k + 2aja) (5.21)

b\ Bi 1 (asd; + c2a;)(asBr + c2Bi)(ashi + c2B) =
&;as b\ udr (asBe + c2Be)(ashy + c261)
+B;2a5 8.4 bdi((1 — 852k + 2B} (asdu + c2ay)
+0: 40k (-(1 — 6u)2636;861 — (1 — Su)aic2e;Buby
+0u03c2;Bef; — 203;Bec2B: + c2a;c2Bic2pr) (5.22)
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$:0;0k 1 (asd; + c2a;)(aséun + c2an)(as + c2aq) =
&iasPid;drdy (as(l — djx)an + c2ar)(as(1 — 851)éu + 2ay)
+3;2a56;9; P ((1 — djx)asr + c2ar )((1 — dj1)asés + c2aq)
+:8kd (—(1 — 85 )(1 — 631)2a5 G0 + 8051038 60
—(1 — &;x)2a3a;60c20y + §j2a2é;Grc20n

—(1 = du)aic2a ;6 dy + Sualc2oGrdy + c2a,-c2akc2a¢) (5.23)

In equations (5.20)-(5.23) the terms with bold type face &;, §;, and A; are written
in the (A}{«} form in (5.19) with &;, 8;, and ); going in the u matrix and the
remaining terms in (5.20)-(5.23) going in the column matrix N. It should be
noted here that in this formulation the Lagrange multipliers A; are treated with
accelerations (time derivatives of A; do not exist in the equations of motion) in the
acceleration formulation and with displacements in the displacement formulation.
Also as it can be seen from (5.20)-(5.23), index summation notation is implied
and the Kronecker delta is used to select or eliminate nonlinear terms from the
products of type ajajo and a;ajara;. Similar expansions are used for the other
terms in (5.9)-(5.17). The mass position dependent terms make the extraction of
the linear terms in s or § from the basis functions ¢; and their products difficult.
Therefore for these terms the iterative scheme cannot be fully implemented. The
following equations illustrate the extraction of the linear terms from the nonlinear

mass position dependent terms in the first and second equations of (5.12):

¢.‘¢;&"(05&5 + 2a;) = &i¢,‘¢;(05&5 + c2a;) (5.24)
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pip;8(asa; + c2a;) =

's'cb,-qb;-(as&,- + c2a;) + &ja5§¢;¢;~ - tﬁ.‘(ﬁ;ass&j (5.25)

2(aq8 + cls)¢;¢3~(a2&5 + cla;) =
§¢;¢;~2a2(a2&,~ + C].(!_.,’) + &j¢;¢}(2cls claj — 20530&,)

+¢:4;2(cls cla; — a3sa;) (5.26)

¢id;(az3 + cls)?(asd; + c2a;) =
82a,cls¢id](asa; + c2a;) + Gjas(azd + cls)2¢;¢;f&j

+¢:97((a35* + cls®)c2a; — 2azasclsid;) (5.27)

The equations corresponding to (5.19) for the small and the large oscillation mod-
els, using the acceleration and the displacement formulations are presented in Ap-

pendix A.

5.6.2 Solution Algorithm

A unique feature of the solution strategy developed in this work is that the iterations
in (5.19) are carried out until the semi-discretized ordinary differential equations
(equations (3.9) and (3.10) for the small oscillation model and (3.12)-(3.15) for
the large oscillation model) are satisfied and not the discretized nonlinear algebraic
equations (equations (5.9) and (5.14) for the small oscillation model acceleration

formulation and displacement formulation, respectively and (5.12) and (5.17) for
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the large oscillation model acceleration formulation and displacement formulation,
respectively). Therefore the question of the approximation (convergence) of the
solution of the discretized nonlinear algebraic equations to the semi-discretized
ordinary differential equations does not arise, as the solution obtained always satis-
fies the ordinary differential equations within the allowed tolerance. This however
does not imply that the errors due to temporal discretization are totally eliminated;
they are however significantly reduced. To illustrate this point; the iterative scheme
(5.19) gives the values of accelerations at ¢+ At in the acceleration formulation and
displacements at t + At in the displacement formulation. The remaining state vari-
ables (displacement and velocity in the acceleration formulation and velocity and
acceleration in the displacement formulation) are obtained from the discretization
scheme (equations (5.3) for the acceleration formulation and (5.6) for the displace-
ment formulation). Therefore at each time step, the displacement, velocity and
acceleration satisfies the discretization scheme as well as the ordinary differential
equations. This provides an automatic check on whether or not the time step is
too large as the iterative scheme would then simply not converge. To further min-
imise propagation of error due to temporal discretization, after the solution has
converged to the ordinary differential equations, the accelerations are determined
from the ordinary differential equations by solving a linear system (as the equations
of motion are linear in accelerations and the Lagrange multiplier J;). This last step
performed using LU decomposition [102] is of much higher accuracy (related to
precision of the algorithm and machine characteristics) compared to the tolerance

allowed in satisfying the ordinary differential equations.
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An algorithm for the implementation of the solution method developed is out-
lined below:

Algorithm 5.1 Algorithm to obtain the numerical solution

Step 1 Set up the initial displacements and velocities in u¢, and u* using (2.45)
and (2.47). Note that the displacements for the beam refer to all the nodal
variables a;, af, af, B; B!, B! and for the displacement formulation it also
includes A;, A}, and A!. In the acceleration formulation the A;, A}, and A/ are

stored in the acceleration vector #f.

Step 2 Find the initial acceleration 4i* using the semi-discretized equations of mo-
tion (equations (3.9), (3.10) for the small oscillation model and (3.12)-(3.14)
for the large oscillation model). This step is performed using the LU decom-
position {102].

Step 3 Find clu and c2u as defined in the discretization scheme (5.5) or (5.8).

t+AL 1;"H-At st At
?

Also set u ,and &

equal to uf, ©*, and u’, respectively.

Step 4 Obtain an improved estimate for #**3¢ for the acceleration formulation
and u'*4! for the displacement formulation by solving the system of linear
algebraic equations outlined in (5.19). LU decomposition method is used for

this step.

