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Statement of Contributions

This thesis consists, in part, of the author’s previous work:

e [64], [65]. These works characterize the sufficient and necessary conditions for both
diffusion models and diffusion bridge models to preserve isometry group invarainces
present in data distributions. The theoretical proofs in the cited works are attributed
to Haoye Lu, who built up my initial sketches into rigorous theorems. Writing of
these works was done equally by Haoye and myself. Both, Haoye and I contributed
a significant amount of time to model implementation and evaluation. Specifically,
in terms of model development in [64], I primarily implemented: SPDM+WT and
SPDM+REG having proposed the regularization method, see |65, Appx. C|; I fixed
the FID metric evaluation of SP-GAN by [3]; and for [65] I implemented (DDBM)
SPDM+WTfY and all other model comparisons for Table [5.2 and Table [5.3] excluding
(DDBM) SPDM+FA for the LYSTO and ANHIR datasets which were implemented
by Haoye alone.

e In this thesis various theoretical results are presented; those that are not my work
appear with the relevant citation either in the statement block or nearby. The pri-
mary theoretical contributions made in this work are the proof of Lemma [l and
both Corollary [I] and Corollary [3] Outside of these primary results, various minor
contributions serve to link together the different sections and aid in motivating the
use of select techniques; e.g., within Section a brief study of the variance of the
trace estimate is given to motivate the use of the Rademacher distribution for sam-
pling, following which we introduce a stochastic scaler term that proved valuable in
stabilizing model training. Empirical contributions are detailed at the end of each
section. Lastly, much of the work around motion planning is build incrementally
atop existing work, which are cited whenever an existing technique is introduced,
barring some rederivation of results. The major contribution of this section is in the
exploratory work combining reflected diffusion models with motion planning.

1This model was not presented in the final paper.
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Abstract

This thesis delves into the theoretical foundations, extensions, and applications of diffusion
modeling in generative tasks. Diffusion models have garnered significant attention due to
their stability during training and superior performance compared to competing methods.

In an attempt to make this work approachable for those not already familiar with diffu-
sion, we begin by developing diffusion models from the ground up, starting with continuous
diffusion processes and later deriving popular discrete diffusion models via discretization,
providing insights into their mechanics. Motivated by work in the physical sciences, where
datasets reside on curved surfaces, we describe extensions to Riemannian manifolds by
redefining Brownian motion in these domains and formulating stochastic differential equa-
tions that describe continuous diffusion processes on manifolds. In much the same vein, as
many real-world datasets are constrained within specific boundaries, we explore reflected
diffusion processes. These processes describe diffusion processes that are constrained to a
bounded region without absorption at the boundary, ensuring that generated data remains
within a desired support. At the end of each of these chapters, we address the numerous
practical challenges in training neural diffusion models on these different processes, as well
as developing a few techniques that improve training stability of such models.

Further, we investigate structure-preserving diffusion models that respect inherent sym-
metries present in data, such as rotational invariance in imaging applications. We provide
a complete characterization on the form of drift and diffusion terms required to ensure
the diffusion processes, and diffusion model, accurately preserve affine group invariances
present within target distributions. Three core techniques are discussed for achieving such
group invaraince, with each being evaluated over a set of datasets focused on applications
in Medical imaging. In closing out this section, we discuss in detail extensions of this work
to reflected diffusion processes and Riemann manifolds.

Finally, we highlight some proof-of-concept work on applying reflected diffusion models
to the domain of robotic motion planning. Focusing on generating collision-free paths for
robot navigation and multi-segment robotic arms, we demonstrate how diffusion models can
address the complexities inherent in planning under motion constraints. This application
showcases the practical utility of the extended diffusion modeling framework in solving
real-world problems.
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Chapter 1

Introduction

The central topic of this thesis is di usion modeling, its de nition, constrains, and applica-
tion to select generative modeling tasks. Considerable e ort has been put into structuring
this work to include su cient background on the underlying dynamics that govern di u-
sion models so that a reader who follows the chapter listings should be able to comprehend
each section without much preliminary knowledge.

