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Abstract

Rough phenomena and trajectories are prevalent across mathematics, engineering, physics,
and the natural sciences. In quantitative finance, sparked by the observation that the his-
torical realized volatility is rougher than a Brownian martingale, rough stochastic volatility
models were recently proposed and studied extensively. Unlike classical diffusion volatility
models, the volatility process in a rough stochastic volatility model is driven by an irregular
process. The roughness of the volatility process plays a pivotal role in governing the behavior

of such models.

This thesis aims to explore the concept of roughness and estimate the roughness of
financial time series in a strictly pathwise manner. To this end, we introduce the notion
of the roughness exponent, which is a pathwise measure of the degree of roughness. A
substantial portion of this thesis focuses on the model-free estimation of this roughness
exponent for both price and volatility processes. Towards the end of this thesis, we study
the Wiener—Young ®-variation of classical fractal functions, which can be regarded as a finer

characterization than the roughness exponent.

Chapter 2 introduces the roughness exponent and establishes a model-free estimator
for the roughness exponent based on direct observations. We say that a continuous real-
valued function z admits the roughness exponent R if the p'" variation of x converges to
zero for p > 1/R and to infinity for p < 1/R. The main result of this chapter provides a
mild condition on the Faber—Schauder coefficients of x under which the roughness exponent
exists and is given as the limit of the classical Gladyshev estimates ﬁn(x) This result
can be viewed as a strong consistency result for the Gladyshev estimator R, in an entirely
model-free setting because no assumption whatsoever is made on the possible dynamics of
the function z. Nonetheless, we show that the condition of our main result is satisfied for
the typical sample paths of fractional Brownian motion with drift, and we provide almost-
sure convergence rates for the corresponding Gladyshev estimates. In this chapter, we also
discuss the connections between our roughness exponent and Besov regularity and weighted
quadratic variation. Since the Gladyshev estimators are not scale-invariant, we construct
several scale-invariant modifications of our estimator. Finally, we extend our results to the

case where the p'" variation of z is defined over a sequence of unequally spaced partitions.

Chapter 3 considers the problem of estimating the roughness exponent of the volatility
process in a stochastic volatility model that arises as a nonlinear function of a fractional
Brownian motion with drift. To this end, we establish a new estimator @;‘; based on the
Gladyshev estimator ﬁn that estimates the roughness exponent of a continuous function
x, but based on the observations of its antiderivative y. We identify conditions on the

underlying trajectory x under which our estimates @,*L(y) converge in a strictly pathwise



sense. Then, we verify that these conditions are satisfied by almost every sample path of
fractional Brownian motion with drift. As a consequence, we obtain strong consistency of our
estimator in the context of a large class of rough volatility models. Numerical simulations
are implemented to show that our estimation procedure performs well after passing to a

scale-invariant modification of our estimator.

Chapter 4 highlights the rationale of constructing the estimator @7’; from the Gladyshev
estimator ﬁn In this chapter, we study the problem of reconstructing the Faber—Schauder
coefficients of a continuous function from discrete observations of its antiderivative. This
problem arises in the task of estimating the roughness exponent of the volatility process of a
financial assets but is also independent interest. Our approach starts with formulating this
problem through piecewise quadratic spline interpolation. We then provide a closed-form
solution and an in-depth error analysis between the actual and approximated Faber—Schauder
coefficients. These results lead to some surprising observations, which also throw new light
on the classical topic of quadratic spline interpolation itself: They show that the well-known
instabilities of this method can be located exclusively within the final generation of estimated
Faber—Schauder coefficients, which suffer from non-locality and strong dependence on the
initial value and the given data. By contrast, all other Faber-Schauder coefficients depend
only locally on the data, are independent of the initial value, and admit uniform error
bounds. We thus conclude that a robust and well-behaved estimator for our problem can
be obtained by simply dropping the final-generation coefficients from the estimated Faber—

Schauder coefficients.

Chapter 5 studies the Wiener-Young ®-variation of classical fractal functions with a
critical degree of roughness. In this case, the functions have vanishing p'" variation for
all p > ¢ but are also of infinite p** variation for p < ¢ for some ¢ > 1. We partially
resolve this apparent puzzle by showing that these functions have finite, nonzero, and linear
Wiener—Young ®-variation along the sequence of certain partitions. For instance, functions of
bounded variation admit vanishing p" variation for any p > 1. On the other hand, Weierstra8
and Takagi-van der Waerden functions have vanishing p*® variation for p > 1 but are also
nowhere differentiable and hence not of bounded variation. As a result, power variation and
the roughness exponent fail to distinguish the difference of degree of roughness for these
functions. However, we can individuate these functions by showing that the Weierstrafl
and Takagi-van der Waerden functions admit a nontrivial and linear ®-variation along the
sequence of b-adic partitions, where ®(z) = z/v/—logxz. Moreover, for ¢ > 1, we further
develop a probabilistic approach so as to identify functions in the Takagi class that have
linear and nontrivial ®,-variation for a prescribed ®,. Furthermore, for each fixed ¢ > 1,
the collection of functions ®, forms a wide class of increasing functions that are regularly

varying at zero with an index of regular variation q.
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Chapter 1

Introduction

Rough phenomena and rough trajectories are widely observed in mathematics and in nature.
From a mathematical perspective, there are abundant sources of rough trajectories provided
by classical fractal functions, such as the Weierstrafl function and the Takagi function. Fur-
thermore, many well-known stochastic processes generate sample paths with various degrees

of roughness, such as the Brownian motion and the fractional Brownian motion.

Varying roughness behavior can also be widely observed in nature. For instance, the
density of the carbon dioxide recorded in the ice core in Antarctica gives rise to rough paths
[22]. In quantitative finance, the power-law decay of volatility skew in the options markets
becomes a stylized fact since the very first report [11]. Subsequent investigations by Alos et
al. [3] and Fukasawa [36, 37] show that conventional diffusion volatility models fail to generate
an implied volatility surface consistent with the power-law of volatility skew. Instead, the
volatility process must contain a rough nature to fit the market observation. Furthermore, in
the seminal work by Gatheral, Jaisson and Rosenbaum [40], it was discovered that the historic
realized volatility of major financial indices is rougher than the sample paths of Brownian
martingales. Furthermore, Jaisson and Rosenbaum [56, 57] also examined the formulation
of the rough volatility from the microscopic structure. All the above observations motivate
the recent development of rough volatility models in which the volatility process is modelled

by a stochastic process with rougher trajectories.

Modelling these ‘irregular’ paths requires a quantitative description by rougher trajec-
tories than sample paths of Brownian motions. Typically, such rough models are based on
nonlinear functions of fractional Brownian motion with drift. The degree of roughness is
determined by the Hurst parameter of the fractional Brownian motion, which was initially
introduced to measure the long-range dependence of a time series. While the link between
autocorrelation and roughness is well-established for stochastic processes such as fractional

Brownian motion, it is by no means a universal truth. In general, the long-range behavior



and the degree of roughness bifurcate. Hence, we aim to study the concept of roughness

with pathwise measures, particularly those without any probabilistic assumptions.

Our preference towards a non-parametric characterization and a model-free estimation
of the roughness of trajectories, other than the well-known Hurst parameter scheme, is

motivated by the following views:

e The roughness of a trajectory should be treated as a local and deterministic property,

but not a global and probabilistic property.

e Data availability has significantly increased in recent decades. A model-independent

characteristic offers broader applicability compared to a parametric one.

e Due to its greater robustness, a model-free estimation adapts to diverse data types and

provides accurate results even under extreme scenarios.

With the above beliefs in mind, this thesis aims to investigate the concept of roughness
and estimate the degree of roughness of financial time series in a strictly pathwise manner.
To this end, we introduce the notion of a roughness exponent in Chapter 2. Furthermore,
we discuss the connection between the roughness exponent and other regularity concepts.
Several strongly consistent estimators are developed from the Gladyshev estimator ﬁn. How-
ever, the above techniques cannot be directly applied to estimating the roughness exponent of
volatility from the observations of realized volatility. In Chapter 3, we identify the challenges
associated with this specific problem. As a partial response, we construct a new estimator
@7’; that estimates the roughness exponent from the observation of the antiderivative of a
function. This novel estimation scheme allows us to estimate the roughness exponent of the
volatility process from discrete observations of the integrated volatility. Chapter 4 considers
the problem of approximating the Faber—Schauder coefficients of a continuous function from
the discrete observations of its antiderivative, which supports the validity of the construction
of our estimator in Chapter 3. Chapter 5 studies the Wiener—Young ®-variation of classical
fractal functions, which can be regarded as a reinforced measure of the degree of roughness.
Chapter 6 explores potential future research directions based on the findings of this thesis.
In particular, we discuss methods to accommodate the proxy error between realized and
integrated volatility so as to apply our estimator 9?; to estimate the roughness exponent of
the volatility process directly from the realized volatility. Now, we will present each chapter

of this thesis in greater detail.



1.1 Results in Chapter 2

The Hurst parameter was originally defined by Hurst [53] as a measure of the autocorrelation
of a time series. But it is well known that it can also determine the degree of ‘roughness’
of a trajectory, e.g., in terms of the fractal dimension of its graph. Both notions are often
used interchangeably in the literature. While the link between autocorrelation and rough-
ness is well-established for stochastic processes such as fractional Brownian motion, it is
by no means a universal truth. Indeed, Gneiting and Schlather [42] constructed a class of
stationary Gaussian processes for which the Hurst parameter and fractal dimension decou-
ple completely; see also Cheridito [12] and Bennedsen et al. [7]. It is therefore necessary
to distinguish between the classical, autocorrelation-based Hurst parameter and a suitable
index for the roughness of a trajectory. In this chapter, we study such a roughness index,

which is based on the p** variation of a continuous real-valued function.

Recall that, if z : [0,1] — R is a continuous function and p > 0, the p*® variation of x

along the sequence of dyadic partitions is defined as the limit of

21

(@) =" |a((k+1)27") — 2(k27")

p
)

provided that this limit exists. We will say that = admits the roughness exponent R € [0, 1]
if
0 for p > 1/R,
lim () ® = rp>1/ (1.1)

nfoo " oo forp<1/R.
Intuitively, the smaller R is, the rougher the trajectory x will look. For instance, if x is
continuously differentiable, then (1.1) holds with R = 1, and this is also the largest possible
value for R unless z is constant. If x is a typical sample path of a continuous semimartingale
such as Brownian motion, then (1.1) holds with R = 1/2. If = is a typical sample path of

fractional Brownian motion, then R reduces to its classical Hurst parameter.

When measuring the roughness of a trajectory, there are strong reasons for favouring the
p™ variation over other measures such as fractal dimension. First, the p*™® variation can be
measured in a straightforward manner. Second, other measures may lead to diverging results,
and there is no canonical choice. For instance, the graph of a trajectory may have different
Hausdorff and box dimensions. Third, and probably most importantly, the p'" variation plays
a crucial role in the extension of Ito calculus to rough trajectories. A pathwise and strictly
model-free version of such an extension for integrators with an arbitrary p'" variation was
recently established by Cont and Perkowski [20]. It6 calculus for rough trajectories also plays

an important role in applications, for instance, to rough volatility models. These models are



based on the observation by Gatheral et al. [40] that the Hurst parameter of the realized
volatility of many financial time series is rather small, which makes realized volatility much

rougher than the sample paths of a continuous semimartingale.

In Theorem 2.4, our main result, we establish the existence of the roughness exponent
under a mild condition on the Faber—Schauder coefficients 0,, ; of . We call this condition
the reverse Jensen condition. Even more important than the existence of the roughness
exponent is the fact that the reverse Jensen condition guarantees that the roughness exponent

of x can be obtained as the limit of the classical Gladyshev estimates

(1.2)

This part of Theorem 2.4 can be viewed as a strong consistency result for the Gladyshev
estimators in an entirely model-free setting, because no assumption whatsoever is made on
the possible dynamics of the function z. In particular, we do not assume that z is a sample
path of some stochastic process, even though this is clearly the typical application that we
have in mind. While the statement of Theorem 2.4 appears to be deterministic, its proof is
probabilistic. It relies on martingale techniques that are applied to a martingale hidden in

the Faber—Schauder expansion of x. The corresponding theory is developed in Section 2.2.

The Gladyshev estimator has traditionally been used to estimate the Hurst parameter of
stochastic processes such as fractional Brownian motion. So one conceptual contribution of
Theorem 2.4 is the observation that the Gladyshev estimator actually estimates the rough-
ness exponent and that its limit only delivers the classical Hurst parameter if and only if the
latter coincides with the former. This is the case for fractional Brownian motion, which is
the subject of Section 2.6. Our main result in this section shows in particular that the typical
sample paths of fractional Brownian motion with drift satisfy the reverse Jensen condition.
We also provide almost-sure convergence rates for the corresponding Gladyshev estimates.
As an illustrating example, results in Section 2.6 apply to the fractional Ornstein—Uhlenbeck

process.

The Gladyshev estimator was originally derived from Gladyshev’s theorem [41], which
is an almost-sure limit theorem for the weighted quadratic variation of certain Gaussian
processes. In Section 2.3, we systematically investigate the relations between the weighted
quadratic variation and the roughness exponent. In particular, we show that for any con-
tinuous function, the existence of the weighted quadratic variation is strictly stronger than
the convergence of the Gladyshev estimates. However, we also provide an example of a

function for which the parameter derived from the weighted quadratic variation differs from



the roughness exponent. Despite that, we obtain a new estimator

~ 1
R} :=1— —log,
n

of the roughness exponent, which is the cornerstone in constructing the estimator for the

roughness exponent of the volatility process in Chapter 3.

In Section 2.4, we also analyze trifractional Brownian motion to elucidate the differences
between the self-similarity index and the roughness exponent. In addition, we derive limit
theorems for the weighted quadratic variation of the trifractional Brownian motion and the
n™-order fractional Brownian motion to show that neither of the aforementioned notions

can be obtained from the weighted quadratic variation.

Due to a result by Rosenbaum [85], the existence of the weighted quadratic variation is
closely related to the concept of Besov regularity. In Section 2.5, we systematically analyze
relations between variants of this concept and the existence of a roughness parameter. First,
we observe that Eyink’s formulation of Besov regularity [29] leads to a roughness concept
that is generally different from ours. Then, we examine a more restrictive requirement,
which is sometimes proposed in the rough volatility context. Our main result in this sec-
tion, Theorem 2.28, links the corresponding roughness measure to p' variations. However,
Example 2.29 shows that even this concept of Besov regularity does not imply the existence

of a roughness exponent.

In Section 2.8, we carefully discuss the problem of estimating the roughness exponent
from discrete observations of a given function x. Here, the fact that the Gladyshev estimator
is not scale-invariant can pose an issue. We therefore provide several families of scale-
invariant estimators that are derived from the sequence (ﬁn)neN without deteriorating the
corresponding rate of convergence. We also relate the estimator used in [40] to those families.
In Section 2.9, we provide an extension of our main results to the case in which the p'"

variation is defined over a sequence of unequally spaced partitions.

1.2 Results in Chapter 3

In this chapter, we study the problem of estimating the roughness exponent of the volatility
process (0¢)i>0 in a stochastic volatility model. To this end, let us consider a stochastic

volatility model whose price process satisfies

dSt = O'tSt dBt, SQ = Sg > 07 (]_4)



where B is a standard Brownian motion and o, is a progressively measurable stochastic
process. A specific example suggested in [40] is to model the log volatility by a fractional
Ornstein—Uhlenbeck process. Such a model is also known as the (rough) fractional stochastic
volatility model. In this model, the ‘roughness’ of the volatility process is governed by the
Hurst parameter of the fractional Ornstein—Uhlenbeck process, and it was pointed out in
[40] that rather small values of Hurst parameter appear to be most adequate for capturing
the stylized facts of empirical volatility of the financial time series. Since the publication of
[40], many alternative rough volatility models have been proposed, e.g., the rough Heston
model [27, 28] and the rough Bergomi model [6, 35, 55].

In Chapter 2, we have demonstrated that the roughness exponent can be estimated by
the Gladyshev estimator R, or the estimator R;. However, several difficulties hinder the
direct application of the estimators ﬁn or ﬁ:‘t in estimating the roughness exponent of the

volatility process.

The first difficulty is that in reality the volatility process o; cannot be observed directly;
only the asset prices S are known. Thus, one typically computes the quadratic variation of

the logarithmic stock prices,
t
(log S); = / o?ds, (1.5)
0

which is also called the realized variance or the integrated volatility, and then performs
numerical differentiation to estimate proxies o; for the actual values of o;. The roughness
estimation is then based on those proxy values o;. For instance, this two-step procedure is
underlying the statistical analysis for empirical volatilities in [40], where roughness estimates
were based on proxy values o; taken from the Oxford-Man Institute of Quantitative Finance
Realized Library. A problem with that approach is that estimation errors in the proxy values

oy might substantially distort the outcomes of the final roughness estimation; see Fukasawa
et al. [38] and Cont and Das [19].

As a matter of fact, the quadratic variation (1.5) is usually approximated by a finite sum
of the form > (log Sy, —log S;, ,)? based on discrete observations Sy, of the price process. The
bias caused by this error is emphasized in [38], where it is assumed that the approximation
errors are log-normally distributed and independent of the Brownian motion B in (1.4), and
a Whittle-type estimator for the Hurst parameter is developed based on quasi-likelihood.
Another attempt to tackle this measurement error is made by Bolko et al. [10], where in a
similar framework, the proposed estimator is based on the generalized method of moments
approach. Chong et al. [14, 15] substantially extend the previous results by alleviating the
assumption on proxy errors and basing the volatility model on a semi-parametric setup, in
which, with the exception of the Hurst parameter of the underlying fractional Brownian

motion, all components are fully non-parametric. One of the conclusions from [10, 38, 14]

6



is that the error arising from approximating the quadratic variation (1.5) with finite sum
>, (log Sy, — log Si, ,)? can be negligible when properly controlled. For this reason, we do
not consider that error source in this chapter. A short discussion on how to accommodate

this error source into our estimation scheme will provided in Chapter 6.

Here, we construct a new estimator %7;; for the roughness exponent of the volatility
process oy that is based directly on discrete observations of the quadratic variation (1.5).
Our estimator has a very simple form and can be computed with great efficiency on large
data sets. It is not derived from distributional assumptions, as most other estimators in
the literature, but from strictly pathwise considerations that were developed in Chapter 2
and Chapter 4. We believe that the fact that our estimator is built on a strictly pathwise
approach makes it very versatile and applicable also in situations in which trajectories are
not based on fractional Brownian motion. As a matter of fact, our Examples 3.10 and 3.13
illustrate that our estimation procedure can work very well for certain deterministic fractal

functions.

The pathwise approach to constructing the estimator e@; can be outlined as follows. In
Chapter 2, we state conditions under which a given trajectory € C[0, 1] admits a roughness
exponent R and we provide several estimators that approximate R, based on the Faber—
Schauder expansion of . In Chapter 4, we derive a robust method for estimating the Faber—
Schauder coefficients of z for the situation in which only the antiderivative y(t) = f(f x(s) ds,
and not x itself, is observed on a discrete time grid. As explained in greater detail in
Section 3.5.1, that method, when combined with the estimator ﬁ; as in (1.3), gives rise to

the specific form of the estimator

2n—1

~ 1
R =1— —log, E V2,
n K
k=0

where
4k 4k + 1 4k + 3 4k + 4
. o3n/243
Uy i= 2 2 (y(W> —2y( on-+2 )+2y< on+2 )—y( on-+2 >>

In Section 3.5.2, we formulate conditions on the trajectory x under which ,%/'?:L(v) converges
to the roughness exponent of z, resting on discrete observations of the function v(t) =
fot g(z(s)) ds, where g is a generic, strictly monotone C?-function. In Section 3.6, we then
verify that the aforementioned conditions on the trajectory x are satisfied by almost every
sample path of fractional Brownian motion (with drift). This verification immediately yields
the strong consistency of our estimator for the case in which the stochastic volatility is a

nonlinear function of a fractional Brownian motion with drift. This includes, in particular,
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the (rough) fractional stochastic volatility model.

Inherited from the estimator ]/%;*L, one disadvantage of our original estimator @; is that
it is not scale invariant. Using the idea from Chapter 2, we thus propose a scale-invariant
modification of @,’; in Section 3.3. The subsequent Section 3.4 contains a simulation study
illustrating the performance of our estimators. This study demonstrates that passing to the

scale-invariant estimator can significantly improve the estimation accuracy in practice.

1.3 Results in Chapter 4

Suppose that we have discrete observations {F(t) : t € T, 1} of a function F' € C'[0,1]
for Tpyy == {k27"' 1 k = 0,...,2""'} and some n € N. We are interested in a robust
reconstruction of Faber-Schauder coefficients of the derivative f from these observations.
This problem naturally arises from the task of estimating the roughness exponent of the
volatility process of a financial asset. However, we believe that this problem is of independent
interest and has a large number of possible applications. In volatility estimation, the function
f would be the square of the volatility process, but only an antiderivative of F' is observable
in the form of the realized quadratic variation of the asset. The quadratic variation is itself

only observed at discrete, but typically equidistant, observation times.

Chapter 2 shows that the roughness exponent of f can be estimated by the estimator
1/%; as in (1.3), which requires the knowledge of the Faber-Schauder coefficients 6,, 5 of f.
To obtain these Faber—Schauder coefficients, the trajectory f needs to be observed directly.
However, this is not the case in the context of estimating the roughness exponent of the
volatility process. For this reason, we study here robust methods for estimating the Faber—
Schauder coefficients of f directly from the observations {F(t) : ¢ € T, 4y1}. This method
allows us to establish the estimator g?;; based on ﬁfl to estimate the roughness exponent
of the volatility process by replacing the coefficients 8, with the coefficients ¥, in the

corresponding estimators as in Chapter 3.

Suppose that we know the initial value f(0) of the function f. Then estimating all Faber—
Schauder coefficients of f up to and including generation n (i.e., all 6, for m = 0,...,n
and k = 0,...,2™ — 1) is equivalent to determining a continuous approximation fn of f
that is piecewise linear with supporting grid T, ;. It gives, in turn, rise to a piecewise
quadratic antiderivative F,, and vice versa. This is the starting point for our analysis: we
take a quadratic spline interpolation F, of F with a given initial value fy = FA(O) and a
supporting grid T,,,1, let fn = F’T’L, and then compute its Faber—Schauder coefficients 791(77;,)19
for m < n. Our first result, Theorem 4.1, provides explicit formulas for all ﬁgj}k in terms of



the observed values of F. From these formulas and our subsequent error analysis, we can

make three surprising observations.

M g

First, only the coefficients in the final generation, i.e., the numbers 9, ,..., 7, 50 1,

depend on the initial value fo. Moreover, their sensitivity with respect to fo grows by
the factor 2/2+2. All other Faber-Schauder coefficients are independent of f,. Thus, the
infamous instability of the quadratic spline interpolation with respect to the initial value fo

arises exclusively from the coefficients in the final generation.

Second, each Faber—Schauder coefficient ‘97(?1)@ in the final generation depends in a highly
non-local manner on all observations in the interval [0, (k + 1)27"]. By contrast, all other

coefficients depend only on observations in a local neighborhood.

The third observation is a consequence of our analysis of the approximation error between
the estimated Faber—Schauder coefficients of fn and the true Faber—Schauder coefficients of
f- Our main results provide sharp upper and lower bounds of that error. These results
imply in particular that F' can always be chosen in such a way that the error in generation
n exceeds the error up to generation n — 1 by a factor of size O(2") for the lo- and ¢;-norms

and by a factor of size O(2"/2) for the {,,-norm.

These observations shed light on the classical topic of quadratic spline interpolation, as
they locate the cause for the well-known instability of this method exclusively within the
final generation of the Faber—Schauder coefficients. They also allow us to construct a robust
estimator for the Faber—Schauder coefficients of f by simply dropping the final generation
of coefficients. This truncated estimator is independent of the initial value fo and avoids the
counterintuitive non-local dependence explained above. Moreover, our error analysis yields
robust bounds on the approximation error between the estimated and actual Faber—Schauder

coefficients, which validates the construction of the estimator 9?;; in Chapter 3.

1.4 Results in Chapter 5

The roughness exponent discussed in the previous chapters only provides a sketchy charac-
teristic of the roughness of trajectories. To wit, the roughness exponent R gives information
on the p'" variation for all p but not for the critical case p = 1/R. For a function with the
roughness exponent R, there is no universal conclusion on p' variation for p = 1/R. In the

following, we study the roughness of fractal functions of the following form

F#) =) amp(™),  tel0,1], (1.6)



where {a,,} € 61,0 € {2,3,...} and ¢ : R — R is Z periodic and Lipschitz continuous.
Then, the series on the right-hand side converges absolutely and uniformly in ¢ € [0, 1] so
that f is indeed a well-defined continuous function. In this chapter, we study the ®-variation

over a sequence of refining partitions for functions at critical degrees of roughness.

Two separate cases are studied in this chapter; first, we consider a,, = a™ for some
a € (—1,1) in (1.6), and the case of critical roughness @ = +1/b is studied. For this case,
it was shown by Schied and Zhang [89] that f has vanishing p'" variation for all p > 1 and
t € [0, 1], and therefore R = 1. This, however, does not imply that f is of bounded variation.
For instance, if ¢ is the tent map, b = 2, and v = 1/2, then f is the classical Takagi function
[92], which is nowhere differentiable and hence cannot be of bounded variation; a very short
proof of this fact was given by de Rham [24] and later rediscovered by Billingsley [8]. For
the Weierstral function, the proof of nowhere differentiability for all « € [1/b,1) is more
difficult. Starting from Weierstraf’s original work [95], it attracted numerous authors until

a definite result was given by Hardy [51].

It is therefore apparent that, in the critical case |a| = 1/b, power variation is insufficient
to capture the exact degree of roughness of the function f. To give a precise result on the
roughness of the function f in the critical case, we search for a strictly increasing function
® :[0,1) — [0,00) such that the limit

Lto" ]

(N)F =1lim > (If((k+1)07") — f(k0")])

ntoo
T k=0

exists and is non-trivial for any ¢ > 0. This limit can also be regarded as the Wiener—Young
d-variation of f (see, e.g., [4]), restricted to the sequence of b-adic partitions. Our results

show that Takagi-van der Waerden and Weierstrafl functions admit non-trivial and linear
d-variation for ®(x) = z/y/—log .

Furthermore, if b = 2 and ¢ is the tent map, f defines a function in the Takagi class.
We consider the case where «,,, = 2_m(1_q)\/m for ¢ € (0,1) and some regularly varying
function g. Following from [89], the function f admits the roughness exponent R = 1 — q.
We demonstrate that functions of the above form have finite, nonzero and linear ®,-variation

along the sequence of dyadic partitions where

__1
O, () = xl/<ﬁ)g<y> =
—q

Moreover, the limiting behavior of the regularly varying function g determines the (1/R)'"
variation of function f. For instance, if g(n) converges to infinity, then f admits infinite

(1/R)™ variation; if g(n) decays to zero, then f admits zero (1/R)™ variation; finally, if ¢

10



is asymptotically constant, then f admits a nonzero (1/R)™ variation. The collection of @,
taking the above representation forms a large class of increasing functions that are regularly
varying at zero with index ¢q. As a byproduct, we also prove a limiting theorem for certain

sums of Bernoulli random variables.
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Chapter 2

The roughness exponent and its

model-free estimation

This chapter is based on [44, 45, 48] and is structured as follows. In Section 2.1, we introduce
the roughness exponent for a continuous function x and discuss the existence of this notion.
Theorem 2.4, our main result of this section, demonstrates that the Gladyshev estimates
ﬁn(a;) will converge to the roughness exponent under the reverse Jensen condition. The
proof of this statement is based on a martingale hidden in the Faber-Schauder expansion of
x, which will be highlighted in Section 2.2. In Sections 2.3, 2.4 and 2.5, we systematically
investigate the relations between the weighted quadratic variation, self-similarity, Besov
regularity and the roughness exponent. Our results demonstrate that the roughness exponent
differs from these existing measures. In Section 2.6, we show that the typical sample paths
of fractional Brownian motion satisfy the reverse Jensen condition. In addition, we obtain
the almost-sure convergence rate of the Gladyshev estimates for fractional Brownian motion
with drift. As a byproduct, we provide a simple criterion on the drift coefficient under which
the law of the fractional Brownian motion with drift is automatically equivalent to that of
fractional Brownian motion. However, the Gladyshev estimator is not scale-invariant. As a
result, multiplying x with a constant scaling factor can lead to negative or unreasonably large
estimates for the roughness exponent. We resolve this issue in Section 2.8 by constructing
several scale-invariant estimators, all of which are persistent to the scaling effect. Section 2.7
collects several additional results that are also valid if the reverse Jensen condition is not
assumed. Finally, in Section 2.9, we extend our results to the case where the p'" variation is
defined over a sequence of unequally spaced partitions. The proofs for the results in Sections
2.4, 2.6 and 2.9 are deferred to Section 2.10.

12



2.1 The roughness exponent: definition and existence

Let z : [0,1] — R be any fixed continuous function that is directly observable. This function
can be a natural or economic time series, a typical sample path of a stochastic process,
or a fractal function. What these phenomena have in common is that the corresponding
trajectories are not smooth but exhibit a certain degree of ‘roughness’. In the sequel, our
goal is to quantify and measure the degree of that roughness. To this end, we will henceforth

exclude the trivial case of a constant function .
For p > 0 and n € N, we define

2" —1

(@) =" |o((k+1)27") — (k2] (2.1)

which can be regarded as the p*™* variation of the function z sampled along the dyadic
partition {k27™ : k =0,...,2"}. Suppose that there exists ¢ such that

0 for p > q,
lim ()® — b= (2:2)
ntoo 00 for p < q.

Intuitively, the larger ¢, the rougher the trajectory = will look. For instance, if  is continu-
ously differentiable, then (2.2) holds with ¢ = 1, and this is also the smallest possible value
for ¢, because z is nonconstant by assumption. Moreover, it is easy to see that (2.2) holds
if limn<x)£f’) exists in (0, 00) (see, e.g., the final step in the proof of Theorem 2.1 in [77]). In
particular, if x is a typical sample path of a continuous semimartingale such as Brownian
motion, then (2.2) holds with ¢ = 2. More generally, if x is a typical sample path of a
fractional Brownian motion with Hurst parameter H € (0,1), then ¢ is equal to 1/H; see
Theorem 2.30 and the subsequent paragraph. The extreme case ¢ = oo implies that (x>$tp )

diverges to infinity for any p > 1; an example is provided in Example 2.9.

Definition 2.1. Suppose that there exists ¢ € [1, 00] such that (2.2) holds. Then R :=1/q
is called the roughness exponent of x € C[0,1].

A concept closely related to the roughness exponent was used by Gatheral et al. [40]
to quantify the roughness of empirical volatility time series. Moreover, in Chapter 5, the
roughness exponent was computed for certain families of fractal functions. On the other
hand, the standard Hurst parameter is defined via the autocorrelation of the time series and
measures the amount of long-range dependence in the data. For many stochastic processes,

including fractional Brownian motion, the standard Hurst parameter coincides with the
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roughness exponent of the sample paths. In general, however, these two parameters may
be different; for a discussion, see Gneiting and Schlather [42], where roughness is measured
in terms of fractal dimension. Later, Bennedsen et al. [7] adopted this idea to study the
bifurcation of the short- and long-term behavior of stochastic volatility with the goal of
proposing a new class of stochastic volatility models that can simultaneously incorporate
roughness and slowly decaying autocorrelation. Finally, the concept of Besov regularity,
introduced by Eyink [29] within the framework of Besov spaces, is somewhat related to our

roughness exponent. The corresponding connections are explored in Section 2.5.

Note that if = admits the roughness exponent R, then (2.2) does not make any assertion
on the existence of limn<x)£zp ) for p =1 /R. This limit always exists for p = 1 and is
equal to the total variation of x. For p > 1, however, the limit may or may not exist (see
Example 2.18). If it does exist, it can be interpreted as the p'" variation of the continuous
function x along the sequence of dyadic partitions of [0,1]. This p™ variation can be used
so as to prove a strictly pathwise version of Itd calculus, an approach that was pioneered
by Follmer [31] for p < 2 and recently extended to p > 2 by Cont and Perkowski [20]. Just
as this notion of p'" variation, the roughness exponent of a trajectory will typically depend
on the underlying partition sequence. As noted above, we have chosen the dyadic partitions
here because equally-spaced partitions are natural for many data sources and also lead to
the simplest and most elegant mathematical statements. An extension to unequally spaced

partitions is provided in Section 2.9.

There exist continuous functions that do not admit a roughness exponent; see Exam-
ple 2.29. For this reason, we will first establish criteria for the existence of R. Let us start
by defining

s := Sup {p >0: lin%inf(a:)gf’) = oo} and ¢* := sup {p > 0 : limsup(z)P) = oo}. (2.3)
nToo nToo
The proof of Proposition 2.2 will show that the following alternative formulas hold for g,

and ¢*,

¢« = inf {p >1: lirr;inf(x)%”) = 0} and ¢" = inf {p > 1 : limsup(z)?) = 0}. (2.4)
nToo ntoo
Proposition 2.2. The roughness exponent of x € C|0,1] exists if and only if ¢* = q.. In
this case, R is given by R =1/q¢" = 1/q..

Proof. Clearly, the roughness exponent R is nonnegative by definition. Moreover, since the
function x is non-constant by assumption, we have (:v%p ) s o0 for all p < 1. Hence, we must

have R < 1.
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The remaining assertion follows easily from the alternative representation (2.4) of ¢, and
q*, so it is sufficient to establish (2.4). To prove this result for the case ¢. < oo, let gy :=
inf{p > 1: liminf,o(z)? = 0}. Let ng be such that maxy, [z((k + 1)27") — z(k27)| < 1

for n > ng. Then p — (9:)5{’ ) is non-increasing for n > ng, and so we must have ¢, < ¢y. To

show the converse inequality, we show that lim infn<x)£zp ) =0 for every p > .. To this end,
we assume by way of contradiction that there exists p > ¢, such that v := lim infn<x)§ip ) > 0.
The definition of ¢, implies that we must have v < oo. Next, for any € > 0, there exists
ny € N such that maxy |z((k + 1)27") — 2(k27")| < e for n > ny. Thus, for ¢ € (¢.,p) and

nana

() < max [o((k + 1)27) = 2(k2 )" - ()@ < P20,

When sending € | 0, we see that 0 < v < ¢P77lim infn(m)%q) for all ¢ > 0. This implies
that lim infn(x)gq) = 00, which, in view of ¢ > ¢,, contradicts the definition of ¢,. This

establishes ¢9 = ¢,. If ¢, = oo, then for each p > 0, we must have lim infnToo(:L'>,(f ) = .
Thus, {p > 1 : liminf,1 (x>7(1p ) = 0} = 0, which establishes the first identity in (2.4) for the
case ¢, = 00. The second identity in (2.4) is proved in the same manner. O

Our analysis of the roughness exponent is based on the Faber—Schauder wavelet expansion

of continuous functions. Recall that the Faber-Schauder functions are defined as
ep(t) i=1t, eoo(t) = (min{t,1 —t})), enr(t) =27 euo(2mt — k) (2.5)

fort € R, m € Nand k € Z. It is well known that the restriction of the Faber—Schauder
functions to [0, 1] form a Schauder basis for C'[0, 1]. More precisely, every function z € C10, 1]
can be uniquely represented by the following uniformly convergent series,

z=z(0) + (z(1) — 2(0)) ep + Z Z_: Ok (2.6)

m=0 k=0

where the Faber-Schauder coefficients 0, are given by

=2 (w(550) () (2Y).

We furthermore denote for n € N,

(2.7)
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Our main thesis in this chapter is that the roughness exponent of x should be equal to the
limit of ]/%n(x), provided this limit exists. Theorem 2.4 will rigorously establish this result
under the following mild condition on the Faber—Schauder coefficients of . To formulate
this and related conditions, we will say that a function o : Ry — R, is subexponential if
+log o(t) — 0 as t 1 oco.

Definition 2.3. The Faber—Schauder coefficients of z satisfy the reverse Jensen condition
if for each p > 1 there exist n, € N and a non-decreasing subexponential function g, : N —
[1,00) such that

on=1_1 n-1

1 1 p/2
sh < ( E 2m672n’|_2m—n+1kj> < gp(n)sk  forn >n,. (2.8)
k=0 m=0

If p > 2, then Jensen’s inequality implies that the left-hand inequality in (2.8) holds with
o, = 1. Likewise, the upper bound holds with g, = 1 if p < 2. So only the other cases are
nontrivial, which explains our terminology “reverse Jensen condition”. This terminology will
become even more apparent in Remark 2.12, where an equivalent probabilistic formulation is
given. As we will see in Theorem 2.30, the reverse Jensen condition is satisfied for the typical
sample paths of fractional Brownian motion with arbitrary Hurst parameter. Moreover, two
alternative conditions that are easier to verify, but are also stronger, will be provided in
Proposition 2.15. Now we can state our first main result, which establishes the existence
of the roughness exponent and its relation to the limit of the sequence ﬁn(x) under the
assumption that the reverse Jensen condition holds. The second part of Theorem 2.4 states
that condition (2.8) at p = 1/R is necessary for the convergence of R,(z) to the roughness
exponent R.

Theorem 2.4. Suppose that the Faber—Schauder coefficients of x satisfy the reverse Jensen
condition. Then the function x admits a roughness exponent R if and only if the finite limat
lim, R,(z) exists, and in this case, we have R,(z) — R. Conversely, suppose that R, ()

converges to the roughness exponent R of . Then (2.8) holds at p = 1/R.

Theorem 2.4 will be proved in the subsequent Section 2.2. It can be regarded as a model-
free consistency result for the estimator ﬁn of the roughness exponent of the continuous

function z. It has the following two aspects.

First, Theorem 2.4 is model-free in the sense that no assumptions are made on x except
the reverse Jensen condition. In particular, we do not assume that = is a realization of a
stochastic process with prescribed dynamics, even though this is clearly the typical applica-

tion we have in mind. This line of thought is similar in spirit to the model-free approach to
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stochastic analysis, which was pioneered by Follmer [31] and Lyons [70]. In this approach,
one derives results for deterministic trajectories satisfying certain sample path properties,
thus avoiding other implicit assumptions (e.g., a Lévy-type modulus of continuity or a law
of the iterated logarithm) usually imposed through fixing a probabilistic model. The results
can then be applied to all probabilistic models whose trajectories satisfy the assumed sam-
ple path properties almost surely. In our analysis of fractional Brownian motion with drift
(Section 2.6), we follow precisely this recipe. We show that almost all of the sample paths
satisfy the reverse Jensen condition, and we identify the Hurst parameter H as the common
roughness exponent of the trajectories. We also provide almost sure convergence rates for

the convergence of R, to H.

Second, based on the work by Gladyshev [41], it has long been known that ﬁn, which
is sometimes called the Gladyshev estimator, estimates the Hurst parameter for fractional
Brownian motion and other Gaussian processes; see, e.g., [65] for an overview. Theorem 2.4
now clarifies that En is actually an estimator for the roughness exponent; it estimates the
classical Hurst parameter H only if H coincides with the roughness exponent. Our theorem
thus demonstrates that the Gladyshev estimator has, in fact, a much wider scope of possible
applications, provided that it is correctly understood as an estimator of the roughness expo-
nent and not of the Hurst parameter. The same is true for certain variants of the Gladyshev

estimator, such as the scale-invariant modifications discussed in Section 2.8.

The statement of Theorem 2.4 may become false if the reverse Jensen condition is not
satisfied; see Proposition 2.19 for a counterexample. However, as shown by the next result,
an exception occurs for functions x that display diffusive behavior in the sense that they
admit the roughness exponent R = 1/2. This includes, in particular, the typical sample

paths of any continuous semimartingale with nontrivial martingale component.

~

Corollary 2.5. Let x € C[0, 1] be any function with roughness exponent 1/2. Thenlim,, R, (z) =
1/2.

The preceding corollary will follow immediately from Proposition 2.35. The following
remark outlines what can be shown if the reverse Jensen condition holds but fin(x) does not

converge to a limit.

Remark 2.6. Suppose that the reverse Jensen condition holds and let us denote

r* :=limsup ﬁn(x) and 7~ := liminf ]?in(:r;) (2.9)

ntoo nfoo
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One can show as in the proof of Theorem 2.4 that

0 ifp>1/r,

0 ifp>1/rt,
lim sup(z)#) = lim inf (2){P) = p=>1

ntoo oo ifp<1/r, nfoo oo ifp<1/rt.

To wit, under the reverse Jensen condition, we have ¢* = 1/r~ and ¢. = 1/r*. By Propo-
sition 2.2, the roughness exponent is well defined if and only if »* = r—, and this special
case is discussed in Theorem 2.4; on the other hand, if 7+ > r~, the roughness exponent

does not exist, and the sequence ((x)ﬁf’ ))neNO will fluctuate between zero and infinity for any

pe (1/rt,1/r7).

Remark 2.7. Suppose that 2 € C]0, 1] is such that its Faber-Schauder coefficients 6,, . are
the same for all k. Then, the reverse Jensen condition is trivially satisfied. These functions
form the so-called Takagi class [52], and, beginning with the subsequent Examples 2.8 and
2.9, several of our examples and counterexamples will belong to this class. The two Examples
2.8 and 2.9 will in particular present for every R € [0, 1] a function x that satisfies the reverse

Jensen condition and has roughness exponent R.

Example 2.8. For o € (—/2,/2), consider the function with Faber-Schauder coefficients
Omi = ™. These functions are often called the Takagi-Landsberg functions. For |a| >
1/4/2, it follows from [77, Theorem 2.1] that their roughness exponent is given by R =

5 — log, |a|. Our Theorem 2.4 provides a very short proof of this fact: since

n—12"—1

§2 — Z o2 — (2a2)n —1

202 — 1
m=0 k=0

we have 1 log, s, = 1logy(2a?) = 1 + log, |a|, which yields the claim. For |a| < 1/v/2, we
get in the same way that s2 — (1 — 2a?)~!. It will be shown in Proposition 2.37 (a) that
o must hence be of bounded variation. Finally, in the case |a| = 1/v/2, we have s2 = n,
which also leads to R = 1. However, in this case, x is the classical Takagi function, which
is nowhere differentiable and hence not of bounded variation; see Remark 2.2 (i) in [89] for

details.

On the other extreme end of the spectrum are functions with roughness exponent R = 0.

Such a function is constructed in the following example.

Example 2.9. Consider the function with Faber-Schauder coefficients 6, = 2™/?(m+1)72.
One can easily check that this choice gives rise to a well-defined continuous function. It is
easy to show that (x),(lp) — oo for all p > 1. It follows that ¢, and ¢*, as defined in (2.3), are

both infinite, and so Proposition 2.2 yields R = 0.
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In the following Section 2.2, we present the proof of Theorem 2.4. It is based on a

martingale that is hidden in the Faber—Schauder expansion of a continuous function z.

2.2 A martingale hidden in the Faber—Schauder expan-

sion of a continuous function

In this section, we use martingale techniques to develop the probabilistic tools for our analysis
of the roughness exponent, and we then prove Theorem 2.4. The idea of using a probabilistic
approach to the p'® variation of functions goes back to [77, 89], where it was used for for
certain fractal functions. For a general function x € C10, 1], however, the tools from [77, 89]

are no longer sufficient; see Remark 2.11.

Let (Q,.7,P) be a probability space supporting an i.i.d. sequence (Up,)nen of {0,1}-
valued random variables with symmetric Bernoulli distribution. Furthermore, we define the

stochastic processes
Vo:=0, Vpi=> 27U, and Sy =270 5my,, m €N (2.10)
k=1
Note that V}, is uniformly distributed on {k27 : k =0,...,2™ — 1}.

We next define the filtration %, := {0,Q} and .%,, := o(Uy,--- ,U,) for n € N. Since
Uy,Us, -+ ,U, can be uniquely recovered from V,,, we also have %, = o(V,). Let Y, =
2"/29n72nvn (1—=2Up41). As (1—2U,,) defines an i.i.d. sequence of centered random variables,

and 0,, 9my,, is Z,,-measurable, the sequence
Xp=) Y= 2720, 0my, - (1 =2Upni1), neN,

is an (.%,)-martingale. The link between this martingale and the quantities <x)£lp ) is es-

tablished in the following proposition, which provides the key to the entire analysis in this

section.

Proposition 2.10. Suppose that x(0) = x(1) = 0. Then, forp>1 andn € N,
(z)#) = 2"IPE[| X, [7]. (2.11)

Moreover, there exist constants 0 < A, < B, < oo depending only on p but not on x, such
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that for all n € N,

! p/2 A p/2
A,2"0-PE [(Z ) } (x)® < B,2n0 p>E[( Sm> } (2.12)
m= m=0
Furthermore, in the special case p = 2, we have
()@ = 27ng2, (2.13)

The formula (2.13) was first obtained by Gantert [39] via a different proof. It can be
used to simplify the computation of s, and R, ().

Remark 2.11. Suppose that = belongs to the Takagi class [52], and 6,,, , = a,, for a sequence
of real numbers (oy,) for which the series Y~ 2m/2q,. converges absolutely. In particular,
if a,, = ™ for some a € (—?, g), the function z is referred to as the Takagi-Landsberg
function. The roughness exponent of the Takagi—Landsberg function was studied in [77, 89].
Those results are later extended to functions in the Takagi class in our subsequent Chapter 5.
In this case, ¥, = 2"2a,(1 — 2U,;1) defines a sequence of independent centered random
variables, and the sequence (X,,) remains an (.%#,)-martingale. The independence of (Y},)

allows the application of Khintchine’s inequality, which directly gives

4,200/ (<x>53))p/2 = 4,232 < () )

p/2
< B (2 = Bt (@)

where A, and B, are constants with 0 < A, < B, < 0o, depending only on p but not on
x. The analysis in Chapter 5 will then proceeds from the above inequality. However, for
a general function z € C|0, 1], the random variables (Y,,) may no longer be independent.

Thus, the techniques in Chapter 5 fail to apply to the scope of this chapter.

Remark 2.12. In this remark, we collect several alternative formulations of the reverse

Jensen condition. Note that

n—1 on—1_1 p—1

E[ Sm} —s2 and EK”Z_I Sm>p/2} - 2n1_1 (szaﬁ%m_mm)pﬂ. (2.14)
m=0

m=0 k=0 m=0

We can thus rephrase the reverse Jensen condition as follows: there exist n, € N and a

non-decreasing subexponential function g, : Ny — [1, 00) such that

n—1

n—1 /2 n—1
E[ Sm]p/QSE{<mZZOSm>p}<Qp [Zosmrﬂ forn>n,  (2.15)

m=0
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Moreover, Proposition 2.10 shows that the reverse Jensen condition can be reformulated
by means of p'" variations: for each p > 1, there exist an n, € N and a non-decreasing

subexponential function g, : Ny — [1, 00) such that

/2 /2
LG(l—pm) (<x>;2))p < <x>£zp) < Qp(n)2”(1_p/2) ((x>£l2))p for n > n,. (2.16)
op(n)
Comparing (2.16) with the same inequality for a different value ¢ > 1 gives the following
more general equivalent statement of the reverse Jensen condition: for every 1 < p,q < oo,
there exists n,, € N and a non-decreasing subexponential function g, , : Ny — [1,00) such
that

1 / /
2 (@0) < P < 0 m2 D (0)T forn 2y, (217)
Op,g\ 1t

If p > g, the left-hand inequality in (2.17) holds with p,, = 1. Likewise, if p < ¢, then
the right-hand inequality in (2.17) holds with g, , = 1, which can also be understood as the

well-known inequality for generalized means.