Step 5 Obtain the displacements and velocities at ¢ + At if the acceleration for-
mulation is used (using equations (5.3)) and velocities and accelerations at

t + At if the displacement formulation is used (using equations (5.6)).
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Step 6 Substitute utt4t uttAt and 4t*4¢ in the ordinary differential equations of
motion (equations (3.9), (3.10) for small oscillation model and (3.12)-(3.15)
for the large oscillation model. Denoting this vector by R, the Eucledian
norm ||R|| (distance from the origin squared) is tested against the allowed
tolerance. If it does not meet the tolerance go to step 4. If it meets the

tolerance go to step 7.

Step 7 Find the acceleration #*4* using the semi-discretized equations of motion
(equations (3.9), (3.10) for small oscillation model and (3.12)-(3.14) for the
large oscillation model) using the values of 4t¥3t, #f*A¢ Set ut, u!, and it

t+At
’

equal to u ut+8¢ and itt4% respectively and go to step 3 until the desired

length of the time series is obtained.

5.7 Numerical Simulations and Analysis

Employing the solution strategy presented in Section 5.6.2, numerical results are
obtained for the small and the large oscillation models of the system. To compare
the numerical results with a known analytical solution, first a linear Euler-Bernoulli
beam is considered. Then the small oscillation model for the mass-beam system
its analysed using the new finite element based solution strategy employing the
acceleration formulation (Algorithm 5.1). Results for this case are compared with
the automatic ODE solver approach used in Chapter 4. This analysis is limited to
the small oscillation model, as the automatic ODE solver approach works only for

this case. For convenience the computational path employing finite element basis
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functions for spatial discretization, the acceleration formulation for the temporal
discretization and solution of the resulting nonlinear algebraic equations using the
new iterative technique developed will be referred to as the acceleration formulation
and similarly the computational path employing spatial discretization using the
finite element basis functions and temporal discretization using the displacement
formulation and solution of the nonlinear algebraic equations using the new iterative
technique will be referred to as the displacement formulation. The advantages
of using the acceleration formulation over the displacement formulation are also
pointed out. The difference between the linear and the nonlinear beam models
are analysed by considering the beam alone without the moving mass and finally,

results are presented for the mass beam system undergoing large oscillations.

5.7.1 Analytical and Numerical Solution — Linear Beam

In this section, a linear Euler-Bernoulli cantilever beam is considered. An analyti-
cal solution based on linear mode shapes is compared with the numerical solution
obtained using the acceleration formulation and the displacement formulation. The
main goal of this analysis is to determine the effect of using different numbers of
elements for the spatial discretization and different step sizes for temporal dis-
cretization and observe how the results compare with the analytical solution. A
linear beam model is used, as a reliable analytical solution is available only for this

case. The analytical solution is based on four modes of a cantilever beam and is
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System: Cantilever Beam

Initial Values Iritial Values
equation (2.46) equation (2.46)
Vg = 0.1 Vo = 03
Figure 5.1 5.9-5.12 5.13-5.16
Model NM3,NM4 { NM4,NM5 | NM4,NM5
At 0.005 0.005 0.005
Spectrogram
No. of Segments 32 32
Segment Size 512 512
Power Spectrum
No. of FFTs 6 6 6
Segment Size 16384 16384 16384

Table 5.1: Simulation parameters - Cantilever beam

given by the following equation (refer to [30] for derivation):

v(1,t) = 2A, cos(wyt) — 2A; cos(wat) + 2A; cos(wst) — 2A4 cos(wyt)

163

(5.28)

where nondimensionalized parameters are assumed. Equation (5.28) is the solution

for the tip of the beam. The first four frequencies are w; = 3.51602, wy = 22.0345,

ws = 61.6972, and w4 = 120.9019. Using (2.46) as the initial value, the constants A;

are given by A, = 0.5067vw, Az = 0.0072v, A3 = 0.0005v, and A4 = 0.0001veo.

Figure 5.1 compares the power spectrums obtained using the analytical and nu-

merical solutions. Figure 5.1(a) shows the comparison between the analytical and

the numerical solution obtained using the acceleration formulation and ten finite

elements. The parameters for these simulations are tabulated in Table 5.1.

Figure 5.1 shows that the frequencies obtained using the analytical and the
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Figure 5.1: Comparison of power spectrums for the analytical and the numerical
solutions of the linear beam, v¢ = 0.1 (a) (--*) Analytical solution, (~) Numerical
solution using the acceleration formulation with ten elemeats, (b) (---) Analytical
solution, (-) Numerical solution using the displacement formulation with ten ele-
ments, (c) (--~) Analytical solution, (~) Numerical solution using the acceleration

formulation with twenty elements.
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numerical method match very well up to the third mode frequency but there is
a small difference in the fourth mode frequency. The error in the fourth mode
frequency and other higher frequencies can be reduced by decreasing the step size
at the expense of computational effort. However these higher frequencies do not
effect the dynamic behaviour of the system significantly and as long these errors
do not propagate and make the integration process difficult it is justified to use a
step size which gives accurate results only for the first few frequencies. In all the
simulations presented in this chapter, using the finite element approach a step size
of 0.003 or 0.005 is used. In general the step size of 0.003 is used for the mass-beam
system whereas 0.005 is used when only the beam is considered. Also using these
step sizes it was found that the number of iterations required for the convergence
of the iterative scheme are minimal (one iteration for the linear beam model, two
iterations for the nonlinear beam model).

Figure 5.1(b) compares the analytical solution and the numerical solution ob-
tained using the displacement formulation with ten elements, and Figure 5.1(c)
compares the analytical solution and the numerical solution obtained using the ac-
celeration formulation with twenty elements. It can be seen from these figures that
there is no significant difference as a result of increasing the number of elements
for the first five frequencies shown, small differences were however observed in the
higher frequency range. It must be mentioned here that the power spectrums pre-
sented in this thesis do not show the full frequency spectrum, only a small portion
of the spectrum is plotted to show the most significant frequencies clearly. It can

also be noted from Figure 5.1 that there is no peak for the fifth mode in the analyti-
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cal solution as in the numerical solution because only four frequencies are modelled
analytically. The time response for these simulations are not shown as there are no

discernible differences between them.

