
Control and Characterization of the
Central Spin System

by

Jiahui Chen

A thesis
presented to the University of Waterloo

in fulfillment of the
thesis requirement for the degree of

Doctor of Philosophy
in

Physics (Quantum Information)

Waterloo, Ontario, Canada, 2025

© Jiahui Chen 2025



Examining Committee Membership

The following served on the Examining Committee for this thesis. The decision of the
Examining Committee is by majority vote.

External Examiner: David Meyer
Professor, University of California San Diego

Supervisor(s): David Cory
Professor, University of Waterloo

Committee Member: Raffi Budakian
Professor, University of Waterloo

Committee Member: Joseph Emerson
Associate Professor, University of Waterloo

Committee Member: Dmitry Pushin
Associate Professor, University of Waterloo

ii



Author’s Declaration

I hereby declare that I am the sole author of this thesis. This is a true copy of the thesis,
including any required final revisions, as accepted by my examiners.

I understand that my thesis may be made electronically available to the public.

iii



Abstract

Precise, coherent, robust quantum control and characterization of quantum systems
play important roles in the development of applications of quantum technologies. In par-
ticular, advancing the quality of control requires precise characterization, which, in turn,
depends on the quality of control.

In the first part of the thesis, we introduce a general framework for designing efficient,
precise, and robust quantum control strategies using effective Hamiltonian engineering.
The methods enable designs that are robust to systematic control errors and variations
in the Hamiltonian. The efficiency benefit of achieving control at zeroth order in the
Magnus expansion is highlighted. Design tools, such as methods that identify the space of
achievable effective Hamiltonians at each order from the Magnus expansion, are introduced.
Objective functions for engineering arbitrary effective Hamiltonians are provided and can
be used by numerical optimizers for control sequence design.

The second part of the thesis explores the characterization of general noise models
based on experiments on a central spin system. The noise is probed through stimu-
lated echo experiments, multi-dimensional correlation spectroscopy, and multi-quantum
experiments to characterize system/environment correlation and environmental memory
effects. Combined with Bayesian inference, these experiments provide quantitative mea-
sures of correlation growth, environmental mixing, and deviations from stochastic noise
models. Measures that influence the choice of control schemes include non-Gaussianity,
non-stationarity, and non-Markovianity. The multi-quantum experiments can also reveal
an extended environment and show how the environmental mixing propagates quantum
information throughout the environment.
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Chapter 1

Introduction

Quantum technologies rely on the ability to manipulate quantum systems with high preci-
sion and reliability. Coherent control (the process of steering quantum dynamics using tai-
lored external fields) is essential for enabling quantum computing, sensing [50], simulation
[61, 192], and communication [11]. However, the quality of quantum control is fundamen-
tally limited by noise, system variability, and imperfections in control hardware. These
issues become increasingly problematic as systems scale in size and complexity. A major
open challenge is to develop control methods that remain effective under such non-ideal
conditions and across different physical platforms. This thesis is concerned with engineer-
ing coherent control, in particular addressing robustness and precision. We use Average
Hamiltonian Theory (AHT) [82, 81] to achieve efficient, precise, and robust quantum con-
trol on qubit systems. This is accomplished by characterizing the set of achievable effective
Hamiltonians at each order in the Magnus expansion and developing general strategies to
engineer these terms toward desired targets. Efficiency is achieved by reaching the target
control at the lowest order possible. Robustness is achieved through numerical optimiza-
tion that minimizes the sensitivity to variations in the system. The methods developed
are applicable to all modalities of qubits and to all applications of quantum technologies.

When a quantum system interacts with an external environment, coherent evolution
is disrupted by information exchange between the system and its surroundings. The envi-
ronment can store and return information to the system, leading to non-Markovian effects
that require more complex models of quantum dynamics, in particular beyond models
based on Lindblad dynamics [121, 71]. Such decoherence can reduce the effectiveness of
control sequences by introducing persistent system/environment correlations and limiting
the refocusability of quantum dynamics. To explore this, we develop experimental tools
based on a central spin (CS) model [49, 5] to characterize these correlations and environ-
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mental memory effects. We use stimulated echo [83, 188] methods to measure the time
correlation of the noise along with multi-dimensional correlation spectroscopy [58] and
multi-quantum experiments [139] to characterize the growth of system/environment corre-
lations and the mixing induced by the environmental dynamics. The insights gained from
these experiments lead to more accurate models of decoherence and enable the design of
control strategies that are more robust to environmental influence.

1.1 Robust quantum control via Hamiltonian engi-

neering

The first part of the thesis provides a method for designing precise, robust quantum control
strategies using Hamiltonian engineering. Here, we illustrate the impact of these control
methods by considering a simple case where the total Hamiltonian of a quantum system is
divided into a control Hamiltonian Hc(t) and an internal Hamiltonian Hint:

Htot(t) =Hc(t) +Hint. (1.1)

Quantum control aims to design the time dependence of Hc(t) to achieve a target
unitary process over a specified interval of time. The full, general implementation of
quantum control is contained in Chapters 2 and 3.

Effective Hamiltonian engineering, based on Average Hamiltonian Theory (AHT), can
be used to find Hc(t) sequences that achieve the target unitary evolution of the system
through an effective Hamiltonian Heff. By using the Magnus expansion, AHT enables the
designing of scalable, robust sequences perturbatively. Specifically, AHT uses the fact that
the total unitary of a sequence can be equivalently represented by an effective Hamiltonian
Heff and the duration of the sequence Tseq:

U(Tseq) = T exp [−i∫
Tseq

0
Htot(t)dt] = exp(−iHeffTseq), (1.2)

where T is the Dyson time-ordering operator. The Magnus expansion of Heff is a pertur-
bative expansion in ∣Htot∣τc [81] where τc is the correlation time of Htot(t):

Heff = H̄
(0) + H̄(1) +⋯, (1.3)
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where each H̄(n) is the nth-order average Hamiltonian. For example, the zeroth- and
first-order average Hamiltonians are

H̄(0) =
1

Tseq
∫

Tseq

0
dt1Htot(t1),

H̄(1) = −
i

2Tseq
∫

Tseq

0
dt1∫

t1

0
dt2[Htot(t1),Htot(t2)].

(1.4)

Since each H̄(n) is Hermitian, truncation of the expansion at any order is also Hermitian
and gives a valid approximation of Heff. Typically, when the expansion converges, higher-
order terms are increasingly smaller quantities.

The toggling frame [129] (defined as the interaction frame of Hc(t)) provides a con-
venient picture to separate the control from the evolution and to study how the internal
dynamics is being modulated. Instead of Htot(t), the Magnus expansion can be defined
with respect to the toggling-frame Hamiltonian:

Htog(t) = U
�
c (t)HintUc(t), (1.5)

where Uc(t) = T exp [−i ∫
t

0 Hc(t′)dt′]. For example, in the WAHUHA-4 sequence [206]
(Fig. 1.1), the toggling-frame Hamiltonian of the high-field dipolar interaction Hint =Hzz =

3σzσz − σ ⋅ σ during each window is shown in Fig. 1.1. Both H̄(0) and H̄(1) are zero when
the pulse widths are negligible. In the presence of finite pulse widths, the WAHUHA-4
sequence has a residual error at zeroth-order [81]. This is accounted for in the MREV-8
sequence [127, 163] which combines two WAHUHA-4 sequences with different phases.

To build a general framework for quantum control using AHT, it is useful to consider
the following questions:

1. What are the achievable effective Hamiltonians under the Magnus expansion, given
the available control Hamiltonian Hc and the internal Hamiltonian Hint? This ques-
tion defines the controllability of the system, that is, whether the available controls
are sufficient to generate a desired target unitary evolution.

2. What is achievable at zeroth order, and can an additional control term render a
target Hamiltonian achievable at zeroth order? Achieving the target at the lowest
possible order is typically most efficient.

3. How to design sequences that are robust to variations in Hint and the control sys-
tem? Unintended variations in parameters are unavoidable, but control solutions
can be found that are largely insensitive to such variations, particularly if they have
correlation times longer than Rabi period (correlation time of variations > 2π

ωRabi
).
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Figure 1.1: The WAHUHA-4 sequence and the toggling-frame Hamiltonian of Hzz. Here,
Hαα = 3σασα − σ ⋅ σ for α = x, y and z. The total length of the sequence is Tseq = 6τ . Since
Hxx +Hyy +Hzz = 0, the sequence decouples Hzz to zeroth order when the pulse widths are
negligible. H̄(1) is also zero since the sequence is symmetric (Htog(t) =Htog(Tseq − t)).

4. How to minimize higher-order corrections and cross terms in the Magnus expansion?
These terms involve nested commutators of the Hamiltonians and typically scale
with Tseq. Errors due to these terms can become significant after accumulation.
So, minimizing higher-order terms and cross terms is important for achieving high
precision in engineered effective Hamiltonian.

5. How to engineer nonzero higher-order terms in the Magnus expansion? This is useful
since not all effective Hamiltonians are achievable at zeroth order (e.g., Hamiltonians
involving multi-qubit correlations absent in Hc or Hint, such as a higher-order grade-
raising Hamiltonian H = σ+σ+σ+ + σ−σ−σ−).

Studying controllability is essential for verifying the feasibility of the target control given
the available resources (e.g., tunable parameters and power bandwidth product) and deter-
mining modification of the system (e.g., inclusion of additional controls) when the target
is unreachable. This enables efficient allocation of resources including power, bandwidth
and duration of the sequence. Additionally, the set of achievable effective Hamiltonians is
also the set of possible errors. Understanding controllability helps with error analysis and
can be used to design more robust sequences.

Robustness is needed for most implementations. A universal approach, regardless of the
modality of the control system and the properties of Hint, is useful for making the method
more applicable. It also allows knowledge gained with one modality to be transferred to
others.

Minimizing higher-order corrections is necessary for achieving precise effective Hamil-
tonians, even when terms in the Magnus expansion cannot be calculated directly, such
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as in large systems or when the Hamiltonian is uncertain. Symmetry-based methods for
minimizing higher-order and cross terms remain useful.

We aim to identify symmetry-based conditions that minimize each term in the Magnus
expansion, capturing the minimal requirements necessary for suppression. These conditions
should reduce to exact Magnus expansion evaluation in the case of perfect knowledge of the
Hamiltonians. For instance, the first-order term H̄(1) can be eliminated by symmetrizing
the control sequence; however, while such symmetry is sufficient, it is not strictly necessary
and may not always be realizable in practice. Indeed, some sequences lacking explicit
symmetry [43] still achieve H̄(1) = 0. Moreover, we seek conditions that are numerically
computable, enabling integration into optimization routines for control sequence design.

Since not all effective Hamiltonians can be realized at zeroth order, a systematic ap-
proach for engineering nonzero higher-order terms is used to expand the capabilities of
AHT. In particular, higher-order terms are preferred when the target unitary includes more
qubits than those in the control or internal Hamiltonians or when the target involves multi-
qubit correlations absent in the control and internal Hamiltonians. Although the control
and internal Hamiltonians are typically limited to one- and two-body terms, shaped pulses
can be used to deliberately amplify higher-order contributions, enabling the creation of
effective multi-body interactions and control over multi-spin pathways [203]. For example,
in dipole-coupled spin systems subject to collective spin rotations, it is possible to engineer
double-quantum Hamiltonians (e.g., the grade-raising Hamiltonian [9], H = σ+σ+ + σ−σ−)
at zeroth order. At first order, the effective Hamiltonian includes commutators of toggling-
frame components, which can give rise to triple-quantum terms. Additionally, establishing
conditions for constructing nonzero symmetry-based solutions are important for design-
ing scalable protocols, such as spin amplifiers [36], that remain invariant to uninteresting
parameters in the Hamiltonian, such as variations in coupling strengths across a qubit
ensemble.

The time dependence of Hc(t) is controlled via a set of control parameters {ak(t)}
(e.g., the time-dependent amplitudes and phases of the control field). {ak(t)} is mapped
to a continuous output field B⃗(t) acting on the qubit system. The map depends on a
set of model parameters {µj} (e.g., impedance and nonlinearities). In practice, {µj} are
subject to variations, including environmental fluctuations. Hint also depends on a set of
internal parameters {ηiint} (e.g., coupling strengths and offsets) that can additionally have
variations. Robust quantum control requires the designed total unitary evolution under
Htot to be insensitive to these variations. For example, Fig. 1.2 compares the control
landscapes (fidelity maps over variations), for a simple square π/2 rotation, a composite

5



π/2 rotation designed for robustness [212],

BB1 = R0(π/2)Rϕ0(π)R3ϕ0(2π)Rϕ0(π), (1.6)

where Rϕ(θ) = exp[−i(σx cos(ϕ) + σy sin(ϕ))θ/2] and ϕ0 = arccos(−1/8), and an optimized
robust pulse. However, solutions such as the composite pulses are typically designed for
specific kinds of control imperfections (e.g., Rabi field and offset variations). It is useful
to have a general method for achieving robustness against arbitrary parameter variations,
independent of the physical implementation. Using numerical optimization (e.g., gradient
descent [97]), we can design robust pulses that outperform conventional composite pulses
(Figs. 1.2 and 1.3).

To address these questions, we develop a new framework that is suitable for:

1. Fully characterizing the space/set of achievable unitary propagators and effective
Hamiltonians in each order in the Magnus expansion (Chapters 2 and 3). This
reveals exactly what control targets are achievable and determines the resulting set
of errors. This establishes a foundation for Hamiltonian engineering using AHT.

2. Achieving robustness against most systematic uncertainties in the control system
(Chapter 2). This enables the design of robust control sequences, including higher-
order robustness, independent of the system’s physical modality.

3. Combining numerical integration of the Schrödinger equation and perturbative ex-
pansions using the Magnus expansion (Chapter 2). By generalizing the toggling
frame to the interaction frame of any component of Htot, we can reshape the set
of achievable effective Hamiltonians and apply numerical integration or perturbative
evaluation selectively. This allows precise control over how the solution depends on
specific parameters, such as the control functions {ak(t)}.

4. Designing solutions that are parameter-dependent and/or symmetry-based, depend-
ing on the knowledge of the Hamiltonians (Chapter 3). First, this generalizes existing
well-known symmetry conditions in AHT [33] to enable the identification of neces-
sary and sufficient conditions for achieving any target effective Hamiltonian, zero or
nonzero, at each order within the achievable set. Second, it connects with numeri-
cal methods for directly evaluating the Magnus expansion (e.g., using the van Loan
equations [79]), enabling the design of solutions that interpolate between parameter-
dependent and symmetry-based approaches, depending on the available knowledge
of the Hamiltonian and specific design requirements.
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Figure 1.2: Control landscapes of a π/2 x rotation implemented as a simple square π/2
rotation, a composite π/2 rotation (BB1) and an optimized robust pulse. The composite
rotation maintains a high fidelity over a larger range of Rabi field variations (ϵ) compared
with the square pulse. Using numerical optimization, robust pulses can be found that
outperform the composite pulse and also incorporate robustness against other errors. Here,
the optimized pulse is also robust against variations in energy offset (∆ω) of the qubit.

7



Figure 1.3: Time-dependent amplitude ω1(t) and phase ϕ(t) of the robust optimized pulse.
Wait periods are included at the beginning and the end to allow easy composition between
different pulses. In a more complicated implementation, the pulse would be designed for
the control system’s bandwidth and nonlinearities.

5. Minimizing higher-order corrections, including cross terms between different com-
ponents of Hint and those between the control error and Hint (Chapters 2 and 3).
Higher-order robustness in the presence of control imperfections is achieved by min-
imizing both the higher-order terms and the cross terms between control errors and
the internal Hamiltonian. Minimizing cross terms between different components of
Hint enables higher precision in engineering the target effective Hamiltonian.

6. Providing necessary and sufficient conditions for engineering target average Hamil-
tonians in each order in the Magnus expansion, easily used by numerical optimizers
for sequence design (Chapters 2 and 3). This enables the design of optimized control
sequences that accommodate multiple objectives simultaneously, including achieving
a target unitary and/or effective Hamiltonian, as well as robustness.

Control efficiency can be achieved by designing nonzero Heff in the lowest-order term in the
Magnus expansion whenever possible and minimizing other terms. The proposed method
is independent of the modality of the system. The applications span across gate design,
spectroscopy, dynamical decoupling, quantum simulation, and sensing. The effectiveness
of the method is demonstrated through diverse examples, including robust control under
Rabi field and offset inhomogeneities, handling imperfections in both linear and nonlinear
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control systems, simulation of a tunable quantum harmonic oscillator, realization of a
scalable spin amplifier for sensing, higher-order decoupling of dipole-coupled systems, and
the engineering of symmetry-based, scalable three-body interactions. The quality of the
designed sequences is evaluated through calculating their control landscape and figure of
merit (average gate fidelity over distributions of {µj} and {ηiint}) including a simple model
of decoherence of the system (e.g., a depolarizing channel).

1.2 Characterizing noise in open quantum systems us-

ing a central spin model

Designing control sequences becomes more complex when the quantum system interacts
strongly with an external environment. In these regimes, decoherence is typically non-
Markovian, and the environment can retain long-lived memory of the system’s evolution.
As a result, standard figures of merit derived from Markovian noise models generally fail
to accurately predict the performance of control sequences since it can depend on the
system’s prior evolution history. The evolution of the quantum state may have complex,
non-exponential structure depending on the memory effect of the environment (Fig. 1.4).
In Fig. 1.4, the average gate fidelity of a simple one-qubit square π/2 rotation is plotted
as a function of the pulse duration t. A simple depolarization channel is used to simulate
the Markovian noise. The non-Markovian noise is simulated by coupling the qubit to a
four-qubit environment with internal dynamics and analyzing the evolution of its reduced
density matrix. Under Markovian noise, the fidelity decays exponentially, reflecting the
memoryless nature of the environment. In contrast, under non-Markovian noise, the fi-
delity exhibits non-exponential behavior, including possible revivals and saturation, due
to memory effects in the environment. Fig. 1.4 also shows the concurrence of a Bell
state, (∣00⟩ + ∣11⟩)/

√
2, under both types of noise. Similar to the fidelity behavior, non-

Markovian noise leads to a non-monotonic decay of entanglement, often featuring revivals
and delayed loss compared to the purely exponential decay observed under Markovian
noise. The insets of Fig. 1.4 show the Zeno regions [135, 59] under the non-Markovian
noise where the environment holds short-term memory and feeds back information. This
can be useful for designing quantum control since the system can be stabilized or revived
using tailored pulse sequences that exploit memory effects which enable more efficient or
robust control than is possible under Markovian noise. Developing experimental tools to
characterize system/environment dynamics, particularly to probe system/environment cor-
relations, environmental mixing, information backflow (e.g., revival of correlations), and
long-lived memory (e.g., correlations insensitive to mixing), is essential for constructing
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Figure 1.4: Dynamics of quantum control and evolution under Markovian and non-
Markovian noise. Here, the average gate fidelity of a square π/2 pulse and the concurrence
of a Bell state are shown. Insets provide a close-up of the initial decay behavior.

more accurate models of decoherence. Such improved models can, in turn, enable the de-
sign of more effective quantum control protocols and noise mitigation strategies, including
quantum error correction [12, 100].

In the second part of the thesis, methods are described for obtaining a more complete
understanding of the environmental dynamics. The goals of characterizing the environment
are to:

1. Quantify the system/environment correlations, i.e., classical and quantum correla-
tions between the states of the system and the environment. This is important for
designing effective control for non-Markovian noise because these correlations deter-
mine how past interactions influence future dynamics.

2. Understand how the local field changes under environmental mixing, i.e., environ-
mental evolution that scrambles its state, which may reduce system/environment
correlations. The evolution of the quantum system is driven by the local field. Un-
derstanding its changes under mixing is essential to predict, control, or suppress
decoherence and unwanted interactions.

3. Quantify non-stochastic processes. Non-stochastic processes including environmental
mixing can produce structured, memory-dependent dynamics that are not captured
by standard noise models like the Gauss-Markov model, so quantifying them is crucial
for accurate modeling and control of realistic open quantum systems.

4. Understand how environmental mixing moves information within the environment,
including from a directly connected part to the extended environment. This helps di-
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agnose when and where information becomes inaccessible, irreversibly lost, or scram-
bled in a way that can only be recovered with additional controls (e.g., collective
control over the environment), setting fundamental limits on control fidelity and
predictability.

Answering the above questions enables a more accurate decoherence model, which will
inform improved control design in future work.

A central spin (CS) model (Fig. 1.5) is used to characterize the system/environment
dynamics. The Hamiltonian of the CS system is

Figure 1.5: Schematic of a CS model. Here, a spin-1/2 CS is coupled to an external
environment of many, interacting spin-1/2 particles.

H =Hcs +Hcs/e +He, (1.7)

where Hcs, Hcs/e, and He are the CS, CS/environment interaction and the environment
Hamiltonians. The CS system provides a quantum model for a qubit coupled to an en-
vironment that can hold quantum information. Hcs/e is responsible for the growth of
system/environment correlations and the flow of quantum information from the CS to the
environment. Evolution under He can scramble the CS/environment correlations and po-
tentially move the information to an extended environment that is not directly connected
to the CS.

To study the system/environment correlations and the memory effect of the environ-
ment, we use three different experimental approaches and use a solid-state NMR system to
experimentally test these methods. Stimulated echo (STE) experiments (Chapter 4) are
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similar to forced Rayleigh scattering experiments, with encoding, mixing, and decoding
processes analogous to grating diffusion and scattering. The STE experiments provide an
efficient way to quantify the growth of system/environment correlations and the extent
of mixing. The multi-dimensional (MD) correlation spectroscopy (Chapter 5) provides a
more complete picture by producing the multi-time joint probability distributions of the
noise on the CS. This can be used to quantify non-Gaussianity, non-stationarity, and non-
Markovianity of the dynamics of the environment. The multi-quantum (MQ) experiments
(Chapter 6) measure the growth of CS/environment correlations via Hamming weights
[143]. They enable studying how the environmental mixing moves the quantum informa-
tion within the environment and are used to measure the size of the environment. The
MQ experiments reveal a directly connected part of the environment and an extended part
that is not directly connected to the CS. Bayesian analysis is used to draw quantitative
conclusions.
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Chapter 2

Engineering Precise and Robust
Effective Hamiltonians

Engineering effective Hamiltonians is essential for advancing quantum technologies includ-
ing quantum simulation, sensing, and computing. This chapter presents a general frame-
work for effective Hamiltonian engineering, enabling robust, accurate, and efficient quan-
tum control strategies. We focus on creating target zeroth-order effective Hamiltonians
while minimizing higher-order contribution and enhancing robustness against systematic
errors. The control design identifies the minimal subspace of the toggling frame Hamil-
tonian and the full set of achievable, zeroth-order, effective Hamiltonians. Examples are
included to illustrate the achievable precision and robustness.

2.1 Introduction

Quantum processors have extraordinary potential to transform sensing, secure communica-
tion, and enhance computational efficiency, including in the simulation of quantum physics.
To realize this potential, three key engineering tasks must be addressed: (1) efficient and
robust coherent control, (2) the design of complex, interconnected quantum processors,
and (3) the implementation of quantum error correction. This chapter provides tools for
designing coherent control methods to enhance precision and efficiency, using Average
Hamiltonian Theory (AHT) as the foundational framework. Introduced by John Waugh
over fifty years ago [82], AHT describes coherent averaging initially developed for NMR
[206]. It has since been widely applied to decoupling [127, 163, 34, 185, 43], recoupling
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[160, 118], spectroscopy [164, 80], sensing [146], quantum simulation [192, 22], multi-body
physics [207, 143, 153, 90], and quantum computing [179]. The formalism Waugh devel-
oped for the coherent control of coupled spin-1/2 particles naturally extends to the control
of coupled qubits, as the control of qubits and spin-1/2 particles are isomorphic.

AHT is based on the principle that the integrated action of a time-varying total Hamil-
tonian, Htot(t), over a period [0, Tseq), can be represented by a unitary operator or, equiv-
alently, an effective Hamiltonian, Heff, and its duration, Tseq. The total Hamiltonian of a
quantum system is typically partitioned into a user-defined, time-dependent control Hamil-
tonian and a time-independent internal Hamiltonian

Htot(t) =Hc(t) +Hint. (2.1)

The total unitary propagator is

U(Tseq) = T exp(−i∫
Tseq

0
Htot(t)dt)

= exp (−iHeffTseq) ,
(2.2)

where T is the Dyson time-ordering operator, and Heff is the effective Hamiltonian. When
designing an effective Hamiltonian perturbatively, the most efficient solution is often achieved
at zeroth order, as higher-order terms typically make increasingly smaller contributions 1.
Methods for accounting for higher-order corrections are essential for robust applications of
AHT. Table A.1 lists common use cases of AHT, along with their goals and typical figures
of merit.

To illustrate the desired outcome, consider a simple and time-independent internal
Hamiltonian

Hint =
N

∑
i≠j

Bijσ⃗i ⋅D ⋅ σ⃗j +
N

∑
i=1

δin⃗ ⋅ σ⃗i (2.3)

where σ⃗i = (σi
x, σ

i
y, σ

i
z) and

σi
α = 1

⊗(i−1) ⊗ σα ⊗ 1
⊗(N−i), (2.4)

for α = {x, y, z}, are the Pauli operators acting on the ith qubit, Bij are coupling strengths,
D is a rank-2 tensor determining the form of the qubit interactions, n⃗ is a unit vector
determining the direction, δi the strength of the qubit-dependent energy offset, and N is
the total number of qubits. Note that the algorithms outlined in the paper do not depend

1Typically, when designing an effective Hamiltonian using the Magnus expansion, the parameter ∣Htot∣τc
is small, so higher-order terms contribute progressively less [82]. A general convergence condition for the
expansion can be found in [16].
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Table 2.1: Overview of applications of AHT with respective targets, goals, and figures of
merit (FoM).

Use case Target Goal FoM
Decoupling Heff = s∑i δiv⃗eff ⋅ σi spectroscopy line narrowing

( 1
πT2

), sT2x
Time suspension Heff = 0 store quantum informa-

tion
decoherence ( 1

πT2
)

Simulation Heff =Hsim,
U(nTseq) =

e−iHsimnTseq

simulating quantum sys-
tems

∥Heff −Hsim∥

Sensing Heff =Hsen parameter estimation Fisher informa-
tion

Gates U(Tseq) = Utarget computation gate fidelity

on the particular organization of the Hamiltonians. We will show later that more complex
internal Hamiltonians are easily accommodated.

In Table A.1, the goal of spectroscopy is to measure select contributions to the internal
Hamiltonian while suppressing unwanted terms. A common goal is to measure the linear
terms while suppressing the bilinear terms in Hint [82]. The scaling factor s is preferably
large and the effective direction v⃗eff is typically chosen to be along the quantization axis.
Time suspension [43, 196, 219] is an extension of decoupling that aims to suppress all of
the terms in Hint so, Heff = 0. It is enabling of qubit storage. Hsim and Hsen are the
target effective Hamiltonians for simulation and sensing tasks. In quantum simulation,
the goal is to transform Hint into Hsim, typically to explore the dynamics of the simulated
system. Quantum simulation is often performed stroboscopically with Hsim(Tseq) being
the effective Hamiltonian over a repeated cycle of length Tseq and n being the index of the
stroboscopic measurement. In sensing, the goal is to engineer a Hamiltonian, Hsen, that
offers advantages, such as enhanced Fisher information, for measuring target parameters
such as the strength of an external field. In gate design, the goal is to implement a target
unitary Utarget efficiently and with robustness against errors. The figure of merit (FoM) is
the gate fidelity.

Recent advances have enhanced the application of AHT. For example, J. Choi et al. [40]
proposed a symmetry-based method for engineering effective Hamiltonians using control
sequences composed of π/2 pulses and delays, specifically targeting the decoupling of the
zeroth-order average Hamiltonian. It enables the design of high-performance sequences for
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spectroscopy and quantum simulations, demonstrating superior performance compared to
existing methods in the presence of strong disorders. H. Zhou et al. [221] and M. Tyler
et al. [193] extended this approach to account for higher-order terms. However, these
methods remain limited to control with π/2 rotations of the qubits, anisotropic Heisenberg
model, and lower-order corrections.

Reinforcement learning has been utilized to engineer effective Hamiltonians using π/2
pulses to decouple secular dipolar interactions [152]. This method highlights the poten-
tial of advanced numerical algorithms to significantly enhance the design of sequences for
Hamiltonian engineering [62].

The above methods mainly target time suspension applications. For gate design, H.
Haas et al. [79] utilized the van Loan equation [69] to enable numerical evaluation of the
Magnus expansion for control sequences. The authors further integrated their framework
with GRAPE [97], facilitating efficient numerical optimization for designing sequences in
Hamiltonian engineering. Other numerical methods have also been proposed [158].

Several key challenges remain unresolved:

� Controllability: A systematic method to find the achievable set of effective Hamil-
tonians for arbitrary systems and controls [47] is not well-known.

� Arbitrary control errors: There is no general methodology for designing robust
sequences that mitigate arbitrary systematic errors in control systems.

� Higher-order decoupling: A generic symmetry-based framework for eliminating
higher-order correction terms is still lacking.

This paper aims to provide a general framework suitable for designing control sequences
in the presence of control imperfections and dispersion of Hint. The method includes:

1. Algorithms for characterizing achievable sets of zeroth-order average Hamiltonians
for any Hint and Hc.

2. Algorithms for finding numerically optimized sequences for engineering zero and
nonzero effective Hamiltonians.

3. Method to reduce the effects of most systematic errors in the control system.

4. Method to reduce higher-order corrections from the Magnus expansion.
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2.2 Effective Hamiltonian engineering and toggling

frame

For robust control, the internal and control Hamiltonians are broken up into isochromats
that describe the range of possible parameters. For each isochromat, the control is unitary
so an effective Hamiltonian (Eq. 2.2) always exists. For the dynamics averaged over a
distribution of isochromats, the overall map is a convex sum of unitary processes and so
is a completely positive trace-preserving (CPTP) map. The effective Hamiltonian (Heff)
is formally calculated by taking the matrix logarithm of U(Tseq). Heff describes the sys-
tem’s effective dynamics over the interval [0, Tseq) and is not unique since adding integer
multiples of 2π/Tseq to its eigenvalues yields the same unitary U(Tseq). In place of matrix
logarithm, AHT often uses a perturbative series approximation to evaluate Heff via the
Magnus expansion:

Heff(Tseq) =
∞

∑
n=0

H̄(n)(Tseq), (2.5)

where n is the perturbation order, and H̄(n) is the nth-order average Hamiltonian. The
zeroth-order average Hamiltonian is

H̄(0)(Tseq) =
1

Tseq
∫

Tseq

0
Htot(t)dt. (2.6)

When the total Hamiltonian commutes with itself at all times, Heff(Tseq) = H̄(0)(Tseq). We
are interested in the case where we focus on finding a control sequence such that

Htarget = H̄
(0)(Tseq). (2.7)

Having a zeroth-order average Hamiltonian implementation of Htarget is advantageous since
when a solution is achievable in the zeroth order, it is typically the most efficient implemen-
tation in terms of resources such as the power bandwidth product. If Htarget is achievable
in zeroth order, a good strategy is to find a control sequence achieving Eq. (2.7) and
to simultaneously minimize the residual errors in the higher-order terms in the Magnus
expansion:

H̄(1)(Tseq), H̄
(2)(Tseq), . . . . (2.8)

Of course, not all potential Htarget are achievable in zeroth order.

The toggling frame is a powerful tool that simplifies finding average Hamiltonians. It
bridges numerical integration and perturbative expansion by partitioning Htot(t) into a
primary part and a perturbative part:

Htot(t) =Hpri(t) +Hpert(t). (2.9)
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The toggling frame is the interaction frame of Hpri(t). A common use of AHT is to take the
control HamiltonianHc asHpri and the internal HamiltonianHint asHpert. This restriction,
however, is unnecessary, and the freedom to choose any partition of Htot enables a larger
set of achievable controls in zeroth order. The toggling frame Hamiltonian of Hpert(t) is

Htog(t) = U
�
pri(t)Hpert(t)Upri(t), (2.10)

where the primary unitary Upri(t) is

Upri(t) = T exp(−i∫
t

0
Hpri(t

′)dt′) . (2.11)

The perturbative unitary is

Upert(Tseq) = T exp(−i∫
Tseq

0
Htog(t)dt)

= exp (−iHeffTseq) .
(2.12)

Then, the total propagator is

U(Tseq) = Upri(Tseq)Upert(Tseq), (2.13)

where Upri and Upert can be evaluated through numerical integration and perturbative
expansion, respectively.

2.3 Control Setup

The control Hamiltonian is most often implemented as a sequence of piecewise constant
intervals of control parameters {ak(t)}. For example, it can be

Hc(t)

=
N

∑
i=1

[ωi
1(t) cos(ϕi(t))σ

i
x + ω

i
1(t) sin(ϕi(t))σ

i
y + (ω0 − ω

i
r(t))σ

i
z] ,

(2.14)

where the time-dependent amplitude (ωi
1(t)), frequency (ωi

r(t)) and phase of the control
field (ϕi(t)) on the ith qubit are control parameters (ak(t)). ak(t) is typically set to zero
at the beginning and the end of each sequence [62], enabling a simple composition of gates.
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Figure 2.1: Illustration of a very simplified control system. The input signals {ak(t)} are
designed by the user. The control system outputs a continuous control field B⃗(t) acting
on the qubit system in the lab frame. The design of {ak(t)} should account for the model
of the system so that it captures the distortion of the hardware along with additive noise.

The control system (Fig. 2.1) maps {ak(t)} to a continuous output field B⃗(t) that is
conveniently described in the lab frame. This map is generally a non-invertible, smooth,
nonlinear function depending on time-independent parameters of the control system, {µj},
such as reactance, spatial and temporal variations of control fields, nonlinearities from ki-
netic inductance, etc. Variations in {µj} result in a modification of the control Hamiltonian
by an error Hamiltonian ∆H. The error Hamiltonian ∆H can be evaluated by applying
the Taylor expansion to the map from {ak(t)} to B⃗(t) with respect to {µj}. Robustness
to variations in {µj} can then be achieved by minimizing the effective Hamiltonian of ∆H.
The following methods are capable of finding high-precision control fields that account for
{µj} and are robust to their variations.

The internal Hamiltonian also depends on a set of parameters, {ηiint}, which can include
terms such as the Zeeman splitting, chemical shift, coupling strengths, etc. Typically, {ηiint}
are governed by a classical probability distribution with a correlation time that is often
longer than the total length of a control cycle (Tseq).

Given a sequence {ak(t)}, as well as the internal and model parameters ({ηiint} and
{µj}), the density matrix of the system obeys the master equation

d

dt
ρ(t) = −i[Htot({ak(t)} ;{µj} ,{η

i
int}), ρ(t)] + Lrelaxation[ρ(t)] (2.15)

where Lrelaxation is the Lindbladian for relaxation. The solution to Eq. (2.15) over the
interval [0, Tseq) is

ρ(Tseq) = Λ({ak(t)} ;{µj} ,{η
i
int})(ρ0), (2.16)
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where ρ0 is the initial density matrix and Λ({ak(t)} ;{µj} ,{ηiint}) is a CPTP map. The
density matrix of the system for an expectation-valued measurement is the ensemble aver-
age of Eq. (2.16) over the distributions of {µj} and {ηiint}:

ρ̄(Tseq) = Λ̄(ρ0), (2.17)

where the average CPTP map Λ̄ is

Λ̄ = ∫ d{µj}d{η
i
int}p({µj})p({η

i
int})Λ({ak(t)} ;{µj} ,{η

i
int}). (2.18)

The goal is to design {ak(t)} to achieve the desired FoM with respect to Λ̄ or ρ̄(Tseq) for
tasks in Table A.1. For example, if the overall unitary target for U(Tseq) is U0, then the
average gate fidelity of the sequence can be calculated as

Fave({ak(t)} , U0) = ∫ ⟨ψ∣U
�
0 Λ̄(∣ψ⟩⟨ψ∣)U0∣ψ⟩dψ. (2.19)

When knowing the details of the errors is important (e.g., in implementing quantum er-
ror correction, noiseless subsystems, and distinguishing between coherent and stochastic
errors), one should report the full average CPTP map Λ̄.

2.4 Flowchart for effective Hamiltonian engineering

The design method is given as a flowchart which references algorithms that are provided
in pseudocode. The flowchart is the same for all applications in Table A.1.

1. Describe the quantum system and controls:

(a) Provide a description of Hint including distributions of {ηiint}.

(b) Provide a description of Hc(t) and a model of the control system including finite
bandwidth, maximal power, and nonlinearities and distributions of the model
parameters {µj}. Specify the error Hamiltonian ∆H.

(c) Provide relaxation times when desired.

2. Identify from Table A.1 the use case and its objectives. Partition Htot into Hpri and
Hpert accordingly. Specify the target unitary Utarget and/or effective Hamiltonian
Htarget and the required FoM.
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3. Determine the controllability of U(Tseq):

(a) Controllability of Upri: Use Algorithm 1 to determine if Utarget is achievable.

(b) Space of achievable H̄(0): Use Algorithm 2 to determine if Htarget is in the space
of achievable zeroth-order average Hamiltonians (H̄(0)).

(c) Range of achievable scaling factors for Htarget: Use Algorithm 3 to check if
sHtarget is achievable. If yes, set Htarget ← sHtarget.

(d) If Upri or sHtarget are not achievable, go to Step 1 to change Hc(t) if additional
control is available in the physical system. Sometimes (see below for an expla-
nation of Step 3 (d)), one can go to Step 2 to choose a different partitioning to
enable a larger set of achievable H̄(0).

4. Using a numerical optimizer to find a control sequence that maximizes the FoM tar-
gets. The FoM targets are achieved by reaching the desired precision in Upri(Tseq) ←
Utarget and H̄(0) ←Htarget while accounting for the model of the control system, min-
imizing sensitivity to variations in the {µj} and {ηiint}, and removing higher-order
corrections H̄(1), H̄(2), . . ..

5. Calculate the control landscape, accounting for relaxation and the full model of the
control system. Check if the desired FoM and robustness are reached. If yes, return
the sequence. Otherwise, if the FoM is low due to relaxation, go to Step 3 (c) to
choose a larger s. If the robustness is not sufficient, go to Step 4 to include higher-
order robustness.

The following sections expand upon the flowchart step by step.

Step 1. Description of the quantum system and controls

(a) Description of Hint. The description of Hint includes the operators, amplitudes and
distributions of {ηiint}. For example, for Hint in Eq. (3.9), one needs to specify D and
n⃗, distributions of the coupling strengths (Bij) and the offsets (δi), usually obtained via
spectroscopy.

(b) Description of Hc(t). The description of Hc(t) includes the input parameters
{ak(t)} and a mapping, given by the model of the control system, that maps {ak(t)}
to the output field B⃗(t) in the lab frame. The map is generally given as first-order state-
space differential equations. For time-invariant linear systems, the map is determined by
the transfer function. Once a map from {ak(t)} to B⃗(t) is given, Hc(t) is obtained by
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moving into the reference frame of the qubits. The distributions of the model parameters
{µj} (obtained via “tune-up” cycles [67]) can be included. The error Hamiltonian ∆H is
obtained by expanding the map from {ak(t)} to B⃗(t) with respect to {µj}.