We need the following lemma for the proof of Proposition 2.10.

Lemma 2.13. For n € N and m < n — 1, if t is a dyadic rational number in [0, 1)
with binary expansion t = E;LZI 277a; for a; € {0,1}, we have epi(t +27") — epi(t) =

m/2—n
om/ (1= 20m41) Ly gy -

Proof. For m <n —1 and ¢ := 11[0’1/2) — 11[1/2’1), we have

em,k(t + 2—77,) - em,k(t) = 2—m/2 (6070(2mt + 2mTn — k?) - 60’0(2mt — k)))

2.18
— 2m/2—n¢(2mt . k), ( )

Furthermore, it follows that

W(2mt— k) = w(éw-@ —k) = Zn: 2" gy — (k- 2" g 27a;)

j=m+1

— 6 | L+ S 2ma; — (- [27¢))

2
j=m+2

As k— |2"t] € Z and 377 2" Va; € [0,1), we have ¢(2™t — k) # 0 if and only if
|2™t| = k. Furthermore, since " 2" Ja; € [0,1/2) and a,,11/2 € {0,1/2}, we must

j=m+2
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have

1 N 1
Y| smy1 + Z 2" ay :¢<§am+1> =1-2a,41.

2 .
Jj=m-+2

Hence, (2™t — k) = (1 — Qam“)l{k:pmﬂ}' Substituting this identity back into (2.18)
completes the proof. H

Proof of Proposition 2.10. For n € Ny, let the n'" truncation z,, of x be given by

n—12m—1
.’En(t) = Hm,kem,k(t). (219)
m=0 k=0
Since the Faber-Schauder functions e,, ) vanish on {k27" : k = 0,...,2"} for m > n, we

have z(k27") = x,(k27") for k = 0,...,2". Using the fact that V,, is uniformly distributed
on {k27":k=0,...,2" — 1} and Lemma 2.13, we get

(2)P) = 2"E [|2n (Ve +277) — 20(V3)[P]

n—12m-1 8
) Or i (emk(vn +27") — em,k(vn))
m=0 k=0
= 2m—1 ! (2:20)
=2 (|32 S b (1= W) Ly
m=0 k=0
n—1 g
= 2n(1—p)E Z 2m/20m72mvm(1 - 2Um+1) = 2n(1—p)E “Xn|p]’
m=0

which yields (2.11). Therefore, the Burkholder inequality implies the existence of constants
0 < A, < B, < oo depending only on p such that

n—1 n—1

/2 /2
A, 2"PE [( 3 Yﬁ)p ] < (2)?) < B o"0-PE [( 3 Yﬁ)p ] . (2.21)
m=0 m=0
Moreover, as |1 — 2U,,+1| = 1, we have
2
Y2 = (2m/20m72mvm) (1= 2Ups1)? = 2702 gy, = S (2.22)

This completes the proof of (2.12) for arbitrary p > 1. In the case p = 2, the martingale
differences (Y;,) clearly satisfy E[>2"_" V2] = E[(32"_}, Y;n)?], which yields (2.22) by way of

m=0"m
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(2.20), (2.21), and (2.22). This completes the proof. O

Now, we move toward the proof of Theorem 2.4. The following auxiliary lemma will be
needed in that proof.

Lemma 2.14. If the finite limit lim, R, (x) ezists, then it belongs to [0, 1].

Proof. Let &, :=1— En(x) = % log, s,,. It suffices to show that & := lim, £, = 1 —lim,, ﬁin(:v)
belongs to [0, 1]. First, let us assume by way of contradiction that & < 0. Thus, there exists
ny € N such that for n > ny, we have £, < —né/2 and s,, < 27¢/2. However, this contradicts
the fact that (s,)nen 18 @ non-negative and non-decreasing sequence. Therefore, we must
have & > 0.

Next, we assume by way of contradiction that £ € (1,00). For each n € N, we take
A(n) == 27272, Then ) is a subexponential function, and 0" =2 162, = A(n)22"%.
It then follows that 37 _010 = A(n + 1)2%0F) — \(n)22"¢, and supg<p<on_1 [Onk| >
26=1/2n /X(n + 1)2% — A(n). As in (2.19), let x,, denote the n'" truncation of x, then

max [Tp11 — Zp| =272 sup 0] > 267"/ A(n + 1)2% — A(n),

0<t<l 0<k<2n—1
Since A is a subexponential function, the rightmost term tends to infinity as n 1 co. Thus,
the series of truncated functions (z,)neny Will not converge. This contradicts the uniform

convergence of x, to . Thus, we must have £ < 1, and this completes the proof. O

Proof of Theorem 2.4. By the argument used in the proof of Lemma 3.1 of [77], we may
assume without loss of generality that z(0) = z(1) = 0. We start by proving the “only
if” direction in the first part of the assertion and assume that the function x admits the
roughness exponent R. For simplicity, we use the short-hand notion r, := ﬁn(x) in this and
the following proofs of this chapter. We must prove that r, — R. For any p > 1/R > 1,
Proposition 2.10 and condition (2.15) imply that there exists A, > 0 such that

Apgn(l—prn—logz op(n)/n) _ Apggl(n)Q"(l_p)sp

-1
= Apgp n)2nt= p)IE[ Sm} ()
m=0
Since lim sup,, (z )( ) = 0, we must thus have liminf, r, > 1 /p. Sending p | 1/R now gives

liminf, 7, > R. In the same way, one proves that limsup, 7, < R.
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To prove the “if” direction, let us assume that the finite limit lim,, r,, = r exists. Then
r € [0,1] by Lemma 2.14, and this yields

1 +00 if <1/r,
lim n(l — pry, £ —log, Qp(”)) = g /
n

ntoo

—00 if p>1/r
Applying condition (2.15) to (2.12) and taking n 1 oo implies that limn<x>7(lp) =ooforp <1/r
and lim,, (x>£lp ) =0forp>1 /r; Therefore, we must have R = r. This completes the proof.

Let us now prove the converse assertion of the theorem by verifying its contrapositive
statement. To this end, we first assume that condition (2.8) does not hold with p = 1/r > 2,
which implies that there exist € > 0 and a subsequence (ny)gen such that

B p/2 _ p/2 -
(2) ) > gme(-p/2+2) <<$>533) — gm(l-pte) (Sik) — gne(l=pra,+<).
As r, — r = 1/p, then pr,, <1+ /2 for a sufficiently large k. Thus, there exists ky € N

such that for k > ko, we get (z)?) > 25/2, Let § > 0 be such that 6/(p + 6) < £/4, then it
follows from (2.17) that

pt+o
<x>££c+5) Z (2774@(#—1) <x>££€)> P Z 2%—?(%_%)7% Z 2%7%'
The above inequality implies that limsup,, ()" " = 0o, and Proposition 2.2 indicates that

x must admit the roughness exponent R < (p+4)~! < r. The proof for the case p = 1/r < 2
is analogous, and condition (2.8) holds trivially at p = 2. This completes the proof. O

The following proposition provides two alternative conditions on the Faber—Schauder
coefficients of an arbitrary continuous function x that may be easier to verify than the

reverse Jensen condition, but they are also slightly stronger conditions.

Proposition 2.15. Consider the following two conditions on the Faber—Schauder coefficients

of x.

(a) There exists an non-decreasing subexponential function -, such that for sufficiently
large m,

max 1Omi| < v1(m)

min |6,k
k=0,...,2m m_1

k=0,...,2

(b) There exist v € Ny and an non-decreasing subexponential function 7o : N — R such
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that for sufficiently large m > v,

Y(k+1)— 2¥ (k+1)—1
2
, max g 0 i <7 min E 0
..... ogm—v_1 )k:O,...,2m*V—1 md
Jj=2vk j=2vk

Then (a) implies (b), and (b) implies the reverse Jensen condition (2.8).

Proof of Proposition 2.15. (a) = (b): If condition (a) holds, then (b) holds with v = 0 and
Y2 =1

(b) = (2.8): For the ease of notation, we prove this implication only for the case that
v = 1; the case that v > 2 can be proved analogously. Recall that the upper bound in the

reverse Jensen condition holds with g, = 1 if ¢ := p/2 < 1. So it is sufficient to deduce this
upper bound for ¢ > 1. We will use the probabilistic formalism introduced in (2.10). Note

first that
/2 n—1 q
()]
m=0

Let ag, ..., an,—1 > 0 and note that (3, a;)? < n? '3, a! by Jensen’s inequality. Hence,

n—1 q n—1 n—1 2m —
[OE IR POCA RO SR SEC TS
m=0 m=0 m=0 k=0
n—1 om—1_1 ‘
<207 Mpa! (|90,0|2q + Z 27" Z <2m92 ox + 2705, 2k+1> )
= k=0

1 q
< 2070 (yy(n)) (|900| T+ Z <mm (270 20 + 276, 2k+1))q)
n—1
< 2t SIS < 2wt S i)'
=0

Selecting g,(n) := 2P/271nP/2=1(y,(n))P/? and applying (2.14) on the above long inequality
then yields an upper bound in (2.8). For 0 < ¢ < 1, an analogous reasoning as above yields

the following result
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where g,(n) := n!"P/2217P/2(y,(n))P/2. This establishes the lower bound in the reverse Jensen

condition, and we complete our proof. O

2.3 The connection with weighted quadratic variation

The Gladyshev estimator has its origins in Gladyshev’s theorem [41], which is a limit theorem
for the weighted quadratic variation of fractional Brownian motion. This section discusses
the relations between En(x) and the weighted quadratic variation of an arbitrary function
x € C[0,1]. We start with the following proposition, which states general implications. Its
part (b) introduces the estimator ﬁ,’;, whose simplified form can sometimes make the analysis

easier.

Proposition 2.16. Let x € C[0,1] have the Faber—-Schauder coefficients 6, .

(a) The following conditions are equivalent.

(i) There exists r1 € (0,1) such that the weighted quadratic variation 2”(2”*1)(@9
converges to the limit ¢, € (0,00).
(ii) There exists ro € (0,1) such that 2"?272)s2 converges to the limit {5 € (0,00).
iii) There exists r5 € (0,1) such that 2"?73=2)(s2 . — s2) converges to the limit (5 €
n+1 n
(0, 00).

In this case, we have v :=1ry =19 =13 and {1 = {5 = (2272 — 1)714;.

(b) The equivalent conditions in part (a) imply that lim,, R’g(x) =r, where

~ 1
Rr(x):=1-— - log, (2.24)

(c) If R*(x) converges to the finite limit r, then also lim, R,(z) = r.

Proof. (a): To see the equivalence of (i) and (ii) as well as r; = ry and ¢; = {5, one argues
first as in the proof of [76, Proposition 2.1] that one can assume without loss of generality
that 2(0) = (1) = 0. Then the claim follows from (2.13). To see that (ii) implies (iii) with
r3 =1y and o = (22722 — 1)U, we let b, = 2"2~272) Then s2 /b, — {5 by assumption. It
follows from [76, Lemma 3.1] that

2(21"2 —-2)n 2

2
Sn+1 — Sn
92-2r; _ | (Sns1—sn) = an:—— b, —>ly as nToo. (2.25)
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For the proof that (iii) implies (i) with £, = (22722 — 1)7!/3 and ry = r3, it suffices to note
that the convergence (2.25) implies that s2 /b, — ¢, by means of the Stolz—Cesaro theorem
in the form of [78, Theorem 1.22].

(b): Using (iii) yields that

D 1 1 n(2r—
P Ryfw) = (= 1)+ 5 logy (s, — 52) = - log(2 4D (52, — 52)) 0.

n

(c): Let e € (0,2 — 2r) be given. By part (b), there is a constant ¢ > 0 such that
cT120@72r=en < (g2 — §2) < 2272 FEn for all p € N. It follows that

2(2—2r—s)n _ n—1 C<2(2—2r+s)n _ 1)

Lo
- < 2 2 <
(2 1) (k1 — 52) < (22-2+ — 1)

Cancelling the terms in the telescopic sum, taking logarithms, dividing by 2n, passing to the

limit n 1 oo, and sending ¢ to zero now yields the result. O]

The following corollary follows immediately from Theorem 2.4 and Proposition 2.16.

Corollary 2.17. If x € C|0, 1] satisfies the reverse Jensen condition, and one of the con-
ditions in (a), (b) or (c) in Proposition 2.16 holds for some r € (0,1), then x admits the

roughness exponent r.

The implications (c)=-(b) and (b)=- (a) in Proposition 2.16 are generally false. This is

illustrated in the following example.

Example 2.18. For given R € (0,1), we consider x € C[0, 1] defined through the Faber—

(1/2—-R

Schauder coefficients 0,, , = 2™ ) if m is even and Omr = 0 if m is odd. Recall from

Remark 2.7 that x satisfies the reverse Jensen condition. A straightforward computation

gives
N 1 94+4(1-R)| "5+ _ 94R
Rn(x)zl—%log2 YRS — R.

Theorem 2.4 hence implies that x has the roughness exponent R. However, }A%j;(:zc) clearly
does not converge. It follows that also none of the quantities in part (a) of Proposition 2.16

can converge.

Now take again R € (0,1) and let 6, = 2m(1/2=8) /(220-R) — 1)g(m), where the func-
tion g is strictly positive and regularly varying with index po. It will be shown in Corol-
laries 5.12 and 5.13 that the corresponding function x has the roughness exponent R and

that the (1/R)™ variation of z is zero for ¢ < 0 and infinite for o > 0. If g is slowly
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varying, so that ¢ = 0, then lim infn(x>g/ B and lim supn<:c>7(11/ B can take arbitrary val-

ues in [0,00]. We clearly have R*(z) = R — - log, ((2%72% — 1)g(n)) — R. However,
2nR=2) (g2 | — §2) = (2272 — 1)g(n) does not converge to a finite limit unless g(n) does.

This shows that the implication (b)=-(a) in Proposition 2.16 does not hold.

As announced above, we now present an example of a continuous function x for which
the weighted quadratic variation 2”(27_1)@)%2) converges to a finite limit for some v € (0, 1),
but which nevertheless admits a different roughness exponent R. Note that Proposition 2.16
implies that }A%n(z) — 7. In other words, the limit of ﬁn(x) is different from the function’s
roughness exponent. Hence, x cannot satisfy the reverse Jensen condition. The function z

therefore also highlights the importance of the reverse Jensen condition in Theorem 2.4.

Proposition 2.19. Let a € (0,1] and R € (0,1). Then the function

|20 -1

T = i 2(%7"R)m Z Em.k

m=0 k=0

admits the roughness exponent R. On the other hand, let v := aR + (1 — «) /2, then

lim 2" (7)®) = (22727 — 1)_1 and lim R,(z) = 7. (2.26)

ntoo ntoo

Proof. We begin by proving (2.26). To this end, we verify condition (iii) in Proposition 2.16

(a):

2" —1
TlLlTIglo 2n(2’¥*2) Z 972L,k — Tllng 2n((2’7—2)+(1—2aR)) LzomJ —1
k=0

~

Proposition 2.16 then yields that lim, R,(z) = 7.

Next, we aim to show that 2 admits the roughness exponent R. For a fixed o € (0, 1],
let ng € N be such that [2°7]/2 < |2V | —1/2 for n > ng. Let

00 [29™ | —1
T = Z 2(%_aR)m Z €m k-
m=ng k=0

Based on the argument presented in the proof of Lemma 3.1 in [77], the functions z and =
share the same roughness exponent. Hence, it will be sufficient to henceforth consider the
function z. Recalling the definition of V,,, and S,, in (2.10), it is clear that for m > ng and
2mV,, > (29", we have S, = 2m(272¢R) " and otherwise zero. Clearly, 271V, ; < 2m71V,.
Therefore, for m > ng, if 2"V, < [2™| — 1, then

2mV,

omly, 1 < T’” < - ([2%m] — 1) < [200m7D ) — 1. (2.27)

1
2
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In other words, if S,, = 2?22 then S,,_; = 2(m~D2=228)  On the other hand, for
m > ng, if 2"V, > [2°™ ], then

Y > 2m Y, > 2|20 > 2|20 — 1 > 200 | (2.28)

Equivalently speaking, if S,, = 0, then S,,.1 = 0. For n > ny + 3, it then follows from
(2.27) and (2.28) that if there exists ng +1 < m < n — 2 such that 2™V, < |[2°"] — 1
and 2™V, > 220D | we have S, = 2F(272R) for ng < k < m and S, = 0 for
m+1 < k < n— 2. Therefore, for n > ng + 3, the distribution of the random variable
Sl S, is as follows,

m=0
n—1 n—1 n—1
2a(n—1)J I_QanoJ
_ m(2—2aR) \ _ I — —1_L£ 4
1@( Sm= )2 )_ T IP’(ZSm_O)—l TR
m=0 m=ng m=0
and

n—1 k—1 alk— o
P( D Su= ) 2nCN I il i forng +1<k<n-—1
m - 2k—1 2k T N ~ SN .
m=0

m=ng

Therefore, for n > ng+ 3 and p > 1,

n—1 p/2 L2a(n—1)J n-1 (2—20R) p/2
(X)) |- ()
m=0

m=ng

n—1 _ k-1 /2

L2a(/€ I)J L2akJ m(2—2aR) 8

LY (BB (2 -
k=ngp+1 m=no

In the next step, we seek suitable upper and lower bounds for this expression. To obtain a

lower bound, we use the following facts,

2n(2—2aR)

n—1
> 2(a71)(nfl) _ 27(n71) and Z 2m(272aR) ~ W as n /I\ 0.

Lza(n—l)J
n—1

m=ng

Hence, there exists a positive constant ¢; such that for sufficiently large n,

n—1 p/2 n—1 »
]E|:( Sm) :| > (2(04—1)(71—1) _ 2—(71—1)) ( Z 2m(2—2aR))

m=0 m=ng

> ¢ 2np(-aR)~(1-a)).

/2
(2.29)

To obtain the upper bound, we apply the inequality [2¢~1 | /2n=1 < 2(e=D(=1) and Jensen’s
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inequality,

KZS) 2]_ nP/271v 1) Z ola—1)(k— 1(22”“’1&3)

k=ng+1 m=ng

As p(1 — aR) > 1 —a > 0, the following asymptotics hold as n 1 oo,

k—1
zn: =Dk ™ gmpi-aR) _ o (gnp1=R)~(1-a)

k=ngp+1 m=ng

Thus, for each p > 1, there exists a positive constant ¢y such that for sufficiently large n,

n—1 p/2
EK > Sm) ] < (np/“ Vv 1) gnip(i—af)=(1-a)) (2.30)
m=0

It then follows from (2.29) and (2.30) that there exists a positive constant ¢, depending on
p such that for sufficiently large n,

p/2
1 onwa-anr)- [( Z g ) } <e, (np/2—1 v 1) on(p(1—aR)—(1-a))
Cp o

Proposition 2.10 now yields that for each p > 1, there exists ng € N, such that for n > ny,

Ap gen-pR) < (3)0) < ¢ 9m(1-0),
Cp

Taking n 1 oo on both sides of the above inequalities gives

0 for > L
lim (7)® = P==
nfoo 00 for p< 4.
Thus, T admits the roughness exponent R, which completes the proof. O

It is worthwhile to point out that v = aR + (1 — «)/2 is the convex combination of R
and 1/2. If R > 1/2, we have R > v > 1/2 and vice versa. In fact, such a relation holds

universally as later shown in Proposition 2.35.
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2.4 The connection with self-similarity

Another concept that admits a potential connection with the roughness exponent is self-
similarity. Self-similar processes are stochastic processes that are invariant in distribution
under suitable scaling of time and space. We say that a stochastic process (Xi)i>o is 7-
self-similar, if there exists v > 0 such that for any a > 0, (Xat)r>0 < (a"X¢)t>0. Here, the
constant v is called the self-similarity index, which dictates the nature of the self-similar
phenomenon. For instance, the fractional Brownian motion W*# is an H-self-similar process.
An important question is whether the self-similarity index is generally equivalent to the

roughness exponent, as observed in the case of the fractional Brownian motion.

Our findings in this section refute the above assertion. In the first result, we study the
weighted quadratic variation of a trifractional Brownian motion, indicating that self-similar
behavior is not correlated to the roughness exponent or the weighted quadratic variation. A
trifractional Brownian motion was first introduced by Lei and Nualart [67]. In this paper,
the authors showed a bifractional Brownian motion could be decomposed into the sum of a
fractional Brownian motion and a Gaussian process with absolutely continuous trajectories.
This process was subsequently rediscovered and studied by Ma [71], who referred to it as
the trifractional Brownian motion. According to Ma [71], a trifractional Brownian motion
(27550 with parameters H € (0,1) and K € (0,1) is a centered Gaussian process with

covariance function Cy g,
Crirels.t) = B | ZIEZ[HK| = 200 4 2HE (21 4 2K >

on a given probability space (Q, 4.Q).

Clearly, the trifractional Brownian motion Z#¥ is an H K-self-similar process. However,
the trajectories of trifractional Brownian motion are absolutely continuous and, thus, of
bounded variation. Hence, the trifractional Brownian motion Z%* admits the roughness
exponent R = 1 almost surely. The following result proves a limit theorem on the weighted

quadratic variation of the trifractional Brownian motion Z#% .

Theorem 2.20. For H € (0,1) and K € (0,1), the trifractional Brownian motion Z™X has

the following limiting behavior,

(a) If HK < %, we have

27

lim 207 (ZK) ) =

ntoo

0 for «a<2HK, (2.31)
oo for a>2HK, (2.32)

almost surely.
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(b) If HK > L, we have

27

lim 207 (ZHK) ) =

n
ntoo

0 for a<l, (2.33)
oo for a>1, (2.34)

almost surely.

Applying (2.13) to the above asymptotic results and arguing as in the proof of Theo-
rem 2.4 yields our next result. As a probabilistic complement to the deterministic coun-
terexample in Proposition 2.19, the following corollary demonstrates that the Gladyshev

estimates fail to converge to either the self-similarity index or the roughness exponent.

Corollary 2.21. For H € (0,1) and K € (0, 1), we have

1
~ HK + - or HK < 1,
lim R, (Z%5) = 2 J 2 Q-a.s.
meo 1 for HK > 1,

In addition to the trifractional Brownian motion, the following limit theorems for the
n'™ order fractional Brownian motion also reveal that the roughness exponent bifurcates
from the self-similarity index. The behavior of the well-known fractional Brownian motion
is governed by the Hurst parameter H between 0 and 1. However, many observations reveal
that the Hurst parameter could be larger than one in theory and in real life. For instance,
a slight modification of the Weyl representation of the fractional Brownian motion allows
the Hurst parameter to be larger than one; see, e.g., [83]. Motivated by this fact, Perrin et
al. [83] introduced the n''-order fractional Brownian motion as an extension to the fractional
Brownian motion. An n'™-order fractional Brownian motion W#" := (W/"™),~, defined on
the probability space (ﬁ, ¢,Q) is a centered Gaussian process with the following covariance

function,

Grin(s,t) i=E [vaanv“}

- (1yh <|t oSy (P (e (3%”’)) stz

=0 J

forn €N, H € (n—1,n) and Cy := (T'(2H + 1) sin(wH)|)_1. The special case where n = 1
recovers the standard fractional Brownian motion, i.e., WH! = W#_ The class of n'"-order
fractional Brownian motions allows a wider range of the Hurst parameter H. In other words,
the class of n''-order fractional Brownian motions extends the Hurst parameter beyond

the constraint H € (0,1) and includes the case of fractional Brownian motion for n = 1.
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Nevertheless, an n'"-order fractional Brownian motion remains H-self-similar. Furthermore,
following [91, Remark 3.2], W™ is (m — 1) times differentiable, and thus, admits the

roughness exponent R = 1, which differs from its self-similarity index.
Now we state the limit theorems for the nt"-order fractional Brownian motion.

Theorem 2.22. Form > 2 and H € (m —1,m), the m*™-order fractional Brownian motion

WH™ has the following limiting behavior,

lim 2" (WH™ @ =0 for o<1, (2.35)

ntoo

almost surely. Moreover, if m > 3, we have

lim 22" (WH™ ) = o0 for a > 1, (2.36)

ntoo
almost surely.

Applying (2.13) to Theorem 2.22 and arguing as in the proof of Theorem 2.4 yields the
following result. In contrast to Corollary 2.21, the following result shows that the roughness
exponent of the n*M-order fractional Brownian motion can be estimated by the Gladyshev

estimator ﬁn, or equivalently, by means of a weighted quadratic variation.

Corollary 2.23. Form > 3 and H € (m — 1,m), we have

lim R,(Wm™) =1 Q-a.s.
ntoo
The results in Theorem 2.20 and Theorem 2.22 are non-trivial in the sense that they
cannot be obtained by applying the Gladyshev theorem [41] or its complement [81]. This
point is demonstrated by the following limit theorems at the critical cases for the trifractional

Brownian motion and the n'"-order fractional Brownian motion, see Remark 2.26.

Theorem 2.24. For H € (0,1) and K € (0,1) , the trifractional Brownian motion Z"X

has the following limiting behavior,

(a) If HK < 1/2, the weighted quadratic variation22H#5m(ZHK\® does not converge in
probability as n T oo.

(b) If HK > 1/2, the weighted quadratic variation 2"<ZH’K)$LQ) converges to some non-

constant random variable in LP for all p € (1,00) as n 1 oo.

Theorem 2.25. For m > 2 and H € (m — 1,m), the weighted quadratic variation of the
m-order fractional Brownian motion 2"<WH””)£LQ) converges to some non-constant random

variable in LP for all p € (1,00) as n 1 oo.
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Remark 2.26. As observed in Theorem 2.24 and Theorem 2.25, the weighted quadratic
variation of the trifractional Brownian motion and the n'"-order fractional Brownian motion
behaves essentially different to the Gaussian processes that Gladyshev’s theorem apply to.
To be more specific, if a Gaussian process fulfills conditions in Gladyshev [41] or Norvaisa
[81], its weighted quadratic sum at the critical case converges to some positive constant at
the critical case almost surely. However, for the trifractional Brownian motion Z#¥ its
weighted quadratic variation converges to some non-constant random variable in LP and in
probability for HK > 1/2 and does not converge in probability for HK < 1/2 at each
critical case. In addition, as in Theorem 2.25, the weighted sum of the n'"-order fractional
Brownian motion converges to some non-constant random variable at the critical case. These
facts further refute the applicability of the existing literature [41, 81] to the trifractional

Brownian motion and the nt"-order fractional Brownian motion.

2.5 The connection with Besov regularity

This section establishes a connection between the roughness exponent and Besov regularity.
We refer to [93, Section 2.3] for the definition of the Besov space 4 [0, 1]. Ciesielski et al. [16]
provided a norm expressed in terms of Faber—Schauder coefficients, which is equivalent to the
traditional Besov norm. Rosenbaum [85] defined the following equivalent norm on %, [0, 1]
for p,q € [1,00) and r € (1/p, 1),

l2llrpq = [2O)| V [[(@n)nemolle,,  where = (277D (2) )7, (2.37)

n

Note that for p = 2 the relation to weighted quadratic variation as studied in Section 2.3
becomes apparent. Measuring the degree of roughness of a function z € [0, 1] through Besov
spaces was initially proposed by Eyink [29] through the condition

ve () 220.1\ 250 1. (2.38)

£>0 e>0
Example 2.27. Consider the function z defined in Proposition 2.19 with o € (0,1) and
R > 1/2. The first identity in (2.26) implies that ||z]|, 2,0 < 00 and that ||z|/,4c200 = 00
for any € > 0. Hence, condition (2.38) holds for r = 7, p = 2, and ¢ = co. Nevertheless, as
observed in Proposition 2.19, the roughness exponent of z is different from ~, which shows

that Eyink’s concept of Besov regularity is generally different from our concept of roughness.

In the rough volatility context [40], the parameter r in (2.38) is often assumed to be the
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same for all p > 1, which leads to the requirement

re () 2500\ | ko1 (2.39)

e>0, p>1 e>0, p>1

In the following theorem, we explore the connection between this concept of Besov regularity
and the roughness exponent. Let ¢* be as in (2.39) and R~ := 1/¢*. Our result shows that
the condition (2.39) implies that » = R~. As a matter of fact, the condition (2.40) used in
Theorem 2.28 is actually less restrictive than (2.39). Note moreover that Proposition 2.19
shows that (2.39) or (2.40) cannot be replaced with Eyink’s condition (2.38). Indeed, the
latter condition holds in Proposition 2.19 for » = v, while the function x constructed there

admits an arbitrary roughness exponent R = R™.

Theorem 2.28. Suppose that there exists r € (0,1) such that

re [ 20,1\ U Zre00,1]. (2.40)

e>0, p>1 >0,

7‘+E <p<_

Then R~ =

Proof of Theorem 2.28. We must show that ¢* = 1/r, and we start by proving ¢* < 1/r. For
7> 0and 0 < e < r, we choose p := (1+7)/(r—¢). Then it is clear that p(r—e) = 14+ > 1.

(p)

Hence, (sup,, 27”(@7(1?))1/? = ||&||;—cpoo < 00. Since v > 0, we get limsup,,(x)n’ < oo, which

implies that ¢* <p = (1+7)/(r — €). Taking 7, | 0 yields ¢* < 1/r.

Next, let us show that ¢* > 1/r. To this end, we assume by way of contradiction that
q* < 1/r. Let us denote ¢ = 5(¢* + 1/r). Then there exists A > 0 such that ¢ = 1/(r + \)
as ¢ < 1/r. Next, we set

r’q r r rA
=—-——=—(1- = <A
c 8 8 ( "+ A) 8(r+\)
As ¢* < ¢, we have lim supmoo@}%q) = 0. Let s#°[0,1] denote the space of a-Holder

continuous functions on [0, 1]. It follows from a fundamental embedding result [93, Section
2.7.1] that 2, [0,1] C " ~/?[0,1], and this yields

ol =3

(| #,0,1 (2 <[0.1].

e>0, p>1 e>0

Next, we take p := 1/(r +/2). Then p > q as ¢ < A\. Applying the above Hélder condition
gives (z)¥) < k2@ P)r=an (33D for some 1 > 0. Thus, for n € N, we get 20 +p=1) (1)) <
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k2 4P=1Ha-)(r=9) (130 One checks that (r +&)p — 1+ (¢ — p)(r — €) < 0. Hence,

lim sup 2n((r+6)p—1)<x>;p) <k (lim sup 2n((r+8)p—1+(q—p)(r—€))) (hm sup(z >(q)) = 0.

ntoo ntoo ntoo

Therefore ||z||,, ., ., < oo for p=1/(r +¢/2), which contradicts the underlying assumption
that ¢ £,7:[0,1], and thus ¢* > 1/r. O

In our next example, we construct a function x for which condition (2.40) of Besov
regularity is satisfied but where [/:\Zn(x) oscillates between a given number R € (0,1) and 1.
In this sense, the function exhibits an entire spectrum of roughness, which is a phenomenon
akin to multifractality. Das [21] proposed to use R~ as a “roughness index” for measuring
the roughness of a trajectory = € C0,1]. Based on the discussion in the present section, it
is clear that both the condition of Besov regularity and the “roughness index” of Das [21]
capture only one side of the roughness spectrum [R~, RT| for R := 1/q., whereas the

existence of the roughness exponent is tantamount to R~ = R™.

Example 2.29. Consider the function x with Faber-Schauder coefficients 6, = 2(1/2-fn
if n = m/! for some m € N and 6,,, = 0 otherwise. The idea of constructing such a function
is based on Faber [30]. It is easy to see that

9(2—2R)n! < 24 < p2@-2Rn and 9@l < 2 o (n  1)9(2-2R)(n-D)!
and hence r* = 1 and 7~ = R, where r* is as in (2.9). For each m € N, the Faber-Schauder
coefficient 6,5 does not depend on k, and so z satisfies the reverse Jensen condition by
Remark 2.7. Thus, we have ¢* = 1/r~ = 1/R and ¢, = 1/r* = 1, and Proposition 2.2 hence

implies that  does not admit a roughness exponent. Let us now show that

e [ #5501\ U 2o (2.41)

>0, p>1 >0, R+€<p<f

We prove first that x belongs to the intersection on the left-hand side. For every p > 1, it
follows from (2.23) that there exist 0 < A, < B, < oo and a subexponential function p,
such that

Apo, t (n)2" sl < (1)) < Byo,(n)2"Ps.
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Since R € (0,1), we have that for any € > 0 and p > 1,

1/p 1/p
(2 P—re <2n(P(Rf€)*1)<x> ff)) < sup <2nP(R7571) B,o,(n)s? )

n

1/p
= sup (2("!“)7’(}%’5’1)31,@,,(71! + 1)si!+1>

n

1/p
< sup <2(n!+1)p(R—a—l)Bpr(n! I 1>n2p(1—R)n!>

n

1/p
= 2R_5_1B[1,/p sup (2_p5”!ngp(n! + 1)) < 00.

The final inequality holds because g,(n) is a sub-exponential function. In a next step, we
are going to show that for any ¢ > 0 and 1/R > p > 1/(R +¢), we have 2 ¢ Z¢[0,1].
Since p > 1/(R + ¢),

1/p 1/p
“‘THR-i-g,p,oo = sup (2n(p(R+6)—l) <x>2p)> > sup <2(n!+1)p(R+s—1)ApQ;1<n! + 1)82!-1-1)
n

n

1/p
> sup (2(n!+1)p(R+€1)Aprl<n! + l)zp(lR)n!)

n

1/p
_ 2R+571A]10/p sup (2p5n!gp1(n! + 1)) :

which is infinite, because p, is sub-exponential.

2.6 Application to fractional Brownian motion with
drift

Fractional Brownian motion with Hurst parameter H € (0, 1) is a centered Gaussian stochas-

tic process W with continuous sample paths and covariance function
1
BWIW] = (s + [#7 — [t =), s,t>0,

on a given probability space (@, 4,Q). For H = 1/2, we recover a standard Brownian motion

W = WUY? as a special case.

The following theorem shows that almost all sample paths of the fractional Brownian
motion admit roughness exponent H. In addition, we also obtain the convergence rate of

the Gladyshev estimator En over the fractional Brownian motion.
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Theorem 2.30. For all H € (0,1), almost all sample paths of the process W satisfy the
reverse Jensen condition and admit the roughness exponent H. Moreover, the estimator ﬁn

18 strongly consistent and there exists a positive constant k such that

lim sup —- <k Q-as, (2.42)

where

272n=1/Togn if H € (0, %),
en =13 272712 flogn  if H = %, (2.43)
2UH=Unp=1/logn if H € (3,1).

For fractional Brownian motion with Hurst parameter H < 1/2, it follows from Theorem
1.2 in [72] that lim, (WH){/7) = mo 1221/ G (HEL) Q-a.s. As discussed at the beginning
of Section 2.1, this implies that W# admits Q-a.s. the roughness exponent H. So this part
of the assertion of Theorem 2.30 was known beforehand. For the case H > 1/2, however,
we were only able to find references in the literature that yield convergence of (W# >7(11/ )
in probability (see, e.g., Section 1.18 in [75] and the references therein), which is not quite

sufficient to conclude that almost all trajectories of W# admit the roughness exponent H.

The rate of convergence for R,(WH) was initially studied in [64, Theorem 1] for H >
1/2. However, as pointed out in our communication [63] with the authors, the convergence
rate stated in [64] contains a typo. By modifying and streamlining the original proof idea
from [64], Theorem 2.30 provides the correct rate, states a stronger convergence result and
extends it to the cases of H =1/2 and H < 1/2.

Let us now extend the results in Theorem 2.30 to a fractional Brownian motion with
drift. To this end, let X be given by

t
Xy =z + WH + / (s ds, 0<t<T, (2.44)
0

where ( is progressively measurable with respect to the natural filtration generated by W¥.
The extension of Theorem 2.30 relies on the following theorem, which provides sufficient
conditions that guarantee the law of the process X is absolutely continuous with respect to

the law of the original fractional Brownian motion.

Theorem 2.31. Let X be given by (2.44) and suppose that the following assumption is
satisfied.

o [f H < 1/2, we assume that t — & is Q-a.s. bounded in the sense that there exists a
finite random wvariable C' such that & (w) < C(w) for a.e. t and Q-a.s. w.
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o If H > 1/2, we assume that t — & is Q-a.s. Hélder continuous with some exponent
a>2H —1.

Then the law of (X;)iejo,r) is absolutely continuous with respect to the law of (x0+WtH)te[07T].

In addition, if the drift £ is of the form & = b(X;) for some function b : R — R, we
are able to establish sufficient conditions for the equivalence of the law of X to the one of
2o + WH. An important special case is the fractional Ornstein-Uhlenbeck process, which
was proposed by Gatheral et al. [40] as a suitable candidate for log-volatility. The fractional
Ornstein—Uhlenbeck process is defined as the pathwise solution of the following integral

equation

t
Xfl—xg—l—p/(u—Xf)ds—l—WtH, t>0, (2.45)
0

where p and p are real parameters; see [13].

Theorem 2.32. Suppose that X solves the following integral equation,
t
X, = a0+ WH +/ b(X5) ds, 0<t<T, (2.46)
0

for some locally bounded and measurable function b : R — R. For H > 1/2, we assume in
addition that b is locally Hélder continuous with some exponent o > 2 — 1/H. Then the law
of (Xt)iepo,r) s equivalent to the law of (zo + WtH>t€[0,T]-

Clearly, the above applies in particular to the fractional Ornstein-Uhlenbeck process X,
where b(z) = p(u — x). Furthermore, as a direct corollary of Theorem 2.31, we are able to
show that the fractional Brownian motion with an absolutely continuous drift admits the
roughness exponent H. Furthermore, the estimator }Aﬁn remains strongly consistent with the

same convergence rate as in (2.43).

Corollary 2.33. Suppose that X is as in (2.44) and satisfies all the assumptions in The-
orem 2.31. For all H € (0,1), almost all sample paths of the process X satisfy the re-
verse Jensen condition and admit the roughness exponent H. Moreover, the estimator fin 18

strongly consistent and there exists a positive constant k such that

R,(X)—H
limsupM <k

ntoo €n

Q-a.s.,

where

272p 1 /logn  if H € (0,3),
en =272 2/logn ifH =1,
2H=Unp =1 /logn if H € (3,1).
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Note that the Gladyshev estimates ﬁn(X) converge at the rate O(Q(Hfl)”nflx/@)
for H > 1/2 almost surely. Consequently, as the Hurst parameter approaches one, the
convergence speed of the Gladyshev estimator significantly deteriorates. However, this issue
can be solved by utilizing the estimator ﬁ; as in (2.24). The following theorem provides the

rate of convergence of the estimator fi;; for the fractional Brownian motion with drift.

Theorem 2.34. Suppose that X is as in (2.44) and satisfies all the assumptions in The-
orem 2.31. The estimator fi; is strongly consistent, and there exists a posiltive constant

such that R
lim sup |R*(X) +n 'log,ay — H|

ntoo €n

<K Q-a.s.,

where

£, =220 logn and ag=+\/22"2H —1.

As illustrated in the preceding theorem, applying the estimator ﬁ;‘; yields an enhanced
convergence rate, improving from O (27 -V~ /logn) to O(27"/>n~'/logn). Nonetheless,
in contrast to the Gladyshev estimator ﬁn, the estimator EZ entails an extra bias of size
n~1log, ay. This bias impedes the direct application of the estimator ﬁ; to estimate the
Hurst parameter. However, in Section 2.8, we will show that this bias can be removed with-
out deteriorating the corresponding rate of convergence by constructing the scale-invariant

modifications of the estimator Ej‘l

2.7 The roughness exponent without the reverse Jensen
condition

In this section, we collect some general mathematical properties of the roughness exponent,

which hold even if the reverse Jensen condition is not satisfied. As in Section 2.1, we fix an

arbitrary function x € C|0, 1] with Faber-Schauder coefficients (6,, ) and R, () as defined

in (2.7). Moreover, r* = limsup, R,(z) and 7~ = liminf, R,(z) are as in (2.9). We start

with the following a priori estimates linking the roughness exponent R with »* and r~.

Proposition 2.35. Suppose that x admits the roughness exponent R. Then the following

assertions hold:

(a) If rt < 1/2, then R <1/2;if r~ > 1/2, then R > 1/2.

(b) If R<1/2, then R<r~;if R>1/2, then R>r™.
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Proof of Proposition 2.35. Recall the short-hand notion 7, := ﬁn(aj) To prove (a), we
suppose first that r* < 1/2. Since (2.13) states that (x)ﬁf) = 2n(1=2m) and lim infn(x)f) = 00,
we must have R < 1/2. In the same way, we get R > 1/2 if r— > 1/2. To prove (b), we
suppose first that R < 1/2 and take p > 1/R > 2. Applying Jensen’s inequality to (2.21)

gives

—_

<=’E>$zp) > Aan(l_p)EK S Sm>p/2] > Ap2"(1_p)E[< ”z—i Sm)]p/2 — Apgn(l—prn)' (2.47)

0 m=0

3
]

Since limsupn<x)£bp) = 0, we must have r— > 1/p. Taking 1/p 1 R gives R < r~. The

assertion for R > 1/2 can be proved analogously. O

The preceding proposition provides one-sided bounds on the roughness exponent in terms
of r :=lim, En(a;) Our next result gives universal two-sided bounds for R. To this end, for
m € N, we denote by

2m 1
Bl =2"( Y 1 )
k=0 ’
the empirical distribution of the m™ generation Faber—Schauder coefficients and let ﬁgl be

a corresponding quantile function.

Proposition 2.36. Suppose that x admits the roughness exponent R. We define for v € N

and n € N,
n—1 mY
1 1 ~ 2M(k —1
rio=1-——1log, — 1 (2”” {¥D,
' 2n — mY — mY
n—1 mY
1 1 ~ 2mE
r, ., =1——log, — ,;1<2’m[ D
' 2n — mY — mY

exist for some v € N, thenr;, < R <r}.

If the limits r¥ = liTm T

Proof of Proposition 2.36. Let us first consider the case p > 2. It follows from (2.47) that

n—

/2 n—1 1 N
<I>SLP) > Ap2n(1—P)E[ Sm:|p _ Apzn(l—P) < Z / Fﬂ:l(t)dt)
m=0"0

m=0

p/2

Furthermore, we have

v

1 m k/mY .
/ anl(t)dt:Z/ F-N(t)dt.
0 i1 J (k—1)/mv
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Note that 27™|2"™(k — 1)/m”| < (k — 1)/m” < k/m” < 27™[2™k/m"|. Moreover, both
27 2™(k —1)/m”| and 27™[2™k/m"| belong to {k2™™ : k =0,...,2™}. Hence,

B (2 [28)) = Bty = %(WLWD (2.48)

mY mY

for all t € [(k—1)/m”, k/m"]. This gives

n—1 v

n(1- L= 5ot foom | 27k = 1) [\ 1972 —
(RS
m=0 k=1

Moreover, applying Jensen’s inequality to (2.12), we get

,_.

n—1
Sm)p/ | < Bt N E S,

0 m=0

n—

<x>gp) < szn(l—p)npﬂE[(l
n

3
]

We once again apply (2.48) to this inequality and obtain

AN

n—1

< >p) < B on(1-p),,p/2—1 i [AT; (2_m[2mk">}p/2

mY mY
m=0 1

n—1 mY m
< B2 (1P ) @/2-) [ 1 ( [2 ’fmpﬂ
< > > —

m= 0 k=1

— B2 (- printrr )/ loga n/m),

3

T

Moreover, a similar inequality can be obtained for 1 < p < 2,

A2 (1t )@/ logyn/n) (3 @) < g on(1=prin),

In both cases (p > 2 or 1 < p < 2), the exponents inside the brackets converge to 1 — pr as
n 1 oco. Therefore, lim, (x )(p) = oo for p < 1/r} and lim, (x >( =0 for p > 1/r, . This leads
tor, < R <r}, and concludes the proof. O

The next result looks at the special case of functions x of bounded variation. Such
functions clearly have the roughness exponent R = 1. The converse statement, however, is
not true: there exist functions with R = 1 that are nowhere differentiable and hence not of

bounded variation; see Example 2.8.

Proposition 2.37. The following assertions hold:

(a) If sup,, s, < 0o, then the function z is of bounded variation.
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(b) If the function x is of bounded variation, then sup,, 2~"/2 Zi:ol 01| < 00.

Proof of Proposition 2.37. (a): It follows from Proposition 2.10 that there exists B; > 0
such that

w0 < 5E[($5.) "] < 5 Srisa)” = pis.

Therefore, supn<a:)£}) < Bjsup,, s, < 00, and sup,, <£U>7(11) coincides with the total variation of
the continuous function z (see, e.g., Theorem 2 in §5 of Chapter VIII in [79]).

(b): Following from Proposition 2.10, we have

2" —1

A (2772 16nal) = AEIS) < AE|( 5 5n) "] < @,
k=0 m=0

for some A; > 0. Taking suprema on both sides of the above inequality completes our

proof. O

Our final result in this section concerns the value of the roughness exponent of the sum
of two continuous functions.
Lemma 2.38. Suppose that z,y € C0, 1] admit respectively the roughness exponents R, and
R, such that R, < R,. Then x 4+ 1y admits the roughness exponent R,.

Proof. For simplicity, for any continuous function f € C10,1], we introduce the following

generic notation

st~ (1 ()10 (2) (&) - 05 (552 e

Then, for n € N and p > 1, we have (f)¥ =||Af I7,- Moreover, the triangular inequality
yields that

p p
(Jlazall, <13l |) < o0 =N, + Suall, < (182l +12ml,)"

By definition, for any p > Ri > Ri, it gives
T y

lim (z)® = lim (y)® = 0 (2.49)

ntoo ntoo

Thus, we have

}llTIo%HAwnHZp = i%roré”AynHZP =0.
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Thus, for p > Rix, we have
llm(x + )P < llm (||Amn\|£ +||Ayn||zp) = 0.

