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École Polytechnique

Supervisor: Alexander Schied

Professor, Department of Statistics and Actuarial Science

University of Waterloo

Internal Members: Ruodu Wang

Professor, Department of Statistics and Actuarial Science

University of Waterloo

Tony Wirjanto

Professor, Department of Statistics and Actuarial Science

University of Waterloo

Internal-External Member: Yuying Li

Professor, Cheriton School of Computer Science

University of Waterloo

ii



Author’s Declaration

This thesis consists of material all of which I authored or co-authored: see Statement of

Contributions included in the thesis. This is a true copy of the thesis, including any required

final revisions, as accepted by my examiners.

I understand that my thesis may be made electronically available to the public.

iii



Statement of Contributions

This thesis is based on the following preprints and published works:

(a) Chapter 2 is based on

(i) [45]: Xiyue Han and Alexander Schied. The roughness exponent and its model-free

estimation. arXiv:2111.10301 , 2021

(ii) [44]: Xiyue Han. A Gladyshev theorem for trifractional Brownian motion and n-th

order fractional Brownian motion. Electronic Communications in Probability, 26,

1-12 , 2021

(iii) [48]: Xiyue Han and Alexander Schied. On laws absolutely continuous with respect

to fractional Brownian motion. arXiv:2306.11824 , 2023

(b) Chapter 3 is based on

(i) [47]: Xiyue Han and Alexander Scheid. Estimating the roughness exponent of

stochastic volatility from discrete observations of the realized variance. arXiv:

2307.02582 , 2023

(c) Chapter 4 is based on

(i) [46]: Xiyue Han and Alexander Scheid. Robust Faber–Schauder approximation

based on discrete observations of an antiderivative. arXiv:2211.11907 , 2022

(d) Chapter 5 is based on

(i) [49]: Xiyue Han, Alexander Schied and Zhenyuan Zhang. A probabilistic approach

to the Φ-variation of classical fractal functions with critical roughness. Statisitcs

& Probability Letters, 168, 108920 , 2021

(ii) [50]: Xiyue Han, Alexander Schied and Zhenyuan Zhang. A limit theorem for

Bernoulli convolutions and the Φ-variation of functions in the Takagi class. Journal

of Theoretical Probability, 35, 2853–2878 , 2022

iv

https://arxiv.org/abs/2111.10301
https://projecteuclid.org/journals/electronic-communications-in-probability/volume-26/issue-none/A-Gladyshev-theorem-for-trifractional-Brownian-motion-and-n-th/10.1214/21-ECP422.full
https://arxiv.org/abs/2306.11824
https://arxiv.org/abs/2307.02582
https://arxiv.org/abs/2211.11907
https://www.sciencedirect.com/science/article/pii/S0167715220302236
https://link.springer.com/article/10.1007/s10959-022-01157-1


Abstract

Rough phenomena and trajectories are prevalent across mathematics, engineering, physics,

and the natural sciences. In quantitative finance, sparked by the observation that the his-

torical realized volatility is rougher than a Brownian martingale, rough stochastic volatility

models were recently proposed and studied extensively. Unlike classical diffusion volatility

models, the volatility process in a rough stochastic volatility model is driven by an irregular

process. The roughness of the volatility process plays a pivotal role in governing the behavior

of such models.

This thesis aims to explore the concept of roughness and estimate the roughness of

financial time series in a strictly pathwise manner. To this end, we introduce the notion

of the roughness exponent, which is a pathwise measure of the degree of roughness. A

substantial portion of this thesis focuses on the model-free estimation of this roughness

exponent for both price and volatility processes. Towards the end of this thesis, we study

the Wiener–Young Φ-variation of classical fractal functions, which can be regarded as a finer

characterization than the roughness exponent.

Chapter 2 introduces the roughness exponent and establishes a model-free estimator

for the roughness exponent based on direct observations. We say that a continuous real-

valued function x admits the roughness exponent R if the pth variation of x converges to

zero for p > 1/R and to infinity for p < 1/R. The main result of this chapter provides a

mild condition on the Faber–Schauder coefficients of x under which the roughness exponent

exists and is given as the limit of the classical Gladyshev estimates 󰁥Rn(x). This result

can be viewed as a strong consistency result for the Gladyshev estimator 󰁥Rn in an entirely

model-free setting because no assumption whatsoever is made on the possible dynamics of

the function x. Nonetheless, we show that the condition of our main result is satisfied for

the typical sample paths of fractional Brownian motion with drift, and we provide almost-

sure convergence rates for the corresponding Gladyshev estimates. In this chapter, we also

discuss the connections between our roughness exponent and Besov regularity and weighted

quadratic variation. Since the Gladyshev estimators are not scale-invariant, we construct

several scale-invariant modifications of our estimator. Finally, we extend our results to the

case where the pth variation of x is defined over a sequence of unequally spaced partitions.

Chapter 3 considers the problem of estimating the roughness exponent of the volatility

process in a stochastic volatility model that arises as a nonlinear function of a fractional

Brownian motion with drift. To this end, we establish a new estimator 󰁥R∗
n based on the

Gladyshev estimator 󰁥Rn that estimates the roughness exponent of a continuous function

x, but based on the observations of its antiderivative y. We identify conditions on the

underlying trajectory x under which our estimates 󰁥R∗
n(y) converge in a strictly pathwise
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sense. Then, we verify that these conditions are satisfied by almost every sample path of

fractional Brownian motion with drift. As a consequence, we obtain strong consistency of our

estimator in the context of a large class of rough volatility models. Numerical simulations

are implemented to show that our estimation procedure performs well after passing to a

scale-invariant modification of our estimator.

Chapter 4 highlights the rationale of constructing the estimator 󰁥R∗
n from the Gladyshev

estimator 󰁥Rn. In this chapter, we study the problem of reconstructing the Faber–Schauder

coefficients of a continuous function from discrete observations of its antiderivative. This

problem arises in the task of estimating the roughness exponent of the volatility process of a

financial assets but is also independent interest. Our approach starts with formulating this

problem through piecewise quadratic spline interpolation. We then provide a closed-form

solution and an in-depth error analysis between the actual and approximated Faber–Schauder

coefficients. These results lead to some surprising observations, which also throw new light

on the classical topic of quadratic spline interpolation itself: They show that the well-known

instabilities of this method can be located exclusively within the final generation of estimated

Faber–Schauder coefficients, which suffer from non-locality and strong dependence on the

initial value and the given data. By contrast, all other Faber–Schauder coefficients depend

only locally on the data, are independent of the initial value, and admit uniform error

bounds. We thus conclude that a robust and well-behaved estimator for our problem can

be obtained by simply dropping the final-generation coefficients from the estimated Faber–

Schauder coefficients.

Chapter 5 studies the Wiener-Young Φ-variation of classical fractal functions with a

critical degree of roughness. In this case, the functions have vanishing pth variation for

all p > q but are also of infinite pth variation for p < q for some q ≥ 1. We partially

resolve this apparent puzzle by showing that these functions have finite, nonzero, and linear

Wiener–Young Φ-variation along the sequence of certain partitions. For instance, functions of

bounded variation admit vanishing pth variation for any p > 1. On the other hand, Weierstraß

and Takagi-van der Waerden functions have vanishing pth variation for p > 1 but are also

nowhere differentiable and hence not of bounded variation. As a result, power variation and

the roughness exponent fail to distinguish the difference of degree of roughness for these

functions. However, we can individuate these functions by showing that the Weierstraß

and Takagi-van der Waerden functions admit a nontrivial and linear Φ-variation along the

sequence of b-adic partitions, where Φ(x) = x/
√
− log x. Moreover, for q > 1, we further

develop a probabilistic approach so as to identify functions in the Takagi class that have

linear and nontrivial Φq-variation for a prescribed Φq. Furthermore, for each fixed q > 1,

the collection of functions Φq forms a wide class of increasing functions that are regularly

varying at zero with an index of regular variation q.
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Chapter 1

Introduction

Rough phenomena and rough trajectories are widely observed in mathematics and in nature.

From a mathematical perspective, there are abundant sources of rough trajectories provided

by classical fractal functions, such as the Weierstraß function and the Takagi function. Fur-

thermore, many well-known stochastic processes generate sample paths with various degrees

of roughness, such as the Brownian motion and the fractional Brownian motion.

Varying roughness behavior can also be widely observed in nature. For instance, the

density of the carbon dioxide recorded in the ice core in Antarctica gives rise to rough paths

[22]. In quantitative finance, the power-law decay of volatility skew in the options markets

becomes a stylized fact since the very first report [11]. Subsequent investigations by Alòs et

al. [3] and Fukasawa [36, 37] show that conventional diffusion volatility models fail to generate

an implied volatility surface consistent with the power-law of volatility skew. Instead, the

volatility process must contain a rough nature to fit the market observation. Furthermore, in

the seminal work by Gatheral, Jaisson and Rosenbaum [40], it was discovered that the historic

realized volatility of major financial indices is rougher than the sample paths of Brownian

martingales. Furthermore, Jaisson and Rosenbaum [56, 57] also examined the formulation

of the rough volatility from the microscopic structure. All the above observations motivate

the recent development of rough volatility models in which the volatility process is modelled

by a stochastic process with rougher trajectories.

Modelling these ‘irregular’ paths requires a quantitative description by rougher trajec-

tories than sample paths of Brownian motions. Typically, such rough models are based on

nonlinear functions of fractional Brownian motion with drift. The degree of roughness is

determined by the Hurst parameter of the fractional Brownian motion, which was initially

introduced to measure the long-range dependence of a time series. While the link between

autocorrelation and roughness is well-established for stochastic processes such as fractional

Brownian motion, it is by no means a universal truth. In general, the long-range behavior
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and the degree of roughness bifurcate. Hence, we aim to study the concept of roughness

with pathwise measures, particularly those without any probabilistic assumptions.

Our preference towards a non-parametric characterization and a model-free estimation

of the roughness of trajectories, other than the well-known Hurst parameter scheme, is

motivated by the following views:

• The roughness of a trajectory should be treated as a local and deterministic property,

but not a global and probabilistic property.

• Data availability has significantly increased in recent decades. A model-independent

characteristic offers broader applicability compared to a parametric one.

• Due to its greater robustness, a model-free estimation adapts to diverse data types and

provides accurate results even under extreme scenarios.

With the above beliefs in mind, this thesis aims to investigate the concept of roughness

and estimate the degree of roughness of financial time series in a strictly pathwise manner.

To this end, we introduce the notion of a roughness exponent in Chapter 2. Furthermore,

we discuss the connection between the roughness exponent and other regularity concepts.

Several strongly consistent estimators are developed from the Gladyshev estimator 󰁥Rn. How-

ever, the above techniques cannot be directly applied to estimating the roughness exponent of

volatility from the observations of realized volatility. In Chapter 3, we identify the challenges

associated with this specific problem. As a partial response, we construct a new estimator
󰁥R∗
n that estimates the roughness exponent from the observation of the antiderivative of a

function. This novel estimation scheme allows us to estimate the roughness exponent of the

volatility process from discrete observations of the integrated volatility. Chapter 4 considers

the problem of approximating the Faber–Schauder coefficients of a continuous function from

the discrete observations of its antiderivative, which supports the validity of the construction

of our estimator in Chapter 3. Chapter 5 studies the Wiener–Young Φ-variation of classical

fractal functions, which can be regarded as a reinforced measure of the degree of roughness.

Chapter 6 explores potential future research directions based on the findings of this thesis.

In particular, we discuss methods to accommodate the proxy error between realized and

integrated volatility so as to apply our estimator 󰁥R∗
n to estimate the roughness exponent of

the volatility process directly from the realized volatility. Now, we will present each chapter

of this thesis in greater detail.
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1.1 Results in Chapter 2

The Hurst parameter was originally defined by Hurst [53] as a measure of the autocorrelation

of a time series. But it is well known that it can also determine the degree of ‘roughness’

of a trajectory, e.g., in terms of the fractal dimension of its graph. Both notions are often

used interchangeably in the literature. While the link between autocorrelation and rough-

ness is well-established for stochastic processes such as fractional Brownian motion, it is

by no means a universal truth. Indeed, Gneiting and Schlather [42] constructed a class of

stationary Gaussian processes for which the Hurst parameter and fractal dimension decou-

ple completely; see also Cheridito [12] and Bennedsen et al. [7]. It is therefore necessary

to distinguish between the classical, autocorrelation-based Hurst parameter and a suitable

index for the roughness of a trajectory. In this chapter, we study such a roughness index,

which is based on the pth variation of a continuous real-valued function.

Recall that, if x : [0, 1] → R is a continuous function and p > 0, the pth variation of x

along the sequence of dyadic partitions is defined as the limit of

〈x〉(p)n :=
2n−1󰁛

k=0

󰀏󰀏x((k + 1)2−n)− x(k2−n)
󰀏󰀏p,

provided that this limit exists. We will say that x admits the roughness exponent R ∈ [0, 1]

if

lim
n↑∞

〈x〉(p)n =

󰀻
󰀿

󰀽
0 for p > 1/R,

∞ for p < 1/R.
(1.1)

Intuitively, the smaller R is, the rougher the trajectory x will look. For instance, if x is

continuously differentiable, then (1.1) holds with R = 1, and this is also the largest possible

value for R unless x is constant. If x is a typical sample path of a continuous semimartingale

such as Brownian motion, then (1.1) holds with R = 1/2. If x is a typical sample path of

fractional Brownian motion, then R reduces to its classical Hurst parameter.

When measuring the roughness of a trajectory, there are strong reasons for favouring the

pth variation over other measures such as fractal dimension. First, the pth variation can be

measured in a straightforward manner. Second, other measures may lead to diverging results,

and there is no canonical choice. For instance, the graph of a trajectory may have different

Hausdorff and box dimensions. Third, and probably most importantly, the pth variation plays

a crucial role in the extension of Itô calculus to rough trajectories. A pathwise and strictly

model-free version of such an extension for integrators with an arbitrary pth variation was

recently established by Cont and Perkowski [20]. Itô calculus for rough trajectories also plays

an important role in applications, for instance, to rough volatility models. These models are
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based on the observation by Gatheral et al. [40] that the Hurst parameter of the realized

volatility of many financial time series is rather small, which makes realized volatility much

rougher than the sample paths of a continuous semimartingale.

In Theorem 2.4, our main result, we establish the existence of the roughness exponent

under a mild condition on the Faber–Schauder coefficients θm,k of x. We call this condition

the reverse Jensen condition. Even more important than the existence of the roughness

exponent is the fact that the reverse Jensen condition guarantees that the roughness exponent

of x can be obtained as the limit of the classical Gladyshev estimates

󰁥Rn(x) = 1− 1

n
log2

󰁹󰁸󰁸󰁷
n−1󰁛

m=0

2m−1󰁛

k=0

θ2m,k. (1.2)

This part of Theorem 2.4 can be viewed as a strong consistency result for the Gladyshev

estimators in an entirely model-free setting, because no assumption whatsoever is made on

the possible dynamics of the function x. In particular, we do not assume that x is a sample

path of some stochastic process, even though this is clearly the typical application that we

have in mind. While the statement of Theorem 2.4 appears to be deterministic, its proof is

probabilistic. It relies on martingale techniques that are applied to a martingale hidden in

the Faber–Schauder expansion of x. The corresponding theory is developed in Section 2.2.

The Gladyshev estimator has traditionally been used to estimate the Hurst parameter of

stochastic processes such as fractional Brownian motion. So one conceptual contribution of

Theorem 2.4 is the observation that the Gladyshev estimator actually estimates the rough-

ness exponent and that its limit only delivers the classical Hurst parameter if and only if the

latter coincides with the former. This is the case for fractional Brownian motion, which is

the subject of Section 2.6. Our main result in this section shows in particular that the typical

sample paths of fractional Brownian motion with drift satisfy the reverse Jensen condition.

We also provide almost-sure convergence rates for the corresponding Gladyshev estimates.

As an illustrating example, results in Section 2.6 apply to the fractional Ornstein–Uhlenbeck

process.

The Gladyshev estimator was originally derived from Gladyshev’s theorem [41], which

is an almost-sure limit theorem for the weighted quadratic variation of certain Gaussian

processes. In Section 2.3, we systematically investigate the relations between the weighted

quadratic variation and the roughness exponent. In particular, we show that for any con-

tinuous function, the existence of the weighted quadratic variation is strictly stronger than

the convergence of the Gladyshev estimates. However, we also provide an example of a

function for which the parameter derived from the weighted quadratic variation differs from

4



the roughness exponent. Despite that, we obtain a new estimator

󰁥R∗
n := 1− 1

n
log2

󰁹󰁸󰁸󰁷
2n−1󰁛

k=0

θ2n,k (1.3)

of the roughness exponent, which is the cornerstone in constructing the estimator for the

roughness exponent of the volatility process in Chapter 3.

In Section 2.4, we also analyze trifractional Brownian motion to elucidate the differences

between the self-similarity index and the roughness exponent. In addition, we derive limit

theorems for the weighted quadratic variation of the trifractional Brownian motion and the

nth-order fractional Brownian motion to show that neither of the aforementioned notions

can be obtained from the weighted quadratic variation.

Due to a result by Rosenbaum [85], the existence of the weighted quadratic variation is

closely related to the concept of Besov regularity. In Section 2.5, we systematically analyze

relations between variants of this concept and the existence of a roughness parameter. First,

we observe that Eyink’s formulation of Besov regularity [29] leads to a roughness concept

that is generally different from ours. Then, we examine a more restrictive requirement,

which is sometimes proposed in the rough volatility context. Our main result in this sec-

tion, Theorem 2.28, links the corresponding roughness measure to pth variations. However,

Example 2.29 shows that even this concept of Besov regularity does not imply the existence

of a roughness exponent.

In Section 2.8, we carefully discuss the problem of estimating the roughness exponent

from discrete observations of a given function x. Here, the fact that the Gladyshev estimator

is not scale-invariant can pose an issue. We therefore provide several families of scale-

invariant estimators that are derived from the sequence ( 󰁥Rn)n∈N without deteriorating the

corresponding rate of convergence. We also relate the estimator used in [40] to those families.

In Section 2.9, we provide an extension of our main results to the case in which the pth

variation is defined over a sequence of unequally spaced partitions.

1.2 Results in Chapter 3

In this chapter, we study the problem of estimating the roughness exponent of the volatility

process (σt)t≥0 in a stochastic volatility model. To this end, let us consider a stochastic

volatility model whose price process satisfies

dSt = σtSt dBt, S0 = s0 > 0, (1.4)

5



where B is a standard Brownian motion and σt is a progressively measurable stochastic

process. A specific example suggested in [40] is to model the log volatility by a fractional

Ornstein–Uhlenbeck process. Such a model is also known as the (rough) fractional stochastic

volatility model. In this model, the ‘roughness’ of the volatility process is governed by the

Hurst parameter of the fractional Ornstein–Uhlenbeck process, and it was pointed out in

[40] that rather small values of Hurst parameter appear to be most adequate for capturing

the stylized facts of empirical volatility of the financial time series. Since the publication of

[40], many alternative rough volatility models have been proposed, e.g., the rough Heston

model [27, 28] and the rough Bergomi model [6, 35, 55].

In Chapter 2, we have demonstrated that the roughness exponent can be estimated by

the Gladyshev estimator 󰁥Rn or the estimator 󰁥R∗
n. However, several difficulties hinder the

direct application of the estimators 󰁥Rn or 󰁥R∗
n in estimating the roughness exponent of the

volatility process.

The first difficulty is that in reality the volatility process σt cannot be observed directly;

only the asset prices S are known. Thus, one typically computes the quadratic variation of

the logarithmic stock prices,

〈log S〉t =
󰁝 t

0

σ2
s ds, (1.5)

which is also called the realized variance or the integrated volatility, and then performs

numerical differentiation to estimate proxies 󰁥σt for the actual values of σt. The roughness

estimation is then based on those proxy values 󰁥σt. For instance, this two-step procedure is

underlying the statistical analysis for empirical volatilities in [40], where roughness estimates

were based on proxy values 󰁥σt taken from the Oxford-Man Institute of Quantitative Finance

Realized Library. A problem with that approach is that estimation errors in the proxy values

󰁥σt might substantially distort the outcomes of the final roughness estimation; see Fukasawa

et al. [38] and Cont and Das [19].

As a matter of fact, the quadratic variation (1.5) is usually approximated by a finite sum

of the form
󰁓

i(log Sti−log Sti−1
)2 based on discrete observations Sti of the price process. The

bias caused by this error is emphasized in [38], where it is assumed that the approximation

errors are log-normally distributed and independent of the Brownian motion B in (1.4), and

a Whittle-type estimator for the Hurst parameter is developed based on quasi-likelihood.

Another attempt to tackle this measurement error is made by Bolko et al. [10], where in a

similar framework, the proposed estimator is based on the generalized method of moments

approach. Chong et al. [14, 15] substantially extend the previous results by alleviating the

assumption on proxy errors and basing the volatility model on a semi-parametric setup, in

which, with the exception of the Hurst parameter of the underlying fractional Brownian

motion, all components are fully non-parametric. One of the conclusions from [10, 38, 14]
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is that the error arising from approximating the quadratic variation (1.5) with finite sum
󰁓

i(log Sti − log Sti−1
)2 can be negligible when properly controlled. For this reason, we do

not consider that error source in this chapter. A short discussion on how to accommodate

this error source into our estimation scheme will provided in Chapter 6.

Here, we construct a new estimator 󰁥R∗
n for the roughness exponent of the volatility

process σt that is based directly on discrete observations of the quadratic variation (1.5).

Our estimator has a very simple form and can be computed with great efficiency on large

data sets. It is not derived from distributional assumptions, as most other estimators in

the literature, but from strictly pathwise considerations that were developed in Chapter 2

and Chapter 4. We believe that the fact that our estimator is built on a strictly pathwise

approach makes it very versatile and applicable also in situations in which trajectories are

not based on fractional Brownian motion. As a matter of fact, our Examples 3.10 and 3.13

illustrate that our estimation procedure can work very well for certain deterministic fractal

functions.

The pathwise approach to constructing the estimator 󰁥R∗
n can be outlined as follows. In

Chapter 2, we state conditions under which a given trajectory x ∈ C[0, 1] admits a roughness

exponent R and we provide several estimators that approximate R, based on the Faber–

Schauder expansion of x. In Chapter 4, we derive a robust method for estimating the Faber–

Schauder coefficients of x for the situation in which only the antiderivative y(t) =
󰁕 t

0
x(s) ds,

and not x itself, is observed on a discrete time grid. As explained in greater detail in

Section 3.5.1, that method, when combined with the estimator 󰁥R∗
n as in (1.3), gives rise to

the specific form of the estimator

󰁥R∗
n := 1− 1

n
log2

󰁹󰁸󰁸󰁷
2n−1󰁛

k=0

ϑ2
n,k,

where

ϑn,k := 23n/2+3

󰀕
y
󰀓 4k

2n+2

󰀔
− 2y

󰀓4k + 1

2n+2

󰀔
+ 2y

󰀓4k + 3

2n+2

󰀔
− y

󰀓4k + 4

2n+2

󰀔󰀖
.

In Section 3.5.2, we formulate conditions on the trajectory x under which 󰁥R∗
n(v) converges

to the roughness exponent of x, resting on discrete observations of the function v(t) =󰁕 t

0
g(x(s)) ds, where g is a generic, strictly monotone C2-function. In Section 3.6, we then

verify that the aforementioned conditions on the trajectory x are satisfied by almost every

sample path of fractional Brownian motion (with drift). This verification immediately yields

the strong consistency of our estimator for the case in which the stochastic volatility is a

nonlinear function of a fractional Brownian motion with drift. This includes, in particular,
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the (rough) fractional stochastic volatility model.

Inherited from the estimator 󰁥R∗
n, one disadvantage of our original estimator 󰁥R∗

n is that

it is not scale invariant. Using the idea from Chapter 2, we thus propose a scale-invariant

modification of 󰁥R∗
n in Section 3.3. The subsequent Section 3.4 contains a simulation study

illustrating the performance of our estimators. This study demonstrates that passing to the

scale-invariant estimator can significantly improve the estimation accuracy in practice.

1.3 Results in Chapter 4

Suppose that we have discrete observations {F (t) : t ∈ Tn+1} of a function F ∈ C1[0, 1]

for Tn+1 := {k2−n−1 : k = 0, . . . , 2n+1} and some n ∈ N. We are interested in a robust

reconstruction of Faber–Schauder coefficients of the derivative f from these observations.

This problem naturally arises from the task of estimating the roughness exponent of the

volatility process of a financial asset. However, we believe that this problem is of independent

interest and has a large number of possible applications. In volatility estimation, the function

f would be the square of the volatility process, but only an antiderivative of F is observable

in the form of the realized quadratic variation of the asset. The quadratic variation is itself

only observed at discrete, but typically equidistant, observation times.

Chapter 2 shows that the roughness exponent of f can be estimated by the estimator
󰁥R∗
n as in (1.3), which requires the knowledge of the Faber–Schauder coefficients θm,k of f .

To obtain these Faber–Schauder coefficients, the trajectory f needs to be observed directly.

However, this is not the case in the context of estimating the roughness exponent of the

volatility process. For this reason, we study here robust methods for estimating the Faber–

Schauder coefficients of f directly from the observations {F (t) : t ∈ Tn+1}. This method

allows us to establish the estimator 󰁥R∗
n based on 󰁥R∗

n to estimate the roughness exponent

of the volatility process by replacing the coefficients θn,k with the coefficients ϑn,k in the

corresponding estimators as in Chapter 3.

Suppose that we know the initial value f(0) of the function f . Then estimating all Faber–

Schauder coefficients of f up to and including generation n (i.e., all θm,k for m = 0, . . . , n

and k = 0, . . . , 2m − 1) is equivalent to determining a continuous approximation f̂n of f

that is piecewise linear with supporting grid Tn+1. It gives, in turn, rise to a piecewise

quadratic antiderivative F̂n and vice versa. This is the starting point for our analysis: we

take a quadratic spline interpolation F̂n of F with a given initial value f̂0 = F̂ ′
n(0) and a

supporting grid Tn+1, let f̂n := F̂ ′
n, and then compute its Faber–Schauder coefficients ϑ

(n)
m,k

for m ≤ n. Our first result, Theorem 4.1, provides explicit formulas for all ϑ
(n)
m,k in terms of
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the observed values of F . From these formulas and our subsequent error analysis, we can

make three surprising observations.

First, only the coefficients in the final generation, i.e., the numbers ϑ
(n)
n,0, . . . ,ϑ

(n)
n,2n−1,

depend on the initial value f̂0. Moreover, their sensitivity with respect to f̂0 grows by

the factor 2n/2+2. All other Faber–Schauder coefficients are independent of f̂0. Thus, the

infamous instability of the quadratic spline interpolation with respect to the initial value f̂0

arises exclusively from the coefficients in the final generation.

Second, each Faber–Schauder coefficient ϑ
(n)
n,k in the final generation depends in a highly

non-local manner on all observations in the interval [0, (k + 1)2−n]. By contrast, all other

coefficients depend only on observations in a local neighborhood.

The third observation is a consequence of our analysis of the approximation error between

the estimated Faber–Schauder coefficients of f̂n and the true Faber–Schauder coefficients of

f . Our main results provide sharp upper and lower bounds of that error. These results

imply in particular that F can always be chosen in such a way that the error in generation

n exceeds the error up to generation n− 1 by a factor of size O(2n) for the ℓ2- and ℓ1-norms

and by a factor of size O(2n/2) for the ℓ∞-norm.

These observations shed light on the classical topic of quadratic spline interpolation, as

they locate the cause for the well-known instability of this method exclusively within the

final generation of the Faber–Schauder coefficients. They also allow us to construct a robust

estimator for the Faber–Schauder coefficients of f by simply dropping the final generation

of coefficients. This truncated estimator is independent of the initial value f̂0 and avoids the

counterintuitive non-local dependence explained above. Moreover, our error analysis yields

robust bounds on the approximation error between the estimated and actual Faber–Schauder

coefficients, which validates the construction of the estimator 󰁥R∗
n in Chapter 3.

1.4 Results in Chapter 5

The roughness exponent discussed in the previous chapters only provides a sketchy charac-

teristic of the roughness of trajectories. To wit, the roughness exponent R gives information

on the pth variation for all p but not for the critical case p = 1/R. For a function with the

roughness exponent R, there is no universal conclusion on pth variation for p = 1/R. In the

following, we study the roughness of fractal functions of the following form

f(t) :=
∞󰁛

m=0

αmϕ(b
mt), t ∈ [0, 1], (1.6)
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where {αm} ∈ ℓ1, b ∈ {2, 3, . . . } and ϕ : R → R is Z periodic and Lipschitz continuous.

Then, the series on the right-hand side converges absolutely and uniformly in t ∈ [0, 1] so

that f is indeed a well-defined continuous function. In this chapter, we study the Φ-variation

over a sequence of refining partitions for functions at critical degrees of roughness.

Two separate cases are studied in this chapter; first, we consider αm = αm for some

α ∈ (−1, 1) in (1.6), and the case of critical roughness α = ±1/b is studied. For this case,

it was shown by Schied and Zhang [89] that f has vanishing pth variation for all p > 1 and

t ∈ [0, 1], and therefore R = 1. This, however, does not imply that f is of bounded variation.

For instance, if ϕ is the tent map, b = 2, and α = 1/2, then f is the classical Takagi function

[92], which is nowhere differentiable and hence cannot be of bounded variation; a very short

proof of this fact was given by de Rham [24] and later rediscovered by Billingsley [8]. For

the Weierstraß function, the proof of nowhere differentiability for all α ∈ [1/b, 1) is more

difficult. Starting from Weierstraß’s original work [95], it attracted numerous authors until

a definite result was given by Hardy [51].

It is therefore apparent that, in the critical case |α| = 1/b, power variation is insufficient

to capture the exact degree of roughness of the function f . To give a precise result on the

roughness of the function f in the critical case, we search for a strictly increasing function

Φ : [0, 1) → [0,∞) such that the limit

〈f〉Φt := lim
n↑∞

⌊tbn⌋󰁛

k=0

Φ
󰀃
|f((k + 1)b−n)− f(kb−n)|

󰀄

exists and is non-trivial for any t > 0. This limit can also be regarded as the Wiener–Young

Φ-variation of f (see, e.g., [4]), restricted to the sequence of b-adic partitions. Our results

show that Takagi-van der Waerden and Weierstraß functions admit non-trivial and linear

Φ-variation for Φ(x) = x/
√
− log x.

Furthermore, if b = 2 and ϕ is the tent map, f defines a function in the Takagi class.

We consider the case where αm = 2−m(1−q)
󰁳

g(m) for q ∈ (0, 1) and some regularly varying

function g. Following from [89], the function f admits the roughness exponent R = 1 − q.

We demonstrate that functions of the above form have finite, nonzero and linear Φq-variation

along the sequence of dyadic partitions where

Φq(x) = x1/( 1
1−q

)g
󰀓− log2 x

1− q

󰀔− 1
2(1−q)

.

Moreover, the limiting behavior of the regularly varying function g determines the (1/R)th

variation of function f . For instance, if g(n) converges to infinity, then f admits infinite

(1/R)th variation; if g(n) decays to zero, then f admits zero (1/R)th variation; finally, if g
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is asymptotically constant, then f admits a nonzero (1/R)th variation. The collection of Φq

taking the above representation forms a large class of increasing functions that are regularly

varying at zero with index q. As a byproduct, we also prove a limiting theorem for certain

sums of Bernoulli random variables.
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Chapter 2

The roughness exponent and its

model-free estimation

This chapter is based on [44, 45, 48] and is structured as follows. In Section 2.1, we introduce

the roughness exponent for a continuous function x and discuss the existence of this notion.

Theorem 2.4, our main result of this section, demonstrates that the Gladyshev estimates
󰁥Rn(x) will converge to the roughness exponent under the reverse Jensen condition. The

proof of this statement is based on a martingale hidden in the Faber–Schauder expansion of

x, which will be highlighted in Section 2.2. In Sections 2.3, 2.4 and 2.5, we systematically

investigate the relations between the weighted quadratic variation, self-similarity, Besov

regularity and the roughness exponent. Our results demonstrate that the roughness exponent

differs from these existing measures. In Section 2.6, we show that the typical sample paths

of fractional Brownian motion satisfy the reverse Jensen condition. In addition, we obtain

the almost-sure convergence rate of the Gladyshev estimates for fractional Brownian motion

with drift. As a byproduct, we provide a simple criterion on the drift coefficient under which

the law of the fractional Brownian motion with drift is automatically equivalent to that of

fractional Brownian motion. However, the Gladyshev estimator is not scale-invariant. As a

result, multiplying x with a constant scaling factor can lead to negative or unreasonably large

estimates for the roughness exponent. We resolve this issue in Section 2.8 by constructing

several scale-invariant estimators, all of which are persistent to the scaling effect. Section 2.7

collects several additional results that are also valid if the reverse Jensen condition is not

assumed. Finally, in Section 2.9, we extend our results to the case where the pth variation is

defined over a sequence of unequally spaced partitions. The proofs for the results in Sections

2.4, 2.6 and 2.9 are deferred to Section 2.10.
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2.1 The roughness exponent: definition and existence

Let x : [0, 1] → R be any fixed continuous function that is directly observable. This function

can be a natural or economic time series, a typical sample path of a stochastic process,

or a fractal function. What these phenomena have in common is that the corresponding

trajectories are not smooth but exhibit a certain degree of ‘roughness’. In the sequel, our

goal is to quantify and measure the degree of that roughness. To this end, we will henceforth

exclude the trivial case of a constant function x.

For p > 0 and n ∈ N, we define

〈x〉(p)n :=
2n−1󰁛

k=0

󰀏󰀏x((k + 1)2−n)− x(k2−n)
󰀏󰀏p, (2.1)

which can be regarded as the pth variation of the function x sampled along the dyadic

partition {k2−n : k = 0, . . . , 2n}. Suppose that there exists q such that

lim
n↑∞

〈x〉(p)n =

󰀻
󰀿

󰀽
0 for p > q,

∞ for p < q.
(2.2)

Intuitively, the larger q, the rougher the trajectory x will look. For instance, if x is continu-

ously differentiable, then (2.2) holds with q = 1, and this is also the smallest possible value

for q, because x is nonconstant by assumption. Moreover, it is easy to see that (2.2) holds

if limn〈x〉(p)n exists in (0,∞) (see, e.g., the final step in the proof of Theorem 2.1 in [77]). In

particular, if x is a typical sample path of a continuous semimartingale such as Brownian

motion, then (2.2) holds with q = 2. More generally, if x is a typical sample path of a

fractional Brownian motion with Hurst parameter H ∈ (0, 1), then q is equal to 1/H; see

Theorem 2.30 and the subsequent paragraph. The extreme case q = ∞ implies that 〈x〉(p)n

diverges to infinity for any p ≥ 1; an example is provided in Example 2.9.

Definition 2.1. Suppose that there exists q ∈ [1,∞] such that (2.2) holds. Then R := 1/q

is called the roughness exponent of x ∈ C[0, 1].

A concept closely related to the roughness exponent was used by Gatheral et al. [40]

to quantify the roughness of empirical volatility time series. Moreover, in Chapter 5, the

roughness exponent was computed for certain families of fractal functions. On the other

hand, the standard Hurst parameter is defined via the autocorrelation of the time series and

measures the amount of long-range dependence in the data. For many stochastic processes,

including fractional Brownian motion, the standard Hurst parameter coincides with the
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roughness exponent of the sample paths. In general, however, these two parameters may

be different; for a discussion, see Gneiting and Schlather [42], where roughness is measured

in terms of fractal dimension. Later, Bennedsen et al. [7] adopted this idea to study the

bifurcation of the short- and long-term behavior of stochastic volatility with the goal of

proposing a new class of stochastic volatility models that can simultaneously incorporate

roughness and slowly decaying autocorrelation. Finally, the concept of Besov regularity,

introduced by Eyink [29] within the framework of Besov spaces, is somewhat related to our

roughness exponent. The corresponding connections are explored in Section 2.5.

Note that if x admits the roughness exponent R, then (2.2) does not make any assertion

on the existence of limn〈x〉(p)n for p := 1/R. This limit always exists for p = 1 and is

equal to the total variation of x. For p > 1, however, the limit may or may not exist (see

Example 2.18). If it does exist, it can be interpreted as the pth variation of the continuous

function x along the sequence of dyadic partitions of [0, 1]. This pth variation can be used

so as to prove a strictly pathwise version of Itô calculus, an approach that was pioneered

by Föllmer [31] for p ≤ 2 and recently extended to p > 2 by Cont and Perkowski [20]. Just

as this notion of pth variation, the roughness exponent of a trajectory will typically depend

on the underlying partition sequence. As noted above, we have chosen the dyadic partitions

here because equally-spaced partitions are natural for many data sources and also lead to

the simplest and most elegant mathematical statements. An extension to unequally spaced

partitions is provided in Section 2.9.

There exist continuous functions that do not admit a roughness exponent; see Exam-

ple 2.29. For this reason, we will first establish criteria for the existence of R. Let us start

by defining

q∗ := sup
󰁱
p > 0 : lim inf

n↑∞
〈x〉(p)n = ∞

󰁲
and q∗ := sup

󰁱
p > 0 : lim sup

n↑∞
〈x〉(p)n = ∞

󰁲
. (2.3)

The proof of Proposition 2.2 will show that the following alternative formulas hold for q∗

and q∗,

q∗ = inf
󰁱
p ≥ 1 : lim inf

n↑∞
〈x〉(p)n = 0

󰁲
and q∗ = inf

󰁱
p ≥ 1 : lim sup

n↑∞
〈x〉(p)n = 0

󰁲
. (2.4)

Proposition 2.2. The roughness exponent of x ∈ C[0, 1] exists if and only if q∗ = q∗. In

this case, R is given by R = 1/q∗ = 1/q∗.

Proof. Clearly, the roughness exponent R is nonnegative by definition. Moreover, since the

function x is non-constant by assumption, we have 〈x〉(p)n → ∞ for all p < 1. Hence, we must

have R ≤ 1.
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The remaining assertion follows easily from the alternative representation (2.4) of q∗ and

q∗, so it is sufficient to establish (2.4). To prove this result for the case q∗ < ∞, let q0 :=

inf{p ≥ 1 : lim infn↑∞〈x〉(p)n = 0}. Let n0 be such that maxk |x((k + 1)2−n) − x(k2−n)| ≤ 1

for n ≥ n0. Then p 󰀁→ 〈x〉(p)n is non-increasing for n ≥ n0, and so we must have q∗ ≤ q0. To

show the converse inequality, we show that lim infn〈x〉(p)n = 0 for every p > q∗. To this end,

we assume by way of contradiction that there exists p > q∗ such that v := lim infn〈x〉(p)n > 0.

The definition of q∗ implies that we must have v < ∞. Next, for any ε > 0, there exists

n1 ∈ N such that maxk |x((k + 1)2−n) − x(k2−n)| ≤ ε for n ≥ n1. Thus, for q ∈ (q∗, p) and

n ≥ n1,

〈x〉(p)n ≤ max
k

󰀏󰀏x((k + 1)2−n)− x(k2−n)
󰀏󰀏p−q · 〈x〉(q)n ≤ εp−q〈x〉(q)n .

When sending ε ↓ 0, we see that 0 < v ≤ εp−q lim infn〈x〉(q)n for all ε > 0. This implies

that lim infn〈x〉(q)n = ∞, which, in view of q > q∗, contradicts the definition of q∗. This

establishes q0 = q∗. If q∗ = ∞, then for each p > 0, we must have lim infn↑∞〈x〉(p)n = ∞.

Thus, {p ≥ 1 : lim infn↑∞〈x〉(p)n = 0} = ∅, which establishes the first identity in (2.4) for the

case q∗ = ∞. The second identity in (2.4) is proved in the same manner.

Our analysis of the roughness exponent is based on the Faber–Schauder wavelet expansion

of continuous functions. Recall that the Faber–Schauder functions are defined as

e∅(t) := t, e0,0(t) := (min{t, 1− t})+, em,k(t) := 2−m/2e0,0(2
mt− k) (2.5)

for t ∈ R, m ∈ N and k ∈ Z. It is well known that the restriction of the Faber–Schauder

functions to [0, 1] form a Schauder basis for C[0, 1]. More precisely, every function x ∈ C[0, 1]

can be uniquely represented by the following uniformly convergent series,

x = x(0) +
󰀃
x(1)− x(0)

󰀄
e∅ +

∞󰁛

m=0

2m−1󰁛

k=0

θm,kem,k, (2.6)

where the Faber–Schauder coefficients θm,k are given by

θm,k = 2m/2

󰀕
2x

󰀓2k + 1

2m+1

󰀔
− x

󰀓 k

2m

󰀔
− x

󰀓k + 1

2m

󰀔󰀖
.

We furthermore denote for n ∈ N,

sn :=

󰁹󰁸󰁸󰁷
n−1󰁛

m=0

2m−1󰁛

k=0

θ2m,k, and 󰁥Rn(x) := 1− 1

n
log2 sn. (2.7)
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Our main thesis in this chapter is that the roughness exponent of x should be equal to the

limit of 󰁥Rn(x), provided this limit exists. Theorem 2.4 will rigorously establish this result

under the following mild condition on the Faber–Schauder coefficients of x. To formulate

this and related conditions, we will say that a function 󰂄 : R+ → R+ is subexponential if
1
t
log 󰂄(t) → 0 as t ↑ ∞.

Definition 2.3. The Faber–Schauder coefficients of x satisfy the reverse Jensen condition

if for each p ≥ 1 there exist np ∈ N and a non-decreasing subexponential function 󰂄p : N →
[1,∞) such that

1

󰂄p(n)
spn ≤ 1

2n−1

2n−1−1󰁛

k=0

󰀓 n−1󰁛

m=0

2mθ2m,⌊2m−n+1k⌋

󰀔p/2

≤ 󰂄p(n)s
p
n for n ≥ np. (2.8)

If p ≥ 2, then Jensen’s inequality implies that the left-hand inequality in (2.8) holds with

󰂄p = 1. Likewise, the upper bound holds with 󰂄p = 1 if p ≤ 2. So only the other cases are

nontrivial, which explains our terminology “reverse Jensen condition”. This terminology will

become even more apparent in Remark 2.12, where an equivalent probabilistic formulation is

given. As we will see in Theorem 2.30, the reverse Jensen condition is satisfied for the typical

sample paths of fractional Brownian motion with arbitrary Hurst parameter. Moreover, two

alternative conditions that are easier to verify, but are also stronger, will be provided in

Proposition 2.15. Now we can state our first main result, which establishes the existence

of the roughness exponent and its relation to the limit of the sequence 󰁥Rn(x) under the

assumption that the reverse Jensen condition holds. The second part of Theorem 2.4 states

that condition (2.8) at p = 1/R is necessary for the convergence of 󰁥Rn(x) to the roughness

exponent R.

Theorem 2.4. Suppose that the Faber–Schauder coefficients of x satisfy the reverse Jensen

condition. Then the function x admits a roughness exponent R if and only if the finite limit

limn
󰁥Rn(x) exists, and in this case, we have 󰁥Rn(x) → R. Conversely, suppose that 󰁥Rn(x)

converges to the roughness exponent R of x. Then (2.8) holds at p = 1/R.

Theorem 2.4 will be proved in the subsequent Section 2.2. It can be regarded as a model-

free consistency result for the estimator 󰁥Rn of the roughness exponent of the continuous

function x. It has the following two aspects.

First, Theorem 2.4 is model-free in the sense that no assumptions are made on x except

the reverse Jensen condition. In particular, we do not assume that x is a realization of a

stochastic process with prescribed dynamics, even though this is clearly the typical applica-

tion we have in mind. This line of thought is similar in spirit to the model-free approach to
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stochastic analysis, which was pioneered by Föllmer [31] and Lyons [70]. In this approach,

one derives results for deterministic trajectories satisfying certain sample path properties,

thus avoiding other implicit assumptions (e.g., a Lévy-type modulus of continuity or a law

of the iterated logarithm) usually imposed through fixing a probabilistic model. The results

can then be applied to all probabilistic models whose trajectories satisfy the assumed sam-

ple path properties almost surely. In our analysis of fractional Brownian motion with drift

(Section 2.6), we follow precisely this recipe. We show that almost all of the sample paths

satisfy the reverse Jensen condition, and we identify the Hurst parameter H as the common

roughness exponent of the trajectories. We also provide almost sure convergence rates for

the convergence of 󰁥Rn to H.

Second, based on the work by Gladyshev [41], it has long been known that 󰁥Rn, which

is sometimes called the Gladyshev estimator, estimates the Hurst parameter for fractional

Brownian motion and other Gaussian processes; see, e.g., [65] for an overview. Theorem 2.4

now clarifies that 󰁥Rn is actually an estimator for the roughness exponent; it estimates the

classical Hurst parameter H only if H coincides with the roughness exponent. Our theorem

thus demonstrates that the Gladyshev estimator has, in fact, a much wider scope of possible

applications, provided that it is correctly understood as an estimator of the roughness expo-

nent and not of the Hurst parameter. The same is true for certain variants of the Gladyshev

estimator, such as the scale-invariant modifications discussed in Section 2.8.

The statement of Theorem 2.4 may become false if the reverse Jensen condition is not

satisfied; see Proposition 2.19 for a counterexample. However, as shown by the next result,

an exception occurs for functions x that display diffusive behavior in the sense that they

admit the roughness exponent R = 1/2. This includes, in particular, the typical sample

paths of any continuous semimartingale with nontrivial martingale component.

Corollary 2.5. Let x ∈ C[0, 1] be any function with roughness exponent 1/2. Then limn
󰁥Rn(x) =

1/2.

The preceding corollary will follow immediately from Proposition 2.35. The following

remark outlines what can be shown if the reverse Jensen condition holds but 󰁥Rn(x) does not

converge to a limit.

Remark 2.6. Suppose that the reverse Jensen condition holds and let us denote

r+ := lim sup
n↑∞

󰁥Rn(x) and r− := lim inf
n↑∞

󰁥Rn(x). (2.9)
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One can show as in the proof of Theorem 2.4 that

lim sup
n↑∞

〈x〉(p)n =

󰀻
󰀿

󰀽
0 if p > 1/r−,

∞ if p < 1/r−,
lim inf
n↑∞

〈x〉(p)n =

󰀻
󰀿

󰀽
0 if p > 1/r+,

∞ if p < 1/r+.

To wit, under the reverse Jensen condition, we have q∗ = 1/r− and q∗ = 1/r+. By Propo-

sition 2.2, the roughness exponent is well defined if and only if r+ = r−, and this special

case is discussed in Theorem 2.4; on the other hand, if r+ > r−, the roughness exponent

does not exist, and the sequence (〈x〉(p)n )n∈N0 will fluctuate between zero and infinity for any

p ∈ (1/r+, 1/r−).

Remark 2.7. Suppose that x ∈ C[0, 1] is such that its Faber–Schauder coefficients θm,k are

the same for all k. Then, the reverse Jensen condition is trivially satisfied. These functions

form the so-called Takagi class [52], and, beginning with the subsequent Examples 2.8 and

2.9, several of our examples and counterexamples will belong to this class. The two Examples

2.8 and 2.9 will in particular present for every R ∈ [0, 1] a function x that satisfies the reverse

Jensen condition and has roughness exponent R.

Example 2.8. For α ∈ (−
√
2,
√
2), consider the function with Faber–Schauder coefficients

θm,k = αm. These functions are often called the Takagi–Landsberg functions. For |α| >
1/
√
2, it follows from [77, Theorem 2.1] that their roughness exponent is given by R =

1
2
− log2 |α|. Our Theorem 2.4 provides a very short proof of this fact: since

s2n =
n−1󰁛

m=0

2m−1󰁛

k=0

α2m =
(2α2)n − 1

2α2 − 1
,

we have 1
n
log2 sn → 1

2
log2(2α

2) = 1
2
+ log2 |α|, which yields the claim. For |α| < 1/

√
2, we

get in the same way that s2n → (1 − 2α2)−1. It will be shown in Proposition 2.37 (a) that

x must hence be of bounded variation. Finally, in the case |α| = 1/
√
2, we have s2n = n,

which also leads to R = 1. However, in this case, x is the classical Takagi function, which

is nowhere differentiable and hence not of bounded variation; see Remark 2.2 (i) in [89] for

details.

On the other extreme end of the spectrum are functions with roughness exponent R = 0.

Such a function is constructed in the following example.

Example 2.9. Consider the function with Faber–Schauder coefficients θm,k = 2m/2(m+1)−2.

One can easily check that this choice gives rise to a well-defined continuous function. It is

easy to show that 〈x〉(p)n → ∞ for all p ≥ 1. It follows that q∗ and q∗, as defined in (2.3), are

both infinite, and so Proposition 2.2 yields R = 0.
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In the following Section 2.2, we present the proof of Theorem 2.4. It is based on a

martingale that is hidden in the Faber–Schauder expansion of a continuous function x.

2.2 A martingale hidden in the Faber–Schauder expan-

sion of a continuous function

In this section, we use martingale techniques to develop the probabilistic tools for our analysis

of the roughness exponent, and we then prove Theorem 2.4. The idea of using a probabilistic

approach to the pth variation of functions goes back to [77, 89], where it was used for for

certain fractal functions. For a general function x ∈ C[0, 1], however, the tools from [77, 89]

are no longer sufficient; see Remark 2.11.

Let (Ω,F ,P) be a probability space supporting an i.i.d. sequence (Un)n∈N of {0, 1}-
valued random variables with symmetric Bernoulli distribution. Furthermore, we define the

stochastic processes

V0 := 0, Vm :=
m󰁛

k=1

2−kUk and Sm := 2mθ2m,2mVm
, m ∈ N0. (2.10)

Note that Vm is uniformly distributed on {k2−m : k = 0, . . . , 2m − 1}.

We next define the filtration F0 := {∅,Ω} and Fn := σ(U1, · · · , Un) for n ∈ N. Since

U1, U2, · · · , Un can be uniquely recovered from Vn, we also have Fn = σ(Vn). Let Yn :=

2n/2θn,2nVn ·(1−2Un+1). As (1−2Um) defines an i.i.d. sequence of centered random variables,

and θm,2mVm is Fm-measurable, the sequence

Xn :=
n−1󰁛

m=0

Ym =
n−1󰁛

m=0

2m/2θm,2mVm · (1− 2Um+1), n ∈ N,

is an (Fn)-martingale. The link between this martingale and the quantities 〈x〉(p)n is es-

tablished in the following proposition, which provides the key to the entire analysis in this

section.

Proposition 2.10. Suppose that x(0) = x(1) = 0. Then, for p ≥ 1 and n ∈ N,

〈x〉(p)n = 2n(1−p)E
󰀅
|Xn|p

󰀆
. (2.11)

Moreover, there exist constants 0 < Ap ≤ Bp < ∞ depending only on p but not on x, such
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that for all n ∈ N,

Ap2
n(1−p)E

󰁫󰀓 n−1󰁛

m=0

Sm

󰀔p/2󰁬
≤ 〈x〉(p)n ≤ Bp2

n(1−p)E
󰁫󰀓 n−1󰁛

m=0

Sm

󰀔p/2󰁬
. (2.12)

Furthermore, in the special case p = 2, we have

〈x〉(2)n = 2−ns2n. (2.13)

The formula (2.13) was first obtained by Gantert [39] via a different proof. It can be

used to simplify the computation of sn and 󰁥Rn(x).

Remark 2.11. Suppose that x belongs to the Takagi class [52], and θm,k = αm for a sequence

of real numbers (αm) for which the series
󰁓∞

m=0 2
m/2αm converges absolutely. In particular,

if αm = αm for some α ∈ (−
√
2
2
,
√
2
2
), the function x is referred to as the Takagi–Landsberg

function. The roughness exponent of the Takagi–Landsberg function was studied in [77, 89].

Those results are later extended to functions in the Takagi class in our subsequent Chapter 5.

In this case, Yn = 2n/2αn(1 − 2Un+1) defines a sequence of independent centered random

variables, and the sequence (Xn) remains an (Fn)-martingale. The independence of (Yn)

allows the application of Khintchine’s inequality, which directly gives

Ap2
n(1−p/2)

󰀓
〈x〉(2)n

󰀔p/2

= Ap2
n(1−p)(s2n)

p/2 ≤ 〈x〉(p)n

≤ Bp2
n(1−p)(s2n)

p/2 = Bp2
n(1−p/2)

󰀓
〈x〉(2)n

󰀔p/2

,

where Ap and Bp are constants with 0 < Ap ≤ Bp < ∞, depending only on p but not on

x. The analysis in Chapter 5 will then proceeds from the above inequality. However, for

a general function x ∈ C[0, 1], the random variables (Yn) may no longer be independent.

Thus, the techniques in Chapter 5 fail to apply to the scope of this chapter.

Remark 2.12. In this remark, we collect several alternative formulations of the reverse

Jensen condition. Note that

E
󰁫 n−1󰁛

m=0

Sm

󰁬
= s2n and E

󰀗󰀕 n−1󰁛

m=0

Sm

󰀖p/2󰀘
=

1

2n−1

2n−1−1󰁛

k=0

󰀓 n−1󰁛

m=0

2mθ2m,⌊2m−n+1k⌋

󰀔p/2

. (2.14)

We can thus rephrase the reverse Jensen condition as follows: there exist np ∈ N and a

non-decreasing subexponential function 󰂄p : N0 → [1,∞) such that

1

󰂄p(n)
E
󰁫 n−1󰁛

m=0

Sm

󰁬p/2
≤ E

󰀗󰀕 n−1󰁛

m=0

Sm

󰀖p/2󰀘
≤ 󰂄p(n)E

󰁫 n−1󰁛

m=0

Sm

󰁬p/2
for n ≥ np. (2.15)
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Moreover, Proposition 2.10 shows that the reverse Jensen condition can be reformulated

by means of pth variations: for each p ≥ 1, there exist an np ∈ N and a non-decreasing

subexponential function 󰂄p : N0 → [1,∞) such that

1

󰂄p(n)
2n(1−p/2)

󰀓
〈x〉(2)n

󰀔p/2

≤ 〈x〉(p)n ≤ 󰂄p(n)2
n(1−p/2)

󰀓
〈x〉(2)n

󰀔p/2

for n ≥ np. (2.16)

Comparing (2.16) with the same inequality for a different value q ≥ 1 gives the following

more general equivalent statement of the reverse Jensen condition: for every 1 ≤ p, q < ∞,

there exists np,q ∈ N and a non-decreasing subexponential function 󰂄p,q : N0 → [1,∞) such

that

1

󰂄p,q(n)
2n(1−p/q)

󰀓
〈x〉(q)n

󰀔p/q

≤ 〈x〉(p)n ≤ 󰂄p,q(n)2
n(1−p/q)

󰀓
〈x〉(q)n

󰀔p/q

for n ≥ np,q. (2.17)

If p ≥ q, the left-hand inequality in (2.17) holds with 󰂄p,q = 1. Likewise, if p ≤ q, then

the right-hand inequality in (2.17) holds with 󰂄p,q = 1, which can also be understood as the

well-known inequality for generalized means.

We need the following lemma for the proof of Proposition 2.10.

Lemma 2.13. For n ∈ N and m ≤ n − 1, if t is a dyadic rational number in [0, 1)

with binary expansion t =
󰁓n

j=1 2
−jaj for aj ∈ {0, 1}, we have em,k(t + 2−n) − em,k(t) =

2m/2−n (1− 2am+1) {⌊2mt⌋=k} .

Proof. For m ≤ n− 1 and ψ :=
[0,1/2)

−
[1/2,1)

, we have

em,k(t+ 2−n)− em,k(t) = 2−m/2
󰀃
e0,0(2

mt+ 2m−n − k)− e0,0(2
mt− k)

󰀄

= 2m/2−nψ(2mt− k),
(2.18)

Furthermore, it follows that

ψ(2mt− k) = ψ
󰀓 n󰁛

j=1

2m−jaj − k
󰀔
= ψ

󰀳

󰁃
n󰁛

j=m+1

2m−jaj −
󰀓
k − 2m

m󰁛

j=1

2−jaj

󰀔
󰀴

󰁄

= ψ

󰀳

󰁃1

2
am+1 +

n󰁛

j=m+2

2m−jaj − (k − ⌊2mt⌋)

󰀴

󰁄 .

As k − ⌊2mt⌋ ∈ Z and
󰁓n

j=m+1 2
m−jaj ∈ [0, 1), we have ψ(2mt − k) ∕= 0 if and only if

⌊2mt⌋ = k. Furthermore, since
󰁓n

j=m+2 2
m−jaj ∈ [0, 1/2) and am+1/2 ∈ {0, 1/2}, we must
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have

ψ

󰀳

󰁃1

2
am+1 +

n󰁛

j=m+2

2m−jaj

󰀴

󰁄 = ψ
󰀓1
2
am+1

󰀔
= 1− 2am+1.

Hence, ψ(2mt − k) = (1− 2am+1) {k=⌊2mt⌋} . Substituting this identity back into (2.18)

completes the proof.

Proof of Proposition 2.10. For n ∈ N0, let the nth truncation xn of x be given by

xn(t) :=
n−1󰁛

m=0

2m−1󰁛

k=0

θm,kem,k(t). (2.19)

Since the Faber–Schauder functions em,k vanish on {k2−n : k = 0, . . . , 2n} for m ≥ n, we

have x(k2−n) = xn(k2
−n) for k = 0, . . . , 2n. Using the fact that Vn is uniformly distributed

on {k2−n : k = 0, . . . , 2n − 1} and Lemma 2.13, we get

〈x〉(p)n = 2nE
󰀅
|xn(Vn + 2−n)− xn(Vn)|p

󰀆

= 2nE

󰀵

󰀹󰀷

󰀏󰀏󰀏󰀏󰀏󰀏

n−1󰁛

m=0

2m−1󰁛

k=0

θm,k

󰀃
em,k(Vn + 2−n)− em,k(Vn)

󰀄
󰀏󰀏󰀏󰀏󰀏󰀏

p
󰀶

󰀺󰀸

= 2nE

󰀵

󰀹󰀷

󰀏󰀏󰀏󰀏󰀏󰀏

n−1󰁛

m=0

2m/2−n

2m−1󰁛

k=0

θm,k (1− 2Um+1) {k=2mVm}

󰀏󰀏󰀏󰀏󰀏󰀏

p
󰀶

󰀺󰀸

= 2n(1−p)E

󰀵

󰀹󰀷

󰀏󰀏󰀏󰀏󰀏󰀏

n−1󰁛

m=0

2m/2θm,2mVm(1− 2Um+1)

󰀏󰀏󰀏󰀏󰀏󰀏

p
󰀶

󰀺󰀸 = 2n(1−p)E
󰀅
|Xn|p

󰀆
,

(2.20)

which yields (2.11). Therefore, the Burkholder inequality implies the existence of constants

0 < Ap ≤ Bp < ∞ depending only on p such that

Ap2
n(1−p)E

󰁫󰀓 n−1󰁛

m=0

Y 2
m

󰀔p/2󰁬
≤ 〈x〉(p)n ≤ Bp2

n(1−p)E
󰁫󰀓 n−1󰁛

m=0

Y 2
m

󰀔p/2󰁬
. (2.21)

Moreover, as |1− 2Um+1| = 1, we have

Y 2
m =

󰀓
2m/2θm,2mVm

󰀔2

(1− 2Um+1)
2 = 2mθ2m,2mVm

= Sm. (2.22)

This completes the proof of (2.12) for arbitrary p > 1. In the case p = 2, the martingale

differences (Ym) clearly satisfy E[
󰁓n−1

m=0 Y
2
m] = E[(

󰁓n−1
m=0 Ym)

2], which yields (2.22) by way of
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(2.20), (2.21), and (2.22). This completes the proof.

Now, we move toward the proof of Theorem 2.4. The following auxiliary lemma will be

needed in that proof.

Lemma 2.14. If the finite limit limn
󰁥Rn(x) exists, then it belongs to [0, 1].

Proof. Let ξn := 1− 󰁥Rn(x) =
1
n
log2 sn. It suffices to show that ξ := limn ξn = 1− limn

󰁥Rn(x)

belongs to [0, 1]. First, let us assume by way of contradiction that ξ < 0. Thus, there exists

n1 ∈ N such that for n ≥ n1, we have ξn ≤ −nξ/2 and sn ≤ 2−nξ/2. However, this contradicts

the fact that (sn)n∈N is a non-negative and non-decreasing sequence. Therefore, we must

have ξ ≥ 0.

Next, we assume by way of contradiction that ξ ∈ (1,∞). For each n ∈ N, we take

λ(n) := 2−2nξs2n. Then λ is a subexponential function, and
󰁓n−1

m=0

󰁓2m−1
k=0 θ2m,k = λ(n)22nξ.

It then follows that
󰁓2n−1

k=0 θ2n,k = λ(n + 1)22ξ(n+1) − λ(n)22nξ, and sup0≤k≤2n−1 |θn,k| ≥
2(ξ−1/2)n

󰁳
λ(n+ 1)22ξ − λ(n). As in (2.19), let xn denote the nth truncation of x, then

max
0≤t≤1

|xn+1 − xn| = 2−n/2 sup
0≤k≤2n−1

|θn,k| ≥ 2(ξ−1)n
󰁳

λ(n+ 1)22ξ − λ(n),

Since λ is a subexponential function, the rightmost term tends to infinity as n ↑ ∞. Thus,

the series of truncated functions (xn)n∈N will not converge. This contradicts the uniform

convergence of xn to x. Thus, we must have ξ ≤ 1, and this completes the proof.

Proof of Theorem 2.4. By the argument used in the proof of Lemma 3.1 of [77], we may

assume without loss of generality that x(0) = x(1) = 0. We start by proving the “only

if” direction in the first part of the assertion and assume that the function x admits the

roughness exponent R. For simplicity, we use the short-hand notion rn := 󰁥Rn(x) in this and

the following proofs of this chapter. We must prove that rn → R. For any p > 1/R ≥ 1,

Proposition 2.10 and condition (2.15) imply that there exists Ap > 0 such that

Ap2
n(1−prn−log2 󰂄p(n)/n) = Ap󰂄

−1
p (n)2n(1−p)spn

= Ap󰂄
−1
p (n)2n(1−p)E

󰁫 n−1󰁛

m=0

Sm

󰁬p/2
≤ 〈x〉(p)n .

(2.23)

Since lim supn〈x〉
(p)
n = 0, we must thus have lim infn rn > 1/p. Sending p ↓ 1/R now gives

lim infn rn ≥ R. In the same way, one proves that lim supn rn ≤ R.

23



To prove the “if” direction, let us assume that the finite limit limn rn = r exists. Then

r ∈ [0, 1] by Lemma 2.14, and this yields

lim
n↑∞

n
󰀓
1− prn ±

1

n
log2 󰂄p(n)

󰀔
=

󰀻
󰀿

󰀽
+∞ if p < 1/r,

−∞ if p > 1/r.

Applying condition (2.15) to (2.12) and taking n ↑ ∞ implies that limn〈x〉(p)n = ∞ for p < 1/r

and limn〈x〉(p)n = 0 for p > 1/r; Therefore, we must have R = r. This completes the proof.

Let us now prove the converse assertion of the theorem by verifying its contrapositive

statement. To this end, we first assume that condition (2.8) does not hold with p = 1/r > 2,

which implies that there exist ε > 0 and a subsequence (nk)k∈N such that

〈x〉(p)nk
≥ 2nk(1−p/2+ε)

󰀓
〈x〉(2)nk

󰀔p/2

= 2nk(1−p+ε)
󰀓
s2nk

󰀔p/2

= 2nk(1−prnk
+ε).

As rn → r = 1/p, then prnk
≤ 1 + ε/2 for a sufficiently large k. Thus, there exists k0 ∈ N

such that for k ≥ k0, we get 〈x〉(p)nk ≥ 2εnk/2. Let δ > 0 be such that δ/(p+ δ) < ε/4, then it

follows from (2.17) that

〈x〉(p+δ)
nk

≥
󰀕
2
nk

󰀓
p

p+δ
−1

󰀔

〈x〉(p)nk

󰀖 p+δ
p

≥ 2
p+δ
p

󰀓
ε
2
− δ

p+δ

󰀔
nk ≥ 2

(p+δ)ε
4p

nk .

