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Abstract

Modern robotic systems are increasingly required to perform complex, safety-critical
tasks in which system behaviors must be achieved under specified conditions and temporal
constraints. Temporal logic provides a formal language for specifying such requirements in
a precise and interpretable manner. In this thesis, signal temporal logic (STL) is used for
continuous-time trajectory planning with quantitative temporal constraints, while linear
temporal logic (LTL) is considered for control synthesis with qualitative task requirements.
This thesis focuses on continuous-time planning and control synthesis for robotic systems
under temporal logic specifications, with the goal of generating dynamically feasible control
strategies that satisfy high-level task requirements.

The first aspect of this thesis considers continuous-time trajectory planning under STL
specifications. We represent trajectories using Bézier curves so that the generated plans
are continuous in time and possess inherent smoothness properties. Within this trajectory
representation, we introduce a time-varying robustness formulation for STL specifications,
which replaces the conventional use of a uniform robustness margin over the entire task hori-
zon. The proposed formulation allows different portions of the trajectory to be associated
with different robustness requirements, thereby reducing unnecessary conservatism while
maintaining satisfaction of the STL specification. This framework connects continuous-
time trajectory generation with STL robustness analysis and yields smooth trajectories
that are suitable for control execution.

The second aspect of this thesis studies control synthesis for executing trajectories
that satisfy STL specifications. Since the closed-loop trajectory may deviate from the
planned trajectory, the proposed framework integrates tracking-error bounds into the STL
robustness analysis to ensure that specification satisfaction is preserved during execution.
In this thesis, quadrotor systems are considered a representative class of high-dimensional
nonlinear robotic systems. Geometric controllers on SE(3) with diagonal matrix gains
are developed and analyzed to characterize tracking convergence and execution errors.
Compared with controllers using scalar gains, the formulation with diagonal matrix gains
yields tighter tracking error bounds, which can be incorporated into the robustness analysis.
Building on this framework, the thesis further extends the approach to multi-quadrotor
systems by deriving inter-agent safety conditions for STL planning using Bézier curves.

For long-horizon task execution, this thesis develops an abstraction-free LTL control-
synthesis framework for continuous-time systems by patching together locally certified con-
trol Lyapunov—barrier function (CLBF) solutions. By decomposing temporal-logic specifi-
cations into a sequence of safe-stabilization problems, the framework constructs switching



feedback controllers that realize the required transitions over continuous-state regions.
This enables efficient execution of long-horizon LTL tasks, without requiring the explicit
construction of a global symbolic abstraction.

Through numerical simulations and robotic case studies, we demonstrate the effec-
tiveness of the proposed methods for reach-avoid planning, quadrotor trajectory execu-
tion, multi-agent coordination, and long-horizon temporal logic tasks. The proposed LTL
control synthesis framework is further demonstrated on a Crazyflie platform.
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Chapter 1

Introduction

1.1 Motivation

Autonomous robotic systems are increasingly required to perform complex and safety-
critical missions beyond classical objectives, such as stabilization and trajectory tracking.
Taking quadrotors as an example, as illustrated in Figure 1.1, drones used in agriculture,
forest monitoring, and pipeline inspection may need to repeatedly patrol regions of interest,
whereas those used for healthcare delivery, smart-city services, and disaster response may
be required to reach specific locations within prescribed time limits. These applications
impose temporally structured mission requirements, such as always avoiding unsafe regions,
visiting regions in a specified order, maintaining inter-agent separation, and repeatedly
accomplishing subtasks over long horizons |66, 100].

The need to specify the mission requirements and verify whether robotic systems sat-
isfy them motivates the use of formal temporal logics, which have been widely used in
model checking to describe temporal properties of transition systems and computational
models [23]. Signal temporal logic (STL) and linear temporal logic (LTL) are two widely
used formal temporal logics. Both can specify mission requirements and support the syn-
thesis of plans or controllers with formal satisfaction guarantees, but they differ in how
system behaviors and time are represented. STL is interpreted over continuous-valued
signals and allows explicit time intervals, making it particularly suitable for time-bounded
requirements in cyber-physical and continuous-time systems [102, 9]. On the other hand,
LTL is typically interpreted over sequences of Boolean propositions and is commonly used
to express qualitative temporal relationships without explicit quantitative time bounds [65].
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Visit A, then B,
while avoiding unsafe regions.

Figure 1.1: Quadrotor applications with temporal logic specifications.

To further ensure that autonomous systems can satisfy temporal logic specifications,
it is necessary to address both what behaviors should be generated to meet the mission
requirements and how these behaviors can be implemented on the underlying dynamical
systems. From this perspective, temporal-logic-based planning and control for continuous-
time systems can be viewed as two tightly coupled problems:

e Planning: constructing plans or trajectories that satisfy the logical structure of a
mission while accounting for the constraints imposed by the system dynamics.

e Control synthesis: designing feedback control laws so that the resulting closed-loop
trajectories implement the planned behaviors and satisfy the prescribed temporal
logic specifications.

This distinction motivates the following discussion from two complementary perspec-
tives: planning under temporal logic specifications and control synthesis under temporal
logic specifications.



1.1.1 Planning under Temporal Logic

Planning under temporal logic specifications concerns the generation of feasible tra-
jectories or high-level plans that satisfy a temporal logic formula describing the desired
mission, while respecting system, environmental, and task constraints.

In planning problems, STL is particularly suitable for specifying time-bounded re-
quirements over real-valued state or output trajectories [102, 9]. Such requirements include
reaching a target set within a prescribed time interval, always avoiding unsafe regions, and
maintaining inter-agent distances over a finite horizon. The Boolean semantics of STL de-
termine whether a trajectory satisfies a given specification. To further quantify the degree
of satisfaction or violation, quantitative robustness semantics have been introduced [35].
This robustness measure enables optimization-based planning formulations, where robust-
ness can be maximized or imposed as a constraint [11].

Existing STL planning methods often formulate planning as trajectory optimiza-
tion [11]. A foundational approach encodes STL specifications together with system
constraints using mixed-integer programming (MIP), enabling model predictive control
(MPC)-based synthesis and trajectory generation under temporal logic requirements [123].
Building on this idea, robust STL planning methods incorporate quantitative robustness
into mixed-integer optimization formulations to improve the robustness of the planned
trajectories [120, |. Nevertheless, optimization-based STL planning can suffer from
high computational complexity, especially for long horizons or complex specifications. To
improve scalability, a more compact MIP encoding for STL with fewer binary variables
has been proposed [71]. Low-complexity MPC-based approaches, such as move-blocking
strategies, have also been developed to reduce the computational burden of STL synthe-
sis [149]. Another approach replaces the nonsmooth minimum and maximum operators
in the STL robustness semantics with soft-minimum and soft-maximum approximations,
yielding differentiable robustness measures that enable gradient-based optimization and
improve computational efficiency [115, 50].

Moreover, a key challenge in continuous-time STL planning is to guarantee satisfac-
tion over the entire continuous-time horizon, rather than only at the discrete time instants
at which the constraints are enforced. Omne line of work addresses this issue by com-
bining robustness margins with structured trajectory representations and bounds on the
trajectory variation between sampling instants. For multi-drone missions, a sampling-
based trajectory generation method maximizes smooth STL robustness and enforces a
stricter version of the STL specification to guarantee continuous-time satisfaction [116].
This STL-based planning framework was further integrated with safety and stakeholder-
specific operational requirements for missions involving multiple unmanned aerial vehicles



(UAVs) [117]. A planning and control co-design framework additionally incorporates a non-
linear tracking controller and its worst-case tracking-error bound into trajectory planning,
ensuring that the tracked trajectories continue to satisfy the STL specification |1 18]. More
recently, continuous-time trajectory generation under bounded STL specifications has been
extended to nonholonomic ground robots using model-consistent parametric curves [64].
An alternative line of work uses control barrier functions (CBFs) to enforce continuous-time
satisfaction over each sampling interval [37, 88, |. However, these approaches typically
rely on the construction of suitable barrier functions, may require specific assumptions on
the system dynamics and predicate structure, and can result in computationally demanding
optimization problems.

Compared with time-bounded STL specifications, LTL is commonly used for high-level
planning with proposition-based, long-horizon mission requirements. Classical LTL-based
planning follows an automata-theoretic framework. The workspace or continuous-state
system is abstracted into a finite transition system, the LTL formula is translated into
an automaton, and a satisfying plan is obtained by searching for an accepting run on the
product of the transition system and the automaton [63, 65].

For continuous-time robotic systems, a key issue of LTL planning is whether the
symbolic plan obtained from the abstraction can be faithfully implemented by the original
continuous dynamics. To reduce this abstraction-to-implementation gap, finite abstractions
with robustness margins have been developed. Local reachable-set over-approximations can
be used to compute such abstractions [33], and robustness margins can be incorporated into
finite abstractions to account for inter-sample behaviors in temporal-logic-based control
synthesis [96]. This line of work has also been extended to robustly complete control
synthesis for nonlinear systems through interval-based branch-and-bound refinement [32].

Despite these developments, finite-abstraction-based LTL planning can remain com-
putationally demanding for nonlinear, continuous-time robotic systems. Fine partitions
are often needed to accurately capture the continuous dynamics, but they increase the size
of the transition system and the product automaton. Moreover, a symbolic plan obtained
on the abstraction still needs to be implemented by continuous-time controllers that drive
the system between regions while maintaining safety and invariance properties.

To mitigate these limitations, specification-guided approaches have been developed
to synthesize controllers for nonlinear systems with temporal logic specifications without
explicitly constructing a global finite abstraction. In particular, such methods directly
characterize the winning set over the continuous state space of the original system, guided
by the automaton representation of the LTL specification [31]. Related abstraction-free
approaches have also used CBFs to decompose temporal logic specifications into subtasks



and synthesize continuous-time controllers directly [113]. Such controller-based methods
are therefore discussed further from the perspective of control synthesis under temporal
logic specifications.

Overall, motivated by these challenges in continuous-time planning under temporal
logic, this thesis focuses on the following two objectives. For STL, the goal is to generate
continuous-time trajectories that satisfy time-bounded specifications without relying on
small sampling periods or overly conservative robustness margins. For LTL, the goal is to
synthesize long-horizon task plans that can be realized on continuous-time systems through
abstraction-free methods.

1.1.2 Control Synthesis under Temporal Logic

A planned trajectory satisfying a temporal logic specification does not necessarily
imply that the trajectory generated by the controlled system also satisfies the specification.
Tracking errors, actuator limits, nonlinear dynamics, and imperfect initial conditions may
cause the real system trajectory to deviate from the planned one, leading to violations of
safety or temporal requirements during execution. This motivates control synthesis under
temporal logic, where feedback laws are designed to implement planned behaviors while
ensuring satisfaction of the prescribed specifications.

Because STL imposes time-bounded requirements on real-valued signals, tracking er-
rors and disturbances may affect whether the controlled trajectory satisfies the specifica-
tion. Motivated by this concern, prescribed performance control has been used to constrain
the transient behavior of system trajectories to satisfy atomic STL specifications [91, 16].
However, prescribed-performance-based methods often rely on suitable performance func-
tions for individual predicates or tasks, which may become restrictive when complex tem-
poral requirements or safety-critical interactions are involved. CBFs have been used to
encode temporal requirements and synthesize feedback controllers for STL tasks, thereby
enforcing STL constraints during execution [26]. Decentralized CBFs further address multi-
agent settings with coupling and communication constraints [37]. To handle specifications
and systems with higher relative degree, high-order control Lyapunov-barrier functions
(CLBFs) have been developed for temporal logic specifications [116]. Nevertheless, CBF-
based formulations must ensure the feasibility of the resulting constraints, especially when
multiple temporal, safety, and inter-agent requirements are imposed simultaneously. To
connect trajectory generation more directly with controller capabilities, control and plan-
ning have been co-designed for multi-rotor UAVs by generating dynamically feasible tra-
jectories that satisfy STL specifications and can be tracked by a controller with bounded



tracking error [118]. MPC-based methods have also been used to synthesize multi-agent
behaviors under STL specifications, including multi-drone coordination tasks such as colli-
sion avoidance, inter-agent separation, and persistent surveillance |1 16]. These approaches
explicitly connect planning, control, and coordination, but their applicability may depend
on the chosen optimization formulations or communication structures.

On the other hand, control synthesis under LTL specifications aims to generate feed-
back controllers such that the resulting system trajectories satisfy long-horizon logical
tasks. For mobile robots, temporal logic specifications over fragments of LTL have been
translated into sequences of control barrier function-based quadratic program (CBF-QP)
problems, with barrier composition and prioritization used to alleviate infeasibility [132].
Finite-time convergence CBFs have also been used to synthesize controllers for continuous-
time multi-agent systems guided by LTL specifications [133]. CBFs have further been used
for abstraction-free control synthesis under LTL constraints by constructing an accepting
run and enforcing the resulting sequence of formulae through quadratic programs [113].
CLBF-based controllers have been used to combine stabilization and safety requirements
for nonlinear systems [125]. However, the resulting controllers may become infeasible when
multiple continuous constraints conflict or exceed the available control authority. There-
fore, connecting continuous-control certificates with long-horizon LTL satisfaction remains
a key challenge.

Overall, the central challenge is to connect high-level temporal logic specifications with
nonlinear control synthesis for continuous-time robotic systems. This requires planning
methods that generate satisfying trajectories or task plans, and controllers that preserve
the desired logical requirements during execution. These challenges motivate the methods
developed in this thesis, whose main contributions are summarized next.

1.2 Contributions and Thesis Organization

Motivated by the challenges discussed above, the main contributions of this thesis can
be grouped into the following two parts.

e Continuous-time STL planning and control synthesis. This part develops
planning and control synthesis methods for continuous-time systems under STL speci-
fications, with an emphasis on continuous-time satisfaction and reduced conservatism.
The proposed methods are demonstrated through quadrotor and multi-quadrotor
control applications. This contribution is developed in Chapters 3-5.



e Abstraction-free LTL control synthesis. This part develops an abstraction-free
control synthesis approach for continuous-time systems under LTL specifications.
The approach uses patching CLBF level sets to connect high-level temporal logic
requirements with continuous-time system dynamics. This contribution is developed
in Chapter 6.

As shown in Figure 1.2, the thesis is organized as follows.

Chapter 2 presents the main preliminaries used throughout the thesis, including non-
linear system models, SE(3) geometry, Lyapunov stability, Bézier curves, and temporal
logic. These tools provide the mathematical foundation for the planning, control, and
stability analysis developed in subsequent chapters.

Chapter 3 develops an STL planning framework based on time-varying robustness, re-
ducing the conservatism of conventional uniform robustness measures and enabling smooth
continuous-time trajectory generation.

Chapter 4 presents an STL control synthesis framework for a quadrotor system by
integrating geometric control on SE(3) with time-varying tracking-error bounds.

Chapter 5 extends the STL control synthesis framework to multiple quadrotors and
incorporates multi-agent constraints into the specification-satisfaction analysis.

Chapter 6 develops an abstraction-free LTL control synthesis approach based on patch-
ing CLBF level sets.

Chapter 7 concludes the thesis and discusses future work.
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Chapter 2

Preliminaries on Temporal Logic and
Control

This chapter introduces the mathematical preliminaries and control concepts used
throughout this thesis. It covers the system description, Lyapunov stability, the special
Euclidean group SE(3) for rigid-body motion, and Bézier curves for trajectory representa-
tion. The chapter also reviews the basic definitions of STL and LTL used in subsequent
chapters.

2.1 System Description

Consider a continuous-time dynamical system of the form

(t) = f(z(t),u(t)), teRy, (2.1.1)

where z(t) € X C R™ denotes the system state and u(t) € U C R™ denotes the control
input at time ¢. Here, X and U denote the state space and the control input space,
respectively, and f : X x U — R"™ is a smooth function that specifies the system dynamics.
Given an initial condition x(0) = zg, let T := [0, 7], where T" € R, . is the time horizon of
interest. We assume that, for every admissible control input u : T — U/ and initial condition
considered in this thesis, the solution to (2.1.1) exists, is unique on T, and remains in X.
The system evolution is then characterized by a state trajectory = : T — X.



2.2 Lyapunov Stability

Lyapunov stability theory [62] provides a systematic method for analyzing the sta-
bility of dynamical systems without explicitly solving their trajectories. Consider the

autonomous system
&= f(x), x(0)= o, (2.2.1)

where f : X — R" is locally Lipschitz on a domain X C R", and suppose that z., € X is
an equilibrium point satisfying
f(zeq) = 0. (2.2.2)

The behavior of the system near the equilibrium point z., can be characterized using
the standard notions of Lyapunov stability, asymptotic stability, and exponential stabil-

ity [62].

Definition 2.2.1 (Lyapunov Stability). The equilibrium point x., € X of (2.2.1) is stable
if, for every e > 0, there exists a § > 0 such that, for every initial condition x(0) € X,

12(0) — zeg] < 6 = ||o(t) — zegl <€, VE > 0. (2.2.3)

Definition 2.2.2 (Asymptotic Stability). The equilibrium point x., € X of (2.2.1) is
asymptotically stable if it is stable and there exists a constant ¢ > 0 such that, for every
initial condition x(0) € X,

|2(0) — 2eyl| < ¢ = tlim z(t) = Teq. (2.2.4)
—00
Definition 2.2.3 (Exponential Stability). The equilibrium point x., € X of (2.2.1) is

exponentially stable if there exist positive constants k, \, and c¢ such that, for every initial
condition x(0) € X,

|2(0) — zeyl| < ¢ = [|2(t) — 2l < K|l2(0) — xeq]|e”\t, Vvt > 0. (2.2.5)

A continuously differentiable function V : X — Ry is called a Lyapunov function
candidate with respect to the equilibrium point z., € & if

V(ze) =0, V(z)>0, Ve X\ {z,} (2.2.6)

The derivative of V along the trajectories of (2.2.1) is given by

)

V(z) = (@), (2.2.7)
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Definition 2.2.4 (Lyapunov Function |62, Chapter 4|). A Lyapunov function candidate
V is called a Lyapunov function for (2.2.1) if

V(x) <0, Vredi. (2.2.8)
It is called a strict Lyapunov function if
V() <0, Voe X\ {z,} (2.2.9)

Theorem 2.2.5 (Lyapunov Stability Theorem [62, Chapter 4|). Let z., € X be an equi-
librium point of (2.2.1).

i) If there exists a Lyapunov function V with respect to x.,, then x., is stable.

i) If there exists a strict Lyapunov function V with respect to x.,, then x., is asymptot-
ically stable.

i) If there exist a Lyapunov function candidate V with respect to x., and positive con-
stants ¢y, co, and c3 such that

crllz — 2egll* < V(@) < eoflr — zegl?, Ve e X, (2.2.10)

and '
V(l’) < —CgH.I - xeqHQa Vo € X, (2‘2.11)

then x4 1s exponentially stable.

In Chapter 4, Lyapunov functions are constructed to establish stability guarantees
for the closed-loop quadrotor system, whose configuration is represented on the special
Euclidean group SE(3). The basic structure and properties of SE(3) are introduced in the
following section.

2.3 The Special Euclidean Group SE(3)

The configuration of a rigid body in three-dimensional space is described by its position
and orientation. The position evolves in the Euclidean space R3, while the orientation
evolves on the nonlinear manifold SO(3). Together, they form the special Euclidean group
SE(3), which provides a natural configuration space for rigid-body motion 111, 17, 78].
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2.3.1 Definitions and Basic Properties

The special orthogonal group is defined as
SO(3) = {ReR”? | RTR =13, det(R) =1}, (2.3.1)

where R is a rotation matrix. The condition R'R = I3 implies that the columns of R
form an orthonormal basis, and the condition det(R) = 1 ensures that the transformation
preserves orientation. For any R € SO(3), the inverse is given by

R'=R" (2.3.2)

The set SO(3) is a compact and connected matrix Lie group [53, 21].

The special Euclidean group is defined as
SE(3) = {(R,p) | R € SO(3), pe R*}, (2.3.3)

where R represents the attitude of the rigid body and p represents its position.

2.3.2 Lie Algebra and Rigid-Body Kinematics

The Lie algebra of SO(3) is denoted by s0(3) and is given by the set of skew-symmetric
matrices [101, Chapter 3|,

s0(3) = {Ae R | AT = —A}. (2.3.4)

For z = [#; x5 a3]' € R3, the hat map ()" : R? — s0(3) is defined as

0 —T3 i)
—X9 T 0

The inverse operation is called the vee map and is denoted by (-)¥ : s0(3) — R3 [111, 21].

Given a vector-valued function z : R, — R?, we use the shorthand

—

#(t) = 2(t), teR,. (2.3.6)

The following identities of the hat and vee maps will be used in later geometric control
analysis [1 11, 21, 78].
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Lemma 2.3.1 (Properties of the hat and vee maps). For any z,y € R3, A € R33, and
R € SO(3), the following identities hold:

AT

A (2.3.7)
Ty=x Xy=—yXxxr=—yz, (2.3.8)

tr[AZ] = %tr [2(A—AT)] =—aT(A-AT)Y, (2.3.9)
Ai+3AT = ((t[A] L, — A7) 2)", (2.3.10)
RiR' = Rz. (2.3.11)

Since SO(3) is compact and connected, the exponential map from so0(3) to SO(3) is
surjective [53]. Thus, for each R € SO(3), there exists an € R? such that

R = exp(z). (2.3.12)
The exponential map admits the Euler-Rodrigues formula [16, 25|

snlal) | 1= cosllel) o,
exp(d) = (&l Il
13, xz =0.

(2.3.13)

These geometric properties will be used to formulate rigid-body dynamics and to
design controllers directly on SE(3) or its subgroups. This avoids the singularities and
ambiguities associated with local attitude parameterizations such as Euler angles [21, 78].

2.4 Bézier Curves

Bézier curves provide a convenient and compact parameterization for continuous tra-
jectories. The material in this section follows the standard presentation in [12, Section
4]. We review only the properties needed for the subsequent developments and refer the
reader to the cited reference for further details.

2.4.1 Bernstein Representation

A Bézier curve of degree n € N is a mapping 7 : [0, 1] — R? defined by
r(s) = b(s)e,  s€0,1], (2.4.1)
i=0
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where ¢; € R% i € {0,...,n}, are the control points, and b7(s) denotes the i-th Bernstein
basis polynomial of degree n, given by

b (s) = (n> (1— s)"isi, (2.4.2)

]

Here, (7:) = (H_LZ'),Z, is the binomial coefficient. The parameter s is a normalized curve
parameter. When the curve represents a trajectory over a finite time interval [to,?] with

ty > to, it is parameterized by the normalized time s = ttf_thO for t € [to,ty].

2.4.2 Geometric Properties

We recall several basic properties of Bézier curves that will be used in the subse-
quent development. These properties relate the geometry of the curve to its control points,
making Bézier curves convenient for trajectory parameterization. They also enable con-
straints on the curve and its derivatives to be formulated through algebraic conditions on
the control points.

Endpoint interpolation. A Bézier curve interpolates its first and last control points;
that is, 7(0) = ¢ and (1) = ¢,.

This follows from the endpoint values of the Bernstein basis functions: bf(0) = 1,
bl'(1) = 1, and all other basis functions vanish at the corresponding endpoints, as shown in
Figure 2.1(a). In the trajectory setting, this property means that the first and last control
points directly determine the initial and terminal positions.

Convex hull property. Let CH := conv{cg,cy,...,c,} denote the convex hull of the
control points, illustrated by the shaded region in Figure 2.1. Then, the image of the Bézier
curve satisfies ([0, 1]) € CH.

This follows from b"(s) > 0 and Y . ,b'(s) = 1 for all s € [0,1]. Hence, r(s) is a
convex combination of the control points. This property enables geometric constraints on
the trajectory to be enforced conservatively through constraints on the control points or
their convex hull.
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(a) Bézier curve r(s). (b) First derivative curve 7(s).

Figure 2.1: Tllustration of a fifth-degree Bézier curve r(s) and its first derivative curve
7(s). The original curve is defined by six control points {co, ..., c5}, while its derivative is
a fourth-degree Bézier curve with control points ¢, = 5(¢;41—¢;), @ € {0,...,4}. The shaded
regions indicate the convex hulls of the original and derivative control points, respectively.

Derivative property. The derivative of a degree-n Bézier curve with respect to s is a
degree-(n — 1) Bézier curve:

) = n 3 b (5) e — <) (2.4.3)

Thus, the control points of 7(s) are the scaled forward differences n(c;41—¢;), i =10,...,n—
1, as illustrated in Figure 2.1(b). This representation is useful for expressing velocity,
acceleration, and smoothness constraints in terms of finite differences of the control points.

Extrapolation outside the normalized interval. For s ¢ [0, 1], the Bernstein basis
functions are not necessarily nonnegative. Hence, r(s) ¢ CH in general.