Next, for - - <p< g we have

lim (z)P) = lim[|Az,|; =occ  and lim (y)®) = liTmHAyanp =0.

ntoo ntoo ntoo

Hence, we have

ntoo

p
i+ ) > i (1A, <1831, [) = (2.50)

)(p ) is strictly decreasing in p for a sufficiently large n, therefore, the

As the quantity (z +y
above identity naturally extends to p < R%' Combining the identities in (2.49) and (2.50)

completes the proof. H

2.8 Model-free estimation of the roughness exponent

In this section, we will introduce and analyze model-free estimators for the roughness ex-
ponent. To this end, recall that ﬁn(x) =1~ %log2 sp is a consistent estimator for the
roughness exponent of any function z € C|0, 1] whose Faber-Schauder coefficients (6, )
satisfy the reverse Jensen condition. Figure 2.1 illustrates that the estimator performs very
well for sample paths of fractional Brownian motion and yields accurate estimates of the
corresponding Hurst parameter.

0.36 » T ] 0.76 —

0.34 0.74
0.32 [

0.72 T
0.30} [

o
H
+
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Tr 0.68|
026} i t

0.66 |

— —
— —
= —

-

Figure 2.1: Box plots of R for n = 7,...,14 based on 10,000 sample paths of fractional
Brownian motion with R = 0.3 (left) and R = 0.7 (right).

But the estimator En also has a disadvantage: it is not scale-invariant. Indeed, we clearly
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have

R.(A\z) — Ry (z) = —@ for X # 0. (2.51)
As a consequence, multiplying x with a constant factor can lead to negative or unreasonably
large estimates for R and substantially slow down or speed up the convergence ﬁn(x) — R
(note that both the roughness exponent itself and the reverse Jensen condition are scale-
invariant). Naive normalization of the data does not resolve this issue, as illustrated in
Figure 2.2. In the next subsection, we are therefore going to derive intrinsically defined opti-

mal scaling factors and the corresponding improved estimators for the roughness exponent.

0.020F
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Figure 2.2: Histograms of ﬁlg applied to 5000 standardized sample paths of fractional Brown-
ian motion with Hurst parameters H = 0.3 (left) and H = 0.7 (right). Here, standardization
means that each sample path is affinely scaled to have empirical mean zero and variance one.
The red vertical lines represent the empirical means of the corresponding estimates.

When presented with a generic time series, we face significant uncertainty about possible
data scaling that, as discussed above, can lead to significant underperformance of the esti-
mator ﬁ In this section, we will therefore analyze two ideas on constructing scale-invariant
estimators for the roughness exponent out of the sequence (R ). Both ideas will lead to new

estimators that are linear combinations of Rn, . Rn m for a number m.

The first idea consists in looking for a scaling factor \,, that optimizes a certain criterion
over all possible parameters A > 0 and then to take ﬁn()\nx) as a new estimator. In particu-

lar, we will look at the following two choices. A third choice will be given in Definition 2.40.

Definition 2.39. Fix m € N and «y, ..., a,, > 0 with ag > 0.

(a) For n > m, the sequential scaling factor X\ and the sequential scale estimate R (x)

are defined as follows,

A 1= arg min Z Uy k(Rk()\m) }A%k_l()\x)>2 and R;(z):= ﬁn(Afo) (2.52)

A>0 k=n—m
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The corresponding mapping R? : C[0,1] — R will be called the sequential scale esti-

mator.

(b) The terminal scaling factor N, and the terminal scale estimate R (x) are defined as

follows,

n R R 2 R
Al = argmin Z ok (Rn(/\:v) — Rk._l()\x)) and Rl (z):= R,(A\,z). (2.53)

A>0 k=n—m

The corresponding mapping R!, : C[0,1] — R will be called the terminal scale estima-

tor.

We will see in Proposition 2.41 that Definition 2.39 is well posed, because the minimiza-
tion problems in (2.52) and (2.53) admit unique solutions for every function z € C[0, 1]. The
intuition for sequential scaling is fairly simple. The sequential scaling factor A\? minimizes
the weighted mean-squared differences Ek(Ax) - fik_l()\x) for k=m+1,...,n. Since R,
is a consistent estimator, the faster the sequence ﬁk()\x) converges, the more accurate the
final estimate En()\:z:) will be. The idea for terminal scaling is also straightforward: Since
the estimator R, is consistent, the last estimate [/:\Zn(x) should be more precise than any
other previous value fik(x) with £ < n. Therefore, we aim at minimizing the weighted

mean-squared differences ﬁk()\m) and ﬁn(Ax)

Our second idea for constructing a scale-invariant estimator is as follows. It follows from
(2.51) that for A >0
nR,(z) = nR,(\z) + log, .

For an ideal scaling factor A, the right-hand side will be close to nR + log, |\|. There-
fore, the idea is to perform linear regression on the data points (n — m)Ry_m(z), (n — m —

1)]§n,m,1(x), . ,nﬁn(x) and to take the corresponding slope as an estimator for R.

Definition 2.40. Let m € N and «g, ..., o, > 0 be such that Y ;" jay = 1. Then, for

n > m, the regression scale estimate R](z) and the regression scaling factor X! are given by
m

(R (z), A;) = arg min Z Qg ((n — k) (Rn_i(z) — h) — log, )\)2. (2.54)

heR, A>0 1 —g

The corresponding mapping R}, : C[0,1] — R will be called the regression scale estimator.

The following proposition shows in particular that all three estimators can be represented
by linear combinations of the estimators Ek for m < k < n and that they are scale-invariant

estimators of the roughness exponent R.
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Proposition 2.41. Consider the context of Definitions 2.39 and 2.40 with fived m € N and
Qg, ...,y > 0 such that ag > 0.

(a) The three optimization problems in (2.52), (2.53), and (2.54) admit unique solutions
for every function x € C|[0,1]. In particular, all objects in Definitions 2.39 and 2.40

are well defined.

(b) The sequential and terminal scale estimators can be represented by the following re-

spective linear combinations of the estimators Ry,

RZ = Bn,nén + -+ Bn,nfmflénfmfl and Rz = P)’n,nﬁn + -+ ’Yn,nfmflénfmfb

where
( o
14— 0 k=
+ esn?(n—1) f "
1 7 omi an7k71> . - Ok
- - —m<k<n-1 s _ Onk
B c;nk(k—l pr1) nomsk<noLojor = 20k — 1)’
o, o ] k=n—m
asn(n—m)(n—m-—1) k=n-m=1,
and
1 < n—j+1 |
1+C;n2_z On—j ]—1 kain; f Z <TL—]€+1>
nk = j=n—m or C = Oy
Tk k—n " . e k 1)
g (ke otherwise,

Ry == au(n—k)(k—a)Rys, (2.55)

where

m m
a = E agk and " =ad®— g apk?.
k=0 k=0

(¢) The sequential, terminal, and regression scale estimators are scale-invariant. That is,
forn > m, x € C[0,1], and X\ # 0, we have R, (\x) = R.(x), RS(\x) = R:(x) and
Rl (\x) = Rl (z).

(d) If z € C[0,1] is such that there exists A\ # 0 for which |R,(Ax) — R| = O(ay) as
n 1 oo for some sequence (ay) with a, = o(1/n), then |R:(x) — R|, |RL(x) — R|, and
|R; (x) — R| are all of the order O(nay,).
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Proof of Proposition 2.41. We prove (a) and (b) together. Fix x € C[0,1]. For A > 0 we
write ¢ := log, A and we will minimize (2.52) and (2.53) over ¢ rather than over \. Recall

from (2.51) that

R,(2°2) = Ry(z) — %. (2.56)
One therefore sees that the objective functions in (2.52) and (2.53) are strictly convex in
¢. Thus, minimizers can be computed as the unique zeros of the corresponding derivatives.

Differentiating the objective function in (2.52) and summing by parts gives

%% k:;m 0 (Re(200) - ékl(z%))Q
s aoﬁn@) = Oy Oy o1 amﬁn_m_l(x)
=t o) T > Rul@) (k:(k: —k1) & +k1)k> e mm—mo1 257

k=n—m
Setting this expression equal to zero yields the global minimizer ¢,
n

(ﬁfl:_i(ﬁn(l‘). 0ﬁ)1+ 5 }Afkk(x)<ozn_k an_k_l)_fin_m_l(a:). o )

cs n n k—1 k+1 n—-—m-1 n—-—m

-1
k=n—m
Applying (2.56) to }Ain(2¢ix) yields the asserted expression for the sequential scale estimator.

The proof for the terminal scale estimator is analogous. The assertion for the regression scale

estimator follows by standard computations for linear regression.
(c) For n > 0, we have

n

arg min Z Olp—ke (ﬁk()\nx) — }AZk_l()\nx)>2 = 1aurg min Zn: Olp—ke <§k()\x) — ﬁk_l(Ax)>2 =

>0 T x>0 P——

3|2

~

where A? is the sequential scaling factor. Therefore, R? (nz) = R, (A\x) = R (x). The same

argument yields the scale invariance of the terminal and regression scale estimators.

(d) Clearly, we can assume without loss of generality that A = 1. First, we consider the

sequential scale estimator. Using (2.57) one sees that ), £, = 1 so that

~

Ri - R= /Bn,n(én - R) +F Bn,n—m—l(Rn—m—l - R)

Since fpn—r = O(n) for each k, the assertion follows. The proof for the terminal scale
estimator is analogous. For the regression scale estimator, one checks that c% Yo a(n —
k)(k — a) = 1 and proceeds as before. O

Part (d) of Proposition 2.41 implies in particular the consistency of the sequential, ter-
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minal, and regression scale estimators if z € C[0, 1] satisfies |R,(Az) — R| = o(1/n) for some
A # 0. It also enables us to obtain the convergence rate of the estimators RS, R and R!

for the sample paths of fractional Brownian motion with drift.

Corollary 2.42. Suppose that X is a fractional Brownian motion with drift as in (2.44)
and satisfies all the assumptions in Theorem 2.31. Then the following almost sure rates of

convergence hold for the scale-invariant estimator RP with p € {s,t,r},

O(22Vlogn) i HE(,}),
IRe(X)—H|={ 0O (2_”/2n1/2\/—log n) ifH =1, (2.58)
O (Q(H_l)”\/log n) if H e (3,1).

Remark 2.43. A general scale-invariant estimator En can be constructed by solving an

optimization problem of the form

A= arg minZaM@j()\x) — R.(\x)?,

x>0
where «;; are given coefficients, and by setting R,(z) := R,(Az). If the global minimizer \

exists, the estimate R, (z) will be a linear combination of the estimates Ry(z).

The sequential, terminal, and regression scale estimators can be analogously derived
based on the estimator ﬁ;‘;, following the construction outlined in Definitions 2.39 and 2.40.
We denote those scale-invariant estimators by R**, R*' and R*" respectively. Moreover, all
properties established in Proposition 2.41 hold true for the scale-invariant estimators R*?*,
R*" and R*". Applying assertion (d) of Proposition 2.41 to Theorem 2.34 directly yields the
following corollary. It demonstrates that the bias in Theorem 2.34 will be removed without

deteriorating the corresponding rate of convergence.

Corollary 2.44. Suppose that X is a fractional Brownian motion with drift as in (2.44)
and satisfies all the assumptions in Theorem 2.31. Then the following almost sure rates of

convergence hold for the scale-invariant estimator R%P with p € {s,t,r},
|R(X)— H| =0 (2_”/2\/log n) . (2.59)

Let us now investigate the relations between our estimators and the one used in [40]. To
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this end, we let for z € C[0,1], n,k € Nand ¢ € R,

2 | [127/K]
mig kn)i= || D Ielkj27) —alk( =127l

Following Rosenbaum [85], Gatheral et al. [40] assume that there exists a positive constant
b, such that

(kfz_n)_qu(q, k,n) — by, for any fixed k € N, as n 1 oo,

From here, the estimator RY from [40] is computed by way of a linear regression. More
precisely, let I be a finite collection of positive integers and Q be a finite collection of
positive real numbers. For ¢ € Q, the estimate R} (z) of the roughness exponent of the
continuous function x using the ¢ variation is obtained by regressing log, m(q, k,n) with

respect to log, k, i.e.,

2
(R, ,(2),by) = argmin Z (log2 m(q, k,n) —log, b, — qh(log, k — n)) . (2.60)

heR,bg>0 1 =%

Standard computations for linear regression then yield that

Zkelc (10g2 k —log, IC) (lng m(q, k,n) — logy m(q, K, n))

Ry (x) = — )
e 4> ex (logy k —log, K)
where | - | denotes the cardinality of a set and
log, K = Z log, & and  log, m(q, KC,n) Z log, m(q, k,n).

‘ kelC | kek

The simple regression estimate Ry () is then the sample average of R} (z) for all ¢ € Q. In

= ]Q\ ZRU#I

qeQ

other words, we have

The corresponding mapping R? : C[0,1] — R will be called the simple regression estimator,
which is a formal description of the estimator used in [40]. It is also clear that the simple
regression estimator RY is scale-invariant, i.e., for any n € N and =z € C[0, 1], we have
Ry (A\x) = RY(x) for any A # 0. Our next result states that the simple regression estimator

is a particular case of our regression scale estimator under a certain choice of parameters.

Proposition 2.45. Let Q = {2}, K ={1,2,--- ,2™} and ay, = « for all k and some o > 0.

Then, the regression scale estimator R;, coincides with the simple regression estimator R
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for all n > m.

Proof of Proposition 2.45. Since the minimization problems in (2.54) and (2.60) admit unique
solutions for every function = € C[0, 1], it suffices to show (2.54) is equivalent to (2.60) when

taking the above parameters. Let A = 1/y/by, and we rewrite optimization problem in (2.60)

into
2
arg min Z (log2 m(2, k,n) — log, by — 2h(log, k — n))
heR, by>0
n 2
= arg minz (2(]’ —n) + 2logy s,—j + 2logy A — 2h(j — n))
heR, A>0 <5
~ 2
= arg min Za : ((n — J)(Rn—j(x) — h) — log, /\) ,
heR, bg>0 5=
where the second identity follows from [76, Proposition 2.1]. O

Unfortunately, there is no rule of thumb in choosing the weighting parameters («,,) and
the type of scale-invariant estimators. As can be seen from the following figures, the perfor-
mance of the scale-invariant estimators depends significantly on the selection of weighting

parameters () and the actual underlying roughness exponent.

57— 0.76

0.34] 074

0.26

= Wl = gl |
::i JTHHJH\H T '::: JTTITHTTJTT TT U | awe

r 1 0.64
0.24

0 1 2 3 4 5 0 1 2 3 4 5

Figure 2.3: Box plots of RS with ap = @ applied to 1000 sample paths of fractional
Brownian motion with Hurst parameters H = 0.3 (left) and H = 0.7 (right) with n = 14
and m=0,1,---,5.

2.9 The roughness exponent for unequally spaced par-

titions

In this section, we will relax our assumption that the data points for sampling the p*®

variation (x)%p ) of z are located at the n't dyadic partition of the time interval [0,1]. To this
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end, let us first recall that a partition of the interval [0, 1] is a finite set T = {¢, ..., t,,} such
that 0 =ty < t; < --- < t,, = 1. Its mesh is defined as the maximal distance between two
neighboring partition points. A sequence (T,),en, of partitions of [0, 1] is called a refining
sequence of partitions of [0,1] if To C Ty C --- and the mesh of T,, tends to 0 as n 1 co. In
this case, we will generically write T,, = {¢3,t,...,tn, }. For simplicity, we will henceforth
assume that Tg = {0, 1} and that, when passing from T,, to T, 1, exactly one new partition
point is added between any two neighboring partition points of T, i.e., |(t}_1, )N Tyqq| = 1.
This assumption can always be satisfied by re-arranging the partitions; in this case, we have

m, = 2". Furthermore, under this assumption, it follows ¢} = 5, L

In Section 2.1, the definition of the roughness exponent of a continuous function x was
based on the Faber—Schauder expansion of x. The Faber—Schauder functions are clearly tied
to the sequence of dyadic partitions, but, similar to Cont and Das [17], the definition of
the Faber—Schauder functions can be extended to our present setup as follows. First, let
by(t) :=t. Next, for n € Ny and k € {0,...,2" — 1}, we define

;

t _ t’l’b+1
2k . n+1 yn+1
Lt if t € [ty 150),
2k+1 2k
n+1

be o (t) = bogro =t . 1
nk(t) 1= 4 ST if € [t5 0, thrya)s
2%+2 — Lokt1

0 otherwise.

\

It is shown in [17, Section 3.3] that any function x € Cf0,1] can be represented by the

following uniformly convergent series,

oo 2™M-—1

2(t) = £(0) + (2(1) —z(O)t+ Y > Onsbmi(t),  t€[0,1], (2.61)

m=0 k=0

where
0 . x(tn—i-l ) _ T2k+2 2k+1 ( n+1) _ T2k+1 2k
nk - 2k+1 grtlyntl 2k grtlyntl
2k+2 2k 2k+2 2k

o (tyy o) (2.62)

will be called the generalized Faber—Schauder coefficients of x. For p > 0 and n € N, we

define the p' variation of the function x along T,, by

2" —1

(@)=Y |a(ti) — e
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If there exists ¢ € [1, 00| such that

lim (z)® = ’ p=a
oo o p<gq,

the roughness exponent of x (with respect to (T, )nen,) is defined as R = 1/q. The fol-
lowing definition formulates the reverse Jensen condition for the irregular Faber—Schauder
coefficients defined in (2.62).

Definition 2.46. We say that the coefficients (6., k) of = satisfy the reverse Jensen condition
if for each p > 1, there exists a non-decreasing subexponential function g, : N — [1, 00) such
that

<n 12m -1 o 02 )p/2 ) <2n—1 n—1 gfn,mm_nﬂkJ )p/z
m=0 k=0 ke =l lohyo ~ B a k=0 m=0 tﬁm‘"kJH tﬁm k]
—12m-1_1 02 62
mk mk p/2
m—0 k=0 b1 — Lok 2k+2 — L2k+1

To formulate our extension of Theorem 2.4 to unequally spaced partitions, we need an

additional condition on our partitions sequence. Let us denote
o p— n n -3 n n
T 1= Sl;p [thy —ty] and m,:= 1%f [ty — Ll

We will say that the sequence (T, )nen, is well-balanced if there exists a non-decreasing

subexponential function s such that

T
sup — < k(n), n € Ny.
k<n T

The similar but slightly different concept of a balanced partition sequence was introduced

earlier by Cont and Das [18, 17]. Furthermore, for n € N, we now denote likewise

n—12m—1
~ 1
Sy 1= Z Z 277%92”7,C and R,(z)=1- Elogz Snp.-
m=0 k=0

The next theorem shows that the roughness exponent defined over a sequence of well-

balanced partitions, its value can be obtained from the sequence (s, )nen-

Theorem 2.47. Suppose that the generalized Faber—Schauder coefficients of x satisfy the

reverse Jensen condition and the partition sequence (T, )nen, s well-balanced. Then, the
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function x admits the roughness exponent R if and only if the finite limit r := lim, ﬁn(m)

exists, and in that case, we have R = r.

Finally, let us show that the main result of dyadic partitions can be directly recovered
from Theorem 2.47. Suppose (T},)nen, is the sequence of dyadic partitions and the function
x € C|0,1] admits the Faber—Schauder coefficients (fi,, ). Then it follows that

Hm ke = 2m/2+19m,k and Sp =

S5

m=0 k=0

l\DlH

which then reproduces Theorem 2.4.

2.10 Proofs for the results in Chapter 2

2.10.1 Proofs for the results in Section 2.4

For the convenience of exposition in subsequent proofs, we introduce the following notation

used in this section exclusively. For a centered Gaussian process X, we denote
s {(X% —X%)(X% —X%ﬂ, (2.63)

for m,n E N, 1< j < 2™ and 1 < k£ < 2" In particular, when the arguments m = n, we

denote (b ik = qu » in short. Moreover, we write
Ux(s,t) =E((X, — X,)?), s,t > 0.
In this section, we assign the Gaussian process X to be either the trifractional Brownian

motion Z7K or the n''-order fractional Brownian motion W™,

The proofs of the above theorems intensively rely on proper upper bounds of QS;.TZ’TL) for
both processes. The following lemma derives upper bounds of qbﬁ’n) for the trifractional

Brownian motion, which are needed in the proofs of Theorem 2.20.

Lemma 2.48. For H € (0,1) and K € (0,1), we denote

2 .
2n 2m

om oM

o) | (21 - 2) (24 - 228)]
The following inequalities hold:
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(a) For1 <j<2™and1l <k <2,
¢§j7]z7”) < L12—(n+m)HK(k, _ 1)HK—1(]~ _ 1)HK—1’ (264)
where Ly = 2K(1 — K)KH? > 0.

(b) For1<j<2m 1<k<2"and H>1/2,

_ 1)2HK—4H (k _ 1)2HK—4H

¢§’7]r:n) S LQ(]k)ZHfl mln( (]

92Hn+(2HK—2H)m’ 22Hm+(2HK—2H)n> ’ (2.65)

and for 1 < j<2m 1<k <2"and H <1/2,

(m.n) on—1 . ( (j— 1)2HK-AH (] 1)2HK-4H
¢j p | < Lo [(] — 1)(/€ — 1)} min (22Hn+(2HK—2H)m7 22Hm+(2HK72H)n>’ (2.66)

where Ly = 4K(1 — K)H? > 0.

(c) Form,neNand 1 <k <2,

grjzn) < Ly(k — 1>2HK*1*2H2*2Hm+(2H~2HK)n’ (2.67)

where Ly =2HK (1 — K) > 0.

(d) Form,neNand1 <k <2,
o\ < 2HK (k — 1)K 1921 KN, (2.68)

Proof of Lemma 2.48. First, we prove inequality (2.64). For s,t > 0, we get

02Cly x

a0t (5,t) = 4K (1 — K)H*(t* 4 1)K =2(s)2 1 < 2K K (1 — K)YH?(st)5 1. (2.69)

For 1 < j <2™and 1 < k < 2" applying (2.69) to the following integral representation
leads to

b = CHK(; i%) * CH’K<k2_n 1’ %) OHK(; ]2m1> - CH’K(k =2 )
k/2m j/em aQCH,K
/ —1)/2n J(j—-1)/2m dsot

82CHK
s, )dsdt < 2t gy s, t
(5:) N k— 1<2133<k dsot (5,%)
j—1<2m<y

P _ HK-1
< 2—(m+n)L1 ((] 2177)1%1 1)) _ L12—(m+n)HK(k . 1>HK—1(]~ . 1)HK—1'

The last inequality holds as HK < 1. Next, we prove (2.65) for H > 1/2. As K —2 < 0,
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one has )
0°Cu.x

0s0t

(s,t) < Lymin [325’(1"'—2)7 t2H(K—2)] (st)2H1,

Therefore,

¢%,n) < L2707 sup (min [S2H(K—2)7t2H(K—2)] (St)ZH—1>

k—1<2"s<k
j-122miZ]
_ L22—2H(m+n) min [(] — 1>2H(K—2)’ (k — 1>2H(K—2)] < ]k >2H—1'
om on om~+tn

Rearranging this inequality gives (2.65), and the proof of (2.66) is analogous. Let us now
prove (2.67). To this end, for each fixed m € N, we take g(t) := Cy x(1/2™,t). Clearly, g
is continuous over [0, 1] and differentiable over (0,1). Furthermore, since K < 1, we have
(14 (27™/t)*H]E=1 > 1 4 (K — 1)(27™/t)?". Thus,

9-m\ 2H1 K—1
0.< g(t) = 2HK 7K [1 -1+ ()] } < LMK 12 g2,

By the mean value theorem, there exists 7 € [(k — 1)/2", k/2"] such that

< Ly(k — 1)2HK-1-2Hg=2Hm+(QH-2HK)n
where the last inequality holds as 2HK — 1 — 2H < 0. This completes the proof of (2.67).
Finally, as ¢/(t) < 2H Kt*5=1 it leads to

k—1\QHK-1)n
) 2—'n — QHK(IC . 1)2HK—12—2HK77,.

U < 2HK (S5
Thus, we complete the proof of (2.68). O

Proof of Theorem 2.20. For n € N and o € R, we let §¢ := 20n(ZHK\2) i short. As the
trifractional Brownian motion is a centered Gaussian process, it then follows from Isserlis’

theorem
27L

2n
E(S2) =2"Y "¢} and var(S9) =22 N (5002 (2.70)
k=1

jk=1

In the sequel, we start by analyzing the limits of E(SY) and var(S%) as n T co. Subsequently,
we discuss case by case to prove (2.31) and (2.33). Finally, we prove (2.32) and (2.34). First,
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applying (2.64) gives

2" 2n—1
E(SY) = 29m <¢§nl) I Z%(cnlz) < 2(a—2HK)n(<2 _oKy 4L, Z k2HK—2)' (2.71)
k=2 k=1

Seeing that for 2HK —2 < —1, one has Y ;- | k*#%~2 < oo. This implies that if HK < 1/2,
we have E(S%) | 0 for « < 2HK as n 1 oo. For HK > 1/2, one has

2" —1

2n
>R < / HE=2qr — (QHK — 1) 12@HK=1n, (2.72)
k=1 0

Inequalities (2.71) and (2.72) then imply that for HK > 1/2, E(S%) J 0 for a < 1 as n T 0.
Last, for HK = 1/2, we have
2l
E(S%) < 2<a-1>"((2 ORI —) = 200 (2= 25) 4 Lyhy),

k
k=1

where hon denotes the 2™-th Harmonic number, and hon ~ nlog?2 as n T oo. Thus, we have
E(S%) | 0asn 1 oo for « < 1 and HK = 1/2. Next, we discuss the upper bounds for
var(S%) case by case. By the Cauchy-Schwarz inequality, one has (¢§”,2)2 < ¢>§”1) gﬁé",z Then,

var(sg) < 22 (37 (o2 423 (00)?) < 22 (3D (05?23 ool)),
J,k=2 k=1 7,k=2 k=1
From (2.71), one get
2m 2" —1
92an Z ¢§7,11)¢](;t) < 2(2a—4HK)n(2 oK) <(2 oMy 1, Z k2HK—2)
k=1 k=1
O(22(a—2HEK)n) for HK € (0,1/2), (2.73)
= § O(22@=bnp) for HK =1/2,

O(2Ra—2HK=1)ny  for HK € (1/2,1),
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as n T co. Moreover, following (2.64), we have

2m 2n 2n

92an Z (gbﬁ))Q < L2 Z 2(2a—4HK)n(jk)4HK 2 _ (L o(a—2HK)n ZszK—1)2
jik=2 k=1 k=1
O(22—2HK)my  for HEK € (0,1/2), (2.74)
= { O(2¥a=np2) for HK =1/2,
O(22(a=bn) for HK € (1/2,1),

as n T oo. Subsequently, the results (2.31) and (2.33) follow directly from the Borel-Cantelli
lemma. By virtue of the Borel-Cantelli lemma, the fast L*-convergence, i.e., > - var(S%) <
00, guarantees the almost sure convergence. For instance, inequalities (2.71), (2.73) and
(2.74) imply that E(SS) | 0 and Y7 var(SS) < oo for « < 2HK and HK < 1/2. There-
fore, S& converges to zero almost surely. The proofs for HK = 1/2 and HK > 1/2 also
follow from (2.71), (2.73) and (2.74) analogously. Thus, we complete the proof of (2.31) and
(2.33).

Now, let us proceed to prove (2.32). There exists a (dependent) sequence of standard
normally distributed random variables {Y},,n > 1}, such that

ZHE — \J9 — oK~ HEny (2.75)

Therefore, for HK < %, a > 2HK and any given M > 0, we get

2
P(Se < M) <P <2a" (ZiK) < M)

omn

(2HK—a)n 1/2, 2CHK-)n pp
-2 S2<2—2K>M>‘ i i/ >7

where v(k, z) = foz tF=le~tdt is the lower incomplete gamma function. By change of variables

and Taylor expansion, we have

(2HK - a)nM

2
- a)n
(1/ : 2(2 - ) / = zK)M 2 [2@HK-an )y
~Vr

<1/2> ~Vr\ 2e—28)

asn T oo. As 2HK — a < 0, the Borel-Cantelli lemma implies that S converges to infinity

+ 0(2(3HK—%a)n)’

almost surely. This completes the proof of (2.33).

Before proving equation (2.34), let us recall the definition of the Lei-Nualart process
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(GE)i>o. For K € (0,1), the Lei-Nualart process is defined as
GE :/ (1—e*)s 2 dB,, (2.76)
0

where B is a standard Brownian motion. Lei and Nualart [67] show that the process G¥ has
trajectories which are infinitely differentiable on (0, 00) and absolutely continuous on [0, co).

As a result of the following construction in [67]

| K
FHK _ K
t r(1— K)Gt““

the trifractional Brownian motion Zf K also admits infinitely differentiable trajectories on

(0,00). With slight abuse of notation, let us denote the first- and second-order derivatives
!/ "
of ZtH’K by (ZtH’K> and (ZtHK) respectively. For any n € N and k£ > 2, we have

2n 2n 2n om

/ "
28K 2 (2) w2 (28]

where ug,, € (k—1,k). Hence,

2 A 2
(z}jf( —Ziy ) =7 ((ZT) ) +0(27).

/
As (ZtH ’K> is still continuously differentiable on (0,c0) by composition, we have for any
e >0,

2n 2 2n N 2
m 3 (2 o) - > o ((2g) ) +oe
1 I\ 2
:/ ((Zf“) ) dt.

HK ! )2
As Z,7" is non-constant almost surely, / ((Zt ’ > ) dt is positive almost surely. As a
£
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result, for a > 1, we have

on 2
lim Sy > lim 2@ bn Z 2" (ZI:’K — fo)

ntoo ntoo

1 I\ 2
= liTm 2(0‘_1)"/ ((ZtHK) ) dt = oo, Q-a.s.

This completes the proof of the result (2.34). Hence, we complete the proof of Theorem
2.20. O

Proof of Theorem 2.22. Throughout the following proof, we adopt the notations in (2.63)
with the n-th order fractional Brownian motion. Now, we let S¢ = 2°"(WHm)  Applying
Taylor expansion with z = 1/t yields

Yyrm(t,t—1) = (—1)7”0}?<m 1 ( 7)( R A N (R B e A e 1)2H> - 1>
):

<2]H —2H 2H 41— )J'_l—(l—z)QH)—1>

<2H) ,QH 2H)2 + Oz )) _1>
= (-1)"Cy <2H (2H — 1 mZQ <2H 2) o 1) Lo

J=

u
O

2H —3
=Cp) ( o >t2H2 + (=1)™HCy 4+ O3,

Asm >2and H € (m—1,m), we have 2H — 2 > 0, and this gives
1 (2H — 3 _
Yyrm(t,t—1) ~ C’H_11<m ) )tQH 2 as t1 oo
As the m'™ order fractional Brownian motion is H-self-similar, then

o
Z o8 = 272N (b — 1,k) = O(27™") as n T oo. (2.77)
k=1

Therefore, E(SY) = O(2®=Y") as n 1 oo. Now, let us recall that the Cauchy-Schwarz
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inequality gives (¢§T;j)2 < ¢§-Z) ,(;2, which leads to

2

2” 2n
var(S7) = 21 3 (9 < 2| D e | = 0277,
j,k:l k=1

This then gives the fast L?-convergence for the case a < 1, which guarantees the almost sure

convergence. Hence, the result in (2.35) is then verified.

The proof of (2.36) follows analogously as that of (2.34) in Theorem 2.20. Following [91,
Remark 2.3], W™ is (m — 1) times differentiable. Thus, for m > 3, the arguments in the
proof Theorem 2.20 can be applied to the m'™ order fractional Brownian motion. Hence, we

complete the proof of Theorem 2.22. O

The following proposition is needed to study limit theorems at the critical cases, i.e.,
a =1 in part (b) of Theorem 2.20 and a = 1 in Theorem 2.22.

Proposition 2.49. Let X be a centered Gaussian process. If

sup 2"E [(X)ﬁf)] < o0, (2.78)

neN
the weighted quadratic variation 2”(X>%2) converges to some non-constant random variable
in L? asn T oo for all p € (1,00).

Proof. According to [94, Theorem 2.1], it suffices to show that the double limit

2m 2m
Jm 27D ()
’ k=1 j=1

exists. For simplicity, let a,,, := 2"+ Zill Z?:l(¢§";n))2 The Cauchy-Schwarz inequality
leads to

(™M) < l(Xk - X“)z] E {(X - X-lﬂ COMO)
ik - 27 T ot T 5. Phk:

Therefore,

on  gm 2" 2m
e <27 ST ST 00 = (230 ) (230 0.
k=1 j=1 k=1 J=1

By the condition (2.78), the double sequence (@, 5 )m.nen is uniformly bounded. Thus, there
exists M > 0 such that sup,, , ¢y, < M. Next, for any m,n € N, we have

2
m,n m,n+1 m,n+1 m,n+1 m,n+1
(05r™)? = (0 + o5t ) < 2( (052 + (6mmi))?).
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Therefore, one has

n

on m om
m , n—+m 1 n+1
=2 SIS < 2SS (6 ) =

k=1 j=1 k=1 j=1

By an analogous argument, one also gets @, ,, < @y+1,. Therefore, for each fixed m € N,
there exists a positive non-decreasing sequence (b,,) such that lim, 1o Gmpn = liMytee Gpm =
by. As by, < M for all m € N, there also exists a positive constant b such that 0 < apy <
b< M and b,, T b as m T cc.

Next, we will show the double limit lim,;, pto0 @, n €xists and is equal to b. For any € > 0,
there exists my(e) such that for all m > my(e), we have 0 < b — b, < €/2. Moreover, let
us select nq(e) such that for all n > ni(€), 0 < Gpy(e)n — by < €/2. Taking N(e) =

max|n; (€), my(€)], one has for m,n > N(e),

b— Qm,n <b-— Ay (€),N(e) < (b - bm1(6)) + (bml(é) - aml(ﬁ)vN(E)) <e

The first inequality holds as the double sequence a,, ,, is increasing in each argument. There-
fore, the double limit lim,, p1oo A exists and limy, o0 @mn = b > 0. Thus, by virtue of [94,
Theorem 2.1], the weighted sum 2"(X >$12) converges to some non-constant random variable

in L? for all p € (1,00). This completes the proof. O]

Proof of Theorem 2.24. First, we prove assertion (a) for the case 2H < 1, and the proof for
the case 2H > 1 is analogous. According to [94, Theorem 2.1], it suffices to show that the
double limit

nlif?oo 92H K (n-+m) Z Z (2.79)

k=1 j5=1

fails to exist. To this end, for n,m € N, we denote a,,, = 227K+m) S22 ?Zl(d)%’n)y'

Next, we show the limit limmoo ann exists and is strictly positive. By the Cauchy-Schwarz
inequality, we have ((b( ) < qS i ¢k & then

2n 2m 2"
o < < 92HK (n+m) Z Z ¢k k(b” (22HKn Z ¢l(cn13:> (22HKm Z ¢M )
k=1

k=1 j=1

From (2.71), if HK < 1/2, the sequence (Zf:l ¢§?))meN is uniformly bounded. Hence,

there exists M > 0, such that sup,,, @m, < M. As the trifractional Brownian motion is
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H K -self-similar, then

2n 2n 2n 2n

2

= D0 @G = TS TE[(2 - 2t) (2% - 2K)]
k=1 j=1 k=1 j=1

Therefore, (an,)nen forms a non-decreasing uniformly bounded sequence. Hence, the limit
limy1e0 Ay exists and limygeo @npn > ago = E([ZH5(1)]2) = (2 — 2K) > 0.

Now, we show that for each fixed n € N, lim,10 @ = liMyyteo @y = 0. For k£ > 2,

inequality (2.66) yields

gm 2"
92H K (m-+n) Z(¢§n]zn)>2 < (k — 1)K AH=29UH -2 K)ng(2HK—4t)m (Lg Zj4H_2 i Lg)
j=1 =1

If H < 1/4, the sequence (j4772),cy € ¢;, and 22HK(m+n) Z?:l(gbyz’"))Q converges to zero as
m 1 oo. If H > 1/4, one has

om m
o(2HK—4H)m ij—z < 9(HK—1H)m /2 B2 — (4H — 1)~ 19@HE-Dm,
=1 0
Therefore, 22K (m+n) Z?:l(qﬁ%n))z = O(2@HE-Dm) converges to zero as m 1 oo. Last, if
H =1/4, then 232’:1 1 = hom ~ mlog2, where hom is the 2™-th Harmonic number. It then
implies that 22HK(m+n) $27" (¢>§.7TZ’"))2 converges to zero. For k = 1, it follows from (2.68)

j=1
that

2m 2m
22HK(m+n) Z(¢T£n)2 S 22HK(n—m)+2H2K2 Z(] _ 1)4HK—2
7j=2 j=2
O(2- 2 Km) for HK < 1/4, (2.80)

=q 027 #Emy)  for HK =1/4,
O(2HE=1)m) for HK > 1/4,

as m T co. Finally, for each n € N, we have
O < 22HK(m+n)(¢§"1lvn))2 S 22HK(n—m)‘ (281)

The above inequalities in together imply that for each n € N and 1 < k < 2", we have

2m
Jim 27K Y () = 0.
j=1
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Hence, we have limy o0 @y e = liMyypoo @y = 0. However, as previously proved, limy oo @y 5 >
0. Therefore, the double limit (2.79) does not exist, and we then complete the proof of as-

sertion (a).
We now prove assertion (b). Following (2.71) and (2.72), we have

on

L
2" g < (2 - 28) 4 L
sup > o < ( )+ S
k=1
Then Proposition 2.49 implies the assertion (b). O

Proof of Theorem 2.25. This theorem is a direct corollary of Proposition 2.49 and (2.77). O

2.10.2 Proofs for the results in Section 2.6

To prove Theorem 2.30, we start with the following proposition, which provides the speed

of convergence in Gladyshev’s theorem [41] and is of possible independent interest.

Proposition 2.50. For ¢, as in (2.43) and any H € (0, 1), there exists a constant ¢ such

that

‘Qn(zH_1)<WH>£l2) _ 1’
lim sup <c Q-a.s.
ntoo nen

Proof. Let Z, be the 2"-dimensional centered Gaussian vector with components
Zk = 2R (W, - W(Ig_nzfn)

Then || Z,|[;, = on(H-1) (W HY?)  Denote by I, the covariance matrix of Z, and by T}, its
trace. According to the following concentration inequality from [5, Lemma 3.1], there exists
a constant A such that for all n and each § > 0,

52

Q[[1Zull, - To] > 8] < Aexp (= =),
120l = i,
where ||T',, ||, is the spectral norm of I',,. It was shown in [60, Equation (15)] that tracel,, =
1, and ||T||, < ~b,, where v is a positive constant and b, = n’2/logn. Taking 6, =
2v/270, Tog n = ne,\/8y yields Q||| Z,ll,, — 1| > 0,] < A/n?, which is summable. The Borel-
Cantelli lemma hence implies that [|[Z,[[,, — 1| < d, eventually with probability one, and
SO

on(2H-1) (}/ H g) 1
lim sup ‘\/ ; ) ’ <1 Q-a.s.

nToo n
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Using the fact that /14 x — 1 ~ /2 for x — 0 now yields the result. O

Proof of Theorem 2.30. We start by establishing the reverse Jensen condition. Consider
the probability space (€2,.%#,P) supporting the random variables (V},,) from (2.10). Then
(Sm)men = (27602, omy, Jmen is a sequence of random variables defined on the product space
(Q x ﬁ, F 9, P®Q). According to (2.15), we must show that for every p > 1, with Q-

probability one, there exists a subexponential function g, and n, € N such that for n > n,,

n—1 n—1 /
E[an(H—n mzzo Sm] p/2 <E |:<22n(H—1) Z Sm)p 2]

p/2
< o(n [22nH 1) Zsm}

(2.82)

where the notation E denotes as usual the expectation with respect to P. To this end, we

note that Q-a.s. as n T oo,

o1 o2 n—12m-1 /2
]E|:22n(H71) Z Smi| <2n(2H 1) 2 n Z Z 9 )
m=0

m=0 k=0
_ (Qn(QH—1)<WH>£12))p/2 1,

(2.83)

where the second identity follows from (2.13) and the convergence from Proposition 2.50.

The self-similarity of fractional Brownian motion implies that

2" —1

Y, = 20D (0 — onH=D Nl — W)
(2.84)

21

S WL Wi
where ~ means equality in law. Since the increments W,fH — W are standard normally
distributed, the Q-expectation of Y,, is bounded from above by a finite constant ¢, uniformly
in n. It follows that Q[Y,, > n?] < ¢/n?, and a Borel-Cantelli argument yields that Y,, < n?
for sufficiently large n, Q-a.s. In conjunction with (2.12) and (2.83), this establishes the
right-hand inequality in (2.82) with g,(n) = 2n*/A,. For the left-hand inequality, we take
g > p and note that by (2.84) and Jensen’s inequality,

2" —1 2m—1

o (g o) e S -
k=0
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Since the increments W,fH — W/ are standard normally distributed, the Q-expectations of
Y, ¢ are also bounded from above, uniformly in n, as —p/q > —1. A similar Borel-Cantelli
argument as above then yields that Y,, > 1/n?? for sufficiently large n, Q-a.s., and we obtain
the left-hand inequality in (2.82) with g,(n) = 2B,n??. Thus, both inequalities in (2.82)
hold, e.g., with g,(n) := 2(A;' V B,)n?®*1). This establishes the reverse Jensen condition.

Next, it follows from Propositions 2.50 and 2.16 that ﬁn(WH) — H Q-a.s., and so
Theorem 2.4 yields that the sample paths admit the roughness exponent H with probability

one.

Finally, we prove the rate of convergence (2.43). Using (2.13), one checks that
D H 1 n(2H-1) H\(2)
H—-R,(W ):2—log22 (W),
n

Now the assertion follows from Proposition 2.50 and the fact that log,(1 + ) ~ z/log 2 for
xz — 0. ]

To prove Theorem 2.31 and Theorem 2.32, we assume without loss of generality that
g = 0. Furthermore, we may assume without loss of generality that £, = 0. To see why, we
rewrite (2.44) as

t
Xt = (WtH + fgt) —|—/ (63 — f(]) ds. (285)
0
Theorem 4.1 in [80] states that the law of W is equivalent to the one of (W} + &t )o<i<r.
Since absolute continuity is a transitive relation, our claim follows.

Our approach to proving Theorem 2.31 combines the Kadota—Shepp Theorem [59] with
the transformation theory developed by Norros et al. [80]. The proof of Theorem 2.32 further
requires the result concerning the law equivalence of Brownian motion with drift by Yershov
[96].

We briefly summarize the results in Kadota and Shepp [59] and Yershov [96]. The proofs
of the above results can be found in [68, Chapter 7).

Theorem 2.51 (Kadota and Shepp). Let X be an [to process of the form
t
Xt = Wt + / 55 dS, 0 S t S T, (286)
0
for some progressively measurable process €. IffOT £ dt < oo Q-a.s., then the law of (X;)o<i<T

is absolutely continuous with respect the law of (Wy)o<i<r-
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Theorem 2.52 (Yershov). Suppose that X is a diffusion process satisfying the stochastic

integral equation

t
Xt=Wt—|—/7(s,X)ds, 0<t<T, (2.87)
0

where 7y is progressively measurable with respect to the natural filtration of W. If fOT y(t, X)? dt
and fOT'y(t, W)2dt are both Q-a.s. finite, then the law of (X;)o<i<r is equivalent to the one

of (Wi)o<e<r

Let us now present the results in [80] in a nutshell. Following the notion therein, we

define the following constants,

o 2HT(3/2 — H) - 1 o ci
"N T 1202 -2H) T 2HTG - H)L(H+1) 7 2H(2-2H)/*

We also let
w(t,s) = s H(t — s)V/2H 0<s<t<T.
It is shown in [80] that the following integrals exist @Q-a.s. in a pathwise sense,
t t
Y, = / YR AWH and M, = / w(t,s) dWH. (2.88)
0 0

Moreover, Theorem 3.1 in [80] states that M is a continuous Gaussian martingale with
quadratic variation (M); = c3t>~*. In Theorem 3.2 and Remark 3.1 of [80], it is furthermore

proved that Y and M satisfy the following relations,

t t
M, = cl/ (t—s)V/27Hdy, and Y;= 2H/ (t — s)"=12 dM,. (2.89)
0 0
It follows that the process
2H [ H—-1/2
B =" s dM, (2.90)
Cy 0

is a standard Brownian motion. Theorem 5.2 in [30] states that W*# can be recovered from

B as follows,

t
wH = / ((t,s)dB;, (2.91)
0
where for 0 < s <t <T,
t\ H-1/2 t
C(t,s) = e {(g) (t— s)H-V2 _ (H — 1/2)s"/2H / W32 (0 — ) H=12 gy | (2.92)
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It follows that there is a one-to-one correspondence between W and B. In particular, the
respective natural filtrations coincide up to sets of measure zero. Our proof is based on
extending these arguments to the process X by employing analogous transforms on its drift
term fot & ds.

In the sequel, we shall work in a strictly pathwise manner for a fixed sample path &
that satisfies our assumptions in Theorem 2.31. Under these assumptions, we may define in

analogy to (2.88),

t t
= / sV He ds and  py = / w(t, )& ds. (2.93)
0 0

The function 7 is clearly absolutely continuous with derivative 1, = s/27H¢, and so we have

¢ ¢
py = ¢1 / (t — )2 H 2 e (s = ¢ / (t — s)/2~Hy ds, (2.94)
0 0

which is the analogue of the first relation in (2.89). An analogue of the second relation in

(2.89) is proved in the following lemma.

Lemma 2.53. Under the assumptions in Theorem 2.31 and the additional assumption & =

0, the function t — py is absolutely continuous with bounded derivative p, and we have
t
= 2H/ (t —s)T=12)0 ds. (2.95)
0

The proof of Lemma 2.53 needs the following short lemma.

Lemma 2.54. If f : [0,T] — R is Holder continuous with exponent 8 € (0,1], satisfies

f(0) =0, and « € (0,), then f(t) :==t"*f(t) is Holder continuous with exponent 5 — c.

Proof. Let ¢ > 0 be such that |f(t) — f(s)| < c|t —s|’ forall s, € [0,1]. Let 0 < s <t <T
be given. If s = 0, then f(s) = 0 and ‘f(t) — f(s)‘ = t72|f(t)| < ct’~™. Now suppose
that s > 0. Using the inequalities |f(t) — f(s)| < c|t — s|°~|t — s]* < |t — s|P~*t* and
[f(s)] = 1£(s) = F(O)] < es” yields

(&) = Fo)] < t1f () = f()| + (7 = s~ f(s)] < clt = 5|7+ et — 575",
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For the rightmost term, we have

t t
(t7 — 57" = a/ PrPrfalgr < a/ rf=elar
S S

! a
= (P < — |t — sfe
et )< 5—li—d
This completes the proof. O

Proof of Lemma 2.53. We start with the case H < 1/2, in which the derivative " is bounded.
Equation (2.94), our assumption H < 1/2, and the boundedness of 7, imply that ¢ — p; is
also absolutely continuous with bounded derivative

t
= ca(/2 = H) [ (6= ds
0
Thus,
t t s
/(t s)H-1/2 wods = cy(1/2 — )/(t )H_l/z/ (s — )"0 dr ds
0
a(l/2—H /n/ $YHV2(s — p)~H=12 ds .

