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Abstract

Transformers have achieved remarkable success in modeling sequential data, yet a princi-
pled theoretical understanding of their behavior remains limited. A recent framework has
analyzed transformers through the lens of first-order Markov chains, providing four theo-
rems that characterize the loss landscape and the conditions under which global minima
and bad local minima arise. However, the theoretical analysis in that work was restricted to
first-order processes, leaving open questions about the behavior of transformers on higher-
order Markovian data.

This thesis extends the theoretical framework to the case of second-order Markov
chains. Specifically, all four theorems originally established for first-order chains are for-
mally proven for second-order chains, thereby broadening the mathematical foundation for
analyzing transformers on sequential data. Also, we show that these theorems are also true
on another type of transformer architecture (attention-only transformers), given first and
second-order Markovian input data. Furthermore, experimental evaluations demonstrate
that the empirical learning dynamics for second-order chains align closely with the simpli-
fied second-order model proposed in prior work, confirming that the theoretical predictions
hold in practice.

By closing the gap between first-order theory and second-order behavior, this study
contributes to a deeper understanding of transformers’ sequential modeling capabilities.
The findings highlight the conditions under which transformers correctly capture second-
order dependencies and provide new insights into their limitations and potential extensions
for higher-order processes.
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Chapter 1

Introduction

1.1 Background and Motivation

Transformers have become the dominant architecture for sequence modeling tasks in natu-
ral language processing, computer vision, and related domains. Their effectiveness is often
attributed to their ability to capture long-range dependencies through the self-attention
mechanism. Despite their empirical success, however, the theoretical foundations of trans-
formers remain only partially understood.

A promising direction has been to study transformers on simplified sequential mod-
els such as Markov chains. In particular, recent work analyzed transformers trained on
first-order Markov chains and established formal theorems that characterize the loss land-
scape, including conditions for global minima, the emergence of bad local minima under
weight tying, the role of saddle points, and the importance of depth in escaping subopti-
mal solutions. These findings offered an important step toward understanding transformers
theoretically, yet they remain restricted to first-order dependencies.

1.2 Problem Statement and Research Gap

Real-world sequential data often exhibit dependencies beyond the immediate past. Lan-
guage, biological sequences, and time series processes typically involve higher-order struc-
ture. The existing theoretical framework, however, does not address whether the results
established for first-order Markov chains extend to more complex settings. This limitation



leaves a gap in our understanding of how transformers learn longer-memory dependencies
and whether the same guarantees and challenges arise in higher-order processes.

1.3 Research Objectives

The objective of this thesis is to extend the theoretical analysis of transformers to second-
order Markov chains and to empirically validate the theoretical predictions. Specifically,
the thesis aims to:

e Provide formal proofs of four central theorems originally shown for first-order Markov
chains in the second-order case.

e Analyze how architectural factors such as weight tying and depth influence the loss
landscape when modeling second-order dependencies.

e Design and implement controlled experiments on synthetic second-order Markov data
to evaluate whether empirical training outcomes align with theoretical expectations.

e Identify conditions under which transformers recover the correct transition dynamics,
as well as situations where they fail by collapsing to stationary distributions.

e Provide formal proofs characterizing the global and local minima of the loss landscape
in attention-only transformer models.

1.4 Significance

By bridging the gap between first-order and second-order analyses, this work advances the
theoretical foundations of transformers in sequential learning. It validates that key struc-
tural phenomena generalize to richer dependencies, while also exposing new limitations
and open questions. The findings contribute to both the theoretical literature on deep
learning and the practical understanding of how transformer architectures can be adapted
to capture more complex sequential dynamics.



1.5 Thesis Outline

The remainder of this thesis is organized as follows:

e Chapter 2 (Literature Review) surveys related work on transformers, Markov pro-
cesses, and theoretical approaches to sequence modeling.

e Chapter 3 (Theoretical Results) provides the formal proofs of the extended theorems
and discusses their implications.

e Chapter 4 (Observations) reports experimental results, comparing empirical training
dynamics with theoretical predictions.

e Chapter 5 (Conclusion) summarizes the contributions, discusses implications, and
outlines directions for future research.



Chapter 2

Literature Review

2.1 Related Work

2.1.1 Introduction

Transformers have become the core architecture behind today’s most powerful language
models, showing exceptional performance in tasks such as next-token prediction and a
wide range of natural language processing applications. Despite this remarkable experi-
mental success, our understanding of how transformers actually learn the patterns they
capture remains limited. This gap has motivated researchers to investigate simplified set-
tings—using controlled input distributions or reduced architectural designs—in order to
gain clearer insight into the learning behaviors underlying these models. These efforts rep-
resent a growing theoretical interest in uncovering the fundamental principles that drive
transformer learning. A recent line of work has taken this idea even further by asking
whether transformers can be taught to perform in-context learning directly, without rely-
ing on massive pretraining. Garg et al. [5] explore this by training standard Transformers
from scratch on very simple function classes, such as linear regression. Interestingly, they
find that the model learns to solve new tasks by internally carrying out a procedure that
resembles an iterative regression algorithm based on the prompt examples. In other words,
the Transformer learns a small meta-learning routine on its own. This shows that in-
context learning is not just a byproduct of scaling, but something that can emerge from
much simpler, targeted training. A complementary perspective comes from work showing
that in-context learning can be interpreted as a form of gradient-based meta-learning. Von
Oswald et al. [I1] demonstrate that even a single self-attention layer can be constructed
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to perform one step of gradient descent on a simple regression loss. In this view, a trained
Transformer effectively becomes a “mesa-optimizer,” carrying out an inner optimization
procedure through its forward pass. This result provides a clear mathematical explana-
tion for how Transformers can adapt to new tasks from context alone, without parameter
updates, reinforcing the idea that ICL emerges from implementing learned optimization
dynamics inside the model. Another useful perspective comes from work examining what
kinds of structures are already hidden inside Transformer embeddings. Hewitt and Man-
ning [6] show that a simple linear probe can recover full syntactic parse trees from models
like BERT and ELMo. By applying a learned linear map, the distances between word
vectors align with their distances in the parse tree, revealing that hierarchical syntax is
implicitly encoded in the embedding space. In other words, these models learn surprisingly
rich structure, even though they were never trained to predict syntax directly. While these
results offer valuable insights, a precise characterization of the NTP objective on sequential
learning capabilities of transformers is not well understood.

Attention with Markov: A Framework for Principled Analysis of Transformers
via Markov Chains

A foundational contribution to the theoretical understanding of transformers trained on
sequential data is presented by Makkuva et al.[9] The central problem addressed in their
work is the lack of a precise characterization of the next-token prediction (NTP)
objective and its implications for the transformer’s ability to learn from sequential struc-
tures. The authors formulate the fundamental research question:

How do transformers learn from sequential data?

To make this question analytically tractable, the authors model the input as a Markov
chain, enabling a principled examination of the interplay between (i) the statistical prop-
erties of the data distribution, (ii) the transformer architecture, (iii) the learned conditional
distribution, and (iv) overall model performance. This Markovian abstraction provides a
clean framework within which the loss landscape can be exactly characterized.

Theoretical Findings. The analysis focuses on the loss landscape of single-layer
transformers trained on first-order binary Markov chains with transition probabili-
ties Py; = p and Py = q. The authors derive several key theoretical results:

e Global Minimum (Theorem 1).



— For any first-order Markov chain, the transformer’s loss admits a global min-
imum 6,.

— At this optimum, the model’s predicted next-token distribution matches the
true Markov kernel. That is, the transformer correctly uses only the current
token x,, to predict x,, 1, consistent with the memoryless property of first-order
chains.

— The loss at the global minimum equals the entropy rate of the chain:
L(0.) = H(zpi1 | ).

e Bad Local Minimum and the Role of Weight Tying (Theorem 2).

— The architecture—specifically weight tying between embedding and output
projection—interacts with the Markov chain’s switching factor (p + ¢) to
shape the loss landscape.

— When weight tying is used and p+ ¢ > 1, the loss function exhibits a bad local
minimum 6.

— At this local minimum, the transformer disregards both past and current tokens,
predicting instead the stationary marginal distribution m; of the chain.
Consequently,

L(6,) > L(6,).

Experimental Findings. The empirical results closely corroborate the theoretical pre-
dictions and extend the analysis to deeper and higher-order architectures.

e Confirmation of the Loss Landscape Structure.
— When the switching factor satisfies p+¢q < 1, the transformer reliably converges
to the global minimum, recovering the true transition probabilities.

— When p+¢q > 1 and weight tying is used, the model converges to the bad local
minimum, predicting only the stationary distribution.

— When weight tying is removed—even with p + ¢ > 1—the transformer success-
fully learns the correct Markov kernel and converges to the global optimum.

e Effect of Depth.



— For the problematic case of p+ ¢ > 1 with weight tying, increasing the depth of
the transformer (¢ > 2) allows the model to escape the bad local minimum.
Deep transformers therefore overcome the failure mode observed in single-layer
models.

e Higher-Order Markov Chains.

— When the data is generated by a higher-order Markov chain, a standard trans-
former fails to learn the correct transition dynamics unless a masking window
corresponding to the true order is explicitly imposed.

— Unlike the first-order case, simply increasing depth does not solve the learning
problem for higher-order dependencies.

Overall, Makkuva et al.[9] provide one of the first rigorous, principled characterizations
of how transformer architectures behave under Markovian sequential structure. Their
results form the theoretical and conceptual foundation for subsequent work—including
this thesis—which investigates the geometry of transformer loss landscapes, global and
local minima, and the behavior of attention mechanisms under structured sequential data.

A recent and closely related result comes from Liu et al. [7], who study whether Trans-
formers truly require increasing depth to model higher-order Markov processes. Prior
theory suggested that representing a kth-order Markov source should require a depth that
grows logarithmically with k. Surprisingly, their work shows that this is not necessary in
practice: even a fixed, shallow Transformer (e.g., three layers) can learn kth-order Markov
data with high accuracy when trained long enough. They further prove that a three-layer,
single-head Transformer is expressive enough to represent the in-context conditional dis-
tribution of kth-order sources, relying on attention mechanisms that collectively track the
required k prior tokens.

