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Abstract

Automatic sequences and morphic words lie at the intersection of automata theory,
logic, and combinatorics on words. Many of their structural properties can be formulated
as logical predicates over integer representations and decided using automata. This thesis
presents automata-based methods for efficiently constructing and verifying deterministic
finite automata corresponding to such predicates, and builds on this foundation to analyze
key combinatorial properties of morphic words, including the critical exponent and subword
complexity.

In the first part of this thesis, Chapters 2 to 4, we introduce the notion of self-verifying
predicates, which are logical predicates capable of verifying their own correctness. We show
how this property enables verification of candidate automata through a small set of induc-
tive conditions and allows the corresponding automata to be constructed deterministically
rather than through heuristic guessing. Building on Angluin’s L* learning algorithm, we
demonstrate that for such predicates, the associated minimal automata can be generated
in time polynomial in the size of both the automaton for the underlying sequence and the
resulting automaton, thereby avoiding potentially extremely large intermediate automata
that sometimes arise in Walnut. In particular, we give effective constructions for the
equality-of-factors predicate, which is used extensively in the second half of the thesis, as
well as for other self-verifying predicates, including periodicity of factors, addition relations
for numeration systems, and summation of synchronized sequences.

The second part, Chapters 5 to 7, applies the previously constructed equality-of-factors
predicate to investigate two central combinatorial measures of infinite words: the critical
exponent and the subword complexity. Although binary 3-uniform morphisms are used as
illustrative examples, the methods generalize naturally to all binary uniform morphisms.
For the critical exponent, we present a decision procedure implemented in Walnut that
detects whether the exponent is infinite and computes its exact rational value when fi-
nite. For subword complexity, we propose two complementary approaches: a constructive
method that combines established concepts to produce exact formulas for p(n), and a fully
deterministic procedure that implements Frid’s approach using Walnut. The new results
include explicit subword-complexity formulas for twelve morphisms, and critical-exponent
values for ten morphisms.

All algorithms and implementations developed in this thesis are made publicly available
on the Github repository Cashew as open-source code to support and facilitate further
research in combinatorics on words, and automata theory.
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Chapter 1

Introduction

1.1 Buchi arithmetic

Let k > 2 be a fixed integer, and let Vi(n) = sup{k’ : k' | n}. The first-order logical
theory (N, +,<,0,1,V}) is commonly referred to as Biichi arithmetic [10]. This theory
extends Presburger arithmetic and possesses sufficient expressive power to represent finite
automata, while remaining algorithmically decidable [9]. It is important to note that while
addition of integer variables is permitted within this framework, subtraction, multiplica-
tion and division of variables are not. However, a workaround to allow subtraction is to
reformulate it into an addition operation. For example, since the subtraction operation
x-y is not a primitive one in Buchi arithmetic, we can reformulate z = x-y into z+y = x.
Of course, the result is meaningful only when x > y in this case. Furthermore, multi-
plication and integer division by fixed constants are allowed, as they can be expressed
through repeated additions or subtractions, respectively. For instance, multiplication by
2 is expressible as n = x+x and for division by 3, we can use the predicate 3t (t<3) A
X = n+tn+n+t.

Biichi arithmetic is quite useful in combinatorics on words, since it can be used to decide
many claims about automatic sequences, provided the underlying numeration system is

addable [39]. A sequence (a(n)),>o is said to be automatic if it takes its values in a finite
set, and there is a finite automaton that, on input n expressed in the numeration system
N, reaches a state with output a(n); see [I]. An addable numeration system N is one for

which a finite automaton can compute the addition relation z + y = 2z, where z,y, z are
natural numbers expressed in N.

More precisely, the fundamental theorem of Biichi arithmetic is the following:



Theorem 1. There exists an algorithm that takes a first-order logical formula ¢ about
an automatic sequence in an addable numeration system, phrased in terms of addition
and indexing of integer variables, and computes an automaton that accepts exactly those
values of the free (unbound) variables that make ¢ true. If there are no free variables, the
computed automaton is a single state that accepts everything (TRUE) or rejects everything
(FALSE).

Example 1. Given an automatic sequence a = (a(n)),>o defined on an addable numera-
tion system, it is decidable whether a is squarefree; that is, whether it contains no squares,
which are two consecutive identical nonempty blocks. This follows because the property
of not having a square is first-order expressible:

—Ji,n(n>1) AVt (t<n) = a(i+t)=ali+n+t).

However, the worst-case running time of the decision procedure is truly formidable; it

is of the form
_2p(N)

2% :
where the number of 2’s in the exponent is equal to the number of quantifier alternations
in the formula, p is a polynomial, and N is the size of the logical formula. This is because
the algorithm depends on repeated applications of the subset construction from automata
theory [25], each one of which can potentially result in an exponential blowup in the number
of states. Nevertheless, the procedure is, rather surprisingly, often very useful in practice
despite this terrible worst-case running time [10, 17, 43, 3, 39].

In Biichi arithmetic, integers are represented as words x over a finite alphabet >*. To
represent j-tuples of integers (ns,...,n;), where n; is the integer whose representation
is the projection of the i-th coordinate of x, we use the alphabet 7. This may require
padding shorter inputs with leading zeros. If z € (¥7)*, we let [z] denote the tuple of
integers represented by x. The canonical representation of an integer n € N (that is,
the one without leading zeros) is written (n). This is generalized to j-tuples by writing
(n1,ng,...,n;). Throughout this work, we assume representations of integers are read with
the most significant digit first.

1.2 Walnut software

An automaton-based decision procedure for Biichi arithmetic, as well as certain related
theories based on other kinds of representations, has been implemented in the free software



Walnut [33]. It has been used in over a hundred research papers and books to confirm old
results, correct mistakes in the literature, and prove entirely new results [39].

The decision procedure for Biichi arithmetic implemented in Walnut supports integer
representation in various addable numeration systems, including base-k for integers k£ > 2,
the Fibonacci (Zeckendorf) numeration system, the Tribonacci numeration system, and
others. Walnut also allows users to define their own custom numeration systems.

Given a first-order logical formula ¢, Walnut produces a deterministic finite automa-
ton (DFA) accepting the values of free variables that make ¢ true. Furthermore, we are
guaranteed that the automata that Walnut computes are minimal. Walnut can also pro-
duce deterministic finite automata with output (DFAOs), where the output is a specified
function of the final state reached.

In some cases, Walnut returns no response to a query because its limit on space is
exceeded (roughly, that automata cannot have more than 232 transitions.) This can be the
case even if the final result would be small, because intermediate results can be extremely
large. This can occur even with a single quantifier and a very simple formula.

To illustrate the kinds of space consumption that can occur, consider the following
first-order logical formula for equality of factors of an infinite word x:

EqFac(i, j,n) ==Vt (t <n) = x[i +1t] =x[j +1].

It is true precisely when the length-n factor beginning at position 7 is the same as that
beginning at position j. Note that in this predicate, and all others we discuss in this thesis,
the domain of integer variables is assumed to be N = {0,1,2,...}, the natural numbers.
Moreover, the need for Biichi arithmetic, as opposed to the simpler Presburger arithmetic,
arises because we need to be able to express the i’th term of an automatic sequence X[i].

Nevertheless, since Walnut implements Biichi arithmetic, it can construct an automaton
evaluating this logical formula for automatic sequences x. For example, for the Thue-Morse
sequence, the resulting automaton takes the inputs ¢, j,n in parallel, has 14 states, and
the largest intermediate automaton formed during the computation has 408 states. To
construct it, one can use the Walnut command

def tm_eqfac "At (t<n) => T[i+t]=T[j+t]":

However, when we carry out the same construction for the so-called Tribonacci word
[16, 45] tr = 010201001020101020100102 - - - , using the Walnut command

def trib_eqfac "?msd_trib At (t<n) => TR[i+t]=TR[j+t]":

3



the largest intermediate automaton has 323,831,403 states (!), while the final result has
only 26 states.!

Therefore, it is desirable to have alternative methods to compute some of these basic
and useful automata. In this thesis, we develop a new technique for this, of both theoretical
and practical interest. It uses the observation that some of the most useful predicates are
“self-verifying” in a certain sense. In some cases, we can prove that our new algorithm
runs in time polynomial in the size of the automaton computing the original sequence x
and the size of the final result. In particular, the idea is based on Angluin’s algorithm,
discussed in Section 2.

While the concept of using self-verifying predicates to verify automata has been explored
in previous work [35, 11], the novelty of our approach lies in eliminating the need to “guess”
the automaton to be verified. Instead, the automaton is, so to speak, “built from the ground
up” in a completely deterministic fashion. More precisely, our main result is the following:

Theorem 2. If x is an automatic sequence and P is a self-verifying property, then we
can construct a minimal automaton Ap that recognizes the predicate corresponding to the
property P in time polynomial in the size of the automaton for x and the automata for the
predicates that prove the self-verifying property P.

For the second part of our thesis, we have two main results related to the critical
exponent and the subword complexity of the fixed points of binary uniform morphisms.
These results are proved in Sections 6 and 7, and can be stated as follows:

Theorem 3. For any binary uniform morphism h, with a fixed point x, we can deter-
ministically check whether the critical exponent o« = ce(x) is infinite. If it is finite, then
it has a rational critical exponent o = 3, and we have an algorithm to calculate o us-
ing poly(log(max(a, b))) predicates. Moreover, using Walnut, we can compute the subword
complezity of this fixed point px(n) for all values of n.

The final contribution of this thesis is the open-source release of all methods developed
and applied here, provided in the GitHub repository Cashew to support reproducibility
and future research.

IFor this particular example, some reformulations of the logical predicate result in much smaller inter-
mediate automata.


https://github.com/Mazen-Khodier/Cashew

1.3 Thesis outline

The current chapter introduced the background and motivation for this work, including
Biichi arithmetic and the Walnut software system, which form the foundation for the entire
work.

Chapter 2 gives an overview of Angluin’s (L*) learning algorithm and provides essential
context for the methodology of automata construction used to build predicates that possess
the property of “self-verification.”

Chapter 3 explores those self-verifying predicates, demonstrating how some automata
can be used to prove their own correctness. Using this methodology, we construct automata
for testing equality of factors, equality of a factor and the reversal of another factor, periods
of factors, and other useful predicates.

