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Abstract 

Cycle time reduction is one of the crucial tasks in manufacturing that needs to be achieved to 

maximize productivity and profits. Laser drilling processes, depending on the size and complexity 

of the parts, require few hundreds to few thousands of holes to be drilled. Therefore, cycle time is 

directly related to in what order and manner the holes are visited. In this thesis, a method of cycle 

time reduction for 5-axis percussion laser drilling process is presented via generation of time-

optimal trajectory and optimization of hole visiting sequence. 

In percussion laser drilling, a series of laser pulses are fired to each hole while the workpiece is 

stationary. Once a hole is completely opened up, then drilling of the next hole continues by 

repositioning the workpiece with respect to the beam. This stop-and-go nature of the drilling 

process enables one to describe the sequence optimization problem as a well-known Traveling 

Salesman Problem (TSP) in combinatorial optimization. The objective of TSP is to find a 

minimum cost sequence of points when the point-to-point cost information for every possible pair 

is known. In the case of the minimum cycle time problem, the point-to-point cost is the travel time, 

and the objective of TSP is to find a sequence with the minimum overall travel time.    

In planning of time-optimal trajectory for point-to-point motion under a specified path, industry 

uses CNC controllerôs G00 (rapid traverse) + TRAORI (5-axis transformation and tool orientation 

retaining tactic) commands. To be practically beneficial, time-optimal trajectory generation 

strategies discussed in this thesis is focused on closely estimating these CNC controllerôs 

behaviors. A total of four strategies are studied, and the most accurate strategy is chosen by 

comparing the results with the experimentally measured CNC trajectories. The most accurate one 

specifies the tool paths in Workpiece Coordinates followed by iterative velocity profiling of the 

tool path parameter to achieve minimum time trajectory under the machineôs velocity, 

acceleration, and jerk limits.  

With every hole-to-hole travel time calculated from the above strategy, sequence optimization can 

be conducted. In this thesis, two methods from the industry partner, the proposed method, and the 

optimal solver method are discussed. Due to licensing limitations, the proposed method is 

developed in-house instead of using existing non-commercial TSP algorithms. The proposed 

method uses local search heuristics approach inspired by famous Lin-Kernighan heuristics. The 
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results are compared to the optimal solutions generated from the non-commercial state-of-the-art 

TSP solver called Concorde for benchmarking purposes.  

To understand the impact of the research in a real environment, one sample part and its original 

drilling process information have been made available by the industry partner. Although the full 

experimental results are not yet acquired at the moment of writing this thesis, the simulation results 

show that the proposed sequencing optimization in conjunction with the proposed hole-to-hole 

trajectory generation strategy for correct estimation of travel time improves the overall cycle time 

by 26.0 %.  
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Chapter 1 

Introduction 

Cycle time reduction is one of the crucial tasks in manufacturing that needs to be achieved to 

maximize productivity and profits. Laser drilling processes, depending on the size and complexity 

of the parts, require few hundreds to few thousands of holes to be drilled. Therefore, cycle time is 

directly related to in what order and manner the holes are visited. In this thesis, a method of cycle 

time reduction for 5-axis percussion laser drilling process is presented via generation of time-

optimal trajectory and optimization of hole visiting sequence. 

Laser drilling is a unique method for producing high depth-to-diameter ratio holes. Unlike the 

conventional drilling methods, it is a non-contact process, from which holes can be drilled in 

materials that are considered traditionally as hard-to-machine. In addition, it is capable of drilling 

holes with shallow angles to the surface, which makes it a highly productive method for producing 

arrays of holes with complex orientations on freeform shaped components such as film-cooling 

holes for gas turbine combustion chamber panels. Its industrial applications also include printed 

circuit boards (PCB), medical devices, fuel injection nozzles, micro holes for scientific 

instrumentation, and so on.  

One common laser drilling method is percussion drilling. In percussion drilling, a series of laser 

pulses are fired to each hole while the workpiece is stationary. Each laser pulse removes a certain 

volume of material via ablation. Once a hole is completely opened up, then drilling of the next 

hole continues by repositioning the workpiece with respect to the beam. For ὲ number of holes, 

there are 
Ȧ
 number of hole visiting sequences available, of which total travel times vary 

drastically. Therefore, obtaining optimal hole visiting sequence and hole-to-hole trajectory subject 

to machine capabilities enables the reduction of the overall beam positioning time, which 

contributes to an increase in manufacturing productivity. In Chapter 2, literatures that discuss 

trajectory generations for industrial machines and sequence optimizations are reviewed. 
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Figure 1.1 Hole locations and orientations for a sample part 

A sample part of percussion laser drilling application of a gas turbine combustion chamber panels 

from a Canadian aero-engine producer, Pratt & Whitney Canada, is shown in Figure 1.1. Such hole 

patterns are drilled with a 5-axis laser drilling machine as shown in Figure 1.2 to comply with 

complex hole locations and their orientations. The machine has three translational axes ὢȟὣȟǪ ὤ 

and two rotational axes ὄ Ǫ ὅ. 

 

Figure 1.2 5axis laser machine [1]  

An overview of the thesis work is illustrated in Figure 1.3. The original unoptimized drilling 

process is given in the form of NC code in which the positions and orientations of the drilling holes 



 

3 

are defined with respect to the workpiece (Workpiece Coordinates). In order to optimize the 

process under each servo driveôs kinematic constraints, such as velocity limits, acceleration limits, 

and jerk limits, it is essential to represent these values with respect to the machine body (Machine 

Coordinates). Such transformation is referred to as the kinematic transformation and are discussed 

in more detail in Chapter 3.  

Once the starting and the end coordinates are known, hole-to-hole trajectory planning is conducted 

to yield the minimum travel time. Although it is not time-optimal, in order to maximize the benefits 

of the industrial partner in terms of the optimality and practicality, the study is focused on 

delivering a trajectory generation method that closely estimates the current implementation of NC 

codes G00 (rapid traverse) with TRAORI (CNC controllerôs 5-axis transformation with tool 

orientation tactic) motions exerted by the machine. With correct estimation, it is possible to obtain 

realistic hole-to-hole travel durations, and from this information, the optimal sequence problem 

can produce more precise and realistic results. The detail is discussed in Chapter 4.      

In the context of a multi-point drilling application, the optimal sequence problem can be described 

by a well-known Traveling Salesman Problem (TSP) in combinatorial optimization. Given a set 

of cities and the distances between each pair of cities, the objective of a standard TSP is to find the 

minimum distance tour to visit all the cities only once. In this thesis, the problem of finding an 

optimal sequence is formulated in the TSP format so that when a set of holes and the travel 

durations between each pair of holes are calculated, the resultant sequence would yield minimum 

travel time to visit all the holes only once. In Chapter 5, the formulation to TSP and the proposed 

solution algorithm is presented.  

Then the rest of the thesis is organized as follows: both simulation and experimental results 

showing the effectiveness of proposed method are presented in Chapter 6, followed by conclusions 

and future work in Chapter 7.  
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Figure 1.3 An overview of the thesis work 
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Chapter 2 

Literature Review 

2.1 Introduction  

Minimum time trajectory planning for laser drilling process can be broken down into two tasks: 

trajectory generation and sequence optimization. It is desired to generate a trajectory from one hole 

to another hole so that its travel time is minimized. Such trajectories should be bounded by the 

machineôs kinematic limits to ensure no saturation of the drives and no excessive vibration. Next 

is to optimize the hole visiting sequence to minimize the total travel time. With every hole-to-hole 

travel time known from the trajectory generation, the sequence optimization task can be formulated 

to a TSP to solve for an optimal or near-optimal sequence which results in the minimum total travel 

time.   

2.2 Trajectory Generation 

There has been a lot of research in generating minimum time trajectory for both manipulator type 

robots and machine tools. There are two main approaches in trajectory generation: a dynamic 

approach and a kinematic approach. In the dynamic approach, the system is often modeled with 

coupled dynamic equations, such as shown in the following equation, that combine the dynamics, 

joint forces/torques, or load characteristics for a given trajectory.  

 
Ⱳ ╜ ▲▲ ▲╒▲▲ ╖▲ (2.1) 

Here Ⱳɴ ᴙ  is the vector of actuator torques, ▲ᶰᴙ  is the vector of joint positions, ╜ ▲ᶰ

ᴙ  is the inertia matrix of the manipulator, ╒▲ᶰᴙ  contains centrifugal and Coriolis 

force terms, ╖▲ᶰᴙ  represents the vector of gravity terms.  

This approach can be found commonly in most of the robotics and manipulator type researches as 

the dynamic load at the end effector and the external forces such as gravity affect system 

performance noticeably in robotic arm structures [2], [3], [4], [5]. In generating trajectories, some 

of the early studies do not consider the continuity of acceleration profile, resulting in a bang-bang 

or bang-singular-bang type characteristics, which are hard to implement because such trajectories 



 

6 

may cause mechanical wear, saturation, and vibration. The need for smooth trajectories is 

understood and Constantinescu and Croft [6] presented a smooth time-optimal trajectory method 

by limiting the torque rate of each joint. Bianco and Piazzi [7] obtained minimum time cubic spline 

trajectory subjected to torque constraints using hybrid genetic/interval algorithm based global 

optimization approach.  

More recently, time-optimal trajectory planning is formulated into a form of convex optimization 

problem motivated by its advantages on its theoretical and practical strengths: optimal solution in 

convex optimization represents the global optimal solution and the convex optimization problems 

can be solved efficiently by mature methods such as interior-point methods or other. In their study, 

Zhang and Zhao [8] used a convex optimization technique to generate smooth minimum time 

trajectory while utilizing the maximum machine capabilities. Zhang et al. [9] used the cubic 

Hermite polynomial to generate a smooth tool path for a point-to-point motion and constructed 

two-level nested optimization problem that searches for minimum time trajectory for different 

given point-to-point tool paths. For the confined path tracking problem, Zhang et al. [10] obtained 

minimum time trajectory under confined jerk, rate of change of the torque, and the voltage by 

formulating a relaxed convex optimization problem.  