5.7.2 Automatic ODE Solver and Acceleration Formulation

Method — Kinematic Nonlinearities

In this section, comparison is made between the results obtained using the acceler-
ation formulation method and the automatic ODE solver approach used in Chapter
4. The small oscillation model for the mass-beam system is used, as the automatic
ODE solver approach was found to work only for this case. The difference in the
system model between the two methods is that in the automatic ODE solver ap-
proach the four mode shapes of a simple cantilever beam are used as the basis
functions whereas in the finite element approach piecewise defined fifth degree Her-
mitian polynomials are used as the basis functions. Due to different basis functions,
it is expected that the fundamental frequencies for these two cases would also dif-
fer slightly. However to establish internal resonance the value of the fundamental
frequency of system as obtained using twenty finite elements (see Section 4.4 for
further details) is used for both cases. As in Chapter 4, the results are also com-
pared with the perturbation solution by selecting a detuning parameter to match
the numerical results (see Section 4.3 for additional information).

Figures 5.2 and 5.3 are obtained using the acceleration formulation and Figures
5.4 and 5.5 are obtained using the automatic ODE solver approach for the same set

of parameters. The various parameters for these sets of simulations are tabulated
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Parameter Set 1

m=1.0

See Tables 4.2 and 4.4 for more simulations using similar parameters.
Initial Values Initial Values
equation (2.46) equation (2.46)
8o = 0.90001,v, = 0.1 so = 0.53, v0 = 0.000001

Figure 5.2,5.3,56|54,5.5 5.6 | 5.7 5.8

Model PM1,NM3 |PM1NM2 | NM3 NM2

Se 0.9 0.9 0.5 0.5

w; (FEM N=20) 1.758689 1.758689 2.891228 | 2.891228

wy (One mode) 1.763542 1.763542 2.908776 | 2.908776

o -0.0098 -0.0009

At 0.003 0.00296 0.003 0.00666

Spectrogram

No. of Segments 64 64

Segment Size 256 256

Power Spectrum

No. of FFTs 6 6

Segment Size 32768 32768

Table 5.2: Comparison between automatic ODE solver and FEM approach

in Table 5.2. Comparison of the time responses (for example Figure 5.2(b) and
Figure 5.4(b)) shows different beating periods for the two cases. This difference is
due to small changes in the fundamental frequency between the two models, which
is also reflected in the values of the detuning parameter o (equals to -0.0098 for the
finite element approach and -0.0009 for the automatic ODE solver approach). It has
been established using parametric analysis (see Figure 4.11 ) that small changes in
¢ near perfect internal resonance conditions can cause large changes in the beating
periods.

Figures 5.2-5.5 (c)-(e) show the time frequency analysis results. There is no



CHAPTER 5. KINEMATIC AND GEOMETRIC NONLINEARITIES 168

a
. < X( )X >
0 L) 100 150 200 250

-0.05

Modal ampiilude (p,)
o

Time (T,)

e
te
o

T T g 1
L0 ML L

Mass position s{t)
o
g o

()

—
(-]
L

1

176 - £ E

174
d]
§ 75 Y T 9 T Y T
']
A = SR = !#
8
-]
g 65 -y 1 e -
()
4 Y Y () T T T
s IR NN N -
3 L — i -
0 50 100 150 200 250
Time (1)
10 ] T L] (’) L) L} b
10 b n Iy i\ AN A
o 5 10 15 20 a5 30 35
Angular Frequency

Figure 5.2: Mass response — 1:2 IR, m = 1.0, s, = 0.9, s3p = 0.90001, and v, = 0.1.
(a) Perturbation solution ¢ = —0.0098, (b} Numerical solution, (c)-(e) Spectro-
grams, and (f) Power spectrum.
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Figure 5.3: Tip deflection - 1:2 IR, m = 1.0, s. = 0.9, 8,0 = 0.90001, and v = 0.1.
(a) Perturbation solution & = —0.0098, (b) Numerical solution, (c)-(e) Spectro-
grams, and (f) Power spectrum.
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Figure 5.4: Mass response - 1:2 IR, m = 1.0, s, = 0.9, s;0 = 0.90001, and v = 0.1.
(a) Perturbation solution ¢ = —0.0009, (b) Numerical solution, (c)-(e) Spectro-
grams, and (f) Power spectrum.
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Figure 5.5: Tip deflection — 1:2 IR, m = 1.0, s, = 0.9, 8,0 = 0.90001, and v, = 0.1.
(a) Perturbation solution ¢ = —0.0009, (b) Numerical solution, (c)-(e) Spectro-
grams, and (f) Power spectrum.
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significant difference between the automatic ODE solver approach and the finite el-
ement based method for the time variation of the frequencies. The power spectrums
in Figures 5.2-5.5 (f) show that the major frequency peaks are at the same values
for both the finite element based method and the automatic ODE solver approach.
Figure 5.6 shows this more clearly, where the power spectrums are plotted on the
same graph for ease of comparison.

At this point another comparison can be made, between Figures 4.15 and 4.16
and Figures 5.4 and 5.5. Both of these simulations are for the same parameters
except that for the initial deflection of the beam, in Figures 4.15 and 4.16 equation
(2.47) is used whereas in Figures 5.4 and 5.5 equation (2.46) is used. There are
no significant differences in the responses obtained using the two different initial
values. This is not surprising as in (2.46) the contribution to the higher modes is
very small and in (2.47) the only contribution is to the first mode.