(c) Relaxation time. Provide an estimate of relaxation times. Typically, T1 and T2 are
included. When available, T1ρ can be included. T ∗2 is best included in the distribution of
qubit energies. Alternatively, one can use quantum process tomography to determine the
full system Lindbladian [208].

Step 2. Define partitioning of Htot and objectives

The partitioning of Htot is for computational convenience, enabling an efficient use of the
toggling frame to determine average Hamiltonians. Default partitioning is Hpri =Hc +Hint

and Hpert includes variations in Hint, as in gate design and simulation and sensing when the
Lie algebra of the system can be calculated exactly. For decoupling and time suspension,
and simulation and sensing with large systems or when one wants to control the rate of
the dynamics, Hint can be included in Hpert and engineered perturbatively.

Specify Utarget, Htarget and Tseq. Choose target fidelity for the process. Verify that for
the relaxation time and Tseq the target FoM is achievable.

Step 3. Controllability of Upri

(a) Controllability of Upri. The controllability of Upri is found by calculating the minimal
Lie algebra containing Hpri(t). For example, the Lie algebra is gpri = spanLie {σx, σy, σz}
for universal control on a single qubit and the set of Hamiltonians is the generators of gpri.
The corresponding Lie group egpri = {eg ∣g ∈ gpri} gives the set of achievable Upri(Tseq) [47]
and states [85]. Given a set of generators {Hi}, Algorithm 1 calculates the generated Lie
algebra [47].
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Algorithm 1 Algorithm for calculating the Lie algebra generated by {Hi}. The function
FindLieAlgebra({Hi}) takes a set of generators {Hi} and returns an orthonormal basis
of the generated Lie algebra.

1: function FindLieAlgebra({Hi})
2: A0 ← i{Hi}

3: v ← 0
4: while Av ≠ ∅ and ∣⋃v

i=1Ai∣ < 22N − 1 do▷ 2N is the dimension of the Hilbert space
5: Av+1 ← ∅

6: for g ∈ A0 and h ∈ Av do
7: if [h, g] is linearly independent with ⋃v+1

i=1 Ai then▷ Linear dependence can
be checked by calculating the rank of the matrix of the vectorizations of the operators.

8: Append [h, g] to Av+1

9: end if
10: end for
11: v ← v + 1
12: end while
13: Use the Gram–Schmidt process to orthonormalize ⋃v

i=1Ai and return the result.
14: end function

(b) Minimal Subspace of Htog(t). The minimal subspace containing the toggling Hamil-
tonian is also the subspace of achievable zeroth-order average Hamiltonians. It is

C (gpri,Hpert) = spanR {U
�
pri(t)HpertUpri(t)∣Upri(t

′) ∈ egpri} . (2.20)

SinceHtog(t) is determined by the action ofHpri(t) onHpert, the subspace can be calculated
by taking nested commutators between gpri and Hpert:

C (gpri,Hpert) = spanR {[g1,⋯[gL,Hpert]⋯]∣gl ∈ gpri, L ≥ 0} . (2.21)

Algorithm 2 calculates an orthonormal basis of C (gpri,Hpert):
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Algorithm 2 Algorithm for calculating an orthonormal basis of C (gpri,Hpert). The func-
tion FindC(B(gpri), Hpert) takes as input a basis B(gpri) = e1, . . . , e∣gpri∣ of gpri and the
operator Hpert, and returns an orthonormal basis of C (gpri,Hpert).

1: function FindC(B(gpri), Hpert)
2: b1 ←Hpert

3: imax ← 1 ▷ Total number of basis vectors.
4: inew ← 1 ▷ Number of new basis vectors.
5: while inew > 0 and imax ≤ n2 do
6: t← 0
7: for imax − inew + 1 < i < imax do
8: for 1 < j < ∣gpri∣ do
9: if b1, . . . , bimax+t, [ej, bi] are linearly independent then
10: t← t + 1
11: bimax+t ← [ej, bi]
12: end if
13: end for
14: end for
15: imax ← imax + t
16: inew ← t
17: end while
18: Use the Gram–Schmidt process to orthonormalize (b1, . . . , bimax) and return the

result
19: end function

(c) Achievable range of scaling factors. The set of achievable H̄(0)(Tseq) is

O ′(gpri,Hpert)

={
1

Tseq
∫

Tseq

0
U �
pri(t)HpertUpri(t)dt} .

(2.22)

It is the convex hull of {U �
iHpertUi} (Ui ∈ egpri), which can be approximated through random

sampling [133]. Therefore, along eachHtarget ∈ C (gpri,Hpert), the range of achievable scaling
factors can be found by solving a linear program associated with the sampled set (Fig. A.2).
The procedure is summarized in Algorithm 4.
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Figure 2.2: Schematic for finding achievable scaling factors. The set of achievable zeroth-
order average Hamiltonians O ′(gpri,Hpert) is a convex set in C (gpri,Hpert). The convex

set is approximated by the polygon formed by {v⃗i = UiHpertU
�
i }. The achievable scaling

factors for Htarget can then be found via linear programming.
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Algorithm 3 (informal version) Algorithm for finding the range of achievable scaling
factors for Htarget.

1: Sample random unitaries Ui ∈ egpri to form the set {U �
iHpertUi}

2: Solve the linear program that maximizes (minimizes) the projection of the convex
combination of {U �

iHpertUi} onto Htarget; the solution corresponds to s+ (s−)
3: return [s−, s+] as the range of achievable scaling factors

(d) Modify control or partitioning : For gate design, simulation and sensing where Hpri =

Hc +Hint, spectroscopy, and decoupling, if Utarget or sHtarget are not achievable, one needs
to introduce additional control fields (e.g., RF, microwave, or laser fields) to modify the
controllability. For simulation and sensing where Hpert includes Hint, one can put part of
Hint in Hpri to modify controllability of Upri and H̄(0).

Step 4. Find optimized sequence

Given the relaxation times and desired FoM, determine the maximal Tseq of a sequence that
allows the target FoM. Specify higher-order corrections including higher-order terms in the
Magnus expansion of ∆H and Hpert and their cross terms. Use a numerical optimizer,
such as gradient descent [97] or simulated annealing [191], to find {ak(t)} that achieves
Utarget and Htarget within the desired fidelity while accounting for designated error terms
and higher-order corrections. A solution should be searched with short Tseq first and with
an increased Tseq if no solution can be found with the current value of Tseq so that shorter
sequences can be found.

Step 5. Estimate sequence performance

The control landscape is obtained by calculating the fidelity between Λ and target total
unitary U0 for each set of values of {µj} and {ηiint} drawn from their respective distributions.
Simulate the resulting average CPTP map Λ̄ and/or the average density matrix ρ̄(Tseq)
of the system (Eq. (2.18)) using, e.g., the Monte Carlo method. Calculate FoM through
either the average gate fidelity (Eq. (2.19)) or the state fidelity Tr(ρ̄(Tseq)ρtarget). If the
FoM is unsatisfactory, check Λ̄ to identify the error. If the error is due to a depolarization,
check if Tseq is too long. If not, then the robustness is insufficient, go to Step 4 to include
higher-order corrections involving ∆H and variations of Hint. If the error is coherent, go
to Step 4 to increase target fidelity or include higher-order corrections.
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2.5 Examples

We now present examples to demonstrate how to achieve robustness to control errors and
variations in Hint, characterize controllability, design effective Hamiltonians, and incorpo-
rate higher-order corrections. We focus on designing high-precision, robust quantum gates.
Then, we will describe the setup for applications in simulation and sensing. An example
in spectroscopy is given in the Appendix. More detail will be published in the near future.

2.5.1 Robust Hadamard

We design a Hadamard gate that is robust to variations in Rabi field strength and offset.
This sequence is useful for high-fidelity quantum operations in trapped-ion, quantum dot,
Rydberg atom, and superconducting systems.

Step 1. System and controls. The internal and control Hamiltonians are

Hint = ω0σz,

Hc(t) = ω1(t) cos(ωrt + ϕ(t))σx,
(2.23)

where ω0 =1 GHz (1 Hz=2π rad⋅s−1) is the resonance frequency of the qubit, ωr is the
transmitter microwave frequency. The control parameters are the amplitude of the applied
microwave field (ω1(t)) and its phase (ϕ(t)). The maximal value of ω1(t) is 20 MHz. The
control system has a 500 MHz bandwidth.

It is convenient to move to an interaction frame that rotates at the transmitter frequency
ωr and take the rotating wave approximation [176]. The internal and control Hamiltonians
in this frame are

Hint =∆ωσz,

Hc(t) = ω1(t) [cos(ϕ(t))σx + sin(ϕ(t))σy] ,
(2.24)

where ∆ω = ω0 − ωr is the offset.

The gate is robust to variations in the amplitude of the applied microwave field, as the
actual amplitude is (1+ϵ)ω1(t) where ϵ is a random variable sampled from Unif[−5%,5%].
Thus, the error Hamiltonian is ∆H(t) = ϵHc(t). The gate is also robust to variations in
∆ω, sampled from Unif[−2.5 MHz,2.5 MHz].

The qubit decoherence is modeled as a depolarizing channel with a characteristic time
of 100 ms.
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Step 2. Objectives and partitioning of Htot. Choose the partitioning Hpri = Hc(t) and
Hpert =Hint. The objectives are

Utarget =
1
√
2
(
1 1
1 −1

) . (2.25)

and Htarget = 0. The target FoM is 0.9999.

Step 3. Controllability. The set of generators of gpri is {σx, σy}, and their composi-
tion via Algorithm 1 provides universal control over the qubit space. Therefore, Utaget is
achievable. Using Algorithm 2, an orthonormal basis of C (gpri,Hint) is {σx, σy, σz} /

√
2.

Choose Htarget = sσz/
√
2. Via Algorithm 3, the range of achievable scaling factors is [-1,1].

Therefore, Htarget = 0 is achievable in zeroth order.

Step 4. Design robust sequence. Designing for a fidelity of 0.9999 or higher, so given
the strength of the depolarizing channel, the maximum gate time Tseq is 10 µs. Within
this range, the number of intervals can be varied until the target fidelity is achieved. Here,
results are shown for a sequence with 35 intervals and Tseq = 0.35 µs. The higher-order
terms to minimize in the Magnus expansion include the first-order corrections of ∆H and
Hint, with their cross term. A generalized simulated annealing optimizer [191, 169] is used
to search for an optimized sequence. The sequence and its control landscape are shown in
Fig. 2.3. For comparison, the control landscapes of a non-robust sequence with the same
Tseq are also shown.

Step 5. Calculate FoM. To simulate its FoM, assume that ϵ ∼ N(0,0.012) and that
∆ ∼ N(0, (0.5MHz)2). The average gate fidelity (Eq. (2.19)) of the resulting CPTP map
of the robust and non-robust sequences are estimated to be 0.99990+0.00009−0.00004 and 0.994+0.005−0.003.
The FoM satisfies the requirement of being at least 0.9999. Fig. 2.4 shows Bloch sphere
trajectories of ∣0⟩⟨0∣ under the sequence for different configurations of ϵ and ∆ω. The perfor-
mance of the robust and non-robust sequences can also be compared by calculating the av-
erage CPTP maps using Eq. (2.18). The representations under the basis {1, σx, σy, σz} /

√
2

are

Λ̄robust =

⎛
⎜
⎜
⎜
⎝

1
0.0329 0.0036 0.9994
−0.0076 −0.9999 0.0039
0.9994 −0.0077 −0.0329

⎞
⎟
⎟
⎟
⎠

,

Λ̄non-robust =

⎛
⎜
⎜
⎜
⎝

1
0.0101 0.0067 0.9708
0.0089 −0.9865 0.0240
0.9747 0.0336 −0.0227

⎞
⎟
⎟
⎟
⎠

.

(2.26)
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Figure 2.3: Hadamard gate (robust to Rabi and offset variations) and the contour and 3D
plots of its control landscape. The bottom plots are the control landscapes of a non-robust
Hadamard gate with the same Tseq.
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Figure 2.4: Bloch sphere trajectories of the state ∣0⟩⟨0∣ under the robust Hadamard for
different random values of ϵ and ∆ω drawn from their distributions. Even though the
trajectories are different, the final states are all close to ∣+⟩⟨+∣.

The low FoM of the non-robust sequence is mainly due to its low robustness rather than
unitary error. Averaging over parameter distributions causes depolarization of the density
matrix, evident in the reduced absolute values of the anti-diagonal elements in the bottom-
right block of the CPTP map.

2.5.2 Robust Hadamard with finite bandwidth

Now, consider the same task of designing a Hadamard gate that accounts for a finite band-
width (80 MHz) in a linear control system. The gate is robust to variations in bandwidth
and small anti-symmetric phase transient.

Step 1. System and controls. In the rotating frame (ω0 = ωr = 1 GHz), the internal and
control Hamiltonians are

Hint = 0,

Hc(t) = Bx(t)σx +By(t)σy,
(2.27)

where Bx(t) and By(t) are the time-dependent x and y components of the control field in
the rotating frame. The control parameters are ω1(t) (maximal value is 20 MHz) and ϕ(t)
(Hc(t) in Eqs. (2.24)), they are mapped to B⃗(t) via a convolution with a kernel Φ

(
Bx(t)
By(t)

) = Φ ⋆ (
ω1(t) cos(θ(t))
ω1(t) sin(θ(t))

) , (2.28)

with

Φ = (
ϕA ϕP

−ϕP ϕA ) , (2.29)
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and

ϕA =

⎧⎪⎪
⎨
⎪⎪⎩

We−Wt t > 0

0 t ≤ 0
and ϕP =

⎧⎪⎪
⎨
⎪⎪⎩

δ (1 −Wt) e−Wt t > 0

0 t ≤ 0
. (2.30)

Here, the bandwidth W and δ = ω∗ − 1 GHz are the model parameters, and ω∗ is the
free ringing frequency of the system [130, 7]. W and δ are random variables that follow
W ∼Unif[70,90] MHz and δ ∼Unif[−20,20] MHz. The leading-order approximation of the
error Hamiltonian is

∆H ≈ (W − 80 MHz)
∂Hc

∂W
(W = 80 MHz) + δ

∂Hc

∂δ
(δ = 0). (2.31)

Steps 2 and 3 are the same as example above, except that no Htarget is needed here.

Step 4. Robustness and optimization. Similar with the previous example, we design
for a fidelity of 0.9999 or higher, the maximum gate time Tseq is 10 µs. Robustness to
∆H is achieved by minimizing the zeroth-order average Hamiltonians of ∂Hc

∂W and ∂Hc

∂δ

simultaneously. Fig. 2.5 shows an optimized sequence (Tseq = 180 ns) and its control
landscape. As a comparison, the control landscape of a non-robust sequence with the same
Tseq is also shown.

Step 5. Calculate FoM. Assume that W ∼ N(80 MHz, (2 MHz)2) (5σ = 10 MHz) and
that δ ∼ N(0, (4MHz)2) (5σ = 20 MHz). The FoM of the robust and non-robust sequences
are 0.999995+0.000003−0.000002 and 0.99994+0.00004−0.00003.

Note that it is possible to go beyond the perturbative regime and achieve large robust
regions by considering alternative partitionings of Htot and enforcing robustness across all
of them simultaneously. This is discussed in detail in Appendix A.

2.5.3 Robust control with nonlinear system

Generally, the output field B⃗(t) and the input parameter {ak(t)} are related through a
state-space differential equation

dB⃗

dt
= h(B⃗(t),{ak(t)} , t;{µj}), (2.32)

where h is a nonlinear function. We can design control sequences robust to variations in
{µj} given that the equation is not chaotic. As an example, consider the resonant circuit
in Fig. A.7. We design a Hadamard gate that is robust to small kinetic inductance. This
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Figure 2.5: Hadamard gate (robust to W and δ variations) and the contour and 3D plots
of its control landscape. The blue and orange curves represent the control parameters and
relative amplitudes of Bx(t) and By(t) respectively. The bottom plots show the control
landscapes of a non-robust sequence.
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Figure 2.6: A simple resonant circuit with Rs = 50 Ω, R = 0.01 Ω, Cm = 11 fF, Ct = 1.479
pF, and L = 170 pH. The resonance frequency is 10 GHz.

method can be used to design robust sequences against variations in parameters in general
nonlinear control systems.

Step 1. System and controls. Start with the same internal and control Hamiltonians in

Eqs. (2.27). The control field B⃗(t) can be obtained by solving the following differential
equation in the rotating frame [86]

dx

dt
= A(x)x + α(t)u, (2.33)

where

x =
⎛
⎜
⎝

ĨL
ṼCm

ṼCt

⎞
⎟
⎠
, A(x) =

⎛
⎜
⎝

−R
L 0 1

L

0 −1
RLCm

1
RLCm

−1
Ct

−1
RLCt

1
RLCt

⎞
⎟
⎠
− iωr1, u =

⎛
⎜
⎝

0
1

RLCm
1

RLCt

⎞
⎟
⎠
, (2.34)

and the control parameters {ak(t)} and the components of the output field B⃗(t) are

a1(t) = κiRe(α(t)), a2(t) = κiIm(α(t)), Bx(t) = κoRe(ĨL)ωmax, By(t) = κoIm(ĨL)ωmax,
(2.35)

where ωmax =2 MHz, κi=1 V−1 and κo=20 A−1.

In the presence of kinetic inductance, the inductance L depends on the current:

L = L0(1 + αL∣IL∣
2), (2.36)
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where αL is a constant, leading to nonlinear behavior in the circuit [123, 138, 45]. The model
parameters are the electrical component parameters in the circuit where αL ∼Unif[−0.001,0.001]
A−2. Note, αL is typically positive, but we can still design around αL = 0. The solution
is robust to αL that is either positive or negative. The error Hamiltonian ∆H can be
calculated by solving the differential equation of ∂x/∂αL. The general method is provided
in the Supplemental material.

Steps 2 and 3 are the same as the previous example.

Step 4. Robustness and optimization. Design for a fidelity of 0.9999 or higher. Fig. 2.7
shows robust and non-robust Hadamard gates. Their control landscapes are shown in Fig.
2.8.

Figure 2.7: The control parameters (blue) and the x and y components of B⃗(t)/ωmax

(orange) at αL = 0 of the sequence that is nonrobust (top) and robust (bottom) to variations
in αL.

Step 5. Calculate FoM. To simulate its FoM, assume that αL obeys a half Gaussian

distribution, αL ∼ HN(0, (0.0002 A−2)2) (5σ = 0.001 A−2). The FoM of the robust and
non-robust sequences are 0.999910.00008−0.00003 and 0.997+0.003−0.002.
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Figure 2.8: Robustness plot of different sequences against variations of the nonlinear coef-
ficient αL.

2.5.4 Two-qubit gates

The methods for designing robust two-qubit gates are the same as that discussed above.
Note that, however, leakage between controls on different qubits can reduce the efficiency
of a sequence. Additionally, different forms of qubit interactions can result in different
efficiencies. Fig. 2.9 shows the minimal lengths of the sequences we found for a CNOT.
The minimal length increases as the detuning ∆ between the qubits decreases (leakage
increases). It also shows a difference in efficiency due to different forms of the interaction.

Figure 2.9: Minimal length of sequence for a CNOT gate with different detunings and
interaction forms.
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2.5.5 Simulating a Tunable Quantum Harmonic Oscillator

We show how to simulate a truncated quantum harmonic oscillator (QHO) using two
qubits. The Hamiltonian of a QHO is HQHO = h̵Ω(N̂ + 1/2). Using the code [178]

∣n = 0⟩ = ∣00⟩,

∣n = 1⟩ = ∣01⟩,

∣n = 2⟩ = ∣11⟩,

∣n = 3⟩ = ∣10⟩,

(2.37)

an evolution under HQHO can be simulated by implementing

U(Tseq) = exp[i{σ
2
z(1 + σ

1
z/2) − 2}ΩTseq]. (2.38)

With universal control over the two qubits, a solution to realize U(Tseq) can be easily found
using algorithms such as GRAPE [97]. We consider a different approach using Hamiltonian
engineering that enables the direct control of the scaling of the simulated dynamics with
an input parameter.

Step 1. System and controls. Assume that the bandwidth of the control system is very
large and variations in control and model parameters are negligible. In the rotating frame
of the qubits, the control and internal Hamiltonians are

Hc(t) =ω
1
1(t) [cos(ϕ1(t))σ

1
x + sin(ϕ(t))σ

1
y] +∆ω1(t)σ

1
z

+ ω2
1(t) [cos(ϕ2(t))σ

2
x + sin(ϕ(t))σ

2
y] +∆ω2(t)σ

2
z ,

Hint =J(σ
1
xσ

2
x + σ

1
yσ

2
y + σ

1
zσ

2
z).

(2.39)

The control parameters are ωi
1(t), θi(t) and ∆ωi for i = 1,2. J = 1.4 MHz, ∆ω ∼Unif[-1,1]

MHz and T1 = 100 ms.

Step 2. Objectives and partitioning of Htot. Set ∆ω1(t) ≡ ∆ω and ∆ω2(t) ≡ 0, and
define the primary and perturbative Hamiltonians as

Hpri =ω
1
1(t)(cos(ϕ1(t))σ

1
x + sin(ϕ1(t))σ

1
y)

+ ω2
1(t)(cos(ϕ2(t))σ

2
x + sin(ϕ2(t))σ

2
y)

+ J(σ1
xσ

2
x + σ

1
yσ

2
y + σ

1
zσ

2
z),

Hpert =∆ωσ
1
z .

(2.40)

Hpert depends on the offset ∆ω which can be adjusted at the start of each experiment to
modify the rate of the dynamics. The objectives are Upri = 1 and Htarget = s∆ω(σ2

z(1 +
σ1
z/2)).
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Step 3. Controllability. Using Algorithm 1, gpri generates universal control on the two
qubits. Thus, Upri is achievable. Using Algorithm 2, C (gpri,Hpert) is fifteen-dimension and
includesHtarget. Using Algorithm 3, we find that the achievable range of s is [−0.6(2),0.6(8)].
Since the scaling of Htarget can be controlled by adjusting ∆ω, we design for s > 0.1.

Step 4. Robustness and optimization. Design for fidelity 0.9999 or higher. To achieve

precision in the engineered effective Hamiltonian, we choose to minimize H̄(1). Note, since
Hint is included in Hpri, H̄(1) cannot be removed by symmetrizing the sequence. Instead,
the generic condition (Appendix) for removing H̄(1) is used in the optimization. Fig. 2.10
shows an optimized sequence (Tseq = 120 ns), the control landscape is shown in the left of
Fig. 2.11. This sequence achieves a scaling factor of 0.221.

Figure 2.10: Time-dependent control parameters of an optimized sequence that engineers
a tunable QHO.

Step 5. Calculate FoM. Assume that ∆ω ∼ N(0, (200 kHz2)), the FoM of the sequence
is 0.999997+0.000006−0.000005.

As mentioned before, the sequence allows simulation of a tunable QHO whose frequency
can be adjusted by directly changing ∆ω1(1) ≡∆ω. The right-hand side of Fig. 2.11 shows
the survival probability of (∣n = 1⟩ + ∣n = 3⟩)/

√
2 under the sequence with different values

of ∆ω.
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Figure 2.11: Control landscape (left) and simulation of the evolution (right) of the state
(∣n = 1⟩ + ∣n = 3⟩)/

√
2 under the sequence shown in Fig. 2.10.

2.5.6 Sensing with a Scalable Spin Amplifier

Consider designing a scalable solution for realizing a spin amplifier for measuring the state
of a qubit. The quantum system of the target qubit and the spin amplifier is initially
prepared in the state ∣ϕT ⟩ ⊗ ∣0102⋯0N⟩. The goal is to design a sequence such that at
the end of the sequence we can learn the state of the target qubit ∣ϕT ⟩ by measuring the
collective magnetization Mz of qubits 1 to N in the spin amplifier.

A scalable solution can be obtained by engineering conditioned dynamics of the spin
amplifier controlled by the state of the target qubit [36]. This can be achieved using internal
interactions of the system and only collective rotations of qubits in the spin amplifier.

We design a conditional decoupling of the internal dynamics of the spin amplifier.
Under the applied sequence, the internal interaction is suppressed when ∣ϕT ⟩ = ∣0⟩ and
active when ∣ϕT ⟩ = ∣1⟩. In the experiment, a collective π/2)x pulse first rotates the amplifier
polarization to the transverse plane, after which the system evolves under the engineered
dynamics, followed by a −π/2)x readout pulse. When the interaction is active (∣ϕT ⟩ = ∣1⟩),
the amplifier evolves into an entangled state with an average longitudinal magnetization
Mz ≈ 0 for large N , whereas when it is decoupled (∣ϕT ⟩ = ∣0⟩),Mz remains close to its initial
value. Measuring Mz at the end of the sequence thus reveals the state of ∣ϕT ⟩.

Step 1. System and controls. The internal and control Hamiltonians are

Hc(t) = C(t)(cos(ϕ(t))
N

∑
i=1

σi
x + sin(ϕ(t))

N

∑
i=1

σi
y) ,

Hint = σz ⊗
N

∑
i=1

ωiσ
i
z + 1⊗

N

∑
i<j

ωij(2σ
i
z ⊗ σ

j
z − σ

i
x ⊗ σ

j
x − σ

i
y ⊗ σ

j
y).

(2.41)
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The control parameters are ω(t) (ωmax = 20 MHz) and ϕ(t). The internal parameters are
the coupling strength: ωi ∼Unif[441,459] kHz and ωij ∼Unif[−22.5,22.5] kHz. T1 =100 ms.

Step 2. Objectives and partitioning of Htot. Define the primary and perturbative Hamil-
tonians as

Hpri(t) =Hc(t) + σz ⊗
N

∑
i=1

ω0σ
i
z,

H1
pert = σz ⊗

N

∑
i=1

(ωi − ω0)σ
i
z,

H2
pert = 1⊗

N

∑
i<j

ωij(2σ
i
z ⊗ σ

j
z − σ

i
x ⊗ σ

j
x − σ

i
y ⊗ σ

j
y),

(2.42)

where ω0 = 450 kHz. The objectives are

Upri = 1,

H2
target = s

√
2(∣1⟩⟨1∣ ⊗

N

∑
i<j

ωij(2σ
i
z ⊗ σ

j
z − σ

i
x ⊗ σ

j
x − σ

i
y ⊗ σ

j
y).

(2.43)

Step 3. Controllability. To check the controllability, it is sufficient to consider two spins
from the spin amplifier. Via Algorithm 1, gpri is three-dimensional and Upri = 1 is achiev-
able. Using Algorithm 2, C2(gpri,H2

pert) is ten-dimensional and includes H2
target. Using

Algorithm 3, we can find the achievable range of the scaling factor s (Table 2.2). For
comparison, Table 2.2 also lists some other achievable H2

target and their ranges of scaling
factors.

Table 2.2: Achievable ranges of scaling factors for different target effective Hamiltonians.
They correspond to conditioned decoupling, double/zero quantum dynamics, and dou-
ble/single quantum dynamics.

Target Hamiltonian Achievable range
∣1⟩⟨1∣ ⊗ (2σz ⊗ σz − σx ⊗ σx − σy ⊗ σy) [-0.353(5),0.706(8)]

∣0⟩⟨0∣ ⊗ (σx ⊗ σx − σy ⊗ σy) + ∣1⟩⟨1∣ ⊗ (2σz ⊗ σz − σx ⊗ σx − σy ⊗ σy) [-0.408(2),0.811(4)]
∣0⟩⟨0∣ ⊗ (σx ⊗ σy + σy ⊗ σx) + ∣1⟩⟨1∣ ⊗ (σx ⊗ σz + σz ⊗ σx) [-0.576(4),0.576(8)]

Step 4. Robustness and optimization. Design for a fidelity of 0.9999 or higher. Fig.
2.12 shows an optimized sequence (Tseq = 120 ns). It achieves a scaling factor of s = 0.327.
To obtain its control landscape, consider a spin amplifier of 6 qubits with the coupling
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Figure 2.12: Time-dependent control parameters of the sequence that achieves a scalable
spin amplifier through engineering a conditioned decoupling.

Figure 2.13: Control landscape of the sequence in Fig. 2.12. The parameter ∆ω determines
the width of the distribution of the coupling strength between the target qubit and the
spin amplifier.
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strengths generated from ωi ∼Unif450+[−δω, δω] kHz and ωij ∼Unif[−22.5,22.5] kHz. The
mean fidelity for different values of δω is plotted in Fig. 2.13.

Step 5. Calculate FoM. To calculate the FoM of the sequence, use a spin amplifier of 6
qubits with the coupling strengths generated from ωi ∼Unif[441,459] kHz and ωij ∼Unif[−22.5,22.5]
kHz. The FoM, calculated as the average gate fidelity of the sequence, is 0.9997+0.0001−0.0001.

To test the sequence, we simulate the same spin amplifier used in the calculation of the
FoM. The initial state of the system evolves under the internal dynamics modulated by the
designed sequence. Before and after each simulated sequence, a π/2)x and a −π/2)x pulse
are applied, respectively. The survival probability of the initial state is then measured
at the end of the simulation. Repeating this procedure for different numbers of applied
sequences yields the time evolution of the survival probability. The survival probabilities
of the states

∣ψ0/1⟩ = ∣ϕT = 0/1⟩ ⊗ ∣00⋯0⟩ (2.44)

under the sequence are plotted in Fig. 2.14. The survival probability is proportional to
Mz and can be used to learn the state ∣ϕT ⟩. As can be seen from the result, after 20 µs,

Figure 2.14: Simulated survival probabilities of the states ∣ψ0/1⟩ under the sequence in Fig.
2.12.

the survival probability of ∣ψ0⟩ is above 0.8 while that of ∣ψ1⟩ is below 0.1. So the states
∣ψ0/1⟩ can be distinguished by measuring the magnetization of the spin amplifier, which is
proportional to the survival probability.

In principle, one can include robustness by requiring H1
target = 0 and including higher-

order corrections 2. In practice, however, we could not find a sequence that fulfills these
requirements simultaneously while maintaining a high scaling factor without significantly
increasing the length of the sequence. In turn, decreased scaling factor or fidelity of

2To minimize the cross term between H1
pert and H2

pert. To achieve this, consider N = 2, the total
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Upri result in decreased FoM and inferior overall performance in sensing. This is because
∣H1

pert∣ ≪ ∣H
2
pert∣, thus a larger scaling factor on H2

pert is much more important. Also, large
scaling factors are crucial when engineering nonzero effective Hamiltonians, as higher-order
corrections are typically much smaller and less significant than the dominant low-order
scaling.

2.6 Conclusion

In conclusion, this work presents a general framework for precise and robust quantum
control through effective Hamiltonian engineering which addresses two important issues.
First, robustness to variations in parameters of any control system can be achieved by
minimizing the effective Hamiltonian of the error Hamiltonian. Second, when designing
control through effective Hamiltonians, the method identifies the subspace of the achievable
zeroth-order average Hamiltonians and finds the range of scaling factors through linear
programming. Controllability can be adjusted by partitioning the total Hamiltonian into
a primary Hamiltonian and a perturbative Hamiltonian. Generic conditions for removing
higher-order corrections are also introduced. The framework is combined with numerical
optimization to design optimized sequences.

There are three natural extensions of the present work:

1. The conditions for removing higher-order corrections can be further refined by con-
sidering connectivity of the Hamiltonians. This also identifies achievable effective
Hamiltonians in higher orders, enabling engineering higher-order terms.

2. In practice, the controllability of achievable effective Hamiltonians may be limited by
the efficiency of the sequences. Large scaling factor or higher-order robustness may
require a very long sequence, making the solution less useful. It would be important
to understand the upper bound of efficiency and how to achieve it in the presence of
limited resources (e.g., power bandwidth product and gate time).

Hamiltonian is

Htot(t) =Hpri(t) + (ω1 − ω0)σz ⊗ σz ⊗ 1 + (ω2 − ω0)σz ⊗ 1⊗ σz +H
2
pert. (2.45)

Since both Hpri(t) and H2
pert are symmetric with respect to a permutation of the two qubits in the spin

amplifier, we only need to consider (ω1 − ω0)σz ⊗ σz ⊗ 1 for leading-order robustness.
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3. It would also be interesting to extend the method for designing controls against
decoherence in open quantum systems when the memory effect of the environment
is considered.

This work offers a deeper understanding of effective Hamiltonian engineering and rep-
resents an important step toward the automated design of high-performance sequences for
quantum control in different systems.
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Chapter 3

Engineering Higher-order Effective
Hamiltonians

Last chapter focuses on engineering the zeroth-order average Hamiltonian while minimizing
higher-order terms. However, not all effective Hamiltonians can be engineered in zeroth
order. Here, we describe a systematic methodology for achieving the precision, robustness,
and complexity required for practical applications, particularly through the engineering of
higher-order processes and effective Hamiltonians. We focus on three key use cases:

1. When the zeroth-order solution correctly implements the desired process, higher-
order terms must be suppressed.

2. When the target unitary involves more qubits than the internal and control operators,
making a zeroth-order solution unavailable.

3. When the target unitary includes qubit correlations absent in the internal and control
Hamiltonians.

In cases 2 and 3, the desired control terms emerge only through nested commutators of
the control and internal Hamiltonians.

We will show that the topology of the qubit network determines the achievable inter-
actions. We derive the space of feasible higher-order effective Hamiltonians of each order
and provide necessary and sufficient conditions for engineering target Hamiltonians using
numerically optimized sequences.
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The foundation of the method is the space of the achievable zeroth-order average Hamil-
tonian C (gpri,Hpert) introduced in the last chapter. Represented in C (gpri,Hpert), the
toggling Hamiltonian is

∣Htog(t)⟫ = (c1(t), c2(t), . . . , c∣C ∣(t)) . (3.1)

Denote the time-ordered integrals of the coefficients ci(t) (C−integrals) as

c̄i1⋯ir = ∫
Tseq

0
dt1⋯∫

tr−1

0
dtrci1(t1)⋯cir(tr), (3.2)

a generic condition for H̄(r−1) = 0 is

c̄i1i2⋯ir = (−1)
rc̄irir−1⋯i1 , (3.3)

for all i1, i2, . . . , ir except when i1 = i2 = ⋯ = ir. As will be shown below, this condition can
be refined.

3.1 Engineering H̄(r−1)

When the values of {ηiint} are exact, H̄(r−1) can be calculated using, for example, the van
Loan equations [79]. When {ηiint} are not exact, if the variations are small, robust solutions
can be found using the method in the last chapter. When the variations are large, we seek
symmetry-based solutions that hold for all {ηiint}. We consider the situation when Hpri(t) is

known exactly, and the perturbative Hamiltonian Hpert depends on parameters {ηmpert}
M

m=1
,

which is the subset of {ηiint} subjected to variations.

Assuming that Hpert is linear in {ηmpert}, then H̄
(r−1) and any achievable target Hamil-

tonian H̄
(r−1)
target are polynomials of {ηmpert} of order up to r. Therefore, H̄(r−1) = H̄

(r−1)
target for all

{ηmpert} if and only if

∂rH̄(r−1)

∂ηm1
pert⋯∂η

mr
pert

=
∂rH̄

(r−1)
target

∂ηm1
pert⋯∂η

mr
pert

RRRRRRRRRRRRη⃗pert=0⃗

, (3.4)

for m1,m2, . . . ,ms ∈ {1,2, . . . ,M}. Given a basis {h1, . . . , h∣C ∣} of C (gpri,Hpert),

H̄(r−1)

=∫

t

0
dt1⋯∫

tr−1

0
dtrFr(Htog(t1),Htog(t2), . . . ,Htog(tr)),

=

∣C ∣

∑
i1,...,ir=1

Fr(hi1 , hi2 , . . . , hir)c̄i1⋯ir .

(3.5)
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where

Fr(hi1 , hi2 , . . . , hir) = ∑
π

(−i)r−1(−1)db
da!db!

r!
π (hi1hi2⋯hir) , (3.6)

where the sum is taken over all possible permutations π of hi1 , hi2 , . . . , hir . da and db are
ascents and descents of π. Thus, Eq. (3.4) becomes

∣C ∣

∑
i1,...,ir=1

∂rFr(hi1 , hi2 , . . . , hir)

∂ηm1
pert⋯∂η

mr
pert

c̄i1⋯ir =
∂rH̄

(r−1)
target

∂ηm1
pert⋯∂η

mr
pert

RRRRRRRRRRRRη⃗pert=0⃗

. (3.7)

For decoupling, the right-hand side of the equation is 0. It reduces to Eq. (3.3) if it is
required to hold for any hi1 , hi2 , . . . , hir . The space of achievable (r − 1)th-order effective

Hamiltonian is isomorphic to that spanned by {
∂rFr(hi1

,hi2
,...,hir )

∂η
m1
pert⋯∂η

mr
pert

∣
η⃗pert=0⃗

}.

3.2 Engineering H̄(r−1) on qubit networks

As an example application for Eq. (3.7), consider engineering effective Hamiltonians on
qubit networks, such as nearest-neighbor chains and square lattices. They can be rep-
resented by a graph G = (V (G),E(G)) where the set of vertices V (G) and the set of
edges E(G) represent the qubits and their connectivity, respectively. For simplicity, we
will consider collective control of the qubits

Hpri(t) =Hc(t)

= ω1(t) [cos(ϕ(t))
N

∑
i=1

σi
x + sin(ϕ(t))

N

∑
i=1

σi
y] + (ω0 − ωr(t))

N

∑
i=1

σi
z

(3.8)

where ω1(t), ωr(t) and ϕ(t) are the time-dependent amplitude, frequency, and phase of
the control field, and ω0 is the resonance frequency, and an internal Hamiltonian

Hpert =Hint =
N

∑
i<j

Bijσ⃗i ⋅D ⋅ σ⃗j +
N

∑
i=1

δiσ
i
z

=H1
pert +H

2
pert

(3.9)

where σ⃗i = (σi
x, σ

i
y, σ

i
z) and

σi
α = 1

⊗(i−1) ⊗ σα ⊗ 1
⊗(N−i), (3.10)
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for α = {x, y, z}, are the Pauli operators acting on the ith qubit. {Bij} are coupling
strengths, D is a rank-2 tensor determining the form of the qubit interactions, δi the
strength of the qubit-dependent energy offset, and N is the total number of qubits.