Therefore, the convex hull containment is only guaranteed on the normalized interval
[0,1]. This motivates the use of normalized local parameters when Bézier curves are used
as trajectory segments over finite time intervals.
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2.5 Signal Temporal Logic

Let T = [0,7] and let y : T — R denote a continuous-time planning trajectory of
dimension d, over which STL formulas are evaluated. An atomic predicate is defined as
7= p(y(t)) > 0, where p : R — R is a real-valued predicate function. Throughout this
thesis, STL formulas are considered in positive normal form (PNF) [126]. The syntax of
STL is defined recursively by

pu=m|om i Apa | o1V pa | prilhzps, (2.5.1)

where —, A, V, and U are negation, conjunction, disjunction, and until operators, respec-
tively, and Z = [a, b] is a bounded time interval with a < b. The temporal operators Even-
tually (Q) and Always (O) can be formulated by the above operators, ¢z = True Uzyp
and Ozp := = (0z7p).

Example 2.5.1. The following examples illustrate the meanings of the basic temporal
operators in STL.

Always: Ojg10(20 < T'(t) < 24) means that the office temperature always remains
between 20°C and 24°C during office hours.

Eventually: O 5(T(t) < 25) means that the temperature drops below 25°C within 5
time units.

Until: Let ineating denote that the kettle is heating. Then, fineating Up,10) (T'(t) > 98°C)
means that the kettle keeps heating until the water temperature reaches 98°C within 10
minutes.

Furthermore, for any ¢ € T, we denote by (y,t) the suffix of y starting at time ¢, i.e.,
the restriction of y to [t,7] N T. More generally, for an interval [a,b] C T, the notation
(y, [a,b]) denotes the restriction of y to [a,b]. The notation (y,t) = ¢ denotes that the
signal suffix (y, t) satisfies the STL formula ¢, whereas (y,t) ~ ¢ denotes that it does not.
For brevity, write y = ¢ when (y,0) | ¢.

Definition 2.5.2 (STL Boolean semantics [102]). Given a continuous-time signal y : T —
R and an STL formula @, the Boolean semantics of ¢ at timet € T are defined inductively
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as follows:

1A (Y, ) = oo
1V (y,t) = 2
(Y1) B
(Y, 1) s
Sy t) E 2 AV E ] (y, ") e,

where L= (t+IT)NT andt +7 = [t +a,t + D).

/‘\/\/\g/é\/\r\/‘\
mmmmmmmT
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In addition to boolean satisfaction, STL admits a quantitative semantics, often referred
to as robustness. The robustness of a formula ¢ with respect to a signal y at time ¢
is denoted by p?(y,t) € R. The magnitude of the robustness quantifies the degree of
satisfaction or violation.

Definition 2.5.3 (STL robustness semantics [31]). Given a continuous-time signal y :
T — R? and an STL formula o, the robustness of @ with respect to y at time t € T,
denoted by p?(y,t) € R, is defined inductively as follows:

P (y,t) = u(y(t));

P (y,t) —p"(y,1);

P2 (y, 1) min {p?(y, 1), p**(y, 1) };

P2 (y, t) max {p?(y, 1), p**(y,t)};

P (y, t) max, 7 p¥(y, t');

P77 (y,t) min, 7 p?(y,t');

pfHIe(y 1) = max,;min {p?2(y, '), mingep ) p? (y, ")},

Property 2.5.4 (Soundness and completeness of STL robustness semantics |37, 50]). For
any signal y : T — R% and STL formula o, nonzero robustness characterizes Boolean
satisfaction at each time t € T as follows:

PPy, t) >0 = (y1) e (2.5.2)

The forward implication expresses soundness, whereas the reverse implication expresses
completeness. When p?(y,t) = 0, the robustness value is inconclusive.
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Let P, C R? be a nonempty closed satisfaction set associated with the predicate ,
and let P¢ := R?\ P, denote its complement. Define the predicate function by

inf ||z — z||, x € Py,

z€PE
T) = 7 2.5.3
e —inf lo—2], 2P 259
z2€Px

Under this signed-distance convention, the robustness margin provides the following guar-
antee against trajectory perturbations.

Corollary 2.5.5 ([35]). Let y : T — R? be a trajectory and let ¢ be an STL formula such
that p?(y,0) > 0. Then any trajectory § : T — RY satisfying

19(t) —y@)ll < p(y,0),  Vtel[0,T7, (2.5.4)
also satisfies @, i.e., § = @.

2.6 Linear Temporal Logic

LTL is a temporal logic for specifying temporal properties over discrete sequences of
symbolic observations and is typically used to describe qualitative ordering requirements
over proposition-valued traces. Thus, while STL is more suitable for specifying finite-
horizon temporal requirements, LTL is better suited for high-level task specifications over
an infinite horizon, such as region-precedence constraints, persistent surveillance, and pa-
trol objectives.

Let AP be a finite set of atomic propositions, where each m € AP is a Boolean
statement evaluated at every discrete position of a behavior. The syntax of LTL formulas
over AP is recursively defined by [3]

pu=T |7 @1 A2 | 1V | Op | pilhps | o1 Rea,

where T denotes the Boolean constant true; —, A, and V denote negation, conjunction, and
disjunction, respectively; and (), U, and R denote the next, until, and release operators,
respectively. The eventually and always operators, denoted by ¢ and [J, respectively, are
derived as Q¢ := TUp and Oy := =O—p. The release operator is the dual of until, defined
by 1Ry = (1l ).

The alphabet induced by AP is defined as ¥ = 247, An infinite word over ¥ is written
as 0 = 090109 - -+ € 2¥, where ¥¥ denotes the set of infinite sequences over ¥, and i € N
denotes a discrete position in the word. Each letter o; € ¥ represents the set of atomic
propositions that are true at position 1.
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Example 2.6.1. Consider a simple printer system with AP = {idle, printing, receivingJob}.
An infinite word is given by

0 = 090103 - - - = {idle}{receivingJob}{printing, receivingJob}{printing}{idle} - - - .
This word describes a recurring cycle in which the printer is idle, receives a job, begins

printing while receiving another job, and then returns to the idle state.

Definition 2.6.2 (LTL word semantics [3]). The notation o,i = ¢ means that the formula
@ holds on the word o when evaluated from position i, that is, over the suffix 0;0;110;49-- .
The satisfaction relation is defined inductively as follows:

o i ET & True;

oL < False;

o= & TE oy

o, 1 ):_'SO g ﬁ(0-72. |:S0>;

g iE P ANps & 0,i =@ and 0,1 = @o;

o iE PV & 0iE ¢ oro,i = s

0,1 E Qp & o+ 1 E g

o,i Epildps < Tj > such that 0,] = o and o,k = 1 for all k such that i < k < j;
0,1 = o1 Rps < (37 > such that 0,j = p1 and o,k = @y for all k such that i < k < j)

V(0,7 | @2 for all j > i)
A word o is said to satisfy ¢, denoted by o = ¢, if 0,0 = ¢.

Examples of common LTL temporal operators are illustrated in Table 2.1.

Table 2.1: Representative satisfaction patterns for LTL temporal operators over the posi-
tions of an infinite word, adapted from [31].

Position ¢ 0 1 2 3 4 5
Oy * © * * * *
prldpo ©1 ©1 P2 * * *
©1Rp2 P2 ) Y1 N\ P2 * * *
©1Rp2 P2 P2 ©2 ©2 ©2 ©9
Oy @ © @ @ @ @
Qp * * © * * *
O * * * © © @
D0 * @ * @ * @

x denotes an arbitrary truth value.
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Example 2.6.3. In robot motion planning, let w, and my denote the propositions indicating
that the robot is in surveillance regions py and py, respectively. Let obs, low, and charge
denote the propositions indicating that the robot is in an obstacle region, has a low battery
level, and is at a charging station, respectively. A specification requiring the robot to always
avoid obstacles, repeatedly visit both surveillance regions, and eventually reach a charging
station whenever the battery is low can be written as

@ = [=obs A OO A OO A D(Iow — Ocharge).

The word semantics in Definition 2.6.2 are formulated over symbolic observations
rather than directly over the states of the dynamical system in (2.1.1). A labeling function
is used to map a given state sequence to a symbolic trace.

Definition 2.6.4 (Symbolic trace of a state sequence). Let zozixo--- be an infinite state
sequence in a state space X, and let L : X — 247 be a labeling function. The symbolic
trace induced by the state sequence is the infinite word

Trace(x) := L(zo)L(z1)L(x3) - - = 0go109 - - - € (24F)%, (2.6.1)
where o; :== L(z;).

The mapping from a state sequence to a symbolic trace is illustrated in Figure 2.2.
Definition 2.6.4 concerns a given discrete state sequence. Traces of continuous-time trajec-
tories and the corresponding satisfaction relation are defined separately in Chapter 6.

System State iy 1 Zo T3
lL(mo) lL(ml) lL(mg) lL(mg)
Symbols o) o1 o9 o3
Trace Trace(z) = 0¢o109 - - -

Figure 2.2: From system states to a symbolic word.

To provide a finite representation of an ultimately periodic infinite behavior, we in-
troduce the notion of a lasso-form word.
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Definition 2.6.5 (Lasso-form word [132]). An infinite word o € ¥¥ is said to be in lasso
form if there exist a finite prefiz ope € X and a nonempty finite suffix s, € X7 such that

0 = Opre (Osur)” - (2.6.2)

Here, 3* denotes the set of finite words over ¥, including the empty word, and X" denotes
the set of nonempty finite words over X.

Example 2.6.6. For the previous printer system, the word
o = {idle}{receivingJob}{printing, receivingJob}{printing }{idle } { receivingJob} - - -
can be written in lasso form as
o= ({idle}{receivingJob}{printing, receivingJob}{printing})w.

Here, the prefiz is empty.

2.7 Summary

This chapter introduced the notation and background used throughout the thesis.
These preliminaries provide a common foundation for continuous-time system modeling,
stability analysis, rigid-body geometry, trajectory representation, and temporal logic spec-
ifications used in the following chapters.
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Chapter 3

Signal Temporal Logic Planning with
Time-Varying Robustness

3.1 Introduction

Planning trajectories that satisfy STL specifications in continuous time requires ac-
counting for both logical satisfaction and kinematic feasibility, including velocity and accel-
eration constraints. As discussed in Section 2.5, a real-valued robustness measure provides
a quantitative measure of specification satisfaction, with a larger positive value indicating
stronger satisfaction.

However, because a uniform robustness margin must hold over the entire trajectory,
it is limited by the most constrained portion and cannot capture the larger robustness
margins available in regions with more free space.

Figure 3.1 illustrates these issues in a reach-avoid example: the piecewise linear (PWL)
path [135] is conservative, the solution obtained from the discretized mixed-integer con-
vex programming (MICP) formulation [l 1] may miss collision-avoidance violations, and a
Bézier curve with improperly chosen control points may violate the specification. In con-
trast, the proposed time-varying robustness formulation generates a smoother trajectory
with reduced conservatism while preserving continuous-time satisfaction.

Motivated by these observations, this chapter develops a continuous-time trajectory
planning method for STL specifications using piecewise Bézier curves. The proposed
method introduces a piecewise time-varying robustness formulation to reduce the conser-
vatism of conventional real-valued robustness while preserving continuous-time satisfaction.
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By generating smooth trajectories that account for kinematic feasibility, the approach im-
proves trackability and helps maintain satisfaction of the STL specifications during track-
ing. Comparative experiments demonstrate the efficiency and effectiveness of the method.
The source code is available at https://github.com/ViviaV/TimeVaryingBound STL.

_
/I

(a) PWL [135] ) MICP [11] (c) I-Béziers (d) Proposed

Figure 3.1: Comparison of trajectory planning methods on a reach-avoid task: PWL [135],
MICP [11], I-Béziers (Bézier curves with improperly chosen control points), and the pro-
posed method. The solid blue lines denote the planned reference trajectories, and the
blue circles denote the sampling points. The red dashed lines show the trajectories of a
unicycle model controlled by MPC to track the corresponding reference trajectories. The
blue shaded regions and blue frames represent the robustness tubes and bounding boxes,
respectively. Panels (a)-(c) use uniform real-valued robustness, whereas panel (d) uses the
proposed time-varying robustness formulation.

The two main contributions of this chapter are as follows.

e We extend uniform robustness to time-varying robustness for STL specifications,
avoiding the conservatism caused by imposing a single worst-case robustness margin
over the entire trajectory, as illustrated in Figure 3.1(a), and generating the smoother
trajectory shown in Figure 3.1(d).

e We establish theoretical guarantees and enforce acceleration constraints through
Bézier control points, thereby ensuring that the resulting Bézier curves satisfy the
STL specifications and avoiding violations caused by improperly selected control
points, as illustrated in Figure 3.1(c).
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Moreover, the proposed approach (i) does not require an explicit system dynamics model in
the planning formulation, unlike existing approaches based on MPC [119] and MICP [71];
(i) generates kinematically feasible trajectories with smaller tracking errors compared to
methods with variable sampling times [135]; (iii) addresses the problem of a trajectory
traversing obstacles; and (iv) performs effectively in long-horizon scenarios.

3.2 Problem Statement

Let T" > 0 denote the time horizon, and let T = [0,7] C R, be the bounded time
domain. The continuous-time trajectory y : T — RY is parameterized by N piecewise
Bézier curves with sampling time At = 7T'/N and is defined as follows:

y(t) = : (3.2.1)
BN_1<t), t e [tN—latN] )

and each By(t) is an n-degree Bézier curve defined as follows:
Bi(t) = > b T)eri, t € [t tryl, (3.2.2)
i=0

where ¢y ; is the i-th control point of the k-th Bézier curve, ¢, = kAt for k € {0,..., N—1},
T = tk:t_’“tk, and b'(T) = (n_”—z'),z,(l — 7)"7'7" is the n-degree Bernstein polynomial |12,

Chapter 4.2]. Since Y b%(7) = 1 for any 7 € [0, 1], the convex hull of the set of control
points, denoted by CHy := conv {c 0, C1, - - -, Ckn}, contains By.

To determine whether a trajectory satisfies an STL specification ¢ with time-varying
robustness, we propose the following definition of a time-varying robust trajectory.

Definition 3.2.1. (Time-varying robust trajectory) Given a function p¢ : T — Ry, a
position trajectory y : T — R is said to be time-varying robust, denoted by pf-robust, with
respect to an STL specification @ if every trajectory y' : T — R? satisfying

ly'(t) =y < p?(t), VteT, (3.2.3)

also satisfies the STL specification .
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Definition 3.2.2. (STL planning problem based on Bézier curves) Given an STL speci-
fication @, the problem is to find a position trajectory y : T — Re, parameterized by N
piecewise n-degree Bézier curves as in (3.2.1), satisfying:

i) Continuity conditions: The Bézier curves have to be at least C*-continuous over T;

i) Kinematic conditions': Given the componentwise mazimum velocity and acceleration
bounds Umax, Gmax € R?, all vector inequalities below are enforced componentwise. We

require | Bi(t)| < Umax and \Bk(t)] < Gpax for all k € {0,..., N —1};

i) STL Satisfaction: Given an STL specification ¢ and a desired minimum robust-
ness Pmin, We require that the signal y(t) be pf-robust, with its robustness p?(t) =
Pp (Thy €) =Tk — € > pmin > 0 for allt € [ty, tpi1]. In the encoding presented in Sec-
tion 3.4.1, the continuous variables i, € € Ry, and the binary variables z; € {0,1}
are used to encode the satisfaction of . Satisfaction of the complete formula at the
initial index is enforced by setting the Boolean variable z§ = 1. The corresponding
constraints are expressed in terms of the maximum acceleration ar, € R and the set

of control points of By, denoted by Cy, := {cyi}p-

We formulate the problem of finding a trajectory that meets the conditions in Defini-
tion 3.2.2 as a constrained optimization problem while maximizing time-varying robustness.
We derive linear constraints for the condition i) in Section 3.3.1, and convex constraints for
conditions ii) and iii) in Sections 3.3.2 and 3.4.1, respectively. This optimization problem
is encoded as an MICP as follows:

N-1
arg min Z—/\pf(rk,ﬁk)+QHUkH1+R||ak||1
Chs Vke» Qo Thy €85 21 Jo—p) (3.2.4)

s.t. By satisfies the conditions in Definition 3.2.2,
Vke€{0,...,N —1},

where \,Q, R > 0 are the weights, and vy, a;, € R? are the maximum velocity and accel-
eration of By, respectively. The program generates y(t), as defined in (3.2.1), consisting
of segments By, obtained by solving (3.2.4), while robustly satisfying the specification with
p?(t). Theorem 3.4.2 establishes that p¥(t¢) is a robustness margin for the signal y(t).
Section 3.4.2 proves that the STL encoding in the proposed approach is sound.

Following [117, 64], a trajectory satisfying the prescribed velocity and acceleration bounds is referred
to as kinematically feasible. These bounds alone do not establish feasibility with respect to the full system
dynamics and input constraints. The term dynamic feasibility is reserved for cases where the trajectory is
shown to be realizable or trackable by the full dynamical model under admissible inputs, as considered in

[118].
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3.3 Trajectory Construction

In this section, leveraging the derivatives of the Bézier curves [12, Chapter 4.2|, we
derive constraints for the control points to ensure the continuity conditions and kinematic
conditions outlined in Definition 3.2.2.

3.3.1 Continuity Constraints

In this work, since all Bézier segments have the same duration At = T/N.> The
continuity conditions reduce to the following constraints.

i) C°-Continuity: For By(t) = Byy1(t) at t =ty 1, force
Ckn = Ck+1,0- (331)

ii) C-Continuity: For Bk(t) = Bk+1(t) at t =ty 1, force
Ckyn — Ckn—1 = Ck+1,1 — Ck+1,0- (3.3.2)
iii) C?-Continuity: Let A’cy; := crira — 2Cki41 + Cri. To ensure Bk(t) = Bk+1(t) at

t = tr11, we enforce
AQCkyn,Q = AzckJrl’O. (333)
3.3.2 Kinematic Constraints

In this work, all inequalities involving vector-valued quantities are interpreted compo-
nentwise unless otherwise stated. For example, for z,y € R?, the inequality |z| < y means
|z;| <wy; forall j =1,... ,d. In this section, the Bézier curves are required to satisfy the

convex constraints |§(t)| < vmax and |§(t)] < amax, Where vpax, Gmax € Ri . represent the
maximum velocity and acceleration over the whole time horizon, respectively.

2Different time intervals can be assigned to individual Bézier segments. In this work, however, intro-
ducing time variables into the acceleration constraints would result in bilinear constraints and increase the
computational burden.
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o Velocity Constraints: For t € [ty, tg11], it follows that
9(t)] = |Bk( t)|
an 1 Ck i+l — Ck,i)

an 1 |Ckz+1 Ck,i’

1=0

n—1
< Aﬁt (Z b (T )) max |Chyit1 — Ch,i
n

=0

= A7 ax [Cr i —

Since b (1) > 0 and 31" 6" (1) = 1 for any 7 € [0, 1], the velocity constraints
can be enforced by the convex constraints:

|Chjit1 — Cry| < n— 1}, (3.3.4)

0 < v < Vpax. (3.3.5)

e Acceleration Constraints: Similarly, the acceleration constraints of the Bézier curves
are enforced as

Ck.i Ck.i Ck.i Ck.i 5 1€ N 1] y .O.
k, ]C, 2 k, 1 k’, n( 1)
0 < Qg < Amax- (331)

3.4 Encoding STL Satisfaction with Bézier Curves

In this section, we discuss how to encode an STL specification ¢ such that the Bézier
curves satisfy the specification with time-varying robustness. We consider STL constraints
defined over convex polytopic regions, where a convex polytope is denoted by Poly(H, b) :=
{x e R? | Hx < b} C RY with H € R"™*% and b € R". We use H, to denote the i-th row
of H and b; to denote the i-th element of the vector b. Denote Row(H) as the number of
rows of H, corresponding to the number of defining half-spaces.
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3.4.1 Encoding STL Satisfaction with Convex Constraints

For each Bézier segment By, defined over the time interval [t,tr41], and each STL
formula ¢, a binary variable z; € {0,1} is introduced. The assignment z; = 1 serves as
a sufficient certificate that ¢ is satisfied continuously over the corresponding segment, i.e.,
(y,t) |E o, for all t € [tg, tgi1]-

We begin with the atomic predicate m and its negation —7m, which require By to lie
entirely inside and outside Poly(H, b), respectively. As defined in Section 3.2, the segment-
wise margin associated with ¢ over segment By is pf (7%, €x) := 7 — €. The corresponding
encodings incorporating r; and €, are presented below.

e Predicate :

A= A | A e

j=1  \ie{on}

ap At?
A | /\ ki — Crio1| < k2n (3.4.1)
ie{1,...,n}
d
8€k
A — —|ap.| >0].
(v ~los120)

Here, ay, ; is the j'-th element of a; € R%

e Negation —:
Row(H)

Hic; — b,
2" = \/ /\ %—mzo

J=1 ie{0,n}

CLkAtQ
A e ] < 3.4.2
/\ |Chi — Crjiz1] < on ( )
i€{1,...,n}
d
8€k
A —— —|ag/| =0 ].
(/\ vase "2 )

Note that the satisfaction set of the predicate 7 is the convex polytope Poly(H,b). More-
over, the continuous inequalities in (3.4.1), which consist of affine inequalities and convex
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absolute-value bounds, define a convex feasible set. For the negation -7 in (3.4.2), the dis-
junction over j generally makes the overall feasible set nonconvex, whereas the continuous
inequalities associated with each fixed j define a convex feasible set.

Based on the encodings of the atomic predicate and its negation, the Boolean variables
associated with the logical and temporal operators are constructed recursively. For each

temporal interval Z = [a,b], we assume that its endpoints are aligned with the Bézier-
segment partition, i.e., & € Ny and Ait € Ny. For any t € [ty,tp1), let Z=(t+Z)NT

denote the corresponding truncated continuous-time interval. The lower and upper segment

indices are defined by k; =k + | & | and k, = min (k + | 2|, N — 1), with k < k.

Since each variable z} certifies continuous satisfaction of ¢ over the entire time interval
[tr, ter1], the Boolean and temporal operators are encoded recursively as follows. The
conjunction and disjunction operators are evaluated on the same Bézier segment. The
always operator requires its subformula to hold over every segment indexed from k; to k,,
whereas the eventually operator requires its subformula to hold over at least one segment
in this range. The until operator requires a witness segment k' € {k;, ..., k,} on which ¢
holds and requires ¢; to hold over every segment from & through &', inclusive.

o Conjunction ¢; A s : 2PV = PN P2 (3.4.3)
e Disjunction 1 V s : 2PV = Py P2
kr.
o Always Oz¢: 27 = /\ 25, (3.4.5)
K=k,
ky
o Eventually Oz : 2078 = \/ 20, (3.4.6)
K=k,
ko K
e Until o1Uzrps : z,fluw? = \/ (Z,f? A /\ Z,f,}) ) (3.4.7)
K=k, k''=k
To force z = 1, we utilize the Big-M method. As in [71, 135], with m constraints

LC;, binary variables z; and a sufficiently large constant M > 0 are introduced to convert
disjunctions \/}_, LC; > 0 into equivalent conjunctions

ALCi+(1—2)M>0AY 2> 1. (3.4.8)
=1

i=1
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Thus, when z; = 1, LC; > 0 holds; otherwise, LC; + M > 0 is always true. » ., z > 1
ensures that at least one z; = 1. Ultimately, all conjunctions are encoded without any z;
by directly enforcing LC; > 0.

3.4.2 Soundness of STL Encoding

In this work, following [71], an STL encoding is said to be sound if every feasible
solution of the encoding satisfies the corresponding STL specification under the Boolean
semantics, and complete if the encoding admits a feasible solution whenever a signal sat-
isfying the specification exists. This subsection establishes the soundness of the proposed
encoding.

Soundness is established recursively over the structure of the STL formula, specifically,
Proposition 3.4.1 establishes the atomic predicate and its negation as the base cases, and
Theorem 3.4.2 extends soundness to the Boolean and temporal operators by structural
induction. The key idea of Proposition 3.4.1 is to combine the endpoint and acceleration
constraints. For the predicate, the encoding constrains both end control points to lie
inside the polytope with a margin of at least r,. For the negated predicate, the encoding
requires both end control points to lie in a common exterior half-space with a margin of at
least 7 from its defining hyperplane. The acceleration constraints then ensure that each
intermediate control point lies within ¢, of one of the end control points. Hence, all control
points satisfy the corresponding interior or exterior condition with a residual margin of at
least r; — €x. Since the corresponding tightened polytope or exterior half-space is convex,
the convex-hull property of Bézier curves extends this guarantee to the entire segment Bj.

Proposition 3.4.1. For each segment k, let By be an n-degree Bézier curve defined on
[tk, trs1]. Suppose that the acceleration constraint (3.3.6) holds and that 1y, —€x > pmin > 0.
If the encoding (3.4.1) holds for By, then By, C Poly(H,b). Similarly, if the encoding (3.4.2)
holds for By, then By, N Poly(H,b) = 0.