This finding was particularly interesting for my thesis, because although the model
can successfully learn high-order chains with constant depth, the authors do not analyze
the loss landscape of this architecture. In contrast, Makkuva et al. [9] provide a detailed
characterization of global and local minima for single-layer Transformers trained on first-
order Markov data. My goal is to investigate whether these theoretical insights also extend
to the constant-depth architecture studied in Liu et al. [7], and whether similar convergence
behaviors and critical points arise when modeling higher-order Markov chains.



2.2 Conclusion

This chapter reviewed the journey of sequential modeling, from early models like RNNs
and LSTMs—which struggled with long-term memory—to the powerful, attention-based
Transformers that dominate today.

While we see incredible performance from large language models (LLMs) every day, we
still lack a complete understanding of how transformers learn the patterns in sequential
data.

Recent theoretical work has made significant progress, primarily by studying simplified
cases:

2.2.1 The First-Order Blueprint

Makkuva et al. (2024) gave us a clear map of the learning landscape for basic transformers
on first-order Markov chains (where the future only depends on the immediate present).
They found that architecture choices (like “weight tying”) can make the model get stuck
in a “bad” solution, failing to learn the true sequence rules.

2.2.2 The High-Order Capacity

Other work (Liu et al., 2024) confirmed that transformers, even shallow ones, are powerful
enough to represent the rules of much more complex, higher-order Markov chains (where
the future depends on multiple past steps).

2.2.3 The Missing Piece (Our Focus)

There’s a critical gap between what we know they can represent (higher-order chains) and
how they actually learn it (their loss landscape). The detailed theoretical map we have for
the simple first-order case doesn’t exist for the complex, higher-order chains that better
resemble real-world data (like language).

This thesis will fill that gap. We aim to extend the rigorous theoretical analysis of the
learning landscape—including finding the “bad” local solutions—to second-order Markov
chains. By doing this, we connect the dots between the expressive power of the transformer
architecture and the practical challenges of optimization, giving us a much clearer picture
of how these models handle the complexity of real-world sequences.
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Chapter 3

Theoretical Results

3.1 Introduction

In this chapter, we explore the main theoretical contributions of the thesis. Our work is
divided into two parts. First, we build on the first-order analysis from previous research
and extend it to second-order results. Specifically, we establish second-order analogues for
four key findings:

(i) the existence of global minima that accurately recover the true second-order kernel,
(ii) the presence of bad local minima when weight tying is used,

(iii) how these bad local minima turn into saddle points once weight tying is removed, and
(iv) the influence of network depth in helping the model escape suboptimal stationary
points.

Second, we investigate whether these results also apply to a different architecture—the
attention-only transformer. We analyze how the loss behaves for both first-order and
second-order Markov chain data and check if the patterns we observed in the first part still
hold.

We start by reviewing the necessary background and then move on to state and prove
the lemmas and theorems.



3.2 Preliminaries

Throughout this work we consider binary sequences for the input data sequence {z,}Y_, €
{0, 1}" generated by either a first-order Markov chain or a second-order Markov chain with
transition probabilities same as 3.1 for the first-order chain and 3.2 for the second order
chain.

Figure 3.1: First order Markov chain with states 0 and 1, and transition probabilities p
and q.

Figure 3.2: First-order view of a second-order binary Markov chain over states
{00,01,10,11} with transition probabilities (p,q,s,t). 01 represents the state where
Tp—1 =0and z, = 1.

As the input is binary for the first-order case, we have P(z,41 = 1| z,,) + P(zy41 = 0 |
x,) = 1, and for the second-order case, P(zp11 =1 | zp, @p1) +P(2p1 =0 | 2, T0—1) = 1.
Also for the first-order case, the probability of getting 1 on the next token can be written
as (3.1)

Plana =1]zn) =2a(1-p—q) +p (3.1)
Similarly, for the second-order case the probability of getting 1 on the next token can be
written as (3.2)

P(xpr =1 2n,xp1) = xpq (@t + (1 —2)s) + (1 — 2p1) (Tog + (1 —2,)p)  (3.2)

10



Let the system be said to be in steady-state when the following condition is satisfied:
T, = Z 7TijZ', W)
J

where 7; represents the steady-state probability of being in state 1.

Where:

e T; is the steady-state probability of state 7,
e Pj; is the transition probability from state j to state ¢,

e The sum runs over all possible states j of the Markov Chain.

Additionally, the steady-state probabilities must satisfy the normalization condition:

Z?Ti:]_

Therefore, the steady state probability for the first-order chain can be written as (3.3)

q
WOITq
p
e (3.3)
T =
p+q

And the steady state probability for the second-order chain can be written as (3.4)

st—s—t+1
mTon =
00 pqg —2pt+2p+st—s—t+1
—pt+p
o1 =
pqg —2pt +2p+st—s—t+1 (3.4)
—pt +p '
0 =
pq—2pt+2p+st—s—t+1
pq
11

:pq—2pt+2p+st—s—t+1

We can also calculate m; and my as follows:

11



B st—s—t+1—pt+p
Copg—2pt+2p+st—s—t+1

Ty = Too + T10

3.5
T =T+ Tor = i &
L ot 2pfst—s—t+1
We build on the transformer architecture proposed in [13] and modify this in each part of
the thesis.
T, = tpe +p, € R?  (Uni-embedding) (3.6)
Yn = T, + W Z att, ;- Wyx; € RY (Attention) (3.7)
i€[n]
Zn = Yn + WoReLU(W1y,) € R (FF) (3.8)
logit,, = (a, z,) + b € R (Linear) (3.9)
fo(x?) & Po(w1 = 1| 2}) = o(logit,,) € [0,1] (Prediction) (3.10)

Embedding: The binary input values z,, = 1 and x,, = 0 are mapped to their respective
embeddings, e and 0, within a d-dimensional space RY. Here, d denotes the embedding
dimension. Additionally, each token receives a positional encoding p,,, also within R¢, which
varies depending on the token’s position in the sequence. The final input representation
x, is obtained by adding these two embeddings together.

Attention Mechanism: In the attention mechanism, a query is compared to a series of
key-value pairs to produce an output. The output y, € R? is calculated by taking the
weighted sum of the values v; £ Wy z;, where the weights att,, ; are determined by how
well the query vector g, = Wox,, aligns with the key vectors k; 2 Wyax;. The weight for
each key is computed as:

<qu7 kl)

att, ; £ softmax | —=" ) ,
2 it (72

with the weight matrices Wy, Q,V € R™4 and Wy € R¥™ as the projection matrix.
In multi-head attention, this process is repeated across multiple heads, and the resulting
outputs are summed together.

12



Feed-Forward Layer (FF): The feed-forward component consists of a skip connection
and a hidden layer with a ReLLU activation. This layer uses two weight matrices, W5 €
R¥>" and W; € R™? and is applied independently to each token’s embedding v, € R,
producing an output z, € R? with the same dimensionality.

Linear Transformation: The linear layer maps the output from the feed-forward net-
work, z,, to a scalar value logit, € R, using a weight vector a € R? and a bias term
beR.

Prediction: The scalar output, logit,, is passed through a sigmoid function to yield a
probability for predicting the next token. For a binary vocabulary, the probability of the
next token being 1 is given by:

fo(2]) 2 Py(zpy1 = 1| 27) = o(logit,) € [0, 1].

For vocabularies larger than two tokens, the logits would be processed by a softmax func-
tion, but for binary cases, the sigmoid function is sufficient. The input tokens undergo
multiple layers of multi-headed attention and feed-forward operations, alternating between
these layers, to compute the final logits.

Finally, the Transformer’s parameters, § = (e, {p,}"_,,b,a) € R? are optimized by
minimizing the cross-entropy loss for predicting the next token:

L) 2~ 3 B e - 1og fo(a?) + (1 = zpr) log(1— foa))]  (311)

ne[N]

3.3 Part One: Second-order Markov chain

In this section, we work with second-order Markovian data as input, using a similar archi-
tecture to the one in equations 3.6 to 3.10, with just a few adjustments. We then show
that the theoretical results from [13] also apply to this case, building on their work, which
was originally focused on first-order Markov chains.

3.3.1 Transformer Model Setup

In this part, we use a different attention layer than 3.7.:

13



Yn = Tp + 0Lp_1 (Attention) (3.12)

We use the exact same loss function as 3.11.

3.3.2 Lemmal

Lemma 1 (Loss as KL divergence). Let the input sequence be

{zndnly ~ (7(p,q,5,1), P(p, g, 5, 1), P(p, g, 5,1))
for some fixed (p,q,s,t) € (0,1)%, 0 = (e,{pu})_,...,b,a) € RP be the full list of the

n=1
transformer parameters, and L(0) be the corresponding cross-entropy loss in 3.11. Then
the loss function L(-) is equivalent to the KL divergence between the Markov kernel and

the predicted distribution, i.e.,

LO) =~ 3 Eng[Dics(Blenr = - | 2mr) | Bolatns =+ | )] + H(rgen | 20, 5000),
n€[N]
(3.13)
where Dk (P || Q) is the KL divergence between two distributions P and @, and H (x4 |
x,) is the entropy rate of the Markov chain.

Remark. Consequently, 3.13 highlights that any parameter @ with the predicted prob-
ability
Jo(a)) = P(zpy = 1] zn)
is a global minimum for the loss L as Dk (- || -) > 0 . We utilize this fact in the proof of
Theorem 1 later.