Chapter 4 discusses implementation details of this approach, presents experimental
results, and outlines optimization strategies. Building on these foundations, the remainder
of the thesis demonstrates how some of the automata we constructed, in combination with
Walnut, can be used to derive interesting properties of infinite words.

Chapter 5 introduces the two properties of infinite words in which we are interested for
the remainder of the thesis, alongside the necessary formal definitions needed to understand
them. These properties are the critical exponent of an infinite word and its subword
complexity. The chapter also provides a complete description of both properties for all of
the fixed points of the relevant binary 3-uniform morphisms.

Chapter 6 provides an in-depth discussion of the critical exponents of automatic se-
quences, including a deterministic algorithm for computing them for fixed points of uniform
morphisms using Walnut.

Chapter 7 discusses subword complexity and outlines a practical approach with the
steps required to do rigorous analysis that helps in computing the subword complexity for
infinite automatic sequences using either Walnut or linear representations. It also discusses
Anna Frid’s method [18] which provides a complete description of the subword complexity
of fixed points of uniform morphisms.

Finally, Chapter 8 presents relevant open problems and directions for future research
that arise from the results and methods discussed in this thesis.



Chapter 2
Angluin’s algorithm

Dana Angluin developed an algorithm [], sometimes called the “L* algorithm”, that allows
a learner to infer a finite automaton for a regular language L C »* from examples and
counterexamples. In her algorithm, the learner interacts with a teacher in two different
ways.

The learner can present a word w € »* to the teacher and ask if w € L; this is called
a membership query. The learner can also present an hypothesized automaton A for the
language L and ask if L(A) = L. If the teacher answers positively, the learner has now
found an automaton for L and the algorithm terminates. If, on the other hand, the teacher
answers negatively, they provide a counterexample to the learner; that is, a member of the
symmetric difference (L\ L(A)) U (L(A)\ L). We call all of this a hypothesis query. If the
minimal automaton for L has N states, then the total number of membership queries and
hypothesis queries, and their size, is bounded by a polynomial in N. More precisely, her
result is the following:

Theorem 4 ([!]). There exists an algorithm L* that learns a regular language L by per-
forming membership and hypothesis queries. If all negative hypothesis queries return coun-
terexamples of length at most m and the reqular language L has a minimal DFA of n states,
then the total running time s polynomial in m and n.

The algorithm maintains an observation table (S, E,T'), where S is a finite prefix-closed
set of words, F is a finite suffix-closed set of words, and 7" : (SUSX) - E — {0,1} is a map
that records the answers to membership queries in L. Prefix-closed means every prefix of
S is in S, and similarly for the suffix-closed property of E. Thinking of T" as a table with
rows labeled by S U S¥ and columns labeled by F, the table T is said to be closed if for
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each t € SY there is an s € S such that the row labeled s equals the row labeled t. It
is called consistent if whenever two rows are equal, labeled s; and ss, say, then the row
labeled sja equals that labeled by ssa, for all a € 3.

If both properties hold, the observation table (S, E,T) defines a deterministic finite
automaton (Q, X, qo, F,d) in a canonical way. Each distinct row of the table corresponds
to a state of the automaton. Formally, the state set is = {row(s) : s € S}. The initial
state is the row corresponding to the empty word, gy = row(e). A state row(s) is accepting
and in F' if and only if 7'(s) = 1. Finally, for each s € S and a € ¥, the transition from
the state row(s) on input a is given by d(row(s), a) = row(sa).

Starting from the empty word and the letters of the input alphabet, the algorithm
repeatedly repairs violations of closedness or consistency by extending S or E, respectively,
until a valid DFA can be constructed. This DFA is then submitted as a conjecture. If a
counterexample is returned, it is incorporated into the table and the process continues.
The algorithm terminates once the conjectured automaton is accepted by the teacher, at
which point it is guaranteed to be minimal. The pseudocode for this process is provided
in Algorithm 1.



Algorithm 1 Angluin’s L* Algorithm

e e e e e e T

17:
18:
19:

Input: Membership and equivalence query access, and the alphabet 3.
Output: Minimal DFA for the target regular language.
Initialize S <~ {X Ue€}, E + {¢}
repeat
while table (S, E,T') is not closed or not consistent do
if table is not closed then
Find s € S, a € ¥ such that sa has a new row
Add sa to S and update T’
end if
if table is not consistent then
Find s1,s9 € S, a € ¥, e € E witnessing inconsistency
Add ae to E and update T'
end if
end while
Construct DFA M from (S, E,T)
Submit M as an equivalence query
if a counterexample w is returned then
Add all prefixes of w to S and update T’
end if
until M is accepted
return M

Normally the teacher and the learner are separate entities. However, for certain kinds
of languages, corresponding to certain logical formulas about automatic sequences, we can
use Theorem 1 to construct an algorithm that plays the role of both learner and teacher, as
we will see in the next section. Currently we have no general theory characterizing exactly
for which kinds of logical formulas our technique works. Nevertheless, the general idea is
widely applicable and adaptable to a number of situations, as we intend to show in the

following sections.



Chapter 3

Self-verifying predicates

Informally, we say that a predicate P(n,z,...,z) is self-verifying if one can prove its
correctness using P itself by induction on n, together with proofs of a finite collection of
statements. These auxiliary statements serve as the basis for the induction proof, and
they involve small values of n in addition to easily checkable Boolean conditions on the
variables x, vy, ..., z. If the idea is not immediately clear, the reader will be able to deduce
the conceptual meaning from our first example, the equality of factors predicate.

3.1 Equality of factors

One of the most useful of all predicates for understanding the properties of an infinite word
x is EqFac, the equality of factors predicate we saw in Section 1.1; that is, given integers
1, 7,n, determine whether the length-n factors beginning at positions ¢ and j are the same.
If we want to understand aspects of x such as factor complexity (aka subword complexity),
the number of distinct blocks of length n appearing in x, then finding an automaton for
this EqFac is a critical building block.

However, because of the appearance of the V quantifier, the best estimate we can find for
the complexity of finding the automaton using Theorem 1, without more detailed analysis,
is an exponential upper bound on the size of the resulting automaton. We can potentially
see exponential blowup in intermediate automata, even if the final result is small.

In this section, by combining Angluin’s algorithm with a self-verifying predicate, we
prove the following result:



Theorem 5. If x is an automatic sequence, we can construct a minimal automaton A for
the EqFac predicate in time polynomial in the size of the automaton for x and the size of

A.

Of course, by “polynomial time” we mean polynomial in the number of bits of the in-
tegers involved. Also, it is important to distinguish this measure from the state complexity
measure, which is only concerned with the number of states in the minimal automaton. In
contrast, our use of polynomial time refers to the computational effort required to construct
the minimal automaton which, by extension, also includes the time needed to generate any
intermediate automata of varying sizes. For instance, as previously mentioned in Sec-
tion 1.2 while Walnut outputs minimal automata, it may generate very large intermediate
automata during computation. Hence, our notion concerns not only state complexity but
also computational complexity.

For the equality of factors problem, the language L in Angluin’s algorithm is
L={x€eVs : [z] = (i,j,n) and EqFac(i,j,n)},

where V; is the set of all valid representations of integer j-tuples in the underlying numer-
ation system. For example, if we are representing integers in base 2, then V3 = ({0, 1}3)*.
In particular, we note that a standard convention is that if an input is accepted, then so
are all inputs that start with an arbitrary number of leading zeros. We enforce this by
insisting that from the initial state, a transition on the input [0, 0, ..., 0] always leads back
to the initial state.

3.1.1 Membership queries

We now explain how the membership queries for L required by Angluin’s algorithm can
be carried out in polynomial time for EqFac.

Given x, the first thing we check is that we have used only legal representations in the
underlying numeration system. For example, if we are working in the Fibonacci numeration
system, we have to check that the projection of = into the binary strings representing three
integers 1g, jo, o have no two consecutive 1’s. If any of them do have two consecutive 1’s,
then = & L.

Now we know that the input is a legal representation of a triple of integers (ig, jo, n0)-
We want to determine if x[ig..79 + no — 1] = x[Jo..Jo + 1o — 1]

A small difficulty is that given an automaton for x that maps n to x[n], it is not
immediately clear how many states are needed for (i,n) — x[i + n]. However, recently in
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[15], the following result was proved: given an automaton A for x that maps n to x[n], one
can construct an automaton for (i,n) — x[i + n| in time quadratic in the number of states
of A.

However, when considering x[i+c|] where ¢ is some fixed constant, we could nevertheless
get an automaton whose size depends linearly on c¢. For example, suppose we wish to check
in the Thue-Morse sequence T" whether the (i + 1000)-th symbol T} 1000 is equal to 1. We
can use generate an automaton to achieve that using one of the following two Walnut
predicates:

[(Walnut]$ def p1 "T[i+1000]=@1":
computed ":1 states - 20ms
computed ":2 states - 4ms
T[(i+1000)]=0@1:1252 states - 87ms
Total computation time: 159ms.

[Walnut]$ def p2 "T[jl=0@1 & j=i+1000":

T[j]=01:2 states - Oms

j=(i+1000) :17 states - 3ms
(T[j]=01&j=(i+1000)) :33 states - 6ms

Total computation time: 12ms.

We see that p2 produces an automaton with only 33 states, which is reasonable since:

[Walnut]$ def tmpl "T[i+t]=@1":
T[(i+t)]=01:4 states - 14ms
Total computation time: 47ms.

[Walnut]$ def tmp2 "j=i+1000":
j=(i+1000) : 17 states - 4ms
Total computation time: 8ms.

However, pl surprisingly has 1252 states! The reason for this large difference is that
when Walnut processes the predicate T[j1=0@1 & j=1i+1000, it does not construct the same
automaton as for T[i+1000]=@1; instead, it builds a new one that takes two inputs, ¢ and
j, rather than just one. Thus, the substitution of certain constants can, in some cases,
cause a significant blow-up in the size of the automaton. Ideally, however, we would like
the size to depend on the logarithm of the constant instead.

11



To achieve that and avoid the potential blow-up problem, we use De Morgan’s law
to rewrite a V query to a 3 formula. Furthermore, we avoid computing the DFA for
Jz ¢(z); instead we compute the automaton for ¢(x) and use breadth-first search (BFS)
to determine whether any string is accepted, and if so, what a shortest such string is.

Thus, the first step is create the automaton E(i, j,n,t,u,v) for the expression
(t<n)AN(u=i+t) AN (v=j+1t) A (x[u] # x[v]).