Proof. We first need to bound the distance from the other control points to the corre-
kllAt?
2n

sponding end control point. Note that from (3.4.1) we have that ||cg1 — cg ol < 12 and

| < W. The acceleration constraint (3.3.6) on the control points implies

||Ck,n—1 - Ck,n
that )
lax||At

D) (3.4.9)

| Chite — 2¢kit1 + cril| <
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Now suppose that 2 <4 < | 2] as the case when || +1 <@ < n — 2 is similar. By
repeated application of the triangle inequality, it can be observed that

(2

-2
ek — croll < Z(Zl + Dlleri—ir — 2¢pi—ir—1 + cri—ir—a|| +illexs — croll
/

/=0
[N
<> (@ + 1)’“— +il|cps — ol (3.4.10)
2 i =)
. . _ 2 2
Zili = Dllael A8 | A¢
2n(n — 1) 2n
Since i < n/2, we have ﬁ < i and
o nin _q _
2n(n—1) ~ 2n(n—1) 8(n—1) — 8
which implies that
1 1 3A|a
ler: — croll < (= + = ) [Janl|AE? < ALl (3.4.12)
8 4 8
Therefore, for 2 < i <n — 2, we have the following bound
. 3A?|la
min{||cxi — croll, [|cri — crnll} < SA¢ Jlaxll (3.4.13)

8

Now suppose that (3.4.1) holds. Denote the set obtained by shrinking Poly(H, b) by
some ¢ > 0 as

Row(H
P.:={geR?| /\ b — Hj-q—c|H;| >0}
Thus, the constraints (3.4.1) implies that 2 ”H ﬁ’“o — 7, >0 and % ”H Tl’“” rr > 0 for all

j € {l,...,Row(H)}, which ensures both ¢, and ¢, are in P,,. As

3fAt2 —lary| 20
holds for all j* € {1,...,d}, this implies that w < €. Since we force pf(Cg,ay) =
Tt — €& = Pmin, cOMbining the inequalities gives

Il’liIl{HCk’i — Ck’(]H, ||Clc,z' — Clc,n”} <€ < Tg, (3414)
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forallie{l,...,n—1}.

Then, we prove that all control points of Bj lie in the tightened polytope P,
Define the closed €;-neighborhood of the line segment joining cj o and ¢, as

k—€k*

LSp:={(1=Ncgo+ Ak +6 | A€0,1],6 €RY, [|6]| < e} (3.4.15)

As X ranges over [0, 1], the point (1 — X)cg o + Ack,, traces the line segment connecting ¢ g
and ¢, while d ranges over the closed Euclidean ball of radius € centered at the origin.
Thus, LS}, is the sum of these two convex sets and is therefore convex.

For each interior control point ¢ ;, ¢ € {1,...,n—1}, (3.4.14) ensures that there exists
Ai € {0,1} such that
Hck,z' — (1= X)cro + Aickn) H < €k, (3.4.16)

Settlng 52 = Cki — ((1 — )\i)ck,(] + )\ick,n) giVGS Cki = (1 — /\i)ck,O + /\ick:,n -+ (51 with ||51H S €k.
Hence, ¢x; € LS. This implies that By C conv{ckp,...,cxn}t C LS.

For any q € LS}, there exist A € [0,1] and § € R? such that ¢ = p + § where
p = (1 —Ncko + Ackn, and [|6]] < €. From the predicate constraint in (3.4.1), we have
Ck0, Ckn € P, which implies, for every j € {1,...,Row(H)}, b; — Hjcro > 71|/ H;| and
bj — Hjcy,, > ri||Hj||. Hence,

bj — ij = (1 — )\)(b] — Hjck’o) + )\(b] — Hjckm)

(3.4.17)
> || Hyl|.

Using ¢ = p 4+ 0 and the Cauchy—Schwarz inequality gives

bj — H;q =b; — Hjp — Hjo
> b; — Hip — [ H; || [|4]] (3.4.18)
> (1 — ex) [ Hyll-

Thus, q € P, Since g € LS}, was arbitrary, LS, C P.

k—€k " k—€k"

Combining the preceding inclusions gives By, C LS, C P,,_, C Poly(H,b). Therefore,
By C Poly(H,b). Moreover, the inclusion By, C P, _., shows that the predicate holds
throughout [ty, t41] with a robustness margin of at least pf (g, €x) = 1y — €.

For the second part, suppose that (3.4.2) holds and define

HS! := {q € RY| Hjq — b; > | H;||} . (3.4.19)
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The disjunction in (3.4.2) selects an index j € {1,...,Row(H)} such that ¢z, ¢, € HS. .
Consider any g € LSy, then, we have ¢ =p + 4 and p = (1 — N)cg o + Acg, With [[6]] < €.
Since both endpoints belong to HS/

Tk

Hip —bj = (1 = M) (Hjcko — b;) + AM(Hjckn — by) (3.4.20)

Consequently,
Hjq—bj=H;jp—b;+ Hj
> Hjp — by — [|H,][[|4]] (3.4.21)
> (rk — ex) || Hjll

Since q € LS, was arbitrary, LS C HSik_Ek . Together with B, C LSy, this gives By C
HS], ., . Since 7, — € > pmin > 0, H;Bi(t) > b;, for all t € [ty, ty41]. Therefore, By, N

Poly(H,b) = 0.
0

Furthermore, the subsequent result establishes the soundness property for both the
logical and temporal operations applied to the atomic predicates.

Theorem 3.4.2. Consider an STL specification o, a desired trajectory yq constructed by
N piecewise Bézier curves with yq(t) = By(t) for allt € [ty, tg11], and the Boolean encoding
of ¢ given by (3.4.1)~(3.4.8), where z; denotes the Boolean variable associated with ¢ on
segment [tg,txr1]. For any position trajectory y satisfying ||y(t) — Br(t)|| < pi(rk, k),
Vt € [ty tgy1] and Vk € {0,...,N — 1}, if 2 is true, then y satisfies ¢ over the segment
[ths trg1).

Proof. We prove the result by structural induction on the formula. Specifically, for every
subformula of ¢ and every segment index k, we show that if its corresponding Boolean
variable is equal to one, then the subformula is satisfied at every t € [tg,tr41]. For the
atomic predicate 7, the proof of Proposition 3.4.1 establishes that the predicate encoding
implies

bj - H]Bk<t) > (Tk - Gk)HHJH, Vj e {1, R ,ROW(H)}, vVt € [tk, tk+1]. (3422)

Since pi(rg,€x) = 1 — €, the assumed perturbation bound and the Cauchy-Schwarz
inequality give
> (ri — )| Hyll = [[H; || ly(t) — Bi(t)|| (3.4.23)
> 0.
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Therefore, y(t) € Poly(H,b) and (y,t) = 7, Vt € [ty, tpr1]-

For the negated predicate —m, the proof of Proposition 3.4.1 establishes that the
negation encoding selects an index j € {1,...,Row(H)} such that

HJBk(t) — bj > (Tk — Ek)HHJH, YVt € [tk, tk+1]. (3424)

It follows that
Hjy(t) — b; = H;Bi(t) — b; + H; (y(t) — Bi(t))
> (i — e[| Hyl| = [[H;[[[[y(t) — Bi(D)|l (3.4.25)
> 0.

This implies y(t) ¢ Poly(H,b) and hence (y,t) | -7, Vt € [ty, tgr1]. Thus, the claim holds
for the atomic formulas.

Suppose that the claim holds for the immediate subformulas. For each temporal
interval Z = [a, b], the assumption that a/At,b/At € Ny and the definitions of k; and k,
give, for every t € [ty, tp41], t+Z)NT C Uf;kl [t;,tj+1]. Moreover, every segment indexed
by k' € {ki,...,k,} intersects the shifted temporal window [ty tr41] N ((t+Z) N'T) #
@, VE € {k’l, Ceey k’r}, vVt € [tk,tk+1].

e Conjunction: Let o = o1 Apy. If 2£*"?* = 1, then (3.4.3) implies 27" = 1 and 2> = 1.
By the induction hypothesis, both ¢; and ¢, are satisfied at every t € [tg,tri1].
Therefore, (y,t) = o1 A @2, Vt € Lk, tpia]-

e Disjunction: Let ¢ = @1 V @y If 2779 = 1, then (3.4.4) implies that at least
one of 2" and z? is equal to one. By the induction hypothesis, the corresponding
subformula is satisfied at every t € [ty,try1]. Therefore, (y,t) | ¢1 V @2, Vt €

[tk ot

o Always: Let ¢ = Ozgpy. If 2,77 = 1, then (3.4.5) implies 25 = 1, for all ¥’ €
{ki, ..., k.}. By the induction hypothesis, (y,t') | @1, V' € [tp,ti1] and VE' €
{ki,...,k.}. Since (t+Z)NT C U’,z,rzkl [txr, trr11], it follows that (y,t') E ¢, V' €
(t+Z)NT. Therefore, (y,t) = Oz, Yt € [tr, tria].

o Lventually: Let ¢ = Oz¢q. If zglw = 1, then (3.4.6) implies that there exists
k'€ {ki, ..., k.} such that 2" = 1. For every t € [ty,tr+1], choose t' € [ty tira] N
((t+7Z)NT). By the induction hypothesis, (y,t') = ¢i. Therefore, (y,t) = Oz,
YVt € [tk,tk+1].
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o Until: Let ¢ = olUzps. If 2772 = 1 then (3.4.7) implies that there exists k' €
{ki,... k;} such that 27 = 1 and 2z, = 1, VK" € {k, ..., k'}. For every t € [tg, tx11],
choose t' € [ty ty41] N ((t +Z) N'T). By the induction hypothesis, (y,t') | o.
Moreover, [t,#'] € L., [tr, trrs]. Since 2{4 = 1 for every k" € {k,...,Kk'}, the
induction hypothesis gives (y,t") |= o1, for all ¢ € [t,t']. Therefore, (y,t) | w1ldzpa,
YVt € [tk,tk+1].

This completes the structural induction. Applying the result to the full specification
¢ gives z{ = 1, which implies that (y,t) = ¢ for all ¢t € [ty,t;+1]. This proves the
theorem. O]

Generally, we choose At < min; dur(Z;), where Z; = [a;, b;] denotes the time interval
associated with the i-th temporal operator appearing in the STL formula and dur(Z;) :=
b; — a;, ensuring that there is at least one segment within the interval. A smaller At
leads to a finer Bézier partition, whereas a larger At can reduce the computational burden.
Therefore, for the sake of computational efficiency, a larger At may be selected, provided
that the temporal-alignment condition a;/At,b;/At € Ny remains satisfied. For example,
the specification ¢ = U9 IR requires a robot to stay in a region for at least 2 seconds,
though it may remain longer due to arrival and departure times. This situation commonly
occurs in cases with a long horizon and also motivates the development of time robustness
[31]. Moreover, a generic method for predefining the minimum segment number has not
been established, as it is influenced by factors such as task complexity, environment, and
time horizon [74]. A similar challenge arises in other works, such as [135, 140].

Finally, the encoding complexity is analyzed for a trajectory with N Bézier curve seg-
ments. Since binary variables are introduced only for disjunctive operators, let |¢| denote
the number of operators in the STL formula, and let Ny, denote the maximum number
of segment indices involved in any temporal window. For each segment, the encoding of
a temporal operator involves at most O(Ny,,) disjunctive terms. Since such a z-formula
is constructed for each of the N segments, encoding all temporal operators in ¢ requires
O(N || Nyin) binary variables. In the worst case, Ny, = O(N), yielding O(N?|p|) binary
variables.

3.5 Simulations

In this section, we evaluate the performance of the proposed algorithm on several
benchmarks. The algorithm is implemented in Python, with MICP problems solved using
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Gurobi [52], and the tracking problem addressed with cvxpy [28]. All experiments were
carried out on an Apple M1 chip with 8 cores and 16 GB RAM.
3.5.1 Mission Scenarios

We implement the algorithms on the four scenarios:

e Reach-avoid:
¢ = (Tpm=B) A (Oon=Y) A (Opr-2002R) A (Opr-2002G) -

e Complex reach-avoid:

¢ =017 (Ni=;—0bs;) A Op.r—3 (Opg (Vi Chgy;))
A Opr-3 (O (VieiChe,,)) -

e Narrow passing:
(%2 :Q[O’T_g] (D[073] (szl(jhgz)) A\ D[O,T} (A?:l_'ObSi) A (O[O’T}Goal) .

e Door puzzle:

w = /\?:1 (-D; UpK;) Ay (D[O,T]_‘Wi) A (Q[O,T]G) .

3.5.2 Comparisons

To evaluate the performance of the proposed approach, we compare it with two base-
lines: a standard discrete-time MICP method |1 1] and a PWL path planning method [135].
To compare the trackability of the reference trajectories generated by the different plan-
ning methods, we use the same continuous-time 2D kinematic bicycle model and a standard
MPC tracking controller |15].

For any t € [0,T], let q(t) := [x(t) y(t) v(t) O(t)]T € R* be the vehicle state, where
x(t) and y(t) denote the position, v(¢) denotes the linear velocity, and 6(¢) denotes the
heading angle. The control input is u(t) := [a(t) 6(t)]" € R?, where a(t) and §(¢) denote
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the acceleration and steering angle, respectively. The continuous-time kinematic bicycle
model is

z(t) = v(t) cos O(t),
y(t) = v(t) sin6(t),
o(t) = a(t), (3.5.1)
i) = 9 tans(t).

where w; denotes the wheelbase.

For each planning method, the corresponding reference trajectory is tracked using the
same MPC controller with a sampling time of 0.2s and a prediction horizon of N, = 10

steps. Let p(t) = [a:(t) y(t)]T denote the position of the trajectory tracked by the
MPC controller, and let p,(t) denote the reference position generated by the corresponding
planning method. The position tracking error is defined as

ep(t) :==p(t) —pa(t), teT. (3.5.2)

All tracking simulations are initialized at their corresponding reference positions, so that
lle,(0)]] = 0. The reported tracking errors are evaluated at the same sampling instants.

Figure 3.2 presents the planning and tracking results for the benchmark scenarios. The
left panels compare the planned trajectories generated by different planning methods. The
proposed method generates smoother trajectories than PWL and ensures safety with fewer
points than MICP. The right panels show the corresponding position tracking errors ||e, ()]
for t € T. The proposed trajectories achieve smaller tracking errors overall. Moreover,
Table 3.1 reports the corresponding runtimes, robustness margins, and maximum position

max

tracking errors e)'™ := maxyer ||e,(t)||-

Runtimes

The runtimes of the planning methods depend on the number of segments N. Through-
out the comparison, N denotes the number of trajectory segments, equivalently the number
of discretization intervals, defined by N+1 segment endpoints. To ensure a fair comparison,
N is selected separately for each baseline to obtain safe trajectories without unnecessary
discretization. As shown in Figure 3.2(a), when the MICP method uses the same number
of segments as the proposed method (N = 11), its trajectory crosses Region Y. A finer
discretization with a larger N is therefore needed to avoid the obstacle, which increases the
computational cost. Although the PWL method can use fewer segments, too few segments
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can lead to sharp turns, which consequently increase the tracking errors, as demonstrated
in Figure 3.2(a).

Robustness margins

Table 3.1 compares the time-varying robustness margins of the proposed method with
the uniform margins p* used by the PWL and MICP methods under consistent parameter
settings, including the same prescribed minimum robustness margin. The uniform margin
p* coincides with the minimum time-varying robustness margin at the reported precision.
A uniform formulation assigns a single robustness margin to the entire trajectory and is
therefore limited by its most constrained portion. In contrast, the proposed formulation
retains local robustness margins along the trajectory, with substantially larger maximum
margins in less constrained regions. In the constrained portions of these benchmarks, the
optimized Bézier segments are nearly linear, resulting in small deviation bounds €.

Position tracking errors

As shown in Table 3.1, the proposed approach yields a smaller maximum position
tracking error. This performance can be attributed to the smoothness and C? continuity
of the Bézier reference trajectories, whereas the PWL trajectories are only C°-continuous.
Moreover, the PWL method minimizes travel time, which can induce abrupt velocity
changes between adjacent segments and thereby increase the tracking errors. The MICP
method also achieves comparatively small tracking errors because its objective penalizes
velocities and accelerations, thereby promoting smoother trajectories.
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Figure 3.2: Four benchmark scenarios: (a) reach-avoid, (b) complex reach-avoid, (c¢) narrow
passing, and (d) door puzzle. Left panels show planned and tracked trajectories, denoted
by solid and dashed lines, respectively. Blue dots mark the endpoints of the Bézier curves;
right panels show tracking errors. The MICP trajectory crosses Region Y with N = 11
in (a); similar cases occur in the other scenarios. For clarity, only the Bézier curves are
shown in (b)—(d), and the legend in (a) applies to these panels as well.
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Table 3.1: Comparisons of benchmarks over time horizons (TH): runtimes, robustness

margins, and maximum position tracking errors e;"**
Runtime (s) (N: # segments) Robustness margins Maximum position tracking error ey
Mission TH (s)
Proposed Standard PWL Time-varying  Standard PWL  Proposed  Standard PWL
approach MICP|[11] [135] p(t)(min, max)  MICPp* P approach  MICP[11] [139]
15 0.06 (N =11) 012 (N=30) 058 (N=10)  (0.40, 2.80) 0.40 0.40 0.15 0.22 0.68
Reach-avoid
50 0.23 (N=15) 047 (N=50) 035 (N=17)  (0.40, 3.11) 0.40 0.40 0.03 0.03 0.34
Complex 20 280 (N=12) 322(N=25 0.36(N=12) (030, 0.59) 0.30 0.30 0.22 0.18 0.86
reach-avoid
50 10.82 (N =15) 1575 (N =34) 1254 (N=15)  (0.30, 1.80) 0.30 0.30 0.04 0.04 0.4
Narrow 20 1.33 (N =14) 2.42 (N = 33) 0.57 (N =10) (0.15, 1.18) 0.15 0.15 0.12 0.14 0.31
passing
50 5.23 (N =14) 1197 (N =35) 594 (N = 16) (0.15, 1.17) 0.15 0.15 0.11 0.12 0.48
2 519 (N=18) 1052 (N =50) 4.67 (N=16)  (0.25, 0.81) 0.25 0.25 0.11 0.13 0.64
Door puzzle
50 8.65 (N = 20) 17.18 (N =52) 5.03 (N =18) (0.25, 0.87) 0.25 0.25 0.13 0.27 0.21

3.6 Summary

In this chapter, we proposed a trajectory planning approach for generating Bézier
curves under STL specifications with time-varying robustness margins. The simulations
show that, compared with PWL and MICP, the proposed method can generate smoother,
time-varying robust reference trajectories that are easier to track.

The results of this chapter focus on the planning level, where the generated trajectory
is treated as a reference trajectory. However, for robotic systems such as quadrotors, the
executed trajectory may deviate from the planned trajectory due to nonlinear dynamics,
attitude constraints, and tracking errors. Therefore, the next chapter develops an STL
control synthesis framework for the quadrotor system by integrating geometric control on
SE(3) with time-varying tracking-error bounds.
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Chapter 4

Quadrotor STL Control Synthesis with
Time-Varying Bounds

4.1 Introduction

The preceding chapters focused on generating trajectories that satisfy STL specifica-
tions. In particular, the previous chapter incorporated an MPC-based controller to demon-
strate that the generated trajectories are trackable and that the resulting tracking errors
can remain below the corresponding STL robustness margins in simulation. However, this
validation does not by itself provide a general theoretical guarantee on the closed-loop
tracking performance.

This chapter shifts the focus from STL planning to control synthesis for quadrotor
trajectory tracking. Building on geometric tracking control with diagonal matrix gains
(DMG-GC) for quadrotor systems evolving on SE(3), we derive tracking-error bounds
and sufficient conditions under which the bounds hold. These conditions ensure that the
controlled quadrotor trajectory satisfies both the required dynamic constraints and the
STL specifications.

The main contributions of this chapter are summarized as follows:

e A closed-loop error analysis framework is established for geometric quadrotor tracking
control with diagonal matrix gains on SE(3). The analysis yields time-varying bounds
on the position and velocity tracking errors, together with sufficient conditions under
which these bounds hold.
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e The derived tracking-error bounds are integrated into an STL-guided control-synthesis
framework, ensuring that the controlled quadrotor trajectory satisfies the required
dynamic constraints and STL specifications. The proposed framework is further
evaluated through comparative simulations with representative baseline controllers.

4.2 Quadrotor Dynamics Model

Table 4.1 lists the physical variables of the quadrotor dynamics model. As depicted
in Figure 4.1, let F; = {eq, eq,e3} denote an inertial frame, where e; and ey span the
horizontal plane and e points upward, opposite to the direction of gravity. Let Fg(t) =
{b1(t), b2(t), b3(t)} be the body-fixed frame attached to the quadrotor center of mass, where
bi(t), ba(t), and b3(t) denote the forward, lateral, and thrust directions, respectively.

The tracking trajectory

fa

Figure 4.1: The inertial frame F;, the body frame Fp, and the desired attitude Ry(t) =
[ba,1(t), baa(t), bas(t)].

The configuration space of the quadrotor is the special Euclidean group SE(3), param-
eterized by a position p € R? and a rotation matrix R € SO(3). As in Section 2.3, we use
50(3) to denote the Lie algebra of SO(3), which is the space of skew-symmetric matrices.
The hat map A : R* — s0(3) is defined by x + &, where 2y = x x y for all y € R3. The
vee map (-)V : s0(3) — R3 denotes the inverse of A.
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Table 4.1: Physical variables in quadrotor dynamics.

Symbol Physical meaning

Fr Inertial frame F; = {e1, e, €3}

Fr(t) Body frame Fp(t) = {b1(t), ba(t), b3(t)}

m € R Total mass

geR Gravitational acceleration, g = 9.81m/s?

JeSt, Diagonal positive-definite inertia matrix, J = diag(J, Ja, J3)
p(t) e R? Position of the center of mass

v(t) € R? Velocity of the center of mass

R(t) € SO(3) Rotation matrix with b;(t) = R(t)e;, i € {1,2,3}

w(t) € R? Angular velocity in the body-fixed frame

fi(t) eR Thrust of the j-th propeller along bs(t), j € {1,2, 3,4}
f) eRr Total thrust, f(t) = 30 f;(t)

7(t) € R? Torque

The quadrotor dynamics are given by [78]:

B(t) = v(t), (4.2.1)
0(t) = —ges +m L f(t)R(t)es, (4.2.2)
R(t) = R(t)(t), (4.2.3)
w(t) = JH(—w(t) x Jw(t) +7(t)). (4.2.4)

4.3 Geometric Control with Matrix Gains

Let y4 : T — R? be a desired C* position trajectory!. For the tracking error-bound
analysis developed in Section 4.5, we impose the following bounded-acceleration assump-
tion.

Assumption 4.3.1 ([127]). For the desired trajectory y; : T — RY, assume that there

YA curve is C* if it is k-times continuously differentiable. Note the fourth derivative of the reference
trajectory is required to compute the derivative of the desired angular velocity.
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exists a vector b, € RY . such that the element-wise inequality on the absolute values
lges +Ja(t)] < ba, VEET, (4.3.1)
holds.

This condition provides a uniform element-wise bound on the mass-normalized desired
force associated with the reference trajectory.

Let v, : T — R? be a tracking trajectory with rotation matrix R(t) € SO(3) and
angular velocity w(t) € R®. The gain matrices K),, K, Kg, and K,, € 3, are defined
as diagonal matrices of the form K, = diag(k*l,k*z,k ) for x € {p,v, R,w}, where, for
each i € {1,2,3}, k,, is a positive scalar gain to be optimized in Section 4.5.4. Define
the position error, velocity error, weighted rotational error, and angular velocity error by
ep(t), eu(t), e r(t), and e, (t) € R3, respectively, and define the attitude error function by
Uk (t) € R [50]:

epl) = () — alt) (4.32)
e(t) = () — ult) (433)
excalt) = 3 (KnBI(OR() ~ R (D) Ralt) Kx) (3.0
eult) = wlt) - RT<t>Rd<t>wd<t>, (4.35)
Wilt) 1= ¢ tr (Knlly — B (0R() (430

For all t € T, define G(t) := R} (t)R(t) € SO(3). The error dynamics associated with
(4.3.2)-(4.3.6) are given by

éylt) = ), (437
é(t) = —%u( (1) + Koeu(t) — A (1)), (4.3.8)
Wi (t) = efe p(t)ew(t), (4.3.9)
éu(t) = —J 1(e r(t) + Kue,(t)), (4.3.11)
where
e(t) = % (te(K Gt — G (1) Kr) | (4.3.12)
Ap(t) = [[Ea(t)[|((bg 4(t)bs(t))bs(t) — bsa(t)). (4.3.13)
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The detailed derivation of the error dynamics in (4.3.7)—(4.3.11) is provided in Ap-
pendix A.1.

To prepare for the Lyapunov analysis, we next derive the bound on €(t), relate the
configuration error Wk (¢) to ek, z(t), and establish a bound on the force perturbation A¢(t).