The above inequality implies that lim supn〈x〉
(p+δ)
n = ∞, and Proposition 2.2 indicates that

x must admit the roughness exponent R ≤ (p+δ)−1 < r. The proof for the case p = 1/r < 2

is analogous, and condition (2.8) holds trivially at p = 2. This completes the proof.

The following proposition provides two alternative conditions on the Faber–Schauder

coefficients of an arbitrary continuous function x that may be easier to verify than the

reverse Jensen condition, but they are also slightly stronger conditions.

Proposition 2.15. Consider the following two conditions on the Faber–Schauder coefficients

of x.

(a) There exists an non-decreasing subexponential function γ1 such that for sufficiently

large m,

max
k=0,...,2m−1

|θm,k| ≤ γ1(m) min
k=0,...,2m−1

|θm,k|.

(b) There exist ν ∈ N0 and an non-decreasing subexponential function γ2 : N → R such
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that for sufficiently large m ≥ ν,

max
k=0,...,2m−ν−1

2ν(k+1)−1󰁛

j=2νk

θ2m,j ≤ γ2(m) min
k=0,...,2m−ν−1

2ν(k+1)−1󰁛

j=2νk

θ2m,j.

Then (a) implies (b), and (b) implies the reverse Jensen condition (2.8).

Proof of Proposition 2.15. (a) ⇒ (b): If condition (a) holds, then (b) holds with ν = 0 and

γ2 = γ2
1 .

(b) ⇒ (2.8): For the ease of notation, we prove this implication only for the case that

ν = 1; the case that ν ≥ 2 can be proved analogously. Recall that the upper bound in the

reverse Jensen condition holds with 󰂄p ≡ 1 if q := p/2 ≤ 1. So it is sufficient to deduce this

upper bound for q > 1. We will use the probabilistic formalism introduced in (2.10). Note

first that

1

2n−1

2n−1−1󰁛

k=0

󰀓 n−1󰁛

m=0

2mθ2m,⌊2m−nk⌋

󰀔p/2

= E
󰀗󰀕 n−1󰁛

m=0

Sm

󰀖q󰀘
.

Let a0, . . . , an−1 ≥ 0 and note that (
󰁓

i ai)
q ≤ nq−1

󰁓
i a

q
i by Jensen’s inequality. Hence,

E
󰀗󰀕 n−1󰁛

m=0

Sm

󰀖q󰀘
≤ nq−1E

󰀗 n−1󰁛

m=0

Sq
m

󰀘
= nq−1

n−1󰁛

m=0

2−m

2m−1󰁛

k=0

2mq|θm,k|2q

≤ 2q−1nq−1

󰀕
|θ0,0|2q +

n−1󰁛

m=1

2−m

2m−1−1󰁛

k=0

󰀓
2mθ2m,2k + 2mθ2m,2k+1

󰀔q
󰀖

≤ 2q−1nq−1

󰀕
|θ0,0|2q +

n−1󰁛

m=1

1

2

󰀓
max

k
(2mθ2m,2k + 2mθ2m,2k+1)

󰀔q
󰀖

≤ 2q−1nq−1(γ2(n))
q

󰀕
|θ0,0|2q +

n−1󰁛

m=1

1

2

󰀓
min
k

(2mθ2m,2k + 2mθ2m,2k+1)
󰀔q
󰀖

≤ 2q−1nq−1(γ2(n))
q

n−1󰁛

m=0

E[Sm]
q ≤ 2q−1nq−1(γ2(n))

q

󰀕 n−1󰁛

m=0

E[Sm]

󰀖q

.

Selecting 󰂄p(n) := 2p/2−1np/2−1(γ2(n))
p/2 and applying (2.14) on the above long inequality

then yields an upper bound in (2.8). For 0 < q < 1, an analogous reasoning as above yields

the following result

E
󰀗󰀕 n−1󰁛

m=0

Sm

󰀖q󰀘
≥ nq−12q−1(γ2(n))

−q

n−1󰁛

m=0

E[Sm]
q ≥ 1

󰂄p(n)
spn,
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where 󰂄p(n) := n1−p/221−p/2(γ2(n))
p/2. This establishes the lower bound in the reverse Jensen

condition, and we complete our proof.

2.3 The connection with weighted quadratic variation

The Gladyshev estimator has its origins in Gladyshev’s theorem [41], which is a limit theorem

for the weighted quadratic variation of fractional Brownian motion. This section discusses

the relations between 󰁥Rn(x) and the weighted quadratic variation of an arbitrary function

x ∈ C[0, 1]. We start with the following proposition, which states general implications. Its

part (b) introduces the estimator 󰁥R∗
n, whose simplified form can sometimes make the analysis

easier.

Proposition 2.16. Let x ∈ C[0, 1] have the Faber–Schauder coefficients θm,k.

(a) The following conditions are equivalent.

(i) There exists r1 ∈ (0, 1) such that the weighted quadratic variation 2n(2r1−1)〈x〉(2)n

converges to the limit ℓ1 ∈ (0,∞).

(ii) There exists r2 ∈ (0, 1) such that 2n(2r2−2)s2n converges to the limit ℓ2 ∈ (0,∞).

(iii) There exists r3 ∈ (0, 1) such that 2n(2r3−2)(s2n+1 − s2n) converges to the limit ℓ3 ∈
(0,∞).

In this case, we have r := r1 = r2 = r3 and ℓ1 = ℓ2 = (22−2r − 1)−1ℓ3.

(b) The equivalent conditions in part (a) imply that limn
󰁥R∗
n(x) = r, where

󰁥R∗
n(x) := 1− 1

n
log2

󰁹󰁸󰁸󰁷
2n−1󰁛

k=0

θ2n,k. (2.24)

(c) If 󰁥R∗
n(x) converges to the finite limit r, then also limn

󰁥Rn(x) = r.

Proof. (a): To see the equivalence of (i) and (ii) as well as r1 = r2 and ℓ1 = ℓ2, one argues

first as in the proof of [76, Proposition 2.1] that one can assume without loss of generality

that x(0) = x(1) = 0. Then the claim follows from (2.13). To see that (ii) implies (iii) with

r3 = r2 and ℓ2 = (22−2r2 − 1)−1ℓ3, we let bn = 2n(2−2r2). Then s2n/bn → ℓ2 by assumption. It

follows from [76, Lemma 3.1] that

2(2r2−2)n

22−2r2 − 1

󰀃
s2n+1 − s2n

󰀄
=

s2n+1 − s2n
bn+1 − bn

−→ ℓ2 as n ↑ ∞. (2.25)
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For the proof that (iii) implies (ii) with ℓ2 = (22−2r2 − 1)−1ℓ3 and r2 = r3, it suffices to note

that the convergence (2.25) implies that s2n/bn → ℓ2 by means of the Stolz–Cesaro theorem

in the form of [78, Theorem 1.22].

(b): Using (iii) yields that

r − 󰁥R∗
n(x) = (r − 1) +

1

2n
log2(s

2
n+1 − s2n) =

1

2n
log2(2

n(2r−2)(s2n+1 − s2n)) → 0.

(c): Let ε ∈ (0, 2 − 2r) be given. By part (b), there is a constant c > 0 such that

c−12(2−2r−ε)n ≤ (s2n+1 − s2n) ≤ c2(2−2r+ε)n for all n ∈ N. It follows that

2(2−2r−ε)n − 1

c(22−2r−ε − 1)
≤

n−1󰁛

k=0

󰀃
s2k+1 − s2k

󰀄
≤ c(2(2−2r+ε)n − 1)

(22−2r+ε − 1)
.

Cancelling the terms in the telescopic sum, taking logarithms, dividing by 2n, passing to the

limit n ↑ ∞, and sending ε to zero now yields the result.

The following corollary follows immediately from Theorem 2.4 and Proposition 2.16.

Corollary 2.17. If x ∈ C[0, 1] satisfies the reverse Jensen condition, and one of the con-

ditions in (a), (b) or (c) in Proposition 2.16 holds for some r ∈ (0, 1), then x admits the

roughness exponent r.

The implications (c)⇒(b) and (b)⇒ (a) in Proposition 2.16 are generally false. This is

illustrated in the following example.

Example 2.18. For given R ∈ (0, 1), we consider x ∈ C[0, 1] defined through the Faber–

Schauder coefficients θm,k = 2m(1/2−R) if m is even and θm,k = 0 if m is odd. Recall from

Remark 2.7 that x satisfies the reverse Jensen condition. A straightforward computation

gives

󰁥Rn(x) = 1− 1

2n
log2

24+4(1−R)⌊n−1
2

⌋ − 24R

24 − 24R
−→ R.

Theorem 2.4 hence implies that x has the roughness exponent R. However, 󰁥R∗
n(x) clearly

does not converge. It follows that also none of the quantities in part (a) of Proposition 2.16

can converge.

Now take again R ∈ (0, 1) and let θm,k = 2m(1/2−R)
󰁳

(22(1−R) − 1)g(m), where the func-

tion g is strictly positive and regularly varying with index 󰂄. It will be shown in Corol-

laries 5.12 and 5.13 that the corresponding function x has the roughness exponent R and

that the (1/R)th variation of x is zero for 󰂄 < 0 and infinite for 󰂄 > 0. If g is slowly
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varying, so that 󰂄 = 0, then lim infn〈x〉(1/R)
n and lim supn〈x〉

(1/R)
n can take arbitrary val-

ues in [0,∞]. We clearly have 󰁥R∗
n(x) = R − 1

2n
log2

󰀃
(22−2R − 1)g(n)

󰀄
→ R. However,

2n(2R−2)(s2n+1 − s2n) = (22−2R − 1)g(n) does not converge to a finite limit unless g(n) does.

This shows that the implication (b)⇒(a) in Proposition 2.16 does not hold.

As announced above, we now present an example of a continuous function x for which

the weighted quadratic variation 2n(2γ−1)〈x〉(2)n converges to a finite limit for some γ ∈ (0, 1),

but which nevertheless admits a different roughness exponent R. Note that Proposition 2.16

implies that 󰁥Rn(x) → γ. In other words, the limit of 󰁥Rn(x) is different from the function’s

roughness exponent. Hence, x cannot satisfy the reverse Jensen condition. The function x

therefore also highlights the importance of the reverse Jensen condition in Theorem 2.4.

Proposition 2.19. Let α ∈ (0, 1] and R ∈ (0, 1). Then the function

x =
∞󰁛

m=0

2(
1
2
−αR)m

⌊2αm⌋−1󰁛

k=0

em,k

admits the roughness exponent R. On the other hand, let γ := αR + (1− α)/2, then

lim
n↑∞

2n(2γ−1)〈x〉(2)n =
󰀃
22−2γ − 1

󰀄−1
and lim

n↑∞
󰁥Rn(x) = γ. (2.26)

Proof. We begin by proving (2.26). To this end, we verify condition (iii) in Proposition 2.16

(a):

lim
n↑∞

2n(2γ−2)

2n−1󰁛

k=0

θ2n,k = lim
n↑∞

2n((2γ−2)+(1−2αR))⌊2αn⌋ = 1.

Proposition 2.16 then yields that limn
󰁥Rn(x) = γ.

Next, we aim to show that x admits the roughness exponent R. For a fixed α ∈ (0, 1],

let n0 ∈ N be such that ⌊2αn⌋/2 ≤ ⌊2α(n−1)⌋ − 1/2 for n ≥ n0. Let

󰁨x :=
∞󰁛

m=n0

2(
1
2
−αR)m

⌊2αm⌋−1󰁛

k=0

em,k.

Based on the argument presented in the proof of Lemma 3.1 in [77], the functions x and 󰁨x
share the same roughness exponent. Hence, it will be sufficient to henceforth consider the

function 󰁨x. Recalling the definition of Vm and Sm in (2.10), it is clear that for m ≥ n0 and

2mVm ≥ ⌊2αm⌋, we have Sm = 2m(2−2αR), and otherwise zero. Clearly, 2m−1Vm−1 ≤ 2m−1Vm.

Therefore, for m ≥ n0, if 2
mVm ≤ ⌊2αm⌋ − 1, then

2m−1Vm−1 ≤
2mVm

2
≤ 1

2

󰀃
⌊2αm⌋ − 1

󰀄
≤ ⌊2α(m−1)⌋ − 1. (2.27)
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In other words, if Sm = 2m(2−2αR), then Sm−1 = 2(m−1)(2−2αR). On the other hand, for

m ≥ n0, if 2
mVm ≥ ⌊2αm⌋, then

2m+1Vm+1 ≥ 2m+1Vm ≥ 2⌊2αm⌋ ≥ 2⌊2αm⌋ − 1 ≥ ⌊2α(m+1)⌋. (2.28)

Equivalently speaking, if Sm = 0, then Sm+1 = 0. For n ≥ n0 + 3, it then follows from

(2.27) and (2.28) that if there exists n0 + 1 ≤ m ≤ n − 2 such that 2mVm ≤ ⌊2αm⌋ − 1

and 2m+1Vm+1 ≥ ⌊2α(m+1)⌋, we have Sk = 2k(2−2αR) for n0 ≤ k ≤ m and Sk = 0 for

m + 1 ≤ k ≤ n − 2. Therefore, for n ≥ n0 + 3, the distribution of the random variable
󰁓n−1

m=0 Sm is as follows,

P
󰀕 n−1󰁛

m=0

Sm =
n−1󰁛

m=n0

2m(2−2αR)

󰀖
=

⌊2α(n−1)⌋
2n−1

, P
󰀕 n−1󰁛

m=0

Sm = 0

󰀖
= 1− ⌊2αn0⌋

2n0
,

and

P
󰀕 n−1󰁛

m=0

Sm =
k−1󰁛

m=n0

2m(2−2αR)

󰀖
=

⌊2α(k−1)⌋
2k−1

− ⌊2αk⌋
2k

for n0 + 1 ≤ k ≤ n− 1.

Therefore, for n ≥ n0 + 3 and p ≥ 1,

E
󰀗󰀕 n−1󰁛

m=0

Sm

󰀖p/2󰀘
=

⌊2α(n−1)⌋
2n−1

󰀕 n−1󰁛

m=n0

2m(2−2αR)

󰀖p/2

+
n−1󰁛

k=n0+1

󰀕
⌊2α(k−1)⌋
2k−1

− ⌊2αk⌋
2k

󰀖󰀕 k−1󰁛

m=n0

2m(2−2αR)

󰀖p/2

.

In the next step, we seek suitable upper and lower bounds for this expression. To obtain a

lower bound, we use the following facts,

⌊2α(n−1)⌋
2n−1

≥ 2(α−1)(n−1) − 2−(n−1) and
n−1󰁛

m=n0

2m(2−2αR) ∼ 2n(2−2αR)

22−2αR − 1
as n ↑ ∞.

Hence, there exists a positive constant c1 such that for sufficiently large n,

E
󰀗󰀕 n−1󰁛

m=0

Sm

󰀖p/2󰀘
≥

󰀓
2(α−1)(n−1) − 2−(n−1)

󰀔󰀕 n−1󰁛

m=n0

2m(2−2αR)

󰀖p/2

≥ c12
n(p(1−αR)−(1−α)).

(2.29)

To obtain the upper bound, we apply the inequality ⌊2α(n−1)⌋/2n−1 ≤ 2(α−1)(n−1) and Jensen’s
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inequality,

E
󰀗󰀕 n−1󰁛

m=0

Sm

󰀖p/2󰀘
≤

󰀃
np/2−1 ∨ 1

󰀄 n󰁛

k=n0+1

2(α−1)(k−1)

󰀕 k−1󰁛

m=n0

2mp(1−αR)

󰀖
.

As p(1− αR) > 1− α ≥ 0, the following asymptotics hold as n ↑ ∞,

n󰁛

k=n0+1

2(α−1)(k−1)

k−1󰁛

m=n0

2mp(1−αR) = O
󰀃
2n(p(1−R)−(1−α))

󰀄
.

Thus, for each p ≥ 1, there exists a positive constant c2 such that for sufficiently large n,

E
󰀗󰀕 n−1󰁛

m=0

Sm

󰀖p/2󰀘
≤ c2

󰀓
np/2−1 ∨ 1

󰀔
2n(p(1−αR)−(1−α)). (2.30)

It then follows from (2.29) and (2.30) that there exists a positive constant cp depending on

p such that for sufficiently large n,

1

cp
2n(p(1−αR)−(1−α)) ≤ E

󰀗󰀕 n−1󰁛

m=0

Sm

󰀖p/2󰀘
≤ cp

󰀓
np/2−1 ∨ 1

󰀔
2n(p(1−αR)−(1−α)).

Proposition 2.10 now yields that for each p ≥ 1, there exists n0 ∈ N, such that for n ≥ n0,

Ap

cp
2αn(1−pR) ≤ 〈󰁨x〉(p)n ≤ cpBp2

αn(1−pR).

Taking n ↑ ∞ on both sides of the above inequalities gives

lim
n↑∞

〈󰁨x〉(p)n =

󰀻
󰀿

󰀽
0 for p > 1

R
,

∞ for p < 1
R
.

Thus, 󰁨x admits the roughness exponent R, which completes the proof.

It is worthwhile to point out that γ = αR + (1 − α)/2 is the convex combination of R

and 1/2. If R > 1/2, we have R ≥ γ > 1/2 and vice versa. In fact, such a relation holds

universally as later shown in Proposition 2.35.
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2.4 The connection with self-similarity

Another concept that admits a potential connection with the roughness exponent is self-

similarity. Self-similar processes are stochastic processes that are invariant in distribution

under suitable scaling of time and space. We say that a stochastic process (Xt)t≥0 is γ-

self-similar, if there exists γ > 0 such that for any a > 0, (Xat)t≥0
d
= (aγXt)t≥0. Here, the

constant γ is called the self-similarity index, which dictates the nature of the self-similar

phenomenon. For instance, the fractional Brownian motion WH is an H-self-similar process.

An important question is whether the self-similarity index is generally equivalent to the

roughness exponent, as observed in the case of the fractional Brownian motion.

Our findings in this section refute the above assertion. In the first result, we study the

weighted quadratic variation of a trifractional Brownian motion, indicating that self-similar

behavior is not correlated to the roughness exponent or the weighted quadratic variation. A

trifractional Brownian motion was first introduced by Lei and Nualart [67]. In this paper,

the authors showed a bifractional Brownian motion could be decomposed into the sum of a

fractional Brownian motion and a Gaussian process with absolutely continuous trajectories.

This process was subsequently rediscovered and studied by Ma [71], who referred to it as

the trifractional Brownian motion. According to Ma [71], a trifractional Brownian motion

(ZH,K
t )t≥0 with parameters H ∈ (0, 1) and K ∈ (0, 1) is a centered Gaussian process with

covariance function CH,K ,

CH,K(s, t) = E
󰁫
ZH,K

s ZH,K
t

󰁬
= t2HK + s2HK − (t2H + s2H)K , s, t ≥ 0

on a given probability space (Ω̃,G ,Q).

Clearly, the trifractional Brownian motion ZH,K is an HK-self-similar process. However,

the trajectories of trifractional Brownian motion are absolutely continuous and, thus, of

bounded variation. Hence, the trifractional Brownian motion ZH,K admits the roughness

exponent R = 1 almost surely. The following result proves a limit theorem on the weighted

quadratic variation of the trifractional Brownian motion ZH,K .

Theorem 2.20. For H ∈ (0, 1) and K ∈ (0, 1), the trifractional Brownian motion ZH,K has

the following limiting behavior,

(a) If HK < 1
2
, we have

lim
n↑∞

2αn〈ZH,K〉(2)n =

󰀫
0 for α < 2HK, (2.31)

∞ for α > 2HK, (2.32)

almost surely.
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(b) If HK ≥ 1
2
, we have

lim
n↑∞

2αn〈ZH,K〉(2)n =

󰀫
0 for α < 1, (2.33)

∞ for α > 1, (2.34)

almost surely.

Applying (2.13) to the above asymptotic results and arguing as in the proof of Theo-

rem 2.4 yields our next result. As a probabilistic complement to the deterministic coun-

terexample in Proposition 2.19, the following corollary demonstrates that the Gladyshev

estimates fail to converge to either the self-similarity index or the roughness exponent.

Corollary 2.21. For H ∈ (0, 1) and K ∈ (0, 1), we have

lim
n↑∞

󰁥Rn(Z
H,K) =

󰀻
󰁁󰀿

󰁁󰀽

HK +
1

2
for HK < 1

2
,

1 for HK ≥ 1
2
,

Q-a.s.

In addition to the trifractional Brownian motion, the following limit theorems for the

nth order fractional Brownian motion also reveal that the roughness exponent bifurcates

from the self-similarity index. The behavior of the well-known fractional Brownian motion

is governed by the Hurst parameter H between 0 and 1. However, many observations reveal

that the Hurst parameter could be larger than one in theory and in real life. For instance,

a slight modification of the Weyl representation of the fractional Brownian motion allows

the Hurst parameter to be larger than one; see, e.g., [83]. Motivated by this fact, Perrin et

al. [83] introduced the nth-order fractional Brownian motion as an extension to the fractional

Brownian motion. An nth-order fractional Brownian motion WH,n := (WH,n
t )t≥0 defined on

the probability space (󰁨Ω,G ,Q) is a centered Gaussian process with the following covariance

function,

GH,n(s, t) := E
󰁫
WH,n

s WH,n
t

󰁬

= (−1)n
Cn

H

2

󰀣
|t− s|2H −

n−1󰁛

j=0

(−1)j
󰀕
2H

j

󰀖󰀕󰀃 t
s

󰀄j
s2H +

󰀃s
t

󰀄j
t2H

󰀖󰀤
, s, t ≥ 0,

for n ∈ N, H ∈ (n− 1, n) and Cn
H :=

󰀃
Γ(2H +1)| sin(πH)|

󰀄−1
. The special case where n = 1

recovers the standard fractional Brownian motion, i.e., WH,1 = WH . The class of nth-order

fractional Brownian motions allows a wider range of the Hurst parameter H. In other words,

the class of nth-order fractional Brownian motions extends the Hurst parameter beyond

the constraint H ∈ (0, 1) and includes the case of fractional Brownian motion for n = 1.
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Nevertheless, an nth-order fractional Brownian motion remains H-self-similar. Furthermore,

following [91, Remark 3.2], WH,m is (m − 1) times differentiable, and thus, admits the

roughness exponent R = 1, which differs from its self-similarity index.

Now we state the limit theorems for the nth-order fractional Brownian motion.

Theorem 2.22. For m ≥ 2 and H ∈ (m− 1,m), the mth-order fractional Brownian motion

WH,m has the following limiting behavior,

lim
n↑∞

2αn〈WH,m〉(2)n = 0 for α < 1, (2.35)

almost surely. Moreover, if m ≥ 3, we have

lim
n↑∞

2αn〈WH,m〉(2)n = ∞ for α > 1, (2.36)

almost surely.

Applying (2.13) to Theorem 2.22 and arguing as in the proof of Theorem 2.4 yields the

following result. In contrast to Corollary 2.21, the following result shows that the roughness

exponent of the nth-order fractional Brownian motion can be estimated by the Gladyshev

estimator 󰁥Rn, or equivalently, by means of a weighted quadratic variation.

Corollary 2.23. For m ≥ 3 and H ∈ (m− 1,m), we have

lim
n↑∞

󰁥Rn(W
H,m) = 1 Q-a.s.

The results in Theorem 2.20 and Theorem 2.22 are non-trivial in the sense that they

cannot be obtained by applying the Gladyshev theorem [41] or its complement [81]. This

point is demonstrated by the following limit theorems at the critical cases for the trifractional

Brownian motion and the nth-order fractional Brownian motion, see Remark 2.26.

Theorem 2.24. For H ∈ (0, 1) and K ∈ (0, 1) , the trifractional Brownian motion ZH,K

has the following limiting behavior,

(a) If HK < 1/2, the weighted quadratic variation22HKn〈ZH,K〉(2)n does not converge in

probability as n ↑ ∞.

(b) If HK > 1/2, the weighted quadratic variation 2n〈ZH,K〉(2)n converges to some non-

constant random variable in Lp for all p ∈ (1,∞) as n ↑ ∞.

Theorem 2.25. For m ≥ 2 and H ∈ (m − 1,m), the weighted quadratic variation of the

mth-order fractional Brownian motion 2n〈WH,m〉(2)n converges to some non-constant random

variable in Lp for all p ∈ (1,∞) as n ↑ ∞.
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Remark 2.26. As observed in Theorem 2.24 and Theorem 2.25, the weighted quadratic

variation of the trifractional Brownian motion and the nth-order fractional Brownian motion

behaves essentially different to the Gaussian processes that Gladyshev’s theorem apply to.

To be more specific, if a Gaussian process fulfills conditions in Gladyshev [41] or Norvaǐsa

[81], its weighted quadratic sum at the critical case converges to some positive constant at

the critical case almost surely. However, for the trifractional Brownian motion ZH,K , its

weighted quadratic variation converges to some non-constant random variable in Lp and in

probability for HK > 1/2 and does not converge in probability for HK < 1/2 at each

critical case. In addition, as in Theorem 2.25, the weighted sum of the nth-order fractional

Brownian motion converges to some non-constant random variable at the critical case. These

facts further refute the applicability of the existing literature [41, 81] to the trifractional

Brownian motion and the nth-order fractional Brownian motion.

2.5 The connection with Besov regularity

This section establishes a connection between the roughness exponent and Besov regularity.

We refer to [93, Section 2.3] for the definition of the Besov space Br
p,q[0, 1]. Ciesielski et al. [16]

provided a norm expressed in terms of Faber–Schauder coefficients, which is equivalent to the

traditional Besov norm. Rosenbaum [85] defined the following equivalent norm on Br
p,q[0, 1]

for p, q ∈ [1,∞) and r ∈ (1/p, 1),

󰀂x󰀂r,p,q := |x(0)| ∨ 󰀂(an)n∈N0󰀂ℓq , where an :=
󰀃
2n(pr−1)〈x〉(p)n

󰀄1/p
. (2.37)

Note that for p = 2 the relation to weighted quadratic variation as studied in Section 2.3

becomes apparent. Measuring the degree of roughness of a function x ∈ [0, 1] through Besov

spaces was initially proposed by Eyink [29] through the condition

x ∈
󰁟

ε>0

Br−ε
p,∞[0, 1] \

󰁞

ε>0

Br+ε
p,∞[0, 1]. (2.38)

Example 2.27. Consider the function x defined in Proposition 2.19 with α ∈ (0, 1) and

R > 1/2. The first identity in (2.26) implies that 󰀂x󰀂γ,2,∞ < ∞ and that 󰀂x󰀂γ+ε,2,∞ = ∞
for any ε > 0. Hence, condition (2.38) holds for r = γ, p = 2, and q = ∞. Nevertheless, as

observed in Proposition 2.19, the roughness exponent of x is different from γ, which shows

that Eyink’s concept of Besov regularity is generally different from our concept of roughness.

In the rough volatility context [40], the parameter r in (2.38) is often assumed to be the
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same for all p ≥ 1, which leads to the requirement

x ∈
󰁟

ε>0, p≥1

Br−ε
p,∞[0, 1] \

󰁞

ε>0, p≥1

Br+ε
p,∞[0, 1]. (2.39)

In the following theorem, we explore the connection between this concept of Besov regularity

and the roughness exponent. Let q∗ be as in (2.39) and R− := 1/q∗. Our result shows that

the condition (2.39) implies that r = R−. As a matter of fact, the condition (2.40) used in

Theorem 2.28 is actually less restrictive than (2.39). Note moreover that Proposition 2.19

shows that (2.39) or (2.40) cannot be replaced with Eyink’s condition (2.38). Indeed, the

latter condition holds in Proposition 2.19 for r = γ, while the function x constructed there

admits an arbitrary roughness exponent R = R−.

Theorem 2.28. Suppose that there exists r ∈ (0, 1) such that

x ∈
󰁟

ε>0, p≥1

Br−ε
p,∞[0, 1] \

󰁞

ε>0, 1
r+ε

<p< 1
r

Br+ε
p,∞[0, 1]. (2.40)

Then R− = r.

Proof of Theorem 2.28. We must show that q∗ = 1/r, and we start by proving q∗ ≤ 1/r. For

γ > 0 and 0 < ε < r, we choose p := (1+γ)/(r−ε). Then it is clear that p(r−ε) = 1+γ > 1.

Hence, (supn 2
γn〈x〉(p)n

󰀄1/p
= 󰀂x󰀂r−ε,p,∞ < ∞. Since γ > 0, we get lim supn〈x〉

(p)
n < ∞, which

implies that q∗ ≤ p = (1 + γ)/(r − ε). Taking γ, ε ↓ 0 yields q∗ ≤ 1/r.

Next, let us show that q∗ ≥ 1/r. To this end, we assume by way of contradiction that

q∗ < 1/r. Let us denote q = 1
2
(q∗ + 1/r). Then there exists λ > 0 such that q = 1/(r + λ)

as q < 1/r. Next, we set

ε :=
r

8
− r2q

8
=

r

8

󰀕
1− r

r + λ

󰀖
=

rλ

8(r + λ)
< λ.

As q∗ < q, we have lim supn↑∞〈x〉(q)n = 0. Let H α[0, 1] denote the space of α-Hölder

continuous functions on [0, 1]. It follows from a fundamental embedding result [93, Section

2.7.1] that Br
p,∞[0, 1] ⊂ H r−1/p[0, 1], and this yields

󰁟

ε>0, p≥1

Br−ε
p,∞[0, 1] ⊂

󰁟

ε>0

H r−ε[0, 1].

Next, we take p := 1/(r + ε/2). Then p > q as ε < λ. Applying the above Hölder condition

gives 〈x〉(p)n ≤ κ2(q−p)(r−ε)n〈x〉(q)n for some κ > 0. Thus, for n ∈ N, we get 2n((r+ε)p−1)〈x〉(p)n ≤
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κ2n((r+ε)p−1+(q−p)(r−ε))〈x〉(q)n . One checks that (r + ε)p− 1 + (q − p)(r − ε) < 0. Hence,

lim sup
n↑∞

2n((r+ε)p−1)〈x〉(p)n ≤ κ

󰀣
lim sup

n↑∞
2n((r+ε)p−1+(q−p)(r−ε))

󰀤󰀣
lim sup

n↑∞
〈x〉(q)n

󰀤
= 0.

Therefore 󰀂x󰀂r+ε,p,∞ < ∞ for p = 1/(r + ε/2), which contradicts the underlying assumption

that x /∈ Br+ε
p,∞[0, 1], and thus q∗ ≥ 1/r.

In our next example, we construct a function x for which condition (2.40) of Besov

regularity is satisfied but where 󰁥Rn(x) oscillates between a given number R ∈ (0, 1) and 1.

In this sense, the function exhibits an entire spectrum of roughness, which is a phenomenon

akin to multifractality. Das [21] proposed to use R− as a “roughness index” for measuring

the roughness of a trajectory x ∈ C[0, 1]. Based on the discussion in the present section, it

is clear that both the condition of Besov regularity and the “roughness index” of Das [21]

capture only one side of the roughness spectrum [R−, R+] for R+ := 1/q∗, whereas the

existence of the roughness exponent is tantamount to R− = R+.

Example 2.29. Consider the function x with Faber–Schauder coefficients θn,k = 2(1/2−R)n

if n = m! for some m ∈ N and θn,k = 0 otherwise. The idea of constructing such a function

is based on Faber [30]. It is easy to see that

2(2−2R)n! ≤ s2n!+1 ≤ n2(2−2R)n! and 2(2−2R)(n−1)! ≤ s2n! ≤ (n− 1)2(2−2R)(n−1)!,

and hence r+ = 1 and r− = R, where r± is as in (2.9). For each m ∈ N, the Faber–Schauder
coefficient θm,k does not depend on k, and so x satisfies the reverse Jensen condition by

Remark 2.7. Thus, we have q∗ = 1/r− = 1/R and q∗ = 1/r+ = 1, and Proposition 2.2 hence

implies that x does not admit a roughness exponent. Let us now show that

x ∈
󰁟

ε>0, p≥1

BR−ε
p,∞ [0, 1] \

󰁞

ε>0, 1
R+ε

<p< 1
R

BR+ε
p,∞ [0, 1]. (2.41)

We prove first that x belongs to the intersection on the left-hand side. For every p ≥ 1, it

follows from (2.23) that there exist 0 < Ap ≤ Bp < ∞ and a subexponential function 󰂄p

such that

Ap󰂄
−1
p (n)2n(1−p)spn ≤ 〈x〉(p)n ≤ Bp󰂄p(n)2

n(1−p)spn.
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Since R ∈ (0, 1), we have that for any ε > 0 and p ≥ 1,

󰀂x󰀂R−ε,p,∞ = sup
n

󰀓
2n(p(R−ε)−1)〈x〉(p)n

󰀔1/p

≤ sup
n

󰀓
2np(R−ε−1)Bp󰂄p(n)s

p
n

󰀔1/p

= sup
n

󰀓
2(n!+1)p(R−ε−1)Bp󰂄p(n! + 1)spn!+1

󰀔1/p

≤ sup
n

󰀓
2(n!+1)p(R−ε−1)Bp󰂄p(n! + 1)n2p(1−R)n!

󰀔1/p

= 2R−ε−1B1/p
p sup

n

󰀓
2−pεn!n󰂄p(n! + 1)

󰀔1/p

< ∞.

The final inequality holds because 󰂄p(n) is a sub-exponential function. In a next step, we

are going to show that for any ε > 0 and 1/R > p > 1/(R + ε), we have x /∈ BR+ε
p,∞ [0, 1].

Since p > 1/(R + ε),

󰀂x󰀂R+ε,p,∞ = sup
n

󰀕
2n(p(R+ε)−1)〈x〉(p)n

󰀖1/p

≥ sup
n

󰀕
2(n!+1)p(R+ε−1)Ap󰂄

−1
p (n! + 1)spn!+1

󰀖1/p

≥ sup
n

󰀕
2(n!+1)p(R+ε−1)Ap󰂄

−1
p (n! + 1)2p(1−R)n!

󰀖1/p

= 2R+ε−1A1/p
p sup

n

󰀕
2pεn!󰂄−1

p (n! + 1)

󰀖1/p

,

which is infinite, because 󰂄p is sub-exponential.

2.6 Application to fractional Brownian motion with

drift

Fractional Brownian motion with Hurst parameter H ∈ (0, 1) is a centered Gaussian stochas-

tic process WH with continuous sample paths and covariance function

E[WH
s WH

s ] =
1

2

󰀃
|s|2H + |t|2H − |t− s|2H

󰀄
, s, t ≥ 0,

on a given probability space (󰁨Ω,G ,Q). For H = 1/2, we recover a standard Brownian motion

W = W 1/2 as a special case.

The following theorem shows that almost all sample paths of the fractional Brownian

motion admit roughness exponent H. In addition, we also obtain the convergence rate of

the Gladyshev estimator 󰁥Rn over the fractional Brownian motion.

37



Theorem 2.30. For all H ∈ (0, 1), almost all sample paths of the process WH satisfy the

reverse Jensen condition and admit the roughness exponent H. Moreover, the estimator 󰁥Rn

is strongly consistent and there exists a positive constant κ such that

lim sup
n↑∞

| 󰁥Rn(W
H)−H|
εn

≤ κ Q-a.s., (2.42)

where

εn =

󰀻
󰁁󰁁󰁁󰀿

󰁁󰁁󰁁󰀽

2−n/2n−1
√
log n if H ∈ (0, 1

2
),

2−n/2n−1/2
√
log n if H = 1

2
,

2(H−1)nn−1
√
log n if H ∈ (1

2
, 1).

(2.43)

For fractional Brownian motion with Hurst parameter H ≤ 1/2, it follows from Theorem

1.2 in [72] that limn〈WH〉(1/H)
n = π−1/221/(2H)Γ(H+1

2H
) Q-a.s. As discussed at the beginning

of Section 2.1, this implies that WH admits Q-a.s. the roughness exponent H. So this part

of the assertion of Theorem 2.30 was known beforehand. For the case H > 1/2, however,

we were only able to find references in the literature that yield convergence of 〈WH〉(1/H)
n

in probability (see, e.g., Section 1.18 in [75] and the references therein), which is not quite

sufficient to conclude that almost all trajectories of WH admit the roughness exponent H.

The rate of convergence for 󰁥Rn(W
H) was initially studied in [64, Theorem 1] for H >

1/2. However, as pointed out in our communication [63] with the authors, the convergence

rate stated in [64] contains a typo. By modifying and streamlining the original proof idea

from [64], Theorem 2.30 provides the correct rate, states a stronger convergence result and

extends it to the cases of H = 1/2 and H < 1/2.

Let us now extend the results in Theorem 2.30 to a fractional Brownian motion with

drift. To this end, let X be given by

Xt := x0 +WH
t +

󰁝 t

0

ζs ds, 0 ≤ t ≤ T, (2.44)

where ζ is progressively measurable with respect to the natural filtration generated by WH .

The extension of Theorem 2.30 relies on the following theorem, which provides sufficient

conditions that guarantee the law of the process X is absolutely continuous with respect to

the law of the original fractional Brownian motion.

Theorem 2.31. Let X be given by (2.44) and suppose that the following assumption is

satisfied.

• If H < 1/2, we assume that t 󰀁→ ξt is Q-a.s. bounded in the sense that there exists a

finite random variable C such that ξt(ω) ≤ C(ω) for a.e. t and Q-a.s. ω.

38



• If H > 1/2, we assume that t 󰀁→ ξt is Q-a.s. Hölder continuous with some exponent

α > 2H − 1.

Then the law of (Xt)t∈[0,T ] is absolutely continuous with respect to the law of (x0+WH
t )t∈[0,T ].

In addition, if the drift ξ is of the form ξt = b(Xt) for some function b : R → R, we
are able to establish sufficient conditions for the equivalence of the law of X to the one of

x0 + WH . An important special case is the fractional Ornstein–Uhlenbeck process, which

was proposed by Gatheral et al. [40] as a suitable candidate for log-volatility. The fractional

Ornstein–Uhlenbeck process is defined as the pathwise solution of the following integral

equation

XH
t = x0 + ρ

󰁝 t

0

(µ−XH
s ) ds+WH

t , t ≥ 0, (2.45)

where ρ and µ are real parameters; see [13].

Theorem 2.32. Suppose that X solves the following integral equation,

Xt = x0 +WH
t +

󰁝 t

0

b(Xs) ds, 0 ≤ t ≤ T, (2.46)

for some locally bounded and measurable function b : R → R. For H > 1/2, we assume in

addition that b is locally Hölder continuous with some exponent α > 2− 1/H. Then the law

of (Xt)t∈[0,T ] is equivalent to the law of (x0 +WH
t )t∈[0,T ].

Clearly, the above applies in particular to the fractional Ornstein–Uhlenbeck process XH ,

where b(x) = ρ(µ − x). Furthermore, as a direct corollary of Theorem 2.31, we are able to

show that the fractional Brownian motion with an absolutely continuous drift admits the

roughness exponent H. Furthermore, the estimator 󰁥Rn remains strongly consistent with the

same convergence rate as in (2.43).

Corollary 2.33. Suppose that X is as in (2.44) and satisfies all the assumptions in The-

orem 2.31. For all H ∈ (0, 1), almost all sample paths of the process X satisfy the re-

verse Jensen condition and admit the roughness exponent H. Moreover, the estimator 󰁥Rn is

strongly consistent and there exists a positive constant κ such that

lim sup
n↑∞

| 󰁥Rn(X)−H|
εn

≤ κ Q-a.s.,

where

εn =

󰀻
󰁁󰁁󰁁󰀿

󰁁󰁁󰁁󰀽

2−n/2n−1
√
log n if H ∈ (0, 1

2
),

2−n/2n−1/2
√
log n if H = 1

2
,

2(H−1)nn−1
√
log n if H ∈ (1

2
, 1).
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Note that the Gladyshev estimates 󰁥Rn(X) converge at the rate O
󰀃
2(H−1)nn−1

√
log n

󰀄

for H > 1/2 almost surely. Consequently, as the Hurst parameter approaches one, the

convergence speed of the Gladyshev estimator significantly deteriorates. However, this issue

can be solved by utilizing the estimator 󰁥R∗
n as in (2.24). The following theorem provides the

rate of convergence of the estimator 󰁥R∗
n for the fractional Brownian motion with drift.

Theorem 2.34. Suppose that X is as in (2.44) and satisfies all the assumptions in The-

orem 2.31. The estimator 󰁥R∗
n is strongly consistent, and there exists a positive constant κ

such that

lim sup
n↑∞

| 󰁥R∗
n(X) + n−1 log2 αH −H|

εn
≤ κ Q-a.s.,

where

εn = 2−n/2n−1
󰁳

log n and αH =
󰁳

22−2H − 1.

As illustrated in the preceding theorem, applying the estimator 󰁥R∗
n yields an enhanced

convergence rate, improving fromO
󰀃
2(H−1)nn−1

√
log n

󰀄
toO

󰀃
2−n/2n−1

√
log n

󰀄
. Nonetheless,

in contrast to the Gladyshev estimator 󰁥Rn, the estimator 󰁥R∗
n entails an extra bias of size

n−1 log2 αH . This bias impedes the direct application of the estimator 󰁥R∗
n to estimate the

Hurst parameter. However, in Section 2.8, we will show that this bias can be removed with-

out deteriorating the corresponding rate of convergence by constructing the scale-invariant

modifications of the estimator 󰁥R∗
n.

2.7 The roughness exponent without the reverse Jensen

condition

In this section, we collect some general mathematical properties of the roughness exponent,

which hold even if the reverse Jensen condition is not satisfied. As in Section 2.1, we fix an

arbitrary function x ∈ C[0, 1] with Faber–Schauder coefficients (θm,k) and 󰁥Rn(x) as defined

in (2.7). Moreover, r+ = lim supn
󰁥Rn(x) and r− = lim infn 󰁥Rn(x) are as in (2.9). We start

with the following a priori estimates linking the roughness exponent R with r+ and r−.

Proposition 2.35. Suppose that x admits the roughness exponent R. Then the following

assertions hold:

(a) If r+ < 1/2, then R ≤ 1/2; if r− > 1/2, then R ≥ 1/2.

(b) If R ≤ 1/2, then R ≤ r−; if R ≥ 1/2, then R ≥ r+.
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Proof of Proposition 2.35. Recall the short-hand notion rn := 󰁥Rn(x). To prove (a), we

suppose first that r+ < 1/2. Since (2.13) states that 〈x〉(2)n = 2n(1−2rn) and lim infn〈x〉(2)n = ∞,

we must have R ≤ 1/2. In the same way, we get R ≥ 1/2 if r− > 1/2. To prove (b), we

suppose first that R ≤ 1/2 and take p > 1/R ≥ 2. Applying Jensen’s inequality to (2.21)

gives

〈x〉(p)n ≥ Ap2
n(1−p)E

󰁫󰀓 n−1󰁛

m=0

Sm

󰀔p/2󰁬
≥ Ap2

n(1−p)E
󰁫󰀓 n−1󰁛

m=0

Sm

󰀔󰁬p/2
= Ap2

n(1−prn). (2.47)

Since lim supn〈x〉
(p)
n = 0, we must have r− > 1/p. Taking 1/p ↑ R gives R ≤ r−. The

assertion for R ≥ 1/2 can be proved analogously.

The preceding proposition provides one-sided bounds on the roughness exponent in terms

of r := limn
󰁥Rn(x). Our next result gives universal two-sided bounds for R. To this end, for

m ∈ N, we denote by

󰁥Fm(t) := 2−m
󰀓 2m−1󰁛

k=0
{θ2m,k≤t2−m}

󰀔

the empirical distribution of the mth generation Faber–Schauder coefficients and let 󰁥F−1
m be

a corresponding quantile function.

Proposition 2.36. Suppose that x admits the roughness exponent R. We define for ν ∈ N
and n ∈ N,

r+ν,n := 1− 1

2n
log2

n−1󰁛

m=0

1

mν

mν󰁛

k=1

󰁥F−1
m

󰀓
2−m

󰁭2m(k − 1)

mν

󰁮󰀔
,

r−ν,n := 1− 1

2n
log2

n−1󰁛

m=0

1

mν

mν󰁛

k=1

󰁥F−1
m

󰀓
2−m

󰁯2mk
mν

󰁰󰀔
.

If the limits r±ν := lim
n↑∞

r±ν,n exist for some ν ∈ N, then r−ν ≤ R ≤ r+ν .

Proof of Proposition 2.36. Let us first consider the case p ≥ 2. It follows from (2.47) that

〈x〉(p)n ≥ Ap2
n(1−p)E

󰁫 n−1󰁛

m=0

Sm

󰁬p/2
= Ap2

n(1−p)

󰀕 n−1󰁛

m=0

󰁝 1

0

󰁥F−1
m (t)dt

󰀖p/2

.

Furthermore, we have
󰁝 1

0

󰁥F−1
m (t)dt =

mν󰁛

k=1

󰁝 k/mν

(k−1)/mν

󰁥F−1
m (t)dt.

41



Note that 2−m⌊2m(k − 1)/mν⌋ ≤ (k − 1)/mν ≤ k/mν ≤ 2−m⌈2mk/mν⌉. Moreover, both

2−m⌊2m(k − 1)/mν⌋ and 2−m⌈2mk/mν⌉ belong to {k2−m : k = 0, . . . , 2m}. Hence,

󰁥F−1
m

󰀓
2−m

󰁯2mk
mν

󰁰󰀔
≥ 󰁥F−1

m (t) ≥ 󰁥F−1
m

󰀓
2−m

󰁭2m(k − 1)

mν

󰁮󰀔
(2.48)

for all t ∈ [(k − 1)/mν , k/mν ]. This gives

〈x〉(p)n ≥ Ap2
n(1−p)

󰁫 n−1󰁛

m=0

1

mν

mν󰁛

k=1

󰁥F−1
m

󰀓
2−m

󰁭2m(k − 1)

mν

󰁮󰀔󰁬p/2
= Ap2

n(1−pr+ν,n).

Moreover, applying Jensen’s inequality to (2.12), we get

〈x〉(p)n ≤ Bp2
n(1−p)np/2E

󰁫󰀓 1
n

n−1󰁛

m=0

Sm

󰀔p/2󰁬
≤ Bp2

n(1−p)np/2−1

n−1󰁛

m=0

E[Sp/2
m ].

We once again apply (2.48) to this inequality and obtain

〈x〉(p)n ≤ Bp2
n(1−p)np/2−1

󰀳

󰁃
n−1󰁛

m=0

1

mν

mν󰁛

k=1

󰁫
󰁥F−1
m

󰀓
2−m

󰁯2mk
mν

󰁰󰀔󰁬p/2
󰀴

󰁄

≤ Bp2
n(1−p)n(ν+1)(p/2−1)

󰁫 n−1󰁛

m=0

1

mν

mν󰁛

k=1

󰁥F−1
m

󰀓
2−m

󰁯2mk
mν

󰁰󰀔󰁬p/2

= Bp2
n(1−pr−ν,n+(ν+1)(p/2−1) log2 n/n).

Moreover, a similar inequality can be obtained for 1 ≤ p ≤ 2,

Ap2
n
󰀃
1−pr+ν,n+(ν+1)(p/2−1) log2 n/n

󰀄
≤ 〈x〉(p)n ≤ Bp2

n(1−pr−ν,n).

In both cases (p ≥ 2 or 1 ≤ p ≤ 2), the exponents inside the brackets converge to 1− pr±ν as

n ↑ ∞. Therefore, limn〈x〉(p)n = ∞ for p < 1/r+ν and limn〈x〉(p)n = 0 for p > 1/r−ν . This leads

to r−ν ≤ R ≤ r+ν , and concludes the proof.

The next result looks at the special case of functions x of bounded variation. Such

functions clearly have the roughness exponent R = 1. The converse statement, however, is

not true: there exist functions with R = 1 that are nowhere differentiable and hence not of

bounded variation; see Example 2.8.

Proposition 2.37. The following assertions hold:

(a) If supn sn < ∞, then the function x is of bounded variation.
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(b) If the function x is of bounded variation, then supn 2
−n/2

󰁓2n−1
k=0 |θn,k| < ∞.

Proof of Proposition 2.37. (a): It follows from Proposition 2.10 that there exists B1 > 0

such that

〈x〉(1)n ≤ B1E
󰁫󰀓 n−1󰁛

m=0

Sm

󰀔1/2󰁬
≤ B1

󰀓 n−1󰁛

m=0

E[Sm]
󰀔1/2

= B1sn.

Therefore, supn〈x〉
(1)
n ≤ B1 supn sn < ∞, and supn〈x〉

(1)
n coincides with the total variation of

the continuous function x (see, e.g., Theorem 2 in §5 of Chapter VIII in [79]).

(b): Following from Proposition 2.10, we have

A1

󰀓
2−n/2

2n−1󰁛

k=0

|θn,k|
󰀔
= A1E[S1/2

n ] ≤ A1E
󰁫󰀓 n−1󰁛

m=0

Sm

󰀔1/2󰁬
≤ 〈x〉(1)n ,

for some A1 > 0. Taking suprema on both sides of the above inequality completes our

proof.

Our final result in this section concerns the value of the roughness exponent of the sum

of two continuous functions.

Lemma 2.38. Suppose that x, y ∈ C[0, 1] admit respectively the roughness exponents Rx and

Ry such that Rx < Ry. Then x+ y admits the roughness exponent Rx.

Proof. For simplicity, for any continuous function f ∈ C[0, 1], we introduce the following

generic notation

∆fn =

󰀣
f

󰀕
1

2n

󰀖
− f(0), f

󰀕
2

2n

󰀖
− f

󰀕
1

2n

󰀖
, · · · , f(1)− f

󰀕
2n − 1

2n

󰀖󰀤
∈ R2n .

Then, for n ∈ N and p ≥ 1, we have 〈f〉(p)n = 󰀂∆f󰀂pℓp . Moreover, the triangular inequality

yields that

󰀕󰀏󰀏󰀏󰀂∆xn󰀂ℓp −󰀂∆yn󰀂ℓp
󰀏󰀏󰀏
󰀖p

≤ 〈x+ y〉(p)n =󰀂∆xn +∆yn󰀂pℓp ≤
󰀓
󰀂∆xn󰀂ℓp +󰀂∆yn󰀂ℓp

󰀔p

.

By definition, for any p > 1
Rx

> 1
Ry

, it gives

lim
n↑∞

〈x〉(p)n = lim
n↑∞

〈y〉(p)n = 0 (2.49)

Thus, we have

lim
n↑∞

󰀂∆xn󰀂ℓp = lim
n↑∞

󰀂∆yn󰀂ℓp = 0.

43



Thus, for p > 1
Rx

, we have

lim
n↑∞

〈x+ y〉(p)n ≤ lim
n↑∞

󰀓
󰀂∆xn󰀂ℓp +󰀂∆yn󰀂ℓp

󰀔p

= 0.

Next, for 1
Ry

< p < 1
Rx

, we have

lim
n↑∞

〈x〉(p)n = lim
n↑∞

󰀂∆xn󰀂pℓp = ∞ and lim
n↑∞

〈y〉(p)n = lim
n↑∞

󰀂∆yn󰀂pℓp = 0.

Hence, we have

lim
n↑∞

〈x+ y〉(p)n ≥ lim
n↑∞

󰀕󰀏󰀏󰀏󰀂∆xn󰀂ℓp −󰀂∆yn󰀂ℓp
󰀏󰀏󰀏
󰀖p

= ∞. (2.50)

As the quantity 〈x + y〉(p)n is strictly decreasing in p for a sufficiently large n, therefore, the

above identity naturally extends to p < 1
Rx

. Combining the identities in (2.49) and (2.50)

completes the proof.

2.8 Model-free estimation of the roughness exponent

In this section, we will introduce and analyze model-free estimators for the roughness ex-

ponent. To this end, recall that 󰁥Rn(x) = 1 − 1
n
log2 sn is a consistent estimator for the

roughness exponent of any function x ∈ C[0, 1] whose Faber–Schauder coefficients (θm,k)

satisfy the reverse Jensen condition. Figure 2.1 illustrates that the estimator performs very

well for sample paths of fractional Brownian motion and yields accurate estimates of the

corresponding Hurst parameter.

Figure 2.1: Box plots of 󰁥Rn for n = 7, . . . , 14 based on 10,000 sample paths of fractional
Brownian motion with R = 0.3 (left) and R = 0.7 (right).

But the estimator 󰁥Rn also has a disadvantage: it is not scale-invariant. Indeed, we clearly
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have
󰁥Rn(λx)− 󰁥Rn(x) = − log2 |λ|

n
for λ ∕= 0. (2.51)

As a consequence, multiplying x with a constant factor can lead to negative or unreasonably

large estimates for R and substantially slow down or speed up the convergence 󰁥Rn(x) → R

(note that both the roughness exponent itself and the reverse Jensen condition are scale-

invariant). Naive normalization of the data does not resolve this issue, as illustrated in

Figure 2.2. In the next subsection, we are therefore going to derive intrinsically defined opti-

mal scaling factors and the corresponding improved estimators for the roughness exponent.

Figure 2.2: Histograms of 󰁥R12 applied to 5000 standardized sample paths of fractional Brown-
ian motion with Hurst parameters H = 0.3 (left) and H = 0.7 (right). Here, standardization
means that each sample path is affinely scaled to have empirical mean zero and variance one.
The red vertical lines represent the empirical means of the corresponding estimates.

When presented with a generic time series, we face significant uncertainty about possible

data scaling that, as discussed above, can lead to significant underperformance of the esti-

mator 󰁥Rn. In this section, we will therefore analyze two ideas on constructing scale-invariant

estimators for the roughness exponent out of the sequence ( 󰁥Rn). Both ideas will lead to new

estimators that are linear combinations of 󰁥Rn, . . . , 󰁥Rn−m for a number m.

The first idea consists in looking for a scaling factor λn that optimizes a certain criterion

over all possible parameters λ > 0 and then to take 󰁥Rn(λnx) as a new estimator. In particu-

lar, we will look at the following two choices. A third choice will be given in Definition 2.40.

Definition 2.39. Fix m ∈ N and α0, . . . ,αm ≥ 0 with α0 > 0.

(a) For n > m, the sequential scaling factor λs
n and the sequential scale estimate Rs

n(x)

are defined as follows,

λs
n := argmin

λ>0

n󰁛

k=n−m

αn−k

󰀓
󰁥Rk(λx)− 󰁥Rk−1(λx)

󰀔2

and Rs
n(x) := 󰁥Rn(λ

s
nx). (2.52)
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The corresponding mapping Rs
n : C[0, 1] → R will be called the sequential scale esti-

mator.

(b) The terminal scaling factor λt
n and the terminal scale estimate Rt

n(x) are defined as

follows,

λt
n := argmin

λ>0

n󰁛

k=n−m

αn−k

󰀓
󰁥Rn(λx)− 󰁥Rk−1(λx)

󰀔2

and Rt
n(x) := 󰁥Rn(λ

t
nx). (2.53)

The corresponding mapping Rt
n : C[0, 1] → R will be called the terminal scale estima-

tor.

We will see in Proposition 2.41 that Definition 2.39 is well posed, because the minimiza-

tion problems in (2.52) and (2.53) admit unique solutions for every function x ∈ C[0, 1]. The

intuition for sequential scaling is fairly simple. The sequential scaling factor λs
n minimizes

the weighted mean-squared differences 󰁥Rk(λx) − 󰁥Rk−1(λx) for k = m + 1, . . . , n. Since 󰁥Rn

is a consistent estimator, the faster the sequence 󰁥Rk(λx) converges, the more accurate the

final estimate 󰁥Rn(λx) will be. The idea for terminal scaling is also straightforward: Since

the estimator 󰁥Rn is consistent, the last estimate 󰁥Rn(x) should be more precise than any

other previous value 󰁥Rk(x) with k < n. Therefore, we aim at minimizing the weighted

mean-squared differences 󰁥Rk(λx) and 󰁥Rn(λx).

Our second idea for constructing a scale-invariant estimator is as follows. It follows from

(2.51) that for λ > 0

n 󰁥Rn(x) = n 󰁥Rn(λx) + log2 λ.

For an ideal scaling factor λ, the right-hand side will be close to nR + log2 |λ|. There-

fore, the idea is to perform linear regression on the data points (n−m) 󰁥Rn−m(x), (n−m−
1) 󰁥Rn−m−1(x), . . . , n 󰁥Rn(x) and to take the corresponding slope as an estimator for R.

Definition 2.40. Let m ∈ N and α0, . . . ,αm ≥ 0 be such that
󰁓m

k=0 αk = 1. Then, for

n > m, the regression scale estimate Rr
n(x) and the regression scaling factor λr

n are given by

(Rr
n(x),λ

r
n) = argmin

h∈R,λ>0

m󰁛

k=0

αk

󰀓
(n− k)( 󰁥Rn−k(x)− h)− log2 λ

󰀔2

. (2.54)

The corresponding mapping Rr
n : C[0, 1] → R will be called the regression scale estimator.

The following proposition shows in particular that all three estimators can be represented

by linear combinations of the estimators 󰁥Rk for m ≤ k ≤ n and that they are scale-invariant

estimators of the roughness exponent R.
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Proposition 2.41. Consider the context of Definitions 2.39 and 2.40 with fixed m ∈ N and

α0, . . . ,αm ≥ 0 such that α0 > 0.

(a) The three optimization problems in (2.52), (2.53), and (2.54) admit unique solutions

for every function x ∈ C[0, 1]. In particular, all objects in Definitions 2.39 and 2.40

are well defined.

(b) The sequential and terminal scale estimators can be represented by the following re-

spective linear combinations of the estimators 󰁥Rk,

Rs
n = βn,n

󰁥Rn + · · ·+ βn,n−m−1
󰁥Rn−m−1 and Rt

n = γn,n 󰁥Rn + · · ·+ γn,n−m−1
󰁥Rn−m−1,

where

βn,k =

󰀻
󰁁󰁁󰁁󰁁󰁁󰁁󰀿

󰁁󰁁󰁁󰁁󰁁󰁁󰀽

1 +
α0

csnn
2(n− 1)

if k = n,

1

csnnk

󰀓 αn−k

k − 1
− αn−k−1

k + 1

󰀔
if n−m ≤ k ≤ n− 1,

−αm

csnn(n−m)(n−m− 1)
if k = n−m− 1,

for csn :=
n󰁛

k=n−m

αn−k

k2(k − 1)2
,

and

γn,k =

󰀻
󰁁󰁁󰁁󰀿

󰁁󰁁󰁁󰀽

1 +
1

ctnn
2

n󰁛

j=n−m

αn−j
n− j + 1

j − 1
if k = n,

k − n

ctnn
2k

αn−k−1 otherwise,

for ctn =
n󰁛

k=n−m

αn−k

󰀓n− k + 1

n(k − 1)

󰀔2

.

If in addition
󰁓

k αk = 1, then the regression scale estimator is given by

Rr
n =

1

cr

m󰁛

k=0

αk(n− k)
󰀃
k − a) 󰁥Rn−k, (2.55)

where

a =
m󰁛

k=0

αkk and cr = a2 −
m󰁛

k=0

αkk
2.

(c) The sequential, terminal, and regression scale estimators are scale-invariant. That is,

for n > m, x ∈ C[0, 1], and λ ∕= 0, we have Rt
n(λx) = Rt

n(x), R
s
n(λx) = Rs

n(x) and

Rr
n(λx) = Rr

n(x).

(d) If x ∈ C[0, 1] is such that there exists λ ∕= 0 for which | 󰁥Rn(λx) − R| = O(an) as

n ↑ ∞ for some sequence (an) with an = o(1/n), then |Rs
n(x) − R|, |Rt

n(x) − R|, and
|Rr

n(x)−R| are all of the order O(nan).
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Proof of Proposition 2.41. We prove (a) and (b) together. Fix x ∈ C[0, 1]. For λ > 0 we

write φ := log2 λ and we will minimize (2.52) and (2.53) over φ rather than over λ. Recall

from (2.51) that

󰁥Rk(2
φx) = 󰁥Rk(x)−

φ

k
. (2.56)

One therefore sees that the objective functions in (2.52) and (2.53) are strictly convex in

φ. Thus, minimizers can be computed as the unique zeros of the corresponding derivatives.

Differentiating the objective function in (2.52) and summing by parts gives

1

2

∂

∂φ

n󰁛

k=n−m

αn−k

󰀓
󰁥Rk(2

φx)− 󰁥Rk−1(2
φx)

󰀔2

= csnφ+
α0

󰁥Rn(x)

n(n− 1)
+

n−1󰁛

k=n−m

󰁥Rk(x)
󰀓 αn−k

k(k − 1)
− αn−k−1

(k + 1)k

󰀔
− αm

󰁥Rn−m−1(x)

(n−m)(n−m− 1)
. (2.57)

Setting this expression equal to zero yields the global minimizer φs
n,

φs
n = − 1

csn

󰀕 󰁥Rn(x)

n
· α0

n− 1
+

n−1󰁛

k=n−m

󰁥Rk(x)

k

󰀓 αn−k

k − 1
− αn−k−1

k + 1

󰀔
−

󰁥Rn−m−1(x)

n−m− 1
· αm

n−m

󰀖
.

Applying (2.56) to 󰁥Rn(2
φs
nx) yields the asserted expression for the sequential scale estimator.

The proof for the terminal scale estimator is analogous. The assertion for the regression scale

estimator follows by standard computations for linear regression.

(c) For η > 0, we have

argmin
λ>0

n󰁛

k=n−m

αn−k

󰀓
󰁥Rk(ληx)− 󰁥Rk−1(ληx)

󰀔2

=
1

η
argmin

λ>0

n󰁛

k=n−m

αn−k

󰀓
󰁥Rk(λx)− 󰁥Rk−1(λx)

󰀔2

=
λs
n

η
,

where λs
n is the sequential scaling factor. Therefore, Rs

n(ηx) = 󰁥Rn(λ
s
nx) = Rs

n(x). The same

argument yields the scale invariance of the terminal and regression scale estimators.

(d) Clearly, we can assume without loss of generality that λ = 1. First, we consider the

sequential scale estimator. Using (2.57) one sees that
󰁓

k βn,k = 1 so that

Rs
n −R = βn,n( 󰁥Rn −R) + · · ·+ βn,n−m−1( 󰁥Rn−m−1 −R).

Since βn,n−k = O(n) for each k, the assertion follows. The proof for the terminal scale

estimator is analogous. For the regression scale estimator, one checks that 1
cr

󰁓m
k=0 αk(n −

k)
󰀃
k − a) = 1 and proceeds as before.

Part (d) of Proposition 2.41 implies in particular the consistency of the sequential, ter-
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minal, and regression scale estimators if x ∈ C[0, 1] satisfies | 󰁥Rn(λx)−R| = o(1/n) for some

λ ∕= 0. It also enables us to obtain the convergence rate of the estimators Rs
n, R

t
n and Rr

n

for the sample paths of fractional Brownian motion with drift.

Corollary 2.42. Suppose that X is a fractional Brownian motion with drift as in (2.44)

and satisfies all the assumptions in Theorem 2.31. Then the following almost sure rates of

convergence hold for the scale-invariant estimator Rp
n with p ∈ {s, t, r},

󰀏󰀏Rp
n(X)−H

󰀏󰀏 =

󰀻
󰁁󰁁󰁁󰁁󰀿

󰁁󰁁󰁁󰁁󰀽

O
󰀓
2−n/2

√
log n

󰀔
if H ∈ (0, 1

2
),

O
󰀓
2−n/2n1/2

√
log n

󰀔
if H = 1

2
,

O
󰀓
2(H−1)n

√
log n

󰀔
if H ∈ (1

2
, 1).

(2.58)

Remark 2.43. A general scale-invariant estimator 󰁨Rn can be constructed by solving an

optimization problem of the form

󰁨λ := argmin
λ>0

n󰁛

j>k

αj,k| 󰁥Rj(λx)− 󰁥Rk(λx)|2,

where αj,k are given coefficients, and by setting 󰁨Rn(x) := 󰁥Rn(󰁨λx). If the global minimizer 󰁨λ
exists, the estimate 󰁨Rn(x) will be a linear combination of the estimates 󰁥Rk(x).

The sequential, terminal, and regression scale estimators can be analogously derived

based on the estimator 󰁥R∗
n, following the construction outlined in Definitions 2.39 and 2.40.

