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Abstract

In the field of time series and data stream analysis, neural networks (NNs) have demon-
strated excellent performance in predicting current and future states of dynamic systems.
However, forgetting a previously learned information by NN when training the model on
new data can be a significant challenge in having a reliable prediction, a problem that
is known as catastrophic forgetting (CF) in neural networks. Unfortunately, retraining
the model with both historical and new data is often impractical due to computational
complexity and storage constraints, particularly in large-scale applications. One of the
most prominent examples is automotive systems, where dynamic environments, such as
changing road conditions or driving scenarios, require continuously updating the existing
information based on new data.

The main objective of this thesis is to propose a continual learning method that can
efficiently train a neural network model on newly collected data while preserving previ-
ously acquired information. A novel framework based on memory-based continual learning
approaches is developed, consisting of two critical tasks: optimal sampling of the old data
to store in memory, and optimization. First, the proposed method aims to identify the
most relevant and informative memories for old dataset, which are then contributed in
future learning to preserve the previously learned information. The proposed method is
developed in both univariate and multivariate time series prediction scenarios. Second, a
proper optimization technique is used in each training epoch to minimize the loss func-
tion by modifying the network parameters, ensuring that NN is capable of successfully
integrating new input while maintaining historical information.

Additionally, a hybrid state estimation framework is introduced, leveraging the selected
memory points to detect distribution shifts in real-time within the incoming data stream.
When the estimator detects unfamiliar patterns that may degrade the predictive perfor-
mance of the neural network, it adaptively switches to a model-based estimator to ensure
robust and reliable estimation under the newly encountered conditions. A variety of neural
network models and architectures are explored and compared to provide a comprehensive
analysis and to evaluate their effectiveness in state estimation tasks. Furthermore, un-
certainty analysis is conducted using conformal prediction, enabling quantification of the
neural network’s predictive uncertainty after training on each task and comparison to a
conventional batch learning baseline.

The proposed framework is applied to both univariate and multivariate scenarios for
estimating vehicle longitudinal and lateral velocities, incorporating new driving maneuvers
into the previously trained neural network model. Experimental datasets comprise of
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sensor measurements from an electric Equinox vehicle. The effectiveness of the method
is evaluated by examining the performance of the model in training on new information
as well as the impact of forgetting on previously acquired knowledge as new tasks are
incrementally introduced. The findings of this study suggest that the developed continual
learning framework is capable of efficiently training the model on new data while preserving
the prediction accuracy on previous data. The time efficiency of the proposed method is
an important advantage, as it enables the neural network to adapt to new tasks quickly
without a significant computational overhead.
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Chapter 1

Introduction

1.1 Motivation

Recent advancements in statistical machine learning have signi�cantly improved the accu-
racy and robustness of time series prediction across various domains, ranging from electric
vehicle battery management and health life estimation to a robot's model learning [1, 2].
However, achieving an accurate model �t using data-driven approaches becomes challeng-
ing when new environments containing new information are introduced frequently. In the
context of time series analysis, vehicle state estimation is not an exception, as it enables
precise control and enhanced safety in a variety of scenarios. In particular, the estimation
of longitudinal and lateral velocities is essential for controlling the movement of a vehicle
when sensor measurements are not reliable, which can occur due to adverse environmental
conditions or faulty sensors. A major challenge arises from the intrinsic characteristics of
the vehicle dataset, where new maneuvers in new data domains (performed in di�erent
conditions) are continuously added to the model in a sequential manner, necessitating ef-
�cient training of the model on new data or vehicle maneuvers while retaining previously
learned information [3].

In kernel-based estimators such as Local Gaussian Process Regressions (L-GPRs), data
are locally �tted, and predictions are performed based on the nearest local model to the
input space [4]. However, these data-driven approaches require a large amount of data for
accurate �tting, which is challenging in the vehicle data context. Also, these kernel-based
approaches are regression models and do not leverage the knowledge of previous states
(history of the �t) to predict current and future states. Moreover, their performance may
be a�ected when one or more of the input states are faulty, resulting in an unreliable

1



estimation. Among data-driven estimators, Neural Networks have shown excellent perfor-
mance in time series and data stream predictions, in general, and vehicle state estimation,
in particular. NNs are capable of deriving nonlinear relationships between vehicle inputs,
outputs, and past states. Continual learning in neural networks refers to the ability of
a model to learn from a sequence of data sets or tasks in a continuous and incremental
manner, without revisiting old data [5]. However, there is one signi�cant challenge when it
comes to the use of neural networks in continual learning scenarios; Neural Networks tend
to forget the previously trained parameters (information) upon the addition of new data
or batch of data, a phenomenon called catastrophic forgetting (CF) [6]. It is impossible
to retrain the model with all previous and newly collected data due to time complexity.
Therefore, a strategy is needed to e�ciently train the model on new data, while preserving
the previously learned information. The performance of existing continual learning meth-
ods are mostly limited to classi�cation problems and fail to e�ciently address the issue of
catastrophic forgetting for regression problems. More speci�cally, there are limited work
in the literature to address the problem of catastrophic forgetting in neural networks for
time series regression tasks in general, and state estimation, in particular.

1.2 Objectives

In this work, a novel approach for time series prediction tasks is introduced to continually
train the model on new data using neural networks, while preserving the previous informa-
tion. We aim to address the detrimental impact of catastrophic forgetting in the context
of time series and data stream regression scenarios, focusing on the applications on vehi-
cle state estimation with large dataset. The proposed work combines statistical learning
methods with memory- and regularization-based continual learning ideas to retain past
knowledge. To achieve this, certain tasks are performed, including representative (coreset)
selection, proper optimization method (minimizing a loss funciton), accurate selection of
network structure and hyperparameters, and input or feature selection. There are certain
steps to take to address this:

The general procedure consists of two major parts. First, a proper representative (core-
set) selection approach is introduced to sample old or historical data by identifying repre-
sentatives of the previous dataset based on the behaviour of the output function. Thus,
the selected points are the most relevant points of the old dataset which the model has
been previously trained on. The selection process should be computationally inexpensive
and statistically accurate. In this regard, statistical methods for function approximation
and change point detection in time series dataset are used to e�ectively �nd the most

2



relevant point as memory. Next, the new data and the selected memory points are added
to the model jointly using an appropriate optimization algorithm. The goal is to ensure
that the new information (data) is e�ectively integrated with the prior knowledge. The
optimization process is based on memory-based continual learning frameworks, with im-
provements proposed in this work. The neural network structure and hyperparameters
are then tuned to achieve optimal performance based on the initial dataset. Finding the
optimal con�guration for the neural network is done by several experiments and analysis
of the intended application requirements. In this study, di�erent advanced neural networks
including Long-short-term memory (LSTM) and Transformer models are used to validate
the proposed method's performance. To select the optimal feature set for the neural net-
work, both model-based and machine learning (ML)-based feature selection methods are
used. In the model-based approach, the dynamic relationships between inputs and outputs
are analyzed, while the ML-based approach uses input sensitivity analysis to identify the
most important features. The main contributions of this thesis are summarized as follows:

ˆ A novel continual learning framework is proposed, applicable to both univariate and
multivariate output scenarios (Chapters 3 and 4). Ideas in memory-based knowledge
retention and continual learning are used. This approach is relatively unexplored in
the existing literature.

ˆ Identifying a representative subset of historical data using statistical learning tools
(Chapters 3 and 4). To the best of our knowledge, this technique has not yet been
explored in the continual learning literature and constitutes a signi�cant contribution
to the �eld.

ˆ An enhanced optimization algorithm is developed to minimize catastrophic forgetting
while maximizing the learning of new tasks (Chapter 4).

ˆ A comprehensive feature selection strategy is introduced, based on the sensitivity
analysis of the input-output pair. In addition, a thorough uncertainty quanti�cation
of the neural network model is conducted using conformal prediction (Chapter 4).

ˆ An adaptive state estimation framework is developed, capable of detecting distribu-
tion shifts in real time and dynamically switching between model-based and data-
driven estimators (Chapter 5). The shift detection mechanism is done via represen-
tative selection strategy, introduced in the proposed continual learning framework.

ˆ The proposed continual learning framework is applied to the problem of vehicle state
estimation (Chapters 3, 4, and 5). Unlike prior works that primarily rely on tradi-
tional data-driven or local modeling approaches, this thesis leverages neural networks

3



to enable robust state estimation in lifelong learning settings, where the full dataset
may not be available at once. Several advanced neural network architectures are
applied to evaluate and validate the performance of the proposed method.

Figure 1.1 illustrates the overall structure of the proposed method and highlights the
four main tasks to be accomplished. The �rst step involves selecting representatives from
the historical or old dataset, ensuring that these selected points are the most informative
and representative samples. This representative selection process leverages statistical anal-
ysis techniques in both univariate and multivariate time series scenarios. In the second
step, upon the arrival of a new dataset containing additional information, a speci�c op-
timization algorithm is applied to jointly integrate the new data with the memory data,
enabling e�cient updating of the neural network parameters. Step three outlines the
con�guration and training procedures for the neural network, including the selection of
appropriate hyperparameters. Finally, in the fourth step, the trained model is evaluated
on both the new and old datasets to assess its adaptation to new data and to quantify the
extent of catastrophic forgetting with respect to the old data.

1.3 Thesis Outline

In Chapter 2, a comprehensive review of the existing literature is presented. To start,
previous work on vehicle state estimation using data-driven estimators, such as locally
�tted methods is presented. Also, a review of continual learning approaches in classi�ca-
tion problems is provided, since the proposed work is inspired by this �eld to develop a
continual learning method in vehicle state estimation. Additionally, recent state-of-the-art
approaches for vehicle state estimation tasks are introduced and discussed.

The proposed continual learning approach for univariate time series, termed Repre-
sentative Selection for Continual learning in Time series tasks (ReSeleCT), is introduced
in Chapter 3. First, the Average Gradient of Episodic Memory (A-GEM) method [7] is
described and its limitations within the context of the intended application are discussed.
Next, the proposed optimal coreset selection strategy is presented, which leverages statisti-
cal change point detection techniques. The subsequent section provides a detailed overview
of the speci�c recurrent neural network architecture used. For the state estimation task,
an LSTM neural network is adopted in this chapter. Finally, a comprehensive experimen-
tal analysis on vehicle state estimation is conducted, validating the e�ectiveness of the
proposed method and comparing its performance against other state-of-the-art continual
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Figure 1.1: General scheme of the proposed method.
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learning frameworks. The performance of the methods are evaluated under multiple ad-
dition of maneuvers, containing new information that needs to be added to the existing
models.

In Chapter 4, the multivariate extension of the proposed method, termed EM-ReSeleCT,
is introduced. Additionally, a re�ned version of the A-GEM algorithm, designed speci�cally
for time series tasks, is presented. The chapter also includes comprehensive experimen-
tal validation of the proposed approach. For the neural network model, in this chapter
a Trasnformer neural network model is used. Furthermore, uncertainty quanti�cation is
performed using conformal prediction to assess the reliability of the model's predictions.
Additionally, a comprehensive sensitivity analysis on di�erent vehicle signals is conducted
to �nd the best set of features for the neural network inputs. Chapter 5 presents a practical
implementation of continual learning using an adaptive state estimation framework, where
task boundaries are identi�ed based on the previously selected memory points. Extensive
experimental analysis is performed to validate the detection of distribution shifts in the
dataset. Additionally, this chapter provides a comprehensive evaluation of various neu-
ral network models for the state estimation task, comparing their performance in detail.
Chapter 6, concludes the proposed work with a discussion on the results, and potential
future work is explained.
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Chapter 2

Literature Review

2.1 Introduction

Machine learning models have achieved remarkable success in recent years. Notably, deep
learning models have shown exceptional capabilities across various machine learning do-
mains, including natural language processing (NLP) and time series forecasting. In the �eld
of time series analysis, numerous studies have explored the application of machine learning
techniques for time series forecasting and prediction [8, 9, 10]. Generally, the application
of machine learning models can be categorized into two distinct scenarios: stationary and
non-stationary environments. In stationary environments, all training data is available in
advance, and there is no distribution shift over time. In contrast, non-stationary envi-
ronments are dynamic and subject to changes, necessitating the continuous adaptation or
re-training of models to account for shifting data distributions.