14



Proof. Consider the loss function L(-) given in Eq. (3.1). We can rewrite it as follows:

L(O) =~ 3 Byger [rair - T0g folaf) + (1= w0) - Tog(1 — fola?)

ne[N]
1 n n
- N Z Eaz’f [Exn+1|z? (:Bn+1 -log fo(@Y) + (1 — @n4a) - log(1 — fe(xl))>]
ne[N]
1 fo(7)
= —— ]Ezn |:IP] n = 1 ny Ln— ].
N n;\” r (Tny1 | T, Tn—1) log P(rp1 =1 zp, 0 1)

+ ]P(zn—‘rl =0 ’ L, xn—l) IOg

1 — fo(a7) }

IED(:Cn+1 =0 ’ xnwxnfl)

) 1
I Ex" []P) n =1 ny <Fn— 1
N Z m (Qf +1 ‘ Tpn, L 1) og ]P)(anrl =1 ‘ l’n,xnfl)
n€[N]
1
]P) n = 0 nyn— l i|
+ (.7: +1 ’ z z 1) Og P(«Tn+1 == 0 | xn; mn—l)
. fo(z7)
= —— Ezn []P nt1 =1 ny = J
~ Z " (Tpa1 | T, 1) log P(zpir = 1|2y, 7p-1)
n€[N]
1 — fo(z7)
IED n = O ns n— l :|
+ (x +1 ’ z x 1) Og P(xn+1 == 0 | xn; xTLfl)
1
—E, []E n—2 []P) w1 = 1| ny Tp1)l
o 2 [en @01 (x +1 ‘ Ty, T 1) og P(xn-i-l =1 | LT, xn—l)
1
IED n = O ns n— l :|:|
+ P(xp11 | Zn, Tn—1) log P(xp1 =0 2p, T0n1)
. fo(z7)
—_ ]Ez" |:IPJ n — 1 ny n— ]'
N Z ! (ZE +1 | T z 1) Og ]P(xn—kl — 1 | xnwxn—l)
n€(N]
1 — fo(z7)
]P n = O ns n— l :|
—+ ($ +1 ’ Tn, T 1) 0og ]P’(%wl =0 ’ xn,l’nfﬁ

1

]P)(anrl =1 ‘ T, xn,1>

- Emn,n—l |:]P><:Un+1 = 1 ‘ xny x’nfl) log

1
IED n = O n, n— l :| '
+ P(zp41 | %, 1) log P(xpi1 =0 2y, 20 1)
We knew that:

fo(x}) =Po(xpi1 = 1| zp,z—1) according to the architecture.
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Also, we can say:

1

]P)<xn+1 =1 | xn7xn—1)

P(zp1 = 1| 2y, 2,-1) log

1

]P(:En—‘rl =0 | xnaxn—l)

+P(xp1 =0 2y, 2,1) log

= H(xn+1 | L, xn—l)-

And:
fo(a?)
P(rn1 =1 ny Ln— 1
(x ! | ot 1) o8 P<$n+l =1 ’ xnviﬂnfl)
1 — fo(z})
P nt1 =0 ny bn— 1
N <x ! | i 1) o8 IP><xn+1 =0 | xnaxnfl)
= —Dgkr, (P(%H | T, Tne1) || Po(@n1 = - | 90?))
Therefore:

1
L(0) = — Z Eun | Dkr P(zni1 = - | Tny Tne1)||Po(Tngr = - | 27) )| +H(Zng1 | 20, ).
N ]

ne(N

3.3.3 Lemma 2

Lemma 2 (Gradient computation). Consider the same data and parameter setting as
in Lemma 1 and let L(0) be the cross-entropy loss in 3.11. Then for any parameter w € 6,

VuoL(0) = —% Z E, vt [(Tni1 — fo(al)) - V(a2 +0)]
née[N]

_ _% S By [(P(nss = 1| 2y 1) — folal)) - Vaula 20 +1)].
]

ne[N

(3.14)

Remark. 3.14 highlights that any parameter 6 with the predicted probability fg(z}) =
P(x,i1 = 1| 2y, 2,-1) is also a stationary point for the loss L. We utilize this fact in the
proof of Theorem 1 later.
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Proof. Let 6, of 8 € RP:

0 ~ 1 0
—~L9 :——E Enl n — |5 n i Tn+b:|
99 ) N i [(x w1 = folat) 90, (@20t )
1 0
=% >~ By |:(]P)(xn+1 =1|ap,xp0) = f3(a})) - J(GT% + b)]-
n€[N] J
Also we had:

L(0) = —% D Eprer [wagr - log f3(a]) + (1= zp1) - log(1 = fi(27))],

ne[N]

which implies that

0 . = 0 0
a_éjL(g) = _% n;\[] B |:xn+1 : 8_5] log fa(1) + (1 = Zp41) - a—éj log(1 — fé(xﬁ)}
1 1 0 n 1 0 o

ne[N]
Since fj(x}) = o(a'z, +b), we first note that the derivative of o is given by

e—Z

R

=0(2)(1 —o(2)).

Hence, the derivative a%j f5(x}) can be written as
0 0 =
— f3(2V) = —o(a'z,+b
o i) = g otaT 4

=o(a'z, +b) [l —a(a’ 2, +b)] - %(aTzn +b)
J

= S [ = fi)] (0T ).

J

17



Plugging this into the above expression, we have

o = 1 0
—NL(Q) = — == Z Exrlz+1 |:$n+1(1 — fé(x?))—~(a—'—zn + b)
00, N nelV] 00,

n a T
— (= ) fiat) (0o )

J

= 3 B [(rans — (a0 T 4]

ne[N] J

! 0
=% Z Egp |:Exn+1|a:? [$n+1 - fg(x?)] £<GT% n b)}

ne[N] J

1 0
=% Z E.p {(P(xnﬂ =1|zn,2p1)— fg(fv?))ﬁ(avn + b)}

ne[N] J

and we are done.

3.3.4 Theorem 1 (Global minimum)

Theorem 1 (Global minimum).

Let the input sequence be {z,}Y_, ~ (7(p,q,s,t), P(p,q, s,t)) for some fixed (p,q,s,t) €
(0,1)2. Then for all (p, q, s,t), there exists a 6, € RP~? with an explicit construction such
that it is a global minimum for the population loss L(+) in Eq. (3.1), i.e.,

1. L(0) > L(6,) for all § € RP—

2. Py, (zpy1 =1]|27) =P(xpe1 = 1| 2y, 2,-1), the Markov kernel.

3. L(0,) = H(xpy1 | ©p, n—1), the entropy rate of the Markov chain.

4. VL(0,) =0, i.e., 0, is a stationary point.
Proof. We assume that we use weight tying, i.e., the list of parameters § = (e =
a,{pn}N_1,0) € RP74. Thus in view of Lemma 1 and Lemma 2, it follows that any 6

satisfying
fo(x}) =P(xni1 = 1| 20, Tp1)

18



is a global minimum with loss equalling the entropy rate, and is a stationary point. Hence
it suffices to construct such a 6.

To build our intuition towards designing 6,, recall that the Markov kernel P(z,,41 =1 |
T, T,_1) can be succinctly written as

P(xpi1 =1 | 2p, p1) = xp1 (Tt + (1 —2)8) + (1 — 1) (pq + (1 — x,)p)

To ensure that fy(2]) = Tyt (znt + (1 — x,)8) + (1 — 2p—1) (20q + (1 — x,)p), it suffices
for the transformer to utilize only the information from the current symbol x, and the
symbol before that z,,_; and ignore the past 272, In view of the transformer architecture,
if we set wy = 0, then:

Ty = Tpe + pp € R?  (embedding)
Yp = Tp + 02,1 € RY  (attention)
Zn = Yn + woReLU(w1y,) € RY  (FF layer)
logit,, = (@, z,) + b € R (linear layer)

fo(a?) & Pg(z, = 1| 27) = o(logit,) € [0,1] (prediction)

Therefore:

Zn = Yp =Ty +0Tp_1 = XTpe+Pp +0x,_1+ 0Pp_1.
logit,, = (a,z,) +b = (e,xn) + 0{e,Tp_1) + b
ol{e,xn) + (e, xp_1) + b = Tp_1 (Tpt + (1 — x,)8) + (1 — 2p1) (xng + (1 — z,)p)
1 B 1)
Zpq (Tt + (1= 2)8) + (1 — 1) (20g + (1 — 2,)p)
Therefore for every state we have:

(e, 2) 466, 201+ = log (
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Tn—1 | Tn Relation
0 0 | (e.pn) + (e, pn_1) +b= —log (%—1>

0 1 <e,pn>+|e|2+b:—log(%—1>

U [0 [leP+ote ) +b=—tog (1 - 1)

1 1 | 2[e|*+ (e, pn) +6{e,pp_1) +b=—1log (+ — 1)

According to the table we have:

:$%WW=-4%(E—1)+kg(l—1>
t P
b+ (e, pn) = —log <5_1) = [—log <¥_1> ©log (]_)_1)}
b+ (e, pn1) = —log <1—1> 1 {—log (1—1) + log (1—1)}
S 2 t D

In order to make these equations hold true we should:
1—p)t
lle]|? = log (ﬂ) (should be +)

p(1—1)
t—pt -
= tZl =t—pt>p—pt =1t>p (condition)
p—p

(e,pn) +b=log < q (1- t))12>

l—qg \(1-p

S

&aﬂlﬁ+b:kg<1_s. 8:;§>

Case 1: If {p, =0})_,, e = q,

B q (1-p) 8 (1-1)p B
m_k%<1—q' ﬂ—pﬂ>_kg<1—8' ﬂ—pﬂ> T




q (1—t)p
5h%(1—q' ﬂ—pﬂ)_b
_ 1 S (L—t)p q (1—t)p

b”‘1—5<bg<1—s' a—pﬁ)_ébg<1—q' ﬂ—pﬁ))

Therefore, for the case t > p, Theorem 1 holds, given that 6, is defined as follows:

0, = (e:a:e* = Qy, Pn, Wo =0, Wkov, Wi, Wy =0, b:b*).

