














































































































































































































CHAPTER 3. Fluid Flow and Solute Transport in Single Fractures 54

was simulated using the advection-diffusion equation (3.14). Shaded contour plots showed that a
transport simulations with low Pe produced homogeneous plumes with smooth fronts, whereas
simulations with high Pe produced heterogeneous or channelled plumes with sharp fronts. Finally,
James and Chrysikopoulos [2000] examined three-dimensional transport of variable diameter
colloids through parallel plates and rough-walled fractures using the RWPM under low Pe,,
conditions. Fluid flow was simulating using a quasi-three-dimensional approach: the LCL was
used to simulate the average two-dimensional velocity field, and then a parabolic velocity
distribution (e.g., see (3.28) and (3.29)) was assigned across each local aperture region. The
colloid breakthrough curves displayed the traditional s-shaped Gaussian characteristics (see Figure
3.5); however, the median arrival time and tailing significantly increased as the aperture variability
increased. This increased spreading of the colloid plume was attributed to-the increased
heterogeneity in the flow field caused by the aperture variability.

In surnmary, solute transport through a single rough-walled fracture occurs primarily along
tortuous channels. For conditions where there is low degree of mixing across the fracture aperture
(i.e., high values of Pe,,) the channels cause the breakthrough curves to exhibit a sudden and steep
initial rise, intermediate stair-step features, and long tailing. Conversely, the breakthrough curves
for conditions where there is appreciable mixing across the fracture aperture (i.e., low values of
Pe,,) tend to resemble more traditional Gaussian s-shaped curves with long tails. These
characteristics have been observed in laboratory experiments and numerical simulations using one-
dimensional channel models, two-dimensional variable aperture models, and three-dimensional
fracture models.

Table 3.1 Summary of constraints for the LCL

geometric kinematic
source constraint constraint
Brown [1987] o,/ 4,<0.02 —
Zimmerman et al. [1991]* g,/ 4,<0.2 —
Zimmerman and Bodvarsson [1996]* (b>/4,<0.39 Re<1
Oron and Berkowitz [1998] o./b,«1 Re /b, « 1
Zimmerman and Yeo [1998] {b)/ 4,<0.3 - Re{b)/ A,<38

* 4, was originally defined as the wavelength of a sinusoid A4




Table 3.2. Summary of various studies that measured and predicted fluid flow through single rough-walled fractures.

aperture fraction of Reynolds predicted flow ratio
source flow experiment and fracture type measurements contact, ¢ number, Re flow Qeate! Qg
[dimensions in mm) {mm] (%] (-] cquation [~]
Iwai [1976]; linear (121 x 207) and radial (128) flow b, 0004-0250 0.1-35 0015150 CL 1.04 - 1.65
Witherspoon et through induced granite, basalt and
al. [1980] marble fractures
Raven and Gale  radial (100-294) flow through natural by 0.010 - 0,100 CL 1-10
{1985] granite fractures
Schrauf and lincar (282 x 254) and radial (~114) air b, 0.200 - 0.600 <10 1.8 - 255 CL 39-15
Evans [1986] flow through a natural granite fracture
Hakami and linear (59- 159 x 148-208) water flow (&) 0,161 - 0.462 0 — CL 1.3-5
Barton [1990] through transparent replicas of natura o, 0075-0273
leptite, quarlz monzonite, and granite
fractures

Durham and linear (136 x 142) flow through induced b, 0.008-0.600 0-100 — CL 1->100
Bonner [1994] well-mated and offsct granite fractures
Keller et al. linear (52 x 100) flow through a natural {Inb) 0.38 — 0.04 - 09 CL! 0.87
[1995] granite fracture 0. 1.6
Hakami and linear (190 x 410) flow through a natural () 0.360 <5 61 LCL 24
Larsson [1996]  granite fracture a, 0.150
Yeo et al. linear (200 x 200) and radial (~94) watcr (by 0,607 - 1.024 <0.1 9-130 LCL 1.3-2
[1998] flow through a natural granite fracture o, 0.160-0.332
Nicholl et al, linear (148 x 302) water flow through () 0.226 0 0.063 - 4.3 LCL 1.2-1.3
[1999] glass fracture analog g, 0.062

Notes: see Sections 2.2 and 2,3 for aperture definitions; CL = cubic law; LCL = local cubic law; 'calculation used geometric mean of b(x,y)*
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Figure 3.1. Breakthrough curve (normalized concentration C/C; versus time) of a conservative
tracer through a single rough-walled fracture. Laboratory data extracted from Moreno et al.
[1985]. The fracture length and width were 185 and 100 mm. The mean aperture and Péclet
number were estimated to be 0.14 mm and 14, respectively.
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Figure 3.2. The total flow rate from LCL simulations Q,; compared to the cubic law Q¢, using
(b} for various values of: (a) relative smoothness &,/ g;, (b) and relative roughness ¢,/b,,. The
legend refers to both (a) and (b}, and gives the equation number for each curve.
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Figure 3.3. The total flow rate from Stokes simulations Q5 compared to LCL simulations Q;; for
various values of relative roughness g, /b,, from Mourzenko et al. [1995]. The dashed lines
correspond to fractures with uncorrelated walls, and the solid lines correspond to correlated walls.
The lines without symbols represent fracture walls with g,/ A,, = 1/3, and the lines with symbols
represent walls with o,,/ 4, = 1. Note that g, and A, are the standard deviation and correlation
length of the wall roughness (where 0, = o, = g, and A, = A, = 4).
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Figure 3.4. Results of various simulations through sinusoidal fracture profiles (see schematic in
part (b)) from Brown et al. [1995]. (a) The total flow rate from Stokes simulations Qs compared
to the LCL Q,, for various values of relative roughness A /b;,. The dashed line represents
profiles with mild slopes (A/4 = 0.11), and the solid line represents profiles with steep slopes
(A/A = 0.43). (b) The total flow rate from Navier-Stokes simulations Qs compared to Stokes Qs
for various values of Reynolds number Re. These simulations used steeply sloped profiles
(A/A=0.43).
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Figure 3.5. Dimensionless breakthrough curves of solute transport through a set of parallel plates
for various values of Péclet numbers: Pe, Pe,,, and Pe" (see text for description). Concentration C
is normalized by the inlet concentration C;, and time 7 is normalized by the hydraulic residence or
plug-flow travel time ;.



CHAPTER 4. Development of Fluid Flow and Solute
Transport Models

4.1 Introduction

The formulation of two- and three-dimensional models for predicting fluid flow and solute
transport through rough-walled fractures are presented in this chapter. The flow models employ
the Finite Volume (FV) method to approximate the governing differential equations over the
fracture void space or domain. The model domains are formed by subdividing the fracture void
space into a structured grid of closed two-dimensional polygons or three-dimensional prisms which
are called Control Volumes (CVs). The FV method integrates the governing differential equations
over each CV, and transforms the resulting volume integrals of flux terms into surface integrals by
applying Gauss’ divergence theorem. Furthermore, the method specifies that all flux terms must be
consistent across neighbouring CVs. In other words, all terms defined at a CV surface must be
equivalent for both of the CVs sharing that surface. This property ensures that the FV method is
inherently conservative over each single CV, and additionally over the sum of all the CVs in the
domain.

The three-dimensional flow model solves the steady-state incompressible Navier-Stokes
equations and is presented in Section 4.3. This model features a structured non-orthogonal CV
grid with co-location of the primary variables (velocity and pressure) at the cell-centre of the CVs
and is largely based on the work of Ferziger and Peric [1999]. The two-dimensional flow model
solves the local cubic law or Reynolds equation and is presented in Section 4.4. This model
features a traditional structured orthogonal CV grid with a single primary variable (pressure)
located at the cell-centre of the CVs.

This chapter also presents the formulation of a three-dimensional model for solute transport
through rough-walled fractures (Section 4.5). The model is based on the random walk particle
method (RWPM) and uses the velocity field determined by the three-dimensional flow model. The
RWPM simulates advective transport by tracking particles through the fracture velocity field and
diffusive transport by randomly displacing the particles. This model uses the same CV grid as the
three-dimensional flow model, but interpolates the velocity field to the CV vertices.

61
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The next section (Section 4.2) discusses the discretization of the fracture void space for the
flow and solute transport models.

4.2 Discretization of Fracture Void Space

Section 2.5.1 described the methodology employed in this work to generate random three-
dimensional fractures. The fracture void space is represented as two-dimensional fields of aperture
and mid-surface elevation that are defined over N, x N, uniformly spaced grid points. The two-
dimensional grid is defined parallel to the x-y plane, and the aperture and mid-surface elevation
fields are defined perpendicular to the x-y plane. Figure 4.1(a) presents an example of the synthetic
fracture generated ona 11 x 11 grid. A consequence of creating the fracture over the uniform
planar grid is that the dimensions 4, and 4, of the local voids formed between the grid points are
constant, whereas b(x,y) and Z(x,y) vary at each grid point location. This variability along the z-
axis causes the geometry of the local voids to be non-orthogonal.

In order to simulate three-dimensional fluid flow and solute transport through the synthetic or
real fractures the void space was subdivided or discretized into n; X n; X n, non-orthogonal CVs.
Figure 4.1(b) presents an example of a three-dimensional CV grid formed by discretizing the
fracture void space shown in Figure 4.1(a). Globally, the i- and j-directions of the CVs correspond
to the x- and y-axes, however, locally the i- and j-directions are generally non-parallel to the x- and
y-axes. The values of n; and n; are defined as (V- 1)n,,, and (N,- L)n,,, where n, is the number
of subdivisions in the original x-y grid. The k-direction is defined parallel to the z-axis since the
aperture and elevation fields are defined perpendicular to the x-y plane. The resulting dimensions
J. 6, and &, of the CVs are given as 4,/n,,, 4,/n,., and b(x,y)/n,, respectively. Section 4.3.1
provides a detailed discussion of the 3D CVs used in fluid flow simulations and Section 4.5.1
describes the 3D CVs used for solute transport simulations.

For the two-dimensional fluid flow simulations the three-dimensional void space was
discretized into n; x n; orthogonal CVs where the i- and j-directions correspond to the x- and y-
axes. Figure 4.1(c) shows an example of a the two-dimensional CV grid formed by discretizing the
fracture void space shown in Figure 4.1(a). As in the three-dimensional discretization, the values
of n; and n; are defined as (N,- Dn,,,, and (NV,~ 1)n,,, resulting in CV dimensions J,, &, given by
4./ny, and 4,/n,,.
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4.3 Three-Dimensional Flow Model Based on the Navier-
Stokes Equations

4.3.1 Description of the Three-Dimensional Control Volume

A useful starting point in the development of the three-dimensional flow model is a detailed
description of a typical three-dimensional CV used in this work. Figure 4.2 shows a typical CV
from the interior of a discretized fracture domain (see Figure 4.1(b)). The CV is a hexahedron
which has six sides or faces and is defined by the Cartesian coordinates of its eight corners. This
hexahedral CV has constant dimensions along the x- and y-axes (J, and &,) and variable
dimensions along z-axis (J,). These dimensions are a consequence of subdividing the original
fracture void space which has uniform spacing in the x-y plane and variable spacing along the z-
axis. Since the values of J, and J, are constant, the volume of the CV indexed as P may be
estimated using mid-point integration as

V, = de = fdchy dz = JXJ)_(z,-z,,) ) 4.1)
v z

where z, and z, are the elevation values at centre or integration points of the top and bottom faces.

The computational node or cell-centre of the CV is defined as

8
rp=2X T, (4.2)

cw1

which is the mean position of the eight CV corners where rp and r, are Cartesian position vectors
of the CV node and CV corners. Also shown are the nodes of the neighbouring CVs that share
faces with the CV of interest. These nodes are indexed relative to the central node P using the
following local directions: east, west, north, south, top, and bottom [Pantankar, 1980]. The
neighbouring nodes in each of these local directions are represented with the upper case symbols:
E,W,N, S, T, and B. As shown in Figure 4.2, the local directions are simply defined by
connecting each neighbouring node to the node P. East and west correspond to the positive and
negative i-directions, north and south correspond to the positive and negative j-directions, and
finally top and bottom correspond to the positive and negative k-directions.

The compass method is also used to index the centres or integration points of CV faces. The
integration points on faces in each local direction are represented by the lower case symbols: e, w,
n, s, t, and b. Figure 4.3(a) shows a more detailed view of the east-face taken from the CV in
Figure 4.2. The surface of the face is defined by bi-linear interpolation of the four corners
coordinates, and consequently, the position of the integration point is defined as the mean position
of the four corners, or
) r, = % 24: r,, 4.3)

c=1
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where r, is the position vector of the integration point on the east-face. Two local vectors may be
defined tangential to the bi-linear surface of the east-face as

X.._- = ’;"(r2+ I'3"' r,- r;) B (443)
. = —;-(r3+ r,-r-r), (4.4b)

where the four comers are indexed with the right-hand convention as shown in Figure 4.3(a).
These two local surface vectors intersect at point e and may be used to approximate the normal
surface area vector of the face as

S, = x.%¢. - 4.5)

which is defined using the positive outward sign convention. Given this approximation for S,, the
unit outward normal of the face may be defined as
S S,

— €

it
R S

€

(4.6)

A local vector along the east-direction may be defined by connecting the nodes on either side of the

east-face as
E, =rg-Tp, 4.7)

where the point of intersection between the vector and face is defined as point ¢’, and a
corresponding unit vector may be defined as

AL

£, = —=. (4.8)
©
For the CV grid used in this work, the position of e’ was determined using
r, =I +%Ee = -;—(rE+rP) ; 4.9

which is simply the mid-point of €, and is a consequence of the method used to define and discretize

the fracture void space.
Figure 4.3(b) shows that an addition local vector may be defined across the east-face as
N, =T ~Tp, (4.10)

which is parallel to fi, and passes through the integration point e. The location of points P’ and E
are given by [Ferziger and Perié, 1999]
K = F, - [(r,~r,)h,]8,, (4.11a)

rp = r, - [(r, - rp) R, ]d, (4.11b)

which define the intersection of the normal line passing through point e with two planes that are
also normal to the line (or parallel to the face) and contain nodes P and E, respectively. As shown
in Figure 4.3(b), normal lines may be projected from the face corners onto the planes passing
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through nodes P’ and £’ to define a CV that is orthogonal to the east-face. Using mid-point
integration the volume of this interfacial CV may be given as

Ve=£a¥ = [S.dn =S, |0, . @.12)

The points P’ and E’, and volume V, are used to calculate gradients and mass fluxes normal to the
CV face.

Equations (4.3) to (4.12) are defined using the east-face of the CV shown in Figure 4.3;
however, these equations may be easily adapted for each of the remaining CV faces. For a general
CV face f and adjacent CV node F, (4.3) to (4.12) may be generalized by replacing the indices e,
e',and Ewithf, ', and F.

Interface Interpolation

The value of a generic variable ¢ may be defined at the integration point of a general CV face
f as [Ferziger and Peric, 1999]

¢f = ¢]" + V¢;"(rf— l'f.) ’ 4.13)

where ¢;. is the value of @ at point f* and V@, ° is the lagged gradient of @ at point f'. The value
and gradient of ¢ are interpolated between the nodes P and F as
b = wpdp + wpPp (4.14a)

V. = wp Ve + w Vi, (4.14b)

where w, and wp are linear weights of interpolation given by

[re-r. | 1 | r —rp | 1
w :—_:—’ w = _-—_:-—.
T Tr,or, ] 2 FT e or,] 2 4.15)

The numerical values for the CV grid used in this work are shown in (4.15), and predict that the
interface value is the mid-point or arithmetic average of nodes P and F. For this general condition,
(4.13) may be expanded as

Gy = S (Pp+ &p) + (VP + VL) "(xp-1rp) (4.16)

Equations (4.13) and (4.16) simply interpolate between ¢ and ¢, and add a lagged correction
term based on the interpolated nodal gradient. Note that if the point f’ coincides with the
integration point f the correction term vanishes.
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Nodal Gradients

The gradient of a generic variable ¢ defined at the CV node P may be expanded as

3¢ d¢p 3¢ )
Vg, = | =4 =L =L | |
d ( dx dy 98z J, @17
where each Cartesian component may be estimated using a volume average given by
3¢ 1 a¢p
— - Ui A4S dV "
dx, Vp J dx; (4.18)
& P v i

where V; is the volume of the CV. The volume integral in (4.18) may be transformed into a
surface integral using Gauss’ divergence theorem as [Ferziger and Perié, 1999]

3 1 opoo o
'é'f' = - [ #% 8ds, (4.19)
ilp Ps

where S is the surface of the CV, X; is the Cartesian direction vector, and fi is the outward unit
normal vector to the surface. Given that the CV is comprised of a number of discrete faces, (4.19)
may be approximated as

-1 }; &S, s (4.20)

P Ve

°¢
ox;

where ¢ is the interpolated value of ¢ on each face f, and S; /is the Cartesian component of the
outward surface area vector. Finally, (4.13) may be substituted into (4.20) yielding

3¢ _ 1 .
ax, | T/:Z,:["%"*V‘ﬁf' (e, @.21)

Examination of (4.21) shows that the nodal gradient is dependent on the lagged or old nodal
gradient field. This dependancy may be removed by zeroing the old gradient field and iteratively
solving the current gradient field according to [Ferziger and Perié, 1999]

2 QS " 1 m m=-1

—L = c+ Vg c(r-r.) S, .

o, |, fo[qbf & (- r ] f 4.22)
where m refers to the iteration number. In this work (4.21) is used to calculate the gradient of the
primary variables (velocity and pressure) and (4.22) (with m = 2) is used to calculate the gradient
of the pressure correction.
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Normal Interfacial Gradients

The gradient of a generic variable normal to a CV face may be approximated using the
central difference scheme (CDS) between the points F’ and P’ (see Figure 4.3) as [Ferziger and
Perié, 1999]

_("22 - ¢F' - ¢p' _ ¢F’ - ¢p'

= = ol 4.23
on |, |re-rp| (rp-rp)-i, 4.23)
where the values of ¢ at the points P’ and F* are interpolated from the nodal values with
Pp. = Pp + VPp(rp -1, (4.24a)
P = P + VP (rp—1) (4.24b)

where the position vectors of P’ and F” are given by (4.11). Finally, (4.24) may be substituted into
(4.23) to yield

9P| . Pe= e + V@i (te - 1) ~ Vo (Xp —1,)
on A (rF—rP)~ﬁf (r,,.-r,,)-ﬁf

, (4.25)

where the first term represents the implicit part of the gradient and the second represents the
explicit part. The second term may be considered as a non-orthogonal correction factor that
disappears when the vectors &, and 1, coincide.