Let B(C1) = {hi1, . . . , h
i
∣C1∣
} be an orthonormal basis of Ci(gpri,H i

pert), for i = 1,2. Define

C = C1(gpri,H1
pert) ⊕C2(gpri,H2

pert), its basis is

B(C ) = {h1, . . . , h∣C ∣} = {h
1
1, . . . , h

1
∣C1∣
, h21, . . . , h

2
∣C2∣
} . (3.11)

Denote a labeled graph with r edges as Gr, and define

Fr(Gr; i1, . . . , ir)

= ∑
π(j1⋯jr)

Fr(hi1(ej1), hi2(ej2), . . . , hir(ejr))

=
∂rFr(hi1 , hi2 , . . . , hir)

∂η
ej1
int⋯∂η

ejr
int

∣

η⃗int=0⃗

,

(3.12)

where ej1 , . . . , ejr ∈ E(Gr) are different edges of Gr,

ηijint =

⎧⎪⎪
⎨
⎪⎪⎩

Bij i ≠ j

δi i = j
, (3.13)

and
h(e) = Trrest(h) ⊗ 1rest, (3.14)

where the partial trace, Trrest(h), is taken over the Hilbert space of all qubits except those
incident to e ∈ E(Gr), and 1rest represents the identity operator acting on these qubits.
Fr(Gr; i1, . . . , ir) vanishes if Gr is not connected. Denote

H
(r−1)
target(Gr) =

∂rH
(r−1)
target

∂η
ej1
int⋯∂η

ejr
int

RRRRRRRRRRRRB⃗=0⃗

, (3.15)

Eq. (3.7) becomes
∣C ∣

∑
i1,...,ir=1

Fr(Gr; i1, . . . , ir)c̄i1,...,ir =H
(r−1)
target(Gr) (3.16)

for all nonisomorphic Gr that are weakly isomorphic to connected subgraphs of G. Weak
isomorphism is a bijection that preserves the vertex set and connectivity but allows dif-
fering numbers of parallel edges and loops, unlike isomorphism, which also preserves
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Figure 3.1: Nonisomorphic graphs associated with different Magnus terms.

edge multiplicities. The space of achievable H
(r−1)
target is isomorphic to that spanned by

{Fr(Gr; i1, . . . , ir)}. An effective Hamiltonian corresponding to Gr can be mapped to the
real effective Hamiltonian acting on the total Hilbert space of the network through

H
(r−1)
eff (N) = ∑

G′r∼Gr

ηint(G
′
r)H

(r−1)
eff (Gr), (3.17)

where the sum is taken over all G′r that are isomorphic to Gr and

ηint(G
′
r) = ∑

e1,...,er∈E(G′r)

ηe1int⋯η
er
int. (3.18)

The total effective Hamiltonian is then ∑Gr
H
(r−1)
eff (Gr) where the sum is taken over all

nonisomorphic graphs with r edges. Fig. 3.1 shows nonisomorphic graphs for different
H̄(r−1) for a network with all-to-all interactions. Fig. 3.2 shows nonisomorphic graphs for
H̄(2) for qubit systems with different topology. If one wishes to minimize the effect from
the offset, then H

(r−1)
target(Gr) = 0 for all Gr with loops.
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Figure 3.2: Examples of network topologies and the corresponding loop-free graphs con-
tributing to H̄(2). From left to right: spin pairs, nearest-neighbor spin chain, square spin
lattice, and all-to-all coupled spin ensemble.

3.3 Choosing Target Effective Hamiltonians

Since Gr contains at most r + 1 vertices, it is sufficient to consider a (r + 1)-qubit system
when engineering H̄(r−1). Denote

S (Gr) = span
∣C ∣
i1,...,ir=1

{Fr(Gr; i1, . . . , ir)} . (3.19)

S (Gr) represents the space of achievable H̄(r−1) for Gr and are disjoint for different Gr

(since they have different dependence on {ηijint}). Thus, the space of achievable H
(r−1)
target is

isomorphic to ⋃Gr
S (Gr). Given an orthonormal basis of S (Gr)

B(S (Gr)) = {hi(Gr)} , (3.20)

define
c⃗(r−1) = (c̄1⋯11, c̄1⋯12, . . . , c̄∣C ∣⋯∣C ∣∣C ∣)

T , (3.21)

the condition for engineering H̄(r−1) (Eq. (3.16)) becomes

A(Gr) ⋅ c⃗
(r−1) = d⃗(Gr), (3.22)
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where

A(Gr) =
⎛
⎜
⎝

⟪h1(Gr)∣Fr(Gr; 1, . . . ,1)⟫ ⋯ ⟪h1(Gr)∣Fr(Gr; ∣S (Gr)∣, . . . , ∣S (Gr)∣)⟫

⋮ ⋱ ⋮

⟪h∣S (Gr)∣(Gr)∣Fr(Gr; 1, . . . ,1)⟫ ⋯ ⟪h∣S (Gr)∣(Gr)∣Fr(Gr; ∣S (Gr)∣, . . . , ∣S (Gr)∣)⟫

⎞
⎟
⎠
,

(3.23)

and

d⃗(Gr) = (⟪h1(Gr)∣H
(r−1)
target(Gr)⟫, . . . ,⟪hS (Gr)(Gr)∣H

(r−1)
target(Gr)⟫)

T
, (3.24)

where ⟪⋅∣∗⟫ = Tr(∗ ⋅�). The total condition for engineering H̄(r−1) can be represented as

⊕
Gr

A(Gr) =⊕
Gr

d⃗(Gr), (3.25)

where the direct sum is taken over all nonisomorphic graphs with r edges for H̄(r−1).

Assuming that the graphs associated with H̄(r−1) are G1
r,G

2
r, . . . ,G

nr
r , target effective

Hamiltonians are chosen from S (G1
r),S (G

2
r), . . . ,S (G

nr
r ) individually. The choices must

not contradict one another. The space of achievable H̄(r−1) for Gk
r conditioned on targets

d⃗(G1
r), . . . , d⃗(G

k−1
r ) is

S (Gk
r ∣G

k−1
r , d⃗(Gk−1

r ); . . . ;G
1
r, d⃗(G

1
r)) = span

⎧⎪⎪
⎨
⎪⎪⎩

∣C ∣

∑
i1,...,ir=1

c̄
(r−1)
i1⋯ir

Fr(G
k
r ; i1, . . . , ir)

⎫⎪⎪
⎬
⎪⎪⎭c⃗(r−1)∈⋂k−1

j=1N(G
j
r,d⃗(G

j
r))

,

(3.26)
where N(Gj

r, d⃗(G
j
r)) is the solution space of Eq. (3.22).

3.4 Examples

Here, examples are provided to demonstrate how to use Eq. (3.22) to engineer higher-order
effective Hamiltonian. A qubit network with all-to-all dipolar interactions under a high
external field is considered, with the internal Hamiltonian given by

Hint =
N

∑
i<j

Bij(2σ
i
z ⊗ σ

j
z − σ

i
x ⊗ σ

j
x − σ

i
y ⊗ σ

j
y). (3.27)

The control Hamiltonian given by Eq. (3.8). For simplicity, the qubit offsets are not
considered here. Thus, when calculating the conditions for engineering H̄(r−1) (Eq. (3.22)),
only the graphs without loops are considered. We use on-resonance control (ωr(t) ≡ ω0),
so, the control parameters are the time-dependent amplitude and phase (ω1(t) and ϕ(t))
of the control field.The maximal amplitude ωmax of the Rabi field is 200 kHz, and the time
duration of each step ∆t is 1 µs.
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3.4.1 2nd-order decoupling

We design an optimized sequence that decouples Hint (Eq. (3.27)) up to the 2nd-order.
The sequence is shown in Fig. 3.3. The conditions for removing H̄(1) and H̄(2) are found
by using Eq. (3.22) where d⃗(Gr) ≡ 0⃗. There are respectively two and five graphs for H̄(1)

and H̄(2) that need to be considered. Table 3.1 shows the ranks of ⊕Gr
A(Gr) (number of

linearly independent constraints) for removing different higher-order terms. As comparison,
we also show the ranks for other networks (Fig. 3.2). Spin pairs require least number of
constraints to decouple while nearest-neighbor spin chains, square lattice and all-to-all spin
ensemble have the same ⊕Gr

A(Gr) up to second order.

Table 3.1: Ranks of ⊕Gr
A(Gr) for decoupling the secular dipolar interaction for different

network structures (Fig. 3.2).

Pairs NN chain Square lattice All-to-all ensemble
H̄(0) = 0 5 5 5 5
H̄(1) = 0 3 10 10 10
H̄(2) = 0 5 29 29 29
H̄(3) = 0 3 75 95 95

For simplicity, a symmetric sequence is used to remove odd-order corrections.

Figure 3.3: Control parameters of the sequence for 2nd-order decoupling. The horizontal
and vertical axes are time (µs) and amplitude.

To test the performance, we perform a simulation with an ensemble of networks with
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N = 7 with uniformly distributed random coupling strengths 19kHz ≤ Bij ≤ 35kHz. The
result is an average of over 1000 realizations of the network. The total length of the
sequence Tseq is 24µs. The comparison with a first-order decoupling sequence is shown in
Fig. 3.4.

Figure 3.4: Simulated signals for different sequences. For reference, we also show the
simulated free evolution signal.

3.4.2 Engineering nonzero first-order effective Hamiltonian

Here, we show how to engineer a three-body interaction in H̄(1). There are two graphically
inequivalent graphs G1

1 = {12,12} and G
2
1 = {12,23} which give a 10-dimensional space for

achievable H̄(1):

{xi + ix, yi + iy, zi + iz},

{yyx − 2yxy + xyy − zzx − 4zxz + xzz,

xxy − 2xyx + yxx − zzy − 4zyz + yzz,

xyz + xzy − yxz − yzx − zxy − zyx,

xxz + xzx + zxx − yyz − yzy − zyy,

− xxz − zxx − yyz − zyy + 2zzz,

zzx + xzz − yyx − xyy − 2yxy,

xxy + yxx + zzy + yzz − yyy,

xxy + yxx − zzy − yzz + 2xyx,

yyx + xyy + zzx + xzz − 2xxx,

xzx + yzy}.

(3.28)

52



For simplicity, the shorthand x, y, z, i is used for the Pauli matrices and identity without
the normalization constants. Using Eq. (3.22), the target for G1

1 is

A(G1
1)c⃗
(1) = 0. (3.29)

The conditional subspace S (G2
1∣G

1
1, d⃗(G

1
1) = 0) (Eq. (3.26)) is spanned by

{xxy + xyx + yxx − 2yyy + zzy + zyz + yzz,

xxz + xzx + zxx − 2zzz + yyz + yzy + zyy,

yyx + yxy + xyy − 3xxx + 2zzx + 2zxz + 2xzz,

− xxy − xyx − yxx + zzy + zyz + yzz,

xxz + xzx + zxx − yyz − yzy − zyy,

− 3yyx − 3yxy − 3xyy + xxx + 2zzx + 2zxz + 2xzz,

− xyz − xzy − yxz − yzx − zxy − zyx}.

(3.30)

A(G2
1∣G

1
1, d⃗(G

1
1) = 0) can be calculated using Eq. (3.23). As an example, we choose to

engineer the first basis Hamiltonian from S (G2
1∣G

1
1, d⃗(G

1
1) = 0)

H
(1)
eff ∝ xxy + xyx + yxx − 2yyy + zzy + zyz + yzz (3.31)

which gives the targets

A(G1
0)c⃗
(0) = 0,

A(G1
1)c⃗
(1) = 0,

A(G2
1∣G

1
1, d⃗(G

1
1) = 0)c⃗

(1) = d⃗,

(3.32)

where G1
0 = {12} and d⃗ = (a,0,0,0,0,0,0). The corresponding effective Hamiltonian (Eq.

(3.17)) is

H
(r−1)
eff (N) = ∑

G′∼G

ω(G′)H
(r−1)
eff (G)

=α
N

∑
i<j<k

(BijBik +BijBjk +BikBjk)

(xixjyk + xiyjxk + yixjxk

− 2yiyjyk + zizjyk + ziyjzk + yizjzk)

(3.33)

α depends on the normalization constant, a and the normalization of A. In practice, we
can obtain α by calculating the overlap between the achieved effective Hamiltonian and
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Htarget. Instead of setting a to a fixed value, we require it to be larger than 0.25. No
primary target is set as it can be corrected in post-processing [42]. The sequence found is
shown in Fig. 3.5, which achieves

d⃗ = (0.259,−0.007,−0.005,0.001,−0.002,−0.004,0.0044) (3.34)

An echo is simulated to test the performance of the sequence with the same setup from

Figure 3.5: Control parameters for engineering a nonzero three-body average Hamiltonian
at first order.

the last example. The unitary propagator of the simulation is

Us(k1, k2) = exp (ik1H
(1)
eff (N)t)U

⊗k2 , (3.35)

where

U = T exp(−i∫
t

0
dt′ [

2

∑
k=1

ak(t
′)Hk

c +Hint]) . (3.36)

If Heff ≈H
(1)
eff , an echo should appear at k1 = k2.

Using

α =
Tr [− ln(U�

cU)
it H

(r−1)
eff (N)]

Tr [H
(r−1)
eff (N)H

(r−1)
eff (N)]

, (3.37)

we found that α = 0.123(5). Fig. 3.6 shows the simulated echoes. As can be seen,
the echoes appear at k1 = k2 as expected, indicating that the desired dynamics has been
engineered under the sequence. As k2 increases, the intensities of the echoes decay, which
is due to higher-order corrections and residual errors. More robust results can be achieved
by considering third- and higher-order corrections.
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Figure 3.6: Simulated echoes of the sequence for 1st-order average Hamiltonian engineering.

3.5 Conclusion and Discussion

Based on the framework provided in the last chapter, we presented a general criterion (Eq.
(3.7)) to engineer higher-order effective Hamiltonians. As an example, we showed how to
engineer the internal Hamiltonian of a qubit network, two-body interactions, and offsets,
with collective control. The topology of the network determines the space of achievable
higher-order effective Hamiltonians and provides computable necessary and sufficient con-
ditions for engineering arbitrary target Hamiltonians (Eq. (3.22)). Explicit examples show
how to design optimized sequences for higher-order decoupling and a target three-body
interaction in a qubit network with all-to-all interactions.

The method is symmetry-based and does not depend on the distributions of the internal
parameters {ηiint}. The statistical properties of the distributions, however, can complement
the symmetry-based method and yield more efficient approximate solutions. The result
will be published elsewhere.

The method provides a complete solution for engineering higher-order effective Hamil-
tonians in arbitrary systems, enabling the design of more precise and robust solutions,
and realizing complex Hamiltonians, such as multi-body interactions, not available in the
zeroth order.
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Chapter 4

Efficiently Characterizing Quantum
Information Flow, Loss and Recovery
in the Central Spin System

1 Understanding the flow, loss, and recovery of information between a system and its en-
vironment is essential for advancing quantum technologies. The central spin system serves
as a useful model for a single qubit, offering valuable insights into how quantum systems
can be manipulated and protected from decoherence. This work uses the stimulated echo
experiment to track information flow between the central spin and its environment, provid-
ing a direct measure of the sensitivity of system/environment correlations to environmental
dynamics. The extent of mixing and the growth of correlations are quantified through au-
tocorrelation functions of the noise and environmental dynamics, which also enable the
estimation of nested commutators between the system/environment and environmental
Hamiltonians. Complementary decoupling experiments offer a straightforward measure of
the strength of the system Hamiltonians. The approach is demonstrated experimentally
on a spin system.

4.1 Introduction

Advances in quantum technologies are transforming fields such as communication [68],
sensing [50], and physics simulation [66, 13], but decoherence remains an obstacle. In

1This Chapter is largely based on [38].
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Figure 4.1: Schematic of a central spin system. The CS is a spin-1/2 particle and interacts
with an environment consisting of spin-1/2 particles. The system can provide a complete
model of an open quantum system of a qubit.

particular, the memory of the environment plays a key role in determining the optimal
strategies for control [66, 79, 39, 218] and error correction [189], which is not captured
by Markovian approximations such as Lindbladians [121]. Here, we present the theory
and experimental implementation of a central spin (CS) model (Fig. 4.1) [49, 5] of qubit
decoherence that characterizes the memory effects in the environment. The CS is a spin-
1/2 interacting with an environment that can hold quantum information. The Hamiltonian
of the system is

H =Hcs +Hcs/e +He, (4.1)

where Hcs and He are the Hamiltonians of the CS and environment, respectively, and Hcs/e

describes the coupling of the CS and the environment. Note that there is no dissipation
in this system; the total dynamics are unitary and thus perfectly preserve quantum infor-
mation. The essence of this model is that an initially separable CS becomes correlated to
the environment through the CS/environment coupling [143]. The coherence time of the
CS, to first order, is governed by the rate at which these correlations form. The correla-
tions are refocusable unless disrupted by the environment Hamiltonian, leading to a loss of
refocusability with a characteristic time, T , determined by [Hcs/e,He]. As higher correla-
tions build, the quantum information shared among larger correlated states becomes more
susceptible to He. The loss of refocusability has an initial Zeno region [89], marked by a
Gaussian signature in the initial decay of the autocorrelation function, that represents the
short-term memory of the environment. This region, where the quantum information is
well preserved, is important to the optimal design of quantum gates. On the contrary, the
environment may hold part of the quantum information and have a long-term memory,
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which can be much harder to detect. This long-term memory can lead to bias in noise on
the CS and be harmful to error correction.

There are various ways to characterize the noise from the environment. For example,
dynamical decoupling using filter functions can measure the power spectral density [35,
150, 15, 3]. This has also been measured by observing the relaxation rate in the rotating
frame (T1ρ) [216]. These methods typically rely on a stochastic description of the noise
and take the Gauss-Markov approximation of the environmental dynamics. There have
been generalizations to measuring polyspectra of non-Gaussian noise [183, 145]. However,
these still rely on the truncation of higher-order terms and a classical description of the
noise. An experimentally viable method to fully capture the quantum nature of the noise
remains elusive.

Previously, M. Niknam, et al. [143, 144] introduced an experimental method for directly
detecting the growth of multi-spin correlations in a CS system and examining decoherence
time. They defined a metric for quantifying information flow and entropy distribution in
these systems.

This work provides an efficient experimental method, using the stimulation echo (STE)
[83, 188] and decoupling experiments, to track the short- and long-term memory of the
environment and to measure changes of the local field and correlation growth. No ap-
proximation is taken so that the complete quantum nature of the system is preserved.
The memory effect and information flow from the CS to the environment are quantified
through autocorrelation functions, which are measured without any truncation. Addi-
tionally, nested commutators between Hcs/e and He are estimated using Bayesian analysis
[91, 64], which characterize the growth of memory on different levels.

4.2 Theory

Since our interest is to characterize the buildup of the CS/environment correlations, the
initial state of a fiducial state of the CS ∣0⟩⟨0∣ and a fully mixed environment is considered.
Hcs/e leads to the correlation of the CS and the environment which is well described by
a local field model [19]. The local field is given by the eigenvalues of Hcs/e and depends
on the environment’s state, which determines the structure of the spectrum of the CS.
The growth of correlation under the local field has an initial Gaussian signature and is
refocusable by a simple echoing of the CS.

Environmental mixing can alter the state of the environment. For instance, if He takes
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the form of a ”flip-flop” Hamiltonian σ+ ⊗ σ− + σ− ⊗ σ+, then

∣01⟩
σ+⊗σ−+σ−⊗σ+
ÐÐÐÐÐÐÐ→ ∣10⟩. (4.2)

Such changes in the environment’s state result in a corresponding change in the local field
seen by the CS.

Figure 4.2: Measuring multi-time joint distributions of local fields using nD experiments.
The 1D experiment yields the distribution of local field when there is no mixing. The 2D
experiment yields the two-time joint distribution of local fields before and after a period of
mixing, which measures the change of local field. nD experiments (n ≥ 3) can then produce
the n−time joint distributions that measure more subtle properties of the memory of the
environment.

The effect of the change of the local field can be described by joint distributions
p(Ωn, . . . ,Ω1) where Ωi is a random variable representing the local field at time ti (Fig. 4.2).
∆’s are the mixing time. The joint distributions can be measured by an n−dimensional
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Figure 4.3: The second moments of the spectra of the STE experiments by Fourier trans-
form with respect to either t or ∆ give the autocorrelation functions ⟨H ′

cs/e
(∆)H ′

cs/e
(0)⟩

and ⟨H ′e(t)H
′
e(0)⟩, allowing efficient measurement of change of the local field and correla-

tion growth.

(nD) experiment which corresponds to the following unitary propagator

UnD = e
−iHcs/etne−iHe∆n−1e−iHcs/etn−1⋯e−iHe∆1e−iHcs/et1 . (4.3)

It separates the effect of the CS/environment interaction and the environmental dynamics
so that the full dynamics under Hcs/e or He during each time period can be sampled by
continuously varying ti or ∆i. A joint distribution p(Ωn, . . . ,Ω1) can then be obtained
by an nD Fourier transform with respect to ti. In the quantum picture, the variation in
the local field corresponds to H ′

cs/e
(∆) = eiHe∆Hcs/ee−iHe∆ which represents Hcs/e in the

interaction frame of He. The nD experiment effectively compares H ′
s/e
(∆) at different

times and measures its time dependence caused by the environmental dynamics He.

The nD experiments provide a more complete picture of the growing correlations, but
we do not necessarily need that level of detail. A more efficient approach is to measure the
memory of the environment. If the interest is in the multi-time correlation functions

Corr(Ωn, . . . ,Ω1) = ⟨H
′
cs/e(∆n−1 +⋯ +∆1)⋯H

′
cs/e(0)⟩, (4.4)

a more efficient approach is to measure the memory of the environment. Here, it is sufficient
to implement reduced versions of the nD experiments that are typical of lower dimensions
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Figure 4.4: Schematic of the forced Rayleigh scattering (top) and stimulated echo (bot-
tom) experiments. Like the FRS experiment, the STE experiment consists of three steps:
encoding, mixing, and decoding, which correspond to grating, diffusion, and scattering in
the FRS experiment. The quantum information initially resides at the CS. By comparing
it with the echo after decoding, one can learn about mixing.

[170]. According to the central slice theorem, the spectra of the reduced experiments
correspond to projections of the nD spectra, which can extract useful information from the
spectra.

Here, we show how to measure the autocorrelation function ⟨H ′
cs/e
(∆)H ′

cs/e
(0)⟩ through

the STE experiment. The experiment is a reduced version of the 2D experiment where t1
and t2 are set equal and are incremented together. To better understand how the STE
experiment works, we can compare the change of the local field to diffusion in materials.
Indeed, environmental dynamics has been modeled by spin diffusion [18, 220], inspired
by thermal diffusion. A classic experimental method for measuring thermal diffusion in
materials is forced Rayleigh scattering (FRS) [156]. The basic procedure is summarized
below:

1. Creation of spatial grating: A structured spatial grating is created within the
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material by intersecting two coherent laser beams.

2. Thermal diffusion and grating decay: The material is then allowed to undergo
thermal diffusion which causes the grating to blur.

3. Monitoring diffusion via scattered light: A monitoring laser beam (with the
same frequency as the initial grating-forming lasers) is applied to the material. The
intensity of the scattered light from this probe beam is measured, which indicates the
state of the grating. The decay in the scattered intensity corresponds to the extent
of diffusion, reflecting the material’s diffusion properties.

The STE experiment (Fig. 4.4) consists of three similar steps:

1. Creation of CS/environment correlation: The CS interacts with the environ-
ment via Hcs/e, forming a correlation with it.

2. Environment mixing and correlation decay: The CS undergoes a mixing period
under He, which perturbs the system/environment correlation.

3. Measuring mixing through echo: The CS evolves under −Hcs/e to form an echo,
and the echo intensity is measured to reflect the extent of mixing and reveal properties
of the environment.

Here, the correlation plays a similar role to that of the grating, which is used to track
mixing in the environment. Then the system is let to evolve backward under the same
Hamiltonian Hcs/e, similar to the monitoring laser beam, to give a returned signal which is
then used to measure the extent of mixing. By separating the dynamics under Hcs/e and
He, it allows us to control the extent of dynamics under Hcs/e and He and achieve a better
estimation of parameters in the system.

To understand what and how information can be extracted from the STE experiment,
consider its unitary propagator

USTE = exp(iHcs/et) exp(−iHe∆) exp(−iHcs/et), (4.5)

the signal of the experiment is

SSTE(t,∆) = Tr(USTEρ(0)U
�
STEρref), (4.6)

where ρ(0) is the density matrix of the initial state of the CS system and ρref is the
observable corresponding to a measurement on the CS.
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Intuitively, the autocorrelation function ⟨H ′
cs/e
(∆)H ′

cs/e
(0)⟩ is directly related to the

time dependence of SSTE on ∆: the more mixing there is, the less correlated H ′
cs/e
(∆)

and H ′
cs/e
(0) are and the weaker the echo is. Indeed, ⟨H ′

cs/e
(∆)H ′

cs/e
(0)⟩ can be calculated

from the second moment of the spectrum obtained by a Fourier transform of SSTE(t,∆)
with respect to t. It measures the extent of mixing over any ∆. Fundamentally, the
change of local field arises because [Hcs/e,He] ≠ 0, and this information is encoded in
the ∆−dependence of ⟨H ′

cs/e
(∆)H ′

cs/e
(0)⟩. In fact, the autocorrelation function can be

expanded with respect to ∆ as

⟨H ′cs/e(∆)H
′
cs/e(0)⟩ = −

∆2

2!
⟨[He, [He,Hcs/e]]Hcs/e⟩+

∆4

4!
⟨[He, [He, [He, [He,Hcs/e]]]]Hcs/e⟩+⋯.

(4.7)
Only even-order terms appear because SSTE and ⟨H ′

cs/e
(∆)H ′

cs/e
(0)⟩ are even functions

of ∆; changing the sign of ∆ does not change SSTE. Therefore, the non-commutativity of
Hcs/e andHe can be measured through estimating the functions ⟨[He, [He,Hcs/e]]Hcs/e⟩, . . .,
providing an absolute measure of mixing that is independent of ∆.

The STE experiment also provides a measure of information flow between the CS and
the environment. Note that the decay rate of SSTE with respect to ∆ for fixed t depends
on the amount of correlation between the CS and the environment: the more correlation
there is, the more sensitive the system is to He and the faster the decay is. Therefore, the
decay rate with respect to ∆ can be used to monitor the amount of correlation between
the CS and the environment. This can also be measured through the spectra obtained by
a Fourier transform of SSTE(t,∆) with respect to ∆. The second moment of the spectra
is directly related to this sensitivity and gives the autocorrelation function ⟨H ′e(t)H

′
e(0)⟩,

where H ′e(t) = exp(iHcs/et)He exp(−iHcs/et) represents He in the interaction frame of Hcs/e.
H ′e(t) can be interpreted as the CS’s perception of the environment. As correlations build,
the CS’s view of the environment shifts, causing ⟨H ′e(t)H

′
e(0)⟩ to decay.

The time dependence of ⟨H ′e(t)H
′
e(0)⟩ can also be used to estimate non-commutativity

of Hcs/e and He. Particularly, we can measure terms such as ⟨[Hcs/e, [Hcs/e,He]]He⟩ and
higher-order nested commutators. These terms provide an absolute measure of the rate of
information flow, independent of t.

Since the STE measures correlation and mixing through the commutation relation be-
tweenHe andHcs/e, it captures only the components that lead to a nonvanishing [He,Hcs/e].
There can always be a component with a vanishing commutator that remains unmeasured.
For ⟨H ′

cs/e
(∆)H ′

cs/e
(0)⟩, this unmeasured component corresponds to the part of the envi-

ronment that does not disrupt the correlation. Conversely, for ⟨H ′e(t)H
′
e(0)⟩, it corresponds

to the portion of the correlation that remains unaffected by the environmental dynamics.
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A direct measurement of Hcs/e and He is essential as it establishes a baseline for the
intrinsic dynamics of the environment. Hcs/e can be determined by analyzing the evolution
of the CS under Hcs/e while decoupling He as has been achieved in [143]; a simple spec-
trum then characterizes the CS/environment coupling. Here, we are mostly interested in
measuring ∥He∥. For this purpose, the decoupling experiment is employed to assess these
dynamics. The experiment explores how the loss of refocusability of the echo caused by
He changes in the presence of continuous RF irradiation on the environment. The unitary
propagator of the experiment is

Udec = exp(−i(−Hcs/e +He + ωdecJx)t) exp(−i(Hcs/e +He + ωdecJx)t), (4.8)

where Jx is the x component of the total angular momentum operator of the environment
and ωdec is the frequency of the RF irradiation. The signal of the experiment is

Sdec(t) = Tr(Udecρ(0)U
�

decρref). (4.9)

When ωdec is small, He disrupts the CS/environment correlation, leading to fast decay of
Sdec with respect to t. When ωdec > ∥He∥, the RF irradiation becomes dominant, effectively
suppressing He and decoupling the CS from the environment [81]; a rapid slowing in the
decay rate can be observed. Therefore, the frequency ωdec at which the transition in the
decay rate happens provides a quantitative measure of ∥He∥.

4.3 Method

A spin system is used to experimentally demonstrate the method. The experiments are
implemented with a high-field (7T) solid-state NMR system at room temperature using a
Bruker spectrometer. A powder sample of triphenylphosphine is used to simulate the CS
system. The phosphorus spins and the proton spins serve as the CS and environment spins
respectively. The total Hamiltonian of the system is

H = δCSσ
CS
z + σ

CS
z ⊗

N

∑
i=1

ωiσ
i
z +

N

∑
i=1

δiσ
i
z +

N

∑
i<j

ωij(2σ
i
z ⊗ σ

j
z − σ

i
x ⊗ σ

j
x − σ

i
y ⊗ σ

j
y), (4.10)

where N is the number of hydrogen spins in the environment, δCS and δi are chemical shift
anisotropy of the phosphorus and hydrogen spins, and ωi and ωij are coupling strengths of
P-H hetero- and H-H homo-nuclear dipolar interactions.

The pulse sequences of the STE and decoupling experiments are shown in Fig. 4.6.
Correct phase cycling of the π/2 pulses in the STE experiment is chosen to select the
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Figure 4.5: Coherence pathway for STE. The empty rectangle represents the effective
excitation pulse corresponding to the cross-polarization. By combining experiments with
carefully chosen phases, one can achieve the desired coherence pathway shown here which
gives the unitary propagator of the STE experiment.

desired coherence pathway [20, 177] (Fig. 4.5). Additionally, EXORCYLE [95] is applied
to the π pulse in the decoupling experiments. Chemical shift anisotropy of phosphorus spins
is refocused by the pulse sequences. That of the proton spins (∼100Hz) is insignificant and
ignored throughout the experiments. The Hamiltonians Hcs/e and He are then given by
the P-H heteronuclear dipolar interactions and the H-H homonuclear dipolar interactions
respectively. The sample is doped with a relaxation agent (chromium(iii) acetylacetonate)
to reduce its T1. The time scale of the experiments (< 10ms) is much smaller than the T1
of the phosphorus spins (55s) and the hydrogen spins (1s). Cross-polarization [84, 154] is
used to transfer polarization from the proton spins to the phosphorus spins to increase the
signal-to-noise ratio.

During the encode and decode periods in the STE experiments, the symmetric magic-
echo train 8 (SME8) [27] is used to turn off the environmental dynamics He while keeping
the system/environment interaction Hcs/e with a scaling factor of 0.342 and along the same
direction. This, together with the coherence pathway selection, achieves the desired unitary
propagator Eq. (4.5).

Bayesian inference is used to estimate the autocorrelation functions and non-commutativity
of Hcs/e and He using their corresponding posterior distributions. In addition, a Bayesian
model selection [205] is used to evaluate the goodness of different levels of models in order
to estimate the commutation relations.
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4.4 Results

4.4.1 Measure change of local field

STE experiments (Fig. 4.6 (a)) are implemented on the CS system for every combination
of t = 48,96, . . . ,1200µs and ∆ = 0,7.5, . . . ,150µs to collect the signals SSTE(t,∆) (Eq.
(4.6)). A Fourier transform on SSTE with respect to t yields the spectra S̃STE(ω,∆). The
time-domain data SSTE and the corresponding spectra S̃STE are shown in Fig. 4.7 (a). As
expected, the decay of SSTE with respect to t for a given ∆ becomes faster as ∆ increases,
indicating more loss of correlation. This is also shown as a broadening of the spectra.

The second moments of the spectra are calculated to obtain the autocorrelation function
⟨H ′

cs/e
(∆)H ′

cs/e
(0)⟩. To reduce the uncertainty, the calculation is restricted to the region

of the peaks ([-3.6,3.6]kHz). Note that the frequencies used here are all angular frequen-
cies. The second moments are then evaluated using a Bayesian approach to incorporate
the uncertainty (Fig. 4.8 (a)). As seen in the result, the second moment increases (corre-
sponding to decay of the autocorrelation function) as ∆ increases, indicating an increase of
change of local field. However, due to imperfect refocusing, the signature of leading-order
(second-order) dependence on ∆ cannot be observed from the result.

To better explore the features predicted by Eq. (4.7), the linewidths of the spectra are
measured and plotted (Fig. 4.8 (b)). The linewidths are measured with less uncertainty
and show a clear Gaussian signature for small ∆. Then the second moments derived from
the measured linewidths by taking a Gaussian approximation (m2 ≈ FWHM2

/2.3552) are
calculated and plotted in Fig. 4.8 (c). The derived second moments also show a Gaussian
signature as predicted by Eq. (4.7) and has the same overall timescale as the measured
second moments. However, after the initial Gaussian decay, there is a transition (at ∼80
µs) to a slower decay, suggesting two components of the environment that correspond to
different mixing rates.

In order to measure the non-commutativity ⟨[He, [He,Hcs/e]]Hcs/e⟩, . . ., Bayesian model
learning (a combination of model selection and parameter estimation) is applied to the
derived second moments according to the model given by Eq. (4.7). To better capture the
decay of the autocorrelation function, it is remodeled as a mixture of Gaussians:

⟨H ′cs/e(∆)H
′
cs/e(0)⟩ =

L

∑
l=1

pl exp(−∆
2/λl), (4.11)

which is equivalent to Eq. (4.7) as L→∞. The procedure for estimating the parameters is
as follows: First, the most probable level of the model L is selected according to information
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criteria calculated by maximizing the likelihood functions; then, a Bayesian analysis is
applied to the selected model to obtain the posterior distributions of the parameters pl, λl;
finally, the posterior distributions of the functions ⟨[He, [He,Hcs/e]]Hcs/e⟩, . . . are obtained
from the aforementioned posterior distributions to give the desired estimations.

The selected model is of L = 2, confirming the conjecture that there are likely two differ-
ent components of the environment. The obtained posterior distributions of the first three
terms in ⟨[He, [He,Hcs/e]]Hcs/e⟩, . . . are plotted in Fig. 4.9 (top row). The corresponding
estimations are summarized in Table 4.1. The estimations give an absolute measure of the
effect of mixing seen by the CS. Reasonably, higher-order nested commutators are esti-
mated with increased uncertainty. This can be improved by collecting more data for large
∆ since the higher-order effects are more important at the tail.

Table 4.1: Posterior mean estimations of the commutation functions (defined in the caption
of Fig. 4.9). 95% intervals are used to obtain the error bars.

C2 C4 C6

2.02+0.25−0.22 × 10
−4(MHz2) −3.1+0.7−0.9 × 10

−7(MHz4) 8.4+5−2.9 × 10
−10(MHz6)

D2 D4 D6

0.9+0.7−0.35(kHz
2
) −5.3+3.5−10 × 10

−6(kHz4) 0.6+2−0.5 × 10
−10(kHz6)

4.4.2 Measure change of sensitivity

A similar analysis is applied to the STE experiment data to quantify information flow.
Fig. 4.7 (b) presents the time-domain data and spectra where the roles of ∆ and t are ex-
changed. The data show an increased decay rate (spectral broadening) for larger t, reflect-
ing enhanced sensitivity to environmental dynamics due to stronger system-environment
correlations.

The linewidths of the spectra are distorted by the Gibbs ringing due to truncation of the
time-domain data. Therefore, instead of relying on direct measurement of the linewidths,
the decay rates are estimated by fitting the time-domain data to an exponential function.
Then the decay rate is used to estimate the corresponding second moments (Fig. 4.10). The
optimal model, determined by Bayesian model selection, has L = 1. Then the commutation
relations are estimated by fitting the data to the model. The posterior distributions are
shown in Fig. 4.9 (bottom row), with estimates provided in Table 4.1. Due to the high
uncertainty of the data at the tail (t > 700µs), estimates of higher-order commutation
relations are significantly worse.
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4.4.3 Measure strength of He

To measure the absolute strength of the mixing ∥He∥, the decoupling experiments (Fig. 4.6
(b)) are implemented on the CS system for t = 48,96, . . . ,1200µs and different strengths
of the RF irradiation. The time-domain data and the corresponding spectra are plotted
in Fig. 4.7 (c). The linewidths of the spectra are calculated and plotted in Fig. 4.11 as
a function of ωdec. The result shows that the decay slows as the ωdec increases, implying
that a larger portion of the mixing is suppressed. The Gaussian signature at small ωdec

corresponds to the regime where ωdec becomes larger than ∥Hcs/e∥ and the information
flow is being suppressed. It can be seen that the linewidth starts to saturate at around
ωdec =30kHz, indicating the condition that ωdec ≫ ∥He∥ is satisfied for the majority of
the environment. Indeed, the strongest interaction between environment spins, calculated
according to the crystal structure of the molecule [106], is around 30kHz.

4.5 Discussion

The measured autocorrelation function ⟨H ′
cs/e
(∆)H ′

cs/e
(0)⟩ reveals an overall characteristic

time T ∼ 90µs for environment mixing (Fig. 4.8 (a)). However, its structure deviates
from an exponential form, indicating memory effects in the environment. Initially, a Zeno
regime ∆ ∼ [0,30)µs is observed, corresponding to an initial resistance to environmental
perturbation due to the unitary dynamics of the environment. The duration of the period is
approximately equal to 1/∥He∥ as measured by the decoupling experiment. Then, this pe-
riod is followed by a rapid change in the local field, characterized by a Gaussian signature,
suggesting that information is being rapidly scrambled in the environment. The environ-
ment size is sufficiently large to ensure that this scrambling as seen by the CS appears
uncorrelated. Around ∆ ∼ 70µs, a transition to a slower change in the local field occurs.
Model selection further confirms the presence of two Gaussian components: one fast and
one slow. This indicates the existence of a long-lived state within the system/environment
correlation that is less sensitive to environmental dynamics. The rapid mixing corresponds
to dynamics in a finite-sized part of the environment. Once mixing in this region saturates,
information flow extends to a larger part of the environment, leading to additional infor-
mation loss. However, this extended part contributes more slowly, likely due to weaker
connectivity with the primary environment. This observation is further confirmed through
the estimation of non-commutativity, suggesting a structured environment with both long
and short memory. A detailed understanding of this memory structure will undoubtedly be
crucial for comprehending the environment’s dynamics and for designing improved control
and error correction protocols for the system.
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Mathematically, the information flow in a many-body system can be quantified by the
information flux [53, 52]. For information flow between the CS and the environment, the
information flux is closely related to the correlation measure given by the Rènyi entropies
[144]. The autocorrelation function ⟨H ′e(t)H

′
e(0)⟩ and the nested commutation relations

D2,D4, . . . aim to provide an efficient measure of this correlation. As the results show,
the sensitivity to He, as measured by the second moments of the spectra with respect to
∆ in STE experiments reveals a Zeno regime around t ∼ [0,250µs). Similarly, the non-
exponential dynamics of the autocorrelation function shows that the system/environment
interaction is highly non-Markovian. According to Niknam et al. [143], first-order co-
herence peaks around t ∼ 200µs (adjusting for scaling differences between MREV8 and
SME8 sequences), suggesting that rapid increase of sensitivity to perturbation mainly
arises from higher-order coherence terms. Their results show that coherence growth satu-
rates at t ∼ 590µs. However, in our measurements, sensitivity continues to increase beyond
this time. This may imply that highly sensitive, multi-spin correlations continue to de-
velop, even if this does not directly enhance coherence, as most multi-spin correlations are
still of lower-order coherence. Thus, STE experiments may be capable of revealing the
growth of higher-order correlations.