Lemma 4.3.2 (|76, Proposition 2|). For allt € T, the matriz €(t) satisfies

e < %tr(KR). (4.3.14)

Proposition 4.3.3 (|56, Proposition 1|). Suppose that Kr = diag(kgr,, kr,, krs) has dis-
tinct positive diagonal entries, and define

hl :min{le +/€32,le +kR37kR2 +/{ZR3}, (4315)
hy = max {(kr, — kr,)*, (kr, — kr,)”, (kry — kry)’} (4.3.16)
hg :maX{le +kR27kR1 +kR3,kR2 +kR3}- (4317)

If U (t) < < hy for some positive constant v, then

gillexr®I” < ¥k (t) < gallex @), (4.3.18)

where g; = and gy = W’ with 0 < g1 < gs.

ha +h2

Following the geometric control structure, we adopt matrix gains to allow anisotropic
weighting of the tracking errors. The control force f(t) and torque 7(t) are defined as

f(t) = E] () R(t)es, (4.3.19)
Fy(t) = —Kyep(t) — Kyey(t) + mges + mia(t), (4.3.20)
T(t) = —ex.r(t) — Koe,(t) + w(t) x Jw(t) (4.3.21)
— J(@(t)RT (t)Ra(t)wa(t) — R (t)Ra(t)ia(t)) - (4.3.22)

The desired attitude R,4(t) and desired angular velocity wy(t) are constructed from the
desired force direction. For each t € T, define

Ra(t) = [ba1 (), bua(t), bas(t)] € SO(3), (4.3.23)
wa(t) = (Ry <t>Rd< )’ €R?, (4.3.24)
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where the desired body-frame directions are chosen according to [75] as

_F (t) + Fia®) _
IR+ Fas(t)
baa(t) = 0] _ Faa(H)Fae(t) : (4.3.25)
I | Fa(t)| + Fas(t)
i —Fya(t) |
[ Fu(t)Fua() "
baal®) 1 | F4(t)]] +F127d,(3t()t> i
d,2 l) = 707 d,1 , ..
IEOI ) £20 % TR+ Fuste
—Fya(t) |
_ Fa(t)
bas(t) = T (4.3.27)

To ensure that the above constructions are well defined, we assume that, for all t € T,

[Fa(t)]l # O, (4.3.28)
[ Ea(t)|| + Fus(t) # 0. (4.3.29)

The first condition ensures that the desired thrust direction by 3(t) is defined, whereas
the second ensures that the denominators in the expressions for bgq(t) and byo(t) are
nonzero. Similar assumptions have been adopted in related studies, such as |78, 127].

Lemma 4.3.4. Let Kp = diag(kg,, kr,, kr,) have distinct positive diagonal entries, and
suppose that Vi (t) <1 < hy. Then

[b3.a(t) — bg 4(£)bs(t) bs(t)|| < 4,% lexr ()], (4.3.30)
and hence
1850 < (10 KM VA + mlal) 32 lecno)] (4.331)

Proof. Define G(t) := R} (t)R(t) € SO(3), and let G5 3(t) denote the (3,3) entry of G(t).
Since by 4(t) = Ra(t)es and bs(t) = R(t)es, one has

by 4(t)bs(t) = e3 Ry (t)R(t)es = Ga(t).
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Therefore,

[Ba.a(8) = b ()03 (1) bs(1)]|* = 1 = (b3 a(0)bs(1))” (43.32)
=1—G34(t). -

Let (u,0) be an axis—angle representation of G(t), where u = [uy,ug,u3]’ € R3 is
the unit rotation axis satisfying |ju|| = 1, and 0 € [0, 7] is the rotation angle, so that
G(t) = exp(fu). If & = 0, then G(t) = I3 and the desired inequality is trivial. Hence,
assume 6 # 0. By Rodrigues’ formula |1 11, Lemma 2.3|,

G(t) =I5+ sinfa + (1 — cos0)a’. (4.3.33)
Thus,
Gs3(t) = cos + (1 — cos 0)uj. (4.3.34)
It follows that )
1—Gig(t) = (1= Gas(t)) (14 Gss(t))
<2(1 - Gss(t)) (4.3.35)
=2(1 —cos6)(1 — u3)
< 2(1 — cosb).
Moreover, from [76], Wk (t) can be expressed as
1 —cos®
Wic(t) = | (ki + k)0 + (e, + K)o + (ki + b Ju]. (4.3.36)

Since hy = min{kg, + kg,, kr, + kg5, kr, + kr,} in Proposition 4.3.3, and since ||u|| = 1,
we have

1—
Uk (t) > %Sehl (v +us +u3) = %(1 — cos ). (4.3.37)
Therefore,
2
1 —cosf < h—\I/K(t). (4.3.38)
1
Combining (4.3.35) and (4.3.38) gives
4
[b3.a(t) — by 4(£)b3(t) bs(t)||* < (). (4.3.39)
1

Since W (t) < 1 < hy, Proposition 4.3.3 gives W (t) < galex.r(¢)||*. Hence,
2 492
[B3.a(t) — b3 a()bs(t) bs(t) || < oy lexn(l I (4.3.40)

47



Taking the square root yields

492 ‘

[Bsat) = bl bsO]] < /72 lexn(0)] (43.41)

which proves (4.3.30).

By Assumption 4.3.1 and the monotonicity of the Euclidean norm with respect to
element-wise absolute values, we have ||ges + 74(t)|| < [|bal|, V¢ € T. Therefore, by (4.3.20)
and (4.5.1), one has

IEA0)] < Il = Epep(t) — Koo (1)) + mllges + ia(t)]
<K, K@) +mib (4.3.42)

<K, KM VVi(E) +mllbal.

Therefore,
180 < I Fa] (b5 8)) b (t) = baa(t)]
< (11K, KM + mlea] ) /2 = flescn(t)]l A
This proves (4.3.31). O

4.4 Problem Statement

Given an STL specification ¢, the objective is to synthesize a reference trajectory vy,
and a geometric feedback controller for a quadrotor such that the resulting closed-loop
tracking trajectory y;, satisfies the specification .

To account for the tracking error and physical safety requirements, we impose a time-
varying lower bound v(¢) on the STL robustness margin p#(t) by defining

v(#) :=T(t) + 7e, vteT, (4.4.1)

where 7. > 0 is a constant physical safety margin, and I' : T — R, is a non-increasing
position tracking-error envelope satisfying

llyer (1) — ya(t)|| < T(2), vt e T. (4.4.2)
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The desired trajectory y, is required to satisfy the STL specification ¢ with robustness
margin p?(t) such that p?(t) > ~(t) for allt € T. Since v, > 0, we have I'(t) < v(t) < p?(t),
and therefore

[yer(t) — wa(D)|| <T(t) < p?(t),  VteT, (4.4.3)

which implies yi, = ¢.

As shown in Figure 4.2, this overall objective is divided into the following two sub-
objectives:

Objective 1: Establish sufficient conditions under which the geometric controller ad-
mits time-varying tracking error bounds, and optimize the multidimensional control gains
to obtain tighter bounds on the translational tracking errors.

Objective 2: Given an STL specification ¢, construct the non-increasing position
tracking-error envelope I'(¢) from the position tracking-error bound, and generate a refer-
ence trajectory y, parameterized by piecewise Bézier curves such that y, satisfies ¢ with
STL robustness margin p¥(t) > ~(t), while ensuring safety, smoothness, and compliance
with the dynamic requirements imposed by the geometric controller.

Objective 1
Certified bounds and gain optimization

Certified Time-Varying
Error Bounds K, K. Geometric Control Law
¥4 v . . .
o K with Diagonal Matrix
via sufficient conditions By Bw Gains
and gain optimization

A A

Quadrotor

e —

Position/Velocity
Error Bounds

Y

d
[MICP-based STL PlanneJy— Ytr

Objective 2
STL motion planning with error bounds

Figure 4.2: Configuration of the proposed framework.

Section 4.5 and Section 4.6 address these two objectives, respectively. In particular,
Section 4.5 derives the time-varying tracking error bounds and optimizes the geometric con-
trol gains, while Section 4.6 uses the resulting position tracking-error envelope to construct
the STL-constrained reference trajectory.
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4.5 Time-varying Tracking Error Bound Analysis

This section derives time-varying bounds on the tracking errors of the closed-loop
quadrotor system. The tracking error bounds are established via Lyapunov analysis of the
translational and rotational tracking errors.

4.5.1 Lyapunov Function for Translation Error

The translational-error vector z;(t) € R® is defined by 2 (¢) := [e) (t) e/ (t)] for any

P v
t € T. Define the translation Lyapunov candidate function V; : T — R as:
Vi(t) i= 2] () Myz(2), (4.5.1)
where
. 1 Kp 0113 6
M, = 3 [0113 ml, SRS (4.5.2)
_ . Amk,, k.,
=1 mln{ TrLA(.KZ[,),iqu}3 <m> } eR, (4.5.3)

with 1 € (0,1) is a tuning constant. The cross term scaled by ¢; is included to capture
the coupling between the position and velocity errors. By construction, the choice of ¢; in
(4.5.3) guarantees that M; and the matrix W) defined below are positive definite.

Using the translational error dynamics in (4.3.7) and (4.3.8), the time derivative of
V) (t) is obtained as

. c
Vi(t) = —z{ (HWhz(t) + A;(t) [Ell?) 13} z1(1), (4.5.4)
where
1 [20K, oK, 6
W, = % oK, 2m (Kv _ 0113) S S++, (4.5.5)

4.5.2 Lyapunov Function for Rotational Error

The rotational-error vector z(t) € RS is defined by 2, (t) := [e z(t) el (t)] for any
t € T. Define the rotational Lyapunov candidate function V5 : T — R as

Va(t) = %e;(t)Jew(t) LU t) + caeg plt)enlt). (4.5.6)
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where

20 (K, . 4J:k,,.
Cy 1= Vo min {\/ 201 A(J), M ) e } eRyy, (4.5.7)

, min
tl”(KR) i€{1,2,3} 2\/§JZ tl”(KR

with v, € (0, 1) defined as a tuning constant and ¢; defined in Proposition 4.3.3. Similar to
the translational Lyapunov construction, the cross term scaled by ¢, captures the coupling
between ek r(t) and e, (t), while the choice of ¢y in (4.5.7) ensures that the following M, j,
M 5, and W, are positive definite.

It follows from (4.3.18) in Proposition 4.3.3 that V() is bounded as
Z;—(t)MQJZQ(t) S V2<t> S Z;—(t)MQ’QZQ(t), (458)

where My 1, My o € Si+ are defined as

_ 1 20113 col3 6

My, = 3 [0213 7| € ST, (4.5.9)
_ L {2gol5 col3 6

MQ’Q = 5 [0213 J € S++. (4510)

where g; and gy are defined in Proposition 4.3.3.

Using the rotational-error dynamics in (4.3.9)—(4.3.11), the time derivative of Vy(t) is
VQ(t) = —czelT(vR(t)J_leK,R(t) — CQGI(t)KwJ_leKyR(t) - eI(t)(Kw — c€(1))e,(t). (4.5.11)

By Lemma 4.3.2, we have

1
e ()€()eu(t) < €] [lea(D* < Etr(KR)Ilew(t)Hz- (4.5.12)
Therefore, ‘
VQ(t) S —026}’R(t)J_1€K7R(t) - Cgel(t)KwJ_1€K7R(t)
—e'(t (Kw—gtrK I)ewt 4.5.13
w (1) 7 (Kr)l5 ) ew(t) ( )
= —Z;(t)WQZQ(t)
where ) .
CQJ_ C—QKLUJ_
Wy = |e _ 2., est,. 4.5.14
2 {EKUJJ K, — ﬁtr(KR)Ig} ++ ( )
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4.5.3 Time-varying Error Tracking Bounds

Theorem 4.5.1 (Time-varying Lyapunov function bounds). Suppose that the conditions of
Lemma 4.3.2, Proposition 4.3.3, and Lemma 4.3.4 hold. Then the following exponentially
decaying bounds hold for allt € T:

Vi(t) < L1(V1(0),V2(0),1), Va(t) < Lo(V2(0),1), (4.5.15)
where

ag, @1vV2(0)
Li(V1(0),V5(0), ) i= e~ Fte™F

\/V1(0)+O‘2—V;"’(m/t6§(ao—ﬂ>s ds] . (4.5.16)

L2(05(0),) == =38 /V5(0), (4.5.17)
with
ap = A(MﬁwlM;%) , (4.5.18)
8= A(MQQ%WQMQQ%) , (4.5.19)
a = ’[Kp KM || g, (4.5.20)
0 = m ||ba]l 8, (4.5.21)
o= ([S1s 1) M|t 0p) 213 \/‘;z (4.5.22)

Proof. From (4.5.13), we have Vy(t) < —z) (t)Waz(t). Let o(t) = M217/2222(t). With S
in (4.5.19) and the inequality 2y Ms229 > V, in (4.5.8), we have

2 (OWara(t) = 7 (2) (M Wabd 3 ) o(t) > Bt = 623 () Manaa(t) > BVa(1),

Therefore, V,(t) < —BV,(t). Applying the comparison principle gives

V(1) < €2 /V5(0) = Lo(Vu(0), 1) (4.5.23)

Since ek r(t) = [I3 03x3] 22(¢), there is

lea( < 15 0p) My | VY200 (45.24)
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Next, we derive an upper bound for V;(t). Using aq in (4.5.18), we have
Zir(t)lel (t) Z OégZI(t)Mlzl (t) == Oé()Vl (t) (4525)

Moreover, since Vy(t) = 27 (1) Miz1(t) = || M2z (8|2, we have
C C _1 1
[ Ba@]=|[Gn 1] )|
[ _1
<[l B]an| v,
Using Lemma 4.3.4 together with (4.5.24), we obtain
C
1A, (8] ( [#g 13] zl(t)H < ar Vo) Vi(t) + as /a1 (1), (4.5.27)

Using the bound of \/V,(t) in (4.5.23), and substituting (4.5.25) and (4.5.27) into Vy(t)
in (4.5.4), we obtain

Vl(t) S —(Oéo - ale_gtv VQ(O))Vl(t) + Oége_gt\/ VQ(O)\/ Vl(t) (4528)

Applying the comparison principle in [62, Section 3.4| again gives

a1/ V2 (0 A/ t 1
Vl(t) < e_%’%e#\}(> [‘ /Vl(()) + QQTVQ(O)/ ez(@0=P)s Jg
0

(4.5.26)

= £,(V1(0), Vu(0), 1).

]

Both £; (V1(0),V%(0),t) and Lo (V2(0),t) in (4.5.16) and (4.5.17) decay exponentially
with respect to t, while their values depend on the initial quantities V;(0) and V»(0). To
obtain explicit bounds depending only on prescribed initial-error limits, Proposition 4.5.2
introduces a set of admissible initial conditions. These conditions provide upper bounds
on V;1(0) and V,(0), which can be substituted into £; and £o. In addition, they ensure
that Wk (t) < v < hy for all ¢ > 0, so that Proposition 4.3.3 and Lemma 4.3.4 remain
applicable along the trajectory.

Proposition 4.5.2 (Initial conditions). Let y5 : T — R? be a C* trajectory satisfy-
ing (4.3.1). Define ¥ := AN(Kgr)tvk and ¥ € (O, L), so that ¢ € (0,hy). Assume

that, for some ay, € [0.5,1) and V, > 0, the initial c/;\)(?f;i)tions satisfy
Uk (0) < g, (4.5.29)
%eI(O)Jew(O) < (1 - ay), (4.5.30)
V1(0) < V. (4.5.31)
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Then, Wk(t) < ¢ for all t € T, and hence the assumptions of Proposition 4.53.3 hold.
Moreover, it follows that

5 205 (1 — avy)
VQ(O) <Vy:= (1 + co W) 1/1 (4.5.32)

Proof. Define £(t) := 3¢/ (t)Je,(t) + ¥k (t). Using (4.3.9) and (4.3.11), we obtain
Et) =el(t)Jéu(t) + Ui (t) = —e! () K, eu(t) <O0. (4.5.33)
Hence, £(t) < £(0) for all t > 0. Moreover, since se/ (t)Je,(t) > 0, we have W (t) < E().
With the initial conditions (4.5.29)—(4.5.30), it holds that
£(0) = %eI(O)Jew(O) + U (0) < b < hy. (4.5.34)

Therefore,
Ui(t) <E() <E0) <y < hy, vt > 0. (4.5.35)

Thus, the condition W (t) < 1 < hy required by Proposition 4.3.3 and Lemma 4.3.4 holds
for all t > 0. Given gi||ex.r(0)]|*> < ¥k (0) from Proposition 4.3.3, and by Vy(t) in (4.5.6),
one has

Vy(0) = %eT(O)Jew(O) LW (0) + eaef n(0)en (0)
(1 —ay) Y+ ayy + ez |lex,r0)] |lew(0)]

<¢+(;2\/7HJ—1/2||||Jl/2 0l (4.5.36)

2(1 — o)
(HCQ o w>¢’ v

O
By Proposition 4.5.2 and the definition of £; in (4.5.16), the admissible initial con-

ditions imply £;(V1(0),V,(0),t) < L£1(V1,Va,t). We now derive explicit bounds on the
translational tracking errors e,(t) and e, (t).
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Corollary 4.5.3 (Time-varying tracking error bounds). Suppose that the conditions of
Theorem 4.5.1 hold, and that the initial conditions in Proposition 4.5.2 are satisfied. Then,
for allt € T, the translational tracking errors satisfy

lep(Dl < L,(1), (4.5.37)
leo ()] < Lo(2), (4.5.38)
where
L,(t) ::’[13 Ogs] M 2|| 21 (D1, P, 1), (4.5.39)
Lot) = |05 15 0| 2491, V1), (4.5.40)

Bounds on ek z(t) and e, (t) can be similarly obtained from £,. Since the translational
error bounds are mainly used in the subsequent STL trajectory construction, we focus on
e,(t) and e,(t) here. Compared with the error bounds in [127], the proposed bounds are
less conservative. In particular, the translational error bounds are obtained directly from
the decay estimate of V;(t), while the effect of the rotational dynamics enters only through
the attitude-induced perturbation term. This avoids embedding the rotational initial error
directly into the translational tracking-error bound.

4.5.4 Optimization-based Control Gains

The high-dimensional nonlinear quadrotor dynamics make multidimensional control-
gain selection complex, and unsuitable gains may lead to unnecessarily large upper bounds.
According to (4.5.39) and (4.5.40), control gains can be chosen by minimizing the bound
L1(V1,Va,1).

Let s = a02—ﬂ‘ If 5 # 0, then ﬁl(vl,VQ,t) is affine in e, which is monotone in t.
If 3¢ = 0, then ﬁl (Vl,VQ,t) is affine in ¢. In both cases, the equation ﬁl (Vl,VQ,t) =0
has at most one solution. If the equation admits a solution t,, then it follows by direct
differentiation that ﬁl (Vl, Vs, ts) < 0. Hence, t, is the unique stationary point and a local
maximizer of £ (91,92, t). Define t* := maX(O, min(t, T)) € T, with the convention that

t, := 0 when no solution exists. Then we define the maximum value of £; over T as

‘Cl,max = I?E%I‘X ﬁl (Vl, VQ, t) = ﬁl (?1,?2, t*) (4541)
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Furthermore, to satisfy the assumption in Proposition 4.3.3 that the diagonal entries of
Kp are distinct, the condition A, =37, ;3 Ay; = 3 is imposed, where

1, |kg —kg,| >0,
Ay=13" [f, .RJ‘ = (4.5.42)
0, otherwise.

In this thesis, 9, = 1. Problem 4.5.4 is formulated to represent Objective 1 and can
be solved by differential evolution [134], a parallelizable global optimizer for nonconvex
problems that requires no initial guess.

Problem 4.5.4. The control gains {K,, K., Kg, K,} and tuning parameters {vy, v} are
determined by solving the following optimization problem:

arg min L1 max
prKmKR:Kw,VlyVQ
such that 0 < vy, <1, (4.5.43)
AKR = 3,

E S kpmkviakRiakwi S ];77 (RS {1a273}

Here, 0 < k < k are constants and denote the lower and upper bounds of the control gains,
respectively.

4.6 STL-Constrained Trajectory Generation

Once the control gains are determined by solving Problem 4.5.4, the time-varying
position error bound £, (71,92, t) is obtained. We next focus on Objective 2, namely the
generation of an STL-constrained reference trajectory parameterized by piecewise Bézier
curves, where a non-increasing envelope I'(t) is constructed from £, and incorporated into
the lower bound v(¢) on the STL robustness margin. We build on the MICP formulation
in (3.2.4) developed in Chapter 3, and augment it with the time-varying tracking-error
envelope and the dynamic constraints required by the geometric controller.

According to (4.4.1), we choose I'(t) = £,(t), where

< L), t<t
L,(t) = {Lp(t), L (4.6.1)
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With this choice, I'(t) is non-increasing and satisfies ||y, (t) — yq(t)|| < I'(¢) for all £ € T.
Therefore, enforcing an STL robustness margin larger than (¢) = I'(¢)+~. for the reference
trajectory guarantees that the actual tracking trajectory satisfies the STL specification.

The resulting STL-constrained trajectory generation problem is formulated as the following
MICP.

Problem 4.6.1. Given an STL specification ¢, parameterize the desired position trajectory

a: T — R3 using N piecewise Bézier curves of degree n, where By (t) denotes the curve
defined over [tg, titq1] for k € {0,...,N —1}. Let Cy := {ck;} denote the set of control
points of By, and let vy, a;, € R® denote the componentwise velocity and acceleration bounds
for the k-th segment. For each segment, the STL robustness measure is required to satisfy
Py (T, €x) == 1 — ek > v(tx) = [(tg) + e, and the satisfaction of ¢ is encoded using the
binary variables z. Satisfaction of the complete formula at the initial index is enforced by
setting the top-level Boolean variable z5 = 1.

The resulting MICP maximizes the STL robustness while minimizing the motion effort
of the reference trajectory:

N-1
arg min Z (—=Wpi (rk, ex) + Qllvkll + Rllaxllr)
k=0

{Chs Ok Qs Ty €k, 2L o
subject to By, and By, are joined with C* continuity, (4.6.2)
By satisfies the kinematic constraints,
P (Tis 1) = 7(tr),
2y = 1.

Here, W, Q, R € Ry are user-defined weights. The continuity constraints are enforced
for k€ {0,...,N — 2}, whereas the kinematic and robustness constraints are enforced for

ke{0,...,N—1}.

The following subsections specify the continuity and dynamic constraints used in Prob-
lem 4.6.1. The STL robustness constraints follow the MICP encoding introduced in Chap-
ter 3, with the lower bound updated to 7(¢x) on each segment.

4.6.1 Continuity Constraints

To ensure C* continuity at the junction time t = #,,; between consecutive Bézier
segments By and Bj.q, the derivatives up to order four are matched at the junction.
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Equivalently, the following finite-difference constraints are imposed on the control points
for q € {0,1,2,3,4}:

g(—l)” (g) Chn—p = i(—l)q_p (g) Ch1p- (4.6.3)

p=0
These constraints enforce the equality between the backward finite differences of the end

control points of By and the forward finite differences of the start control points of Bjy1,
both evaluated at ¢t = t;1.

4.6.2 Kinematic Constraints

Velocity Constraints

To ensure that the actual tracking velocity satisfies the componentwise limit |, (¢)| <
Umax, We use the non-increasing velocity-error envelope £, (t), defined analogously to £,(t).

Specifically, L£,(t) = L,(t*) for t < t* and L,(t) = L,(t) for t > t*. Let vy be the

componentwise velocity bound for the k-th Bézier segment. For all i € {0,...,n — 1},
impose
v At
ek = cal < = (4.6.4)
0 < v < Vmax — Lo(ti) 1. (4.6.5)

Since Bk(t) is a Bézier curve of degree n — 1 and its Bernstein polynomials satisfy the
condition S b (r) = 1 for all 7 € [0,1] [42, Section 4.2], the convex-hull property
gives | Bg(t)| < vy. Therefore, by the triangle inequality,

90 ()] < |Bi(®)| 4+ Lo(t)1s < vp + Lo(t1)15 < Umax. (4.6.6)

Acceleration Constraints

Likewise, let a; denote the componentwise acceleration bound for the k-th Bézier
segment. Define AQCM ‘= Crito — 2Cki41 + g for all i € {0,...,n —2}. To bound the
segment acceleration and enforce the condition in (4.3.1), impose

akAtz

A2, | < —WAT
| Ck’l_n(n—l)’

(4.6.7)

nn—1)
ges + A—tQA Cri| < ba- (4.6.8)
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Since Bk(t) is a Bézier curve of degree n—2 with control points "(Z;l) A?¢y, ;, the convex-hull

property implies |Bk(t)] < ay and |ges + Bk(t)\ < b, for all t € [tg, tgi1].

STL Robustness Constraints

The STL robustness constraints are encoded using the mixed-integer formulation in-
troduced in Chapter 3. The only modification is that the required robustness lower bound
is made time-varying: for each segment k, the robustness variable is constrained by

Pi (Cr, ax) = ~(te).

This ensures that the reference trajectory satisfies the STL specification with sufficient
margin to compensate for the tracking-error envelope and the physical safety margin.

