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Abstract

In this thesis, we study C*-algebras stemming from partial C*-dynamical systems. We
develop equivariant injective envelopes associated to such systems, which allow us to
obtain canonical connections to enveloping actions as well as results on the ideal struc-
ture of partial crossed products.

We extend the theory of equivariant injective envelopes pioneered by Hamana in the
1980s to partial C*-dynamical systems. To do so, we introduce the category of gener-
alized unital partial actions by allowing for partial *-automorphisms acting on families
of special hereditary subalgebras. Ultilizing properties of injective envelopes and the
notion of an injective unitization of partial C*-dynamical systems, we argue that it suf-
fices to consider unital objects in our category. This also allows us to connect our theory
to Abadie’s notion of enveloping actions leading to a canonical relationship of their G-
injective envelopes.

Utilizing properties of injective envelopes, we introduce novel non-triviality con-
ditions for partial *-automorphisms inspired by global C*-dynamics. We contrast this
notion with existing conditions in the literature. Lastly, we study a non-commutative
generalization of stabilizer subgroups for pseudo-Glimm ideals. In particular, we show
that for Glimm ideals in the G-injective envelope, these stabilizer subgroups are in fact
amenable — a result which is crucial for our main theorems regarding the ideal struc-
ture of partial reduced crossed products.

Finally, our main application of the theory of G-injective envelopes is a character-
ization of the ideal intersection property for partial C*-dynamical systems subject to
a cohomological condition as a generalization of the result for global group actions.
To state this generalization, we utilize the dynamical conditions introduced previously
and generalize the notion of equivariant pseudo-expectations to partial C*-dynamical
systems. We also give a sufficient intrinsic condition in terms of non-commutative uni-
formly recurrent partial subsystems utilizing pseudo-Glimm ideals. As a consequence
of our results, we obtain a full characterization of the ideal intersection property for
partial actions on commutative C*-algebras in terms of freeness of the partial action on
the spectrum of the G-injective envelope.
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Chapter 1

Introduction

Dynamical systems appear in various forms in several mathematical fields. At its core,
a dynamical system refers to the evolution of a mathematical object subject to some pre-
determined set of rules. For example, one can look at the time evolution of a particle in
space given by a differential equation or at a group of symmetries acting on a geometric
object.

To motivate partial dynamical systems, we can look at the basic example of a dy-
namical system given by time evolution dictated by an ordinary differential equation
[Rae99]. More specifically, for a differential equation x’ = f(x), where x denotes an
unknown time-dependent real-valued function and f: R — R describes its time evolu-
tion, we can look at its flow a: R x R — X. Here, the flow a is defined as a;(xg) := x(¢),
where x(t) is the solution to the initial value problem x’ = f(x), x(0) = xo. Assuming
that f is Lipschitz continuous on RR, each initial value problem gives rise to a unique
global solution x: R — RR. Note that for s, € R, determining a(a:(xp)) amounts to
solving the initial value problem x" = f(x) and x(0) = x(t). The unique solution to
this initial value problem is given by x(s + t) and thus as(a:(xp)) = asyt(x0), ie.,
describes a group action of R. If f is only locally Lipschitz, we still obtain unique solu-
tions, however, they might not be global. In this case, as(a¢(x()) might not necessarily
be well-defined. If it is though, then we still observe the same relationship as above.
This phenomenon captures the essence of a partial dynamical system — we cannot ex-
pect to combine arbitrary rules for all elements, but if the composition is admissible, we
know how it behaves.

While the example of partial dynamics stemming from differential equations is

known, partial dynamical systems were first formalized using an operator algebraic
perspective, which is the focus of this thesis. For operator algebras, dynamical descrip-



tions have two main advantages: first, dynamics on C*-algebras lead to machinery for
generating new examples of C*-algebras, e.g., in the form of crossed product construc-
tions encoding both the base C*-algebra and the dynamics. Second, describing already
known C*-algebras dynamically using a crossed product construction allows for new
avenues for studying the C*-algebra’s properties. Having more general dynamics thus
leads to a potentially wider class of examples as well as more C*-algebras that can be
equipped with a dynamical description. This ability to describe given C*-algebras us-
ing partial dynamics was one of the motivating reasons that led to the introduction of
partial actions as a generalization of ordinary C*-dynamical systems.

In this short introduction, we will present a select history of partial actions in the
context of C*-algebras, review relevant results on the ideal structure of their crossed
products, and introduce relevant literature and results utilizing equivariant injective
envelopes. We end with an overview of our contributions.

1.1 Related Literature

Partial Actions

A partial action ({Ag}eec, {#g}eec) of a discrete group G on a C*-algebra A, also
called a partial C*-dynamical system, is given by a family of ideals {Ag}¢cc and *-
isomorphisms wg: A,-1 — Ag satisfying certain compatibility conditions generalizing
the concept of a group action on A. As described at the beginning of the introduction,
we cannot expect composition of *-isomorphisms to be well-defined globally, but we
do know about its behaviour on smaller domains. This concept was first introduced in
[Exe94] to study the structure of C*-algebras equipped with a circle action. In particular,
Exel showed that under fairly mild assumptions on the action, such a C*-algebra can be
written as a crossed product by a partial action of the integers generalizing a result of
Paschke [Pas81]. This description is useful, as Exel also provides a generalization of the
Pimsner—Voiculescu exact sequence leading to desirable K-theoretic consequences. Fur-
thermore, this structural result implies that any AF-algebra can be written as a partial
crossed product of a commutative AF-algebra [Exe95]. In [McC95], McClanahan gener-
alized the notion of a partial action to arbitrary discrete groups and introduced full and
reduced partial crossed products. Since Exel’s and McClanahan’s work, the concept of
partial actions has been formalized for many different settings — for an overview of de-
velopments in partial actions see the survey [Dok19]. In the realm of C*-algebras, many
more known C*-algebras have been described using partial dynamics, see for example:
[Exe97; EL99; ES16].



A prime example of a partial dynamical system is the restriction of a global dynam-
ical system to a non-invariant subobject. For C*-dynamical systems, this translates to
the restriction of a global C*-dynamical system to a non-invariant ideal. A natural ques-
tion to ask is whether all partial actions actually arise as restrictions of global actions.
This question was first studied by Abadie in [Aba03], where he answered the ques-
tion affirmatively for partial actions on topological spaces. However, the corresponding
global action might exhibit fairly peculiar behaviour as for example Hausdorffness is
not necessarily preserved. Using this phenomenon, Abadie also showed that on the
contrary not every partial action on a C*-algebra arises as a restriction. Thus, partial
actions on C*-algebras are a strict generalization of ordinary group actions. By [Fer18],
an enveloping action, i.e., the smallest global action such that the partial action arises
as a restriction, exists for a partial C*-dynamical system ({Ag}¢cc, {#g}¢ec) on a unital
C*-algebra A if and only if each ideal Ay is unital.

Partial actions can also be viewed through several other perspectives. For example,
partial actions of a group correspond to actions of inverse semigroups. This connection
appears in the work of Sieben in the context of C*-algebras [Sie97] and was then intro-
duced systematically by Exel [Exe98]. Another viewpoint, at least for partial actions on
topological spaces, is given by groupoids. This was first explored in [Aba04], where
Abadie showed that a partial action on a second-countable locally compact Hausdorff
space corresponds to a groupoid and its groupoid C*-algebra corresponds to the par-
tial crossed product of the partial action on its induced commutative C*-algebra. More
recently, [CK24] introduced a criterion of when a given étale groupoid comes from a
partial action on its unit space.

Ideal Structure of Crossed Products

In order to utilize the power of a dynamical description of a C*-algebra, one is inter-
ested in identifying dynamical properties that characterize C*-algebraic properties. For
example, one is interested in when a crossed product by a partial action is simple, or to
what extent the ideal structure of the base C*-algebra dictates the ideal structure of the
crossed product. The first result along those lines for partial C*-dynamical systems was
given by McClanahan in [McC95], where he shows that for Power’s groups the partial
reduced crossed product is simple if and only if the base C*-algebra lacks invariant ide-
als. This generalizes the result of de la Harpe and Skandalis in the global setting [[H586]
using similar techniques.

Besides simplicity, there are other notions regarding the ideal structure of crossed
products that have been studied in the literature. For example, one can ask more gen-



erally when the ideals in the partial reduced crossed product are fully determined by
invariant ideals in the base algebra, a property often referred to as the ideal separa-
tion property. A natural extension of this question is whether non-zero ideals in the
crossed product always have non-zero intersection with the base algebra, which is now
often referred to as the ideal intersection property. A first result along those lines for
partial C*-dynamical systems was given in [ELQ02], where the authors show that for
commutative C*-algebras the partial action being topologically free implies the ideal
intersection property. In particular, if the partial action is additionally minimal, the
reduced partial crossed product is simple. This is a generalization of a result by Kawa-
mura and Tomiyama in the global setting [KT90]. Furthermore, Exel, Laca and Quigg
give a condition that guarantees the ideal separation property in this setting. The re-
sult on topological freeness and the ideal intersection property was then generalized to
the non-commutative setting by Lebedev [Leb05] giving an analogous result to work
of Archbold and Spielberg in the global setting [AS94]. A full characterization of the
ideal intersection property for partial actions of amenable groups on commutative C*-
algebras was given in [AA17], where the authors show equivalence to topological free-
ness in this setting.

In addition to the conditions on the partial action mentioned above, there have
been several other conditions that give some insight on the structure of partial reduced
crossed products. For example, [GS14] introduces a condition guaranteeing the ideal
intersection property inspired by known conditions for global C*-dynamical systems.
For an overview of the plethora of non-triviality conditions for group actions, partial
actions and an even more general setting, see [KIM18].

Equivariant Injective Envelopes

In addition to the results in the previous section, for ordinary C*-dynamical systems
there has been an influx of injective envelope techniques and tools used to study the
ideal structure of ordinary reduced crossed products over the last decade. Results along
these lines rely on the realization that many structural problems can be phrased in terms
of the injective and for the special case of dynamical systems the G-injective envelope.
After showing existence of the injective envelope of C*-algebras and operator systems
[Ham79a; Ham79b], Hamana also introduced the notion of G-injective envelopes for
global C*-dynamical systems in [Ham85]. Among many things, Hamana showed that
injective envelopes have desirable properties. In particular, they are monotone complete
and thus allow for many techniques involving projections.

The first result using G-injective envelopes to gain structural insights into C*-dyna-
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mical questions was a characterization of C*-simplicity, i.e., when the reduced group
C*-algebra of a discrete group is simple, by Kalantar and Kennedy [KK17]. Their key
idea was that the spectrum of the G-injective envelope I;(C) of the trivial action of G
can be identified with the Furstenberg boundary, i.e., the universal minimal strongly
proximal flow of G. This realization allowed the authors to show that C*-simplicity is
equivalent to topological freeness of the action on the Furstenberg boundary.

This characterization led to many interesting consequences. For example, [Kaw17]
gives a full characterization of the ideal intersection property for ordinary group actions
on commutative C*-algebras. Furthermore, using this equivalence [Bre+17] show that
the reduced crossed product for a non-commutative C*-dynamical system for C*-simple
groups is simple if and only if the base C*-algebra admits no non-trivial invariant ide-
als. This was then generalized to twisted C*-dynamical systems in [BK18] by giving a
more general correspondence between maximal invariant ideals of the base algebra and
maximal ideals of the reduced crossed product.

For general groups Kennedy and Schafhauser give a characterization of the ideal in-
tersection property in the non-commutative setting up to a cohomological obstruction
[KS19]. A more recent advance was given by Geffen and Ursu [GU23] in the case of
FC-hypercentral groups, that is, groups admitting no non-trivial ICC quotient, where
they show that this cohomological obstruction can be overcome for minimal actions.
This was then generalized to arbitrary actions in [KKS25]. Interestingly, countable FC-
hypercentral groups are exactly those groups that admit a trivial Poisson boundary for
any non-degenerate probability measure [Fri+19]. This is noteworthy, as this together
with the fact that results for the non-FC-hypercentral case are limited to C*-simple
groups highlights the importance of group theoretic boundaries in answering these
questions. Lastly, injective envelope techniques and subsequently boundary theoretic
notions have also been generalized to study the ideal structure of groupoid C*-algebras
[Ken+21].

1.2 Contributions

In this thesis, we develop an equivariant theory of injective envelopes for partial C*-dy-
namical systems and demonstrate its use with an application to the ideal intersection
property. As evident by Hamana’s work [Ham?79a; Ham?79b; Ham85], a crucial point
for the existence of injective envelopes is the determination of the correct category. For
example, for injective envelopes of C*-dynamical systems, it is necessary to work in
the category of G-operator systems with equivariant unital completely positive (u.c.p.)



maps to guarantee the existence of G-injective envelopes. Similarly, we need to enlarge
the objects in our category. To do so, we introduce the category of generalized unital
partial actions. Instead of considering families of unital ideals, we consider families of
well-behaved unital hereditary C*-subalgebras and corresponding *-isomorphisms fol-
lowing the partial action axioms. The appropriate morphisms are given by u.c.p. maps
preserving the units of the subalgebras and admitting equivariance with respect to the
action on the subalgebras. Our first main result gives the existence and appropriate
uniqueness of the G-injective envelope of a unital partial C*-dynamical system.

Theorem A (Theorem 3.3.3). Let ({Ag}eec, {&g}gec) be a unital partial action. There ex-
ists a G-injective and G-essential extension ({Ig(A)g}gec, {Ic(a)g}gec) of ({Aghgec, {ag
}sec). Furthermore, the G-injective envelope is unique and (I(A), G, I6(A) e, I6 (@) gec)
is a partial C*-dynamical system.

This G-injective envelope behaves appropriately in relation to similar objects in re-
lated categories. In particular, we show that the G-injective envelope of a global C*-
dynamical system in the category of generalized unital partial actions agrees with the
G-injective envelope in the category of G-operator systems introduced in [Ham85].

As our work utilizes unital partial C*-dynamical systems, it is therefore natural to
study its connections to enveloping actions. We show that the G-injective envelope of a
unital partial C*-dynamical system and the G-injective envelope of its enveloping action
are canonically related. In particular, we show that the former arises as a restriction of
the latter.

Theorem B (Theorem 3.4.2). Let ({Ag}gec, {&g}eec) be a unital partial C*-dynamical sys-

tem and let (C4,74) denote its enveloping action. Let (Ig(C*), Ig(¢?)) denote the G-injective
envelope of the enveloping action. Then, Ig(A) = Ig(C?)14, where 1,4 denotes the unit of A.

In particular, ({16(A)g}gec, {1 (@) }gec) is a restriction of (I(C*), I6(C4))-

This connection highlights an important point in the thesis: The setting of unital
partial C*-dynamical systems behaves in a sense similar to global C*-dynamical sys-
tems allowing for more or less straightforward generalizations of results for global C*-
dynamical systems. Passing to the non-unital setting, however, can be technically dif-
ficult and potentially requires new ideas. In this thesis, we argue that the theory of
injectivity provides a valuable method to study non-unital partial C*-dynamical sys-
tems through a unital lens. The key observation here is that a partial C*-dynamical sys-
tem ({Ag}gec, {ag}gec) admits a canonical unital partial C*-dynamical system ({I(A),

beeo, {1(a) g} ¢ec) on the injective envelope I(A) of A, which we refer to as the injective
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unitization of ({Ag}ecc, {@g}¢ec)- Using its properties and analogous results from the
unital setting we define the notion of G-injective envelopes for not necessarily unital
partial C*-dynamical systems. We establish the following equivalence.

Theorem C (Theorem 5.2.6). Let ({Ag}eec, {&g}gec) beapartial C*-dynamical system. The
following are equivalent:

(i) ({Ag}gec, {0g}gec) has the ideal intersection property;

(ii) For all unital partial C*-dynamical systems ({Bg }¢ec, {Bg}gec) with A C B C I(A),
({Bg }geG, {1Bg}gec) has the ideal intersection property;

(iti) The injective unitization ({1(A)g}gec, {I(a)s}gec) has the ideal intersection property.

To establish a characterization of the ideal intersection property we generalize the
notion of proper outerness of *-automorphisms to partial *-automorphisms between
ideals and give a characterization of the ideal intersection property in terms of faithful
equivariant pseudo-expectations. In particular, we show that each non-trivial partial
*-automorphism being properly outer implies the ideal intersection property. In Exam-
ple 5.3.1 we give an example of a non-properly outer partial C*-dynamical system with
the ideal intersection property showing that the converse is not necessarily true. How-
ever, we identify a cohomological condition that allows us to establish an appropriate
converse as seen in the next theorem, which generalizes work of [K519].

Theorem D (Theorem 5.3.9). Let ({Ag}eec, 1&g }gec) be a partial C*-dynamical system
with vanishing obstruction. Then, ({Ag}ecc, {@g}gec) has the ideal intersection property if
and only if the partial C*-dynamical system ({Ig(A)q}gec, {1c(a),}gec) is properly outer.

We observe that this cohomological obstruction always vanishes for partial actions
on commutative C*-algebras leading to a full characterization for partial actions on com-
pact Hausdorff spaces. In this case we characterize the ideal intersection property in
’lcerrns of the partial action ({Xg} 2€Gr {Gg }¢eG) on the spectrum of the G-injective enve-
ope.

Theorem E (Theorem 5.4.5). Let ({X¢}oecG, {0g}gec) be a partial action on a compact Haus-
dorff space. Then C(X) C C(X) X G has the ideal intersection property if and only if ({XgG
}eeG {égG }eec) is topologically free. If additionally, G is amenable, C(X) C C(X) x; G has
the ideal intersection property if and only if ({Xg }eec, 105 }gec) is topologically free.



We apply this to characterize the ideal intersection property for the partial reduced
group C*-algebra of a discrete group.

Lastly, we give a sufficient intrinsic condition for the ideal intersection property in
terms of pseudo-Glimm ideals Glimmy, (A) of A, which arise as intersections of proper
and primal ideals in I(A) with A. To do so we show that a partial C*-dynamical sys-
tem induces a partial action on the space Glimmy(A) x Sub(G). The ideal intersec-
tion property is then implied by the lack of appropriate invariant closed subsets of
Glimmp (A) x Sub(G) that contain an invariant subset of the form Z = {(I, {e})} with

N(i4ep)ez I = {0}

Theorem F (Proposition 5.3.18). Let ({Ag}¢ec, {0g}gec) be a unital partial C*-dynamical
system of a countable discrete group G. If every amenable non-commutative uniformly recurrent
partial subsystem contains a trivial non-commutative uniformly recurrent partial subsystem, the
partial C*-dynamical system has the ideal intersection property.

Outline

The thesis is organized as follows: in Chapter 2 we give necessary background knowl-
edge on partial actions, their reduced crossed products, and injective envelopes of C*-
algebras. We introduce the category of generalized unital partial actions, as well as G-
injectivity and G-essentiality in Chapter 3. Furthermore, this section contains the proof
of the existence of a G-injective envelope for unital partial C*-dynamical systems. In
Section 3.4 we prove that the G-injective envelope of a unital partial C*-dynamical sys-
tem arises as the restriction of the G-injective envelope of its enveloping action. Chap-
ter 4 concerns generalizations of proper outerness and quasi-stabilizer subgroups to
partial C*-dynamical systems and we compare our conditions to existing non-triviality
notions for partial *-automorphisms. Finally, Chapter 5 demonstrates the utility of the
techniques and theory introduced in the previous chapters by giving a characteriza-
tion of the ideal intersection property subject to a cohomological obstruction, which is
outlined in Section 5.3.1. First, we introduce the concept of essential unitizations in Sec-
tion 5.2 showing that our results also apply to the non-unital setting. The main theorems
on the characterization of the ideal intersection property can be found in Section 5.3. We
end with Section 5.4 on applications, including integer partial actions and the commu-
tative setting.



Chapter 2

Preliminaries

In this chapter we give the relevant background information on injective envelopes of
C*-algebras, partial actions and their crossed products, as well as regular and essen-
tial ideals in C*-algebras. Throughout this thesis, G will denote a discrete group and
countability assumptions will be specified if necessary.

2.1 Injective Envelopes

Injectives envelopes in various categories have been extensively studied by Hamana
(see for example [Ham?79a; Ham79b; Ham85]). We recall here key properties and defi-
nitions relevant to our work. For the present work we focus mostly on the C*-algebraic
setting, however, the theory of injective envelopes for C*-algebras is strongly connected
to operator systems. For more information on operator systems and the theory of uni-
tal completely positive (u.c.p) maps see [Pau02]. For a detailed account of monotone
complete C*-algebras we refer to [SW15].

A unital C*-algebra A is injective if for any operator systems S, T and any unital com-
pletely isometric (u.c.i.) map x: S — T, and any u.c.p. map ¢: S — A, there exists a
u.c.p. map ¢: T — A satisfying ¢ o x = ¢, i.e., A is injective in the category of operator
systems with u.c.p. maps. An extension of A is a pair (B, ), where B is a unital C*-
algebra and x: A — B is an injective *-homomorphism. The extension (B, x) of A is in-
jective if B is injective, and it is rigid if for any u.c.p. map ¢: B — B with ¢|,(4) = id|,(a),
we have ¢ = idp. Lastly, an extension (B, k) of A is called essential if given a u.c.p. map
¢: B — S for some operator S such that ¢ o x is completely isometric, we have ¢ is com-
pletely isometric. An extension (B, k) of A is an injective envelope of A, if it is an injective
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and essential extension. This is equivalent to being an injective and rigid extension.
By [Ham?79b; Ham79a], given a unital C*-algebra A there exists an injective envelope
(I(A), k). Furthermore, the injective envelope is unique meaning if (B, ) is another in-
jective and essential extension of A, there exists a unique *-isomorphism p: I(A) — B
such that p o ¥ = 1. For convenience we usually suppress the specific embedding x and
simply write A C I(A) to denote the C*-inclusion of k(A) C I(A). For a non-unital
C*-algebra A, we can define the injective envelope of A as the injective envelope of the
minimal unitization A® of A given by adjoining a unit to A [Ham82b].

Injective envelopes admit many useful properties and allow for powerful tech-
niques. For example, since the inclusion A C I(A) is essential, we have forany | < I(A)
with | # {0}, JN A # {0}. Additionally, injective envelopes are monotone complete, i.e.,
for any bounded increasing net (x,), of self-adjoint elements in I(A), sup, x, exists in
I(A). Additionally, we have the following inclusion Z(A) C Z(I(A)). Lastly, injective
envelopes behave well with respect to hereditary subalgebras and ideals. In particular,
if p € Ais a projection, I(pAp) = pI(A)p [Ham82b, Proposition 6.3]. Hence, if ] < A
is a unital ideal, I(J) < I(A) with the same unit and similarly for hereditary subalge-
bras. Furthermore, by [[Ham82b, Proposition 6.5] if B C A is a not necessarily unital
hereditary subalgebra, there exists a projection p € I(A) such that I(B) = pI(A)p. If in
addition, B is an ideal in A, the projection p is central and I(B) is a unital ideal in I(A).

2.2 Partial Actions

We give an overview of relevant notions for partial actions on C*-algebras. For a thor-
ough treatment of partial actions on C*-algebras and their connection to Fell bundles
we refer to Exel’s book [Exel7].

Definition 2.2.1. A partial action of a discrete group G on a C*-algebra A is given by a
pair ({Ag}eec, {ag}gec), where { Ag}occ is a family of closed two-sided ideals Ay < A

and ag: Ag1 — Agisa *-isomorphism for all ¢ € G such that

(i) A = A, and a, = id;
(ii) (Xg(Ag—l NAp) = Ag,NAgforallg,h € G;
(iii) ag(ay(x)) = agy(x) forallx € A1 N Agy1and g h € G.

We call (A, G, {Ag}eec, {ag}gec) apartial C*-dynamical system. If the group and base C*-
algebra are clear, we will denote partial C*-dynamical systems by ({A¢}ecc, {#g}sec)
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for convenience. We call a partial action ({Ag}ecg, {&g}gec) unital if Ay = Ap, for
some central projection p, € A forall ¢ € G.

Note that if A; = A for a partial action ({Ag}ecc, {&g}ecc), We recover the notion
of an ordinary group action. We will refer to this case as a global group action or global
C*-dynamical system denoted by (A, G, ), where a: G — Aut(G) is a group homo-
morphism into the group of *-automorphisms on A. A prime example of partial actions
comes from global actions via restrictions to non-invariant ideals. Given a global group
action « of a discrete group G on a C*-algebra A and a two-sided ideal I < A the restric-
tion ({Ig}eec, {Bg}gec) of ais givenby Ip = I Nag(I) and By = [X|1g71.

Motivated by the viewpoint of the global setting, we can also view a partial action as
an admissible set of partial *-automorphisms. Given two ideals B, C < A of a C*-algebra
A, we refer to a *-isomorphism ¢: B — C as a partial *-automorphism. For a C*-algebra
A let pAut(G) denote the set of all partial *-automorphisms. Given ¢, ¢ € pAut(G),
¢y is defined as ¢ o ¢ on the largest possible domain. For a discrete group G and a C*-
algebra A, partial actions ({Ag}eec, {@g}gec) are in one-to-one correspondence with
maps a: G — pAut(G) satisfying, a(e) = ids, a(¢g™!) = a(g)7!, a(g Ha(g)a(h) =
a(g a(gh), and a(g)a(h)a(h™) = a(gh)a(h~!) forall g, h € G.

Using the duality between compact Hausdorff spaces and commutative C*-algebras,
we can phrase partial actions in the language of topological partial dynamical sys-
tems. A topological partial dynamical system ({Xg}eec, {05}eec) on a topological space
X is given by a family of open subsets X, C X and a family of homeomorphisms
Og: Xo-1 = X, satisfying the relations given in Definition 2.2.1. If X is a compact Haus-
dorff space, topological partial dynamical systems ({ X¢ }occ, {65} ¢cG) are in one-to-one
correspondence with partial C*-dynamical systems ({Ag}ecc, {#g}4ec) for A = C(X)
unital and commutative.