4.3.2 Approximation of the Mass Conservation Equation

The mass conservation equation (3.2) may be integrated over an arbitrary CV as

fpV-udV =0, (4.26)
v

or alternatively, as
fpu-ﬁdS =0, @27
s
where the volume integral in (4.26) is transformed into a surface integral using Gauss’ divergence
theorem. This surface integral represents the divergence of mass flux over the CV by summing the
normal mass flux to the CV surface. Given that a CV is comprised of a2 number of discrete faces,
(4.27) may be approximated as

Xf: mp =0, (4.28)

where 7, is the mass flux normal to each face f. For the hexahedral CVs used in this work, (4.28)
may be expanded by setting fequal to e, n, t, w, 5, and b, and noting that the outward normal sign
convention is used so that positive terms are mass fluxes in the direction of the outward normal of
the face. Or in other words, positive mass fluxes are outflows from the CV and negative mass
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fluxes are inflows. In this work, the normal mass flux is defined using mid-point integration of the
velocity normal to the CV face, which may be given for a general face f as

M, = pu;S, = Z‘: Pu Sy (4.29)

where i = (1, 2,3) or (x, y, 2), Syis the outward normal surface area vector with Cartesian
components S; ;, and u, is the interface velocity vector with Cartesian components u; , which are
interpolated using (4.13). Finally, (4.28) and (4.29) may be combined as

; E pu8,=0, (4.30)

which is the discrete FV approximation of the mass conservation equation. Note however, that
since the NS equations (i.e., both mass and momentum conservation) are being solved on a co-
located grid, (4.29) will be altered in Section 4.3.3 to suppress oscillations in the velocity and
pressure fields.

4.3.3 Approximation of the Momentum Conservation Equation

The momentum conservation equation (3.1) may be written in summation notation and
integrated over an arbitrary CV as

fpu-Vuidv - fpvzu,.dv + pr-f(:.dV =0, @.31)
v v v

which represents three equations conserving momentum in each Cartesian direction (¢ = 1,2,3).
The first term in (4.31) represents the inertial forces acting over the CV, the second term viscous
forces and the third pressure forces. Once again, Gauss’ divergence theorem may be used to
transform these volume integrals into surface integrals, resulting in

fpu‘.u-ndS -f,uVu‘.-ndS +fpx‘.-ndS =0, (4.32)
S S S
which may be approximated over a discrete CV as
d
Y FG+ X Fy+ Y Fi=0, 4.33a)
f s f
Fp + Fi.dp + FPp =0, (4.33b)

where F%, and F,-f‘f are the Cartesian components of the advective and diffusive momentum fluxes
crossing normal to the f face, and F/’; is the Cartesian component of the pressure force acting on
the f face. Equation (4.33b) shows that the sum of these surface forces may also be expressed as
F%, F&s, and F?p which are the Cartesian components of the advective or inertial force, the
diffusive or viscous force, and the pressure force acting on the CV P. For the hexahedral CVs
used in this work, each term in (4.33) may be expanded by setting fequalto e, n, ¢, w, s, and b, and
roting that the outward normal sign convention is used so that positive terms are momentum fluxes
or pressure forces in the direction of the outward normal of the face. The formulation use for each
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of these terms is presented below.

Advection Term

The advection term for a general CV face is approximated as
F,f = nou .f , 4.34)

where u;% is the advected Cartesian component of the velocity vector crossing the face. Although
the mass flux does not carry the superscript o, it is defined using the previous or lagged velocity
field in order to linearize this advection term. The advected velocity component is approximated as
u., if m.>0

R T w39
which is the upstream difference scheme (UDS). The UDS is known to be very stable at the
expense of introducing numerical diffusion into the solution. Substituting (4.35) into (4.34) yxeids
the final form of the advection term as

F?; = max(nit;,0)u, , + min(r,, 0)u; . . (4.36)

This work employed the UDS after attempts of using a higher order blended scheme proposed by
{Ferziger and Peri¢, 1999] resulted in oscillatory solutions for the fracture systems investigated.

Diffusion Term

The diffusion term for a general CV face fis defined as

d _ au
Rl us 5 @37)

which may be approximated using (4.25) as
Yirmtip Viulp (e =) = Vulp (Xp. —Tp)

d
F.po= -uS
L T (rp-rp) -8, (Fe-rp) i,

(4.38)

Note that the first term in the brackets is the implicit part of the gradient and the second term is the
explicit part.
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Pressure Term
The pressure term for a general CV face is approximated as
F}f} = prSiso (4.39)

where p; is the interfacial pressure interpolated using (4.13). Note that the total pressure force
acting on the CV P is given by the sum shown in (4.29) as

=X Ff =3 pSiys (4.40)
f f
which may be shown to be equivalent to
a
Flp = Vp apll =2 Sy (4.41)

where the nodal pressure gradient is calculated using (4.20).

General Algebraic Equation

A general algebraic equation of momentum conservation for an interior CV P may be obtained
by substituting the interfacial terms defined above into (4.33a), yielding

A; u,.'P = ;A; ui'F + B'-'up v (4.42)

where A;” are the velocity coefficients at the neighbouring nodes, and Ap* and B, are the velocity
coefficient and source term at node P. The velocity coefficients and source term may be expanded

as
Ag =D, -min(m,0), Ay =D, - min(m,,0),
Ay = D, - min(m,,0), A =D, - min(m, 0},
Ay = D, -min(m, 0), Ag = D, - min(r,,0),
Ay = Af + Ay +Ar +Ag+ A + Ag = Y AZ, (4.43)
F
B'p = -Flp+ B B n? Bz e B Bi,d: * Bi,db

- Proig * BE.’
;f.f;f

where Dy is the interface conductance defined as
uSs
Df,= (l' _rf)_ﬁ ' (4.44)
P '
and B¢ ;is the explicit part of the diffusion term defined as

BE = D, (Vule (. - £5) = Vulpr (£, - 1,)) - (4.45)
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Equations (4.42) to (4.45) may be applied to each interior CV over the discrete domain to form a
linearized set of algebraic equations that are solved iteratively using the strongly implicit procedure
(see Section 4.3.6). However, the non-linearity present in the advection terms require under-
relaxation between subsequent steps or outer iterations in the steady state solution [Patankar,
1980]. Consequently, (4.42) may altered to include under-relaxation as

Ap -2,

Ap u'p . (4.46a)

u u
U;p = EF:AF g+ B p +

4 u

AP u;p = ;Aé‘ u,r * Bip . (4.46b)

where a, is the velocity under-relaxation factor, and A,*" and B/, are the altered velocity
coefficient and source term at CV P.

It is important to note that the velocity coefficients are equivalent for each Cartesian
component of velocity. This is a convenient property of the co-located grid and is incorporated into
the iterative solution of the velocity field. To preserve this property requires that certain boundary
conditions be implemented explicitly (see Section 4.3.4).

4.3.4 Coupling the Momentum and Mass Conservation Equations

The solution of the steady incompressible NS equations with co-located variables is
complicated by two factors. The first is that an independent equation coupling the velocity and
pressure fields is absent for incompressible flows. A traditional solution to this problem is the
semi-implicit-pressure-linked-equations (SIMPLE) algorithm [see Parankar, 1980]. Essentially,
this algorithm provides coupling by constructing a pressure field that satisfies the mass
conservation equation. The second complicating factor has to do with the co-located variable
arrangement. It is well known that solving the NS equations on a co-located grid is susceptible to
oscillations or so-called checker-boarding in the velocity and pressure fields, whereas a solution
based on a traditional staggered grid is not [see Patankar, 1980]. A solution to this problem is the .
pressure-weighted-interpolation (PWI) method which is often attributed to Rhie and Chow [1983].
The PWI method mimics the desirable properties of a staggered grid on a co-located grid by
interpolating the velocity/mass flux to the face of a CV in a special way. The implementations of
the SIMPLE algorithm and the PWI method in this work are discussed below.

PWI Method

The PWI method begins by solving the momentum equations based on initial estimates of the
velocity, pressure and mass flux fields. Then the influence of the pressure terms is removed from
the resulting velocity field to define a pseudo-velocity field. This is performed by rearranging the
general algebraic momentum equation (4.42) in terms of the nodal velocity as
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1 d
- + Z B; ;
Ap T

where the source term is expanded and the pressure term given by (4.41). The pseudo-velocity
field is then defined as

up =

u d
Y Afu -V, 2L
F d

. (4.47)

X

V
4 p = _1u [ZA: D Bi-‘ff] = wpt— o
Af LF 7

s x| (4.48)

P

where the pressure term is simply removed from (4.47). Equation (4.48) may be used to define the
pseudo-velocity value at the CV face. The interfacial velocity for a general CV face f may be
given as

u‘.J=

3 |

1

Wip + SUp * Vil (Te- 1), (4.49)
where the first two terms are the implicit part of the interpolation and the gradient term is the
explicit part resulting from the non-orthogonality of the grid. An interfacial pseudo-velocity may

be defined by removing the influence of the pressure terms from the implicit terms of (4.49)
yielding

By= Sdp* shp + Ve (F,-0) (4.50)
which may also be given as
- 1 Ve 9p 1 Ve ap
T Up o= |t = 4.51
£ T s Ex | 2 as B, @31
The next step in PWI is to reintroduce a pressure term into (4.51) that is local to the CV face,
yielding
V 14 V
in = u +l_P._a_p_ +l_’iip— _.f_a_p. , (4-52)
f S 2 au Ox 2 A4 Ox, “ Jdx,
AP 3 P AF L F Af lf

where #; , is commonly defined as the advecting velocity, Vis the volume of the interface CV (see
Figure 4.3(b)) defined by (4.12), and A/ is the interface velocity coefficient defined by

1 We Wr _ 1 1

= = +
- o (4.53)
AS Ay AF 245 24A[
Finally, the advecting velocity is used to define the mass flux normal to the face as
my = Z PUsSiss (4.54)
which may be expanded and simplified as
. t Y ap 1 Ve ap V. ap
n, = U, , + ——— =+ —— S . -p— =15,
4 ; p[ 4 2A; dx; R 2A; ax; - if ©F Af"‘ on |, 4 (4.53)

where the local pressure term is a function of the normal pressure gradient defined by (4.25).
Effectively, (4.55) mimics a staggered grid definition of mass flux since the local pressure term is
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staggered or offset from the interface velocity. Consequently, the mass flux calculation is able to
detect local pressure oscillations and properly influence the momentum and conservation equations
to suppress checkerboarding in the nodal velocity and pressure fields.
It is noteworthy that ni, was originally defined as [Ferziger and Peric, 1999}
5V
A

or
an

_%p
dn

g =3 Pu S P ] (4.56)
t f f

where the over-bar indicates that the pressure gradient normal to the face is interpolated from the

nodal values. Equation (4.56) is a more eloquent version of (4.55) where the nodal pressure

gradients and coefficients at P and F are approximated with a single interpolated pressure gradient

and interfacial coefficients at f. Nonetheless, for the flow simulations performed in this study

(4.55) provided a more robust numerical solution than (4.56).

SIMPLE Algorithm

The SIMPLE algorithm begins by defining corrections for pressure, velocity and mass flux as

Pp = Pp *+Pp » (4.57a)
W p=tp * Up, (4.57b)
M, = m; +my, (4.57¢)

where the superscript o indicates the previous or old value, and  indicates the correction. After
solving the momentum equations, (4.57) may be substituted into the implicit terms of (4.42) to
yield

s I a !
AP“ul._P = E A,.'-‘u,.';- -V, e

2 3. | (4.58)
i lp
where the old values of velocity and pressure already satisfy the momentum equation. The
SIMPLE algorithm approximates (4.58) as
u 8 P !
Apu'p= -V, =—| ,
P U p p ax, , (4.59)

which couples the nodal velocity correction and the nodal pressure correction gradient. Similarly,
after calculating the mass flux, (4.57) and (4.59) may be substituted into the implicit terms of
(4.55) to yield

o Y ep'

= - S
i P Af“ dn

fo (4.60)

y

which may be expanded using (4.12) and (4.25) as
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- — pSf? ’ ’ 10 0 |
s — (Pt - pp + Vpfo (xp~Ep) =~ Vpio- (- 1)) 4.61)
f

The expression may be simplified by neglecting the explicit part of the normal pressure correction
gradient as

> p S}? 4 (4 14 r

M= - —=(pr -pp)=-¢(pg-pPp), (4.62)

Ay

where ¢, is defined as the interface redistribution coefficient. Equation (4.62) couples the mass flux
and pressure corrections through the CV face and may be used to update the pressure field to
satisfy mass conservation over the adjacent CVs.

In general, the initial solutions of the momentum equations and subsequent calculation of
interface mass fluxes will not satisfy mass conservation since the initial pressure field is incorrect.
This mass conservation error may be represented as

2},: = A (4.63)
where Anip is the mass flux residual over the CV P. Finally, the SIMPLE pressure correction
equation may be formed by substituting (4.57c), (4.62), and (4.63) into (4.28) as

; ~¢ (Pf-pp) = -4, . (4.64)

General Algebraic Equation

The general algebraic equation of the pressure correction equation (4.64) for a CV P may be
given as

Al pp = g Afp; + B (4.65)
where A;? are the pressure coefficients at the neighbouring nodes, and A7 and B, are the pressure
coefficient and source term at node P. The pressure coefficients and source term are defined as

AEp 4 ;3
Ay =c¢,, Af =c., Ag =¢,, (4.66)
A =Y Af., Bl =-4m,.
F‘

1]

c,, Af=¢c,, Af =¢,,

Equations (4.65) and (4.66) may be applied to each interior CV over the discrete domain to form a
linear set of algebraic equations that are solved iteratively using a SIP solver. Once the pressure
correction field is obtained, the pressure correction gradient field is determined using (4.22) with m
equalling 2. Then the velocity field is updated using (4.57b) and (4.59), and mass flux field is
updated using (4.57c) and (4.62). However, it is important to note, that the pressure field is
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updated using [Pantankar, 1980]
Pp =Pp *+ &,Pp (4.67)

where &, is the pressure correction under-relaxation factor. Equation (4.67) under-relaxes the
updating of the pressure field, since (4.59) tends to significantly overestimate the pressure
correction field, and consequently, the momentum equations become susceptible to oscillations
(over acceleration/deceleration) in the velocity field.

4.3.5 Boundary Conditions

There are three types of boundaries defined over the fracture domain (see Figure 4.4): the
fracture inlet and outlet are flow boundaries where the pressure is prescribed, the sides of the
fracture are symmetry boundaries, and the fracture walls are impermeable boundaries. These
boundaries influence the algebraic equations of CVs that have a single or multiple faces that
coincide with the boundaries. As mentioned in Section 4.3.2, a benefit of using a co-located grid,
is that the velocity coefficients for each Cartesian component are equivalent. In this work, the
boundary conditions are implemented so that this property is maintained for CVs with boundary
faces. It is important to note, that before the boundary conditions are implemented in this section
their influence on the general algebraic equations ((4.42) and (4.65)) is removed. Accordingly, the
following coefficients and variables are set to zero, depending on which boundary or boundaries
the CV lies on:

west inlet boundary: A, = B.;Dw =p,=Ap =0,
east outlet boundary: Aj; = B,-_D, =p, =Af =0,
south side boundary: A = B,-,D, =p, =A7 =0,
north side boundary: Ay = B,—ﬁ =p, = Ay =0, (@69
bottom wall boundary: Ay = B,-ﬂ, =p, =Ag =0,
top wall boundary: A, = B,-,D, =p, = A7 =0.

Effectively, (4.68) initializes the momentum fluxes and pressure forces at boundary faces as zero.
The formulation of the three boundary types and further modifications to the general algebraic
momentum and pressure correction equations are presented below.

Boundary Interface Extrapolation

An important component to all three types of boundary conditions is the extrapolation of
velocity and pressure from the CV centre to the boundary face(s) of boundary CVs. Figure 4.5(a)
shows a general boundary face with its adjacent node P and the next interior node PP. The
integration point of the boundary face is indexed as bf and local vectors may be defined between P
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and bf as

3
8or = Lpr=Tp s Ebf = I?éf'i‘ - (4.69)
bf

In general, the value of a generic variable at the boundary face (¢,) may be extrapolated from
interior nodes P and PP as
Por = WoPp + Wpp Ppp (4.70)

where wp and wpp are the linear weights of the extrapolation. Two options for evaluating these
weights are used in this work. The first is to simply approximate the boundary face value with
nodal value at P, which corresponds to the following weights:

wo =1, wp,=0. @.71

This option was used for the velocity vector on the inlet and outlet boundaries to ensure numerical

stability. The second option is to linearly extrapolate using both nodes, and corresponds to the

following weights:

_ ("bf'rpp)'gbf W = (rP—rbf).Ebf
{r ’ il | rp—rpp | )

This second option was used for pressure on the wall and side boundaries and the velocity vector

on the side boundaries.

W, 4.72)

P~ Foepl

Inlet and Outlet Boundaries

The inlet and outlet of the fracture domain have prescribed pressures and are flow boundaries
to mass and momentum transport. This pressure condition may be given as

Ppr = Pprescribed (4.73)

or in terms of a boundary pressure force as
Filof = Pocescrivea ity - (4.74)

which drives the momentum transport through the interior of the fracture domain through the
velocity source terms of CVs with inlet or outlet faces. The velocity vector at these faces is
approximated with the nodal velocity of the CV holding the boundary face ((4.70) with (4.71)).
This boundary velocity vector may be used to calculate the mass flux at a boundary face as

Myp = 2‘: P Ui b Sivr - (4.75)
and both of these conditions may be incorporated into the boundary advection term as

Fly = mx(mbf’o)ui,f’ + rmn(mbf’o)ui,obf . (4.76)

The diffusion term at the boundary interface may be approximated with a one-sided difference
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between the auxiliary node P’ and integration point bf (see Figure 4.5(b)) as

o

u,‘ _ui ’

Fly= - puS, | —L—2E_ 1|, @.77
(ry—rp) Dy,

and may be expanded using (4.25a) as
uzf?bf “Up Vi p (Tp. ~ 1) }

— — “4.78)
(Tp—Tp) By, (rye=rp) -1,

d
Fipe= = F’Sbf[

where the position of P’ is given by (4.11a) with the index bf replacing e.
The above terms may be incorporated into the algebraic momentum equation ((4.42)
initialized with (4.68)) as
Ap = Ap% + (D4 - min(ri,, 0)) ,
4.79)
B> = BIP" + (Dy ~ min(rinyy, 0)) sy + Py by + Bilay -
where Dy, is the boundary face conductance defined as
H Sbf

(rbf- rp)- ﬁbf

D, = (4.80)

B{,; is the explicit part of the boundary diffusion term defined as
Bi.dbf = - Dbf Vuio_p' (rp. - rp), 4.81)
and the superscript old refers to the initialized or cumulative (i.e., after sequential boundary

modifications) values of the central coefficient and source term.
The prescribed pressure at the boundary faces indicate that

Py =0 (4.82)
and the mass flux correction at these faces may be approximated from (4.61) as
L S przf ’ ’ —_ ’ ’ - !
My = = — (P ~Pp) =~ ¢ (Do ~Pp) = CPp - (4.83)
P

Finally, (4.83) may be incorporated into the algebraic pressure correction equation ((4.64)
initialized with (4.67)) as
Al = A} old o Chr - (4.84)
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Wall Boundaries

The wall boundaries of the fracture domain are impermeable no-slip boundaries which means
that only diffusive momentum fluxes in the form of viscous shear stresses act tangentially on the
boundary faces, while the wall velocity, mass flux, advective and normal diffusive momentum
fluxes are zero. This is the dominant boundary condition for resisting flow through the fracture
domain and may be represented as

u, =, =0, (4.85a)
= Ffr =0, (4.85b)
Fly=0, (4.85)

where F,“,, is the normal diffusive momentum flux, and pressure is extrapolated from the interior
to the wall boundary using (4.70) and (4.72). The first condition may be easily satisfied by setting
the wall velocity to zero, and the second condition is already satisfied by (4.68), but the third
requires some manipulation of the local velocity vector next to the wall boundary in order to
properly zero the normal diffusive flux.