We denote those scale-invariant estimators by R∗,s, R∗,t and R∗,r respectively. Moreover, all

properties established in Proposition 2.41 hold true for the scale-invariant estimators R∗,s,

R∗,t and R∗,r. Applying assertion (d) of Proposition 2.41 to Theorem 2.34 directly yields the

following corollary. It demonstrates that the bias in Theorem 2.34 will be removed without

deteriorating the corresponding rate of convergence.

Corollary 2.44. Suppose that X is a fractional Brownian motion with drift as in (2.44)

and satisfies all the assumptions in Theorem 2.31. Then the following almost sure rates of

convergence hold for the scale-invariant estimator R∗,p
n with p ∈ {s, t, r},

󰀏󰀏R∗,p
n (X)−H

󰀏󰀏 = O
󰀓
2−n/2

󰁳
log n

󰀔
. (2.59)

Let us now investigate the relations between our estimators and the one used in [40]. To
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this end, we let for x ∈ C[0, 1], n, k ∈ N and q ∈ R−,

m(q, k, n) :=
󰁭 k

2n

󰁮−1
⌊2n/k⌋󰁛

j=1

|x(kj2−n)− x(k(j − 1)2−n)|q.

Following Rosenbaum [85], Gatheral et al. [40] assume that there exists a positive constant

bq such that

󰀃
k2−n

󰀄−qR
m(q, k, n) → bq, for any fixed k ∈ N, as n ↑ ∞,

From here, the estimator Rv
n from [40] is computed by way of a linear regression. More

precisely, let K be a finite collection of positive integers and Q be a finite collection of

positive real numbers. For q ∈ Q, the estimate Rv
n,q(x) of the roughness exponent of the

continuous function x using the qth variation is obtained by regressing log2 m(q, k, n) with

respect to log2 k, i.e.,

(Rv
n,q(x), bq) = argmin

h∈R, bq>0

󰁛

k∈K

󰀓
log2 m(q, k, n)− log2 bq − qh(log2 k − n)

󰀔2

. (2.60)

Standard computations for linear regression then yield that

Rv
n,q(x) =

󰁓
k∈K

󰀃
log2 k − log2 K

󰀄󰀃
log2 m(q, k, n)− log2 m(q,K, n)

󰀄

q ·
󰁓

k∈K
󰀃
log2 k − log2 K

󰀄 ,

where | · | denotes the cardinality of a set and

log2 K =
1

|K|
󰁛

k∈K

log2 k and log2 m(q,K, n) =
1

|K|
󰁛

k∈K

log2 m(q, k, n).

The simple regression estimate Rv
n(x) is then the sample average of Rv

n,q(x) for all q ∈ Q. In

other words, we have

Rv
n(x) :=

1

|Q|
󰁛

q∈Q

Rv
n,q(x).

The corresponding mapping Rv
n : C[0, 1] → R will be called the simple regression estimator,

which is a formal description of the estimator used in [40]. It is also clear that the simple

regression estimator Rv
n is scale-invariant, i.e., for any n ∈ N and x ∈ C[0, 1], we have

Rv
n(λx) = Rv

n(x) for any λ ∕= 0. Our next result states that the simple regression estimator

is a particular case of our regression scale estimator under a certain choice of parameters.

Proposition 2.45. Let Q = {2}, K = {1, 2, · · · , 2m} and αk = α for all k and some α > 0.

Then, the regression scale estimator Rr
n coincides with the simple regression estimator Rv

n
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for all n > m.

Proof of Proposition 2.45. Since the minimization problems in (2.54) and (2.60) admit unique

solutions for every function x ∈ C[0, 1], it suffices to show (2.54) is equivalent to (2.60) when

taking the above parameters. Let λ = 1/
√
b2, and we rewrite optimization problem in (2.60)

into

argmin
h∈R, bq>0

󰁛

k∈K

󰀓
log2 m(2, k, n)− log2 b2 − 2h(log2 k − n)

󰀔2

= argmin
h∈R,λ>0

m󰁛

j=0

󰀓
2(j − n) + 2 log2 sn−j + 2 log2 λ− 2h(j − n)

󰀔2

= argmin
h∈R, bq>0

m󰁛

j=0

α ·
󰀓
(n− j)( 󰁥Rn−j(x)− h)− log2 λ

󰀔2

,

where the second identity follows from [76, Proposition 2.1].

Unfortunately, there is no rule of thumb in choosing the weighting parameters (αm) and

the type of scale-invariant estimators. As can be seen from the following figures, the perfor-

mance of the scale-invariant estimators depends significantly on the selection of weighting

parameters (αm) and the actual underlying roughness exponent.

Figure 2.3: Box plots of Rs
n with αk = a−k applied to 1000 sample paths of fractional

Brownian motion with Hurst parameters H = 0.3 (left) and H = 0.7 (right) with n = 14
and m = 0, 1, · · · , 5.

2.9 The roughness exponent for unequally spaced par-

titions

In this section, we will relax our assumption that the data points for sampling the pth

variation 〈x〉(p)n of x are located at the nth dyadic partition of the time interval [0, 1]. To this
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end, let us first recall that a partition of the interval [0, 1] is a finite set T = {t0, . . . , tm} such

that 0 = t0 < t1 < · · · < tm = 1. Its mesh is defined as the maximal distance between two

neighboring partition points. A sequence (Tn)n∈N0 of partitions of [0, 1] is called a refining

sequence of partitions of [0, 1] if T0 ⊂ T1 ⊂ · · · and the mesh of Tn tends to 0 as n ↑ ∞. In

this case, we will generically write Tn = {tn0 , tn1 , . . . , tnmn
}. For simplicity, we will henceforth

assume that T0 = {0, 1} and that, when passing from Tn to Tn+1, exactly one new partition

point is added between any two neighboring partition points of Tn, i.e., |(tnk−1, t
n
k)∩Tn+1| = 1.

This assumption can always be satisfied by re-arranging the partitions; in this case, we have

mn = 2n. Furthermore, under this assumption, it follows tnk = tn+1
2k .

In Section 2.1, the definition of the roughness exponent of a continuous function x was

based on the Faber–Schauder expansion of x. The Faber–Schauder functions are clearly tied

to the sequence of dyadic partitions, but, similar to Cont and Das [17], the definition of

the Faber–Schauder functions can be extended to our present setup as follows. First, let

b∅(t) := t. Next, for n ∈ N0 and k ∈ {0, . . . , 2n − 1}, we define

bn,k(t) :=

󰀻
󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰀿

󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰁁󰀽

t− tn+1
2k

tn+1
2k+1 − tn+1

2k

if t ∈ [tn+1
2k , tn+1

2k+1),

tn+1
2k+2 − t

tn+1
2k+2 − tn+1

2k+1

if t ∈ [tn+1
2k+1, t

n+1
2k+2),

0 otherwise.

It is shown in [17, Section 3.3] that any function x ∈ C[0, 1] can be represented by the

following uniformly convergent series,

x(t) = f(0) + (x(1)− x(0))t+
∞󰁛

m=0

2m−1󰁛

k=0

θm,kbm,k(t), t ∈ [0, 1], (2.61)

where

θn,k := x(tn+1
2k+1)−

tn+1
2k+2 − tn+1

2k+1

tn+1
2k+2 − tn+1

2k

x(tn+1
2k )−

tn+1
2k+1 − tn+1

2k

tn+1
2k+2 − tn+1

2k

x(tn+1
2k+2) (2.62)

will be called the generalized Faber–Schauder coefficients of x. For p > 0 and n ∈ N, we
define the pth variation of the function x along Tn by

〈x〉(p)n :=
2n−1󰁛

k=0

󰀏󰀏x(tnk+1)− x(tnk)
󰀏󰀏p.
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If there exists q ∈ [1,∞] such that

lim
n↑∞

〈x〉(p)n =

󰀻
󰀿

󰀽
0 p > q,

∞ p < q,

the roughness exponent of x (with respect to (Tn)n∈N0) is defined as R = 1/q. The fol-

lowing definition formulates the reverse Jensen condition for the irregular Faber–Schauder

coefficients defined in (2.62).

Definition 2.46. We say that the coefficients (θm,k) of x satisfy the reverse Jensen condition

if for each p ≥ 1, there exists a non-decreasing subexponential function 󰂄p : N → [1,∞) such

that

1

󰂄p(n)

󰀓 n−1󰁛

m=0

2m−1−1󰁛

k=0

θ2m,k

tm2k+1 − tm2k
+

θ2m,k

tm2k+2 − tm2k+1

󰀔p/2

≤
󰀓 2n−1󰁛

k=0

n−1󰁛

m=0

θ2m,⌊2m−n+1k⌋

tm⌊2m−nk⌋+1 − tm⌊2m−nk⌋

󰀔p/2

≤ 󰂄p(n)
󰀓 n−1󰁛

m=0

2m−1−1󰁛

k=0

θ2m,k

tm2k+1 − tm2k
+

θ2m,k

tm2k+2 − tm2k+1

󰀔p/2

, n ∈ N.

To formulate our extension of Theorem 2.4 to unequally spaced partitions, we need an

additional condition on our partitions sequence. Let us denote

πn := sup
k

|tnk+1 − tnk | and πn := inf
k
|tnk+1 − tnk |.

We will say that the sequence (Tn)n∈N0 is well-balanced if there exists a non-decreasing

subexponential function κ such that

sup
k≤n

πk

πk

≤ κ(n), n ∈ N0.

The similar but slightly different concept of a balanced partition sequence was introduced

earlier by Cont and Das [18, 17]. Furthermore, for n ∈ N, we now denote likewise

sn :=

󰁹󰁸󰁸󰁷
n−1󰁛

m=0

2m−1󰁛

k=0

2mθ2m,k and 󰁥Rn(x) = 1− 1

n
log2 sn.

The next theorem shows that the roughness exponent defined over a sequence of well-

balanced partitions, its value can be obtained from the sequence (sn)n∈N.

Theorem 2.47. Suppose that the generalized Faber–Schauder coefficients of x satisfy the

reverse Jensen condition and the partition sequence (Tn)n∈N0 is well-balanced. Then, the
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function x admits the roughness exponent R if and only if the finite limit r := limn
󰁥Rn(x)

exists, and in that case, we have R = r.

Finally, let us show that the main result of dyadic partitions can be directly recovered

from Theorem 2.47. Suppose (Tn)n∈N0 is the sequence of dyadic partitions and the function

x ∈ C[0, 1] admits the Faber–Schauder coefficients (µm,k). Then it follows that

µm,k = 2m/2+1θm,k and sn =

󰁹󰁸󰁸󰁷1

2

n−1󰁛

m=0

2m−1󰁛

k=0

µ2
m,k,

which then reproduces Theorem 2.4.

2.10 Proofs for the results in Chapter 2

2.10.1 Proofs for the results in Section 2.4

For the convenience of exposition in subsequent proofs, we introduce the following notation

used in this section exclusively. For a centered Gaussian process X, we denote

φ
(m,n)
j,k := E

󰀗󰀓
X j

2m
−X j−1

2m

󰀔󰀓
X k

2n
−X k−1

2n

󰀔󰀘
, (2.63)

for m,n ∈ N, 1 ≤ j ≤ 2m and 1 ≤ k ≤ 2n. In particular, when the arguments m = n, we

denote φ
(n)
j,k := φ

(n,n)
j,k in short. Moreover, we write

ψX(s, t) := E
󰀃
(Xt −Xs)

2
󰀄
, s, t ≥ 0.

In this section, we assign the Gaussian process X to be either the trifractional Brownian

motion ZH,K or the nth-order fractional Brownian motion WH,m.

The proofs of the above theorems intensively rely on proper upper bounds of φ
(m,n)
j,k for

both processes. The following lemma derives upper bounds of φ
(m,n)
j,k for the trifractional

Brownian motion, which are needed in the proofs of Theorem 2.20.

Lemma 2.48. For H ∈ (0, 1) and K ∈ (0, 1), we denote

φ
(m,n)
j,k := E

󰀗󰀓
ZH,K

j
2m

− ZH,K
j−1
2m

󰀔󰀓
ZH,K

k
2n

− ZH,K
k−1
2n

󰀔󰀘
.

The following inequalities hold:
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(a) For 1 < j ≤ 2m and 1 < k ≤ 2n,

φ
(m,n)
j,k ≤ L12

−(n+m)HK(k − 1)HK−1(j − 1)HK−1, (2.64)

where L1 = 2K(1−K)KH2 > 0.

(b) For 1 < j ≤ 2m, 1 < k ≤ 2n and H ≥ 1/2,

φ
(m,n)
j,k ≤ L2(jk)

2H−1 min
󰀓 (j − 1)2HK−4H

22Hn+(2HK−2H)m
,
(k − 1)2HK−4H

22Hm+(2HK−2H)n

󰀔
, (2.65)

and for 1 < j ≤ 2m, 1 < k ≤ 2n and H < 1/2,

φ
(m,n)
j,k ≤ L2

󰀅
(j − 1)(k − 1)

󰀆2H−1
min

󰀓 (j − 1)2HK−4H

22Hn+(2HK−2H)m
,
(k − 1)2HK−4H

22Hm+(2HK−2H)n

󰀔
, (2.66)

where L2 = 4K(1−K)H2 > 0.

(c) For m,n ∈ N and 1 < k ≤ 2n,

φ
(m,n)
1,k ≤ L3(k − 1)2HK−1−2H2−2Hm+(2H−2HK)n, (2.67)

where L3 = 2HK(1−K) > 0.

(d) For m,n ∈ N and 1 < k ≤ 2n,

φ
(m,n)
1,k ≤ 2HK(k − 1)2HK−12−2HKn. (2.68)

Proof of Lemma 2.48. First, we prove inequality (2.64). For s, t > 0, we get

∂2CH,K

∂s∂t
(s, t) = 4K(1−K)H2(t2H + s2H)K−2(st)2H−1 ≤ 2KK(1−K)H2(st)HK−1. (2.69)

For 1 < j ≤ 2m and 1 < k ≤ 2n, applying (2.69) to the following integral representation

leads to

φ
(m,n)
j,k = CH,K

󰀓 k

2n
,
j

2m

󰀔
+ CH,K

󰀓k − 1

2n
,
j − 1

2m

󰀔
− CH,K

󰀓 k

2n
,
j − 1

2m

󰀔
− CH,K

󰀓k − 1

2n
,
j

2m

󰀔

=

󰁝 k/2n

(k−1)/2n

󰁝 j/2m

(j−1)/2m

∂2CH,K

∂s∂t
(s, t)dsdt ≤ 2−(m+n) sup

k−1≤2ns≤k
j−1≤2mt≤j

∂2CH,K

∂s∂t
(s, t)

≤ 2−(m+n)L1

󰀓(j − 1)(k − 1)

2m+n

󰀔HK−1

= L12
−(m+n)HK(k − 1)HK−1(j − 1)HK−1.

The last inequality holds as HK < 1. Next, we prove (2.65) for H ≥ 1/2. As K − 2 < 0,
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one has
∂2CH,K

∂s∂t
(s, t) ≤ L2 min

󰀅
s2H(K−2), t2H(K−2)

󰀆
(st)2H−1.

Therefore,

φ
(m,n)
j,k ≤ L22

−(m+n) sup
k−1≤2ns≤k
j−1≤2mt≤j

󰀓
min

󰀅
s2H(K−2), t2H(K−2)

󰀆
(st)2H−1

󰀔

= L22
−2H(m+n) min

󰁫󰀓j − 1

2m

󰀔2H(K−2)

,
󰀓k − 1

2n

󰀔2H(K−2)󰁬󰀓 jk

2m+n

󰀔2H−1

.

Rearranging this inequality gives (2.65), and the proof of (2.66) is analogous. Let us now

prove (2.67). To this end, for each fixed m ∈ N, we take g(t) := CH,K(1/2
m, t). Clearly, g

is continuous over [0, 1] and differentiable over (0, 1). Furthermore, since K < 1, we have

[1 + (2−m/t)2H ]K−1 ≥ 1 + (K − 1)(2−m/t)2H . Thus,

0 < g′(t) = 2HKt2HK−1

󰀗
1−

󰁫
1 +

󰀓2−m

t

󰀔2H󰁬K−1
󰀘
≤ L3t

2HK−1−2H2−2Hm.

By the mean value theorem, there exists τ ∈ [(k − 1)/2n, k/2n] such that

φ
(m,n)
1,k = CH,K

󰀓 1

2m
,
k

2m

󰀔
− CH,K

󰀓 1

2m
,
k − 1

2m

󰀔
= g′(τ)2−n

≤ L3(k − 1)2HK−1−2H2−2Hm+(2H−2HK)n,

where the last inequality holds as 2HK − 1 − 2H < 0. This completes the proof of (2.67).

Finally, as g′(t) ≤ 2HKt2HK−1, it leads to

φ
(m,n)
1,k ≤ 2HK

󰀓k − 1

2n

󰀔(2HK−1)n

2−n = 2HK(k − 1)2HK−12−2HKn.

Thus, we complete the proof of (2.68).

Proof of Theorem 2.20. For n ∈ N and α ∈ R, we let Sα
n := 2αn〈ZH,K〉(2)n in short. As the

trifractional Brownian motion is a centered Gaussian process, it then follows from Isserlis’

theorem

E(Sα
n ) = 2αn

2n󰁛

k=1

φ
(n)
k,k and var(Sα

n ) = 22αn+1

2n󰁛

j,k=1

(φ
(n)
j,k )

2. (2.70)

In the sequel, we start by analyzing the limits of E(Sα
n ) and var(Sα

n ) as n ↑ ∞. Subsequently,

we discuss case by case to prove (2.31) and (2.33). Finally, we prove (2.32) and (2.34). First,
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applying (2.64) gives

E(Sα
n ) = 2αn

󰀓
φ
(n)
1,1 +

2n󰁛

k=2

φ
(n)
k,k

󰀔
≤ 2(α−2HK)n

󰀓
(2− 2K) + L1

2n−1󰁛

k=1

k2HK−2
󰀔
. (2.71)

Seeing that for 2HK − 2 < −1, one has
󰁓∞

k=1 k
2HK−2 < ∞. This implies that if HK < 1/2,

we have E(Sα
n ) ↓ 0 for α < 2HK as n ↑ ∞. For HK > 1/2, one has

2n−1󰁛

k=1

k2HK−2 ≤
󰁝 2n

0

t2HK−2dt = (2HK − 1)−12(2HK−1)n. (2.72)

Inequalities (2.71) and (2.72) then imply that for HK > 1/2, E(Sα
n ) ↓ 0 for α < 1 as n ↑ ∞.

Last, for HK = 1/2, we have

E(Sα
n ) ≤ 2(α−1)n

󰀓
(2− 2K) + L1

2n󰁛

k=1

1

k

󰀔
= 2(α−1)n

󰀃
(2− 2K) + L1h2n

󰀄
,

where h2n denotes the 2n-th Harmonic number, and h2n ∼ n log 2 as n ↑ ∞. Thus, we have

E(Sα
n ) ↓ 0 as n ↑ ∞ for α < 1 and HK = 1/2. Next, we discuss the upper bounds for

var(Sα
n ) case by case. By the Cauchy-Schwarz inequality, one has (φ

(n)
1,k)

2 ≤ φ
(n)
1,1φ

(n)
k,k. Then,

var(Sα
n ) ≤ 22αn+1

󰀓 2n󰁛

j,k=2

(φ
(n)
j,k )

2 + 2
2n󰁛

k=1

(φ
(n)
1,k)

2
󰀔
≤ 22αn+1

󰀓 2n󰁛

j,k=2

(φ
(n)
j,k )

2 + 2
2n󰁛

k=1

φ
(n)
1,1φ

(n)
k,k

󰀔
,

From (2.71), one get

22αn
2n󰁛

k=1

φ
(n)
1,1φ

(n)
k,k ≤ 2(2α−4HK)n(2− 2K)

󰀓
(2− 2K) + L1

2n−1󰁛

k=1

k2HK−2
󰀔

=

󰀻
󰁁󰁁󰁁󰀿

󰁁󰁁󰁁󰀽

O(22(α−2HK)n) for HK ∈ (0, 1/2),

O(22(α−1)nn) for HK = 1/2,

O(2(2α−2HK−1)n) for HK ∈ (1/2, 1),

(2.73)
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as n ↑ ∞. Moreover, following (2.64), we have

22αn
2n󰁛

j,k=2

(φ
(n)
j,k )

2 ≤ L2
1

2n󰁛

j,k=1

2(2α−4HK)n(jk)4HK−2 =
󰀓
L12

(α−2HK)n

2n󰁛

k=1

k2HK−1
󰀔2

=

󰀻
󰁁󰁁󰁁󰀿

󰁁󰁁󰁁󰀽

O(22(α−2HK)n) for HK ∈ (0, 1/2),

O(22(α−1)nn2) for HK = 1/2,

O(22(α−1)n) for HK ∈ (1/2, 1),

(2.74)

as n ↑ ∞. Subsequently, the results (2.31) and (2.33) follow directly from the Borel-Cantelli

lemma. By virtue of the Borel-Cantelli lemma, the fast L2-convergence, i.e.,
󰁓∞

n=0 var(S
α
n ) <

∞, guarantees the almost sure convergence. For instance, inequalities (2.71), (2.73) and

(2.74) imply that E(Sα
n ) ↓ 0 and

󰁓∞
n=0 var(S

α
n ) < ∞ for α < 2HK and HK < 1/2. There-

fore, Sα
n converges to zero almost surely. The proofs for HK = 1/2 and HK ≥ 1/2 also

follow from (2.71), (2.73) and (2.74) analogously. Thus, we complete the proof of (2.31) and

(2.33).

Now, let us proceed to prove (2.32). There exists a (dependent) sequence of standard

normally distributed random variables {Yn, n ≥ 1}, such that

ZH,K
1
2n

=
󰁳

2− 2K2−HKnYn. (2.75)

Therefore, for HK < 1
2
, α > 2HK and any given M > 0, we get

P
󰀃
Sα
n ≤ M

󰀄
≤ P

󰀣
2αn

󰀕
ZH,K

1
2n

󰀖2

≤ M

󰀤

= P
󰀓
Y 2
n ≤ 2(2HK−α)nM

(2− 2K)

󰀔
=

γ
󰀓
1/2, 2

(2HK−α)nM
2(2−2K)

󰀔

Γ(1/2)
,

where γ(k, x) =
󰁕 x

0
tk−1e−tdt is the lower incomplete gamma function. By change of variables

and Taylor expansion, we have

γ
󰀓
1/2,

2(2HK−α)nM

2(2− 2K)

󰀔

Γ(1/2)
=

2√
π

󰁝
󰁵

2(2HK−α)nM

2(2−2K )

0

e−t2dt =
2√
π

󰁶
2(2HK−α)nM

2(2− 2K)
+O(2(3HK− 3

2
α)n),

as n ↑ ∞. As 2HK − α < 0, the Borel-Cantelli lemma implies that Sα
n converges to infinity

almost surely. This completes the proof of (2.33).

Before proving equation (2.34), let us recall the definition of the Lei-Nualart process
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(GK
t )t≥0. For K ∈ (0, 1), the Lei-Nualart process is defined as

GK
t =

󰁝 ∞

0

(1− e−st)s−
1+K

2 dBs, (2.76)

where B is a standard Brownian motion. Lei and Nualart [67] show that the process GK has

trajectories which are infinitely differentiable on (0,∞) and absolutely continuous on [0,∞).

As a result of the following construction in [67]

ZH,K
t =

󰁶
K

Γ(1−K)
GK

t2H ,

the trifractional Brownian motion ZH,K
t also admits infinitely differentiable trajectories on

(0,∞). With slight abuse of notation, let us denote the first- and second-order derivatives

of ZH,K
t by

󰀓
ZH,K

t

󰀔′
and

󰀓
ZH,K

t

󰀔′′
respectively. For any n ∈ N and k ≥ 2, we have

ZH,K
k
2n

= ZH,K
k−1
2n

+ 2−n

󰀕
ZH,K

k−1
2n

󰀖′

+ 2−2n−1

󰀕
ZH,K

uk,n
2n

󰀖′′

,

where uk,n ∈ (k − 1, k). Hence,

󰀕
ZH,K

k
2n

− ZH,K
k−1
2n

󰀖2

= 2−2n

󰀣󰀕
ZH,K

k−1
2n

󰀖′
󰀤2

+O(2−3n).

As
󰀓
ZH,K

t

󰀔′
is still continuously differentiable on (0,∞) by composition, we have for any

ε > 0,

lim
n↑∞

2n󰁛

k=⌊2n󰂃⌋

2n
󰀕
ZH,K

k
2n

− ZH,K
k−1
2n

󰀖2

= lim
n↑∞

2n󰁛

k=⌊2n󰂃⌋

2−n

󰀣󰀕
ZH,K

k−1
2n

󰀖′
󰀤2

+O(2−n)

=

󰁝 1

ε

󰀓󰀓
ZH,K

t

󰀔′ 󰀔2

dt.

As ZH,K
t is non-constant almost surely,

󰁝 1

ε

󰀓󰀓
ZH,K

t

󰀔′ 󰀔2

dt is positive almost surely. As a
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result, for α > 1, we have

lim
n↑∞

Sα
n ≥ lim

n↑∞
2(α−1)n

2n󰁛

k=⌊2n󰂃⌋

2n
󰀕
ZH,K

k
2n

− ZH,K
k−1
2n

󰀖2

= lim
n↑∞

2(α−1)n

󰁝 1

ε

󰀓󰀓
ZH,K

t

󰀔′ 󰀔2

dt = ∞, Q-a.s.

This completes the proof of the result (2.34). Hence, we complete the proof of Theorem

2.20.

Proof of Theorem 2.22. Throughout the following proof, we adopt the notations in (2.63)

with the n-th order fractional Brownian motion. Now, we let Sα
n = 2αn〈WH,m〉. Applying

Taylor expansion with z = 1/t yields

ψWH,m(t, t− 1) = (−1)mCm
H

󰀣
m−1󰁛

j=0

(−1)j
󰀕
2H

j

󰀖󰀕
tj(t− 1)2H−j + (t− 1)jt2H−j − t2H − (t− 1)2H

󰀖
− 1

󰀤

= (−1)mCm
H

󰀣
m−1󰁛

j=0

(−1)j
󰀕
2H

j

󰀖
z−2H

󰀓
(1− z)2H−j + (1− z)j − 1− (1− z)2H

󰀔
− 1

󰀤

= (−1)mCm
H

󰀣
m−1󰁛

j=0

(−1)j
󰀕
2H

j

󰀖
z−2H

󰀓
j(j − 2H)z2 +O(z3)

󰀔
− 1

󰀤

= (−1)mCm
H

󰀣
2H(2H − 1)

m−2󰁛

j=0

(−1)j
󰀕
2H − 2

j

󰀖
t2H−2 − 1

󰀤
+O(t2H−3)

= Cm−1
H−1

󰀕
2H − 3

m− 2

󰀖
t2H−2 + (−1)m+1Cm

H +O(t2H−3).

As m ≥ 2 and H ∈ (m− 1,m), we have 2H − 2 > 0, and this gives

ψWH,m(t, t− 1) ∼ Cm−1
H−1

󰀕
2H − 3

m− 2

󰀖
t2H−2 as t ↑ ∞.

As the mth order fractional Brownian motion is H-self-similar, then

2n󰁛

k=1

φ
(n)
k.k = 2−2Hn

2n󰁛

k=1

ψWH,m(k − 1, k) = O(2−n) as n ↑ ∞. (2.77)

Therefore, E(Sα
n ) = O(2(α−1)n) as n ↑ ∞. Now, let us recall that the Cauchy-Schwarz
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inequality gives (φ
(n)
j,k )

2 ≤ φ
(n)
j,j φ

(n)
k,k, which leads to

var(Sα
n ) = 22αn+1

2n󰁛

j,k=1

(φ
(n)
j,k )

2 ≤ 22αn+1

󰀳

󰁃
2n󰁛

k=1

φ
(n)
k,k

󰀴

󰁄
2

= O(22(α−1)n).

This then gives the fast L2-convergence for the case α < 1, which guarantees the almost sure

convergence. Hence, the result in (2.35) is then verified.

The proof of (2.36) follows analogously as that of (2.34) in Theorem 2.20. Following [91,

Remark 2.3], WH,m is (m − 1) times differentiable. Thus, for m ≥ 3, the arguments in the

proof Theorem 2.20 can be applied to the mth order fractional Brownian motion. Hence, we

complete the proof of Theorem 2.22.

The following proposition is needed to study limit theorems at the critical cases, i.e.,

α = 1 in part (b) of Theorem 2.20 and α = 1 in Theorem 2.22.

Proposition 2.49. Let X be a centered Gaussian process. If

sup
n∈N

2nE
󰁫
〈X〉(2)n

󰁬
< ∞, (2.78)

the weighted quadratic variation 2n〈X〉(2)n converges to some non-constant random variable

in Lp as n ↑ ∞ for all p ∈ (1,∞).

Proof. According to [94, Theorem 2.1], it suffices to show that the double limit

lim
n,m↑∞

2n+m

2n󰁛

k=1

2m󰁛

j=1

(φ
(m,n)
j,k )2

exists. For simplicity, let am,n := 2n+m
󰁓2n

k=1

󰁓2m

j=1(φ
(m,n)
j,k )2. The Cauchy-Schwarz inequality

leads to

(φ
(m,n)
j,k )2 ≤ E

󰀗󰀓
X k

2n
−X k−1

2n

󰀔2
󰀘
E
󰀗󰀓

X j
2m

−X j−1
2m

󰀔2
󰀘
= φ

(m)
j,j φ

(n)
k,k.

Therefore,

am,n ≤ 2n+m

2n󰁛

k=1

2m󰁛

j=1

φ
(n)
k,kφ

(m)
j,j =

󰀓
2n

2n󰁛

k=1

φ
(n)
k,k

󰀔󰀓
2m

2m󰁛

j=1

φ
(m)
j,j

󰀔
.

By the condition (2.78), the double sequence (am,n)m,n∈N is uniformly bounded. Thus, there

exists M > 0 such that supm,n am,n ≤ M . Next, for any m,n ∈ N, we have

(φ
(m,n)
j,k )2 =

󰀓
φ
(m,n+1)
j,2k + φ

(m,n+1)
j,2k−1

󰀔2

≤ 2
󰀓
(φ

(m,n+1)
j,2k )2 + (φ

(m,n+1)
j,2k−1 )2

󰀔
.
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Therefore, one has

am,n = 2n+m

2n󰁛

k=1

2m󰁛

j=1

(φ
(m,n)
j,k )2 ≤ 2n+m+1

2n󰁛

k=1

2m󰁛

j=1

󰀓
(φ

(m,n+1)
j,2k )2 + (φ

(m,n+1)
j,2k−1 )2

󰀔
= am,n+1.

By an analogous argument, one also gets am,n ≤ am+1,n. Therefore, for each fixed m ∈ N,
there exists a positive non-decreasing sequence (bm) such that limn↑∞ am,n = limn↑∞ an,m =

bm. As bm ≤ M for all m ∈ N, there also exists a positive constant b such that 0 < a0,0 ≤
b ≤ M and bm ↑ b as m ↑ ∞.

Next, we will show the double limit limm,n↑∞ am,n exists and is equal to b. For any 󰂃 > 0,

there exists m1(󰂃) such that for all m ≥ m1(󰂃), we have 0 ≤ b − bm ≤ 󰂃/2. Moreover, let

us select n1(󰂃) such that for all n ≥ n1(󰂃), 0 ≤ am1(󰂃),n − bm1(󰂃) ≤ 󰂃/2. Taking N(󰂃) :=

max[n1(󰂃),m1(󰂃)], one has for m,n ≥ N(󰂃),

b− am,n ≤ b− am1(󰂃),N(󰂃) ≤ (b− bm1(󰂃)) + (bm1(󰂃) − am1(󰂃),N(󰂃)) ≤ 󰂃.

The first inequality holds as the double sequence am,n is increasing in each argument. There-

fore, the double limit limm,n↑∞ am,n exists and limm,n↑∞ am,n = b > 0. Thus, by virtue of [94,

Theorem 2.1], the weighted sum 2n〈X〉(2)n converges to some non-constant random variable

in Lp for all p ∈ (1,∞). This completes the proof.

Proof of Theorem 2.24. First, we prove assertion (a) for the case 2H < 1, and the proof for

the case 2H ≥ 1 is analogous. According to [94, Theorem 2.1], it suffices to show that the

double limit

lim
n,m↑∞

22HK(n+m)

2n󰁛

k=1

2m󰁛

j=1

(φ
(m,n)
j,k )2 (2.79)

fails to exist. To this end, for n,m ∈ N, we denote am,n := 22HK(n+m)
󰁓2n

k=1

󰁓2m

j=1(φ
(m,n)
j,k )2.

Next, we show the limit limn↑∞ an,n exists and is strictly positive. By the Cauchy-Schwarz

inequality, we have (φ
(m,n)
j,k )2 ≤ φ

(m)
j,j φ

(n)
k,k, then

an,m ≤ 22HK(n+m)

2n󰁛

k=1

2m󰁛

j=1

φ
(n)
k,kφ

(m)
j,j =

󰀓
22HKn

2n󰁛

k=1

φ
(n)
k,k

󰀔󰀓
22HKm

2m󰁛

j=1

φ
(m)
j,j

󰀔
.

From (2.71), if HK < 1/2, the sequence (
󰁓2m

j=1 φ
(m)
j,j )m∈N is uniformly bounded. Hence,

there exists M > 0, such that supm,n am,n ≤ M . As the trifractional Brownian motion is
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HK-self-similar, then

an,n =
2n󰁛

k=1

2n󰁛

j=1

(22HKnφ
(n)
j,k )

2 =
2n󰁛

k=1

2n󰁛

j=1

E
󰁫󰀓

ZH,K
j − ZH,K

j−1

󰀔󰀓
ZH,K

k − ZH,K
k−1

󰀔󰁬2
.

Therefore, (an,n)n∈N forms a non-decreasing uniformly bounded sequence. Hence, the limit

limn↑∞ an,n exists and limn↑∞ an,n ≥ a0,0 = E([ZH,K(1)]2) = (2− 2K) > 0.

Now, we show that for each fixed n ∈ N, limm↑∞ am,n = limm↑∞ an,m = 0. For k ≥ 2,

inequality (2.66) yields

22HK(m+n)

2m󰁛

j=1

(φ
(m,n)
j,k )2 ≤ (k − 1)4HK−4H−22(4H−2HK)n2(2HK−4H)m

󰀓
L2
2

2m󰁛

j=1

j4H−2 + L2
3

󰀔
.

If H < 1/4, the sequence (j4H−2)j∈N ∈ ℓ1, and 22HK(m+n)
󰁓2m

j=1(φ
(m,n)
j,k )2 converges to zero as

m ↑ ∞. If H > 1/4, one has

2(2HK−4H)m

2m󰁛

j=1

j4H−2 ≤ 2(2HK−4H)m

󰁝 2m

0

t4H−2dt = (4H − 1)−12(2HK−1)m.

Therefore, 22HK(m+n)
󰁓2m

j=1(φ
(m,n)
j,k )2 = O(2(2HK−1)m) converges to zero as m ↑ ∞. Last, if

H = 1/4, then
󰁓2m

j=1 j
−1 = h2m ∼ m log 2, where h2m is the 2m-th Harmonic number. It then

implies that 22HK(m+n)
󰁓2m

j=1(φ
(m,n)
j,k )2 converges to zero. For k = 1, it follows from (2.68)

that

22HK(m+n)

2m󰁛

j=2

(φm,n
j,1 )2 ≤ 22HK(n−m)+2H2K2

2m󰁛

j=2

(j − 1)4HK−2

=

󰀻
󰁁󰁁󰁁󰀿

󰁁󰁁󰁁󰀽

O(2−2HKm) for HK < 1/4,

O(2−2HKmm) for HK = 1/4,

O(2(2HK−1)m) for HK > 1/4,

(2.80)

as m ↑ ∞. Finally, for each n ∈ N, we have

0 < 22HK(m+n)(φ
(m,n)
1,1 )2 ≤ 22HK(n−m). (2.81)

The above inequalities in together imply that for each n ∈ N and 1 ≤ k ≤ 2n, we have

lim
m↑∞

2HK(m+n)

2m󰁛

j=1

(φ
(m,n)
j,k )2 = 0.
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Hence, we have limm↑∞ am,n = limm↑∞ an,m = 0. However, as previously proved, limn↑∞ an,n >

0. Therefore, the double limit (2.79) does not exist, and we then complete the proof of as-

sertion (a).

We now prove assertion (b). Following (2.71) and (2.72), we have

sup
n∈N

2n
2n󰁛

k=1

φ
(n)
k,k ≤ (2− 2K) +

L1

2HK − 1
.

Then Proposition 2.49 implies the assertion (b).

Proof of Theorem 2.25. This theorem is a direct corollary of Proposition 2.49 and (2.77).

2.10.2 Proofs for the results in Section 2.6

To prove Theorem 2.30, we start with the following proposition, which provides the speed

of convergence in Gladyshev’s theorem [41] and is of possible independent interest.

Proposition 2.50. For εn as in (2.43) and any H ∈ (0, 1), there exists a constant c such

that

lim sup
n↑∞

󰀏󰀏2n(2H−1)〈WH〉(2)n − 1
󰀏󰀏

nεn
≤ c Q-a.s.

Proof. Let Zn be the 2n-dimensional centered Gaussian vector with components

Zk
n = 2n(H−1/2)(WH

k2−n −WH
(k−1)2−n).

Then 󰀂Zn󰀂2ℓ2 = 2n(2H−1)〈WH〉(2)n . Denote by Γn the covariance matrix of Zn and by Tn its

trace. According to the following concentration inequality from [5, Lemma 3.1], there exists

a constant λ such that for all n and each δ > 0,

Q
󰁫󰀏󰀏󰀂Zn󰀂ℓ2 − Tn

󰀏󰀏 ≥ δ
󰁬
≤ λ exp

󰀓
− δ2

4󰀂Γn󰀂2

󰀔
,

where 󰀂Γn󰀂2 is the spectral norm of Γn. It was shown in [60, Equation (15)] that traceΓn =

1, and 󰀂Γn󰀂2 ≤ γbn, where γ is a positive constant and bn = n2ε2n/ log n. Taking δn :=

2
√
2γbn log n = nεn

√
8γ yields Q[|󰀂Zn󰀂ℓ2 − 1| ≥ δn] ≤ λ/n2, which is summable. The Borel–

Cantelli lemma hence implies that |󰀂Zn󰀂ℓ2 − 1| ≤ δn eventually with probability one, and

so

lim sup
n↑∞

󰀏󰀏
󰁴

2n(2H−1)〈WH〉(2)n − 1
󰀏󰀏

δn
≤ 1 Q-a.s.
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Using the fact that
√
1 + x− 1 ∼ x/2 for x → 0 now yields the result.

Proof of Theorem 2.30. We start by establishing the reverse Jensen condition. Consider

the probability space (Ω,F ,P) supporting the random variables (Vm) from (2.10). Then

(Sm)m∈N = (2mθ2m,2mVm
)m∈N is a sequence of random variables defined on the product space

(Ω × 󰁨Ω,F ⊗ G ,P ⊗ Q). According to (2.15), we must show that for every p ≥ 1, with Q-

probability one, there exists a subexponential function 󰂄p and np ∈ N such that for n ≥ np,

1

󰂄p(n)
E
󰁫
22n(H−1)

n−1󰁛

m=0

Sm

󰁬p/2
≤ E

󰀗󰀕
22n(H−1)

n−1󰁛

m=0

Sm

󰀖p/2󰀘

≤ 󰂄p(n)E
󰁫
22n(H−1)

n−1󰁛

m=0

Sm

󰁬p/2
,

(2.82)

where the notation E denotes as usual the expectation with respect to P. To this end, we

note that Q-a.s. as n ↑ ∞,

E
󰁫
22n(H−1)

n−1󰁛

m=0

Sm

󰁬p/2
=

󰀕
2n(2H−1)2−n

n−1󰁛

m=0

2m−1󰁛

k=0

θ2m,k

󰀖p/2

=
󰀃
2n(2H−1)〈WH〉(2)n

󰀄p/2 −→ 1,

(2.83)

where the second identity follows from (2.13) and the convergence from Proposition 2.50.

The self-similarity of fractional Brownian motion implies that

Yn := 2n(pH−1)〈WH〉(p)n = 2n(pH−1)

2n−1󰁛

k=0

󰀏󰀏WH
(k+1)2−n −WH

k2−n

󰀏󰀏p

∼ 2−n

2n−1󰁛

k=0

󰀏󰀏WH
k+1 −WH

k

󰀏󰀏p,

(2.84)

where ∼ means equality in law. Since the increments WH
k+1 − WH

k are standard normally

distributed, the Q-expectation of Yn is bounded from above by a finite constant c, uniformly

in n. It follows that Q[Yn > n2] ≤ c/n2, and a Borel–Cantelli argument yields that Yn ≤ n2

for sufficiently large n, Q-a.s. In conjunction with (2.12) and (2.83), this establishes the

right-hand inequality in (2.82) with 󰂄p(n) = 2n2/Ap. For the left-hand inequality, we take

q > p and note that by (2.84) and Jensen’s inequality,

Y −q
n ∼

󰀕
2−n

2n−1󰁛

k=0

|WH
k+1 −WH

k |p
󰀖−q

≤ 2−n

2n−1󰁛

k=0

|WH
k+1 −WH

k |−p/q.
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Since the increments WH
k+1 −WH

k are standard normally distributed, the Q-expectations of

Y −q
n are also bounded from above, uniformly in n, as −p/q > −1. A similar Borel–Cantelli

argument as above then yields that Yn ≥ 1/n2q for sufficiently large n, Q-a.s., and we obtain

the left-hand inequality in (2.82) with 󰂄p(n) = 2Bpn
2q. Thus, both inequalities in (2.82)

hold, e.g., with 󰂄p(n) := 2(A−1
p ∨Bp)n

2(p+1). This establishes the reverse Jensen condition.

Next, it follows from Propositions 2.50 and 2.16 that 󰁥Rn(W
H) → H Q-a.s., and so

Theorem 2.4 yields that the sample paths admit the roughness exponent H with probability

one.

Finally, we prove the rate of convergence (2.43). Using (2.13), one checks that

H − 󰁥Rn(W
H) =

1

2n
log2 2

n(2H−1)〈WH〉(2)n .

Now the assertion follows from Proposition 2.50 and the fact that log2(1 + x) ∼ x/ log 2 for

x → 0.

To prove Theorem 2.31 and Theorem 2.32, we assume without loss of generality that

x0 = 0. Furthermore, we may assume without loss of generality that ξ0 = 0. To see why, we

rewrite (2.44) as

Xt =
󰀓
WH

t + ξ0t
󰀔
+

󰁝 t

0

(ξs − ξ0) ds. (2.85)

Theorem 4.1 in [80] states that the law of WH is equivalent to the one of (WH
t + ξ0t)0≤t≤T .

Since absolute continuity is a transitive relation, our claim follows.

Our approach to proving Theorem 2.31 combines the Kadota–Shepp Theorem [59] with

the transformation theory developed by Norros et al. [80]. The proof of Theorem 2.32 further

requires the result concerning the law equivalence of Brownian motion with drift by Yershov

[96].

We briefly summarize the results in Kadota and Shepp [59] and Yershov [96]. The proofs

of the above results can be found in [68, Chapter 7].

Theorem 2.51 (Kadota and Shepp). Let X be an Itô process of the form

Xt = Wt +

󰁝 t

0

ξs ds, 0 ≤ t ≤ T, (2.86)

for some progressively measurable process ξ. If
󰁕 T

0
ξ2t dt < ∞ Q-a.s., then the law of (Xt)0≤t≤T

is absolutely continuous with respect the law of (Wt)0≤t≤T .
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Theorem 2.52 (Yershov). Suppose that X is a diffusion process satisfying the stochastic

integral equation

Xt = Wt +

󰁝 t

0

γ(s,X) ds, 0 ≤ t ≤ T, (2.87)

where γ is progressively measurable with respect to the natural filtration of W . If
󰁕 T

0
γ(t,X)2 dt

and
󰁕 T

0
γ(t,W )2 dt are both Q-a.s. finite, then the law of (Xt)0≤t≤T is equivalent to the one

of (Wt)0≤t≤T

Let us now present the results in [80] in a nutshell. Following the notion therein, we

define the following constants,

cH =

󰁶
2HΓ(3/2−H)

Γ(H + 1/2)Γ(2− 2H)
, c1 =

1

2HΓ(3
2
−H)Γ(H + 1

2
)
, c2 =

cH
2H(2− 2H)1/2

.

We also let

w(t, s) = c1s
1/2−H(t− s)1/2−H , 0 ≤ s ≤ t ≤ T.

It is shown in [80] that the following integrals exist Q-a.s. in a pathwise sense,

Yt =

󰁝 t

0

s1/2−H dWH
s and Mt =

󰁝 t

0

w(t, s) dWH
s . (2.88)

Moreover, Theorem 3.1 in [80] states that M is a continuous Gaussian martingale with

quadratic variation 〈M〉t = c22t
2−2H . In Theorem 3.2 and Remark 3.1 of [80], it is furthermore

proved that Y and M satisfy the following relations,

Mt = c1

󰁝 t

0

(t− s)1/2−H dYs and Yt = 2H

󰁝 t

0

(t− s)H−1/2 dMs. (2.89)

It follows that the process

Bt :=
2H

cH

󰁝 t

0

sH−1/2 dMs (2.90)

is a standard Brownian motion. Theorem 5.2 in [80] states that WH can be recovered from

B as follows,

WH
t =

󰁝 t

0

ζ(t, s) dBt, (2.91)

where for 0 ≤ s < t ≤ T ,

ζ(t, s) = cH

󰀗󰀓 t

s

󰀔H−1/2

(t− s)H−1/2 − (H − 1/2)s1/2−H

󰁝 t

s

uH−3/2(u− s)H−1/2 du

󰀘
. (2.92)
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It follows that there is a one-to-one correspondence between WH and B. In particular, the

respective natural filtrations coincide up to sets of measure zero. Our proof is based on

extending these arguments to the process X by employing analogous transforms on its drift

term
󰁕 t

0
ξs ds.

In the sequel, we shall work in a strictly pathwise manner for a fixed sample path ξ

that satisfies our assumptions in Theorem 2.31. Under these assumptions, we may define in

analogy to (2.88),

ηt =

󰁝 t

0

s1/2−Hξs ds and µt =

󰁝 t

0

w(t, s)ξs ds. (2.93)

The function η is clearly absolutely continuous with derivative η′s = s1/2−Hξs, and so we have

µt = c1

󰁝 t

0

(t− s)1/2−Hs1/2−Hξs ds = c1

󰁝 t

0

(t− s)1/2−Hη′s ds, (2.94)

which is the analogue of the first relation in (2.89). An analogue of the second relation in

(2.89) is proved in the following lemma.

Lemma 2.53. Under the assumptions in Theorem 2.31 and the additional assumption ξ0 =

0, the function t 󰀁→ µt is absolutely continuous with bounded derivative µ′
t and we have

ηt = 2H

󰁝 t

0

(t− s)H−1/2µ′
s ds. (2.95)

The proof of Lemma 2.53 needs the following short lemma.

Lemma 2.54. If f : [0, T ] → R is Hölder continuous with exponent β ∈ (0, 1], satisfies

f(0) = 0, and α ∈ (0, β), then 󰁨f(t) := t−αf(t) is Hölder continuous with exponent β − α.

Proof. Let c ≥ 0 be such that |f(t)− f(s)| ≤ c|t− s|β for all s, t ∈ [0, 1]. Let 0 ≤ s < t ≤ T

be given. If s = 0, then 󰁨f(s) = 0 and
󰀏󰀏 󰁨f(t) − 󰁨f(s)

󰀏󰀏 = t−α|f(t)| ≤ ctβ−α. Now suppose

that s > 0. Using the inequalities |f(t) − f(s)| ≤ c|t − s|β−α|t − s|α ≤ c|t − s|β−αtα and

|f(s)| = |f(s)− f(0)| ≤ csβ yields

󰀏󰀏 󰁨f(t)− 󰁨f(s)
󰀏󰀏 ≤ t−α|f(t)− f(s)|+ (t−α − s−α)|f(s)| ≤ c|t− s|β−α + c|t−α − s−α|sβ.
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For the rightmost term, we have

|t−α − s−α|sβ = α

󰁝 t

s

sβr−βrβ−α−1 dr ≤ α

󰁝 t

s

rβ−α−1 dr

=
α

β − α
(tβ−α − sβ−α) ≤ α

β − α
|t− s|β−α.

This completes the proof.

Proof of Lemma 2.53. We start with the caseH < 1/2, in which the derivative η′ is bounded.

Equation (2.94), our assumption H < 1/2, and the boundedness of η′t imply that t 󰀁→ µt is

also absolutely continuous with bounded derivative

µ′
t = c1(1/2−H)

󰁝 t

0

(t− s)−H−1/2η′s ds.

Thus,

󰁝 t

0

(t− s)H−1/2µ′
s ds = c1(1/2−H)

󰁝 t

0

(t− s)H−1/2

󰁝 s

0

(s− r)−H−1/2η′r dr ds

= c1(1/2−H)

󰁝 t

0

η′r

󰁝 t

r

(t− s)H−1/2(s− r)−H−1/2 ds dr.

After the change of variables s = r + u(t− r), the inner integral becomes

(t− r)1+H−1/2−H−1/2

󰁝 1

0

(1− u)H−1/2u−H−1/2 du = Γ(1/2 +H)Γ(1/2−H).

This gives (2.95) in case H < 1/2.

For H > 1/2, recall that we assume that ξt is Hölder continuous with some exponent

α > 2H − 1. Let Iβ0+ denote the fractional Riemann–Liouville integral operator of order

β > 0, i.e.,

Iβ0+f(t) =
1

Γ(β)

󰁝 t

0

f(s)

(t− s)1−β
ds, t ∈ (0, T ], f ∈ L1[0, T ].

Furthermore, the fractional Riemann–Liouville derivative of order β ∈ (0, 1) is given by

Dβ
0+f(t) =

1

Γ(1− β)

d

dt

󰁝 t

0

f(s)

(t− s)β
ds, 0 < t < T,

provided the expression on the right makes sense. When defining µt as in (2.94) and letting
󰁨ξt := t1/2−Hξt, we can write

µt = c1Γ(3/2−H)I
3/2−H
0+

󰁨ξ(t). (2.96)
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By Lemma 2.54, 󰁨ξt is Hölder continuous with exponent λ := α+1/2−H > H−1/2. It follows

from [86, Lemma 13.2] that 󰁨ξ ∈ I
H−1/2
0+ (L1[0, T ]). In addition, (2.96) and [86, Theorem 2.3]

yield that µt is absolutely continuous. Its derivative is given by

µ′
t = c1

d

dt

󰁝 t

0

󰁨ξs
(t− s)H−1/2

ds = c1Γ(3/2−H)DH−1/2
0+

󰁨ξ(t). (2.97)

To see that µ′ is bounded, we use [86, Lemma 13.1] to conclude that there exists a function

ψ that is Hölder continuous with exponent λ− (H − 1/2) > 0 such that

µ′
t = c1Γ(3/2−H)DH−1/2

0+
󰁨ξ(t) = c1󰁨ξt

tH−1/2
+ ψ(t) = c1ξt + ψ(t).

Hence µ′
t is Hölder continuous and in particular bounded.

By [86, Theorem 2.4], we can recover 󰁨ξ from µ′ as follows,

c1Γ(3/2−H)󰁨ξt = I
H−1/2
0+ µ′(t) =

1

Γ(H − 1/2)

󰁝 t

0

µ′
s

(t− s)3/2−H
ds. (2.98)

Integrating with respect to t and using Fubini’s theorem yields,

ηt =

󰁝 t

0

󰁨ξs ds =
1

c1Γ(3/2−H)Γ(H − 1/2)

󰁝 t

0

󰁝 r

0

µ′
s

(r − s)3/2−H
ds dr

=
1

c1Γ(3/2−H)Γ(H − 1/2)
· 1

H − 1/2

󰁝 t

0

(t− s)H−1/2µ′
s ds.

This is (2.95) in our case H > 1/2, because one checks that the constant in front of the

integral is equal to 2H.

Proof of Theorem 2.31. Note that Lemma 2.53 allows us to make the following definition,

which is analogous to (2.90),

βt :=
2H

cH

󰁝 t

0

sH−1/2µ′
s ds. (2.99)

By using the two identities (2.94) and (2.95) we can argue exactly as in the proof of [80,

Theorem 5.2] to get that 󰁝 t

0

ξs ds =

󰁝 t

0

ζ(t, s)β′
s ds. (2.100)
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From (2.89) and Lemma 2.53 we now get the pathwise identity

Y X
t :=

󰁝 t

0

s1/2−H dXs = Yt + ηt.

which shows that Y X is a semimartingale with decomposition Y X
t = Yt + ηt. Furthermore,

we have

MX
t :=

󰁝 t

0

w(t, s) dY X
s = Mt + µt.

Finally, we let

BX
t :=

2H

cH

󰁝 t

0

sH−1/2 dMX
s = Bt + βt. (2.101)

By (2.91) and (2.100), we have

Xt =

󰁝 t

0

ζ(t, s) dBX
s , (2.102)

and so X can be recovered in a pathwise manner from BX .

Next, we have

󰁝 T

0

(β′
t)

2 dt =
4H2

c2H

󰁝 T

0

t2H−1(µ′
t)

2 dt < ∞, Q-a.s., (2.103)

because µ′ is bounded by Lemma 2.53. Hence, Theorem 2.51 yields that the law of BX is

absolutely continuous with respect to the law of B. Therefore, the assertion of Theorem 2.31

follows from (2.91) and (2.102).

Proof of Theorem 2.52. For H ≤ 1/2 it is obvious from Theorem 2.51 that the law of X is

absolutely continuous with respect to that of WH . For H > 1/2, we use the fact that the

sample paths of WH , and in turn those of X, are Q-a.s. Hölder continuous with exponent

β for every β < H; see, e.g., [75, Section 1.15]. Therefore, the trajectories t 󰀁→ b(Xt) are

Hölder continuous with exponent αβ. By assumption, αH > 2H − 1, and hence there exists

β < H such that αβ > 2H − 1 as well. Hence, Theorem 2.51 gives absolute continuity.

To prove that the law of (x0+WH
t )0≤t≤T is absolutely continuous with respect to the law

of (Xt)0≤t≤T , we may once again assume without loss of generality that x0 = 0; otherwise

we replace Xt with Xt − x0 and b with b(· + x0). Moreover, as in (2.85), we may assume

without loss of generality that b(X0) = b(x0) = b(0) = 0.

Our goal is to apply Theorem 2.52. We have seen in (2.101) that BX
t = Bt + βt. Using
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in addition (2.99) and (2.102), we see that

BX
t = Bt +

󰁝 t

0

γ(s, BX) ds

where

γ(t, BX) =
2Hc1
cH

tH−1/2 d

dt

󰁝 t

0

s1/2−H

(t− s)H−1/2
b

󰀕󰁝 s

0

ζ(s, r) dBX
r

󰀖
ds. (2.104)

We conclude from (2.91) that

γ(t, B) =
2Hc1
cH

tH−1/2 d

dt

󰁝 t

0

s1/2−H

(t− s)H−1/2
b(WH

s ) ds.

In the proof of Theorem 2.31, all we needed to conclude that the quantities on the right-

hand side of (2.104) are well defined and that t 󰀁→ β′
t = γ(t, BX) is Q-a.s. bounded were

our conditions on b and the Q-a.s. Hölder continuity of the sample paths of X. Since the

trajectories of WH possess the same Hölder regularity, we conclude that also t 󰀁→ γ(t, B)

is Q-a.s. well defined and bounded. In particular,
󰁕 T

0
γ(t, B)2 dt < ∞ Q-a.s. It follows

that the conditions of Theorem 2.52 are satisfied so that the equivalence of the two laws is

established.

Proof of Theorem 2.34. It is shown in Theorem 2.31 that the law of X is absolutely con-

tinuous with respect to the law of WH + x0. Hence, it suffices to prove this assertion for

the fractional Brownian motion WH . We denote the Faber–Schauder coefficients of WH by

(θm,k). Now, let us consider the 2n-dimensional centered Gaussian vector

Zn := 2n(H−1)
󰀃
θn,0, θn,1, · · · , θn,2n−1

󰀄⊤
,

Rearranging terms in (2.24) yields that

󰁥R∗
n(W

H) = H − 1

n
log2󰀂Zn󰀂ℓ2 .

Denote by Γn = (γ
(n)
i,j )0≤i,j≤2n−1 the covariance matrix of Zn and by Tn its trace. In particular,

the covariance matrix Γn is a Toeplitz matrix as the fractional Brownian motion WH admits

stationary increments. A simple computation yields that

γ
(n)
i,j = 2(2H−1)ncov

󰀕
2WH

2i+1

2n+1
−WH

i
2n

−WH
i+1
2n

, 2WH
2j+1

2n+1
−WH

j
2n

−WH
j+1
2n

󰀖

= 2−n−2H−1
󰀓
−|2i− 2j − 2|2H + 4|2i− 2j − 1|2H − 6|2i− 2j|2H + 4|2i− 2j + 1|2H − |2i− 2j + 2|2H

󰀔
.
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Then, we get

Tn =
2n−1󰁛

i=0

γ
(n)
i,i = 22−2H − 1 = α2

H .

Let i, j be fixed and take

f(t) = 2|2i− 2j + t|2H − |2i− 2j + t− 1|2H − |2i− 2j + t+ 1|2H ,

and we get

γ
(n)
i,j = 2−n−2H−1

󰀃
f(−1)− 2f(0) + f(1)

󰀄
≤ 2−n sup

t∈[−1,1]

|f ′′(t)|.

In a similar manner, we have

f ′′(t) = 2H(2H − 1)
󰀓
2|2i− 2j + t|2H−2 − |2i− 2j + t− 1|2H−2 − |2i− 2j + t+ 1|2H−2

󰀔

≤

󰀏󰀏󰀏󰀏󰀏󰀏

3󰁜

i=0

(2H − i)

󰀏󰀏󰀏󰀏󰀏󰀏
sup

s∈[−1,1]

|2i− 2j + t+ s|2H−4.

Combining the above inequalities yields that for |i− j| ≥ 2, we get

γ
(n)
i,j ≤ 2−n

󰀏󰀏󰀏󰀏󰀏󰀏

3󰁜

i=0

(2H − i)

󰀏󰀏󰀏󰀏󰀏󰀏

󰀃
|2i− 2j − 2| ∧ |2i− 2j + 2|

󰀄2H−4
. (2.105)

Let 󰀂·󰀂p denote the ℓp-induced operator norm. As Γn is a Toeplitz matrix and so γ
(n)
i,j =

γ
(n)
j,i = γ

(n)
0,|j−i|. Hence, we have 󰀂Γn󰀂1 =󰀂Γn󰀂∞, and this gives

󰀂Γn󰀂2 ≤
󰁴
󰀂Γn󰀂1󰀂Γn󰀂∞ =󰀂Γn󰀂1 ≤ 2

2n−1󰁛

i=0

γ
(n)
0,i ≤ γ · 2−n,

for some γ > 0, and the last inequality follows from (2.105). The concentration inequality

rom [5, Lemma 3.1] yields that there exists a constant λ such that for all n and δ > 0,

Q
󰀗󰀏󰀏󰀏󰀂Zn󰀂ℓ2 −

󰁳
Tn

󰀏󰀏󰀏 ≥ δ

󰀘
= P

󰀗󰀏󰀏󰀏󰀂Zn󰀂ℓ2 − αH

󰀏󰀏󰀏 ≥ δ

󰀘
≤ λ exp

󰀣
− δ2

4󰀂Γn󰀂2

󰀤

Taking δn := 2−n/2
√
8γ log n = nεn

√
8γ yields Q[|󰀂Zn󰀂ℓ2 − αH | ≥ δn] ≤ λ/n2, then the

Borel–Cantelli lemma yields that

lim sup
n↑∞

δ−1
n

󰀏󰀏󰀏󰀏󰀏
󰀂Zn󰀂ℓ2
αH

− 1

󰀏󰀏󰀏󰀏󰀏 ≤
1

αH

Q-a.s.
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Applying the identity

1

n
log2

󰀂Zn󰀂ℓ2
αH

= H − 󰁥R∗
n(W

H)− 1

n
log2 αH ,

and using the fact log2(1 + x) ∼ x/ log 2 as x → 0 complete the proof.

2.10.3 Proofs for the results in Section 2.9

To prepare for the proof of Theorem 2.47, we define for n ∈ N,

Vn :=
2n−1󰁛

k=0

󰀕
1

tn+1
2k+1 − tn+1

2k
[tn+1
2k ,tn+1

2k+1)
− 1

tn+1
2k+2 − tn+1

2k+1
[tn+1
2k+1,t

n+1
2k+2)

󰀖
. (2.106)

Then Vn is equal to the right-hand derivative of the function
󰁓2n−1

k=0 bn,k. We consider each

Vn as a random variable on the probability space ([0, 1],F ,P), where F is the Borel σ-field

of [0, 1] and P is the Lebesgue measure on F . When defining the σ-field

Fn := σ
󰀃
[tnk , t

n
k+1) : k = 0, . . . , 2n − 1

󰀄
,

one sees that Vn is Fn+1-measurable. Let us moreover define random variables ϑn : [0, 1] → R
by

ϑn :=
2n−1󰁛

k=0

θn,k [tnk ,t
n
k+1)

. (2.107)

Clearly, the random variable ϑn is Fn–measurable. For each n ∈ N, let xn denote the nth

truncation of x, defined in analogy to (2.19). Then

xn(t) =

󰁝 t

0

n−1󰁛

m=0

ϑm(s)Vm(s) ds.

Since ϑm and Vm are constant on intervals of the form [tnk , t
n
k+1) for n ≥ m, we have

x(tnk+1)− x(tnk) = xn(t
n
k+1)− xn(t

n
k) = (tnk+1 − tnk)

n−1󰁛

m=0

ϑm(t)Vm(t). (2.108)
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Hence, for p ≥ 1,

〈x〉(p)n =
2n−1󰁛

k=0

󰀏󰀏x(tnk+1)− x(tnk)
󰀏󰀏p =

2n−1󰁛

k=0

󰀏󰀏󰀏󰀏(t
n
k+1 − tnk)

n󰁛

m=1

ϑm(t
n
k)Vm(t

n
k)

󰀏󰀏󰀏󰀏
p

=
2n−1󰁛

k=0

(tnk+1 − tnk) ·
󰀏󰀏󰀏󰀏γn,p(tk)

n−1󰁛

m=0

ϑm(tk)Vm(tk)

󰀏󰀏󰀏󰀏
p

= E
󰀗󰀏󰀏󰀏󰀏γn,p

n−1󰁛

m=0

ϑmVm

󰀏󰀏󰀏󰀏
p󰀘
,

where the expectation is taken under the Lebesgue measure P and

γn,p(t) :=
2n−1󰁛

k=0

(tnk+1 − tnk)
p−1
p

[tnk+1,t
n
k )
(t).

By definition, γn,p is constant on all intervals of the form [tnk , t
n
k+1) and hence Fn-measurable.

Moreover, Hölder’s inequality yields that

E[γ−p
n,p]

−1 · E
󰀗󰀏󰀏󰀏󰀏

n−1󰁛

m=0

ϑmVm

󰀏󰀏󰀏󰀏
p/2󰀘2

≤ E
󰀗󰀏󰀏󰀏󰀏γn,p

n−1󰁛

m=0

ϑmVm

󰀏󰀏󰀏󰀏
p󰀘

≤ E[γ2p
n,p]

1/2 · E
󰀗󰀏󰀏󰀏󰀏

n−1󰁛

m=0

ϑmVm

󰀏󰀏󰀏󰀏
2p󰀘1/2

.

(2.109)

Now take M0 := 0 and

Mn :=
n−1󰁛

m=0

ϑmVm =
n−1󰁛

m=0

ϑm(Nm+1 −Nm), n = 1, 2, . . . .

Since for each m, the random variable ϑm is bounded and Fm-measurable, (Mn)n=0,1,... is a

martingale transform of the martingale (Nn)n=0,1,... and hence itself a martingale. We first

compute the expectations of the random variable γn,p occurring on both bounds,

E[γ2p
n,p]

1/2 =
󰀓 2n−1󰁛

k=0

(tnk+1 − tnk)
2(p−1) · (tnk+1 − tnk)

󰀔1/2

=
󰀓 2n−1󰁛

k=0

(tnk+1 − tnk)
2p−1

󰀔1/2

.