Nowift<pgivene:a:1andpn:—léz

fo(z}) = o(logit,,) = o ({a, (y, + W2ReLU(W1y5,))))
= 2p 1 (znt + (1 — 2,)8) + (1 — 2,_1) (znq + (1 — 2,,)p)
Letpn:—%, e=a=1

1 .
= ifzx,=0
5 itz o,

1
$n_€xn+pn_exn_§—{

ifr,=1

N |

Yn = Tp + 53:1171 = oy + 5an71

If woReLU(wyy,) = 5,1
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= zp = (ap + day—1 + 5n)1

= o ({a,2z,) +b) = o (d(a, + da,_1 + Bn) + D)

=21 (znt + (1 — 2,)8) + (1 — 2,_1) (znq + (1 — 7,,)p)

1

= d(an"i_éan—l"i_ﬁn)—i_b - = log (

Tp1 (Tpt + (1 —2,)8) + (1 —zpq) (pg + (1 — z,)p) N 1)

Tl | Tn | Qp1 | O Relation
0 |0 —% —é -long—l):d(—%—gﬂLﬂoo)%—b
o[ A T el oS
1 |0 % —% -10g(§—1):d<—%+g+ﬁ10)+b
1|1 % % -10g(%—1):d(%+§+611>+b
Boo — Por = —élog (1()1(1__17)5) +1 (1)
fro — P = —é log (21_—8?)5) +1 (2)

Beta Coefficients

W ReLU(len) =B.1, W= U)llT, Wy = —WIT

Byl = =W, ReLU(w11T (a, + 6v_1))
Bul = —wdReLU(wd(0r, + 80, 1)) = —w?d® ReLU (av, + dor, )
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1 9

Boo = —w?d? ReLU ( .

)
)
)

1 9
Bor = —w?d? ReLU (2

2

1+5
2

610 = —w2d2 ReLU ( 9

1
B = —w?d* ReLU (5 + g)
300207
922 (1=5
i _1<s<1 Q0= w'd (%57,
BlOZO,

Then b, will be:

_ 2 72 (1+6
Bu = —wd® (5

).

by = —log<1;p) + 6%(1 +6)
Conclusion
o= g (U20) e (12
Bio — B = —%l log (2 1__Si§> +1 = wd? (ITM) (@)
— 1- wzd2(1 —§) = élog (1()1(1_—_]))5)
1 - de2(1 +6) = %Zlog <$1__Si§>
IR )
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Therefore, for the case t < p, Theorem 1 holds, given that 6, is defined as follows:

0,=(e=a=1,p,=(—1/2)1

n=1’

Wo =0, Wgov, Wi = w117 Wy = —W[' b=0b,)

3.3.5 Theorem 2 (Bad local minimum)

Let the input sequence be {z,})_, ~ (7(p,q,s,t), P(p,q,s,t)) for some fixed (p,q,s,t) €
(0,1)2. There exists an explicit 8, € RP~? such that it is a bad local minimum for the loss

L(-), ie.,

(i) there exists a neighborhood B(f,,r) with r > 0 such that L(0) > L(6,) for all
0 € B(0r,r), with L(6,) > L,.

Further, 6, satisfies:

(i) Py (xpy1 =11 2}) =P(z,41 = 1) = mp, the marginal distribution.
(iii) L(0r) = H(xns1) = H(m), the entropy of the marginal.

(iv) VL(0,) =0, i.e., 6, is a stationary point.

Proof (Sketch). The main idea behind constructing 6, is that if we set e = a = 0 in the
Linear layer, the model ignores the inputs altogether and outputs a constant probability,
and in particular 7; by choosing the bias b appropriately, i.e., fo_(z}) = m; for all z}. For
this 0,, it’s easy to show that L(6,) = H(m) and that it’s a stationary point. Further, we
show that the Hessian at 6, follows the structure

H, 0
H = ,
0 0
where H, > 0, and that it implies the local minimality of 6. O

Proof. Given the following assumption, we start with property ii:

0, =(e=a=0){P. ), , Wo=0,Wyq. Wa=0,W,

b= log (73>
q
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{Pn}rjyzl - Rda Wk,Q,v € Rde, Wi e R"*4
if)

fo (@) = By (wnn = 1aY) = Penn = 1) =m

e on(£)) -y

The model ignores all the input and outputs a constant .

Since a =0

iii)
L(0;) = H(xpy1) = H(m)
1 n n
L(Bx) = =5 D Bews [onsalog fo, (21) + (1 = 2ni1) log(1 = fo, (27)
ne([N]
1
=-5 Z Es, . [Tni1logm + (1 — 2p41) log mo)
ne[N]
1
= N Z [—7r1 log ™ — mo 1Og7To]
ne[N]
iv)
VL) =0
1
V.L = N Z B [(@n41 — fo. (1)) - Va(a" 2 +b)]
ne[N]
1
== > By [(@ns1 = m) (2 + Vaza - o)
née([N]
For a = 0:
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1
= _N Z Ern-s-l [(xn—&-l - 7T1) ’ (p” + 5p"71))} = 0.
ne[N]

VyL = _% Z Egps [(xnﬂ — fo (a)) - Vip(a" 2, + b)]

ne[N]

1
= —N Z E$n+1 [l'n—i—l - 7T1] = 0.

née[N]

Vol = Vy(a'2,) = (Vzy) - a — 0.

i) Here we assume two sets of parameters, a and /3, and we calculate the Hessian
with respect to these sets.
a = (b,a)

/6 - {Pn}g:1 ) W07 WK,Q,V: W27 Wl

0 = (a, B)

Hy =V?L(0)|,_,
Towards establishing this, we first let o = (b,a) and 8 = ({p.}2_1, Wo, Wk.g.v, Wa, W1)

n=1»
be two different sets of parameters comprising 6, i.e. § = («, 5). We compute the Hessian

H, % V2L(6) | g—g» and show that it has the following block-diagonal structure:

where H, corresponds to the Hessian with respect to the parameters a and b in a. Further,
we show that H, is positive-definite. This helps us establish that 6, is a local minimum.
Now we start with the Hessian computation.
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H, 0O
0 O

Gradient Computations:

ne[N]

ViL = Vy(V,L) = (— Z E gt [Tni1 — fe(%)])

1
=V, (N Z Em?“[xnﬂ — Vi(a'z, + b)])

ne[N]

For a = 1:

1 n "

= < D" Elf(@) (1~ fola}) - Vi(a" 20 + )]
née[N]
For 6 = 0,:
= N Z [71'171'0
ne[N]
=mmy >0

V2L =V,(V,L) =V, (% > E i [(2ns1 — fo(a)) - Va(aTzn)])

ne[N]

=V, (% Z E[(zn11 — fo(21))(2n + (Vazn) - a)])

ne[N]

- N Z fG (L= fo)(zn + (Vazn) - a)(2n + (Vazn) 'a)T}

ne [N]
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- Z (Tny1 — fo(2)))(2Vaza)].

nE[N]

Val = N > (Elmimo - (pn + 0pn-1) (P + 0pn-1)"] = 2B[(@n 41 — 1) (20 + 620 -1)1))

née[N]
N Z ((7]-07['1> : (pn + 5pn71)<pn + 5pn71)T - QE[xn(l ly Zh q) +p— ﬂ-l)xn[])
ne[N]

:_Z (mom1) * Pupyy, — 2m1 (70 — q)1)
né€(N]

= % Z ((7T07T1)(pn + (5pn—1)(pn + 5pn—1)T — 2(7T11(t — 71'1)(1 + (5) + 7T01<q — 7T1) -+ 71'10(3 — 71-1)))

Val =Vo(VeLl) =V, (% > Epnet[ni1 — f@(ff)])

née[N]

— Z fg 1 — f9 Zn + (Vazn> : a)]

nE[N

For 6 =0.:

= ZEWNTO Pn]

nE[N

o Pn + 5pn—1
= TpT1 N
née([N]
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A o 1 o
Hy 2 VY L(owr, Br) = Tl :
u v
v=V2u=V,b1=V;
A D nen(Pn +0pn-1)
N )
1
N Zj\/(ﬂOﬁl)(pn +0pn—1)(pn + 0pn-1)
ne
— 2(7T11<t — 71)(1 + 5) + 7T01(q — 7T1) + 710(8 - 7T1)),
Hg £ V3iL(ax, Br) =0,

u

(1>

v

ﬁ = ({pn}fzvzlaW07WK,Q,’U?W2;W1)7 W17W2 S /87

vwl,sz = le (V’LUQL) = V’wl <_% Z E[(xn—i-l - f@(I?))(VwQZn ’ (Z)}

neN
D SB[ o1~ fo)(Vasze 0) (Va2 )],
neN
0 =6,)= 0.

Vi fo(@]) = Vo (a2 +0) = fo(a])(1 = fo(a1)) (Va2 - @),
Hz=0, Hap=Vasl=0, and Hgo=Hl;=0,

i _|Ha O
H,=V:.L(0,) = ,
0 O
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Positive-Definiteness of H,

1
v-uul = N E 701 (pn + 6pn-1)(pn + pn_1)’
neN

— 2wy (t — m1) (1 + 6) + 7o (g — m) + mao(s — m))
_ F:neN(Pn + 5%1)} {Z%N(pn 4 ‘5""1>r,

N N

ToT1

= (yrn(t—wl)(ﬂ—é)+7ro1(q—7T1)+7T10(8—7T1)>

1
+ N Z(pn + 5Pn71)<:0n + 5Pnfl)T

_ {an(fpy 5%1)1 [EneN(pnN+ 5%1)1 ! |
RPN SN
N N N
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— (ml(t—m)(1+5)+7To1(q—7T1)+7T10(8—7Tl>>

ToT1
+ Cov (pn + 0pn_1),
s+q—2t+1
2(—p+s+qg—1t)
\/—APt+4P + 2 +25q— 25+ 2 — 2q + 1
a 2(—p+s+q—1)

g =

Y

m =1 —mp,
T +m =1,
o = (1 — p)momo + (1 — ¢)momy + (1 — s)momy + (1 — t)mymy,
T = PToTo + qToT1 + STy + L7,
moo = (1 — p)moo + (1 — 5) 710,
To1 = PToo + ST10,
mo = (1 — @)mor + (1 — t)mi1,
T = qmo1 + tm,

Too + To1 + T10 + m11 = 1,

st—s—t+1
Tan =
O pg—opt+2p+st—s—t+1
—pt+p
o1 — )
pq —2pt +2p+st—s—t+1
—pt+p
T10 = )
pq —2pt +2p+ st —s—t+1
pq
11

:pq—2pt+2p+st—s—t+1'

where

Cov (pn + 0pn_1) = —

S en(pn + 5pn—1)] [Z%N(f)n +pn)]”
N N

is the covariance matrix of the set {p,}Y_, and hence positive semi-definite. We obtain
that V — wu” = 0. Hence H, > 0. Now it remains to show that 6, is a local minimum.