First the velocity vector is interpolated to the boundary auxiliary node P’ (see Figure 4.5(b))
using (4.25a2). Then the normal component of this velocity vector may be calculated as
up- fi, (4.86)

lln‘ P

which in turn may used to define a Cartesian normal velocity vector as

n

ui'Pl = un‘ P’ "ii, bf . (4.86)

Then a tangential velocity vector may be defined at P’ as
t

Wip = U p = Up = U p + VU p (T~ Fp) ~ pe s (4.87)
which simply removes the normal velocity component from the interpolated velocity. This
tangential velocity vector is then used to approximate the diffusive flux at the wall boundary, and
effectively zeroes the normal component of the diffusive flux. Using a one-sided difference
between the auxiliary node P’ and integration point &f, the diffusion term at the wall may be given
as

0 - u,.",,.
Flop = - 1Sy , (4.88)

and may be expanded using (4.87) and simplified as
d u Sbf

] Fipr = - = [ui.P + Vip (Xp = Xp) - “:Pa'] ’ (4.89)
(Tp—Tp)-Dy,

where the Cartesian component of the normal velocity is lagged. Equation (4.89) is similar to
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(4.77) except that an addition term removing the normal component of the flux is present.
Incorporating (4.89) into the algebraic momentum equations results in the following
modification to the central velocity coefficient and source term:
Ap = A;OM + Dy
(4.90)
By = Bi2" + Dyl + pyS, o + By »
where D, and B¢ 4 are given by (4.80) and (4.81), and p,; is the extrapolated boundary pressure.
Finally, the impermeable condition, (4.85b), indicates that

iy = 0 (4.91)

which does not introduce modifications to the algebraic pressure correction equation.

Side Boundaries

The side boundaries of the fracture domain are symmetry boundaries which means that only
the normal component of the diffusive momentum flux is allowed to cross the boundary faces,
while the mass, advective and tangential diffusive fluxes are all zero. These conditions are
stmplified since the side boundaries are normal to the y-axis, and may be represented as

Uy pp = Uy pr = 0, (4.92a)
tye = Flyp =0, (4.92b)
Flop = Fiy = Flyy =0, (4.92¢)

where u, ,is the normal velocity component, and F,“; is the tangential diffusive flux. The first
condition is satisfied by setting the y-component of velocity to zero at the boundary and the
remaining velocity components, along with pressure, may be extrapolated from the interior using
(4.70) and (4.72). The second and third conditions are satisfied by initializing the algebraic
equations with (4.68), and the normal (y-axis) diffusive flux may be approximated with a one-sided
difference as

Fiy= - ——=2— ((0-ulp) - Vulp(rp = 1p)) - (4.93)

significantly affecting the convergence of the numerical solution. This is not surprising since the
magnitude of (4.93) is typically small compared to the balance of the momentum fluxes passing
through the side boundary CVs. This diffusive flux term and the pressure force term acting normal
to the boundary were added to the y-axis source terms of algebraic momentum equations as

By'p = Bip® + Py S,y Fily - 4.94)
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Finally, the mass flux condition (4.92b) indicates that
My =0, (4.95)

and does not introduce modifications to the algebraic pressure correction equation.

4.3.6 Segregated Solution Algorithm

The momentum equations (one for each Cartesian direction) and the pressure correction
equation are solved separately and sequentially. This is referred to as the segregated solution of the
Navier-Stokes equations, and the algorithm used in this work is summarized in Table 4.1. The
main or outer loop of the algorithm occurs over steps 2 to 10. There are several minor or inner
loops that are implicit to steps 4, 7 and 8; however, there are no formal inner loops that are
required for transient solutions of the Navier-Stokes equations. These inner loops enforce
convergence after each outer (time) iteration, but are not required for the steady-state solution. In
this thesis work, convergence is determined when the solution satisfies the following criteria:

LY |aF]

norm, = < tol., (4.96a)
P 4
Finict - F outlet
=Y | 4m|
norm_ = —<L < tol, (4.96b)
min.let
i, it
normg = rnax[ zl - - -——9325 < tolg (4.96¢)
minlet M ounet

where normg and norm,, are normalized parameters for measuring the force and mass balance
over the domain, norms is a normalized parameter for indicating when steady-state across the
domain has been achieved, and tol refers to specified tolerances for each normalized parameter.
The numerator of (4.96a) determines the average absolute sum of force residuals along the x-axis
(the direction of the bulk flow) and the denominator is the difference in total pressure forces acting
on the inlet and outlet boundaries. The numerator of (4.96b) determines the average absolute sum
of mass residuals along the x-axis and the denominator is the total mass flux crossing the inlet
boundary. Equation (4.96c) measures the absolute fractional difference between the old and
current total mass fluxes crossing the inlet and outlet boundaries.

Typically, (4.96¢) was the limiting condition for obtaining a converged solution. In fact, the
force and mass balance conditions were satisfied early in the simulations, while the steady-state
condition marked the end of the simulations. This is a common situation when pressure boundary
conditions are used at inlet boundaries of Navier-Stokes simulations [Ferziger and Peric, 1999].
The pressure force terms acting on these boundaries influence the velocity field explicitly through
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the momentum source terms. However, the net pressure force across the CVs along inlet boundary
depends on the nodal pressure gradient, which in turn depends on the evolution of the internal flow
field. Consequently, the velocity field accelerates slowly, as compared to the traditional velocity
boundary condition, to satisfy the pressure boundary condition.

4.3.7 Solution of the General Algebraic Equations

A general algebraic equation for a generic variable may be given as
Ap ¢p = ZF:AF br + Bp s 4.97)

and may also be represented over the entire domain as
Ai;:: P = AijE;c Dok +Aiﬁ Dioir +Ai};c Pijker
+ Ai.v!: D1k +Aifk Pk "'AijBk Pije-r + By >
where (i, j, k) are the indices of the CV grid. Equation (4.98) is a three-dimensional matrix
equation that may be solved iteratively using Stone’s [1968] method of incomplete factorization,

(4.98)

often referred to as the strongly implicit procedure (SIP). This method may be divided into two
steps: the calculation of SIP coefficients, and the calculation of the correction.

The coefficients in the SIP form the lower (L) and upper (U) triangular matrices of the
incomplete factorization. In this work, these coefficients are defined as seven three-dimensional
matrices with the same structure as the coefficients shown in (4.98). The recursive equations
defining the seven SIP coefficient matrices are shown in Appendix A. Once these SIP coefficient
matrices are defined, they need to be redefined only when the coefficients in (4.98) change.
Therefore, for the sequential solution of the momentum equations (u,, u,, and u,), the SIP
coefficients are defined only once since the velocity coefficients for each component are equivalent.
Incorporated within the definition of the SIP coefficients is the SIP parameter (&), which
influences the convergence properties the algorithm. For all simulations, the SIP parameter was set
equal to 0.92.

The correction step of the SIP begins by calculating the residual of (4.98) as

_ . E N T
Rie = Ay Prvrji + A ¢ij+lk * A ¢£jk+l
W s B
+ A Pootjie + Aiie Pjorie * Aijie P (4.99)
P
= Ak (pijk +B,

and then forward and backward substitution loops (see Appendix A) involving the SIP coefficient
matrices are used to solve an estimate of the correction matrix. This estimate may be refined by
repeating the correction step over a specified number of iterations. Note again that the SIP
coefficients remain fixed over these correction iterations. Convergence of the correction step may
be monitored by comparing the current absolute sum of the residuals to its initial value.

In this thesis, the multigrid method is used to accelerate the convergence of the SIP. The
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method is based on the additive correction approach [Hutchinson and Raithby, 1986] and uses the
V-cycle algorithm which may be divided into two steps: the restriction or passing of residuals to
coarser grids, and the prolongation or injection of corrections to the finer grids.

The restriction step begins by using the SIP to solve (4.99) over the original CV grid, which is
defined as the level-1 or fine grid. The residual field and coefficients from this level-1 grid are then
passed to a coarser level-2 grid, which is formed by agglomerating the CVs into 2x2x2 blocks if
possible. This results in a level-2 grid with (n; + 1)/2 x (n; + 1)/2 X (n, + 1)/2 CVs. The level-2
residual field is formed by summing the level-1 residuals over the agglomerated CVs. The level-2
coefficients are formed by removing the level-1 coefficients of faces contained within the interior of
the agglomerated CVs, and summing the level-1 coefficients that share a common exterior face.
Level-2 SIP coefficients may then be defined, and the SIP may be used to solve a correction field.
This level-2 correction field has an asscciated residual that inturn may be passed, along with the
level-2 coefficients, to a coarser level-3 grid. A level-3 correction field may be obtained in a
similar manner as the level-2 grid. This restriction may be repeated over a specified number of
levels.

The prolongation step begins at the coarsest grid level. The correction field determined from
the SIP is injected into the finer grid of the previous level using a simple block correction. Then
the SIP is used to smooth the resulting correction field on the finer grid. This prolongation is
repeated on subsequently finer grid levels until the level-1 grid is reached, which marks the end of
the V-cycle.

The SIP-multigrid solver developed in this work is summarized in Table 4.2. For all three-
dimensional simulations, the solver used 1 V-cycle with 5 grid levels and 1 iteration per SIP call
(i.e,ny=1, n, =5, and ng = 1). These solver parameters reduced the residual fields moderately
during each call to the solver. This was desirable in terms of the overall efficiency of the
segregated solution algorithm, since the convergence was limited by the slow acceleration of the
flow field. Therefore, by the time that the flow field had obtained steady-state, the residual force
and mass flux fields were reduced to acceptable levels.
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4.4 Two-Dimensional Flow Model Based on the Local Cubic
Law

4.4.1 Description of the Two-Dimensional Control Volume

An example of a two-dimensional CV grid or domain extracted from a three-dimensional
fracture is shown in Figure 4.1(c). The grid spacing along the x- and y-axes are uniform and equal,
and consequently, the CVs are orthogonal and square. Figure 4.6(a) displays a single CV from the
interior of the domain along with its central node, integration points, and neighbouring nodes. As
displayed in the figure, the lines connecting neighbouring nodes pass through the integration points
of each CV face. The aperture field is defined at each corner, and using bilinear interpolation, the

average aperture for the CV may be defined as
4

b, = ::-Z b, (4.100)

is]

where b_ is the aperture at the CV corners indexed from 1 to 4. Figure 4.6(b) displays a general
CV face between the nodes P and F that contains the integration point f. The dashed line defines a
square interfacial CV with point f at its centre. The aperture at the integration point is simply
defined as

by = (b, +b,) (4.101)

where b, and b, are the corner aperture values associated with the face. As noted in Section 3.2.1,
the LCL assumes that the mean wall topography or mid-surface of the fracture is approximately
planar. This situation is illustrated in Figure 4.7(a) which is a cross-section or profile through the
nodes P and F in Figure 4.6(b). Even though the CV grid is formally two-dimensional, the profile
reveals the underlying geometry used to define the effective flow parameters through the CV grid.
As shown the mid-surface of the profile is planar and perpendicular to the definition of aperture
used in this thesis. Figure 4.7(b) displays a profile with the same aperture values but undulation in
the mid-surface. Consequently, the definition of aperture is not perpendicular to the mid-surface,
and the distances between the nodes and integration point are larger than the grid spacing.
Considering this situation, an aperture may be defined perpendicular to the mid-surface b, as

b, = b, (4.102)

where b is the vertical aperture, and #, is the z-component of the unit normal of the mid-surface
(see Figure 4.7(c)). For a planar fracture /i, equals unity and for a undulating fracture 7, falls
below unity. Furthermore, a tortuosity factor for the distance between the node P and integration
point f may be defined as
Tp = —I%—fﬂl (4.103)
L
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which yields a value of unity for planar fractures, and a value above unity for undulating fractures.
In the next section (4.102) and (4.103) are used to correct the LCL to reflect fracture undulation.

4.4.2 Approximation of the Local Cubic Law

The LCL (3.9) may be integrated over an arbitrary CV as

v 2vglav - 0
[P o™ =0, (4.104)
. u
or alternatively, as
3
[p 5 Yyu|-ads -0, (4.105)
% 12u

where the volume integral is transformed into a surface integral. The discrete approximation of
(4.105) is given by

; me =0, (4.106)
where ni, is the mass flux normal to each face f defined as
B} 6 H,-H B} 6
i, = r YwePY | Hp Fl = 21 Wpy(HP~HF), (4.107)
12u dz.f 5LJ. 12u

where Ef"’ is a characteristic average of b* defined over the CV centred around f (see Figure 4.7(b)),
Ow,r and &, , are width and length of the interface CV, and H is hydraulic head at each node.
Equation (4.107) is simply a local application of the one-dimensional cubic law between nodes P

and F. In this study the value of '513/ &, s is defined using a weighted harmonic mean as
-1

3
L 6’*2 * 5"{'_”3 : (4.108)
% | Bpbp Brbp

where the subscripts fP and fF indicate values defined over adjacent halves of the interface CV,
and B is a term correcting the aperture and spatial step values to reflect undulation. The
characteristic values of b* for each half CV are defined using three methods. Using the half CV
associated with node P, the first method is given as

by = [g(bﬁbp)]’. (4.109)
which is simply the cube of the arithmetic mean aperture defined over the half CV [Brown, 1987,

as reported by Nicholl et al., 1999]. The second method is derived from the analytical solution of
the LCL for one-dimensional flow between mildly tapered plates [/wai, 1976] and is given as
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2;2 .
5. 2b; by
® b o+b,

¥ Pp
The third method is derived from the analytical solution of the Stokes equations for two-
dimensional radial flow through tapered plates (i.e., Hamel's problem) [Nicholl et al., 1999] and is
given as

4.110)

242
> 7 , 4.111)
f P tan (P

where the angle 6, measures the relative slope of the tapered plates (see Figure 4.7(c})), given as
| by~ bp |

tan 6, = xfp—fa——”—-, (4.112)

Lsp

where x is a term correcting the aperture and spatial step values to reflect undulation. Finally, the

correction terms £ and x may be defined as
~ 3 6
P

Bp = ——£, (4.113)

P | r s Fp [

A, 0,

Kp = —=L TP (4.114)

[r -rp|

which are unity when the fracture is planar and below unity with fracture undulation.
The algebraic equation of the LCL for a single CV P may be given as
H H H

Ap Hp = ZF: Ap Hp + Bp (4.115)

where A are the head coefficients at the neighbouring nodes, and A,” and B/, are the head
coefficient and source term at node P. In general, the head coefficients and source term are defined
as

b} §
Af < 2L SwPY L H o aF ) BE -0, (4.116)
5Lf 12u F

where b f3 /6, ; is given by (4.108) to (4.114) depending on the method used to approximate Eﬁi.
Equations (4.115) and (4.116) may be applied to each CV over the domain to form a linear set of
algebraic equations. As with the three-dimensional flow model, the coefficients of CVs lying on a
boundary are defined in order to initially remove the influence of the boundary. The following
coefficients are set to zero, depending on which boundary or boundaries the CV lies on:

west inlet boundary: A;f =0,

east outlet boundary: A: =0,

south side boundary: A =0,

north side boundary: A;{ =0

4.117)
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Effectively, (4.117) sets the coefficients of all boundary faces to be no-flow boundaries, which is
the desired boundary condition for the side boundaries. The inlet and outlet boundaries are flow
boundaries with prescribed pressure, and therefore, the coefficients of CVs lying on the inlet and
outlet must be modified according to

Hold Ebi' 6W'.bfpy

AH =A +
P P - 5
Oper 120 (4.118)
H
BP = Hprwctbed ’

where bf refers to boundary faces, old refers to the cumulative value of the central coefficient. The
mass flux through these boundaries is given by

73
- by JW,bfpy(H CH )
bf éLbf 12” P prescribed

4.119)

After incorporating the boundary conditions, the set of algebraic equations are solved
iteratively using a two-dimensional version of the SIP-multigrid solver presented in Section 4.3.6
(see Table 4.2). For all two-dimensional simulations, the solver used 5 V-cycles with 5 grid levels
and 5 iterations per SIP call (ny =5, n;, =5, and ng =5). The SIP solver was called successively
until the convergence criteria (4.96b) and (4.96c) fell below 10%.