A partial *-representation of a group G on a unital C*-algebra B is given by a map
u: G — Bsuchthat u, = 1, ugupu,1 = UghUp—1, Ug-11glly = Ug—1lUgp, and Ug1 = u;", for
allg, h € G. Observe that, in particular, 1, is a partial isometry for all ¢ € G. Then, given
a partial action ({Ag}¢cg, {#g }gcc) and a unital C*-algebra B, a covariant representation
of the partial action on B is a pair (77, u), where 7r: A — B is a *-homomorphism and u
is a partial *-representation of G on B such that

ug(a)ug1 = 7t(ag(a)) forallg € G,a € A.

Note that similarly to the global group action case, there exits a correspondence be-
tween covariant representations (77, u) of ({Ag}ecc, {#g}¢cc) and *-representations of
the partial crossed product A x G introduced in the next section.
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The next theorem establishes an important connection between a partial C*-dyna-
mical system and a canonically associated unital partial C*-dynamical system using the
injective envelope. We will use this observation throughout the thesis.

Proposition 2.2.2. Let ({Ag}eec, {ag}gec) be a partial action of G on a C*-algebra A and
let I(A) denote the injective envelope of A. There exists a unique partial action of G on I(A),

({1(A) g} gec, {1(w)g}gec). Moreover, ({I(A)g}gec, {1(w)g}gec) is unital.

Proof. Letx: A — I(A) denote the canonical embedding of A into its injective envelope
and fix ¢ € G. Since ag: Ag1 — Ag is u.cp. and I(Ag) is injective, the map x o ag
extends to a *-isomorphism I(a)g: (A1) — I(Ag) such that I(a)g ok = ag. Further-
more, by [[Ham82b, Theorem 6.5] I(Ag) = I(A)p, for a unique central projection pg in
I(A). In particular, I(Ag) is a unital ideal in I(A) for all g € G. Thus, ({I(A),}sec,
{I(),}sec) is a unital partial action, where I(A)g := I(Ag). O

2.3 Partial Crossed Products

As with global C*-dynamical systems, one is interested in encoding the dynamical data
of a partial action in a larger C*-algebra — the crossed product. There are several con-
structions of partial reduced and full crossed products in the literature [McC95; Exe97;
QRY7]. Given a partial action ({Ag}¢ec, {#g }4ec) on a C*-algebra A McClanahan con-
structed the partial reduced product as a particular completion of {f € ¢/1(G, A) | f(g) €
Ag}. Quigg and Raeburn took a similar approach utilizing appropriate completions of
the covariance algebra focused on incorporating the notion of a coaction. Lastly, Exel’s
descriptions is framed in the general setting of Fell bundles over discrete groups encom-
passing both the global and partial group action setting. This most general approach has
seen various applications over the years (see for example [KM18; ABF22] and the text-
book [Exel7]). For this thesis, we will mainly use the description of Quigg and Raeburn
[QR97]. We recall key elements of their construction below.

Let ({Ag}gec, {ag}gec) be a partial action on a C*-algebra A. Given a covariant
representation (7, u) of ({Ag}eecc, {#g}¢ec), we consider the closure of the covariance
algebra

C*(mr,u) = span{rm(a)ug |a € Ag},

where we will use C(7, 1) to refer to the not necessarily closed linear span. Using the re-
lations of the covariant representation, we see 7t(a)ug7(b)uy = 7(ag(az-1(a)b))ug, and
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(r(a)ug)* = m(ag1(a*))ug1 for g, h € Ganda € Ag, b € Ay. Quigg and Raeburn then
construct a universal covariant representation to implement the full crossed product.

For the construction, first for a € Aq define ax¢(t) = a for ¢ = t and 0 otherwise and
consider

Co(({Aglteec/ {agteec)) = span{axg |8 € G,a € Ag}.

We can endow Cc(({Ag}eec, {&g}gec)) with a *-algebra structure inspired by the co-
variance algebra as follows

axgbtn = ttg (g1 ()D) X
(axg)" = tgr (4" xg 1,

forg,h € Ganda € Ag, b € Ay. Observe also that A embeds into Cc(({Ag}gec, {a),
}geg) via a — ax.. We then define the full partial crossed product A x G of the partial
action ({Ag}gec, {ocg}gec) as the C*-completion of Cc(({Ag}gec, {(Xg}gec))-

Next, consider the unit p, € A™ of A;*. Note that we can view p, as a projection
in (A x G)**. As shown by Quigg and Raeburn, for g € G there exists mg € pg(A x
G)**pg such that amg = axg fora € Ag and mgb = wg(b)xg fora € Ag,b € A, and
subsequently mgamg = ag(a) for a € Ag. In fact the inclusion i1 A — (A x G)™* and
m: G — (A x G)*™ form a covariant pair of ({Ag}ecc, {#g}sec) in (A x G)*™, which
constitutes a suitable universal representation of ({Ag}ecc, {#g}gec)-

To obtain a description of the reduced partial crossed product A x; G, we will give
a description of the corresponding covariant representation stemming from the left reg-
ular representation A: G — (?(G) of G. Recall that for g € G, ag: Ag1 = Ag extends
to a canonical homomorphism a,: A — M(Ag), where M(Ag) denotes the multiplier
algebra of Ag. Now let 7r: A — B(#H) be a faithful non-degenerate representation of A
and define the regular covariant pair (71", ") as the pair corresponding to the covariant
representation 71" x u” satisfying (71" x u”)(amg) = Y,cc ' (®-1(a)) ® xgA+ acting on
H @ ¢%(G). Using this covariant pair we obtain the following description of the reduced
partial crossed product A x; G ~ C*(7t",u"). This is independent of the choice of 7T up
to isomorphism. For convenience of notation we will denote the dense set of gener-
ators in A X, G as aAy for ¢ € G,a € Ag and the corresponding covariance algebra
C(m",u") := C(a,r) in analogy with the global group action case.
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2.4 Ideals and the Ideal Structure of Crossed Products

In this subsection, we highlight two kinds of ideals that admit a particularly nice de-
scription in terms of their injective envelopes. Furthermore, we will give some back-
ground on the ideal intersection property.

Regular Ideals

As pointed out before, given an ideal | < A in a C*-algebra A, there exists a central
projection p € Z(I(A)) such that I(J]) = I(A)p < I(A). While this is a somewhat
concrete description, several ideals might admit the same injective envelope and it is
not necessarily possible to recover the original ideal from its injective envelope. The
ideals that allow for a full recovery are precisely the regular ideals.

For an ideal | < A define its annihilator as
Jt={ac Alab="ba=0forallbc J}.

We call an ideal | < A reqular, if | = J*+. By [Ham82c], ] is regular if and only if there
exists a central open projection p € Z(I(A)) suchthat ] = ANI(J) = ANI(A)p =
AN Ap. Furthermore, for a not necessarily regular | < A with I(J) = I(A)p for a
projection p € Z(I(A)), we have ]+ = AN A(1 — p). In particular, [ is regular.

Regular ideals have seen a recent rise in interest as quotients by regular ideals can
preserve properties of C*-inclusions. This phenomenon was observed for graph C*-
algebras in [Bro+22], and more generally in [Bro+24].

Essential Ideals

Let A be a C*-algebra, which is not necessarily prime. Recall thatanideal ] < A is called
essential if I N ] # {0} for any non-zero ideal I < A. We note that if A is prime, any
non-zero ideal is essential. As was pointed out in [KP03], essential ideals are exactly
the ideals such that their injective envelope is completely isometrically isomorphic to
the injective envelope of A. This essentially follows from adapting the proof of [[Ham81,
Theorem 7.1 ]. We include the required version of the result as well as its proof for
completeness.

Proposition 2.4.1. Let A be a C*-algebra and suppose | < A. Let p € Z(I(A)) be a central
projection such that I(J) = I(A)p. Then, p = 1 if and only if | is essential.
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Proof. Suppose, p # 1. Without loss of generality we can assume that p > 0, since
otherwise | = {0} and in particular non-essential. Then 0 < 1 —p < 1 and thus,
I(A)(1 —p) # 0is anideal such that I(J) N I(A)(1 — p) = {0}. Furthermore, consider
I =ANI(A)(1—p). Note that I # {0}, since if not the map ¢: A — I(A)p: a — ap
is the identity on A. However, since I(A)p C I(A), this implies that the extension
¢: I(A) — I(A) also satisfies ¢|4 = id 4. By rigidity ¢ = id;4). This contradicts p < 1.
Insum, ] NI = {0} for [ # {0} and ] is not essential.

Conversely, suppose that | is not essential. If ] = {0} then I(J) = {0} and thus
p = 0. Hence, assume | # {0}. Then there exists a non-zero ideal I < A such that
IN] = {0}. Suppose there exists 0 # a € I such thata € I(]). This implies that ap = a.
However, if (e)), is an approximate identity for ], p = sup, ey. Thus, there exists a A
such that ae, # 0. This is a contradiction to I N ] = {0}. Thus, ap = 0 foralla € I and

p#L -

The Ideal Intersection Property

In this thesis, we will demonstrate the use of the theory of equivariant injective en-
velopes for partial C*-dynamical systems by giving a characterization of the ideal inter-
section property subject to a cohomological obstruction.

Definition 2.4.2. Let ({Ag}¢ec, {ag}gec) be a partial C*-dynamical system. We say
that ({Ag}gec, {#g}gcc) has the ideal intersection property if ] A = {0} for an ideal
J < A X, Gimplies | = {0}.

Remark 2.4.3. The ideal intersection property can also be more generally applied to in-
clusions A C B of C*-algebras A, B, where A, B share a unit. We say that A C B has the
ideal intersection property if ] N A = {0} for anideal ] < B implies ] = {0}.

The ideal intersection property is useful as it allows for some insight into the ideal
structure of the reduced crossed product. For example, for partial C*-dynamical sys-
tems ({Ag}occ, {#g}4ec) ideals in the reduced crossed product are in one-to-one cor-
respondence with invariant ideals in A if and only if G is exact and ({Ag}eec, {ag
}¢ec) exhibits the ideal intersection property on all quotients by invariant ideals [GS14].
Furthermore, if ({Ag}¢ec, {#4 }4ec) has the ideal intersection property, then a unital *-
homomorphism 7: A X, G — B(#H) is faithful, if and only if 7 is faithful on A [PZ15,
Proposition 3.3].
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Chapter 3

Injective Envelopes for Partial
C*-dynamical Systems

The goal of this chapter is to introduce the notion of injectivity for partial actions on
C*-algebras similar to injective envelopes of operator systems as well as global C*-
dynamical systems [Ham?79b; Ham85]. To do so we need to introduce the appropriate
category of partial actions, which leads us to generalized unital partial actions. Ob-
serve that since for a partial action its canonical extension to the injective envelope as
in Proposition 2.2.2 is unital, we will restrict our attention to unital objects. For the
non-unital setting see Section 5.2. After showing existence and uniqueness of the injec-
tive envelope for a unital partial C*-dynamical system, we establish its connection to
enveloping actions in Section 3.4.

3.1 The Category of Generalized Unital Partial Actions

Definition 3.1.1. A generalized unital partial action of a discrete group G on a unital C*-
algebra A is given by a pair ({Ag}eec, {&g}eec), Where {Ag}occ is a family of unital
hereditary subalgebras in A and ag: A,-1 — Ag is a *-isomorphism for all ¢ € G such
that

8

(i) A, = A, and a, = id;
(ii) {pg}qec sits inside a commutative subalgebra of A, where A = poApy;

(i) ag(Ag1 NAy) = AgyNAgforallg h € G;

16



(iv) ag(ay(x)) = agy(x) forallx € A1 N A1 and g h € G.

We call (A, G, {Ag}eec, {ag}eec) a generalized unital partial C*-dynamical system. If the
group and base C*-algebra are clear, we will denote generalized unital partial C*-dyna-
mical systems by ({Ag }¢ec, {#4 }4ec) for convenience.

Note that Item (ii) says that the corresponding units form a commutative subspace
lattice [Arv74]. This definition is more general than the definition of a unital partial
action in Definition 2.2.1, since we allow for special families of hereditary subalgebras
instead of closed two-sided ideals. If ({Ag}¢ec, {@g}gec) is a unital partial action, for
any ¢ € G, A; = Ap, for some central projection p, € A. Thus, {p,} forms a com-
mutative subspace lattice and in particular, ({Ag}ecc, {@g}ecc) is a generalized unital
partial action. In the case where A is commutative the two definitions coincide, since
any hereditary subalgebra is an ideal in A. As with partial actions, a plethora of exam-
ples of generalized unital partial actions come from restrictions.

Definition 3.1.2. Let (A, G, «) be a global C*-dynamical system on a C*-algebra A and
let B C A be a unital hereditary subalgebra. We define the restriction of « to B as the
generalized unital partial action ({Byg }¢ec, {Bg }gec) givenby Bg = BNag(B) and Bg =
ag | Bg_l .

The motivating example for generalized unital partial actions comes from covariant
representations of partial actions using partial *-representations.

Example 3.1.3. Let ({Ag}ecc, {ag}gec) be a partial action and (77, u) be a covariant *-
representation into B(?). We can define a generalized unital partial action ({Bg}¢cc,
{Bg}tsec) on B(H) by setting By = qoB(H)qq, where gy = uquy is the final projection of
ug forall ¢ € G, and Bg(x) = ugxuy for g € G and x € B(H). Furthermore, by [Exel?,
Proposition 9.8] we have q.q, = q,q4 for g, h € G.

Another important example comes from partial crossed products. Recall that in the
case of global C*-dynamical systems, G canonically acts on the crossed product via
conjugation by unitaries. Using the framework of generalized unital partial actions we
observe a similar phenomenon in the partial setting.

Proposition 3.1.4. Let ({Ag}eec, 1&g }gec) be a unital partial C*-dynamical system. There
exist partial isometries vg and hereditary subalgebras By C A Xy G such that ({Bg}ecc, {Bg
}gec) is a generalized unital partial action on A X G with Bg(b) = vgbvg forall b € By and

1/§ = Vg1 for all g € G. Furthermore, this implements the partial action on A, i.e., we have

Bg(a) = ag(a) fora € ANBg ..
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Proof. Observe that it suffices to find a suitable generalized unital partial action for the
covariance algebra defined in Section 2.3

C(a,r) = span{alg|a € Ag},
where aAgbA, = ag(a,1(a)b)Agy and (adg)™ = ag1(a*)Ag.
Let A, = Ap, for central projections p, € A for all ¢ € G. We define By =

span{alds |a € AsN AgN Agq,s € G}. This clearly is a subalgebra and we claim it is
hereditary since By = poC(a,7)pg. To see this note that for a € As, s € G we have

Pgadspg = Pg”‘S(“s*l(a)Pg)/\s-

Thus, if a € As N Ag N Asg, petts(a,-1(a)pg) = a and generally peas(a,-1(a)pg) € AsN
Ag N Agg, which shows the desired. Moreover, since py is central in A, the units of the
hereditary subalgebras in particular commute with each other. By setting v, = poA,,
we see V; = « 71(pg)/\g71 = Pg-1Ag-1 = Vg1 and since vgvgVy = Vg this is a partial

8 8 8 8 8
isometry. Furthermore, B¢: B,-1 — By given by Bg(alds) = veavg is well-defined, since

Be(pg-1) = PeAgpg-1Pg-1Ag1 = tg(pg-1)AgPg-1Ag1 = PehepgiAg1 = pg.
In general

Bg(ads) = pgAgadspg1re1 = oag(pg_lzxs(zxsq(a)pgfl)))xgsgfl = 0g(a) Ao
fora € AsNAg1 N Ag1, 50 Bg is onto. Since po1Ag-1pghy = pg-1, the inverse is
subsequently given by B,1(-) = vg()vg as desired. Lastly, for a € A, we obtain
Bg(a) = ag(a), which shows that this implements the partial action of G on A. O

Remark 3.1.5. The partial isometries v, resemble the partial isometries m, in the char-
acterization of the full crossed product by [QOR97], as the authors observed that these
partial isometries implement the partial action.

Note that from the proof of the previous result we see that the covariance algebra is
generated by A and v for ¢ € G.

The morphisms in the category of generalized unital partial C*-dynamical systems
are given by G-equivariant u.c.p. maps that respect the hereditary subalgebras.

Definition 3.1.6. Given two generalized unital partial C*-dynamical systems ({ A¢}¢cc,

{“g}gec) and ({Bg}geG/ {,Bg}gGG) with Ag = poApg, Bo = q¢Bgq, au.c.p. map ¢: A —
B is called a G-morphism, if
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(i) ¢is G-unital,ie., ¢p(pg) = g forallg € G;
(ii) ¢ is G-equivariant, i.e. forall g € G, ¢p(ag(x)) = Bg(P(x)) forx € Ay

If ¢ is additionally completely isometric, we call ¢ a G-embedding.

In the definition of G-morphism, part (ii) in particular requires that ¢(Ag) C B, for
all ¢ € G. This is automatically the case, since G-morphisms are required to be G-unital.
To see this we recall the multiplicative domain of a u.c.p. map and its properties. For
two C*-algebras A, B and a u.c.p. map ¢: A — B recall that the multiplicative domain
Domy of ¢ is defined as

Domy = {a € A [ ¢p(a*a) = ¢p(a)"¢(a) and p(aa”) = ¢p(a)p(a)" }

and for any a € Domg we have ¢(ab) = ¢(a)p(b) and ¢p(ba) = ¢(b)p(a) forallb € B
[Pau02, Theorem 3.19]. If ¢: A — B is a G-unital u.c.p. map between two general-
ized unital partial C*-dynamical systems ({Ag}¢cc, {#g}¢ec) and ({Bg}ecc, {Bg}eec)
with Ag = pgApg and By = q4Bqg, then ¢(pgps) = ¢(pepg) = qg = ¢(pg)*¢(pg) =
P¢(pg)P(pg)* for all g € G. Hence, the units belong to the multiplicative domain of a
G-morphism and we obtain ¢(Aq) = ¢(pg)p(A)p(pg) € Bq.

Example 3.1.7. Consider a unital partial C*-dynamical system ({Ag}ecc, {#g}¢ec) and
let (7r,u) be the unique non-degenerate covariant *-representation of ({Ag}eec, {ag
}¢ec) into B(H) corresponding to a non-degenerate *-representation p: A x G — B(H).
Define the generalized unital partial action ({Bg}ecc, {Bg}gec) on B(H) as in Exam-
ple 3.1.3. By [Exel7, Theorem 13.2] q¢ = uguy is the orthogonal projection onto the
closed linear span of 7m(Ag)H and thus, 77: A — B(H) is G-unital. By construction, it is
also G-equivariant and hence 77 is a G-morphism.

We also observe that two canonical maps associated to the partial reduced crossed
product are G-morphisms in this category.

Example 3.1.8. Let ({ Ag}¢ec, {#g }¢cG) be a unital partial C*-dynamical system and con-
sider the canonical generalized unital partial action on the reduced partial crossed prod-
uct A X, G as in Proposition 3.1.4. By definition the embedding x: A — A %, G is G-
equivariant and G-unital for a unital partial action ({Ag}ecc, {#g}¢ec). Furthermore,
the faithful conditional expectation ®: A — A x; G is a G-morphism.

Given two generalized unital partial C*-dynamical systems ({ Ag}¢cc, {#¢}¢ec) and

({Bg}gec, {,Bg}gEG) we say that the pair (({Bg}gec, {,Bg}geG)/ k) is a G-extension of ({Aq
}eeG 1&g teec), if there exists a G-embedding x: A — B.
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Example 3.1.9. Suppose ({Ag }occ, {@g }¢ec) is a generalized unital partial C*-dynamical
system with A, = pgAp, for some projection p, € A for all g € G and consider the
corresponding partial action ({I(A) g}gEGr {I(w) g}geg) on the injective envelope I(A),
which exists by similar arguments as in Proposition 2.2.2, and let k: A — I(A) be the
canonical embedding. By [[Ham82b, Proposition 6.3], I(Ay) = x(pg)I(A)x(pg) and thus
k is G-unital. Furthermore, as I(«)q ok = ag for all ¢ € G, it is also G-equivariant and
thus a G-morphism. Since it is completely isometric, (({1(A)g}gec, {I(#)}gec) ) isa

G-extension of ({Ag}ecc, {&g}ecc)-

3.2 G-Injectivity and -Essentiality

Definition 3.2.1. A generalized unital partial C*-dynamical system ({Bg }¢cc, {Bg}ecc)
is called G-injective if for any pair of generalized unital partial actions ({Cg}ecc, {7
}eeG), ({Agteec, {ag}gec) witha G-embedding x: A — Cand G-morphism ¢: A — B,
there exists a G-morphism ¢: C — B such that ¢ o k = ¢. In other words, the following
diagram

commutes.

We call a G-extension (({Bg}ecc, {Bg}ecc) k) of ({Ag}eec, {ag}eec) G-injective if
({Bg}gec, {Bg}gec) is G-injective. A G-extension (({Bg }¢ec, {Bs}eec) *) of ({Ag}eea,
{ag}eecc) is called G-essential if given a generalized unital partial action ({Cq}ecc, {7y
}¢ec) and a G-morphism ¢: B — C such that ¢ o x is a G-embedding, ¢ is a G-
embedding.

Note that by setting G = {e}, we recover the notion of ordinary injectivity and
essentiality. Furthermore, if ({Ag}¢cc, {#g}4ec) is a global group action, ie., A; = A
for all ¢ € G, we obtain injectivity for C*-dynamical systems as in [Ham85].

We will show that any generalized unital partial action has some G-injective exten-
sion following techniques demonstrated in [Ham?79b; Ham85]. Recall that for a C*-
algebra A, (G, A) can be equipped with the canonical translation action 7 given by
T (f)(t) = f(g't) for g,t € G and f € {°(G,A). Furthermore, [Ham85, Lemma
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2.2] shows that if A is injective, {*°(G, A) is G-injective in the category of C*-dynamical
systems. We will define an analogue in the category of generalized unital partial C*-
dynamical systems using a corner of £°°(G, A). Let ({ A¢ }¢cc, {ag }gcc) be a generalized
unital partial action with p, denoting the unit of Ag, i.e., Ag = pe Ap,. We define

B={f € (°(G,A) | f(t) € Ax} = p[£™(G, A)lp, @3.1)

where p(t) = p;-1. Let ({Bg}eec, {Bg}gec) denote the restriction of the translation
action 7 to B. In particular, we have

By = {fel®(G A |f(t)e AN Atflg}' (3.2)

The unit of B is given by pt(p). Observe that ({Ag}ecc, {#g }4ec) can be mapped into
({Bg}gec/ {Bg}gec) viat: A — B defined by i(a)(t) = a;-1(prap;) fort € Gand a € A.
The next result shows that this is in fact a G-embedding.

Proposition 3.2.2. Let ({Ag}ecc, {#g}gec) be a generalized unital partial action of G on a
C*-algebra A with Ag = pgeApg forall g € G andlet B C £*(G, A) be as in (3.1) and consider
the restriction ({Bg}eec, {Bg}gec) of the translation action T to B. Then, 1: A — B defined
by 1(a)(t) = a1 (peape) fort € Gand a € A is a G-embedding.

Proof. As a; is a *-isomorphism, ¢ is completely isometric. To see that  is a G-morphism,
first observe that

1(pg)(t) = apr(pepgpt) = a1 (pepg)ap-1(pr) = prapraghit = prapiag = p(8) e (p) ().

Here we used the fact that for unital partial actions txg(pgq pn) = pgpen for g,h € G
[Exel7, Lemma 6.8]. This still holds in the case of generalized unital partial actions.
Hence, the embedding preserves the units of the hereditary subalgebras, i.e., ¢ is G-
unital. It remains to show that fora € A1, Bg(1(a)) = 1(ag(a)). To see this observe that
fora € Ag1and t € G we obtain

Bs(1(a))(t)

l(a)(g_lt) = at—lg(pg—ltapg—lt) = -1 (D‘g(pg—ltpg—lapg*tpg—l))
"‘t—l(“g(Pg—ltpg—l)“g(a)“g(Pg—ltPg—l)) = a1 (pepgug(a)pepg)
1 (prag(a)pr) = 1ag(a))(t),

where we again used that for generalized unital partial actions (xg(pg_l Pr) = PgPgn for
g hedG. O]
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We now show that ({Bg}¢e, {Bg}gec) is G-injective in the category of generalized
unital partial actions if the base C*-algbera A is injective.

Proposition 3.2.3. Let ({Ag}ecc, {ag}ecc) be a generalized unital partial action of G on an
injective C*-algebra A with Ag = psApg forall g € G, let B C £°(G, A) be as in (3.1), and
let ({Bg}gec, {Bg}gec) denote the restriction of the translation action T to B. The generalized
unital partial C*-dynamical system (B, G, {Bg}¢cc,{Bg}gec) is G-injective.

Proof. To show that the generalized unital partial C*-dynamical system is G-injective,
let ({Dg}gec, {9¢}¢ec) k) be a G-extension of ({Cq}eec, {Vg}eec) and consider a G-
morphism ¢: C — B. Let q; denote the unit of Cy; and ¢ be the unit of Dy for all
¢ € G. Note that : C — A: x — ¢(x)(e) is a u.c.p. map. Hence, since A is injective, it
extends to a u.c.p. map ¢: D — A such that ¢ o x = . The candidate ¢: D — B for the
extension of ¢ is then given by ¢(x)(t) = §(6,-1(rsxr¢)) for x € Gand t € G. To see that
this is well-defined note that since ¢ is G-unital, we have (q5) = ¢(q¢)(e) = pg for all
g € G. Thus, since « is also G-unital, {(ry) = P(k(qs)) = P(qg) = pg forall g € G.
In particular, ¢ is G-unital, so (D) C A and subsequently q3( ) € B. It remains to
show ¢ is G-unital, G-equivariant and $o K = ¢.
For G-unitality, note that for g, ¢ € G, we obtain

P(re) (1) = P(8pa(rirgrt)) = P(riaring) = prapiig = p(O)T(P)(H),
where the latter describes the unit of B;. Here we again used that for generalized unital
partial actions 6g(rg-17,) = rgrg, for g, h € G.
Towards G-equivariance, let x € D -1 and consider
$(05(x)) (1) = (01 (ri0g (¥)71)) = P (81 (rergy (x)rgrs))
= P(0-1(05(8g-1(ri7g)x00-1(r17g)))) = P(0p-14(8g-1(rirg) x0g-1(r17g)))
= P(O0p1g(rg-1p7g1x7g147g-1)) = P(-14(rg-1,X7g-1))
= p(x)(g7) = Bs(p(x))(1).
Thus, ¢ is G-equivariant.
To see that ¢ o k = ¢, recall that since G-morphisms are G-unital, the units are in the
multiplicative domain of the G-morphism. Then for x € C, t € G we obtain

Pr(x))(£) = P01 (rexc(x)re)) = P61 (K (qexq1)))
P(e(v-1(qxqr))) = ¥ (v,-1(qexqe))
¢(ve-1(qexqr))(e) = ¢(qexqe)(t)
¢(qe) (1) p(x) () p(qe) () = P(x)(t),
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where we used G-equivariance and G-unitality of ¢ in the last two lines. O

Note that the construction of ¢ and the techniques used are similar to [ABF22], where
the authors consider partial actions for von Neumann algebras. Combining Proposi-
tion 3.2.2 and Proposition 3.2.3 shows that (({Bg}ecc, {Bg}gec),t) is a G-injective ex-
tension of ({Ag}eec, {&g}gec). In particular, this gives that every generalized unital
partial action embeds into a G-injective one or more precisely every generalized unital
partial C*-dynamical system admits an injective G-extension. We also obtain a similar
equivalent characterization of G-injectivity as in the global setting [[Ham85, Remark 2.3].

