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Abstract

Entanglement harvesting is a relativistic quantum information protocol through which
initially uncorrelated particle detectors become entangled by locally interacting with a
quantum field. This process allows one to extract and repurpose the entanglement naturally
present in quantum fields, even from spacelike-separated regions. Entanglement harvesting
has not been realized in the lab, but multiple experimental platforms to realize it have been
proposed, among which superconducting circuits stand out due to their controllability and
ability to implement strong interactions of detectors with 1+1 dimensional quantum fields.

In this thesis, we start by investigating entanglement harvesting using particle detectors
coupled to a massless scalar field through its derivative, a coupling that captures important
features of light-matter interaction and is naturally realized in superconducting circuits.
We show that detectors in causal contact can still harvest genuine entanglement from the
field, with harvested entanglement peaking when the detectors are fully light-connected.
Additionally, we find that communication and harvesting contributions to the detectors’
entanglement can interfere both constructively and destructively. Surprisingly, this implies
that the presence of entanglement in the field can sometimes inhibit, rather than enhance,
the entangling of the detectors.

We then broaden the analysis to more general entanglement harvesting protocols in-
volving detectors with arbitrary number of energy levels and a general class of couplings to
the field. Furthermore, we study the longitudinal (diagonal) and transversal (off-diagonal)
components of the detector-field interaction. We show that at leading order, entangle-
ment harvesting is dominated by the component transversal to the detectors’ initial state.
Through an explicit qubit model, we further illustrate how increasing the strength of lon-
gitudinal coupling can suppress harvested entanglement via higher-order effects.

Finally, motivated by the prospect of experimental realizations, we introduce a variable-
gap detector model that bridges the gap between idealized Unruh-DeWitt particle detec-
tors and existing implementations in superconducting circuits. Using parameters tailored
to potential experimental setups, we investigate entanglement harvesting in both spacelike-
separated and causally connected scenarios. We find that, while variations in the energy
gap reduce the ability to harvest entanglement in spacelike scenarios, detectors in causal
contact detectors can still become entangled through their interaction with the field. No-
tably, our analysis shows that (due to the derivative coupling nature of the model) even
for causally connected detectors, there are setups where entanglement primarily originates
from the field’s correlations. This demonstrates the potential for genuine entanglement har-
vesting in the lab and opens the door to near-future entanglement harvesting experiments
in superconducting circuits.
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Chapter 1

Introduction

It is well established that the vacuum state of a quantum field contains entanglement
between degrees of freedom located in different spacetime regions, including those that are
spacelike separated [1, 5, 6, 7, 8]. In fact, Bell inequalities can be violated by performing
measurements of local observables of space-like separated regions [9]. In later years, a
family of relativistic quantum information protocols known as entanglement harvesting was
developed to operationally access this entanglement. In these protocols, a pair of initially
uncorrelated particle detectors interact locally with a quantum field and may become
entangled by extracting correlations present in the field state. Entanglement harvesting
was first explored by Valentini and Reznik [9, 10, 11] and further developed later on for
different kinds of fields and backgrounds (see, e.g., [2, 12, 13, 14, 15, 16, 17, 18,19, 20, 21,

, 23, 24, 25]).

Particle detector models are internally simple quantum systems that couple locally
to the quantum field. These detectors offer a physically implementable way to probe
entanglement in quantum field theory, avoiding the divergences that often affect field-
theoretic calculations. A widely used example of detector model is the Unruh-DeWitt
(UDW) detector [26, 27, 28, 29, 30], which captures essential features of light-matter
interaction [31, 14]. Entanglement harvesting with detectors has been explored across
various field types and spacetime backgrounds [12, 13, 14, 19, 21, 18], and holds promise
both for understanding the entanglement structure of QFT [32, 33, 34, 35, 36, 37, 38]
and as a way to harness non-locality resources in quantum information [39]. Despite its
significance, entanglement harvesting has not been experimentally realized as of the time
of the writing of this thesis. Implementations have been proposed in linear ion traps [10],
superconducting circuits [41, 42, 43], in graphene [11], in Bose-Einstein condensates [15,



| and in nonlinear crystals [17, 18, 19, 50], but so far no direct experimental test of
entanglement harvesting has been performed.

When two detectors interact with spacelike separated regions of a quantum field, any
entanglement they acquire must originate from preexisting correlations in the field, since no
communication between them is possible in such case (see, e.g., [51, 52, 53, 54]). However,
as noted in [55], this is no longer the case when the detectors are causally connected. In
such scenarios, entanglement can arise not only from genuine harvesting but also through
communication mediated by the field. The total entanglement acquired by the detectors
can thus be understood as a combination of two contributions: communication-mediated
entanglement and genuinely harvested entanglement.

This distinction has been explored primarily within the UDW detector model, where
detectors couple linearly to the field amplitude. Previous work showed that, for mass-
less fields in 141 and 341 dimensional Minkowski spacetime, the entanglement acquired
by light-connected detectors is dominated by communication effects rather than genuine
harvesting [55]. Genuine harvesting was found to contribute meaningfully only in higher
dimensions (n > 5) or when the field has sufficient mass. More recent work has extended
this analysis to curved spacetimes, showing that caustics and secondary null geodesics can
enable genuinely harvested entanglement even in causally connected setups [56]. In this
thesis, we show that it is possible to construct configurations where genuine harvesting
dominates for 1+1D and 341D Minkowski spacetime with massless fields, even when the
causal contact between detectors is maximum. This allows us to maximize the genuinely
harvested entanglement even in scenarios where communication is possible. To observe this
behavior, we depart from the standard amplitude coupling and instead consider detectors
coupled to the derivative of the field amplitude.

Derivative coupled detector models have primarily been used to address infrared di-
vergences that arise for massless fields in low dimensional spacetimes [57, 58, 59, 60, 61,

, 19, 63, 64]. While amplitude coupling IR divergences can be regularized via cutoffs,
the resulting detector dynamics retain some dependence on the chosen cutoff [2, 59, 60].
Derivative coupling, by contrast, avoids such IR issues naturally. Additionally, in 141D,
the short-distance behavior of the derivative coupling resembles that of amplitude coupling
in 3+1D [60, 62]. Furthermore, dualities between the amplitude and derivative couplings
were identified in [65]. These features make the derivative model a useful tool for exploring
3+1D-like behavior in simpler 141D settings.

Beyond its theoretical usefulness, the derivative coupling has direct connections to
experimentally accessible systems. It more accurately captures certain features of light-
matter interactions [60, 11], and it can be implemented in superconducting circuits [67, 3].



This implementation consists of a superconducting qubit coupled to a transmission line,
modeled as a 1+1D massless scalar field, as will be presented in the latter parts of this
thesis. Typically, the interaction between the qubit and the transmission line is modeled
using the spin-boson model [68] with an Ohmic bosonic bath, see, e.g., [09, 70, 3]. This
description turns out to be none other than derivative coupling in the language of particle
detectors [67].

Another topic studied in the present thesis relates to previous literature which seemed to
support that communication and harvesting contributions to detector entanglement always
add constructively. Then, one would expect to find more entanglement when communica-
tion occurs through the field, rather than when it does not occur, such as when detectors
are in spacelike separation. However, perhaps surprisingly, we show that communication
does not always contribute positively to entanglement.

Namely, we find that, in general, the contribution of the communication component
and the contribution from the harvesting of preexisting entanglement in the field can ac-
tually interfere. This interference can be constructive, amplifying even more the amount
of entanglement acquired by the detectors, but also destructive so that the harvesting
contribution and the communication contribution cancel and the detectors fail to get en-
tangled. This phenomenon is not apparent in the setups considered in recent studies in
which this splitting is analyzed (such as [55, 56, 50]). We show that this phenomenon
was not visible because for all the commonly chosen highly symmetric setups (see, e.g.,
(71, 72,2273, 74,75, 76, 77,78, 79, 80]) both sources of entanglement contribute construc-
tively to entangle the detectors. In this thesis, we provide sufficient conditions, fulfilled
by commonly explored scenarios, such that the interference between the two sources is
guaranteed to be constructive.

Then, guided by these conditions, we provide examples of causally connected detectors
which do not get entangled due to destructive interference, even though communication
alone or genuine harvesting alone would have entangled the detectors. These examples are
provided both in Minkowski and De Sitter spacetimes. Conversely, we also find scenarios
where the constructive interference is stronger than in the setups commonly explored in
the literature, further enhancing the entanglement acquired by the detectors.

The last major topic explored in this thesis is the modeling of a proposed experimental
realization of entanglement harvesting in a superconducting circuit platform. The imple-
mentation of entanglement harvesting in superconducting circuits leverages the ability of
these circuits to create “artificial atoms” that can strongly couple to the electromagnetic
field [81, 82]. Specifically, the interaction can reach the ultra-strong coupling regime. At
such strong couplings, the rotating wave approximation, commonly used to describe light-



matter interaction [83], breaks down [69]. Notably, this approximation is not present in
UDW detector models used in RQI. A key advantage of using superconducting circuits
for RQI experiments is their high tunability, allowing for circuits with switchable coupling
that can reach the ultra-strong regime [34, 85, 3]. This enables superconducting circuit
platforms to access regimes where the amounts of harvested entanglement become signif-
icant. In these setups, the interaction of superconducting qubits with the field inside a
microwave waveguide can be switched on and off within fractions of nanosecond, allowing
these detectors to probe fields in spacelike separated regions.

Our first goal is to strengthen the connection between experimentally implemented
particle detectors in superconducting circuits and the idealized UDW detector models
commonly employed in RQI. We begin with a complete circuit model of the supercon-
ducting implementation. Then, we review the series of approximations upon it that result
in a model that resembles an UDW detector coupled to a 141D scalar massless field,
but that retains crucial implementation specific features of the superconducting circuit
platform. These features, which allow to better model realistic experiments, include: a
variable energy gap, coupling to the derivative of the field amplitude, and a soft UV cut-
off. Among these features, derivative coupling stands out for, as previously discussed in
this introduction, naturally removing IR divergences [57, 58, 59, 60, 61, 62, 19, 63, 64],
better modeling light-matter interactions in some regimes [14, 66, 67], and its duality with
amplitude coupling [65]. The impact of the cutoff and its relation to the detector spatial
localization has been previously analyzed in [07]. However, the variable energy gap has
only been explored in very idealized scenarios outside of superconducting circuits and in
timelike connection [79, 80]. In this study, the variation of the energy gap is dictated by
the experimental constraints in the superconducting circuit implementation. Using the
implementation of [3], the variation of the gap is linked to the strength of the coupling,
which is time dependent. This is a constraint whose effect has not yet been fully explored
in the context of RQI protocols.

Once the model is established, we study how these implementation specific features
affect entanglement harvesting. We examine entanglement harvesting both for spacelike
separated and causally connected detectors. To do so, we use the tools described at the
start of the thesis, developed in [55], to split the entanglement into sources: communication
through the field or harvesting of preexisting field entanglement. This split allows us to
identify situations where entanglement is genuinely harvested even in causal contact.

The thesis is organized as follows, in chapter 2, we explore entanglement harvesting
for detectors in causal contact. In section 2.1, we set up a simple entanglement harvest-
ing setup with derivative coupling. Then, section 2.2 describes why and how to split the
harvesting and communication contributions to entanglement acquired by detectors. Sec-
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tion 2.3 compares the communication contributions for amplitude and derivative coupling,
and provides examples where derivative coupling allows to genuinely harvest entanglement
while in full causal communication. Then, section 2.4 reviews a more general protocol of
entanglement harvesting that applies to curved spacetimes, to establish notation and build
the necessary tools that will be used later on. Section 2.5 presents the conditions that
the spacetime, the detectors, and the field Feynmann propagator should meet to guarantee
constructive interference of communication and harvesting. In section 2.6, we show numer-
ical examples in Minkowski and De Sitter spacetimes where these conditions are violated.
There, we find that interference can go through the full range from completely destructive
to fully constructive.

The chapter 3 studies the effect of longitudinal and transversal interactions for an
even more general class of entanglement harvesting protocols than the ones presented in
Chapter 2. Firstly, section 3.1 presents entanglement harvesting for detectors with an
arbitrary number of energy levels, which couple to the field through a general class of
couplings. The coupling is split into longitudinal (diagonal) and transversal (off-diagonal)
parts, with evolution solved exactly for the longitudinal part and perturbatively for the
transversal part. Then, section 3.2 shows that the contributions to negativity at leading
order are always dominated by the interaction that is transversal to the initial state of the
detectors. Finally, section 3.3 explores an example for qubit detectors with transversal and
longitudinal coupling, for increasingly large amounts of longitudinal coupling, until higher
order effects make the longitudinal coupling contribute, detrimentally, to negativity.

In chapter 4, we connect the superconducting implementation of detectors to the the-
oretical models usually used in relativistic quantum information, and study the particu-
lar effects of the implementation on entanglement harvesting. The chapter starts with a
section 4.1 that provides the circuit model for implementing particle detectors as a su-
perconducting device. Then, section 4.2 describes the simplifications that turn the detec-
tor implementation model into a UDW-like detector with implementation-specific features
such as a variable gap and derivative coupling. Section 4.3 illustrates the entanglement
harvesting protocol for a pair of variable gap, derivatively coupled detectors. Section 4.4
delineates how to separate the communication and genuine harvesting contributions to
the entanglement acquired by causally connected detectors. Section 4.5 shows how the
implementation-specific features such as gap variation affect entanglement harvesting.

Lastly, chapter 5 summarizes the main results and conclusions of each chapter.



Chapter 2

Harvesting entanglement in the
presence of communication

Entanglement harvesting is often studied for particle detectors that interact with space-like
separated regions of the quantum field. In such scenarios, detectors cannot communicate,
guaranteeing that any entanglement gathered by the detectors is extracted from the field.
However, this restriction to keep the detectors space-like separated is forgone in this chap-
ter. Then, as [55] pointed out, for causally connected detectors, entanglement can arise not
only from harvesting preexisting correlations in the field but also from communicating via
the field. In this chapter, we start by presenting the counterintuitive case of communication
contribution vanishing at the same time as entanglement becomes the largest, suggesting
that a large amount of entanglement is genuinely harvested. This phenomenon can occur
for—but is not limited to—detectors that couple to the field derivative. Then, we move
onto the topic of interference between the communication and harvesting contributions to
entanglement. In previous studies, these two contributions seem to always add up, increas-
ing the total entanglement [55, 56, 50]. We show that instead the two sources of entangle-
ment—communication and harvesting—can interfere with each other, sometimes canceling
out entirely. This interference was previously missed because entanglement harvesting se-
tups are usually highly symmetric, see for example [71, 72, 22, 73, 74, 75,76, 77,78, 79, 80].
Such symmetries guarantee the interference to be constructive, which is a result also pre-
sented in this chapter.

In this chapter, we use natural units 7 = ¢ = 1, indicate spacetime points as x, denote
their coordinates as 2, and use the Einstein summation convention over spacetime indices
such as p. We will also denote coordinates as (t,x) when ¢ can be interpreted as a time
coordinate. Then, & denotes an n-dimensional vector of spatial coordinates.



2.1 Entanglement harvesting from the field derivative

To establish the context and notation, we summarize the entanglement harvesting protocol
along the lines of, for example, [2]. However, the protocol presented below differs in the
following: using particle detectors that linearly couple to the time derivative of the field,
instead of the more common choice of coupling to the value of the field itself.

2.1.1 Motivation for coupling to the field derivative

In the usual Unruh-DeWitt particle detector model [26, 27, 28], the coupling between the
detector and the field is linear in the field amplitude. Even if less popular, derivative
coupling, where the detector couples linearly to the (proper) time derivative of the field,
has been widely used in the literature to avoid infrared divergences that affect amplitude
coupling in low dimensional massless field theories [57, 58, 59, 60, 61, 62, 19, 63, 64]. Al-
though such divergences can be regularized with cutoffs, the states of the detectors after
interacting with the field depend, even if weakly, on the chosen cutoff [2, 59, 60]. Derivative
coupling eliminates this dependence and, in 141 dimensions, has a similar short-distance
behavior to amplitude coupling in 3+1 dimensions [60, 62]. Dualities between amplitude
and derivative coupling have also been identified [65]. Moreover, derivative coupling better
captures aspects of the interaction between atoms and the electromagnetic field [14, 66].
Additionally, this coupling is realizable in superconducting circuits: superconducting qubits
coupled to transmission lines effectively implement derivative coupling. This implementa-
tion is also often modeled in the literature as the spin-boson model with an Ohmic bath

[ ? ) ? ’ ]

Notably, derivative coupling has not been used to explore the distinction between the
two sources of entanglement: communication through the field and harvesting preexist-
ing field entanglement. This distinction was originally explored using amplitude coupling
in [55]. We analyze this split for the derivative coupling case later in this chapter, using
the summary of entanglement harvesting that follows.

2.1.2 Reviewing the free real scalar quantum field

First, we give an overview of the theory of free real scalar quantum fields on (n+1)-
dimensional Minkowski (flat) spacetime. If we fix some inertial frame with coordinates



(t,x), the action of a free real scalar field of mass m is given by
el = [ dtde (L@ - Lver - Lm2g? 2.1
6= [ drde (S(00) — 5(Vo) — jm??). (2.1)

Here, we indicate the gradient by V = (0,1,...,0,2)". Applying the Euler-Lagrange
equations to S|[¢| shows that ¢(t, x) satisfies the Klein-Gordon equation,

(O+m?*)e(t,x) =0, (2.2)

with the d’Alembert operator O = 97 — V? and the Laplace operator VZ = 92, + ...+ 02..
The following plane waves are a complete, orthonormal set of solutions to Eq. (2.2),

( ) ei(k:-mfwkt)
Ug(t, ) = ———,
* V2(27) Wy

with wr = Vk? +m?2. Specifically, these solutions are orthonormal with respect to the
Klein-Gordon inner product, which means that they satisfy

k € R", (2.3)

(g, g ke = 0(k — k'), (ujp, upy e = —0(k — k'), (ug, ufy)xe = 0. (2.4)

Here, (.,.)xq is defined to be, for any two solutions ¢, ¢ of the Klein-Gordon equation,
(1, P2)e = i/d"w’{(t,w)@tsbz(t,w) — 0191(t, @) Pa(t, ). (2.5)

Importantly, any classical solution ¢(t,x) to Eq. (2.2) can be expressed as a linear
combination of the mode functions ug(t, ) and their complex conjugates:

(t,x) = /d"k(a,tui(t,m) + apuk(t, x)), (2.6)

where ay, are constant complex coefficients. Upon canonical quantization, the field ¢ be-
comes a field operator ¢, expanded in plane-wave modes,

i(wkt—km)d}; + ei(k'ﬂl—‘*’kf)dk)7 (2.7)

N d"k
o(t, ) :/\/W(e

where we substituted the value of ug(t, ) using the expression (2.3), and wg = V'k? + m?2.
Moreover, the coefficients ax and aj, were respectively promoted to the annihilation and
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creation operators, ag and &L. These ladder operators obey the canonical commutation
relations [ag, al,] = 0" (k — k/)1.

Additionally, one can identify a Lagrangian for the free field associated to the choice of
frame (¢, ). This Lagrangian can be found starting from the expression for the action in
equation (2.1) and removing the integral over time. Then, by Legendre transforming the
Lagrangian, the resulting Hamiltonian after quantization is

. 1, 1,0y 1 ,»

HFREE,d) = /dnw <§772 + §<V¢)2 + §m2¢2)7 (28)
with 7 = 0th5 the field’s canonical momentum. Notably, this Hamiltonian can be rewritten
in terms of the ladder operators,

A

1 sta LA A
Herws, 0 = 5 /dnk wi (@ an + andl,). (2.9)

This Hamiltonian mirrors that of a collection of independent quantum harmonic oscillators,
with each field mode labeled by k € R™ and associated with a frequency wg.

2.1.3 Harvesting protocol with derivative coupling

In order to perform the entanglement harvesting protocol, we consider a pair of detectors
to couple to the field, labeled as A and B. We take these detectors to be inertial and
comoving with the frame (¢,x). Moreover, the detectors are two-level quantum systems
that interact locally with the quantum field. Each detector has a free Hamiltonian whose
eigenstates are labeled as the ground state |g,) and the excited state |e, ), with v € {A, B}.
The free Hamiltonian of each detector sets an energy gap €2, between the two states,

]:IFREE.,V =Q, ’61/><€1/‘ , V& A, B. (210)

The detectors couple to the derivative of the field amplitude in accordance to the following
Unruh-DeWitt interaction Hamiltonian (in the interaction picture) [20, 27, 28]:

~

H,(t) = H,(t) + Hy(1),

() = Moo (8)jin (1) / &'z F, (2)0,d(t, ). (2.11)

Notice that the field operator that appears in the interaction is 8tgz§(t, x) instead of the
usual ¢(t,x). The interaction strength is controlled by A,, x,(t) and F,(x) respectively
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are the switching function and the smearing function, which localize the interaction in time
and space. The monopole moment of each detector is given by

fi,(t) = €Wt 4 e MG (2.12)

v

where 6,5 = |e,)(g,| = (5,)".

For simplicity, we take the detectors to be equal, with A = A\, and Q = Q,. Moreover,
we use the same switching and smearing functions for both detectors, up to a spacetime

translation,
xo(t)=x({t—t,), F,(x) = F(x —x,). (2.13)

The delay between switchings tn = t; — t, and the separation xp = x; — @, control the
causal relations between the localized interactions, as depicted in Figure 2.1.

t

TA

Figure 2.1: Spacetime diagram depicting with grey ellipses the regions where detectors A
and B interact (strongly) with the field. The diagram shows the delay ta and separation
xa, and the yellow shaded regions indicate null separation from the detector A.

The evolution of the initial state of the full system initially in a state py yields the
evolved state p = UpoU'. We can evaluate the time evolution operator U through its
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Dyson series:

U= 1 /dtH /dt/dt Hi(t +O()\3) (2.14)

[

U U(l)

Denoting p() = U® oUW, the final state becomes
p=po+p0 + pOD 4 p0 4 pD 4 502 L O(N?), (2.15)

To study the entanglement the detectors acquire through the interaction, we need to start
in an initially uncorrelated detector state, and after the interaction trace out the field,
yielding p,s = Try(p), and then look at the correlations in the evolved state p,s. Again to
take a simple case, let us take the common starting assumption that the detectors and the
field start uncorrelated and in their ground states,

po = [9a)gal @ |g)gal @ |0XO]. (2.16)

where |0) is the Minkowski vacuum. Due to the choice of initial state, all the contributions
to pas which are of odd order in \ vanish.

Under the given assumptions, the final state of the detectors to leading order in the
coupling strength, represented in matrix form in the basis {|gags), |€ags), |ga€s), |€s€s)} 18

1-2 0 0 M
| o £ s o0
Pas = 9 £ £ 0

M 0 0 0

+ O\, (2.17)

where the local noise is
L= )\Q/dt dt’ d"e d"" x(t)x (") F () F(x')
X B (AL, Ax), (2.18)

and
L = \e i%a /dt dt’ A"z d"x’ x(t)x (") F(x)F(x')
X A (AL — ta, Az — xp),
M = =\ttt / dt dt’ d"z d™x’ x(t)x(t')F(x) F (')

X MOV (|At — ta], Az — x4), (2.19)

11



where At =t —t' and Ax = x — &', tA =ty —t,, TA = Ty — ¢, and Wy = 0,0y W, where
W is the Wightman function of the vacuum of (n+1)-dimensional Minkowski spacetime,’

W (AL, Az) = (0]¢(t, 2)o(t', 2')|0)

d"k : :
_ 71kat+lk-Aw. 2.20
/ 2027w (220)

To quantify the amount of entanglement between the detectors, we use the negativ-
ity [36, 87, 88]. This entanglement quantifier is a common choice in the entanglement
harvesting literature (see, e.g. [2, 14, 56, 22]), since it is an entanglement measure even for
mixed states and it is easy to compute. Furthermore, for a system of two qubits, negativity
is a faithful entanglement measure. Negativity is equal to the absolute sum of the negative
eigenvalues of the partially transposed density matrix of the two qubits p'». For the final
state p,p given in Eq. (2.17) the negativity is [11, 2]:

N =max(|M| - L£,0) + O(\}). (2.21)

This expression reveals that entanglement arises from a competition between the nonlocal
correlation term M and the local noise term L. For detectors in causal contact, the
entanglement created between the detectors can be traced to two different sources [55].
On the one hand, the detectors can get entangled via communication through the field
(signaling) and, on the other hand, the detectors can get entangled by extracting the
entanglement already present [/, 5] in the field state (harvesting). In the next section, we
are going to review how one can distinguish between these two different contributions.

2.2 Communication vs genuine harvesting

When two space-like separated detectors entangle, the entanglement must be extracted
from preexisting field correlations. However, when detectors are in causal contact, they
can gain entanglement in two ways: 1) by genuinely harvesting entanglement from the
state of the field, and 2) by exchanging information through the field. In this section,
we review how to decompose the detectors’ correlations into two components, respectively
sourced by genuine harvesting and by communication. This will give us an estimator for
how much of the correlations, and therefore of the entanglement, comes from each source.

I'Notice that in the more common case where the detectors couple to the amplitude instead of the
derivative, the expressions in Eq. (2.19) remain the same except for replacing Wy — W.
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This decomposition into harvesting and communication, originally introduced in [55], is
based on the symmetric and antisymmetric parts of the two-point field correlator.

For an arbitrary field state py, the two-point correlator is defined as

~ ~

W(x,x') = (6(x)p(X)),, , (2.22)

which can be divided into symmetric and antisymmetric parts,

W(x,x') £ W(x’,x).

W*(x,x) = 5

(2.23)

Since W (x',x) = W*(x,x'), we have that W' and W~ respectively are the real and imagi-
nary parts of W, and

1 ~ ~
+ no__ /
WG x) = 5 (160, 660},
_ L ~
W 0x) = 5 {160, 6, - (2.24)
In [55], it was argued that W™ reflects the preexisting correlations in the field state,

while W~ mediates communication through the field. Thus, only W™ can be associated
to genuinely harvested entanglement. We summarize the evidence to support this in the
following:

1. The expectation value of the field commutator [¢(x), $(x)] is independent of the state
(see, among many others, [53, 55]). Therefore, W~ is unaffected by any preexisting
field correlations, which are dictated by the initial field state. In turn, any detector
correlations mediated solely by W~ remain the same regardless of the amount of cor-
relations and entanglement initially present in the field. Therefore, the contributions

of W~ to the detectors’ entanglement cannot reflect entanglement being harvested
from the field.

Conversely, the expectation value of the field anticommutator {¢(x), ¢(x')} does de-
pend on the sate. Therefore, any change in the preexisting field correlations is only
captured by W, which is consistent with associating W™ to harvested entanglement

2. The communication between two detectors at leading order is exclusively mediated by
W~ with no contribution whatsoever from W, as shown in [51, 52, 53, 54]. There-
fore, this points towards detectors’ correlations caused by W~ being communication-
mediated and detectors’ correlations caused by W™ being genuinely harvested from
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the field. This argument holds at leading order, which is enough for the calcula-
tions in the present thesis that distinguish between communication and harvesting
contributions.

This result is not exclusive to detectors, but rather holds in general for any two
systems A, B that couple to the interaction picture observables éA(t) and C’B(t’ ) of
a third system C. Specifically, at leading order, communication between A and B is
exclusively mediated by [C,(t), Cy(#')]. Furthermore, even non-perturbatively, A and
B can only communicate if [C(t), Cy(t')] is non-zero. In other words, communication
between A and B is impossible if they only couple to commuting interaction picture
observables of the mediating system C (see, e.g., Appendix A.1).

~

3. The field commutator fulfills [$(x), ()] = iE(x,x )1, where E(x,x) is the causal
propagator. F(x,x’) is equal to the retarded minus the advanced Green’s functions
(see, e.g. [89]). If the quantum field theory were to be replaced by a classical field
theory (where there is no entanglement) the role of the commutator would be played
by the Poisson bracket and the communication through the classical field would be
mediated by this very same propagator. In other words, in classical field theory, these
Green’s functions are what mediates communication between interacting field sources.
Moreover, the Green’s functions, and thus W~ vanish outside the light cone for Klein-
Gordon fields such as the ones we consider. This is required to prevent signaling
between space-like regions and directly relates to the axiom of microcausality in
quantum field theory.

Conversely, the field anticommutator {&(x),qg(x’ )} has support even for spacelike
separated events, and thus W™ exclusively sources spacelike entanglement harvesting.

In the expression (2.21) for negativity, the term M accounts for the correlations between
the detectors that contribute positively to entanglement. We split this term M by source,

M=M"+ M, (2.25)

with M™ being sourced by preexisting field correlations and M~ being sourced from
communication. This is done by defining M* analogously to M in (2.19) but keeping only
contributions from W¥.

Finally, based on the equation (2.21) for negativity, we define the harvested negativity
N* and the communication-assisted negativity N~ as?

N#E = max{|M*| - £,0} + O(\Y). (2.26)

2A remark to avoid confusion: notice that M~ can be non-zero while N~ = 0 if the local noise terms
conspire appropriately, or even ' # 0 while '+ = 0, a case that will appear in the plots of the examples of
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2.3 Canceling out the communication contribution to
entanglement

Now we move onto showing how the behavior of the imaginary part of the two-point
function W~ (and therefore of M™) is affected by coupling to atgﬁ instead of QAS Moreover,
we limit our exploration to massless fields, with m = 0 and thus wx = |k|. Remarkably,
we can find regimes in flat spacetime where the communication-mediated correlations M~
become zero in when the light-like contact and the entanglement gathered by the detectors
are maximum.

Denoting as W, the antisymmetric part of the two-point function of the vacuum of
(n+1)-dimensional Minkowski spacetime (for a derivation of the expressions below see,

e.g., [79]), ‘
Wi (x,x) = —}l(@(\m + At) — O(|Az| — At)), (2.27)
isgn(At) © (At? — Ax?)

W2_(X7X) = - Ar \/m 3 (228)

and, for odd n > 3,

() T
me'nz (6V (At + |Az))
— (—1)Y6D (At — |Az])), (2.29)

where a; are real numbers and 8U) are the Dirac delta distribution’s j-th derivative.

The two time derivatives of W~ that appear in M~ in Eq. (2.19) are the only change
introduced by coupling to 0;¢ instead of ¢. Therefore, for amplitude coupling, as discussed

in the section above and in [55], communication is mediated by W, , while, for derivative
coupling, the communication is mediated by 0,0y W,
For n =1,
) = (50 1)
00 W (x,X) = Z(5 (At + |Az]) + 0V (AL — |Az])). (2.30)
the section 2.6. This means that communication-assisted harvesting can occur even if N~ = 0. However,

even in such a case the preexisting field correlations are responsible for entanglement occurring between
the detectors. If field correlations were not there, there would be no entanglement between the detectors
at all.
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For n = 2, the following closed expression is valid for any x, x' that are not light-
connected:

8tat/W (X X)
isgn(At) (2A8% + Az?) O(A#? — Az?)
- _ , (2.31)
4 (A2 — Ax?) /

and, in any case, for any x, X' the distribution can be evaluated from the following integral
form:

oo

0,0, Wy (x,X) = —— dw w? sin(wAt) Jo(w|Ax]), (2.32)

47

where Jy is the Bessel function of the first kind of order zero.

Furthermore, for odd n > 3,

_ Ay e
0,0y W, Z == J SUTD(At + |Ax|)
— (—1)76UF(At — |Az])). (2.33)
Here, notice that for large enough distances |Az|, the term with j = _3 dominates, de-
caying as |Az|~"z . Interestingly, in this long-distance regime, at least for n odd, 0,0,W,~

has a behaviour akln to W, 4, except that it keeps the |Az| decay of W, .

These expressions show that both W, and 9,0, W, are only supported in the light-cone
(and inside the light-cone for W, W5~ and 0,0, W5 ), so one might expect that M~ peaks
at the light-cone. This is the case when coupling to the amplitude in 1 4+ 1 and 3 + 1
dimensions, with, for example, Gaussian switching functions [55]. However, this changes
when we couple to the derivative. Then, M~ can reach zero even in full light contact (in
1+ 1 D) or in partial light contact (in 3 + 1 D), as we show next.

For simplicity, consider Gaussian profiles for both centered switching and smearing
functions (see Eq. (2.13)),

N

x(t) = 6_7%, F(x) = (\/%10)”6_ : (2.34)

where T' is the interaction time-scale, and o is the size of the detector. Then, from

QM‘S
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Eq. (2.19),

t% :z:g

e 2712 202
thl(|t_— tAl, r_— mA),

(V2mo)™
o= _\/gveiﬂ@wt@—émﬂi (2.35)

where we took the change of variables t1 =t +t, 1 = @ + ' and then integrated over
ty and x . To better understand how M~ for n = 1 becomes zero in full causal contact,
we integrate over t_ analytically. Using that Wy = 0,0y W together with Eq. (2.30),

_ i’ ‘l’,—l’A|—|—tA 1 (le——zaltta )2
Ml - Z/dx_( T e 2( T )

M = CT/dt_ d"z_

N

xT

|lz_ — Al —ta 6_%(|z;zTA\—tA)2 e 2
T

)

+

(2.36)

)
2mo

which becomes easier to interpret in the point-like detector limit, where ¢ — 0, and for
(lza| + |ta]) > T, so that the causal relationships are well-defined. In these regimes,

10 |za| — [ta] -y (lzalzial)®
4 T

Therefore, for derivative coupling in 1 + 1 dimensions, |M™| is gaussianly suppressed as
we move away from the light-cone, but actually cancels on the light-cone itself (where
|za| = |ta]), as seen in Figure 2.2(a). Simultaneously, |M™| and |M| reach a maximum at
maximum light-like communication, causing the detectors to gather the most entanglement,
and this entanglement being genuinely harvested from the field.

M = (2.37)

For derivative coupling in 3 + 1 dimensions, M~ results from integrating a Gaussian
against 6 (in the pointlike limit ¢ — 0), which causes |[M~| to have three peaks, as
seen in Figure 2.2(b), with communication reaching zero in between these peaks, even
though the detectors are in causal contact. This phenomenon allows to genuinely harvest
entanglement from a massless field also in 341 dimensions even in partial light-like contact,
contrarily to the amplitude coupling case [55].

2.4 Entanglement harvesting in curved spacetimes

For the sake of completeness and to establish notation, we generalize the entanglement
harvesting protocol presented in section 2.1 to the context of general spacetimes, following
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Figure 2.2: Contributions to the negativity N, see Eq. (2.21), for a series of derivative
coupling and amplitude coupling scenarios. The correlations |M| which contribute to
N are split between the |[M™| term (genuine harvesting) the |M™| term (acquired by
communication). The setup uses the Gaussian switching and smearing functions given in
Eq. (2.34), QT =4, |za|/T =5, 0/T = 0.05. The amplitude coupling in 141D has an IR
cutoff of AT = 0.02, see, e.g. [2]. The X is an adimensional coupling constant, whose
definition depends on the scenario: for derivative coupling, A = XA in 1+1D and A = \/T in
34+1D. For amplitude coupling, X = AT in 1 + 1D and XA = X in 34+1D. The brown vertical
lines denote maximum light contact, and the light yellow coloured regions show the size of
the strong support of the switching function of a detector, taken to be [-3.5T, 3.5T.

for example [90, 91]. Consider two Unurh-DeWitt detectors [20, 27, 28, 29, 30], A and B,
following timelike trajectories z,(7,) and zz(73) in an arbitrary n + 1 dimensional curved
spacetime M. The quantities 7, and 7 are the respective proper times of the detectors.