Figures 5.7 and 5.8 show another set of simulations obtained using the accel-
eration formulation method and the automatic ODE solver approach, respectively.
The parameters in Figures 5.7 and 5.8 are also the same as those used in Figures
4,21 and 4.22 except for different initial condition for the beam (equation (2.46) is
used in Figures 5.7 and 5.8 and equation (2.47) is used in Figures 4.21 and 4.22).
The results obtained using the finite elements approach (see Figure 5.7(b)) show
a smoother appearance of the peaks more consistent with the perturbation solu-
tion as compared to the automatic ODE solver approach. Figure 5.7(c) shows the
number of iterations required at each time step in the integration process using

the acceleration formulation. As the beam model is linear, only one iteration is
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Figure 5.6: Comparison of power spectrums - 1:2 IR, m = 1.0, s. = 0.9, 830 =
0.90001, and v, = 0.1, (...) finite element approach, (—) automatic ODE solver

approach (a) for the moving mass, (b) for the tip deflection.
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required at each time step.
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Figure 5.7: Numerical solution - 1:2IR, Acceleration formulation, m = 1.0, s. = 0.5,

810 = 0.53, and vy = 0.000001. (a) Mass response, (b) Tip deflection, (c) Number
of iterations at each time step.
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5.8 Comparison Between Linear and Nonlinear

Beam Models

The focus of this section is to investigate the difference between the linear and
the nonlinear beam response. Only the beam is considered without the moving
spring-mass sub-system. Numerical simulations are obtained using the acceleration
formulation method. Figures 5.9-5.12 show the results for the beam undergoing
free vibrations given a small initial tip deflection (0.1) to both the linear and the
nonlinear beam models. Later in Figures 5.13-5.16 the response is investigated by
giving large initial tip deflection to both the linear and the nonlinear beam models.
The various parameters for these figures are tabulated in Table 5.1.

Figure 5.9 shows the time response. The graphs are plotted only for a small
length of time to see if there are any noticeable differences between the two cases
but the actual simulation was carried out over a large time range (t=0...600). The
time response does not show any significant difference between the linear and the
nonlinear models. Some small differences like flattening of some of the peaks for
the nonlinear beam (Figure 5.9(b)) can be noted. The differences between the two
models become more apparent in the power spectrums shown in Figure 5.10. The
power spectrum for the nonlinear beam (5.14(b)) shows that in addition to the
five frequency peaks which appear in the linear case, the nonlinear response has
more frequencies which are however less significant (as indicated by the PSD) than
those corresponding to the linear model. It should also be noted here that in the
periodograms the full spectrum is not shown and only a small portion is plotted
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for clarity.

Figure 5.11 shows the time frequency analysis results and Figure 5.12 shows the
number of iterations required at each time step using the acceleration formulation.
It can be seen from these figures that the frequencies are stationary with respect to
time and for the linear case (Figure 5.12(a)) only one iteration is required at each
time step whereas for the nonlinear case (Figure 5.12(b)) the solution converges in
only two iterations. Thus the number of iterations required are minimal with a step
size of 0.005. Increasing the step size increases the number of iterations required and
can prevent the iteration scheme from converging (convergence of the solution of
the nonlinear algebraic equations to semi-discretized ordinary differential equations
see Section 5.6.2 for further discussion).

In Figures 5.9-5.12 a small initial tip deflection was given to both the small
and large oscillation model based beams, now consider the other case where a large
initial tip deflection is given to both models. Figures 5.13-5.16 show the results. As
in Figure 5.9, the time response (Figure 5.13) shows small differences in the shape
of the peaks for the two models. The difference in the time response becomes more
apparent in the power spectrums (Figure 5.14). The first five frequency peaks shown
for the linear response (Figure 5.14(a)) also appear in the nonlinear beam response
(Figure 5.14(b)), along with additional frequencies which were not found in the
linear case. It can also be noted from Figure 5.14(b) that one of these additional
frequency peaks (third peak) in the nonlinear model response is more significant
than the linear third mode frequency peak. The dependence of the frequencies on

the initial values for the nornlinear model can be observed by comparing Figures
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5.10(b) and 5.14(b). There are small differences in the frequencies between the
small initial value and the large initial value cases for the nonlinear model and in
addition there are more frequency peaks for the large initial value case and are at
a higher power spectral density. No such dependence on the initial values exists
for the linear beam model. Figure 5.15 shows the time frequency variation where
the additional frequencies for the nonlinear model can be clearly seen and Figure
5.16 compares the number of iterations required at each time step. As can be seen
from Figure 5.16 the number of iterations for the linear and the nonlinear beam
undergoing large oscillations using the acceleration formulation are minimal (one
for the linear beam and two for the nonlinear beam except for the first step which

took three iterations).
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5.9 Displacement Formulation Versus Accelera-
tion Formulation

As outlined in Algorithm 5.1 both the displacement and the acceleration formula-
tion converge to the same semi-discretized ordinary differential equations. There-
fore the solution using the two methods is identical. The difference between the
techniques lies in how many iterations it takes for the initial estimate of the so-
lution to converge. It was found that the displacement formulation takes many
more iterations to converge than the acceleration formulation. Reducing the step
size decreases the number of iterations required but increases the computational ef-
fort. It was also computationally prohibitive to obtain simulations for longer times
(t > 500) for the large oscillation model with large initial values, like all the other
simulations presented in this work. This reflects the superiority of the convergence
of the acceleration formulation over the displacement formulation.

Figure 5.17 compares the number of iterations at each time step for the displace-
ment and the acceleration formulation. The results are obtained for the large oscil-
lation model of the beam with an initial tip deflection of 0.1. The same parameters
were used in obtaining Figures 5.9(b)~5.12(b) using the acceleration formulation.
The response obtained using the displacement formulation is not shown as it is
identical to that obtained using the acceleration formulation (Figures 5.9-5.12). It
is evident from Figure 5.17 that the displacement formulation requires many more

iterations than the acceleration formulation.
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5.10 Mass Beam System — Large Oscillations

The equations of motion for the cantilever beam carrying the spring-mass sub-
system using the large oscillation model are now solved using the acceleration for-
mulation technique. Internal resonance in the system is established using linear fre-
quencies (these frequencies account for the equilibrium position of the moving mass
on the beam) obtained using finite elements, as was the case in all the other sim-
ulations presented in this thesis. A better approach would be to develop nonlinear
frequency amplitude relationships for the mass beam system (using the nonlinear
beam model). The system can then be more accurately tuned. This is a fairly chal-
lenging task and a big project in itself. Hence this approach is deferred for future
work. Therefore by using the linear frequencies, the nonlinear beam system cannot
be perfectly tuned to exhibit 1:2 internal resonance especially for large oscillations.