In the last several years, di usion models [921, 90, 33, 48, 102], and di usion bridge mod-
els [16], have gained signi cant interest due to their relative ease of training, in comparison
to other contemporary models such as generative adversarial networks (GANSs) [27] that
commonly su er mode collapse while o ering state-of-the-art performance. Di usion mod-
els also bene t from a rich mathematical legacy within statistical physics that characterize
the dynamics underlying various di usion models that are commonly used in practice,
making them easier to understand and design. Thus, di usion based methods have shown
to be attractive to not just practitioners but also mathematically minded individuals in
machine learning.

We begin in Chapter[2 by describing the fundamental mechanics on which di usion
models operate, which is necessary for understanding some of the results given in Sec-
tion 5.1}, and discuss how neural networks can be parametrized and trained using these
dynamics. Chapter[4 contains discussion around a constrained version of di usion that
o ers several theoretical advantages for applications seeking to use di usion for optimiza-
tion tasks, which are touched on in Chaptef]6. Lastly, the Appendix contains many of the
proof contributions, additional experimental results, and qualitative sample comparison
across various empirical experiments in the earlier chapters. Much of the mathematical
formalisms and de nitions that are used throughout the text are relegated to Appendix]A
and should be consulted if the reader is unsure of any unfamiliar notations.

To assist the reader in navigating this thesis and to allow them to allocate their attention
to chapters more inline with their interests, a chapter dependency graph is provided in
Fig. [1.1. This map illustrates the topic dependence between chapters and sections.
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Chapter 2

Di usion models

Di usion based (generative) models have emerged as a highly capable neural framework for
image synthesis [33, 34, 50, 74, 90, 48, 83], audio generation, robotic motion planning [43,
8], molecule conformation [12, 35, 46, 81, 101, 102], which are stable to train in comparison
to competing methods, notably GANs [27], at the expense of training times. Informally,
di usion models follow a noisy process where input data is gradually corrupted and the
model learns to reconstruct the original data from the noisy counterparts.

In the following section we will develop di usion models from a (somewhat) bottom
up fashion, starting from the theoretical underpinnings of continuous di usion models and
then recovering original discrete step di usion models via discretization; this being what |
feel to be a more natural derivation albeit one not commonly shown. First and foremost,
we begin this chapter by formalizing the noise used within di usion processes.

2.1 Brownian motion

The concept of Brownian motion, also called a Wiener process the result of considering
a continuous random walk, must be understood to properly characterize the dynamics
governing di usion models. Consequently, we lead by formally de ning Brownian motion
over Euclidean space.

De nition 1  (Wiener process) Let ( ;B;P) be a probability space. A (one-dimensional)
Wiener process (or Brownian motion) is a stochastic procedsB;g: o, for t 2 R o, that
satisfy:

1. Bp= 0;
2. Almost surelyt ! B, is continuous int; i.e., the Wiener process is a continuous
stochastic process where for atl 0

P(fz2 | Isi'mths(z) Bi(z)jg=0) =1,

3



Figure 2.1: An illustration of 1000 steps of random walk originating from an orange point
in the plane (black) and this same random walk viewed as a time series trajectory (blue).

3. The procesd B:g; has stationary ( xed) independent increments; with the increment
constraint B.s Bs N (0; t), with diusion coecient . (We assume =1
throughout the remainder of the text.)

While the above axiomatic de nition of Brownian motion is constructive and easy
to work with, it may not be clear (as it wasn't when historically introduced people
questioned if such a model was justi able in reality) that any processes exists that realizes
these conditions. As it turns out, such a process originates as the solution to the (stochastic)
heat equation.