Traditionally, machine learning models are trained on a speci�c dataset, referred to
as the training set, and evaluated on a separate testing set. In the context of time se-
ries prediction and forecasting, numerous approaches have been explored in the literature,
including support vector machines (SVMs), recurrent neural networks (RNNs), and auto
regressive moving average (ARIMA) [11, 12, 13]. In such scenarios, the entire training
dataset is typically available in advance, referred to as stationary environment, and there
is no distribution shift between the training and testing sets, ensuring that the model
operates under consistent data conditions. Traditional models often struggle to adapt
to new datasets received under varying conditions, which may contain novel information.
This challenge is particularly relevant in lifelong learning scenarios, where the model must
continuously update its knowledge. The �xed structure of these traditional models limits
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Figure 2.1: General categorizes of existing methods in lifelong learning scenarios.

their ability to handle such dynamic environments [14]. To overcome this limitation, var-
ious methods have been proposed in the literature to address lifelong learning scenarios.
These approaches are primarily divided into two categories: local regression methods and
continual learning techniques in neural networks. Figure 2.1 presents a 
owchart illustrat-
ing the categorization of various methods in lifelong and continual learning scenarios, along
with representative works from the existing literature.
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2.2 Local Regression Methods

In local-based approaches, the idea is to �t a separate regression model on di�erent data
batches. The model can be linear, kernel-based or other regression techniques. By doing
so, a new model is �tted in the new data space, and the previously learned models are
remained unchanged. This is in contrast to traditional techniques, in which a single global
model is �tted for the entire dataset. One such approach is the locally weighted learning
(LWL) method [15]. LWL is capable of adapting to dynamical environments with non-
stationary data, using di�erent regression techniques such as locally weighted regression
(LWR). The algorithm allocates local �ts, allowing to addition of new data by new local
models. Perhaps, the most reliable modi�cation of LWL in incremental learning scenar-
ios is locally weighted projection regression (LWPR) [16, 15, 17]. In LWPR, each input
dimension is treated separately, and the regression is performed independently for each
input dimension. This means that instead of performing regression in the original input
space, LWPR projects the data into a lower-dimensional subspace before performing the
regression. Based on the proposed model, weighting kernels are adjusted using local in-
formation to avoid interfering with new data �t to the previously �tted data. LWPRs
were applied to several regression problems in sequential learning tasks from online robot
dynamics learning to impedance control of robotic manipulators [18, 19]. They have been
recently applied to vehicle state estimation [20].

Local Gaussian process regression (L-GPR) is another machine learning approach ap-
plied in robot dynamics estimation and online model learning control [21]. L-GPR uses
the idea of locally �tting GPR on small data. By doing so, the challenge of high compu-
tational cost in GPRs on large datasets is avoided, and for newly collected data, a local
model is de�ned with independent GPR parameters. Predictions are evaluated by �nding
the nearest local model to the data distribution. Local GPRs have been applied to sev-
eral sequential learning domains including state estimation and safety-critical applications
[4, 22, 23]. There are several critical problems in using local-based methods in data stream
tasks and lifelong learning scenarios, in general, and vehicle state estimation, in particular.
First, a large number of local models are often required to attain reliable estimations on
test data, resulting in a high computational cost in prediction time. Second, these methods
are unable to capture complex nonlinear relationships between the inputs, past and current
output states. Also, the performance of the models can be negatively a�ected by faulty
sensor measurements.
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2.3 Continual Learning Methods

Upon training a model on new data or tasks, a pretrained neural network model fails to
retain old information. A traditional approach aimed at addressing the forgetting problem
in NNs was resource allocating networks (RAN) [24]. RAN starts with a small number
of units (small network size), and dynamically allocates neurons to its structure. These
networks are limited by their shallow networks, and their performance degrades, as the
model complexity increases [25]. Another method was introduced in [26] based on measur-
ing the importance of a neuron in radial basis neural networks, referred to as the growing
and pruning radial bases function (GAP-RBF). The algorithm begins with zero hidden
neurons, and adaptively adds and prune neurons, while new data is added. Among other
methods, online sequential extreme learning machines (OS-ELM) and their variants [27, 28]
are of great importance. However, these single hidden layer feedforward networks (SLFNs)
cannot produce satisfactory performance in large and complex scenarios. Recently, several
strategies have been proposed to address the issue of catastrophic forgetting in multilayer
and deep neural networks. These methods are generally categorized into four main groups:
Regularization-based, Architectural-based, Generative Replay, and Memory-based meth-
ods.

2.3.1 Regularization-based Methods

Regularization-based methods have become a popular method to reduce the e�ect of catas-
trophic forgetting and to enhance the model performance in continual learning scenarios.
One common approach is elastic weight consolidation (EWC) [5]. In EWC, a penalization
term was introduced in the cost function to avoid changes in important parameters of the
neural network, where weight importance was measured by the Fisher Information (FI)
matrix. In [29] a similar technique was used to avoid catastrophic forgetting by measuring
parameter sensitivity called synaptic intelligence (SI), where the importance measure was
based on the sensitivity of each weight with respect to the output function. EWC, SI, and
their improved versions were recently applied to several real-world applications including
image recognitions and classi�cations [30, 31].

Despite their excellent performance, the aforementioned methods are primarily appli-
cable to image classi�cation benchmarks and their e�ciency tends to decrease in regression
tasks. In [32], an adaptive continual learning technique in regression tasks named CLeaR
was introduced. After de�ning novelty and familiarity bu�ers captured from past and new
data, the update process involves incorporating new data and subsequently evaluating the
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model's performance on the familiarity bu�er to determine if its predictions remain accu-
rate. If the model's predictions on the familiarity bu�er are unsatisfactory, an adaptive
weight regularization technique based on EWC is employed to update the model using the
new data. This method exhibits several limitations in regression problems: First, the reg-
ularization imposed by EWC tends to preserve the information of previously learned tasks
at the expense of adding new information. While this is desirable to prevent catastrophic
forgetting, it can lead to a rigid network that struggles to incorporate new patterns and
variations in the data. As a result, the network's 
exibility may diminish after a certain
number of tasks are introduced, leading to reduced performance. Second, the familiarity
bu�er (memory) is drawn based on recently arrived data, which is not always an optimal
choice to �nd the representative of the old dataset. A better technique is required in this
case. Additionally, it should be noted that the method was applied to a simpli�ed case
with only two input features as their �nal features, which may impact its generalizability
to more complex datasets.

2.3.2 Architectural-based Methods

Another approach is to use a dynamic neural network structure during the learning of
new tasks. In [33], a progressive neural network (PNN) was introduced, where an initial
network was trained on initial tasks, and progressive networks were added based on new
tasks arrival. Recently, a modi�ed PNN was proposed, using the idea of reinforced continual
learning and Bayesian continual learning to adaptively expand the neural network architec-
ture [34]. A continual-learning framework that combines progressive neural networks with
temporal convolutional networks to perform online state-of-charge (SOC) estimation across
multiple lithium-ion battery chemistries and formats [35]. Unfortunately, using PNNs and
their variants in regression tasks, particularly for the intended application, results in a large
network size after adding a few speci�c tasks. Another architectural-based approach was
introduced in [36], known as Learn++. This ensemble learning method comprises multiple
weak learners, each corresponding to a speci�c new task. The overall prediction is obtained
through a weighted average of the outputs from these individual classi�ers. A recent ex-
tension of Learn++ incorporates recurrent neural network structures [37], which has also
been applied in various industrial domains [38]. However, these methods are inherently
tied to speci�c model architectures, which may limit their generalizability. Furthermore,
when faced with a large number of new tasks, the proliferation of weak learners can lead
to signi�cant computational overhead.
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2.3.3 Generative Replay

Storing past data as a memory is not always practical due to security concerns or storage
limitations. One solution is to use generative models to generate past data during the
learning on new data without storing memory [39]. Generative models focus on identify-
ing the underlying data distribution in the feature space, thereby generating new (fake)
samples in the input data distribution [40]. Therefore, the task is to keep the probability
distribution of the fake generated samples by the model similar to the probability dis-
tribution of the real data. In [39], a dual model architecture, consisting of a generative
model called \generator" and a solving model called \solver," was proposed, with the aim
of sampling previous data to avoid catastrophic forgetting. Generative replays were also
applied to time series classi�cation benchmarks, such as human activity recognition tasks
[41, 42]. A deep generative replay-based continual learning framework was proposed in
[43] for class-incremental surface electromyogram (sEMG) pattern recognition, aiming to
address catastrophic forgetting when adding new classes without retraining on historical
data. However, there are two main issues, when applying these models in the intended
application: First, generative models generate data depending on the distribution of the
inputs, but there is no speci�c method to select informative data from old tasks, as some
inputs may be more informative than others. Therefore, the generated inputs may exhibit
similarity or redundancy. Second, a separate model is needed for every batch of data (a
distinct vehicle maneuver in this work), leading to a large number of models after multiple
tasks.

2.3.4 Memory-based Methods

A more e�ective strategy to mitigate catastrophic forgetting is to store data from past
information and use them in the new learning task. These stored data can be directly used
along with the new data to train the model, a technique called memory replay, or they can
be used as regularization terms in the optimization [44].

Memory replay: Memory replay involves retraining the model on stored data in memory
during the training on the new task. There are di�erent strategies for storing data in
memory. One common approach is experience replay, where memory points are selected by
random sampling [45]. However, random sampling may not always accurately represent the
old data. An alternative approach to �nd representatives of previously learned knowledge
was proposed based on capturing the coreset of the old data by selecting a weighted subset
via bilevel optimization [46]. In [47], the importance of the samples was de�ned based on
their diversity in the current (new) task. It is worth noting that, all of the aforementioned
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methods were applied to classi�cation benchmarks and may not be e�ective in regression
tasks, where the behavior of the output function is of greater importance. Therefore, a
more reliable memory selection strategy is needed for regression scenarios.

Optimizing via memory regularization: The risk of over�tting on the stored data,
when replaying in the learning is a potential concern. To address this issue, a memory
regularization-based approach called the gradient of episodic memory (GEM) has been
proposed [48]. In GEM, after selecting the desired memory, the idea was to minimize the
loss on new data using stochastic gradient descent (SGD), while maintaining alignment with
the gradient of the memory. To do so, an inequality constraint was de�ned to calculate
the inner product between the gradient vector of the new data and the episodic memory
in each training epoch. A positive inner product indicates that the two gradients point in
the same direction in the parameter space, and the new gradient is used to update network
parameters using the SGD. However, if the inner product is negative, using the new gradient
results in forgetting. In this case, the new gradient is projected onto the nearest gradient
vector that points in the same direction as the gradient of the episodic memory. To �nd the
projected gradient, GEM uses dynamic programming, which is computationally expensive.
An alternative approach known as the average gradient of episodic Memory (A-GEM),
and its improved scheme were proposed, aiming to �nd the projected gradient in a more
e�cient manner [7, 49]. GEM and A-GEM have been applied to some applications [50, 51].