The automata for the first three conjuncts each have a constant number of states, and so
do the automata for the intersection of the corresponding languages. The last conjunct
can be expressed as an automaton using O(N?) states, where N is the number of states
in the automaton for x. Constructing the automaton for E(i, j,n,t,u,v) needs to be done
only once, at the very beginning of the algorithm.

Now we want to evaluate EqFac(ig, jo,ng) for some specific (i, jo,n0). To do this,
we create automata accepting 0*(ig), 0*(jo), and 0*(ng). These individually require only
O(log max(ig, jo, o)) states. With additional intersections we create an automaton FE’
accepting only those 6-tuples (7, ,n,t, u,v) for which ¢ matches iy, 7 matches jj, and n
matches ng. We now perform breadth first search in F’, to see if E' accepts anything; that
is, if an accepting state is reachable from the start state. This can be done in linear time
in the size of E’, which is polynomial in log max(ig, jo,n0). If £’ accepts anything, then
EqFac(ig, jo, no) is false; otherwise it is true.

Thus, for the equality of factors problem, we can perform membership queries in poly-
nomial time.

3.1.2 Hypothesis queries

Now we explain how to implement hypothesis queries efficiently. Given an automaton A,
we want to check whether L(A) = L. The crucial point is that EqFac is self-verifying;
that is, provided certain logical formulas about A hold, they provide us with a proof by
mathematical induction that the automaton A is correct. In the case of EqFac, an easy
induction on n shows that a putative automaton A correctly decides EqFac if and only if
all of the following assertions hold:

1. A accepts no illegal representations for i, j, n (representations that are not permissible
in the given numeration system);

2. the initial state of A transits to itself on input [0, 0, 0];

12



3. Vi, j Ali, 5, 0];

4. Vi, j,n Ali,j,n+ 1] < (A[i,j,n] A x[i +n] = x[j + n]).

Conditions 3 and 4 form the basis of a proof by induction on n that A is correct. Although
it is perhaps not immediately obvious, we can check all of these conditions in polynomial
time; in the case of conditions 3 and 4, by reformulating them with De Morgan’s laws.

Condition 3 can be restated as
—3i,5,t (t=0) A (=A[i,7,t]).

This can be checked by complementing A, intersecting with the automaton accepting
(3*%,3*,0%), and using BFS to check if there is a path to an accepting state. If there is
none, then condition 3 holds; otherwise it fails and a counterexample (i, jo,0) is given by
the label of the path to any accepting state.

For Condition 4, we first rewrite it as

Vi, j,n,t,u,v (t=n+1Au=i+nAv=j+n) =
(Ali, 5. 1] <= (Ali,j,n] A x[u] = x[v]))

and then use de Morgan’s law to replace the V with the disjunction of the following three
statements:

=i, j,n,t (t=n+1) A (=A[i,j,n]) N Ali, j,1]

—3i,j,n.t,u,v (t=n+1) A (u=i+n) A (v=7+n) A (2A[i,5,t]) N Ali, j,n]
A x[u] = x[v]

=i, j,n,t,u,v (t=n+1) A (u=i+n) A (v=7+n) A x[u] #x[v] A Ali,J,].

In all three cases we can test the conditions by forming intersections of languages created
by the direct product of automata, followed by BFS to check if an input is accepted. If
no input is accepted, then A is the correct automaton. Otherwise, A accepts some word
that provides the needed counterexample (g, jo, n0). Actually, we do not know, a priori,
whether it is Alig, jo, no] or Alig, jo, no + 1] that is wrong, so some additional membership
queries may be necessary to determine which value is incorrect.

We can now put everything together to prove Theorem 5.

Proof. As the analysis of Angluin’s algorithm shows, if the minimal automaton A has
N states, then the total number of membership and hypothesis queries is bounded by
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a polynomial in N. Moreover, the construction of our automata for these membership
queries ensures that their size is also polynomially bounded. Finally, we showed that each
hypothesis about A is evaluated in polynomial time after reformulating the conditions using
De Morgan’s laws and using breadth-first search. Using BFS also ensures that the length
of the longest counterexample is bounded by a polynomial in N. Hence, the total running
time is polynomial in N, and the size of the automaton for the automatic sequence x. [

Using this method, the equality of factors predicate for the Thue-Morse sequence was
constructed as shown in Figure 3.1. For clarity, The dead state has been removed. Similarly,
we can check formulas like

Vi (t<n) = x[i+t]=y[j+1]

for two automatic sequences x and y defined over the same numeration system.

In what follows, we omit explicit mention of conditions 1 and 2 above, although we
always need them to check that a hypothesized automaton A is correct.

3.2 Equality of reversals of factors

Another self-verifying predicate involves checking equality of a reversal of a factor. Let
w® denote the reversal of the word w so that, for example, (drawer)’ = reward. Another
useful predicate, EqRevFac, asserts that x[i..i + n — 1] = x[j..7 + n — 1]%. As a special
case, we can use this predicate to test whether a factor is a palindrome.

We can use exactly the same technique as in the previous section, based on the fact
that EqRevFac is self-verifying just the way EqFac is. More precisely, if A is a claimed
automaton for EqRevFac, it is correct if and only if

1. vi,j Ali, j,0;

2. Vi,5,n Ali,j,n+1] <= (Ali +1,j,n] A x[i] =x[j +n]).

We leave the details to the reader.
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[0,0,1], [1,1,1]

[1,0,0], [0,1.0]

[0,0,1], [1,1,1]

Figure 3.1: Equality of factors predicate for the Thue-Morse sequence

3.3 Periods of factors

Let x = z[l..n] be a finite word. We say that p is a period of x if x[i] = x[i 4 p| for all
such that 1 < i < n — p. From the definition we see that 0 is trivially a period of every
word. Furthermore, if x is of length n, then every integer > n is also trivially a period
of x. Often these edge cases are not considered valid periods, but in order to show that
period is self-verifying, we need to regard them as periods.

Consider the predicate Per(i, n, p) that asserts that p is a period of x[i..i +n — 1]. This
is a very basic assertion that can be used to determine whether a given factor is an overlap
(of the form azxaxa, where a is a single letter and x is possibly empty), a square (of the
form zz with x nonempty), a cube (of the form zxx with x nonempty), and so forth, and it
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is very desirable to be able to find the corresponding automaton efficiently. We can write
a first-order logic formula for this as follows:

Vi(t+p<n) = x[i+t]=x[i+1t+Dp)],

and use Theorem 1 to find an automaton computing it. However, this may result in a large
intermediate automaton, even when the final result is small.

Of course, we can also express Per(i, n, p) using the EqFac predicate, but it is possible
that the automaton for Per is smaller and hence easier to compute directly by our method.

Suppose A is an automaton that is claimed to compute the predicate Per(i,n,p) that
asserts that p is a period of x[i..i +n — 1]. Then A is correct if and only if the following
conditions hold.

1. Vi,p Ali,0,p];

2. Vi,n,p Ali,n+1,p] <= ((p=n+1)V (p <nA Ali,n,p] Ax[i+n] = x[i+n—p])).

These can be translated into d predicates just as we did for the case of EqFac. Notice that
the subtraction can be handled by introducing a new variable ¢ and imposing the condition
t+p=1+n.

3.4 Creating an adder for a numeration system

Using Walnut requires choice of a numeration system. For some numeration systems, such
as base k for k > 2, the numeration system is built in.

One of the crucial requirements for Walnut’s algorithm to succeed is that the numeration
system be addable; that is, there is a finite automaton recognizing the addition relation
rT+y==z.

For more exotic numeration systems, such as those based on a Pisot number [20, 21, 8],
constructing the adder can be a bit of an onerous task. However, Angluin’s algorithm
allows it to be constructed “from the ground up” when it exists, because the adder itself
is self-verifying. This was already pointed out in [23, Remark 2.1], and we simply reprise
this below.

The first step is that we need an incrementer; that is, an automaton Incr that accepts
a pair of inputs (n,z) in parallel if and only if # = n + 1. This can be generated by
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combining the automaton recognizing the legal representations in the numeration system
with an automaton that compares two inputs lexicographically, as discussed in [36, p. 37].

Membership queries are more or less trivial and do not require Walnut.

Now suppose we have an automaton A that we hypothesize computes the addition
relation. We claim A is correct if and only if both of the following conditions hold (in
addition to the conditions on the validity of the representations and leading zeros).

1. Yy, z A[0,y,2] <= y = z;

2. Vz,y,z,t,u (Incr(x,t) A Incr(z,u)) = (Alz,y, 2] <= Alt,y,u]).

These two conditions provide the basis and the induction step, respectively, for an induction
proof on z that A is correct.

These two conditions can be rearranged, as we did above, to consist of existential
claims that can be verified efficiently with BFS. If they fail, short counterexamples can be
computed with BFS, too.

For other recent discussions of “automatically” obtaining an adder for a numeration
system, see [5, §4.1] and [31].

3.5 Summation of synchronized sequences

We say a sequence (or function) (b(n)),>o from N to N is synchronized if there exists
an automaton B that accepts the representation of those pairs (n,z) € N x N for which
x = b(n). In this case we call B synchronized also. See [38] for more information about
these sequences. Notice that it is possible that n is represented in one numeration system,
while z is represented in some other numeration system. An example of this is the rarefied
Thue-Morse sum automaton from [11], which accepts inputs (n,z) if and only if z =
> o<icn(—1)"3) where ¢(i) is the i-th bit of the Thue-Morse sequence.. For this automaton
n is represented in base 4 while x represented in base 3,

Often we would like to do partial summation on such a sequence, defining c¢(n) =
> o<icn 0(7). Unfortunately there are examples where a is synchronized but the partial sum
sequence b is not. As an example, consider the synchronized sequence ps = 11010001 - - -,
which is 1 if n + 1 is a power of 2 and 0 otherwise. Then the partial sum sequence of p-
is given by [log,n] + 1 for n > 1. However, this kind of growth rate is impossible for a
synchronized sequence [38].
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Nevertheless, in some cases the partial sum sequence is synchronized, and if it is, then
we would like to construct the automaton for it. Luckily, the assertion that c is the
partial sum sequence for b is self-verifying. In addition to the usual checks involving legal
representations and leading zeros, in order to verify that an automaton C' for ¢ is correct,
we only need to check that C' satisfies the following:

(a) Vz C[0,2] <= x =0;

(b) Vn,t,u,y,z (u=n+1ANz=t+y A Bn,t]) = (Cln,y] < Clu,z]).