4.6 Conclusion

In conclusion, an efficient experimental approach combining stimulated echo (STE) and
decoupling experiments provides quantitative measures of information flow and mixing in a
central spin system. The STE experiment distinguishes the effects of system/environment
interaction from environment mixing, allowing focused study on either information flow or
mixing. The second moments of STE spectra yield autocorrelation functions that capture
changes in local fields and sensitivity, offering detailed quantitative insights into the land-
scape of information flow and mixing. Through Bayesian analysis, the STE experiment
directly measures the non-commutativity between Hcs/e and He, providing absolute mea-
sures of the rates of correlation growth and mixing across different levels. The decoupling
experiment, in turn, offers a straightforward and effective method to directly probe the
strength of He. Together, the STE and decoupling experiments deliver a comprehensive
metric of environment mixing. The results reveal a complex structure in the environmental
dynamics, with both short-term and long-term memory effects in the system, highlighting
the rich dynamics of the central spin system and the importance of thoroughly understand-
ing them. While the method is demonstrated using a spin system, it is applicable to any
qubit-environment interacting system.

69



Figure 4.6: The pulse sequences for the (a) STE and the (b) decoupling experiments.
CP and RF refer to cross-polarization and RF irradiation. Saturation with π/2 pulses is
applied to the environment spins prior to the start of each experiment to prevent correlation
between experiments. Spin temperature alteration [182] is incorporated in the phase cycling
to remove artifacts from the cross-polarization. During td, a continuous weak measurement
is performed on the CS. A strong continuous wave is applied to the environment during
this period to decouple the CS from the environment. Then an integration is taken over
td to give a complex signal point.
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Figure 4.7: Time-domain data (left) and spectra (right) of the STE experiments for (a)
different ∆, (b) different t, and (c) those of the decoupling experiments for different ωcs.
Here, only real parts of the data are shown. (a) and (b) are obtained from the STE
experiments (Fig. 4.6 (a)), while (c) is from the decoupling experiments (Fig. 4.6 (b)).
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Figure 4.8: Measure of (a) second moments, (b) linewidths and (c) second moments derived
from the linewidth of the STE experiments as functions of ∆. The spectra are obtained
by Fourier transform with respect to t. The data are obtained from their corresponding
posterior predictive distributions. The error bars correspond to the 1/4 and 3/4 quantiles.
The solid line represents the best fit using the posterior mean for the optimal model with
L = 2 (Eq. (4.11)).

Figure 4.9: Probability histogram plots of the posterior distributions of (a)
C2 = ⟨[He, [He,Hcs/e]]Hcs/e⟩ , (b) C4 = ⟨[He, [He, [He, [He,Hcs/e]]]]Hcs/e⟩,
(c) C6 = ⟨[He, [He, [He, [He, [He, [He,Hcs/e]]]]]]Hcs/e⟩, (d) D2 =

⟨[Hcs/e, [Hcs/e,He]]He⟩, (e) D4 = ⟨[Hcs/e, [Hcs/e, [Hcs/e, [Hcs/e,He]]]]He⟩ and (f)
D6 = ⟨[Hcs/e, [Hcs/e, [Hcs/e, [Hcs/e, [Hcs/e, [Hcs/e,He]]]]]]He⟩.
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Figure 4.10: Measure of (a) linewidths and (b) second moments derived from the linewidths
of the STE experiments as functions of t. They correspond to spectra obtained by Fourier
transform of SSTE with respect to ∆.

Figure 4.11: Linewidths of the spectra measured from the decoupling experiments as a
function of the strength ωdec of the RF irradiation.
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Chapter 5

Characterizing Correlated Noise on a
Central Spin Using
Multi-Dimensional Experiments

Here, we investigate how central spin dynamics, combined with correlation spectroscopy,
can characterize information flow in a qubit system. Our method estimates multi-time noise
distributions and employs Bayesian analysis to quantify environmental memory. This re-
veals persistent memory and correlated fluctuations, allowing us to assess non-Gaussianity,
non-stationarity, and non-Markovian features of the noise.

5.1 Introduction

Understanding a qubit’s noise is crucial for developing simpler, more effective control meth-
ods in engineered quantum devices. The properties of the noise determine the performance
of noise reduction strategies. Examples include decoupling [37, 131, 196, 194], which de-
pends on noise having a long correlation time, and quantum error correction [174, 12, 100],
whose efficiency depends on the symmetry of the system/environment interaction. Pas-
sive noise reduction strategies such as noiseless subsystems [101, 63] and decoherence-free
subspaces [120] depend on the noise being collective and respecting certain symmetries.

Here, we present an experimental method to characterize the properties of the noise as
seen by a qubit, including higher-order memory effects. The qubit can be modeled as a
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central spin (CS) [49, 5] coupled to an environment that holds quantum information. We
are interested in three questions:

1. What is the distribution of the frequency of the noise?

2. What is the lifetime of the CS/environment correlations?

3. What are the environmental memory effects, e.g., correlation in environmental fluc-
tuations and long-lived states?

It is not our goal to reduce the measured dynamics to a Markovian model; rather, to learn
properties of the environmental memory enables quantum efficiencies in noise rejection.

There have been numerous studies on characterizing noise in open quantum systems.
R. Kubo [111] and P. Anderson [199] modeled the noise as a Gauss-Markov process which
successfully predicted the line shapes in NMR and ESR experiments. Measurements have
been designed to extract effective Lindblad operators [182, 126], and to measure the noise
spectra of T2 and T1ρ [35, 216]. These have then been reduced to an effective Markovian
model that captures the loss of information in the qubit. Decoupling has been used to
experimentally measure the power spectral density of the noise based on the Gauss-Markov
model [3, 151]. This method has been generalized to measure higher-order polyspectra
of non-Gaussian noise [145]. Recently, M. Niknam et al [143, 144] have experimentally
measured the growth of CS/environment correlations. J. Chen et al [38] used stimulated
echo and decoupling experiments to quantify the environmental dynamics and correlation
growth in the CS system.

Here, we explore the additional information that is available from recording higher-order
correlations of the noise. Correlation spectroscopy [58, 92, 171, 170] works as a simple
scattering experiment. In the most basic implementation, it consists of two encoding
periods separated by a variable storage time. Its higher-dimensional versions [171, 75]
include multiple encoding periods and produce spectra that correspond to the multi-time
joint probability distributions of the noise. Combining statistical inference with correlation
spectroscopy provides a quantitative measure of memory effects including non-stationary,
non-Gaussian, and non-Markovian effects.

5.2 Theory

Recall that the Hamiltonian of the CS system is

H =Hcs/e +He, (5.1)
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where Hcs/e and He are the Hamiltonians of the CS/environment interaction and environ-
mental mixing. We assume that the CS and the environment are initially uncorrelated
with an initial state ρ(0) = ρcs(0) ⊗ ρe(0). An evolution under Hcs/e creates correlation
between the CS and the environment, which is well described by a local field model [19].
The local field depends on the eigenvalues of Hcs/e and the environment’s state which can
be altered by environmental mixing. For instance, if He takes the form of a ”flip-flop”
Hamiltonian σ+ ⊗ σ− + σ− ⊗ σ+, then

∣01⟩
σ+⊗σ−+σ−⊗σ+
ÐÐÐÐÐÐÐ→ ∣10⟩. (5.2)

Such change in the environment’s state results in a corresponding change in the local field
seen by the CS, which can be described by multi-time joint distributions of the frequency
of the noise p(Ωn, . . . ,Ω1), where Ωi is a random variable representing the local field at the
ith time instance (Fig. 4.2).

5.2.1 The Gauss-Markov Approximation

We are interested in characterizing the memory effect of the environment. Therefore, it
is important to understand the assumptions made by the memoryless model, the Gauss-
Markov model, and when the approximation fails.

When the noise results from contributions from a large number of weakly correlated
sources, the spectrum of the local field is approximately Gaussian due to the central limit
theorem. Similarly, the dynamics of environment fluctuations can be approximately Gaus-
sian if the eigenstructure of He is complex and the dynamics involve averaging over dif-
ferent realizations. Thus, the joint distribution p(Ωn,Ωn−1, . . . ,Ω1) is approximately a
multi-variate Gaussian distribution.

The Markov approximation claims that

p(Ωn∣Ωn−1, . . . ,Ω1) = p(Ωn∣Ωn−1). (5.3)

Namely, the environmental dynamics is memoryless and the present state of the noise
provides all the information needed to predict the future state. For example, consider an
environment of one qubit with an initial state a∣0⟩+b∣1⟩. ∣0⟩ and ∣1⟩ are eigenstates of Hcs/e

with eigenvalues +1 and -1. An evolution under He evolves the state to a′∣0⟩ + b′∣1⟩. The
distribution of the local field changes from {(∣a∣2,+1), (∣b∣2,−1)} to {(∣a′∣2,+1), (∣b′∣2,−1)}.
In general, the new distribution depends on the values of a and b. However, if the quantum
coherence ab∗∣0⟩⟨1∣ and a∗b∣1⟩⟨0∣ decay fast, the new distribution of the local field depends
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only on ∣a∣2 and ∣b∣2 approximately. The process of the change of the local field can be
approximately treated as a classical random process that obeys the Markov property Eq.
(5.3).

The noise is stationary, if its statistical properties, e.g., mean, variance, and au-
tocorrelation, do not change over time. A necessary and sufficient condition is that
the joint distribution p(Ωn, . . . ,Ω1) is invariant under time translations, which requires
e−i∆Heρe(0)ei∆He = ρe(0) for all ∆. For example, if the environment is in the fully mixed
state, the distribution of the local field is given by the full set of eigenvalues of Hcs/e, and

p(Ωn) ≡ p(Ω1), (5.4)

for all n, which satisfies the stationary property.

The above approximations are captured by the Gauss-Markov model that treats the en-
vironmental dynamics as an Ornstein-Uhlenbeck process [108] (a stationary Gauss-Markov
random process). In addition to the properties mentioned above, the process has an expo-
nential decaying autocorrelation

⟨Ω2Ω1⟩ = e
−θ∆⟨Ω2

1⟩, (5.5)

and vanishing cumulants of orders higher than two.

The memory effects, due to correlated fluctuations, residual correlation in the envi-
ronment, or fluctuations of the state of the environment, will show up as violations of
Gaussian, Markovian, or stationary properties, respectively.

5.2.2 Measuring the joint distributions through multi-dimensional
experiments

The joint distributions can be measured by an n-dimensional (nD) experiment, which has
the following unitary propagator

UnD = e
−iHcs/etne−iHe∆n−1e−iHcs/etn−1⋯e−iHe∆1e−iHcs/et1 . (5.6)

This separates the effect of the CS/environment interaction and the environmental dy-
namics so that the full dynamics under Hcs/e or He during each period can be sampled by
continuously varying ti or ∆i. A joint distribution p(Ωn, . . . ,Ω1) can then be obtained by an
nD Fourier transform with respect to ti. The nD experiment effectively compares H ′

s/e
(∆)

at different times and measures its time dependence. For example, the 1D spectrum gives

S̃1D(ω1) = p(Ω1), (5.7)
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which gives the distribution of the frequencies of the noise at ∆ = 0. In the presence of
small T1 and T2, the spectrum is a convolution between p(ω1,0) and a Lorentzian L(ω).
Here, we are interested in the case where p(Ω1) is much broader than L(ω). The 1D
experiments correspond to the growth of CS/environment correlation in the absence of the
environmental dynamics.

A 2D spectrum is

S̃2D(ω2, ω1) = p(Ω2,Ω1) = p(Ω2∣Ω1)p(Ω1). (5.8)

Compared to the 1D spectra, the additional information lies in the transition probability
p(Ω2∣Ω1) which measures the change of the local field. All second-order statistical proper-
ties of the noise, such as the joint moments ⟨Ωk2

2 Ωk1
1 ⟩ and the covariance Cov(Ω2,Ω1) can

be calculated using S̃2D(ω2, ω1).

The joint distributions p(Ω2,Ω1) can be used to quantify systematic discrepancy from
standard models. For instance, we can use goodness of fit, such as the mean square error
(MSE) and the coefficient of determination (R2), to a 2-variate Gaussian distribution to
measure non-Gaussianity.

We can also use parameter estimation to quantify discrepancy. For example, consider
measuring the non-stationarity of the noise. A stationary noise obeys

p(Ω2) ≡ p(Ω1), (5.9)

for all ∆, which implies that the means of Ω2 and Ω1 are the same. Thus, when fitted
to a 2-variate normal distribution, the absolute difference of the means (ADM) ∣µ2 − µ1∣

provides a measure of non-stationarity of the noise. Note that a nonzero measure implies
non-stationarity, but the opposite is not true.

Many properties of p(Ω2,Ω1) can be obtained from projections of the 2D spectra, which
can be obtained using reduced 2D experiments. For example, consider the stimulated echo
(STE) and stimulated anti-echo (STAE) experiments, which correspond to projections of
the 2D spectra along ω2 = ω1 and ω2 = −ω1 according to the central slice theorem. Their
signals are

SSTE(t) = ∫ dΩ2dΩ1e
−i(Ω2−Ω1)tp(Ω2,Ω1),

SSTAE(t) = ∫ dΩ2dΩ1e
−i(Ω2+Ω1)tp(Ω2,Ω1).

(5.10)

SSTE(t) comes from the frequencies that remain the same (Ω2 = Ω1), while SSTAE(t)
comes from frequencies whose signs are reversed (Ω2 = −Ω1). For short mixing time
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∆, the frequency has a high probability to remain the same, thus SSTE(t) > SSTAE(t).
As ∆ increases, SSTE(t) decreases while SSTAE(t) increases. When all correlation is lost,
SSTAE(t) = SSTE(t), since the system forgets the initial value of the local field Ω1. Addi-
tionally, the reduced experiments can be used for the statistical analysis discussed above,
including quantifying non-Gaussianity and non-stationarity, since statistical inference typ-
ically requires only a subset of the data from a 2D experiment.

The 3D experiments give the 3-time joint distributions

S̃3D(ω3, ω2, ω1) = p(Ω3,Ω2,Ω1) = p(Ω3∣Ω2,Ω1)p(Ω2∣Ω1)p(Ω1). (5.11)

Compared to the 2D experiments, the additional information is in p(Ω3∣Ω2,Ω1), which
measures the memory of the environmental dynamics. One way to detect the memory
effect is to compare the 3D spectra with their Markovian counterparts. Define the Markov
reconstruction of a 3D spectrum as

S̃M
3D =

p(Ω3,Ω2)p(Ω2,Ω1)

p(Ω2)
, (5.12)

which should be equal to S̃3D if the noise were Markovian: p(Ω3∣Ω2,Ω1) = p(Ω3∣Ω2). There-
fore, systematic discrepancy between S̃3D and S̃M

3D implies non-Markovianity. Motivated
by this, define the residual correlation

R2
λ = (⟨Ω1Ω3⟩ − ⟨Ω1Ω2⟩ ⟨Ω2Ω3⟩)

2
, (5.13)

which measures the difference between the direct correlation of Ω1 and Ω3 and that through
Ω2. It can be evaluated using the 3D spectra and provides a quantitative measure of non-
Markovianity.

The two environment time parameters ∆1 and ∆2 in 3D experiments provide an alterna-
tive approach to measure non-Markovianity by measuring the divisibility of the dynamics.
A Markovian process is divisible, namely, the total action of a map stays the same wher-
ever it is intercepted. Thus, the correlation ⟨Ω3Ω1⟩ should only depend on the total time
of environment evolution ∆1 +∆2 and not on the values of ∆1 or ∆2. Thus, we can fix
∆1 +∆2 and measure how ⟨Ω3Ω1⟩ changes as a function of ∆1 to probe non-Markovianity.

Although the above discussion adopts a classical probabilistic description of the noise,
the nD experiments do not rely on this and have a fully quantum interpretation where the
time dependence of the local field is replaced by that of Hcs/e in the interaction frame of
He (Appendix).
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5.3 Method

The same spin system used in the last Chapter is used to experimentally demonstrate the
method. Recall that the total Hamiltonian of the system is

H = δCSσ
CS
z + σ

CS
z ⊗

N

∑
i=1

ωiσ
i
z +

N

∑
i=1

δiσ
i
z +

N

∑
i<j

ωij(2σ
i
z ⊗ σ

j
z − σ

i
x ⊗ σ

j
x − σ

i
y ⊗ σ

j
y), (5.14)

where N is the number of hydrogen spins in the environment; δCS and δi are the chemical
shift anisotropy of the phosphorus and hydrogen spins, respectively; and ωi and ωij are
the coupling strengths of the P-H hetero- and H-H homo-nuclear dipolar interactions,
respectively.

The pulse sequences of 1D, 2D and 3D experiments are included in the Appendix.
Chemical shift anisotropy of the phosphorus spins is refocused by the pulse sequences. That
of the proton spins (∼100 Hz) is insignificant and ignored throughout the experiments. The
Hamiltonians Hcs/e and He are then given by the P-H heteronuclear dipolar interactions
and the H-H homonuclear dipolar interactions, respectively. The sample is doped with
a relaxation agent (chromium(iii) acetylacetonate) to reduce its T1. The time scale of
evolutions under Hcs/e (< 10ms) is much smaller than the T1 of the phosphorus spins (55
s) and the hydrogen spins (1 s). For mixing times ∼1s, the relaxation of the proton spin
serves as an additional mechanism that can remove residual CS/environment correlation.

For the 2D experiments, during encode and decode periods, the symmetric magic-echo
train 8 (SME8) [27] is used to turn off the environmental dynamics He while keeping the
system/environment interaction Hcs/e with a scaling factor of 0.342 and along the same
direction. This, together with the coherence pathway selection, achieves the desired unitary
propagator Eq. (5.6). 3D and higher-dimensional experiments are obtained by combining
2D experiments [76]. The coherence pathway selection also achieves amplitude-modulated
time-domain signals, used to obtain pure-phase spectra by the States method [181].

Bayesian analysis is used to fit the time-domain data to that given by Gaussian dis-
tributed local field. The resulting predictive posterior distributions are used to estimate
functions of the model, which are used to provide quantitative measures to non-Gaussianity,
non-stationarity, and non-Markovianity.
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5.4 Results

5.4.1 1D Experiment

The time-domain data and spectrum of the 1D experiment are shown in Fig. 5.1. The
data are fitted to a Gaussian shape (black line in Fig. 5.1).

Figure 5.1: Time-domain data and corresponding spectrum of a 1D experiment. The solid
lines are the best Gaussian fits.

5.4.2 2D Experiment

2D experiments of different mixing times ∆ are implemented. The spectra are shown in
Figs. 5.2 and 5.4, which show a broadening along ω1 = −ω2 as ∆ increases.

The simulated 2D spectra using the Gauss-Markov model are shown in Fig. 5.3. There
is a difference in shapes between the measured (Fig. 5.2) and simulated (Fig. 5.3) spectra
for intermediate values of ∆. For example, for ∆ = 50µs, the simulated spectrum has a
more rectangular shape.

To quantify the deviation of the data from the model, the MSE of the fit is calculated
(Fig. 5.5). It shows a small deviation initially, which increases as ∆ increases to 50µs and
decreases as ∆ further increases. There is a plateau of the deviation for 100µs <∆ < 1500µs.
The deviations further increase as ∆ goes beyond 0.5 s.

To see if the process is stationary, projections of the spectra onto ω1 = 0 and ω2 = 0 are
calculated. Their differences for different ∆ are shown in Fig. 5.6. The nonzero difference
at ∆ = 50 µs suggests potential non-stationarity.
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Figure 5.2: Measured 2D spectra for different ∆. The plots are normalized to the maximal
point of the spectrum of ∆ = 0µs. 82



Figure 5.3: Simulated 2D spectra for different ∆. The plots are normalized to the maximal
point of the spectrum of ∆ = 0µs. 83



Figure 5.4: 3D views of Measured 2D spectra with various ∆. (a) ∆ = 0µs. (b) ∆ = 50µs.
(c) ∆ = 200µs. (d) ∆ = 1.5s.

Figure 5.5: MSE of the fits to the bivariate Gaussian distribution for different ∆.
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Figure 5.6: Differences of projections of 2D spectra along ω1 = 0 and ω2 = 0 for different
∆. The one at ∆ = 50µs shows that the dynamics are non-stationary.
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5.5 Projections of 2D experiments

Projections of the 2D spectra along ω2 = ω1 and ω2 = −ω1 are measured through STE
(t2 = −t1) and STAE (t2 = t1) experiments, respectively. The deviations of the data from
Gauss-Markov measured by MSE are shown in Fig. 5.7. The deviation starts small,
increases to a maximum at ∆ ∼ 30µs, decreases as ∆ further increases, and saturates at
∆ ∼ 150µs. To measure stationarity, the AMD of the fit to the Gauss-Markov model is

Figure 5.7: MSE of fits to bivariate Gaussian distributed local field of the STE and STAE
data as a function of ∆.

calculated and plotted in Fig. 5.8.

Figure 5.8: Absolute mean difference (AMD) of bivariate Gaussian fits of the STE and
STAE data.

Examples of the spectra are shown in Figs. 5.9 and 5.10. To compare their contri-
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Figure 5.9: Projections of 2D spectra along ω1 = ω2 for different ∆. The black solid lines
are the best Gaussian fits.

Figure 5.10: Projections of 2D spectra along ω1 = −ω2 for different ∆. The black solid lines
are the best Gaussian fits.
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butions to the deviations, the spectra are fitted to Gaussian shapes individually, and the
corresponding coefficients of determination R2 are shown in Fig. 5.11. The deviations from

Figure 5.11: Coefficients of determination (R2) of Gaussian fits of the projections of the
2D spectra along different directions for different ∆. Larger R2 corresponds to better fits.
A logarithmic scale of ∆ is used to better represent the initial behaviors.

the STE experiments show a similar trend as the overall deviations, while those from the
STAE experiments stay small, suggesting the former is the main source of the deviations.

The autocorrelation function ⟨Ω2Ω1⟩ calculated from the simulated echo and anti-echo
are shown in Fig. 5.12. As a comparison, the full widths at half maximum of the spectra
of the simulated echo and anti-echo experiments are also plotted (Fig. 5.12 right).

5.6 3D Experiment

3D experiments are implemented to explore the memory effect of the environmental dy-
namics. Fig. 5.13 shows the measured spectra (∆1 = ∆2). In comparison, the Markov
reconstructions of the spectra are plotted beneath them. The measured spectra exhibit a
more structured surface than their Markov reconstructions, indicating a possible memory
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Figure 5.12: Measured autocorrelation function ⟨Ω2Ω1⟩ (left) with the best exponential fit
(dashed line) and the linewidths of the projections (right) with the best exponential fits
(solid lines) and the best Gaussian fit (dashed line). The blue squares and the orange dots
are for projections along ω2 = ω1 and ω2 = −ω1, respectively.

Figure 5.13: 3D spectra (left 3) and their sectional views (right 3) for different ∆2 = ∆1

(from left to right: 0, 20µs and 100µs). From top to bottom: Measured spectra, Markov
reconstructions, and best Gaussian fit.
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Figure 5.14: Projections of the 3D spectra along (1,1,1). From top to bottom: Measured
spectra, Markov reconstructions, and best Gauss-Markov fit. From left to right: ∆1 =∆2 =

0, 20µs and 100µs.
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effect. To check whether the features arise from the measurement noise, the data are fitted
to the trivariate normal distributions (Fig. 5.13 bottom) and used to calculate the residual
correlation (Fig. 5.15). The result shows a similar result with that observed from the 2D

Figure 5.15: Residual correlation for different 3D experiments.

experiments: the residual correlation starts low and increases as the storage times increase.
However, the memory persists longer (>∆1 +∆2 = 200µs) than previously measured in the
2D experiment (∆ < 150µs).

To further explore the memory effect, two 3D experiments are performed, where ∆1/∆2 =

200µs/30µs and 30µs/200µs. The spectra are shown in Fig. 5.16. Their corresponding
residual correlations are calculated (Fig. 5.15). The posterior distributions of the total
correlation ⟨Ω3Ω1⟩ are shown in Fig. 5.17. The first experiment (200µs/30µs) shows less
correlation.
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Figure 5.16: 3D displays (left half, one contour at 0.5 maximum) and sectional views (right
half, contours at 0.25, 0.5 and 0.75 maximum) of measured (top) and simulated (bottom)
spectra for ∆2 = 200µs/∆1 = 30µs and ∆1 = 30µs/∆2 = 200µs.

Figure 5.17: Posterior distributions of correlations ⟨Ω(∆1 + ∆2)Ω(0)⟩. The posterior
mean estimates are 0.31+0.04−0.07 (200µs/30µs) and 0.322+0.028−0.031 (30µs/200µs). As a compari-
son, ⟨Ω3Ω1⟩ for all experiments are plotted on the left.
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5.7 Discussion

5.7.1 1D experiment

The 1D experiment yields the distribution of the local field in the absence of the envi-
ronmental dynamics, which determines the growth of CS/environment correlation and the
coherence time of the CS. The distribution is well approximated by a Gaussian shape due
to the complexity of Hcs/e and averaging over many realizations. The memory effect of the
environment is not captured by the 1D experiment.

5.7.2 2D experiment

The 2D experiments measure the change of the local field. The spectrum at ∆ = 0µs
centers at ω2 = ω1, suggesting no change of the local field in the absence of He. Ω2 and Ω1

are highly correlated
p(Ω2,Ω1) ∼ δ(Ω2 −Ω1)p(Ω1). (5.15)

This correlation decreases as ∆ increases, shown as the broadening of the spectra along ω2 =

−ω1. The MSE of the fit to the bivariate Gaussian distribution measures non-Gaussianity
of the environmental dynamics as a function of ∆ (Fig. 5.5). The MSE is small at ∆ = 0µs,
consistent with the result from the 1D experiment (in the absence of He, the dynamics
underHcs/e is well captured by a Gaussian distribution). The MSE increases as ∆ increases,
indicating increased non-Gaussianity in the dynamics, due to correlated fluctuations in the
environmental dynamics. The decrease of the MSE as ∆ further increases suggests a
transition to a fully mixed regime where the correlation between environment fluctuations
is lost. However, a long-lived residual correlation persists up to ∆ = 1500µs, as shown by
the decrease of the MSE at ∆ = 0.5s and 1.5s, which involves relaxation in the environment,
suggesting a constant of motion in the CS/environment correlation to the unitary dynamics
of the environment.

The difference between the projections of the spectra onto ω1 = 0 and ω2 = 0 at ∆ = 50µs
suggests potential non-stationarity (Fig. 5.6).

5.7.3 Projections of 2D spectra

The projections of the 2D spectra along ω2 = ω1 and ω2 = −ω1, measured by the stimulated
echo and anti-echo experiments, provide complementary information to the 2D experi-
ments.
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The MSE of the fit to the bivariate Gaussian distribution (Fig. 5.5), equivalent to that
measured in the 2D experiments (Fig. 5.7), but with more points, shows a similar trend,
confirming the non-Gaussianity at intermediate values of ∆. It reaches the maximum at
∆ ∼ 30µs, around 1/∣He∣ (∣He∣ ∼ 30 kHz), and falls to a minimum at ∆ ∼ 150µs, suggesting
a transition from a Gaussian regime to a non-Gaussian regime then back to the Gaussian
regime.

The AMD of the fit provides a measure of non-stationarity of the noise (Fig. 5.8). At
small ∆, non-stationarity is small due to small environmental dynamics. However, the
nonzero AMD in 20µs <∆ < 80µs indicates non-stationarity, consistent with Fig. 5.6.

The coefficient of determination measured for Gaussian fits suggests that the non-
Gaussianity mainly results from the STE, which is consistent since the initial environmental
dynamics are mainly captured by the STE. At small ∆ (e.g., ∆ = 0µs and 20µs), there is a
pedestal of the spectra of the STE, not captured by the Gaussian fit, around the baseline.
This is possibly due to a part of the environment with high frequency that is not decoupled
by the SME8 sequence. To test this hypothesis, compare the spectra with those obtained
from the decoupling experiments (Fig. 5.18), which also shows the same pedestal around
baseline at ωdec ∼ ∣He∣. The pedestal disappears as ωdec increases above 60 kHz, suggesting
a part of the environment, with a frequency higher than ∣He∣, is suppressed.

The linewidths of the STE and STAE become closer to each other as ∆ increases,
suggesting enhanced mixing. However, they do not saturate to the same value, indicating
residual correlation, as observed from the 2D experiments (Fig. 5.5). Although no obvious
deviation from exponential decay is observed from the calculated autocorrelation function
due to high uncertainty, the linewidths of the STE spectra show a Zeno regime marked by
a Gaussian signature in 0µs <∆ < 20µs, before transitioning to an exponential decay.

Table 5.1 summarizes different time scales observed so far in the system.

5.7.4 3D experiment

The residual correlations in the 3D experiments show that the memory effect persists up to
∆1 +∆2 = 200µs which is as long as the mixing time. This is likely due to the interception
by the evolution under Hcs/e between the first and second mixing periods, which reduces
the total action of the mixing. This is further confirmed by the 3D experiments where
∆1 + ∆2 is fixed. The experiment where the mixing is intercepted earlier (∆1 = 30µs)
shows less residual correlation and more total correlation between Ω3 and Ω1 than the
experiment where ∆1 = 200µs. The interception at the early stage of environment mixing
disrupts the accumulation of higher-order effects, thus reducing its overall effectiveness.
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Figure 5.18: Spectra of decoupling experiments. Black lines are the best Gaussian fits.

Table 5.1: Different time scales measured by the 1D and 2D experiments.

Name Time scale
CS coherence time t ∼ 300µs

Mixing time ∆ ∼ 200µs
Non-Gaussian ∆ ∼ [0,150]µs
Quantum Zeno ∆ ∼ [0,20]µs

Gaussian-exponential transition ∆ ∼ 50µs
Non-stationary ∆ ∼ [0,100]µs

Constant of motion ∆ > 750µs
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Such interception is less effective at a later stage, however, as the mixing has reached
saturation.

5.8 Conclusion

We presented a general experimental method for comprehensively characterizing highly
correlated quantum noise in a central spin system using multi-dimensional experiments.
The experiments measure the multi-time joint distributions of the noise, represented by
the multi-dimensional spectra, which contain all the statistical properties of the noise. Re-
duced multi-dimensional experiments, which produce projections of the multi-dimensional
spectra, provide an efficient way to probe the noise and can be used in statistical inference
to provide a quantitative measure of the memory effect of the environment.

Using the multi-dimensional experiments, we experimentally characterized the noise in
a central spin system. The one-, two-, and three-dimensional experiments measure the
distribution of the local field, change of local field by environmental dynamics, and mem-
ory effect of the environmental dynamics, respectively. Through quantitative measures of
non-Gaussianity and non-stationarity, the two-dimensional experiments and their reduced
versions, the stimulated echo and anti-echo experiments, reveal a non-Gaussian period
(0µs < ∆ < 150µs) due to correlated environmental fluctuations and a non-stationary
period (0µs < ∆ < 100µs) due to return of information from the environment to the cen-
tral spin. Residual system/environment correlation, which persists beyond the mixing time
(200µs <∆ < 1500µs) has been revealed, suggesting a component insensitive to the environ-
mental dynamics. The 3D experiments provide a quantitative measure of non-Markovianity
of the environmental dynamics through residual correlation and non-divisibility, revealing
persistent memory effect above the mixing time of 200 µs. Intercepting the environmental
dynamics by information flow between the central spin and the environment reduces the
effectiveness of higher-order effects of the environmental dynamics, leading to reduced total
action and prolonged system/environment correlation.

The quantification of different aspects of the memory effect, including non-Gaussianity,
non-stationarity, and non-Markovianity, provides a benchmark for noise modeling, a thresh-
old for error correction and control protocols, and an effective sensor for learning dynamics
of many-body systems.
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Chapter 6

Probing the Structure of the
Environment through the Central
Spin Using Multi-quantum
Experiments

Understanding CS/environment interaction and information flow is essential for advancing
quantum technologies. The environmental dynamics can scramble the CS/environment
correlation and hold this information in subspaces that are not directly available to the
CS. As shown in Chapter 4, stimulated echo experiments provide a simple way to study
information flow between the CS and the environment. In Chapter 5, the multi-dimensional
correlation spectroscopy provides a more complete picture of the memory effect due to the
environmental dynamics.

Although it is possible to measure all relevant information of the noise on the CS
without knowing the detailed structure of the environment, a better understanding of how
information is stored in the environment can enable better prediction of non-Markovian
behaviors in the noise [155, 65, 35]. The additional information can be measured by
the multi-quantum (MQ) experiments which were first introduced to study multi-body
correlations in NMR systems [204, 9, 140]. The basic idea is that different components
of the density matrix have different sensitivity to external perturbation. By encoding the
qubit system with collective external rotations, the MQ experiments can resolve these
components. To see how this can be applied to study dynamics of the CS system, consider
an initial state where the quantum information starts at the CS: ρ(0) = σx ⊗ 1⊗N/2N+1.
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Under the CS/environment interaction

Hcs/e = σz ⊗
N

∑
i=1

ωiσ
i
z, (6.1)

the state evolves to

ρ(t) =
1

2N+1
(σx ⊗ 1

N
N

∏
i=1

cosωit +
N

∑
i=1

σy ⊗ σ
i
z sinωit

N

∏
j≠i

cosωjt +⋯

+σ[N] ⊗ σ
1
z ⊗⋯⊗ σ

N
z

N

∏
i=1

sinωit) .

(6.2)

The multi-body terms represent the CS/environment correlation. The highest number of
operators that can be involved is equal to the number of spins in the environment N .
σ[N] = σx if N is even and σ[N] = σy if N is odd. In the absence of environmental dynamics,
ρ(t) can be returned back to ρ(0) with a simple echoing.

The MQ experiments use collective x rotations on the environment to encode the
CS/environment correlation so that the echo carries information from the encoding. Under
the basis {1, σ+x, σ−x, σx}⊗N , operators with the same coherence order (n+ − n−, where n+
and n− are number of σx

+ and σx
−) span an invariant subspace of the x rotations with the

same eigenvalue (ei(n+−n−)θ where θ is the rotation angle). Thus, the x rotations encode
projections of ρ(t) onto the subspaces with their respective eigenvalues. Given N , the
number of invariant subspaces is 2N + 1. So, if we perform 2N + 1 experiments with differ-
ent θ, we can solve the 2N + 1 linear equations and obtain the projection of ρ(t) onto each
subspace. Conventionally, θ is incremented from 0 to 4πN/(2N +1) in step of 2π/(2N +1)
and a Fourier transform is used to obtain the projections. This can be compared with
permutationally invariant state tomography [190] where the density matrix is partially
measured with respect to the symmetry imposed by the x rotations. The population of the
quantum information in these subspaces depends on the connectivity between the CS and
the environment and the structure of the environment. Note, this additional information
cannot be obtained in the multi-dimensional experiments; it is the added control, the x
collective rotations on the environment, that enables us to do so.

Since the number of invariant subspaces is directly related to the number of spins in
the environment, the MQ experiments effectively measure the size of the environment. M.
Niknam, et al used this method to measure the growth of the correlation in the CS system
[143] and used entropies to quantify the amount of CS/environment correlation [144].

In this chapter, we build on these results and show how MQ experiments can also be
used to study the environmental dynamics (Fig. 6.1). We study two variations. In the
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first variation, we study how information leakage can affect the performance of the MQ
experiments. [143] also studied sensitivity of CS/system correlation to environmental mix-
ing. Here, our approach is related to the Loschmidt echo (LE) experiments [90, 72, 167]
where the goal is to study how an ideally perfect echo is affected by errors during the im-
plementation of the experiment. The focus here is the refocusability and learnability of the
environment by the CS, which is important for implementing robust quantum operations
and sensing. MQ experiments provide powerful tools for studying this sensitivity, as they
can track the sensitivity of components of each coherence order.

In the second variation of MQ experiments, we design experiments where a period of en-
vironmental mixing is added after the CS has established correlation with the environment.
Then after the encoding, we refocus both the mixing and CS/environment interaction. This
allows us to encode the dynamics of the environment and show how environmental mixing
induces flow of information between subspaces of different coherence orders. This provides
us with a more detailed view on how quantum information is scrambled by the mixing. As
will be shown with the experimental results, the mixing creates a structured population on
the subspaces and connects the CS to a larger, extended environment. This environment
can store quantum information not directly seen by the CS and is responsible for long
memory.

We also show how Bayesian inference can be combined with the MQ experiments to
gain improved sensitivity of the measurement of the size of the environment. Taking the
standard MQ experiments as an example, we show that the CS can develop correlation
with up to fifteen spins from the environment which is more than what can be measured
from counting the coherence orders.

6.1 Standard multi-quantum experiments

First, we implement the standard MQ experiments for measuring growth of CS/environment
correlation [143]. The procedure of the experiments is as follows:

ρ(0)
exp(−iHs/et)
ÐÐÐÐÐÐ→ ρ(t)

exp(−iJxθ/2)
ÐÐÐÐÐÐ→ ρ(t, θ)

exp(iHs/et)
ÐÐÐÐÐÐ→measure, (6.3)

where θ is systematically incremented from 0 to 2π ∗ 31/32. The MQ experiments for
different values of t are performed on the CS system using the same solid-state NMR
system introduced in Chapter 4. Fig. 6.2 shows the time-domain data of the experiments.
As can be seen here, the intensity of the echo becomes more sensitive to θ as t increases,
suggesting a growth of CS/environment correlation. Fig. 6.3 shows measured amplitudes
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Figure 6.1: Schematic of learning the environment through a CS. The environment mixing
may destroy the CS/environment interaction, reducing learnability of the environment. If
refocused, however, the mixing may help reveal a larger environment as it can reach parts
not directly observable via Hcs/e.

of different coherence orders for different t. To see the time evolution of different coherence
order, Fig. 6.4 shows the time-dependence of different coherence orders. The picture shows
a detailed time dependence of the correlation build-up between the CS and the environment
determined by Hs/e. A thorough study of this effect can be found in [143, 144]. (Note that
they had used a different sequence with different scaling factors and were looking at total
amplitudes of absolute coherence orders.) The result shows that the CS sees a larger
portion of the environment as the evolution time, t, increases. This is manifested in the
growth of higher-order coherence and the broadening of the coherence distribution.
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Figure 6.2: Time-domain data of standard MQ experiments.

Figure 6.3: Amplitudes of different coherence orders (from -17 to 18) for different t.
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Figure 6.4: Amplitudes of different coherence orders as functions of t.

Figure 6.5: Modified magic echo sequence. a and b are the durations of delays and the
spin-locking field, respectively. By varying a and b, different effective Hamiltonians can be
achieved under the sequence.

6.2 Coherence growth in the presence of environmen-

tal dynamics

The procedure of MQ experiments in the presence of environmental perturbation, the LE
experiments, is

ρ(0)
exp(−i(scs/eHcs/e+seHe)t)
ÐÐÐÐÐÐÐÐÐÐÐÐÐ→ ρ(t)

exp(−iJxθ/2)
ÐÐÐÐÐÐ→ ρ(t, θ)

exp(−i(−scs/eHcs/e+seHe)t)
ÐÐÐÐÐÐÐÐÐÐÐÐÐÐ→measure. (6.4)

The added environmental dynamics, multiplied by a scaling factor se, results in an imper-
fect inversion of the dynamics and loss of quantum information.