The parameters for the simulations presented in section are tabulated in Table
5.4. Figure 5.18 shows the results obtained for an initial tip deflection of 0.1. The
results are also compared with the perturbation solution, thus giving a detuning
parameter of -0.0005. The detuning parameter for simulations obtained using dif-
ferent models and solution methods for this same set of parameters are tabulated
in Table 5.3.

For all the cases listed in Table 5.3, the frequency of the spring-mass sub-system
w is assumed to be twice the fundamental frequency of the system as obtained using
a linear finite element approach (outlined in Section 4.4) with twenty elements. The
first entry in Table 5.3 is for the simplified model used in the perturbation analysis.
The detuning parameter for this case is obtained analytically using using (4.12)
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Model Detuning parameter | Figures

1 | Perturbation -0.0097 (from Table

4.3)

2 | Linear Beam -0.0008 4.15,4.16
Automatic ODE solver

3 | Linear Beam -0.0098 5.2,5.3
Acceleration Formulation

4 | Nonlinear Beam -0.0005 5.18
Acceleration Formulation

Table 5.3: Comparison of the detuning parameter o using different models and
solution methods.

and (4.3). The model which is closest to the finite element discretization used
in obtaining the fundamental frequency of the system is case 3 (case 3 uses only
ten finite elements whereas the fundamental frequency of the system was obtained
using twenty elements) followed by case 2 (uses four cantilever beam basis functions)
and then case 4 (nonlinear beam). It is remarkable that the detuning parameter
obtained using the acceleration formulation {case 3) matches so closely with the
perturbation model (case 1), and as the fundamental frequency of the various other
models move away from the finite element model frequency used in establishing
internal resonance, the value of o decreases (moves away from the value of & for
case 1). The difference in the beating periods observed in Figures 4.15,4.16, 5.2.5.3,
and 5.18 corresponds to the difference in the beating periods obtained analytically
by varying the detuning parameter (see Figure 4.11).

In obtaining Figure 5.18 the number of iterations required at each time step to
meet a tolerance of 1e-06 was found to be 2 (constant like in Figure 5.12(b)). Figure

5.19 compares the power spectrums obtained using the small oscillation model and
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Parameter Set 2

Model: NM5, m = 1.0
Initial Values Initial Values
equation (2.46) equation (2.46)
$9 = 0.90001,’!),0 =0.1 Sg = 0.7,‘0;0 =0.3

Figure 5.18, 5.19 5.20-5.22

At 0.003 0.003

Spectrogram

No. of Segments 16

Segment Size 256

Power Spectrum

No. of FFTs 6 6

Segment Size 32768 32768

Table 5.4: Simulation parameters - Large oscillation model

the large oscillation model of the system. The small oscillation model results are
same as in Figures 5.2(f) and 5.3(f) and the large oscillation model results are
obtained using the time response shown in Figure 5.18. As can be seen from Figure
5.19 the difference in the frequencies using the two models for small initial values
is negligible.

Figure 5.20 shows the response obtained using the large oscillation model and
for a large initial value (initial tip deflection of 0.3). The time response shows the
beating due to internal resonance, however since the fandamental frequency based
on a linear model was used in tuning the system, it appears, as indicated by the
amplitude of the beats for the beam (not becoming zero or close to zero) that the
system is not perfectly tuned for 1:2 resonance. The number iterations at each
time step (see Figure 5.20(c)) are again mostly two. Figure 5.22 shows the power

spectrums obtained for the response. For the moving mass, major frequency peaks
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are seen at even multiples of w; (2w;, 4wy, ...) and for the beam the major peaks
can be at odd multiples of w; (wi, 3w, ...). This distinction however is not clear
for the higher harmonics as the energy in the side bands becomes as significant
as the peaks corresponding to the harmonics of w;. Figure 5.22 shows the time
frequency analysis for the response where modulation can be observed in the higher
frequencies. When the mass moves over the length of the beam the fundamental
frequencies of the system change and Figure 5.22 shows that using time frequency

analysis this affect can be captured very clearly for the higher frequencies.
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In this chapter the new acceleration formulation method was used to obtain
numerical results for the large oscillation model. The technique was evaluated by
comparing the results with analytical, perturbation and numerical solutions ob-
tained using the automatic ODE solver approach. In the next chapter a conclusion

to this thesis is presented.



Chapter 6

Conclusion

This thesis may be divided into four parts: system modelling, analytical solution,
numerical solution, and analysis of the results. Some concluding remarks on each

of these areas are briefly presented.

6.1 System Modelling

In Section 1.4, a number of papers on beam carrying a moving mass problem have
been cited. All of these papers deal with linear beam models and most of them
consider a much simpler problem where the motion of the moving mass is assumed to
be prescribed. In this work, however, a more general case has been considered where
the motion of the mass introduces an additional degree of freedom in a free vibration
problem. A small and large oscillation model was developed for the system. The
small oscillation model included only kinematic nonlinearities due to the inertial

coupling between the beam and the moving mass and the large oscillation model

200
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accounted for kinematic nonlinearities as well as geometric nonlinearities arising
due to nonlinear strain displacement relationships.

The equations of motion for the cantilever beam carrying a moving spring-mass
for both the small oscillation model (equations (2.28)-(2.29) and the large oscil-
lation model (2.39)-(2.42) were derived using the Hamilton's principle. The large
oscillation model is characterised by nonlinear stiffness terms which appear in the
corresponding equations of motion, whereas the stiffness in the small oscillation
model is linear. Besides this difference, the acceleration terms (as a result of kine-
matic nonlinearities) have components tangent and normal to the bending curve in
the large oscillation model equations. a.nd in the small oscillation model only the
normal components exists.

In deriving the equations for the large oscillation model the rotation of beam
elements § was used instead of spatial derivatives of u and v (see {2.3) for the
relationships between 6,z and v). The variable § was replaced in terms of u and
v at a later stage after integration by parts for the symmetric formulation (see
Section 3.2). This gave discretized equations which were symmetric in both © and
v. If the integration by parts was performed without using 6 then the discretized
equation corresponding to the u variation (3.13) would not contain the stiffness
matrix [q&ﬁ' g’], and the other nonlinear terms would also be not symmetric in the
discretized variables o; and §;. Symmetricity of the equations of motion is desirable
as the finite element discretization for both u and v assumes the same degree of
continuity.