The detectors are two-level quantum systems with the following internal Hamiltonians,

Hiwno = 0,676, veAB. (2.38)
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Here, ), represents the (proper) internal energy gap, while 677 = |e,)(g,| and 7,7 = |g,) (e, |
are ladder operators between the respective ground (|g,)) and excited (|e,)) states. Next,

we describe a common way to couple these detectors to a massless real scalar quantum
field ¢(x) defined on the spacetime M.

The first step is to quantize the field. Consider a free massless real scalar field ¢(x) in
M, which is assumed to satisfy the Klein-Gordon equation,

(V*V, — ER)é(x) = 0. (2.39)

Here, £ is a constant that determines the coupling strength to curvature, R is the scalar
curvature, and V, denotes the covariant derivative. Next, assume {ug(x), uj(X)} to be a
complete, orthonormal set of solutions to Eq. (2.39) [92, 93]. Then, any classical solution
¢(x) is a linear combination of ug(x) and wuj,(x'),

o(x) = /d”k: (apup,(x) + agug(x)), (2.40)

where ay, are constant complex coefficients. After canonically quantizing the field, the field
amplitude ¢(x) becomes an operator,

500 = [ d'he (uy0a, + a0 241

with the coefficients ay promoted to operators. Specifically, az and dL are the usual ladder
operators, which satisfy the bosonic canonical commutation relations, namely

lag, al] = 0" (k — k). (2.42)

Let us move onto specifying the interaction between the detector and the quantum
field using the covariant Unruh-DeWitt model [90]. For this model, the interaction occurs
within a region of spacetime, according to the following interaction Hamiltonian density *:

Hi(x) = A[AL(7ia (72) + A () f15(75)] S (x)- (2.43)

3Usually, this construction assumes that there exists a foliation in which A, (7,, ) = x,(7,)F,(x). This
is justified by the assumption that internal forces keep the detector cohesive. The center of mass follows
the trajectory z,(7,) that defines the detector’s proper time 7, serving as its internal clock. For further
details and justification, see [90, 91], where this model is shown to be suitable for systems like atomic
probes.
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Here, A is the interaction strength, A,(x) are the spacetime smearing functions, which
localize the interaction in space and time, and the detectors’ operators i, are the monopole
moments, given by

fi, (7)) = TG e TG (2.44)

The evolution of the joint state of the detectors and the field, in the interaction picture,
is given by the unitary

U=Texp (—i / dVﬁI(x)) : (2.45)

where the 7 indicates that we are using the time ordered exponential?. Moreover, dV
is the invariant spacetime volume element. For a given choice of coordinates (¢, x), the
volume element takes the form dV = dtd"x+/—g, where g is the determinant of the metric
tensor.

Take the full system to be initialized in the interaction picture state

po = |1/’A><1/’A| & WB><¢B| ® :5¢,0= (2-46)

where |0,) and |¢5) are arbitrary pure states of the detectors. With this choice, notice that
there are no correlations between detectors in their initial state. Nonetheless, the detectors
can evolve to a mutually entangled state, after time evolution turns the state py into
p= U /SOU T using Eq. (2.45). This can occur even if the detectors are spacelike separated,
for instance, when pg4 is the vacuum. This is so because the detectors harvest preexisting
entanglement in the field’s initial state. The process of extracting entanglement from the
field to two localized detectors has become known as entanglement harvesting [10, 2]. For
example, when the field’s initial state is the Minkowski vacuum, it is well known that there
is entanglement in the field between degrees of freedom in regions that are spacelike [1, 5, 1 1]
and timelike [0, 95, 13] separated.

As an additional assumption to simplify the final result, consider the initial state of the
field pg o to have a vanishing one-point function and three-point function,

T (po06(x)) = 0, Tr (500 (3K ) = 0. (247)

4Notice that for detectors that are not point-like, but rather are smeared in space, there is ambiguity
in the time ordering. Nonetheless, reference [91] shows that the evolution will not depend on the ordering
chosen, as long as predictions are kept at leading order in the interaction strength, A\, and suitable initial
states are chosen. For the purposes of the present chapter, we assume that a physically motivated choice
of time ordering has been taken.
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Similar assumptions are commonly taken in entanglement harvesting protocols. Moreover,
the assumption holds for a large variety of states, including the Minkowski vacuum in flat
spacetime and the conformal vacuum in DeSitter. Additionally, it is also true for any Fock
states as well as any zero mean Gaussian states such as thermal states and the squeezed

vacuuln. 2

Finding a closed form expression for the time evolved state p = U ,60(7 T is not possible
in general. So, instead, we take a perturbative approach in A\. Thus, we expand the time
evolution operator U via a Dyson series:

U= 1 —i/dvlﬁl(xl)—/dvl/dml(xl)ﬁl(xg)@(t(xl)—t(x2)) +O(N%),  (2.48)

-~

——
U UM U®)

where O(t) is the Heaviside step function, and ¢ is the time parameter with respect to
which we defined the time ordering. Next, denoting p9) = U® p, U@t the evolved state
becomes

p=po+p" + pO0 4+ pBO 4 pD 4 50D+ O(O). (249)

To study the entanglement that the detectors acquire through the interaction, we need to
trace out the field, yielding p,s = Try(p), the detectors’ evolved state. The terms in p,p of
order A and \? cancel out, due to the assumption on the initial state of the field stated in
equation (2.47), leaving

ﬁAB - Trqﬁ ,5 - ﬁAB,O + pA/(xQﬁO) + ;5531371) + ﬁz(\%Q) + O()\4) . (250)

In order to express this state in matrix form, we consider states |(,) and |(s) so that

{|ats) , |¥aCs) 5 |Caths) , [CaCs)} is an orthonormal basis. Without losing generality, we

assume that these states relate to the previously defined ground and excited states of the
detectors as follows,

|gu> = Cos ‘¢V> — ™ sin oy KV) )
le,) = e P sina, [1,) + cosa, |G, (2.51)
for some v, 5, € [0,27]. Then, using the results from [96], in the basis {|,¥g), [¥aCs),

‘<A1/113> ) |CACB>}7 we get
1= Lyy— Loy X* Y* M
o X Ly L5, 0
Pan = Y L Lan 0
M 0 0 0

+ 0O\, (2.52)

5What is more, for all the mentioned examples of field states, all the odd-point functions vanish.
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with

2 2
L, =cos® a,, cos” ay, Ly, (Q,, )

9 . 2 —2i

— cos” o, sin” ay, € By L, (2, —8,)
) 2 2i

— sin” o, cos” o, € Pu Ly (—€2,,80)

+ sin? a, sin® a, 25 L (=Q,, —Q), (2.53)

M = cos® a, cos?® ay M (€2, )
— cos® a, sin? ag, €37 M(Q,, — Q)

— sin® a, cos? ay, €29 M (=4, Q)

+ sin? a, sin? oy, €255 N(—Q, —Q), (2.54)

where
L, (Q,Q,) = )\2/dVdV’ei(Q“T“(X)_Q”T”(X/))AM(X)Al,(x')W(x’,x), (2.55)
M(Q4, Q) = -2 / AV AV e OmE TN A ()AL ()G (x, X)), (2.56)

The terms £, and M are usually called local noise and non-local correlations, respec-
tively. The expressions for X and ) are cumbersome and, since we will not use them here,
we refer the interested reader to reference [96]. In equations (2.55) and (2.56), W (x,x') is
the Wightman function,

W(x,X) = Tr[$(x)6(X )] (2.57)
whereas Gy(x,x) represents the Feynman propagator, which can be written as

~

= Tr| TO(X)6(X)poo
= O(t(x) — t(X)) W (x,X) + O (t(X) — t(x)) W (X', x).

G, x) (2.58)

Remember that ©(t) is the Heaviside step function, and t is the time coordinate with
respect to which we defined the time ordering.

Again, to quantify the amount of entanglement between the detectors, we use the
negativity [30, 87], which is an entanglement measure even for mixed states, and is faithful
for systems of two qubits. Negativity can be computed as the absolute sum of the negative
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eigenvalues of the partially transposed density matrix p'™». In particular, for the state p,y
described by Eq. (2.52) we have [2]

N =max{0,V} + O(\*), (2.59)

with

EAA - EBB 2 EAA £BB
Y — \/’M‘Q + ( 5 > - ——2'— : (2.60)

According this expression, entanglement emerges as a competition between the non-local
term M and the local noise terms (£,, and Lyg). For the particular case Ly, = Ly = L
(such as for identical inertial detectors in flat spacetime), the negativity reads

N = max{0, M| — L} + O(\*). (2.61)

In section 2.2 we described how to separate, for detectors in causal contact, the two sources
from which entanglement between detectors can arise [55]: communication mediated by
the field (signaling) and preexisting entanglement in the field state (harvesting). As a short
reminder, this required splitting M into

M=M"+ M, (2.62)

with M~ accounting for correlations gained via signaling and M™ accounting for cor-
relations gained via harvesting. This is achieved by defining M¥ in the same way as M
from (2.54), but only retaining the contributions from W=. In other words, by substituting
the Gi(x,x) in Eq. (2.56) by the corresponding G (x,x’), defined as

Gy (x,X) = O(t(x) — t(x)) WF(x,X) + O (t(X) — t(x)) W*(X,x). (2.63)

Furthermore, the harvested negativity N and the communication-assisted negativity
N~ are now defined in terms of

2
" \/’MHQ+ <£M;£BB) B cMgch’ (2.64)

so that
N*E = max{V* 0} + O(\Y). (2.65)
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2.5 General results for guaranteeing constructive in-
terference

It is commonly observed in previous literature that the acquired entanglement A is larger
than both N'*, which indicates that communication and preexisting field correlations work
together to entangle the detectors. However, this is not the case in general. There are
situations where communication and field correlations can “destructively interfere”, result-
ing in small A/ even if both A'* are relatively large. In this section, we will explore this
phenomenon by describing all the ways in which the contributions from communication
and preexisting field correlations can add up to build entanglement. Then, we explore a
set of transformations of the harvesting setup that turn scenarios where communication
and genuine harvesting contributions to | M| cancel each other into scenarios where they
collaborate. After this, we provide a set of (easy to check) sufficient conditions under which
communication and harvesting are always collaborating constructively.

For this exploration, we will focus on the study of the correlation term | M| which always
contributes positively to . The current section specifically presents how communication
(through M ™) and field correlations (through M™) determine | M| and therefore A/. The
local noise terms, £,, and Ly, of course, also affect entanglement, however, they are local
to each detector and hence independent of communication and correlations acquired of the
detectors, and thus are ignored in the present section.

Starting from the most general scenario, | M| can be small even if |M™| and |M~| are
relatively large, because

M = M M
= M+ | M2 + 2] MT||M ™| cos Ay. (2.66)

Here, A~ is the relative phase between the complex numbers M™* and M~. This phase
A~ controls how communication (M ™) interferes with field correlations (M™). The inter-
ference can be fully destructive, making | M| the smallest,

Ay =7 = M| =[|MT| - M|, (2.67)
fully constructive, making | M| the largest,
Ay =0 <= M| =|MT|+|M], (2.68)
or exactly in between, with M™ and M~ so that
Ay =7/2 <= M| =M +|M |2 (2.69)
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In the two latter cases, communication and field correlations collaborate to increase |M|
and thus N. As we will see, the last relation, Eq. (2.69), turns out to be commonly fulfilled
for the simplest choices of UDW detector model, as will be explored in Proposition 3

Next, we explore how to transform a setup from a destructive interference to a con-
structive interference scenario. Concretely, we will show how to transform the parameters
of the harvesting setup to change the sign cos Ay in Eq (2.66). In order to find such trans-
formation, it is convenient to denote as Mgz the term M after complex conjugating the
propagator Gg. Then,

M=M"+M", Mg =M"—M". (2.70)

Consequently,
MG, = M, (2.71)

which implies
(M [P = [MTP + M7 = 2| MM | cos Ay, (2.72)

where A~ is the relative phase between the original terms M™ and M~. Observe that,
as we were searching for, the term with cos A, which controls the interference, has the
opposite sign in [Mg:| compared to in [M|. Meanwhile, the communication and field
correlations contributions retain the same size, ]Mi; = |M=|.

Therefore, if we find an operation that conjugates G, we could use it to turn destructive
interference into constructive, as previously described. The next proposition shows how
one can achieve that by changing the initial state of the particle detectors or, equivalently,
transforming the parameters of the particle detector model.

Proposition 1. Consider an operation that transforms arbitrary states of the detectors
v=A, B as follows

cosay, |g,) + e sinay, le,)

— sinay, |g,) + P cosay |e,) . (2.73)

Let M be M after performing this transformation on the initial state of the detectors.
Then,

M2 = [MF2+ M2 = 2] MF| M| cos Ay,
M| = [ME]. (2.74)

Therefore, swapping the populations in the ground and excited state (while keeping the rela-
tive phase between them) changes the sign of cos Avy. Thus, this swap turns any destructive
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interference into constructive, while keeping the communication and genuine harvesting
contributions unchanged.

FEquivalently, the transformation in Eq. (2.73) can be implemented by reversing the
energy gaps €0, — —,, and the relative phases B, — —[f,.

Proof. To prove the proposition, use Eq. (2.54) to see that

(Mg )" =] cos® oy cos® a M (—Q,, =)
— cos? ay sin® ay, e~ 2P M (=4, Q)
— sin? a, cos® ag e A M(Q,, —Qp)
+ sin? o, sin? oy, e A5 V1 (Q, Q)]
—M. (2.75)
Here we used that
(Mo (24, 2))" = M(=0s, =), (2.76)
which in turn follows from Eq. (2.56) and A, = AJ.

Finally, substituting M = M*G; into Eqgs. (2.71) and (2.72) provides the identities
stated in the proposition. O

Notice that according to this result, the stronger the destructive interference is in M,
the stronger the corresponding constructive interference is in M.

Now, we are ready to explore the conditions that enforce cos Ay = 0.

Proposition 2. Let Mg: be M after compler conjugating G, as in Eq. (2.70). Then,

M| = Mgy <= M| = VIM?+ M2 (2.77)

<= cos Ay =0.

Proof. The proof follows directly from comparing equations (2.66) and (2.72). O

Therefore, | M| = |[Mg:| is a sufficient condition for both the communication M~
and field correlations M™ to positively contribute to negativity. Notice that, because of
Eq. (2.75), the result of Proposition 2 also holds if we use M instead of Mgy . Therefore,
if M| does not change under transforming the initial states as in Eq. (2.73), then there
cannot be destructive interference. Furthermore, whenever |[M| = | Mg |, interference is
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locked in the middle ground with cos Ay = 0, and the contributions N~ and Nt to the
entanglement between the detectors satisfy

Nz W2+ =N 2N N =N (2.78)

as proven in Appendix A.2.

Next, we will provide a framework to find symmetries of the harvesting setup that
enforce the condition |[M| = |[Mg:|. This framework is based on performing coordinate
transformations in the integral for M. To keep this method as general as possible and
simultaneously simplify the derivation, we use the order A\? contribution to p,;, denoted
by p) (the expression is provided in reference [96]). Working with the basis generated by
the tensor product of the general states |1,) and |(,), as defined before in Eq. (2.51), we
can write

M = <CAXB|PA/(AQB)|1/)A1/’B> )
= -\ / AV AV’ P, (x) Py (X )Gr(x, X). (2.79)
where we have defined®

By (x) = Ay (%) (Gl (7, (X)) [400) - (2.80)

Notice that the terms P,(x) conveniently group the contributions to M due to each detec-
tor. The condition | M| = [Mg: | thus becomes equivalent to

‘ / AV AV’ P, (x) Py (X ) Gr(x, X)

_ ’ / AVAV' P2 (x) P2 () G (x,50)]. (2.81)
Now, consider a map T taking a pair of points x,x" € M to another pair as follows,
T (x,x') = (T1(x,X), Ta(x,x)). (2.82)

To see the effect of this map on pairs of coordinates, consider a pair of charts (¢, ¢')
mapping pairs of spacetime points (x,x') to the coordinates (z*,2?) € R™". We can

SHere we write 7,,(x) to represent the value of 7,, when the center of mass of detector v is in the same
leaf (of the Fermi-Walker foliation where the spacetime smearing factorizes as mentioned in footnote 1) as
the spacetime point x.
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see that T induces a map between the coordinates of pairs of events (y”,y'") — (z*,2'")
through

(o, )oT o (ol ™), (2.83)

i.e., through the composition of T'~! with the chart pair (¢, ¢’). Specifically, the coordinates
(y?,y'") of the pair of points (y,y’) are sent to the the coordinates (z”,2'") of the pair of
points (T, *(y,y’), Ty *(y,y’)). Then, for integrals like the ones in Eq. (2.81), we can use
the map (2.83) as a “change of variables”, as follows’

A= /dVdV’A(y,y’)
:/ A"y A"y g (yr) g (y?) Ay, y'°)

= /d"“xp d”“x'p\/g(Tl(a:P,x’p)) g (T(zr, z'"))
x |J(z”, 2'")|A(T (=", ")), (2.84)

where g and ¢ are the determinant of the metric in the coordinates defined by ¢ and ¢’
respectively. Moreover,

(e, 2'7)

is the determinant of the Jacobian matrix of the change of variables. For convenience, let
us define

J(2?,2') = det [Ml (2.85)

Vo(Tiar, 27) ¢ (To(ar, )
(2, a) = (2, )], (2.86)
g(zr)g' (")
Notice that j(z?, 2’”) is invariant under changes of coordinates. Therefore, we can write
Eq. (2.84) in an explicitly coordinate independent way,

A= /dVdV’j(x, X VA(T (x,x')). (2.87)
Now, consider a different integral,
B= /dVdV’B(x, x'). (2.88)
"Notice that when we replace a function of points in spacetime A(x x') by A( 2'") we are abusing
notation and what we actually mean is A(x,x') = A(¢~1(2?), ' 1(2'")) = A(a? ”’)
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Then, observe that in order to impose the condition |A| = |B| it is sufficient to find a
constant angle # such that

i(x,X)A(T(x,x)) = €’B(x,x). (2.89)
Applying this result to our condition in Eq. (2.81), we obtain the following theorem.

Theorem 1. Consider any transformation T = (T1,Ts) that acts on two copies of the
spacetime M, as in equation (2.82). Let P, and Py be given by equation (2.80).

Assume there is a constant angle 6 such that

P (Ty(x, X)) P; (Ta(x, X)) G (T'(x,X))j(x, X) _ 0

2.90
P, (x) Ps(X')Gy(x,x') ( )

Then, |M| = |Mg:|, and therefore by Proposition 2,
M| =/ |MF2 + M2 (2.91)

Which means that cos Ay =0 in Eq. (2.66) and that, in particular, the contributions of
communication and preexisting field correlations cannot interfere destructively.

It turns out that we can simplify the condition expressed by Eq. (2.90) if, for a given
spacetime and field configuration, j(x,x’) = 1 and the map T preserves the Feynman
propagator. This simplification is detailed in the following Corollary.

Corollary 1. Assume that the map T = (11,T,) satisfies

9(T(a,2"")) g (Ta(z”, 2"")) | T (a*, 2"")|* = g(2")g'(2""),
Gy (T(x, X)) = Ge(x,X), (2.92)

Then, the condition
P (Ti(x, X)) Py (Ta(x,X)) = /Py (x) Py (X), (2.93)

with 6 some constant, becomes sufficient to have

IM| = V/|IMH2 4 |IM-2. (2.94)
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In order to apply this result to physical situations, it will be helpful to further simplify
this corollary when certain symmetries are present in the detector dynamics. Several of
these possible symmetries are explored in Appendix A.3. From there, we derive that in
many cases, which happen to frequently appear in the literature, communication and field
correlations must “collaborate” to generate entanglement between detectors. Moreover,
this collaboration happens in the very specific way described by Eq. (2.94). Concretely,
in Appendix A.3 we provide conditions on the particle detectors, field, and spacetime of
entanglement harvesting setups so that Eq. (2.94) holds. It is important to have in mind
that these conditions are only sufficient to force cos Ay = 0 and, in turn, to rule out
destructive interference. Nonetheless, as we shall see in the next section, it is easy to find
setups even with fully constructive interference (Avy = 0) or fully destructive interference
(Ay = 7) just by violating these conditions. Therefore, even if these conditions are not
necessary, they seem to be present in all cases that we know of where Eq. (2.94) holds.
For conciseness, the following proposition presents a simplified version of these conditions,
which will guide the exploration of harvesting setups in the next section.

Proposition 3. Consider entanglement harvesting setups where
1. Spacetime is flat.

2. The field is initially prepared in the Minkowski vacuum, and the detectors start
both in their ground state or both in their excited state.

3. The detectors are inertial and comouving.

4. Spacetime smearings are separable in the detectors’ comoving frame, i.e.,

At x) = x,(t)F ().
5. The proper energy gaps are equal, 2, = ()g.

6. In the comoving frame, for some time ty, it is satisfied that either

ot +ts) = xu(te — 1), v =A, B, (2.95)
or Xa(t+1tg) = xs(t — ta). (2.96)

Then, the following relationship holds,

IM| = V/|MH2 4+ M2, (2.97)
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The reader familiar with entanglement harvesting will likely recognize these conditions
as being satisfied for many cases analyzed in previous literature. Therefore, very often we
see this kind of “collaboration” between the communication-assisted term and the genuine
harvesting term when it comes to detectors getting entangled while they are in causal
contact.

For the harvesting setups specified by this proposition, fulfilling either Eq. (2.95) or
Eq. (2.96) makes the setup symmetric under a certain map T in the way described by
Corollary 1. When Eq. (2.95) holds, the setup becomes symmetric under the following
time reversal around ty,

Tty +t,x,ty +t,2') = (tg — t,z,ty — ', '), (2.98)

where the coordinates are chosen to be the standard Minkowski coordinates. Similarly,
when Eq. (2.96) holds, the setup becomes symmetric under a different time reversal around
tr which also includes a time coordinate swap,

T(tR + t, .’E, tR + t/7 iB/) == (tR - t/, m7 tR - t, .’L'/). (2~99)

The reasons for why the whole setup is symmetric are that, first, Minkowski spacetime and
the corresponding vacuum are symmetric under time reversal at all times, allowing ¢, to
have an arbitrary value. Second, the conditions over the initial states of the detectors, their
trajectories, gaps, and switching functions are sufficient to ensure that the field-detector
interactions are time reversal symmetric around some t. The details of how Proposition 3
guarantees Corollary 1 are provided in Appendices A.3, A.4 and A.5. Appendix A.6 shows
three more general versions of Proposition 3 for arbitrary harvesting setups that follow the
covariant prescription of [90].

In summary, the symmetries in Proposition 3 forbid destructive interference. However,
it is not difficult to think of physical scenarios where these symmetries are violated. We
will illustrate this in the next section, where we will show scenarios with both destructive
interference and stronger constructive interference than those described by Proposition 3.

2.6 Entanglement through communication and har-
vesting can interfere destructively

In this section, we will present concrete examples both for detectors in Minkowski space-
time and in cosmological scenarios where the assumptions of Proposition 3 (and their

31



generalizations to cosmological spacetimes) are not satisfied. Concretely, we will analyze
scenarios where both the communication-assisted and genuine harvesting contributions to
negativity will be greater than the actual negativity acquired by the detectors, showing
a destructive interference between the communication contribution to entanglement and
the entanglement acquired through harvesting. Moreover, most cases previously studied
in the literature satisfy the conditions of Proposition 3 and therefore the two contributions
to entanglement while in causal contact were constructively interfering in a particular way,
satisfying

IM| = /| M+2 + |[M—|2. (2.100)

However, we will see that it is possible to find scenarios where | M| is actually larger
than (2.100) (strong constructive interference) and cases where it is less than (2.100) (de-
structive interference). This showcases that most of the setups previously studied in the
literature are in a very particular middle ground between constructive and destructive
interference of communication and harvesting.

2.6.1 Examples in Minkowski spacetime

First, let us consider two detectors in 3 + 1 Minkowski spacetime. We adopt coordinates
2P = (t,x) where the metric reads

ds* = —dt* + dx?. (2.101)

As usual for two inertial comoving detectors, we will assume that the localization of both
detectors A and B is given by spacetime smearing functions which can be split into a
switching and spatial smearing in the coordinates (¢, ), i.e, A, (x) = x,(t)F,(x). More
concretely, we assume that the detectors’ centers of mass follow inertial trajectories de-
scribed by z,(t) = x, and zy(t) = @, where x, and x; are constant 3-vectors. We will
assume that both detectors start in their respective ground states and that the state of the
field is initially prepared in the Minkowski vacuum, the expressions for £,, and M (see
Egs. (2.53) and (2.54)) can be written in the following form (with Q, = Q, = Q):

Ly = 2(;—;3 / dedt'e ™y, () x () Ky (1, 1),
)\2 o] t
M = —m /_oo dt/_oo dt’ Qas(t,t). (2.102)
Where we have defined the auxiliary functions
Qun(t, )= TR (1) (xa () xs(t) +xa () xs(1)) (2.103)
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K, (tt) = 2(27r)3/d?’wd?’w’FM(w)Fy(w’)W(t,a:;t’,a:'). (2.104)

To follow a common choice in the literature, for the spatial smearing function, we take a
Gaussian profile, namely

1 1(|z—my|)?
F(z) = ———e 3 (55) 2.105
(x) (/o) (2.105)
For this particular choice of smearing (2.104) simplifies to
dk? . 2o
K, (t,t) = etk @) o=kl —ilkl AL (2.106)

I

Notice that in the equation for M, the Heaviside theta function that appears in the
definition of the Feynman propagator, Eq. (2.58), is implemented as a nested integral in the
time variable t. To evaluate Eq. (2.106), we will consider separately the cases p = v (same
detectors) and pu # v (different detectors). First, for p # v, we have K,g(t,t') = Kua(t, 1),
which evaluates to

Ka(t,t) = ? [Z(At+d) — T(At — d)] . (2.107)

Here, At =t —t', d = |z, — x|, and

I(z) = VT & _lp ( & ) : (2.108)
where D(z) = 46”2 erfiz is the Dawson function®. For p = v, we have

Ky, (t,t) = i—z [1 - % (i\/gefat; +V2D (?—;))1 . (2.110)

Finally, the term M ™ associated with signalling can be written as

- A2 = ' I - /
M = _W/_Oodt/_oodt QAB(t,t). (2111)

8The Dawson function is defined as

D(z) =" / dye . (2.109)
0
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Here, the only difference between Q. (t,t') and Q.s(t,t’) is the replacement K,s(t,t') —
K_,(t,t"), where
T2 [ w2 _(aca?

— e w0 —e a0 | (2.112)

To proceed with the numerical evaluation of all the relevant terms, we need to define an
expression for the switching function of the detectors. Notice that, in the current setup,
conditions 1 through 5 of Proposition 3 are satisfied. Therefore, to create a numerical
scenario where the conditions of the proposition are not satisfied we need to pick a switching
function that violates condition 6. For this, we can employ switchings that contradict both
equation (2.95) and equation (2.96). One way to achieve this is by making the switching
functions asymmetric. In particular, we are going to choose skew-normal distributions [97],
namely

KA_B(t7 t,) -

S(t:a) = N(a)e 32 (1 +erf (O‘Tt)) | (2.113)

Here, N () stands for a dimensionless normalization factor that ensures that the maximum
value of S(t;a) is 1. Denoting by tyax(c) the point such that S(tnax(a); ) =1, we can
define the switchings for j = A, B as follows:

Xo(t; ) = S(t — tmax(a) —t,). (2.114)

In this way, we ensure that the maximum of the switching happens at ¢ = ¢, (see figure
2.3).

Using the switching of Eq. (2.114), we numerically evaluated the expressions for M,
M* and L,,, thus obtaining results for the negativity A" and the two contributions N'*.

We display in Figure 2.4 different regimes where the conditions in Egs. (2.95) and (2.96)
are not fulfilled and the interference between M™* and M~ affects the detectors’ ability
to become entangled in different ways. In Fig. 2.4 we present side-to-side results for the
case of asymmetric switching functions (o = 2.35, left column) and symmetric Gaussian
switching (o = 0, right column). Figures 2.4a and 2.4b show |M| and |M®|, Figures 2.4c
and 2.4d show the relative phases between M™ and M ™, and Figures 2.4e and 2.4f show
N and N=.

Specifically, in the case o = 2.35 (see Figures 2.4a, 2.4c, 2.4e), there exists a range of
values of At = t; — t, that causes the communication-assisted negativity N~ to exceed

the negativity itself. Moreover, we have identified values of At where N~ is non-zero even
though A = 0.

For a = 0, condition 6 of Proposition 3 is met, so Eq. (2.97) holds. This means the
relative phase between M™* and M~ is £7/2, leading to constructive interference. In
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Figure 2.3: Non-symmetric switching function for different values of the asymmetry pa-

rameter «.

contrast, for a = 2.35, there are regions with destructive and constructive interference.
Moreover, notice that the constructive interference gets stronger than in the +7/2 relative

phase scenario.

Another way of violating condition 6 of Proposition (3) is to use different shapes for the
switching functions of each detector. Indeed, by choosing Gaussian switchings of different
widths we can violate the condition in Eq. (2.97). Namely, we can choose

wlt) = e (), (2.115)

with T, # T;.

We illustrate the case of switching with two different widths in Figures 2.5 and 2.6. We
see that there is an asymmetry in how the detectors are entangled depending on which
detector switches on first, with an advantage when At > 0 (the detector with shorter
switching time (A) couples to the field before the detector with a longer switching time
(B)). However, we note that the contributions to negativity, N, and N'~, do not depend
on the order of coupling. This means that the asymmetry of the negativity with respect
to At is due to interference alone because of how the relative phases change depending on

which detector couples first.

Concretely, when detector B couples first (At < 0) the interference is destructive,
reducing the extracted entanglement. Conversely, when A couples first (At > 0) we have
constructive interference between the two contributions, with an effect even stronger than
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Figure 2.4: Results for an entanglement harvesting setup in Minkowski spacetime with
non-symmetric switchings. The physical parameters used are: QT = 5, d/T = 2.1, and
o/T = 0.3. In the horizontal axis, we have At = t; —t,. The solid vertical lines (yellow)
represent the lightcones. Figures (a), (c), and (e) correspond to the case a = 2.35, whereas
Figures (b), (d), and (f) display the case o = 0, where we have the standard Gaussian
switching. The appearance of an even symmetry with respect to At in the plots is explained

by Appendix A.7.
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that in Eq. (2.100). Hence, in a configuration with a different switching duration in each
detector, maximizing entanglement requires carefully timing the detectors’ interactions to
avoid the adverse effects of destructive interference.

37



N

x107°
1.2
4 1.0
2 0.8
<
=
E 0 0.6
-2 0.4
-4 0.2
0.0
1 2 3 4
d/Ta
x107°
1.2
4
1.0
2 0.8
<
=
E] 0 0.6
-2 0.4
-4 0.2
0.0
1 2 3 4
d/Ta

Figure 2.5: Numerical results for the negativity (top) and the communication-assisted
negativity (bottom) as a function of the proper time d between the centers of the detectors
and the time delay At between the centers of the switchings. The entanglement harvesting
setup is in Minkowski spacetime with Gaussian switchings of different length scales, and
the physical parameters used are: QT, =4, ¢/T, = 0.2, and T;,/T, = 1.3.
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Figure 2.6: Correlations (M) and negativity (N), divided into harvested (M*, N'") and
communication (M~, N~) components as a function of the time delay At between the
switchings. The harvesting setup is in Minkowski spacetime, with Gaussian switchings
with different time scales, and the physical parameters used are: QT, = 4, d/T = 3,
o/T, = 0.2, and T /T, = 1.3. The reason for the symmetries with respect to the sign of
At are explained in Appendix A.7.
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2.6.2 Example in a cosmological spacetime

By working in a spacetime that has no time-reversal symmetry, we can also construct an
entanglement harvesting setup where the interference between the contributions from field
correlations and communication violate condition (2.97). As a particular example, we shall
consider a spatially flat FRW spacetime, a setting where entanglement harvesting has been
studied in the past (see, e.g., [98]). In comoving coordinates (t,x) = (¢,z,y, z) the line
element reads

ds? = —dt* + a(t)*(da® + dy* + dz?). (2.116)

Or, introducing a new time coordinate n

n(t) = /O dt’a(lt,), (2.117)

we explicitly reveal the conformally flat nature of the metric:

ds?* = —a(n)*(dt* + dz® + dy* + d2?). (2.118)

We now consider a scalar quantum field ngS conformally coupled to curvature so that the
field satisfies Eq. (2.39) with £ = #. In this case, it can be shown (see, e.g., [99]) that the
field ¢(x) = a(n)d(x) satisfies the Minkowski Klein-Gordon equation. Therefore, the field
modes of ¢(x) and the Wightman function W (x,x) for this case can be obtained from the
ones from the Minkowski case by simply introducing additional multiplicative scale factors

a(n).
Now, in order to concretely find setups where the interference between M™* and M~
leads to a novel behavior of the negativity, the guiding principle will be the violation of a

more general version of Proposition 3 that applies to FRW spacetimes. As demonstrated
in Appendix A.5.2, we can derive the following proposition:
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Proposition 4. Consider entanglement harvesting setups where
1. Spacetime is FRW as in Eq. (2.116).

2. The scale factor satisfies

3. Both detectors are comoving with the Hubble flow and are initially both in the
ground state or both in the excited state.

4. The field is massless, conformally coupled to curvature, and initially in the
conformal vacuum.

5. Spacetime smearings factorize in the comoving frame as the product of a func-
tion of only time and a function of only space, i.e., Aj(t,x) = T;(t)X;(x).

6. The proper energy gaps are equal, 2, = Q.
7. In the comoving frame, for some time ty, it is satisfied that either

or Tu(t +tn) = Tyt — ). (2.120)

Then, the following relationship holds,

IM| = /|MF]2 + M2, (2.121)

Assuming that the initial state of the field is the conformal vacuum and that the
detectors both start in their respective ground states, the terms £,,,, M and M~ will be
given by the same equations (2.102) and (2.111) under the replacement

/
dtdt’ — _dudr” (2.122)

a(t)a(t’)’
In the auxiliary functions K,s(t,t') and K,,(t,t') of equations 2.107 and (2.110), we also
need to perform the replacement At =t—t' — An = n(t) —n(t'). Therefore, the numerical
methods applied to compute A in the subsection 2.6.1 and all associated terms transition
smoothly to this case. All that remains is to specify a particular example of FRW spacetime
and choose the shape and switching functions to model our detectors. As a concrete
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example let us choose the scale factor to be that of De Sitter spacetime:

a(t) = e, (2.123)

As for the detectors, let us choose both the switchings and the spatial smearing functions
to be Gaussians. That is, the functions y, (¢) will be given by

t—ty )2

o(t) = e (7 (2.124)
The smearing functions F, (¢, x) are given by
1 7;( lz—zy | )2
Ft,x)=——e 2\ 7 /. (2.125)

(V2moal(t))?

where the detector expands with the expansion of the universe and the scale factor in the
denominator comes from the L! normalization of the smearing function:

/da:Sa(t)3Fl,(w,to) =1 (2.126)
Notice that even if we choose

T, (1) = a(t) 3y, (t), (2.127)

X, (x) =a(t)’F,(t, ). (2.128)

to ensure consistency with assumption 5 of Proposition 4, it is clear that the form of the ex-
pansion factor, Eq. (2.123) automatically leads to the violation of the conditions expressed
by Eqs. (2.119) and (2.120). Therefore, in the present setup, we have no guarantee that
the relation (2.121) holds.