4.5 Three-dimensional Solute Transport Model Based on the
Random Walk Particle Method

4.5.1 Description of the Three-Dimensional Control Volume

The three-dimensional solute transport simulations employ the velocity fields from the three-
dimensional flow simulations, and therefore, use the same CV grid, except that the nodal velocity
field is interpolated from the CV nodes to the CV corners. An inverse distance scheme was
employed (see Figure 4.8(a)) to interpolate the velocity vector at the CV corners u, as

a. = XF: Wg Ug, (4.120a)

Wr = il 4.120b
XF: |"c‘1'1-'| 1 ( )

where the subscripts ¢ and F refer to the CV corner of interest and surrounding nodes involved in
the interpolation, and w is the inverse distance weight for each node. This scheme used a
maximum of 8 nodes for interior CV corners, and a minium of 4 interpolation points for boundary
CV corners. The velocity at any point within the fracture domain was defined by first identifying
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the CV which holds the point and then tri-linearly interpolating from the CV corners to the point of
interest. The tri-linear interpolation scheme for a specific CV may be given as (see Figure 4.8(b))
8
u, 2%2 (1“'Ticwi)(1+7}cwj)(!+chwk) u., (4.121a)
where u, is the velocity vector at a point r,(xy,2) with trilinear weights (w,, wj, wy), and
TS, T, and T are local coordinates for each corner which may be defined as
L= {-1,+1,+1,-1,-1,+1,+1,-11},

T; = {-1,-1,+L,+L,-1,-1,+1,+1}, (4.121b)

T, = {-1,-1,-1,-1,+1,+1, +1,+1},

where each row vector is indexed from corner 1 to 8 as displayed in Figure 4.8(b).
4.5.2 Approximation of the Advection-Diffusion Equation

As presented in Section 3.2.2, the three-dimensional advection-diffusion equation is
approximated by the RWPM which simulates transport of a large number of particles », through
the fracture domain. The transport of each individual particle is governed by

rf =4 ' Ar + Z,/2D, Ar (4.122)

where the advective term tracks the particle within the predetermined steady state flow field, and
the diffusive term displaces the particle randomly with a variance 2 D,, At that is characteristic of
Fickian diffusion. Each particle is introduced or injected into the domain at random locations on
CV faces lying on the inlet boundary. Each CV boundary face is assigned a number of particles
n,* as a fraction of n,, according to

n =n,6 —,

p P (4.123)
where iy /ni;y., 1s the ratio of mass flux passing through boundary face bf to the total mass flux
through the inlet. Equation (4.122) explicitly describes the transport of each injected particle
through the fracture domain over sequential time steps. The spatial history of each particle was
stored, and the end or breakthrough time of the simulation was determined as the particles crossed
the outlet boundary.

The main boundary condition used with (4.122) is the reflection boundary. This boundary
satisfies the no-flow and symmetry requirements of the wall and side boundaries, and is also used
at the inlet boundary after the particles are injected. It ensures that particles that are assigned
positions that are outside of the fracture domain are reassigned positions within the domain using a
simple reflection property. Figure 4.9(a) illustrates this property for a particle with an initial
location r, and a new location r,. which is outside of the domain. The reflection boundary assigns
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the new position r,. by setting the distance dw to equal dw’. Figure 4.9(b) illustrates the same
principle used for a non-horizontal wall. In this situation, the particle is also assumed to be
reflected by setting the distance &w to equal dw’. This clear approximation was implemented since
it reduces the computational burden of finding the actual point of intersection between the bilinear
wall faces and the pathway of the particle. For fractures with very rough walls this approximation
may influence the particle transport; however, this influence may be reduced by choosing a suitably
small time step. Finally, a secondary boundary condition sets the minimum distance that a particle
may approach a wall. In the event of very low or zero diffusive transport, this condition prevents
particles from becoming trapped along the walls with velocity components that approach zero (see
Figure 4.9(c)). The minimum distance was specified as a fraction of the CV dimension along the z-
axis as

Cymin = Fu &, (4.124)

where the fraction F,, equalled O or 0.1 for all transport simulations.

Table 4.1. Summary of the segregated solution algorithm.

step description equations

1 initialize velocity, pressure and mass flux fields u=p=m=0

2 calculate velocity and pressure gradients (4.21)

3 assemble algebraic momentum equations (4.42), (4.43), (4.67),
and incorporate boundary conditions (4.78), (4.89), (4.93)

4 solve momentum equations sequentially (4.46)
with &, = 0.75 t0 0.95

5 calculate mass flux and mass residual fields (4.55), (4.62)

6 assemble algebraic pressure correction equation (4.64), (4.65),
and incorporate boundary conditions (4.67), (4.83)

7 solve pressure correction equation (4.64)

8 calculate pressure correction gradient with m=2 4.22)

9 correct velocity, mass flux, and pressure with &, = 0.10 (4.56b), (4.56¢), (4.66)

10 check convergence criteria with tol. = tol,, = tol; = 10, 4.95)
if criteria are met then end solution, otherwise go to step 2
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Table 4.2. Summary of SIP-multigrid solver algorithm. i

o define A coefficients’ on grid levels 2 to n,,
o calculate SIP coefficients' on all grid levels
o V-cycle loop: i = 1 tony
o SIP solve level, grid using n; iterations
o restriction loop: j =2 to n,
o calculate residual® on level;, grid
o pass residual to level; grid
o SIP solve level; grid using n; iterations
o prolongation loop: j = n, to 2 by -1
o inject level, correction' into level;, grid
o SIP solve level;, grid using n; iterations

* all coefficients, residuals, and corrections on levels 2 to n, were stored in
three-dimensional matrices with dimensions:
nix n!x n! = (M- 172 x (nf- 172 x (- D2
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uniform spacing 4, and 4, and variable aperture b(x, y), (b) 3D CV domain formed by subdividing
void space into uniform x-y increments J, and &, and variable z increments &, (x, y), (c) 2D CV

Figure 4.1. Examples of fracture domains: (a) 3D void space generated over an x-y grid with
domain formed by subdividing void space into uniform x-y increments &, and J,.
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Figure 4.2. Example of a 3D CV from the interior of the 3D domain shown in Figure 4.1(a). The
compass method is used to index nodes (circles) and integration points (triangles). The indices or
corners of the CV are represented with square symbols.
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Figure 4.3. Details of the east face from the 3D CV shown in Figure 4.2. (a) Definition of
tangential vectors {, and ¥, unit normal vector fi,, and the local vector §, which connects nodes P
and E. (b) Definition of normal vector 1, passing through integration point e connecting auxiliary
nodes P’ and E’, and the outline (dotted line) of the CV associated with the face.
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top wall, z= ZU
impermeable no—slip

north side, y=W
symmetry (no—flow, no—shear)

eastoutlet, x =1
specified pressure

west inlet, x=0
specified pressure

south side, y=0
symmetry (no—flow, no—shear)

bottom wall, z =

L

z impermeable no—slip

N

Figure 4.4. General boundary conditions used for the 3D simulations. The 2D simulations used
the inlet, outlet, and side boundary conditions.
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Figure 4.5. Details of a general 3D CV boundary face bf. (a) Definition of unit normal vector iy,
and the local vector §,, which connects node P to integration point bf. (b) Definition of normal
vector T);; connecting auxiliary node P’ to integration point bf, and the boundary interface CV
(dotted line).
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@)

(b)

Figure 4.6. (a) An example of a 2D CV from the interior of the 2D domain shown in
Figure 4.1(c). The corners (rectangles) are indexed | to 4, and the compass method is
used to index the nodes (circles) and integration points (triangles). (b) Detail of a general
2D face and the outline (dotted line) of the CV associated with the face.
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Figure 4.7. Profiles through nodes P and F shown in Figure 4.6(b) with: (a) planar
mid-surface (dashed line), and (b) undulating mid-surface. The solid line delineates the
portion of the profiles associated with the interface f, the circles represent nodes, and
the triangles represent integration points. (c) Detail of profile shown in Part (b).
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Figure 4.8. (a) Layout of nodes (circles) used to interpolate velocity at CV corner
(square). The solid lines represent CV edges, and the dotted lines represent the distance
between the corner and nodes used in (4.120). (b) Layout of CV comers used to interpolate
velocity at a general point p within the CV.
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Figure 4.9. Ilustration of RWPM wall boundary conditions for various situations:
(a) particie reflection off a planar wall, (b) particle reflection off an undulating wall,
and (c) particle adjustment for the minimum wall separation distance. The dashed line
represents the unadjusted pathway of the particles, and the solid represents the final or
adjusted pathways. The circles are the particle positions at the beginning (point 1) and
end (point 2) of a time step, and the triangles are points of reflection.



CHAPTER 5. Simulation Results and Discussion

5.1 Introduction

The primary purpose of this chapter is to present and discuss the results of various fluid flow
simulations performed on progressively more complex domains. The simulations begin with flow
through parallel plates, move to flow through sinusoidal surfaces, and end with flow through
synthetic rough-walled fractures. The first two ideal domains are used to verify the three-
dimensional and two-dimensional flow models presented in Chapter 4. The rough-walled fracture
domains are used to demonstrate the complex nature of fracture flow, and to compare the total flow
rate predicted from the developed models under different conditions. By comparing the predicted
total flow rates, geometric and kinematic constraints on the usage of the LCL and Stokes
simulations are presented. Numerical accuracy, errors, and variability in the observed numerical
simulations are also presented.

It is important to note that numerical simulations referred to as Stokes simulations in this
thesis differ from the NS simulations only in that all the inertial terms (see (4.36)) are set to zero.
Otherwise, the three-dimensional NS and Stokes simulations use the same discretization, boundary
conditions, and solution methods. However, in general, the linear Stokes simulations were
numerically more stable than the non-linear NS simulations. This property allowed for larger
relaxation parameters to be used in the iterative solution of the Stokes equations, and consequently,
led to a greater rate of convergence than the NS equations.

This chapter also presents and discusses the results of solute transport simulations performed
on parallel plates, and two laboratory samples of rough-walled fractures. The parallel plates
simulations are used to verify the RWPM model presented in Chapter 4. The laboratory rough-
walled fracture simulations serve to verify the physics and numerical solution methods for both the
flow and transport models developed in this thesis by matching experimental hydraulic and tracer
tests.

99
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5.2 Fluid Flow through Parallel Plates :

Fluid flow through parallel plates was simulated using the three-dimensional Navier-Stokes
model and compared to the exact solution given by (3.13) or (3.28). For this domain the two-
dimensional LCL model reduces to the exact solution and hence will not be further discussed in this
section. The parameters for the three-dimensional parallel plate simulations are summarised in
Table 5.1, and several simulation results are presented in Figure 5.1. These simulations employed
the boundary conditions presented in Section 4.3.4. Figure 5.1(a) shows the velocity field between
the plates oriented in the direction of flow for the simulation with 20 CVs along the vertical axis
(i.e., n,equals 20). The velocity vectors are parallel to the plate walls and their magnitudes vary
parabolically along the vertical axis. Figure S.1(b) displays the normalized velocity profile
between the plates predicted by the model and the exact solution. As shown, the model compares
very well with the exact solution. In addition, a normalized pressure profile is shown to match the
pressure profile that is implicit to the exact solution. It is important to emphasize here that the
Navier-Stokes and Stokes simulations were identical even though the Reynolds number of the flow
field was high (Re = 0.8). This occurred since the velocity vector at a specific vertical position z
was one-dimensional and constant throughout the domain, and consequently, fluid inertial forces
remained negligible. Figure 5.1(c) displays the observed relationship between the relative error ¢,
of the numerical solution and the vertical grid spacing &.. The relative error ¢, is defined as

[ QCL - Qd: |
ey =
QcL

5.1

where Q¢ is the exact flow rate from the cubic law, and Q; is the flow rate from NS simulations
using a specific &, value. As expected, the relative error decreases as the vertical grid spacing
decreases, or in other words, the relative error decreases as the number of CVs in the vertical
direction increase. The regressed power relationship between the relative error and grid spacing is
also displayed, yielding an exponent of approximately 2. This indicates that the numerical system
of equations display second-order accuracy in approximating the exact solution. This result is
expected since the accuracy of the viscous and pressure forces terms used in the CV formulation
are also second-order.



CHAPTER 5. Simulation Results and Discussion 101

5.3 Fluid Flow through Sinusoidal Fractures

Fluid flow through fractures with sinusoidal walls was simulated using the three-dimensional
Navier-Stokes and the two-dimensional LCL models. The profile of a general sinusoidal fracture
is shown in Figure 5.2(a) while Table 5.2 summarizes the model parameters used in these
simulations. These simulations used the standard boundary conditions presented Sections 4.3.4
and 4.4.2. Two important parameters describing the aperture variability in the sinusoidal profile
are the relative roughness A/b_;,, and the roughness slope A/A. Various values of relative
roughness were examined and two values of the roughness slope, 0.1 and 0.4, were used to
represent mild and steep roughness variations.

Figures 5.2(b) and (c) present the velocity field through the middle oscillation of a relatively
rough (A/b, = 1) and steeply sloped (A/A = 0.4) fracture profile as predicted by Stokes and
Navier-Stokes simulations for a gradient equal to 0.033. The flow solution is symmetric about the
centre line, however, the vectors below the centre line of the profiles are transformed by taking the
quad root of their magnitude to reveal the flow pattern in the low velocity region. Figure 5.2(b)
displays a vector distribution at the constriction that is qualitatively parabolic and parallel to the x-
axis. The direction of the vectors spread or fan out as the aperture of the profile increases so that
the vectors next to the walls become parallel to the wall and vectors travelling along the vertical
centre of the profile remain parallel to the x-axis. Essentially the direction of the vector field
conforms to the shape of the fracture profile. It is also clear that the magnitude of the vectors is
largest in the constriction and smallest in the large aperture portion of the profile. Figure 5.2(c)
displays similar behaviour to Figure 5.2(b) except that the vectors tend to rernain parallel to the x-
axis, and the magnitude of the vectors close to the vertical centre of the profile are larger.
Additionally, vectors in the large aperture region recirculate due to separation in the flow field.
These properties indicate that inertial forces significantly influence the flow field by resisting
changes in magnitude and direction. Figures (c) and (b) are in good agreement with Figure 6 in
work of Brown et al. [1995].

Figure 5.3 displays vertical profiles of two velocity components «, and u_, and pressure p for
three locations (P1, P2, and P3) along the x-axis as indicated on Figure 5.2. The vertical position
is normalized by the aperture value at the profile locations, and the velocity components and
pressure are normalized by the maximum value of u, and p observed along the profile. Also
included are the ideal velocity and pressure profiles assumed by the LCL approximation. It is clear
that both simulations display non-parabolic profiles for «, and, non-vertical profiles of u. and p,
with the NS simulation displaying the largest deviations. This behaviour suggests the LCL
approximation may be invalid for predicting the bulk flow through this sinusoidal fracture and
hydraulic gradient.

Figure 5.4 displays the ratio of bulk flow rates predicted by the Stokes and LCL simulations
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Qs/Q; c; for sinusoidal fractures with various values of A/b;, and mild and steep values 6f A/A.
Also displayed on the figure are data from Brown et al. [1995]. The LCL simulations used three
different definitions of I_J};D given by (4.109), (4.110), and (4.111). According to Nichols et al.
[1999], (4.109) was the definition used in LCL model developed in the work of Brown [1987] and
subsequently applied in the work of Brown et al. [1995]. Therefore, the flow ratios represented as
square symbols should be in agreement with the data from Brown er al. [1995]. The flow ratios
for the mild sloped fractures are in good agreement, but the flow ratios for the steep sloped
fractures significantly deviate as the relative roughness of the fracture decreases. This suggests
that there are differences in the Stokes simulations performed in this work and those performed in
Brown et al.[1995] using a lattice-gas automaton method. This also suggests that for steeply
sloped sinusoidal aperture variations the LCL with (4.109) will overestimate the flow rate by a
factor greater than 2 even for a small relative roughness. The flow ratios using the LCL
simulations with (4.111) are shown to be quite different from the data of Brown et al. [1995];
however, these ratios are close to unity which indicate very good agreement with the Stokes
simulations. Therefore, the LCL with (4.111) closely approximated the Stokes equations for fluid
flow through the sinusoidal fracture with mildly and steeply sloped aperture variation. Equation
(4.111) incorporates the effects of non-orthogonal flow into the LCL approximation which is
demonstrated to be important for the sinusoidal fractures examined.

Figure 5.5(a) displays the ratio of flow rates predicted by the NS and Stokes simulations
Qns/Qs for a steeply sloped sinusoidal fracture with a relative roughness of unity and various
values of Re. Again data from Brown et al. [1995] are included on this figure. Interestingly, even
though there are apparent differences in the Q;/Q; ~, data presented in this thesis work and the
work of Brown et al. [1995], the relationship between Qys/Qs and Re for a single sinusoidal
fracture are in good agreement.

Figure 5.5(b) displays the observed relationship between the relative error e, of the numerical
solution and the number of subdivisions applied to a CV grid originally containing 60x1x20 CVs.
For example, subdividing the domain by a factor of 2 creates 120x2x40 CVs with reduced grid
spacing. The relative error for each simulation was defined as

oo 52
Os
where Qs is the total flow rate from a reference simulation using #,,, equal to 5. The sinusoidal
fracture examined is steeply sloped and has a relative roughness of unity (see Figure 5.3). The
relative error decreases as n,,,’ decreases or as the number of CVs increases. The regressed power
relationship between e, and n,,," is also displayed, yielding exponents of approximately 2.1 and
1.3 for the Stokes and NS simulations, respectively. For this fracture flow scenario, the exponents
indicate that the accuracy of the numerical system of equations is higher for the Stokes equations.
This result is expected since the viscous and pressure forces terms used in the CV formulation are
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second-order accurate, whereas the inertial force terms are first-order accurate. Consequéntly, as
the influence of the inertial terms increases in the system of equations, the overall accuracy will fall
below second-order and approach first-order.

5.4 Fluid Flow through Synthetic Rough-Walled Fractures

Synthetic rough-walled fractures were generated using the method presented in Section 2.6.
Fluid flow through these synthetic fractures was simulated using the two-dimensional LCL and
three-dimensional Navier-Stokes models. The parameters for these simulations are summarised in
Table 5.3 and the boundary conditions are presented in Sections 4.3.4 and 4.4.2 (see Figure 4.4).
The following subsections discuss the comparison of the LCL simulations to published results, the
comparison of the LCL to the Stokes simulations, and finally, the comparison of the Navier-Stokes
and Stokes simulations. In addition, example simulations are presented of fluid flow through
relatively smooth and rough fractures (g, /b, equals 0.125 and 1.0, respectively) with moderate
undulation (o, equal to 0.5 mm). These smooth and rough fracture examples have the same
mechanical aperture (b,, equalling 0.5 mm) and are shown in Figures 5.6 and 5.7.

5.4.1 LCL Simulations versus Cubic Law Calculations

Figure 5.8 displays the two-dimensional fluid flow fields through each example fracture
predicted by the LCL simulations using (4.109) with S5 set to unity (i.e., no correction for
undulation, which is equivalent to assuming 0 = 0). The fluid flow vectors for the smooth fracture
vary mildly in magnitude and direction over the domain, whereas the vectors for the rough fracture
exhibit strong heterogeneity and form distinct flow channels across the domain. This channelling
behaviour is characteristic of fluid flowing through persistent or correlated large aperture pathways
across the domain. In addition, the total flow rate through the rough fracture is only two thirds of
the flow through the smooth fracture even though they have identical b,, values. This decrease in
total flow is caused by a reduction in the cross sectional area available to flow, and then forcing the
flow field through the small aperture regions along the channels. In this situation, the local velocity
must increase, which leads to larger internal head losses and smaller total flow rates for a given
hydraulic gradient. As discussed in Section 3.3, this channelling and hydraulic behaviour has been
well documented in theoretical [e.g., Brown, 1987] and experimental [e.g., Brown et al., 1998]
studies.

