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Abstract 

:\Iotivated by .Jones· braid group representations constructed from spin models. 

we define a .Jones pair to be a pair of n x n matrices (A .. B) such that the endo­

morphisms X.-t and .l8 form a representation of a braid group. \n1en A aud B arc> 

type-II matrices. we call (.-t B) an im:ertible Jones pair. \Ye develop the theory of 

.Jones pairs in this thesis. 

Our aim is to study the connections among association scheme:,. spiu lllUlleb 

and four-weight spin models using the viewpoint of Jones pairs. We use Xomura ·s 

method to construct a pair of algebras from the matrices (.·LB). which we call the 

Xomura algebras of (.-LB). These algebras become the central tool in this thesis. 

\Ve explore their properties in Chapters 2 and 3. 

In Chapter -t we introduce Jones pairs. \Ve prove the equi\"alence of four-weight 

spin models and invertible .Jones pairs. \Ve extend some existing concepts for four­

weight spin models to Jones pairs. In Chapter 5. we provide new proofs for some 

well-known results on the Bose-Mesner algebras associated with spin models. 

We document the main results of the thesis in Chapter 6. We prove that e\·­

ery four-weight spin model comes from a symmetric spin model ( up to odd-gauge 

equivalence). \Ve present four Bose-:\Iesner algebras associated to each four-weight 

spin model. \Ve study the relations among these algebras. In particular. we pro\·ide 

a strategy to search for four-weight spin models. This strategy is analogous to the 

method given by Bannai. Bannai and Jaeger for finding spin models. 

lV 
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Chapter 1 

Introduction 

'\Ve first give an overview of chis thesis. In Sections 1.2 and 1.3. we g1Ye the 

background materials on spin models and bra.ids. Then we present a historical 

overview of the research on the association schemes attached to spin models. 

1.1 Overview 

The purpose of this thesis is to introduce .Jones pairs and to extend the existing 

theory of association schemes attached to four-weight spin models. 

\Ye now define .Jones pairs. Given two n x n matrices .\/ and .Y. their Schur 

product JI o ~v is defined by 

for all i. j = 1. .... n. If C is an n x n matrix~ we define two endomorphisms of 

1 
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Xe( JI) = C .\/ and .le( .\I) = Co JI. 

for any n x n matrix .\/. We say that the pair of n x n matrices t .--L Bl is a .Jones 

pair if X.-1 and .la are invertible. and they satisfy 

\Ve will show in this thesis that Jones pairs gi\·e representations of braid groups. 

Moreover. we will see that spin models and four-weight spin models belong to a 

special class of Jones pairs. called the invertible Jones pairs. Couseqnently. we 

obtain a representation of braid group from every four-weight spin model. This 

fact was not known previously. 

The connections between spin models and association schemes have been the 

focus of existing research. \Ve have always found association schemes intriguing. 

mainly because of their connections to a vast number of combinatorial objects such 

as distance regular graphs. codes and designs. It follmvs naturally that we are 

interested in the results due to Jaeger [121 and Xomura [23] which say that e\·ery 

spin model belongs to the Bose-Mesner algebra of some association scheme. In 

[12] . .Jaeger asked for an intrinsic characterization of the association schemes whose 

Bose-Mesner algebras contain a spin model and this is the question which motivates 

the work in this thesis. 

Xomura used the type-II condition of spin models to obtain the result mentioned 
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abm·e. \Ye say an n x n matrix .-l satisfies the r_rpe-II coudition if 

for all i. j = 1. . . . . n 

and it is called a type-II matrix. Spin models and the matrices m four-weight 

spin models are examples of type-II matrices. In [23]. Xomura constructed a Bose­

~Iesner algebra of some association scheme from each type-II matrix. This algebra 

is called the ~omura algebra of the type-II matrix. He also showed that eYery spin 

model belongs to its Xomura algebra. In Chapter 2. we generalize his construction 

to a pair of algebras built from a pair of matrices ( .-L B). \Ye also study the 

properties of this pair of algebras. In this process. we find new and simpler proofs 

of many known results on the ~omura algebras of type-II matrices and spin models. 

We are now convinced that Jones pairs provide a natural setting for the study of 

the problems related to spin models and four-weight spin models. 

Relying on the fact that every spin model belongs to its Xomura algebra. Banuai. 

Bannai and Jaeger [3] designed a strategy to search for spin models. However. the 

matrices in a four-weight spin model do not belong to their Xomura algebras. So 

Bannai. Bannai and Jaeger ·s method does not apply directly to four-weight spin 

models. In Chapter 6. we provide a construction of an 4n x -ln symmetric spin 

model from each n x n four-weight spin model. This construction generalizes a 

construction due to ~omura in [22] . .-\s a result. four-weight spin models are not 

very different from symmetric spin models. ~loreover. we design a strategy to find 

four-weight spin models using this newly constructed 4n x 4n symmetric spin model. 

In addition to the Xomura algebras obtained from the matrices in an n x n 

four-weight spin models and the 4n x 4n symmetric spin model. we will construct 

two more Nomura algebras from the four-weight spin model. In Chapter 6. we will 
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see ho·w these Xomura algebras are intricately related to each other. 

1.2 Spin Models 

C sing a statistical mechanical model called a spin model. Jones [l :-j rnustructed 

invariants of unoriented links in the form of partition functions. His definition 

of a spin model is essentially a symmetric matrix that satisfies certaiu properties 

such that its partition function is invariant under the Reidemeister moves of link 

diagrams. The Potts model. which is a linear combination of the identity matrix 

and the matrix of all ones. is the simplest spin model. From the Potts model. we 

can obtain the infamous .Jones polynomial. 

In 1994. Kawagoe. llunemasa and \Vatatani [18] generalized the definition of 

spin models by removing the symmetry condition. We adopt their definition in this 

thesis: an n x n matrix n· is a spin model if there exists a non-zero scalar a and 

d = ± vfn such that 

( I) For i = 1. .... n. 

1r .. , = a 

and 

n n 

L H· .. .r = L lF.r.a = da- 1 
• 

.r=l .r=l 

(II) For all i. j = 1. .... n. 

n Hl 
' , • .r r L- W = ai1n~ 
.r=l J.r 
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where 6i1 equals one when i = j and zero otherwise. 

(III) For all i.j.k = 1. ... . n. 

They also showed that the partition functions give invariants of oriented links. So 

far. we only know three infinite families of spin models. The first family is the 

Potts models. The second one comes from finite .-\belian groups. In [3}. Baunai. 

Bannai and Jaeger built a spin model from each finite .-\belian group. The third 

family consists of the symmetric and the non-symmetric Hadamard spin models. 

constructed by Jaeger and Xomura [21. 15]. 

It turns out that the type-II condition for spin models is more important than 

the other two conditions. In particular. the type-II condition of a spin model plays a 

key role in ~omura ·s construction of the Bose-~Iesner algebra containing it. ~fore­

over. unitary type-II matrices are important objects in the study of Von Xeumann 

algebras [16]. 

In 1995. Bannai and Bannai [2] gave a further generalization by defining the 

four-weight spin models. In [13}. Jaeger normalized the partition function of a 

four-weight spin model to give an invariant of oriented links. .-\ four-weight spin 

model is a 5-tuple ( n·1. n·2• n·3 • ft:4 ; d) with d2 = n and a non-zero scalar a satisfying 

(I) For all o = 1. .... n. 
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and 

n 

L(l-t:2)0 . .r = I:;=1(H.2)r.o = da-•. 
r=l 

n 

L ( n· .. )o . .r = I:;=l ( H"-1 )r.o = da . 
.r=l 

(II) For all a. 3 = 1. .... n. 

( H"i )o.J(l,t"J )a.o = 1. ( lr2 )o.J( n·.t)J.o = 1. 
n 

L ( n·. )o . .r( n·3 )r.J = 60.3n. 

.r=l 
n 

L ( H"2 )o,.r( H"4 ).r.J JoJn . 
.r=l 

(III) For all o. 3. 1 = 1. .... n. 

n 

L ( lVi )o . .r( ir1 ).r,J( l-t".t }-y,.r = d( tr1 )o.J( w_. ka( tr_. )1,.,. 
.r= 1 

n 

L(n"1 ).r.o(H"1 )a,.r(fF-1).r,1 = d( l-t"1 L,.o( l-t"-1 )a.-r( ll"-1 )J.1• 
.r=l 

6 

In the same paper. Bannai and Bannai listed sixteen equations that are equfralent 

to the type-III conditions of four-weight spin models. Having to decide which 

equations are more suitable for a given problem complicates any analysis of four­

weight spin models. One advantage of Jones pairs is that they save us from having 

to deal ·with these sixteen equations. 



1.3 Braids 

Jones pairs are designed to give representations of braid groups. so braids are 

naturally the topological object of interest here. In this section. we pro\·ide some 

essential background of braids and braid groups. 

:\ braid on m strands is a set of m disjoint arcs in 3-space joining m points 011 

a horizontal plane to m points on another horizontal plane directly below the first 

m points. Given a braid. we form the closure of the braid by joining the m poiuts 

on top to the m points at the bottom as illustrated in the following figure. It is 

obvious that the closure of a braid is a link. 

The following theorem due to Alexander [20] explains the connection between 

braids and links. 

Theorem 1.3.1 Any link is isotop·ic to the closure of some braid. □ 

\Vhen we stack t'wo braids on m strands. we get a new braid. which we call the 

product of the two braids. This operation is associative. If we define 0-1 and tT,- 1 

as shown in the figure below. then it is easy to see that any braid on m strands is 

a product of t'.11 .... , Um-l · Hence the inverse of a braid always exists. :\s a result. 

we get a group structure on the set of braids on m strands. 
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l i+l 

X 
CJ. 

I 

i+l 

X 
(J_-1 

I 

s 

The braid group on m strands. Bm. is generated by 0'1 ..... O'm-l subject to the 

following relations: 

(a) For all Ii - JI ~ 2. 

(b) Foralli=l. .... m-2. 

Given a spin model tr. Jones (17} built a representation of the braid group Bm. 

His construction uses the endomorphisms. Xw and ~n·-1. of Mn(C). He showed 

that the trace of the element representing a braid equals the partition function 

invariant evaluated at the closure of the braid. up to normalization. 

In summary. given a spin model tr. we can obtain the same link inYariant either 

using the partition function or the trace of a representation of the braid group. 

However Jones pointed out a puzzling distinction between the two approaches. 

which is that the type-II condition on n: is needed for the first method. but not for 

the second. This distinction motivates our definition of Jones pairs in Chapter 4. 

In particular. we do not assume the type-II condition on the matrices in Jones 

pairs. In the same chapter. we will generalize Jones· construction to four-weight 

spin models. 
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1.4 Association Schemes 

In 1992. Jaeger [10] made the first connection between association schemes and 

spin models. He showed that a spin model gi\"es an eYaluation of the l{autfman 

polynomial if and only if it belongs to a triply-regular formally self-dual two-class 

association scheme. ~O\V two-class association schemes are equivalent to strongly 

regular graphs. ~Ioreover. a triply-regular two-class association scheme corresponds 

to a strongly regular graph G with the property that the neighbourhoods of any 

vertex in G and its complement induce strongly regular graphs. From this result. 

we see strong combinatorial properties attached to spin models. 

Four years later . .Jaeger [12} obtained the surprising result that eYery !'lpin model 

belongs to the Bose-1Iesner algebra of a formally self-dual association scheme . 

.Jaeger's profound discoveries caught the interests of researchers in Algebraic 

Combinatorics. They produced a series of results on spin models and association 

schemes. Here. we document some other classical findings of this area. 

Shortly after Jaeger announced that every spin model belongs to a formally 

self-dual Bose-1Iesner algebra. ~omura [23] came up with a substantially simpler 

algebraic construction of a Bose-~fosner algebra from a spin model. In fact. Xomura 

showed that each type-II matrix gives rise to a Bose-Mesner algebra. now known 

as the Xomura algebra of the type-II matrix . .Jaeger. :\-Iatsumoto and Xomura [1-1] 

examined further the Xomura algebras of type-II matrices. and concluded that a 

type-II matrix ~V belongs to its Xomura algebra if and only if it is a spin model up 

to scalar multiplication. 

In 1997. Bannai. Bannai and Jaeger [3] found a necessary condition for a for­

mally self-dual Bose-Mesner algebra to be the Nomura algebra of some spin model. 

They showed that the matrix of eigema.lues of the ~ omura algebra of a spin model 
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must satisfy the modular invariance property. C nfortunately. we still do not han· 

any way to tell whether a Bose-:\Iesner algebra is the Xomura algebra of some 

type-II matrix. 

:\-Iuch less is known about the connection between four-weight spiu models and 

association schemes. The only result ·we know is due to Bannai. Guo and Huaug 

[l. 9]. They proved that if (W
1

• W
2

• 1V
3

. ll"-1:d) is a four-weight spin model. theu 

the ::\"omura algebras of ll"
1

• lV
2

• U:
3 

and lV, coincide. and this algebra is formally 

self-dual. 

1.5 Directory 

In this section. we provide a layout of this thesis. 

Chapter 2 Lays the groundwork for subsequent chapters. In Sections 2.1 and 

2.2. we introduce the ~omura algebras of two matrices (.-l. B) and the duality map. 

In Section 2.3. we present a useful tool called the Exchange Lemma. These three 

sections are joint work by Godsil. ~Iunemasa and the author [6]. In Section 2.-t 

we examine effects on the Xomura algebras of (.-t B) when .-land B are multiplied 

by some monomial matrices. In Section 2.5. we shmv how the Xomura algebras of 

(.4.
1 

2, .4
2

• B
1 

8 B
2

) are related to the Xomura algebras of (.-l
1

.Bi) and {.-l·.?.B
2

). 

The findings in these two sections generalize similar results from Jaeger. ~Iatsumoto 

and Nomura [14]. 

Sections 3.L 3.2 and 3.7 survey existing results about the type-II matrices and 

their Nomura algebras. \Ve present new proofs using the tools developed in Chap­

ter 2 and they are due to Godsil, ~Iunemasa and the author. Sections 3.3 to 3.6 

overview the standard theory of association schemes. In Section 3.8. we study the 

properties of the Nomura algebras of two type-II matrices. These properties are 
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used substantially in subsequent chapters. The results in this section are joint work 

by Godsil. ~Iunemasa and the author. 

\Ve introduce one-sided Jones pairs and Jones pairs in Chapter -!. Based on 

.Jones· construction. we build a braid group representation from a Jones pair. :\lore 

importantly. we show that invertible Jones pairs are equivalent to four-weight spin 

models. In Sections 4. i and 4.8. we extend Jaeger's notion of gauge equivalence 

to one-sided Jones pairs. The results in this chapter are joint work by Godsil. 

:\Iunemasa and the author. 

\Ve examine spin models as Jones pairs in Chapter 5. In Section 5.2. we prO\·icle 

.Jaeger. :\Iatsumoto and :-,iomura·s derivation of the modular invariance equation. 

In Section 5.3. we extend Curtin and Xomura·s theorem to the strongly hyper­

self-duality of the Terwilliger algebra of the Xomura algebra of a spin model. In 

Section 5.4. we provide a new and shorter proof of one direction of Jaeger's result 

on spin models from two class association schemes. The last section contains our 

new proof. using Jones pairs. to Jaeger and Xomura's construction of the symmetric 

and non-symmetric Hadamard spin models. 

Chapter 6 contains the main results of this thesis. In Section 6.1. we construct a 

type-II matrix n.: from an invertible Jones pair (A .. B). This type-II matrix gi,·es a 

formally dual pair of Bose-Mesner algebras. We determine the dimensions. the basis 

of Schur idempotents and the basis of principal idempotents for these algebras. In 

Section 6.2. we extend ~omura's construction [22] to build a pair of symmetric spin 

models. V and V'. from each four-weight spin model. \Ve design an algorithm to 

exhaustively search for four-weight spin models. which is described in Section 6.3. 

Sections 6.4 to 6.6 document our observation of the relations of the ~omura algebras 

of . .\, w·, ·v and V'. Section 6. 7 documents what we know about the simplest class 

of Jones pairs. Finally, we discuss several directions of future work. 



Chapter 2 

Nomura Algebras 

In (23}. :'iomura constructed n2 vectors from a symmetric type-II matrix .-L He 

then considered the set of all matrices for which these \·ectors are eigenn~ctors. and 

showed that this set forms a Bose-~Iesner algebra. This algebra is now call~d the 

Xomura algebra of .-Land denoted by _,f4 . Xomura went further and proved that 

if . ..\ is a spin model. then . ..\ belongs to its Xomura algebra. Thus Xomura algPlm,~ 

play a significant role in the theory of spin models. 

During our investigation of Jones pairs. Godsil generalized Xomura ·s construc­

tion. Given a pair of matrices .-1 and B. we consider the set of matrices of which 

for all i.j = 1. .... n. 

are eigenvectors. We call this set of matrices the Nomura algebra of ( . ..\. B). and 

denote it by N'.-t.B· In general. the Xomura algebra of (.4 .. B) is not a Bose-:\·Iesner 

algebra. However it will become clear in subsequent chapters that .V.-t.B is a powerful 

tool in the study of Jones pairs. 

12 
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Sections 2.1 and 2.2 introduce the ~omura algebra of (.-\. B) and a special 

function on .A/.t.8 called the duality map. The results in these two sections provide 

technical background for Chapters 3 to 6. They also appear in the paper [6} by 

Godsil. 11unemasa and the author. 

In Sections 2.4 and 2.5. we generalize several results due to .Jaeger. ~latsumuto 

and ~omura in [14}. which are in turn extensions of ~omura's results on symmetric 

type-II matrices. 

2.1 Nomura Algebra of Two Matrices 

\Ve introduce the ;\Omura algebras of a pair of n x n matrices { .-\. B ). denoted by 

.f-t.8 and .\·~~.8 . \\ie study the properties of these algebras and a map 

0 .,. \"' 
.-\.8 : .\ .-\,8 ➔ • 1 

.-\.B 

called the duality map. In this section. we resist the temptation of adding dispens­

able conditions on .-\ and B. 

For any pair of n x n matrices .-\ and B. their Schur product .-\ o B 1s the 

entry-wise product of .-\. and B. That is. for i. j = I. .... n. 

The n x n matrix of all ones. denoted by J. is the identity with respect to the Schur 

product. If all entries of .-1 are non-zero. then the matrix .-11-l with 

1(-l = _l_ 
.-i,.J 1 . 

• "'lt,J 
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satisfies .-lo _..\(-l = J. We say that ...1. is Schur im·ertible and .-l1- 1 i:.-; the Schur 

im·erse of A .. ~ote that lVln(C) forms a commutative algebra with respect to the 

Schur product. 

Let { c 1 ..... e0} denote the standard basis for C'1 . Given a pair of n x n matrices 

.-l and B. we obtain the following set of n2 vectors 

{.-lei o Be 1 : i. j = l. .... n}. 

The vector .-lei o Be 1 equals the Schur product of the i-th column of .-l with the 

j-th column of B. In most cases we encounter. these n2 Yectors are not distinct. 

\Ve define .f-t.B to be the set of n x n matrices for which .-lE, o Bt 1 is an 

eigenvector. for all i. j = 1. . . . . n . 

Lemma 2.1.1 Let A. and B be n x n matrices. Then the ~et .f-t.B i~ a vector :;pace 

which is closed under multiplication. and it contains the ·identity matrix. 

Proof. Let .\J .. V E .f-t.B· For i.j = 1. .... n. there exist m,1 and n,1 such that 

.\/ .-le, o Be.1 = m,1 .-le, o Be1 and .V .-le, o Be1 = n,1 .-\e 1 o BEr :',;ow. 

So we have J/N E J/-t.B· It is immediate that .-lei o Be1 is an eigenvector for I. for 

all i.j = 1. .... n. So IE .. V-t.B• D 

\Ve call .-·V.-t.B the ~Vomura algebra for the pair(.-\. B). Xow for each matrix .\I in 

./,/-t.B! we use 0.-t.BP/) to denote the n x n matrix whose iJ-entry is the eigenvalue 

of JI with respect to the eigenvector .-\e1 o Be 1. That is. 
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for i. j = 1. .... n. \Ve call 0.-t.8 the duality map. \\·e use .\~~.8 to denote the image 

of .f-t.8 under 0.-t.8· The following two lemmas tell us that .\~~LB i:-- au algebra with 

respect to the Schur product. 

Lemma 2.1.2 Let.-\ and B be n x n matrices. Then for all .\[ and .\" in .\~.\.B· 

we have 

Proof If JI and .Y lie in ;\~-t.8 then 

( .\[ X) .-le; o Be 1 = 0 .-\.8 ( .\/)i.1 0 .-\.8 ( S) 1 •1 .·-lt, o Bt 1 

= (0.-t.a(.\/) o 0 .. 1.a(.\")),.; A.ti o Bfr 

So the result follows. □ 

Lemma 2. 1.3 Let A and B be n x n matrices. Then .\~~.a is a vector .;pace m 

Mn ( C) wh-ich is closed -under the Schur product. and it conta-ins .I. 

Proof It follows from Lemma 2.1.2 that .·\~~.a is closed under the Schur product. 

:\foreover. since I .-le, o Be1 = 1 .-\e, o Ber we have 0-t.a( [) = .!. 

The following standard result (Theorem 2.6.1 [5]) says that there is a basis of 

Schur idempotents for J(~.a-

Lemma 2.1.4 Let.-\/ ~ Mn(C) be a vector space that is closed under the Schur 

product. Assume further that J E .V. Then .JV has a bas-is of Schur idempotents. 