A particular case of this kind of setup is displayed in Figure 2.7. Analogously to the
instances examined in the Minkowski case, it is observed that the components M* exhibit
interference, leading to scenarios where the communication-mediated negativity surpasses
the total negativity. Additionally, around the region At/T = 0, we observe that the
harvested negativity (N) can also exceed the value of the negativity (N'). This means
that despite the detectors’ capability to extract preexisting correlations from the field,
the entanglement acquired through communication destructively interferes with the har-
vested entanglement, resulting in the overall entanglement being less than each component
individually.
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Figure 2.7: Numerical results for De Sitter spacetime. The parameters used are: QT = 4,
d/T =2,0/T =0.1, and H = 0.1. Here, At =t —t,
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Chapter 3

Harvesting entanglement with
general couplings: longitudinal and
transversal components

In this chapter, we reach the peak of the progression of this thesis towards increasingly
general entanglement harvesting protocols of two detectors. This progression started with
an entanglement harvesting protocol for derivative coupling in flat spacetime in section 2.1
and then continued with a more general protocol for harvesting in curved spacetimes in
section 2.4. In this chapter, we forgo the assumption of the detectors being qubits, and
allow instead an arbitrary number of detector energy levels. Moreover, particle detectors
usually have simple couplings, such as the product of the monopole operator and field
operator depicted in the Unruh-DeWitt model of Eq. (2.43). These couplings are useful
to obtain clear and concise results. However, these simplifying choices lack the flexibility
to accommodate the range of couplings that appear in implementations of entanglement
harvesting in superconducting circuits. To surpass this limitation, we allow to couple
general operators of the detectors to field operators. Furthermore, we split the coupling
into longitudinal and transversal parts with respect to a preferred detector basis, and
analyze the contributions of these two parts to entanglement harvesting. Throughout this
chapter, h = ¢ = 1 is assumed.

Note of clarification. A version of this chapter will appear in an upcoming paper [1],
which is currently a work in progress.
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3.1 Entanglement harvesting separating the contribu-
tions of longitudinal and transversal interactions

In this section, we provide a general entanglement harvesting protocol, where a pair of
arbitrary detectors couple to a real scalar quantum field. We consider a general form of
coupling, which we then split into longitudinal and transversal parts, which contribute
differently to the entanglement detectors can harvest. This split allows us to provide
analytical expressions for the time evolution for detectors without transversal coupling.
Then, we perturbatively add back the transversal interaction, to obtain the time evolution
for general interactions. Therefore, in the obtained expressions, the longitudinal coupling
is included non-perturbatively and the transversal coupling is included up to second order.

Consider the following interaction Hamiltonian in the interaction picture,

() = S V(06 (1), (31)

Here, M are arbitrary Hermitian operators of the detector v € {A, B}. Moreover, ¢*" and
»*" are Hermitian operators of the field, defined through the following notation,

~

5t = i / At kil - o (1, k)i (3.2)

The creation and annihilation operators &L and ap satisfy the canonical commutation
relations [ag, al,] = d(k — k')1.

For example, in flat spacetime, the field amplitude operator can be expanded in plane
waves as follows,

~

¢(t w) = L
T e /202m)

where wy, = \/m? + |k[2, with m the mass of the field. Notice that ¢ (¢, ) can be rewritten
in terms of the notation prescribed in Eq. (3.2),

<ei(wkt*k-w)d;fc + ei(k'mfwkt)dk:) , (33)

ei(wkt—k-:li)

~

¢(t> 33) = ¢Euq: (t)> uw(t7 k) = (34)

227 )wy,

Additionally, smeared field amplitudes, which commonly appear in Unruh-DeWitt (UDW)
detector models [26, 27, 28, 29, 30], can be expressed similarly, as shown next. Given a
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spatial smearing F'(x), the corresponding smeared qg(t, x) is equal to

[ e r@i.m) - 60,

cirt (ke
fit k) = LK) (3.5)
2(27r)"wk
Here, we used the following Fourier transform convention,
F(k) = / A"z ¥ F (). (3.6)

Next, we define longitudinal and transversal with respect to a choice of orthonormal
basis for the detectors. A usual choice would be to pick the energy eigenbases of the
detectors’ free Hamiltonians, but we do not limit ourselves to this choice. Instead, let
{|is)} and {|js)} be arbitrary orthonormal bases for the detectors A and B, respectively.
Then, all operators can be split into longitudinal and transversal parts with respect to
these bases. For example, R R R

A=A+ AT, (3.7)

by taking the longitudinal part Xfl’ to be the diagonal components of A” in the {|i,)} basis,

and 5{ being the off-diagonal components. Then, we split the interaction Hamiltonian
accordingly,

Hy(t) = ﬁu(t) + H, (1),
Hy(t) = X(t)e™ (¢),

Ho(t) =Y XN(t)¢™ (t). (3.8)

The advantage of this split is that the longitudinal evolution can be solved analytically
using a Magnus expansion, as presented next. Specifically, by longitudinal evolution we
mean the evolution without transversal interaction, which is

Ul(t) = Texp| —i tdtlﬁtl . 3.9
(t) p< /t“ A >> (3.9)

Here, T exp denotes the time-ordered exponential, and the evolution occurs from a time ¢,
to a time ¢.
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Moreover, we consider

AL (E) = ATX (@),

AT(t) = NIXT (1), (3.10)
where A" and A" are parameters that tune the strength of the longitudinal and the transver-
sal interactions, and can be used to perform perturbative expansions. The x|/ (¢) and X" (t)
act as operator versions of switching functions, and include the possibility to turn on and
off the interaction independently for different detector energy levels. For simplicity, we

consider A\ and A, to be parameters that govern the longitudinal and transversal coupling
strength for both detectors,

M =adA, N =d’),, (3.11)

where a’, a®

1, ay, a}, a? are coefficients of order zero in A, A,.

3.1.1 Analytic expression for the longitudinal evolution

According to the Magnus expansion,

A

Ult) = 20, Q) = i Qu(t), (3.12)

O (t) = —i/ dty H,(t1),
b
R 1 [t t1 R .
r) = /t an /t s H (1), H, ()], (3.13)

and the €23, {4, ... are integrals of nested commutators of H,, which are are zero. These
nested commutators are zero because

[H,(tr), Hy(t2)] = 22 M)A, (L)W (1, 1),
WH™ (t1,t5) =i / A"k Im (o (t1, k) (s, k)), (3.14)

n
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and [H,(t), S«(t’)] = 0. In order to find Eq. (3.14), we used [M‘(tl), Xﬁ(tg)] = 0, which holds

due to S\f (t1) and ;\ﬁ (t2) being diagonal on the same basis. Moreover, we used Eq. (3.2) to
find

[0 (1), 6" (t2)] = 2WH (b, t2) 1. (3.15)
Substituting Eqgs. (3.8) and (3.14) into Eq. (3.13),

(1) =iy o7 (1),

BY(t, k) = tdtlj\”tl o’ (ty, k),
(t,k) / ‘()0 (11, )

o) =D (1),

v
R t t1 . .
QM (t) = —/ dt, / dtg N () N] (L) WH™ (L1, L2). (3.16)
b b
Here, we defined detector controlled field operators,
¥ =i [ akpk)al - 5 k)i (3.17)

where B(k:) are detector operators that share a common eigenbasis among all k, i.e.

A

[B(k), 5(k')] = 0. Using this definition,

¢ (1) = / t dty N (1) (). (3.18)

dl

Finally, the non-perturbative expression for U is

A~ Q A

where the operator e2® acts only on the detectors. Moreover, we defined controlled
displacement operators as

A _iAB
Dy=e". (3.20)

This definition is analogous to displacement operators,

D, = e = exp{/ A"k a(k)a), — a*(k)dk}. (3.21)
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Since below Eq. (3.17) we required that S(k) |b) = 8°(k) |b) for some detector basis {|b)},
then

Dy => " [bXb| Dy, (3.22)

manifesting the controlled displacement nature of D 5

In particular, for the basis {|i,js)} where longitudinal operators diagonalize, we get
Dangiyrany = D lindsiads| Doz pro- (3.23)
ij
where
(8, k) i) = B (1. k) i)
BY(t, k) = /tdtl N (t)a” (1, k),
]
() liv) = ALt [i) - (3.24)

In summary, DBA( B85 (8) applies D/g (O)+82(1) On the ﬁeld when the state of the detectors

is |i,75). Moreover, in the basis {|i,js)}, the unitary e %(t) can be understood as adding
relative phases between the detector basis states

et — Z e (t) |iAjB><iAjB| )
ij

Qoy = — 0 — % — 9P — 9% (3.25)

i

0 (t /| . dt, /| . Aty N (1A (b2) W™ (11, 1) (3.26)

Combining the results above,

U'(t) = €99 [iyjuXiajal Doxoyspee), (3.27)

(]

where we used definitions from Eqs. (3.21), (3.24) and (3.25).
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3.1.2 Perturbatively including the transversal evolution

This subsection derives the time evolution of the interaction picture state p(t) under cou-
plings with both longitudinal and transversal components. In Sec. 3.1.1, we obtained the
exact longitudinal evolution, Ul (t). However, the same non-perturbative procedure can-
not be applied to compute the transversal part of the evolution. Instead, we are going to
include the transversal interaction perturbatively.

Firstly, we define the transversal picture. The transversal picture state pr(t) is

pe(t) = U000 (2), (3.28)

where p(t) is the usual interaction picture state. Then, p+(t) evolves according to
pult) = U(D)proll (),

U(t) = T exp <—i /t: dt, ﬁT(tl)). (3.29)

Here, 7 is used to denote the time-ordered exponential, ¢, is the initial time, pro = pr(to)
is the initial state, and X R R )

H.(t) = U H, ()U'(t). (3.30)
In other words, I:[T is the transversal picture version of the H, defined in equation (3.8).
This transversal Hamiltonian can be rewritten as

Hy =) X6 +m)" +mf"),

j\; — U“TS\ZU”,

v
mivy

(t) =2 / t Aty M ()W (1, 1), (3.31)

¢

AB
Il

as shown in Appendix B.1. Notice that the terms Xﬁmﬁ‘« and AP

presence of a field-mediated interaction between the detectors.

in H, reveal the

Next, we perturbatively compute 1 (t) by performing a Dyson expansion of U (t),
Ut) =UO) +UDt) + U () + O(N?), (3.32)

Ut =1,

t
0O = —i / dty (1),
1
. l? t1 . .
UI(t) = - / dt, / dty H,(t))H,(ts). (3.33)
to to
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Then, the time-evolved density operator for the state of the detectors and the field is,
pr=pro+ 00+ P00 4 580+ 50 4+ 50P + 0 (N) (3.34)

where we dropped the t dependencies for simplicity of notation.

The corrections are

~

P = 4O UADT (3.35)

Since we are interested in finding p(t), we turn p;(t) back to the interaction picture,
using

pt) = U'(t)po ()T (2). (3.36)

Then,
ﬁ — pA(O,O) +[5(1 ,0) —|—,5(0 ,1) _{_Ia(Z,O) +ﬁ(171) + pA(O,Q) + O()\i) ’ (337)
o) = g UHTA U”Z/{ ot (3.38)

with pg = U”,éTOU(')'T the initial state, and U” Ul (to)-

This result can be restated in terms of the unitary U () that dictates time evolution,
p(t) = U(t)poUT(t). Specifically, we find

A~

U=0 (Zfl(‘” +UD + U@ 4 O(Ai))U(')'T. (3.39)

Here, one can check that perturbatlvely expanding U with respect to H | recovers the usual

Dyson expansion for U in terms of Hy. This consistency check is provided in Appendix
B.2.

From now on, let us now choose ¢, = t,, which implies py = pro and Ug = 1. Then,
Eq. (3.38) simplifies to S
ﬁ(%]) — Uyt Pou DT (3.40)

Furthermore, we provide expressions for p(t) in the chosen detector bases {|i,)} and
{|je)} in Appendix B.3.
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3.1.3 Evolution of the detectors
In order to study the evolution of the detectors, we trace over the field,

pa(t) = Ty (1), (3.41)

We now apply this to the expression of Eq. (3.37), which includes the transversal coupling
perturbatively,

pan = P + 50 + Y
+ 0 4+ oG + 057 + 0N, (3.42)

)

where we defined ,5&’;;1 = Tr, P for any indices k, 1. The expressions for the components

of p&" in the preferred detector basis {lirjs)} are provided in Appendix B.4.1.

In order to study the amount of entanglement in p,; we need an entanglement measure
that applies to mixed states. In this work, we use negativity, which is an entanglement
monotone and is faithful for systems of two qubits [30, 87, 88]. The negativity of a general
bipartite state, such as p,g, is

AT,
. HpAg 1_1

N (Par) (3.43)

2

Here, p.4 denotes the partial transpose of p,; with respect to the subsystem A, and
16|, = TrV/676 is the trace norm, which is equal to the sum of the singular values of
6. Equivalently, N'(p.s) equals the absolute sum of the negative eigenvalues of p3. The
latter is the characterization that we will use to compute negativity in the next sections.

3.2 Splitting longitudinal and transversal interactions
with respect to the initial state

Let us explore the entanglement obtained by detectors that start in an arbitrary pure

product state. We will use the expressions for p and p,; obtained in the previous section

to separate longitudinal and transversal contributions to the evolution. Specifically, we
choose the initial state at time ¢y to be

po = [Pa)thal @ [u)os] © po.o, (3.44)
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where 4 is the initial state of the field, and [¢,) and |¢5) are arbitrary initial pure states
for the detectors.

In general, we have freedom to choose the bases {|i,)} and {|jz)} used to define longi-
tudinal and transversal operators. For our current choice of initial state in Eq. (3.44), it is
convenient to pick

04) = [ta), [0g) = [¢5), (3.45)

and then complete the orthonormal bases as preferred to obtain {|i,)} and {|js)}. Notice
that |0,) and |0;) are not necessarily the ground state for the detectors. Here, the index 0
solely indicates that these states are the first element of the basis. In other words, for each
detector, we have split the operators into longitudinal and transversal parts with respect
to an orthogonal basis that contains the initial state as first element. Under this choice,
we can rewrite the initial state as

Po = 10405 X0505] @ po,0- (3.46)
Then, given t, = t,

p=p""+0(\), (3.47)

pOO(t) = U (1)pU'(2)
= 10205)0x05] © Digy ey 560Dl 1) 4 520y (3.48)
from using Eqgs. (3.27) and (3.40). Therefore, if there is no transversal interaction with
respect to the initial state, i.e. A, = 0, then the detectors remain in the initial state.

The same is not true for the field, upon which the longitudinal interaction causes a time
dependent displacement of its state.

For general interactions, we include the transversal interaction perturbatively, as de-
scribed in subsection 3.1.2, expanding the state as

p=p 0 4 pE0 4 5O 4 5RO 4 5D 4 502 4 O(N). (3.49)

The expressions for these in the preferred basis can be obtained from particularizing the
results of Appendix B.3 to the choice of initial state of Eq. (3.46).
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3.2.1 Evolution of the detectors

Now, we study p,p given the initial state of Eq. (3.46). Specifically, we provide the form
of the terms in the expansion

pan = P+ o5+ oY+ oY + s + AT + O(AD). (3.50)
In order to do so, it is convenient to split the following operators,

=SB a0 =N, a =Y (351)
v v %

so that

]f[l/ 5\1/ e

T 9
t

ur(t) = / dty HY(ty),

Z/{w/ / dt; / dty H 2t H. (tQ) (3.52)
and define the field operators
Uz“j = <iAjB|Ull|iAjB> )
LA{Zl = = (inJs| U’ |3\ jL)
Ul = (iadal UM 11,7, (3.53)

Going back to the expression for p,s, the zeroth order in A, can be obtained from
Eq. (3.48),

507 = 10,050,405 . (3.54)
The first order contributions in A, given ¢, = ¢, and Eq. (3.40), are

P = 1£,05)0405] + 0,€5)(0,04],
ﬁ(%” = o (3.55)

Here, |£,) are orthogonal to the initial states,
(€a104) = (&]05) = 0, (3.56)
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and fulfill

&)= & i),

i£0
g = (N0 Z/l000>p¢0,
§ = <U(¥(§U(|)‘JUOJ00>
Here, we denote expectation values as

(A), = Tra(Aps)

P¢0

The contributions of order \? are

520 _ (|UAAOB> + |04 vss) 4+ [M))(0,04]

ﬁ/(xlﬁl) - AA X |0B><OB| + |0A><0A| X [:BB + iAB + Ei]g)
502 _ 520t

where

|Uw/> = ZUI‘/V |Zl/ )

AA _ <UHTUH u000>p¢,07
o = (RO,

=33 My linjs) .

1#0 j#0
Mi; = <U”TU” ugoo + Uz%o»

p<f>0
=3 > Ll
i#0 /70
Lys = Z Z LAB 172050 Js]
i#0 j#0
L = <( /000) UHT UH z/{ooo>p¢707

L?B, = <(u(])3j’00) U&T’ U(I)‘jugj00>ﬁ¢,o’
L2 = ((U0) US UL N0

P</>0

95

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)

(3.62)



Further expressions for the expectation values £, vf”, M;; and ij” are provided in Ap-
pendix B.4.2.

Compiling the results above into a single expression,

pan = 005 )0505] + ([€:05) + 04&s)) (0,04
+10,05) ({60 + (03] )
+ (|UAAOB> + ‘OAUBB> + ‘M>)<OAOB|
+1040z) (<UAAOB| + (OavUs| + <M|)
+ Ly ®]05)0s] + [0:X04] ® Lys + Ly + L,
+O(N). (3.63)

3.2.2 Negativity for the detectors

Next, we study the amount of entanglement in p,; by obtaining an expression for the
negativity N (pss). We show that, at leading order in A,, N(pas) is a function of solely
the quantities £, §F, My; and L, L37.

Specifically, the negativity of the detectors is, at leading order in A,
N(pa) = N ((62 = [¥a)fn]) ) + O(AD), (3.64)

where

\%) = ( ’£AOB> )* + ‘OA€B> )
Gy = (Lan)"® |05) 03] + [0,X04] @ Ly + M + MT,

M =" M;j|0,u)i0s] . (3.65)

1#0 j#0

These expressions use the definitions of the previous subsection 3.2.1 and (.)* denotes
complex conjugating the coefficients in the {|i,js)} basis. Moreover, N'((62 — [¢1)(¢1]) ™)
equals the absolute sum of the negative eigenvalues of 65 — [11)(¢1|, which is of order 2.

In order to show this result, we need to compute the partial transpose of p,g,

Pap = 10,06)0,0] + [11)(0,05] + [0,05)(1 ]
+ [102)0408] + (020 )th2| 4 62 + O(AY), (3.66)
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where we used the definitions in Eq. (3.65) together with

|¢2> = ( ’UAAOB> )* + IOA’UBB> + ’LAB> )

= Z Z L |iJs) - (3.67)

i#0 j#0

Remember that (.)* denotes complex conjugating the coefficients in the {|i,js)} basis. In
order to compute N (p,p), we need to know the eigenvalues of pli. The Appendix B.5
describes how to perturbatively find the eigenvalues of p/s. The main result of this ap-
pendix is that the negative eigenvalues of pls are the same as the negative eigenvalues of

72 — [ ).

Remarkably, for the case studied in this section, i.e. detectors initialized in longitudinal
states, not only the leading order contribution to N'(p.gs) is of order A%, but it is also of
order zero in A;. This can be seen from the expressions for &, v, M;; and L“ provided

7

in Appendix B.4.2. Such expressions are non-perturbative in A, but 1f we expand them
with respect to A, then we obtain, at leading order

= /dmawu<w (1), + O

‘/dm/’szm N o (t2) W7 (11, 12) + O(\),
to

s#1,0

A@z—/du/du&mmﬁmmemm+owx

1 = / " / Aty N o ()N o5 ()W (1. 1) + O(), (3.68)
where we defined

W (8, t5) = (6™ ()0~ (2)),

Pg,0

G‘uy(tl, tg) - @(tl - tQ)W'LW<t1, tz) —|— @(tg - tl)WVﬂ(t2’ tl) (369)

Notice that G*(t1,t2) is the time ordered version of W (t1,t5). Additionally, this defini-
tion is compatible with the W#*~ previously introduced in equation (3.14). Specifically,

WH (ty,ty) — W¥H(tg, t1)

W“Vﬁ (tl, tg) — 2

(3.70)

57



The expressions above justify that N'(p,5) is dominated by the coupling that is transver-
sal to the detectors’ initial state. This holds for any initial state of the field pg0, but is
only true in the perturbative regime, where A, and A, are small. In other words,

N(pas) x AT (1+O(A) +O(N)). (3.71)

Conversely, there are at least two regimes where the effect of the longitudinal interaction
can become relevant: 1) if )\, is large, and 2) if the longitudinal interaction is kept on
for a long time. We will explore the first case in the next section with an example qubit
detector.

3.3 Effect of a nonperturbative longitudinal interac-
tion

Now, we look into the the effects of the longitudinal coupling in entanglement harvesting
for a particular example. In light of the previous section, where the longitudinal interaction
did not affect leading order negativity, we will use the non-perturbative results in A, to
explore higher order effects for this parameter.

For this example, we will consider a massless scalar quantum field in (141)-dimensional
Minkowski space. In this case, the amplitude of the field can be written as a particular
case of Eq. (3.3),

A dk [ |
b(t,x) = (eHeka] 4 ek-kalg, ). (3.72)
R/ 47 |k|

As a simple model of detector, we will take a pair of qubit UDW detectors. However,
we will couple the detectors to the derivative of the field amplitude ﬁté(t,w), since this
is the implementation that can be experimentally realized in superconducting circuits, as
seen for example in [67, 3].

Consider UDW detectors with energy gaps €2, and respectively denote their ground
and excited states as |g,) and |e,). This energy eigenbasis is now our preferred longitudi-
nal basis. Then, the following interaction Hamiltonian introduces both longitudinal and
transversal interactions,

Hi(t) =Y M\(t) / A"z F,(2)0,0(t, ), (3.73)
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where the smearing function F,(z) controls where the detector v couples to the field, and

(1) = XX (D7 (8) + AXT(8) [ew e - (3.74)

Here x| and x| are switching functions for the transversal and longitudinal interactions.
These switching functions localize the interaction in time and take on real values. The
operator fi,(t) is called monopole moment operator and is defined as

fun(t) = €™o) + e, (3.75)

where 67 = |e,)g,| = (6,)7. Now, we can recast this Hamiltonian in the form of Eq. (3.1),
with the objective to then use the results described in previous sections. First, we recognize
that for the chosen longitudinal basis,

M) = XX, AV () = ATXT(8) leuNew| (3.76)

Additionally, analogously to Eq. (3.5), we find that
[ @ @) = i),

. k|l ~
o (t, k) = et %Fj(k), (3.77)

™

where we used that F)(z) is real, so that F,(—k) = F: (k).

Next, consider the detectors to be initialized in their ground states,

Po = 19298 )(9ags| ® Po,0- (3.78)

This is a longitudinal state of the energy eigenbasis of the detectors, and thus we can use
the results from section 3.2. In particular, the effects of the longitudinal interaction will
only appear beyond leading order on the longitudinal interaction strength.

Under the choices above, the state of the detectors p,; in the basis {|gags), |€s9s),
lgaen), |eaes)} at any given point in time becomes

1 _ LAA _ LBB gA* SB* M*

A gA LAY [AB
Pas = fB JAB* [ BB 0
M 0 0 0

+O(N3). (3.79)
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This expression follows from the equations in subsection 3.2.1, after dropping the subindices
indices for succinctness. Moreover, we used the following property of the Dyson expansion:
the trace for the approximation of p,; is 1, even when the Dyson expansion is truncated
to a finite number of terms.

Following subsection 3.2.2, the negativity of p,; at leading order is the absolute sum of
negative eigenvalues of

0 0 0
[AA — ‘é‘A‘Q M* — £A*€B* 0
M — gAéB BB _ |§B|2 0
0 0 0

o2 — |1 )| = (3.80)

o O OO

The eigenvalues of this matrix can be found analytically, from which one finds that
N(pan) = max{0, V} + O(\?), (3.81)

with

LAA_ A2_-LBB e 2 A2 B2 £AA 'CBB
V:\/,M_£A€B|2+( &2 +|§\) JEPHIEP  LutLe o

2 2 2
This expression simplifies for the case L = Ly, = Lyg, £ = €4 = &g, turning into

N (pas) = max {0,[M — €| + ¢ = L} + O(A3). (3.83)

We obtain the quantities £¥, L*, M by particularizing the expressions of Appendix B.4.2
to the current scenario,

t
v S\ vV (+,0) 1)V i, a o
f - _IAL/ dty €< Dt )XL(tl)GQ t1<D5”(t)—ﬂ”(t1)¢ (t1)> ) (384)

to Pe,0

t t
L = )\‘j/\i/ dt, / At €™ Gty (1)3¥ (1)
to to

% < (/Bav(m DBH(t)f,BV(t)JrB”(tg)fBH(tl) anu(t1>> e Qut1=Quts). (3.85)

P$,0

t t1 )
M= [y [ty 1) 1)
to to

X <DﬁA(t)+,3“(t)fﬁ"‘(tl)*ﬂ“(tz)ﬁgw (tl)czgo‘ﬂ(ta)> +A B (3.86)

P$,0
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where by A <> B we mean swapping the labels A and B. Moreover, we denoted
t
ﬁy(t, ]{}) = )\ly/ dtl Xﬁ(tl)a”(tl, k?)
to

:)\]’(47r)‘2]k]2F:(k)/ dty x! (),

to

WOt ) = 07 (th) — 097 (t) + C* (¢, 1),
t/
/dtl/ dt2X|| XH t2)WVV (t17t2)
CHM (L, 1y, ty) = - (ty) — 97 (ta) — DM (t) + 97 (1)

— O () 4+ 9UR(E) + CHE(E 1) — CVR(E 1)
F Ot 1) — O™ (L ts) — O™ (1, 1),

¢) (t,t1,t2) = C(V’O)(tQ,tl)a

CUBO(t 1y, ty) = Z )+ CHA(t b)) + C ()
+ 19“( 1) + 20%(t1) + 9%5(ty) — C*P (¢, ta),
with (49 equal to (™0 with all A and B labels swapped. Finally,

19’“1/ _)\“AV/ dtl/ dtg X” tl X“ tQ)W‘uy_(tl,tQ),

C’/W tt )\MAV/ dtl/ dtg X” tl X” tQ)WMV_(tl,tQ),

WH= (ty, t2) = 47T/ dk |k| Tm (2= B (k) F (K)),

o0

(3.87)

(3.88)

(3.89)

(3.90)

(3.91)

(3.92)

where the last equality comes from substituting Eq. (3.77) into the definition of W~

given in Eq. (3.14).
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3.3.1 Initializing the field in the vacuum state

Next, we choose the field to be initialized in its vacuum state,

Ps0 = 106)(0g| . (3.93)
This assumption allows us to evaluate field expectation values by using the tools from
Appendix B.6, resulting in

SN / dt, / it €212 Y ()3 (1) W (1, 1),

Yt ) / at! / Aty X (X ()W (8, 5), (3.94)

which fulfills ¢¥(t,t) = ¢"*(¢,t'), and Re (Q (t, tl)) > 0. As an intermediate step to obtain
the equation above, we showed that

al (v,0) _ v
<D6V(t)_ﬂu(t1)>|0¢><0¢|6C (tjtl) =e ¢ (tjtl)' (395>

For succinctness, we only provide the integrals for L*”, since L*" is not needed to compute
negativity.

t t
7= 7 [ [t )
to to
to
) (W7 ) = (07 [t i)
t1

to
X W) [ )W ) (3.96)

t1

Lastly, for M,
_AA,\B/ at, / dt, ¢ (L)'t G (11 2)
to

1(QAt1+QBt2 X1 (t )XJ_ (t2) (G (tlv t2) BAB (t, t17 t2)> R (397)

where we defined
Gyttt ) = 3 [ / RN CRAL
B (t,1y,1p) = (B* ( ty) + B (t, to, 1)) (B (t, 11, t2) + B (t, 2, 2)),
t

B (1,11, 1) = AV / A, (8 )W (£, 1), (3.98)

t1
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The equations (3.94) until (3.98) also hold more generally, for fields initialized in Gaussian
states for which the expectation value of ¢ is zero. Examples of such states, besides the

vacuum, are thermal states.

3.3.2 Choice of smearing and switching functions

We will consider the smearing functions to be Gaussian, and use detectors of equal shape

and size,

1 _ 2
viot
with d = |z, — x| being the distance between the detectors. Then,

F (k) =¥ F(k), F(k)=e i
and substituting into Eq. (3.77),

‘ 8
¥

F(z)=F(z—w,), F(z)=

OéV<t7 k) _ ei(|k‘t*k)x7/) Ee*ik2027
m

and into Eq. (B.153),
W‘w/(tl, t2) = / dk o™ (tl, k)Oéy(tQ, k)

- i/oodk“f’eék202€ik(t2tl)+ik(azu:)ﬁy)
At J_

1 [ 1 .
= — [ dkke 2F cos(k(z, — xl,))elk(trtl),
2w Jo
and taking into account that W~ = iIm(WH),
WH ™ (ty,ty) = ZL / dk ke 2% cos(k(z, — z,)) sin(k(t2 — t1)).

™ Jo

Remarkably, this integral has an analytical solution,
_ 1, _
WH™(t1,t2) = EU (ty —to+ oy — 2 |) + T (b — ta — |z, — 2])),

J(t) = — / dk [kle=3¥7 sin(kt)

0
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Analogously, we can define W#*+ = Re(WW*”) and obtain that
i
47
JHE) = / dk [k]e~ 357" cos(kt)

0

_ % _ *!_Em (ﬁ) (3.105)

where D(x) = 7”6*“’”2 erfiz is the Dawson function', with erfiz = —ierf z the imaginary

error function.

W#V+(t17t2) == (J+(t1 — tg + |ZL’M — ZL’V|) + J+<t1 — tg — |(L'“ — l’l,l)),

0.85

0.6

X1 (t)

0.2}

wof ——
-0.5 0.0 0.5 1.0 15

Figure 3.1: Choice of switching function for the transversal interaction.

Moving onto the choice of the longitudinal and transversal switching functions x| (t)
and x* (t), we take

sin(rt)? 0 <t <1,

) (3.107)
0 otherwise,

Xyt =1, X)) = {
where x4 (t) = x5 (t)x.(t) is illustrated in Figure 3.1. Note that x,(¢) is a function with a
continuous derivative, supported on the interval [0, 1], meaning that the transversal inter-
action lasts for exactly one unit of time. The choice x| (t) = 1 means that the longitudinal

IThe Dawson function is defined as

D(z) =" / dye™¥’. (3.106)
0
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coupling is constantly active for both detectors. This setup represents the simplest case
without any control over the longitudinal coupling. Our goal is to examine how much a
constant, unintended longitudinal interaction can affect the amount of harvested entangle-
ment.

Notice that even though the longitudinal interaction is always turned on, p,; only starts
to change at the time t = 0.2 Accordingly, we choose the initial time to be t, = 0.

3.3.3 Effect of the longitudinal coupling strength on the evolu-
tion of the negativity

For simplicity, let us now consider equal coupling strengths for both detectors A, = A} = A},
Ay = A} = A, and equal energy gaps, 2 = Q” = (2*. Combining these with the choices
of smearing and switching functions provided above and with the equations from subsec-
tion 3.3.1, we obtain £ = £* = £® L = L* = LP®. Therefore, we can use the formula (3.83)

for the negativity,
N (pas) = max {0, | M — &+ |£]* = L} + O(X2). (3.108)

Note that |M — &2| + |£|> — L is proportional to A?>. Therefore, instead of plotting N (p,s),
we will plot N (pas)/A? at leading order, which is independent of the value of X, .

After numerically integrating (3.94), (3.96) and (3.97), under the choices of smearing
and switching of subsection 3.3.2, we obtain Figure 3.2. These figure shows the effects
of progressively higher values of A;. These plots reach regimes where higher order effects
on ) are significant, and thus the non-perturbative expressions on )\, that we are using
become relevant to obtain the correct result.

2This is only true because the initial state of the detectors, chosen in equation (3.78), is longitudinal,
like the interaction for ¢ < 0.
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Figure 3.2: Numerical results for the scenario of the current section 3.3, with detector
gap 2 =9, distance between detectors d = 1, and detector size ¢ = 0.1. The transversal
interaction is turned on at time t = 0 and turned off at ¢ = 1, smoothly, according to
Eq. (3.107). The longitudinal interaction is constantly turned on, and we test different
longitudinal coupling strengths, indicated by the value of \.
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Chapter 4

Harvesting entanglement in a
proposed superconducting
implementation

4.1 Review of superconducting tunable couplers

In this section we will analyze the superconducting circuit model behind implementing
tunable coupling of a superconducting qubit to a transmission line [3]. Namely, in this
implementation, we can tune the coupling between superconducting qubits and a trans-
mission line from zero coupling to the ultra-strong coupling regime in a matter of fractions
of nanosecond. We will review the derivation of the Hamiltonian of this device, which will
be useful for Section 4.2 where we relate it to the typical particle detector models employed
in the literature of entanglement harvesting. To model the system we will follow a circuit
model approach, similarly to the Supplementary material of [69] and to [100, 101].

4.1.1 Quantized transmission line

Superconducting transmission lines provide an experimental system where dynamical de-
grees of freedom of the electromagnetic field can be simplified into a one-dimensional real
scalar quantum field theory. Although it is well-known in the literature of superconduct-
ing quantum devices, for convenience and notation setting purposes, we include here a
brief derivation of the Hamiltonian of the transmission line from its lumped circuit model
depicted in Figure 4.1.
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Figure 4.1: Lumped circuit model of a resistance-less transmission line.

The Hamiltonian of this lumped circuit model is

I (i — 92 @
Hyag = = L 4.1
LA 2 ; loAx + coAx (4.1)

where /o and ¢y respectively are the inductance and capacitance per unit length. The
variables ®; and ¢; respectively are the flux and charge for the node 7, and are defined as

t t
@@:/<wwm%@:/ at' I,(t), (4.2)
where V; and [; respectively are the voltage and intensity from the node ¢ to ground.

To get the Hamiltonian of the transmission line, we take the continuum limit, Ax — 0,

obtaining
1 0, ®(2)* | q(z)*
HTL = 5/(133 60 + co s (43)
where SH ()
O(z) = oo L) 44
A 7TE B (&4

After quantization, H,, can be recognized as the Hamiltonian of a 1D real massless scalar
quantum field. Its Heisenberg picture amplitude operator ® is given by

&(t, ) ¢ﬁ%/

(est=F)gl 4 Hee.). (4.5)

\/47r|k;

Here, Zy = ﬁ/ is the characteristic impedance of the transmission line, wy = v|k| is the
frequency of the the mode of wavenumber k and v = 1/+y/coly is the speed of light in the
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transmission line. The a; and &L are the annihilation and creation operators of the mode
k, which fulfill [, al,] = 6(k — k). Using these definitions, one finds that
1

A = / it (@l + anal ). (4.6)

To give an idea about the physical scales of the system, typical parameters for the
transmission line are (see e.g., [102, 70])

va1.2-10°ms™!, Zy ~ 5040 (4.7)

We will use these values throughout this work.