Section 3.3.2 discussed the results of various theoretical studies examining fluid flow through
random or synthetic rough-walled fractures. Figure 3.2 presents the functional relationships
(equations (3.22), (3.23), (3.25), and (3.27)) that were observed between the total flow rate
predicted by the LCL and the parallel plate cubic law using the arithmetic mean aperture (b of the
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fracture. Note that this flow ratio O, /O may be shown to be equivalent to the cube of the
hydraulic aperture over the arithmetic mean ( b,/ {b))*. The figure displays that the LCL, under-
predicts the total flow rate as compared to the cubic law when the relative roughness g, /b, of the
fracture is high (or alternatively b,,/0,, is small). These functional relationships were determined
using different theoretical models of rough-walled fractures and predict a range of Q,, /Q, values
that diverge as g, /b,, increases.

Figure 5.9 superimposes the results of LCL simulations using (4.109) performed in this thesis
work onto Figure 3.2 for fractures with various values of mid-surface variation or undulation. The
symbols represent fractures with normal or lognormal aperture distributions with two correlation
length 4, values. The equation and source of the functional relationships from Figure 3.2 are also
shown. Figure 5.9(a) displays the results for fractures with planar mid-surfaces (o; = 0) and
represents the common situation where fracture undulation is neglected in the LCL approach. The
LCL results for all the fracture types are shown to fall within the range of the previously
determined relationships. The results for the fractures with normally distributed aperture fields
behaved most like the relationships of Petir and Cheng [1978] and Brown [1987] which also
produced normally distributed aperture fields. The results for the fractures with lognormally .
distributed aperture fields are shifted downward along the flow ratio-axis toward the relationship of
Renshaw [1995] which is based on statistical arguments for lognormally distributed aperture fields.
Additionally, for both normal and lognormal distributions there was a shift downward for the
smaller correlation lengths. The magnitude of the shift was consistent with Brown [1987] who
observed a second-order difference between fractures with smoothly and roughly textured aperture
fields with fractal correlation. However, Brown [1987] observed that @, ~, / Q; shifted upwards
for the fractures with roughly textured aperture fields, or in other words, the LCL and cubic law
were in better agreement for the roughly textured fractures. Conversely, this thesis work observed
that the LCL and cubic law were in better agreement for fractures with milder spatial variation in
aperture as quantified by the traditional correlation length.

Figures 5.9(b) and 5.9(c) display the LCL results for fractures with two values of undulation
(0z=0.5 and 1.0 mm), superimposed on the functional relationships from Figure 3.2. These
figures show a shift downward in Q, ., /Q, for low o,, /b,, values as o3 increases. Essentially, the
undulation decreases the local aperture field and reduces the flow predicted by the LCL. This
aperture field reduction seems to be more important when the fracture is smooth, or the relative
roughness &, /b, is low.

This subsection has presented two-dimensional flow fields (see Figure 5.8) from LCL
simulations on the smooth and rough example fractures. These results are consistent with other
published data [e.g., Brown, 1987] and clearly illustrate that g, /b, is an important parameter for
describing the distribution of flow in a rough-walled fracture. Furthermore, the total flow rates
from LCL simulations on many synthetic fractures were compared to the total flow rate from the
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cubic law using {b) (see Figure 5.9). In other words, the LCL total flow rate was compared to the
total flow through a set of parallel plates with a constant aperture equal to the arithmetic mean of
the synthetic fracture. Figure 5.9(a) shows that the results of this work are within the range of
several published correlations and again that o, /b, is an important parameter in terms of predicted
the total flow. Figure 5.9(c) illustrates that large values of mid-surface variability or fracture
undulation reduce the effective aperture for smooth fractures and should be included into the LCL
approach.

5.4.2 Stokes versus LCL Simulations

Figure 5.10 displays two-dimensional vector plots of the integrated fluid flux field within each
fracture predicted by the three-dimensional Stokes simulations. Qualitatively, these results are
identical to the LCL simulations shown in Figure 5.8. The fluid flux vectors for the smooth
fracture vary mildly in magnitude ard direction over the domain, and the vectors for the rough
fracture form distinct tortuous channels that convey the majority of the fluid across the domain.
Quantitative differences are displayed in Figure 5.11 which was formed by subtracting the Stokes
integrated flux fields from the LCL flux fields. This figure shows that the largest flux difference
vectors are located along the highest flux pathways with maximum values equal to 10 and 23% of
each total flow difference. These total flow differences indicate that the Stokes simulations predict
total flows 3% and 14% lower that the LCL simulations for the smooth and rough fracture
examples, respectively.

Figure 5.12 displays velocity fields over a two-dimensional cross-section through the centre of
the fracture domains and paralle] to the x-z plane (see Section C-C on Figure 5.10). The
variability of the fracture geometry along each cross-section is clearly displayed, with the rough
fracture cross-section displaying two points of contact. The resulting velocity fields are not
entirely paraliel with the fracture walls, and qualitatively, do not agree with an ideal parabolic
profile between parallel plates. Figure 5.13 displays vertical velocity profiles through each cross-
section in Figure 5.12 at the points labelled P1, P2, and P3. These profiles are normalized by the
local aperture and the ideal maximum x-axis velocity for the integrated local flow rate.
Additionally, the velocity distribution is resolved into its x- and z-components, and includes the
corresponding ideal velocity profiles. Interestingly, the x-velocity is shown to be very close to the
ideal parabola, whereas the z-velocity is different from the ideal value of zero. This non-zero z-
velocity reflects the radial or converging-diverging nature of the flow field, and is shown to be
more significant, and even asymmetric, for the rough fracture example. A consequence of this non-
zero z-velocity is that larger viscous shear stresses are produced within the flow field as compared
to the LCL approximation. Therefore, the Stokes simulation for the rough fracture example
predicts a total flow rate 14% lower than the LCL simulation.

The fracture examples discussed so far have demonstrated small to moderate (second order)
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differences between the fluid flux fields and total flow rates predicted by the LCL and Stokes
equations. In order to generalize this observation, many LCL and Stokes simulations were
performed on synthetic fractures with various values of relative roughness g,,/b,, and mid-surface
variability o0 (see Table 5.3). Figure 5.14 displays the ratio of the total flow predicted from
Stokes and LCL simulations Qs/Q;; versus the fracture relative roughness. These results used
synthetic fractures with o, /b,, values ranging from 0.0625 to 2, g, values of 0, 0.5, and 1.0 mm,
and normally distributed aperture fields with a correlation length of 2 mm. The corresponding
LCL simulations used (4.109), (4.110), and (4.111) with 8 and x4 set to unity so that no
geometric correction for undulation was included. Each part of Figure 5.14 displays flow ratios
that decrease exponentially in response to increases in the relative roughness. This response is
similar to the response of the O,/ Oc; shown in Figure 5.9 except that the magnitude of the
decrease is smaller. Figure 5.14(a) shows that the total flow predicted by LCL simulations using
(4.109), (4.110), and (4.111) were all very close to the Stokes simulations up to a relative
roughness value of 0.25. Above .25 the flow ratio began to decrease exponentially with the LCL
simulations using (4.110) and (4.111) predicting total flows within 10% of the Stokes simulations.
The LCL simulations using (4.109) predicted slightly larger flow rates within 15% of the Stokes
simulations. Parts (b) and (c) of Figure 5.14 display uniform decreases of approximately S and
15% across the entire range of relative roughness values in response to increases in the mid-surface
variability. Interestingly, these simulations demonstrate that mid-surface undulation may be an
important component of fracture roughness even when the relative roughness is low. Furthermore,
the constant shift downward in Q/Q; , for the given mid-surface standard deviations suggests that
geometric corrections based on the mid-surface fields may be effective in correcting the LCL
simulations.

Figure 5.15 displays Q¢/Q;; results for the same fractures used in Figure 5.14 except that
the LCL simulations incorporate the mid-surface correction terms. Figure 5.14(a) and 5.15(a) are
identical since the correction terms are equal to unity when the mid-surface is a plane (i.e., o3
equals 0). Parts (b) and (c) of Figure 5.15 clearly demonstrate that the correction terms effectively
remove the downward shift in Qs/Q; ; in response to mid-surface variability. As a result, the
relationship in Part (c) is very similar to Part (a) except that Q5/Q, -, levels off at a value of 1.02
instead of 1.0. In other words, the LCL with mid-surface corrections slightly under-predicts the
total flow as compared to the Stokes simulations.

Figure 5.16 presents the results of Stokes and LCL simulations using (4.111) with mid-
surface corrections for three different fracture types. These fracture types include normally
distributed aperture fields with correlation lengths of 2 and 5 mm, and lognormally distributed
aperture fields with a correlation length of 2 mm. Figure 5.16(a) shows that Q¢/Q, ., for ali three
fracture types are identical for relative roughness values up to 0.25. Above 0.25, the Q:/0, ¢,
values decrease exponentially to a minium value of 0.9. The Q;/Q, ., values for the fractures with



CHAPTER 5. Simulation Results and Discussion 107

a correlation length of 2 mm are very similar and the Qs/Q; ; values for fractures with a -
correlation length of 5 mm are slightly closer to unity. Once again the effectiveness of the
correction terms is demonstrated in that Parts (b) and (c) are very similar to Part (a). Effectively,
the corrections have removed the influence of the mid-surface variability.

Figure 5.17 presents the Q5/Q; ~; values from Figure 5.16 for the normally distributed
aperture fractures with 4, equalling 2 mm versus three roughness parameters: the actual relative
roughness g, /(b), the actual roughness slope g,/4;, and the mean aperture aspect ratio (b)/4,.
These actual parameters are different from o,,/b,,, &,,/4;, and b,/ 4, when the fracture aperture
field is truncated during closure (see Figure 2.15). These three parameters are presented in order
to examine geometric constraints on the LCL to approximate the Stokes equations (see Section
3.2.1 and Table 3.1). Following the work of Zirnmerman et al. [1991], an acceptable level of error
between the Stokes and LCL is set to be 10%, which corresponds to a minimum Qs/Q, -, value of
0.9. This minimmm value is shown as a dotted line in Figure 5.17 and clearly demonstrates that all
of the simulation data are within the acceptable range of error. The trend in Figure 5.17(a)
suggests that ¢, /(b) should be limited to values below 1.0 to maintain this property. This also
corresponds to a g,/b,, value of 2.0. These limits contrast the recommendation of Oron and
Berkowitz [1998] to limit g, /b, to values an order of magnitude below 1.0. The trend in Figure
5.17(b) suggests that g;/4, should be limited to values below 0.2 which is identical to the limit
proposed by Zimmerman et al. [1991]. Although Figure 5.17(c) does not display a definite trend,
the results are not as expected. According to the work of Zimmerman and Bodvarsson [1996], the
value of Q5/Q, ; should approach unity as the value of (b)/4, decreases. Conversely, the
numerical simulations performed in this work predict values of Qg/Q, -, that approach unity as the
value of {b)/ A, increases. Zimmerman and Yeo [1998] proposed that {b)/4,, be limited to values
below 0.3, and this work demonstrates acceptable error levels for values up to 0.5.

Finally, a portion of the flow ratio results from this thesis work are compared with the work of
Mourzenko et al. [1995] in Figure 5.18. The hollow symbols are the lowest flow ratios observed
in Figures 5.14 and 5.15 and the o,,/b,, values have been transformed into o,,/b,, using (2.20)
where 0, is the standard deviation of the wall topography which equals oy, and g;. It is very clear
that the discrepancy between the LCL and Stokes simulations was much smaller in this work than
observed in the results of Mourzenko et al. [1995]. One cause of this discrepancy may be that
different methods were used to represent the synthetic fracture geometry in each work. In this
study the synthetic fractures are formed by combining two-dimensional random fields of aperture
and mid-surface elevation that are point values (see Section 2.6). The resuiting fracture walls are
two-dimensional fields of elevation point values that are inter-connected with bilinear surfaces.
Thus, each fracture wall may be described as a piece-wise continuous surface. Mourzenko et al.
[1995] generated two-dimensional random elevation fields for each fracture wall as an array of
horizontal plates inter-connected by vertical steps. Thus, these fracture walls are stair-stepped
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fields of block elevation values, which form piece-wise discontinuous surfaces. And upori mating
the fracture walls, the resulting aperture fields have the same stepped block value structure.
Consequently, the fracture geometry used by Mourzenko et al. [1995] has an additional component
of roughness due to the stair-stepped structure and the block value fields are statistically different
than point value fields. Moreover, plotting the flow ratio data from Figure 5.18 against the
roughness slope g,,/4,, and aperture aspect ratio b,,/4, (see Figure 5.19) demonstrates that
Mourzenko et al. [1995] used more steeply sloped fractures with larger aspect ratios. Note that the
uncorrelated data from Mourzenko et al. [1995] was transformed by assuming that g, equals

22 g,. This transformation is appropriate since Mourzenko et al. [1995] defined b as Z;, minus
Z,, and therefore, g, is approximately equal to ;> + 0, or 2 g,%. Interestingly, the unclear trend
observed in Figure 5.17 is clearly observed in Figure 5.19(b), where the value of Qs/Q,,
approaches unity for as b, /4, increases, rather than decreases.

This section compared Stokes and LCL simulations using various aperture definitions and
aperture corrections. Simulations using synthetic example fractures demonstrated that the
integrated fluid flux fields from the Stokes simulations were qualitatively identical to the fluid flux
field from the LCL simulations. Differencing these fields revealed some qualitative differences
along the high flow pathways which corresponded to significant vertical components in the velocity
field. Simulations using many synthetic fractures demonstrated that total flow rate predicted by the
LCL with geometric corrections were within 2% of Stokes for g,,/b,, values below 0.25 and within
10% for g, /b, values above 0.25 and below 2. These results clearly demonstrate the utility of
LCL and were used to set limits on two roughness parameters for its validity. Observing trends in
Qs/Q; ¢ suggests that g,/{(b) and g;,/4, be limited to values below 1.0 and 0.2, so that Qg and Q,
are within 10%. The observed trend in Qs/Q, ., versus {b)/4, was the inverse of what is predicted
in theoretical work of Zimmerman and Bodvarsson [1996], and suggests that {b)/4, may not be
useful as a single parameter to limit the validity of the LCL. Finally, the values of Os/Q,, in this
thesis work were much closer to unity than the work of Mourzenko er al. {1995] which used
synthetic fractures with stair-stepped features and larger values of g,,/4, and b,,/4,.

5.4.3 Navier-Stokes versus Stokes Simulations

Figure 5.20 displays two-dimensional vector plots of the integrated fluid flux field within each
example fracture predicted by the three-dimensional NS simulations. Qualitatively, these results
are identical to the LCL and Stokes simulations shown in Figures 5.8 and 5.10. Once again, the
fluid flux vectors for the smooth fracture vary mildly in magnitude and direction over the domain,
and the vectors for the rough fracture form distinct tortzous channels that convey the majority of
the fluid across the domain. However, the vectors in Figure 5.20 are more concentrated in the flow
channels and define smoother pathways of fluid flux as compared to Figure 5.10. This indicates
that inertial forces are resisting changes in direction and magnitude within the velocity field.
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Figure 5.21 clearly quantifies these differences by subtracting the integrated flux fields from the
NS simulations from the Stokes simulations. The largest flux difference vectors are located along
the highest flux pathways with maximum values equal to 8 and 22% of each total flow difference.
These total flow differences indicate that the NS simulations predict total flows 8% and 36% lower
that the Stokes simulations for the smooth and rough fracture examples, respectively.

Figure 5.22 displays velocity vector plots over a two-dimensional cross-section through the
centre of the fracture domains and parallel to the x-z plane (see Section C-C on Figure 5.20). As
with the Stokes simulations (see Figure 5.12), the resulting velocity fields are not entirely parallel
with the fracture walls, and qualitatively, do not agree with an ideal parabolic profile between
parallel plates. Given the wide range in vector magnitude displayed in Figures 5.12 and 5.22 , it is
difficult to observe differences in the NS and Stokes profiles. Figure 5.23 displays vertical velocity
profiles through each cross-section in Figures S.12 and 5.22 at the points labelled P1, P2, and P3.
These profiles are normalized by the local aperture and the ideal maximum x-axis velocity for the
local integrated flow rate. This normalization allows for differences in the x and z-components of
the velocity profiles to be clearly observed and compared to the ideal situation. As stated
previously, the Stokes x-velocity profiles follow the ideal profile very closely, and the z-velocity is
non-zero to reflect the radial or converging-diverging nature of the flow field. Relative to the
Stokes profiles, all the NS profiles are skewed in the direction of mean local flow, or in other
words, resist changing direction as imposed by the fracture walls. Interestingly, several NS
profiles have flatter peaks or noses which indicates the formation of an inertial core between the
walls. Once again these properties reflect that the inertial forces are significant and resist changes
in direction and magnitude in the flow field. Consequently, viscous shear stresses are altered by
the skewed velocity profiles, and most importantly, a portion of the hydraulic (pressure plus
gravity) forces are balanced by inertial forces so that the forces driving the flow field are reduced.
Therefore, the total flow rate may be significantly reduced. For example, the NS simulations for
the smooth and rough fracture examples predicted total flow rates 8 and 36% less than the Stokes
simulations.