Mixing is introduced by changing the durations of the RF radiation (b) in the magic
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echo sequences (Fig. 6.5). This results in the scaling factors

scs/e ≈
a

a + b
, se ≈

2a − b

2(a + b)
. (6.5)

The exact scaling factors are obtained by calculating the average Hamiltonian of Hcs/e and
He. We keep a + b fixed so that the decoherence is the same for different experiments
and vary 2a − b. Note that the encoding time t needs to be scaled according to scs/e.
Experiments of different 2a − b are implemented. Fig. 6.6 shows measured amplitudes of
coherence orders. The total amplitudes of the echoes are shown in Fig. 6.2. When no

Figure 6.6: Data of the LE experiments. From left to right: 2a − b = 0,1,2,3,4,5,6 µs.
Top to bottom: (before scaling) t = 96,192,288,384,480,576,672 µs. For large t and 2a− b
(right bottom corner), the signal-to-noise ratio goes to zero.

environmental dynamics is present, the correlation grows monotonically as the evolution
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Figure 6.7: Echo intensity as functions of t. The decay becomes faster as the amount of
mixing (2a − b) increases for large t (≥ 200µs).

time t increases. In the presence of the environmental dynamics, however, there is a limit
to how much the CS can learn about the environment: For small t more correlation is built
up as t increases. The correlation growth saturates earlier as more environmental dynamics
is included. When t increases even more, the CS/environment correlation decreases and
eventually becomes completely destroyed. To quantify the amount of correlation between
the CS and the environment, we calculate the Shannon entropy of the distribution of the
amplitudes (Fig. 6.8). The entropy provides a measure of effective size and learnability
of the environment via the CS. When the environmental dynamics is nonzero, the entropy
reaches a maximal value at intermediate t. However, the crossings between different lines
suggest that the entropy can increase with increased environmental dynamics (Fig. 6.8
right). There could be a transient period when the environmental dynamics can aid growth
of CS/environment correlation. Additionally, for short t and large se (e.g. the last four
plots of the first row in Fig. 6.6), the distributions show non-convex patterns (small wiggles
around the baseline), which was not observed in the absence of mixing.

Figs. 6.9 and 6.10 show the growth of coherence orders after accounting for the scaling
factors (scs/e) of Hcs/e. In Fig. 6.10, there are multiple places where different lines cross.
This means that, for the same correlation time t, nonzero mixing can indeed lead to more
growth of higher-order coherence terms (t < 200µs).
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Figure 6.8: Entropy of coherence amplitudes of LE experiments. Left: Entropy as a
function of t for different mixing (2a− b). Right: Entropy for fixed t as a function of 2a− b.

6.3 Refocusing the environmental dynamics

To investigate how the environmental mixing affects quantum information in subspaces of
different coherence order, consider the following experiments:

ρ(0)
exp(−i(Hcs/et+He∆))
ÐÐÐÐÐÐÐÐÐÐÐ→ ρ(t,∆)

exp(−iJxθ/2)
ÐÐÐÐÐÐ→ ρ(t,∆, θ)

exp(i(Hcs/et+He∆))
ÐÐÐÐÐÐÐÐÐÐ→measure. (6.6)

By refocusing the environmental dynamics, there is no loss of correlation.

The measured amplitudes of coherence orders are shown in Fig. 6.11 and their corre-
sponding Shannon entropy is shown in Fig. 6.12. The mixing spreads the coherence over a
larger space, resulting in a broader distribution of coherence orders and increased entropy.
Due to higher-order errors in the sequence, the signal eventually decays to zero. The growth
of coherence under mixing follows a different pattern compared with that under Hs/e. No-
tably, a non-convex shape emerges for large ∆ (Fig. 6.13) since the mixing introduces a
double-quantum term, which is more effective at populating higher-order coherences.

Compared with the results from the last section, the experiments suggest that mixing
can aid in correlation growth by redistributing the correlations. In addition, Fig. 6.13
shows that the largest nonzero coherence order at ∆ = 90µs is larger than that at ∆ = 15µs,
indicating that the mixing has created correlation with spins that are initially not directly
coupled to the CS.

6.4 Inferring the number of spins in the environment

The MQ experiments provide a way to measure the effective size of the environment seen
by the CS. However, higher-order coherence can have weak intensity and can be a poor
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Figure 6.9: Intensity (vertical axes) of different coherence orders k as functions of evolution
time t (µs) (horizontal axes) for different amount of mixing. k = 0 (blue dots), 1 (orange
squares), 2 (green diamonds), 3 (red up triangles) and 4 (purple down triangles).

measure of N in the presence of measurement noise. Here, we show how to use Bayesian
inference to estimate N . Instead of relying solely on the highest visible coherence order,
this approach considers all information from the measurement including the shape of the
distribution.

As an example, we infer the number of spins from the environment using the standard
MQ experiment for t = 672 µs. We use the maximum likelihood estimation and a model
selection with the Akaike information criterion (AIC). Figure 6.14 shows the best fits
for different values of N , based on the measured distribution of coherence orders at t =
672µs, with the corresponding AIC values plotted in Figure 6.15. The results suggest that,
although the highest nonzero measured coherence order is around seven, the CS sees as
many as fifteen spins. The result suggests that in order to replicate the observed data,
a model with at least fifteen spins is required. Recall that each molecule of the sample
(triphenylphosphine) has fifteen environment spins. Note that, however, this does not
mean that all spins from the same molecule are correlated to the CS. Since the sample
is in powder form, MQ experiments measure an average over molecules with different
orientations. This provides more information than any single molecule, offering a more
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Figure 6.10: Intensity (vertical axes) of the same coherence order for different amount
of mixing as functions of evolution time t(µs). 2a − b = 0 µs (blue dots), 1µs (orange
squares), 2 µs (green diamonds), 3 µs (red up triangles) and 4 µs (purple down triangles).
The crossings of the different lines (e.g., the blue and orange line for k = 1) indicate that
the mixing aids in growth of coherence for short t.

complete view of the environment. However, some spins may remain uncorrelated with the
CS if their interaction aligns with the magic angle.

6.5 Conclusion

In summary, this chapter demonstrates how multi-quantum experiments and their varia-
tions can be used to measure system/environment correlation growth in the central spin
system and characterize the size of the environment. When acting as a perturbation, the
environmental mixing can reduce the learnability of the environment via the CS. However,
there is a transient period where mixing redistributes correlations between the CS and the
environment, facilitating the build-up of higher-order coherence. This effect is more pro-
nounced in the experiments when mixing is refocused. The results show that mixing helps
the CS correlate with a larger portion of the environment that is not directly connected
via Hcs/e. Bayesian inference is used to estimate the number of spins detectable by the CS.
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Figure 6.11: Measured amplitudes of different coherence orders for different t and mix-
ing time ∆. From left to right: ∆ = 15,30,45,60,75,90 µs. Top to bottom: t =
72,144,216,288 µs. Increased mixing (∆) introduces more structure to the distributions
of coherence orders and spreads it toward higher-order coherence.

Figure 6.12: Measured entropy of distributions of coherence orders.
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Figure 6.13: Zoomed-in versions of distributions of coherence orders. The bottom row
exhibits a non-convex feature (the first and second rows) and longer tail (the last row) of
the distributions.
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Figure 6.14: Best fit (orange squares) to the data (blue dots) for t = 672 µs. The im-
provement of the fitting of the last one is diminishing and not justified under the present
uncertainty.

Figure 6.15: AIC for different number of spins N . It suggests possible over-fitting at
N = 16.
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The memory effects of the noise due to the environmental dynamics depend on the
structure of the environment. The results here reveal an extended environment that can
hold long memory and a transient period where mixing can aid in CS/environment correla-
tion. The method allows us to map out information flows due to mixing between different
subspaces of the environment. Understanding these flows can help us understand the origin
of memory effects and design better noise reduction strategies.
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Chapter 7

Conclusion and Future Work

7.1 Summary

This thesis provides tools to aid the development of coherence control methods for quantum
information processing. The ultimate outcomes are a set of measurements for character-
izing the quantum system and its environment, a general framework for designing robust
and precise quantum control in the presence of uncertainties, and methods for validating
system performance. Fig. 7.1 attempts to summarize the results from the thesis as a
chart, showing tasks and interconnections. It is color-coded to indicate those tasks that
are fully implemented in the thesis (black) and those that remain for future work (red
boxes). Overall, integrating an environment with memory into pulse finding is the key
future step.

In the first part (Chapters 2 and 3), we established a general framework for designing
numerically optimized, precise, and robust quantum control sequences using AHT for a
system with the Hamiltonian

Htot(t) =Hc({ak(t)} ;{µj}) +Hint({η
i
int} . (7.1)

In Fig. 7.1, a control sequence, represented as a set of time-dependent control parameters
({ak(t)}), is mapped via a control system to a continuous output field B⃗(t) acting on the
quantum system (arrows A and B in Fig. 7.1). The control field achieves a desired unitary
target and/or an effective Hamiltonian target. Algorithms were introduced to characterize
the set/space of achievable unitaries and effective Hamiltonian at each order from the
Magnus expansion, including how to minimize higher-order corrections and cross terms.
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Figure 7.1: Schematic for controlling and characterizing open quantum systems. The
black solid boxes are subjects related to the control and characterization of open quantum
systems in the thesis. The red boxes represent potential directions for future work. Arrows
indicate how one element informs or enables the next step in the research.
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The method incorporates robustness against variations in the control system (arrow C)
and the internal Hamiltonian (arrow D), and is independent of the modality of the control
system. All tasks are fully reduced to pseudocodes/flowcharts, enabling all researchers to
implement them.

Chapters 4, 5, and 6 used the stimulated echo (STE), multi-dimensional (MD), and
multi-quantum (MQ) experiments to study the system environment correlation and envi-
ronmental memory effects using solid-state NMR experiments in a central spin (CS) sys-
tem (H =Hcs/e+He). The STE and MD experiments measure CS/environment correlation
and environmental mixing (arrows E). The STE experiments provide efficient measures of
growth of CS/environment correlations and environmental mixing by measuring the auto-
correlation functions and commutators between Hcs/e and He. The MD experiments give
a more complete investigation of the environmental dynamics by producing the multi-time
joint probability distributions of the local field. The experiments quantify non-Gaussianity,
non-stationarity, and non-Markovianity of the environmental dynamics. The MQ experi-
ments explore how the environmental mixing moves information within the environment
and reveal an extended environment that can hold long-lived memory (arrow F).

7.2 Future work

An important future step is to use the information learned from these experiments to
provide a better model of decoherence (arrows G and H) which can aid the design of better
control (arrow I).

The experiment methods developed in the thesis can be extended to characterize noise
in a two-central-spin (2CS) system. STE and MD experiments can be used to charac-
terize CS/environment correlation growth, environmental mixing, and memory effects of
the environment with respect to each CS (arrows J and K). There could be information
flow between the CSs through the environment, resulting in a correlation between the
joint distributions of the noise. Bayesian hierarchical modeling may be used to capture
such correlation. The information can potentially improve the design of two-qubit con-
trols. The environment is divided into different parts that have different connectivity with
the CSs. The difference in connectivity can lead to different abilities of scrambling sys-
tem/environment correlations and holding memory. This difference can affect performance
in two-qubit gates on the 2CS system. MQ experiments can be extended to the 2CS system
to track the coherence orders of the correlations between each CS and the environment and
potentially be used to study the structure of the environment (arrow K).
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The 2CS system can also be used to explore environmental influence on different quan-
tum states and measure the symmetry of the environment. This information may aid in the
design of symmetry-dependent noise reduction strategies, e.g., quantum error correction
[12, 100], decoherence-free subspaces [120], and noiseless subsystems [101, 63] (arrow L).

The memory effects of noise in an open quantum system can affect the reliability of
randomized benchmarking [102, 73], which is a standard tool, originally designed for Marko-
vian noise, for characterizing the performance of a gate set. It is important to understand
its robustness against memory effects and how it can be used to measure correlated noise
(arrow M).

Simulation of quantum operations is important for understanding fault-tolerant prop-
erties of quantum circuits. Markovian noise can be efficiently approximated using Monte
Carlo simulation [126]. If the noise is non-Markovian, however, ancillary qubits may be
needed to store the memory of the process. It would be useful to see how to faithfully
represent a non-Markovian noise and design efficient simulations (arrow N).
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Appendix A

Supplemental information:
Engineering Nonzero Effective
Hamiltonians

A.1 Calculating C (gpri,Hpert)

Here, a theorem that enables the calculation of C (gpri,Hpert) using Algorithm 2 in the
main text is proved. Next, we discuss the representation for calculating C (gpri,Hpert) and
how to engineer multiple Hw

pert in parallel.

Define the adjoint map adA(B) = [A,B] for ∀(anti-)Hermitian operators A,B acting
on the total Hilbert space H.

Theorem A.1.1. For a Hamiltonian Hpert, define

C (gpri,Hpert) = spanR {[g1,⋯[gL,Hpert]⋯]∣gl ∈ gpri, L ≥ 0} , (A.1)

and
O(gpri,Hpert) = spanR {U

�
c (t)HpertUpri(t)dt∣Upri(t

′) ∈ egpri} . (A.2)

Then C (gpri,Hpert) = O(gpri,Hpert).

Proof. Consider piecewise-continuous U(t). For all U(t) ∈ egpri , there exists gt ∈ gpri, such
that U(t) = egt . Therefore, using e−gtHpertegt = e−adgt(Hpert) ∈ C (gpri,Hpert). Therefore,
O(gpri,Hpert) ⊂ C (gpri,Hpert).
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SinceH is finite-dimensional, there existsm < ∣H∣2−1 such that {Hpert,adg(Hpert), . . . ,ad
m+1
g (Hpert)}

is linearly dependent ∀g ∈ gpri. Assume that {Hpert,adg(Hpert), . . . ,ad
m
g (Hpert)} is linearly

independent, egtiHperte−gti is in

span
R
{Hpert,adg(Hpert), . . . ,ad

m
g (Hpert)}.

Therefore, we can choose ti for i = 1, . . . ,m such that

[g,Hpert] ∈ spanR {e
gtiHperte

−gti ∣i = 1, . . . ,m} , (A.3)

∀g1, g2 ∈ gpri, we have

[g2, [g1,Hpert]] =
s

∑
j=1

a2je
g2t
′

j[g1,Hpert]e
−g2t

′

j

=
s

∑
j=1

a2je
g2t
′

j (
m

∑
i=1

a1i e
g1tiHperte

−g1ti) e−g2t
′

j

=
s

∑
j=1

m

∑
i=1

a2ja
1
i e

gijHperte
−gij ,

(A.4)

for some gij ∈ gpri. The last equality is due to the Baker–Campbell–Hausdorff theo-
rem. Therefore, by induction, [g1, . . . , [gL,Hpert]] ∈ O(gpri,Hpert) ∀g1, . . . , gL ∈ gpri. Thus,
C (gpri,Hpert) ⊂ O(gpri,Hpert).

Combining the result with the first part of the proof, we have C (gpri,Hpert) = O(gpri,Hpert).

For time-dependent Hpert(t), the space is defined as C (gpri,gpert) = [gpri,gpert], where
gpert is the minimal Lie algebra containing Hpert(t).

It is convenient to choose a representation ϕ of gpri and Hpert that is restricted to a
subspace ofH to calculate C (gpri,Hpert). ϕ needs to preserve the structure of C (gpri,Hpert),
namely

[ϕ(g), ϕ(h1)] = ϕ(h2) ⇐⇒ [g, h1] = h2, (A.5)

for all g ∈ gpri and h1, h2 ∈ C (gpri,Hpert). The representation is bijective and unique up to
isomorphism.

When a finite-dimensional representation does not exist, sometimes we can decompose
Hpert into components and define a finite-dimensional representation for each component.
An example is a qubit network with different clusters that are controlled independently
(Fig. A.1, ref. Sec. A.10.6).

117



Figure A.1: A network of three clusters. Different clusters are controlled differently (not
necessarily independently) and have their own internal Hamiltonians.

.

A.2 Finding the Set of Achievable Heff

In this section, we first prove that the set of achievable H̄(0) is the convex hull of {U �
iHpertUi},

Ui ∈ egpri . Then, the formal version of Algorithm 3 in the main text is given. Finally, the
result is generalized to characterizing the range of achievable scaling factors when multiple
Hw

pert are being engineered.

Theorem A.2.1. Define

O ′(gpri,Hpert) = {
1

Tseq
∫

Tseq

0
dt∣U �(t)HpertU(t)⟫∣U(t) ∈ e

gpri} , (A.6)

Q(gpri,Hpert) = {∣U
�HpertU⟫∣U ∈ e

gpri} . (A.7)

Denote the convex hull of Q(gpri,Hpert) as Q̄(gpri,Hpert). Assume that any U ∈ egpri can be
implemented in a time tp much shorter than 1/∣Hpert∣, then O ′(gpri,Hpert) = Q̄(gpri,Hpert).

Proof. An element from Q(gpri, ∣Hpert⟫) takes the form ∑
M
i=1 pi∣U

�
iHpertUi⟫ for a positive
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integer M and probabilities {pi}. Let

g(t) =

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

gi
tp

t ∈ [0, tp)

0 t ∈ [tp, piTseq − tp)
−gi
tp

t ∈ [piTseq − tp, pit]

, (A.8)

for a fixed set of {pi}. Let U(t) = T exp [∫
t

0 dt
′g(t′)]. Then

lim
tp→0+

1

Tseq
∫

Tseq

0
∣U �(t)HpertU(t)⟫dt =

M

∑
i=1

pi∣e
−giHperte

gi⟫. (A.9)

Therefore, Q̄(gpri,Hpert) ⊂ O ′(gpri,Hpert). For all U(t) ∈ egpri ,

1

Tseq
∫

Tseq

0
∣U �(t)HpertU(t)⟫dt

= lim
N→∞

1

N

N

∑
i=1

∣U � (
iTseq
N
)HpertU (

iTseq
N
)⟫ ∈ Q̄(gpri,Hpert).

(A.10)

The limit is valid if tp ≪ 1/∣Hpert∣. Thus, O ′(gpri,Hpert) ⊂ Q̄(gpri,Hpert). Therefore,
O ′(gpri,Hpert) = Q̄(gpri,Hpert).

If one can implement

T exp(−i∫
t

0
Htot(t

′)dt′) = exp(−iHpertt)Ut, (A.11)

for all t > 0 and some Ut ∈ egpri , e.g., Hpri(t) =Hc(t) and Hpert =Hint, Hpri(t) =Hc(t)+pHint

and Hpert = (1 − p)Hint, and Hpri(t) = Hc(t) and Hpert(t) = ϵHc(t), the condition tp ≪
1/∣Hpert∣ is unnecessary. Finite tp, however, may limit the efficiency of a sequence.

For any Htarget ∈ C , if there exists a sequence {ak(t)} so that H̄(0)(Tseq) = sHtarget for
a real number s (or equivalently, sHtarget ∈ Q̄(gpri,Hpert)), then s is an achievable scaling
factor for Htarget. Q̄(gpri,Hpert) can be approximated using random unitaries {uj}:

Q̄(gpri,Hpert) ≈ {
J

∑
j=1

xj ∣u
�
jHpertuj⟫∣

J

∑
j=1

xj = 1, xj ≥ 0,1 ≤ j ≤ J} . (A.12)

Choose a matrix T such that T ∣Htarget⟫ = (1,0,0, . . . ,0) and define a set of vertices

{v⃗j = T ∣u�
jHpertuj⟫}, the range of achievable scaling factors, [s−, s+], can be found by
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solving the following linear programs

LP± ∶ Find a vector x⃗
that maximizes s± = c⃗± ⋅ x⃗ with c⃗± = (±1,0, . . . ,0)
subject to ∑i xi = 1,−1 ≤ ∑i v

i
1xi ≤ 1

and ∑i v
i
kxi = 0, k = 2,3, . . .

and x⃗ ≥ 0

. (A.13)

Htarget is not achievable if the constraint is infeasible (Fig. A.2). The procedure is sum-
marized as the following algorithm.

Figure A.2: Schematic for finding the range of achievable scaling factors. The set of
achievable zeroth-order average Hamiltonians is a convex set in C (gpri,Hpert). By sam-
pling random points from the set of extreme points Q(gpri,Hpert), the convex set can be
approximated with a polygon. The achievable scaling factors for a desired Htarget can then
be found using linear programming.
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Algorithm 4 Algorithm for finding achievable scaling factors. The function FindScale
takes a basis of the primary Lie algebra B(gpri), a perturbative Hamiltonian Hpert and a
target effective Hamiltonian Htarget and returns either False when Htarget is not achievable
or the range of achievable scaling factors [s−, s+].

1: function FindScale(gpri, Hpert)
2: Calculate B(C )
3: find T such that T ∣Htarget⟫ = (1,0, . . . ,0)
4: for j = 1, . . . , J do
5: Sample uj ∈ egpri

6: v⃗j ← T ∣u�
jHpertuj⟫

7: end for
8: Solve the linear programs LP+ and LP−
9: if no solution exists then
10: return False
11: else
12: return [s−, s+]
13: end if
14: end function

When

Hpert =
W

∑
w=1

Hw
pert, (A.14)

the condition for parallel effective Hamiltonian engineering is

W

⊕
m=1

∣H̄(0)w⟫w =
W

⊕
w=1

∣Hw
target⟫w ≡ ∣Htarget⟫total, (A.15)

where ∣⋅⟫w is the representation in Cw(gpri,Hw
pert). We have

Theorem A.2.2. Define

O ′(gpri,{H
w
pert}) ={

1

Tseq
∫

Tseq

0
dt

W

⊕
w=1

∣U �
pri(t)H

w
pertUpri(t)⟫w∣Upri(t) ∈ e

gpri} ,

Q(gpri,{H
w
pert}) ={

W

⊕
w=1

∣U �
priH

w
pertUpri⟫w∣Upri ∈ e

gpri} .

(A.16)

Then O ′(gpri,{Hw
pert}) = Q̄(gpri,{Hw

pert}).
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Find T such that T ∣Htarget⟫total ∝ (1,0, . . . ,0), the vertices of the polygon are

v⃗j = T
W

⊕
w=1

∣u�
jH

w
pertuj⟫w . (A.17)

Corollary A.2.1. O ′(gpri,{Hw
pert}

W

w=1
∣H1

target = 0) = O ′(gpri,{Hw
pert}

W

w=2
).

Namely, decoupling of any part of Hpert does not affect controllability of other parts.

A.3 Generating random points for controllability test

Here, we present algorithms for sampling random unitaries from egpri . For standard groups
such as the unitary groups, Haar random samples can be generated using the QR decom-
position [133].

Algorithm 5 Algorithm for generating random unitaries based on QR decomposition.

1: function RandomUQR(n)
2: generate two random real n×n matrices r1 and r2 whose elements are sampled from
N(0,1)

3: z ← (r1 + ir2)/
√
2

4: use QR decomposition to decompose z into z = QR where Q is unitary and R is
upper-triangle

5: take signs of the diagonal of R and form a diagonal matrix Λ
6: return QΛ
7: end function

More generally, we generate random unitaries from egpri using a random walk algorithm
[116].
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Algorithm 6 Algorithm for generating random unitaries based on random walk. Fix step
length ϵstep. For the second function, instead of using thin, we can sample N > nsample

then sample nsample uniformly at random from N . They both destroy correlations between
samples. This approach is more effective but less efficient and less simple compared to
thinning.

1: function RandomULie(B(gpri))
2: g ← 0
3: for h ∈ B(gpri) do
4: sample p from N(0,1)
5: g ← g + ph
6: end for
7: return eg

8: end function
9: function RandomwalkU(B(gpri),nburn,nthin,nsample)
10: x← 1

11: for 1 ≤ iburn ≤ nburn do
12: x← RandomULie(B(gpri)) ⋅ x
13: end for
14: lsample ← {}

15: for 1 ≤ isample ≤ nsample do
16: for 1 ≤ ithin ≤ nthin do
17: x← RandomULie(B(gpri)) ⋅ x
18: end for
19: append x to lsample

20: end for
21: return lsample

22: end function

The convergence of the algorithm can be checked using, e.g., the coupling method.
Alternatively, one can check the volume of the simulated Q̄. Fig. A.3 shows the volume
of the simulated Q̄ of the secular dipoler interaction under collective control of the qubits
(Eqs. (A.97)). The volume is calculated using the quick hull algorithm [8, 197]. We note
that the simulated range of achievable scaling factors usually converges more slowly and
should be checked independently.
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Figure A.3: Volume of the simulated Q̄ as a function of the number of samples. It saturates
after around 500 samples.

A.4 Discretization of B⃗(t) for Integration

The control parameters ak(t) are typically piecewise-constant:

ak,n = ak[(n − 1/2)dt], (A.18)

for n = 1, . . . ,N . Here, an equal step length dt is assumed for the discretization for sim-
plicity. Denote components of B⃗(t) in rotation frames of the qubits by {bk(t)}, they can
be discretized into M steps (Fig. A.4) and the value at the mth step bk,m is approximated
by the value of bk(t) at the middle of the step

bl,m = bk[(m − 1/2)δt], (A.19)

so that Ndt = Mδt = Tseq. M should be large enough in order to accurately represent
B⃗(t). The approximation (Eq. (A.19)) is reasonable when the time-dependence of bl(t) is
much slower compared to δ. When the assumption does not hold, a better approximation
is given by

bl,m =
1

δt ∫
mδt

(m−1)δt
bl(t)dt. (A.20)

The discretization enables straightforward calculation of the C -integrals (defined below)
by first computing them for each step and then composing them using a chain rule.
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Figure A.4: Illustration of discretization of output field parameters. The control param-
eters {ak(t)} are mapped to B⃗(t) through the model of the control system. Then the
continuous field B⃗(t) is discretized into M steps for integration.

A.5 Calculating C−integrals for shaped pulse

In this section, we show how to calculate the time-ordered integrals (C−integrals)

c̄i1⋯ir(Tseq) = ∫
Tseq

0
dt1⋯∫

tr−1

0
dtrci1(t1)⋯cir(tr). (A.21)

The C−integrals are used for achieving robustness and accounting for higher-order cor-
rections. First, we need to represent the toggling-frame Hamiltonian and the primary
unitaries in C (gpri,Hpert). Given an orthonormal basis of C (gpri,Hpert)

B(C ) = {h1, . . . , h∣C ∣} , (A.22)

where ∣C ∣ is the dimension of C (gpri,Hpert), for a Hamiltonian H, a unitary propagator U
and a generator g of the unitary U = eg acting on C , their representations are denoted by
∣H⟫, D(U) and D(adg) respectively. They obey

∣UHU �⟫ = D(U)∣H⟫, D(eg) = eD(adg), (A.23)

and can be calculated as

∣H⟫ =

⎛
⎜
⎜
⎝

Tr (Hh�
1)

⋮

Tr (Hh�

∣C ∣)

⎞
⎟
⎟
⎠

, D(U) =
⎛
⎜
⎝

⟪h1∣Uh1U �⟫ ⋯ ⟪h1∣Uh∣C ∣U �⟫

⋮ ⋱ ⋮

⟪h∣C ∣∣Uh1U �⟫ ⋯ ⟪h∣C ∣∣Uh∣C ∣U �⟫

⎞
⎟
⎠
,

D(adg) =
⎛
⎜
⎝

⟪h1∣[g, h1]⟫ ⋯ ⟪h1∣[g, h∣C ∣]⟫
⋮ ⋱ ⋮

⟪h∣C ∣∣[g, h1]⟫ ⋯ ⟪b∣C ∣∣[g, h∣C ∣]⟫

⎞
⎟
⎠
,

(A.24)
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where ⟪⋅∣∗⟫ = Tr(∗ ⋅�).

Define
c⃗(r−1) = (c̄11⋯1, c̄11⋯2, . . . , c̄∣C ∣∣C ∣⋯∣C ∣) , (A.25)

then

c⃗(r−1) = ∫
Tseq

0
dt1⋯∫

tr−1

0
dtrD(U

�
pri)(t1) ⊗⋯⊗D(U

�
pri)(tr)∣Hpert(t1)⟫ ⊗⋯⊗ ∣Hpert(tr)⟫.

(A.26)
The discretization of {bk(t)} is chosen to be fine enough so that during each step both
Hpri(t) and Hpert(t) can be approximately viewed as constant. Denote their discretized

versions corresponding to b⃗ by

H⃗pri = (H
1
pri,H

2
pri, . . . ,H

Q
pri) ,

H⃗pert = (H
1
pert,H

2
pert, . . . ,H

Q
pert) .

(A.27)

And the durations of the steps are given by

∆t⃗ = (∆t1,∆t2, . . . ,∆tQ) . (A.28)

A recipe for calculating the C−integrals for any sequence requires two ingredients: (1)
Their calculation for a square pulse. (2) A chain rule of the C−integrals that allows to
calculate those of a sequence given the C−integrals of the components of the sequence.

A.5.1 C−integrals of a square pulse

During the qth step, Hpri(t) =H
q
pri and Hpert(t) =H

q
pert, so the C−integrals become

c⃗(r−1) = ∫
Tseq

0
dt1⋯∫

tr−1

0
dtr exp (−iD(adHq

pri
)t1) ⊗⋯⊗ exp (−iD(adHq

pri
)tr) ∣H

q
pert⟫

⊗r.

(A.29)
Let D(adHq

pri
) = TDT � where D is diagonal and T is a unitary matrix, the integral becomes

c⃗(r−1) = T⊗r (I (λ1, λ1, . . . , λ1) , I (λ1, λ1, . . . , λ2) , . . . , I (λ∣C ∣, λ∣C ∣, . . . , λ∣C ∣))
T
T �⊗r∣Hq

pert⟫
⊗r.

(A.30)
where λ1, . . . , λ∣C ∣ are eigenvalues of adHc and

I(λi1 , . . . , λir) = ∫
Tseq

0
⋯∫

tr−1

0
dtre

−iλi1
t1⋯e−iλir tr . (A.31)

The diagonalization of adHc can be found using numerical Lanczos method.
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A.5.2 C−integrals of a shaped pulse

Denote the C−integral of the qth step by c⃗(r−1)(q). Define

c⃗
(r−1)
tog (q) = [D(U

�
1)⋯D(U

�
q−1)]

⊗r
⋅ c⃗(r−1)(q), (A.32)

where Uq is the primary unitary of the qth step. Then

c⃗(r−1) = ∑
r1+⋯+rv=r

∑
Q≥q1>⋯>qv≥1

c⃗
(r1−1)
tog (q1) ⊗ c⃗

(r2−1)
tog (q2) ⊗⋯⊗ c⃗

(rv−1)
tog (qv). (A.33)

For r = 1,2 and 3, we have

c⃗(0) =
Q

∑
q=1

c⃗
(0)
tog(q),

c⃗(1) =
Q

∑
q=1

c⃗
(1)
tog(q) +

Q

∑
q1=2

q1−1

∑
q2=1

c⃗
(0)
tog(q1) ⊗ c⃗

(0)
tog(q2),

c(2) =
Q

∑
q=1

c⃗
(2)
tog(q) +

Q

∑
q1=2

q1−1

∑
q2=1

[c⃗
(0)
tog(q1) ⊗ c⃗

(1)
tog(q2) + c⃗

(1)
tog(q1) ⊗ c⃗

(0)
tog(q2)]

+

Q

∑
q1=3

q1−1

∑
q2=2

q2−1

∑
q3=1

c
(0)
tog(q1) ⊗ c

(0)
tog(q2) ⊗ c

(0)
tog(q3).

(A.34)

A.5.3 Cross C−integrals

Eq. (A.33) can be generalized to cross C−integrals that are defined on different spaces. In
particular,

c⃗
(1)
cross = ∫

Tseq

0
dt1∫

t1

0
dt2Dpert(U

�
pri(t1)) ⊗Derr(U

�
pri(t2))∣Hpert⟫ ⊗ ∣A⟫

=

Q

∑
q1=1

c⃗
(1)
cross(q1) +

Q

∑
q1=2

q1−1

∑
q2=1

c⃗
(0)
pert(q1) ⊗ c⃗

(0)
err (q2),

(A.35)

where A is an error Hamiltonian (e.g., ∂j∆H and ∂j1∂j2∆H). This is used in calculation
of left-hand side of Eq. (A.61).
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A.6 Robustness against Control Errors

This section develops the general method for achieving control robustness. The conditions
for achieving robustness will be expressed in terms of the C−integrals.

When the model parameters µ⃗ = {µj} are subject to variations ϵ⃗, the total Hamiltonian
is

Htot(t) =Hc(t, µ⃗) +∆H(t, ϵ⃗) +Hint, (A.36)

where
∆H(t, ϵ⃗) =Hc(t, µ⃗ + ϵ⃗) −Hc(t, µ⃗), (A.37)

and ∆H(t, 0⃗) = 0. The total unitary propagator becomes

U(Tseq, ϵ⃗) = Upri(Tseq)T exp [−i∫
Tseq

0
(∆Htog(t, ϵ⃗) +Htog(t))dt] , (A.38)

where

∆Htog(t, ϵ⃗) = U
�
pri(t)∆H(t, ϵ⃗)Upri(t),

Htog(t) = U
�
pri(t)HpertUpri(t).

(A.39)

Applying toggling transformation under ∆Htog to the second factor, we have

U(Tseq, ϵ⃗) = Upri(Tseq)Uerr(Tseq, ϵ⃗)T exp(−i∫
Tseq

0
H̃tog(t, ϵ⃗)dt) , (A.40)

where

Uerr(Tseq, ϵ⃗) = T exp [−i∫
Tseq

0
∆Htog(t, ϵ⃗)dt] (A.41)

and
H̃tog(t, ϵ⃗) = U

�
pri(t)U

�
err(t, ϵ⃗)HintUerr(t, ϵ⃗)Upri(t). (A.42)

Define the imperfect primary and perturbative unitary propagators as

Ũpri(t, ϵ⃗) = Upri(t)Uerr(t, ϵ⃗),

Ũpert(t, ϵ⃗) = T exp(−i∫
Tseq

0
H̃tog(t, ϵ⃗)dt) ,

(A.43)

we have
U(Tseq, ϵ⃗) = Ũpri(Tseq, ϵ⃗)Ũpert(Tseq, ϵ⃗). (A.44)
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We want to achieve robustness for both the primary and perturbative unitary propa-
gators independently

Ũpri(Tseq, ϵ⃗) = Utarget +O(ϵ⃗
n+1) (A.45)

and
Ũpert(t, ϵ⃗) = exp(−iHeffTseq) +O(ϵ⃗

n+1). (A.46)

Together, they achieve the nth-order robustness in U(Tseq):

U(Tseq, ϵ⃗) = Utarget exp(−iHeffTseq) +O(ϵ⃗
n+1). (A.47)

Next, we will discuss how to achieve Eqs. (A.45) and (A.46) individually.

A.6.1 Robustness in Upri(Tseq)

Represent the error unitary (Eq. (A.41)) by an effective Hamiltonian Herr

Uerr(Tseq, ϵ⃗) = exp (−iHerrTseq) , (A.48)

where Herr can be calculated using the Magnus expansion Herr = ∑
∞
i=0 H̄

(i)
err

H̄
(0)
err =

1

Tseq
∫

Tseq

0
∆Htog(t1)dt1,

H̄
(1)
err = −

i

2Tseq
∫

Tseq

0
dt1∫

t1

0
dt2[∆Htog(t1),∆Htog(t2)]

⋯.

(A.49)

Denote

∂j1⋯∂ji∆Htog =
∂i

∂µj1⋯∂µji

∆Htog∣
ϵ⃗=0⃗

. (A.50)

The robustness is achieved by requiring

1

Tseq
∫

Tseq

0
∂j1∆Htog(t)dt = 0,

1

Tseq
∫

Tseq

0
∂j1∂j2∆Htog(t)dt = 0,

−
i

2Tseq
∫

Tseq

0
dt1∫

t1

0
dt2[∂j1∆Htog(t1), ∂j2∆Htog(t2)] = 0,

⋯.

(A.51)
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In Cerr(gpri,∆H), the time-ordered C−integrals corresponding to the conditions (A.51) are

c⃗(0)(∂j1∆H(t, 0⃗)),

c⃗(0)(∂j1∂j2∆H(t, 0⃗)),

c⃗(1)({∂j1∆H(t, 0⃗), ∂j2∆H(t, 0⃗)}),

⋯,

(A.52)

where the C−integrals are defined as

c⃗(r−1)({A1(t), . . . ,Ar(t)})

=∫

Tseq

0
dt1⋯∫

tr−1

0
dtrD(U

�
pri)(t1) ⊗⋯⊗D(U

�
pri)(tr)∣A1(t1)⟫ ⊗⋯⊗ ∣Ar(tr)⟫.

(A.53)

The corresponding robustness conditions are

∣c⃗(0)(∂j1∆H(t, 0⃗))∣ = 0,

∣c⃗(0)(∂j1∂j2∆H(t, 0⃗))∣ = 0,

∣c̄i1i2({∂j1∆H(t, 0⃗), ∂j2∆H(t, 0⃗)}) + c̄i2i1({∂j1∆H(t, 0⃗), ∂j2∆H(t, 0⃗)})∣ = 0.

(A.54)

A.6.2 Robustness in Upert(Tseq)

Representing the imperfect toggling-frame Hamiltonian H̃tog(t, ϵ⃗) (Eq. (A.42)) in Cpert(gpri,Hpert),
we have

∣H̃tog(t)⟫pert = Dpert(U
�
err(t, ϵ⃗))∣Htog(t)⟫pert (A.55)

using the Dyson series, we have

Dpert(U
�
err(t, ϵ⃗)) = 1+i∫

t

0
Dpert(ad∆Htog(t

′, ϵ⃗))dt′−∫
t

0
dt1∫

t1

0
dt2Dpert(ad∆Htog(t1, ϵ⃗)ad∆Htog(t2, ϵ⃗))+⋯.

(A.56)
Expand ∆H to the second order of ϵ⃗, we have

Dpert(U
�
err(t, ϵ⃗)) = 1 + i∫

t

0
Dpert [ϵ⃗ ⋅ ∂⃗(ad∆Htog)(t1, 0⃗) +

(ϵ⃗ ⋅ ∂⃗)2

2
(ad∆Htog)(t1, 0⃗)]dt1

− ∫

t

0
∫

t1

0
Dpert [ϵ⃗ ⋅ ∂⃗(ad∆Htog)(t1, 0⃗)ϵ⃗ ⋅ ∂⃗(ad∆Htog)(t2, 0⃗)]dt1dt2 +O(ϵ⃗

3).

(A.57)
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Substitute it into the c⃗(0) and c⃗(1), we have

c⃗(0) = ∫
Tseq

0
dtDpert(U

�
err(t, ϵ⃗))∣Htog(t)⟫pert

= ∫

Tseq

0
dt∣Htog(t)⟫pert

+ i∫
Tseq

0
dt∫

t

0
Dpert [ϵ⃗ ⋅ ∂⃗(ad∆Htog)(t1, 0⃗) +

(ϵ⃗ ⋅ ∂⃗)2

2
(ad∆Htog)(t1, 0⃗)]dt1∣Htog(t)⟫pert

− ∫

Tseq

0
dt∫

t

0
∫

t1

0
Dpert [ϵ⃗ ⋅ ∂⃗(ad∆Htog)(t1, 0⃗)ϵ⃗ ⋅ ∂⃗(ad∆Htog)(t2, 0⃗)]dt1dt2∣Htog(t)⟫pert

+⋯.