Proof Choose .\I to be a matrix in .·\/ with the maximal number of distinct non­

zero entries. \Ve can write 1\,/ = Z:1=1 o;A.i. where o 1 ~ .... OJ are distinct and 
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.4.1 •.... A.dare 01-matrices that sum to J and satisfy .4., o .4.; = J,1 .--l,. Then the 

.-l1 ·s are linearly independent. For any i = 1. .... d. the following product 

equals .4.1 and belongs to .V. So the dimension of.\' is no less than d. 

Suppose SE.Vis not a linear combination of . ..\ 1 ..... . ..\d. Let S = I::~=t .:31B1 

where 31 •.... 31; are distinct and B1 .... . Bi: are 01-matrices that are mutually 

orthogonal with respect to the Schur product. 

Since {B1 .... • Bk} I- {.4. 1 •...•• 4.d} and.\· is closed under the Schur product. 

is a set of more than d Schur idempotents in .V. As a result. any linear combination 

of the matrices in this set with distinct non-zero coefficients rontrildin, tlw d10icf' 

of JI. We conclude that { .-t 1, .... .-td} spans .-\·. □ 

For example. when .4. = I and B = J. the set of eigenvectors is {t 1 ..... en}. 

Therefore ./v~4.B equals the set of n x n diagonal matrices. Since for i. j = 1. .... n. 

we get E>u(D) = DJ for any diagonal matrix D. The basis of Schur idempotents 

of .N'r.1 equals { ei 1 T : i = 1 ..... n}. In this case, both algebras have dimension n. 

\Ve can say more about these algebras if we assume . ..\ is invertible and B is 

Schur invertible. ~lore importantly. we will see in Chapter -1 that these conditions 
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hold when (.-t B) is a Jones pair. 

Theorem 2.1.5 Let .-\. be an ·invertible matrix and let B be a Schur invertible 

matrix. Then the d-uality map 0 .-\.B is an ·isomorphism from the algebra . \ ·.-t.B 

(w-ith respect to matrix m·ultiplicahon) to J(~.B (w·ith respect to the Schur product}. 

Moreover .. \~-t.B -is a commutative algebra. 

Proof. For each r. the set of vectors 

{.-le1 0Ber: fori=l. .... n} 

is linearly independent and hence it is a basis for C". As a result. for eYery .\/ in 

.\(-t.B• each column of 0..i.a(J/) contains all n eigell\-alues of J/. ~ow we conclude 

that 0.-i.8 (.\/) = 0.-t.al.M') if and only if .\I=.\['. So the map 0.-1.B is i:t uijectiuu. 

By Lemma 2.1.2. if.\/ . .VE .. ·\:~-t.B• then 

0 .-t.B ( .\/.V) = 0 .-t.B ( .\/) o 0.-t.B ( .V) 

= 0.-t.B(.V) o 0.-t.B(JJ) 

= E>.-t.B( S.\l). 

It follows that .\IN= .V.\/. for all .\/ . .VE .f-t.B• 

2.2 The Duality Map 8.-tB 

□ 

\Ve now define two types of endomorphisms ofM0 (C). They are used by .Jones [17} 

to construct braid group representations from spin models. More importantly for 

us. Jones pairs are defined using these endomorphisms. so they show up everywhere 

in this thesis. 
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Let C be an n x n matrix. We define two endomorphisms of :\tlr, ( C): Xe and 

~c- as follows 

Xe(.\/)= C.\l. ~c =Co.\!. 

Xow Xe is invertible if and only if C is invertible. Similarly. ~c is invertible if and 

only if C is Schur invertible. If A. is in\"ertible and B is Schur inwrtible. we han· 

It is worth noting that ~B and ~c commute for all n x n matr:ce~ B and C. 

:\Ioreover. if D is a diagonal matrix. then Xo = ~DJ· Thus Xo aud ~c commute. 

Let .\[ and S be cwo n x n matrices. Then tr( _\/r .Y) = sum(.\/ o .Y) is a 

non-degenerate bilinear form on Mn ( C). If } • is an endomorphism of !vln ( C). we 

use } ·T to denote the adjoint of }- relative to this bilinear form. \\"t• call it tlw 

transpose of Y. It is straightforward to verify that 

In Section 2.1. 0.-t.B(R) is defined as a store of eigenvalues of RE .\/-1.B• The 

following theorem gives an equivalent definition of the duality map n:--ing the t"ndo­

morphisms X..t and ~B- This definition helps us identify when a matrix belongs to 

}\(.,_,B and it is used repeatedly in the rest of the thesis. 

Theorem 2.2.1 Let .-l. B E Mn(C). Then R E .-\J~-1.B and S = 8.-1.B( R) if and 
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only if 

( ~.11 

Proof. Let £ 11 = eie; be then x n matrix with one in its iJ-entry aud zero dst'where. 

The set { £ 11 : i. j = 1. .... n} is a basis for M0 (C). So (2.1) holds if and only if 

for all i. j = l. .... n. ~ow the left-hand side equals 

XR~BX.-t(e,e;) = R (Bo .-l(e 1c;)) 

= R {Be 1 o ...\e,)E;. 

and the right-hand side equals 

..laX.-t..ls(t,tJ") = 80(.-\(Sof,t:;)) 

= s,.J (Bel O .-le.)E;. 

Both sides are equal if and only if 

\Ve conclude that the relation (2.1) holds if and only if S = 0.-t.B(R). □ 
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2 .3 The Exchange Lemma 

The Exchange Lemma results from the tri\"ial idea that the set 

{ .-le, o Be; : i. j = 1. .... n} 

does not change by swapping .-l and B. Therefore . \ ~-LB = . \ ·a .. -1. If S = 0 .-LH l R 1 

then 

which is the same as writing 0a .. -t(R) = ST and .\"8.A = .\~~.BT· As a result. we 

ha,·e 

if and only if 

The lemma below. called the Exchange Lemma. gives a more general form of the 

above equivalence. It was first discovered by 1Iunemasa during our in\·estigatiou 

of Jones pairs. This result is of much greater importance than it may first appear. 

It is applied at numerous places in this thesis. 

Lemma 2.3.1 If A. B. C. Q. R. SE Mn(C) then 
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if and only -if 

Proof. Pick any i. j E { 1. .... n}. Applying both sides of the first relation to E,1 

gives 

By multiplying each side by e 1e;. we get 

which is the same as 

So the result follows. □ 

Csing the Exchange Lemma. we obtain several equi\·alent forms of (2.1). 

Corollary 2.3.2 If .-t is ·invertible and B is Sch-u.r invertible. thw the follow-my 

are equivalent: 

a. R E _·\/.,_,B and S = 0 .-t.B ( R) 
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Proof By Theorem 2.2.1 and the Exchange Lemma to (2.1). Condition (a) h0ld~ 

if and only if 

Taking the transpose of both sides yields (b ). So (a) and ( b) are equi\·alent. :\Iore­

over we can write (2.1) as 

Applying the Exchange Lemma gives {c). Lastly. we obtain !d) by taking tht> 

transpose of each side of (c). As a result. Conditions (a). (c) and !d l art> f•quivalent. 

□ 

Assuming all diagonal entries of .-l are non-zero. ,ve use Corollary 2.3.2 ( b) to gee 

an explicit formula of 0.-t.B· All equivalent forms of Equation (2.1) gi\-e formulae 

of 0.-t.B· \Ve choose this particular one because we will use it in the pruof uf tht> 

modular invariance equation in Section 5.2. 

Lemma 2.3.3 Let A and B be n x n matrices. and let R E .. V-t.B. If.-\ and .-.\ o I 

are invertible and B ·is Sch-ur invert·ible. then 

Proof. Let S = 0.4 .B(R). Applying Corollary 2.3.2 (b) to I. we get 
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By taking the transpose of each side. we ha\·e 

SO ((.-!TO [)B)::: l.-lT O R)B. 

Since AT o I = A. o I is a diagonal matrix. the left-hand side equals ( .-l o /HS o BL 

Hence we get 

C 

2.4 Transformations of (A, B) 

Two matrices A and C are monornially equirnlent if C = .\I A.\". when_• .\I allll .Y 

are products of permutation matrices and diagonal matrices. \\'hen A. is a type-II 

matrix . .Jaeger. ~Iatsumoto and Xomura examined the the relation between the 

Xomura algebras of the pairs (.-l .. -!l-l) and (C.C(-l). (see Proposition 2 and 3 in 

[141). In this section. we extend their result to }/..LB for any pair of TL x ,, matrices 

(.-l.B). 

As we will see in Sections 4. 7 and 4.S. if ( .-1 1• Bi) and ( .·h. B-1 ) are guage equiv­

alent invertible Jones Pairs. then .-t. 1 and .-l-2 are monomially equivalent. and so are 

B1 and B2 . So the follmving lemmas tell us how the Xomura algebras of gauge­

equivalent invertible Jones pairs relate to each other. 

Lemma 2.4.1 If D. E and F are invertible diagonal n x n matrices. then 
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Proof. Since D (Bo C) = ( DB o C). we ha\·e 

which implies the lemma. 

Lemma 2.4.2 If P. Q and R are n x n perm·utation matrices. then 

• p , p-1 
.\P . .\Q.PBR = .. \ . .\,8 • d \ ... , Q-1 ., R 

an • P.-tQ.PBR = .\ .J..8 • 

Proof. Let JI E . r.t.B · Then for all i. j = 1. . . . . n. 

(P.\f P- 1 ) (P.4.Qe, o PBRe1 ) = P.\IP- 1 P (AQt, o 8Rt 1 ) 

= P.\l (.-\Qe, o 8Rf1 ). 

(PJI p- 1
) (P.4.Qe, o PBRe1 ) = P.\l (Ae,, o Btl') 

= 0.-t.B(J/\,.
1

, (P.-1.Qe, o PBRe1 ). 

So the first equality of the lemma follows. ~loreover. 0.-t.B( .\IL,.
1

, = ( QT 0A.B( .\l)R),.1 . 

and the second equality holds. □ 

2.5 Tensor Products 

We use J to denote both the Kronecker product of two matrices and the tensor 

product of two algebras. The next lemma generalizes Proposition 7 in (1-l]. due to 
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Jaeger. ~latsumoto and :'\omura. In particular. \Ve will use this lemma in Section -U 

to shmv that the tensor product of two Jones pairs is also a Jones pair. 

Lemma 2.5.1 Let .-!1~B1 E Mm(C) and Ai.B2 E Mn(C). lf A.1.A2 are mverttble. 

and B1, B2 are Schur invertible. then 

and 

Proo£ Since { e, :~ eh : i = 1. .... m and h = 1. . . . . n} form a basis for C"m. we 

can write the eigenvectors for the matrices in .. \~.\i3A:i,Bi0B:i as 

= (.-l1ei ::S .-!2eh) o (B1e1 ,8 B2e1i:) 

= (.-11ei o B1e1) ·8 (.-!2th o B2ek). 

for all i,j = 1. .... m and h. k = 1. .... n. This implies if J/ E .. \~-ti.Bi and 

.NE }./.4.2 .82 • then J/ ,~NE .1\(410.-t,.B10B,· Consequently, 

Now .41 0 .-12 is invertible and B1 8 B2 is Schur invertible. By Theorem 2.1.5. we 

have for i = 1.2, climNAi,Bi = dim .. ,V~i,Bi: and climNA10.-t,.B10a2 = dim.·V:~1 ,::,.-t,.B1081 • 
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It is sufficient to show that 4V', ~, 8 -:-B and .\"', 8 :: .V'.\ 8 have the same 
•"'l ....,.,2, I..., 2 •"'I• I • 2· 2 

dimension. If the Hermitian product of the two eigenvectors 

and 

is non-zero. then they belong to the same eigenspace of JI. for all.\/ in J/-1 1 8.-tz.B1 8B-i. 

Thus 

But the Hermitian product of those two eigenvectors equals 

and so the ((i 1~hi),(j1,ki)) and ((i2.h2 ).{j2.k2 )) entries of a Schur idempotent of 

~\/''4 ';'I , 8 ,,;,, 8 equal to one if and onlv if there exist a Schur idempotent F in .V', 8 •"'lv-"'2• Iv 2 w ·"'I• I 

and a Schur idempotent G in .l./.~
2 

,82 such that 

In other words, the set of matrices F,. 0 G,, for all Schur idempotents F,. of 

N-:~i.Bi and all Schur idempotents G, of .N.~2.82 , forms a basis of Schur idempotents 

for N~10A
2

,81082 . So the result follows. □ 



Chapter 3 

Type-II Matrices and Nomura 

Algebras 

Jaeger. ~Iatsumoto and ~omura showed in [UJ that the type-II condition of a spin 

model is sufficient for the existence of a Bose-Mesner algebra containing the spin 

model. Further. they proved that a type-II matrix belongs to its >iomura algebra 

if and only if it is a spin model up to scalar multiplication. If a matrix satisfies the 

type-II condition of a spin model. we call it a type-II matrix. 

Since the type-II condition plays a crucial role in the connection of spin models 

to Bose-Mesner algebras. we feel obliged to give a detailed treatment to type-II 

matrices and their ~omura algebras~ see Sections 3.1. 3.2 and 3. 'i. ~lost results 

in these sections are originally due to Jaeger. Matsumoto and Xomura in [1-t]. 

However. we present new proofs. using the tools developed in the pre\·ious chapter. 

given by GodsiL Munemasa and the author in [6}. Sections 3.3 to 3.6 consist of 

the standard theory of Bose-~Iesner algebras and association schemes. Section 3.S 

examines the Nomura algebra of a pair of type-II matrices A. and B. This section 

gives the foundation for the theory of invertible Jones pairs in Chapters 4 and 6. 

2i 
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The results in Section 3.8 also appear in [6]. 

3.1 Type-II Matrices 

If an n x n Schur-invertible matrix .-l satisfies 

t 3.1 l 

we call it a type-II matrix. In other words . .-l is a type-II matrix if and only if 

or equivalently. for i. j = 1. .... n. 

and 

Xote that Equation ( 3.1) is equivalent to the definition of type-II matrix in Sec­

tion 1.1. Also note that .-l is a type-II matrix if and only if .-l T is also type II. 

Suppose .-\ is a type-II matrix. If D1 and D2 are invertible diagonal matrices. 

then 

Therefore D1 .-\D2 is also a type-II matrix. Similarly~ if Pi and P2 are permutation 

matrices. then 
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and Pi .-1P2 is a type-II matrix. Xote that A .. Pi A.P2 and D1 . .\Di are monomially 

equivalent. The relation between the Xomura algebras of two monomially equiva­

lent matrices is discussed in Section 2.4. 

Example 3.1.1 \Ve list all type-II matrices of orders two to fi\'e. up to monomially 

equivalence. For detaHs. please see [14] and [24}. 

1 1 ...; 

b. n = 3: ...: 1 1 . where ...; is a cube root of unity. 

1 ...; 1 

1 l 1 1 

1 1 -1 -1 
c. n = 4: . for any non-zero complex number ,\. 

1 -1 A -.,\ 

1 -1 -.,\ A 

d. n = 5: for T/ a fifth-root of unity. 

1 l 1 l 1 

1 
•) 

'73 TJ"' ,, ,,. 

1 ,..,2 '1-4 T/ '13 

1 ,,3 ,, .. l 

'1 rr 

1 ,,,-t 1]3 ,,z 11 

and 

(
-5 - v's) 2 I +J; 
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The Kronecker product of two type-II matrices is also type IL So there exist 

infinitely many type-II matrices. Some significant examples are ~pin models and 

four-weight spin models. Furthermore. if a matrix is unitary and all its entries are 

roots of unity. then it is type II. These matrices are objects of interest in the theory 

of \'on ~eumann algebras [16]. 

3.2 Nomura Algebras of a Type-II Matrix 

Godsil [8} observed the following condition on --'(-t . ..tt-1 that is equivalent to ...\. being 

type II. 

Lemma 3.2.1 Let .-l be both Schur invertible and invertible. Then .-l i~ type II if 

and only if J E .\~-t . .-tH. Moreover. 0 .. t.-ti-,(1) = nl. 

Proof Assume .J E .\~-t . ..\1-,. For each j = 1. .... n. the set 

is a basis for C" consisting eigenvectors of J. X ow .-lf 1 o .-l ( - l t 1 equals 1. the vector 

of all ones. which is the only eigenvector of J with non-zero eigenvalue. So we 

conclude that 

That is, for all i. j = 1. .... n. 
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and .4. is type II. 

The converse is straightforward. 

Following existing conventions. we use .\~4 .• ·\~~ and 0.-t to stand for .\~4 . .-i.,-, . 

• \~~-.4l-l and e . .\, . .\l-1 respectively. 

Theorem 3.2.2 Let _..\ be a type-II matrix. If R E .\/-1 then 0 .. t( R) E .\. 1r and 

0.-td0.-i(R)) = nRT. 

Proof. Letting B = _4.(-l in Corollary 2.3.2 (c). we ha\·e RE.\~.\ and S = 0 .. i(Ri if 

and only if 

which is the same as 

Since .-1- 1 = n- 1 _4.(-)T_ we can rewrite the above as 

Applying the Exchange Lemma. we get 

By Theorem 2.2.1. we conclude that 5 belongs to ;\(4 r and 0.4r(5) = nRT. □ 

Corollary 3.2.3 If .4 is a type-// matrix. then .\i~~ = .'11,/4 r and .'(~r = .V:4 . More­

over. R E .\f.4 if and only if RT E ."1 .. t. 
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Proof .-\pplying Theorem 3.2.2 to the type-II matrix .4 .. we get.\·_~; .\.\r. Sinct> 

.-t.T is also type II. so .\~~r ~ .\~4 . By Theorem 2.1.5. 

d• \' d. \'' 1m. _.. = 1m. _4 . 

As a result. we get;\•~~ = .\~4 r and .\~~r = .\~-t-

The second part of the corollary follows from Theorem 3.2.2 and tht• fan that 

We deduce from Theorem 2.1.5 and chis corollary that .\·.4 is a commutatiw 

algebra (with respect to matrix multiplication) containing I and J which is dosed 

under the Schur product and the transpose. An algebra with all these properties is 

called a Bose-.Uesner algebra. We introduce the theory of Bose<\Iesner algebras in 

Section 3.3. 

Theorem 3.2.4 If .-l. is a type-II matr-ix. then both .\~4 and.\~~ arr: Bo$e-Me$ner 

algebras. D 

Lemma 3.2.5 If .-t. is a type-II matr-ix and if R1 . R 2 E .V-1 then 

and 

Proof. The first equation follows directly from Lemma 2.1.2. From the equality 

. \f..t = }I_~ T. there exist 51 and 52 in .N~-t r such that 0 .-tr( 5,) = R1 • for i = 1. 2. 
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Then by Theorem 3.2.2 

0.-t(Ri a R2) = 0-t(0_4r(Si) a 0.4r(S.~)) 

= 0.-t(0 .. tr(S1S2)) 

nSf S[. 

33 

The second equation follows from Theorem 3.2.2 and the commutati\"ity of .\~-tr. 

□ 

We have shown that the duality map 0.4 interchanges the Schur product and 

the matrix multiplication. ~Ioreo\"er. the following lemma shows that 0 .-t and the 

transpose map commute. 

Lemma 3.2.6 Let A be a type•Il matrix. If RE _\/4 • then 0.4 (Rr) = 0_-t(R)r. 

Proof. Let S = 0.-t(R). By setting B = .-1(-) in Corollary 2.3.2 (b). we get 

which can be rewritten as 

Since _4.(-)T = n . ..\- 1 . we have 

So by Theorem 2.2.1. we get 0_4 (RT) = 0.4 (R)7. □ 
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3.3 Association Schemes and Bose-Mesner Alge­

bras 

.-\ Bose-}[esner algebra is a finite dimensional vector space of n x n matrices that 

is closed under the transpose. the Schur product and the matrix multiplication. 

It is commutative with respect to the matrix multiplication and it contains I and 

J. The Xomura algebras of type-II matrices are Bose-:\Iesner algebras. .-\s we 

see in this section. Bose-1Iesner algebras are equivalent to association schemes. 

Association schemes can be viewed as partitions of the complete graph on n \·ertices 

into directed graphs that satisfy some regular conditions. Sections 3.-l to 3.6 sern­

as an introduction to the theory of association schemes. For further information on 

association schemes. please refer to [5]. 

In this thesis. we choose to give the definition of association schemes in terms 

of matrices . .-\n association scheme on n elements with d classes is a set of 11 x n 

01-matrices A= {.-lo ..... .-ld} that satisfies the following conditions: 

a . .-lo= I 

c. A.f = .-li'• for some i' E {O ..... d} 

d. There exist non-negative integers Pt such that for all i.j = 0 ..... d. 

d 

.-\,.-\1 = ~ pt . .\k. 

k=O 
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If .4.; = .-t, for i = 0 ..... d. we say that A is a symmetric association scheme. 

Let B be the span of {.4.0 .... . A,d}- Condition (b) says that .-t, o .-\.1 = J,.1 .--l, for 

all i.j = 1. .... n. Hence B is closed under the Schur product. Conditions td) 

and (e) tell us that B is closed under and commutative with respect to the matrix 

multiplication. X ow the set { .-\0 ..... ...t,d} is a basis of Schur idempotents for B. 