For those readers not familiar with the e ects of Brownian motion, a trajectory of a
particle in R? evolving through time under Brownian motion is simulated for 1000 discrete
steps and visualized in Fig. 2.1. As can be seen from the gure, trajectories following
Brownian motion are very rough, in fact such trajectories are nowhere di erentiable, and
as such are most frequently studied using probabilistic concentration arguments.

Background on the heat kernel. From [28], recall the heat kernel irRY is the (unique)
positive solution of,u: [0;T] RY! R, of the time varying Cauchy problem

(

el =1 r u(tx)
uO;x) = (X Xo);

4



with X0 2 RY being the initial starting point, and (x Xo) is a Dirac density centered at
Xo. Under this probabilistic view, we can derive the solution to this problem of the form
4

u(t;x) = dp(t;x;y) (x y)dy;

R

in particular, in the Euclidean setting, it is know the Gaussian transition density

1 kx  yk3

p(t X y) = @)= exp It

satis es this problem.

Brownian motion and SDEs The most fundamental di usion processes, is that based
on the heat equation, which in Euclidean space takes the form of a Stochastic Di erential
Equation (ISDE). Speci cally, consider a sequend& ;){ , of time-indexed random variables
in RYwith Xo  po(X) = (X Xo) dened up till some time T > 0. The Fokker-Planck
equation (forv'vard Kolmogorov equation) [49, 79, 76, 87] describes how the probability
distribution of X, denotedp, evolves fromp, under Brownian motion, in this case with
covariance (time paramteizer) :[0;1)! RY 9 as

X @ [ {]i;j

|
@1@x > Pr(Xt)

@
@Pt(xt)—

i5j
[
with the dynamics of X, expressed as the (Ito) SDE
| |
dX (= (dBy;

!
where(B,); o is ad dimensional Brownian motion resulting from the heat transition kernel,
that describes the dynamics of the random variable§ in space. Corresponding to this is a
time reverse (backward) SDE, stated in terms oK = X 1 ¢,

1
dXi= < ¢ lrxlogp[(Xt)dt+ + dBy

2

! !
that transports X 1 backwards in time to X o (in a point-wise sense).



2.2 Diusion processes

To begin, we will introduce (continuous) di usion models, also referred to as score based
generative models - the only distinction between these naming conventions being the chosen
model paramterization outlined in Section 2.3, de ned over Euclidean space following the
works of [33, 90, 92, 48, 54]. To expedite the delivery, we will only detail the unconditional
di usion setting; the conditional setting is not a di cult extension and will be used without
explicit introduction later on in the text.

Continuous di usion processes The design and application of di usion neural models
is based on the central assumptidnthat for a given (ground truth) distribution po, with
mean o and standard deviation o, if we progressively add Gaussian noise N ( ¢; ),
fort=1;:::;T, with ¢ o2 the resulting molli ed distribution pr is approximately
normal; i.e.,pr(X) N (X; 1; 7).

This idea of gradually corrupting dqta can be formalized in terms of SDESs, as introduced
above in Section 2.1. In particular, lef(X ;)] , denote a sequence of time-indexed random
variables in RY such that X;  p;, wherep; is the marginal distribution induced by an
underlying SDE of the form

| | | |
dX = (X;t)dt+ (X t)dBy;

where :RY [0;T]! R%and : RY [0;T]! RY 9 are prescribed drift and di usion
coe cients, commonly used value are discussed in [92, 48]. As outlined in Section 2.1,
the Fokker-Planck equation (forward Kolmogorov equation) describes how the probability
distribution of X, evolves starting frompy through the dynamics described by a general
SDE of the forgoing form, with

@,.. * @ ,. @ [(xe) (xB'T
@Pt(xt) = @[ i(Xe; Dpe(Xe)] + @1@x > Pt

i=1 ]

(xt) ; (2.1)

an approximation, as written, that is accurate up to the rst fwo |modes. Correspondingly
there exists a unique family of probability transition kernelga(X (jXs), for0 t<s T;

] use the term assumption here since often experimentally this property is not checked and the time
scale of the di usion process is heuristically determined.