On the other hand, a common industrial practice in the machine tool and manufacturing industry 

is to use the kinematic approach which represents machine drive capabilities with kinematic limits 

such as velocity, acceleration, and jerk shown in equation (2.2). 

 

○□╪● ▲ ○□╪● 

╪□╪● ▲ ╪□╪● 

▒□╪● ▲ ▒□╪● 

(2.2) 

This practice enables an easy transfer of machine specification provided by the toolmakers onto 

trajectory generation. In the kinematic approach, it is highly desired to have continuous 

acceleration and bounded jerk profiles to avoid undesirable high-frequency content in the reference 

trajectory that can induce excessive vibration, degrade axis tracking performance leading to poor 

contouring accuracy, and saturate the actuators. Therefore, different jerk bounded and jerk 

continuous feedrate planning strategies have been suggested in a lot of research.  
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Analytical functions can be used in generating such smooth motion profile. Makino and Ohde [11] 

generated a universal cam curve acceleration profile from combining sinusoidal curves and straight 

lines to ensure jerk continuous feedrate. Tomita et al. [12] used trigonometric functions to get jerk 

continuous trajectory. In their work, Erkorkmaz and Altintas [13] developed a quintic spline 

trajectory generation method with a jerk bounded smooth feedrate having trapezoidal acceleration 

profile. A dynamic filter such as Finite Impulse Response (FIR) filters can also be utilized to 

generate a smooth trajectory. By simply convolving a number of FIR filters, higher order 

polynomial smooth trajectories can be obtained [14], [15].  

Another kinematic approach is to transform the feedrate planning problem into an optimization 

problem, which can be solved using mathematical optimization methods [16], [17], [18], [19]. 

Quintic spline is used to approximate the position profile for the given starting and ending point 

and up to eight control points are optimized to yield minimum time jerk bounded smooth trajectory 

in real time [20]. Sencer et al. [21] approximated the feed profile with cubic B-spline, and its 

control points are optimized to obtain a time-optimal smooth trajectory. In their research, 

Kyriakopoulos and Saridis [22] adopted an optimal control problem to minimize the maximum of 

jerk values of the joints to generate a smooth trajectory. It is worth to mention that in [23], both 

the total execution time and the integral of squared jerk terms are minimized to yield optimal 

trajectory.  

2.3 Sequence Optimization 

As mentioned previously, the total travel time for 5-axis percussion laser drilling process comes 

from the laser nozzle end maneuvering over all the holes in a given visiting sequence. Therefore, 

great attention is required on optimizing the sequence to minimize the travel time. In fact, the stop-

and-go nature of the percussion drilling process resembles a well-known combinatorial 

optimization topic called Traveling Salesman Problem (TSP). Given a set of cities and the costs 

of traveling among all the cities, a TSP is to find the minimum cost tour that visits all the cities 

exactly once [24]. The problem was mathematically formulated in the 1800s and starting in 1950s, 

it became increasingly popular among mathematicians, computer scientists, and scientists from 

other fields (Figure 2.1) [25]. TSP falls into a category of NP-hard problem as there is no way of 

checking if there exists a better solution to a candidate solution in polynomial time. In solving such 
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NP-hard problems, two approaches are taken: exact algorithms and heuristic or metaheuristic 

algorithms.  

 

Figure 2.1 TSP example of an optimal tour of 42 cities in the USA solved in 1954 [26]  

In computer sciences and other optimization fields, exact algorithms are algorithms that are 

guaranteed to generate optimal solutions. For TSP, the most direct method would be trying out all 

the possible permutations of the given cities and check which one is the optimal solution. For ὲ 

number of cities, there are 
Ȧ
 feasible solutions to check, which makes this brute force search 

almost impossible even for a small number of cities. In 1954, Dantzig et al. [27] developed a 

breakthrough cutting plane method of solving TSP with linear programming. First, relaxed linear 

programming that can be solved by the simplex method is formulated from the original linear 

programming. Then, the solution to the relaxed one is checked if it satisfies the original constraint. 

If not, the linear inequalities that violate, called a cutting plane, are added to the relaxed problem 

to make it tighter and it is solved again. This process is iterated so that eventually, the solution to 

the original linear programming is obtained. Although it was successful in solving the 49-city 

problem [28], it is still not very efficient to solve for larger instances. Applegate et al. [29] 

presented in 1998 a powerful computer code called Concorde that uses a hybrid method called 

branch-and-cut to dramatically increase the efficiency. While the problem is recursively split from 

branching and establishes bounds, the cutting planes are added, hence branch-and-cut, to relax the 

problem. In 2006, a very large 85,900-city problem is solved using the solver [30]. To date, 

Concorde TSP solver is considered as a state-of-the-art exact solver.   

Despite the guaranteed optimality, the exact solvers still take a relatively long time to solve. Hence, 

researchers and practitioners tend to use heuristic or metaheuristic algorithms to find optimal or 
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near-optimal solutions as fast as possible. These algorithms include Nearest Neighbor (NN), Lin-

Kernighan Helsgaun (LKH), Genetic Algorithm (GA), Ant Colony Optimization (ACO), and so 

on. Nearest Neighbour algorithm is one of the first algorithms to build a TSP tour. Starting from a 

random city, it constructs a tour by keeping adding the nearest city to the current city until all the 

cities have been visited. It is easy to implement and generates a solution quickly, but it is most 

likely to produce suboptimal solutions due to its greedy nature. Alwis et al. [31] used NN to 

generate a sequence for automated PCB drilling application. However, their solutions are not 

optimal, and in fact, it is very much noticeable to human eyes. Oftentimes, NN is used in 

conjunction with local search optimization methods such as powerful Lin-Kernighan Helsgaun 

(LKH).  

LKH is a more computationally efficient and effective version of Lin-Kernighan (LK) heuristics 

developed by computer scientists Keld Helsgaun. The original LK heuristics uses a local search 

technique called k-opt moves (or exchanges). When a feasible tour is given, a k-opt move modifies 

a tour by replacing k number of edges with different k number of edges in such a way that the 

result is a cheaper tour [32]. With effective implementation of the k-opt move and other revised 

criteria, LKH is one of the top heuristics that holds the record for finding the best reported tour for 

the 1,904,711-city large-scale World TSP [33]. Aciu and Ciocarlie successfully implemented LKH 

to generate minimum tool path lengths for PCB drilling application [34]. While these problem 

specific heuristic algorithms produce excellent solutions, a trend has been to utilize metaheuristic 

algorithms to address more general problem types and for a greater chance of reaching global 

optimum.  

Genetic Algorithm (GA) is based on the evolutionary algorithm, which closely reflects Charles 

Darwinôs natural selection of fittest individuals in reproduction for the next generation [35]. With 

special parameters such as fittest score assigned and undergoing selection and mating processes, 

GA can produce promising TSP results such as the best-known-to-date solution for 100,000-city 

Mona Lisa TSP instance [36]. Zhang and Zhao [37] have solved minimum time drilling problems 

for a 3-DOF robotic manipulator using GA.  

Another popular metaheuristic algorithm is Ant Colony Optimization (ACO). It mimics the route 

selection strategy of an ant colony. Movement of a single ant seems rather erratic and 
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uncoordinated, however communicating via pheromone trails, the entire group of ants can find an 

efficient route to food [38]. For TSP, pheromone values are assigned to each edge to indicate the 

probability of being selected. Ross et al. [39] presented a method of optimizing the drilling path 

for the CNC machine by using Parallel ACO, a high-performance implementation of ACO.  

2.4 Conclusion 

In this chapter, literature covering the topics of trajectory planning and sequence optimization has 

been reviewed. The main objective of the research presented in this thesis is the integration of 

these two topics to generate a time-optimal trajectory that considers the constraints of the drilling 

process, and the kinematic configuration and drive limits of the 5-axis laser drilling machine with 

hole visiting sequence optimized to minimize the travel time of the drilling process. However, the 

applicability of the findings from this research is not limited to the laser drilling process but can 

be expanded to any multi-point manufacturing process.   
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Chapter 3 

Kinematic Model of 5-axis Laser Drilling Machine 

3.1 Introduction  

In general, planning of machining processes for CNC machines are done in Workpiece 

Coordinates (WCS) since machining occurs on the workpiece. Tool paths are defined relative to 

the workpiece and depending on the process type, the speed the tool end, known as the feedrate, 

is defined relative to the workpiece as well. However, actual motions are executed by individual 

servo drives, of which motions are defined in Machine Coordinates (MCS). Hence, to fully 

understand the processes, it is desired to transform the job information in WCS to MCS. Such 

transformation is called kinematic transformation. Depending on the machine configuration of 

how the individual servo drives are attached to the machine base, the transformations differ from 

machine to machine. In this chapter, the kinematic transformation of the 5-axs laser drilling 

machine from the industry partner is presented.     

3.2 5-axis Laser Drilling Machine Diagram 

Based on the product manual of the 5-axis laser drilling machine, the following kinematic diagram 

is constructed. 
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Figure 3.1 Kinematic diagram of 5-axis laser drilling machine 

 

 

 

 

 



 

13 

The following table lists the coordinate systems (C.Sôs) considered in the system: 

Table 3.1 List of the coordinate systems considered to construct the kinematic model 

Coordinates Description 

C.S.O (╞╞●╞◐╞◑╞) This frame is fixed to the machine base bottom. Its axes are parallel to the 

translating joints of the machine 

C.S.Z (╞╩●╩◐╩◑╩) This frame is attached to the moving Z stage of the machine. The tilt(B) stage is 

also attached to the Z stage.  ●╩ and ◐╩ axes are parallel to the ●╞ and ◐╞ axes.    

C.S.B (╞║●║◐║◑║) This is the tilt (B) stage coordinate system. ◐║ is the axis of rotation for tilt stage. 

╞║ is translated from ╞◑ by ▀◐ along ◐╩ axis. ▀◐ is a constant offset by the 

machine structure. ╞║ is rotated by Ᵽ║ along ◐◑ axis. Ᵽ║ is a variable dependent 

on the tilt motion. 