There is a frequency scale beyond which electromagnetic signals in the transmission
line get attenuated. This attenuation increases drastically beyond the superconducting gap.
For aluminum, commonly used for superconducting transmission lines, the superconducting

gap is 75 GHz [103]. Therefore, the experimental implementation introduces an effective
UV cutoff scale. The effects of the cutoff and finite size of the superconducting qubits were
explored in [67], and become more relevant for shorter interactions.

In this work, we consider an exponential cutoff at a frequency scale of Q.. /(27) =
50 GHz. This cutoff value was found in [70] by matching experimental measurements with
the renormalized frequency of the coupled qubit (which is cutoff dependent), under the
renormalization model of [104, 68]. To implement the cutoff, we modify the field operator
that interacts with the qubit as follows,

N C .
Og(t,z) =/ hZy | dk M(el(wk“k”’)dl +H.c.). (4.8)
A7kl
Here, we added the exponentially decreasing weight

|wl

C(w) = e 2eut, (4.9)

As discussed in [67], this implementation of the cutoff is equivalent to the qubit inter-
acting with a spatially smeared version of the field. Specifically,

do(t, z) = / da’ Fog(a' — 2)®(t, 2"), (4.10)
where the effective smearing function Fug(x) is
1 ike __ I ~(x
Fog(x) = %/dk C(wg)e™ = 27rvc<v)’ (4.11)
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with the following Fourier transform convention
k) = / dz f(z)ele. (4.12)

The expression for F.g(z) follows from comparing Eqs. (4.5) and (4.8) to see that Fug(k) =
C(wg), and then using the inverse Fourier transform together with wy = v|k|. Notice that
Fu(z) € R and Feg(z) = Feg(—2), due to Fug(k) € R and Feg(k) = Feg(—k).

In particular, for the exponential cutoff chosen in Eq. (4.9),

_ Qcht 1

w1 ()

Fe(x) (4.13)

4.1.2 Tunable coupler and flux qubit

Here we describe the superconducting circuit which performs the role of the detector in
the entanglement harvesting implementation. Following the proposal of [3], this circuit
consists of a flux qubit tunably coupled to the transmission line. This circuit is made out
of Josephson junctions, which can be implemented as a small insulating gap between super-
conducting materials. In circuit diagrams, Josephson junctions are indicated as crosses. In
practice, Josephson junctions always have a capacitance in parallel, indicated by drawing
the crosses in a box.

Consider the flux qubit depicted in Figure 4.2. The qubit subspace consists of the two
lowest energy levels of the circuit. The flux qubit consists of a superconducting loop with
Josephson junctions. The loop is threaded by an external magnetic flux f., which can
be tuned arbitrarily and is chosen so that the qubit is in the symmetry point, i.e. in a
minimum of the qubit frequency.

®©f
a! 72 V3

Figure 4.2: Circuit model of a flux qubit. The ~; indicate the phase variable of the i-th
Josephson junction.
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The tunable coupler is an additional loop with Josphson junctions, threaded by an
external flux fs, shown in Figure 4.3. From now on, we will refer to the two lowest energy
levels of the combined circuit presented in Figure 4.3 as the qubit subspace, which differs
from the qubit subspace of the flux qubit.

The transmission line is connected at a and b, which makes the phase operator 45
couple to the transmission line. Then, the parameter fz allows to tune the coupling
strength between the qubit and the transmission line, by changing the size of 45 in the
qubit subspace.

®f

71 2 73
XX

_  — —

Figure 4.3: Circuit model of the tunable coupler connected to the flux qubit. The tunable
coupler connects to the transmission line through the points a and b.

The tunable coupler + flux qubit circuit is quantized by using the following conjugate
sets of variables

N Ny
2 Ny
— ||, p=wN=h , 4.14
T=1, P N, (4.14)
6 Ne

where the phase degrees of freedom, ~;, are 2m-periodic. The resulting Hamiltonian of the
tunable coupler and the flux qubit is

i€{1,2,5,6}
— Ejcos(1 +9 — Y5 — Y6 + 21 f. + 27 f3)
— Ejycos(Ys + %6 — 27 f3), (4.15)

71



where the C' is a matrix of capacitances, the Ej is the Josephson energy of the i-th
junction'; and the f. and fs are external magnetic fluxes, which can be controlled during
the experiment. For a review of the circuit theory for superconducting qubits, which was
used to derive this Hamiltonian, see [105].

Notice that ]:ITCJFFQ plays the role of the free Hamiltoinan in the usual detector models,
and importantly, it has non-linear cosine terms, which come from the Josephson junctions
and do not appear in most common detector models, such as qubits or harmonic oscillators.
These terms are key to create superconducting qubits and superconducting devices in
general. Moreover, the presence of the external magnetic fluxes f. and fs in the non-linear
terms is what allows to tune the coupling to the transmission line. However, relating the
Hamiltonian of this circuit to the common detector models requires some work that will
be done in section 4.2. It is there that we will show how this circuit can be approximated
under certain regimes as a variable gap qubit detector.

4.1.3 Coupling the superconducting circuit to the transmission
line

Here, we derive the interaction between a superconducting circuit, such as the tunable
coupler + flux qubit (TC+FQ) circuit, and the transmission line. To do so, we start from
the lumped circuit model depicted in Figure 4.4, which includes both the TC+FQ circuit
and the transmission line, and take the limit Az — 0.

d_, foAZL‘ D, éog ETC—FFQ: gog P,

B v N N S A S

—cpAxr —— Az — oA

= Ax =

Figure 4.4: Lumped circuit model of a transmission line coupled to the TC+FQ circuit of
Figure 4.3, depicted as a dashed box.

'Ref. [3] obtained the matrix of capcitances from an electromagnetic simulation of the superconducting
circuit. Then, they found the value of the critical currents I, = Ej, /o by fitting the numerically
computed qubit frequencies to their measurements for multiple values of f3 and f.. Here, ¢y = h/(2e)
denotes the reduced magnetic flux quanta.
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The circuit in Figure 4.4 has the following Hamiltonian:

A 1 A A
H Az — —_— (I)z — (I)z 2
Hrotra + Z 2COAZE 2; %OAx( 1 )

((i)a - &)0)2 +

(d) — B,)2. (4.16)

Y loie

Here, @, and ®; respectively denote the fluxes at the nodes a and b of the TC+FQ circuit
depicted in Figure 4.3. These fluxes relate to the branch variable 75 as follows, o, — D, =
@075, with Yo = the reduced magnetic flux quanta. Performing the change of variables
<I>i = <I>b + <I> and a few algebraic manipulations,

(Do — B0)2 + (B — By)?

1. . A 2 1. ..
:§(q>1_q>0)2—(c1>1—c1>0)c1>_+7+§(q>1+q>0—q>+)2. (4.17)

Substituting back into Hn,,

Ha, = Hyc Hiag — d_ 4.18
A etre T Hnae = = -t o A T T %A (4.18)
Now, taking Az — 0, the Hamiltonian becomes
H = FITCH-‘Q + IA{TL + [:[INTa
~ 1 - ~
HINT == _£_¢_8$®($Tc+FQ> (4].9)
0

Here, T1cipq is the position of the TC+F(Q circuit, which we effectively treat as point-
like. This treatment is justified because the field cutoff given in Eq. (4.9) (with scale
Qeut/(27) = 50 GHz) dominates the TC+FQ circuit physical size?, which is approximately
100 pm in the proposal of [3]. For a more detailed study of how the effects of the cutoff
and the superconducting circuit size combine, see [67].

Moreover, we used that (&1 + @y — &,)2/Az — 0 when taking Az — 0. This is a
consequence of the following inductor relationships,

A A~ goAI‘ A ~ 2 KOAZ‘ a

(I)o - (I)a == 2 Ian (I)b - (I)l == 2 Ibl' (420)
2The cutoff makes it so that distances smaller than qut = 0.38 mm are not resolved by the field.
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Here, f0a and fbl respective}y areAthe currents from nodes 0 to a and from nodes b to 1.
Then, from Eq. (4.20) and &, = &, + Dy,

O+ Dy — D)2 2 . .
(1 on +) :Z0(10a—1b1)2Ax:(9(Ax), (4.21)

which implies that (&) + &y — ®,)2/Az — 0 as Az — 0.3

Additionally, to obtain H, we neglected the renormalization term ®2 /(20oAz). This
approximation is common for superconducting circuits coupled to transmission lines. The
renormalization term diverges in the limit Az — 0. This divergence could be avoided by
not fully taking the continuum limit, and instead picking a finite value of Ax. Such a
discretized transmission line has a dispersion relation w(k) that is linear at small k, but
nonlinearities kick in as k approaches 1/Az, see e.g. [104]. A reasonable choice of Ax
would be the one associated to the smallest resolvable length given the measured cutoff,
V/Qewts = 0.38mm. For this value of Az, the renormalization term would significantly
modify the energy levels of the TC+FQ circuit *. Nonetheless, in this work we do take the
continuum limit, neglecting the renormalization term, for both ease of computation and
ease of comparison with common UDW detector models. We do not expect that adding
back the renormalization term would change the main conclusions of our work. Notably,
fLNT remains the same regardless of whether the renormalization term is included. The
effect of the renormalization term will be analyzed in future work.

Finally, notice that the interaction term Hyor is proportional to the flux jump d_ across
the TC+FQ circuit, which fulfills d_ = woYs- Moreover, after replacing i) by the d¢ of
Eq. (4.8), which includes the cutoff, the final expression for H, becomes

]:IINT = _%'AYBGJU@C(:ET(H—FQ)- (4'22)
0

While this interaction Hamiltonian is constant, tunability is achieved by controlling the
parameters fg and f., which change the projection of 45 on the qubit subspace (i.e., the

3This argument relies on the difference of currents I}m — fbl tending to a finite value as Ax — 0. This
difference of currents can be understood as the amount of current flowing into the TC+FQ circuit from
the transmission line. For the circuit model of the TC4+FQ circuit given in this chapter, I()a — Ibl =0.
However, one can consider improving the circuit model by adding a capacitive coupling to the ground,
which is present in the actual implementation. Even in that case, we expect the amount of current flowing
from the TC+FQ circuit to the ground through a capacitive coupling to remain finite as Az — 0, and
thus the same should apply to Ioa — L1

4If we choose Az = 0.38 mm, then /yAz = 0.16 nH, which is comparable to the Josephson inductance
of the junction that lies in the transmission line path. This means that the renormalization term would
contribute significantly to IA{,I‘H,“Q.
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space spanned by the two lowest energy eigenvectors of (4.15)), effectively reducing or
increasing the intensity of the interaction.

4.2 A variable gap particle detector as a model of flux
qubit and tunable coupler

By means of an adiabatic approximation, we will relate the TC+FQ implementation given
in Section 4.1 to a variable gap detector model, which resembles the most common particle
detector used in RQI protocols, the UDW detector.

4.2.1 Simplifying the TC+FQ circuit model
Two-level approximation

To reduce the tunable coupler + flux qubit circuit into a qubit, we need to truncate
the energy levels, keeping only the two lowest-energy eigenvectors of ﬁTC—‘,—FQ- Neglecting
higher energy levels can be justified when their transition frequencies are large compared
to the qubit transition frequency. Then, if the coupling is switched on and off slowly
enough, the adiabatic theorem forbids transitions that leave the qubit subspace. The
exact conditions under which this adiabatic approximation in the ultra-strong coupling
regime is justified are subtle and will be explored elsewhere. Here we will operate under
the assumption that they hold, as experimentally validated in cases where the coupling
is not too strong [70, , |. All the quantities of interest for the qubit, such as the
energy gap and coupling strength, can be computed from the numerical diagonalization
of the Hamiltonian fITC+FQ in a suitably truncated charge basis. In the TC+F(Q circuit,
for each fz, the value of f, is picked to minimize the qubit transition frequency [3]. This
choice corresponds to a coupling between the qubit and the transmission line that best
approximates the transverse coupling model in UDW detectors. Then, the only remaining
controllable parameter in the qubit Hamiltonian is f3,

Han(f5) = hQ(f5) |15,) {15, - (4.23)

Here, we denoted as [0f,) and |1y,) the ground and first excited states, and as h£2(fz) the
qubit energy gap. For the qubit approximation it is important to mention that the energy
levels do not cross between the different eigenvectors of the TC+FQ system.
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Notice that the reduction to two levels is not necessary to connect the UDW model to
the TC+FQ system. Indeed UDW detectors with multiple levels are commonplace in the
literature, but for convenience and simplicity of this analysis we will keep it as two levels.

Taking the adiabatic approximation on the free qubit evolution

Changing the parameter fz over time can induce transitions in the qubit and even cause the
TC+FQ circuit of Figure 4.3 to leave the qubit subspace. These transitions occur even if
the circuit is not connected to the transmission line, and are a consequence of the fact that
the energy eigenstates of the TC+FQ circuit change with fz. To avoid this phenomenon,
we assume that f3 is tuned slowly enough to apply the adiabatic theorem to the free qubit
evolution.

The adiabatic approximation implies that for a qubit state of the form

[au(t)) = ao(t) |0¢) + ax(t) [14) (4.24)

where |0;) and |1;) are the ground and first excited state at time ¢ (which are determined
by the choice of f3(t)), coefficients remain the same under time evolution modulo a relative
phase:

ag(t) = %Way(0), ay(t) = e OO, (0). (4.25)

This is a good approximation for the free evolution of the qubit when the Hamiltonian
Hq;(t) changes slowly enough and the energy gap is non-zero, i.e. h€)(t) # 0. The phases
©(t) and 0;(t) in Eq. (4.25) is given by

o(t) :/0 dt'Q(t"), 6;(t) :i/o dt’ (ip|Op|iy), i € {0,1} (4.26)

with 6;(¢) called the geometric phase. We choose to set 0y(t) = 6;(t) = 0, which can always
be done when the Hamiltonian depends on a single parameter, by appropriately changing
the basis®.

In summary, the adiabatic limit ensures that there are no transitions between energy
levels due to the free dynamics, since their probabilities p; = |a;|* remain constant. More-
over, we can guarantee that the circuit stays in the qubit subspace during its free evolution
by similarly applying the adiabatic theorem to the complete multilevel Hamiltonian given
in Eq. (4.15). Therefore, after the adiabatic approximation, the circuit behaves exactly as
a qubit with constant energy eigenbasis {|0), |1)} and time-dependent energy gap hS)(t).

5To impose 0y (t) = 01(t) = 0, we use that the geometric phase can be rewritten as 0;(fs) and absorb it
into the definition of the [if,).
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Transversal coupling approximation

The interaction Hamiltonian obtained in Eq. (4.22) shows that the coupling occurs through
5. Consider 42° to be the restriction of 45 onto the qubit subspace. Then, 42° can be
expressed in as a linear combination of identity and Pauli operators,

A = 4,64 + Y0y + V205 + Yial, (4.27)

where 6, = [07,)(0,| — |15,)(1y,|. Notice that, for simplicity of notation we have omitted
writing the dependency of all terms on f3.

In this paper we are going to assume that the longitudinal coupling v, and the term
v:q are zero. For f, such that the qubit transition frequency is minimal, the longitudinal
coupling 7, was shown to be negligible in [3]. Moreover, neglecting 7, and ;4 does not
affect entanglement harvesting at leading order in the coupling strength under the following
sufficient conditions, which are assumed in the next sections: 1) the qubits are prepared
in an eigenstate of their free Hamiltonians, 2) we are under the adiabatic approximation
for the free evolution of the qubits (see Chapter 3).

The transversal coupling coefficients «, and v, as a function of fz are

Yo = Re (1p, [¥5107,) , 7y = Im (15, [95(05,) - (4.28)

We obtain the states |0y,) and [1z,), up to an overall phase, by diagonalizing the Hamil-
tonian in Eq. (4.15). We fix this phase freedom by choosing the energy eigenfunctions to
be real in the phase representation®. This can be done because Hrerg lifs) = Ei(f3) ligs)
is a real differential equation in this representation. With this phase choice, the geomet-
ric phases automatically vanish, i.e. (if,|0s,lis,) = 0. To see why, notice that since the
wavefunction of |iy,) is real, then (is,|0y,|ir,) must be real. However, the normalization
condition (ig,liy,) = 1 implies that (is,|0y,|if,) must be imaginary. This only leaves the
possibility that (is,|0f,liz,) = 0, which means that there is no geometric phase for our
choice.

Fixing the phase freedom as described above and using the parameters that match
the design proposal of Ref. [3]7, we obtain the following: for fz € [0.3,0.5], 1.(fs) €
[—0.02,0.22] and 7,(f3) = 0, with 7,(f) an increasing function. Therefore, controlling fz
tunes the transversal coupling strength -,. The reason for v,(fs) = 0 is that (17,|95/0y,)

SIn the phase representation, the states are represented by wavefunctions such as (1, ¥a2,7s,76). For
i € {1,2,5,6}, the phase operators 4; act as a multiplication by ;, and the number operators N; act as
the partial derivative —id,,.

"Specifically, we use for the critical currents: I., = 0.236 pA, I, = 0.131pA, I., = 0.236 pA, I, =
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is real. To see this, consider that in the phase representation, (1y,[75|0y,) is the integral of
the product of three real functions. Specifically, the real wavefunctions of |[0y,) and |1y,),
and the real quantity ~s.

Approximated linear dependence of the gap on the instantaneous transversal
coupling strength

The energy gap of the qubit AS2 varies with fg, which can be rewritten as a dependence of (2
on the instantaneous transversal coupling strength v,. The exact form of this dependence
is also obtained using the numerical diagonalization of the Hamiltonian of the tunable
coupler + flux qubit. Using the best fit parameters found in [3] for the Hamiltonian (4.15),
results in the data in Figure 4.5.

The figure shows that the dependency €2(7,) is approximately linear, which implies that
Q(t) =~ Q° + AQx(t). (4.29)

Here, we chose 7, (t) = vx(t), with x(¢) a switching function which takes values between
zero and one, and v the maximum value of 7, (¢) reached during the interaction. Moreover,
QY is the energy gap of the free qubit, or in other words, the energy gap when the
interaction is turned off. The product AAQ) determines the strength of the gap variation
due to the coupling. Precisely, hAQQ is equal to the difference between the energy gap with
the coupling turned on (when x(¢) = 1) and the coupling turned off (when x(¢) = 0). From
Figure 4.5, we estimate

0

Q AQ
— ~ 7.3GHz, — ~ —23 - vGHz. (4.30)
27 2

4.2.2 Result of the simplifications of the TC+FQ circuit model

In summary, section 4.2.1 provided the following approximations to simplify the TC+FQ
circuit:

0.411pA, I, = 0.584pA, I, = 0.185 1A, and for the inverse capacitance matrix:

144. —-81.5 294 18.6
—81.5 196. 6.18 24.8

2.94 6.18 46.1 324
18.6 248 =324 87.7

c = (pF) %
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Figure 4.5: The blue dots show the superconducting qubit transition frequency /27 for
each transversal coupling strength ~,. This frequency is computed from the numerical
diagonalization of the Hamiltonian (4.15), with parameters chosen to match [3]. The red
line is the linear best fit.

1. The two-level approximation.
2. The adiabatic approximation of the free qubit evolution.
3. The transversal coupling assumption, ;g = v, = 0.

4. The linear approximation of the dependence of €2 on 7,.

The resulting simplified model resembles a qubit particle detector with variable gap and
spatial derivative coupling. This detector model has the following interaction picture in-
teraction Hamiltonian,

Hia(t) = = 229x(0)()0p bt ). (4.31)

Here, remember that ¢y = % is the reduced magnetic flux quanta, ¢y the inductance per

unit length of the transmission line,  the adimensional coupling strength, x(t) € [0, 1] the
switching function, and z,, the detector position. Moreover, ®¢ is the field with cutoff of
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Eq. (4.8), and fi(t) is the monopole moment in the interaction picture, given by
t
At) = ¥06+ 4 He., () = Q% + AQ / dt'y(#), (4.32)
0

with AQ° the energy gap of the free qubit, AAQ the strength of the energy gap variation
due to the coupling, and 6+ = |[1)0|, 6~ = |0)(1| the qubit ladder operators.

It is convenient to relate this detector model to the spin-boson model, commonly used
to model superconducting qubits coupled to transmission lines, for comparison with other
works. Appendix C.1 is devoted to showing this relation. When the interaction is fully
switched on (x(¢) = 1), v relates to the dimensionless spin-boson coupling constant « as
follows,

— RK
“ 7 822,

where Ry = 2 is the von Klitzing constant, and we used Zy ~ 50 ) (see Eq. (4.7)).

72 = 6.54 - 42, (4.33)

4.2.3 Comparison of the variable gap detector to UDW detectors

Even with the simplifications of the TC+FQ circuit in Subsection 4.2.2; the resulting
detector model (see Eq. (4.31)) has features that have been largely unexplored in the
context of RQI. A very usual choice of interaction Hamiltonian for particle detectors in
the RQI literature is the simple Unruh-DeWitt model, whose interaction with the field
(generating time evolution with respect to the proper time of the detector centre-of-mass)
is given by

oo (t) = Ax(D)jinn (£) / dz F()d(t, ). (4.34)

Here, X is the coupling strength, x(¢) is the switching function, F'(z) is the smearing
function, ¢(t, x) is the field amplitude operator, and the monopole operator is

fropw(t) = €467 + Hec., (4.35)

where the constant qubit energy gap is €2 and typically natural units A = ¢ = 1 are chosen.

Notice the similarities with the detector that we provided in Eq. (4.31), which therefore
sits in between the full TC4+FQ model of the experiment and the simpler UDW model used
in RQI theory. The additional features of our proposed intermediate model are:

1. The gap 2 varies over time, with the variation being proportional to x(¢) (see
Eq. (4.29)).
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2. The detector couples to the spatial derivative of a 1D real massless scalar quantum
field (see Eq. (4.31)).

3. The detector is point-like, but the field has a cutoff (see Eq. (4.8)). This corresponds
to effectively having a smearing that fulfills F'(k) = C(wy), as shown in Eq. (4.11).

These features will impact entanglement harvesting in future experiments that use the
TC+FQ circuit design from [3], but they have not yet been studied in detail in the literature
on entanglement harvesting. Doing precisely this is the object of the following sections.

4.3 Entanglement Harvesting with detectors of vari-
able gap

This section presents a common protocol to perform entanglement harvesting in RQI,
with the modification that we use variable gap detectors with the features highlighted in
Section 4.2.2 instead of the usual UDW detectors. We will refer to this model as VGSD
detector (variable gap, spatial-derivative coupling). It is useful to write this section with
the most generality possible in order to be able to compare with previously existing RQI
literature. Therefore, we will work with an arbitrary coupling strength A and only make
the substitutions related to the implementation in superconducting circuits in section 4.5.
However, we will still keep full dimensional & and c¢ in the protocol presented below, to
make the translation easier.

Consider a massless scalar 141D field. The field amplitude operator, expanded in terms
of plane waves and including a cutoff function, is

oot z) = [ dk M(ei(wkt_kx)dz + H.c.). (4.36)

\Ar|k|

Here, wy = c|k|, and C(wy) is the weight function that implements the cutoff.

In order to harvest entanglement, we couple two VGSD detectors to the field, labeled by
v € {A, B} according to the following interaction Hamiltonian in the interaction picture,

A

(1) = he 3 A (0 (D0ubolt, 3,). (4.37)
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For the detector v, A, is the coupling strength, x,(¢) is the switching function, x, is the
detector position®, and fi,(t) is the monopole operator in the interaction picture,

(1) = W5t + He.,
t

@Vu)zzj/<ﬂfﬁyuq, (4.38)
0

with 67 = [1,)X0,[, 5,7 = |0,)1,| the qubit ladder operators and hf2,(t) the variable energy
gap.
Using the model above, we compute the final state p. Given an initial state py,

p=UpUt, U=Te Sl (4.39)

with the 7" in the second term is there to denote the time-ordered exponential. We will
assume that A = A\, = A\ for simplicity and perform a Dyson expansion of U on A,

U=09+00 40+ 00, (4.40)

7O — {,

T = —%/dtHI(t),

U®:—%t,mwﬁﬂmﬂy (4.41)
St

Then, the time-evolved density operator for the state of the detectors and the field is
p=po+ PO+ pOY + p*0 4+ D 4 50D 1 O(N?). (4.42)
where the different corrections are
P = U@ p U (4.43)
For our study, let us assume that the field and detectors start uncorrelated,

Po = Paso & Pyo - (4.44)

8Recall that even though we consider the detector to be pointlike, the spatial smearing of the detector
can just be reabsorbed in the cutoff function. See [67].
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We also assume that the initial field states py o have vanishing odd-point functions, that
is, Vn € {0,1,2,...},

Tr (%,oé(toa Io) SR é(t2n+17 $2n+1>> =0. (445)

For example, that is the case for the field vacuum, and any Fock states as well as any zero
mean Gaussian state such as thermal states, squeezed vacuum, etc. With this assumption,
the odd order corrections cancel and the final state for the two detectors (after tracing over
the field) becomes

pan = Trg p = pano + " + s + 5557 + O (4.46)
Finally, we assume that the detectors start from the ground state
ﬁAB,O - |0A0B><0A0B| . (447)

The final state has the usual form of the final state in a vacuum entanglement harvesting
setting (see, e.g., [2]). The details of the calculation are also included in Appendix C.2.
The state of the detectors after the interaction, represented in the basis [0,05), |1,0z),
10, 15), |1a1s), is

1 - £AA - LBB 0 0 M*
~ o 0 »CAA »CAB 0 4
Pas = 0 L. Lo 0 + O(\%), (4.48)
M 0 0 0

with
L, = 62)\2/dt At Waar (1, 2, t, ) X, ()X, (1),
M= —02/\2/dt At G (1, ma t )Xo () X (),

X (1) = €O, (1) (4.49)

The phase ¢, (t) is given in Eq. (4.38) and

Waca;’ (t, z, tla 1'/) = <aa:§ng (t; x>ax’Q§C (tla ' >ﬁ¢707
Guw (8, 2") = Ot — W (t, 2,8, 2") + O — tO)Wow (', 2/ 8, 2) (4.50)

where O is the Heaviside step function.
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After the interaction the detectors will be generically entangled. As a measure of the
entanglement acquired by the detectors we will use the negativity. This quantity is a
faithful entanglement monotone for systems of two qubits [$7, 88]. The negativity of pus
amounts to

N = max(n, )+(9(A)

_ 2
77_\/|./\/l|2 AA BB) _'CAA_;—ﬁBB' (4‘51)

This expression simplifies, for £ = L,, = L'BB, to

N = max(|M| — L£,0) + O(\Y). (4.52)

4.3.1 Harvesting from the vacuum

Let us consider that the quantum field is prepared in the vacuum state, given by

Ps,0 = 0p)0g] - (4.53)

For the vacuum, the correlators defined in Eq. (4.50) only depend on t_ = ¢t — ¢’ and
r_=x—2a"

vac 1 = 2 J]__ —iwt_
Wiat(t_,x_) = 27r02/0 dw w C(w)* cos (w . >e :
Gs(t,a) = WS-, a). (4.54)

Next, we substitute W)27 and G2 back into £,,, and M and provide two ways to simplify
the resulting integrals, each of them helpful in different scenarios.

Integrating over the field modes last

Substituting Eq. (4.54) into Eq. (4.49) leads to

A2 oo —
;Cyu = 2_ dww C(LU)2|X¢U (w>|2’
T Jo
2 oo
Ly = 2 ), dw w C(w)? cos(wtq) X, (W) Xy (W),
2
M= —37 | O cos(wta) / ded e g (e, (). (4.55)
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Here, we used the Fourier transform convention stated in Eq. (4.12). Notice that the
expression for Ly, follows from Ly, = L5,. Moreover, t; stands for the time it takes for
the detectors to send a signal to each other through the field,

|xA - xB|

ty = (4.56)

C

The expressions for £,, and M in Eq. (4.55) are similar to the ones obtained for
UDW detectors in (34+1)D that couple to the field amplitude (see, e.g. [2]), with radially
symmetric smearing functions? F(x).

Integrating over the field modes first

An alternative to Eq. (4.55) and a quite helpful way of evaluating these integrals is to
integrate over w before performing the time integrals. Doing this, W3’ becomes

1 - .
T

J(t) = / dww C(w)?e vt (4.57)
0
For the exponential cutoff of Eq. (4.9), J(¢) has the following analytical expression,
QQ
t) = — —cut 4.58
J() (14 iQcyst)? ( )
Substituting Eq. (4.57) back into Eq. (4.49),
A2 N
L., = o dtdt’ Re( T (t' — t)xq, ()5, (1),

22 , ’ '
L=y / At At T(t' — )Xo, (DX, (1),
)\2 / / /
M = _%/dtdt Z([t — ') xps ()X (),

1

I(t) = 5 (Tt + ta) + T (t = 1a)), (4.59)

9To obtain £, and M for the 3+1D amplitude coupling, radially symmetric UDW model, Eq. (4.55)
needs to be modified as follows: 1) replace all cos(wty) by sin(wtq)/(wtq), 2) fix AQ,(t) = AQ,, which
implies X, (t) = ¥y, (t), 3) replace C(w) by |F (k)| (with the Fourier transform convention of Eq. (4.12))
evaluated at a radius |k| = w/c, 4) change the overall constants to account for the different model and
geometry. For example, for the setup in the reference [2], the constants in front of the equations in (4.55)

)\2

would be 7 instead of %

85



where we used J(—t) = J*(t) and tg = |z, — xg|/c.

Further simplification of the £,,, and M integrals, used to ease the numerical calcula-
tions in the next sections, are explored in Appendix C.3.

4.4 Genuine entanglement harvesting

As previously discussed in chapter 2, when two detectors are in causal contact they can ac-
quire entanglement in two different ways: they can communicate by exchanging information
via the field, but they can also harvest entanglement at the same time. Here, we provide
a reminder of section 2.2, which described how to decompose the entanglement acquired
by causally connected detectors into two components: (a) entanglement extracted from
preexisting field correlations and (b) entanglement mediated by communication through
the field, following [55]. For simplicity in the equations, we denote spacetime points by x
in this section.

The decomposition of the acquired entanglement is based on the two-point correlator
of the field amplitude ¢, which for a field state py is

~ ~

Wix,xX) = (D)), (4.60)
This correlator can be split into symmetric and antisymmetric parts

WE(x,x) = LX) ;t W, x) (4.61)

W+ and W~ respectively are the real and imaginary parts of W, due to W (x',x) =
W*(x,x’). Moreover,

([60x), 60N, (4.62)

The contribution of W to the acquired entanglement can be associated with genuine
harvesting, for the reasons described on section 2.2. Then, the term M in Eq. (4.51) decom-
poses into two parts associated to preexisting field correlations (M™) and communication
(M7),

M=M"+ M, (4.63)
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where M™* contains only the contribution of W*. As an estimator of the amount of
correlations that are genuinely harvested, in this chapter we use the following ratio,

|JM™
I L B 4.64
|/\/l+| + |,/\/l_|7 ( )

which ranges from 0 (correlations from communication) to 1 (correlations from harvesting).

In this article, we explore entanglement harvesting with the variable gap detector mod-
els of Eq. (4.37). These detectors do not couple to (257 but rather to axgﬁc, which incorporates
a derivative and the cutoff as prescribed in Eq. (4.36). Nonetheless, the analysis above to
separate the communication and genuine harvesting contributions still carries. Further-
more, the current scenario is analogous to the 141D derivative coupling case with smearing
explored in section 2.3.1°

4.5 Exploring the effects of the implementation fea-
tures on entanglement harvesting

In this section, we study entanglement harvesting using the detectors of Eq. (4.31), mo-
tivated by the experimental implementation. As shown in Section 4.2, these particular
VGSD detectors are designed to emulate the TC+FQ superconducting circuit implemen-
tation demonstrated in [3]. Our goal is to evaluate the effect the combined variable gap and
derivative coupling features on the ability of the detectors to harvest entanglement. To do
so, we will numerically compute the amount of entanglement acquired by VGSD detectors,
using the results of Section 4.3. We will do so in a variety of experimentally accessible
scenarios, and estimate how much of the entanglement is actually harvested from the field
(see Section 4.4).

First of all, we apply the calculations of Section 4.3 to the VGSD detector of Eq. (4.31).
This amounts to substituting the speed of light ¢, the coupling strength ),, and the time
dependency of the energy gap h€2,(t) by expressions that match the superconducting im-
plementation.

Firstly, the speed of light in the transmission line is not ¢, but rather a function of its
capacitance ¢q and inductance [y per unit length: v = 1/v/coly. We recall that common
values are of the order of v &~ 0.3¢. This modification affects the definition of ¢4, which

Remember that having a cutoff is equivalent to having a smeared field, as shown in Eq. (4.10).
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now becomes the time required for signals to travel between the detectors through the

transmission line,
EN

tg = (4.65)

v
Secondly, to determine A,, we need to relate it with +,. To do so, we compare the partic-
ular interaction Hamiltonian of Eq. (4.31) with the general VGSD interaction Hamiltonian
of Eq. (4.37). The models match when

Y0 Ry
A= =2y Bz = —+] L~ —4.53 -, 4.66
h'l)g(]’y 0 87TZO K ( )

where we used ¢y = hi/(2¢), Zy = vly, and Rx = h/e?. The numerical value comes from
choosing Zy ~ 509, as in Eq. (4.7). Notably, A2 = ma,,, where q,, is the dimensionless
spin-boson coupling constant of Eq. (4.33), for the detector v (where we recall v € {A,B}).

Finally, we link the dependency Q, () to the switching on and off of the interactions.
Specifically, we use the following simple linear dependence that matches well with the
superconducting implementation (see Eq. (4.29)),

O, (1) = Q0+ AQ, X, (1) (4.67)

Therefore,

t
oolt) = Q% + AQ, / dt 'y (). (4.68)
0

4.5.1 Fixed vs tunable parameters

Here, we split the parameters of the particular VGSD model of Eq. (4.31) into two cate-
gories: fixed parameters that cannot be changed once the superconducting device is fabri-
cated and tunable parameters that can be freely changed without requiring any redesign
or fabrication of a new device. For simplicity, let us consider that the two detectors are

equal: A=)\, =\, Q=00 = Q% AQ = AQ, = AQ,.

We give the following fixed parameters experimentally realistic values, which best mimic
the implementation demonstrated in [3],

e 0°/(27) ~ 7.3 GHz for the transition frequency of the free qubit (see Eq. (4.30)).

o AQ/(2m) =~ 5.2- A\GHz for the difference between the transition frequency of the
qubit when the coupling is fully switched on and Q°/(27) (see Egs. (4.30) and (4.66)).
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Qeut/(27) =~ 50 GHz for the transmission line cutoff frequency, matching [70].

Zy =~ 504 for the transmission line impedance, matching [70].

e v ~ 1.2-10°ms™!, as measured in [102] for a typical superconducting coplanar
waveguide.

tg = % = 1 ns for the time the detectors take to signal to each other. Equivalently, the
detectors are separated by d = 12 ¢cm, which is is feasible with the current fabrication
methods [105].

These fixed parameters will be kept the same for all the exploration, except for t4. Testing
different t; can advise the choice of distance between detectors in future entanglement
harvesting experiments.