Proposition 3.2.4. A generalized unital partial C*-dynamical system (A, G,{Ag}eec, {ag
}gec) is G-injective if and only if A is injective and there exists a G-morphism ¢: B — A
such that ¢ o1 = id 4. Here, B = {f € £°(G, A) | f(t) € A;-1} and ({Bg}gec, {Bg}gec) is
the generalized unital partial action obtained by restricting the translation action on {*°(G, A).
Lastly, 1: A — B is defined by 1(a)(t) = a,—1(prap), where p; denotes the unit of Ay.

Proof. First, observe that Proposition 3.2.3 shows that ¢ is a G-embedding. Thus, if
({Ag}eec/ {ag}gec) is G-injective, then the identity map ids: A — A extends to a G-
morphism ¢: B — A such that ¢ o1 = id 4. In particular, since B is injective as a corner
of £*°(G, A) this shows that A is injective.

Conversely, suppose that A is injective and there exists a G-morphism ¢: B — A
such that ¢ o1 = ids. Again by Proposition 3.2.3 ({Bg}eec, {Bg}gec) is G-injective.
Thus, if (({Dg}¢ec, {0¢}gec), x) is a G-extension of ({Cq }eec, {75}tgec) and ¢: C — A
is a G-morphism, then o ¢ extends to a G-morphism ¥: D — B. Setting ) = ¢po ¥
finishes the proof. O

Using this alternative characterization we can give a class of examples of injective
objects in the category of generalized unital partial C*-dynamical systems given by cer-
tain restrictions of global actions on injective C*-algebras.

Corollary 3.2.5. Let (A, G, ) be a C*-dynamical system such that (A, G,«) is injective in
the category of C*-dynamical systems and let p € A be a central projection. The partial C*-
dynamical system ({Cg}gcc, {7g}gec) obtained by restricting o to C = Ap is G-injective in
the category of generalized unital partial actions.

Proof. First, since A is G-injective it is in particular injective and thus as a corner of an
injective C*-algebra, C is injective. Furthermore, by [Ham85, Remark 2.3] there exists
a globally G-equivariant u.c.p. map ¢: ¢*°(G,A) — A such that p o1y = idy. In par-
ticular, ¢ is G-unital. Then, define ¢: £°(G,C) — C as the restriction of ¢ to /*(G,C)
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composed with the compression by p. By construction this is a G-morphism and since
¢poip =idy we have ¢ o ic = idc. Hence, C is G-injective. H

Note that if in the previous proposition p was G-invariant, then the resulting global
C*-dynamical system would be injective in the category of global C*-dynamical systems
as well. This is in line with the prime examples of partial actions arising from restrictions
of global systems to not necessarily invariant ideals.

3.3 Construction of the Partial G-injective Envelope

Using the fact that B(#) is injective and that for any partial action there exists a non-
degenerate covariant representation, Proposition 3.2.3 shows that any partial action ad-
mits a G-injective extension. We will now show that in fact, we can find an extension
that is minimal in the appropriate sense.

Definition 3.3.1. Let (A, G, {A¢}qcc, {#g}4ec) be a unital partial C*-dynamical system.
We call a G-injective and G-essential G-extension a G-injective envelope of (A, G,{Ag

}ger {D‘g}gEG)-

We will show the existence and uniqueness of the G-injective envelope of a uni-
tal partial C*-dynamical system. Instead of using G-essentiality, we consider a related
property: G-rigidity. A G-extension (({Bg}¢ec,{Bg}teec) k) of ({Ag}eec, {ag}qec) is
called G-rigid if whenever ¢: B — B is a G-morphism such that ¢ o x = id,(,), then
¢ = idp. The following proposition shows that in the G-injective case, G-rigidity im-
plies G-essentiality. This has been observed by Hamana in the non-equivariant as well
as C*-dynamical case [Ham79b; Ham85]. We will include the proof for completeness.

Proposition 3.3.2. Let ({Ag}ecc, {%g}¢ec) be a generalized unital partial action with a G-

injective extension ({Bg}eec, {B}tgec,%). If ({Bg}teec, {Bstecc, ) is a G-rigid extension,
then it is G-essential.

Proof. Let ({Cg}ecc, {74 }¢ec) be a generalized unital partial action and ¢: B — C be a
G-morphism such that ¢ o x is a G-embedding. Then, since ¢ o k is completely isometric,
there exists a G-morphism ¥: (¢ o x)(C) — B such that ¢ o p = idg. Observe that
pox: A — ¢(C) is a G-embedding, i.e., it gives rise to a G-extension. Thus, by G-
injectivity of ({Bg}ge, {Bg}secc), there exists an extension §: ¢(C) — B. By G-rigidity,
we obtain i o ¢ = idp. Hence, ¢ is a G-embedding, which shows the desired. O]
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The next theorem shows the existence of a G-injective and G-essential extension for
a given unital partial action ({Ag}ecc, {#g}4ec)- This has been shown in various cate-
gories [Ham?79b; Ham85; Ken+21] and we will use ideas presented in [Ken+21; Sin25].

Theorem 3.3.3. Let ({Ag}eec, {agteec) be a wunital partial C*-dynamical sys-
tem.  There exists a G-injective and G-essential extension ({Ig(A)q}gec, {Ic(a),
teec) t) of ({Agteec \tgtgec). Furthermore, the G-injective envelope is unique and
(Ig(A), G, I6(A) geqr I (@) g i) is a unital partial C*-dynamical system.

Proof. We will show the existence of a G-injective and G-rigid extension of ({Ag}ecc,
{ag}¢ec), which by the previous proposition suffices to show the existence of the G-
injective envelope. Let (7, u) be a non-degenerate covariant representation of ({A,
}eec, {ag}geec) on a Hilbert space H. Furthermore, consider the generalized unital par-
tial action induced by this representation as in Example 3.1.3 and consider the gener-
alized unital partial action ({Bg}ecc, {Bg}gcc) Obtained by restricting the translation
action on ¢*(G, B(H)) as in Proposition 3.2.3. This is G-injective, because B(# ) is injec-
tive. Since B(H) is a von Neumann algebra, B is in particular w*-closed as a corner of
¢*(G, B(H)). As seen in Proposition 3.2.4, G-injective extensions are in correspondence
with G-morphisms into B that fix a certain subalgebra. Thus, consider the set

S={¢: B— B|¢isa G-morphismand ¢ or=id, 4}, (3.3)

where 1: A — B denotes the canonical embedding of A into B via 7t. Observe that, since
poyp c Storp,p € Sandid € S, S is a right semigroup. Furthermore, it is convex and
since B is w*-closed, S is closed with respect to the point w*-topology. In summary, S
is a compact right topological semigroup. Thus, there exists a minimal left ideal L C S
that is closed and contains a minimal idempotent ¢ € L [[HS12, Corollary 2.6]. Since ¢ is
an idempotent, 1(B) is injective in the category of operator systems and thus, by [CE77]
isomorphic to a C*-algebra via the Choi-Effros product a - b = (ab). Furthermore,
since p € S, P o1 =id,4) and ¢ is a G-morphism. Thus, the generalized unital partial
action structure on B restricts to a generalized unital partial action on ¢(B) denoted by

({ED(B)g}geGr {lp(ﬁ)g}gec) and (({w(B)g}gEGr {lp(ﬁ)g}geG)r 1) is a G-extension of A. By

Proposition 3.2.4 this is a G-injective extension.

Using the convexity of S, we will show that ({(B),}gec, {(B)s}gec) is in fact a
G-rigid extension. Observe that since L is minimal and S¢p C L we must have L = St.
Now, since S is convex, L is convex. Also, due to the fact that ¢ is idempotent, the
set {¢p € S|poy = ¢} is non-empty and a closed left ideal. Thus, by minimality
{p € S|poyp = p} = L. Now, due to minimality L = Sy’ for any ¢’ € L and since L
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is convex, the map ¢ — ¢ o ¢’ is a continuous affine map for arbitrary ¢’ € S. Hence, it
admits a fixed point and we can repeat the above argument to show that L is a left-zero
semigroup, i.e., p op = ¢ for all ¢, € L. Now for G-rigidity, let : p(B) — (B) be
a G-morphism such that 77 01 = id,(4). To see that 7 = idyp), let x: (B) — B denote
the inclusion map. Then, kono: B — Band konoypor = id,s),s0 k0ot € S.
Moreover, since ¥ is idempotent and L = Sy, k oo € L. Using the fact that L is
left-zero, we must have poxongotp = kono. Since this gives that for all x € B,
B($(x) = (xoq09)(x) = P(x), we obtain 5 = idy(g). Thus, ({$(B),tcc, {$(B),
}¢ec) is a G-rigid extension and since it is G-injective this implies it is G-essential by
Proposition 3.3.2.

To see uniqueness, we will again use G-rigidity. Suppose there exists another G-
injective and G-essential extension (({Cq }¢ecc, {7g}sec), p) of ({Ag}eec, {ag}eec)- Us-
ing G-injectivity and G-essentiality we can extend p to a G-embedding p: ¢(B) — C.
Similarly, we obtain a G-embedding i: C — ¢(B). Furthermore, p o |4 = id4 and thus
by G-rigidity p o 7 = id. Hence, we can write (({Ig(A),}gec, {Ic(#)g}gec), 1) for the
G-injective envelope.

Lastly, we will show that ({Ig(A),}gec, {I(#g}gec) is a unital partial action in the
usual sense, i.e., Ig(A)g < Ig(A) for all g € G. First note that since Ay is an ideal, the
unit p, € Ag is central and it suffices to show that the unit for I (A), is central in I (A).
Observe that since ¢ is G-unital, the unit of I5(A), will be of the form «(p,). Hence, it
suffices to show that Z(A) C Z(I5(A)), where here we identify A with ((A) C Ig(A).
To see this, note that if u € Z(A) is a unitary, the map defined by ¢: A — Ig(A): x —
uxu® is G-equivariant and G-unital, since for any ¢ € G and x € A,-1 we have

Pl (ag)(x)) = uag(x)u* = Ig(ag)(x) = Ig(ag) (uxu”)

using u € Z(A). Thus, it extends to a G-morphism ¢: Ig(A) — Ig(A) by G-injectivity.
By G-rigidity, this extension will be unique. However, again using the fact that u ¢
Z(A), we see that ¢|4 = ida, which shows that ¢ = id; () by G-rigidity. Hence,
u € Z(Ig(A)). Since Z(A) is spanned by unitaries, it follows that Z(A) C Z(I5(A)),
which finishes the proof. O

Since global C*-dynamical systems on unital C*-algebras are in particular unital
partial C*-dynamical systems, given such a global C*-dynamical system (A,G) =
Ateca, {%e }oec), we can look at the injective envelopes of (A, G) in both categories,

8 8Jg ) p )

the injective envelope in the category of global C*-dynamical systems (I glc’b (A),x) and
(Ig(A),1) as in Theorem 3.3.3. Fortunately, the two coincide. To see this, first observe
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that if A, = A for all g € G, the hereditary subalgebra B C ¢*°(G, B(#)) in the proof
of Theorem 3.3.3 equals ¢*(G, B(H)), since p(t) = 1 in the construction of B. Further-
more, the elements in S are ordinarily G-equivariant u.c.p. maps, i.e., morphisms in the
category of global C*-dynamical systems. In summary, ({Ic(A)y}gec, {Ic(#)g}tgec) is
a global C*-dynamical system and by construction it is a G-injective and G-essential
extension of (A, G), i.e., [g(A) = IélOb(A).

We summarize the relations between the injective envelope and the G-injective en-
velope given a unital partial C*-dynamical system ({Ag}ecc, {@g}gec). First, note,
by Proposition 3.2.4, Ig(A) is in particular injective. Thus, there exists a u.c.p. map
¢: I(A) — Ig(A) extending the embedding of A into I5(A). By essentiality of I(A), this
is completely isometric. However, we can even arrange for a G-embedding. To see this
note that again using injectivity of I5(A) and the fact that I(A) sits inside Ig(A) com-
pletely isometrically, we obtain a u.c.p. map ¢: Ig(A) — I(A) such that [;4) = idj(a).
Now, recall that the embedding x: A — I(A) is a G-morphism, so 1: A — Ig(A) ex-
tends to a G-morphism i: I(A) — Ig(A). In fact, this is completely isometric, since
ol = idj4) by rigidity of I(A). Hence, we obtain the following inclusions as unital
partial C*-dynamical systems

ACI(A) C I(A).

Also note that since 7: I(A) — Ig(A) is a G-embedding, it is in particular G-unital and
we obtain for all ¢ € G, I(A); = I(A)pg and Ig(A)g = Ig(A)ps where Ay = Ap,.
Furthermore, in the last paragraph of the proof of Theorem 3.3.3 we saw the relation
between the centres of A and I5(A). Using the chain of inclusions above as well as a

[Ham82c] we obtain
Z(A) € Z(I(A)) € Z(Ic(A)),

where for the last inclusion Ig(I(A)) = Ig(A) was used. This follows simply since
Ig(A) is in particular a G-injective extension for I(A) and thus we just need to verify
it is G-rigid. But clearly any G-morphism ¢: Ig(A) — Ig(A) with ¢[;4) = id satisfies
$| 4 = id and thus since I (A) is G-rigid for A, ¢ = id.

We will end this section with a quick observation on the inclusion of a partial C*-
dynamical system into its G-injective envelope. This is due to Hamana in the setting of
global C*-dynamical systems and the generalization of the proof is rather straightfor-
ward.

Proposition 3.3.4. Let ({ Ag}gcc, {#g }gec) be a unital partial C*-dynamical system and con-

sider the inclusion kg: A — Ig(A) into its G-injective envelope ({Ig(A),}gec, {1c(a),
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}¢eG)- The inclusion is normal, i.e., if (x)), is an increasing net in A with sup, x) = x € A,
then sup, kg (x)) = xg(x).

Proof. Note that since pl*(G,I(A))p is G-injective by Proposition 3.2.3, it contains a
copy of Ig(A). Furthermore, by [Ham81, Lemma 3.6], the inclusion x: A — I(A) is
normal. Lastly, observe that the image ((I(A)) of the inclusion ¢: I(A) — pl®(G,I(A))p
with «(a)(t) = I(a),1(ape) for alla € I(A), t € G is closed under taking suprema.
Hence, i((A) Ci(I(A)) C Ig(A) C pl*(G,I(A))p and the inclusion kg is normal. [

Moving forward we will often identify A with its image in I(A) and I5(A) respec-
tively, and omit a specific mention of the corresponding embedding.

3.4 Enveloping Actions

Restrictions of global C*-dynamical systems give rise to a rich class of examples of par-
tial C*-dynamical systems. It is therefore natural to ask when this process can be re-
versed, i.e.,, when does a given partial C*-dynamical arise as a restriction of a global C*-
dynamical system. This problem goes back to [Aba03], where the author answered it
fully in the case of topological partial dynamical systems. In particular, Abadie showed
that every topological partial dynamical system arises as a restriction of a global topo-
logical dynamical system. However, one might lose Hausdorffness of the underlying
space in the process. In this section, specifically Theorem 3.4.2, we establish a natural
relationship between G-injective envelopes of unital partial C*-dynamical systems and
of their enveloping actions, defined below.

Definition 3.4.1. Let ({Ag}occ, {ag}ecc) be a partial C*-dynamical system. We call
(CA, ) an enveloping action for ({ Ag}eec, {#g}gec) if (C4,{4) is a global C*-dynamical
system, A <l C*, a arises as the restriction of {# to A, and span{{{(x)|x € A,t € G} is
dense in C4.

One can think of an enveloping action as a minimal global action such that the orig-
inal partial C*-dynamical system arises as a restriction. In fact if an enveloping action
exists, the enveloping action is unique up to isomorphism as shown in [Aba03, Theorem
2.1]. Regarding existence, in [Fer18, Corollary 4.8] it is shown that a partial action on a
unital C*-algebra arises as a restriction if and only if it is a unital partial action.

A common construction of an enveloping action given a unital partial C*-dynamical
system is the following (see for example [Fxel7, Section 6]): Let ({ Ag}¢ec, {#g}¢ec) be
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a unital partial C*-dynamical system with A; = Ap; for some projection p; € Z(A).
As in Proposition 3.2.2 we consider ((A) C {®(G, A), where 1(a)(t) = a,-1(psa) for all
a € Aandt € G. Then, 1 is G-equivariant, where we consider the canonical translation
action T on (G, A). Setting C* = span{t,(i(a))|g € G,a € A} we see that C/ is
invariant under the translation action, thus choosing {# = 7|, gives rise to a global
C*-dynamical system. By definition, ((A) C C4 and since ¢ is a G-embedding, the
restriction of {4 is . Lastly, ((A) < C A by the proof of [Exel7, Theorem 6.13].

Given a unital partial action ({Ag}eecc, {@g}gec), as A is a unital ideal in C4, ie.,
A = C%1,, we have I(A) = I(C%*)14 by [Ham82b, Propostion 6.3]. Furthermore,
note that the C*-dynamical system (C4,7%) extends uniquely to a C*-dynamical sys-
tem (I1(C4),1(Z%)) and the restriction to I(C*)1, is a partial action extending «. Thus,
since the extension to the injective envelope is unique, the partial C*-dynamical system
({I(A)g}gec, {1(a)tgec) is a restriction of (I1(C4),1(z%)). The next theorem shows
that the G-injective envelopes exhibit a similar relationship.

Theorem 3.4.2. Let ({Ag}gc, {&g}gec) be a unital partial C*-dynamical system with Ag =
Apyg for projections pg € Z(A) forall g € G and let (C4,¢?) denote its enveloping action.
Let (Ig(C%), 15(C?)) denote the G-injective envelope of the enveloping action. Then, Ig(A) =
Ig(C*)1,, where 14 denotes the unit of A. In particular, ({Ic(A)grgec {Ic(@)g}gec) is a
restriction of (Ig(C4), Ig(T4)).

Proof. Let B denote the partial action given by the restriction of I(¢*) to Ig(C*)1,4 and
define B := Ig(C*)1,. First, observe that since A < C# and C4 C Ig(C#) completely
isometrically, A C B completely isometrically. We claim this embedding is also G-
equivariant and G-unital. For the former note that since « is a restriction of {4 and
Ig(Z?) is an extension of {#, the embedding is G-equivariant. Furthermore, recall that
for ¢ € G, the unit of By is given by poIc({4)q(pg) = 1AC§4(1A)- By definition of
restriction we have A, = AN C?(A) and thus A, = AN C?(A) C BN Ig(¢%)e(B).
Hence, p, < 1AC§‘(1A). Conversely, since A is an ideal in C4, 1AC§‘(1A) € A and also,
since 140¢ (14) = gg(g§,1(1A)1A), 1408 (14) € FH(A)NA = A, we obtain 145 (A) <
pg. Thus, p; =1 Ag§(1 4) and in summary this is a G-embedding. Additionally, since
I(C#) is G-injective and B is a restriction, by Corollary 3.2.5 ({Bg}eec, {Bg }gec) is G-
injective, so it is a G-injective extension of ({Ag}ecc, {ag}eec). To show the desired
result, it thus suffices to show that this extension is also G-rigid.

Towards G-rigidity, let ¢: B — B be a G-morphism with ¢|4 = id4. Consider the
extension ¢: (*(G,B) — (G, B) of ¢ given by ¢(f)(t) = ¢(f(t)) for f € £*(G,B)
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and t € G. Using the canonical G-embedding x: B — ¢*(G, B) via x(b)(t) = B;-1(bp:)
forb € Band t € G, we see that <l~>|;<(A) = id(4), since fora € A we have

¢(x(a))(t) = @(x(a)(t)) = p(Bi-1(aps)) = i1 (aps) = x(a)(t).

In particular, we obtain x(A) C ¢*°(G, B). Hence, by the uniqueness of the enveloping
action C4 C (*(G, B) via taking the closure of the appropriate orbits. Furthermore,
since {*°(G, B) is G-injective by [Ham85, Lemma 2.2], we can find a completely iso-
metric copy Ig(CA) C ¢*(G,B). Lastly, using G-injectivity of I5(C?), there exists a
G-morphism ¢: £°(G,B) — Ig(C*) such that ¢|.4 = id,4. Notice that for ¢ € G and
a € A C B by definition of ¢ we have

§(Tg(k(a)))(t) = p(x(a)(g7't)) = p(x(a))(g7't) = (Tg 0 ) (x(a)) (1),

where 7, denotes the translation action on £ (G, B). Hence, ¢ is G-equivariant on the or-
bits of A. In particular, ¢|.4 is G-equivariant. Using the fact that /*°(G, B) is G-injective,
there exists a map ®: I5(C%) — ¢*(G, B) such that ®|,4 = idya. The composition
Yo d: Ig(C*) — Ig(C*) satisfies o ®|,4 = idpa and thus by G-rigidity of I5(C*4),
o @ = id. In particular, ¥ o ®(x(b)) = «(b) and thus ¢ = id. Hence, ({Bg}¢cc, {Bg
}gec) is a G-rigid and G-injective extension of ({Ag}eec, {&g}¢ec), which shows the
desired. O

The enveloping action is characterized by orbits being dense. We observe a similar
relationship for the injective and G-injective envelopes of the enveloping action in the
next lemma.

Lemma 3.4.3. Let ({Ag}ecc, {&g}gec) be a unital partial action with 1, denoting the unit of
A and let (C4,¢?) denote its enveloping action. Suppose ¢ € I(C4) and cI(74)4(14) = 0 for
all g € G, then ¢ = 0. Similarly, let d € Ig(C*) with dIg(¢%)g(14) = O forall g € G, then
d=0.

Proof. First, observe that cI({?)4(14) = 0 for all ¢ € G, if and only if I({4)4(c)14 = 0
for all g € G. Now consider

S:={ceI(C|cI(g")4(14) =0 forall g € G} C I(A).

This is an ideal, since for b € I(C) and ¢ € S we have 0 = I({4)g(b)I(¢%)4(c)1a =
1(g%)g(bc)14 and thus bel({4)g(14) = 0. Hence, be € S. Using that 14 is central,
we also obtain cb € S. However, SN A = {0} and thus S = {0}, since the extension
A C I(A) is essential.
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Second, using the same arguments as above, consider the ideal
Sg = {d € IG(CA) |dIG(CA)g(1A) =0 for allg S G} | IG(A).

In fact, S (and similarly S) is G-invariant. To see this, let d € Sg,h € G and ob-

serve I (0*)u(d)16(8%)g(1a) = I6(C*)n(dI(5*)y14(1a)) = 0 forall g € G, showing
Ig(Z*)4(d) € Sg. Again Sg N A = {0}, so by G-essentiality Sg = {0}. O

The relation between I5(A) and I5(C?) can be helpful when trying to use tools es-
tablished for global C*-dynamical systems for unital partial C*-dynamical systems.

Proposition 3.4.4. Let ({Ag}occ, {ag}eec) and ({Bg}eec, 1By tgec) be unital partial C*-
dynamical systems. If A C B C Ig(A), then, A X G C Bx; G C I(A %, G).

Proof. Suppose A C B C Ig(A). Note that it suffices to show that I5(A) x: G C I(A
G)asthen Ax; G C Bx;:G C Ig(A) x: G C I(A x;: G). Let (C4,7%) denote the en-
veloping action of ({Ag}ecc, {#g}gcc). Now by Theorem 3.4.2 Ig(A) = Ig(C*)1,4 and
thus Ig(A) x; G = 14(Ig(C?) x; G)14. Using the corresponding result for global C*-
dynamical systems [[Ham85, Theorem 3.4] we obtain 14 (Ig(C?) x; G)14 C 141(CA x4,
G)lg =I(14(CA % G)14) = I(A x; G). Insum, Ig(A) x: G C I(A x; G). O

Corollary 3.4.5. Let ({Ag}eec, {0g}gec) be a unital partial C*-dynamical system. The re-
duced crossed product A X, G is prime if and only if [(A) X G (or Ig(A) %, G respectively) is
prime.

Proof. This follows from the fact that A x; G is prime if and only if I(A x; G) is an
AW*-factor [Ham81, Theorem 6.3 and 7.1]. O

We will end with a characterization of the ideal intersection property in terms of the
enveloping action. As established by Abadie in [Aba(03, Theorem 3.3], for a partial C*-
dynamical system ({Ag}occ, {g } o) and its enveloping action (C#, 7#), their reduced
crossed products A x; G and C# x, G are Morita equivalent. Hence, the next result
follows quite readily and we suspect this is already well-known in the literature. We
include the argument for completeness. Note that similar to the partial setting, we say
that a global C*-dynamical system (B, B) has the ideal intersection property if for all
{0} # ] < B x; Gwehave ] N B # {0}.