C.S.C (╞╒●╒◐╒◑╒) This is the workpiece base frame that sits on the rotary (C) stage. ◑╒ is the axis of 

rotation for the rotary stage. ╞╒ is translated from ╞║ by ▀╒ along ◑║ axis. ▀╒ is 

a constant offset by the machine structure. ╞╒ is rotated by Ᵽ╒ along ◑║ axis. Ᵽ╒ 

is a variable dependent on the rotary motion. 

C.S.Y (╞╨●╨◐╨◑╨) This is the translating Y-stage coordinate system. ╞╨ is translated from ╞╞ by ╨ 

along ◐╞ axis and by ▀╩ along ◑╞ axis. ╨ is a variable of Y moving motion and 

▀╩ is a constant offset by the machine structure.  

C.S.X (╞╧●╧◐╧◑╧) This is the translating X-stage coordinate system. ╞╧ is translated from ╞╨ by ╧ 

along ●╨ axis. ╧ is a variable of X moving motion. 

C.S.F (╞╕●╕◐╕◑╕) This frame is attached to the laser focal point where the laser is focused and the 

drilling occurs. ╞╕ is translated from ╞╧ by ▀█ along ◑╧ axis. ▀█ is a constant 

offset by the machine structure. 

3.3 Coordinate Transformation 

With TRAORI mode (explained in more detail in Chapter 4), the position of each hole is expressed 

with respect to WCS, which is defined as C.S.C from the above illustration, and the orientation of 

each hole is directly expressed as ὄ and ὅ angles. When the NC code is read in, the CNC 

transforms WCS values to MCS values automatically. The measurements from the machine are in 

MCS values, therefore it is necessary to study the kinematic transformation of the coordinates to 

transform trajectory and hole pattern information between them.   

In this thesis, coordinate transformation is expressed using homogeneous transformation matrices. 

Homogeneous transformation matrix is a τ τ matrix containing the rotation matrix and the 
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translation vector. For example, consider an arbitrary point in two coordinate systems shown in 

the below figure.  

 

Figure 3.2 Visualization of coordinate transformation between two coordinate systems 

The point can be expressed by two vectors, ▬ and ▬, and the coordinate transformation between 

these vectors can be represented by using a homogeneous transformation matrix, ╗ , in the 

following equation. 

 ▬ ╗ ▬
╡ ╣

π π π ρ ở

ờ

ὴ

ὴ

ὴ
ρỢ

Ỡ (3.1) 

where ╡  is a σ σ rotation matrix of frame 1 with respect to frame 0 and ╣  is a σ ρ 

translation vector from the origin of frame 0 to frame 1. With the same transformation matrix, the 

reverse can be represented as well by taking an inverse of the matrix. 

 ▬ ╗ ▬
╡ ╣

π π π ρ ở

ờ

ὴ

ὴ

ὴ
ρỢ

Ỡ ╡ ╣

π π π ρ ở

ờ

ὴ

ὴ

ὴ
ρỢ

Ỡ (3.2) 

One of the benefits of using the homogeneous transformation matrices is that a sequence of 

coordinate transformation can be represented by the products of the individual homogeneous 

transformation matrix.  
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Since ὄ ὅ values are directly given in TRAORI mode, ὢ ὣ ὤ are required to understand the 

motion in MCS. To find the corresponding coordinate transformation between MCS and WCS, 

the transformation from the workpiece base frame (C.S.C) to the tool end frame, in this case at the 

laser focal point (C.S.F), is defined first by the following equation.  

 ╗ ╗ ╗ ╗ ╗ ╗ ╗  (3.3) 

where each homogeneous transformation matrix is shown below with the following representation, 

Ὓ ίὭὲ—ȟὅ ὧέί—ȟὛ ίὭὲ—ȟὅ ὧέί—.  

╗

ρ π π π
π ρ π π
π π ρ ὤ
π π π ρ

 ╗

ρ π π π
π ρ π ὣ
π π ρ Ὠ ὤ
π π π ρ

 

╗

ρ π π ὢ
π ρ π π
π π ρ π
π π π ρ

 ╗

ρ π π π
π ρ π π
π π ρ Ὠ

π π π ρ

 

╗

ὅ π Ὓ Ὠ
π ρ π Ὠ

Ὓ π ὅ π
π π π ρ

 ╗

ὅ Ὓ π π
Ὓ ὅ π π
π π ρ Ὠ
π π π ρ

 

Ὄ  can be calculated by multiplying the above matrices. 

╗ ╗ ╗

ρ π π π
π ρ π π
π π ρ ὤ
π π π ρ

ρ π π π
π ρ π ὣ
π π ρ Ὠ ὤ
π π π ρ

ρ π π π
π ρ π ὣ
π π ρ Ὠ
π π π ρ

 

╗ ╗ ╗

ρ π π π
π ρ π ὣ
π π ρ Ὠ
π π π ρ

ρ π π ὢ
π ρ π π
π π ρ π
π π π ρ

 

ρ π π ὢ
π ρ π ὣ
π π ρ Ὠ
π π π ρ

 

╗ ╗ ╗

ρ π π ὢ
π ρ π ὣ
π π ρ Ὠ
π π π ρ

ρ π π π
π ρ π π
π π ρ Ὠ

π π π ρ

ρ π π ὢ
π ρ π ὣ
π π ρ Ὠ Ὠ

π π π ρ
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╗ ╗ ╗

ρ π π π
π ρ π π
π π ρ ὤ
π π π ρ

ὅ π Ὓ Ὠ
π ρ π Ὠ

Ὓ π ὅ π
π π π ρ

 

ὅ π Ὓ Ὠ
π ρ π Ὠ

Ὓ π ὅ ὤ
π π π ρ

 

╗ ╗ ╗

ὅ π Ὓ Ὠ
π ρ π Ὠ

Ὓ π ὅ ὤ
π π π ρ

ὅ Ὓ π π
Ὓ ὅ π π
π π ρ Ὠ
π π π ρ

 

ὅὅ ὅὛ Ὓ ὛὨ Ὠ
Ὓ ὅ π Ὠ

Ὓὅ ὛὛ ὅ ὅὨ ὤ
π π π ρ

 

╗ ╗ ╗

ὅὅ ὅὛ Ὓ ὛὨ Ὠ ὢ
Ὓ ὅ π Ὠ ὣ

Ὓὅ ὛὛ ὅ ὅὨ ὤ Ὠ Ὠ

π π π ρ

 

With this transformation matrix, it is possible to express the coordinate transformation of each hole 

pattern from the WCS (▬ ) to the laser focal coordinate system as follows 

 ▬ ╗ ▬  (3.4) 

In laser drilling, the drilling occurs at the laser focal points. In other words, the hole location with 

respect to the laser focal coordinate system, ▬ , is zero. Using this knowledge, the above equation 

can be rearranged and expanded further.  

 

▬ ╗ ▬  

ở

ờ

ὴ

ὴ

ὴ
ρỢ

Ỡ

ὅὅ ὅὛ Ὓ ὛὨ Ὠ ὢ
Ὓ ὅ π Ὠ ὣ

Ὓὅ ὛὛ ὅ ὅὨ ὤ Ὠ Ὠ

π π π ρ

π
π
π
ρ

 

ở

ờ

ὴ

ὴ

ὴ
ρỢ

Ỡ

ở

Ở
ờ

ὅὅ ὢ Ὠ Ὓ ὣ Ὠ Ὓὅ ὤ Ὠ Ὠ

ὅὛ ὢ Ὠ ὅ ὣ Ὠ ὛὛ ὤ Ὠ Ὠ

Ὓ ὢ Ὠ ὅ ὤ Ὠ Ὠ Ὠ

ρ Ợ

ỡ
Ỡ

 

(3.5) 

which is then simplified to 
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ὴ

ὴ

ὴ

ὅὅ Ὓ Ὓὅ
ὅὛ ὅ ὛὛ
Ὓ π ὅ

ὢ Ὠ
ὣ Ὠ

ὤ Ὠ Ὠ

π
π
Ὠ

 (3.6) 

Finally, a small adjustment is made to the equation since in TRAORI mode, the direction of Z 

motion is reversed, that lifting up the Z stage decreases the value of Z measured in CNC.  

 

ὴ

ὴ

ὴ

ὅὅ Ὓ Ὓὅ
ὅὛ ὅ ὛὛ
Ὓ π ὅ

ὢ Ὠ
ὣ Ὠ

ὤ Ὠ Ὠ

π
π
Ὠ

 (3.7) 

For WCS to MCS transformation, the above equation is simply reversed.  

 
ὢ
ὣ
ὤ

ὅὅ ὅὛ Ὓ
Ὓ ὅ π
Ὓὅ ὛὛ ὅ

ὴ

ὴ

ὴ Ὠ

Ὠ
Ὠ

Ὠ Ὠ
 (3.8) 

Note that the matrix is in the form of a rotation matrix. In fact, it is the inverse of ╡ , which is 

the rotation matrix of ╗ . Using the above equation, each hole location with respect to the WCS 

is calculated from the MCS vector ὢ ὣ ὤ. The constants Ὠ Ὠ Ὠ Ὠ Ὠ  are obtained from the 

machine configuration.  

To verify the above solution, the hole patterns constructed directly from the NC code and the hole 

patterns constructed from the measured MCS data using the same NC code are compared. Figure 

3.3 shows the drill hole locations in MCS from servo ὢ ὣ ὤ positions executed by the machine 

CNC and the desired hole locations in WCS programmed in the NC code. It is clear that the hole 

locations do not match prior to kinematic transformation.  