The following tunable parameters will be varied during the following numerical explo-
ration, to understand their effects on entanglement harvesting,

e The coupling strength \. We test the A shown in Table 4.1. These values are in the
achievable range A € [—1,0.1]. This range is obtained from combining Eq. (4.66)
with the range v € [—0.02,0.22] obtained from the numerical simulations outlined in
subsection 4.2.1.

e The switching function x,(¢). Our choices of switching functions are detailed next,
in subsection 4.5.2.

Scenario A o a 52 (GHz)
1 —0 — 0 — 0 — 0
2 —-0.1 0.02 0.003 —0.5
3 —0.3 0.07 0.03 —1.6
4 —0.65 0.14 0.1 —-3.4
5 -1 0.22 0.3 —5.2
6 0.1 —0.02 0.003 0.5

Table 4.1: This table depicts the scenarios that will be explored in the present section.
The — 0 corresponds to the weak coupling limit. The qubit transition frequency variation
follows AQ/(27) ~ 5.2 - A GHz.
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Gaussian Cosine Ramps, S¢ = 0.4 Isosceles Trapezoid, S¢ = 0.4
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Figure 4.6: (a) Gaussian switching shape, with 5 standard deviations shown. (b) Cosine
ramps switching shape with Sy = 0.4. (c) Isosceles trapezoid switching shape with Sy =
0.4.

4.5.2 Explored switching functions

To simplify our exploration, we will choose switching functions x,(¢) such that

xo(t) = X (t _Tt) (4.69)

where:

e X(s) is a single shape for the switching function of both detectors, which fulfills
X(s) = X(—s).

e 1" is the duration or time-scale of the interaction.

e t, controls the time at which the detector v is switched on and off. In our setup,
only the delay ta = t; — t, affects the entanglement acquired by the detectors.

The explored switching function shapes X(s) are provided next.

Gaussian Switching Shape

The Gaussian switching is common in the literature of entanglement harvesting and we
explore it to ease comparisons with established results. Its shape is

X(s)=e", (4.70)

plotted in Figure 4.6(a).
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Cosine Ramps Switching Shape

The cosine ramps switching function lasts for a finite time and has a continuous derivative.
Its shape is

1 |s| < &,
2|s|—5,
X(s) =43 +3cos (w'l‘_—sff) %< s| < L (4.71)
0 3 < s,

with an example plotted in Figure 4.6(b). S; is the portion of time that the interaction
remains at its maximum.

Isosceles Trapezoid Switching Shape

The isosceles trapezoid switching function lasts a finite time and is continuous. Its shape
is

L, bk
X(s)= 2 F << (4.72)
0 : <|sl,

with an example plotted in Figure 4.6(c). Sy is the portion of time that the interaction
remains at its maximum.

4.5.3 Effect of duration and delay

First, we study the effect of T" and ta, which respectively are the interaction duration and
the delay between the detector switchings. The fixed parameters are kept as indicated in
subsection 4.5.1, and the results for the scenarios of Table 4.1 are respectively shown in
Figures 4.7, 4.8, 4.9, 4.10, 4.11, 4.12. The scenarios 1 to 5 and the corresponding Figures 4.7
to 4.11 are presented in order of increasingly negative coupling strength and corresponding
larger (negative) gap variation AQ). Additionally, the scenario 6 and Figure 4.12 show
the case of small positive AQ2. Here and from now on, the negativity and the harvesting
estimator are numerically computed using the simplified integrals given in Appendix C.3.

First, we observe that the negativity decreases quickly with T" for the Gaussian switch-
ing, while decreasing much slower with 7" for the cosine ramps switching and even slower
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Gaussian Cosine Ramps, S¢ = @ Isosceles Trapezoid, S¢ = 0.2
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Figure 4.7: Plots for the scenario 1 of Table 4.1: A — 0, AQ — 0. The following
applies to Figures 4.7, 4.8, 4.9, 4.10, 4.11 and 4.12: The first row shows N /)2,
with white indicating A/ = 0, while darker colors indicate progressively smaller but non-
zero N'. The second row shows the harvesting estimator |[M™|/(]M~| + |M™]|), which
goes from 0 (all entanglement acquired by communication) to 1 (all entanglement from
genuine harvesting). The horizontal axes indicate the switching timescale or duration T
and the vertical axes indicate the delay to between switchings. Each column explores a
different switching function, which are, from left to right: Gaussian, cosine ramps with
Sy = 0, isosceles trapezoid with Sy = 0.2. The horizontal solid line indicates full lightlike
contact. For the compact switchings, the detectors’ interactions are spacelike below the
lower dashed lines and timelike above the upper dashed lines. Outside the region enclosed
by the dashed yellow lines, only the 50 tails of the Gaussian switchings overlap.
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Figure 4.8: Analogous to Figure 4.7, but for scenario 2 of Table 4.1, with A = —0.1 and
gap variation A2 = —0.5.
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Figure 4.9: Analogous to Figure 4.7, but for scenario 3 of Table 4.1, with A = —0.3 and
gap variation AQ2/(27) = —1.6 GHz.
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Figure 4.10: Analogous to Figure 4.7, but for scenario 4 of Table 4.1, with A = —0.65 and
gap variation AQ/(27) = —3.4 GHz.
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Figure 4.11: Analogous to Figure 4.7, but for scenario 5 of Table 4.1, with A = —1 and
gap variation AQ/(27) = —5.2 GHz.
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Gaussian Cosine Ramps, S¢ = © Isosceles Trapezoid, S¢ = 0.2

2.0
(b)
NIX? NIR?
_ 0.020 0.03
> e & P 0.015
22 0= 2
S = < 0.02
2 = S
2 . = 0.010
oo
Q
=
0.01
0.005
0 0 0
0.0
002 004 006 008 010 0.2 0.4 0.6 0.8 1.0
T (ns) T (ns)
2.0
(d)
IM]+ M| IM+ M| IM+ M|
. 1.5 1.0 1.0 1.0
o -
2
2 08 08 08
2 2
o £
@ 06 & 0.6 0.6
&
=
@ 04 04 04
2 0.5
£ 0.2 0.2 0.2
0.0 0 0 0
002 004 006 008 010
T (ns) T (ns)

Figure 4.12: Analogous to Figure 4.7, but for scenario 6 of Table 4.1, with A = 0.1 and
gap variation AQ = 0.5.
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for the isosceles trapezoid switching. This is true regardless of the choice of parameters in
the problem.

Let us now focus on Figure 4.7, which shows the acquired negativity in the weak
coupling limit A — 0, the case without gap variation. In order to determine the amount
of entanglement that is genuinely harvested from the field, we also plot the harvesting
estimator from Eq. (4.64). Since the negativity is multiplied by A? at leading order, we plot
N /A2, For switching functions of compact support (cosine ramps and isosceles trapezoid),
the detectors acquire negativity mostly when they have partial or full light contact, which
is indicated as being inside the dashed yellow lines in the plots. Nonetheless, there is some
negativity outside the dashed lines, which indicates that spacelike and timelike harvesting
are both possible. Notice that spacelike harvesting is still possible when the cutoff is taken
to be infinitely large €., — 00, as depicted in Appendix C.4. Furthermore, looking at
the genuine harvesting indicator on the second row of plots, i.e. the subfigures 4.7(d),
4.7(e), 4.7(f), we observe that a significant amount of entanglement harvesting is possible
in causal contact. For Gaussian switching, we observe that when the detectors are in full
lightlike contact (yellow solid line at tA = 1 ns) all the acquired entanglement is harvested
(and not acquired through communication), with two peaks of communication at partial
lightlike contact. This is not surprising and matches the results of the previous chapter 2.
For the cosine ramps and isosceles trapezoid switchings, the genuine harvesting estimator
displays rapidly oscillatory patterns in the regions of causal contact. Nonetheless, this also
means that genuine lightlike entanglement harvesting is possible for these finite duration
switching functions.

Next, we analyze how varying the energy gap affects entanglement harvesting by com-
paring the scenarios of Figures 4.7, 4.8, 4.9, 4.10, 4.11, each with progressively larger
(negative) gap variations AQ) driven by making the coupling strength A more negative. As
A becomes more negative, both spacelike and timelike entanglement harvesting decrease.
Conversely, in the region inside the dashed lines, where detectors are in causal contact,
negativity increases overall. The change in shape of the negativity and genuine harvesting
estimator can partially be intuited from the change in detector gap. Since for negative
AQ the gap becomes smaller, the T' axis in terms of units of Q7! is effectively rescaled.
Specifically, the shape of the plotted quantities ‘stretches’ in the horizontal axis around
T = 0 as AQ2 becomes more negative. We also explored one scenario with small positive
AS), and encountered spacelike harvesting, as shown in Figure 4.12.
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4.5.4 Spacelike harvesting for finite duration switchings

We now study harvesting in the regime of strict spacelike separation and, hence, only for the
cases of the compactly supported switching functions: the cosine ramps and the isosceles
trapezoid. Usually, spacelike detectors acquire more entanglement the closer they are to
being in causal contact and the distance at which spacelike separated detectors can harvest
entanglement increases with the smoothness of the switching function (see Appendix C.4).
Taking this into account, we consider two ways to place the detectors and to switch on the
interactions, depicted in Figure 4.13, which maximize the harvested entanglement. These
two ways are as follows:

1. Place the detectors at a fixed distance, i.e. with a constant ¢4, and pick their switching
delay to be to = t; — T. The reason for this choice stems from detectors being
spacelike as long as |ta| < tq — T. For larger |ta|, detectors would be in lightlike
contact, and for even larger |ta|, timelike separated. Therefore, tn = t;—T makes the
detectors as close as possible to being in causal contact while keeping them spacelike,
maximizing the acquired entanglement. This choice is illustrated in a spacetime
diagram in subfigure 4.13(a). The acquired negativity is shown in Figure 4.14 for
tq = 1ns and in Figure 4.15 for t; = 0.5 ns.

2. Place two simultaneously switched detectors, to = 0, as close as possible while keep-
ing their interactions spacelike. This is achieved by allowing t; to take the value
tq = T. This choice is illustrated in a spacetime diagram in subfigure 4.13(b) and
the acquired negativity is shown in Figure 4.16.

Figures 4.14, 4.15 and 4.16 show the final negativity of the detectors as a function of:
1) the interaction duration T and 2) the switching function parameter Sy, as defined in
Egs. (4.71) and (4.72). Each figure provides plots for the scenarios of Table 4.1 that have
some non-zero negativity. We observe that large negative values of A2 make spacelike
harvesting harder by reducing the range of parameters (7" and S;) where negativity is
non-zero. This is consistent with the findings in subsection 4.5.3. On the other hand,
increasing A improves negativity, which has a A\? prefactor. However, a stronger coupling is
accompanied by larger gap variation, due to AQ/(27) ~ 5.2- A GHz. Eventually, the larger
negative A€) has a stronger negative effect, making spacelike harvesting impossible for
strong couplings. For small positive AQ) (scenario 6), the regions with non-zero negativity
are moderately larger compared to when there is no gap variation (scenario 1), but this
comes at the cost of a slight decrease in the maximum negativity that can be harvested.

Looking at the differences caused by the positioning of the detectors, one finds that the
most entanglement is found when t; = T and tA = 0, as shown in Figure 4.16. However,
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Figure 4.13: Spacetime diagrams with gray rectangles representing the detectors’ interac-
tions. (a) Case tpn = tq — T, with t; fixed. The entanglement harvested in this case is
shown in Figure 4.14 (t; = 1ns) and Figure 4.15 (t4 = 0.5ns). (b) Case ty =T, ta = 0.
The entanglement harvested in this case is shown in in Figure 4.16.

this choice is impractical in an actual setup, because the distance between detectors is
fixed after the device is built, and cannot be tuned to match the interaction duration 7'.
This leaves the tuning of 5 for a fixed t; as the way to maximize harvested entanglement
for a given T in a superconducting implementation. This method allows to reach the
negativities shown in Figures 4.14 and 4.15. Furthermore, by comparing Figure 4.14 (fixed
tqs = 1ns) and Figure 4.15 (fixed t; = 0.51ns), we observe that reducing ¢, has two main
effects: 1) reducing the range of values of T' for which the interaction can be spacelike, 2)
increasing spacelike negativity, but only for T =~ t,;. Specifically, for the explored cases,
if T' < 0.45ns, the negativity is the same regardless of wether t; = 0.5ns or t; = 1uns.
The difference appears for 7' € [0.45ns, 0.5 ns], for which negativity is larger in the case
tg = 0.5ns. For T' € [0.5ns, 1 ns], only t; = 1ns allows for the detectors to be spacelike.
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Figure 4.14: Negativity acquired by spacelike detectors. To ensure the negativity is
the largest, we explore the boundary where interactions become spacelike, by choosing
ta = tg — T, with t; = 1ns. This arrangement is depicted in the spacetime diagram of
Figure 4.13(a). The following applies to Figures 4.14, 4.15, and 4.16: The plots’
horizontal axes are the switching durations 7" and the vertical axes are the portion of the
switching function that is flat Sy and at full coupling. The switching function for the left
column is the cosine ramps and for the right column the isosceles trapezoid. The rows

respectively correspond to the scenarios 1, 2, 3 and 6 of Table 4.1.
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Figure 4.15: Negativity acquired by spacelike detectors. The plots are analogous to Fig-
ure 4.14, with the only difference being that the distance between detectors is reduced so

that £, = 0.5 ns.
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Figure 4.16: Negativity acquired by spacelike detectors. The plots are analogous to Fig-
ure 4.14, with the exceptions of fixing tA = 0 and allowing the distance between detectors
to vary as ty = T, as depicted in the spacetime diagram of Figure 4.13(b). Moreover, the
rows show the scenarios 1, 2, 3, 4 and 6 of Table 4.1.
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4.5.5 Effect of the distance between detectors

Here we show how the entanglement acquired by the detectors changes with the distance
between them. Finding an optimal distance is important, since it cannot be changed after
building the superconducting device.

Now, when plotting the negativity and the genuine harvesting estimator we will use
as independent variables t; and ta. The variable t; determines the distance between
the probes, and the delay tA can compensate the reduction in negativity that occurs
when separating the detectors, since the amount of harvested entanglement is ruled by the
distance of the detectors’ interactions to each other’s lightcones. Moreover, ta is easily
tunable in the superconducting implementation. We explore the scenarios in Table 4.1.
Results for scenarios 1 to 5 are respectively shown in Figures 4.17, 4.18, 4.19, 4.20, 4.21,
in order of increasingly negative coupling strength and gap variation. Additionally, results
for scenario 6 (small positive gap variation) are shown in Figure 4.22. We explore the
three switching function shapes given in subsection 4.5.2. We pick values of 7" and Sy for
scenario 1 (AQ — 0) that have considerable spacelike harvesting. For the rest of scenarios,
which have different AQ, we pick T so that the adimensional quantity 7'(Q° + AQ) stays
constant, and we keep a constant Sy.

We observe, consistently with subsections 4.5.3 and 4.5.4, that larger negative A2
concentrates the negativity towards the lightcone, reducing the amount of parameters for
which spacelike entanglement harvesting occurs. For the explored scenario with largest
negative AQ) (scenario 5 of Table 4.1), there is no spacelike harvesting, as in Figure 4.21.
However, negativity in causal contact grows considerably. Moreover, entanglement can still
be harvested for all explored AS2 for detectors in causal contact, according to the genuine
harvesting estimator.

The figures show that negativity is higher when the detectors are in causal contact, i.e.
lta] & t4. At the same time, the negativity around |ta| ~ t; decreases with increasing tg.
However, this decay slows down and eventually halts. After such point, the negativity only
depends on tA — t4 and is unaffected by further separating the detectors. This parameter
ta — tg quantifies the distance of the detector B from the lightcone of the detector A.

This behavior is particular of 1+1D fields, and contrasts with the usual entanglement
harvesting results in 341D, where the negativity along the lightcone always keeps decaying
with distance. In 1+1D the decay along the lightcone stops because the two point correla-
tions of the vacuum of the field tend to non-zero values as the distance along the lightcone
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Gaussian, T=0.07 ns Cosine Ramps, T=0.21 ns, S¢=0 Isosceles Trapezoid, T=0.16 ns, S¢=0.2
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Figure 4.17: Scenario 1 of Table 4.1, with A — 0, AQQ — 0. The following applies
to Figures 4.17, 4.18, 4.19, 4.20, 4.21 and 4.22: The first row shows A/\?, with
N = 0 in white. The second row shows |[M*|/(|M~| 4+ |M™]), which goes from 0 (all
entanglement from communication) to 1 (all entanglement from harvesting). ¢4 is the
signaling time and tA the delay between switchings. The columns use, from left to right,
the switching functions: 1) Gaussian, 7" = 0.07ns, 2) cosine ramps, 7' = 0.21ns, S; = 0,
3) isosceles trapezoid, T'= 0.16 ns, Sy = 0.2. The diagonal solid lines indicate full lightlike
contact. Outside the dashed lines, either there is no light contact (compact switchings) or
only the 50 tails of the Gaussian can interact. To aid visualization, the values of negativity
larger than the thresholds indicated in the legend are plotted yellow.
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Gaussian, T=0.075 ns Cosine Ramps, T=0.22 ns, S¢=0 Isosceles Trapezoid, T=0.17 ns, S¢=0.2
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Figure 4.18: Analogous to Figure 4.17, but for scenario 2 of Table 4.1, with A = —0.1,
AQ/(2m) = —0.5 GHz. Moreover, each column of plots uses, from left to right, Gaussian
switching with T = 0.075 ns, cosine ramps switching with 7" = 0.22ns, Sy = 0, and isosceles
trapezoid switching with 7" = 0.17ns, Sy = 0.2.
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Gaussian, T=0.09 ns Cosine Ramps, T=0.27 ns, S¢=0 Isosceles Trapezoid, T=0.21 ns, S¢=0.2
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Figure 4.19: Analogous to Figure 4.17, but for scenario 3 of Table 4.1, with A = —0.3,
AQ/(2m) = —1.6 GHz. Moreover, each column of plots uses, from left to right, Gaussian
switching with 7" = 0.09 ns, cosine ramps switching with 7" = 0.27ns, Sy = 0, and isosceles
trapezoid switching with 7" = 0.21ns, Sy = 0.2.
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Gaussian, T=0.13 ns Cosine Ramps, T=0.38 ns, S¢=0 Isosceles Trapezoid, T=0.29 ns, S¢=0.2
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Figure 4.20: Analogous to Figure 4.17, but for scenario 4 of Table 4.1, with A\ = —0.65,
AQ/(2m) = —3.4 GHz. Moreover, each column of plots uses, from left to right, Gaussian
switching with 7" = 0.13 ns, cosine ramps switching with 7" = 0.38ns, Sy = 0, and isosceles
trapezoid switching with 7" = 0.29ns, Sy = 0.2.

108



Gaussian, T=0.23 ns Cosine Ramps, T=0.71 ns, S¢=0 Isosceles Trapezoid, T=0.54 ns, S¢=0.2
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Figure 4.21: Analogous to Figure 4.17, but for scenario 5 of Table 4.1, with A = —1,
AQ/(2m) = —5.2 GHz. Moreover, each column of plots uses, from left to right, Gaussian
switching with T" = 0.23 ns, cosine ramps switching with 7" = 0.71ns, Sy = 0, and isosceles
trapezoid switching with 7" = 0.54 ns, Sy = 0.2.
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Gaussian, T=0.065 ns Cosine Ramps, T=0.2 ns, S¢=0 Isosceles Trapezoid, T=0.15 ns, S¢=0.2
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Figure 4.22: Analogous to Figure 4.17, but for scenario 6 of Table 4.1, with A = 0.1,
AQ/(2m) = 0.5 GHz. Moreover, each column of plotss uses, from left to right, Gaussian
switching with 7" = 0.065 ns, cosine ramps switching with 7" = 0.2ns, Sy = 0, and isosceles
trapezoid switching with 7" = 0.15ns, Sy = 0.2.
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increases. This can be seen from Eq. (4.57),

Wit z_) = ﬁ (j (t_ + %) + J(t_ — %)) (4.73)

and defining uy = |t_| + |qu—*|,

1 _
lim Wy(t_,z_)| .7(|t_| - %) (4.74)

Uy —00 u_ =ctt. - 471'02
which will be non-zero and even large if [t_| ~ % The negativity exhibits the same
limit behavior, but replacing ¢_ and |z_|/v by the corresponding to and t4. Moreover, if
[ta| & t4, the negativity along the lightcone plateaus for t; > Q_., T. This can be deduced

from the expressions for £ and M of Eq. (4.59), by taking a change of variables t — s+t,,
' — s+ tg.

In 341D, there would be a 1/|z_| prefactor in the two point correlator of the field am-
plitudes in the vacuum, WY*, which would cause correlations and communication to decay
with distance even along the lightcone. However, as already discussed, this decay does not
occur in the 1+1D case, which we are interested in due to the the field implementation
being superconducting transmission lines. This suggests that detectors in causal contact
or close to it can be placed far apart without losing most negativity.
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Chapter 5

Conclusions and Outlook

Discussion for chapter 2

The first scenario studied in this thesis considers a pair of particle detectors in causal
contact, which get entangled through their interaction with a quantum field. The entan-
glement between the detectors could generally come from 1) their exchange of information
through the field, and 2) from from extracting preexisting entanglement in the field. When
the second contribution dominates we can say that the detectors are harvesting entangle-
ment from the field. In previous results it was shown than in most common cases in flat
spacetime and for massless fields, when the (the interaction regions of the) detectors are
in full light contact, the entanglement they acquire is dominated by communication [55]
(with interesting exceptions to this rule appearing in spacetimes with caustics [50]).

In contrast, section 2.3 showed that if the particle detectors couple through a massless
field in flat spacetimes through the so-called derivative coupling, it is possible to have the
peak of entanglement between the detectors happening while they are in full light contact,
and (more importantly) the source of that entanglement is genuine harvesting and not
communication. This is relevant since the derivative coupling is arguably important both
from the theoretical and experimental points of view. In the first case, to sidestep IR
ambiguity problems and to study problems in reduced dimensions, and in the second,
because it adequately models superconducting qubits coupled to transmission lines.

Moreover, we explored the interplay between the two different ways, communication
and harvesting, in which two particle detectors can get entangled through their interaction
with a quantum field. The analysis demonstrated that, in general entanglement harvesting
setups, the contributions are not always additive, but instead they can interfere both de-
structively and constructively. Then, we provided sufficient conditions for an entanglement
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harvesting setup to not display destructive interference between these two contributions.
We discuss that the reason this phenomenon was not observed in the past is because these
conditions are met in the scenarios commonly explored in the literature, which typically
have a lot of symmetry.

Finally, we presented simple examples in Minkowski and cosmological spacetimes us-
ing entanglement harvesting setups that violate these conditions and for which the two
contributions to harvesting a) combine constructively, amplifying the total amount of en-
tanglement beyond previously observed scenarios and b) interfere destructively, preventing
the detectors from getting entangled. For example, whenever the detectors are in causal
contact and the switching functions are not time-symmetric, we can see regimes where due
to destructive interference the detectors cannot get entangled. This is so even though in
these regimes harvesting alone or communication alone would have gotten the detectors
entangled.

These results suggest that if one wants to make two detectors entangled through short
interactions with a quantum field, one can enhance the amount of entanglement acquired by
the detectors by choosing the setup so that the two contributions interfere constructively.

Discussion for chapter 3

At the beginning of this chapter, we introduced the most general entanglement harvesting
protocol considered in this thesis. Detectors are modeled as arbitrary quantum systems
with a finite or countable basis, and couple to the field via the product of a detector
operator and a field operator. The only assumption on the field operator is that it can be
expressed as a linear combination of ladder operators. This framework is flexible enough

to encompass implementations in superconducting circuits, such as the one discussed in
Chapter 4.

Within this framework, we decompose the detector—field interaction into longitudinal
(diagonal) and transversal (off-diagonal) components relative to a preferred detector basis.
While this basis can be chosen to be the energy basis, the results hold for any choice
of basis. A key finding is that entanglement harvesting, as quantified by the negativity,
is primarily driven by the part of the coupling that is transversal to the initial state.
Specifically, the leading contribution is second order in the transversal coupling strength
and zeroth order in the longitudinal one. Thus, longitudinal effects appear only beyond
leading order, becoming significant only for sufficiently strong or prolonged longitudinal
interactions.
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We analyze these higher-order effects using an expression for the negativity that is per-
turbative in the transversal interaction but non-perturbative in the longitudinal one. As
an example, we consider a qubit detector for which entanglement is successfully harvested
after smoothly switching on and off the transversal interaction. We then examine how a
constant, spurious longitudinal interaction suppresses this entanglement. The suppression
grows as the longitudinal coupling strength increases, eventually eliminating harvesting
entirely, for the explored case. We also observe that strong longitudinal coupling can lead
to the detectors getting more excited during and after the harvesting protocol. The expres-
sions derived here allow to accurately estimate when the longitudinal interaction effects
become relevant. This can inform future implementations of entanglement harvesting in
superconducting circuits, where longitudinal interactions can occur.

Discussion for chapter 4

In the last chapter before the conclusions, we strengthened the connection of entanglement
harvesting in theoretical Relativistic Quantum Information (RQI) to practical experiments
in superconducting circuits. We did so by modeling superconducting circuits as Unruh-
DeWitt (UDW) detectors with features such as variable energy gaps and derivative coupling
to a 141D field. While these features had been previously explored separately, here we
explore them together and include an explicit mapping of the parameters of the theoretical
models to the experimental parameters in superconducting circuit implementations.

A major contribution is the analysis of the effects on entanglement harvesting of the
variable gap detector models that mimic superconducting implementations such as the one
in [3]. Specifically, the variable gap detectors that we consider have a linear reduction in
the energy gap due to the coupling (and thus the switching function). For these models,
we numerically explored a wide range of parameters, including strength of the gap vari-
ation, detector positions, switching functions, and interaction durations. In the scenarios
explored, we observe that increasing the gap variation reduces the entanglement acquired
by spacelike detectors but does not completely cancel it. Furthermore, this reduction does
not occur for detectors in lightlike contact, for which genuine harvesting (subtracting the
contributions from communication between the detectors) can even see an enhancement.
Moreover, we also see that increasing the distance between detectors does not significantly
impair their ability to become entangled, which is a feature of using 1+1D quantum fields.

In more detail, for detectors in causal contact, we considered the two contributions
of the entanglement acquired by the detectors, in line with chapter 2: entanglement due
to communicating through the field and entanglement that is actually extracted from
preexisting field correlations. Using the tools from [55] to split these two contributions,
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we show that having a variable gap does not preclude entanglement harvesting, but rather
can even enhance it for detectors in causal contact. This endorses the possibility that this
entanglement could be detected in future implementations in those superconducting devices
where gap variations cannot be avoided in the ultra-strong coupling regime. Conversely,
this work motivates improved implementation designs where the gap variation is reduced
or even completely avoided! in order to explore spacelike entanglement harvesting.

Outlook

The works in this thesis lead to further research questions to explore in the future, presented
below.

Let us start with chapter 2, whose overarching topic is entanglement harvesting for
detectors in causal contact. Specifically, we looked at how to split the detectors’ entangle-
ment and correlations into a part sourced by communication and a part harvested from
the preexisting field correlations. The following list proposes future work related to this
topic:

1. Consider that the split into communication and harvesting provided in section 2.2
only works up to second order in perturbation theory (which is the leading order for
the entanglement acquired by the detectors). Therefore, it would be of interest to
develop a way to split detector entanglement that works for non-perturbative calcu-
lations. A possible way to guarantee that there are no communication contributions
would be as follows: set the commutator of the field to zero for the terms where
both detectors participate, while keeping the rest of the non-perturbative calculation
the same. One would expect that the remaining entanglement after this modifica-
tion would be exclusively harvested. However, the usefulness and adequacy of this
hypothetical approach remains as future work.

2. Better understanding the split into communication and harvesting, by replacing the
quantum field with a discrete version of it: a chain, or lattice, of coupled harmonic
oscillators. In such a model, the entanglement between the harmonic oscillators is
well defined. Then, the propagation of entanglement along the harmonic oscillator
chain could be studied and related to the discrete versions of the commutator and
anticommutator of the field operator.

IFurthermore, in principle, spacelike harvesting could be improved in setups where the gap of the
detector is fully tunable during the experiment. This could be done by optimizing over all possible
functions of time that the gap could be tuned to follow. However, this goes beyond the scenarios explored
in this thesis.
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3. Exploring how to take advantage of the interference phenomenon between communi-
cation and harvesting contributions to entanglement. We are interested in exploring
how the parameters can be chosen so that interference can be made constructive,
enhancing the entanglement acquired by the detectors.

Secondly, Chapter 3 explored the entanglement harvesting protocol for a very general
class of detector models and couplings. Furthermore, it split the evolution into a non-
perturbatively computed longitudinal part and a perturbatively computed transversal part.
Further research using this work would include:

1. Explore further examples of detectors that include both longitudinal and transversal
terms. A motivation to study these would be to choose couplings that better mimic
the experimental implementation in superconducting circuits, such as the one studied
in Chapter 4. In that chapter, we neglected the longitudinal terms to simplify the
analysis, since their effect is of subleading order in perturbation theory. However, a
more complete treatment of the interaction, by using the tools of Chapter 3, would
be interesting to verify whether it is justified to neglect the longitudinal terms.

2. Optimizing the amount of harvested entanglement by controlling the detector opera-
tor that couples to the field. This could be achieved via tuning the free Hamiltonian
of the detector, or equivalently, via applying unitary gates to the detectors. This
changes the interaction picture operator of the detector that couples to the field.
Controlling this operator optimally to harvest the most entanglement is a promis-
ing avenue. Importantly, such optimization would be implementable on detectors
built in superconducting circuits, since this platform allows applying unitaries to the
detectors.

Finally, the context of Chapter 4 is the implementation of detectors and entanglement
harvesting in superconducting circuits. Specifically, we focused on improving the RQI theo-
retical models for detectors so that they better match the superconducting implementation,
while remaining simple. However, to better predict experiments, we would want to further
improve the accuracy of the modeling, including more elements of the implementation.
Such improvements include:

1. Not taking the approximations listed in subsection 4.2.1. This would imply the use
of multi-level detectors, with non-trivial free dynamics, and a coupling to the field
through more general detector operators.
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2. Further examine the continuum limit for the circuit model of the transmission line
tunably coupled to the superconducting qubit. This was done in subsection 4.1.3.
There, as commonly done in previous literature, we neglected the renormalization
term that modifies the detector Hamiltonian and that diverges in the continuum limit.
We want to explore the validity of this assumption or, alternatively, to find what
corrections need to be included in the model. As mentioned in the same subsection,
we plan to do this by comparing the discrete circuit model with finite discretization
length Az and the continuous field model with a cutoff. We expect the cutoff to play
a major role, since it also induces a minimum resolution for the field amplitude.

3. The quantization procedure we followed in subsection 4.1.2 assumes that the external
magnetic fluxes f. and fz are constant. However, we intend to rapidly change this
fluxes during the experiment to quickly turn on and off the interaction with the field.
To properly include the effects of time-dependent flux in our model, we plan to follow
the recent work in [109, 110, 111].

4. We choose the field cutoff to be exponential, see equation (4.9), since it is simple and
has been previously used in the literature. However, a future work would be to design
experiments that distinguish between different cutoff shapes. Then, performing such
experiments on the detector implementation would allow to find a best fit for the
cutoff.

5. For simplicity, we assumed that the detectors and field start in the vacuum state,
i.e. a zero temperature state. However, in reality, the expected temperature for the
experiment is around 20-30mK. This effect has been preliminarily explored in [101],
using a simpler UDW model with parameters that match the experiment. For the
case explored there, increasing temperature decreases entanglement harvesting until
it no entanglement is harvested for temperatures higher than 30mK. Therefore, it is
important to include the effect of the temperature in more accurate models of the
implementation.

6. The model used for the transmission line assumes it is infinite and has no boundaries.
In such case, waves propagate away to infinity unimpeded. However, in the real
implementation, the transmission line is finite, and we expect partial reflections on
their boundaries [3]. Including these reflections in the model is relevant to quantify
their effect on entanglement harvesting.

The resulting model will be more complex, and need extensive use of numerical calculations
to predict the amount of harvested entanglement. However, its higher accuracy will be cru-
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cial in determining the setups for which harvesting is largest, facilitating an experimental
realization.
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Appendix A

Appendices for Chapter 2

A.1 Communication at leading order through a me-
diating system

Here we provide an quick review on how to compute estimator for the ability of a system
A to send a signal to a system B, through a mediating system C, at leading perturbative
order. This scenario generalizes the case of a pair of detectors communicating through a
quantum field. For a more thorough analysis see [53, 541].

To quantify communication from A to B, it is useful to distinguish between the full
time evolution U , and the time evolution if we only allow the system v € {A, B} and C to
interact, which we denote as U,. Then, all the conributions to the final state of B coming
from the existence of A, i.e. how A influences the final state of B, can be expressed as

prEnel = Tr, o (UpoUt — UnpoUY), (A1)

for any initial state py.

For simplicity, we restrict ourselves to interaction Hamiltonians (in the interaction
picture) of the form

H,(t) = H,(t) + Hy(t),

H,(t)=0,1t)C,(1). (A.2)
Here, O, (t ) and Oy(t) are observables of the system A and B respectively. The operators
C.(t) and Cy(t) are observables of the mediating system C.
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To further showcase the role of [C,(t), Cy(#')] in communication we explicitly compute
pugnal £ the leading order in a perturbative expansion. Using the Dyson series for the time
evolution generated by H,

gt = T (08 o0 + (U + O o + Hee)
+0(0r0!), (A.3)

where m,l > 1, m + 1 > 3 and we defined

U = —i/dtHV(t),

— [ dt tdt’]:.lﬂ(t)lfll,(t’). (A.4)
]

Then, using the properties of the trace, and that observables from different systems com-
mute,

Trye ((7[9))6001(1))
_ / At dt’ Oy (1) Trye (504 (#)Cr (#)Ca(1)). (A.5)

TrAC(( (2) + UBA ) )
- / dt dt’ Oy (t) Trpe (ﬁOOA(t’)
x (O = t)C\(t)Cu(t) + Ot — t’)és(t)C’A(t’))>, (A.6)

~signal

where © is the Heaviside step function. Substituting back into gz~

P = / dt / dt’ [0 (t'), Trac (peOx () [Ca(8), Col)])]
+0 omol) (A7)

with m,l > 1, m + 1 > 3. Therefore, at leading order, the communication is mediated
solely by the commutator [C,(t), Cs(')], as we wanted to show. Notice that [C,(t), Cy(t)]
only contributes for t > ¢, i.e. A can only message B through C’B(t’ ) after A has coupled to
C’A(t), as would be expected. This order adequately reverses if we consider communication
from B to A.
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Non-perturbative case: Remarkably, communication is impossible if the observables of
system C in Eq. (A.2) commute, ie. if [Cy(t),Cy(t')] = 0, then pi&™ = 0. This follows
from noticing that, under this assumption, [H,(t), Hy(t')] = 0, and thus U = U, U, = U,U,,
which after substituting in Eq. (A.1) and using the cyclic property of the trace together
with U, Ul = 1 shows that g3 = 0. In other words, communicating through C requires
coupling to non-commuting interaction picture observables of C. Notice that the same is
not necessarily true for gaining correlations. A and B can get correlated even if they couple
to commuting interaction picture observables of C, by extracting preexisting correlations
in C.