\Yith the first three conditions. we know that B is also closed under the tran~po~e 

and it contains I and J. Consequently. we get a Bose-:\Iesner algebra of dimension 

d + 1 for each association scheme with d classes. 

Conversely. by Lemma 2.1.4. we know that any Bose-:\Iesner algebra of dimen­

sion m has a basis of Schur idempotents .4.0 ...... 4.m-t · It is standard result that 

the properties of a Bose-Mesner algebra enforce conditions (a) to ( e) to hold for 

.4.a. • • • • .-lm-l • 

3.4 Examples of Association Schemes 

\Ve list examples of association schemes that often appear in the context of spin 

models and four-weight spin models. 

The simplest example is the trfrial scheme A = {I. J - I}. Its Bose-:.Iesner 

algebra contains the Potts model. 

This family of association schemes has the most number of classes possible. Let 

X be a finite Abelian group and n = !XI. For each = E X. define the n x n 

01-matrix .4.: by 

These n permutation matrices form an association scheme with n - 1 classes. called 



CH . .\PTER 3. TYPE-II :U . .\TRICES .-\XD SO.\ICR.-\ .-\LGEBR.-\S 36 

the .-\belian group scheme of X. Bannai. Bannai and Jaeger showed in [3} that the 

Bose-:Mesner algebra of an Abelian group scheme always contains a spin model. 

The last examples are two association schemes with four classes constructed 

from a Hadamard matrix. Let H be an n x n Hadamard matrix. Then 

I O O 0 

0 I O 0 

0 0 I 0 

0 0 0 I 

0 0 

0 0 

J+HT 1-HT 
2 2 

J-HT J+HT 
2 2 

0 I O 0 

I O O 0 

0 0 0 I 

0 0 I 0 

J+H J-H 
2 -2-

1-H l+H 
2 2 

0 0 

0 0 

J-I J-I 

J-l J-I 

0 

0 

0 

0 

0 0 

0 0 
1-HT l+HT 

".? 2 

J+HT 1-HT 
2 -2-

0 

0 

0 

0 

J-I J-I 

J-I J-l 

J-H 
'2 

0 

0 

l+H 
-2-

0 

0 

form a symmetric association scheme on 4n elements with four classes. 

Replacing the last two matrices above by 

0 0 J+H J-H 0 0 2 2 
J-H J+H 

2 '2 

0 0 J-H J+H 0 0 --r- ~ J+H J-H 
2 2 

1-HT l+HT 0 0 J+HT 1-Hr 
-2- 2 -2- -2- 0 0 

J+HT 1-HT 0 0 1-HT J+HT 
2 2 2 2 0 0 

we obtain a non-symmetric association scheme with four classes. In [15] . .Jaeger and 

Nomura constructed symmetric and non-symmetric Hadamard spin models. They 

are contained in the Bose-Mesner algebras of the above schemes. respectively. 
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3.5 Idempotents and Eigenvalues 

Let B be a Bose-~Iesner algebra of an association scheme with d classes. Since the 

matrices in B are normal and they commute with respect to the matrix multiplica­

tion. they are simultaneously diagonalizable. Therefore B has a basis { £ 0 ..... Ec1} 

such chat £ 1 is the orthogonal projection onto the i-th common eigenspace of the 

matrices in 8. So we have 

d 

L Ek= I. and E,E, = Ji.;Ei-

k=O 

for all i.j = 1. .... n. The £,·s are called the principal idempotents of the associa­

tion scheme. 

By the definition of the principal idempotents. there exist complex numbers 

p,(j)'s such that 

for all i.j = 0 .... . d. The numbers p,(j)'s are the eigenvalues for the Schur idem­

potents. Define P to be the matrix whose j i-entry equals p1 (j). We call P the 

matrix of eigenvalues of the association scheme. );ow. for each i = 0 ..... d. we can 

write 

d 

.-1, = L PJ.IEJ. 
J=O 
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Similarly. if we let Q = nP- 1
. then for each i = 0 ..... d. 

d 

£, = n -1 L Q J.i.-1}" 

1=0 

3S 

~ate that £; o . .\1 = n- 1Q1,i.-lr The entries of Q act like the eigenYalues of£, with 

respect to the Schur product. Hence we name Q the matrix of dual eigenrnlues of 

the association scheme. 

3.6 Dualities of Association Schemes 

By Theorem 3.2.4. if .-l is a type-II matrix. then .\/.i and . \~4 r are Bose-:'-.Iesner 

algebras. ~Ioreover. the map 0.-t : .V4 ➔ .\·~4 r satisfies 

0_4 (.U) o 0_.t(.V). and 

In general. a duality between two Bose-Mesner algebras 8 1 and 82 is an invert­

ible linear map 'It : 8 1 ➔ 82 that satisfies 

\Ve say that the 8 1 and 8 2 ( or their corresponding association schemes) are formally 

dual to each other. As we have seen in Section 3.2. Nomura·s construction provide 

an abundant source of formally dual pairs of association schemes. 

\Vhen 8 1 = 8 2 and '11 2(.\J) = n~\lr. we say that 8 1 is formally self-dual. In this 

case. \JI maps the basis of Schur idempotents of 8 1 to its basis of principal idempo­

tents. It is possible to order the Schur idempotents and the principal idempotents 
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so that the matrix of eigenvalues P is the matrix of \{I with respect to the basis of 

Schur idempotents. If T is the matrix of the transpose with respect to the basis of 

Schur idempotents. then we have P 2 = nT. 

The duality map and the matrix of eigenvalues of the Xomura algebra of a spin 

model are crucial in the derivation of the modular invariance equation. \\"e present 

this in Section 5.2. 

3.7 Infinite Families of Type-II Matrices 

We record four families of type-II matrices in this section. Each of these type-II 

matrices is monomially equivalent to some spin model. 

The first example is the simplest family of type-II matrices. Let .-l = t I+ ( J - I) 

for some non-zero scalar t. Then 

.-1.-1t-)T = (tl + (J - [))(t- 1 [ + (J - [)) 

= ( - t - t- 1 + 2) I + ( t + t- 1 
- 2 + n ) J. 

Therefore .-l is type II if and only if t + t- 1 
- 2 + n = 0. For each n ~ 2. the solutions 

to the quadratic equation give two type-II matrices contained in the Bose-Mesner 

algebra of the trivial scheme on n elements. 

~ ow for any distinct i and j not equal to 1. 

(.-\e 1 o .-1<-)e,. A.e 1 o .-1<-)e1) = t2 + 2C 1 + n - 3 

= -n(t + 1). 
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which is non-zero when n -::/- --l. That is. when n -::/- 4. no two \·ectors from 

are orthogonal to each other. So. they all lie in the same eigenspace. Hence the 

matrices in A~-t have at most two eigenspaces. one spanned by the n - 1 vectors 

listed above and the other spanned by the vector .4.€ 1 o .-ll-le 1. This implies that 

all matrices in .\J~~ have at most two distinct entries and therefore.-\~~ = spanl / . .]I. 

By Corollary 3.2.3. \Ve have . \!~~ = ;\i~4 r. But .-l is symmetric. so we conclude that 

.V-t = .:\~-tT is the Bose-Mesner algebra of the trivial scheme. 

When n = 4. we have .-l = -/ + ( ]-[) and it is shown in Section 5.3 of (1-l] that 

.\/-t is the Abelian group scheme for Z 2 x Z2. Finally. the Potts model is defined to 

be u- 1 .-l where u4 = -t. and it is easy to see that . .\ E J/1 . 

The second example comes from finite .-\belian groups. It is documented in 

Section 5.1 of [14]. Let X be a finite .-\belian group and let Ax denotes its Abelian 

group scheme. For any x. y E X. we have .-lr.-ly = .-lr+y• Therefore the entries 

of the matrix of eigenvaiues satisfy P:,.rP:.y = P: . .r+•r Thus each row of P is a 

character of X which implies P is a type-II matrix. It is shown in Section 5.1 

of [U] that .V;, = Ax. However. in general . .-\Ip may not equal .V;, and it may 

not contain P. Further. if X is a cyclic group of order n. we define ii· to have 

entries H·r.y = ...;fr-")
2 

for some n-th root of unity ...;. Then tr is symmetric and 

n • E .V'w = .-lx. This matrix is a spin model. 

An n x n { 1. -1 }-matrix H is called a Hadamard matrix if H HT = n I. Since 

HT = H(-)T. Hadamard matrices form an infinite family of type-II matrices. Using 

easy counting argument. when n 2: 12 and n = 4 mod 8. }./H is just the span of 

{/. J} (see Section 5.2 of [14]). 
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In [15] and [21 ]. Jaeger and ~omura constructed two -ln x -ln spin models l hence 

type-II matrices) from each n x n Hadamard matrix H. We will provide a new 

proof that they are spin models in Section 5.5. For now. \Ve focus on their type-II 

property. Let .-l be an n x n Potts model. that is . . -l = -u3 / + u- 1(J - I) with 

(u 2 + u-2 )2 = n. For each e E {1.-1} and....,· being a fourth root of e. the matrix 

.-l .-l ._.:H -._.:H 

.4 .4 -u..·H ....:H 
ir( = 

ewHT -ewHT .4 .-t 

-ei.-.:HT ei...,•HT .4 .-l 

is a type-II matrix. 

The Bose-Mesner algebras of the symmetric and non-symmetric association 

schemes in Section 3.-l contain H\ and H .. _ 1• respectively. In general. the ~O­

mura algebras of these type-II matrices are not equal to the Bose-Mesner algebras 

of the four-class association schemes described in Section 3.-l. For instance. when 

n = •l. u = -i and 

l -1 1 1 

1 1 -1 1 
H= 

1 1 1 -1 

-1 1 1 l 

~Vwr has dimension 16. 
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3.8 Nomura Algebras of Two Type-II Matrices 

We examine the case where .4. and Bare type-II matrices. and study the interactions 

among the algebras .. f-t.B• ;\l~~.8 . .. f-i ... \~-tT· .Va and .\"8 r. This section lays the 

groundwork for Chapters -1 to 6. 

Theorem 3.8.1 Let .4 .. B and C be n x n type-II matrices. If F E .\~-t.B and 

GE .. V8 H,C• then F o GE .. \~-t.c and 

Proof. Let F' = 0.-1.a(F) and G' = 0 8 ,-,_c{G). Applying Corollary 2.3.2 (d) to 

F' = e.-t,B(F). we get 

which is equivalent to 

Since (A.- 1 )<-) = n.-lr .. ..t-T = n- 1 . ..t(-) and B(-}T = nB- 1. the abo\·e equation 

equals 

(3.2) 

Similarly, applying Corollary 2.3.2 (d) to G' = 0 8 (-1.c(G)~ we have 
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which becomes 

:\ilultiply the left-hand side of Equation (3.2) by .lcrXct-1r.lG and multiply its 

right-hand side by x(G')r.larXa-1. This gives 

which simplifies to 

Hence 

By Corollary 2.3.2 ( c). we get 

Therefore 

0.-t.c(F o G) = n-1 F'G'. 

D 

Lemma 3.2.6 is a special case of the next lemma. 



CH.4.PTER 3. TYPE-II .\1.4.TRICES ASD xo1n·R.-l .-\LGEBR.4.S -t-1 

Lemma 3.8.2 Let A. and B be n x n type-// matrices. If RE .. \~-t.B then 

Proof. Let S = 0.-t.B(R). By Corollary 2.3.2 (b). we have 

·which can be rewritten as 

:Xow a-T = n- 1 B(-) and using the Exchange Lemma. we obtain 

So the result follows by Theorem 2.2.1. □ 

The next two theorems are easy consequences of Theorem 3.8.1. They describe 

some interactions among the maps 0 .-t.B. 0 .-t and 0 a. 

Theorem 3.8.3 Let .-! and B be n x n type-II matrices. If F E .v.l. G E .. \,~-t.B 

and H E .. V·a. then F o G. and G o H belong to .-'/4.8 and 

0.-t.a(F o G) - n- 10.-t(F) 0.-t.a(G) 

0.-t.s(G o H) = n- 10.-t.a(G) 0a(H)r. 

Proof. The first equation results from applying Theorem 3.8.1 to the matrices 

( .4. Ac - ) . B). 
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Applying the same theorem to (.-LB. B). ,,·e find that 

0.-t.B(G OH) = n- 10.-t.B(G) 081-1.a(H) 

= n- 10.-t.a(G) 09(H}7. 

□ 

Theorem 3.8.4 Let A. and B be n x n type-II matrices. If F. G E .\~.i.B- then 

F o GTE .·V.-t n .·\/a and 

0.-t(F o Gr) = n- 10.-t.a(F) 0.-t.a(G)r 

0B(F O GT) = n- 10.-t.B(F)T e . .\.B(G). 

Proot: By Lemma 3.8.2. we know GT belongs to .V8 1-1 . .-t<-1 = .. \~-t(-1.8 1-1- By 

applying Theorem 3.8.1 to the matrices (A .. B . .-1.<-l). we get 

r sing Lemma 3.8.2 again. we see that 

Hence the first equation holds. 

\Ve now apply Theorem 3.8.1 to the matrices (B, .-t B(->). and obtain 

0a(F O GT) = n-1ea .. -t(F) 0_,tl-l,B(-dG7
) 

- n-10.-t.a(F)7 eA.a(G). 
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,....., 
u 

The following is an important consequence of Theorems 3.S.3 and 3.S.-t Ir 

implies that if . .\(-t.B contains a Schur-invertible matrix. then . \~4 .B . . \ ~~.B . . \ ~4 .. \"a . 

. Y4 r and .·\·"8 r have the same dimension and A~-t = /•./a. 

Theorem 3.8.5 Let.-.\ and B be n x n type-II matrices. lf .\~4.B contains a Schur­

-invert-ible matrix G and H = 0 ..t.B ( G). then 

G • _,. d GT , .. 
a. 0 .\! A = .·\, .·\.B an O /V.-t.B = .\! . .\. 

b \ .. H ":·, d fl,•, HT _,,, 
• • . .\ T = .• .-\,8 an • ~ . .\.B = . • . .\ T • 

Proof. By Theorem 3.8.3. we have Go .f-t ~ . f-t.B and Go J/a ~ . f-t.B · Since G is 

Schur invertible. the dimensions of .·V-t and ;\/a are less than or equal to dim. r-l.B. 

Similarly. Theorem 3.8...l implies GT o .V-t.B is a subset of .\l~-t and .\"a. The Schur­

invertibility of GT implies that the dimension of .·\/-1.B is less than or equal to the 

f /' d ' .. l . ,. ,. •T • dimensions o .·\. A an _.~· s. .-\s a resu t. we have ., \,· .-t = .·\/ B = G o . \· .-\.B and 

G O -"~-t = /t/-t.B. 

By the first equation of Theorem 3.8.3. we have lv~J.T H ~ _-\,~~.B- Since we have 

-V.-t.B = Go N'.J. for any JI E -V.-t.B• there exists .\/' E _.f4 such that JI = .\[' o G. 

It follows from Theorem 3.8.3 that 

0.-t.B(.\f) = 0.-t.B(.M' 0 G) 

= n- 10_4 (Jtl')H 

As a result. we have N".~.B ~ NAr H and the first part of (b) follows. 
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Similarly. the first part of Theorem 3.8.4 implies that .\~~.8 HT ~ .. \~4r. Because 

.. v.\ = GT O ,r-1.B, for all .v E .·'/,1. there exists S 1 E .\~-t.B such that .\" = X' 0 GT. 

It follows from the first equation of Theorem 3.8.4 that 

0.-t(.V) = 0..t(S' 0 GT) 

- n- 10.-1.B(.V')Hr. 

So .·\i~4 T ~ J,(~_ 8 HT and we have proved the rest of (b). 

[ sing the same kind of argument. the second equations of Theorems 3.S.3 and 

3.8.-l imply that .\i~~.B = H .. Var and .\ .. 9, = Hr.,,~~.B· respectively. Consequently. 

□ 

Since .V.1 is closed under the transpose. part (a) of this theorem tells us that if 

.:\(4.a contains a symmetric Schur-invertible matrix. then .. ·\(-t.B is also dosed under 

the transpose. 



Chapter 4 

Jones Pairs 

Given an n x n symmetric spin model n·. Jones (17] defined endomorphisms of 

C" :_:: C". Xw and ~w1-;. that prO\·ide a braid group representation. In Sf'ction 3.5 

of the same paper. Jones questioned the necessity of the type-II condition on W for 

the representation to give a Link invariant. This question rnoti\'-ates us to consider 

.Jones· braid group representation without assuming type-II condition. \Ve extend 

Jones· idea to use endomorphisms X.-1 and ~B- where B may not equal .-1.<-l. Jones 

pairs are defined in this process. 

\Ve devote this chapter to develop the theory of Jones pairs. \Ve introduce 

Jones pairs and a weaker version. called one-sided Jones pairs. in Sections ➔ .l and 

4.2. In Section 4.3. we discuss the braid group representations obtained from Jones 

pairs. In the remaining sections. we focus on the effect of the invertibility of B 

in a one-sided Jones pair (.-LB). An important consequence is the equivalence of 

invertible Jones pairs and four-weight spin models. In the last section. we reproduce 

Jaeger·s results on gauge equivalence with weaker assumptions. Except for the three 

corollaries in Section -1.5. due to the author. all results in this chapter are joint work 

by Godsil. Munemasa and the author (6]. 

48 
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4.1 One-Sided Jones Pairs 

A pair of n x n matrices ( .·l. B) is a one-sided Jones pair if both X.-1 and ~B are 

invertible and they satisfy 

{ -!. l) 

Equivalent to the definition in Section 1.1. we say that the pair (A .. B) is a .Jone~ 

pair if (.·l. B) and (.·L BT) are one-sided Jones pairs. 

By Theorem 2.2.1. an invertible matrix A. and a Schur-ill\·ertible matrix B form 

a one-sided .Jones pair if and only if 

A. E _\~-1.B and 0.-t.s(A.) = B. 

The pair(/. J) is an obvious example of one-sided Jones pair. It is in fact a Jones 

pair because J is symmetric. 

Csing the eigenvector approach. if A. is invertible and Bis Schur-inn~rtible. then 

( A .. B) is a one-sided Jones pair if and only if 

for all i.j = 1. .... n. The k-th entry of both sides equal 

n 

L .4.k.z•-lz,iB.r.J = B,,r4.1t,iBk.J• 

.r=l 

( 4.2) 
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1S 

~foreover. if ( A. B) is a Jones pair. replacing B by BT in Equation (--l.2) giYes 

n 

L . ..\k,.r·..\r.,BJ,.r = BJ,i • ..\k,,BJ.k· 

.r=l 

Let n· be a spin model with loop variable d. Then the type-III condition of n· 

which is exactly Equation (-1.2) with . ..\ = d- 1 W and B = U-(- l. .-\s a result. all 

spin models give one-sided Jones pairs. 

Let ( n,·1. W2 . H"3 . U-4: d) be a four-weight spin model. Then its type-III condi­

tions are 

n 

L ( lFdk . .r( H"d.r.,( irdr.J = d( tF-1 ),.J( iFi )k.,( n· .. ki and 
.r=O 

n 

L ( iVi )k.z( H ·1 )r., ( ir. )J . .r = d( n·-1) J,1 ( H ·1 )1.:.1 ( tr, )J.k, 

r:O 

These equations are the same as Equations ( 4.2) and ( 4.3) with . ..\ = d- 1 tr1 and 

B = n~. respectively. So we obtain a Jones pair from every four-weight spin model. 

In addition. we can build .Jones pairs using Kronecker product. Suppose ( . ..\. B) 

and ( . ..\'. B') are one-sided Jones pairs. By Lemma 2.5.1. we have 

From the proof of this lemma. we see that the eigenvectors can be written as 
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Hence ( .-1 2 .-l'. B 2 B') is also a one-sided Jones pair. As a result. there exi~t 

infinitely many one-sided Jones pairs. 

Suppose (.-LB) is a one-sided Jones pair. Fix any j E {l. .... n}. define D1 

to be the diagonal matrix with its ii-entry equals B,.1 . Then ( D1 J)h.k = Bh.; and 

(D1J)ek = Be 1. for all k = 1. .... n. As a result. we get 

.-l (.-leh o (D1J)ek) = .-\ (.-\eh o Be1) 

= Bh.1 (.-leh o Be1 ) 

= (D1 J)h.k (A.eh c (D1J)ek) 

and (.-\. D1J) is a one-sided Jones pair. 

~ow (/. J). (.-l. D1 J) and(.-\:~/. B:; J) are the only known examples of one­

sided Jones pair with the second matrix being non-invertible. In Section -l.6. we see 

that the Jones pairs with the second matrix im·ertible are equivalent to four-weight 

spin models. As a result. we \vould be very excited to see any new example of 

one-sided Jones pairs with the second matrix non-invertible. 

4.2 Properties of One-Sided Jones Pairs 

This section lists some useful properties of one-sided Jones pairs. 

Lemma 4.2.1 If (-4~ B) is a one-sided Jones pair. then BT J = tr(.-\)J. Further­

more, if (A., B) is a Jones pair, then the columns and the rows of B sum to tr(.-l). 
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Proof. Since .-l is invertible and B is Schur invertible. the set 

is a basis of ci. for each r = 1. .... n. As a result. each column of B contains all 

eigenvalues of .-l and BT J = tr(.-l)J. 