Once the above kinematic transformation is applied to the measured ὢ ὣ ὤ data, the expected 

hole pattern is produced as shown in Figure 3.4 proving that the transformation is correctly done.  
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Figure 3.3 (a) hole locations in MCS measured from the machine servo drives (b) desired hole locations in 

WCS programmed in NC code 

 

Figure 3.4 Reconstructed hole locations from the servo reading overlaid on top of the desired hole locations 

3.4 Conclusion 

In this chapter, a specific kinematic model of 5-axis laser drilling machine is presented to transform 

the given drilling process information defined in Workpiece Coordinates into Machine 

Coordinates. In this thesis, homogeneous transformation matrices are used to express the 

coordinate transformation and are validated by overlaying the experimentally measured hole 

locations on top of the defined hole locations from the NC code. It is necessary to acquire this 

transformation between WCS and MCS for trajectory planning, since the actual motion is realized 

by the individual axis servo drives under the given kinematic limits. The following chapter delivers 

the details of trajectory planning methods.       
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Chapter 4 

Hole-to-hole Trajectory Planning 

4.1 Introduction  

The essences of minimum time drilling process, in the perspective of trajectory, are execution and 

estimation. It is required to travel from one hole to another as fast as possible and its motion time 

needs to be correctly estimated so that a more realistic result can be obtained when used in the 

sequence optimization step. Percussion laser drilling is a type of machining process where the 

motion type is classified as point-to-point (PTP) or positioning. Unlike contouring, where the 

cutter tool path is an essential process objective, the main objective of PTP is to position the tool 

end at the desired location and orientation, which makes the path irrelevant. To accomplish fast 

PTP motion, most CNCs use the motion type command called rapid traverse (G00 in G-code) 

which maximizes the velocity under the defined machine limits along with other kinematic limits 

such as acceleration and jerk limits. The common resultant motion profiles, often referred by its 

shape, are trapezoidal velocity profile if jerk value is not bounded, and s-curve velocity profile if 

jerk value is bounded, with preferences given to the s-curve velocity profile for its smoothness. 

The industry partner, in their current NC code programming strategy, also uses G00 during the 

percussion drilling process to realize fast hole-to-hole motion. In conjunction with G00, they use 

the CNC controllerôs 5-axis transformation with tool orientation tactic called TRAORI. Typical 

planning of the drilling process is done in Workpiece Coordinates (task spatial coordinates) and 

CAM software generates corresponding G-code in WCS. It is TRAORI that performs the correct 

conversion of the G-code to the equivalent Machine Coordinates (joint spatial coordinates) values 

to perform the desired tasks. 

To be practically beneficial to the industry partner and their job planning strategy, a custom 

trajectory is not developed in this research. Instead, CNC controllerôs G00 + TRAORI trajectory 

is closely studied and four trajectory planning strategies are discussed in this chapter to 

approximate the controllerôs strategy for the sake of correct estimation of motion time. The 

overview of the four strategies are illustrated in the figure below. 
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Figure 4.1 Overview of four trajectory planning strategies 
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4.2 Time-optimal Velocity Profile 

A time-optimal trajectory would fully utilize the maximum velocity during traverse resulting in a 

rectangular profile. However, this results in infinite spikes in acceleration, which is not feasible to 

implement (Figure 4.2). 

 

Figure 4.2 Evolution of time-optimal velocity profile 

As a remedy, acceleration is limited to a finite value that results in a trapezoidal velocity profile. 

This is not favorable either since the discontinuities in acceleration cause extreme jerk, which 

induces high-frequency content in the reference signal that can result in excessive vibration of the 

machine tool structure. It can also cause actuator saturation by demanding trajectories beyond their 

functional limits. As a result of saturation, a deviation from the desired trajectory could happen 

meaning that part manufacturing tolerances could be violated. Thus, allowing the jerk to be finite, 

the piecewise 2nd order polynomial velocity profile, widely referred to as s-curve profile, is 

obtained (Figure 4.3).  
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Figure 4.3 S-curve velocity profile 

The profile is composed of seven segments. Segments 1, 3, 5, and 7 have accelerations with linear 

profiles whose slopes are predetermined by the jerk limit ὐ. During segment 2 and 6, the velocity 

changes with the constant acceleration, ὃ. Then, the velocity is kept constant at its maximum, ὠ, 

during segment 4. The duration for each segment is determined by the kinematic limits. Ὕ Ὕ 

(Ὕ Ὕ) is the time it takes for the machine to reach its maximum acceleration, Ὕ Ὕ is the 

time required to reach the maximum velocity if the desired velocity is not reached during segment 

1 and 3 (5 and 6). Ὕ is the extra time that is required if the desired displacement is not met during 

segment 1, 2, 3, 5, 6, and 7 combined. 

Two methods can be used to obtain the profile. By convolving the Finite Impulse Response (FIR) 

filter twice with a rectangular velocity profile, the s-curve velocity profile is obtained [2], [6]. 

Another way is to derive a set of analytical equations that represent the polynomial curve for each 

section of the profile. In this research, the analytic method described by Erkorkmaz and Altintas 

[12] and Alzaydi [40] is used to construct the s-curve velocity profile for the given machine 

kinematic limits. 

The s-curve profile can be broken down to three phases: accelerating phase, coasting with constant 

velocity phase, and decelerating phase. Depending on the kinematic limits and the desired travel 

length, the coasting phase may not exist, leaving only the accelerating and decelerating phases to 

achieve the desired travel distance. Regardless of this, the accelerating/decelerating phases can 

have two different shape profiles based on the ὠ, ὃ, and ὐ relationship. Combining these two, the 

s-curve motion can be classified into four different cases illustrated in the below figure.  
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Figure 4.4 Illustration of 4 cases of s-curve motion profiles  

CASE 1. If ὠ , and the acceleration and deceleration distance to reach the maximum velocity 

is greater than the total distance, ὰ ὒ: 

In this case, the velocity never reaches its limit and the entire motion is employed for 

acceleration and deceleration phases only. Therefore, the velocity profile does not have a 

constant region putting Ὕ π. The maximum acceleration/deceleration is not reached 

either, creating a triangular profile. This sets Ὕ  Ὕ π.   

CASE 2. If ὠ  and ὰ ὒ: 

Same as case 1, the maximum velocity is never reached putting Ὕ π. While it is 

accelerating, it reaches the acceleration limit, creating the constant acceleration region. For 

this reason, a trapezoidal shape profile is achieved in acceleration.  
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CASE 3. If ὠ  and ὰ ὒ: 

In this case, the desired distance is greater than or equal to the distance it needs to fully 

accelerate, the extra distance is covered by coasting at the constant velocity, setting Ὕ

π. The maximum acceleration is not reached or just reached to increase the velocity to its 

maximum creating the triangular acceleration profiles. Hence, Ὕ Ὕ π in this case. 

CASE 4. If ὠ  and ὰ ὒ: 

Same as case 3, it requires the coasting region to achieve the desired travel distance, setting 

Ὕ π. The acceleration is allowed to reach the maximum in this case and capped by it for 

a non-zero period for the velocity to reach its maximum. Hence, Ὕ Ὕ π.  

In this thesis, case 1 and case 2 s-curve motions are referred to as short trajectories, and case 3 and 

case 4 s-curve motions as long trajectories. 

4.3 Strategy #1: Trajectory Planning with S-curve Velocity Profiling in Joint 

Space 

As a preliminary and fundamental study for smooth hole-to-hole motion, trajectory planning is 

first taken in the machine joint space. Since the actual motion control occurs on the individual 

joint, direct planning of smooth trajectories in the joint space is beneficial. Also, for multi-axis 

application, singularities that could arise from inverse kinematics can be avoided. However, it is 

difficult to obtain the desired tool end path due to the non-linearities introduced from the 

transformation between the Cartesian space and the joint space. Nonetheless, for pure PTP motion, 

this method would generate the fastest motion compared to the other methods presented later in 

this chapter. In CNC, this is equivalent to using G00 without TRAORI. 

Given starting and ending points for each axis, the travel distances are calculated and with the 

known velocity, acceleration and jerk limits for each axis, the corresponding s-curve velocity 

profiles are generated. To verify if this s-curve profile is what the CNC controller uses in its rapid 

traverse motion, the estimated rapid single axis motion is overlaid on top of the single axis G00 

commanded reference trajectory measured from the machine in Figure 4.5.    
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Figure 4.5 Commanded and estimated G00 trajectories for single axis 

The commanded reference position trajectory is measured at every 4ms and numerically 

differentiated to generate corresponding velocity, acceleration and jerk profile. The estimated 

trajectory is generated at 4ms rate as well and numerically differentiated at the same rate to match 

the loss of shape from the numerical differentiation. It is shown that both trajectory profiles 

synchronize greatly indicating that the estimated trajectory planning strategy accurately reflects 

the controllerôs strategy.  

Since the trajectory is planned individually, the travel time for each axis could be different 

depending on its travel distance and kinematic capacity. By taking the travel time from the slowest 

axis as an overall motion time, the kinematic limits of faster axes are reduced to yield more relaxed 

profiles. The result is a synchronous motion that all of the axes start and finish their traverses at 

the same time (Figure 4.6).  
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Figure 4.6 Non-synchronized velocity profile vs. synchronized velocity profile 

In this method, since the trajectory is modeled as PTP motion, the feedrate is planned first then the 

corresponding tool path information is acquired later by the direct kinematic transformation of the 

resultant position profile of each axis. Hence, although it is time optimal within the machineôs 

kinematic limits, it is not directly applied due to its path being not known until the end, which 

causes difficulties in planning ahead for collisions among the tool, the parts, and the fixture. 

Therefore, in practice, G00 alone is not used, but an orientation retaining function called TRAORI 

is used together to keep the tool path straight in WCS. 

4.4 Trajectory Planning in Task Space 

To fully address the controllerôs G00 + TRAORI trajectory generation strategy, some task space 

planning methods are presented. According to the CNC controller manual, PTP motion associated 

with TRAORI in task space is generated by linear interpolation, meaning that path between the 

starting and end points is straight. This is also verified by mapping the measured data onto the 

virtual workspace via in-house 3D visualization software using the Visualization Toolkit (VTK). 
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Figure 4.7 5-axis laser drilling motion simulator developed in-house 

Hence the following task space planning strategies have the tool path predefined as a straight line 

in Workpiece Coordinates and different approaches of assigning the timing law onto it are 

presented. To distinguish the working coordinates, the lowercase letters (ὼȟώȟᾀȟὦȟὧ) are used for 

WCS and the uppercase letters (ὢȟὣȟὤȟὄȟὅ) for MCS. The development of task space trajectory 

generation strategies (Section 4.4.1.1) is the result of close collaboration with PhD student Chia-

Pei Wang from the same research group.    