Condition (a) provides the basis, and condition (b) the induction step for a proof by
induction on n that C|n,z] holds if and only if ¢(n) = z. These two conditions can be
turned into existential claims that can be verified with BF'S, as before.

There is also the issue of how to compute membership queries. Here we are presented
with n and z and we want to determine whether ¢(n) = z. This can be done as follows:
from the synchronized automaton B for b, first determine a linear representation for b(n).
Recall that a linear representation consists of a row vector v, a column vector w, and
a matrix-valued morphism ~ such that b(n) = v - y(y) - w for all representations y of n
(including those with leading zeros). This linear representation can be trivially computed
in linear time in the size of B, as explained in [39, §9.8].

Once we have the linear representation for b, we can compute a linear representation for
c using a fairly simple transformation that only increases the size of the linear representation
by a constant factor [12]. And from the linear representation we can compute ¢(n) and
check to see whether it equals x, in polynomial time in logn.

Thus once again we can use Angluin’s algorithm to compute the automaton C' for the
partial sum sequence c, if it exists. Unfortunately, we have no general method to know
a priori whether C' exists. If it does not, Angluin’s algorithm will run forever. If it does
halt, however, we are guaranteed that the computed automaton C' is correct and that
the running time is bounded by a polynomial in the size of B and the size of a minimal
automaton for C. Using this method, the partial sum predicates for the Thue-Morse
sequence and the Fibonacci word were constructed, and dead states were removed as can
be seen in Figures 3.2 and 3.3 respectively. For clarification, the inputs to the automaton
in Figure 3.2 are integers n and x, represented in base 2, and the automaton accepts if and
only if # = >, _,_, t;, where ¢; denotes the i-th term of the Thue-Morse sequence.

In some cases Walnut can handle those sequences b that take negative integer values. For
example, this is true for k-automatic sequences, which we can accept using an automaton
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Figure 3.3: Partial sum automaton for the Fibonacci word

defined over base —k, and for Fibonacci-automatic sequences, which we can accept using
an automaton in the negaFibonacci system. In some cases, then we can compute automata
for partial sums ZOQ < b(3) for integer sequences, not just sequences of natural numbers.
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For more details about negative numbers in Walnut, see [20].

One of the most useful examples of this technique is the symbol-counting predicate
Count,(n, z) which is true if and only if x = |x[0..n — 1]|,, the number of occurrences of
the symbol a in the length-n prefix of x. If Angluin’s algorithm produces an automaton for
Count,(n, z), then we can also compute |x[i..i + j — 1]|, via subtraction. This is essential
in understanding the abelian properties of an automatic sequence, such as the presence or
absence of abelian powers. (Recall that a factor x is an abelian k’th power if x = z125 - - -z,
with each x; a permutation of x;.)

We implemented Angluin’s algorithm to successfully deduce the automaton for the
partial sums of the Thue-Morse word, Fibonacci word, and Tribonacci word as well as
the rarefied Thue-Morse sum automaton from [11]. see Table 4.2 for a summary of the
computation.
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Chapter 4

Implementation details and results

4.1 Membership queries

In practice (as opposed to theory), there are various algorithmic engineering techniques to
speed up the approach we have outlined in this thesis.

For example, for the equality of factors predicate, membership queries involve testing
whether x[i..i +n — 1] = x[j..7 +n — 1] for some specific triple (i, j,n) = (4o, jo, no). There
are three ways to evaluate this, as follows:

First, we can evaluate this predicate directly from the automaton for x. In general,
this uses ©(n) operations on integers of magnitude ©(max(i,j,n)), which is clearly not
polynomial time in logn. Nevertheless, in practice this is likely to be extremely fast, so if
no is small (say ng < 107) then we can evaluate the query more efficiently in this way.

Second, we can evaluate this predicate by substituting the specific values (i, j,n) =
(70, Jo, no) in the predicate and evaluating the resulting predicate in Walnut. This could end
up taking even more time, asymptotically, since it involves creating intermediate automata
computing the functions ¢ — x[ig + t] and ¢ — x[jo + t], which, when combined by
x[ig + t] = x[jo + t], could theoretically result in an automaton of size Q(max(ig, jo)?).

There is also another practical limitation here: in its current implementation, Walnut
cannot process queries involving integers larger than 23! —1. So it seems that this approach
is unlikely to be competitive in practice with the first approach, except perhaps if 7q, jo are
small (say < 10%) and nyg is large (say 107 < ny < 231).

The third approach, previously outlined in Section 3.1.2, uses Walnut to build the
“equality of factors” automaton without quantifiers once, and then intersects it with small
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automata that accept only the specific values of the tuples we wish to test. This can be
done in polynomial time.

Similarly, computing partial sums ) _,_, b(7) of a synchronized sequence (b(i)) can be
done either directly in O(n) time, or via linear representations with logn multiplications
of a vector times an r x r matrix, where r is the rank of the linear representation. This
costs ©(r?logn). For small n the direct method will beat the linear representation, so
some software engineering is needed to make sure membership queries are as efficient as
possible.

Another way to compute the linear representation for the partial summation is as
follows. If b(n, ) is the synchronized automaton for b, then the Walnut command

def sumb "Ex $b(n,x) & i<n & j<x":

will directly compute the linear representation (as a Maple file) for c(n) = > ., b(i).
Unlike the method of the previous paragraph, because of the presence of the 3 quantifier,
we cannot rule out the possibility that this could result in exponential blowup (in the size
of the automaton for b).

4.2 Optimizing performance

A primary bottleneck in our implementation of Angluin’s algorithm is the consistency test.
Aside from the fact that every table entry needs to be queried once to be filled, the check
for consistency requires querying strings that are not even in the table. In the worst case, to
check for consistency we must perform O(]S|-X-|E|) membership queries. However, many
membership queries could actually be looking at the same string but split at different points
into S and E. Thus, we cached query results into a hash table. This simple optimization
technique reduced the total runtime of the algorithm on the equality of factors predicate
for the Thue-Morse sequence from 1672.2 s to 124.6 s. Other runtime statistics, after using
a hash table, are shown for different words in Table 4.1. The execution times in the table
are measured in seconds.
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Table 4.1: Performance of the EqFac predicate on four automatic sequences.

EqFac
Metric Thue-Morse Baum-Sweet Fibonacci Tribonacci
Substitution method time 89.8 4402 323.1 2046.4
Intersection method time 439.5 20230.3 296.1 2687.1
# of unique queries 1672 75243 1032 4816
# of incorrect hypotheses 7 43 6 11
Longest counterexample 4 8 3 7
Longest queried string 8 15 6 11
Final # of states 15 130 12 27
Final | S| 26 210 16 40
Final |E| 9 51 9 17

Table 4.2: Performance of the partial and rarefied sum predicates on different automatic
sequences.

Partial sums Rarefied sums [11]

Metric Thue-Morse Fibonacci Tribonacci Thue-Morse
Total time (in seconds) 1.4 32.2 3243.4 6156.2

# of unique queries 132 146 12932 3548

# of incorrect hypotheses 3 3 23 9
Longest counterexample 3 4 11 4
Longest queried string 6 7 18 9

Final # of states 7 7 89 17

Final | S| 8 11 133 29

Final |E| 5 4 32 11

4.3 Walnut considerations

Several engineering details related to Walnut, and outside the core algorithm, can affect
performance. First, reusing a single Walnut process throughout the run avoids repeated
startup overhead. Second, we found Walnut’s built-in BFS in the test command to be
inefficient. So, instead we used Python implemented a simple BFS for finding shortest
counterexamples. Also, as mentioned in Section 3.1.2, to ensure each membership test
remains polynomial-time, we rewrote key predicates in order to avoid Walnut running into
exponential behavior.

We also faced a problem when trying to reject invalid representations. For example,
we need to use ?msd fib to let Walnut know that we are currently using the Fibonacci
numeration system. However, in the case of the Fibonacci word if we write all of the
counterexample predicates using ?msd_fib, we won’t actually be able to reject the invalid
representations. This is due to the fact that Walnut automatically does not accept these
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invalid representations, so they will never be suggested as counterexamples as they are
not part of the test. To work around that, we added one predicate at the beginning for
rejecting invalid representations and used ?msd_2 instead. This technique is needed no
matter what numeration system we are dealing with. The reason is that Walnut is able to
consider all binary sequences when using ?msd_2, so we are able to isolate the invalid ones
in this separate predicate.

Finally, a crucial consideration is the ordering of the counterexample predicates. Since
the hypothesis tests are essentially doing an induction, we must ensure that the already
accepted strings are in fact correct. Otherwise, we will be enforcing the algorithm to accept
even more incorrect strings instead of rejecting them. For instance, the last hypothesis
query mentioned in 3.1.2, was not written as a single test when programmed. Instead,
each conjunction was used as a separate test and their orders were reversed. By using
the third conjunction first, we ensure that we reject incorrect strings before building upon
them as in the second conjunction.
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Chapter 5

Binary 3-uniform morphisms

5.1 Motivation

In combinatorics on words, the properties of critical exponent and subword complexity play
important roles in understanding the structure of words and sequences. These properties
provide insights into the periodicity and repetition within words, The critical exponent
measures the maximum ratio of a factor’s length to its smallest period, with higher values
indicating greater local periodicity, and has applications in areas such as string matching
algorithms [32]. Subword complexity counts the number of distinct blocks of a given length
within a word, and has different applications even in branches of cryptography [11]. Binary
k-uniform morphisms, which map each letter of a binary alphabet to a fixed-length word
of k symbols, provide a simple yet useful framework for studying both of these properties.

Our methods for determining the critical exponent and subword complexity of fixed
points of binary 3-uniform morphisms rely heavily on the equality of factors and periods
of factors predicates, both of which can be constructed in polynomial time by utilizing
Angluin’s algorithm as shown in Sections 3.1 and 3.3 respectively. Building on these
foundations, we now turn to a detailed investigation of the critical exponent and subword
complexity for binary 3-uniform morphisms for the rest of the thesis. However, before
going into the technical details, we need to get some definitions out of the way.