4.7 Simulations

This section evaluates the proposed framework through a simulation scenario. The
simulations are implemented in Python. Problem 4.5.4 is solved using differential evolution
in SciPy [1412], and Problem 4.6.1 is solved as an MICP using Gurobi [52]. All simulations
are conducted on an 8-core Apple M1 machine with 16 GB of RAM. We first examine
how the initial-condition parameters affect the control gain optimization in Problem 4.5.4.
Then, using the reference trajectory generated by Problem 4.6.1, we evaluate the closed-
loop tracking performance of the proposed framework.

4.7.1 Control Gain Optimization

The inertia matrix and mass of each quadrotor are J = diag(8.20,8.45,13.77) x
1072kg - m? and m = 4.34kg, respectively, as given in [127]. The remaining parameters
are Unmax = [2,2,2]", by = [1,1,11]7, and ~,. = 0.35.

To select the initial-condition parameters in (4.5.29)—(4.5.31) of Proposition 4.5.2,
we conduct a sensitivity study with respect to ¥k, o, and V,. Table 4.2 reports how
individual variations of these parameters affect the peak position and velocity bounds
Linaxp = maxycpo,r) Lp(t) and Lyaxe = maxeepr) Lo(t), as well as the initial-condition
(IC) feasibility rate. The IC feasibility rate is computed from 5000 independent samples
drawn from the baseline initial-condition distribution

2o, v9 ~ Unif([-0.2,0.2]*),  wp,to ~ Unif([-0.1,0.1]%),
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with the initial attitude constructed as Ry = exp(ty). Here, Unif([a, b]*) denotes a vector
whose components are independently and uniformly distributed on [a,b]. It is defined as
the percentage of samples satisfying the initial-condition constraints. For each tuning case,
one of Yk, ay, and V), is varied around the nominal setting

(Y, g, V1) = (0.05,0.7,0.4),

while the other two parameters are kept fixed.

Consistent with (4.5.29) and (4.5.30), Table 4.2 shows that increasing 1 allows larger
initial attitude and angular-velocity errors, thereby improving IC feasibility at the cost of
looser peak bounds. By contrast, for a fixed 9, oy, mainly affects the relative strictness of
the initial attitude and angular-velocity bounds. Table 4.2 indicates that o, has a relatively
mild effect on both the peak bounds and the IC feasibility rate over the tested range. As
for V;, increasing V; relaxes the initial-condition constraint in (4.5.31), allowing larger
initial position and velocity errors. This is reflected in the higher IC feasibility reported
in Table 4.2 for both methods. The peak bounds increase for DMG-GC but remain nearly
unchanged for GC.

Table 4.2: Effects of individual variations of ¥, ay, and V; around the nominal setting
(0.05,0.7,0.4) on the peak bounds Liaxp, Lmax.v, and the IC feasibility rate.

Linax,p (M) Limaxp (M/8) IC Feasibility (%)
DMG-GC GC DMG-GC GC DMG-GC GC
0.005 0.37 0.36 0.77 0.72 12.20 13.02

Param. Value

Vx 0.05 0.61 0.80 1.46 1.90 31.64 929.02
0.6 0.61 0.78 1.46 1.92 30.98 925.86
8]
¥ 0.8 0.60 0.80 1.43 1.92 31.42 927.56
_ 0.3 0.52 0.79 1.36 1.90 15.82 15.62
! 0.5 0.69 0.80 1.54 1.91 52.28 41.42
Ly = 0.005 follows ¥ in GC [127], since both quantify the allowable initial attitude error.

Overall, choosing (v, cy, V1) = (0.05,0.7,0.4) provides a balance between IC feasi-
bility and peak-bound conservatism. The optimized control gains are given by

K, = diag(25.2,24.6,25.3), K, = diag(14.7,14.7,14.8),
Kr = diag(28.9,27.9,29.9), K, = diag(2.2,1.8,2.3),
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and the auxiliary parameters are v; = 0.75 and 15, = 0.79. Therefore, Vo, = 1.46 is
obtained from (4.5.32), yielding the maximum position and velocity error bounds Lyax, =
0.61 m and Lyax» = 1.46 m/s, respectively. Furthermore, Table 4.2 shows that, compared
with [127], the proposed method yields tighter error bounds in most cases, due to the
additional tuning flexibility provided by multidimensional gain matrices.

4.7.2 Tracking Performance
Planning Scenario

We consider a reach-avoid task in a constrained environment with a prescribed green
initial region, a blue target region, a purple holding region, and seven red obstacle re-
gions, as shown in Figure 4.3. The task is encoded by the following continuous-time STL
specification:

¢ = (O~ R) A (Op1B) A (Opr-2T02P) (4.7.1)

where T" = 20. Here, R denotes the union of red obstacle regions, B denotes the blue target
region, and P denotes the purple holding region. This specification requires the trajectory
to avoid all obstacles throughout the entire time horizon, remain inside the holding region
continuously for at least two seconds after entering it, and eventually reach the target
region within 7" = 20 seconds.

Furthermore, the componentwise acceleration bounds are chosen consistently with b,
as Gmax = |1, 1, 11], where the larger third component accounts for gravity, with g = 9.81.
The desired trajectory, shown as the blue curves in Figure 4.3, consists of fourteen Bézier
curve segments, with the corresponding time-varying robustness p¥ highlighted in blue
tubes.
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(a) Front-left perspective view. (b) Rear-right perspective view.

Figure 4.3: Environment setup and desired trajectory: The blue curve denotes the desired
trajectory parameterized by fourteen Bézier curve segments, with the dots marking the

segment endpoints for clarity. The blue tube represents the robustness tube of the Bézier
curves.

Tracking Evaluation Setup

To validate the tracking performance around the planned desired trajectory, we inde-
pendently sample the initial perturbations and define the initial tracking states as follows:

p(0) = pa(0) + 65, v(0) = pa(0) + by,
R(0) = R4(0) exp(ty), w(0) = wq(0) + d,.

The perturbations are sampled independently as
5, € [-0.5,0.5°, 8, €[-0.2,02? v €[-0.1,0.1]°, 5, €[-0.1,0.1].

In the simulations, we choose R;(0) = I3 and w,(0) = 0, so that R(0) = exp(ty), w(0) = dy,.

As presented in Figure 4.4, the tracking trajectories from these one hundred initial
points satisfying the initial-condition constraints in (4.5.29)—(4.5.31) remain within the
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safe tube and converge to the target set. The trajectories are computed in Python using
solve_ivp with the RK45 method and sampled at dt = 0.01.

Using the same one hundred initial states, we further compare the proposed geometric
control approach with diagonal matrix gains (DMG-GC) against three baselines: stan-
dard geometric control with real gains (GC) [127], a CBF-QP [11], and nonlinear model
predictive control (NMPC) on SE(3) [35, 121]. The CBF-QP and NMPC baselines are

implemented in CasADi [5].

For the CBF-QP baseline, we consider two choices of the safety margin €*:

i) € ,(0), the initial position error of the i-th trajectory, which is at most 0.2 due to the
initial sampling range;

ii) €,, chosen according to the minimum robustness margin min;et p?(t) attained by the
Bézier desired trajectory. Since Problem 4.6.1 requires the STL robustness margin
to be no smaller than the tracking position-error bound, €, satisfies e, > ¢; ,(0) for
all i € {1,...,100}.

According to the safety analysis in [11], choosing €;,(0) ensures forward invariance
of the safe tube. We also include € = €, to provide a more comprehensive comparison,
since the nominal trajectory exhibits both intermediate safety risks and strict terminal
reachability requirements.

For the NMPC baseline, we evaluate prediction horizons H,, € {2, 10, 15,20, 25} steps,
where H,, = 2 is the smallest horizon that yields a feasible solution, while the larger horizons
are included to examine the effect of increasing look-ahead on tracking performance and
computational cost.

For the NMPC baseline, we evaluate prediction horizons H, € {2, 10, 15,20, 25} steps,
where H, = 2 is the minimum horizon for which the NMPC problem is feasible, and the
larger horizons provide progressively longer horizons for evaluating the trade-off between
tracking performance and online computational effort.

Runtime and Tracking Error Analysis

For the ith trajectory, let e;,(t) and e;,(t) denote the position and velocity track-
ing errors, respectively. To evaluate the worst-case tracking performance across the 100

2Here e refers to the parameter § in [14], which denotes the radius of the safe tube enforced by the
CBF. We use € to avoid confusion with notation used elsewhere in this thesis. We also remark that the
dynamics model in [14] is a reduced-order model and is slightly different from the full quadrotor dynamics
considered here.

63



(w) z

(w) z

(a) Front-left perspective view. (b) Rear-right perspective view.

(c) Initial set. (d) Target set.

Figure 4.4: Environment and Tracking Trajectories. The curves denote tracking trajecto-
ries generated from perturbed initial conditions.
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trajectories at each time t, define

()= _max el (0= _max e (@72)
Figure 4.5 compares these pointwise maximum position and velocity tracking errors. The
proposed DMG-GC approach keeps both errors within their theoretical bounds over the
entire time horizon, confirming Corollary 4.5.3. Although the tracking errors under the
standard GC approach also remain below the corresponding bounds, they decay more
slowly than those under DMG-GC. Moreover, Figure 4.5(a) shows that the theoretical
position-error bound ip(V1,vQ,t) remains below the STL robustness margin of the de-
sired trajectory. Thus, satisfaction of the STL specification is preserved despite the initial
tracking errors. The position errors under NMPC and CBF-QP also remain below the
robustness margin p?. For some parameter choices, such as a longer prediction horizon or
a smaller safety margin, these position errors can be further reduced, but at the expense
of sharper variations in the velocity errors, as shown in Figure 4.5(b).

In particular, the CBF-QP results require some additional interpretation. While using
a smaller robustness margin € in CBF-QP may reduce tracking errors, it introduces trade-
offs. Since the initial conditions no longer lie in an e-tube of the reference trajectory,
the analysis in [14] provides no guarantee of remaining inside a safety tube. Achieving
acceptable ultimate tracking error also requires tuning the gains (a; and as in [44]). For
the errors reported in Table 4.3, we had to select aggressive gains a; = 36 and as; = 18.
These gains cause large initial velocity errors, as shown in Figure 4.5(b), and demand
higher early-stage velocity and thrust, as shown in Figure 4.6. This behavior indicates
that CBF-QP pushes the system toward much smaller admissible invariant sets, increasing
the burden on the dynamics and hardware.

For the subsequent quantitative analysis, Table 4.3 reports the maximum tracking
position and velocity errors for t > 4s, after the errors for all approaches have largely
settled, thereby avoiding bias from the initial error. Specifically, the reported maximum
errors are defined as

max

e)™ = max max |le;,(t)|,
te[4,T) ie{1,...,100}

(4.7.3)
™ = max max e ,(t)] -
t€[4,T] ie{1,...,100}

The STL robustness margin used for comparison is minir p?(t) = 0.35 m. DMG-GC
achieves the lowest position and velocity errors among all evaluated controllers. Table 4.3
also compares the mean runtime among all controllers. The CBF-QP implementations
are the fastest, partly because they are based on the simplified differential-flat quadrotor

model used in [11]. GC is slightly faster than DMG-GC since it uses scalar gains rather than
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(a) Position errors and bounds.
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(b) Velocity errors and bounds.

Figure 4.5: Position and velocity tracking errors with theoretical bounds. Panel (a) presents
the position tracking errors of DMG-GC, GC, NMPC, and CBF-QP, together with the
theoretical position-error bounds for DMG-GC and GC and the STL robustness margin of
the desired trajectory. Panel (b) presents the corresponding velocity tracking errors and
the theoretical velocity-error bounds for DMG-GC and GC.
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diagonal matrix gains, while the runtime difference between GC and DMG-GC remains
small. In contrast, NMPC is slower, with its runtime increasing as the prediction horizon
H, increases. Although using the minimum feasible horizon H, = 2 reduces the runtime
relative to the longer horizons, it results in larger position and velocity tracking errors,
illustrating the trade-off between tracking performance and computational effort.

Table 4.3: Comparison of tracking runtime and maximum position and velocity tracking
errors across 100 trajectories. Tracking errors are evaluated for ¢ > 4s, and runtime is
reported as mean + standard deviation.

Controller Mean Runtime (s) ey (mm) el (mm/s)
DMG-GC 0.31 £0.01 3.25 13.21
GC 0.28 £+ 0.04 17.52 45.54
€ = eip(0) 0.25£0.01 134.63 152.15
CBF-QP
€, = minger p¥(t) 0.24 +0.01 241.22 286.62
H, = 2 (steps) 5.74 £0.12 939.73 953.89
H, = 10 (steps) 10.15 £ 0.07 108.09 14.81
NMPC — 15 (steps) 14.01 £+ 0.34 87.99 19.48
= 20 (steps) 16.82 +£0.14 71.06 20.83
= 25 (steps) 20.16 £0.13 57.74 19.79
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Bound Satisfaction and Lyapunov Profiles

Figure 4.6 and Figure 4.7 verify the satisfaction of the velocity and thrust constraints,
as well as the positivity condition on the third component of the desired force. As shown
in Figure 4.6(a), all methods satisfy the prescribed velocity bound over the entire time
horizon. The proposed DMG-GC approach maintains a smooth velocity response, with
smaller velocity magnitudes than GC and CBF-QP, while its response remains relatively
close to that of NMPC. In particular, GC produces relatively larger velocities in the later
stage, while CBF-QP with a smaller safety margin ¢; ,(0) exhibits a sharper initial transient
and stays closer to the velocity limit.

The thrust bound F, shown as the horizontal red line in Figure 4.6(b), is briefly
derived as follows. From (4.3.19)—(4.3.20), together with (4.3.1) in Assumption 4.3.1, and
since R(t) € SO(3), we have ||R(t)es|| = 1. Hence, by the Cauchy—Schwarz and triangle

inequalities,
O] < [ Fa@)]

o (4.7.4)
< |1y KM £2(V1 Vs t) +mlball = F

As shown in Figure 4.6(b), the thrust generated by DMG-GC and GC remains strictly
below F. In contrast, CBF-QP with a smaller safety margin produces a large initial
thrust peak that exceeds F, indicating a loss of physical feasibility during the transient
phase. This behavior is consistent with the sharper velocity-error variations observed in
Figure 4.5(b), which lead to more aggressive control commands. The NMPC results remain
below the thrust bound in this simulation, although their transient responses depend on
the selected prediction horizon.

Finally, Figure 4.7(a) shows that Fj,3(t) is positive throughout the simulations for
all sampled trajectories over the time interval considered. Hence, along these sampled
trajectories, the conditions (4.3.28)—(4.3.29) are satisfied in the simulations, and the desired
force direction is well defined. Figure 4.7(b) shows that there exists a constant ¢ such that
Uk (t) < o for all sampled trajectories over t € [0,20]. Moreover, Uk (t) converges to a
small neighborhood of zero after approximately ¢ = 0.4 s. Together with the sampled initial
condition Wx(0) < 9, these numerical results indicate that the assumptions required by
Proposition 4.3.3 are satisfied along the simulated trajectories.
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Figure 4.6: Constraint satisfaction across 100 trajectories: maxjeqi, . 100} [[0j(t)||o and
maxeq,..100y |fi(t)| for t € [0,T].
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Figure 4.7: Condition satisfaction for 100 trajectories: Fy3(t) and Wk (t) over ¢ € [0, 20].
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Adversarial Initial Conditions

Figure 4.8 examines two types of adversarial initial conditions to compare the ro-
bustness of the proposed DMG-GC controller with the standard GC controller. The
first category consists of 100 initial points that violate the respective initial-condition re-
quirements of both controllers. For DMG-GC, these requirements correspond to (4.5.29)—
(4.5.31). Consequently, the resulting trajectories may exceed their respective theoretical
error bounds, including the DMG-GC bounds in (4.5.37)—(4.5.38). The second category
consists of 100 initial points that lie outside the STL robustness tube at the initial time
t = 0, thereby also violating the respective initial-condition requirements of both con-
trollers. The tracking trajectories generated by the proposed DMG-GC controller for the
two categories are shown in Figure 4.9.

Since these adversarial initial conditions violate the prescribed sufficient conditions,
the formal guarantees are not directly applicable in either case. Nevertheless, as shown in
Figure 4.8, the DMG-GC errors decay rapidly and converge to zero, whereas the standard
GC baseline exhibits larger transient peaks and slower decay. Although the theoretical
initial-condition constraints are designed to provide formal certification within a prescribed
region, the rapid and stable error decay of DMG-GC allows trajectories with large initial
errors to return quickly to the STL robustness tube, as shown in Figure 4.9.
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Robustness: p?(t)

DMG-GC:£,(V1, Vy, t)

GC:L,(V1,Va, )

DMG-GC: outsideBounds max;c(1,100] [[€i(t) |
DMG-GC: outsideBall max;c( 100 [ €i,(t) |

GC: outsideBounds max;e(1 0] || € (%)l

GC: outsideBall max;c(1.100) [|€ip()]]

lep(®)]| [m]

t[s]

(a) Position errors: |le; (%)l

DMG-GC:L,(V1, Vo, t)

GC:L,(V1,Va, )

DMG-GC: outsideBounds max;c(1,100 || €i.o(1)]|
DMG-GC: outsideBall max;c(1,100) [|€io(t)]|
GC: outsideBounds max;c1.100 || €0 (t) ||

GC: outsideBall max;ep, 100 [|€s.0(t) |l

t [s]

(b) Velocity errors: ||e;(t)]|-

Figure 4.8: Robustness under adversarial initial conditions: Position and velocity tracking
errors for initial points violating the theoretical conditions and for initial points outside
the initial safe set. The plots are restricted to ¢t < 6 to better show the transient behavior.
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Figure 4.9: DMG-GC results under adversarial initial conditions: Tracking trajectories
and initial-point distributions under two types of adversarial initial conditions. The two

cases correspond to initial points outside the theoretical error bounds and outside the STL
robustness tube at the initial time ¢ = 0, respectively.
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4.8 Summary

This chapter presented a continuous-time control framework for quadrotor systems
under STL specifications by integrating MICP-based Bézier trajectory generation with
geometric tracking control. The proposed approach enables safe and dynamically feasible
motion planning while providing continuous-time tracking-error bounds. The theoretical
conditions ensure that the position and velocity tracking errors remain within prescribed
limits, and the resulting velocity, thrust, and desired-force positivity conditions support the
corresponding feasibility constraints. The simulation results further demonstrate that the
proposed DMG-GC method achieves better tracking performance and tighter tracking-error
bounds than conventional scalar-gain geometric control and maintains the required physical
bounds over the entire time horizon. Compared with CBF-QP and NMPC baselines, the
proposed framework exhibits improved constraint satisfaction and less aggressive control
behavior, thereby demonstrating the effectiveness of the matrix-gain design and the overall
control framework.

Building on these results, the next chapter extends the continuous-time STL Bézier
planning framework to multi-agent systems. In particular, the focus will shift from single-
quadrotor tracking and feasibility analysis to scalable trajectory generation for multiple in-
teracting agents under STL tasks. The multi-agent extension will investigate how to reduce
the computational burden of centralized MICP formulations while preserving continuous-
time specification satisfaction and inter-agent safety constraints. This provides a natural
step toward applying the proposed framework to coordinated missions involving multiple
quadrotors.
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Chapter 5

Continuous-Time STL Control
Synthesis for Multiple Quadrotors

5.1 Introduction

This chapter integrates continuous-time STL planning with tracking-error guarantees
for multi-quadrotor systems. In contrast to the single-quadrotor setting considered in
the previous chapter, multi-agent tasks require reasoning about both individual temporal
requirements and inter-agent coordination.

To improve scalability in multi-agent settings, a backward-recursive structure is in-
troduced into the STL encoding, allowing satisfaction and robustness information to be
propagated across time intervals more efficiently. This is particularly important for multi-
agent problems, where the number of binary variables and constraints grows with the
number of agents, time intervals, and temporal operators.

The main contributions of this chapter are summarized as follows:

e A multi-agent continuous-time STL planning framework is formulated for quadrotor
systems operating in constrained environments, incorporating prescribed tracking-
error bounds so that the tracked trajectories satisfy the required safety and temporal-
logic specifications.

e A backward-recursive structure is incorporated into the MICP-based STL encoding
to improve the efficiency of multi-agent trajectory synthesis. The proposed frame-
work is validated through numerical simulations involving obstacle avoidance, target
reaching, and cooperative multi-agent tasks.
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5.2 Problem Statement

Building on Problem 4.6.1 in Chapter 4, this chapter extends the STL-constrained
trajectory generation framework from a single quadrotor to a multi-quadrotor system.
Given an STL specification ¢, the objective is to synthesize reference trajectories y§ and
geometric feedback controllers for N, quadrotors such that the actual tracking trajectory
yt. of each quadrotor ¢ € {1,..., N,} satisfies ¢.

We apply the tracking-error envelope constructed in Chapter 4 to each quadrotor. The
lower bound imposed on the STL robustness margin is defined as

v(#) :=T(t) + 7e, VteT, (5.2.1)

where 7. > 0 is the physical safety margin and I'(¢) is the non-increasing position tracking-
error envelope. For clarity of exposition, we assume that all quadrotors have the same
physical parameters and use the same geometric controller gains. Therefore, the same
envelope I'(¢) is used for all quadrotors, and for each ¢ € {1,..., N,},

|yt (8) — wa(t)|| < T(), vt e T. (5.2.2)

If the desired trajectory y satisfies the STL specification ¢ with robustness margin p*#(t) >
y(t), then T'(t) < v(t) < p?(t) since 7, > 0. Hence,

|yee(t) — ys(®)|| < T(X) < p (1), VteT, (5.2.3)

which implies ¢y, = ¢. Therefore, the main task in this chapter is to generate Bézier-
parameterized reference trajectories for all quadrotors that satisfy the required STL ro-
bustness lower bound while additionally enforcing inter-agent safety, smoothness, and the
kinematic constraints required by the geometric controller. If the quadrotors have different
physical parameters or controller gains, Problem 4.5.4 in Chapter 4 can be solved sepa-
rately for each quadrotor to obtain agent-specific tracking-error envelopes I'(t) and the
corresponding lower bounds ¢(t) = I'*(t) + ~, for all t € T.

The following multi-quadrotor STL-constrained trajectory generation problem extends
the formulation in Problem 4.6.1.

Problem 5.2.1. Let zf € {0,1} denote the top-level Boolean variable indicating whether
the Bézier reference trajectories jointly satisfy the multi-agent STL formula ¢ at index k.
The MICP is formulated to maximize the STL robustness while minimizing the motion
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effort of the reference trajectories:

Ny N—1

argmin >3 (<Wol?(Ch af) + Qllof |l + Rllafl)

L A A
Ck,vk,ak,Tk,Ek,Zk /=1 k=0

subject to By, and B£+1 are joined with C*-continuity,
By, satisfies the kinematic constraints, (5.2.4)
B; and Bi are collision-free, 1 <1i < j < Ny,

g (Clia ai) Z fy(tk)a
2y =1,

where W, Q, R € Ry, are user-defined weights. For all ¢ € {1,..., Ny}, the continuity
constraints are enforced for k € {0,..., N — 2}, whereas the kinematic, robustness, and
STL encoding constraints are enforced for k € {0,..., N — 1}.

5.3 Encoding STL Satisfaction for Multi-Agent Systems

This section presents an MICP encoding of the multi-agent STL specification ¢ over
piecewise Bézier reference trajectories.

Recursive STL Encoding over Bézier Curves

The STL encoding of Bézier-curve robustness from [155] is adopted and extended
to the multi-agent setting by introducing an agent index ¢. As stated in Problem 5.2.1,
each segment B!, has the robustness measure p;* (ri.€) =rh —€p > y(ty). Here, 1, € Ry
specifies the margin ensuring that the endpoints of the curve lie strictly within the required
set, while €} € R, is the margin used to constrain the intermediate control points within

the same set under the acceleration constraints introduced in Chapter 3.

Throughout this chapter, t, = kAt denotes the k-th sampling instant. The Boolean
variable associated with an STL formula at index k denotes satisfaction of the formula
at t; under the discrete-time STL abstraction. Although the atomic-predicate constraints
below are imposed over the entire k-th Bézier segment, they provide sufficient conditions
for satisfaction of the corresponding predicates at .

Given Z = [a,b] and the finite interval Z = (t, +I)NT, define k; = k + | & and
= min (k + LA%J , N — 1) with k; < k.. The indices k; and k, are the left and right discrete

77



indices associated with the finite temporal window, respectively. The encoding presented
in Chapter 3 is extended to the multi-agent formulation as follows.