Similarly. if (.-l. BT) is also a one-sided Jones pair. then BJ = trl, .4. I.I. So if 

(.·t B) is a Jones pair. then BT J =BJ= tr(.-l)J. 0 

Lemma 4.2.2 Suppose (A .. B) is a one-s·ided Jones pair. So is 

c. ( D- 1 .-lD. B). for any invert·ible diagonal matrix D 

d. ( .-l. BP). for any perm:utation matrix P 

e. (P.-tP- 1.PBP- 1 ). for any permutation matrix P 

f. ( ..\.-t ,.\ B). for any non-zero complex n-umber ,.\ 

Proof. 

a. Taking the transpose of both sides of (4.1). we get X.-1r~aX...tr = ~aX.-tr~a-

b. Since X.4 -l = X.-1-1 and _\a-
1 = _\ 8 1-1. inverting both sides of ( •1.1) gives 

XA-1 _\ 8 t-1X.-i-1 = _\ 8 1-1X.4-1 _\ 8 t-1-
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c. :\'ote that for any diagonal matrix D. XD = ~DJ and Xo~.,r = ~.\t.\o. So 

The third equality results from (.-t B) being a one-sided Jones pair. 

d. By Lemma 2.-1.2. we have 

and 

0.-\,BP(.-l) = 0..\.B(.-l)P = BP. 

e. Csing the same lemma with Q = R = p-1
• we have 

l • PAP- E ;\J P.-tP-1,PBP-I 

and 

f. Replacing { .-t B) by ( A.-l. AB) is equivalent to multiplying both sides of (-t 1) 



CHA.PTER -l. JOSES P.-URS 5--l 

'......! 

If ( .-L B) is a one-sided Jones pair. then .-1 is invertible and B is Schur invertible 

and B = 8.-t.B(.-l). So Corollary 2.3.2 provides three equivalent forms of Equa­

tion (4.1). \Ve give one more useful reformulation of Equation (4.1) below when .-l 

is also Schur invertible and B is also invertible. 

Lemma 4.2.3 If .-1 and B are both invertible and Schur-invertible. then l .-l. B) i~ 

a one-s·ided Jones pair if and only ·if 

Proof. Applying the Exchange Lemma to Equation (-tl) yields 

X.-t..l.-tXa = ..l.-tXa..lar. 

Since both .-1(-I and a- 1 exist. we get the relation in the lemma immediately. 0 

4.3 Braid Group Representations 

Given a Jones pair (.-1. B). we demonstrate Jones· method of constructing braid 

group representations from X.4 and ..la. The braid group Bm on m strands is 

generated by ab .... <1m-l satisfying 

a. For all i = 1 ..... m - 2~ 

( 4.4) 
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b. For all Ii - j I ~ 2. 

Let k = rT l and let V denote the vector space ci. Gi\·en a pair of n X Tl 

matrices (A .. B). we map the generators of Bm to the endomorphisms g1 .... •9m-t 

of v 0 k as follows: 

\Yhen Ii - JI ~ 2. 91 and 91 act on different tensor factors of i·zk. so they commute. 

~ote that 92h-t• 91 and 93 have the same action on the h-th. 1-st and 2-nd tensor 

factors of \/Zk. respectively. Similarly. the action of g2h on the h-th and the ( h + 1 )­

th tensor factors of \/3 k is the same as the action of 92 on the first and second tensor 

factors. Consequently. showing 91929t = 929192 and 929392 = 9J9·i9l is sufficient to 

prove that ( 4.4) holds for all i = 1. .... m - 2. 

Lemma 4.3.1 The relation 9t9291 = 929192 holds if and only if (A .. B) L$ a one­

s-ided Jones pair. 

Proof. \Ve use the isomorphism <D: V 8· V ➔ Mn(C) which maps e1 S e1 to e,e;. 

\Ve get 
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So we have X.-t = 0910-
1

. Similarly. 

and ~B = 0920- 1. Consequently. 

and 

So the result follows. □ 

Since B1 has only two generators. every one-sided .Jones pair giws a represen­

tation of Ba. 

Lemma 4.3.2 The relation 929392 = 939293 holds if and only if (.4.. BT) ·ts a one­

s·ided Jones pair. 

Proof. For any n x n matrix C. let }c be the endomorphism of Mn ( C) defined as 

} c ( JJ) = .\,/ C 7 . t:' sing o as above. we have 

and hence r-1 = Og3cp- 1. As a result. the relation 929392 = 9J9·l93 holds if and only 

if ~s}':-1~8 = YA~al:4 • \Ve can write this equation as 
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for all i. j = 1 ..... n. Taking the transpose of each side. we get 

which is equivalent to (.-L BT) being a one-sided Jones pair. □ 

Corollary 4.3.3 Every Jones pa-ir g-ives a representat-ion of Bm. 

Suppose (.·l. B) is a Jones pair. Let 91 ..... 9m-l be the representation of Bm 

described above. \Ve proved in [6] that if .4. and B satisfy 

and 

then for any h generated by 91 · ... • 9m-l· We have 

tr(hgm-d = .!_ tr( h) tr( .-l). and. 
n 

tr(hg~~ 1 ) 
I 

= - tr(h) tr(.-l)- 1
. 

n 

These conditions are sufficient for a Jones pair to give a link invariant in the form 

of the trace of the endomorphisms generated by 91 •.... 9m-l. In the next section. 

we will see that if B is invertible. then ( 4.5) holds. 

4.4 lnvertibility 

By definition~ if (.-l. B) is a one-sided Jones pair then A is invertible and Bis Schur 

invertible. \Ve call (.-1. B) an invertible one-sided Jones pair if .-1(-l and B- 1 also 
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exist. 

In this section. we show that for a one-sided Jones pair ( .-L B). the iu\·ertibility 

of B implies the Schur-invertibility of .-t In fact. assuming Bis invertible is a more 

stringent condition than one may expect at first. \\"e prow that tht' inverribiliry of 

B implies the type-II condition on both .-l and B: This will be used in Section -L6 

to justify our assertion that invertible .Jones pairs and four-weight spin models are 

equivalent concepts. 

Theorem 4.4.1 Let ( .-l. B) be a one-sided Jones pair. If B is invert·ible then both.-\. 

and B are type-// matrices. Moreover . . -l has constant diagonal and B ha~~ con~ta11t 

row s-ums. 

Proof. Since .-l- 1 has the same eigenvectors as .-land their eigell\·alues with respt•ct 

to the same eigenvector are reciprocal to each other. we have 0.-t.Bt.-l- 1
) = B(-l_ 

~ow applying Corollary 2.3.2 (b) to 0.-i.B(.4.- 1 ) = B(-)_ we get 

Evaluating this equation at I yields 

ar(.-l a .-1.-r) a(-)T o (Br(.-l o [)) 

= (Bl-)ToBT)(.4.o/) 

= J(.-lo [). 

Since (.-1. B) is a one-side Jones pair. BT J = tr(.4.)J. So 

A. o _4.-T = B-T J(.-1 o /) = tr(.-1( 1 J(.4. o [). 
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The sum of the i-th column of .-to A-T equals 

n 

L .-tk.,( A. -l ),.k = l, 
k=l 

The i-th column of tr(.4.)- 11(.-to /) sums ton tr(A.)- 1 .-li.•• \Ye ha\·e . ..\ 1. 1 = n- 1 tr(...\) 

and .-lo/= n- 1 tr(.-1)/. Therefore .-1.o.-l-T = n- 1J and it follows that .4. is a type-II 

matrix. 

By Lemma 4.2.3. we have 

Evaluating both sides at I gives 

which leads to 

and finally 

The sum of the i-th row of BT o B-1 equals 

n 

L B1c,i(B- 1
)i,k = 1. 

k=l 
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So we have tr(A.) L~=l ( B- 1 )i.k = 1. or equivalently. BJ = tr(.-\)J. Consequently. 

we get 

which is equfralent to the type-II condition on B. r. 

Theorem 4.4.2 Let (.-LB) be a Jones pair. If .-\ is Sch-ur invertible then B L~ 

invertible. 

Proof. By Theorem 2.2.1. 0..i.a(.-\- 1
) = B(-l is equivalent to 

Applying the Exchange Lemma. we get 

Evaluating both sides at J yields 

Since(.-\. BT) is a one-sided Jones pair. we have BJ= tr(.-\)J. by Lemma •-l.2.1. So 

The left-hand side equals tr(.-\)/. so 

BB<-)T = tr(.4) (...\<-) o [) 
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and since (.4.l-> o l)- 1 = .4. o I. 

r 

These two theorems tell us that if ( .-t B) is a Jones pair. then A. is Schur 

invertible if and only if B is invertible. In this case. both .4. and B are type-II 

matrices with .4. o I= tr(.-l)n- 1 I and BJ= tr(.-l)J = BT J. So the Jones pair 

( ..fa .·L ..fa B) 
tr(A) tr(.-\) 

satisfies the conditions in (-t5 ). Thus it gives a link invariant. 

If ( .-\., B) is a one-sided .Jones pair. then it follows immediately from the definition 

of one-sided Jones pair that .-l E /i/4.B· The following theorem investigates the 

opposite direction. It extends Jaeger . .Ylatsumoto and ~omura·s result (1-t] which 

says that if .-l E J/4 then .-l is a spin model up to scalar multiplication. 

Theorem 4.4.3 Let.-\ and B be n x n type-II matrices. Suppose .-\. o I = al and 

BT J = bJ for some non-zero a. b EC. If A. E .\·\.B then (.-l. ab- 1 nB) is a one-s·ided 

Jones pair. 

Proo£ Since .4. and .-1- 1 share the same set of eigenvectors. the matrix .-l belongs 

to .A/.i.a if and only if ...i.- 1 = n- 1.-1(-)T belongs to .,·\/4.a. Csing the formula of 0.-t.B 
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in Lemma 2.3.3. we get 

0.-t.B(.-1- 1 ) = a<-) 0((.-\01)-
1(.-\T O n- 1.-it-)T)B) 

= ~B(-l a ( (a- 1 /)J B) 
n 

= _!!._a(-) a 1 
an 

= _!!._B(-l. 
an 

62 

Xow an eigenvalue of .-\ is the reciprocal of the eigenvalue of .-i- 1 with respect to 

the same eigenvector. we conclude that 

Hence 

□ 

4.5 Nomura Algebras of Invertible Jones Pairs 

If (.·.\.. B) is an invertible one-sided Jones pair. then A. and B are type IL From 

.-1 and B. we construct several ~omura algebras such as .'f-t, ,-Va . .,·\(-t.B· ;\'~-t.8 r. 

et cetera. In this section. we investigate the relations among these algebras. 

Theorem 4.5.1 Let (.·l. B) be an invertible one•s·ided Jones pair. Then 
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Proof. Since A. E .\~-t.B is Schur ill\·ertible. by Theorem 3.S.5 tc). we ha\·e 

By Lemma -!.2.2 (a). (.4.r. B) is also a one-sided Jones pair. .-\pplying Theo­

rem 3.S.5 (c) on A.r E .\~-\T,B leads to .. v8 = .\~-\T· 

Since both t.-L B) and (.4.7. B) are one-sided Jones pairs. we have 

We deduce from Theorem 3.8.5 ( b) that 

,, ,, d \"'' , .,, But.-\'.-\ = .\1 .-tr an so. 'A.B = .~ .4r_8 • □ 

:'iote that Theorem 3.SA applied to (.-L 8) yields 

which indicates that .V-t is non-trivial in most cases. 

In the rest of this section. we examine the relations among different X omura 

algebras and their duality maps constructed from an invertible .Jones pair. 

Theorem 4.5.2 Let ( ... t B) be an ·invert·ible Jones pair. Then 

Moreover, the dualities 8.-\• 0s satisfy 0B(Ff = a- 1e_4 (F)B for all FE ,.\/t. 
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Proof. Since t .-t. B) is an invertible one-sided Jones pair. the pre\·ious theorem 

gives .. -V-t = .. v.\T = .. Va. Similarly. since (.-t. BT) is also an invertible one-sided 

.Jones pair. we get .. \~.\ = .\"8 r using Theorem 3.S.5 (c). So the first part of the 

theorem holds. For any F E .. f-t = .. \"a. Theorem 3.8.3 gh·es 

0.-t.B( F o .-\) = n- 10.4.( F)B. 

0.-t.B(A. o F) = n- 1 B0a(F)r. 

Hence we get 0a(Ff = a- 1 0.4 (F)B. 

Corollary 4.5.3 If(.-\. B) is an -invertible Jones pair. then 

Proof Theorem 3.S.5 (a) applied to .-\ in .f-t.B and .-\ in .. \'~-t.BT gives 

0 

\Ve now prove the second equality. Xow both.-\ and Bare type-II matrices. by 

Corollary 3.2.3 ... ·v:~ = .. 1\(4 r and .. ·Va = .\"BT. So the second part of Theorem -t5.2 

says that 

But (...1., B) is an invertible Jones pair. So using the same theorem. we have 

.. v: .. ,r = ~vBT- Hence ,;V'_4.T = B- 1,.1/_4,rB. or equivalently B/V~4T = .. \(.._rB. Applying 
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Theorem 3.8.5 lb) to 0.-t.B(.-l) = B. we get 

, ... , \·" B B ,. 
• \' . .\,B = .• ..\ T = .\ . .\ T. 

Similarly. applying the same theorem to 0_4 ,8 T( .-l) = BT yields 

.\~~.BT = .. \~,tT BT 

= a-1 \"' BT • . .\,8 • 

\Ve will need the following lemma in the computation in Chapter 5. 

Lemma 4.5.4 If {.·LB) LS an invertible Jones pafr and R E . r-\.B • then 

Proof. By Theorem 3.8.4. for any R in .-f.\.B. \Ve have 

Since .·\/-t.B = .~/4 .Br. R also belongs to .\,·~-t.Br. The same theorem tells us that 

Thus we have the equation in the lemma. □ 
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4.6 Four-Weight Spin Models 

Bannai and Bannai [2] generalized spin models to four-weight spin models. and 

showed that the partition functions of four-weight spin models provide invariants for 

oriented links. In this section. we show that four-weight spin models are equiYalenr 

to invertible Jones pairs. 

As defined in Section 1.2. a four-weight spin model is a 5-tuple ( n·l • n·.?· lt~1- n~,: d) 

with d = ±Jn satisfying 

( aJ There exists non-zero scalar a such that 

(c) 

n 

n·1 o I= al. 

n·,.,J = tr; J = da- 1 J. . .. 

tr3 0 / ::::; a - I f. 

n·_.1 = H~[J = da.l. 

L (1-J,·"i)a,.r( ~Vi ).r.6( n·.dc.z = d( H,"i)a,b( 1r .. )c.a ( ir-1 )c,b• (-t6) 
r=l 

n 

L ( Ht1 ).r,a ( ~Vi )b,.r( ir .. ).r,c = d( U"i )b.a ( n· .. )a.c( I-r .. )b.c· ( •t 'j) 
r:l 

Using Theorems 4.4. l and 4.4.2. it is almost immediate that inYertible .Jones 

pairs are the same as four-weight spin models. 

Theorem 4.6.1 Let .-1. BE Mn(C) and d2 = n. Then the following are equivalent. 



CH.4.PTER -l. JOSES P.4.IRS 67 

a. ( A .. B) ·is an invertible Jones pair. 

b. ( d.·l. nB- 1• dA. - 1. B: d) is a fo·ur-weight spin model. 

Proof. If (dA .. nB- 1• d.4.- 1 . B: d) is a four-weight spin model. then as we have seen 

in Section 4.1. (A .. B) is a Jones pair where .-1 and B are both type II. 

Conversely. suppose (..\. B) is an invertible Jones pair. By Theorem -t-1.1. both 

.-1 and B are type-II matrices. :\Ioreover. A has constant diagonal and B ha~ 

constant row sum and column sum. Let tr1 = d.-1 and tr_. = B. Cousideriug Equa­

tion (4.2) with k = b. i =a.and j = c. we see that (.-1. B) is a one-sided .Jones pair 

if and only if Condition ( 4. i) holds. Similarly. using the same equation. ( .-1 r. BT) is 

a one-sided Jones pair if and only if Condition (-t6) holds. Br Lemma -l.2.2 (a). we 

find that ( A 7. BT) is a one-sided Jones pair if and only if ( .-1. BT) is also a one-sided 

.Jones pair. As a result. (d.-l.nB- 1.d.-1- 1• B:d) is a four-weight spin model. 0 

\Ve will see in Theorem 5.1.3 that H/ is a spin model if and only if (d-l tr. tr(-lT) 

is an invertible Jones pair. Therefore it is equivalent to (Ir. n·. irt-)T_ n·(-}T: d) 

being a four-weight spin model. 

In [2}. Bannai and Bannai studied three types of four-weight spin models: .Jones 

type. pseudo-.Jones type and Hadamard type. They correspond respectively to the 

following types of Jones pairs 

a. ( .-1. d.4. < - IT). where .4. is a spin model. 

b. (A.~ d.-1), 

c. ( .4. B). where one of A .. B is a Hadamard matrix. 

Using n x n Hadamard matrices satisfying certain conditions. Yamada con­

structed n2 x n2 four-weight spin models of pseudo-Jones type and symmetric 
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Hadamard type. t9sing tensor products. her construction gi\·es infinite familie~ 

of four-weight spin models of both types. For details. see (26]. 

In [ 1]. Bannai extended work by Guo and proved that if ( ll ·1. n ~l. n ~1. n • .. : d) is 

a four-weight spin model. then for i = 1 ..... 4. 

:\'ote that by Theorem -1.6.1. the pair (d- 1U\. ir1) is an invertible Jones pair . .-\.s 

shown in Theorem 4.5.1. we are able to obtain part of the above equations. assuming 

a weaker condition on (d- 1H"1• lF4 ). that is. it is a one-sided Jones pair. 

4. 7 Odd Gauge Equivalence 

Two four-weight spin models (t-t·1• n,·2 , n·3 • n-·_.; d) and (n·;. ir~. n·~. lr~; d) are gauge 

equivalent if there exist an invertible diagonal matrix D. a permutation matrix P 

and a non-zero scalar c such that 

Hl{ = cDiVi v- 1• n·~ = c- 1 DH,·"3D- 1. 

ir; = c-1 p-1 n·';!• n·l = cn· .. P. 

Jaeger proved that gauge-equivalent spin models give the same invariant (see 

Proposition 11 in [13)). In the same paper. he showed that iv~ = n~l and ir~ = ii· .. 
if and only if n,..; = DHt1 n-1 and n·~ = Dlr3D-1 for some invertible diagonal 

matrix D. In this case. we say that the two four-weight spin models are related by 

an odd gauge transformation. He also proved that VV{ = H •1 and H "l = H •3 if and 

only if w; = p-l n,•2 and w·~ = i,v .. P for some permutation matrix P. The two 

four-weight spin models are said to be related by an even gauge transformation. 
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In Sections 4.7 and 4.8. we extend Jaeger·s result on gauge equh-alence of four­

weight spin models to invertible one-sided Jones pairs. In particular. the last lemma 

in this section allows us to consider only the invertible Jones pairs with their tirst 

matrix symmetric. This will simplify the computation in Chapter 6 immensely. 

\Ve say that the invertible one-sided Jones pairs (.-1. B) and ( C. B) are odd gauge 

equivalent if A.= DC D-t. for some invertible diagonal matrix D. In the following. 

we examine the odd gauge equivalence of one-sided in\·ertible Jones pairs. 

Lemma 4. 7.1 Let .-1. C. JI be Schur•invertible matrices. If X.-t..l,\1 = ..l.\J Xe. then 

there exists invertible diagonal matrix D s·uch that 

c(-) o .-1 = DJ D-1 . 

Proof. Since ..l1 = X1 is the identity endomorphism of l\tln(C). we have 

Applying the Exchange Lemma. we obtain 

which gives 

..l,-4X1..l.\tT = X1..lcX,\1 

= ..lcXM 
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Evaluating the left-hand side at £ 1; = e1 e;. we get 

(C(-) o .-1.) o (Je 1t:;) = ((C(-) c A.)e; a lkJ" 

(C(-) o .-l)e;e;. 

70 

The right-hand side evaluated at £ 1; equals (.\l;,i)- 1 J/c 1e;. Therefore the ij-eutry 

of C(-) o .-l equals (.\.J;.d- 1~H .. 1 . So if Dis the diagonal matrix with D1.1 = J/,. 1 

then 

c<-) a .-t = DJ n- 1. 

,...., 
w 

Corollary 4.7.2 If both (A .. B) and (C. B) are invertible one-sided Jone:i pair$. 

then A. = DC D-1 for some -invertible d·iagonal matrix D. 

Proof. By Lemma 4.2.3. we have 

which gives 

Applying Lemma 4.7.1 with J/· = .-1 a C(-l. we get C(-l o .-l = DJ D- 1 for some 

invertible diagonal matrix D. ~ow 

.-l =CO (DJD- 1
) = D(C O J)n- 1 = DcD- 1

. 
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Combining this with Lemma 4.2.2 (c). we see that {.·l. B) and ( C. B) are inwrr­

ible one-sided Jones pairs if and only if .4. = DC 0- 1 for some im·ertible diagonal 

matrix D. 

By Lemma -!.2.2 (a}. if (.-1. B} is an invertible one-sided Jones pair. then so 

is ( .4. T. B). Therefore there exists an in,·ertible diagonal matrix D that satisfies 

.4. = DA.T n-1
. Since the diagonal entries of D are non-zero complex numbers. 

there exists diagonal matrix D1 satisfying Df = D. Then the matrix 

is symmetric and (D1-
1A.D1.B) is odd gauge equivalent to (.4..B). So we get the 

following result. which generalizes Proposition i (ii) from Jaeger [13]. 