5.2 Formal definitions
We start with some useful preliminary definitions.
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Definition 1 (Integer Power, Rational Power). For a positive integer p and a non-empty
word x, we define the p-th power of x, written as x? = xxx ---, to be x concatenated with
itself p times. Moreover, if q divides |x|, then the p/q-th power of z is the prefix of length
(p/q)|z| of the word x* = xxx---. For example, (ent)”/? = entente.

Definition 2 (Period). A nonempty finite word w has a period p > 0 if there is a prefix x
of w such that |z| = p and w = x* where 1 < a € Q.

Definition 3 (Exponent). For a finite or infinite word w with p as its smallest period, the
exponent of w is exp(w) = |w|/p. Thus, for example, the French word tentent has periods
3,6,7 and exponent 7/3.

Of course, if the exponent is irrational, it is not attained by any finite factor of w.

Definition 4 (Critical Exponent). The critical exponent of a word w, written as ce(w),
is the supremum of exp(z) over all finite non-empty factors x of w.

Informally, it determines an upper bound on the maximum repetition possible within
a word, and as we will see in the upcoming sections, this bound is not necessarily attained
in all infinite words.

For example, the word lophophore contains the string ophopho which has length 7,
period 3 and exponent 7/3. Thus, the critical exponent of lophophore is 7/3.

Definition 5 (Subword Complexity). For a word w, we let p,(n) be the number of distinct
factors of length n in w.

Definition 6 (Morphism). A morphism h is a mapping that satisfies h(zy) = h(x)h(y)
for all words x and y. If the alphabet consists of exactly two letters, then it is a binary
morphism. A morphism is said to be k-uniform if it maps each letter of the alphabet to a
word of length k.

Definition 7 (Fixed Point of a Morphism). An infinite word w is called the fixed point
of a morphism h if h(w) = w.
5.3 Studied morphisms

We note that there are 2° possible binary 3-uniform morphisms. There is a clear symmetry
among the 64 morphisms because the roles of 0 and 1 can be swapped. Thus, to ensure

26



a fixed point starting with 0 for example, the image of 0 must itself start with 0. This
reduces the number of distinct morphisms to 32 considering letter renaming. Moreover,
all morphisms in which both the images of 0 and 1 map to the same string x result in the
periodic word 2. In other words, these 22 = 4 cases are considered trivial.

Furthermore, if in a morphism A the image of 0 contains no 1, in other words 0 maps to
000, then h*(0) = 0“. This gives us another 7 trivial cases that can be excluded. Finally,
we claim that the fixed points of the morphisms 0 — 010,1 — 101 and 0 — 011,1 +— 111
are also ultimately periodic. The former has a fixed point of (01)“ while the latter has a
fixed point of 0(1)“. Consequently, we are left with the 19 morphisms listed in Table 5.1.

Word Morphism OEIS Critical Exp. [28] Complexity p(n) For n >
3-adic 0— 001,1 — 000 A182581 6 P3-adic (1) * 3
MK1 0—001,1 — 010 A189628 7/2 =235 2n — 1* 2
Stewart choral [17] 0—001,1 — 011 AILI6L78 3 2n 1
MK?2 0—001,1 — 100 A189632 4f 3n — 3* 3
Ferenczi 0—001,1 — 101 A189640 3[17] 2n 1
Mephisto-Waltz (MW) 0 — 001,1 — 110 A064990 3 dn — 4* 2
Rote 0—001,1 — 111 A189820 00 2n 1
3-adicV2 0 — 010,1 — 000 A356982 6 P3-adicva (1) * 3
MK3 0— 010,1 — 001 A189664 7/2 2n — 1* 2
unds - 1 [17] 0—010,1 — 011  A0S0816 3 o 1
MK4 0 — 010,1 — 100 A189668 7/2 2n — 1* 2
Noche [17] 0—010,1 — 110 A189673 3 2n 1
Sierpinski 0—010,1 — 111 A316829 00 2n — 1* 2
MK5 0—011,1 — 000 A189816 15/2 =17.5 puis (1) * 5
MK6 [17] 0= 011,1 — 001 A 189706 3 on 1
Sierpifiski gasket [17] 0 — 011,1 — 010 A156595 3 on 1
MK7 0—011,1 — 100 A189718 3t 4dn — 4% 2
MKS 0—011,1 — 101 A189723 7/2 2n — 1* 2
MK9 0—011,1 — 110 A189727 4t 3n — 3* 3

Table 5.1: Table of aperiodic fixed points of binary 3-uniform morphisms. A dagger signifies
that the critical exponent is attained for this word. An asterisk means the entry is a new
result of this thesis.

In our thesis, we will focus only on the 12 highlighted morphisms in Table 5.1, identi-
fied by asterisks. However, it is worth mentioning that the critical exponents of the fixed
points of these morphisms have already been computed before [28, Table 5.1]. Moreover,
the morphisms with critical exponent 3 and factor complexity 2n have been previously
characterized in [17]. Finally, the last column of Table 5.1 indicates the value n, such that
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for all n greater than or equal to this value, the subword complexity formula holds. In Sec-
tion 7, we will describe the procedure used to compute the following subword complexities:

) () on—2-3, if3-3r<n<5-3;

3-adic\T) = P3-adicv2\Tt) =

pa-ad Piradicv2 n43-3, if5-3"<n<3. 3+
3n—1(7-37+3), ifd. 3t +i<n<cBogg L

puKks(n) =

2n + 37 — 1, if B.gr+lpl<p<3.grit g L
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Chapter 6

Critical exponent

The fixed points of uniform morphisms always have infinite or rational critical exponents
[37]. Since every rational number can be represented by a continued fraction, we can search
for this continued fraction instead. However, we first need to check whether the word has
an infinite exponent or not.

6.1 Checking for infinite critical exponent

We can check if an infinite word x has an infinite critical exponent as follows:

First, create an automaton A using Walnut that accepts the following language L:

L ={(n,p) : There is a factor of x with length n and period p,

and p is the least period over all factors of length n of x}.

Theorem 6. Then the critical exponent is infinite iff the resulting automaton has N states,
and there is a pair y = (n,p) such that o> EN.

Proof. The forward direction of the claim is straightforward. For the reverse direction,
we use two key facts. The first is that since n > k"p, we know that (p); starts with at
least N “0”s and n starts with a nonzero digit. The second fact is that we can apply the
pumping lemma on z because |y| = |(n,p)x] > kY > N which is the number of states
of the automaton A. Hence, by writing y = wow with |uv] < N and |v| > 1, we have
wv'w € L for all i > 0. In other words, we can generate longer words accepted by A with
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factors having the same period p, but with arbitrarily large length. In other words, we can
generate words in uv'w € L with arbitrarily large exponents exp (uv‘w) — oco. Thus, the
critical exponent of the word x is infinite. See [37, Theorem 8] and [39, §10.6.5]. O

The following are the Walnut predicates implemented to achieve this on two different
examples:

morphism g "0->001 1->010":
promote MK1 g:
# We define the required morphism as MK1 in Walnut
def haspmkl "?msd_3 p>0 & p<=n & Aj (j>=i & j+p<i+n) => MK1[j]=MK1i[j+p]":
# Does MK1[i..i+n-1] have period p?
# 28 states
def leastpmkl "?msd_3 $haspmkl(i,n,p) & (Aq (g>=1 & g<p) =>
“$haspmkl(i,n,q))":
# Is the period p of MK1[i..i+n-1] minimal over all factors of length n?
# 42 states
def npmkl "?msd_3 Ei $leastpmkl(i,n,p)":
# For a starting index i, does n and p belong to the language?
# 53 states
reg threeb3 msd_3 msd_3 "([0,0])*([1,0]][2,0])([0,0]1[1,0]][2,0])
(fo,0]1[1,0]1[2,0])(L0,0]I[1,0]1[2,0]]
(0,11101,111[2,1]1[0,2] I [1,2]1([2,2])*":
# Takes two inputs x and y and asks is x>=y*3753+c? Where c>1
# "([0,0]1[1,0]1[2,0])" is written 53 times but truncated for visibility.
# 56 states
eval infmkl "?msd_3 Ei,n,p ($leastpmkl(i,n,p) & $threeb3(n,p))":
# Is there a pair (n, p) with properties defined above (in L)
such that n/p>3753=k"N?
# i.e: Does MK1 have an infinite critical exponent? FALSE

So MK1 does not have an infinite critical exponent. Since we know that the morphism
0 — 011,1 — 111 has an infinite critical exponent, we can use the same approach for it as
a sanity check. As discussed in 5, this morphism is ultimately periodic with a fixed point
of 0(1)~.

morphism g "0->011 1->111":
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promote MK g:

# We define the required morphism as MK in Walnut

def haspmk "?msd_3 p>0 & p<=n & Aj (j>=i & j+p<i+n) => MK[j]=MK[j+p]":

# 8 states

def leastpmk "?msd_3 $haspmk(i,n,p) & (Aq (g>=1 & qg<p) =>

“$haspmk(i,n,q))":

# 6 states

def npmk "?msd_3 Ei $leastpmk(i,n,p)":

# For a starting index i, does n and p belong to the language?

# 4 states

reg three4 msd_3 msd_3 "([0,0])*([1,0][[2,0])([0,0]|[1,0]I[2,0])
(fo,0]11[1,0]1[2,0])(Cl0,0]|[1,0]1[2,0])
(fo0,011[1,0]1[2,0])(L0,0]1[1,0]I[2,0]]
(0,11 1[1,1]11[2,1]11[0,2]1[1,2]1[2,2])*":

# Takes two inputs x and y and asks is x>=y*3757

# 6 states

eval infmk "?msd_3 Ei,n,p ($leastpmk(i,n,p) & $threed(n,p))":

# Is there a pair (n, p) with properties defined above (in L)

such that n/p>=3"5>3"4=k"N?
# returns TRUE

6.2 Continued fraction search

A continued fraction [24, §10.1] can be represented as a list using abbreviated notation as
follows: 415 )

— =4+ ——=1[4,2,6,7].