E[γ−p
n,p]

−1 =
󰀓 2n−1󰁛

k=0

(tnk+1 − tnk)
−(p−1) · (tnk+1 − tnk)

󰀔−1

=
󰀓 2n−1󰁛

k=0

(tnk+1 − tnk)
2−p

󰀔−1

.

Furthermore, the Burkholder inequality yields constants 0 < Ap ≤ Bp < ∞, depending only

on p but not on x, such that

ApE
󰀅
[M ]pn

󰀆
≤ E

󰁫󰀏󰀏Mn

󰀏󰀏2p
󰁬
≤ BpE

󰀅
[M ]pn

󰀆
,
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where

[M ]n =
n󰁛

m=1

(Mm −Mm−1)
2 =

n−1󰁛

m=0

ϑ2
mV

2
m.

Note that we can also rephrase the reverse Jensen condition in Definition 2.46 in the same

way as in (2.15):

1

󰂄p(n)
E
󰀅 n−1󰁛

m=0

V 2
mϑ

2
m

󰀆p/2 ≤ E
󰀅󰀓 n−1󰁛

m=0

V 2
mϑ

2
m

󰀔p/2󰀆
≤ 󰂄p(n)E

󰀅 n−1󰁛

m=0

V 2
mϑ

2
m

󰀆p/2
.

It then follows from the reverse Jensen condition that

1

󰂄p(n)
E
󰀅
[M ]n

󰀆p ≤ E
󰀅
[M ]pn

󰀆
≤ 󰂄p(n)E

󰀅
[M ]n

󰀆p
.

Now, we get

E
󰀅
[M ]n

󰀆
= E

󰀅 n−1󰁛

m=0

ϑ2
mV

2
m

󰀆
=

n−1󰁛

m=0

2m−1󰁛

k=0

θ2m,k

tm+1
2k+1 − tm+1

2k

+
θ2m,k

tm+1
2k+2 − tm+1

2k+1

Combining the previous inequalities and the above equality yields

〈x〉(p)n ≤ Cp󰂄p(n)
󰀓 n−1󰁛

m=0

2m−1󰁛

k=0

θ2m,k

tm+1
2k+1 − tm+1

2k

+
θ2m,k

tm+1
2k+2 − tm+1

2k+1

󰀔p/2

·
󰀓 2n−1󰁛

k=0

(tnk+1 − tnk)
2p−1

󰀔1/2

.

By deriving a corresponding lower bound in the same way, we obtain the following propo-

sition. Note that we have not yet used the assumption that our partition sequence is well-

balanced.

Proposition 2.55. Let x ∈ C[0, 1] satisfies the reverse Jensen condition. Then for p ≥ 1,

there exist constants 0 < Ap ≤ Bp < ∞ and subexponential function 󰂄p depending only on p

but not on x, such that for all n ∈ N,

〈x〉(p)n ≤ Bp󰂄p(n)
󰀓 n−1󰁛

m=0

2m−1󰁛

k=0

θ2m,k

tm+1
2k+1 − tm+1

2k

+
θ2m,k

tm+1
2k+2 − tm+1

2k+1

󰀔p/2

·
󰀓 2n−1󰁛

k=0

(tnk+1 − tnk)
2p−1

󰀔1/2

,

〈x〉(p)n ≥ Ap

󰂄p(n)

󰀓 n−1󰁛

m=0

2m−1󰁛

k=0

θ2m,k

tm+1
2k+1 − tm+1

2k

+
θ2m,k

tm+1
2k+2 − tm+1

2k+1

󰀔p/2

·
󰀓 2n−1󰁛

k=0

(tnk+1 − tnk)
2−p

󰀔−1

.

Proof of Theorem 2.47. Since (Tn)n∈N is a sequence of well-balanced partitions, then for

n ∈ N, we have

κ−1(n)2−n ≤ tnk+1 − tnk ≤ κ(n)2−n.
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Applying this relation to Proposition 2.55 gives

〈x〉(p)n ≤ Bp󰂄p(n)
󰀓 n−1󰁛

m=0

2m−1󰁛

k=0

θ2m,k

tm+1
2k+1 − tm+1

2k

+
θ2m,k

tm+1
2k+2 − tm+1

2k+1

󰀔p/2

·
󰀓 2n−1󰁛

k=0

(tnk+1 − tnk)
2p−1

󰀔1/2

≤ Bp󰂄p(n)
󰀓 n−1󰁛

m=0

2m−1󰁛

k=0

2mκ(m)θ2m,k

󰀔p/2

·
󰀓 2n−1󰁛

k=0

(2−n)2p−1κ(n)|2p−1|
󰀔1/2

≤ Bp󰂄p(n)κ(n)
1+|2p−1|/22n(1−p)

󰀓 n−1󰁛

m=0

2m−1󰁛

k=0

2mθ2m,k

󰀔p/2

= Bp󰂄p(n)κ(n)
1+|2p−1|/22n(1−p)spn.

Similarly, for the lower bound

〈x〉(p)n ≥ Ap

󰂄p(n)κ(n)p/2+|p−2|2
n(1−p)spn.

Taking logarithm on both sides of the above two inequalities and letting n ↑ ∞ give the

result. This completes the proof.
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Chapter 3

Estimating the roughness exponent of

stochastic volatility from discrete

observations of the realized variance

This chapter is based on [47] and is arranged as follows. Section 3.1 formulates the problem

of estimating the roughness exponent of the volatility process under a strictly pathwise

setting. In this section, we also present the exact form of our estimator 󰁥R∗
n that estimates

the roughness exponent of the volatility process based on the discrete observations of the

realized variance. In Section 3.2, we demonstrate the strong consistency of our estimator 󰁥R∗
n

when applied to a typical trajectory of fractional Brownian with possible drift. This result, in

particular, shows that the estimator 󰁥R∗
n is a consistent estimator for certain rough stochastic

volatility models, including the rough fractional stochastic volatility model [40]. However,

one drawback of our estimator 󰁥R∗
n is that it is not scale-invariant. As a response, Section 3.3

constructed a scale-invariant estimator based on 󰁥R∗
n. Moreover, the simulation studies in

Section 3.4 show that our estimation procedure performs well on the fractional stochastic

volatility models. Section 3.5.1 highlights the underlying rationale of the construction of

our estimator 󰁥R∗
n, and the pathwise consistency of 󰁥R∗

n is elucidated in Section 3.5.2. In

this section, we formulate conditions on a single trajectory x ∈ C[0, 1] and its antiderivative

y(t) =
󰁕 t

0
x(s) ds under which the estimates 󰁥R∗

n(y) converge to the roughness exponent of

x. In Section 3.6, we will verify that these conditions in Section 3.5.2 are satisfied for the

typical sample paths of fractional Brownian motion to obtain the strong consistency results

in Section 3.2. Some technical proofs are deferred to Section 3.6.
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3.1 Problem formulation and the estimator 󰁥R∗
n

Consider a stochastic volatility model whose price process satisfies

dSt = σtSt dBt, S0 = s0 > 0, (3.1)

where B is a standard Brownian motion and σt is a progressively measurable stochastic

process. Since the seminal work by Gatheral, Jaisson and Rosenbaum [40], it is now widely

acknowledged that the sample paths of σt typically display much rougher characteristics

than diffusive behavior. A prominent example to accommodate the rough behavior of the

volatility process is to model the log-volatility by a fractional Ornstein–Uhlenbeck process

XH as in (2.45). That is,

σt = exp(XH
t ), (3.2)

where XH solves the following integral equation

XH
t = x0 + ρ

󰁝 t

0

(µ−XH
s ) ds+WH

t , t ≥ 0,

for a fractional Brownian motion WH with Hurst parameter H ∈ (0, 1).

As explained in the introduction, our goal in this chapter is to estimate the roughness

of the trajectories t 󰀁→ σt directly from discrete, equidistant observations of the realized

variance,

〈log S〉t =
󰁝 t

0

σ2
s ds, (3.3)

without having first to compute proxy values for σt via numerical differentiation of t 󰀁→
〈log S〉t. This is important because, in reality, the volatility σt is not directly observable and

numerical errors in the computation of its proxy values might distort the roughness estimate

(see, e.g., [19]).

While our main results in Section 3.2 are concerned with rough stochastic volatility

models based on fractional Brownian motion, e.g., the rough fractional stochastic volatility

(3.2). A significant portion of our approach actually works completely trajectorial-wise and

indeed estimates the roughness exponent; see Section 3.5. The roughness exponent was

introduced in Chapter 2, and an estimation procedure of the roughness exponent based on

direct observations is provided therein. However, the problem of estimating the roughness

exponent for a trajectory of stochastic volatility is more complex because volatility cannot

be measured directly; only asset prices and their realized variance (3.3) can be observed. In

79



our current pathwise setting, this corresponds to making discrete observations of

y(t) =

󰁝 t

0

g(x(s)) ds, 0 ≤ t ≤ 1, (3.4)

where g : R → R is sufficiently regular. For instance, in the rough fractional stochastic

volatility model (3.2), where the log-volatility is given by a fractional Ornstein–Uhlenbeck

process, we will take x as a trajectory of the fractional Ornstein–Uhlenbeck process and

g(t) = (et)2 = e2t.

Let us now introduce our estimator. Suppose that for some given n ∈ N we have the

discrete observations {y(k2−n−2) : k = 0, . . . , 2n+2} of the function y in (3.4). Based on these

data points, we introduce the coefficients

ϑn,k := 23n/2+3

󰀕
y
󰀓 4k

2n+2

󰀔
− 2y

󰀓4k + 1

2n+2

󰀔
+ 2y

󰀓4k + 3

2n+2

󰀔
− y

󰀓4k + 4

2n+2

󰀔󰀖
, (3.5)

for 0 ≤ k ≤ 2n − 1. Our estimator for the roughness exponent of the trajectory g ◦ x is now

given by

󰁥R∗
n(y) := 1− 1

n
log2

󰁹󰁸󰁸󰁷
2n−1󰁛

k=0

ϑ2
n,k. (3.6)

As stated in the introduction, the estimator 󰁥R∗
n is obtained by applying the robust approx-

imation of the Faber–Schauder coefficients in Chapter 4 to the estimator

󰁥R∗
n = 1− 1

n
log2

󰁹󰁸󰁸󰁷
2n−1󰁛

k=0

θ2n,k.

In Section 3.5.1, we provide a detailed explanation of the rationale behind the estimator 󰁥R∗
n

and how it relates to the results in Chapter 2 and Chapter 4.

3.2 Strong consistency theorems

We can now state our main results, which show the strong consistency of 󰁥R∗
n when it is

applied to the situation in which x is a typical trajectory of fractional Brownian motion with

possible drift. In the sequel, WH = (WH
t )0≤t≤1 will denote a fractional Brownian motion

with Hurst parameter H, defined on a given probability space (Ω,F ,P).

Theorem 3.1. For H ∈ (0, 1) and a strictly monotone function g ∈ C2(R), let Xt := g(WH
t )
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and

Yt :=

󰁝 t

0

Xs ds =

󰁝 t

0

g(WH
s ) ds, 0 ≤ t ≤ 1.

Then, with probability one, X admits the roughness exponent H and we have limn
󰁥R∗
n(Y ) =

H.

The preceding theorem solves our problem of consistently estimating the roughness ex-

ponent for a rough volatility model with σ2
t = g(WH

t ). However, empirical volatility is

mean-reverting, and that effect is not captured by this model. Therefore, it is desirable to

replace the fractional Brownian motion WH with a mean-reverting process such as the frac-

tional Ornstein–Uhlenbeck process. This process was first introduced in [13] as the solution

of the integral equation

XH
t = x0 + ρ

󰁝 t

0

(µ−XH
s ) ds+WH

t , t ∈ [0, 1], (3.7)

where x0, ρ,m ∈ R are given parameters. The integral equation (3.7) can be uniquely solved

in a pathwise manner. The fractional Ornstein–Uhlenbeck process was suggested by Gatheral

et al. [40] as a suitable model for log-volatility, i.e., σt = eX
H
t . In our context, this model

choice implies that we are making discrete observations of the process

󰁝 t

0

σ2
s ds =

󰁝 t

0

e2X
H
s ds, 0 ≤ t ≤ 1.

The fractional Ornstein–Uhlenbeck process can simply be regarded as a fractional Brownian

motion with starting point x0 and adapted and absolutely continuous drift ρ(µ−XH
s ), and

so it falls into the class of stochastic processes considered in Theorem 2.31, which we are

quoting from Section 2.6 for the convenience of the reader.

Theorem 3.2. Let X be given by

Xt := x0 +WH
t +

󰁝 t

0

ξs ds, 0 ≤ t ≤ 1, (3.8)

where ξ is progressively measurable with respect to the natural filtration of WH and satisfies

the following additional assumption.

• If H < 1/2, we assume that t 󰀁→ ξt is P-a.s. bounded in the sense that there exists a

finite random variable C such that ξt(ω) ≤ C(ω) for a.e. t and P-a.e. ω ∈ Ω.

• If H > 1/2, we assume that ξ0 = 0 and that t 󰀁→ ξt is P-a.s. Hölder continuous with

some exponent α > 2H − 1.
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Then the law of (Xt)t∈[0,1] is absolutely continuous with respect to the law of (x0+WH
t )t∈[0,1].

More specifically, if X is a solution of the fractional integral equation

Xt = x0 +

󰁝 t

0

b(Xs) ds+WH
t , 0 ≤ t ≤ 1,

where b : R → R is locally bounded and, for H > 1/2, locally Hölder continuous with

some exponent α > 2− 1/H, it is further stated in Theorem 2.32 that the law of (Xt)t∈[0,1]

is equivalent to the law of (x0 + WH
t )t∈[0,1]. This applies in particular to the fractional

Ornstein–Uhlenbeck process XH defined in (3.7), where b(x) = ρ(µ− x).

The main result of this chapter is now an immediate corollary of Theorems 3.1 and 3.2.

Corollary 3.3. Suppose that X is as in Theorem 3.2 and g ∈ C2(R) is strictly monotone.

Then the stochastic process

g(Xt) = g

󰀕
x0 +

󰁝 t

0

ξs ds+WH
t

󰀖
, 0 ≤ t ≤ 1,

admits P-a.s. the roughness exponent H, and for Yt =
󰁕 t

0
g(Xs) ds we have limn

󰁥R∗
n(Y ) = H

P-a.s.

By Theorem 3.2, adding a drift to fractional Brownian motion can also be regarded

as changing the underlying probability law. Corollary 3.3 can therefore also be stated as

follows: The strong consistency of 󰁥R∗
n observed in Theorem 3.1 remains true after replacing

the law of WH with a law that arises in the context of Theorem 3.2. This invariance can

be seen as robustness of 󰁥R∗
n with respect to model misspecification. In addition, the strong

consistency of our estimator is unaffected by changes of the nonlinear scale function g, which

is yet another indication of the estimator’s robustness and versatility.

As another illustrative example for the robustness and versatility of 󰁥R∗
n, let us show that

our estimator is also consistent for the following class of rough stochastic volatility models.

To this end, recall that the Riemann–Liouville process (ZH
t )t≥0 is defined as

ZH
t =

1

Γ(H − 1
2
)

󰁝 t

0

(t− s)H− 1
2 dWs, t ≥ 0.

Moreover, for given ε ≥ 0, let us consider the following time-shifted Riemann–Liouville

process ZH,ε
t := ZH

t+ε − ZH
ε for t ≥ 0. The class of stochastic volatility models considered

hereupon consists of volatility processes σt that admit the following dynamics

σt = exp(V H,ε
t ) and V H,ε

t = γZH,ε
t − γ2

2
t2H , t ∈ [0, 1]. (3.9)
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In particular, taking ε = 0 recovers the rough Bergomi model in the form discussed, e.g.,

in [35, Equation (28)]. For the sake of reference, we would refer to the above stochastic

volatility model (3.9) as the time-shifted rough Bergomi model.

The following result obtains the roughness exponent of the volatility process under the

time-shifted rough Bergomi model and establishes the strong consistency of the estimator
󰁥R∗
n for the time-shifted rough Bergomi model.

Theorem 3.4. Suppose that V H,ε is as in (3.9) and g ∈ C2(R) is strictly monotone. Then,

for any ε > 0, the stochastic process g ◦V H,ε admits the roughness exponent H almost surely.

Moreover, for Y H,ε
t :=

󰁕 t

0
g(V H,ε

s ) ds, we have limn
󰁥R∗
n(Y

H,ε) = H with probability one for

any ε > 0.

3.3 A scale-invariant estimator

By definition, the roughness exponent is scale-invariant, but our estimator is not. To wit,

for every trajectory y ∈ C[0, 1] we have

󰁥R∗
n(λy)− 󰁥R∗

n(y) = − log2 |λ|
n

for λ ∕= 0.

Consequently, a scaling factor λ may either remove or introduce a bias into an estimate, and

it can notably slow down or speed up the convergence of 󰁥R∗
n(y). This will be illustrated by

the simulation studies provided in Section 3.4.

A number of scale-invariant modifications of 󰁥R∗
n can be constructed in a manner com-

pletely analogous to Definitions 2.39 and 2.40 in Chapter 2. Here, we carry this out for the

analogue of sequential scaling proposed in Definition 2.39. The underlying idea is fairly sim-

ple: We choose m < n and then search for that scaling factor λ that minimizes the weighted

mean-squared differences 󰁥R∗
k(λy) − 󰁥R∗

k−1(λy) for k = m + 1, . . . , n. The intuition is that

such an optimal scaling factor λ enforces the convergence of the estimates 󰁥R∗
k(λy).

Definition 3.5. Fix m ∈ N and α0, . . . ,αm ≥ 0 with α0 > 0. For n > m, the sequential

scaling factor λs
n and the sequential scale estimate R∗,s

n (y) are defined as follows,

λs
n := argmin

λ>0

n󰁛

k=n−m

αn−k

󰀓
󰁥R∗
k(λy)− 󰁥R∗

k−1(λy)
󰀔2

and R∗,s
n (y) := 󰁥R∗

n(λ
s
ny). (3.10)

The corresponding mapping R∗,s
n : C1[0, 1] → R will be called the sequential scale estimator.

Following the arguments in the proof of Proposition 2.41, one can prove the following

result.
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Proposition 3.6. Consider the context of Definition 3.5 with fixed m ∈ N and α0, . . . ,αm ≥
0 such that α0 > 0.

(a) The optimization problem (3.10) admits a unique solutions for every function y ∈
C[0, 1]. In particular, all objects in Definition 3.5 are well defined.

(b) The sequential scale estimator R∗,s
n can be represented as follows as a linear combina-

tion of 󰁥R∗
n−m−1, . . . ,

󰁥R∗
n,

R∗,s
n = βn,n

󰁥R∗
n + βn,n−1

󰁥R∗
n−1 + · · ·+ βn,n−m−1

󰁥R∗
n−m−1,

where

βn,k =

󰀻
󰁁󰁁󰁁󰁁󰁁󰁁󰀿

󰁁󰁁󰁁󰁁󰁁󰁁󰀽

1 +
α0

csnn
2(n− 1)

if k = n,

1

csnnk

󰀓 αn−k

k − 1
− αn−k−1

k + 1

󰀔
if n−m ≤ k ≤ n− 1,

−αm

csnn(n−m)(n−m− 1)
if k = n−m− 1,

for csn :=
n󰁛

k=n−m

αn−k

k2(k − 1)2
.

(c) The sequential scale estimator is scale-invariant. That is, for n > m, y ∈ C1[0, 1], and

λ ∕= 0, we have R∗,s
n (λy) = R∗,s

n (y).

(d) If y ∈ C1[0, 1] and R ∈ [0, 1] are such that there exists λ ∕= 0 for which | 󰁥R∗
n(λy)−R| =

O(an) as n ↑ ∞ for some sequence (an) with an = o(1/n), then |R∗,s
n (y)−R| = O(nan).

In particular, part (d) of Proposition 3.6 establishes the consistency criteria and obtains

the rate of convergence of the sequential scale estimate. By applying the above result, our

next theorem demonstrates the strong consistency and provides the rate of convergence of

R∗,s
n for the fractional Brownian motion with an absolutely continuous drift as in (3.8),

provided that the nonlinear scale function is chosen to be an identity map.

Theorem 3.7. Let m ∈ N, α0 > 0 and α1, · · · ,αm ≥ 0 be fixed. Let X be as in (3.8), and

we take

Yt =

󰁝 t

0

Xs ds, t ∈ [0, 1].

Then the following almost sure rate of convergence holds for the sequential scale estimator

R∗,s
n ,

|R∗,s
n (Y )−H| = O

󰀃
2−n/2

󰁳
log n

󰀄
.

We now examine the impact of the integration operations on the rate of convergence for

sequential scale estimators. Let R∗,s
n be the sequence scale estimator constructed based on
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󰁥R∗
n. The convergence speed of the estimator R∗,s

n was derived in Corollary 2.44, which we

are quoting from Section 2.8 for the convenience of the reader.

Theorem 3.8. Let m ∈ N, α0 > 0 and α1, · · · ,αm ≥ 0 be fixed. Let X be as in (3.8), and

the following almost sure rate of convergence holds for the sequential scale estimator R∗,s
n ,

|R∗,s
n (X)−H| = O

󰀃
2−n/2

󰁳
log n

󰀄
.

To employ estimators R∗,s
n and R∗,s

n , we need to obtain the discrete observations of the

process X and its antiderivative Y over the dyadic partition Tn+1 and Tn+2 respectively. By

comparing the rates of convergence in Theorem 3.7 and Theorem 3.8, it becomes evident that

employing the sequential scale estimator R∗,s
n upon the process X and the sequential scale

estimator R∗,s
n upon its antiderivative Y yield the same rates of convergence. Consequently,

the smoothing effect induced by integration can be mitigated by transitioning from estimator

R∗,s
n to R∗,s

n without sacrificing convergence speed, albeit at the expense of doubling the

number of observations.

3.4 Simulation study

In this section, we illustrate the practical application of Theorem 3.1, Corollary 3.3, and

Proposition 3.6 by means of simulations. We will see that the estimation performance can

be significantly boosted by replacing 󰁥R∗
n with the sequential scale estimator R∗,s

n .

We start by illustrating Theorem 3.1 for the simple choice g(x) = x. Recall from (3.5) and

(3.6) that for given n ∈ N, the computation of 󰁥R∗
n(y) requires observations of the trajectory

y at all values of the time grid Tn+2 := {k2−n−2 : k = 0, 1, . . . , 2n+2}. When using for y the

antiderivative of a sample path of fractional Brownian motion WH , we generate the values

of WH on the finer grid TN with N = n+ 6. Then we put

Yk2−n−2 := 2−N

2N−n−2k󰁛

j=1

WH
j2−N , k = 0, 1, . . . , 2n+2, (3.11)

which is an approximation of
󰁕 t

0
WH

s ds by Riemann sums. Our corresponding simulation

results are displayed in Figure 3.1.
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Figure 3.1: Box plots of the estimates 󰁥R∗
n(Y ) for n = 12, . . . , 16, based on 1,000 sample paths

of fractional Brownian motion with H = 0.3 (left), H = 0.7 (right), and Y as in (3.11).

As one can see from Figure 3.1, the estimator 󰁥R∗
n performs relatively well but exhibits a

certain bias. This bias can be completely removed by passing to the scale-invariant estimator

R∗,s
n ; see Figure 3.2.
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0.25

0.30

0.35
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0.65

0.70

0.75

Figure 3.2: Box plots of the sequential scale estimates R∗,s
n (Y ) for n = 12, . . . , 16, based on

1,000 sample paths of fractional Brownian motion with H = 0.3 (left), H = 0.7 (right), and
Y as in (3.11). The other parameters are chosen to be m = 3 and αk = 1 for k = 0, 1, 2, 3.

Now we apply our estimator 󰁥R∗
n to a model in which log-volatility, log σt, is given by a

fractional Ornstein–Uhlenbeck process XH of the form

XH
t = x0 + ρ

󰁝 t

0

(µ−XH
s ) ds+WH

t , t ∈ [0, 1],

and we make discrete observations of the process

󰁝 t

0

σ2
s ds =

󰁝 t

0

e2X
H
s ds, 0 ≤ t ≤ 1.

To this end, we take again N = n + 6 and simulate the values XH
k2−N (k = 0, . . . , 2N) by
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means of an Euler scheme. Then we put

Y σ
k2−n−2 := 2−N

2N−n−2k󰁛

j=1

exp
󰀓
2XH

j2−N

󰀔
, k = 0, 1, . . . , 2n+2, (3.12)

which is an approximation of
󰁕 t

0
e2X

H
s ds by Riemann sums. As can be seen from Figure 3.3,

the original estimator 󰁥R∗
n performs poorly in this case, while the sequential scale estimator

R∗,s
n performs almost as well as for the simple case Yt =

󰁕 t

0
WH

s ds. This is due to the fact

that the function g(t) = e2t used in (3.12) distorts substantially the scale of the underlying

process, but this distortion can be remedied by using the sequential scale estimator.
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-0.4

-0.2

0.0

0.2

0.4

12 13 14 15 16

0.0

0.2

0.4

0.6

0.8

12 13 14 15 16

0.1
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Figure 3.3: Box plots of the original estimates 󰁥R∗
n(Y

σ) (top) and the sequential scale esti-
mates R∗,s

n (Y σ) (bottom) for n = 12, . . . , 16 based on 1,000 simulations of the antiderivative
of the exponential Ornstein–Uhlenbeck process (3.12) with H = 0.3 (left) and H = 0.7
(right). The other parameters are chosen as x0 = 0, ρ = 0.2, µ = 2, m = 3 and αk = 1 for
k = 0, 1, . . . , 3.

3.5 Pathwise estimation

In this section, we formulate conditions on a single trajectory x ∈ C[0, 1] and its antideriva-

tive y(t) =
󰁕 t

0
x(s) ds under which the estimates 󰁥R∗

n(y) converge to the roughness exponent

of x. In Section 3.6, we will verify that these conditions are satisfied for the typical sample
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paths of fractional Brownian motion. The results in the present section are hence of inde-

pendent interest in situations in which it is not clear whether a given trajectory x arises from

fractional Brownian motion. We start by summarizing some key results and concepts from

Chapters 2 and 4 and also outline our rationale behind the specific form of the estimator
󰁥R∗
n.

3.5.1 The rationale behind the estimator 󰁥R∗
n

Recall that the Faber–Schauder functions are defined as

e−1,0(t) := t, e0,0(t) := (min{t, 1− t})+, em,k(t) := 2−m/2e0,0(2
mt− k)

for t ∈ R, m ∈ N and k ∈ Z. It is well known that the restrictions of the Faber–Schauder

functions to [0, 1] form a Schauder basis for C[0, 1]. More precisely, our function x ∈ C[0, 1]

can be uniquely represented as the uniform limit x = limn xn, where

xn = x(0) +
󰀃
x(1)− x(0)

󰀄
e−1,0 +

n−1󰁛

m=0

2m−1󰁛

k=0

θm,kem,k,

and the Faber–Schauder coefficients θm,k are given by

θm,k = 2m/2

󰀕
2x

󰀓2k + 1

2m+1

󰀔
− x

󰀓 k

2m

󰀔
− x

󰀓k + 1

2m

󰀔󰀖
. (3.13)

As a matter of fact, it is easy to see that the function xn is simply a linear interpolation of

x based on the supporting grid Tn = {k2−n : k = 0, . . . , 2n}.

In Chapter 2, we have derived conditions under which the trajectory x admits a roughness

exponent R ∈ [0, 1] and also suggested a way in which the roughness exponent can be

estimated from discrete observations of x. Specifically, it follows from Theorem 2.4 and

Proposition 2.16 that, if the Faber–Schauder coefficients satisfy the so-called reverse Jensen

condition (see Definition 2.3) and the sequence

󰁥R∗
n(x) := 1− 1

n
log2

󰁹󰁸󰁸󰁷
2n−1󰁛

k=0

θ2n,k (3.14)

converges to a finite limit R, then x admits the roughness exponent R.

Note that it is assumed in Chapter 2 that the trajectory x can be observed directly. This,

however, is not the case in the context of our case, where x is the (squared) volatility in a
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stochastic volatility model. So let us suppose now that we can only observe the values the

antiderivative y(t) =
󰁕 t

0
x(s) ds takes on the supporting grid Tn+2. If we can interpolate the

data points {y(t) : t ∈ Tn+2} by means of a piecewise quadratic function yn+2 ∈ C1(R), then
its derivative y′n+2 will be a continuous and piecewise linear function with supporting grid

Tn+1 and hence representable in the form

y′n+2 = x̂0 + 󰁥θ−1,0e−1,0 +
n+1󰁛

m=0

2m−1󰁛

k=0

󰁥θm,kem,k (3.15)

for some initial value x̂0 and certain coefficients 󰁥θm,k. Such a piecewise quadratic C1-

interpolation yn+2 exists in the form of the standard quadratic spline interpolation. Un-

fortunately, though, it is well known that quadratic spline interpolation suffers some serious

drawbacks:

• the initial value x̂0 is not uniquely determined by the given data {y(t) : t ∈ Tn+2};

• the values yn+2(t) depend in a highly sensitive manner on the choice of x̂0;

• the values yn+2(s) depend in a nonlocal way on the given data {y(t) : t ∈ Tn+2}, i.e.,
altering one data point y(t) may affect the value yn+2(s) also if s is located far away

from t.

In Chapter 4, we will investigate the analytical properties of the estimated Faber–Schauder

coefficients 󰁥θm,k defined in (3.15). When looking at quadratic spline interpolation through

the lens of these coefficients, we obtain refreshingly new insights into this tool. As will be

shown in Theorem 4.1, the Faber–Schauder coefficients of y′n+2 take the following explicit

forms: For −1 ≤ m ≤ n, we have

󰁥θm,k = 2n+m/2+3

2n+1−m󰁛

j=1

(−1)j
󰀕
y
󰀓 k

2m
+

j

2n+2

󰀔
− y

󰀓 k

2m
+

j − 1

2n+2

󰀔

+ y
󰀓k + 1

2m
− j − 1

2n+2

󰀔
− y

󰀓k + 1

2m
− j

2n+2

󰀔󰀖
.

(3.16)

For m = n+ 1, we have

󰁥θn+1,k = −2(n+1)/2+2x̂0 − 23(n+1)/2+4

2k󰁛

j=1

(−1)j
󰀕
y
󰀓 j

2n+2

󰀔
− y

󰀓j − 1

2n+2

󰀔󰀖

+3 · 23(n+1)/2+2

󰀕
y
󰀓2k + 1

2n+2

󰀔
− y

󰀓 2k

2n+2

󰀔󰀖
− 23(n+1)/2+2

󰀕
y
󰀓2k + 2

2n+2

󰀔
− y

󰀓2k + 1

2n+2

󰀔󰀖
.

(3.17)
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As one can see immediately from those formulas, the coefficients in generations m = 0, . . . n

are independent of 󰁥x0, whereas the coefficients in generation n+1 contain the additive term

−2(n+1)/2+2x̂0, which translates any error made in estimating x̂0 into an 2(n+1)/2+2-fold error

for each final-generation coefficient. Moreover, for m = 0, . . . n, each 󰁥θm,k depends only on

those data points y(t) for which t belongs to the closure of the support of the corresponding

wavelet function em,k. Thus, the entire nonlocality of the function yn+2 arises from the

coefficients in generation n + 1, while the coefficients of all lower generations depend on

locally on the given data. We refer to Figure 4.2 for an illustration.

The main results in Chapter 4 concern error bounds for the estimated Faber–Schauder

coefficients 󰁥θm,k. Specifically, we found that the ℓ2-norm of the combined errors in genera-

tions m = 0, . . . n is typically benign, whereas the error in the final generation m = n + 1

can be larger than a factor of size O(2n) times the error of all previous generations com-

bined. While the exact error bounds from Chapter 4 will not be needed in this chapter, the

proof of Lemma 3.11 will rely on an algebraic representation of the error terms obtained in

Lemma 4.13 and stated in (3.23) below.

The above-mentioned facts make it clear that the coefficients in generations m = 0, . . . n

provide robust estimates for the corresponding true coefficients, while the estimates 󰁥θn+1,k are

highly non-robust and should be discarded. It is now obvious that in estimating the roughness

exponent of x from the data {y(t) : t ∈ Tn+2}, we should replace the true coefficients θn,k in

our formula (3.14) for 󰁥R∗
n(x) with their estimates 󰁥θn,k. It remains to note that 󰁥θn,k is in fact

equal to ϑn,k defined in (3.5), so that we finally arrive at the rationale behind our estimator
󰁥R∗
n.

Remark 3.9. The above rationale also supports the validity of constructing an estimator
󰁥Rn from the Gladyshev estimator 󰁥Rn by replacing the actual Faber–Schauder coefficients

θm,k by 󰁥θm,k in (3.16) for all 0 ≤ m ≤ n− 1. The estimator 󰁥Rn takes the following form

󰁥Rn = 1− 1

n
log2

󰁹󰁸󰁸󰁷
n−1󰁛

m=0

2m−1󰁛

k=0

󰀃󰁥θm,k

󰀄2
.

Following the exact same techniques developed in the subsequent sections, one can also show

that the estimator 󰁥Rn is a strongly consistent estimator for the fractional Brownian motion

with drift. However, to evaluate the estimate 󰁥Rn(y) needs to compute all the approximated

Faber–Schauder coefficients 󰁥θm,k. Consequently, numerical computation of the estimated

roughness exponent through the estimator 󰁥Rn will be very costly. Hence, we limit our

discussion to the estimator 󰁥R∗
n in this thesis.

The following example provides a concrete instance where choosing the final-generation
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coefficients 󰁥θn+1,k instead of ϑn,k = 󰁥θn,k leads to an estimate that is non-robust and also

otherwise inferior.

Example 3.10. For R ∈ (0, 1], let xR ∈ C[0, 1] be the function with Faber–Schauder

coefficients θn,k = 2n(1/2−R). These functions belong to the well-studied class of fractal

Takagi–Landsberg functions. It was shown in [77, Theorem 2.1] that xR has the roughness

exponent R. Moreover, for yR(t) =
󰁕 t

0
xR(s) ds, it will be shown in Example 4.2 that the

robust approximation (3.5) based on discrete observations of yR recovers exactly the Faber–

Schauder coefficients of xR. That is, for n ∈ N and 0 ≤ k ≤ 2n − 1, we have

ϑn,k = θn,k = 2n(
1
2
−R).

It follows that

󰁥R∗
n(y

R) = 1− 1

n
log2

󰁹󰁸󰁸󰁷
2n−1󰁛

k=0

2(1−2R)n = 1− 1

n
log2 2

(1−R)n = R.

Hence, the estimator 󰁥R∗
n is not only consistent but also exact in the sense that it gives the

correct value R for every finite n.

Now we replace ϑn,k = 󰁥θn,k with the final-generation estimates 󰁥θn+1,k as defined in (3.17).

Note that this requires the choice of an initial value x̂0. The corresponding estimator is given

by

󰁨Rn(y
R) := 1− 1

n+ 1
log2

󰁹󰁸󰁸󰁷
2n+1−1󰁛

k=0

󰁥θ2n+1,k.

We will get from the subsequent Example 4.2 that for R < 1/2,

󰁥θn+1,k = −2(n+1)/2+2x̂0 +
∞󰁛

m=n+1

2m( 1
2
−R) = −2(n+1)/2+2x̂0 +

2(n+1)( 1
2
−R)

1− 2
1
2
−R

.

Hence, 󰁹󰁸󰁸󰁷
2n+1−1󰁛

k=0

󰁥θ2n+1,k = 2n+1

󰀏󰀏󰀏󰀏󰀏−4x̂0 +
2−(n+1)R

1− 2
1
2
−R

󰀏󰀏󰀏󰀏󰀏 .

It follows that

lim
n↑∞

󰁨Rn(y
R) =

󰀻
󰀿

󰀽
0 if x̂0 ∕= 0,

R if x̂0 = 0.

This shows that the estimator 󰁨Rn is extremely sensitive with respect to the estimate x̂0 of

the exact initial value x(0), which in typical applications will be unknown. Even in the case
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that x(0) is known, the correct value R is only obtained asymptotically, whereas 󰁥R∗
n(y

R) = R

for all finite n. These observations illustrate once again why we deliberately discard the final

generation 󰁥θn+1,k of estimated Faber–Schauder coefficients.

3.5.2 Pathwise consistency of 󰁥R∗
n(y)

Let us fix x ∈ C[0, 1] and denote by θm,k its Faber–Schauder coefficients (3.13). As before,

we denote by y(t) =
󰁕 t

0
x(s) ds the antiderivative of x and by ϑn,k the coefficients defined in

(3.5). For simplicity, we introduce the following vector notation,

θ̄n :=
󰀃
θn,0, θn,1 · · · , θn,2n

󰀄⊤ ∈ R2n and ϑ̄n =
󰀃
ϑn,0,ϑn,1 · · · ,ϑn,2n−1

󰀄⊤ ∈ R2n , (3.18)

Then the estimators 󰁥R∗
n and 󰁥R∗

n defined in (3.14) and (3.6) can be written as

󰁥R∗
n(x) = 1− 1

n
log2 󰀂θ̄n󰀂ℓ2 and 󰁥R∗

n(y) = 1− 1

n
log2 󰀂ϑ̄n󰀂ℓ2 . (3.19)

Moreover, we introduce the column vector zn := (z
(n)
i )1≤i≤2n with components

z
(n)
i = 23n/2

∞󰁛

m=n

2−3m/2

2m−n−1󰁛

k=0

θm,k+2m−n(i−1) for 1 ≤ i ≤ 2n. (3.20)

For 1 ≤ i, j ≤ 2n, we let furthermore

ηi,j =

󰀻
󰀿

󰀽
r for 1 ≤ i = j ≤ 2n,

01×4 for 1 ≤ i ∕= j ≤ 2n,
(3.21)

where r := 1
4
(−1,+1,+1,−1), and 0m×n denotes the m×n-dimensional zero matrix. More-

over, we denote

Qn :=

󰀵

󰀹󰀹󰀹󰀹󰀹󰀷

η1,1 η1,2 · · · η1,2n−1 η1,2n

η2,1 η2,2 · · · η2,2n−1 η2,2n

...
...

. . .
...

...

η2n,1 η2n,2 · · · η2n,2n−1 η2n,2n

󰀶

󰀺󰀺󰀺󰀺󰀺󰀸
∈ R2n×2n+2

. (3.22)

It will be shown in Lemma 4.13 that the error between the true and estimated Faber–

Schauder coefficients can be represented as follows,

ϑ̄n − θ̄n = wn, where wn = Qnzn+2 ∈ R2n . (3.23)
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Consider the following condition:

There exists κ ∈ R \ {1} such that
󰀂wn󰀂ℓ2
󰀂θ̄n󰀂ℓ2

−→ κ as n ↑ ∞. (3.24)

We will see in Proposition 3.18 that condition (3.24) is P-a.s. satisfied for fractional Brownian

motion.

Lemma 3.11. Under condition (3.24), there exist n0 ∈ N and constants 0 < κ− ≤ κ+ < ∞
such that

κ−󰀂θ̄n󰀂ℓ2 ≤
󰀐󰀐ϑ̄n

󰀐󰀐
ℓ2
≤ κ+󰀂θ̄n󰀂ℓ2 for all n ≥ n0. (3.25)

Proof. Let κ be as in (3.24). Then, for any ε < |κ− 1|/2, there exists nε ∈ N such that for

n ≥ nε, we have
󰀐󰀐θ̄n

󰀐󰀐
ℓ2
(κ − ε) < 󰀂wn󰀂ℓ2 <

󰀐󰀐θ̄n

󰀐󰀐
ℓ2
(κ + ε). Using the representation (3.23)

and applying the triangle inequality gives

󰀐󰀐ϑ̄n

󰀐󰀐
ℓ2
=
󰀐󰀐θ̄n −wn

󰀐󰀐
ℓ2
≤
󰀐󰀐θ̄n

󰀐󰀐
ℓ2
+󰀂wn󰀂ℓ2 ≤ (κ+ ε+ 1)

󰀐󰀐θ̄n

󰀐󰀐
ℓ2
.

On the other hand, we have

󰀐󰀐ϑ̄n

󰀐󰀐
ℓ2
=
󰀐󰀐θ̄n −wn

󰀐󰀐
ℓ2
≥

󰀏󰀏󰀏
󰀐󰀐θ̄n

󰀐󰀐
ℓ2
−󰀂wn󰀂ℓ2

󰀏󰀏󰀏 ≥
󰀃
|1− κ− ε| ∧ |1− κ+ ε|

󰀄󰀐󰀐θ̄n

󰀐󰀐
ℓ2
.

This completes the proof.

By taking logarithms in (3.25), Lemma 3.11 immediately yields the following result.

Proposition 3.12. Under condition (3.24), the limit limn
󰁥R∗
n(y) exists if and only if limn

󰁥R∗
n(x)

exists. Moreover, in this case, limn
󰁥R∗
n(y) = limn

󰁥R∗
n(x).

Example 3.13. In the situation of Example 3.10, we have seen that ϑn,k = θn,k = 2n(
1
2
−R).

Applying the representation (3.23) yields thatwn = 02n×1. This implies limn󰀂wn󰀂ℓ2 /󰀂θ̄n󰀂ℓ2 =
0. That is, xR satisfies condition (3.24). Hence, Proposition 3.12 applies, which gives an

additional proof of the previously observed fact that limn
󰁥R∗
n(y) = R.

Next, we consider the following question: Under which conditions on x and g does u :=

g◦x admit the roughness exponent R? To answer this question, we fix the following notation

throughout the remainder of this section,

u(t) = g(x(t)) and v(t) =

󰁝 t

0

u(s) ds =

󰁝 t

0

g(x(s)) ds. (3.26)

Proposition 3.14. If x admits the roughness exponent R, g belongs to C1(R), and g′ is

nonzero on the range x([0, 1]) of x, then u = g ◦ x also admits the roughness exponent R.
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Proof. For any p > 0, the mean value theorem and the intermediate value theorem yield

numbers τn,k ∈ [k2−n, (k + 1)2−n] such that

〈u〉(p)n =
2n−1󰁛

k=0

󰀏󰀏󰀏󰀏g
′(x(τn,k))

󰀓
x
󰀓k + 1

2n

󰀔
− x

󰀓 k

2n

󰀔󰀔󰀏󰀏󰀏󰀏
p

=
2n−1󰁛

k=0

󰀏󰀏g′(x(τn,k))
󰀏󰀏p
󰀏󰀏󰀏󰀏x
󰀓k + 1

2n

󰀔
− x

󰀓 k

2n

󰀔󰀏󰀏󰀏󰀏
p

,

(3.27)

where the notation 〈u〉(p)n was introduced in (2.1). Since g′ is continuous and nonzero, there

are constants 0 < c− < c+ < ∞ such that c− ≤ |g′(x(t))| ≤ c+ for all t ∈ [0, 1]. Hence,

cp−〈x〉
(p)
n ≤ 〈u〉(p)n ≤ cp+〈x〉

(p)
n holds for all n. Passing to the limit n ↑ ∞ for p > 1/R and

p < 1/R yields the result.

Now we turn to the following question: Under which conditions do we have 󰁥R∗
n(v) → R,

where v is as in (3.26)? The conditions we will introduce for answering this question are

relatively strong. Nevertheless, they hold for the sample paths of fractional Brownian motion.

Proposition 3.15. Suppose that there exists R ∈ (0, 1) such that the following conditions

hold.

(a) We have

0 < lim inf
n↑∞

2n(2R−2)

2n−1󰁛

k=0

ϑ2
n,k ≤ lim sup

n↑∞
2n(2R−2)

2n−1󰁛

k=0

ϑ2
n,k < ∞. (3.28)

(b) The function x is Hölder continuous with exponent α ∈ (2R/5, 1].

Then, if g ∈ C2(R) is strictly monotone, we have limn
󰁥R∗
n(v) = R.

Proof. In this proof, we will work with the actual and estimated Faber–Schauder coefficients

of the various functions x, y, u, and v. For this reason, we will temporarily use a superscript

to indicate from which function the Faber–Schauder coefficients will be computed. That is,

for any function f , we write

θfn,k = 2n/2
󰀕
2f

󰀓2k + 1

2n+1

󰀔
− f

󰀓 k

2n

󰀔
− f

󰀓k + 1

2n

󰀔󰀖
,

ϑf
n,k = 23n/2+3

󰀕
f
󰀓 4k

2n+2

󰀔
− 2f

󰀓4k + 1

2n+2

󰀔
+ 2f

󰀓4k + 3

2n+2

󰀔
− f

󰀓4k + 4

2n+2

󰀔󰀖
.

(3.29)
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With this notation, the coefficients ϑn,k in (3.5) should be re-written as ϑy
n,k. In particular,

(3.28) refers to the coefficients ϑy
n,k. Our goal in this proof is to show that (3.28) carries over

to the coefficients ϑv
n,k. That is,

0 < lim inf
n↑∞

2n(2R−2)

2n−1󰁛

k=0

󰀃
ϑv
n,k

󰀄2 ≤ lim sup
n↑∞

2n(2R−2)

2n−1󰁛

k=0

󰀃
ϑv
n,k

󰀄2
< ∞. (3.30)

Taking logarithms, dividing by 2n, and passing to the limit will then yield R− 󰁥R∗
n(v) → 0,

which is the assertion.

It remains to establish (3.30). Rewriting the second line in (3.29) gives after a short

computation that

ϑf
n,k = 2n+5/2

󰀓
θfn+1,2k+1 − θfn+1,2k

󰀔
. (3.31)

Let us introduce the notation θfm,k(s) := θ
f(s+·)
m.k . That is, θfm,k(s) are the Faber–Schauder

coefficients of the function t 󰀁→ f(s+ t) for given s ≥ 0. One can avoid undefined arguments

of functions in case s + t > 1 by assuming without loss of generality that all occurring

functions on [0, 1] are defined on all of [0,∞). With this notation, we get from (3.31) that

for f ∈ C1[0,∞),

ϑf
n,k = 2n+5/2

󰁝 2−n−1

0

θf
′

n+1,2k(s) ds. (3.32)

Applying the mean-value theorem and the intermediate value theorem yields certain inter-

mediate times τn+2,k(s) ∈ [2−n−2k + s, 2−n−2(k + 1) + s] such that for s ∈ [0, 2−n−1],

θun+1,2k(s) = 2(n+1)/2

󰀕
2u

󰀓4k + 1

2n+2
+ s

󰀔
− u

󰀓 4k

2n+2
+ s

󰀔
− u

󰀓4k + 2

2n+2
+ s

󰀔󰀖

= 2(n+1)/2g′
󰀃
x(τn+2,4k(s))

󰀄󰀕
x
󰀓4k + 1

2n+2
+ s

󰀔
− x

󰀓 4k

2n+2
+ s

󰀔󰀖

+ 2(n+1)/2g′
󰀃
x(τn+2,4k+1(s))

󰀄󰀕
x
󰀓4k + 1

2n+2
+ s

󰀔
− x

󰀓4k + 2

2n+2
+ s

󰀔󰀖
,

= 2(n+1)/2

󰀣
g′
󰀃
x(τn+2,4k(s))

󰀄
+ g′

󰀃
x(τn+2,4k+1(s))

󰀄

2

󰀕
2x

󰀓4k + 1

2n+2
+ s

󰀔
− x

󰀓 4k

2n+2
+ s

󰀔
− x

󰀓4k + 2

2n+2
+ s

󰀔󰀖󰀤

+ 2(n+1)/2

󰀣
g′
󰀃
x(τn+2,4k(s))

󰀄
− g′

󰀃
x(τn+2,4k+1(s))

󰀄

2

󰀕
x
󰀓4k + 2

2n+2
+ s

󰀔
− x

󰀓 4k

2n+2
+ s

󰀔󰀖󰀤
.

The intermediate value theorem and the mean-value theorem also imply that there are
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intermediate times τ 󰂒n+1,2k(s), τ
󰂐
n+1,2k(s) ∈ [2−n−12k + s, 2−n−1(2k + 1) + s] such that

1

2

󰀓
g′
󰀃
x(τn+2,4k(s))

󰀄
+ g′

󰀃
x(τn+2,4k+1(s))

󰀄󰀔
= g′

󰀃
τ 󰂒n+1,2k(s)

󰀄
,

1

2

󰀓
g′
󰀃
x(τn+2,4k(s))

󰀄
− g′

󰀃
x(τn+2,4k+1(s))

󰀄󰀔
=

1

2
g′′
󰀃
τ 󰂐n+1,2k(s)

󰀄 󰀃
x(τn+2,4k(s))− x(τn+2,4k+1(s))

󰀄
.

With the shorthand notation

ζxn+1,2k(s) := 2(n+1)/2

󰀕
x
󰀓4k + 2

2n+2
+ s

󰀔
− x

󰀓 4k

2n+2
+ s

󰀔󰀖󰀃
x(τn+2,4k(s))− x(τn+2,4k+1(s))

󰀄
,

we then have

θun+1,2k(s) = g′
󰀃
τ 󰂒n+1,2k(s)

󰀄
θxn+1,2k(s) + g′′

󰀃
τ 󰂐n+1,2k(s)

󰀄
ζxn+1,2k(s).

Plugging the preceding equation into (3.32) and applying the mean value theorem for inte-

grals yields intermediate times τ 󰂒n+1,k, τ
󰂐
n+1,k ∈ [2−n−1k, 2−n−1(k+1)] that are independent of

s such that

ϑv
n,k = 2n+5/2g′

󰀃
x(τ 󰂒n+1,2k)

󰀄 󰁝 2−n−1

0

θxn+1,2k(s) ds+ 2n+5/2g′′
󰀃
x(τ 󰂐n+1,2k)

󰀄 󰁝 2−n−1

0

ζxn+1,2k(s) ds

= g′
󰀃
x(τ 󰂒n+1,2k)

󰀄
ϑy
n,k + 2n+5/2g′′

󰀃
x(τ 󰂐n+1,2k)

󰀄 󰁝 2−n−1

0

ζxn+1,2k(s) ds.

Introducing the shorthand notation

󰁨ζxn+1,2k := 2n+5/2

󰁝 2−n−1

0

ζxn+1,2k(s) ds,

and let us write

󰀃
ϑv
n,k

󰀄2
=

󰀃
g′
󰀃
x(τ 󰂒n+1,2k)

󰀄󰀄2󰀃
ϑy
n,k

󰀄2
+
󰀓
g′′
󰀃
x(τ 󰂐n+1,2k)

󰀄󰀔2 󰀃󰁨ζxn+1,2k

󰀄2

+ 2g′
󰀃
x(τ 󰂒n+1,2k)

󰀄
g′′
󰀃
x(τ 󰂐n+1,2k)

󰀄
ϑy
n,k

󰁨ζxn+1,2k.
(3.33)

For each of the three terms on the right, we will now analyze its contribution to the quantities

in (3.30). The main contribution comes from the first term on the right. Indeed, our assump-

tions on g imply that there are constants 0 < c− ≤ c+ < ∞ such that c− < (g′(x(t)))2 < c+

for all t ∈ [0, 1], and so

c−2
n(2R−2)

2n−1󰁛

k=0

󰀃
ϑy
n,k

󰀄2 ≤ 2n(2R−2)

2n−1󰁛

k=0

󰀃
ϑv
n,k

󰀄2 ≤ c+2
n(2R−2)

2n−1󰁛

k=0

󰀃
ϑy
n,k

󰀄2
.
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This will establish (3.30) as soon as we have shown that the contributions of the two remain-

ing terms in (3.33) are asymptotically negligible. For the second term, we use the Hölder

continuity of x to get a constant cx for which

|x(τn+2,4k(s))− x(τn+2,4k+1(s))| ≤ cx|τn+2,4k(s)− τn+2,4k+1(s)|α ≤ cx2
−αn.

Furthermore, there exists κx > 0 such that 32(g′′(x(s)))2 ≤ κx for all s ∈ [0, 1]. Then,

2(2R−2)n

2n−1󰁛

k=0

󰀓
g′′
󰀃
x(τ 󰂐n+1,2k)

󰀄󰀔2 󰀓󰁨ζn+1,2k

󰀔2

= 2(2R−2)n

2n−1󰁛

k=0

󰀓
g′′
󰀃
x(τ 󰂐n+1,2k)

󰀄󰀔2
󰀣
2n+5/2

󰁝 2−n−1

0

ζxn+1,2k(s) ds

󰀤2

≤ κx2
2Rn

2n−1󰁛

k=0

󰀣󰁝 2−n−1

0

ζxn+1,2k(s) ds

󰀤2

≤ κx2
2Rn

2n−1󰁛

k=0

2−n−1

󰁝 2−n−1

0

󰀓
ζxn+1,2k(s)

󰀔2

ds

≤ κx2
(2R−1)n

󰁝 2−n−1

0

2n−1󰁛

k=0

󰀕
x
󰀓4k + 2

2n+2
+ s

󰀔
− x

󰀓 4k

2n+2
+ s

󰀔󰀖2 󰀃
x(τn+2,4k(s))− x(τn+2,4k+1(s))

󰀄2
ds

= κx2
αn

󰁝 2−n−1

0

2(2R−1−α)n

2n−1󰁛

k=0

󰀕
x
󰀓2k + 1

2n+1
+ s

󰀔
− x

󰀓 2k

2n+1
+ s

󰀔󰀖2 󰀃
c2x2

−2αn
󰀄
ds

≤ κxc
2
x

󰁝 2−n−1

0

sup
s∈[0,2−n−1]

󰀳

󰁃2(2R−1−3α)n

2n+1−1󰁛

k=0

󰀕
x
󰀓2k + 1

2n+1
+ s

󰀔
− x

󰀓2k
2n

+ s
󰀔󰀖2

󰀴

󰁄 ds.

Moreover, (b) implies the integrand in the final term converges to zero:

lim
n↑∞

sup
0≤s≤2−n−1

2(2R−1−3α)n

2n+1−1󰁛

k=0

󰀕
x
󰀓2k + 1

2n+1
+ s

󰀔
− x

󰀓2k
2n

+ s
󰀔󰀖2

= 0. (3.34)

Indeed, by the Hölder continuity of x, we can again use the constant cx to get

2(2R−1−3α)n

2n+1−1󰁛

k=0

󰀕
x
󰀓2k + 1

2n+1
+ s

󰀔
− x

󰀓2k
2n

+ s
󰀔󰀖2

≤ 2(2R−1−3α)n · 2n+1 · c2x2−2(n+1)α;

the right-hand side is equal to c2x · 21−2α · 2(2R−5α)n, which converges to zero as n ↑ ∞.

Altogether, this shows that the contribution of the second term on the right-hand side of

(3.33) is negligible.

For the cross-product term on the rightmost side of (3.33), we get from the Cauchy–
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Schwarz inequality,

lim
n↑∞

2(2R−2)n

2n−1󰁛

k=0

g′
󰀃
x(τ 󰂒n+1,2k)

󰀄
g′′
󰀃
x(τ 󰂐n+1,2k)

󰀄
ϑn,k

󰁨ζxn+1,2k

≤

󰁹󰁸󰁸󰁷lim
n↑∞

2(2R−2)n

2n−1󰁛

k=0

󰀓
g′
󰀃
x(τ 󰂒n+1,2k)

󰀄󰀔2 󰀃
ϑn,k

󰀄2
󰁹󰁸󰁸󰁷lim

n↑∞
2(2R−2)n

2n−1󰁛

k=0

󰀓
g′′
󰀃
x(τ 󰂐n+1,2k)

󰀄󰀔2 󰀃󰁨ζxn+1,2k

󰀄2
= 0.

Altogether, (3.30) follows.

The next theorem describes the asymptotic behavior of the estimator 󰁥R∗
n for the an-

tiderivative of the sum of continuous functions. To this end, let x, u ∈ C[0, 1], and we denote

the antiderivatives of x and u by y and v respectively. To present this result, we continue

to use a superscript to indicate from which function the Faber–Schauder coefficients will be

computed. Furthermore, we remain to use the notation θfm,k(s) = θ
f(s+·)
m,k .

The following lemma presents a possible sufficient condition, under which, the consistency

of the estimator 󰁥R∗
n remains to hold for the sum of continuous functions.

Lemma 3.16. Suppose that there exists R ∈ (0, 1) such that the following conditions hold.

(a) We have

0 < lim inf
n↑∞

2n(2R−2)

2n−1󰁛

k=0

󰀓
ϑy
n,k

󰀔2

≤ lim sup
n↑∞

2n(2R−2)

2n−1󰁛

k=0

󰀓
ϑy
n,k

󰀔2

< ∞. (3.35)

(b) The function u ∈ C2(0, 1) admits the following properties:

(i) |u′′(t)| is strictly decreasing over (0, 1).

(ii) lim
t↓0

t5−2R
󰀃
u′′(t)

󰀄2
= 0.

(iii) lim
t↓0

t1/2−R · sup
0≤s≤t

u(s) = 0.

Then, we have limn
󰁥R∗
n(y + v) = R.

Proof. To prove the above result, our goal is to show that (3.35) carries over to the coefficients

ϑy+v
n,k . That is

0 < lim inf
n↑∞

2n(2R−2)

2n−1󰁛

k=0

󰀓
ϑy+v
n,k

󰀔2

≤ lim sup
n↑∞

2n(2R−2)

2n−1󰁛

k=0

󰀓
ϑy+v
n,k

󰀔2

< ∞. (3.36)
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If so, taking logarithms, dividing by 2n, and passing to the limit upon (3.36) will yield

limn
󰁥R∗
n(y+v) = R. Moreover, following the same arguments in the proof of Proposition 3.15,

it suffices to establish the following identity

lim sup
n↑∞

2n(2R−2)

2n−1󰁛

k=0

󰀃
ϑv
n,k

󰀄2
= 0. (3.37)

To this end, from (3.31), we get

ϑy+v
n,k = ϑy

n,k + ϑv
n,k = ϑy

n,k + 2n+5/2

󰁝 2−n−1

0

θun+1,2k(s) ds.

By the mean-value theorem, there exist intermediate times τn,k(s) ∈ [2−nk, 2−n(k + 1)] such

that

θun+1,2k(s) = 2(n+1)/2

󰀣
2u

󰀕
4k + 1

2n+2
+ s

󰀖
− u

󰀕
4k

2n+2
+ s

󰀖
− u

󰀕
4k + 2

2n+2
+ s

󰀖󰀤

= 2(n+1)/2−2n−3u′′󰀃τn,k(s)
󰀄
= 2−3n/2−5/2u′′󰀃τn,k(s)

󰀄
.

Applying the Hölder inequality to the above equation yields the existence of an intermediate

time τn,k ∈ [2−nk, 2−n(k + 1)] such that

󰀃
ϑu
n,k

󰀄2
= 22n+5

󰀣󰁝 2−n−1

0

θun+1,2k(s) ds

󰀤2

= 2−n

󰀣󰁝 2−n−1

0

u′′󰀃τn,k(s)
󰀄
ds

󰀤2

≤ 2−2n−1

󰁝 2−n−1

0

󰀃
u′′(τn,k(s))

󰀄2
ds = 2−3n−2

󰀃
u′′(τn,k)

󰀄2
,

where the last step follows again from the mean-value theorem. Furthermore, since |u′′| is a
decreasing function, we have

2−3n−2

2n−1󰁛

k=2

󰀃
u′′(τn,k)

󰀄2 ≤ 2−3n−2

2n−1󰁛

k=2

󰀃
u′′(2−nk)

󰀄2 ≤ 2−2n−2

󰁝 1

2−n

󰀃
u′′(s)

󰀄2
ds.

Applying Cauchy’s inequality yields that

󰀃
ϑv
n,0

󰀄2
+
󰀃
ϑv
n,1

󰀄2 ≤ 8 sup
0≤s≤2−n−1

󰀓
θun+1,0(s)

󰀔2

+
󰀓
θun+1,1(s)

󰀔2

≤ 2n+9 sup
0≤s≤2−n

u2(s).
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Therefore, combining the above inequalities gives

2n(2R−2)

2n−1󰁛

k=0

󰀓
ϑv
n,k

󰀔2

≤ 2(2R−4)n−2

󰁝 1

2−n

󰀃
u′′(s)

󰀄2
ds+ 2(2R−1)n sup

0≤s≤2−n

u2(s).

In particular, it follows from L’Hôpital’s rule that

lim
n↑∞

2(2R−4)n

󰁝 1

2−n

󰀃
u′′(s)

󰀄2
ds = lim

t↓0

󰁕 1

t

󰀃
u′′(s)

󰀄2
ds

t2R−4
= (4− 2R) lim

t↓0

󰀃
u′′(t)

󰀄2

t2R−5
= 0.

Furthermore, we have

lim
n↑∞

2(2R−1)n sup
0≤s≤2−n

u2(s) =

󰀣
lim
t↓0

t1/2−R · sup
0≤s≤t

u(s)

󰀤2

= 0.

Finally, the above identities establish (3.37) and complete the proof.

To conclude this section, we state and prove a lemma, which will be needed for the proof

of Proposition 3.18. For possible future reference, we include it in our present pathwise

context. For n, k ∈ N, let us consider the vector z(n,k) = (z
(n,k)
i ) ∈ R2n , where

z
(n,k)
i = 23n/2

n+k󰁛

m=n

2−3m/2

2m−n−1󰁛

j=0

θm,j+2m−n(i−1) for 1 ≤ i ≤ 2n. (3.38)

It is clear that the vector z(n,k) is a truncated version of the vector zn defined in (3.20). Since

each Faber–Schauder coefficient θm,k is a linear combination of the values x(j2−n−k−1), each

z
(n,k)
i must admit the following representation,

z
(n,k)
i =

2n+k+1󰁛

j=0

ξ
(n,k,i)
j x

󰀓 j

2n+k+1

󰀔
, (3.39)

for certain coefficients ξ
(n,k,i)
j . The following lemma computes the values of these coefficients.

Lemma 3.17. We have

ξ
(n,k,i)
j =

󰀻
󰁁󰁁󰁁󰀿

󰁁󰁁󰁁󰀽

0 if j ≤ 2k+1(i− 1)− 1 or j ≥ 2k+1i+ 1,

2n/2(2−k − 2) if j = 2k+1(i− 1) or j = 2k+1i,

21−k+n/2 if 2k+1(i− 1) + 1 ≤ j ≤ 2ki− 1.

(3.40)

Proof of Lemma 3.17. We fix n ∈ N and 1 ≤ i ≤ 2n and proceed by induction on k ∈ N.
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First, let us establish the base case k = 0. Then

z
(n,0)
i = θn,i−1 = 2n/2+1x

󰀓2i− 1

2n+1

󰀔
− 2n/2x

󰀓 2i

2n+1

󰀔
− 2n/2x

󰀓2i− 2

2n+1

󰀔
. (3.41)

Moreover, plugging k = 0 into (3.40) yields that ξ
(n,0,i)
2i−2 = ξ

(n,0,i)
2i = −2n/2, ξ

(n,0,i)
2i−1 = 2n/2+1

and ξ
(n,0,i)
j = 0 otherwise. It is clear that those coefficients coincide with the corresponding

ones in (3.41), which proves our induction for the initial step k = 0.

Next, let us assume that (3.40) holds for k = m and subsequently prove that this identity

also holds for k = m+ 1. It follows from (3.38) that

z
(n,m+1)
i = z

(n,m)
i +2n/2−m−1

2m+1i−1󰁛

j=2m+1(i−1)

󰀕
2x

󰀓 2j + 1

2n+m+2

󰀔
−x

󰀓 j

2n+m+1

󰀔
−x

󰀓 j + 1

2n+m+1

󰀔󰀖
. (3.42)

For 2m+1(i − 1) < j < 2m+1i − 1, the point 2−n−m−2(2j + 1) cannot be written in the form

ℓ2−n−m−1 for some ℓ ∈ N0. Hence

ξ
(n,m+1,i)
2j+1 = 2 · 2n/2−m−1 = 2n/2−m,

as the term x(2−n−m−2(2j +1)) does not appear in the linear combination (3.39) for k = m.