4.4.1 S-curve Velocity Profiling  

It is assumed that the controller applies the same s-curve generating technique for the velocity 

planning in task space. The difference to the previous joint space s-curve planning is that the s-

curve motion profile is now applied in the task space, resulting in joint space motion that is not an 

s-curve. In task space planning, the tool path is defined in WCS and the timing law is designed to 

complete the traverse. Given the starting and ending points  ▬ & ▬ in WCS as follows: 
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▬ ὼȟώȟᾀȟ— ȟ—  

▬ ὼȟώȟᾀȟ— ȟ—  
(4.1) 

then the tool path from ▬ to ▬ is defined as  

 ▼ό

ὼό
ώό

ᾀό

 (4.2) 

and the orientation vector ○ό, based on the machine configuration, is defined as follows:  

 ○ό

ὺ ό
ὺ ό

ὺ ό

ίὭὲ— όὧέί— ό
ίὭὲ— όίὭὲ— ό
ὧέί— ό

 (4.3) 

where ό is the path parameter [0,1]. 

In TRAORI mode, the tooltip path is a straight line and the change of the orientation vector from 

the initial point to the end point is constant with respect to the tool path. This linear behavior of 

the tooltip position can be expressed in terms of the path parameter ό by the following equations: 

 ▼ό

ὼό
ώό

ᾀό

Ўὼό
Ўώό
Ўᾀό

 (4.4) 

where ЎὼȟЎώȟЎᾀ are the Euclidean distances for each axis in WCS and calculated by ὼ ὼȟ

ώ ώȟᾀ ᾀ respectively.  

To express the rotation of the orientation vector, Rodriguesô rotation formula is used. This formula 

represents the three-dimensional rotation for a rotating vector with the axis of rotation and the 

corresponding rotation angle (Figure 4.8).  
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Figure 4.8 Rodrigues' rotation formula visualization of a rotating vector ○ by an angle Ᵽ around vector ▪ as 

the axis of rotation 

The orientation vectors for the starting and end points, ○ and ○ȟ can be expressed as follows: 

 
○ ίὭὲ— ὧέί—   ȟ ίὭὲ— ίὭὲ—  ȟ ὧέί—  

○ ίὭὲ— ὧέί—   ȟ ίὭὲ— ίὭὲ—  ȟ ὧέί—  
(4.5) 

 The unit vector, ▪, that is an axis of rotation about which the intermediate vector ○ rotates as the 

same normal vector to ○ and ○ is defined as follows 

 

▪ ▪— ȟ— ȟ— ȟ—

ὲ
ὲ
ὲ

○ ○

ȿ○ ○ȿ
 

▪

ίὭὲ— ίὭὲ— ὧέί— ὧέί— ίὭὲ— ίὭὲ—

ὧέί— ίὭὲ— ὧέί— ίὭὲ— ὧέί— ὧέί—

ίὭὲ— ὧέί— ίὭὲ— ίὭὲ— ίὭὲ— ίὭὲ— ίὭὲ— ὧέί—
Ⱦȿ○ ○ȿ 

(4.6) 

With the overall rotation angle from ○ to ○ as — , the angle of rotation for the vector ○, —, is 

defined as follows 

 —ό — ό ὧέί○Ͻ○ ό (4.7) 

Then the vector ○ is expressed as the following equation according to Rodriguesô formula.  
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○ό ○᷆ ○  

○ό ○ὧέί—ό ▪ ○ ίὭὲ—ό ▪▪Ͻ○ ρ ὧέί—ό  
(4.8) 

Since the ▪ is normal to ○, the third term disappears. In addition, by defining an arbitrary vector 

╣ for ▪ ○ , the equation is simplified into the following: 

 

○ ○ὧέί—ό ╣ίὭὲ—ό 

○

ὺ
ὺ
ὺ

ὺ ὧέί—ό ὝίὭὲ—ό

ὺ ὧέί—ό ὝίὭὲ—ό

ὺ ὧέί—ό ὝίὭὲ—ό

 
(4.9) 

Applying trigonometric rules to equation (4.3), above expression can be rearranged for WCS 

variables — and —.   

 
— ό
— ό

ὧέίὺ

ὸὥὲ ὺȾὺ

ὧέίὺ ὧέί—ό ὝίὭὲ—ό

ὸὥὲ
ὺ ὧέί—ό ὝίὭὲ—ό

ὺ ὧέί—ό ὝίὭὲ—ό

 (4.10) 

Using equations (4.4) and (4.10), the tool path and its orientation in WCS can be express as the 

following vector: 

 ►ό

ừ
Ử
Ừ

Ử
ứ
ὼό
ώό
ᾀό
ὦό
ὧόữ
Ử
Ữ

Ử
ử

ừ
ỬỬ
Ừ

ỬỬ
ứ

Ўὼό
Ўώό
Ўᾀό

ὧέίὺ ὧέί—ό ὝίὭὲ—ό

ὸὥὲ
ὺ ὧέί—ό ὝίὭὲ—ό

ὺ ὧέί—ό ὝίὭὲ—ό ữ
ỬỬ
Ữ

ỬỬ
ử

 (4.11) 
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The progression of the tool path and its orientation in WCS is illustrated in the below figure. 

 

Figure 4.9 Visualization of tool path and orientation in WCS 

Since the machine kinematic limits are defined in the joint spaces, this WCS vector is transformed 

into MCS vector using the transformation matrix, (3.8),  defined in the previous chapter.  

 

▲ό

ừ
Ử
Ừ

Ử
ứ
ὢό
ὣό
ὤό
ὄό
ὅόữ

Ử
Ữ

Ử
ử

╗ ►ό Ὠ

ụ
Ụ
Ụ
Ụ
ợ
ὧέίὦό ὧέίὧό ὧέίὦό ίὭὲὧό ίὭὲὦό π π

ίὭὲὧό ὧέίὧό π π π

ίὭὲὦό ὧέίὧό ίὭὲὦό ίὭὲὧό ὧέίὦό π π
π π π ρ π
π π π π ρỨ

ủ
ủ
ủ
Ủ

ừ
Ử
Ừ

Ử
ứ
ὼό
ώό
ᾀό
ὦό

ὧόữ
Ử
Ữ

Ử
ử

Ὠ

ừ
Ử
Ừ

Ử
ứ
ὢό
ὣό
ὤό
ὄό

ὅόữ
Ử
Ữ

Ử
ử

 

(4.12) 

Then the expression for the joint space velocity, acceleration, and jerk that the machine experiences 

during the traverse can be found by taking the time derivative of the above vector.  
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○ὸ ▲ὸ ▲ όόὸ 

╪ὸ ▲ὸ ▲ όόὸ ▲ όό ὸ 

▒ὸ ▲ὸ ▲ όόὸ σ▲ όόὸόὸ ▲ όό ὸ 

(4.13) 

Here, primes denote a geometric derivative with respect to the path parameter u, and the overhead 

dots denote a time derivative with respect to time ὸ. Then the objective of the task space planning 

for the s-curve velocity trajectory is to find the maximum parametric velocity, acceleration, and 

jerk values (ό , ό , and ό  respectively) that are used to construct a corresponding s-curve 

profile so that at anytime ὸ ὸ during this s-curve motion, the following constraints are satisfied 

for all five axes. 

 

○□╪● ○ὸ ○□╪● 

╪□╪● ╪ὸ ╪□╪● 

▒□╪● ▒ὸ ▒□╪● 

(4.14) 

Where ○□╪●, ╪□╪●, and ▒□╪● are the vectors that represent the axis level kinematic limits for the 

machine. 

Since the velocity at any point along the path should meet the above constraints, the above bounded 

problem for velocity can be rewritten as follows:  

 ȿ▲□╪●ȿ ȿ▲ όȿό ○□╪● (4.15) 

▲ ό is the geometric derivative which can be pre-computed for the sampled path parameter ό, 

and ○□╪● is the known machine parameter. Hence, the maximum allowable parametric velocity, 

ό , can be explicitly calculated by the following equation. 

 ό min
ὺ  

ȿή όȿ
ȟ
ὺ  

ȿή όȿ
ȟ
ὺ  

ȿή όȿ
ȟ
ὺ  

ȿή όȿ
ȟ
ὺ  

ȿή όȿ
  (4.16) 

However, for the higher order derivatives of parametric kinematic limits, it is challenging to solve 

explicitly because ὸ is unknown. Thus, the time dependent elements όὸ, όὸ, and όὸ cannot 

be computed beforehand.  

The following sections present the different methods proposed to resolve this difficulty.  
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4.4.1.1 Strategy #2: Specified Path in WCS with Non-iterative Approximated S-curve 

Velocity Profiling in Task Space 

The method in this section simplifies the above equation (4.13) by only considering the highest 

order parametric derivative terms and neglecting the exponential and coupled terms.  

 
╪ὸ  ▲ὸḙ▲ᴂόόὸ 

▒ὸ  ▲ὸḙ▲ όόὸ 
(4.17) 

This assumption is valid at low velocity regions near the beginning and the ending of the trajectory 

where it is at its acceleration and deceleration phases. In particular, this assumption holds better in 

short trajectories where the velocity profile is not mature, and the constant velocity region has not 

developed. Based on the typical workpiece sizes, their hole patterns, and experimentally measured 

data, these short trajectories make up about 90% of the entire trajectory.  

Using the same analogy for the equation (4.16), the bounded problem for the acceleration and the 

jerk are rewritten as follows:   

 
ȿ▲□╪●ȿ ȿ▲ όȿό ╪□╪● 

ȿ▲□╪●ȿ ȿ▲ όȿό ▒□╪● 
(4.18) 

Note that ▲ ό can be pre-computed as mentioned earlier, the maximum allowable parametric 

acceleration and jerk can be explicitly found by the following equations. 