In addition to the mass beam system the large oscillation motion of a cantilever
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beam without the moving mass was also investigated. The equations of motion for
the beam were obtained by simply neglecting the mass position dependent terms

in the equations of motion for the mass beam system.

6.2 Analytical Solution

A closed form perturbation solution was obtained for the small oscillation model
where only kinematic nonlinearities were considered. The kinematic nonlineari-
ties play a significant role, more so than geometric nonlinearities in the dynamic
response of the system. This is evident from the simulation results presented.
The perturbation solution is based on some simplifying assumptions; the equa-
tions used are for small oscillations about the equilibrium positions and the higher
order terms (beyond quadratic) in the Taylor series expansion were also dropped.
Nevertheless the solution obtained gives qualitative results which were compared
with the numerical solution. The perturbation analysis was also used in obtaining
closed form equations for the phases and beating period (equations (4.40)-(4.42)).
Difficulty in obtaining a numerical solution for nonlinear systems is often one of
the motivating reason for perturbation analysis. However, perturbation methods
do not always provide a closed form solution and a combined analytic-numeric
approach is generally required. Comparison between closed form analytical and
numerical solutions is therefore uncommon. In this work the perturbation solution
for modal amplitudes is matched with the numerical solution by selecting a value
for the detuning parameter . A numerical solution obtained under perfect 1:2

resonance conditions when compared with a perturbation solution under perfect
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1:2 resonance conditions is expected to reflect differences as a result of the different
models for the two cases and also due to neglecting the higher order terms in
the perturbation solution. The approach used in this work is to quantify these
differences using the detuning parameter c. The methodology to obtain the value
of o was presented in Algorithm 4.2 and the use of ¢ to compare different models
was illustrated in Table 5.3 (also see the discussion in Section 5.10).

Using the closed form perturbation solution, an extensive parametric analysis
was carried out which identifies regions of strong nonlinear coupling between the
beam and the moving mass and gives the change in some of the important prop-
erties of the solution like the beating period, and the maximum and the mirimum
amplitudes with the detuning parameter, initial values and the equilibrium position

of the moving mass on the beam.

6.3 Numerical Solution

A new ﬁn.it.e element based method was developed for the the numerical solution.
The technique relied on the Galerkin’s method for spatial discretization and used
conformable finite element basis functions to give a C? continuous approximation
for the solution. The basis functions used were fifth degree Hermitian polynomials
with three degrees of freedom at each node. The use of conforming finite elements
increased the number of equations to be solved and also made the resulting ordinary
differential equations more “stiff”. But as the success with this approach indicated,
a well formulated problem using conforming finite elements gives results which can

be relied upon, and also works well numerically as discontinuities in the finite
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element approximation are not present.

Temporal discretization was carried out using the average acceleration method
which was derived directly using Taylor series. As discussed in Section 1.3.2, more
sophisticated methods exists where the aim is to dampen the effect of the higher
frequencies so that the convergence properties of the numerical method can be im-
proved. However with these techniques the accuracy is generally compromised. In
this work. a new implementation of the average acceleration method was proposed
which used a direct application of the Taylor series expansions employed in the av-
erage acceleration scheme to reduce the ordinary differential equations to nonlinear
algebraic equations in terms of accelerations. This formulation was referred to as
the acceleration formulation. The acceleration formulation coupled with a new iter-
ative scheme developed for solving the resulting nonlinear algebraic equations gave
a far superior convergence for an initial estimate of the solution when compared
with the conventional method of discretization (displacement formulation).

The iterative scheme developed does not require computing the Jacobian as
is normally the case in the Newton’s method and its variants. In addition. the
algorithm developed (Algorithm 5.1) for implementing this iterative scheme had
an important feature wherein the iterations were carried out until the improved
estimates converge to the semi-discretized nonlinear ordinary differential equations
instead of the nonlinear algebraic equations. This prevents the temporal discretiza-
tion errors from propagating as the solution evolves in time.

A number of analyses were carried out to evaluate the results obtained using

the numerical method developed. The numerical solution was compared with the
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analytical solution obtained using four modes of a cantilever beam. The results
showed a very good match for the first three modes (Section 5.7.1) with a step size
of 0.005. Decreasing the step size would improve the accuracy of the higher fre-
quencies. In Chapter 5, a number of graphs were presented verifying the numerical
results with the analytical solution obtained using the perturbation solution.

Another approach was also used for obtaining the numerical solution. In this
case for the small oscillation model where the beam is linear, mode shapes of a
simple cantilever beam were used as basis functions for spatial discretization and
the resulting nonlinear ODEs were solved using an automatic ODE solver. Nu-
merical results using this approach were compared with the perturbation solution
in Chapter 4 and with the finite element based acceleration method in Chapter 5.
There was also an attempt to solve the nonlinear ODEs for the small oscillation
model obtained after spatial discretization using finite element basis functions using
automatic ODE solvers. This was however unsuccessful and led to the development
of the finite element based solution strategy.

To evaluate the performance of any numerical technique for nonlinear systems
the simulations should be carried out for long time periods as the problems due
to higher frequencies and error propagation generally do not effect the short time
response. Therefore in this work all the simulations were carried out for large time
periods. In addition damping was also ignored in the system model. Inclusioﬁ of
damping only facilitates dissipation of errors in the higher frequencies and thus
improving the convergence of the solution.

The equations of motion for the system using the large oscillation model are
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quite difficult to solve numerically and the success of the acceleration formulation
method in obtaining the solution and the reliability of the solution having been es-
tablished using a perturbation method showed that the technique can be potentially
applied to much larger and more complicated systems. As the method is based on
explicit spatial and temporal discretization the resulting algebraic equations are
very cumbersome and could be difficult to manage. However the symbolic manip-
ulation softwares like MAPLE makes this task automatic. The development of the
equations of motion and its discretization was all carried out on MAPLE. Even
the various terms in the iterative equation (5.19) were obtained through programs
written in MAPLE and then imported into ’C’ programs where the simulations

were carried out.