After the change of variables s = r 4+ u(t — r), the inner integral becomes
1
(t — r)1+H—1/2—H—1/2/ (1 — ) =12~ =12 gy = T(1/2 + H)T(1/2 — H).
0

This gives (2.95) in case H < 1/2.

For H > 1/2, recall that we assume that & is Holder continuous with some exponent
o > 2H —1. Let I} + denote the fractional Riemann-Liouville integral operator of order
£ >0, ie.,

5 _ Lt e .
10+f<t)_r(ﬁ)/0 i (T fe D)

Furthermore, the fractional Riemann-Liouville derivative of order 5 € (0, 1) is given by

3 B 1 d [t f(s)
DL, (t)—m%/o(t_s)ﬂds, 0<t<T,

provided the expression on the right makes sense. When defining p; as in (2.94) and letting

gt = t1/27H¢, we can write
pe=aiT(3/2 — H)I7e(). (2.96)
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By Lemma 2.54, é is Holder continuous with exponent A := a+1/2—H > H—1/2. It follows
from [86, Lemma 13.2] that £ € I~ /*(L*[0,T]). In addition, (2.96) and [36, Theorem 2.3]

yield that p, is absolutely continuous. Its derivative is given by

/ d ! g —1/2¢F
My = CIE/O m ds = 61F(3/2 — )D(ﬁ_ I/Qf(t). (297)

To see that ' is bounded, we use [86, Lemma 13.1] to conclude that there exists a function
1 that is Holder continuous with exponent A — (H — 1/2) > 0 such that

1 = eT(3/2 — HYDE2¢(t) = t;l—?ﬂ +(t) = er& + (1)

Hence y; is Hélder continuous and in particular bounded.

By [86, Theorem 2.4], we can recover 2 from ' as follows,

aI'(3/2 — H)E = ]gi—l/QM/@) = I‘(Hi 72) /0 = SZ/Q_H ds. (2.98)

Integrating with respect to t and using Fubini’s theorem yields,

Y . dsd
" /5 T ch(3/2— —1/2// r—83/2H v

! H-1/2 /
= 01F(3/2—H)F(H_1/2) _1/2/0(75 sYH=2)0 s,

This is (2.95) in our case H > 1/2, because one checks that the constant in front of the

integral is equal to 2H. O

Proof of Theorem 2.31. Note that Lemma 2.53 allows us to make the following definition,
which is analogous to (2.90),

2H
B, = o ) sH V20 ds. (2.99)

By using the two identities (2.94) and (2.95) we can argue exactly as in the proof of [80,
Theorem 5.2] to get that

/t £.ds = /tg@,s)ﬁ; ds. (2.100)
0 0
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From (2.89) and Lemma 2.53 we now get the pathwise identity
¢
YtX = / sSY2HAX =Y, + .
0

which shows that Y is a semimartingale with decomposition Y;¥ = Y; + n;. Furthermore,

we have

t
MX ::/ w(t,s)dY = My + .
0

Finally, we let

x . 2H [ H-1/2 gprX
Bt = — S dMS = Bt + ﬁt- (2101)
Cy 0
By (2.91) and (2.100), we have
t
X, = / ((t,s)dBY, (2.102)
0

and so X can be recovered in a pathwise manner from B*.

Next, we have

T 4H? [T
[ e ="5= [ i < oo, s, (2:103)
0 0

Ch
because 4/ is bounded by Lemma 2.53. Hence, Theorem 2.51 yields that the law of BX is
absolutely continuous with respect to the law of B. Therefore, the assertion of Theorem 2.31
follows from (2.91) and (2.102). O

Proof of Theorem 2.52. For H < 1/2 it is obvious from Theorem 2.51 that the law of X is
absolutely continuous with respect to that of WH. For H > 1/2, we use the fact that the
sample paths of W and in turn those of X, are Q-a.s. Holder continuous with exponent
g for every 5 < H; see, e.g., [75, Section 1.15]. Therefore, the trajectories t — b(X;) are
Holder continuous with exponent af. By assumption, a H > 2H — 1, and hence there exists
B < H such that af > 2H — 1 as well. Hence, Theorem 2.51 gives absolute continuity.

To prove that the law of (zg+ W/ )o<i<7 is absolutely continuous with respect to the law
of (Xi)o<i<r, we may once again assume without loss of generality that xy = 0; otherwise
we replace X; with X; — xg and b with b(- + z). Moreover, as in (2.85), we may assume
without loss of generality that b(Xy) = b(xo) = b(0) = 0.

Our goal is to apply Theorem 2.52. We have seen in (2.101) that BX = B; + 3;. Using
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in addition (2.99) and (2.102), we see that

t
B :Bt+/ v(s, BX) ds
0

where

2Hc d [t st2H
X <41cy HH=1/2 D'e
y(t,BY) = dt/ (SR (/ ((s,7)dB; ) (2.104)

CH

We conclude from (2.91) that

t o gl/2-H

In the proof of Theorem 2.31, all we needed to conclude that the quantities on the right-
hand side of (2.104) are well defined and that t — 3] = (¢, BX) is Q-a.s. bounded were
our conditions on b and the Q-a.s. Holder continuity of the sample paths of X. Since the
trajectories of WH possess the same Holder regularity, we conclude that also t + ~(t, B)
is Q-a.s. well defined and bounded. In particular, fOT v(t,B)?dt < oo Q-a.s. It follows
that the conditions of Theorem 2.52 are satisfied so that the equivalence of the two laws is

established. n

Proof of Theorem 2.34. 1t is shown in Theorem 2.31 that the law of X is absolutely con-
tinuous with respect to the law of W# + z,. Hence, it suffices to prove this assertion for
the fractional Brownian motion W#. We denote the Faber-Schauder coefficients of W# by

(Om k). Now, let us consider the 2"-dimensional centered Gaussian vector
- T
Zn = 2n(H 2 (en,()a 9n,17 e 79n,2”—1) )

Rearranging terms in (2.24) yields that

~ 1
Ry(WH) = H = —logy|| Z,,.

Denote by I',, = (%.(3))097]52”_1 the covariance matrix of Z,, and by 7, its trace. In particular,
the covariance matrix I',, is a Toeplitz matrix as the fractional Brownian motion W# admits

stationary increments. A simple computation yields that

%iy = 9@H-D)ncqy <2W€{+1 —wh — WIH,QWQJH WH WM)

on+1 21 on+1

= 921 <—|22’ —2j — 2PH 4 4]2i — 25 — 112H — 6|20 — 2527 + 4|20 — 2j + 12 — |20 — 2j + 2|2H).
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Then, we get
m—1

T, = Z %‘(Z) =22720 1 =2,
i=0
Let 7, j be fixed and take
f) =220 — 25 + " — |20 —2j +t — 1" — |20 — 25 +t + 1>,
and we get

Ty =27 (F(=1) = 2£(0) + (1) <27 sup [(0)]

te[—1,1]

In a similar manner, we have

F(t) = 2H(2H — 1) <2|2¢ 2t (2 — 2t — 1PH 2 (2 — 2+t 1|2H—2>

3
< H(ZH — )| sup |20 —2j +t+ s

i—0 se[—1,1]

Combining the above inequalities yields that for |i — j| > 2, we get

3

y <o T]@H —d)| (120 — 25 — 2 A f2i — 25 +2])* " (2.105)
i=0
Let ||||p denote the ¢,-induced operator norm. As I', is a Toeplitz matrix and so 753) =
71(‘2) = éﬁ;_i‘. Hence, we have ||T', ||, =T, and this gives
om_1
ITally < ATl ITalleg =ITall, <2267 <527,
i=0

for some v > 0, and the last inequality follows from (2.105). The concentration inequality

rom [5, Lemma 3.1] yields that there exists a constant A such that for all n and 6 > 0,

62
> = — > < —
> 5] P “HZan2 aH’ > 5] < \exp ( 4”FnH2>

Taking 8, := 27"/2\/8ylogn = ne,\/8y yields Q[|[|Z,|,, — au| > 6,] < A/n?, then the
Borel-Cantelli lemma yields that

o|jiz.l, - V7.

1 Znll,

g

limsup §;,* —1

nToo
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Applying the identity

— log, m =H — R;‘Z(WH) — —log, ay,
n op n

and using the fact log,(1 + z) ~ x/log2 as x — 0 complete the proof. O

2.10.3 Proofs for the results in Section 2.9

To prepare for the proof of Theorem 2.47, we define for n € N,

2" —1
1 1
V, = —1 -1 . 2.106
= X (e~ E ) (2100

Then V,, is equal to the right-hand derivative of the function ZZT:OI by, We consider each
V,, as a random variable on the probability space ([0, 1], #,P), where .# is the Borel o-field
of [0,1] and P is the Lebesgue measure on .#. When defining the o-field

Fn=0([thth)  k=0,...,2" = 1),

one sees that V,, is %, 1-measurable. Let us moreover define random variables 4,, : [0,1] — R
by

2n—1
O, = ; O - (2.107)

k:+1

Clearly, the random variable ¥, is .%, measurable. For each n € N, let z,, denote the n'"

truncation of z, defined in analogy to (2.19). Then

tn 1
/ Vin(s)ds.

Since ¥J,, and V;, are constant on intervals of the form [t},#},,) for n > m, we have

n—1
(ti) = o(t7) = 2a(tin) — 2a(ti) = (G — ) D Iu(t) (2.108)
m=0

74



Hence, for p > 1,

2n—1 n p
- Z F1) Z k1 Z U () Vi ()
k=0 - nk: m:l . ,
= ( k+1 | In,p tk Z tk = El: Tn,p Z ﬁmvm :| 5
k=0 m= m=0

where the expectation is taken under the Lebesgue measure P and

2" —1

/Yn,p(t) = Z (tZ—f—l - t;cl)%l[t tn)(t)'

k+1
k=0

By definition, v, is constant on all intervals of the form [t}, ¢}, ;) and hence .%#,-measurable.

Moreover, Holder’s inequality yields that

n—1 p/272 n—1 »
Elpl 'E{ > IV } < E{ Y 3 InVim }
m=0 m=0
o 12 (2.109)
Elyn]'? - { Zﬂ Vi 1
Now take My := 0 and
-1 n—1
Z m(Nm+1_Nm), n=12,....
m=0 m=0
Since for each m, the random variable ¥,, is bounded and .%,,-measurable, (M,,),—o 1. is a

martingale transform of the martingale (NV,,)n—01,... and hence itself a martingale. We first

compute the expectations of the random variable v, , occurring on both bounds,

2t-1 - 1/2
E[’ngp]lﬂ ( Z (thyr — )™ 2D (thy1 — ) ( Z 1 — tr) 2p= 1) )

2n—1 1 n—1 _1
Elat)™ = (D =0 (= t0)) = (D0 (e — 1))

k=0 k=0

Furthermore, the Burkholder inequality yields constants 0 < A, < B, < oo, depending only

on p but not on x, such that

AE[[M]P] < E[\Mnf”} < B,E[[M]],

n
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where
n

[M]n:Z(Mm_Mm 1 2192 V2

m=1
Note that we can also rephrase the reverse Jensen condition in Definition 2.46 in the same
way as in (2.15):

Zv2192 p/2<]E (szﬁ2) ZVQ,ﬁQ P/2

It then follows from the reverse Jensen condition that

1
E[[M].]" <E[[M]}] < op(n)E[[M],]".
op(n)
Now, we get
n—1 n—12m-1 92 92
E{[M]n] = E[ ﬁizvn%] = gl tm—}-l gl _tm—{—l
m=0 m=0 k=0 U2k+1 2k+2 — Y2kt

Combining the previous inequalities and the above equality yields

» —12m— 02 p/2 2"—1 . —_— 1/2
<> <Cp9p (ZZ m+l_tm+1+tm+1_tm+1) ( <k+l_tk) ) :

tokt 2k+2  Lok+1 =0

By deriving a corresponding lower bound in the same way, we obtain the following propo-
sition. Note that we have not yet used the assumption that our partition sequence is well-
balanced.

Proposition 2.55. Let x € C0,1] satisfies the reverse Jensen condition. Then for p > 1,
there exist constants 0 < A, < B, < 0o and subexponential function o, depending only on p
but not on x, such that for alln € N,

n—12"—1 02 . /2 2" —1 1/2
(p) m, . n__ 4n\2p—1
< > < Bp@p (Z Z m+1 B tm—i—l + tm—f—l tm+1) ( ( k+1 tk) ) )
m=0 k=0 tarta 2k+2 T V2k+1 5—0
n—12"M—-1 2 n
0 p/2 -1
(p m,k . n  _ n\2-p
P m=0 k=0 2k+1 2k+2 2k+1 k=0

Proof of Theorem 2.47. Since (T,)nen is a sequence of well-balanced partitions, then for
n € N, we have
)2 <t =t < k(n)27".
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Applying this relation to Proposition 2.55 gives

n—1 Qm 1 02 k p/Q 2"—1 1/2
m, n n\2p—1
< > = Bpr (Z Z tm+1 tm+1 + gmtl tm—l—l) ) ( (tk+1 - tk) Y )
k=0 “2k+1 2k+2 2k+1 k=0
L2m-1 271
p/2 1/2
< (5 3 2mlmes )" (z<z—n>2p—m<n>w—u>
m=0 k=0 k=0
-12
p/2
< By, (n)(n) - 1/22n070) (Z m92 ) = Byoy(n)r(n) PP 1120n0-p) g,
m=0 k=0

Similarly, for the lower bound

A
(p) p n(1-p) op
<.’L’>n 2 Qp(n)/g(n)p/2+|p—2| S

Taking logarithm on both sides of the above two inequalities and letting n 1T oo give the
result. This completes the proof. O
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Chapter 3

Estimating the roughness exponent of
stochastic volatility from discrete

observations of the realized variance

This chapter is based on [47] and is arranged as follows. Section 3.1 formulates the problem
of estimating the roughness exponent of the volatility process under a strictly pathwise
setting. In this section, we also present the exact form of our estimator @; that estimates
the roughness exponent of the volatility process based on the discrete observations of the
realized variance. In Section 3.2, we demonstrate the strong consistency of our estimator ,@;
when applied to a typical trajectory of fractional Brownian with possible drift. This result, in
particular, shows that the estimator @; is a consistent estimator for certain rough stochastic
volatility models, including the rough fractional stochastic volatility model [40]. However,
one drawback of our estimator %?; is that it is not scale-invariant. As a response, Section 3.3
constructed a scale-invariant estimator based on QZA”; Moreover, the simulation studies in
Section 3.4 show that our estimation procedure performs well on the fractional stochastic
volatility models. Section 3.5.1 highlights the underlying rationale of the construction of
our estimator ,%7;’;, and the pathwise consistency of @; is elucidated in Section 3.5.2. In
this section, we formulate conditions on a single trajectory = € C[0, 1] and its antiderivative
y(t) = f(f x(s) ds under which the estimates @;‘;(y) converge to the roughness exponent of
x. In Section 3.6, we will verify that these conditions in Section 3.5.2 are satisfied for the
typical sample paths of fractional Brownian motion to obtain the strong consistency results

in Section 3.2. Some technical proofs are deferred to Section 3.6.
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3.1 Problem formulation and the estimator ,@;

Consider a stochastic volatility model whose price process satisfies
dSt = O'tSt dBt, SQ = Sg > 0, (31)

where B is a standard Brownian motion and o; is a progressively measurable stochastic
process. Since the seminal work by Gatheral, Jaisson and Rosenbaum [40], it is now widely
acknowledged that the sample paths of o, typically display much rougher characteristics
than diffusive behavior. A prominent example to accommodate the rough behavior of the
volatility process is to model the log-volatility by a fractional Ornstein—Uhlenbeck process
X as in (2.45). That is,

o, = exp(X}F), (3.2)

where X solves the following integral equation
t
XtH:xg—i-p/ (n—XHyds+wWH, — t>0,
0

for a fractional Brownian motion W# with Hurst parameter H € (0, 1).

As explained in the introduction, our goal in this chapter is to estimate the roughness
of the trajectories t — o, directly from discrete, equidistant observations of the realized

variance,
t
(log S), / o2 ds, (3.3)
0

without having first to compute proxy values for o, via numerical differentiation of ¢ +—
(log S);. This is important because, in reality, the volatility o; is not directly observable and
numerical errors in the computation of its proxy values might distort the roughness estimate
(see, e.g., [19]).

While our main results in Section 3.2 are concerned with rough stochastic volatility
models based on fractional Brownian motion, e.g., the rough fractional stochastic volatility
(3.2). A significant portion of our approach actually works completely trajectorial-wise and
indeed estimates the roughness exponent; see Section 3.5. The roughness exponent was
introduced in Chapter 2, and an estimation procedure of the roughness exponent based on
direct observations is provided therein. However, the problem of estimating the roughness
exponent for a trajectory of stochastic volatility is more complex because volatility cannot

be measured directly; only asset prices and their realized variance (3.3) can be observed. In
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our current pathwise setting, this corresponds to making discrete observations of

y(t) = /0 g(x(s))ds, 0<t<1, (3.4)

where g : R — R is sufficiently regular. For instance, in the rough fractional stochastic
volatility model (3.2), where the log-volatility is given by a fractional Ornstein—Uhlenbeck
process, we will take x as a trajectory of the fractional Ornstein—Uhlenbeck process and

g(t) = ()2 = .
Let us now introduce our estimator. Suppose that for some given n € N we have the

discrete observations {y(k27"72) : k = 0,...,2""2} of the function y in (3.4). Based on these

data points, we introduce the coefficients

o =2 (4] () o (B8) o (5E1). 0

for 0 < k < 2" — 1. Our estimator for the roughness exponent of the trajectory g o x is now

given by
-1

~ 1
Tiy) = 1— logy | D" 02 (3.6)
k=0
As stated in the introduction, the estimator ;@; is obtained by applying the robust approx-
imation of the Faber—Schauder coefficients in Chapter 4 to the estimator
-1

~ 1
R:=1- - log, E 07
k=0

In Section 3.5.1, we provide a detailed explanation of the rationale behind the estimator @;

and how it relates to the results in Chapter 2 and Chapter 4.

3.2 Strong consistency theorems

We can now state our main results, which show the strong consistency of @; when it is
applied to the situation in which x is a typical trajectory of fractional Brownian motion with
possible drift. In the sequel, W# = (W}H)<;<; will denote a fractional Brownian motion
with Hurst parameter H, defined on a given probability space (2, . #,P).

Theorem 3.1. For H € (0,1) and a strictly monotone function g € C*(R), let X; := g(WH)
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and . .
K:z/XSds=/g(WSH)ds, 0<t<l.
0 0
Then, with probability one, X admits the roughness exponent H and we have lim,, @;‘L(Y) =

H.

The preceding theorem solves our problem of consistently estimating the roughness ex-
ponent for a rough volatility model with o2 = g(W/). However, empirical volatility is
mean-reverting, and that effect is not captured by this model. Therefore, it is desirable to
replace the fractional Brownian motion W*# with a mean-reverting process such as the frac-
tional Ornstein—Uhlenbeck process. This process was first introduced in [13] as the solution
of the integral equation

t
XtH:xo—I—p/ (n—XHyds+WH,  telo,1], (3.7)
0

where x4, p, m € R are given parameters. The integral equation (3.7) can be uniquely solved
in a pathwise manner. The fractional Ornstein—Uhlenbeck process was suggested by Gatheral
Xit

et al. [40] as a suitable model for log-volatility, i.e., oy = et . In our context, this model

choice implies that we are making discrete observations of the process

t t
/ afds:/ eQX:Ids, 0<t< 1.
0 0

The fractional Ornstein—Uhlenbeck process can simply be regarded as a fractional Brownian
motion with starting point xy and adapted and absolutely continuous drift p(u — X ), and
so it falls into the class of stochastic processes considered in Theorem 2.31, which we are

quoting from Section 2.6 for the convenience of the reader.

Theorem 3.2. Let X be given by
t
X, = x0+WtH+/ & ds, 0<t<1, (3.8)
0

where & is progressively measurable with respect to the natural filtration of W and satisfies

the following additional assumption.

o If H < 1/2, we assume that t — & is P-a.s. bounded in the sense that there exists a
finite random variable C such that &(w) < C(w) for a.e. t and P-a.e. w € €.

o [f H > 1/2, we assume that & = 0 and that t — & is P-a.s. Hélder continuous with

some exponent o« > 2H — 1.
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Then the law of (Xt)iejo1] s absolutely continuous with respect to the law of (xg+ W )iep1)-

More specifically, if X is a solution of the fractional integral equation
t
Xt:xo—k/b(Xs)ds—i—VVtH, 0<t<1,
0

where b : R — R is locally bounded and, for H > 1/2, locally Hélder continuous with
some exponent o > 2 — 1/H, it is further stated in Theorem 2.32 that the law of (X;)i o]
is equivalent to the law of (zy + WH )tcfo,]- This applies in particular to the fractional
Ornstein—Uhlenbeck process X defined in (3.7), where b(z) = p(u — z).

The main result of this chapter is now an immediate corollary of Theorems 3.1 and 3.2.

Corollary 3.3. Suppose that X is as in Theorem 3.2 and g € C*(R) is strictly monotone.

Then the stochastic process

t
g(Xt):g(xo—l-/fst—f—WtH), 0<t<I1,
0

admits P-a.s. the roughness exponent H, and for'Y, = f(fg(Xs) ds we have lim,, @;(Y) =H
P-a.s.

By Theorem 3.2, adding a drift to fractional Brownian motion can also be regarded
as changing the underlying probability law. Corollary 3.3 can therefore also be stated as
follows: The strong consistency of 9??;; observed in Theorem 3.1 remains true after replacing
the law of W# with a law that arises in the context of Theorem 3.2. This invariance can
be seen as robustness of @Z with respect to model misspecification. In addition, the strong
consistency of our estimator is unaffected by changes of the nonlinear scale function g, which

is yet another indication of the estimator’s robustness and versatility.

As another illustrative example for the robustness and versatility of 9?;;, let us show that
our estimator is also consistent for the following class of rough stochastic volatility models.

To this end, recall that the Riemann-Liouville process (Z[1);> is defined as
1 ! 1
ZtH:—)/ (t —s)" 2 dW,, t>0.
0

Moreover, for given € > 0, let us consider the following time-shifted Riemann—Liouville
process Z; ¢ = ZH_ — ZF for t > 0. The class of stochastic volatility models considered

hereupon consists of volatility processes o; that admit the following dynamics

2
or = exp(V;) and VS = yze %tw, teo,1]. (3.9)
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In particular, taking ¢ = 0 recovers the rough Bergomi model in the form discussed, e.g.,
in [35, Equation (28)]. For the sake of reference, we would refer to the above stochastic
volatility model (3.9) as the time-shifted rough Bergomi model.

The following result obtains the roughness exponent of the volatility process under the
time-shifted rough Bergomi model and establishes the strong consistency of the estimator
X for the time-shifted rough Bergomi model.

Theorem 3.4. Suppose that V¢ is as in (3.9) and g € C*(R) is strictly monotone. Then,
for any € > 0, the stochastic process go V1= admits the roughness exponent H almost surely.
Moreover, for ;¢ := fot g(VHe)ds, we have lim,, @;(YH’S) = H with probability one for
any € > 0.

3.3 A scale-invariant estimator

By definition, the roughness exponent is scale-invariant, but our estimator is not. To wit,
for every trajectory y € C[0, 1] we have

=~ =~ log, |
G O) - (y) = — 22 Al

for A\ #0.
Consequently, a scaling factor A\ may either remove or introduce a bias into an estimate, and
it can notably slow down or speed up the convergence of Z;:(y). This will be illustrated by

the simulation studies provided in Section 3.4.

A number of scale-invariant modifications of @;“L can be constructed in a manner com-
pletely analogous to Definitions 2.39 and 2.40 in Chapter 2. Here, we carry this out for the
analogue of sequential scaling proposed in Definition 2.39. The underlying idea is fairly sim-
ple: We choose m < n and then search for that scaling factor A that minimizes the weighted
mean-squared differences @;(Ay) - AZ_I()\y) for k = m + 1,...,n. The intuition is that
such an optimal scaling factor A\ enforces the convergence of the estimates ,@;(Ay)

Definition 3.5. Fix m € N and ag,...,q,, > 0 with ay > 0. For n > m, the sequential

scaling factor X3 and the sequential scale estimate Z;°(y) are defined as follows,

n R . 2 .
AJ := arg min Z ke <3?}:()\y) — 3?,’:_1()\3/)) and Z°(y) = Z;(\y). (3.10)

A>0 k—n—mn

The corresponding mapping Z>° : C'[0,1] — R will be called the sequential scale estimator.

Following the arguments in the proof of Proposition 2.41, one can prove the following
result.
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Proposition 3.6. Consider the context of Definition 3.5 with fired m € N and ay, ..., a,, >
0 such that o > 0.

(a) The optimization problem (3.10) admits a unique solutions for every function y €
C[0,1). In particular, all objects in Definition 3.5 are well defined.

(b) The sequential scale estimator Z*° can be represented as follows as a linear combina-

tion of % R,

—m—17"

%;;75 = Bn,n@;; + ﬁn,nfl‘@;;—l +ot ﬁnm*m*l@;—m—l?

where
Qo P
. esn?(n—1) h=n, .
Ak Ap—k—1 . Op—k
= — — < < - 1 S = —_—
Pk c;nk(k—l k+1 ) fn-ms<sksn—1, for c Z 2k —1)2

— O, ) k=n—m
ifk=n—m-—1,

\cfln(n —m)(n—m—1)

c) The sequential scale estimator is scale-invariant. That is, for n > m, y € C*[0, 1], and
)

A # 0, we have Z°(\y) = Z*(y).

(d) Ify € CY[0,1] and R € [0,1] are such that there exists X # 0 for which | %*(\y) — R| =
O(ay,) asn 1 oo for some sequence (a,) with a,, = o(1/n), then |Z°(y)— R| = O(nay,).

In particular, part (d) of Proposition 3.6 establishes the consistency criteria and obtains
the rate of convergence of the sequential scale estimate. By applying the above result, our
next theorem demonstrates the strong consistency and provides the rate of convergence of
Z* for the fractional Brownian motion with an absolutely continuous drift as in (3.8),

provided that the nonlinear scale function is chosen to be an identity map.

Theorem 3.7. Let m € N, ag > 0 and aq,--- ,a,, > 0 be fivzed. Let X be as in (3.8), and
we take .
Y, :/ X,ds,  te[0,1].
0

Then the following almost sure rate of convergence holds for the sequential scale estimator
KE*,
% °(Y) — H| = (9(2_”/2\/10g n).

We now examine the impact of the integration operations on the rate of convergence for

sequential scale estimators. Let R;»* be the sequence scale estimator constructed based on
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fi;. The convergence speed of the estimator R’ was derived in Corollary 2.44, which we

are quoting from Section 2.8 for the convenience of the reader.

Theorem 3.8. Let m € N, a9 > 0 and ay, -+ ,a,, > 0 be fizred. Let X be as in (3.8), and

the following almost sure rate of convergence holds for the sequential scale estimator R,
R (X) — H| = 0(27"*\/logn).

To employ estimators R)® and %, °, we need to obtain the discrete observations of the
process X and its antiderivative Y over the dyadic partition T,,,; and T, respectively. By
comparing the rates of convergence in Theorem 3.7 and Theorem 3.8, it becomes evident that
employing the sequential scale estimator R)® upon the process X and the sequential scale
estimator Z® upon its antiderivative Y yield the same rates of convergence. Consequently,
the smoothing effect induced by integration can be mitigated by transitioning from estimator
R»® to Z)*° without sacrificing convergence speed, albeit at the expense of doubling the

number of observations.

3.4 Simulation study

In this section, we illustrate the practical application of Theorem 3.1, Corollary 3.3, and
Proposition 3.6 by means of simulations. We will see that the estimation performance can

be significantly boosted by replacing @; with the sequential scale estimator Z°.

We start by illustrating Theorem 3.1 for the simple choice g(z) = z. Recall from (3.5) and
(3.6) that for given n € N, the computation of @;(y) requires observations of the trajectory
y at all values of the time grid T, o := {k27"2: k =0,1,...,2""2}. When using for y the
antiderivative of a sample path of fractional Brownian motion W#, we generate the values
of WH on the finer grid Ty with N = n + 6. Then we put

2N—n—2k

Yigwn—a:=2"N > WH v, k=01, 2" (3.11)
j=1

which is an approximation of fot WH ds by Riemann sums. Our corresponding simulation

results are displayed in Figure 3.1.
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Figure 3.1: Box plots of the estimates ,QZ?Z(Y) forn =12,...,16, based on 1,000 sample paths
of fractional Brownian motion with H = 0.3 (left), H = 0.7 (right), and Y as in (3.11).

As one can see from Figure 3.1, the estimator 93?; performs relatively well but exhibits a
certain bias. This bias can be completely removed by passing to the scale-invariant estimator
Ky®; see Figure 3.2.
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Figure 3.2: Box plots of the sequential scale estimates Z*(Y') for n = 12,...,16, based on
1,000 sample paths of fractional Brownian motion with H = 0.3 (left), H = 0.7 (right), and
Y asin (3.11). The other parameters are chosen to be m =3 and o = 1 for k =0, 1,2, 3.

Now we apply our estimator @;‘; to a model in which log-volatility, log o;, is given by a

fractional Ornstein—Uhlenbeck process X# of the form
t
X{I:xo—}—p/(u—XsH)ds—}—WtH, t €[0,1],
0
and we make discrete observations of the process

t t
/ afds:/ erSHds, 0<t<1.
0 0

To this end, we take again N = n + 6 and simulate the values X7 (k =0,...,2") by
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means of an Euler scheme. Then we put

2N"2k

=27 Z exp( ) k=0,1,... 2" (3.12)

which is an approximation of fot X ds by Riemann sums. As can be seen from Figure 3.3,
the original estimator @; performs poorly in this case, while the sequential scale estimator
Zy® performs almost as well as for the simple case Y; = fot WH ds. This is due to the fact
that the function g(t) = e* used in (3.12) distorts substantially the scale of the underlying

process, but this distortion can be remedied by using the sequential scale estimator.
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Figure 3.3: Box plots of the original estimates @;(Y") (top) and the sequential scale esti-
mates Z*(Y) (bottom) for n = 12,...,16 based on 1,000 simulations of the antiderivative
of the exponential Ornstein—Uhlenbeck process (3.12) with H = 0.3 (left) and H = 0.7
(right). The other parameters are chosen as zg =0, p = 0.2, u =2, m = 3 and a; = 1 for
k=0,1,....3.

3.5 Pathwise estimation
In this section we formulate conditions on a Single trajectory x € C|0, 1] and its antideriva-
tive y(t fo s) ds under which the estimates ;%*( ) converge to the roughness exponent

of x. In Section 3.6, we will verify that these conditions are satisfied for the typical sample
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paths of fractional Brownian motion. The results in the present section are hence of inde-
pendent interest in situations in which it is not clear whether a given trajectory z arises from
fractional Brownian motion. We start by summarizing some key results and concepts from

Chapters 2 and 4 and also outline our rationale behind the specific form of the estimator
R

3.5.1 The rationale behind the estimator 5/??;’;
Recall that the Faber—Schauder functions are defined as
6_170(t) = t, 6070(25) = (mln{t, 1 — t})+, em,k(t) = 2_m/26070(2mt — k)

fort € R, m € N and k € Z. It is well known that the restrictions of the Faber—Schauder
functions to [0, 1] form a Schauder basis for C[0, 1]. More precisely, our function = € C/0, 1]
can be uniquely represented as the uniform limit z = lim,, z,,, where

n—12"m—1

Ty = .T(O) —+ (3:(1) — .’17(0)) €-1,0 + Z Z Hm,kem,ku

m=0 k=0

and the Faber-Schauder coefficients 6,,  are given by

s =2 (2057 = a(5) o (50 ). (3.13)

As a matter of fact, it is easy to see that the function z,, is simply a linear interpolation of
x based on the supporting grid T,, = {k27" : k =0,...,2"}.

In Chapter 2, we have derived conditions under which the trajectory x admits a roughness
exponent R € [0,1] and also suggested a way in which the roughness exponent can be
estimated from discrete observations of x. Specifically, it follows from Theorem 2.4 and
Proposition 2.16 that, if the Faber—Schauder coefficients satisfy the so-called reverse Jensen

condition (see Definition 2.3) and the sequence
2n—1

= 1
R(x) :==1- ~log, > 62, (3.14)
k=0

converges to a finite limit R, then x admits the roughness exponent R.

Note that it is assumed in Chapter 2 that the trajectory x can be observed directly. This,

however, is not the case in the context of our case, where x is the (squared) volatility in a
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stochastic volatility model. So let us suppose now that we can only observe the values the
antiderivative y(t) = fot x(s) ds takes on the supporting grid T,,,o. If we can interpolate the
data points {y(t) : t € T,,2} by means of a piecewise quadratic function y, 1o € C*(R), then
its derivative y;,,, will be a continuous and piecewise linear function with supporting grid

T,+1 and hence representable in the form

n+12m—1

y;+2 = To + 5—1,06—1,0 + Z Z O jcCm.k (3.15)

m=0 k=0

for some initial value Zy and certain coefficients é\mk Such a piecewise quadratic C'-
interpolation ¥,.o exists in the form of the standard quadratic spline interpolation. Un-
fortunately, though, it is well known that quadratic spline interpolation suffers some serious

drawbacks:

e the initial value Z is not uniquely determined by the given data {y(t) : t € T, 12};
e the values y,12(t) depend in a highly sensitive manner on the choice of io;

e the values y,12(s) depend in a nonlocal way on the given data {y(t) : t € T, 12}, i.e.,
altering one data point y(¢) may affect the value y,2(s) also if s is located far away

from ¢.

In Chapter 4, we will investigate the analytical properties of the estimated Faber—Schauder
coefficients é\mk defined in (3.15). When looking at quadratic spline interpolation through
the lens of these coefficients, we obtain refreshingly new insights into this tool. As will be
shown in Theorem 4.1, the Faber-Schauder coefficients of y/,,, take the following explicit

forms: For —1 < m < n, we have

2n+1—m

~ . k j k-1
O = 20720 % 0 (1) (y(— +523) ~ (5 + 5oy
= 2 2n+ 2 2n+

(3.16)
k+1 j—1 k+1
+y( om o 2n+2>_y< oam _2n+2> :
For m =n + 1, we have
0 (n+1)/2+42 4 3(n+1)/2+4 = j J Jj—1
O = 200220 — 2 Z(_DJ y(2n+2) - y( on+2 )
=1 (3.17)

2%k + 1 2% 2%k + 2 2% + 1
. 93(n+1)/242 o _ 93(n+1)/2+2 _ ahv T -
32 (y( gni2 ) y(2n+2>> 2 (y( g2 ) y( oni2 ))
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As one can see immediately from those formulas, the coefficients in generations m = 0,...n
are independent of 7, whereas the coefficients in generation n + 1 contain the additive term
—2+1)/2423 which translates any error made in estimating &, into an 2**1/2+2_fold error
for each final-generation coefficient. Moreover, for m = 0,...n, each @\mk depends only on
those data points y(t) for which ¢ belongs to the closure of the support of the corresponding
wavelet function e,, ;. Thus, the entire nonlocality of the function y,;o arises from the
coefficients in generation n + 1, while the coefficients of all lower generations depend on

locally on the given data. We refer to Figure 4.2 for an illustration.

The main results in Chapter 4 concern error bounds for the estimated Faber—Schauder
coefficients @nk Specifically, we found that the fs-norm of the combined errors in genera-
tions m = 0,...n is typically benign, whereas the error in the final generation m = n + 1
can be larger than a factor of size O(2") times the error of all previous generations com-
bined. While the exact error bounds from Chapter 4 will not be needed in this chapter, the
proof of Lemma 3.11 will rely on an algebraic representation of the error terms obtained in
Lemma 4.13 and stated in (3.23) below.

The above-mentioned facts make it clear that the coefficients in generations m =0,...n
provide robust estimates for the corresponding true coefficients, while the estimates §n+17k are
highly non-robust and should be discarded. It is now obvious that in estimating the roughness
exponent of x from the data {y(t) : t € T, 12}, we should replace the true coefficients 6, in
our formula (3.14) for R’ (x) with their estimates @hk. It remains to note that @L,k is in fact
equal to ¥, defined in (3.5), so that we finally arrive at the rationale behind our estimator
X
Remark 3.9. The above rationale also supports the validity of constructing an estimator
@n from the Gladyshev estimator fin by replacing the actual Faber—Schauder coefficients
O Dy gmk in (3.16) for all 0 < m < n — 1. The estimator ,@n takes the following form

[ary

. 1 n—12m—1 N )
K, =1— - log, ()"

0 k=0

3
]

Following the exact same techniques developed in the subsequent sections, one can also show
that the estimator @n is a strongly consistent estimator for the fractional Brownian motion
with drift. However, to evaluate the estimate @n(y) needs to compute all the approximated
Faber—Schauder coefficients @nk Consequently, numerical computation of the estimated
roughness exponent through the estimator @n will be very costly. Hence, we limit our

discussion to the estimator 9?;; in this thesis.
The following example provides a concrete instance where choosing the final-generation
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coefficients /Q\n—i—l,k instead of ¥, = /Q\n’k leads to an estimate that is non-robust and also

otherwise inferior.

Example 3.10. For R € (0,1], let 2 € C[0,1] be the function with Faber-Schauder
coefficients 0, = 2n(1/2=R) " These functions belong to the well-studied class of fractal
Takagi-Landsberg functions. It was shown in [77, Theorem 2.1] that ¥ has the roughness
exponent R. Moreover, for y®(t) = [ 2%(s)ds, it will be shown in Example 4.2 that the
robust approximation (3.5) based on discrete observations of 4% recovers exactly the Faber—
Schauder coefficients of 2. That is, for n € N and 0 < k < 2" — 1, we have

ﬁnk = an = 2n(%—R)

It follows that

-1
~ 1 1
Zi(y")=1-=1o » " 20-2Rn =1 — —log, 207" = R,
(y") o €2 2 o €2
Hence, the estimator 92’; is not only consistent but also exact in the sense that it gives the

correct value R for every finite n.

Now we replace 9, = é\n’k with the final-generation estimates §n+1’k as defined in (3.17).
Note that this requires the choice of an initial value . The corresponding estimator is given
by

2n+l_1

E : 02
en—}—l,k‘
k=0

We will get from the subsequent Example 4.2 that for R < 1/2,

n+1

~ ° ) 9(n+1)(3-R)
9n+1,k _ _2(n+1)/2+2:i,0 + Z 2m(§—R) _ _2(n+1)/2+2£0 + " 21_R '
m=n+1 — e

Hence,

RN . o—(nt1)R
> 02, =2m | —ddg + — |-
k=0 — 22
It follows that
~ 0 ifz 0,
lim %, (y") = 07
ntoo R ifz,=0.

This shows that the estimator @n is extremely sensitive with respect to the estimate zg of

the exact initial value x(0), which in typical applications will be unknown. Even in the case
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that 2(0) is known, the correct value R is only obtained asymptotically, whereas %?;"L (y®

)= R

for all finite n. These observations illustrate once again why we deliberately discard the final

generation (/9\%17;c of estimated Faber—Schauder coefficients.

3.5.2 Pathwise consistency of %?,’fb(y)

Let us fix € C[0,1] and denote by 6, its Faber—Schauder coefficients (3.13). As before,
we denote by y(t) = fot x(s) ds the antiderivative of x and by 9, the coefficients defined in

(3.5). For simplicity, we introduce the following vector notation,
én = (911,07 en,l e 7971,2")—'— € RQn and r&n = (1971,07 ﬁn,l e 71971,2"’71)—'— € RQ")
Then the estimators R* and @Z defined in (3.14) and (3.6) can be written as

~ 1 _ ~ 1 _
Rie) = 1— —log, 1Bulle, and 23(y) = 1 - log, [l

(n)

Moreover, we introduce the column vector z,, := (z;

" )1<i<on with components

00 gm-n_j
Z,L(n) = 2371/2 Z 2_3m/2 Z 0m,k+2’”*"(i—1) fOI’ ]_ S Z S 27’1
m=n k=0
For 1 <i,5 < 2" we let furthermore
r for 1<i1=j5<2™

Nij = . .
014 for 1<i#75<2™

(3.18)

(3.19)

(3.20)

(3.21)

where r 1= %(—1, +1,+1,—1), and 0,,x, denotes the m x n-dimensional zero matrix. More-

over, we denote

mMmi Tz -+ Mharn—1 TMion

21 T2 -+ M22r-1  T2on on s on+2
Qn = . . . . . e R~ .

Morna Mono - Tonon_1 Ton on

(3.22)

It will be shown in Lemma 4.13 that the error between the true and estimated Faber—

Schauder coefficients can be represented as follows,

9, — 0, =w,, where w, = Q.22 € R,

92
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Consider the following condition:

Hwnufg

There exists k € R\ {1} such that o,
n||ls

— Kk asn T oo. (3.24)

We will see in Proposition 3.18 that condition (3.24) is P-a.s. satisfied for fractional Brownian

motion.

Lemma 3.11. Under condition (3.24), there exist ng € N and constants 0 < k_ < Kk < 00
such that
k|| le, < H'Bng < ki ||@nlle, for all n > ny. (3.25)

Proof. Let k be as in (3.24). Then, for any ¢ < |k — 1|/2, there exists n. € N such that for
n > n., we have ||én||€2 (k —¢) <[|w,ll,, < Héng (k + ¢). Using the representation (3.23)
and applying the triangle inequality gives

19all,, =160 = wnll,, <[|8nll,, +llwall,, < (5 ++1)]6n]],,
On the other hand, we have

19ull,, = 1180 = wall,, = [18all,, ~lwalle, | = (1= 5= el AL =k +l) 8l

This completes the proof. O

By taking logarithms in (3.25), Lemma 3.11 immediately yields the following result.

Proposition 3.12. Under condition (3.24), the limit lim,, ﬁ;(y) exists if and only iflim, R*(z)
exists. Moreover, in this case, lim,, @;‘L(y) = lim,, R* ().

Example 3.13. In the situation of Example 3.10, we have seen that ¥, = 0,1 = on(z—R)
Applying the representation (3.23) yields that w,, = Oznx1. This implies limy,||w, ||, /||0x e, =
0. That is, ¥ satisfies condition (3.24). Hence, Proposition 3.12 applies, which gives an
additional proof of the previously observed fact that lim,, @;‘;(y) = R.

Next, we consider the following question: Under which conditions on z and g does u :=
gox admit the roughness exponent R? To answer this question, we fix the following notation

throughout the remainder of this section,

u(t) = g(x(t)) and  w(t) :/0 u(s) ds :/0 g(x(s))ds. (3.26)

Proposition 3.14. If x admits the roughness exponent R, g belongs to C'(R), and ¢’ is

nonzero on the range x([0,1]) of x, then w = g o x also admits the roughness exponent R.
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Proof. For any p > 0, the mean value theorem and the intermediate value theorem yield
numbers 7, € [k27", (k + 1)27"] such that

E+1 k
/) (+(5) = +(5:))
(k + 1) ( k )
x —z( =
2n 2n
where the notation (u)%p ) was introduced in (2.1). Since ¢’ is continuous and nonzero, there
are constants 0 < ¢_ < ¢y < oo such that ¢ < |¢'(z(t))] < ¢y for all ¢t € [0,1]. Hence,

& (@) < (WP < & (2)P) holds for all n. Passing to the limit n 1 oo for p > 1/R and
p < 1/R yields the result. O

2" -1

OREDY

k=0
2"—1

= > |9 @@
k=0

(3.27)

Now we turn to the following question: Under which conditions do we have ﬁ;(v) — R,
where v is as in (3.26)7 The conditions we will introduce for answering this question are

relatively strong. Nevertheless, they hold for the sample paths of fractional Brownian motion.

Proposition 3.15. Suppose that there exists R € (0,1) such that the following conditions

hold.
(a) We have
2m—1 2m—1
0 < lim in ER2 N "2, < listup "R N2 < oo (3.28)
k=0 e k=0

(b) The function x is Hélder continuous with exponent o € (2R/5,1].
Then, if g € C*(R) is strictly monotone, we have lim,, @;‘;(v) = R.

Proof. In this proof, we will work with the actual and estimated Faber—Schauder coefficients
of the various functions z, y, u, and v. For this reason, we will temporarily use a superscript
to indicate from which function the Faber—Schauder coefficients will be computed. That is,

for any function f, we write

=2 (2 () - () -1 ('5))

a2 (1) o () () ()

(3.29)
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With this notation, the coefficients 9, ), in (3.5) should be re-written as ¥}, ;. In particular,
(3.28) refers to the coefficients ¥}, ,. Our goal in this proof is to show that (3.28) carries over
to the coefficients o} ;. That is,

2" —1 2" —1
0 < liminf 2n(2R=2) N7 (v ) < listup "R N (90 1)* < o0 (3.30)
k=0 nloo k=0

Taking logarithms, dividing by 2n, and passing to the limit will then yield R — @; (v) =0,
which is the assertion.

It remains to establish (3.30). Rewriting the second line in (3.29) gives after a short

computation that
ﬂfz,k = 2o/ (97{+1,2k+1 - 9£+1,2k) : (3.31)

Let us introduce the notation 9L7k(s) = Gfrf.slj'). That is, 6£7k(s) are the Faber-Schauder
coefficients of the function ¢ — f(s+t) for given s > 0. One can avoid undefined arguments
of functions in case s +t > 1 by assuming without loss of generality that all occurring
functions on [0, 1] are defined on all of [0, 00). With this notation, we get from (3.31) that
for f € C'[0, ),

2—n—1

9, = 2o /0 07,1 2 (s) ds. (3.32)

Applying the mean-value theorem and the intermediate value theorem yields certain inter-
mediate times 7,424(s) € 27" 7%k +5,27"7?(k + 1) + s] such that for s € [0,27"7"],

6n+1,2k(8) = 2( oz <2U( n+2 + 5) — U<2n+2 + 8) — U(W + S))
n 4k + 1 4k
— 2( +1)/2g/($(7n+274k(5))) <.Z'(W + S) — $(2n+2 + 3))
n 4k +1 4k + 2
+ 2( +1)/29/(x(7n+2,4k+1(8)>) (.’L‘(W + S) — ZE(W + 3)) ,

_ on+1)/2 (9'($(7n+2,4k(3))) + 9 (#(Tnr2ar41(5)) <2x(4k L s) - m(ﬁ +s) - x(4k—+2 + s)))
27’L+2

2 2n+2 2n+2

1 o(n+1)/2 <gl (#(Tnt2.45(5))) = 9 (#(Ts24511(5))) <$(4k 2. s) - x(ﬂ + 8))) :
Qn+2

2 Qn+2

The intermediate value theorem and the mean-value theorem also imply that there are
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intermediate times T£+172k(8), To106(s) € 277712k 4+ 5,277 1(2k + 1) + s] such that

% (9/ (x(Tn—I—QAk(S))) +9 ($(7n+2,4k+1(3))>> =d (T£+1,2k(8))’
1

5 (¢ @rnn(s) — o (2w ()

59// (Tzﬂ,%(s)) ($(7n+2,4k(3)) - x(Tn+2,4k+1(3))) .