2.3.5 Continual Learning Applications to Time Series Forecast-
ing

Recent advances in continual learning in neural networks have extended to time series tasks
[52]. In [53], the authors presented an improved version of CleaR named V-CleaR to address
continual learning with focus on power forecast. A new framework called Fast and Slow
learning Networks (FSNet) for online time series forecasting was proposed in [54], where a
per-layer adapter that leverages the exponential moving average (EMA) of layer gradients
and an associative memory that stores and retrieves adaptation coe�cients corresponding
to recurring patterns was presented. However, the approach was limited to the speci�c
structure (in this case, a Temporal Convolutional Network), so its performance might be
sensitive to the choice of the neural network architecture. Also, the scenario considered in
the paper was online learning, where the learning is carried out in a series of rounds. In each
round, the model receives a look-back window and is then required to predict the forecast
window. Once the actual results are revealed, they are used to re�ne the model's predictions
for future rounds, which is di�erent from task speci�c continual learning scenario, where
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each task is arrived and the model is trained and predicts independently. In [55], a continual
learning framework with graph neural networks (GNN) was proposed to estimate the tra�c

ow which is particularly designed for the mentioned application and cannot be generalized
to di�erent applications in continual learning for time series forecasting. Additionally,
a continual learning augmentation (CLA) that accumulates models of past states was
introduced in [56], which was speci�cally designed for �nancial market forecasting to drive
long-term �nancial decisions.

Most existing continual learning methods for time-series forecasting are limited to their
target or intended applications and underlying architectures. For example, V-CleaR [53]
and FSNet [54] depend on speci�c backbones (power-forecasting networks or Temporal
Convolutional Networks), making them vulnerable to architectural choices and di�cult
to transfer across domains. Similarly, the online-learning formulation in FSNet, where
the model updates only after each look-back/forecast cycle, di�ers fundamentally from
task-based continual learning, where tasks arrive independently and must be learned ac-
cordingly.

2.4 A Review of Advanced Machine Learning Meth-
ods in Vehicle State Estimation

In the context of vehicle state estimation, numerous approaches have been explored in the
literature, including both purely data-driven machine learning methods and hybrid tech-
niques that combine data-driven and model-based strategies. Gaussian process regression
is a widely used probabilistic, non-parametric regression technique that has found extensive
application in state estimation, particularly for vehicles [57, 58, 59]. In [59], the authors
used GPR for lateral force estimation in intelligent tire systems. In [58] a hybrid approach
was proposed that integrates a model-based observer with GPR to improve vehicle state
estimation under both normal and emergency conditions. Additionally, in [60], the authors
combined a feedforward neural network with a dynamic-based method using recursive least
squares (RLS) for vehicle mass estimation, where the outputs of both methods were fused
using fuzzy neural networks.

Neural networks have been widely applied to vehicle state estimation problems. In
[2] a deep recurrent neural network for brake pressure estimation in electric vehicles was
proposed. More recently, Transformer-based neural networks have attracted signi�cant
attention due to their e�ectiveness in time series forecasting in terms of both accuracy
and computational e�ciency. In [61] a Transformer architecture for state of charge (SoC)
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estimation in electric vehicle batteries was introduced, adapting the encoder-decoder struc-
ture originally proposed in [62] to the estimation context. In addition, several studies have
explored physics-informed neural networks [63, 64], which combines mathematical models
into the neural network framework|either through the loss function or other integration
methods, to improve estimation accuracy.

2.5 Summary

In this Chapter, a comprehensive review of the literature on di�erent lifelong and continual
learning methods, to continuously training the model on new information, while preventing
catastrophic forgetting was presented. Additionally, the application of continual learning
methods in time series methods scenarios were presented. Despite the signi�cant attention
to the continual learning methods in recent years, there is limited studies on continual
learning in time series regression tasks such as state estimation, forecasting, etc. Based on
a comprehensive review of the existing methods in continual learning, developing a suitable
approach for the speci�c application is a need.
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Chapter 3

Representative Selection and
Continual Learning in Time Series
Regression Tasks

3.1 Introduction

In this chapter, the proposed method for continual learning on time series datasets in
univariate output space is outlined. First, a memory-based continual learning optimization
algorithm called average gradient of episodic memory (A-GEM) is used as a tool to enable
e�ective continual learning of new data while mitigating catastrophic forgetting. Next,
a representative selection strategy is introduced to e�ciently select memory points from
historical time series data. Finally, experimental analyses and validations are conducted
on the task of vehicle state estimation, with the proposed method compared against other
state-of-the-art continual learning algorithms.

As previously discussed in Chapters 1 and 2, a comprehensive review of current meth-
ods on continual learning suggested that memory-based methods are likely to produce the
most favorable performance and are best suited for the intended application. This hy-
pothesis is supported by several key factors: First, regularization-based methods limit the
model's 
exibility to learn new tasks, after a certain number of data batches introduced to
the network. Additionally, regularization parameters play an important role in the model's
performance. Second, architectural-based methods can present a signi�cant problem with
network size as the training progresses. As shown in Figure 3.1, a widely used approach
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Figure 3.1: The scheme of a memory-based continual learning framework.

for memory-based continual learning consists of two main stages: (1) �nding the repre-
sentatives of the old task, and (2) optimization. The step-by-step process is elaborated
below:

1. Initialization: A base model of the neural network is de�ned (i.e., setting hyperpa-
rameters including the number of layers and number of nodes), and the parameters
are initialized.

2. Initial training: The �rst dataset (normally a large dataset) is added to the neural
network, and network parameters are updated subsequently.

3. Representative (Coreset) selection: An appropriate method is used to select rep-
resentatives from the old dataset. The stored representatives are the key information
of the historical data.

4. Optimization: Once a new task is introduced to the model, the parameters are
updated so that the prior information is retained while integrating the new task, and
avoiding heavy computations. This step uses both the stored memory points and the
new task to optimize a prede�ned cost function.

5. Iteration: The entire process is repeated once the network identi�es a new task.
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By following the above process, catastrophic forgetting is mitigated by preserving the
information of the previously trained model while introducing new tasks to the neural
network. This approach e�ectively enables continual learning in task-incremental data
stream scenarios. In the following sections, the continual learning problem in the univariate
case is formulated, and an e�ective optimization technique (A-GEM) is discussed. Next, the
proposed framework for e�ciently �nding representatives for this optimization approach
is introduced. Note that throughout this chapter, the proposed approach is referred to
as ReSeleCT (Representative Selection for Continual learning in Time-series
scenarios . Parts of this chapter are based on our published work in [65]).

3.2 Formulating Continual Learning in Time Series
Regression

Consider a stream of observations denoted by (x i ; yi ), for i = 1; 2; : : : , where yi 2 R
represents the target output andx i 2 Rp denotes the corresponding input feature vector.
For all i = d + 1; d + 2; : : : we assume the output follows:

yi = f (x i ; H i (D)) + � i ; (3.1)

where D is an available dataset,f is an unknown function to be estimated,� i is the
additive noise of observationi , d is a given integer, which indicates the degree of temporal
dependencies among (x i ; yi )s, and

H i (D) = f (x j ; yj ) 2 D; i � d � j < i g :

The objective is to estimate the functionf using the available datasetD. As previously
discussed in Chapter 2, among di�erent potential methods in the literature, neural net-
works have proven to be highly e�ective for estimatingf in time series applications. By
adopting a neural network framework, we implicitly assume thatf in (3.1) can be accu-
rately approximated by a neural network parameterized by� . Accordingly, the function is
represented asf (� ; � ) instead of f and and the task of estimatingf is reduced to estimat-
ing the parameter vector� . We de�ne the squared error loss for the i-th observation as
` i (� ) = ( yi � f (x i ; � ))2. To estimate � , typically the empirical risk function is minimized:

R(� ; D) =
1

j D j

j D jX

i =1

` i (� ) ; (3.2)
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wherej D j denotes the total number of data points in the datasetD. Suppose a sequence
of k datasets is observed from a particular experiment, where each dataset contains time
series data corresponding to a distinct data domain. For notational convenience, let

8
>>>><

>>>>:

D1 = f (x1; y1) ; : : : ; (xn1 ; yn1 )g

D2 = f (xn1+1 ; yn1+1 ) ; : : : ; (xn2 ; yn2 )g
...

Dk =
��

xnk � 1+1 ; ynk � 1+1
�

; : : : ; (xnk ; ynk )
	

(3.3)

If all datasets are collectively available in advance, i.e.D = D1[ D2[� � �[ Dk , then a neural
network can be trained using the complete set ofn =

P k
i =1 ni data points in D. However,

in a continual learning setting, the datasetsD1; D2; : : : ; Dk ; : : : arrive sequentially over
time and are not accessible all at once. As new data becomes available, the model must be
updated accordingly. In practical application domains, such as in vehicle state estimation,
this ongoing model adaptation can be computationally demanding and even impractical,
particularly due to memory limitations that prevent storage of all incoming data batches.
Let D1 represent the �rst batch of data received, and letbf 1 = f (�; b� 1) de�ne the neural
network estimate of the functionf based solely onD1, where the parameters are obtained
by minimizing the empirical risk, i.e. b� 1 = argmin

�
R(� ; D1). The core concept of memory-

based continual learning [48] is to identifym1 landmarks from datasetD1, m1 � n1, such
that this subset e�ectively captures the essential information inD1 for estimating f . Denote
the selected landmarks as:

D �
1 =

�
(x �

1; y�
1) ; : : : ;

�
x �

m1
; y�

m1

�	
: (3.4)

These selected landmarks inD �
1 are then used in conjunction with the next incoming

dataset D2, to provide an updated estimatebf 2 = f (�; b� 2) while limiting the forgetting of
the previously learned functionbf 1. Therefore, the new parameter estimateb� 2 is obtained
by solving the following constrained optimization problem:

�̂ 2 := arg min
�

R(� ; D2) s.t. R(� ; D �
1) � R(b� 1; D �

1) :

3.3 Optimization with Average Gradient of Episodic
Memory

After receiving the t-th dataset D t , a well-established method for minimizing empirical
risk while preserving the performance on previously learned data is the average gradient
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episodic memory (A-GEM) algorithm [7]. This approach calculates the parameterb� t by
solving the following constrained optimization problem:

�̂ t := arg min
�

R(� ; D t ) s.t. R(� ;
t � 1[

i =1

D �
i ) � R(b� t � 1;

t � 1[

i =1

D �
i ) ; (3.5)

resulting in the updated model estimatebf t = f (�; b� t ). To implement A-GEM, let

g�
k =

@
@�

R(� ; [ k
i =1 D �

i )j � = b� k

gk+1 =
@
@�

R(� ; Dk+1 )j � = b� k
:

During each training epoch, the process involves computing the inner product between the
newly obtained gradientgk+1 and the episodic memory gradientg�

k . Note that g�
k is the

average of the gradient of the episodic memory of the previous tasks. If the inner product
hg�

k ; gk+1 i is negative, this indicates that the angle between the new and memory gradients
is greater than 90 degrees. In such a case, the new gradientgk+1 is projected onto the
closest gradient ~g that satis�es h~g; g�

k i � 0 [7]. This projection is performed to execute the
following optimization:

min
g

kgk+1 � gk2
2 s.t. hg; g�

k i � 0; (3.6)

which has the closed form solution

~g = gk+1 �
hgk+1 ; g�

k i

kg�
kk2

2

g�
k (3.7)

Proposition: Using (3.7), the new calculated gradient and the memory gradient are
orthogonal. That is,

hg�
k ; ~gi = 0 (3.8)

Proof:

hg�
k ; ~gi =

�
g�

k ;
�

gk+1 �
hgk+1 ; g�

k i
hg�

k ; g�
k i

g�
k

��

= hg�
k ; gk+1 i �

hgk+1 ; g�
k i

hg�
k ; g�

k i
hg�

k ; g�
k i

= hg�
k ; gk+1 i � h gk+1 ; g�

k i = 0 (3.9)
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Figure 3.2: The position of the two gradients in parameters space; (a): The scenario where
the inner product between the two gradients is positive. (b): The scenario where the inner
product between the two gradients is negative, along with the new projected gradient.

Figure 3.2 shows the directions of the new gradient and the gradient of the memory for
the two scenarios speci�ed. Within the A-GEM framework, it is assumed that the stored
memory samples accurately capture the behavior of the previous tasks. This gives rise to
two fundamental questions that need to be considered:

ˆ What de�nes the optimal subset of the historical data in time series datasets?