A.2 Inequality between negativity and its communi-
cation and harvesting contributions

Here, we would like to show that the assumption

(M| = VIMF + | M- ]2 (A.8)

implies the following relation between the negativity and its contributions:

N > INF2+ (N (A.9)

Let us prove this statement by considering different cases.

e Case 1: Nt =0.

The relation (A.9) becomes equivalent to N > N, which is directly verified us-
ing [M| > |M~| in the definition of negativity and its associated components, namely
Egs. (2.60) and (2.64).

e Case 2: N~ =0.

The argument is analogous to case 1.

e Case 3: N" #£0and N~ #0.
Here, we have N’ = V* > (. Let us define

— |£AA j: £BB|

Ly 5

(A.10)

132



In this way, we can write

V =1/ |M’2 +£2_ _£+,
FoIMER LR L. (A.11)

Then, using Eq. (A.8), we can cast the statement of Eq. (A.9) into

0< V2 (V)2 — (V)2 (A.12)

— —52_+3£3+2£+(v++v——,/|M|2+£2>,

Next, we get rid of the square root by moving it to the other side of the inequality and then
taking the square on both sides. Further manipulation allows us to rewrite the inequality
as

BLIVIVT 4L (L2 — L2) (VT + V) + (L2 - £2)* > 0. (A-13)

Finally, this statement is true because because of £, > 0, £2 > L% and the assumption
V* > 0. Therefore, we conclude that given the relation (A.8), the statement (A.9) is true.

A.3 Examples of symmetries that satisfy Corollary 1

Here, we focus on examples of maps T' constructed to satisfy the hypotheses of Corollary
1. In particular, we provide sufficient conditions for the harvesting setups so that all
the Corollary hypotheses are fulfilled. Moreover, these examples are later used to prove
Propositions 3 and 4 of the main text.

Symmetry 1. Time reversal around the value ty of a time coordinate in an arbitrary
coordinate system (t,x):

T(x, X) (Tx(x), Tr(x)),
Tt +t,2) = (ts — t, ). (A.14)

The hypotheses of Corollary 1 are satisfied if the following assumptions hold:

1. g(tR +t,x) =gty — t,a:),

2. GF(tR —I— t, m, tR + t/7 m/) — GF(tR - t, ZL', tR — t/7 .’.l?/),
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3. N (tg +t,x) = A, (te — t, ),

4. For some constant 0,
<Cu|ﬂv (Tu(tR +1, CB)) |¢V> = <wu|ﬂu (TV(tR —t, :L‘)) |CV> :

Here, we recall that g is the determinant of the metric, Gy is the Feynman propagator,
{A,} are the spacetime smearing functions, and |(,) are the states orthogonal to the initial
states |1,) as defined in Eq. (2.51).

Symmetry 2. Time reversal around ty in the arbitrary coordinates (t,x) & swap of space-
time points:

T(x,X) = (Ta(X), T (x)),
Tt +t,2) = (ty — t, ). (A.15)

The hypotheses of Corollary 1 are satisfied if the following assumptions hold:

1. g(ts +t,x) =gty — t, ),
2. GF(tR+t/7m/,tR+t7 (L‘) — GF(tR _t7 fB,tR—t/,wl),
3. AA(tR+t, .’,C) - AB(tR’_t,w),

4. For some constant 0,

(Calfta (TA(tR +t, CB)) [Ua) = e (Va1 (TB(tR — 1, w)) |Ca) -

Symmetry 3. Time reversal around ty in the arbitrary coordinates (t,x), reflection about
xg in (t,x) € swap of spacetime points:

T(x,x') = (Tar(X'), Tra(x)),
Tin(tg +t, ko + @) = (tg — t, o — ). (A.16)

The hypotheses of Corollary 1 are satisfied if the following assumptions hold:

1 gty +t,xo+x) = g(ty — t,xo — ),

2. Gp(tg +t' @y + ', ty +t, 20 + )
== GF(tR. - t,fEO - w7tR - t/7w0 - m/)i
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4. For some constant 0,

(Calfta (TA(tR +i, 20+ w)) 94)
= e <wB|,aB (TB(tR —t,xg — CB)) ‘CB> .
Notice that in this symmetry the distance between the detectors at time t; can be

adjusted by changing x, in contrast to Symmetry 2, where the detectors must be at the
same place at time t;.

Symmetry 4. Proper time swap and reversal around vy /2. To better describe this sym-
metry, we use the coordinates (1,,&,) where A, (1,,Z,) = x,(1,)F,(2,) and where 7, are
the proper times of the detectors.!

Now we can express this symmetry as
T(Ta, Tn, T, T) = (Vg — T, Tp, Uy — Ta, L), (A.17)

where pairs of spacetime points are expressed in the joint coordinates (Ty, Ty, s, Ty). The
hypotheses of Corollary 1 are satisfied if the following assumptions hold:

1. ga(7a, 2)98(To, Tn) = ga(Vn — T, 1) gu (U — T, Ts).-

2. Gp(Ta, Ta,Ts, @) = Grp(Ur — Ty, Ta, Vg — Ta, Tp),

8. xa(1) = xu(vr — 7),

4o =8y =1,

5. P+ B = Quy,

6. |cosa,| = |cosagl, |sina,| = |sin agl.

Here, the g, are the determinant of the metric in (7,,X,) coordinates, and the detectors’
initial states are

[4,) = cosay, |g,) + sin o, |e,) . (A.18)
In the usual prescription for detectors, (7,,Z,) will be chosen to be the Fermi normal coordinates

associated to the detectors’ trajectories. However, the result given here holds regardless of whether (7, Z,)
are chosen to be the Fermi normal coordinates.
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Notice that assumptions 4, 5, and 6 appear because they are sufficient to show that

(Gl (T)[n) = € (Gol i (0n — 7)) (A.19)
with |(,) the states orthogonal to |¢,) as defined in Eq. (2.51).
In order for this T' to satisfy Corollary 1, first notice that |J(7s, &4, Ts, @s)| = 1.

Then, the symmetry assumptions 1 and 2 directly translate to the conditions required
by Eq. (2.92). It only remains to show that Eq. (2.93) is fulfilled. This condition asks that
for some constant angle 6,

P (Ti(x, X)) Py (Ta(x,X)) = €’ Py(x) Py(X). (A.20)
Substituting the definition of P,,

P, (x) = Ay (x) (Gl it (7 (%)) [4h0) (A.21)
and using A,(7,,&,) = x.(1,)F,(2,), one sees that to satisfy Eq. (A.20) the following
conditions are enough:

Xa(T) = Xs(vr = 7), (A.22)
(Calia(T)]ha) = e/ (Vulfte(vr — 7)|Ca) - (A.23)

The condition over the monopole operators fi,, simplifies by using the identity

(Coliin (m) i) = &P (e, @B _ g oi@m=)). (A.24)

where we denote s, = sin® oy, ¢, = cos® ay,. Together with the hypotheses €2, = Q; = ,

Ba = —Bs + Qug, ¢y = Cg, 54 = Sg,
<CA|,QA(T)|¢A>
— eiﬂ,\ (CAei(QT—BA) o SAe—i(QT—BA))

— elﬁ/\ (CBe_i(Q(UR_T)_ﬁB) _— SBei(Q(UR_T)_BB))
= M (i (Vs — 7)) - (A.25)

Therefore, Eq. (A.23) is fulfilled with § = 2Quy. This completes proving that the assump-
tions in the statement of Symmetry 4 are enough to fulfill Corollary 1.

Summary: Corollary 1 holds for harvesting setups that meet the conditions described
in any of the symmetries presented in this section. We recall that for such symmetric
setups, cos Ay =0, i.e.

(M| = VM + MR, (A.26)
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which precludes any destructive interference between M™* and M™.

As a final remark, a common extension of the UDW detector model includes complex
spacetime smearings, i.e. A} # A,. All the results presented in this section can be general-
ized to account for complex spacetime smearings, but we have restricted our results to real
smearings for simplicity. For complex smearings, the Hamiltonian interaction density for
each detector in the interaction picture becomes hy, (x) = A, (x)ei ™6+ 4+ H.c., with H.c.
denoting the Hermitian conjugate. Therefore, the expression for M also changes (see, e.g.,
[114]). Nonetheless, the requirements specified for each symmetry only need a modification
of the conditions of A, (or y,). Specifically, whenever an equality between smearing or
switching functions appears, one of the sides has to be conjugated, and the equality only
needs to be fulfilled up to a constant complex phase.

A.4 Further simplifications of the hypotheses of Corol-
lary 1

In this appendix, we introduce several lemmas that simplify the conditions 3 and 4 of

Symmetries 1, 2 and 3 respectively.

Lemma 1. Consider the two sets of coordinates (1, @,) withv € {A, B}, where A, (1,,@,) =
Xo(T)Fu(Z,). Given coordinates (t, x), the time reversal around ty, is Ty (ty +t, @) = (tx — ¢, x).
Assume that

1. Given Ty, = 7,(ts,0),

T,(X) = 2Tqy — Ty (TR(X)),
z,(x) =2, (Tu(x)). (A.27)

2. xo(T) = x0 2Ty — 7).

3. 51/ = QI/TR,V-
Recall that B, is the relative phase in the detectors’ initial states |1,) = cosay, |g,) +
sin a, e’ |e, ).

Under these assumptions, the conditions 3 and 4 of Symmetry 1 are fulfilled.
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Proof. We prove the condition 3 first, to do so, keep in mind that

A(t,x) =X, (Tl,(t, ac))F,, ('aEV(t, :c)) (A.28)
Then, using the time reversibility condition over y,,
Xo(To(te = t,®)) = X0 (2700 = (e — t, @)
= Xu (7t +t,2)). (A.29)
Substituting back into the first equation shows condition 3 of Symmetry 1,
Ay(te —t, @) = X0 (1 (te — t, @) F (2, (8 — t, )

= XV (Tu(tR + tv w))Fl’ (il/(tR + t7 3'}))
= A, (ty + t, ). (A.30)

To prove the condition 4 of Symmetry 1, let us use the identity

<Cl/|ﬂu(7—y)|¢y> = e (Cyei(Q”T”_B”) - Sye_i(QuTu_ﬂ”)), (A31)

where s, = sin® oy, ¢, = cos?, and we recall that |¢,) are the states orthogonal to the

initial state |¢,) as defined in Eq. (2.51). Substituting into the following expression,

(Gl (7o (ta — t,2) ) |1hy)

_ eiQ,,TRW (C,,ei (Qyﬂ,(tth,m)fQVTRyy)

= (o (ti—t@)—Quri ) )

eiQuTu,u <Cl/e_i (QVTII (tR +tam)_Qll7—R,l/>

— g ei(QyTy(t[{“rt,m)_QyTR’y))
v

= AW (|, (1, (b + £,2))|C) (A.32)

where the condition over 7, given by Eq. (A.27), and that 8, = Q, 7, finishing the proof.
]

Lemma 2. Consider the two sets of coordinates (1, @,) withv € {A, B}, where A, (1, €,) =
Xo(1)E, (). Given coordinates (t,x), the time reversal around ty is Ty (ty +t, @) = (tx — t, ).
Assume that
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1. Given vy = T5(tg, 0) + T5(tx, 0),

Ta(X) = vy — TB(TR(X)),

T, (x) = Ty (Ti(x)). (A.33)
2. F\(z) = F3(@).
8. Xa(T) = xa(vr — 7).
4o =0 = Q.
J. Ba+ By = Qug.
6. |cosa,| =] cosag|, |sina,| = |sinag,

where we recall that the detectors’ initial states are |1,) = cosa,, |g,) + sin o, eP ley).

Under these assumptions, conditions 3 and 4 of Symmetry 2 are fulfilled.

Proof. We prove condition 3 first, to do so, keep in mind that
A(t,x) =X, (Tl,<t, m))Fy (5V(t, m)) (A.34)
Then, using the time reversibility condition over the y,,

Xa(Ta(te — t, @) = xo(vn — Tate — £, )
= Xs (Ts(tx + t,)), (A.35)

and similarly,
Fy(@a(ta — t,x)) = Fy(Tu(ta + t,@)). (A.36)

Substituting these back into the first equation completes the first half of the proof,

As(te — t, @) = Xxa(Ta(te — t,@)) F (To(tn — t, )
= Xo(7s(te + ¢, @) F3 (2, (ta + ¢, )
= A(te + t, ). (A.37)

To prove the condition 4 of Symmetry 2, let us use the identity

(Coliin (7)) = &P (e, @B _ g o=i@m=)). (A.38)
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where s, = sin® ay,, ¢, = cos®q,, and we recall that |C,) are the states orthogonal to the
initial state |, ) as defined in Eq. (2.51). The proof finishes by combining this identity with
the hypotheses ¢, = ¢z, s, = sg, Q4 = Qs =, By = —Fp + Qug, and with the assumption
over the 7,

(Calfia (TA(tR — 1, m)) [Us)

_ eiﬁA (CAei(QTA(tR—t,w)—ﬁA) . SAe—i(QTA(tR—t,w)—BA))

_ ei,BA (CBefi(QTB(tRth,w)fBB) . SBei(QTB(tRth,w)fBB))

= € (1 fin (5 (e + T, @) ) [ C) - (A.39)
]

Lemma 3. Consider the two sets of coordinates (1, x,) withv € {A, B}, where A, (1, x,) =
Xo (1) Fu(Z,). Given coordinates (t,x), the time reversal around t, and reflection around
xg is Tar(t, @) = (2tg — t,2@g — x). Assume that

1. Given vg = Tx(tg, 0) + T5(tx, 0),
TA(X) = VUr — Tp (TRR(X))7

#1(0) = B (Tun ). (A.10)
2. F\(z) = Fs(@).

3. XalT) = Xa(ve = 7),

4. Qy =05 = Q.

5. Ba+ By = Qug.

6. |cosay,| = |cosag|, |sina,| = |sinag|.

where we recall that the detectors’ initial states are |1,) = cos a,, |g,) + sina, e |e, ).

Under these assumptions, the conditions 3 and 4 of Symmetry 3 are fulfilled.

This lemma is proven analogously to the previous Lemma 2. Notice the following
apparent incompatibility: the lemma asks the smearing functions F), to be equal, while the
assumptions of Symmetry 3 ask spacetime smearings A, to be related by a spatial reflection
and a time reversal. However, the equality between F), is actually expected because the
spatial smearing functions F), are defined in their corresponding prescription coordinates

(14, @,), which we assumed to be related by a time reflection and a space reflection, as in
Eq. (A.40).
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A.5 Simplifying the symmetries for the most common
entanglement harvesting scenarios

Many of the scenarios analyzed in the literature of entanglement harvesting already restrict
themselves to very symmetric particular setups. While this is done for different reasons
(mainly simplifying the math) this yields important simplifications of the conditions re-
quired for each of the T' maps described in Appendix A.3 to be symmetries that fulfill the
assumptions of Corollary 1.

In particular, we will show how the usual assumptions in the literature for harvesting
in flat spacetime and FRW yield Propositions 3 and 4 of the main text.

A.5.1 Sufficient symmetries for harvesting and communication
collaboration in Minkowski spacetime

This Subappendix proves Proposition 3 of the main text. This proof consists of showing
that the conditions for the symmetries provided in Appendix A.3 are fulfilled in Minkowski
spacetime, for fields that are prepared in the vacuum and inertial, comoving, symmetrically
switched detectors that are prepared both in the ground state or both in the excited state.

Lemma 4. Assume that

1. The spacetime is flat.

2. The field starts in the Minkowski vacuum.

This implies that f any inertial coordinate system (t,x) and any constants t, and x, the
Feynmann propagator G fulfills

Gr(t,z, t',x') = Gp(2ty — ', 22y — ', 2ty — 1,220 — )
= Gp(2ty —t' &', 2ty — t, @)
= Gp(2ty — t,x, 2ty — ', x'). (A.41)

And therefore, these relations fulfill the condition 2 for the Symmetries 1, 2, 3. Moreover,
since g(t,x) = —1, the condition 1 of all these symmetries is also fulfilled.
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Proof. The Wightman of the Minkowski vacuum for a scalar field is

1 d"k ; N /
Wt v 2 = ik-(x—a') —iwg(t—t") A 49
(e t2) = o [ et (A12)

with wrx = Vk? + m2. The Minkowski vacuum Wightman function fulfills
W(t,z, t',x') = W(At, |Az|), (A.43)

where we denoted W (At, |Ax|) = W(At, |Az|,0,0) and At =t —t, Ax =x — . Then,
from the definition of G in Eq. (2.58), we have

Gr(t,z,t',x)
= O(AH)W(AL, |Ax|) + O(—AH) W (—At, |Ax]|)
= W(|At], |Az]). (A.44)

Therefore, Eq. (A.41) is fulfilled because all of the equated expressions for G have the
same values of |At| and |Ax|. O

Lemma 5. Assume that, for a given constant ty,
1. The spacetime is flat.
The field starts in the Minkowski vacuum.
The detectors start both in their ground state or both in their excited state.
The detectors are inertial and comoving.
In the comoving frame (t, ), the spacetime smearing factorizes A, (t, ) = x,(t)F,(x).
Xo(t) = Xo (2t — ).

Then, the conditions of Symmetry 1 are fulfilled.

S

Proof. First, conditions 1 and 2 of Symmetry 1 hold because of Lemma 4.

To prove the conditions 3 and 4 of Symmetry 1, we show next that the assumptions
of Lemma 1 hold. First, choose both coordinate systems (7,,,) and (75, Zs) to be (¢, ).
Then, the assumption 1 of Lemma 1 holds. The assumption 2 holds because of x,(t) =
Xv(2tg —t) and t = 73 ,,. Finally, the assumption 3 upon the relative phases £, is trivially
satisfied because both initial states are either |¢,) = |g,) or |[1,) = |e,).

]
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Lemma 6. Assume that, for a given constant tg,

o RS & e e

The spacetime is flat.

The field starts in the Minkowski vacuum.

The detectors start both in their ground state or both in their excited state.

The detectors are inertial and comouving.

In the comoving frame (t,x), the spacetime smearing factorizes A, (t, ) = x,(t)F,(x).
Q= Q.

Xa(t) = xs(2tn — 1).

F\(x) = Fs(x).

Then, the conditions of Symmetry 2 are fulfilled.

Proof. Shown analogously to Lemma 5, using Lemma 2 instead of Lemma 1. Additionally,
|cosa,| = |cosag| and |sina,| = |sinag| hold because of restricting the initial states of
the detectors to be both ground or both excited. O

Lemma 7. Assume that, for a given constant ty,

1.

ST S N A R

The spacetime is flat.

The field starts in the Minkowski vacuum.

The detectors start both in their ground state or both in their excited state.

The detectors are inertial and comouving.

In the comoving frame (t,x), the spacetime smearing factorizes A, (t,x) = x,(t)F,(x).
Q= Q.

Xa(t) = xus(2ty — 1).

F,(x) = Fs(2x¢ — x).

Then, the conditions of Symmetry 3 are fulfilled.
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Proof. Shown analogously to Lemma 5, using Lemma 3 instead of Lemma 1. The major
difference is that while we still choose the coordinate system (7,,Z,) to be (¢, x), here we
choose (73, ) to be instead

Ts(t, @) =1, Tx(t,x) = 2xo — . (A.45)
[

Lemma 8. Assume that, for a given constant ty,

1. The spacetime is flat.

The field starts in the Minkowski vacuum.

The detectors start both in their ground state or both in their excited state.

The detectors are inertial and comouving.

In the comoving frame (t,x), the spacetime smearing factorizes A, (t, ) = x,(t)F,(x).
Q, = Q.

Xa(t) = xs(2ty — 1).

NS & o

Then, the conditions of Symmetry 4 are fulfilled, by picking both coordinate systems (7, T,)
to be (t,x).

Proof. Since we picked both (7,,&,) to be the inertial comoving frame (t,«), then the
determinants of the metric in coordinates (7,,x,) satisfy g, = g5 = —1 under the given
assumptions, hence fulfilling the condition 1 of Symmetry 4. The condition 2 over G
becomes the following: for a given constant t; = vy /2,

Gr(t,z,t',x') = Gp(2ty — t, @, 2ty — ', &'), (A.46)

which is true regardless of t; for the Minkowski vacuum, as shown in Lemma 4.

The conditions 3 and 4 of Symmetry 4 are the assumptions 6 and 7 of the current
lemma, using the relationship t; = vy /2.

Finally, condition 5 upon the relative phases 3, is trivially satisfied because of the initial
states of the detectors are either both the ground or both the excited state, and condition
6 (|cosay,| = |cosagl, |sina,| = |sinay) is fulfilled as well for the same reason. O
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Finally, Proposition 3 of the main text follows from combining the assumptions of
the Lemmas 5, 6, 7, 8. Specifically, fulfilling any of these lemmas is enough to have the
corresponding symmetry and thus for Corollary 1 to hold. It is worth noticing that although
we included one lemma per symmetry of Appendix A.3 for completion, Lemmas 6 and 7
become redundant after Lemma 8, because whenever Lemmas 6 or 7 hold, then Lemma 8
also holds. This explains why no condition upon F,(x) needs to be checked in Proposition 3.
Thus the assumptions of Proposition 3 result from solely combining the assumptions of
Lemmas 5 and 8. Moreover, we take €2, = €); to be a condition of Proposition 3 for
simplicity, even though this condition is not needed to satisfy Lemma 5. In general, the
conditions 5 and 6 of the Proposition 3 can be replaced by the following less restrictive
combined condition: in the comoving frame, for some time ¢, it is satified that either

Xo(t+tr) = xu(tpn — t), v = A, B, (A.4T7)
or Xa(t+1tg) = xs(t —tx) and Q, = Q. (A.48)

For future convenience, we point out that, in the scenarios where Proposition 3 applies
and both detectors start in the ground state, M simplifies to

M= —)\2 / dt dt’ dee da’ ey (8 xs ()

X Fy(x)Fy(2)Ge(t, z, ', ). (A.49)

If both detectors start in the excited state, 2 in the expression above picks up a negative
sign.

A.5.2 Sufficient symmetries for constructive interference between
harvesting and communication in FRW spacetimes

Here, we show that Proposition 4 for FRW spacetimes holds for the entanglement harvest-
ing scenarios prescribed in the subsection 2.6.2. The proof arises from the fact that M
can be rewritten to have an analogous form to the M term of setups where Proposition 3
applies. Concretely, the only changes are the replacement given in Eq. (2.122) and the
substitution of ¢ by n(t) in Gg. Moreover, using the assumption A, (t,x) = T,(t)X,(x)
results in

M=)\ / dt dt’ dae da’ )T, (6T, (1)

Gy (77(15)7 z, n(t/)a a:’) ‘

X Xa(@)Xa(@) — oy

(A.50)
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Here, Gy is the usual expression in inertial coordinates of the Feynmann propagator for
the Minkowski vacuum, as given in the proof of Lemma 4. Notice that this expression for
M assumes that both detectors start in the ground state. The case where both detectors
are prepared in the excited state amounts to considering €2 < 0. Therefore, this case is
automatically included in Eq. (A.50), and in the current proof.

Notice that if we define

_ . Ge(n(®), 2, n(t), o)
Gp(t,x, t,x') = a(Da(t)

then the expression for M becomes the same as for the scenarios of Proposition 3 (see
Eq. (A.49)), but with Gy, T, (t), X, () instead of Gy, x,(t), F,(x). Therefore, to get
the analogous Proposition 4, we need éF and T, (t) to fulfill the corresponding conditions
specified in the Symmetries 1 and 4, which were the ones used to derive Proposition 3.
Notice that now, to define the Symmetry 4, we need to use the comoving coordinates (t, x)
as prescription coordinates for the detectors. This is a consequence of assuming that the
split A, (t,x) = T, (t)X,(x) happens in the comoving coordinates, and that the detectors’
proper times coincide with the comoving time t.

, (A.51)

The conditions over ¥, (t) are directly stated in Proposition 4 and are the same as for
X»(t) in Proposition 3. Furthermore, since condition 2 of Symmetries 1 and 4 was needed to
prove Proposition 3, here we also need to verify whether G, satisfies to the same condition.
Namely, we would like to show that

Ge(t,z, ', x') = Gp(2tg — t, 2,2t — t', '),
= Ge(2tp —t' @, 2p —t, &) (A.52)
To show that this relation is indeed fulfilled, first notice that the second equal sign can
be readily checked by substituting the definition of G and using that G fulfills the same
equality, as shown in Lemma 4. Second, we need to show that G} is time symmetric around

tr. For this proof, we start with the hypothesis of Proposition 4 that a(t) = a(2ty — t).
Then, the conformal time (as defined in Eq. (2.117)) fulfills

n(t) = 2n(ts) — 02ty — 1), (A.53)
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which can be readily verified by taking the derivative with respect to ¢t. Then,

Ge(t,z,t', )
_ Ge(n(t), z,n(t"), z')
a(t)a(t)
G (2n(ta) — n(2ty — t), , 2n(ty) — n(2ty — '), ')
B a(2ty —t)a(2ty — V)
_ Ge(n2ty —t), 2, (2t — 1), 2')
a(2ty —t)a(2ty — t')
= Ge(2y — t, @, 2ty — U, &), (A.54)

where we used the first line of Eq. (A.41) for the Minkowski vacuum Gg. This completes
the proof that Eq. (A.52) holds under the hypothesis that a(t) = a(2t; —t). Bringing
everything together, an analogous version of Proposition 3 holds for FRW spacetimes,
resulting in Proposition 4.

A.6 Alternative symmetry conditions for detectors pre-
scribed in Fermi normal coordinates

A.6.1 Conditions for the time reversibility and spatial reflection
symmetry of Fermi normal coordinates

Here we shall study how pairs of Fermi normal coordinates are related by a time reversal
or a time reversal combined with a spatial reflection. Knowing the symmetries respected
by the Fermi normal coordinates is instrumental in determining the symmetries of the
entanglement harvesting setup. This is the case when the harvesting setup uses the usual
covariant prescription for the Unruh-DeWitt detector [90] which is based on the Fermi
normal coordinates adapted to the detector trajectory z(7). Concretely, given an arbitrary
coordinate system (¢, x), we will consider the transformations:

Tr(t,x) = 2ty — t, ), Tra(t, @) = (2tx — t, 229 — x), (A.55)

where time reversals are performed around the time t;, and the spatial reflection is per-
formed about the point @y. The lemmas in this appendix provide the conditions on the
metric and trajectories for the pair of Fermi normal coordinates to be related either by Ty
or by Tir, which will be later used in Appendix A.6.2.
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First, we recall how to construct the Fermi normal coordinates (7, X) adapted to a
timelike curve z(7), where 7 is the curve’s proper time. Choose a fixed proper time 7y,
and pick an orthonormal basis {e,(79)} in the tangent space to z(7y), such that ey = z(7).
This basis extends to the whole curve, {ep(T)}, by imposing that the basis vectors are
Fermi-Walker (FW) transported along the curve. A vector field v* on the curve is FW
transported if

Dov®

dr
where u® and a® are the components of u = dz/dr and a = Du/dr, the four-velocity
and four-acceleration of the curve, respectively. Moreover, we use D/d7 to denote the
directional covariant derivative along z(7), which for a vector v = v%d, is

+ (a®u’ — u®a’)vg = 0, (A.56)

Dv*  dv® o
dT = ? + FB,YUBU’Y. <A57)

Notably, u is always FW transported, therefore ey(7) = u(7). Moreover, {ep(T)} remains
an orthonormal basis for each point of the curve. The idea behind the definition of the
FW transport is to generalize the parallel transport to account for the possible change
in orientation introduced by the acceleration of the trajectory. That is, we would like to
transport the frame {e,(7)} in a way that it does not rotate with respect to the curve. To
see this concretely, consider coordinates where u” = (u%,0,0,0), and define the two-form
Wag = 2ajqug. In this case, the only non-vanishing components of w,s are wiy = —wo;,
i =1,2,3, since a’u, = 0. Thus, the second term in Eq. (A.56) is essentially describing the
projection of v” along the 3-vector n! = w®, which describes the rotation of the orthonormal
“spatial” frame e; along the trajectory.

Now, we define the Fermi normal coordinates as follows. Let N, be the normal neigh-
borhood of p, which is the set of points that are connected to p by a unique geodesic. For
each 7, denote with X, the space-like hypersurface orthogonal to u(7). This hypersurface
consists of all the points in N, that can be reached by geodesics that start from z(7)
and start with tangent vectors orthogonal to u(7). These hypersurfaces ¥, constitute rest
spaces around z(7), and locally define a foliation of spacetime. Then, the coordinates
(7, X)) are assigned to the point exp,, (X “ea(T)) € Y. Here, we use the convention that
latin indices run over spatial components, a = 1,...,n. The exponential map is defined as

exp, (V) = (1), (A.58)

where 7,(s) is a geodesic that fulfills 4, (0) = p, 4v(0) = v. Notice that in this prescription
z(7) has coordinates (7,0), and its proper distance to a point with coordinates (7, X) is

[ X | = /2o, (X)%
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Lemma 9. Choose arbitrary (t,x) coordinates, in which the metric components are g,,.
Consider a pair of time-like curves z,(t,), v = A, B, parametrized by their proper times
T,. Denote the coordinates of the curves’ points as (t, z,,(t)). Assume that for some tg,

1. gp(T(tR + ta "B) = S(p, U)gpo(tR - t, :B);
2. ZA(tR + t) — ZB(tR - t),

Here, s(p1,p2,...,pn) = 1 if the number of zeros among the set of arguments p, ..., pp
is even and s(p1, pa, ..., pn) = —1 otherwise. Then, there exist Fermi normal coordinates
(1,,@,) adapted to the trajectories z,(1,) that are related by

Ta(ty +t, @) = vy — (g — t, @),
Tp(tg +t, @) = Ty(tg — t, ), (A.59)

with Uy = Tx s + Tas, where Ty, are the proper times that fulfill tn = 22(Tx.,)-
Proof. Let us start defining a convenient notation: for any function f(t), let
f(O)]r = f(2ta — 1) (A.60)
Then, the assumptions of the lemma can be simply rewritten as
[900]r = 5(0; ) Gpos [Zaln = [Z5]n- (A.61)

Next, let us show that these assumptions imply that

iv) [ulln = —s(p)ut,

)

)

iii) [0, ]x = s(p, 0, ATy,
)

v) [al]n = s(p)as.
Showing that s(p,0)g”" is the inverse of [g,,|x is enough for i),

S(p7 U)gpa [gUA]R = 5(,07 )\)gpaga/\ = 5;\ (A62)
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For ii), it is enough to use i) and to notice that for a general function h(t, x),
Oo[hlx = —[0oh]x, Oulhlx = [Ouh]x. (A.63)

Relation iii) follows from combining i) and ii) with the formula for the Christoffel symbols,
namely

1
§g/\6 (aagep + apgea - 8egpa> . (A.64)

Proving iv) starts from taking the derivative on the trajectory condition, to obtain [2,]x =
—25. Then, using

A
[ =

dt dt
O— — %= >4 A.65
ul/ dTy’ ull dTyle ( 6 )
together with g,,ufuf = —1, implies
dt
mbzxﬂﬂm—Q%ﬁﬁ—%ﬂﬁﬁ (A.66)
Therefore, using [2,]r = —2; and ii), we get
dt dt
= —. A.67
[dTJ . dms ( )
Then, substituting back on Eq. (A.65) allows showing iv). Finally, to prove v), combine
dt du®
[ v @ B8
a, = d_TV dt + FB’YUVUZ <A68)

with Egs. (A.63), (A.67), and relations iii), iv).

Next, we prove that the FW transported orthonormal bases along the curves can be
related by a time reversal transformation. Consider an orthonormal basis {e,(¢)} that is
FW transported along z, and fulfills ey = u,. Define f, such that

(fo)* = s(p, @) (ep) ]n- (A.69)

We now will show that this basis is FW transported along z;. Let us start reversing the
FW transport equation that the {e,} fulfill,

D(e,)“
0= [% + (auf — ufjaf)gm(ep)ﬁy}
A R
D(f,)°
= st (247" 4 (agud — ugadlan 6 ), (A70)
B



where we used the relations ii), iv), v), and also

o] - [24

+ ng<ep)ﬁuz

R

(A.71)

which used Egs. (A.63), (A.67), (A.69), and relations iii), iv). Therefore, the {f,}, as
defined in Eq. (A.69) are FW transported along z,. Moreover, the {f,} are orthonormal
because

(F)*(f2)  9as = [ ()" (e5)  gas] , = 1hpar (A.72)

where 7),, is the Minkowski metric. Lastly, fo = ug, because
(fo)* = —s(a)[(e0)"]x = —s(a) [ug], = ug. (A.73)

All these results guarantee that the orthonormal basis {f,(¢)} can be used to define the
Fermi normal coordinates along z,. From now on, let us use {e,} and {f,} to respectively
define the Fermi normal coordinates (7,, @,) around z,(7,) and (73, @y) around z(7).

Next, we check the relationships in Eq. (A.59) between (7,,x,) and (73, ). For any
spacetime point p,, we define pg as follows. We denote the Fermi normal coordinates j of
the point p, as

TPu = Tu(pl/)7 5Pu - 5V(pu) (A74)

Then, pg is chosen so that the coordinates of p, and py are related by

To, = Up — Tpy, Lp, = Lp,, (A.75)

A

with vy = 74 s +Tr 5, Wwhere 7, are the proper times that fulfill t, = 2%(7,). By expressing
the points p, in the coordinate system (¢, ) on Eqgs. (A.74) and (A.75), one can see that the
Eq. (A.59) that we want to prove is equivalent to showing Ty (p,) = ps, with T} as defined
in (A.55). Therefore, to complete the proof, it will be enough to show that T (ps) = ps is
true, as is done next.

Consider a geodesic 7, () such that

74(0) = zu(75,), 9a(0) = 75 €0 (21(75,)). (A.76)

Notice that, by the definition of the Fermi normal coordinates, we have v,(1) = p,. Next,
define v5(\) as
Ts(A) = Ta(7a(A))- (A.T7)
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The next steps are to show that such ~5()) is a geodesic that fulfills
1(0) = z5(7p,), F5(0) = 75, fa (22(75)).- (A.78)
We start checking the first identity in the equation above by computing

c ()" (2t~ 2007) ) = nm0) (A.79)

dr B u (QtR — 22(7))

where we used the statement iv) that we proved at the start of the proof. Therefore, for
some constant g,

210 — 7) = 2ty — 22(7). (A.80)

To find 79, choose 7 = 73 ,, so that
29(To — ) = 2tn — 20(Taa) = tr, (A.81)

which means 79 — 7y = Tip, and thus 75 = vg. Substituting back to Eq. (A.80), and using
Tpx = Ur = Tpy
2 (Tpy) = 2ta — 20(73,), (A.82)
0

and therefore, 7J(0) = z3(7p,). Moreover, we have 4(0) = z2(7,,) because ¥2(0) = z¢(7p,)
and

Za (Z2<TPA)) = 2B (QtR - ZE(TpA)) = ZB (Zg(TpB))a (A.83)

where we used the assumption z,(t) = z5(2t; —t). This completes showing the claim from
Eq. (A.78) that v4(0) = z5(7p,)-

To get the identity for 45(0) in Eq. (A.78), we start from the definition of ~; given in
Eq. (A.77). Expressing this definition in (¢, ) coordinates gives

T6(A) = 2t — 73 (A), 7 (N) =12, (A.84)
Then, taking derivatives w.r.t. A, we get
Ta (A) = s(@)32(A). (A.85)

Combining this result with Eqgs. (A.69), (A.75) and (A.82) leads to

“(2a(70)) (A.86)



which, as we wanted to show, is the expression for 45(0) in Eq. (A.78).
Finally, let us show that ~; is a geodesic. Taking the derivative w.r.t. A in Eq. (A.85),

Yo (A) = s(@)IT(N), F5(A) = s(a)F2(N). (A.87)
Then, substituting these expressions into the geodesic equation which ~, fulfills,
Fa = =T, (02 7%) 432,
()5 = —s(@)T5, (2t — 2. 7%) 4857,
;)./1(31 - _ng (,yga 'Yg) "ylf;yga (A88)

where we also used the statement iii) and Eq. (A.77). The last line is, as we wanted, the
geodesic equation for ;.