93 24 & T

In this representation, increasing even-indexed partial quotients results in a larger value
for the fraction, while increasing odd-indexed partial quotients has the opposite effect. For
instance:

7 9 13

- =032 <[4,2]==>[4,3]=—.
2 3

Our main goal then is to calculate the continued fraction of the critical exponent by

iteratively calculating each partial quotient in the abbreviated notation [39, §10.6.5]. We

begin by using exponential search to calculate the first partial quotient. We iteratively

check, for each integer ¢ > 1, whether all factors of our infinite word z have exponent < 2¢,
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and we stop as soon as the answer is TRUE. At this point, we know that z has a critical
exponent o where 207! < o < 27,

In the next step, we use binary search in the interval (271, 27] to determine the smallest
integer ¢; such that all factors of z have an exponent less than or equal to [t1] = t;. If
there is a factor with exponent [t;] then av = ¢; and we are done. Otherwise, we know that
the first partial quotient in the continued fraction expansion of the rational number « is
ty —1,and [t; — 1] < a < [t].

The algorithm now proceeds by determining each successive partial quotient ¢; in the
same way; We use exponential search to determine an interval for the next partial quotient,
and then use binary search to calculate ¢; exactly. One caveat is that odd-indexed partial
quotients have reversed intervals due to the nature of continued fractions. For instance,
[tl — 1,t2] < a< [tl — 1,t2 — 1]

Finally, let o = { and let N denote the number of digits in max(a,b). Then the number
of partial quotients in the continued fraction expansion of « is at most poly(/N), meaning
the algorithm terminates in a finite number of iterations. Moreover, the value of each partial
quotient is bounded by N [0, §4.5], and each iteration performs an exponential search
requiring O(log N) steps, where each step corresponds to evaluating a Walnut predicate.
Thus, the algorithm takes at most poly(/N) steps in total.

We now illustrate this procedure on the specific example of MK1. The following are
the Walnut predicates implemented to achieve the described procedure:

eval checkmkl "?msd_3 Ai,n,p (n>=1 & $haspmkl(i,n,p)) => (p>=n)":

# Do all factors of MK1 have an exponent of 1 or less? FALSE

eval checkmkl "?msd_3 Ai,n,p (n>=1 & $haspmkl(i,n,p)) => (7*p>=2*n)":

# Do all factors of MK1 have an exponent of 2 or less? FALSE

eval checkmkl "?msd_3 Ai,n,p (n>=1 & $haspmkl(i,n,p)) => (4*p>=n)":

# Do all factors of MK1 have an exponent of 4 or less? TRUE

eval checkmkl "?msd_3 Ei,n,p (n>0 & $haspmki(i,n,p) & (4*p=n))":

# Is an exponent of 4 attained and thus 4 is the critical exponent? FALSE

eval checkmkl "?msd_3 (Ai,n,p ($haspmkl(i,n,p) => n<dx*p)) &
(Ec Am Ei,n,p ((c>0 & p>m & $haspmkl(i,n,p)) &
(n+c>=4*p)))":

# Is 4 the critical exponent of MK1 and not attained? FALSE

eval checkmkl "?msd_3 Ai,n,p (n>=1 & $haspmkl(i,n,p)) => (3*p>=n)":

# Do all factors of MK1 have an exponent of 3 or less? FALSE

eval checkmkl "?msd_3 Ai,n,p (n>=1 & $haspmkl(i,n,p)) => (7*p>=2*n)":
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# Do all factors of MK1 have an exponent of 3.5 or less? TRUE
eval checkmkl "?msd_3 Ei,n,p (n>0 & $haspmkl(i,n,p) & (7*p=2%*n))":
# Is an exponent of 3.5 attained and thus it’s the critical exponent FALSE
def checkmkl "?msd_3 (Ai,n,p ($haspmkl(i,n,p) => 7*p>2*n)) &
(Ec Am Ei,n,p ((c>0 & p>m & $haspmkl(i,n,p)) &
(2%n+2xc>=7*p)))":
# Is 3.5 the critical exponent of MK1 and not attained? TRUE
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Chapter 7

Subword complexity

We start by noting that [14] proved that the subword complexity function of a k-automatic
sequence x is k-synchronized. In other words, one can construct an automaton that takes
(n,y) as input and accepts if and only if y = px(n). However, this approach has two
limitations:

1. The automaton only provides the subword complexity for an input values of n, while
we aim for a complete description of p,(n), at every n. This is non-trivial, as the
subword complexity can be intricate in some cases, as illustrated for the 3-adic word
in Table 5.1 which required a piecewise-linear function.

2. Using Walnut to implement this technique is computationally expensive, making it
practical only for very small examples.

Because of these limitations, we explore two alternative methods for computing subword
complexity. The first is a heuristic method applicable to any binary k-automatic sequence;
it is not guaranteed to work in every case, but is effective in many practical situations. The
second is a deterministic algorithm specifically designed for all binary uniform morphisms.

7.1 Heuristic approach

7.1.1 Upper bound using right-special factors

Our heuristic approach first uses right-special factors to establish an upper bound on the
subword complexity. Then, we use a linear representation to graph p(n)/n so we can
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formulate a conjecture about p(n). This conjecture is later proved or disproved also using
linear representations once again or via Walnut predicates. The following sections discuss
these steps in more detail, but we first start by defining right-special factors:

Definition 8 (Right-Special Factor). A factor w of x is right-special if there exist two
distinct letters a and b such that both wa and wb are factors of x as well. For example,
the word cameraman contains the right-special factor am, which can be followed by e or a.

Let RSFj(n) be the number of right-special factors of length n in the fixed point of
morphism h. Moreover, let

MRSF,(n) = max {m € N: RSF.,(n) =m}.

We now get an upper bound on the subword complexity at n of this infinite word by
computing the maximum number of right-special factors of length n. From Definition 8 of
a right-special factor, we can see that any non special-right factor of length n is counted
once in factors of length n + 1. On the other hand, right-special factors are counted twice.
Thus, if p3.aqic(n) is defined as the subword complexity of the fixed point of the “3-adic”
morphism at length n, ps_agic(n+1) — p3.agic(n) is exactly the number of right-special factors
of length n. Moreover, ps3 agic(n) < n - MRSF3 4qic(n) [14].

The following are the Walnut predicates implemented to obtain an upper bound on
MRSFg_adiC (n) .

morphism g "0->001 1->000":

promote TDC g:

# We define the required morphism as TDC in Walnut

def eqtdc "?msd_3 Am (m<n) => TDC[i+m] = TDC[j+m]":

# Does TDC[i..i+n-1] = TDC[j..j+n-1]

# 7 states

def rspectdc "?msd_3 Ej $eqtdc(i,j,n) & TDC[i+n] != TDC[j+n]":
# Is TDC[i..i+n-1] a right-special factor?

# 4 states

def nftdc "7?msd_3 Aj (j<i) => "$eqtdc(i,j,n)":

# Is TDC[i..i+n-1] a novel factor (never appeared before)?

# 5 states

def nrtdc "?msd_3 $nftdc(i,n) & $rspectdc(i,n)":

# Is TDC[i..i+n-1] both a novel factor and a right-special factor?
# 3 states
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def lesstdc "?msd_3 Em (m<n) & TDC[i+m]<TDC[j+m] & $eqtdc(i,j,m)":
# Is TDC[i..i+n-1] lexicographically less than TDC[j..j+n-1]7?
# 17 states
def spec2tdc "?msd_3 En,il,i2 $lesstdc(il,i2,n) &
$nrtdc(il,n) & $nrtdc(i2,n)":
# Does the TDC have 2 unique right-special factors of length n for any n?
# 1 state
def spec3tdc "?msd_3 En,i1,i2,i3 $lesstdc(il,i2,n) & $lesstdc(i2,i3,n) &
$nrtdc(il,n) & $nrtdc(i2,n) & $nrtdc(i3,n)":
# Does the TDC have 3 unique right-special factors of length n for any n?
# 1 state

We note that spec2tdc evaluates to TRUE while spec3tdc evaluates to FALSE. Conse-
quently, we know that there are at most 2 special factors of every length, and for all n
p3-adic(n + 1) - p3-adic(n) S 2. ThUS, p3-adic<n) S 2n.

7.1.2 Drawing p(n)/n using linear representation

We begin by writing a Walnut predicate to count the number of novel factors in TDC.
eval tdcsubc n "?msd_3 Aj (j<i) => “$eqtdc(i,j,n)":

By running this predicate, Walnut generates a Maple file “tdcsubc.mpl” containing the
linear representation in the “Result” directory. Adjusting the vector v to get v' by mul-
tiplying with v(0) multiple times [39, §9.8], we get the required linear representation for

P3-adic (n)

v=v=(11000), w'=(10101)
1(2) =

7(0) = (1) =

o O OO

0
1
0
1

OO OO =
OO OO =
_ o W o o
-0 O O
OO O OO
OO O OO
OO O OO
O = WO =
_— =0 O =
OO OO =
OO O OO
W N WD W
O OO OO

0 0

With ps.aqic(n) = v'y((n)r)w, where (n)g is the base-k representation of n, and in our
case k = 3. Finally, using this we can draw a graph of ps3_.qic(n)/n by substituting different
values for n.
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Figure 7.1: Plot of p3.aqic(n)/n

7.1.3 Deduce a conjecture on the subword complexity

In order to form a conjecture on the complete description of the subword complexity of
the infinite word “3-adic”, we need to do two things:

e Get a description of the local maxima and minima points of the graph in Figure 7.1
including the subword complexity at those lengths.

e Investigate the behavior of the subword complexity function between these points.

Looking at the graph in Figure 7.1, we note that the first few local minimum points
occur at the following values of n: 3, 9, 27, 81, 243, 729. Meanwhile, the first few local
maximum points occur at the following values of n: 5, 15, 45, 135, 405. So, we can
conjecture that the local minima occur at n = 37! and local maxima at n = 5 - 3" for
r > 0. Since

p(31) = vy(1)7(0)7(0)"w = v'(0)"w, where v" := vy(1)7(0),
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we can compute p(3"!) for all r > 0 using the minimal polynomial of v(0), which is
z(z —1)(z —3) [39, §9.9]. Thus, it follows that

Paadic(3 ) =co- 0 411"+ -3 =c-3 41

Using the linear representation, we compute p(3) = 4 and p(9) = 12. Substituting r = 0
and r = 1 yields the linear system

p3—adic<30+1) =C+c = 4,
P3-adic(3') = 3ey + ¢ = 12.

Solving gives ¢, = 4 and ¢; = 0, and hence p3..q4i.(3"™!) = 4 - 3". Similarly, since p(5-3") =
vy(1)7(2)7(0)"w, we can use the same argument to show that p3 aqic(5-3") = 8- 3".