ˆ How to identify and capture the best subset?

Originally, A-GEM used a random subset of previous or historical dataset as the
episodic memory to retain past information. However, this approach may not be e�ective
enough to select representatives of the historical data, as some points are more informa-
tive than others. Therefore, a more principled strategy is needed to select a coreset that
best represents the most relevant historical data. Di�erent methods for coreset selection
have been explored in the literature, in semi-supervised learning [66], continual learning
[46, 67], and active learning [68], most of which are primarily designed for classi�cation
tasks, where preserving the continuous structure of the output function is not a central
concern since the target is not continuous. In contrast, for time series regression tasks,
the focus is placed on maintaining historical knowledge by selecting representative samples
based on the behavior of the output function rather than solely focusing on the inputs.
The proposed methodology is particularly bene�cial as it allows for preserving previous
information predominantly derived from the output in regression problems.
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3.4 Capturing Key Information of a Function via Change
Point Detection

For a given datasetD = f (x1; y1) ; : : : ; (xT ; yT )g, let Y = f y1; : : : ; yT g denote its output
dataset. We argue that the most informative samples in the datasetD generally corre-
spond to points where the output patternY exhibits sudden changes. By di�erentiating
between signi�cant changes or shifts from noise-induced changes, the locations that contain
meaningful information can be identi�ed for accurately estimating the output function ex-
plaining the time seriesyt . These identi�ed points are also particularly prone to inducing
catastrophic forgetting. Let k � T be the number of detected change points inY, and
0 = c0 < c1 < � � � < ck < ck+1 = T represent the location of these change points so
that Y � = f yc1 ; : : : ; yck g is the selected memory points (i.e., the change points). Refer to
Figure 3.3(a) for a visual illustration. Supposeyt = � t + � t " t , for t = 1; : : : ; T, where� t is
a local linear function of the following form:

� t =

8
>>>><

>>>>:

m1t + b1 1 � t < c 1

m2t + b2 c1 � t < c 2
...

...

mk+1 t + bk+1 ck � t � T ;

(3.10)

" t is the Gaussian noise,� t is the standard deviation of yt at time t, and mi and bi

are the parameters that de�ne the local linear �t between the two consecutive change
points ci � 1 < c i . The goal is to estimate a proper set of change points (c1; :::; ck) that
best describes (3.10). By recording pointsY � = f yc1 ; : : : ; yck g as memory markers and
eliminating the extensive data in between for future learning, a substantial amount of
redundant information have been e�ectively eliminated while retaining essential historical
information.

To detect changes in the mean function� t of yt , in this study, the narrowest over
a threshold (NOT) [69] method is used as a tool to �nd change points (coreset)Y � of
the old or historical datasetY. The algorithm starts by dividing the dataset Y into M
randomly drawn sub-samples. This is performed over the indices of the observations,
as illustrated in Figure 3.3(b), where each interval (s; e] corresponds to the consecutive
observationsys+1 ; : : : ; ye. Assuming that at most one change point exists within each
interval, the Gaussian generalized likelihood ratio (GLR) test statistic can be computed
for all potential change point locations inside each interval (s; e]. If there is no change point
in the interval, then the likelihood function L (ys+1 ; : : : ; ye; � ) is maximized to estimate

22



(a)

(b)

Figure 3.3: (a): An example of desired locations to store in memory. (b): change point
detection in each randomly drawn interval in a time series data.
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the intercept and the slope parameters� = ( b; m) of the mean function� t for t 2 (s; e]. If
there is a change point atc 2 (s; e] the mean function� t will have di�erent intercepts and
slopes in the intervals (s; c] and (c; e] and the corresponding parameters are denoted with
� 1 and � 2. Consequently, the GLR test statistic for evaluating the hypothesis of no change
point versus the presence of one change point at position

(c)

is given by

< c
(s;e](Y) = 2 log

2

4
sup
� 1 ;� 2

f L (ys+1 ; :::; yc; � 1) L (yc+1 ; : : : ; ye; � 2)g

sup
�

L (ys+1 ; : : : ; ye; � )

3

5 (3.11)

Where < c
(s;e](Y) is the generalized likelihood ratio value of pointc at sub-interval (s; e]

of dataset Y. In Figure 3.3(b), between the two selected pointsyi and yj the following
statement is expected:

< j
(s;e](Y) � < i

(s;e](Y)

Applying the GLR test for all data in each interval (s; e], NOT estimates a change
point by �nding the argument that maximizes Eq. (3.11):

< (s;e](Y) = max
c2f s+2 ;:::e� 2g

< c
(s;e](Y) (3.12)

Therefore, the potential change point in each interval is the one that carries the highest
likelihood ratio among all the other points in the interval. After �nding all potential change
points for all M randomly drawn intervals, only those candidates whose GLR values exceed
a prede�ned threshold are retained and the rest are excluded from the process. From the
retained candidates, the point located in the narrowest interval is selected. For more details
see [69].

The proposed method (ReSeleCT), uses change point detection to capture the most
informative and signi�cant points within old or historical data. Here, a data point is
considered \representative" based on two key aspects; First, the selected points should
minimize the error of the linear �t of the model between two consecutive change points
(estimating the function parametrically) while selecting the minimum number of points.
This ensures that the representation is both accurate and e�cient, facilitating the estima-
tion of the output function (for the application in vehicle state estimation, estimating the
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output function for each maneuver). As illustrated in Figure 3.3(a), the error of a linear
�t between two consecutive change points is minimized. The NOT method estimates the
function between the two pair of consecutive change points parametrically (with linear
parameter model in this study). To ensure both minimum error and the selection of the
minimum number of points is selected, the NOT method uses the strengthened Schwarz
Information Criterion (sSIC) as a model selection method to �nd the best model. Sec-
ond, the selected points should correspond to locations where signi�cant changes in the
behavior of the output occur. These changes are crucial as they re
ect shifts in the un-
derlying data distribution, essential for robust model updating and knowledge retention.
Speci�cally, the Narrowest-Over-Threshold (NOT) method is used to identify these change
points, using a Gaussian generalized likelihood ratio (GLR) test to detect points with the
highest likelihood of representing true changes. By focusing on these criteria, it is ensured
that the selected subsets retain the critical information necessary for accurate and e�cient
continual learning.

3.4.1 Representative Selection in Time Series Dataset

So far, the proposed approach has involved identifying informative points within a function.
It is crucial to recognize that a singular point is insu�cient as a memory point for future
learning, particularly given the use of recurrent neural networks, where the time sequence
holds signi�cance due to the temporal dependencies among the data points. In this regard,
the time sequences are selected as memory points in which the identi�ed change point
is located. Figure 3.4 shows the proper time sequence to capture as a memory point.
This idea is guided by the primary objective of recurrent neural networks which is to
uncover inherent patterns within a time sequence. The act of capturing and storing these
particular time sequences that showcase alterations in their patterns signi�cantly enhances
the capacity to preserve crucial past information.

Next, the detail of how ReSeleCT algorithm is used to identify the optimal subset
from historical data is outlined. These representatives are subsequently used to retrain the
model alongside new data collected within a new data domain, using a speci�c optimiza-
tion technique. As will be discussed in the experiments, a recurrent neural network model
is trained on a large dataset consisting of di�erent time series tasks. Each time series
dataset consists of di�erent sensor measurements as input features, along with a desired
output for estimation. After training the model on the initial dataset, ReSeleCT identi�es
representatives from the historical data for retraining with the newly collected data. Algo-
rithm 1 outlines the overall process of coreset selection for continual learning. In the initial
phase, the algorithm begins with a dataset from domainD, which may include various
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Figure 3.4: Proper time sequence to capture in memory.

sub-domains. Step 1 involves training the model on this initial dataset. Subsequently, for
all time series datasets within domainD, steps 3 to 6 are performed, where representatives
are selected and stored in memory. The selection of these representatives can either be
limited to a speci�c number for each maneuver (bu�er mode) or determined automatically
using strengthened Schwarz information criterion (sSIC) . Steps 8 and 9 include introduc-
ing the model to the new data domain and conducting training using the combined dataset
(selected memory points and the new dataset) with A-GEM optimization. Finally, in step
10, the model repeats this process to capture representatives from the newly collected data
and add them to memory. Figure 3.5 shows the step-by-step 
owchart of the proposed
method.

While the proposed approach primarily focuses on vehicle state estimation, the ReS-
eleCT methodology is inherently versatile and applicable to a broad range of time series
regression problems. For instance, in electric vehicle (EV) battery management, ReSe-
leCT can be used to continually learn and predict the State of Health (SoH) and State
of Charge (SoC) of batteries. By identifying and storing representative points in battery
data streams, ReSeleCT ensures accurate and up-to-date predictions, even as new data
is continuously introduced. Beyond time series data, ReSeleCT can be adapted to any
regression problem involving data streams. The core principle of selecting representative
subsets of data to mitigate catastrophic forgetting is not limited to any speci�c data type.
For example, in �nancial forecasting to predict stock prices or market trends, the model

26



Algorithm 1: Continual Learning with ReSeleCT
Input: Initial time series datasetsD1; : : : ; Dk , whereD i is the i th time series

dataset, consisting of sensor measurements from inputs and the desired
output.

Output: Trained model, representatives of the data

1 Initial training of the model based on the initial dataset (D).
2 for D i in f D1; D2; :::; Dkg /* where D i (Eq. 3.3 consists of sensor

measurementsX i and Yi (Eq. 3.1) */
3 do
4 Apply change point detection to the sensor measurements from the desired

output
5 After �nding several models (each model with a di�erent number of captured

points), select the best via sSIC
6 D �  D �

i : Store the captured points to the memory
/* D �

i = f (x �
i 1; y�

i 1); (x �
im ; y�

im )g */

7 Return D � = f D �
1; D �

2; :::D �
kg

8 Receiving a dataset in new domain (Dk+1 ).
9 Train the model using the joint dataset (D � [ Dk+1 ) and the A-GEM optimization

algorithm.
10 Apply steps 4, 5, and 6 for the newly collected dataset.
11 Wait for the next time series dataset.
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can continually learn from data streams in di�erent domains and learn new information
while maintaining the previously learned knowledge using representative selection process
in ReSeleCT. Additionally, the proposed method can be applied to data stream problems
where outputs are not necessarily dependent on time but on other variables in the stream.
For instance, in telecommunications, ReSeleCT can analyze data streams dependent on fre-
quency rather than time. In this scenario, ReSeleCT continually learns new information to
predict frequency-dependent outputs. By selecting representative points from frequency-
dependent output streams, ReSeleCT is used for continual learning, thereby preventing
catastrophic forgetting. This demonstrates the 
exibility and wide applicability of the
ReSeleCT approach beyond traditional time series regression tasks.

3.5 Evaluation and Testing

In this section, the performance of the proposed method, ReSeleCT, is evaluated in esti-
mating the vehicle's longitudinal and lateral velocities. The step-by-step procedure used to
evaluate the method's performance is illustrated in Figure 3.6. For the estimation of each
state, there are two phases to consider. The �rst phase involves preprocessing and initial
training of the model. The second phase corresponds to the continual learning scenario,
where new data domains are introduced to the model and the evaluation of the model's
performance in estimating the output corresponding to the new maneuvers, and previously
added data is evaluated.

3.5.1 Dataset Description

The dataset used in this experimental analysis was collected through experiments con-
ducted on an electric Chevrolet Equinox shown in Figure 3.7. Several maneuvers were
performed including driving in a circle, executing left and right turns, and driving up a
hill. These maneuvers were carried out under di�erent road conditions, including dry and
wet surfaces. During each maneuver, data from the Inertial Measurement Unit (IMU),
Global-Positioning-System (GPS), and wheel sensors were collected. The signal measure-
ments were sampled at a frequency of 200 Hz for all maneuvers. Table 3.1 provides a
detailed description of the dataset used, including the number of maneuvers selected for
training and testing, and the total size of the collected data. As shown in the table, two
maneuvers were carefully selected as the test sets for the estimation of both longitudinal
(Vx ) and lateral (Vy) velocities. These maneuvers were speci�cally selected to be similar
to the ones used during the initial training phase. For estimation of both longitudinal and

28



Figure 3.5: Step-by-step procedure of the proposed method.
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Figure 3.6: Step-by-step procedure of the evaluation.