Therefore, v matches the requirements of the exponential map definition and thus
ps = Y5(1). Now, remember that T;(7.(A)) = vs(A). Then, choosing A = 1, Ti(ps) = ps-
This finally completes the proof that

Ta(tp +t, @) = vy — T(tg — t, @),
Tp(tg +t,@) = Tu(ty — L, ). (A.89)

]

Lemma 10. Choose arbitrary coordinates (t,a), in which the metric components are g,,.
Consider a time-like curve z(T), parametrized by its proper time 7. Denote the coordinates
of the curve’s points as (t, z(t)). Assume that for some ty,

1. gp(T(tR + ta 33) = S(p, U)gpo(tR - t, CB),
2. z(tg +1t) = z(ts — 1),

Here, s(p1,p2,--.,pn) = 1 if the number of zeros among the set of arguments py, ..., pn
is even and $(p1, p2,...,pn) = —1 otherwise. Then, the Fermi normal coordinates (T,x)
adapted to the trajectory z(t) fulfill

T(ty +t, @) =21 — T(tx — t, @),
Tty +t,x) = x(ty — t, ), (A.90)

where Ty, s the proper time that fulfills ty = 2°(7y).
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Proof. The assumptions of this lemma fulfill the hypotheses of Lemma 9 for the case
z(1) = z,(1) = zz(7). Then, Lemma 9 provides two coordinate systems (7,,&,) and
(78, ) adapted to z(7), which are related by the Eq. (A.59). A priori, these two coordinate
systems could be different, because there is freedom in the choice of orthonormal basis that
defines any Fermi normal coordinates adapted to z(7). However, Eq. (A.59) implies that

T (tn, @) = B(ty, ), (A.91)

which means that there is a spatial surface where both Fermi normal coordinates (7, &)
and (73, @) adapted to z(7) are the same. This can only happen if (7,,x,) and (73, Zp)
are the same coordinate systems, thus proving that there are Fermi normal coordinates
adapted to z(7) that fulfill Eq. (A.90), finishing the proof.

]

Lemma 11. Choose arbitrary coordinates (t,x), in which the metric components are g,,.
Consider a pair of time-like curves z,(t,), v = A, B, parametrized by their proper times
T,. Denote the coordinates of the curves’ points as (t, z,,(t)). Assume that for some tg,

1. gpo’(tR + ta Lo + LB) = gpo’(tR - ta Lo — CC),

2- ZA(tR + t) = 23:0 - ZB(tR - t).

Then, there exist Fermi normal coordinates (1,,@,) adapted to the trajectories z,(t) that
are related by

TA(tR —|'_ t, CBO —|'_ w) — UR - TB<tR - t, CL'O - 13),
-EEA(tR + t, wo + .’,C) - EEB(tR - t, SUO - :C), (A.92>

with vy = Tx s + Tas, where Ty, are the proper times that fulfill tn = 22(Tx.,)-

Proof. This lemma is proven analogously to Lemma 9, so we will only point out the differ-
ences. Here, it is convenient to instead use the following notation for any functions f(t),
h(t,x),

f(®)ln = f(2ta — 1),
h(t, 2)]we = h(2t — t, 220 — ). (A.93)

Then, following similar steps to the previous proof,
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Notice that these relations are useful because the trajectories transform into one another
when performing a time reversal and a spatial reflection. These relations can be used to
find a pair of orthonormal basis {e,(t)} and {f,(¢)}, which respectively are FW transported
along z,(7,) and zy(73), and that fulfill

[(e)]w = (f))™. (A.94)

Then, we again pick {e,(t)} and {f,(¢)} to respectively define the Fermi normal coordinates
adapted to z,(7,) and zg(73). The final part of the proof is also analogous to Lemma 9,
but changing Eq. (A.77) to relate «y, and 7 by Tyy instead of T. O

A.6.2 Simplified conditions to satisfy Corollary 1 when detectors
are prescribed in the Fermi normal coordinates

Here we combine the results obtained in the previous Subappendix with the results of the
Appendices A.3 and A .4 to get simplified propositions that guarantee no destructive inter-
ference between harvesting and communication. This section assumes that we follow the
covariant UDW detector prescription of [90], where the detector v is prescribed in the Fermi
normal coordinates (7, &, ) adapted to its trajectory z,(7,). These coordinates are valid lo-
cally around the trajectory and factorize the smearing function, A, (7, &,) = x.(7,) F,(2,).
Moreover, 7, are the proper times of the detectors.

Proposition 5. Let g,, be the metric components in an arbitrary coordinate system (t,x),
z,(t) the spatial components of the detectors’ trajectories and (7,,x,) the Fermi normal
coordinates adapted to z,(t). Assume that

1. gty —t, @) = 5(p,0)gpe(tr + t, @),

2. Gp(ty —t,x,ty — ', &) = Gp(ty +t,x,ty + ', &),
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3. z,(ty — t) = z,(tx + 1),

4- Mo(m, @) = xo(n) Fy (@),
5. Xo(Top — 7o) = Xo(Toaw + 70),
6. By =Ty,

where Ty, = T, (tr, 2, (tr)), and s(p, o) is the sign function defined in Lemma 10. Moreover,
recall that the detectors’ initial states are |1,) = cosay, |g,) + sina,e |e,).

These assumptions are sufficient to fulfill the conditions given in Symmetry 1, thus
fulfilling Corollary 1.

This proposition follows from fulfilling the hypotheses of Lemma 10 in order to get the
time reversibility condition over the Fermi normal coordinates in Eq. (A.27) of Lemma 1
and, in turn, fulfill conditions 3 and 4 of Symmetry 1. Moreover, notice that condition 1
of Symmetry 1, i.e., g(tgx — t,®) = g(ty + t, ), is fulfilled due to the assumption of the
proposition on the components g, .

Proposition 6. Let g,, be the metric components in an arbitrary coordinate system (t,x),
z,(t) the spatial components of the detectors’ trajectories and (7,,x,) the Fermi normal
coordinates adapted to z,(t). Assume that

~

gpa(tR —t, 33) = S(p, U)gpa(tR +t, w):
Gp(ty —t,x,ty — ', &') = Gp(ty + ', &ty + t, @),

zy(ty —t) = z5(ts + 1),

.%90.\?.%?"*:\9@@

Ba + By = Qug,

10. |cos | = | cosagl, |sina,| = |sinay,

S
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where vy = Tx(tr, 2a(tr))+7s(tr, 2s(tr)) and s(p, o) is the sign function defined in Lemma 9.
Moreover, recall that the detectors’ initial states are expressed as |1),) = cos o, |g,) + sin a, e |e,,).

These assumptions are sufficient to fulfill the conditions given in Symmetry 2, thus
fulfilling Corollary 1.

This proposition follows analogously to the previous one, by combining the conditions
in Symmetry 2 and the Lemmas 2 and 9.

Proposition 7. Let g,, be the metric components in an arbitrary coordinate system (t,x),
z,(t) the spatial components of the detectors’ trajectories and (1,,x,) the Fermi normal
coordinates adapted to z,(t). Assume that

1. gp0<tR —t,xg — il?) = gpa(tR +1,xo + CL'),

2. Gp(ty —t,xg — @, ty — t', @y — ')
= Gp(ty + ', 20 + ', ty +t, 20 + ),

3. zZy(ty — t) = 2xg — z5(ts + 1),

4. Tp(tp, o — ) = Ty(tg, Ty + ),

5. No(1, &) = X (1) Fu(T0),

6. xa(T) = xs(vr — 7),

7. Fy(x) = Fy(2),

8 Q,=0,=9,

9. Ba+ fo = Qug,
10. |cosa,| = |cosayl, |sina,| = | sin agl,

where vy = Ty(tg, o + 24 (tr)) + T(tn, o — 25(tx)). Moreover, recall that the detectors’
initial states are expressed as |1,) = cosay, |g,) + sina,e? |e,).

These assumptions are sufficient to fulfill the conditions given in Symmetry 3, thus
fulfilling Corollary 1.

This following proposition follows analogously to the previous ones, by combining the
conditions in Symmetry 3 and the Lemmas 3 and 11.
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A.7 Additional symmetries when swapping the times
at which the detectors are switched

In the numerical results of figures 2.4 and 2.6 we have observed symmetries with respect
to changing the sign of At =t; —t,. Here we show why these symmetries are expected.

Proposition 8. Assume that

1. The spacetime s flat.

2. The detectors are inertial and comoving, and start in the ground state.

3. Gp(t,z,t',2') = Gp(t',x,t,x'), in the comoving frame of reference.

4. The switching functions are equal besides a time shift, x,(t) = x(t —t,) (in the

comoving frame of reference, where A, (t,x) = x,(t)F,(x)).
5. Equal gaps, 2, = Q.
Then,
M= Mg, M*==ME, (A.95)
where S denotes swapping t, and ty.

Proof. Using the assumptions to simplify the Eqs. (2.54) and (2.56), and defining Q2 =
QA = QB)
M= -\ / dt dae dt’ da’ X\ (t — ) x (' — t5)
X Fy(x)Fy(2)Ge(t, e, t', ')

where, to obtain the last equality, we performed a change of variables t — t', ¢’ — t and
used the hypotheses over and Gr.

The same result holds for M*, because the only difference is using G%, which have the
same symmetries as Gy. O
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This Proposition 8 implies that the quantities in the plots of Figure 2.4 must be even
functions along the At axis, which is exactly the case. The condition over GF is automat-
ically fulfilled for the vacuum of Minkowski, as seen in Lemma 4.

Finally, the following proposition applies to the scenario of Figure 2.6, causing the odd
symmetry that can be seen in the plot of the relative phase (after adding 7/2 to the relative
phase). In such plot, the swap indicated by S in what will be Eqgs. (A.97) is equivalent to
changing the sign of At = t; —t,. The condition over G is automatically fulfilled for the
vacuum of Minkowski, as seen in Lemma 4.

Proposition 9. Assume that

1. The spacetime is flat.

2. The detectors are inertial and comoving, and start in the ground state.

3. N (t,x) = x,(t)F,(x) in the comoving frame (t,x).

4. xo(t, +1) = xu(t, — 1).

5 Gp(t,x,t', &) = Gp(ty +ts — t,x,ty +t, — t', '),
Then,

|IME| = M5, cos Ay = —cos (Ay)s, (A.97)

where S indicates swapping t,, ty, and Avy the relative phase between M™ and M~ .

Proof. Using the assumptions to simplify the Egs. (2.54) and (2.56), the definition of M=,
and that switching ¢, and t; changes x,(t) into x,(t+t, —ts) and x(t) into x5(t+t5—t,),

Mg = -\? / dt de dt’ da’ O PIGE(L @, 1 @)
X XA(t _'_ tA - tB)XB<t/ _'_ tB - tA)FA(w)FB(.’BI)
_ _/\26i(QA+QB)(tA+tB) /dt dae dt’ dx’ e—i(QAt+QRt/)
X Xa(Oxa (t) Fa () F () G5 (2, 8, ')
= Ot AfE (-, — ). (A.98)

Here, to get the second equality, we performed the change of variables t — t, + t5 — t,
t' — ty, +ty; —t' and used the hypotheses upon y, and Gp.

Finally, we get the Eq. (A.97) by applying Proposition 1 for the case where the initial
states of the detector are the ground states, and thus M*(—=Q,, —Q;) = M*. O
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Appendix B

Appendices for Chapter 3

B.1 Computing the transversal picture Hamiltonian

This appendix derives the expression for I:IT of Eq. (3.31), via computing the transversal

picture of A\ and ¢*",

5\? — UHTS\ZUH’ Q@g” — {]H%a”{]\y

First, let us show that

TI(E) — MO+ O)+2 O 7 7).
U (t) =€ DﬁA DBB

~

(&) B2 (t)

QM) +O ()20 (1) 7 )
¢ Dy Darey
by substituting into Eq. (3.19) the following expressions,

Y YR LI )
Dy = €

_ABMNE) BB OBA(H)_(O)AB
= e 1¢ e 1¢ eQ (t) Q2 (t)

_iABB(t) i aBMNE) OAB(4)_(OBA
_ 0 igBh O o))

Here, we used the Baker-Campbell-Hausdorff formula, [B“, B”] =0, and that

S0, 70 = () — ).
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Then, substituting Eq. (B.2) into Eq. (B.1),
M = 200 207

N __9()BA A FYBA
)\B —e 2Q2 Iﬂie%)

Y

I = e Dl N Dy e (B.5)

Here, Af“i is an operator of the field and a transversal operator for the detector v. Remember
that 3 and Q" were defined in Eq. (3.16) and Dj in Eq. (3.20). In order to obtain the

expressions in Eq. (B.5) we used the fact that lA)BB and ¢ commute with /\A, and the
analogous statement swapping A and B.

Let us now find the components of I in the basis {]i,)},
(w00, = G| J) " Dy (B.6)

Here, we defined

it = [ [ G G ),
£ ¢

x%@@—/wmu<>mwx
4l
Alji _ )\V j: )\l/

4" — 7Ny Il ¢

In order to find Eq. (B.6), we used the Baker-Campbell-Hausdorff formula to get

(B.7)

DT DB” — 7, —igfi
_ b 3187 )

= D _y, (B.8)

where 9;;" was defined in Eq. (3.26). We also used that
O =07 — 00 4+ 07 — 07 (B.9)

Next, using U' from Eq. (3.19),

_ N —92 % Qz
¢ DﬁA+BB ¢ D
_ Nt i S Y
Dﬁw,b’f*d) Dﬁf”rﬁ“
= ¢°‘ [P g

= 0™ + )" +m), (B.10)

5A+5B
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Here, we used that
Dl Dy = 6 + il 4. (B.11)
This equality can be derived from the Campbell identity,

1 -~ n o~
+ o X X Y]]+ (B.12)

> oA & ~

eXYe X =Y + [X’,Y]

by using that the nested commutators of ¢ﬂ and qba go to zero. This is true because the

B(k) commute among themselves and with g, and [ag, al,] = d(k — k')1. Moreover, we
defined

il (1) = i[6% (1), 6" (1)),
=21 [ dty M ()W (14, 1), B.13
/ AN 0,0 (B.13)

which are longitudinal operators of the detector u. To find the explicit expression for the
commutator in the second line, we used Egs. (3.15), (3.18), and that A{ is Hermitian.

Finally, combining the results above, one finds that

= N+ ), (B.14)

with X% from Eq. (B.5) and ! from Eq. (B.13). Here it becomes apparent that the ﬁeld
is mediating an interaction between the detectors, since H contains terms such as )\A
and A2nA" | which involve both detectors.

H ’
B.2 Perturbative expansion of the longitudinal evo-
lution

As a check, we recover the Dyson expansion for U (t) from the expression we obtained in
Eq. (3.39) which includes the non-perturbative longitudinal interaction and the perturba-
tive transversal interaction.

The expression for U(t) is

O(t) = T exp (—i / Lty ﬁl(tl)) (B.15)

to
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Therefore, we aim to recover the following Dyson expansion,

Ut) = U0+ UV (t) + U (t) + OHP), (B.16)

t
U () = —i/ dty Hy(t,),
to
R t t1 R R
U<2>(t)=—/ dtl/ dty Hi(t,)Hi(t,), (B.17)
to to

by performing an expansion of Eq. (3.39) up to second order on the longitudinal interaction
H,, and its corresponding parameter, .

First, let us expand U' from Eq. (3.19),
Uh(t) = o2 (t) g—igh O +A% M)
= (1 + %0 + o)) (1 - igh 0o
]. ~AA 2B 2 3
~ (@ OFO) L o)
_ PO s — %(ggél‘(méﬂ(t))?

+O(X). (B.18)

N—

Here, we can identify

U'(t) = T'O) + T'O(t) + T (1) + O(ND), (B.19)
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O =1,
U1 (1) = —igh O+ ®

t
gl

A

U1 (1) = Qo(t) — (¢7 O+ )2
1
_ _5/ dt, / dts [ H“ t1) Hu(t2)]

-5 /t dt, /t dty Hy (t1)H(t2)

=— [ dy ldtzlfl ) H, (ts), B.20
/tl / () H () (B.20)

which is the result that we would have expected if we computed Ul via a Dyson expansion
instead of analytically.

On what follows, for simplicity, we take the choice ¢, = t;. Then, using the expansion
for U, Eq. (3.38) becomes

0= <UH(0) LI 4 i@ 4 (’)(Aﬁ’))
x (U +u® +u® 4 o(ir?))
=1+ 00 4y + 01O 1 7IOYO 4+ gy L O(H), (B.21)

where O(H}) includes any terms of order A>, A2\, A A2, A% or higher.

Now, let us also take a perturbative expansion of the ") and U from Eq. (3.33),

~

UD(t) = —i / t dt, H, (t1)
0 = — / " / "t B ()L (1) + O\ 02), (B.22)
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where we used Eq. (B.20) with the choice ¢, = ty, and that
HT — UHT}LUH
=H, +U'WH, + HU®+0(XN). (B.23)

Now, combining Egs. (B.21) and (B.22), and grouping terms of the same order in H =
H,+ H,, we find that

~

UOt) =1,

t
iﬂU@):l7“)—i/ndeL(m)
e
:_'/ dt, Hi(t), (B.24)
to

U@ (t) /dtl/dtng t)H  (ty)
t
n

i) A (1)) + . (1) . (t2)

/ dt, / dty F,(t2) F, (1), (B.25)

These results match the Dyson expansion of U provided in (B.17), showing that taking a
perturbative expansion with respect to the longitudinal interaction in the expression for U
of Eq. (3.39) recovers the expected result.

B.3 Interaction picture state in the longitudinal basis

Here, we provide p(t) in the chosen detector bases {|iy)} and {|js)}. Remember that p(t)
is the state of the field and detectors for which we performed the entanglement harvesting
protocol, and the detector bases are the ones used to define longitudinal and transversal.
Specifically, we will give expressions for the field operators (i,js|p(t)|7\ ), which can be
used to reconstruct the state of the detectors and the field at any time,

= > lindsXisibl @ (injslp(t)Ii0h) - (B.26)

igilj!
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In order to organize the expression for p(t), let us define
- )‘VQST ’
A t A
Uu(t) = / dty HY(t1),

u(t /dt1 / dty H(ty)HY (ty),

=30 At =, 4 =3 e,

%

so that

Moreover, taking ¢, = t, for simplicity, define

ﬁ(z«O) = Uy po Ut = pOmt,
[3 U”Z/{“p uVTUHT =) Vu)
p (uv,0) U”L{“”pOU”T OW)T

so that

pA(l,O) — Z [3(140)7 )5(1,1) — Z ﬁ(##)j ,5(2,0) — Z ﬁ(w,o).
uv 1%

v

Considering the above together with

(ol 72) = Gindol (900 + 10 50 4 50D
_|_p(20) +P(02 ) |7’AJB> +O()\?i)7

and pOY) = pLOT 502) —

p
< A] ’p(oo ‘ZA]B> <ZA]B’p(VO |ZA]B>
(i

iadsl 0¥ i) o (indsl YO )
for p,v € {A,B}, as done next.

00)|®

(iagol P01\ g0) = UL (indsl folilin) UM,
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(B.28)

(B.29)

(B.30)

(B.31)

(200t we see that it is enough to provide expressions for

(B.32)

(B.33)



Here, we denoted

<Z.,A.]'B’ﬁ(A7 A]B U” Z ijkj AjB|p0|ZAjB> UHT/’
k#i

<Z.AjB’ﬁ(B’ A]B UH Z le ZAl |pO|ZAjB> UHT”
I#j

<iAjB’ﬁ ’ZA]B>

= UzHJ Z Z ka kA]B‘ﬂO’kA]B> (uA j'k' ') Ui”';,’
i kA

(ingsl P |8 50)

. TS

- UH Z Z uz]k] Feadsl pol i) (uﬁj’i'l') Uil‘/;/’
ki 1]

<iAjB’ﬁ ’ZAJB>

= UH Z Z 1jil ZAlB|p0’kA]B> (uA 'K /) UZ”/;H
£ U]

(ingsl P |7 50

= ﬁ” ZZ le (ials] poliyl )(ulBJ’l'l') UZ“J;/’

1#5 U’

<ZA]B‘p (a2, 0)|ZA]B U” Z Z]kj kA.]B|150’7’;j;3> UZH’J;H

(iajul POV Gt = ZZ o (eals| polil i) UL
k#i 1#j

<1A]B|’O BAO A]B UH ZZ zgkl k Ly |pO|ZA.]B> UHTH
k#i 1#j

<ZAJB|p BBO A-]B UH Z ]zl ZAZ |pO|ZA]B> U”T

03 = (il i)
Ul = (iagal UY |i50)
Z/[lelj = <ZA]B| ulw |ZA~]B> :
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(B.35)
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(B.37)



Moreover, to derive the equations above, we used that Ul is longitudinal and thus diag-
onal with respect to {|i,)} and {|js)}, while &* is transversal with respect to {|iy)} and
longitudinal with respect to {|j5)}. Additionally, Z/*® is transversal with respect to both
{|is)} and {|js)}, and U is longitudinal with respect to {|js)}. All these statements are
also true upon swapping the detector labels.

Next, we provide explicit expressions for the field operators UZ”]7 L{ZZ i UZ’;Z s, defined
in Eq. (B.37).
First, using Eq. (3.27),
Ulj = €™ Dgpyp, (B.38)

where D@_AJFB;; is a displacement (see Eq. (3.21)). Moreover,
QQ R _19AA . l9BB . 19AB 9BA
Jij

Jvo

03y (t dt dta A ( (to)WH ™ (ty, ta),
/| 1 /| 2 n HJ 1,52
e /tdt A (t)a” (t, k)
Bi (tak) = 1 7 1 )
" Il

with W~ from Eq. (3.14), and o from Eq. (3.1). Here, remember that we picked ¢, = .

Second,
Z/{;}Zj 15]] / dtl T'Lj 1] tl)é?fi’j’(tl)a
Z/A{Z‘B]ZJ ( ) — 1(522 [ dtl AT,i’jZ”j/ (tl)ég;/]/ (tl), (B40)
0
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Uy (t) = =0 / dt, / dty > A} ey (t)

to ki1
X )\T Jkgli! (t2)¢?2] (t1>¢Tz] (t2)
t1
U, (1) = — i / dt, / dty 37 A (ty)
I#5,5'
X 1,513’ 5 t2)¢Tz] <t1)¢TZj <t2>

B
u;;f’] / dt, / dt, A i (t1)

X ATz]zg t2)¢ng (tl)ngZJ (t2>

Z/{fﬁj /dtl/ dty AP ajij (F1)

X )\T Rk (t2)¢T,i’j’ (t1)¢T,i’j’ (t2>7 <B41)

where by >, 4ip We Iean summing over all the possible values of the index k, except for
the cases when k equals to i or i'. Moreover,

¢?Vzg = <iAjB|¢?V|iAJB> )

)‘Z,iji’j (ias] )‘V |ZA]B> ) (B.42)

and using Appendix B.1,

~

o _ Ja¥ BY
i = ¢ +( Hl+m||J

mt (1) = (i, (t)]i,) = 2i tdtl N () WH = (14, 1),
Il < I > /| Il ( )

),

A? R7L = 0y <ZA‘)‘A’Z )e 220, +ﬁj:/“j—ﬁ—ﬂf‘-7’
/\E Jigi' gt = Oir <]B|>‘B |75) S +79§§/le ’ -B%
O =05 =00+ 0 — 0,
=B — By (B.43)
We also provide an alternative expression for )\T ijirr that works for both p € {A, B},
N iy = (iadsl N i) €"900' D g
Vijiryr = Dinggr + Vgt + 05550 + 055575 (B.44)
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To find this, consider

N i = (gl M1 G0 UNT . (B.45)

T,ijt' 5’

gdidadl Q 1=
UL ULy = e ™05 Dl o Dy v,
— e ijilj D_B?i/—_ﬁgj—/, <B46)

1 AN QA B A QA B
ﬁiji’j’ = QQJ.,]., _ QQ,ij + 5 ¢5¢ +5; , ¢B¢/+Bj/ ) (B47)

Here, we used Eq. (B.38), Dl = D_,, and applied the Baker-Campbell-Hausdorff formula
to combine the displacement operators as follows,

Daﬁﬂ _ e—i¢a6_i¢>5
R P T

e 291D, . (B.48)

Then, by considering

171~ ~ qv

—_ Bi ’Bj

3|97 (0,67 1)

/dtl/dtg Hl “]( )WMV_(tl’t2)
{ f

= (1) — 9 (t) (B.49)

and

_ AA BB AB BA
Qo5 = =05 — 193’;’ o ﬁi —Y;

Jio

uv—+ uv uv nyv uv
/19” ],] 192_] - 197//] + 1913/ - /l9i/j/7 (B.50)
one can show that
AA—+ AB— + BA—+ BB— +
Vigiryr = Vi + Vgoryy + 5 + 055500 (B.51)
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B.4 Evolution of the state of the detectors

The state of the detectors in the interaction picture is obtained from p(t) by tracing over
the field,

panlt) = Try p(1). (B.52)

We are going to find the components in the {|i,js)} basis of the following expression for
Pas, Which includes the transversal coupling perturbatively,

pan = P + pa” + Y + Y
+ 5"+ Y+ 0(03). (B.53)

Analogously to Appendix B.3, we split these perturbative contributions further,

ﬁz(xlB’O) = pAB ) pAB Zp ) 161(330 = Zﬁ%y,o)' (B'54)
v 02
Here,
P = Try p0 = p5",
P = Trg p00) = i,
P = Ty p0) = pl, (B.55)

with p0) pr) | 5:0) defined in Eq. (B.29).
Then, in the {|i,js)} basis, and for any possible indices z,y,

<ZA]B|p(z7y |Zixj1,3> =Try ( <iAjB|ﬁ(x7y)|i;j1/3> ) (B-56)

Analogously to Appendix B.3, in order to find the compontents of all the perturbative
terms in Eq. (B.53), it is enough to provide expressions for

Try ((iadsl 9 *V1ids) ), Tro ((indal @™ O1i\d0) ),
TI‘¢ ( <7’AJB‘p Y ‘ZA]B> )7 TI"¢ ( <Z ] ’p(/u/l) ’ZA]B>) (B57)

for u,v € {A,B}, as done next. These expressions will be enough thanks to the fact that
P(O N = ﬁ(lgﬂ) ; [55\%2) = ﬁ/(ﬁg’oﬁ. Moreover, since we will be using Appendix B.3, we are under

the choice ¢, = 1.
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First, using Eq. (B.33),

(indul P57 (1)] 7\a)
= Tr¢ UHT (t) ( ) <iAjB|/30|i1\j1/3>
v ”( ) Try D g B (4625 (1) ) (iads|poléy i) (B.58)

iji'y

where we were able to use the cyclicity of the trace because U 'lT, is an operator of the field.
Moreover, we used Eq. (B.46), together with 0, ; = =050y and Bl =—ph

Next, from Eq. (B.34),

<7/AJB|pAB ‘ZA]B Z Try U”T UzHg ijkj (kadulpoli'gs)

ki
Gindsl PS50 i) = D ey UNLULUR, (inls|polil i) | (B.59)
I#j

Substituting the expressions for L{“ Jk; given in Eq. (B.40),

aH’T ( )UH( ) ijkj (t>
_ / dty UL (0T (60X 0, (1), (80),

U3 (DU (0OU (2)

=i [ an O 00N 1)1, (5.60)

to

Moreover, using Eqs. (B.43), (B.44) and (B.46) and the property Do Dy = e_%[qga"z’ﬁ]f)wrg
shown in Eq (B.48),

U.”T (t )U“( JAD i (t1)

St (t41)
— e ijki'j 1) <ZA‘)\A (tl)’kA> (t)+5?j_/(t)*5jk_(tl)7
U'ng/ (t)U ( )A? 2]@[( )
(2,0 ,
= egijli’j/( ’ <]B|)\i(t1)|l3> 7(t)+ﬁ (t) IBJZ (tl) (B6]_)
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0
G, t1)
191.71 ]l(t) + 191]]‘3] (tl) + ZJ:Azk(t tl) + g’ zk(t tl)
0
¢t t)
Diiryr (1) + Diga(tr) + CA (8, 11) + CP2 (1, 11). (B.62)

Here, we defined
CZZ”M( t')
[ 0, 6% (t’)}
/dtl/ dtg NG (BN (E2) W (11, 1), (B.63)
dl dl

with A", as defined in Eq. (B.7),

I, i

A = A= A (B.64)
Moreover, remember that, as stated in Eqs. (B.43) and (B.44),
AA AB BA— BB—
19iji/] 197,7, zz’+ + 19% ]j+ + 19]] i; + ﬂj] 33"
Hv—+ Nz uv 1% uv
Vargyr = Vij = Vg + 0350 = Ve,
Bl =B = By (B.65)

In conclusion U “,T, (t)U LN

t.4501(t1) is proportional to a displacement operator. There-

fore, (iyjs|pYs” i’ j.) only contains integrals with their integrand comprised of one dis-
placement operator, times a field operator in the transversal picture, which is of the form

&?;j@l) = (%av (tl) + ( m z(tl) + m, ](tl))]l (B‘66)

as given in Eq. (B.43).
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Next, from Eq. (B.35),

(ol P 120

= Z Z TI'¢ iéj’k’ -/ U”T Uz] ijkj < A]B|ﬁ0|k;]],3> )
k#i k/;éi

(a5 \ZAJB>

- Z Z Tr¢ Z] z/l/ U“T Uz”j ijkj <kA]B’i60‘Z£\l]/3> )

k#£i U5/
<ZAJB|IOABA) |ZA-]B>

== Z Z TI"¢ /k/ / UHT U’U Z_]’Ll <ZAlB|ﬁ0|k;j],3> Y

I#5 U#5
(indsl S0 |1 0)

= Ty (Ul ) U‘IT ULUS, (ials| polil 1y (B.67)
I#5 V#j5'

Then,
(600 ) OO0 ()0
/ dtl / dtQ ¢T k'l tQ T 7, ]’k’l’(tQ))T

X UL UGN, (1) 655 (1)- (B.68)
which is a consequence of
t
Wt = =1 [ty 3 (b)), (B.69)
to

which can be found similarly to Eq. (B.40). Moreover, we used that ( o kl(tl)) = g%@‘f;ﬁl(tl).