In order to generalize the influence of inertial forces on the total flow rate through rough-
walled fractures many NS simulations were performed on synthetic fractures and compared with
corresponding Stokes simulations (see Table 5.3). Figure 5.24 displays the ratio of the total flow
predicted from NS and Stokes simulations Qys/Qgs versus the fracture relative roughness. Since the
only difference between the NS and Stokes simulations is the presence of the inertial force terms,
QOns/Qs values below unity reflect the influence of inertial forces alone. As with the LCL and
Stokes simulations presented in Figure 5.14, these results used synthetic fractures with g,,/b,,
values ranging from 0.0625 to 2, oy values of 0, 0.5, and 1.0 mm, and normally distributed
aperture fields with a correlation length of 2 mm. In addition, these results are delineated into three
values of mechanical aperture b, (0.25, 0.5, and 1.0 mm) and hydraulic gradients i (0.01, 0.1, and
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1.0). Both of these parameters influence the magnitude of inertial forces within the flow field since
they directly influence the fracture conductivity and the driving forces across the fracture. Figure
5.24 clearly demonstrates the influence of inertial forces on the total flow rate and the interrelation
between b,, and i. The simulations using the smallest values of b,, and i have Q,/Q; values close
to unity even as the relative roughness increases. However, increasing b,, and/or i causes QOys/QOs
to fall well below unity and decrease exponentially with increases in o,,/b,,. Clearly the
simulations using the largest values of b,, and i have the lowest Qys/Q; values at approximately
0.4. Interestingly, increases in the mid-surface variability o shifts Qy;/Q¢ downward for the lower
0, /b, values, and slightly shifts Qys/Qs upward for the higher values of o;,/b,,. Again, this
indicates that mid-surface variation or fracture undulation is an important component of fracture
roughness when the relative roughness is low. Figures 5.25 and 5.26 display the results for
fractures with normally and lognormally distributed aperture fields with 4, equalling 5 mm and 2
mm, respectively. These figures are very similar to Figure 5.24, especially in response to increases
in oy at lower values of g,,/b,,. This is not surprising because at low values of o,,/b,, all three
aperture distributions are very similar (e.g., see Figure 2.9(b)). However, there are subtle
differences at higher o,,/b,, values, where the normally distributed aperture fractures display more
decay in Qus/QOs as 0,/b,, increases, and the lognormally distributed aperture fractures display less
decay. In the normally distributed aperture fractures with 4, equalling 5 mm this behaviour
reflects that more dominant channels formed as ¢,,/b,, increases or the fracture closes, and that
these channels have a greater influence on the inertial forces. In the lognormally distributed
aperture fractures with 4, equalling 2 mm this behaviour reflects differences in o,,/b,, and o, /b,
as the fracture closes and the distribution becomes positively skewed (e.g., see Figure 2.9(c)).

Figures 5.24, 5.25, and 5.26 present many NS simulations with significant inertial forces that
predict total flow rates that are substantially less than the Stokes simulations. However, these
figures also demonstrate that there are situations when the NS and Stokes simulations are in close
agreement. Given that the numerical solution of the linear Stokes equations is more straight
forward than the non-linear NS equations, it is important to identify the situations where the NS
equations can be replaced by the Stokes equations with minimal error. In other words, it is
important to delineate the kinematic constraints of ignoring the inertial terms in the NS simulations.
In addition, the previous section demonstrated that the total flow rate from Stokes and corrected
LCL simulations were within 10% for the all synthetic fractures used in this thesis work.
Therefore, delineating kinematic constraints by comparing the total flow rates from NS and Stokes
simulations will also be applicable to LCL simulations. Table 3.1 presents three dimensionless
kinematic constraints for the LCL that are discussed in Section 3.2.1 and are based on approximate
analytical solutions of fluid flow through ideal fracture geometries.

Figure 5.27 displays Qy/Q; values for all three fracture types versus the Reynolds number
Re of the bulk flow across the synthetic fractures. In this work Re is defined as (3.5) and
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represents the strength of inertial forces relative to viscous forces through the fractures. The
Ons/Qs values for all three fracture types are shown to be very close to unity for Re values below
1. At Re values above 1, the values of Q,s/Q; decrease exponentially with similar rates of decay.'
Comparing Parts (a), (b), and (c) of the figure displays a leftward shift in the data to lower Re
values as oy increases. Furthermore, data points with Qys/Qs values close to unity and high Re
values are shifted downward to lower Qys/Qs values as o increases. These data that are shifted
downward represent fractures with low o,,/b,,, and high b,, and i values which were shown to be
very sensitive to 0z in Figures 5.24 to 5.26. Overall these data demonstrate for Re values above 1
to 10, that the inertial forces become more significant as the fracture undulation increases.
Conversely, for Re values below 1, the influence of inertial forces is negligible so that Q,/Qs is
close to unity. This limiting value of Re corresponds exactly with the constraint proposed by
Zimmerman and Bodvarsson [1996].

Figure 5.28 displays Qus/Q;s values for all three fracture types versus the parameter Re (b)/A;,
which was proposed by Zimmerman and Yeo [1998] (see Table 3.1). The distribution of the data
for each value of g3 is very similar to Figure 5.27, except that the Q,/Q; values are skewed
toward the lower Re (b)/ A, values. For Re{b)/A, values below 0.1, the influence of inertial forces is
shown to be small so that Qys/Qs is close to unity. This limiting value of Re (b)/ 4, is significantly
lower than the constraint proposed by Zimmerman and Yeo [1998] equal to 8.

Figure 5.29 displays Qus/Q; values for all three fracture types versus the parameter Re o, /(b),
which is a modified version of Re g, /b,, proposed by Oron and Berkowitz [1998] (see Table 3.1).
As shown in the figure, this parameter concentrates the Oys/QOs data into a narrower range and a
clearer trend. Again, the data respond to increases 0z is a similar manner to Figures 5.27 and 5.28.
For Re 0, /(b) values below 1, the influence of inertial forces is shown to be negligible so that
QOns/QOs is close to unity. This limiting Re g,/(b) value is substantially higher than the proposal of
Oron and Berkowitz [1998] to constrain Re 0,./b,, to be much less (i.e., one to two orders-of-
magnitude) than 1.

This subsection has compared NS and Stokes simulations of fluid flow through synthetic
rough-walled fractures. Velocity vector and profile plots from the example fracture simulations
demonstrated that the velocity field resisted changes in direction and magnitude when the inertial
forces became significant. In addition, the increase in inertial forces balanced a portion of the
driving hydraulic forces, thus reducing the overall flow rate through the example fractures. The
results of many synthetic fracture simulations clearly demonstrated that Q,s/Qg may fall
significantly below unity for larger values of g,/b,, b, and i. Furthermore, increases in the
fracture mid-surface variability g, were shown to reduce Qus/Qys, especially for low g, /b,, values.
Finally, several dimensionless kinematic constraints were determined by limiting Qys/Q; to be
close to unity.
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5.4.4 Navier-Stokes Simulations versus Cubic Law Calculations

Up to this point in Section 5.4, LCL simulations have been compared to cubic law
calculations, Stokes to LCL simulations, and NS to Stokes simulations. This comparison has
focussed on total flow rates and has demonstrated for certain flow and fracture properties that the
LCL, Stokes, and NS simulations predicted very similar values. This subsection takes this
comparison to the logical endpoint by directly comparing the NS simulations to cubic law
calculations. The NS simulations represent the most complete and complex flow solution and the
cubic law based on the arithmetic mean aperture of the fracture represents the most straight
forward and simplest flow solution.

Figure 5.30 displays Qys/Qc; versus g, /b,, for the normal type fractures with 4, equalling 2
mm. The results for the lowest i and b, values are very similar to the O, /Q; data displayed in
Figure 5.9, that is, the decrease in Qys/Q¢; is controlled by g, /b,,. This demonstrates that the
differences between the LCL, Stokes, and NS models are small compared to the base difference
between all these models and the cubic law. However, for the larger i and 4, values the influence
of inertial forces becomes clear and Qy/Q, is shifted significantly downward, especially for low
g, /b, values. This demonstrates that inertial forces may significantly reduce the total flow rate
through rough-walled fractures, even when the fractures are relatively smooth.

The final exercise of this subsection is to transform the flow ratio Qys/Q; data in Figure 5.30
into the common form, b,/{b), which is the ratio of the hydraulic aperture to the arithmetic
aperture mean aperture. This transformation is performed by taking the cube root of the Qns/Oc;
data since Qpns/Qc; may be shown to be equivalent to (b/ (b} ). Figure 5.31 displays by/{b)
values that range from 1 to 0.5 for the range of g, /b, censidered in this work. This figure
demonstrates that by, is an appropriate estimate of (b) over a limited range of o;,,/b,, when i and b,
are low. Otherwise, by under-estimates (b) for larger values of &,,/b,, b,, and i. This numerical
result supports the common laboratory or field observation that the measured hydraulic aperture is
smaller than the estimated arithmetic mean aperture (see Section 2.2).

5.4.5 Accuracy, Errors, and Variability of Synthetic Fracture
Simulations

Sections 4.3 and 4.4 presented the numerical formulation of the Navier-Stokes and LCL
models. These models used the FV method to approximate the governing equations and the
majority of the FV terms had second-order spatial accuracy. The exceptions were the first-order
UDS approximations of the inertial force terms (see (4.36)) and extrapolation of velocity vector to
the inlet and outlet boundaries (see (4.72)) in the three-dimensional model. Also, it is important to
note that the method of fracture discretization was an additional component of the numerical
accuracy in each model. In this work, the fracture walls were approximated as piece-wise
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continuous bi-linear curved surfaces, interpolated over a uniform x-y grid of point values which
defined the fracture. Consequently, refining the discretization of the fracture domain increases the
accuracy of both the governing equations and the fracture geometry, and thus, the numerical
solution and physical domain are smoothed.

Figure 5.32 displays the relative error in the total flow rate e, (see (5.2)) predicted by LCL,
Stokes, and NS simulations versus the inverse number of subdivisions n,,," applied to base CV
grids originally containing 25x25 CVs in 2D or 25x25x10 CVs in 3D. These simulations used a
smooth and rough fracture (0o, /b,, equalling 0.0625 and 0.5) with b,, 0z, and { values equal to 1.0
mm, 1.0 mm, and 1.0, respectively. As expected, e, for each model and fracture type decreased as
n,, decreased, or alternatively, as the number of CVs increased. The LCL simulations displayed
the smallest e, values, ranging from 0.0001 to 0.03, the Stokes simulations displayed values
ranging from 0.0009 to 0.07, and the NS simulations display the largest e, values, ranging from
0.02 t0 0.2, where Re equalled ~220. For the LCL and Stokes simulations, the relative error for
the smooth fracture was lower than the rough fracture, whereas the NS simulations predicted
similar values. The regressed power relationships between e, and n,,," are displayed in the figure
and yield exponents ranging from 1.9 to 3.7. These exponents reflect the spatial accuracy of the
numerical simulations. All of the exponents are equal to approximately 2 or greater. The fact that
many of these exponents are significantly greater than 2 demonstrates the importance of domain
smoothing on the simulations.

It is important to discuss the magnitude of e, for the synthetic fracture simulations used in
Sections 5.4.1 to 5.4.3. For these simulations n_, equalled 2, which corresponds to e, values
ranging from 0.001 to 0.02 for the LCL and Stokes simulations, and values of 0.1 and 0.13 for the
NS simulations. These e, values suggest that the total flow rates from LCL and Stokes
simulations are within 2% of the reference simulation, and that the large Re NS simulations are
greater than 10% different. Therefore, the NS results with large Re values discussed in Section
5.4.3 must be qualified with at least a 10% error envelope. Incidently, the absolute value used in
(5.2) masks the direction of the errors. In general, the NS simulations under-predicted the total
flow rate as compared with the reference simulations. Therefore, the figures in Section 5.4.3
overestimate the reduction in Qyg/Q; for large Re values by greater than 10%. However,
considering that the overall reduction in Qys/Qs is much greater than 10%, the influence of inertial
forces on the flow field is still clearly demonstrated. Furthermore, the kinematic constraints are
determined at values of Qys/Qs, close to unity, and more importantly, at Re values 2 orders-of-
magnitude lower than in Figure 5.30(c). Therefore, the magnitude of errors associated with these
constraints is likely to be on the order of 1% rather than 10%.

To illustrate the variability of the synthetic fractures simulations, Figure 5.33 displays all the
realizations (as symbols) used to estimate the mean behaviour (solid lines) of Qs/Q,; and Qys/Os
versus o, /b, for the normal fractures with 4,, o3, and i values equal to 2 mm, 1 mm, and 1,
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respectively. For most values of o,,/b,, the mean values are calculated with 5 realizations.
Obviously, more realizations and variation in fractures parameters are required to rigorously
generalize the mean behaviour of QOs/Q, -, and Qus/Qy; however, the variability is quite low for the
limited number of realizations performed in this work. The variability in Q5/Q, ., is shown to
increase with ¢g,,/b,,, whereas the variability in Qys/Q¢ does not clearly show this property. In both
cases, the values are within 0.05 from the mean values; however, this magnitude may be large
compared to the overall trends in Q5/0O; , and the value of 0.9 used to determine the geometric
constraints in Figure 5.17. Conversely, this magnitude is small compared to the overall trends
observed in Qys/Qs. Furthermore, Figure 5.33 demonstrates that the variability associated with the
kinematic constraints (values of Qys/QOs approximately equal to 1 and Re below 1) is small.

5.5 Solute Transport through Paraliel Plates

Two-dimensional solute transport through parallel plates was simulated using the RWPM and
a parabolic velocity distribution given by the cubic law. Figure 5.34 displays a schematic diagram
of the two-dimensional domain that is characterized by the plate length L and aperture 5. Two
types of boundary conditions used with the RWPM are also displayed in the figure. Figure 5.34(a)
shows reflection boundaries at the plate walls, and one-way boundaries at the plate inlet and outlet.
The term one-way indicates that particles are only permitted to cross the boundary in the positive
x-direction. Once a particle enters the domain, the inlet boundary becomes a reflection boundary,
and as soon as a particle crosses the outlet boundary, the transport simulation of that particle
terminates. The boundary conditions displayed Figure 5.34(b) are very simular to Figure 5.34(a)
except that a two-way boundary is used at the inlet. Particles are injected along the line at the inlet
boundary, and are allowed to move in the positive and negative x-directions (i.e., they may cross
the inlet boundary more than once).

Table 5.4 presents the transport parameters for 7 simulations which correspond to a wide
range of Pe and Pe,, values. For all of these simulations the values of L and b are held constant
and the value of the average velocity U is varied. The final simulation T7 represents the very ideal
situation where the solute is transported by advection alone. Table 5.4 also displays the time-
scales of advection .4, diffusion £, and mixing ¢, within the domain, the time step Az employed
by each simulation, and the effective dispersion coefficient D, given by (3.36).

Figure 5.35 displays particle positions for simulation T1 at three time values for the two sets
of boundary conditions shown in Figure 5.34. The time values are normalized by the hydraulic
residence time of the parallel plates (1 = L / U). Simulation T1 has the lowest Pe value of the
parallel plate simulations and represents solute transport with a significant diffusive component.
The figure illustrates the strength of diffusion in the simulation where particles diffuse in all
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directions to fill the entire domain. Additionally, the one-way boundary is shown to enhance the
transport of the particles toward the outlet boundary by reflecting diffusive particle displacements
in the positive x-direction. Or conversely, the two-way boundary retards transport toward the
outlet boundary by allowing particles to move in the negative x-direction across the inlet boundary.

Figure 5.36(a) displays particle positions from simulation T4 for three values of normalized
time using the boundary conditions shown in Figure 5.34(a). Simulation T4 has a Pe value 1000
times greater than simulation T1, and consequently, the magnitude of diffusive transport in the
longitudinal direction is much smaller than in simulation T1. Instead of filling the entire domain,
the particles stay more concentrated around the plug-flow front. Consequently, the one-way inlet
boundary does not influence the transport of the particles toward the outlet boundary. Note
however, that the particles are uniformly distributed between the plates, or in other words, are well-
mixed across the plate aperture. As discussed in Section 3.2.2, this mixing behaviour is expected
when z,,;, is less than z_,,, or equivalently, when Pe,, is below unity.

Figure 5.36(b) displays particle positions from simulation 7 for three values of normalized
time. This simulation demonstrates that in the absence of diffusion the vertical position of each
particle remains constant and the longitudinal transport is totally controlled by the parabolic
velocity distribution.

Figure 5.37 displays the particle breakthrough curves (BTCs) for simulations T1 to T7 using
the one-way inlet boundary condition. Part (a) of the figure displays the simulations with sufficient
diffusion to mix the particles across the aperture, and consequently, may be compared to the exact
solutions shown in Figure 3.5 (shown as hollow symbols). The BTC for simulation T1 clearly
displays the influence of the one-way boundary on the diffusive transport where breakthrough is
significantly earlier than the exact solution. The results of the remaining simulations are shown to
be in greater agreement with the exact solution as the value of Pe increases and the front of the
BTCs sharpen. Figure 5.37(b) displays the BTCs for the simulations where the particles are no
longer well-mixed across the aperture. In other words, advection overwhelms diffusion so that the
particles are no longer uniformly distributed across the plates. The BTCs are shown to move
between the limiting well-mixed simulation T4 to the advection only simulation T7 as the value of
Pe increases. Note that the BTC for simulation 7 is shown to match the exact solution given by
(3.32) and (3.34).

Figure 5.38 displays the particle BTCs for simulations T1 to T7 using the two-way inlet
boundary condition. Comparing the BTCs for simulations T1 to T3 with the corresponding
simulations in Figure 5.37 indicates that the two-way inlet boundary condition better represents the
exact solution. This was expected since the exact solution represents diffusion or dispersion as a
two-way process in the longitudinal direction. It is important to note that for simulations T4 to T7
that the BTCs in Figures 5.37 and 5.38 are identical.
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Figure 5.39 displays the particle BTCs for simulations T1, T2, and T4 using different values
of the time step Az, and number of particles n,. These BTCs are relatively insensitive to the
halving and doubling of the base At and n, values, which indicates that these base values are
adequate to simulate particle transport through the domain.

This subsection has presented the results of two-dimensional solute transport simulations
through parallel plates using the RWPM. These results demonstrate that the developed transport
model was able to accurately represent advective and dispersive transport through parallel plates.
The model results were shown to agree with exact solutions for solute transport when Pe was
between 400 and 4000. For Pe values below 400, the model and exact solutions were shown to
disagree; however, this discrepancy was related to the inlet and outlet boundary conditions rather
than the underlying transport processes. In the ideal simulation where diffusive transport was
neglected, the transport model matched the exact solution for advective transport between parallel
plates. The flexibility of the RWPM was clearly demonstrated in these simulations since the model
was applicable for the entire range of Pe and Pe,, values considered.

5.6 Fluid Flow and Solute Transport through Laboratory
Fractures

This section presents the results of three-dimensional fluid flow and solute transport
simulations through two laboratory fracture samples that were characterized by measuring the
topography of the fracture walls on a2 2 x 2 mm grid (see Section 2.5). Figures 2.1 and 2.2 display
the wall topography of the fractures, and Figures 2.3 and 2.4 display the raw aperture fields that
are formed by differencing the walls. Figures 2.6 and 2.7 display the actual aperture fields formed
by adding the mechanical aperture b,, and truncating aperture values below the contact aperture b,.
These figures use values of b, that were estimated from exterior measurements on the assembled
fracture samples. In this section, the laboratory fracture characterization data presented in Section
2.5 is altered in two ways. Firstly, the topographic and aperture fields have been averaged to form
fields defined on a 4x4 mm grid. Secondly, the value of b,, was adjusted so that the total flow rate
given by fluid flow simulations matched those observed in laboratory tests. At this point, it is also
important to note that the laboratory tests involving Fracture I were performed on a transparent
replica of Fracture II, whereas the fracture characterization used the actual fracture.