6.4 Analysis

The mass beam system exhibits internal resonance due to the nonlinear inertial
coupling between the beam and the spring-mass subsystem. Under internal reso-
nance conditions when the beam (or the mass) is given an initial displacement, the
mass (or the beam) undergoes large oscillations with a characteristic beat from a
very small initial value. When such a behaviour is desired it can be established, for
example by tuning the stiffness of the moving mass through position feedback. An
example of such an application is a vibration suppression scheme, where the goal
is to transfer energy from the beam to the mass where it can be dissipated out of
the system through the use of some damping strategy.

The time response obtained using the perturbation method or the numerical
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method captures the amplitude modulation behaviour. Time frequency analysis
was carried out to capture the spectral behaviour with time. The perturbation
solution was compared with numerical solution obtained using different models
and solution techniques. The results show that when the motion is predominantly
bi-periodic (two fundamental frequencies, w1 and the beating frequency Z and
their harmonics) the perturbation and the numerical solution results match very
well with the differences being quantified by small value of the detuning parameter
o. There were however some other cases (Figures 4.3, 4.4, 4.21 and 4.22) where
the differences were more significant and depended on the methodology used for
obtaining the numerical solution. For these cases the solution obtained using finite
element basis functions and acceleration formulation methodology gave the best

results (see Section 5.10 and Table 5.3).

6.5 Future Work

The work done in this thesis on the mass-beam system mainly focussed on inter-
nal resonance behaviour which is characterised by amplitude modulation. There is
however another very interesting phenomenon exhibited by the system when the
spring-mass sub-system is allowed to traverse the beam instead of fixing the equilib-
rium position at a certain point. This leads to a combined amplitude and frequency
modulation behaviour. Some preliminary results in this regard have already been
obtained however were not included in this thesis.

Some other possible extensions of this work include; using the moving mass as

a controller to suppress vibrations in the beam, development of equations for the
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natural frequencies for the large oscillation model of the mass-beam system using

perturbation methods, application of finite element methodology to more complex

systems.



Appendix A

Formulation of the Iterative

Problem

In this appendix the iterative problem to solve the discretized nonlinear algebraic

equations (5.9)-(5.17), as outlined in Section 5.6.1 is formulated. The iterative

equation (5.19) is written in the following form:
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The terms in (A.1) are now given for the various mathematical models of the system.
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A.1 Small Oscillations — Acceleration Formula-

tion

The elements u; and u, in (A.1) for the small oscillation model using the acceler-

ation formulation correspond to the variables § and &;, respectively. The terms u;

and u4 do not exist for the small oscillation model and correspondingly the matri-

ces in (A.l) are also smaller. Following the approach outlined in Section 5.6.1, the

discretized equations of motion (5.9) are written in the matrix form (A.1) with the

following elements:
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A.2 Large Oscillations — Acceleration Formula-
tion

For the large oscillation model and using the acceleration formulation the elements
u;, u2, uz and u4 correspond to variables §, ;. ,B, and A;, respectively. The various
matrix elements in (A.l) are obtained using the discretized equations (5.12) as

follows:

ay = 1+ a5w2
mz = [|o1] + [#:8}] {as {ds} + {c205}}]
a3 = H(Dié'j] {as {!3:} + {CQﬁj}}J

T=asi+cls

s=osi+c2s

ais = 0]

n o= w?(c2s—s.)

an = m{{e&:}+ 6] { (20} + as) {&;} + 282 {claj} + {c2;}}
+2azcls (i) {asis} + {c2as}} _ .

ar = m[[¢i;] + (263 + as) § + 2ascls) i)

+as (a23 + cls)’® [¢i¢}'”z=¢s‘. vere T fo 1 [#:5] + as [¢4]]
+as [¢i95] L66) {Me} — 2as [#i5] 18] {(1 = 832) a5 {a} + {c2au}}
—as [6:8;] L6487 {{(1 — 0i) as {ar} + {2} }{(1 — 85) a5 {@} + {c2eu}}
+{as {Be} + {286} } {as {B} + {c26:} } } — 2as [¢14]] L4161)
{(1 - 8x) as {@} + {c2ar}} {(1 — Fx) as {&} + {2 }}} dz
aw = [ ~2as [¢18] 1840 {1~ Spe) s {Bi} + {2603}
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—2as [¢i¢]] [6kot) {{(1 — 5x) as {Be} + {28} } {as {&u} + 2} } dz
s = [ 1665+ (6165 16 {os (&} + {Rau}} d
ne = m{[¢d}] {2c1s{cle;} — (20} + a5) $ {5;}}
+ [#67] { (38 + c15”) {c20;} ~ 2arasclsd {&;}}} _ .
+ /0 : [6/¢7) {c20;} — as {87} | #in | {ashe} + {6} | #76%) {—Osna? {@6u}
— {20520} — 802 {BiBe} — {c2B;c2Be} + (1 — dj¢) a2 { G}
+(1 = 850) a {B;0} } — {41} | #607] {— (1~ du) 202 {2:8::}
— (1 - ) @} {2a;BuBi} + bua? {c20;8.8:} — 202 { &;Bc2B:}
+{c20;c28:c28:}} — {¢i} |#idhet | {— (1 — 63) (1 — 651) 208 { &8t}
6002 {a;dnin} — (1 — 6z) 202 {&;8xc2ay}
+0 1203 {@;arc2aq} + dual {c2a;ardy} ~ (1 — Out) a2 {20y}
+{c2a;c2axc2e}} dz
an = m{[¢ig}] {(20} + as) {Bs} + 202 {c18,} + {c28;}}
+2aacls [4:d7] {as {Bs} + {263} }},__ ..,
an = | " —2as [417] 16161] {{(1 - 55%) as {Ge} + {c20}} {as {Bi} + 28} } de
as = m[[¢:d;] + ((203 + as) § + 2ascls) [4ud]
+as (a2 + c1s)° )] + fo ' [dedi] + as [#:47]
+as [ 6185 [6e] {Me}
—as [¢ig;] L6rai ] {{(1 i) as {Be} + {283} {(1 — &5) a5 {Br} + {c26:}}
+{as {ar} + {c20u}} {as (&} + {c2eu}}} ~ 205 [416]] | 4741]
{1 =63 as {Be} + {263} {1 — 6 as { B} + {c28:} } } d=