We now intend to group together all the displacement operators that appear implicitly
in Eq. (B.68). These displacements are all in the following part of the integrands,

3 175 2 v
(N i (82)) UL (U ()N (1), (B.70)
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We will now treat each value of u, v € {A, B} separately,

(X ogan (1) UL (TGO saltr)
A )
= Sy (AL ()l (RN (1)) om0

X D 4875 (=B () +8)m, (12)7

Cz(;kfz’k’ (tv l1, t2)
= _ﬁiﬁljl (t) + G zk(t tl) + g’ 1k(t tl) &?’k’ (tb t2)
+ Dijri(t1) = Dirjisjo (t2) + Clirir (8, 82) + Clirin (8, 12),

(S‘E,z"j’k’l’<t2)) UzHE (t )U” (t) T'L]kl(tl)
5)
= 50 (ia] N (1)) (1L A2 (£2)|57) € RCRD

X D (482 (0B (1) +857 (t2)7

Coraryu (8 1, t2)
= _ﬁiji/j/ (t) + Gy zk(t tl) + 5’ zk(t tl) 35"[’ (tlv t2)
+ Dijuj(t1) — Dirjrn (t2) + Ciryo (t,t2) + CFjri (t, t2),

it’'j

(Moo (82)) T O TLOAL ()
A)
= By Gl X2 (1) 1) RIS (82) 1) €S 12

X D (487 (08 (t1)+B57 (t2):

Cz(glz g)’k’ (t tl? t2)
= _ﬂiji/j/ (t) + i jl(t tl) + g’ ]l(t tl) C]lz/k’ (tl? tQ)
+ ﬁijil(h) — ﬁi’j’k’ /(tg) + CzAz z’k’(t tg) + O ’k’(t tg)

Jj'i
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(N2 o (82)) O (UL () AS (1)
N )
= b (il AP (1) ) (IL|AD (t2)[7) St (12

X Dyr 68 )-8 () 87, 1) (B.77)

Gt 1, 1)
= _ﬁiji'j’<t> + Chir jl(t tl) + 5’ ]l(t tl) ﬁ?’l’(tht?)
+ ﬁl]zl(tl) - 7.92‘7 ’L/l/(t2> + C?L]?j’l/(t t2) + CBB iy (t tz) (B78)

73’3

Here, G} (t,1') is defined in Eq. (B.63), we used DoDs = e —3[679°1 ) at+8, BEgs. (B.43),
(B.44) and that

(Xﬁ,i’j'k’l’)‘r — 6j/l/ <k;|5\i|7);> 6—19 15t k! ,D o

/kl

)\ T N y 15l:0!
(i) = Qe (AL L) €% Do (B.79)

Il/

Next, starting from Eq. (B.36),

<Z.AjB|ﬁ1(33A A]B ZTI‘ U”T Uz] zjk:]< AjB|pA0|Z.,Aj1/3>;

BBO

(il o |i70) ZT% UL ULUES (il poli'ds)
<ZA]B’p oY A]B - Z ZTnﬁ U”T U’Lj zykl <kAlB’ﬁ0‘Z;jll3> )

k#i 1#£j

<ZA]B’p BAO A]B ZZTI‘ U“T Uz”j z]k’l <kAl ’pO‘ZA]]/B> : (B'SO)
k#i 1#£j

Then, from Eq. (B.41),

UH’T/( UH() Uk](t)

t1
.
/ dt, / dty > UL (Ut

s#i,k
X )\2 ijs] (t1>)\T ,5jkj (tQ) Tk] (tl)(bT ki (tQ) <B81)
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UHT ( U”( ) UZZ t)

t1
/dtl/ dt, ZU”T U”

o 575,
X A? zgzs( )AlB“,isil(t2)¢T,il(t1)¢g,il(t2)7 (B82)

U”‘L()ﬁ (U ()
/ dt, UL, () U (1)
t1>/\

T k]kl(t2>¢T kl<t1)¢T kl(tQ) (BSS)

T zgk](

UHT ( U”( ) 1]kl(t)

/dt1 /tlohtZU“T UL (¢)
X )\T zjzl( )AT,ilkl(tQ)(bT,kl(tl)(%?fkl(t2>7 (B.84)

Now we combine all the displacement operators implicitly appearing in the equations above,
analogously to previous calculations,

U ()UH A”T“z]sy( ))‘Tsﬂs](t2>
)
= (il ()54 (5al N (22) k) eSiaohatr (B2
XD (t)+6 S (O=BL (t) =B (t2) (B-85)

O (bt 1) = =Dy (1) + O, (t 1) + OB, (8, 11)
+ ﬁLAsk(t t2) + g’ sk:(t tQ)
— Ciaap(ti, ta) + Vi (t1) + Dy (), (B.86)

[AJZH’T ( )U“ )\1B‘ zyzs( )/\Iig‘,isil(t2)
~ (BB,0
= GlA2 (1)) {sal X2 (1)) Sy 412

X D /(t)Jrﬁ (t)*ﬁf;(tl)*ﬂgf(tz)’ (B'87)
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C(BB ,0) (t’ t17 t2) = —191]1/]/ (t) OAB (t tl) OBB (tu tl)

ZJSh j % js 27 ]5
+ Cyr sl(t tz) + jj’ sl(t tQ)
]ssl(tla t2> + ﬁlﬂs (tl) + ﬁzszl(b) <B88)

UZH’T ( )UH Tl]k‘](t ))\? kjkl(tQ)
0)

— (AL ()1 (sl A% (£2)]0) S0

X D45 088 )-8 1) (B.89)

0
Coimn(t b, 1) = =iy () + Cle (£, 11) + Clpy (8, 11)

+ Gy jl(t t2) + ji’ ]l(t t2)
et ta) + Vi () + O (t2), (B.90)

U?,H’T ( )UH ngzl( ) ?ilkl(tQ}
. 0) )
= (Jul A% (t1) 1) (ia] AL (t2)|R) € Sty (a2
X Dgrc ) 415 08 ()81 1) (B.91)

0
Gl (111 ) = =Dy (1) + Cif(t. ) + Cly(t. )
+ Gy zk(t t2> + 5’ zk(t t2)
Skt te) + Diga(ty) + Da(ta). (B.92)

B.4.1 Summary of components of the detectors’ state

Finally, we summarize the expressions found above for the components (i,7js|pas|?\j5), 0
terms of its expansion,

Pap = pI(\B ) + P( 0 + ﬁE\%l) [/55\113’1)
+ %Y+ %Y+ O(N). (B.93)
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Remember that the expressions provided below only hold for the choice ¢, = t,. Moreover,

we will be using the following set of definitions throughout this summary,

191]7/] ﬁAA + +/19AB + +19BA + _|_19BB i

i3’ i’ g5’ jg'ii Jj'3j

() / dt, / ity N (1N ()W (1, 1),
H H

B2 (1, k) = / dty X', ()0 (0, K),
H
N = X X

ll,22’ ll2 ll,8"
N = (Nl
/\Z S’ = <ZV|)\Z|ZV>7

with W~ from Eq. (3.14), and o matching Eq. (3.1).
Oy = 0" + (my +mi),
¢
i) =21 [t X ()W 0,0,
¢

Clity (8.7

i’ ]]

/ dty / dtg i’ )\ﬁ;j (tg)W“V_(tl,tg).
b ]

Starting with the zeroth order in A, ,

<z‘AjB|ﬁiB ()]#\js)
'LJZ,J/( ) Tl"¢ (D " (t)‘i‘ﬁ <7’A]B|p0|/LA]B> )

Continuing with the first order,

(indsl S5 1y =3 (il p85” k)

14

<AJB|PAB |ZAJB> )

<ZA]B’PAB |ZAJB>
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due to p(0 1) ,51(;130” Here,
(ingal 25" (D)i0)

- _IZ/ dive Sty G40 Ta(t1)

k#i

X Tr¢, <D,6’;‘Z.7(t)—i-ﬁ:j_,(t)—ﬂ;‘;(tl)gb%kj(tl) (kAjB’ﬁO‘i;j@)v

<iAjB|ﬁ(AB (>|ZAJB>
- _IZ/ dir e Gt 1))‘ul( 1)

X Tty Dy e sty o Saa(t1) (il o))
,0)
1(]Ak7,j ( 1)
Zﬂ ]'(t) + ﬁl]k] (tl) + zAzAzk(t tl) + jj’ zk(t tl)
,0
1(]Blz; ( 1)
Ul ]'(t) + ﬁljll(tl) + z/szl(t tl) + 77’ ]l(t tl)

For the second order, there are three contributions,

. All

Gingul P li0dn) = > (gl o 1i050) -
uv

. ~(2,0) pv,0

(indal 0S50 10000 = (iadinl A0
v

0,2) Lk
(indal D87 1 0) = (03015 iada)

<iAjB|ﬁz(xB (t )|ZA]B>

t
Yy / dt [t )N ()
to

k#i k'#£i!
X Try (Dﬁjg<t)+/s}?.7(t)—ﬁf,;(mwi;,(tg)

- - ")
X @ 1 (t1) (Bagislpol ki ds) O3 p; /(t2)>€ skt 1 (B0082),
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<iAjB|ﬁ( ( )|ZA]B

_ZZ/ dtl/dtQ L)AL 1 (t2)

kti 45!
x Tty (DB OB (=B () +B0 (12)

A A ,B)
X Ok (t1) (kadin| Pold\L5) ¢T 7 (t2)>€ ighitgu (H02) (B.104)

(iaJn |ﬁx(AB (t) |ZAJB>

/dt1 / dta AT ;i (E) AL i (t2)
to

X Try (DB?J<t>+ﬂ1?-7(t>fﬁ§‘;(t1)+ﬁ.i;/(t2)

A B A A ( A)
X Qb?,z‘l(tl) <ZAZ |100|kAjB> ?,k/ (t2)>e igli J’k/(ttl’t2), (B.105)

l;é] k' #i!

(iadsl S5 (1)1 50)

_ZZ/ dtl/dtz T at)AT i (t2)

I#5 U5
X TI'¢ (Dﬁ ()+5B_() 5Jz (tl)"‘ﬁB/_l/(t?)

A B B)
X ¢%7il(t1) <ZAl |p0|Z ll) qu z’l’(t2)> ’L]lq, J’l’(t t1,t2)’ (BlOG)
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G (£, 2)
= —Vijiryr (t) + Ciimg,(t, 1) + O (6 1) — Ciip (1, £2)
+ Dijri(t1) = Dirjoejo (t2) + Clirios (8, 82) + Cllirna (8, 12),
Ci(fé%/z/ (t,t1,t2)
= —Vyjiryr (t) + Ciimge (1) + O (8, 11) — Ciiop (B, 12)
+ Vijig(tr) — Digrow (t2) + iy (t,t2) + Cliy(t, t2),
Cz(jlz j)/k/(t t1,12)
= —jiryr(t) + Ciiry(t, 1) + Ot t1) — Clina (B, t2)
+ Dija(ty) — Virjrjo (ta) + Ol (, t2) + Clipn (8, 2),
Q(gBth)fzf (t,t1,t2)
—ijirgs (t) + Ciiry(t, 1) + Cry(t t1) — Chpi (th, t2)
+ Dija(te) — Dirraw (t2) + Chirip (t, t2) + CFl i (t, t2).

<7/A]B|IO e 0)( )|7’AJB>

:_ZZ/ dtl/ dty A7 (1) AT g (t2)

k  s#ik

X Trg <D5;7 (085, (=B (1) =B (t2)

~ A TaA TN (44,0 12 ’
X ¢?7kj(t1)¢T,kj(t2) <kA]B’p0‘Z;]]/3>> Cz]skz J (t,t1 tz),
,0
<2A.]B|p o )( )|ZAJB>
= — Z Z / dtl / dt2 1 ]s 1 Sl(t2>
I s#j,l

X Try (Daf*.,- (O+85 (=835 () —B27 (t2)

A B . N . . <BB )
X G (0B (t2) (il loliygp) ) el 412,
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(iadal o (0)] )
_ZZ/ dtl/ dt? J_zk )\J_jl(tQ)
k#i 1#j

X Trg (D Bir O+ (=B (t1)=B]7 (t2)

(aB,0)
X 05 (01) P (t2) (kals !poleJQ) eCikivy (H1:12) (B.110)

. A~ 0
(iadsl Pl (t)]d75)

—ZZ/ dtl/ dta A2 (£)NY (1)

k#i 1#j

X Trg (D,B T (O+6% (=B (1) =B (t2)

(54,0)
¢Tkl( 1) Tk’l( 2) (kals ’PO|ZAJB>) Cwlkz’a’(ttl’tQ), (B.111)
Gk (1, 12) = mAw Cihs(t 1) + C2hi(t,11)
i1’ sk(t7 ) 77’ sk(t tQ)

'Lssk(t ) + 19@357 (tl) + ﬁsykﬂ (t2)
cﬁﬂwu@> mﬂw %mam CE ()
G (t,t2) + Cfjrg(t, ta)
jgt>+mam+mmg
Q%%wmww=%mﬂw et ) + Ol (1)
+ OM (1) + OOt 1)
zk;l(t ) + ﬁwkj (tl) + ﬁkjkl(t2)

,0)
C’L(]BlZZj (t7t17t2) Z]Z] (t) i’ jl(t tl) + 77 ]l(t tl)
i’ zk(t7t ) 7’ zk(t t2>
jlzk(tlu ta) + Viju(ts) + Dam(t2). (B.112)
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B.4.2 Evolution of the state components for detectors initialized
in pure product states

Now we particularize the expressions in the previous summary (Appendix B.4.1) for the
case that the initial state is

po = 0405)X0.05] ® pg.o- (B.113)

The following expressions use the definitions stated in Appendix B.4.1 and the definitions
of &, v?¥, M;; and Lé‘j” from subsection 3.2.1,

A [ () (8t
51‘ = —i dt; %0000 (t; 1))\A (tl

to

)
X <Dﬁ;§“o_() Bl (t1)¢T oo(t1 >p¢0

¢
(B,0)
& = _i/ dty €S0 BIND Lo (8)

to

X <D6§g (t)—ﬁgg(tl)¢?,oo<t1)> o (B.114)

P,0

/ dty / ity eSO (1) ()

s#1,0
<_ Biy ()= (t1)—Bhg (t2) ¢T00(t1)¢Too(t2)> )

p¢>0

/dtl/ dtZ COJSOOO(tthb /\Ei]s( )Ai;,s()(tQ)
to

s#£7,0

X <_ D B3 (BB (1)~ B%5 (t) ¢T oo(t1)¢Too(t2)> ; (B.115)

p¢0

/ at, / dty SIEENA ()38 1)

X <D Bl (D+8% ()—Bly (1) B (t2) 0% 00 (t1) 92 oo(t2)>

Pq&O
/ at, / dty eSSaims (e “)Aijo( DN o(t2)
to
<D Bio (O)+B5 ()—=Bjo (t1)—=Bip (t2) ¢T OO(tl)qu 00(752)>ﬁ¢07 (B-HG)
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¢ ¢
( A)
L = / dty / dty eCioviroo(t-11:12) AL aolt 1)>‘?_,0i’<t2)
to to

X <¢g,00(t2)Dﬂ;‘i,’(t)—,é’;-\(f(t1)+,8;\,6(t2)¢%:00(t1)>A ;

P,0

t t (5,8)
g = [ an [ an St ), o)
to to

X<¢?,oo(t2)D,3jl_,() B (01)+64 (t2) ¢T00(t1)>A ;

Po,0

t t
(a,B)
L?]B :/ dtl / dtg 6(1000;0@ t1,t2) )\Al 10( )Ain(tQ)
to to

X <¢?,oo(t2>Dﬂﬁo—(t)—ﬁ;-‘g<t>—6£0—(t1>+ﬂ;0—<t2)
X dip(h)) (B.117)
P,0
B.5 Eigenvalues of perturbed rank one Hermitian op-
erators

This appendix is dedicated to finding perturbative expressions for the eigenvalues for op-
erators of the following kind,

R = [no)no| + A )Xmol + [mo)ml)
+ N ([n2)nol + InoYma| + B*) + O(X?), (B.118)

where (no|n1) = 0, R |no) = 0, R = R, (no|ne) = 1, and |n), |n2) are not normalized
in general.

We are interested in such operators because p,; and p2 are of this form, for the scenario
explored in Section 3.2. That is, the scenario Where the detectors are initialized in a pure,
longitudinal product state. The expression of ps for this case, shown in Eq. (3.66), is

,523 = |0AOB><0A0B‘ + |¢1><0AOB| + |OAOB><¢1|
+ |¢2><0A0B| + \OAOBX%! + 69 + O(Xj). (B.119)

To verify that p)s is of the same form as R, notice that |t1) is of order A, while [¢);) and
9 are of order A2, and (0,0s]11) = 0, 62]0,05) = 0, 02 = 09, (0,05]0,05) = 1.
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We now proceed to investigating the eigenvalues of Hermitian operators of the form of
R, perturbatively in the parameter A. Consider any |k) eigenvector of R with eigenvalue
r, so that

R|k) =7|K). (B.120)
Let us expand the eigenvector and eigenvalue in powers of \,

T:T0+)\T1+)\2T2+O()\3)
[k) = [Ko) + Alr1) + A [r2) + O(N?). (B.121)

The eigenvalue equation must be true at every perturbative order. Therefore, it is conve-
nient to expand both sides of the eigenvalue equation,

RW = (10|0) 7o)

+ A({molk1) o) + (nolko) [m) + (mlso) Ino))

+ N ({nols2) [mo) + (mol k1) [m) + (mu|w1) [no)

+ (molko) 1) + (m2]k0) [mo) + R ko) ) + O(N?),
r k) = 1o [Ko)

+ A(ro |K1) + 71 |Ko) )

+>\2(7‘0|K}2>+T1|I€1>+T2|I€Q>) —|—O()\3) (B122)
Let us assume that 7o # 0, and choose || |ko) || = 1, then,
(ol ko) [m0) = 7o |ko) = |Ko) = [m0), 70 = 1. (B.123)

Then, substituting and equating the order A,
(nolk1) mo) + Im) = K1) + 71 [no) (B.124)

where we used (n1|no) = 0. Next, taking the inner product with |n),

(molk1) = (molk1) + 71
= 11 =0, [k1) = (molk1) [no) + m) - (B.125)

We can only choose one parameter, (ng|s;), which is related to the freedom in the normal-
ization of |k)!. For simplicity, we pick (no|x1) = 0, and thus |x;) = |m1).

!The choice (ng|r1) = 0 turns out to be equivalent to imposing (k|x) = (no|no) + O(N\?).
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Finally, using the results above and equating the order 2,

(nolrz2) [m0) + (mlmi) 1no) =+ |n2) + (n20m0) n0)
= |K2) +72(n0) - (B.126)

Taking the inner product with |ng), we find that

r2 = (m|m) +2Re (mo|n2) - (B.127)
Therefore,
|r2) = (ol s2) [10) + [n2) = (nolnz) mo) - (B.128)
and picking (no|xz2) = 0,
|k2) = |m2) — (molm2) [mo) - (B.129)

Therefore, the following is one eigenvalue and eigenvector pair of R,

r=1+ )\2( (ni|m) +2Re (770\772>) + 0N,
k) = [no) + Am) 4+ A2(In2) — (nolne) [no)) + O(A?). (B.130)

This eigenvalue must be positive when we are in the perturbative regime, where A < 1.
Therefore, this eigenvalue will not affect negativity in perturbative calculations.

Therefore, let us search for the rest of eigenvalues of R to find the negative ones.
Previously, we assumed ry # 0, therefore we now explore the other case, o = 0,

(molko) Imo) = 7o |ko) == (molko) = 0. (B.131)

This constraint leaves |kg) = (1 — [7o)10|) |ko) completely free. Next, substituting and
equating the order A,

(nol k1) [no) + (ko) [mo) = 71 |ko) - (B.132)

Taking the inner product with |no),
(nolk1) = — (mlro) = 1 =0. (B.133)

Here, we also have complete freedom in (1 — |17o)(n0|) |1)-

2The choices (np|r1) = 0 and (ng|r2) = 0 turn out to be equivalent to imposing (k|x) = (no|no) +O(A3).
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Finally, for the order \2,
ra [Ko) = (molka) [n0) — (mlwo) [ni) + (mlk1) |mo)

+ (ma|o) o) + B |ro) (B.134)
and taking the inner product with |n),
(nolka) = — (mlk1) — (n2lko) , (B.135)

which also allows complete freedom in (1 — |no)no|) |#2). However, now we have the
additional condition

ry ko) = — (mko) ) + R |ko) = (R — [m)}(m) o) . (B.136)

which can be seen as an eigenvalue equation for the matrix R+ — |71 )(m |, in the subspace
of vectors orthogonal to |ng), since (1o|ro) = 0.

Therefore, all the remaining eigenvalue and eigenvector pairs of R are of the form

r=Nry+ O\, (B.137)
k) = |kg) + AlK1) — (mlkg) o))
+ X% (|ky) — (ki) + (melrg)) [mo) ) + O(A?), (B.138)

with the following restrictions: |s;") are vectors orthogonal to |1), i.e. {no|#;7) = 0. More-
over, |kg) is an eigenvector of R+ — |n; Xn;| with eigenvalue rs.

In conclusion, this calculation shows that the negative eigenvalues for R are of order
A2, Specifically, the negative eigenvalues of R at leading order are equal to A\? times the
negative eigenvalues of Rt — |, )}(m].

B.6 Computing expectation values for displacement
and field operators

The expression we derived for p,z, perturbative in A, and non-perturbative in A, provided
in Appendix B.4.2, requires computing expectation values of combinations of field operators
and displacement operators. Specifically, the expectation values we need to find are of the
form

(Da);,s (Dad?),,, (Dad®é7), . (9°Dpd"), . (B.139)

In what follows, we will find expressions for these for zero-mean Gaussian states and
particularize them for the vacuum state.
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B.6.1 Zero-mean Gaussian states

Consider the field to be in a Gaussian state p, with zero one-point function, which is also
called a quasi-free state. Then, Wick’s theorem lets us evaluate the expectation values in
Eq. (B.139) and obtain

<[)a>A :eféwaa’

Po

<Daéﬁ>ﬁ¢ = —iWaﬁe*%Waa’

(B3, = (W~ W

(6"Dpg"),, = (W — WP A )e=2a W™ (B.140)

where we used the definitions

~

— oio” af _ (H24f8
Dy=¢e7", W = (¢ >ﬁ¢. (B.141)
We now derive the equalities in (B.140), starting from the following [115],
AN Ok
(e”),, =¢€ (@92). (B.142)

Here, and from now on in this appendix, expectation values are taken with respect to pg
implicitly, to keep the notation lighter.

Using the linearity of 45"‘ on its exponent, we obtain the first equation
(Do) = e2W* (B.143)

For the second equality, we can use the following trick

Dud?y = 8, (e eué” B.144
(D7) = 0,0 )| (B.141)
To evaluate the right hand side we proceed as follows,
<€—iq3a euéﬂ> _ ig[é7.97] <e—i$a+uéﬁ>
_ i8(8099-0007) 1( (-1 +ud?)?)
_ 6—%Waa—iuwaﬁ+§wﬁﬂ7 (B.145)
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by using the Baker-Campbell-Hausdorff (BCH) formula and Eq. (B.142). Then,

A N . 2
(D) = e it |

= —iWPezW (B.146)
proving the second equality in (B.140).
To show the third equality, we follow the same strategy,

<1A?agz§6qg”> = 3u3v<e*i$ae“a’ﬂe”$w> e’ (B.147)
and using the BCH formula and Eq. (B.142),
< efidA)“ ew{)ﬂ ev&ﬂ>
_ os[088] 50044767 <efi<;§°‘+u<z35+vd3”/>
— o3 (WO WI 42 W) —iuW P —iW Y uwW Y (B.148)

Substituting Eq. (B.148) into Eq. (B.147), and computing the appropriate derivatives, we
obtain

<Da¢25$’7> — (Wﬁ’Y _ Waﬁwa’y)eféwa"" (B.149)
The final equality,
(¢° D™y = (W7 — WrWAm)e W™ (B.150)

can be obtained through an analogous calculation. Alternatively, <q£af)5gz§“*> can be ob-
tained using that

"Dy = Dg¢” —iDs[6", 0]
= Do —iDg(WP — Wh*), (B.151)
in combination with Eqs. (B.146) and (B.149).

B.6.2 Vacuum state

Now, consider the field to be in the vacuum state,

Pg,0 = |04)0p] . (B.152)
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The vacuum is a Gaussian state. Moreover, its one-point function, the expectation of ¢E, is
zero in the vacuum. Therefore, the results derived in the previous part of this appendix,
shown in Eq. (B.140), apply.

Furthermore, we can now compute W,
WP = (04]6°6%)0,)
= [ @k [ awar)sw) Ol o)
:/ A"k o (k) B (k). (B.153)

where we used that the vacuum is annihilated by the annihilation operator ag [0,) = 0,
[a, al,] = 0(k — k)1, and Eq. (3.2), which we write as

P° = 1/n d"k a(k)al, — o (k). (B.154)
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Appendix C

Appendices for Chapter 4

C.1 Relating the variable gap detector and the spin-
boson model

The spin-boson model [6&], commonly used to model superconducting circuits, has the
Hamiltonian

-HSB - f{s + [:]B + -[:—,INT—SBy
Iy

HS = _7627
Hy =) hwpdl iy,
k

Hyvrsn = Y (9502 + gi62)a) + Hee,, (C.1)
k

where the bosonic bath with Hy corresponds to a transmission line of finite length L, with
ke 7.
L

Now, consider the variable gap detector model of Eq. (4.31). Then, in the Schrodinger
picture, picking the detector position x4z = 0, assuming the interaction is fully switched
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on, x(t) = 1, and ignoring additive constants in H,,,

HVGAP = AQB + IA{TL + -HINTa
- A + AQ
HQB - - ( _2|_ )a-za

H, = / dk hwgal ag,

3 . | hw .
Hir = %’Y%/dk C(wr) ﬁ sgn(k)ial + H.c. (C.2)
0

Therefore, comparing with the spin-boson model,

Ty,
glf =P\ T, C(wk‘) Sgn(k)7 gli =0, (CS)
47 g[)
where the longitudinal coupling is zero because we only kept the transversal coupling in
the variable gap detector model. The spectral density of the bosonic bath (the infinite
transmission line in our case) is

2
J(w) = h_;r /dk FARICEAS

00 2.2
= 2/ do’ 200y C*HwW)d(w — W)
0

2h€0’0

]_ RK 2 _QW
= — — cut C4
e, (C.4)

where we used the exponential cutoff from Eq. (4.9).

In the limit w < Qeyt,
J(w) = maw, (C.5)

which is the spectral density of an Ohmic bath, with the dimensionless coupling constant

a being
Re 2
= ~ 6.54 -7 .
a 87r2Z07 6.54 -~y (C.6)
Since the numerical simulations predict v € [—0.02,0.22] (see subsection 4.2.1), then a €
[0,0.32].

As the frequencies approach €., the exponential cutoff becomes noticeable, modifying
the spectral density,

J(w) = Tawe e . (C.7)
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C.2 Computing the outcome of the harvesting proto-
col

Here we follow the perturbative procedure outlined in 4.3 to obtain the final state of the
probes after they interact with the field. The result is computed to the leading perturbative
order, O(\?), assuming that \, = Ay = \.

To simplify the calculations, we define the following operators,

Xo(t) = xu ()i (1),

This notation simplifies the interaction Hamiltonian of Eq. (4.37) to
Hy =Y Mud),. (C.9)
Substituting into Eq. (4.41),
00 =~ ia fat i

00— [ aar > ORI OG0 (C.10)

Now, we can compute the leading order terms of the detectors’ final state according to
Eq. (4.46),

Pag = pABO + p(AQBO) + /61(\1131) + pAB + O()‘4) (C'll)
First,
ﬁngl) Tr(ﬁ(ﬁ(l)[)AB,O X ﬁ¢,OU(1)T)
= \? / At dt Y~ Waar (¢, 20, 1, 2,) (8 pano X (), (C.12)
o,V
where R )
Wear (t, 20, 2,) = Tr (¢, ()¢, (') pg0), (C.13)

which can be seen to match the definition of W,/ given in Eq. (4.50), by using that
¢, (t) = 0:9c(t, ).
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Second,
P = Trg (U prno @ poo)
_ /dtdt’ Ot — 1) S Waar(t, 0 £, 2) R (D)% () rn (C.14)

W,V

~(0,2)  A(2,0)

and finally, pAB = Dan T Notice that the equation for ,6&2,50)

can be rewritten as

a0 = )2 / dt d¢’ (Gm/(t,a:A,t’,a:B))%A(t)XB(t’)

+ Z@ (t — " YWaao (£, 0, ', ) X0 (E )Xy(t')>ﬁAB7o, (C.15)

where we used the definition of G,/ given in Eq. (4.50), which states that

Guo (txp,t' 1) =0 — )Y Waw (8, t 2) + O — )Wow (V' 20,8, 2,,). (C.16)

This completes the calculation of p,; for an arbitrary p,s 0. Next, we particularize to
the the probes starting from the ground state,

ﬁAB,O = |0A0B><0A0B| . (C17)

Under this assumption, we compute the components of p,; in the basis [0,05), |1,0s),
|0415), [1413). To ease the calculation, we denote

A (1) =X () panoXu (1), (C.18)
Then,
<l€AlB|AAA(t,t’)|k;l;> 5l50l’ <kA| A(t)|OA>< | (t')|l€;>,
<kAlB|ABB(t=t,)|kﬁJ],3> 50k50k’ <ZB| B(t)|0B>< | B(t,)|l,>
(kala] Axn(t, 1) ELLL) = GowSor (kX (£)]0.4) (OnlXa(t)15) |
(Ealu| Aua (£, 1) K415 = SonSor (In|Xn(£)|0n) (O] XA (¢)|KL) |

where, combining Eqs. (4.38) and (C.8) with the definition of x.,, (¢) given in Eq. (4.49),

(i[x ()[0) = d1ixy, (), (C.19)
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and (0], (t)]i) = (i|,(t)|0)*. Therefore, only one component of each A, survives. Pre-
cisely, these components correspond to

L, — A2 / 0t At Wt (201 £, X (O, (1) (C.20)
Then,
ﬁglél) - LAA ’1AOB><1AOB| + EBB |0A18><0A18|
+ L5 [1405)0,15] + Lga [0415) (1,05 . (C.21)
Moving onto ﬁfﬁgo) , define for convenience
Buu(t,t) =Xu(D) X0 (1) pano- (C22)
Then,

<kAlB’BAA(t7 tl)“f/ ll) — 501(501/5%’ <kA‘XA< ) A(t,)|OA> 3
(kals| Bos (¢, t') |k, 11) = Gobordorr (Ll Xs (£)Xs (t')|0s) |
t,t t')]0g) . (C.23)

<k5AlB|BAB( KL) = dordorr (kalXa(t)]04) (Ia]Xa(
Then, using Eqs. (4.38), (4.49) and (C.8),
(i]X0 (8) % (1)]0) = doixG, ()X, () (C.24)

Together with the former Eq. (C.19), we see that only one component of each BW survives,
resulting in

P = M1 >voB|+Zic 04050405, (C.25)

where
M=—)\? / At A G (t, T, ' 25) Xoos (1) X o (1),
K, = — A2 / A AL Ot — YW (£, 5, 1,2, X (B (E): (C.26)

Notice that comparing this expression for IC, to the one for £,, in Eq. (C.20) shows that

Ky + K5 =Ly, (C.27)
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by using that

Wit x,, U x,) = Wew(t', 2, t,1,). (C.28)
Then, when adding to ﬁfﬁg’o) its Hermitian conjugate ,5,&%’2),

A0 4 59D = M |1,1)0,05] + M 0,05 X1a 1y
— ) L£1,10,00)0,04], (C.29)

Therefore, putting together all the results in this appendix and taking paso = |0405)(0,05|
causes P, to become, in the basis [0,05), [1,05), [0,15), |141s),

1—Luy—Ls O 0o M

N o 0 »CAA »CAB 0 4
Pap = 0 R O\, (C.30)
M 0 0 0

where from Eqgs. (C.20) and (C.26),
L, =\ / At At W (', 2, ) X, (E)X5, (1),

M= —)\Q/dtdt' Gaw (6, Tas t, 25) Xoos (B) X (1), (C.31)

finishing the derivation of p,g.

C.3 Simplifying the integrals needed to compute neg-
ativity

C.3.1 Symmetric switching functions equal up to a time shift
and equal detectors

We can further simplify the equations £, and M for the type of x,(t) explored in this
article, which satisfy

Xu(t) = x(t = t), (C.32)
with x(¢) = x(—t), and ¢, controlling the time at which the detector v is switched on.
Moreover, we assume that the energy gap of both detectors depends linearly on their
switching functions, as in Eq. (4.29), as follows,

Q,(t) = 20 + AQ,, (). (C.33)
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For simplicity, we pick Q° = Q% AQ = AQ,.

Under the assumptions above, the expression for x,, becomes

Xe (1) = €70y (E — 1), (C.34)

where we defined
Xgo(t) = eip(t)X(t>7
¢
(1) = Q% + AQ / at' v (1). (C.35)
0
Moreover, x(t) = x(—t) implies

p(=t) = —p(t),  xe(=t) = xe(1)". (C.36)

Integrating field modes last

Substituting Eq. (C.34) into Eq. (4.55),

)\2 o]

L= — dww C(w)2|§<\;(w)|2,
2 Jo
A citect—e-t) [ 2 it 157 ()2
Lyg = ¢ plrt)meite dww C(w)” cos(wtg)e 2 [ (w)]%, (C.37)
@ 0
where we defined £ = L,, = L. Moreover,
A et be(—t))
M = ——7HPIT)Tet=s) N\ ]
2m ’
M= / dw w C(w)? cos(wty) /dt dt’ eIt =taly (1) x, (1) (C.38)
0
Here, we also defined the delay between the times of switching tA = t; — t, and used that
X (w) = PRI (). (C.39)

Moreover due to x(t) = x(—t),
Re(M) = /Ooodww C(w)? cos(wtg) cos(Wta )Xo (W) Xo (—w),

Im(M) = — /Ooodw dt dt’ w C(w)? cos(wtq) sin(wlt — ' — ta])xo(t)x, (). (C.40)
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These expressions for Re(M) and Im(M) follow from using that

M = / e C(w)? cos(wta) / dt dt’ eI ~taly )y (1), (C.41)
0

which in turn was obtained by performing the change of variables t — —t', ' — —t in
Eq. (C.38) and then applying Eq. (C.36).

When comparing Eq. (C.38) to Eq. (C.41), we see that complex conjugating M is
equivalent to complex conjugating W,.., since we only need to conjugate the complex phase
e~ wlt=t'—tal which comes from W,,., and not x,,. Consequently, for the switching functions
considered in this appendix (of the kind defined in Eq. (C.32), with x(¢) = x(—t)), we have
a shortcut to compute M*,

)\2

MT = 2 mile(=ta)+e(—ta)) Re(M)
2 ’
A2
M~ = _%e_l(@(—t\))*‘w(—tﬁ)) Im(M)7 (042)

with M as defined in Eq. (C.38) and ¢(¢) from Eq. (C.35). Additional expressions for L,
L. and M are provided next.

Integrating field modes first

Substituting Eq. (C.34) into Eq. (4.59),

2

A
L= [dtdt' T(t' — t)x,(t)x5(t),

2m
N2 —i(p(=ta))—p(—ts)) / / * (4]
Lo = 5o ORI [ et Tt — t 4 ta) xp (DX (L),
T
A2
M = — 2 pile(=t))e(=ta)) \ [
27 ’
M= [ dtdt Tt - ¢ — taDeloe ), (C.43)

where £ = L,, = Ly, and J(t) and Z(t) are defined as in Eq. (4.57) and Eq. (4.59)
respectively.
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Figure C.1: N/)\? plotted against the cutoff frequency Qey/(27), for Q°/(27) = 7.3 GHz,
AQ =0, |ta] = ta — T (spacelike detector interactions). The cutoff frequency ey /(27) =
50GHz, used throughout this work, is highlighted with a vertical dashed line. The sub-
figures are for: (a) Cosine ramps switching, T = 0.2ns, Sy = 0, t; = 1ns. (b) Isosceles
trapezoid switching, 7" = 0.16ns, Sy = 0.2, t; = 1ns. (c) Isosceles trapezoid switching,
T =0.16ns, Sy = 0.2, t; = 0.16 ns. We emphasize that for all the scenarios analyzed the
detectors are in strict spacelike separation.

Moreover, due to x(t) = x(—t),
Re(M) = /dt dt’ Re(Z(t —t' —ta)) xo ()Xo (),
Im(M) = /dt dt’ Tm(Z([t — ' — ta])) xe(t) X0 (t). (C.44)

These expressions for Re(M) and Im(M) follow from using that Z(—t) = Z*(¢) together
with

M* = /dt dt' (|t —t' — tal)xe(t) X, (t). (C.45)
In turn, this expression was obtained by performing the change of variables t — —t',
t" — —t in Eq. (C.43) and then applying Eq. (C.36).
C.3.2 Changing variables to partially decouple time integrals

The follwing change of variables facilitates numerical integration by uncoupling one of the
time integrals from J and Z in the expressions for £, and M,

te =t+t, (C.46)
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with absolute value of the Jacobian

a(t-H t—)
B S i ) A4
ko (€47
Then, performing the change of variables in Eq. (C.43),
)\2
=— [ dt_ T () (t_
c=4 [a ),
A2
Las = 4—671(“0(7“))7“0(4’3)) /dt Z(t- —ta)lr(t-),
T
)\2
M = — 2 pile(=t)+e(=te)) V[
27 ’
)\2
M= i /dt_ Z(jt- —ta)In(t), (C.48)
where we used J(—t) = J*(t), Z(—t) = Z*(t), and defined
o+t [ty —t_
Ip(t-) = /dt+X<p< 9 )Xsa( 9 >>
ty +1- tp —1_
i) = [t (S5 I (B55) (C.49)

For finite time switching functions supported on [—=, %], the integration limits for ¢, are

“T<t_<T, —-THt_| <ty <T—|t_|. (C.50)

Moreover, when x(t) = x(—t) and thus x,(—t) = x},(t),

I(t) = 2/Ooodt+x¢(t+ ;t_)xz(u . t_))
wio=s [Cane(n (SS9 (555) e

C.4 Spacelike harvesting in the large cutoff limit

The model explored in this article includes an exponential cutoff, which can be reinterpreted
as the detector being smeared in space according to Eq. (4.13). This relationship is shown
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in subsection 4.1.1 and further discussion can be found in [67]. This effective smearing can
raise the question of whether the harvesting found in section 4.5 for spacelike separated
point-like detectors is truly present or is merely a byproduct of their effective size induced
by the cutoff.

In this appendix, we show that spacelike entanglement harvesting can be achieved in
the explored scenarios. Specifically, we provide examples of A/ tending to positive values
as Oy grows large. This corresponds to the limit where the effective detector size becomes
negligible. Three spacelike harvesting examples are presented in Figure C.1. For the cosine
ramps switching example in Figure C.1(a), harvesting remains possible as .,y — oo. There
is only a 20% reduction of A in the limit Q. — oo with respect to Q. /(27) = 50GHz.
For the isosceles trapezoid switching, the cutoff seems to play a larger role when t; = 1ns,
as shown in Figure C.1(b), where spacelike harvesting becomes impossible as Q.. — 00.
However, spacelike harvesting for isosceles trapezoid swithching and Q. — oo is still
possible by reducing the distance between the detectors to t; = 0.16ns, as shown in
Figure C.1(c).
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