Finally, by calculating D3 aqic(n) = p3.adic(n+ 1) — ps-aqgic(n) at different n, we note that
D3 agic(n) = 2 when n is increasing from a local minimum point to a local maximum point
in Figure 7.1 while D3 ,qic(n) = 1 when n is decreasing from a local maximum point to a
local minimum point in Figure 7.1. This leads us to suggest the following conjecture:

4-3"+2i, ifn=3"+4+4qi 0<i<2-37;

-adic\T?) =
prae (1) {8.3’"+i, ifn=>5-3"+i 0<i<4-3".

The condition n = 3" 44,0 < i < 2- 3" translates to 33" <n < 5-3". Moreover, since
n=3"14+i=3-3"+1, we have i = n — 3- 3", and hence

P3adic(n) =4-3"+2(n—3-3")=2n—-2-3".
Doing this for the second case as well and combining the two yields:
2n—2-3", if3-3"<n<5-3",
p3-adic(n) = X 1
n+3-3, if5-3"<n<3-3"
7.1.4 Proving the conjecture using Walnut
Since we have proved that there are at most 2 special factors of every length, the novel
factors in the “3-adic” word are grouped into at most 3 contiguous blocks [39, §10.8.19].

This can also be seen in Figure 7.2. Consequently, we can use the following Walnut
predicates to prove our conjecture:
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def tdcsub "?msd_3 E a2,a3,bl,b2,b3 (bl<=a2&a2<=b2&b2<=a3&a3<=b3) &

(Ai i<bl => $nftdc(i,n)) & (Ai (a2<=i&i<b2) => $nftdc(i,n)) &

(A1 (a3<=1&i<b3)=>$nftdc(i,n)) & (Ai (i>=bl&i<a2) => “$nftdc(i,n)) &

(A1 (i>=b2&i<al3)=> "$nftdc(i,n)) & (Ai (i>=b3) => “$nftdc(i,n)) &

(s = b1+(b2-a2)+(b3-a3))":

# Is the subword complexity of TDC equal to s7?

# 7 states

reg power3 msd_3 "O*x10x*":

# Is the input a power of 37

# 2 states

eval tdcsubcheck "7msd_3 Ax,n,y
((($power3(x) & 3*x<=n & n<5*x & $tdcsub(n,y)) =>
y=2*n-2%x) & (($power3(x) & 5*x<=n & n<9*x &
$tdcsub(n,y)) => y=n+3xx))":

# Is the subword complexity piecwise-defined as in our conjecture?

# 1 state

Finally, Walnut evaluates tdcsubcheck to TRUE which proves the conjectured subword
complexity formula.

7.1.5 Proving the conjecture using linear representations

For some morphisms, the previous step might result in an exponentially large automaton
that cannot be feasibly executed due to computational limitations. In such cases, we must
prove our conjecture using an alternative method. For instance, assume that using the
methodology described so far we have this conjecture for the subword complexity of the
Mephisto—Waltz word pyw(n) = 4n—4 for n > 2. We use the following technique to prove
it:

1. Get the linear representation for LHS and RHS of the conjecture.
2. Get the linear representation for the difference between them.

3. Minimize the difference using Berstel-Reutenauer minimization algorithm for linear
representations [7], and check if it is equivalent to the zero representation.

The first step is straightforward. The only caveat is that we only need to check that
the subword complexity formula holds for n > 2 as mentioned in Table 5.1. To achieve
this, we can use the following Walnut commands:
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Figure 7.2: First few novel factors of the 3-adic sequence using tdcsubc

def eqmw "?msd_3 Am (m<n) => MW[i+m] = MW[j+m]":
# Are factors of length n starting at indices i and j equal?
# i.e: MW[i...i+n-1] = MW[j...j+n-1]7

# 13 States

def nfmw "?msd_3 Aj (j<i) => “$eqmw(i,j,n)":

# Is MW[i...i+n-1] a novel factor?

# O States

def lhs n "?msd_3 n>=2 & $nfmw(i, n)":

# 9 States

def rhs n "7?msd_3 n>=2 & i<4*n-4":

# 8 States

Thus, Walnut outputs lhs.mpl and rhs.mpl containing the linear representation

v1, Y((n)g)1, wr and vy, ¥((n)g)a, wo.
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Now we simply compute the difference v1v((n)g)1w1 — vay((n)g)2ws by defining:

w =

v = |:U1 _UQ] s

The vertical and horizontal lines are added solely for clarity, to visually separate the
different submatrices. For the sake of completeness we explicitly state these matrices (and

vectors) for the Mephisto-Waltz word. Note that that v was multiplied with (0) multiple

times |

, §9.8], and the lines were added to clarify the different subvectors and submatrices

used to construct the final one.

v=[1110000100[-1 -1 -1000 -10],

w'=[0000001000/00000T10 0],

I
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Now we use the Berstel-Reutenauer minimization algorithm [§2][7] to determine whether

the minimal linear representation of vy((n)x)w is the zero representation. Our conjecture

holds if and only if the minimized representation is identically zero. The minimization
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yields a representation with v = [1] and w = [0], which implies that the difference is always
zero for all n. Consequently, the conjecture is correct, and

pmw(n) =4n —4  for all n > 2.

This procedure was also used to establish the subword complexity formula for the MK7
word listed in Table 5.1.

7.2 Frid’s formula

In this section, we outline a more rigorous method introduced by Anna E. Frid which
provides an algorithm to compute the subword complexity of fixed points of binary k-
uniform morphisms [18].

7.2.1 Preliminary definitions

A key idea in Frid’s framework is the distinction between circular and uncircular mor-
phisms words. The uncircular binary k-uniform morphisms can be defined as those adher-
ing to one of the following four patterns:

(i) {h(o) =000 (k—1)/2

(i {h(O) =0

h(1) is any binary word of length k

(i) {h(O) — 01k1

h(1) is any binary word of length k

(iv) h(0) is a length-k binary word other than 0%, 015!
w
h(1) = 1%

It is easy to see that the first two cases correspond to periodic words with p(n) = 2 for case
(7) and p(n) = 1 for case (ii), while the case (i77) corresponds to an ultimately periodic word
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with p(n) = 2. The fourth case corresponds to an uncircular unperiodic infinite words.
The fixed point of every other binary k-uniform morphism is circular and unperiodic.
Moreover, the block length b of a binary uniform morphism is defined as the sum of
the lengths of the longest common prefix and the longest common suffix between the two
images of the morphism. For example, the block length of the Stewart choral [17] morphism
(0 — 001,1 — 011) is b =1+ 1 = 2. Finally, each morphism has a synchronization delay.
In order to understand the definition of the synchronization delay L for an infinite circular
word w, we first need to define the meaning of a synchronization point [12, 19]. Let F'(wy,)
be the set of all factors of the fixed point wy, of the morphism h. If u € F(wy,)), we say
that (u1,us) is a synchronization point of u on wy, if

u = Uy, and Yy, v € X, Vs € F(wy,) Is1, s9 € F(wy,)

[Viuvy = @(s) = (s = s152, v1u1 = (1), ugve = P(s2))].

A word w is circular on wy, if it has at least one synchronization point on wy. The infinite
word wy, is circular with synchronization delay L if Vu € F(wy,), (Ju| > L = u is circular).
For the uncircular unperiodic k-uniform morphisms, we define the synchronization delay
as L = min{l < k*:¥n > [, 1" is the only uncircular word of length n in wy,} [13].

We can find the synchronization delay L for fixed points of k-uniform morphism using
Walnut. This is due to the fact that in a k-uniform morphism, circularity of u on w means
that all starting indices of occurrences u are congruent modulo k [18]. For example, to
calculate the synchronization delay for the circular 3-adic word, we define the following
predicates:

def mod3 "7?msd_3 n=z+3*(n/3)":

# Isn =2z (mod 3)7

# 3 states

def mod33 "?msd_3 El,k ($mod3(i,1) & $mod3(j,k) & 1=k)":

# Are 1 and j are congruent modulo 37

# 2 states

def circulartdc "7msd_3 Aj ($eqtdc(i,j,n) => $mod33(i,j))":
# Is the factor TDC[[i..i+n-1]] circular on TDC?

# 5 states

def synchrotdc "?msd_3 (Ai,n ( n>=1 => $circulartdc(i,n)))":
# Are all factors with length 1 or greater circular on TDC?
# 4 states

test synchrotdc 1:
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# Outputs "12" as the first accepted string of synchrotdc.
# The synchronization delay of TDC is "12" which is 5 in base 3.

For an uncircular unperiodic word, like the Rote word, we use the following predicates
instead:

morphism g "0->001 1->111":

promote ROT g:

def eqrot "?msd_3 Am (m<n) => ROT[i+m] = ROT[j+m]":

# The equality of factors predicate for the Rote word

# 37 states

def circularrot "?msd_3 Aj ($eqrot(i,j,n) => $mod33(i,j))":

# Is the factor ROT[[i..i+n-1]] circular on ROT?

# 10 states

def onesrot "7msd_3 At (t<n) => ROT[i+t]=01":

# Is the factor ROT[[i..i+n-1]] = 1°n?

# 7 states

def synchrorot "7msd_3 1<=9 & (Ai,n (n>=1 & “$circularrot(i,n)) =>
$onesrot(i,n))":

# If n >= 1 >= 372, are the only uncircular factors of length n all "1"s?

# 5 states

test synchrorot 1:

# Outputs "2" as the first accepted string of synchrorot.

# The synchronization delay of ROT is "2" which is 2 in base 3.

With these basic definitions out of the way, the approach of Frid is outlined in Algo-
rithm 2. It was adapted to directly compute p(n) for a given input n, but it is straight-
forward to see how it can be modified it to obtain the general piecewise-linear formula for
the subword complexity. We also illustrate this with an example.
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7.2.2 The algorithm and an example: the 3-adic word

Algorithm 2 Frid’s subword complexity method for binary uniform morphisms.

Procedure: FRIDFORM(H)
Input: Binary uniform morphism A, and a positive integer n.
Output: p(n) for the fixed point of the binary uniform morphism h.

1: Calculate the buffer length b and the block length & of the morphism h.