2The matrix inequality expresses that T o is positive de nite with a large positive lower bound.
Where large here is dependent on the covariance of the data distribution, which is often experimentally
estimated.



there is a special case whenand are a ne (e.g., scalar matrices) where the transition
kernels remain always Gaussian and can be derived in closed form due to (2.1) becoming
exact. (Derivation of this is postponed till Section 2.2, likewise, for the ensuing reverse
direction.)

Provided the initial, ground truth, distribution pg is su ciently conditioned [1], there
exists a time-reversed (also called backward) process fream T to t = 0 given as

dX = (Xat) o [(Xa)( X (2.2)
2 (X (XDt clogp(X ) dt+ ( Xt)dBe

wherer ( Xgt) =(r gu(Xgt);:inr ge(Xe;t)) with r g denoting the divergence
ofg :RY [0;T]! RY As above, thls backwards SDE characterizes how the probability
distribution pr, which recall we takepr N (O; 1), is transported towardspo; with

@ _ @ ( X3t ( Xt;t)lxd @
@)l()t(xt)— (Xt1t) tht) 5  @xex

Ll

Pe(Xt):

For the remainder of this text, whenever we refer to a di usion process, we mean a
stochastic process that can be described via the above dynamics.

A ne continuous di usion processes Within the aforementioned a ne case, which
is the setting used in practice [48], we take (X;t) = AX;+ b for A, 2 RY 9 h 2 RY,
( Xgt) = t' with 2 RY, the (forward) transition kernels, t S, via [87, Theo-
rem 5.10], are of the following general form:

@ .. X @
@PXiXs) = B ax (i(t’t)pt(XthS)]
¥ @ [(Xat( Xat)'] "
+ L vk (X st)
ij @X@?( 2
xd @ A!X !X!'X
= b tA¢ T t S
~ @x([ Blp(X (X s))
xd I h i
+ [ t t]':] @ ptl(x tIJX S)

2 @x@x

]

7



Making use Iof the a ne assumptions, u|sing [87,I Eq. 5.50, Eg. 5.51], we can compute the
mean, ; = E[X ], and covarianceH; = E[(X: (X )!]ofp(XjXs) to be respectively

d _ .
g = EL(at)]
= A+ by
and
d ! ! ! !
g = ELXa(Xe 9T+ E(Xc ) (Xo0)'T+ E[ 3

AH +HAl + |

|
Then given the initial conditions s = X s andHs = 0, we can derive the general conditional
solutions to these equations, namely

tjs: t;.sXs+ £ bd
and

Htjs = t; ! L d;
S
where s is the (continuous) Markov transition matrix (See [87] for characterization),
which in general has no closed form and even for the a ne case will depend on the form of
A:. Now, this solution is an a ne transformation of Brownian motion (Gaussian process)
it must follow a Gaussian distribution itself, namely;
I [
P(X (jX s) = N (X5 1s; Hyjs):
A natural question to then ask, the answer of which would simplify numerical simulations,
is under what values of , and ; does a closed form solution exist? As it turns out, if
A, b, and  are smooth (bounded) scalar functions, i.eA; = & : [0;T]! R, b =0,
and { = :[0;T]! R o, then we can solve the transition matrix in closed form
using the method of integrating factors; in particular, for the drift and digision terms
a(t); (t):[0;T]! R (smooth), picking the integrating factor u; = expf tl a( )d g
gives the transition matrix
Z t
tjs = €XP a( )d
S

and the transition kernel above reduces to ~
t

PoL ! !
P(XjXs)= N "Xy Xl %s ()?d

S



Connection to discrete di usion processes We are now ready to derive the connec-
tion between continuous di usion models and the commonly used discrete frameworks.