Figure 3.7: Test vehicle used for experimental analysis.
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lateral velocities, one additional maneuver from a new domain (D2) is sequentially added
to the model. Subsequently, the validation was performed after the addition of the new
maneuver. Note that as previously speci�ed,p is the number of input dimension ofx i in
Eq. 3.1, which consists of di�erent signal measurements used for this study. The speci�c
number forp and the number of features used as input signals are discussed in the following
subsection. Additionally, yi is the speci�c output to be estimated (Vx or Vy) at each time
step i . D1 is the historical or old dataset, where the initial model will be trained on.

Table 3.1: Description of the dataset for estimation of longitudinal and lateral velocities.

Estimation Data type # of maneuvers # of data

Vx
Training: D1 22 52822

Training: new domainD2 1 2400
Testing D1 2 13800

Vy
Training: D1 12 28812

Training: new domainD2 1 3000
Testing D1 2 4800

In subsections 3.5.2 and 3.5.3, the model's performance in estimating the longitudinal
velocity is evaluated, and in subsections 3.5.4 and 3.5.5, its performance in estimating the
lateral velocity is assessed. Note that all experiments were conducted on a single system
equipped with 11th Gen Intel(R) Core(TM) i7-11700, 16 GB of RAM (all experiments
were tested on a single CPU with the same condition). Two evaluation metrics are used
to assess the performance of the model on both the training and testing datasets. The
�rst metric is the Mean Absolute Error (MAE), which quanti�es the average absolute
di�erences between the true (measured) values and the predicted values. It is computed
as:

MAE =
1
n

nX

i =1

jyi � ŷi j ; (3.13)

whereyi denotes the true (measured) value, ^yi is the predicted value, andn is the total
number of observations in a speci�c experiment. The second metric is the training time,
which measures the duration required to train the neural network model at each learning
stage, including both the initial and continual training phases for each method. This is a
particularly valuable metric, as it highlights the bene�ts of continual learning in terms of
reduced training time and computational cost.
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3.5.2 Phase 1: Initial Training (Longitudinal Velocity)

Feature Selection

For estimation of longitudinal velocity, in addition to the last steps history of the pre-
dicted longitudinal velocity (the number of steps depends on the window size in the LSTM
model, discussed in the next subsection), other relevant sensor measurements should also
be considered in the input set using dynamic relations. To estimate longitudinal velocity,
wheel speeds are often considered as the most relevant parameters, suggesting to inclusion
of additional state measurement. Based on [70], wheel speeds, yaw rate, longitudinal and
lateral accelerations, and steering angle are rational choices for the input set.

Network Model and Hyperparameters

As mentioned earlier, the approach to tackle the time series prediction problem involves
using an LSTM model. A simple multilayer perceptron with fully connected layers is
unable to fully capture nonlinear relationships between inputs and output states in a time-
dependent scenario. To address this, a recurrent neural network (RNN) with feedback
connections is developed. Long Short-Term Memory (LSTM) networks, a special class of
RNNs, are speci�cally designed for time series and data stream prediction tasks. Figure
3.8 shows a detailed representation of an LSTM unit, which comprises three gates: the
input gate, the forget gate, and the output gate. The input gate controls how much of
the new input should be stored in the cell state by considering both the new input and
the previous hidden state. The forget gate determines how much of the previous memory
should be discarded. The output gate regulates how much of the cell state is exposed as
the hidden state. In each LSTM cell, the following operations are performed:

i t = � (W xi x t + W hi h t � 1 + b i ) (3.14)

f t = � (W xf x t + W hf h t � 1 + b f ) (3.15)

ot = � (W xox t + W hoh t � 1 + bo) (3.16)

gt = tanh( W xcx t + W hch t � 1 + bc) (3.17)

ct = f t � ct � 1 + i t � gt (3.18)

ht = ot � tanh(ct ) (3.19)

where � denotes element-wise multiplication,� (�) is the sigmoid activation function,
and tanh(�) is the hyperbolic tangent function. The vectorsi t , f t , ot , and gt represent the
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Figure 3.8: Structure of an LSTM cell with input, forget, and output gates.

input gate, forget gate, output gate, and candidate cell state, respectively. The matrices
W xi , W xf , W xo, W xc, W hi , W hf , W ho, and W hc are learnable weight parameters, and
b i , b f , bo, bc are their corresponding biases.

The hyperparameters for this model are detailed in Table 3.2. The input layer of
the neural network consists of 8 previously chosen features. The initial node in each
layer functions as the bias node. The output layer features a linear activation function,
aggregating values from the preceding layers. The number of units in the hidden layers (h)
is determined through a combination of dataset size considerations and experimentation.
A learning rate of 0.01 is applied for the initial batch, which contains a large dataset, while
a learning rate of 0.001 is used for the sequential batches. This choice of a lower learning
rate for sequential batches is made to mitigate the impact of large gradients that often
arise during the initial stages of training in continual learning scenarios. Also, the biased
�rst and second moment of the gradients in the Adam optimizer [71] (mi and vi ) are set
to 0.9 and 0.95, respectively. The loss function used to optimize the neural network is a
mean squared error (MSE), commonly used for regression tasks.

The behavior of each input feature can vary signi�cantly across its minimum and max-
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Table 3.2: The speci�cations of hyperparameters of the neural network for estimation of
Vx .

Hyperparameter Description Value
l Number of hidden layers 1
h Number of hidden units 128
w Window size 20
mi Biased �rst moment (Adam optimizer) 0.9
vi Biased second moment (Adam optimizer) 0.95
� Learning rate for initial training 0.01
�

0
Learning rate for continual learning 0.001

imum values. To ensure that these features are on a consistent scale, data normalization
is applied before incorporating them into the neural network. However, data normaliza-
tion presents challenges in the context of continual learning methods, as future data is
unknown. One approach is to normalize the data based on the initial dataset. In this
study, the initial dataset is extensive and includes a wide range of vehicle data, making it a
valuable reference for data normalization. There are several data normalization techniques
that can be used for neural networks. One common approach ismin-max normalization, in
which each input feature is scaled to a value within the range of 0 and 1. The normalized
value of an input feature can be calculated using the following formula:

x(i )
norm =

x(i ) � x(i )
min

x(i )
max � x(i )

min

(3.20)

wherex(i ) , x(i )
min , x(i )

max , and xnorm are the original input, the minimum and maximum val-
ues of thei th input feature, and the normalized input, respectively. The minimum and
maximum values observed in the initial dataset are used as the reference for normalizing
future data.

Training the model on the initial dataset

The �rst 22 maneuvers listed in Table 3.1 are used as the initial dataset to estimateVx . It is
calledD1. Note that all training maneuvers inD1 derived from experiments in the dry road.
The training process on the initial dataset is terminated when the MSE of the predictions
falls below a prede�ned threshold value (e.g., 0.05). The results of the training, including
the Mean Absolute Error (MAE), along with the training time in seconds, are presented in
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Table 3.3: Estimation results ofVx on training dataset after initial training.

Total Size epochs MAE (km/h) Training Time (s)
Initial Dataset 52822 365 0.1888 382.2

Table 3.4: Estimation results ofVx on test dataset after initial training (D1).

Maneuver Description Maneuver time (s) MAE
Test 1 Normal driving on the road 45 0.1570
Test 2 Step Steer 12 0.2893

Table 3.3. Two maneuvers are reserved for testing purposes which were previously derived
from experiments tested on dry roads (the same condition as the training data). Table 3.4
and Figure 3.9 presents the estimation results ofVx obtained from the designed model on
the two test datasets.

3.5.3 Phase 2: Continual Learning (Longitudinal Velocity)

Continual Learning Scenarios

An additional maneuver that is a distinct experiment from those used in the pre-trained
model (introducing a new data domain) is introduced, and is called asD2. This maneuver
was performed on a wet road and initially resulted in poor estimations by the neural net-
work before being incorporated into the model. Figure 3.10 shows the estimation result of
the longitudinal velocity on the new maneuver using the previously learned model. Maneu-
vers executed on wet surfaces for the latest data batches have been chosen. Consequently,
less accurate estimations is anticipated, given that the model was initially trained on dry
road conditions, and it must now adapt to novel environments. As depicted in the �gure,
poor estimation is observed in certain locations, indicating the need to train the existing
model on the new task to improve its estimation accuracy.

CL Strategies

The proposed continual learning method is compared with four other strategies:

Batch: Retraining all neural network parameters, with all previous and newly collected
data (baseline or upper bound). it is called as Batch or Joint training mode as suggested
in [72].
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Figure 3.9: Estimation ofVx on the two test maneuvers after the initial training (D1).

None: Only train the model on the new maneuver while ignoring the previous dataset
(lower bound).

A-GEM [7]: The original A-GEM algorithm, where the memory points are selected
based on the random sampling of the previous task.

SI [29]: This algorithm regularizes the loss function to avoid catastrophic forgetting
by freezing important weights of the neural network, by measuring the sensitivity of each
parameter.

Figure 3.11 shows the estimation ofVx on the new maneuver after introducing it to
the model using ReSeleCT. The performance of the neural network in estimating the
new, initial, and test maneuvers using all �ve strategies are presented in Table 3.5 and
Table 3.6. To have a fair comparison, for both the proposed method and the A-GEM
the same number of memory points were considered (total of 326 memory points for initial
datasetD1). As shown in Table 3.5, ReSeleCT o�ers a signi�cant reduction in computation
time while maintaining low prediction error in estimating the newly added data to the
model. Training the model on the new maneuver using the Batch mode, which involves
retraining the model with old and new datasets, requires 78.21 seconds. In contrast,
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Figure 3.10: Estimation ofVx on the new data, prior to training the model on.

the proposed method only requires 6.47 seconds for training. The table reveals that SI
exhibits the shortest computation time (after the None mode), leveraging its memory-less
model that only requires parameter importance calculation before training. Additionally,
ReSeleCT demonstrates a training time comparable to the other memory-based training
methods like A-GEM, with a slightly longer duration attributed to representative selection
computations, although it is negligible.

Table 3.5: Estimation results ofVx on the new dataset (D2) after training the model on.

Maneuver Method Training Time (s) MAE (km/h)

D2

Batch 78.21 0.57
None 2.87 0.49

SI 3.5 0.53
A-GEM 5.32 0.55

ReSeleCT 6.47 0.55

The power of Continual Learning (CL) strategies lies in their ability to retain previously
acquired information. As depicted in Table 3.6, the estimation mean absolute error values
on training and testing datasets are comparable with Batch mode. However, in None
mode, where only the new data is used to train the model, signi�cant forgetting occurs,
leading to increased prediction error values compared to the other two methods. Analyzing
the table, the MAE for old data highlights the superior performance of the proposed
method in preserving historical information compared to the other popular CL methods (SI
and A-GEM). In most cases, SI exhibits poor estimation, indicating signi�cant forgetting.
Furthermore, a comparison between the two memory-based approaches (ReSeleCT and A-
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Figure 3.11: Estimation ofVx on the new dataset (D2), after training the model on using
ReSeleCT.

Table 3.6: Estimation Results (MAE) ofVx on training and testing maneuvers (D1) after
introducing the new dataset (D2) to the model.

Method Initial Dataset (D1) Test 1 Test 2
Batch 0.19 0.69 0.58
None 1.23 8.81 3.82

SI 0.62 2.10 0.79
A-GEM 0.36 0.96 0.69

ReSeleCT 0.28 0.77 0.63
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GEM) reveals that the model trained with A-GEM tends to forget information, particularly
in the initial dataset (�rst column in the table 3.6) and test 1.