Next, for 2k−n(i − 1) < j < 2k−ni, the point 2−n−m−22j = 2−n−m−1j can be written in the

form ℓ2−n−m−1 for some ℓ ∈ N0. It thus follows from (3.39) and (3.40) that

ξ
(n,m+1,i)
2j = ξ

(n,m,i)
j − 2 · 2n/2−m−1 = 2n/2−m,

as the term x(2−n−m−1j) contributes to the representation of z
(n,m)
i with ξ

(n,m,i)
j = 2n/2−m+1.

Moreover, for j = 2k−n(i− 1) or j = 2k−ni, we have

ξ
(n,m+1,i)
j = ξ

(n,m,i)
j − 2n/2−m−1 = 2n/2(2−m − 2)− 2n/2−m−1 = 2n/2(2−m−1 − 2).

Last, for j ≤ 2m+2(i − 1) − 1 or j ≥ 2m+2i + 1, the term x(2−n−m−2) does not appear on

right-hand side of (3.42). Thus, we have ξ
(n,m+1,i)
j = 0. Comparing the above identities with

(3.40) proves the case for k = m+ 1.

3.6 Proofs for the results in Chapter 3

We begin this section with the proof of Theorem 3.1.

Proof of Theorem 3.1. It was shown in Theorem 2.30 that WH admits P-a.s. the roughness
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exponent H. It now follows from Proposition 3.14 that the sample paths of X = g(WH)

also admit the roughness exponent H.

Now we prove that, with probability one, 󰁥R∗
n(Y ) → H for Yt =

󰁕 t

0
Xs ds. To this end,

we use the following result by Gladyshev [41] on the convergence of the weighted quadratic

variation of WH ,

2(2H−1)n〈WH〉(2)n −→ 1 P-a.s.

Hence, if θ̄n = (θn,k) are the Faber–Schauder coefficients of the sample paths of WH , then

Proposition 2.16 yields that

2(2H−2)n
󰀐󰀐θ̄n

󰀐󰀐2

ℓ2
= 2(2H−2)n

2n−1󰁛

k=0

θ2n,k −→ 22−2H − 1 P-a.s. (3.43)

Lemma 3.11 now implies that condition (a) of Proposition 3.15 is satisfied. Condition (b) of

that proposition is also satisfied, because it is well known that the sample paths of WH are

P-a.s. Hölder continuous for every exponent α < H; see, e.g., [75, Section 1.16]. Hence, we

may apply Proposition 3.15 and so 󰁥R∗
n(Y ) → H follows.

For completing the proof of Theorem 3.1, it remains to establish (3.24). This is achieved

in the following proposition.

Proposition 3.18. With probability one, the sample paths of fractional Brownian motion

WH satisfy condition (3.24).

3.6.1 Proof of Proposition 3.18

To prove Proposition 3.18, we need to obtain the asymptotic behavior of the 󰀂wn󰀂ℓ2 associ-

ated with a fractional Brownian motion WH . Let ϑ̄n, z(n,k), and zn be defined as in (3.5),

(3.38), and (3.20) for the sample paths of WH . It is clear that zn is well defined since the

sample paths of WH satisfy a Hölder condition. Moreover, all three are Gaussian random

vectors. Our next lemma characterizes the covariance structure of the Gaussian vector zn.

To this end, consider the function gH := h1 + h2 + h3, where the hi : N0 → R are defined as

follows,

h1(ς) = −2
󰀓
2ς2H + |ς − 1|2H + |ς + 1|2H

󰀔

h2(ς) =

󰀻
󰀿

󰀽

8
2H+1

󰀃
(ς + 1)2H+1 − (ς − 1)2H+1

󰀄
for ς ≥ 1,

16
2H+1

for ς = 0,

h3(ς) = − 8

(2H + 2)(2H + 1)

󰀓
|ς + 1|2H+2 − 2ς2H+2 + |ς − 1|2H+2

󰀔
.

(3.44)
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Furthermore, we introduce the Toeplitz matrix Gn := (gH(|i− j|))1≤i,j≤2n .

Lemma 3.19. For each n ∈ N, the random vector zn is a well-defined zero-mean Gaussian

vector with covariance matrix

Γn = (γ
(n)
i,j )1≤i,j≤2n = 2(1−2H)nGn.

Proof. For n, k ∈ N, let us denote

Γ(n,k) = (γ
(n,k)
i,j )1≤i,j≤2n := E

󰁫
z(n,k)z

⊤
(n,k)

󰁬
.

It suffices to show that the components γ
(n,k)
i,j converges to γ

(n)
i,j as k ↑ ∞. Moreover, by

symmetry, it suffices to consider the case j ≥ i. Lemma 3.17 yields

γ
(n,k)
i,j = E

󰀅
z
(n,k)
i z

(n,k)
j

󰀆
=

2n+k+1󰁛

τ1=0

2n+k+1󰁛

τ2=0

ξ(n,k,i)τ1
ξ(n,k,j)τ2

E
󰁫
WH

τ1
2n+k+1

·WH
τ2

2n+k+1

󰁬
.

We also get from Lemma 3.17 that
󰁓2n+k+1

τ=0 ξ
(n,k,i)
τ = 0 and ξ

(n,k,i)
j = 0 for j ≤ 2k+1(i− 1)− 1

or j ≥ 2k+1i+ 1. Hence, for ς := j − i ≥ 0,

γ
(n,k)
i,j = −

2n+k+1󰁛

τ1=0

2n+k+1󰁛

τ2=0

ξ
(n,k,i)
τ1 ξ

(n,k,j)
τ2

2

󰀏󰀏󰀏󰀏
τ1 − τ2
2n+k+1

󰀏󰀏󰀏󰀏
2H

= −2−2Hn

2k+1󰁛

τ1=0

2k+1󰁛

τ2=0

ξ
(n,k,i)
τ1 ξ

(n,k,j)
τ2

2

󰀏󰀏󰀏󰀏
τ1 − τ2
2k+1

+ ς

󰀏󰀏󰀏󰀏
2H

.

Using once again (3.40) yields that

γ
(n,k)
i,j = 2(1−2H)n

󰀃
h1,k(ς) + h2,k(ς) + h3,k(ς)

󰀄
, (3.45)

where functions hi,k are defined as follows,

h1,k(ς) = −(2−k − 2)2

2

󰀓
2|ς|2H + |ς − 1|2H + |ς + 1|2H

󰀔
,

h2,k(ς) = 2−k(2− 2−k)
2k+1−1󰁛

τ=1

󰀓 󰀏󰀏󰀏󰀏
τ

2k+1
+ ς

󰀏󰀏󰀏󰀏
2H

+

󰀏󰀏󰀏󰀏
τ

2k+1
+ ς − 1

󰀏󰀏󰀏󰀏
2H

+

󰀏󰀏󰀏󰀏
−τ

2k+1
+ ς

󰀏󰀏󰀏󰀏
2H

+

󰀏󰀏󰀏󰀏
−τ

2k+1
+ ς + 1

󰀏󰀏󰀏󰀏
2H 󰀔

,

h3,k(ς) = −21−2k

2k+1−1󰁛

τ1=1

2k+1−1󰁛

τ2=1

󰀏󰀏󰀏󰀏
τ1 − τ2
2k+1

+ ς

󰀏󰀏󰀏󰀏
2H

.

Let us first consider the case ς ≥ 1. Then,

lim
k↑∞

h1,k(ς) = −2
󰀓
2ς2H + (ς − 1)2H + (ς + 1)2H

󰀔
. (3.46)
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Furthermore,

lim
k↑∞

h2,k(ς) = lim
k↑∞

21−k(2− 2−k)
2k+1−1󰁛

τ=1

󰀓 󰀏󰀏󰀏󰀏
τ

2k+1
+ ς

󰀏󰀏󰀏󰀏
2H

+

󰀏󰀏󰀏󰀏
τ

2k+1
+ ς − 1

󰀏󰀏󰀏󰀏
2H 󰀔

= 8 lim
k↑∞

2−k−1

2k+1−1󰁛

τ=1

󰀓 󰀏󰀏󰀏󰀏
τ

2k+1
+ ς

󰀏󰀏󰀏󰀏
2H

+

󰀏󰀏󰀏󰀏
τ

2k+1
+ ς − 1

󰀏󰀏󰀏󰀏
2H 󰀔

= 8

󰀣󰁝 ς+1

ς

t2H dt+

󰁝 ς

ς−1

t2H dt

󰀤
=

8
󰀃
(ς + 1)2H+1 − (ς − 1)2H+1

󰀄

2H + 1

We also get in a similar way that

lim
k↑∞

h3,k(ς) = −8 lim
k↑∞

2−2−2k

2k+1−1󰁛

τ1=1

2k+1−1󰁛

τ2=1

󰀕
τ1 − τ2
2k+1

+ ς

󰀖2H

= −8

󰁝 1

0

󰁝 1

0

(t− s+ ς)2H ds dt

= −
8
󰀃
(ς + 1)2H+2 − 2ς2H+2 + (ς − 1)2H+2

󰀄

(2H + 2)(2H + 1)
.

For the case ς = 0, limk↑∞ h1,k(0) = h1(0) as in (3.46). Next, we have

lim
k↑∞

h2,k(0) = lim
k↑∞

22−k(2− 2−k)
2k+1−1󰁛

τ=1

󰀏󰀏󰀏󰀏
τ

2k+1

󰀏󰀏󰀏󰀏
2H

= 16

󰁝 1

0

t2H dt =
16

2H + 1
.

Finally,

lim
k↑∞

h3,k(0) = lim
k↑∞

−21−2k

2k+1−1󰁛

τ1=1

2k+1−1󰁛

τ2=1

󰀏󰀏󰀏󰀏
τ1 − τ2
2k+1

󰀏󰀏󰀏󰀏
2H

= −8

󰁝 1

0

󰁝 1

0

|t− s|2H dsdt

= 16

󰁝 1

0

󰁝 t

0

(t− s)2H dsdt =
16

(2H + 1)(2H + 2)
.

Comparing the above equations with (3.44) completes the proof.

Our next lemma investigates the limit of 2n(H−1)󰀂zn󰀂ℓ2 as n ↑ ∞ by applying a concentra-

tion inequality from [5, Lemma 3.1]. In the form needed here, it states that if Z is a centered

Gaussian random vector with covariance matrix C, T :=
√
traceC, and γ :=

󰁳
󰀂C󰀂2, then

there exists a universal constant κ independent of C such that

P
󰁫󰀏󰀏󰀂Z󰀂ℓ2 − T

󰀏󰀏 ≥ t
󰁬
≤ κ exp

󰀓
− t2

4γ2

󰀔
for all t > 0. (3.47)
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Lemma 3.20. With probability one,

lim
n↑∞

2n(H−1)󰀂zn󰀂ℓ2 = 2

󰁵
1−H

H + 1
.

Proof. It follows from (3.44) that

󰁳
traceΓn =

󰁹󰁸󰁸󰁷
2n󰁛

i=1

γ
(n)
i,i = 2(1−H)n

󰁳
gH(0) = 2(1−H)n

󰁶

−4 +
16

2H + 1
− 16

(2H + 1)(2H + 2)

= 2(1−H)n+1

󰁵
1−H

H + 1
.

(3.48)

Let 󰀂 · 󰀂p denote the ℓp-induced operator norm. As shown in Lemma 3.19, the covariance

matrix Γn is a symmetric Toeplitz matrix and so γ
(n)
i,j = γ

(n)
j,i = γ

(n)
1,|j−i+1|. Hence, we have

󰀂Γn󰀂1 =󰀂Γn󰀂∞, and this gives

󰀂Γn󰀂2 ≤
󰁴
󰀂Γn󰀂1󰀂Γn󰀂∞ =󰀂Γn󰀂1 = max

1≤j≤2n

2n󰁛

i=1

|γ(n)
i,j | = max

1≤j≤2n

2n󰁛

i=1

|γ(n)
1,|j−i+1||

≤ 2
2n󰁛

i=1

|γ(n)
1,i | ≤ 2(1−2H)n+1

2n󰁛

ς=0

|gH(ς)|,
(3.49)

where the first inequality is a well-known bound for the spectral norm of a matrix; see, e.g.,

[94, proof of Theorem 2.3]. In the next step, we will show that gH(ς) = O(ς2H−4) as ς ↑ ∞.

For ς ≥ 3, Taylor expansion yields u1 ∈ (ς − 1, ς) and u2 ∈ (ς, ς + 1) such that

(ς − 1)2H = ς2H +
3󰁛

i=1

(−1)i
󰁔i

j=1(2H − j + 1)

i!
ς2H−i +

󰁔4
j=1(2H − i+ 1)

4!
u2H−4
1 ,

(ς + 1)2H = ς2H +
3󰁛

i=1

󰁔i
j=1(2H − j + 1)

i!
ς2H−i +

󰁔4
j=1(2H − i+ 1)

4!
u2H−4
2 .

Note that
3󰁛

i=1

󰀃
(−1)i + 1

󰀄󰁔i
j=1(2H − j + 1)

i!
ς2H−i = 2H(2H − 1)ς2H−2,

and therefore, we have

h1(ς) = −2

󰀣
4ς2H + 2H(2H − 1)ς2H−2 +

󰁔4
j=1(2H − j + 1)

4!
(u2H−4

1 + u2H−4
2 )

󰀤
. (3.50)
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In the same way, we obtain

h2(ς) = 8

󰀣
2ς2H +

2(2H)(2H − 1)

3!
ς2H−2 +

󰁔4
j=1(2H − j + 1)

5!
(u2H−4

3 + u2H−4
4 )

󰀤
, (3.51)

h3(ς) = −8

󰀣
2

2!
ς2H +

2(2H)(2H − 1)

4!
ς2H−2 +

󰁔4
j=1(2H − j + 1)

6!
(u2H−4

5 + u2H−4
6 )

󰀤
, (3.52)

for some u3, u5 ∈ (ς−1, ς) and u4, u6 ∈ (ς, ς+1). Since ui ≥ ς−1, we get u2H−4
i ≤ (ς−1)2H−4.

Summing up (3.50), (3.51) and (3.52) yields that gH(ς) = O(ς2H−4) as ς ↑ ∞, which with

(3.49) implies that

󰀂Γn󰀂2 ≤ 2(1−2H)n

󰀳

󰁃gH(0) + gH(1) +
2n󰁛

ς=2

gH(ς)

󰀴

󰁄 = O(2(1−2H)n) for H ∈ (0, 1). (3.53)

Therefore, for each H ∈ (0, 1), there exist cH ≥ 0 and nc,H ∈ N such that for n ≥ nc,H ,

we have 󰀂Γn󰀂2 ≤ cH . Thus, for n ≥ nc,H and any given ε > 0, the concentration inequality

(3.47) gives

P

󰀳

󰁃
󰀏󰀏󰀏󰀏󰀏2

n(H−1)󰀂zn󰀂ℓ2 − 2

󰁵
1−H

H + 1

󰀏󰀏󰀏󰀏󰀏 ≥ ε

󰀴

󰁄 = P

󰀳

󰁃
󰀏󰀏󰀏󰀏󰀏󰀂zn󰀂ℓ2 − 2(1−H)n+1

󰁵
1−H

H + 1

󰀏󰀏󰀏󰀏󰀏 ≥ 2(1−H)nε

󰀴

󰁄

≤ κ exp

󰀣
−2n(2−2H)ε2

󰀂Γn󰀂2

󰀤
= κ exp(−c−1

H 2nε2).

The latter expression is summable in n for every ε > 0, and so a Borel–Cantelli argument

yields that 2n(H−1)󰀂zn󰀂ℓ2 → 2
󰁴

1−H
H+1

with probability one as n ↑ ∞.

In the following lemma, we will derive the asymptotic behavior of the norms ofwn defined

in (3.23).

Lemma 3.21. With probability one, we have

lim
n↑∞

2n(H−1)󰀂wn󰀂ℓ2 = 2−2H
󰁳

α(H),

where α(H) = gH(0)− 1
2
gH(1)− gH(2) +

1
2
gH(3).

Proof. Let us denote the covariance matrix of wn by Φn := (φ
(n)
i,j )

2n

i,j=1 = QnΓn+2Q
⊤
n . We

first show that

traceΦn = 2(2−2H)n−4Hα(H).
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For the fixed n ∈ N, consider the following partition of the covariance matrix Γn+2,

Γn+2 =

󰀵

󰀹󰀹󰀹󰀹󰀹󰀷

Γ∗
1,1 Γ∗

1,2 · · · Γ∗
1,2n

Γ∗
2,1 Γ∗

2,2 · · · Γ∗
2,2n

...
...

. . .
...

Γ∗
2n,1 Γ∗

2n,2 · · · Γ∗
2n,2n

󰀶

󰀺󰀺󰀺󰀺󰀺󰀸
, (3.54)

where Γ∗
i,j are 4 × 4-dimensional matrices. In particular, for 1 ≤ i ≤ 2n, the diagonal

partitioned matrices Γ∗
i,i are of the form:

Γ∗
i,i = 2(1−2H)(n+2)G2 = 2(1−2H)(n+2)

󰀵

󰀹󰀹󰀹󰀹󰀷

gH(0) gH(1) gH(2) gH(3)

gH(1) gH(0) gH(1) gH(2)

gH(2) gH(1) gH(0) gH(1)

gH(3) gH(2) gH(1) gH(0)

󰀶

󰀺󰀺󰀺󰀺󰀸
.

Recall the definition of ηi,j from (3.21), we get

φ
(n)
i,i =

󰀃
ηi,1,ηi,2, . . . ,ηi,2n

󰀄
Γn+1

󰀃
ηi,1,ηi,2, . . . ,ηi,2n

󰀄⊤

=
󰀃
01×4, . . . ,ηi,i, . . . ,01×4

󰀄
Γn+1

󰀃
01×4, . . . ,ηi,i, . . . ,01×4

󰀄⊤

= rΓ∗
i,ir

⊤ = 2(1−2H)(n+2)rG2r
⊤.

To evaluate the last argument in the above equation, we have

rG2r
⊤ =

1

16
11×4

󰀵

󰀹󰀹󰀹󰀹󰀷

gH(0) −gH(1) −gH(2) gH(3)

−gH(1) gH(0) gH(1) −gH(2)

−gH(2) gH(1) gH(0) −gH(1)

gH(3) −gH(2) −gH(1) gH(0)

󰀶

󰀺󰀺󰀺󰀺󰀸
14×1 =

α(H)

4
.

Therefore, we have φ
(n)
i,i = 2(1−2H)(n+2)−2α(H) for every 1 ≤ i ≤ 2n, and

traceΦn =
2n󰁛

i=1

φ
(n)
i,i = 2(2−2H)n−4Hα(H).

In our next step, we shall show that 22n(H−1)󰀂wn󰀂ℓ2 converges to 2−2H
󰁳

α(H). It will be

shown in Theorem 4.14 that 󰀂Qn󰀂2 = 1/4, and due to (3.53), there exists a constant cH > 0

such that

󰀂Φn󰀂2 ≤󰀂Qn󰀂22󰀂Γn+2󰀂2 ≤ cH2
(1−2H)n.
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For any given ε > 0, the concentration inequality (3.47) yields that

P
󰀕󰀏󰀏󰀏2n(H−1)󰀂wn󰀂ℓ2 − 2n(H−1)

󰁳
traceΦn

󰀏󰀏󰀏 ≥ ε

󰀖
= P

󰀕󰀏󰀏󰀏2n(H−1)󰀂wn󰀂ℓ2 −
󰁳

22−4Hα(H)
󰀏󰀏󰀏 ≥ ε

󰀖

≤ κ exp

󰀣
−2n(2−2H)ε2

󰀂Qn󰀂2

󰀤
= κ exp(−c−1

H 2nε2).

From here, the Borel–Cantelli lemma yields the assertion.

Proof of Proposition 3.18. By (3.43) and Lemma 3.21,

lim
n↑∞

󰀂wn󰀂ℓ2󰀐󰀐θ̄n

󰀐󰀐
ℓ2

= lim
n↑∞

󰁹󰁸󰁸󰁷2n(2H−2)󰀂wn󰀂2ℓ2
2n(2H−2)

󰀐󰀐θ̄n

󰀐󰀐2

ℓ2

=

󰁵
2−4Hα(H)

22−2H − 1
=

󰁵
α(H)

22+2H − 24H
< 1.

See Figure 3.4 for an illustration of the latter inequality.

0.2 0.4 0.6 0.8 1.0

1

2

3

4

Figure 3.4: Plot of functions α(H) (blue) and β(H) := 22+2H − 24H (orange) as functions of
H ∈ (0, 1).

3.6.2 Proof of Theorem 3.7

The proof of Theorem 3.7 begins with the following lemma, which provides an upper bound

for the covariance between Faber–Schauder coefficients of the fractional Brownian motion at

different generations. Such a bound is obtained à la [41, Theorem 1].

Lemma 3.22. Let n < m, 0 ≤ k ≤ 2n − 1 and 0 ≤ j ≤ 2m − 1 be given such that

󰀏󰀏2nj − 2mk
󰀏󰀏 > 2m∨n.
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Then there exists a positive constant ρH such that

󰀏󰀏cov
󰀃
θn,k, θm,j

󰀄󰀏󰀏 ≤ ρH · 2−3(m+n)/2

󰀣󰀏󰀏󰀏󰀏
k + 1

2n
− j

2m

󰀏󰀏󰀏󰀏 ∧
󰀏󰀏󰀏󰀏
k

2n
− j + 1

2m

󰀏󰀏󰀏󰀏

󰀤2H−4

. (3.55)

Proof. For fixed n,m ∈ N and s, t ∈ R, we denote

fn,m(s, t) := cov

󰀕
WH

s+ 1
2n+1

−WH
s ,WH

t+ 1
2m+1

−WH
t

󰀖

=
1

2

󰀣󰀏󰀏󰀏󰀏s− t+
1

2n+1

󰀏󰀏󰀏󰀏
2H

+

󰀏󰀏󰀏󰀏s− t− 1

2m+1

󰀏󰀏󰀏󰀏
2H

− |s− t|2H −
󰀏󰀏󰀏󰀏s− t+

1

2n+1
− 1

2m+1

󰀏󰀏󰀏󰀏
2H

󰀤
.

(3.56)

Arguing as in the proof of Theorem 2.34 yields

cov
󰀃
θn,k, θm,j

󰀄
= 2

n+m
2

󰁝 2k+1

2n+1

2k
2n+1

󰁝 2j+1

2m+1

2j

2m+1

∂2fn,m(s, t)

∂s∂t
dsdt

≤ 2−
m+n

2
−2 sup

(s,t)∈S(n+1,m+1)

k
2n

,
j

2m

󰀏󰀏󰀏󰀏󰀏
∂2fn,m(s, t)

∂s∂t

󰀏󰀏󰀏󰀏󰀏 ,
(3.57)

where for fixed m,n ∈ N, S(m,n)
a,b denotes the triangular area of the following form

S(m,n)
a,b :=

󰀗
a, a+

1

2n

󰀘
×

󰀗
b, b+

1

2m

󰀘
for a, b ∈ R.

To provide an upper bound for

sup
(s,t)∈S(n+1,m+1)

k
2n

,
j

2m

󰀏󰀏󰀏󰀏󰀏
∂2fn,m(s, t)

∂s∂t

󰀏󰀏󰀏󰀏󰀏 ,

note that

󰀏󰀏󰀏󰀏󰀏
∂2fn,m(s, t)

∂s∂t

󰀏󰀏󰀏󰀏󰀏 = H|2H − 1|

󰀏󰀏󰀏󰀏󰀏|t− s|2H−2 +

󰀏󰀏󰀏󰀏s− t+
1

2n+1
− 1

2m+1

󰀏󰀏󰀏󰀏
2H−2

−
󰀏󰀏󰀏󰀏s− t+

1

2n+1

󰀏󰀏󰀏󰀏
2H−2

−
󰀏󰀏󰀏󰀏s− t− 1

2m+1

󰀏󰀏󰀏󰀏
2H−2

󰀏󰀏󰀏󰀏󰀏

≤ 1

2

3󰁜

i=0

|2H − i|
󰁝 s+ 1

2n+1

s

󰁝 t+ 1
2m+1

t

|u− v|2H−4 dudv

≤ 2−(n+m)−3

3󰁜

i=0

|2H − i|

󰀳

󰁃 sup
(u,v)∈S(n+1,m+1)

s,t

|u− v|2H−4

󰀴

󰁄 .
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Applying the above inequality to (3.57) yields

󰀏󰀏cov
󰀃
θn,k, θm,j

󰀄󰀏󰀏 ≤ 2−
3(m+n)

2
−5

3󰁜

i=0

|2H − i| sup
(s,t)∈S(n+1,m+1)

k
2n

,
j

2m

sup
(u,v)∈S(n+1,m+1)

s,t

|u− v|2H−4. (3.58)

Since
󰀏󰀏2nj − 2mk

󰀏󰀏 > 2m∨n, we have
󰁫

k
2n
, k+1

2n

󰁬
∩
󰁫

j
2m

, j+1
2m

󰁬
= ∅. As a result, we have

sup
(s,t)∈S(n+1,m+1)

k
2n

,
j

2m

sup
(u,v)∈S(n+1,m+1)

s,t

|u− v|2H−4 ≤ sup
(s,t)∈S(n,m)

k
2n

,
j

2m

|s− t|2H−4

≤
󰀣󰀏󰀏󰀏󰀏

k

2n
− j + 1

2m

󰀏󰀏󰀏󰀏 ∧
󰀏󰀏󰀏󰀏
k + 1

2n
− j

2m

󰀏󰀏󰀏󰀏

󰀤2H−4

.

Inserting the above inequality to (3.58) and selecting ρH := 2−5
󰁔3

i=0 |2H − i| completes the

proof.

Recall that wn = Qnzn+2, and let us denote

wn =
󰀃
wn,0, wn,1, · · · , wn,2n−1

󰀄⊤
.

By verifying the representation of Qn in (3.22), we have

wn,i = r⊤
󰀓
z
(n+2)
4i+1 , z

(n+2)
4i+2 , z

(n+2)
4i+3 , z

(n+2)
4i

󰀔⊤
=

1

4

󰀓
−z

(n+2)
4i+1 + z

(n+2)
4i+2 + z

(n+2)
4i+3 − z

(n+2)
4i+4

󰀔
. (3.59)

Applying the bound in Lemma 3.22, we can obtain the following result, which concerns

the upper bound between the Faber–Schauder coefficient θn,k and Gaussian random variable

wn,i.

Lemma 3.23. For n ∈ N, let 0 ≤ i, k ≤ 2n − 1 be given such that |i− k| > 1. Then we have

󰀏󰀏cov
󰀃
θn,k, wn,i

󰀄󰀏󰀏 ≤ ρH2
(1−2H)n

󰀃
|k − i− 1| ∧ |k − i+ 1|

󰀄2H−4
. (3.60)
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Proof. We first prove for the case i > k + 1. In this context, we have for 1 ≤ δ ≤ 4,

󰀏󰀏󰀏cov
󰀃
θn,k, z

(n+2)
4i+δ

󰀄󰀏󰀏󰀏 = 23(n+2)/2

󰀏󰀏󰀏󰀏󰀏󰀏
cov

󰀳

󰁃θn,k,
∞󰁛

m=n+2

2−3m/2

2m−(n+2)−1󰁛

j=0

θm,j+2m−(n+2)(4i+δ−1)

󰀴

󰁄

󰀏󰀏󰀏󰀏󰀏󰀏

≤ 23(n+2)/2

∞󰁛

m=n+2

2−3m/2

2m−(n+2)−1󰁛

j=0

󰀏󰀏󰀏cov
󰀃
θn,k, θm,j+2m−(n+2)(4i+δ−1)

󰀄󰀏󰀏󰀏

≤ ρH · 23(n+2)/2

∞󰁛

m=n+2

2−3m−3n/2

2m−(n+2)−1󰁛

j=0

󰀣
2m−(n+2)

󰀃
(4i+ δ − 1) + j

󰀄

2m
− k + 1

2n

󰀤2H−4

= ρH · 23(n+2)/2

∞󰁛

m=n+2

2−3m−3n/2

2m−(n+2)−1󰁛

j=0

󰀕
4i+ δ + j − 5− 4k

2n+2

󰀖2H−4

.

As j ≥ 0 and i > k + 1, we have

󰀏󰀏󰀏cov
󰀃
θn,k, z

(n+2)
4i+δ

󰀄󰀏󰀏󰀏 ≤ ρH · 23(n+2)/2

∞󰁛

m=n+2

2−2m−(n+2)−3n/2 sup
0≤j≤2m−(n+2)−1

󰀕
4i+ δ + j − 5− 4k

2n+2

󰀖2H−4

≤ ρH · 2−n+1

∞󰁛

m=n+2

2−2m

󰀕
i− k − 1

2n

󰀖2H−4

≤ ρH · 2−n+1−2(n+2)

󰀕
i− k − 1

2n

󰀖2H−4

≤ ρH · 2(1−2H)n (i− k − 1)2H−4 .

Let us now prove for the case i < k − 1. Under this circumstance, we now have

󰀏󰀏󰀏cov
󰀃
θn,k, θm,j+2m−(n+2)(4i+δ−1)

󰀄󰀏󰀏󰀏 = 2−3(n+m)/2

󰀣
k

2n
−

2m−(n+2)
󰀃
(4i+ δ − 1) + j

󰀄
+ 1

2m

󰀤2H−4

= 2−3(n+m)/2

󰀕
4k − 4i− δ + 1− j

2n+2
− 1

2m

󰀖2H−4

.

As δ ≤ 4, m ≥ n+ 2 and j ≤ 2m−(n+2) − 1, we must have

4k − 4i− δ + 1− j

2n+2
− 1

2m
≥ k − i− 1

2n+2

Thus, arguing as above yields that

󰀏󰀏󰀏cov
󰀃
θn,k, z

(n+2)
4i+δ

󰀄󰀏󰀏󰀏 ≤ ρH · 23(n+2)/2

∞󰁛

m=n+2

2−2m−(n+2)−3n/2 sup
0≤j≤2m−(n+2)−1

󰀕
4k − 4i− δ + 1− j

2n+2
− 1

2m

󰀖2H−4

≤ ρH · 2−n+1

∞󰁛

m=n+2

2−2m

󰀕
k − i− 1

2n

󰀖2H−4

≤ ρH · 2(1−2H)n (k − i− 1)2H−4 .
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Combining the above bounds for different cases, for |i− k| > 1, we have

󰀏󰀏󰀏cov
󰀃
θn,k, z

(n+2)
4i+δ

󰀄󰀏󰀏󰀏 ≤ ρH · 2(1−2H)n
󰀃
|k − i− 1| ∧ |k − i+ 1|

󰀄2H−4
.

Finally, applying (3.59) gives

󰀏󰀏cov
󰀃
θn,k, wn,i

󰀄󰀏󰀏 ≤ 1

4

4󰁛

δ=1

󰀏󰀏󰀏cov
󰀃
θn,k, z

(n+2)
4i+δ

󰀄󰀏󰀏󰀏 ≤ ρH · 2(1−2H)n
󰀃
|k − i− 1| ∧ |k − i+ 1|

󰀄2H−4
.

This completes the proof.

Given the demonstration in Theorem 3.2, we can show that the distribution (Xt)t∈[0,1]

is absolutely continuous with respect to that of (WH
t )t∈[0,1]. Thus, it suffices to establish

Theorem 3.7 in the context of fractional Brownian motion. To this end, let θ̄n, ϑ̄n, andwn be

as defined in (3.18) and (3.23), respectively, associated with the fractional Brownian motion.

Additionally, denote the covariance matrix of ϑ̄n by Ψn :=
󰀃
ψ

(n)
i,j

󰀄2n−1

i,j=0
. The subsequent

lemma explores the behavior of the traces of the covariance matrices (Ψn)n∈N.

Lemma 3.24. For n ∈ N, we have

traceΨn+1 = 22−2HtraceΨn.

Proof. Let us first of all show that the covariance of the Faber–Schauder coefficients of a

fractional Brownian motion admits the following properties:

(a) cov
󰀃
θn,k, θm,j

󰀄
= 22H−1cov

󰀃
θn+1,k, θm+1,j

󰀄
.

(b) cov
󰀃
θn,k, θm,j

󰀄
= cov

󰀃
θn,k+i, θm,j+2m−ni

󰀄
.

We show that assertion (a) holds. To this end, recall that fn,m as in (3.56) is given as

fn,m(s, t) := cov

󰀕
WH

s+ 1
2n+1

−WH
s ,WH

t+ 1
2m+1

−WH
t

󰀖

=
1

2

󰀣󰀏󰀏󰀏󰀏s− t+
1

2n+1

󰀏󰀏󰀏󰀏
2H

+

󰀏󰀏󰀏󰀏s− t− 1

2m+1

󰀏󰀏󰀏󰀏
2H

− |s− t|2H −
󰀏󰀏󰀏󰀏s− t+

1

2n+1
− 1

2m+1

󰀏󰀏󰀏󰀏
2H

󰀤
.

Clearly, for s, t ≥ 0, we have

fn,m(s, t) = 22Hfn+1,m+1(s/2, t/2).
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Therefore, we have

cov
󰀃
θn+1,k, θm+1,j

󰀄
= 2

n+m+2
2

󰀕
fn+1,m+1

󰀕
2k + 1

2n+2
,
2j + 1

2m+2

󰀖
− fn+1,m+1

󰀕
2k + 1

2n+2
,

2j

2m+2

󰀖

− fn+1,m+1

󰀕
2k

2n+2
,
2j + 1

2m+2

󰀖
+ fn+1,m+1

󰀕
2k

2n+2
,

2j

2m+2

󰀖󰀖

= 2
n+m+2

2
−2H

󰀕
fn,m

󰀕
2k + 1

2n+1
,
2j + 1

2m+1

󰀖
− fn,m

󰀕
2k + 1

2n+1
,

2j

2m+1

󰀖

− fn,m

󰀕
2k

2n+1
,
2j + 1

2m+1

󰀖
+ fn,m

󰀕
2k

2n+1
,

2j

2m+1

󰀖󰀖

= 21−2Hcov
󰀃
θn,k, θm,j).

To prove the second assertion, note that for any s, t ≥ 0 and any a ∈ R, we have

fn,m(s, t) = fn,m(s+ a, t+ a).

Thus, take k′ = k + i and j′ = j + 2m−ni, we get

k

2n
− j

2m
=

k′

2n
− j′

2m
.

This then yields that

cov
󰀃
θn,k, θm,j

󰀄
= 2

n+m
2

󰀕
fn,m

󰀕
2k + 1

2n+1
,
2j + 1

2m+1

󰀖
− fn,m

󰀕
2k + 1

2n+1
,

2j

2m+1

󰀖

− fn,m

󰀕
2k

2n+1
,
2j + 1

2m+1

󰀖
+ fn,m

󰀕
2k

2n+1
,

2j

2m+1

󰀖󰀖

= 2
n+m

2

󰀕
fn,m

󰀕
2k′ + 1

2n+1
,
2j′ + 1

2m+1

󰀖
− fn,m

󰀕
2k′ + 1

2n+1
,
2j′

2m+1

󰀖

− fn,m

󰀕
2k′

2n+1
,
2j′ + 1

2m+1

󰀖
+ fn,m

󰀕
2k′

2n+1
,
2j′

2m+1

󰀖󰀖

= cov
󰀃
θn,k+i, θm,j+2m−ni

󰀄
.

As an immediate corollary of the above assertions, we have must that E
󰁫
θ2n+1,k

󰁬
=

21−2HE
󰁫
θ2n,0

󰁬
. Moreover, we can simply migrate the above properties from the Faber–

Schauder coefficients to the covariance between θn,k and wn,k.

(a) cov(θn,k, wn,i) = 22H−1cov(θn+1,k, wn+1,i).

(b) cov(θn,k, wn,i) = cov(θn,k+n0 , wn,i+n0).
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Again, let us prove assertion (a) first. To this end, for 1 ≤ δ ≤ 4, we get

cov
󰀃
θn+1,k, z

(n+3)
4i+δ

󰀄
= 23(n+3)/2cov

󰀳

󰁃θn+1,k,
∞󰁛

m=n+3

2−3m/2

2m−(n+3)−1󰁛

j=0

θm,j+2m−(n+3)(4i+δ−1)

󰀴

󰁄

= 23(n+3)/2cov

󰀳

󰁃θn+1,k,

∞󰁛

m=0

2−3(m+n+3)/2

2m−1󰁛

j=0

θm+(n+3),j+2m(4i+δ−1)

󰀴

󰁄

= cov

󰀳

󰁃θn+1,k,
∞󰁛

m=0

2−3m/2

2m−1󰁛

j=0

θm+(n+3),j+2m(4i+δ−1)

󰀴

󰁄

=
∞󰁛

m=0

2−3m/2

2m−1󰁛

j=0

cov
󰀃
θn+1,k, θm+(n+3),j+2m(4i+δ−1)

󰀄

= 21−2Hcov

󰀳

󰁃θn,k,
∞󰁛

m=0

2−3m/2

2m−1󰁛

j=0

θm+(n+2),j+2m(4i+δ−1)

󰀴

󰁄 = 21−2H
󰀃
θn,k, z

(n+2)
4i+δ

󰀄
.

Assertion (a) holds therein, since wn,i is a linear combination of the Gaussian variables

{z(n+2)
4i+δ : δ = 1, 2, 3, 4} as in (3.59). To prove assertion (b), note that

cov(θn,k+n0 , z
(n+2)
4(i+n0)+δ) =

∞󰁛

m=0

2−3m/2

2m−1󰁛

j=0

cov
󰀃
θn,k+n0 , θm+(n+2),j+2m(4i+δ−1)+2m+2n0

󰀄

=
∞󰁛

m=0

2−3m/2

2m−1󰁛

j=0

cov
󰀃
θn,k, θm+(n+2),j+2m(4i+δ−1)

󰀄
= cov(θn,k, z

(n+2)
4i+δ ).

Once again, by the as wn,k and wn,k+n0 are constructed as the linear combinations of the

{z(n+2)
4i+δ : δ = 1, 2, 3, 4} and {z(n+2)

4(i+n0)+δ
: δ = 1, 2, 3, 4} in the format presented in (3.59), we

complete the prove for assertion (b).

Finally, applying the above result, we have

traceΨn+1 =
2n+1−1󰁛

k=0

ψ
(n+1)
k,k =

2n+1−1󰁛

k=0

󰀕
E
󰁫
θ2n+1,k

󰁬
+ E

󰁫
w2

n+1,k

󰁬
+ 2E

󰀅
θn+1,kwn+1,k

󰀆󰀖

= 2n+1+(1−2H)

󰀕
E
󰁫
θ2n,0

󰁬
+ E

󰁫
w2

n,0

󰁬
+ 2E

󰀅
θn,0wn,0

󰀆󰀖
= 22−2HtraceΨn.

This completes the proof.

To prove Theorem 3.7, it suffices to prove the following proposition. The results in

Theorem 3.7 then simply follow from assertion (d) in Proposition 3.6.
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Proposition 3.25. For H ∈ (0, 1), we take εn = 2−n/2n−1
√
log n. Then there exist τH > 0

and a positive constant c, such that

lim sup
n↑∞

ε−1
n

󰀏󰀏󰀏󰀏󰀏󰀏
H − 󰁥R∗

n

󰀣
WH

√
τH

󰀤󰀏󰀏󰀏󰀏󰀏󰀏
≤ c P-a.s.

Proof. Let us denote τH = traceΨ0, it is clear that traceΨn = 2(2−2H)nτH . Furthermore, as

shown in Proposition 3.18, as

E
󰀅
w2

n,0

󰀆

E
󰀅
θ2n,0

󰀆 =
α(H)

22+2H − 24H
< 1.

This then implies that τH > 0. Furthermore, following from Lemma 3.19, Lemma 3.21 and

Lemma 3.24, the covariance matrix Ψn is a symmetric Toeplitz matrix and so ψ
(n)
i,j = ψ

(n)
j,i =

ψ
(n)
0,|j−i|. Hence, we have 󰀂Ψn󰀂1 =󰀂Ψn󰀂∞, and applying inequalities (3.53), (3.55) and (3.60)

yields that there exists a positive constant κH > 0 such that

󰀂Ψn󰀂2 ≤
󰁴
󰀂Ψn󰀂1󰀂Ψ󰀂∞ =󰀂Ψn󰀂1 = max

0≤j≤2n−1

2n−1󰁛

i=0

|ψ(n)
i,j | ≤ 2

2n−1󰁛

i=0

|ψ(n)
0,i |

≤ 2

󰀳

󰁃|ψ(n)
0,0 |+ |ψ(n)

0,1 |+
2n−1󰁛

i=2

|ψ(n)
0,i |

󰀴

󰁄 ≤ κH2
n(1−2H),

where the final inequality holds as it follows from the same inequalities that both 2n(2H−1)|E[θn,0θn,i]|,
2n(2H−1)|E[wn,0wn,i]| and 2n(2H−1)|E[θn,0wn,i]| are of order O(i2H−4) as i ↑ ∞.

Now, the concentration inequality (3.47) yields that there exists a constant λ > 0 such

that for all n ∈ N and δ > 0,

P

󰀵

󰀹󰀷

󰀏󰀏󰀏󰀏󰀏󰀏
2n(H−1)

󰀐󰀐󰀐󰀐󰀐
ϑ̄n√
τH

󰀐󰀐󰀐󰀐󰀐
ℓ2

− 1

󰀏󰀏󰀏󰀏󰀏󰀏
≥ δ

󰀶

󰀺󰀸 = P
󰀗󰀏󰀏󰀏2n(H−1)

󰀐󰀐ϑ̄n

󰀐󰀐
ℓ2
−

√
τH

󰀏󰀏󰀏 ≥ δ
√
τH

󰀘

= P
󰀗󰀏󰀏󰀏
󰀐󰀐ϑ̄n

󰀐󰀐
ℓ2
−

󰁳
traceΨn

󰀏󰀏󰀏 ≥ 2n(1−H)δτH

󰀘

≤ λ exp

󰀣
−2n(2−2H)δ2τ 2H

4󰀂Ψn󰀂2

󰀤
.

115



Taking δn := 2−n/2τ−1
H

√
8κH log n yields that

P

󰀵

󰀹󰀷

󰀏󰀏󰀏󰀏󰀏󰀏
2n(H−1)

󰀐󰀐󰀐󰀐󰀐
ϑ̄n√
τH

󰀐󰀐󰀐󰀐󰀐
ℓ2

− 1

󰀏󰀏󰀏󰀏󰀏󰀏
≥ δ

󰀶

󰀺󰀸 ≤ λ

n2
.

As the expression over the right-hand side of the above inequality is absolutely summable,

the Borel–Cantelli lemma yields that

lim sup
n↑∞

δ−1
n

󰀏󰀏󰀏󰀏󰀏󰀏
2n(H−1)

󰀐󰀐󰀐󰀐󰀐
ϑ̄n√
τH

󰀐󰀐󰀐󰀐󰀐
ℓ2

− 1

󰀏󰀏󰀏󰀏󰀏󰀏
≤ 1 P-a.s.

Note that

H − 󰁥R∗
n

󰀣
Y H

√
τH

󰀤
= (H − 1) +

1

n
log2

󰀐󰀐󰀐󰀐󰀐
ϑ̄n√
τH

󰀐󰀐󰀐󰀐󰀐
ℓ2

=
1

n
log2

󰀳

󰁃2n(H−1)

󰀐󰀐󰀐󰀐󰀐
ϑ̄n√
τH

󰀐󰀐󰀐󰀐󰀐
ℓ2

󰀴

󰁄 ,

and now using the fact
√
1 + x − 1 ∼ x/2 as x → 0 yields the result. This completes the

proof.

Proof of Theorem 3.4. Let us denote the sample path of the time-shifted Riemann–Liouville

process ZH,ε by z. It follows from [84, Theorem 5.8] that the laws of time-shifted Riemann–

Liouville process ZH,ε and fractional Brownian motion WH are equivalent for any ε > 0.

Therefore, the law equivalence between WH and ZH,ε, together with Proposition 3.18, yields

that

0 < lim inf
n↑∞

2n(2H−2)

2n−1󰁛

k=0

󰀓
ϑz
n,k

󰀔2

≤ lim sup
n↑∞

2n(2H−2)

2n−1󰁛

k=0

󰀓
ϑz
n,k

󰀔2

< ∞,

with probability one. Furthermore, the sample path v of V H,ε can be replicated pathwisely

through

v = γz − γ2

2
t2H . t ∈ [0, 1].

It is clear that t 󰀁→ γ2

2
t2H satisfies the conditions in part (b) of Lemma 3.16. Therefore, we

have

0 < lim inf
n↑∞

2n(2R−2)

2n−1󰁛

k=0

󰀓
ϑv
n,k

󰀔2

≤ lim sup
n↑∞

2n(2R−2)

2n−1󰁛

k=0

󰀓
ϑv
n,k

󰀔2

< ∞,

with probability one. Finally, the assertion follows from Proposition 3.15. This completes

the proof.
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Chapter 4

Robust Faber–Schauder

approximation based on discrete

observations of an antiderivative

This chapter is based on [46] and studies the problem of reconstructing the Faber–Schauder

coefficients of f based on the discrete observations of its antiderivative F . Chapter 4 is

organized as follows. In Section 4.1, we formulate our problem and state an explicit solution

for each estimated Faber–Schauder coefficient. In Section 4.2, we state our bounds on the

approximation error between the estimated and the true Faber–Schauder coefficients. These

bounds can be translated into error estimates between the estimated functions f̂n and F̂n

and the true functions f and F . These results are stated in Section 4.3. The proofs of

our main results rely on an analysis of the approximation problem for F in terms of the

wavelets formed by the integrated Faber–Schauder functions. The corresponding analysis

is presented in Section 4.4. Most proofs for the results stated in Section 4.1 are deferred

to Section 4.5. By virtue of the analytical nature of this chapter, we use the notation f to

represent a function and F to represent the antiderivative of f .

4.1 Problem formulation and an explicit formula

Recall that the Faber–Schauder functions are defined as

e−1,0(t) = t, e0,0(t) =
󰀃
min{t, 1− t}

󰀄+
, and em,k(t) := 2−m/2e0,0(2

mt− k),

for t ∈ R, m ∈ N and k ∈ Z. It is well known that the restriction of the Faber-Schauder

functions to [0,1] forms a Schauder basis of C[0, 1]. Indeed, for a given function f ∈ C[0, 1],
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the function

fn := f(0) + θ−1,0e−1,0 +
n󰁛

m=0

2m−1󰁛

k=0

θm,kem,k, (4.1)

with coefficients θ−1,0 = f(1)− f(0) and

θm,k = 2m/2

󰀕
2f

󰀓2k + 1

2m+1

󰀔
− f

󰀓 k

2m

󰀔
− f

󰀓k + 1

2m

󰀔󰀖
for 0 ≤ m ≤ n and 0 ≤ k ≤ 2m − 1, (4.2)

is just a piecewise linear interpolation of f with supporting grid Tn+1 := {k2−(n+1) : k =

0, . . . , 2n+1}. In this chapter, we study the question of finding a robust approximation to the

Faber–Schauder coefficients of f , if only the values {F (t) : t ∈ Tn+1} of an antiderivative,

F , of f are observed.

Our starting point to this question is the following interpolation problem. Based on the

given data {F (t) : t ∈ Tn+1}, estimate Faber–Schauder coefficients ϑ
(n)
m,k and an initial value

f̂0 such that

F̂n(t) = F (t) for all t ∈ Tn+1, where F̂n(t) = F (0) +

󰁝 t

0

f̂n(s) ds for

f̂n = f̂0 + ϑ
(n)
−1,0e−1,0 +

n󰁛

m=0

2m−1󰁛

k=0

ϑ
(n)
m,kem,k.

(4.3)

Since the function f̂n is continuous and linear on each interval [k2−n−1, (k + 1)2−n−1], its

antiderivative, F̂n, must be a piecewise quadratic C1-interpolation of F with a supporting

grid Tn+1. The properties of such a quadratic spline interpolation of F have been studied

before; see, e.g., [54, 74]. But it is also known that the quadratic spline interpolation suffers

from two issues,

(a) the initial value f̂0 needs to be given so that the coefficients ϑ
(n)
m,k are uniquely deter-

mined from the data {F (t) : t ∈ Tn+1};

(b) the interpolating function is notoriously unstable; see Figure 4.1 for an illustration.

In this chapter, we will revisit the classical problem (4.3) within the context of the Faber–

Schauder coefficients of f̂n, and we will show that, surprisingly, the source for both issues,

(a) and (b), can be identified. It is located in the final generation of the Faber–Schauder

coefficients of f̂n, i.e., in the numbers ϑ
(n)
n,0, . . . ,ϑ

(n)
n,2n−1. Some first clues to this observation

can be seen from the following theorem, which provides a closed-form solution to the problem

(4.3).
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Figure 4.1: Graphical illustration of the instability of the solution to problem (4.3) with
F (t) = 1− cos πt and n = 3. While F and F̂n (left, dotted and dashed respectively) and f
and f̂n (right, dotted and dashed respectively) are basically indistinguishable when taking
f̂0 = 0, the value f̂0 = 4 yields wildly oscillating functions F̂n and f̂n (solid lines).

Theorem 4.1. For given f̂0, the coefficients {ϑ(n)
m,k} solving problem (4.3) are given as fol-

lows. For m = −1, we have

ϑ
(n)
−1,0 = 2n+2

2n+1󰁛

j=1

(−1)j
󰀕
F
󰀓 j

2n+1

󰀔
− F

󰀓j − 1

2n+1

󰀔󰀖
.

For 0 ≤ m ≤ n− 1 and 0 ≤ k ≤ 2m − 1, we have

ϑ
(n)
m,k = 2n+m/2+2

2n−m󰁛

j=1

(−1)j
󰀕
F
󰀓 k

2m
+

j

2n+1

󰀔
− F

󰀓 k

2m
+

j − 1

2n+1

󰀔
+ F

󰀓k + 1

2m
− j − 1

2n+1

󰀔
− F

󰀓k + 1

2m
− j

2n+1

󰀔󰀖
, (4.4)

Finally, for m = n and 0 ≤ k ≤ 2n − 1, we have

ϑ
(n)
n,k = −2n/2+2f̂0 − 23n/2+4

2k󰁛

j=1

(−1)j
󰀕
F
󰀓 j

2n+1

󰀔
− F

󰀓j − 1

2n+1

󰀔󰀖

+ 3 · 23n/2+2

󰀕
F
󰀓2k + 1

2n+1

󰀔
− F

󰀓 2k

2n+1

󰀔󰀖
− 23n/2+2

󰀕
F
󰀓2k + 2

2n+1

󰀔
− F

󰀓2k + 1

2n+1

󰀔󰀖
.

The first observation we can make from Theorem 4.1 is that only the coefficients of the

final generation, i.e., the numbers ϑ
(n)
n,0, . . . ,ϑ

(n)
n,2n−1, depend on the initial value f̂0. Moreover,

the formula for the final-generation coefficients ϑ
(n)
n,0, . . . ,ϑ

(n)
n,2n−1 contains the additive term

−2n/2+2f̂0, which implies that any error made in estimating f̂0 translates into an additional

2n/2+2-fold error for each final-generation coefficient. In particular, the approximation errors

|ϑ(n)
n,k−θn,k| can be made arbitrarily large by varying the initial condition f̂0. By contrast, all

other Faber–Schauder coefficients, i.e., ϑ
(n)
m,k with m ≤ n−1, are independent of f̂0. Thus, the

instability with respect to f̂0 observed in Figure 4.1 arises exclusively from the coefficients

ϑ
(n)
n,0, . . . ,ϑ

(n)
n,2n−1 of the final generation.
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Our second observation is the following counterintuitive phenomenon, which arises in-

dependently of the initial value f̂0. On the one hand, each estimated coefficient ϑ
(n)
m,k with

m ≤ n − 1 is a linear combination of the values of F over the grid Tn+1 within the inter-

val [2−m∨0k, 2−m∨0(k + 1)], where a ∨ b is shorthand for max{a, b}. This interval coincides

with the support of the corresponding wavelet function em,k. By contrast, for m = n, the

estimated coefficient ϑ
(n)
n,k involves all observations of F within the interval [0, 2−n(k + 1)].

This means that when approximating the derivative f by the piecewise linear function f̂n,

its behavior within [2−nk, 2−n(k + 1)] is affected by values of F potentially far away from

that region. A graphical illustration of this phenomenon is presented in Figure 4.2, and a

concrete computation will be given in Example 4.2. This nonlocal dependence of the coeffi-

cients ϑ
(n)
n,k on the observed data is counterintuitive and another cause for the instability of

the quadratic spline interpolation.
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Figure 4.2: Graphical illustrations of the data dependence of the coefficients ϑ
(n)
m,k. In the

bottom-left graph, we plot the approximating functions f̂4,1 and f̂4,2 in dotted and solid lines

respectively, and the contribution ϑ
(4)
2,3e2,3 is highlighted in red. In the bottom-right graph,

we plot the approximating functions f̂4,3 and f̂4,4 in dotted and solid lines respectively, and

the contribution ϑ
(4)
4,9e4,9 is highlighted in blue. Respective data points of the function F that

contribute to the estimation of ϑ
(4)
2,3 and ϑ

(4)
4,9 are highlighted by circles in the corresponding

upper graphs. All data points that do not contribute to the computation of the coefficients
in question are represented by cross marks.

In the following section, we will discover yet another issue with the final-generation

Faber–Schauder coefficients of f̂n, which arises even if the true initial value f(0) = F ′(0)

is known, and f̂0 is set to that value. In this context, we will derive sharp upper and
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lower bounds on the approximation errors for the estimated Faber–Schauder coefficients up

to generation n − 1 and at generation n. That is, we will be looking at the Euclidean

ℓp-distances between the Faber–Schauder coefficients of f̂n and the true Faber–Schauder

coefficients of f for p ∈ {1, 2,∞} and under the assumption that f(0) = F ′(0) is known. On

the one hand, we will discover robust upper error bounds for the estimated Faber–Schauder

coefficients up to generation n − 1, which hold universally for each function F ∈ C1[0, 1].

On the other hand, we will see that F ∈ C1[0, 1] can always be chosen in such a way that

the error in generation n exceeds the error up to generation n− 1 by a factor of size O(2n)

for the ℓ2- and ℓ1-norms and by a factor of size O(2n/2) for the ℓ∞-norm. In Example 4.2,

we will encounter an extreme case in which the approximation errors up to and including

generation n − 1 are all zero, while the error in generation n can go to infinity even if the

correct initial value f(0) is known.

Conclusion. Our findings can informally be summarized as follows.

(a) The estimated coefficients ϑ
(n)
m,k for m ≤ n− 1 are independent of the estimated initial

value f̂0, and they admit robust error bounds for their convergence to the corresponding

true Faber–Schauder coefficients of f = F ′.

(b) By contrast, the final-generation coefficients ϑ
(n)
n,0, . . . ,ϑ

(n)
n,2n−1 are strongly dependent

on the estimated initial value f̂0. Even if the true initial value is known, they depend

on F in a nonlocal manner. Furthermore, the errors for their convergence to the

corresponding true Faber–Schauder coefficients of f = F ′ are highly sensitive with

respect to the function F .

We conclude this section with the following, computationally explicit example, in which

the formulas from Theorem 4.1 recover the exact Faber–Schauder coefficients of f up to

and including generation n − 1. In generation n, however, the estimated Faber–Schauder

coefficients will differ from the true ones to the extent that their approximation errors may

go to infinity even if the correct initial value f(0) is known.

Example 4.2. Consider the Takagi class, which was introduced by Hata and Yamaguti [52]

and motivated by the celebrated, continuous but nowhere differentiable Takagi function. It

consists of all functions of the following form:

f(t) :=
∞󰁛

m=0

cmφ(2
mt) =

∞󰁛

m=0

2m/2cm

2m−1󰁛

k=0

em,k(t), for t ∈ [0, 1], (4.5)

where {cm}m∈N is an absolutely summable sequence and φ(t) := minz∈Z |t − z| denotes the
tent map. The Takagi class has been studied intensively over the past decades; see, e.g., the
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surveys [2, 66]. Letting F (t) :=
󰁕 t

0
f(s) ds and f̂0 := f(0) = 0, the coefficients solving (4.3)

are given as follows,

ϑ
(n)
m,k =

󰀻
󰀿

󰀽
2m/2cm for 0 ≤ m ≤ n− 1 and 0 ≤ k ≤ 2m − 1,

2n/2
󰁓∞

m=n cm for m = n and 0 ≤ k ≤ 2n − 1.

The proof for these formulas is deferred to Section 4.5. It follows that up to and including

generation n − 1, the approximation error between all true and estimated Faber–Schauder

coefficients is zero. For generation n, however, we have |ϑ(n)
n,k − θn,k| = 2n/2|

󰁓∞
m=n+1 cm|.

In particular, if the decay of |
󰁓∞

m=n+1 cm| is slower than O(2−n/2), then the approximation

errors |ϑ(n)
n,k − θn,k| go to infinity as n ↑ ∞.

4.2 Error analysis for the Faber–Schauder coefficients

In this section, we consider again functions F ∈ C1[0, 1] with derivative F ′ = f and we

suppose that f(0) is known so that we can set f̂0 := f(0) in our problem (4.3). As a

matter of fact, we may assume without loss of generality that f(0) = f̂0 = 0 and F (0) = 0;

otherwise we consider the function F (t)−F (0)−f(0)t, whose derivative has the same Faber–

Schauder coefficients as f . We refer to [54] for a method for estimating f(0) from the data

{F (t) : t ∈ Tn+1}.

For studying the Euclidean ℓp-norms of the approximation errors, it will be convenient to

denote the Faber–Schauder coefficients of f at or up to generation m ≥ −1 by the respective

column vectors θ̄m and θm, i.e.,

θ̄m =
󰀃
θm,0, θm,1 · · · , θm,2m∨0−1

󰀄⊤ ∈ R2m∨0

and θm = (θ̄⊤
−1, θ̄

⊤
0 , · · · , θ̄⊤

m)
⊤ ∈ R2m+1

.

An analogous notation will be used for the coefficients in Theorem 4.1 solving (4.3). That

is, for −1 ≤ m ≤ n, we set

ϑ̄(n)
m =

󰀃
ϑ
(n)
m,0,ϑ

(n)
m,1 · · · ,ϑ

(n)

m,2m∨0−1

󰀄⊤ ∈ R2m∨0

and ϑ(n)
m = ((ϑ̄

(n)
−1 )

⊤, (ϑ̄
(n)
0 )⊤, · · · , (ϑ̄(n)

m )⊤)⊤ ∈ R2m+1

.

Note that in particular ϑ
(n)
n = ϑ(n), and both notions will be used interchangeably in this

chapter. In this section, we study the approximation errors θm − ϑ
(n)
m and θ̄m − ϑ̄

(n)
m

by giving upper and lower bounds on their Euclidean ℓp-norms for p ∈ {1, 2,∞}. These

bounds will be given in terms of the ℓp-norms of the 2n+1-dimensional column vector zn+1 :=
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(z
(n+1)
1 , . . . , z

(n+1)

2n+1 )⊤, where

z
(n+1)
i = 23(n+1)/2

∞󰁛

m=n+1

2−3m/2

2m−n−1i−1󰁛

k=2m−n−1(i−1)

θm,k for 1 ≤ i ≤ 2n+1. (4.6)

The following criterion guarantees that the ℓp-norm of zn+1 converges to zero as n ↑ ∞.

Combined with our subsequent error bounds, this proposition will yield a sufficient criterion

for the convergence of the estimated Faber–Schauder coefficients to their true values.

Proposition 4.3. Suppose that f is continuously differentiable and that its derivative is

Hölder continuous with exponent α ∈ (0, 1]. Then

󰀂zn+1󰀂ℓp =

󰀻
󰁁󰁁󰁁󰀿

󰁁󰁁󰁁󰀽

O(2−(n+1)(α− 1
2
)) for p = 1,

O(2−(n+1)α) for p = 2,

O(2−(n+1)(α+ 1
2
)) for p = ∞.

(4.7)

The following theorem gives sharp upper and lower bounds for the the ℓ2-norm of the

approximation error ϑ
(n)
n−1 − θn−1 of the estimated Faber–Schauder coefficients up to and

including generation n− 1.

Theorem 4.4. The following assertions hold.

(a) For arbitrary choice of F , we have

󰀐󰀐ϑ(n)
n−1 − θn−1

󰀐󰀐
ℓ2
≤ 1

2
󰀂zn+1󰀂ℓ2 . (4.8)

(b) For each ε > 0 and −1 ≤ m ≤ n− 1, the function F can be chosen in such a way that

󰀐󰀐ϑ(n)
n−1 − θn−1

󰀐󰀐
ℓ2
≥

󰀐󰀐ϑ̄(n)
m − θ̄m

󰀐󰀐
ℓ2
≥ (1− ε)

1

2
󰀂zn+1󰀂ℓ2 .

Our next results looks specifically at the error term 󰀂ϑ̄(n)
n − θ̄n󰀂ℓ2 for the Faber–Schauder

coefficients of the nth generation.

Theorem 4.5. For n ≥ 2, the following assertions hold:

(a) For arbitrary choice of F , we have

󰀐󰀐ϑ̄(n)
n − θ̄n

󰀐󰀐
ℓ2
≤

󰁶

2

󰀕
1− cos

π

2n+1

󰀖−1

+
3

4
·󰀂zn+1󰀂ℓ2 . (4.9)
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(b) For each ε > 0, the function F can be chosen in such a way that

󰀐󰀐ϑ̄(n)
n − θ̄n

󰀐󰀐
ℓ2
≥ (1− ε)

󰁶

2

󰀕
1− cos

π

2n+1

󰀖−1

− 3

4
·󰀂zn+1󰀂ℓ2 . (4.10)

Since1 1−cos x ∼ x2/2 as x ↓ 0, the coefficients in (4.9) and (4.10) behave asymptotically

as 󰁶

2

󰀕
1− cos

π

2n+1

󰀖−1

± 3

4
∼ 2n+1

π
for n ↑ ∞. (4.11)

As a matter of fact, by combining the elementary inequality 1 − cos x ≤ x2/2 with Theo-

rem 4.4 (a) and Theorem 4.5 (b), we obtain the following corollary. As mentioned above,

it states that the ℓ2-norm of the error in the final generation of the Faber–Schauder coeffi-

cients can be substantially larger than a factor of size O(2n) times the ℓ2-norm of the error

of all previous generations combined. Moreover, it is worthwhile to point out that both

vectors ϑ̄
(n)
n − θ̄n and ϑ

(n)
n−1 − θn−1 are of length 2n. Thus, the relatively significant error

in the final-generation Faber–Schauder coefficients purely results from the quadratic spline

interpolation.

Corollary 4.6. For all n ≥ 2 and ε > 0, the function F can be chosen in such a way that

󰀐󰀐ϑ̄(n)
n − θ̄n

󰀐󰀐
ℓ2
≥ 2(1− ε)

󰁵
22n+2

π2
− 3

4

󰀐󰀐ϑ(n)
n−1 − θn−1

󰀐󰀐
ℓ2
.

Our bounds for the ℓ1- and ℓ∞-norms, as stated in the following theorem, are even stronger

than (4.9) and (4.10), because the constants for the upper and lower bounds are the same.

Theorem 4.7. We fix n ≥ 2 and let for m = −1, 0, . . . , n− 1 and p ∈ {1,∞},

c̄p,m :=

󰀻
󰀿

󰀽
2

m∨0−n−3
2 if p = 1,

2
n−m∨0−1

2 if p = ∞,
cp,m :=

󰀻
󰀿

󰀽
2−

n+3
2

󰀃
2
m+1

2 −1
21/2−1 {m≥0} + 1

󰀄
if p = 1,

2
n−1
2 if p = ∞,

c̄p,n :=

󰀻
󰀿

󰀽
2n+

1
2 − 2−3/2 if p = 1,

2n+
3
2 −

√
2 if p = ∞.

Then the following assertions hold for m = −1, 0, . . . , n− 1 and p ∈ {1, .∞}.

(a) For arbitrary choice of F , we have 󰀂ϑ̄(n)
m − θ̄m󰀂ℓp ≤ c̄p,m󰀂zn+1󰀂ℓp, and for any given ε >

0, the function F can be chosen in such a way that 󰀂ϑ̄(n)
m − θ̄m󰀂ℓp > (1−ε)c̄p,m󰀂zn+1󰀂ℓp.