In order to simplify the delivery, we will focus on the DDPM framework [33] (a special
case of the later DDIM framework [92] which introduced non-Markovian forward processes
making it harder to recover going from the continuous to discrete case). In practice,
as discussed more in Section 2.3, the moat commonly used drift and di usion coe cient

selectionisa(t) = 14In(1 (1)) and (t)= Lin( (1), where (t):[0;T]! [0;1]
is a smooth increasing function. Then undeN discretization steps of the (forwards SDE
or) transition kernel, and time partition 0 = t; <t, < <ty 1<ty = T for step size

t 1, we have under discretization and successive Taylor series approximation

s
_ 1 () o 1 ()
e ) Hejy =1 [
p _ (t 2+ ) (4 1)
1 (t o+ 1) 1 )
(ti 1+ 1)

and we approximately recover the formulation given in [33, 90] with forwards noising kernels

Y p

N L, L . L, L ! —1L
pT(XTJXO): pt(xtijxti 1)1W|th pti(xtijxti 1): N(Xt|1 1 tixti 1 til):

i=1

(2.3)
Likewise, for the time reversed SDE we have the backwards Markov chain

v
pT(XO): pti(xti 1thi)

i=1

where backwards transition densities depend on the score function, which is not known in
advance. This is the central learning objective proposed in [33], paramterizing the time-
reverse process withp (X, ,jX¢) = N(Xy ;57 (Xit);H (Xy;ti)); the details of the
learning task are developed below.

3In subsequent sections, the sub-indexing of discrete time steps is suppressed and should be inferred
from context.



2.3 Neural di usion models

Understanding the dynamics of a diusion process is all well and good, but unless we
can devise a method of e ciently sampling from these dynamics, they are of no practical
utility. This section is dedicated to the task of describing how di usion processes can be
practically modeled using neural networks and trained to perform a target objective.

Model parameterization and training Continuous di usion models, as implemented
using neural networks, are parameterized to learn a time-conditional approximation to the
Stein scores (X¢;t) r ylogp(X¢) that appears in Eq. (2.2), in order to sample from the
reverse process via (repeat) evaluation of

dxe =[ (x;t)  2(t)s (xi;)]dt+ (t)dB (2.4)

approximating samplingx;  p;. Thus, in di usion models, the terminal distribution pr

serves as the initial distribution, which for a ne drift and di usion terms converges to

a Gaussian distribution which can easily be sampled from, and transported g, which

is often not known analytically. In [91], this is approximated usingVl steps of Langevin
Metropolis-Hasting [73] to sequentially sample; p; according to the equatiofi

2
X (M = x, (M D+ Ets ™ D)+ ™ ™ N (©:1); form=1;::1;M; (2.5)

thatis, x; x;™). In order to avoid stochasticity in sampling, the authors of [92] derived
the probability ow ODE (PF-ODE), below, as a counterpart to Eq. (2.4)

°(t)
2

dx; = (X¢;t) S (X¢;t)]dt

which, under the DDIM[90] framework, admits the same marginal distributionsp;, and
can thus be used to sample a trained model deterministically.

In order to train these models, we must de ne a suitable loss function. It was proved
in [39] the score matching (SM) objective

! !
Lsm(s) = Etu omEy, ks (Xt) 1 xlogp(X 0)K3]

4The exact form of the step size in this equation will depend on the chosen forwards process parameters.

10



guarantees the learned approximation will agree up to a constant factor di erence. How-
ever, asp, is typically not accessible, with unknown ground-truth mean and variance,
surrogate objectives have been developed. Notably, implicit score matching (ISM)