Figure 3.12: Estimation ofVx on the two test maneuvers after introducing the new dataset
(D2).

Figure 3.12 shows the longitudinal velocity estimation on the two test datasets , using
Batch, None, and ReSeleCT. Focusing on areas with higher instances of forgetting in the
None mode, it is observed that ReSeleCT reliably preserves locations where the function's
pattern abruptly changes. In Test 1, speci�cally between seconds 14 and 18, where the None
mode fails to retain information, the proposed approach e�ectively recovers the acquired
knowledge. Similar occurrences are noted in Test 2, with intervals lasting from 5 to 7
seconds. Overall, the proposed method demonstrates comparable prediction accuracy in
incorporating new data domains and retaining previously learned information compared
to the Batch mode. Additionally, it o�ers a signi�cant reduction in training time, a crucial
advantage in CL strategies.

Figure 3.13 shows the longitudinal velocity estimation on the two test datasets, using
SI, A-GEM, and ReSeleCT. As depicted in the �gure, in Test 1 signi�cant forgetting
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Figure 3.13: Comparison of the proposed method with other CL strategies in estimating
Vx on testing data after introducing the new dataset (D2) to the model.

occurs during time intervals 12-18, and 36-41 when using SI. Notably, in these instances,
ReSeleCT's ability to capture and preserve speci�c time sequences surpasses that of A-
GEM, which selects memory points randomly. It is worth noting that forgetting in certain
locations often cascades throughout the maneuver, given that LSTM relies on previously
estimated velocities as inputs. Moreover, in Test 2, within the time window of 5 to 7,
ReSeleCT demonstrates superior preservation of information, closely resembling the ground
truth signal, while A-GEM struggles to retain knowledge from this timeframe.

3.5.4 Phase 1: Initial Learning (Lateral Velocity)

In this and the following sections, the e�ectiveness of the proposed method in continual
learning of a vehicle's lateral velocity is assessed. Given the similarities in the processes
of estimating longitudinal and lateral velocities, to simplify the discussion and avoid rep-
etition, additional explanations are skipped and the focus is solely on the results. Table
3.7 provides details on the hyperparameters used for lateral velocity estimation for the
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initial model training. It is worth noting that for estimation of lateral velocity, based on
[70], two-wheel speeds, yaw rate, lateral and longitudinal acceleration, and steering angle
as the inputs, in addition to the last steps of the predicted lateral velocity were selected.
Tables 3.8 and 3.9, and Figure 3.14 show the estimation results on the estimation of lateral
velocity using the initial model.

Table 3.7: Hyperparameters of the neural network for estimating lateral velocity.

Hyperparameter Description Value
l Number of hidden layers 1
h Number of hidden units 128
d Window size 25

mi Biased �rst moment (Adam optimizer) 0.95
vi Biased second moment (Adam optimizer) 0.99
� Learning rate for initial training 0.005
�

0
Learning rate for continual learning 0.001

Table 3.8: Estimation results ofVy on training dataset after initial training.

Total Size epochs MAE (km/h) Training Time (s)
Initial Dataset 28812 147 0.31 436

3.5.5 Phase 2: Continual Learning (Lateral Velocity)

The same scenarios for the continual learning phase are used. For the new dataset, a
maneuver that was performed in a di�erent condition than the initial dataset (D1) was
selected, representing a new data domain that needs to be adapted (D2). Figure 3.15
shows the estimation result of the lateral velocity on the �rst new maneuver using the
previously learned model. As depicted in the �gure, poor estimation is observed in certain
locations, indicating the need to train the existing model on the new task to improve its

Table 3.9: Estimaiton results ofVy on test datasets after initial training (D1).

Maneuver Description Maneuver time (s) MAE
Test 1 Double lane change 12 0.26
Test 2 Slalom 12 0.18

41



Figure 3.14: Lateral velocity estimation on two test maneuvers after the initial training
(D1).

estimation accuracy. Tables 3.10 and 3.11, and Figures 3.16 and 3.17 show the estimation
results after adapting the model on the new dataset using di�erent approaches (total of
275 memory points for initial datasetD1 were considered for ReSeleCT and A-GEM). The
�ndings demonstrate the e�cacy of the proposed method in adapting to a new data domain
while retaining previously acquired information, which is achieved through representative
selection and the optimization technique used. Conversely, A-GEM exhibits signi�cant
catastrophic forgetting in the test data, indicating its inability to preserve prior knowledge.

3.5.6 On the sensitivity of the number of memroy points in es-
timation error

To assess the robustness and e�ciency of ReSeleCT, a sensitivity analysis is performed
focused on the number of memory points, a critical parameter in ReSeleCT. As previously
discussed, NOT method enables the automatic selection of the optimal number of memory
points from historical data using the Schwarz Information Criterion (SIC) as the model
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Figure 3.15: Estimation result on the new task, prior to training the model on.

Table 3.10: Vy estimation results on new maneuver (D2) after training the model on.

Maneuver Method Training Time (s) MAE (km/h)

D2

Batch 81.1 0.22
None 4.6 0.20

SI 4.9 0.20
A-GEM 7.1 0.21

ReSeleCT 7.8 0.21

selection strategy. SIC uses a specialized cost function to identify the model with the least
error while minimizing the number of selected points. This analysis is intended to provide
insights into the impact of varying the number of memory points on the performance of
ReSeleCT and how the most suitable number of memory points are automatically deter-
mined. It is important to note that the model selection process in ReSeleCT using the NOT
approach is highly e�cient, as demonstrated in Table 3.5, with only a negligible di�erence
in computational time compared to A-GEM, where the selections are random and manual.
Di�erent experiments were performed by varying the number of memory points captured
from the initial dataset D1 and their impact on the model's performance were observed in
terms of mean absolute error (MAE) of estimation of longitudinal velocity on training and
testing data for the scenario that presented. The number of memory points was varied in
increments. Figure 3.18 and Table 3.12 show the estimation error (MAE) of estimatingVx

after introducing the new domain using ReSeleCT. The marked point in the �gure is the
automatically selected number of points using the proposed method, while the rest of the
values are set manually as an independent experiment. As shown in the �gure and the ta-
ble, the automatically selected number of memory points (326) is the most rational choice,
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Table 3.11: Estimation Results (MAE) of Vy on Training and testing maneuvers after
introducing the new maneuver (D2) to the model.

Method Initial Dataset (D1) Test 1 Test 2
Batch 0.21 0.27 0.18
None 2.42 1.2 0.95

SI 0.49 0.37 0.45
A-GEM 0.37 0.34 0.27

ReSeleCT 0.27 0.30 0.24

as the error reduction becomes marginal after this point for estimation ofVx for the initial
dataset as well as the two test sets. This indicates that the selected number of memory
points e�ectively balances performance improvement and memory storage e�ciency.

Table 3.12: Memory Points vs. MAE of estimation ofVx for initial dataset and testing sets

Memory Points MAE (Initial) MAE (Test 1) MAE (Test 2)
50 0.41 1.04 0.80
100 0.34 0.97 0.72
150 0.30 0.84 0.70
200 0.29 0.81 0.65
250 0.2870 0.78 0.64
300 0.2830 0.77 0.63
326 0.28 0.75 0.62
350 0.279 0.75 0.6180
400 0.278 0.7450 0.6150
450 0.277 0.7430 0.6140
500 0.276 0.7428 0.6138

3.5.7 Comparison of the performance after introducing multiple
domains

So far, the performance of di�erent methods has been evaluated under the addition of a
single new maneuver, which introduces new information for estimating both longitudinal
and lateral velocities. However, it is also important to assess whether the performance
of various models|particularly the proposed one|remains consistent when more than
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Figure 3.16: Longitudinal velocity estimation on two test maneuvers after the introducing
the �rst new domain (D2).

one new maneuver is introduced. To this end, in this subsection, the performance of
di�erent methods under the sequential addition of multiple maneuvers are evaluated, each
providing novel information. Speci�cally, two key aspects were examined: (1) the extent to
which the addition of new information leads to forgetting of previously learned knowledge
from the initial dataset (D1), and (2) the training time required at each stage. For this
evaluation, in addition to the �rst and second domains discussed in the previous section,
two additional maneuvers corresponding to domainsD3 and D4 are introduced. Table 3.13
summarizes the speci�cations of each maneuver used in as an extension to Table 3.1. Note
that, as previously described, the initial dataset inD1 and the �rst new maneuver in D2

are identical to those used in the prior experiments.

The �rst metric used to evaluate the performance of di�erent models under the ad-
dition of multiple domains is the mean absolute error (MAE) of longitudinal and lateral
velocity estimations on the initial dataset, measured after training the models on the �rst
(D2), second (D3), and third ( D4) new maneuvers. An ideal model should exhibit zero
forgetting, meaning the estimation error on the initial dataset remains unchanged after
introducing each new maneuver. Figures 3.19 and 3.20 present the estimation errors for
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Figure 3.17: Comparison of the proposed method with other CL strategies in estimating
Vy after introducing the new dataset (D2) to the model.

longitudinal and lateral velocities, respectively, after each maneuver is added. The same
model architectures as in the previous subsections are used for consistency. As shown in
�gures 3.19 and 3.20, for both longitudinal and lateral velocity estimation, the proposed
method, ReSeleCT, closely matches the performance of the Batch model (serving as the
upper-bound baseline), even after the inclusion of the second and third maneuvers. In
contrast, A-GEM fails to preserve the knowledge learned from the initial dataset, leading
to increased estimation errors due to forgetting. This issue is even more pronounced with
the SI method, where the degree of forgetting worsens as additional maneuvers are intro-
duced. Finally, the None method, where the model is trained only on the new maneuver
without any continual learning strategy, results in complete forgetting of previously learned
information, leading to signi�cantly higher estimation errors on the initial dataset.

Another important metric in evaluating the e�ciency of continual learning scenarios,
especially under the addition of multiple domains, is the training time required for each
model to acquire new information. This becomes increasingly critical as the volume of
training data grows with the introduction of new maneuvers, emphasizing the need for
scalable continual learning approaches. Figures 3.21 and 3.22 illustrate the training time
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Figure 3.18: Sensitivity of the number of memory points on MAE for estimation ofVx after
introducing the new domain using ReSeleCT.
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Figure 3.19: Estimation error ofV x for initial dataset after introducing each maneuver.

Figure 3.20: Estimation error ofV y for initial dataset after introducing each maneuver.
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Table 3.13: Description of the extended dataset for estimation of longitudinal and lateral
velocities under multiple addition of domains.

Estimation Data type # of maneuvers # of data

Vx
Training: new domainD3 1 3200
Training: new domainD4 1 2400

Vy
Training: new domainD3 1 2800
Training: new domainD4 1 2400

of each method when incorporating new maneuvers. As shown, for both longitudinal and
lateral velocity estimation, the Batch method requires signi�cantly more training time, as it
retrains the model using all historical data combined with the new data. This time demand
increases substantially with each additional maneuver due to the cumulative growth of the
dataset. In contrast, all other methods exhibit relatively consistent training times. Among
them, the proposed ReSeleCT method and A-GEM incur slightly higher training times due
to memory usage; however, this di�erence is negligible when compared to the substantial
overhead of the Batch retraining strategy. Overall, the results demonstrate that the pro-
posed method signi�cantly reduces training time while maintaining comparable estimation
accuracy to the baseline Batch method. This highlights the e�ectiveness of ReSeleCT in
providing e�cient and scalable continual learning without sacri�cing performance. This
balance between computational e�ciency and predictive accuracy is crucial for real-time or
resource-constrained applications. Therefore, ReSeleCT presents a practical and scalable
solution for continual learning in sequential estimation tasks.