H , is positive-definite implies 6, is a local minimum. Since H, > 0, let H, = A\I
for some A > 0s. Since § = (a, 3) € RP~¢ interpret L(0) = L(c, ) as a function of two
variables a and 8 with appropriate dimensions. We know the following facts about L(-,-):
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e Fact 1. a — L(a, ;) has a local minimum (as a function of one variable) at o =
(since H, > 0).

e Fact 2. f— L(a«, ) is constant in (3 (since a,, = 0, the probability fy(z7) is constant
w.r.t. 2, and hence w.r.t. 5 (Linear)).

H, 0
e Fact 3. VL(ay, B;) =0 and H, = VP L(a,, B,) = with H, = M.

0 0

Using these facts, we now show that (a,,,) = 0, is also a local minimum in two
variables. We prove this by contradiction. Suppose that (a., 5;) is not a local minimum
for L(-,-). Without loss of generality, by a shift of coordinates treat 6, as the origin, i.e.,
(ar = 0,8, = 0) is not a local minimum for L(-,-). Then there exists a unit direction
d = (u,v) € RP~® with ||d||* = ||ul|* + ||v]|> =1 and a 0 < &g < 1 such that

L(ed) < L(0), VY0 <e <eo.
Clearly ||u|| > 0, otherwise it will contradict Fact 2. Using the definition of directional-

derivative, we have that

TYOL0.00d — T (VHEDD) = (VLO).

e—0t 15
i YV L(ed), d)
e—0t £

On the other hand, using the Hessian structure, the LHS equals
A"V L0,0)d > M|u|]* £ K, > 0.
Thus

lim (VL(ed),d)

e—0t 15

=K; >0.

Thus, there exists an €, > 0 and K > 0 such that
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(VL(ed), d)

> K, V0<e<e.

which implies

(VL(ed),d) > Ke, VY0 <e<ey.

Defining the function g : Ry — Ras g(¢) = L(ed), we obtain that ¢'(¢) = (VL(ed),d) >
Ke for 0 < ¢ < g1. Using the fundamental theorem of Calculus, we have that for any
0 S € S €1,

2

g(e) —g(0) = /0E g (t)dt > /OE Ktdt = KTs (3.15)

Thus g(e) > L(0) + KT€2 for all 0 < ¢ < gy, whereas L(ed) < L(0) for all 0 < ¢ < g
from Eq. (13). Choosing e, = min(eg, e1), we have a contradiction for 0 < ¢ < ¢,. Thus
0=0, = (ar, B,) is a local minimum. O

3.3.6 Theorem 3 (Global minimum)

Consider the same setting as in Thm. 1. Then for all (p, ¢, s,t), if 0, = (ex = a4, ...,by) €
RP~? is a global minimum for the loss L(-) in the weight-tied scenario, then its extension
0, = (0,,a,) € RP is also a global minimum for L(-) in R” in the non-weight-tied case.

Further, 0, satisfies the same properties (ii)—(iv) as in Thm. 1.

Proof

By extending 6, € RP~%to0 0, £ (0,,a,) € RP, it follows from the Transformer architecture
that

Py, (Tni1 =1]27) =Py (vpp1 = 1] 27) = P21 = 1| T, 201),

the Markov kernel. As the proof of Thm. 1, prediction probability equalling the kernel
is a sufficient condition for global optimality. Hence 6, is a global minimum for L(-) in
RP. O
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3.3.7 Theorem 4 (Saddle point)

Consider the same setting as in Thm. 2 , let 6, = (e; = ar,...,b;) € RP~? be the
corresponding bad local minimum for the loss L(-) in the weight-tied scenario. Then its
extension 0, £ (0,,a,) € RP is a saddle point for L(-) in R? in the non-weight-tied case.

Further, 0, satisfies the same properties (ii)—(iv) as in Thm. 2.

Proof. Since 0, = (0, a,) € RP is a canonical extension of 0, = (ex = ay,...,bs) €
RP~4 which is a local minimum for L(-) in RP~4, following the same-steps for the gradient
computation and probability evaluation as in proof of Thm. 2, it immediately follows that
0, also satisfies properties (ii)—(iv), i.e., it’s a stationary point, it captures the marginal,
since Py (241 = 1] 2}) =Py (241 = 1| 2}) = P(241 = 1| 2, 2,-1) = 7, and hence its
loss equals the entropy of stationary distribution H (7). In a similar fashion, the Hessian
computation is essentially the same except for a slight difference in the Hessian structure,
ie.,

Vg Vba Vbe 1 UT 0
0 )2 21(0.) = Ho 0 — 2 _
H(0:) = V°L(0:) = 0 0 , Ho=mom (Ve V2 Vel = |u % Vel >
veb vea Vg 0 p+q_1 0
where
s ZneN(pn+5pn—l>
N )
1
v = N Z 7071 (P + 6pn-1)(pn + 0pn-1)"

neN
—2(m(t = m) (1 +0) + mo1(q — m) + mio(s — m1)).

In the weight-tied case, we observe that the matrix V' also contains the (p+¢—1)I terms
which in the non-weight-tied case get decoupled (due to separate e and a parameters). In
fact, H, corresponds to the Hessian with respect to the parameters a = (b, a, €), i.e.,

H, =V’L]|

a=ay

Now it remains to show that H, is indefinite.d, a saddle point.
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Clearly, H, cannot be negative definite since with d = (1,0,...,0), we have d' Hnod =
wo. > 0for (p,q) € (0,1). Now we show that it cannot be positive definite either. Denoting

1 b"
Ha:ﬂ-OTrl _(p+q_1)[7
b C

;
b A D onelN] ob Doney N (pta—1I

0 (p+q—1)1 0

Using the characterization of positive-definiteness by Schur’s complement (Horn &
Johnson, 2012), we have that H, = 0 <= 1 > 0 and C — bb" = 0. This can be
further simplified to

;
Donepy T g =DI e R T

M2C—-b'" = o).

Cov({pn}nzy) (p+q—1)I
(p+q—1)1 0

-

where Cov({p,})_,) = D nelN] * < n = D nelN] %) ( n = D nelN] %) is the covari-
ance matrix of the set {p,}2_,. Now we show that M cannot be positive definite. Suppose
not. Then there exists a A > 0 such that v Mv > M||v||? for all v = (vy,v9) € R*. This
further implies that

vf Cov({patnii)vr +2(p + ¢ = D)(vr,va) + [[0a]® > JJua]?, Vor, 05 € RY.
Taking v; = 0 the above inequality implies that A||v||* < 0 for all v, € R?, which is a
contradiction. Hence M cannot be positive definite and consequently neither can H,. [

with parameters @ = (e, {p, }_,, Wi, Wy, a, b, ). We will sometimes analyze the weight-
tied case a = e; the untied case treats them independently. For some constructive proofs,
we set Wy =0 (s0 2, = y,) or use the rank-1 FF setting W, = w117, W, = —W/'.
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3.4 Part Two: Attention-only transformers

In this section, we check if the theorems of the previous section are also true for the
architecture proposed in [7]. This section consists of two parts; First, we check the theorems
for the first-order Markov chain and then for the second-order Markov chain.

3.4.1 Transformer Architecture

In this part, we use the architecture proposed in [7]:

forn=1,2,...,7T do

x() = Emb(x,) € R% Embeddings
for ¢=1,2,...,L do

forn=1,2,...,T do

0 = Z att,(f’ )Z : Wg) (xl(-z) + pif’j?) c RY, Attention
i€[n]
xUD = x4 %O Residual
logit, = ax(TL+1) +beR, Linear
f;r(~ | x1,...,x7) = f(logity) Prediction

Architecture 1: Attention-only transformer.

We use cross cross-entropy loss function similar to 3.11.
In the linear layer, there is a slight modification; the output of this layer in this part of
our work is a scalar, while in [7] they use vectors. Also, the prediction is calculated using
a sigmoid function.

3.4.2 First Order MC

First, we assume the input data comes from a first-order Markov chain. For the embedding
layer, we follow the idea proposed in [7] for the proof of their Theorem 4.1. Also we only
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consider one layer of attention (L=1), so based on the same idea from [7], the output of
the model after the residual layer is as follows:

1‘7(11) — Emb(l‘n) =K | 1149 efn

T d
01><2S] € R"

for a constant xk > 0 to be chosen later and d = 25 + 2. The relative position encodings
will essentially be supported on the first two coordinates, the middle S coordinates are a
one-hot encoding of the symbol z,, and the last 25 coordinates are 0. The relative position
encodings in the first layer are chosen to be p”% = k(=1 +I(n —i = 1))e? € R? and

(V' — 0 e RY. Choose WI(<1) and Wg) to be ed(ed)? € R¥4. With this choice,

n—

(Wi @ + 1), WHall) = wli(n — i = 1)

n—i n
As k — 00, the attention pattern (which takes the softmax over of these inner products

over i € [n]) computes,

att!)) =I(i =n — 1)

i

for any n > 1. Choose the value matrix as,

Opisyee 0 0
Wi = 0 Isxs 0] € R

0 0 O

And with this choice and the residual connection, we get,

xff):/i livo € efn_l 0| €R

Tn

which serves as the input to the 2°¢ transformer layer. Here, since we are studying
binary tokens, the vocabulary size (S) is 2.