(A.58)

and

c⃗(1) =∫
Tseq

0
dt∫

t

0
dt′Dpert(U

�
err(t, ϵ⃗)) ⊗Dpert(U

�
err(t

′, ϵ⃗))∣Htog(t)⟫pert ⊗ ∣Htog(t
′)⟫pert

=∫

Tseq

0
dt∫

t

0
dt′∣Htog(t)⟫pert ⊗ ∣Htog(t

′)⟫pert

+i∫
Tseq

0
dt∫

t

0
Dpert [ϵ⃗ ⋅ ∂⃗(ad∆Htog)(t1, 0⃗) +

(ϵ⃗ ⋅ ∂⃗)2

2
(ad∆Htog)(t1, 0⃗)]dt1∣Htog(t)⟫pert⊗

∫

t

0
dt′∣Htog(t

′)⟫pert

+i∫
Tseq

0
dt∣Htog(t)⟫pert⊗

∫

t

0
dt′∫

t′

0
Dpert [ϵ⃗ ⋅ ∂⃗(ad∆Htog)(t1, 0⃗) +

(ϵ⃗ ⋅ ∂⃗)2

2
(ad∆Htog)(t1, 0⃗)]dt1∣Htog(t

′)⟫pert

+⋯.

(A.59)

The leading term of the error (in c⃗(0)) is removed by requiring

i∫
Tseq

0
dt∫

t

0
Dpert [∂j(ad∆Htog)(t1, 0⃗)]dt1∣Htog(t)⟫pert = 0, (A.60)

for all j = 1, . . . , J . Since ∂j∆Htog(t) = ∑
∣Cerr∣

l=1 cerrl (t;∂j∆H,Cerr)hlerr andHtog(t) = ∑
∣Cpert∣

s=1 cperts (t)hspert
where {hlerr} and {h

s
pert} are the bases of their corresponding spaces, the above condition

becomes
XXXXXXXXXXX

∣C err∣

∑
l=1

∣Cpert∣

∑
s=1
∫

Tseq

0
dt1∫

t1

0
dt2c

pert
s (t1)c

err
l (t2;∂j∆H)∣[ih

l
err, h

s
pert]⟫

XXXXXXXXXXX2

= 0. (A.61)
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A.6.3 Control Robustness is Always Achievable

In the presence of an error Hamiltonian ∆H(t, µ+ϵ), assume the following: (1) there exists
an implementation of the identity operator that is robust to ϵ to at least zeroth order (e.g.,
a wait period where ak(t) ≡ 0); (2) ∆H continuously depends on ak(t) and µ; and (3) the
correlation time of ∆H is finite so that we can compose gates without interference, then
the following result holds.

Theorem A.6.1. Zeroth-order robustness to ϵ is always achievable to any systematic error
Hamiltonian ∆H.

Proof. The total Hamiltonian is

Htot(t) =Hc(t) + ϵ
∂

∂ϵ
∆H(t,0) +O(ϵ2). (A.62)

The goal is to design a unitary Utarget so that

U(Tseq,0) = Utarget,

U(Tseq, ϵ) = Utarget +O(ϵ
2).

(A.63)

Suppose that we have found a sequence U0(Tseq, ϵ) that achieves the first condition in Eqs.
(A.63). In general, we have

U0(Tseq, ϵ) = Utargete
−iϵσ0θ +O(ϵ2). (A.64)

If we could implement a sequence U∗ so that

U∗(Tseq, ϵ) = e
iϵσ0θ +O(ϵ2), (A.65)

then U0U∗ achieves a robust implementation of Utarget in zeroth order.

To this end, note that we can always achieve an identity operation U1 with no control
error (a wait period, for example) and an identity U2 with some error.

Since we can continuously change U1 to U2, there exists Ur = exp(−irϵσ′)+O(ϵ2), ∀r > 0
and some σ′. Therefore, if we choose r small enough, we can achieve UN

r ≈ exp(−isϵσ
′) +

O(ϵ2) to arbitrary accuracy, ∀s > 0 and some positive integer N .

Due to universal control, we can rotate σ′ to any direction. Thus, we can implement
Uα(s) = exp(−i(sϵσα + ϵσrα)) +O(ϵ

2), for α = ±x,±y and ±z. Here, σrα corresponds to the
error introduced by the imperfect rotation. Since we can choose any s > 0 and σrα does
not depend on s, therefore, ∀σ0, there exist sα > 0 so that ∏αUα(sα) = eiϵσ0θ +O(ϵ2).
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The result is a generalization of the result from [30]. All the errors considered in this
work (Rabi field variation, variations in linear or nonlinear models) satisfy the assumptions
and therefore can be corrected to at least zeroth order. Additionally, requiring control
robustness does not affect the controllability of Upri or Upert, so when characterizing the
achievable set of Htarget, we do not need to consider ∆H.

A.7 Higher-order corrections

Having structured the control and internal Hamiltonian such that the desired effective
Hamiltonian is achievable in zeroth order, the remaining task is to engineer the average
Hamiltonian of higher orders to be under a threshold, which needs to be accomplished for
the entire distributions of Hamiltonian parameters. This is necessary for achieving high
precision when the target control is achieved through the effective Hamiltonian.

Although, the frequency of modulation is typically much larger than ∥Hpert∥, making
H̄(n) ∼ (Hpertτc)n+1/Tseq a small quantity of order n + 1, where τc is the characteristic time
of the modulation [82, 128], modulation of controls can lead to higher-order terms being
larger than low-order terms.

It is well-known that odd-order correction terms can be eliminated by symmetrizing
the control sequence [127]. This is widely used for decoupling and is straightforward to
implement for simulations. When Hpri contains Hint, however, a sequence cannot be sym-
metrized in general, since the sign of Hint cannot be reversed. Here, we provide computable
conditions in terms of the C−integrals.

The higher-order corrections terms in the Magnus expansion are

H̄(1) = −
i

2Tseq
∫

Tseq

0
dt1∫

t1

0
dt2[Htog(t1),Htog(t2)],

H̄(2) = −
1

6Tseq
∫

Tseq

0
dt1∫

t1

0
dt2∫

t2

0
dt3 ([Htog(t1), [Htog(t2),Htog(t3)]]

+[Htog(t3), [Htog(t2),Htog(t1)]]) ,

⋯

(A.66)

Denote

F2(A1,A2) = [A1,A2],

F3(A1,A2,A3) = [A1, [A2,A3]] + [A3, [A2,A1]],

⋯,

(A.67)
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then Fr(A1, . . . ,Ar) = (−1)r−1Fr(Ar, . . . ,A1). Represent Htog(t) in C (gpri,Hpert), we have

Fr(Htog(t1), . . . ,Htog(tr)) =
∣C ∣

∑
i1,...,ir=1

ci1(t1)⋯cir(tr)Fr(hi1 , . . . , hir). (A.68)

Therefore, since the (r − 1)th correction term is

H̄(r−1) ∝ ∫
Tseq

0
dt1⋯∫

tr−1

0
dtrFr(Htog(t1), . . . ,Htog(tr)), (A.69)

the condition for H̄(r−1) ≡ 0 for all h1, . . . , hr is given by

∣c̄i1⋯ir(Tseq) − (−1)
r−1c̄ir⋯i1(Tseq)∣ = 0, (A.70)

for all i1, . . . , ir excluding the situations where i1 = ⋯ = ir.

A.8 Numerical Setup For Sequence Design

A.8.1 Objective functions

A sequence is designed to achieve a target primary unitary, engineer a target zeroth-order
average Hamiltonian while accounting for higher-order corrections, and meet robustness
requirements. Table A.1 summarizes these requirements. The criteria of the objectives

Table A.1: Conditions for achieving different objectives.

Objective name Subject Target Criterion

Primary unitary Upri(Tseq) Utarget 1 −
Abs[Tr(UpriU

�
target)]

Tr(UtargetU
�
target)

= 0

First-order primary robustness ∂j∆H(t, 0⃗) 0 Eq. 1 of (A.54)

Second-order primary robustness ∂j1∂j2∆H(t, 0⃗) 0 Eq. 2 of (A.54)

First-order cross primary robustness ∂j1∆H(t, 0⃗), ∂j2∆H(t, 0⃗) 0 Eq. 3 of (A.54)
Zero-order average Hamiltonian H̄(0)(Tseq) Htarget ∣c⃗(0) − ∣Htarget⟫∣ = 0
(r − 1)th-order correction (r > 1) H̄(r−1)(Tseq) 0 Eq. (A.70)

First-order correction ∂j∆H(t),Htog(t) 0 Eq. (A.61)

take the form
f(sequence,objective) = 0 (A.71)
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where f is a positive function of the sequence and the objective. Therefore, the total cost
function (the objective function is just 1-the cost function) can be written as

ftot({ak(t)}) = ∑
i

wifi, (A.72)

where fi is the function value of f of the ith objective and wi are positive weights. One
can adjust the weight to reflect the difference in importance of different objectives. All the
objectives are met when ftot({ak(t)}) = 0. Therefore, the task of designing a sequence is
an optimization (minimization of the cost function) problem whose goal is to find {ak(t)}
that minimizes ftot({ak(t)}).

A.9 Optimization algorithms

A generalized simulated annealing for continuous optimization is used for sequence design
in this work. Simulated annealing is a stochastic optimizer that drew inspiration from the
physical process of annealing in metallurgy [98]. The generalized simulated annealing [191]
combines classical simulated annealing and fast simulated annealing and provides tunable
hyperparameters that control the behavior of the algorithms. It has been proven very
helpful in finding global optimum of complex multi-dimensional functions where methods
such as the gradient descent may be trapped easily in local optimum and has been applied
in quantum learning [44] and optimization [54].

The algorithm is typically designed for unconstrained optimization. To adapt it to pulse
engineering where the power of control is constrained, a legalizer is used to restrain the
particle within the feasible region. For box constraint [−1,1]n, define a bouncing function

B(x) = (−1)⌊
x+1
2
⌋ (x − 2 ⌊

x + 1

2
⌋) , (A.73)

then the box constraint (bounce) can be applied by defining a function

F (x⃗) = f(B(x⃗)). (A.74)

Applying the optimization algorithm to F instead of f is equivalent to letting the particle
bouncing off the wall which allows it to lie within the constraint without sacrificing explo-
ration of the energy landscape. Other strategies for designing a legalizer are depicted in
Fig. A.5. Alternatively, a constraint can be added as a penalty function [32].
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Figure A.5: Different types of legalizers for box constraint: Clip, bounce and reflect. The
clip legalizer stops the particle when it touches the boundary while the bounce and reflect
legalizers allow the particle to continue its movement according to different rules.

Below is the pseudocode of the algorithm. A D-dimensional Tsallis random number
generator introduced in [169] is used. For best efficiency, the best solution should always
be stored [56].
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Algorithm 7 Generalized simulated annealing. For a fixed qa ∈ R, a fixed 1 < qv < 3, an
initial temperature T0, a maximal number of iterations tmax, the function GSA takes an
D−dimensional Energy function E, an initial guess x⃗1 and the target energy value Etarget

as input and return a solution x⃗best such that either E(x⃗best) < Etarget or that is the best
solution found within maximal number of iterations.

1: function TsallisRNG(T )
2: p← 3−qv

2(qv−1)

3: s←
√
2(qv−1)

(T )1/(3−qv)

4: Generate iid xi ∼ N(0,1) for i = 1,2, . . . ,D
5: x⃗← (x1, x2, . . . , xD)
6: Generate a gamma random number u ∼ γ(1, p)
7: return x⃗

s
√
u

8: end function
9: function Temperature(t) ▷ Cooling schedule

10: return (qv−1)2−1
(qv−1)t+1−1

T0
11: end function
12: function CompareEnergy(E1, E2, T )
13: r ← random real number from [0,1]

14: a← 1 + (E2−E1)(qa−1)
T

15: b← [1 + (E2−E1)(qa−1)
T ]

− 1
qa−1

16: if E2 < E1 then
17: return True
18: else
19: if qa > 1 then
20: return Boole(r ≤ b)
21: else if qa < 1 then
22: return Boole(a ≥ 0 and r ≤ b)
23: else
24: return Boole(r ≤ exp[(E1 −E2)/T ])
25: end if
26: end if
27: end function
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Algorithm 8 Generalized simulated annealing (continued).

28: function GSA(E, x⃗1)
29: E1 ← E(x⃗1)
30: Ebest ← E1

31: x⃗best ← x⃗1
32: t← 1
33: while t < tmax and Ebest > Etarget do
34: T ← Temperature(t)
35: x⃗2 ← Legalize(x⃗1 +TsallisRNG(T ))
36: E2 ← E(x⃗2)
37: if E2 < Ebest then
38: Ebest ← E2

39: x⃗best ← x⃗2
40: end if
41: if CompareEnergy(E1, E2, T ) then
42: x⃗1 ← x⃗2
43: E1 ← E2

44: end if
45: t← t + 1
46: end while
47: return x⃗best
48: end function

Parallel searches [161] that divide the search into multiple stages are helpful in explor-
ing the most promising regions and are used for multi-objective optimization in sequence
design. The performance of the algorithm is largely determined by the hyperparameters:
The initial temperature T0, the cooling rate parameter qv, the exploration rate parameter
qa and the maximal number of iterations tmax. A general strategy is to choose a high initial
temperature (e.g., two times the highest acceptable hill of E(x⃗)), a small qv and a large qa
to ensure enough exploration, and a large imax to ensure convergence. To find optimized
hyperparameters, test runs are implemented on complex problem with a fixed small imax,
then a Nelder-Mead optimizer [142, 113] is used to adjust T0, qv and qa to optimize the
average performance [149].
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A.10 Supplementary Information on Examples

A.10.1 Broadband robust sequences

Robustness beyond the perturbative limitation can be achieved by choosing proper parti-
tionings of Htot. As an example, we design a broadband robust sequence against variations
in offset. For simplicity, Rabi field variations are assumed to be negligible. Choose three
different partitionings:

H i
pri =Hc(t) + ωiHint, H i

pert = (∆ω − ωi)Hint, (A.75)

for i = 1,2 and 3 where ωi/ωmax = −0.2,0 and 0.2. The goal is t0 design {ak(t)} so that U i
pri

achieves a Hadamard gate and H̄
(0)
i = 0 for i = 1,2 and 3 simultaneously. Fig. A.6 shows

Figure A.6: Control landscapes of non-robust, 0th-order, 1st-order, 2nd-order and broad-
band robust sequences. The broadband sequences achieve a much larger robust region than
the 2nd-order robust sequence.

the control landscapes of a broadband robust sequence, together with the landscapes of
other sequences in comparison. Note that the broadband robust sequence is 190 ns, shorter
than the 2nd-order robust sequence (300 ns). Thus, by choosing different partitioning of
Htot and combining diffrent robust regions, we can potentially design robust sequences
across a large region that is also more efficient.
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A.10.2 Robust control in nonlinear systems

For general nonlinear control systems, the output field B⃗(t) and the input parameter a⃗(t)
are related through a nonlinear differential equation

dB⃗

dt
= h(B⃗, a⃗, t; µ⃗0), (A.76)

where h is a general nonlinear function. Although nonlinear effects may exhibit chaotic
behaviors, in the presence of small nonlinearity, the system may have a non-chaotic regime
where the output field B⃗(t) can be calculated exactly.

A variation ϵ⃗ in the model parameter µ⃗ results in a different output field B⃗(t, µ⃗0 + ϵ⃗) =

B⃗(t, µ⃗0) +∑i ϵi
∂B⃗
∂µi
(t, µ⃗0) +⋯. The differential equation becomes

d

dt
(B⃗ +∑

i

ϵi
∂B⃗

∂µi

+⋯) = h(B⃗(µ⃗0), a⃗, t; µ⃗0) +∑
i

ϵiJ (h, B⃗) ∣µ⃗=µ⃗0

∂B⃗

∂ϵi
(µ⃗0) +⋯, (A.77)

where J is the Jacobian matrix. By equating terms of the same order in ϵi, we can obtain
coupled differential equations that can be solved for ∂B⃗

∂µi
, . . ., enabling evaluation of the

error Hamiltonian ∆H. As an example, consider the resonant circuit in Fig. A.7. In a

Figure A.7: A simple resonant circuit with Rs = 50Ω, R = 0.01Ω, Cm = 11fF, Ct = 1.479pF,
and L = 170pH. The resonance frequency is 10GHz. We choose κi=1V−1 and κo=2A−1.

rotating frame of frequency ωr, it obeys the following differential equation [86]

dx

dt
= A(x)x + α(t)u, (A.78)
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where

x =
⎛
⎜
⎝

ĨL
ṼCm

ṼCt

⎞
⎟
⎠
, A(x) =

⎛
⎜
⎝

−R
L 0 1

L

0 −1
RLCm

1
RLCm

−1
Ct

−1
RLCt

1
RLCt

⎞
⎟
⎠
− iωr1, u =

⎛
⎜
⎝

0
1

RLCm
1

RLCt

⎞
⎟
⎠
, (A.79)

and

a1(t) = κiRe(α(t)), a2(t) = κiIm(α(t)), b1(t) = κoRe(ĨL), b2(t) = κoIm(ĨL), (A.80)

where κi and κo are normalization constants that depend on the geometry of the control
system.

In the presence of kinetic inductance, the value of L depends on the current:

L = L0(1 + αL∣IL∣
2), (A.81)

where αL is a constant. We want to design for αL = 0 and to achieve robustness for small
αL. Using Eq. (A.77), the equations for x(αL = 0) and

∂x
∂αL
(αL = 0) are

d

dt
(

x
∂x
∂αL

) = (
A(x) 0
∂A
∂αL
(x) A(x)

)(
x
∂x
∂αL

) + α(t)(
u
∂u
∂αL

)∣
αL=0

, (A.82)

where

∂A

∂αL

(x,αL = 0) =

⎛
⎜
⎜
⎝

R∣ĨL∣
2

L0
0 − ∣ĨL∣

2

L0

0 0 0
0 0 0

⎞
⎟
⎟
⎠

,
∂u

∂αL

= 0. (A.83)

The distortion of the input pulse and the corresponding error Hamiltonian are thus calcu-
lated by solving the system of differential equations.

A.10.3 Bloch-Siegert Shift

The Bloch-Siegert shift of spectra [17] is due to distortion of the control field by a counter-
rotating component in the rotating frame. To see how this arises, start with the total
Hamiltonian in the lab frame is

Hlab(t) = A(t) cos(∫
t

0
ωr(t

′)dt′ + ϕ(t))σx + ω0σz/2. (A.84)
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Move into the rotating frame (interaction frame) of Hr(t) = ωr(t)σz/2, define

θ(t) = ∫
t

0
ωr(t

′)dt′, Ur(t) = exp(−iθ(t)σz/2), δ(t) = ω0 − ωr(t). (A.85)

The total Hamiltonian in the rotating frame is

Htot(t) = A(t) cos(θ(t) + ϕ(t))U
�
r (t)σxUr(t) + δ(t)σz/2

= A(t) cos(θ(t) + ϕ(t)) (cos(θ(t))σx − sin(θ(t))σy) + δ(t)σz/2

= A(t)(cos(ϕ(t))σx + sin(ϕ(t))σy)/2 + δ(t)σz/2 +∆H,

(A.86)

where
∆H(t) = A(t) [cos(2ωrt + ϕ)σx − sin(2ωrt + ϕ)σy] /2. (A.87)

The rotating frame approximation [176] ignores the effect of ∆H. Our goal is to account
for this effect and design sequences that are robust to variations in ωr. For simplicity,
consider a constant ωr = ω0, expand ∆H around ωr, we have

∆H(ωr + ϵ) =∆H(ωr) + ϵ∆H
′(ωr) +O(ϵ

2), (A.88)

where
∆H ′(ωr) = −tA(t) [sin(2ωrt + ϕ)σx + cos(2ωrt + ϕ)σy] . (A.89)

Fig. A.8 shows ∆H(t) (top) and ∆H ′(t) (bottom) for a given Hc(t). To design sequences
that account for the effect of ∆H, ∆H(ωr) is included in the primary Hamiltonian Hpri(t).
The robustness to variations in ωr is achieved to the first order by decoupling ∆H ′(ωr).

Due to the strong time dependence of ∆H(t) and ∆H ′(t), the middle-point approxi-
mation (Eq. (A.19)) in discretization can lead to significant misrepresentation (Fig. A.9).
Therefore, the zeroth-order average (Eq. A.20) should be used instead. This leads to the
following approximation of the errors terms at the mth step:

∆H[m] =
A(t)

4ωrδt
{[sin(2mωrt + ϕ) − sin(2(m − 1)ωrt + ϕ)]σx

+ [cos(2mωrt + ϕ) − cos(2(m − 1)ωrt + ϕ)]σy},

∆H ′[m] = −
A(t)

4ω2
rδt
{[2(m − 1)δtωr cos(2(m − 1)ωrt + ϕ) − 2mδtωr cos(2mωrt + ϕ)

− sin(2(m − 1)ωrt + ϕ) + sin(2mωrt + ϕ)]σx

+ [−2(m − 1)δtωr sin(2(m − 1)ωrt + ϕ) − 2mδtωr sin(2mωrt + ϕ)

− cos(2(m − 1)ωrt + ϕ) + cos(2mωrt + ϕ)]σy}.

(A.90)

Fig. A.10 shows the control landscape of robust and non-robust sequences against varia-
tions in ωr.
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Figure A.8: Illustration of x (left) and y (right) components of ∆H(t) (top) and ∆H ′(t)
(bottom), both blue, of Bloch-Siegert shift at ωr = 1.6MHz. The red area corresponds to
the input parameters. Note that the error ∆H ′(t) grows linearly over time.

Figure A.9: Illustration of the Bloch-Siegert error (blue) when discretized using the middle-
point approximation at ωr = 1.6MHz. It greatly overestimates the intensity of the error.
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Figure A.10: Control landscapes of robust and non-robust sequences against variations in
the resonance frequency ωr. Both sequences account for the Bloch-Siegert shift.

A.10.4 Leakage in multi-qubit systems

The total Hamiltonian of a two-qubit system is

Htot(t) =Hc(t) +Hint,

Hint = ω
1
0σ

1
z + ω

2
0σ

2
z + JH0,

Hc(t) = 2[C1(t) cos(ω
1
0t + θ1(t)) +C2(t) cos(ω

2
0t + θ2(t))](σ

1
x + σ

2
x).

(A.91)

where H0 is the interaction Hamiltonian between the two qubits, J is the interaction
strength. In the rotating frame of ω1

0σ
1
z + ω

2
0σ

2
z , the control Hamiltonian becomes

Hc(t) =H
1
c (t) +H

2
c (t) +H

′
1(t) +H

′
2(t) +H

′
12(t), (A.92)

where
H i

c(t) = Ci(t)[cos(θi(t))σ
i
x + sin(θi(t))σ

i
y] (A.93)

are individual controls on the ith qubit,

H ′i(t) = Ci(t)[cos(2ω
i
0t + θi(t))σ

i
x − sin(2ω

i
0t + θi(t))σ

i
y] (A.94)

are the Block-Siegert shifts of the ith qubit, and

H ′12(t) =2[C1(t) cos(ω
1
0t + θ1(t))(cos(ω

2
0t)σ

2
x − sin(ω

2
0t)σ

2
y)

+C2(t) cos(ω
2
0t + θ2(t))(cos(ω

1
0t)σ

1
x − sin(ω

1
0t)σ

1
y)]

=C1 cos(∆ωt − θ1)σ
2
x +C1 cos(Ωt + θ1)σ

2
x +C2 cos(∆ωt + θ2)σ

1
x +C2 cos(Ωt + θ2)σ

1
x−

C1 sin(∆ωt − θ1)σ
2
y −C1 sin(Ωt + θ1)σ

2
y +C2 sin(∆ωt + θ2)σ

1
y −C2 sin(Ωt + θ2)σ

1
y

(A.95)
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is responsible for the leakage, where ∆ω = ω2
0 − ω

1
0 and Ω = ω2

0 + ω
1
0. Typically, Ω≫ ωi

0, so
we can omit terms that depend on Ω. The leakage Hamiltonian becomes

H ′12(t) ≈ C1 cos(∆ωt− θ1)σ
2
x +C2 cos(∆ωt+ θ2)σ

1
x −C1 sin(∆ωt− θ1)σ

2
y +C2 sin(∆ωt+ θ2)σ

1
y.

(A.96)
When ∆ω is comparable to the Rabi frequencies, the leakage must be accounted for. In
addition, large leakage may limit the efficiency of the sequences as shown in the main text.

A.10.5 Examples in spectroscopy

We look at examples for finding the set of achievable H̄(0). Consider an internal Hamilto-
nian given by dipolar interactions in high field and collective control of the qubits

Hint =
N

∑
i<j

ωij (2σ
i
zσ

j
z − σ

i
xσ

j
x − σ

i
yσ

j
y) ,

Hc = ω1(t) [cos(ϕ(t))
N

∑
i=1

σi
x + sin(ϕ(t))

N

∑
i=1

σi
y]

(A.97)

Set Hpri =Hc and Hpert =Hint, the space C (gpri,Hpert) is spanned by

{
2σz ⊗ σz − σx ⊗ σx − σy ⊗ σy

2
√
6

,
σy ⊗ σz + σz ⊗ σy

2
√
2

,

σx ⊗ σz + σz ⊗ σx

2
√
2

,
σy ⊗ σy − σx ⊗ σx

2
√
2

,−
σx ⊗ σy + σy ⊗ σx

2
√
2

} .

(A.98)

Table A.2 compares different target zeroth-order average Hamiltonians and their achievable
ranges of scaling factors. Alternatively, the Hamiltonian can be partitioned into

Hpri =Hc(t) + pHinta, Hpert = (1 − p)Hint. (A.99)

The partitioning results in a larger primary Lie algebra, enhancing controllability of both
Upri and Upert. For example, for a spin chain with nearest-neighbor interactions, the di-
mensions of C (gpri,Hpert) are 8, 35, 96, and 542, compared to the dimensions of the total
Lie algebra being 8, 38, 96, and 542, for N =2, 3, 4, and 5. For the case with 3 spins, Table
A.3 shows some of the achievable zeroth-order average Hamiltonians.
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Table A.2: Achievable ranges of scaling factors for different target effective Hamiltonians.
Here, for simplicity, only unnormalized target Hamiltonians are shown. The scaling factors
are from normalized Hamiltonians to normalized ones. The last target Hamiltonian is an
example of arbitrary desired two-body Hamiltonians.

Target Hamiltonian Achievable range
σ+ ⊗ σ− + σ− ⊗ σ+ Unachievable

σz ⊗ σz Unachievable
σ⃗ ⋅ σ⃗ Unachievable

2σz ⊗ σz − (σx ⊗ σx + σy ⊗ σy) [-0.5,0.99(8)]
σ+ ⊗ σ+ + σ− ⊗ σ− [-0.99(2),0.99(1)]
σx ⊗ σy + σy ⊗ σx [-0.99(5),0.99(4)]

2(σx ⊗ σx + σy ⊗ σy) +
√
3(σy ⊗ σz + σz ⊗ σy) − 4σz ⊗ σz [-0.55(2),0.99(4)]

Table A.3: Achievable ranges of scaling factors for different target effective Hamiltonians
for a 3-spin spin chain when the interaction is included in the primary Hamiltonian.

Target Hamiltonian Achievable range
σ+ ⊗ σ− + σ− ⊗ σ+ [-1,1]

σz ⊗ σz [-1,0.99(2)]
σ⃗ ⋅ σ⃗ [-1,1]

σx ⊗ σy ⊗ σz + σz ⊗ σy ⊗ σx [-1,1]
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A.10.6 Spin System with Two Clusters

As a first example to demonstrate how to engineer effective Hamiltonians in an ensemble
system, consider parallel engineering of a qubit network divided into two clusters (Fig.
A.1). The perturbative Hamiltonian is equal to the internal Hamiltonian

Hpert =Hint =
N1

∑
i<j

A1
ij +

N2

∑
i<j

A2
ij +

N1

∑
i=1

N2

∑
j=1

A12
ij

=H1
pert +H

2
pert +H

3
pert.

(A.100)

Consider collective control of qubits in individual cluster

Hc(t) = ω
1
1(t)(cos(ϕ1(t))

N1

∑
i=1

σ1,i
x + sin(ϕ1(t))

N1

∑
i=1

σ1,i
y )

+ ω2
1(t)(cos(ϕ2(t))

N2

∑
i=1

σ2,i
x + sin(ϕ2(t))

N2

∑
i=1

σ2,i
y ) .

(A.101)

For example, in a dipole-coupled system in high field, the perturbative Hamiltonians are

H1
pert(N1) =

N1

∑
i<j

ω1
ij (2σ

1,i
z ⊗ σ

1,j
z − σ

1,i
x ⊗ σ

1,j
x − σ

1,i
y ⊗ σ

1,j
y ) ,

H2
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N1

∑
i<j

ω2
ij (2σ

2,i
z ⊗ σ

2,j
z − σ

2,i
x ⊗ σ

2,j
x − σ

2,i
y ⊗ σ

2,j
y ) ,

H3
pert(N1,N2) =

N1

∑
i=1

N2

∑
j=1

ω12
ij σ

1,i
z ⊗ σ

2,j
z .

(A.102)

Consider decoupling H1
pert while engineering H2

pert into a double-quantum interaction

H2
pert ∝

N2

∑
ij

ω12
ij (σ

2,i
y ⊗ σ

2,j
y − σ

2,i
x ⊗ σ

2,j
x ) (A.103)

and keeping H12
int. C (gpri,H12

int) has a dimension of 9 and is spanned by

{
σz
√
2
,
σx
√
2
,
σy
√
2
} ⊗ {

σz
√
2
,
σx
√
2
,
σy
√
2
} . (A.104)

In order to find the set of the achievable zeroth-order average Hamiltonians, define the
target effective Hamiltonians as

∣H1
target⟫ = (0,0,0,0,0)

T ,

∣H2
target⟫ = s(0,0,0, sinβ,0)

T ,

∣H3
target⟫ = s(cosβ,0,0,0,0,0,0,0,0)

T ,

(A.105)
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with a scaling factor s. For each value of β ∈ [0,2π), the range of achievable scaling factors
can be found using Algorithm 3. This traces out the region of all achievable effective
Hamiltonians (Fig. A.11 left). As a comparison, the region for H2

eff ∝H2
int is shown on the

right side of Fig. A.11.

Figure A.11: Regions of achievable effective Hamiltonians. The dots are (s± cos θ, s± sin θ)
for θ = 0, π

64 , . . . ,
63π
64 . They trace out the convex set for all achievable 0th-order average

Hamiltonians.
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Appendix B

Supplementary: Efficiently
characterizing quantum information
flow, loss and recovery in the central
spin system

B.1 Coherence Pathway

All experiments in the thesis use the technique of coherence transfer pathways selection
[58], thus a brief review is presented here.

Terms such as ∣t⟩⟨u∣ of a density matrix in high-field NMR is said to have coherence
order ptu =Mt−Mu, whereMt is the magnetic quantum number of the state ∣t⟩. Therefore,
each transition is associated with two coherences ∣t⟩⟨u∣ and ∣u⟩⟨t∣. The secular Hamiltonian
always preserves the coherence order. It is the RF pulses that may induce a change in
coherence order by transferring ∣t⟩⟨u∣ → ∣u⟩⟨t∣. In order to use pathways to describe a pulse
experiment, we write the density matrix into terms of different coherence orders

ρ(t) = ∑
p

ρp(t). (B.1)

For a system of K spins 1/2, −K ≤ p ≤ K. The observable by convention is always
J+ = Jx + iJy. Therefore, only the terms proportional to J−, which has coherence order
p = −1, contributes to the signal.
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The p−quantum coherence term is an eigenstate of z rotations

exp(−iJzϕ)ρ
p exp(iJzϕ) = ρ

p exp(−ipϕ). (B.2)

This property allows us to separate different orders. A propagator Ui, a pulse or a sequence,
may cause transfer of coherences

Uiρ
p(t−i )U

�
i = ∑

p′
ρp
′

(t+i ). (B.3)

The phase-shifted propagator Ui(ϕi) = exp(−iJzϕi)Ui(0) exp(iJzϕi) introduces an addi-
tional phase,

Ui(ϕi)ρ
p(t−i )U

�
i (ϕi) = ∑

p′
ρp
′

(t+i ) exp(−i∆piϕi), (B.4)

where ∆pi = p′(t+i ) − p(t
−
i ) corresponds to change in coherence order under the propagator

Ui. The phase change will be carried over to the final observable. The total signal is then
given by

s(ϕi, t) = ∑
∆pi

s(∆pi, ϕi = 0, t) exp(−i∆piϕi). (B.5)

To restrict the coherence transfer, we can do Ni experiments with systematic increment
of ϕi = ki2π/Ni with ki = 0,1, . . . ,Ni − 1. A discrete Fourier transform gives

s(∆pi, t) =
1

Ni

Ni−1

∑
ki=0

s(ϕi, t) exp(i∆piϕi). (B.6)

Notably, this procedure retains other pathways

∆p
(selected)
i =∆p

(desired)
i ± nNi, n = 0,1,2, . . . . (B.7)

This is reminiscent of aliasing in Fourier transform. It is helpful to write down all possi-
ble changes in coherence order, and emphasize the desired change by bold typeface, and
indicate ∆pi that must be blocked by setting them in brackets. For example the following
notation

∆p2 = . . . ,−3,−2, (−1), (0),1,2,3, . . . (B.8)

means that we want to select ∆pi = −2 while rejecting -1 and 0. Other changes are
immaterial in this case, even though they may happen. The selection is achieved by
shifting the receiver phase by ϕref = −∆piϕi. Then by selecting a proper Ni, we can block
other changes as needed. Here, the minimal value of Ni is 3. Another example of selection
is the Exorcycle that selects the pathway p = 0→ +1→ −1 in an echo experiment.
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In many cases, one needs to select several consecutive coherence changes

∆p = {∆p1, . . . ,∆pn}. (B.9)

Since all pathways start with p = 0 and end with p = −1, we have

n

∑
i=1

∆pi = −1. (B.10)

If n − 1 values of ∆pi are specified by n − 1 independent phase cycles, ∆p is defined
unambiguously. However, to eliminate systematic errors, we often apply independent phase
cycles to select ∆pi for all n steps. Thus, one can choose Ni for each ∆pi and cycle the
phases independently for ϕ1 = k12π/N1, . . . , ϕn = kn2π/Nn. The number of experiments is
N = N1N2⋯Nn. Because of the sum rule given by Eq. (B.10), it is possible to skip the
phase cycling for one of the propagators. To select the desired pathway, the signals need
to be combined according to an n−dimensional discrete Fourier transform

s(∆p, t) =
1

N

N1−1

∑
k1=0

⋯
Nn−1

∑
kn=0

s(ϕ, t) exp(i∆p ⋅ϕ). (B.11)

This means that we need to set the receiver phase by

ϕref = −∆p ⋅ϕ = −∑
i

∆piϕi. (B.12)

We use a diagram such as Fig. C.1 to represent a coherence pathway and its corresponding
phase cycling.

B.2 Detailed analysis of the stimulated echo

The following Hamiltonians of the system are considered:

Hcs/e = σz ⊗A/2, He = 1⊗B, (B.13)

where A and B are operators acting on the environment. The CS/environment interaction
is axially symmetric about the z direction. The initial state of the system is ρ(0) = σx⊗1⊗N ,
where N is the number of spins in the environment. The identity part of the density matrix
is excluded, as it does not contribute to the signal. This state represents a scenario where
the quantum information initially resides at the CS.
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Figure B.1: Coherence pathway. On top is a sequence and the corresponding phases. The
black solid squares are propagators that induce changes of coherence orders. The reference
phase is not shown here. In the simplest case, these are RF pulses. The possible coherence
orders are -2, -1, 0, +1 and +2, indicated by the dotted lines. The solid line shows the
desired coherence pathway p = 0 → +1 → +2 → −2 → −1. It always starts with 0 coherence
order and ends with -1 coherence order. The dashed line is a “mirror image” pathway that
is important for obtaining pure phase spectrum in multi-dimensional experiments.
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The unitary propagator of the experiment in the interaction frame of He is

USTE = exp(iH
′
cs/e(∆)t) exp(−iH

′
cs/e(0)t). (B.14)

Therefore, the signal is

SSTE = Tr(exp(−iH
′
cs/e(0)t)ρ(0) exp(iH

′
cs/e(0)t) exp(−iH

′
cs/e(∆)t)ρ

�

ref exp(iH
′
cs/e(∆)t)),

(B.15)
where ρref = σ− ⊗ 1⊗N/2N+1 is the observable corresponding to a measurement on the CS.
Substitute in H ′

cs/e
(∆) = σz ⊗A′(∆)/2 where A′(∆) = exp(iB∆)A exp(−iB∆) and expand

with respect to t, we have

exp(−iH ′cs/e(0)t)ρ(0) exp(iH
′
cs/e(0)t) = σx ⊗ cos(A′(0)t) + σy ⊗ sin(A′(0)t),

exp(−iH ′cs/e(∆)t)ρref exp(iH
′
cs/e(∆)t) = σ+ ⊗ exp(−iA′(∆)t)/2N+1.

(B.16)

Thus, the signal becomes

SSTE = Tr (cos(A
′(0)t) exp(−iA′(∆)t) + i sin(A′(0)t) exp(−iA′(∆)t)) /2N

= Tr(exp(iA′(0)t) exp(−iA′(∆)t))/2N .
(B.17)

Note that SSTE is invariant under the reversal of t; thus, it is convenient to write

SSTE = ⟨exp(iA
′(∆)t) exp(−iA′(0)t)⟩, (B.18)

which ensures consistency with the experiment’s time order. The normalization constant
is absorbed in the average ⟨⋅⟩ = Tr(⋅)/2N so that the signal is normalized to 1 at ∆ = 0.

The spectrum S̃STE is defined as the Fourier transform of SSTE with respect to t:

S̃STE(ω) =
1
√
2π
∫ eiωtSSTE(t)dt. (B.19)

Since
1
√
2π
∫ ωneiωt = (−i)n

√
2πδ(n)(t), (B.20)

and

∫ f(t)δ(n)(t)dt =
dnf

dtn
(0), (B.21)

we have

mk(S̃STE) ≡ ∫ dωωkS̃STE =
√
2π(−i)k

dkSSTE

dtk
(0). (B.22)
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Thus,

m2(S̃STE) = ⟨A
′(∆)A′(∆) −A′(∆)A′(0) −A′(0)A′(∆) −A′(0)A′(0)⟩

= 2⟨A2⟩ − 2⟨A′(∆)A′(0)⟩.
(B.23)

Thus, the second moment gives a direct measurement to the autocorrelation function
⟨A′(∆)A′(0)⟩ which measures the change of local field for a given ∆.

Expand the autocorrelation function with respect to ∆:

⟨A′(∆)A′(0)⟩ = ⟨A2⟩ + i∆⟨[B,A]A⟩ −
∆2

2
⟨[B, [B,A]]A⟩ + ⋯. (B.24)

It is easy to check that all the odd-order terms vanish, which can also be confirmed by
noting that SSTE is an even function of ∆. Therefore, the expansion simplifies to

⟨A′(∆)A′(0)⟩ = ⟨A2⟩ −
∆2

2
⟨[B, [B,A]]A⟩ +

∆4

4!
⟨[B, [B, [B, [B,A]]]]A⟩ + ⋯. (B.25)

The non-commutativity between A and B (between Hcs/e and He) can be obtained by

analyzing the time dependence of the second moment of S̃STE.