Proposition 3.4.6. Let ({Ag}ecc, {ag}gec) be a unital partial action and let (C4, ) denote
its enveloping action. The partial C*-dynamical system has the ideal intersection property if and
only if (CA,4) does.
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Proof. First, suppose (C#, ) has the ideal intersection property and consider I < A x,
G with IN A = {0}. Now, consider ] = (CA x; G)I(CA %, G). By definition, ] <
C* x; G and we claim ] N CA = {0}. If the latter were not the case, there exists 0 # a €
J N CA. As the orbits of A are dense in C*, this implies that there exists ¢ € G such that
ag(a)la # 0. However, this leads to a contradiction, as a¢(a)14 € JNA = 1IN A. The
latter equality follows from the fact that A < G is isomorphic to a full hereditary (unital)
subalgebra of C* x; G [Exel7, Theorem 28.8]. Since (C#,7#) has the ideal intersection
property, ] = {0}, giving I = {0}. Thus, ({Ag}¢ec, {ag}¢ec) has the ideal intersection
property.

Conversely, suppose (C#,74) does not have the ideal intersection property and take
] < C4 %, G satisfying ] N1 C4 = {0}. Note it suffices to show that N A x; G # {0},
since then ({Ag }eec, {@g}gec) does not have the ideal intersection property. However,
we have (A x; G)(CA x; G)J(CA %, G)(A x; G) € JN (A x; G) using the fact that ] is
anidealand A x; G C C4 x, G is hereditary. Now, using fullness, the ideal generated
by A x; G coincides with C4 x, G. Thus,

J € {(Ax:G)(C” % G)J(C %: G)(A % G)) € (JN (A % G))
showing ] N (A x; G) # {0}, which finishes the proof. O

Remark 3.4.7. Note that if ({Ag}ecc, {#g}¢ec) is not necessarily unital, by Proposi-
tion 2.2.2, the induced action on the injective envelope ({I(A) g}gec, {I(w) g}geg) al-
ways is. Thus, together with Theorem 5.2.6 the previous proposition shows that a (not
necessarily unital) partial C*-dynamical system ({Ag}¢cc, {#g }4ec) has the ideal inter-

section property if and only if (C!(4), 71(4)) does.
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Chapter 4

Partial Noncommutative Dynamics

4.1 Dynamical Conditions for Partial C*-dynamical Sys-
tems via Injective Envelopes

We introduce analogous notions of inner and properly outer automorphisms of C*-
algebras in the setting of partial *-automorphisms. This approach follows ideas pre-
sented in [Kal69; Ham85].

4.1.1 Quasi-inner Partial *-Automorphisms

Definition 4.1.1. Let A be a C*-algebra and let B, C be ideals in A. Moreover, suppose
a: B — Cis a *-isomorphism. Then, « is inner if there exists a partial isometry w € A
such that a(x) = wxw* for all x € B. We call « quasi-inner if there exists w € I(A) such
that a(x) = wxw* for all x € B.

Note that a similar notion for arbitrary C*-subalgebras was introduced recently in
[EGL24]. The key difference is that instead of requiring w € I(A), the authors assume
w € A**. Furthermore, the authors also require the inverse to be of the form a~!(x) =
w*xw. In the case of Definition 4.1.1 this assumption is not necessary, as we are working
with ideals, which the next proposition shows.

Proposition 4.1.2. Let A be a C*-algebra and let B, C be ideals in A. Suppose the *-isomorphism
a: B — C is quasi-inner, then a~" is also quasi-inner and there exists a partial isometry w €
I(A) such that a(x) = wxw* forall x € Band a~'(x) = w*xw for x € C.
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Proof. Let w € I(A) be a partial isometry such that a(x) = wxw* for all x € B and let
p,q € I(A) be central projections such that I(B) = I(A)p and I(C) = I(A)g. Observe
that we can extend « to a unique *-isomorphism I(«): I(B) — I(C) using injectivity and
rigidity. Now note that by [[Ham82b, Lemma 6.5] we can find a positive and increasing
approximate identity (u,), for B, such that p = sup, u,. But then, w(sup, u))w* =
sup, wuw* and in particular, wpw* € I(C), since the latter is monotone complete.
Hence, we see wl(B)w* C I(C). Since I(a)~! o Ad(w): I(B) — I(B) satisfies I(a)~1 o
Ad(w)|p = idp, I(x) "' 0 Ad(w) = id;(p) by rigidity. Hence, the extension is given by
I(a)(x) = Ad(w)(x) = wxw*. Furthermore, since « is a *-isomorphism, a(u,), is a
positive and increasing approximate identity for C and we also obtain sup, a(u,) = 4.
In particular, we see that I(«)(p) = g and thus, the extension is a unital *-isomorphism.

Next, note that we can without loss of generality assume that ww* = 4. To see
this, observe that the partial isometry wp also implements the isomorphism and since
the extension is unital, I(«)(p) = pww* = g. Using the fact that I(C) is an ideal and
w is a partial isometry, we obtain qw = ww*w = w € I(C). Also, since I(B),1(C)
are ideals and I(«) is a *-isomorphism, I(C) = I(a)(I(B)) € I(B). Thus the map
B: I(C) — I(B): y — w*yw is well-defined. Moreover, since ww* = ¢q, I(a)(B(y)) =y
forally € I(C). O

Remark 4.1.3. In the proof of Proposition 4.1.2 it is also shown that, if «: B — C is inner,
then the canonical extension I(«): I(B) — I(C) is also inner, since by rigidity I(«)(x) =
wxw* for x € I(B). Furthermore, this shows that a: B — C is quasi-inner, if and only
if its extension I(«a): I(B) — I(C) is inner. This is in line with the corresponding result
for automorphisms [Ham§85, Theorem 7.4].

From the proof of the previous proposition we immediately obtain the following
corollary, which shows that a partial *-automorphism being inner imposes a lot of struc-
ture.

Corollary 4.1.4. Let A be a C*-algebra, let B, C be ideals in A and suppose the *-isomorphism
a: B — C is quasi-inner. Furthermore, let I(B) = I(A)p and I(C) = I(A)q for cen-
tral projections p,q € I(A). Then, p = q and I(B) = I(C). In particular, the extension
I(a): I(B) — I(C) is a *-automorphism.

Proof. Let w € I(A) be a partial isometry such that a(x) = wxw* for all x € B. As we
have seen in the proof of Proposition 4.1.2, the extension I(«): I(B) — I(C): x — wxw*
is a unital *-isomorphism. Since p, g are central, this gives g = I(«)(p) = ww*p < pasw
is a partial isometry. Applying the same logic to the inverse p = I(a)*(q) = w*wqg < g,
showing p = g. In particular, I(B) = I(C). O
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In the previous result, if B, C are already unital to begin with, this actually gives B =
C. We can even go a little bit further, recalling the role of regular ideals and annihilators
in injective envelopes.

Corollary 4.1.5. Let A be a C*-algebra and let B, C be ideals in A. If there exists a quasi-inner
*-isomorphism a: B — C, then B+ = C*. In particular, if B and C are reqular ideals, B = C.

Proof. By Corollary 4.1.4 as « is quasi-inner, we have I(B) = I(C) = I(A)p for some
central projection p € Z(I(A)). By [Ham82¢, Lemma 1.1], B* = A(1—-p)NA = C*.
Now, this immediately gives B+ = C** and thus assuming B and C are regular, we
obtain C = B. O

The next definition gives an analogue of pointwise inner and inner global group
actions on C*-algebras, which will be crucial for understanding the obstruction in Sec-
tion 5.3.1.

Definition 4.1.6. Let (A, G, {Ag}¢cc, {#g}gcc) be a partial C*-dynamical system. We
call the partial C*-dynamical system pointwise (quasi)-inner if ag is (quasi)-inner for all
g € G. The partial C*-dynamical system is inner if there exists a partial *-representation
u: G — Asuch that ag = Ad(uy) for g € G.

4.1.2 Properly Outer Partial “-Automorphisms

Since we are interested in an analogue of free actions for non-commutative partial ac-
tions, we are interested in partial *-automorphisms that do not impose as much struc-
ture as (quasi-)inner partial *-automorphisms. Hence, we intend to identify a maximal
subalgebra on which the extension of a partial *-automorphism acts inner. This is possi-
ble in the injective case, since the injective envelope is a monotone complete C*-algebra.
The proof is hence similar to the one of Kallman [Kal69] in the von Neumann algebra
setting. We include it for completeness.

Proposition 4.1.7. Let A be a C*-algebra and let «: B — C be a partial *-automorphism
between ideals B,C < A. Then, there exists a maximal I(«)-invariant projection r € Z(1(A))
such that the extension I(«): I(B) — I(C) acts inner restricted to I(B)r.

Proof. Let I(B) = I(A)p and I(C) = I(A)q for projections p,q € Z(I(A)) and consider

the set
S={scZ(I(A))|s=s*=5s%s<p, and I(a)]f(p)s is inner}.
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We claim that r = \/,cg s satisfies the desired. To see this, note that if we could express
r = Y., 7x, where r) are mutually orthogonal central projections such that I(«) acts
inner on I(A)r), then I(«) would be inner on the direct sum. Hence, it suffices to show
r = ), r) for an appropriate orthogonal family of projections. To show the existence of
such a family, consider

T = {{rr}xr|{rr}, family of orthogonal central projections
such that 7, < sfor some s € S}.

Then, T # &, since {0} € T and the union is an upper bound for any chain in T. Thus,
by Zorn’s lemma there exists a maximal family of orthogonal projections {r,}, such
that ry < s for somes € S. We claim r = ), r,. Since if not, thenr — )", ), # 0 and
(r—Yarx)s # 0 for some s € S. However, (r — Y, ry)s is orthogonal to all r, and
(r =Y xrr)s < s, which contradicts the maximality of the family. Now, observe that
since by definition ry < s for some s € S, I(«) is inner on I(A)r. This concludes the
proof. O

Remark 4.1.8. Note that even though the proof of Proposition 4.1.2 is not directly appli-
cable, if «: B — C and I(«) are as above and r € Z(I(A)) is a projection with r < p
such that I(a)|;(4), acts inner, we still have I(a)(r) = r. To see this, let w € I(A) be
a partial isometry such that I(a)(xr) = wxrw* for all x € I(B). Furthermore, note
that since I(«) is surjective, I(a)(I(A)r) is an ideal in I(C) and in particular unital
with unit I(a)(r). We would like to apply the same arguments as in Proposition 4.1.2
to this restriction. However, to overcome the fact that the image is only an ideal in
I(C) and not I(A), we need to define the modified partial isometry @ = qw. We have
I(a)(xr) = qwxrw* = wxrw*, and so the same arguments as in Proposition 4.1.2 and
Corollary 4.1.4 show that I(«)(r) = r. In particular, I(a) acts as a *-automorphism on
the ideal I(B)r.

The next definition identifies partial *-automorphisms that do not admit an inner
part.

Definition 4.1.9. Let A be a C*-algebra and let B, C be ideals in A and «: B — C a
*-isomorphism. Denote by I(«x): I(B) — I(C) its extension to the injective envelope,
where I[(B) = I(A)p, and I(C) = I(A)q. We say that « is properly outer if for any
projection r € Z(I(A)) with r < p the restriction I(a)|;(p), is not inner.

Remark 4.1.10. By Proposition 4.1.7 «: B — C being properly outer is equivalent to the
vanishing of the maximal projection r € Z(I(A)) such that the restriction is inner.
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Corollary 4.1.11. Let A be a unital C*-algebra and let B, C be ideals in A. Furthermore, suppose
a: B — Cis a *-isomorphism and let 1(«): I(B) — I(C) be its extension to the injective
envelope. Then there exists a projection p € I1(A) such that I(«) acts properly outer on I1(B)p
and inner on I(B)(1 — p).

Another very useful characterization of a *-isomorphism being as far away from
being inner as possible was introduced for von Neumann algebras in [Kal69] as the
notion of freely acting. To motivate this notion first note that if a partial *-automorphism
a: B — C between unital ideals on a C*-algebra A is inner, then a(x)w = wx for all
x € B. This holds, since there exists a partial isometry w € A with a(x) = wxw* and
ww* = p = w*w, where p denotes the unit of B = C. In fact, in the injective setting we
obtain an equivalent characterization of an inner partial *-automorphism using such an
intertwining relation as seen in Proposition 4.1.12.

First, we establish some notation in case A is injective. Given y € A, we denote by
z(y) its central support projection and by ¢(y), r(y) its left and right support projection
respectively. If £(y) = r(y), we denote this by s(y). Since A is injective, it is in particular
monotone complete, and thus, these always exist. Also recall that two projections p,q €
A are Murray-von Neumann equivalent, denoted p =~ g, if there exists a partial isometry
w € A such that p = w*w and g = ww®*. Similarly, we say g is sub-equivalent to p
and write g <X p if there exists a partial isometry such that w such that w*w = p and
ww* < gq. The proof of the next proposition uses some ideas of [Kal69] and [CK72].

Proposition 4.1.12. Let A be an injective C*-algebra and let B, C be unital ideals in A with
B = Apand C = Aq. Furthermore, suppose that A is injective and let «: B — C be a *-
isomorphism. Then, « is inner if and only if there exists some y € A such that z(y) ~ q and
a(x)y = yx forall x € B.

Proof. The forward direction of this is clear, since if : B — C is inner, we obtain the
desired intertwining condition by setting y = w.

For the other direction, suppose there exists y € A such that z(y) ~ g and a(x)y =
yx. Note that since gy = a(p)y = yp we can assume y € BN C by instead looking at
yp. Then, a(x)y = yx, implies y*a(x*) = x*y* and thus yy*a(x*) = yx*y* = a(x*)yy*.
Since w is surjective, this shows yy* € Z(C). Similarly, y*yx* = y*a(x*)y = x*y*y and
y*y € Z(B). Now using this we obtain

() =y y)y* =vy(yy*) =v'yy'y = (v'y)*

Hence, y*y = yy* and yy* € Z(B) as well. Now, consider the polar decomposition of
y = w|y| for some partial isometry w € C. Since z(y) ~ g, we have ww* = g. Moreover,
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since yy* € Z(B) N Z(C), ly| € Z(B) N Z(C). We obtain

a(x)wly| = a(x)y = yx = wly|x = wxy|.

Since s(|y|) = s(yy*) = z(yy*) = z(y) =~ g, this gives a(x)w = wx for all x € B and
hence a(x) = wxw* as desired. O

Note that if «: B — C is inner on Br for a central projection r < g, then the condi-
tion z(y) =~ p in the previous proposition can be replaced with z(y) ~ r. Hence, the
following definition naturally covers the lack of an inner part.

Definition 4.1.13. Let A be a C*-algebra and let B, C be ideals in A. Furthermore, sup-
pose a: B — C is a partial *-automorphism. We say that « is freely acting if a(x)y = yx
for all x € B for some y € B implies that y = 0.

Remark 4.1.14. The intertwining condition in the definition of a freely acting partial *-
automorphism is a condition on the intersection of B and C. To illustrate this, assume
that A is injective, B, C are unital and that « is unital. Observe that a(x)y = yx, espe-
cially implies a(p)y = y = y. Since « is unital, this gives gy = yandy € BNC. In
particular, if BN C = {0}, then « is freely acting. This is in stark contrast to B = C if « is
inner.

In the case of A being injective and the ideals being unital (i.e., for extensions of
partial *-automorphisms to the injective envelope), proper outerness is equivalent to
the partial *-automorphism acting freely as the next proposition shows. The proof is
again similar to the one of Kallman in the von Neumann algebra setting [Kal69].

Proposition 4.1.15. Let A be an injective C*-algebra and let B, C be unital ideals in A with
B = Ap and C = Aq. Furthermore, suppose that a: B — C is a unital *-isomorphism. Then,
« is properly outer if and only if it acts freely.

Proof. Suppose that « is not properly outer. By definition there exists a central projection
r € Awithr < psuch that « acts inner on Br. By the discussion after Proposition 4.1.12,
there exists y € A such that z(y) ~ r and a(x)y = yx for all x € B, i.e,, « is not freely
acting.

Conversely, suppose that a is not freely acting. Then, there exists y € BN C \ {0}
such that a(x)y = yx for all x € B. However, by Proposition 4.1.12 this implies that «
acts inner on Bz(y) and thus, « is not properly outer. ]

Similar to the global C*-dynamical system setting, we can define proper outerness
for partial C*-dynamical systems.
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Definition 4.1.16. Let (A, G, {Ag}qcc, {#g}4ec) be a partial C*-dynamical system. We
call the partial C*-dynamical system properly outer if each aq for ¢ # e is properly outer.

By definition of proper outerness for partial C*-dynamical systems, we immediately
obtain the following characterization analogously to the global C*-dynamical system
case.

Corollary 4.1.17. Let ({Ag}ecc, {ag}ecc) be a partial C*-dynamical system. Then, ({Ag
}sec, {agtsec) is properly outer if and only if its extension ({I(A),}gec, {1(a)}tgec) is
properly outer.

By Corollary 4.1.11 given a partial C*-dynamical system ({Ag}¢cc, {#g}¢cc), €ach
partial *-automorphism (), on the induced system on the injective envelope ({I(A),
}tsec {1()g}gec) decomposes into an inner and properly outer part. Similarly, since
the G-injective envelope ({Ig(A),}gec, {Ic(#4}gec) is in particular injective, the par-
tial *-automorphisms I;(a); also decompose for the same reason. The next theorem
gives a relation between these decompositions. The proof is similar to the global C*-
dynamical system setting as proven in [KS19, Theorem 2.14]. Beforehand, we prove a
useful lemma, which gives a dynamical relation between the inner parts of the action in
the injective setting.

Lemma 4.1.18. Let ({Ag}ecc, {ag}gec) be a unital partial action on an injective C*-algebra
with Aq = Apg for central projections pg € A for ¢ € G. Furthermore, for ¢ € G, let
g1 < pg-1 denote the largest central projection such that ag acts inner on Aqe— © Ao and

assume Wg € Adq-1 is a partial isometry such that ag(x) = wexwy for x € Aqg-1. Then, for
h € G, ap(py1wy) is a partial isometry such that ay,g,1(x) = ay(wgpy—1)xay(wepy-1) for
all x € Ay N Apg-1 N Aqg-1. Moreover, ap(qgpy-1) = Gpgn-1Ph-

Proof. Let g € G be fixed. Observe that since ag acts inner on Ag,-1, we have wgb =
webge1 = ag(bge1)wg. In particular, for h € Gif b € a(Aqg1pj-1), weny1(b) =
g (qg-1y-1(0))wg = gy (@n(qg-1Pp-1)b)wg = g1 (b)wg. Since ay-1(b) € A1 N
Ap-14, applying oy, leads to

ap(Wepy1)b = Kpgh—1 (D)o (wgpy-1).

Note that if A1 N Age1 # {0}, then ay(wgp,—1)*a(wgp1) = an(qe-1p,-1) # 0. So
ay(wgpy—1) is a partial isometry such that a1 is inner on Aw-1(g,-1p),-1). Hence we

see that ay,(q,-1p),-1) < Gpg-1,-1. This gives ay(q,-1p-1) < gje-1,-1p5 and applying a1
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as well as the same reasoning as before leads to g,-1p;,-1 < &)1 (qhgflhfl pr) < Qg-1Pp-1-
Insum, a1 (qpg-1-1P1) = Gg-1Pp-1- O

In particular, the previous lemma shows that we can associate a pointwise inner
partial action to a unital partial action on an injective C*-algebra. This will be important
for the characterization of the ideal intersection property and thus will be highlighted
in the definition below.

Definition 4.1.19. Let ({Ag}¢cc, {#g}¢cc) be a partial C*-dynamical system on a C*-
algebra A and for all g € G let g, € Z(I (A)) denote the largest projection such
that I(a)g is inner. Furthermore, for all ¢ € G suppose wy € I(A)g,1 is a partial
isometry implementing I(a); on I(A)q,-1. The associated pointwise inner unital partial
C*-dynamical system is given by the partial C*-dynamical system ({Bg}¢ec, {Bg}¢ec)
where By = [(A)qg and Bg = Ad(wg) = I(a)g]r(a)

9g-1

Note that since g = Ad(wg) = I(a)g]1(a)q ,, the definition of the associated point-
g

wise inner action does not depend on the choice of partial isometries. Besides identi-
fying this associated pointwise inner unital partial C*-dynamical system, Lemma 4.1.18
allows us to relate the inner parts of automorphisms on I5(A) to the inner parts on

I(A).

Theorem 4.1.20. Let ({Ag}eec, {&g}oec) be a unital partial action and consider its induced
action ({1(A)g}gec, {1(n)g}tgec) as well as the action on its G-injective envelope ({Ic(A),
}eec {IG(‘x)g}geG)' Let g, € Z(I(A)) denote the largest projection such that I(a)g acts
inner on I(A)qg—1 and o1 € Z(Ig(A)) denote the largest projection such that Ig(a)g acts
inner on Ig(A)re-1. Then, rg < gq.

Proof. Let vy, wy denote the partial isometries implementing I(a); and Ig(a); on
I(A)gg and Ig(A)re respectively and let pg denote the unit of Ag. Furthermore,
we can assume that vg0, = g = VeV = (o1 and wew, = rg = Wewg = 1,-1. We will
show that wg (1 — g,-1) = 0, since then ro 1 = wywg = Wwede1 = 11441

To see this note that since I(A) is injective and I(A) C Ig(A), there exists a
u.c.p. map ¢: Ig(A) — I(A) with ¢[;4) = idj(4). In particular, since I(A); = I(A)pg
and Ig(A)g = Ig(A)pg, ¢ is G-unital. Now define

p: Ig(A) = pt=(G,1(A))p: a = [t = ¢(lg(@);-1(pea))],
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where p(t) = p,-1 and we view B = pl®(G, I(A))p as the partial C*-dynamical system
({Bg}gec/ {Bg}gec) described in Eq. (3.1). Since ¢ is G-unital, ¢(Ig(A)g) € By and
is G-unital. Furthermore, by similar arguments as in Proposition 3.2.2, B o 9p(a) = ¢ o
Ig(a)g(a) foralla € Ig(A),-1. Thus, i is a G-morphism. By construction i is a complete
isometry on I(A) and since Ig(I(A)) = Ig(A), ¥ itself is completely isometric by G-
essentiality. Hence, it suffices to show y(wg(1 — g,-1)) = 0. Using that Ig(a),1 (prwg)
implements Ig(a)y1 for all t € G from Lemma 4.1.18 as well as the fact that I(A)
is contained in the multiplicative domain of ¢, observe for t € G and a € I(A); N

I(A)yg 1 NI(A)gq 1

ap(wg)(t) = ¢(alg ()1 (pruwg))

¢l (@)1 (prwg) I (@) gp-1(a))

P(wg) () 1(a) -1 (a),

where in the last equality we used that I;(«) extends I(«). This shows that ¢(wg)(t)
implements I(a),,,1 and in particular, since the embedding of I(A) into p£*(G, I(A))p

satisfies 1(qg)(t) = I(a)i(py-14g) = Gugr-1pt, this shows P(wg)(t) € I(A)i(gq)(t). But
then again using multiplicative domain arguments and the fact that I () extends I(«):
0= 9p(wg)(t)(1 = I(a)1(prag)) = P(we) (£) (pr1 — I(@) 1 (prag))
= ¢(Ic(a) 1 (prwg(1 — prag)) = Pp(we(1 —qg))(t)

for all t € G. Since ¥ is completely isometric, this concludes the proof. O

We immediately obtain the following.

Corollary 4.1.21. Suppose the partial C*-dynamical system ({Ag}eec, {&g}gec) is properly
outer. Then, ({Ig(A)g}eec, {1c(&)g}gec) is properly outer as well.

We end this section by highlighting the connection between proper outerness for
partial actions and proper outerness for the enveloping action. This result is in line
with [KM18, Proposition 6.8], where the authors show the equivalence of Kishimoto’s
condition, which corresponds to proper outerness for global C*-dynamical systems, for
Hilbert bimodules and their dense Morita coverings.

Proposition 4.1.22. Let ({Ag}ecc, {0g}gec) be a unital partial C*-dynamical system and let

(CA,4) denote its enveloping action. The partial C*-dynamical system is properly outer if and
only if (C4,74) is. Furthermore, the G-injective partial C*-dynamical system ({Ig(A) 2} geGs

{Ic(a),}gec) is properly outer, if and only if (Ig(CH),15(21)) is.
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Proof. First, suppose ({Ag}qcc, {#g}4ec) is not properly outer, then there exists ¢ € G
and a central non-zero projection q,-1 € I(A) such that I(a)g(xq,-1) = ugxug for some
partial isometry ug € I(A)g with ugug = go1. Since ({I(A),}gec, {I(a)s}gec) is a
restriction of (I(C%),1(¢4)) this implies in particular, that I(CA)g(xqg_l) = ugxuy for
all x € I(A). Hence, I({#) is not properly outer giving that (I(C*),1(¢%)) is not
properly outer. The argument can be adapted verbatim to show the desired result for
(Ic(C4), I6(24)).

Conversely, suppose ({Ag}gcc, {4 }gec) is properly outer and let rg € I(C4) be the
maximal central projection such that I({%)q(xr,) is inner. Then, since ({Ag}qec, {a,
}geG) is properly outer, rops = 0 for all s € G\ {e}. If 0 # rg, by Lemma 3.4.3 there
exists s € G such that I({)s(rg)14 # 0. But then by [KS19, Theorem 2.14] ryos114 # 0.
However, then there exists t € G such that

0 # 1(TM)i(regs11a)1a = I(ZM)i(reqs11(0%)-1(14)14) 14
= I(éA)t(ngqutq)lA - I(“)t(rsgsflptfl)/

where we used that I({%),-1(14)14 denotes the unit of I(A);. This is a contradiction.
Hence, r¢ = 0 for all ¢ # e and (CA,74) is properly outer. The same argument us-

ing (Ig(C*),15(¢%)) gives that, if ({IG(A)gg}geGr {Ic(a),}gec) is properly outer, so is
(Ic(C4), I6(24)). 0

4.1.3 Connection to Other Non-Triviality Conditions

Over the years, there have been many definitions for non-triviality conditions for (par-
tial) *-automorphisms as non-commutative analogues of freeness. For a thorough over-
view for ordinary *-automorphisms see [OP82]. A generalization of many of these no-
tions to partial actions and even Fell bundels is given in [KM18].