Lemma 4.7.3 Let (A .. B) be an invertible one-sided Jones pair. Then there exists 

a symmetric matrix .4.' such that the ·invertible one-sided Jones pair (.4.'. B) ·is odd 

gauge equivalent to ( .4.. B). D 

4.8 Even Gauge Equivalence 

\Ve say that the invertible one-sided Jones pairs (.·l. B) and (.4.. C) are et·en gauge 

equivalent if C = BP. for some permutation matrix P. Nmv we extend Jaeger·s 

result on even gauge equivalence to invertible one-sided Jones pairs. 

Lemma 4.8.1 Let F! G, and JI be invertible matrices. If ~FXM = X.u~G then 

GF- 1 is a permutation matrix. 
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Proo£ 1foltiplying both sides by J.J = X 1. we get 

with the Exchange Lemma. 

and 

E\-aluating both sides at E,1 yields 

Then for all i = 1. .... n. 

But .W is invertible. So for each j. there exists a unique r such that .\/ e 1 is a 

scalar multiple of er. That is~ ( G F- 1 
)1.r is the only non-zero entry in the j-th 

row of GF- 1
• Since Jlr,J = ( GF- 1 )i.rJir,J =/:- 0. we conclude that ( GF- 1 

)1,r = 1. 

Therefore GF- 1 is a permutation matrix. 0 

Corollary 4.8.2 If (.4~ B) and (..-t C) are invertible one-sided Jones pairs. then 

C = BP for some permutation matrix P. 
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Proof By Lemma --1.2.3. we haw 

which gives 

Applying Lemma 4.8.1 with F = er. G = Br and M = c- 1 B. there exists a 

permutation matrix P such that BT c-r = P which leads to C = BP. □ 

Together with Lemma 4.2.2 ( d). (.-t B) and (.-1. C) are invertible one-sided Jones 

pairs if and only if C = BP for some permutation matrix P. 

If ( ... t B) is an invertible .Jones pair. then both ( .-\. B) and ( .-\. BT) are invertible 

one-sided Jones pairs. So there exists permutation matrix P such that BT = BP. 

~ow 

and hence Band P commute. \Ve focus on the case where P has order 2r - L Let 

Q = pr. Note that QT= pr-l. Then we get 

(BQ)T = QT BT= pr-1 BP= BQ. 

Therefore (.-1. B) is even-gauge equivalent to (A., BQ), where BQ is symmetric. 

This is a proof of Proposition 10 (ii) in [13J. In summary. if ( .. ·t B) is an invertible 

one-sided Jones pair with P = a-1 BT having odd order. then (.-\. B) is gauge 

equivalent to some invertible one-sided Jones pair whose matrices are symmetric. 



Chapter 5 

Spin Models 

In Section 6 of (12]. Jaeger proposed to study the properties of association schemes 

that contain spin models. We use this chapter to survey some classical results in 

this area. We first examine spin models from the point of Yiew of Jones pairs. In 

Section 5.2. we present the derivation of the modular invariance equation given 

by Jaeger. 1Iatsumoto. and ~omura in [14}. In Section 5.3. we provide a new 

and shorter proof of Curtin and Nomura·s result. which states that the ;\omura 

algebra of a spin model is strongly hyper-self-dual [,]. Section 5.-1 contains a shorter 

proof of Jaeger·s characterization of two-class association schemes that contain spin 

models. This was the first connection between spin models and association schemes 

discovered [10]. In the last section. we give a new proof using .Jones pairs of Jaeger 

and ~omura·s result on the symmetric and non-symmetric Hadamard spin models 

(15]. 

74 
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5.1 The Jones Pair (d- 1W, J1l(-J) 

As mentioned in Section 1.2. Kawagoe. Munemasa and \Yatatani defined a spin 

model with loop variable d = ±Jn to be an n x n matrix tr that satisfies 

( I) There exists some non-zero scalar a such that 

(II) H" is a type-II matrix. 

(III) For all i.j. k = 1. .... n. 

t5.l) 

An interesting example is the Higman-Sims model discovered by .Jaeger [lOj. 

The Higman-Sims graph is a strongly regular graph with parameters ( 100. 22. 0. 6). 

defined from the unique 3-(22. 6.1) design. Let .4. 1 and .-\2 be adjacency matrices of 

the Higman-Sims graph and its complement respectively. If t satisfies t 2 + t- 2 = -3. 

then 

is a spin model. The Nomura algebra .-Vw equals the span of { / . ...1. 1 •. ··h}. see [14}. 

In Section 4.1, we see that if W is a spin model with loop variable d then 

( d- 1 ur. "'"(-)T) is a one-sided Jones pair. It turns out that tr is a spin model if 

and only if (d- 1 w·, H,"(-)T) is an invertible Jones pair. \Ve will prove this statement 

below. 
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Lemma 5.1.1 Let n: be a type-II matrix. Then (d- 1 Ir. tr(-lT) ts a one-sided 

Jones pair if and only if (d- 1 fC tl·(-I) is also a one-sided Jones pair. 

Proof. We apply the Exchange Lemma to 

to get 

Since n·(-JT = n ii·- 1• taking the inverse of each side gives 

which equals 

Since every step above is reversible. the converse is also true. □ 

If n· is a spin model then it is also a type-II matrix. So the above lemma implies 

that (d- 1 n··. n:(-)T) is an invertible Jones pair. 

Lemma 5.1.2 lf(d- 1 iV, ir(->T) is an invertible Jones pair, then n· is asp-in model 

with loop variable d. 

Proof. By Lemma 4.4.1. the invertibility of iv(-)T implies that n,· is a type-II 

matrix and u,,· o I = al where a = tr(Ht")n- 1. Applying Theorem 4.2.1 to the 
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respectively. 

It follows from n·- 1 = n- 1ir(-)f that n·TJ = n·J = da- 1J. Lastly. using 

Equation (4.2) on the one-sided Jones pair (d- 1 n·. ir1-)T) gives the type-III condi­

tion of spin models. 0 

Theorem 5.1.3 Let n· be an n x n matrix. Then it: is a spin model if and only 

if (d- 1 n:. ii·(-)T) is an invertible Jones pair. □ 

In the following. we use the theory developed in the previous chapters to repro­

duce two existing results about spin models. 

Lemma 5.1.1 together with Theorem 4.-1:.3. we have a proof of a result due to 

Jaeger. Matsumoto and ~omura. Proposition 9 in [14}. 

Theorem 5.1.4 Suppose ~V is a type-II matrix. Then n· E _\/u- if and only if ctr 
·is a spin model J or some non-zero scalar c. □ 

\Ve now prove Proposition 2 in (15] due to Jaeger and Xomura. 

Theorem 5. 1.5 If n,· ·is a spin model then there exist a diagonal matrix D and a 

permutation matrix P such that 
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and 

Proof. By Theorem 5.1.3. if n: is a spin model with loop variable d. then 

are invertible one-sided Jones pairs. The first equation follows from applying Corol­

lary 4. i.2 to the first two invertible one-sided Jones pairs listed above. Applying 

Corollary 4.S.2 to the first and the third pairs above yields the second equality. 0 

.Jaeger and Xomuar called the order of P the index of the spin model. In the 

same paper. they also proved that any spin model of index two has to take the 

following form 

A .-l B -B 

A .-! -B B 
-BT BT C C 

BT -BT C C 

where A and Care symmetric (Proposition 'i in (15]). As we will see in Section 5.5. 

the construction of the non-symmetric Hadamard spin models is very similar to the 

above form. 
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5.2 Duality and Modular Invariance Equation 

Let P be the matrix of eigenvalues for a formally self-dual Bose-).lesner algebra of 

dimension m + 1. Let d = ±Jn and D be a diagonal matrix with D,., = t 1 for 

i = 0 ..... m. We call the equation 

the modular invariance equation. We say that P satisfies the modular im-a.riance 

property if there exists a diagonal matrix D such that the modular in,·arianet• equa­

tion holds. Bannai. Bannai and Jaeger ( [3]) first discovered that this property of P 

is a necessary condition for a formally self-dual Bose-:\lesner algebra ro contain a 

spin model. ( sing this equation. they provided a method to exhaustively search for 

all spin models contained in a formally self-dual Bose-Mesner algebra. In Chapter 6. 

we use this equation to design a search for four-weight spin models. 

Suppose iris a spin model. Then (ir. lV(-)) is an invertible Jones pair and 

by Theorem 4.5.2. \Ve know that :Va• = Jln:T. For all J/ E .\"u·r. we have by 

Lemma (4.5.4) 

0n:r,w1-1T(J.,f) = 0wT w1-1(.\J)n"- 1n·T 

= (0wc-1.wr(.M))Tn"- 1n·T_ 

Applying Lemma ( 4.5.4) again. the above becomes 

0wr(J,f) - ( 0wc-1,w( Al) ivrl-i"-l) Tu,,·-l n,·T 

= n,·-Tt,t,,"'(0w1-i,w(Jf))TU·-lw·T 

= u,,·-TiVSw(~\rl)W- 1ff"T. 
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:'\ow .. Vu-r is commutative and it contains ir. 1r-r. and 0n·(.\/). So we ha,·e 

0wr(.U) = 0w(.\J). for all JI in.\/n·. ByTheorem3.2.2. wehave0'f1-(.\/) = n.\/r. 

Hence ,,·\"n- is formally self-dual. By Lemma 2.3.3. the duality map 0u· is expressed 

explicitly as 

(5.2) 

for all ;.\/ E :Vw. 

In the following. we present Jaeger. ~fatsumoto and ~omura ·s proof that the 

modular invariance property is a necessary condition of .. \,",r for W to be a spin 

model. 

Theorem 5.2.1 Suppose tr is a sp·in model w·ith loop variable d = ± ,Jn and 

{.-10 •...•. -lm} is the basis of Schur idempotents of :Vw. IJH. = L~~o t, . .f; then the 

the diagonal matrix D with Di., = t, satisfies the modular invariance equation 

Prool Let £ = { £0 •...• Em} be the basis of the principal idempotents of :\/u: 

such that 0w(Ei) = .-li and 0n:(Ad = nE;. The matrix of eigenvalues P is the 

matrix of 0w with respect to £. However. P is also the transition matrix from 

A to £. Therefore the matrix of 0w with respect to A is p- 1 PP = P. Since 

0tv( .. 4i) = nA.;. we have P2 = nT where T represents the transpose map with 

respect to A. 

Suppose u.,· = L::o t;.4.f. Since (d- 1n··. nr(-)) is a one-sided Jones pair. we have 

w·(-) = 0w(d- 1 W') = dL::o tiE,. Now D is the matrix representing the map 

;.\ti ➔ ~VT o .~I with respect to A. Similarly T DT represents the map J.,f ➔ W o 1\,/ 
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with respect to A. ~loreover. the matrix dP- 1 DP represents the map.\/ ....... .\/H"l-l 

with respect to A. So Equation (5.2) holds if and only if 

Since P2 = nT. we have T p-i = p-1T = n-1 P and 

Hence ( P D)3 = t 0d3 
[. 

I = r01d(P- 1T)D(TP- 1)DPD 

= t;1d-3 p DP DP D. 

5.3 Strongly Hyper-Self-Duality 

□ 

In this section. we extend a result due to Curtin and Nomura. (Theorem 5.5 in [i] ). 

Suppose A= {.-10 .... . .-ld} is an association scheme with its Bose-Mesner alge­

bra denoted by B. The Terwilliger algebra of B can be defined as 

Ts= {~M.X.\t: JI EB}. 

Now consider the subspace Sp of Mn ( C) spanned by { £,p : i = 1. .... Tl}. This 

space is isomorphic to C1. For each endomorphism F of Mn(C). we use (F)p to 

denote Y restricted to Sp. The Terwilliger algebra of B \vith respect top is defined 

as 
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A hyper-duality of Ts.p is an automorphism WP that swaps the sets 

and satisfies '11;( (X.\f )p) = (XM )'; for all .\/ E B. Furthermore. Ts.p is strongly 

hyper-self-dual if there exists a hyper-duality that can be expressed as a conjugation 

of some invertible element of Ts.p- That is. there exists some } • E Ts.p such that 

Wp(Z) = y-i ZF. for all Z E Ts.p• 

Theorem 5.5 of [il states that if l--l" is a spin model then T.\'w,P is strongly hyper­

self-dual for all p = 1. .... n. In the following. we extend this result to T.\·". by 

showing that there exists.\ E T.•.:w such that the map q,: Z ~ .\-l Z.\ interchanges 

the sets {~.\f : .\/EB} and {X.\t : .l/ E B}. and it satisfies w2 (X.\r) = X.f1 for all 

J/ E .. \"u·. 

Suppose Wis a spin model. so 0w( H-") = dtr<-l. By Lemma 3.2.6. 

Hence we have 

\Ve use . \ to denote this operator. 

Lemma 5.3.1 Let n: be a spin model. 
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Proof. First we prove (a). Csing .\ = d..ln:t-1Xn·..lw<-1r. we get 

since 0w( Rt) = S1. applying Theorem 2.2.1 gh·es 

So part ( a) holds. 

Xow we prove (b). Csing .\ = XwT..lw,-,Xw. we get 

= ~Xu:-1 (..lu-X1n-1~s2 )Xu,·r..lw1-1Xw 
n 

= ~Xw-1 (Xn,~wXw<-1 )Xn-·r~wc-iXw 
n 

= Xw- 1 n,w-

S3 
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Since both R2 and tr belong to .·\/n·. they commute and 1r-1 R2 n· = R2. Therefore 

Define an isomorphism \JI of T.\· w as 

for all Y E T.\·w. Xote that \JI is expressed as a conjugation of .\ in T.\·~, .. :'-:ow we 

show that '1t acts as a hyper-duality for T.\·w. 

Theorem 5.3.2 If n· i.s a spin model. then the map \JI defined above mterchange~ 

the sets 

Moreover. it satisfies '1t 2 (X.\.r) = X.f1 , for all JI E J/w. 

Proof. Since .. Vw = .·V,t.:T. Lemma 5.3.1 says that \{I interchanges the sets 

~ow consider '11 2 (XR)- It follows from Lemma 5.3.1 that 

for some R' satisfying 0w.w<-;(R) = 0wt-i,w(R'). But 0n:1-1,w(R') = 0w.w1-dR'r) 
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by Lemma 3.8.2. Since 0w.n:1-) is an isomorphism. \'\"e ha,·e R = R'T and 

□ 

5.4 Spin Models in Two-class Association Schemes 

vVe give a new proof of one direction of Jaeger·s result about the triply-regularity 

of two-class association schemes that contain a spin model [10]. His result was the 

first indication that spin models have strong combinatorial properties. 

Suppose A == { .-10 .. ... . -ld} is an association scheme. It is tripl_,·-regular if for 

all ii}• k. r . .s. t E {0.1. .... d}. the cardinality of the set 

depends only on (i.j.k.r . .s.t). where (Ar)r,y = (A.,)r.= = (.-lt)y,= = l. 
The following Lemma is a direct translation of Lemma .i in ~Iunemasa·s notes 

(19] into the language of endomorphisms. 

Lemma 5.4.1 If for all i.j.k = 0 .... . d. 

then A is triply-regular. 
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Proo£ For each i.j. k. the operator X.-1; ..l.4JX.-1., lies in the span of 

{..l..\,.X.-1,..l.-tc: r . .s.t = 0.1. .... d} = {..l.-1,.X.-t,..l_.\f: r.s.t = 0.1. .... d}. 

So there exists scalars h:( ijklrst) such that 

d 

x.-t;r-l.-t,X.-t_ = L h:(ijklrst)..l . .\,.X..t.-l.-1r· 
r,.s.t:0 

Consider the left-hand side. 

X.-1;..l.-tJX.4._(E:y) = .-1;(.-11ey o .-!ke:)e; 

= L ( . .\.;(A;fy o .-!1.:e:)tfrf~ 
.r 

= ~ ( p .-l, Ju.,,.( .-1 J ),..,.( .-\k) w.:) Ere~ 

= L i{w: (A..),c,.r = (.-l;)w,y = (A.k)u.•,: = 1}[£.ry• 
.r 

Consider 

..l.-1 .. X.-t,-l.-tr(E:9 ) = (.-1,)y.:(.-l,.ey o .-1.,e:)e~ 

= L ( A.,. )r.~;( A., )r,.:( . ..\, )y,.: E.ry• 
r 

So we get 

d 

l{w: (.-1dw.r == (.-l1)w.y = ( . ..\k)u: . .: = l}I = L li(ijk[rst){.-1,.)i-,y(.-l.,).r,:(.-lt)y . .: 
r . .s,t=O 



CHA.PTER 5. SPIS )IODELS S7 

and A is triply-regular. 

Theorem 5.4.2 Suppose A = {I . . -11 •. ..\2} is a two-class association ~cheme w-ith 

Bose-Mesner algebra 8. If there exists a spin model tr = t 0 [ + t1.--l1 + t2.-l·! with 

t 1 ¥= t 2 . then A is triply-reg·ular. 

Proof. It is well known that all two-class association schemes are symmetric. so 

n· = n·T. Let .-lo= I and 

S = span(..l.-1,.X.-t,..l.-tr : r . .s. t = 0.1. 2). 

Since { . ..\o .. -11 .. --l2} is a basis for B. 

S = span(..lpXc,..lff': F'. G'. H' E 8). 

If we can show that XF..laXH E S for all F. G. Hin 8, then A is triply-regular by 

Lemma 5.-1.1. 

~ow the two sets {I. W. J} and {/. w·(-l. J} are bases for 8. So it is sufficient 

to show that for all F. HE {I. ir. J} and GE {/. n·(-l. J} 

\Vhen H =I.FE {I. R". J} and GE {/. n:(-l_ J}~ ,ve get 

Secondly, when H = J. F E {/. Ht. J} and G E {/. nr<-l. J}. we can apply the 
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Exchange Lemma to 

and get 

which belongs to S because F G E B. 

Thirdly. when H = n·. we enumerate the cases where G = J. I or 1t ·l-l. When 

H = n· and G = J. we obtain for all F {I. ir. J} that 

When H = I. G = I and FE {I. ii:. J}. we apply the Exchange Lemma to 

and get 

When H = iF. G = ir<-) and F = l-L we get 

because ( d-' n:. Hl< - ) ) is a one-sided Jones pair. \Vhen H = H •. G = w·( - l and 
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F = I. 0w( /) = J gives 

Lastly when H = iL G = ir(-I and F = J. 

0w(J) = 0wd0u·(/)) = nl 

yields 

By Lemma 5.--l.1. we conclude that A is triply-regular. 

S9 

--, 
w 

Suppose A = {I . . -l 1 •. -l2 } is a triply-regular two-class association ::;d1eme. Lt.>t 

G be the strongly regular graph whose adjacency matrix is .-\ 1. The fact that A 

is triply-regular implies that the neighborhoods of any vertex in G and its comple­

ments G induce strongly regular graphs. see [11]. In this case. we say that both 

G and G are locally strongly regular. ~ow we have proved one direction of the 

following result due to Jaeger. For the proof of the converse. please see [10]. 

Theorem 5.4.3 If G is a strongl-y regular graph and . .\1 is its adjacency matrix. 

then there exist to, t 1. t2 ·u.rith t1 =/= t 2 such that ~~· = t0 [ + t 1.-t 1 + t2( .J - .-l 1 - [) is 

a spin model if and only ·if both G and G are locally strongly regular. D 
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5.5 Symmetric and Non-Symmetric Hadamard Spin 

Models 

In [15]. Jaeger and Xomura constructed two -!n x -!n spin models from an n x 11 

Hadamard matrix. They are called the symmetric and non-symmetric Hadamard 

spin model. They are one of the three known infinite families of spiu models that 

do not result from tensor product. The other two families are the Potts model and 

the spin models that come from finite Abelian groups. see Section 3. 7. \re present 

a new proof of Jaeger and ~omura·s result here. 