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:

Determine whether h is circular by comparing it with known cases of circular (unperi-
odic) k-uniform morphisms.
Find the synchronization delay L of the morphism (defined differently depending on
circularity).
Compute the smallest integer ¢ satisfying k(t —1) +b+1 > L.
Define the array T = [t,..., k(t — 1) + b+ 1], where T; denotes the i-th element of T
for each T} in T except the last element do
Compute p(7;) using Walnut and the linear representation method (Section 7.1.2).
Compute Ap; = p(T; + 1) — p(T3).
end for
if n <t then
Compute p(n) using Walnut and the linear representation method.
else
for each T; in T except the last element do
if (T;—1)-k"+b-5=+1<n<T k" +b5=l 41 for some constant p then
Pcircular_i — Apz -n+ Apz : b;ﬁtl + k" - [p(,—Tz) - Apz : (% + E - 1)}
Puncircular_i — Pcircular_i (n) — k" + 1
Break
end if
end for
end if
return peicuar if b is circular; otherwise puncircular.i

Now, we apply Frid’s Formula to the 3-adic morphism:

0~ 00.1.
1 — 00.0.

The morphism does not follow one of the uncircular patterns of k-uniform binary mor-

phisms, and thus it is a circular morphism. Also, we can immediately see block length
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b =2+ 0 = 2, the block length £ = 3, and the synchronization delay L = 5 as we
computed in the previous part.

Using simple algebraic manipulation, we get that the smallest integer ¢ satisfying k(¢ —
1)+b+1>List=2. Indeed,3-(2—1)+2+1=62>5.

Consequently, the array T' = [2, 3,4, 5,6]. From Figure 7.2, we see that p(2) = 3, p(3) =
4,p(4) = 6,p(5) = 8, p(6) = 9. Furthermore, Apy =4 —3=1,Ap; =2,Aps =2, Aps = 1.
Now, we illustrate the computation of p(n) for different values of ¢ as follows:

1. At 1 =0, we have T; = 2, p(T;) = 3, and Ap; = 1. Then

if2-3"<n<3-3, pn) =n+3". (7.1)

2. Ati=1, we have T; = 3, p(T;) = 4, and Ap; = 2. Then

if3-3"<n<4-3", pn)=2n-2-3". (7.2)

3. At i =2, we have T; = 4, p(T;) = 6, and Ap; = 2. Then

if4-3"<n<5-3", pn)=2n-2-3". (7.3)

4. At i =3, we have T; =5, p(T;) = 8, and Ap;, = 1. Then

if5-3"<n<6-3, pn) =n+3-3". (7.4)

It is easy to see that intervals (7.2) and (7.3) can be grouped together, and in fact, we
can also rewrite interval (7.1) and group it with interval (7.4) by substituting r with r + 1
in (7.4) as follows:

[f2-3"=6-3"<n<3-3" pn)=n+31"=n+3-3" (7.5)

M —2-3, if3.-37<n<5-3

Thus, for n > 2, we have p3_qic(n) = :
p3d() {n+3'37’, 1f5'37’§n<3~37"+1,
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Chapter 8

Open problems

Open Problem 1. Give a characterization for the k-automatic sequences that have an
exponential blowup in size when constructing the “equality of factors” automaton. Currently
no such class of examples is known.

This issue has two distinct aspects. The first concerns the size of the minimal automaton
for the equality of factors predicate relative to the size of the morphism. We believe
that this relationship is exponential, but currently, no class of examples is known that
proves this behavior. The second aspect involves determining the most efficient strategy
for constructing this automaton, whether by guessing, using Walnut or some alternative
method. Currently, we have no good bounds on how to do this efficiently.

As an example of the second issue, we refer back to the intuitive construction of the
predicate EqFac(i, j,n) :=Vt (t <n) = x[i +t] = x[j + ] using Walnut. As mentioned
previously in Section 1.2, this approach is quite inefficient for constructing the equality of
factors predicate for the Tribonacci word.

def trib_eqfac "7msd_trib At (t<n) => TR[i+t]=TR[j+t]":

The final automaton has only 26 states, while the largest intermediate automaton has
323,831,403 states, which is more than a 12.45 million-fold increase. Execution required
over 300 GB of RAM and took 432,831,386 ms over several days.

However, there are possible alternative formulations that run much faster and in a
reasonable amount of time. For instance, constructing the following equivalent predicate
took only 16307 ms, and the largest intermediate automaton had 18,853 states:
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def trib_eqfac_f "?msd_trib Au,v (u>=i & u<i+n & utj=v+i) => TR[u]=TR[v]":

This is despite the fact that trib_eqfac_f is bounded by 20(m?) states, where m is the
number of states of the DFAO for the Tribonacci word tr. More generally, automata
in base k constructed using a similar formulation for the equality of factors predicate are
bounded by 29 states, where m is the number of states in the DFAO of the corresponding
k-automatic sequence.

Open Problem 2. Give a characterization for the logical formulas that are self-verifying
predicates.

So far, no general theory exists that specifies which kinds of logical formulas our method
of self-verifying predicates can handle. Nevertheless, the idea behind it is widely applicable
and adaptable to a number of situations, as we showed in Section 3:

1. Periods of factors

2. Equality of reversals of factors

3. Creating an adder for a numeration system
4. Summation of synchronized sequence

Open Problem 3. Extend the methods of calculating the critical exponent and subword
complexity to non-uniform morphisms.

Although our method for calculating the critical exponent applies to all k-automatic se-
quences, our approaches to subword complexity are more restricted. The heuristic method
works only for binary k-automatic sequences, whereas Frid’s formula applies solely to bi-
nary k-uniform morphisms. Consequently, our techniques can be used for the fixed points
of some, but not all, non-uniform morphisms, since every k-automatic sequence is the
image of the fixed point of a non-uniform morphism [2]. Nevertheless, it is clear that a
general deterministic procedure is needed to compute the critical exponent and subword
complexity for fixed points of all non-uniform morphisms.

Open Problem 4. Find an efficient algorithm for computing the synchronization delay
of an infinite word or fixed points of non-uniform morphisms or k-automatic sequences.
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Aside from the algorithm in Section 7.2.2, we present another method for computing
the synchronization delay of a binary uniform morphism using Walnut. This approach
can, in principle, be adapted to handle some non-uniform morphisms as well. However,
the problem is that it is already very inefficient even for uniform morphisms as we shall
see. The idea is to reformulate the definition of synchronization delay in terms of indices
and lengths, since Walnut can operate only on non-negative integers and not directly on
binary words. To begin, we assign names to each binary word appearing in the definition:

s = X[i0 ... i0+10-1], h(s) = X[k*iO ... kx(i0+10)-1],

s1 = X[i1 ... i1+11-1]1, h(s1) = X[k*il ... k*x(i1+11)-1],

s2 = X[i2 ... i2+12-1], h(s2) = X[k*i2 ... k*x(i2+12)-1],

u = X[i3 ... i3+13-1], ul = X[i4 ... i4+14-1], u2 = X[i5 ... i5+15-1],
vl = X[i6 ... i6+16-1], v2 = X[i7 ... i7+17-1]

Of course, there are a few conditions we need to impose later on, which are 11+12 = 10
i4 = i3, i5 = i13+13-15, and finally 14+15 = 13. Now, we can use the following Walnut
predicates to calculate the synchronization delay of the 3-adic word:

def eq0 "7?msd_3 $eqtdc(i3, i4, 14) & $eqtdc(i3+14, i5, 15) &
14+15=13 & i4=i3 & ib5=i13+13-15":

# Check u = ul u2

# 4 states

def eql "?msd_3 $eqtdc(ib, 3*i0, 16) & $eqtdc(i3, 3*i0+16, 13) &
$eqtdc(i7, 3*i0+16+13, 17) & 16+13+17=3%(i0+10)-1":

# Check vl u v2 = h(s)

# 3053 states

def eq2 "?msd_3 $eqtdc(iO, il, 11) & $eqtdc(iO+11, i2, 12) & 10=11+12":

# Check s = sl1s2

# 92 states

def eq3 "7msd_3 $eqtdc(ib, 3*il, 16) & $eqtdc(id, 3*i1+l6, 14) &
14+16=3*(i1+11)-1":

# Check vl ul = h(sl)

# 291 states

def eq4 "7?msd_3 $eqtdc(ib, 3*i2, 15) & $eqtdc(i7, 3*i2+15, 17) &
15+17=3*(i2+12)-1":

# Check u2 v2 = h(s2)

# 291 states

def rhs "?msd_3 $eq2(i0,il1,i2, 10,11,12) & $eq3(il,i4,i6, 11,14,16) &
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$eq4(i2,i5,i7, 12,15,17)":

# The consequent in the definition of synchronization delay

def synchpoint "7msd_3 $eq0(i3,i4,i5, 13,14,15) & (Ai6,16,i7,17 (Ai0,10 (
Ei1,11,i2,12 ( ($eq1(i0,i3,i6,i7, 10,13,16,17)) =>
($rhs(i0,i1,i2,i4,i5,i6,i7, 10,11,12,14,15,16,17)) ))))":

# Is (ul, u2) is a synchronization point of u on TDC?

def circular "?msd_3 Ei4,14,i5,15 $synchpoint(i3,i4,i5, 13,14,15)":

# Is u circular on TDC?

def synchdelay "7msd_3 Ai3,13 (13 >= L => $circular(i3,13))":

# is TDC a circular word with some synchronization delay L7

test synchdelay 1:

# Output the first accepted string by the $synchdelay predicate (L)

Sadly, however, we were unable to generate the rhs automaton. The main reason
is that the predicate involves 14 free variables, which results in a very large automaton
that Walnut cannot construct without producing enormous intermediate automata. Even
attempting to build the rhs automaton in two stages by splitting the conjunctions failed
to terminate for us in a reasonable length of time. Therefore, the number of free variables
must be significantly reduced to have any realistic chance of successfully generating this
automaton, at least with the computers we have access to.

However, in theory, it is possible to modify this approach to work for non-uniform
morphisms as well if they are k-automatic. The main challenge is that we cannot calculate
the starting indices and lengths of h(s), h(s1), and h(sg) directly by multiplying by a
constant. One possible workaround is to use the symbol-counting predicate, mentioned at
the end of Section 3.5, until the start of the factor s and then multiply each symbol count
by the length of its image to obtain the starting index of A(s). Similarly, the length |h(s)]
can be expressed in terms of [y = |s| by using the starting and ending indices of s together
with the symbol-counting predicate. The same procedure can be applied to s; and ss.

The main difficulty, of course, is that this not only introduces additional complexity
and free variables to an already challenging problem, but we also do not know a priori
whether the required symbol-counting automaton exists.
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