1 | !
Lism (S ) = Ky (O;T)EXt " Eks (Xt,t)k% +r S (Xt,t) ; (26)
where the expectation is taken w.r.t. the empirical distributionp p>. Discussion
around ISM, and its approximation, is postponed till Section 4.2 where it is necessary.
More commonly, the equivalent denoising score matching (DSM) loss [99] is used whenever

feasible
! Lol
Losm (S) = Exo pEru 0mEyx, plxlixgks (Xut) 1 xlogp(XjXoky]l  (2.7)

where Q!(X t!jX 0) is the forward transition probability conditioned or% X o, following the
recursive application of the di usion transiiiion kernel, which for a ne drift, as derived in
Section 2.2, is tractable to compute unlikg (X ). It was found in [33] tqat parameterizing
the learning task in terms of predicting the noise samplege N (X;; X o; H¢), using a
network (X¢;t), opposed to the scores , directly, resulted in more stable training under
the corresponding reparameterization of the loss

Losw ()= By g BruomB v (ixomolK (X Ok

under which the Stein score is approximated via Tweedie's estimate [20]1X;t)  E[ jX{]
as

Xt

o ogp(x)  — .

t
However, as documented in [48], this method is not ideal as the inter-sample variance is
high unless the noise samples are normalized to unit variance (among other considerations).
See [48] for a more detailed discussion on di usion model network parameterizations.

Pseudocode versions of the general training and sampling procedures of discrete di u-
sion models are given in Algorithm 1 and Algorithm 2 respectively.

51t is common to ignore this notational di erence and read all expectations as being approximated over
the given empirical data distribution.

11



Algorithm 1: (Discrete) Di usion Model Training and Sampling

Consider di usion over RY parameterized by , let py be the data distribution and

D the training dataset, p(x{jX; 1) the forward di usion process (see Eq. (2.3)),
p (X; 1jX¢) is the reverse process] the time horizon, and > 0 is the learning

rate.

Data: D, T, |,
Result:
1 while training do
2 Xo D
3 ti Uf 1;:::;Tg
4 fort=1;:::;t do
5 | X p(xiXe 1) ; /* Forward diffusion step */
6 Ro P (XolXy) ; [* Approx sample reverse process from X */
7 L L psm(); [* Given xo and Ro */
8 r L
9 return

Algorithm 2:  Sampling from (Discrete) Di usion Model
After training, samples are generated using the learned reverse di usion process
p (X¢ 1jXt), resulting in an approximate sampleR,.

Data:. , T
Result: Ro
1 Xt N (O;1)
2 for t=T;:::;1do
3 L Re1 P (Xe 1% ; I* Approx reverse diffusion step */
4 return XRg

Noise scale selection and design  One important aspect governing neural di usion
model performance, as seen empirically and as mentioned at the start of Section 2.2, is
the chosen noise scale (i.e., the scale of drift and di usion coe cients) used for a chosen
learning task. The study of designing noise schedules is the topic of various works [33, 50,
74, 48, 83, 57], but among these, the most dominant are the variance exploding (VE) [92]
and variance preserving (VP)[33, 90] schedules.

12



Figure 2.2: Comparison of log-SNR values between four commonly used noise schedules.

To better visualize the e ect di erent noise schedules have, in Fig. 2.2 we plot the log
signal to noise ratios (log-SNR), as popularized by [50] for analyzing these schedules, where

Q.
_ om@ 9 (t)?
SNR(t) = - Qlitzl T Y T

quanti es the relative intensity of a (date) signal compared to the added noise, values of
the four most common DDPM noise schedules, which have equivalents in the continuous
setting, with the common parameters ( =0:000], + =0:02 T =1000. Then in Fig. 2.3

we illustrate the progression of these noise schedules, plotting every 50th step, on a sample
image taken from the CelebA dataset [60]. As evident from the gure, depending on which
schedule is selected, high delity features of the image are preserved longer than others;
in particular, in accordance with the purported design motivation, the cosine schedule [74]
adds noise more progressively than the other illustrated methods. It is for this reason the
authors suspect the schedule allowed di usion models parameterized for noise prediction,
Eq. (2.7), to perform better than its contemporaries. With this said, we are not currently
aware of any existing analysis (theoretical or otherwise) that proposes a universally agreed
upon metric for the optimization of noise schedules outside of post training evaluation.

13
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