In this thesis we introduce a generalization of proper outerness based on a result
by Hamana. More specifically, [[Ham85] gave an equivalent characterization of a non-
triviality condition by Kishimoto in the group setting in terms of the injective envelope.
To study the connection of our proposed condition to other generalizations in the partial
setting we first prove a characterization of proper outerness using particular u.c.p. maps
first introduced by Pitts [Pit17].

Definition 4.1.23. Let A C B be an inclusion of unital C*-algebras. A pseudo-expectation
for the inclusion A C Bisa u.c.p. map ¢: B — I(A) such that ¢|4 = id 4.
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Remark 4.1.24. As implied by the name, pseudo-expectations can be viewed as a gener-
alization of conditional expectations, i.e., a u.c.p. map E: B — A such that E|4 = id 4.
Note that this coincides with the notion of a conditional expectation as an A-bimodule
u.c.p. map, as E|4 = id4 implies that A is in the multiplicative domain of E. By enlarg-
ing the codomain, conditional expectations can easily be seen as pseudo-expectations.
The key benefit of allowing for an injective codomain however, is the fact that pseudo-
expectations always exist.

For the case of partial C*-dynamical systems, there always exists a canonical pseudo-
expectation stemming from the conditional expectation E: A x; G — A. In the next re-
sult, we show that proper outerness of a C*-dynamical system is equivalent to unique-
ness of pseudo-expectation, i.e., the only pseudo-expectation is the canonical one. This
is a generalization of the analogous result for global C*-dynamical systems by [Zar19]
and the proof follows similarly. We provide the details for convenience. First, we ob-
serve a quick lemma.

Lemma 4.1.25. Let ({Ag}eec, {&g }gec) be a partial C*-dynamical system. There is a one-to-
one correspondence between pseudo-expectations ¢: A Xy G — I(A) and conditional expecta-
tions @: I(A) x: G — I(A).

Proof. Clearly, if ®: I(A) x G — I(A) is a conditional expectation, its restriction to
A x; G gives rise to a pseudo-expectation. Conversely, if ¢: A 3, G — I(A) is a pseudo-
expectation, then by injectivity this extends to a u.c.p. map ®: I(A) x; G — I(A) with
®[4 = id4. It remains to show that ®|;4) = idj4). This follows since I(A) is in
particular rigid. This also shows that the extension is unique. O

Using this lemma, we can now prove the equivalence of proper outerness and ad-
mitting a unique pseudo-expectation utilizing the injective envelope.

Proposition 4.1.26. Let ({Ag}ecc, {ag}occ) be a partial C*-dynamical system. The partial
C*-dynamical system is properly outer if and only if it admits a unique pseudo-expectation.

Proof. First, observe that using the one-to-one correspondence given in Lemma 4.1.25
and Corollary 4.1.17, it suffices to show that ({I(A),}sec, {(#),}sec) admits a unique
pseudo-expectation if and only if ({I(A) g}gEGr {I(«) g}geg) is properly outer. Let pg
denote the unit of I(A), for ¢ € G and consider the partial isometries v corresponding
to the left-regular covariant pair. In particular, vyvy = pg.

Now, suppose ({I(A) }gec, {I(#),}gec) is properly outer, and consider ¢: I(A) X,
G — I(A) with ¢[j4) = idj(4). For g € G,a € I(A), we have vgavy = I(a)g(apy1)
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and thus vgap,1 = I(a)g(ap,-1)pgvs. Applying ¢ and using that I(A) C Domy, we see
P(vg)apg1 = I()g(apy-1)P(vg). But, since I(w)g is freely acting for ¢ 7 e by assump-
tion, 0 = pep(vg) = ¢(vg). In particular, ¢ is the canonical conditional expectation for
I(A) %, G showing the desired.

Conversely, suppose ({I(A)g}gec, {I(a),}gec) is not properly outer. Then, there
exists ¢ # e such that I(a)g is not freely acting, i.e., there existsay € I(A)g N I(A)g \
{0} such that I(a)g(x)y = yx for all x € I(A),1. Now, let E: I(A) x: G — I(A)
denote the canonical conditional expectation and define ¢(x) = E(xv,-1)y. In particular,

¢(vg) = y # 0. Observe that as E is a I(A)-bimodule map, we have ¢(ax) = a¢p(x) for
a,x € I(A). Furthermore, using that p,1 is central in I(A), we see

¢(xa) = E(xave)y = E(xpgaave)y = E(xvgvgavy 1)y
= E(xvg1)I(a)g(apg1)y = E(xvg1)yapg1 = E(xvg1)peaya = ¢(x)a,

showing that ¢ is in fact also an I(A)-bimodule map. Now, since E is u.c.p., ¢ is
completely bounded and so using a result of Wittstock [Wit81], we can write ¢ as a
linear combination of four completely positive I(A)-bimodule maps. As ¢(vg) # 0,
one of them must be non-zero for v,. By a slight abuse of notation, denote this com-
pletely positive I(A)-bimodule map again by ¢. By [Zarl9, Lemma 3.4] there exists a
u.c.p. I(A)-bimodule map ¢: I(A) Xy G — I(A) such that ¢(x) = ¢(1)@(x). But then ¢
is a u.c.p. I(A)-bimodular map with ¢(vg) # 0 and ({I(A),}gec, {I(#)g}gec) does not
admit a unique pseudo-expectation. O

In the remainder of this subsection, we use the previous result to establish a connec-
tion with aperiodicity, which Kwasniewski and Meyer identify as a suitable notion to
study dynamical phenomena [KM18; KM22].

Definition 4.1.27. A partial C*-dynamical system is called aperiodic if for every g # e,
every a € Ag, and every hereditary C*-subalgebra B C A, we have

inf{ ||x(avg)x|| |x € B,x >0, [|x|| = 1} = 0.

As shown by [GS14, Theorem 3.12] aperiodicity guarantees the ideal intersection
property using techniques similar to [ELQ02], where they show that topologically free
partial C*-dynamical systems on abelian C*-algebras have the ideal intersection prop-
erty. Giordano and Sierakowski’s result was generalized to Fell bundles in [KM18] us-
ing a globalization approach. Later on, the authors connected aperiodicity to pseudo-
expectations in [KM22]. The next result summarizes its connection to proper outerness,
using their result for pseudo-expectations.
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Proposition 4.1.28. Let ({ Ag}ecc, {0g }gcc) be a partial C*-dynamical system. If ({ Ag}gea,
{ag}eec) is aperiodic, then it is properly outer. Furthermore, if A contains an essential ideal
that is separable or Type I and G is countable, then the converse is also true.

Proof. The first point follows, since by [KM?22, Theorem 3.6] aperiodicity implies
uniqueness of pseudo-expectation. As this is equivalent to proper outerness by Propo-
sition 4.1.26, this gives the desired. The additional assertion follows from [KM?22, Theo-
rem 7.2], as they show that in this setting aperiodicity is actually equivalent to unique-
ness of pseudo-expectation. O

The previous result gives some first insight on the question whether proper outer-
ness and aperiodicity are equivalent. In the case of ordinary C*-dynamical systems, the
two notions coincide. Furthermore, Kwasniewski and Meyer conjecture that aperiodic-
ity for more general inclusions into crossed products for inverse semigroup actions is
in fact also equivalent to uniqueness of pseudo-expectation [KM22, Remark 7.5], which
would give the equivalence of the two conditions.

4.2 Quasistabilizer Subgroups

For global commutative C*-dynamical systems the point-stabilizers have shown to be
crucial in the study of the ideal intersection property (see for example [Kaw17]). A
non-commutative analogue has been introduced in [KS19]. In this section we will
give a generalization to partial C*-dynamical systems. To do so we review the no-
tions of Glimm and pseudo-Glimm ideals given in [KS19]. Their proofs involving
the G-injective envelope only make use of the inclusions A C I(A) C Ig(A) and
Z(A) CZ(I(A)) C Z(Ig(A)) as well as the fact that I(A) is ordinarily injective. Thus,
the arguments translate verbatim to our setting.

Let A be a unital C*-algebra. We call the spectrum of Z(A) the Glimm space
of A, denoted Glimm(A). An ideal I < A is called a Glimm ideal if there exists an
x € Glimm(A) such that I = AK,, where K, < Z(A) is the maximal ideal given by
Ky :={f € Z(A)| f(x) = 0}. We will often refer to I itself as x € Glimm(A). Since
Z(A) = Z(I(A)) — Z(Ig(A)), we obtain surjections Glimm(Ig(A)) — Glimm(I(A))
— Glimm(A). Recall that an ideal I < A is called primal, if for any n > 2 and
Ji oo Jn S Awith [1] - - - J, = {0}, there exists some 1 < i < n such that J; C I. Also
recall that an ideal {0} # J < Aisproperif ] # A. We call anideal I < A a pseudo-Glimm
ideal if there exists a proper primal ideal ] < I(A) with J N A = I. The space of pseudo-
Glimm ideals of A is denoted by Glimmy,(A). Now consider the space Id(A) of ideals of
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A equipped with the Fell topology, where a net (I ), in Id(A) converges to I € Id(A) if
the corresponding quotient norms converge, i.e., limy ||a + I,|| = ||a + I|| foralla € A.
Then, Glimmy,(A) C Id(A) is compact. By [KS19, Proposition 3.8] any Glimm ideal
of I(A) and Ig(A) is proper and primal and thus gives rise to a pseudo-Glimm ideal.
Specifically, for x € Gimm(I(A)) and y € Glimm(I5(A)), x N A,y N A € Glimmy(A).
Furthermore, if A is already injective, any Glimm ideal is a pseudo-Glimm ideal. For
general A, we still obtain that any z € Glimm (A) is contained in a pseudo-Glimm ideal
and every pseudo-Glimm ideal contains a Glimm ideal.

Definition 4.2.1. Given a partial C*-dynamical system ({Ag}gec, {#g}gec), let g, €
Z(I(A)) denote the largest I(a)g-invariant projection such that I(a), acts inner on
I(A)gy1 for g € G and let I € Glimmyg(A) be a pseudo-Glimm ideal. We define the
quasistabilizer subgroup Gy C G of I as

Gr ={g € G|1—gq,1 € ] for every proper primal ideal | < I(A) with [ = J N A}

Remark 4.2.2. Note that for a unital C*-algebra A, if ] < A is proper and primal, then
for any central projection p € Z(A) either p € Jor1—p € J. Since ] is proper, it
clearly cannot contain both. Additionally, by primality and since Ap, A(1 —p) < A
with Ap - A(1 — p) = {0}, ] must contain one of them.

The next result shows that the terminology is warranted.

Proposition 4.2.3. Given a partial C*-dynamical system ({Ag}eec, {@g}gec) and a pseudo-
Glimm ideal I € Glimmy, (A), the quasistabilizer subgroup Gy is a subgroup of G.

Proof. For g € G let q,-1 denote the maximal projection in Z(I(A)) such that I(a)g acts
inner. Furthermore, let wg € I(A)g,-1 be a partial isometry such that I(a),(x) = wegxwy
for x € Agg-1. Clearly, e € G; and by Proposition 4.1.2, the inverse of I(“)g’I(A)qg,l is
also inner and I(A)g,1 = I(A)qq. In particular, we have .1 = gg. Thus, if s € Gy,
then s™! € G;. Now let s,t € G. To show st € G it suffices to show g,-14,-1 < 9(st)-1s

since then
1- A(st)-1 <l—geagr =1 =ge1) 1 =g1) + (1 =ge1) + (1= g41) = x.

However, since (1 —g,-1),(1 —g41) € ] for all ] < I(A) proper and primal with
I'=]NA, x € ]. Ideals are in particular hereditary, so this gives 1 — ()1 € ], which

shows st € Gj. To see the claim, observe that for b € I(A)g,-1q9,-1 C I(A); 1 NI(A);,
I(a)i(b) = I(a)¢(bgge1q,1) = I(w)¢(b)gs-1, since g1 is central and I(«); is inner on
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I(A)g;1. Thus, I(a)¢(b) € I(A)g,1 and I(a)s(I(a)¢(b)) = wswib(wsw;)*. Hence, it suf-
fices to show that I(a)s(I(a)¢(b)) = I(a)st(D) to see that I(a)s is inner on I(A)g,-14;-1.
This holds because I(a):(b) € I(A)f NI(A)g1 and thus b € I(A); 1 NI(A);141. In
sum, I(a)st is inner on I(A)qs-1q;-1 and gg-19;-1 < ggp)1- O

The next two results are analogous to the case of global C*-dynamical systems [KS19,
Lemma 4.3]. We include the arguments for convenience.

Lemma 4.2.4. Suppose ({Ag}gcc, 1&g }ecc) is a unital partial C*-dynamical system on an
injective C*-algebra A. Let Go-1 € Z(A) denote the largest projection such that ag is inner on

Agq and let | < A be proper and primal. If | = AK, for y € Gimm(A), we obtain the
following description for the quasistabilizer subgroup

Gy := Gak, = {s € G|y € supp(q5-1)}.

Proof. First, by Remark 4.2.2, | contains either 4,1 or 1 —¢,-1 as ] is proper and primal.
Furthermore, by [AS90, Lemma 2.2] there exists a unique y € Glimm(A) such that
AK, C J. Since y € Glimm(A) is in particular a pseudo-Glimm ideal and contained in
any proper and primal ideal | with JN A = AKy, 1 — Gg—1 €] if and only if 1 — g1 €
AKy, which is equivalent to y € supp(q,-1). O

Recall that for a global group action on a compact Hausdorff space (G, X, 0), 0, is
free if and only if § ¢ Gy for all x € X, where Gy = {h € G|0,(x) = x} denotes the
ordinary point stabilizer. The next result can be seen as a non-commutative analogue of
this for partial C*-dynamical systems.

Proposition 4.2.5. Let ({Ag}eec, {ag}gec) be a partial C*-dynamical system and fix g € G.
The partial *-automorphism a g is properly outer, if and only if ¢ & Gy for any I € Glimmy, (A).

Proof. Take I € Glimmy(A) and let ] < I(A) be a proper and primal ideal such that
I = J N A. By definition, if a is properly outer, the maximal projection q,-1 € Z(I(A))
such that I(«) is inner vanishes. Since | is proper, 1 — Go1 =1¢ Jand thus ¢ £ G.
Conversely, assume g ¢ Gy forall I € Glimmy,(A) and let g, € Z(I(A)) denote the
maximal projection such that I(a), is inner. In particular, since Glimm ideals in I(A)
give rise to pseudo-Glimm ideals, for any y € Glimm(I(A)) there exists a proper primal
ideal ] < I(A) with I(A)K, N A = JN Asuchthatl—g,1 ¢ J. By Remark 4.2.2, g,1 €
J. Insummary, I(A)g,1NA C JNA =1I(A)KyNAforally € Glimm(A). However, by
the definition of Ky, we see M, cGlimm(1(4))! (A)Ky = {0} and thus I(A)q,+ N A = {0}.
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However, I(I(A)g,1 N A) = I(A)ge1 = {0}, which shows g,1 = 0, i.e., ay is properly
outer. [

Theorem 4.2.6. Let ({Ag}eec, {&g }gec) be a unital partial C*-dynamical system with Ag =
Apg. For z € Glimm(Ig(A)) the quasistabilizer subgroup G; := Gy (a)k, is amenable.

Proof. Since G is discrete, /*°(G;) C ¢*°(G), so it suffices to construct a G;-invariant

state on /*(G). Fix ¢ € G; and let re1 € Z(Ig(A)) denote the largest projection such
that Ig(a)g is inner on Ig(A)r,1. By Lemma 4.2.4, .1 € supp(z) or equivalently
1—r,1 € Ig(A)K:. Now consider the quotient map 7: Ig(A) — Ig(A)/(Ig(A)Kz).

Since 1 —ro-1 € Ig(A)K: we obtain for x € Ig(A)

lo(@)g(m(xpg1)) = le(@)g(m(xrg-1 + x(1 = 1g-1))) = Ig(a)g(m(xrg)),  (41)

where Ig(a); denotes the induced action on the quotient. In particular, Ig(a) acts
inner on the quotient. Now let p: I5(A) — B(#H:) be a representation of the G-injective
envelope with ker(p) = Ig(A)K,. Then, G; acts inner on p(Ig(A)). For a unit vector
¢ € B(H), define a state o on Ig(A) via o(x) = (p(x)¢E, &) for x € I(A).

Using G-injectivity of I5(A), by Proposition 3.2.4 there exists a G-morphism ¢: B —
I(A) such that ¢|;_(4) = idj (a), where B = pl®(G, Ig(A)) with p(t) = p,-1. Here
the partial action on B is given by the restriction of the translation action. Consider the
state v: £*°(G) — C: f — o(¢(fp)), where we view {*(G) C {°(G,Ig(A)). Observe
that since ¢[;_(4) = idj (), Ic(A) belongs to the multiplicative domain of ¢, and thus
bop(pf) = ¢(bpf) = ¢p(pfb) = ¢(pf)bforall f € £°(G) and b € I5(A). In particular,
¢(pl=(G)) € Z(I(A)). Now observe for g € G thatsincer, 1 < p,rand1—r,1 €
Ig(A)K;, we also have 1 — Pe1 € Ig(A)K;. Thus, by similar arguments as in Eq. (4.1),
0(pg19(pf)) = o(¢(pf)) and similarly for pg, since G; is a group. Using the fact that
inner actions act trivially on the centre as well as G-equivariance and -unitality of ¢, we
obtain

v(tg(f)) = olpep(pe(f))] = ol (pre(p)) P (pe(£))]
= o(p(pte(pf))] = olP(te(te1(p)pf))]
= olag(¢(Te1(p)pf))] = olPp(t1(p)pf)]
= 0[pe19(pf)] = v(f)

forg € G;and f € (*(G). Hence, vis a G;-invariant state on /*°(G) and G; is amenable.
[
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Chapter 5

The Ideal Intersection Property

5.1 Equivariant Pseudo-Expectations

As demonstrated in Section 4.1.3, dynamical phenomena can be characterized using an
appropriate generalization of conditional expectations. However, the pseudo-expect-
ations introduced in Definition 4.1.23 do not necessarily take advantage of all the avail-
able structure of the inclusion A C A x; G. In particular, if ({ Ag}¢cc, {#g}¢ec) is a uni-
tal partial C*-dynamical system, the reduced crossed product A x; G can be equipped
with a canonical generalized unital partial action, which has not been taken into ac-
count so far. Thus, in this section we generalize the concept of pseudo-expectations in
an equivariant manner for the inclusion A C A x; G. The next definition generalizes the
notion of an equivariant conditional expectation for the inclusion of generalized unital
partial C*-dynamical systems A C A X, G. In the case of global C*-dynamical systems
this was introduced in [KS19].

Definition 5.1.1. Let ({Ag}eec, {ag}eec) be a unital partial C*-dynamical system. A
u.c.p. map ¢: A X, G — Ig(A) is called equivariant pseudo-expectation if ¢ is a G-mor-
phism and ¢|4 = id4.

Remark 5.1.2. As mentioned above the previous definition can be interpreted as an
equivariant version of pseudo-expectations introduced by Pitts [Pit17] as defined in
Definition 4.1.23. Since potentially I(A) C Ig(A) and equivariance is not guaranteed,
an equivariant pseudo-expectation does not necessarily restrict to a pseudo-expectation
whereas a pseudo-expectation does not always lift to an equivariant one. Hence, these
two notions are different.
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Observe that analogous to Lemma 4.1.25 equivariant pseudo-expectations arise from
equivariant conditional expectations for the inclusion Ig(A) C Ig(A) x G. We record
the result in the next proposition. The proof is similar to the non-equivariant setting,
and we are using that A X G embeds equivariantly into I5(A) x, G similar to the global
C*-dynamical system case.

Proposition 5.1.3. Let ({Ag}eec, 1&g }gec) be a unital partial C*-dynamical system. There
is a one-to-one correspondence between equivariant pseudo-expectations ¢: A X G — Ig(A)
and equivariant conditional expectations ®: Ig(A) xx G — Ig(A).

Also note that any equivariant conditional expectation E: A . G — A gives rise
to an equivariant pseudo-expectation by enlarging the codomain. Hence, the set of
equivariant pseudo-expectations is not empty, since the canonical conditional expecta-
tion always exists. We call the resulting equivariant pseudo-expectation the canonical
equivariant pseudo-expectation and will also denote itby E. If ¢: A x; [g(A) — Ig(A) is
an equivariant pseudo-expectation with ¢ # E, i.e., if there exists g € G \ {e} such that
P(Ag) # 0, we say ¢ is non-canonical.

In the works of [PZ15; Zar25] and [KS19] the connection between pseudo-
expectations and the ideal intersection property has been explored in the non-
equivariant and in the equivariant setting for global C*-dynamical systems respectively.
The remainder of this sections is devoted to showing similar results in the case of
unital partial C*-dynamical systems. The next result shows that equivariant pseudo-
expectations actually give rise to ideals that potentially violate the ideal intersection
property.

Proposition 5.1.4. Let ({Ag}eec, {&g}oec) be a unital partial C*-dynamical system and let
¢: A Xy G — Ig(A) be an equivariant pseudo-expectation. Define

Jop :={x € Ax:G|¢p(x"x) =0}.
This is an ideal in A x G with J, N A = {0}. We call ], the faithful kernel of ¢.

Proof. Note that clearly ]y is a left ideal, since ¢(x*x) = 0 implies in particular for all
y € Ax: G, ¢(x*y*xy) < |ly’¢(x*x) = 0 and so yx € Jy. To see that it is also a
right ideal, it suffices to check for elements that generate the covariance algebra. First,
observe that ¢|4 = id4 implies that A is in the multiplicative domain of ¢. Thus, for
any a € A, x € Jp we have

p(ax"xa) = p(a”)p(x"x)p(a) = 0. (5.1)
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For ¢ € G consider, vg = pgAg as in the proof of Proposition 3.1.4. We obtain

P((xvg1) xve1) = P(Ugx™xvg1) = P(Vgpg1X xPg_1Vg-1)
= Ig(@)g(¢p(pg-1x"xpe-1)) =0

forany ¢ € G, x € Jp. Here, we used that ¢ is equivariant as well as the previous
argument (5.1). Thus, Jp is an ideal in A x; G. Lastly, [, N A = {0} follows easily
from the observation that if x € A, ¢(x*x) = x*x by definition of equivariant pseudo-
expectation. O

The previous result suggests that the ideal intersection property is linked to faith-
fulness of equivariant pseudo-expectations. This is indeed the case as given in the next
theorem.

Theorem 5.1.5. Given a unital partial C*-dynamical system ({ Ag}geG, {®g }¢eG), ({Ag}ecc
{ag}gec) has the ideal intersection property if and only if every equivariant pseudo-expectation
faithful.

Proof. 1f there exists a non-faithful equivariant pseudo-expectation, then by Proposi-
tion 5.1.4 the faithful kernel of the equivariant pseudo-expectation gives rise to an ideal
that violates the ideal intersection property. Conversely, suppose that all equivariant
pseudo-expectations are faithful and let ] < A x, G be such that JN A = {0}. Then,
the quotient map 7: A x; G — (A %, G) /] is faithful when restricted to A. Hence, we
see 71| 4 is a G-embedding. By G-injectivity there exists a G-morphism ¢ such that the
following diagram commutes:

A—1 s I5(A)
7T|AJ: /’/7
9
(Ax:G)
7]
But then, p o 1: A % G — Ig(A) is a G-morphism with ¢ o 71| 4 = id. Thus, ¢ o 7T is an
equivariant pseudo-expectation with | C Jsor = {0} by assumption. O

If the partial C*-dynamical system is properly outer, the set of equivariant pseudo-
expectations reduces to a singleton similar to the non-equivariant setting.

Proposition 5.1.6. Let ({Ag }eec, 1&g }ge) be a unital partial C*-dynamical system and sup-
pose that ({I(A)g}sec, {Ic(a)s}gec) is properly outer. Then, the partial C*-dynamical sys-
tem admits a unique equivariant pseudo-expectation.

51



Proof. Let ¢: A Xy G — Ig(A) be an equivariant pseudo-expectation and consider the
corresponding equivariant conditional expectation ¢: Ig(A) x; G — Ig(A). It suffices
to show that ¢(vy) = 0if ¢ € G\ {e}. Recall that since ¢ is a conditional expectation,
Ig(A) belongs to the multiplicative domain of ¢. Now, for x € Ig(A) g1 We obtain

P(vg)x = P(vgx) = ‘P(Vngg—lvg) = (I (a)g(x)vg) = Ig(ag(x))P(vg)

using the fact that v,1vg is the unit of Ig(A),1. Since ¢ is a G-morphism, $(vg) €
Ig(A)g. Since I (), is properly outer, by Proposition 4.1.15 it is freely acting. It follows
that ¢(v,) = 0. Thus, ¢ is the canonical equivariant pseudo-expectation. O

Remark 5.1.7. Note that we have seen in Proposition 4.1.26 that proper outerness is
equivalent to having a unique pseudo-expectation. However, this is not true in the
equivariant setting, not even for C*-dynamical systems, as [KKS25, Example 10.1]
shows.

Since the canonical equivariant pseudo-expectation is in particular faithful, Theo-
rem 5.1.5 together with Proposition 5.1.6 give the first sufficient condition for the ideal
intersection property in relation to proper outerness. Similar results for other non-
triviality conditions on the morphisms can be found for example in [ELO02; Leb05;
GS14; KM18].

Corollary 5.1.8. Let ({Ag}eec, {ag}gec) be a unital partial C*-dynamical system such that

({Ic(A)g}gec, {Ic(a)gtgec) is properly outer. Then, ({Ag}gec, {ag}tsec) has the ideal in-
tersection property.

Lastly, we will use equivariant pseudo-expectations to establish an equivalent char-
acterization of the ideal intersection property known in the global setting [Bry22, Theo-
rem 3.2].

Theorem 5.1.9. Let ({Ag}oec, {0} ge) be a unital partial C*-dynamical system and suppose
({Bg}gec/ {Bg}gec) is another unital partial C*-dynamical system with A C B C Ig(A).
Then, ({Ag}eec, {ag}tgec) has the ideal intersection property if and only if ({Bg}ecc, {Bg
}eec) does.