For an STL formula ¢, let A, C {1,..., N,} denote the set of agent indices appearing
in ¢. The agent-index set is defined recursively. For an atomic predicate 7 associated
with quadrotor ¢ and its negation —m, define A, = A_, = {¢}. For Boolean and Until
formulas, define A, rpy = Apive, = Agitizps = Ay UA,,. For the unary temporal operators,
An,, = Ay, = A,. For the atomic cases, the single-agent index £ is retained in the encoding
variables for clarity. At the top level, the Boolean variable associated with the complete

. . Ao,
formula ¢ is abbreviated as z; := z,*'%.

e Predicate T

Row(H) ¢
b; — H;c;. .
X ? 1™k, Y
Zk = /\ /\ HTH] Z T A Zei. (531)
=1 \je{on} ’
e Negation —7:
Row (H) ¢
H;c; . — b;
£, —m 1k, 7
z "= \/ /\ HTJH >ri | | A Zet (5.3.2)
=1 \je{on} !
Here,
¢ ¢ aiAtQ \ 8€£ ¢
Z€£ = {/\ } |Ck,j - Ck,jfl S m N /\1 W — |ak,j‘ Z 0]. (533)
je 1,..‘,77, J=

The Boolean satisfaction conditions for conjunction, disjunction, Always, and Even-
tually are stated first. The Until operator is implemented using an equivalent backward-
recursive mixed-integer encoding.

e Conjunction ¢ = 1 A @s:
Z:vﬂp — z:wlvlpl A Z£<P27<P27 AQD = A‘Pl U sz, (534)

e Disjunction ¢ = ¢ V pa:

ALPv‘P

2.0 = z:“’w v z,/:‘”’m, A, =A, UA,,. (5.3.5)
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o Always ¢ = Uzyr:

ky
2t = N\ 2 A=A, (5.3.6)
K=k
e Eventually ¢ = Ozy1:
ky
gt =\ 2 A=A, (5.3.7)
K =k
e Until ¢ = ¢1Uzpy: For a fixed evaluation index k, let ¢ € {k,...,k,} denote the
backward-recursion index, and define a4 := ZqA U and By = ZqA #2%2 TIntroducing
u}’f’q € {0,1}, the Until operator is encoded as
uj = o, A B,
U,’i_b7q:Oéq/\<ﬁq\/Uﬁq+1>, ifq:kr_lw"?kl? (538)
ul,f’q:aq/\ufﬂqﬂ, ifg=k—1,... k,
A 7w
2 =y, Ap=A, UA,,.

Finally, the constraint zé »% = 1 is imposed to enforce satisfaction of the complete
STL specification ¢ from initial time ¢ = 0.

Lemma 5.3.1 (Soundness of the Multi-Agent STL Encoding). For any k € {0,...,N—1}
and STL formula ¢, if z,/;,\"”w is true, then the Bézier reference trajectories {yﬁ}geAw jointly
satisfy .

Proof. The proof proceeds by structural induction on ¢. For an atomic predicate m as-
sociated with quadrotor /, or its negation —7, the corresponding constraints enforce the
tightened predicate conditions on the k-th Bézier segment. Together with 2. in (5.3.3), the
convex-hull property guarantees that these conditions hold continuously for ¢ € [ty, tx11],
as established in Chapter 3. Hence, the result holds for the atomic formulas.

Suppose that the result holds for the immediate subformulas. For ¢ = ¢ A ¢, the
encoding requires both subformulas to hold over the k-th Bézier segment. Together with
A, = A, UA,,, the induction hypothesis establishes satisfaction of ¢; Aps. For ¢ = Vs,
at least one subformula holds over the k-th Bézier segment, and the induction hypothesis
establishes satisfaction of 1 V (5.
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For ¢ = Uz, the encoding requires ¢; to hold over every Bézier segment indexed
by k' € {k;, ..., k.}. The induction hypothesis therefore establishes the always condition.
Similarly, for ¢ = (z¢1, the encoding requires ¢; to hold over at least one Bézier segment
indexed by k' € {k, ..., k.}, which establishes the eventually condition.

Finally, let v = ¢1Uzrps and consider the backward recursion in (5.3.8). We first show
by backward induction that, for every q € {ki, ..., k.}, u}f , = 1 implies that there exists
k' €{q,..., k. } such that, for every k" € {q,...,k'}, B = 1 and ap» = 1.

At ¢ = k,, the claim follows from u}f’kr = oy, N Bg,. Suppose that it holds at ¢ + 1. If
u}f,q = 1, then a, = 1 and either 8, = 1 or u}iqﬂ = 1. In the first case, k' = ¢ is a valid
witness. In the second case, the induction hypothesis provides a witness in {g+1,..., k. },
while a,; = 1 extends the required satisfaction of ¢; to the segment indexed by g.

For ¢ = k; — 1,...,k, the prefix recursion u}f g = Qg N\ uf 4+1 Tequires ¢ to hold over

every segment preceding the admissible witness window. Consequently, u}fk = 1 implies
that there exists a witness segment k' € {k, ..., k,} over which @y holds, while ¢; holds
over every segment indexed from k through £, inclusive. Since z:w’w = u}f’k, the Until
condition is satisfied.

Therefore, by structural induction, if z:“”’w is true, then the Bézier reference trajecto-
ries {yfl}geAw jointly satisfy ¢ when evaluated from the k-th Bézier segment. O

Encoding Multi-Agent Collision Avoidance

To ensure safety guarantees between any two agents i and j (where 1 < i < j <
N,),the distance between the Bézier curves Bj(t) and Bi(t) is required to remain at least
€inter ke = 20 (tx) + 7. for all t € [ty, txy1]. For simplicity, CH} and €. are grouped into the
tuple A = (CHj,€;). Then, the multi-agent safety specification is defined as follows:

Zinter — /\ safe ( 2 A?ca Einter,k:) 5 (539)

1<i<j< Ny

where

safe (Aj, Al €inter k) 1= Hcent(CH};) — cent(C?—[i)Hl
> [k o = Chnlli + ko — el (5.3.10)
+ 2\/& (62: + ff?g) + 6inter,kz\/c_l-

Here, cent(CH}) = 5 D/ Chy is the centroid of the control points associated with the
convex hull CH},.
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The lower-bound constraint on the ¢;-norm in (5.3.10) defines a nonconvex feasible
set and is therefore encoded using an exact mixed-integer sign disjunction in this work.
Define - '

py = cent(CH}) — cent(CH3), S :={-1,1}% (5.3.11)

For each s € S, introduce a binary variable ﬁ,lfs € {0,1}. Since ||p{|, = maxsess'py,
condition (5.3.10) is equivalently encoded by

Yosh=1 pBlLefo1}, ses, (5.3.12)
seS
and ﬂ,zjs = 1 enforces
=1 = s'pl=2D], seS (5.3.13)
where
Dy = lcho = challi + llcho — bl +2Vd (€ + €) + Emer sV, (5.3.14)

The endpoint norms in (5.3.14) can be represented using continuous auxiliary vari-
ables. For each ¢ € {i,j} and r € {1,...,d}, introduce uj,, > 0 satisfying

ui,’r > Cﬁ,(},'r - Ci,n,r? ui,r > — (Cﬁ,(),'r - Ciz,n,'r) : (5315)

Accordingly, the two endpoint norms in (5.3.14) are replaced by Zle uj,,. and Zle ul
respectively. Because these auxiliary variables appear on the right-hand side of a lower-
bound separation constraint, this epigraph representation is exact in the projected feasible
set.

For d = 3, the set S contains eight sign patterns; hence, eight sign-selection binary
variables are introduced for each agent pair and each Bézier segment.

Lemma 5.3.2. Given an STL specification v, if the n-degree Bézier curves are generated
by solving Problem 5.2.1 such that conditions (5.3.3) and (5.3.9) hold for all agent pairs
(1,7) with 1 <i < j < Ny, then for each segment k € {0,..., N — 1}, the distance between
any two Bézier curves satisfies

|BL(t) — BL®)|| > €interes VYt € [testira], 1<i<j <N (5.3.16)
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Proof. The 1-norm span of the k-th Bézier segment B. of the i-th agent is defined as

span, (B}) = max | ¢k — cent(CH})| L (5.3.17)
where
i L
cent(CH;,) = e lz_; Ch (5.3.18)

is the centroid of the control points associated with the convex hull CHL.

Under constraints (5.3.3), Proposition 3.4.1 establishes the following Euclidean tube
bound for all I € {1,...,n}:

min { ||, — ol || chs = chnll} < € (5.3.19)

Using ||z|, < Vd||z| for every z € R%, we obtain

mm{Hcgl —cioll, s Ik — c;‘mul} <Vdeé, (5.3.20)

Define . ,
Crot Chn
My = = (5.3.21)
as the midpoint of the segment connecting the endpoints. Without loss of generality,
suppose that the first term realizes the minimum in (5.3.19). Then,

lekr = milly < llek = choll, + lleko = mislly
< di+%”¢0—iﬁh. (5.3.22)

The same bound holds when the second term realizes the minimum in (5.3.19). Therefore,

n

1 7 *
n+1 ch,z My

||cent(CH,) — mj,

ﬂ"l

=0 1
1 - 7 *
< S ; Hck,l - My, ‘1
<Vdé + 3 I C;c,nlll : (5.3.23)
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Consequently, for every control point 0271,

HCZ,Z — Cent(C’;’-[Z)H1 < ||c};’l - m,’;iHl + Hcent(CHZ) — My, ‘1
<2vVde, + ||cho — chnll, - (5.3.24)

It follows that ' ' ' '
span, (BL) < 2Vd el + | cho — c}le : (5.3.25)

Similarly,

span; (B]) < 2Vd e, + HCLO —d (5.3.26)

7nH1 ’
By the convex-hull property of Bézier curves, Bj(t) € CHL, for all t € [ty t,,1]. Hence,
| B1.(t) — cent(CHy)||, < span, (By), Yt € [tg, trsal, (5.3.27)

and similarly,

HBi(t) - Cent(C’;'-[i)||1 < span, (B}), Yt € [tg, trs1)]. (5.3.28)

Now consider any two Bézier curves Bj and Bi over t € [tg,tx+1]. The mixed-integer

constraints (5.3.12)-(5.3.13) ensure that there exists an active sign pattern s € {—1,1}¢
satisfying s"p? > D). Since s'p < |[p?]l1, the centroid-separation condition (5.3.10)

follows. Using (5.3.25) and (5.3.26), we obtain

Hcent(CHﬁc) — cent(C?’-ﬂ;)H1 > 2\/852 + Hc}%o — c};,nHl
+2Vd ei + HC,?O — Cmel + eintenk\/c_l
> span, (B}.) + spanl(Bi) + eimer,k\/ﬁ. (5.3.29)

Therefore, for every t € [tg, tri1],
HB}C(t) — Bi(t)“1 > Hcent(CHZ) — cen’c(C'E’-li)H1
— ||B,’€(t) — cent(C?’-[}c)H1
— ||B,J§(t) — cent(C?‘—[fC)H1
> Eintorp V. (5.3.30)

Using ||z|, < Vd|z| for every 2 € R?, it follows that | Bi.(t) —B,Z(t)H > €inter k- Lhis
completes the proof.

]
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Proposition 5.3.3 (STL Satisfaction for Multiple Quadrotors). Given an STL specifica-
tion p, consider Ny quadrotors indexed by ¢ € {1,..., Ny}. Suppose that the multi-quadrotor
STL-constrained trajectory generation problem defined in Problem 5.2.1 is feasible and re-
turns the Bézier reference trajectories y5: T — R4, £ € {1,..., N;}. Suppose further that
condition (5.3.10) holds for all agent pairs on each segment. Then, the tracking trajectories
{yfr}évjl satisfy the STL specification ¢. Moreover, the distance between any two tracking
trajectories satisfies

lyi) = vl@®)| >,  VteT, 1<i<j<N,. (5.3.31)

Proof. The proof follows from the STL satisfaction result in Chapter 4 and the inter-agent
separation guarantee established in Lemma 5.3.2. By Lemma 5.3.1, the returned Bézier
reference trajectories {yg}é\gl jointly satisfy the STL specification ¢. From Chapter 4,
the tracking controller guarantees ||yf.(t) — y5(t)|] < T(t), for all t € T, ¢ € {1,..., Ny}
Since the STL robustness margin satisfies I'(t) < p®#(¢),Vt € T, the tracking error remains
within the robustness margin of the reference trajectory. Therefore, by the tracking-robust
STL satisfaction result in Chapter 4, the tracking trajectories {yfr}évzel satisfy the STL
specification ¢.

By Lemma 5.3.2, for any 1 < i < j < Ny and any t € [tg, tea], [|Y5(t) — 95(1)]| >
€ter k. = 20 () + .. Using the triangle inequality and the tracking-error bound, we obtain

12 (8) = e (O = ya(t) = v )] = e () = vl = (1) — ()
> 20(t) + e — 2I°(2).
Since I' is nonincreasing, ['(t) < T'(t;) for all t € [tg, tpy1]. It follows that ||yi.(t) — 7 (t)] >

ve. Thus, any two tracking trajectories remain separated by at least 7., and the proof is
complete. O

(5.3.32)

Remark 5.3.4. The multi-agent safety encoding is conservative because it separates the
full convex hulls of the Bézier curves. The {1-norm is used because its superlevel constraint
admits an ezxact finite sign-disjunction representation. However, the set defined by a lower
bound on the {1-norm is nonconvex. Therefore, the exact encoding requires binary variables
that select one of the 2¢ sign patterns, together with linear or convex constraints within the
selected branch. The resulting collision-avoidance formulation is compatible with MICP
solvers, but it does not consist solely of continuous constraints.

Complexity Analysis

Let |¢| denote the number of disjunction occurrences in the STL formula ¢, and
let Nyin denote the maximum number of sampling indices involved in the encoding of
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any bounded temporal operator. For continuous-time STL specifications over piecewise
Bézier trajectories with N segments, the STL encoding introduces binary variables for the
disjunctive operators. As shown in Figure 5.1, the backward-recursion encoding reuses
subformula encodings, thereby avoiding the repeated encoding. Consequently, the number
of binary variables introduced by the STL encoding scales as O (N|@|Nyin) , whereas the
direct semantic expansion scales as O (N|¢| N2, ) . Furthermore, for other nested formulas,
the backward recursion reuses each subformula encoding, making the costs of the temporal
windows additive rather than multiplicative.

The exact mixed-integer sign-disjunction encoding of the pairwise collision-avoidance
constraint introduces 2 binary variables for each agent pair and each Bézier segment.
Hence, the collision-avoidance encoding introduces 2¢N (1\272) additional binary variables and
the same order of indicator constraints. The total number of binary variables therefore
scales as O (N 0| Nyin + 29NN, Z) . For the three-dimensional quadrotor position space, d =
3, so eight sign-selection binary variables are required for each agent pair and each segment.
The continuous auxiliary constraints used to represent the endpoint ¢;-norms scale as
O (dN}N).
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b) Backward-recursion encoding. With the terminal term ug3 = ¢1(3) A ¢2(3), the auxiliary
binary variables are defined recursively, for ¢ = 2,1,0, as w;i+1 := p2(4) V wit1,i4+1 and u;; ==
©1(2) A tiji+1. Then ©(0) = uo,0 = 1(0) A ug,.

(
(
Figure 5.1: Two MICP encodings of ¢ = (¢1U[0,3]<p2) at time ¢ = 0. Dashed circles
denote auxiliary binary variables. The bounded-until window contains Nwin = 4 sampled
time instants with sampling interval At = 1. (a) The direct semantic expansion requires
O (N2, logical-variable occurrences and constraints because the prefix conditions ¢; ()
(red circles) are repeated for each possible witness time. (b) The backward-recursion

encoding introduces auxiliary binary variables for intermediate truth values and requires
only O(Nyi,) auxiliary variables and logical constraints.

5.4 Simulations

This section evaluates the proposed framework in terms of runtime performance, safety,
and stability. The simulations are implemented in Python and Problem 5.2.1 is solved as
an MICP using Gurobi [52]. All simulations are conducted on an 8-core Apple M1 machine
with 16 GB of RAM.

The following subsections present four scenarios to validate the proposed method.
Since multi-agent safety is already encoded in zjer, it is omitted from the subsequent
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specifications. For readability, the statement that robot r avoids a region O is denoted by
r ¢ O, which is logically equivalent to the negation —(r € O).

5.4.1 Runtime Analysis

To evaluate how runtime scales with the number of agents, we consider the simple
scenario shown in Figure 5.2. Because this scenario is simple and can accommodate dif-
ferent numbers of quadrotors, it better isolates the effect of N, on computation time. The

specification is
Ny

o=\ Opm(re ¢ Y) A Opr(re € B)), (5.4.1)
=1

which requires each robot 7, to avoid the yellow obstacle Y and reach the blue region B.
Table 5.1 shows that runtime increases with the number of agents N,, consistent with the
O(N}N) scaling of pairwise collision-avoidance constraints discussed in Section 5.3. The
runtime is compared against the MICP baseline proposed in [155], which uses direct seman-
tic expansions and Bézier-curve trajectory parameterization. To enable a fair comparison
in the multi-agent setting, the same collision-avoidance encoding is also incorporated into
the baseline. As the number of robots N, increases, the proposed method shows lower
runtime than the baseline. Although the direct and backward-recursive encodings of the
Always and Eventually operators both scale linearly with Nyi,, the backward recursion
decomposes each temporal operator into local Boolean relations involving only consecutive
indices. This produces a sparser and more structured mixed-integer formulation, which
can be handled more efficiently by the solver.

< i-
P | .
2 |
<
—
Figure 5.2: Case 0 environment with six quadrotors (N, = 6).
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Table 5.1: Comparison of runtime (s) for different numbers of robots.

#Robots Proposed MICP [155]
2 0.16 0.91
3 1.17 5.56
4 8.79 27.20
5) 17.89 73.80
6 54.42 171.98

5.4.2 Safety Analysis

Case 1: Narrow Corridors. In Case 1, the quadrotors are required to fly through a
gradually narrowing passage while avoiding the five yellow obstacle regions {Y;}?_,, and
eventually reach a compact blue region B, as shown in Figure 5.3(a)—(c). The navigation
constraints become progressively tighter. Given 7' = 17 s, the specification is

/\ ( N Oy (re € Y3)) A (Opyre € B)). (5.4.2)

Case 2: Reach and Avoid. Case 2 requires each quadrotor r, to stay away from the
yellow obstacles Y and remain in the green region G for at least 2 seconds. Finally, all
quadrotors need to reach the diagonally opposite blue region, as depicted in Figure 5.3(d)—
(f), resulting in an interlaced routing challenge. Given T = 20 s, the specification is

4
/\ ( D[OT Ty ¢ Y)) (<>[07T_2}D[072]7’g < G) A (O[O,T]Té S Bel) ), (543)
where the pairing (¢, ¢') € {(1,3),(2,4),(3,1), (4,2)} encodes this diagonal goal assignment.

Case 3: Key—Door Puzzle. In Case 3, the green gate G is the only passage to the
blue target region B. Robot r; must first retrieve the key from the purple region K, then
unlock the gate and begin passing through G, while robot 7, must remain outside G.
After the gate is unlocked, both robots must pass through G to reach B while avoiding
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the yellow obstacle region Y at all times, as shown in Figure 5.3(g)—(i). With 7" = 30 s,
the specification is expressed as

Pavor = ((r1 & G) A (r2 ¢ G)) Uy (1 € K)
A[(r2 ¢ Gl (11 € G) A (r2 ¢ G))] ) (5.4.4)
A /\jzl <(<>[0,T}TZ € B) A (D[07T]T’g 7 Y))

This specification is complex due to the nested structure of the two Until operators.

In all cases mentioned above, the Bézier trajectories are parameterized by eight control
points (n = 7), and the tracking integration time step is 0.2 s. For each case, the planned
trajectories y5 and the corresponding tracking trajectories y{, are generated for all Ny
agents. For each approach, 100 tracking trials per agent are simulated under identical
initial error conditions. The simulation results are analyzed in terms of stability, safety,
and robustness.
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Figure 5.3: Benchmarks and trajectory snapshots for Cases 1-3, shown from top to bottom.
For each case, the first two columns present two representative time snapshots, where only
the trajectory with the largest ||e,|| is plotted for clarity. The third column shows an
additional view together with the tracking trajectories. In all environment plots, solid

(h) t =20.6s

(i) Side view.

lines denote planned trajectories and dashed lines denote tracking trajectories.
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20 = Proposed: [le,(t)]| Robustness: puin(t)
T —— GC: [ley(t)l —— Proposed: £,(t)

—== GC: L,(t)

15

—— Proposed: L,(t)
—== GC: L,(t)
Proposed: [Je,(t)|
GO [le()]

20

20

25 30

25 30

(c) Case 3: Key-Door Puzzle.

Figure 5.4: Comparison of the position and velocity tracking errors and their corresponding
bounds for Cases 1-3, comparing the proposed method with conventional geometric control
(GC) [127]. To avoid repetition and improve clarity, the legend in panel (a) also applies to
panels (b) and (c).
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Safety is assessed by examining both the planning and tracking trajectories. A safety
threshold 7. = 0.2 m is enforced on the minimum inter-trajectory distance. As reported
in Table 5.2, the minimum inter-trajectory distances are evaluated over the discrete time
T = {ty = kdt | 0 < kdt <T}. The minimum distance between planning trajectories is
defined as ‘

distpan = | _min - min ||y (te) - ya(t)][ (5.4.5)

The tracking distance disti;aqc is the overall minimum inter-trajectory distance over
all time steps in 7T, across all agents and all tracking trials (100 per agent). Table 5.2
shows that, in all cases, the minimum inter-trajectory distances exceed the safety threshold
Y, thereby validating the collision-avoidance behavior of both the planned and tracked
trajectories. Moreover, the worst-case robustness across all robots is pZ, = 0.3 > 0,
confirming that all Bézier trajectories satisfy the STL specifications. Meanwhile, Figure 5.4
shows that p?. (t) > L,(t) = T'(t) for all t € [0, T], implying that the tracked trajectories
also satisfy the STL specifications according to (5.2.3).

Table 5.2: Safety summary across cases, including the number of robots (N), number
of segments (#S), runtime, worst-case robustness margin p%. = and the minimum inter-
trajectory distances of the planned and tracking trajectories.

Case N, #S Runtime (s) p7.  distpan  distack
Narrow Corridors 2 5 0.07 0.3 0.615 0.616
Reach-Avoid 4 6 11.92 0.3 0.462 0.461
Key-Door 2 10 1.48 0.3 0.681 0.676

5.4.3 Stability Analysis

Table 5.3 illustrates the comparison of the stability performance of the proposed
method and that of [127]. The position error convergence time t., is defined as the earliest
time such that |le,(¢)|| < 1072 m for all ¢ > ¢.,. Similarly, the velocity error convergence
time ¢, is defined as the earliest time such that ||e,(¢)|| < 107*m/s for all ¢ > ¢.,. The
post-convergence errors €, and ¢, are defined as the means of all finite samples of ||e,(t)||
for ¢t > t., and ||e,(t)|| for t > t.,, respectively, pooled over all agents and trajectories in
each case.
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As shown in Figure 5.4, the proposed controller yields lower time-varying mean errors
llep(t)|| and |le,(t)]], together with narrower shaded bands, indicating smaller dispersion
across trials over time. Because the post-convergence behavior is not directly evident in
Figure 5.4, the convergence times and post-convergence errors in Table 5.3 show that the
proposed method achieves faster convergence, tighter steady-state tracking, and reduced
residual oscillations relative to the scalar-gain baseline [127].

Table 5.3: Tracking performance comparison between the proposed method and [127],
reported as mean + standard deviation over pooled trajectories from all agents in each
case. Here, t., and t., denote the convergence times for position and velocity errors,
respectively.

Convergence time e, oy Convergence time e, o,
Case tep (3) (x1073m) tew (8) (x1073m/s)
Proposed ~ GC [127]  Proposed  GC [127]  Proposed  GC [127]  Proposed  GC [127]

Narrow Corridors 1.57 +0.24 4.41£0.36 0.60£0.07 1.734+0.10 2.10+0.24 5.38+£0.32 0.76 =0.14 2.29+0.01
Reach-Avoid 1.57+0.23 4.33+0.39 0.38+0.04 1.02+0.08 2.10£0.23 589+0.49 040£0.10 1.24+0.21

Key-Door 1.59+0.25 4.34+0.42 0.22+0.02 0.63+£0.05 2.12+0.24 589+0.51 0.24£0.04 0.69 £0.13

5.5 Summary

This chapter presents a continuous-time control framework for multi-quadrotor sys-
tems under STL specifications by integrating geometric tracking control with MICP-based
Bézier trajectory generation. The proposed approach enables safe and dynamically feasible
motion planning with formal tracking guarantees. Compared with conventional geometric
control with real gains, the proposed matrix-gain geometric controller yields tighter track-
ing bounds and improved tracking performance. In addition, the multi-agent extension
of the continuous-time STL Bézier planning framework improves computational efficiency
while ensuring specification satisfaction. While this chapter focuses on bounded-time STL
specifications, long-horizon robotic objectives, such as repeated visitation, sequencing, and
persistent safety, motivate the use of LTL specifications and the abstraction-free controller
synthesis framework developed in the next chapter.
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Chapter 6

Control Synthesis for Continuous-Time
Systems under Linear Temporal Logic

6.1 Introduction

In this chapter, we focus on LTL, a rigorous formal language widely used in model
checking [23] and increasingly adopted in robotics for specifying temporally structured
mission requirements, such as sequencing and long-horizon task execution. One of the
central challenges in realizing such specifications in robotic systems is to design controllers
for long-horizon tasks while accounting for system dynamics and safety constraints [60].