60:[1 O], 61:[0 ].],
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We can write

(2)

n

) = Emb(z,) = k

o o o O

a:ﬁf) =k

as a function of x,, and z,_1:

xg) =0x,+ax, 1+&
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0 0 1
0 0 1
-1 0 1
5 1 7 " 0 | - 0
0 -1 1
0 1 0
0 0 0
_O_ _0_ _O_

Given these assumptions, we first prove Lemma 1 and Lemma 2 as in the previous section
and then move forward to the theorems.

3.4.3 Lemma 1l

Lemma 1 (Loss as KL divergence). Let the input sequence be

{xn}i:/':1 ~ (ﬂ—(pa Q),P(p7 (J),P(p, q))
for some fixed (p,q) € (0,1)2, 8 = (e, {p.})_4,...,b,a) € RY be the full list of the

n=1’
transformer parameters, and L(0) be the corresponding cross-entropy loss in 3.11. Then
the loss function L(-) is equivalent to the KL divergence between the Markov kernel and

the predicted distribution, i.e.,

£(0) = 5 3 By [Drca (Bl =+ | 02) | ol =+ | #1)] + Hlzn | 22, (3.16)
]

ne[N

where Dy (P || @) is the KL divergence between two distributions P and @, and H (z,1 |
x,) is the entropy rate of the Markov chain.
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Remark. Consequently, 3.16 highlights that any parameter 8 with the predicted prob-
ability
Jo(a)) =P(zpi = 1] xn)
is a global minimum for the loss L as D (- || -) > 0 . We utilize this fact in the proof of
Theorem 1 later.

Proof. Consider the loss function L(-) given in 3.11. We can rewrite it as follows:

L) =~ 3 Eagen [rnen 1o fole}) + (1= i) - Tog(1 — fofaf)]

né€[N]

- _% Z (Ex?\xn [Tpi1] - log fo(2]) + IE9Cn+1|9’3’f[1 — 1] - log(1 — fo(itﬁ))

ne[N]
1 fo(at) 1— fola)
— =% Y Eup[P(angs = 1 2)1 Pz, =0 2,)] ]
N;ﬂ n | P11 ‘x)ogp($n+1:1\xn)+ (Tnt1 |x>0g]P’(1’n+1:O|xn)
[IP( 1| 2,)1 ! Py 0 2n)1 ! }
e )% P($"+1 =1 ’ [L’n) ! & ]P)(-TTH»I =0 | mn)
1 fo(at) 1 fola?)
Nezm 1 (Tnt1 ‘x)ogp(xnﬂzﬂxn)—i_ (T4 |:c)ogP(xn+1:O|xn)

1
_]E:En []EZ;L_ll-'En [P(anrl =1 | :Un) log P )}—HP)(anrl =0 | :Un) log ]P( ] :

(g1 =1]zp Tny1 =0 [ zy)

1

née([N]

Jfo(7)
]P)(xn—i-l =1 | xn)

1 — fo(zy) ]

Plx,.1 =0|2,)1
+ (Jf +1 |l’ ) ng(xn+120|xn)

1 1
[Pl = thalog g Z gy e =0l e los e 0T )
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Since fy(x}) = Py(xps1 = 1| ), we have that the first term is

1 — folay)
P41 =0 z,)

Jo(7)
]P)(:En+l =1 ’ xn)

P(zpe1 =11 z,)log +P(zp1 =0 z,)log

= =Dk (P(wn1 = | 20) [| Po(znsr = - | 27)).

Further, observe that the second term is exactly the entropy rate H(x,1 | x,).

Hence, the loss reduces to

L) = 5 3 Bt [P (Planis = | 22) || Polanis = - [ a)) + H(zanr | 7)),
]

ne(N

and we are done.

3.4.4 Lemma 2

Lemma 2 (Gradient computation). Consider the same data and parameter setting as
in Lemma 1 and let L(0) be the cross-entropy loss in 3.11. Then for any parameter w € 6,

V., L(6) = —% ST By [t — fo(@?)) - Va2 + b)]

n€[N]

== " By [(P(run = 1] 2) — fo(a})) - Vula 2 + D).

(3.17)

Remark. 3.17 highlights that any parameter 8 with the predicted probability fg(z7) =
P(z,+1 = 1| x,) is also a stationary point for the loss L. We utilize this fact in the proof
of Theorem 1 later.
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Proof. Let 6, of 8 € RP:

o = 1 0
—~L<(9) = —— Z Equﬁ-l |:(£Cn+1 - fé(x?)) . —~(CLTZn -+ b):|
00); N = 00;

1 n 9 (7
= 3 B (Pl = 1) = o) a7 )]

née[N] J

Also we had:

L(0) = —% D Eprer [wagr - log f3(a]) + (1= zp1) - log(1 = fi(27))],
ne[N]

which implies that

0

. 1 0 0
a—éjL(Q) -y > Eg [IH—H : 8710% Jo(@y) + (1 = zppa) - ﬁlog(l - fé(x?»}

n€[N] J J

1 BRI SR B
__NHGZ[J:V]Ew?-H [:L’nﬂ‘fé(x?)@—éjfé(%)"f'(l Tpy1) l_fé(x,f)aéj(l fa(;p1>)]_

Since fj(x}) = o(a'z, +b), we first note that the derivative of o is given by

e—Z

R

=0(2)(1 —o(2)).

Hence, the derivative a%j f5(x}) can be written as
0 0 =
— f3(2V) = —o(a'z,+b
o i) = g otaT 4

=o(a'z, +b) [l —a(a’ 2, +b)] - %(aTzn +b)
J

= S [ = fi)] (0T ).

J
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Plugging this into the above expression, we have

o = 1 0
—~L<9) = —— Z E.Z,;L-H |:.'En+1 (1 — fé($?))—~(a—r2n + b)
00, N nelV] 00;

(= ) i) 0 + b)]

J

0 (o1
= Y B {(w — fola?)) o5 (T + b)]

n€[N] J
1 0
- N > Ey {]E%Jrﬂz? [Tns1 — fa(al)] g(aTzn + b)}
ne[N] J
N 00

and we are done.

3.4.5 Theorem 1 (Global minimum)

Let the input sequence be {z,,}2_; ~ (7(p,q),P(p, q)) for some fixed (p,q) € (0,1)%. Then
for all (p, q), there exists a 0, € RP~¢ with an explicit construction such that it is a global
minimum for the population loss L(-) in Eq3.11, i.e.

(i) L(0) > L(0,) for all § € RP—4.
Further, 6, satisfies:
(i) Py, (zpy1 =1]27) =P(xp1 =1 x,), the Markov kernel.
(iii) L(0,) = H(zpy1 | x,), the entropy rate of the Markov chain.
(iv) VL(6,) =0, i.e. 0, is a stationary point.

Remark 1. While there could exist other global minima in principle, Thm. 1 highlights
a specific way to realize this.
Proof (Sketch).The key idea here is to show that any 6 satisfying fp(z}) = P(zp11 =

1| x,) is a global minimum and is a stationary point with the loss being the entropy rate
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(Lemmas. 1 and 2). To construct such a 6, we utilize the fact the Markov kernel is only
a function of z,, and thus we can ignore the past information in the Attention layer using
only the skip.

Proof.

In view of Lemma 1 and Lemma 2, it follows that any 6 satisfying fy(z}) = P(z,.1 =
1| z,) is a global minimum with loss equalling the entropy rate, and is a stationary point.
Hence it suffices to construct such a 6.

To build our intuition towards designing 6,, recall that the Markov kernel P(z,,41 =1 |
x,) can be succinctly written as

]P(xn—i-l =1 | xn) = xn(l - P Q> +p.

ola(az,—1 + Pz, +&) +b) =z,(1—p—q)+p

a(afﬁn—1+5:vn+§)+b:10g< z(l-p—q)+p )

(1_$n)(1—p)+Q$n
— _ _ p
T, =0 r,—1 =0 (00) a§+b—10g<—>,
1—p
l—gq
x, =1 rn—1 =0 (01) aﬁ—l—af—l—b:log<7>,

T, =0 Too1 =1 (10) aoH—af%—bzlog(lL
-D

T, =1 Tpop =1 (11) a(a—i—ﬂ)—i—a{%—b:log(%).

ala — B) = 1og<1r%p) . 10g<1%q>
a(a+6):10g(%)_10g(%)

= aa=0
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af = log<ﬂ> — log(%>
q 1—p
af = log(%> — b

a=lay ... ag, b = scalar
[0 | (0| 1]
0 0 1
—1 0 1
5 - 1 | " 0 | - 0
0 -1 1
0 1 0
0 0 0
| 0 0 0
Therefore we have:
a1+a2+a3+a5:10g(%> —b

ag—as =0 = ag=as

B 1—gq p
ay —az = log| —— | — log| ——
q L-p

So we can say that as long as b and a meet these three conditions, we have a global
minimum in 0,.
3.4.6 Theorem 2 (Bad local minimum)

Let the input sequence be {z,}Y_, ~ (7(p, q), P(p,q)) for some fixed (p, q) € (0,1)?. There
exists an explicit 6, € RP~? such that it is a bad local minimum for the loss L(-), i.e.,
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(i) there exists a neighborhood B(f,,r) with r > 0 such that L(0) > L(6,) for all
0 € B(0,,r), with L(6,) > L,.

Further, 0, satisfies:
(i) Py (xps1 =11 27) =P(zpy1 = 1) = m, the marginal distribution.

(ii) L(0;) = H(xn41) = H(m), the entropy of the marginal.