1For functions g(x) and h(x), we say g ∼ h as x → x0 if g(x)/h(x) → 1 for x → x0.
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(b) For arbitrary choice of F , we have 󰀂ϑ(n)
m −θm󰀂ℓp ≤ cp,m󰀂zn+1󰀂ℓp, and for any given ε >

0, the function F can be chosen in such a way that 󰀂ϑ(n)
m −θm󰀂ℓp > (1−ε)cp,m󰀂zn+1󰀂ℓp.

(c) For arbitrary choice of F , we have 󰀂ϑ̄(n)
n − θ̄n󰀂ℓp ≤ c̄p,n ·󰀂zn+1󰀂ℓp, and for any given ε >

0, the function F can be chosen in such a way that 󰀂ϑ̄(n)
n − θ̄n󰀂ℓp > (1− ε)c̄p,n󰀂zn+1󰀂ℓp.

(d) For all n ≥ 2 and ε > 0, the function F can be chosen in such a way that 󰀂ϑ̄(n)
n −θ̄n󰀂ℓp ≥

(1− ε)c̄p,nc
−1
p,n−1󰀂ϑ

(n)
n−1 − θn−1󰀂ℓp .

Note that part (d) in the preceding theorem plays the role of Corollary 4.6 for the ℓ1-

and ℓ∞-norms and that the coefficients in that part satisfy

c̄1,n
c1,n−1

=

󰀃
2n+

1
2 − 2−3/2

󰀄

2−
n+3
2

󰀓
2n/2−1
21/2−1

+ 1
󰀔 ∼

󰀃√
2− 1

󰀄
2n+2 as n ↑ ∞,

and
c̄∞,n

c∞,n−1

=
2n+

3
2 −

√
2

2
n−1
2

∼ 2
n
2
+2 as n ↑ ∞.

Thus, for all p ∈ {1, 2,∞}, the ratio between 󰀂ϑ̄(n)
n − θ̄n󰀂ℓp and 󰀂ϑ(n)

n−1−θn−1󰀂ℓp can become

arbitrarily large as n goes to infinity. This underscores our thesis that ϑ
(n)
n−1 is a more robust

estimate for the true Faber–Schauder coefficients of f than ϑ
(n)
n .

Theorems 4.4, 4.5, and 4.7 are actually corollaries to our results stated in Section 4.4.

More specifically, they follow immediately from the equations (4.21) and (4.22) and Theo-

rem 4.14.

4.3 Error analysis for the approximating functions

As discussed above, our analysis of the estimated Faber–Schauder coefficients suggests that

dropping the final generation ϑ̄
(n)
n = (ϑ

(n)
n,0, . . . ,ϑ

(n)
n,2n−1)

⊤ of coefficients leads to a more robust

estimate ϑ
(n)
n−1 of the true Faber–Schauder coefficients of f . A Faber–Schauder expansion

based on these remaining coefficients should in turn lead to more robust approximations for

the unknown functions f and F . There is, however, a price to be paid for this robustness:

the new approximating functions will no longer be interpolations of f and F . That is, they

may no longer coincide with f and F on the observation grid Tn+1.

To analyze these induced approximating functions, we let again F ∈ C1[0, 1] with f = F ′
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and assume as in Section 4.2 that F (0) = f(0) = 0. For m = −1, 0, . . . , n, we then define

f̂n,m =
m󰁛

i=−1

2i∨0−1󰁛

k=0

ϑ
(n)
i,k ei,k and F̂n,m =

m󰁛

i=−1

2i∨0−1󰁛

k=0

ϑ
(n)
i,k ψi,k, (4.12)

where the coefficients ϑ
(n)
i,k are as above. Then both f̂n,m and the function fm defined in (4.1)

will be piecewise linear with supporting grid Tm+1.

Error analysis for quadratic spline interpolation has been well studied in the existing

literature. Typically, results such as those in [74] are based on the mean-value theorem and

provide error bounds for the L∞[0, 1]-norm in terms of the first-order modulus of continuity

of f . By contrast, our results presented here are based on the theorems in Section 4.2. They

provide error bounds with respect to the Lp[0, 1]-norms for p ∈ {1, 2,∞} and in terms of the

second-order modulus of continuity of f ,

ω2(f, t) := sup
τ1,τ2∈[0,1]
|τ1−τ2|≤t

󰀫󰀏󰀏󰀏󰀏f(τ1) + f(τ2)− 2f
󰀓τ1 + τ2

2

󰀔󰀏󰀏󰀏󰀏

󰀬
.

Our results will involve the following constants, which we define for fixed n ≥ 2,

Ap :=

󰀻
󰁁󰁁󰁁󰀿

󰁁󰁁󰁁󰀽

2−(n+3)/2 for p = 1,

1/
√
3 for p = 2,

2(n+1)/2 for p = ∞,

Bp :=

󰀻
󰁁󰁁󰁁󰀿

󰁁󰁁󰁁󰀽

2n for p = 1,

2n+1/
√
3 for p = 2,

2n+1 for p = ∞,

Cp :=

󰀻
󰁁󰁁󰁁󰀿

󰁁󰁁󰁁󰀽

2−(n+1)/2 for p = 1,

γ2 for p = 2,

2(n+3)/2 for p = ∞,

Dp :=

󰀻
󰁁󰁁󰁁󰀿

󰁁󰁁󰁁󰀽

2n+1 for p = 1,

2n+1γ2 for p = 2,

2n+2 for p = ∞,

(4.13)

where

γ2 :=
1√
3

󰀕
1 + 2−n−1

󰁵
2
󰀓
1− cos

π

2n+1

󰀔−1

+
3

4

󰀖
.

Theorem 4.8. The following inequalities hold for fixed n ≥ 2, 0 ≤ m ≤ n − 1, and p ∈
{1, 2,∞},

󰀐󰀐fm − f̂n,m
󰀐󰀐
Lp[0,1]

≤ Ap󰀂zn+1󰀂ℓp ≤ Bp

∞󰁛

k=n+1

ω2(f, 2
−k),

󰀐󰀐fn − f̂n,n
󰀐󰀐
Lp[0,1]

≤ Cp󰀂zn+1󰀂ℓp ≤ Dp

∞󰁛

k=n+1

ω2(f, 2
−k)
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Remark 4.9. Recall from (4.3) that󰀂zn+1󰀂ℓp → 0 as n ↑ ∞ if f is continuously differentiable

with Hölder continuous derivative. Thus, in this case, Theorem 4.8 yields the result that󰀐󰀐fmn − f̂n,mn

󰀐󰀐
Lp[0,1]

→ 0 if (mn) is any sequence with mn ≤ n.

Remark 4.10. Theorem 4.8 gives error bounds between the truncated function fm and

the approximation f̂n,m. Error bounds for
󰀐󰀐󰀐f − f̂n,m

󰀐󰀐󰀐
Lp[0,1]

can be obtained as follows. For

instance, for p = 1, we observe that
󰀐󰀐em,k

󰀐󰀐
L1[0,1]

= 2−3m/2−2 and |θm,k| ≤ 2m/2ω2(f, 2
−m).

From here, it is easy to show that

󰀐󰀐f − fm
󰀐󰀐
L1[0,1]

≤ 1

4

∞󰁛

k=m+1

ω2(f, 2
−k).

The desired error bound for
󰀐󰀐󰀐f − f̂n,m

󰀐󰀐󰀐
L1[0,1]

can now be obtained in a straightforward

manner from the triangle inequality and Theorem 4.8. Similar arguments also work in

the cases of the L2- and L∞-norms, where we can use that
󰀐󰀐em,k

󰀐󰀐
L2[0,1]

= 2−m−1/
√
3

and
󰀐󰀐em,k

󰀐󰀐
L∞[0,1]

= 2−m/2−1. In the L∞-case, one can alternatively use the fact that

󰀂f − fm󰀂L∞[0,1] ≤ 4ω2(f, 2
−m−1), which was established in [73, Theorem 1].

By combining the bounds explained in the preceding remark with the next theorem, one

obtains bounds for the respective error |F − F̂n,n| in various Lp-norms.

Theorem 4.11. For n ≥ 2, and p ∈ {1, 2,∞}, we have

󰀐󰀐F − F̂n,n

󰀐󰀐
Lp[0,1]

≤ ap
󰀐󰀐f − f̂n,n

󰀐󰀐
Lp[0,1]

,

where a1 = 2−n−1, a2 = 2−n/π, and a∞ = 2−n−2.

4.4 Matrix analysis of the approximation problem

In this section, we present our approach to the proofs of the main results in this chapter.

It consists of a formulation of the problem (4.3) by means of linear algebra. To this end,

consider the following wavelet system. We define ψ−1,0(t) = t2/2,

ψ0,0(t) =

󰀻
󰁁󰁁󰁁󰁁󰁁󰁁󰀿

󰁁󰁁󰁁󰁁󰁁󰁁󰀽

0 t ∈ (−∞, 0),

1
2
t2 t ∈ [0, 1

2
),

1
4
− 1

2
(1− t)2 t ∈ [1

2
, 1),

1
4

t ∈ [1,∞),

and ψm,k(t) = 2−3m/2ψ0,0(2
mt− k) (4.14)
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for m ∈ N and 0 ≤ k ≤ 2m − 1.

Remark 4.12. One easily verifies that
󰁕 t

0
em,k(s) ds = ψm,k(t) for m ≥ −1, 0 ≤ k ≤

(2m − 1) ∨ 0, and t ∈ R. Therefore, the fact that the Faber–Schauder functions are a

Schauder basis of C[0, 1] implies that the collection of all functions ψm,k augmented with

{1, t} forms a Schauder basis for the Banach space C1[0, 1].

Using the functions {ψm,k}, we can transform the problem (4.3) into a standard linear

equation. To this end, we assume again that f(0) = 0 is known, that f̂0 = 0, and that

F (0) = 0; see the beginning of Section 4.2. We denote for m ≥ −1 and k ∈ N,

Q(m,k) :=

󰀵

󰀹󰀹󰀹󰀹󰀹󰀹󰀷

ψm,0

󰀓
1
2k

󰀔
ψm,1

󰀓
1
2k

󰀔
· · · ψm,2m∨0−1

󰀓
1
2k

󰀔

ψm,0

󰀓
2
2k

󰀔
ψm,1

󰀓
2
2k

󰀔
· · · ψm,2m∨0−1

󰀓
2
2k

󰀔

...
...

...
...

ψm,0(1) ψm,1(1) · · · ψm,2m∨0−1(1)

󰀶

󰀺󰀺󰀺󰀺󰀺󰀺󰀸
∈ R2k×2m∨0

. (4.15)

Next, for m, k ∈ N, we write

Ψ(m,k) =
󰁫
Q(−1,k), · · · , Q(m,k)

󰁬
∈ R2k×2m+1

. (4.16)

Remark 4.12 implies that Ψ(m,k) has full rank. In particular, Ψn+1 := Ψ(n,n+1) ∈ R2n+1×2n+1

is an invertible square matrix. We also use the shorthand notation

yn+1 :=

󰀕
F
󰀓 1

2n+1

󰀔
, F

󰀓 2

2n+1

󰀔
, · · · , F (1)

󰀖⊤

∈ R2n+1

for the values of F over Tn+1, our given data points. Using our assumptions F (0) = 0 and

f̂0 = 0, the problem (4.3) then becomes equivalent to the 2n+1-dimensional linear equation

ϑ(n) = Ψn+1yn+1, (4.17)

in which the solution ϑ(n) describes the Faber–Schauder coefficients of f̂n or, equivalently,

the coefficients in the expansion of F̂n in terms of the basis functions ψm,k.

It is a natural guess that the linear system (4.17) can be solved by a simple numerical

inversion of the corresponding matrix Ψn+1. In practice, however, the numerical inversion of

the matrix Ψn becomes extremely unstable as the number of observation points increases;

see Table 4.1. The main reason for this instability is due to the fact that matrix columns cor-

responding to neighboring wavelet functions become asymptotically co-linear. Fortunately,

it is possible to algebraically invert the matrix Ψn. This inversion formula gives rise to an
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Numerical values for log10 det(Ψn) for several values of n
n 2 3 4 5 6

log10 det(Ψn) -4.97 -13.4 -33.9 -82.03 -192.81

Table 4.1: Numerical values for log10 det(Ψn) for several values of n. Already for small values
of n, the determinant of Ψn is extremely small, which makes the problem (4.3) ill-posed from
a numerical point of view.

explicit solution of (4.17), which was stated in Theorem 4.1. The insight gained into the

structure of Ψn by deriving our inversion formula also forms a basis for our analysis of the

approximation error. Our first lemma relates the two vectors ϑ(n)−θn and zn+1, where zn+1

was defined in (4.6), and θn denotes as before the true Faber–Schauder coefficients of f up

to and including generation n.

Lemma 4.13. For n ∈ N, we set Pn := Ψ−1
n+1Q(n+1,n+1). Then ϑ(n) − θn = Pnzn+1.

Proof. Remark 4.12 implies that yn+1 = limm↑∞ Ψ(m,n+1)θm. Thus, we have

ϑ(n) = Ψ−1
(n,n+1)yn+1 = Ψ−1

(n,n+1) limm↑∞
Ψ(m,n+1)θm

= lim
m↑∞

Ψ−1
(n,n+1)

󰁫
Ψ(n,n+1), Q(n+1,n+1), · · · , Q(m,n+1)

󰁬
·
󰁫
θ⊤
n , θ̄

⊤
n+1, · · · , θ̄⊤

m

󰁬⊤

= θn +Ψ−1
(n,n+1)

∞󰁛

m=n+1

Q(m,n+1)θ̄m,

(4.18)

where the third equality follows from (4.16). For n ∈ N and m ≥ n + 1, we define the

2n+1 × 2m dimensional matrix

U(m,n+1) := 2(3n+3−3m)/2 ·

󰀵

󰀹󰀹󰀹󰀹󰀹󰀹󰀷

1 1 · · · 1 0 0 · · · 0 · · · · · · 0 0 · · · 0
0 0 · · · 0 1 1 · · · 1 · · · · · · 0 0 · · · 0

...
...

...
...

0 0 · · · 0󰁿 󰁾󰁽 󰂀
2m−n−1 times

0 0 · · · 0󰁿 󰁾󰁽 󰂀
2m−n−1 times

· · · · · · 1 1 · · · 1󰁿 󰁾󰁽 󰂀
2m−n−1 times

󰀶

󰀺󰀺󰀺󰀺󰀺󰀺󰀸
,

and by a simple matrix calculation, one can easily verify that

zn+1 =
∞󰁛

m=n+1

U(m,n+1)θ̄m. (4.19)

Moreover, for m ≥ n + 1, we have ψm,k(2
−(n+1)j) = 2−3m/2ψ0,0(2

m−n−1j − k) = 0 for k ≤
2m−n−1j and otherwise 2−3m/2−2. Thus, for m ≥ n+1, the matrix Q(m,n+1) is of the following
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form:

Q(m,n+1) = 2−3m/2−2 ·

󰀵

󰀹󰀹󰀹󰀹󰀹󰀹󰀷

1 1 · · · 1 0 0 · · · 0 · · · · · · 0 0 · · · 0
1 1 · · · 1 1 1 · · · 1 · · · · · · 0 0 · · · 0

...
...

...
...

1 1 · · · 1󰁿 󰁾󰁽 󰂀
2m−n−1 times

1 1 · · · 1󰁿 󰁾󰁽 󰂀
2m−n−1 times

· · · · · · 1 1 · · · 1󰁿 󰁾󰁽 󰂀
2m−n−1 times

󰀶

󰀺󰀺󰀺󰀺󰀺󰀺󰀸
. (4.20)

In particular, the matrix Q(n+1,n+1) is a lower triangular matrix that every non-zero entries

are equal to one after a proper scaling. Therefore, we get Q(m,n+1) = Q(n+1,n+1) · U(m,n+1),

this is because Q(n+1,n+1) can be regarded as a row operation acting on the matrix U(m,n+1)

as a partial sum of rows. Applying this identity and (4.19) to (4.18) gives

ϑ(n) − θn = Ψ−1
(n,n+1)

∞󰁛

m=n+1

Q(m,n+1)θ̄m = Pn

∞󰁛

m=n+1

U(m,n+1)θ̄m = Pnzn+1.

Next, for any −1 ≤ m ≤ n, the vectors ϑ
(n)
m and ϑ̄

(n)
m are subvectors of ϑ(n), and we

can represent them via simple linear transformations of ϑ(n). To this end, we denote for

−1 ≤ m ≤ n,

R(n)
m :=

󰀅
I2m+1×2m+1 ,0(2n+1−2m+1)×2m+1

󰀆
and R̄(n)

m :=
󰀅
0(2n+1−2m∨0)×2m∨0 , I2m∨0×2m∨0 ,0(2n+1−2m+1)×2m∨0

󰀆
,

where Im×m denotes the m ×m dimensional identity matrix, and 0m×k denotes the m × k

dimensional zero matrix. Thus, R
(n)
m is a 2m+1 × 2n+1 dimensional matrix, and R

(n)
m is

a 2m∨0 × 2n+1 dimensional matrix. Furthermore, one sees by means of a simple matrix

manipulation that

ϑ(n)
m − θm = R(n)

m Pnzn+1 and ϑ̄(n)
m − θ̄m = R̄(n)

m Pnzn+1.

It follows that for p ∈ [1,∞],

󰀐󰀐ϑ(n)
m − θm

󰀐󰀐
ℓp
≤
󰀐󰀐󰀐R(n)

m Pn

󰀐󰀐󰀐
p
󰀂zn+1󰀂ℓp , (4.21)

where󰀂·󰀂p denotes the ℓp-induced operator norm for a matrix. Moreover, and for any ε > 0,

we can choose a vector zn+1 ∈ R2n+1
such that

󰀐󰀐ϑ(n)
m − θm

󰀐󰀐
ℓp
≥ (1− ε)

󰀐󰀐󰀐R(n)
m Pn

󰀐󰀐󰀐
p
󰀂zn+1󰀂ℓp . (4.22)

Indeed, for any given vector zn+1, one can find Faber–Schauder coefficients θm,k that yield
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back zn+1 via (4.6); for instance we can take θm,k arbitrary for m ≤ n, θm,k = 0 for m ≥ n+2,

and θn+1,k = z
(n+1)
k+1 for k = 0, . . . , 2n+1 − 1. Thus, the Theorems 4.4 through 4.7 will follow

immediately from corresponding bounds on the operator norm
󰀐󰀐󰀐R(n)

m Pn

󰀐󰀐󰀐
p
.

For the cases p = 1 and p = ∞, the following result states exact expressions for this

operator norm. For p = 2, we have upper and lower bounds that are slightly different from

each other.

Theorem 4.14. For n ∈ N, −1 ≤ m ≤ n, and p ∈ {1,∞},
󰀐󰀐󰀐R̄(n)

m Pn

󰀐󰀐󰀐
p
= c̄p,m and

󰀐󰀐󰀐R(n)
m Pn

󰀐󰀐󰀐
p
= cp,m, where the constants c̄p,m and cp,m are as in Theorem 4.7. For p = 2,

we have
󰀐󰀐󰀐R̄(n)

m Pn

󰀐󰀐󰀐
2
=
󰀐󰀐󰀐R(n)

m Pn

󰀐󰀐󰀐
1
= 1

2
if −1 ≤ m ≤ n− 1, and for m = n we have

󰁶

2

󰀕
1− cos

π

2n+1

󰀖−1

− 3

4
≤

󰀐󰀐R̄(n)
n Pn

󰀐󰀐
2
≤

󰁶

2

󰀕
1− cos

π

2n+1

󰀖−1

+
3

4
.

To prove results stated in Theorem 4.4, we first need an explicit representation of the

matrix Pn. This is the content of the next lemma, whose proof will, in turn, require another

lemma. Before stating it, though, we need to introduce some notation. For m ≥ 0, we

denote the column Rademacher vectors r+
m, r

−
m ∈ R2m by

r+
m = (−1,+1,−1,+1, · · · ,−1,+1󰁿 󰁾󰁽 󰂀

2m times

)⊤ and r−
m = (+1,−1,+1,−1, · · · ,+1,−1󰁿 󰁾󰁽 󰂀

2m times

)⊤. (4.23)

For given n ∈ N and 0 ≤ m ≤ n− 1, we define the row vectors

η
(m)
i,j =

󰀻
󰀿

󰀽
2

m−n−3
2

󰀃
(r+

n−m)
⊤, (r−

n−m)
⊤󰀄 for 1 ≤ i = j ≤ 2m,

01×2n+1−m for 1 ≤ i ∕= j ≤ 2m.

We also define the column vectors v = ( 3
2
√
2
, −1
2
√
2
) and u = (

√
2,−

√
2). Then we define

C−1, C0, . . . , Cn as follows. For 0 ≤ m ≤ n− 1, we let

Cm :=

󰀵

󰀹󰀹󰀹󰀹󰀹󰀷

η
(m)
1,1 η

(m)
1,2 · · · η

(m)
1,2m−1 η

(m)
1,2m

η
(m)
2,1 η

(m)
2,2 · · · η

(m)
2,2m−1 η

(m)
2,2m

...
...

. . .
...

...

η
(m)
2m,1 η

(m)
2m,2 · · · η

(m)
2m,2m−1 η

(m)
2m,2m

󰀶

󰀺󰀺󰀺󰀺󰀺󰀸
. (4.24)

131



For m = −1 and m = n, we let

C−1 = 2−
n+3
2 (r+

n+1)
⊤ and Cn =

󰀵

󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀷

v 01×2 · · · 01×2 01×2

u v · · · 01×2 01×2

...
...

. . .
...

...

u u · · · v 01×2

u u · · · u v

󰀶

󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀸

󰁿 󰁾󰁽 󰂀
2n times

,

so that Cm ∈ R2m∨0×2n+1
for m = −1, . . . , n.

Lemma 4.15. The matrix Pn is of the following form,

Pn =
󰀓
(C−1)

⊤, (C0)⊤, · · · , (Cn)⊤
󰀔⊤

. (4.25)

To prove Lemma 4.15, the following lemma is needed. For n ∈ N and −1 ≤ m ≤ n− 1,

we define the column vector w+
(m,n) ∈ R2n−m

and its reverse vector w−
(m,n) ∈ R2n−m

,

w+
(m,n) =

󰀕
2k − 1

2(n−1−m∨0)/2

󰀖

k=1,2,··· ,2n−m

and w−
(m,n) =

󰀕
2k − 1

2(n−1−m∨0)/2

󰀖

k=2n−m,··· ,2,1
. (4.26)

Lemma 4.16. For given n ∈ N and 0 ≤ m ≤ n, we define the column vectors

α
(m)
i,j =

󰀻
󰀿

󰀽

󰀃
(w+

(m,n))
⊤, (w−

(m,n))
⊤󰀄⊤ for 1 ≤ i = j ≤ 2m,

02n−m+1×1 for 1 ≤ i ∕= j ≤ 2m.

Then we define A−1,A0, · · · ,An as follows: For 0 ≤ m ≤ n, we let

Am :=

󰀵

󰀹󰀹󰀹󰀹󰀹󰀷

α
(m)
1,1 α

(m)
1,2 · · · α

(m)
1,2m−1 α

(m)
1,2m

α
(m)
2,1 α

(m)
2,2 · · · α

(m)
2,2m−1 α

(m)
2,2m

...
...

. . .
...

...

α
(m)
2m,1 α

(m)
2m,2 · · · α

(m)
2m,2m−1 α

(m)
2m,2m

󰀶

󰀺󰀺󰀺󰀺󰀺󰀸
∈ R2n+1×2m . (4.27)

For m = −1, we set A−1 = ω+
(−1,n), so that Am ∈ R2m∨0×2n+1

for m = −1, . . . , n. Then the

matrix An := Q−1
(n+1,n+1) ·Ψn+1 is well-defined and of the following form

An =
󰀃
A−1,A0, · · · ,An

󰀄
.

Proof. The proof consists of two steps. First, we claim and show that Q(n+1,n+1) is invertible
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and

Q−1
(n+1,n+1) = 2

3(n+1)
2

+2

󰀵

󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀷

1 0 · · · 0 0

−1 1 · · · 0 0

0 −1 · · · 0 0
...

...
. . .

...
...

0 0 · · · −1 1

󰀶

󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀸

. (4.28)

Taking m = n+ 1 in (4.20) implies that Q(n+1,n+1) is of the form

Q(n+1,n+1) = 2−
3(n+1)

2
−2

󰀵

󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀷

1 0 · · · 0 0

1 1 · · · 0 0
...

...
. . .

...
...

1 1 · · · 1 0

1 1 · · · 1 1

󰀶

󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀸

,

and thus, we only need to show that

󰀵

󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀷

1 0 · · · 0 0

−1 1 · · · 0 0

0 −1 · · · 0 0
...

...
. . .

...
...

0 0 · · · −1 1

󰀶

󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀸

󰀵

󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀷

1 0 · · · 0 0

1 1 · · · 0 0
...

...
. . .

...
...

1 1 · · · 1 0

1 1 · · · 1 1

󰀶

󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀸

= I2n+1×2n+1 ,

The above identity indeed holds for the following reason: The first matrix can be regarded as

a row operation acting on the subsequent lower triangular matrix by subtracting preceding

rows. To be more specific, for n ∈ N, the nth row of the second matrix consists of ones at

its first n positions and zeros at the remaining position. The difference of the nth and the

(n− 1)th row then only has a one at the nth position and zeros elsewhere. This then leads to

An = Q−1
(n+1,n+1)Ψ(n,n+1) =

󰀓
Q−1

(n+1,n+1)Q(−1,n+1), Q
−1
(n+1,n+1)Q(0,n+1) · · · , Q−1

(n+1,n+1)Q(n,n+1)

󰀔
.

Again, the matrix Q−1
(n+1,n+1) acts on each matrix Q(m,n+1) by subtracting preceding rows

after proper scaling. For instance, the first column of the matrix Q−1
(n+1,n+1)Q(m,n+1) becomes

23(n+1)/2+2

󰀣
ψm,0

󰀓 1

2n+1

󰀔
, · · · ,ψm,0(1)− ψm,0

󰀓2n+1 − 1

2n+1

󰀔󰀤⊤

. (4.29)
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Note that

ψm,0

󰀓 k

2n+1

󰀔
− ψm,0

󰀓k − 1

2n+1

󰀔
= 2−3m/2

󰀕
ψ0,0

󰀓 k

2n−m+1

󰀔
− ψ0,0

󰀓 k − 1

2n−m+1

󰀔󰀖

=

󰀻
󰁁󰁁󰁁󰀿

󰁁󰁁󰁁󰀽

2m/2−2n−3(2k − 1) for 1 ≤ k ≤ 2n−m,

2m/2−2n−3
󰀃
2n−m+2 − (2k − 1)

󰀄
for 2n−m + 1 ≤ k ≤ 2n−m+1,

0 otherwise.

(4.30)

Hence, (4.29) and (4.30) demonstrate that the first column fits into the form (4.27). Further-

more, by translation, this assertion carries over to all columns of the matrixQ−1
(n+1,n+1)Q(m,n+1)

for m ≥ 0. For the case m = −1, we have

Q−1
(n+1,n+1)Q(−1,n+1) = 23(n+1)/2+1

󰀣󰀓 1

2n+1

󰀔
,
󰀓 2

2n+1

󰀔2

−
󰀓 1

2n+1

󰀔2

, · · · , 1−
󰀓2n+1 − 1

2n+1

󰀔2
󰀤⊤

.

Since for any 1 ≤ k ≤ 2n+1, we have

23(n+1)/2+1

󰀣
(k − 1)2

22n+2
− k2

22n+2

󰀤
= 2−n/2+1/2(2k − 1),

thus, Q−1
(n+1,n+1)Q(−1,n+1) = ω+

(−1,n). This completes the proof.

Now we can proceed to proving Lemma 4.15.

Proof of Lemma 4.15. For n ∈ N, let An be defined as in (4.27). Since An is of full-rank, it

suffices to show that Ln := PnAn is equal to I2n+1×2n+1 . We have

Ln =

󰀵

󰀹󰀹󰀹󰀹󰀹󰀷

C−1A−1 C−1A0 · · · C−1An

C0A−1 C0A0 · · · C0An

...
...

. . .
...

CnA−1 CnA0 · · · CnAn

󰀶

󰀺󰀺󰀺󰀺󰀺󰀸
=:

󰀵

󰀹󰀹󰀹󰀹󰀹󰀷

L(−1,−1) L(−1,0) · · · L(−1,n)

L(0,−1) L(0,0) · · · L(0,n)

...
...

. . .
...

L(n,−1) L(n,0) · · · L(n,n)

󰀶

󰀺󰀺󰀺󰀺󰀺󰀸
,

where L(m,k) := CmAk ∈ R2m∨0×2k∨0
for −1 ≤ m, k ≤ n. Now, we only need to show that

L(m,k) = 02m∨0×2k∨0 and L(m,m) = I2m∨0×2m∨0 for −1 ≤ m ∕= k ≤ n.
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First, we show that that L(m,m) = I2m×2m for 0 ≤ m ≤ n− 1. To this end,

L(m,m) =

󰀵

󰀹󰀹󰀹󰀹󰀹󰀷

η
(m)
1,1 η

(m)
1,2 · · · η

(m)
1,2m

η
(m)
2,1 η

(m)
2,2 · · · η

(m)
2,2m

...
...

. . .
...

η
(m)
2m,1 η

(m)
2m,2 · · · η

(m)
2m,2m

󰀶

󰀺󰀺󰀺󰀺󰀺󰀸

󰀵

󰀹󰀹󰀹󰀹󰀹󰀷

α
(m)
1,1 α

(m)
1,2 · · · α

(m)
1,2m

α
(m)
2,1 α

(m)
2,2 · · · α

(m)
2,2m

...
...

. . .
...

α
(m)
2m,1 α

(m)
2m,2 · · · α

(m)
2m,2m

󰀶

󰀺󰀺󰀺󰀺󰀺󰀸

=:

󰀵

󰀹󰀹󰀹󰀹󰀹󰀷

ℓ
(m)
1,1 ℓ

(m)
1,2 · · · ℓ

(m)
1,2m

ℓ
(m)
2,1 ℓ

(m)
2,2 · · · ℓ

(m)
2,2m

...
...

. . .
...

ℓ
(m)
2m,1 ℓ

(m)
2m,2 · · · ℓ

(m)
2m,2m

󰀶

󰀺󰀺󰀺󰀺󰀺󰀸
,

where ℓ
(m)
i,j =

󰁓2m

k=1 η
(m)
i,k α

(m)
k,j . Since η

(m)
i,j = 01×2n+1−m and α

(m)
i,j = 02n+1−m×1 for i ∕= j,

therefore ℓ
(m)
i,j = 0 for i ∕= j. Moreover, we get in the same way that

ℓ
(m)
i,i = η

(m)
i,i α

(m)
i,i = 2(m−n−3)/2

󰀓
(r+

n−m)
⊤w+

(m,n) + (r−
n−m)

⊤w−
(m,n)

󰀔

= 2m−n−1

󰀳

󰁃
2n−m󰁛

k=1

(−1)k(2k − 1) +
2n−m+1󰁛

k=2n−m+1

(−1)k+1
󰀃
2n−m+2 − (2k − 1)

󰀄
󰀴

󰁄

= 2m−n

2n−m󰁛

k=1

(−1)k(2k − 1) = 2m−n

2n−m−1󰁛

k=1

2 = 1.

Next, for the case m = −1, we prove analogously that

C−1A−1 = 2−
n+3
2 (r+

n+1)
⊤w+

(−1,n) = 2−n−1

󰀳

󰁃
2n+1󰁛

k=1

(−1)k(2k − 1)

󰀴

󰁄 = 1.

Last, it follows that

CnAn = 21/2

󰀵

󰀹󰀹󰀹󰀹󰀹󰀷

3
2
√
2

− 1
2
√
2

0 0 · · · 0 0
√
2 −

√
2 3

2
√
2

− 1
2
√
2

· · · 0 0
...

...
...

...
. . .

...
...√

2 −
√
2

√
2 −

√
2 · · · 3

2
√
2

− 1
2
√
2

󰀶

󰀺󰀺󰀺󰀺󰀺󰀸

󰀵

󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀷

1 0 · · · 0

1 0 · · · 0

0 1 · · · 0

0 1 · · · 0
...

...
...

...

0 0 · · · 1

0 0 · · · 1

󰀶

󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀸

= I2n×2n .

The above identity holds because the second matrix can be regarded as a column operation
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acting on the first matrix by adding subsequent columns. To be more specific, for 1 ≤ m ≤
2n, the mth column of the matrix L(n,n) equals the sum of the (2m − 1)th and the (2m)th

columns of Cn. Prior to the mth entry, each entry of the (2m− 1)th and the (2m)th column

of Cn equals zero and all entries are equal to ±
√
2 afterwards respectively. Thus, it is clear

that CnAn = I2n×2n .

Next, we are going to show that L(m,k) = 02m×2k for 0 ≤ m ∕= k ≤ n − 1, and we first

show this holds with m < k. Under this assumption, we have

CmAk =

󰀵

󰀹󰀹󰀹󰀹󰀹󰀷

η
(m)
1,1 01×2n+1−m · · · 01×2n+1−m

01×2n+1−m η
(m)
2,2 · · · 01×2n+1−m

...
...

. . .
...

01×2n+1−m 01×2n+1−m · · · η
(m)
2m,2m

󰀶

󰀺󰀺󰀺󰀺󰀺󰀸

󰀵

󰀹󰀹󰀹󰀹󰀹󰀷

α
(k)
1,1 02n+1−k×1 · · · 02n+1−k×1

02n+1−k×1 α
(k)
2,2 · · · 02n+1−k×1

...
...

. . .
...

02n+1−k×1 02n+1−k×1 · · · α
(k)

2k,2k

󰀶

󰀺󰀺󰀺󰀺󰀺󰀸

=

󰀵

󰀹󰀹󰀹󰀹󰀹󰀷

η
(m)
1,1 α

(m,k)
1,1 01×2k−m · · · 01×2k−m

01×2k−m η
(m)
2,2 α

(m,k)
2,2 · · · 01×2k−m

...
...

. . .
...

01×2k−m 01×2k−m · · · η
(m)
2m,2mα

(m,k)
2m,2m

󰀶

󰀺󰀺󰀺󰀺󰀺󰀸
,

where the 2n+m−1 × 2k−m dimensional matrix α
(m,k)
i,i is defined as

α
(m,k)
i,i :=

󰀵

󰀹󰀹󰀹󰀹󰀹󰀷

α
(k)
1,1 02n+1−k×1 · · · 02n+1−k×1

02n+1−k×1 α
(k)
2,2 · · · 02n+1−k×1

...
...

. . .
...

02n+1−k×1 02n+1−k×1 · · · α
(k)

2k−m,2k−m

󰀶

󰀺󰀺󰀺󰀺󰀺󰀸
,
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for any 1 ≤ i ≤ 2m. Further calculation yields that for each 1 ≤ i ≤ 2m,

η
(m)
i,i α

(m,k)
i,i = 2(m−n−3)/2

󰀓
(r+

n−m)
⊤, (r−

n−m)
⊤
󰀔

󰀵

󰀹󰀹󰀹󰀹󰀹󰀷

α
(k)
1,1 02n−k+1×1 · · · 02n−k+1×1

02n−k+1×1 α
(k)
2,2 · · · 02n−k+1×1

...
...

...
...

02n−k+1×1 02n−k+1×1 · · · α
(k)

2k−m,2k−m

󰀶

󰀺󰀺󰀺󰀺󰀺󰀸

= 2(m−n−3)/2
󰀃
(r+

n−k)
⊤, · · · , (r+

n−k)
⊤

󰁿 󰁾󰁽 󰂀
2k−m times

, (r−
n−k)

⊤, · · · , (r−
n−k)

⊤

󰁿 󰁾󰁽 󰂀
2k−m times

󰀄

󰀵

󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀷

w+
(k,n) 02n−k×1 · · · 02n−k×1

w−
(k,n) 02n−k×1 · · · 02n−k×1

02n−k×1 w+
(k,n) · · · 02n−k×1

02n−k×1 w−
(k,n) · · · 02n−k×1

...
...

...
...

02n−k×1 02n−k×1 · · · w+
(k,n)

02n−k×1 02n−k×1 · · · w−
(k,n)

󰀶

󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀸

= 2(m−n−3)/2
󰀃
(r+

n−k)
⊤(w+

(k,n) +w−
(k,n)), · · ·󰁿 󰁾󰁽 󰂀

2k−m−1 times

, (r−
n−k)

⊤(w+
(k,n) +w−

(k,n)), · · ·󰁿 󰁾󰁽 󰂀
2k−m−1 times

󰀄
.

Since w+
(k,n) +w−

(k,n) = 2
m−n+1

2

󰀃
(2n−m+1 − 1) + 1

󰀄
· 12n−k×1 = 2

n−m+3
2 · 12n−k×1, it follows that

(r+
n−k)

⊤(w+
(k,n) +w−

(k,n)) = (r−
n−k)

⊤(w+
(k,n) +w−

(k,n)) = 0. (4.31)

Thus, we have η
(m)
i,i α

(m,k)
i,i = 01×2k−m , and hence, L(m,k) = 02m×2k . Since the matrices An and

Pn are symmetric by construction, we have L(m,k) = L⊤
(k,m) = 02k×2m for m > k. This now

proves our claim L(m,k) = 02m×2k for 0 ≤ m ∕= k ≤ n− 1.

For the case m = −1, we get in the same manner that for −1 ≤ k ≤ n− 1,

C−1Ak = 2−
n+3
2

󰀃
(r+

n−k)
⊤(w+

(k,n) +w−
(k,n)), · · · , (r

+
n−k)

⊤(w+
(k,n) +w−

(k,n)󰁿 󰁾󰁽 󰂀
2k times

󰀄
= 01×2k .

Finally, for −1 ≤ m ≤ n− 1, recall that we denote the (i, j)-entry of L(n,m) by ℓ
(n,m)
i,j . A

simple matrix calculation implies that

ℓ
(n,m)
i,j = (u, · · · ,u󰁿 󰁾󰁽 󰂀

i times

, v, 01×2, · · · , 01×2󰁿 󰁾󰁽 󰂀
2n−i−1 times

)
󰀃
01×2n−m , · · ·󰁿 󰁾󰁽 󰂀

2j times

, (w+
(m,n))

⊤, (w−
(m,n))

⊤, · · · , 01×2n−m , · · ·󰁿 󰁾󰁽 󰂀
2m+1−2j−2 times

󰀄⊤
.

The fact that

(u, · · · ,u)󰁿 󰁾󰁽 󰂀
2n−m−1 times

w±
(m,n) =

√
2 · (r+

n−m)
⊤w±

(m,n) = 0.
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directly yields that ℓ
(n,m)
i,j = 0 for i ≥ 2n−m(j + 1). Otherwise, for I ≤ 2n−mj − 1, we

clearly have ℓ
(n,m)
i,j = 0, as every non-zero vector must be multiplied by a zero vector. For

2n−mj ≤ i ≤ 2n−m−1(2j + 1)− 1, we denote τ = i− 2n−mj. Then a matrix calculation gives

ℓ
(n,m)
i,j =

√
2

2(n+3−m)/2

󰀳

󰁃
τ󰁛

k=1

(−1)k(2k − 1) +
3

4
(2τ + 1)− 1

4
(2τ + 3)

󰀴

󰁄

=

√
2

22n−m/2−1
(τ − 3

4
(2τ + 1)− 1

4
(2τ + 3)) = 0.

The case 2n−m−1(2j+1) ≤ i ≤ 2n−m(j+1)−1 can be proved analogously using the symmetry

property of w±
(m,n) for m ≥ 0. For the case m = −1, one can easily apply the same method

to obtain L(n,−1) = 02n+1×1. This completes the proof.

Next, we shall apply Lemma 4.15 to obtain the matrix norms of R̄
(n)
m Pn and R

(n)
m Pn as

stated in Theorem 4.14. We give separate proofs for the cases p = ∞, p = 1, and p = 2.

Recall that for an m × n matrix A = (aij), we have 󰀂A󰀂1 = max1≤j≤m

󰁓n
i=1 |aij|, which is

simply the maximum absolute column sum of the matrix, and 󰀂A󰀂∞ = max1≤i≤n

󰁓m
j=1 |aij|

is the maximum absolute row sum of the matrix. For the special case p = 2,󰀂A󰀂2 = σmax(A)

is the largest singular value of the matrix.

Proof of Theorem 4.14 for p = ∞. We start with computing the norm
󰀐󰀐󰀐R̄(n)

m Pn

󰀐󰀐󰀐
∞

for −1 ≤

m ≤ n− 1. Note that R̄
(n)
m Pn = Cm, and since η

(m)
i,j is a zero vector for i ∕= j, then

󰀂Cm󰀂∞ = max
1≤i≤2m

󰀐󰀐󰀐
󰀃
η
(m)
i,1 ,η

(m)
i,2 , · · · ,η(m)

i,2m−1,η
(m)
i,2m

󰀄󰀐󰀐󰀐
∞

= max
1≤i≤2m

󰀐󰀐󰀐
󰀃
η
(m)
i,1 ,η

(m)
i,2 , · · · ,η(m)

i,2m−1,η
(m)
i,2m

󰀄⊤󰀐󰀐󰀐
ℓ1
=

󰀐󰀐󰀃η(m)
i,i

󰀄⊤󰀐󰀐
ℓ1

=

󰀻
󰀿

󰀽
2

m−n−3
2

󰀐󰀐(r+
n−m, r

−
n−m)

󰀐󰀐
ℓ1

for m ≥ 0

2
−n−3

2

󰀐󰀐r+
n+1

󰀐󰀐
ℓ1

for m = −1

= 2
m∨0−n−3

2 · 2n+1−m∨0 = 2
n−1−m∨0

2 .

Furthermore, for −1 ≤ m ≤ n− 1, we get

󰀐󰀐󰀐R(n)
m Pn

󰀐󰀐󰀐
∞

=
󰀐󰀐󰀃C⊤

−1, C⊤
0 , · · · , C⊤

m

󰀄⊤󰀐󰀐
∞ = max

−1≤i≤m
󰀂Ci󰀂∞ = 2

n−1
2 .
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Last, for m = n, we have

󰀐󰀐󰀐R̄(n)
n Pn

󰀐󰀐󰀐
∞

= (2n − 1)󰀂u󰀂∞ +󰀂v󰀂∞ = (2n − 1)󰀂u󰀂ℓ1 +󰀂v󰀂ℓ1

= (2n − 1) · 2
√
2 +

1

2
√
2
+

3

2
√
2
= 2n+

3
2 −

√
2.

This concludes the proof of Theorem 4.14 for p = ∞.

Proof of Theorem 4.14 for p = 1. By utilizing the identity R̄
(n)
m Pn = Cm, we get

󰀂Cm󰀂1 = max
1≤i≤m

󰀐󰀐󰀐
󰀓󰀃

η
(m)
1,i

󰀄⊤
,
󰀃
η
(m)
2,i

󰀄⊤
, · · · ,

󰀃
η
(m)
2m−1,i

󰀄⊤
,
󰀃
η
(m)
2m,i

󰀄⊤󰀔⊤󰀐󰀐󰀐
1
= max

1≤i≤m

󰀐󰀐󰀐η(m)
i,i

󰀐󰀐󰀐
1
.

Since, for every 1 ≤ i ≤ 2m, the entries of the vector η
(m)
i,i are either 2(m∨0−n−3)/2 or

−2(m∨0−n−3)/2, the vector η
(m)
i,i , regarded as a linear functional, has the ℓ1-induced norm󰀐󰀐󰀐η(m)

i,i

󰀐󰀐󰀐
1
= 2(m∨0−n−3)/2. Next, we have

󰀐󰀐󰀐R(n)
m Pn

󰀐󰀐󰀐
1
=

󰀐󰀐
󰀓
C⊤
−1, C⊤

0 , · · · , C⊤
m

󰀔⊤󰀐󰀐
1
=

m󰁛

i=−1

󰀂Ci󰀂1

=
m󰁛

i=−1

2(i∨0−n−3)/2 =

󰀻
󰁁󰀿

󰁁󰀽

2−
n+3
2 for m = −1,

2−
n+3
2

󰀕
2
m+1

2 −1√
2−1

+ 1

󰀖
for 0 ≤ m ≤ n− 1,

= 2−
n+3
2

󰀣
1 +

2
m+1

2 − 1√
2− 1

{m≥0}

󰀤
.

Last, for the case m = n, it follows that

󰀐󰀐󰀐R̄(n)
n Pn

󰀐󰀐󰀐
1
= (2n − 1)󰀂u󰀂1 +󰀂v󰀂1 = (2n − 1)

√
2 +

3

2
√
2
= 2n+

1
2 −

√
2

4
.

This completes the proof.

The proof of Theorem 4.14 for p = 2 is more complicated than the ones for p = 1 and

p = ∞ and requires additional preparation. We start with a lemma concerning the exact

form of product CmC⊤
k for −1 ≤ m, k ≤ n− 1.

Lemma 4.17. For −1 ≤ m ≤ n, let Cm be as in the context of Lemma 4.15. Then,

CmC⊤
k =

󰀻
󰀿

󰀽

1
4
I2m∨0×2m∨0 for 1 ≤ m = k ≤ n− 1,

02m∨0×2k∨0 for 1 ≤ m ∕= k ≤ n− 1.

139



Proof. Let us denote Φ(m,k) = (φ
(m,k)
i,j ) := CmC⊤

k and prove the case for m = k. Since

Φ(m,m) =

󰀵

󰀹󰀹󰀹󰀹󰀹󰀷

η
(m)
1,1 η

(m)
1,2 · · · η

(m)
1,2m

η
(m)
2,1 η

(m)
2,2 · · · η

(m)
2,2m

...
...

. . .
...

η
(m)
2m,1 η

(m)
2m,2 · · · η

(m)
2m,2m

󰀶

󰀺󰀺󰀺󰀺󰀺󰀸

󰀵

󰀹󰀹󰀹󰀹󰀹󰀷

󰀃
η
(m)
1,1

󰀄⊤ 󰀃
η
(m)
2,1

󰀄⊤ · · ·
󰀃
η
(m)
2m,1

󰀄⊤
󰀃
η
(m)
1,2

󰀄⊤ 󰀃
η
(m)
2,2

󰀄⊤ · · ·
󰀃
η
(m)
2m,2

󰀄⊤
...

...
. . .

...󰀃
η
(m)
1,2m

󰀄⊤ 󰀃
η
(m)
2,2m

󰀄⊤ · · ·
󰀃
η
(m)
2m,2m

󰀄⊤

󰀶

󰀺󰀺󰀺󰀺󰀺󰀸
,

then φ
(m,m)
i,j =

󰁓2m

k=1 η
(m)
i,k

󰀃
η
(m)
j,k

󰀄⊤
. As η

(m)
i,k = 01×2n−m+1 for i ∕= k, then φ

(m,m)
i,j = 0 for all

i ∕= j. Furthermore, it again follows from Lemma 4.15 that for 1 ≤ i ≤ 2m,

φ
(m,m)
i,i = η

(m)
i,i

󰀃
η
(m)
i,i

󰀄⊤
= 2m∨0−n−3

󰀓󰀐󰀐r+
n−m

󰀐󰀐2

ℓ2
+
󰀐󰀐r−

n−m

󰀐󰀐2

ℓ2

󰀔
= 2m∨0−n−3 · 2n+1−m∨0 =

1

4
.

This shows that Φ(m,m) =
1
4
I2m∨0×2m∨0 . Next, for 0 ≤ m < k ≤ n− 1, we have

CmC⊤
k =

󰀵

󰀹󰀹󰀹󰀹󰀹󰀷

η
(m)
1,1 01×2n+1−m · · · 01×2n+1−m

01×2n+1−m η
(m)
2,2 · · · 01×2n+1−m

...
...

. . .
...

01×2n+1−m 01×2n+1−m · · · η
(m)
2m,2m

󰀶

󰀺󰀺󰀺󰀺󰀺󰀸

󰀵

󰀹󰀹󰀹󰀹󰀹󰀷

󰀃
η
(k)
1,1

󰀄⊤
02n+1−k×1 · · · 02n+1−k×1

02n+1−k×1

󰀃
η
(k)
2,2

󰀄⊤ · · · 02n+1−k×1

...
...

. . .
...

02n+1−k×1 02n+1−k×1 · · ·
󰀃
η
(k)

2k,2k

󰀄⊤

󰀶

󰀺󰀺󰀺󰀺󰀺󰀸

=

󰀵

󰀹󰀹󰀹󰀹󰀹󰀷

η
(m)
1,1 η

(m,k)
1,1 01×2k−m · · · 01×2k−m

01×2k−m η
(m)
2,2 η

(m,k)
2,2 · · · 01×2k−m

...
...

. . .
...

01×2k−m 01×2k−m · · · η
(m)
2m,2mη

(m,k)
2m,2m

󰀶

󰀺󰀺󰀺󰀺󰀺󰀸
,

where

η
(m,k)
i,i :=

󰀵

󰀹󰀹󰀹󰀹󰀹󰀷

󰀃
η
(k)
1,1

󰀄⊤
02n+1−k×1 · · · 02n+1−k×1

02n+1−k×1

󰀃
η
(k)
2,2

󰀄⊤ · · · 02n+1−k×1

...
...

. . .
...

02n+1−k×1 02n+1−k×1 · · ·
󰀃
η
(k)

2k−m,2k−m

󰀄⊤

󰀶

󰀺󰀺󰀺󰀺󰀺󰀸
,
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for any 1 ≤ i ≤ 2m. Note that for 0 ≤ m ≤ n− 1 and 1 ≤ i ≤ 2m,

η
(m)
i,i η

(m,k)
i,i = 2(m−n−3)/2

󰀓
(r+

n−m)
⊤, (r−

n−m)
⊤
󰀔

󰀵

󰀹󰀹󰀹󰀹󰀹󰀷

󰀃
η
(k)
1,1

󰀄⊤
02n+1−k×1 · · · 02n+1−k×1

02n+1−k×1

󰀃
η
(k)
2,2

󰀄⊤ · · · 02n+1−k×1

...
...

. . .
...

02n+1−k×1 02n+1−k×1 · · ·
󰀃
η
(k)

2k−m,2k−m

󰀄⊤

󰀶

󰀺󰀺󰀺󰀺󰀺󰀸

= 2m−n−3
󰀃
(r+

n−k)
⊤, · · · , (r+

n−k)
⊤

󰁿 󰁾󰁽 󰂀
2k−m times

, (r−
n−k)

⊤, · · · , (r−
n−k)

⊤

󰁿 󰁾󰁽 󰂀
2k−m times

󰀄

󰀵

󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀷

r+
n−k 02n−k×1 · · · 02n−k×1

r−
n−k 02n−k×1 · · · 02n−k×1

02n−k×1 r+
n−k · · · 02n−k×1

02n−k×1 r−
n−k · · · 02n−k×1

...
...

...
...

02n−k×1 02n−k×1 · · · r+
n−k

02n−k×1 02n−k×1 · · · r−
n−k

󰀶

󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀸

= 2m−n−3
󰀃
(r+

n−k)
⊤(r+

n−k + r−
n−k), · · ·󰁿 󰁾󰁽 󰂀

2k−m−1 times

, (r−
n−k)

⊤(r+
n−k + r−

n−k), · · ·󰁿 󰁾󰁽 󰂀
2k−m−1 times

󰀄
= 01×2k−m .

Hence, CmC⊤
k = 02m×2k for 0 ≤ m < k ≤ n − 1, and for 0 ≤ k < m ≤ n − 1, one

has CmC⊤
k =

󰀃
CkC⊤

m

󰀄⊤
= 0⊤

2k×2m
= 02m×2k . Therefore, for 0 ≤ m ∕= k ≤ n − 1, we have

CmC⊤
k = 02m×2k . Lastly, for the special case of m = −1 and 0 ≤ k ≤ n− 1, we have

C−1Ck = 2−n−3+k/2
󰀃
(r+

n−k)
⊤(r+

n−k + r−
n−k), · · · , (r+

n−k)
⊤(r+

n−k + r−
n−k)󰁿 󰁾󰁽 󰂀

2k times

󰀄
= 01×2k ,

and by a similar argument as above, we get CkC−1 = 02k×1. This completes the proof.

Let us next consider the following n× n dimensional matrix Dn, where the (i, j)th-entry

di,j = i ∨ j − 1/2 for 1 ≤ i, j ≤ n. The next lemma computes the ℓ2-induced norm of Dn.

Lemma 4.18. For n ≥ 3, we have 󰀂Dn󰀂2 = 1
2
(1− cos π

2n
)−1.

Proof. In the first step, we first derive the inverse of Dn and then obtain󰀂Dn󰀂2. To this end,

let us consider the n× n dimensional tridiagonal matrix En which is defined as

En :=

󰀵

󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀹󰀷

3 −1 0 0 0

−1 2 −1 0
. . .

0 −1 2
. . . 0

0 0
. . . . . . −1

0
. . . 0 −1 1

󰀶

󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀺󰀸

,
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and we are about to demonstrate En = D−1
n for n ≥ 3. Since Dn and En are symmetric,

it suffices to show that the product matrix Fn := EnDn = In×n. Denote the ith row of the

matrix Dn by di for 1 ≤ i ≤ n, and Dn = (d⊤
1 ,d

⊤
2 , · · · ,d⊤

n )
⊤. Writing the ith row of the

matrix Fn by fi and regarding the matrix as a row operation acting on the matrix Dn leads

to

Fn =

󰀳

󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁃

f1

f2

...

fn−1

fn

󰀴

󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁄

= En

󰀳

󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁃

d1

d2

...

dn−1

dn

󰀴

󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁄

=

󰀳

󰁅󰁅󰁅󰁅󰁅󰁅󰁅󰁃

3d1 − d2

2d2 − d1 − d3

...

2dn−1 − dn−2 − dn

dn − dn−1.

󰀴

󰁆󰁆󰁆󰁆󰁆󰁆󰁆󰁄

It remains to verify the form of fi term by term. First, we have

f1 = 3d1 − d2 = 3 ·
󰀕
1

2
,
1

2
, · · · , 1

2

󰀖
−

󰀕
1

2
,
3

2
, · · · , 3

2

󰀖
= (1, 0, · · · , 0).

Next, for 2 ≤ i ≤ n− 1 and 1 ≤ j ≤ n, we have

ti,j = 2(i ∨ j)− (i− 1) ∨ j − (i+ 1) ∨ j =

󰀻
󰀿

󰀽
1 for i = j,

0 otherwise.

Thus, for 2 ≤ i ≤ n− 1, we have

fi = 2di − di−1 − di+1 =
󰀃
0, · · · , 0󰁿 󰁾󰁽 󰂀
i−1 times

, 1, 0, · · · , 0󰁿 󰁾󰁽 󰂀
n−1 times

󰀄
.

Last, we have

fn = dn − dn−1 =
󰀓1
2
,
3

2
,
5

2
, · · · , 2n− 3

2
,
2n− 1

2

󰀔
−

󰀓1
2
,
3

2
,
5

2
, · · · , 2n− 3

2
,
2n− 3

2

󰀔

=
󰀃
0, 0, · · · , 0, 1

󰀄
.

Hence, the above calculation establishes the result that En = D−1
n .

For the second step of the proof, it follows from [69, Theorem 4] that the determinant of

En − λIn×n admits the following representation:

det(En − λIn×n) =
n−1󰁜

j=0

󰀕
2− λ− 2 cos

(j + 1)π

2n

󰀖
,
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and this leads to λmin(En) = 2− 2 cos π
2n
. Thus, we have

󰀂Dn󰀂2 = λmax(Dn) =
1

λmin(En)
=

1

2

󰀕
1− cos

π

2n

󰀖−1

,

and this completes the proof.

We are now ready to complete the proof of Theorem 4.14.

Proof of Theorem 4.14 for p = 2. Let us denote the largest singular value of a matrix M by

σmax(M). By the definition of the spectral norm, we get

󰀐󰀐󰀐R̄(n)
m Pn

󰀐󰀐󰀐
2
=

󰁴
σmax

󰀃
R̄

(n)
m PnP⊤

n

󰀃
R̄

(n)
m

󰀄⊤󰀄

=
󰁴

σmax

󰀃
CmC⊤

m

󰀄
=

1

2

󰁴
σmax

󰀃
I2m×2m

󰀄
=

1

2
,

(4.32)

where the second last identity follows from Lemma 4.17. To derive the ℓ2-induced norm of

matrices R
(n)
m Pn, note that

R(n)
m PnP

⊤
n

󰀃
R(n)

m

󰀄⊤
=

󰀵

󰀹󰀹󰀹󰀹󰀹󰀷

C−1C⊤
−1 C−1C⊤

0 · · · C−1C⊤
m

C0C⊤
−1 C0C⊤

0 · · · C0C⊤
m

...
...

. . .
...

CmC⊤
−1 CmC⊤

0 · · · CmC⊤
m

󰀶

󰀺󰀺󰀺󰀺󰀺󰀸
=

I2m+1×2m+1

4
.

An analogous argument as in (4.32) yields that
󰀐󰀐󰀐R̄(n)

m Pn

󰀐󰀐󰀐
2
= 1

2
. Lastly, it remains to obtain

the spectral norm of R̄
(n)
n Pn, or equivalently, the largest singular value of CnC⊤

n . To this end,

let us first derive that exact form of the matrix Gn = (g
(n)
i,j ) = CnC⊤

n . Next, we shall claim

and show that

g
(n)
i,j =

󰀻
󰀿

󰀽
4i− 11

4
for 1 ≤ i = j ≤ 2n,

4(i ∧ j)− 2 for 1 ≤ i ∕= j ≤ 2n.
(4.33)

First, one has

g
(n)
i,i =

󰀐󰀐󰀐󰀐󰀐󰀐󰀐

󰀃
u, · · · ,u󰁿 󰁾󰁽 󰂀
i−1 times

,v,01×2, · · · ,01×2󰁿 󰁾󰁽 󰂀
2n−i times

󰀄
󰀐󰀐󰀐󰀐󰀐󰀐󰀐

2

ℓ2

= 4(i− 1) +

󰀕󰀓 3

2
√
2

󰀔2

+
󰀓 1

2
√
2

󰀔2
󰀖

=
5

4
+ 4(i− 1) = 4i− 11

4
.

143



On the other hand, we assume that i ≤ j − 1 without loss of generality, then

g
(n)
i,j =

󰀃
u, · · · ,u󰁿 󰁾󰁽 󰂀
i−1 times

,v,01×2, · · · ,01×2󰁿 󰁾󰁽 󰂀
2n−i times

󰀄󰀃
u⊤, · · · ,u⊤
󰁿 󰁾󰁽 󰂀

j−1 times

,v⊤,02×1, · · · ,02×1󰁿 󰁾󰁽 󰂀
2n−j times

󰀄⊤

= 4(i− 1) +
√
2

󰀕
3

2
√
2
+

1

2
√
2

󰀖
= 4i− 2.

This demonstrates the exact form of the matrix Gn as shown in (4.33). Since Gn = 4D2n −
3
4
I2n×2n , thus

󰀂Gn󰀂2 =
󰀐󰀐󰀐4D2n − 3

4
I2n×2n

󰀐󰀐󰀐
2
≤ 4󰀂D2n󰀂2 +

3

4
≤ 2

󰀕
1− cos

π

2n+1

󰀖−1

+
3

4
,

where the last inequality follows from Lemma 4.18. Similarly, we have

󰀂Gn󰀂2 =
󰀐󰀐󰀐4D2n − 3

4
I2n×2n

󰀐󰀐󰀐
2
≥

󰀏󰀏󰀏󰀏4󰀂D2n󰀂2 −
3

4

󰀏󰀏󰀏󰀏 = 2

󰀕
1− cos

π

2n+1

󰀖−1

− 3

4
.

This completes the proof.

4.5 Proofs for the results in Chapter 4

Proof of Theorem 4.1. We consider first the case in which f̂0 = 0. Let us consider the 2n+1

dimensional column vector ωn+1 = (ω
(n+1)
i )2

n+1

i=1 , where ω
(n+1)
i = F (i2−n−1)−F ((i−1)2−n−1).

Recall the explicit form of Q−1
(n+1,n+1) in (4.28), which can be regarded as a row operation

acting on a vector by subtracting preceding rows after properly scaling. Therefore, we have

Q−1
(n+1,n+1)yn+1 = 23(n+1)/2+2ωn+1. Thus,

ϑ
(n)
n−1 = R

(n)
n−1PnQ

−1
(n+1,n+1)yn+1 = 23(n+1)/2+2R

(n)
n−1Pnωn+1.

Analogously, for 0 ≤ m ≤ n− 1, we partition ωn+1 as follows,

ωn+1 =
󰀓
(ω

(m,n+1)
1 )⊤, (ω

(m,n+1)
2 )⊤, · · · , (ω(m,n+1)

2m )⊤
󰀔⊤

,
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where each vector ω
(m,n+1)
k is a 2n+1−m dimensional column vector. Then, for a similar

reason, we have

ϑ
(n)
m,k = 23(n+1)/2+2

󰀓
η
(m)
k+1,1,η

(m)
k+1,2, · · · ,η

(m)
k+1,2m

󰀔
· ωn+1 = 23(n+1)/2+2η

(m)
k+1,k+1ω

(m,n+1)
k+1

= 23(n+1)/2+(m−n−3)/2+2
󰀓
(r+

n−m)
⊤, (r−

n−m)
⊤
󰀔󰀓

(ω
(m+1,n+1)
2k+1 )⊤, (ω

(m+1,n+1)
2k+2 )⊤

󰀔⊤

= 2n+m/2+2
󰀓
(r+

n−m)
⊤ω

(m+1,n+1)
2k+1 + (r−

n−m)
⊤ω

(m+1,n+1)
2k+2

󰀔
.

(4.34)

A routine calculation gives that

(r+
n−m)

⊤ω
(m+1,n+1)
2k+1 =

2n−m󰁛

j=1

(−1)jω
(n+1)

2n−m+1k+j =
2n−m󰁛

j=1

(−1)j
󰀕
F
󰀓 k

2m
+

j

2n+1

󰀔
− F

󰀓 k

2m
+

j − 1

2n+1

󰀔󰀖
,

and we similarly have

(r−
n−m)

⊤ω
(m+1,n+1)
2k+2 =

2n−m󰁛

j=1

(−1)j+1ω
(n+1)

2n−m(2k+1)+j =
2n−m−1󰁛

j=0

(−1)j+1ω
(n+1)

2n−m+1(k+1)−j

=
2n−m󰁛

j=1

(−1)jω
(n+1)

2n−m+1(k+1)−(j−1) =
2n−m󰁛

j=1

(−1)j
󰀕
F
󰀓k + 1

2m
− j − 1

2n+1

󰀔
− F

󰀓k + 1

2m
− j

2n+1

󰀔󰀖
.

Plugging the above two identities back to (4.34) gives (4.4). Last, for m = −1, we have

ϑ
(n)
−1,0 = 23(n+1)/2+2C−1ωn+1 = 2n+2r+

n+1ωn+1 = 2n+2

2n+1󰁛

j=1

(−1)jω
(n+1)
j

= 2n+2

2n+1󰁛

j=1

(−1)j
󰀕
F
󰀓 j

2n+1

󰀔
− F

󰀓j − 1

2n+1

󰀔󰀖
.
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Last, note that ϑ̄
(n)
n = 23(n+1)/2+2R̄

(n)
n Pnωn+1 = 23(n+1)/2+2Cnωn+1, and therefore,

ϑ
(n)
n,k = 23(n+1)/2+2

󰀃
u, · · · ,u󰁿 󰁾󰁽 󰂀

k times

, v, 01×2, · · · , 01×2󰁿 󰁾󰁽 󰂀
2n−k−1 times

󰀄
ωn+1

= 23(n+1)/2+2
󰀃
u, · · · ,u󰁿 󰁾󰁽 󰂀

k times

, v, 01×2, · · · , 01×2󰁿 󰁾󰁽 󰂀
2n−k−1 times

󰀄 󰀓
(ω

(n,n+1)
1 )⊤, (ω

(n,n+1)
2 )⊤, · · · , (ω(n,n+1)

2n )⊤
󰀔⊤

= 23(n+1)/2+2

󰀳

󰁃
k󰁛

j=1

u · ω(n,n+1)
j + v · ω(n,n+1)

k+1

󰀴

󰁄

= 23(n+1)/2+2

󰀳

󰁃√
2

k󰁛

j=1

(ω
(n+1)
2j−1 − ω

(n+1)
2j ) +

3

2
√
2
ω
(n+1)
2k+1 − 1

2
√
2
ω
(n+1)
2k+2

󰀴

󰁄

= 23(n+1)/2+5/2

k󰁛

j=1

󰀣
2F

󰀕
2j − 1

2n+1

󰀖
− F

󰀕
2j − 2

2n+1

󰀖
− F

󰀕
2j

2n+1

󰀖󰀤

+ 3 · 23(n+1)/2+1

󰀣
F

󰀕
2k + 1

2n+1

󰀖
− F

󰀕
2k

2n+1

󰀖󰀤
− 23(n+1)/2+1

󰀣
F

󰀕
2k + 2

2n+1

󰀖
− F

󰀕
2k + 1

2n+1

󰀖󰀤
.