Lemma 5.5.1 Let .-l. B. C E Mn(C) and let W be the follow-ing --ln x --ln matrix 

with€= ±1 

.-l .-l B -B 

A. .-\ -B B n·= 
€.BT -eB7 C C 

-€.BT EBT C C 

Then iv is a spin model with loop variable 2d w·ith d = ± Jn if and only if the 

following conditions hold: 

a. B ·is a type II matrix: 

b. A and C are symmetric spin models with loop variable d: 

d. Xc~ 8 t-1TX8 t-)T = f.d~aTX8 T~.41-1 

Proof. The 4n x 4n matrix i-t:· is a spin model if and only if ( d- 1 l-F. iv< - I) is an 

invertible one-sided Jones pairs. By construction~ n· is type II if and only if .-LB 
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and C are type II. The type-III condition is equivalent to 

The eigenvector constructed from column i and j of Jr with i.j = l. .... n is 

.-lei o _4(-)eJ 

BT e1 o B(-)T e
1 

BT e, o B<-)T e
1 

and the corresponding eigenvalue of ir is 2d( .-t.1.1 )-
1

. Similarly. for i. j = l. .... n. 

the following lists all other eigenvectors for tr: 

.--lei o B<-1e1 

-.-\ei o Bej 

t t (-) ."1.ei o ."1. e 1 

.-ler o _4.(-Je
1 

-BT ei O a<-)T el 

-BT ei o B(-)T eJ 

.-.\e1 o B<-le
1 

-.-lei o Be1 

Be, o B<-1e1 

Be o B<-le 
I J 

C C(-) e, o e 1 

Cei o C(-le
1 

-Be, o B<-;e
1 

-Bel O n<-lfJ 

Ce, o c<- 1e1 

Ce, 0 c<-lel 

-Be1 o .-t.<-1e1 

B ,(-) e, o .--i t. 1 

-BE, o .-t(-le
1 

€ BT e, 0 c<->ej 

-f BT ei O c<-lej 

-f BT Ei O c<-leJ € Ce, o B<-)T e
1 

-€ Ce, 0 s<-)T el 

-f Ce, o B<-)T e
1 

€ BT e; 0 c(-)e} € Ce, 0 a<-JT el 

with eigenvalues 

2d 2d 2d 2d 2d 2fd 

respectively. 
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:\Iultiplying the first eigenvector by n· gives 

.-\ .-\ B -B -\ -\(-) • EiO. €J .-\ ( .-\c, a .-l t - l t: 1 ) 

.-\ .-\ -B B -\ -\(-) .-\ l .-\e, o .-l ( - ) t: 1 ) . eio. e1 = 2 
cBT -fBT C C BT €i o B(-)T e

1 C (BT t 
1 

0 Bt - ) T t J ) 

-€BT cBT C C BT e, o B(-)T e1 C (BT E, 0 B(-)T E;) 

-l -\(-) . €1 0. €; 

2d -l -\1-l . t, 0. f; 
= 

.-li.; BT e., o a1- 1T f.; 

aT t, o a1- 1T f
1 

if and only if 

and 
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Repeating the computation on other eigenvectors. the type-Ill condition on lr is 

equivalent to the following set of relations 

X.4 ..l_-11-1 X.-t = 

Xc..l 81-1rXar = 

X.-t..lB(-1.\B = 

Xc..lc1-1Xc = 

Xa..lc1-,XaT = 

Xar..l8 1-1X.-t = 

Xa..la1-1rXc = 

Xar..l_-t1-1Xa = 

d..l _41-1 X.-t ..l .41 -, 

d..la1-1rXar..l.,t1-1 

d..l 8 1-1Xa..lc1-, 

d..lc1-1Xc..lc1-, 

ed..l a<-1 X.-t ..l 81-1 

d..lc(-1Xar~a1-i 

d..l_41-1Xa..l8Hr 

ed..l 8 <-1rXc..l 8 1-1r. 

{ 5.3) 

(5.-1) 

( 5.5) 

(5.6) 

(5.7) 

( 5.8) 

(5.9) 

l 5.10) 

~ow ( 5.3) and ( 5.6) hold if and only if A. and C are spin models with loop 

variable d. If we take the transpose of each side of ( 5.8) and compare it with ( 5.5 ). 

then we see that these two equations hold if and only if .--l is symmetric. Similarly. 

(5.9) and (5.4) hold simultaneously if and only if C is symmetric. 

It remains to sho,v the equivalence of (5.-l) and (5.5). and the equivalence of 

(5.,). (5.10) and (d). 

\Ve can rewrite ( 5.5) as 

by taking the inverse of each side. we get 
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Taking the transpose of each side gives 

Xow nJJ-T = Jf{-) for any type II matrix JI. After applying the Exchange 

Lemma. we get 

and whence (c). which is identical to (5.4). holds. 

By taking the inverse of each side of ( 5. 7). we have 

X ow apply the exchange lemma to get 

By taking the transpose of each side and using the symmetry of .-.\ and C. we han• 

which equals to (d) and can be easily rewritten as (5.10). □ 

The following construction gives the symmetric Hadamard spm models de­

scribed in [15] and (22] when € = 1. \Vhen e = -1. it gives the non-symmetric 

Hadamard spin models. It is an easy consequence of Lemma 5.5.1. 

Corollary 5.5.2 Let H be an n x n Hadamard matrix. Let .4 = -u3
[ +u- 1(J-/), 
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with -u 2 
- u-2 = d. be the Potts model. For c = ±1 and ..... : such that-·"' = c. the 

4n x 4n matrix 

A. .-1 ...:H ---.:H 

.-1 .-1 -,-.:H ..A,,'H 
n·= 

c:..:HT -c..i.:HT .-1 .-1 

-ew1w·HT cw·HT .-1 .-1 

is a spin model. 

Proof. \Ve use the construction in Lemma 5.5.1 with B = ,., .. : H and C = .·L The 

matrix B is type II. ,\/er = ,\'Hr is a Bose :\Iesner algebra and therefore contains 

any linear combinations of I and J. Since 

0er(.-1) = 0Hr(-u3
/ + u- 1(J - [)) 

= -u3 J + u- 1n/ - u- 11 

= d(-u-3 /+u(J-/)) 

d.-1(-l. 

Condition (c) holds. ~Ioreover. since BT= w·2Bt-)T_ Condition (d) is equivalent to 

Condition ( c) . .-\s a result. Lemma 5.5.1 implies that n· is a spin model. □ 
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Association Schemes 

\Ve present our main results in this thesis. In Sections 6.1 and 6.2. we construct 

an 2n x 2n type-II matrix tV and a pair of -ln x -ln symmetric spin models. l" and 

i-'. from each n x n invertible Jones pair (.-LB). \Ve exhibit the intricate relations 

among the ~omura algebras of these matrices in Sections 6A to 6.6. In Section 6.3. 

we design a strategy that allows us to find invertible Jones pairs. or equivalently 

four-weight spin models. up to odd-gauge equivalence. 

The constructions of the type-II matrix and the spin models provide three new 

Bose-Mesner algebras attached to a four-weight spin model. In particular. we get 

a formally dual pair of Bose-Mesner algebras from n· and a formally self-dual 

Bose-Mesner algebra from \ •. So our constructions extend the existing theory of 

Bose-Mesner algebras associated with four-weight spin models. which only concerns 

.,f4 . In addition~ these algebras form an interesting web of relations. So \Ve do not 

have just four Bose-Mesner algebras. we have a structured set of four Bose-Mesner 

algebras. 

Our construction of the pair of symmetric spin models generalizes ~omura·s in 

[22]. It places A. and B<-> as submatrices of i· and V'. Since both spin models and 

96 
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four-weight spin models are invertible Jones pairs. they become submatrices of a 

pair of symmetric spin models four times their sizes. Hence if we can enumerate all 

symmetric spin models. then we will have found all spin models and all four-weight 

spin models. This observation leads us to the only known strategy of finding four­

weight spin models described in Section 6.3. and answers Bannai ·s requt•st [l] for 

such a method. 

6.1 A Dual Pair of Association Schemes 

Suppose .-l and B are n x n matrices and ( .-l. B) is an invertible Jones pair. \re will 

use these matrices to define an 2n x 2n type-II matrix ii·. Consequently. we get 

two new ~omura algebras . .-Vw and .. Vwr. associated to an invertible Jones pair. or 

equivalently a four-weight spin model. In this section. we show that the dimension 

of :\/w is twice that of J/-1. \Ve also exhibit the basis of Schur idempotents of 

.. Vw and the basis of principal idempotents of .. ·\"wr. C nderstanding these algebras 

allows us to see their connections to the other two Bose-Mesner algebras associated 

with the same invertible Jones pair. in Sections 6.-l to 6. 7. 

Godsil constructed the 2n x 2n matrix n: mentioned above and he hypothe­

sized correctly about the dimension of -·Vw. The author proved his conjecture and 

we present this proof here. (Subsequently Godsil found a shorter proof. but this 

assumed .-l is symmetric. and gives less information.) 

Let (.-l. B) be an invertible Jones pair. Recall that by Theorem 4.5.2. 

Moreover. Theorem 3.8.5 tells us that J./A.B, N'.~.B and l./.4 have the same dimension. 
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As discussed in Section -t 7. there exists an invertible diagonal matrix C such that 

_..\ T = c-2 .-1C2. \Ve define an 2n X 2n matrix tr by 

It is easy to check that tr is type II. In the following. we show that 

and we find bases for . \ ·w and .. Vwr. 

Lemma 6.1.1 We have 

(
Jn O) E .. ·Vw. and 
0 ln 

Proof. The eigenvectors for the matrices in .. V'w are 

Applying Lemma 3.2.1 to the type-II matrices . ..\T and B(-)TC. we get 

( 6.1) 
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So for i. j = 1. . . . . n. 

As a result. 

(
J 0) . 
O J E.\w. 

and its image under 0 w is 

□ 

Now the Schur idempotents of. '{w that sum to 

have the form 

and the rest have the form 
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We examine the two types of Schur idempotents below. 

The following two lemmas analyze the Schur idempotents with zero diagonal 

blocks. 

Proof. Since 

is an eigenvector. there exists some matrix S such that 

Hi (B<-)TCt, a Brc- 1t;) = S ..\T ..\(-)T _ ) 
I ,J ( • f_ I O • t J • 

H[ (.-\re, o _4.(-)Te;) = Si,J (B(-)TCei O BTc- 1eJ). 

This is equivalent to 

XH1 ..larc-1 Xa(-)TC = .i_-1(-)T.\.,tT .is. (6.2) 

XH:f ~A(-)T.\_4T = .isrc-1 Xs1-,rc.is. ( 6.3) 

Since B(-)T = nB- 1• Equation (6.2) can be rewritten as 

and applying the Exchange Lemma. we get 
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Recall that c-t is a diagonal matrix. so ~c-1 a equals ~aXc-: and the abon.' 

equation becomes 

Taking the transpose of each side gives 

Therefore 

and H1 = n- 10 . .\.B( C 5T c- 1
) E .. \~~.B­

Equation ( 6.3) is equivalent to 

~ow replacing (.-l7 f 1 by n- 1 _-.\(-l and applying the Exchange Lemma gi\'es. 

Taking the transpose of each side yields 
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Again. C is a diagonal matrix. so .l.4t-1Xc = Xc.l_4 ,-, and 

Consequently. 

and 

This is the same as 

HT 10 'C-lSTC 2 = - - a1-1 . .-i1-1 l ). 
n 

H2 = ;e.~(-, .s,-, ( c-1 s7 ci 

= !e.-t.s( c sc-1 
). 

n 

by Lemma 3.8.2. So H2 E }(~.B· 

102 

□ 

~ow if F E .'\/-t.B• then by Theorem 3.8.5 (a). there exists a matrix H E .-\·~4 

such that F = H o .-1. Taking the transpose of each side. we have 

= HTo(c- 2 .-1C2 ) 

= c-2(Hr a .4)C2 . 

So C2Frc-2 = HT O .4 .. Since HT E /VA~ \Ve know that C2FTc- 2 E N.-t.B by 

Theorem 3.8.5 (a). If .. 1/A.B has dimension r. the following lemma gives r Schur 
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idempotents of .\:"w. 

Lemma 6.1.3 Let {Fo ..... F,._1} be the basis of the principal idempotent~ of .\~-t.B· 

Then fork= 0 ..... r - 1. the matrix 

is a Schur idempotent of .-\"w. and 

! ( CF[c-1 -CF[c-1) 
2 -CF[c- 1 CF[c- 1 

is a principal idempotent of .\ .. u-r . 

Proof. Let S == CF[ c- 1
. It follows from the proof of the pre,·ious lemma that the 

following two equations hold: 

Xe A.sW1t) .lsrc-1 Xa1-,rc == .l .-tl-1r X.-1 r .lns • ( 6.5) 

XeA.B(C2F[C-2)T.l.-1(-1T.\_4T = .laTc-1XB1-1rc.lns• (6.6) 

\Ve conclude that ~ E A .. w. 

By Equations (6.5) and (6.6). we have 
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Thus the image of t under 0w is 

n 
( 

cF[c-. 1 -CF[c-1) .. 
E .. \u-r. 

-CF[c- 1 CF[c- 1 

Consider 

- ....... ( 0 0.-t.B( Fk) 00 0.-\.Bl Fr)) . 
Fk O Fi: 

(e (C1Frc-2 ) o 0 (C1Ftc-2 ))r .-\.B k .·\.B l 

for any l. k = 0 ..... r - 1. By Lemma 2.1.2. we have 

Since Fk and F1 are the principal idempotents of .. ·V~-t.B· we have FkFi = Sk1Fk and 

(C 2 F{C- 2 }(C 2 F,Tc- 2

) = cSk1C 2 F[c- 2

. So~ O £, = 81.:1~- that is. Fa, .... Fr-1 

are the Schur idempotents of .V~i·. ~Ioreover. for any Schur idempotent .\/ in .Vw. 

the matrix .}
0 
0w( JI) is a principal idempotent of .Vu:r. So the result follows. D 

\Ve conclude from Lemmas 6.1.2 and 6.1.3 that the matrices in l GA) form ,. 

Schur idempotents which span the subspace of Jiw consisting matrices with rz x 12 

zero diagonal blocks. Further. we see in the next corollary that A. and B are encoded 

in ..-Vw and .. V.wr. 
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Corollary 6. 1.4 We have 

( 
c- 1 .-!C -c- 1 A.C) 

E .Vwr. 
-c- 1 . ..\C c- 1 A.C 

Proof. Since A. E .V.\.B and .-! = C2.--1rc-2. we know that 0.-t.al.-l) = B and 

0 . .\.B ( C2 
• .\Tc-2

) = 0 .-t.B (A.) = B. Hence B E . \1~~.B and it follows from Lemma 6 .1.3 

that 

11oreover its image under 0w equals 

belongs to .Vwr. D 

Lemma 6.1.5 All matrices -in ;\/w with n x n zero off-diagonal blocks have the 

form 

(
0.4 (.M) 0 ) ' 

0 0a(.\l)T 

for some .\ii in ."./-t . 
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Proof. Suppose 

By examining the eigenvectors tre, o ir(-)e1 . \Ve conclude that C1 E .\~-ir and 

C2 E .. ·\"8 i-1rc· By Corollary 6.lA. ( O B) E .. \"n·. Since .\"n· is commutatin:'. 
BT 0 

we have 

which leads to BC2 = C1B and Ci = B- 1c1B. Since C1 E .\~.ir. there exists 

.\/ E .. \(-1 such that 0.-t(.\l) = C1. By Theorem 4.5.2. we have 

□ 

Since .4. and B are type II. applying Theorem 3.8.5 ( a) to .-l E .r-i.B give 

.4. o .-f-t = .. \J~-t.B· Therefore the dimensions of ..-\/-t.B amd .. V-t are both r. \Ve see 

below that the Schur idempotents of J/w with zero diagonal blocks can be expressed 

in terms of matrices in .. ·\J~-t. 

Lemma 6.1.6 Let {Eo ..... Er-I} be the bas·is of the principal ·idempotents of .. f\(4 . 
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Then fork= 0 ..... r - 1. the matrix 

is a Schur idempotent of .Vw. and 

! (E[ E[) 
2 E[ E[ 

·is a principal idempotent of. Vwr . 

we have 

Hence E1c E .V"w and 
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Consider 

for any k. l = 0 ..... r - 1. By Lemma 2.1.2. we have 

Since Ek and £, are the principal idempotents of J/4 • we haw £1.Et = 61.1£1.. So 

Ek o Et = c51c1 Ek. That is. £0 •.... Er- l are the Schur idempotents of.\ ·tr. ~Ioreover. 

for any Schur idempotent .\/ in .\·w. the matrix 2~ 0w{ JI) is a principal idempotent 

of .'/wr. So the result follmvs. D 

Combining the Lemmas 6.1.3 and 6.1.6. we find the basis of Schur idempotents 

for _,\/w and the basis of principal idempotents for .. ·Vn-·r. 

Theorem 6.1.7 Suppose dim(A~.i) = dim( .. V-i.B) = r. Let {£0 ..... Er-d be the 

basis of the principal idempotents of .\~.i- Let {F0 •...• Fr-I} be the bas·is of the 

principal idempotents of J/.\.B. Then the set 

is the basis of Schur idempotents for .,·\lw. Further, the set 

{! (E! ET). 
2 £! £! 

I I 

1 ( CFTc- 1 -CF"Tc-•) . . } - : Z,J = 0 .... , r - 1 
2 -cFrc-1 cFrc- 1 

1 1 
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is the basis of principal -idempotents for .. \"u-r. Hence 

0 

In general .. ·Vw is not equal to .. \i'wr. We now examine the situation where these 

two algebras coincide. 

Lemma 6. 1.8 If .. V'w = .. \/wr. then there exists non-zero $Calar a ~'lLch that a B i~ 

a sp-in model. 

Proof. By Corollary 6.1.-l. we have 

~ow 

and 

is an eigenvector of B. That is. B (B<-,ei o Be1 ) = 3 (B(-,t, o Bt;). for some 

3 E C This is equivalent to B belongs to :\/81 - 1. which is identical to .. -\"a. By 

Theorem 5.1.41 there exists non-zero scalar o such that o:B is a spin model. □ 
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This lemma tells us that if (.-LB) is not gauge equivalent to ( a - 1 d- 1 B(-l. o. B) 

for a:B a spin model. then we do have a formally dual pair of Bose-:\Iesner algebras. 

6.2 Nomura's Extension 

In this section. we build two 4n x -ln s:ymmetric spin models. l • and l ·,. from an 

invertible Jones pair. \Ve show that they share the same formally self-dual Xomura 

algebra. \Ve obtain an explicit form of the matrices belonging to this algebra. 

In Section 5 of [22]. ~omura constructed an -!n x -ln symmetric spin model 

from a four-weight spin model whose matrices are symmetric. Our construction 

is a generalization of ~omura·s. which is motivated by the fact that .Jones pairs 

are equivalent to four-weight spin models. 1Ioreover. our construction deli,·ers the 

fourth Bose-Mesner algebra associated with a four-weight spin model. It becomes 

evident in Section 6.3 that this Bose-:\Iesner algebra is the ticket to our strategy of 

finding four-weight spin models. 

By Lemma 4.,.3 and the discussion prior to it. given any invertible Jones pair 

(.-1. B). we can construct an invertible .Jones pair (A.'. B) ·with .-1' symmetric which 

is odd-gauge equivalent to (.-1. B). From this new invertible Jones pair ( .-1'. B). we 

construct the 4n x 4n symmetric spin models i • and i •1
• So in the following results. 

we can focus on only the invertible Jones pairs with their first matrix symmetric. 

Suppose (.4. B) is an invertible one-sided Jones pair with .4. symmetric. \Ve 
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define 

dA. -d.-1. at-) a(-) 

-d.-1 d . .\ at-) a<-) 
V= 

B(-)T B(-)T d.4 -d.4 

B(-)T B(-IT -d.-1 d.-1 

It follows from the construction of F together with .-1 and B being type II that \ • 

is a type-II matrix. For easier reading. we separate the columns and the ro\\"s into 

four groups 1. 2. 3. and 4. For instance. the ( 1. 2)-block of \ • equals -d.-l while 

its ( 2. 4)-block equals a<-l. 

For a:. 3 E { 1. 2. 3. 4} and i. j = 1. .... n. we use Y~/ to denote the eigenn~ctors 

we get from i •. For example. 

In the following, We show that Vis a spin model. Our plan is to find the explicit 

block structure of the matrices in Jiv. After that. we will prove that i • E :V\· and 

0v( V) = (2d)-1\/(-l. which imply that V is a spin model with loop variable 2d. 

In the follmving, we use Jk and h denote the k x k matrix of all ones and the 

k x k identity matrix. respectively. 

Lemma 6.2.1 Let (.-1. B) be an invertible Jones pair w·ith .-1. symmetric. We have 

Jn Jn 0 0 

Jn Jn 0 0 
E .. ·V\·. (/2 •Z J.1.n) = 

0 0 Jn Jn 

0 0 Jn Jn 
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and 

Proof. Consider 

A.SSOCI.~TIOX SCHEMES 

In In 

In In 

0 0 

0 0 

yl.1 = 
'·) 

0 0 

0 0 
E ~V\•T. 

In In 

In In 

4 4 (-) 
."1.Ei O ."'l e J 

B(-)T Ei o BT e
1 

B(-IT e, o BT e.
1 

112 

Since 0A(Jn) = eB(-)T(ln) = nin. we have (/2 81 J2n) Y~./ = 2nc51J Y~./ and the 

(1.1)-block of 0dI2 ~ J2n) equals 2nln. Similarly. when a. 3 E {l. 2}. we have 

for all i.j = 1. .... n. and the same holds for a. 3 E {3. 4}. 

Consider 

yt,I = 
l,J 

d .4ei o Be1 

-d .-lei o Be j 

d- 1 B(-)T e, o _4<-)eJ 

-d- 1 B(-)T e, o .4(-lej 

\Ve have (I2 012n) Yf} = 0 and so the (1, 3)-block of 0v(/2(~ J2n) is then x n zero 

t • Th h ld ~ yt,4 y2,1 y2,4 ya,1 y1,2 y-t.1 d y4.2 H ma rix. e same o s 1or i,j , ,,j , a,J ! ,,; , i,; i i.; an ,.; . ence 
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In In 0 0 

In In 0 0 
0dl2 ·2 J2n) = 2n 

0 0 In In 

0 0 In In 

and the lemma holds. 

One consequence is that any Schur idempotent of ;\"i· has one of the following 

two forms: 

J/1 .\\ 0 0 0 0 .\/1 .Yi 

Pi Qi 0 0 0 0 P1 Qi 

0 0 .\12 .V2 .\/2 ~v2 0 0 

0 0 P1. Q2 P2 Q2 0 0 

\Ve need the next two lemmas to anatomize the Schur idempotents with zero 

off-diagonal blocks. 