 

ό min
ὥ  

ȿή όȿ
ȟ
ὥ  

ȿή όȿ
ȟ
ὥ  

ȿή όȿ
ȟ
ὥ  

ȿή όȿ
ȟ
ὥ  

ȿή όȿ
 

ό min 
Ὦ  

ȿή όȿ
ȟ
Ὦ  

ȿή όȿ
ȟ
Ὦ  

ȿή όȿ
ȟ
Ὦ  

ȿή όȿ
ȟ
Ὦ  

ȿή όȿ
 

(4.19) 

With ό , ό , and ό  found, the corresponding s-curve is generated to populate parametric 

position, velocity, acceleration and jerk profiles (όὸ, όὸ, όὸ, and όὸ). Then the kinematic 

profiles in WCS and MCS are found from these parametric profiles using the equations (4.11) and 

(4.12). 
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According to equation (4.11), where the translational axes are linearly related to the path parameter 

and the rotational axes are not, it is expected that the s-curve profiles are preserved for the ὼȟώȟᾀ 

in WCS but not for the ὦȟὧ in WCS. From the formulation, it is also expected that the jerk values 

in MCS exceed the limits in some regions where the product of the path geometric derivatives and 

the parametric velocity, and/or the acceleration, sufficiently increases. Due to the complex non-

linearities, it is challenging to precisely predict under which condition that the limits are exceeded, 

but in general, it is during the long trajectories in which the violations are observed more 

frequently. 

4.4.1.2 Strategy #3: Specified Path in WCS with Iterative Exact S-curve Velocity Profiling in 

Task Space 

The method in this section utilizes complete kinematic equations (4.13) derived in section 4.4.1 

and adds an iterative process to the previous method. Initial kinematic profiles in MCS are 

generated by ό , ό , and ό  found from the method in section 4.4.1.1. Then the profiles 

are checked if they exceed the MCS kinematic limits. If exceeded, ό , and ό  are adjusted 

iteratively by using a bisection search method as illustrated in the below figure. The kinematic 

profiles are then updated using the full equations and checked with the limits again. This process 

is iterated until the limits are not exceeded and both ό , and ό  have converged. 
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Figure 4.10 Flow chart of the iterative process of strategy #3 
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Two separate bisection searches are done for each ό , and ό  since they are independent 

variables to control. However, they are dependent variables in the perspective of s-curve 

generation and therefore, the two searches are enclosed by one outer loop. To relax the jerk profiles 

in MCS, adjustment to ό  is made since it is the most prominent term in the jerk equation. For 

the acceleration profiles, an additional evaluation is made by adjusting ό . It checks if the 

motion time resulted from the higher ό  value is less than the motion time resulted from the 

current ό  value. This check is necessary for a more thorough search as the adjustment in ό  

value could create scenarios in which higher accelerations can be achieved without violating the 

limits. With newly obtained ό  and ό , the corresponding parametric s-curve velocity profile 

is obtained and then the kinematic profiles in WCS and MCS are acquired. Since the MCS 

kinematic values are directly checked via the iterative process in this method, it is expected that 

none of the limits are violated. 

4.4.2 Strategy #4: Specified Path in WCS with Relaxed Convex Optimization Method via 

L inear Programming Formulation  

The aforementioned task space S-curve generation strategy is a simple and robust method to 

generate trajectories under servo kinematic constraints. However, complying with the s-curve 

profile in task space results in trajectories in joint space that are not time-optimal. With CNCôs 

exact trajectory generation method not known, an optimization method is suggested as another 

approach to estimate the machineôs trajectory and to address the time-optimality at the same time. 

The objective function of the problem is to minimize the hole-to-hole trajectory travel time, and 

the constraints are the axis actuator kinematic limits expressed in task space (4.14) to satisfy the 

desired tool path.   

 

minὝ  ρὨὸ 

subject to ȡ 

ȿ○ὸ ▲ όόὸȿ ○□╪● 

ȿ╪ὸ ▲ᴂόόὸ ▲ᴂᴂόό ὸȿ ╪□╪● 

ȿ▒ὸ ▲ όόὸ σ▲ όόὸόὸ ▲ όό ὸȿ ▒□╪● 

(4.20) 
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The above optimization problem is challenging to be solved directly as it is time dependent. 

Therefore, it is converted to an equivalent time independent problem. Using the fact that the tool 

path parameter όὸ is strictly increasing and one-to-one function to be time-optimal, the objective 

function can be rewritten as follows: 

 minὝ ρὨὸ
Ὠό

Ὠὸ
Ὠό

ρ

όὸ
Ὠό  (4.21) 

Furthermore, the optimization variable ὸ is replaced by path parameter ό creating the pseudo-

kinematic terms: pseudo-velocity, όό, pseudo-acceleration, όό, and pseudo-jerk, όό. 

 

minὝ  
ρ

όό
Ὠό 

subject toȡ 

ȿ▲ όόόȿ ○□╪● 

ȿ▲ᴂόόό ▲ᴂᴂόό όȿ ╪□╪● 

ȿ▲ όόό σ▲ όόόόό ▲ όό όȿ ▒□╪● 

(4.22) 

The above nonlinear programming problem (NLP) is equivalent to the original optimization 

problem in (4.20). NLPs are difficult to solve and there are no effective methods or solvers for 

solving them [41]. Also, there is no guarantee that the solutions found from such solvers are 

globally optimal. In this thesis, the above NLP is approximated as a linear programming problem 

using the methods explained in the following section. 

4.4.2.1 Linear Programming Formulation  

The optimization problem is linearized to yield a convex linear programming problem. The benefit 

of this convex relaxation is that the optimal solution to the convex problem is the global minimum. 

In addition, solving linear programming is less computationally expensive compared to solving 

nonlinear programming.   

A linear program (LP) is a type of convex optimization problem where the objective and the 

constraint functions are all affine and have the following general form.  
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minimize╬●
subject to╖● ▐

═● ╫

 (4.23) 

where ●ᶰᴙ  is the vector of variables to be optimized, ╬ɴ ᴙ , ▐ᶰᴙ  and ╫ᶰᴙ  are the 

vectors of known coefficients, and ╖ᶰᴙ  and ═ᶰᴙ  are the matrices of known 

coefficients.  

To linearize the problem and convert the equation into the above LP form, first a new parameter, 

 ύ, is defined as the square of pseudo-velocity, ό ό . Using the chain rule, the following 

derivatives of ύ with respect to ό are found. 

 

ύό ό ό 

ύ ό
Ὠό ό

Ὠό
ςόό

Ὠόό

Ὠό
ςόό

Ὠόό

Ὠὸ

Ὠὸ

Ὠόό

ςόόόό

όό
ςόό  

ύ ό ς
Ὠόό

Ὠό
ς
Ὠόό

Ὠὸ

Ὠὸ

Ὠόό
ς
όό

όό
 

(4.24) 

These can then be used to relate the pseudo-terms from the constraint functions in (4.22). 

 

όό ύό 

ό ό ύό 

ό ό ύό ύό 

όό
ρ

ς
ύ ό 

όό
ρ

ς
ύ όόό

ρ

ς
ύ ό ύό 

(4.25) 

Substituting back with the above terms, the optimization problem in (4.22) can be rewritten 

without any time derivative term: 
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min 
ρ

ύό
Ὠό 

subject to : 

ȿ▲ όȿύό ○□╪● 

ρ

ς
▲ᴂόύ ό ▲ᴂᴂόύό ╪□╪● 

ρ

ς
▲ όύ ό

σ

ς
▲ όύ ό ▲ όύό ύό ▒□╪● 

(4.26) 

Although the objective function is a convex function, it is not in a linear form. Therefore, it is 

transformed to the equivalent linear programming problem using the convex operations.  

For a convex minimization problem whose objective is to minimize a convex function, Ὢ, 

maximizing a concave function, Ὢ, is the equivalent problem. Therefore, the objective function 

can be rewritten as follows: 

 max
ρ

ύό
Ὠό (4.27) 

Then, consider the following convex optimization problem  

 minimize Ὢὼ (4.28) 

For a monotone increasing function ‪ȡᴙᴼᴙ, the transformation of the objective function via 

composition can be made, Ὢὼ ‪Ὢὼ , and the following corresponding optimization 

problem is equivalent to the above original problem. 

 minimize Ὢὼ (4.29) 

Therefore, the objective function in (4.27) can be written as a transformed function via the 

following composition, 

 
ρ

ύό
Ὢύ ‪ ‪ Ὢύ   (4.30) 
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where ‪ ὼ  and ‪ ὼ Ѝὼ are both monotone increasing ᴙᴼᴙ functions for ὼ πȢ 

Rewriting (4.27) using the above rule, it is true to state that the following LP problem is equivalent 

to the original optimization problem. 

 maxύόὨό min ύόὨό (4.31) 

Next, linearization of the constraint functions is made as there still present nonlinear terms. Using 

the same concept of composition rule, the velocity equation is linearized by squaring both sides as 

this operation preserves the convexity.  

 ▲ όύό ○□╪● (4.32) 

For the acceleration and the jerk equations, B-spline approximation is used to linearize  ύ ό and 

ύ ό terms, as suggested in [42]. Since the jerk values are bounded by a finite number, the third 

order derivatives should exist for the path parameter, όὸ. Hence, for ύό ό ό, its profile 

is approximated by a 5th order B-spline. A B-spline of order ὴ is a spline function that creates a 

smooth curve by joining several pieces of polynomials of degree Ὧ ὴ ρ end to end, which 

follows the control points. The below figure illustrates the 3rd order B-spline curve that follows 

12 control points. 