(iv) VL(0,) =0, i.e., 0, is a stationary point.

Proof (Sketch). For this 6, it’s easy to show that L(6,) = H(m) and that it’s a
stationary point. Further, we show that the Hessian at 6, follows the structure

H, 0
0 o]

where H, > 0, and that it implies the local minimality of 6. O]

Proof. Given the following assumption, we start with property ii:

3:512) = k;[lle eSen eSen1 O] e R?

= QTp_1+ ﬁxn + f

p q
™1 e

= , Moo= ——
q+p p+q

Assumption: {a =0, b =log(p/q), L =2}

starting with ii)

given a =0 = fy («}) = o(b) = o{log(p/q)) = ]%q =

iii) L(br) = H(2ni1) = H(m)

feﬁ(') =m = E[$n+1]
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L(0) £ —% Z Equq+1 [35n+1 log fz(2}) + (1 — xps1) IOg(l - fé(m?))}

n€[N]

L(0r) = —% Z Ex;lﬂ [$n+1 log fo, (z}) + (1 — #nt1) 10%(1 - few(ff))]

ne[N]

1
- _N Z Ex?+1 [xn—&-l 10g(7T1) + (1 - xn—f—l) 1Og(ﬂ—0)}

ne[N]

Z [—m1log(my) — o log(mo)] = H(m) = H (1)

n€[N]

iv) VL(0,) =0 (lemma 2)

VaL = —% Z Ex;H—l [(:L‘n+1 — f@7T (l‘?)) . Va (CLTZn + b):|

neN

—% Y B [(an — 1) (%0 + VaZa - a)} =

neN

1
a:O = — NZEQ?;H—I [([Bn+1 —ﬂ'l) En} :O

neN

VoL = —% Z valmﬂ [(:Un_H — fo, ([l??))vb (CLTEn + b)]

nenN

1
— _N Z Ex'iz+1 [In—i-l — 71'1] = 0

neN

same for other w = VL =0

(i) 6, is a bad local min

Towards establishing this, we first let
a=(ba) and B=({patn1, Wkav)
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be two different sets of parameters comprising 6, i.e.

0 = (a,B)

and compute the Hessian

H, 2 V(Q)L(0)|9:9ﬂ

and show that it has the following block-diagonal structure:

where H, corresponds to the Hessian with respect to the parameters a and b in . Further
we show that H, > 0, i.e. it is positive-definite. This helps us in establishing that 6, a
local minimum. Now we start with the Hessian computation.

Hessian computation. We first compute the Hessian with respect to «.

Vil = Vy(VyL) =V, (—% Y B[t - fe<x’f>]>

neN

1 1
= 3 22 B [0 o) Fala 20 0], = 5 3 Bl = ma

V2L =V,(V,L) =V, (—% > Bt [(wng1 — fo(a])) - va(awn)}>

neN

=V, (—% Y Bt [(@nrn — fo(a?)) (zn + (Vazn) a>])

neN

= % Z Ea;?+1 [fG(IL‘TlL)<1 - f@(x?))(zn + (Vazn)a)(zn + (Vazn)a)T]

neN

]_ n
_N Z Ex?-ﬂ [(InJrl - f@(xl))<2VCLZ”)}

neN
Zn=QTp_ 1+ Pr,+& = Vuz,=0
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= N Z E(Womznzn)
neN
__P _ 1
™=, -
p+q p+q
oo = To(1l — p) = qg;qp), 01 = l%qq’ Mo = Z%Q’ 1= ij:qq)
Tpno1 Tp ToT1 ZnZ;
0 0 [mom1 (£€7))]
0 1 [mom1 (B +€)(6+€)T]
1 0 [momi(a + &) (a+€)7]
1 1 [7T07T1(01+ﬁ+5)(a+6+£)—r]

= (mom1) | mo0 (67) + 701 (B+)(B+E)T +mi0 (a+E) (@ +&) T+ (a+B+E)(a+5+0)]]

A 2 1 UT
Ha — VQL(aW7 6#) = TpT1

u v

u=VylL, v = V?,L
For the Hessian with respect to 3 : Hg = ViL(0r, Br) =07

B=({pn}o1. Wk g,v) = = is independent of all these = V3L =0
Hos =V3isL=0 = Hg, =0

H, 0
H,=V*L(0,) = , if H, is PSD = local min
0 0
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-
Definition of weighted covariance matrix: Z Wi T; :c (Z wza:’l) (Z wlxl) = PSD

Based on this definition, we see the determinant of the Hessian matrix shows exactly the
same formula, therefore it’s PSD.

v—uu' (m(és )+7r01(/3+§)(5+§)T+7rw(oz+§)(a+£)T+7m(oa+/3+€)(a+6+£f)

— [m}ogﬂrm(5+£)+7r10(a+§)+7r11(a+ﬁ+£)} [Woof—i-mn (ﬁ—i—ﬁ)—i—ﬂw(a+§)+w11(a+ﬁ+£)} !

Now it remains to show that 6, is a local minimum.

H , is positive-definite implies 0, is a local minimum. Since H, > 0, let H, = Al
for some A > 0s. Since § = (a, 3) € RP~¢ interpret L(0) = L(a,3) as a function of two
variables & and 8 with appropriate dimensions. We know the following facts about L(-,-):

e Fact 1. a — L(a, B;) has a local minimum (as a function of one variable) at o = a,
(since H, > 0).

e Fact 2. 8 — L(a, ) is constant in 3 (since a; = 0, the probability fy(zT) is constant
w.r.t. z, and hence w.r.t. § (Linear)).

H, 0
e Fact 3. VL(ax, B:) =0 and Hy = V@ L(ay, Br) = with H, > M.
0 0

Using these facts, we now show that (a,, ) = 0, is also a local minimum in two
variables. We prove this by contradiction. Suppose that (., 5,) is not a local minimum
for L(-,-). Without loss of generality, by a shift of coordinates treat 6, as the origin, i.e.,
(ar = 0,8, = 0) is not a local minimum for L(-,-). Then there exists a unit direction
d = (u,v) € RP~® with ||d||* = ||u/|> + ||v]|> =1 and a 0 < &g < 1 such that
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L(ed) < L(0), VY0 <e < eo.

Clearly ||u|| > 0, otherwise it will contradict Fact 2. Using the definition of directional-
derivative, we have that

VL(ed), d) — (VL(0), d)

d"VPL(0,0)d = lim (

e—0t 15
— lim W.
e—0t £

On the other hand, using the Hessian structure, the LHS equals

d'VAL0,0)d > \ul|* £ K, > 0.
Thus

Iim (VL(ed),d)

e—0t £

= K; > 0.
Thus, there exists an €y > 0 and K > 0 such that

(VL(zd), d)
15

> K, V0<e<e;.

which implies

(VL(ed),d) > Ke, VY0 <e<e.

Defining the function g : Ry — R as g(¢) = L(ed), we obtain that ¢'(¢) = (VL(ed),d) >
Ke for 0 < ¢ < g;. Using the fundamental theorem of Calculus, we have that for any
0 S € S €1,

g(e) —g(0) = /Oag’(t)dt > /08 Ktdt = KTEQ

Thus g(e) > L(0) + KT*:Q for all 0 < ¢ < gy, whereas L(ed) < L(0) for all 0 < £ < g
from Eq. (13). Choosing e, = min(eg, 1), we have a contradiction for 0 < ¢ < ¢,. Thus

0=06, = (ar, Br) is a local minimum. O
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3.4.7 Second Order MC

In this section, we assume the input data comes from a second-order Markov chain. For
the embedding layer, we follow the idea proposed in [7] for the proof of their Theorem 4.1.
Also we only consider one layer of attention (L=1), so based on the same idea from [7],
the output of the model after the residual layer is as follows:

:cg) = Emb(z,) = K 149 ef;n

T d
01><2$:| € R%

for a constant K > 0 to be chosen later and d = 25 + 2. The relative position encodings
will essentially be supported on the first two coordinates, the middle S coordinates are a
one-hot encoding of the symbol z,, and the last 25 coordinates are 0. The relative position
encodings in the first layer are chosen to be p" = k(=1 +1I(n —i = 1))e? € R? and

n—

(Y — 0 e RY. Choose WY and Wé;) to be ed(ed)T € R4, With this choice,

(W04 402, W) = =i = 1)

As kK — o0, the attention pattern (which takes the softmax over of these inner products
over ¢ € [n]) computes,

att!)) =I(i =n — 1)
for any n > 1. Choose the value matrix as,

Opisyxe 00
Wy = 0 Isxs 0| € R

0 0 O

And with this choice and the residual connection, we get,

:L’7(12):f£ 119 efn efn_l 0 GRd

which serves as the input to the 2" transformer layer. Here, since we are studying
binary tokens, the vocabulary size (S) is 2.
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ep = [1 0], ep = [0 1],

exn

) = Emb(z,) =k | 0 | , d=38

o o O

2 =

. 2 .
We can write 22 as a function of T, and x,_1:

xﬁf) =pfr,+ax, 1 +E.
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0 0 1
0 0 1
-1 0 1
5 1 7 " 0 | - 0
0 -1 1
0 1 0
0 0 0
_O_ _0_ _O_

Given these assumptions, this part is very similar to the other parts previously discussed.
Lemma 1 is true the same way as Section 3.4.3, and Lemma 2 is also the same as Section
3.4.4. For the proof of Theorem 1, the proof is very similar to Section 3.4.5, but here we
have:

o (az +b) = xp1 (xpt + (1 — )8) + (1 — 2p—1) (20 + (1 — 2,)p)

Therefore, the final value of 6, should satisfy the following conditions:
( 1
al + b= —log <——1)
p

a(&—i—ﬁ)—i—b——log(é—l)

a(§+a)+b:—1og(§—1)

\

al+a+p)+b=—log (%—1)

Theorem 2 is also true with the same definition as in Section 3.3.5. The proof is a
combination of the approaches in Sections 3.3.5 and 3.4.6.
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Chapter 4

Observations

4.1 Experiments on Learning Second-Order Markov
Structure

This chapter presents a detailed empirical investigation of how transformer-based sequence
models learn higher-order dependencies in Markovian data. While recent theoretical work
has clarified that transformers have sufficient expressive capacity to represent higher-order
Markov structure, considerably less is known about the conditions under which they suc-
cessfully learn such structure in practice. We focus on the second-order Markov case, the
simplest setting in which the conditional distribution depends on more than one previous
token.