With the shorthand notation

- n 4k + 2 4k
12k (8) = 2w+ )/2 <$( on+2 + S) - x(w + 5)) (I(Tn+2,4k(3)> - »T(Tn+2,4k+1(3)>),

we then have

924—1,21@(8) =4 (Tﬁﬂ,%(s))@zﬂ,%(s) + 9" (TZ+1,2k(8))C:i+l,2k<S)'

Plugging the preceding equation into (3.32) and applying the mean value theorem for inte-
grals yields intermediate times T2+1’k, TZ+U€ € [27" 1k, 271 (k +1)] that are independent of
s such that

2—n—1

ﬂi,k = 2n+5/29/ ($(7'2+1,2k)) /0 92+1,2k(5) ds + 2n+5/29” ($(72+1,2k)) /0

2—n—1

Cﬁﬂ,zk(S) ds.

2—n—1

Crf+1,2k(5> ds
=4 (3?<Ti+1,%))19i,k + 232 ($(Tz+1,2k)) /0

Introducing the shorthand notation

27n71

§£+1,2k = 2n+5/2/ C§+1,2k(5‘) ds,
0

and let us write

( fzk)Q = (9/ ($(7ﬁ+1,2k)))2(19i,k)2 + (9” ($(77b1+1,2k>)>2 (Cﬁ+1,2k>2

N (3.33)
+2¢' (37(7'73+1,21c)) 9" (33(7'2+1,2k)) U5y k1,20

For each of the three terms on the right, we will now analyze its contribution to the quantities
in (3.30). The main contribution comes from the first term on the right. Indeed, our assump-
tions on g imply that there are constants 0 < ¢ < ¢, < oo such that c_ < (¢'(z(t)))? < ¢t
for all ¢ € [0, 1], and so

n

n

n

¢ 9n(2R-2) (19% k)Q < on(2R~2) (192 k)2 < C+2n(2R72) (19% k)2.
k=0 ’ k=0 , k=0 7

[\
=
[N}
—
[\v}
—
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This will establish (3.30) as soon as we have shown that the contributions of the two remain-
ing terms in (3.33) are asymptotically negligible. For the second term, we use the Holder

continuity of z to get a constant ¢, for which

|$(Tn+2,4k(5)) - w(Tn+2,4k+1(5))| < Cw|Tn+2,4k(3) - Tn+2,4k+1(8)|a <27

Furthermore, there exists x, > 0 such that 32(¢"(x(s)))? < k, for all s € [0, 1]. Then,

2" —1

9(2R-2)n Z (g//(I(T,'fH_l,Qk)))Q <g"+1’2k>2

2
_ 2(2R—2)n <gll(x( Z+1 2k))> <2n+5/2/0
2" —1 2 n—1 2m—1 9—n—1 9
< 220 < Gra1,26(5) 5) < 22 z 27 1/ (Cﬁﬂ,zk(s)) ds

9—n—12"—] 2
4k +2 4k 2
< k23R Dn /0 < Ton+2 + 5) a x<2n+2 T 3)) (x(Tn+2,4k(8)) - ZL’(Tn+2,4k+1(S))) ds
=0

n—1 on_1

2= 2
2k +1 2k
_ an 2R—1—a)n 20—2an
= K2 /0 2 ) E <x(w+s>—x<2n+l+s>) (c227%%) ds
k=0
2—7L—1 2"+1—1 2
2k +1 2k
2 (2R—1-3a)n _

< nzcm/o se[sé{pnil] (2 E (x( SES! + s) x<2n + s)) ) ds.

k=0

27n—1

2
Cﬁ+1,2k(3) ds)

Moreover, (b) implies the integrand in the final term converges to zero:

2n+1_1 2
2 1 2
lim sup 2@f-1=3an E (x( ];ni_l + s) (; - s)) =0. (3.34)

n|roo 1
Too p<s<a—n- o

Indeed, by the Holder continuity of x, we can again use the constant ¢, to get

ontl_1 2
9(2R—1-3a)n Z <x(2;€n—:11 N 5) B x(z_f n s)) < 9@R-1=3a)n  gnt1 ciz—z(nﬂ)a;
k=0

2(2R 5a)n

the right-hand side is equal to ¢2 - 2172 . , which converges to zero as n 1 0.

Altogether, this shows that the contribution of the second term on the right-hand side of
(3.33) is negligible.

For the cross-product term on the rightmost side of (3.33), we get from the Cauchy—
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Schwarz inequality,

n_1
,lllglo 22R=2)n Z g ($<T£+1,2k))9// ($(72+1,2k))19n,k Z+1,2k
k=0
271 ) , on_1 , ,
< lblTIoIé 2(2R=2)n (9’($(T£+1,2k))> (Vi) }}TTO% 2(2R=2)n Z (9'/($(7'5+1,2k))> (Criron) =0
k=0 k=0
Altogether, (3.30) follows. O

The next theorem describes the asymptotic behavior of the estimator @,’; for the an-
tiderivative of the sum of continuous functions. To this end, let z,u € C|0, 1], and we denote
the antiderivatives of x and u by y and v respectively. To present this result, we continue
to use a superscript to indicate from which function the Faber—Schauder coefficients will be

computed. Furthermore, we remain to use the notation Hfm L(s) = an(,s,:').

The following lemma presents a possible sufficient condition, under which, the consistency
of the estimator @;‘; remains to hold for the sum of continuous functions.

Lemma 3.16. Suppose that there exists R € (0,1) such that the following conditions hold.

(a) We have

2n— 2" —

2 2
0 < liminf2"®R2 5™ (92 )" <limsup2"@®2 3 (92} <00 (335)
nee k=0 nfoo k=0

[y
—_

(b) The function u € C?(0,1) admits the following properties:

(i) |u"(t)] is strictly decreasing over (0,1).

(ii) Lim 527 (u"(£))* = 0.

£10
(iii) lim /2% . sup u(s) = 0.
ti0 0<s<t

Then, we have lim, Z*(y +v) = R.

Proof. To prove the above result, our goal is to show that (3.35) carries over to the coefficients
19%;”. That is

n

n

2 2
0 < liminf 2C7-2) ™ (9i*)" < lim sup 222 37 (951)” < oo, (3.36)
oo k=0 ntoo k=0

[Nv}
—_
[Nv}
—_
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If so, taking logarithms, dividing by 2n, and passing to the limit upon (3.36) will yield
lim,, 5?;;(3/+v) = R. Moreover, following the same arguments in the proof of Proposition 3.15,

it suffices to establish the following identity
on—1

lim sup 2"(2#-2) Z ( Z,k)Q =0. (3.37)

nToo —0

To this end, from (3.31), we get

9—n—1
19%? = ﬁz,k + ﬁz,k = ﬂ%,k + 2n+5/2/0 92+1,2k(5) ds.

By the mean-value theorem, there exist intermediate times 7, x(s) € [27"k,27"(k + 1)] such

that
" n 4k + 1 4k 4k + 2
9n+1,2k(3) = 2 +/2 <2U ( on+2 + 8) —u <2n+2 + S) —u ( on+2 + s))

_ o(n+1)/2-2n=3, 1 (Tug(s)) = /2= 2y (T (s))-

Applying the Holder inequality to the above equation yields the existence of an intermediate
time 7, € [27"k,27"(k + 1)] such that

2—n—1 2
u 2 n u —n
( n,k) = 22 0 (/0 n+1,2k(8) dS) =2 (/O

2—n—1

<rt [ (o) ds = 2 )’

2—n—1

u' (T (s)) ds)

where the last step follows again from the mean-value theorem. Furthermore, since |u”| is a

decreasing function, we have

an—1 an—1 1

2—3n—2 Z (u”(Tn,k))Q < 2—3n—2 Z (u//(2_nk))2 < 2—2n—2/ (UH(S))QCZS.

k=2 k=2 -

Applying Cauchy’s inequality yields that

2 2
(U0)"+ (05)7 <8 sup (62,0009)) + (G2pa(5)) <27 sup w¥(s)

0<s<2-n—1 0<s<2-n
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Therefore, combining the above inequalities gives

2" —1 9 1
on(2R-2) Z ( Zk) < 2(2R—4)n—2/ (u//(s))2d8+2(2R—1)n sup  u2(s).
k=0 -n 0<s<2— "

In particular, it follows from L’Hopital’s rule that

ntoo

lim 2R~ 4 /2 1 (u"(5))* ds = lim “le)ds = (4-2R)lim (IZ/L)S) = 0.

Furthermore, we have

ntoo 0<s<2-n tl0 0<s<t

2
lim 281" sup  4?(s) = <limt1/2_R- sup u(s)) =0.

Finally, the above identities establish (3.37) and complete the proof. O

To conclude this section, we state and prove a lemma, which will be needed for the proof
of Proposition 3.18. For possible future reference, we include it in our present pathwise

context. For n, k € N, let us consider the vector z(, s = (z(n’k)) € R?", where

2

n+k 2m-—n_1
Zl(’fl,k) = 23n/2 Z 2_3m/2 Z 0m,j+2m_"(i—1) fOI' ]. S Z S 271‘ (338)
m=n 7=0

It is clear that the vector z(, k) is a truncated version of the vector 2, defined in (3.20). Since

each Faber-Schauder coefficient 6,,, is a linear combination of the values z(j27"*!), each
(n,k)

z; must admit the following representation,
2n+k+1 .
(nyk) _ (n,k‘,z) ]
=8 x(m) (3.39)
5=0

n,k,i

for certain coefficients §J(- ). The following lemma computes the values of these coefficients.

Lemma 3.17. We have

0 if §<2M(i—1)—1 or j>2k1 41,
gD = Son2(97k _9)  if j=obI(i—1) or j =2k (3.40)
Q1—k+n/2 if MG —1)+1< <2k —1.

Proof of Lemma 3.17. We fix n € N and 1 < ¢ < 2" and proceed by induction on k € N.
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First, let us establish the base case £ = 0. Then

(TLO - TL/2+]. 2Z_1 . n/2 21 o ’I’L/2 22_2
2 =0h =2 x(—2n+1 2™y e 2"y St ) (3.41)
Moreover, plugging k = 0 into (3.40) yields that fznoz) 55?’()@ = "2, fé?gol’i) = n/2+1
and fj(no ") = 0 otherwise. It is clear that those coefficients coincide with the corresponding

ones in (3.41), which proves our induction for the initial step k£ = 0.

Next, let us assume that (3.40) holds for £ = m and subsequently prove that this identity
also holds for k = m + 1. It follows from (3.38) that

omtli_q

(nym+1) _ _(n,m) n/2—m—1 2-] +1 _ ] — —‘7 t1
< =% +2 Z (2x<2n+m+2 X gn+m+1 X gn+m+1 ' <342)

j=2mHi(i-1)

For 2mt1(; — 1) < j < 2™*1 — 1, the point 27""™72(2j + 1) cannot be written in the form
2=~ for some ¢ € Ny. Hence

52‘771_:_7}4‘11 _2 27’1,/2 m—1 2n/2—m’

as the term z(27""™72(2j + 1)) does not appear in the linear combination (3.39) for k = m.
Next, for 287"(i — 1) < j < 257", the point 27""™722j = 27""™~1j can be written in the
form £27"=™! for some £ € Ny. It thus follows from (3.39) and (3.40) that

§2n ;m—+1,7) _ é.](n,m,i) _9. 2n/2—m—1 — 2n/2—m7

as the term z(2-""™-15) contributes to the representation of z™™ with §j(-n’m’i) = Qn/2=mA+1

Moreover, for j = 28="(i — 1) or j = 287", we have

£§n7m+17i) — §J(n7m7i) _ 2n/2—m—1 _ 2n/2(2—m o 2) . 2n/2—m—1 _ 2n/2(2—m—1 o 2)

Last, for j < 2™2(i — 1) — 1 or j > 2™"% + 1, the term x(27""™"2) does not appear on
right-hand side of (3.42). Thus, we have §]<.n’m+1’z) = (0. Comparing the above identities with
(3.40) proves the case for k =m + 1. O

3.6 Proofs for the results in Chapter 3

We begin this section with the proof of Theorem 3.1.
Proof of Theorem 3.1. It was shown in Theorem 2.30 that W# admits P-a.s. the roughness
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exponent H. It now follows from Proposition 3.14 that the sample paths of X = g(W)

also admit the roughness exponent H.

Now we prove that, with probability one, @;‘;(Y) — H for Y, = fot X, ds. To this end,
we use the following result by Gladyshev [41] on the convergence of the weighted quadratic

variation of WH
QCH=-Dn(jyHy2) 1 Poas.

Hence, if ,, = (0,) are the Faber-Schauder coefficients of the sample paths of W# then
Proposition 2.16 yields that

2" —1
R S Y
k=0

Lemma 3.11 now implies that condition (a) of Proposition 3.15 is satisfied. Condition (b) of
that proposition is also satisfied, because it is well known that the sample paths of W are
P-a.s. Holder continuous for every exponent a < H; see, e.g., [75, Section 1.16]. Hence, we
may apply Proposition 3.15 and so @,’;(Y) — H follows. O

For completing the proof of Theorem 3.1, it remains to establish (3.24). This is achieved

in the following proposition.

Proposition 3.18. With probability one, the sample paths of fractional Brownian motion
WH satisfy condition (3.24).

3.6.1 Proof of Proposition 3.18

To prove Proposition 3.18, we need to obtain the asymptotic behavior of the ||w,||,, associ-
ated with a fractional Brownian motion W#. Let 9, Z(n k), and z, be defined as in (3.5),
(3.38), and (3.20) for the sample paths of W#. Tt is clear that z, is well defined since the
sample paths of W satisfy a Holder condition. Moreover, all three are Gaussian random
vectors. Our next lemma characterizes the covariance structure of the Gaussian vector z,.
To this end, consider the function gy := hy + hy + hs, where the h; : Ny — R are defined as

follows,

hi() = —2 <2§2H +lo— 1" + s+ 1|2H)

((§ + 1)2H+1 _ (g _ 1)2H+1) for < Z 17

. 2H+1
ha(s) = {7, for <—0 (3.44)
2H+1 )
8
h _ ( 112H+2 _ 9 2H+2 1 2H+2> '
3(<) (2H +2)(2H + 1) [+ 1] <Al
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Furthermore, we introduce the Toeplitz matrix G,, := (gu (|t — j|))1<i j<on-

Lemma 3.19. For each n € N, the random vector z, is a well-defined zero-mean Gaussian

vector with covariance matriz
T = (W)i<ijeon = 207200G,,,
Proof. For n,k € N, let us denote

n,k .
Tingy = (15" )12ij<2n = E [z(n,k)z(Tn,k)] :

It suffices to show that the components 71.(3”“)

symmetry, it suffices to consider the case j > i. Lemma 3.17 ylelds

(n)

converges to v, * as k T oo. Moreover, by

2n+k+1 2n+k+1

'YZ(Zk) E[Zz( ( Z Z gnkz) (nk,J)E[W - I/VHT2 ]

on+k+1 on+k+1

71=0 712=0

2n+k+1

We also get from Lemma 3.17 that ) 7
or j > 2k 4 1. Hence, for ¢ := j — i 2 0,

() 0 and €050 0 for j < 2441 (1— 1) 1

on+k+1 gntk+1 f(n K l)f k) i . oH ok+1 gk+1 f nksi) o (noksj) . - oH
(n,k) 1= 72 —9Hn 1 T2 1 — 72
Tijg = Z Z on+k+1 —2 Z Z ok+1 +<
71=0 79=0 71=0 12=0
Using once again (3.40) yields that
iy = 2072 (B (<) + ha(S) + (<)), (3.45)
where functions h;;, are defined as follows,
2—k ) 2
ma(s) = = E 2 (ol g 117 4fs +1P7)
2kt+1_1 - 2H 2H 2H
h2,k(§):27k(2_27k) Z <W+§ +W+§—1 +W+§ +W+§+1 ),
=1
2k+l 12k+1 1 o2H
h _9l-2k i~ T2
3.(s Z Z okt 1
T1=1 To=1
Let us first consider the case ¢ > 1. Then,
lim s (6) = =2 (2§2H (e — 1% 4 (¢ + 1)2H) . (3.46)
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Furthermore,

2"+1 2H 2H
fim ha(s) = fim 272 — < S B WJFC L )
2k+1_1 . 2H 2H
:8116%102_’“_1 ; (W—l—g +W+<—1 )
4 </<+1t2H i /< e dt) _ 8 ((s 4 1)2H+! — (¢ —1)2H+1)
. 1 2H +1

We also get in a similar way that

2k+1_1 ok+1_1

2H 1 1
_ s 9—2-2k 71—7'2 _ 2H
o) =tz 55 (St es) = [ [ e

T1=1 To=1

8 ((§ + 1>2H+2 _ 2§2H+2 + <§ _ 1)2H+2)
(2H +2)(2H + 1)

For the case ¢ = 0, limgtoo 11 £(0) = h1(0) as in (3.46). Next, we have

ok+1_1

2H
R D B R

Finally,

ok+1_1 ok+1_q 2H 1 pl

lim y (0) = Jim 2"~ Zl Zl 712;172 - —8/0 /0 |t — s|*" dsdt
n -
16
- 16/ / $)" dsdt = QH + 1)(2H +2)’

Comparing the above equations with (3.44) completes the proof. O

Our next lemma investigates the limit of 27 =1 ||z, || ¢, a1 T 0o by applying a concentra-
tion inequality from [5, Lemma 3.1]. In the form needed here, it states that if Z is a centered
Gaussian random vector with covariance matrix C', T := V/trace C, and 7 := \/m, then
there exists a universal constant x independent of C' such that

2

P[1Zlle, ~ 7| > 1] < wexp (- 4t—72) for all £ > 0. (3.47)
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Lemma 3.20. With probability one,

1—H
lim 27Dz 2 —.
fim 2Vl =24

Proof. 1t follows from (3.44) that

N 16 16
2H+1 (2H+1)(2H +2)

(3.48)
Let || - ||, denote the ¢,-induced operator norm. As shown in Lemma 3.19, the covariance
matrix I',, is a symmetric Toeplitz matrix and so %(3) = VJ(Z) = 7§73_Z. L1 Hence, we have

ITnlly =[Thll o, and this gives

2n 2n
ITlly < Il Pallo =l1Tally = max > % 17| = max S Ty
i=1 T =1

2TL
<2 Z i < 2070y T gn (o)
s=0

where the first inequality is a well-known bound for the spectral norm of a matrix; see, e.g.,
(94, proof of Theorem 2.3]. In the next step, we will show that gg(c) = O(¢?#~4) as ¢ 1 0o.
For ¢ > 3, Taylor expansion yields u; € (¢ — 1,<) and uy € (¢, + 1) such that

(3.49)

(2H J+1) oy, T QH—i+1)
(s — 1 2H Z G2H—i 4 13 i u%H 47
4 .
c2H ] 1 —J+ 1) 2H—i Hj=1(2H —1t 1) w2H4
(c+1 + Z S 0 u
Note that

23: (1) + 1) [Ty (2H — j + D an

. =2H(2H — 1)¢*172,
7!

=1
and therefore, we have

4 .
Hj:1(2H_~7 + 1)( 2H—4
4!

hi(s) = =2 <4§2H +2H(2H — 1) 4 +usf= 4)) . (3.50)
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In the same way, we obtain

ho(c) = 8 <2g2H n %<2H—2 n Hj:1(21‘;—j + 1)(u§H_4 4 UZH_4)> 7 (3.51)
ha(<) = —8( ar y 2OHCH 1) ooy i @HZTHD) oo - 4)>, (3.52)

for some us, us € (s—1,¢) and uy, ug € (s,5+1). Since u; > ¢—1, we get u??~* < (¢—1)2A-4,
Summing up (3.50), (3.51) and (3.52) yields that gx(s) = O(¢?#~4) as ¢ 1 oo, which with
(3.49) implies that

ITnlly < 207257 | gy (0) + g (1 +ZgH = 020720y for H e (0,1). (3.53)

Therefore, for each H € (0,1), there exist ¢y > 0 and n.y € N such that for n > n. g,

we have ||I',]|, < cg. Thus, for n > n.y and any given € > 0, the concentration inequality
(3.47) gives

1-H 1-H
n(H-1) . (1-H)n+1 1—-H)n
P 2"z, - 7112 =P | Izl —2 : Tl > 20t Hne
2n(2—2H)€2
<kexp | ———=—— | = kexp(—c;'2"?).
1Tl

The latter expression is Summable in n for every € > 0, and so a Borel-Cantelli argument
yields that 271z, ll,, — 2 H+1 H with probability one as n 1 co. O

In the following lemma, we will derive the asymptotic behavior of the norms of w,, defined
n (3.23).

Lemma 3.21. With probability one, we have

lim 2"V, |, = 272 /a(H),

where o(H) = g11(0) = 391(1) — gu(2) + 591(3).

Proof. Let us denote the covariance matrix of w, by ®, = (gzﬁz(?))f;b:l = QI 2Q). We
first show that
trace ®, = 227241 o (),
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For the fixed n € N, consider the following partition of the covariance matrix I',, 1o,

* * *
1_‘1,1 FI,Q s FI,Q"
* * *
T . I_‘2,1 FZ,Q e F2,2“
n+2 — . . 5 (354)
* * *
F2",1 FQ",Q o FQ",Q"

where I}, are 4 X 4-dimensional matrices. In particular, for 1 < ¢ < 2", the diagonal

partitioned matrices I';; are of the form:

gu(0) gu(1) 9u(2) gu(3)
[¥ = 92042 cr — 9(1-2H)(n+2) gu(1) gu(0) gu(1) gu(2)
9u(2) gu(1) gu(0) gu(1)
gu(3) gu(2) gu(1) gu(0)

Recall the definition of n; ; from (3.21), we get

¢§Z) = (771',1, Ni2,--- ﬂh’,2n) | (771',1, Ni2,--- ﬂh’,Qn)T
= (01><47 e Miiy e ,01x4) | R (01><4; oy Migy - - ,01><4)T

— ’I“F;-kyi’l‘T _ 2(172H)(n+2),rG2,rT.

To evaluate the last argument in the above equation, we have

gu(0)  —gu(1) —gu(2) gu(3)

v = L1 | o) gm©)  gn() —gn(d) || alH)
16 —gu(2)  gn(1) gu(0)  —gu(1) 4

gu(3)  —gu(2) —gu(1) gu(0)

Therefore, we have ¢§Z) = 20=2H)(n+2)=2([) for every 1 < i < 2", and
27’L
trace ®,, = Z gbgz) = 2(2_2H)n_4HO,/(H).
i=1

In our next step, we shall show that 22"(#~1|lw, ||, converges to 272#\/a(H). It will be
shown in Theorem 4.14 that ||@,||, = 1/4, and due to (3.53), there exists a constant ¢y > 0
such that

1@nlly <NQnll5ITnsally < 220,
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For any given ¢ > 0, the concentration inequality (3.47) yields that

]P) ( 277,(H—1)||wn||£2 . Qn(H—l)\/m Z 5) —= ]P < 2n(H_1)||wn||[2 — 22_4HOZ(H)’ Z 5)

2n(2—2H)€2
<kexp [ ————— | = kexp(—cj'2"?).
1Qnll
From here, the Borel-Cantelli lemma yields the assertion. |

Proof of Proposition 3.18. By (3.43) and Lemma 3.21,

w, 20 H=2) ||, 24 o (I H
o 2l ”_“52:\/ o >:\/—aH( Y
ntoo HH"HE nfoo 2n(2H—2)||0 H 922—2H _ 1 22+2H _ 94
2 n 22
See Figure 3.4 for an illustration of the latter inequality. O

‘ 012 o 014 o 0:6 o 0:8 o 1.0
Figure 3.4: Plot of functions «(H) (blue) and S(H) := 22t2H — 241 (orange) as functions of
H e (0,1).

3.6.2 Proof of Theorem 3.7

The proof of Theorem 3.7 begins with the following lemma, which provides an upper bound
for the covariance between Faber—Schauder coefficients of the fractional Brownian motion at

different generations. Such a bound is obtained a la [41, Theorem 1].

Lemma 3.22. Letn<m, 0 <k <2"—1and 0 < j < 2™ —1 be given such that

2nj — 2Mk| > 2mVn,
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Then there exists a positive constant py such that

2H—4
k+1 4 ko j+1
e (e e I R
Proof. For fixed n,m € N and s,t € R, we denote
Fam(s,t) == cov (Wsﬁw—ﬂr ~WH Wfim WtH>
1 2H 1 12H . Lo (3.56)
2
:§<S_t+2n+1 +‘9_t_2m+1 —ls =1 _S_t+2n+1_W )
Arguing as in the proof of Theorem 2.34 yields
2j+1
n+m am+1 annm S t)
oV (Or ks O j) = /Qk o0t dsdt
s 3.57)
—min_9 annm(SJ;) ( .
<22 sup —,
(S,t)ES(Z+1’m+1) 8361:
2m 2
where for fixed m,n € N, S(%”") denotes the triangular area of the following form
(mn) ._ 1 1
S,y = [a, a+ 2—4 {b b+ 2—m} for a,beR.
To provide an upper bound for
62 n,m Y t
oy |Pantst)]
(8 t)ES(n+1 ,m+1) asat
g'n‘ 2
note that
O frm(s,t B 1 I 1P 1
féT(t):HpH_” |t—S|2H2+ S—t*l—ﬁ—w 5_t+2n+1 —S—t—m

3 1 1
1 StonFr U omrT
= 2H—i|/ / lu — v|*~* dudv
2 1:! s t

3
< 9~ (ntm)=3 H |2H — i] ( sup |u — v|2H_4) .

i=0 (u)esthm D)
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Applying the above inequality to (3.57) yields

3
[cov (B, On)| <27 T2 —i] sup sup fu— v (g g
i=0 (s,t)ES(Z+1‘.m+1) (U,U)ESS(T;H’"H'I)
2m° 32

Since |2"j — 2mk| > 2™V we have [ﬁ kil] N [L Jil] = @. As a result, we have

2ny 9n 2m >y 9m
sup sup lu—o* =t < sup s — P
(5,)eS T (yp)eslithm (s,)esT™,
273 ’ S ghm

2n 2m

2H—4
< — .

Inserting the above inequality to (3.58) and selecting pg := 27° H?:o |2H — i| completes the
proof. O

k 4+ 1 E+1 '
-

Recall that w,, = @, 2,2, and let us denote

-
wy = (wn,0> Wp,1, 7wn,2"—1) .
By verifying the representation of @,, in (3.22), we have

T 1
n+2 n+2 n+2 n-+2 n+2 n+2 n+2 n+2
wn,i = TT (Zé(lH—l )7 Zé(lz+2 )7 Zé(lz+3 )? 4(11 )) = 4 ( zé(lH-l) + ZA(IH-Q) + Zé(lz+3) Zé(li—i—él )> . (359)

Applying the bound in Lemma 3.22, we can obtain the following result, which concerns
the upper bound between the Faber-Schauder coefficient 6, ;, and Gaussian random variable
Wy 4

)

Lemma 3.23. Forn € N, let 0 < i,k < 2" —1 be given such that |i — k| > 1. Then we have

| cov(Op i, wni) | < pr2t 2" (b — i — 1| Ak — i+ 1

) (3.60)
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Proof. We first prove for the case ¢ > k + 1. In this context, we have for 1 < ¢§ < 4,

&) gm—(n+2) _1
‘COV(ka,zi?i?))‘ = 23022 \eov | O, Z 93m/2 Z Ormjp2m—42) (454+6-1)
m=n+2 7=0
%) 2n17(n+2)_1
S 23(71-‘1—2)/2 Z 2—377’1/2 Z ’COV (9n7k, 9m7]’+2m7(n+2)(4i+571)) ‘
m=n-+2 7=0
00 om—(n+2) _1 _ . . 2H—4
2D (Li+6—-1)+7)  k+1
3(n+2)/2 —3m—3n/2
< py - 25042 Z 2T Z ( om o oom
m=n+2 j=0

2m7(n+2) —1

> : . 2H—4
— pyg - 2X0D/2 37 goimoin/z §7 (42 +6 —|—2£+; 5— 4kz) ’

m=n+2 7=0

Asj>0and i > k+ 1, we have

n > 47 4+ § i — 5 — 4k 2H—4
‘cov(@nvk,zii:;))‘ < pp - 28+2)/2 Z 9—2m—(n+2)—3n/2 sup ( 1+0+] )

m=n+2 0<j<om—(n+2)_1 on+2
S i—k— 1\
Sppo2 ) 2 (—)
m=n+2 2
. 2H—4
< py - 27 HI20E) (z_f—n_1> < pyr - 202 ()P

Let us now prove for the case ¢ < k£ — 1. Under this circumstance, we now have

2H—4
- koo2m ) (4i+ 6 — 1) +4) +1
_2—3(n+m)/2 4k—4i—5—|—1—j _i 2H—4
a Qn+2 om .

Asd <4, m>n+2andj <2" (2 _ 1 we must have

4k —4i—o+1—3 1 >k—z’—1
on+2 om = 9n+2

Thus, arguing as above yields that

> Ak —4i—6+1—35 1\
n+2 n —2m—(n —3n
‘Cov(en’k’z‘i”‘s))‘ < py - 2002 Z grammrB T 0<‘<2sul<) +2)_1 ( 2n+2 B 2_m>
m=n+2 <g<zmonTe) —
—n+1 - —2m k—i-1 2 (1-2H)n . 2H—4
< pu -2 Z 2 T < pu -2 (k—i—1) :
m=n+2
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Combining the above bounds for different cases, for |i — k| > 1, we have

)COV(an,Z4ZL:52 ‘ <pu- 2872 (| —i— 1Ak —i+ 1|)2H74.

Finally, applying (3.59) gives

)2H74

4
|Cov(9nk,wm < Z‘COV nk,z;:éz ‘<p o= 2H)”(|/€ i—1Ak—i+1]
=1

|

This completes the proof. O

Given the demonstration in Theorem 3.2, we can show that the distribution (X;):cp,1
is absolutely continuous with respect to that of (WH )tefo,1]- Thus, it suffices to establish
Theorem 3.7 in the context of fractional Brownian motion. To this end, let 8,,, ¥,,, and w,, be
as defined in (3.18) and (3.23), respectively, associated with the fractional Brownian motion.

Additionally, denote the covariance matrix of 9, by ¥, := (1&1(7;))123;(1) The subsequent

lemma explores the behavior of the traces of the covariance matrices (V,,),en-

Lemma 3.24. Forn € N, we have
trace W, 1 = 222 race U,

Proof. Let us first of all show that the covariance of the Faber—Schauder coefficients of a

fractional Brownian motion admits the following properties:

(a) Cov(an,H ) = 22H-1lcoy (0n+17k,0m+17]‘) .

(b) cov (Hn,k; Hm,j) = Ccov (gn,k—i-i» 9m,j+2m—"z’) .

We show that assertion (a) holds. To this end, recall that f,,, as in (3.56) is given as

. H H H H
Fum(s,1) := cov (W L W L W )
2H 2H 2H
_1 s—1t+ +|s—t— ! —|s—tP" —|s—t+ L 1
o 2 2n+1 2m+1 2n+1 2m+1 .

Clearly, for s,t > 0, we have

fn,m<87 t) = 22an+1,m+1(5/27 t/2)

112



Therefore, we have
ntm+2 2k+1 25+ 1 2k+1 25
COV(@n_H’k,Qm_HJ) =2 2 (fn+1,m+1 ( on+2 ) om-+2 ) - fn+1,m+1 ( on+2 ) 2m+2)
2k 25 +1 2k 2
= fattmt1 (2n+2, om+2 ) + fot1m+1 (2n+2, 2m+2) )
_2n+m+2_2H f 2k+1 25+1 _f %7—}—1 2—]
o WM\ ont+l 7 9m+l B\ gntl ? gmtl

2k 25 +1 2k 25
- fnm (2n+1’ 9m+1 ) + f”m <2n+1’ 2m+1> >

= 2" cov (0,1, O j)-

To prove the second assertion, note that for any s,¢ > 0 and any a € R, we have

fn,m<5, t) = fn,m(s +a,t + a).

Thus, take k¥’ = k + i and j' = j + 2™ i, we get

This then yields that
e 2%k +1 2j+1 2k +1 2§
cov (O, bm.s) = (f"m< gn+1 ) gm > - f"’m( gni ’2m+1)
2k 25 +1 2k 2§
e 2k’ +1 25/ +1 2K +1 2§
Jrom \ ez et ) ~ o \ o g

ok 25 +1 ok 25
— fn,m <2n+1a Qm—i—l ) +fn,m (2n+17 2m+1

= Cov (Gn,kﬂ', 9m,j+2m—"i)-

As an immediate corollary of the above assertions, we have must that E [Qn 41 k} =

2120 [9270]. Moreover, we can simply migrate the above properties from the Faber—

Schauder coefficients to the covariance between 0, ;, and w,, .

— 22H—1

(a) cov(f ks Wn) coV(Op1 ke, Wnt1,i)-

(b) C0V<0n,k7 wn,i) = COV(‘gn,k—HLoy wn,i+no)~
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Again, let us prove assertion (a) first. To this end, for 1 < § < 4, we get

00 gm—(n+3) 1
(n+3)\ _ o3(n+3)/2 —3m/2
oV (Onii s 20515 ) = 2203 2cov [ O, E 2 5m/ E Or j2m—n43) (4545-1)
m=n+3 7=0
00 2m—1
__03(n+3)/2 —3(m+n+3)/2
= 230 43)/ 2y 9n+1,k,2 23 ) E Ot (n+3),j+2m (4i+6-1)
m=0 j=0
00 2m—1
—3m/2
= Ccov 0n+1,k7§ 2 / E 9m+(n+3)7j+2m(4i+6—1)
m=0 j=0
0 om_1
—3m/2
= E 2-3m/ E OV (Ot o Ot (nt3) -2 (4i-45-1))
m=0 §=0
o) 2m—1
1-2H } : —3m/2 2 : 1-2H (n+2)
=2 cov 0n,k7 2 / 0m+(n+2),j+2’"(4i+6—1) =2 (en,ku Zhits )
m=0 §=0

Assertion (a) holds therein, since w,; is a linear combination of the Gaussian variables

4?;52 d=1,2,3,4} as in (3.59). To prove assertion (b), note that
00 2m—1
n+2 m
oV (On,k-+no> Zzi(:ﬂzo)Jra) Z 9~3m/2 Z cov (en,k+n079m+(n+2),j+2m(4i+6—1)+2m+2n0)
m=0 j_O
- Z 273m/ Z COV (On,es O (n12),jr2m 4its-1)) = OV (O, Zi?ff))'
7=0

Once again, by the as w,; and w, k+n, are constructed as the linear combinations of the

zfl?:f) 10 =1,2,3,4} and {z!&fno 4o 00 =1,2,3,4} in the format presented in (3.59), we

complete the prove for assertion (b).
Finally, applying the above result, we have

antl_g antl_g

trace W, = Z w("“) Z <E |:93L+1,k:| +E [ W41 k] +2E [9n+1,kwn+1,k])

k=0

— gnt1+(1-2H) (E [9?%0] +E [wiﬂ} +2E [Gn,own,o}) = 22" trace U,,.

This completes the proof. O

To prove Theorem 3.7, it suffices to prove the following proposition. The results in

Theorem 3.7 then simply follow from assertion (d) in Proposition 3.6.
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Proposition 3.25. For H € (0,1), we take ¢, = 27"/?>n='\/logn. Then there exist Tz > 0

and a positive constant ¢, such that

-~ WH
limsupe, ' |H-%: | — || <c P-a.s.
ntoo
Proof. Let us denote 7 = trace Uy, it is clear that trace ¥,, = 2@=2H)nr, - Furthermore, as
shown in Proposition 3.18, as
E[w o] a(H)

]E[92 0} ~ 9242H _ 94H <L

This then implies that 7z > 0. Furthermore, following from Lemma 3.19, Lemma 3.21 and
Lemma 3.24, the covariance matrix ¥,, is a symmetric Toeplitz matrix and so 1/153) = ](72) =
Yy Hence, we have | W,||, =|[W,]|.., and applying inequalities (3.53), (3.55) and (3.60)

yields that there exists a positive constant kg > 0 such that

on_1 on_1

_ _ (n) (n)

1nlly < AIall ¥l =¥nlly, = | max Z; i | <2 z; %o, |
i= 1=

2" —1
<2 | Dl + [l + Do ] | < m2nt =2,
=2

where the final inequality holds as it follows from the same inequalities that both 2"~V |E[6,, 6,,]],

2"CH=Y|E[w,, gwy]| and 2"CA=V|E[6,, ow,, ;]| are of order O(i*1~4) as i 1 oo.

Now, the concentration inequality (3.47) yields that there exists a constant A > 0 such
that for all n € N and 6 > 0,

P Zn(H—l) ,"971

22HD)|(8, |, — \/a) > 5@}

0o B
=P ‘Hﬂn”& — +/trace ¥,

on(2—2H) 522
<A - _ "
- eXp( 11T, )

Z Qn(l_H)(STH:|
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Taking 6, := 27"27,'\/8ky logn yields that

As the expression over the right-hand side of the above inequality is absolutely summable,
the Borel-Cantelli lemma yields that

9
limsupd; |2tV | — 1| <1 P-a.s
ntoo VTH 0
Note that
T R (H—1)+ L ogy |2 Liog, [ 2ntrn| 2
- =(H - —lo =—1lo — )
"\ V7 T Vo] V|,

and now using the fact 1+ 2 — 1 ~ x/2 as x — 0 yields the result. This completes the
proof. O

Proof of Theorem 3.4. Let us denote the sample path of the time-shifted Riemann—Liouville
process ZH by z. Tt follows from [84, Theorem 5.8] that the laws of time-shifted Riemann—
Liouville process Z¢ and fractional Brownian motion W are equivalent for any ¢ > 0.
Therefore, the law equivalence between W and Z## together with Proposition 3.18, yields

that
on_1q 2" —1 2

2
0 < liminf 2" 37 (7)< limsup2#72 5 (#:4) < oc,
k=0 e k=0

with probability one. Furthermore, the sample path v of V#¢ can be replicated pathwisely
through

2
v=9z— =t tecl0,1]

2
It is clear that ¢ +— 7—;t2H satisfies the conditions in part (b) of Lemma 3.16. Therefore, we
have
2n—1 ) 2n—1 )
0< lig%oionf on(2R=2) Z ( Zk) < lim sup 2"(?#-2) Z ( Zk) < 09,
k=0 nfoo k=0

with probability one. Finally, the assertion follows from Proposition 3.15. This completes
the proof. 0
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Chapter 4

Robust Faber—Schauder
approximation based on discrete

observations of an antiderivative

This chapter is based on [46] and studies the problem of reconstructing the Faber—Schauder
coefficients of f based on the discrete observations of its antiderivative F. Chapter 4 is
organized as follows. In Section 4.1, we formulate our problem and state an explicit solution
for each estimated Faber—Schauder coefficient. In Section 4.2, we state our bounds on the
approximation error between the estimated and the true Faber—Schauder coefficients. These
bounds can be translated into error estimates between the estimated functions fn and F,
and the true functions f and F. These results are stated in Section 4.3. The proofs of
our main results rely on an analysis of the approximation problem for F' in terms of the
wavelets formed by the integrated Faber-Schauder functions. The corresponding analysis
is presented in Section 4.4. Most proofs for the results stated in Section 4.1 are deferred
to Section 4.5. By virtue of the analytical nature of this chapter, we use the notation f to

represent a function and F' to represent the antiderivative of f.

4.1 Problem formulation and an explicit formula

Recall that the Faber—Schauder functions are defined as
e_10(t) =1, eoo(t) = (min{t, 1— t})+, and e, (t) = 2_’”/260,0(2"‘75 — k),

fort € R, m € N and k£ € Z. It is well known that the restriction of the Faber-Schauder
functions to [0,1] forms a Schauder basis of C[0, 1]. Indeed, for a given function f € C|0, 1],
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the function
n 2Mm-—-1

o= FO0)+010610F > D OmkCmp, (4.1)

m=0 k=0

with coefficients 6_; o = f(1) — f(0) and

Gm,k:2m/2<2f(2k+1>—f(k)—f(wn for 0<m<n and 0<k<2"—1, (4.2)

2m+1 2_m om
is just a piecewise linear interpolation of f with supporting grid T, ; = {k2-"V) : k =
0,...,2""1}. In this chapter, we study the question of finding a robust approximation to the

Faber-Schauder coefficients of f, if only the values {F(t) : t € T, 11} of an antiderivative,
F, of f are observed.

Our starting point to this question is the following interpolation problem. Based on the
given data {F(t) : t € T, 41}, estimate Faber—-Schauder coefficients ﬁg}k and an initial value
fo such that

t
F,(t)=F(t) forallte T,, where F,(t) = F(0) + /0 fn(s)ds for

o n o 2m—1 (4.3)
fao= o+ 0" gei0+ >N 0 e
m=0 k=0

Since the function f, is continuous and linear on each interval [k27"~1 (k + 1)27"71], its
antiderivative, F,, must be a piecewise quadratic C'-interpolation of F with a supporting
grid T, .1. The properties of such a quadratic spline interpolation of F' have been studied
before; see, e.g., [54, 74]. But it is also known that the quadratic spline interpolation suffers

from two issues,

(a) the initial value fo needs to be given so that the coefficients 19,(3’),€ are uniquely deter-
mined from the data {F(t) : t € T,41};

(b) the interpolating function is notoriously unstable; see Figure 4.1 for an illustration.

In this chapter, we will revisit the classical problem (4.3) within the context of the Faber—
Schauder coefficients of fn, and we will show that, surprisingly, the source for both issues,
(a) and (b), can be identified. It is located in the final generation of the Faber—Schauder

m g

coefficients of f,, i.e., in the numbers 4, ,...,9, 5n_;. Some first clues to this observation

can be seen from the following theorem, which provides a closed-form solution to the problem
(4.3).
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Figure 4.1: Graphical illustration of the instability of the solution to problem (4.3) with
F(t) =1 —coswt and n = 3. While F and F), (left, dotted and dashed respectively) and f
and fn (right, dotted and dashed respectively) are basically indistinguishable when taking
fo = 0, the value fo = 4 yields wildly oscillating functions F,, and fn (solid lines).

Theorem 4.1. For given fo, the coefficients {ﬁg,f’)k} solving problem (4.3) are given as fol-

lows. For m = —1, we have

o= (k) () )
Foro<m<n—1and0 <k <2™—1, we have
o 2n+m/2+22 ( (& +2nj+1)_F(2i+y2;11)+F(k;nl_J‘Q;ll)_F(%_Qil)), (4.4)
Finally, form=n and 0 < k < 2" — 1, we have
o= sy Sy (k) - # ()
1 3. 93n/242 (F(anjll) B F(;jl)) _ 93n/2+2 (F(Q;If) B F<2§n::1)> '

The first observation we can make from Theorem 4.1 is that only the coefficients of the

o

final generation, i.e., the numbers 19n 0 - - - ﬁ;”%n 1, depend on the initial value fo. Moreover,
the formula for the final-generation coefficients 19n0, . ,197%”_1 contains the additive term

—on/2+2 fo, which implies that any error made in estimating fg translates into an additional
27/2+2_fold error for each final-generation coefficient. In particular, the approximation errors
|19£L”,)c — 0, x| can be made arbitrarily large by varying the initial condition fo. By contrast, all
other Faber—Schauder coefficients, i.e., 1957% with m < n—1, are independent of fg. Thus, the
instability with respect to fo observed in Figure 4.1 arises exclusively from the coefficients

19%, e ,1927271_1 of the final generation.
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Our second observation is the following counterintuitive phenomenon, which arises in-
dependently of the initial value fo. On the one hand, each estimated coefficient ﬂf;z?)k with
m < n — 1 1is a linear combination of the values of F' over the grid T, within the inter-
val [27™V0k 27™VO0(k + 1)], where a V b is shorthand for max{a, b}. This interval coincides
with the support of the corresponding wavelet function e,, ;. By contrast, for m = n, the
estimated coefficient 192”,1 involves all observations of F' within the interval [0,27"(k + 1)].
This means that when approximating the derivative f by the piecewise linear function fn,
its behavior within [27"k,27"(k 4 1)] is affected by values of F' potentially far away from
that region. A graphical illustration of this phenomenon is presented in Figure 4.2, and a
concrete computation will be given in Example 4.2. This nonlocal dependence of the coeffi-
cients 192”,1 on the observed data is counterintuitive and another cause for the instability of

the quadratic spline interpolation.

0.4 0.4
0.3 0.3
0.2 0.2
0.1 0.1 \
0L ; ; ; ; ; ; ;
4
2
0
-2

0 02 04 06 08 1 0 02 04 06 08 1

Figure 4.2: Graphical illustrations of the data dependence of the coefficients 795%- In the
bottom-left graph, we plot the approximating functions f4,1 and f4,2 in dotted and solid lines
respectively, and the contribution 19&26273 is highlighted in red. In the bottom-right graph,
we plot the approximating functions f473 and f474 in dotted and solid lines respectively, and
the contribution 194(;7%6479 is highlighted in blue. Respective data points of the function F' that

contribute to the estimation of 19%‘713), and 195;12, are highlighted by circles in the corresponding
upper graphs. All data points that do not contribute to the computation of the coefficients
in question are represented by cross marks.

In the following section, we will discover yet another issue with the final-generation
Faber-Schauder coefficients of f,,, which arises even if the true initial value f(0) = F’(0)

is known, and fg is set to that value. In this context, we will derive sharp upper and
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lower bounds on the approximation errors for the estimated Faber—Schauder coefficients up
to generation n — 1 and at generation n. That is, we will be looking at the Euclidean
(,-distances between the Faber-Schauder coefficients of fn and the true Faber—Schauder
coefficients of f for p € {1,2, 00} and under the assumption that f(0) = F’(0) is known. On
the one hand, we will discover robust upper error bounds for the estimated Faber—Schauder
coefficients up to generation n — 1, which hold universally for each function F' € C*[0,1].
On the other hand, we will see that F' € C'[0, 1] can always be chosen in such a way that
the error in generation n exceeds the error up to generation n — 1 by a factor of size O(2")
for the £5- and ¢;-norms and by a factor of size O(2"/2) for the {o-norm. In Example 4.2,
we will encounter an extreme case in which the approximation errors up to and including
generation n — 1 are all zero, while the error in generation n can go to infinity even if the

correct initial value f(0) is known.

Conclusion. Our findings can informally be summarized as follows.

(a) The estimated coefficients 195;;),9 for m < n — 1 are independent of the estimated initial
value fo, and they admit robust error bounds for their convergence to the corresponding
true Faber—Schauder coefficients of f = F”.