Note that the signal of the experiment can also be written as

SSTE = ⟨exp(−iA
′(∆)t) exp(iA′(0)t)⟩

= ⟨exp(iB∆) exp(−iAt) exp(−iB∆) exp(iAt)⟩

= ⟨exp(iB′(t)∆) exp(−iB′(0)∆)⟩,

(B.26)

where B′(t) = exp(iAt)B exp(−iAt). Denote by S̃′STE the spectrum obtained by taking
Fourier transform of SSTE with respect to ∆, the second moment of the spectrum is

m2(S̃
′
STE) = 2⟨B

2⟩ − 2⟨B′(t)B′(0)⟩. (B.27)

The auto-correlation function can be similarly expanded as

⟨B′(t)B′(0)⟩ = ⟨B2⟩ −
t2

2
⟨[A, [A,B]]B⟩ +

t4

4!
⟨[A, [A, [A, [A,B]]]]B⟩ + ⋯. (B.28)

B.3 Bayesian analysis for the stimulated echo

Bayesian analysis is used to extract information from the experiment data and the essential
steps of the procedure are described here. Each point xi in the time-domain data takes
the form

xi = yi + ϵi, (B.29)
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where yi is the corresponding true value and ϵi is a zero mean white noise ∼ N(0, σ2). The
variance σ2 can be evaluated accurately in advance, so it is not included in the parameters
to be estimated. Therefore, the likelihood function p(xi∣yi) for each xi is N(yi, σ2). If
we choose the improper prior p(xi) = 1, then the likelihood function is also the posterior
distribution p(yi∣xi).

The posterior predictive distributions of functions f of yi can be simulated with samples
from p({yi} ∣ {xi}), such as the second moments derived from linewidths or decay rates.
Once the posterior predictive distributions are obtained, an estimate is given by taking
their means (Bayes estimator).

According to Eq. (B.23), the Lth-order model ML of the second moment is given by
Eq. (4.11):

ML(∆, a⃗) = C +
L

∑
l=1

pl exp(−∆
2/λl), (B.30)

where a⃗ = (C,p1, λ1, . . . , pL, λL)T are the parameters to be estimated. The constant C
absorbs the initial linewidth of the spectra and possible constant of motion so that the
focus is on the time-dependence of the model. The likelihood function p({xi} ∣a⃗) can be
connected to the second moments of different ∆ through

p({xi} ∣a⃗) = ∫ d{m2}p({xi} ∣ {m2})p({m2} ∣a⃗), (B.31)

where {m2} is the collection of second moments for different ∆. Then, p({m2} ∣a⃗) is given
by the model ML:

p({m2} ∣a⃗) =∏
∆

δ(m2(∆) −ML(∆, a⃗)). (B.32)

the density p({xi} ∣ {m2}) can be evaluated using the Bayes’ rule:

p({xi} ∣ {m2}) =
p({m2} ∣ {xi})p({xi})

p({m2})
. (B.33)

Here, p({m2} ∣ {xi}) are the posterior predictive distributions of m2, p({xi}) is a con-
stant independent of a⃗. Choose the improper noninformative prior p({m2}) = 1, we have
p({xi} ∣ {m2}) = p({m2} ∣ {xi}). Substituting this into the integral, the likelihood function
becomes

p({xi} ∣a⃗) =∏
∆

p(m2(∆) =ML(∆, a⃗)∣ {xi}). (B.34)

We use the Bayesian information criterion (BIC) [172, 165] to evaluate the goodness of
each ML which is an approximation of the Bayes factor [94] widely used in null hypothesis

155



Figure B.2: Posterior distributions of derived second moments from the measured
linewidths of the spectra. They are well approximated by Gaussian distributions.

testing. It is defined as
BIC = npar ln(ndata) − 2 ln(L̂), (B.35)

where npar is the number of parameters in the model, ndata is the number of data points

and L̂ is the maximum likelihood. The first term serves as an Occam’s razor that penalizes
the complexity of the model while the second term evaluates how well the model fits the
data. As a comparison, the Akaike information criterion (AIC) [2] is also calculated, which
is defined as

AIC = 2npar − 2 ln(L̂). (B.36)

AIC is more forgiving to model’s complexity and tries to find the model that best fits the
data without overfitting, whereas BIC is trying to find the most plausible underlying model
given the available evidence, which is more suitable for our need here.

Instead of using the raw data {xi}, we calculate the likelihood function p(a⃗∣ {m2}).
For convenience of optimization, p(m2∣ {xi}) are approximated by Gaussian distributions
with the same mean and variance which is justified by simulated shapes of the p(m2∣ {xi})
(Fig. B.2). A generalized simulated annealing optimizer [191, 169] is employed to find
the maximum likelihood for each model. Parameter ranges are selected to ensure they are
wide enough to encompass any reasonable parameter values. The corresponding informa-
tion criterion values, based on the maximum likelihood identified in the optimization, are
plotted in Fig. B.3. The result shows that both BIC and AIC favor the model with L = 2
for ⟨H ′

cs/e
(∆)H ′

cs/e
(0)⟩ and L = 1 for ⟨H ′e(t)H

′
e(0)⟩.

The posterior distribution of the parameters is given by

p(a⃗∣ {m2}) ∝ p({m2} ∣a⃗)p(a⃗), (B.37)
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Figure B.3: Information criterion values for models of different order L for
⟨H ′

cs/e
(∆)H ′

cs/e
(0)⟩ (left) and ⟨H ′e(t)H

′
e(0)⟩ (right).

and an adaptive Metropolis-Hastings sampler [78] is used to simulate the distributions.
The prior distributions for the parameters in a⃗ are chosen as independent logit-normal
distributions with σ = 1 over the same ranges used in the optimization. The ranges are
large enough so that the priors are noninformative. Then the parameters are transform to
(−∞,+∞) through a logit function to achieve better performance with the sampler.

Once the posterior distributions of the parameters C,p1, λ1, . . . , pL, λL are obtained for
the desired model (L = 2). Then, the non-commutativity is measured using the correspond-
ing posterior distributions through the following relation:

Ck or Dk = −
1

2

1

p1 +⋯ + pL

k!

(k/2)!

L

∑
l=1

(−1)k/2
pl

λ
k/2
l

, (B.38)

where Ck = ⟨[B, [B,A]]A⟩, . . . and Dk = ⟨[A, [A,B]]B⟩, . . ., for k = 2,4, . . . being the level
of the nested commutator, are the measured commutation relations. Note that the result
is normalized with respect to ⟨A2⟩ and ⟨B2⟩ so that C0 =D0 = 1.
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Appendix C

Supplementary: Experimentally
Characterizing Fluctuation of Noise
in the Central Spin System

C.1 Dynamics of the Central Spin System

Theorem C.1.1. The signal on the central spin S(t) = Tr(ρ(0)σ+ ⊗ 1⊗N) is

S(t) = ⟨T exp(i∫
t

0
acA′(t′)dt

′/2)⟩ = exp(K(t)), (C.1)

where

K(t) =
i

2 ∫
t

0
dt1 ⟨acA′(t1)⟩c −

1

4 ∫
t

0
dt1∫

t1

0
dt2 ⟨acA′(t1)acA′(t2)⟩c +⋯, (C.2)

where the anti-commutator is defined as acA(B) = {A,B} and ⟨⋅⟩c is the generalized cumu-
lant [109] defined with respect to ⟨⋅⟩ =Tr(⋅ρe(0)).

Proof. We work with the interaction frame Hamiltonian of the system:

H ′(t) = σz ⊗A
′(t)/2, (C.3)
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where A′(t) = exp(iBt)A exp(−iBt). The unitary propagator is

U(t) = T← exp [−i∫
t

0
dt1σz ⊗A

′(t1)/2]

= 1 + (
−i

2
)σz ⊗∫

t

0
dt1A

′(t1) +
1

2!
(
−i

2
)

2

1⊗∫

t

0
dt1∫

t1

0
dt2A

′(t1)A
′(t2) +⋯

= 1⊗ T← cos [∫
t

0
dt1A

′(t1)/2] − iσz ⊗ T← sin [∫
t

0
dt1A

′(t1)/2] .

(C.4)

Here,

T← cos [∫
t

0
dt1A

′(t1)/2] ± iT← sin [∫
t

0
dt1A

′(t1)/2] = T← exp [±i∫
t

0
dt1A

′(t1)/2] . (C.5)

Denote

C← = T← cos [∫
t

0
dt1A

′(t1)/2] ,

S← = T← sin [∫
t

0
dt1A

′(t1)/2] .
(C.6)

The signal is (with σ+ = (σx + iσy)/2)

S(t) = Tr [σ+ ⊗ 1eU(t)ρ(0)U
�(t)]

= Tr [σ+ ⊗ 1e (1⊗C← − iσz ⊗ S←)ρs(0) ⊗ ρe(0) (1⊗C→ + iσz ⊗ S→)] .
(C.7)

Let

ρs(0) =
1

2
+ nxσx + nyσy + nzσz. (C.8)

Only nxσx and nyσy contribute to the signal. Therefore, the signal becomes

S(t) = Tr [σ+ ⊗ 1e (1⊗C← − iσz ⊗ S←) (nxσx + nyσy) ⊗ ρe(0) (1⊗C→ + iσz ⊗ S→)] . (C.9)

Since

(1⊗C← − iσz ⊗ S←) (nxσx + nyσy) ⊗ ρe(0) (1⊗C→ + iσz ⊗ S→)

= (nxσx + nyσy) ⊗ (C←ρe(0)C→ − S←ρe(0)S→) + (nxσy − nyσx) ⊗ (C←ρe(0)S→ + S←ρe(0)C→) ,

(C.10)
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we have

S(t) = Tr{(nx + iny) [C←ρe(0)C→ − S←ρe(0)S→] + (−ny + nxi) [C←ρe(0)S→ + S←ρe(0)C→]}

= Tr{(nx + iny)
1

2
[U+←ρe(0)U

+
→ +U

−
←ρe(0)U

−
→] + (−ny + nxi)

1

2i
[U+←ρe(0)U

+
→ −U

−
←ρe(0)U

−
→]}

= S(0)Tr [U+←ρe(0)U
+
→]

= S(0) ⟨T exp(i∫
t

0
acA′(t′)dt

′/2)⟩ ,

(C.11)

where ⟨⋅⟩ = Tr(⋅ρe(0)), and

U±
←/→
= T←/→ exp [±i∫

t

0
dt1A

′(t1)/2] . (C.12)

Use the generalized cumulant expansion, we have

⟨T exp(i∫
t

0
acA′(t′)dt

′/2)⟩ = exp(K(t)), (C.13)

where

K(t) = ⟨T exp(i∫
t

0
acA′(t′)dt

′/2) − 1⟩
c

=
i

2 ∫
t

0
dt1 ⟨acA′(t1)⟩c −

1

4 ∫
t

0
dt1∫

t1

0
dt2 ⟨acA′(t1)acA′(t2)⟩c +⋯.

(C.14)

The cumulants can be calculated from the multi-time correlation functions.

⟨acAn⋯acA2acA1⟩ = 2 ⟨{An,{. . . ,{A2,A1}}}⟩ . (C.15)

The unitary propagator of an nD experiment is

UnD = exp (−iA
′
ntn)⋯ exp (−iA′1t1) . (C.16)

Thus, the signal of an nD experiment is

SnD(t1, . . . , tn;∆1, . . . ,∆n−1) = ⟨exp (iacA′ntn/2)⋯ exp (iacA′2t2/2) exp (iA
′
1t1)⟩ . (C.17)
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The Fourier transform of the exponential of an operator can be formally written as

1
√
2π
∫

+∞

−∞
dteiωt exp (−iAt) =

√
2πδ(ω −A), (C.18)

where A can be diagonalized as A = TDT � and δ(ω −A) = Tδ(ω −D)T � for any Hermitian
operator A. Then the nD spectrum is given by

S̃nD = (2π)
n/2 ⟨δ(ωn + acA′n/2)⋯δ(ω2 + acA′2/2)δ(ω1 +A

′
1)⟩ . (C.19)

If [A′(∆),A′(0)] = 0, we have

S̃nD = p (Ω
′(tn),Ω

′(tn−1), . . . ,Ω
′(t1)) . (C.20)

However, S̃nD generally does not have a probabilistic interpretation and higher-order cor-
relations depend on non-commutativity of A′ at different times.

Projections of S̃nD can be obtained from reduced nD experiments. The projections of
S̃2D along ω1 = ω2 and ω1 = −ω2 correspond to spectra of the stimulated echo and anti-echo
experiments. The second moments of their spectra give

m2 (S̃
1
2D) = ⟨A

′
2
2
+ 2A′2A

′
1 +A

′
1
2
⟩ ,

m2 (S̃
−1
2D) = ⟨A

′
2
2
− 2A′2A

′
1 +A

′
1
2
⟩ ,

(C.21)

which can be used to estimate the autocorrelation function.

C.2 Properties of the Ornstein–Uhlenbeck Process

The statistical properties of the Ornstein-Uhlenbeck process have been used to simulate
the predicted data. Here, we briefly show how to calculate them. The distribution at any
time t is

p(x, t) =

√
θ

2πD
exp(−

θx2

2D
) . (C.22)

The transition probability is

p(x2, t2∣x1, t1) =

√
θ

2πD[1 − e−2θ(t2−t1)]
exp{−

θ

2D

[x2 − x1e−θ(t2−t1)]
2

1 − e−2θ(t2−t1)
} . (C.23)
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Since

∫

+∞

−∞
dx1x

n
1 exp[−a1(x2 − η1x1)

2] exp(−ã0x
2
1)

= exp(−
a1ã0

ã0 + a1η21
x22)(ã0 + a1η

2
1)
−n+2

2

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

na1η1Γ (
n
2
)x2∑

(n−1)/2
k=0 ck(n) (

a21η
2
1x

2
2

ã0+a1η21
)
k

n is odd
√
ã0 + a1η21Γ (

n+1
2
)∑

n/2
k=0 ck(n) (

a21η
2
1x

2
2

ã0+a1η21
)
k

n is even
,

(C.24)

where

ck(n) =
1

k!

∂kG(x,n)

∂xk
∣
x=0

, (C.25)

with

G(x,n) = e−x
⎧⎪⎪
⎨
⎪⎪⎩

1F1 (1 +
n
2 ;

3
2 ;x) n is odd

1F1 (
1+n
2 ; 12 ;x) n is even

. (C.26)

The correlation function is

⟨X(tn)⋯X(t1)⟩

=

√
an−1⋯a1ã0
πn/2 ∫ dxn⋯∫ dx1xne

−an−1(xn−ηn−1xn−1)
2

⋯x2e
−a1(x2−η1x1)

2

x1e
−ã0x

2
1 .

(C.27)

Define
Lk = ∫ dxke

−ak(xk+1−ηkxk)
2

xk, (C.28)

then the integral in the correlation function becomes ∫ dxnxnLn−1⋯L1e
−ã0x

2
1 . Define I0 =

e−ã0x
2
1 and Ik+1 = Lk+1Ik.

Ik = e
−ãkx

2
k+1

⎧⎪⎪
⎨
⎪⎪⎩

∑
(k−1)/2
j=0 Cj(k)x

2j+1
k+1 k is odd

∑
k/2
j=0Cj(k)x

2j
k+1 k is even

, (C.29)

where

ãk =
akãk−1

ãk−1 + akη2k
. (C.30)

Using the recurrence relation Eq. (C.24), we have

Ck(n) = (
a2nη

2
n

ãn−1 + anη2n
)

k ⎧⎪⎪
⎨
⎪⎪⎩

∑
(n−1)/2
l=k Cl(n − 1) (ãn−1 + anη2n)

− 2l+3
2 (2l + 1)anηnΓ (

2l+1
2
) ck(2l + 1) n is odd

∑
n/2−1

l=max{k−1,0}
Cl(n − 1) (ãn−1 + anη2n)

− 2l+3
2 Γ(2l+32 )ck(2l + 2) n is even

.

(C.31)
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Finally, the correlation function is given by

⟨X(tn)⋯X(t1)⟩ =

√
an−1⋯a1ã0
πn/2 ∫ dxnxnIn−1

=

⎧⎪⎪
⎨
⎪⎪⎩

0 n is odd
√
an−1⋯a1ã0

πn/2 ∑
(n−2)/2
j=0 Cj(n − 1)ã

−
2j+3
2

n−1 Γ (2j+32
) n is even

.

(C.32)

Let ã0 =
θ
2D , ηk = exp(−θ∆k) and ak =

θ
2D(1−η2

k
)
with ∆k = tk+1 − tk, we show below examples

of the correlation functions

⟨X(t2)X(t1)⟩ =
D

θ
e−θ∆1 ,

⟨X(t4)X(t3)X(t2)X(t1)⟩ =
D2

θ2
e−θ(∆1+2∆2+∆3) (2 + e2θ∆2) ,

⟨X(t6)X(t5)X(t4)X(t3)X(t2)X(t1)⟩

=
D3

θ3
e−θ(∆1+2∆2+3∆3+2∆4+∆5) [6 + e2θ∆3 (2 + e2θ∆2) (2 + e2θ∆4)] .

(C.33)

Alternatively, one can use the Isserlis’ theorem to derive the results, since the only nonzero
cumulant is of second order.

C.3 Bayesian analysis of time-domain data

The time-domain data of the 2D and 3D experiments are fitted to that predicted by the
Gauss-Markov model to provide quantitative measures of memory effect. According to the
Gauss-Markov model, the local field obeys a multi-variate Gaussian distribution:

p(Ωn, . . . ,Ω1) = p(Ωn∣Ωn−1)⋯p(Ω2∣Ω1)p(Ω1), (C.34)

where

p(Ω1) =
1

σ
√
2π

exp(−
Ω2

1

2σ2
) ,

p(Ωi+1∣Ωi) =
1

σ
√
2π(1 − λ2i,i+1)

exp{−
1

2σ2

(Ωi+1 −Ωiλi,i+1)
2

1 − λ2i,i+1
} ,

(C.35)
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with the correlation being an exponential function of the time λi,i+1 = exp(−θ∆i). Given
the distribution of the local field, the time-domain data of an nD experiment is

SnD = ∫ p(ωn, . . . , ω1)e
iωntn⋯eiω1t1dωn⋯dω1. (C.36)

If p(ωn, . . . , ω1) is a Gaussian distribution with a covariance matrix Σ and mean µ⃗ =
(µ1, . . . , µn), we have

SG
nD = exp(−it⃗ ⋅ µ⃗ −

1

2
t⃗ ⋅Σ ⋅ t⃗) . (C.37)

The Gauss-Markov model requires µ⃗ = 0⃗ and

Σ = σ2

⎛
⎜
⎜
⎜
⎝

1 λ12 ⋯ λ1n
λ12 1
⋮ ⋱

λ1n 1

⎞
⎟
⎟
⎟
⎠

, (C.38)

where λij = exp[−θ(∆i +⋯ +∆j−1)]. For 2D and 3D experiments, these are

SMG
2D = exp [−

σ2

2
(t21 + t

2
2 + 2t1t2λ12)] ,

SMG
3D = exp [−

σ2

2
(t21 + t

2
2 + t

2
3 + 2t1t2λ12 + 2t1t3λ13 + 2t2t3λ23)] .

(C.39)

These models are used to provide quantitative measure to non-Gaussianity and non-
Markovianity.

To measure non-stationarity in the 2D data, the model is allowed to have different
means: µ1 ≠ µ2, the signal becomes

S′2D = exp [−i(µ1t1 + µ2t2) −
σ2

2
(t21 + t

2
2 + 2t1t2λ12)] . (C.40)

C.4 Time-domain data and pure-phase spectrum

The States’ method [181, 96] is used to obtain pure-phase spectra. Define

Sc(t1, t2) =
1

2
[S2D(t1, t2) + S2D(−t1, t2)] ,

Ss(t1, t2) =
1

2i
[S2D(t1, t2) − S2D(−t1, t2)] ,

(C.41)
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the pure absorption spectrum is given by

S̃States
2D = Re(F1 {Re[F2(Sc)]}) − Im(F1 {Re[F2(Ss)]}) (C.42)

where S̃′
c/s
=F1 {Re[F2(Sc/s)]}. For 3D experiments, define

Scc(t1, t2, t3) =
1

4
[S3D(t1, t2, t3) + S3D(t1,−t2, t3) + S3D(−t1, t2, t3) + S3D(−t1,−t2, t3)] ,

Scs(t1, t2, t3) =
1

4i
[S3D(t1, t2, t3) − S3D(t1,−t2, t3) + S3D(−t1, t2, t3) − S3D(−t1,−t2, t3)] ,

Ssc(t1, t2, t3) =
1

4i
[S3D(t1, t2, t3) + S3D(t1,−t2, t3) − S3D(−t1, t2, t3) − S3D(−t1,−t2, t3)] ,

Sss(t1, t2, t3) =
1

4
[−S3D(t1, t2, t3) + S3D(t1,−t2, t3) + S3D(−t1, t2, t3) − S3D(−t1,−t2, t3)] ,

(C.43)

the pure-phase spectrum is

S̃States
3D =Re [F1(Re(F2 {Re[F3(S̃cc)]}) − Im(F2 {Re[F3(S̃cs)]}))]

− Im [F1(Re(F2 {Re[F3(S̃sc)]}) − Im(F2 {Re[F3(S̃ss)]}))] .
(C.44)

Fig. C.1 shows the coherence transfer pathways [20] for the 2D and 3D experiments.
Initial scaling is applied to the time-domain data prior to Fourier transform to avoid ridges
[148, 171].

C.5 Bayesian analysis

Bayesian analysis is used to extract information from the experiment data, and the essential
steps of the procedure are described here. Each point xi in the time-domain data takes
the form

xi = yi + ϵi, (C.45)

where yi is the corresponding true value and ϵi is a zero mean white noise ∼ N(0, σ2
ref).

We use Bayesian posterior model checking [64, 132] to provide measures to environ-
mental memory effect. The test quantities are, mean square error (MSE) for quantifying
non-Gaussianity,

MSE = ∫ dx⃗repp(x⃗rep∣x⃗)(x⃗rep − x⃗)2, (C.46)
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Figure C.1: Coherence transfer pathways for 2D and 3D experiments. The solid lines
achieve backward evolutions in the corresponding periods while the dashed lines achieve
forward evolutions. By combining forward and backward evolutions, one cosine- or sine-
modulation in that period can be selected.

absolute mean difference (AMD) for quantifying non-stationarity,

AMD = ∫ dµ1dµ2p(µ1, µ2∣x⃗)∣µ1 − µ2∣ (C.47)

and the residual correlation

R2
λ = ∫ dλ12λ13λ23p(λ12, λ13, λ23∣x⃗)(λ13 − λ12λ23)

2 (C.48)

and the correlation
E[λ13∣x⃗] = ∫ dλ13p(λ13∣x⃗)λ13 (C.49)

to quantify non-Markovianity. To obtain the posterior distributions, the 2D time-domain
data (Eq. (C.41)) are fitted to Ah(t1 + t2)SMG

2D and Ah(t1 + t2)S′2D. A is a normalization
constant and h(t) = exp(−t/T2) is the T2 decay. The 3D time-domain data (Eqs. (C.43))
are fitted to Ah(t1 + t2 + t3)SMG

3D . The prior distributions for the parameters in the models
are chosen as independent logit-normal distributions with σ = 1 over ranges that are large
enough so that the priors are noninformative. Then, the parameters are transformed to
(−∞,+∞) through a logit function and the posterior distributions are simulated with a
Metropolis-Hastings sampler.
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Figure C.2: Preparation pulse sequence. The phase is denoted in analogy to a π/2 pulse,
indicating that the state after preparation is (σCS

x sinϕ − σCS
y cosϕ) ⊗ 1⊗N . A saturation

consisting of 50 π/2 pulses separated by 1 ms delays is applied to eliminate proton magne-
tization, ensuring that all experiments start with the same initial state. After a 5 s delay,
cross-polarization is used to transfer polarization from proton spins to phosphorus spins.
The duration of the spin-locking fields is 1400 µs.

Figure C.3: Measurement pulse sequence.

C.5.1 Multi-dimensional experiment

For convenience, we refer to Figs. C.2 and C.3 for the preparation and measurement of
the experiments. The procedure is the same as that used in Chapter 4.

The pulse sequences for 1D, 2D and 3D experiments are shown in Fig. C.4. The
preparation consists of a saturation period on the environment spins followed by a cross
polarization and the measurement consists of a continuous-wave decoupling on the envi-
ronment and the continuous sampling on the CS (ref. the design of the STE experiments
in chapter 4). During each tk, the SME8 sequence is used to decouple homonuclear interac-
tion between environment spins while retaining heteronuclear interactions between CS and
environment spins. In order to remove chemical shift during each tk, a π pulse is applied
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on the CS during each tk. A magic-echo sequence is inserted in the SME8 sequence on top
of the π pulse to recouple the heteronuclear interaction.

Figure C.4: Pulse sequences 1D (top), 2D (middle) and 3D (bottom) experiments.
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Appendix D

Supplementary: Probing the
structure of the environment through
the central spin using multi-quantum
experiments

This appendix presents the general theory of the standard MQ experiments and the pulse
sequences for the experiments in the main text.

D.1 Dynamics without mixing

In the absence of environmental dynamics, the initial state, ρ(0) = σx ⊗ 1N/2N+1, evolves
under

Hint =
1

2
σCS
z ⊗

N

∑
i=1

ωiσ
i
z, (D.1)

into

ρ(t) =
1

2N+1
{σx ⊗ 1

N
N

∏
i=1

cosωit +
N

∑
i=1

σy ⊗ σ
i
z sinωit

N

∏
j≠i

cosωjt +⋯

+σ[N] ⊗ σ
1
z ⊗⋯⊗ σ

N
z

N

∏
i=1

sinωit}

=
N

∑
n=0

An

2N+1
σ[n] ⊗ ρn,

(D.2)
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for operators ρn ∈ span{1, σz}⊗N with Tr(ρnρ
�
n) = 2N where n is the number of σz in ρ

where
σ[n] = σx [(−1)

−n
2 + (−1)

n
2 ] + σy [(−1)

−n−1
2 − (−1)

n+1
2 ] . (D.3)

Alternatively, A2
n can be calculated through

A2
n =

1

n!

dnr

dxn
∣
x=0

. (D.4)

where

r(x) =
N

∏
n=1

(x sin2 ωnt + cos
2 ωnt) . (D.5)

Thus,

A2
0 =

N

∏
n=1

cos2 ωit,

A2
1 =

N

∑
i=1

sin2 ωit
N

∏
j≠i

cos2 ωjt,

⋯,

A2
N =

N

∏
n=1

sin2 ωit.

(D.6)

Define

σx
± =

σz ∓ iσy
2

. (D.7)

We have
exp(−iσxϕ/2)σ

x
± exp(iσxϕ/2) = σ

x
± exp(−ipϕ). (D.8)

Under the basis {1, σx
+, σ

x
−}
⊗N

for the environment,

ρ(t) =
1

2N+1
{σx ⊗ 1

N
N

∏
i=1

cosωit +⋯ + σ[N] ⊗ (σ
x
+ + σ

x
−)
⊗N

N

∏
i=1

sinωit} . (D.9)

In total, there are Cp
n terms of coherence order n − 2p in ρn for p = −n, . . . , n. We encode

them with collective x rotations. The signal of a encoded echo is

S(θ) = Tr [U �Rx(θ)Uρ(0)U
�R�

x(θ)Uρ
�(0)] = Tr [Rx(θ)ρ(t)R

�
x(θ)ρ

�(0)] , (D.10)

170



where Rx(θ) is a collective x rotation on the environment. Choose M ≥ N and define
A2

n = 0 for n > N , the signal is

S(θ) =
M

∑
n=0

n

∑
p=0

A2
n

Cp
n

2n
exp [−i(n − 2p)θ]

=
M

∑
n=−M

A(n)
2
exp(−inθ).

(D.11)

Here, A(n)
2
is the total amplitude of terms of coherence order n, which satisfy∑

M
n=−M A(n)

2
=

1. Let θ = 2πj/(2M + 1), j = −M,−M + 1, . . . ,M . A discrete Fourier transform yields

M

∑
j=−M

exp(−ikθ)S(θ) = A(k)
2
=

M

∑
n=0

n

∑
p=0

A2
n

Cp
n

2n
δk,n−2p, (D.12)

namely,

A(2k)
2
=

⌊M−2k
2
⌋

∑
j=0

A2
2k+2j

C2j
2k+2j

22k+2j
= A2

2k

C0
2k

22k
+A2

2k+2

C2
2k+2

22k+2
+⋯,

A(2k+1)
2
=

⌊M−2k−1
2

⌋

∑
j=0

A2
2k+2j+1

C2j
2k+2j+1

22k+2j+1
= A2

2k+1

C0
2k+1

22k+1
+A2

2k+3

C2
2k+3

22k+3
+⋯,

(D.13)

for k = 0, . . . , ⌊M2 ⌋.

Since A(k)
2
= A(−k)

2
, we only need to consider k ≥ 0. Eq. (D.12) defines a linear map

from {A2
n} to {A

(k)2}

(A(0)
2
, . . . ,A(M)

2
)
T
=A (A2

0, . . . ,A
2
M)

T
, (D.14)

with

Aij =

⎧⎪⎪
⎨
⎪⎪⎩

0 j < i or (j − i) mod 2 = 1
C
(j−i)/2
j−1

2j−1
d

=

⎛
⎜
⎜
⎜
⎜
⎜
⎝

⋱
C0

M−2

2M−2
0

C1
M

2n
C0

M−1

2M−1
0

C0
M

2M

⎞
⎟
⎟
⎟
⎟
⎟
⎠

. (D.15)

This allows us to calculate {A2
m} or {A

(k)2} when the other is known.
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For example, if

ρ(t) =
1

24
[A0σx ⊗ 1

⊗3 +A1σy ⊗ (σz ⊗ 1⊗ 1 + 1⊗ 1⊗ σz)/
√
2

− −A2σx ⊗ σz ⊗ 1⊗ σz −A3σy ⊗ σz ⊗ σz ⊗ σz]

=
1

24
[A0σx ⊗ 1

⊗3 +A1σy ⊗ (σ
x
+ ⊗ 1⊗ 1 + σ

x
− ⊗ 1⊗ 1 + 1⊗ 1⊗ σ

x
+ + 1⊗ 1⊗ σ

x
−)/
√
2

−A2σx ⊗ (σ
x
+ ⊗ 1⊗ σ

x
+ + σ

x
+ ⊗ 1⊗ σ

x
− + σ

x
− ⊗ 1⊗ σ

x
+ + σ

x
− ⊗ 1⊗ σ

x
−)

−A3σy ⊗ (σ
x
+ ⊗ σ

x
+ ⊗ σ

x
+ + σ

x
+ ⊗ σ

x
+ ⊗ σ

x
− + σ

x
+ ⊗ σ

x
− ⊗ σ

x
+ + σ

x
− ⊗ σ

x
+ ⊗ σ

x
+

+ σx
− ⊗ σ

x
− ⊗ σ

x
+ + σ

x
− ⊗ σ

x
+ ⊗ σ

x
− + σ

x
− ⊗ σ

x
− ⊗ σ

x
+ + σ

x
− ⊗ σ

x
− ⊗ σ

x
−)].

(D.16)

According to Eq. (D.12), the coherence amplitudes are
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The transformation matrix and its inverse are

A =

⎛
⎜
⎜
⎜
⎝

1 0 1
2 0

0 1
2 0 3

8

0 0 1
4 0

0 0 0 1
8

⎞
⎟
⎟
⎟
⎠

and A−1 =

⎛
⎜
⎜
⎜
⎝

1 0 −2 0
0 2 0 −6
0 0 4 0
0 0 0 8

⎞
⎟
⎟
⎟
⎠

. (D.18)

Thus,
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D.2 Pulse Sequences
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Figure D.1: Pulse sequence for multi-quantum experiments. The phase of the magic echo
sequence in the middle is changed so that it applies a θ encoding to the environment spins.

Figure D.2: Pulse sequence for Loschmidt echo experiments. SME8� is a variations of
SME8 where delays in the magic echo sequences are adjusted to introduce mixing.
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Figure D.3: Pulse sequence for multi-quantum experiments with mixing. ∆+ = 2∆− so the
environmental dynamics is refocused at the end of ∆−.

174



Appendix E

Randomized Benchmarking of the
Central Spin System

This appendix presents some general results on randomized benchmarking on the CS sys-
tem.

E.1 Randomized Benchmarking

Randomized benchmarking (RB) [102, 124, 125] are scalable and robust methods that
characterize the noise of a set of gates. The standard model predicts an exponential
decay under Markovian noise. Therefore, deviation from an exponential decay can indicate
memory effect.

First, we briefly review the basic model of standard RB. For a unital matrix Ê acting
on u(n), its average gate fidelity is [57]

F̃ (E) = ∫ ⟪ϕ∣Ê∣ϕ⟫dϕ = ∫
U∈SU(n)

⟪ϕ∣Û ○ Ê ○ Û �∣ϕ⟫dτU = ⟪ϕ∣Êtwirl∣ϕ⟫, (E.1)

with the unitary twirl defined as

Êtwirl = ∫
U∈SU(n)

Û ○ Ê ○ Û �dτU . (E.2)

Û is the conjugate representation of U on u(n). dτU is an invariant measure such that
dτU = dτV U for ∀V ∈ U(n). We have [Êtwirl, Û] = 0 ∀U ∈ U(n). According to Schur’s
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Lemma, Êtwirl is a multiple of the identity in each irreducible subspace: {1} and su(n)
[77]. Namely, Êtwirl = Diag(1, λ,⋯, λ) where (n2 − 1)λ+ 1 = Tr(Ê). Therefore, for a density
matrix ρ, we have

Ê○ktwirl(ρ) =
1n

n
+ λk (ρ −

1n

n
) . (E.3)

The survival probability is an exponential function of k

S̄k = Tr [ρÊ
○k
twirl(ρ)

�] =
1

n
+ λk (1 −

1

n
) . (E.4)

The average gate fidelity is

F̃ (Ê) = S1 = λ +
1 − λ

n
. (E.5)

For ρ0 = (1 + ϵσx)/2, the signal after E○ktwirl is

SRB(k) = Tr[σ+Ê
○k
twirl(ρ0)

�] = ϵλk. (E.6)

The twirl of E can be realized using the Clifford group C:

Êtwirl = ∫
U∈SU(n)

Û ○ Ê ○ Û �dτU =
1

∣C∣

∣C∣

∑
i=1

Ĉi ○ Ê ○ Ĉ
�
i . (E.7)

Hence, by the rearrangement theorem

Ê○ktwirl =
1

∣C∣k

⎛

⎝

∣C∣

∑
i=1

Ĉi ○ Ê ○ Ĉ
�
i

⎞

⎠

k

= ∑
i1,⋯,ik

Ĉik+1 ○ Ê ○ Ĉik ○ Ê ○ ⋯ ○ Ĉi1

= EC⃗∈C×k (Ĉik+1 ○ Ê ○ Ĉik ○ Ê ○ ⋯ ○ Ĉi1) ,

(E.8)

where Cik+1 = (Cik⋯Ci1)
�
and C⃗ = (Cik ,⋯,Ci1). In randomized benchmarking (RB), one

can estimate
EC⃗∈C×k (Ĉik+1 ○ Ê ○ Ĉik ○ Ê ○ ⋯ ○ Ĉi1) (E.9)

by picking uniformly at random from the Clifford group for m times for each Cij [124, 125].
RB is free of state preparation and measurement error. It is a more efficient and reliable
way for estimating the average gate fidelity compared to state tomography [214]. It is also
a useful tool for diagnosing noise in experiments [147, 200].
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E.1.1 Benchmarking the Central Spin System

We want to use an interleaved RB to characterize the dynamics of the CS system. We
assume that the system starts with ρ(0) = σx ⊗ 1⊗n/2n+1. Consider an experiment that
measures

SRB(t, k) = EC⃗∈C×k (⟪σ+ ⊗ 1
n∣Ĉik+1 ⊗ 1̂

⊗n ○ Ê(t) ○ ⋯ ○ Ê(t) ○ Ĉi1 ⊗ 1̂
⊗n∣ρ(0)⟫) . (E.10)

Here, C is the 1-qubit Clifford group and E(t) = exp(−iHt) where H =Hcs/e +He and

Hcs/e = σz ⊗A/2, He = 1⊗B. (E.11)

In the interaction frame of He, we have

SRB(t, k) = EC⃗∈C×k (⟪σ+ ⊗ 1
n∣Ĉik+1 ⊗ 1̂

⊗n ○ Ê′k ○ ⋯ ○ Ê
′
1 ○ Ĉi1 ⊗ 1̂

⊗n∣ρ(0)⟫) , (E.12)

where

Ek = 1⊗M
1−kT exp(−i∫

t

0
σz ⊗A

′(t′)/2dt′)1⊗Mk−1, (E.13)

with M = exp (−iBt).

For an operator Λ̂ acting on u(2n+1), define

Λ̂1-twirl = ∫
U∈SU(2)

Û ⊗ 1̂⊗n ○ Λ̂ ○ Û � ⊗ 1̂⊗ndτU . (E.14)

Λ̂1-twirl is in general a block-diagonal matrix

Λ̂1-twirl =

⎛
⎜
⎜
⎜
⎝

Λ1

Λ2

Λ2

Λ2

⎞
⎟
⎟
⎟
⎠

, (E.15)

with Λ1 and Λ2 being 4n × 4n blocks and Λ1 + 3Λ2 = Tr1(Λ̂). In addition, if we denote the
diagonal 4n × 4n blocks of Λ̂ as Λii for i = 1,2,3 and 4, then

Λ1 = Λ11,

Λ2 = (Λ11 +Λ22 +Λ33) /3.
(E.16)

In order to calculate the corresponding Λ1 and Λ2 of E(t) defined in Eq. (E.15), we only
need to know its action in the invariant subspaces.
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Recall that

U(t) = T← exp [−i∫
t

0
dt1σz ⊗A

′(t1)/2]

= 1⊗C← − iσz ⊗ S←,
(E.17)

with

C← = T← cos [∫
t

0
dt1A

′(t1)/2] =
1

2
(U+← +U

−
←) ,

S← = T← sin [∫
t

0
dt1A

′(t1)/2] =
1

2i
(U+← −U

−
←) .

(E.18)

We first calculate Λ1. Since

Tr (1⊗ σ (1⊗C← − iσα ⊗ S←)1⊗ ρ (1⊗C→ + iσα ⊗ S→))

=2Tr (σ (C←ρC→ + S←ρS→))

=Tr (σ (U+←ρU
−
→ +U

−
←ρU

+
→)) .

(E.19)

Since

U+←ρU
−
→ +U

−
←ρU

+
→ = (T exp [i∫

t

0
adA′(t′)dt

′/2] + T exp [−i∫
t

0
adA′(t′)dt

′/2]) (ρ)

= 2T cos [∫
t

0
adA′(t′)dt

′/2] (ρ),
(E.20)

we have

Λ1 = T cos [∫
t

0
adA′(t′)dt

′/2] . (E.21)

Using the fact that

σασα = 1,

σασβ = iϵαβγσγ,
(E.22)

for α,β, γ = x, y, z and α ≠ β, with similar calculation, we have

Tr (σα ⊗ σU(t)σα ⊗ ρU
�(t)) = 2Tr(σT cos [∫

t

0
adA′(t′)dt

′/2] (ρ)) ,

Tr (σα ⊗ σU(t)σβ ⊗ ρU
�(t)) = 2Tr(σT cos [∫

t

0
acA′(t′)dt

′/2] (ρ)) .
(E.23)

Thus,

Λ2 =
1

3
(T cos [∫

t

0
adA′(t′)dt

′/2] + 2T cos [∫
t

0
acA′(t′)dt

′/2]) . (E.24)
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Let

exp(iĀkt/2) ≡M
1−kT exp [−i∫

t

0
A′(t′)dt′]Mk−1, (E.25)

then

Êk,1-twirl =

⎛
⎜
⎜
⎜
⎝

Λ′1(k)
Λ′2(k)

Λ′2(k)
Λ′2(k)

⎞
⎟
⎟
⎟
⎠

, (E.26)

with

Λ′1(k) = cos (adĀk
t/2)

Λ′2(k) =
1

3
[cos (adĀk

t/2) + 2 cos (acĀk
t/2)] .