A common approach is to synthesize controllers for the resulting subtasks using CBF-
QP methods [113]. However, such methods still have technical restrictions. Notably,
CBF-QP-based methods typically require online optimization to compute control inputs,
and conflicts among barrier-function constraints may lead to infeasible quadratic programs
(QPs). To address this issue, methods for the composition of barrier functions and a
prioritization-based control method were proposed to guarantee the feasibility of the con-
troller [132]. Nevertheless, these approaches still typically rely on online optimization to
compute the control input. Alternatively, hybrid barrier certificates establish satisfaction of
syntactically co-safe LTL specifications through a hybrid-system eventuality argument [11].
This approach avoids the standard CBF-QP formulation, but it does not explicitly incor-
porate bounded-control constraints. Motivated by recent progress on the compatibility of
CBFs and control Lyapunov functions (CLFs), we instead exploit CLBFs as certificates for
safe stabilization [24, 93, 92]. Since the level sets of a CLBF characterize regions where
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both safety and convergence can be guaranteed, they provide a natural way to represent
feasible transitions between subtasks.

Building on the formally certified CLBFs proposed in [92], this chapter develops an
abstraction-free framework for controller synthesis under decomposed LTL specifications.
By approximating and patching the winning sets of the decomposed subtasks, the proposed
framework constructs feasible trajectories that satisfy the specification while potentially
avoiding repeated online QP computations. The main contributions are threefold, as fol-
lows.

e To the best of the author’s knowledge, this is the first work connecting the approx-
imation of the winning set of LTL specifications and the level sets of CLBFs under
bounded control.

e By formulating the local specification tasks as a sequence of safe stabilization prob-
lems, the proposed method yields formally verified switching feedback controllers
under bounded control constraints. With the offline-computed CLBFs, this formula-
tion enables efficient online planning under bounded control constraints and allows for
dynamic, on-the-fly re-planning in the presence of state perturbations while tracking
reference trajectories in noisy environments or with perturbed dynamics.

o A set of case studies, including numerical simulations and a real-world experiment in
which a Crazyflie quadrotor tracks a trajectory generated by the proposed algorithm,
is provided to demonstrate the effectiveness of the proposed method.

6.2 Preliminaries and Problem Statement

Throughout this chapter, we consider a control-affine system of the form:

i(t) = f(2(t) + g(z)ult),  tER,, (6.2.1)

where z(t) € X C R", and the functions f : X — R” and g : X — R™*P are locally
Lipschitz. The control input u : [0, 00) — RP satisfies

u(t) € Unox == {v €R? |u; <wv; <uy, j=1,...,p}, (6.2.2)

where u;, u; € R, with u; < u;, denote the lower and upper bounds on each control compo-
nent, respectively. Such hyperbox constraints model physical input limitations commonly
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encountered in practice, such as motor torque limits. We denote by ¢(t, zo, u) the solution
of system (6.2.1) with initial condition x(0) = xy under an input signal u(-) satisfying
(6.2.2). The solution is defined on its maximal interval of existence I(zg,u) C [0, 00). We
assume that I(xg,u) = [0,00) for all zy € X and all input signals u(-) considered in this
chapter.

6.2.1 State Constraints and Smooth Approximation

Consider N state constraints defined by a finite set {h;}¥; of continuously differen-
tiable functions h; : X — R. For each i = 1,..., N, the safe set C; associated with h; is
defined as C; ;== {z € X' | h;(x) < 1}. Accordingly, the overall safe region Cy,e is the inter-
section of all C;, i.e., Cgate = ﬂfil C;, which can also be written as the pointwise maximum
of all h; as follows:

Coafe = {x € X | hpax(x) < 1}, (6.2.3)
where hpay(x) := max;—1__y hi(z) is not a continuously differentiable function in general.
Thus, we approximate Aya, by the smooth log-sum-exp function [93] as follows:

N
1
hsote (23 7) == ;log < E eTh"(”‘“)) , (6.2.4)
i=1

where 7 > 0 is a tunable parameter. For all x € X and 7 > 0,

loe N
Nanae () < oot (3 7) < P () + —2 (6.2.5)
T

and hence hgop (+;7) converges pointwise to hpax as 7 — oo. To simplify the subsequent
notation, for a fixed 7 > 0, let h(x) := hgop(z;7) and define the approximate safe set as

={r e X |h(z) <1} C Cote- (6.2.6)
Denote the boundary of C by 0C := {z € X | h(z) = 1}.

The system is said to be safe with respect to the constraint set {h;}Y, if for any
initial state xy € C, there exists a control input u € U, such that the solution ¢(t, zo, u)
remains in C for all ¢ > 0. Let the interior of C be denoted by Int(C), which is assumed
to be nonempty. Let z7, € Int(C) be an equilibrium point of system (6.2.1) under zero

input, i.e., f(z},) = 0. We then define the safe region of attraction (ROA) under a given
state-feedback control policy u = k(z) € Upox as

Reate := {xo eC| o(t,xg, k) €C, Vt >0,

and lim (t,xo,n):x:n}. (6.2.7)

t—o00
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6.2.2 LTL Satisfaction of Continuous-Time Trajectories

As described in Section 2.6, an LTL formula over the finite set of atomic propositions
AP is interpreted over an infinite word in (247)“. Throughout this chapter, LTL\~ denotes
the next-free fragment of LTL, obtained by excluding the next operator O) [120]. Formulas
in LTL\ are stutter invariant under finite repetitions of consecutive identical letters. For
example, for distinct atomic propositions my, o, 13 € AP, the words o = {m }{m}({ms})*
and o' = {m H{m H{m}({m3})” satisfy the same formulas in LTL\. This property allows
satisfaction to be independent of the number of observations recorded within an interval
where the label remains unchanged.

Recall the labeling function L : X — 247 introduced in Section 2.6, where L(z) C AP
denotes the set of atomic propositions satisfied at state x € X'. Following [115], for each
atomic proposition m € AP, define 7] := {x € X | 7 € L(x)}. For each subset of atomic
propositions P € 247 define [P] := {z € X | L(z) = P}. Hence, [P] is the set of states
that satisfy all and only the propositions in P. Note that for any two distinct P, Q € 247,

[PIN]Q] = 0.

Definition 6.2.1 (Finite variability [97]). Let £ : Ry — X be a continuous-time signal.
The signal £ is said to be of finite variability under L if there exists a sequence T = {1, }>°_,
of non-overlapping intervals covering Ry such that

LEW) = LEW)), Vit €L, m>1, (6.2.8)

and their left endpoints inf(1,,,) satisfy inf(I,,) — oo as m — oo.

The finite-variability condition excludes infinitely many label changes over a bounded
time interval [97, 145].

Definition 6.2.2 (Trace of a continuous-time trajectory, adapted from [97]). Let £ : R, —
X be a continuous-time trajectory of finite variability under L. Suppose that there exists
g0 > 0 such that L(&(t)) = L(£(0)) for all t € [0,e0). For everyt > 0, let L;(t) € 24F
denote the unique right-hand label for which there exists e, > 0 such that L(£(s)) = LZ(t)
for all s € (t,t +&;). The trace of & is the infinite word o = ooy --- € (247)%, defined
recursively together with a sequence of observation times {7y, tmen, € Ry U{oo} as follows:

i) 10 := 0 and og := L(£(0));

it) for m >0, let Tp,.1 := inf {t > T ‘ Lg(t) £ am}, where inf @ := oco. If 741 < 00,
then oy == Lg_(Terl);
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i11) if Tye1 = 00, define 1, ;= 00 and oy = oy, for all k > m+ 1.

Remark 6.2.3 (Well-definedness of the continuous-time trace). The initial-label condition
in Definition 6.2.2 ensures that Lg(O) = 0y and rules out an instantaneous label change
at t = 0. Finite variability guarantees that the right-hand label LZ(t) exists uniquely
at every t > 0 and that the finite label-change times have no finite accumulation point.
Consequently, if infinitely many label changes occur, then T, — oo as m — oo. If only
finitely many label changes occur, the final symbol is repeated indefinitely according to
Definition 6.2.2. Hence, the recursive construction in Definition 6.2.2 produces a well-
defined infinite word o € (247)~.

Definition 6.2.4 (Held trace of a continuous-time trajectory). Let o = ogoy -+ - € (24F)«
be the trace of & given by Definition 6.2.2, and suppose that oo # 0. The held trace of € is
the infinite word o, = oL 0w - € (ZAP \ {@})w, defined recursively by oy o := o¢ and, for

every n € Ny,

Ot 1= {Jn+17 Ont1 # 0, (6.2.9)

Ohn, On+1 = @

Since oy, is defined recursively from the well-defined infinite word o, and since o # (),
the held trace is also a well-defined infinite word in (247\ {0})".

Definition 6.2.5 (LTL satisfaction of a continuous-time trajectory under held-trace se-
mantics). Let £ : Ry — X be a continuous-time trajectory with a well-defined held trace
On = Ono0n,1 -+ - as given in Definition 6.2.4. The trajectory & satisfies an LTL\ formula
¢ under the held-trace semantics, denoted by & |= @, if oy = .

For an initial state xqg € &X', a control input u : Ry — Uy is called admissible from
xg if system (6.2.1) admits a unique trajectory ¢(-, xg,u) that is defined for all £ > 0 and
remains in X.

Definition 6.2.6 (Winning set for an LTL specification). Given the control-affine sys-
tem (6.2.1) and an LTL\o formula ¢, the winning set with respect to ¢ is defined as

Win(p) := {zo € X | Ju admissible from xy such that ¢(-, xg,u) = p}. (6.2.10)

where trajectory satisfaction is defined in Definition 6.2.5.

Thus, Win(y) is the set of all initial states from which there exists an admissible
control input whose corresponding trajectory admits a well-defined held trace satisfying .
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6.2.3 Problem Formulation

Consider the continuous-time system (6.2.1) and an LTL\~ specification ¢ defined
over a finite set of atomic propositions AP. Since computing the exact winning set Win(yp)
is generally intractable, the objective of this chapter is to compute a certified inner ap-
proximation

Win(p) C Win(), (6.2.11)

and to synthesize a switching state-feedback control policy such that, for every initial condi-
tion zq € Win(p), the policy generates an admissible control input « whose corresponding
trajectory satisfies @(-, zo, u) = .

As defined in Definition 2.6.5, a lasso-form word consists of a finite prefix followed by
a finite suffix that repeats indefinitely. In this chapter, given a lasso-form word ¢ such that
o = ¢ and the labeling function L associated with AP, the task of generating a closed-loop
trajectory whose held trace is stutter-equivalent to ¢ is decomposed into the finite sequence
of transitions associated with the prefix and one cycle of the suffix. By stutter invariance,
such a trajectory satisfies p. Each transition is formulated as a safe-stabilization subtask,
and the subtasks associated with the suffix are repeated indefinitely. The overall synthesis
problem is then reduced to computing CLBF-based inner approximations of the controller-
specific local winning sets and patching the corresponding local feedback controllers.

Together, the certified set \7\7\1/n(<p) and the switching policy obtained by patching
the local feedback controllers provide a correct-by-construction solution to the LTL\q

control synthesis problem: for every initial condition zy € Wﬂl((p), the resulting closed-
loop trajectory satisfies the prescribed LTL\ specification.

6.3 LTL Specification Decomposition

Consider an LTL\ formula ¢ over AP. Let o™f € (247 \ {§})" be a reference word
satisfying o™ |= ¢. Since LTL\ is next-free, it suffices to synthesize a feedback control
policy whose closed-loop trajectory induces a trace o that is stutter-equivalent to o'
Following the sequential structure of ¢™f, we decompose the synthesis problem into safe-
stabilization subtasks, each associated with a transition between two consecutive letters of

O.ref )

Specifically, for each consecutive pair (o7, o7 ) in the word o™, with m € Ny, let

X,, C X denote the local state-space region associated with the transition from o™ to
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ol . We formulate such a transition as a local reach-avoid control problem and define its

transition tuple as

Tm = ('Smagm;Am)7 (631>

where S,,, G, A, C X, denote the source set, the goal set, and the forbidden set, respec-
tively. Note that the forbidden set A,, includes the proposition regions that must not be
visited while realizing the transition.

Since the reference word ¢ can be written in lasso form as ¢ = o7%, (U;eé)w , the
induced infinite transition-task sequence {7, }men, admits a finite prefix—suffix represen-
tation. Accordingly, let M. = len(oket) denote the number of prefix transitions, including
the transition from the last prefix symbol to the first suffix symbol when the prefix is
nonempty, and let Mg, = len(c™t) > 1 denote the number of transitions in one suffix cy-
cle, including the wrap-around transition from the last suffix symbol to the first one. Define
the finite transition-index set M := {0,..., M — 1} where M = M. + Mg,s. We write the

corresponding finite pattern as {7, }merm and define a lasso index map ¢ : Ny — M by

¢(n) =

{n, 0<n < My, 652)

Mpre + ((n - Mpre) mod Msuf)> n > Mpre-

Thus, the transition active at stage n € Ny is T¢).

Therefore, realizing the reference word o*°f is reduced to a sequence of transitions

{Tm}mem, each requiring the system to move from S,, to G,, while avoiding A,,. The
following assumptions are imposed.

Assumption 6.3.1. For each m € M, consider the finite transition T, = (Sm, Gm, Am)
associated with a local state space X,, C X, where S,,, G, Am C X,,. We assume that

o S, C [orf] is nonempty and satisfies Sy N Ay = 0;

e G, is nonempty, connected, and closed, and satisfies G,, C Int([[aﬁsil ) and G, N
A, = 0. Here, Int([o=et,]) denotes the interior of [or<f,].

o A, is closed.
o X\ (A, UGn) C [oxuo].

Definition 6.3.2 (Finite-memory control strategy). Consider the finite transition { Ty }mem
induced by the reference word o™ and the lasso index map ¢ : Ng = M. A finite-memory
control strategy for system (6.2.1) is a tuple

K= (Mam(bﬂa K’)? (633)
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where

i) The set of finite-memory states is given by the finite transition-index set M, where
each m € M indicates the currently active local transition task T, ;

ii) mo € M 1is the initial memory state, and in this work we set mg = (0);

i) p: X x M — M is the memory-update function defined by

p(r,((n)) = {g(n e n € No. (6.3.4)

¢(n), otherwise,

i) K XXM — Upoy s the control law. For each m € M, the local control law associated
with memory state m is denoted by Ky, : Xy — Upor and defined as Ky, (x) := k(z,m),
forx e X,,.

According to Definition 6.3.2, at stage n € Ny, the active memory state is ((n) €
M. The control input u(t) = k(z(t),((n)) is applied until the trajectory first enters the
goal set G¢(,) during this stage, at a time denoted by 7,41. The memory state is then
updated according to p(z(7,41),¢(n)) = {(n + 1). The resulting closed-loop trajectory of
system (6.2.1) from zy under the finite-memory strategy  is denoted by ¢(+; o).

Definition 6.3.3 (Winning set for a word-induced transition). Consider a transition T, =
(Smy Gy Anm), as defined in (6.3.1), induced by the pair of consecutive symbols (o', o7l )
in the reference word o™ Let Ky, + X,y — Uy be the local control law associated with
memory state m. The winning set of T,, under k,, is defined as

a7, > 0 such that
Wing (7) :== < @0 € Sp | ¢(t, 2o, km) € X \ A,  VEE [0, 7], 7 - (6.3.5)
¢(7—m7 X, "{m) € gm
Here, 1,, denotes the duration of the transition from aﬁ,’if to a,rf;il, K @ X — Upoz 15 a local

feedback control strategy, and ¢(-, g, Km) is the corresponding trajectory of system (6.2.1)
under K,,.

Assumption 6.3.4 (Local finite variability). For each local transition T,, and each closed-
loop trajectory generated by k,, during a finite transition interval, the labeling signal t —
L(z(t)) changes value only finitely many times on that interval.
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Assumption 6.3.4 imposes finite variability on each finite transition interval. Together
with the absence of finite accumulation of task-switching times, it ensures finite variability
of the complete closed-loop trajectory under L.

Proposition 6.3.5. Consider an LTL\ formula ¢ over AP and a reference word o't =

ot (orh)” € (24P \ {0})" satisfying o™ |= @. Let {T}m—g be the corresponding finite
collection of word-induced transitions, with fived local control laws {rkm} -4 and associ-
ated winning sets {Wing(T,,) M=}, Let ¢ : Ny — M be the lasso index map. Under

m=0 *

Assumption 6.3.4, suppose that
o € Win, (72(0)), gc(n) C Win, (’TC(TH‘l))? n € Ng, (636)

hold and that sequential first-entry switching generates switching times 0 = 19 < 71 <
Ty < --- satisfying 7, — 00. Then there exists a finite-memory control strateqy kK =
(M, C(0), i, k) for system (6.2.1) such that the corresponding closed-loop trajectory is of
finite variability under L and satisfies ¢y (+; 20) | .

Proof. Define the finite-memory control law by k(z,m) := K,,(x), r € X, meM,
and assign arbitrary admissible values in Uy, outside the corresponding local regions. Let
z(t) := ¢ (t; zp). On each interval [7,,, 7,,41), the active memory state is ((n) and is updated
to ¢(n + 1) when the trajectory first enters Ge(n).

We first show inductively that z(7,) € Win, (7¢wm)), for n € Nyg. The claim holds for
n =0 by (6.3.6). Suppose that it holds for some n. By the definition of Win,(7¢(,)) under
the fixed local control law r¢(,), the trajectory remains in X, \AC(n) and reaches G, at
the finite first-entry time 7,11. Hence, 2(7,41) € G¢y € Win, <7Z(n+1)>v which completes
the induction.

By Assumption 6.3.4, the trajectory undergoes only finitely many label changes on
each transition interval [7,,, T,4+1]. Moreover, since 7,, — 00, every bounded time interval
intersects only finitely many transition intervals. It follows that the complete closed-loop
trajectory is of finite variability under L.

By the label-consistency conditions of the word-induced transitions, L(xz(t)) € {02?2), (Z)},
2‘22 +1)- Thus, the held observation remains 02‘(’2) during

the nth transition and is updated to 02?2 +1) upon reaching G¢m)- Applying this argument

for every n € Ny shows that the held trace oy, of the closed-loop trajectory is stutter-

equivalent to o

for t € [T, Tut1), and L(x(7y41)) = 0,

Since the LTL\5 formula ¢ is stutter-invariant, o, = ¢. By Definition 6.2.5, the
closed-loop trajectory satisfies ¢, (-; z0) = . ]
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Proposition 6.3.5 motivates formulating each word-induced transition 7, as a bounded-
input safe-stabilization subproblem whose solution provides the corresponding local control
law K,y,.

6.4 LTL Control Synthesis with Patching CLBFs

This section constructs patching CLBFs for the transitions {7, }*= to obtain bounded
local controllers and winning sets, which are used to synthesize a finite-memory control
strategy for the LTL specification .

6.4.1 Patching CLBFs Construction

For each transition 7y,, let {h"}Y7 denote its N,, state-constraint functions and let
C™ C X, denote the corresponding approximate safe set constructed as in (6.2.6). We
assume that C" N A,, = 0 and G,, C C™. Let 2}, € Int(G,,) be an equilibrium of sys-
tem (6.2.1) under zero input, i.e., f(x},) = 0. To construct the patching CLBFs, we first
present the definitions of CLFs and CBFs for system (6.2.1) under bounded control inputs.

Definition 6.4.1. A continuously differentiable function V : X,, — R is a CLF for sys-
tem (6.2.1) on C™ with respect to xy, if V(x},) = 0 and for every x € C™ \ {x},}, there
exists u € Uy, such that

V(z) >0, and
LV (z)+ L,V (x)u <0, (6.4.1)

where LV (x) :== VV(x)" f(z) and L,V (x) :== VV(x)"g(z) are the Lie derivatives of V
along f and g, respectively.

Definition 6.4.2. A continuously differentiable function h : X,, — R is a CBF for system
(6.2.1) with respect to C™ if, for every x € C™, there exists u € Uy, Such that

h(z) <1, and
Lih(x) + Lyh(z)u < 0. (6.4.2)
Following [93, 92], we have the following proposition about the strict compatibility

condition between the CLF V and the CBF h.
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Proposition 6.4.3 ([92]). For system (6.2.1), let V : X,, — R be a candidate CLF on
C™ with respect to x., and let h : X,, — R be a candidate CBF with respect to C™. If the

following conditions hold:

i) For every x € C™ \ {z},}, there exists u € Uyoy such that
LiV(z)+ LV(x)u < 0. (6.4.3)
Note that this condition is equivalent to

(h(z) < 1Az £a7)

P
(6.4.4)
— LV(z)+ Y (m; (LyV(x)); — 75 [(LyV(2));]) <0,
j=1
where m; = Hj;rﬂj and r; = Ej;yj.
it) For every x € OC™, there exists u € Uy, such that
LiV(z)+ LV (x)u <0, (6.4.5)
and
Lh(z) 4+ Lyh(z)u < 0. (6.4.6)

Given the hyperbox constraint on the control input, the above two conditions (6.4.5)
and (6.4.6) are equivalent to

(h(@ —1
A Ag, AT >0 (j=1,...,p),
p
MAd+ Y (AT +A)=1
=1 (6.4.7)
p
AN MLV (x) + AaLgh(z) + Z(Aj — X\ )e = 0)
j=1

P

= MLV(z) + XaLsh(z) < Y (AT — Aju,).
j=1

Here e; € RY? denotes the j-th standard basis row vector.
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Then, V and h are said to be strictly compatible.

We refer the readers to [92] for the detailed proof of Proposition 6.4.3. It is worth
noting that conditions (6.4.4) for the CLF and (6.4.7) for compatibility are first-order
formulas, which can be verified by off-the-shelf SMT solvers, such as dReal [1%], providing
the formal guarantees. Suppose that C™ is compact. We then have the following theorem.

Theorem 6.4.4 ([93, 92]). Let V be a CLF and h be a CBF for system (6.2.1) with respect
to C™. IfV and h are strictly compatible as defined in Proposition 6.4.3, then there exists
a continuously differentiable CLBF W : X, — R for system (6.2.1), satisfying:

i) W is positive definite, and W (z},) = 0.
i) C" ={z e X, | W(z) <1}
iwi) For every x € C™ \ {z},}, there exists u € Uy, such that

LW (z)+ LW (x)u < 0. (6.4.8)

We refer the reader to [92] for the detailed proof of this theorem. To construct such a
CLBF W, for some € € (0,1), we define the bump function

0, h(z) <1—c¢,
) — h(z) — (1 —¢)\” h(z) — (1 —¢)\°
b(x) 3( . > —2( . ) , 1—e<h(x) <1, (6.4.9)
1, h(z) > 1.

Compared with the exponential bump function used in [92], the cubic bump preserves C*
continuity and improves numerical stability, since both b and its derivative with respect to
h are bounded polynomials for 1 — e < h(x) < 1. This polynomial form also avoids the
near-singular division encountered in the exponential design near h(z) =1 —e.

As discussed in [92], the compatibility also holds on the inner boundary of C™, i.e.,
0C: ={x € X, | 1 —e¢ < h(z) < 1}. By rescaling V if necessary, we can assume that
V(z) < 1,Vx € C™, and V(z) < h(z) Vo € OC-. Then, W can be constructed as follows
93]

W(x):= (1—b(x))V(zx) + b(x)h(x), (6.4.10)

Using W, we next synthesize a bounded local controller and obtain an inner approxi-
mation of the corresponding winning set, which is used to certify the set inclusion in (6.3.6).
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6.4.2 Finite-Memory Control Synthesis

Considering a transition 7, and its patching CLBF W constructed in (6.4.10), we
synthesize the bounded controller proposed in [30] for hyperrectangle input constraints.
For clarity, we suppress the transition index m throughout the following local controller
construction.

For system (6.2.1) with u € Upox C RP, define
aw(x) == L;W(z) = VW (z) - f(x), (6.4.11)
bwj(z) := =Ly, W(x) = =VW(x)-g;(z), je{l,...,p}, (6.4.12)
where VW (z) = bVh+ (1 —b)VV + (h—V)Vb and g¢;(z) denotes the j-th column of g(z).
The bounded controller u : &,,, — Uyox is then defined componentwise by
u;(z) = pj(x)w;i(x), j=1,...,p. (6.4.13)
Here, the vertex-control component w; and the continuous rescaling factor p; are given by
ﬂj, bwjj(x) >0
wj(x) =10, by,(zx)=0, (6.4.14)
U, bW,j (ZE) <0
1— (1 — (o (2))em@vi@ 1.
pi(x) = ( (x)v(x))e , () >0, (6.4.15)
07 HJ(.%') =0

where IL;(z) := by;(x)w;(x) > 0, and, for > % _, I (z) > 0,

Fo ol @)+ ()

ST () (6.4.16)

_ (=)
vi(z) == ST T,() (6.4.17)
Ti(x) = p% — nll;(z), (6.4.18)

Here, n > 0 is a prescribed constant. Note that the strict CLBF decrease condition
in (6.4.8) ensures that 0 < I'(x) < 1.