Lemma 6.2.2 Let (A .. B) be -invertible Jones pa-ir with .4 symmetric. If.\/ E .-\/-t, 

then 

0.-t(.\I) = 0 8 1-)r(B-1 JIB). 

0a1-1(.\{) = 0..t(B- 1J/B). 

Proof. Let S = 0.4 (J·/). Then 
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).lultiplying each sides by ~.-t gives 

By Lemma 4.2.3. we have ~.-tt-1X.-t~.-t = XB~BrXa-1. Replacing ~.-t,-,X.-t~.-t by 

XB~BT XB-1 on each side yields 

The matrix B is type II. therefore B- 1 = n- 1 B(-}T and the above is equivalent to 

So the first equation of the lemma follows. 

Let S' = 0 81 -1(.\[) and 

).fol ti plying both sides by ~--t. 



CH.4.PTER 6. .4.SSOCI.4.TIOS SCHE.\IES 115 

Since A. is symmetric. we have n.-1- 1 = .-1(-JT = .--11-l and 

So the second equation of the lemma holds. □ 

Lemma 6.2.3 Let (.-l. B) be an ·invertible Jones pair ·w-ith .-1 symmetric. If.\/ lie~ 

in . \(4 .a and .V lies in . \-~4.8 r. then the following are eq·uivalent: 

b. 0 .-t ( J/ o .4) = 0 Br( .V o .-l f. 

Proof. First note that by Theorem 3.8.5 (a). we have -'/-t.BT = -f-t.B = .-1 0 .v4. 

Since .4. is symmetric .. V-t.B is closed under transpose. Therefore J[T. _vT also 

belong to J/J..B = l,/-t.BT. 

Now the right-hand side of (a) equals 0.J.1-1,8 1-)r(.V)r. After applying Lemma3.S.2. 

it becomes 0 .. t,Br(.VTf. ~Iultiplying each side of (a) by n- 1 BT gi\·es 

1 T 1 ·T T T 
-0.-t.s(J/)B = -0 .. t.ad-' ) B . 
n n 

which is equivalent to 

Applying the first part of Theorem 3.8.4 to (.-1, B) and its second part to (.-l. Br). 
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we have 

So (a) is equivalent to (b). 

By Theorem 3.8.4. (b) can be rewritten as 

1 T T 1 ( • T )T -0.-t,8(.--1) 0.-t,B(.\J ) = - 0.-t.BT(.\) 0.-\.Br(.--1) . 
n n 

which is equal to 

So 

By Lemma 3.8.2. 

Hence we have shown the equivalence of (b) and (c). □ 

Now we are ready to determine the structure of the matrices in .Vi· with zero 

off-diagonal blocks. 

Lemma 6.2.4 Let (.--1. B) be an -invertible Jones pair with .-l symmetric. The .-;et 
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of matrices 

F+R 

F-R 

0 

0 

satisfying 

F-R 0 0 

F+R 0 0 

0 B- 1FB + R1 B- 1FB-R1 

0 B- 1FB- R1 B- 1FB+R1 

F E .. V-t. 

R E .-'/-t.B• 

0Br(.-l o Ri)T = 0.-t(A. o R) 

equals the subspace of .V\· consisting matrices with 2n x 2n zero off-d-iagonal blocks. 

Proof. Suppose 

J/1 .Y1 

Pi Qi 
Z --

0 0 

0 0 

Since 

y1,1 = y~.2 = 
1,J 1,J 

0 0 

0 0 
E J/v. 

A/2 .Vi 

P2 Q2 

B(-)T ei o BT ej 

B(-)T ei o BT e
3 
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Z having v:./ and Y~~2 as eigell\·ectors for all i. j = 1. .... n implies 

From the first and the third equalities. we know that J/1 + .Y1 = P1 + Q 1 and 

.\/2 + .V2 = P2 + Q2. 

By the first equation of Lemma 6.2.2~ the second equality in ( 6. 7) holds if and 

only if .\/2 + S2 = a- 1( .. \/1 + S'i)B. which is true if we let F = ½t.\/1 _._ .\"i). 

Therefore both the (1.1)- and the (2.2)-blocks of 0\·(Z) equal 0.4 tJI1 , .Y1 ). It 

is an easy consequence that for i. j == 1. .... n. 

y1.2 = y2,1 = 
'•J J,J 

-A.e1 o .-11-leJ 

B(-IT ei o BT e; 

B(-IT ei o B7 e.
1 

are also eigenvectors of Z. and the ( 1. 2 )- and the ( 2. 1 )-blocks of 0\·( Z) also equal 

0.-t( J/1 + .Yi). 

Since J/2 + ~v2 = a-1(J/1 + Xi)B. the second equation of Lemma 6.2.2 with 

JI = .M1 + S 1 implies the following 
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ys.s = y4,4 = 
1,J l,J 

and 

ya,4 = y•U = 
1,J ,.; 

B(-lei o Be1 

B1-lei o Be1 

.-lei o .-1(-le.J 

.-le, o .-t(-}e
1 

B(-le
1 

o Be.1 

B(-le.1 o Be1 

-.-le, o _-\(-le
1 

-.-le; o _-\(-le
1 

119 

are eigenvectors of Z. We see that both the (3.3)- and the (4.4)-blocks of 0\·(Z) 

are 

with the last equality implied by Theorem -l.5.2. 

Consider 

yu = _yu = 
l,J &,) 

d .-le, o Be1 

-d .-le,: o Be 1 

d- 1 B(-)T e,: o .-1<-le.
1 

-d- 1 B<-)T ei o .-1(-le
1 
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and 

yl.4 = _ y2.J = 
1,J 1,J 

d.-leioBt1 

-d .-\.ei o Be 1 

-d-1 B<-)T e1 o .-1<-le
1 

d-l B(-)T 1(-) 
€ 1 0 .'"'l f. J 

They are eigenvectors of Z if and only if the following hold: 

.\11 - .Y1 =-Pi+ Qi E .\/-t.B• 

.\/2 - .Y2 = -P2 + Q2 E • \~-t.BT = ·\~·LB• 

0.-t.a(J/l - .Vi) = 0a(-IT,.-t<-t(.\/2 - .Y2), 

120 

If we let R = }( .\/1 - .V1) and R1 = ½ ( .\h - .V2 ) then by Lemma 6.2.3. the third 

equation above is equivalent to 

(6.8) 

So the (1.3)-. (2.4)-. (1.4)- and (2.3)-blocks of 0\·(Z) equals 0.-t.a(.\/1 - .Vi)= 

20.-i.a(R). 

~ow. consider 

d-1 B<-) t<-) e, o."1 e1 

ya,1 = _ y•.2 = 
,.; 1,J 

-d-l at-i ,(-) e, o .-i e 1 

d .-lei o B7 e1 

-d . ..\ei o BT e 1 
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and 

y4,l = _ yS,2 = 
I,) 1,J 

-d-1 B(-)e, o A.(- 1e
1 

-d .-lei o BT e1 

d .-lei o BT e1 

They are eigenvectors of Z if and only if 

This equation holds because it is equivalent to Equation ( 6.8) by Lemma 6.2.3. 

So these vectors are indeed eigenvectors of Z and the ( 3. 1 )-. ( 4. 2 )-. ( 4. 1 l- and 

(3. 2)-blocks of 0v(Z) equal 

If we let F = ½(J/1 + Si). R = ½(.\/1 - .Yi) and R1 = ½(.\/..? -X2 ). theu the 

result follows and 

0.4(F) 

0.-1(F) 

0.-1.B(R) 

0.-1.B(R) 

eA.B(R) 

0.-t.B(R) 

□ 

Corollary 6.2.5 Let (A .. B) be an ·invertible Jones pa-ir with A. symmetric. Suppose 
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FE .,f-t and RE .. V-t.B then 

0.4 ( F) 0.-t(F) 0.-i.B(R) 0.-t.B( R) 

0.-t l F) 0.-t(F) 0.-t.a(R) 0.-t.B(R) 
E .\"i·T. 

0.-t.B(RT)T 0.-t,B(RT)7 a-10_-t(F}B B- 10.-t(F)B 

0.-t.B(RT)T 0.-t.B(RT)T a- 10.-t(F)B B-10.-t(F)B 

lf.,\(-t has dimension r. then Lemma 6.2.4 says that the subspace of_\''\. spanned 

by the matrices with zero off-diagonal blocks has dimension 2r. C nfortunately. we 

are not able to determine the dimension of the subspace of.\·\. spanned by the 

matrices with zero diagonal blocks. Lemma 6.2.S describes the structure of this 

subspace. \Ve need the following two lemmas to prove Lemma 6.2.S. 

Lemma 6.2 .6 Let . .\ and B be n x n type-II matrices. Ass·ume further that .-1 ·~ 

s·ymmetric. If JI E .,\'~~.B then 0.-t.B(R7 ) = n.\/ if and only if 

Proof. Since B(-)T = nB- 1• the equality above becomes 

Applying the Exchange Lemma yields 
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Taking the transpose of each side. we get 

□ 

Lemma 6.2. 7 Let .-l be a symmetric matrix. If (A .. B) i.s an invertible one-~.;-ided 

Jones pair and RE .\~.\.B• then 

Proof. Since A is symmetric . . \;~-t.B = Ao .\~-1 is closed under transpost.' and Rr 

belongs to .'./-t.B• Applying Theorem 3.8.-t we get 

and 

Hence the first equality follows. 

Similarly. applying the same theorem. we get 
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and 

So the second equality holds. 

Xow we are ready to examine the matrices of .V\· with zero diagonal blocks. 

Lemma 6.2.8 Suppose A is a s·ymmet-ic matrix and (.-l. B) i.s an im1ertible Jone$ 

pair. Let S be the set of matrices 

satisfying 

0 

0 

0 

0 

a- 1cBT + H1 B- 1cBT - Hi 

a- 1cBr - Hi B-1GB7 + Hi 

G+H G-H 

G-H G+H 

0 

0 

0 

0 

and there exist n x n matrices S and S 1 s·uch that 

Then S equals the subspace of .:Vv consisting matrices with 2n x 2n zero diagonal 

blocks. 
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Proof. Suppose 

0 0 .\/1 .V1 

0 0 pl Qi 
Z= 

.\/2 .Y2 0 0 

P2 Q2 0 0 

There exists an n x n matrix R satisfying the following two equations if and only 

·r y1.1 y2.2 y1.2 d y2.1 • f z 
1 ,.1 . ,.1 . ,.1 an ,.1 are eigenvectors o . 

By Lemma 6.2.6. Equation (6.9) implies Pl + Qi = .\/1 + .\"1 = n- 10.-t.a(RT). 

Applying Corollary 2.3.2 ( d ). Equation ( 6.10) is equivalent to 

By Lemma 6.2. 7. we conclude that 

.\/,z + .Y2 = B- 1(J/, +}.\\)BT 

= BT(J/1 + .Vi)B-i. 

Note that the ( 1. 1)- and the (2. 2)-blocks of 0v(Z) equal to R. while its ( 1. 2)­

and (2.1)-blocks equal -R. 

We know that .M1 + N1 = 0.-t.a(n- 1 R7
) lies in }<~.B and .\/2 + N2 = B- 1p.Ii + 

~Vi)Br. Now by Corollary 4.5.3. 1i/2 + N2 also belongs to ./\/~~.ar• Let R1 be the 
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matrix such that Jh + .Y2 = 0.4.8 r(n- 1 Rf). By Lemma 6.2.6. this equation is 

equivalent to 

Applying the second equation of Lemma 6.2.7 to (.-1. Br). we get 

0..i..Br(Ri)T = B 0.-t.BT(R[)B-T 

= nB(Jl2 + .V2)B-T 

= n( J/1 + .Vi). 

Applying Corollary 2.3.2 (d). 0 . .\.8 r(Rt) = n(.\/1 + Si)T is equirnlent to 

l6.ll l 

(6.12) 

Equations (6.11) and (6.12) imply that Y~~•. Y~/. Y~/ and Y~~:s are eigenn:,c­

tors of Z. lloreover. the ( 3. 3 )- and the ( 4. 4)- blocks of 0i·( Z) equal R1• while its 

(3. 4)- and (4. 3)-blocks equal -R1. 

Xow Y;./. Y~/. Y;} and Y~~s are eigenvectors of Z if and only if there exists 

an n x n matrix S such that 

d- 1 X ... r1 -.v1 ..l.41-1X8 1-1r = d..lBX.-t..ls 

dXM2-N2 ~BX.-t = d- 1 
~.-11-1Xa1-1r..ls 

which is equivalent to the first equation in the lemma if we let H = .\11 - .V1 and 

Hi= 112 - N2. The (1.3)- and the (2,4) blocks of 0z(V) are S. while its (1.4)­

and (2~ 3)-blocks are -S. 
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Similarlv. there exists an n x n matrix S1 such that 

dX.u1 -s1 ~ 8 rX.-1. = d- 1 ~-"'1-,X8 (-1~s1 

d- 1 
X.\12-.v2 ~.41-1 X8 1-1 = d~ar X.-t~s1 

if and only if Y~/. Y~} ~ Y~} and Y~~1 are eigenvectors of Z. The abO\·e equations 

are equivalent to the second equation in the lemma. Hence the { 3. l }- and the ( 4. 2) 

blocks of 0z( V) are S1• while its (3. 2)- and ( 4. 1 )-blocks are -S1. 

The lemma follmvs after we let G = J/1 + .\\. H = J/1 - X1 and H 1 = .\/-;, - .Y2. 

In addition. it is ·worth noting that 

R -R s -S 

-R R -S s 
0v(Z) = 

S1 -S1 R1 -Ri 

-S1 S1 -Rl R1 

□ 

The lemma above describes the matrices in .. V'i· with zero diagonal blocks. The 

dimension of this subspace of .. Vv is greater than or equal to the dimension of .:\i~~.s­

The matrix H1 is determined by H. However. we do not understand the conditions 

on H listed in the lemma. \Ve only know that .:Vv has dimension at least three 

times the dimension of .. \/4 . 

Theorem 6.2.9 Suppose( . .\. B) is an 'invertible Jones pair ·with .-1 symmetric. Let 
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S be the set of matrices of the follow·ing form 

F+R F-R G+H G-H 

F-R F+R G-H G-..H 

B- 1GBT + H1 B- 1cs1 -Hi B- 1FB+R1 B- 1FB-R1 

B- 1GBT - H1 B- 1cBT + Hi B- 1FB-R1 B- 1FB+R1 

where F E .\~4. R E .f.t.B• G E .,\·~~.B- H and H1 satisfy the conditiow: m 

Lemma 6.2.8 and R1 s·uch that 

Then the Nomura algebra .·V\· eq-uals S. □ 

Theorem 6.2.10 Let .-\ and B be type-II matrices. If .-l is ~ymm.etric. then the 

-!n x 4n matrix 

d.-l -d.-l B(-> B(-l 

-d.-l d.-l B(-> B(-> 
V= 

B(-)T B(-)T d.-l -d.-l 

B(-)T B(-)T -d.4 d.4 

·is a symmetric spin model w·ith loop variable 2d ·if and only ·if ( .-l. B) is an invertible 

Jones pair. 

Proo£ Suppose (.4. B) is an invertible Jones pair. If we let F = H = Hi = 0~ 

R1 = R = d.4 and G = B<-> in Theorem 6.2.9. then we have VE .. \"\ •. 
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Let 

d.-\ -d.-\ 0 0 

-\., - -d_-\ dA 0 0 
- -

0 0 dA -dA 

0 0 -d_-\ dA 

and 

0 0 B(-1 B(-l 

0 0 B(-l B<-l 

B= 
B(-)T B(-IT 0 0 

B(-)T B(-}T 0 0 

From the proof of Lemma 6.2.4. we know that 

0 0 B B 

0i·(.l) = 2d 
0 0 B B 

BT BT 0 0 

BT BT 0 0 

lloreover. from the proof of Lemma 6.2.8. we have 

d-1 .-1<-) -d-1 .-t(-l 0 0 

0v(B) == 2d 
-d-1.-1<-l d-1 .-t<-l 0 0 

0 0 d-1 _4.<-l -d-1 _4.(-l 

0 0 -d-l .-1<-) d-1 .-1<-l 

So we have 0v( V) == 2cfl/(-) and (v~ 2cl\/(-)) is therefore an invertible one-sided 
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Jones pair. It follows from Lemmas 5.1.1 and 5.1.2 that l • is in fact a spin model 

with loop variable 2d. 

Conversely. if(\··. 2dt··(-)) is an invertible Jones pair. then 

implies A. ( .-le, a Be 1 ) = B,.1 ( .-le, o Be 1 ). So ( .-\. B) is an invertible one-sided .Jones 

pair. Furthermore . 

. Jones pair. Hence(.-.\. B) is an invertible Jones pair. □ 

Theorem 6.2.11 Let(.-\. B) be an invertible Jones pair ·with A. symmetric. Then 

the matrix 

d.-\ -dA. -s<-) -B<-J 

'V'= 
-d.-.\ d.-! -ac-l -B(-> 

-B<-)T -B(-)T d.-! -d.-\ 

-B(-)T -Bl-lT -dA. d.-! 

·is a symmetric spin model tuith loop variable -2d. Moreover. 0v, = 0\·. 

Prool Let 
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:'.\ote that V' = ni·n. By Lemma 2.-1.1. we conclude that.\"\.,=.\"\ •. By setring 

F = H = H 1 = 0. R 1 = R = dA. and G = -B(-l in Theorem 6.2.9. we have 

i·, E .·\/v,. ~Ioreover. by the proof of the previous theorem. we han> 

0 0 B B d-1_4.t-l -d-1_4.(-1 0 0 

0 0 B B -d--1 .-l (-) d-1 _4.l--l 0 0 
0\"(l.') = 2d -2d 

BT BT 0 0 0 0 d-1 .-l t-l -d-1.4.t-, 

BT BT 0 

= -2d\,-,(-l. 

Since D2 = l.tn• 

0 0 

= (VD)eh o i·(-l Dek 

= ±( l ")e11 0 v<-) ek. 

0 -d--1...1(-1 d-l _..\l- I 

for all h. k = 1. .... -!n. So for any .\/ E .Vi•. we have 0\·, ( .\l)h.k = 0\'( .\/ )1&.k· .-\s a 

result. the two duality maps 0v and 0v, are identical. Further. l ., is a spin model 

because 

□ 
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6.3 The Modular Invariance Equation 

In [1 J, Bannai asked for a strategy to find four-weight spin models. In this section. 

we answer her question. In (3J. Bannai. Bannai and Jaeger used the modular 

invariance equation to design a method that exhaustively searches for spin models. 

Their design relies on the fact that a spin model always belongs to some formally 

self-dual Bose-1Iesner algebra. Since this is usually not the case for the matrices in 

a four-weight spin model. their method does not apply directly. 

Given an n x n invertible Jones pair(.·\. B). there exist two -ln x -l11 spin models. 

i • and V'. with .-1 and B(-) as their submatrices. So we can apply Bannai. Bannai 

and Jaeger·s method to formally self-dual Bose-1lesner algebras on -ln elements. 

hoping to find a symmetric spin model with the same structure as \ •. From l •. we 

retrieve .-l and B. The algorithm we outline at the end of this section is the only 

known strategy to find four-weight spin models. 

Suppose that ( .-1. B) is an invertible Jones pair and that _,\/\. is the Xomura 

algebra constructed from this pair. \Ve want to see how we can recon1r ( .-l. B) 

from this algebra. Let A = { A0 • .... Am} be the basis of Schur idempotents of 

}/v. Let £ = {Ea ..... Em} be the basis of principal idempotents of J/\. such that 

0t:( E;) = .-l; and 0v( .-1;) = nE;. Let P be the matrix of eigenvalues with respect 

to this ordering. So if T is the matrix representing the transpose map with respect 

to A. then P2 = nT. Note that the ordering of the matrices in £ and the matrix 

of eigenvalues depend on the duality map 0\·. 

From Lemma 6.2.L we can always define two sets of indices I . .JC {O ..... m} 
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satisfying 

Jn ln 0 0 0 0 Jn Jn 

LA.;= Jn Jn 0 0 L . .\f = 
0 0 ln Jn . 

1EZ 0 0 Jn Jn 1E:l Jn J" 0 0 
(6.13) 

0 0 Jn Jn J" ln 0 0 

So Iu .J = {O ..... m}. 

Suppose l/ = L~=O t1t.-lk, Then V' = L,e:r ti..\; - Lie:J t 1 .--lf. Define two 

( m + 1) x ( m + 1) diagonal matrices Dr and D:, as 

and 

if i EI. 

if i E J 

!
t1 if j E ,J. 

(D:, )1,1 = 
0 if j EI. 

By Theorem 5.2.L since i • is a spin model with loop variable 2d. we get 

Similarly! since V' is a spin model with loop variable -2d and 0v, = 0,·. we have 

Define Di to be the diagonal matrix ·with its ii-entry equals to t; 1 if i E I. 
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and zero otherwise. Define D:1 similarly. Then the abo\·e two equations can be 

rewritten as 

(Dz+ D.1)P(D1 + D.1) = Sd3 to p- 1(D1 + Dj )P- 1
. 

(Dz - D:,)P(Dz - D:,) = -Sd3 ta p- 1(Di - D;)P- 1
• 

which are equivalent to 

DzP Dz+ D.1PD.1 = Sd3 t0 p-i DjP. 

Dz PD:,+ D.1PDz = Sd3 t0 p-i D1 P. 