(b) By contrast, the final-generation coefficients 195;%, e ,19%7;_1 are strongly dependent

on the estimated initial value fo. Even if the true initial value is known, they depend
on F' in a nonlocal manner. Furthermore, the errors for their convergence to the
corresponding true Faber—Schauder coefficients of f = F’ are highly sensitive with

respect to the function F'.

We conclude this section with the following, computationally explicit example, in which
the formulas from Theorem 4.1 recover the exact Faber—Schauder coefficients of f up to
and including generation n — 1. In generation n, however, the estimated Faber—Schauder
coefficients will differ from the true ones to the extent that their approximation errors may

go to infinity even if the correct initial value f(0) is known.

Example 4.2. Consider the Takagi class, which was introduced by Hata and Yamaguti [52]
and motivated by the celebrated, continuous but nowhere differentiable Takagi function. It

consists of all functions of the following form:

f(t):= i Cm®(27t) = i 22, Z_: emn(t), for te]o0,1], (4.5)
m=0 m=0 k=0

where {¢, }men is an absolutely summable sequence and ¢(t) := min,cz |t — z| denotes the

tent map. The Takagi class has been studied intensively over the past decades; see, e.g., the
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surveys [2, 66]. Letting F'(t fo s)ds and fy := f(0) = 0, the coefficients solving (4.3)

are given as follows,

om/2e for 0<m<n—-1 and 0<k<2™—1,
2N e for m=n and 0<k<2"—1.

19(”) _

m,k —

The proof for these formulas is deferred to Section 4.5. It follows that up to and including
generation n — 1, the approximation error between all true and estimated Faber—Schauder
coeflicients is zero. For generation n, however, we have |19£L",1 — O gl = 2023 Gl

In partlcular if the decay of | > Cm| is slower than O(27"/2), then the approximation

m=n+1
errors \z9n7k — 0,.x| go to infinity as n 1 oo.

4.2 Error analysis for the Faber—Schauder coefficients

In this section, we consider again functions F' € C'[0,1] with derivative F’ = f and we
suppose that f(0) is known so that we can set fy := f(0) in our problem (4.3). As a
matter of fact, we may assume without loss of generality that f(0) = fo=0and F (0) =0;
otherwise we consider the function F'(t)— F(0)— f(0)t, whose derivative has the same Faber—
Schauder coefficients as f. We refer to [54] for a method for estimating f(0) from the data
{F(t):te T }

For studying the Euclidean ¢,-norms of the approximation errors, it will be convenient to
denote the Faber—Schauder coefficients of f at or up to generation m > —1 by the respective

column vectors 6,, and 8,,, i.e.,
n T mVO0 —~ — — m+1
0, = (Gmyo, Oma--- ,emygm\/o_l) € R? and 0,,=(0',,6],---,0)T ¢ R*".

An analogous notation will be used for the coefficients in Theorem 4.1 solving (4.3). That
is, for —1 < m < n, we set

9 = (95,900 9t

m,00 Ym,1° m,2mVOo_ 1)

c RQWVO and 1953) _ ((Ig(jll))T7 (lg(()n))T’ o (ﬁﬁg))T)T c R27n+1'

Note that in particular 9 = 9™ , and both notions will be used interchangeably in this
chapter. In this section, we study the approximation errors 6,, — 9% and 0,, — 9
by giving upper and lower bounds on their Euclidean ¢,-norms for p € {1,2,00}. These

bounds will be given in terms of the ¢,-norms of the 2"*1_dimensional column vector 2z, :=
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(z§"+1), e zgffll))T, where
00 am—n—li_1
AT = 32 N gz N g for 1 <i<2m (4.6)
m=n+1 k=2m—n—1(;—1)

The following criterion guarantees that the ¢,-norm of z,; converges to zero as n 1 oo.
Combined with our subsequent error bounds, this proposition will yield a sufficient criterion

for the convergence of the estimated Faber—Schauder coefficients to their true values.

Proposition 4.3. Suppose that f is continuously differentiable and that its derivative is

Hélder continuous with exponent o € (0,1]. Then

O(2-(tD(e—3)) for p=1,
120 41ll,, = § O(2- (D) for p=2, (4.7)
O<2_(n+1)(a+§)) for p= .

The following theorem gives sharp upper and lower bounds for the the /5-norm of the
approximation error 195?_)1 — 0,1 of the estimated Faber—Schauder coefficients up to and

including generation n — 1.

Theorem 4.4. The following assertions hold.

(a) For arbitrary choice of F', we have
A <! 4.8
H n—1 nfl‘leg = §Hzn+1”eg- ( : )
(b) For each e >0 and —1 < m <n—1, the function F' can be chosen in such a way that

n q(n 2) 1
1957 = 0, > (185 = 0], > (1 = )5 llznnall,

Our next results looks specifically at the error term ||1§£Ln) —0,,||¢, for the Faber-Schauder

coefficients of the n*® generation.

Theorem 4.5. For n > 2, the following assertions hold:

(a) For arbitrary choice of F', we have

_ _ -1 3
95 = 8,]],, < \/2 (1 — cos 2;11) + 7zl (4.9)
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(b) For each € > 0, the function F' can be chosen in such a way that

-1
=) A s 3
19 — 6., > (1—5)\/2 (1—cos 2n+1> = M=nslle, - (4.10)

Since! 1—cosx ~ x%/2 as x | 0, the coefficients in (4.9) and (4.10) behave asymptotically

-1
T 3 on+l1
\/2 (1—C08ﬁ> :tz ~ - for nToo (411)

As a matter of fact, by combining the elementary inequality 1 — cosz < x?/2 with Theo-

as

rem 4.4 (a) and Theorem 4.5 (b), we obtain the following corollary. As mentioned above,
it states that the fs-norm of the error in the final generation of the Faber-Schauder coeffi-
cients can be substantially larger than a factor of size O(2") times the fo-norm of the error
of all previous generations combined. Moreover, it is worthwhile to point out that both
vectors 9 — 0,, and 195?_)1 — 0,,_1 are of length 2". Thus, the relatively significant error
in the final-generation Faber—Schauder coefficients purely results from the quadratic spline
interpolation.

Corollary 4.6. For alln > 2 and € > 0, the function F' can be chosen in such a way that

92n+2

o 35
87 = 6ull,, > 201 -2) = 319 = Ga,

T2

Our bounds for the ¢;- and ¢.-norms, as stated in the following theorem, are even stronger

than (4.9) and (4.10), because the constants for the upper and lower bounds are the same.

Theorem 4.7. We fizn > 2 and let form = —1,0,...,n— 1 and p € {1, 00},

mV0—n—3 . e :
)2 ifp=1, )2 ( 21721 ]l{mZO} +1) ifp=1,
prm T n—mVv0—1 . Cp,m T n—1 .
2 2 pr = 00, 272 pr = 00,

273 — 2732 ifp=1,
"t V2 ifp = .

Then the following assertions hold for m = —1,0,...,n — 1 and p € {1,.00}.

Cpn *=

(a) For arbitrary choice of F', we have ||1§£:f) —0,,)0, < CpmllZns1lly,, and for any given e >

0, the function F' can be chosen in such a way that ||1§£:f) —0,lle, > (1 —&)epmllZns1lly, -

'For functions g(z) and h(x), we say g ~ h as x — xq if g(x)/h(x) — 1 for z — .
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(b) For arbitrary choice of F', we have Hﬁ%) = Onlle, < cpmllzntally,, and for any given e >

0, the function F' can be chosen in such a way that |\19£IZ) =Onlle, > (L=&)cpmllzntally, -

(c) For arbitrary choice of F', we have ||1§,(1n) —0,l, < S N zn41ll,,, and for any given € >

0, the function F' can be chosen in such a way that ||1§,(1") =0, > (1 —&)CpnllZn+1ll, -

(d) Foralln > 2 ande > 0, the function F' can be chosen in such a way that ||1§£L")—0_n||gp >

(1= )epncy 119 — 6, 1]le,

Note that part (d) in the preceding theorem plays the role of Corollary 4.6 for the ¢;-

and /,.-norms and that the coefficients in that part satisfy

~ (\/5— 1)2m+ as n 1 oo,

and

as n 7T oo.

Coon—1 277 T
Thus, for all p € {1,2, 00}, the ratio between ||’§£Ln) —6,]|¢, and ||197(;1)1 —6,_1||¢, can become
arbitrarily large as n goes to infinity. This underscores our thesis that 19%”_)1 is a more robust

estimate for the true Faber—Schauder coefficients of f than 9.

Theorems 4.4, 4.5, and 4.7 are actually corollaries to our results stated in Section 4.4.
More specifically, they follow immediately from the equations (4.21) and (4.22) and Theo-
rem 4.14.

4.3 Error analysis for the approximating functions

As discussed above, our analysis of the estimated Faber—Schauder coefficients suggests that

XL()), ceey ﬁi?%n_l)T of coefficients leads to a more robust

dropping the final generation 99" = (¥
estimate 19,(1"_)1 of the true Faber-Schauder coefficients of f. A Faber-Schauder expansion
based on these remaining coefficients should in turn lead to more robust approximations for
the unknown functions f and F'. There is, however, a price to be paid for this robustness:
the new approximating functions will no longer be interpolations of f and F. That is, they

may no longer coincide with f and F' on the observation grid T, ;.

To analyze these induced approximating functions, we let again F' € C1[0,1] with f = F’
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and assume as in Section 4.2 that F'(0) = f(0) = 0. For m = —1,0,...,n, we then define

m  20V0—1 m  20V0_1
fn,m = Z Z 19;72)@',11: and F’n,m = Z Z 191&7]?1#1,]67 (412)
i=—1 k=0 i=—1 k=0

where the coefficients 195’? are as above. Then both f,, ,, and the function f,, defined in (4.1)
will be piecewise linear with supporting grid T, ;.

Error analysis for quadratic spline interpolation has been well studied in the existing
literature. Typically, results such as those in [74] are based on the mean-value theorem and
provide error bounds for the L, [0, 1]-norm in terms of the first-order modulus of continuity
of f. By contrast, our results presented here are based on the theorems in Section 4.2. They
provide error bounds with respect to the L,[0, 1]-norms for p € {1,2, 00} and in terms of the

second-order modulus of continuity of f,

71,72€[0,1] 2
|T1—7'2|St

lf0) = sup {\f<n>+f<n>—2f(ﬁ”2)\}.

Our results will involve the following constants, which we define for fixed n > 2,

( (

2-(n43)/2 for p =1, on for p =1,
Ay, =1(1/V3 for p = 2, B, = {271 /\/3 forp=2,
20+D/2 for p = o0, VAR for p = oo,
\ ¥ (4.13)
9=t/ for p=1, 2mtt forp=1,
Cp =9 7 for p = 2, Dy = 2"y, forp=2,
200+3)/2 for p = o0, 2"*t2  for p = oo,
\ \

where

1 —n—1 ™ -1 3
72:%<1+2 \/2(1—C082n+1) +Z)

Theorem 4.8. The following inequalities hold for fited n > 2, 0 < m < n—1, and p €
{17 27 m}?

1= Famll oy < Adllzmial, < By S wal£.279),
k=n+1

||fn - f”v”HLp[O,l} < Cszn-HHZp < DP Z wQ(fa 2_k)

k=n+1
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Remark 4.9. Recall from (4.3) that|[ 2,41, — 0 asn 1 oo if f is continuously differentiable
with Holder continuous derivative. Thus, in this case, Theorem 4.8 yields the result that

Hfmn — fnmn HL 01 0 if (m,,) is any sequence with m,, < n.
P bl

Remark 4.10. Theorem 4.8 gives error bounds between the truncated function f,, and
f— fnm‘ o can be obtained as follows. For

Lp[0,1
instance, for p = 1, we observe that HemkHLl[O g = 273m/2=2 and |0,,1] < 2™ %wo(f,27™).

From here, it is easy to show that

the approximation fnm Error bounds for

1 «— _
Hf_meLl[o,l} S 4 Z wa(f,277).
k=m+1

The desired error bound for can now be obtained in a straightforward

U fn’m‘ £1[0,1]

manner from the triangle inequality and Theorem 4.8. Similar arguments also work in
the cases of the Lo- and L.,-norms, where we can use that HemﬁHLQ[m] = 2_m_1/\/§
and HemkaLw[o,u = 27™/271  In the L*®-case, one can alternatively use the fact that
1f =l g, < dwa(f, 27m=1)which was established in [73, Theorem 1].

By combining the bounds explained in the preceding remark with the next theorem, one

obtains bounds for the respective error |F' — F), ,| in various L,-norms.

Theorem 4.11. Forn > 2, and p € {1,2,00}, we have

HF - Fn,nHLP[QH S apr - fn’nHLp[O’lp

where a; = 27", ay = 27" /7, and g = 2772,

4.4 Matrix analysis of the approximation problem

In this section, we present our approach to the proofs of the main results in this chapter.
It consists of a formulation of the problem (4.3) by means of linear algebra. To this end,

consider the following wavelet system. We define 1)_ o(t) = t*/2,

~

0 t € (—00,0),
142 telo,l,
voo(t) =47 , [1 2) and W p(t) = 275 2 o (27t — k) (4.14)
i —3(1=1) telz 1),
i t € [1,00),

7
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formeNand 0 <k <2™—1.

Remark 4.12. One easily verifies that fot emk(s)ds = Yyi(t) for m > -1, 0 < k <
(2™ —1) v 0, and t € R. Therefore, the fact that the Faber-Schauder functions are a

Schauder basis of C]0, 1] implies that the collection of all functions 1, augmented with
{1,t} forms a Schauder basis for the Banach space C*[0, 1].

Using the functions {1, }, we can transform the problem (4.3) into a standard linear
equation. To this end, we assume again that f(0) = 0 is known, that fo = 0, and that
F(0) = 0; see the beginning of Section 4.2. We denote for m > —1 and k € N,

Qm) = Ymolze) vmalar Ymamoi(3r) | ¢ gt (4.15)
| YmoD) Yma(l) e Pmgme (1)
Next, for m, k € N, we write
Uy = [Q(_Lk),--- ,Q(m,k)} e RZ 2 (4.16)
antlxontl

Remark 4.12 implies that W, ;) has full rank. In particular, ¥, 1, := ¥, ,41) € R

is an invertible square matrix. We also use the shorthand notation

1 2 T
Ynt+1 i= F(W>7F(2n+1),"‘,F(1) €eR

for the values of F' over T, 1, our given data points. Using our assumptions F'(0) = 0 and

fo = 0, the problem (4.3) then becomes equivalent to the 2""!-dimensional linear equation
9 =T, Ly, (4.17)

in which the solution 9™ describes the Faber-Schauder coefficients of fn or, equivalently,

the coefficients in the expansion of F, in terms of the basis functions Y -

It is a natural guess that the linear system (4.17) can be solved by a simple numerical
inversion of the corresponding matrix ¥,,,;. In practice, however, the numerical inversion of
the matrix ¥,, becomes extremely unstable as the number of observation points increases;
see Table 4.1. The main reason for this instability is due to the fact that matrix columns cor-
responding to neighboring wavelet functions become asymptotically co-linear. Fortunately,

it is possible to algebraically invert the matrix W,,. This inversion formula gives rise to an
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Numerical values for log,, det(V,,) for several values of n
n 2 3 4 ) 6
log,odet(V,,) | -4.97 -13.4 -33.9 -82.03 -192.81

Table 4.1: Numerical values for log,, det(¥,,) for several values of n. Already for small values
of n, the determinant of ¥, is extremely small, which makes the problem (4.3) ill-posed from
a numerical point of view.

explicit solution of (4.17), which was stated in Theorem 4.1. The insight gained into the
structure of ¥, by deriving our inversion formula also forms a basis for our analysis of the
approximation error. Our first lemma relates the two vectors 9 —0,, and z,.1, where 2,41
was defined in (4.6), and 6,, denotes as before the true Faber-Schauder coefficients of f up

to and including generation n.

Lemma 4.13. Forn € N, we set P, := an+1Q(n+1 nt1)- Then 9 ) — 0, = P,zpi1.

Proof. Remark 4.12 implies that y,+1 = limy100 ¥ (mn+1)0m. Thus, we have

9" — \Ij(nln—&-l)yn—’_l = \Il(n 1) hm \I/(m n+1)O0m

_ _ T
= lim \I[ (n,n+1) [\Il(n,n—&—l)? Q(n—l—l,n—l—l)? R Q(m,n-‘,—l)] : [0;7 0¢I+17 R 0;] (418)

mToo

_0 +v, 1n—i—l) Z an+1

m=n+1

where the third equality follows from (4.16). For n € N and m > n + 1, we define the

2ntl % 2™ dimensional matrix

11---1  00---0 +vnn-. 00---0
00---0 11 -1 ceennn 00---0
U(m,n+1) = 2(3n+3—3m)/2, : : : . ’
00---0 000 cvvnn- 11---1
—— N——
L 9m—n—1 times 2m—7"—1 times 2m—n—1 times i

and by a simple matrix calculation, one can easily verify that
Zni1 = Y Upnns1)Om. (4.19)
m=n+1

Moreover, for m > n + 1, we have 1, (27" j) = 273m/2¢) o(2m =15 — k) = 0 for k <

2m=n=15 and otherwise 273™/2=2. Thus, for m > n+1, the matrix Q(m,n+1) s of the following
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form:

111 000 aeee.. 00---0 |
11--1  11---1 vunn. 00---0
Q(mn+1) = 27Im/2=2, : : : : . (4.20)
11--1 111 vunn. 11---1
—_—— —— ——
| 2m—7—1 times 2™~"~1 times 2m—n—1 times |

In particular, the matrix Q(,41,n+41) is a lower triangular matrix that every non-zero entries
are equal to one after a proper scaling. Therefore, we get Quunt1) = Qu+i,n+1) * Ummnt1)s
this is because Q(n41,n+1) can be regarded as a row operation acting on the matrix Uy, n1)
as a partial sum of rows. Applying this identity and (4.19) to (4.18) gives

n -1 2 2)
"-9( ) — en = \Il(n,n—{—l) Z Q(m,n—}-l)em =P, Z U(m,n—i—l)em = I'nZp41- N

m=n+1 m=n+1

Next, for any —1 < m < n, the vectors 195]{‘) and '5‘577{‘) are subvectors of 9™, and we
can represent them via simple linear transformations of 9. To this end, we denote for
-1 <m<n,

RS;Z') = [IQm+1X2m+l,O(2n+1_2m+1)><2m+1] and RS:Z) = [0(2n+1_2mv0)x2mv0,I2m\/0><2mv0,0(2n+1_2m+1)><2va:| s

where I,,,y,, denotes the m x m dimensional identity matrix, and 0,,x; denotes the m x k
dimensional zero matrix. Thus, RSZ) is a 2™ x 27! dimensional matrix, and Rg,’f) is
a 2™0 x 27*! dimensional matrix. Furthermore, one sees by means of a simple matrix

manipulation that

9 0, — RWPz\ and B0 — 8, = B Pz,
It follows that for p € [1, o0],
195~ 6.ll,, <|[BLE| Izl (421)

where ||-[|, denotes the £,-induced operator norm for a matrix. Moreover, and for any € > 0,

n+1
we can choose a vector z,,.; € R*"" such that

195 = 0|, = (1 - 2)|| RSP,

Nzasall, (4.22)

Indeed, for any given vector 2,1, one can find Faber-Schauder coefficients 0, that yield

130



back 2,41 via (4.6); for instance we can take 6,, ;, arbitrary for m <n, ,,, = 0 for m > n+2,
and 0,41 = z,(cfgl) for k=0,...,2""" — 1. Thus, the Theorems 4.4 through 4.7 will follow

immediately from corresponding bounds on the operator norm ”R%L )Pn

p
For the cases p = 1 and p = oo, the following result states exact expressions for this

operator norm. For p = 2, we have upper and lower bounds that are slightly different from

each other.

Theorem 4.14. For n € N, =1 < m < n, and p € {1,000}, = Cpm and

‘ R™Wp
p

e

= Cpm, Where the constants ¢,,, and c,,, are as in Theorem 4.7. For p = 2,

p
we have ”RS,TLL)Pn

Jrer
9 n

T -1 3 B(n) T -1 3
2 1—cos2n+1 _ZSHRn PnH2§ 2 1—cos2n+1 +Z'

To prove results stated in Theorem 4.4, we first need an explicit representation of the

lzéif—lgmgn—l, and for m = n we have

matrix P,. This is the content of the next lemma, whose proof will, in turn, require another
lemma. Before stating it, though, we need to introduce some notation. For m > 0, we

denote the column Rademacher vectors 7 7 € R?" by

Ir;—z: <_17+17_17+17 7_17+1)T and Ir;l: <+1,_1,+1,_1, ,+1,—1)T. (423)
2m;irmes Qm;irmes

For given n € N and 0 < m < n — 1, we define the row vectors

m—n—3

n™ = 27z ((rf_)", (rn)’)  for 1<i=j<2m,
s 01 xon+1-m for 1<i#75<2m

We also define the column vectors v = (%, %) and u = (v/2,—+/2). Then we define

C_1,Co,...,C, as follows. For 0 < m <n — 1, we let

C. = ”72‘,1 "72‘,2 772,2‘m4 772i2m (4.24)
Moy Moy o My M
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For m = —1 and m = n, we let

v Oix2 -+ O1x2 Oix2
u v oo 01x2 O1x2
n+3
—o— MR+ T —
Ca=2 2 (r, ) and C, = ,
u uw - v Oy
u u u v
. )
Vv
2™ times

2m\/0 X 2n+1

so that C,, € R form=-1,...,n.

Lemma 4.15. The matriz P, is of the following form,
T T T\ "
Po= (€07 (@), (C)T) (4.25)

To prove Lemma 4.15, the following lemma is needed. For n € Nand —1 < m <n — 1,

we define the column vector 'w(tn n € R2"™™ and its reverse vector W, € R,

2k — 1 2k — 1
w! = (—) and w, | = (—) . (4..26)
(m,n) 9(n—1-mVv0)/2 P (m,n) 2(n—1-mV0)/2 fgnem e 21

Lemma 4.16. For given n € N and 0 < m < n, we define the column vectors

— T . i m
al™ — (<’w(tn,n))Ta (’w(myn))T) for 1<i=7<2m,
1,] 02n—m+1><1 fOT‘ 1 S ’l % j S 2m

Then we define A_1, Ao, -+, A, as follows: For 0 < m <mn, we let

o o o
sy e Qom0 1o

A, = 2 2EML TR R (4.27)
alm aé’fi?z alm. ol

Form = —1, we set A_; = w(+_1 nys 80 that Ay, € R2™*2 form = —1,...,n. Then the

matriz A, ‘= Q(_n1+17n+1) - W,,.1 is well-defined and of the following form
An = (A—1>A07 e 7~An)-

Proof. The proof consists of two steps. First, we claim and show that ¢ (,41,,+1) is invertible
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and

10 0 0
-1 1 0 0

_ 3(n+1)

Quisimsy =22 72 0 =1 -+ 0 0. (4.28)
0 0 -1 1

10
11
Quarnin =277 2 1 1 1,
11 10
11 1
and thus, we only need to show that
10 o o|[10 0 0]
11 0 0|11 0 0
0 -1 0 0 ol = Tgnraggne,
IR 1 e 10
0 0 - -1 1|11 -+ 11

The above identity indeed holds for the following reason: The first matrix can be regarded as
a row operation acting on the subsequent lower triangular matrix by subtracting preceding
rows. To be more specific, for n € N, the n'® row of the second matrix consists of ones at
its first n positions and zeros at the remaining position. The difference of the n'" and the

(n — 1) row then only has a one at the n'" position and zeros elsewhere. This then leads to

—1 -1 -1 -1
An = Q(n+1,n+1)\y(n,n+1) = (Q(,H_l’n_;_l)Q(—l,n—I—l)? Q(n+1,n+1)Q(O,n+1) o aQ(n+1,n+1)Q(n,n+1)) .

Again, the matrix Q(_nIH 1)

after proper scaling. For instance, the first column of the matrix Q(_n1+1 . +1)Q(m7n+1) becomes

acts on each matrix @, n+1) by subtracting preceding rows

3(n+1)/2+2 1 2 -1 !
93(n+1)/2+ ¢m70<ﬁ>, - ’@bm’O(l) — wm,O(W) . (4.29)
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Note that

¢m,0(%) ¢m0< 2n+11> = 973m/2 <¢0,0(2n_€n+1> woo(%))

2m/2=m=3(2k — 1) for 1 <k <2nm, (4.30)
= 2m/2—2n—3 (2n—m+2 _ (2k _ 1)) for 2™ 41 < k < 2n—m+1,

0 otherwise.

Hence, (4.29) and (4.30) demonstrate that the first column fits into the form (4.27). Further-
more, by translation, this assertion carries over to all columns of the matrix Q(_nlJrl " +1)Q(m7n+1)

for m > 0. For the case m = —1, we have

T
1 2 \? 1 \? 2nt — 12
~1 = 93(n+t)/2+1 [ (7 - e 1= (V—
Q(n+1,n+1)Q(_1y”+1) =2 <<2n+1)’ <2n+1> <2n+1) ! 1 ( on+1 > > ’

Since for any 1 < k < 2*"! we have

93(n+1)/2+1 <(k3 — 1) _ K’ > _ 2—n/2+1/2(2k ~1),

22n+2 22n+2

thus, Q" (nt1nt1) Q-1n41) = w(+_1 n)- This completes the proof. O
Now we can proceed to proving Lemma 4.15.

Proof of Lemma 4.15. For n € N, let A, be defined as in (4.27). Since A, is of full-rank, it
suffices to show that L, := P, A, is equal to Iyn+1y9n+1. We have

C1A CA - C A, Lo -y Loy - L
;o CoA-r CoAo -+ CoAw | | Lo~y Loo - Low
CiAL CA -+ ChA, L1y Lwoy - Lun

where Limp) = CpnAr € R2™" 2" for —1 < m,k < n. Now, we only need to show that
Lm,k) = 0gmvoyorvo and Ly, m) = Iomvoygomvo for =1 <m # k < n.
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First, we show that that Ly, ) = Iomyxom for 0 <m < n — 1. To this end,

TR N A B R S
L né"f) ny n§”§3n of oy - ol
(m,m) = : : - : : : - :

775?“1)1 775?:?2 né?nl?zm agﬁ?l a%?z a%?zm
zg’j}) e%fg’ 4T
ey gy £§”;'2n
gg':nl?l ggﬁ?Q cte gém)zm

where ff’j” P 177m akj). Since 77@(3) = 0yy9nt1-m and a(m) = Ogni1-my; for i # 7,

m) _
therefore Km. = 0 for ¢ # j. Moreover, we get in the same way that

04 =nfDal) = 2 (e )T, () Twg,)

n—m m,n) (m,n)
gn—m 2n—m+1
— 2m—n—1 (_1)k(2k o 1) + Z (_1)]€+1 (2n—m+2 o <2k - 1))
k=1 k=92n—m+1
on—m 2n—m71
="y (—D)F2k—1) =2"" Y 2=1
k=1 k=1
Next, for the case m = —1, we prove analogously that
2n+1
n+3
CoaAy =2 (rh ) wl, =27 [ Y (-)f2k-1) | =1.
k=1

Last, it follows that

1 0 0
i 7] 10 0
3 1
2 V2 3 L 0
Cn-An - 21/2 2\,/5 22 0 1 0 = Ipnyon.
3 1
| V2 V2 V2 V2 g s | !
0 1

The above identity holds because the second matrix can be regarded as a column operation
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acting on the first matrix by adding subsequent columns. To be more specific, for 1 < m <

2", the m™ column of the matrix L, ,) equals the sum of the (2m — 1)* and the (2m

)th

columns of C,. Prior to the m™ entry, each entry of the (2m — 1) and the (2m)™ column

of C, equals zero and all entries are equal to ++/2 afterwards respectively. Thus, it is clear

that CnAn = IQnXQn.

Next, we are going to show that Ly, 1) = Ogmyor for 0 <m # k < n — 1, and we first

show this holds with m < k. Under this assumption, we have

"y

01xgn+1-m

CrAr =

01 x2n+1-m

"

01)(2’“77"

g

01X2k—m

where the 27~ x 28— dimensional matrix o

(m,k)

(m.k) .

01X2n+1~m 01X2n+1~m aLl
m
775,2) 0]_><2n+1—m 02n+1—k><]_
m
01xon+1-m ném?zm Ognt1-kyq
01><2k7m 01><2k7m
(m) _ (m,k)
M22 Q3 0y or-m
. )
m m,k
01><2k*m ném?gmagmgzn

(m7

k) is defined as

02n+1—k x1

k
ay)

02n+1—k x1

02n+17k><1 02n+17k><1
(k)
a2 Ogn+1-kx1
Y
(k)
02n+17k><1 tee a2k7m’2k7m
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for any 1 < i < 2™. Further calculation yields that for each 1 <7 < 2™,

_ . _
ag,l) Ogn—kt1yy - Ogn—kt1x1
k)
Ogn—r41 a( s Ogn—rt1
(m) (mk) _ o(m-n-3)/2 + \T /.= T 2 x1 2,2 2 x1
ni,i ai,i =2 (Tn—m) 7(Tn—m) :
(k)
02n—k+1><1 02n—k+1><1 st a2k7m’2k7m
_ N _
w(k,n) OQn—kxl s OQ"*’“XI
w(;m) 02"*k><1 s Ogn—kxl
+
02n—k><1 w(hn) ct 02n—k><1
—omen=3)/2( (pt VT L (AT (= AT eee (pm T L
=2 ((rn—k) ) )(rn—k) ) (’rn—k;) ) ,(’I"n_k) ) Ogn—kyq w(k,n) 09n—k 1
N ~~ ~ ) )
2k=m times 2k—m times :
+
02"*k><1 02n—k><1 te w(hn)
Ognrxr Ognryq -or W,
_ om=n=3)/2( (p+ )T (4 =y () (wh -
=2 ((rnfk) (w(k,n) + w(k,n))? ’ (rn—k) (w(km) + w(k,n))7 )
2k=m=1 times 2k—m—1 times

m—n+1 n—m+3

Since w(ﬁg’n) twg =2 2 ((2”_’”*1 —1)+ 1) “don-kyy =2 2 - lgn-kyy, it follows that

(r:—k)—r(w?];,n) + w(_k,n)) - (r;—k)—r(w?/_@n) + w(_k:,n)> =0. (431)

(m)

P, are symmetric by construction, we have L, ) = E& m) = O2ixom for m > k. This now

(m,k)

Thus, we have n; ;" a; ;

= 0y9r-m, and hence, L, x) = Ogmor. Since the matrices A, and

proves our claim Ly, ) = Ogmyor for 0 <m # k <n — 1.

For the case m = —1, we get in the same manner that for —1 <k <n —1,
_nt3 T _ T _
CaAy=2""> ((r:—k) (w&,n) + w(k,n))a e () (w&n) + w(km)) = 050t
2k ;irmes

Finally, for —1 < m < n — 1, recall that we denote the (¢, j)-entry of L, ) by Kﬁm) A

simple matrix calculation implies that

(n,m) + T - T T
éiyj - (’U,, , U,y va?le; ) OIXE)(OIXQ"*"U'"7(w(mn)> 7(w(mn)) IR OIXZ"*"H'” ) .
~~ v~ N N d ’ ’ WV
7 times 2n—j—1 times 2j times 2m+1_25 9 times

The fact that

2n—m—1 times
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directly yields that ef.j;’m) = 0 for i > 2""™(j + 1). Otherwise, for I < 2"™™j — 1, we
clearly have KZ(»Z-’m) = 0, as every non-zero vector must be multiplied by a zero vector. For

n=my < < 27125 4+ 1) — 1, we denote 7 =7 — 2”4, Then a matrix calculation gives

n,m \/§ T 3 1
65" = Somys | 2Dk = 1) + J(2r +1) — 2 (27 +3)

k=1

V2 3 1
The case 2" ™ 1(2j+1) <4 < 2""™(j+1)—1 can be proved analogously using the symmetry
property of ’w(im n) for m > 0. For the case m = —1, one can easily apply the same method

to obtain L, _1) = On+14;. This completes the proof. O

Next, we shall apply Lemma 4.15 to obtain the matrix norms of R%L)Pn and Rfﬁ)Pn as
stated in Theorem 4.14. We give separate proofs for the cases p = oo, p = 1, and p = 2.
Recall that for an m x n matrix A = (a;;), we have ||A||, = maxi<j<m Y., |aij|, which is
simply the maximum absolute column sum of the matrix, and ||A||,, = maxi<i<n Y52, |as]
is the maximum absolute row sum of the matrix. For the special case p = 2, [|A||, = Tmax(4)

is the largest singular value of the matrix.

for -1 <

o0

Proof of Theorem /.14 for p = oco. We start with computing the norm H]_%gf)Pn

m < n — 1. Note that Rﬁff)Pn = C,,, and since 771(?) is a zero vector for ¢ # j, then

m m m m)\ | m)\ T
= 122‘% H (771(,1)7"7@'(,2)7 T 7/’71'(,2721—17771(,27)") H£1 - ||(nl(ﬂ )) Hfl
B 27”77%3”("3?7%7“;171)“(1 for m>0
27 Il for m=—1
_ 2mv0;n—3 ) 2n+1—m\/0 _ 2n—1—2m\/0
Furthermore, for —1 <m <n — 1, we get
HR'E;;)PN o = H(C—_rl’c(')l" e ’C’r—;)THoo = _Ilr%?%{m”ClHoo = QnT_l
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Last, for m = n, we have

|&oR] = e =Dl +||v|| = @ = Dllull, +lvll,
3
=(2"-1)-2V2+ —= \/_ \/522”*%—\@.
This concludes the proof of Theorem 4.14 for p = cc. O

Proof of Theorem 4.14 for p = 1. By utilizing the identity Rﬁ,?)Pn = Cpn, we get

]
ICnlly = mass [ (i) (&) ()T () T) | = e

1<i<m 1<i<m

|-

Since, for every 1 < i < 2™, the entries of the vector n,f’T) are either 20mV0-n=3)/2 op

—2(mV0-n=3)/2 " the vector 771(,?)7 regarded as a linear functional, has the ¢;-induced norm

(m)

,r’z ; 2(mV0—n—3)/2.

Next, we have

»

Rl =l e) I = Yl

m 272 for m=—1,
_ Z o(iV0-n-3)/2 _ o [
~ -5 <2ﬁf_‘1 +1) for 0<m<n-—1,

Last, for the case m = n, it follows that

_ L2
R™Wp| =(@2"-1 = (2" -1 3 _gnei Y2
[BOR], = @ = Dl +lol = @ - 1) VR4 ST = - Y
This completes the proof. O

The proof of Theorem 4.14 for p = 2 is more complicated than the ones for p = 1 and
p = oo and requires additional preparation. We start with a lemma concerning the exact
form of product CmC,;r for =1 <m,k <n-—1.

Lemma 4.17. For —1 < m < n, let C,, be as in the context of Lemma 4.15. Then,

tLmvoygmvo for 1<m=k<n-1,

CnCp =
" 05mv0 5 9kvo for 1<m#k<n-—1.
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Proof. Let us denote ®,, 1) = (¢(m k)) = C,C, and prove the case for m = k. Since

i\j
G ) () () e ()
. A (. né’Z?n () () o (o)
Moy Mmh o Mk || (m) T (mi5h)' o ()
then (bgr;b Zk 1771k (n]k))T. As "hk = 01yon-m+1 for ¢ # k, then ¢(mm = 0 for all

1 # j. Furthermore, it again follows from Lemma 4.15 that for 1 < < 2™,

(N e B R

0

This shows that @, m) = $Lamvoxamvo. Next, for 0 <m < k <n — 1, we have

m T
ng 1) 01><2n+1 mo ot 01><2n+l—m ('r’il)) 02n+17k:><1 s 02n+l—k><1
m KN T
T 01X2n+17m ’r’é 2) LR 01><2n+17m 02n+1—k><1 (7];2)) s 02n+1—k><1
CnCy, = .

m )T
01><2n+17m 01X2n+17m cee ’r’ém)zm 02ﬂ+1—k><]_ 02ﬂ+1—k><]_ te (’r’éIZ?Qk)
nﬁ%ﬁ 1 . 0pxok-m - 01 x96-m

m m,k
- 01 5—m 77% 2)"75 2 b 01 528—m
m m,k
01 xor—m Opsoi-—m -+ ném)gm'ném 22n
where ) )
K\ T
(7’571)) 02n+1—k><1 s 02n+17k><1
K\ T
(m,k) . 02n+1—k><1 (7’572)) e 02n+17k><1
;i = . . . )
k T
Ont1-ky1 Ogniikyy - (nék) m ok m>
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for any 1 <7 < 2™. Note that for 0 <m <n—1and 1< < 2™,

(kT 1
(7’]171) 02n+17k><1 cee 02n+1—k><1
(B)\T
(m), (mk) _ 9(m—n—3)/2 + T - T Ognt1-kyq (77272) te Ognti-kyq
ni,i Tli,i - (Irn—m) ’ (Tn—m) . .
(k) T
02n+1—k><]_ 02n+1—k><1 e (Tl2k—m,2k_m)
+
’I‘n_k 02n—k><1 e 02n—k><1
T',;_k 02n7k><1 e 02"7k><1
+
02"7k><1 'r'n_k s 02"7k><1
_ om—n—3 + T + T - T — T - .
=2 ( (rnfk) U (Tn—k) ) (rn—k) L) (rn#c) ) 02n_k><1 Tk 02”_k><1
N TV - N TV s . .
2k—m times 2k—m times :

+
02n—k><1 02”7k><1 Tn—k
02n-kx1 Ogn-kyy Tk

_ 9om—n-—3 + \T(pt - — \T/nt - _
=2 ((rn—k> (T F Toi)s s (o) (P 7)), ) = 0y xor—m.
NS ~~ v NS ~~ >
2k—m—1 times 2k—m—1 times

Hence, CmC,;r = Ogmyor for 0 < m < k < n—1, and for 0 < k£ < m < n —1, one
has CmC,;r = (CkC,DT = O;wm = Oymyor. Therefore, for 0 < m # k < n — 1, we have
ConCll = Ogmyor. Lastly, for the special case of m = —1 and 0 < k < n — 1, we have

CaCy = 27"73+k/2(§r:—k)T(T:—k ) () T+ "';—kZ) = 0par,
2k ;i,mes
and by a similar argument as above, we get CtC_; = Oy . This completes the proof. O

Let us next consider the following n x n dimensional matrix D,,, where the (i, j)"-entry

di; =1V j—1/2for 1 <i,j <n. The next lemma computes the /,-induced norm of D,,.

Lemma 4.18. For n > 3, we have||D,|, = %(1 — COS %)_1-

Proof. In the first step, we first derive the inverse of D,, and then obtain||D,||,. To this end,

let us consider the n x n dimensional tridiagonal matrix FE,, which is defined as

(3 -1 0 0 0|
12 —1 0
E,.=| 0 -1 2 o |,
0 0 1
0 0 -1 1




and we are about to demonstrate F, = D,! for n > 3. Since D,, and E, are symmetric,
it suffices to show that the product matrix F}, := F, D, = I,.,. Denote the i'" row of the
matrix D, by d; for 1 < i < n, and D, = (d{,dy,---,d])". Writing the i*" row of the

matrix F,, by f; and regarding the matrix as a row operation acting on the matrix D,, leads

to
fi d, 3d, — d,
J2 d, 2d; — dy — d3
F, = : = FE, : = :
S d, 1 2d, —d, y—d,
In d, d,—d,_.

It remains to verify the form of f; term by term. First, we have

11 1 13 3
— — =3.|l-= i -] ===+ =] =(1 .
fl 3dl d2 3 (2727 72) <27 27 72> ( 707 70)

Next, for 2 <i<n—1and 1 <j <n, we have

o . . . 1 for i=y,
tij=20Vi)—(—-1)Vi—(+1)Vy=
0 otherwise.

Thus, for 2 <7 <n — 1, we have

fi=2d;—di_y —d;1 = (0,---,0,1,0,---,0).
i—1 times n—1 times

Last, we have

) ) )

5 2n — 3 2n—1> (1
2 2’

5 2n — 3 2n—3>
’ 2 72 2

3
2’27 72 72

N | —
NNV

fn:dn_dn—1:<
=(0,0,---,0,1).

Hence, the above calculation establishes the result that F,, = D, .

For the second step of the proof, it follows from [69, Theorem 4] that the determinant of
FE, — M\, admits the following representation:

n—1 .
(j+ D)
det(E, — M, yp) = g (2 —A—2cos = —— |,
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and this leads to Apin(Ey,) = 2 — 2cos 5-. Thus, we have

1 1 a\ !
Dn :)\maanziz_ 1— = y
IDalls = M D) = 15 = 5 ( 2n)

and this completes the proof. O
We are now ready to complete the proof of Theorem 4.14.

Proof of Theorem 4.1/ for p = 2. Let us denote the largest singular value of a matrix M by
Omax(M). By the definition of the spectral norm, we get

| B = Voma (R PPT (RE)T)

1 1
- \/m = 5 Umax(12mx2m) = 5,

where the second last identity follows from Lemma 4.17. To derive the ¢5-induced norm of

matrices R%Z)Pn, note that

(4.32)

C_1Cj1 C_1COT ces C_1CT)T1
T T, T
R%)Pnprj (R%))T _ Co(?_1 Co?o | Co'cm _ I2m+14><2m+1 .

An analogous argument as in (4.32) yields that HZ_%,(Q)Pn = % Lastly, it remains to obtain
2

the spectral norm of R P,, or equivalently, the largest singular value of C,C,|. To this end,
let us first derive that exact form of the matrix G,, = (g(?)) = C,C,. Next, we shall claim

1,
and show that

(n) 4 — L for 1<i=75<2",
9ij = ‘ (4.33)
4(iNj) -2 for 1<i##j<2™

First, one has
2

(n) : 3 )2 L 2
o =, w,v,0149,---,0 =4(1—1)+ (—) —|—(—>
g =[| (w0 Oua -, Ova) =1 (2\/5 212

i—1 times 2" —j times
lo
11

5
= A1) =4i— .
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On the other hand, we assume that ¢« < j — 1 without loss of generality, then

() T T, T T
917] —('U/,"‘,U,U,01x2,"',01x2)(u o, U, 702><17"'702><1)
N >y 7 N >y
N~ g v~ '
i—1 times 2™ —j times j—1times 27— j times

(2—1)+\f(f \1/5):42'—2.

This demonstrates the exact form of the matrix G, as shown in (4.33). Since G, = 4Don —

%Ianzn, thus

Gl = 14Dy — 31 < 4||D 39 T\, 3
Gully = [[4D2 = $Eoncan || < 4lD2nlly + 5 < )l

where the last inequality follows from Lemma 4.18. Similarly, we have

3 ™\ 3
2 '4”D2n||2 — Z’ =2 (]. — COS 2n+1) - Z

This completes the proof. O

3
1Gall, = H4D2n =

4.5 Proofs for the results in Chapter 4

Proof of Theorem 4.1. We consider first the case in which fg = 0. Let us consider the 2"*!
dimensional column vector wn+1 = (W2 where w!"™ = F(i2-" 1) — F((i—1)2-"1).
Recall the explicit form of Q L) i

acting on a vector by subtractmg preceding rows after properly scaling. Therefore, we have
(n+1)/242¢, 1. Thus,

in (4.28), which can be regarded as a row operation

Q(n+1 n+1)yn+1 =23

"952?1 = Rq(q@1pn@(_nl+1,n+1)yn+1 = 23(n+1)/2+2R£:1)1inn+1-
Analogously, for 0 < m < n — 1, we partition w,, .1 as follows,
.
m,n+1 m,n+1 m,n+1
wr = (@) @) @i )T
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n+l) o 1 . .
where each vector w,(gm" ) is a 2"*1=™ dimensional column vector. Then, for a similar

reason, we have

79(“) —

m,k

n m m n m,n+1
93(n+1)/2+2 (771(€+)1 1’,,7l(€+)127 . 7,7](€+)1’2m) Wy = — 93( H)/2+277;(€+)1 k+1wl(c+1 +1)

_ 93(n+1)/2+(m—n—3)/2+2 <(,,,:le)T7 ('r,;m)T> <(wé7]zz:11,n+1))'l'7 (wézz:—;,n-&-l))'r)—r (4_34)

_ on+m/242 + T, ,(m+1ln+l) — T, ,(m+1n+1)
=2 <(rn—m) w2k+1 +<rn—m) w2k+2 .

A routine calculation gives that

2"’1—”)’1 2"’1—”)’1

. . k ' k —1
m+1n+1 n+1 J J
("'Z—m)T""ékH )= Z <_1)Jw§n—m)+1k+j - Z (=1’ (F<2m + 2n+1> - F(2_m + on+1 )> g

Jj=1 Jj=1

and we similarly have

on—m on—m_q
_ (m+1,n+1) j+1, (n+1) - i+1, (n+1)
(Prm) Wok 12 Z (—1)7* Won—m(2k+1)45 — Z (=1)" Won—m+1(k4+1)—j
j=1 §=0
277. m 277.7’)71 . .
, , k+1 j5—1 E+1 J
n+1
= 2 P g = 2 (1Y <F (5 —5) P —39))-
=1 j=1

Plugging the above two identities back to (4.34) gives (4.4). Last, for m = —1, we have

2n+1
19(—nl),o - 23(nﬂ)/%ﬂc—1<-«4'n+1 = o2 :+1wn+1 = 2" Z(_l)jwj('nﬂ)
j=1
gn+l . . 1
_ on+42 j J J—
=2 Z<_1)J <F(2n+1) - F( on+1 )) :
j=1
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Last, note that 9\ = 23(+1)/ 2+2R$L")inn+1 = 230+ D/2420 1, and therefore,

3 1)/242
195:]1 =2 (nt1)/2+ (’LL, , U, U, 01><27 ) 01><2)wn+1
W—/ ~ -
k times 27 —k—1 times
T
3 1)/2+2 NHINT nA1INT n+DN\NT
:2(n+ )/2+ (’U,,--',’U,, v, 01X27...’01X2)<(w§nn )) 7(w§nn )) ’7(“}5271 )) )
—— ~

~
k times 2" —k—1 times

k
— 93(n+1)/2+2 Zu . wj('n,n-i-l) +o- w]E?T—LI—’;L—i_l)

j=1

3 1
n (n+1) (n+1 n+1 n+1
= 23/ \/_Z (JJQ_] 1~ 2j )) mwék-l—l) - \/— §k+2)

27 —1 2j —2 2j
- 23(n+1)/2+5/2 Z <2F < gn—H ) - F ( gm—l ) - F <2n11)>
j=1

2k +1 2k 2k + 2 2k + 1
. 3(n+1)/2+1 _ _ 93(n+1)/2+1 _ v -
+3-2 (F ( on+l ) F (2n+1)) 2 (F ( gn+1 ) F ( on+1 )) :

This completes the proof for the case fo = 0.