Proof. First, observe that since A C B C I5(A), Ig(A) = Ig(B) and thus, equivari-
ant pseudo-expectations for ({ Ag }¢eG, {#4 }4ec) are in one-to-one correspondence with
equivariant pseudo-expectations on ({Bg}ecc, {Bg }gec) by Proposition 5.1.3. Further-
more, by Proposition 3.4.4, A ;G C Bx; G C I(A %;G). Inparticular, A X, G C Bx,G
has the ideal intersection property.
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Now, suppose ({Bg}¢ecc,{Bg}gec) does not have the ideal intersection property.
Then, by Theorem 5.1.5, there exists a non-faithful equivariant pseudo-expectation
¢: Bx: G — Ig(A). Let ] = ker ¢ and observe that ¢| 4, is an equivariant pseudo-
expectation for ({Ag}ecc, {ag}occ). But ker¢|an,c = ker¢p N A x, G # {0} as
A X G C B 4, G has the ideal intersection property, which shows the desired.

Conversely, suppose ({Ag}¢cc, {#g}¢ec) does not have the ideal intersection prop-
erty and let ¢: A X, G — I5(A) be a non-faithful equivariant pseudo-expectation. Us-
ing injectivity and the fact that A C B C I5(A) we can extend it to an equivariant
pseudo-expectation ¢: B X: G — I(B). In particular, ker ¢ C ker ¢, and ({By }gec, { B¢
}¢eG) does not have the ideal intersection property. O

5.2 The Non-unital Setting

Observe that by Proposition 2.2.2 if ({ Ag}¢e, {#g}¢ec) is a not necessarily unital par-
tial C*-dynamical system, the corresponding partial action on I(A) will always be uni-
tal. Thus, one can think of the canonical partial action ({I(A),}sec, {I(#)}gec) as an
injective unitization of ({Ag}ecc, {#g}¢ec). With this viewpoint, we can define the no-
tion of G-injective envelope for non-unital partial C*-dynamical systems utilizing the
fact that Ig(I(A)) = Ig(A) in the unital setting as shown at the end of Section 3.3. This
is similar to the definition of injective envelopes for non-unital C*-algebras as given in
[Ham82b, Section 6].

Definition 5.2.1. Let ({Ag}qocc, {#g}gec) be a not necessarily unital partial C*-
dynamical system and let ({I(A) g} gec 11(a) g} ¢ec) denote the associated unital partial

C*-dynamical system on the injective envelope of A. We define the G-injective envelope
of ({Ag}gec, {agtgec) as the G-injective envelope of ({I(A),}gec, {I(a),}gec) in the
category of generalized unital partial C*-dynamical systems, i.e., Ig(A) := Ig(I(A)).

Remark 5.2.2. In a similar spirit to the previous definition, for a not necessarily unital
partial C*-dynamical system ({Ag }¢eG, {&¢ } seG), We can define an equivariant pseudo-
expectation as a G-morphism ¢: I(A) Xy G — Ig(A) such that ¢[;4) = idj(4). Using
the one-to-one correspondence in the unital setting, this definition is justified.

A key observation in studying the ideal intersection property for global C*-dynami-
cal systems using injective envelope techniques is that A C A x; G having the ideal
intersection property is characterized by the ideal intersection property for I(A) C
I(A) xr G as demonstrated by [GU23; KS19; Kaw17]. We have already observed this for
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unital partial C*-dynamical systems in Theorem 5.1.9. In the remainder of this section
we argue that this philosophy in fact also allows us to consider the non-unital setting
to begin with; culminating in an analogous result for not necessarily unital partial C*-
dynamical systems. While the unital setting allowed us to leverage known techniques
from global C*-dynamical systems such as equivariant pseudo-expectations leading to
a concise proof, the non-unital analogue offers a new challenge as many of the previous
techniques do not apply. We will overcome this using a series of lemmas and proposi-
tions of varying technical difficulty. First, we will show that for a not necessarily unital
partial C*-dynamical system the ideal intersection property for A C A x; G implies the
ideal intersection property for its injective unitization.

Proposition 5.2.3. Let ({ Ag}¢cG, {®g }geG) bea partial C*-dynamical system. If A C A x4, G
has the ideal intersection property, so does I(A) C I(A) % G.

Proof. Suppose A C A %, G has the ideal intersection property and take | < I(A) x; G
with JNI(A) = {0}. Then, JN A = {0} and thus by the ideal intersection property for
A C A x; G, weobtain JN A x; G = {0}. We claim this implies ] = {0}. To see this,
note that since ] N A x, G = {0}, there exists an embedding ¢: A X, G — I[(A) X G/].
Furthermore, consider the conditional expectation E: A X, G — A. Viewing A C I(A)
and using the fact that ¢ is an embedding, we can extend the conditional expectation to
E: I(A)%:G/] — I(A),such that Eo ¢ = E. Now since JNI(A) = {0}, E|;4) = id;(a).-
In particular, I(A) belongs to the multiplicative domain of E and thus E(Ag) = pgE(Ag)
for all ¢ € G, where p, denotes the unit of I(A),. Then, if (u,), is an approximate
identity for Ay, sup, uy = pg and we obtain
E(Ag)*E(Ag) = E(Ag)*(sip uy)E(Ag) = Slylp E(Ag)*uyE(Ag) = Sl}/llp E(Ag)*E(uuAg).

As E(uy)y) is 0 if ¢ # e, this shows E(Ag) = 0 for all ¢ # e. Thus, E is the conditional
expectation from I(A) %, Gto I(A) and | = {0}. O

Remark 5.2.4. In the proof of the previous proposition we observe that we are actually
showing that A x; G C I(A) X G has the ideal intersection property.

For the other implication, instead of looking at the injective unitization, we will fo-
cus on a potentially smaller unital partial C*-dynamical system that is closely related to

({Ag}gec, {agtgec) and ({1(A),}gec, {I(#) g} gec). In particular, we say that for an in-

clusion of partial C*-dynamical systems ({A¢}ecc, {#g}gec) € ({Bg}eec, {Bg}gec) the
C*-algebra B is generated by the orbits of A, if ({Ag}gec, {#g}¢cc) arises as the restriction
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of ({Bg}gec, {Bgtgec) and B = C*({Bg(Ap,1) | g € G}), where p, denotes the unit of
B,. We first observe the following.

Lemma 5.2.5. Let ({Ag}ecc, {05 }gec) € ({Bg}teec, {Bs}gec) bean inclusion of partial C*-
dynamical systems, where ({Bg}¢ec,{Bg}ecc) is a unital partial C*-dynamical system with
By = Bpyg for projections py € Z(B) such that B is generated by the orbits of A. Furthermore,
consider a *-homomorphism 7w: A Xy G — B(H) with a u.c.p. extension I1: (B x, G)** —
B(H) and suppose that C*({qqve|g € G}) is in the multiplicative domain of T1, where qq
denotes the unit of Ag* and vg denote the partial isometries corresponding to the left-regular

covariant pair for B X, G. If T1(pg) = I1(qg) for all g € G, then I1 is multiplicative on B x, G.

Proof. To see that ITis multiplicative on B X G, it suffices to show it is multiplicative on
B and v, as they generate the covariance algebra, which is dense in the reduced partial
crossed product. Note that by assumption IT is multiplicative on C*({q4v¢|g € G}).
Now, observe that qove(geve)* = qepe = g4 as Ag C Bg by assumption and thus g, < pg
and g, € Domyy. AsI1(p,) = I1(g¢) by assumption, this shows p, € Domyy. To see that
Vg is also in the multiplicative domain, first observe that as IT extends 7, in particular
A C Domyy. Now, since B is generated by orbits of A, this gives that B C Domyy. Thus,
we obtain

(vg) = I(pgvg) = (pg)I1(vg) = I1(qg)I1(vg) = I1(qqvg),
which finishes the proof. O

Using the results given above together with the result for G-essential extensions in
the unital setting (see Theorem 5.1.9), we obtain the following non-unital analogue.

Theorem 5.2.6. Let ({Ag}eec, 1&g} gec) be a partial C*-dynamical system. The following are
equivalent:

(i) ({Ag}gec, {&g}gec) has the ideal intersection property;

(ii) For all unital partial C*-dynamical systems ({Bg}¢ec, {Bg}eec) with A C B C I(A),
({Bg}gec, {Bg}gec) has the ideal intersection property;

(iti) The injective unitization ({I(A)y}gec, {I(a)s}gec) has the ideal intersection property.
Proof. We will show (i) = (iii) == (ii) == (i). The first implication is exactly
Proposition 5.2.3. To see that (iii) implies (ii), observe that if ({Bg}sec, {Bg}eecc) is a
partial C*-dynamical system with A C B C I(A), I(B) = I(A). Hence, if ({I(A),};ec,
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{I(),}sec) has the ideal intersection property, ({Bg}gec, {Bg}gec) does so as well by
Theorem 5.1.9. It remains to show the last implication.

Lastly, to see that (ii) implies (i), we will show the contrapositive. Suppose ({ Ag }¢ec,
{ag}ecc) does not have the ideal intersection property and let {0} # ] I A x; G be an
ideal with JN A = {0}. We will construct a unital partial C*-dynamical system ({B,
}eeG {Bg}gec) with A C B C I(A) that also fails the ideal intersection property. To do
so, let p, again denote the units of the injective unitization ({I(A) g}geg, {I(w) g}gec)
and consider the C*-algebra B = C*({I(a)g(Ap,-1)|8§ € G)}) generated by A, the
family of units {p}.cc and the corresponding orbits. We can now define a partial C*-
dynamical system ({Bg}¢cc, {Bg}gec) as the restriction of ({I(A),}gec, {I(a)}gec) to
B (see [Exel7, p. 13]).

We claim By = Bpy. To see this first observe By = I(A)g N BN I(a)g(I(A)g1 N B) =
Bpg N I(oc)g(Bpg_1). Next note thatfor g, i € G, I(a)g(apg1)pn = I(a)g(apg-1pg-1,) € B
for all a € A. This immediately gives

I(a)g(I(a)n(apy1)pg-1) = I(a)g(I(a)n(apy-1) pupg—1)Pg
(a)g(I(a)n(apy1)L(a)n(pr1Pr14-1))Pg
(a) gn(apy-1P(gn)-1)Pg € Bpyg

I
I
forall g,h € G,a € A. As B is generated by linear combinations of products of this
form, we see I(a)g(Bp,1) C Bpg. Applying the same reasoning and I(a),-1 shows
Bpgq C I([X)gq(Bpg) C Bpgfl, giving B, = Bp, as desired.

We will now construct an ideal | < B x; G such that JN B = {0} and ] C | # {0},
i.e., J fails the ideal intersection property. To do so, we construct an appropriate *-
homomorphism ¥ from B X G to another C*-algebra. First consider the quotient map
m: AXy G — Ax:G/]. AsJN A = {0}, this is faithful on A. Representing A x, G/]
as bounded operators on a Hilbert space, A x: G/] C B(#H),let #t: Bx; G — B(H)bea
c.p. extension of 7. Since A C B C I(A), A C Bis essential, and thus 7|5 is completely
isometric. Next, consider IT := 7A** the unique normal extension IT: (B x; G)** —
B(H). We note that IT 4, )+ = 7** and thus (A x; G)** C Domyj. As in Lemma 5.2.5,
let v, denote the partial isometries coming from the left-regular covariant pair for B x; G
and let g; € Ay* C (B %y G)™ denote the unit of A" for ¢ € G. Then, we claim
dgVg € (A x; G)**. To see this, let (u,), be an approximate identity for Ay. By [Exel7,
Proposition 21.3 and 21.9], uyvg € A X G. Since dgVg i8 the weak*-limit of Uyvg, We see
dgVg € (A % G)*™* and in particular gov, € Domyy. Furthermore, q,v, implements the
partial action on A, as qgvga(qgvg)” = veavy = ag(a) fora € Ao
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Fixing a copy of I(A) in B(H ) there exists a u.c.p. map p: B(H) — I(A) such thatpo
7t = idg. Now, consider the C*-algebra C := C* ({7 (B x; G) U span{I1(B,)I1(q4v¢)|g €
G}}) € II((B % G)**), where B, := C*({gsvta(qiv¢)* |a € A,t € G}), and define the
ideal

[:={d e C|p(c*d*dc) =0forallc € C}.

Let¢: C — C/I denote the quotient map. It suffices to show that ¥ := ¢po7t: Bx, G —
C/I is multiplicative, since then | := ker(¥) is an ideal in B x; G with N B = {0}. The
latter follows from the fact p o m = id4 and thus if p(c*d*dc) = 0 for all ¢ € C for
somed € w(A),d = 0,ie, INm(A) = {0}. In particular, ¥ is faithful on A, and
by essentiality of the inclusion it is faithful on B. Furthermore, as 7t extends 7, we
also have ] C ker¥ and in particular ker¥ # {0}. By Lemma 5.2.5 to show that ¥
is multiplicative, it is enough to show @ o I1(pg) = P o II(ge) for all g € G. We will
show rg := I1(pg) —I1(gq) € I via induction. To do so, we need the following technical
results.

Claim 1: For a € A, p(**(vgqga(qgvg)*)) = I(a)g(apg) for g € G. In particular,
7T (viqpbqyvy) is in the multiplicative domain of p for b € By and p(1**(qq)) = py for all
g€G.

To see the first assertion assume a = c*c for some ¢ € A and let (u,), C Ag-1 be an
increasing approximate identity for A,-1. We see

ft(I(a)g(c*cpg)) = A(L(a)g(c*pg-10)) = AA(I(a)g(c uyc))
= m(ag(c*uyc)) = ™ (qgvec uyuc(qqeve)™)

for all i as g4vy implements the action on A,-1. In particular, as 77** is normal, p o 71 =
idp and 41 is central in A™, we obtain

I(a)g(c*cpg1) = p(sup " (qgvgc uuc(qgrg)”)) = p(71 (qgugctc(qgve)™))-
M
But, then

I(“)g(C*CPg—l) > P(”**(QngC*C(Qng)*)) > P(”("‘g(C*”yc))) = "‘g(C*”yc)-

Using similar reasoning as before, this gives

[(a)g(c*epg-1) = p(m™ (qgvgere(qgrg)™)) = sup [(@)g(c*upc) = I(a)g(ccpg-1),
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and since A is spanned by its positive elements, this shows the desired.

Regarding the multiplicative domain, first observe that as B, is generated by ele-
ments of the form v;q,aq,v;, and since 77** is multiplicative, it suffices to check that
y = " (vjqnaqyvy) is in the multiplicative domain of p. However, this can be seen
quickly since p(yy*) = p(7** (viquaa™quvy)) = I(&),-1(aa”py) = p(y)o(y)* and simi-
larly p(y*y) = p(y)*p(y)-

Lastly, to see that p(7**(q5)) = pg for all ¢ € G, if A is unital this follows im-
mediately from the first part of the claim as p(7**(q¢)) = p(T** (veqe(gevs)*)) =
I(a)g(pg-1) = pg. Otherwise consider an increasing approximate identity (i), for
A. Using the same reasoning as above we observe

p((qg)) = (77 (v (45ve)™)) = P(Sl;lp 7T (vt (qgvg)”))
> Sipl(“)g(”ypgfl) = I(“)g(ngl) = Ps-

However, as g, < pg we have I(q,) < I(pg) giving o(71**(q¢)) < pe- o

Claim2: Let b = I(a)y(a1p,1)---1(a)i,(anp,-1) € B and consider b; =
1 n
quvna1(quve)" - - qe,Ve,an(qe,vt,)" € B foray,...,ay € Aand ty,...,t, € G. Foralld €
Cand g € G, p(7t(bvg)*d*d7t(bvg)) = 0 if and only if p(70**((bgqqve)*d*dm** (beqqeve)) =
0.
To see this let x¢ := TI(bvg) — I1(bgqevy) = 7 (bvg) — T (byqeve). We will first show
that p(x3xg) = 0. We have

p(xgxg) = p(7(bvg) 7t(bvg)) — p(7(bvg)" T (bgqgvg))
— (7T (bgqgvg) * 7t (bvg)) + p (70" ((bgqgvg) “badgvs))
< p(7((brg) brg)) — p(7((brg)*byqgvy))
— p(7t((bgqgvg) brg)) + p (" (V 1‘1gb baqsvs))
:21(“)g—1(b*bpg) p(7((bug) beqgvg)) — p(7((bgqgve) brg)),

where the first inequality follows from the Cauchy-Schwarz inequality and the fact that
bsqqeve € Domyy. The second equality follows since vy, implements the action on B and
p o 7ft|p = idp, thus p(7((bvg)*bvg)) = p(A(I(a)y-1(b"bpg))) = I(a)g-1(b*bpg). Lastly,
by applying Claim 1 to products, we see p(7** (v,-14gbybgqgvg)) = I(a) o1 (b*bpg). Fur-
thermore, recall that vgvy; = pg forall ¢ € G. Combining this with the fact that q; < pg
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and thus q¢ps = g, we obtain

p(7t((bvg) beqqevg)) = p(7t((bvg) peqgbeqsvs)) = p(7 (;b V;‘?gqung))
p(7t(v *b*‘/g) (v g’/Igbqngg)) I(a ) - (b*Pg)P(”**(ngngng))
I(a) g1 (b"pg) (&) g1 (bpg) = I(a)g-1(b"bpyg),

where in the fourth equality we used that 7t(B) is in the multiplicative domain of p. This
is true since p o 7t|p = idp and thus for b € B

bb = p(7(5)) p(7 (b)) < p(R () 2 (b)) < p(R(b*D)) = b,

using again Cauchy-Schwarz. By the same reasoning we see o(7((byqqve)*brg)) =
I(a)g-1(b"bpg). In sum,

0 < p(agxg) < 20(a)g-1(b"bpg) — p(7((brg) byqgvg)) — p(7((bgqgvg) brg)) =0,

showing the desired. This immediately shows p(x3d*dxg) = 0 as p(xzd*dxg) < |d|?
p(xzxg). Expanding gives

p(xgd dxg) = p(7(bvg)*d*dnt(byqgvg)) — p(7(bvg) d*drm™ (bgqeve))
— p(07 (bgqgve)*d*dn (bvg)) + p(7*" (bgqgvg) "d" drr™ (byqgve)) = (25 2
Now, if p(7t(bvg)*d*d7t(bsqevs)) = O, then since ||o(a*b)|| < [lo(a*a)||[|o(b*D)||, we
obtain p(7 (bvg)*d*dn**(bqqgvg)) = 0 = p(rr**(byqqve)*d*d7t(bvg)) by setting a* =
7t (bvg)*d*, b = dm**(byqqvy). By (5.2) we must have p(7r*(byqqvg)*d*drr** (byqqvg)) =
0. The other direction follows using the exact same reasoning, finishing the proof of
Claim 2. o

With this, we can now proceed to show 7, = I1(py — q¢) = 7t(pg) — T (q¢) € I, by
induction. To do so, recall that by definition of I, rg € I if and only if p(c*rgrec) = 0
for all c € C, where C = C*(#(B x; G) Uspan{II(Byq.v¢)|g € G}). In particular, it
suffices to show p(C*r*rgCn) = 0 for all C,,, where C,, acts as a placeholder for possible
products of length n € ]N ie.,

n
C, = ka for x;, = ﬁ.’(bkl/hk) or Xy = ﬂ**(bk,qqhkvhk),where b, € B, bk,q € Bq. (5.3)

Here, by, is of the same form as in the statement of Claim 2. Note that since (A x; G)** C
Domyj, we can assume that the factors either alternate or x;x; 1 are both of the form
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7t (bxvn, ), 7 (b y1Vn,,, ) for some by, by € B, i.e., we assume the product is appropriately
simplified.

For the proof by induction, consider the base case C; = 7 (bvg) or C; = 71** (byqqvs)
forb € B, by € By and g € G. By Claim 2 we can restrict to the latter setting. Using
Cauchy-Schwarz, peg, = ¢, and the fact that byq,v, € Dompy we observe

*

P(Tf**(ngVg)*rg”gﬂ**(qung)) = p(I(pgbeqgve) “T1(pgbaqgvg))
— p(I(pgbyqsve) T(bgqgve))
— p(T1(bgqgvg) TL(pgbeqgvs))
+ (7 ((bgdgvg) " badgvg)) =0
giving the base case. Now, assume p(CyrgrCy) = 0 for all C, as in (5.3) for a fixed
n € N. We will show p(C;,73r¢Cpi1) = 0. Again by Claim 2, it suffices to look
at Cpy1 = Cum™ (but149n,,,Vh,.,)- Furthermore, appealing to the multiplicative do-

main, we can assume that x, = 7(b,vy,) for some b, € B. Now, again appealing to
7 (buy1,49n,,,h,.,) being in the multiplicative domain of 7, observe

Cis1 = Cp1xnXpyp1 = Cnln(bnvhnbn+l,q‘1h,,+1vh,,+1)
_ *
- Cn_ln(bnvhn Uhn-‘rlvthrl qhn+1 bn+1rqqhn+lvh71+l)
_ A ko *
—Cnfln(bnphnvhnhnﬂ)” (thHth+1b”+1/qqhn+1vhn+1)

- x% (%
= Cumt (th+1 Dy Ont1,990,0 Vi )

(5.4)

where in the second-last equality we used
thvhn+1 = I([X)hn (phgl phn+1 )thhn+1 = phn phnhn+1 thhn+l :

However, using that 7t** (v}q,bqjv;,) is in the multiplicative domain of p combined with
(5.4) immediately shows

p(C;+ld*an+1) - p(7-[**(V;;n-!—lqthrlbn+1/qqhn+1vhn+l)*C;T‘;

*k [ %
rgCnTt (thH Dy 11 b”+1f‘1qhn+1 Viy i )>

= 1(a)y 1 (byi1Pn,,)0(CargrgCu) 1(@) -1 (Butaph,,,) =0

-1 -1
hn+1 hn+l

by hypothesis. In sum, r, € I for all ¢ € G and by Lemma 5.2.5 this gives that | =
ker( o /) is an ideal in B X, G violating the ideal intersection property. O
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As I(A) is also characterized as the maximal essential extension of a (unital) C*-
algebra A, the unital partial C*-dynamical systems described in part (ii) in the theorem
above can be thought of as essential unitizations of ({Ag}ecc, {#g}¢ec). Using the pre-
vious characterization together with Theorem 5.1.9 we obtain an analogous result for
non-unital partial C*-dynamical systems, demonstrating the use of these essential uni-
tizations for partial C*-dynamical systems.

Corollary 5.2.7. Let ({Ag}ecc, {ag}eec) be a not necessarily unital partial C*-dynamical
system and suppose ({Bg}eec,{Bgtecc) is a (not necessarily unital) partial C*-dynamical
system with A C B C Ig(A). Then, ({Ag}ecc, {@g}gec) has the ideal intersection property

if and only if ({Bg}gec, {Bg}gec) does.

As mentioned at the beginning of this section and evident in the proof of The-
orem 5.2.6, the transition from ({Ag}sec, {#gtsec) to ({I(A)s}gec, {1(a)}sec) and
back can be challenging in the non-unital setting as it often requires new techniques.
For example, properties characterized by equivariant maps on the crossed product do
not have an immediate analogue meaning proofs such as the one of Theorem 5.1.9 do
not immediately apply. However, we have seen in Section 4.1.3 that characterizations
using non-equivariant maps can translate quite readily to the partial setting as we can
exploit unitality of the injective unitization without worrying too much about pulling
the result back to ({ A¢}ecc, {&g }occ). This method also works for showing the follow-
ing stronger result than the ideal intersection property. The next definition is due to
[PZ15] for more general C*-inclusions.

Definition 5.2.8. Let ({A¢}occ, {ag}ecc) be a partial C*-dynamical system. We say
that ({Ag }eec, 1&g }gec) is hereditarily essential, if forall A C B C A x; G, A C Bhasthe
ideal intersection property.

Using the machinery of pseudo-expectations, we can fairly quickly show that ({Ag
}sec, {agtgec) is hereditarily essential if and only if its injective unitization ({I(A),
beec {1(a) g}gec) is. To do so, we will show that proper outerness of the partial
C*-dynamical system is in fact equivalent to the partial C*-dynamical system being
hereditarily essential. In [PPZ15, Theorem 3.5] the authors show that for more gen-
eral C*-dynamical inclusions being hereditarily essential is equivalent to each pseudo-
expectation being faithful. In [Zar25] it was shown that this is not generally equiva-
lent to uniqueness of pseudo-expectation, however, for twisted global C*-dynamical
systems uniqueness of pseudo-expectation is equivalent to faithfulness of pseudo-
expectations. Zarikian’s proof generalizes to the (non-twisted) partial C*-dynamical
systems setting, which we include below.
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Proposition 5.2.9. Let ({Ag}ecc, {&g}gec) be a partial C*-dynamical system. The system
admits a unique pseudo-expectation if and only if each pseudo-expectation is faithful.

Proof. As ({Ag}eec, {ag}gec) always admits the pseudo-expectation stemming from
the canonical conditional expectation, which is in particular faithful, one direction of
this result is clear. For the converse, suppose that every pseudo-expectation for ({A,
}eec, {ag}gec) is faithful, but that there exists more than one. In particular, by Propo-
sition 5.1.6 the partial C*-dynamical system is not properly outer. Thus, there exists
g # e and an I(a)g-invariant non-zero projection g € Z(I(A)) such that I(a)g[;(4), acts
inner. Furthermore, by Corollary 4.1.4, I(a)¢|;(a), is in fact a *-automorphism. In par-
ticular, defining H = (g) we see that I(«); is defined on I(A)g for all h € H. Now,
as I(A)q is injective, by [Zar25, Lemma 2.1.1], there exists a unitary representation
u: H — I(A)q such that I(a)y|14); = Ad(uy). Then, consider the compression map
mt: I(A) — I(A)g and notice that (71, u) is a covariant pair for the partial C*-dynamical
system ({I(A)n}nen, {I(«)p}tnen). As H is amenable, let p: I(A) x H — I(A)q de-
note the corresponding *-homomorphism such that p(av,) = nt(a)u, = aqu, = auy
foralla € I(A), and h € H. Next, consider the canonical conditional expectation
E: I(A) xy H— I(A) and define ¢: I(A) x, H — I(A) via ¢(x) = p(x) + E(x)(1 —q)
for x € I(A) x; H. By definition, we have ¢(a) = idj(4) fora € I(A). As I(A) x; H C
I(A) %y G and using the injectivity of I(A), we can extend ¢ to ¢: I(A) x; G — I(A).
In particular, ¢| 1(a) = idj(a) and thus the restriction ¢l ax,G is a pseudo-expectation.
Hence, by assumption ¢| Ax,G 1is faithful and subsequently ¢| 4, g is faithful. Note also
that as by Remark 5.2.4 this implies that ¢ and thus ¢ are faithful.