(E.27)

Thus, the RB signal is

SRB(t, k) =
1

2n
⟪1⊗n ∣◯k

j=1Λ̂
′
2(j)∣1

⊗n⟫ . (E.28)

Below we consider three different scenarios. When B = 0, denote the RB signal by
S∗RB(t, k), we have

S∗RB(t, k) =
1

2n+1
⟪σ+ ⊗ 1

⊗n ∣Ê○k1-twirl(t)∣σx ⊗ 1
⊗n⟫

=
1

2n
⟪1⊗n∣Λ○k2 ∣1

⊗n⟫

=
1

2n
⟪1⊗n ∣[

cos(adAt/2) + 2 cos(acAt/2)

3
]

○k

∣1⊗n⟫ .

(E.29)

Let the eigenbasis of A be {∣1⟩, . . . , ∣2n⟩}, A∣j⟩ = Ωj ∣j⟩ we have acA(∣j⟩⟨j∣) = 2Ωj ∣j⟩⟨j∣ and
adA(∣j⟩⟨j∣) = 0. Express ∣1⟫ in terms of ∣j⟩⟨j∣, we get

S∗RB(t, k) =
1

2n

2n

∑
j=1

[
1 + 2 cos(Ωjt)

3
]

k

. (E.30)

When ∥t2[B, [B,A]]∥ ≪ 1, we can make the following truncation

Λ̂′2(j + 1) ≈ Λ̂
′
2(j) + t [adiB, Λ̂

′
2(j)] +

t2

2
[adiB, [adiB, Λ̂

′
2(j)]] . (E.31)
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We can show that

⟪1⊗n∣[adiB, Λ̂2] ○ Λ̂2∣1
⊗n⟫ = 0,

⟪1⊗n∣[adiB, [adiB, Λ̂2]] ○ Λ̂2∣1
⊗n⟫ < 0.

(E.32)

The first identity comes from the fact that adiB(1
⊗n) = 0 and

⟪1⊗n∣Λ̂2 ○ adiB ○ Λ̂2∣1
⊗n⟫ = ⟪Λ̂2(1

⊗n)∣adiB ∣Λ̂2(1
⊗n)⟫ = 0. (E.33)

To obtain the second inequality, we have

⟪1⊗n∣[adiB, [adiB, Λ̂2]] ○ Λ̂2∣1
⊗n⟫ = ⟪Λ̂2(1

⊗n)∣ad○2iB ∣Λ̂2(1
⊗n)⟫ < 0. (E.34)

Since ad○2iB is negative semi-definite, the above quantity must be no larger than 0. It is
equal to 0 if and only if [A,B] = 0. Therefore,

SRB(t,2) =
1

2n
⟪1⊗n ∣Λ̂′2(2) ○ Λ̂2(1)∣1

⊗n⟫

≈ S∗RB(t,2) +
t2

2n+1
⟪1⊗n∣[adiB, [adiB, Λ̂2]]∣1

⊗n⟫ ≤ S∗RB(t,2).

(E.35)

The last equality holds if and only if [A,B] = 0.

When mixing is very strong ∥B∥ ≫ ∥A∥, the effective Hamiltonian is given by

HSM = σz ⊗ Ā/2, (E.36)

where Ā is given by the following theorem.

Theorem E.1.1. Let A,B be n × n Hermitian matrices and T be a unitary matrix that
diagonalizes B:

TBT � =
⎛
⎜
⎝

λ11µ1

⋱

λm1µm

⎞
⎟
⎠
, (E.37)

where λi are distinct eigenvalues of B and µi are the corresponding degeneracies. Let
A′ = TAT � = {A′ij}

m
i,j=1, where A′ij are µi × µj blocks. Denote Ā = T � (⊕

m
i=1Aii)T and

U0(t, x) = exp[−ixBt]. Then,

lim
x→∞
T exp [−i∫

t

0
U �
0(t
′, x)AU0(t

′, x)dt′] = exp(−iĀt). (E.38)
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Denote the eigenvalue vectors of A and Ā by Ω and Ω̄, respectively.

When mixing is strong ∣B∣ ≫ 1/t, Āj ≡ Ā. Ā can be calculated using Theorem E.1.1.
The survival probability is

SRB(t, k) =
1

2n

2n

∑
j=1

p̄kj , (E.39)

with

p̄j =
2 cos(Ω̄jt) + 1

3
. (E.40)

Ω̄j are eigenvalues of Ā. According to Schur majorization theorem, Ωj majorizes Ω̄j

k

∑
i=1

Ω↓j ≥
k

∑
i=1

Ω̄↓j, (E.41)

for k = 1, . . . , n. The corresponding local fields are more closely centered at 0, resulting in
a more exponential and slower decay. Additionally, there exists a doubly stochastic matrix
S, such that Ω̄ = SΩ. The matrix S determines the shape of the decay of the RB signal.

1. In the absence of the environmental mixing, the decay of the RB signal is non-
exponential and determined by the distribution of the local field (Eq. (E.30)).

2. The shape of the decay is robust to small environmental mixing due to the lack of
first-order dependence (Eq. (E.35)).

3. Small mixing leads to faster initial decay (Eq. (E.35)).

4. Strong mixing leads to a slower and more exponential decay (Eq. (E.39)).

The increase of decay rate due to small mixing is due to enhanced energy transfer between
the CS and the environment when the strength of mixing approaches the frequency of
the Clifford gates are being applied (cf. cross polarization and dynamical decoupling).
We expect the slowdown to saturate at ∥jt2[B, [B,A]]∥ ∼ 1. Strong mixing removes
CS/environment correlation and leads to a faster and more exponential decay. Any resid-
ual deviation from an exponential decay is due to residual correlation and can indicate
constant of motion to the environmental mixing.
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Appendix F

Discrete Methods for Pulse
Engineering

Here, we present the general framework for designing sequences for effective Hamiltonians
engineering using gates from a finite set.

F.1 Pulse Design Using Tree Search

The chain rule for C -integrals (Appendix A) allows constructing a control sequence from
a finite set of components (e.g., square π/2 rotations or Clifford gates). Because the C -
integrals of a composite sequence follow from those of its parts, we only need to calculate
the C -integrals for each component in the finite set. Any sequence made from these
components can then be derived using the chain rule. Then, the C -integrals fully determine
the robustness and Hamiltonian-engineering properties of the sequence.

When designing sequences, we must account for constraints like limited total power
and finite bandwidth. A convenient way to accommodate these constraints is to structure
the solution space as a tree, where the tree policy (how new children are generated given
the current node) can then be easily determined by these constraints. Then the design of
a sequence is viewed as a tree search problem [21].

We propose to use Monte Carlo tree search which has achieved super-human perfor-
mance in games [175, 195] and applied to quantum circuit design [202]. Here, we provide
the pseudocode (Algorithm 9) for the upper confidence bound (UCT) search [103, 104, 31].
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Algorithm 9 The UCT algorithm.

1: function UCTSearch(s0)
2: create root node v0 with state s0
3: while v0 is non-terminal do
4: while within computational budget do
5: vl ← TreePolicy(v0)
6: DefaultPolicy(s(vl))
7: Backup(vl,∆)
8: end while
9: v0 ← BestChild(v0,0)
10: end while
11: return the state of v0
12: end function
13: function TreePolicy(v)
14: while v is nonterminal do
15: if v not fully expanded then
16: return Expand(v)
17: else
18: v ← BestChild(v,Cp)

19: end if
20: end while
21: return v
22: end function
23: function Expand(v)
24: choose v′ from untried children of v
25: return v′

26: end function
27: function BestChild(v,c)

28: argmaxv′∈children of v
Q(v′)
N(v′) + c

√
2 lnN(v)
N(v′)

29: end function
30: function DefaultPolicy(s)
31: while s is non-terminal do
32: s← random child of s
33: end while
34: return reward for state s
35: end function
36: function Backup((v,∆))
37: while v is not null do
38: N(v) ← N(v) + 1
39: Q(v) ← Q(v) +∆(v)
40: v ← parent of v
41: end while
42: end function
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F.2 Sequence with Finite Gate Set

For pulse sequences with delays and short pulses (e.g., solid-echo based sequences), it is
important to first ensure that the errors during the windows are minimized. Then, one
can choose the gates that induce the right transition of the toggling-frame Hamiltonian
between two adjacent windows and minimize the total gate-dependent error. Assume that
the unitary propagators of the candidate gates form a finite group S, then the toggling-
frame Hamiltonian during the pth window is chosen from a finite set with W elements:

T = {U �HpertU ∣U ∈ S} = {Htog(1), . . . ,Htog(W )} . (F.1)

Then for a sequence with P windows, Assume that we can apply any gate from S in
front of each window, then a possible sequence of the toggling-frame Hamiltonian Htog(w)
is ({Htog(w1), t1} , . . . ,{Htog(wP ), tP}), where Htog(wp) is the toggling-frame Hamiltonian
during the pth window and tp is the length of the window. For simplicity, consider the case
where t1 = ⋯ = tP . we will call the sequence a toggling-frame sequence and denote it with
the labels w1, . . . ,wP :

s = (w1⋯wP )tog, (F.2)

where 1 ≤ w1, . . . ,wP ≤ W . The goal is to design s so that the accumulated errors during
the windows are minimized. These errors, similar to those of any sequence, are determined
by the C−integrals of s. Since T is typically restricted to a subspace of C (gpri,Hpert),
we can also use representation restricted to the subspace to calculate the C−integrals.
An algorithm for finding the desired toggling-frame sequence is given at the end of the
appendix.

Using the conditions found in the last section, we first try to find toggling sequences
that decouple the interactions up to 4th order. We will design sequences for spin ensembles
as examples since they are the hardest. We will take the dipolar interaction as an example.

Take as example engineering the secular dipolar interaction under high field with col-
lective control, C (gpri,Hpert) is five-dimensional. But for sequences with π/2 x and y
rotations, T is restricted to a two-dimensional subspace spanned by

1

2
{
2σz ⊗ σz − σx ⊗ σx − σy ⊗ σy

√
6

,
σx ⊗ σx − σy ⊗ σy

√
2

} . (F.3)

T has three elements:

∣H1⟫ = (−
1

2
,

√
3

2
)

T

, ∣H2⟫ = (−
1

2
,−

√
3

2
)

T

, ∣H3⟫ = (1,0)
T . (F.4)
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The necessary and sufficient conditions (using the method from chapter 3) for H̄(r−1)(Tseq) =
0 are

H̄(0) = 0 ∶ c̄1 = 0

c̄2 = 0

H̄(1) = 0 ∶ c̄12 − c̄21 = 0

H̄(2) = 0 ∶ c̄112 −
1

2
c̄121 + c̄211 = 0

c̄122 −
1

2
bc̄212 + c̄221 = 0

H̄(3) = 0 ∶ c̄1121 − c̄1211 = 0

c̄1122 − c̄1212 + c̄2121 − c̄2211 = 0

c̄2122 − c̄2212 = 0

H̄(4) = 0 ∶ c̄11112 + c̄11121 −
1

4
c̄11211 + c̄12111 + c̄21111 = 0

c̄11122 −
1

2
c̄12112 + c̄12121 + c̄21112 −

1

2
c̄21121 + c̄22111 = 0

c̄11212 + c̄11221 −
1

2
c̄12112 + c̄12211 −

1

2
c̄21121 + c̄21211 = 0

c̄11222 −
1

2
c̄12212 + c̄12221 + c̄21212 −

1

2
c̄21221 + c̄22211 = 0

c̄12122 −
1

2
c̄12212 + c̄21122 −

1

2
c̄21221 + c̄22112 + c̄22121 = 0

c̄12222 + c̄21222 −
1

4
c̄22122 + c̄22212 + c̄22221 = 0

⋯

(F.5)

Below are some of the toggling-frame sequences that achieve H̄(r−1)(Tseq) = 0 up to r = 5:

(133331221211213223)

(131333221232121333112121222133313122)

(121132232322332123111322333221323211321331131212113322211311231323322311)

⋯

(F.6)

Alternatively, we can also design composite toggling-frame sequences using a set of
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toggling-frame sequences. For example, let

{s1 = (123), s2 = (132), s3 = (213),

s4 = (231), s5 = (312), s6 = (321)}.
(F.7)

Then a composite toggling-frame sequence can be built using these ingredients. For exam-
ple,

[s1s6s2] = [(123)(321)(132)] = (123321132). (F.8)

This allows us to build sequences using subcycles that account for lower-order errors (the
zeroth-order error in this case) to enhance convergence of the sequence. Below are some
composite toggling-frame sequences that achieve H̄(r−1)(Tseq) = 0 up to r = 5:

[s3s4s4s1s2s2]

[s1s1s2s2s4s5s3s6s4s6s5s3]

[s1s3s6s6s6s3s4s3s5s4s4s6s4s5s2s6s2s5s1s4s1s5s2s3]

⋯.

(F.9)

Once a desired toggling-frame sequence is found, we can choose gates from S to insert
between windows to make the correct transition of Htog and minimize total gate-dependent
errors using Algorithm 9.

F.3 Genetic Algorithm for Sequence Optimization

In principle, we can also use Algorithm 9 to design toggling-frame sequences. But we found
that the genetic algorithms often perform better. Hence, we briefly describe the method
here.

Genetic algorithms make relatively few assumptions, and are therefore applicable to
many problems [88, 210]. The success of a genetic algorithm depends heavily on encoding
and choice of genetic operators [136]. To choose a good encoding, we first note that the
Hamiltonian-engineering properties of a toggling-frame sequence are invariant under rota-
tions and inversion. A good encoding that exploits this property is the path representation
which has been applied to the traveling salesman problem [115]. We also incorporate the
zeroth-order decoupling condition into our encoding to reduce the size of sample space. We
choose an order-based crossover operator [48] since it depends on the relative order of the
gates. For mutation operator, we use a repeated exchange mutation operator [6, 4]. It con-
nects every two states in the sample space, therefore, ensures accessibility of every possible
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solution. In our experience, a high mutation probability is necessary to prevent premature
convergence and maintain population diversity. A steady-state modification may also be
applied to mitigate the problem [184]. Below, we give a simple genetic algorithm and the
corresponding genetic operators for path encoding (for designing toggling-frame sequences)
and N−character encoding (for designing composite toggling-frame sequences).

Algorithm 10 A simple genetic algorithm. For a population size W , a maximal iteration
number imax, a crossover probability pc and a mutation probability pm, the function Ge-
neticAlgorithm(f ,ftarget) takes a fitness function f and a target function value ftarget
as input and returns a solution (x1x2⋯xP ) such that either f(x1x2⋯xP ) ≥ ftarget or that is
the best solution found within the maximal number of iterations imax.

1: function GeneticAlgorithm(f ,∆)
2: for w = 1,2, . . . ,W do ▷ Initial population
3: s⃗w ← Random sequence of length P
4: fw ← f(s⃗w)
5: end for
6: fbest ←max{f1, f2, . . . , fW} ▷ Store the best solution found so far
7: s⃗best ← s⃗w that gives fbest
8: i← 1
9: while fbest < ftarget and i < imax do
10: Crossover(Select({fw}, {s⃗w})) until W new strings s⃗′w are generated
11: {s⃗w} ← {Mutate(s⃗′w)} ▷ Replace the old generation with the offsprings
12: {fw} ← {f(s⃗w)}
13: fbest ←max{fbest, f1, f2, . . . , fW}
14: s⃗best ← s⃗w that gives the new fbest
15: i← i + 1
16: end while
17: return s⃗best
18: end function
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Algorithm 11 Genetic operators for path-encoded algorithms.

1: function Select({fw}, {s⃗w}) ▷ Roulette wheel selection
2: f̄ ← ∑

W
w=1 fw

3: Sample two s⃗w randomly according to the distribution {fw/f̄} and return the
result

4: end function
5: function Crossover1(s⃗1, s⃗2)

6: Let s⃗1/2 = (x
1/2
1 x

1/2
2 ⋯x

1/2
P )

7: r ← random real number from [0,1]
8: if r ≤ pc then
9: Choose a random p1 and p2 with p2 > p1 from {1,2, . . . , P}

10: s⃗m
1/2
← (x

1/2
p1 . . . x

1/2
p2 )

11: s⃗o
1/2
← (s⃗1/2 with the first p2 − p1 elements that are identical with elements in

s⃗m
1/2

removed)

12: s⃗n
1/2
← RotateRight(Join(s⃗m

1/2
, s⃗o

2/1
), by p1 − 1)

13: return s⃗n1 and s⃗n2
14: else
15: return s⃗1 and s⃗2
16: end if
17: end function
18: function Mutate1(s⃗)
19: r ← random real number from [0,1]
20: if r ≤ pm then
21: Generate a random integer m with probability pm−1(1 − p)
22: Choose with replacement m random pairs of elements from s⃗ and swap their

positions
23: end if
24: return the new s⃗
25: end function
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Algorithm 12 Genetic operators for N -character encoded genetic algorithms.

1: function Crossover2(s⃗1, s⃗2) ▷ 1-point crossover

2: Let s⃗1/2 = (x
1/2
1 , x

1/2
2 , . . . , x

1/2
n )

3: r ← random real number from [0,1]
4: if r ≤ pc then
5: Choose a random p′ from {2,3, . . . , P}
6: return (x11, . . . , x

1
p′−1, x

2
p′ , . . . , x

2
P ) and (x

2
1, . . . , x

2
p′−1, x

1
p′ , . . . , x

1
P )

7: else
8: return s⃗1 and s⃗2
9: end if
10: end function
11: function Mutate2(s⃗) ▷ Replacement mutation
12: Let s⃗ = (x1, x2, . . . , xn)
13: for i = 1,2, . . . , n do
14: r ← random real number from [0,1]
15: if r ≤ pm then
16: x′i ← RandomInteger[1,N]
17: else
18: x′i ← xi
19: end if
20: end for
21: return (x′1, x

′
2, . . . , x

′
n)

22: end function
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Appendix G

Optimization Algorithms for Pulse
Engineering

All algorithms presented in this thesis were manually implemented in Mathematica to allow
for greater customization in pulse engineering. This appendix provides a brief overview of
two additional local numerical optimization algorithms utilized in the pulse design process:
the Nelder-Mead simplex method and the nonlinear conjugate gradient method.

G.1 Nelder-Mead Simplex Method

The Nelder-Mead simplex method is a direct search local optimizer that does not use the
derivative of a function [142]. It is useful compared with gradient-based method when the
function is non-differentiable or noisy, or one cares more about a better solution rather than
the absolute optimum [105]. It can be used to tune the hyperparameters of a stochastic
algorithm [149]. Here, we follow a modern description of the original algorithm [113].

Denote a simplex with its unordered vertices and the corresponding function values as

∆ = {{x⃗1, f1},{x⃗2, f2}, . . . ,{x⃗n+1, fn+1}}. (G.1)

Let
M = (x⃗1 − x⃗n+1, x⃗2 − x⃗n+1, . . . , x⃗n − x⃗n+1), (G.2)

the n-dimensional volume of ∆ is

vol(∆) =
∣det(M)∣

n!
. (G.3)
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∆ is nondegenerate if vol(∆) > 0. The diameter of ∆ is

diam(∆) =max
i≠j
∥x⃗i − x⃗j∥. (G.4)

We can terminate the algorithm when either the volume or the diameter of the simplex
falls below a threshold.

One way for finding an initial simplex as suggested in [142] is to choose a random first
point x⃗1, then generate the rest by taking x⃗i+1 = hie⃗i for i = 1, . . . , n where hi are scaling
factors and e⃗i are unit vectors of the ith coordinate.

The pseudocode of the Nelder-Mead simplex method is provided in Algorithm 13.

G.2 Conjugate Gradient Method

Gradient-based optimization algorithms are widely used in optimal quantum control. Gen-
erally, such an algorithm requires a search direction generator and a line search strategy.
The search direction generator determines the search direction using the gradient, while
the line search strategy selects the step length.

Here, we briefly describe the method (nonlinear conjugate gradient with quadratic line
search) used in this thesis.

G.3 Quadratic Line Search

Here, we define a 3-point bracket that is used in the quadratic line search. A 3-point
bracket is λ1 < λ2 < λ3, such that f(λ2) ≤ min{f(λ1), f(λ3)}. Consider minf(λ) over
λ ≥ 0. To find a 3-point bracket, generate the sequence

λ0 = 0,

λr = λr−1 + 2
r−1∆,

(G.5)

for r = 1,2, . . . and a small positive number ∆. Find k such that f(λ0) > ⋯ > f(λk) and
f(λk+1) > f(λk), the 3-point bracket is then given by

⎧⎪⎪
⎨
⎪⎪⎩

(λk−1, λk, (λk + λk+1)/2) f(λk) < f((λk + λk+1)/2)

(λk, (λk + λk+1)/2, λk+1) f(λk) ≥ f((λk + λk+1)/2)
. (G.6)
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Algorithm 13 Nelder-Mead simplex method. For fixed ρ, χ, γ and σ. For fixed imax and
ϵ. For bounded constraint, we can legalize the point by projecting it to the boundary when
it falls out of the legal region.

1: function NM(f ,∆)
2: Order x⃗1, x⃗2, . . . , x⃗n+1 ∈ RN such that f(x⃗1) ≤ f(x⃗2)⋯ ≤ f(x⃗n+1).
3: x̄← ∑

n
i=1 x⃗i/n

4: x⃗r ← x̄ + ρ (x̄ − x⃗n+1) ▷ Reflect
5: fr ← f(x⃗r)
6: if f1 ≤ fr < fn then
7: return {{x⃗1, f1},{x⃗2, f2}, . . . ,{x⃗n, fn},{x⃗r, fr}}
8: else if fr < f1 then
9: x⃗e = x̄ + χ (x⃗r − x̄) ▷ Expand
10: fe ← f(x⃗e)
11: if fe < fr then
12: return {{x⃗1, f1},{x⃗2, f2}, . . . ,{x⃗n, fn},{x⃗e, fe}}
13: else
14: return {{x⃗1, f1},{x⃗2, f2}, . . . ,{x⃗n, fn},{x⃗r, fr}}
15: end if
16: else if fn ≤ fr ≤ fn+1 then
17: x⃗c ← x̄ + γ (x⃗r − x̄) ▷ Outside contract
18: fc ← f(x⃗c)
19: if fc ≤ fr then
20: return {{x⃗1, f1},{x⃗2, f2}, . . . ,{x⃗n, fn},{x⃗c, fc}}
21: end if
22: else
23: x⃗cc ← x̄ − γ (x̄ − x⃗n+1) ▷ Inside contract
24: fcc ← f(x⃗cc)
25: if fcc < fn+1 then
26: return {{x⃗1, f1},{x⃗2, f2}, . . . ,{x⃗n, fn},{x⃗cc, fcc}}
27: end if
28: end if
29: for i = 2, . . . , n + 1 do ▷ Shrink
30: v⃗i ← x⃗1 + σ (x⃗i − x⃗1)
31: fi ← f(v⃗i)
32: end for
33: return {{x⃗1, f1},{v⃗2, f2}, . . . ,{v⃗n, fn},{v⃗n+1, fn+1}}
34: end function
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Algorithm 14 Nelder-Mead simplex method (continued).

35: function FindMinNM(f ,∆0, ftarget)
36: i← 1
37: while The diameter of ∆i is greater than ϵ and i ≤ imax do
38: ∆i ←NM(∆i−1)

39: return the vertex of ∆i with minimal function value if it is smaller or equal to
ftarget

40: i← i + 1
41: end while
42: return the vertex of ∆i with minimal function value
43: end function

A pseudocode is provided in Algorithm 15.

Let (λ1, λ2, λ3) be the current 3-point bracket. Fit a quadratic approximation Q(λ) =
aλ2 + bλ + c to f(λ) using function values at λ1, λ2, λ3. The minimum of Q(λ) is given by

λ̂ =
(λ22 − λ

2
3)f(λ1) + (λ

2
3 − λ

2
1)f(λ2) + (λ

2
1 − λ

2
2)f(λ3)

2[(λ2 − λ3)f(λ1) + (λ3 − λ1)f(λ2) + (λ1 − λ2)f(λ3)]
(G.7)

If λ̂ ≠ λ2, the new bracket is given by

⎧⎪⎪
⎨
⎪⎪⎩

(λ1,min{λ2, λ̂},max{λ2, λ̂}) f(min{λ2, λ̂}) < f(max{λ2, λ̂}))

(min{λ2, λ̂},max{λ2, λ̂}, λ3) f(min{λ2, λ̂}) ≥ f(max{λ2, λ̂}))
. (G.8)

If λ̂ = λ2, return λ2 if λ3 − λ1 is smaller than a positive tolerance ϵ or let

λ̂ =

⎧⎪⎪
⎨
⎪⎪⎩

λ2 + ϵ/2 λ2 − λ1 ≤ λ3 − λ2

λ2 − ϵ/2 λ2 − λ1 > λ3 − λ2
. (G.9)

Compute f(λ̂) and go to the above step again. Return minf{λ2, λ̂} if max{f(λ1), f(λ3)}−
f(λ2) or λ3−λ1 becomes smaller than a tolerance. A pseudocode is provided in Algorithm
16.

For discrete optimization, choose ∆ to be the smallest step allowed. Legalize each λi.
Terminate the algorithm if λ3 − λ1 ≤∆.
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G.4 Nonlinear Conjugate Gradient

The nonlinear conjugate gradient (NCG) method is used to find a local minimum of a
function. Compared with the gradient descent method, NCG replaces the steepest descent
direction with a conjugate direction. Given a function f(x⃗n) where x⃗n = (x1n, x

2
n, . . . , x

m
n )

is a m-dimensional real vector, the steepest descent direction at x⃗n is given by

g⃗n = −∇f(x⃗n), (G.10)

where ∇f(x⃗n) is the gradient of f at x⃗n. The conjugate direction is

s⃗n = g⃗n + βns⃗n−1. (G.11)

βn can be calculated using the Polak-Ribière formula

βPR
n =

g⃗n ⋅ (g⃗n − g⃗n−1)

g⃗n−1 ⋅ g⃗n−1
. (G.12)

Convergence of the Polak-Ribière method is guaranteed by choosing

βn =max{βPR
n ,0}. (G.13)

This is equivalent to restarting the NCG algorithm when βPR
n is negative. An introduction

to conjugate gradient method can be found in [173]. The gradient descent method is
obtained by setting βn ≡ 0. A legalizer is used to constrain each component of x⃗nin [−1,1].
Algorithm 17 gives the pseudocode of NCG.
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Algorithm 15 Equi-distance three-point bracket. Given an initial step length ∆, a max-
imal number of iterations and an error tolerance, ThreePntBracket(f) takes a single-
variable function f(x) and returns a three-point bracket as described in Sec. G.3 and their
function values.

1: function ThreePntBracket(f)
2: f0 ← f(0)
3: λ1 ←∆
4: f1 ← f(λ1)
5: while f1 > f0 do
6: ∆←∆/10
7: if ∆ > ϵ then
8: λ1 ←∆
9: f1 ← f(λ1)
10: else
11: return ((0,0,0), (f0, f0, f0))
12: end if
13: end while
14: i← 1
15: while i ≤ imax and fi < fi−1 do
16: λi+1 ← λi + 2i∆
17: fi+1 ← f(λi+1)
18: i← i + 1
19: end while
20: fmid ← f((λi + λi−1)/2)
21: if fi−1 < fmid then
22: return ((λi−2, λi−1, (λi + λi−1)/2), (fi−2, fi−1, fmid))

23: else
24: return ((λi−1, (λi + λi−1)/2, λi), (fi−1, fmid, fi))
25: end if
26: end function
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Algorithm 16 Quadratic fit line search. Given a maximal number of iterations, an error
tolerance ϵ and a minimal increase of function value ϵf , QLS(f) takes a single-variable
function f and returns x such that x is a local minimum of f .

1: function Qmin(λ⃗,f⃗)

2: return
(λ2

2−λ
2
3)f1+(λ

2
3−λ

2
1)f2+(λ

2
1−λ

2
2)f3

2[(λ2−λ3)f1+(λ3−λ1)f2+(λ1−λ2)f3]
▷ See Eq. (G.7).

3: end function
4: function QLS(f)
5: Define λ⃗ = (λ1, λ2, λ3) and f⃗ = (f1, f2, f3)
6: (λ⃗, f⃗) ← ThreePntBracket(f)
7: if λ⃗ = (0,0,0) then
8: return 0
9: end if
10: λ̂←Qmin(λ⃗, f⃗)
11: while i ≤ imax and λ3 − λ1 > ϵ and max{f1, f3} − f2 > ϵf do

12: f̂ ← f(λ̂)
13: if λ̂ > λ2 then
14: if f̂ > f2 then
15: λ⃗← (λ1, λ2, λ̂)
16: f3 ← f̂
17: else
18: λ⃗← (λ2, λ̂, λ3)
19: f1 ← f2
20: f2 ← f̂
21: end if
22: λ̂←Qmin(λ⃗, f⃗)
23: else if λ̂ < λ2 then
24: if f̂ > f2 then
25: λ⃗← (λ̂, λ2, λ3)
26: f1 ← f̂
27: else
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Algorithm 16 Quadratic fit line search (continued).

28: λ⃗← (λ1, λ̂, λ2)
29: f3 ← f2
30: f2 ← f̂
31: end if
32: λ̂←Qmin(λ⃗, f⃗)
33: else
34: if λ2 − λ1 < λ3 − λ2 then
35: λ̂← λ2 + ϵ/2
36: else
37: λ̂← λ2 − ϵ/2
38: end if
39: end if
40: end while
41: return λ2
42: end function
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Algorithm 17 Nonlinear conjugate gradient method. Given a maximal iteration num-
ber imax, a minimal increase of target function ϵf and an error tolerance ϵ, the function
NCG(f ,x⃗0,ftarget) takes a multivariable function f , an initial seed x⃗0 and a target function
value ftarget to find x⃗ such that f(x⃗) ≤ ftarget. The algorithm terminates when the maximal
number of iterations is reached or ∣g⃗∣ ≤ ϵ∣g⃗0∣. The CG restarts every kmax iterations. The
function Legalize(x⃗n,s⃗n) legalizes s⃗n with respect to x⃗n.

1: function Legalize(x⃗n,s⃗n)
2: Define s⃗ = (s1, s2, . . . , sm)
3: for i ∈ {1,2, . . . ,m} do
4: if ∣xin∣ = 1 and sin/x

i
n > 0 then

5: si ← 0
6: else
7: si ← sin
8: end if
9: end for
10: return s⃗
11: end function
12: function NCG(f ,x⃗0,ftarget)
13: x⃗← x⃗0
14: g⃗old = −∇f(x⃗)
15: s⃗← g⃗old
16: δnew ← ∣g⃗old∣2

17: δ0 ← δnew
18: i← 0
19: fold ← f(x⃗)
20: while i < imax and δnew > ϵ2δ0 and fold > ftarget do
21: s⃗← Legalize(x⃗, s⃗) ▷ Legalize s⃗ with respect to x⃗.
22: Define h(x) = f(x⃗ + xs⃗)
23: α ← QLS(h) ▷ Calculate the step length using quadratic fit line search.
24: x⃗← x⃗ + αs⃗
25: fnew ← f(x⃗)
26: if fold − fnew ≤ ϵf then
27: return x⃗
28: end if
29: fold ← fnew
30: δold ← δnew
31: g⃗new ← −∇f(x⃗)
32: δmid ← g⃗new ⋅ g⃗old
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Algorithm 17 Nonlinear conjugate gradient method (continued).

33: δnew ← g⃗new ⋅ g⃗new
34: β ← δnew−δmid

δold
▷ See Eq. (G.12).

35: i← i + 1
36: k ← k + 1
37: if k ≥ kmax or β ≤ 0 then
38: s⃗← g⃗new ▷ Restart CG when k ≥ kmax or β ≤ 0.
39: k ← 0
40: else
41: s⃗← g⃗new + βs⃗
42: end if
43: g⃗old ← g⃗new
44: end while
45: return x⃗
46: end function
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Appendix H

Markov Approximation of the
Environmental Dynamics

This appendix first derives a master equation of the dynamics of the CS system under a
Markovian assumption of the environmental dynamics. Then we show how to derive the
Gauss-Markov model of the environmental dynamics.

H.1 Non-Markovianity of the Central Spin System

Here, an exact definition of the non-Markovianity of the environmental dynamics is defined
using the projector technique [141, 222, 129].

Consider the Lie algebra of controls on the CS and Hcs/e = σz ⊗ A/2, denoted as g =
spanLie{iHcs/e,u(2) ⊗ 1⊗N}. The orbit of ρ(0) under eg is

Os = {Uρ(0)U
�∣U ∈ eg}. (H.1)

Any state from the closure [Os] can evolve back to ρ(0) under some U ∈ eg with arbitrary
accuracy. Therefore, any state from [Os] preserves coherence perfectly with respect to g.
The dynamics of the environment lead to the loss of coherence by propagating a state away
from [Os]. For example, consider ρ(0) = σx ⊗ 1⊗N ; under the evolution governed by Hcs/e,
the state evolves as

ρ(t) = σx ⊗ cosAt + σy ⊗ sinAt. (H.2)
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The evolution of ρ(t) under the environmental dynamics He = 1 ⊗ B is governed by the
time dependence of A′(t) = eiBtAe−iBt. In the Liouville representation, defining P = ∣A⟫⟪A∣,
Q = 1 − P , L = iadB, and ∣A′rel⟫ = P ∣A

′⟫, the Nakajima-Zwanzig equation is given by

d

dt
∣A′rel⟫ = PL∣A

′
rel⟫ + ∫

t

0
dt′K(t′)∣A′rel(t − t

′)⟫, (H.3)

where K(t) is the memory kernel:

K(t) = PLeQLtQLP. (H.4)

Since PLP = iTr(A[B,A]) = 0, the memory kernel reduces to

K(t) = PLeLtLP. (H.5)

Substituting Eq. (H.5) into Eq. (H.3) and left-multiplying both sides by ⟪A∣, results in

d

dt
C(t) = −∫

t

0
dt′⟪A∣adBe

iadBt′adB ∣A⟫C(t − t
′), (H.6)

where PLP = 0 is used again to eliminate the first term. Here, C(t) = ⟪A∣A′(t)⟫ represents
the coherence. The Markovian master equation is obtained by setting t − t′ = t in the
integrand and extending the upper limit to infinity:

d

dt
C∗(t) = −∫

∞

0
dt′⟪A∣adBe

iadBt′adB ∣A⟫C
∗(t). (H.7)

The difference between the observed coherence and C∗ indicates non-Markovian behav-
ior in the environment. Specifically, a characteristic of a Markovian environment is an
exponentially decaying autocorrelation function:

⟨A′(t)A′(0)⟩ = e−t/τc⟨A2⟩, (H.8)

where τc is the correlation time, defined as

τc = ∫
∞

0
⟨A′(t′)A′(0)⟩dt′/⟨A2⟩. (H.9)

Note that, the derivation of Eq. (H.7) takes two steps; if only the time convolution is
removed without extending the upper limit of the integral to infinity, the equation remains
time-local. Although the dynamics of C(t) can be non-exponential in this scenario, non-
Markovianity is not guaranteed. A sufficient condition for non-Markovianity is the non-
divisibility of the dynamics resulting from the time convolution.
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H.2 Stochastic Description using the Gauss-Markov

Process

Here, a derivation of the Gauss-Markov model is provided to help better understand the
assumptions. In the local field picture, the state of the CS evolves under Hs/e as

ρs(t) = ∑
k

e−iσzΩktρs(0)e
iσzΩkt. (H.10)

When the number of spins in the environment N is large, the local fields form a continuous
spectrum Ω. For each path of Ω(t), we have

d

dt
ρcs = −i[Ω(t)σz, ρcs], (H.11)

where Ω(t) is a stochastic process. The ensemble average of the ρcs(t) can be represented
as a path integral

ρ̄s(t) = ∫ D[Ω(τ)]P [Ω(τ)]e
−iσzΩtρs(0)e

iσzΩt. (H.12)

Consider Hcs/e = σz ⊗ ∑
N
k=1 ωkσk

z . Under the computational basis, a typical state of the

environment takes the form of ∣001011⋯⟩. The corresponding local field is∑
m
i=1 ωi−∑

N
j=m+1 ωj

where m is the number of spin-up spins. We further assume that ωi are i.i.d. random
variables. A change of local field associated with a permutation of two spins is δij =
2(ωi − ωj) which is also a random variable. When averaged over a large ensemble, the
change of local field is approximated by δ̄ζ ′ with each spin swap, where δ̄ = E(∣δij ∣) and
ζ ′ = ±1. Assume that Ωmax −Ωmin =Mδ̄, we have

Pr(ζ ′ = ±1) =
1

2
∓

Ωt

Mδ̄
, (H.13)

where Ωt is the local field at time t. It has also been assumed that the mean of the
distribution of local field is 0, which is valid when N is large. Therefore, after time dt, the
change of local field is

dΩt = δ̄
⌊γdt⌋

∑
i=1

ζ ′i = −2γ
Ωt

M
dt + δ̄S⌊γdt⌋, (H.14)

where Sk = ∑
k
i=1 ζk is a 1-dimensional random walk, Pr(ζk = ±1) = 1/2 and γ is the number

of spin swaps in unit time. Define the rescaled time and local field as t′ = γt
M and Ω′t′ =

Ωt

δ̄
√
M
,

we have
dΩ′t′ = −2Ω

′
t′dt

′ + dWt′ , (H.15)
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where the Donsker’s theorem has been used to yield the Wiener process as a scaling limit of
the random walk: Wt′ = limM→∞ S⌊Mdt′⌋/

√
M . Eq. (H.15) is the Itô stochastic differential

equation of an Ornstein-Uhlenbeck process. According to Itô’s lemma, dWt′ =

√
dt′

dt dWt.

Define σ = δ̄
√
M and γ′ = γ/M , Eq. (H.15) can be written as

dΩt = −2γ
′Ωtdt + σ

√
γ′dWt. (H.16)

γ′ is the normalized spin swapping rate, σ2/4 is the variance of the local field distribution
at time t. The corresponding Fokker-Planck equation is

∂P

∂t
= −ΓP (Ω, t), (H.17)

where P (Ω, t) is the probability to find the environment in the state ∣Ω⟩ and Γ = ∂
∂Ω (2γ

′Ω + σ2γ′

2
∂
∂Ω).

Similar processes have been considered in Kubo’s theory of the stochastic Liouville equation
[111, 186, 187].
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[103] Levente Kocsis and Csaba Szepesvári. Bandit based monte-carlo planning. In Euro-
pean conference on machine learning, pages 282–293. Springer, 2006.
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