Restoring the transition index m, the preceding construction yields a patching CLBF
W, in (6.4.10) and a bounded local controller v™ in (6.4.13) for each transition 7,,, m € M.
The corresponding 1-sublevel set is

Wh i={x € X, | W(z) <1} (6.4.19)
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By Theorem 6.4.4, the 1-sublevel set satisfies W} = C™. Under u™, the set W} is forward
invariant and strictly safe, namely, W! C X, \ A,,. Furthermore, because the closed-
loop trajectory asymptotically converges to z¥ € Int(G,,), every trajectory initialized
in (S, N W.)\ G, reaches G,, in finite time. Identifying the local control law k,, in
Definition 6.3.3 with u™, we therefore define

Win, (7)) := (S VW) G € Win,(Tr,),  m € M. (6.4.20)

Based on Proposition 6.3.5, we establish the following proposition for the local con-
trollers synthesized from the patching CLBFs.

Proposition 6.4.5. Consider system (6.2.1), an LTI\ formula ¢ over AP, and a ref-

erence word o't = 0’;2 (a;gf;)“ € (QAP \ {@})w satisfying o™ = ¢, with lasso index map

¢ : Ng = M. For each m € M, let u™ be the patching CLBF controller associated with
Tm- Under Assumptions 6.3.1 and 6.3./, with k,, = u™, suppose that

gc(n) - W\ﬂlo (7Z(n+1))7 n € Ny. (6.4.21)

Consider the finite-memory control strategy k& = (M, ((0), u, k) in Definition 6.3.2, with
Em(z) = u™(z) for all x € X,, and m € M. Then, for every zo € Wﬂlg(ﬁ(o)), the
corresponding closed-loop trajectory is of finite variability under L and satisfies ¢y (+; o) =
. Consequently, - -

Win, () := Win, (7)) (6.4.22)

is a certified inner approximation of the global winning set, i.e., W\i/ng(go) C Win(y).

Proof. Let o € Win,(¢). By (6.4.22), (6.4.20), and (6.4.21),

Ty € \/N\i/HU (72(0)) < Win, (72(0))’

n (6.4.23)
Gemy © Wing (Tenrny) € Wing (Tein))s 1 € No.

Thus, by induction, sequential first-entry switching generates an infinite sequence of switch-
ing times such that, foreveryn e N O=71<n <--- <7, < 0.

We next show that these switching times have no finite accumulation point, namely,
that 7, — oo. Since Win, (7,) = (S, ) \Gm, condition (6.4.21) implies G¢yNGe(nt1) =
0, for n € Ny. Each G,, is closed and contained in the compact set W! = C™; hence, each
G, is compact. Because the lasso sequence contains only finitely many distinct pairs of
consecutive goal sets, there exists d,;, > 0 such that

dist (Qc(n), QC(HH)) > dmin, n € Np. (6.4.24)
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Since f and g are continuous in system (6.2.1), M is finite, and W! and Uy are
compact, there exists a common finite velocity bound v > 0 satisfying

I f(z) + g(z)u]| <7, T €W, UEUpy, mEM. (6.4.25)
For every n > 1, x(7,) € Gen-1), and (7n41) € Ge(n)- Therefore,
dmin S ||m(7-n+1) - I(Tn)H

Tn+1
< / l&(0)]] dt (6.4.26)

< U(Tpa1 — Tn)-

It follows that 7,41 — 7, > d"% > 0, for n > 1, and hence 7,, = 0.

Assumption 6.3.4 ensures finite variability on every finite transition interval. Together

with 7,, = oo, it follows that the complete closed-loop trajectory is of finite variability under
L.

Finally, Assumption 6.3.1 gives X(n) \ (Acm) U Geny) € [[sz(’fl)]] U [0] and Gewy €
[[azf(’fl +1)]]7 for n € Nj. Therefore, all the hypotheses of Proposition 6.3.5 are satisfied.

Consequently, ¢, (-;x9) = ¢. Since this holds for every xy € \7\7\1;10(90), Definition 6.2.6
yields Win, (¢) € Win(ep). O

We summarize the proposed framework in Algorithm 1.

Remark 6.4.6. We would like to emphasize that the proposed motion planning frame-
work can accommodate trajectory-tracking deviations, including those caused by moderate
exogenous noise or disturbances, through rapid online replanning. When the current state
deviates from the planned trajectory during tracking, the current state can be used as a new
wnitial condition, and the control synthesis can be re-executed to generate a new valid path.
The formal satisfaction guarantee s restricted to the nominal model and holds provided
that the new initial state remains inside the certified local winning set M(%) associated
with the current local specification T,,. Under this condition, the replanned trajectory is
guaranteed to satisfy .
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Algorithm 1: Patching CLBF-Based Control under LTL\5 Specification ¢

Input: System (6.2.1) and reference word o™ = o7t (o2%)“ |= ¢.

Output: Closed-loop trajectory and finite-memory control strategy.

Mipre < 0 if 07 is empty, else len(ope);

N =

Mgy < len(o™) 5 // Mgy > 1 as the suffix is nonempty in lasso form

M + Mpre + Msuf;
// Define the memory-index map (.
Function MemoryIndex(n):
if 0 <n < M, then
‘ return n;
else
L return M. + ((n — Mpe) mod Mgye);

w

o NI o w oA

// 0ffline synthesis phase:

Construct transitions {7,,} 4 that satisfy Assumption 6.3.1';
10 form=0to M —1do

11 Construct the safe ROA estimate W), for 7,, using (6.4.10) ;
12 if m > 1 then

13 L Verify that G,,_; satisfies (6.4.21);

14 if m=M — 1 then
// Suffix wrap-around inclusion check
Verify that Gy—1 € Win(Tas,,..) 5 // Taryee = To if Mpre =0

16 Store W} and controller u™(-);

©

15

// Online control phase:
17 n < 0; // stage counter
18 2(0) + 2o € Win(p);
19 while ezecution continues do
20 | m < MemoryIndex(n);// m =((n)
21 | Apply u(t) = u™(z(t));
22 | Evolve &(t) = f(x(t)) + g(x(t))u(t);
23 | if z(t) € G, then
24 L n<n+1;

YTar—1 is already the suffix wrap-around transition from the last suffix symbol to the first suffix symbol.
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6.5 Case Studies

In this section, we evaluate the efficacy of the proposed approach on two simulations
and one real experiment with the Crazyflie quadrotor. The patching CLBF step is done
with the LyZNet [91] toolbox on a server node equipped with an Intel(R) Xeon(R) Gold
6326 CPU @ 2.90 GHz (32 cores). Comparisons were conducted on a server with 2x Intel
Xeon Silver 4114 CPUs and 128 GB RAM, with each run allocated 2 CPU threads.

Case 1: Rigid Spacecraft Attitude Control. First, we consider the attitude tracking
problem for a rigid spacecraft. The system dynamics are governed by Euler’s rotational
equations [67]:

Jit=—-xxJr+u

where J € R3*3 is the positive-definite, symmetric inertia matrix. For an asymmetric rigid
body, we assume J = diag(10, 15,20). = = [xl T ng € [—1,1]* denotes the angular

velocities of the spacecraft in the body-fixed frame, and u = [ul Us u;z,]T € [-3,3]?
denotes the input control torques. We consider the following LTL specification:

¢ = O(Green) A J(—Red;) A O(—Reds), (6.5.1)

which requires the system to eventually reach the goal set Green and always avoid the two
avoidance sets, Red; and Red, in the state space.

A local quadratic CLF for this system can be obtained in the form V(z) = 2" Px by
linearizing the system at the equilibrium point and solving the continuous-time algebraic
Riccati equation with () and R as identity matrices of appropriate dimensions. This iden-
tical CLF configuration is maintained throughout the subsequent numerical examples. For
such systems with known CLFs, we only need to clearly define the barrier functions with
respect to the red avoidance sets, and then the patching CLBF can be constructed easily
by the method in Section 6.4.1. As shown in Fig. 6.1, we have hy =1 — ((z; — 1)® + (w9 —
0.6)% + 22 — 0.5%) for Red; (upper right) and hy = 1 — ((z; + 1)? + (29 + 1)* + 22 — 0.5?)
for Redy (lower left), respectively. The goal set Green is defined as a ball region centered
at the origin with a radius of 0.1. Then, we construct a smooth barrier function with
7 = 5.2, and consequently patch it with the CLF with ¢ = 0.5. All 20 trajectories, initial-
ized from samples within the winning set, successfully realize the LTL specification with
the computed controller.
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Patched CLBF Safe ROA Estimation with Patched CLBF

-1.00 T T T T t T T
-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00

X2

Figure 6.1: Visualization on the x3 = 0 slice over the (z1,x3)-plane. Left: the certified
CLBF for the LTL specification (6.5.1). Right: the projected winning-set approximation,
indicated by the dashed green curve, and sampled state trajectories under u € [—3,3]3.
All state trajectories initialized in this approximation satisfy ¢.

Case 2: Omnidirectional Robot Control. Second, we consider an omnidirectional
robot [27] with state z = [x1, 9, 23] and control input u = [vy,ve,w]" € [—3,3]>. The
dynamics are given by

Ty cosrs —sinzs 0| |vy
To| = |sinxg coszz Of |vy
.j}g 0 0 1 W

As shown in Figure 6.2, the robot needs to complete a cyclic transfer task in a gated
workspace, where gate; and gate, open automatically upon robot proximity and are thus
omitted from the LTL specification. Starting from the processing station r4, the robot
alternates between two routes: one through 75, 7o, and gate; to reach r;, and the other
through r3, 77, and gate, to reach rg. In each route, the robot picks up a key before passing
through the corresponding gate and then returns to r4. The outbound and return routes
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are denoted by 91,9, and ), vj, respectively.

1 =714 A O(rs A O(ra A O(gate; A Or1))),
;=71 A Q(gate; A Q(ra A O(rs A Ory))),
o =14 A O(r3 A O(rr A Ogatey, A Ore)))
vy =16 A O(gatey A O(rr A O(rs A Ory))).

)

The overall LTL specification requires the two transfer cycles to be repeatedly executed
in an alternating manner:

@ = (=obs) AOO (91 AO (07 AO (92 A O 13))),

where obs = \/?:1 obs;. In this task, we need to decompose the overall LTL specification
into 16 transitions as described in Section 6.3. Regarding the barrier functions, we use a
log-sum-exp smooth approximation again, and then construct the barrier functions for each
T with 7 = 4 as well as a 0.5 safety margin for the obstacles to further ensure the robot’s
safety. As illustrated in Figure 6.2, for the first subtask p; = r4 A O(75), we can compute
the approximate winning set \Kﬁn(cp), shown as the purple hatched region. As an example,
the orange hatched region represents the approximate winning set m(ﬂo) for the subtask
w10 = 13 A O(r7), which captures almost the entire winning set of this local specification.
Consequently, for each subtask, we can immediately synthesize a controller for any states
within the approximated winning set, which provides robustness and flexibility without
solving QPs on the fly.
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—207 T7 6

—20 —10 0 10 20

Figure 6.2: Twenty trajectories of the omnidirectional robot initialized from different states
in a complex planar environment under the LTL specification using the proposed method.
The purple and orange hatched regions denote Win(y) and Win(7q0), respectively. The
controller is executed at 50 Hz.
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Table 6.1: Comparison of trajectory performance and computational cost. Values are
reported as mean =+ sample standard deviation over 20 trajectories.

Method T (S> Tstep (ms) Estep

Patched CLBF 15.47+£0.08 0.41+0.00 0.37+0.01

QP-CLF-CBF  26.51 +£0.43 1.67+0.02 0.89 %+ 0.00

With 20 different initial conditions sampled in the approximated winning set, we
further compare the proposed controller against the standard CBF-QP baseline with the
CLF-based controller via Sontag’s formula. For each trajectory i € {1,...,20}, let T}, M;,
and u;(k) denote the CPU runtime, the number of control steps, and the control input at
the k-th step, respectively. Since M; varies with the initial condition, we average the per-
trajectory metrics so that eaCh trajectory contributes equally. Specifically, we compute the

CPU runtime as T = 2% Z , T;, the CPU runtime per control step as Tstep 2% 22201 ﬁ_,

and the control-energy cost per control step as Egep = 55 Ly, ]\14 (K)|]3. As
shown in Table 6.1, the proposed controller achieves higher computatlonal efficiency by
avoiding QP solving at every control step, thereby reducing the overall computation time.
The proposed controller also yields a lower control-energy cost.

Additionally, Figure 6.3 illustrates that the maximum absolute values over all 20
trajectories,

|U1,maX(t)’ = E{laXQ ’Ul (1), ’U2,maX(t)’ = 71{1&}(2 |7]2 (O], |wmax(t)| = m7a>7(20 Jws ()],

stay below the bound throughout the execution, confirming that the synthesized CLBF-
based controller satisfies the input box constraint u = [vy, ve,w]" € [=3, 3]°.
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Figure 6.3: Maximum absolute control inputs over 20 trajectories for Case 2. The plotted
quantities |1 max(f)], [V2,max(t)], and |wWmax(t)| remain within the prescribed input bound
3.0, showing that the synthesized controller satisfies the box constraint u € [—3, 3]3.

Case 3: Crazyflie Quadrotor Experiment. Finally, we test our method on a Crazyflie
quadrotor for a planar task with the following LTL specification:

© = ag A\ Qa; AOOas A OOas A O(—obs) (6.5.2)

where obs = V2_ obs;. We use the single integrator with u € [—0.3,0.3]* for planning
with the proposed method, while the tracking is done with its default controller. This
specification requires the trajectory to start from region ag, avoid the three obstacle regions,
eventually visit region a;, and repeatedly visit regions ay and az. The simulation scenario
in Webots? and resulting trajectory are shown in Figure 6.4, and the corresponding real
experiment scenario and trajectory are shown in Figure 6.5. The results demonstrate
the practical executability of the generated temporal-logic task sequence while respecting
control constraints. Although the simplified planning model used in the real experiment
may introduce deviations, the recorded real-world trajectory follows the planned trajectory
and completes the specified task sequence, demonstrating the practical trackability of the
generated trajectory.

2https://www.cyberbotics.com/
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Figure 6.4: Webots simulation scenario and executed trajectory for the Crazyflie quadrotor.
The black, green, orange, blue, and pink regions correspond to obstacles, ag, a;, as, and
as, respectively. The red curve denotes the trajectory executed by the quadrotor.

Figure 6.5: The real experiment and executed trajectory for the Crazyflie quadrotor. The
colored rectangular boxes represent obstacles.
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6.6 Summary

This work presents a patched-CLBF framework for synthesizing switching feedback
controllers for continuous-state systems subject to LTL\ specifications and bounded in-
puts. By linking feasible temporal logic trajectories to CLBF level sets, the method decom-
poses the synthesis problem into a sequence of safe stabilization tasks and enables efficient
online execution. Simulations and a Crazyflie quadrotor experiment demonstrate the ef-
fectiveness of the approach. Future work will focus on reducing the conservativeness of the
certificate construction and improving scalability to higher-dimensional systems, for which
certificate search and patch verification become more challenging. The current framework
assumes that a reference word satisfying the specification is given in advance. Integrating
certificate verification with Biichi automaton search could enable the direct synthesis of
both a satisfying word and its corresponding controller.

Moreover, the proposed framework is sound but not complete: successful synthesis
guarantees specification satisfaction, while failure does not preclude the existence of sat-
isfying controllers. This incompleteness stems from the conservative, sufficient-condition-
based structure of certificate verification. Recent work derives conditions that are both
necessary and sufficient for specific formulations over finite traces, but these conditions do
not extend to general LTL synthesis for systems with continuous state spaces [114]|. By con-
trast, the proposed framework provides the formal guarantee that, whenever the procedure
succeeds, the synthesized closed-loop behavior satisfies the given specification [145].
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Chapter 7

Conclusions and Future Work

This thesis studies planning and control synthesis for nonlinear systems under tempo-
ral logic specifications. The main focus is to explore how task-level logical requirements can
be systematically incorporated into continuous-time motion planning and feedback control
design. To conclude the thesis, this chapter reviews the main contributions and discusses
related opportunities for future research.

Continuous-Time Signal Temporal Logic Planning

For continuous-time motion planning under STL specifications, this thesis investigates
trajectory representations based on Bézier curves for encoding robustness margins and for-
mulating MIP-based optimization problems. Chapter 3 established soundness guarantees
for the segment-level abstraction of STL satisfaction. This framework was further ex-
tended in Chapter 5 to the multi-agent setting, where inter-agent safety constraints were
incorporated to ensure collision avoidance while preserving STL satisfaction. These re-
sults not only support the generation of continuous-time reference trajectories that satisfy
STL specifications, but also exploit a time-varying robustness margin to ensure that the
corresponding tracking trajectories satisfy the same specifications.

The main limitations of the current framework are conservativeness and scalability.
Although the proposed time-varying robustness margin is less conservative than using
a fixed margin over the entire time horizon, the Bézier-control-point-based construction
can still be affected by the number and distribution of control points. In some cases,
increasing the number of control points may reduce the available robustness margin. Future
work could investigate alternative polynomial trajectory representations and robustness-
margin conditions to further reduce conservativeness while preserving formal satisfaction
guarantees.
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Scalability is another important limitation, as the computational cost of the MIP for-
mulation grows with both the complexity of the STL formula and the number of agents.
While Chapter 5 exploited the backward structure of the specification to reduce the com-
putational burden in the multi-agent setting, further improvements are needed for larger-
scale problems. In addition, the current soundness guarantees rely on exact binary en-
codings of STL predicates and logical operations, which makes extensions to approximate
or smooth robustness formulations nontrivial. Future work could therefore explore scal-
able approaches for temporal-logic-constrained systems, including decomposition-based,
distributed, and learning-based methods |75, , |. Another promising direction is to
investigate alternative STL robustness measures 100, , 39] that better balance compu-
tational efficiency and formal guarantees.

Robust Tracking Control for Temporal Logic Planning

Another key problem considered in this thesis is robust tracking control for nonlinear
systems, with the goal of ensuring that the resulting tracking trajectories satisfy STL spec-
ifications in the presence of initial tracking errors. Chapter 4 focused on high-dimensional
nonlinear quadrotor systems, building on geometric tracking control on SE(3) and incor-
porating matrix gains to derive formal tracking bounds. The same controller structure was
further used in the multi-agent setting in Chapter 5. These bounds quantify the deviation
between the planned and actual trajectories, thereby supporting STL satisfaction during
closed-loop execution.

However, the geometric tracking controller relies on an accurate quadrotor model. In
the presence of model uncertainties or external disturbances, the derived bounds may no
longer fully capture the actual tracking errors. Future work could therefore investigate
more general robust tracking frameworks, such as contraction-metric-based control [103],
robust and adaptive control [119], or control Lyapunov function-based tracking control [99],
to improve robustness under model uncertainties and broaden applicability across nonlinear
systems.

Certified Feedback Controller under Temporal Logic Specifications

Another direction explored in this thesis is certified feedback control for temporal logic
planning. Chapter 6 studied patching CLBFs as certified feedback controllers for charac-
terizing winning sets from which the LTL specifications can be satisfied. This framework
operates directly in the continuous state space and supports online implementation.

However, scalability remains a challenge for this approach in high-dimensional sys-
tems, especially during the verification step. In addition, the current construction provides
soundness guarantees, while completeness is generally difficult to guarantee. Future re-
search could investigate how counterexample-guided synthesis |1, | and neural network
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verification [60, 57] can be adapted to improve the construction and verification of patching
CLBFs under LTL specifications.

Real-World Experiments

The final aspect considered in this thesis is the real-world implementation of the
proposed planning and control frameworks. Chapter 6 presented a flight experiment on the
Crazyflie platform, where the quadrotor tracked the trajectories generated by the patching
CLBF-based planning framework and satisfied the corresponding L'TL specifications.

A natural direction for future work is to extend the proposed LTL-based framework to
uncertainty-aware robotic planning and control settings, including realistic disturbances,
sensing noise, and communication delays. These factors may widen the gap between for-
mally synthesized plans and the behavior of physical robots. Possible extensions include
temporal logic control under stochastic uncertainty [29], as well as semantic-map-based
temporal logic planning under perceptual and environmental uncertainty [15, 59].
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Appendix A

Appendix for Chapter 4

A.1 Derivatives of the Error Functions

Given the error functions (4.3.2)—(4.3.6), their time derivatives are derived as follows.

e Derivative of ¢,(t).
Ep(t) = Gur(t) = Ga(t) = eu(t). (A.L1)
e Derivative of ¢,(t). From (4.2.2) and (4.3.20), one has
mé,(t) = miy(t) — mija(t)
= —(Kpep(t) + Koeo(t)) + (f (1) R(t)es — Fu(t)) -

Assume that || Fy(t)| > 0 for all t > 0. Since f(t) = F] (t)R(t)es, b3(t) = R(t)es, and
bs.a(t) = Fa(t)/||Fa(t)||, the force error Af(t) := f(t)R(t)es — Fy(t) satisfies

)R
Agp(t) = (F] (t)bs(1))bs(t) — | Fa(t)[bs,a(t)
= [1EaO ((b3.4(1)bs(D)bs (1) — bsa(t))
Thus, é,(t) = — L (Kyep(t) + Kueo(t) — As(1)).

e Derivative of Ui (t). Let G(t) = R)(t)R(t) € SO(3). Given w,(t) € s0(3), the
following properties hold:

(A.1.2)

(A.1.3)

0 () = —@alt), (A.1.4)
GG (t) =13, (A.1.5)
GT (WG () = (GT(Hwa(®))" . (A.1.6)



Using the rigid body rotational kinematics R(t) = R(t)&(t) and Ry(t) = Ra(t)@a(t),
one can expand the time derivative of G(t). Applying the matrix transpose property
(Ra(t)wa(t))" = & (t)R, (t), recalling the skew-symmetry &' = —3 (2.3.7) and the
rotational property R#R' = Rz (2.3.11) from Lemma 2.3.1, and using G(¢)G (t) =
I3, the time derivative G(t) is evaluated as:

G(t) = Ry (OR(1) + Ry () R(t)
= (Ra(t)@a(t) " R(1) + Ry (1) (R(£)&(t))
= Qg (t)Ry (1) R(t) + Ry () R(t)w(t)
= —Qa(t)G(t) + Gt (1)
G(t)w(t) (A.1.7)

Thus, recalling the trace identity tr(Az) = —z"(A—A")" (2.3.9) from Lemma 2.3.1,
it follows that

Uy (t) = —%tr(KRG(t)éw(t))
! L (1) (KRrG(t) — (KRG(t))T)v (A.1.8)

=—e
2 w
= eZ(t)eKR(t).
Derivative of ey p(t). Let A(t) = KgG(t). Since Kp € S3 ., one has AT (t) =

G'(t)Kg. Recalling the matrix identity Az + A" = ((tr(A)l; — A") a:)/\ (2.3.10)
from Lemma 2.3.1, it follows that

érn(t) = = (AD)eu(t) + et AT (1)

tr(A(1)L; — AT (?)) ew(t)

(A.1.9)

N o/~

tr(KrG(t))s — G (t)Kg) eu(t)
(t)ew(t),
where €(t) := 1 (tr(KrG(t))Is — GT(t)Kg).

C N =N =N =
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e Derivative of e,(t). Let G(t) = R} (t)R(t) and e, (t) = w(t) — G (t)wq(t). Substi-
tuting G(t) = G(t)é,(t) derived above, recalling the skew-symmetry &' = —z (2.3.7)
from Lemma 2.3.1, and using the rotational dynamics along with the control torque
7(t) (defined in (4.3.22)), one has

éu(t) = (t) — GT(Hwa(t) — GT (t)ea(t)
= o(t) — e, ()G (twa(t) — G (t)wa(t)
= W(t) + é, ()G (H)wa(t) — GT()wq(t) (A.1.10)
= J ' (—w(t) x Jw(t) +7(t)) + ()G (H)wa(t) — G (t)wa(t)
= J (—exr(t) — Koew(t)) — 0(H)GT (Hwa(t) + éu(t)G T (H)wa(t)

Let q(t) :== G (t)wg(t). By the linearity of the hat map, e, (t) = w(t) — q(t) implies
éw(t) = w(t) — q(t). Hence, the last two terms in é,(t) can be simplified as

—O()GT (B)wa(t) + é,(1)G T (H)wa(t) = —0(t)q(t) + éu(t)q(t)
= —w(t)q(

t)q(t) + (w(t) — q(t)) q(t)
= —q(t)q(t)

(A.1.11)

=)

Y

where the last equality follows from the cross-product property &z = x xx = 0 (2.3.8)
in Lemma 2.3.1. Therefore, the time derivative of the angular velocity error reduces
to

ew(t) = Jil (—GKyR(Zf) — Kwew(t)) = —Jfl (GK’R(t) + Kw€w<t)). (A112)
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