Figure 5.40 displays a schematic diagram of the laboratory apparatus used to conduct
hydraulic/tracer tests on the two fracture samples. The sides of the fractures were sealed and the
inlet and outlet boundaries were capped with semi-cylindrical cells. These cells provided pressure
equalization and fluid/tracer accessibility along the entire width of the fracture, and more
importantly, incorporated a recirculation system to ensure that the inlet and outlet boundaries were
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well-mixed. The test was initialized by introducing a known concentration of tracer (brorhide) into
the reservoir, feed line, and inlet cell. Then a fixed flow rate was pumped through each fracture
sample and the head loss across the fracture, and the tracer concentration in the inlet and outlet
cells was measured over time. Figure 5.40(b) displays a conceptual cross section of the apparatus
and illustrates the direction of the bulk flow O, and several tracer concentration values defined at
the inlet cell C;, outlet cell C,, and the end of the fracture C,. Assuming that the outlet cell is
completely and continuously mixed, the average tracer concentration at the end of the fracture may
be estimated by the mixing cell equation

Vv, dC, dC,

2 4 a0 % ©-3)
where V, and ¢, are the volume and average residence time of the outlet cell. Figure 5.41 displays

the values of C; and C, observed over time during a tracer test on each fracture. The value of C;
was not constant at early time because it was difficult to initialize the cell to a known concentration
without allowing tracer to enter the fracture. The value of C, is shown to increase smoothly over
time, and levels as C, approaches C;. The breakthrough of tracer occurs more quickly in Fracture I
since it has a lower hydraulic residence time than Fracture II (r; equalled 8.6 versus 14 min). Also
displayed in Figure 5.41 is the estimate of C,using C, and (5.3) for each fracture. These C,
estimates are very sensitive to small variations in dC,/dr since the residence time of the outlet cells
was quite high relative to the residence time of the fractures (¢, equalled 67 and 42 min for
Fracture I and II, respectively). Consequently, C,displays significant variation, especially at early
time as the value of C,approaches C;; however, the initial breakthrough front of solute from the
fractures is clearly delineated.

Table 5.5 lists the various parameters used to simulate fluid flow and solute transport through
the three-dimensional void space of each laboratory fracture. The goal of these simulations was to
directly compare the predictions of the developed models to the observed flow and transport
behaviour. The first step of this comparison required the calibration of the flow fields for each
fracture. As noted above, the mechanical aperture b,, was adjusted so that the predicted total flow
rate matched the observed value for the given hydraulic boundary conditions. In other words, b,,
was used as a fitting parameter to calibrate the flow fields. These flow simulations employed the
boundary conditions presented in Section 4.3.4, except that the side boundaries were treated as
wall boundaries. Fracture I required a b,, value of 0.13 mm so that the simulated flow rate
matched the observed flow rate of 0.5 mL/min under a hydraulic gradient of 0.12, and Fracture II
required a b,, value of 0.585 mm to match the observed flow rate of 1.3 mL/min under a hydraulic
gradient of 0.002. In both cases the fitted values of b,, were reduced from the original values
estimated from external measurements on the assembled fractures (0.20 and 0.74 mm for Fractures
I and I0, respectively). Figures 5.42 and 5.43 display the calibrated aperture fields of each fracture
and the integrated flow field predicted by the NS model. These flow ficlds are very heterogeneous
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throughout the fractures with the primary flow pathways following tortuous channels of High
aperture.

Figures 5.44 and 5.45 display the x-y position of 10,000 particles predicted by the transport
model using the flow fields displayed in Figures 5.42 and 5.43. The one-way inlet boundary was
employed for these simulations since the values of Pe were very high (5.6x10* and 3x10%). The
parameters used in these simulations are listed in Table 5.5. These figures are instantaneous
snapshots at three values of normalized time (0.1, 0.25, and 0.5) defined as a fraction of the
hydraulic residence time. The particle distributions display fingering along the primary flow
channels and trapped particles in low-flow regions with small aperture or near the side boundaries.
In examining the evolution of the particles over time, it is clear that particles moving along
different fingers or channels will breakthrough the fracture outlet at different times. This is
especially evident in the particle distribution for Fracture I at a normalized time of 0.5 where
channels in the upper half of the fracture have transported particles much closer to the outlet as
compared to the lower half. These figures also demonstrate that the front of particles in Fracture II
display more spreading or dispersion as compared to Fracture I. In other words, the particles in
Fracture II move in a thicker line, which is clearly displayed at the normalized time of 0.1. This
discrepancy in front thickness is caused by the differences in the overall magnitude of the aperture
fields and the strength of advection in the flow fields. As reported in Table 5.5, the effective Peclet
numbers Pe” of Fractures I and IT were 11,000 and 1,000, respectively. While this calculation
assumes that the fractures behave as parallel plates, it indicates that on average the longitudinal
dispersive transport along a particular channel in Fracture II is an order of magnitude larger than
Fracture L.

Figure 5.46 displays the simulated and observed breakthrough curves for each fracture. The
observed concentration data were normalized with C; values of 107.3 and 75.6 mg/L for Fracture I
and II, respectively. These C; values reflect trends or levelling at early time (see Figure 5.41). The
transport model predicted the breakthrough curves for C;and the corresponding C, curve was
determined using (5.3). As displayed in Figure 5.46(a), the simulated and observed results for
Fracture I are in very good agreement. Two parameter adjustments were performed to achieve this
agreement. The first is the calibration of b, to the observed flow rate, and the second is the
normalization of the observed concentration data. Interestingly, the simulated C, breakthrough
curve displays a stair-stepped feature which indicates the late contribution of the lower half of the
fracture to the particle breakthrough (see Figure 5.44). Figure 5.46(b) shows that the simulated
breakthrough curves for Fracture II did not match those observed. In particular, the simulated
curves are shown to breakthrough in approximately half the time as those observed. One possible
explanation for this discrepancy is that the overall dimensions of the transparent replica fracture
(245x160 mm) used in the laboratory test were significantly larger than those used in the
simulation (224x140 mm). This difference occurred because the method used to characterize the
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actual fracture could not cover the entire fracture wall. Consequently, the hydraulic residence time
of the simulation domain was approximately 25% less than the residence time of the transparent
replica fracture.

Figure 5.47 displays the same simulated and observed breakthrough curves presented in
Figure 5.46 except that the time axis has been normalized. Time for the simulated curves is
normalized by the hydraulic residence time, and time for the observed curves is normalized by the
median arrival time of the C; front (i.e., the time where C,/C; equals 0.5). It is clear that this
normalization has little effect on the results for Fracture I since Figures 5.46(a) and 5.47(a) are
essentially identical. Comparing Figures 5.46(b) and 5.47(b) shows that this normalization brings
the C, results for Fracture I into better agreement. However, if the initial discrepancy between the
simulated and observed results for Fracture II were primarily due to the difference in overall
dimensions (residence times), then this normalization should be successful in bringing both Crand
C, curves into better agreement. Therefore, the continued disagreement of the C, curves suggests
that there are other factors contributing to the differences between the simulations and
observations. The most probable explanation is that the void space of the transparent fracture
replica is markedly different than the void space characterized on the actual fracture.

Also displayed in Figure 5.47 are C, breakthrough curves for paraliel plates with an aperture
equal to the mean aperture of the fracture samples and Pe” values equal to those estimated in Table
5.5. These ideal breakthrough curves are obviously much sharper than those observed or
simulated. The differences are attributed to the channelling and fingering of the solute along the
various flow paths, and provide a clear example of macroscopic dispersion over the fracture
[Russell et al., 2000].

Figure 5.48 displays the simulated particle breakthrough for Fracture I using two values of
the minium wall distance fraction (F,, = 0.1, and 0.0). This transport parameter was presented in
Section 4.5.2 to set the minimum vertical distance between a particle and the fracture walls (see
equation (4.124)) so that particles do not become artificially trapped along the walls. The
simulated Fracture I BTCs are not very sensitive to F,, and demonstrate that the strength of
diffusion is sufficient to keep particles from becoming trapped along the walls.

This section directly compared simulated and observed tracer breakthrough curves for two
laboratory fracture samples. The flow field for each simulation was calibrated by adjusting the
mechanical aperture of the fracture void space until the total flow rate matched the observed value.
The resulting flow fields, typical for rough walled fractures, displayed tortuous high-flow
pathways along large aperture channels and low-flow zones in small aperture regions. The tracer
transport simulations predicted particle distributions that exhibited channelling or fingering along
the high-flow pathways, and particle entrapment in the low-flow zones. For Fracture I the
simulated breakthrough of particles was shown to be in very good agreement with the observed
solute breakthrough curve. In fact, the simulation displayed a stair-step feature that matches the
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observed data, and has been previously observed in other laboratory studies (e.g., see Figare 3.1).
The simulated particle breakthrough for Fracture H was not successful in matching the observed
tracer breakthrough curve. It is likely that the fracture characterization data used for the flow and
transport simulations do not match the transparent fracture replica used in the experiments.

Table 5.1. Parameters used in three-dimensional paralle!l plate simulations.

parameter value(s) units
x-y grid:
total dimensions L, W 40, 40 mm
control volumes #;, n; 20, 20 —
uniform spacing d,, 9, 2,2 mm
z grid:
aperture b 0.1 mm
control volumes n, 5, 10, 20, 40 —
uniform spacing 6, 0.02, 0.01, 0.005, 0.0025 mm

fluid properties:
density p 1000 kg/m?
viscosity y 0.001 Pa-s

hydraulic gradient ¢ 1 —
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Table 5.2. Parameters used in sinusoidal fracture flow simulations.

parameter value(s) units
x-y grid:
length L 7.5, 30 mm
width W 25,10 mm
control volumes n;, n; 60, 20 —
uniform spacing J, 0.125,0.5 mm
uniform spacing &, 0.125,0.5 mm
sinusoid: X
aperture b(x) b‘uin + A [1 -cos[ -;1-11:) } mm
amplitude A l mm
wave length A 25,10 mm
relative roughness A/b;, 0.125,0.25,05,1,2, 4 —
3D z grid:
control volumes n, 20 _
non-uniform spacing d.(x) b(x) 120 mm
2D characteristic aperture cubed 3;, Eq. (4.109), (4.111) mm?
fluid properties:
density p 1000 kg/m’
viscosity u 0.001 Pa-s
hydraulic gradient { 0.001, 0.033, 0.01, 0.033, 0.1 —




CHAPTER 5. Simulation Results and Discussion

122

Table 5.3. Parameters used in synthetic fracture flow simulations.

parameter value(s) units
x-y grid:
length L, width W 50, 50 mm
number subdivisions ., 2 —_—
control volumes 7;, n; 50, 50 mm
uniform spacing d,, g, 1,1 mm
aperture field:
correlation length 4, 2.5, 10 mm
initial aperture b, 0.25,0.5, 1.0 mm
initial standard devation g, 0.125,0.25,05,1,2,4 mm
roughness slope g,/ 4, —
relative roughness o,/ b, —
distribution normal, lognormal —_
contact aperture b, b, /100 mm
mid-surface field:
correlation length 4, 10 mm
standard deviation o, 0,05,1.0 mm
3D z grid:
control volumes n; 25 —
non-uniform spacing d.(x,y} b(x,y) 125 mm
2D characteristic aperture cubed Ef; Eq. (4.109), (4.110), (4.111) mm?®
fluid properties:
density p 1000 kg/m?
viscosity u 0.001 Pa-s
hydraulic gradient { 0.01,0.1, 1.0 —
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Table 5.4. Parameters used in the parallel plate transport simulations.
(a) constant parameters value units
total length L 20 mm
aperture b 0.1 mm
number of particles n, 1000 —
minimum wall distance fraction Fy, 0 —
(b) simulation specific parameters

v D, oy ‘tar  twe A2 Pe 8Pe,, °D, 0pe*

[mm/s [mm%s]  [s] sI (s (8] -] (-1 (mm?/s] (-1

1
Tl 4x10* 2x10° 5x10* 2x10° 5  5x10° 4 Ix10* 2x107 4
T2 4x10® 2x10° 5x10®° 2xI10° 5  5x10° 40 1x107 2x107 40
T3 4x10* 2x10° 5x102 2x10° 5 5x10°  4x10* 1x10? 2.04x10° 393
T4 4x10" 2x10? 5x10' 2xI10° 5  5x10° 4x10° 1x10' 5.81x10° 1377
TS5 4 2x107 5 2x10° 5  5x10°  4x10* 1 — —
T6 40 2x103 0.5 2x10° 5 5x10*  4x10° 10 — —
T7 4x103 0 Sx10° ) -5} 1 oo o —_ _—

! average velocity

2 molecular diffusion coefficient, typical for bromide ion at 20°C
3 time-scale of advective transport along plate length =L/ U

* time-scale of diffusive transport along plate length = L¥/D,,

5 time-scale of diffusive transport across plate aperture = b*/D,,

¢ time step of simulation

7 Peclet number (£4,/1,4,)

8 mixing Peclet number (£, /2.4)

® effective dispersion coefficient from (3.36)

10 effective Peclet number from (3.38)



CHAPTER 5. Simulation Results and Discussion

124

Table 5.5. Parameters used in laboratory fracture flow and transport simulations.

parameter Fracture [ Fracture I units
'Aperture:
length L, width W 240, 140 224, 140 mm
number of points N;, N; 61, 36 57, 36 —
mechanical &, 0.130 0.585 mm
mean (b) 0.128 0.584 mm
standard deviation g, 0.159 0.456 mm
relative roughness o, /{b) 1.24 0.78 —
fraction closed ¢ 0.6 2.1 %
Flow:
length L, width W 240, 140 224, 140 mm
number subdivisions n_,, 2 2 —
control volumes r;, nj, n; 120, 70, 20 112, 70, 20 —
fluid density p 1000 1000 kg/m’
fluid viscosity u 0.001 0.001 Pa-s
hydraulic gradient ¢ 0.12 0.002 —
total flow rate Q 0.5 1.3 mL/min
hydraulic residence time #, 8.6 14 min
Reynolds number Re 0.05 0.15 —
Transport:
diffusivity D, 0.002 0.002 mm?/s
time step At 0.01 0.01 s
number of particles n, 10,000 10,000 —
wall distance fraction F, 0.5 0.5 —
Peclet number Pe 5.6x10* 3.0x10* —
mixing Peclet Pe,, 0.016 0.2 —_
effective dispersion coef. D, 0.01 0.06 mm?>/s
effective Peclet Pe" 1.1x10* 1.0x10* —

! Aperture and mid-surface fields in these simulations were defined on a 4x4 mm grid by

averaging the original fields measured on a 2x2 mm grid.
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Figure 5.1. Navier-Stokes simulations through parallel plates: (a) cross-sectional velocity vector
plot, (b) normalized velocity and pressure profiles, and (c) relative error e, versus vertical grid
spacing J.. The trend line and equation display the regressed power relationship for the data set.
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Figure 5.2. Stokes and Navier-Stokes simulations through sinusoidal surfaces: (a) schematic
profile of sinusoidal surfaces, (b) velocity field from Stokes simulations through the middle
oscillation, and (c) velocity field from NS simulations through the middle oscillation. These
simulations used relatively rough (A/b,;, = 1) and steeply sloped (A/A = 0.4) sinusoidal surfaces.
Note that the velocity vectors below the line of symmetry are transformed by taking the quad root
of their magnitude to reveal the flow pattern in the low velocity region.
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Figure 5.3. Stokes and Navier-Stokes simulations through sinusoidal surfaces: vertical profiles of
(a) velocity components, and (b) pressure, at vertical locations P1, P2, and P3 in Parts (b) and (c)
of Figure 5.2. The ideal profiles are included. The vertical location z is normalized by the local
aperture b, the velocity components u, and u. are normalized by the ideal maximum u«, for the
vertically integrated flow rate at each location, and pressure p is normalized by the maximum
pressure.
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Figure 5.4. Stokes and LCL sinusoidal surface simulations: total flow ratio Qs/Q, -, versus the
sinusoidal relative roughness A/b,,, for (a) mildly sloped A/A = 0.1, and (b) steeply sloped A/A =
0.4 surfaces. The heavy solid lines are numerical data from Brown et al. [1995], and the lines with
symbols are data from this work using three definitions of '5;, in the LCL. simulations given by
(4.109), (4.110), and (4.111).
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Figure 5.5. Navier-Stokes and Stokes simulations through steeply sloped (A/4 = 0.4) sinusoidal
surfaces: (a) Total flow ratio Qys/Qs versus the Reynolds number Re of the flow field. The heavy
solid lines are numerical data from Brown et al. [1995] and the lines with symbols are data from
this thesis work. (b) Relative error ¢, in the simulations versus the inverse number of subdivisions
n,;" applied to the base grid of 60x1x20 CVs. The trend lines and equations display the regressed
power relationship for each data set.
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(@) smooth fracture

(b) rough fracture

Figure 5.6. Example fracture geometry: three-dimensional surfaces plots of (a) smooth fracture
with o,,/b,, = 0.125, and (b) rough fracture with ¢;,,/b,, = 1.0. These fractures were randomly
generated over a 26x26 grid using a uniform 2x2 mm spacing, normally distributed aperture (4, =
2 mm), moderate undulation (g, = 0.5 mm), and moderate mechanical aperture (b, = 0.5 mm).
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(b) rough fracture
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Figure 5.7. Example fracture geometry: aperture contour plots of (a) smooth fracture with g,,/b,,

=0.125, and (b) rough fracture with o, /b,, = 1.0.
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Figure 5.8. LCL example fracture simulations: flow fields using (4.109) without corrections
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(B = 1) for (a) the smooth fracture with a total flow rate of 5.0 mL/s and a maximum vector of
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Figure 5.9. LCL simulations and cubic law calculations for synthetic fractures: total flow ratio
Q.c1/Qc. versus the relative roughness o,,/b,, for three values of mid-surface variability: (a) oz =
0, (b) 0;=0.5, and (c) oz = 1 mm. The LCL simulations used (4.109) without corrections