For fo # 0, we let 5£;L)k be the estimated Faber—Schauder coefficients for fo =0, as in the
first part of this proof. Then the functions

n 2Mm-1
fu: 106 10—1—2219 kEmk and F(t /fn

m=0 k=0

are such that F(t) = F(t) for all t € T,.1. Now we define 19;2)}3 = 52?)1@ for m < n and
" k = 19(n) 2-1/2+2 f, Then we let

n 2Mm-1
f _f0+79()06 10—}—2229 KEm.ks and F /fn

m=0 k=0

With these definitions, we have that

t2"—1 on_1
Eo(t) = F(t) + fo-t =272fo [ 3" ean(s)ds = F(t) + fo-t — 27220 3" 4, 4(t)
0 k=0 k=0

By using (4.14) and considering separately the case t € T,, and t € T, ;1 \ T,, one easily
checks that 2-%/2t2 52" Loy (1) = t for t € T,yy. Hence, F(t) = F(t) = F(t) for all
t € T,.1, and so the coefficients 19%7)/,C are as desired. To show uniqueness, one argues in a
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similar way, transforming any solution to (4.3) back to the case fo = 0 and using the already
established uniqueness there. O

Proof of the formulas in FExample 4.2. Consider the following partition of 2z, 1,

.
nALNT AN T n+INT
zur = ()T (=)
where each vector z,(cm’"ﬂ) is a 2"t1=™ dimensional column vector for 0 < m < n + 1 and

1 <k < 27t=m Moreover, for each 1 < 7 < 2" we have

[e.e] m—n—li_
AT = 3HD2 N g=im/2 2 > 1 Orm
m=n+1 k=2m—n—1(;—1)
oo am—n—1;_1]
:23(n+1)/2 Z 273m/2 Z 2m/26m (435)
m=n+1 k=2m—n—1(;—1)
— 93(nt1)/2 io: 9=3m/2tm—n—1+m/2, = _ o(n+1)/2 i Cm = Kipy1 < 00,
m=n+1 m=n+1

where the finiteness of k,.; follows from the absolute summability of the sequence (c,).
Therefore, for every 1 < k < 2™, we have

(mn+1)
Zy; - (iin+17 Rp41, - 7"€n+1j)'

Vv
2ntl=—m times

Furthermore, it follows from Lemma 4.15 that ni(?) = 0yyxon-m+1 for i # j, then for 0 < m <
n—land 0<k<2m -1

n m m m m m,n+1
’97(71,)k — O = (nl(c+)1,1? "71(<+)1,2a T 7771(c+)1,2m> Zntl = "71(c+)1,k+1z1(c+1 )
mon-3 + T (p— T (ma)\T ¢ (ma)\T)
=237 ()T ) T) ()T )T
=2 () =0
The proof for the case m = —1 is analogous and we next prove the case m = n. Let us use

147



the shorthand notation K, 11 = (Knt1, knt1), and an analogous calculation yields that

(n) _
ﬁnk _en,k - (u7 , U, U, 01><27 ) 01><2)zn+1
’ —— N ~~ d
k times 27" —k—1 times
T
= (u7 U, U, 01><27 T 01><2)('£11+17K’n+17'” 7’<'n+1)
H/_/ N ~ J/ N ~ J/
k times 27 —k—1 times 2™ times

3 1
= k(“ : K’Z—i—l) tuvu- "JLH = <ﬁ7 —m> (K1, Fng) |

V2 RS
:7'%71—1—1:2 & Z Cm-

m=n+1

Thus, we have

19( ) 2n/2 +2n/2 Z Coy = 2n/2 Z Con-

m=n+1

This completes the proof. O

Proof of Proposition /.3. By assumption, there exists ¢ € [0, 1] such that

alf.t)= s i)+ ) - 26(75 )\}

7’1,7‘26[0,1] 2
ot (4.36)
<|m — 7| sup ( sup | f'(uy) — f’(uQ)|) <clm — w|tt < ettt
Tl,TQE[O,l] ul,’UQE[Tl,TQ}
|T1—T2|<t
Note next that (4.2) implies |6y, < 2™/2wy(f,27™). Thus,
am-n-li_1
n+1 Z 2 (m—n—1)/ Z |0m,k|
m=n+1 k=2m—n—1(;—1)
o0
< Z 2—3(m—n—1)/2 . (23m/2—n—1w2(]£’ 2—m>>
m=n+1 (437)
n+1/2 Zw2f> 9—m <02n+1/2 Z 9—m m(1+a)
m=n+1 m=n+1
C- 2—(n+1)(a+%)
<
- 1—-2-a1
From here, the assertion follows easily. O

Proof of Theorem 4.8 We start with the case p=1. For m < n, Theorem 4.7 and the fact
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that ||em7kHLl[0’1] = 273m/2-2 yield that

m 21\/0 1
||fm_fn,mHL1[071 = E E zk ezk‘
i=—1 k=0 L1[0,1]
21\/0 1
< E —0ix)eik
i=—1 k=0 Ll[orl]

. oy = Lo = (4.38)
_ 22731/272”195 -], + §||19(_1) 0.4,
=0

<> 2Rz, + 272z,
1=0
=2~ (3 /2||Zn+1||z1

For the case m = n, we get in the same manner an — fnn < 2- (”H)/QHanHZl. To
relate these two inequalities with the second-order modulus of continuity, we recall from
(4.37) that |z(n+1)| < 2tz N wse(f,27™). From here, the proof of the case p = 1 is

easily completed.

For p = 2, we have HemkaLg[O y= 2_m_1/\/§ and e, i - €, = 0 for k # (. Thus,

m 21\/0 1

E § zk zk ezk

1 = Frmll o) <

i=—1 k=0 L»[0,1]
m 2'LV0 1

< E E —0i)eir
1=—1

k=0 L2014 (4.39)
= S -,

1 — 5i2 _Mzanlle,
—3 Z |Znslly, < 5

Next, we can argue as in the proof for p = 1 to get |[z41ll,, < 271320 wa(f,27™),

which gives the first inequality. The proof of the second one is analogous.

For p = oo, we have ||8—170HL00[0,1] = 1 and Hemk”meJ] = 27"/271 for m € N and
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0 <k < 2™ —1. The triangle inequality then yields that for 0 <m <n —1

m 27,V0 1

E E zk zkezk

1 = Foml o) <

i=—1 k=0 Lo [0,1]
m 2’LVO 1
< E E Vik — Oik)eik
i—1 1l o Loo[0,1]

IR LI T N )

> . oo (4.40)
DI e AN RS Ll PR
1=0

— | 9(n=3)/2 Z 9=t 4 9(n=1)/2 [EPe

< 201 /2||Zn+1||e

where we have used Theorem 4.7 in the fourth step. For the case m = n, an analogous

decomposition leads to

2" —1
152~ o = [ = Faa) + 32 = 0
k=0 L [0,1]
S an,1 - fnmleLoo[O,l] + 2*”/2*1“19;71) o O"HEOO (441)

2n+% _ \/§

< 2(n+1 /2||Z7L—}-1H€OQ ( 2n/2+1 )Hzn—}-lHZOO

S 2(n+3)/2||z

n+1||zoo
It follows from (4.37) that
zniall,, <2092 3 wo(f,275), (4.42)
k=n+1
and plugging this inequality back into (4.40) and (4.41) completes the proof. n

The proof of Theorem 4.11 will follow immediately from the next lemma. Indeed, the
quadratic spline interpolation an coincides with F' on the dyadic partition T, i, and so

F,,, — F belongs to the linear space X, introduced in (4.43) below.

150



Lemma 4.19. Let us consider a vector space X, of functions, such that

X, = {FeCl[O,l]'F(;n):O for ogk§2n} for né€eN. (4.43)

Moreover, we also consider the vector space Y, where

:{feC[o,u’/O'f(s)dsexn} for meN.

Furthermore, by X}, X? and X°°, we denote the normed linear space X, equipped with the

n 7

L41]0,1], Ly]0,1] and Ly[0,1] norms respectively, as well as, the analogously defined normed
spaces YV, Y2 and Y°. Let T : Y, — X, denote the integral operator, i.e., Tf = [; f(s)ds.

Then, its operator norms are given by ||T||yp_, x» = 2a,, where a, is as in Theorem 4.11.

Proof. First, we consider the case p = co. Since F(27"k) = 0 for all k,

1oy = max, max  [F(2)
2n —_ 7271,

t (4.44)
< max max /c |f(s)|ds < 27"71”][”%0[0,1]'

1<k<2m kol g ko i

o
This shows that |||y _, yeo < 27" ' To get the converse inequality, we take e € (0,27"7?)

and consider the function f. that is equal to 1 on intervals of the form [2% + &, 22’2111 — gl

equal to zero on intervals of the form [%’ﬁﬂ +e€, 2’“;:11 —¢] and linearly interpolated everywhere
else. Then f. € X, and we have || f:||, o1 =1 and || T/, o1 = 271 — 2¢ and the proof

for p = oo is complete.

For the L0, 1] norm, let us take any f € ), with the corresponding F':=Tf € X, and
define Fy(t) = F(27"(t + k)) for t € [0,1]. Then

2n—1 Lo "k+1) 2" -1 2n—1

IFI2 0 = Z/ fdt =2 "Z/ RO =27 S [Fill oy (149

Furthermore, let us denote fi(t) := F}(t). Then fi(t) =2""f(27"(t + k)) and so

2m—1 2" —1 2" —1

Ul = 3 [ RO S [P o

_ 2_n/o F2(t) dt = 2‘"I|f||iz[o,1]‘

151



Next, for 0 < k < 2" — 1, in the spirit of [43, Problem 188], the Holder inequality yields that

HFkHig[o,l]:/ Fi(t / </ s > “

/(/ _g)d
S/O (/0 cos?d i (ZZ’S(%)S ds) dt (4.46)

2 1 t 2
= —/ sinﬂ—t 1 (5) dsdt
0 2

T o cos %’

= g/1 fe(s) / sinﬂ—tdtds
T Jo cosT Js 2
4 [ fi(s) ™ s

= — —cos — + cos —)ds = —
5 ), copm (oG Heos ) ds il o

n+1

Thus, HTfHL201] < 2_ HfHL201]

To prove the converse inequality, note that the inequality (4 46) becomes an identity for
fi(t) := cos Zt. To see why, note first that Fj,(t) := Tfk( ) = Zsin 7 satisfies ||Fk||L 01 =
% fo sin )% dt = % and ||fk||L2[o = fo cos I)?dt = 5. In such a way, one sees that the
function f(t) = cos 2" 'xt belongs to Y,, and “TfHL2[0,1] 2_n+1
the proof for p = 2.

£l Lo[0,1]" This completes

Finally, the case for p = 1 is similar to the case for p = 2. We get as in (4.45) that
1 F N 200 =27 ”ZQn_lﬂFkHLl[o 1> where Fj; and fj, = Fj are as above. In the same way, we
get Zzn 1||kaL1[0 1 =1flz,101)- Moreover, for each 0 < k < 2" —1,

1 1 t
1Fully, 0 = / Fu(t)| dt < / / )t <l o -
0 0 0

Plugging this inequality back to the above formulae shows that || T']];,,_, ;1 < 27". To show
the reverse inequality, we take ¢ < % and m > 1 and define the function g¢,,. € C|0, 1] as

follows,
mt 1 m (m+1)e
gm,s - ? [07%] + g]l(%v?f] - 6—2< o T):ﬂ-( (m+1)s]
where 1 , denotes the indicator function of a set A. In other words, the function g,, . defines

an isosceles Trapezoid with height 1/e. Thus, H Im.e =1 for any € < 1/2 and m > 1.

||L1[O,1]
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Clearly, Gy, . := T gy is given by

mt? 1 € 1
Gm,s(t) - 2—621[07i] + (g (t — E) + %>:ﬂ.(i7€]

2m—1 m (m+1)e\2
+( 2m _2_52@_ m )> (a,%ﬁﬂ(%,u'

1 — e Note that for any pair of m and e, we have

Thus, we have ||Gm,5HL1[O 1 > —
Gm.e(0) = gm (1) = 0. Thus, can define a function f € C[0,1] by f(t) := 2"g,, (2"t-k) for

t €27k, 27"(k + 1)] so that fy = g for all k. Furthermore, we have

on—1
. . (m+1)e . (m+1)e
||F||L1 0,1 =2 ||Fk||L1 0,1 22 1= =2 1 - ||f||L1 0,1] -
[0,1] [0,1] [0,1]

m m
k=0

Simultaneously taking m 1 oo and € | 0 shows that |||y, _, 1 = 27". This completes the
proof. O
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Chapter 5

The $-variation of classical fractal

functions

This chapter is based on [49, 50]. In this chapter, we study the Wiener—Young ®-variation

of some classical fractal functions. These functions admit the following representation:
[0 = anpt™),  te0,1]
m=0

where (a,,,) € ¢ and b € {2,3,---}. Furthermore, we require that the base function ¢ : R —
R is Lipschitz continuous and periodic with period 1. Then the series on the right-hand side
of the above equation converges absolutely and uniformly in ¢ € [0, 1], so that f is indeed
a well-defined continuous function. In particular, if o, = o™ for some o € (—1,1) and
©(t) = vsin(2nt) + pcos(2nt) for real constants v and p, then f is a Weierstral function.
If a;, = o™ for some o € (—1,1) and ¢(t) = min,cz |z — t| is the tent map, then f is a
Takagi—van der Waerden function. Finally, if b = 2 and () = min,¢z |z — t| is the tent
map, then f belongs to the Takagi class.

This chapter is structured as follows. In Section 5.1, we show that the Weierstrafl and
Takagi—van der Waerden function admits a nonzero, finite and linear ®-variation along the
b-adic partition for ® = z/y/—Ilogx. Those results are consequences of suitable central
limit theorems for the Rademacher functions in the Faber—Schauder development of f. The

development of the corresponding theory will be presented in Section 5.2.

The latter part of this chapter introduces a probabilistic approach to identifying those

functions in the Takagi class that have nonzero, finite and linear ®-variation for a prescribed

154



function ® of the form

L1 L,
@, () 1= arag(nn) T

O0<ax <1,

where ¢ € [0,1) and g : [0,00) — (0,00) is any regularly varying function'. Our approach
to the ®,-variation of functions in the Takagi class depends on the parameter ¢q. For ¢ = 0,
the argument extends the approach developed in Section 5.2. For ¢ € (0,1), however, a
new limit theorem for Bernoulli-type convolutions is needed. This convergence result is
collected in Section 5.3. Our main result on the ®,-variation of functions in the Takagi class,
Theorem 5.10, is stated in Section 5.4. The proof of Theorem 5.10 is given in Section 5.5.

5.1 &-variation of Takagi—van der Waerden and Weier-

straf functions

We consider a base function ¢ : R — R that is periodic with period one and Lipschitz

continuous. Our aim is to study the function

[e.e]

ft) =) amp™),  telo1], (5.1)
m=0

where b € {2,3,...} and @ € (—1,1). Then the series on the right-hand side converges
absolutely and uniformly in ¢ € [0, 1], so that f is indeed a well-defined continuous function.
If p(t) = vsin(2nt) + pcos(27t) for real constants v and p, then f is a Weierstrafl function.
If p(t) = min,ez |z — t| is the tent map, then f is a Takagi-van der Waerden function. It
was shown in [89] that, under some mild conditions on ¢, the function f is of bounded
variation for |a| < 1/b, whereas for |a| > 1/b and p := —log, b it has nontrivial and linear

p'f-variation along the sequence

T, ={kb™":k=0,...,0"}, neN, (5.2)

1 Recall that a measurable and strictly positive function g, which is defined on some interval [a, ), is
called regularly varying (at infinity) with index o € R if g(A\x)/g(z) — A2 as x T oo for all A > 0. If p = 0, the
function ¢ is also called slowly varying. Throughout this chapter, we will always assume that all regularly
varying functions are defined on [0, 00). This assumption can be made without loss of generality, as one can
always consider the function z — g(a V ).
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of b-adic partitions of [0, 1]. That is, for all ¢ € (0, 1],

g 0 if ¢ > p,
=lm 30 AU 00 SO = B2 ita=p (59
400 if ¢ < p.

Here, Z is a certain random variable, whose law is known in some special cases. For instance,
if ¢ is the tent map and b is even, then the law of abZ is the infinite Bernoulli convolution
with parameter 1/(]a|b) (see also [39, 87, 76, 77| for earlier results and [90] for subsequent
extensions in this special setup). Clearly, the parameter p = — log|, b can be regarded as a

43

measure for the “roughness” of the function f. In particular, if b = 2, the function f admits

the roughness exponent R = 1/p = —log, |a/.

In this section, we study the case of critical roughness, « = —1/b or a = 1/b, in which
p = 1. For this case, it was shown in [89] that <f>§q) =0 for all ¢ > 1 and t € [0,1]. This,
however, does not imply that f is of bounded variation. For instance, if ¢ is the tent map,
b=2, and a = 1/2, then f is the classical Takagi function, which is nowhere differentiable
and hence cannot be of bounded variation; a very short proof of this fact was given by de
Rham [24] and later rediscovered by Billingsley [8]. For the Weierstrafl function, the proof
of nowhere differentiability for all o € [1/b,1) is more difficult. Starting from Weierstrafi’s

original work, it attracted numerous authors until a definite result was given by Hardy [51].

It is therefore apparent that, in the critical case |a| = 1/b, power variation (f)@ is
insufficient to capture the exact degree of roughness of the function f. To give a precise
result on the roughness of the function f in the critical case, we take a strictly increasing
function @ : [0,1) — [0,00) and investigate the limit

[tb™ ]

Z (IF((k+1)b™™) — f(kb™™)]),

k

which can be regarded as the Wiener—Young ®-variation of f (see, e.g., [4]), restricted to
the sequence of b-adic partitions (5.2). Our main results will show that the correct choice

for @ is the function

x
v—logx

For the case b = 2, to clearly distinguish the notion (f)%q) = Zf;;l [f((E+1)27™) — f(k27™)|? used

throughout Chapter 2 and Chapter 3 with (f)gq) as in (5.2), we use the notion V9 = Zf:al |[f((E+1)27™)—
f(k27™)]9 exclusively in this chapter.

O(z) = for x € (0,1) and &(0):=0.
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We fix this function ® throughout the remainder of this section. Our first result establishes

the ®-variation of f for the class of Takagi—van der Waerden functions.

Theorem 5.1. Let ¢(t) = min,ez |z — t| be the tent map, b € {2,3,...}, and |a] = 1/b.
Then the ®-variation of the Takagi—van der Waerden function f exists along {T,}nen. If b

(f}f:t~1/%g;l), te0,1).

o _ 2(b + sgn(a))
i =t \/W(b —sgn(a))logb’ te (0,1}

15 even, then it is given by

If b is odd, then

The following theorem establishes the ®-variation of Weierstrafl functions.

Theorem 5.2. Suppose p(t) = vsin(2nt) + pcos(2nt), b € {2,3,...}, and |a| = 1/b. Then
the ®-variation of the Weierstraf$ function f exists along {T,}nen and is given by

(V2 + p?)

(3]
—1.92

t €10,1].

5.2 Central limit theorem and Rademacher functions

associated with fractal functions

The above results are consequences of suitable central limit theorems. For Theorem 5.1, the
case of an even b will be settled by the standard central limit theorem, whereas the case of
an odd b will require the use of a central limit theorem for Markov chains. To establish the
®-variation of the critical Weierstraf3 functions, as stated in Theorem 5.2, we rely on the
martingale central limit theorem. The corresponding theory is developed in the following

paragraphs, where the proofs of Theorem 5.1 and Theorem 5.2 are also given.

We first consider only the ®-variation (f){ for ¢ = 1. The case t < 1 will be discussed
at the end of this section, simultaneously for both theorems. We fix b € {2,3,...} and
a € {—1/b,+1/b}. Following the proof of Proposition 2.10, we let (£2,.%,P) be a probability
space supporting an independent sequence Uy, Us, ... of random variables with a uniform
distribution on {0,1,...,b— 1} and define the stochastic process R, := > ., U;b' 1.

Note that R,, has a uniform distribution on {0,...,b™ — 1}. Therefore, for n € N such
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that all increments | f((k 4+ 1)b™") — f(kb™")| are less than 1,

b —1

S @( (ke + Db = fOb)]) = VB[ @(|f(Ra +1)67") = f(Rb™)])]. (5.4)

k=0

V., :

To simplify the expectation on the right-hand side of (5.4), let the n'® truncation of f be

n—1

given by f,(t) = >, _,a™p(b™t). The periodicity of ¢ implies that

FU(Ry +1)07") = f(RaD™") = fu((Rn + 1)07") — fu(RuD™")
= b "sgn(a)" i sgn(a)msp((R" + b - go(Rnb_m).

b—m

Moreover, the periodicity of ¢ implies that for m < n,
p(o+ Rab™™) = o+ D UHT) = (w4 JUHTT) = p(w 4 Rub ™).
i=1 =1

Therefore,

m P(Bn + 10™™) — o(Rnb™™) m @B +1)0™™) — p(Rrd™™)

sgn(a) = = sgn(«) = =Y.
It follows that
V., = b"E {cp (b*” 3 Ym‘)] . (5.5)
m=1
Lemma 5.3. Suppose that Zy, Z1, Zs, ... is a sequence of random variables with Zy = 0 and

uniformly bounded increments such that the laws of ﬁZn converge weakly to some normal
distribution N(0,02) with 0 > 0 and that the expression ~E[Z2] is bounded in n. Then

202
mlogh

bE|@ (b7 Z])| —

Proof. The fact that +E[Z?] is bounded implies together with standard arguments that for
every nondegenerate interval I C [0, 00),

lim E |z|e=%"/?7%) dz. (5.6)

1
1 ‘—Zn
nfoo [ {|ﬁZn|EI} \/ﬁ

1
]  V2m0? /{|z|ef}
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We have

b”E[CI)(b_”‘ZnD] :]E{ | Z,|

1 .
V/nlogh —log|Z,| 1#>0}

Let C' be an almost sure uniform bound for |Zy,1 — Zi|. Hence, for all g € (0,logb) there
exists ng € N such that nf8 < nlogb — log(Cn) for all n > ny. Hence,

Vnlogb —log|Z,| > \/nB for n > ny, (5.7)

and taking I := (0,00) in (5.6) gives

202
lim sup b”lE[ Zn, / |2|e=*" /%) 4z = [ ==
ntoo G ‘ |) \/27r02 {|zle1} T3
To get a lower bound, observe that for every € > 0 and n > 1/,
]l{|%zn|2€}\/nlogb— log |Z,| < ]l{|ﬁ|zn|26}\/nlogb.
Hence, we get from (5.6) that
liminfb”E[ (b2, |)} / |2]e™2*/2%) gz
ntoo \/27ra2 log b J{|z|>¢}

Sending € | 0 and 3 1 logb gives the result. O

Proof of Theorem 5.1 for t = 1. For b even, [89, Proposition 3.2 (a)] states that Y7, Y5, ...
is an i.i.d. sequence of symmetric {—1,+1}-valued Bernoulli random variables. Therefore,
(5.5), the classical central limit theorem, and Lemma 5.3 give V,, — \/W. If b is
odd, then [89, Proposition 3.2 (b)] states that the random variables sgn(a)™Y,, form a time-
homogeneous Markov chain on {—1,0, +1} with an initial distribution s, = (%1, 1, 21) and
transition matrix P,, where

. b+1 0 bF1
P = — — —
== 5 b—1 2 b—-1
bFl 0 bx1
It follows that Y7, Y5, ... also form a time-homogeneous Markov chain with an initial distri-

bution p; and a transition matrix P, for « > 0 and P_ for o < 0. Since 0 is a transient
state, we can clearly consider only the restriction of the Markov chain to its positive recurrent
states, —1 and +1. Let P, be the 2 x 2-matrix obtained from P, by deleting the second row
and second column from P, and define iy = (1/2,1/2). Then fi; is the unique stationary
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distribution for Py. Moreover,

o _L(LEh)™ 1 ()
=2 \1— (kb)) 14 (b))

For the state-constraint Markov chain Y1,Y,, ... with an initial distribution fi; and a tran-

sition matrix P, we thus have var(Y) = 1 and

COV(?b?nH) = Z Ha (%)Fi(yb yn+1)y1yn+1 = (ib>_n
y1,Yn+1€{—1,+1}
Letting
b+1
o? = var(Y, —i-QZCOV Y1,Yn1) = ESk

n=1

the central limit theorem for Markov chains (see, e.g., [58]) implies that % Sn_, Y con-

verges in law to N(0,0?). Due to the stationarity of the Markov chain, we have moreover

B[ 7) ] = 5 e+ 257 $° cnTu T

k 1 l=k+1

2 ¢ 2 b —
:1+_Zz<ib)k—e§1+__b +bn+26 n7
k=1 t=k+1 n (b-1)

which is uniformly bounded in n. Therefore, Lemma 5.3 and (5.5) give

Vo = /20b+1)/(r(bF 1)logh)  n T .
This completes the proof. O

Now we prepare for the proof of Theorem 5.2 for ¢t = 1. Let %, = {0,Q} and .%,
o(Uy,...,U,) for n € N. Then each Y, is .%,-measurable. Since Uy, ..., U, can be recovered
from R,,, we have .Z,, = 0(R,) for n > 1. We define Z; := 0 and Z,, := > ;_, Y, for n € N.

Lemma 5.4. If o(t) = vsin(2nt) + pcos(2nt), then {Z,}nen, s a martingale with respect
to {fggn}neNo-

Proof. We must show that E[Y,,|R,,—1] = 0 P-a.s. for n > 1. To this end, we use the fact
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that R, = R,_1 + U,b" !, where Ry := 0 and U, is independent of R,_;. Therefore,

o((r+ Ut + 1)) — ((r + Unbnl)b")}
b—n

E[Y,|Rn.-1 = 7] = (sgn(« ”]E{
b

= GO S (o 0 4 h0) — o (b + R/ (58)

b
k=0

If n = 1, then r must be zero, and the sum in (5.8) is a telescopic sum with value ¢(1)—¢(0) =
0. Now consider the case n > 2. Then, for all x € R, i = y/—1, and Re denoting the real

part of a complex number,

b—1 b—1 i /b) ) 627Tib/b -1
. - mi(x+ LT .
kE_O §0($+k/b) = 9‘{2((/)—21/) kg_oe > 9‘{2(( V)e . m) =0.
Therefore, the sum in (5.8) vanishes. O

Lemma 5.5. With 0, denoting the Dirac measure in x € R and \ denoting the Lebesgue

measure on [0, 1], we have P-a.s., %22:1 Sp-kr, — A weakly as n 1 oo.

Proof. Without loss of generality, we can extend the sequence {U;};cn to a two-sided sequence
{U;}iez of i.i.d. random variables with a uniform distribution on {0, ..., b—1}. Then we define

= 2511 Uny1-jb77 = Z;io Upn—;b~U*D for n € Z. Each X,, is uniformly distributed on
[0, 1], i.e., has law A\. Moreover, in comparison with X,,, the random variable X, ;; is obtained
by shifting the sequence {U;};cz one step to the right. It is well-known that the dynamical
system corresponding to such a two-sided Bernoulli shift is mixing and hence ergodic (for
a proof, see, e.g., Example 20.26 in [61]). By Birkhoff’s ergodic theorem, we thus have
L3 f(Xy) — fol f dX P-a.s. for each bounded Borel-measurable function on [0, 1]. Since
b™"R, — X,| < b™", we hence obtain £ > | f(b"Ry) — fol f dX P-a.s. for each (uniformly)

continuous function on [0, 1]. Since C[0, 1] is separable, the result follows. O

Proof of Theorem 5.2 for t = 1. Let (Z), := >, _ E[Y}?|.%_1] be the predictable quadratic
variation of the martingale {Z, },en,. We define ¢, (x) := (p(x + b~") — p(z))/b~™. Then
Yn(x) — ¢'(x) uniformly in x. By arguing as in (5.8), we see that

Q‘

-1

(Ve(0 "Ry + £/D)).

0

E[Y{|Fs] =

S| =
~
Il

161



We therefore conclude from Lemma 5.5 that

b—1 n

(Ve(b*Ry—1 + K/b))2 - /0 (go’(t))2 dt =21 (V* + p?) =: o”.

Analogously, one sees easily that s? := E[(Z),] satisfies +s2 — 0. Since the increments Y

are uniformly bounded, the Lindeberg condition,
lzn:]E[YQIL |3Z ] —0 P-a.s. for all e > 0
= B ygzeny 7R o ’

is clearly satisfied. Therefore, the martingale central limit theorem in the form of [25, (7.4)
in Chapter 7] yields that the laws of ﬁZn converge weakly to N(0,0?). Lemma 5.3 hence
gives

m(v* + p?)

. Ul
log b

Vi — 2
Finally, we show how the preceding results can be extended to the case 0 < t < 1.
Writing Z,, for >°;_, Y}, the ®-variation over the interval [0, ¢] is equal to

br—1

Voe =Y (| f((k+1)b) — f(/cb—”)|)1[07t]<kb-")

k=0

= VB || ((Ra+ 1)) = F(RD ™)L g ]

— I'E [@ (b—"

m=1 (b7 Rt} \/n logb — log | Z,| {1Zn|>0}" {b="R, <t}

Let 6 > 0 be given and pick m € N such that b= < 4. Clearly, {b""R,, <t} C{07"Rpnn <
t}, where Ry i= Ry — Rucon = D j i Upb*~1. In addition, we argue as in the proof
of Lemma 5.3 and take § € (0,logb) and ny € N such that ng < nlogb — log(Cn) for all
n > ng and (5.7) holds. Therefore, for n > m V ny.

1 1 1 .
Vg < \/T_ﬁEUZn|]'{b_"Rmm§t}} < \/T_BEUZ”_mm{b—”Rm,nSt}} T \/T_ﬁEH Z YkH

k=n—m+1

Clearly, the rightmost term converges to zero as n 1 oco. Moreover, Z,_,, and R,,, are

independent, and so

. 202 _ 202 . _ 202
limsup V,,; </ —=limsupP[b""R,,,, < t] </ —= limsupP[b™"R,, < t+6] = | —(t+9),
ntoo Wﬁ ntoo WB ntoo Wﬁ
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where the second inequality follows from the fact that 0™"R,,, > b™"R,, — d for n > m.
Sending 3 1 logb and § | 0 gives the desired upper bound.

To get a corresponding lower bound, we choose § > 0 and m as in the upper bound. In

addition, we choose € > 0. For n > m V 1/&2, we then get as in the proof of Lemma 5.3,

|Zn| |Zn|
V., >E|—221 1 >E| 221 1 .
= [\/nlogb {1F512al22}” (7" Ru<ty | = 7| \/nlogh {IZ5|Zalze} (b7 " Bmnst—5}

Now let C' be a uniform upper bound for |Y;| and choose n; such that mC < e,/n;. Then,
for n >mny VmV1/e?

n

| Z | 1
V., >E|/Zn=ml g 1 ——EH Y YH
= L/nlogb {1771 2n-m|22e} " {b7"Rmn<t=0} | \/nlogh ’

k=n—m+1

Again, the second expectation on the right converges to zero. Using as before, the indepen-
dence of Z,,_,, and R,,, now easily gives the desired lower bound. This concludes the proof
of Theorems 5.1 and 5.2 for 0 <t < 1.

5.3 A limit theorem for Bernoulli-type convolutions

From the section, we study the ®-variation of functions in the so-called Takagi class, which
was introduced by Hata and Yamaguti [52] and motivated by Takagi’s [92] celebrated example
of a continuous nowhere differentiable function. This class was chosen due to its richness
and tractability and also because it is closely related to Wiener—Lévy construction of the
Brownian motion. The Takagi class consist of all function f : [0,1] — R that admit an

expansion of the form

f(t) = Z Amp(2™), t €[0,1],

where ¢(t) = mi%l |z — t| is the tent map, and («a,,) is a sequence of real numbers for which
z€E

the series ) °_ o, converges absolutely. The special choice a,, = o™ for some a € (—1,1)
yields the class of so-called Takagi-Landsberg functions, which, for 1/2 < |a| < 1, have
finite nontrivial and linear p™ variation for p = — log|, 2 as shown in [89]. Thus, it admits
the roughness exponent R = —log, |a|. For |a| < 1/2; it is well known that f is of finite
total variation and admits the roughness exponent R = 1. The borderline case a@ = 1/2
corresponds to the classical Takagi function, which is nowhere differentiable and hence not

of finite total variation, even though p = —log,,,2 = 1 and R = 1. Instead, as shown in
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Section 5.2, for |a| = 1/2, the function f has linear ®-variation along the dyadic partitions

|12
DF = tm S0+ 02— S ) =2 <<l (59
k=0
where
B(r) = 0, O<az<l (5.10)

/—log, z’

The theme starting from this section is to locate those functions in the Takagi class that
have linear ®-variation for a prescribed function ® of the form

1 s—logyx\ g
2(r) =g ()

0<z<l, (5.11)
where ¢ € [0,1) and ¢ : [0, 00) — (0, 00) is any regularly varying function. For instance, the
function @ in (5.10) is obtained by taking ¢ = 0 and g(x) = x. In this way, we obtain natural

trajectories with linear Wiener—Young ®-variation for a large class of given functions .

As mentioned earlier in this chapter, our approach to the ®,-variation of functions f in
the Takagi class depends on the parameter ¢ in (5.11). For ¢ = 0, the argument extends the
approach via the central limit theorem for the Rademacher functions in the Faber—Schauder
development of f as presented in Section 5.2. For ¢ € (0,1), however, a different limit

theorem is needed, which might be of independent interest.

For some p € [1, 00, let (Y;,,)men be a sequence of random variables in L? := LP(Q, Z,P),
where (§2,.%,P) is a given probability space. We assume for simplicity that the LP-norms
of the Y;, are uniformly bounded. Let furthermore {f,,}men, be a sequence of real numbers

and consider the random variables
n
Ly = Zﬁnfmyma n € N.
m=1

We are first concerned with the limit of

1 n
—Zn where s = 32
Sn

as n T oo.

Theorem 5.6. Suppose that 3, > 0 for all m and that there exist ¢ > 0, b > 1, and a slowly

varying function ¢ such that

82
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Then as n T oo,

1 o)
— 7, — 7 =22 -1 E 271y i LP.
Sn

m=1

Proof of Theorem 5.6. For § € (0, d], denote

1—-9¢

1+ 4)? 1 —9)?
=220 — 1, N o= \/22’1( +9) —1, and \; := \/22(1( %)

1+0

where dp € (0,min{1,q}) is chosen such that the arguments of the square roots are always

positive. Thus,
22(1 = 6)> = (1+0) >0 for all ¢ € (0, dg).

Let £ > 0 be given. We first choose K € N such that

A Z 9~ (a=do)m o

m=K+1

Then we choose 0, € (0, do] such that
1—279m < ¢ form=0,...,K and all § € (0, 4]

Finally, we choose § € (0, ;] such that

- )\‘ <e.
Given this §, we use (5.12) to pick ng € N such that
()22 (1 — §) < 82 < L(b™)2%™(1 + 6) for all n > ny.

Hence,

220D (1= 8)L(b™ ) — (1+ 0)e(b™)27*) < 537,

< 2200 FD (14 §)0(b™ ) — (1 — 8)e(b™)2729).

Since ¢ is slowly varying, we can choose n; > ng such that

b bm)

1-6< oo

<1+96 for all m > n;.

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

Combining this with (5.13), we see that the left-hand side of (5.18) is strictly positive for
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m > n,. Hence, we may take square roots to get

200D /(1 = §)L(bm+1) — (1 +)L(b™)272 < By,

5.19
< 200m D /(1 4 8)(bm+1) — (1 — §)0(bm)2—24 (5:.19)
for all m > ny. Moreover, with (5.17) we get that for n > m > ny,
B _ 21D/ +0)0(m ) — (1 — G)e(bm)2-2
s NP
b™) 146 (bt _ (™)
_ gutm=m) [AE") (s, — 1) < 2dm=n) AL
\/ e < =5 () - (o)™
Similarly, we conclude a corresponding lower bound and obtain that for n > m > nq,

— <
K(b )70 T s, 0(bm)
The Potter bounds (see, e.g., Theorem 1.5.6 in [9]) yield that there is ny > ny such that
for n > m > no,

(b
b™)

(1 . 5)2—25(n—m) _ (1 . 5)b—25(n—m)logb2 < < (1 + 5)b25(n—m) log, 2 _ (1 + 5)226(n—m).

)

With (5.20), we obtain that for n > ny +m,

_ +
9—(g+8)m As < Bn—m < 2—(4—5)m)‘75, (5.21)
VvV 1+ 1) Sn \% 1-9¢

Note that .
Zm = )\ Z 7MYy s 7  in LP.
m=1

By Minkowski’s inequality and with ¢ := sup,), ||Yiu|l, < oo,

n

Zn /Bn—m

P DM e | b
p m=1
n—mnmo n ﬁ
<CZ gy |Bem e
Sn

m=n—no+1

To deal with the first sum on the right-hand side, we use (5.16) and (5.21) to get that for
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m < n—no,

Bn-m

Sn

Ay
V1—96
< g27(@m 4 \o=(a=d)m(q _ 9=om),

— 27 < 2—(q—5)m( _ )\) + A(Q—(q—5)m _ Q—Qm)

In the same way, we get the lower bound

_827(q+5)m - )\2fqm(1 - 275777,) S
Sn

— 271,

Using (5.15) and (5.14), we thus get the following estimate for the first sum on the right-hand
side of (5.3)

n—no n—no K [e%)
Bn—m — —(g—§ —(g— —(g—
—\2"Im| < (g—8)m (g—8)m (@=0)m -/
) - <ed 2 +AY 2 etA Y 2 <ed,
m=1 m=1 m=1 m=K+1

where ¢ :=23°°_ 27(@=%)m 4 1  For the right-most sum in (5.3), we have

m=0

n

D

m=n—no+1

n

Bn—m - —am
< g . + A E 274
m=n—no+1 n m=n—nz+1 (522)
qnz __ 1

20 —1°

Br—m

Sn

— 27

< 12 max [; + 27"
Sy 1=0,...,n2—1

We will show below that our assumptions imply that s,, — oo. Therefore, the right-hand

side of (5.22) can be made smaller than € by choosing n sufficiently large. Thus, we see that

the LP-distance between Z,/s, and Z(™ is smaller than c(c’ 4 1)e if n is sufficiently large.

Finally, we argue that s,, — oo if (5.12) holds and ¢ > 0. To this end, let g(x) := 221/(x),
so that the denominator in (5.12) is equal to ¢(2"). Proposition 1.3.6 in [9] states that
g(x) — oo, which in view of (5.12) yields our claim. O

Now we briefly discuss the case where ¢ = 0 in (5.12). In that case, we are typically
in the regime of the central limit theorem. This is suggested, for instance, by [97], where
a central limit theorem for reversible Markov chains was obtained under the condition that
the variance, 02, satisfies 02 = nf(n) for a slowly varying function £. Since g(x) := zf(z) is
regularly varying with index o = 1, we see that, in our situation, this condition is a special
case of condition (5.26) with ¢ = 0. In the following proposition, we formulate implications
between stronger and weaker versions of condition (5.12) with ¢ = 0.

Now, we will formulate a simple central limit theorem in the form needed in the next

section. We believe that this result is well known but were unable to find an exact reference
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to the literature. Due to the large number of existing variants of the central limit theorem,

we confine ourselves here to the basic case that will actually be needed in Section 5.5.

Lemma 5.7. Suppose that Y1,Ys,... is an i.i.d. sequence of symmetric {—1,+1}-valued
Bernoulli random variables such that s2_,/s> — 1 as n 1 oo. Then, for every p € [1,00),

the laws of iZn converge in the LP-Wasserstein metric to the standard normal distribution.

Proof. As s2_,/s% — 1, it then follows that

2 2

lim Bu _ = lim <1 — S"_l) = 0.

ntoo S5 2 ntoo S%

It is hence easy to see that the sequence {Z, },,en, satisfies Lindeberg’s condition, which yields
that iZn converges in law to N(0,1). Thus, to conclude convergence in the LP-Wasserstein
metric, it is sufficient to show that E[|s;!Z,|9] is uniformly bounded in n for some ¢ > p;
this follows, e.g., from Lemma 5.61 and Corollary A.50 in [34]. We actually show a stronger
condition, namely that E[el*##/*»]] is uniformly bounded for all A € R. Since el*l < e* 472,

we can drop the absolute value in the exponent. Then,

- 2 2
log E[e*”"/*"] = log [ [ cosh(ABy/s,) = Zlog cosh(ABr/sn) < Z AP _ )‘_
;=0

252

This completes the proof. O

5.4 ®-variation of functions in the Takagi class

In this section, we will apply the limit theorems from Section 5.3 to the problem of computing
the ®-variation of functions in the Takagi class. To this end, let ® : [0,1) — [0,00) be an
increasing function with ®(0) = 0. The ®-variation of a continuous function f : [0,1] — R

along the sequence of dyadic partitions is defined as

L£2" ]

(N =1lim > @(f((k+1)27") - f(k27)]), 0<t<1,

ntoo
T k=0

provided that all limits exist. For ®(z) = = and ¢ = 1, we obtain the total variation of f.
For ®(x) = 22, we obtain the usual quadratic variation, and for ®(z) = 2 with p > 1 the
p-variation. Here, we are interested in functions for which the correct ® may not be of the

form ®(x) = 2P but rather has a more complex structure.

168



Let ¢(t) = min,ez |z — t| denote the tent map. The Takagi class, as introduced by Hata
and Yamaguti [52], consists of all function f : [0,1] — R that admit an expansion of the

form

F#) =) amp(2™t),  te(0,1], (5.23)

where {a,, } is a sequence of real numbers for which the series Y °_ o, converges absolutely.
Clearly, the series on the right-hand side of (5.23) converges uniformly in ¢ € [0, 1], so that f
is indeed a well-defined continuous function. Typically, the functions in the Takagi class have
a fractal structure. For instance, the choice a,,, = 27™ corresponds to the classical, nowhere
differentiable Takagi function, which was originally introduced in [92] but rediscovered many
times. More generally, the choice «,, = a™ for some a € (—1,1) yields the class of so-called
Takagi—Landsberg functions. Analytical properties of the functions in the Takagi class, such

as differentiability, are discussed in [62].

Now we take f as in (5.23) as given. The following result bridges the roughness exponent
of functions in the Takagi class with the results in Chapter 2. Rewriting (5.23) yields the

following representation of the function f using the Faber-Schauder functions,
00 2m—1
O =3"2"0, 3 enn(t),  telo].
m=0 k=0

In other words, we have 6,5 = 2"2q, for 0 < k < 2" — 1. In this case, the quantity s,, as

in (2.7), takes the following form

Sp = 0% = a2 4m n € N. (5.24)

As a result, the Gladyshev estimate ﬁn(f) =1- Llogys, = 1 — Llog, A/ a2 4m.
By verifying conditions in Proposition 2.15, it is clear that f satisfies the reverse Jensen
condition, and thus, the Gladyshev estimator is a consistent estimator for the roughness
exponent for the functions in the Takagi class. That is, suppose that }A?m( f)— Rasn?T oo,
then we have

2n—1 1

0 > 1
lim V& = lim S [f((k +1)27) — f(k2)P = P=&
nfoo L 00 p < %.

In the manner of Remark 2.6, the following proposition extends the above result and provides
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a priori bounds on v,» ), based on the range of possible growth rates of s,.

Proposition 5.8. Let

1 1
¢s = liminf —log, s, and q" :=limsup — log, s,.
nfoo M ntoo

Then, for p > 1, we have liminf, v = 0 if p(1 —q.) > 1 and limsup, VP = oo if
p(1 —¢*) < 1. In particular, if ¢* = q., then the function f admits the roughness exponent
R=1-—q.

Example 5.9. Faber [30] considered the function f with

= if m = n! for some n € N,
Ay, =

0 otherwise,

and showed that it is nowhere differentiable. It is clear that this choice leads to ¢* > 1 and

¢ < 0, which implies that liminf,, V" = 0 and lim sup,, VP = o for all p> 1.

In the sequel, we shall, in particular, investigate the situation in which lim,, Vn(p ) exists
but is either zero or infinity. In this case, p*"-variation or the roughness exponent is clearly

no longer sufficient for characterizing the exact “roughness” of f.

To state our first main result, we recall that Corollary 1.4.2 in [9] allows us to assume
without loss of generality that all regularly varying functions are bounded on compact in-
tervals (see the footnote on page 155 for the definition of a regularly varying function). If g

is regularly varying and ¢ € [0, 1), consider

-1 ]
O, (2) = Dy (z) = xug(%@qx) 200 (5.25)
for 0 < z < 1. By Proposition 1.5.7 in [9], y — g((logyy)/(1 — q)) is slowly varying, and so
Py(y) == ®,(1/y) is regularly varying with index —1/(1—¢). We conclude that ®,(z) — 0 as
x | 0. It therefore makes sense to extend @, to the domain [0, 1) by setting ®,(0) := 0. Note
also that @, is slowly varying at zero with index 1/(1 — ¢) and that the functions arising in

this manner form a very wide class of functions that are regularly varying at zero.

Theorem 5.10. For f as in (5.23), let s2 be as in (5.24) and suppose that there exist
q € [0,1) and a reqularly varying function g such that
2

S
lim ——— = 1. 2
N g () (5.26)
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Let moreover {Yy, }men be an i.i.d. sequence of symmetric {—1,41}-valued Bernoulli random
variables and ®, as in (5.25). Then the following hold:

(a) The function f is of bounded variation if and only if lim, s> < oo and, in this case,
the total variation of f is equal to E[|Z|], where Z := >~ am2™ Y, 41.

(b) If s2 — oo and q = 0, then the ®g-variation of f is given by
@ 2
()7 =1/—"-t. (5.27)
(c) If ¢ > 0, then the ®,-variation of f is given by
(P =E[|Z]=] -t where  Z:=V2T-1Y 27, (5.28)
m=1
Remark 5.11. The random variable Z in (5.28) can be represented as
Z=V1-2"2) 27"y, ,
m=0

and hence has as its law a scaled version of the infinite Bernoulli convolution with parameter
274, These laws exhibit some fascinating properties and have been studied in their own right

for many decades; see, e.g., [82] and the references therein.

In the next two results, we consider again the situation of Proposition 5.8 and take a closer
look at what happens to the power variation of a function f in the Takagi class satisfying
(5.26).

Corollary 5.12. Suppose that (5.26) holds with q € [0,1) and let p:=1/(1 — q).

(a) The function f has infinite v variation for 1 <r < p and vanishing r™* variation for

r>p.