Our work extends the analysis of Section 4 in [?]. The authors investigate transform-
ers trained on a special form of second-order Markov data produced by interleaving two
independent first-order chains. They show that although transformers can theoretically
represent such dependencies, learning fails when the model is given a full causal attention
mask; the model collapses to predicting the stationary distribution. When the attention
window is restricted to match the true second-order structure (e.g., window W = 2), the
model correctly learns the underlying transition probabilities.

In contrast, we study transformers trained on a general second-order Markov chain
whose conditional distribution genuinely depends on the ordered pair (X;_ 1, X; 5). This
setting removes the structural simplification of the interleaving construction and provides
a more representative test of transformer learning on higher-order temporal dependencies.
Our experiments confirm that attention window size plays a critical role: when the win-
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dow matches the true Markov order, the model successfully learns the transition kernel,
whereas large windows produce unstable predictions that fail to track the true conditional
probabilities. Importantly, and unlike [?], our large-window experiments do not converge
to stationary probabilities; instead, they exhibit persistent instability.

4.1.1 Summary of Prior Results (Section 4 of [9])

Section 4 of [9] constructs a second-order chain by alternating tokens from two independent
first-order chains. This yields a sequence where

X411 depends only on X; 1,
a highly structured but technically second-order dependency.

Their findings include:

e With a full causal mask, learning fails and the model converges to the stationary
distribution.

e With a short window (e.g., W = 2), the model correctly learns the true transition
probabilities.

This shows that excessively long attention windows introduce harmful interference, pre-
venting the transformer from isolating the relevant context needed for correct prediction.

4.1.2 General Second-Order Markov Chains

To study a more realistic setting, we consider a true second-order Markov chain where the
distribution of X;,; depends on the ordered pair (X;, X;_1). The state space is

{00,01, 10, 11},

and the transition matrix is:
0.8 0.2

0.1 0.9

0.2 0.8

0.4 0.6
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Each row corresponds to transitions out of the states 00,01, 10, and 11 respectively.
This model exhibits:
e multiple distinct conditional patterns,
e non-redundant use of both previous tokens, and

e heterogeneity across contexts.

4.1.3 Stationary Distribution

Solving 7'T" = 7, we obtain the stationary distribution:

= (2,4, =, ) ~ (0.1905,0.1905, 0.1905, 0.4286).

217217217 21
The marginal stationary distribution is:
P(X,=0)= £ ~0381, P(X,=1)=2~0619.

21

These values are not the convergent behavior in our experiments, but they serve as
useful reference points when evaluating deviations from the true transition structure.

4.1.4 Experimental Configuration

We train a single-layer decoder-only transformer using the configuration below. The key
hyperparameters are:

e batch size: 16, sequence length: 200,

e optimizer: AdamW with learning rate 0.01,

e number of heads: 1, embedding dimension: 8,
e iteration count: 200, cosine scheduler,

e vocabulary size: 2, dataset drawn from the second-order chain,
All experiments are repeated across multiple random seeds for robustness.
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4.1.5 Empirical Results: Effect of Attention Window Size

To study how the memory window influences learning, we evaluate the transformer’s pre-
dicted probability P(X;y; = 1) under a fixed context and track it across sequence positions.
Figure 4.1 shows results for the context (X;—o, X;—1) = (0, 1).

We compare memory windows:

W € {2,4,40,80,100}.

Memory = 2 (matches true Markov order). The model converges to the true tran-
sition probability for the context. The predictions are stable and closely match the cor-
responding entry in 7. This confirms that transformers can correctly learn second-order
dependencies when the attention span matches the true memory of the process.

Memory = 4. Even a slight increase beyond the true dependency length introduces
moderate instability. Predictions fluctuate across positions but still remain roughly near
the correct value.

Memory = 40,80, 100. For large windows, instability becomes severe: predictions oscil-
late widely and show no consistent trend toward the true transition probability. Unlike
the collapse observed in [?], the model does not converge to the stationary distribution;
instead, it produces highly variable outputs influenced by irrelevant historical tokens.
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Figure 4.1: Predicted probability P(X;;; = 1) under each second-order context

(X¢—9, X¢—1) € {00,01, 10,11} for different memory window sizes. Each panel corresponds
to one context (00, 01, 10, or 11). For short windows (particularly memory = 2), the
curves closely track the appropriate entry in the second column of the transition matrix
T, indicating that the model correctly learns the second-order transition probabilities. For
larger windows, the predicted probabilities fluctuate substantially across positions and de-
viate from the true values.

Similar patterns arise across all four contexts (00,01, 10,11): small windows recover
the true transitions, while large windows produce unstable behavior.
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4.1.6 Discussion

Our experiments align with and extend the insights of [9]. In the special interleaving
second-order setting, large windows cause the model to collapse to the stationary distribu-
tion. In our general second-order chain:

e Small windows (matching the true order) lead to successful learning of the transition
kernel.

e Larger windows do not produce stationary collapse but instead generate substantial
instability and failure to reproduce the correct context-specific probabilities.

e Thus, excessive context harms optimization in both settings, but the failure modes
differ.

Overall, our findings highlight that correct learning of higher-order dependencies re-
quires careful alignment between model architecture (attention span) and data structure
(Markov order). Transformers benefit from—but also depend on—precisely constrained
context windows when learning multi-step dependencies.
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Chapter 5

Conclusion and Future Work

5.1 Conclusion

The goal of this thesis was to deepen our theoretical understanding of how transformers
learn from structured sequential data—particularly when the underlying process exhibits
memory beyond the immediate past. While transformers have demonstrated remarkable
empirical success, their behavior under controlled and mathematically well-defined input
distributions remains only partially understood. Prior theoretical work provided a com-
plete characterization of the loss landscape for first-order Markov chains, but real-world
sequences often involve richer forms of dependency. This gap motivated the core contribu-
tions of the present work.

In this thesis, we showed that the full set of theoretical results established for first-
order Markov chains also extends to second-order Markov chains. This includes explicit
constructions of global minima that recover the true second-order transition kernel, as well
as the identification of bad local minima that arise under weight tying, where the model
collapses to predicting stationary-distribution solutions. We further demonstrated that
these undesirable local minima disappear once weight tying is removed, and the model
becomes able to represent and learn the correct transition dynamics under more flexible
parameterizations. These findings closely parallel the phenomena observed in the first-
order setting, indicating that the geometry and challenges of the transformer loss landscape
persist under higher-order dependencies.

We then explored whether these theoretical patterns persist in an alternative architec-
tural setting: attention-only transformers. Somewhat remarkably, we found that the same
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global optima and failure modes appear in this architecture as well, suggesting that the
behaviors studied in this thesis reflect deeper interactions between attention mechanisms
and Markovian structure rather than artifacts of a particular modeling choice.

Finally, we validated our theoretical predictions using controlled experiments on syn-
thetic second-order Markov chains. The empirical findings reinforce our theoretical anal-
ysis: when the transformer’s attention window aligns with the true order of the chain,
the model correctly learns the second-order transition structure, but when the window is
unnecessarily large, the model’s predictions drift toward averaged or stationary-like behav-
iors. This provides an intuitive explanation for why higher-order dependencies can be more
fragile in practice, despite the architecture being expressive enough to represent them.

Taken together, these contributions provide a more comprehensive theoretical founda-
tion for understanding how transformers learn from sequential structure. By extending
first-order results to the second-order setting—and confirming these patterns in both stan-
dard and attention-only architectures—this thesis advances the mathematical understand-
ing of transformer behavior on sequential data.

5.2 Future Work

The results presented in this thesis open several natural extensions for future research. A
first direction involves studying transformer behavior on Markov chains of order higher
than two. While this thesis establishes the theoretical guarantees for second-order pro-
cesses, extending these analyses to general k-order Markov chains would provide a broader
understanding of how the loss landscape scales with the memory of the underlying data-
generating process. This would clarify whether the same forms of global minima and
undesirable local minima continue to appear as the chain order grows.

A second promising direction is to examine more expressive transformer architectures.
In this work, several architectural components were intentionally simplified: we used single-
head attention, a minimal feedforward layer, and in some cases set specific parameters to
zero to make the analysis tractable. Future studies could incorporate

e multi-head attention mechanisms,
e deeper or wider feedforward networks,

e more flexible embedding structures, and
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e relaxed assumptions on parameters that were fixed or removed in our setting.

Exploring how these richer architectural elements reshape the loss landscape may reveal
new behaviors or eliminate certain failure modes observed under simplified assumptions.

Another direction is to investigate the sensitivity of the loss landscape with respect
to architectural hyperparameters such as depth, dimensionality, activation functions, and
positional encodings. Since this thesis focused on a controlled and restricted parameteriza-
tion, studying how these additional choices influence convergence and representation could
yield practically relevant insights.

Finally, moving beyond Markovian input data presents an important opportunity for
future work. Markov chains provide a clean probabilistic structure that enables exact
theoretical analysis, but many real-world sequences exhibit dependencies that are non-
Markovian or long-range. Future research could examine transformer behavior on more
general sequential sources, such as renewal processes, hidden-state models, long-memory
processes, or even empirically derived datasets. Understanding whether global minima,
local minima, or other forms of structured critical points arise under these alternative
input distributions would help bridge the gap between theoretical models and practical
transformer applications.

Overall, these directions offer valuable opportunities to generalize, enrich, and test the
theoretical framework developed in this thesis.
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