( 6.14) 

(6.15) 

So Equations (6.1-1) and (6.15) are necessary conditions on.\·\. for the existence 

of the invertible Jones pair (.•t B) where .-1 is symmetric. By Lemma 6.2.1. the 

matrix 12 ,s J2n E J/v. \iVe say that .Vv is the Bose-Mesner algebra of an imprimitil'e 

association scheme. Note that it is possible for a formally self-dual Bose-~Iesner 

to have more than one duality map. each of which has a corresponding matrix of 

eigenvalues. 

Here is the strategy for constructing invertible Jones pairs: 

a. Given a formally self-dual Bose-Mesner algebra on 4n elements that contains 

12 8 12n, define I and .J as in Equation (6.13). 

b. Enumerate its duality maps. 

c. For each duality map. form the matrix of eigenvalues P. 

d. Solve Equations (6.14) and (6.15) for the ti ·s. 
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f. Check if it has the same structure as the matrix described in Theorem 6.2.10. 

H so. retrieve .-l and B. 

g. Yerify if(.·\. B) is an invertible Jones pair. 

If the formally self-dual Bose-1Iesner algebra we start with is not the .\"\· con­

structed from some invertible Jones pair (.-l. B). then we ha\·e three possibile out­

comes at each iteration: 

Step (d): \Ve have no solution at this step. 

Step (f): \Ve have a solution at Step ( d). But the 4n x -1n matrix \ • constructed 

does not have the desired structure. 

Step (g): The 4n x -1n matrix F has the desired structure. but the pair ( .-l. B) 

retrieved is not an invertible Jones pair. 

;-;ate that any invertible Jones pair (.-l. B) ,vith A symmetric could be found by 

this method. It follows from Lemma 4. i .3 that this method does provide all invert­

ible Jones pairs up to odd-gauge equi,-a.lence. Although this method is admittedly 

quite inefficient. it is all we have. 

6.4 Quotients 

Up to this point. we have four Bose-Mesner algebras constructed from an invertible 

Jones pair (.4. B) where A. is symmetric. In this section and the next one. we 

examine the relations among these algebras. '~le summarize them in a picture 

at the end of the next section. They are interesting because the constructions 

in Sections 6.1 and 6.2 are done independently. In particular. we have not been 
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able to spot any connections or common features ben,·een these two constructions. 

However their resulting Bose-1Iesner algebras are closely related to each other. 

\Vhen .4. is symmetric. we have .-l T = 1-2 _·H2. So we let C = I and define 

Suppose B is the Bose-:\Iesner algebra of an association scheme ou n demeuts. 

Let ii = ( C1 ....• Cr) be a partition of { 1. .... n}. Define the characteristic matrix 

S of ii to be the n x r matrix with 

if i E Ck. 

otherwise. 

\Ve say ii is equitable relative to 8 if and only if for all J/ E B. there exists matrix 

B.u satisfying 

.\IS= SB,\t. 

We call the r x r matrix B,\f the quotient of.\[ with respect to ii. We name the 

set { B.w : .\,[ E 8} the quotient of 8 with respect to ii. 

Theorem 6.4.1 For i = 1. ... ,n, let C, = {i.n + i} and let ii= (C1 ..... Cn). 

If (A., B) is an invertible Jones pair with.-\ symmetric. then .\(4 is the q·rLot-ient of 

;\/wr with respect to iT. 
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Proof. It follows from Theorem 6.1.7 that any matrix in .\"u·r can be expressed as 

for some F E .A(-t and R E .-'/.s..B. The characteristic matrix of ii is 

and 

(
2F) .\IS= = 5('2F). 
2F 

So the quotient of .Vwr with respect to ii equals .\/"'. □ 

Although we are assuming . .\ is symmetric throughout this section. the above 

proof does not require this condition. 

Theorem 6.4.2 For i = 1. ... . n.2n + 1. .... 3n, let Cl = {i.n + i} and let 

iT = (C1, ... ~ Cn, C2n+1• .... CJn). If (.-t B) ·is an ·invertible Jones pa'ir w-ith . ..\ 

symmetric. then .i\•"w ·is the quotient of .1\/v with respect to iT. 
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Proof. The characteristic matrix of 7i is 

S= 

Let S be a matrix in .Vv. By Theorem 6.2.9. we have 

F G 

F G 

( 

F 
G ) .vs= 2 = 5(2 ). 

B- 1GBT B- 1FB B- 1GBT B- 1FB 

B- 1GBT B- 1FB 

for some FE.\(.\ and GE -V:~.B· 

~ ow F belongs to .-'./-t which equals _.\/-tr. so there exists matrix .\/ in J/4 such 

that F = 0.4(Jl). By Theorem -l.5.2. B- 1 F B = 0B(,M)r. Since G E .\i~~.8 . 

there exists J/1 E -V-t.B such that G = 0.-t.B(J,/i). By Lemma 6.2.i'. we know 

n-1Gnr = e . .\.B(AI[f. 

So the quotient of -·Vv with respect to 7i is 

{ ( 
0 ( \/) 0 8

1 
\[ )) } .-t • .-t. '. i . \I V \I .V 

T T T • • E • ..\. • 1 E • .-t.B • 
0.-t.B(.\/1 ) 0a(.\/) 

which equals .1Vw according to Theorem 6.1.7. D 
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6.5 Induced Schemes 

\Ye now complete the picture of the relations of the association schemes obtained 

from an invertible Jones pair. 

Suppose A = {Ao ..... A,d} is an association scheme on n elements. Let 1-· be 

a non-empty subset of {l ..... n}. For any n x n matrix.\/. we use .\11• to denote 

the IYI x IYI matrix obtained from the rows and the columns of JI indexed by the 

elements in F. \Ve define Av = {(.-loh· ..... (.-ld)Y }. If Al· is also an association 

scheme. we say it is an induced scheme of A. 

Theorem 6.5.1 lf(.-1. B) is an invertible Jones pair. then .. V4 is an induced scheme 

of J/w. 

Proof Let } ~ = { 1. . . . . n}. The result follows immediately from Theorem 6 .1. 7. 

D 

Theorem 6.5.2 Let A be an n x n symmetric matrix. If ( .-1. B) is an in:uert-ible 

Jones pair. then _,v WT is an induced scheme of .. Vv. 

Proof. Let l~ = {l. .... 2n}. Define ( .. ,Vvh· to be the set{.:\/)-·: JI E . .i\/i·}. By 

Theorem 6.2.10, we have 

• { (F + R F - R) ,. .. } (Nvh·= F-R F+R :FE.N.-t,RE..'V.-1.B. 

By Theorem 6.1.7 . .:VwT is spanned by 
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for all F E .. -\'~4 and R E .\~-1.8. Since .. -l is symmetric. both . r-t and . \ ~-i.8 are dosed 

under the transpose. Therefore RTE J/-t.8 and .. Vu•T = (.\"i· )y. :J 

The following diagram summarizes the relations among the four Bo:.;t>-~Iesuer 

algebras obtained from an invertible Jones pair ( .-L B) where .4. is symmetric. 

quotient 

6.6 Subschemes 

Xow we give a stronger version of the two theorems in the previous section. 

Godsil noticed that if we let C = {2n + 1. .... 4n }. then the set of 2n x 2n 

matrices of .. Vv induced by C also equals .·V°wT. From this observation. he spotted 

a subscheme of J/,.,. ,vhich is a union of two copies of .:\ .. wT. This fact is stronger 

than Theorem 6.5.2. It turns out that similar situation happens to .Vu-. which we 

describe below. 

Suppose Bis the Bose-llesner algebra of some association scheme A. If 8' CB 

1s also a Bose-Mesner algebra, we call its corresponding association scheme the 

subscheme of A. 
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Lemma 6.6.1 Let C = {2n + 1. .... -ln}. Then the set 

equals .. ·Vn•r . 

Proof. From Lemma 6.2.-1. \Ve see that 5 is the span of 

Since .f-1 = .\~4r = .\"8 r = J/a. we have B- 1 F B E .\~-t by Theon~m 3.S.3 \ ll). 

~Ioreover. part (a) of the same theorem implies that R1 E .\~-t.B· Consequently. by 

Theorem 6.1.7. we conclude that 5 and .. \·a·r are equal. 

~ow we define S to be the set of -ln x 4n matrices having the form 

F+R F-R 0 0 

F-R F+R 0 0 

0 0 B- 1FB+R1 B- 1FB-R1 

0 0 B- 1FB - R1 B- 1FB + R1 

where FE .:f-t, R E /V~-1..B and 0ar(.-l o R1 )7 = 0.-t(A. o R). \Ve also define 

0 0 Jn Jn 

.J = 
0 0 Jn Jn 

Jn Jn O 0 

Jn Jn O 0 

Theorem 6.6.2 The space 8' spanned by the matrices in Su{J} is a Bose~Mesner 
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algebra contained in .\"\ •. 

Proof It is straightforward to show that this space is a commutatiw algebra 

containing l.4n and l-tn• and it is also closed under the Schur product and transpose. 

□ 

~ ote that if .:\~4 has dimension r. then B' has dimension 2r + 1. 

Similarly. if we let F = {n + 1. .... 2n}. then .. \~-1 equals the set of matrices 

{.\le : .\/ E .. Vw }. ~loreover. if £ 0 •.... £,._ 1 is the basis of principal idempotents 

of :\/4 . then the following set is a subscheme of Sn· with r classes: 

{ (
0.-t(E.) 0 ) • } { ( 0 J")} : l = Q ..... r - 1 u . 

0 0B(£i)T ln 0 

6. 7 Dimension Two 

In this section. we look at the simplest kind of invertible .Jones pairs. 

\Ve define the dimension of a Jones pair (.·LB) to be the dimension of .r.1.a­

and we define the degree of (A.. B) to be the number of distinct entries of B. If 

B is invertible. then the degree of (A .. B) is at least two. ~Ioreover. the number 

of distinct entries of B equals the number of eigenvalues of .·\. and .-\ E .. r-l.B· 

Therefore the dimension of ( .·t B) is greater than or equal to its degree. In the 

following, we consider invertible Jones pairs of dimension t,vo. 

Lemma 6.7.1 If (A .. B) is an n x n invertible Jones pair of dimension two. then 

B = a( J - N) + bN ~ where N is the incidence matrix of some symmetric design. 

Proof Let B = a(J - i.V) + b1V for some 01-matrix N and some non-zero scalars a 
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and b. By Corollary 6.1.4. 

( 0 B) . E .\u-. 
BT 0 

which implies 

,... ( 0 .\') S = E .Vw. 
_yT Q 

Since .Vu- is closed under matrix multiplication. we ha\·e 

~., (_v_yT 
\ --. -

0 
0 ) • E •"W• 

_yT_v 

By Theorem 6.1.7. we know that .v.vr belongs to .V.\- Since .f.\ = dim.\~-1.s have 

dimension two. J/.\ equals to the span of {I. J}. Therefore we can write 

.V.V7 = >-.(J - /)+kl. 

for some integers >-. and k. As a result . .V is the incidence matrix of a symmetric 

(n. k. >-.)-design. DI 

This lemma is a weaker version of Bannai and Sawano·s result (4J. They showed 

that .V is the incidence matrix of a symmetric design whose derived design with 

respect to any block is a quasi-symmetric design. 

Later, Godsil showed that if .-1. is an n x n symmetric matrix and (.-l. B) is an 

invertible Jones pair of dimension two. then .4. comes from a regular two-graph. A 

regular twergrapb is a symmetric matrix Jf that satisfies the following conditions: 
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(a) all diagonal entries of.\/ are zero and all off-diagonal entries of.\[ are equal to 

±1. and 

( b) J/ has quadratic minimal polynomial. 

X ow we give Godsil • s argument. 

Lemma 6. 7.2 If .4. is an n x n symmetric matrix and (.-LB) is an invertible Jone~ 

pa-ir of dimension two, then .-\ =cl+ dJ[. where JI is a reg·ular two-graph. 

Proof. By Theorem 3.8.5 (a). we have.-\ o .4. E .\,~4 . Since .\~4 equals to the span of 

{I. J}. there exist non-zero scalars a and b such that .4. o ..4. = a I + b( J - I). Hence 

we can write 

.4. =cl+ d.\f. 

for some symmetric matrix JI such that .\/ o I = 0 and JI o .\[ = .J - I. So the 

off-diagonal entries of JI equal to ±1. 

~Ioreover. since .VA.B has dimension two. the minimal polynomial of.-\. is quadratic. 

As a result. i.\J also has quadratic minimal polynomial. and so it is a regular two­

graph. D 

\Vhen ( .-1. B) is an n x n invertible Jones pair of dimension two. then B comes 

from a symmetric design on n points. From such design. we can construct a bipartite 

distance regular graph on 2n vertices with diameter three. Theorem 6. L 7' tells us 

that Nw is the Bose-Mesner algebra of this graph. Furthermore. if .-1 is symmetric. 

then .4. comes from a regular two-graph J/. By the same theorem. we see that .'lwr 

is the Bose-Mesner algebra of the association scheme associated to .\/. For more 

information on two-graphs. please see Seidel's survey in [25]. 
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6.8 Unfinished Business 

\Ve believe Jones pairs are the natural way to view problems on spin models and 

four-weight spin models. \Ve hope to extend their existing theory using .Jones pairs. 

In a narrower scope. \Ve feel that our results have great potential for extensions. 

:\'ow we propose several research problems. 

Firstly. from Theorem 6.2.9. we know that the dimension of . \ ·\ • is bounded 

between Jr and 3r + n where r is the dimension of .:\~-t- We conjecture that 

If we can determine the dimension of .Vv. then we can limit our search for four­

weight spin models to the formally self-dual Bose-~Iesner algebras having the right 

dimension. In order to prove this. we need to better understand the conditions in 

Lemma 6.2.8 and the interactions among .v4. -V-t.B and ;\J~~.B. 

Secondly. given an invertible Jones pair (.·t B). we get a link inYariant. But we 

also get a link invariant from the 4n x 4n symmetric spin models constructed from 

(.-1. B). It is natural to ask for the relations between these two link invariants. 

Further. we want to investigate more thoroughly the two constructions described 

in this chapter. In particular. we would like to understand why the resulting Xo­

mura algebras relate to each other in such interesting fashion. In addition. we 

want to examine other known constructions for possible extensions. Xomura·s con­

struction of the symmetric and non-symmetric Hadamard spin models. described 

in Section 5.5. is a good candidate. 

In Section 6. i ~ we have studied invertible Jones pairs of dimension two. The 

next open case is the invertible Jones pairs of dimension three. On the other hand. 

Jaeger characterized the three-dimensional Bose-~lesner algebras that contain spin 
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models. The characterization of symmetric Bose-:Mesner algebras of dimension four 

that contain spin models still remains open. This case corresponds to a special dass 

of invertible Jones pairs of dimension four. so any results on these Jone~ pairs may 

help solving this open case. 

Lastly. we have designed Jones pairs in an attempt to answer Jone~· question 

in (1 iJ. However we have not been able to answer his question yet. One obstacfo 

is that there are very few Jones pairs where the matrices are not type II. Here wt• 

ask for new examples of non-invertible Jones pairs that are not tensor products of 

existing Jones pairs. 



Bibliography 

[1] BA~~AI. E. Bose-~Iesner algebras associated with four-weight spin models. 

2001. Preprint. 

[2] BANNAI. E .. AND BANN AI. E. Generalized spin models (four-weight spin 

models. Pacific J. Math. 170. 1 (1995). 1-16. 

[3] BAN~AI. E .. BA~~AI. E .. A~D JAEGER. F. On spin models. modular in­

variance. and duality. J. Algebra·ic Combin. 6 ( 199i). 203-228. 

(4] BANNAI. E .. AND SAWANO. ~I. Symmetric designs attached to four-weight 

spin models. 2001. Preprint. 

[5] BROl:WER . .-\. E .. COHEN . .-\. ~I.. A~D ~El"~l..\lER . .-\. Distance-Reg-ular 

Graphs. Springer-\'erlag. Berlin. 1989. 

(6] CHA~ . .-\ .. GODSIL. C. D .. AND ~IL':\E:\IASA . .-\. Four-weight spin models 

and Jones pairs. 2001. Preprint. 

[7} CURTIN, B .. AND NOMURA. K. Spin models and strongly hyper-self-dual 

Bose-Mesner algebras. J. Algebraic Combin. 13 (2001 ). 173-186. 

[SJ GODSIL. C. D. Type II matrices, 2001. ~otes. 

147 



BIBLIOGR.4.PHY 1-15 

[9] GL·o. H. On four-weight spin models. 1997. Thesis. I~yushu l"uin~•rsiry. 

Fukuoka. Japan. 

[10] JAEGER. F. Strongly regular graphs and spin models for the kautfman poly­

nomial. Geom. Dedicata 44 ( 1992). 23-52. 

[11] JAEGER. F. On spin models. triply regular association schemes and duality. 

J. Algebraic Combin. 4 ( 1995). 103-144. 

[12] .JAEGER. F. Towards a classification of spin models in terms of association 

schemes. In Progress in algebraic combinatorics ( Fukuoka. 199:J ). ml. 24. 

~lath. Soc . .Japan. Tokyo. 1996. pp. 197-225. 

[13] .JAEGER. F. On four-weight spin models and their gauge transformations . ./. 

Algebraic Combin. 11 (2000). 241-268. 

[14] JAEGER. F .. ~IATSL"~lOTO. )-1.. A:\D ~O~IURA. K. Bose-~lesner algebra 

related with type II matrices and spin models. J. Algebraic Combin. 8 ( 1998). 

39-72. 

[15] JAEGER. F .. A~D NOML1RA. K. Symmetric versus non-symmetric spin models 

for link invariants. J. Algebraic Comb·in. 10 ( 1999). 2-11-278. 

[16] JONES. V .. AND SL''.'.DER. V. S. Introduction to sub/actors. Cambridge 

cniversity Press. Cambridge. 1997. 

[17] JONES. V. F. R. On knot invariants related to some statistical mechanical 

models. Pacific J. Math. 137 (1989). 311-334. 

[18} KAWAGOE. K .. MU'.'iE~IASA. A .. AND WATATANI. Y. Generalized spin mod­

els. J. Knot Theory Ramifications 3 ( 1994). 465-475. 



BIBLIOGR.4.P ff\. l-l9 

[19] ~IL':'\E~IASA . .-\ . .-.\n application of Terwilliger·s algebra. 1993. Xotes. 

[20] ~IL"R.-\Sl'GI. K. Knot Theory €3 Its Appl-icat-ions. Birkhauser. Boston. 1996. 

[21] :'iO'.\ff RA. K. Spin models constructed from Hadamard matrices. J. Combin. 

Theory Ser. A 68 ( 1994 ). 251-261. 

[22] Xo;\tl'RA. K. Twisted extensions of spin models. J. Algebraic Combi.u. 4 

(1995). 173-182. 

[23] ~O~tl'.R.-\. K. An algebra associated with a spin model. J. Algebraic Com.bin. 

6 ( 1997). 53-58. 

[24j ~o:i.1t:R.-\. K. Type II matrices of size five. Graphs Cornb·in. 15 ( 1999). 79-92. 

[25] SEIDEL. J. J. Geometry and combinatorics. Academic Press Inc .. Boston. 

:\IA. 1991. Selected works of J. J. Seidel. Edited and with a preface by D. G. 

Corneil and R. 1Iathon. 

[26] Y.U.IAD.-\. ~L Hadamard matrices and spin models. J. Stat·ist. Plarm. Inference 

51. 3 ( 1996). 309-321. 



Index 

Xe~ 18 

~c. 18 

0.-t.B• 15 

0.-t• 31 

.V~~.B• 13 

. \~~. 31 

.\(-t.B• 13 

.\(4. 31 

Abelian group scheme of X. 36 

association scheme on n elements with 

d classes. 34 

Bose-Mesner algebra. 32. 34 

braid. i 

braid group. 54 

braid group on m strands. 8 

closure of the braid. 7 

degree of (.4. B), 142 

dimension of a Jones pair, 142 

duality, 38 

150 

duality map. 15 

equitable relative to B. 136 

even gauge equivalent. 71 

even gauge transformation. 68 

Exchange Lemma. 20 

formally dual. 38 

formally self-dual, 38 

four-weight spin model. 5. 66 

gauge equivalent. 68 

Hadamard matrix. 40 

hyper-duality of IB.p• 81 

imprimitive. 134 

index of the spin model. 78 

induced scheme. 139 

invertible one-sided Jones pair. 5 7 

Jones pair, 2. 49 

locally strongly regular, 89 

matrix of dual eigenvalues. 38 



IXDEX 

matrix of eigenvalues. 3i 

modular invariance equation. 79 

modular invariance property. 79 

monomlally equivalent. 23 

Nomura algebra for the pair (.4. B). 14 

odd gauge equivalent. 69 

odd gauge transformation. 68 

one-sided Jones pair, 49 

Potts model. 40 

principal idempotents. 3i 

product of the two braids. 7 

quotient of J1 with respect to iT. 136 

quotient of 8 with respect to 1r. 136 

regular two-graph. 143 

Schur inverse of .-l. 14 

Schur invertible. 14 

Schur product A. o B, 13 

spin model, 4 

strongly hyper-self-dual, 82 

subscheme, 140 

Terwilliger algebra of 8, 81 

Terwilliger algebra of 8 with respect 

top, 81 

transpose of } •. 18 

triply-regular. S5 

trivial scheme. 35 

type-II condition. 3 

type-II matrix. 3. 28 

151 