This completes the proof for the case f̂0 = 0.

For f̂0 ∕= 0, we let 󰁨ϑ(n)
m,k be the estimated Faber–Schauder coefficients for f̂0 = 0, as in the

first part of this proof. Then the functions

󰁨fn := 󰁨ϑ(n)
−1,0e−1,0 +

n󰁛

m=0

2m−1󰁛

k=0

󰁨ϑ(n)
m,kem,k and 󰁨F (t) := F (0) +

󰁝 t

0

󰁨fn(s) ds

are such that 󰁨F (t) = F (t) for all t ∈ Tn+1. Now we define ϑ
(n)
m,k := 󰁨ϑ(n)

m,k for m < n and

ϑ
(n)
n,k :=

󰁨ϑ(n)
n,k − 2−n/2+2f̂0. Then we let

f̂n := f̂0 + ϑ
(n)
−1,0e−1,0 +

n󰁛

m=0

2m−1󰁛

k=0

ϑ
(n)
m,kem,k, and F̂n(t) := F (0) +

󰁝 t

0

f̂n(s) ds.

With these definitions, we have that

F̂n(t) = 󰁨F (t) + f̂0 · t− 2−n/2+2f̂0

󰁝 t

0

2n−1󰁛

k=0

en,k(s) ds = 󰁨F (t) + f̂0 · t− 2−n/2+2f̂0

2n−1󰁛

k=0

ψn,k(t).

By using (4.14) and considering separately the case t ∈ Tn and t ∈ Tn+1 \ Tn, one easily

checks that 2−n/2+2
󰁓2n−1

k=0 ψn,k(t) = t for t ∈ Tn+1. Hence, F̂ (t) = 󰁨F (t) = F (t) for all

t ∈ Tn+1, and so the coefficients ϑ
(n)
m,k are as desired. To show uniqueness, one argues in a
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similar way, transforming any solution to (4.3) back to the case f̂0 = 0 and using the already

established uniqueness there.

Proof of the formulas in Example 4.2. Consider the following partition of zn+1,

zn+1 =
󰀓
(z

(m,n+1)
1 )⊤, (z

(m,n+1)
2 )⊤, · · · , (z(m,n+1)

2m )⊤
󰀔⊤

,

where each vector z
(m,n+1)
k is a 2n+1−m dimensional column vector for 0 ≤ m ≤ n + 1 and

1 ≤ k ≤ 2n+1−m. Moreover, for each 1 ≤ i ≤ 2n+1, we have

z
(n+1)
i = 23(n+1)/2

∞󰁛

m=n+1

2−3m/2

2m−n−1i−1󰁛

k=2m−n−1(i−1)

θm,k

= 23(n+1)/2

∞󰁛

m=n+1

2−3m/2

2m−n−1i−1󰁛

k=2m−n−1(i−1)

2m/2cm

= 23(n+1)/2

∞󰁛

m=n+1

2−3m/2+m−n−1+m/2cm = 2(n+1)/2

∞󰁛

m=n+1

cm =: κn+1 < ∞,

(4.35)

where the finiteness of κn+1 follows from the absolute summability of the sequence (cm).

Therefore, for every 1 ≤ k ≤ 2m, we have

z
(m,n+1)
k = (κn+1,κn+1, · · · ,κn+1󰁿 󰁾󰁽 󰂀

2n+1−m times

).

Furthermore, it follows from Lemma 4.15 that η
(m)
i,j = 01×2n−m+1 for i ∕= j, then for 0 ≤ m ≤

n− 1 and 0 ≤ k ≤ 2m − 1

ϑ
(n)
m,k − θm,k =

󰀓
η
(m)
k+1,1,η

(m)
k+1,2, · · · ,η

(m)
k+1,2m

󰀔
zn+1 = η

(m)
k+1,k+1z

(m,n+1)
k+1

= 2
m−n−3

2

󰀓
(r+

n−m)
⊤, (r−

n−m)
⊤
󰀔󰀓

(z
(m,n)
1 )⊤, (z

(m,n)
1 )⊤

󰀔⊤

= 2
m−n−3

2

󰀃
r+
n−m + r−

n−m

󰀄⊤
z
(m,n)
1 = 0.

The proof for the case m = −1 is analogous and we next prove the case m = n. Let us use
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the shorthand notation κn+1 = (κn+1,κn+1), and an analogous calculation yields that

ϑ
(n)
n,k − θn,k =

󰀃
u, · · · ,u󰁿 󰁾󰁽 󰂀

k times

, v, 01×2, · · · , 01×2󰁿 󰁾󰁽 󰂀
2n−k−1 times

󰀄
zn+1

=
󰀃
u, · · · ,u󰁿 󰁾󰁽 󰂀

k times

, v, 01×2, · · · , 01×2󰁿 󰁾󰁽 󰂀
2n−k−1 times

󰀄󰀃
κn+1,κn+1, · · · ,κn+1󰁿 󰁾󰁽 󰂀

2n times

󰀄⊤

= k
󰀃
u · κ⊤

n+1

󰀄
+ v · κ⊤

n+1 =
󰀓 3

2
√
2
,− 1

2
√
2

󰀔
· (κn+1,κn+1)

⊤

=

√
2

2
κn+1 = 2n/2

∞󰁛

m=n+1

cm.

Thus, we have

ϑ
(n)
n,k = 2n/2cn + 2n/2

∞󰁛

m=n+1

cm = 2n/2
∞󰁛

m=n

cm.

This completes the proof.

Proof of Proposition 4.3. By assumption, there exists c ∈ [0, 1] such that

ω2(f, t) = sup
τ1,τ2∈[0,1]
|τ1−τ2|≤t

󰀫󰀏󰀏󰀏󰀏f(τ1) + f(τ2)− 2f
󰀓τ1 + τ2

2

󰀔󰀏󰀏󰀏󰀏

󰀬

≤ |τ1 − τ2| sup
τ1,τ2∈[0,1]
|τ1−τ2|≤t

󰀣
sup

u1,u2∈[τ1,τ2]
|f ′(u1)− f ′(u2)|

󰀤
≤ c|τ1 − τ2|1+α ≤ c · t1+α.

(4.36)

Note next that (4.2) implies |θm,k| ≤ 2m/2ω2(f, 2
−m). Thus,

|z(n+1)
i | =

∞󰁛

m=n+1

2−3(m−n−1)/2

2m−n−1i−1󰁛

k=2m−n−1(i−1)

|θm,k|

≤
∞󰁛

m=n+1

2−3(m−n−1)/2 ·
󰀓
23m/2−n−1ω2(f, 2

−m)
󰀔

= 2(n+1)/2

∞󰁛

m=n+1

ω2(f, 2
−m) ≤ c · 2(n+1)/2

∞󰁛

m=n+1

2−m(1+α)

≤ c · 2−(n+1)(α+ 1
2
)

1− 2−α−1
.

(4.37)

From here, the assertion follows easily.

Proof of Theorem 4.8 We start with the case p = 1. For m < n, Theorem 4.7 and the fact
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that
󰀐󰀐em,k

󰀐󰀐
L1[0,1]

= 2−3m/2−2 yield that

󰀐󰀐fm − f̂n,m
󰀐󰀐
L1[0,1]

≤
󰀐󰀐󰀐󰀐

m󰁛

i=−1

2i∨0−1󰁛

k=0

(ϑi,k − θi,k)ei,k

󰀐󰀐󰀐󰀐
L1[0,1]

≤
m󰁛

i=−1

󰀐󰀐󰀐󰀐
2i∨0−1󰁛

k=0

(ϑi,k − θi,k)ei,k

󰀐󰀐󰀐󰀐
L1[0,1]

=
m󰁛

i=0

2−3i/2−2
󰀐󰀐ϑ̄(n)

i − θ̄i

󰀐󰀐
ℓ1
+

1

2

󰀐󰀐ϑ̄(n)
−1 − θ̄−1

󰀐󰀐
ℓ1

≤
m󰁛

i=0

2−i−2−(n+3)/2󰀂zn+1󰀂ℓ1 + 2−(n+5)/2󰀂zn+1󰀂ℓ1

= 2−(n+3)/2󰀂zn+1󰀂ℓ1 .

(4.38)

For the case m = n, we get in the same manner
󰀐󰀐fn − f̂n,n

󰀐󰀐
L1[0,1]

≤ 2−(n+1)/2󰀂zn+1󰀂ℓ1 . To

relate these two inequalities with the second-order modulus of continuity, we recall from

(4.37) that |z(n+1)
i | ≤ 2(n+1)/2

󰁓∞
m=n+1 ω2(f, 2

−m). From here, the proof of the case p = 1 is

easily completed.

For p = 2, we have
󰀐󰀐em,k

󰀐󰀐
L2[0,1]

= 2−m−1/
√
3 and em,k · em,ℓ = 0 for k ∕= ℓ. Thus,

󰀐󰀐fm − f̂n,m
󰀐󰀐
L2[0,1]

≤
󰀐󰀐󰀐󰀐

m󰁛

i=−1

2i∨0−1󰁛

k=0

(ϑi,k − θi,k)ei,k

󰀐󰀐󰀐󰀐
L2[0,1]

≤
m󰁛

i=−1

󰀐󰀐󰀐󰀐
2i∨0−1󰁛

k=0

(ϑi,k − θi,k)ei,k

󰀐󰀐󰀐󰀐
L2[0,1]

=
1√
3

m󰁛

i=−1

2−i−1
󰀐󰀐ϑ̄(n)

i − θ̄i

󰀐󰀐
ℓ2

≤ 1√
3

m󰁛

i=−1

2−i−2󰀂zn+1󰀂ℓ2 ≤
󰀂zn+1󰀂ℓ2√

3
.

(4.39)

Next, we can argue as in the proof for p = 1 to get 󰀂zn+1󰀂ℓ2 ≤ 2n+1
󰁓∞

m=n+1 ω2(f, 2
−m),

which gives the first inequality. The proof of the second one is analogous.

For p = ∞, we have
󰀐󰀐e−1,0

󰀐󰀐
L∞[0,1]

= 1 and
󰀐󰀐em,k

󰀐󰀐
L∞[0,1]

= 2−m/2−1 for m ∈ N and
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0 ≤ k ≤ 2m − 1. The triangle inequality then yields that for 0 ≤ m ≤ n− 1

󰀐󰀐fm − f̂n,m
󰀐󰀐
L∞[0,1]

≤
󰀐󰀐󰀐󰀐

m󰁛

i=−1

2i∨0−1󰁛

k=0

(ϑi,k − θi,k)ei,k

󰀐󰀐󰀐󰀐
L∞[0,1]

≤
m󰁛

i=−1

󰀐󰀐󰀐󰀐
2i∨0−1󰁛

k=0

(ϑi,k − θi,k)ei,k

󰀐󰀐󰀐󰀐
L∞[0,1]

=
m󰁛

i=0

2−i/2−1
󰀐󰀐ϑ̄(n)

i − θ̄i

󰀐󰀐
ℓ∞

+
󰀐󰀐ϑ̄(n)

−1 − θ̄−1

󰀐󰀐
ℓ∞

≤
m󰁛

i=0

2−i/2−1+(n−i−1)/2󰀂zn+1󰀂ℓ∞ + 2(n−1)/2󰀂zn+1󰀂ℓ∞

=

󰀳

󰁃2(n−3)/2

m󰁛

i=0

2−i + 2(n−1)/2

󰀴

󰁄󰀂zn+1󰀂ℓ∞

≤ 2(n+1)/2󰀂zn+1󰀂ℓ∞ ,

(4.40)

where we have used Theorem 4.7 in the fourth step. For the case m = n, an analogous

decomposition leads to

󰀐󰀐fn − f̂n,n
󰀐󰀐
L∞[0,1]

≤
󰀐󰀐󰀐󰀐
󰀃
fn−1 − f̂n,n−1

󰀄
+

2n−1󰁛

k=0

󰀃
θn,k − ϑ

(n)
n,k

󰀄
en,k

󰀐󰀐󰀐󰀐
L∞[0,1]

≤
󰀐󰀐fn−1 − f̂n,n−1

󰀐󰀐
L∞[0,1]

+ 2−n/2−1
󰀐󰀐ϑ̄(n)

n − θ̄n

󰀐󰀐
ℓ∞

≤ 2(n+1)/2󰀂zn+1󰀂ℓ∞ +
󰀃2n+ 3

2 −
√
2

2n/2+1

󰀄
󰀂zn+1󰀂ℓ∞

≤ 2(n+3)/2󰀂zn+1󰀂ℓ∞ .

(4.41)

It follows from (4.37) that

󰀂zn+1󰀂ℓ∞ ≤ 2(n+1)/2

∞󰁛

k=n+1

ω2(f, 2
−k), (4.42)

and plugging this inequality back into (4.40) and (4.41) completes the proof.

The proof of Theorem 4.11 will follow immediately from the next lemma. Indeed, the

quadratic spline interpolation F̂n,n coincides with F on the dyadic partition Tn+1, and so

F̂n,n − F belongs to the linear space Xn+1 introduced in (4.43) below.
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Lemma 4.19. Let us consider a vector space Xn of functions, such that

Xn :=

󰀫
F ∈ C1[0, 1]

󰀏󰀏󰀏󰀏F
󰀕

k

2n

󰀖
= 0 for 0 ≤ k ≤ 2n

󰀬
for n ∈ N. (4.43)

Moreover, we also consider the vector space Yn, where

Yn :=

󰀫
f ∈ C[0, 1]

󰀏󰀏󰀏󰀏
󰁝 ·

0

f(s) ds ∈ Xn

󰀬
for n ∈ N.

Furthermore, by X 1
n , X 2

n and X∞
n , we denote the normed linear space Xn equipped with the

L1[0, 1], L2[0, 1] and L∞[0, 1] norms respectively, as well as, the analogously defined normed

spaces Y1
n, Y2

n and Y∞
n . Let T : Yn → Xn denote the integral operator, i.e., Tf =

󰁕 ·
0
f(s) ds.

Then, its operator norms are given by 󰀂T󰀂Yp
n→X p

n
= 2ap, where ap is as in Theorem 4.11.

Proof. First, we consider the case p = ∞. Since F (2−nk) = 0 for all k,

󰀂F󰀂L∞[0,1] = max
1≤k≤2n

max
k−1
2n

≤t≤ k
2n

|F (t)|

≤ max
1≤k≤2n

max
k−1
2n

≤t≤ k
2n

󰁝 t

k−1
2n

|f(s)| ds ≤ 2−n−1󰀂f󰀂L∞[0,1] .
(4.44)

This shows that 󰀂T󰀂Y∞
n →X∞

n
≤ 2−n−1. To get the converse inequality, we take ε ∈ (0, 2−n−3)

and consider the function fε that is equal to 1 on intervals of the form [ k
2n

+ ε, 2k+1
2n+1 − ε],

equal to zero on intervals of the form [2k+1
2n+1 +ε, k+1

2n+1 −ε] and linearly interpolated everywhere

else. Then fε ∈ Xn and we have󰀂fε󰀂L∞[0,1] = 1 and󰀂Tfε󰀂L∞[0,1] = 2−n−1 − 2ε, and the proof

for p = ∞ is complete.

For the L2[0, 1] norm, let us take any f ∈ Yn with the corresponding F := Tf ∈ Xn and

define Fk(t) = F (2−n(t+ k)) for t ∈ [0, 1]. Then

󰀂F󰀂2L2[0,1]
=

2n−1󰁛

k=0

󰁝 2−n(k+1)

2−nk

F 2(t) dt = 2−n

2n−1󰁛

k=0

󰁝 1

0

F 2
k (t) dt = 2−n

2n−1󰁛

k=0

󰀂Fk󰀂2L2[0,1]
. (4.45)

Furthermore, let us denote fk(t) := F ′
k(t). Then fk(t) = 2−nf(2−n(t+ k)) and so

2n−1󰁛

k=0

󰀂fk󰀂2L2[0,1]
=

2n−1󰁛

k=0

󰁝 1

0

f 2
k (t) dt = 2−2n

2n−1󰁛

k=0

󰁝 1

0

f 2(2−n(t+ k)) dt

= 2−n

󰁝 1

0

f 2(t) dt = 2−n󰀂f󰀂2L2[0,1]
.
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Next, for 0 ≤ k ≤ 2n− 1, in the spirit of [43, Problem 188], the Hölder inequality yields that

󰀂Fk󰀂2L2[0,1]
=

󰁝 1

0

F 2
k (t) dt =

󰁝 1

0

󰀣󰁝 t

0

fk(s) ds

󰀤2

dt

=

󰁝 1

0

󰀣󰁝 t

0

󰁵
cos

πs

2

fk(s)󰁳
cos πs

2

ds

󰀤2

dt

≤
󰁝 1

0

󰀣󰁝 t

0

cos
πs

2
ds

󰁝 t

0

f 2
k (s)

cos πs
2

ds

󰀤
dt

=
2

π

󰁝 1

0

sin
πt

2

󰁝 t

0

f 2
k (s)

cos πs
2

dsdt

=
2

π

󰁝 1

0

f 2
k (s)

cos πs
2

󰁝 1

s

sin
πt

2
dtds

=
4

π2

󰁝 1

0

f 2
k (s)

cos πs
2

(− cos
π

2
+ cos

πs

2
) ds =

4

π2
󰀂fk󰀂2L2[0,1]

.

(4.46)

Thus, 󰀂Tf󰀂L2[0,1]
≤ 2−n+1

π
󰀂f󰀂L2[0,1]

.

To prove the converse inequality, note that the inequality (4.46) becomes an identity for

fk(t) := cos πt
2
. To see why, note first that Fk(t) := Tfk(t) =

2
π
sin πt

2
satisfies 󰀂Fk󰀂2L2[0,1]

=
4
π2

󰁕 1

0
(sin πt

2
)2 dt = 2

π2 and 󰀂fk󰀂2L2[0,1]
=

󰁕 1

0
(cos πt

2
)2 dt = 1

2
. In such a way, one sees that the

function f(t) = cos 2n−1πt belongs to Yn, and 󰀂Tf󰀂L2[0,1]
= 2−n+1

π
󰀂f󰀂L2[0,1]

. This completes

the proof for p = 2.

Finally, the case for p = 1 is similar to the case for p = 2. We get as in (4.45) that

󰀂F󰀂L1[0,1]
= 2−n

󰁓2n−1
k=0 󰀂Fk󰀂L1[0,1]

, where Fk and fk = F ′
k are as above. In the same way, we

get
󰁓2n−1

k=0 󰀂fk󰀂L1[0,1]
=󰀂f󰀂L1[0,1]

. Moreover, for each 0 ≤ k ≤ 2n − 1,

󰀂Fk󰀂L1[0,1]
=

󰁝 1

0

|Fk(t)| dt ≤
󰁝 1

0

󰁝 t

0

|fk(s)| dt ≤󰀂fk󰀂L1[0,1]
.

Plugging this inequality back to the above formulae shows that 󰀂T󰀂Y1
n→X 1

n
≤ 2−n. To show

the reverse inequality, we take ε < 1
2
and m ≥ 1 and define the function gm,ε ∈ C[0, 1] as

follows,

gm,ε =
mt

ε2 [0, ε
m
]
+

1

ε ( ε
m
,ε]

− m

ε2

󰀓
t− (m+ 1)ε

m

󰀔

(ε,
(m+1)ε

m
]
,

where
A
denotes the indicator function of a set A. In other words, the function gm,ε defines

an isosceles Trapezoid with height 1/ε. Thus,
󰀐󰀐gm,ε

󰀐󰀐
L1[0,1]

= 1 for any ε < 1/2 and m ≥ 1.
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Clearly, Gm,ε := Tgm,ε is given by

Gm,ε(t) =
mt2

2ε2 [0, ε
m
]
+

󰀕
1

ε

󰀓
t− ε

m

󰀔
+

1

2m

󰀖

( ε
m
,ε]

+

󰀕
2m− 1

2m
− m

2ε2
󰀃
t− (m+ 1)ε

m

󰀄2
󰀖

(ε,
(m+1)ε

m
]
+

(
(m+1)ε

m
,1]
.

Thus, we have
󰀐󰀐Gm,ε

󰀐󰀐
L1[0,1]

≥ 1 − (m+1)ε
m

. Note that for any pair of m and ε, we have

gm,ε(0) = gm,ε(1) = 0. Thus, can define a function f ∈ C[0, 1] by f(t) := 2ngm,ε(2
nt–k) for

t ∈ [2−nk, 2−n(k + 1)] so that fk = gm,ε for all k. Furthermore, we have

󰀂F󰀂L1[0,1]
= 2−n

2n−1󰁛

k=0

󰀂Fk󰀂L1[0,1]
≥ 2−n

󰀕
1− (m+ 1)ε

m

󰀖
= 2−n

󰀓
1− (m+ 1)ε

m

󰀔
󰀂f󰀂L1[0,1]

.

Simultaneously taking m ↑ ∞ and ε ↓ 0 shows that 󰀂T󰀂Y1
n→X 1

n
= 2−n. This completes the

proof.
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Chapter 5

The Φ-variation of classical fractal

functions

This chapter is based on [49, 50]. In this chapter, we study the Wiener–Young Φ-variation

of some classical fractal functions. These functions admit the following representation:

f(t) :=
∞󰁛

m=0

αmϕ(b
mt), t ∈ [0, 1],

where (αm) ∈ ℓ1 and b ∈ {2, 3, · · · }. Furthermore, we require that the base function ϕ : R →
R is Lipschitz continuous and periodic with period 1. Then the series on the right-hand side

of the above equation converges absolutely and uniformly in t ∈ [0, 1], so that f is indeed

a well-defined continuous function. In particular, if αm = αm for some α ∈ (−1, 1) and

ϕ(t) = ν sin(2πt) + ρ cos(2πt) for real constants ν and ρ, then f is a Weierstraß function.

If αm = αm for some α ∈ (−1, 1) and ϕ(t) = minz∈Z |z − t| is the tent map, then f is a

Takagi–van der Waerden function. Finally, if b = 2 and ϕ(t) = minz∈Z |z − t| is the tent

map, then f belongs to the Takagi class.

This chapter is structured as follows. In Section 5.1, we show that the Weierstraß and

Takagi–van der Waerden function admits a nonzero, finite and linear Φ-variation along the

b-adic partition for Φ = x/
√
− log x. Those results are consequences of suitable central

limit theorems for the Rademacher functions in the Faber–Schauder development of f . The

development of the corresponding theory will be presented in Section 5.2.

The latter part of this chapter introduces a probabilistic approach to identifying those

functions in the Takagi class that have nonzero, finite and linear Φ-variation for a prescribed
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function Φ of the form

Φq(x) := x
1

1−q g
󰀓− log2 x

1− q

󰀔− 1
2(1−q)

, 0 < x < 1,

where q ∈ [0, 1) and g : [0,∞) → (0,∞) is any regularly varying function1. Our approach

to the Φq-variation of functions in the Takagi class depends on the parameter q. For q = 0,

the argument extends the approach developed in Section 5.2. For q ∈ (0, 1), however, a

new limit theorem for Bernoulli-type convolutions is needed. This convergence result is

collected in Section 5.3. Our main result on the Φq-variation of functions in the Takagi class,

Theorem 5.10, is stated in Section 5.4. The proof of Theorem 5.10 is given in Section 5.5.

5.1 Φ-variation of Takagi–van der Waerden and Weier-

straß functions

We consider a base function ϕ : R → R that is periodic with period one and Lipschitz

continuous. Our aim is to study the function

f(t) :=
∞󰁛

m=0

αmϕ(bmt), t ∈ [0, 1], (5.1)

where b ∈ {2, 3, . . . } and α ∈ (−1, 1). Then the series on the right-hand side converges

absolutely and uniformly in t ∈ [0, 1], so that f is indeed a well-defined continuous function.

If ϕ(t) = ν sin(2πt) + ρ cos(2πt) for real constants ν and ρ, then f is a Weierstraß function.

If ϕ(t) = minz∈Z |z − t| is the tent map, then f is a Takagi–van der Waerden function. It

was shown in [89] that, under some mild conditions on ϕ, the function f is of bounded

variation for |α| < 1/b, whereas for |α| > 1/b and p := − log|α| b it has nontrivial and linear

pth-variation along the sequence

Tn := {kb−n : k = 0, . . . , bn}, n ∈ N, (5.2)

1 Recall that a measurable and strictly positive function g, which is defined on some interval [a,∞), is
called regularly varying (at infinity) with index 󰂄 ∈ R if g(λx)/g(x) → λ󰂄 as x ↑ ∞ for all λ > 0. If 󰂄 = 0, the
function g is also called slowly varying. Throughout this chapter, we will always assume that all regularly
varying functions are defined on [0,∞). This assumption can be made without loss of generality, as one can
always consider the function x 󰀁→ g(a ∨ x).
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of b-adic partitions of [0, 1]. That is, for all t ∈ (0, 1],

〈f〉(q)t := lim
n↑∞

⌊tbn⌋󰁛

k=0

󰀏󰀏f((k + 1)b−n)− f(kb−n)
󰀏󰀏q =

󰀻
󰁁󰁁󰁁󰀿

󰁁󰁁󰁁󰀽

0 if q > p,

t · E[|Z|q] if q = p,

+∞ if q < p.

(5.3)

Here, Z is a certain random variable, whose law is known in some special cases. For instance,

if ϕ is the tent map and b is even, then the law of αbZ is the infinite Bernoulli convolution

with parameter 1/(|α|b) (see also [39, 87, 76, 77] for earlier results and [90] for subsequent

extensions in this special setup). Clearly, the parameter p = − log|α| b can be regarded as a

measure for the “roughness” of the function f . In particular, if b = 2, the function f admits

the roughness exponent R = 1/p = − log2 |α|.

In this section, we study the case of critical roughness, α = −1/b or α = 1/b, in which

p = 1. For this case, it was shown in [89] that 〈f〉(q)t = 0 for all q > 1 and t ∈ [0, 1]. This,

however, does not imply that f is of bounded variation. For instance, if ϕ is the tent map,

b = 2, and α = 1/2, then f is the classical Takagi function, which is nowhere differentiable

and hence cannot be of bounded variation; a very short proof of this fact was given by de

Rham [24] and later rediscovered by Billingsley [8]. For the Weierstraß function, the proof

of nowhere differentiability for all α ∈ [1/b, 1) is more difficult. Starting from Weierstraß’s

original work, it attracted numerous authors until a definite result was given by Hardy [51].

It is therefore apparent that, in the critical case |α| = 1/b, power variation 〈f〉(q) is

insufficient to capture the exact degree of roughness of the function f . To give a precise

result on the roughness of the function f in the critical case, we take a strictly increasing

function Φ : [0, 1) → [0,∞) and investigate the limit

〈f〉Φt := lim
n↑∞

⌊tbn⌋󰁛

k=0

Φ
󰀃
|f((k + 1)b−n)− f(kb−n)|

󰀄
,

which can be regarded as the Wiener–Young Φ-variation of f (see, e.g., [4]), restricted to

the sequence of b-adic partitions (5.2). Our main results will show that the correct choice

for Φ is the function

Φ(x) =
x√

− log x
for x ∈ (0, 1) and Φ(0) := 0.

For the case b = 2, to clearly distinguish the notion 〈f〉(q)n :=
󰁓2n−1

i=0 |f((k + 1)2−n) − f(k2−n)|q used

throughout Chapter 2 and Chapter 3 with 〈f〉(q)t as in (5.2), we use the notion V
(q)
n =

󰁓2n−1
i=0 |f((k+1)2−n)−

f(k2−n)|q exclusively in this chapter.
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We fix this function Φ throughout the remainder of this section. Our first result establishes

the Φ-variation of f for the class of Takagi–van der Waerden functions.

Theorem 5.1. Let ϕ(t) = minz∈Z |z − t| be the tent map, b ∈ {2, 3, . . . }, and |α| = 1/b.

Then the Φ-variation of the Takagi–van der Waerden function f exists along {Tn}n∈N. If b

is even, then it is given by

〈f〉Φt = t ·
󰁵

2

π log b
, t ∈ [0, 1].

If b is odd, then

〈f〉Φt = t ·

󰁶
2(b+ sgn(α))

π(b− sgn(α)) log b
, t ∈ [0, 1].

The following theorem establishes the Φ-variation of Weierstraß functions.

Theorem 5.2. Suppose ϕ(t) = ν sin(2πt) + ρ cos(2πt), b ∈ {2, 3, . . . }, and |α| = 1/b. Then

the Φ-variation of the Weierstraß function f exists along {Tn}n∈N and is given by

〈f〉Φt = t · 2

󰁶
π(ν2 + ρ2)

log b
, t ∈ [0, 1].

5.2 Central limit theorem and Rademacher functions

associated with fractal functions

The above results are consequences of suitable central limit theorems. For Theorem 5.1, the

case of an even b will be settled by the standard central limit theorem, whereas the case of

an odd b will require the use of a central limit theorem for Markov chains. To establish the

Φ-variation of the critical Weierstraß functions, as stated in Theorem 5.2, we rely on the

martingale central limit theorem. The corresponding theory is developed in the following

paragraphs, where the proofs of Theorem 5.1 and Theorem 5.2 are also given.

We first consider only the Φ-variation 〈f〉Φt for t = 1. The case t < 1 will be discussed

at the end of this section, simultaneously for both theorems. We fix b ∈ {2, 3, . . . } and

α ∈ {−1/b,+1/b}. Following the proof of Proposition 2.10, we let (Ω,F ,P) be a probability

space supporting an independent sequence U1, U2, . . . of random variables with a uniform

distribution on {0, 1, . . . , b− 1} and define the stochastic process Rm :=
󰁓m

i=1 Uib
i−1.

Note that Rm has a uniform distribution on {0, . . . , bm − 1}. Therefore, for n ∈ N such
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that all increments
󰀏󰀏f((k + 1)b−n)− f(kb−n)

󰀏󰀏 are less than 1,

Vn :=
bn−1󰁛

k=0

Φ
󰀃󰀏󰀏f((k + 1)b−n)− f(kb−n)

󰀏󰀏󰀄 = bnE
󰁫
Φ
󰀃󰀏󰀏f((Rn + 1)b−n)− f(Rnb

−n)
󰀏󰀏󰀄
󰁬
. (5.4)

To simplify the expectation on the right-hand side of (5.4), let the nth truncation of f be

given by fn(t) =
󰁓n−1

m=0 α
mϕ(bmt). The periodicity of ϕ implies that

f((Rn + 1)b−n)− f(Rnb
−n) = fn((Rn + 1)b−n)− fn(Rnb

−n)

= b−nsgn(α)n
n󰁛

m=1

sgn(α)m
ϕ((Rn + 1)b−m)− ϕ(Rnb

−m)

b−m
.

Moreover, the periodicity of ϕ implies that for m ≤ n,

ϕ
󰀃
x+Rnb

−m
󰀄
= ϕ

󰀓
x+

n󰁛

i=1

Uib
i−1−m

󰀔
= ϕ

󰀓
x+

m󰁛

i=1

Uib
i−1−m

󰀔
= ϕ

󰀃
x+Rmb

−m
󰀄
.

Therefore,

sgn(α)m
ϕ((Rn + 1)b−m)− ϕ(Rnb

−m)

b−m
= sgn(α)m

ϕ((Rm + 1)b−m)− ϕ(Rmb
−m)

b−m
=: Ym.

It follows that

Vn = bnE
󰀗
Φ
󰀓
b−n

󰀏󰀏󰀏
n󰁛

m=1

Ym

󰀏󰀏󰀏
󰀔󰀘

. (5.5)

Lemma 5.3. Suppose that Z0, Z1, Z2, . . . is a sequence of random variables with Z0 = 0 and

uniformly bounded increments such that the laws of 1√
n
Zn converge weakly to some normal

distribution N(0, σ2) with σ2 > 0 and that the expression 1
n
E[Z2

n] is bounded in n. Then

bnE
󰁫
Φ
󰀃
b−n

󰀏󰀏Zn

󰀏󰀏󰀄
󰁬
−→

󰁶
2σ2

π log b
.

Proof. The fact that 1
n
E[Z2

n] is bounded implies together with standard arguments that for

every nondegenerate interval I ⊂ [0,∞),

lim
n↑∞

E
󰁫

{| 1√
n
Zn|∈I}

󰀏󰀏󰀏
1√
n
Zn

󰀏󰀏󰀏
󰁬
=

1√
2πσ2

󰁝

{|z|∈I}
|z|e−z2/(2σ2) dz. (5.6)
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We have

bnE
󰁫
Φ
󰀃
b−n

󰀏󰀏Zn

󰀏󰀏󰀄
󰁬
= E

󰀗
|Zn|󰁳

n log b− log |Zn| {|Zn|>0}

󰀘
.

Let C be an almost sure uniform bound for |Zk+1 − Zk|. Hence, for all β ∈ (0, log b) there

exists n0 ∈ N such that nβ < n log b− log(Cn) for all n ≥ n0. Hence,

󰁳
n log b− log |Zn| ≥

󰁳
nβ for n ≥ n0, (5.7)

and taking I := (0,∞) in (5.6) gives

lim sup
n↑∞

bnE
󰁫
Φ
󰀃
b−n

󰀏󰀏Zn

󰀏󰀏󰀄
󰁬
≤ 1󰁳

2πσ2β

󰁝

{|z|∈I}
|z|e−z2/(2σ2) dz =

󰁶
2σ2

πβ
.

To get a lower bound, observe that for every ε > 0 and n ≥ 1/ε2,

{| 1√
n
Zn|≥ε}

󰁳
n log b− log |Zn| ≤ {| 1√

n
|Zn|≥ε}

󰁳
n log b.

Hence, we get from (5.6) that

lim inf
n↑∞

bnE
󰁫
Φ
󰀃
b−n

󰀏󰀏Zn

󰀏󰀏󰀄
󰁬
≥ 1󰁳

2πσ2 log b

󰁝

{|z|≥ε}
|z|e−z2/(2σ2) dz.

Sending ε ↓ 0 and β ↑ log b gives the result.

Proof of Theorem 5.1 for t = 1. For b even, [89, Proposition 3.2 (a)] states that Y1, Y2, . . .

is an i.i.d. sequence of symmetric {−1,+1}-valued Bernoulli random variables. Therefore,

(5.5), the classical central limit theorem, and Lemma 5.3 give Vn →
󰁳

2/(π log b). If b is

odd, then [89, Proposition 3.2 (b)] states that the random variables sgn(α)mYm form a time-

homogeneous Markov chain on {−1, 0,+1} with an initial distribution µ1 = ( b−1
2b

, 1
b
, b−1

2b
) and

transition matrix P+, where

P± :=
1

2b

󰀳

󰁅󰁅󰁃

b± 1 0 b∓ 1

b− 1 2 b− 1

b∓ 1 0 b± 1

󰀴

󰁆󰁆󰁄 .

It follows that Y1, Y2, . . . also form a time-homogeneous Markov chain with an initial distri-

bution µ1 and a transition matrix P+ for α > 0 and P− for α < 0. Since 0 is a transient

state, we can clearly consider only the restriction of the Markov chain to its positive recurrent

states, −1 and +1. Let P± be the 2×2-matrix obtained from P± by deleting the second row

and second column from P , and define µ̄1 = (1/2, 1/2). Then µ̄1 is the unique stationary
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distribution for P±. Moreover,

P
n

± =
1

2

󰀣
1 + (±b)−n 1− (±b)−n

1− (±b)−n 1 + (±b)−n

󰀤
.

For the state-constraint Markov chain Y 1, Y 2, . . . with an initial distribution µ̄1 and a tran-

sition matrix P±, we thus have var(Y 1) = 1 and

cov(Y 1, Y n+1) =
󰁛

y1,yn+1∈{−1,+1}

µ̄1(y1)P
n

±(y1, yn+1)y1yn+1 = (±b)−n.

Letting

σ2 := var(Y 1) + 2
∞󰁛

n=1

cov(Y 1, Y n+1) =
b± 1

b∓ 1
,

the central limit theorem for Markov chains (see, e.g., [58]) implies that 1√
n

󰁓n
k=1 Y k con-

verges in law to N(0, σ2). Due to the stationarity of the Markov chain, we have moreover

E
󰁫󰀓 1√

n

n󰁛

k=1

Y k

󰀔2󰁬
=

1

n

n󰁛

k=1

var(Y k) +
2

n

n−1󰁛

k=1

n󰁛

ℓ=k+1

cov(Y k, Y ℓ)

= 1 +
2

n

n−1󰁛

k=1

n󰁛

ℓ=k+1

(±b)k−ℓ ≤ 1 +
2

n
· b

1−n + bn+ b− n

(b− 1)2
,

which is uniformly bounded in n. Therefore, Lemma 5.3 and (5.5) give

Vn →
󰁳

2(b± 1)/(π(b∓ 1) log b) n ↑ ∞.

This completes the proof.

Now we prepare for the proof of Theorem 5.2 for t = 1. Let F0 = {∅,Ω} and Fn :=

σ(U1, . . . , Un) for n ∈ N. Then each Yn is Fn-measurable. Since U1, . . . , Un can be recovered

from Rn, we have Fn = σ(Rn) for n ≥ 1. We define Z0 := 0 and Zn :=
󰁓n

k=1 Yk for n ∈ N.

Lemma 5.4. If ϕ(t) = ν sin(2πt) + ρ cos(2πt), then {Zn}n∈N0 is a martingale with respect

to {Fn}n∈N0.

Proof. We must show that E[Yn|Rn−1] = 0 P-a.s. for n ≥ 1. To this end, we use the fact
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that Rn = Rn−1 + Unb
n−1, where R0 := 0 and Un is independent of Rn−1. Therefore,

E[Yn|Rn−1 = r] = (sgn(α))nE
󰀗
ϕ
󰀃
(r + Unb

n−1 + 1)b−n
󰀄
− ϕ

󰀃
(r + Unb

n−1)b−n
󰀄

b−n

󰀘

=
(sgn(α)b)n

b

b−1󰁛

k=0

󰀓
ϕ
󰀃
(r + 1)b−n + k/b

󰀄
− ϕ

󰀃
rb−n + k/b

󰀄󰀔
. (5.8)

If n = 1, then r must be zero, and the sum in (5.8) is a telescopic sum with value ϕ(1)−ϕ(0) =

0. Now consider the case n ≥ 2. Then, for all x ∈ R, i =
√
−1, and Re denoting the real

part of a complex number,

b−1󰁛

k=0

ϕ(x+ k/b) = Re

󰀕
(ρ− iν)

b−1󰁛

k=0

e2πi(x+k/b)

󰀖
= Re

󰀕
(ρ− iν)e2πix · e

2πib/b − 1

e2πi/b − 1

󰀖
= 0.

Therefore, the sum in (5.8) vanishes.

Lemma 5.5. With δx denoting the Dirac measure in x ∈ R and λ denoting the Lebesgue

measure on [0, 1], we have P-a.s., 1
n

󰁓n
k=1 δb−kRk

→ λ weakly as n ↑ ∞.

Proof. Without loss of generality, we can extend the sequence {Ui}i∈N to a two-sided sequence

{Ui}i∈Z of i.i.d. random variables with a uniform distribution on {0, . . . , b−1}. Then we define

Xn :=
󰁓∞

j=1 Un+1−jb
−j =

󰁓∞
j=0 Un−jb

−(j+1) for n ∈ Z. Each Xn is uniformly distributed on

[0, 1], i.e., has law λ. Moreover, in comparison withXn, the random variableXn+1 is obtained

by shifting the sequence {Ui}i∈Z one step to the right. It is well-known that the dynamical

system corresponding to such a two-sided Bernoulli shift is mixing and hence ergodic (for

a proof, see, e.g., Example 20.26 in [61]). By Birkhoff’s ergodic theorem, we thus have
1
n

󰁓n
k=1 f(Xk) →

󰁕 1

0
f dλ P-a.s. for each bounded Borel-measurable function on [0, 1]. Since

|b−nRn−Xn| ≤ b−n, we hence obtain 1
n

󰁓n
k=1 f(b

−kRk) →
󰁕 1

0
f dλ P-a.s. for each (uniformly)

continuous function on [0, 1]. Since C[0, 1] is separable, the result follows.

Proof of Theorem 5.2 for t = 1. Let 〈Z〉n :=
󰁓n

k=1 E[Y 2
k |Fk−1] be the predictable quadratic

variation of the martingale {Zn}n∈N0 . We define ψn(x) := (ϕ(x + b−n) − ϕ(x))/b−n. Then

ψn(x) → ϕ′(x) uniformly in x. By arguing as in (5.8), we see that

E[Y 2
k |Fk−1] =

1

b

b−1󰁛

ℓ=0

󰀃
ψk(b

−kRk−1 + ℓ/b)
󰀄2
.
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We therefore conclude from Lemma 5.5 that

1

n
〈Z〉n =

1

b

b−1󰁛

ℓ=0

n󰁛

k=1

󰀃
ψk(b

−kRk−1 + ℓ/b)
󰀄2 −→

󰁝 1

0

󰀃
ϕ′(t)

󰀄2
dt = 2π2(ν2 + ρ2) =: σ2.

Analogously, one sees easily that s2n := E[〈Z〉n] satisfies 1
n
s2n → σ2. Since the increments Yk

are uniformly bounded, the Lindeberg condition,

1

n

n󰁛

k=1

E
󰀅
Y 2
k {Y 2

k ≥εn}

󰀏󰀏Fk−1

󰀆
−→ 0 P-a.s. for all ε > 0,

is clearly satisfied. Therefore, the martingale central limit theorem in the form of [25, (7.4)

in Chapter 7] yields that the laws of 1√
n
Zn converge weakly to N(0, σ2). Lemma 5.3 hence

gives

Vn −→ 2

󰁶
π(ν2 + ρ2)

log b
.

Finally, we show how the preceding results can be extended to the case 0 ≤ t < 1.

Writing Zn for
󰁓n

k=1 Yk, the Φ-variation over the interval [0, t] is equal to

Vn,t :=
bn−1󰁛

k=0

Φ
󰀃󰀏󰀏f((k + 1)b−n)− f(kb−n)

󰀏󰀏󰀄
[0,t]

(kb−n)

= bnE
󰁫
Φ
󰀃󰀏󰀏f((Rn + 1)b−n)− f(Rnb

−n)
󰀏󰀏󰀄

{b−nRn≤t}

󰁬

= bnE
󰀗
Φ
󰀓
b−n

󰀏󰀏󰀏
n󰁛

m=1

Ym

󰀏󰀏󰀏
󰀔

{b−nRn≤t}

󰀘
= E

󰀗
|Zn|󰁳

n log b− log |Zn| {|Zn|>0} {b−nRn≤t}

󰀘
.

Let δ > 0 be given and pick m ∈ N such that b−m ≤ δ. Clearly, {b−nRn ≤ t} ⊂ {b−nRm,n ≤
t}, where Rm,n := Rn − Rn−m =

󰁓n
k=n−m+1 Ukb

k−1. In addition, we argue as in the proof

of Lemma 5.3 and take β ∈ (0, log b) and n0 ∈ N such that nβ < n log b − log(Cn) for all

n ≥ n0 and (5.7) holds. Therefore, for n ≥ m ∨ n0.

Vn,t ≤
1√
nβ

E
󰀅
|Zn| {b−nRm,n≤t}

󰀆
≤ 1√

nβ
E
󰀅
|Zn−m| {b−nRm,n≤t}

󰀆
+

1√
nβ

E
󰁫󰀏󰀏󰀏

n󰁛

k=n−m+1

Yk

󰀏󰀏󰀏
󰁬
.

Clearly, the rightmost term converges to zero as n ↑ ∞. Moreover, Zn−m and Rm,n are

independent, and so

lim sup
n↑∞

Vn,t ≤

󰁶
2σ2

πβ
lim sup

n↑∞
P[b−nRm,n ≤ t] ≤

󰁶
2σ2

πβ
lim sup

n↑∞
P[b−nRn ≤ t+δ] =

󰁶
2σ2

πβ
(t+δ),

162



where the second inequality follows from the fact that b−nRm,n ≥ b−nRn − δ for n > m.

Sending β ↑ log b and δ ↓ 0 gives the desired upper bound.

To get a corresponding lower bound, we choose δ > 0 and m as in the upper bound. In

addition, we choose ε > 0. For n > m ∨ 1/ε2, we then get as in the proof of Lemma 5.3,

Vn,t ≥ E
󰀗

|Zn|√
n log b {| 1√

n
|Zn|≥ε} {b−nRn≤t}

󰀘
≥ E

󰀗
|Zn|√
n log b {| 1√

n
|Zn|≥ε} {b−nRm,n≤t−δ}

󰀘
.

Now let C be a uniform upper bound for |Yk| and choose n1 such that mC ≤ ε
√
n1. Then,

for n ≥ n1 ∨m ∨ 1/ε2,

Vn,t ≥ E
󰀗
|Zn−m|√
n log b {| 1√

n
|Zn−m|≥2ε} {b−nRm,n≤t−δ}

󰀘
− 1√

n log b
E
󰁫󰀏󰀏󰀏

n󰁛

k=n−m+1

Yk

󰀏󰀏󰀏
󰁬
.

Again, the second expectation on the right converges to zero. Using as before, the indepen-

dence of Zn−m and Rm,n now easily gives the desired lower bound. This concludes the proof

of Theorems 5.1 and 5.2 for 0 ≤ t < 1.

5.3 A limit theorem for Bernoulli-type convolutions

From the section, we study the Φ-variation of functions in the so-called Takagi class, which

was introduced by Hata and Yamaguti [52] and motivated by Takagi’s [92] celebrated example

of a continuous nowhere differentiable function. This class was chosen due to its richness

and tractability and also because it is closely related to Wiener–Lévy construction of the

Brownian motion. The Takagi class consist of all function f : [0, 1] → R that admit an

expansion of the form

f(t) :=
∞󰁛

m=0

αmϕ(2
mt), t ∈ [0, 1],

where ϕ(t) = min
z∈Z

|z − t| is the tent map, and (αm) is a sequence of real numbers for which

the series
󰁓∞

m=0 αm converges absolutely. The special choice αm = αm for some α ∈ (−1, 1)

yields the class of so-called Takagi–Landsberg functions, which, for 1/2 < |α| < 1, have

finite nontrivial and linear pth variation for p = − log|α| 2 as shown in [89]. Thus, it admits

the roughness exponent R = − log2 |α|. For |α| < 1/2, it is well known that f is of finite

total variation and admits the roughness exponent R = 1. The borderline case α = 1/2

corresponds to the classical Takagi function, which is nowhere differentiable and hence not

of finite total variation, even though p = − log1/2 2 = 1 and R = 1. Instead, as shown in
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Section 5.2, for |α| = 1/2, the function f has linear Φ-variation along the dyadic partitions

〈f〉Φt := lim
n↑∞

⌊t2n⌋󰁛

k=0

Φ
󰀃
|f((k + 1)2−n)− f(k2−n)|

󰀄
=

󰁵
2

π
· t, 0 ≤ t ≤ 1, (5.9)

where

Φ(x) :=
x󰁳

− log2 x
, 0 < x < 1. (5.10)

The theme starting from this section is to locate those functions in the Takagi class that

have linear Φ-variation for a prescribed function Φ of the form

Φq(x) := x
1

1−q g
󰀓− log2 x

1− q

󰀔− 1
2(1−q)

, 0 < x < 1, (5.11)

where q ∈ [0, 1) and g : [0,∞) → (0,∞) is any regularly varying function. For instance, the

function Φ in (5.10) is obtained by taking q = 0 and g(x) = x. In this way, we obtain natural

trajectories with linear Wiener–Young Φ-variation for a large class of given functions Φ.

As mentioned earlier in this chapter, our approach to the Φq-variation of functions f in

the Takagi class depends on the parameter q in (5.11). For q = 0, the argument extends the

approach via the central limit theorem for the Rademacher functions in the Faber–Schauder

development of f as presented in Section 5.2. For q ∈ (0, 1), however, a different limit

theorem is needed, which might be of independent interest.

For some p ∈ [1,∞], let (Ym)m∈N be a sequence of random variables in Lp := Lp(Ω,F ,P),
where (Ω,F ,P) is a given probability space. We assume for simplicity that the Lp-norms

of the Ym are uniformly bounded. Let furthermore {βm}m∈N0 be a sequence of real numbers

and consider the random variables

Zn :=
n󰁛

m=1

βn−mYm, n ∈ N.

We are first concerned with the limit of

1

sn
Zn where s2n :=

n−1󰁛

m=0

β2
m

as n ↑ ∞.

Theorem 5.6. Suppose that βm ≥ 0 for all m and that there exist q > 0, b > 1, and a slowly

varying function ℓ such that

lim
n→∞

s2n
22qnℓ(bn)

= 1. (5.12)
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Then as n ↑ ∞,
1

sn
Zn −→ Z :=

√
22q − 1

∞󰁛

m=1

2−qmYm in Lp.

Proof of Theorem 5.6. For δ ∈ (0, δ0], denote

λ :=
√
22q − 1, λ+

δ :=

󰁶

22q
(1 + δ)2

1− δ
− 1, and λ−

δ :=

󰁶

22q
(1− δ)2

1 + δ
− 1,

where δ0 ∈ (0,min{1, q}) is chosen such that the arguments of the square roots are always

positive. Thus,

22q(1− δ)2 − (1 + δ) > 0 for all δ ∈ (0, δ0]. (5.13)

Let ε > 0 be given. We first choose K ∈ N such that

λ
∞󰁛

m=K+1

2−(q−δ0)m < ε. (5.14)

Then we choose δ1 ∈ (0, δ0] such that

1− 2−δm < ε for m = 0, . . . , K and all δ ∈ (0, δ1]. (5.15)

Finally, we choose δ ∈ (0, δ1] such that

󰀏󰀏󰀏󰀏
λ±
δ√

1∓ δ
− λ

󰀏󰀏󰀏󰀏 < ε. (5.16)

Given this δ, we use (5.12) to pick n0 ∈ N such that

ℓ(bn)22qn(1− δ) < s2n < ℓ(bn)22qn(1 + δ) for all n > n0. (5.17)

Hence,

22q(m+1)
󰀃
(1− δ)ℓ(bm+1)− (1 + δ)ℓ(bm)2−2q

󰀄
< β2

m

< 22q(m+1)
󰀃
(1 + δ)ℓ(bm+1)− (1− δ)ℓ(bm)2−2q

󰀄
.

(5.18)

Since ℓ is slowly varying, we can choose n1 ≥ n0 such that

1− δ <
ℓ(b · bm)
ℓ(bm)

< 1 + δ for all m ≥ n1.

Combining this with (5.13), we see that the left-hand side of (5.18) is strictly positive for
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m ≥ n1. Hence, we may take square roots to get

2q(m+1)
󰁳

(1− δ)ℓ(bm+1)− (1 + δ)ℓ(bm)2−2q < βm

< 2q(m+1)
󰁳

(1 + δ)ℓ(bm+1)− (1− δ)ℓ(bm)2−2q
(5.19)

for all m ≥ n1. Moreover, with (5.17) we get that for n > m ≥ n1,

βm

sn
<

2q(m+1)
󰁳

(1 + δ)ℓ(bm+1)− (1− δ)ℓ(bm)2−2q

󰁳
(1− δ)22qnℓ(bn)

= 2q(m−n)

󰁶
ℓ(bm)

ℓ(bn)

󰀕
22q

1 + δ

1− δ

ℓ(bm+1)

ℓ(bm)
− 1

󰀖
< 2q(m−n)

󰁶
ℓ(bm)

ℓ(bn)
λ+
δ .

Similarly, we conclude a corresponding lower bound and obtain that for n > m ≥ n1,

2−q(n−m)

󰁶
ℓ(bm)

ℓ(bn)
λ−
δ <

βm

sn
< 2−q(n−m)

󰁶
ℓ(bm)

ℓ(bn)
λ+
δ . (5.20)

The Potter bounds (see, e.g., Theorem 1.5.6 in [9]) yield that there is n2 ≥ n1 such that

for n ≥ m ≥ n2,

(1− δ)2−2δ(n−m) = (1− δ)b−2δ(n−m) logb 2 ≤ ℓ(bn)

ℓ(bm)
≤ (1 + δ)b2δ(n−m) logb 2 = (1 + δ)22δ(n−m).

With (5.20), we obtain that for n ≥ n2 +m,

2−(q+δ)m λ−
δ√

1 + δ
<

βn−m

sn
< 2−(q−δ)m λ+

δ√
1− δ

. (5.21)

Note that

Z(n) := λ

n󰁛

m=1

2−qmYm −→ Z in Lp.

By Minkowski’s inequality and with c := supm 󰀂Ym󰀂p < ∞,

󰀐󰀐󰀐󰀐
Zn

sn
− Z(n)

󰀐󰀐󰀐󰀐
p

≤
n󰁛

m=1

󰀏󰀏󰀏󰀏
βn−m

sn
− λ2−qm

󰀏󰀏󰀏󰀏 󰀂Ym󰀂p

≤ c

n−n2󰁛

m=1

󰀏󰀏󰀏󰀏
βn−m

sn
− λ2−qm

󰀏󰀏󰀏󰀏+ c
n󰁛

m=n−n2+1

󰀏󰀏󰀏󰀏
βn−m

sn
− λ2−qm

󰀏󰀏󰀏󰀏 .

To deal with the first sum on the right-hand side, we use (5.16) and (5.21) to get that for
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m ≤ n− n2,

βn−m

sn
− λ2−qm ≤ 2−(q−δ)m

󰀕
λ+
δ√

1− δ
− λ

󰀖
+ λ(2−(q−δ)m − 2−qm)

≤ ε2−(q−δ)m + λ2−(q−δ)m(1− 2−δm).

In the same way, we get the lower bound

−ε2−(q+δ)m − λ2−qm(1− 2−δm) ≤ βn−m

sn
− λ2−qm.

Using (5.15) and (5.14), we thus get the following estimate for the first sum on the right-hand

side of (5.3)

n−n2󰁛

m=1

󰀏󰀏󰀏󰀏
βn−m

sn
− λ2−qm

󰀏󰀏󰀏󰀏 ≤ ε

n−n2󰁛

m=1

2−(q−δ)m + λ

K󰁛

m=1

2−(q−δ)mε+ λ

∞󰁛

m=K+1

2−(q−δ)m ≤ εc′,

where c′ := 2
󰁓∞

m=0 2
−(q−δ0)m + 1. For the right-most sum in (5.3), we have

n󰁛

m=n−n2+1

󰀏󰀏󰀏󰀏
βn−m

sn
− λ2−qm

󰀏󰀏󰀏󰀏 ≤
n󰁛

m=n−n2+1

βn−m

sn
+ λ

n󰁛

m=n−n2+1

2−qm

≤ n2

sn
max

i=0,...,n2−1
βi + λ2−qn2

qn2 − 1

2q − 1
.

(5.22)

We will show below that our assumptions imply that sn → ∞. Therefore, the right-hand

side of (5.22) can be made smaller than ε by choosing n sufficiently large. Thus, we see that

the Lp-distance between Zn/sn and Z(n) is smaller than c(c′ + 1)ε if n is sufficiently large.

Finally, we argue that sn → ∞ if (5.12) holds and q > 0. To this end, let g(x) := x2qℓ(x),

so that the denominator in (5.12) is equal to g(2n). Proposition 1.3.6 in [9] states that

g(x) → ∞, which in view of (5.12) yields our claim.

Now we briefly discuss the case where q = 0 in (5.12). In that case, we are typically

in the regime of the central limit theorem. This is suggested, for instance, by [97], where

a central limit theorem for reversible Markov chains was obtained under the condition that

the variance, σ2
n, satisfies σ

2
n = nℓ(n) for a slowly varying function ℓ. Since g(x) := xℓ(x) is

regularly varying with index 󰂄 = 1, we see that, in our situation, this condition is a special

case of condition (5.26) with q = 0. In the following proposition, we formulate implications

between stronger and weaker versions of condition (5.12) with q = 0.

Now, we will formulate a simple central limit theorem in the form needed in the next

section. We believe that this result is well known but were unable to find an exact reference
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to the literature. Due to the large number of existing variants of the central limit theorem,

we confine ourselves here to the basic case that will actually be needed in Section 5.5.

Lemma 5.7. Suppose that Y1, Y2, . . . is an i.i.d. sequence of symmetric {−1,+1}-valued
Bernoulli random variables such that s2n−1/s

2
n → 1 as n ↑ ∞. Then, for every p ∈ [1,∞),

the laws of 1
sn
Zn converge in the Lp-Wasserstein metric to the standard normal distribution.

Proof. As s2n−1/s
2
n → 1, it then follows that

lim
n↑∞

β2
n

s2n
= lim

n↑∞

󰀓
1−

s2n−1

s2n

󰀔
= 0.

It is hence easy to see that the sequence {Zn}n∈N0 satisfies Lindeberg’s condition, which yields

that 1
sn
Zn converges in law to N(0, 1). Thus, to conclude convergence in the Lp-Wasserstein

metric, it is sufficient to show that E[|s−1
n Zn|q] is uniformly bounded in n for some q > p;

this follows, e.g., from Lemma 5.61 and Corollary A.50 in [34]. We actually show a stronger

condition, namely that E[e|λZn/sn|] is uniformly bounded for all λ ∈ R. Since e|x| ≤ ex + e−x,

we can drop the absolute value in the exponent. Then,

logE[eλZn/sn ] = log
n󰁜

k=0

cosh(λβk/sn) =
n󰁛

k=0

log cosh(λβk/sn) ≤
n󰁛

k=0

λ2β2
k

2s2n
=

λ2

2
.

This completes the proof.

5.4 Φ-variation of functions in the Takagi class

In this section, we will apply the limit theorems from Section 5.3 to the problem of computing

the Φ-variation of functions in the Takagi class. To this end, let Φ : [0, 1) → [0,∞) be an

increasing function with Φ(0) = 0. The Φ-variation of a continuous function f : [0, 1] → R
along the sequence of dyadic partitions is defined as

〈f〉Φt := lim
n↑∞

⌊t2n⌋󰁛

k=0

Φ
󰀃
|f((k + 1)2−n)− f(k2−n)|

󰀄
, 0 ≤ t ≤ 1,

provided that all limits exist. For Φ(x) = x and t = 1, we obtain the total variation of f .

For Φ(x) = x2, we obtain the usual quadratic variation, and for Φ(x) = xp with p ≥ 1 the

pth-variation. Here, we are interested in functions for which the correct Φ may not be of the

form Φ(x) = xp but rather has a more complex structure.
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Let ϕ(t) = minz∈Z |z − t| denote the tent map. The Takagi class, as introduced by Hata

and Yamaguti [52], consists of all function f : [0, 1] → R that admit an expansion of the

form

f(t) :=
∞󰁛

m=0

αmϕ(2
mt), t ∈ [0, 1], (5.23)

where {αm} is a sequence of real numbers for which the series
󰁓∞

m=0 αm converges absolutely.

Clearly, the series on the right-hand side of (5.23) converges uniformly in t ∈ [0, 1], so that f

is indeed a well-defined continuous function. Typically, the functions in the Takagi class have

a fractal structure. For instance, the choice αm = 2−m corresponds to the classical, nowhere

differentiable Takagi function, which was originally introduced in [92] but rediscovered many

times. More generally, the choice αm = am for some a ∈ (−1, 1) yields the class of so-called

Takagi–Landsberg functions. Analytical properties of the functions in the Takagi class, such

as differentiability, are discussed in [62].

Now we take f as in (5.23) as given. The following result bridges the roughness exponent

of functions in the Takagi class with the results in Chapter 2. Rewriting (5.23) yields the

following representation of the function f using the Faber–Schauder functions,

f(t) =
∞󰁛

m=0

2m/2αm

2m−1󰁛

k=0

em,k(t), t ∈ [0, 1].

In other words, we have θn,k = 2n/2αn for 0 ≤ k ≤ 2n − 1. In this case, the quantity sn, as

in (2.7), takes the following form

sn =

󰁹󰁸󰁸󰁷
n−1󰁛

m=0

2n−1󰁛

k=0

θ2m,k =

󰁹󰁸󰁸󰁷
n−1󰁛

m=0

α2
m4

m, n ∈ N. (5.24)

As a result, the Gladyshev estimate 󰁥Rn(f) = 1 − 1
n
log2 sn = 1 − 1

n
log2

󰁴󰁓n−1
m=0 α

2
m4

m.

By verifying conditions in Proposition 2.15, it is clear that f satisfies the reverse Jensen

condition, and thus, the Gladyshev estimator is a consistent estimator for the roughness

exponent for the functions in the Takagi class. That is, suppose that 󰁥Rn(f) → R as n ↑ ∞,

then we have

lim
n↑∞

V (p)
n = lim

n↑∞

2n−1󰁛

k=0

|f((k + 1)2−n)− f(k2−n)|p =

󰀻
󰀿

󰀽
0 p > 1

R
,

∞ p < 1
R
.

In the manner of Remark 2.6, the following proposition extends the above result and provides
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a priori bounds on V
(p)
n , based on the range of possible growth rates of sn.

Proposition 5.8. Let

q∗ := lim inf
n↑∞

1

n
log2 sn and q∗ := lim sup

n↑∞

1

n
log2 sn.

Then, for p ≥ 1, we have lim infn V
(p)
n = 0 if p(1 − q∗) > 1 and lim supn V

(p)
n = ∞ if

p(1 − q∗) < 1. In particular, if q∗ = q∗, then the function f admits the roughness exponent

R = 1− q.

Example 5.9. Faber [30] considered the function f with

αm =

󰀻
󰀿

󰀽

1
10n

if m = n! for some n ∈ N,

0 otherwise,

and showed that it is nowhere differentiable. It is clear that this choice leads to q∗ ≥ 1 and

q∗ ≤ 0, which implies that lim infn V
(p)
n = 0 and lim supn V

(p)
n = ∞ for all p ≥ 1.

In the sequel, we shall, in particular, investigate the situation in which limn V
(p)
n exists

but is either zero or infinity. In this case, pth-variation or the roughness exponent is clearly

no longer sufficient for characterizing the exact “roughness” of f .

To state our first main result, we recall that Corollary 1.4.2 in [9] allows us to assume

without loss of generality that all regularly varying functions are bounded on compact in-

tervals (see the footnote on page 155 for the definition of a regularly varying function). If g

is regularly varying and q ∈ [0, 1), consider

Φq(x) = Φq,g(x) := x
1

1−q g
󰀓− log2 x

1− q

󰀔− 1
2(1−q)

(5.25)

for 0 < x < 1. By Proposition 1.5.7 in [9], y 󰀁→ g((log2 y)/(1− q)) is slowly varying, and so

ψq(y) := Φq(1/y) is regularly varying with index −1/(1−q). We conclude that Φq(x) → 0 as

x ↓ 0. It therefore makes sense to extend Φq to the domain [0, 1) by setting Φq(0) := 0. Note

also that Φq is slowly varying at zero with index 1/(1− q) and that the functions arising in

this manner form a very wide class of functions that are regularly varying at zero.

Theorem 5.10. For f as in (5.23), let s2n be as in (5.24) and suppose that there exist

q ∈ [0, 1) and a regularly varying function g such that

lim
n↑∞

s2n
22qng(n)

= 1. (5.26)
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Let moreover {Ym}m∈N be an i.i.d. sequence of symmetric {−1,+1}-valued Bernoulli random

variables and Φq as in (5.25). Then the following hold:

(a) The function f is of bounded variation if and only if limn s
2
n < ∞ and, in this case,

the total variation of f is equal to E[| 󰁨Z|], where 󰁨Z :=
󰁓∞

m=0 αm2
mYm+1.