(Bp =1). The symbols represent four different fracture types and each data point is the mean of
~5 realizations. The lines are published functional relationships presented in Section 3.3.2.
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Figure 5.10. Stokes example fracture simulations: vertically integrated flow fields for (a) the
smooth fracture with a total flow rate of 4.85 mL/s and a maximum vector of 0.16 mL/s, and (b)
the rough fracture with a total flow rate of 2.7 mL/s and a maximum vector of 0.40 mL/s. The line
C-C defines the cross-sectional view displayed in Figure 5.12.
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Figure 5.11. Stokes and LCL example fracture simulations: LCL flow field (Figure 5.8) minus
Stokes flow field (Figure 5.10) for (a) the smooth fracture with a total flow difference of 0.16 mL/s
and the maximum difference vector of 0.016 mL/s (10% of maximum vector in Figure 5.10), and
(b) the rough fracture with a total flow difference of 0.44 mL/s and the maximum difference vector
of 0.10 mL/s (25% of maximum vector in Figure 5.10).
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5.10. The positions P1, P2, and P3 define the locations of the vertical profiles displayed in Figure

5.13.
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Figure 5.13. Stokes example fracture simulations: vertical profiles of the x- and z-components of
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Figure 5.14. Stokes and LCL synthetic fracture simulations: total flow ratio Qs/Q;; versus the

relative roughness g, /b,, for fractures with (a) 0z =0, (b) 0, =0.5, and (¢) 0, =1 mm. The
symbols represent LCL simulations using (4.109), (4.100), and (4.111) without corrections
(Bp =1 and kp = 1). Each data point is the mean of ~5 fracture realizations.
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Figure 5.15. Stokes and corrected LCL synthetic fracture simulations: total flow ratio Q¢/Q;
versus the relative roughness g, /b, for fractures with (a) 0z =0, (b) 0,=0.5, and (c) 0z = 1 mm.
The symbols represent LCL simulations using (4.109), (4.100), and (4.111). Each data point is
the mean of ~5 fracture realizations.
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Figure 5.16. Stokes and corrected LCL synthetic fracture simulations: total flow ratio Os/Q;
versus the relative roughness ¢;,/b,, for fractures with (a) oz =0, (b) 0, = 0.5, and (¢c) gz = | mm.
The symbols represent three fracture types and the LCL simulations used (4.111). Each data point
is the mean of ~5 fracture realizations.
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Figure 5.17. Stokes and corrected LCL synthetic fracture simulations: total flow ratio Qs/Q; ¢,
versus (a) the actual relative roughness g,/{b), (b) the actual roughness slope g,/4,, and (c) the
mean aperture aspect ratio (b)/4,. The LCL simulations used (4.111) and the fractures used
normally distributed aperture with 4, =2 mm, and all values of mid-surface variability (oz = 0,
0.5, 1 mm). Each data point is the mean of ~$ fracture realizations.
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Figure 5.18. Stokes and LCL synthetic fracture simulations: total flow ratio Qs/Q,, versus the
wall relative roughness o, /b,.. The hollow symbols represent results from LCL simulations using
(4.109) with and without corrections for fractures with normally distributed aperture (4, = 2 mm)
and three values of mid-surface variability (o, =0, 0.5, 1 mm). The solid lines represent the
numerical data of Mourzenko et al. [1995] for mildly and steeply sloped (o,./4,, = /3 and 1,
respectively) fracture surfaces. The lines without symbols represent fractures formed by mating
correlated surfaces, and the lines with symbols represent fractures formed by mating uncorrelated
surfaces.
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Figure 5.19. Stokes and LCL synthetic fracture simulations: total flow ratio Qs/Q, o versus (a)
the mechanical roughness slope d,,/4,, and (b) the mechanical aspect ratio b,,/4,. The hollow
symbols represent results from LCL simulations using (4.109) with and without corrections (see
legend) for fractures with normally distributed aperture (4, = 2 mm) and three values of mid-
surface variability (0, =0, 0.5, 1 mm). The “+” symbols represent the numerical data of
Mourzenko et al. [1995] for mildly and steeply sloped (g, /4,, = '/ and 1, respectively) fracture
surfaces that are uncorrelated. Note that the uncorrelated data from Mourzenko et al. [1995] was
transformed by assuming that g,, equals 22 g,.
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Figure 5.20. Navier-Stokes exampie fracture simulations: vertically integrated flow field for (a)
the smooth fracture with a total flow rate of 4.5 mL/s and a maximum vector of 0.13 mL/s, and (b)
the rough fracture with a total flow rate of 1.7 mL/s and a maximum vector of 0.180 mL/s. The
line C-C defines the cross-section displayed in Figure 5.22.
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Figure 5.21. Navier-Stokes and Stokes example fracture simulations: Stokes flow field (Figure
5.10) minus NS flow field (Figure 5.20) for (a) the smooth fracture with a total flow difference of
0.39 mL/s and a maximum difference vector of 0.033 mL/s (25% of maximum vector in Figure
5.20), and (b) the rough fracture with a total flow difference of 0.95 mL/s and a maximum
difference vector of 0.21 mL/s (120% of maximum vector in Figure 5.20).
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Figure 5.24. Navier-Stokes and Stokes synthetic fracture simulations: total flow ratio Qus/QOs

0.5

versus the relative roughness o, /b, for fractures with (a) oy =0, (b) 0z =0.5, and (c) oz = 1 mm.
The synthetic fractures used normally distributed aperture with 4, =2 mm. The symbols represent
three values of mechanical aperture b,, and the lines represent three values of hydraulic gradient ;.

Each data point is the mean of ~5 fracture realizations.
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Figure 5.25. Navier-Stokes and Stokes synthetic fracture simulations: total flow ratio Qus/Qs
versus the relative roughness ¢, /b,, for fractures with (a) 0; =0, (b) 0 =0.5, and (¢) 0z = 1| mm.
The synthetic fractures used normally distributed aperture with 4, =5 mm. The symbols represent
three values of mechanical aperture b,, and the lines represent three values of hydraulic gradient ;.
Each data point is the mean of ~5 fracture realizations.
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Figure 5.26. Navier-Stokes and Stokes synthetic fracture simulations: total flow ratio Qys/Qs
versus the relative roughness ¢, /b,, for fractures with (a) o, =0, (b) 0; =0.5, and (¢) oz = 1 mm.
The synthetic fractures used lognormally distributed aperture with 4, =2 mm. The symbols
represent three values of mechanical aperture b,, and the lines represent three values of hydraulic
gradient {. Each data point is the mean of ~5 fracture realizations.
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Figure 5.27. Navier-Stokes and Stokes synthetic fracture simulations: total flow ratio Qys/Qs
versus the Reynolds number Re for fractures with (a) 0; =0, (b) 6;=0.5, and (c) 0 = | mm.
The symbols represent three fracture types. Each data point is the mean of ~5 fracture
realizations.
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Figure 5.28. Navier-Stokes and Stokes synthetic fracture simulations: total flow ratio Qus/Qs
versus the kinematic parameter Re (b)/4, for fractures with (a) o, =0, (b) 6 =0.5,and (c) gz = |
mm. The symbols represent three fracture types. Each data point is the mean of ~5 fracture
realizations.



CHAPTER 5. Simulation Results and Discussion 153

(@

=, | distibution A, [mm] ©
; 04F X
S P A normal 2 |
o2k % normal 5 ]

O lognommal 2
O i

02t ]
0 -2 .—I ) 0 . 1 ’ 2 3
10 10 10 10 10 10

Rec,/ b [

Figure 5.29. Navier-Stokes and Stokes synthetic fracture simulations: total flow ratio Qys/Qs
versus the kinematic parameter Re 0, /(b) for fractures with (a) 0, =0, (b) 0,=0.5,and (c} oz = 1
mm. The symbols represent three fracture types. Each data point is the mean of ~5 fracture
realizations.
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Figure 5.30. Navier-Stokes simulations and cubic law calculations for synthetic fractures: total
flow ratio Qns/Qc; versus the relative roughness g,/b,, for fractures with (a) o, =0, (b) 0, = 0.5,
and (c) 0y = 1 mm. The synthetic fractures used normally distributed aperture with 4, = 2 mm.
The symbols represent three values of mechanical aperture b, and the lines represent three values
of hydraulic gradient {. Each data point is the mean of ~5 fracture realizations.



CHAFTER 5. Simulation Results and Discussion 155

(a)

(b)

by, (B) -]

(©)

0.05 0.1 0.5 1
c /b [-]
m m

Figure 5.31. Navier-Stokes simulations and cubic law calculations for synthetic fractures: ratio of
hydraulic aperture to the arithmetic mean aperture b,/ (b) versus the relative roughness a,/b,, for
fractures with (a) g, =0, (b) 0;=0.5, and (¢) 0; = 1 mm. The synthetic fractures used normally
distributed aperture with 4, = 2 mm. The symbols represent three values of mechanical aperture
b,., and the lines represent three values of hydraulic gradient i. Each data point is the mean of ~5
fracture realizations.



CHAPTER 5. Simulation Results and Discussion 156

@ e, :
C smooth
| 4 rough
10k
] _ ~3.00
4 e Q~0-084 nsub
L 2|
. 10 1 J
L5 C
10‘3 3 E
10” PERTEET 1
(b) 100 T T T T
~1 _ ~-3.65
10 ~ eQ—0.223 n. J
T
o 10
W
107}
PEETRT '
© v s :
: _ 224
eQ—0.634 nob
107} ]
-2.08
T
D 10 3
< E
10k
L Re=220
-
10 : 4 * .
1/4 1/3 172 1
-1
n.mb [—*]

Figure 5.32. (a) LCL, (b) Stokes, and (c) Navier-Stokes synthetic fracture simulations: relative
error ey versus the inverse number of subdivisions n,," applied to the base grids of 25x25 or
25%25%10 CVs. The symbols represent smooth and rough fractures with g, /b,, = 0.0625 and 0.5,
respectively. The trend lines and equations display the regressed power relationship for each set of
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b, and the lines represent the mean behaviour of each set of symbols. Each simulation used a

hydraulic gradient { = 1.
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Figure 5.34. Schematic diagram of two-dimensional parallel plate domain and boundary
conditions: (a) one-way inlet boundary, and (b) two-way inlet boundary.
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Figure 5.35. Simulated particle position at three values of normalized time (#/tz) for parallel plate
simulation T1 (see Table 5.4) with (a) the one-way inlet boundary, and (b) the two-way inlet

boundary.
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Figure 5.36. Simulated particle position at three values of normalized time (#/z) for parallel plate
simulations (a) T4, and (b) T7. Both of these simulations use the one-way inlet boundary. Refer
to Table 5.4 for simulation parameters.
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Figure §.37. Normalized particle breakthrough curves using the one-way inlet boundary condition
for parallel plate simulations: (a) T1 to T4, and (b) T4 to T7. Refer to Table 5.4 for simulation
parameters.



CHAPTER 5. Simulation Results and Discussion 162

(a)

o
o

0.8

o o 9o 9o ©
w » oW

normalized particle count [~]
o
et

0.1

0 0.2 0.4 0.6 0.8 1 12 14 1.6 1.8 2

g

0.9

© o ©
N 3 oo
| A SR |

normalized particle count [~]
© o o o
N W oA W
} i I 1

(=]
p—
1]

0.8 1 1.2 1.4 1.6 1.8
normalized time r/rR e

(=]

o
[«
)
i
>
)
o
o

Figure 5.38. Normalized particle breakthrough curves using the two-way inlet boundary condition
for parallel plate simulations: (a) T1 to T4, and (b) T4 to T7. Refer to Table 5.4 for simulation
parameters.

&



CHAPTER 5. Simulation Results and Discussion 163

(@

0.9

X osl

© o 0o o © o
S I VS R O ¥ T < AR |
L AR D AR T B |

normalized particle count

o
—
¥

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
(b) normalized time t/z, [-]

normalized particle count [~]

0 0.2 04 0.6 0.8 1 1.2 1.4 1.6 1.8 2
normalized time #/r R [-1
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Figure 5.40. Schematic diagram of (a) laboratory apparatus used to perform hydraulic and tracer
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Figure 5.41. Observed laboratory tracer (bromide ion) concentrations at inlet cell C;, outlet cell
C,, and fracture exit C;over time for (a) Fracture |, and (b) Fracture II. The concentrations C; and
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Figure 5.42. Fracture I flow simulation: (a) aperture field, and (b) simulated integrated flow ficld
for b,, equal 0.130 mm. Statistics for the aperture field are listed in Table 5.5. The total flow
through Fracture I is 0.5 mL/min and the maximum flow vector is 0.054 mL/min.
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Figure 5.43. Fracture II flow simulation: (a) aperture field, and (b) simulated integrated flow field
for b,, equal 0.585 mm. Statistics for the aperture field are listed in Table 5.5. The total flow
through Fracture IT is 1.3 mL/min and the maximum flow vector is 0.18 mL/min.
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Figure 5.44. Fracture I transport simulation: x-y position of 10,000 particles at three values of

normalized time #/t,. Refer to Table 5.5 for simulation parameters.
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Figure 5.45. Fracture II transport simulation: x-y position of 10,000 particles at three values of
normalized time t/t;. Refer to Table 5.5 for simulation parameters.
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Figure 5.47. Normalized solute and particle breakthrough over normalized time: (a) Fracture I,
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simulation parameters.
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CHAPTER 6. Conclusions

The paramount conclusions of this thesis work are:

»  Two numerical models that simulate three-dimension fluid flow and solute transport through a
rough-walled fracture using the Navier-Stokes (NS) equations and the random walk particle
method were successfully developed. The flow model employs the Finite Volume (FV)
method to solve the NS equations and features a structured non-orthogonal colocated grid.
The transport model uses the three-dimensional flow field from the flow model and the
RWPM to transport massless marker particles through the FV grid. These models were
verified by comparing simulations to exact and published results for flow and transport
through parallel plates.

» A numerical modei that simulates two-dimensional fluid flow through a rough-walled fracture
using the local cubic law (LCL) approach was successfully developed. The model employs
the FV method and features correction terms to account for non-orthogonal grid geometry due
to fracture undulation. The model was verified by comparing LCL simulations to published
results for flow through rough-walled fractures.

»  The developed flow models were used to simulate fluid flow through various random rough-
walled fractures to demonstrate differences in each approach and to determine criteria for the
validity of the LCL approximation. These simulations clearly demonstrated that for larger
values of relative roughness ¢;,,/b,,, mechanical or initial aperture b, and hydraulic gradient {
that the inertial forces may significantly influence the internal flow field within a fracture and
the bulk flow rate across the fracture. However, the influence of inertial forces on the bulk
flow rate across the fractures was shown to be negligible when the following kinematic
criteria were met:

Re<1, Re(bXA,<0.1, and Re g,/{b) < 1.
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In addition, the bulk flow rates from three-dimensionai simulations that met these criteria-were
within 10% of two-dimensional simulations using the LCL approach with geometric corrections.
Therefore, for the range of random rough-walled fractures considered in this research, it may be
concluded that the LCL is valid provided that the above kinematic criteria are satisfied.

»  The three-dimensional flow and transport models were used to simulate hydraulic and tracer
tests through laboratory samples of rough-walled rock fractures. The flow field for each
simulation was calibrated by adjusting the mechanical aperture of the fracture void space until
the total flow rate matched the observed value. The resulting flow fields, typical for rough
walled fractures, displayed tortuous high-flow pathways along large aperture channels and
low-flow zones in small aperture regions. The tracer transport simulations predicted particle
distributions that exhibited channelling or fingering along the high-flow pathways, and particle
entrapment in the low-flow zones. For one of the fractures the simulated breakthrough of
particles was shown to be in very good agreement with the observed solute breakthrough
curve. In fact, the simnulation displayed a stair-step feature that matches the observed data.
Therefore, it may be concluded that the models adequately describe fluid flow and
contaminant transport through a single rough-walled fracture.

6.1 Research Contributions

The important research contributions of this thesis are:

»  The only apparent solution of the three-dimensional NS equations for flow through realistic
rough-walled fractures.

»  The determination of kinematic criteria or constraints that delineate the influence of inertial
forces on the bulk flow rate across rough-walled fractures.

»  The direct validation of the two-dimensional LCL approximation with the geometric
corrections presented in this thesis for conditions that satisfy the kinematic criteria.

»  The flexible implementation of the RWPM to complex three-dimensional fracture flow fields.

»  The successful prediction of tracer transport through a fully characterized laboratory fracture
sample.
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6.2 Future Work )

Some examples of future extensions and/or applications of the developed models are:

»  To perform additional flow simulations on a wider statistical range and a larger sample size of
random rough-walled fractures.

»  To develop more efficient FV grid generation and solution techniques (e.g., unstructured
grids).

»  To examine high Re laminar flow and transport processes with emphasis on improving
convergence and accuracy of the numerical simulations.

»  To compare the developed transport model to the two- and three-dimensional advection-
dispersion equation.

»  To include trapped immiscible fluids into the flow and transport models.



APPENDIX Recursive Equations of the Strongly
Implicit Procedure

For three-dimensional systems the strongly implicit method (SIP) requires the definition of
seven coefficient matrices which form the lower (L) and upper (U) triangular matrices of
incomplete factorization. These SIP coefficients are represented with the symbol E (with the
standard indices P, N, S, E, W, T, and B) and are defined as three-dimensional matrices by the
following recursive loop:

=1ton
=1 to n;

k lto n,

w w
Eg = - uk(l*"“s(E. e T Ei- Iﬂ:))

Eifk =" A,jk(l + aS(Eij-lk +Eij—lk))

Effk =7 Auk{l +“S(Ei;¥c-1 +E§k—1 ))_l

C = “S(Euk Ei?l’c-l +EijWkEz‘1-Y1jk) (A.1)
G = aS(EijkEif;c—l +Eikaif'xk)

_ WLT S T
C3 - aS(EukEl ~1jk EukEu—lk)

Ej = (A,,k +C+Ct Cy—E EL y ~ESES  —Egy E‘.;;_,)"’
Eg = ~E.,k(A,,k )
Eifk = k(A:;k G)
Eika = —E; (ijk +Gy)

where C,, C, and C; are temporary values, and «; is the SIP parameter, which was set equal to
0.92. This step is required anytime the coefficients in (4.97) change. For the sequential solution of
the momentum equations, (A.1) is required only once per outer iteration since the coefficients for
the three velocity components are equivalent.

The correction step of the SIP begins by calculating the residual matrix using (4.99), then
performs the following forward substitution loop:

=1ton,
j=1to n;
k=1 to n, (A2
EY s B
Ry, = qk(R E; Ri-ljk = Eie Rijori ~ Eije Rijay )

and the following backward substitution loop:
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i =n tol by -1 -
J =mn;tol by -1
k=n tol by -1 (A.3)

_ _rE N T
Rijk - Rijk Ex'ijifljk Eiijij»lk Eiijijk-l

¢ijk = ¢ijk + Ry

where R becomes the variable correction that is added to . This correction step becomes iterative

by successively calculating (4.99), (A.2), and (A.3) over m iterations or until the absolute sum of
the residuals is reduced to a specified fraction of its initial value.
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