We will now conclude the proof in showing that I(A)g = {0} which is a contra-
diction to I(«)¢ being not properly outer. Observe that I(A)g by construction is invari-
ant under I(«), for h € H and thus, we obtain the following inclusion I(A)g %, H C
I(A) %y H. Furthermore, by construction ¢(x) = p(x) + E(x)(1 —gq) = p(x) for
x € I(A)g Xy H and thus p is faithful on I(A)g %, H. In particular, the restriction
p: I(A)g xy H — I(A)q is faithful and thus using injectivity of I(A)g, we can extend
the conditional expectation ®: I(A)g X H — I(A)gtoau.c.p. map ¢: [(A)g — I(A)g
such that ¢y o p = ®. Hence, we see for a € I(A)g, Y(a) = P(aq) = ¢(rt(a)) = P(a)
and thus ¢ = ®. But then for h € H\ {e}, qu;, = n(v,) = ®(v;;) = 0, which shows
that ¢ = 0 — a contradiction. This shows that ({ Ag }ecc, {#¢}¢ec) is properly outer and
thus, there exists a unique pseudo-expectation, which shows the desired. O

We end this subsection with a corollary of Proposition 5.2.9 giving the desired char-
acterization of when a partial C*-dynamical system is hereditarily essential.
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Corollary 5.2.10. Let ({Ag}occ, {@g}gec) be a partial C*-dynamical system. The following
are equivalent:

(i) ({Ag}gec {ag}gec) is hereditarily essential;
(it) ({1(A)g}tsec, {1(a)g}gec) is hereditarily essential;

(iii) ({Ag}gec, {0g}gec) is properly outer.

Proof. By [PZ15, Theorem 3.5], ({Ag}qcc, {#g}4ec) is hereditarily essential if and only
if each pseudo-expectation is faithful. Combining Proposition 4.1.26 and Proposi-
tion 5.2.9, we see that this occurs if and only if the partial C*-dynamical system is
properly outer. As this is equivalent to the proper outerness of the injective unitiza-
tion ({I(A),}gec, {I(a)}gec), this concludes the proof. O

5.3 Characterizations of the Ideal Intersection Property

5.3.1 Cohomological Obstruction

As observed in [KS19, Example 5.6] even in the case of global C*-dynamical systems,
proper outerness is not equivalent to the ideal intersection property, which is in line with
Corollary 5.2.10 as there we show that proper outerness is equivalent to the stronger
condition of the partial C*-dynamical system being hereditarily essential. However,
Kennedy and Schafhauser identify a cohomological obstruction, the vanishing of which
allows for a full characterization of when proper outerness on the G-injective envelope
is in fact equivalent to the ideal intersection property. In the case of partial C*-dynamical
systems we observe a similar obstruction.

While global C*-dynamical systems are in particular examples of partial C*-
dynamical systems, the finite-dimensional example given by Kennedy and Schafhauser
was very instructional and influential for overcoming this obstruction in follow-up
work [GU23; KKS25]. Thus, in the next example we give a truly partial analogue of
[K519, Example 5.6] showcasing the cohomological obstruction in a very elementary
setting.

Example 5.3.1. Consider G = Z3 x Ky, where Ky = {e,u,v,uv} denotes the Klein four-
group, and A = My @ Mj. Let A; := My © 0 and A, := 0 & M, denote the non-trivial
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ideals in A. Furthermore, define the flipc: Ay - A1: 0@ a— a®0and

1 O 01 0 1
Wu: |:O _11/ Wv: |:1 0}; Wuv:Wqu: |:_1 0}'

Note that since W, W, = —W,W,, we have Ad(W,,) o Ad(W,) = Ad(W,) o Ad(W,,) =
Ad(W,y). Hence, we define the following partial action of G on A via
X0e) = idy, Xou) = Ad(W, @ W,),
X)) = Ad(Wo & Wo), X(0,uv) = Ad(Wuv D Wio),

and

aepy: Az = Ar: 0@ a— (Ad(Wy) o0) (0@ a), forallh € Ky,
aopy: Al — Az a®0— (Ad(W) o c ) (a®0), forallh € Ky,

where W, denotes the identity matrix. Since (g ,,), (0,0), ®(0,u0) are inner, this partial C*-
dynamical system is not properly outer. However, it has the ideal intersection property,
since A X, G is simple.

Proof of Simplicity: By definition of the covariance algebra, we see that A x, G is 64-
dimensional. We will show that A x; G >~ Mg by showing that the centre of the crossed
product is trivial. Suppose x = Y,ccagAg € Z(A X G), then for all b € A we must
have

bx =) baghg = ) ag(ae-1(ag)b)Ag = xb.
geG geG

Thus, bag = ag(a,1(ag)b) forallg € Gand b € A. If g = (0,h) for h € Ky, this gives
bag(W, @ Wy,) = ag(W, ® Wy)bforallb € A, so ag(W, ® W) € C®C. For g = (1,h)
with h € Ky, ag € A1 and we obtain

bag = biag = Ad(W,,) ((Ad(Wy) o 0 1) (ag)ba) = agWy,boa Wy,

where b = by @ by. Since this holds in particular for all b € A, setting by = by shows
that a, W), € C. However, setting by = —b, gives that a; = 0. Similarly, one can see that
ag = 0 for g = (2,h) with h € K4. Secondly, for all t € G, we must have

Mx =) a(pragg)Mog) = ) %09 (®0g) (3(0,)P) k0,g)
g€Ky g€Ky
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where p; denotes as usual the unit of A;. Now if t = (0, %) for h € Ky, then this gives
(W, ® Wh)a(O,g) = a(0,9) (W, & Wy,). Hence, since W, W,,, W,, Wy, span My, this shows
that 4o ) € C @ C. Together with a(y ,\Wy, € C & C from above, this shows a(y ) = 0
for g # e. Lastly, it remains to show that 4(y ) € C. To see this consider t = (1,¢). Then
ar(praae) = (0@ app) = a0 ®0 = a,1 &0 = a,ps, showing 4,1 = 4,». In summary,
a, € C and Z(A x; G) ~ C, which shows A x, G ~ Msg. O

Recall that given a partial action ({Ag}¢cc, {#g}¢ec), we can look at its associ-
ated pointwise inner partial C*-dynamical system ({Bg}ccc, {Ad(wg)}ecc) (see Defi-
nition 4.1.19), where By = I(A)q, with g; € Z(I(A)) being the largest projection such
that I(a),-1 is inner on I(A)qg and wy € I(A)q,1 is a partial isometry implementing
the action. As mentioned, this definition does not depend on the choice of partial isom-
etry. In particular, since by Lemma 4.1.18 we have that I(a)g(qgpy-1) = qgp-1Pn, we
obtain by a similar calculation as in the proof of the lemma

(o) (I(a)y-1(bpn)gg-1)wg = I(a) g (I(a) =1 (bpn) (&) =1 (Grg-1-1Pn) g
= I(W)ghfl(b%gflhflph)wg
= wel(a),—1(bpy)
for b € I(A). Hence, applying I(a);, shows that I(a),(wep;,-1) is a partial isometry
implementing I(a);,q;-1 on I(A)qg,-1 N I(A),. However, it is not clear that the family of
partial isometries can be chosen such that I(a), (wgp),-1) = w1 pi- The next definition

highlights an obstruction in characterizing the ideal intersection property in terms of
proper outerness.

Definition 5.3.2. Let ({Ag}sec, {ag}gec) be a partial C*-dynamical system. If there
exists a partial *-representation u: G — I(A) such that the associated pointwise in-
ner partial C*-dynamical system for ({Ag}sec, {ag}gec) is given by ({I(A)ugug}eecc,
{Ad(ug) }gec) with I(a),(ugpy—1) = upg1pn for I(A), = I(A)py,h € G, we say that
({Ag}gec, {ag}eec) has vanishing obstruction.

Remark 5.3.3. The definition of vanishing obstruction precisely states that the associated
pointwise inner partial C*-dynamical system is in fact inner and I(«) acts on g by con-
jugation. By definition, if the associated pointwise inner partial C*-dynamical system
({I(A)ugugteec, {Ad(ug) }gec) to the unital partial C*-dynamical system ({Ag}eec,
{ag}eec) is given by a partial *-representation u: G — I(A), we have I(a),(ugq,-1) =
Q-1 Uplighty, = Upllgy1Uplly = UplyUpe1 = U1, However, this is not necessarily
equivalent to I(a)(ugpy-1) = Uyg,-1pn, since I(a), does not necessarily act inner on
Ah N Aq g1
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Example 5.3.4. Suppose ({Ag }¢ec, {@g}gec) is a partial C*-dynamical system on a com-
mutative C*-algebra A, then ({Ag}ecc, {&g}eec) has vanishing obstruction. To see
this note that since A is commutative (subsequently so is I(A)), the only inner auto-
morphism is the trivial automorphism. Hence, by Proposition 4.1.7, there exist max-
imal projections g,-1 € Z(I(A)) such that I(a)g is trivial on I(A)g,-1. In particular,
the associated pointwise inner partial C*-dynamical system is given by ({I(A)q¢}¢ca,
{Ad(qg) }¢ec), ie., the partial *-automorphisms act via compression by g,. Since
Ggqn < qgn for all g, h € G as seen in the proof of Proposition 4.2.3, the map q: G —
I(A): g = qq is a partial *-representation by [Exel7, Proposition 9.6]. Furthermore,
by Lemma 4.1.18 I(a)g(qnpg-1) = qene-1Pg and thus, ({Ag}sec, {ag}gec) has vanishing
obstruction.

Example 5.3.5. The partial C*-dynamical system in Example 5.3.1 does not have vanish-
ing obstruction. To see this first observe, since A; N Ay = {0}, aq ), & (o) are properly
outer for i € Ky. Also by definition a(gj), i € K4 are inner. So the corresponding
pointwise inner partial C*-dynamical system is given by K4 acting on A via unitary
adjugation using W,, W,, W,,. However, this system is not inner since W,, W, anticom-
mute.

In the remainder of this section, we show that this can be in fact thought of as a
cohomological obstruction that is the same as in the global setting. To do so we recall
the theory of cohomology for unital partial actions introduced in [DK15].

Definition 5.3.6. Suppose ({Ag}¢c, {&g}gecc) is a unital partial C*-dynamical system
with A, = Ap, for a projection p, € Z(A) and all g € G. A function f: G — A
is called a partial 1-cochain if f(t) is invertible in A; for all + € G. Similarly we call
f: Gx G — A apartial 2-cochain if f(s,t) is invertible in As N As;. We say that a partial
2-cochaino: G x G — A is a partial 2-cocycle if

ar(p,-10(s,t))o(r,st) = o(rs, t)o(r,s)

forallr,s,t € G. Lastly, o as above is called a partial 2-coboundary if there exists a partial
1-cochain f: G — A such that

o(s,t) = as(ps—1 f(£) f(s) 7' £ (5)
fors,t € G.

The partial isometries implementing the inner parts of the action give rise to a partial
2-cocycle as the next result shows.
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Proposition 5.3.7. Let ({Ag}ecc, {ag}gec) be a unital partial C*-dynamical system on an
injective C*-algebra A and let ({ Awgwy }oec, {Ad(wg) }gec) denote the corresponding point-
wise inner system. The map 0: G x G — A: (s, t) — wsww}, is a partial 2-cocycle. Further-
more, 0'(s,t) € Z(A). If the map {wg} can be chosen to be a partial *-representation, o (s, t) is
a partial 2-coboundary.

Proof. Consider the associated pointwise inner partial C*-dynamical system
({Awgwy }gec, {Ad(wg) tgec) and let q; = wewy. By Corollary 4.1.4, we have
g = fqg1. First, observe for s,t € G, o(s,t) € Ags N Agst. To see that it is invertible
note that a, 1 (0 (s, t)) = wio(s, t)ws = gswywiws. This is invertible in Ags N Ag;, since
gswiwws (wiwl,ws)* = gigs, which shows the desired. Second, note that fora € A,
since o (s, t)a € Ags N Agr N Agst, we have

o(s,t)a = o(s,t)agsqigst = Wswiwiawsw; wio(s,t)
= as(ar (g (aqsqeqst)))o (s, t) = ao (s, t).

Hence, 0 is a Z(A)-valued partial 2-cochain.
To see that ¢ is in fact a Z(A)-valued partial 2-cocycle, take 7, s,t € G and notice

ar(g,-10(s,1))0 (1, 5t) = WrWsWrW 5 Wy WrWstWiey = JstWrWsWiWigy,
whereas
a(rs,t)o(r,s) = o(r,s)o(rs, t) = grsW,WsWwWiy,

using the fact that o(r,s) € Z(A). Now, recall as seen in the proof of Proposition 4.2.3
Ggqn < qgn for all g, h € G. In particular, goq, € Aqgy, and thus, a,(q,-10(s, t))o(r,st) =
o(rs, t)o(r,s).

Lastly, suppose that {wg } ¢ is in fact given by a partial *-representation and con-
sider the partial 1-cochain f: G — A: ¢ + g,. Then,

ws(qe1 (1) f(st) 71 f(5) = wsqsqrwiqsqs = qsqt,

for all s,t € G, where we again used qsq; € Ags;. Now since {w,} is a partial *-
representation, we have wqqiqs = wswyw;wiqs = wsw; for all s,t € G. But this im-
mediately gives

0(s,t) = wswiwyqgsqr = wswi(wswi)™ = qsqs,

showing that ¢ is a partial 2-coboundary. O
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5.3.2 Proper Outerness

In this section, we will show that under vanishing obstruction, Corollary 5.1.8 can actu-
ally be reversed. To do so, we will build a non-faithful equivariant pseudo-expectation
in case the partial C*-dynamical system is not properly outer but has vanishing obstruc-
tion. The next lemma gives the building block for this equivariant pseudo-expectation.
The proof is an adaption of [KS19, Lemma 9.1] to the partial setting.

Lemma 5.3.8. Let ({Ag}eec, {ag}gec) be a unital partial C*-dynamical system with vanish-
ing obstruction and let u: G — I(A) be a partial *-representation for the associated pointwise
inner partial C*-dynamical system as in Definition 5.3.2. Furthermore, let ro € Z(Ig(A))
denote the largest projection such that Ig(a)g is inner on Ig(A)rg for ¢ € G. There exists an
equivariant conditional expectation ¢: Ig(A) x: G — Ig(A) satisfying ¢(ady) = augrg for
g€G.

Proof. For g € Glet A; = Ap,, where p, € Z(A) is a projection. We will build ¢ using
Glimm ideals z € Glimm(Ig(A)). Asu: G — I(A) is a partial representation of I(A)
and not I5(A), define the compression map 7t: I(A) — Ig(A)**(1 — P;*), where P;*
denotes the open projection in I (A)** such that z** = Ig(A)**P;* and (Ig(A)/z)** =
Ig(A)**(1 — P*). Recall that for z € Glimm(Ig(A)) the quasistabilizer subgroup G, <
G is amenable by Theorem 4.2.6, thus we obtain a covariant pair for the partial C*-
dynamical system (I(A), Gz, {I(A) }gec., {I(a)s}sec.) given by (72, 7tz o u). Consider
the conditional expectation Eg_: I(A) x: G — I(A) % G; given by Eg_(aA;) = aA; for
t € G;and a € I(A); and Eg_ (aA¢) = 0 otherwise. Let p,: I(A) X G, — Ig(A)* (1 —
P}*) denote the partial *-representation corresponding to the covariant pair (71, 77; o u).
Then, recalling G, = {s € G|z € supp(rs)}, we see that p,(aA;) = au;(1 — P}*) and
subsequently

auy(1 — P** fort € G,
pZoEGZ(g/\t) — {0 t( z ) z

otherwise,

fora € I(A), t € G. Using the fact that the projections 1 — P}* are mutually orthogonal
for z € Glimm((Ig(A)) the u.c.p. map ®1 = @.cqlimm(ig(4)) Pz © Ec. is well-defined.
Furthermore, the intersection over all Glimm ideals z € Glimm(Ig(A)) is trivial, thus
we obtain an embedding Ig(A) = @.cqGlimm(ig(a)) Ic(A)(1 — PX*) and there exists a
u.c.p. map D1 D.cqlimm(ig(a)) Ic(A)(1 — P7*) — Ig(A) such that the composition
¢ :=Dro®q: I(A) x: G — Ig(A) satisfies ¢(aA;) = aury fora € I(A) and t € G.
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To see that this is a G-morphism first observe that it is G-unital by definition. Second,
note that it is enough to check equivariance on the covariance algebra and let aAs € By
for some g € G, then

(P(.Bg(a)\s)) = (P(I(D‘)g(a))\gsg—l) = I(‘x)g(a)ugsg_lrgsg—l = I(zx)g(apg_lusrs),

where in the last equality we used that ({Ag}ccc, {#g}¢cc) has vanishing obstruction.
U

Theorem 5.3.9. Let ({Ag}gec, {@g}gec) be a partial C*-dynamical system with vanishing
obstruction. Then ({Ag}ecc,{ag}geec) has the ideal intersection property if and only if the
partial C*-dynamical system ({Ig(A)q}gec, {1c(a)}gec) is properly outer.

Proof. Without loss of generality, assume ({Ag}qcc, {#g}¢ec) is unital, since otherwise
we can work with its injective unitization. Suppose ({Ag}¢cc, {#¢}¢cc) has vanishing
obstruction and let u: G — I(A) be a partial *-representation for the associated point-
wise inner partial C*-dynamical system. If ({IG(A)g}geG, {IG(oc)g}geG) is not prop-
o1 € Ig(A) such
that Ig(a)g is inner on Ig(A)ry1. By Lemma 5.3.8 there exists an equivariant pseudo-
expectation ¢: Ig(A) Xy G — Ig(A) such that ¢p(adg) = augry. Note that ug # 0 as
0#1r,<qq= uguj; by Theorem 4.1.20. But then considering x = rg(ug — /\g) we obtain

erly outer, then there exits ¢ € G and a non-zero central projection r

P(x"x) = re¢p(ugiiy — ughe — Aglig + AgAy)
= 2rg — 2u§ugrg =0,

where we used that I(A) is in the multiplicative domain of ¢. Hence, ¢ is not faithful
and by Theorem 5.1.5, ({ Ag } ¢, {&¢ } gcc) does not have the ideal intersection property.

Conversely, suppose that ({Ic(A).}gec, {Ic(#)stgec) is properly outer, then by
Proposition 5.1.6 the only equivariant pseudo-expectation is the canonical one. Since
it is in particular faithful, Theorem 5.1.5 shows the desired. O

Notice that it was necessary to work with I5(A) in Lemma 5.3.8 to obtain amenable
quasi-stabilizer subgroups. If in turn, G is amenable the stabilizer for any I &
Glimmy, (I(A)) will be amenable and thus, we can restrict our attention to I(A) instead.
We obtain the following result in this case.
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Corollary 5.3.10. Let ({Ag}ecg, 1&g }eec) be a partial C*-dynamical system with vanishing
obstruction and suppose that G is amenable. Then, ({ Ag} e, {&g }gcc) has the ideal intersec-
tion property if and only if the partial C*-dynamical system ({Ag}ecc, {ag}gec) is properly
outer.

Proof. By Corollary 5.1.8 together with Corollary 4.1.21 if ({Ag}eec, {&g }gec) is prop-
erly outer, then it has the ideal intersection property. Conversely, if ({ A¢}occ, {&¢}ecc)
has vanishing obstruction and is not properly outer, one can construct an equivariant
conditional expectation ¢: I(A) xy G — I(A) similar to the proof of Lemma 5.3.8 with
¢(alg) = augqe, where g, denotes the largest projection in I(A) such that I(«), acts
inner, by working with Glimm(I(A)) instead. A similar argument to the previous proof
then shows the desired. O

5.3.3 Non-commutative Uniformly Recurrent Partial Subsystems

We will now establish an intrinsic condition guaranteeing the ideal intersection prop-
erty for unital partial actions on C*-algebras by countable discrete groups generalizing
the notion of uniformly recurrent subgroups introduced in [GW15]. This characteriza-
tion is in line with similar results given in [Kaw17; KS19; Ken20]. First, we show that
given a unital partial C*-dynamical system ({Ag}ccc, {#g}¢ec), the compact space of
pseudo-Glimm ideals Glimmy, (A) can be equipped with an induced partial action.

Proposition 5.3.11. Let ({Ag}ecc, {@g}gec) be a unital partial C*-dynamical system with
Ag = Apyg for some central projection pe € Z(A). Defining X; = {I € Glimmy(A) |1 —
pg € 1} and

for g € G gives rise to a topological partial dynamical system ({Xq }eec, 104 }gec)-

Proof. First, we will show that the action is well-defined. To see this, observe that for
g € G, X, is in fact a clopen subset of X, since if (I), is a net with 1 — p, € I, for all
A and limy I = I for some I € Glimmy(A), then [|(1 — pg) + I,|| = 0 for all A. Thus
lim) ||(1 = pg)|| = [|(1 — pg) + I|| = 0 and subsequently 1 — p, € I, showing that X, is
closed. Similarly, suppose that 1 — p; ¢ I, then for all proper and primal ideals | € I(A)
with JNA = 1,1~ pe ¢ ]. Butsince | is proper and primal p, € | and subsequently
pg € I. A similar argument as before then shows that the complement is closed and
thus, X, is clopen.
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Next, to see that (1) for I € X 1 is well-defined, note that since I € Glimmp(A),
there exists a proper and primal ideal ] < I(A) with JN A = I. Note that I(a)g(Jpe-1) +
I(A)(1 — pg) is also proper and primal. The former follows from the fact that Jp -1 is
proper and to see the latter, consider Ky, ..., K, < I(A) with Ky --- K, = {0}. If K; C
I(A)(1 — pg) for some i, then K; C |, so without loss of generality suppose K;p, # {0}
foralli = 1,...,n. Then {0} = I(a),1(Kipg) -~ I(a)e1(Kypg) and since | is primal
and I(a),-1(Kipg) C I(A)pg- for all i, there exists an index i with I(a),-1(Kipg) C
Jpg1 or equivalently K; C I(a)g(Jp,-1), which shows that I(a)g(Jp,1) + I(A)(1 —
pg) is primal. Note also that [I(a)s(Jpe-1) + I(A)(1 = pg)] N A = I(a)g(Jpg1 NA) +
A(l —pg) and I(a)g(Jpg1) N A = I(a)g((JNA)pg1) = ag(Ipg1). Insum, 4(I) €
Glimmp (A).

Second, to see that the partial action axioms are satisfied, clearly X, = Glimmy(A)
and 0. = idx. Now, let g, € G and consider I € X1 N X),. As1—pj, € I, ag(pe1(1—

pn)) = pg(1— pgh) € 04(I). Additionally, (1 — pg)(1 — pgh) € A(1—pg) C 0(I) and
thus, 1 — pgp, € 0¢(I). Therefore, 85(I) € Xop, and the second axiom is satisfied. For the
third axiom, take I € X1 N X(gp,)-1 and consider

05 (61 (1)) = ag(an(Ipp-1)pg-1) + ag(A(l — py)pg1) + A(1 = pyg)
= agn(Ipy1P(gny1) + Apgn(l — pg) + A(1 = pen),
Ogn(I) = agn(Ip(gny1) + A(1 = pgn).

Note that clearly ag,(Ip,-1p(en-1) S agn(Ipgn1) and observe Apg,(1 — pg) C

ngh(A(l — phfl)p(gh)fl), since ‘Xgh(Athlp(gh)*l) = Ag N Agh- Thus, Qg(gh(l)) - Qgh(l).
For the other inclusion, notice that ag, (Ip o)1) (1 — pg) € Apen(1 — pg) and also

D‘gh(Ip(gh)*l)pg = Dégh(IP(gh)fl)Pngh = “gh(IP(gh)flphfl)/

where we again used ag(p,-1P(gn)-1) = PgPgn- In sum, 0g,(I) C 64(6,(I)), which
shows the third partial action axiom. O

Using this induced action we can now define a partial action on the space
Glimmy, (A) x Sub(G). Here, Sub(G) denotes the set of subgroups equipped with the
Chabauty topology, which can be identified as the relative topology coming from the
product topology viewing Sub(G) as a subset of {0,1}C. In particular, a net (H,), in
Sub(G) converges to H < G, if forallh € H, there exists y such thatforallA > u, h € H)
and for every subnet (Hy)y, ), H, € H. We then obtain a compact global dynamical
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system on Sub(G) via conjugation. Furthermore, the set of amenable subgroups of G,
Sub,(G) C Sub(G) is closed and invariant in Sub(G) and so we also obtain a compact
subsystem (Sub,(G), G) € (Sub(G), G). As Glimmy (A) is compact in the Fell topology,
Glimmp (A) x Sub(G) is compact when equipped with the product topology. Combin-
ing the induced action in Proposition 5.3.11 with the conjugation action leads to the
following action.

Definition 5.3.12. Let ({ Ag }¢cG, {#g }¢ec) be a unital partial C*-dynamical system with
Ay = Ap,g for some central projection p; € Z(A) and let Y = Glimmy(A) x Sub(G).
For g € G, define Y1 = {(I, Hy) |1 — pg1 € I}, and consider

Ug: Yo1 — Yy (I, Hy) — (ag(lpgfl) +A(1- pg),gHIg_l).