(b) If lim, g(n) = c for some number ¢ € [0,00|, then the p™-variation of f satisfies
(N = (i fort €[0,1],

If g is regularly varying with index ¢ € R, then g(z) — 0 for ¢ < 0 and g(x) — oo for
0 > 0 according to Proposition B.1.9 in [23]. If o = 0, then g is slowly varying and may or
may not converge to a number ¢ € [0,00]. In conjunction with Corollary 5.12, we thus get

immediately the following corollary.
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Corollary 5.13. Suppose that (5.26) holds with q € [0,1) and a function g that is regularly
varying with index o € R. We let p:=1/(1 — q).

(a) If 0 <0, then f has vanishing p™-variation.
(b) If 0 > 0, then f has infinite p™-variation.

Example 5.14. Let us consider the classical Takagi function,

e}

ft) =7 27"p(2"),

m=0

as discussed previously. Then s = n and so we can take ¢ = 0 and g(z) := z. Corollary 5.13
thus immediately yields the well-known fact that f is of unbounded total variation. Moreover,
we have ®¢(t) = x//—log, x, and so we recover here a special case of Theorem 5.1.

Allaart [1] introduced an extension of the Takagi class by multiplying each replicate of
the tent map in the expansion (5.23) with an arbitrary sign. More precisely, he considered

the class of functions of the form
F&) =) amom(t)p(2™t),  te[0,1], (5.29)

where o, : [0,1] — {—=1,+1} is constant on each interval [(k — 1)27™ k27™) for k =
1,...,2™, and {ou, }men, i a sequence of real numbers for which the series ), a,, converges
absolutely. Then f is well-defined and continuous due to the uniform convergence of the
series in (5.29). Certain deterministic choices for o, yield fractal functions studied in other
fields such as information theory; see [1, 2| and the references therein. When the signs of
om are chosen in a random manner, the expansion (5.29) becomes closely related to the
Wiener-Lévy—Ciesielski expansion of Brownian motion by means of the Faber—Schauder
functions, and the functions (5.29) with fixed coefficients {a,, }men, but random signs form
a non-Gaussian stochastic process with rough sample paths. More precisely, for each m, let

{&n.k}r=1,... 2m be a sequence of {—1, +1}-valued Bernoulli random variables and define

2m o)
Om(t) =) Emul oy gy (B)and - Xyi= > amom(t)p(27t). (5.30)
k=1 m=0

Then the following corollary states that {X}icjo1) is a stochastic process whose sample
paths have the deterministic linear @, -variation (5.28) if the sequence {au,}men, satisfies

the conditions stated in Theorem 5.10. An illustration of this stochastic process is provided
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in Figure 5.1. For the choice a,, = a™ with a € (—1,1), the p™'-variation of the functions
(5.29) was studied in [77, 87].

Corollary 5.15. The statements of Theorem 5.10 and of the Corollaries 5.12 and 5.13
remain fully valid for the functions of the form (5.29).

When the goal is to utilize Theorem 5.10 for the construction of functions with a pre-
scribed @ ,-variation for a given function g, it can be inconvenient that the condition (5.26)

"1 02 4™ rather than in terms of the coefficients

is formulated in terms of the sums s2 = > " a2,

o, themselves. To deal with this issue, we are going to formulate Proposition 5.17, which

will also be used in the proofs of our main results.

Remark 5.16. Let us recall the following facts on slowly and regularly varying functions so

as to put the statement of the following Proposition 5.17 into the context of Theorem 5.10.

(a) If g is a regularly varying function and b > 1, then /(x) := g(log, ) is slowly varying

according to Proposition 1.5.7 (ii) in [9]. Moreover, our condition (5.26) implies that

82

A )

(b) Recalling that we assume all regularly (and hence slowly) varying functions to be

locally bounded, and thus locally integrable, we may define

1 zq logy,
- | ZL@dt= L 31
) ROL /0 (b°) ds (5.31)

((x) -

for a given slowly varying function L. Then, according to Proposition 1.5.9 (a) in [9],

the function /¢ is slowly varying and satisfies ¢(x)/L(z) — +00 as x T oo.

Proposition 5.17. Let { B, }men, be a sequence of real numbers, s2 = S 32 and b > 1.

(a) Suppose that s, — oo asn T oo, let L be a slowly varying function, define ¢ as in (5.31),

and consider the following two conditions:

(i) B2/L(b") — 1 as n T co.
(i) s2/¢(b") — 1 asnt oo.

Then (i)=(ii).

(b) If £ is a slowly varying function and q > 0, the following are equivalent:
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(iii) B2/2%m0(b") — 1 as n 1 co.
(iv) s2/22am0(p") — (224 — 1)~ as n 1 oo.
(c) Any of the conditions (1)—(iv) implies s>_,/s> — 2% as n 1 oo, where we take ¢ = 0 in

the context of (a).

The proofs of Proposition 5.8, Theorem 5.10, Corollary 5.15, Corollary 5.12, and Propo-
sition 5.17 are given in Section 5.5. Theorem 5.10 and Proposition 5.17 yield immediately
the following result, which provides a simple construction for a function with prescribed ®,-
variation. When applying it to the stochastic process (5.30), it provides a straightforward
way of constructing a stochastic process whose sample paths have deterministic and linear

®-variation; see Figure 5.1 for an illustration.

Corollary 5.18. Let g be a regularly varying function, g € [0,1), and ®, as in (5.25).
(a) For q € (0,1), the functions f in (5.23) and (5.29) with coefficients
Q1= 277D /(220 — 1) g(m)

have linear ®,-variation (5.28).

(b) For g = 0, we assume in addition that g(x) — oo as x T oo and that g is absolutely
continuous with reqularly varying derivative ¢g'. Then the functions f in (5.23) and
(5.29) with coefficients

have linear ®,-variation (5.27).
Proof. (b) Since the function L(z) := ¢'(log, x) is slowly varying by Remark 5.16, Propo-

sition 5.17 (a) yields that s2/¢(2") — 1, where {(x) = OlogﬂL(Qt) dt = g(logy, z) — g(0).
Hence, the conditions of Theorem 5.10 (b) are satisfied. Part (a) is now obvious. O

5.5 Proofs for the results in Chapter 5

Proof of Proposition 5.17. (i)=-(ii): For any given € > 0, there exists ny such that for all
m > ng, we have L(b™)(1 — ¢) < B2, < L(b™)(1 + ¢). Hence, for all v > ng and n > v,

n—1 n—1
Z BL+(1—e) > L™ < Z < Z B2+ (1+e) Y L™ (5.32)
m=v+1 m= m=v+1
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Figure 5.1: Sample paths of the stochastic process {X}icjo,1) defined in (5.30) with a,, =
2-m(1=a), /(224 — 1)g(m) for ¢ = 0.7, g(x) = (1 + x)° with p = —2 (left), p = 0 (center),
p = 2 (right), and signs {& k bmeng k=1, 2= that are i.i.d. {—1, +1}-valued Bernoulli random
variables. For each g, a new realization of {¢,,x} was chosen. One can see from the three
top panels that the parameter o has a strong influence on the macroscopic fluctuations
of the trajectories. Following from Proposition 5.8, all three functions share a common
roughness exponent of R = 1 — ¢ = 0.3. One would thus expect the fluctuations of the
three functions to be similar on a microscopic scale. This effect can indeed be observed in
the lower panels below, which show the same three functions after zooming into the interval
0,¢] fore =5-107".

The Potter bounds (e.g., Theorem 1.5.6 in [9]) yield for every 6 > 0 some n; € N such that

L)
L(om)

(1 —e)p’m=9 < < (14&)p°™  forall t,m > ny.

We hence get that for m > nq,

IN

1—b° m v —1
L(™)(1 — L < L(b™)(1 .
O ey < [ L0 < Lm0+ g
Since (1 — b%°)/(5logh) — 1 as § | 0, we can choose § small enough such that for any

m 2 ni, 1
m+

(1—e)2L(b™) g/ LV dt < (1+¢)2L(b™).

m

Using this estimate in (5.32) and dividing both sides of the result by [*L(b")dt = £(b")

gives

Sig By, (el SR LOYdt s gy (L) [l L) dt

L S S L a

Jo L(bt) dt () T [T L(b) dt (5.33)
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Since s, — 00, the inequalities in (5.33) imply that we must also have £(b") = [;* L(b") dt —
oo as n 1 oo. It follows that the left- and right-hand sides of (5.33) tend to (1 — €)® and
(1+¢)® as n 1 oo, respectively. Sending e | 0 now yields (ii).

(iv)<(iii): It follows from the Stolz theorem and its converse given in Lemma 3.1 of [76]
that the existence of one of the following limits entails the existence of the other one and

that in this case both must be equal:

52 S2i— Sa
Wy M M ) = 22

Moreover, if it exists, the limit on the right-hand side is equal to

Y 5 1
im : ~
ntoo 22qn£(bn) (22q Zé?bl;)

)_1)’

and here the second factor converges to (22¢ — 1)7%,

(c): We have
52 (n )
lim =L = 2% |im ——~_ — 2%,
moo 52 wios 0(b - b7=1)
This concludes the proof. H

Now we turn toward proving Theorem 5.10 (and also Corollary 5.15 along the way).
Following the probabilistic development of the Rademacher functions in the Faber—Schauder
expansion of f in Section 5.2, we let (£2,.#,P) be a probability space supporting an inde-
pendent sequence Uy, U, - -+ of symmetric {0, 1}-valued Bernoulli random variables. Then

we define the stochastic process R,, 1= ZZ‘ZI U,2F=1 and set

n—1
L 90((Rm + 1)2im) - @(Rm27m) . om 2 . 2
Y,, = =  Bmi=2"q,,, and s = n;)ﬁm. (5.34)

Proposition 3.2 (a) in [89] states that Y7, Ys, ... is an i.i.d. sequence of symmetric {—1,+1}-
valued Bernoulli random variables. Moreover, the proof of Theorem 2.1 in [77] gives the
same result in the context of Corollary 5.15, so that all subsequent observations are also
valid for the functions of the form (5.29).

Note that R,, has a uniform distribution on {0,...,2™ — 1}. Therefore, for n € N such
that all increments ‘f((k +1)27") — f(k2_")‘ are less than 1,

n

V=S @(|f(k+1)27") - f(k2™)|) = 2°E [<I>(\f((Rn +1)27") - f(RnT")\)]-

N
|
—_

e
Il
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To analyze the expectation on the right, let the n'® truncation of f be given by f,(t) =
S am@(2™t). With the notation introduced in (5.34), we get

FURy+1)27") = f(Ra27") = ful(Ry +1)27") = fu(Ra27")
=9 " "z_:l BmSO((Rn + 1)2m_”) — QD(Ran_”)

2m—n

n—1
=27" Z BmYnfma
m=0

where in the last step we have used that (x4 R,27") = p(z+ R,,2~™) due to the periodicity

of ¢. Hence, if we define

n—1 n
Zn = 6mYn—m = Z Bn—mynm
m=0 m=1
then
V, = 2°E[®(|27"Z,))]. (5.35)

Thus, the ®-variation of f is determined by the limit of the right-hand expectations as
n 1T oo. It is worthwhile to point out that Proposition 5.8 can be directly obtained from
Proposition 2.10. Nevertheless, we provide a different proof of the result from the well-known

Khintchine’s inequality.
Proof of Proposition 5.8. Taking ®(x) = 2P, we get from (5.35) that VP = 2n(I=P)E[| Z,|7].
By Khintchine’s inequality, there exist constants A, and B, only depending on p such that
0< A, <B,< o0, and

Ap2n(17p+an) — Apgn(lfp)(si)pﬂ < Vn(p) < Bpgn(lfp)(5721>p/2 — Bpgn(lﬂvﬂvqn)7

where ¢, := %log2 Sn. From here, the assertion is straightforward. [

Now we prove Theorem 5.10. For better accessibility, we have divided the proof into

several parts.

Proof of Theorem 5.10 (a). Assuming that lim, s? < oo, we define 3, = @,,2™ and
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Then the exchangeability of the sequence {Y;,}men, implies that Z,, and 7, have the same
law. Clearly, Zn 7= > o Bm Yo in L. Therefore, (5.35) yields for the choice ®(x) := ,

ST A+ 12" — f(k2 )| = 2E()2" Z,]] — E[|Z].

k=0

Since f is continuous, this limit must coincide with the total variation of f (see, e.g., Theorem
2 in §5 of Chapter VIII in [79]). Conversely, parts (b) and (c) of Theorem 5.10 will imply

that f can only be of finite total variation if lim, s < co. O

Proof of Theorem 5.10 (b) for t = 1. Here, we identify the ®o-variation (f)? at time 1. The
linearity of the ®-variation t — (f)7° will be proved subsequently. Condition (5.26) for ¢ = 0
together with our assumption s> — oo implies via Proposition 1.5.1 in [9] that g is regularly
varying with index o > 0. Moreover, Remark 5.16, Lemma 5.7, and Proposition 5.17 yield
that the law and the first moment of Z,,/s,, converge, respectively, to N (0, 1) and to its first

moment.

Let us write ¢(x) := /g(x) so that 2"®¢(27"|Z,|) = |Z.|/¥(n — log, | Z,|). It follows
that

(5.36)

n —-n _ ¢(n) |Zn|
202 Zal 1z, szey = W(n —log, | Za|) ¢(n)1{lzn|/w(n)za}'
To deal with the first factor on the right, we estimate n—log, |Z,|. First, on {|Z,|/1¥(n) > €},
we have log, | Z,| > log, € + £(n), where £(z) := log, ¥(z) is slowly varying by Proposition
1.5.7 in [9] and hence satisfies ¢(n)/n — 0 according to Proposition 1.3.6 (v) in [9]. Therefore,
there exists nz € N such that

n —logy | Z,| <n—logye —€(n) < (1+¢)n on {|Z,|/v(n) > e} for all n > ng. (5.37)

Second, to get a lower bound, we use that |Z,| < ZZ;O |Bm|. Jensen’s inequality gives

furthermore that

n—1

m=0

n—1
L3 = Vs (5.38)
m=0

By (5.26), there is ny € N such that s, < (1 +¢)1(n) for all n > ny. Thus, there is n5 > ny
such that

1
n —logy |Z,| > n —logy(1+¢) — 3 logon —4(n) > (1 —¢e)n for all m > mns.  (5.39)
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Combining (5.37) and (5.39) now yields

¥(n) . Y(n)
D —Tlogy 1Z.]) = 1-eSL s 50wm)

for n > ns on {|Z,|/¥(n) > }. (5.40)

According to the uniform convergence theorem for regularly varying functions (Theorem
1.5.2 in [9]) and the fact that v is regularly varying with index ¢/2 > 0 by Proposition 1.5.7
(i) in [9], we have

¥(n)

_ ~\o/2
1—55{51% ¢(An> — <1 6) ' (541)

To deal with the second factor on the right-hand side of (5.36), we choose ng > ns such that
P(n) < (1+¢)s, for all n > ng. Then, for n > ng,

2] o _ 1%
W(n) UZadm=ey = (T g)s, {Zal/suze(4e)}”

(5.42)

Altogether, we get

S n -n (1 — 6)9/2 —22/2
lim inf 2"E [@0 (2 |Zn\)} > |z|e dz.
ntoo (14 e)V21 J{z>e(1+e)}

With (5.35), we thus get liminf, V,, > /2/7 by sending ¢ | 0.

To get an upper bound, we recall that x — ®g(1/x) is regularly varying (at infinity) with
index —1 < 0. Theorem 1.8.2 in [9] hence yields a function h that is regularly varying with
index —1, strictly decreasing, and satisfies ®o(1/x) < h(x) as well as h(x)/Po(1/x) — 1 as
x 1 oo. Thus, the function ¥(z) := h(1/x) is strictly increasing, regularly varying at zero
with index 1, and satisfies &y < U as well as V(z)/Po(z) — 1 as x | 0. Let € > 0 be given
and choose xy > 0 such that U(x) < &g(x)/(1 —¢) for all x < zy. By (5.38), there is n; € N
such that 27"|Z,| < xq for all n > n;. For such n, we get

2'E [y (27 |Z])] < 2 [w (2 |2,))]

=B [0 (2" +12.)]

Sn, €+ |Zy| ' P(n)
(1—6)¢(N)E{ Sn ¢(n—10g2(€+|Zn|))]'

gan[@(zﬂ«g+¢ZnDﬂ <5

Clearly, the factor s, /1 (n) converges to 1. Moreover, by (5.39) there is ng > n5 V n7 such
that
(I—e)n<n-—1logy(e+|Z,]) <n—logye < (1+¢e)n for all n > ng.
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As in (5.40) and (5.41), we thus get

TR 1S — 0+
We hence obtain the upper bound
(14 ¢)e/?
liI:LlTillp Vo < < \/ﬁ /\ e/ dz, (5.43)
where the right-hand side reduces to \/2/_7r as € ] 0. O

The proof of Theorem 5.10 (b) for 0 < ¢ < 1 requires that we truncate the summation
for V,, in (5.35) at those indices k for which k27" < ¢. This is equivalent to restricting the
expectation in (5.35) to the set {27 R,, < t}. The following proof adapts the arguments of
the proof of Theorem 5.10 (b) for ¢ = 1 to this restricted case.

Proof of Theorem 5.10 (b) for 0 <t < 1. Let t € (0,1) be given. The ®y-variation of f over

the interval [0, ¢] is equal to lim,, V},;, where

2" —1

Ve = 3 @o(IF((k+1)27) = f(k27)] ) Lo (k2 ™) = 2"E |0 (27| Zu] )1 ¢-nozn |
k=0

This can be proved similarly as in the derivation of (5.35) as in Section 5.1. We fix § €
(0,t A (1 —¢)) and m € N that 27™ < 4. Recall that R, := >~ Ux2""! and let us denote
Ry.n = R, — R,,_y, for short. Then

(27" Ry <t — 06} C{27"Ry <t} C {27 R, < 1) (5.44)

First, we derive a lower bound for V,,;. To this end, we define for 0 < m <mn,

S

—m

Bn—kYk = Zn - Z Bn—kYk

k=1 k=n—m+1
Then, since s, — o0,
-1
Zn— 7 13
Vo~ Znal < LN ) = 00— 0,
5n g

and so the laws of Z,, /s, converge to N(0,1) in the L'-Wasserstein distance by Slutsky’s
theorem. By combining (5.36), (5.40), (5.41), and (5.42), there is ng > ng \VV m such that for
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all n > ng, with c. := (1 —&)'*/2/(1 +¢),

n c:|Z,
2"00 (27" Zu)L (1 20l o (m) 26, 27 R <ty 2 el 2| {1Znl /1 (n)>e, 27" R <t}
> CS|Zm,n|]l _ CE|Zn_Zm,n|
- s, {1Zn|/(n)>e, 27" R <t} S
m—1
> C€|Zm,n|]l - Ce Zk:o ’Bk'
= s, {Zal/v(n)ze, 27" Ra<t) P

where the last two inequalities hold due to the triangle inequality. Again, the right-most
term decays to zero as n 1T oo. Hence, there is nig > ng such that for n > nyo and
| Zn|/sn > 2e(1 +¢€),

|Zn| > |Zm,n| — |Zn — Zm,n| > ‘Zm,n| B Z:ol wk’

>e(1 .
Sn Sn Sn 2 e(l+e)

Hence, for those n and m, we have {|Z,,,|/sn > 2e(14+¢)} C {|Z,|/sn > (1 4+ ¢€)} and in

turn

Ce|Zm,n| Ce|Zm,n|
vn7t + Csan Z E |: Sn IL {|Zn|/¢(”)257 2an§t}:| o E |: Sn IL {|Zm,n|/5n226(1+6)7 27"Rm,n§t—6}
C€|Zm n| _
> J ) n <
=k |: Sn L {|Zm,n|/3n225(1+5)}:| P [2 R, <t 5] ,

where the last step follows from (5.44) and the independence of Z,,, and R,,,. Clearly,
P2 "R, <t— 0] =t — 6 and

Ce| Zm Ce -2
E[E 1 }—> / |2le™ /2 dz,
P {|Zm.n|/sn=2e(1+€)} V2T J{|2]>2:(14¢)}

since S, /s, — 1 by Proposition 5.17. Hence

(t—¢
liminf V,,, > celt —9) / |2|e=/% dz. (5.45)
ntoo V21 J{ja22e(14e)}

To obtain a corresponding upper bound, we can argue exactly as in the derivation of (5.43)

to get
limsup V,,, < (1 +¢)9/? limsupE[g—’_ | |]l{2_an n<t}] =(14¢)9? hmsup]E[’ |]l{2—an n<t}]
ntoo ntoo Sn T ntoo Sn T
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Using again the independence of Z,,,, and R, ,, we find that
m—1
E(| Za[1 {2y zty]) < EllZunl] - P27 R <#]+ > 1By,
k=0

By (5.44), we have P27 Ry, ,, < t] < P[27"R,, < t+0] — t40. Recall that - " 1Bk — 0
as n T 0o. Next, the function ¢(x) := g(log, x) is slowly varying by Remark 5.16, and so
g(n) (2"

a0n —m) = CRTD) — 1 as n T 0o. (5.46)

Thus, our condition (5.26) for ¢ = 0 implies that

Zmn n—m Zmn 2
IE[' \]:s IE[| |]—>\/j as n 1T oo.
Sn Sn Sn—m ™
Altogether, we conclude that lim sup,, V,,; < (14¢)%/2(t+6)1/2/7. Combining this inequality
with (5.45) and sending € and § to zero, we conclude the proof of the linearity of the ®g-

variation. O

The proof of part (¢) of Theorem 5.10 will be prepared with the following two lemmas.

Lemma 5.19. Under the conditions of Theorem 5.10 (c), there is a constant K such that
for all w € Q0 and all sufficiently large n € N,

27 Z(w)] < K/g(n) and |Z,(w)] < Ksp,.

Proof. The function ¢(x) := g(log, ) is slowly varying by Remark 5.16, and so ¢ and the
sequence { B, }men, satisfy the conditions of Theorem 5.6. Recall from (5.19) in the proof
of that theorem that there exists d; > 0 such that for every 6 € (0,d;) there is n; € N such
that for all m > nq,

21m\ /(1 — 8)£(2m) — (L + 0)£(2m=1)2-24 < |B,n| < 27™\/(1 + 0)£(2™) — (1 — 0)¢(2m—1)2—24,

and the arguments of the two square roots are positive. Now let 6 € (0,07) be given and
take ny > my such that 1 — 9§ < g(n)/g(n — 1) < 14§ for any n > ny; this is possible by
(5.46). Since g is regularly varying, we have 229"g(n) — oo as n 1 oo (see, e.g., Proposition
B.1.9 in [23]). Therefore, we may apply the Stolz—Ceséro theorem in its general form so as
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to obtain

lim sup M < lim sup Bl
ntoo 20/g(n) T ateo 2073/g(n) — 200D\ /g(n — 1)
< sy /O D90 (1~ 8)gn — D2 %
T i Vg(n) —/27%g(n — 1)
< V(1 +0)222 — (1 —4)
224(1—-6§) —1

Since |Z,| < 3271 |8, the claim follows. O

Lemma 5.20. Suppose that {z,}nen, S a sequence of nonnegative numbers converging to
2> 0. Then 2"®,(27"s,2,) — 2179 as n 1 oo.

Proof. We may assume without loss of generality that z, > 0 for all n. Then we may write

o /1 —log, s, — log, zn\ ~1/(1-)
2", (2 " s2,) = 2" (2 "s2) ! q)g(n i Ry & )

1—g¢q

1/(2(1—q))
_ ( Sn )1/(1_‘1)21/(1—(1) g(n)
qn g(n> n g ( n—log, sn—logy zn )

1—¢q

By (5.26), the first factor on the right converges to 1. The second factor converges to z'/(1=%
by assumption. To deal with the third factor, (5.26) implies that there is ng € N such that

gn —logy v/g(n) — 1 <logy s, < gn —logy \/g(n) + 1 for all n > ny.

Theorem 1.4.1 and Proposition 1.3.6 (i) in [9] give moreover that there exists k™, k= € R
such that k™ logy,n < logy \/g(n) < k' logyn. Thus, if n > ng is sufficiently large such that
2/2 < z, < 2z, then

—1 —logy(22) — kT logyn cn- log, s, — logs 2, <n+ 1 —logy(2/2) — Kk~ loan.

" 1—gq I—q 1—gq

(5.47)
For sufficiently large n, the center term can thus be expressed as n\,, where \,, € [1/2,3/2]
and A\, — 1. The uniform convergence theorem for regularly varying functions (e.g., Theorem
1.5.2 in [9]) hence implies that

g9(n)
n—logy sn—logy zn — 1
g ( 1—q )
as n 1T oo. This concludes the proof. O
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Proof of Theorem 5.10 (c¢). We prove part (c) only for ¢ = 1. The extension to 0 < ¢ < 1 is

almost verbatim identical to the one in part (b) and hence left to the reader. We write

Z\n = ! Z ‘ﬁn—m’Ym

= 2
Then the law of 2"®,(27"|Z,|) is the same as that of 2”<I>q(2_”sn|2n]). By Theorem 5.6, we
have |Z,| — |Z| in L. Moreover, by either Corollary 6.6 or Remark 6.7 in [26], the law of
Z has no atoms. In particular, we have P[Z = 0] = 0. Lemma 5.20 hence yields that P-a.s.
MD, (275, Zn|) — |Z]1/ =9, Fatou’s lemma thus gives immediately that

lim inf V,, = lim inf 2"E[@,(27"| Z,|)] = lim inf E[2"®,(2""s, Z,)] = E[|Z|/ -9,

ntoo

To get an upper bound, we argue as in the proof of Theorem 5.10 (b) for ¢ = 1 that there
exists an increasing function W that is regularly varying at zero with index 1/(1 — ¢) and
satisfies ®,(x) < ¥(z) for all sufficiently small x as well as ¥(z)/®,(z) - 1 as = | 0. In
particular, we have 2"W(27"s,,2,) — 2/(=9 if {2}, cn, is a sequence of nonnegative numbers
converging to z > 0. Let € > 0 be given. We choose zy > 0 such that V(z) < ®,(z)/(1 —¢)
for all x < x(. Since the sequence {Zn} is uniformly bounded, there is ny € N such that

27 "s, (e + |Zn|) < z¢ P-a.s. for all n > ngy. For such n, we hence have

Vi, = 2"E[®y(27"5,] Z,])] < 2"E[T(27"s,|Z,))]

B[R, (e + |Z,)]

< 2E[U(2"su(e +1Za])] < 5

Moreover, we see from (5.47) that there exists ny; > ng such that the random variables A,

defined through R
A = n—loggsn—log2(€+|Zn|)
" n(l—q)

take values in [1/2,3/2] for n > ny and satisfy A,, — 1 P-a.s. Hence, with ¢ denoting the

index of regular variation of g,

0 < gm)  _ 9(n) < swp g(n) _><§>@
g(”_bgz Sn;10g2(5+|zn|)) g(nAn) 1/2<2<3/2 g(n/\) 2
—-q

according to the uniform convergence theorem for regularly varying functions (e.g., Theorem

1.5.2 in [9]). Hence, Lemma 5.20 and dominated convergence give that

limsup V,, < lim sup

ntoo ntoo — £

PE[D,(2 " 50(c + | Za)] = —El(e + | 2])V00]
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Sending ¢ | 0 gives the desired upper bound. O

Proof of Corollary 5.12. (a) Taking logarithms in (5.26) and using the fact that £ log, g(n) —

0, we get %log2 S, — q as n T oo. Hence, the result follows from Proposition 5.8.

(b) If 0 < ¢ < oo, then (5.26) holds also if ¢ is replaced with g(z) := c¢. Hence, the
assertion follows immediately from Theorem 5.10. If ¢ = 0, then for any £ > 0 there is 6 > 0
such that

-1
g(#) <e for all n < 0.
—q

Now it suffices to take ng € N such that |f((k+ 1)27") — f(k27™)| < ¢ for all k and n > ng
to obtain that

[t2™ ] [t2™ ]

SOIF(e+1)27") = f(R2M)P <) (| (R +1)27) = fF(k27)]).

Sending € | 0 gives the result. The case ¢ = oo is obtained analogously. O]
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Chapter 6

Future Work

In this chapter, we outline several potential directions for future research. In Section 6.1, we
extend our scale-invariant estimators from Definition 2.39 to detect dynamic changes in the
roughness exponent of a time series over time. Section 6.2 explores how the estimator 9?;
can be adapted to estimate the roughness exponent of the volatility process directly from

discrete observations of the realized volatility.

6.1 Dynamic detection of the roughness exponent

In many applications, dynamically monitoring the Hurst parameter or the roughness ex-
ponent of a time series is important. An example is the ExtremeHurst™ function on the
Bloomberg Terminal, which can be used for market timing. For dynamic monitoring, the
original time series is divided into several (possibly overlapping) intervals, and the Hurst

parameter or the roughness exponent is then measured on each of these intervals.

For a formal description, we fix 2 € C[0,7T] and an interval shift 0 <7 < T — 1. Then
we let z,(t) := x(t+7) for t € [0,1]. For any estimator R, the value R(z,) gives an estimate

of roughness exponent of x over the interval [r, 7 + 1].

Definition 6.1. Let x € C[0,7],0 <7 <T—-1l,and T:={0< 7y <y <--- <7y <T—-1}.
Fix m € N and ag, -+, a,, > 0 with ag > 0.

(a) For n > m, the T-adjusted sequential scaling factor A>T and the T-adjusted sequential

scale estimate RS™(x,) are defined as follows,

N n
AT = arg minz Z ke (Ek(Aij) - Ek_l(Aij))z and R:T(z) := R,(\Tx). (6.1)

A>0 J=1 k=n—m
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The corresponding mapping RS : C[0,1] — R will be called the (T-adjusted) sequen-

tial scale estimator.

(b) For n > m, the terminal scaling factor AT and the T-adjusted terminal scale estimate

RUT(z) are defined as follows,

AT *argmmz Z Uy k( (Azr,) — ]:Ek,l(/\mn.)y and R:(z):= I%n()\ffrx). (6.2)

A>0 =1 k=n—m

The corresponding mapping R:T : C[0,1] — R will be called the (T-adjusted) terminal

scale estimator.

The estimates RS (z,) and R>T(x,) are the sequential and terminal scale estimates of
the roughness exponent of x over the interval [r,7 + 1] with a scaling factor chosen with
respect to the collection T. We have the following representation result for our T-adjusted

estimators.

Proposition 6.2. Consider the context of Definitions 6.1 with fited m € N and o, . . ., 0y >
0 such that ag > 0.

(a) The two optimization problems in (6.1) and (6.2) admit unique solutions for every

function x € C[0,1]. In particular, all objects in Definitions 6.1 are well defined.

(b) The T-adjusted sequential scaling factor and scale estimate can be represented as fol-

lows:
1 & 1 &
s, T __ s{r;} s,T s {TJ D
logy A =N 521 log, A and R} (z.) = _N gz (R : Rn(ij)),

Moreover, analogous representations hold if we replace the sequential factor, estimate

and estimator with the terminal factor, estimate and estimator respectively.

(c¢) The sequential and terminal scale estimators are scale-invariant. That is, for n > m,
r€Cl0,T],0 <7 <T—1, and X\ # 0, we have RYT(\z,) = R:T(z,) and RST(\x,) =
RZ’T(IT).

The proof of Proposition 6.2 is similar to the one of Proposition 2.41 and left to the reader.
The following figure illustrates that applying the T-adjusted scale estimator significantly
reduces the fluctuation of the scale estimates over a sequence of intervals compared with a
direct application of corresponding estimators. This also results in a smooth curve of the

estimated roughness exponent over time.
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Figure 6.1: Plots of terminal scale estimates R%"(x,) (in blue) and Ry (x;) (in yellow) for
e {k274: k=0,1,---,2"} applied to a single trajectory of fractional Brownian motion
with Hurst parameter H = 0.3 (left) and H = 0.7 (right). The other parameters are chosen
tobem=3,n=14,a,=1and T={k27:k=0,1,---,21}.

In the sequel, we apply the T-adjusted terminal scale estimator to estimate the roughness
of certain high-frequency financial time series. We implement our estimator with n = 11,
m = 1 and oy, = 2% based on 5-minute data and rolling estimation intervals, each with
previous 21 + 1 data points, i.e., 7.11 days = 2! x 5 minutes. Furthermore, we set T to be
the collection of all data points. Before plotting the estimated roughness exponent over time,
let us first test the validity of the reverse Jensen condition for our empirical time series. To

this end, we plot the ratio
2n715;$b

on—1_1 n—1 o p/2
k=0 (Zm:02 93n,|_2m_”+1kj>

wp(n) =

as a function of n for various p. Figure 6.2 demonstrates that for different choices of p, the
ratios 1,(n) are approximately linear; thus, the Faber-Schauder coefficients of the log prices
satisfy the reverse Jensen condition, and the subexponential functions g, are approximately

linear functions.

13i 7, 150 E ;:_TTTT[

[ TI*Z . 08 T

12} L= - 1 fob - - - - - - - - - - - - - - ° J JJ TT

f TTTIL ] S J T
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Figure 6.2: Box plots of the ratio ¢,(n) for log prices of continuous e-mini SPX futures based
on 1,000 data intervals at random locations for p = 1 (left), p = 2 (center) and p = 3 (right).

Now, Theorem 2.4 and Proposition 6.2 evince that the T-adjusted estimator are strongly
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consistent, and we plot the estimates of the roughness exponent in blue and the futures price
in orange from the year 2006 to the year 2022.

zWWMM A it WM{ /MM

00 | |
2006 2008 2010 2012 2014 2016 2018 2020

Figure 6.3: Plot of the roughness exponent (blue) for continuous e-mini SPX futures (ES,
orange), estimated by RLT with n =11, m =1 and oy, = 27F .

As one can see from Figure 6.3, the roughness exponent stays around 0.5 most of the
time. The market thus exhibits diffusive behaviour, which is consistent with the arbitrage
requirement of finite and non-vanishing quadratic variation observed by Follmer [32] (see
also [33] and Proposition 2.1 in [88] for extensions of this argument). Exceptions to this
behaviour, however, tend to occur during market crises, during which we observe a positive
correlation between futures prices and their roughness exponent. In Figure 6.4, we shrink
our time span down to two years starting from the year 2008 to gaze at the joint changes of
the futures prices and the roughness exponent during the 2008 financial crisis.

gt

0.0
01/2008 07/2008 01/2009 07/2009 01/2010

Figure 6.4: Plot of the roughness exponent (blue) for continuous e-mini SPX futures (ES,
orange) during 2008 and 2009, estimated by RLT with n = 11, m =1 and ay = 27%.

It is clearly shown that the drop in roughness precedes the drop in stock prices. Moreover,

the roughness exponent quickly deviates from 0.5 in the steep drop before the crisis.

Next, we consider the roughness of the realized volatility of the SPX index. Gatheral

et al. [40] split the volatility process into halves and estimate the Hurst parameter of each
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separated process. Based on their numerical results, they claim that the Hurst parameter
does not vary remarkably over time. We proxy the realized volatility by the daily realized
volatility estimates from the Oxford-Man Institute of Quantitative Finance Realized Library
(from Jan 03, 2000 to Nov 15, 2021) and apply the terminal T-adjusted scale estimator to
estimate the degree of smoothness of the log volatility. We implement our estimation with
m = 1 and a; = 27% based on daily data and rolling estimation intervals, each with previous
2" 4+ 1 data points, i.e., 2" days for n = 8 (approx. 1 year) and n = 10 (approx. 4 years).
Furthermore, we set T to be the collection of all data points.

0.06
0.04
0.02

0.00 |

1
2005 2010 2015 2020

Figure 6.5: Plot of the roughness exponent (blue) for the logarithm of the estimated realized
volatility of the SPX index (orange), estimated by RLT with n =8, m =1 and oy, = 27",

We can notice from the above plot that even though different estimation intervals will
alter the shape of the curve of the roughness exponent, all the estimated roughness exponents
are concentrated around 0.1. This appears to confirm the claim in [40] that the degree of

roughness is more or less constant over time.

However, one possible drawback of the above method is the assumption that the scale of
the time series remains constant over time. Moreover, in reality, the scale of many financial
time series often varies. For example, the S&P 500 index has increased from 1,100 to 5,000
since the year 2008. Clearly, assuming a constant scale for the time series may not be
appropriate in general. In the future, we aim to incorporate the time-varying effect of the

possible scale into the presented framework.

6.2 Estimating the roughness exponent of the volatil-

ity process from realized volatility

In this section, we discuss how to accommodate the estimator @; to estimate the roughness

exponent of the volatility process from realized volatility. To this end, let (By)icjo,1) be a
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standard Brownian motion defined on the filtered probability space (2,.%,(%#),P). We

assume that price process S; is directly observable and admits the following dynamics:
t
logSt:10g5'0+/ 0sdBy, t €[0,1],
0

where the volatility process (0;):c[o,1] is a continuous #-adapted process. Here, we allow the
volatility process o; and the Brownian motion B; to be correlated in order to generate the

leverage effect. The integrated volatility Y; is defined as

t
Y; = (log S); = / o?ds, t €[0,1]. (6.3)
0

Chapter 3 shows if the integrated volatility is directly observed, the roughness exponent of
o, can be directly estimated from the integrated volatility Y; in a strict pathwise manner by

the estimator

2n—1

2
§ : ﬂn,k’
k=0

~ 1
Z(Y)=1-——1
n( ) n OgZ
and the coefficients 9, ;, are defined as follows:
Oy = 250/2H (YL Ve + 2V anss — Y4k+4> . (6.4)
on+2 on+2 on+2 on+2

However, in reality, the integrated volatility is not directly observed, so it needs to be esti-
mated based on the realized volatility from the price process. To this end, we let (my,)nen,

be a fixed increasing sequence, and we denote

(2" mint] 9
AN _
}/t = ; (log Sﬁ IOg S%) . (65)

™) is the realized volatility calculated from the price process S; with mesh size

The process }A/t
(2"m,,)~". In a similar manner, let us consider the proxy coefficients ¥,, ;. of the coefficients

ﬁn,ka

o 1= 230/249 (Y@f — 2V 2yt — Yilff)) : (6.6)
2n 2n

—+ on+2 on+2

Analogously, we construct the estimator from the realized volatility as
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where the notion S specifies price process that 9?;‘; estimates from. Clearly, the estimator
@; is constructed by replacing the coefficients ¥, , with 5nk in the estimator 92’;, and thus,
can be directly calculated from the discrete observations of the price process S;. The first
result of this section shows that if the sequence (m,,) is properly chosen, the estimator @,’;

and 9?;; converge to the same value as if the integrated volatility Y; is directly observed.

Theorem 6.3. Let Y; and Y, be as in (6.3) and (6.5). Suppose that SUDcpo,1) 079 < M
P-a.s., and there exists R € (0,1) such that @;(Y) — R P-a.s.. If

1
lim — log, m,, > 2R,
ntoo N

then @Z(S) — R asn 1 oo P-a.s.

In particular, Theorem 6.3 provides a sufficient condition that guarantees the estimates
@;(5’ ) and @:{((log S)) converge to the same limit as n approaches infinity. As shown in
Chapter 3, the estimator @; is robust and versatile, consistently estimating the rough-
ness exponent under various rough volatility models, such as the rough fractional stochastic
volatility model. As a result, the above theorem demonstrates that when the mesh used to
compute the realized volatility is properly chosen, the estimator @;‘J is a consistent estima-
tor for the roughness exponent for the actual roughness exponent of the rough fractional

stochastic volatility model.

As a result, the estimator @Z addresses all the concerns outlined in Chapter 3 and
estimates the roughness exponent in a strictly pathwise manner. In the future, we aim to

apply 527:; to study the roughness exponent of many high-frequency financial time series.

Before proving the above theorem, let us first sketch the idea of this proof. It follows
from (6.5) that

o) _ ) _ o : — !
Ye v = > <1og52n]m _ logSQ%;}n) = > / ., 0sdBs |
j=mn(k=1)+1 j=mn(k=1)+1 \" 2%mn

j—1
Ty j=mn(k—1)+1

5](.") = </ Os st> — / o2ds and Z,g") = Z §j(.").
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We can then obtain the following decomposition

3 muk i 2 i
/\(n) _ /\(n) o 2n 9 2N my, B 2N my, 9
v -y _/ Colds+ > (/ asst> / o2 ds
57 j=mn (k=1)+1 o
mnk
= (Y%n - Y%) + Z fj(.n) = (YQ% — Y%> + Z,gn).

j=mn(k—1)+1

It is clear that if the quantity Z,g") = Z;er];n(k—l) " 5§") is relatively small compared with

Yz% — Y% as n T oo, then ?g) — ?,f’fi will be sufficiently close to the difference of the

omn PI
integrated volatility Y% - Y% , so are the values of ¥, and ¥, ;. Our next result derives

the upper bounds for the second and fourth moment of the random variable Z,gn), which is

the content of the next lemma.

Lemma 6.4. Suppose that sup,¢p 0? < M P-a.s., then there exists a constant k > 0 such
that forn € N and 1 < k < 2", we have

2 2
E {(Z,in)) } = 22:;11 and var {(Z,En)) } < 24:;”2.

Proof. Clearly, we have

mnk mnk

() = X @)= X (€)X e

j=mn(k—1)+1 j=mn(k—1)+1 mp (k—1)+1<i<j<mnk

Note that for 7 < j, we get

2 my,

]

E |¢"E {sﬁf‘)

In particular, we have

E {gj.") y‘m] —E

i i—1
QnZnn Q%mn
o.dB, — 0,dB,|.F
0 0 2N my,

/wmn osdBs — /2nmn o.dBs = 0.
0 0
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Furthermore, It6’s isometry yields

_J 2 _J 2
(n) 2 2Mmpy, 2Ny, 2
E|(& =E o,dBg | — oids
J =1 j-1 ¢
2N my, Nmy,
. j 4 j 2 j
=E (/2 mnasst> —2E |:</2 mnasst> /2 mnafds]
J—1 j—1 J—1
2y, 2 mn

i 2
+E |:(/ o afds) ]
o

i 2
+E {(/2 mnafds) ] .
j—1

The Burkholder-Davis—Gundy inequality yields that there exists a constant x; > 0 such that

J 4 1 4
2 my, 2N my,
E osdB = o, i1 dB_, j1
j—1 s 0 S+ 5 5+ 5y
n

1 2
2 my, 9
<k E o, -1 ds
0 S+2nmn

j 2
2 my, 9
=mE o, ds
Jj—1
2" mp

Applying the above inequality gives

E [(gjgn))?} < (Vi +1)’E (/—m agds>2

E
< (Vi +1)°—

and hence,
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4
Next, we are going to analyze the fourth moment E [(Z ,@) } . It follows from the multino-

mial expansion and a similar argument as in (6.7) that

mnk

l(z0)]- X E[@)]+s X E[(@) (€]

j=mn(k—1)+1 M (k—1)+1<i<j<mnk

mnk

m\* m)* m\*

< N E[(g)]ﬂs 3 ]E[(gi)]JE[@j)].
j=mn(k—1)+1 mn (k—1)+1<i<j<mnk

Furthermore, it follows from the Cauchy—Schwarz inequality that

E {(5](,”))4} =K (/]z_nl# asst)Q—/J? o2 ds

4

1y . 8-2
2" my, 2Mmp
< 2
< E (Z)]E </j—1 O st> </j_1 o, ds)
1=0 2N my, 2 my,
iy ; 16—4i j 2i
2Mmy, 2N mp
< 2
< EO (2) E (/j_l Os dBS> E (/j_l o2 ds)
1= 2N my, 2" mp

The Burkholder-Davis—Gundy inequality yields that there exists ko > 0 such that for 0 <

1 <4
’ j 16—47 j 8—21
2N mp, 2N mp 2
E (/ O st) < golE (/ o ds> ,
j—1 j—1
2Mmy, 2N mp

therefore, we get

4 4 4 ﬁ 8—21 m 21
E {(5](@)) ] < \/ﬁ—zz <z> E (/jl o2 ds) E /jl o2ds
=0 2y,

2" mpy, 2Mmy,

4 4—1 )
4 M M 1604
</ E = .

Inserting the above inequality to (6.8) yields that

var ((Z,ﬁ’”f) <E {(Z,ﬁ"))‘l] <16 (25512 + 22%;) .

This completes the proof. O
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Proof of Theorem 6.3. Let a = (—1,+1,+1,—1)". Applying the above equality to (6.6)
yields that

4
q n (n+2 n-+2 n+2 (n+2 n (n+2 (n+2
Ty = 250/243 (Y( ; ) _ QYS('SB )+ 2Y§(513 ) _ Y;‘(’é—i% )) — 2%n/2+3 ;ai (Y;Em ) Y“(’QIE)1>

4 4 4
 63n/2+43 (n+2) | _ 3n/243 (n+2)
= 23n/2+ a; (Yfrlf% B L‘Zﬁ?) T Z Z4Z+z =g +2 2 Z Z4Z+Z :
=1 i—1 =1
For short, let us denote ¢,z = 2¥/2*3 31 | i}jjf Then, by Jensen’s inequality, we get

2 _ o3n+6 (n+2) 3n+8 (n+2)
Cn,k =2 E :az 4kti <2 E ( 4kt

Moreover, we have

n—1 gn+2
2R—2 2 9(2R—2 (n+2)
20 3 Gl =20 S | (247
k=0
2Rn+4
< 9(2R-2)n+3n+8+(n+2) K _ 22Tk
- 22002y, 4o M2
Furthermore,
2n—1 gn+2
var | 2@R-2n Z CZ,k _ 9(4Rn—4)n+6n+16 Z var [Cﬁk} 4 Z cov (Cz,lw Cij)
k=0 k=1 1<ij<on+2
2n+2
< gdRnt2)n+12 Z var [Cf”} + Z \/var Var }
k=1 1<i#Aj<2nt2
ARn+4
< 9(Rn+2)n+1292(n+2) K _ 27Tk
= 24(n+2) 172 T m2
n+2 n+2

As limyo 272" m,, = 0o, we have ]E[ (2R=2)n $27 L nk} and Var[ (2R=2)n $27 1 ok ] con-

verge to zero as n T oo. Thus, we have

2m—1

o(2R=2)n Z Cik — 0 P-a.s.,
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by the fast Lo-convergence. Finally, note that
21 21 on—1 on—1

2(2R—2)n z 57217k — 2(2R—2)n z 1921,,k + Z g?z,k + 2 Z 'lgn,kCnJc 9
k=0 k=0 k=0 F=0

and it remains to show that the third argument on the right-hand side of the above equation

converges to zero as n 1 0co. The Cauchy—Schwarz inequality yields

2" —1 n—1 on_1
lim sup 2f=2n DnkCnk < 4| lim sup 22E-2)n V2,4 | lim 2(2E=2)n ¢z, =0.
Thus, we have
-1 2n—1
liny gng(?R—”" > 0k, = lim glfzﬂR—?)” > 92
k=0 k=0
and
-1 on_1
lim sup 2(2f-2n Z ﬁi’k = lim sup 2F-2n Z 79121,1«
ntoo k=0 ntoo k=0

Taking logarithms on both sides of the above identities, dividing by n and letting n 1T oo
complete the proof. O
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