 

Figure 4.11 Illustration of 3rd order B -spline curve following 10 control points 

The benefit of this B-spline approximation is that the equation for B-spline curve is expressed by 

a linear combination of the control points and the basis function as follows: 
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 ύόḙύό ὔȟ ό‌ (4.33) 

Here, ♪ is the control point vector of size ὲ ρ and ὔȟ ό is the basis function defined on a knot 

vector ╤, which spans the path parameter όᶰπȟρ. The size of knot vector ά ρ is determined 

by the number of control points and the degree of the polynomials ά ὲ Ὧ ρ. The value of 

the B-spline curve at any point ό is obtained by the summation of the product of the adjacent Ὧ

ρ control points and their basis function affected by the knot values. Therefore, for the 5th order 

B-spline curve to strictly pass the initial and the final control points, the initial and final velocity 

conditions, ‌ and ‌  are set to zero and the knot vector is defined as follows: 

 ╤ πȟπȟπȟπȟπȟόȟόȟȣȟό ȟρȟρȟρȟρȟρ (4.34) 

Using the properties of B-spline, the derivative terms can also be represented by the linear 

combination of the control points and the basis function as follows: 

 

ύ όḙύ ὔ ȟ ό‌ 

ύ όḙύᴂᴂό ὔᴂᴂȟ ό‌ 

(4.35) 

The values of the basis functions and its derivatives are calculated using the following Cox-de 

Boor recursion formula: 

 

ὔȟ ό
ρ ὭὪ ╤Ὥ ό ╤Ὥ ρ
π otherwise

ȟ    Ὥ πȟȣὲ υ 

ὔȟ ό
ό ╤Ὥ

╤Ὥ Ὧ ╤Ὥ
ὔȟ ό

╤Ὥ Ὧ ρ ό

╤Ὥ Ὧ ρ ╤Ὥ ρ
ὔ ȟ ό 

ὔ ȟ ό
Ὧ

╤Ὥ Ὧ ╤Ὥ
ὔȟ ό

Ὧ

╤Ὥ Ὧ ρ ╤Ὥ ρ
ὔ ȟ ό 

ὔᴂᴂȟ ό
Ὧ

╤Ὥ Ὧ ╤Ὥ
ὔᴂȟ ό

Ὧ

╤Ὥ Ὧ ρ ╤Ὥ ρ
ὔᴂ ȟ ό 

(4.36) 
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Since these functions depend on the knot vector ╤, and the current path parameter value ό for all 

ό, they can be precomputed leaving the control points ‌ as an optimization variable. Hence, the 

expressions for ×ό, ύ ό, and ύ ό in the equation becomes the linear form in terms of ‌. 

The only nonlinear term left in the equation is ύό within the jerk expression. To overcome 

this, the optimization is divided into two steps. First, the problem is solved without the jerk 

constraint to yield the optimal solution, ύᶻ, then it is solved again with the jerk constraint that is 

now linearized using the following property. 

 
ύz

ύ

σ

ς

ύ

ςύz
ρ (4.37) 

Applying the above property to the jerk equation, the following relaxed jerk equation is obtained: 

 
ρ

ς
▲ όύ ό

σ

ς
▲ όύ ό ▲ όύό ύz ό

▒□╪●
ςύz ό

ύό
σ

ς
▒□╪● (4.38) 

Although the relaxation yields suboptimal results, the performance is not deteriorated significantly. 

The below shows this two-step optimization problem. 

Initial optimization problem: 

 

min ὔȟ ό‌ 

ÓÕÂÊÅÃÔ ÔÏȡ 

▲ ό ὔȟ ό‌ ○□╪● 

ρ

ς
▲ ό ὔ ȟ ό‌ ▲ ό ὔȟ ό‌ ╪□╪● 

(4.39) 
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Final optimization problem: 

 

min ὔȟ ό‌ 

subject to: 

▲ ό ὔȟ ό‌ ○□╪● 

ρ

ς
▲ ό ὔ ȟ ό‌ ▲ ό ὔȟ ό‌ ╪□╪● 

ρ

ς
▲ ό ὔᴂᴂȟ ό‌

σ

ς
▲ ό ὔ ȟ ό‌ ▲ ό ὔȟ ό‌ ύz ό

▒□╪●
ςύz ό

ὔȟ ό‌
σ

ς
▒□╪● 

(4.40) 

The problem is solved using CVX, a MATLAB based modeling system for convex optimization. 

The solution to the optimization problem is strictly in the path parameter domain (ό. To retrieve 

the time domain ὸ trajectory, the following integration is evaluated.  

 total time Ὕ
ρ

ύό
Ὠό

ρ

ύό
Ὠό (4.41) 

Since ύό profile is designed to have zero initial and final condition, the beginning and ending 

of the above integration at  and  approach near infinity. In remedy, the following 

approximation is made: 

 
ρ

ύό
Ὠό Ὕό π

ρ

ύό
Ὠό (4.42) 

where, 
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Ὕπ π 

Ὕό ό ό
ρ

ύό
 

Ὕό Ὕό
ρ

ς
ό ό

ρ

ύό

ρ

ύό
 

Ὕρ Ὕό ό ό
ρ

ύό
 

(4.43) 

Therefore, parameter domain time Ὕό is retrieved from the above formulation and the time 

domain path parameter όὸ is generated by simply reversing Ὕό. Using equation (4.11), tool 

paths are generated from the path parameter. No specific shapes or profiles are expected to appear 

in this strategy. However, it is expected from the optimality criterion that one or more of the 

resultant profiles in MCS should have regions where the motions are at their limits.  

4.5 Estimation Performance Comparisons of Four Strategies 

The purpose of minimum time trajectory generation in this research is to closely estimate the 

CNCôs G00 + TRAORI trajectory. During the actual drilling process, a total of 2000 reference 

trajectories are collected from the machine. Although the CNC generates trajectories with 2ms 

sampling time, due to difficulties in computational power in the logging setup, data was recorded 

at every 4ms. For each starting and end point pair, trajectories proposed in this chapter are 

generated with the same 2ms sampling time and compared against the measured hole-to-hole 

trajectory.  

While comparing the strategies, it was found that the optimization approach is much more 

computationally expensive than the other approaches. The average CPU time measured from 

MATLAB for 10 randomly selected sampled trajectories is shown in the below table.     

Table 4.1 Average CPU time used in MATLAB for each strategy 

Strategy #1 #2 #3 #4 

Time [s] 0.0014 0.0122 0.1438 84.6842 

It would take approximately 50 hours to estimate 2000 trajectories using the optimization approach 

and considering the actual planning processes, where the number of hole-to-hole permutations is 
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more than 1,000,000, it is decided to first conduct a preliminary abridged analysis that compares 

the strategies for only the selected number of trajectories.  

4.5.1 Preliminary Abridged Analysis 

The selection includes the 50 fastest, 50 slowest, and 50 median trajectories from the 2000 samples. 

For each hole-to-hole trajectory, the errors are calculated by subtracting the estimated time from 

the experimentally measured time. Figure 4.12 illustrates the timing error probability density 

function of the 150 trajectory samples. 

 

Figure 4.12 Timing error probability density function of four strategies for 150 trajectory samples  

Strategy #4 result has the closest mean value to zero, which indicates that it has the most accurate 

estimations. However, strategy #3 has the smallest standard deviation, indicating that it has the 

most robust estimations. Nonetheless, further analysis is conducted on each comparison case to 

fully understand the performance of each individual strategy. For each strategy, the mean and 

standard deviation values for different comparison cases are listed in Table 4.2. The actual values 

for the kinematic limits or hole-to-hole trajectory travel times are not presented in this thesis, so 

as to not disclose any process related information.  
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Table 4.2 Average timing error and standard deviation for each strategy in different comparison cases 

Strategy Slow [s] Median [s] Fast [s] 

#1 0.1371  0.0425 0.0034  0.0031 0.0008  0.0018 

#2 0.0728  0.0223 0.0026  0.0031 0.0006  0.0016 

#3 0.0394  0.0299 0.0023  0.0060 0.0013  0.0019 

#4 0.0529  0.0284 -0.0568  0.0179 -0.0291  0.0081 

4.5.1.1 Slow trajectories 

All of the strategies have positive errors meaning that they overestimate trajectories resulting in 

faster travel time than the experimentally measured trajectories. Among all, strategy #1 

overestimates the most, this is expected since strategy #1 directly plans the trajectories in the joint 

space without any coordinate transformation involved. In fact, the gaps increase more as it gets 

more nonlinear between WCS and MCS from larger ὄ and ὅ axis actions. To illustrate this, one 

of the slowest trajectories is selected and plotted in Figure 4.13.   

 

Figure 4.13 Z-axis motion in MCS and WCS for one of the slow trajectories 
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For visualization purposes, only one axis is presented instead of all five axes. Strategy #1 exhibits 

the s-curve profile in MCS, fully utilizing the kinematic limits. However, as mentioned previously, 

its WCS motion is very much different from the other strategies and the measured trajectory. It is 

noteworthy that in this trajectory, strategy #4 is faster than strategy #2 as opposed to shown in 

table 2 (greater timing error for strategy #2 than for strategy #4). In fact, this makes sense since 

the optimization method in strategy #4 is not bounded to s-curve profiles in task space, hence is 

granted with more possibilities to reach the optimal trajectory. The reason that strategy #2 is shown 

to be faster in table 2 is that it sometimes generates trajectories that exceed kinematic limits causing 

the motion time to be faster than if it were kept under the limits. Figure 4.14 shows the case in 

which the jerk limits for X-axis is violated from strategy #1.  

 

Figure 4.14 X-axis motion in MCS and WCS for one of the slow trajectories 

As mentioned, the trajectory from strategy #2 exceeds the kinematic limit causing the motion to 

be faster than strategy #4. However, compared to strategy #3, which is the other s-curve profile 

planning in task space, strategy #4 is shown to be faster as expected.  
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4.5.1.2 Median trajectories 

Strategy #1, #2, and #3 perform similarly in most of the trajectories in the group of median 

trajectories. Strategy #4, contradicting to the slow cases, underestimates the motion time 

generating much slower trajectories than the others (Figure 4.15).  