3.6 Summary

In this chapter a new approach for training a neural network model for regression problems
in continual learning scenarios called ReSeleCT is introduced, focusing on applications in
vehicle state estimation. The algorithm works based on addressing the two main chal-
lenges regarding continual learning. First, a strategy to e�ectively select the best data
for memory data represent the historical data, and then an e�ective optimization strategy
that integrates the memory points and the new coming data for new training. The �ndings
of this study demonstrate that the proposed model not only e�ectively incorporates new
data while maintaining previously acquired information, but also o�ers the advantage of
low computational cost by removing a signi�cant amount of historical data and only saving
informative points for the new learning phase. The application in vehicle state estimation
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Figure 3.21: Training time for each model onV x after introducing new maneuvers.

Figure 3.22: Training time for each model onV y after introducing new maneuvers.
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shows the e�ectiveness of the proposed approach in large datasets, particularly in vehicle
datasets.
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Chapter 4

Developing the Continual Learning
Framework in Multi-output Time
Series Regression Tasks

4.1 Introduction

In this chapter, continual learning in time series scenarios is further investigated and is
extended to multivariate output variables scenarios. Applying the representative selection
method introduced in Chapter 3 independently to each output often leads to redundancy;
here, this limitation is addressed. Also a re�ned version of the A-GEM optimization algo-
rithm is presented to better mitigate catastrophic forgetting in the target application. A
comprehensive experimental analysis is conducted to evaluate the performance of the pro-
posed method, comparing it against other state-of-the-art continual learning approaches.
For the neural network architecture, an encoder-decoder Transformer model well-suited for
the state estimation task is used. Unlike in the previous chapter, where input selection was
based on dynamic relationships, a thorough feature selection using sensitivity analysis of
input-output dependencies is performed. Finally, a detailed uncertainty quanti�cation is
included to assess the reliability of the neural network's predictions. Note that throughout
this chapter, the proposed approach is referred to as EM-ReSeleCT (an E�cient Multi-
variate Representative Selection for Continual learning in Time-series scenarios) [73].
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4.2 Formulating the Problem in Multi-output Regres-
sion

Consider a stream of observations denoted as (x i ; y i ) for i = 1; 2; : : : , where y i 2 Rq

represents the desired output or response vector, andx i 2 Rp is the input feature vector.
The objective is to approximate an unknownRq valued function f based on a datasetD
of observations (x i ; y i ). Assume that for a given integerd, which indicates the order of
temporal dependency between (x i ; y i )s and i > d ,

y i = f (x i ; H i (D)) + � i ; (4.1)

where H i (D) = f (x j ; y j ) 2 D; i � d � j < i g, and � i 2 Rq is the additive noise. As
previously mentioned, neural networks have proven to be highly e�ective in estimating
the function f for time series problems. By adopting the neural network approach, we
inherently assume thatf in (4.1) can be adequately estimated by a neural network param-
eterized by the vector� . Therefore, usef (� ; � ) is used in place off , e�ectively reducing
the estimation of f to estimating the parameter vector� . Let ` i (� ) = ky i � f (x i ; � ))k2

represent the squared error loss for thei -th observation, wherek � k is the l2 norm of the
resulting vector. To estimate� , it is common to minimize the empirical risk:

R(� ; D) =
1

j D j

j D jX

i =1

` i (� ): (4.2)

where j D j represents the total number of data points in datasetD. Suppose there arek
datasets for a given experiment, each comprising time series data structured as in (4.1):

8
>>>><

>>>>:

D1 = f (x1; y1) ; : : : ; (xn1 ; yn1 )g

D2 = f (xn1+1 ; yn1+1 ) ; : : : ; (xn2 ; yn2 )g
...

Dk =
��

xnk � 1+1 ; ynk � 1+1
�

; : : : ; (xnk ; ynk )
	

(4.3)

Here,n =
P k

i =1 ni represents the total number of data points in the combined dataset. In a
continual learning setting, datasets from di�erent domains denoted asD = D1 [ D2 [ � � � [
Dk , are not available all at once. Instead, new datasets (D2; : : : ; Dk) arrive sequentially, re-
quiring the model to update with new data while retaining previously learned information.
In this regard, after training on an initial dataset D1, the idea is to select a representative
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subset ofm1 landmarks, m1 � n1, denoted asD �
1, to retain in memory. Let us consider

the selected landmarks from datasetD1 as:

D �
1 =

�
(x �

1; y �
1) ; : : : ;

�
x �

m1
; y �

m1

�	
: (4.4)

This subset is used in conjunction with newly received dataD2 to update the model
parameters� by minimizing the empirical risk while ensuring that the risk on the previously
selected representatives does not exceed the previous risk:

min
�

R(� ; D2) s.t. R(� ; D �
1) � R(b� 1; D �

1): (4.5)

4.3 Re�ned A-GEM Optimization algorithm

As outlined in Chapter 3, an e�ective solution to the optimization problem in Eq. 4.5 is
the average gradient of the episodic memory, which is detailed in Section 3.3. However,
A-GEM places signi�cant emphasis on the new gradient, which may result in issues when
the new gradient is too small compared to the gradient of the memory in some speci�c
training epochs [49]. To overcome this limitation, a simple modi�cation of A-GEM is
developed. This modi�ed approach places emphasis on the gradient of the memory when
the gradient of the new data is too small. To do so, whenh~g; gk+1 i � 0, the new gradient
projection is conditioned to the magnitude of the two gradients. If the magnitude of the
new gradient is smaller than the magnitude of the memory gradient, instead of projecting
the new gradient, the algorithm projects the gradient of memory to the nearest gradient
that satis�es h~g; gk+1 i � 0:

~g =

8
>>><

>>>:

gk+1 �
hgk+1 ; g�

k i

kg�
kk2

2

g�
k ; if kgk+1 k � k g�

kk (a)

g�
k �

hgk+1 ; g�
k i

kgk+1 k2
2

gk+1 ; if kg�
kk > kgk+1 k (b)

(4.6)

The second term in (4.6) ensures that, during certain training epochs where the new
gradient is smaller than the memory gradient, greater emphasis is placed on the memory
gradient. Figure 4.1 shows the directions of the new gradient and the gradient of the
memory for the three scenarios speci�ed. In both terms of Eq. (4.6), it can be shown that
the inner product between the gradient of the new data and the gradient of the memory
points is positive.
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Proposition: After calculating ~g, the resulting gradient in the second term (b) of (4.6)
and the memory gradient are non-negatively aligned:

hg�
k ; ~gi � 0 (4.7)

Proof:

hg�
k ; ~gi =

�
g�

k ;
�

g�
k �

hg�
k ; gk+1 i

hgk+1 ; gk+1 i
gk+1

��

= hg�
k ; g�

k i �
hg�

k ; gk+1 i
hgk+1 ; gk+1 i

hg�
k ; gk+1 i (4.8)

= kg�
kk2 �

kg�
kk kgk+1 k cos(� )

kgk+1 k2
� kg�

kk kgk+1 k cos(� ) (4.9)

= kg�
kk2

�
1 � cos2(� )

�
= kg�

kk2 sin2(� ) � 0 (4.10)

4.4 Multi-output Representative Selection in time se-
ries tasks

In the proposed approach in multi-output space, the focus is on identifying speci�c changes
in the output function pattern for each dimension, as these locations are more informative
for time series regression tasks and are particularly vulnerable to catastrophic forgetting.
To do so, the proposed method (EM-ReSeleCT) applies change point detection methods
to �nd speci�c landmarks based on each output variable and then applies an error-based
�ltering of proximal selected points in each output variable to �nd the best subset and
avoid redundant selection. To begin, consider a multi-output setting ofp input and q
output variables, as in Eq. 4.1 whereq represents the number of outputs to be estimated.
Similar to Eq. 4.3, let D denote the dataset ofn instances for the pair of input and output
vectors, i.e.

D = f (x1; y1) ; : : : ; (xn ; yn )g ; (4.11)

where x j = ( x1j ; : : : ; xpj )0 and y j = ( y1j ; : : : ; yqj )0 are p- and q-dimensional vectors of
inputs and outputs at time instance i , respectively. Additionally, for i = 1; 2; : : : ; q, let
Yi = f yi 1; yi 2; : : : ; yin g represents the dataset corresponding to thei th coordinate (variable)
of the multi-output time series y1; y2; : : : ; yn . The objective is to identify representative
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Figure 4.1: The position of the two gradients in di�erent scenarios. (a): When the inner
product is positive. (b): When the inner product is negative and the magnitude of the
new gradient is larger. (c): When the inner product is negative, and the magnitude of the
new gradient is smaller.

points from the datasetD that best capture the original dataset's structure. To achieve
this, at the �rst stage, similar to the previous chapter, a change point detection method
called the Narrowest-Over-Threshold (NOT) [69] is utilized to detect changes in the mean
function � t of each output time seriesYi . Let us denote the set of the change points
by Y �

i (performing over all dimensions of the output dataset in the historical dataset
Y). Therefore, the procedure begins by focusing on selecting a representative subset of
the output data for each output variable individually. The NOT algorithm begins by
partitioning the dataset Yi into M i randomly selected sub-samples. These sub-samples are
determined based on observation indices, as depicted in Figure 4.2, where the interval (s; e]
consists of consecutive observationsyi (s+1) ; : : : ; yie . Assuming each sub-sample contains at
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most one change point, the Gaussian Generalized Likelihood Ratio (GLR) test statistic is
computed for potential change points within the interval (s; e]. If no change point is present,
the likelihood function L

�
yi (s+1) ; : : : ; yie ; �

�
is maximized to estimate the intercept and

slope parameters� = ( b; m) of the linear mean function � t over the ranget 2 (s; e].
Conversely, if a change point occurs atc 2 (s; e], the mean function � t exhibits distinct
intercepts and slopes in the sub-intervals (s; c] and (c; e], characterized by parameters� 1

and � 2, respectively. The GLR test statistic, used to compare the likelihood of no change
point versus the presence of a change point atc, is formulated as:

< c
(s;e](Yi ) = 2 log

2

6
4

sup
� 1 ;� 2

�
L

�
yi (s+1) ; :::; yic ; � 1

�
L

�
yi (c+1) ; : : : ; yie ; � 2

�	

sup
�

L
�
yi (s+1) ; : : : ; yie ; �

�

3

7
5 (4.12)

Figure 4.2: Representative selection on each dimension separately.

Applying the GLR test to each interval (s; e], the NOT method estimates a change
point by identifying the value of c that maximizes equation (4.12):

< (s;e](Yi ) = max
c2f s+2 ;:::;e� 2g

< c
(s;e](Yi ) (4.13)

After gathering all change points (landmarks) from each output dimension, i.e.Y �
1 ; Y �

2 ; : : : ;Y �
q ,

the algorithm collects their corresponding value from the other output dimensions. This
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results in q distinct sets, each corresponding to the selected change points based on one
variable, along with the corresponding outputs from other dimensions:

8
>>>>>><

>>>>>>:

Y ��
1 =

�
y (1)

1
; : : : ; y (1)

m 1

�

Y ��
2 =

�
y (2)

1
; : : : ; y (2)

m 2

�

...

Y ��
q =

�
y (q)

1
; : : : ; y (q)

m q

�

(4.14)

whereY ��
i represents the set of representative points selected based on thei th output

variable in the dataset andy (i )
j = ( y(i )

1j ; y(i )
2j ; : : : ; y(i )

qj ) is an observation vector in the dataset
where the mean function ofi th coordinate (or output variable) corresponding toj th change
when only investigating thei th output variable. One potential solution is to identify change
points independently for each output, followed by aggregating these points along with their
respective inputs and outputs. However, this approach can result in ine�ciencies due to
the excessive selection of points. This ine�ciency arises from the possibility of redundant
point selection, as certain points may already have been chosen for a di�erent output
variable in a neighboring measurement. This problem becomes particularly pronounced
in real-world state estimation applications, where the number of measurements is large,
and there is minimal variation between consecutive points. Figure 4.3 illustrates this issue
using the i th output time series dataset. In subplot (b), the blue point (y(i )

i (k+1) ) represents
the change point detected based on thei th time series output variable, while the red point
(y(j )

i (g+1) ) corresponds to a change point detected in another output variable. As shown in
the �gure, there is no signi�cant di�erence between selecting either of these points, and
selecting both would be redundant. However, this strategy does not apply to subplot (a),
where selecting the red point (y(j )

ig ) and discarding the blue one (y(i )
ik ) would result in a

signi�cant error.