z=agi+c2s
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asw = [ (03] 160 {as (B} + {c200}} d

ns = m{[p:#;] {2c1s {c18;} - (20} + a5) 5 {f;}}
+ [#:0] {(a38® + c15%) {c28;} - 2anasclss {45} }}
+ [ (891 {265} — as {81} o] (B}
— {¢i} | #3¢idr ] {— (1 - dw) 203 {Byancn} — (1 - bui) a2 {2860}
+dal {c2Béndu} — 202 {Bidnc2on} + {c2B;c20nc20n}}
— {0} | #50ke1 | {~ (1 — &) (1 = 62) 203 {B;Bubhr} + 6506103 {B;Bui}
— (1 — &) 203 {BiBec2B,} + 851203 {BiBec2B} + bual {28,605}
~ (1~ 8u)al {28,881} + {2Bc2Bxc2Br} } d=

T=ass+c23

agq = 0

aw = [ as (6] + a5 [6:01] L4 (L = S as (G} + {c20u) }
o = /O‘as | L6 4L = 63 as {Bu} + {c261) do

ny = j [4: ]+ {¢:} | 8501 ] {0ma? {@au} — (1 - 65 a2 {Gyn}

+;xa3 {[3,-,8;,} — (1 - 83) {BiBe} + {c2a;c2au} + {c26;c2B:} } dz (A.3)

A.3 Small Oscillations — Displacement Formula-
tion

For the small oscillation model the elements u;, and u, correspond to s and o,

respectively. The other matrix elements in (A.1) are obtained using equations



APPENDIX A. FORMULATION OF THE ITERATIVE PROBLEM 214

(5.14) as follows:

an = a;+w’
ar = | o) + [9:65) o fe} + {elad}]
ny = (cls —w'se + |4 {cla;})zm(t)
an = m{a {g:}+ [¢ig}] {(2a2 + &) {5} + 204 {20} }
+2ase2s [¢:6]] {ei}}__,
arr = m[ay(pids] + ((262 + a1) s + 204¢25 + cls) [¢ig]
+(ags + 2 [gid]] _ + [ asldidil + [18]] da
n = m{c2s{8:} + [di83] {cloy} + [¢it}] {2c25 {2} — (20} + a1) 5 {a;}}
+ [0i6] {(~20ic2ss (a1} _,, + [ (didi){clas} do (A4)

z=8(2)

z=s(t)

A.4 Large Oscillations — Displacement Formula-
tion

For the large oscillation model using the displacement formulation, the elements u,,
u, uz and u4 correspond to s, ay, G; and A;, respectively. The other terms in (A.1)

are obtained from the discretized nonlinear algebraic equation (5.17) as follows:

a;; = & +w2
mz = |asl¢s) + [8:6) {or {ac} + {elas}y]
we = |[¢:6) {aa {8} + {161}

z=0(t)

z=s(t)
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Q14

n;

ans

Q22

Q24

as

Q32

Q33

0]

(cls — w?s. + (] {cm,-})::’m

m {ay {6:} + [0:¢}] { (262 + a1) {a} + 205 {c2}}

+2a4c2s [¢i¢}'] {aj}}ﬁ,(t)

m [a1 [#:63] + ((263 + a1) s + 2aac2s + cls) [¢:]]

+lass + c29)° [8id]] o, + [ o lidi] + [9161]

+ [#10)] Lol {0} — 2 (815 L] {1 = 632 {ae}}

— [#ig5] L8kt | {{(1 — &) (1 = 63) {ewau}} + {BuBi}}

=2 [#4] L44dt] {(1 = 8) (1 — 8) {awcu}} dz

[ =2 (6] L6110~ 6 {841 — 2 [9181] 18161] {(1 ~ 630) {Bucu}} dz
[ 63+ 6193] 141 {eu d=

m {c2s {¢:} + [$:dsl {clas} + [¢:6}] {2628 {c2a;} - (202 + a1) s {o;}}
+ (6] {~2asc2ss {a}}}__ , + /O " [biil {elas} — (61} | S5 Lashe)
+{#} |6784) {—05 (oo} + (1 = G3x) {ajaun}

— 8k {BiBe} + (1 — 61) {B;Be}} — {61} |#i¢uet | {~ (1 6u) 2{e;Be}}
— {1} [#;¢ier | {— (1 = 63) (1 = &3) 2{xyancn} + 650 {@jaran} } dz

m { [#:i] {(203 + 1) {8} + 200 {c283}} _, , + [ " 2aic2s [:6] {ﬂ,-}} dz
[ =2 [616] 181611 {1 — 63) {eui}}

m (a1 [¢ii] + (203 + a1) s + 2a4c2s + cls) [4ug})

+(ass +20) [l + [ oy [Bidi] + [8187] + [6165] o) {0e}

— [¢ig5] Loier 1 {41 = d) {832 — 8a) 181} + {an} {au}}
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-2 [4i97] Leidi] {{(1 = 652) {8} I {(1 — 62) {Bi}}} d=
ase = [ 1683l 194] {6} o
ns = m{[gigs]{c18;} + [6:6}] {225 {c28;} — (20} + @) s {B;}}
+ [¢:8]] {—2auc2ss {B}}}__, /01 [6:631 {c18;} — {#i} | #¢ ) {Bixe}
— {#1} |#igid7] {— (1 — ou) 2 {Bsancu}}
—{8i} | #iidt | {— (1 — d52) (1 = 63) 2 {B;BuBe} + S8t {BsBui}} da

ay, = 0

aa = [ [¢65] + [6:6)] L6 {0 - 630 (e b

as = [ (o] 810~ 1) (B} do

agq = 0

ne = [ 5103861 {On fesant - (1 - ) {asan)

+85% {BiBe} — (1 — &ji) {BiBr}} dz (A.5)

Equation (A.1) is solved using the iterative technique presented in Section 5.6.2.
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