 

Figure 4.15 Z-axis motion in MCS and WCS for one of the median trajectories 

It is shown that all the strategies utilize full limits for the Z-axis. It is noted that this motion 

preserves linearity between MCS and WCS well that the motion from strategy #1 is not much 

different from the motions from strategy #2 and #3. The strategy #4 motion is the only one that is 

longer than the measured one. Although utilizing the limit, it has more moderate slopes at the 

beginning and the end of the trajectories compared to the others causing more time while 

accelerating and decelerating. This can be explained by two things. Firstly, it can be explained by 

the assumption that is made to linearize the optimization problem. B-spline and its derivatives are 

used to linearize the original optimization problem, in which the initial and final conditions are 

strictly set to zero. When numerical integration is done to obtain the time domain trajectories from 
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the path parameter domain, the approximation is made at the initial stage to avoid an unbounded 

answer. These two factors contribute to slower development of trajectories. Compared to the slow 

cases, this effect is more crucial since the majority of motion is used up in acceleration and 

deceleration. Hence, the strategy yields slower trajectories as the trajectory gets shorter and 

shorter.  

4.5.1.3 Fast trajectories 

It is found that the less ὄ and ὅ axes motions are involved, the faster the trajectories become. 

Therefore, strategy #1, #2, and #3 perform very much alike in this group (Figure 4.16). The mean 

timing errors for these strategies are all less than the sampling rate. Meanwhile, strategy #4, for 

the same reason mentioned previously, estimates much slower trajectories of which the mean 

errors are about 10 times larger than the sampling rate.    

 

Figure 4.16 Z-axis motion in MCS and WCS for one of the fast trajectories 
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4.5.2 Preliminary Abridged Analysis Conclusion 

Based on the analysis of the selected trajectories from different groups, it is decided to disregard 

strategy #1 and strategy #4 for further analysis. Strategy #1 yields similar estimation to strategy 

#2 and #3 for median and fast trajectories, in which the linearity between MCS and WCS is well 

preserved due to little to no rotary axis (ὄ and ὅ) movement. However, the more it gets nonlinear, 

strategy #4 tends to overestimate the trajectories and yields much faster trajectories than the 

experimentally measured ones. For strategy #4, it also overestimates the trajectories when there is 

enough period to fully utilize kinematic limits. However, it underestimates significantly in median 

and fast trajectory cases due to its limitations from the assumptions and approximations used in 

the method. Strategy #3 estimates the trajectories more consistently than strategy #2, since 

trajectories from strategy #2 occasionally violate the kinematic limits, which produces faster 

motion time. Nonetheless, a full  analysis is conducted for strategy #2 and #3 for a more thorough 

comparison.  

4.5.3 Full Analysis 

Among more than 2000 sampled trajectories, about 85% of the trajectories behave as assumed: 

they have straight paths with s-curve kinematic profiles in WCS and one of the axes hit the 

kinematic limits for time optimality. The other 15% of the trajectories behave slightly differently, 

that the trajectories are matured before hitting the limits. Figure 4.17 demonstrates this case in 

which the measured trajectories do not develop further to fully utilize the axis limits.  

By looking at the MCS acceleration profile, it can be seen that the measured trajectory does not 

hit the limit, whereas strategy #2 and #3 motions do. It is also noteworthy that the WCS motion 

profiles are not the theoretical s-curve shape. It is not symmetric, and it has an unexpected dip at 

the beginning of the decelerating phase. The reason for this behavior is uncertain yet, since to the 

best of authorôs knowledge, the settings for the CNC do not promote such behaviors. It is possible 

that there are some settings inaccessible to end users that produce these behaviors. Further 

investigation is recommended to fully understand this phenomenon. Excluding these outliers, 

Figure 4.18 illustrates the findings for the 1837 trajectories. 
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Figure 4.17 Z-axis motion in MCS and WCS for one of the unexpected trajectories 

It is shown that strategy #3 has a mean error closer to zero and has smaller deviation than strategy 

#2. This suggests that strategy #3 performs better than strategy #2 for being able to more correctly 

estimate the CNCôs trajectories with higher robustness. Furthermore, considering that strategy #2 

sometimes produces trajectories that violate kinematic limits, it is decided to use strategy #3 as the 

main trajectory generation method for this research.  
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Figure 4.18 Timing error probability density function of strategy #2 and #3 for 1837 trajectory samples 

4.6 Conclusion 

The need for a trajectory generation method that closely estimates the trajectory generation 

strategy of the CNC machine is clear to obtain correct hole-to-hole motion time. Having realistic 

motion time makes it possible to get more realistic sequencing optimization results. In this chapter, 

four trajectory generation strategies are presented. Strategy #1 plans trajectory strictly in joint 

space to directly consider the machineôs kinematic limits. Strategy #2, #3, and #4 plan trajectories 

in task space to address the confined path problems in the workpiece coordinate system. Both 

strategy #2 and #3 use the s-curve velocity profile to design the feedrate, and strategy #4 uses 

convex optimization to generate time optimal feedrate. More than 2000 trajectories are collected 

from the actual drilling processes and the performances of the four strategies are compared to the 

measured trajectories. As a result, strategy #3 is decided to be the main trajectory generation 

method for this research as it was shown to have the best estimation consistency and accuracy.  
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Chapter 5 

Sequencing Optimization of Holes 

5.1 Introduction  

Given the hole-to-hole trajectory information, sequencing of the entire hole pattern can be 

formulated as a Traveling Salesman Problem (TSP). A TSP is to find the minimum distance tour 

to visit all the cities only once when a set of cities and the distances between each pair of cities are 

known. Referring to the set of points (cities) to ╥, and the number of points in the set to ὲ, a 

standard TSP can be expressed as an integer linear programming problem (IP) as follows: 

 

min ὅὡ  

subject to: 

ὡ ρȟὮ ρȟςȟȣȟὲ
ȟ

 

ὡ ρȟὮ ρȟςȟȣȟὲ
ȟ

 

ὡ ȿ╢ȿ ρȟᶅ╢Ṓ╥ȟ╢ ᶮ
ȟɴ ȟ

 

ὡ ᶰπȟρ 

(5.1) 

Here ╒ refers to the cost matrix for the problem and ὅ  represents the cost of traveling from point 

Ὥ to Ὦ. ╦ denotes the selection matrix of a certain tour, where ὡ π means that the connection 

from point Ὥ to Ὦ is not selected, and ὡ ρ means that the connection is selected. The first two 

equality constraints enforce a condition of departing and arriving each point exactly once. The 

inequality constraint requires that the number of connections between the points in the proper 

subset ╢ of the set ╥ should not exceed the number of points in the subset ╢ ρ. This constraint 

ensures that the solution will have only a single tour than multiple small tours which satisfy the 

other equality constraints.  

The solution to the above IP is a single tour, represented by the selection matrix ╦, of which its 

cost is the minimum among all other possible tour configurations. In order to address the minimum 

time sequencing problem for the drilling application, hole-to-hole travel time estimated from the 
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methods described in the previous chapter is chosen as the cost. Since the trajectory is generated 

using only the kinematic limits, the motion durations for both directions are identical for the same 

hole pair, meaning that Ὕ Ὕ which creates the temporal cost matrix symmetric. In addition, 

the travel times between the same hole (i.e. Ὕ, the diagonal elements in the matrix) are set to zero 

to be excluded from the sequencing calculation. 

5.2 Solving TSP 

Mathematicians and scientists have worked extensively to develop methods to solve TSP. TSP 

falls into a category of NP-hard problem and there are two main approaches in solving such 

problems: heuristic methods and exact methods. Exact methods guarantee the optimal solution; 

however, it often suffers from its high computation time. On the other hand, heuristics methods 

can solve the problems in much faster time with the optimality compromised. In this section, 

methods currently adopted by the industry partner, the proposed heuristic method developed by 

the author, and the state-of-the-art exact method used for benchmarking purpose are described.    

5.2.1 Industry Approach #1: Zig-zag 

One simple method that the industry partner uses is to construct the hole visiting sequence in a 

zig-zag manner. The term zig-zag is used because the shape of visiting order resembles a zig-zag 

pattern, which visits the holes in a row in the same direction and once at the end of the row it visits 

holes in the next row in the opposite direction and repeats the pattern. While its dominant pattern 

remains as a zig-zag, a planner, based on his/her experience, adjusts some sections to adapt for 

certain part geometry or to avoid contacts between the tool and the fixture. An exemplary 

sequencing pattern is shown in Figure 5.1.  

This approach has its advantage in simplicity. For the method relies on the geometrical patterns 

only, the planners do not need to conduct any in-depth analysis related to the machine dynamics, 

the travel time calculation, or minimum time optimization problem. Therefore, they can easily 

produce feasible solutions. However, the downside of this method is that these solutions are far 

from time optimal.  
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Figure 5.1 Exemplary zig-zag sequencing pattern for the sample part  

5.2.2 Industry Approach #2: Modified Nearest Neighbor 

A more advanced and yet still simpler method than the methods to be discussed later in this thesis 

has been developed by the industry partner. Due to the complex 5-axis kinematic transformation 

between the machine coordinates and the workpiece coordinates, the displacement in the 

workpiece coordinates does not have a linear relationship with the displacement in the machine 

coordinates. This means that what appeared to be the shorter displacement compared to others in 

the workpiece coordinates may not be shorter displacement in the machine coordinates after 

undergoing the kinematic transformation. Therefore, the previous method which relies on the 

geometrical patterns in the workpiece coordinates could not avoid choosing a slower path. In order 

to solve this issue, the displacements in the individual joints in the machine coordinates are 

considered in this more advanced method.  

It uses a heuristic algorithm called óNearest Neighborô (NN) to construct the hole visiting 

sequences (Figure 5.2). In TSP, NN is one of the simplest methods to build a tour by selecting the 

next unvisited point that is the closest to the current point. When there is no point to visit anymore, 

it simply returns to the original starting point to complete a tour. Because of this forced returning 

to the starting point regardless of the traveling cost, the algorithm often produces tours with poor 

performances. However, in the percussion drilling application, the returning to the starting point 

is not necessary since all the holes would be drilled completely by then. Therefore, this NN based 

method can produce sequences with less total travel time than the previous zig-zag method. Table 

5.1 describes how the algorithm works.  








