To address this, a proximal change point selection with minimum error-based �ltering
is proposed. The unique points from each representative set are concatenated. Thus, the
concatenated representative set is given by:

Y � c =
�

Y ��
1 ; Y ��

2 ; : : : Y ��
q

	
(4.15)

Let Y � c represent the set of representative points obtained by concatenating all selected
change points for thej th dataset. Now, consider thei th time series output variable inY
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Figure 4.3: Multi-output representative selection by �ltering based on error �t.

within dataset D. Based on eq. 4.15, the setY �
i is identi�ed as the set of change points

for this output variable. Suppose thej th point in this set is denoted byyij .

It is assumed that within the de�ned distanced, only one change point is detected for the
i th output variable. This assumption holds for small distances. To evaluate the signi�cance
of this change point, the Generalized Likelihood Ratio (GLR) test is applied. Speci�cally,
the GLR test is performed on the segment fromyi ( j � d

2 ) (the start of the distance) to the

selected pointy(i )
ij , and from this point to yi ( j + d

2 ) (the end of the distance):

< k; i
(s1 ; e1 ](Yi ) = 2 log

2

6
6
4

sup
� 1 ;� 2

n
L

�
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i ( s1+1)
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L
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; : : : ; yi e 1

; � 2

�o

sup
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L
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i ( s1+1)
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; �

�

3

7
7
5 (4.16)

where, s1 = j � d
2 and e1 = j + d

2 , and yi
i k

is the kth change point detected based on
the i th output variable, and the notation k; i in eq. 4.16 represents the GLR test forkth

potential change point for output variablei . Now, for any change point detected in other
output variables, if the corresponding value in thei th variable falls within the corresponding
interval, the GLR test is applied to the same interval as follows:

< g; j
(s2 ; e2 ](Yi ) = 2 log

2

6
4

sup
� 1 ;� 2

�
L

�
yi (s2+1) ; :::; yig ; � 1

�
L

�
yi (g+1) ; : : : ; yie2 ; � 2

�	

sup
�

L
�
yi (s2+1) ; : : : ; yie2 ; �

�

3

7
5 (4.17)

Note that the notations for Eqs. (4.16) and (4.17) matches the notations in Figure 4.3
in subplot (a). In other words, the GLR test is applied to the interval in subplot (a), one
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for point yj
ig and one for pointyi

ik . The error between the two GLR values is de�ned as:

E = < k; i
(e1 ; s1 ](Yi ) � < g; j

(e1 ; s1 ](Yi ) (4.18)

The change pointyj
ig is removed from the representative set if the di�erence between the

two GLR values in Eqs. (4.16) and (4.17) is below a prede�ned threshold. This is because
its e�ect is negligible, and its neighboring point within the proximity can compensate
for its absence. Conversely, if the GLR di�erence exceeds the threshold, removingyj

ig
would signi�cantly impact the representation, so the point is retained in the set. After
selecting the optimal representative set, it is stored in memory and used in conjunction
with newly collected data during model training. This process e�ciently mitigates the
e�ects of catastrophic forgetting in continual learning models. Algorithm 2 shows the step-
by-step procedure for selecting a representative set for memory-based continual learning
in multi-output time series scenarios. After collecting the complete historical dataset from
previous domains, a sequence-to-sequence Transformer model (with detailed discussion on
its structure in the next section) is initially trained on the �rst dataset as a pre-trained
model. For each historical dataset (D j ) in D, a multivariate change representative selection
method is applied to identify the most representative subset ofD j , which consists of selected
output points and their corresponding inputs. After gathering all these landmarks intoD �

and receiving the new datasetDk+1 from the latest domain, the model is retrained using
the combined dataset (D � [ Dk+1 ) with the modi�ed A-GEM optimization algorithm to
ensure least forgetting of the previously trained model. Following this continual training
on the new dataset, the same representative selection process is applied to the new dataset,
with the selected representatives stored for future learning tasks.

4.5 Evaluation and Testing

In this section, a comprehensive evaluation of the proposed method, compared to other con-
tinual learning approaches, is presented. The objective is to estimate both the longitudinal
and lateral velocities of a vehicle using datasets collected through experiments conducted
with an electric Equinox vehicle. Table 4.1 outlines the speci�cations of the dataset used
in this study. Two sets of training data were used: an initial, relatively large dataset for
training in the initial domain ( D1) and a new dataset representing a new domain (D2)
that the model must learn. Additionally, two test maneuvers fromD1 and D2 are included
to assess the performance of training on new data, as well as the impact of catastrophic
forgetting when introducing the new dataset (D2) into the model. As shown in Table 4.1,
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Algorithm 2: EM-ReSeleCT for Continual Learning
Input: Historical datasets D1; : : : ; Dk , and the newly collected dataset in new domain

Dk+1 , where eachD i represents thei th time series dataset, containing sensor
measurements for inputs and corresponding target outputs.

Output: Trained model on new data domain, Representative setD � of historical
dataset D

1 Pre-train the model on the historical dataset D .
2 for D j in f D1; D2; :::; Dkg /* where D j (Eq. (4.3) consists of sensor

measurements x j and y j as in eq (1),(2) */
3 do
4 for Yi in Y = fY 1; Y2; : : : ; Yqg /* where Yi is the time series corresponding

to the i th output dimension */
5 do
6 Apply change point detection (NOT method) to the sensor measurements of

dataset Yi .
7 Within a �xed distance dmulti for each captured point yj

ig in i , calculate the GLR
di�erence based on Eq. (4.18).

8 if E < threshholdthen
9 remove the captured point yj

ig .

10 else
11 keep the captured point yj

ig .

12 Y � M  Y �
i : Store the captured points from the i th dimension along with their

associated outputs in other dimensions to memory.

13 D �  D �
j : Return and store the �nal representative set (all input-output pairs as

landmarks) for dataset D j as D �
j .

14 Return representative set from all datasetsD � = f D �
1; D �

2; : : : ; D �
kg.

15 Receive a dataset in the new domainDk+1 .
16 In each training epoch, update the model parameters using the projected gradient:
17 if kgk+1 k � k g�

kk then

18 ~g = gk+1 � hgk +1 ;g�
k i

kg�
k k2

2

g�
k .

19 else

20 ~g = g�
k � hgk +1 ;g�

k i
kgk +1 k2

2
gk+1 .

21 Apply steps 3 to 14 when new batch of data arrives.
22 Wait for the next time series dataset.
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Figure 4.4: Step-by-step procedure of the proposed method (EM-ReSeleCT).

62



the initial training dataset comprises 10 maneuvers, while the new dataset consists of one
maneuver under di�erent road conditions. Measurements were recorded at a frequency of
200HZ, and donwsampled to 100 HZ, capturing various sensor data such as yaw rate, wheel
speeds, etc. This section is divided into �ve subsections. The �rst subsection details the
procedure for the initial training of the neural network model, including hyperparameter
settings, input feature selection, and training on the initial dataset. In Subsection 4.5.2, the
continual learning scenario is described, where various methods for continually learning the
new dataset (D2) in a new domain, while retaining knowledge from the initial domain, are
implemented and evaluated. Subsection 4.5.3 presents a comparison of the performance
of the proposed and A-GEM algorithm on memory loss minimization. Additionally, in
Subsections 4.5.4 and 4.5.5, an uncertainty quanti�cation of the neural network model and
a comprehensive feature selection and sensitivity analysis is performed.

Figure 4.5: The 
owchart of evaluation process of di�erent methods in continual learning
scenarios.
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Table 4.1: Dataset used for evaluation of di�erent methods to estimate vehicle velocity in
a continual learning scenario.

Data type Weather condition # of maneuvers # of data
Training:D1 Sunny(high � ) 10 12000

New Training:D2 Rainy(low � ) 1 1200
Testing:D1 Sunny(high � ) 1 1200
Testing:D2 Rainy(low � ) 1 1200

4.5.1 Phase 1: Initial Training

In the initial step of the evaluation, the model parameters are trained using the initial
dataset. This step is common across all continual learning techniques, and the same trained
model is used in the subsequent sections when new maneuvers are added. The focus is on
thoroughly training the model with the initial dataset to analyze the impact of forgetting
on continual learning. As shown in Table 4.1, the initial dataset consists of 10 maneuvers.
The objective is to estimate both longitudinal and lateral velocities of the vehicle using
input measurements and predicted outputs from previous steps (autoregressive structure)
over the period of maneuver time.

Feature Selection

To select the relevant inputs for estimating longitudinal (Vx ) and lateral (Vy) velocities, in
addition to the last predicted states of bothVx and Vy using the neural network model, a
comprehensive analysis has been conducted in Subsection 4.5.5. The resulting features are
four wheel speeds, yaw rate, steering angle, and longitudinal and lateral accelerations.

Neural Network Model and Hyperparameter Set

Transformer models, well-suited for handling sequential and time series data, and originally
introduced in [62] are used. In the proposed implementation, the encoder inputs consist
of sensor measurements and relevant signals, structured as historical values using a time
delay embedding, while the decoder inputs are the previously predicted outputs at each
time step. This design leverages the historical sensor information to inform the model and
uses prior output predictions as additional context for future state estimation. Fig. 4.6
illustrates the complete structure of the proposed Transformer model. Each input series
is embedded using a time delay method, where the input at timei includes its current
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value alongside the precedingd� 1 values. This embedding ensures the Transformer model
captures temporal dependencies e�ectively. Below, the detailed structure and process of
the proposed neural network is outlined:

Input Preprocessing: The input signals provided to the encoder include sensor mea-
surements. Each input instance is represented as a tensor of dimensionsp � d, with p
denoting the number of input features andd representing the time delay window. These
inputs are normalized by min-max normalization.

Encoder Upsampling and Positional Embedding: Post-normalization, the en-
coder inputs are transformed into a higher-dimensional feature space via linear layer up-
sampling, enhancing the representation capabilities of the neural network. Upsampling
the dimension by a factor of four yields optimal results. After upsampling from dimension
p to ddim , positional embeddings based on the sine-cosine formulation from the original
Transformer architecture are added.

Encoder Attention Blocks: The encoder consists of two sequential self-attention
blocks. The �rst attention block directly follows the positional embeddings, while the
second is applied after temporal downsampling via dilated convolutions. These blocks ef-
fectively capture both spatial feature-level relationships and temporal dependencies within
the input sequences.

Encoder Downsampling: After each attention block, a dilated convolution layer
(conv1d) is used, which reduces the temporal dimension by two, to compress the sequence
representation, as suggested in [74, 75]. This temporal downsampling contributes signi�-
cantly to computational e�ciency and temporal pattern extraction.

Decoder Structure: The decoder inputs consist of previously predicted output val-
ues at each step, allowing the Transformer to condition future predictions based on past
estimated states. Similar to the encoder, the decoder applies positional embeddings fol-
lowed by self-attention mechanisms, speci�cally used to extract temporal dependencies and
relationships in the predicted outputs.

Feedforward Layers: After passing through the attention and convolutional oper-
ations, the resulting tensor, with shaped � d

4 , is passed by multiple feedforward layers.
These layers map the learned features to the desired output dimensions. Speci�cally, the
�nal output dimensions include estimations for longitudinal and lateral velocities. The
�nal layer is linear, mapping from dimensionln� 1 (hidden nodes of the preceding layer) to
the q = 2 output states.

Let p = 8 represent the dimensionality of each input time step andd the time delay for
the entire sequence. A time delay of 0.5 seconds (50 measurements) is considered for this
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Figure 4.6: Structure of the Transformer model used in this experimental study.
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