We call the resulting partial dynamical system ({Y;}eec, {Ug}eec) the partial subgroup
action induced by ({Ag}ecc, {&g}gec)-

Remark 5.3.13. If ({ Ag}geG, {#g }geG) isin fact a global C*-dynamical system, i.e., pg = 1
for all ¢ € G, then the action in Definition 5.3.12 coincides with the one defined in
[KS19].

We are now ready to introduce the notion of non-commutative uniformly recurrent
partial subsystem for a unital partial C*-dynamical system ({ Ag} ¢, {#g }gcc). We will
say that a family of ideals (I)), in A covers A, if N Iy = {0}.

Definition 5.3.14. Let ({Ag}¢cc, {#g}¢cc) be a unital partial C*-dynamical sys-
tem and consider the corresponding partial subgroup action ({Yg}ecc, {vg}eec) on
Glimmy, (A) x Sub(G) as given in Definition 5.3.12. We call an invariant closed sub-
set Z C Y a non-commutative uniformly recurrent partial subsystem (URpS) if the set of
ideals {I|(I,H;) € Z} covers A and H; < Gj for all (I, H) € Z. Furthermore, if
{H;|(I,Hj) € Z} C Sub,(G), we say the non-commutative URpS Z is amenable. Lastly,
Z is called trivial, if {H; | (I, Hy) € Z} = {{e}}.

Remark 5.3.15. The definition of non-commutative URpS is well-defined, since
gHig ' < Gy, (1) for I € Yo, if Hy < Gp, where ({Xg}gec, {6g}gec) denotes the par-
tial action on Glimmy(A) as in Proposition 5.3.11. To see this it suffices to show for
s € Gpgsg e Go,(1)- Suppose s € Gy, and let | J A be a proper and primal ideal
with JN A = 6,(I). By the same arguments as above I(a),-1(Jpg) + I(A)(1 — pg1) is
a proper and primal ideal with [I(a),-1(/pg) + I(A)(1 — po1)] N A = I. Since s € G,
1—gs € I(a)g1(Jpg) + I(A)(1 — pg1). In particular, by Lemma 4.1.18 I(a)g(pg1 —
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GsPg-1) = Pg — fgsg1Pg = (1= gse1)pg € Jpg. Since (1 —gge1)(1 —pg) € ] as
1 —pg € J, this shows 1 — g,.,-1 € ], which shows the desired. Applying the same

argument with 6,1 shows that g’ngg( n& € Grand we obtain Gy, (1) = ¢Grg L.

Remark 5.3.16. If Z C Y is a non-commutative URpS, by definition it is in particu-
lar invariant under the corresponding partial subgroup action ({Yg}ecc, {vg}4ec) on
Glimmp (A) x Sub(G). Hence, Z itself corresponds to a topological partial dynamical
system ({Zg}ecc, {Ug}gec) With Zg = Y, N Z forall g € G.

To see the connection between the ideal intersection property and amenable non-
commutative URpS, the next lemma gives a potential starting point to construct an
amenable non-commutative URpS for countable discrete groups. This is [KS19, Propo-
sition 4.9] for partial C*-dynamical systems. By Proposition 3.3.4 the inclusion 1: A —
Ig(A) is normal and thus the proof is similar and will be omitted. Observe that the
proof of Proposition 3.3.4 also works in the non-unital setting.

Lemma 5.3.17. Let G be a countable discrete group and suppose (A, G, {Ag}gec, {0g tgec) is
a partial C*-dynamical system with G-injective envelope ({I5(A) g} gec 11c(a) g} ¢eG)- There
exists a dense subset X C Glimm(Ig(A)) such that the stabilizer map sending x to its quasi-
stabilizer subgroup Gy in Ig(A) is continuous when restricted to X. Furthermore, X is a G4 set
and Gy < Gyna for all x € X. Lastly, there exists an x € X with Gx # {e}, if ({Ic(A) }sec,

{IG(oc)g}gGG) is not properly outer.

We can now prove that the lack of amenable non-commutative uniformly recurrent
partial subsystems that do not contain a trivial non-commutative URpS guarantees the
ideal intersection property.

Proposition 5.3.18. Let ({Ag}ecc, {&g}gec) be a unital partial C*-dynamical system of a
countable discrete group G. If every amenable non-commutative URpS contains a trivial non-
commutative URpS, the partial C*-dynamical system has the ideal intersection property.

Proof. We will prove the contrapositive. If ({Ag}eec, {@g}gec) does not have the
ideal intersection property, the partial action ({Ig(A),}gec, {I(#)4}gec) is not prop-
erly outer by Corollary 5.1.8. By Lemma 5.3.17 there exists a dense Gs-subset X C
Glimm(Ig(A)) such that the map x — Gy is continuous on X with {x € X |Gy, #
{e}} # @. We will construct a non-commutative URpS Z from a closed invariant subset
in Glimm(Ig(A)) X Sub(G).

First, observe that we can restrict the partial subgroup action induced by ({Ig(A),
teec {Ic(a) }gec) to Gimm(Ig(A)) X Sub(G). If 1 —p,1 € Ig(A)K for x €
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Glimm(Ig(A)), x € supp(p,-1). In particular, I6(A)(1 — py1) € Ig(A)Ky. Addition-
ally, observe

I (a)g(Ig(A)Kxpg-1) + I6(A)(1 = pg) = I(A)glo(a)g(Kepg-1) + Ic(A) (1 = pg)

= IG(A)gng(x) + Ig(A)(1 - pg),
- (5.5)
where Ig(a),(-) denotes the induced action on the spectrum of Z(Ig(A)). In
sum, Ig(a)g(Ic(A)Kypg-1) + Ig(A)(1 — pg) is again a Glimm ideal corresponding to

To(@), (x).

Now, as shown in Remark 5.3.15 for x € X, ngg’l = Ggg(x), where 0 is the partial
action defined in Proposition 5.3.11. Moreover, observe that if x € Glimm(I5(A)) is a
point of continuity for the stabilizer map and I (a)¢(x) is well-defined, then I (a)q(x)
is also a point of continuity. Similarly, if Gy < Gyn4 for x € X, Glo(w)g(x) < Glg(a)g(x)na-
Thus, if necessary we can replace X with the orbit of X and the set {(x, Gx) | x € X} is
invariant under the partial subgroup action induced by ({Ig(A).}sec, {Ic(a)s}gec)-
Let Z denote the closure of {(x,Gy)|x € X}, which is again invariant and clearly
Z C Glimm(Ig(A)) x Sub(G). By compactness of Glimm(Ig(A)) x Sub(G), Z is com-
pact and since X is dense, {z|(z,H) € Z} = Glimm(I5(A))). Recall that zN A €
Glimmy, (A) for z € Ig(A), thus we can consider

Z={(zNA,H)|(z,H) € Z} C Glimmy(A) x Sub(G).

This is invariant as Z is. Furthermore, since the intersection map is continuous in the
Fell topology [KS19, Lemma 3.5], Z is closed by compactness of Z.

To see that Z is an amenable non-commutative URpS, observe that for (z, H) € 7,
H < G;. To see this, let (z),G;,) be a net converging to (z, H). By definition of the
Chabauty topology, for i € H there exists u such that for A > u, h € G;,. By defi-
nition of quasistabilizer groups, this implies z, € supp(ry,), where r;, € Z(I5(A)) de-
notes the largest invariant projection such that I (), is inner. Since supp(r,) is clopen,
z € supp(ry,) and thus i € G,. Now, H < G; < G;n4 and since G, is amenable by Theo-
rem 4.2.6, so is H. Lastly, note that {ANz|(z,H) € Z} = {zN A |z € Glimm(I(A)))}.
AS NzeGlimm(I(A) 2 = {0}, this shows that Z is an amenable non-commutative URpS.

Now, suppose that Z does contain a trivial non-commutative URpS Z’, i.e.,
Z'={(znA,{e}), |z X'}
for some invariant closed subset X’ C Glimm(Ig(A)) with N,cxx N A = {0}. Since
J = Nyex X is a closed invariant ideal and by assumption JN A = {0}, ] = {0} as
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Ig(A) is G-essential. This implies X’ = Glimm(Ig(A)). In particular, {(z,{e}),z €
X} C Z. However, this leads to a contradiction. To see this, recall that X consists
of points of continuity for the stabilizer map z — G, and thus if (z), G;,) is a net in
{(x,Gy) | x € X} converging to (z, H) € Z, then H = G,. In other words, for all z € X,
{H|(z,H) € Z} = {G.}. Together with the above, this implies G, = {e} forall x € X,
which is a contradiction to the original choice of X. Hence, Z does not contain a trivial
non-commutative URpS. [

5.4 Applications

54.1 Commutative Partial C*-dynamical Systems

As seen in Example 5.3.4 for partial actions on commutative C*-algebras the obstruction
given in Definition 5.3.2 vanishes and we obtain a full characterization of when the re-
duced crossed product has the ideal intersection property. In this section, we will give
an equivalent characterization of proper outerness in terms of the underlying topologi-
cal partial dynamical system leading to a full characterization when the corresponding
reduced crossed product has the ideal intersection property. Similar to the case of global
C*-dynamical systems, proper outerness is a non-commutative generalization of topo-
logical freeness.

Definition 5.4.1. Let ({Xg}¢ec, {05 }¢ec) be a partial action on a compact Hausdorff
space X. For g € G, define the fixed point set of 6y as Fg = {x € X, 1]6(x) = x}. We
call the partial action free, if F; = @ for all ¢ € G\ {e}. Similarly, we say the partial
action is topologically free, if (Fy)° = @ forall g € G \ {e}.

Note that if ({X; }eec, {05} ec) is a topological partial dynamical system on a com-
pact Hausdorff space X, then the injective envelope I(C(X)) of the corresponding par-
tial C*-dynamical system on C(X) is again commutative, i.e., I(C(X)) = C(X). The
corresponding spectrum is projective in the category of compact Hausdorff spaces. By
Gleason’s Theorem X is extremally disconnected [Gle58, Theorem 2.5]. We will denote
the induced partial action of ({Xg}¢cc, {6 }gec) on the projective cover X by ({X,}¢ec,

{0g}gec).

The next lemma is well-known in the case of global group actions on compact Haus-
dorff spaces. It relies on Frolik’s Theorem [Fro71, Theorem 3.1] as stated and adapted in
[Pit17, Proposition 2.11].
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Lemma 5.4.2. Let ({Xq}oec, 105} gec) be a partial action on an extremally disconnected com-
pact Hausdorff space. Then, ({Xg}gec, 104 }gec) is topologically free if and only if it is free.

Proof. By [Pit17, Proposition 2.11] the set of fixed points Fy of 0, is clopen. Thus, F; =
(F¢)°, which shows the desired. O

The next proposition shows that proper outerness is a non-commutative analogue
of topological freeness.

Proposition 5.4.3. Let ({X¢}occ, {0g}gec) be a partial action on a compact Hausdorff space.
Then ({Xg}eec,10g}gec) is topologically free if and only if the corresponding partial C*-
dynamical system is properly outer.

Proof. If ({Xg}eec, 105 }4ec) is not topologically free, there exists ¢ € G and a non-
empty open set U C X such that 6,(x) = x for all x € U. In particular, for K =
{f € C(X)[f(x) =0forx € X\ U}, fob,1 = fforall f € K. In particular, we can
see the induced partial *-automorphism is quasi-inner by picking u, = g, for I(K) =
I(C(X))qg. In sum, the partial action on C(X) is not properly outer.

Conversely, assume the partial action ({Ag}ecc, {#g}gec) On a unital commutative
C*-algebra A is not properly outer, i.e., there exists p € I(A) such that as(f) = f for
all f € I(A)p. However, then C(U) ~ I(A)p N A corresponds to a non-empty open set
U so that the corresponding induced homeomorphism 6, on the spectrum does have
non-empty interior. [

There exist several other equivalent formulations of topological freeness for partial
dynamical systems similar to the case of global dynamical systems giving multiple can-
didates for non-commutative analogues. For a summary and a proof of these equiva-
lences we refer to [G514, Proposition A.7].

Combining Proposition 5.4.3 and Lemma 5.4.2 we obtain the partial analogue of a
known result for group actions, see for example [Pit17, Proposition 2.17].

Corollary 5.4.4. Let ({X¢}ocG, {0g}gec) be a partial action on a compact Hausdorff space and
consider its induced action on its projective cover ({Xg}gec, {04} gec). Then ({Xg}gec, {0g

}gec) is topologically free if and only if ({X¢}gec, {0g}gec) is free.

Instead of looking at I(C(X)), we can also look at I5(C(X)). By construction
B = {f € {®(G,A)|f(t) € A1} as in (3.1) is commutative if A is. Thus, as
B = {f € 1°(G,C(X))| f(t) € C(X),-1} is G-injective by Proposition 3.2.3, we obtain
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a u.c.p. idempotent map ¢: B — I5(C(X)). Equipping I5(C(X)) with the Choi-Effros
product, we see that I5(C(X)) is commutative by commutativity of B. In particular,
Ic(C(X)) =C (Xf;) and we obtain a corresponding topological partial dynamical sys-
tem ({Xg}geGr {ch}gec)'

Proposition 5.4.3 together with Theorem 5.3.9 immediately gives the next result. This
is a generalization of [ELO02, Theorem 2.6]. We recover the known result for amenable
groups, which can be obtained as a consequence of [AA17, Theorem 4.5].

Theorem 5.4.5. Let ({Xg}gecG,{0g}gec) be a partial action on a compact Hausdorff space.
Then C(X) C C(X) %y G has the ideal intersection property if and only if ({ch}gec, {9?
}geg) is topologically free. If additionally, G is amenable, C(X) C C(X) % G has the ideal
intersection property if and only if ({ Xg }¢ec, {0} geG) is topologically free.

Now, recall that given a discrete group G, the partial group C*-algebra C,(G) is
defined as the universal crossed product of the partial Bernoulli shift ({Qg}ecc, {6g
}eec) [Exe98; ELQO2]. More precisely, define O = {w € {0,1}¢ |w(e) = 1} C {0,1}°
equipped with the relative topology from {0,1}%. This is a compact Hausdorff space.
To define the partial action, consider (), 1 = {w € {0,1}¢ |w(e) = w(g~!) = 1} and
define 6y (w)(t) = w(gt) forw € X1 and t € G, ie., ({Qg}gec, {0s}gec) is the re-
striction of the Bernoulli shift on {0,1}% to Q. Then, C(Q) x G ~ C,(G). By [Exe9s,
Theorem 6.5] partial group representations on # are in one-to-one correspondence be-
tween C*-algebra representations of C;,(G) on H. The reduced partial group C*-algebra
is analogously defined as C, ,(G) = C(Q) x: G. In [ELQ02, Proposition 5.1], the au-
thors show that the partial Bernoulli shift is topologically free if and only if G is infinite.
Furthermore, they assert that in this setting C(Q2) C C,,,(G) has the ideal intersection
property. Using Exel, Laca and Quigg’s result together with Theorem 5.4.5 and the fact
that finite groups are amenable we obtain the following.

Proposition 5.4.6. For a discrete group G, C(Q}) C C(Q) x: G = C,,,(G) has the ideal
intersection property if and only if G is infinite.

Note that as pointed out in [ELQ02, Remark 5.3], ({Qy }¢ec, {0¢}¢ec) is never mini-
mal as {G} C Qs closed and invariant, i.e., C; ,(G) is not simple.

Lastly, we will end with the analogue of Proposition 5.3.18, an intrinsic condition
for the ideal intersection property for partial actions on compact Hausdorff spaces. If
A is commutative, by [KS19, Proposition 3.12], Glimm(A) = Glimmy (A). In particular,
each (pseudo-)Glimm ideal corresponds to a point in the spectrum of A. Now;, recall that
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for an arbitrary unital partial C*-dynamical system ({Ag }¢ec, {@g}ec) by the proof of
Proposition 5.3.18, the partial subgroup action ({Yy}eec, {vg}gec) on Glimmp(A) x
Sub(G) induced by ({Ag}eec, {#g}¢ec) respects Glimm ideals. Furthermore, by the
same arguments as in (5.5) we see that if A = C(X), the corresponding action on Y =
X x Sub(G) is given as follows:

Y, = Xg x Sub(G) for g € G,
Uo((x, H)) = (zxg(x),gHg_l) for (x,H) € Yg—l.

Observe also that the covering condition can be easily translated to Glimm ideals. In
particular, for Glimm ideals Ky, N,cg Kx = {0}, if and only if E = X. This together
with Proposition 5.3.18 immediately gives an intrinsic condition implying the ideal in-
tersection property in the commutative setting in terms of uniformly recurrent partial
subsystems, which is in line with the characterization in the global C*-dynamical sys-
tem setting [Kaw17; Ken20].

Theorem 5.4.7. Let ({Xg}eec, {0g}¢ec) be a topological partial C*-dynamical system of a
countable discrete group G with Xy C X clopen for ¢ € G on a compact Hausdorff space X.
Then, C(X) C C(X) x G has the ideal intersection property if for any closed and invariant
subset Z C X x Sub(G) with {H | (x,H) € Z} C Suba(G) and {x|(x,H) € Z} = X, we
have X x {e} C Z.

5.4.2 Partial Actions by Integers and Cyclic Groups

Partial actions of the integers on C¥-algebras induced by a single partial *-
automorphism played an important role in Exel’s influential work on partial actions in
[Exe94]. Given a C*-algebra A, ideals B, C < A and a partial *-automorphism ¢: B — C,
for n € Z we define

Ay = A,
App1={acClo(a) € Ay}, forn >0,
Ap_1={ae€B|¢(a) € Ay}, forn <0.
By [Exe94, Proposition 3.2] these are ideals and thus we can define a partial action ({A,

ez, {Pn}nez) of Z on A by setting ¢, = ¢p|4,. Observe that in particular A; = C and
A_1=B.

Using our notion of proper outerness, we obtain a sufficient condition for the ideal
intersection property in this setting. The next result is a strengthening of Remark 4.1.14.
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Proposition 5.4.8. Let A be a C*-algebra and consider a partial *-automorphism ¢: C — B
between ideals B,C < A. Let ({An}nez, {¢n}necz) be the corresponding integer partial action
on A induced by ¢. Then, ¢ is properly outer if N,z Airt = {0}. In particular, in this case
({An}tnez, {¢ntnez) has the ideal intersection property.

Proof. Suppose ¢: B — C is not properly outer, then there exists an invariant projec-
tion r € Z(I(A)) such that I(¢): I(B) — I(C) is inner on I(B)r # {0}. In particu-
lar, I(¢)(I(B)r) = I(B)r by Corollary 4.1.4 and ¢|(p), is a *-automorphism. But then,
¢(BNI(B)r) = BNI(B)rand thus {0} # I(B)rNB C Nyez(I(Ay) NAL) = Nyez A,
which shows the desired. By Corollary 5.1.8 ({ An }nez, {¢n }nez) has the ideal intersec-
tion property. O

For group actions, Olesen and Pedersen gave a characterization of the ideal inter-
section property using several equivalent non-triviality conditions for integer partial
actions on separable C*-algebras [OP82, Theorem 10.4]. This was then generalized by
Kwasniewski and Meyer to Fell bundles over Z or Z/pZ for p square-free under the
additional assumption that the unit fibre contains an essential ideal [KM18]. Using in-
jective envelope techniques, Geffen and Ursu remove this additional assumption for
global C*-dynamical systems [GU23]. The next result shows that we can often lift re-
sults from the group action setting to partial C*-dynamical systems as a straightforward
application of the injective unitization of a partial C*-dynamical system and the connec-
tion with its enveloping action.

Proposition 5.4.9. Consider G = Z or G = Z/pZ for p square-free. The partial C*-
dynamical system ({Ag}eec, {&g}gec) has the ideal intersection property if and only if it is
properly outer.

Proof. By [GU23, Corollary 9.6] the statement holds if ({Ag}ecc, {ag}eec) is a global
C*-dynamical system. However, ({Ag}eec, {&g}4ec) is properly outer if and only if
({I(A)g}sec, {I(a)g }gec) is properly outer by Corollary 4.1.17 and Proposition 3.4.6

shows that the ideal intersection property for ({I(A),}sec, {I(#)4}gec) is equivalent to
the ideal intersection property for (C!(4),71(4)). Now by Proposition 4.1.22 ({Ag} 2€G/
{ag}gec) is properly outer if and only if (C! (4), 1(4)) is properly outer. Hence, we
can reduce the case of partial C*-dynamical systems to the case of global C*-dynamical
systems in this setting, which shows the desired. O
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5.4.3 Prime C"-algebras and FC-hypercentral Groups

As discussed in Section 5.2 given a partial C*-dynamical system ({Ag}ecc, {#g}¢eG)
one can view the induced partial action on the injective envelope ({I(A) }gec, {I(a),
}¢eG) as the injective unitization of ({ Ag}eec, {&g}gec). By Theorem 5.2.6 it suffices to
characterize the ideal intersection property for the unital partial C*-dynamical system
({I(A)g}gEG/ {I(zx)g}gec). Now observe that by Proposition 2.2.2 the ideals are of the
form I(A), = I(Ag) = I(A)pg, where p, € Z(I(A)) is a projection. Thus, if the centre
of the injective envelope is trivial, i.e., Z(I(A)) = {0,1}, then for any {0} # Ay < A,
we have I(A), = I(A). This section investigates when the injective unitization is in fact
a global C*-dynamical system. It is worth pointing out that in this setting ({1(A),}¢cc,
{I(x)g}gec) is not an enveloping action of ({Ag}gec, {#g}gec) as in Definition 3.4.1,
since A is not an ideal in I(A).

In [Ham81, Theorem 7.1], it was shown that the regular monotone completion of a
unital C*-algebra A is an AW*-factor if and only if A is prime. Using [Ham81, Lemma
3.7, Theorem 6.3] this gives that the injective envelope I(A) is an AW*-factor, i.e., has
trivial centre, if and only if A is prime. This was also pointed out in [GU23]. This
immediately leads to our next result.

Theorem 5.4.10. Let A be a prime C*-algebra and let ({Ag}ecc, {ag}gec) be a partial C*-
dynamical system with Ay # {0} for all ¢ € G. Then, the induced partial action on I1(A) is
a global action and the G-injective envelope ({Ig(A)q}gec, {I(#)g}gec) coincides with the

ordinary G-injective envelope of (I1(A), I(«)).

Proof. Consider the induced partial action ({I(A),}gec, {I(a)}gec). Since A is prime,
Z(I(A)) = {0,1}. Thus, I(A); = I(A) forall g € G, as Ay # {0}. In particular,
I(a)g: I(A)g1 — I(A)g is a “-automorphism of I(A) for all ¢ € G and the action is
indeed a global group action (I(A), I(«)). By construction of the G-injective envelope
in Theorem 3.3.3, we see that I5(A) = Ig(I(A)). Since the action on (I(A),I(«)) is
global, the canonical action on Ig(I(A)) is a global group action as well. As seen in
the discussion after Theorem 3.3.3, the latter coincides with the G-injective envelope of
(I(A), I(«)) in the category of global C*-dynamical systems. O

The previous theorem shows that for any partial action on a prime C*-algebra, the
G-injective envelope will form a global C*-dynamical system as long as none of the
ideals are trivial. This is not the only possible scenario where the induced action on the
injective envelope (and thus the action on the G-injective envelope) is a global group
action. The key ingredient in Theorem 5.4.10 was that the injective envelope of any
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ideal was equal to the injective envelope of A. Hence, it suffices to characterize the
ideals | < A such that I(J) ~ I(A). By Proposition 2.4.1 these are exactly the essential
ideals. This together with the proof of Theorem 5.4.10 immediately gives the following.

Corollary 5.4.11. Let A be a C*-algebra and consider a partial action ({Ag}ecc, {&g}gcc)
such that Ay < A is essential for all ¢ € G. Then, the G-injective envelope is a global C*-
dynamical system and coincides with the G-injective envelope of the induced action on ({I(A)

teea {1(w) g} gec) in the category of global C*-dynamical systems.

8

In the setting of Corollary 5.4.11, we can immediately use known results from global
C*-dynamical systems for partial C*-dynamical systems on essential ideals. In par-
ticular, we obtain a full characterization of the ideal intersection property for actions
of FC-hypercentral groups on such systems using results of [KKS25]. Given a dis-
crete group G, denote by FC = {g € G||Cl(g)| < oo} the FC-center of G, where
Cl(g) = {hgh~' | h € G} is the conjugacy class of ¢ € G. This is a normal subgroup of G
and thus we can look at the quotient group G/FC(G). Iterating this process we obtain a
chain of groups F, for each ordinal « such that F,/F,_1 ~ FC(G/FC(F,_1)), where we
set Fp = {e}. For a limit ordinal B, we define the FC-hypercenter as FCH(G) = Uy« Fa-
We say that G is FC-hypercentral if FCH(G) = G. For more information on these groups
see for example [Rob72, Chapter 4.3]. FC-hypercentral groups can be seen as being
in a sense opposite to groups with the infinite conjugacy class (ICC) property, meaning
each non-trivial group element has infinite conjugacy class. More precisely, as proven in
[BO16, Corollary 2.6], G is FC-hypercentral if and only if it has no non-trivial ICC quo-
tients. Utilizing Corollary 5.4.11 we immediately obtain the following characterization
from [KKS25, Theorem 9.3].

Theorem 5.4.12. Let G be an FC-hypercentral group and let ({ Ag}occ, {ag}eec) be a partial
C*-dynamical system such that Ay < A is essential for all g € G. The following are equivalent:

(i) ({Ag}gec, 1&g }gec) has the ideal intersection property;

(ii) The ordinary C*-dynamical system (Ig(A),Ig(«)) has a unique equivariant pseudo-
expectation;

(iii) Suppose there exists an invariant reqular ideal K Q 1(A), a subgroup H < G, and an H-
invariant regular ideal | < K such that K ~ {*°(G/H)®]. Here & denotes the monotone
complete tensor product introduced by Hamana [Ham82b; Ham82a]. Let (], H, B) be the
C*-dynamical system obtained by restricting w. If there exists an r € H \ {e} and a
unitary u, € ] that is invariant for the centralizer subgroup Cr(r) = {h € H |hrh~! =
r} such that B, = Ad(u,), the H-conjugacy class of r, {hrh =1 | h € HY}, must be infinite.
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