(b) If s2n → ∞ and q = 0, then the Φ0-variation of f is given by

〈f〉Φ0
t =

󰁵
2

π
· t. (5.27)

(c) If q > 0, then the Φq-variation of f is given by

〈f〉Φq

t = E[|Z|
1

1−q ] · t where Z :=
√
22q − 1

∞󰁛

m=1

2−qmYm. (5.28)

Remark 5.11. The random variable Z in (5.28) can be represented as

Z =
√
1− 2−2q

∞󰁛

m=0

2−qmYm+1

and hence has as its law a scaled version of the infinite Bernoulli convolution with parameter

2−q. These laws exhibit some fascinating properties and have been studied in their own right

for many decades; see, e.g., [82] and the references therein.

In the next two results, we consider again the situation of Proposition 5.8 and take a closer

look at what happens to the power variation of a function f in the Takagi class satisfying

(5.26).

Corollary 5.12. Suppose that (5.26) holds with q ∈ [0, 1) and let p := 1/(1− q).

(a) The function f has infinite rth variation for 1 ≤ r < p and vanishing rth variation for

r > p.

(b) If limn g(n) = c for some number c ∈ [0,∞], then the pth-variation of f satisfies

〈f〉(p)t = cp/2〈f〉Φq

t for t ∈ [0, 1].

If g is regularly varying with index 󰂄 ∈ R, then g(x) → 0 for 󰂄 < 0 and g(x) → ∞ for

󰂄 > 0 according to Proposition B.1.9 in [23]. If 󰂄 = 0, then g is slowly varying and may or

may not converge to a number c ∈ [0,∞]. In conjunction with Corollary 5.12, we thus get

immediately the following corollary.
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Corollary 5.13. Suppose that (5.26) holds with q ∈ [0, 1) and a function g that is regularly

varying with index 󰂄 ∈ R. We let p := 1/(1− q).

(a) If 󰂄 < 0, then f has vanishing pth-variation.

(b) If 󰂄 > 0, then f has infinite pth-variation.

Example 5.14. Let us consider the classical Takagi function,

f(t) =
∞󰁛

m=0

2−mϕ(2mt),

as discussed previously. Then s2n = n and so we can take q = 0 and g(x) := x. Corollary 5.13

thus immediately yields the well-known fact that f is of unbounded total variation. Moreover,

we have Φ0(t) = x/
󰁳

− log2 x, and so we recover here a special case of Theorem 5.1.

Allaart [1] introduced an extension of the Takagi class by multiplying each replicate of

the tent map in the expansion (5.23) with an arbitrary sign. More precisely, he considered

the class of functions of the form

f(t) :=
∞󰁛

m=0

αmσm(t)ϕ(2
mt), t ∈ [0, 1], (5.29)

where σm : [0, 1] → {−1,+1} is constant on each interval [(k − 1)2−m, k2−m) for k =

1, . . . , 2m, and {αm}m∈N0 is a sequence of real numbers for which the series
󰁓

m αm converges

absolutely. Then f is well-defined and continuous due to the uniform convergence of the

series in (5.29). Certain deterministic choices for σm yield fractal functions studied in other

fields such as information theory; see [1, 2] and the references therein. When the signs of

σm are chosen in a random manner, the expansion (5.29) becomes closely related to the

Wiener–Lévy–Ciesielski expansion of Brownian motion by means of the Faber–Schauder

functions, and the functions (5.29) with fixed coefficients {αm}m∈N0 but random signs form

a non-Gaussian stochastic process with rough sample paths. More precisely, for each m, let

{ξm,k}k=1,··· ,2m be a sequence of {−1,+1}-valued Bernoulli random variables and define

σm(t) :=
2m󰁛

k=1

ξm,k [(k−1)2−m,k2−m)
(t) and Xt :=

∞󰁛

m=0

αmσm(t)ϕ(2
mt). (5.30)

Then the following corollary states that {Xt}t∈[0,1] is a stochastic process whose sample

paths have the deterministic linear Φq-variation (5.28) if the sequence {αm}m∈N0 satisfies

the conditions stated in Theorem 5.10. An illustration of this stochastic process is provided
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in Figure 5.1. For the choice αm = am with a ∈ (−1, 1), the pth-variation of the functions

(5.29) was studied in [77, 87].

Corollary 5.15. The statements of Theorem 5.10 and of the Corollaries 5.12 and 5.13

remain fully valid for the functions of the form (5.29).

When the goal is to utilize Theorem 5.10 for the construction of functions with a pre-

scribed Φq-variation for a given function g, it can be inconvenient that the condition (5.26)

is formulated in terms of the sums s2n =
󰁓n−1

m=0 α
2
m4

m rather than in terms of the coefficients

αm themselves. To deal with this issue, we are going to formulate Proposition 5.17, which

will also be used in the proofs of our main results.

Remark 5.16. Let us recall the following facts on slowly and regularly varying functions so

as to put the statement of the following Proposition 5.17 into the context of Theorem 5.10.

(a) If g is a regularly varying function and b > 1, then ℓ(x) := g(logb x) is slowly varying

according to Proposition 1.5.7 (ii) in [9]. Moreover, our condition (5.26) implies that

lim
n→∞

s2n
22qnℓ(bn)

= 1.

(b) Recalling that we assume all regularly (and hence slowly) varying functions to be

locally bounded, and thus locally integrable, we may define

ℓ(x) :=
1

log b

󰁝 x

1

1

t
L(t) dt =

󰁝 logb x

0

L(bs) ds (5.31)

for a given slowly varying function L. Then, according to Proposition 1.5.9 (a) in [9],

the function ℓ is slowly varying and satisfies ℓ(x)/L(x) → +∞ as x ↑ ∞.

Proposition 5.17. Let {βm}m∈N0 be a sequence of real numbers, s2n =
󰁓n−1

m=0 β
2
m, and b > 1.

(a) Suppose that sn → ∞ as n ↑ ∞, let L be a slowly varying function, define ℓ as in (5.31),

and consider the following two conditions:

(i) β2
n/L(b

n) → 1 as n ↑ ∞.

(ii) s2n/ℓ(b
n) → 1 as n ↑ ∞.

Then (i)⇒(ii).

(b) If ℓ is a slowly varying function and q > 0, the following are equivalent:
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(iii) β2
n/2

2qnℓ(bn) → 1 as n ↑ ∞.

(iv) s2n/2
2qnℓ(bn) → (22q − 1)−1 as n ↑ ∞.

(c) Any of the conditions (i)–(iv) implies s2n−1/s
2
n → 22q as n ↑ ∞, where we take q = 0 in

the context of (a).

The proofs of Proposition 5.8, Theorem 5.10, Corollary 5.15, Corollary 5.12, and Propo-

sition 5.17 are given in Section 5.5. Theorem 5.10 and Proposition 5.17 yield immediately

the following result, which provides a simple construction for a function with prescribed Φq-

variation. When applying it to the stochastic process (5.30), it provides a straightforward

way of constructing a stochastic process whose sample paths have deterministic and linear

Φq-variation; see Figure 5.1 for an illustration.

Corollary 5.18. Let g be a regularly varying function, q ∈ [0, 1), and Φq as in (5.25).

(a) For q ∈ (0, 1), the functions f in (5.23) and (5.29) with coefficients

αm := 2−m(1−q)
󰁳

(22q − 1)g(m)

have linear Φq-variation (5.28).

(b) For q = 0, we assume in addition that g(x) → ∞ as x ↑ ∞ and that g is absolutely

continuous with regularly varying derivative g′. Then the functions f in (5.23) and

(5.29) with coefficients

αm := 2−m
󰁳

g′(m)

have linear Φq-variation (5.27).

Proof. (b) Since the function L(x) := g′(log2 x) is slowly varying by Remark 5.16, Propo-

sition 5.17 (a) yields that s2n/ℓ(2
n) → 1, where ℓ(x) =

󰁕 log2 x

0
L(2t) dt = g(log2 x) − g(0).

Hence, the conditions of Theorem 5.10 (b) are satisfied. Part (a) is now obvious.

5.5 Proofs for the results in Chapter 5

Proof of Proposition 5.17. (i)⇒(ii): For any given ε > 0, there exists n0 such that for all

m > n0, we have L(bm)(1− ε) < β2
m < L(bm)(1 + ε). Hence, for all ν ≥ n0 and n > ν,

ν󰁛

m=0

β2
m + (1− ε)

n−1󰁛

m=ν+1

L(bm) <
n−1󰁛

m=0

β2
m <

ν󰁛

m=0

β2
m + (1 + ε)

n−1󰁛

m=ν+1

L(bm). (5.32)
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Figure 5.1: Sample paths of the stochastic process {Xt}t∈[0,1] defined in (5.30) with αm =

2−m(1−q)
󰁳

(22q − 1)g(m) for q = 0.7, g(x) = (1 + x)󰂄 with ρ = −2 (left), ρ = 0 (center),
ρ = 2 (right), and signs {ξm,k}m∈N0,k=1,··· ,2m that are i.i.d. {−1,+1}-valued Bernoulli random
variables. For each 󰂄, a new realization of {ξm,k} was chosen. One can see from the three
top panels that the parameter 󰂄 has a strong influence on the macroscopic fluctuations
of the trajectories. Following from Proposition 5.8, all three functions share a common
roughness exponent of R = 1 − q = 0.3. One would thus expect the fluctuations of the
three functions to be similar on a microscopic scale. This effect can indeed be observed in
the lower panels below, which show the same three functions after zooming into the interval
[0, ε] for ε = 5 · 10−7.

The Potter bounds (e.g., Theorem 1.5.6 in [9]) yield for every δ > 0 some n1 ∈ N such that

(1− ε)bδ(m−t) ≤ L(bt)

L(bm)
≤ (1 + ε)bδ(t−m) for all t,m ≥ n1.

We hence get that for m ≥ n1,

L(bm)(1− ε)
1− b−δ

δ log b
≤

󰁝 m+1

m

L(bt) dt ≤ L(bm)(1 + ε)
bδ − 1

δ log b
.

Since ±(1 − b∓δ)/(δ log b) → 1 as δ ↓ 0, we can choose δ small enough such that for any

m ≥ n1,

(1− ε)2L(bm) ≤
󰁝 m+1

m

L(bt) dt ≤ (1 + ε)2L(bm).

Using this estimate in (5.32) and dividing both sides of the result by
󰁕 n

0
L(bt) dt = ℓ(bn)

gives

󰁓n1−1
m=0 β2

m󰁕 n

0
L(bt) dt

+
(1− ε)3

󰁕 n

n1
L(bt) dt

󰁕 n

0
L(bt) dt

<
s2n

ℓ(bn)
<

󰁓n1−1
m=0 β2

m󰁕 n

0
L(bt) dt

+
(1 + ε)3

󰁕 n

n1
L(bt) dt

󰁕 n

0
L(bt) dt

. (5.33)
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Since sn → ∞, the inequalities in (5.33) imply that we must also have ℓ(bn) =
󰁕 n

0
L(bt) dt →

∞ as n ↑ ∞. It follows that the left- and right-hand sides of (5.33) tend to (1 − ε)3 and

(1 + ε)3 as n ↑ ∞, respectively. Sending ε ↓ 0 now yields (ii).

(iv)⇔(iii): It follows from the Stolz theorem and its converse given in Lemma 3.1 of [76]

that the existence of one of the following limits entails the existence of the other one and

that in this case both must be equal:

lim
n↑∞

s2n
22qnℓ(bn)

and lim
n↑∞

s2n+1 − s2n
22q(n+1)ℓ(bn+1)− 22qnℓ(bn)

.

Moreover, if it exists, the limit on the right-hand side is equal to

lim
n↑∞

β2
n

22qnℓ(bn)
· 1

(22q ℓ(b·b
n)

ℓ(bn)
− 1)

,

and here the second factor converges to (22q − 1)−1.

(c): We have

lim
n↑∞

s2n−1

s2n
= 22q lim

n↑∞

ℓ(bn−1)

ℓ(b · bn−1)
= 22q.

This concludes the proof.

Now we turn toward proving Theorem 5.10 (and also Corollary 5.15 along the way).

Following the probabilistic development of the Rademacher functions in the Faber–Schauder

expansion of f in Section 5.2, we let (Ω,F ,P) be a probability space supporting an inde-

pendent sequence U1, U2, · · · of symmetric {0, 1}-valued Bernoulli random variables. Then

we define the stochastic process Rm :=
󰁓m

k=1 Uk2
k−1 and set

Ym :=
ϕ((Rm + 1)2−m)− ϕ(Rm2

−m)

2−m
, βm := 2mαm, and s2n :=

n−1󰁛

m=0

β2
m. (5.34)

Proposition 3.2 (a) in [89] states that Y1, Y2, . . . is an i.i.d. sequence of symmetric {−1,+1}-
valued Bernoulli random variables. Moreover, the proof of Theorem 2.1 in [77] gives the

same result in the context of Corollary 5.15, so that all subsequent observations are also

valid for the functions of the form (5.29).

Note that Rm has a uniform distribution on {0, . . . , 2m − 1}. Therefore, for n ∈ N such

that all increments
󰀏󰀏f((k + 1)2−n)− f(k2−n)

󰀏󰀏 are less than 1,

Vn :=
2n−1󰁛

k=0

Φ
󰀃󰀏󰀏f((k + 1)2−n)− f(k2−n)

󰀏󰀏󰀄 = 2nE
󰁫
Φ
󰀃󰀏󰀏f((Rn + 1)2−n)− f(Rn2

−n)
󰀏󰀏󰀄
󰁬
.
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To analyze the expectation on the right, let the nth truncation of f be given by fn(t) =
󰁓n−1

m=0 αmϕ(2
mt). With the notation introduced in (5.34), we get

f((Rn + 1)2−n)− f(Rn2
−n) = fn((Rn + 1)2−n)− fn(Rn2

−n)

= 2−n

n−1󰁛

m=0

βm
ϕ((Rn + 1)2m−n)− ϕ(Rn2

m−n)

2m−n

= 2−n

n−1󰁛

m=0

βmYn−m,

where in the last step we have used that ϕ(x+Rn2
−m) = ϕ(x+Rm2

−m) due to the periodicity

of ϕ. Hence, if we define

Zn :=
n−1󰁛

m=0

βmYn−m =
n󰁛

m=1

βn−mYm,

then

Vn = 2nE
󰀅
Φ(|2−nZn|)

󰀆
. (5.35)

Thus, the Φ-variation of f is determined by the limit of the right-hand expectations as

n ↑ ∞. It is worthwhile to point out that Proposition 5.8 can be directly obtained from

Proposition 2.10. Nevertheless, we provide a different proof of the result from the well-known

Khintchine’s inequality.

Proof of Proposition 5.8. Taking Φ(x) = xp, we get from (5.35) that V
(p)
n = 2n(1−p)E[|Zn|p].

By Khintchine’s inequality, there exist constants Ap and Bp only depending on p such that

0 < Ap ≤ Bp < ∞, and

Ap2
n(1−p+pqn) = Ap2

n(1−p)(s2n)
p/2 ≤ V (p)

n ≤ Bp2
n(1−p)(s2n)

p/2 = Bp2
n(1−p+pqn),

where qn := 1
n
log2 sn. From here, the assertion is straightforward.

Now we prove Theorem 5.10. For better accessibility, we have divided the proof into

several parts.

Proof of Theorem 5.10 (a). Assuming that limn s
2
n < ∞, we define βm = αm2

m and

󰁨Zn :=
n−1󰁛

m=0

βmYm.
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Then the exchangeability of the sequence {Ym}m∈N0 implies that Zn and 󰁨Zn have the same

law. Clearly, 󰁨Zn → 󰁨Z :=
󰁓∞

m=0 βmYm in L1. Therefore, (5.35) yields for the choice Φ(x) := x,

2n−1󰁛

k=0

|f((k + 1)2−n)− f(k2−n)| = 2nE[|2−nZn|] −→ E[| 󰁨Z|].

Since f is continuous, this limit must coincide with the total variation of f (see, e.g., Theorem

2 in §5 of Chapter VIII in [79]). Conversely, parts (b) and (c) of Theorem 5.10 will imply

that f can only be of finite total variation if limn s
2
n < ∞.

Proof of Theorem 5.10 (b) for t = 1. Here, we identify the Φ0-variation 〈f〉Φ0
1 at time 1. The

linearity of the Φ0-variation t 󰀁→ 〈f〉Φ0
t will be proved subsequently. Condition (5.26) for q = 0

together with our assumption s2n → ∞ implies via Proposition 1.5.1 in [9] that g is regularly

varying with index 󰂄 ≥ 0. Moreover, Remark 5.16, Lemma 5.7, and Proposition 5.17 yield

that the law and the first moment of Zn/sn converge, respectively, to N(0, 1) and to its first

moment.

Let us write ψ(x) :=
󰁳

g(x) so that 2nΦ0(2
−n|Zn|) = |Zn|/ψ(n − log2 |Zn|). It follows

that

2nΦ0(2
−n|Zn|) {|Zn|/ψ(n)≥ε} =

ψ(n)

ψ(n− log2 |Zn|)
· |Zn|
ψ(n) {|Zn|/ψ(n)≥ε} . (5.36)

To deal with the first factor on the right, we estimate n−log2 |Zn|. First, on {|Zn|/ψ(n) ≥ ε},
we have log2 |Zn| ≥ log2 ε + ℓ(n), where ℓ(x) := log2 ψ(x) is slowly varying by Proposition

1.5.7 in [9] and hence satisfies ℓ(n)/n → 0 according to Proposition 1.3.6 (v) in [9]. Therefore,

there exists n3 ∈ N such that

n− log2 |Zn| ≤ n− log2 ε− ℓ(n) ≤ (1 + ε)n on {|Zn|/ψ(n) ≥ ε} for all n ≥ n3. (5.37)

Second, to get a lower bound, we use that |Zn| ≤
󰁓n−1

m=0 |βm|. Jensen’s inequality gives

furthermore that

|Zn| ≤
n−1󰁛

m=0

|βm| ≤ n ·

󰁹󰁸󰁸󰁷 1

n

n−1󰁛

m=0

β2
m =

√
nsn. (5.38)

By (5.26), there is n4 ∈ N such that sn ≤ (1 + ε)ψ(n) for all n ≥ n4. Thus, there is n5 ≥ n4

such that

n− log2 |Zn| ≥ n− log2(1 + ε)− 1

2
log2 n− ℓ(n) ≥ (1− ε)n for all n ≥ n5. (5.39)
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Combining (5.37) and (5.39) now yields

ψ(n)

ψ(n− log2 |Zn|)
≥ inf

1−ε≤λ≤1+ε

ψ(n)

ψ(λn)
for n ≥ n5 on {|Zn|/ψ(n) ≥ ε}. (5.40)

According to the uniform convergence theorem for regularly varying functions (Theorem

1.5.2 in [9]) and the fact that ψ is regularly varying with index 󰂄/2 ≥ 0 by Proposition 1.5.7

(i) in [9], we have

inf
1−ε≤λ≤1+ε

ψ(n)

ψ(λn)
−→ (1− ε)󰂄/2. (5.41)

To deal with the second factor on the right-hand side of (5.36), we choose n6 ≥ n5 such that

ψ(n) ≤ (1 + ε)sn for all n ≥ n6. Then, for n ≥ n6,

|Zn|
ψ(n) {|Zn|/ψ(n)≥ε} ≥ |Zn|

(1 + ε)sn {|Zn|/sn≥ε(1+ε)} . (5.42)

Altogether, we get

lim inf
n↑∞

2nE
󰁫
Φ0

󰀃
2−n |Zn|

󰀄󰁬
≥ (1− ε)󰂄/2

(1 + ε)
√
2π

󰁝

{|z|≥ε(1+ε)}
|z|e−z2/2 dz.

With (5.35), we thus get lim infn Vn ≥
󰁳

2/π by sending ε ↓ 0.

To get an upper bound, we recall that x 󰀁→ Φ0(1/x) is regularly varying (at infinity) with

index −1 < 0. Theorem 1.8.2 in [9] hence yields a function h that is regularly varying with

index −1, strictly decreasing, and satisfies Φ0(1/x) ≤ h(x) as well as h(x)/Φ0(1/x) → 1 as

x ↑ ∞. Thus, the function Ψ(x) := h(1/x) is strictly increasing, regularly varying at zero

with index 1, and satisfies Φ0 ≤ Ψ as well as Ψ(x)/Φ0(x) → 1 as x ↓ 0. Let ε > 0 be given

and choose x0 > 0 such that Ψ(x) ≤ Φ0(x)/(1− ε) for all x ≤ x0. By (5.38), there is n7 ∈ N
such that 2−n|Zn| ≤ x0 for all n ≥ n7. For such n, we get

2nE
󰁫
Φ0

󰀃
2−n |Zn|

󰀄󰁬
≤ 2nE

󰁫
Ψ
󰀃
2−n |Zn|

󰀄󰁬

≤ 2nE
󰁫
Ψ
󰀃
2−n(ε+ |Zn|)

󰀄󰁬
≤ 2n

1− ε
E
󰁫
Φ0

󰀃
2−n(ε+ |Zn|)

󰀄󰁬

=
sn

(1− ε)ψ(n)
E
󰀗
ε+ |Zn|

sn
· ψ(n)

ψ(n− log2(ε+ |Zn|))

󰀘
.

Clearly, the factor sn/ψ(n) converges to 1. Moreover, by (5.39) there is n8 ≥ n5 ∨ n7 such

that

(1− ε)n ≤ n− log2(ε+ |Zn|) ≤ n− log2 ε ≤ (1 + ε)n for all n ≥ n8.
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As in (5.40) and (5.41), we thus get

ψ(n)

ψ(n− log2(ε+ |Zn|))
≤ sup

1−ε≤λ≤1+ε

ψ(n)

ψ(λn)
−→ (1 + ε)󰂄/2.

We hence obtain the upper bound

lim sup
n↑∞

Vn ≤ (1 + ε)󰂄/2

(1− ε)
√
2π

󰁝
|z|e−z2/2 dz, (5.43)

where the right-hand side reduces to
󰁳

2/π as ε ↓ 0.

The proof of Theorem 5.10 (b) for 0 < t < 1 requires that we truncate the summation

for Vn in (5.35) at those indices k for which k2−n ≤ t. This is equivalent to restricting the

expectation in (5.35) to the set {2−nRn ≤ t}. The following proof adapts the arguments of

the proof of Theorem 5.10 (b) for t = 1 to this restricted case.

Proof of Theorem 5.10 (b) for 0 < t < 1. Let t ∈ (0, 1) be given. The Φ0-variation of f over

the interval [0, t] is equal to limn Vn,t, where

Vn,t :=
2n−1󰁛

k=0

Φ0

󰀓
|f((k + 1)2−n)− f(k2−n)|

󰀔
[0,t](k2

−n) = 2nE
󰁫
Φ0

󰀓
2−n|Zn|

󰀔
{2−nRn≤t}

󰁬
.

This can be proved similarly as in the derivation of (5.35) as in Section 5.1. We fix δ ∈
(0, t ∧ (1− t)) and m ∈ N that 2−m ≤ δ. Recall that Rm :=

󰁓m
k=1 Uk2

k−1 and let us denote

Rm,n := Rn −Rn−m for short. Then

{2−nRm,n ≤ t− δ} ⊆ {2−nRn ≤ t} ⊆ {2−nRm,n ≤ t}. (5.44)

First, we derive a lower bound for Vn,t. To this end, we define for 0 ≤ m < n,

Zm,n :=
n−m󰁛

k=1

βn−kYk = Zn −
n󰁛

k=n−m+1

βn−kYk.

Then, since sn → ∞,

|Zn − Zm,n|
sn

≤ 1

sn

m−1󰁛

k=0

|βk| =: an −→ 0,

and so the laws of Zm,n/sn converge to N(0, 1) in the L1-Wasserstein distance by Slutsky’s

theorem. By combining (5.36), (5.40), (5.41), and (5.42), there is n9 ≥ n6 ∨m such that for
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all n ≥ n9, with cε := (1− ε)1+󰂄/2/(1 + ε),

2nΦ0(2
−n|Zn|) {|Zn|/ψ(n)≥ε, 2−nRn≤t} ≥

cε|Zn|
sn

{|Zn|/ψ(n)≥ε, 2−nRn≤t}

≥ cε|Zm,n|
sn {|Zn|/ψ(n)≥ε, 2−nRn≤t}

− cε|Zn − Zm,n|
sn

≥ cε|Zm,n|
sn {|Zn|/ψ(n)≥ε, 2−nRn≤t}

− cε
󰁓m−1

k=0 |βk|
sn

,

where the last two inequalities hold due to the triangle inequality. Again, the right-most

term decays to zero as n ↑ ∞. Hence, there is n10 ≥ n9 such that for n ≥ n10 and

|Zm,n|/sn ≥ 2ε(1 + ε),

|Zn|
sn

≥ |Zm,n|− |Zn − Zm,n|
sn

≥ |Zm,n|−
󰁓m−1

k=0 |βk|
sn

≥ ε(1 + ε).

Hence, for those n and m, we have {|Zm,n|/sn ≥ 2ε(1 + ε)} ⊆ {|Zn|/sn ≥ ε(1 + ε)} and in

turn

Vn,t + cεan ≥ E
󰀗
cε|Zm,n|

sn {|Zn|/ψ(n)≥ε, 2−nRn≤t}

󰀘
≥ E

󰀗
cε|Zm,n|

sn {|Zm,n|/sn≥2ε(1+ε), 2−nRm,n≤t−δ}

󰀘

≥ E
󰀗
cε|Zm,n|

sn {|Zm,n|/sn≥2ε(1+ε)}

󰀘
· P

󰀅
2−nRn ≤ t− δ

󰀆
,

where the last step follows from (5.44) and the independence of Zm,n and Rm,n. Clearly,

P[2−nRn ≤ t− δ] → t− δ and

E
󰀗
cε|Zm,n|

sn {|Zm,n|/sn≥2ε(1+ε)}

󰀘
−→ cε√

2π

󰁝

{|z|≥2ε(1+ε)}
|z|e−z2/2 dz,

since sn−m/sn → 1 by Proposition 5.17. Hence

lim inf
n↑∞

Vn,t ≥
cε(t− δ)√

2π

󰁝

{|z|≥2ε(1+ε)}
|z|e−z2/2 dz. (5.45)

To obtain a corresponding upper bound, we can argue exactly as in the derivation of (5.43)

to get

lim sup
n↑∞

Vn,t ≤ (1 + ε)󰂄/2 lim sup
n↑∞

E
󰀗
ε+ |Zn|

sn
{2−nRm,n≤t}

󰀘
= (1 + ε)󰂄/2 lim sup

n↑∞
E
󰀗
|Zn|
sn

{2−nRm,n≤t}

󰀘
.
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Using again the independence of Zm,n and Rm,n, we find that

E[|Zn| {2−nRm,n≤t}] ≤ E[|Zm,n|] · P[2−nRm,n ≤ t] +
m−1󰁛

k=0

|βk|.

By (5.44), we have P[2−nRm,n ≤ t] ≤ P[2−nRn ≤ t+δ] → t+δ. Recall that 1
sn

󰁓m−1
k=0 |βk| → 0

as n ↑ ∞. Next, the function ℓ(x) := g(log2 x) is slowly varying by Remark 5.16, and so

g(n)

g(n−m)
=

ℓ(2n)

ℓ(2−m2n)
−→ 1 as n ↑ ∞. (5.46)

Thus, our condition (5.26) for q = 0 implies that

E
󰁫 |Zm,n|

sn

󰁬
=

sn−m

sn
E
󰁫 |Zm,n|
sn−m

󰁬
−→

󰁵
2

π
as n ↑ ∞.

Altogether, we conclude that lim supn Vn,t ≤ (1+ε)󰂄/2(t+δ)
󰁳

2/π. Combining this inequality

with (5.45) and sending ε and δ to zero, we conclude the proof of the linearity of the Φ0-

variation.

The proof of part (c) of Theorem 5.10 will be prepared with the following two lemmas.

Lemma 5.19. Under the conditions of Theorem 5.10 (c), there is a constant K such that

for all ω ∈ Ω and all sufficiently large n ∈ N,

2−qn|Zn(ω)| ≤ K
󰁳

g(n) and |Zn(ω)| ≤ Ksn.

Proof. The function ℓ(x) := g(log2 x) is slowly varying by Remark 5.16, and so ℓ and the

sequence {βm}m∈N0 satisfy the conditions of Theorem 5.6. Recall from (5.19) in the proof

of that theorem that there exists δ1 > 0 such that for every δ ∈ (0, δ1) there is n1 ∈ N such

that for all m ≥ n1,

2qm
󰁳

(1− δ)ℓ(2m)− (1 + δ)ℓ(2m−1)2−2q < |βm| < 2qm
󰁳

(1 + δ)ℓ(2m)− (1− δ)ℓ(2m−1)2−2q,

and the arguments of the two square roots are positive. Now let δ ∈ (0, δ1) be given and

take n2 ≥ n1 such that 1 − δ < g(n)/g(n − 1) < 1 + δ for any n ≥ n2; this is possible by

(5.46). Since g is regularly varying, we have 22qng(n) → ∞ as n ↑ ∞ (see, e.g., Proposition

B.1.9 in [23]). Therefore, we may apply the Stolz–Cesáro theorem in its general form so as
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to obtain

lim sup
n↑∞

󰁓n
m=0 |βm|

2qn
󰁳

g(n)
≤ lim sup

n↑∞

|βn|
2qn

󰁳
g(n)− 2q(n−1)

󰁳
g(n− 1)

≤ lim sup
n↑∞

󰁳
(1 + δ)g(n)− (1− δ)g(n− 1)2−2q

󰁳
g(n)−

󰁳
2−2qg(n− 1)

≤
󰁳

(1 + δ)222q − (1− δ)󰁳
22q(1− δ)− 1

.

Since |Zn| ≤
󰁓n−1

m=0 |βm|, the claim follows.

Lemma 5.20. Suppose that {zn}n∈N0 is a sequence of nonnegative numbers converging to

z > 0. Then 2nΦq(2
−nsnzn) → z1/(1−q) as n ↑ ∞.

Proof. We may assume without loss of generality that zn > 0 for all n. Then we may write

2nΦq(2
−nsnzn) = 2n

󰀃
2−nsnzn

󰀄1/(1−q)
g
󰀓n− log2 sn − log2 zn

1− q

󰀔−1/(2(1−q))

=
󰀓 sn

2qn
󰁳

g(n)

󰀔1/(1−q)

z1/(1−q)
n

󰀣
g(n)

g
󰀃n−log2 sn−log2 zn

1−q

󰀄

󰀤1/(2(1−q))

.

By (5.26), the first factor on the right converges to 1. The second factor converges to z1/(1−q)

by assumption. To deal with the third factor, (5.26) implies that there is n0 ∈ N such that

qn− log2
󰁳

g(n)− 1 ≤ log2 sn ≤ qn− log2
󰁳

g(n) + 1 for all n ≥ n0.

Theorem 1.4.1 and Proposition 1.3.6 (i) in [9] give moreover that there exists κ+,κ− ∈ R
such that κ− log2 n ≤ log2

󰁳
g(n) ≤ κ+ log2 n. Thus, if n ≥ n0 is sufficiently large such that

z/2 ≤ zn ≤ 2z, then

n+
−1− log2(2z)− κ+ log2 n

1− q
≤ n− log2 sn − log2 zn

1− q
≤ n+

1− log2(z/2)− κ− log2 n

1− q
.

(5.47)

For sufficiently large n, the center term can thus be expressed as nλn, where λn ∈ [1/2, 3/2]

and λn → 1. The uniform convergence theorem for regularly varying functions (e.g., Theorem

1.5.2 in [9]) hence implies that

g(n)

g
󰀃n−log2 sn−log2 zn

1−q

󰀄 −→ 1

as n ↑ ∞. This concludes the proof.
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Proof of Theorem 5.10 (c). We prove part (c) only for t = 1. The extension to 0 < t < 1 is

almost verbatim identical to the one in part (b) and hence left to the reader. We write

󰁥Zn :=
1

sn

n󰁛

m=1

|βn−m|Ym.

Then the law of 2nΦq(2
−n|Zn|) is the same as that of 2nΦq(2

−nsn| 󰁥Zn|). By Theorem 5.6, we

have | 󰁥Zn| → |Z| in L∞. Moreover, by either Corollary 6.6 or Remark 6.7 in [26], the law of

Z has no atoms. In particular, we have P[Z = 0] = 0. Lemma 5.20 hence yields that P-a.s.
2nΦq(2

−nsn| 󰁥Zn|) → |Z|1/(1−q). Fatou’s lemma thus gives immediately that

lim inf
n↑∞

Vn = lim inf
n↑∞

2nE[Φq(2
−n|Zn|)] = lim inf

n↑∞
E[2nΦq(2

−nsn| 󰁥Zn|)] ≥ E[|Z|1/(1−q)].

To get an upper bound, we argue as in the proof of Theorem 5.10 (b) for t = 1 that there

exists an increasing function Ψ that is regularly varying at zero with index 1/(1 − q) and

satisfies Φq(x) ≤ Ψ(x) for all sufficiently small x as well as Ψ(x)/Φq(x) → 1 as x ↓ 0. In

particular, we have 2nΨ(2−nsnzn) → z1/(1−q) if {zn}n∈N0 is a sequence of nonnegative numbers

converging to z > 0. Let ε > 0 be given. We choose x0 > 0 such that Ψ(x) ≤ Φq(x)/(1− ε)

for all x ≤ x0. Since the sequence { 󰁥Zn} is uniformly bounded, there is n0 ∈ N such that

2−nsn(ε+ | 󰁥Zn|) ≤ x0 P-a.s. for all n ≥ n0. For such n, we hence have

Vn = 2nE[Φq(2
−nsn| 󰁥Zn|)] ≤ 2nE[Ψ(2−nsn| 󰁥Zn|)]

≤ 2nE[Ψ(2−nsn(ε+ | 󰁥Zn|))] ≤
2n

1− ε
E[Φq(2

−nsn(ε+ | 󰁥Zn|))].

Moreover, we see from (5.47) that there exists n1 ≥ n0 such that the random variables Λn

defined through

Λn :=
n− log2 sn − log2(ε+ | 󰁥Zn|)

n(1− q)

take values in [1/2, 3/2] for n ≥ n1 and satisfy Λn → 1 P-a.s. Hence, with 󰂄 denoting the

index of regular variation of g,

0 ≤ g(n)

g
󰀃n−log2 sn−log2(ε+| 󰁥Zn|)

1−q

󰀄 =
g(n)

g(nΛn)
≤ sup

1/2≤λ≤3/2

g(n)

g(nλ)
−→

󰀓3
2

󰀔󰂄

according to the uniform convergence theorem for regularly varying functions (e.g., Theorem

1.5.2 in [9]). Hence, Lemma 5.20 and dominated convergence give that

lim sup
n↑∞

Vn ≤ lim sup
n↑∞

1

1− ε
2nE[Φq(2

−nsn(ε+ | 󰁥Zn|))] =
1

1− ε
E[(ε+ |Z|)1/(1−q)].
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Sending ε ↓ 0 gives the desired upper bound.

Proof of Corollary 5.12. (a) Taking logarithms in (5.26) and using the fact that 1
n
log2 g(n) →

0, we get 1
n
log2 sn → q as n ↑ ∞. Hence, the result follows from Proposition 5.8.

(b) If 0 < c < ∞, then (5.26) holds also if g is replaced with 󰁨g(x) := c. Hence, the

assertion follows immediately from Theorem 5.10. If c = 0, then for any ε > 0 there is δ > 0

such that

g
󰀓− log2 η

1− q

󰀔
< ε for all η < δ.

Now it suffices to take n0 ∈ N such that |f((k + 1)2−n)− f(k2−n)| < δ for all k and n ≥ n0

to obtain that

⌊t2n⌋󰁛

k=0

|f((k + 1)2−n)− f(k2−n)|p ≤ εp/2
⌊t2n⌋󰁛

k=0

Φq

󰀃
|f((k + 1)2−n)− f(k2−n)|

󰀄
.

Sending ε ↓ 0 gives the result. The case c = ∞ is obtained analogously.
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Chapter 6

Future Work

In this chapter, we outline several potential directions for future research. In Section 6.1, we

extend our scale-invariant estimators from Definition 2.39 to detect dynamic changes in the

roughness exponent of a time series over time. Section 6.2 explores how the estimator 󰁥R∗
n

can be adapted to estimate the roughness exponent of the volatility process directly from

discrete observations of the realized volatility.

6.1 Dynamic detection of the roughness exponent

In many applications, dynamically monitoring the Hurst parameter or the roughness ex-

ponent of a time series is important. An example is the ExtremeHurstTM function on the

Bloomberg Terminal, which can be used for market timing. For dynamic monitoring, the

original time series is divided into several (possibly overlapping) intervals, and the Hurst

parameter or the roughness exponent is then measured on each of these intervals.

For a formal description, we fix x ∈ C[0, T ] and an interval shift 0 ≤ τ ≤ T − 1. Then

we let xτ (t) := x(t+ τ) for t ∈ [0, 1]. For any estimator 󰁥R, the value 󰁥R(xτ ) gives an estimate

of roughness exponent of x over the interval [τ, τ + 1].

Definition 6.1. Let x ∈ C[0, T ], 0 ≤ τ ≤ T−1, and T := {0 ≤ τ1 < τ2 < · · · < τN ≤ T−1}.
Fix m ∈ N and α0, · · · ,αm ≥ 0 with α0 > 0.

(a) For n > m, the T-adjusted sequential scaling factor λs,T
n and the T-adjusted sequential

scale estimate Rs,T
n (xτ ) are defined as follows,

λs,T
n := argmin

λ>0

N󰁛

j=1

n󰁛

k=n−m

αn−k

󰀓
󰁥Rk(λxτj)− 󰁥Rk−1(λxτj)

󰀔2

and Rs,T
n (x) := 󰁥Rn(λ

s,T
n x). (6.1)
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The corresponding mapping Rs,T
n : C[0, 1] → R will be called the (T-adjusted) sequen-

tial scale estimator.

(b) For n > m, the terminal scaling factor λt,T
n and the T-adjusted terminal scale estimate

Rt,T
n (x) are defined as follows,

λt,T
n := argmin

λ>0

N󰁛

j=1

n󰁛

k=n−m

αn−k

󰀓
󰁥Rn(λxτj)− 󰁥Rk−1(λxτj)

󰀔2

and Rt,T
n (x) := 󰁥Rn(λ

t,T
n x). (6.2)

The corresponding mapping Rt,T
n : C[0, 1] → R will be called the (T-adjusted) terminal

scale estimator.

The estimates Rs,T
n (xτ ) and Rs,T

n (xτ ) are the sequential and terminal scale estimates of

the roughness exponent of x over the interval [τ, τ + 1] with a scaling factor chosen with

respect to the collection T. We have the following representation result for our T-adjusted
estimators.

Proposition 6.2. Consider the context of Definitions 6.1 with fixed m ∈ N and α0, . . . ,αm ≥
0 such that α0 > 0.

(a) The two optimization problems in (6.1) and (6.2) admit unique solutions for every

function x ∈ C[0, 1]. In particular, all objects in Definitions 6.1 are well defined.

(b) The T-adjusted sequential scaling factor and scale estimate can be represented as fol-

lows:

log2 λ
s,T
n =

1

N

N󰁛

j=1

log2 λ
s,{τj}
n and Rs,T

n (xτ ) = 󰁥Rn(xτ )+
1

N

N󰁛

j=1

󰀓
Rs,{τj}

n (xτj)− 󰁥Rn(xτj)
󰀔
,

Moreover, analogous representations hold if we replace the sequential factor, estimate

and estimator with the terminal factor, estimate and estimator respectively.

(c) The sequential and terminal scale estimators are scale-invariant. That is, for n > m,

x ∈ C[0, T ], 0 ≤ τ ≤ T − 1, and λ ∕= 0, we have Rt,T
n (λxτ ) = Rt,T

n (xτ ) and Rs,T
n (λxτ ) =

Rs,T
n (xτ ).

The proof of Proposition 6.2 is similar to the one of Proposition 2.41 and left to the reader.

The following figure illustrates that applying the T-adjusted scale estimator significantly

reduces the fluctuation of the scale estimates over a sequence of intervals compared with a

direct application of corresponding estimators. This also results in a smooth curve of the

estimated roughness exponent over time.
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Figure 6.1: Plots of terminal scale estimates Rt,T
n (xτ ) (in blue) and R

t,{τ}
n (xτ ) (in yellow) for

τ ∈ {k2−14 : k = 0, 1, · · · , 214} applied to a single trajectory of fractional Brownian motion
with Hurst parameter H = 0.3 (left) and H = 0.7 (right). The other parameters are chosen
to be m = 3, n = 14, αk = 1 and T = {k2−14 : k = 0, 1, · · · , 214}.

In the sequel, we apply the T-adjusted terminal scale estimator to estimate the roughness

of certain high-frequency financial time series. We implement our estimator with n = 11,

m = 1 and αk = 2−k based on 5-minute data and rolling estimation intervals, each with

previous 211 + 1 data points, i.e., 7.11 days = 211 × 5minutes. Furthermore, we set T to be

the collection of all data points. Before plotting the estimated roughness exponent over time,

let us first test the validity of the reverse Jensen condition for our empirical time series. To

this end, we plot the ratio

ψp(n) :=
2n−1spn

󰁓2n−1−1
k=0

󰀓󰁓n−1
m=0 2

mθ2m,⌊2m−n+1k⌋

󰀔p/2

as a function of n for various p. Figure 6.2 demonstrates that for different choices of p, the

ratios ψp(n) are approximately linear; thus, the Faber–Schauder coefficients of the log prices

satisfy the reverse Jensen condition, and the subexponential functions 󰂄p are approximately

linear functions.

Figure 6.2: Box plots of the ratio ψp(n) for log prices of continuous e-mini SPX futures based
on 1,000 data intervals at random locations for p = 1 (left), p = 2 (center) and p = 3 (right).

Now, Theorem 2.4 and Proposition 6.2 evince that the T-adjusted estimator are strongly
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consistent, and we plot the estimates of the roughness exponent in blue and the futures price

in orange from the year 2006 to the year 2022.

Figure 6.3: Plot of the roughness exponent (blue) for continuous e-mini SPX futures (ES,
orange), estimated by Rt,T

n with n = 11, m = 1 and αk = 2−k .

As one can see from Figure 6.3, the roughness exponent stays around 0.5 most of the

time. The market thus exhibits diffusive behaviour, which is consistent with the arbitrage

requirement of finite and non-vanishing quadratic variation observed by Föllmer [32] (see

also [33] and Proposition 2.1 in [88] for extensions of this argument). Exceptions to this

behaviour, however, tend to occur during market crises, during which we observe a positive

correlation between futures prices and their roughness exponent. In Figure 6.4, we shrink

our time span down to two years starting from the year 2008 to gaze at the joint changes of

the futures prices and the roughness exponent during the 2008 financial crisis.

Figure 6.4: Plot of the roughness exponent (blue) for continuous e-mini SPX futures (ES,
orange) during 2008 and 2009, estimated by Rt,T

n with n = 11, m = 1 and αk = 2−k.

It is clearly shown that the drop in roughness precedes the drop in stock prices. Moreover,

the roughness exponent quickly deviates from 0.5 in the steep drop before the crisis.

Next, we consider the roughness of the realized volatility of the SPX index. Gatheral

et al. [40] split the volatility process into halves and estimate the Hurst parameter of each
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separated process. Based on their numerical results, they claim that the Hurst parameter

does not vary remarkably over time. We proxy the realized volatility by the daily realized

volatility estimates from the Oxford-Man Institute of Quantitative Finance Realized Library

(from Jan 03, 2000 to Nov 15, 2021) and apply the terminal T-adjusted scale estimator to

estimate the degree of smoothness of the log volatility. We implement our estimation with

m = 1 and αk = 2−k based on daily data and rolling estimation intervals, each with previous

2n + 1 data points, i.e., 2n days for n = 8 (approx. 1 year) and n = 10 (approx. 4 years).

Furthermore, we set T to be the collection of all data points.

Figure 6.5: Plot of the roughness exponent (blue) for the logarithm of the estimated realized
volatility of the SPX index (orange), estimated by Rt,T

n with n = 8, m = 1 and αk = 2−k.

We can notice from the above plot that even though different estimation intervals will

alter the shape of the curve of the roughness exponent, all the estimated roughness exponents

are concentrated around 0.1. This appears to confirm the claim in [40] that the degree of

roughness is more or less constant over time.

However, one possible drawback of the above method is the assumption that the scale of

the time series remains constant over time. Moreover, in reality, the scale of many financial

time series often varies. For example, the S&P 500 index has increased from 1,100 to 5,000

since the year 2008. Clearly, assuming a constant scale for the time series may not be

appropriate in general. In the future, we aim to incorporate the time-varying effect of the

possible scale into the presented framework.

6.2 Estimating the roughness exponent of the volatil-

ity process from realized volatility

In this section, we discuss how to accommodate the estimator 󰁥R∗
n to estimate the roughness

exponent of the volatility process from realized volatility. To this end, let (Bt)t∈[0,1] be a
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standard Brownian motion defined on the filtered probability space (Ω,F , (Ft),P). We

assume that price process St is directly observable and admits the following dynamics:

log St = log S0 +

󰁝 t

0

σs dBs, t ∈ [0, 1],

where the volatility process (σt)t∈[0,1] is a continuous Ft-adapted process. Here, we allow the

volatility process σt and the Brownian motion Bt to be correlated in order to generate the

leverage effect. The integrated volatility Yt is defined as

Yt := 〈log S〉t =
󰁝 t

0

σ2
s ds, t ∈ [0, 1]. (6.3)

Chapter 3 shows if the integrated volatility is directly observed, the roughness exponent of

σt can be directly estimated from the integrated volatility Yt in a strict pathwise manner by

the estimator

󰁥R∗
n(Y ) := 1− 1

n
log2

󰁹󰁸󰁸󰁷
2n−1󰁛

k=0

ϑ2
n,k,

and the coefficients ϑn,k are defined as follows:

ϑn,k = 23n/2+3
󰀓
Y 4k

2n+2
− 2Y 4k+1

2n+2
+ 2Y 4k+3

2n+2
− Y 4k+4

2n+2

󰀔
. (6.4)

However, in reality, the integrated volatility is not directly observed, so it needs to be esti-

mated based on the realized volatility from the price process. To this end, we let (mn)n∈N0

be a fixed increasing sequence, and we denote

󰁥Y (n)
t =

⌊2nmnt⌋󰁛

k=1

󰀓
log S k

2nmn
− log S k−1

2nmn

󰀔2

. (6.5)

The process 󰁥Y (n)
t is the realized volatility calculated from the price process St with mesh size

(2nmn)
−1. In a similar manner, let us consider the proxy coefficients 󰁨ϑn,k of the coefficients

ϑn,k,

󰁨ϑn,k := 23n/2+3

󰀕
󰁥Y (n+2)

4k
2n+2

− 2󰁥Y (n+2)
4k+1

2n+2

+ 2󰁥Y (n+2)
4k+3

2n+2

− 󰁥Y (n+2)
4k+4

2n+2

󰀖
. (6.6)

Analogously, we construct the estimator from the realized volatility as

󰁨R∗
n(S) := 1− 1

n
log2

󰁹󰁸󰁸󰁷
2n−1󰁛

k=0

󰁨ϑ2
n,k,
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where the notion S specifies price process that 󰁨R∗
n estimates from. Clearly, the estimator

󰁨R∗
n is constructed by replacing the coefficients ϑn,k with 󰁨ϑn,k in the estimator 󰁥R∗

n, and thus,

can be directly calculated from the discrete observations of the price process St. The first

result of this section shows that if the sequence (mn) is properly chosen, the estimator 󰁨R∗
n

and 󰁥R∗
n converge to the same value as if the integrated volatility Yt is directly observed.

Theorem 6.3. Let Yt and 󰁥Y (n)
t be as in (6.3) and (6.5). Suppose that supt∈[0,1] σ

2
t φ

2
t ≤ M

P-a.s., and there exists R ∈ (0, 1) such that 󰁥R∗
n(Y ) → R P-a.s.. If

lim
n↑∞

1

n
log2 mn > 2R,

then 󰁨R∗
n(S) → R as n ↑ ∞ P-a.s.

In particular, Theorem 6.3 provides a sufficient condition that guarantees the estimates
󰁨R∗
n(S) and 󰁥R∗

n(〈log S〉) converge to the same limit as n approaches infinity. As shown in

Chapter 3, the estimator 󰁥R∗
n is robust and versatile, consistently estimating the rough-

ness exponent under various rough volatility models, such as the rough fractional stochastic

volatility model. As a result, the above theorem demonstrates that when the mesh used to

compute the realized volatility is properly chosen, the estimator 󰁨R∗
n is a consistent estima-

tor for the roughness exponent for the actual roughness exponent of the rough fractional

stochastic volatility model.

As a result, the estimator 󰁨R∗
n addresses all the concerns outlined in Chapter 3 and

estimates the roughness exponent in a strictly pathwise manner. In the future, we aim to

apply 󰁨R∗
n to study the roughness exponent of many high-frequency financial time series.

Before proving the above theorem, let us first sketch the idea of this proof. It follows

from (6.5) that

󰁥Y (n)
k
2n

− 󰁥Y (n)
k−1
2n

=
mnk󰁛

j=mn(k−1)+1

󰀓
log S j

2nmn

− log S j−1
2nmn

󰀔2

=
mnk󰁛

j=mn(k−1)+1

󰀣󰁝 j
2nmn

j−1
2nmn

σsdBs

󰀤2

.

For short, let us denote

ξ
(n)
j :=

󰀣󰁝 j
2nmn

j−1
2nmn

σs dBs

󰀤2

−
󰁝 j

2nmn

j−1
2nmn

σ2
s ds and Z

(n)
k =

mnk󰁛

j=mn(k−1)+1

ξ
(n)
j .
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We can then obtain the following decomposition

󰁥Y (n)
k
2n

− 󰁥Y (n)
k−1
2n

=

󰁝 k
2n

k−1
2n

σ2
s ds+

mnk󰁛

j=mn(k−1)+1

󰀵

󰀷
󰀣󰁝 j

2nmn

j−1
2nmn

σsdBs

󰀤2

−
󰁝 j

2nmn

j−1
2nmn

σ2
s ds

󰀶

󰀸

=
󰀓
Y k

2n
− Y k−1

2n

󰀔
+

mnk󰁛

j=mn(k−1)+1

ξ
(n)
j =

󰀓
Y k

2n
− Y k−1

2n

󰀔
+ Z

(n)
k .

It is clear that if the quantity Z
(n)
k :=

󰁓mnk
j=mn(k−1)+1 ξ

(n)
j is relatively small compared with

Y k
2n

− Y k−1
2n

as n ↑ ∞, then 󰁥Y (n)
k
2n

− 󰁥Y (n)
k−1
2n

will be sufficiently close to the difference of the

integrated volatility Y k
2n

− Y k−1
2n

, so are the values of ϑn,k and 󰁨ϑn,k. Our next result derives

the upper bounds for the second and fourth moment of the random variable Z
(n)
k , which is

the content of the next lemma.

Lemma 6.4. Suppose that supt∈[0,1] σ
2
t ≤ M P-a.s., then there exists a constant κ > 0 such

that for n ∈ N and 1 ≤ k ≤ 2n, we have

E
󰀗󰀓

Z
(n)
k

󰀔2
󰀘
=

κ

22nmn

and var

󰀗󰀓
Z

(n)
k

󰀔2
󰀘
≤ κ

24nm2
n

.

Proof. Clearly, we have

󰀓
Z

(n)
k

󰀔2

=

󰀳

󰁃
mnk󰁛

j=mn(k−1)+1

ξ
(n)
j

󰀴

󰁄
2

=
mnk󰁛

j=mn(k−1)+1

󰀓
ξ
(n)
j

󰀔2

+ 2
󰁛

mn(k−1)+1≤i<j≤mnk

ξ
(n)
i ξ

(n)
j .

Note that for i < j, we get

E
󰁫
ξ
(n)
i ξ

(n)
j

󰁬
= E

󰀥
E
󰀗
ξ
(n)
i ξ

(n)
j

󰀏󰀏󰀏F i
2nmn

󰀘󰀦
E

󰀥
ξ
(n)
i E

󰀗
ξ
(n)
j

󰀏󰀏󰀏F i
2nmn

󰀘󰀦
.

In particular, we have

E
󰀗
ξ
(n)
j

󰀏󰀏󰀏F i
2nmn

󰀘
= E

󰀥󰁝 j
2nmn

0

σsdBs −
󰁝 j−1

2nmn

0

σsdBs

󰀏󰀏󰀏󰀏F i
2nmn

󰀦

=

󰁝 i
2nmn

0

σsdBs −
󰁝 i

2nmn

0

σsdBs = 0.

(6.7)
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Furthermore, Itô’s isometry yields

E
󰀗󰀓

ξ
(n)
j

󰀔2
󰀘
= E

󰀵

󰀹󰀷

󰀳

󰁃
󰀣󰁝 j

2nmn

j−1
2nmn

σs dBs

󰀤2

−
󰁝 j

2nmn

j−1
2nmn

σ2
s ds

󰀴

󰁄
2
󰀶

󰀺󰀸

= E

󰀵

󰀷
󰀣󰁝 j

2nmn

j−1
2nmn

σs dBs

󰀤4
󰀶

󰀸− 2E

󰀵

󰀷
󰀣󰁝 j

2nmn

j−1
2nmn

σs dBs

󰀤2 󰁝 j
2nmn

j−1
2nmn

σ2
s ds

󰀶

󰀸

+ E

󰀵

󰀷
󰀣󰁝 j

2nmn

j−1
2nmn

σ2
s ds

󰀤2
󰀶

󰀸

≤ E

󰀵

󰀷
󰀣󰁝 j

2nmn

j−1
2nmn

σs dBs

󰀤4
󰀶

󰀸+ 2

󰁹󰁸󰁸󰁸󰁷E

󰀵

󰀷
󰀣󰁝 j

2nmn

j−1
2nmn

σs dBs

󰀤4
󰀶

󰀸

󰁹󰁸󰁸󰁸󰁷E

󰀵

󰀷
󰀣󰁝 j

2nmn

j−1
2nmn

σ2
s ds

󰀤2
󰀶

󰀸

+ E

󰀵

󰀷
󰀣󰁝 j

2nmn

j−1
2nmn

σ2
s ds

󰀤2
󰀶

󰀸 .

The Burkholder–Davis–Gundy inequality yields that there exists a constant κ1 > 0 such that

E

󰀵

󰀷
󰀣󰁝 j

2nmn

j−1
2nmn

σs dBs

󰀤4
󰀶

󰀸 = E

󰀵

󰀷
󰀣󰁝 1

2nmn

0

σs+ j−1
2nmn

dBs+ j−1
2nmn

󰀤4
󰀶

󰀸

≤ κ1E

󰀵

󰀷
󰀣󰁝 1

2nmn

0

σ2
s+ j−1

2nmn

ds

󰀤2
󰀶

󰀸

= κ1E

󰀵

󰀷
󰀣󰁝 j

2nmn

j−1
2nmn

σ2
s ds

󰀤2
󰀶

󰀸 .

Applying the above inequality gives

E
󰀗󰀓

ξ
(n)
j

󰀔2
󰀘
≤

󰀃√
κ1 + 1

󰀄2E

󰀵

󰀷
󰀣󰁝 j

2nmn

j−1
2nmn

σ2
s ds

󰀤2
󰀶

󰀸

≤
󰀃√

κ1 + 1
󰀄2
E
󰀗󰀓

sups∈[0,1] σ
2
s

󰀔2
󰀘

22nm2
n

≤
󰀃√

κ1 + 1
󰀄2
M

22nm2
n

.

and hence,

E
󰀗󰀓

Z
(n)
k

󰀔2
󰀘
=

󰀃√
κ1 + 1

󰀄2
M

22nmn

.
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Next, we are going to analyze the fourth moment E
󰀗󰀓

Z
(n)
k

󰀔4
󰀘
. It follows from the multino-

mial expansion and a similar argument as in (6.7) that

E
󰀗󰀓

Z
(n)
k

󰀔4
󰀘
=

mnk󰁛

j=mn(k−1)+1

E
󰀗󰀓

ξ
(n)
j

󰀔4
󰀘
+ 6

󰁛

mn(k−1)+1≤i<j≤mnk

E
󰀗󰀓

ξ
(n)
i

󰀔2 󰀓
ξ
(n)
j

󰀔2
󰀘

≤
mnk󰁛

j=mn(k−1)+1

E
󰀗󰀓

ξ
(n)
j

󰀔4
󰀘
+ 6

󰁛

mn(k−1)+1≤i<j≤mnk

󰁶

E
󰀗󰀓

ξ
(n)
i

󰀔4
󰀘
E
󰀗󰀓

ξ
(n)
j

󰀔4
󰀘
.

(6.8)

Furthermore, it follows from the Cauchy–Schwarz inequality that

E
󰀗󰀓

ξ
(n)
j

󰀔4
󰀘
= E

󰀵

󰀹󰀷

󰀳

󰁃
󰀣󰁝 j

2nmn

j−1
2nmn

σs dBs

󰀤2

−
󰁝 j

2nmn

j−1
2nmn

σ2
s ds

󰀴

󰁄
4
󰀶

󰀺󰀸

≤
4󰁛

i=0

󰀕
4

i

󰀖
E

󰀵

󰀷
󰀣󰁝 j

2nmn

j−1
2nmn

σs dBs

󰀤8−2i 󰀣󰁝 j
2nmn

j−1
2nmn

σ2
s ds

󰀤i
󰀶

󰀸

≤
4󰁛

i=0

󰀕
4

i

󰀖
󰁹󰁸󰁸󰁸󰁷E

󰀵

󰀷
󰀣󰁝 j

2nmn

j−1
2nmn

σs dBs

󰀤16−4i
󰀶

󰀸

󰁹󰁸󰁸󰁸󰁷E

󰀵

󰀷
󰀣󰁝 j

2nmn

j−1
2nmn

σ2
s ds

󰀤2i
󰀶

󰀸

The Burkholder–Davis–Gundy inequality yields that there exists κ2 > 0 such that for 0 ≤
i ≤ 4,

E

󰀵

󰀷
󰀣󰁝 j

2nmn

j−1
2nmn

σs dBs

󰀤16−4i
󰀶

󰀸 ≤ κ2E

󰀵

󰀷
󰀣󰁝 j

2nmn

j−1
2nmn

σ2
s ds

󰀤8−2i
󰀶

󰀸 ,

therefore, we get

E
󰀗󰀓

ξ
(n)
j

󰀔4
󰀘
≤

√
κ2

4󰁛

i=0

󰀕
4

i

󰀖
󰁹󰁸󰁸󰁸󰁷E

󰀵

󰀷
󰀣󰁝 j

2nmn

j−1
2nmn

σ2
s ds

󰀤8−2i
󰀶

󰀸

󰁹󰁸󰁸󰁸󰁷E

󰀵

󰀷
󰀣󰁝 j

2nmn

j−1
2nmn

σ2
s ds

󰀤2i
󰀶

󰀸

≤
√
κ2

4󰁛

i=0

󰀕
4

i

󰀖󰀕
M

2nmn

󰀖4−i 󰀕
M

2nmn

󰀖i

=
16M4

24nm4
n

.

Inserting the above inequality to (6.8) yields that

var

󰀕󰀓
Z

(n)
k

󰀔2
󰀖

≤ E
󰀗󰀓

Z
(n)
k

󰀔4
󰀘
≤ 16

󰀣
M4

24nm3
n

+
6M4

24nm2
n

󰀤
.

This completes the proof.
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Proof of Theorem 6.3. Let a = (−1,+1,+1,−1)⊤. Applying the above equality to (6.6)

yields that

󰁨ϑn,k = 23n/2+3

󰀕
󰁥Y (n+2)

4k
2n+2

− 2󰁥Y (n+2)
4k+1

2n+2

+ 2󰁥Y (n+2)
4k+3

2n+2

− 󰁥Y (n+2)
4k+4

2n+2

󰀖
= 23n/2+3

4󰁛

i=1

ai

󰀕
󰁥Y (n+2)

4k+i

2n+2

− 󰁥Y (n+2)
4k+i−1

2n+2

󰀖

= 23n/2+3

󰀳

󰁃
4󰁛

i=1

ai

󰀓
Y 4k+i

2n+2
− Y 4k+i−1

2n+2

󰀔
+

4󰁛

i=1

aiZ
(n+2)
4k+i

󰀴

󰁄 = ϑn,k + 23n/2+3

4󰁛

i=1

aiZ
(n+2)
4k+i .

For short, let us denote ζn,k = 23n/2+3
󰁓4

i=1 aiZ
(n+2)
4k+i . Then, by Jensen’s inequality, we get

ζ2n,k = 23n+6

󰀳

󰁃
4󰁛

i=1

aiZ
(n+2)
4k+i

󰀴

󰁄 ≤ 23n+8

4󰁛

i=1

󰀓
Z

(n+2)
4k+i

󰀔2

.

Moreover, we have

E

󰀵

󰀷2(2R−2)n

2n−1󰁛

k=0

ζ2n,k

󰀶

󰀸 = 2(2R−2)n

2n+2󰁛

k=1

E
󰀗󰀓

Z
(n+2)
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22(n+2)mn+2
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.

Furthermore,
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󰀵
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k=0

ζ2n,k

󰀶
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1≤i ∕=j≤2n+2

cov
󰀓
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󰀔
󰀴
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󰀳
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󰁬
+
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.

As limn↑∞ 2−2Rnmn = ∞, we have E
󰁫
2(2R−2)n

󰁓2n−1
k=0 ζ2n,k

󰁬
and var

󰁫
2(2R−2)n

󰁓2n−1
k=0 ζ2n,k

󰁬
con-

verge to zero as n ↑ ∞. Thus, we have

2(2R−2)n

2n−1󰁛

k=0

ζ2n,k −→ 0 P-a.s.,
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by the fast L2-convergence. Finally, note that

2(2R−2)n

2n−1󰁛

k=0

󰁨ϑ2
n,k = 2(2R−2)n

󰀳

󰁃
2n−1󰁛

k=0

ϑ2
n,k +

2n−1󰁛

k=0

ζ2n,k + 2
2n−1󰁛

k=0

ϑn,kζn,k

󰀴

󰁄 ,

and it remains to show that the third argument on the right-hand side of the above equation

converges to zero as n ↑ ∞. The Cauchy–Schwarz inequality yields

lim sup
n↑∞

2(2R−2)n

2n−1󰁛

k=0

ϑn,kζn,k ≤
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Thus, we have
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n↑∞
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k=0

ϑ2
n,k,

and

lim sup
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󰁨ϑ2
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n↑∞
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k=0

ϑ2
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Taking logarithms on both sides of the above identities, dividing by n and letting n ↑ ∞
complete the proof.
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Brownian motion. Probability Theory and Related Fields, 139(3-4):373–395, 2007.

[6] Christian Bayer, Peter Friz, and Jim Gatheral. Pricing under rough volatility. Quanti-

tative Finance, 16(6):887–904, 2016.

[7] Mikkel Bennedsen, Asger Lunde, and Mikko S Pakkanen. Decoupling the short-and long-

term behavior of stochastic volatility. Journal of Financial Econometrics, 20(5):961–

1006, 2022.

[8] Patrick Billingsley. Van der Waerden’s continuous nowhere differentiable function.

American Mathematical Monthly, 89:691, 1982.

[9] N. H. Bingham, C. M. Goldie, and J. L. Teugels. Regular variation, volume 27 of Ency-

clopedia of Mathematics and its Applications. Cambridge University Press, Cambridge,

1989.

[10] Anine E Bolko, Kim Christensen, Mikko S Pakkanen, and Bezirgen Veliyev. A GMM

approach to estimate the roughness of stochastic volatility. Journal of Econometrics,

235(2):745–778, 2023.

198



[11] Peter Carr and Liuren Wu. The finite moment log stable process and option pricing.

Journal of Finance, 58(2):753–777, 2003.

[12] Patrick Cheridito. Regularizing fractional Brownian motion with a view towards stock

price modelling. PhD thesis, ETH Zürich, 2001.
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